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Approximation of the Chemical Master Equation using conditional
moment closure and time-scale separation®

Ukjin Kwon'!, Mohammad Naghnaeian? and Domitilla Del Vecchio?

Abstract—To describe the stochastic behavior of biomolec-
ular systems, the Chemical Master Equation (CME) is widely
used. The CME gives a complete description of the evolution
of a system’s probability distribution. However, in general, the
CME’s dimension is very large or even infinite, so analytical
solutions may be difficult to write and analyze. To handle
this problem, based on the fact that biomolecular systems are
time-scale separable, we approximate the CME with another
CME that describes the dynamics of the slow species only.
In particular, we assume that the number of each molecular
species is bounded, although it may be very large. We thus write
Ordinary Differential Equations (ODEs) of the slow-species
counts’ marginal probability distribution and of the fast-species
counts’ first n conditional moments. Here, n is an arbitrary
(possibly small) number, which can be chosen to compromise
between approximation accuracy and the computational burden
associated with simulating or analyzing a high dimensional
system. Then we apply conditional moment closure and time-
scale separation to approximate the first n conditional moments
of the fast-species counts as functions of the slow-species counts.
By substituting these functions on the right-hand side of the
ODEs that describes the marginal probability distribution of
the slow-species counts, we can approximate the original CME
with a lower dimensional CME. We illustrate the application
of this method on an enzymatic and a protein binding reaction.

I. INTRODUCTION

To analyze and predict the behavior of biomolecular
systems, deterministic or stochastic approaches can be used
[1]. Deterministic models fail to capture the inherent ran-
domness of biomolecular systems, so stochastic approaches
are often necessary. The Chemical Master Equation (CME)
gives a complete description of the evolution of a system’s
probability distribution [2]. However, when the number of
molecular counts is large or unbounded, the dimension of
the CME is large or countably infinite. As a consequence,
analytical or computational solutions are difficult to obtain
in general.

When the dimension of the CME is infinite, one can, for
example, use the Finite State Projection (FSP) algorithm
[3] to truncate the system and find an upper bound to
the molecular count of each species, so that the truncated
finite dimensional system is arbitrarily close to the origi-
nal infinite dimensional CME. When the dimension of the
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CME is finite but very large, [4] [5] [6] approximated the
CME with another CME that describes the dynamics of the
slow species only, based on singular perturbation theory in
[7] and the fact that the biomolecular systems are usually
time-scale separable [2] [5]. To achieve this, the stationary
conditional probability distributions of the fast-species counts
are approximated as functions of the slow-species counts. It
was shown that the fast-species counts’ conditional distribu-
tions converge exponentially fast with their stationary value
as time-scale separation becomes more pronounced. This,
consequentially, helps with obtaining a CME solely for the
slow-species counts. However, the size of these stationary
distributions grow exponentially in the number of the fast-
species counts. Furthermore, as we will also show, the first
few conditional moments of the fast-species counts may
be sufficient, as opposed to the conditional distributions, to
obtain a CME for the slow species only, which is a good
approximation of the original CME. This is the approach
that we adopt in this paper.

In this paper, we assume that the number of each molecular
count is bounded and consider only first n conditional
moments of the fast-species counts. Here, n is an arbitrary
number that can be chosen by users from 1 to the bound on
the molecular count. For larger n, accuracy increases but the
computation burden also increases. Therefore, there is a trade
off between accuracy and computation. We quantitatively
derive the accuracy of the approximation as a function of
n and of the time-scale separation.

Specifically, first, based on the CME, we derive ODEs
for the marginal probability distribution of the slow-species
counts and for the first n conditional moments of the fast-
species counts. In this case, the ODEs are not closed; that
is the first n conditional moments depend on the higher-
order conditional moments. Therefore, we apply the robust
moment closure technique developed in [8] to approximate
the higher-order conditional moments as an affine function
of the first n conditional moments. Next, we apply singular
perturbation theory as in [7] and approximate the first n
conditional moments of the fast-species counts as functions
of the slow-species counts. Then, for the ODEs of the slow-
species counts’ marginal probability distribution, we substi-
tute the conditional moments of the fast-species counts as the
functions of the slow-species counts, hence obtaining another
CME for the slow species only. Finally, we solve a linear
program to ensure that the solution of the approximated CME
is a proper probability vector. To show the utility of this
method, we consider an enzymatic and a protein binding
reaction.
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II. PRELIMINARIES

The following notations are used throughout this paper:
R>o and Zs> are the set of nonnegative real numbers
and integers, respectively. For any positive integer n, RY,
(Z%) stands for the set of n-dimensional vectors with
each entry in R>o (Z>p). Given an n-dimensional vector
Z = [21,%2,...,2,)T and a nonnegative integer w, we define
U.,(Z) to be the vector composed of entries of the form
2171287 2,k where k; € Zis, for i = 1,2,...,n, and
>oi i ki = w. For example, when Z = [z1, 22, 23],

Uy (Z) = [21, 22, 23]
\IIQ(Z) = [2127leQa21237’222722237232]T'

The I; and I, norms of a vector Z = [21,22,...,2,]7
are defined as || Z]|, = >, |z| and [|Z] = max;|z;].
We omit the subscript oo and simply write ||Z|| for the [
norm. A vector P € RY ; is defined as a probability vector
when || P||; = 1. The l; to I, induced norm of matrix M is
defined as [|M{|;, _;, = max; ;|m;;|. The l induced norm
of matrix M is defined as

[ M| = max; 3°7_; [mij.

Given a matrix M = [m;;] € R™*", by R[M]; we mean
the it" row of M. That is,

R[M]; = [mi1 mao Min | »

fori=1,2,...,m.

The dynamics of chemical reaction networks can be de-
scribed by Markov processes. Each state of this Markov
process represents the accumulated molecule counts of the
species. When a chemical reaction fires, a transition from
one state to another state occurs and the molecule counts of
the species change. To be more specific, suppose there is a
reaction network with » number of species and K number
of reactions. Let s;, for ¢« = 1,2,...,r, be the number of
each species and S = [sq,s2,...,5,]7. Associated with
each reaction £k € 1,2,..., K, there is a corresponding
propensity function ax(S) and a stoichiometry vector 7 [2].
The propensity function typically assumes that it does not
depend on time [2]. For any ¢ € Z<%,, we assume that

K
9 P(s(t) = ) = Y [ax(a) P(S(1) = )

dt — (1

+ ar(q — ) P(S(t) = g — )]

is satisfied. This equation is called the CME [9] [10].
Suppose that the set of reactions can be devided into two
subsets, fast and slow reactions. The distinction between
them is in their propensity functions. The propensity function
of a fast reaction is of order % of that of a slow reaction,
where € is a positive number much smaller than 1 quantifying
the separation of time scales between the fast and slow
reactions. Let Ky and K, be the number of the fast and
slow reactions, respectively, that satisfies Ky + K, = K.
Furthermore, suppose that upon firing the fast reactions, the
species count of a proper subset of the set of all species
changes. Denote this proper subset by {Y]};””:1 These are

referred to as the fast species. The rest of the species are
called the slow species and form the set {X;}._,, where
l = r — m. Then the CME can be written as

K
+ 3 [al(zy)P(X(t) = 2,Y(t) = y)
k

+al(zy — ) )PX() =2,Y(t) =y —7] )] o
for z € ZL, and y € Z7,, where aj(x;y) and ai(m;y)
are propensity functions for the slow and fast reactions,
respectively, and 77 ;. 7, and 757 . are corresponding
stoichiometry vectors [5]. Throughout this paper, we make
the following assumptions.

Assumption 2.1: There exist nonnegative integers z;,, and
yl.; such that '

O S T S xzz‘:ot’ 0 S yj S ygot’
fori=1,2,...,l and for j = 1,2,...,m, where x; and y;
are number of X; and Y, respectively.

Assumption 2.2 ([10] [11]): The propensity functions are
polynomial in S. In addition, the order of each polynomial
is less than or equal to 2 .

Assumption 2.3: For the slow reactions, each propen-
sity function can be written as af(z;y) = (60°(x) +
Oi’s(x)\lll(Y)+9§’S(:1c)\112(Y)), fork €1,2,..., K,, where
;%(z), for i = 0,1,2 and given x, are matrices with
appropriate dimensions.

Assumption 2.4: For the fast reactions, each propen-
sity function can be written as ai(m;y) = %(Hg’f(m) +
08 ()W, (V) 4057 (2)Wo(Y)), for k € 1,2,..., Ky, where
Hf’s(a:), for + = 0,1,2 and given x, are matrices with
appropriate dimensions.

Assumption 2.1 states that there exists an upper bound on
the number of each species. This is a reasonable assumption
in a number of cases. For example, enzymatic reactions do
not involve creation and destruction of species, and therefore
they are characterized by a bounded total amount of enzymes
and substrates. In general, it is still reasonable to assume
that the number of fast species y; are bounded. In fact, in
the case of gene regulatory network models, for example,
these are often complexes formed by transcription factors
with DNA, which is available in a finite amount. In general,
the upper bounds may not exist for the slow species. In this
case, however, one can use the truncation method given in
[3]. Regarding Assumption 2.2, the fact that the propensity
functions are polynomial in .S is standard and satisfied when
the species are well-mixed [10] [11]. The fact that the order
of each polynomial is at most two because reactions are
either uni-molecular or bi-molecular, which is also a standard
assumption since n-molecular reactions with n > 2 are
considered less probable [2]. Assumption 2.3 and 2.4 are
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based on Assumption 2.2 that each propensity function is
polynomial in X and Y with the order less than or equal to
2. The propensity functions of the fast reactions are order of
% of the propensity functions of the slow reactions.

III. BASIC SETUP

The CME given in (1) with Assumptions 2.1 is a linear
system of ODEs with order p, where

p= Hz 1(‘Ttot +1) Hj 1(ytot +1).
We define

l ; j
= [Lic1 (@0t + 1), Ytor = Hz‘nzl(yiot +1).

The order of the CME exponentially increases as the number
of the fast or slow species increases. Therefore, directly
solving the CME is a computationally challenging task. To
avoid this computational difficulty and obtain mathematical
descriptions suitable for analytical study, one can apply
singular perturbation theory [7] to approximate the CME
with another CME that describes the dynamics of the slow
species only. In this paper, we try to substitute first n
conditional moments of the fast-species counts as functions
of the slow-species counts to acheive the approximation. To
proceed, we have to define some notations. We define

Ttot

Q. ={z|x=[r1,70,..., 27,0 < ; < i,
fori=1,2,...,1}, ,
Qy={yly=I[y.y2 - yml", 0 < y; < Yl
for j=1,2,...,m},
and X and Y are vectors of random variables taking values
in the sets €, and Q,, respectively. Let {@}Qﬁ be an
enumeration of €),. The marginal probability distribution of
the slow-species counts is defined as

0]2%;;15]?

For any w € Z>p, 1 <n <yt and x € (), we define

Px(t) =[P(X =[0,0,...,
P(X = [z},

Ha (2, 1)
=E[W,(Y)IX =a]= ) Tu(y)PY =y|X =2),
yez™
Yn($7t) = [Ml(m7t)T7/~"2(x7t)T7 .. nun(wvt)T]T»
3)

where /1., (2,t) and Y,,(z,t) denote fast-species counts’ w"

and first n conditional moments, respectively. For i =
1,2,...,n, let d; be a matrix whose multiplication with
Yo (z,t) isolates u;(x,t), i.e
wi(z,t) = d; Y, (x,t). 4)
Now we can derive ODEs for the marginal probability distri-
bution of the slow-species counts and for first n conditional
moments of the fast-species counts as in (5):
Proposition 3.1: For the CME in (2) with Assumptions

2.1t0 24, for 1 <n <yt and T; € ), we can obtain

- %Sc,k))

LP(X =7;) = Yy (—Elag (@5 9)|X = 2| P(X = 3;)
e - +E[ak(xl Yo WX =Zi — v, 1] P(X =7,
Eth ( ) C((E)Yn(.’t,t) + Cl(x)
+02un+1(x, t) +eG(t).
(5
Proof: ODEs of the slow-species counts’ marginal

probability distribution are derived in [5]. ODEs of the
fast-species counts’ conditional probability distribution are
derived in [5] as

Ky

> (—eaf(@y) P(Y = y|X =2)
k=1

+eal(my — vl PY =y — 7] |X =) + €Gi(t)

d
—PY =yl X=2)=
e S P =yl X =)

(6)

where (G1(t) is bounded. Therefore, from (6), we can derive

eiuw 37 t Z Z y+7y k) \I/w(y))
yeZ™ k=1
eai(m-yw = y|X = 2)] + €Ga(t) -
= > Z w70 = Tu() (057 (2)
yeZ™ k=1

+ 08T (@)W (V) + 05T 0y (V)] + €Ga(t)

for 1 <w < n. Order of W, (y+y.x) — Yu(y) is w—1, so
order of the right-hand side of (7) returns at most (w + 1)**
conditional moments. When we consider w from 1 to n, we
can obtain ODEs of the conditional moments of the fast-
species counts in Xypqe. |

Given Z;, conditional expectation of propensity function
ai(Z;,y) can be expressed as

E ak SC»“

(Jﬂi)ul(l‘ia t) + 05 (Ti) o (T4, t).

E[aZ(ju ‘X = xl = y|X = 1_71)

= 05" (z:) + 07

®)

According to [3], we can write ODEs of the slow-species

counts’ marginal probability distribution in (5) as a single
linear expression:

d

—P

= Px(t) =

where, for 1 < 4,5 < X401,
K, S~ _ . .

=2 pmy Blag(75;9)| X = z4] for i = j

E[a; (2;:y)|X = z,] for all j such that

T;=T; — ’y;’k

0 Otherwise.

A(Ya(2,1)) Px (1), ©)

A(Ya(2,t))ij -

(10)

In X4rye, Wwhen n = 940, the dimension of X, i
Ztot + Ytot, and it is closed. This is because i, +1(x,t) can
be represented as an affine function of Y,,(x,t) [5]. However,
in general, when 1 < n < Y, the dynamics of the fast-
species counts’ conditional moments are not closed, because
tns1(x,t) is not a function of Y,,(x,t) anymore. Therefore,
a robust conditional moment closure method should be
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applied to approximate ji,,41(x,t) as a function of Y, (x,t)
to close the dynamics. The next section introduces the robust
moment closure technique derived in [8] and we adapt it to
the conditional moment case.

IV. ROBUST CONDITIONAL MOMENT CLOSURE

We are applying Robust Moment Closure (RMC), which
was originally developed in [8], to the dynamics of condi-
tional moments. For any x € €),, we define matrices H,, and
V., such that

Mn-ﬁ-l(xat) = H7LPY|X(x7t)’ Y;L(x7t) = VnPY\X(x?t)’
where

071X =x),...,P(Y =
[ytlotvy?otv"'vy?gt ‘

J"1X = o)

is a conditional probability distribution of the fast-species
counts. For example, when [ = m = 1,

H, = [0 qn+l  ontl (yg()t)nJrl} ’ (11)
0 1 2 Yior
O 12 22 (ytlot)2
V, = (12)
0 1" 2" (k)"

Our goal is to approximate pi,1(x,t) as a function of
Yo (z,t), denoted as

fint1(x,t) = ¢(Yn(z, 1)),

possibly a nonlinear function. According to [8], without a
priori information on the probability distribution, the optimal
function ¢(Y,,(z,t)) that minimizes worst case approxima-
tion error between (i, +1(z,t) and ¢(Y,,(x,t)), which can be
written as

sup
Py | x (z,t)€P

1 (2, ) =6 (Yalz, )l (g3

is an affine function of Y,,(z,t), which is
d(Yn(z,t)) = KY,(x,t) + Ko.

In addition, K and K| can be obtained by solving the linear
program

min 7y
Ko,K
(14
st.  —A1T < R[H, — (KV,, + Ko17)); <417
for ¢ = 1,2,...,m, where m is the number of rows in

H,,. Let the object value of the linear program in (14) be
pn, Which is a fixed constant that depends on n. Then the
approximation error between fi,41(xz,t) and ¢(Y,(z,t)),
which can be written as

ptnt1 (2,8) = d(Ya(z, 1)) =
||HnPy‘X($,t) — (KYn(i,t) =+ Ko)

i

is bounded by p,, for all Py x(z,t) € PP.

By substituting p,1(,t) in the right-hand side of 2.,
with K'Y, (z,t) + Ko, we obtain

£ Px(t) = A(Ys(z,))Px (t) = A°(t)Px(t)
LY (x,t) = C(2)Y5 (2, 1) + c1(x)
+ea(KYS (2,1) + Ko) + €G(t).

Eclosed :

15)

Y closed 1s closed and we define fif(x,t) = di}},i(x, t).
Remark 4.1: According to the following Lemma 6.1, the
approximation error between p;(x,t) and ji$(x, t) is bounded
if C(x) + oK is a stable matrix, i.e., its eigenvalues have
a negative real part. Although the stability of C(z) 4+ co K
is not guaranteed via (14), we realized that in our examples
this matrix is indeed stable. However, to truly enforce the
stability, one can augment (14) with a linear matrix inequality
and carry out an iterative algorithm. This procedure is in the
Appendix. Here we assume that the iterative algorithm is

already conducted and C'(z) + c2 K is a stable matrix.

V. TIME-SCALE SEPARATION

We note that (15) is in standard singular perturbation form
[7]1. As € — 0, Y (x,t) converges exponentially fast to
Y,2(z,00), where Y,?(z,00) satisfies

C(I’)Y/;(L)(I, o0) +c1(z) + CQ(KY/;?(I, o0) + Kp) = 0.
(16)
This is proved in Lemma 6.2. Let us define fif(x,00) =
d;Y,?(x,00). When we substitute Y (z,t) with Y3 (x,00) in
the right-hand side of (15), we can obtain

Z7"educed : { %PX (t) = A(Y20(1'7 OO))PX(t) = APX(t)7
(17)
where Y,cquced describes the dynamics of the slow species
only. In ¥,cquced» Px(t) is a valid probability distribution
if and only if A is a Metzler matrix [12], which is not

guaranteed in general. A is a Metzler matrix if and only
if a**(z), for k =1,..., K,, which is defined as

0" (x) = 05" () + 07" ()71 (2, 00) + 6" ()33, 00),
(18)
is non-negative for all x € {2,. We define a linear program

min th(a:)—/l(l)(x,oo)H—i—th(x)—ﬂg(x,oo)H
hi(z),ha(x)
s.t. 05 () + 7% () ha () + 05 (2)ha(x) > 0
(19)
for k=1,2,..., K. Let the object value of (19) be A* and

the optimal solutions be h (x) = fi1 (z) and ho(z) = fiz(z).
When we substitute fi{(x, 00) and ji9(x,c0) as ji;(x) and
fo(z) in Xyeduced, We obtain

Spinat 1 { LPx(t) = A(Ya(2))Px(t) = APx(t), (20)

where Ya(z) = [ (2)7, fio(2)T])T. In Sinar, Px(t) is a
valid probability distribution because Ais guaranteed to be
a Metzler matrix by (19). In addition, ||f1(2) — a9 (x, c0)||
and ||iz(z) — fid(x,00)|| are bounded by A and A is a
marginally stable matrix with one zero eigenvalue.

Remark 5.1: When n = y;,¢, both p,, and A\* are 0. p,, is
0 because i, 11 (z,t) can be represented as an affine function
of Y,,(z,t) in this case. The proof of \* =0 is in [5].
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Now we need to quantify the approximation errors.

VI. ERROR QUANTIFICATION
A. Conditional Moments of the Fast Species

The following lemmas are proved in the Appendix.
Lemma 6.1: Given T > tg > 0 and =z € (), the
approximation error between p;(x,t) and fi$(z,t) satisfies
Supte[tg i, t) — i (2, )] <
ft [|di exp{L(C(z) + 2 K)(T — 7) }||dr2|[c2|| = A
Lemma 6.2: leen T > tg > 0 and z € (g, the
approximation error between [i$(z,t) and ,&?(Jc, o0) satisfies
Supte[to T] Hﬂi r,t) — /1? (z,00 H <
Hd exp{1(C(z) + 2 K)(T — 1) }|||G(7)||dT = O(e).
Theorem 6.3: leen T >ty > 0 and z € Q,, for
sufficiently small ¢, the approximation error between p;(x, t)
and fi;(x) satisfies
Dy, 132, 6) = ()| < AT+ X+ O(e),
for ¢ = 1,2. Furthermore, there ex1st A > 0 and € > 0
such that sup, ¢y, 7y [|1i(,t) — fi(2)|| < A+ O(e) for all
z, € € (0, e)andz-lorQ
Proof: The first inequality of Theorem 6.3 can be
directly obtained by combining Lemmas 6.1 and 6.2, result
of (19) and triangular inequality. For the second inequality,
A, can be obtained by

x

Ae = Supie{Lz},erz Ag’;e + AT,

B. Marginal Probability of the Slow Species

We constructed Px (t) such that it is a valid probability
HPX(t)Hl = 1 for all ¢.
Therefore, Px ()(1), the first component of Px (t), can be

written as a linear combination of other components of Px (t)
as

distribution, which implies that

Px(t)(1) =1 — (Px(£)(2) + ... + Px () (ztor)).

To remove this linearly-depenent relationship, we define

Px new(t) = [Px (t)(2), Px (1)(3), - .-, Px (8)(tor)]T,
and derive a new equation
d -

PX,new (t) - AnewPX,new (t) + dne’w) (21)

dt
from X finqi. Here, Gypeq i second to ‘Ttot elements of the
first column of A and for 1 <j < mpr — 1, 5t h column of
Anew is second to xt”, elements of the (j + 1)** column of
A minus Gnew- This relationship can be written as

R new = A(Z P Ttot 1)7
Anew(:aj) = A(2 : Itataj + 1) —a

a/TLG'QU'
Since we remove the linearly dependent relationship, eigen-
values of Anew are exactly the same as those of A except
the zero, so Anew is a stable matrix. We can repeat the same
procedure for X, in (9) and derive

d

%PX,new(t) - Anew(yé(x7 t))PX,new (t) + anew(YQ(x7 t))

(22)

Now, we regard (21) as the nominal system and (22) as the
perturbed system. Then we can rewrite the perturbed system
as

d o
@PX,new (t) = (Anew + Al(t))PX,new (t) + (dnew + A2 (t))7
(23)
where
Al(t) = Anew(}é(xat)) - Anews
A? (t) = Qnew (YYQ (.’E, t)) - CA’/new-

Lemma 6.4: For sufficiently small e, there are two con-
stants k; and ko such that

A1), —1. < k1A +O(e), [[A2(t)]| < k2Ac + O(e).
Proof ith component of Ag(t) is 0 (Z1) (11 (Z1, 1) —

Z1)(pe(Z1,t) — f12(Z1)), which is bounded

‘Gks(xl)H)A + O(€). Therefore,

1(Z1)

o e

bz = supy (|04 (@) + || o5 @) ).

With the same procedure, k1 can be obtained as
ki1 = Sup,” H6‘ (Z1) H + Hgk )8

o+ ]
e

|
Theorem 6.5: Given T >ty > 0, the approximation error
between Px new(t) and Px e (t) satisfies

Supte[to T) PX ns’w( ) PX new H

(ki + ko) [, Hexp{Anew( - T)} drAc + O(e).
The proof of Theorem 6.5 is in the Appendix.
Corollary 6.6: As € goes to 0, the right-hand side of the
inequality in Theorem 6.5 goes to kA, where
k= (ky+ ko) [ Hexp{ new(T —7) }HdT
Ag =lime0 Ae = SUP;e(y 2} e, (AT +A®) .
A””O =lim.,0 AY, =

Jo~ i exp{(C(a )+02K)t}||dtan02||
Proof: When we substitue T T as t in Lemma 6.1,

fime i A7, = 2 s expl(C(a) + 2V} depuca].

|

Remark 6.7: When n = ., as € goes to 0, the right-

hand side of the inequality in Theorem 6.5 goes to 0. This
is because both p,, and A* go to 0 by Remark 5.1.

VII. ILLUSTRATIVE EXAMPLE
In this section, we show the utility of our method with an
enzymatic and a protein binding reaction.
A. Enzymatic Reaction

In this example, we consider an enzymatic reaction [2]:

E+X2c5 B4 xm. (24)
d

In (24), X, E, C, and X* are the substrate, the enzyme, the

binding complex, and the reaction product, respectively. In

addition, z, e, ¢, and z* are the numbers of corresponding
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species. We assume that the total numbers of the substrate
and enzyme are conserved, which means x + ¢ + x* = T4t
and e + ¢ = ey, for some positive constants x;,; and
etot- Therefore, Assumption 2.1 is readily satisfied. In this
reaction, ae;,; and d are much larger than k, so we can define
€= % and let aesor = g. When we define X; = X +C, and
consider S = [x1,c]T, we can verify X is a slow species
and C is a fast species based on the following propensity
functions and corresponding stoichiometries,

af (z1;¢) = L5k —(eror — o) (1 — ¢), 7] = [0,+1]7,

aj(z1;¢) = Lke,nd =[0,-1]7,
aj(z1;¢) = ke,vs = [-1,-1]7,

where V' is the volume. We can derive ODEs of the slow-
species counts’ marginal probability density function and the
fast-species counts’ first 2 conditional moments as below:

d
%P(Xl = 1171) = 7ku1($1,t)P(X1 = Il)

+ kul(xl + ].,t)P(Xl = + ].)

d
e—Ys(z1,t) =
g 2w t)
k(etor+x1) k
k;k: )2tV:efkot1' i\(/moq_ ) Yz(xl t)
CtotTX1 cx k Ctot+T ’
B 2§/fem + ?1 +k 2Vetor \;gtot = =2k

kay
n [zV] ; [ 0 ]ugul,t) G
W Vetot

= C'(xl)Yg(a:1,t) +Cl(.§U1) +02M3(3}1,t) —|—6G(t). ’s

(25)

We can check that (25) is in Y. form. To close the

dynamics, we let e;,; = 5[molecules| and solve the linear
program in (14) and obtain

p3(x1,t) = Kaopo(x1,t) + Kzipa (w1, t) + Kso,
where K32 = 75, K31 = —14, K30 = 3.75 and P2 = 3.75.

This approximation makes (25) to X¢joseq form. Then we let
€ = 0 and obtain

iS5 (z1,t) = Ko1 i (21, 00) + Kag, where
Koy — erx1+2K30
20 = 2(e;+z1)—1—2K30+4e, V)
Kor = 2eix1—er—x14+2K3142e, V.
21 2(et+x1)§172K32+4etV )
~e ~ erx1+Kog — 50
Ml(mlat) ~ eitz1—Ka1+2e:V :LLl('rla OO)

When we substitute pq(71,t) as fid(x1,00) in (25), we
can obtain the CME that describes the dynamics of the
slow species only, which is in X equceq form. When we
let k = 0.1[min"'], V. = 1[m?], 21t = 100[molecule],
we can check that C(x1) 4+ ¢ K is stable and propensity
functions defined in (18) are all non-negative for x; =
0,...,%¢o. Therefore, in this case, X yinq 1S the same as
Yreduced, Which implies that A* = 0. In addition, Ay in
Corollary 6.6 can be achieved at z; = 5 and ¢ = 1,
Jo7 ldi exp{(C(x1) 4 c2K)t}||dt = 0.85 and ||ca]| = 5.
k1 and ko in Corollary 6.6 are 0.2 and 0.1, respectively, and
Hexp{Amw(T — 7')}“ = 0.1 x exp{—0.4(T — 7)}. Based
on these values, we can calculate the approximation error
bound for the slow-species counts’ marginal probability dis-
tribution in Corollary 6.6. We can repeat the same procedure
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Time (min)
(b) Extended view, comparing P(X:1 = 0) of Z¢yue with € =
0.1,0.01,0.001 and those of Xjfina;, with n = 2, with the error
bound obtained from Corollary 6.6.

Fig. 1: Comparing P(X; = 0), for ¥4 and X¢ipq. For
this simulation, ¢ = 0.1, 0.01,0.001, n = 1, 2, 3, k =
0.1[min~1], V. = 1[m?], 24t = 100[molecule], ejor =
5[molecules] are used.

for n =1 and n = 3 cases.

Fig. 1(a) compares P(X; = 0) of Xt with € =
0.1,0.01,0.001 and those of Xf;nq with n = 1,2,3. The
simulation result shows that 3., and Yf;nq are almost
the same when ¢ < 0.01 and n = 2, 3. Fig. 1(b) shows as ¢
goes to 0, P(X; = 0) of X4, approaches those of X fipna,
with n = 2, with the error bound obtained from Corollary
6.6.

B. Protein Binding Reaction

In this example, we consider a protein binding reaction
[2]:
k a
@?X,X—kP#dC. (26)
In (26), X, P, and C are the protein, the promoter, and the
binding complex, respectively. In addition, x, p, and ¢ are
the numbers of corresponding species. In this situation, the
total numbers of the promoter are conserved, which means
P + ¢ = pyot for some positive constant py,¢. Therefore, p
is a dependant variable and number of complex is bounded
by piot- However, in general, the number of proteins is not
bounded, so we need to assume that it is bounded by a
positive constant x;,; for Assumption 2.1. In this reaction,
aptot and d are much larger than § and k, so we can define
€ = % and let £ = § and ap;or = g. When we define
X1 = X+C, and consider S = [z1,¢|T, we can verify X is
a slow species, and C'is a fast species based on the following
propensity functions and correspoinding stoichiometries,

af (v1;¢) = Lp2— (21 — ) (Pror — ©), 7] = [0, +1]7,
al(z1;¢) = L4c, v =0, -1)7,
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af(z1;¢) = 6,75 = [+1,0]7,
ag(xl;c) = 6(371 - C)a’YéS = [_170]T’

where V' is the volume. We can derive ODEs of the slow-
species counts’ marginal probability density function and the
fast-species counts’ first 2 conditional moments as below:
d

@P(Xl = $1) = —6{1)1P(X1 = 33‘1)

For review only.

Approximated vs Original
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(a) Comparing P(X1 = 2) of X¢rue with e = 0.1,0.01 and those of

+o@+DP(Xy=a1+1) =z + LYP(Xy =z1+ 1)y, with n = 1,2, 3,4

+5/J,1({E1,t)P(X1 = (El) — 5P(X1 = !E1) +5P(X1 =1 — 1)

d
6*)/’2 X t) =
dt ( Y )
_5— 8(z1+piot) )
2Vpiot 2V piot
5+ 6(26x1ptot76x0176pt0t) 72(54’ 5—26;:1—26;0,50{,, }/2(‘%.17”
2V Piot 2V piot

o2y 0
+ [(%IVJ + { 5 :|M3(x1,t)+€G(t)
2V Vpiot
= C(.’L’l)YQ(l‘l,t> + Cl(.’El) + 02M3($17t> + 6G<t). (27)
We can check that (27) is in Y. form. To close the

dynamics, we let p;,+ = 10[molecules] and solve the linear
program in (14) and obtain

p3(x1,t) = Kaopo(x1,t) + Ksypr (w1, t) + Ksp,
where K32 = 15, Kgl = —56, K30 = 30 and P2 = 30.

This approximation makes (27) to YX;joseq form. Then we let
€ = 0 and obtain

a5 (z1,t) = Ko1 i (21, 00) + Kag, where
Ko — az1piot+2aKso
20 = 2apiot+2ar1 —2a K32 —a+2dV
Koy — 20%1Ptot=aPtor—az1+2aK31+dV
21 2apior+2ax1—2aKzzs—a+2dV

aK20+aTipiot _~0
aptott+axri—aKo1+dV 1251 (xla OO)

ff(x1,t) =~

When we substitute p11(x1,t) as ji{(x1,00) in (27), we can
obtain the CME that describes the dynamics of the slow
species only, which is in X,cquceq form. When we let § =

0.4[min~t], V. = 1[m3], z40s = 100[molecule], we can
check that C'(z1) + co K is stable and propensity functions
defined in (18) are all non-negative for z; = 0,..., ZTsnt.

Therefore, in this case, X f;pq; is the same as ¥,cquced, Which
implies that A* = 0. Fig. 2(a) compares P(X1 = 2) of Xy
with € = 0.1,0.01 and those of Xf;pq with n = 1,2,3,4
and Fig. 2(b) is the extended view of Fig. 2(a). Fig. 2(b)
shows that P(X; = 2) of ¥, with € = 0.01 and those of
Y final With n = 4 are almost the same.

VIII. CONCLUSIONS

In this paper, we leveraged time-scale separation, which is
intrinsic to many biochemical reaction networks, to develop
a method to reduce the order of the CME. We derived
a reduced size CME that describes the dynamics of the
slow species only. Our approach provides exact error bounds
between the true and the reduced systems. This reduction,
with quantifiable error bounds, can help the analysis and
design of biochemical reaction systems. Our future goal is
to apply the FSP algorithm to extend this result to infinite
dimensional CME.

Approximated vs Original

0.269 F—T——

0.268 -

(n‘ 0.267

Original, ¢ = 0.1
Original, € =0.01
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X 0266 T

0.265

0.264 &
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Time (min)
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(b) Extended view of the above graph
Fig. 2: Comparing P(X; = 2), for £,y and X f;y,4;. For this
simulation, € = 0.1, 0.01, n = 1, 2, 3, 4, § = 0.4[min~}],
V = 1[m3], 240t = 100[molecule], pior = 10[molecules]
are used.

APPENDIX
A. Iterative algorithm in Remark 4.1

First we solve (14) and let K = K* be its optimal solution.
Then, we will find K (1) such that it is close to K™ but also
makes C'(z)+co K1) stable. To do this, we will find matrices
Z and P(1) such that K1) = ZP(_l)1 where Z and P(;) can
be obtained by solving

minva(l)va(l) HZ - K*P(l)H s

S.t. C(l’)P(l) 4+ + (C(x)P(l) + CQZ)T < 7&(1)1,
P(l) - 0704(1) > 0.

Then, at each iteration, given P(j) and agj), we first find
K(j41) by solving

N Ko, K(j11),7 Y

s.t. —y17 < R[H,, — (K(j41)Vn + Ko1T)]; <417,

[C () + 2K (j 1) | Py + P [C(@) + e K )] T < =55

fori =1, 2, ..., m. Then, given K(j+1)’ we find P(jH) and
a(;j+1) by solving

)

MINp, ,,, —Q>+1) S.t.

[C(@) + 2K (1)) Py + Py [C) + KT <

—ag+n s
P+ = 0, a(i41) > 0-

We continue until || /41y — K(;)|| converges.

B. Proof of Lemma 6.1

To quantify the errors, we first define

e1(z,t) =Y, (z,t) — Y,i(x,t).
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Using (5) and (15), we can derive

d
6%61(33,75) =

+ a2 (pinyr(,t) —

(C(z) + caK)ey(z,t)

(KYH(I, t) + [(0))7 €1 (93, to) =0.
(28)
By solving (28),

exp{i(C’(x) b oK)t — T)}

Bl(l‘,t) =
2
) (29)

[Ze2(pnsa (@, 7) = (KYn(z, 7) + Ko))ldr.

Because of Eq (29), we can obtain

Ol = sup ||diex(x, )]

te[to,T]

/Hd exp{ H(C(0) + k)t - 1)}

sup |[|pi(z,t) — fi5(z,
tE€to,T]

=~ Ssup
te(to, T

[602(Mn+1(x 7) = (KYn(z,7) + Ko))l||d7

[ e Hew + -}

< sup
t€(to, T

Hicz(unﬂ(x,ﬂ — (K Y, (2,7) + Ko))

T
</
to

which is the same as Lemma 6.1.

lar

d; eXp{i(C(:c) + 2 K)(T — 7)} arln

C
2l

(30)

C. Proof of Lemma 6.2
Next we define
=Y (x.t)

ea(xz,t) — Y9 (z,00).

Using (15) and (17), we can derive

d
6%62({1; t) = (C(x) + c2K)ea(x, t) + €G(t), ea(w, tg) = 0.
3D
By solving (31), we can derive
¢ 1
62(1}’7t) = / eXp;(C(:D)ﬁ’CzK)(th) G(T)d’T (32)
to

Because of (32), we can obtain

Sup Hﬂ:(l‘,t) - /1?(.13, OO)H = Ssup ||d162($,t)“
te(to,T] te(to, T
! 1
sup / d; exp{ —(C(x) + c2K)(t — T)}G(T)dT
t€[to,T] 0 €

t
< sup /
t€fto,T] Jto

which is the same as Lemma 6.2.

d; exp{i(C(x) + e K)(t — T)} H||G(T)||d7

D. Proof of Theorem 6.5
We define
€s(t) = PX,new (t) - PX,new(t)~
Using (21) and (23), we can derive

d
%e?(t) Aneweg (t) + Al(t)PXmew (t) + Aq (t) (34)
= A, ewe€s + w(t), eg(to) =0

By solving (34), we can obtain

t ~
es(t) = / exp{Anew(t - 7)}w(7)dr (35)
to
Here, norm of w(t) is bounded by
[w (@ = 1A1(E) Px new(t) + Az (t)]]
< [[A1 () Px new (D) + [[A2(2) | (36)

< HAl(t)”llfloo + [|A2(®)|| < (k1 + k2)Ac + O(e).
Because of (35) and (36), we can derive

t

sup |les(t)]| = sup / exp{Anew(t - T)}w(T)dT
te[t07 tE[to,T]

< sup / Hexp new(t — T }’LU(T)HdT

tE[to T) to
< sup exp{Anew( }HHw )||dr
te(to,T)
t A~
< (k1 + ko) sup / exp{Anew(t — T)}HdTA6 + O(e)
t€[to, T

37
which is the same as Theorem 6.5.
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