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ABSTRACT

This work 18 a numerical study of the parameters
that effect the behavier of corona on coaxial lines in
the steady state., The important primary processes are
creation of electrons by electron neutral collision, and
attachment of electrons to neutrals forming slow moving
negative ions, The secondary process that this work
concentrated on is photoilonization in the bulk of the gas,.

An iterative method 18 used to solve the self
consistant problem involving space charges and its effect
on the electric field. The current densities as well as
total current are also calculated.

For both positive and negative corona, the total
current per unit length below onset 18 very small, Within
a narrow range of applied voltage at onset, the current
jumps by 5 or 6 orders of magnitude, Above onset, the
current increase slowly again as the voltage is raised.
This type of current versus voltage curves is very similar
to experimentally measured curves,

An increase in attachment or decrease in ionization
coefficient ralses the corona onset. An increase in
photon absorption rate decreases the onset, Changes in
mobility of ions only effect the current above onset.

The onset of corona for many different inner oon-
ductor redii are also calculated and plotted against
Peek's formula, The onset of negative corona is always
above that of positive corona.
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1, Introduction

Transmission line voltages are designed at an electric
field value on the surface of the conductor below the
corona breakdown threshoid field in dry air. When there
is rain, snow or fog on the conductor, the electric field
is locally increased resulting in local breakdown, Corona
not only results in heavy losses for the transmission line,
but also creates a disturbance both both acoustically and
on a wide range of radio and television broadcast bands,
To be able to increase the onset voltage and or reduce
the noise, the physical processes involved must be well
understood. Many experiements have been done to study
corona, However it is very hard to separate one process
from another. If the problem can be modelled mathemat-
ically, than it can be solved by the use of computers,

If the model 1is correct, the results of computer programs
should be in agreement with some known experiemental data,
Then not only may each known processes be studied inde-
pendently or concurrently with other processes, but also
running the program becomes an easy way to perform an
actual experiement. It can give useful data that is hard

to measure,



2. Corona Characteristics

To be able to model corona, it is essential to know
1ts characteristics. Ailr is a pretty good insulator in
electric fields much below 30 kv/cm, Near or above that
range, alr becomes conductive, causing breakdown. When
a voltage 1s applied to a curved surface, the electric
fleld is large near the surface and decays with distance.
The smaller the radius of ocurvature; the faster the decay.
As a consequence, a voltage can be applied such that the
electric field near the curved surface is high enough for
breakdown and yet not high enough at increasing distances
to cause complete flashover, The partial breakdown near
such a highly stressed surface is called corona., Since
the main interest 18 in understanding the problems asso-
ciated with transmission lines, coronas on coaxial geometry
are considered, The first trace of breakdown can be
associated with a large increase in current measured and

appearance of visible light near the stressed surface,
2.1 Positive (Anode) Corona

Poslitive corona is a name given to the type of corona
that exists on the surface with highef curvature when it
is charged positively with respect to ground. PFor the
geometry of interest, considerethe inner cylinder or wire

as the anode, Eleotrons and negative ions travel toward
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current density
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cylinder
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electron
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b) Negative corona case

Figure 2,1 Geometry of set up
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the center into stronger fields while positive ions
move into weaker fields, See Figure 2.1.a.

Assuming that a positive voltage is applied to the
wire for an "indefinitely" long period of time in air,
three distinct modes of corona can be differentiated
above threshold as a funcfion of the applied voltage.

When the voltage applied is below the threshold, no vis-

ible activity can be seen. As the voltage 18 raised slowly
to the threshold, luminous light with the shape of a slightly
branched filamentary thread can be seen in a well-darkened
room, It is usually given the name burst pulses, The

burst pulses become more frequent as voltage 18 raised

and they tend to spread laterally. The burst pulses exist
only in a narrow band of voltages at the threshold.15'16

As the voltage 18 raised further, the streamers tend
to be self-sustaining and more frequent until the discharge
becomes continuous, A steady thin glow appears very close
to the surface, As the voltage raises, the glow becomes
more luminous,

At even higher voltages, streamers reappear., They are
more vigorous, very bright, reaching further than the
burst pulses, and quite noisy acoustically. These types
of streamers are called breakdown streamers, They exist
along with the glow, As voltage 1is raised higher and

higher, eventually a spark occurs resulting in a complete
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Pigure 2.2 This is the current-potential curves in clean

dry air with coaxial cylindrical geometry measured by Miller,

The numbers indicate the pressure in mm Hg, Note the abrupt

ourrent jump to a burst pulse corona, marked by BP, and onset

of steady corona, SBC, Breakdown streamers, indicated by

vertical 1lines above the curve, could only be observed below

99 mm Hg as the potential source was not adequate, Dashed

lines indicate none reproducidble data.
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breakdown,

The onset of corona can also be detected by the
Aaverage current measured, Below the threshold the conduc-
tion current is very small generally on the order of 10"11
amp/cm or smaller],'2 and 18 due toc charged pailrs created
by cosmic radiation and earth radioactivity. Around a
small band of voltage at the threshold, the current sud-
denly increases by many orders of magnitude, After the
onset of corona, the current increases graduately until
complete breakdown, Miller measured corona onset values
for a P, wire of .174 mm diameter mounted coaxially in
a 28,5 mm dlameter nickel cylinder. Figure 2.2 shows
a set of voltage versus current curves for air at 4if-

ferent pressures, Note that glow is the most important

mode of discharge,
2.2 Negative (Cathode) Corona

When a steady voltage applied to the central wire is
nogative as in Pigure 2,1.b, the type of corona discharge
is quite different, Because of the secondary processes
involved on the ocathode such as emission of electrons by
positive ion impaot or photoeleotric emission, the
resulting behaviors depend highly on the type and con-
dition of the negative wire,

Miller used the same set up for negative corona

measurexents. The polished Pt wire is allowed to rest
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in air with no voltage. The voltage is than increased
until the visual manifestation of threshold 1s abserved
as a glow along the whole length of wire, At the same
time the current jump to about 10-5 amp, See Figure 2.3,
The uniform glow is explained by the fact that the
surface oxidizes in air so that the number of electrons
created per ion impact, J}, is low. FPhotoelectric
emission at the cathode or photolonization in air could
become the dominant secondary processes, If the glow
is left standing for 10 to 12 hours, then the discharge
will contract to spots. This i8 because positive 1qn
impact on the cathode cleaned off some oxide on the
surface and effectively increased ) at the spot.le.lu.l?

Trichel pulses began with the appearance of spots,
The frequency of the pulses increase with increasing
potential at the start. However, Trichel pulses in
coaxial geometry never reach a frequency of 106 cyoles
per sec as in point-to-plane geometry.

However if the wire is initially oxidized, and
before the glow contractes to spots, a potential can be
reached so that no spots can form at all, This can be
explained by the fact that oxides form on the surface
faster than can be cleared by ion impact. If spots did
form, then no further uniform glow regions are experienced

for voltages above this level,
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2,3 Critical Corona Gradient

There are two phenomenon associated with onset of
corona: a jump in current and appearance of visible
light at the surface of the inner conductor. PFeek
collected data for corona onset by the visual method.

He foundi that the onset for alternating current is the
same as the direct current positive and direct current
negative corona cases. Others such as Whitehead, Brown
and Farwel found that negative corona onset occured above
the positive corona onset, and alternating current corona
onset 18 close to the onset of negative corona.18 Miller
also found the negative corona onset above positive

corona onset, All the experiments mentioned above were

done on very small inner conductors,

Because the voltage applied to create identical fields
depends on the dimensions of the configuration, the onset
can be more easily defined in terms of the electric field
needed at the surface of the inner conductor. This electric
field 18 called the critical corona gradient, Eec. It 1s
unique for a given corona, independent of the outer radius,
because below onset the space charge is so low that the
electric field still maintains the K/r form. Peek fitted
a formula to his data.

EBe = Am$(1 + j%g%) kv/cm

The radius of the inner conductor is ‘a' in centimeters.

(1)



<22-
o
Pressure,p, in cm Hg and temperature, T, in C are also
important. Their effect are incorporated into the

variable 8.

.92 (2)
For standard temperature and pressure 3 = 1, For
polished wire, but oxidized, the start of the visual
corona 18 sharp and the irrigularity factor m is unity.

If the wire developed spots or is soiled, tihen m can be

as low as ,72.



3. Physical Processes

Breakdown is a term used when the current suddenly
increases by many orders of magnitude even though the
voltage is changed only slightly. Currents come about
as results of movement of charged particles, Therefore,
the first question that should be asked 18 where did the
charged particles come from and where do they go. The
primary processes that occur in air consist of ionization
by cosmic radiation, ionization by electron-neutral
collision, attachment of electréns to neutrals, recombin-
ation, and diffusion., However, a discharge cannot be
self-sustaining unless there is at least one secondary
feedback mechanism. One of the most acknowledged mechanism
is emission of electrons from the cathode due to ion
impact. Other important feedback processes are photo-
electric emission from metal and photoionization in the
bulk of the air.

3.1 Drift Velocity and Mobility

When a charged particle is placed in an electric
field, it accelerates. 1In a gas, this charged partiocle
will lose its kinetic energy gained during colligion
with the gas molecules, The average velocity travelled
along the electric field lines is called the drift
veloocity, v, Mobility, jL + 18 defined as v/E, where
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E ie the electric field strength. In a certain range of
1nterest.,.t can be approximated by a constant, Figure
3.1 and 3.2 respectively have plots of electron drift
velocity and positive ion drift velocity in air as
function of E/p,where p i the pressurego The drift
velocity of negative lons is assumeé to be not too

different from that of the positive ions.
3.2 Cosmic Radiation

Cosmic rays, usually very high energy protons, are
capable of striping an electron from a gas molecule,
resuitihg in an electron and a heavy positively charged
ion. Because cosmic rays are capable of penetrating
most conventional materials, frce electrons are created
everywhere continuously, From sea level to a few thousand
feet, the number of electron-ion pairs created ranges
from about 4 to 10 per cm3/sec.2u The current produced
by cosmic radiation alone is insignificantly small, But

it 1s important as a sourcs of free electrons that can

start other proocesses,
3.3 Alpha Ionization Process

One of the most important processes 1s ionization
by electron neutral collisions. During such a collision
the electron can loss all or part of its kinetic energy

to the neutral. If the kinetic energy of the electron is



-27-

greater than the ionlization energy, 1t can ionlze the
neutral directly producing an electron/ion pair, If
the energy of the electron is less than the ionizatlon
energy but larger than required for the next allowable
atomic transition, then the atom could be excited.

Before the atom emits one or more photons in the
procéss of returning to lower states and eventually the
ground state, the excited atom could collide with another
electron. The atom has another chance to be ilonlzed or
move up to an even higher excited state. This 1s called
"step ionization”", When the average kinetic energy of
electrons are small, "step ionization” is the predominant
method of ionization.

It is possible that an atom is left in a metastable
state 8o that the atom could not return to a lower state
without violating the selection rules, The average life-
time of metastable states is on the order of 10~ second,
much longer then that of the normal excited states, which
is only on the order of 10-8 seconds, Because of 1its
long lifetime, metastable states play an important role
in gaseous ionization.

Positive ions are not efficient ionizers for E/p
less thaﬁ 100 volts/cm-mm Hg, They are effective ionizers
when their velocities are as great as those of electrons

which have fallen through the minimum ionization potential,
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They are unable to gain such high velocity because their
mass prevents them from having accelerations as high as

electrons,
3.4 Attachment of Electrons to Neutrals

Not all electrons freed remain free to ionize.
Electrons can be captured by atoms lacking one or two
electrons in their outer shell forming heavy slow moving
negative ions, All gases that have this property are known
as electro-negative gases, They are composed of atoms in
the groups VII A and VI A family. In air, the attached

molecules are mainly O and 0~., The reaction
e + 0, — 0" +0 (1)

is called dissociative attachment and is predominent

7 Electron

12

in molecular gases, 1in this case oxygen.
- energies required are of the order of 3.1 to 3.6 ev,
For a negative ion to be stable, so that it can exist
for sometime, its total energy must be lower than its
neutral ground state, Attachment 18 an important
process because it reduces the number of electrons avail-
able as efficient ionizing agents. Also the negative
ion’s slow drift velocity results in accumulation of
negative space charges, which can alter the local electric
fleld to a great extent.

Negative ions can be lost through many processes
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such as recombination, detachment or collision into walls.
No reliable data on detachment of negative ions in air
as a function of E/p has been measured die to experimental
difficulties. However, it 1s known that the following

processes

or - e + 02 + 0

occur in air. In both cases, approximately 1 ev 1is
needed for the reaction to oocur.19 This process is
probably included in the measurement of ot/p since the
experiments could not isolate them. However 1t is known
that in the higher field region of E/p greater tnan 90

12
volts/om-mm Hg, electrons detach and remain free,
3.5 Measuisnts of Ionization and Attachment Coefficients

Because the growth of the electron density in a
constant electric field 1s an expotential function of
space, it is vital to know exactly kow many electrons are
produced per unit length in the field direction by one
electron. This data is usually known as the ionization
coefficlent by electron collision, Townsend's first
ionization coefficient or simply as alpha, & . The
effectivehess of eleotrons to ionize depends directly

on the energy an electron can pick up in an electric
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field between two collisions. However, alpha 1s not a
function of the electric field alone, Pressure 1is
proportional to the particle density and inversely pro-
portional to the mean free path and hence inversely
proportional to a power of the energy gained between
successive collisions. Figure 3.3 gives a few plots of
o/p versus E/p as measured by different people for air
in the region of interest. Both Masch's and Sander's
data differs from Harrison and Geballe's data at low
values of E/p. This can be explained by the fact that
Masch und Sanders both 4id not separate out the effect
of attachnont of electrons to neutrals, Otherwise their
data are in fair close agreement, Boyd and Tedfor also
measured the apparent primary ionization coefficient,
(a(-‘iw? about E/p = 35 volts/cm-mm Hg when dissociation
is aasulod to be negligible, Their values are the smallest,
The number of electrons attached per centimeter per
elect:on is usually called 7) . Figure 3.3 contains one
measured curve for 7]/p and two ourves for !]/p - &/p
as function of E/p. They are not in close agreement with
each other, However, there is general concent that below
E/p vales of about 32 volts/cm-mm Hg, 7)/p is greater
than «/p. That means almost all of the electrons produced
become attached, forming negative ions in the low E/p

region.
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3.6 Recombination

Recombination is a loss mechanism for all charged
particles of opposite sign namely electrons with positive
ions, and negative ions with positive 1ons. The number
of recombinations per unit time must be directly propor-
tional to the positive ion density, n+, as well as the

negative ion density, n . So one can write
+ - + -
dn = dn =-Pnndt (3)

where 8 1s called the recombination coefficient. For
alr at normal temperature and pressure the ion-ion

recombination coefficient 1s about 2.3 x 10-6 cm3/sec.2
The electron-ion recombination would be smaller because

electrons have much larger velocities than ions: leaving

the ion after an elastic collision as fast as it approaches,

The interaction time is 8o short that an electron is

hard to be captured.
3.7 Diffusion

Collisions of gas molecules and charged particles
result in semi-random motion in an applied electric
field, so that the net result 1s that particles tend
to smooth out concentration gradients. This phenominon
is known as diffusion., This effect can be measured in

terms of current
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T = ( D/ne * D_\/n. - D,\/n;)e (&)

where Do, D,, D_ are respectively the diffusion coef-
ficients of electrons, positive ions and negative ions.
The diffusion coefficients are functions of concentra-
tion, average velocity and mean free path of particles

of gas type 1 and gas type 2.2L Measurements by various
experimentalists gave an approximate value of .03 cmz/sec
for D, and ,043 cmz/sec for D_ in dry air under normal
temperature and pressure. The diffusion coefficient

for electrons are much higher, For a rough estimate of

Dy, one can use a simple relation
Dy = M 2/3 ugg. (5)

The quantity u,y, 18 called the average energy. [ 18 the
mobility. For an electron with 1 ev, D, 18 on the

order of 400 omzlsec.
3.8 Secondary Mechanisms and Their Physical Characteristics

To understand all the processes, it 1s instructive
to visualize them in time, The clearest experiment is
to use the inner conductor as the anode, and with no
space charges between conductors 1n1tia11y. A pulse of
n, electrons are released at the cathode. As the electrons
travel across the gap more slectrons are oreated by elec-

tron neutral collision. Photons too are released when
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excited atoms return to lower energy states, The total

number of electrons created 1is

R
expS o(c((r) - '((r))dr (6)
Ry

Most of the electron-ion pairs, and as well as photons
are created in the neighborhood of the anode. A large
pulse is measured due to the creation of electrons within
the electron transit time across the gap, Te + If no.
secondary mechanisms present, a small residual current
remains for the length of ion transit time, To » due to
the movement of positive and negative ions. Because of
their slow mobility, the current measured i1s a few
hundred magnitude smaller and 7, 18 a few hundred times
longer than that of electrons.

The avalanche of electrons, and resulting ions and
photons enables thre§ possible secondary mechanisms,
1) On arrival of positive ions at the cathode, on the
average ')i electrons can be released per positive ion,
This results in one or more pulses 'spaced about T + T
apart in time, 2) If photons have energy larger than
the cathode work runotioh. ')’p electrons can be released
per photon arrived. This process is characterized by
one or more pulses separated T, apart in time. 3)

Photons with enough energy can ionize gas molecules also.
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This process results in current of much larger magnitude
and duration. Por onset streamers, the delay time is
independent of triggering. For heavy ionizing streamers,

the current is regular and very short.
3.9 Photoelectric Emission

Electron can be emitted from the metal surface
due to an incident photon when the energy of the photon
is greater than the work function of the metal, However,
Huber found that with a cathode made of nickel placed in
air, photoelectric emisesion 1s insignificant; it is not
the mechanism responsible for breakdown. In general
elther photolonization in air or ion bomberdment become

more important than photoelectric emission.
3.10 Emission of Electrons from Metal due to Ion Impact

The phonomenon of secondary liberation of electrons
from the cathode by positive ion bombardment is important
in "most " corona discharges. In fact it is the predom-
inent cause of Trichel pulses with period of the pulse
roughly on the order of the ion transit time. However,
it will be shown that for air, with smooth coaxial cylin-
ders , and low E/p values at atmospheric pressure, the
ion bombardment coefficisnt is not the cause of breakdown.

The established principle behind electron emission
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by positive ilon bombardment is called Auger neutraliza-
tion;5'6 When a positive lon 1s close to the surface of
the metal, the energy level of the 1lon is much lower
then the highest conduction bands in the metal. An
electron can tunnel through to the ground state of the
atom at the same time releasing the energy difference
tween the electron and the ground state of the atom
to a second electron in the metal, which with the excess
energy could overcome the work function and be detected
outside, See Figure 3.4. The kinetic energy of the
electron, Ek' 18 dependent on the ionization energy of
the atom, Ei' minus the energy levels C and W of the

two responsible electrons below the vacuum level in the

metal.
By =B - { - w . (7)

Therefore, the necessary condition for Auger neutraliza-
tion 18 E;, > 2¢ , where ¢ 1s the work function of the
metal. (Actually E; should be replaced by the effective
lonization energy because ionization eénergy is a-function
of distance 8 from the surface,)

Measurements of electron yield, ){ y» per ion created
between the cathode and anode, is usually called the
Townsend second coefficient. It has been found that
indeed 7& is dependent on the ionization energy of the
gas but independent of the kinetic energy of the ion, if



~37-

.
,

E (€)=
5i-J-w

Il”__

*-—-

d | matrnetres e — -r-—

A S

T T T K
€ ¢ J w
I |
] |
|
| |
E;
¥ AN |
Metal |
1
|
|
I

Figure 3.4 Schematic dlagram illustrating Auger

neutralization of an ion at a metal surface.
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the metal 1is clean.5'17'22 However,- the '7& of inter-
est has to be for air, The predominent components of
alr are nitrogen and oxygen, Huber studied.'ya from a
nickel cathode with different concentrations of oxygen
in nitrogen, She did the experiment with positive
coaxial geometry, Based on the theory of Auger neutra-
lization that 7 is independent of ion kinetic energy,
the same result can be applied to negative corona as
well,

Huber found the following results., With pure
nitrogen the average ){ is about .025, relatively
independent of pressure and applied field when back
diffusion 1s taken into account. Back diffusion 1is
caused by reflection of electrons in their first few
encounters with gas atoms or molecules. It is more
important when pressure is high and electric field is
weak; or equivalently E/p values below 100 volts/cm-mm
33.26 The actual measurements of ){ varied as a func-
tion of pressure. At 600 mm Hg the measured 7, 1is only
,0006, much smaller than the adjusted value. With 5%
oxygen, the value of 1[ decreased approximately by &
factor of 5. Increasing the oxygen concentration up to
204, Huber found that the cathode indicated no secondary
mechanism at all, At the same time the onset voltage is

actually lowered dQue to another feedback mechanism,
photoionization in the gas.



:
:

-39-

The effect of oxygen on nickel, as well as other
metals:17 can be associated with an increase of the
work function., This 1s the first reason why ) will
decrease, Another reason is that oxygen decreases the
population density of higher energy levels in the range
of levels the electrons could occupy inside the metal,
This results in the emission of more slow electrons.

Back diffusion has a greater effect on slow electrons.

Again ‘){ is decreased.
3.11 Photoionization

In Huber's experiment, photolonization in the gas
is a more important secondary mechanism than ion bomb-
ardment, or photoelectric emission., Gas can be lonized
not only by electron neutral collisions, but also by
photons of high enough energy. Experiments show that
photons of 3.87 ev can ionize some gases while photons
of 9.9 ev can ionize almost all gases; even though most
gases have ionization energies greater than 9.9 ev.
This can be explained by the process of step ionization
and photo emission from dust and moisture.

Photons are emitted when an excited gaé molecule
returns to a lower energy state or during the process of
ion-ion recombination. The same photon may be absorbed
by another atom and leavé it in an excited state., If
hy of the photon is greater than the excitation energy
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of the atom, the excess energy may be emitted as a photon.
*
A =2 A+ hv (8)

is a reversible process., The effect in the presence of
oxygen is shorter ionization steps and greater number of
total steps.

Let & be the number of photons of frequency of
interest produced by one electron moving for one centi-
meter. One can define photon efficiency per ilonizing

collision, Q, as

(9)
Q = &/ot = photons/electron created.

Q 18 found to vary only from 10~2 %o 10~

for corona

1l
discharge in air. 9 The rate of photon absorption, ,.t? ’
in air in an interval Ax is proportional to Ax and the

photon intensity, I.
arl = -yPI dx (10)

Figure 3.5 gives some measurements of I.Lr as function of
E/p. Both Q and /Jrare averaged values of many frequencies
and different transitions that take place in air,. -
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4, Model for Positive Corona without Feedback Process

4,1 Assumptions

In forming a methematical model, it is necessary to
isolate the problem and make appropriate assumptions.
As mentioned before, coaxial geometry is picked for anal-
ysis, For this set up, experimental results showed that
a glow 18 the dominent mode of discharge for positive
corona, and it could be the dominent mode of negative
corona discharge as well if the surface condition is
right. This leads to two simplifying assumptions, which
will be very good for glow discharge but poor for streamers
and Trichel pulses, First, space charge distributions
can be made independent of angle and position along the
axis, so that all other variables too are independent
of the angle and position along the length of the wire,
Second, all processes are in the steady state. The net
result is that all variables become a function of radius
alone. The vector quantities E and J have the form

® = E(r)i, (1)

w Y=3mi.
4,2 Bquation with Just Ionliattonfanﬁ?Attichmont Processes

A rather simple model to start with involves only
two processes: the production of electron/ion pairs by

eleotron-neutral collisions denoted by o« , amd attach-
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ment of electrons to neutrals forming heavy negative ions

denoted by { . The equations involved are:

‘T‘e - - fe/‘-ef (2)
T_ = - f_lj_f (3)
. j‘_'_ = + ,UME‘ (&)
VeeE=f, +f +f, (5)
E=.Vv (6)
VT == (x-17)I, (?7)
VI =-13, (8)
V'J‘; = &J, (9)

where the subscripts e, -, + stand for the species
electron, negative ion and positive ion respectively,
Equations 2 through 4 express the fact that the current
density, J, is related to the electric field E, the
mobility, AL , and space charge density £ . The sign of
the charge is include in f . Equafions 5 and 6 calculate
the electric field in terms of the free charge density
and in terms of the imposed voltage V., Equations 7 through
9 express the creation of charged particles by the ioniza-
tion and attachment mechanisms,

A derivation for the electron continuity equation
in coaxial cylindrical geometry i1s given below. See Fig-
ure 4,1 for reference, The net gain of electrons/sec-

axial length in a gring of radius r to r+Ar is
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Pigure 4,1 The diagram used in the explaination of

the derivation for the electron continuity equation

for positive corona,
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(r+Ar) J (r+Ar) - r J (1) (10)
This expression can be rewritten in the limit Ar— 0
as

a(rJ,) = (§7'3;) rdr (11)
using equation 1, equation 9 can also be rewritten as

-q,ueE [r ng(r) - (r+Ar) ne(r+Ar)] (12)
using

Jo = = PeMeE = =(-q) n, UoE (13)

where (-q) 18 the charge of an electron and n, 1s electron
density. The difference in ne, is equal to the number of
electrons created minus number of electrons attached. as
T ne(r) - (r+ Ar) no(r+Ar) (14)
=T ng(r+tAr)( x - | ) Ar
which to first order becomes
rdr (v.7,) = -quE (& - 1) n, rar (15)

= HeEfelat - 1)

VT =-(a =-0n)J,. (16)
By similar arguments one can get the rest of the continuity
equations,
The boundary conditions are
Jo(By) = Jgo, (17)
J_(BRy) = J_,,
and J+(By) = O,
where R1 is the radius of the inner cylinder and R, 18
the radius of the outer cylinder, Actually, the outer
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cylinder is only an imaginary cylinder,

k.3 An Exact Expression of Current for Unperturbed

Electric Field

An exact solution can be derived if space charges
are assumed to be unimportant., The electric fleld will
remain in a K/r form wher K can be related to the applied
voltage by |

V=K ln(Bo/Ri)' (18)
The total current per centimeter in the z direction can
be found,

Equation 6 to 8 can be rewritten in the following

form
E(x3g) = - (&= i )(x3,) (19)
&(rs) = - Y (z3,) (20)
%(rJ.,.) = o (rJq) (21)
with the equation 17 as boundary conditions,

Equation 19 can be golved independently. The solution is

' , (22)
Jo(r) -%Q-Jeo expfao (efr ) - Mzr') ) ar
by

where 0 < B, <r <r' < R,
Substitute J,(r) into right handside of equation 20,

The negative ion ocurrent density can be integrated directly.



-47-
R R0 RO

J_(r) = ?QJGOX '((r”)exp[s (ex{r*)- P((r'))dr'] dr"
r r"

+=2J_, (23)

where 0< B, < r< r"<r'< R,
Similarly the current due to the movement of positive

ions can be found,

(24)
R o fo
Je(r) = ;9-1,08 & (r") exp S (xX(r')- '[(r'))dr'] dr"
Ri "
where 0< R, < r” <r'< r<BAR,

The total current, I, perunit length of z should be
a constant independent of r because
v, + VI + V7T =o. (25)
I 18 defined as
I=2%r (J, +J_ + J,) = constant (26)
To derive I, J,(r) has to be rewritten in another form by
substituting the origional J, as 1n equation 22 back into

equation 19 One finds
R

r (]
Je(r) = - -:—°J,o (& (r")- J(r"))exp [ S (et (r*)- ‘[(r')dr']dr"

R "
o d (27)

now simply add J_, J_and J, (28)

I = 2R, {J-o + Jeao s o((r")erp[s (o(r*)- 'l(r'))dr']dr"}
Ry ) o

I is found to be indeed independent of radius r,
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4.4 Some Numerical Results

Equation 28 cannot be integrated directly without

making more assumptions, It 1s reasonable to take R

as the position « and Y cross and it 1s at

E/p = 32 volts/cm-mm Hg,

o)

(29)

8ince all experiments found that the radius of the outer

cylinder is unimportant. Using

E =K/r,
R, = K/32p.
Letting
, _ - _ B
(x=N)/p =4 exp( 575‘)
with A=28,2 l/cm-mm Hg
and B = 250 volts/cm-mm Hg

I can be integrated. See plot of the equation 32 in

Figure 3,3 .
I = 2K

(30)
(31)

(32)
(33)

(34)

R . B, .
JQOS °Ap exp(- l_afL)exp S Ap exp(- E%r_)dr' dr"
r —

Ry

a.ﬂ J-O+

p

J,o[exp( £5( exp(- BPBy) - exp(- ) - 1] (35)

A plot of current as a function of the electric field
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at the surface of a 1.5 cm radius inner cylinder is shown
in Figure 4,2 . J_, 18 taken to be zero for simplicity.
Jeo 18 arbitrarily taken to be 1x10™15 amp/cm since on
log scale, the effect of multiplying J., to the whole
equation is simply achieved by scaling the whole curve,
At this point, wee are really interested in its shape

and not its absolute value,

The current as a function of electric field is
simply the result of Townsend's electron avalench, The
Feek's value of electric field for breakdown on a 1.5 om
radius inner conductor &8 38.8 kv/cm. The curve include
the case of 38.8 kv/cm electric field. However, it does
not look like typical current versus voltage graphs near

the threshold of breakdown.
k.5 Space Charges

The space charges can be estimated, For simplicity,
7) is assumed to be identically zero. and
a/p= (- 1)/p. (35)
So the total current I now 1is due-to'movement of electrons

and positive ions only.

(36)
Po(r) = - 20780 oxp (AK/B (exp(-Bpr/K) - exp(-BpR,/K) )

(37)
folr) = 73760 exp (aK/B (exp(-BpRy/K) - exp(-Bpr/K) )
The electron charge density, J?e(r). is large near the

surface of the inner conductor and the positive ion charge
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density, f +(r). is larger further away from center,
However, f (r) and P.(r) are of equal magnitude very
close to the surface of the inner conductor because

M+ <L Me, (38)
Their effect on the electric field for a fixed voltage 1s
to lower the electric field on the surface of the inner

conductor and raise it further away.
4,6 Cosmic Radiation

The boundary conditions now control the magnitude
of the total current. The true source of initial free
electrons comes from cosmic radiation., The effect of
cosmic radiation can be included very easily. Assunme
cosmic rays creat on the order of 10 charged pairs/cm3/sec.

then the continuity equations look like

Ve = - (=N )Je - 10q (39)
vIi=-n7, (40)
V'T: = olJe + 10q (1)
The solution of equation 39 looks like
~o10a KT o van. . BoJaoS(Rg)
Je(r) = - 577 SROr S(r*')dr* + _°_r§_¢(’.ﬂ_°_ (42)
where 8(r) = exp( | (x(r")- R(r"))ar" ), (43)

The second term on the right handside 1s the same as
without cosmic radiation. The negative ion and positive

ion current densities both have one additional term also.
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r r"
J_(r) = }22-8 (r:) S r' S(r') dr* ar" (L4)
r Jn, S(r R,

r
.o Q- dr" +
S Szrn .

T R ) r
T "
_ 10q o(r") « Qfme . (45)
J = - ¢ S{(r')d
+(1) - SRI—S_(FT SRor r')dr
+ EQJ°°S(R°) i (r") dr" + igﬂ i r" dr"

r Ry S(r") T Ry
1

I = 27(1l0q) S °r" dr" (46)
Ry

R, () R,
r"
1" 's [ ] "

o "
+ 2T ByJeoS(R,) Bi_gé;ﬁ% ar" + 2WR J., .
The first term on the right handside of the expression
for total current expresses the current produced by
cosmic radlation without maltiplication, and it 1is insig-
nificant compared to the following terms, The second
term gives the current produced due to Twonsend avalanche
but with electrons initially produced by cosmic radiation.
The third and fourth terms are the same as without cosmic

radiation.
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If the same assumptions are made here as in section

L4,
I = m(10q) (B° - RS ) (47)
R
° Bpr”" AK Bpr"
+ 21r(10q)8 Ap exp(- ) exp(=exp(-=P_) x
R, X B X

R
o w0
[S r' exp(- AK-Ta-exp(- E?rr'_) dr'] dar"
r"

+ 2R Jeq( erp(%li (_exp(-BII(’Ri) - exp(-%) -1)

+ 2WRJ__ .

The second term of equation 47 has to be integrated
numerically. Figure 4,3 18 a plot of the result- the
total current as a function of electric field with just
cosmic radiation and Townsend avalanche, This curve has
the same shape as the curve given by the third term of
equation 47 , If one defines Jeo a8 the current necessary

to make the second term the same as the third term, Jeo

is found to be fairly constant, ranging from 1.9110-15

amp/cm at 27 kv/cm to 54:10'15 amp/cm at 45 kv/cm.,
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5. Positive Corona with Photolonization
5.1 Justification for Photoionization

A large change in current of many orders of
magnitude within a small range of voltage was found
to be unabtainable based simply on Townsend avalanche.
A feedback mechcnism is necessary. For now, consider
only a smooth polished wire placed in air. Ion bomb-
ardment and photoelectric emission are not found to be
the feedback mechanism, due to the difference in time
delay and magnitude of current involved in breakdown;
at the same time those facts support photoionization
in air as the important process, Additional information
can support this theory. First of all both visible
and ultraviolet light are detected at and above the
voltage that the current increases by many orders of
magnitude.la Secondly, the threshold for negative -
corona 18 the same or slightly higher than the critical

electric field of positive corona.

5.2 Assumptions

A few assumptions are made in the process of

making a methematical model, Photons are assumed to

have equal probability in travelling in any direction
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Figure 5,1 Illustration of some possible directions

a ray emitted on the ring of radius r' could travel, and

be absorbed on the cylinder of radius r, where r>r',
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in a straight line from the point of creation. MNost

of the Townsend electrons are created near the inner
wire surface., For every electron created, Q photons

are created, Consequently most of the photons are also
created near the surface of inner wire. Visual obser-
vation confirms this fact.18 Therefore, one can assume
that all photons that reach a ring of radius r come from
within the ring of radius r'., See Figure 5.1. The
assumption as a whole is good, even though the numbers
will not be accurate very close to the surface of the
inner conductor, because the electrons created further
away are more important. They create more electrons

on their way in due to Townsend avalanche, then electrons

created near the inner cylinder surface.,
5.3 Derivation of the Photoionization term

The contribution to the number of electrons created
due to photons is formulated below, For references see
Figure 5.1 and 5.2, The total number of electrons pass-
ing through a ring of unit length in the axial direction
defined by radius r' per second is

2Tr*J (r*) (1)
The number cf photons created at r' per unit length in
the axial direction 1s

2MQ &r*)r'Je(r*) (2)
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Therefore for a ring Ar' thick, the number of photons
created is

2WQee(r*)r°Jo(r') Ar’, (3)
Not all the photons created in the ring of radius r’'
Ar' thick can reach an infinitly long cylinder of
radius r greater than r'., Part of the photons run into
the inner wire; part are absorbed in the intermediate
space, The ones that do reach the cylinder of radius r
have to travel different distances to get there. Let
K be the percentage of photons arriving at radius r per
photon emitted from a point P on radius r'., Then the

number of photons that actually reach the ring of radius

r is
K2TQ o (r')r'Jgo(r') Ar' (k&)
Onaxp >
where K = .%S S.(.r_'_r_'ﬂgl.e_'-.ﬂ:ﬂl.dz a6 (s)
o Jo D
iDl= ( r? + p2 . 2rr'cose + z2 )i (6)

- 2 ' .
Opey = COB 1[#-"31 - ((r? By (r+2 - B2t )
The derivation of K 18 in Appendix 1, This is too
complicated an expression to evalvate, An approximate
exyression in the form |
' - -
K G expl( ’%“(r r')) (8)

is simple to understand and easy to use. G, the geometric

Y
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factor, is the number of electrons not blocked by the
inner wire, under the assumption that nothing 1s absorbed
by air., P’eff is the effective 'u?when approximating

a three dimensional system by a one dimensional system,

_® 1 -1, , T+ Onax
G 2"’1:! = tan ( ( — ) tan( > ) (9)

See Appendix 3 for calculation of P’ eff.
So the total number of photons produced in a ring
of radius r' thickness A r' per unit axial length can

result in
2 [AQG o(r')r'Jo(r" )erp(-Heﬁ.(r-r' )) Ar* Ar (10)

electrons produced at a cylinder of radius r and thickness
Ar., Summing up the effect of all the photons created

from within the cylinder of radius r, one gets
o

2™ H,Q S GX(r%)r'Je(r* )exp(-"_eff(r-r') dr' Ar
Ry (11)
as the number of electrons created in thickness Ar
per unit length :: z-direction.
Jo(r +Ar)2T(r +Ar) - J (r)27r (12)
= 2MrAr(VJe) |

= « 2Tr(at(r) - Dl(r))Je(r)Ar - 10g2TrAr
r

- 211'H.Q SRG X(r*)r'Jg(r')exp(- ,J.e“(r-r'))dr'Ar .
1
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Now the continuity equations can be replaced by

&-(rJe) = - (&r) - N(r))(rJg) - 10qr - Ph (13)
d
ar(rd.) = = N(r)(zrJ,) (14)
%;(rJ+) = ol(r)(rJg) + 10qr + Ph (15)
where

r (16)
Ph = HQS Golr®) r'Je(r')exp(-P.eff(r-r') dr* .,

Ry

5.4 Analytical Prediction of Corona Onset

A very much simplified picture might help to under-
stand photolonization and give a rough estimate of criti-
cal electric “ield required for breakdown as a function
of the radius of the inner conductor. One can assume
that instead of photoionization occuring in the inter-
electrode region in air, photions could only ionize at a
ring of thickness Ar, radius R , where E/p 1s 32 volts/
cm-mm Hg, This particular radius Ro is picked beéause
if an electron is created by photén, it can produce the
mnst number of new electrons in an avalanche, yet not
in such a low field region that attachment is dominent.

Further assume the geometric factor G to be a constant
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and no decay in photon intensity between the place of
emission and arrival at radius R,.

Then a self sustalning discharge requires

R
Boleo = G,a,,QS oa((r')r'Je(r') dr' (17)
Ry

If one takes the expression for « as

%/p = A exp(- gho) (18)

Then the solution for Je(r) is equation 4,22, Substi-

tuting them into equation 18 above, then

1 = GMQ [exp( g (exp(- Bpis) - exp(- By - 1] (19)

For a given G}%Q. a set of critical electric fields
as a function of inner conductor radii can be calculated
numerically. Pick q;~9 8o that the critical electric
field of a 1.5 cm radius conductor coincides with Peek's
value, When

A =8.,2 1/cn-mm Hg | (20)
B = 250 volts/cm-mm Hg
then GMAQ 1& found to be 1.#110'6. Figure 5.2 shows
plots of both curves. The agréement is not very good.
If instead,
A =50 1/cn-mm Hg (21)
B = 335 volts/cm-mm Hg

are used, the critical electric field curve is found to
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+ - Peek's formula for coaxial line
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Figure 5.2 Analytic calculation of critical corona onset gradient

and comparison against Peek's formula.
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be much closer to Peek's formula, The values in equation
21 produces a much steeper «/p as function of E/p.
This seems to indicate the importance of attachment,
because ol.-'[ for E/p greater than 32 volts/cm-mm Hg

is a curve similar to & but steeper,
5.5 The Full Set of Equations Used

Collecting all the equations involved, they are

Je = - ve(E)fe (22)
T.=- puBp (23)
j... = ij+ (2’4)
E=-Vv (25)
V€ = fit f+ Po (26)
V-Je = -(k-N)J¢ - 10q - Ph - (27)
V':f‘_ = - qJe (28)
V:T, = ®Je+ 10q + Ph (29)
¥Where (30)

r
Fh -'m SR G(r') olxr*) r'Je(r')ezp(-),Leff(r-r')_)dr'
|

(31)
6(r') = Jmax_ + _Ltan"l((L£L )tan( Ppax))

Omay = cos'l[;%.- (R;‘: - ((r'2 - Rf)(r2 - Rf))] (32)

o ,1 and v(E) will have to be fitted to experi-
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mental data.

Marsh and Sander's data can be fitted quite well
by

A =28,2 1/cn-rm Hg (33)
and B = 250 volt/cm-mm Hg .,
Harrison and Geballe's data 1s probably more accurate for
regions of E/p <40 volte/cm-mm Hg, since they separated
out the effect of attachment., One set of A and B, however,
will not fit the whole range of E/p for Harrison and
Geballes's data, For E/p 240 volts/cm-mm Hg, A and B
are the same as in equation 5.33. For E/p<40 volts/cm-mm

Hg,

A= 1,44 1/cu-mm Hg (34)
and B = 180 volts/ca-mm Hg
fit better,

For the attachment coefficient, no good explaination
exists for the discripencies between experimental results.
Por E/p 2326 volts/cm-mm Hg, again Harrison and Geballe's

N/p curve 1s used as a reference. It is fitted by
2
Ve = 9.15(10°°)(F) " - .000567(Z) + .0135. (35

For E/p<26 volta/cm-mm Hg, Kuffel's data 18 used as a

reference, .
Wp = 1.585(10"%) (B/p) + 1.14(10"2)., (36)

Variations of 'I on oorona is also studied later.
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vo(E) = 2.5(10°)(B/p) + 5(10°) (37)
for B/p>25 volts/cm-mm Hg, Ang
ve(E) = 4.5(105)(E/p) (38)

for E/p<25 volts/cm-mm Hg,

ve(E) 18 used for electron drift velocity insteady
of using the concept'of mobility, because mobility asso-
clated with measured data is not a constant as E/p 1s
changed for E/p >25 volts/cm-mm Hg. See Figure 3.1 for

electron velocity as measured by Ryzko.
5.6 Numerical Method

Because the egquations are nonlinear and coupled, an
iterative method is used. For the first iteration only,
the electric field is assumed to have a K/r form and
Mp= 0. Equation 5.27 1s solved first. The results of
Je(r) 1s used in calculating J_ and J,. All the integra-
tions are done by a fourth-order Runge-Kutta method. From
Jes» J. and J4, the space charges are calculated using
equations 5.22 to 5.23, Equations 5.25 and 5.26 are used
to calculate the new electric field. Then the photoion-
1zation term 1s calculated. Equation 5.27 18 solved again
with the new electric field and the new photoionization
term. This process repeats uantil the solution dr total

ourrent density changes only by .5% .
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5.7 Method Used in the Calculation of the Electrie Field

Once the charge distribution i1s known, and the voltage
between the conductors specified, the electric field dis-
tribution can be calculated. The equaticns used in the
program are derived below. Trap zoildal rule is used for
integration,

Define r, = Ry + )(Ar), where j 1s an integer,

J
All the charges within the radius ry can be written as

r

r
3
S (felr) + f(x) + filr)IreTar + f, (39)

(o]

where f, 1s the total charge on the inner conductor.

Also define

r
]
charge(j) = S ( Plr) + Por) + Lilr))rar . (k0)

To

Then the Gauss's Law can be written as

2T B(ry) = ( f, + 2Trcharge(3))/€, . (41)

Since - 2T B(ry) = Fo/leo o (42)

= r harge
E(r,) E(ro)_rL;_ + c_éjf"ﬁl : (43)

Equation 5.25 can be rewritten in the integral form.

N
V(re) - V(ry) = S B.ap (Lk)
To
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where 1ry=R_ =R, + N(Ar) . (45)

Since the difference in voltage is important and
not the absolute value, V(rN) can be set to zero. Using

the trapezoidal rule for integration, (46)

charge()) = Ar [ro( felry) + fo(x)) + f.,.(ro))‘/Z
+2 Tl Fo(m) + P_(ry) + £.(1y))

+ 1y folry) + f-(ry) + f’+(r3))/2]

E(ry) 'l!\;'l E(rN) I
V(r,) = Ar 2 + /. E(ry) + > (47)
- k=1
F N-1
= AT | (3 + :; + ;:N JE(r,)

N-1
4 L S charge 4 —L_ charge(N)
Ty €o 2ry

+ -1 charge(N)
€o 2ry (48)

k=1

E(r,) 1e the electric field on the surface of the inmer
conductor. Once that i1s known, the electric field every-

where can be found.
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E(ry) = _eLam_a%e_(.ll + _rrg_E(ro) (49)
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6. BHResults for Anode Corona

6.1 A Detailled Analysis of One Special Case

A set of numerically computed current as a function
of voltage curves are shown in Figure 6,1, There are
two common features in these results: an inner conductor
of 1.5 cm radius and with photoionization as the only
secondary mechanism, For clarity, a detalled analysis
of a specific case 1s described below.

The outer radius is 4,5 cm. The mobility of positive
and negative ions are 2,5 cmz/sec-volf. Q is ,005 based
on data from Raether.lg"* 18 .001 cm™' based on data

from Figure 3.5,

(1)
o/p = 1,44 exp(- g%) for E/pzlio volts/cm-mm Hg;

(2)

o/p = 8.2 exp(- é;%) for E/p<:40 volts/cm-mm Hg,
The primary sources of electrons are 10 electron-ion
palrs created per second per cm3 by cosmic radiation,
and no electrons coming through at the boundary of the
outer radius, Recombination is neglected. This will be
called the standard case because most of the others are
variations from this one,

The horizontal axis of Figure 6.1 18 the electric
field at the surface of the inner conductor, E,, when

the voltage is applied and space charge is non existant,
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Figure 6.1 Sensitivity tests for 1.5cm inner conductor. See Table
6.1 for reference.
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Table 6.1
Explaination for the Figure 6,1

l, -g- Standard case with on without recombination term

The following are the same as the standard case with the
exceptions specified below,
-1
2. -0- ﬁ= 001 cnm °
15

3. =x= Mp= .01 en T, Jeo = 1x10™"° amp/em?,
No cosmic radiation.
4, -a- M= .01 em~L. Jeo = 1.x10" 12 a.mp/cmz.
No cosmic radiation.
o/p = 8,2exp(-250p/B) for E/p<40 volts/cm-mm Hg
5. ~@-~- /JP= .01 cm"l. Jeo = 1:10’15 amp/cmz.
No cosmic radiation. Ar = ,005 cm
X/p = 8.2exp(-250p/E) for E/p<40 volts/cm-mm Hg
6. '-v- 715 increased by 10% for all E/p
7. -+- M= .8 cmzlsee/volt
M= .8 cmz/sec/volt
8, == R = 5.5 cm
9. -®~ R,=7.5cn
10. -#&- o is decreased by 5% for all B/p



-72-

From field theory one knows that the electric field
without space charge in this case has the form
E = K/r, (3)
Therefore, the voltage applied between cylinders is
voltage = K 1n(R,/R,) (&)
= EoRq1In(B,/Ry )
To plot current against voltage is inconvient because
the curves cannot be compared when the outer cylinder's
dimensions are changed.

For the standard case, when E, is below 37.5 kv/cm,
the tatal current is below 10 12 amp/cm, The current
decreases steadly as voltage 18 decreased., When the
electric field at Ry 1s slightly above 37.5 kv/cm. the
current jumps above 10'6 amp/om, and increases slowly
agailn as voltage 18 increased. The voltage versus cur-
rent ourves are very similar to the ones measured by
Miller in Pigure 2.2, The electric field at which the
current changes by many orders of magnitude is designated
as the onset of positive corona for a given sized inner
conductor. For all the cases tested, the onset is very
sharp.

Consider the case By = 37 kv/em, below onset,
Figure 6.2 shows the current densities as a function of
position. Por most of the region in between conductors,
the current i1s carried ty positive ions, The electron

and negative ion current densities are roughly the same



-73-

14
10 TNNa:
" — o ‘P.oiitive ion current density

—— —

® ®

-
o

(amp/cm?)

-16LC
]016 \

=17F \
10 : \ 0\ Negative ion
()

wut density
"\+ o

-18f TT— \
10 i —
TN\
Electron current density \l-\
+
o

Current densities

-19F
10
-20
10 [
. 1 A i L 1
1.5 2.0 2.5 3.0 3.5 4.0 4.5

Radius (cm)
Figure 6.2 Current densitfes for E, = 37 kv/cm standard case.
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Figure 6.3 Particle densities for Eo = 37 kv/cm standard case.
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order of magnitude, There are two regions of interest:
ionization versus sttachment dominated. Figure 6.4 shows
the values of « and /| as a function of position. For
this case, they cross around 2,35 cm from the center. At
distances greater than 2,35 cm the electron current dene
sity stayed about the same, The negative ion current
density 1ncreased as radius decreased, It could not
increase by too nuch since free electrons are created
too alowly.. Attachment of electrons to neutrals provides
a check on the growth of electrons., When electrons even-
tually drifted into the region of u:»q , their number
starts to increase sharply.

Figure 6.3 shows the charge densities, Negative
jons are important only in a very small region roughly
1 mm thick on the surface of anode, while the rest of
the space betnqen conductors is occupied by positive ilons,
Electrons are insignificant because of their large velocity.
Compare the case above to the results of higher applied
electric field, E, = 38 kv/om, above the onset., The
shape of the current demsities and charge densities are
roughly the same as the previous case, See Figures 6.5
and 6.6, However, they are many orders of magitude larger.
Figure 6.4 showes that 'l as a function of radius barely
changed. ol changed only slightly also. This slight - _.
change provides a gain greater than one in the feedback
loop, resulting in changing the magnitudes of current
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for two different applied voltages.

Voltage = E, B, ln(Bo/Bi)

Figure 6.4 Values of & and W as a tunction of position

+
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Radius (cm)
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densities by amny orders of ten.,

The fact that the currents stayed at some finite
value after onset means that the space charge has mod-
ified the electric field to such an extent the current
could not grow unbounded. Below onset the charge densi-
ties are too low, The electric field remained as a
functton of K/r. Figure 6.7 shows the change of the
electric field from the K/r field as a function of pos-
ition for four separate applied voltages., The decrease
of electric field near the conductor is known as choking.

The deviation 18 larger for higher applied voltage.
6.2 Electron Gurrent Density Boundary Condition

The standard case had zero electron current density
as a boundary condition on the outer radius, If a small
electron current density is assumed, the onset and the
current densifies above onset are unchanged. The current
densities below onset level off to a relatively constant
value as voltage is decreased, For comparison, see cases

2 and 3 in Figure 6,1,
6.3 Numerical Accuracy

The numerical method used is accurate only when the
grid spacing is made very small., The main source of error
1ntroduped is in the integration in the high E/p region
near the conduotor, amd possibly in the calculation of
the electric field. |
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Figure 6.7 Deviation of the electric field from the K/r field as
a function of position for different applied voltages.
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The current 18 a very sensitive function of A, and
o , in turn, is a very sensitive function of the electric
f1eld., Trapazoildal rule is used for numerical integration:
for the calculation of the electric fleld and it is only
a rirst order method. This is the only method usable
without undue labor.

The test case for accuracy was not performed on the

standard case but with the following changes

o/p = 8.2 exp(- 32) (5)
for the whole E/p region, and )~- .01 cm’l. For an
applied voltage of 60973 volts, equivalent ot an E, of
37 kv/cm at 1;5 om radius, the calculated voltage 1is
120 volts higher than the applied for grid size of .01
om, When the grid size is decreased by half to .005 om,
the error in voltage calculation also decreased by half
to 60 volts above the applied., For the ,01 cm grid size,
the electric field is in error by at most one place in the
rifth digit.

The oritiocal onset electric fleld caloulated is
approximately at 36.3 kv/om for the .005 om grid slze
ocase. However, the .01 om grid size will be used in all
other calculations for a 1.5 om radius anode because
decreasing the grid sigze by half more than doubled the
cost of a caloulation,

The way to inorease scouracy at the same cost is

to have variable grid siges in r, by making artransform-



ation. Let

r = f(x). (6)
Pick an appropriate function f, such that equal spacing

in x will produce more concentrated grids in r in the

region of higher E/p., See Pigure 6.8, For this study,

however, the main objective was devoted to examining the
effect of different parameters. The program in its

present state will provide the necessary information,
6.4 Bate of Convergence and Stability'

When the applied voltage results in a surface electric
field on the imner conductor at a few kv/cm below the
critical onset value, the convergence rate is very fast,
requiring only three or four iterations. The rate of
convergence becomes slower as the oritical electric field
1s reached. See Pigure 6.9. The worst situations occur
when E, is -within 1/4 kv/ecm above the oritical eleotric
field. The climb is slow because the gain is only
slightly greater than 1. Sometimes two or three hundred
iterations are needed for convergence., It is for these
éases, that a relaxation parameter becomes useful, Nor-
mally, the relaxation parameter is set to 1. Making it
larger than 1, effectively inoreases the constant Q and

* HMaterial in this section is true for both positive and

negative corona cases.
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and lowers the onset. So 1n effect, it 1s the same as
moving out of the region of slow convergence. When the
current reaches an estimated value, the perameter 1is
set back to 1. Comvergence again becomes slow. Case 2
in Figure 6.9 shows that more than 70 iterations are
needed for convergence, At the same applied voltage
with the relaxation parameter et at 6 and the current
estimate set at 10.6 amp/cm, the number of iterations
required is reduced by more than half.

Another way to speed up convergence is to use data
from the previous case, There are two plots of E, =
38 kv/cm in Pigure 6.9; One started when there is no
initial space charges., The number of iterations to
reach the final value is large. The other case used
the space charge distribution from E, = 37.667 kv/cm,

The results converged in a few iterations.

When the applied voltage is increased even higher so
that E, 1s in a very narrow neighborhood of 1 kv/cm above
the oritical electric field, the rate of convergence
again becomes very slow, This time the cause is dme to
problems associated with stability. Look at the case
B, - 38.5 kv/om in Figure 6.9. The current oscillates
about the final value. The reason is that associated with
an initially large current there is a large positive space
charge distribution, which in turn reduces the electric
field. The reduced electric field gives a smaller current
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density and space charge density. The electric field

near the anode goes back toward the value of unperturbed
electric field. The process répeats. Each time the
current and the electric field get a little closer to
the final value,

If the applied voltage is increased to an even larger
value, the solution diverges. The equations try to over
stabllize the situation. The current oscillates further
and further apart as the iterations are increased. See
the case E, = 39 kv/cm in Figure 6.9,

6.5 Effect of R,

Peek observed that the size of the outer conductor
did not change the critical onset values., This 1is
confirmed by changing the radius of the outer cylinder
from 4.5 cm, to 5.5 cm and to 7.5 cm, See Figure 6.1.
However, the size of the outer cylinder does effect the
electric field and the magnitude of the current after
onset., Figure 6.10 is a graph of the current densities
when the outer oylinder radius is 7.5 em. The shape of
the curves are very similar to the standard case, Fig-
ure 6.11 shows the effeot of space charges on the elec-
tric field for different outer cylinder radif with
voltages set such that Ey, 18 38.5 kv/om. Increasing the
radius of the outer cylinder decreases the current above

onset., It is consistant with the electric field, because
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larger outer cylinder radii results in a larger region
where the electric field fell below the K/r field near

the anode,
6.6 Modifying Alpha

The value of of 1s very important and its effects
show up in almost every aspect. Let alpha decreases by
5% for all E/p. The onset increases by about % kv,

This is expected without even going through the cal-
culations, because decreasing the o curve by 5% is
the same as moving the curve to the higher E/p region,
in this case to the right, by approximately % kv,

In the region of E/p < 40 volts,/cm-mm Hg, the
data on & measured by different experimentalists do
not have good agreement. One would like to see how
lmportant are these variations, The first case was done
with the parameters of the standard case except )~= .01
cm ~, The onset 18 about 35.8 kv/cm. Then o is fitted
by

8.2p exp(-250p/E) (7)
For all E/p. This lowers the value of o for the region
E/p< 40 volts/cm-mm Hg, With po still set at .01 om™Y,
the onset increases to 36.3 kv/cm. There is about half
a kilovolt difference. In section 6.12, another effect
as a result of modifying e\ will also be pointed out.
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6.7 Modified N

Attachment is not only a process of increasing the neg-
ative lon current density. It also effectively decreases
ol . If attachment 18 increased by 10% for all the E/p
values, the onset increases from 37.5 kv/cm of the stand-
ard case to 37.75 kv/cm. See case 6 of Figure 6.1.

| Compare the current densities of Figure 6.12 to
Figure 6.5. They both have the same applied voltage.
The increase in attachment did not increase the negative
lons by any noticable amount relative to electron current
density. The effect is just moving all current densities
lower due to a net decrease in free electrons.

The experimental variations on Q are more than i'10_%
of the fitted curve, That means the onset could be more
than 4 kv/em off just due to uncertainties in 1. This
error is on the same order of magnitude as the others

observed so far.
6.8 Modifying )* and Q

The absoption rate of photons by gas molecules is not
a very well defined quantity. It depends on the energy
of the photons, which in turn depends on the value of E/p
and the type of gase molecules, If pris increased by a
factor of 10 to .01 cmfl. the critical onset field changes
from 37.5 kv/em of the standard case to 36.3 kv/cm., See
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Figure 6.1, For the large variations in JMp as shown 1in
Flgure 3.5, this can be one of the most important factor
on the critical onset electric¢ field,

Figure 6,13 shows the calculated photoionization
term as a function of position. The shape between./ﬁsaOI
cm'l and A,-.OOI cm'l is not very different and stayed
relatively constant over most of the region. The reason
is that the photon density decays according to

exp(-pr) - (8)
and A,r &1 1in both cases., If /"I’ is a larger number, the
photoionization will have a noticable peak close to the

anode,
6.9 Mobility

The velocities of charged particles are a function of
the humidity in air. The change of velocity of the ele-
ctron is unimportant because its charge density is many
orders smaller than both positive and negative ions.

In dry air the mobility of positive ions is 2,85 cmZ/
sec-volt., The mobility decreases steadily for humid air.
For water vapor the ion mobility is as low as .8 cmz/seo-
volt., See Figure 6,1 for the result when mobility of both
positive and negative ions are set to .8 ocm2/sec-volt.

The critical onset field did not change, but the current
after onset decreased in value, A smaller mobility means

a greater charge denmaity, which in turn modifies the



Photolionization term (amp/on3)

=
(=] |
o8]

-93-

- -1
Eo, = 37000 volts/cm ’%_‘.01 ce

E, = 38500 Volts/cm Standerd case

O o o o o
Mp = .001 cm-l

2.0

2.5 3.0 3.5 50 G.5
Radius (cm)

FPigure 6.13 The photoionization term as a function of

position.




-94-

electric fileld more. The final solution shows that the
electric field differed from the case mobility 1is 2.5
cmz/seo-volt only in the sixth significant figure,
However, it is enough to reduce the total current by

60% for some voltages,
6.10 Recombination

When there is recombination, the continulty equations

become
V-Je = -( & - M )Je- 10q - Ph | (9)
VI = - N3e + BL-fi/a (10)
VY, = KJ, + 10q + Ph - B f- f+/a (11)

where P is the recombination constant of positive and
n?gative ions.

= 2.3x10"6  on¥/sec. (12)
Figure 6.1% has plots of each of the terms on the right
hand :side of the continuity equations for the standard
case with E,= 38 kv/om, The recombination term is much
smaller than all other terms., Numerical results in
Figure 6.1 confirm that recombination is unimportant.

6.11 Diffusion

Diffusion, another primary process mentioned, will
also be proven to be unimportant. The current due to
diffusion has the fora
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T =- (DgVfo+Ds V,i+D VP, (13)
The steepest gradients of all the charge densities
cocur at the surface of the anode. With

Dy = 400 cn?/sec (14)

D_ = ,043 cmz/aec

D, = .03 cmz/sec
The diffusion current at the largest is only about
5!10-11
Eo = 38 kv/em. This is wmuch smaller than the calculated

amp/cm length of wire, for the standard case at

total current, 2.5110'5 amp/cm of length,

6.12 Variations on Anode 81ize and Comparison of Results

to Peek's Formula

A set of voltage versus current curves for 2.0 cm,
1.0 em, .5 cm and .2 cm anode radius with all other input
parameters the same as the standard ocase, are plotted in
Figures 6.18, 6.17, 6.16 ard 6.15 respectively. Their
onset values are plotted with Peek's formula in Figure
6.19. The agreement is poor. In section 5.4, the cal-
culations showed that the curves will agree better if
had a steeper slope as function of E/p. With )0‘, fixed at
.01 om~1 one case waa:tested.ror «2 om radius anode with

&/p = 8,2 exp(-250p/E). (15)
Along with the point at 1.5 cm radius, extrapolations
show that the general shape agrees with Peek's formula
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but lower values for critical onset field.

If X 1s assumed to be correct. A curve similar
to Peek’'s could also be obtained if Pp 18 allowed to
have larger values for smaller anode. Figure 3.5 shows
that ,4', is indeed a strongly increasing function of E/p,
and supports the above assumption.
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7. Model for Negative Corona

7.1 Derivation of Equation without Feedback

All the assumptions stated in the beginning of the
anode corona section hold for the cathode corona case as
well, The geometry is the same, but the polarity of the
voltage is switched. Consequently

E(r) = B(r)1; = -|E(z)| 1, (1)
T(r) = 3(r)ir = -|3(2)|Tr (2)
where |B(r)| and |J(r)| are magnitudes of electric field

and of current densities respectively.
Without any kind of feedback mechanisms, the deriva-
tion of the continuity equations follow the same approach

as in the positive corona case. See Figure 7.1.

rAr(V:-Jo) = (r+ Ar)|Tg(r+Ar)| (<85) - (Tpy) (3)
+ r|JTe(r)| (-11)* (Tp2)
= r|Je(r) | - (r+Ar)|Je(r+Ar)|
[Je(r)| = |-fo(r) pqk(r)| (%)
| = q ng(r) Mg |Efr)|
To first order

. (5)
TAT(V+Jg)= q flg |E(r) |(r ng(r) - (r+Ar)ng(r+Ar))

Due to Townsend ionization and attachment processes,

(r+Ar)ng(r+Ar) - r ng(r) = (a(r) - N(r))ng(r)rAr,
So (6)
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Figure 7.1 The diagram used in the explaination of the

derivation for the electron continuity equation for

negative corona,
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rAr(V Je) = -q Me|E(r)|(&X(r) = 4 (r))ne(r)r Ar

= - (oa(r) - N(r))|Je(r)|raAr.

The continuity equations are,therefore,

VT = -t = )| |, (8)
V'?— = _7p-.|' (9)
v.j:'. = “PQ‘ . (10)

and these equations are also applicable to the positive
corona case,

The boundary conditions for electron and negative
current densities has to be set at the surface of the
inner conductor and positive ilon current density set
at the outer cylinder,

Rewriting the current densities in the form

T = 3(r)i,. (11)
the continuity equations reduce to

E(r3e) = (k- N )(xT,), (12)

G(xI) = N(z3,), (13))

§=(x3,) = ~o((rT,). - as)
Boundary conditions can be written as

Je(By) = Jgq, (15)

J.(BRy) = 0, (16)

I+(Bo) = Iy, (17)
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7.2 The Bxact Solution

The current densities can he solved easily.

r
Je(r) = EJ.%!.Q csxpsB (ct(r') - n(r')) ar (18)
i

where O0<R;<r'< r < R,. (19)

BaJ r rv

J-(r) = Bfeo q(r'-)oxp(S (R(r*) = R(r'))ar)are
Bi Rl

where O0<R<r'<r"<r<A,

R.J.. (Bo re (20)
Jie(r) = _11.‘_‘.28 oK (r")exp( S (X(r*) - *l(r'))dr')dr"

r R

)
+ BoJ+o
r

where 0<E <r<r'<r"<R,.

Note that the current densi.ies are not the same as
the positive corona case., Even though at first glance,
they look very similar. The electron current density is
not necessarily a monitonically increasing function of
radius, If r is taken far enough so that attachment
dominates, Je(r) will start to grow slower and finally
deoréaao. However, J_(r) i1s a monitonically increasing
function of radius and J,.(r) increases as radius decreases.

‘The total current (21)
r'
(r*)exp S( A(r')- N(r'))ar:ar~

I=2m [no.uo + RyJqq S
By

Ri
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The same type of approximation as for the positive
corona case are employed. Take R° toc where &« i= the

same as 7. Let

E/p

and set J,, and attachment coefficient to zero.

o/p = A exp(- 2) (22)

I=2mR,J,, [e!p(;—x-(exp(- 1) - em(- &) - 1] (23)

This is the same as the positive corona case except for

the constant in fronmt.

7.3 VWith Cosmic Badiation

$5(rTe) = (x-1)(rJ) - 10qr. (24)
S(rT]) = (zd,). (25)
$(r3y) = = oi(r3,) + 10gr. (2€)
The solutions are
r .
=10 ' ' ’ RlJ os(n )0
Je(r) = ;é-l%)—snr 8(r*)ar’ + -—rgTﬁ—l- (27)
1
r - r*
J.(r) = %QQS -}%:}S r's(r')ar’ dar (28)
R
1

RiJeos(Ri)
—-_g TEY
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T Sr" J+oR
10 r" . . \ . +
Julr) = —‘lr S —i—ls ) r*'S(r')dr* dr* + __g_e (29)

S( ")

BiJOOS (Ri) ( ﬂ !ir” + _AS r"dr"
R

(o]

where S(r) = exp \(&(r') - N(r'))ar. (30)
The total current
R
(o) (31
I=-2T(10q) S r® dr” 31)
Ry
R, r"
+ IOqS %‘:: S r'S(r*')dr'dr"
Ro )
Ry

Now make the same assumptions as in section 4.4 when

calculating total current. Then

I=- (10q)(BZ - R?) | (32)

R
(o] » "

+ 10q S Apexp(- BP%-) exp(- %K;ezp(- g%r_) )*
By

r* Ak Bpr'
\ ' exp(y-)exp(- +) dr® dr"
R

1

+ 2TRyJq, [oxp(f“(ozp(- -x._.)-exp(- 32)-1] +2TRyJ4q
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7.4 Photoionization Term

The photioionization term to be added into ths
continuity equation cannot be juat the term added for
positive corona. For negative corona, the distrlbution

of electron creation as a function of radius 1s
r

K (r)Te(r) = ?J::-zeo((r) exps («(z)-1(x))ar"  (33)
By
It 18 no longer true that most ionization by alpha proocess
occur at the inner cylinder surface; and that implies the
maximum photon creation too has moved away from the inner
cylinder surface, At the same time the important secondary
electrons are the ones photoionized near the cathode
“surface, Therefore the creation of electrons by photons
coming from outside the sylinder of radius r will have to
be taken into account also. See Appendix 2,
Now the continuity equations with cosmic radiation

and the photionization term looks like

(rde) = (- 1 )(xJe) - 10q - Ph, (3%)
$(ran) = Mve) (35)
ﬁ.;(r.r.,) = - (rJ,) + 10q + Ph, (36)
where (37)

r
Ph = MQ Sn G(r*) o((r')IJ,(r')Ir'exp(-};e“(r-r'))dr'
1
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B
o
+ YR S G'(r,r*) X(r') |J°(r' )l r'exp(- Mgypp(r’'-r))dr’
r

where
1 -1,2r - 1r°*
G'(r,r') =1 - ZFeos (2 ) + 66(r), (38)
0 - - .6
GG(r') = 3= - i-tan 1[(%)1;”(&-%; ] (39)
G(r+) = Jmax , %,-r-tan'l[( — )tan("g“] . (ko)

G'(r,r') is a function of both r and r*', Therefore, for
each new grid point rJ. the second integral has to be
evaluated completely from scratch. One way to get around
this difficulty is to try to take the r dependence outside
the integral. This can be accomplished by approximating

2 _,2
1 - .}Fooa'l(—zr—r-j%—-) (41)

by a polynomial of r/r'. A straight line 1s good enough for

purposes here, One possible choice is

L

See Figure 7.2 for comparison. The photionization term

now looks like (43)

. ‘
Ph = hQ SR G(r') o((r')lJ.(r')lr'exp(- /Ae“(r-r'))dr'
) §
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R
+}lrQ &,SG(r' ) X(r*) |Je(r' ), r'‘exp(- Feff(r'-r))dr'

B,
- .112}1'QS o((r')IJe(r')Irvexp(-/ueff(rv-r))dr-
T

B
+ -93)1,.‘11‘S o«:((1")|Je (re)|exp(- Ugpe(r*-r))ar:
r
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8. Results for Negative Corona
8.1 A Detalled Analysis of the Standard Case

The shape of the voltage versus current curve has
the basic characteristics as the curves for positive
corona. The critical onset electric field for the standard
oase is at Eg approximately equal to 39.4 kv/em, higher
than that of the positive corona. This phenomenonvis
expected if photolonization is the only secondary mechanism,
All secondary electrons for positive corona could be
effective ionizers, Wwhile for negative corona only the
secondary electrons produced in the region of >‘I could be
effective ionizers because electrons are moving from a
high electric field into a low electric field,

Figufe 8.2 shows the current density for the case
Bo = 39 kv/cm, below the onset, Starting with no electrons
at the surface of the cathode, the electron current density
increases very sharply. The peak occurs where ol = 7 .
In the region where o{ is important, the positive ion
current density dominates, while in the region where attach-
ment 1s greater than (X, the negative ions dominate,.

When the voltage 1s increased above onset until E,
is 40 kv/cm, the current density still has the same shape
except the magitude has increased by factor of 109. In
general for the identical configuration, the current for

negative corona is larger than that of positive corona
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Table 8.1

Explaination for the Figure 8.1
l, =0~ Standard case with or without recombination term

The following are the same as the standard case with the

exception specified below,

2. -@- o is decreased by 5% for all E/p

3. -a-~ !( 18 increased by lo% for all E/p

b, -a- pMp= .01 co”t

5. -0~ Mp= .01 cm'l. /p=8.2exp(-250p/E) for E/p U40
volts/cm-mm Hg

6. -%- M.= .8 cm?/sec/volt
M= .8 cmz/sec/volt

7. =X=- Y3= .0001

8, ~¢- Yp= +001
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above the onset, See Figure 8,3,

The corresponding charge densities for E, = 39 kv/cm
are shown in Figure 8.4, Both positive ions and negative
ions are important in modifying the electric field. Again
electron charge density is insignificant,

Pigure 8.6 shows the effect of space charges on the
electric field. Below onset the charge densities are so
small that the electric field is unaltered from its K/r
form. Above onset, the electric field near the center
falls below the unpsrturbed K/r field and it deviates fur-
ther until a minimum is reached approximately at where
0(-1 « This phenominon is caused by the layer of positive
space charge on the surface of the cathode, At distances
far from the cathode, the electric field starts to
increase and eventually becomes larger than the K/r field.
Increases in voltage results in an increase in deviation
from the K/r field. This 18 known as choking similar to
the positive corona case,.

The deviation of the electric field is reflected on
the plots of o and ‘l as a function of radius in Figure
8.7.

8.2 Sensitivity Tests

A set of sensitivity tests similar to the positive

corona case are performed for the negative corona aiso.
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Pigure 8,3 C

standard case,
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Voltage = E Ry 1n(Ry,/Ry)
E, = 39 kv/cm

P ) O-D‘
3
< X -
Z

10 E, = Lo kv/cm -
0
b - x
3
: Al

ﬁ*&.

§ v *‘\_I
O
e
3
o
£
0 lr -
3
Bty
L]
o AN
g )
g
o
L)
P
(]
N
o)
]
o
-

At s i
1.3 2.0 2.5 3.0 3.5 .o L.

Radius (cm)
Figure 8,7 Values of o{ and Ol as a function of position
for two different applied voltages,



-123-

Their curves are shown in Figure 8,1, First, consider the
decrease in o by 5¢. The onset increases by about % kv/
cm, Then the value of o« 1in the region E/p = 40 volts/cm-

mm Hg is allowed to vary from

o/p = 1,44 exp(- %g%% (1)
to '
of/p = 8,2 exp(- %;%) (2)

with yp= .01 em™) for both cases. The critical onset
electric field is at 37.9 kv/cm-mm Hg for the first K
used: The critical onset field 18 increased to 38.5 kv/
cm for the second o,

Similar to the positive corona case, when }Ar is changed
from ,001 en~! to .01 cm‘l. the onset dropped from 39.4
kv/cm to 37.9 kv/cm, The protoionization term for the
standard case with E; = 40 kv/cm at the center electrode,
when there 1s no space charges, is shown in Figure 8.8,

If }ﬁ,is a much larger number, the photoionization term
will have a distinct peak between the two conductors. For
changes in ion mobilities, recombination coefficient, and
attachment coefficient, the effects are exactly the same

as the positive case,
8.3 Variations on the Si1ze of the Outer Conductor

If the size of the outer conductor is many times the
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distance from the inner conductor to the peak of electron
current density, then the change in the outer cylinder
radius only changes the current above onset., The electric
field will be decreased near the conductor and increased
further away from the K/r field as described in section
6.5.

If the outer conductor is made too small, the electric
field at the surface of the cathode could actually be
increased above the K/r field. If the deviation is not
- too large as in the case shown in Figure 8.9, the situata-
tion i1s still stable. If the outer conductor is further
decreased in size, the large increase of the electric field
on the surface of the cathode produces a larger current,
and the larger current increases the electric field more
near the cathode. This is similar to a complete break-
down, The effect is opposite to choking. It could not
happen in the positive corona case, unless the outer cylin-

der is only a few mm away from the inner cylinder;
8.4 1Ion Bombardment and Photoelectric Emission.

Negative Corona 18 noted to occur on or above the
positive corona onset for a polished and oxidized wire,.
Y4 can at most be .00001 if the onset 1s to occur at
Peek's prediction for a 1.5 cm radius cathode, Case 7

in Figure 8.1 is a current as a function of voltage curve
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when §f, = .0001. The critical onset field 1s at 37.9 kv/
cm, The current densities are shown in Figure 8.10, There
18 no marked difference in current distribution between the
photolionization case and the case with lon impact.

Similarly if photoelectric emision is the only second-
ary feedback mechanism, 35 has to be less than .0001.

There is no way to distinguish the three different
secondary mechanixms using steady state measurements.
Possibly, measurements of the time lag for an applied
current impulse is one method to distinguish the three

secondary processes,

8.5 Variations on €athode Size and Comparison of Results

to Peek's Formula

For all size inner conductors tested, the onset for
negative corona 18 higher than positive as shown in Flgures
6.15, 6.16, 6.17 and 6.18 in the positive corona section,
The shape of the critical onset electric field as function
of radius in Figure 6.1 again 18 different from Peek's
formula, but the same as analytical predictions in Figure
5.2 , By changing o 1in the low E/p region, however, did
not have as big a change on the shape of the onset curve.
The reason i8 the electrons move from high field into low
E/p region. Changes in Fl’ as a function of E/p could

twist the curve the correct way. However, the correctness
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of Peek's formula for direct current measurements 1in

negative corona is very questionable,
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9. Conclusions

The model used can generate a total current as a
function of voltage similar to observations. The impor-
tant primary processes are ionization by electron neutral
collisions and attachment of electrons to neutrals,
Recombination and diffusion are insignificant. Changes
of ion mobllities only effect the current above onset.
Changes 1in electron velocity only changes the electron
charge densities, while the current densities are not
effected at all, Both the positive and the negative
corona can be produced when the only secondary process
included 1is photolonization in the bulk of the gas. The
negative corona onset then is always above the positive
corona onset, There i1s no way to differentiate the type
of secondary process using this model.

The model can be imporved if the photon abserption
rate, /J'. is made o be a function of E/p. A better
approximation for the geometric factor for negative
corona will also improve the accuracy of onset.

The program too can be improved, such as a second
order method for evaluation of the electric field. To
increase the accuracy at minimum cost, variable grid
s8izes should be allowed,

The next logical step would be to include time depen-
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dence., The equations used in this assume that the
average time from electron neutral collision to emission
of a photon and eventual absorption is short compared to
the characteristic distance over the electron velocity.
The continulty equations for the case with time dependence

be¢ome

ifte = aVTe (& - N We|- 10q - Ph - (1)

R AR [N (2)

-%% = - BTy + T + 10q + Ph (3)

The greatest difficulty associlated with the model when
time is incorporated is the difference in the velocity

of electrons vérsua the ions in an electric field.
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Appendix 1

Derivation of Geometric Factor for Positive Corona

This section is devoted to deriving an expression
for the percentage of photons created at a point P
located r' away form the axis that reach an imaginary
cylinder of radius r, for r >r',

Consider a small area dA on the imaginary cylinder
with radius r. See Figure Al,2. The so0lid angle dfQ
subtended by dA as seen at point P is

a0 =25 | (1)

where D = distance between point P and dA,

and ¥ = angle between the vector D and the normal
vector of dA,

d) /4T 1is the percentage of rays from point P that

get to area 4dA when there 18 no absorption of photons

in the intermittant space. Vith absorption, the actual

percentage of rays leaving P and arriving at dA is

decreased to

4. oxp(- p,D) (2)

Summing over all the area S an cylinder with radius r,
where rays from point P oould reach, the percentage of

photon, K arriving is

K -SS exp(- 4P) ﬁﬁr dA (3)
)
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AN

/

Figure Al.1 Two different view points for the derivation

of geometric factor of positive corona,
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o Omax
xsuS S ﬁ::Jbz-exp(-p'D)rdedz. (4)
0 0

The expressions for emax' Y and D will be derived below.
Consider the configuration shown in Figure Al,2 .

dA is located at (x,y,z) and the point P is at (r',0,0).

The results derived below are very general, The dis-

tance D between point P and dA is

2 2 2
Dl =((x=-1r") +y +z)% (5)

2 )%

- (r'2 + r2 - 2rr'‘cose + 2z

The definition of Y 1is

cosy = 'in"iD (6)
where 1, = (xI, + ¥y 1,)/1' (7)
and Ip =( (x-r') 1, + ¥ 'iy + z ’iz )/ D (8)
cos ¥ = ¢ x(x-r') + y2 )/(rD) (9)

= (r 1" cosg )/D

The last unknown is ¢ « 0 i1s the angle between
ma max

the x-axis and a line th:t includes the origion and
a point B on the circle with radius r. Point B is

Pilcked in such a way that the line connodting points
B and P 18 tangent to the inner cylinder with radius

Bys and the point of contact is called C.

IE + yg = Rf (10)
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A
7

Figure Al,.2

derivation.,

Definition of variables used in the
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Definition of the slope of the tanéent at point C 1is

dy . _sXc
dax (Riz'xcz)% (11)

The triangle made of points C, P and (zc. 0) also can

glve an expression for tangent,

g o _-f-af )} (12)

dx r'-xg r' - xg
Solve for x,.

RY

xc = r' (13)

Now the squation of the tangent 1s known.
R
y I_) (1%)

= .1—~7 ( 1l = —=———
(1-(&, /0 r
Solving for the intersection of this equation with the

circle

1+ y%a 12 (15)

glves the coordinates of the point B,
1 2 2 2 2 2
=l - (PR - Pty (e
So Omax €8N now be found.

cos 0 = —B (17)

= rlr'( Bf - ((r2 - Rf)(r'2 - Rf))i )
0 ay ™ cos']'[;l;...(Rf - (22 - R (r? - B2t )]

(18)
Finally the expression for K is completely determined.
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© Onax
r (r - r'cos® )expg-hggz
K = TT-S S ~a ae dz (19)
0 0
where D = (r2 + r'2 - 2r r' cos® + 22)5. (20)

Unfortunately the above expression cannot be integrated.
An expression that is simplier to use in photoionization

calculations is

K G exp(ﬁpeff(r-r')) (21)
Oma Lo
where G = -Eis ti L =T co88 45 46 (22)
11’0 Dj

and "efr is calculated from equation 21 for each
point after K 1s integrated numerically.

G can be integrated; first over the variable z

giving
e
max .
G x| T - r‘cose a
= WSO (r2 + r'2 - 2rr'cose) 6 (23)

)
r max ae

o -
( Sor’ coso )
0
. | S max cosg{de
2T r< 4+ r'
c 2 - ¢o8 8 ) -
The second term can be written in another form, (24)
) e
-L[.e "‘ﬂi_uis QTR ]
2m arr'
0 0 (—!':_1_1:._. - cos80 )

2rr'
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which when combined with the first term of G, gives

0 5 » emax
—Hax l/gx_ _r_ +1° dae
CTEw tame - ) T2 4 pr2
0 -—3;;7"- - ©OS0
= Smax + 1 r? . re? < .
21 27 2r ( r2 + r.2 -1 )é
2rr'
2 2 ®max
pant (=" e
arr' 2
rc 4+ pr© 1
2rr' (o}

e - . -]
= —;?rx— + —2,}'.— tan~! (—i-{—i} )tan( ;mx ) (25)

Numerical calculations show that G is not a function of
r, which is very reasonable since G is really the per-
centage of rays emitted from r' that are not blocked
by the inner cylinder of radius By. The limiting case
r' = By (26)
gives
G = .5, (27)
This checks with expectations.
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Appendix 2

Derivation of Geometric Factor for Negative Corona

For negative corona the percentage of photons
created at a point P located r away from the axis
that reach an imaginary cylinder of radius r‘', for
r >r' , is also of importance.

This time consider a small area dA on the imaginary
cylinder with radius r', See Figure A2.,1 . The argu-
ments in deriving K is identical with that in appendix
1,

00 Onaxy
xsuS S ﬂ%ﬁ-;;ﬂr-aeaz (1)
0 0

where 6., = cos'l[;l_.( BZ - ((r? - B®)(r'2 - nf))*-)]
r'

and D= (1.'2 + 12 _ 2rricose + 2°) %
The same as before, However, the expression for cos ¥

is changed. See Figure A2,2,

'iD = (x-r)i + yiy + 2%, (2)
- X=-Tr' _ rcos - r'’
8o cos ¥ =5 = (3)

Naote that cos¥ ochanges sign when
cos 0 = -f‘i (4)

This can be explained by the fact that rays from point
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Point P

Pigure A2,1 Two different view points for the derivation

of geometric factor of negative corona.



Pigure A2,2 Definition of variables used in the derivation.
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P. intersect the cylinder of radius r' twice except
at the point of tangency, E.
Again assume

K% G' exp(- Peff(r -r')) (5)

where G' 18 a new geometric factor

(i

Omax
G*' = L' [rcos® - r'| de6 dz
So 2+ 1'% - 2rr'cos® + z° )

v Y 4+ r'< - 2rr'cosé

_ x S [rcose - r'] de
° (6)

=1 2tan"1(-l-'—*—r%) - cos~1(ZI!)
™ r-r T

1 -l,,r + r' e
- ﬁ.,.[z tan™ " ((T—F7)tan(-38X) - emx]
The second term 1s independent of variable r' because
it is the percentage blocked by the inner cylinder.
Further rearrangement of terms gives

2 2
G's1l - %T- cos‘l(-zr—ri-r—) (7)

- _17[2 tan~1( (=X I )ran(
2 -2

0
;") - emx]
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Appendix 3
Calculating an Approximate Value for )ueff

K&G exp(-,&,ff(r-r')) (l)

Feff is approximated by the average of many exact values
of effective photon absorption rate, when reducing a three

dimensional problem into two dimensions.

N
a 1 1 G(r',r
pere ¥ 2Tt Er R GRT (2)

where r, = R, +1Ar, (3)
' = Ri. (%)
and ry = B, (5)

r' 18 assigned to be R1 because most of the photons
are emitted near the surface of inner conductor. G
and K are dexcribed by equations Al.25 and Al.19
respectively., K has to be integrated numerically. To
make the integration bounded, let

z = tan§. (6)
dz = (1 + tanztf )aep. (7)
Then _qr/2 .Omax (8)
K = %—S S {r = x 0086 Joxpl=M4D) (1 + tan’g)ag ae
0 0
where D= (r2 +r'2 . 2rricose + tan%y )é (9)

For hs .01 cm‘l
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,.teﬁ,ﬁ 1.8).l|,. (10)

Because )L' is a very small number, variations
of )“eff from /L', is not large. The error produced
in the photoionization ter: 1s small,
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Appendix 4

Program Listing for Positlive Corona

To use the following program, the data should be

inputed in the order specified below,

1.

2.

3.

N

SAVE

CARD_IN -

CARD_OUT-

B_INNER -

DELTA R -

INCR

This is the number of divisions. When

end points are included. There are N+l

grid po;nts.

Input ‘'YES' Af the data from previous case
is saved for use in the present case.
Otherwise input °'NO’,

Input 'YES® if there are any input data,
Note that SAVE and CARD_IN cannot both

be 'YES' at the same time,

Input °'YES' Af data from this case 1is
desired to be outputed on cards when itera-
tions d4id not converge in the specified
limit. Otherwise input °*NO‘.

Input the radius of the inner conductor

in units of centimeters.

Input the grid size in centimeters,

Por every print out of data assoclated with
a grid point, INCR - 1 grid points are skip-
ped. For example, if the input is 6, every
6th grid point will be printed starting at
the inner cylinder.



9. OUT_NUM -

10. EO

11. ENTERJE

12, MOB P_I
13, MOB N I
14, A1)
15. B(1)

16. A{2)
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The Maximum number of iteratiocns allowed.

When the number of iterations performed

become greater than M - OUT_NUM the data

of that iteration will be printed. The

input should be within the following limits:
1 < OUT_NUM < N,

Absolute value of the electric field at the

surface of the inner conductor when no |

space charges present. This is same as

specifying the voltage applied between

conductors,

Voltage = EO Bf-lnendlﬁi)

Input the boundary corndition for the electron

current density at the outer radius in units

of amp/cmz. For positive corona this quan-

tity should be greater than or equal to zero.

Input the mobility of positive ions in

units of cmz/sec-volt.

Input the mobility of the negative ions in

units of cmz/sec-volt.

The constant A used in of for E/p = 40

volts/cm-mm Hg, |

The constant B used in M for E/p = 40

volts/om-mm Hg,

The constant A used in & for E/p = 40

volts/om-mm Hg,
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17. B(2) - The constant B used in 'l for E/p = 40
volts/cm-mm Hg,

18, PHOTOMU - This is one over the distance a photon
travels before it decays to 1l/e of 1its
origional value. The units of PHOTOMU
18 1n cm’l,

19, EFF - The number of photons created in the
frequency of interest for every electron
created by electron-neutral collision.

20. MOD_ETA - This is a constant by which the whole
attachment curve 1s multiplied by, so as
to increase or decrease K . If N 1s not
to be changed from the fitted values,
Then set MOD_ETA to 1,

21, OVER - This is the relaxation parameter, If OVER
is set greater than 1, 1t effectively
increase the value of BFF to OVERxEFF,
and it is used when 1terations converges
too slowly, Normally set over to 1.

22, EST - This 18 the estimated current for the
specified voltage. If OVER is 1, EST can
be set to any value, The units of EST 1is
in amp/cmz;

23. HECOMB - This is the recombination coefficient for



positive and ;ggative ions with units in
cma/sec.

24, PAIBS - Input the number of electron-ion pairs
created by cosmic radiation percm3 per
second.,

If CARD_IN is 'YES' then the charge density data
cards should be placed after the input data PAIRS. To
terminate the run, place the following card at the
very end of the input data.

-1 *NO* 'NO°* *NO*
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Appendix 5
Program Listing for Negative Corona

To use the negative corona program, the input

data 1is 1n'the same order as positive corona case from

1 to 24, The ENTERJE now should be a quantity less

than or equal to zero, In addition, two more parameters

are needed.

25, PHOTO_E - This is the number of electrons emitted
at the cathode per photon arrived, Y.

26. ION.B - This is the number of electrons emitted
at the cathode per positive ion arrived,

Y.
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