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ABSTRACT

A semi-empirical equation of state proposed by Bene=
dict, Webb, and Rubin for light hydrocarbons and their
mixtures gives excellent results. The equation is:

Po BRId+ (BRI ~ A - C/1%)a% + (BRT - a)d]
3 ,

read’ + sk (1 + yd) exp yd?)
T

It was the object of this thesis to test the applic-
ability of the equation to carbon dioxide, a substance
slightly polar in nature,

The eight parameters of the equation were calcula-
ted from pressure-volume-temperature data for carbon
dioxide. It was found that the Benedict-Webb-Rubin éequa-
tion fits accurately the experimental pressure-volume=-
ISapers urs data for carbon dioxide up to a density of14.8 gm.-moles per liter.
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SUMMARY

A semi-empirical equation of state proposed by Bene=-

dict, Webb, and Rubin for light hydrocarbons and their mix-

tures gives excellent results, This equation is:

Pz RIA + (BRT = A_ = C_/T9)a° + (BRT = a)d&gt;

+ aad? 3 cd&gt; (1 ke lent) :

It was the object of this thesis to test the applicability

of the equation to carbon dioxide, a substance slightly

polar in nature.

This thesis shows that the Benedict-Webb-Rubin equa-

tion of state can be satisfactorily utilized to predict

pressure-volume-temperature relations of carbon dioxide for

densities up to 14.8 gm,-moles per liter, or 1.4 times the

critical density. The following values of the eight para-

meters to be used with the equation were computed in this

thesis:

2, 0.0483000
A, 2.64700
C, x 107° 1.41500
b 0.,00396667

a 0.133333

I 1.48148
XxX 10" 0.890000

0.00557000



No attempt was made to adjust the above values of By Ags

and Co to fit vapor pressure data for carbon dicxide,

Pressures calculated using the Benedict-Webb-Rubin

equation of state were compared with those calculated using

the Beattie-Bridgeman equation of state and it was found on

the whole that the Benedict-Webb-Rubin equation gave more

accurate results, It was also found that the density range

over which the Benedict-Webb-Rubin equation gave satisfact-

ory results (up to 14.8 gm.-moles per liter) was greater

than that over which the Beattie-Bridgeman equation was

valid (up to 5.5 gm.-moles per liter).

It is recommended that an attempt be made to adjust

the reported parameters to fit vapor pressure data for

carbon dioxide and also that an attempt be made to extend

the Benedict~-Webb-Rubin equation to substances more polar

in nature than carbon dioxide,



INTRODUCTION

An equation of state expresses the functioénal

relationship between the pressure, volume, and temperature

of a fluid. Such an equation is a concise summary of a

large amount of experimental data and thus simplifies

thermodynamic calculations.

Beginning with the perfect gas law of Boyle and Charles

many equations of state have been proposed, such as the

equations of van der Waals, Lorentz, Clausius, Dieterici,

Keyes, and Beattie and Bridgeman. EXach proposed equation

has been an attempt to combine mathematical simplicity with

an accurate representation of data over a wide temperature

range, The present development of certain industrial pro=-

cesses, such as many met in the high pressure and fractiona-

tion process industries, requires accurate knowledge of the

behavior of many gases. An equation of state which will

satisfy this need must of necessity be more complex than

previous approximations. Accurate knowledge of the behavior

of gases is also valuable in the theoretical study of inter-

molecular forces,

The object of this thesis was the extension of the

Benedict~-Webb~Rubin equation of state to carbon dioxide, a

substance which exhibits moderately polar properties.

Historical Summary

As an improvement on the perfect gas law of Boyle and

Charles, van der Waals presented an equation of state (9),



P = Ad - ade, (1)

where P is the pressure in atmospheres, R is the gas con-

stant, T is the absolute temperature, d is the molal density,

and a and b are constants characteristic of each substance.

Although this equation is mathematically simple the limita-

tions involved in its use are very severe, If the same a

and b are used over wide ranges of density, van der Waals

pressures are sometimes in error more than ideal gas pres=-

sures (8).

Among the equations of state which have been proposed

as improvements of the van der Waals equation, that of Beattie

and Bridgeman is probably the most accurate when applied to

widely differing substances over a wide temperature range

(10). The semi-empirical Beattie-Bridgeman equation is (1)

Pw RId + (BRT = A_ =~ Re/T°)d° + (~B_DRT + A a

- BB_e/T°)a&gt; + RB_bed '/12, (2)

where A , B_, a, b, and ¢ are constants characteristic of

each substance. However, this equation does not correspond

accurately with the pressure-wolume&lt;emperature properties

of liquids or gases above the critical density. When used

at temperatures above the critical and densities below the

critical this equation permits the calculation of pressures

which are accurate to within a few tenths of one per cent,

The five constants of the equation have been determined by

Beattie and his coworkers for a large number of gases (1).



Benedict-Webb-RubinEouationofState
In 1940, M, Benedict, G, B. Webb, and L. C. Rubin

proposed the following semi-empirical equation of state for

hydrocarbons and their mixtures as a modification of the

Beattie-Bridgeman equation (6)

P « R74 + (8,21 - a, - C/T)” + (BRT - a)d&gt;+ olf +SELLAJemlest)(1)In Eq. (3) A, B,y C,y a, Db, c, a, and y are constants
characteristic of each substance. In the original article

by Benedict, Webb, and Rubin (2) numerical values for the

parameters of Eq. (3) were reported for methane, ethane,

propane, and n-butane. The equation fits the experimental

data very well up to about 1.8 times the critical density

with temperatures well below the critical temperature, Over

the density range below the critical density the average

deviation of calculated pressures from observed pressures is

slightly less than the average deviation from the Beattie=-

Bridgeman equation over the same range (2).

The original workers have fitted pressure-volume=

temperature data for twelve or more light hydrocarbons and

also for certain mixtures, while workers at the Carnegie

Institute of Technology have determined the parameters for

propylene vapor (5). At the Massachusetts Institute of

Technology parameters were determined for the inert gases

argon, krypton, and xenon by Chin, Galpern, and Walsh (3).



The purpose of this thesis was the extension of the

Benedict-Webb-Rubin equation of state to a substance other

than the light hydrocarbons, and specifically to test the

accuracy of the equation when used to describe the pressure=-

volume-temperature properties of a slightly polar substance,

Carbon dioxide, a substance which exhibits moderately polar

properties, was selected for consideration.

There was available in the literature a sufficient

quantity of pressure=-volume-temperature data for carbon

dioxide to permit determination of the parameters of the

equation under consideration. The sources of the data

which were utilized were Michels and Michels (6), Michels,

Michels, and Wouters (7), and Kendall and Sage (4).



PROCEDURE

From the sources listed in the INTRODUCTION data were

obtained at eight densities, the highest being approximately

twice the critical density, and seven temperatures in the

range 0°¢C to 237.73°%4, Where necessary these data were con-

verted to the units of the Benedict-Webb-Rubin equation and

in the case of the data obtained from Kendall and Sage

graphical interpolation was employed to obtain data at the

densities previously selected. (For a complete tabulation

of these data, see Table 2.)

The mathematical procedure used in the determination

of the numerical values of the eight parameters from the

experimental data 1s discussed in detail in Section A of

the APPENDIX. The resulting provisional values were then

used in combination with the Benedict-Webb-Rubin equation

for the calculation of pressures at each of the experi-

mental points utilized as data. The deviations of these

calculated pressures from the observed pressures were deter-

mined, and it was observed that these deviations were satis-

factorily small if the density did not exceed 14.8 gm,-moles

per liter, Thus the provisional values of the parameters

were accepted as final for densities not greater than 14,8

gm, -moles per liter,



RESULTS

The numerical values of the eight parameters for

carbon dioxide are as follows:

B, 0.0483000
A, 2.64700
C, x 107% 1.41500
b 0.00396667

a 0.133333

oR Io 1.48148

eX 10" 0.890000

0.00557000
In the development of the equation of state the following

values for the universal gas constant and the centigrade

temperature of the ice point were used (2)

B = 0.08207

20%5) «= 4(°0) + 203.43

and the units were atmospheres, liters, gm.-moles, and gr

These same values must therefore be used together with the

above parameters in computing pressure-volume=-temperature

data by means of the Benedict-Webb=Rubin equation.



DISCUSSION OF RESULTS

The values of the eight parameters are given to six

figures in the previous section. Although it is not possible

to determine unique values accurate to six significant fig=-

ures for the parameters, it has been shown that a simultan-

eous change of five per cent in all the constants does not

seriously prejudice the calculated results (2). Four or

five significant figures should be used when determining

the properties of carbon dioxide by the use of the equation

of state,

In the temperature range o°¢ to 235% and up to a dens=

ity of 14.8 gm,-moles per liter the average deviation of

calculated pressures from observed pressures is 0.140%.

Comparison of these results with those reported by Beattie

and Bridgeman (1) is made in Table 1. (For a complete com=-

parison of the original data with calculated pressures, see

Table 2.) It should be noted that the Beattie-Bridgeman

parameters for carbon dioxide were determined from data

obtained from different sources than those used in this

thesis for the determination of the parameters of the Bene-

dict-Webb=Rubin equation. The agreement of the observed

and calculated pressures is slightly better for the Bene-

dict-Webb=-Rubin equation (0.127% deviation) than for the

Beattie-Bridgeman equation (0.161% deviation) when the dev-

iations are compared for the same range of temperature and

density. It is therefore concluded the simpler Beattie-



TABLE 1

Comparison of Benedict-Webb-Rubin Equation
with Beattie-Bridgeman Equation

Range Average Deviation

Beattie- Benedict- Beattie- Benedict=
Temp. Density Bridgeman Webb=Rubin Bridgeman Webb-Rubin

2% (gmzmolesy  (a¢m,) (atm. ) (%) (%)liter

0-100 2.0-5,0 0.105 0.089 0.161 0.127

0-100 0.5-5.5 0.128 ave 0.203 i

0-238 2,0-5.0 RE 0.100 ——— 0.110

0-238 2.0=14.8 - 0.29% A 0.140RO a A i AUER A



Bridgeman equation should be used over this range unless

the situation warrants slightly more accurate pressure-

volume-temperature relations,

It is also observed from Table 1 that the Benedict=

Webb-Rubin equation gives slightly smaller percentage dev=-

iations (0.140%) over the range 2.1 to 14.8 gm.,-moles per

liter and 0°C to 238°C than does the Beattie-Bridgeman

equation (0.203%) over a much smaller range, 0.5 to 5.5 gm.-

moles per liter and 0°C to 100°C. Thus the Benedict-Webb=-

Rubin equation can be utilized with accuracy under conditions

for which the Beattie-Bridgeman equation is not valid.

In fitting the data to the equation of state large

deviations from the observed pressure were obtained at dens=-

ities greater than 14.8 gm.-moles per liter. The critical

density for carbon dioxide is 10,45 gm.-moles per liter and

so the equation was found valid within a reasonable limit of

error to a density 1.4 times the critical density. In the

case of the four original light hydrocarbons (2) it was

found by Benedict, Webb, and Rubin that the equation of state

fits the data well up to about 1.8 times the critical dens-

ity. The discrepancy in range is probably due in part to

the polar nature of carbon dioxide, though a similar dis-

crepancy was noted when the equation of state was extended

to the substances, argon, krypton, and xenon (3).

Modification of the parameters would be necessary for

the extension of the equation to higher densities than



14,8 gm.-moles per liter. However, within the density

range for which the given parameters are valid, they may

be used at temperatures higher than 238°C with little loss

in accuracy.

The results obtained in fitting pressure-volume=

temperature data for carbon dioxide to the Benedict-Webb-

Rubin equation of state give some indication that fairly

good results can be expected should an attempt be made to

extend the equation to substances more polar in nature than

carbon dioxide. Though the density range, in terms of the

critical density, within which the equation gives satis=-

factory results is smaller than that for the light hydro-

carbons, it is greater than that found for argon by Chin,

Galpern, and Walsh (3). In the case of argon the equation

was valid up to about 1.2 times the critical density.



CONCLUSIONS AND RECOMMENDATIONS

Conclusions:

l. The empirically determined parameters reported in

the section of RESULTS can be used with the Benedict-Webb-

Rubin equation of state to calculate with high accuracy

pressure-volume-temperature relationships within the spec=-

ified range.

2. For densities not greater than 5.5 gm,-moles per

liter the Beattie-Bridgeman equation is satisfactory for

normal usage. For slightly more accuracy within this range

and for all densities greater than 5.5 gm.-moles per liter

the Benedict=-Webb=-Rubin equation should be used,

3. Within the specified density range the equation

may be applied to temperatures higher than 238°¢ though

large errors will be introduced if the equation is applied

to densities greater than those specified,

Recommendations:

1. Because of its relative simplicity the Beattie-

Bridgeman equation should be used for densities less than

5.5 gm.-moles per liter. The Benedict-Webb=-Rubin equation

should be used at higher densities,

2. An attempt should be made to adjust the values of

the parameters B,, A , and C, determined in this thesis to

fit vapor pressure data for carbon dioxide. It could thus

be determined whether one set of parameters would fit both



vapor pressure and pressure-volume-temperature data for

this substance.

3. An attempt should be made to extend the Benedict-

Webb=-Rubin equation to substances which are more polar in

nature than carbon dioxide,



APPENDIX

A Method for the Determination of the Numerical Values
of the Parameters

Primary residuals, defined as (P - RTd)/d°, were first

determined, and at each density they were fitted by an

equation of the form

(P = RTA)/d° = B(A)RT ~ A(d) - C(d)/T° (B1)

by the method of least squares, giving equal weight to each

pressure. The values of B(d) so obtained were plotted

against the density and a straight line was drawn through

the points giving greater weight to the points at the higher

densities. This straight line had the equation

B{d) = B + bd (B2)

where B, and b are two of the equation of state parameters,

Secondary residuals, defined as

(P - RTd)/d° - (B, + bd)RT,

were next calculated using the previously determined values

of B, and b and at each density they were fitted by an

equation of the form

(P - RTd)/a° - (B, + bd)RT = - [a (a) + ¢'(a)/12] (B3)

giving equal weight to each pressure. By trial a value of

y was found such that when C'(d) was plotted against

al + vd Younis vd) the points fell on an approximately

straight line. Giving greater weight to the points at the

higher densities, a straight line having the equation

C'(d) = C, - cd(l + vd%)exp(~ vd*) =)

was passed through these points.



Tertiary residuals, defined as

(P - RTA)/d%-(B, + bd)RT + fC - cd(1 + ya%)exp(- va2)]F2 ,

were next determined and they in turn determined A"(d)

according to the equation

(P = RTd)/d° - (B, + bd)RI

+ fc, = cd + yalexn(- va) 2 = - am) (35)

At densities near the critical, A"(d) was evaluated at the

critical temperature, while at other densities an average

value of A"(d) was determined. By trial a value of a was

found such that when A"(d) was plotted against d(1 =- add)

the points fell on an approximately straight line. Giving

greatest weight to the points near the critical density, a

straight line which had the equation

A"(@) = A + ad(1 - add) (B6)

was passed through these points,

By this method the provisional values for the eight

parameters of the Benedict-Webb-=-Rubin equation were deter-

mined,



B. Summarized Data and Calculated Values

The data used for this thesis are presented in

Table 2 along with calculated values of pressure and per=-

centage deviations of the calculated values from observed

data. The data of Michels et al (6, 7) were used at temp=-

eratures of 0°C, 49.712°C, 99.767°C, and 150.140°%C while
the data of Kendall and Sage (4) were used at temperatures

86 10h.44%, 101.1150, ana 237.72%C.



TABLE 2

Summarized Data and Calculated Values

Density (BESEOISS) 2.11660 5.03872 7.65544 10.1828 12,0270 14.7938 17.3709 20.5267
Temperature (°C) Pressure (atmospheres)

obsd. 33.4202 : So L A ——— J ———

obsd.=-cale. 0.0184
% dev. 0.05%

49,712 obsd. i 79.1582 94,0488 103.257 110.491 130.848 180.898 350,279obsd.~cale. 0.028 0.235% 0.1118 =0.359 =0.320 =0.030 =-6.665 -82.265
% dev, 0,063 0.297 0.119 -0.347 -=0.290 =0.023 =3,684% -23.49

99.767 obsd. 55.7976 110.947 149.054% 184.991 216.386 286.180 403.553 691.824
obsd«=-calc. =0.,0806 0.083 0.098 -0.197 =0.099 =0.364 =10.213 =94%,348

% dev. =0,145 0.075 0.066 -0.106 =0,046 =0.,127 =2,530 -13.64
10%, Lk obsd. 56.80 113.8 154.0 192.5 225.0 © 300.7 423,6 -—

obsd.-calc. =0,07 0.0 0.0 =0.¢3 1.4 -0kt «131.1
% dev. =0.123 0.000 0.000 “0,156 «0,622 0.133 =2.5620

150.140 obsd. 66,3704 Be 202,746 266.859 Ty Ll 846 628.422 1030.05obsd. =cale, =0.1026 -0,088 .0.021 0.242 0.9 1.214 =9,769 =96.93
Z? dev, =0.155 -0,062 =0,010 0.091 0.290 0.273 =1,555 =9. 41

171.13 obed, 70.82 15%,0 225,1 300.8 3567.7 508.9 va es
obsd.=-cale, 0.01 -0.2 0.2 Ok =0.1 -0.2

Z dev, 0.015 -0,130 0.089 0.133 -0,027 -0,039

237. 78 obzd. 8l, 24 193, 5 294.0 406.2 508.2 = - =obsd.=-calc., oO. XY -0,2 -O 1 -1,2 =0,7
7? dev, 0,213 -0,103  =0,136 -0.295 0,138

Average 4 dev. 0.110 0.11} 0.070 0.188 0.236 0.119 2.597 15.51

) +o ma - en = = —

a &lt;b En Eo su wees



C. Sample Calculations

The method for obtaining the eight parameters of the

Benedict-Webb-Rubin equation of state was presented in Sec-

tion A of the APPENDIX. The following calculations are

made for a density of 10.1828 gm.-moles per liter and a

temperature of 99. 767°¢, for which conditions the observed

pressure was 184,991 atmospheres,

(1) Determination of B, and b:

The primary residual was determined as follows:

P - Rd_184.991-(0.,08207)(372.897(10.1828)2 (10.1828)2
= =1.,22134

All the data points were then utilized by the method of

least squares to determine the value of B(d), A(d), and C(d)

which best fitted the equation

(P = RTd)/d°® = B(d)RT = A(d) - C(d)/T°, (B7)

Equations (B8), (B9), and (B10) were used for the method of

least squares, and the summations were taken over all temp=

eratures at the specified density.

ze - my r] = ma) Im?) - AAD

- CZ) (BS)

J [pr - rT4)/a%] = B(@)Z(RT) - A(d)Z(points)

- c(@)Z(#2) (89)



 [c- r1a)/a Jf 5] = BOI - AZ)
- CEC) ’ (B10)

For the density under consideration the equations of the

method of least squares took the following forms

-2180.77 = (83988.3)B(4) - (2451,73)A(d) - (0.,0149986)C(d)

WEITNIAD % (AOL. o1aYEM) « (YALE) ~ (3.52808 % 1075 ota)

4, 14035 x 2077 z (1.23093 x 1073)B(a) - (3.82805

x 10~7)A(d) - (2.64485 x 10~1%)c(a).

The value of B(d) and the provisional values of A(d) and C(d)

obtained from these equations were

B(d) = 0.0851999

A(d) = 3.70700

C(d) = 16536.3

Table 3 presents the complete set of determined values of

B(d), A(d), and C(d). The values of B(d) were plotted agairmst

the density (Fig. 1) and a straight line was drawn through

the points using the densities from 2.11660 gm.-moles per

liter to 14.7938 gm.-moles per liter inclusive. From the

equation of this line,

B(d) = B, + bd, (B11)

values of B, and b were determined.

By = 0,0483000
b = 0.00396667



IABLE 3

Values of B(d), A(d), and C(d) at Various Densities

NB B(d) A(d) gla) x oi

(gme-moles/liter)
2.11660 0.0660696 3.35415 9.3191h
5.03872 0.0718383 3.19639 5.68940
7.65500 $.0772256 3.38542 3.59895

18.1808 0.0851999 3.70700 1.65363

12.0270 0.09117693 3.94033 0.131220
1i1e7938 0.108109 h. 10021 ~0.138337
17.3709 0.125506 1.33331 -0.060162382
20.5267 0.00011931 1.52628 1.08530

a





(2) Determination of C_, ¢, and y:

For the data point under consideration the secondary

residual was then determined as follows:

(P - RI4)/d° - (B_ + bd)RT z = 1.22134 - [0,0483000

+ (0,0039667) (10.1828) ] (0.08207) (372.897) = = 3.93563,

At each density the secondary residuals were plotted against

(1/1°) and the best straight line was drawn through the

points. The slope of each line was accepted as the best

value of C'(d) at that density for the equation

(P - RI4)/d° - (B_ + bA)RT = - [A'(d) + C'(a)/T?]. (B12)

For a density of 10.1828 gm.-moles per liter C'(d) =

- 8190.00. Table 4 presents the complete set of determined

values of C'(d). The values of C'(d) obtained at each dens-

ity were plotted against d(1 + yd) exp (~ vd%) (Figure 23

where vy was determined by trial as that value which gave the

straight line relation

C'(d) z C, = cd(l + yd) exp(~ vd). (B13)

Thus values of C_ , ¢ and y were determined.

C, = 1.41500 x 10?
&amp; = 1.48148 x 10"

 = 0.00557000

(3) Determination of Ay a, and a:

For the data point under consideration the tertiary

residual was determined as follows:

(P = RT4)/d° - (B_ + bA)RT + [C_ - ed(1l + ya)

exp (= CY bn = - A"(d). (B14)



TABIE Ly

Values of C'(d) at Various Densities

 or(a)x 107 a1 va?) Tel
(gme=-moles/1liter)

211660 3.2 2.1158

5.03872 6.73 L.9927
7.6554) 3.25 7+3315

10.1528 0.819 9.0199

12,0270 -0.225 9,7032

1.7938 -0.203 Ca 7l71

17.3709 0.831 8.661l
20,5267 2.93 6.5678

ad





L$

Evaluating:
-A"(d) = = 3.93563 + [1.41500 x 10° ~ (1.48148 x 10")

(10.1828) (1 + 0.00557000 x 10.1828%)exp (=0.0557000 x

10.1828%) } ——3+—— = - 3.87901.
(372.897)

At each density an average value of A"(d) was calculated

(Table 5) and these average values were plotted versus

d(1 - add) (Fig. 3). By trial a was determined such that a

straight line resulted having the equation

A"4) a 4 +280) = ad). (B15)

From the equation values of Al and a were determined corres-

ponding to the a already selected.

5, 2.64700
2 = 0.133333

a = 0.890000 x wt

(4) Deviation between observed and calculated pressures:

The use of Eq. (2) of the INTRODUCTION with the values

of the parameters listed above results in a calculated pres-

sure of 185.188 atmospheres. Thus the deviation from the

observed pressure is

Observed - Calculated = 184.991 - 185.188 z - 0.197 atm,

This corresponds to a deviation of = 0,106%.



TABLE 5

Values of A'(d) at Various Densities

oo A"(d) avg, d(l - add)

(gm.-moles/liter)
2.11660 2492917 2.13431
5.03872 3.30041 [1.98135
7.05500 3.62680 7434976

10.1828 3.87937 9422592

12.0270 1.00390 10,1648
11.7938 l1,05092 10.5309
173709 3.91390 9.26728
20.5267 3.119359 L.72636

a





D. Table of Nomenclature

Ao "= Constant, Bas. (2), (3), {86}, (B13)
A(d) ~- Defined by Eq. (B6)

a -Consbant, Bge. (3), (2), (3), (86), (B13)B,~~~lConstont,Bags.(2),(3),(82),(83),(7),(B11), (B12), (Bik)
B(d) - Defined by Eq. (Bll)

b «Constant, Bas. (13, (2), (3), (82), (B33),
(8%), (B11), (812), (Bl)

C, = Constant, Zgs, (3), (8), (BD), (B13), (14)
C(d) - Defined by Eq. (BW)

c - Constant, Egs. (3), (B4), (B5), (B13), (B1W)

d - Density, gm.-moles per liter

P - Pressure, atmospheres

R - Universal gas constant, 0,08207 liter atmos-

pheres per gm.-mole %%

7 - Temperature, oR

a - Constant, Bas. (3), (B86), (B15)

- Constant, Eqs. (3), (Bw), (B35), (B13), (Blk)
J - Summation sign (summations taken over all temp=-

eratures at each density)
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