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ABSTRACT

This report develops practical procedures for the use
of lifting surface theory to calculate the airloading
induced on a helicopter rotor blade by a nearby tip
vortex. Planar lifting surface theory is applied to the
model problem of an infinite aspect ratio wing and a
straight, infinite vortex at an arbitrary angle with
the wing, in a compressible free stream. The formulation
of the solution requires the development of the general
aerodynamic kernel for a lifting airfoil; this kernel
includes as limits the Fourier transform of the three-
dimensional, steady lifting surface kernel, and the kernel
for two-dimensional, unsteady flow about an airfoil.

The appropriate downwash for vortex induced airloads

is a convected, one-dimensional downwash field, or equiv-
alently a sinuscidal gust at an arbitrary angle with the
wing, and the solution for the loads is in the form of

an aerodynamic influence function, valid for all such
downwash fields. Numerical solutions are obtained for






cases in the entire range of geometry and velocity of

the model problem, and from these are constructed usable
analytic approximations for the influence functions.

These approximate expressions give the vortex induced

loads in a form that may be practically used in rotary
wing airloads calculations without the extensive calculations
involved in usual 1lifting surface theory solutions.
Procedures are developed for the application of the model
problem to the rotary wing configuration. In order to
evaluate the use of the lifting surface theory solution,

it is compared with lifting line theory in the prediction
of the airloads induced by a free vortex on a single-
bladed rotor at high advance ratio. This comparison shows
that the use of the lifting surface theory solution is
necessary in order to obtain accurate loading prediction
for cases involving vortices closer than a few chord
lengths to the blade. The solution and procedures developed
in this report remove one of the limitations of rotary
wing airloads calculations. They allow the accurate
prediction of loads due to a downwash distribution varying
rapidly along the span of the blade, specifically the down-
wash due to a nearby tip vortex.
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SeCTION 1

INTRODUCTION

The requirement to determine tne airloads on a rotary wing
of a helicopter or autogyro has occupied aerodynamicists for nearly
half a century. Yet an entirely satisfactory prediction of these
airloads is still not possible, and becomes even more difficult to
obtain as the performance of new machines increases. This report .
presents the development of vrocedures to handle one of the prob-
lems involved in the calculation of rotary wing airloads.

The objective of rotary wing aerodynamics is to develop the
most accurate, practical calculation method, in the context of the
hignly iterative calculation of helicopter airloads. Because of
the geometry of the rotor wake, the interference of the rotary wing
witn its own wake and the wake of other blades is considerably more
important than that of a fixed wing. “Uhis interference is mani-
fested as a downwash at the blade which must ove calculated in order
to determine the loads on the blade and its subsequent motion. Thus
the calculation of the airloads leads immediately to a considera-
tion of the downwash field in which the rotor blade operates; ac-
curate downwash information is essential in order to obtain accurate
airloads. "The downwash field is calculated from the vortex wake of
the rotor, and this leads to the necessity for accurate wake geo-
metry information. From the knowledge of the downwasn field at
the blade, aerodynamic tneory must be used to ovtain accurate load-
ing. It is with this last problem that this report is concerned.
Present rotary wing airloads calculations involve the determina-
tion of the downwash distribution along the blade, the aerodynamic
loading along the blade, and the blade motion successively, follow-
ing the blade around the azimuth of the rotor disk. In order to
calculate the downwash due to the rotor wake -- which in forward
flight is a distribution of trailed and shed vorticity over a



skewed, daistorted helix -- the wake 1is represented by a net of line
vortices (or more recently vy rectangular vortex sneets) and the
downwash at the blade is then the sum of the contributions from
eacn element of the net. The geometry of the wake may be assumed,
or it may be calculated by one of several methods of varying ac-
curacy. ‘the blade motion calculation 1s an aeroelastic problem;
tne equations of motion of the blade may be solved by numerical in-
tegration or harmonic analysis. An iterative solution, rather than
a closed form solution, necessarily results unless the geometry of
the wake is known or specified, and nonlinear aerodynamics associl-

ated with stall are neglected.

In the calculation of the aerodynamic loading on a rotary
wing 1t has been customary to use lifting line theory. “hat is,
ilv is ascumed that tne flow over the ovlade is locally two-dimen-
sional, tne influence of tune rest of the blade and of the rotor
wake being represented only vy a uniform downwash at the blade
section. Two~-dimensional unsteady airfoil tueory (or experimental
or empirical section loads data) is then used to obtain the sec-

tion 1ift and moment.

T'he calculation of the alrloading on a rotary wing is deeply
involved witn tne interaction of thne blade with its vortex wake.
The operating conditions of a rotary wing are such that its wake
is not carried away by the free stream velocity as for a conven-
tional wing, but rather spirals underneath the rotor disk. This
wake may be considered sheets of shed and trailed vorticity. The
outboard edge of the sheet quickly rolls up, the vorticity be-
coming hignly concentrated about a line trailed from the tip of
the rotor. =Hegions where the ovlade passes close to tip vortices,
its own and those from other blades are numerous, and are quite
important vecause of the strong downwash induced at the blade.
Once the geometry of the vortex wake 1s known, it is necessary to
have an accurate method for the calculation of the airloading in-

duced on the blades by the tip vortices. The accuracy of the



airloads in current calculations is restricted by the use of 1ift-
ing line theory. For the large variations of the downwash along
the span associated with the nearby vortex, lifting line theory

is not valid; moreover, this theoretical limitation is compounded
by the practical difficulty of handling in sufficient detail the
shed and trailed wake induced by this vortex. Therefore, it is
necessary to turn to the more accurate lifting surface theory to
obtain the vortex induced airloading.

The application of conventional 1ifting surface theories tg
the calculation of the vortex induced airloads is prohibited by
the extensive calculations involved in these methods alone. What
is required is a lifting surface solution that may be directly and
simply applied in the highly iterative calculation of rotary wing
airloads. The proper procedure is to construct a sufficiently
general model for the vortex induced airloads problem, and to ob~
tain the loads in this model using lifting surface theory. Then
the solution for this model problem may be routinely applied in the
calculation of rotary wing airloads. The development of this model,
its solution, and its application is the subject of this report.

The use of lifting surface theory does not, of course, ex-
actly solve the vortex induced airloads problem. There are first
the limitations involved in using linear, planar lifting surface
theory. Moreover, lifting surface theory is a solution for poten-
tial fluid flow, thus viscous aspects of the problem are completely
neglected. The effects of viscosity in the vortex induced airloads
problem will not be further considered in this report.

The problem which is the subject of this report has not be-
fore been approached directly; it is one of the steps that remains
to be completed in the development of an accurate theory of rotary
wing airloads. ''he aerodynamic bases of the problem are, however,
well established. HMiller (Refs. 1 and 2) and others have developed
procedures for the calculation of rotary'wing airloads using



nonuniform downwash. <This work showed the importance of obtaining
the loads from the actual downwash induced at the rotor disk by the
vortex wake of the blades. While the use of nonuniform downwash
allowed a significant improvement in the prediction of airloads,
there are still features that should be treated more accurately.
One of these is the wake geometry, and a major effort has been

made to calculate the self-induced distortion of the geometry of
the vortex wake, for example by Scully (Ref. 3) and by Landgrebe
(Ref. 4). The basic features of the airloads calculation procedure
using lifting line theory are sufficiently understood that it 1s
now possible to direct attention to the construction of a practi-
cal method of using the more accurate lifting surface theory.

The kernel function formulation of planar 1lifting surface
theory was constructed by Watkins, Runyan, and Woolston (Ref. 5)
and others. Practical methods for solving the integral equation
for the pressure on a wing, using assumed pressure modes to con-
vert the integral equation into a set of linear algebraic equations,
were developed by Watkins, Woolston, and Cunningham (Ref. 6). A
survey of lifting surface results and methods, including multiple
and nonplanar surfaces, was made by Ashley, Widnall, and Landahl
(Pef. 7) and a more recent survey is that of Landahl and Stark
(Ref. 8). The methods that have been developed for the solution
for lifting surface pressures involve the conversion of the inte-
gral equation into a finite set of algebraic equations; in the
more accurate method, using assumed pressure modes, the coeffi-
cients of the algebraic equations are integrals over the wing
surface, which must be evaluated numerically. The amount of cal-
culation involved in this method, however, prevents its direct
application to rotary wing aerodynamics. The simpler method of
representing the lifting surface by a lattice of vortex lines in-
volves less calculation, but the accuracy 1s highly dependent on
the skill with which the lattice elements are positioned. Using
this method for a blade in the highly nonuniform downwash field



of a rotor disk, particularly for configurations where tip vortex
induced loads are important, would be impossible to do with con-
fidence. Not only is the downwash field complicated, it is also
not known in advance, but must be calculated iteratively with the
loading; moreover, the vortex wake as well as the blade must be
correctly represented by a vortex lattice.

While the problem to be solved here is to obtain the pres-
sure induced by a vortex on a lifting surface, it will ke seen
that the proper formulation will be more analogous to compressible,
two-dimensional, thin airfoil theory. The kernel function formu-
lation of two-dimensional airfoil theory was constructed by Possio
(as in Ref. 9). This problem involves also an integral equation
which must be inverted to obtain the pressure on the airfoil, and
again the amount of calculation involved prevents the direct ap-
plication of this problem to rotary wing aerodynamics. Among the
many treatments of incompressible, two-dimensional, thin airfoil
theory, that of von Karman and Sears (Ref. 10) will be most con-
venient here. These methods that have been developed for lifting
surface theory and thin airfoil theory will be extended, and
combined, here to obtain a solution for the vortex induced air-
loads problem. Of particular importance is the kernel function
(integral equation) formulation, which is characteristic of lifting
pressure distributions.

Some work has been done on the vortex induced airloads prob-
lem, although none in a form directly applicable to rotary wing
aerodynamics. The Jloads induced on a finite wing in a uniform
free stream by a vortex perpendicular to the span direction have
been obtained using the vortex lattice method of lifting surface
theory by Kfoury (Ref. 11), and using the assumed pressure modes
method by Silver (Ref. 12). The difficulties encountered in choos-
ing the proper lattice positions or the proper pressure modes, as
well as the extent of the calculations involved in either of these
methods, confirm their inapplicability to rotary wing airloads



calculations. Lifting surface theory (the vortex lattice method)
nas been used by Cummings and Kerwin (Ref. 13) to obtain the loads
on a marine propeller; its use was necessary -- and possible --
pecause of the small aspect ratio of the blade rather than because
of the importance of vortex induced loads, and again the calcula-
tions involved were extensive.

A1l of these applications of lifting surface theory illus-
trate the importance of developing a solution for a model probulen
thiat may then ve used to caleulate rotary wing airloads. OUnly 1f
such a solution can be obtained without the computational diffi-
culties of conventional methods, will the accuracy of 1lifting sur-
face theory become available to rotary wing aerodynamics.

This report presents the development of a model problem for
vortex induced airloads, its 1lifting surface theory solution, and
its application to the calculation of rotary wing airloads. The
model chosen is that of an infinite aspect ratio wing and a
straight, infinite vortex at an arbitrary angle with the wing, in
a compressible free stream (see Section 2.1.2). The problem is
generalized to include any convected, one-dimensional (depending
on only one variable) downwash field in the plane of the wing.
Using the elementary doublet solution of the acceleration poten-
tial, the problem is formulated as a two-dimensional integral equa-
tion over the wing surface for the pressure. Utilizing the Fourier
transform along the span of the blade, the problem is reduced to a
one-dimensional integral equation for a universal (for all con-
vected downwash fields) pressure influence function, with the span
wave number as a parameter. After deriving the kernel function,
this integral equation is solved numerically for cases in the en-
tire range of geometry and velocity of the model problem. Approxi-
mate analytic expressions for the solution are cbtained from the
numerical solution; the Fourier integral then gives the actual
loads on the wing from this approximate solution. The development
of the approximate solution makes it possible to avoid in the



application of the model problem to rotary wing aerodynamics the
extensive calculations involved in the usual 1lifting surface
theory solutions.

Next the method of calculation of rotary wing airloads
(using 1lifting line theory) is described in more detail. In apply-
ing the solution of the model problem to the calculation of rotary
wing airloads, a tip vortex near a blade is represented by a
straight infinite vortex of appropriate strength, position, and
orientation. The downwash due to such a vortex is obtained, and
the lifting surface solution of the model problem is formulated
for such a downwash distribution. Since the lifting surface solu-
tion includes the vortex induced wake behind the blade,
the wake of the rotor is divided into lifting surface and 1lifting
line parts and procedures are developed to properly handle the
effects of each. Finally, procedures are developed for the proper
use of the combination of 1lifting surface andu 1lifting line theo-
ries to calculate the loading on a rotary wing due to the tip vor-
tices, the blade motion, and the rest of the vortex wake.

The application of the model problem to the calculation of
rotary wing airloads is evaluated by comparing the loads induced
by a free vortex on a one-bladed rotor at high advance ratio (see
Section 4.1) as predicted by l1lifting surface and lifting line
theories. This comparison shows that the use of 1lifting surface
theory is necessary in order to accurately obtain the loads due
to a vortex closer than a few chord lengths to the blade.

Thus the sclution and procedures developed in this report
remove one of the limitations of rotary wing airloads calculations.
They allow the accurate prediction of loads due to a downwash dis-
tribution varying rapidly along the span of the blade, specifically
the downwash due to a nearby tip vortex.

The development of the 1lifting surface solution for the
model problem will be presented in Section 2. The development of



the application of this model to the calculation of rotary wing
airloads will be presented in Section 3. A comparison of the re-
sults of using 1lifting line or 1lifting surface theory to calculate
the airloads on a simplified rotary wing configuration will be
presented in Section 4.

Two sets of quantities are used for nondimensionalization
in this recport. The density, wing semichord, and the free stream
velocity (_Q , b, V) are the appropriate quantities for lifting
surface theory; they are used in Section 2, in the lifting sur-
face solution of the model problem. The density, the rotor radius,
and the rotor rotational speed ( S R, {L ) are the appropriate
quantities for rotary wing aerodynamics, and are used in the re-
mainder of this report. Nondimensional quantities are used ex-

clusively throughout this work.



SECTION 2

A LIFTING SURFACE SOLUTION FOR VORTEX
INDUCED AIRFOIL LOADING

2.1 Formulation of the Model

2.1.1 The Vortex Induced Airloads Problem

It is necessary first to construct a model of the vortex
induced airloads problem -- a model that can be solved by 1lifting
surface theory and solved in a form that can be used to obtain
vortex induced airloads for rotary wings.

The model to be solved here is the general three-dimen-
sional problem of a planar l1lifting surface in a convected down-
wash field that depends on only one space coordinate. By general
three dimensional is meant a combination of three variables out
of the four possible (one time and three space variables). The
solution 1s obtained using linear lifting surface theory. It in-
volves the development of the general aerodynamic kernel which
has as recognizable limits the three-dimensional steady lifting
surface kernel (actually the Fourier transform of this) and the
kernel for two-dimensional unsteady harmonic flow. Some singular
behavior of the kernel may be expected as the first of the above
limits 1s an elliptic problem, while the second is hyperbolic.

It is required that the solution give the airloading --
that is, the circulation, section 1lift, section moment, and pres-
sure (in series form) -- due to an arbitrary distribution of down-

wash along the span of the blade. Furthermore, it is most important

that the solution be of a form that is applicable in the highly
iterative calculation of rotary wing airloads.

2.1.2 The Model of the Problem

The vortex induced airloads problem is first simplified to
infinite straight geometry, as shown in Figure 2.1, The model



involves a swept, infinite aspect ratio, planar 1lifting surface
in a subsonic free stream. A downwash distribution is induced

in the plane of the airfoil (z=0) by a skewed, infinite, straight
free vortex also in an (x-y) plane, and a distance h below the
airfoil plane. As usual for a swept infinite wing, the problem

will be subsonic in nature for

Meos A < 4L

where AﬂcuosJL is the Mach number of the free stream veloclty
normal to the span direction.

Because of the infinite geometry of the model, the problem
is steady in a coordinate system with its origin traveling with
the intersection of the blade centerline and the projection of
the free vortex line on the (z=0) plane. That 1s, in the (x',y")
system defined by

v w& Sinm AL
K = X — S&wc*+~L> 't
v QJQ4’Q04JL

DT DT TsmiprAS

the relative velocity is in the direction of the vortex, and this
must be the direction of the trailed vorticity. In this coordinate
system the vortex is stationary, so the problem is steady and there
is no shed vorticity. A natural coordinate system for the problem
is one with one coordinate (s') aligned in the direction of the
free vortex. Making this transformation, obtain the geometry

shown in Figure 2.2.

In Figure 2.2, the geometry has been nondimensionalized with
the blade semichord b. It is seen that now the model depends on
just two parameters: the normal Mach number Meos A ; and

the angle (¢>+_A_§ .

10



The relative free stream Mach number in the (s',r') system
is
= ——
R S C+ + A

It can be seen that this lMach number is greater than 1 for
Meos A > sim(P+A) ; in fact Mp—=00 as P+ A AT
The fundamental influence of compressibility is, however, de-
termined by the normal Mach number Mecsas. A > S0 the character of
the problem remains subsonic. The relative Mach number MR has
more geometric tnan physical significance. This parameter re-
flects the change in the nature of the problem from elliptic to
hyperbolic between the limits (¢+A) = ”—; and (4>+.JL): m~
(see Figure 2.3). 1In the first limit the original problem is the
interaction of a blade and a vortex perpendicular to it; the prob-
lem is three dimensional and steady, and so elliptical. The second
limit is the two-dimensional unsteady flow of a point vortex past
an airfoil; the time dependence makes the problem hyperbolic. The
transition between the elliptic and hypervolic problems occurs at

Mecos A
S&V\(¢+_A_,)

4

with the regions as in Figure 2.4.

Now the model can be generalized to allow a more arbitrary
distribution of the downwash along the blade. Consider an arbi-
trary distribution of downwash in the plane of the blade, which is
dependent on only one variable; that is, a downwash distribution
given by

W= O

It can be seen that the downwash due to a free vortex can be put
in this form, since the s' coordinate was parallel to the free

11



vortex direction. This form of the downwash distribution corres-
ponds to a downwash in the original coordinate system (Figure 2.1)
which depends on only one variable -- the perpendicular distance

from the vortex line -- and which is being convected along by the

free-stream velocity (as was the original vortex).

Thus, the model problem becomes an infinite aspect ratio
lifting surface, with a convected, one-dimensional downwash field
in the plane of the airfoil. The geometry is given in Figure 2.2
with the downwash given by

W= D(r"D
The problem is further dependent on the two parameters Meos A
and ( +AD . The limits CP+rA)= T and (+AD = TTe
give, respectively, the problems of a symmetric, steady 1lifting
surface, and a two-dimensional uns teady flow.

2.1.3 Details of the Model

The several coordinate systems which will be used are shown

in Figure 2.5. The various transformations are given below.

) CAESQL'SQM.A_
% X Sim ( +-AD) T
v cesp cos L +

12



s" = x"somd — \g'em4>
¥ = )ﬁvws* -~ ‘3’$w+

= % ces A — \g's;MJL

= x"cosd /sim +3";;M4a/;;m

s =sAsi —rhces
sAcos + rAsian

¥ =

.SA =><9Q,e‘s./\_ - \375.(,“_/\_

A= s A + g'c.as./L

with the convention, to be used in what follows, that sin, cos, or

tan written alone imply the argument (1> +_/L>.

13



‘'he (x,y) system is the original absolute system.
The (x',y') system is the one in which the problem is

steady.

The (s',r') system is the natural coordinate system for the
convected velocity field, since the downwash then depends only on

the coordinate r'.

The (s,r) system is the one in which the problem must be
solved to obtain the circulation. One coordinate 1s along the
span (so the Fourier transform may be used) and the other in the
s' direction (along which must integrate to obtain the circula-
tion). The s metric has been stretched so the blade leading and

trailing edges are given by s = % 1.

The (sA,rA) system is the one in which the problem must be
solved to obtain the loads. One coordinate is along the span
(so tﬁe Fourier transform may be used) and the other normal to the
span direction (along which must integrate to obtain the section

loads). The blade leading and trailing edges are given by sA == 1.

All the systems except (s,r) are orthogonal. All the
origins lie on the blade centerline. The third space variable for
all systems is the z coordinate, directed upwards.

The problem is nondimensionalized with (‘% , b, V).

The downwash is positive directed in the negative 2z direc-

tion.

The range of the parameter (4rtA> can be restricted by

symmetry considerations to

T < p+ A< T

2
For the case © < (4>+./L) < :g the solution may be obtained by
making the substitutions cb+A) == m=-(P+ A and

A == — A

14



While the solution will be obtained for the general downwash
w(r'), the free vortex case is useful as an indication of the form

1
of the distributions to which the solution will be applied. The
= h is given by

downwash due to a free vortex in the plane 2z
4
(.Qr., (%) = r -r
Z2rbV v?Z 4 0.2
the Fourier transform 1is also required

with respect to r' is then

The Fourier

For later use,
transform of wr

= g e Y & e

Do
v H —NM
ZvkbY 2 SB“Q)

Il

W (3)

——
e

The Fourier transform is used to obtain the 1lifting surface

solution. The definitions of the Fourier integral and Fourier
transform to be used here are

§¢) = S"" F(9) e

— b
and — N
S = = S Seer =7 97

The following notation is convenient
SO = F T o% Sr(r') wrt -

N o 'Jf&r‘

0= £

means

2.1.4 The Nature of the Solution

The formulation of the model and obtaining the solution
involves several steps in reducing the problem to a tractable form
Fundamental to the solution is the use of linear 1lifting surface

15



theory; that is, determine the loads on a planar lifting surface
from the kernel function solution of the linearized equations of
motion of the flow. Thus many effects, such as those due to thick-
ness, to viscosity, or to vortex bursting are immediately ignored.
Lifting surface theory allows the solution to be obtained for a
wing with arbitrary planform and downwash distribution, including
compressibility and unsteady flow effects. This is the general
problem in four dimensions: (x, ¥y, Z, t). However, the use in
helicopter airloads calculations requires the solution in compact
form for a general downwash distribution. The problem must be
simplified further so the 1lifting surface solution may be obtained
for as few parameters as possible, and then the solution may be
routinely applied to airloads calculations.

An important step is the simplification of the planform to
an infinite aspect ratio, constant chord alrfoil.

Next, the type of downwash field is restricted by specify-
ing that the downwash depends on only one variable, which must be
linear in the spanwise variable. For application to vortex in-
duced loading, the appropriate class of downwash fields is the
convected field, which may be written w = w(r') so there is no
variation with s'. The restriction to one-dimensional downwash
fields, together with the infinite geometry of the wing, re-
duces the problem to three dimensions: (x,y and t, z) or (s', r',

zZ).

Now linearization of the equations of motion of the flow
and the boundary conditions allows the solution to be obtained,
using the principle of superposition, as the solution of an
integral equation. The kernel in the integral equation formulation
is the general aerodynamic kernel function for a planar infinite
aspect ratio wing, involving three of the possible four dimensions.
The particular combination of the dimensions 1is specified by a
geometric parameter, (i#-+_A;).

16



Compressibility effects are essential to the problem, thus there
is an additional parameter AAQpSJL . The integral equation is a
two-dimensional integral, over the wing surface. Since the de-
sired results are only the loads at z = 0, the problem reduces to
two dimensions: (sA, rA).

The two-dimensional integral equation still involves a
solution for every specific downwash distribution, even though
the problem has been already restricted to one-dimensional down-
wash fields. At this point, however, the infinite geometry of the-
wing allows the important step of the introduction of the Fourier
transform along the span variable. This replaces the variable r
by the wave number :?, which appears simply as a parameter. Thus,
the problem is reduced to one dimension: (sA).

Now the problem has been formulated asAa one-dimensional
integral equation in the chordwise variable s . There are three

quantities appearing as parameters in the integral equation:

Mach number Mceos A
angle P+ A
and wave number Q

There is an additional parameter implicit in the selection of the
class of downwash fields. Here it 1s possible to restrict the prob-
lem to convected fields.

The reduction from a two-dimensional to a one-dimensional
integral equation is primarily of calculational significance. The
use of the Fourier transform has a more important result. Because
the problem has been restricted to downwash filelds dependent on
only one variable, the application of the F.T. with respect to the
span coordinate changes the downwash to a separable function of
the wave number and the chordwise coordinate. The functional de-
pendence on the chordwise coordinate will be known. The dependence
on the wave number will remain arbitrary, but because the wave
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number appears only as a parameter -- and because the integral
equation is linear -- this function may be moved inside the inte-
gral equation. Thus, the solution of the problem involves the
solution of a one-dimensional integral equation for a universal
loading function which depends on the class of downwash fields
chosen (here the convected field) but not on the particular down-

wash distribution from the class.

The reduction of the solution to a universal loading in-
fluence function for convected velocity fields is essential to
producing a solution applicable to the calculation of rotary wing
airloads. This formulation is accomplished by the use of the
Fourier transform along the span, and depends on several features
of the model: first, linearization of the equation of motion and
boundary conditions; second, the infinite geometry of the wing;
third, the restriction of type of downwash field to those dependent

on only one variable.

Obtaining a numerical solution for the universal loading
functions will not ove sufficient, however. Numerical results
may not be conveniently used to determine actual locadings, par-
ticularly with the results in terms of wave number. Thus, the
exact numerical solutions must be used to produce approximate
analytic solutions. These approximate influence functions, to-
gether with the Fourier transformation of the actual downwash
distribution may be used to obtain the airloading by means of the

Fourier integral.

2.2 Lifting Surface Solution of the Problem

2.2.1 Eguations of Motion

The solution is most conveniently formulated in terms of
the acceleration potential QU. The linearized equation of motion
is

FINT = [ -m (G 5 ¥ =o
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where

Y= b= (Z+r)b=-"

Here 4> is the velocity potential. The boundary conditions are

E)_f_ = D on the airfoil

and with p = the perturbation pressure,

A)\P — _.A,‘:: = off the airfoil

Again, the problem has been nondimensionalized with (% , b, V).

The natural coordinate system for the present problem is
the (s',r') system,in which the problem 1is steady. In this system,
the equation of motion becomes

Meas A N2\ D P P
[(-L 54~\L;+4p) )9—;'12- + drTE +az‘ ]*:"O

where

f=-r T Sitm P +AD D87 ‘#

The boundary conditions for the convected downwash field are

2% — (7D on the airfoil
>z |, —°©

and

AN =—Ap =0 off the airfoil

It is seen that the relative Mach number
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MR _ .M:_cs._/\_

Sim Cp + A
does indeed determine whether the flow is basically elliptic or
hyperbolic. For the elliptic case, the flow is like the three-
dimensional steady flow problem; for the hyperbolic case, the flow
is like the two-dimensional unsteady problem. The domains of the
two types of flow were shown in Figure 2.4. In the actual deriva-
tion of the integral equations and their kernels, it will be neces-
sary to treat the two cases separately, because of the fundamentally
different nature of elliptic and hyperbolic elementary solutions.
First, thcugh, the general solution procedure will be developed.

The relation between ﬁp and qb will be integrated in the
(s,r) system. In these coordinates

V= c—c>s_/L,§%§ ¢

which may be integrated to

S
P= G ML, Ot

which can be rewritten as
bo
4):.—.. %O ’\PCS>V)\ N/ ces A\

(where sS_ = sS—o )

which is more convenient because of the constant 1limits of inte-

gration.

2.2.2 Formulation of the Integral Eguation

An integral equation for the airfoil loading will be ob-
tained from the elementary solution of the equation of motion,
using the principle of superposition. The integral equation will
first be derived in the (s,r) system.
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The elementary lifting solution for the acceleration poten-
tial is the dipole solution, denoted by ﬂﬁd . Using superposition,
the acceleration potential at an arbitrary point due to a lifting
surface may be written

N?"(s,\" ?2) = SS ‘;2'5\(7‘) Jp k"’d (Sg)f,’)-z3 Swgg

. % °~
where

5: = s7- v_v) qurv_sv
Evaluating this for a point on the airfoil, being careful of the
limiting process, can identify (with the proper choice of the
constant 1n *Hg)
L(sr)=—ap = alN =A(S)v)
where & = upper-lower and L(s,r) is the airfoil loading. It is
seen that taking the integral only over the airfoil surface auto-

matically satisfies the boundary condition tnat
—Ap=AY = off the airfoil.

This is the advantage of the acceleration potential formulation.

Now for the boundary condition on the airfoil. XRecall from
above that

4: = S’: S \5° oy SN eesA

The boundary condition to be satisfied is

DY
S~ :':L,-J("v)
Sz,

=0

on the airfoil

Combining the two equations gives

S Ho
L) = Low 33 ). W oy, SO s A

2 >0

Now introducing the result for ”*’ in terms of the loading L(s,r),
and for convenience normalizing the loading, gives the required
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integral equation:

Vg

o L) =< 5035 N

yo | bo
i L) ARY* )y 2 2m
- >

5

where % = 4 — (McosA)

Now writing the pressure L(s,r) as a Fourler integral

L Cs,e) = S"; T (s,9) RN

90-95

and taking the Fourier transform of both sides of the integral

equation with respect to r, obtain
i
(7 S qUsd K (505058 =
~4

where the kernel is

kKegd=|0 -2 4 3T M| o 9.

ro 92 ‘o
‘.% 20 2\ N
and
— T (s, Vs 2
S (ssend = L (5, V5D /Y
= X

is the universal loading influence function.
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Here S = T og w(r?) wet «°
So ;—1:_ oD = R o% W(r?) et

The integral equation in the orthogonal airfoil coordlnates
(sA,rA) is obtained in a similar manner. Writing AP in terms of
the airfoil loading

L2 (sA oAy = —Ap = AW
have

P (sAxA 2) = -
SRR aj—é LA (o , &4 A SWCHMEANED! 99-4\9,3

0)0)

Then satisfying the boundary condition on the airfoil gives the
integral equation

. LI IR ) o
~ ) = %—bo 32
R T
Note that the integral over the wake (‘X ) must still be in the
free stream direction, that is, along the s coordinate.

Now writing LA(sA,rA) as a Fourier integral

12 steny = 7 ThAY VB0

and taking the Fourier transform of the integral equation gives

ks A cos
S S (rAQIw\\(A(S Vi) DA = —-e/b“"s

where the kernel is

N A ‘o
kPt ey = | e D .
y §g?° & 20 D2 §. \=Sf§?> 0%
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and

—A
— (A gD /2V?
GA(SARIQ‘W\. = i;_,j i" /%
ET ST s B (U

is the universal influence function.

Here —
() = F T o% Wir?) wet ¥
PR \Q%SAOOS
so ;-‘:w(:?/;‘;,,\e, = F T o% wr'Y wrt A

and so ;MJ-;‘- S(J/w\: T a% W) et PAD ot sh=o

In these results, the wave number has been written in the
form
V/sin (Sin=SmcP+Ad)D
That this is indeed the significant wave number is shown by the
detailed derivation of the kernels. It will be seen that it has
the limits

/4:-)-_/[,5 = %‘) 7/&&“ =3 = span wave number
Cp +_/L\ == ‘TV> v/;{,v. =5le = reduced frequency

This is a reflection of the fact that the natural coordinate system
is the (s',r') system. Recalling

r = ¢cs5in = rAsim + shcos

then the properties of Fourier transforms imply that Q/;{M
is the natural wave number.

The derivation of the kernels will also show that
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N Yo <A
X (sf)%;,,\ = o himSoses K (50:52)7/%«5

Recalling the coordinate transform between the (s,r) and (sA,rA)
systems:
.S°:=S°A
— A A .
o = 4+ Soces/scm

and that the kernels are themselves Fourier transforms (K wrt r,
and KA wrt rﬁ), the above result follows simply from the proper-

ties of Fourier transforms.

The integral equation obtained is of the form
I —A
{, "< Ochr = —RHs
The kernel KA(or K) is the general aerodynamic kernel for
the three-dimensional, planar lifting surface problem. Besides
the explicit parameters sg (or so) and 9758 , it depends on

the two parameters ap +AD  and Mceos /L. . The kernel depends
on the airfoil configuration alone, not on the downwash distribu-
tion or any assumptions made about it.

The RHS of the integral equation represents the downwash

distribution. The quantity

&= B (BHSY = BT of we™ wrt o (o
and if the assumption that the downwash w depends only on one vari-
able (so that the F.T. is separable) was not made, this would still
be the proper formulation of the lifting surface integral equation,
to be solved for the particular downwash distribution. The quantity
RHS may be interpreted as the downwash variation in the sA (or s)
direction of the component of the downwash with rA (or r) wave
number <~ . For the limit (Q#+JL)=:TT it is the downwash distribu-
tion of the component with harmonic time dependence, at reduced
frequency k. Note that the sA direction is the chordwise direction,
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and the s direction is the relative free stream (in the (s', r')

system) direction.

The function EA (or G) is the universal loading influence
function. For a nonseparable downwash Fourier transform, it would
pe replaced by just the F.T. of the loading, TA (or T). Because
the F.T. of the downwash 1is separable, and the integral equation
is linear, it is possible to obtain the solution for an entire
class of downwash fields (convected fields here) in terms of a
single universal function. As a solution of the integral equation,
it depends on the kernel, and thus on the wing parameters Mcos A
and (¢%+a¢:> ; further, it depends on the RHS and thus on the
class of downwash fields chosen. Given the influence function
& (or G), the F.T. of the loading T (or T) is obtained by multi-
plication by g%a-tS(Qu&Q),and the actual loading from that as a
Fourier integral.

The negative sign before the RHS of the integral equation
is due to the convention that the downwash w is positive directed
downward (in the negative z direction). It reflects the fact that
a positive downwash gives a negative angle of attack and so nega-

tive loading.

The integral equation must be solved for each value of the

parameters

Meos /o and (P + AD

and for a given Mach number and angle must be solved for all wave

numbers Q/S‘
i *

The integral equation must be solved for G* (or @) as a function
of ¢P (or o) for a given J/si . The coordinate sA (or s) re-
mains a free parameter; the integral equation must be satisfied

for every value of sA (or s) in the range -1 to 1. This provides

the infinite data necessary to determine ® (or @) uniquely for

26



every A (or s ) in the range -1 to 1.

2.2.3 Representation of the Loading as a Series

The airfoil loading is now represented as a Glauert series
of the form:

—Ap = LA (shyrAy = wi 9& CeAS %v\ (s*)

GOl w=o

where A A
SA) = P =cosS
;"‘( Smnd w3 L

and with similar forms for L(s,r), EA(sA,QVJLM ), E(s,;Vsan),
aA(sA, Q/J“""):v and 6(530/&;/"\ )0

Substituting these forms for GA and G into the integral
equations gives:

o | P
.30 (i E'S;'n (AP (52 Vg DA = — o Usin Shees

and

)
& T Y Sl Ko s O = -1

Truncating the sum and choosing a number of collocation
points equal to (or greater than) the number of retained terms,
the integral equation becomes a set of simultaneous linear alge-
braic equations, which may be solved (in a least squares sense)
for the éﬁ or éh at a given Y/§im .

The pressure on the airfoil LA(sA,rA) has been represented
as a Glauert series. Now it 1s necessary to obtaln the circula-
tion, section 1lift, and section moment in terms of the coefficients

of the series. These are requlired as a function of rA.

The circulation about the blade is obtained from the ex-
pression given above for the velocity potential:
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S
¢ = &w""(s)r) z>|5=> SN Jens A
from which, at z = 0, have

ap= a¥| , O/cash

=0

Thus, the circulatiow is

|
T =ad, =5 LD St

Substituting for L(s,r) and integrating

i
() = ;:—:__A_ [90("3 + 3 QL(PW]

This is put in terms of rA by noting that 7 is qub at the
blade trailing edge, sA = 1, where
~ =02 4+ cos/Sin
Thus,
AN i

r=rA > w®s/sin
Now it is evident why the solution for the loads in the (s,r)
system is required. The circulation is obtained from the integral
of the velocity potential around the blade. The velocity potential
is obtained from the acceleration potential, that 1is from the
perturbation pressure, by integrating in the direction of the rela-

tive free stream, the s direction. The r coordinate,of course,
must be directed along the span.

The section 1ift and moment are obtained by directly inte-
grating the pressures. The 1ift and moment on sections normal to
the span direction are required, so the loading in the (sA,rA)
system is needed.
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The section 1lift, positive nose upward is

L (ep) < S" (~Ap) Osh = S" LA (sh ey DA
Substituting the Glauert series gives

L (A = ny [,Qﬁ (rAy + -’Zz,Qf_ (rA)]

The section moment, positive nose upward, about an axis
A

at s© = a, 1s
|
M (ehy = S' A0 (a —sh) Osh
1 Sl’ L_A(SA‘)\"A) (a —s*) Q'SA
Substituting the Glauert series gives
M((rP) = (%—ra\ L¢e® + Moo (7™

nv
Mac(rM = — [9:_(1‘“/*\ -+ ,Q;:(r“)-]
where MQC is the moment about the quarter chord at sA ==~1/2.
It 1s now possible to obtain the F.T. wrt rA of the loads
as:
— ‘Q} s oS v — . 4 =
M@y = &7 o=, [90 Ui + -Z—,QL(%MS_]
- —_ =A
L i = v [ 32 QU5 + 5 R, (Vs ]
and

w—— —A —
Mo (Vgind = — yrd [Q,_N/s/w& + ,Q; (?/g,;,“)]
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2.2.4 The Results of the Solution

The solution of the integral equations will be in the form
F (Y s>

const = = s )
=& /5~

—
=

%Méﬁzém (Vsinm s Mees L %': (4>+./L§>

for
E(¥UseD const Tereion
Qullgid/g¥E | G cosh | T Ol
A
Q. Qg /;SVZ 2T cos A 'o:)t (Ui
T/l |28 | B @D = m| 3@ + £ g4
% 13 31. S 30 G+ 3 2 (Vgine
Mo yRVEE 2 s . SM(Q/R‘) =-3 [‘3’1 QA+ 5‘\2 s>
e AV 5.{-' SJ?/;.‘,\.\ —

¥
— L — ) l , CoS
v [3o(7/;w§+ = 3,!\7/;“.\]2, o

These are the loading influence functions. All are Fourier trans-

forms with respect to rA.
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The factor 2f%v 1s the two-dimensional 1ift curve slope.

The factor L/« = *//4 —(MwosANE is the Prandtl-Glauert
compressibility correction expected for a swept wing.

The factor cos-A appears because the loads and downwash
were nondimensionalized with the actual velocity V, rather than
with the physically relevant velocity@ cos./\.). That the cos A
appears in the loads but not in the circulation can be viewed as
a reflection of the general result that the circulation depends
on the induced velocity but the loads depend on the induced angle °
of attack.

s, -
The factor e.L”“Gos appearing in 8¢ results from the fact
that the circulation is determined by a quantity at the trailing
edge, while the rA axis lies at the blade centerline.

From the numerical solution of the integral equation, it is
necessary to obtain approximate analytic forms for the influence
functions. It is the inverse transforms of these approximations
which will be applied to the calculation of rotary wing airloads.
Results in terms of wave number are generally not too meaningful
physically. The value of the influence functions lies in their
being universal functions, independent of the particular downwash
distribution, and it was to formulate the solution in this manner
that the use of the Fourier transform was essential. Thus approxi-
mating the influence functions is indeed the proper means to obtain
an approximate solution for the vortex induced airloading.

2.3 The Kernels

2.3.1 The Elliptic Kernel

The elliptic domain is given by Mws A < Sim(d+ AD
The equation of motion can be written as

> 3 >
[(32.95'2 + Ser T ae‘]ﬁ’b:o
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where n
T Mcos
© L (SW<¢+-A—> ) Z o
and with the boundary conditions

o¢.

3= = (e on airfoil

=0

A= oN =0 of f airfoil

The doublet solution of this equation 1is

___() b z _ e e .92 2
Ny =55 = 5 RT= si™+ @+t

where SJ=s7 < 5 f = r'—-&"’

and the doublet is lpcated in the z=0 plane.

The integral equation will be obtained first in the (s,r)

system. Recalling that although the (s,r) system 1is nonorthogonal,

als", r?
the s metric has been stretched so the Jacobian J = 2;7;j:3 =41 ,

and the blade leading and trailing edges are given by s =+ 1, may
write the superposition integral as

[ 2 L
pP= N = S %~ A(w)%\az = Srg,s
Then being careful about the limiting processes, find at the air-
foil

—Ap =AN = —4v A(S)\”3

I == upper-lower

so let
LCs,F) = —Lp = ——A"I'TA(S)F)

As before, the velocity potential is

32



‘E# — gbo M”'So PN ON /s A

4rmreos N 3 oe*

2 =0 ) -2 % % | Sevee
» 2 o~

Performing the operation _;__’03/.),?_z , the boundary condition

then gives the integral equation

LAY pr (>t L
w(r")-‘:g S ! "y g AN\O+D
o 1y 2T w;L‘A 2% A [s_zz_‘_ (31‘;72]312 %
S v p So=Sa= N
Now writing L(<s—, % ) as a Fourlier integral, the equation may be
written
I no Do ;)t‘;,
orer 5 _ I U g
r) 2 Czi_kl Z ) 1o (S r-v?];'-l:l
G
Sa-sg'\)

SO eﬁr o9

This is recognized as a Fourier integral representation. The term

in brackets is then the F.T. of w(r') wrt r. Thus obtain the in-

tegral equation

|
§ S G (S Umddw = —1

——
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where

= _ T (gD /e N?
G (s ;xg) 2m EEl;L A:.;g RIS

and the kernel is

Y
‘< 3 \) 3} ho (e _.é:fv e
(5o Vo) = S S S
(3 )W E\;Q_ [S° +(; r,zj3/z e@\
“ 6 SO:S:")
To evaluate the kernel, it 1s helpful to first replace the e:»
(=]
operator. Thus the kernel actually is
ho _e-n"o
Ko G = Lo | £ (7 3 3, | Sedd
50| Za ho b [s52+ prevee pRV[ 72
~ G Se =52

Now writing

- rA

[s22+g*nr?] = [ox = (™ (=xTd ] + [(So-\\ (B/oc']z
’o=50—>‘

one can perform the r, integration to get

k@ (So )3/;\"5 =

S — 1Vt (So=DDdeos/nc2

o ke O [6n2 02 o0

2~y Wiz K_))’-.’.xt%i

where Kl is the modified Bessel function of the second kind.

For z = O this is a singular integral of Mangler's type,
so some care is needed in evaluating it further. For this type
of integral the result of integrating and taking the 1limit as z=#O
may be obtained by simply setting z = O and ignoring the singu-
larity. That this procedure is valid can be verified directly for

the limit W sww =0 , for which obtain
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Ka(se,0d> = L

So
The procedure for further evaluation of the kernel is sug-
gested by similar steps in the derivation of the hyperbolic kernel,
which is given in Section 2.3.2.

The kernel may be rewritten as

= Vson (5550
k(s Jiged = 5 0 RO 2 K (e [ e OO

Now kc,ﬂ%z!(s;x)‘»f FEETR satisfies the PDE
rA T
2 D*ke Ko ) _
XTss= Y 33 T T;?:‘ ko = Q0
Substituting for DY>z* Ko gives

K@ (So)q’&\w-.s — —S _y_.Q/S‘\M(S \\wS/p(CQQ)‘z k ( B/a(‘ )5 )\‘3 9\

-+ _9_2[3_ 5 --|Q/}v“ (So=>Dcos/x Ko (QB/MZ)SO—)\)&>‘

where the 1limit z—>> 0 has also been taken. Integrating by
parts twice, the first term gives

Kalse Vgvd) = - o e secostr |38 ¢ (181,
+L3/Saw\°°5/a(3 k ( )&0
L& (ko _
- (J{j‘;‘ S° &V e K, (2 ) 5.-5)ON

Now writing
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/I o~ <o
Sboe:_ Jsirm (Se=RD o3 /x? L’fo ()&% |S°—\l> SN

o

"_J y w0/t ® {
— 3 S \(,,(szl\\E&\

S
=9,
< —Vgin So =8/
- QEA%S S_!)o (8 i )(o (“@Sﬂr‘/cos l§I>D§)
and using
r'”“'z‘
T —L/Q/m _L_+°..L+G,

A

o V3
iwkw(uﬁr)& &g = e

(from Watson, Ref. 14) and simplifying the notation, the kernel is

written as

6"&/*5:: + o \<1(aas°'>

\4(3 (Sa )?lffvv\\ -
+ '»Q/A Ko CIED)
_ 3 : -
2ok A [“—" > Ko :(‘-l-c..o.; ]
alss) .
2 G SRR

— 3
T T s X L \
oS SWM==$VwG#+JL)
cos =cos (f+A)

3
I

W

§

T <(drad <

A

Bsin = /;;z,_QJ>SZ
0(2 = 4_ - (AAC<>SJL:)Z

36



Now we will derive the kernel in the (sA,rA) coordinate
system. Writing the pressure as

—op = A (sheM)
the boundary condition gives
LA EAN/sYE * 1
LX) = S &‘ 2 c—oSJL-5 ég XO sz Bzrvljy; Q\WDSA
%A «h Se=8n

Substituting for L (v~A .SA) as a Fourier integral and taking the
F.T. wrt r'A of the integral equation obtain

%~\ S (U8 KA(; (sh VgD A= o Yo Mo
where R Q/ )/ ,
T - A Jc AY)
ShAUs = e
2w 2 = BRSO
and the kernel is
Mo -—Q"BA
A Ay — & ( —_< A
l‘(a (so)QIwB— =) So o o e SN
oA s,=5,~>

As before, replacing the 2_' process and writing

- O

fsveatert]] = Leborsbo/on - @V« (o]’
So =S5~ >

one can perform the rA integration to get

Yo, sh Ve A_NNeo
K@A (sé)ﬂ/g\;b: - i;@; o Viin So o5 S"’ P AN CEN LS

=3

s Wz { T vt ) O,
o 0/,2 A% + o< 12

From this form recognize that
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A _ W/ 54 Sé <=5 .
}<B (s2 )V/gm\ = e K@(so:sf)?ls«wB

—) O\/.AD(ZSOA

=g Ka (so=sd, Vs

Several limiting cases of the elliptic kernel are of in-
terest. First consider the 1lifting line limit, YSsim— © . For
Ygin =0 have

A — A A —_
So the integral equation becomes

\ ] A
S CsA(Q—A)o\ ga;;* - — 1

1
Ela

which inverts directly to

— _— —chA
T csh oy = SCsh o) = — i

’T‘— |_.‘;.SA

or

P el

= 1
32093 = e (oD = —

—=A oy = S =
c:)v\() 3\,\(03 < 5 w2z 1.

That this result is the lifting line 1limit can be seen by recalllng
that

D)&(N. = b Tiwa [dimensional wave number]

Thus as b —» 0, Vfsi. —» 0 for any finite dimensional wave rumber,
and b—» 0 is the lifting line limit. The integral equation 1s
reduced to the two-dimensional steady integral equation. This is
the usual result of lifting line theory that the inner problem is
locally two-dimensional, the influence of the finite span entering
only through an induced downwash at the airfo’l section due to the
trailed wake. Here, for a given downwash field, as b—» O the
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wake induced velocity also —$~ 0, so the two-dimensional problem
involves only the convected velocity field.

In the limit ¢ +A) = :’—-2'_‘_ ,» the vortex and blade are
perpendicular, and the kernels reduce to

KAB(S;‘)%WB = )(@ (2 Vs = Fo Ky (@lsh & *F

igivs:t SHCPIV

where o = ()/5,'");%- , and Sww =21 . The kernel is real, due
to the symmetrlc wing geometry. The integral equations in (s,r)
and (s ,T ) become identical, for these coordinate systems are
identical; this means the solutions for the 1ift and the circula-
tion are equal. The Mach number dependence is simply a weakly
singular 4./o0¢ factor. In this limit V/Sih becomes just the span
wave number Q

For (4>+_/L): ':g the kernel may be put in an interesting
form. Starting with the definition of the kernel, which becomes
here

N ~QrDA s
A 3
k (S Q 3 Sbo ESAZ"'@Z 52-73/;} ‘(’_02 &‘GA&\

since the three systems (s',r'), (s,r), and (SA,rA)become identical,
and then performing the integration gives

o A A ‘,
A A —G So QA
K@ (s /S/w\ 2K 1% GA‘[i—’-JSS‘Z-»-wlrJ”.J )

(using also that :\3 =x ).
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This result can be recognized as the Fourier transform of the
steady, three-dimensional 1lifting surface kernel,which is the ex-
pected result for the limit (¢ +A)= IF .

2.3.2 The Hyperbolic Kernel

The hyperbolic domain is given by Meos A > Som (P +A) .

The equation of motlon may be written

 mz ot > >
-8 Sez * v *ap]”?"=o

with the boundary conditions

o¢

92/2—:0
""A? = AN = 0O off airfoil

= (/Q(F"\ on airfoil

The derivation of the integral equation and kernel follows
Possio's derivation of the two-dimensional unsteady kernel (as in
Ref. 9). The solution is not as direct as for the elliptic case,
pecause of the singular nature of the hyperbolic doublet solution.

The source solution of the equation is

(

2 z 2
£ R = sI*-RBTT —I3%2"
= 2
for 2%>o and in the rearward
,}'; == ﬂ} range of influence.
L ‘> Otherwise
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for source in the 2z=0 plane.

The integral equation will first be obtained in the (s,r)
system. Using superposition, the potential due to a distribution

of sources on the airfoil surface is

— A(%%)S%QV—
% ;_%g e \

SroRITE—Bav
The integration is over the domain of dependence of the point
(s',r',2z), which is the intersection of the airfoil surface (on
which the sources lie) and the forward characteristic cone from
the point (s',r',z). This intersection area is bounded by a
hyperbola which has characteristic coordinates, (s¥*,r¥), as
asymptotes. See Figure 2.6. The boundary is the hyperbola given

by
Re=si* —R*(T*+2%) = o

This gives the 1limit of the integration as

)

z
/3_—;5\9 = { — So/a(lfaM —_— ;%—Js:“‘+o<zal

Next, writing A( < , ) as a Fourier integral, the potential may
5

- r8e &M
*%3 = :St?;DSZ\ f\ (V3j7\ i_ o -%%;——595.] SDQWS>Q
N 3

be written as

Then writing
R — sI Ba(&“;‘ + 22D
[ = So/wtn 35— [s.B/x1% - R%2?
The integration may be perforaned to give
AP T \"o eﬂr S\ -K(V‘U\ G:.‘J/;‘;\,_ So/oz W05
5 Yo 2 )

2
“‘l\(:\ (2“3/0(7_‘ Sf,-r x?2t X ) TD)

I

7 &
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where H‘:‘:T‘,—LY‘, is the Hankel function of the second kind.

Now the doublet solution may be obtained by differentiation
with respect to z:

4 “3 o/l o
o= ~ B ?2% S % A(‘Tﬂ — o Se/xe oS

2943

'Aa\()B/ ?—lSa _'_D(z%‘L} g @
1‘3/'f.fs—tTo:‘—?.—?'1

This form is used to evaluate A(s,r). By letting (s',r',z) ap-
proach the airfoil surface, with some care about the limiting pro-

cess, obtain
—Aap =N =~ 2~ Als,e)
Z\. = upper-lower

Thus let

L_(S)C') — -—-AP = ’—ZTTA(SJ\"\

Then substituting for A(s, J ) and going back a step, before the
operation 2/pz was performed, have

N o ~i. (™ 2,3‘- ' E(v—]/Sw\ _.‘.Q/S«v'»Sa/az oS

et

J <
2 KO8 ) e

As before the boundary condition and the equation for ¢
may be combined to give
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ey =57 Lo TNGO) Sh

2o So=So-"m
Thus obtaln the integral equatlon

-3 \it
Lo (e¥) = POGQ"S'” e M o Vsom (5622 <5

2 c.ea.A,
—\ c-&‘

%b—;;; ;21 ‘—\(oz\ GE/O(L 'S.,Z-*o(? 22 >g&r8)¢ﬂ) '

SQ:S.—\
Then by taking the F.T. wrt r of this equation, obtain

\
S\ SV g (5. 5D = — 4

where
~ ‘E_(sQ/g.cM\/Ay‘
& (505 = = Lo
2w 2 IR Z NN

and the kernel is

oo g (SN2
K Goiged = = 525 7 oV Ho

e
Qi Xt H‘:‘ (321)(S°~>\€:@>9\

Q>0 2t

m RRR S»c Qjﬂ/g;. €S0~ 22 os
=}

2 x4
N (QB/ 2 (sr )\\
3‘34,” (S5

&R, TR )
The kernel may be evaluated by noting that l"L ()bélj(s \3 +02¢
satisfies the PDE
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L ()"'Hm N NS I
2)\1 Sz o A —

2) (>
Then substituting for FNE gt gives

K (s g = 5 T e "%‘M“f»/o«z s

. Z\ ) ~ P ax
é@:;»o a), R AN TS +e<z)
o PR — Vg (5522 co
+3 TN

L W R G 2D

Integrating the first term by parts twice and taking

obtain
. (z)
\CB(;, VY = Tk ej'?/&i» So/Aecos ( Sl
g z coS (0(()'3) B
+ ¢ ;r' So)

LA Vo SN2 ees
e SNl T B TR

Now writing

(2 Vo (st es ‘?—”( )= 1) DX

o

e
e

o SJIWS./% oS .‘ ?

_ >Sa Vg Nt wes ) (z\ (dz \\\\‘9\

s HE (- BS/as 13183

—N

Ly



and using

e 2 \ 2 + ot
ST oy = e e 2

(from Watson, Ref. 14) and simplifying the notation, the kernel is
written as

Ky (s s> = T° L | T e H (as0)

,-]O\/M Hf:\ (a1Se 1D

N
(%
— e

N
2 S

P

— oS +4 £
—_—kDS = 5

P T W ()93

st A )
F T Ban S

where
=+ — S?" (50\
2 B~
— $i~ X
Sin = 54 (P +A)
/M — —oF cos = cos (P4 A)

——("# +_A¢)< ‘[\
—eoS ;
/A x* o

Bsiw = Jeost—x®

45



Now the kernel in the (sA,rA) system will be derived. Thne

source potential 1s

3 A 5 A I
= /t\vl Ez (7?. 22)

3
where ;%Ab is obtained from RZ=si —B¥ G4 2?) =0 as

gﬁ:rA—si/o(Z&vn +Si/’5.m ——-—E- \/S“+o<fe_‘

Then writing A(sA,rA) as a Fourier integral wrt rA. have

A

Yo gﬁ s \
A :)_S»oé‘_/i(«m\[gw QR Q‘SA]WDJ

writing
R2= sI* —RB*( 7%+ 2%)
— 2 EZ. 2
—_ A A A L 32
= }_QAD( + So o/ G --S_,/o("GM] — % [S, + & E'j
the _SA integration may be performed to give

2 co Fh g°C°S
W, = - I —%_ e/]rhs A(vr/‘?) _Vsonsh e cos - VG

ch\( JS* +x?z‘)&rﬂgo

Again the doublet solution is
D
and may identify as before
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So letting

A
LAy = —ap = —ZAlsh ™)

obtain
: %,o 3‘"#\\ TAAVE) g S e o5+ s hos
2T

T L

No= 206 Lo -
o 71
32 \—\ (;@J ¢4 xRt Bc)h’}‘\&\]
The boundary condition is
2
LT ‘—’Q I >z \ N cas N
—g—b—O So=5 -
°’;= >
Substituting for AP obtain
(rA 3/;«.\ .
UJOF cosJL Q; Jgon So e0s
_,\J/ ° 'IQDS Z ('L) ]’2
S 2 WO ) seslan
220 D¢
S =5-N

Recalling the transformation
SA::S'
A= —s /5

= s-—§\ may be made,to give

T2 A Y52 § Vg s cos

the substitution s

. Ak
>3
_.3/% (s}, -.\\/o(gcps éa ( B
_ \sA\ N
P 53 W A2 (L T (@ e B0

b7



Then taking the F.T. wrt rA of this equation obtain

b A s Ao
5 S AU G (sd g Dok = — TS

where

_ A, A . 2
GA(SA)Q)%\ _— T (s D/W\/&\(
2 =t =)

and the kernel is

e <P oe OV Ao/, cos
A . Y/ S5 eos 9% (S /2
kg A = - T, 3 e
;5 (i)
L S53% Jv(s‘fk)\?'—*-o@iz}&&

From which recognize that N
A . \ V5 So co3 A
Kg (s& sy = & o K (So=52 V5
= \(B (So =5 )DJ&\;&)

Certain limiting cases of the hyperbolic kernel are of

interest.

The steady state limit is 3/§bu > o. For VSim= o

the kernel becomes

A A . A A
So the integral equation becomes
{
»;:-A P
STy T o= -4
which inverts directly to
- A A —_— .é:; Tﬁl:-s‘
ST eshoy = S sty = T | TEr
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or Bifoﬁz ‘%o(oﬁ = ~—~4"’T;_—
3/*%(03::“5'%(0)—:0 5 VA

This is recognized as the steady solution for an airfoil in uniform
downwash. That this corresponds to the limit QURA~——i> 0 follows
from the fact that for the hyperbolic domain the proper interpre-
tation of “¥/S4w is as a reduced frequency.

The case <P+ AD == v  should be investigated since it
involves $i~n(p + AD> = O which introduces some apparent singu-
larities in the problem formulation and the kernel. This is en-
tirely due to the formulation of the geometry in a way that em-
phasizes the three-dimensional rather than the unsteady flow as-
pects of the problem.

This case may be studied by first rewriting the problem
statement in terms of the (SA,PA) system and taking the 1limit
(p+ ALYy —e TT . Then in terms of the velocity potential, have

2 ¢ ¢
[ OttS (Bae 2w T4
PDE: [asAa (MCOS_/{/\ <‘)SA+9;-A$\;“ -+ 921]# = QO

D P
Pressure: —r = cos A ):SEA —+ ‘)(‘AE(M‘] qt)

§-§—- =— w(r'E:w(r/\S/{M*SAS
2z =

on the airfoil

Now compare this with the usual formulation of the two-
dimensional unsteady thin airfoil problem. With the geometry
as shown in Figure 2.7, one may state the problem as
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FoR [5&7‘(M°°*3z<3x a—c\ gr]f])~0

pressure: ——-—Y; = ws./\.tb)—tt# = <oSA 5%-4_;):,){347
b.c.: 5—)%:) :Q::.—; D (t %) on the airfoil

As expected, it is seen that the limit (b +0) > T
corresponds exactly witn the two-dimensional unsteady flow problem,
with the following interpretation of the variables:

r- sin = ¢t
s = X

Since rA sin is the proper nonsingular span variable, it 1s seen

that indeed the proper wave number is:

N/Sew = k = reduced frequency
It is in terms of this wave number that the integral equation is
properly formulated for all angles <¢ +_A)D)

The interpretation of the F.T. of the downwash is

=5 Qgdy = S = BT of w(t-x\ wl t ot x=o

With the above interpretation of the variables, the integral
equation may be rewritten in terms of the usual two-dimensional

notation as
| | .
S G (v—A)%\\<Z (gé)k\gvA — __Q:_\Su,s
<)
AW
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where

K 625y = Zoe A (b s

ThA D) = T IO /Y
2w ‘j:j”' Y8/

For the limit of Kj find as (gp+A) —b M

o — o S Moo

M =
5y
Ap —— ey

Boin — Meosh
X* = L. —(Meos i)

with these limits the kernel may be evaluated as

Lo ©s A 2 <O, o,
ké (Sé )M e 12." e/‘-gC(MwS_A-).So/a( QzM s./L H(z\ /gaM sA A}i]

e et

o

~Lx& -'9“'5° /Z\A _;L+o<

Meos

Sgasu/a &3 W2 (Meos 31) 93

51



which can be identified as

\(': (Sﬁ )5(‘/3 —_ (___ %l")?bﬁ \((M:Mw;ﬂj&kﬁﬁ B

where K(M;ksg) is Possio's form of the kernel for unsteady twc-
dimensional flow (as in Ref. 9). The factor (—%—‘9&,\ comes
simply from the normalization chosen for the universal loading

function.

2.3.3 Similarity in the Kernels

A number of points may pe made about the forms derived for
the elliptic and hyperbolic kernels.

(%) (2)
o °? Hl
the wave equation in two space dimensions, with harmonic time de-

The Hankel function d is the Green's function for
pendence (Helmholtz's equation). Thus its occurrence in the hyper-
bolic kernel. Similarly, the modified Bessel function KO,Kl is the
Green's function for Laplace's equation in three dimensions, with
one space variable (spanwise) replaced by the wave number; that is,
with the equation operated on by the F.T. wrt rA. Thus 1ts oc-
currence in the elliptic kernel. The Hankel function has the char-
acteristic wave behavior of solutions of hyperbolic equations,

and the modified Bessel functions have the characteristic exponen-

tial decay behavior of solutions of elliptic equations.

The two kernels are actually complete duals. Using the re-

lations

T () s
Kooy = =S H =00
K, (0= =1 F 1 (=5
and noting that

2__.’_’2
° = 3

can show that
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’<B = Kg, B

Ko = Ky .

Tne derivation of the integral equations and kernels was quite

and

l

parallel, with the exception that the initial steps for the ellip-
tic case are more direct. This difference is due to the singular
nature of elementary dipole solutions of a hyperbolic equation;

for the elliptic equation the characteristic exponential decay of
disturbances results in all order elementary solutions being non-

singular.

The limit'Qk&uﬂ>C> has been given two interpretations: as
the 1lifting line limit for the elliptic equation; and as the
steady state limit for the hyperbolic equation. It is equivalent
to removing the spanwise variable from the elliptic problem or the
time variable from the hyperbolic problem. In both cases there
remains a two-dimensional problem, and the solution is that for a
two~dimensional thin airfoil in a uniform downwash. These inter-
pretations should strictly be applied only to the cases 6¢ﬁgL)::%£ 5
and (¥ L) = nv s respectively. They are applicable to the
general geometry in the sense that in the elliptic problem it is
the spanwise space variable that is dominant while in the hyper-
bolic problem it is the time variable that is dominant. In fact,
this interpretation of the significance of the elliptic and hyper-
bolic domains is more important than the exact meaning of the
limit N/gimw —2 0.

2.3.4 The Incompressible Two-Dimensional Kernel

The double limit Meos A —2 0 and (fp+A)->"T is rather
special. Both the elliptic and the hyperbolic kernels as formu-
lated are singular in this limit. Examination of Figure 2.4 shows
that this 1limit is the coalescence of the elliptic case, the hyper-
bolic case, and the case Q:Bzo (yet to be discussed). This
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exceptional behavior arises because this 1limit is the problem of

a two-dimensional thin airfoil in an incompressible flow. For
Mcecos A =0 and (4>+4C)-> T , the problem is elliptic, and
three-dimensional for all c¢¢ +A) 3£ 7T ; for exactly /Pp+AL)= 1TV
there are no span effects and the problem is two-dimensional. For
Cp+ADTM  and Mecos /A — 0, the problem is hyperbolic, and
unsteady two-dimensional for all fAcoLA;ﬁO; for exactly Mws A = 0,
there are no unsteady effects in the equation of motion (only in
the boundary conditions, that is due to the wake) and the problem
is two-dimensional. In both cases, the result of the limiting
processes is the two-dimensional Laplace's equation. Actually, 1t
is evident that this case does not properly belong to either the
elliptic or hyperbolic domain, rather it is a special case of the
transitional case g& = B = 0 (treated in Section 2.3.5). However,
while the case is singular when viewed as a limit of either the
elliptic or hyperbolic case, as a two-dimensional problem it is
expected to take & much simpler form, as will be evident in the
kernel. Indeed, for this case and this one alone, the solution

is obtainable in closed form by classical techniques.

The two-dimensional incompressible kernel may be obtained
from the present development by going back to the definition of
either the elliptic or hyperbolic kernel. Choosing the hyperbolic
kernel

L J2RE b Wi (So=>D
' : e R — s (So /2 oS
kB(jp)Q}&w>~— = o(‘!S e x

o

\_ﬁi\(v%;z()*&;\
B 2 (x-5D

N

In this form the limit MewosA- = 0 and ¢b+A) =rrv gives
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ko(:o)?/s«‘Q = &Mﬁ*“ k@ (5o Vsin)

Sbo 1V s CSe =20 O
- Cx=5032

bo V}U/gﬂ,\ &\-
—~—So = )\2‘

The appearance of the wave number in the proper form ?/y»\ is
familiar now. This integral is a singular one of Mangler's type.

It is evaluated (taking some care with the singularity) to give

"Q/g’\-\ Se

K, (5o Vg = = — Ve [a’-» T o (Yeise |\]

[~

7 o .
JiniSo) Q’.J_— t_ 4

— Lv/;«‘,, So s 9T

where £ = Sgym(se) as usual and ¥ is Euler's number. The
integral that appears here is the nonsingular part of the Sine and
Cosine integrals which appear in the usual formulation of this
kernel (see, for example, Ref. 9).

The kernel in the (sA,rA) system is then

KA (s2 o) = & — Vgt 53 Ko Cso=sd Nse)

-Q/wa%[l@m + £ (Ysi 152 D]

et t
_ r)}yw . Slgv, Id) eft ¢ ,
fo) <+

l

i — s

— Lgfg,\m

The solution for the loading on a two-dimensional thin air-
foil in an incompressible flow has been obtained in closed form by
many means. The most convenient method here is that of von xarmin
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and Sears (Ref. 10),as formulated in Ref. 9.

Consider a convected downwash field given by

L (t=%)
Then writing
Sy = o +8, vorticity on airfoil
Y, = & (x=1) vorticity in wake
Y’ = T; 4—YZ\ circulation of the airfoil

have these relations:

definition of circulation

M = §:) ¥a (x)‘t‘)gle

conservation of vorticity
DO
7+ $% s, Ak =

a solution of the PDE, satisfying the boundary condition at the

IR

airfoil

2 [ —x
Xc:‘ Ay [ P 8

Kutta condition

3*' S (3,8)D3 =0

‘TT'

S J :13 vJa\(},tBD

The geometry is as in Figure 2.7, with Mceos A = 0 and a unity
free stream velocity. The 1lift and moment are given by

¥ o
L =% — &xixgsg SW@
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and | ‘ Lo ) ) ’
Mac = -__S,a’o G+3)93 + 2 gx_g_,&,[% +3-3 183

By using the Fourier transform wrt t the solution may be
obtained in terms of the reduced frequency. In the notation of
the present problem, the solution is

N = [ Resd + 5,50 Y] PRV

= Ty e ol
° KW (%) + AR (R5e)

5&3/9*3 — T [ES‘C,N/;;A+ 4‘5 3A, Vg |

e fﬁi (Q/S€~;) (; (:7544:) - LQZS;_(D/S¢:B

TZM(J/&Q = —Z[3 Qs+ o]

1l

O
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where

T Qs = —Tos) + 1, (Usen)

(€]
, A (Vs
C(D/&MAB = = ()
RS g v RGT(Usm
and JO,J1 are Bessel functions. The singular term in the Glauert

series representation of the pressure may also be determined as
. Q1) = e [ﬁmyﬂ C(:‘)sﬂ;\,\——té"(%g..\]
and it may be also shown, as by Garrick (Ref. 15), that
S’i ) = O 5 w3 4

This is the solution for the loading due to a sinusoidal
gust. That all terms in the Glauert series except the leading one
are identically zero is another part of the exceptional nature of
this case; it is not true for any other solution, even for the
transitional case Q} =B = 0.

The behavior of the leading term of the series and the 1ift
is characteristic of the solution found for all values of the
parameters Meos A and <¢ +-A) . Thus the asymptotic be-
havior of the solution is of interest. Find for small /S

S Pse) 2 = [ V(G w2 ]
and for large J)s<.

A L (Vson =T
2 Vgam &

(s N
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To be noted is the infinite derivative at Db§~, = 0 and the linear
phase and decay like (Y/Se~ )'1/2 as Jsiw. —p> bo

2.3.5 The Transitional Kernel

The transitional case is given by Meesd = cp+ A ,
@5 =B = 0. For this case, the elliptic and hyperbolic kernels as
formulated are singular, just as for the two-dimensional incompres-
sible limit, which is in fact simply ga special example of the pre-
sent case. 1Indeed, here also the equation of motion is reduced to
the two-dimensional Laplace's equation, namely

[a,—vz +_,‘>2__z:)/\}') ==

However, while the two-dimensional incompressible case is a proper
physical 1limit, in the general transitional case the singular

limits of the kernels and the reduction of dimensions in the equa-
tion of motion are indications of a violation of one of the critical
assumptions of the solution, namely the linear assumption.

To examine the nature of this case, it 1s necessary to re-
turn to the exact equation for the velocity potential in three-
dimensional, unsteady, compressible flow (as in Ashley and Landahl,
Ref. 16). The equation for the first order potential for

Meos A = 3P +AD

may be obtained, and is of exactly the same form as the equation
for the potential in three-dimensional steady transonic flow.
Physically this is not a transonic flow, of course; there is no
region where the flow has sonic velocity as long as Meos A < 1
There is, however, a phenomenon that has sonic velocity; that is,
the vector sum of the normal Mach number and the speed of convec-
tion along the blade of the intersection of the vortex line and
the blade centerline, which is represented by the relative Mach
number in the (s',r') system
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Mp = Lo
S (P +AD

becomes sonic for the transitional case. It is this coincidence
of the combination of the physical and geometric velocities at the
sonic velocity acting as a disturbance reinforcement process that
makes the linear assumption not valid.

The important feature of the equation for the velocity po-
tential in the transitional case is its nonlinearity. Because of
the nonlinearity, the use of the Fourier transform is not possible,
and the methods used to obtain a solution for the elliptic and hyper-
bolic cases are not applicable. More generally, the nonlinearity
implies that even if the transitional problem could be solved, the
solution would not be in the form of a universal influence func-
tion, for the existence of such a function is the property of a
linear problem. Thus the transitional solution would have to be
obtained for every particular downwash distribution, and even 1f
these solutions could be obtained, the result would not be prac-
tically applicable to the calculation of rotary wing airloads.

Some insight into the transitional case can be obtained
from a study of the linear equation of motion in the (sA,rA)
system. In these coordinates the equations are

ot . St
o(z‘)*S—Az ~+ (S—vvx c_ (MuoﬁJL\Z cos® ) )—\’A“;_' z_T
) ()5 22— ¢ = O

and

N 2 2
—¥ T bt P = "’SJLEU’SMAW*,)SA]¢
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For the transitional case, these become

P] b} 2

and

CA?S/L

P = %td’ = = [amw ((““‘“)a hGinr Js‘ﬂ‘f’

Since in the transitional limit

2 cosANZ
= = (M eos AN

rAM zsA

this is the same equation given before for the potential. This
equation for the potential shows the nature of the transitional
limit. The coalescence of the sA and rA sin derivatives into a
single total derivative corresponds to the exact coincidence of
the sonic speed and the trace speed of the downwash distribution
along the wing span. This coincidence gives the linearized prob-
lem a two-dimensional quality; disturbances produced by the down-
wash distribution remain exactly in step with it as both are con-
vected along the blade. Of course, nonlinearities destroy the
exact two-dimensional nature of the problem. However the two-
dimensional problem does roughly represent the physical character
of the transitional case, and as a linear problem it does have a
solution of the form required here. Generally the nonlinearities
of the transitional (transonic) equation are not very strong, and
while the linear solution may be expected to overestimate the non-
linear loads, it will serve as a reasonable approximation. As it
is the only way to obtain an influence function for the tran-
sitional case, the linear solution must be accepted. At least it
will be a valid limit of the linear elliptic and hyperbolic re-

sults.
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The linear transitional kernel is obtained, as the two-
dimensional incompressible kernel was, from the definition of the
elliptic or hyperbolic kernel. With

LO2RE e Vs (5o-2VE s
KB(SO)Q,S'\A—\B =4 IZE_ —OZ% - Q.
)’\(:_)(QB/OJ-(S"”‘}D SN

Wy 2 (5=

the transitional limit is

R —2 o
Moos A — Somn
X —PP —ceoS
which gives
Kt (So Usiw) = P \kg(so)‘v/;gﬁ

be Vs (SN O
S e -
= ()“’So)

It can be seen then, that
K (50,050 = Ko (5o Usim = 2t

The kernel in the (sA,rA) system is then
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A . =Y Sinn é
’<T (SOA)Q/S""‘“B = Se o k-r (Sozsé )')/5‘\/"‘\)

Ve <A o .
—_ S Vs 2 o (gozsl‘ G =

o

2

e A A-K )
/s SD T A A L
= 2 ko (So))/%~ 7/5«\,-)
While KT has been written here in terms of the more familiar KO,

the more proper view 1s that KO is a special case of hT.

2.3.6 The Linear Assumption

The restriction on the problem due to the linear assump-
tion may now be examined.

First consider the linear assumption for the elliptic or
hyperbolic domains. There the assumption as usual simply requires
that the disturbance level be sufficiently small. An example of
the disturbance is the downwash due to a free vortex. The maxi-
mum vortax induced downwash in the plane of the blade is

P — V
Wae = LN 4w L/b

The linear assumption is then

WPonon <<V
or

—
.~ —< 4 /b

For a vortex from a generator of chord c, at an angle of attack cgs,

the circulation is

<
r7 = I D<C5\\/ 12:
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Thus, the linear assumption requires

<o << X/ b C%\

Typically, have NQ:_'-'Z— 0.1 and 2b/c == 1.0 so the requirement becomes

2 >> 0.05 b

For vortices with a reasonable core size this requirement is not
at all restrictive (the effective h is always greater than the
core radius).

As has been pointed out by Miller (Ref. 17), however, a
linear (small perturvation) assumption actually 1s no restriction
at all on the application of an aerodynamic theory (lifting surface
or lifting line) to the calculation of rotary wing airloads. The
linearization assumption essentially requires that the airfoil be
at small section angle of attack. For large angle of attack this
assumption is not valid, but the airfoil will then be stalled and
thus the 1linear theory will be replaced by an appropriate theory
for nonattached flow for the'calculation of the airloads.

Now consider the linear assumption near the transitional
domain. That is, examine the requirement for the lineafization
of the equation of motion. From the exact equation for the ve-
locity potential find that the requirement is

Mws./(/
Som(® + A

Mecos A
(;w(;-ub {>> M+ g

For small disturbances this will be satisfied except for where
Mecos A ) 1
Sl P+ AD
which is, of course, the transitional limit. Now just considering
the region near the transitional 1imit, the requirement may be

written
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Meos L -.%h-f¢>+-kt) El
I SR > M () .,

or

. b '
LMeos DY oo M (T b
Meos A

where ¢:3(AAQQSJL) is the separation from the transitional 1limit
Meos A ::9oa(¢—+JLB required for the linearization of the
equation of motion to be valid. Typically, have M= 0.5, and

<

qbb’ =2 o< £ o-1. , so the boundary of the transitional region

may be considered -3
D Meos A e 0.06

Mecos S

Thus it 1is seen that the nonlinearity near the transitional limit
Meos A = SinCgp +_A) 1is not very great; the transitional
region is rather narrow. Moreover, the width of the region is
proportional to Mcecos-A- . As Meos A -—p 0 (and so C(p+ L) -pw)
the width of the transitional region also goes to zero. Thus, the
linearization of the equation of motion in the two-dimensional in-
compressible case is uniformly valid for all levels of disturbance
(although linearization of the boundary conditions may not always
be valid).

2.4 The Approximate Solution

2.4.,1 Numerical Solution of the Integral Equation

The integral equations have been obtained in the form

- . NI, }‘co
jl & (A Vs KA sh Yse) Ot = —2 e

and



I —
| S () Kse Ym) Ov = -1

Substituting for the loading influence function as a Glauert series,

that is
éA(y\’ly):;“AD' A
N W?DBM(ISRQ%A(S)
where
¥ (SA) = G e e sh=cass
Siwwd w2 AL
obtain

Yoo \
g; i(?/MS '5;,\ (¢A\\<A (SOAP/WA A = gi¥imstas

and b
<

MO

\ \
’SW(J/;AQ§ )&m(sﬂ \< (SD)Q/%\‘»Q e =—1_

Since Y/Si~ appears in the integral equation only as a parameter,
the substitution of a series of this form accomplishes the removal

of the desired quantities, éﬁ (or éh), to outside the integral.

The integrals

S Suter) KA (54 V) St

51 S (DK (50,950 O

now involve only known quantities, but must however be evaluated

and

numerically. To do this, it is first necessary to identify the

A

singularities of the kernels, K~ and K. These kernels may be

* )
— oy Qu 15+ K ('sﬁ))/ga,:)

written as

K* st s =

L

02>

S



and
A

W(sedsid = 5. —tom Y lsel 4 \(*(So}/;\;\

where

O\/A = —;’é (3/%)

These forms are valid for all values of the parameters Meos A~
and (¢ + A . The reduced kernels have the properties

+* YRR —
KA (O) )/é‘v\ns‘—
‘< (o)?/'s«m\;—o

and

and possess no singularities in sﬁ(or so) or in )ﬂﬁnq . The in-
tegrals now may be written

S—? (+2) \ACsA v/;@ésr
g ';V\ ¢“)®q— *-'ngg () )5

+ S' S () \<}‘*(sa ﬂ/m Do

and similarly for the (s,r) system. The first two terms involve the
singular parts of the kernel, but may be evaluated analytically as

S“\;’m (R) %ZA = qTCo$V\<4)
_S_‘\‘S'w (q—A>)2.,\jsi)ch-A e
T (A1) +1TSA—-£¢QN.'_+_S.,: bA q_ADQ‘AJ I o

L 4 () e-¢
T‘_/QM(SA—J-I\-O- Z (ZgA N - [_4: “'5 .,_L o D;rA}
w4

I LC.DS(\A‘!:‘_)‘:"_ 393!"")‘47 ]
2

w v -\

w22
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where C—O.S@:‘T‘AD C—O54>=—"SA~

*
The last term may now be integrated numerically since KA (or K¥)
has no singularities in sg (or so). Because of the square-root
nature of the Glauert functions fn(sA), this is properly accomplished

by a Jacobi-Gauss quadrature (Refs. 18, 19, and 20) which gives

§‘\ S (AP CA Ysuy O
3 .
= HER & k7 (e Vs

where
A = cos S = A -~
d 2 %,
= w =0
o = zZ3r2 ©
I + A J
s n= o
H =27+ 1L
RAl w24
9 + A
and

Fo (o) = 4 —<—

F (e = a4 —°

FZ (<) = 2#‘(:L-—¢‘2\

(o (<E5 = EZ'QM-;in (<r\ — ;;;__| (o:\ w2

w4 A )
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b 4
While the reduced kernel KA (or K*) is not singular at
sg = 0 (or S 0), it does have an infinite derivative there.
This may be seen by expanding the kernels further, obtaining

the form for sg-ﬂ> 0

A
kA(SoA)D/SP\‘Ms = E;K — \'O\/AB‘AIS.&\ +C’.L

+<,,SsdhmisAy L 3

+ - -

(similarly for K(so,:W§¢n )); the term sg 1n \sﬁ\ has an infinite
derivative at sﬁ = 0. This behavior of K (or K¥) introduces

some error in the quadrature for very small values of the wave
number (Vsim< 0.1). However, here the wave number of interest

will be of the order 3 $i~ =1.0. A further expansion of the
kernel to remove the singularity in the derivative before perform-
ing the numerical quadrature introduces error for these larger
wave numbers. Therefore, in the evaluation of the required inte-
grals, the kernels were only expanded as above to remove the singu-

larities, but not the infinite derivative at sg = 0.

With the integrals evaluated, the integral equations still

remain in the form of an infinite sum over Eﬁ

(or éﬁ) to be satis-
fied at each of the infinity of points of sA (or s) in the interval
-1 to 1. Since numerical procedures can only deal with finite
data, the higher terms in the sum must be discarded, with corres-
pondingly some loss of information. Thus truncating the sums,

the integral equations take the form

E‘? e 9 . \ A A 'Q)gwsfkws
Z /W\S'Sm(q»xk (DO = 2
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and

S \
2, s S @K s B = -4

The collocation points in s (or s) are chosen following the
eriterion of Hsu (Ref. 18). This again involves a Jacobi-Gauss

quadrature, so obtain

A .

S‘é —_— oS ¢a ) 5=L~~-M
& 7T L

by = S G

With the sum truncated to N+l terms and choosing a finite
number M of collocation points where the equation is to be satis-
fied, the integral equation has been transformed into a finite
set of linear algebraic equations, for the quantities Eﬁ (or éﬁ)
at a given V/S¢w . For M > N+1, these equations are solved in a

least squares sense.’

The integral equations were solved for Eﬁ and éﬁ (and also
éi, EM and Ec) for values of /s in the range

o0 < gnm < @O

Six terms in the Glauert series were obtained; that is,

N=5
satlsfylng the integral equation in a least squares sense at eleven
collocation points,

M= 411

The integrals were evaluated by numerical quadrature using fifteen
to twenty points, that is

D =415 B Zo

The Hankel functions and modified Bessel functions occurring in
the kernels were evaluated using polynomial approximations (Ref.20).
The cosine and Sine integrals in the-two-dimenslional incompressible
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(and transitional) kernels were evaluated using rational approxima-
tions,also from Ref, 20. The absolute error involved in these
approximations was of the order € = 107/.

The accuracy of the numerical calculations was evaluated by
comparison with the exact solution available for the two-dimen-
sional incompressible case. The numerical calculations gave an ab-
solute error of the order of & = 10-3, which was sufficient for
the range of Jfsi~ considered. This error did not depend on the
number of terms in the Glauert series or the number of collocation
points used (the error due to these was of the order & = 10-5).
Rather it was due to the truncation and roundoff errors in the cal-
culation procedure. The minimums obtainable for these were limited
by the accuracy of the available approximations for the Hankel and
Bessel functions. It was also expected and observed in the results
that the calculations would be more accurate for the elliptic
kernel than for the hyperbolic kernel. The exponential decay nature
of the elliptic kernel resulted in more accurate numerical work.

The numerical calculations described above were carried out
for the thirty~seven cases covering the range of the parameters

-
-2-_<C95+..A.) < v

o< Meos A < 4o

as shown in Figure 2.8.

2.4.2 The Approximate Influence Functions

For routine application to the calculation of rotary wing
airloads, numerical results are not very useful. Therefore it
1s necessary to use the numerical results to obtain approximate
analytical expressions for the universal loading influence func-
tions. Then these expressions may be used in an airloads calcu-
lation.

First, it is necessary to determine the range Of'QL§¢u over
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which the approximations should give valid information about the
Fourier transform of the influence functions in order that accu-
rate loadings may be obtained from the downwash. Generally, large
and small wave numbers correspond to variations over small and
large r distance (spanwise variable) respectively, so the limits
in s~~~ of the accuracy of the approximations correspond to
limits in the allowable variations of the downwash along the span
for which the loading results will be accurate. Specifically,
very large and very small wave numbers are important for very

close and very far free vortices.

Using the free vortex as an example, have

— — VY Vg
W (Vs of

Thus, for h = 1/2 (a reasonable lower limit for usual vortex

core sizes) should need information in the influence function out

to about

Q/Sr\}vs £ %B.o

This criterion may be examined in more detail. The ex-
ponential form of.W% corresponds to an actual downwash w with a
pair of complex conjugate poles (since w must be real) with
imaginary part equal tc . In terms of the downwasii variation,
this means a large variation of w occurs in a range of

o
AT 2 20,
An upper limit in I/siw on the required validity of the influence
function approximation restricts the high wave number content of
the downwash w that 1s allowed for an accurate loading prediction.
In general, let h be a measure of tne distance over which thnere is

a large variation in the downwash. Then corresponding limits are
a maximum wave number

Vsim = 5-0



and a minimum variation distance
%2 &
- 2

(and the downwash w reasonably smooth). Again, for a free vortex,
the minimum separation distance is itself a measure of the range
of variation of the downwash. Furthermore, it may be shown that
for a free vortex with a viscous core,

(minimum equivalent ) —_ Zg;gex>
separation distance rad1us

Then the restriction on maximum wave number simply becomes a
restriction on minimum core size,

minimum °
core =

radius

b

o

which is not a difficult criterion for usual applications.

To determine the requirements for small wave number, the
free vortex example is again helpful

IR
WO ) o0 Mteaidand

For the limitQK&rbo, W —® nonzero constant independent of h.
Thus the behavior of the influence functions should be approxi-
mated closely for V/§m -2 0. The values at exactly J/§m = 0 are
'easily matched. However, the expansions of the solutions for
small:W54w frequently involve logarithmic terms, and the behavior
of these near J/¢un = 0 is impossible to approximate with useful
elementary functions (that is, functions with inverse Fourier
transforms available in closed form). Thus, there will inevitably
be inaccuracies in the approximate influence functions for very
small wave number. These inaccuracies may be accepted, however,
since very small wave numbers are important only for very distant
vortices. For far vortices, the magnitude of the downwash WP is
decreasing like (h)'l, so for very distant vortices the angle of
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attack will be small and the loads negligible.

The behavior of the influence functions for small wave
number may be obtained by expanding the kernels KA (or K) about
V/siw = 0 and solving the integral equation successively for higher
order terms in EA (or G). While this procedure may not practically

be carried out, it does show that the solution must be of the form
SMA R = aosP) + a, (s2) Vginm
+ 3, (52) g L Vsl s

the term /54w QM]3K¥~\ means first that the influence functions
will have an infinite derivative at vlﬁk = 0, making an accurate
approximation for very small /g, difficult to obtain. It also
means that G* (or G) does not have a Taylor's series expansion in
terms of the derivatives of the Fourier transform of the result

for the limit Ws&“ = 0. Recalling that this 1limit is the lifting
line 1limit, this means the solution does not have an expansion
about the 1lifting line limit. That is, the lifting surface influ-
ence is of a fundamentally different nature than the lifting line
limit.

The behavior of the solutions for the influence functions
may be shown by an examination of the two-dimensional incompressible
result ( Meos A =0, cq'>+.L3 = 180°) which 1s available in closed
form. While the result that all the terms in the Glauert series
except the first are identically zero,

—=A - —~
%v\ (Q,W\ = O 3 V\>/j_
c“:')MN/yWB =0
is exceptional for this case, the results for the 1ift and circu-
lation are found to be typical of the solutions for the entire

ranges of Meos A, and ¢ +-A) . The magnitude and phase of
é&}‘*/sahﬁ ) are shown in Figure 2.9, and the real and imaginary
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—~ 3 V/54m coS

parts of EC(Q/)—*\;‘V\ Je in Figure 2.10. The asymptotic
behavior of the 1ift is shown to be -~
— ‘ A Y(gin =)
L) N = = e
% ./eﬂ.w;.w.

While on inspection of Figures 2.9 and 2.10 the magnitudes appear
to have exponential behavior,the decay 1s actually like (Q&k& )'1/2.
Such behavior is not convenient in a Fourier transform however.

It is found that the decay may be approximated out to sufficient
wave number by a sum of exponential terms. While for large enough
wave number any such approximation must underestimate the influ-
ence function, the behavior at very large wave number is unimportant
because of the properties of W (/5D as above, and further—
more exponential terms are very convenient to work with as Fourier
transforms.

The phase of EL is seen to be asymptotically linear in Q/S«’zv; .
This 1is characteristic of all the influence functions, as would be
expected since the kernels also have this property. Typically,
the asymptote is reached by A= 2.0. The phase may be gen-
erally written

RV — R

where bl = b2 = 0 for (¢+A) =7 (the vortex and blade perpen-

dicular). It is found that b2 is typically linear in (4> +_A,) and
b, goes like <os ($ +AD.

The behavior of the 1ift for small Vs is
— . . NI
D) 82 - [4 =V (F - Q. (L]

Again the S 2 IYsinn term results in an infinite derivative
at 3/$a~ = 0. The effect on the phase of EL(Q/SAAa) may be seen
in Figure 2.9.

The solution for the influence functions for all Mcos-A and
(¢ +A)1is known exactly for one wave number, Jjgi = 0.

75



At:WSbw = 0 (the lifting line or steady-state solution), the
solution is known to be

J (0) = Qe (o) = rn—os}; (0) = —4_
and

-O:BMCO)::%Am(o\):O > w2z 4.

These values will be matched exactly by the approximate expressions.

With the above background on the nature of the numerical so-
lutions, the following expressions were adopted for the approxima-
tions to the influence functions:

2 2 \Vsinl
— e —Cm
- — — <A 9
3C_(D/s.w§ = [ RN ¢ $iv) e

= 2 _c? Vgl T W, ces
+ ¢ St (Belgend Z_OQC. (V) &~ } Q,/;"‘”

51‘(3)9\,“3 ok 5}; Vg =
ol s . — < e
[—- oo @S2 sml L iag Sin (B,950) = |
. Vgnn
. 3 QX .
_ é(ﬂu I~ 5 Vgl % Qw(.'“)/%?“ 6-6‘. )le-)

ws A
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The coefficients in the Glauert series for n = 4 were considered
negligible; typically, the values obtained for these coefficients
were of the order of the error expected in the numerical calcula-
tions.

The constants that appear in these expressions must be de-
termined from the numerical calculations. They depend on the
parameters Mewos A and é&#uA) and are of course different for
eacn of tne influence functions éb, EL, éﬁ, and éh, n=0,1,2,3.

The exponential terms of these expressions are similar to
the form of the Fourier transform of the downwash due to a free
vortex, Vﬂ,(kbst) . This may be interpreted as indicative of the
vortex nature of the induced trailed wake, which is an essential
feature of the 1lifting surface formulation. Such an interpreta-
tion should not be carried tco far however, since as shown above
the exponential form of the influence functions is only approximate,
the true behavior being like (J/Svm )"l/2 for large W$m. The in-
fluence functions could be approximated to any given accuracy by
an infinite sum of exponential terms; but that simply implies the
not very surprising result that the lifting surface solution can
be formulated as an infinite sum of terms, each of a vortex nature.

The constants in the expressions for the approximate influ-
ence functions were determined from the numerical solutions for
each of the cases shown in Figure 2.8. Then approximations for
the behavior of the constants over the ranges of Mess A and (¢ +A)
were obtained. The procedure was as follows. First, the ex-
pressions for the phase constants (b) in terms of MewosA and
(4>4=L3 were obtained. Then using these expressions for the phase
constants, the remaining constants (a and ¢) were obtained for the
individual cases by matching the magnitudes of the numerical and
approximate solutions at selected points. From the values for
these constants, expressions for the constants (a and c¢) for arbi-
trary Mcos A and Cp+-A) were constructed. The 1ift,
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the circulation, and the zeroth Glauert coefficient were matched
at

:)/S&w = 0.0, 0.4, 1.6, 2.6, 4.0, 5.0

All the functions have the correct value at Qﬂiv = 0. The 1lift,
tne circulation, and the zeroth Glauert coefficient were matched
out to :VSLagg 6.0; the moment and higher Glauert coefficients
were matched out to Ysw = 4.0,

Generally, the magnitude of the approximations was matched
to better accuracy than the phase. Since the phase in a Fourier
transform corresponds to a linear shift in the argument (spanwise
variable), the accuracy obtained was considered acceptable. Also,
the asymptotic values of the phase were matched very accurately.
The approximations for the 1lift, the circulation, and the zeroth
Glauert coefficient were more accurate than those for the moment
and higher Glauert series. This was acceptable since the former
have a finite value, but the latter are identically zero at
Visaa = 0, Thus the latter are usually smaller in the important
range Qﬁ;«éi 1, and correspondingly the actual moment and higher
pressure coefficients will be small. ‘“he approximate expressions
for the constants in the influence functions matched the behavior
with (¢+-AD better than that with MecosA ; this was consistent
with the kernels for which the behavior with ¢$+A) was more sig-
nificant than that with (4>+uc) (in a given domain). The approxi-
mations were considered sufficiently accurate out to Mws. A = 0.9.
The approximate expressions for the constants were more accurate
for the elliptic domain than for the hyperbolic or transitional
domains; this was consistent with the accuracy of the numerical

solutions.

An example of the accuracy of the approximate expressions
for the influence functions, using the approximate expressions for
the constants, is shown in Figures 2.11, 2.12, and 2.13. These
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show the circulation, 1ift, and moment, respectively, for the case
Mcos Ao = 0.0 and (p+A) = 135°. The approximate results
are compared with the numerical calculations. The accuracy shown
is typical of most of the range of Mcos A and €+ AD . The
scale of the magnitude of the moment should be noted.

Below are given the analytic expressions obtained for the
constants appearing in the approximate influence functions. The
following notation is used for the elliptic, transitional, and
hyperbolic domains:

ELP Meos . <S4 (b +AD
TRN Mwos A = 5—(,\._(4> + A
HYP MwsA, > s (p+ A

The behavior of the kernels, and consequently the influence func-
tions and the constants, are significantly different in the three
regions. The transitional domain (the actual nonlinear region,
rather than the region where the linear kernel is valid) is not
actually the line MeosA =S-v)~\(f>+./L3 but rather a strip of width
proportional to Mwos_A_. , as indicated in Section 2.3.6. Thus
the behavior of the constants in the transitional domain may be

6N
SE S&TRBJEL

where f is any of the constants (a,b,c) and fTRN is based on the
same Mceos A as T With

taken as

—4 (L \?
-+ ;’:};P (_L -0 (o.os\ 3

ELP

Hyp °T fgrp-
Meos A — gin (p+.AD)
S CP +.AD
the transition region indeed has a width proportional to Mcos A .
It is also required then that f

N ==
HYP® fTRN’ and f., P be equal at

EL
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the case Mees A = 0.0 and <hp+AD = 180°. Furthermore,
"4 (cﬁsj-‘ N
e, = o2 Py o A = F oo
which is a width consistent with the estimates from nonlinear the-
ory. In what follows it should be noted that

Jé!_< Sim~t (Meos ) < v
to be consistent with the range of (¢ +-AD).

Circulation:
z ] .
5‘;(\7/;‘;5 = [— e (Y)Y g e

= ]
+L}W‘(g§3/$\-\ ;’ Q‘: (.')/Svu)% &w N/“M‘ e:/g‘"ms

1:926
B, = =
\/—;(z -+~ ngb'(MusA_)l _ (w)zi
Qo = J—
225 19
~ [ 434+ 1210 (F4+0-1) "4 0103 Meesk) | 1P
Ty —[1oa4-oay (- e,""M””'S:] TR
— 144 (L= 0735 (Mwsh)™®D (24 cod HYP
(0. 0135 — 0005/ gD (1= 0.2 (Mcos AN D ELP
@z = {{0-0135 —0-005I Mk (1~ 0.2 (MsA): ) von
—1o0McoS A
O 00410 + 0-0125 ¢ (i

81



_ I
[(4:»40 = r‘] (1558 — 1.79F ox Meos D
2

g Ei-P
G\:”- —_—-399 &Ma(é‘?‘kb %N
o /=g
lsss (=2) Hye
TN

N - =
(= (222 T (ot st =230
4+ L AS sen2(PrA)

7 - ELP
0\4——

— o (A + 25 (MeosA)?) Ters

— (0.9 - 0. 5T Mecosh + 3.3(MeosA)™D Ry

oy .
Cco — [Moi3 + 0563 (Z(d+h) I q] (L+072 (MeashS )

213 2+
[ 81740547 (BrorA) 45" J(rozu(mes kS ) ELP
SLT VL 904 TER

1S 64 el*Q.B(o (Meosh —SimD) HYR

82



22 _

[0-910 +0.)0% (%@»«0 -4 EJ (1t o001 (Mus.Afs) ELP

Co™y{ 4-04% o
35

<1_. © 4K — 1128 (Meos A + ) Meos k) ) (Ceosd  myp

Q
cl= 2T (1 so0m (s Meas AN
F. =T (58a=Meos L) ELP
405 + (-1.5% -+3-=so(Mcos.A,)3 3) < %N
<7 o

N - Mcos L ~S4 e
210 + (0414 35 (Mes k) ) &S Meos k5>

or

TN

83



Lift:
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2.4.3 Approximate Solutions for the Loading

The Fourier transforms of the loads, and from these by a
Fourier integral the actual loads, may now be obtained from the
downwash distribution and the approximate expressions for the uni-
versal loading influence functions. Thus one may write:
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The loads due to an arbitrary distribution of downwash along
the span of the blade may be calculated by recognizing that the
Fourier transforms of the loads appear as products of the downwash
and influence function transforms. Then from the duality of pro-
duct and convolution
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The approximate expressions for the influence functions are then:
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With these loads known, the pressure is then given by
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The center of pressure (referenced to the chord, with the origin
at the leading edge) is located at
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The convolution form of the general solution is still not
a form that may be convenlently used in a rotary wing airloads
calculation. It is therefore necessary to consider now specific
downwash distributions. The distribution that arises in the rotary
wing airloads calculation is

O (Asimy = J=Vb  — D0 +4. 8,
2y . 2 Z
(FASA ) -

This arises as the downwash due to a straight, infinite vortex of
strength V], , at a minimum distance h from the blade centerline,
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but not necessarily in a (s',r') plane. Such a vortex could be
used to approximate the interaction of the blade with a tip vortex.

A

The Fourier transform wrt r~ of this distribution is then

A — e\ _ LA A AR ,
so B A = ;-{\— S | [9:.‘-5%“0/%\ +9;]
Now the Fourier transforms of the loads may be inverted directly
) m/sm——— © Qs 3(919,.5 F—F> .
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to give the loads:
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To examine the nature of the lifting surface solution using
the approximate expressions for the universal influence functions,
return now to the original formulation of the problem -- the vortex
induced airloads model -- as shown in Figure 2.1. The downwash is
induced by a straight, infinite vortex of strength ‘:L , In an
(s',r') plane at a distance z = h below the blade. The vortex pro-
jection on the blade plane (z=0) makes an angle (4>+_/L3 with
the infinite aspect ratio wing. The free stream Mach number normal
to the blade is Mcos. A ; the sweep angle A will be taken as zero
since it is only a relative parameter for an infinite aspect ratio

wing.
The downwash induced by such a vortex at the blade centerline

(rA axis) is given by:

05 (PSS = Vo/Vb — (A5

Z2v (rASLD® + R2

(This is a special case of the vortex with more general geometry
discussed above; the vortex in a (s',r') plane gives d1 =1,

d, = 0.)

The F.T. wrt rA is then:

SR> = B8 L L ian@u)Y

IRV

The Fourier integral is then obtained to give the 1loads:
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Again the vortex nature of the approximations for the in-
fluence functions 1s apparent in these loads induced by a free
vortex. The functional form of the downwash is preserved in the
loading with what may be called an effective strength, an effective
height, and some phase shift for each term. However, as before
this interpretation should not be carried too far as the forms for
the influence functions are only approximate and do not correctly
That the 1lifting surface

solution has a vortex nature should not be unexpected.

represent the high wave number behavior.

and circulation induced by a free vortex
With the addition of the
free vortex height, the loading depends now on three parameters:

MQ—OSJ\-J C4>+J\—)> owd ,Q/\/\o

The height parameter is written in dimensional form to point out

The 1ift, moment,
were calculated using these formulas.

that 1t is measured in terms of the semichord b, as is also of

course the spanwise coordinate rA. The vortex strength 3o
occurs only as a multiplicative factor, not as a parameter, as it

should for a linear solution.

The values of the parameters for which the loads were cal-
culated are given below, wit. the numbers of the figures which

show the results.

Meos A (¢ +A) h/b Figures
0.0 90° variable 2.14-17
0.0 180° variable 2.18-21
0.0 variable 1.0 2.22-25

variable 90° 1.0 2.2b-28

variable 180° 1.0 2.29-32
0.7 variable 1.0 2.33-35

The quantities of interest are: the peak values of the 1ift and

circulaticen; the spanwise location of the 1ift and circulation
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peaks; the 1lift and circulation as a function of rA sin; and the
location of the center of pressure as a function of rA sin.

The spanwise coordinate used here is the variable rA sin,
which has the 1limits rA sin = rA for the vortex and blade perpen-
dicular, and rA sin = t for the vortex and blade parallel. Thus
this is the proper coordinate; however, for comparing results with
varying G¢ﬁuA:) > 1t should be remembered that the spanwise dis-
tance is being compressed by the use of this variable.

When the induced 1ift and circulation are unsymmetrical in
r? sin (that is when <@+ A) 3 v ) there will be both posi-
tive and negative peak values, occurring at positive and negative
rA sin locations, respectively. The results for these will be
indicated by the notation POS and NEG respectively.

Figures 2.14 through 2.17 are for the case MwsA = 0.0,
(¢ +-AD = 90°; that is, the blade and vortex are perpendicular.
The results are shown for h/b in the range 0.0 to 6.0. Figure 2.14
shows the variation of the peak value of the lift with h/b. For
(P+AD = 90°, the 1ift and circulation (nondimensionalized) are
equal, and the geometry is symmetric in rA sin. Figure 2.14 also
shows the results of other methods for calculating the vortex in-
induced loading. Simons (Ref. 21) used a lifting line calculation
for a wing of aspect ratio 20. Kfoury (Ref. 11) used a vortex
lattice lifting surface calculation for a wing of aspect ratio 20.
Silver (Ref. 12) used an assumed mode lifting surface calculation
for a wing of aspect ratio 6. Silver's method 1s considered the
most accurate, and for small vortex height (h/b = 0.5) where the
effects of the small aspect ratio may be expected to be small,
the agreement with the present calculation method is quite good.
Kfoury's results also agree well with the present method, showing
that he set up the vortex lattice correctly. As would be expected,
the 1lifting line results (Simons) are accurate only for large h/b.
A comparison of the approximate and numerical solutions for the
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influence function indicates that the use of the approximate ex-
pression introduces very little error into the calculation of the
loading (for this case). The only limitation on the accuracy of
the results shown for the present calculation is for very small
h/b; the effect of the last term in the approximate influence func-
tion indicates that the present calculation is accurate down to

h/b = 0.1, which is quite sufficient. Figure 2.15 shows the vari-
ation of the location of the peak with h/b. Again, the 1lifting
surface results show good agreement; for large h/b the 1lift

curves become rather flat, so the comparison here is not as important
as for the peak magnitudes. Figure 2.16 shows the lift as a function
of rA sin = rA. Figure 2.17 shows the center of pressire location as
a function of rA sin = rA; the variation from the quarter chord wvalue

is small.

Figures 2.18 through 2.21 are for the case Mewes-A~ = 0.0,
(e +-AD = 180°; that is the vortex and blade are parallel. The
range of h/b is from 0.0 to 6.0. Figure 2.18 shows the variation
of the peak 1ift and circulation with h/b; for <&¢b=+-A) # g0°
there are unequal negative and positive peaks. Also shown are the
results of a calculation by Inversin (Ref. 22). He used a rational
approximation for Kussner's function to obtain the 1ift induced by
a vortex starting eight chords upstream. Figure 2.19 shows the
variation of the position of the peak with h/b. Figures 2.20 and
2.21 show the 1ift and cilrculation as a function of rA sin = t.
For this caseq Mewes AL = 0.0 and <¢+-A-) = 180°, the moment
(and all Glauert coefficients except the zeroth) is identically
zero; thus the center of pressure is at the quarter chord for all
h/b and rA sin = t.

Figures 2.22 through 2.25 are for Mcos./L = 0.0, h/b = 1.0,
and ¢ +-AD varied from 90° to 180°. Figure 2.22 shows the vari-
ation of the peak magnitudes of the 1lift and of circulation with
{$ +-AD) . The effect of changing (4=+_A_D from the perpendicular
case (¢ +-AD) = 90° is to slightly decrease the positive peak, and
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to greatly increase the negative peak magnitude. Figures 2.23 and
2.24 show the 1ift and circulation as a function of rh sin. The
delay in the circulation as (¢>ﬁ-~A;) increases from 90° to 180°
in Figure 2.24 is a reflection of the fact that the circulation is
a quantity ( Z&qﬁ ) measured at the trailing edge, not at the blade
centerline. Figure 2.25 shows the center of pressure location.
Again, the shift from the quarter chord is small; the center of
pressure moving off the blade reflects not a large moment, but
rather the 1lift going to zero with a finite moment.

Figures 2.26 through 2.28 are for C$p+-AD) = 9n°, h/b = 1.0,
and MecwosA. varied from 0.0 to 0.9. To examlne the properties of
the solution for varying Mceces A. , the effect of the Prandtl-
Glauert correction factor 1/ must be separated from other com-
pressibility effects; the figures show the loads with and without
the 1/R factor. Figure 2.26 shows the variation of the peak 1lift
with Mcecos-A.. It is seen that the compressibility effects in
the influence functions are in the opposite direction from the
Prandtl-Glauert factor; that 1s, they decrease the magnitude of the
loads. Figure 2.27 shows the 1ift as a function of rA sin = t.
Figure 2.28 shows the center of pressure location; the effect of
M cos A is small, and is greatest at the higher Mach riumbers.

Figures 2.29 through 2.32 are for (¢ +-A) = 180°, h/b=1.0,
and MeosA. varied from 0.0 to 0.9. Figure 2.29 shows the vari-
ation of the peak magnitudes of the 1ift and circulation with
Meos A_ . Again the effect of compressibility on the influence
functions produces a decrease in the load magnitude with increas-
ing Meos A (except for the circulation at high Mach number).
Here as for (¢+-A) = 90° (Figure 2.26), the compressibility
effects combine to make the peak magnitudes of the actual 1lift and
moment rather insensitive to Mwos A_ ; for high enough Mach
number, the Prandtl-Glauert factor becomes dominant however, and
increases the load peaks. Figures 2.30 and 2.31 show the 1lift and
circulation as a function of rA sin = t. It is seen that while the
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peak magnitudes are not too sensitive to Mach number, the func-
tional forms are quite dependent on Mcos Ao . Compressibility
effects prcduce a significant flattening of the positive peak
(after the vortex has passed). This effect was not seen for
(¢+A) = 90° (Figure 2.27). This difference is due to the fact
that for < +AD) = 180° the coordinate r" sin = t is in the
free stream direction,for which compressibility (signal propaga-
tion) effects will pe greatest; for C¢+-A) = 90°, the coordinate
rA sin = rA is in the lateral direction, for which Mach number ef-
fects will be minimized. Figure 2.32 shows the center of pressure
location. The deviations from the quarter chord are small still,
but are here in the opposite direction to that which has been
previously seen (Figures 2.17, 2.25, 2.28); this is a character-
istic difference between the elliptic and hyperbolic domains.

Figures 2.33 througn 2.35 are for MeoesA- = 0.7, h/b =
1.0, and (¢ +.AD> varied from 90° to 180°. The boundary between
the elliptic and hyperbolic domains, AAcoleu=S¢n(¢h+,LD , is
crossed at C¢+_AD = 135.56°, Figure 2.33 shows the variation
of the 1ift and circulation peaks with < +_A) . Most signifi-
cant is the increase in the peak 1lift near the transitional point.
Figures 2.3l and 2.35 show the variation of the 1ift and circula-
tion with rA sin. The phase shift in the circulation is again
seen as for Meces- A = 0.0 (Figure 2.24), The change in form of
the 1ift and circulation as a function of rA sin between the
elliptic and hyperbolic domains is again seen (as for the compari-
son between Figure 2.27 and Figures 2.30 and 2.31).

Considering Figure 2.33 again, it is possible that the be-
havior near the transitional domain is in the approximate solution
but not actually in the true solution; that is, an error in the
approximation not evident in a rough comparison of the two solu-
tions (by which the approximate solution appears adequate).

Figure 2.36 shows the magnitude of the 1ift influence function,
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léi\ » for Meos A = 0.7 ang several ¢+ A) values; these
results are from the original numerical solution. The behavior
indicated in Figure 2.33 is 1indeed pPresent here also. The
Fourier transform of the downwash for h/b = 1.0 is proporticnal
to e~ Vsim s> recalling that

1 — .
o= Tk = Te/Vb 4

. AV,
AL _%E_ y 55&*‘»90:5 QJ&%)ﬂkaf

The maximum values observed for the moment coefficient are
shown in Figures 2.37 and 2.38. Figure 2.37 is for h/b = 1.0,
(b +_AD = 90° ang 180°, and Meos A_ varied from 0.0 to 0.9.
Figure 2.38 is for MwosA_ = 0.0, Cb+AD = 90°, and h/b varied.
The factor EL,/VE= is generally of the order 1.0. It is seen
that the peak moment coefficient is small even for high Mach number
and very small h/b. For most of the blade, the moment will be

very much smaller.

The results of the present calculation may be compared with
a strip theory application of the two-dimensional limiting case
((P+A) = v , Mecos A = 0.0), for which the exact solution may
be obtained by classical methods (as in Section 2.3.4). The two-
dimensional results may be used to obtain the loads for cases with
(1#-+.A:) near Zv by using an equivalent reduced frequency

(Q/Sw) e':\u'»valevd' = (IseD /(_ <os)d
in the two-dimensional influence function. Figure 2.39 shows a
comparison of the 1lift influence function (the 1ift due to a sinu-
soidal gust) calculated by such a strip theory, with the exact
results, for several values of reduced frequency. For small v/ Shrn
and small Q¢+M3-7f§ strip theory is reasonably accurate, but this
is a result of neither the approximate nor the exact result chang-
ing much with < +_AD at low reduced frequency.
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SECTION 3

APPLICATION OF THE LIFTING SURFACE THEORY SOLUTION
TO ROTARY WING AERODYNAMICS

3.1 The Calculation of Rotary Wing Airlcads

The calculation procedure used to determine the airloads
and blade motion of a helicopter rotor blade follows one blade,
which will be called the reference blade, around the azimuth. At
each azimuth station, the induced velocity due to the wake is cal-
culated at several downwash stations along the span of the refer-
ence vlade. Tnen the airloads are calculated at several load sta-
tions along the span of the reference blade. Next, the blade
motion 1s calculated. Finally, the changes in the strength and
geometry of the wake during the motion of the reference blade to
the next azimuth station are calculated. These steps are shown
in Figure 3.1. The use of a variable inflow calculated from the
strength and geometry of a wake of trailed and shed vorticity pre-
cludes any closed form solution. The calculations are therefore
performed iteratively, following the reference blade around the
azimuth, until the results converge to the steady state solution.
Further description of the steps in the calculation procedure is

given below.

The development below will be presented in nondimensional
form. The appropriate reference quantities for rotary wing aero-
dynamics are the density, the rotor radius, and the rotor rota-
tional speed ( R R,{l ). This set of reference quantities will
be used throughout the remainder of this report.

The airloading and blade motion are determined by the
physical properties of the blade (semichord to span ratio b, Lock
number L.N., and others) and by the collective pitch €§° , the tip-
path plane inclination angle i (positive for rearward tilt of the
thrust vector), the advance ratio;a(rwtor forward speed divided
by rotor rotational speed), and the advancing tip Mach number
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Ml.0,90‘ The rotary wing configuration is shown in Figure 3.2
(only the reference blade is shown). The polar coordinates for
the rotor disk are r and ﬁP s measured from the hub and from the
downstream blade position, respectively. The (I“,Eﬂ,i?') system
is the tip-path plane coordinate system. with the origin at the
rotor hub. The free stream velocity }zaif;in the fWiﬁv plane and
the tip-path plane is parallel to the i'-J"' plane.

3.1.1 The Rotor Wake

Because of the interference of the rotor blade with its
own wake and the wake of other blades, the wake of a rotary wing
i1s considerably more important than that of a fixed wing. This
interference is manifested as a downwash at the blade, which must
be calculated in order to determine the loads on the blade and
its subsequent motion. This interference also effects the geometry
of the wake itself. The necessity for calculating the distorted
geometry depends on the flight conditions.

The wake of a helicopter rotor in forward flight censists
of shed and trailed vorticity in a distorted, skewed helix behind
each blade of the rotor. This vorticity is shed and trailed in
sheets. The edges of these sheets roll up to form tip vortices,
the vorticity becoming highly concentrated about a line trailed
from the tip of the blade. The bound circulation of a rotary wing
i1s highly concentrated at the tip, so the rolling up is accomplished
within a short distance from the tip and the tip vortex formed is
very strong. The bound circulation at the root of the blade goes
to zero rather smoothly so the root vortex will be weak and slowly
forming, and therefore the rolling up of the vorticity at the root
may be neglected. The strong tip vortices however are most im-
portant in determining both the blade loading and the wake geometry.

The very complex geometry of the wake prohibits an exact
calculation of the downwash due to the wake. Therefore an approxi-
mate representation of the wake 1s necessary. In order to calculate
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the downwash at the reference blade, the wake behind each blade

of the rotor is approximated by a net of finite strength, finite
length, straight line vortices (see Figure 3.3). The azimuthal
spacing in the vortex net 1s determined by the azimuth step in the
calculation procedure, and the spanwise spacing (number and posi-
tion of the wake trailers) may be arbitrarily predetermined.

The wake geometry is known at the beginning of the calcula-
tion procedure at an azimuth station. The geometry is given by
the positions of the node points of the tip and root trailed vor-
tices from each blade (see Figure 3.3). Linear interpolation be-
tween the positions of corresponding tip and root nodes gives
the geometry of the wake. Also known is the distribution over
the rotor dirk of the bound circulation of the reference blade
(as calculated in previous steps). The requirement of continuity
of vortex lines is sufficient to determine the strength of each
vortex line element from this distribution of bound vorticity.
From its position and strength, the velocity induced by each line
element may be calculated. 'Then the downwash at a station on the
reference blade is the sum of the contributions from each element
of the vortex net.

3.1.2 The Blade Airloading

The airloading on the reference blade is determined using
the calculated downwash and blade motion. It has been customary
in the calculation of rotary wing alrloads to use lifting line
theory. Thus it is assumed that the flow over the blade is
locally two-~dimensional, and the loading is obtained from two-
dimensional unsteady airfoil theory (or experimental or empirical
section loads data). The effect of the rotor wake and the rest
of the blade are represented by the downwash at the blade section.

The two-dimensional aerodynamic theory used is essentially
that of Theodorsen (as in Ref. 9), with the use of the 1lift de-
ficiency function replaced by an independent calculation of the
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downwash induced by the wake. Compressibility effects are in-
cluded only through the use of the Prandtl-Glauert correction
factor based on the Mach number of the flow normal to the span
of the blade. Thus

compressible _ A incompressible)
( load ) - EL:AAS\ ( load
where
-+ msin |

Mach number at the advancing
M)-b;so - tip (r = rp aad A = 90°)
The basic assumptions of lifting line theory are linearity
and a high aspect ratio blade. The linear assumption 1s not a
restriction on the calculation of rotory wing airloads if an ap-
propriate stall model is used when the section angle of attack is
too large (Miller, Ref. 17). The assumption of high aspect ratio

is that
b << 4.

where b is the blade semichord to span ratio. Implicit in this
assumption 1s the requirement that the variation of the downwash
along the span of the blade be 0(1). For large variations of the
downwash in distances 0(b) lifting 1line theory is not valid. Suech
a case frequently occurs in the calculation of rotary wing airloads,
when a tip vortex passes within several chord lengths of a blade.
For such configurations, the accurate determination of airloads re-
quires the use of lifting surface theory. The use of lifting sur-
face theory to calculate the vortex induced airloads on a rotary
wing is the subject of this report.

3.1.3 The Blade Motion

The aeroelastic equations of motion for a constant chord
(uniform spanwise structural properties), coincident elastic axis
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and inertial axis, articulated (no lag hinge, zero flapping hinge
offset) blade are

e i L
&+ = LN S v oo S

T M
. 2 © —
TCOH+O6 +W (8—-”) =L.N S‘_g Z

(Miller and Ellis, Ref. 23).

where
% = rigid flapping angle
© = rigid pitching angle

ucR{'

L.N. = Lock number = =0

I\:= "'IVV\Q-/‘"

o

L (7

[~

Ie:-‘ blade section moment of inertia
about the feathering axis

= nonrotating natural pitch frequency

collective pitch

i

(A>°
eo
L

I

section 1ift, with 1ift curve slope 2w
M = section nose-up moment

The equations of motion are solved for the blade motion by harmonic
analysis of tne integrated loads.

3.1.4 The Wake Geometry

The change in the geometry of the wake as the reference
blade moves to the next azimuth station is calculated on the basis
that a point in the wake moves with the velocity of the fluid at
that point, that velocity belng composed of free stream and induced
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components. There are several schemes for calculating the wake
geometry, varying in the detail with which the induced velocity
at a wake element is determined.

a) Rigid Wake. For the purpose of computing wake geometry
only, the induced downwash is taken as a constant over
r and AP 5 thus the wake is an undistorted, skewed helix.

b) Semirigid Wake. Each point of the wake (each node of the
vortex net) 1s assumed to travel downward always at a
velocity equal to the downwasn at the point on the disx
where it was trailed or shed. This involves only
slightly more complexity and calculation then the rigid

wake model.

¢) Modified Semi-rigid Wake. A combination of the rigid
and semirigid methods, which should be more accurate,
is to use the semirigid geometry up to, and the rigid
geometry after, the passage of the following blade

over the vortex.

d) Nonrigid Wake. The actual downwash is calculated at
selected points of the wake -- at least for the points
on the tip trailed vortices -- and is used to determine
the change in the wake geometry during the azimuth in-
crement. This involves considerably more calculation
than the other methods.

Which geometry should be used depends primarily on how close the
wake comes to the rotor blades; the closer it gets the more accuracy
is required of the geometry in order to obtain accurate locads. The
nonrigid geometry calculation is quite complex, but this report is
concerned only with the aerodynamic theories and their application
to rotary wing aerodynamics. For further information on the wake
geometry problem, reference must be made to other work, for example
that of Scully (Ref. 3) or Landgrebe (Ref. 4),
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3.1.5 The Results

The calculation procedure 1s performed iteratively as the ref-
erence blade moves around the rotor disk, until a converged (steady
state) solution is obtained. The solution then gives: the section
1ift and moment over the disk; the section angle of attack over the
disk; the state of flow (stalled or attached) over the disk; the
blade motion (flapping and pitching); and the rotor thrust, C:T/Qr .

3.2 A Straight Infinite Vortex

A straight, infinite vortex will be used to approximate the
effects of a tip vortex. Therefore 1t 1is necessary to develop
the velocity induced along a blade feathering axis by such a vortex.

3.2.1 Orthogonal Geometry

Consider first the case with the vortex and blade perpendicular
to each other, the vortex at a distance h below the blade (see
Figure 3.4). The (x,y,z) system is orthogonal, with’f in the direc-
tion of the blade and Tfparallel to the vortex. The vortex has
strength‘_' and a core radius r,- The induced velocity’? is re-
quired at a point P on the y axis (its x location is arbitrary be-
cause of the infinite extent of the vortex). The following ex-
pressions give the induced velocity increment due to a vortex

—
element ds:

M Px9s -
AN e
SV =
4$¢Tv;3
where
= —%T +\>—S+9/\\< 3 =\

120



For r > rc this is the usual Biot-Savart law, and for r < rc it is
a generalization of the solid body rotation in the core of a two-
dimensional (point) vortex.

Integrating over the length of the vortex, obtain

ré%z,\ EIINg [;L-—— ( “’}jéi*m)% ]

4+ (wg)*
V= 4 For- \37’+S?AZ< o~
7 = (“\/Rn)i Sor  W+QI>r2
TR R Gy J

The downwash w is the'? component of V. There is a peak in the
magnitude of w, which must occur either outside the core or at the
core boundary:

4—_-'_‘_% =t 'blz'& Sor VTR >
,LDMﬁM‘ ==

r —_ '-T‘ ot = _f{e

a"‘aﬁ_ %/ Isl Je X

for {Th <,

The form of w(y) changes little if the (x-y) plane does or does
not intersect the core(JZ'h < r or JE?I);>.PC). Thus it is rea-
sonable when it does intersect the core to replace the free vortex
by an equivalent vortex, of strength T;q and at a distance heq’
such that the simpler velocity form derived by Just using the
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Biot-Savart law will be uniformly valid. Requiring that the
positions and magnitudes of the downwash peaks be the same, find

=ZV‘ — Q% /1
\‘;;' (L -/

8y = [ =2

which are used if JZ‘h‘< L It is seen that the minimum separation
of the blade and vortex that need be considered is the core radius:

(heq)mﬂn =T

3.2.2 General Geometry

and

Now consider the more general geometry, shown in Figure 3.5.
It is necessary to obtain the downwash along an arbltrary line
(the blade feathering axis) due to a straight infinite vortex of
arbitrary orientation. Followling the above results, the vortex
core need not be considered in the derivation. The orientation
of the vortex 1is given by'T¥, and its location by ?;. The position
of the point at which the induced velocity is required is given by

- .Y
i = ‘ta *']i = &37;*-+—J& ¥ﬁk

B T —
where 1%, j¥, k* are unit vectors, here not necessarily orthogonal;
h is a constant and y gives the position of the point along the line
—
with orientation j¥*.

The Biot-Savart law gives the induced velocity

.\? v — (T xT*)
T Ry — (TR



or

V= T A@F %) 4 2 (2%
[y “ ng': 'f-,QDbé + <
where
o == ,.1_ — (j*o%* )2

0= 2R3 — (3T R% ]
ol =/QAZ[L—' (€*~ﬁ*>z]

It is convenient now to transform :he geometry so the vector
- —

h = h k* is the minimum distance between the vortex and the blade

line. It may be shown that the distance between the vortex and the
blade 1line

TR = xBrut - 2 (3 Doy«
—2% (R*. 2%)x 4 azci*-j*\3+zz
is a minimum at
2 [ = (3*TORM Y + (R*- 2]
1 — (#. 2RH?

x =

I

¥ i
and
B[ G320 CR¥ 29y _ (2% 3]

\3 =b\~\'ws = P (_})_*. _3.*-)2
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-
It is seen that the minimum distance occurs when the vector k* is
— —
perpendicular to both i¥ and j¥. The new (minimum distance) h
andﬁ are given in terms of the old geometry by

% T
and the origins of y and x are shifted so

(x\v\ew - (7‘30\6 — Rvain

(:9\«@\» = (‘QXM - b\m‘.u

At this point, the vortex core correction may be applied.
If the point of minimum distance Ymin lies within a core radius r,

of the blade, that is 1if
(r;aa“" - ‘—‘O\ < ‘Q\N\'u« < (‘:’"P + “5_3

then the minimum distance (new h) is used in the criterion for
using the equivalent vortex to account for vortex core effects.
As in the case with orthogonal geometry, the vortex core correc-

tion is then:
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Y PN Y
With the new geometry (k* now perpendicular to i¥* and j¥)

the result for the induced velocity simplifies to

> P W (TF %) + 0 (R FD
2w [_L— (-54-,—3—%32] ‘31_‘_/&2

Cvew ,Q,‘.)\-:*.) \33

AN
With the vector kn normal to the blade surface, the induced down-

wash is then

v.%
W =v-K, = o=

3.3 Rotary Wing Geometry for the Lifting Surface Solution

The 1if%ing surface theory solution was developed for the

loads on an infinite aspect ratio wing in a convected downwash
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field. Procedures must be developed to apply the model problem for
vortex induced loads to rotary wing geometry. The restriction of
the lifting surface solution to convected downwash fields intro-
duces a limitation in the application of the theory; the model
problem is steady in a frame of reference traveling with the down-
wash field (that is, with the vortex), while there 1s no such frame
of reference for the rotary wing -- the downwash is only locally a
convected field. Moreover, the theory was developed for an airfoil
in a uniform free stream rather than for a rotary wing. These dif-
ferences between the model problem and the rotary wing configura-
tion place limitations on the application of the 1lifting surface
theory solution. Thus lifting surface theory should only be used
where necessary, for vortex induced loads for which 1lifting line
theory is no longer valid. Lifting line theory should still be
used to obtain the other 1loads.

The tip vortex near a rotor blade will be approximated by
a straight, infinite line vortex of appropriate strength, position,
and orientation. The induced velocity along the span of the blade
due to such a vortex is avallable in analytie form. In order to
apply the 1lifting surface solution, it is necessary to obtain the
parameters Mcws-A. and (ﬁb-k_A~) which determine that solution.
For each blade section the geometry of the blade and vortex con-
figuration 1is locally like the model problem, and it is in a
local sense that the lifting surface theory parameters are de-
termined.

With a rotary wing, the relative velocity normal to the
blade varies along the span. The local value of Meos A will
be used at each span station; that is, Mwos A 1s the Mach number
of the flow normal to the span:

|~ -
Meos A = My = Mo ao ,_:’_:‘/j:““"'

The angle (}k-*_A) is determined from the orientation of

126



the straight, infinite vortex relative to the blade. It is the
angle between the span direction, 3;, and the direction of the
convected vortex, I? (see Flgure 3.6). The orientation of the
vortex gives'Iz, and the blade direction is

-;)Qk [ku:s M"i' —_— Shnnﬁ+'a __(? ‘27~]
2:

A+ 35

where (30 = rotor coning angle and the only blade motion included
is the rigld flapping (i'-J' is the tip-path plane). Then re-
calling that the lifting surface solution is set up for %< (b+A)<n
(the remainder of the angle range is handled by symmetry), may
obtain

Shn (P +A) = f:!.—-—( * . 'D*)?‘
cos(p+-A) = — [<3¥.2¥)|

and

(p+A) = v — sivt )1 -(j*-f*)z\

In the rotary wing configuration, the relative free stream
velocity seen by the blade varies both with r and W . There are
variations in both the geometry and the free stream ( <¢p+-A) and
Meos AL ), and on a scale of the order of the rotor radius the
model problem is not applicable to the rotor geometry. However
the 1lifting surface theory solution was developed to handle vari-
ation of the downwash over distances of the order of b, and on
that scale the model problem will be a good representation for
vortex induced airloads. The lifting surface solution will give
accurate loading due to a nearby vortex, but lifting line theory
should still be used to obtain the remainder of the loads (due to
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blade motion and most of the vortex wake) .

The application of the lifting surface theory further re-
A. The direction of this coordinate depends
on the orientation of the vortex, and on whether the blade is in

quires the variable r

the reverse flow region. Examination of the geometry (Figure 3.6)
gives (recalling rA is nondimensionalized with b)

A= 3/}3 SOXV\[T‘-}—/ASM»"P\ 'SQK\A (

V”

where ?, 7 are the unit vectors

)
— QOSAP Lv — SAAAAPC)
= s N T 4+ uS’}‘j’

%> 9>

and recall that y is the r coordinate with the origin at the mini-

mum distance to the vortex:

y=r- (r)minimum vortex distance

Now the induced downwash may be written in a convenient form.
The vector normal to the blade surface (considering only rigid
flapping again) is

Izw = [;i27_+_<3°€§']
Jizer

Thus
(ZEx YR, = (3FxD- T

i}
-—Q - L_*

It
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and since

[(T*x $%)] = | L — (2%, 357 =5im@+D)

the quantity <§'i‘*)/siu(¢+JL) is identically unity if ¥ lies in
the tip-path plane, and is finite for all swmc¢+AD . Also note
that the quantity (“f’*xﬁ*)-'ﬁ” is identically zero for ix in the
tip-path plane.

Then the downwash may be written as

L = 2:_ — (Y AN + 4, 9,
Cysimcprad® + g2

where
i = (R-TH)/ sin(+ D
SDZ: = 4:7?4k x.Tiu*ﬁ> '1?;

or as

V! — =i cp+ N Q4 (/) S,

D ==
ZTh (AN @+ A + Co/p

where the sign of rA is determined as above. Here w and | are
still based on {L and R. This is the form of the downwash distri-
bution for which the 1lifting surface solution was obtained.

The 1lifting surface loads are nondimensionalized with b
and V; they must be converted to loads based on R and £L for use
in rotary wing aerodynamics. Considering also the sign conventions
for the loads, obtain:
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M  urb =

A [Lome

I

J—'ﬁ

P +zrb ( 7 /Vb

where

A -M§
Zm IUTI
_.A pussonset
r ¥ L—ME
Ur = T+ pmsim

o= = Sdiyn Cuyd

Here the 1lifting surface results are used with the downwash w
based on.{2li; that 1is, since w is the downwash due to a vortex,
the vortex strength E: is based on the velocity L2R. A length
is also involved in the nondimensionalization of the vortex
strength, and of the distances that appear in the lifting surface
formulas; that length is the blade semichord b.

130



3.4 The Application of the Lifting Surface Solution

The 1lifting surface solution has now been put into a form
suitable for rotary wing aerodynamics. In order to use the
lifting surface theory correctly, some care must be taken with the
division of the wake, downwash, and lcads between it and lifting
line theory.

Lifting surface theory includes the vortex induced trailed
wake behind the reference blade. (It is only a trailed wake in
the steady coordinate system of the model problem; in the blade
coordinate system there will be shed vorticity as well.) This
trailed vorticity is assumed in the model problem to extend
straight back from the blade to infinity. Since it is included
in the lifting surface solution, this induced wake vorticity is
not used in calculating the downwash due to the nearby part of
the wake of the reference blade -- nearby meaning for A*P of the
order of 60 to 90 degrees. Thus the bound circulation due to the
1lifting surface theory is not used in the calculation of the
strength of the nearby part of the wake of the reference blade.

The wake is now divided into two parts: the tip vortices
from all of the blades; and the rest of the wake, except for the
1lifting surface part of the nearby wake of the reference blade.

The downwash induced by the tip vortices will be handled
using lifting surface theory. At the downwash calculation sta-
tions of the reference blade, the downwash due to the tip vortices
is calculated as the sum of the induced velocities of all the
straight line segments that make up the tip vortices (the tip
vortices are the outer edge trailed segments of the vortex net).
Simultaneously the points of nearest approach of the tip vortices
to the reference blade are calculated. These points are a local
minimum in the distances from each short line segment to the blade.
Next, the tip vortex at each of these points of nearest approach
to the reference blade is approximated by a straight infinite
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vortex, with strength, position, and orientation the same as the
tip vortex at the point of nearest approach. It is to this field
of straight infinite vortices, approximating the tip vortices of
the rotor, that the lifting surface theory solution may be applied.

The downwash due to this field of straight infinite vortices
is calculated at the downwash stations of the reference blade, and
the difference is obtained between this calculation and the earlier
calculation of the actual downwash due to the tip vortices. This
difference is added to the downwash of the rest of the wake (see
below) so that the combination of 1lifting surface and 1lifting
line theories models the correct angle of attack of the blade
section.

The downwash induced by the rest of the wake (as defined
above) will be handled using lifting line theory. At the downwash
calculation stations of the reference blade, the downwash due to
the rest of the wake is calculated as the sum of the induced ve-
Jocities of all the elements of the vortex net (except the outer
trailed segments, and the 1lifting surface nearby wake). To this
calculated downwash is added: first, the difference between the
actual and approximate downwash induced by the tip vortices (as
above); second, the inflow due to the tip-path plane inclination
(-—/uzani. ); and third, the inflow due to the no-feathering
plane inclination (—m(3,¢ ). The result is the total downwash
(except for the induced velocity of the field of straight in-
finite vortices representing the tip vortices) at the downwash
calculation station.

The downwash is obtained at the loading calculation stations,
which will in general not be the same as the downwash calculation
stations, by Lagrange (polynomial) interpolation between the down-
wash stations.

The angle of attack is calculated at each loading station
of the reference blade, using as the downwash the sum of the
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induced velocity of the field of straight infinite vortices, the
interpolated downwash of the rest of the wake, and the downwash
due to the nearby part of the 1lifting surface wake (which 1s not
used 1in the loading calculation since it is already included in
the lifting surface theory solution). If the angle of attack is
too large, an appropriate stall model is used to obtain the loads
(see Johnson, Ref. 24),

If the blade section is not stalled, the aerodynamic loads
are calculated at the loading calculation station using the combi-
nation of 1lifting surface and lifting line theories. The lifting
surface theory solution is used to obtain the vortex induced loads
of nearby tip vortices; that is, it is used with any vortices in
the field of straight infinite vortices, which come closer to the
reference blade than a distance of the order of five chord lengths
or so. Lifting line theory is then used to obtain the remaining
loads: the loads due to the blade motion, the rest of the wake,
and the far vortices in the field of straight infinite vortices.

The procedure developed here to calculate rotary wing air-
loads emphasizes the importance of careful handling of the wake
and downwash,which have always been the outstanding features of
rotary wing aerodynamics. In order to obtain accurate airloads
two features of the calculation procedure have been stressed:
first, it is necessary to obtain as accurate information as prac-
tical about the downwash distribution; second, accurate loads
calculations require the use of lifting surface theory to obtain
vortex induced loading.

133



SECTION 4

EVALUATION OF THE USE OF THE LIFTING SURFACE
SOLUTION IN THE CALCULATION OF ROTARY WING AIRLOADS

4.1 The Rotor Configuration

In order to evaluate the use of the lifting surface theory
solution to replace lifting line theory in the calculation of vor-
tex induced airloads on a rotary wing, the rotor geometry was
simplified to a single-bladed rotor at high advance ratlo encounter-
ing a free vortex from a fixed upstream airfoil (see Figure 4.1).
The rotor is at zero tip-path plane incidence, so the free vortex
lies in a plane parallel to the tip-path plane; it lies in the
free stream direction, at a lateral distance Vg from the rotor
hub, and at a distance h below the tip-path plane; that is, the
tip of the vortex generator in the tip-path plane reference system

is located at
- —y -} 14
T — re & —+- g}cbtév + JZ\‘i
(Pigure 4.1).

The parameters describing the blade, the vortex, and the
calculation procedure are as follows (recall that all lengths are
nondimensionalized wusing R, the rotor radius).

a) Blade semichord: b = 0.025

The blade aspect ratio was large, so lifting line theory
was valid for loads due to blade motion, and the effect
of the tip on the loading was minimized.

b) Blade Lock number: L.N. = 0.0

Then the only blade moticn was first harmonic rigid
flapping (no elastic flapping, rigid or elastic
twisting, or other harmonics of rigid flapping)

and the tip-path plane remained undistorted (also

the coning angle was then zero).
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c)

d)

e)

r)

g)

h)

i)

Advance ratio: /\A = 0.5

The advance ratio was high so that the loading induced
by the blade's own tip vortex was minimized.

Tip-path plane inclination angle: (£ = 0

Collective pitch: &%= 0
Built-in twist: ., =0

Thus the only airloading was that induced by the
free vortex.

Tip Mach number (at AP = 90°):
Ml.0,90 = 0.0 or 0.5 or 0.9

Vortex generator location:

4 ">| e "":;
rG—-.Oi +ij + h k

g = - 0.5 or 0.0

h = (h/b) b
Free vortex core radius: r_ = 0.001

c
This was smaller than the minimum h used, so the
core size did not enter the lifting surface theory
evaluation (recall that for usual applications,
the minimum effective h that will be encountered
1s the vortex core radius).

Free vortex strength: V' = 0.011

This corresponds to a generator angle of attack
g = 8 degrees, or a tip vortex of a rotor

Azimuth increment in the calculation procedure:

z;d°= 10 degrees
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j) Number of trailers in vortex net = by

Number of downwash calculation points = 3

Extent of blade wake: A¢ = 220 degrees

Extent of nearby portion of lifting surface wake = 90 degrees
(The nearby wake is that part which 1is considered
as handled by lifting surface theory; 1t was varied
from 60 to 180 degrees with negligible effect for
this single-bladed rotor at high advance ratio.)

Because of the high advance ratio and the zero collective
pitch, the loading induced by the blade's own tip vortex was
negligible and occurred only in the fourth quadrant of the disk.
Thus it was sufficiently accurate to use semirigid geometry for
the rotor wake. (In semirigid geometry, each element of the
wake is assumed to move downward at a speed equal to the down-
wash at the point on the rotor disk from which it was trailed.)
Moreover, the blade tip vortex could be treated with the rest of
the wake, using lifting line theory, and only the free vortex was
treated using lifting surface theory.

Rigid geometry was used for the free vortex; that is, 1t
was a straight line in the free stream direction parallel to the
tip-path plane. Since with zero Lock number the blade tip-path
plane was not distorted by rigid or elastic blade motion, the
position of the blade relative to the free vortex was simply and
exactly determined. Thus 1n these theoretical calculations the
back infiuence of the blade loading on the geometry of the vortex
was not included.

4.2 Comparison of Lifting Line and Lifting Surface Loading

Calculations

The blade loading on the rotor described above was calcu-
lated using both 1lifting line theory and the lifting surface
theory solution. A comparison of the two predictions of the alir-
loading allows an evaluation of the application of the 1lifting
surface solution to the rotary wing airloads calculation.
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The loading was calculated for several values of the vortex
height, h/b, and of the advancing tip Mach number, M1 0,90° with
. 3
the vortex lateral position

yG= - 005

(the vortex on the advancing side of the disk). Figures 4.2, 4.3,
and 4.4 show the 1lift variation with azimuth at a blade radial
station r = 0.6, for h/b = 2.0, 1.0, and 0.5 respectively, and
Ml.0,90 = 0.0. The scale changes of the ordinate should be noted.
The difference between the lifting line and 1lifting surface loads
is significant. Figure 4.2 also shows the 1lift calculated using
lifting line theory with a wake net of ten trailers and with nine
downwash calculation points. Little improvement is gained over

the 3 x 4 1lifting line calculation.

Figure 4.5 shows the ratio of peak-to-peak lifting surface
1lift to peak-to-peak lifting line 1lift for h/b from 0.2 to 10.0.
Figure 4.3 shows what 1s meant by peak-to-peak 1lift. The data in
Figure 4.5 is for r = 0.6 and includes results at an advancing
tip Mach number of M1.0’90 = 0.0, 0.5, and 0.9. The Mach number
had little effect on the peak-to-peak ratios (unless the peak just
happens to occur when the blade section is in the transition
region of the l1lifting surface theory, the Mach number effects are
small except for the Prandtl-Glauert factor, which 1s the same
for both lifting line and 1lifting surface theories). It can be seen
in Figure 4.5 that as h/b decreases from about 10.0 the
lifting line results become increasingly inaccurate as compared
with the 1lifting surface results.

The loading was calculated for several values of the vortex
height, h/b, and of the advancing tip Mach number, M o> With
the vortex lateral position

1.0,9
yg = 0.0

(the vortex below the centerline of the disk). Figure 4.6 shows
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the 1i1ft variation with azimuth at r = 0.75 and with h/b = 1.0

and M1.0,90 = 0.0. This case 1s typical of the results for all
values of h/b (0.2 to 10.0) and Ml.0,90 (0.0 to 0.9) considered.
Figure 4.7 shows the ratio of peak-to-peak 1lifts for h/b from

0.2 to 10.0. Typically in the 1lifting line results the peaks

are 5 to 15 percent low and the entire 1ift distribution delayed
byg&#’= 3 to 5 degrees as compared with the 1lifting surface re-
sults. However, from the downwash distribution it is known that
the peaks must occur at a distance of about 2(h/b)b apart, while
the azimuth increment of £>44 = 10 degrees corresponds at r = 0.75
to a distance of about 5b. Thus 1t is probable that the peak
values have not actually been defined by a calculation of the load-
ing only at stations every ten degrees around the azimuth. Such a
problem may be expected whenever a configuration is encountered
with the vortex and the rotor blade nearly parallel, as may occur
with tandem rotors. Generally, difficulties defining the peak
loads may be expected whenever the component normal to the vortex
direction of the distance between calculation points on the rotor
disk (for a given blade section as AP 1is incremented, or for a
given azimuth as r is incremented) is less than the vortex-blade
separation or so. Little would be added to the comparison of
lifting surface and lifting line theories by the use of a smaller
azimuth step, and the size necessary to define the peaks ade-
quately (aMN <« 2 degrees) would not be at all typical of rotary
wing airloads calculations. The proper handling of vortices

nearly parallel to the blade is one of many procedural problems
that remain to be solved in rotary wing aerodynamics.

4,3 Evaluation of the Use of the Lifting Surface
Theory Solution

The above results show that there is a significant differ-
ence between the loadings calculated using the 1ifting line and
the lifting surface theories. Simply on the basis that 1lifting
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line theory is an approximation to lifting surface theory, re-
sulting from the assumption of large (effective) aspect ratio,

the 1ifting surface results must be accepted as more accurate
(within the limitations of both theories). Therefore the lifting
surface solution should replace 1lifting line theory in the calcu-
lation of vortex induced airloads. The above results also suggest
the criterion that 1ifting surface theory be used for any vortex
at a distance from the blade less than 10b or so.

The lifting surface solution was developed to be as direct
to apply as the 1lifting line theory, and it is that. The amount
of calculation involved in a rotary wing airloads calculation is
increased by the use of 1lifting surface theory rather than 1ifiing
line theory, but still the airloads calculation remains small com-
pared with the downwash calculation.

What 1s involved in the use of lifting surface theory rather
than 1ifting line theory may be made more explicit. An exact, al-
though discrete element, representation of the vortex wake with the
accuracy of the airloads limited by the rate of variation of the
downwash along the span (that is, a vortex net wake plus lifting
line theory airloads) is being traded for a distributed sheet,
although only locally valid, representation of the wake with the
accuracy of the loads limited by the accuracy of the approximation
to the numerical solution of the model problem (that is, 1lifting
surface theory airloads, including a trailed vortex wake).

The limitation on the lifting surface theory arises from
the application of the model problem to rotary wing geometry. The
model problem involves fixed geometry, with a constant free stream.
The solution for this model 1s applied to a rotary wing, where there
are variations of the free stream velocity with both A and r, and
also changing relative geometry (between the blade and a vortex),
by using local (in AV and r) values of the parameters Mecss A
and (W#+u£)(the veloclty and geometry). However, these changes
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in the velocity and geometry occur over distances of 0(R) while
the vortex induced airloads vary over distances of 0(b). The
1lifting surface solution can handle variations in the downwash
over distances of 0(b) (while lifting line theory cannot) and on
this scale the local geometry 1is well approximated by the mecdel
problem. The application of the 1lifting surface theory solution
developed here requires that the geometry of the blade, vortex,
and wake be locslly like the model problem; and the use of 1ifting
surface theory is necessary only for very close vortices. These
two conditions are entirely consistent if the semichord to span
ratio b is small. This is, in fact, the same assumption as 1n
lifting line theory, arising here because of the geometry of *the
wake rather than the aerodynamics of the blade.

Thus with the application of the liftlng surface solution
to the rotary wing, the assumption about the rate of variation of
the relative free stream velocity and of the geometry of the wake
relative to the blade remains,but the restriction on the variation
of the downwash along the span of the blade has been removed. The
lifting surface theory solution of this particular model problem
should not be used for the airloads due to the blade motion or the
far wake, but should be used for the vortex induced airloads.
Lifting line theory and the lifting surface solution respectively
are appropriate for these two classes of airloads.
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SECTION 5
CONCLUSIONS AND RECOMMENDATIONS

The following has been accomplished in this report:

a) A lifting surface theory solution and a useable approxi-
mation to it have been obtained for a model problem ap-
propriate for the calculation of vortex induced airloads.

b) Procedures have been developed for the application of this
solution of the model problem to the calculation of ro-
tary wing airloads.

c) The application of the 1lifting surface solution has
been evaluated using a simplified rotary wing configu-
ration.

The comparison between the use of 1ifting line theory and the use
of the 1lifting surface solution in the calculation of vortex in-
duced airloads on a rotary wing showed a significant difference
between the results of the two methods. Thus it is recommended
that the lifting surface solution developed here be applied to

the calculation of airloads for the actual helicopter rotor;
furthermore, this application should itself be subjected to exten-
sive correlation with the results of experiments and other theo-
ries, in order to further the understanding of the rotary wing
airloads problem and the application of the present method to that
problem.

From the necessity of the use of 1lifting surface theory to
obtain accurate vortex induced airloads, it follows that accurate
wake geometry information is also required. Therefore, it is
recommended that the present 1lifting surface soclution be used with
a nonrigid wake geometry calculation. Moreover, small scale vortex
geometry distortions induced by the blade loading, which is itself
due partly to the vortex, are possibly important in the airloads
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calculations. If this proves to be so, procedures should be de-

veloped to handle such distortions.

Even with the completion of the application of lifting sur-
face theory and nonrigid wake geometry to the calculation of rotary
wing airloads (the development of these applications is currently
in progress), what will undoubtedly be found is that entirely satis-
factory airloads prediction is still not possible. There remain
yet several important features of the problem that have not been
correctly handled. The following appear most important at present:

a) the viscous aspects of the mutual influence of the
vortex and the rotor blade (the theory presented here

involves only a potential flow solution);

b) the general problem of vortex roll-up and formation,
of vortex core development and size; specifically,
information is needed about the growth and struc-
ture of the tip vortex of a rotary wing; also in-
cluded in the problem is secondary vortex inter-
action (that is, the combination of a vortex
with the trailed wake vorticity it induces on a
blade and the influence of the combination on

a following blade);

¢) and the loading at the blade tip, including the
effects of an arbitrary sweep angle and angle
of attack; this problem involves both vortex
formation and induced airloads, and it is probable
the even planar lifting surface theory will not be
sufficient to obtain accurate loading.

These and other features will have to be handled before
confident predictions of airloads can be made. The rotary wing
airloads problem will only be solved by a continued effort to
isolate, model, and resolve all of the aerodynamic, dynamic, and
geometric factors that form the problem.
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FIGURE 2-36
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FIGURE 3-1 PROCEDURE FOR CALCULATION
OF ROTARY WING AIRLOADS
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FIGURE 3-2
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FIGURE 3-3 VORTEX NET REPRESENTATION
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ORIGIN r

FIGURE 3 -5 STRAIGHT, INFINITE VORTEX
WITH GENERAL GEOMETRY
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FIGURE 3-6 VORTEX AND BLADE GEOMETRY IN THE
ROTARY WING CONFIGURATION
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FIGURE 4-1 ROTARY WING CONFIGURATION FOR EVALUATION OF
LIFTING SURFACE THEORY SOLUTION
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FIGURE 4 -7
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