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The Impact of Critical Operational
Parameters on the Performance
of the Aluminum Anode Baking
Furnace
Minimizing energy consumption and reducing pollutant emissions during the carbon anode
baking process are critically important for the aluminum industry. The present study inves-
tigates the effects of oxidizer inlet temperature, inlet oxygen concentration, equivalence
ratio, refractory wall thermal conductivity, and refractory wall emissivity on the baking
process using unsteady Reynolds-averaged Navier–Stokes (URANS)-based simulations in
conjunction with the presumed probability density function method. Numerical results
are combined with a response surface methodology (RSM) to optimize the anode baking
process. The advantage of the coupled method is that it can adequately provide information
on interactions of different input parameters. It is remarked that the significance level of the
studied parameters varies drastically for different outputs. It is noted that diluting inlet
oxygen concentration (from 23% in atmospheric air to 15%) at an elevated oxidizer tem-
perature leads to enhanced furnace fuel efficiency, more uniform temperature distribution,
and lower pollutant emissions. A linear model is detected to be adequate for response
surface modeling of the anode baking furnace NOx formation. On the other hand,
furnace soot formation is modeled with a higher-order model due to the quadratic behavior
of the response. [DOI: 10.1115/1.4048562]

Keywords: anode baking furnace, oxygen dilution, CFD, optimization, factorial design,
response surface methodology, air emissions from fossil fuel combustion, energy
conversion/systems, heat energy generation/storage/transfer

1 Introduction
The carbon anodes—which are baked at very high temperatures

in massive furnaces (almost the size of a football field) for nearly
2 weeks—must be frequently replaced, as an approximately half a
ton of carbon anode is consumed with each ton of aluminum pro-
duced, representing a significant financial and environmental
expense. Non-uniform baking results in non-homogeneity in the
anode properties, which is considered as one of the main reasons
in the overconsumption of carbon anodes. As depicted in Fig. 1,
carbon anodes should pass through several sections of preheating,
firing, and cooling. It is imperative to ascertain that all the anodes
experience almost identical temperature history to obtain a consis-
tent evolution of material properties.
Anode baking furnaces have been widely studied numerically in

the past two decades. In the anode baking furnace (ABF) process
modeling, a simplistic approach is adopted. These models are suffi-
cient for estimating the overall performance of the furnace [1–3].
However, it is incredibly challenging to employ ABF process
models to perform transient turbulent combustion simulations.
Anode baking furnace CFD modeling can provide a more suitable
alternative in conducting detailed combustion modeling of these
furnaces [4–8]. Severo et al. [9] reported the state-of-the-art technol-
ogy on the baking of carbon anodes, and they presented several
optimization studies. Tajik et al. [10–12] investigated the impact
of flue-wall design modification on carbon anode baking unifor-
mity. It was remarked that closing the baffle openings results in
enhanced baking efficiency. Zaidani et al. [13–16] investigated
the impact of deformed flue-wall on anode baking uniformity,

and it was concluded that depending on the flue-wall deformation
mode (a concave, a convex, and a combination of both), under-
baking or overbaking of carbon anodes could occur.
Over the years, several studies are conducted to shed light on dif-

ferent clean combustion technologies to enhance the system’s effi-
ciency and to reduce pollutant emissions. Oxy-fuel combustion has
attracted many researchers [17–21]. Moderate or Intense Low
Oxygen Dilution (MILD) combustion is considered as one of the
most promising clean combustion technologies [22–28]. MILD
combustion outperforms the conventional combustion modes in
terms of enhanced temperature uniformity since the chemical reac-
tions occur in the entire combustion chamber, which consequences
in enhanced uniformity of both temperature and species concentra-
tion. For MILD combustion, the inlet reactor temperature (Tin) is
higher than the mixture self-ignition temperature (Tsi). The
maximum temperature increase (ΔT) for MILD combustion
should be less than self-ignition temperature (Tsi). Another essential
condition for MILD combustion is that oxygen concentration inside
the chamber is to be 3–13%.
The literature review suggests that the impact of different com-

bustion modes on the performance of the anode baking furnaces
is yet to be investigated. In the anode baking furnace, during the
firing sections, the oxidizer is at an elevated temperature of 1100–
1200 °C, which is higher than the self-ignition temperature of the
fuel (see Fig. 1). Second, the inlet oxygen concentration is diluted
as the flow passes the three firing sections in the fire direction.
The inlet temperature and oxygen concentration differ from one
section to the other, and this will affect the temperature and flow
distributions. It is imperative to investigate the effect of oxygen con-
centration dilution at various preheating temperatures. It is also
intended to study the effect of equivalence ratio to enhance the
furnace fuel efficiency.
As shown in Fig. 2 [29], during the furnace service life, due to

harsh thermal and mechanical environments, refractory wall
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material properties deteriorate. During the firing section, radiation is
the dominant mode of heat transfer, and thus, the refractory wall
emissivity plays an important role. Moreover, anode baking fur-
naces are usually built of refractory materials of different thermal
properties. Therefore, it is also crucial to study the effect of
varying refractory thermal conductivity and emissivity. The
impact of the above-mentioned five factors (i.e., oxygen concentra-
tion, inlet temperature, equivalence ratio, thermal conductivity, and
emissivity of the refractory material) can be analyzed using the tra-
ditional one-factor-at-a-time (OFAT) approach. Nevertheless,
instead, CFD simulations are combined with a response surface
methodology (RSM) to investigate the effect of each parameter
on the furnace performance comprehensively. The advantage of
the coupled method over the traditional OFAT optimization
approaches is that it can provide adequate information on interac-
tions of different input variables. It can also effectively estimate
the significance level of each factor and identify clear optimal set-
tings of the variables. Using analysis of variance (ANOVA), the
effect and significance level of each factor and their interactions
are effectively estimated. Additionally, two and three response opti-
mization is conducted. Finally, constraining some of the factors
based on the furnace condition, multi-objective optimization of
the anode baking process is carried out.
Thus, the current study aims at investigating the effect of main-

stream inlet temperature (1150–1300 °C), mainstream inlet
oxygen concentration (15–23.3%), equivalence ratio (0.25–
0.125), refractory wall thermal conductivity (1.0–3.0 W/(m K)),
and refractory wall emissivity (0.2–0.8). First, unsteady
Reynolds-averaged Navier–Stokes (URANS)-based simulations
equipped with the presumed probability density function (PDF)
method are performed, and the results are compared with tempera-
ture measurements carried out in two anode baking furnaces.
Second, CFD simulations are combined with an RSM to investigate

the effect of each parameter on the furnace performance compre-
hensively. The results are assessed in terms of temperature distribu-
tion in both the gas side as well as the solid side, baking uniformity,
and pollutant emissions.

2 Methodology
2.1 Computational Fluid Dynamics Model. Unsteady

Reynolds-averaged Navier–Stokes-based simulations, in conjunc-
tion with the presumed probability density function method, are per-
formed. The followings are the main governing equations solved to
simulate confined turbulent non-premixed flames in anode baking
furnaces. Transient continuity and conservation of momentum
equations can be written as follows:

∂�ρ
∂t

+∇ · (�ρ�̃v ) = 0 (1)

∂(�ρ�̃v )
∂t

+∇(�̃v · ∇�̃v ) = −∇p + ∇ · (��τ) + �ρg + F (2)

where ��τ is the stress tensor. A comprehensive study is carried out to
study the sensitivity of the results to different RANS turbulence
models, and it is remarked that the realizable k− ɛ model provided
the best corroboration with the experimental results. Thus, the real-
izable k− ɛ model is employed for the closure of the conservation
equations. The equations for turbulent kinetic energy (k) and its dis-
sipation rate (ɛ) are as follows:

∂(�ρk̃)
∂t

+ �ρ(�̃v · ∇)k̃ = ∇ · μ +
μt
σk

( )
∇k̃

[ ]
+ Gk + Gb − �ρε̃ − YM (3)

∂(�ρε̃)
∂t

+ �ρ(�̃v · ∇)ε̃ = ∇ · μ +
μt
σε

( )
∇ε̃

[ ]
+ ρC1Sε̃ − ρC2

ε̃2

k̃ +
���
vε̃

√

+ C1ε
ε̃

k̃
C3εGb (4)

2.1.1 Combustion Modeling. The presumed PDF method has
been widely used to simulate turbulent combustion with an excel-
lent level of accuracy and affordable computational time for a
wide range of engineering problems. Dong [30] used a RANS-
based model equipped with a mixture fraction/pdf sub-model to
conduct MILD combustion simulations. They remarked that the
features of highly preheated air combustion could be successfully
investigated employing the presumed PDF method. Graça et al.
[31] conducted a comparative study on the effect of different turbu-
lence chemistry interactions for MILD combustion modeling of a
reverse flow small-scale combustor. They employed the realizable
k− ɛ as the turbulence model. They also remarked that the Eddy dis-
sipation concept (EDC) and the presumed PDF model yields similar
results for MILD combustion modeling. Galletti et al. [32], by using
a β-function distributed PDF method, investigated the NOx concen-
tration distribution for MILD combustion burners.
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Preheating Firing Cooling
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Fig. 1 The longitudinal view of a fire group

Fig. 2 Deterioration of refractory materials properties due to
aging effects [29]
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Thus, in the present study, a β-function distributed PDF method
is employed as the combustion model. The presumed PDF method
is adopted to predict temperature field and species concentrations.
The PDF must have a specific form in the form of two conserved
scalar quantities known as the mixture fraction, f, and its variance,
f ′2 [33,34]

∂(�ρ f̃ )
∂t

+∇ · (�ρ�̃v f̃ ) = ∇ · μt
σt
∇ f̃

( )
(5)

∂(�ρ f̃ ′2)
∂t

+ ∇ · (�ρ�̃v f̃ ′2) =∇ · μt
σt
∇ f̃ ′2

( )
+ Cg(∇ f̃ )2 − Cd�ρ

ε̃

k̃
f̃ ′2 (6)

where f= Zi− Zi,ox/Zi,fuel− Zi,ox and f ′ = f − f .
Direct numerical simulation (DNS) data indicated that the

mixture fraction is beta-distributed [35,36]. Cao et al. [37] evaluated
four types of presumed PDF models with large eddy simulation
(LES) results, and they concluded that the β-function model per-
forms good predictions for different flames. Kulkarni and Polifke
[38] conducted LESs of autoignition in a turbulent hydrogen jet
flame using a β-shape presumed PDF method. Hence, in the
present study, the β-function PDF shape is adopted, which can be

described by the following function of �f and f ′2:

p(f ) =
f α−1(1 − f )β−1	
f α−1(1 − f )β−1df

(7)

where α = �f [�f (1 − �f )/ f ′2 − 1] and β = (1 − �f )[�f (1 − �f )/ f ′2 − 1].
In non-adiabatic flows, the local thermochemical state also

depends on the enthalpy H. Hence, a joint probability density func-
tion, p( f, H ), should be used due to the turbulent fluctuations.
However, it is exceptionally challenging to compute p( f, H ) for
most engineering applications. Henceforth, it is assumed that the
enthalpy fluctuations are not dependent on the enthalpy level, and
with this assumption, p( f , H) = p(f )δ(H − �H) and mean scalars
are calculated as follows:

ϕi =
∫1
0
ϕi( f , �H)p(f )df (8)

In a non-adiabatic system, the determination of ϕi thus requires the
solution of the modeled transport equation for mean enthalpy

∂(�ρ�H)
∂t

+ ∇ · (�ρ�̃v �H) = ∇ · kt
cp

∇�H

( )
+ Sh (9)

The radiative transfer is mathematically described by the radia-
tive transfer equation (RTE) for an absorbing, emitting, and scatter-
ing medium

∇ · (Iλ(r, s)s) = aλn
2Ibλ − (aλ + σs)Iλ(r, s)

+
σs
4π

∫4π
0
Iλ(r, �s ′)ϕ(s, �s ′)dΩ′

(10)

where Iλ is the rate of variation of spectral radiation intensity at
point r and direction s. The discrete ordinates (DO) method is
used to solve the RTE. NOx formation and reduction have been
the research interest for several industrial applications [39–41]. Fol-
lowing is the transport equation for NO and other nitrogen-
containing intermediate species required for thermal, prompt, and
the fuel NOx mechanisms:

∂(�ρỸ i)
∂t

+∇ · (�ρ�̃v Ỹ i) = ∇ · (�ρD∇Ỹ i) + Si (11)

where Y is the mass fraction, index i denotes NO, HCN, NH3, and
N2O in the gas phase, and D is the effective diffusion coefficient.
The source term Si is to be determined by different NOx mecha-
nisms. The formation of thermal NOx is expressed by a set of

highly temperature-dependent chemical reactions known as the
extended Zeldovich mechanism. For the sake of brevity, the princi-
pal reactions governing the formation of thermal, prompt, and fule
NOx are not detailed in the present section, and they can found in
the ANSYS FLUENT theory manual.
In numerous experimental studies, the rate constants for these

reactions have been measured, and the data obtained from these
studies have been critically evaluated. The density-weighted time-
averaged Navier–Stokes equations are considered for temperature,
velocity, and species concentrations or mean mixture fraction and
variance. To calculate NO level, a time-averaged NO formation
rate must be computed at each point in the domain using the aver-
aged flow-field information. In the NOx model, a single- or
joint-variable PDF regarding a normalized temperature, species
mass fraction, or the combination of both is used to predict the
NOx emission. The mean turbulent reaction rate w can be described
regarding the instantaneous rate w and a single or joint PDF of
various variables [42]. In general

w =
∫
. . .

∫
w(V1, V1, . . .)P(V1, V1, . . .)dV1dV2 . . . (12)

where V1, V1, … are temperature and/or the different species con-
centrations present. P is the probability density function. The
PDF is used for weighting against the instantaneous rates of the pro-
duction of NO and subsequent integration over suitable ranges to
obtain the mean turbulent reaction rate. Hence, we have

�SNO =
∫∫
ρwNO(V1, V1)P(V1, V1)dV1dV2 (13)

where SNO is the mean turbulent rate of production of NO, wNO is
the instantaneous rate of production given by, P(V1, V2) are the
PDFs of the variables V1 and V2. The same treatment applies
to the HCN,NH3, and N2O source terms. Equation (13) must be
integrated at every node and iteration. For a PDF in temperature,
the limits of integration are determined from the minimum and
maximum values of temperature in the combustion solution.
For a PDF in mixture fraction, the limits of the integrations in
Eq. (13) are determined from the values stored in the look-up
tables.
It is commonly believed that the soot formation is due to the

coagulation of polycyclic aromatic hydrocarbon (PAH) species.
The Brookes–Moss soot prediction model has been initially devel-
oped for confined turbulent methane-air flames based one two trans-
port equations, and the same model is adopted in the presented
research. Following are the equations for the radical nuclei concen-
tration and the soot mass fraction:

∂(�ρỸsoot)
∂t

+ ∇ · (�ρ�̃v Ỹsoot) =∇ · μt
σsoot

∇Ỹ soot

( )
+
dM

dt
(14)

∂(�ρb̃
∗
nuc)

∂t
+ ∇ · (�ρ�̃v b̃∗nuc) = ∇ · μt

σnuc
∇b̃∗nuc

( )
+

1
Nnorm

dN

dt
(15)

Equation (16) expresses the soot particles instantaneous produc-
tion exposed to coagulation in the free molecular regime and nucle-
ation from the gas phase

dN

dt
= CαNA

XprecP

RT

( )l

exp −
Tα
T

( )
︸����������������︷︷����������������︸

Nucleation

−Cβ
24RT
ρsootNA

( )1
2

d
1
2
pN2︸����������︷︷����������︸

Coagulation

(16)

The local acetylene concentration for methane is proportional to
the nucleation rate for soot particles. The following expression
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models the source term for soot mass concentration:

dM

dt
=MPCα

XprecP

RT

( )l

exp −
Tα
T

( )
︸����������������︷︷����������������︸

Nucleation

− CoxidCωηcoll
XOHP

RT

( ) ��
T

√
(πN)

1
3

6M
ρsoot

( )2
3

︸�����������������������︷︷�����������������������︸
Oxidation

+ Cγ
XprecP

RT

( )m

exp −
Tγ
T

( )
(πN)

1
3

6M
ρsoot

( )2
3

[ ]n

︸���������������������������︷︷���������������������������︸
Surface Growth

(17)

The model constants are Cγ , Coxid, Cw, m, and n. The mass of
an incipient soot particle is MP= 144 kg/(kg mol). The Brookes–
Moss model was initially proposed for non-premixed confined
methane flame jets and hence can be suitably used for the present
study.

2.1.2 Numerical Implementation. Figure 3 depicts the struc-
tured computational grid. It is noteworthy that the flue-wall geom-
etry used in the present study represents a state-of-the-art flue-wall
design that is being used in the aluminum industry, and no geomet-
ric simplification is applied. The CFD software (FLUENT 19.2) is
used to perform URANS-based simulations. The approach
is based on finite volume discretization. The transient formulation
is done based on the second-order fully implicit method, and the
second-order upwind scheme is used for the spatial discretization.
Table 1 summarizes spatial and temporal grids independence tests
(GIT). Gas temperature and species concentrations are monitored,
and it is remarked that the results are grid-independent. The time-
step size is reduced from 100 s to 1 s, and the difference is
noticed to be less than 0.5%. The simulations are initialized with
a time-step of 0.01 s, and afterward, the time-step increased

gradually to ensure complete convergence. The residuals for all
the equations are set to 10−6 as the absolute criteria for convergence.
The number of iterations is set to 60 for each time-step, ensuring a
complete convergence for each time-step.

2.2 Coupling Numerical Results With a Response Surface
Methodology. In the literature, numerous studies are reported on
combing CFD simulations with response surface methodologies
for optimizing purposes. For instance, to maximize the methane
production from bituminous coal through gasification, Zhang
et al. [43] examined the effect of 12 parameters, out of which
four factors were found to be statistically significant. They per-
formed a two-level factorial design. Performing a parametric statis-
tical experimental design study, Thummakul et al. [44] used the
design of experiment (DOE) techniques to investigate how variation
in four factors affects the CO2 capture efficiency in a fluidized bed.
Naqiuddin et al. [45] conducted a numerical investigation in opti-
mizing the segmented micro-channel heat sink using a design of
experiment technique named the Taguchi–Grey method. Perform-
ing 27 CFD simulations, they investigated the effect of six param-
eters on three responses. Shirvan et al. [46], using numerical
simulations and response surface methodology, identified the
optimum geometrical parameters of a solar updraft tower to maxi-
mize the power output. Bahai et al. [47] used a factorial design anal-
ysis to study the impact of geometry in drill string screw connectors.
Thus, CFD simulations results are combined with a response

surface methodology to optimize the anode baking process single
and multi-objectively. The effects of five vital furnace operational-
physical parameters are systematically investigated. All possible
combinations of the input parameters are tested. In doing so, a
design of experiment technique named factorial design is consid-
ered. For two-level full factorial design, the real values for five
factors are coded by setting “+1,” “0,” and “−1” for the lower,
middle, and higher levels—a total of 33 CFD simulations, 32
corner simulations, and one center point.

Fig. 3 Generated structured computational grids (minimum orthogonal quality=1.0
and maximum ortho skew=0)

Table 1 Grid independence tests for spatial grids and temporal grids

Spatial grids Temporal grids

Grid size 66,568 266,272 1,065,088 Time-step (s) 100 10 1
Tgas−avg (°C) 1232 1230 1228 Tgas−avg (°C) 1232 1231 1228
O2−avg (%) 12.23 12.21 12.18 O2−avg (%) 12.23 12.22 12.22
CO2−avg(ppm) 830 810 800 CO2−avg(ppm) 830 820 815
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For mainstream inlet oxygen concentration (YO2−Inlet), the higher-
level is considered as 23.3%, which is the oxygen concentration in
the air, and the lower-level value is chosen as 15%. The concentra-
tion should not reduce further since the extreme decrement in main-
stream inlet oxygen concentration in the firing section leads to
increased incomplete combustion and extra soot formation in the
preheating sections since the sections are one after the other. The
lower and higher values of mainstream stream inlet temperature
(Tinlet) are chosen to be 1150 °C and 1300 °C, which are the stan-
dard operating conditions to achieve complete anode carbonization.
The maximum reaction temperature can be achieved for an

equivalence ratio equal to unity. Nonetheless, in the case of the
anode baking process, enhancing anode baking uniformity is imper-
ative. In a previous study by our group [10], it is remarked that by
the decrease in equivalence ratio, the reactions occur more homoge-
nously and in a larger volume of the flue-wall, which is very critical
for enhancing anode baking uniformity. Thus, lower and higher-
level for the equivalence ratio (ϕ) are chosen to be 0.125 and 0.250.

In the market, depending on the price, refractory wall thermal
conductivity (k) can vary between 1.0 and 3.0 W/(m K), and
hence, these values are considered as lower and higher values.
The emissivity (ɛw) of the refractory wall for a new anode baking
furnace is approximately 0.8. For an old anode baking furnace, it
can reduce to 0.2, and therefore, the lower and higher values for
the emissivity are chosen to be 0.2 and 0.8, respectively. Table 2
summarizes the real values for higher and lower levels of all the
variables. Additionally, the detailed description of the response
surface methodology is provided in the Appendix.

2.3 Computational Fluid Dynamics Model Validation. The
numerical model is comprehensively validated by comparing the
results with the experimental measurements taken from two differ-
ent flue-walls at Emirates Global Aluminum (EGA), UAE. The
flue-gas temperature distribution experiences a high non-uniformity
level. Thus, the thermocouples are located at different flue-wall
heights in upstream (US) and downstream (DS) of the flow. DS1,
DS2, and DS3 are referred to the thermocouples mounted at the
bottom, middle, and top of the flue-wall in downstream of the
flow and likewise for US1, US2, and US3 in the flow upstream.
The error bars of 1.5 standard deviations depict the variation in
the measurement results. As shown in Fig. 4, there is a good
match between the numerical results with their counterpart experi-
mental measurements. For DS3, the numerical result overpredicts
the experimental measurements since there is a loss in the gas tem-
perature at the flow downstream due to occasional headwall open-
ings, and this effect is not incorporated into the model.
Till the date, no measurements on flame temperature and species

concentrations are reported in the case of the anode baking furnace.
Therefore, due to a lack of experimental data on flame temperature
and species concentrations of non-premixed combustion in the case
of the anode baking furnace, the numerical model used in the
present study is further validated with the experimental work
carried out by Brookes and Moss [48] on a different geometry.
The NOx results are verified with the numerical results reported
by Yang et al. [49]. Figure 5 shows the model’s validation with
the reported data. There is an excellent match between the reported
data and the results from the present study.

3 Results and Discussions
Section 3.1 discusses the effects of five parameters on the furnace

heat transfer characteristics. Section 3.2 studies the impact of
parameters on CO, NOx, and soot formations. In Sec. 3.3,

Fig. 4 Model’s validation with the experimental measurements
(EGA)

Table 2 Real values for higher and lower levels of the five
factors

YO2−inlet(%)
Tinlet
(°C) ϕ(–) k(W/m K) ɛw(–)

Lower-level (Coded
value=−1.0)

15.0 1150 0.125 1.0 0.2

Higher-level (Coded
value=+1.0)

23.3 1300 0.250 3.0 0.8

Fig. 5 Model’s validation with the reported data [48,49]
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we address the effects of parameters on multiple outputs
simultaneously.

3.1 Heat Transfer Characteristics. In this section, we
discuss the effects of five parameters on the furnace heat transfer
characteristics. Figure 6 shows the temperature histograms (°C)
for varying inlet oxygen concentrations for two cases; Run-31
and Run-32, with the inlet oxygen concentration of 15% and
23.3%, respectively. As can be seen, the horizontal spread for
Run-32 (YO2−inlet = 23.3%) indicates a higher temperature variation,
and it can be observed that for Run-31 (YO2−inlet = 15%), the tem-
perature is more uniform, in the range of 1300–1400 °C, which con-
sequences in an enhanced baking uniformity since the chemical
reactions take place in a larger volume of the flue-wall cavity and
the uniformity of both temperature and the chemical species con-
centration is enhanced. For an inlet oxygen concentration of 15%,
ΔT is significantly lower than Tsi, and this is one of the main fea-
tures of MILD combustion, as pointed out earlier. It is noteworthy
that oxygen dilution can be easily implemented since anode baking
furnaces are circular kilns analogous to a closed chain connected
through crossovers at the two extremes. The exhaust gases can be
recirculated through anode baking furnace crossovers, which
dilute inlet oxygen concentration that eventually results in higher
fuel efficiency and lowers pollutant emissions.
Figure 7 provides values for average temperature (°C) in the gas

domain, solid domain, and the whole computational domain for all
the runs. There is an ascending trend for the first 16 runs, which

indicates a significant effect of wall emissivity on solids tempera-
ture. For gas temperature as a response, the shift in mean occurs
every eight runs. The total temperature behaves similarly to the
gas temperature. Figure 8 demonstrates the temperature standard
deviation (°C) and uniformity index (UI) for the solid, gas, and
the whole computational domain. A similar interpretation as that
of Fig. 8 can be obtained for the standard deviation and uniformity
index plots. It is also apparent that the standard deviation and uni-
formity index behave oppositely.

3.1.1 Analysis of Variance. To examine if the change in one of
the levels or their interaction is significant, we need to perform a
hypothesis test for the average response using ANOVA techniques.
Figure 9 depicts the Pareto chart of the standardized effects on the
gas and the solid temperature. The backward elimination method is
used to identify the significant factors. Initially, the model includes
all the possible terms in the model and removes the least significant
terms for each step. The convergence is completed when all the
factors in the model (the main effects and their interactions) have
p-values less than or equal to the stated Alpha (α). The α value is
considered to be 0.1. Based on Lenth’s analysis, the reference
line is drawn based on the median of the effects. The standardized
effect of more than 1.7 is considered to be significant. It can be
observed that the mainstream inlet temperature is the most signifi-
cant factor when the gas temperature is the output. On the contrary,
when the solid temperature is chosen as an output, refractory
thermal conductivity is found to be the most significant factor.
Figure 10 depicts the normal plots of the effects for gas tempera-

ture uniformity index and gas temperature standard deviation.
Factors “B,” “C,” and “D” are the most significant factors. It can
also be noticed that the “C” and “D” are on the two different
sides, which indicate “D” is inversely proportional to the baking
uniformity. The equivalence ratio, followed by the mainstream
oxygen concentration are the most significant factors. It is interest-
ing to note that the normal plots are a mirror image of each other for
the standard deviation and uniformity index.

3.2 Emissions Characteristics. In this section, we study the
impact of the studied parameters on CO, NOx, and soot formations.
Average O2 concentration behaves in a sinusoidal manner with a
shift in the mean value every four runs. This indicates that the
inlet oxygen concentration has the most significant effect in combi-
nation with the equivalence ratio, which alters every four runs. CO
concentration wavers between a minimum and maximum, which
indicates a strong relation between CO concentration and the
change in inlet oxygen concentration. For NOx formation, there is

Fig. 6 Temperature histograms (°C) for (a) Run 31 (YO2 =23.3%) and (b) Run 32 (YO2 =15.0%)

Fig. 7 Average temperature (°C) (gas domain, solid domain, and
total domain) for all the runs
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a substantial shift in the mean values every eight runs, which are in
agreement with the change in thermal conductivity, which is very
unlikely. Hence, for NOx, a combination of factors affects the
result, which will be discussed in Sec. 3.2.1. Regarding the soot for-
mation, there is no evident pattern as a function of the number of
runs. A random order occurs, which indicates that a linear model

would be insufficient to predict soot in anode baking furnaces,
and higher-order mode to be considered.

3.2.1 Analysis of Variance. In this section, through ANOVA,
we examine if the alteration in one of the levels or their interaction
is significant. Figure 11 depicts the Pareto charts and contour plots

Fig. 8 (a) Temperature standard deviation (°C) and (b) uniformity index (gas domain,
solid domain, and total domain) for all the runs

Fig. 9 Pareto chart of the standardized effects on (a) average gas temperature and (b) average solid temperature

Fig. 10 Normal plots of the effects on (a) gas temperature uniformity index and (b) gas temperature standard deviation
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of NOx concentration. For each contour, the other factors are held at
“zero,” as mentioned in the legend. It can be perceived that the inlet
oxygen concentration (“A”) is the most significant factor in NOx for-
mation, followed by the equivalence ratio (“B”) and their interaction
(“AB”). The contour plot also confirms the same interpretation, i.e.,
the gas temperature is reduced in the case of diluted oxygen concen-
tration, and as a result, the molecular nitrogen (N2) and oxygen (O2)
disassociate less at a lower temperature. Thus, the thermal NOx and
ultimately overall NOx concentration decrease drastically by
oxygen dilution. It should be noted that the combustion products
from burner bridge 3 (BB3) will be the mainstream oxidizer for
the next two preheating sections (PH2, PH2), where the volatile
gasses combustion occurs. It is also apparent from the contour
plot in Fig. 11 that the quadratic effect is not significant, and NOx

formation can be modeled as a linear model.
Table 3 provides the ANOVA parameters for NOx and soot con-

centration. Factors “A,” “B,” “D,” and “E” are the significant main
effects, and “AB,” “AD,” and “BE” are the significant two-way inter-
actions effects, and the curvature effect is not substantial. Hence, for
NOx, the model is considered to be linear. On the contrary, in part-b,
the curvature effect for the soot concentration is significant, and the
quadratic terms must be included for soot concentration as a
response. In the case of soot formation, factors “A” and “C” and
their interaction (“AC”) are identified to be significant. As shown
in Fig. 12, the quadratic effect is evident from the contour plots.
A lower oxygen concentration gives rise to a lower temperature,
and this consequences in delayed soot inception, and hence, an
average soot mass fraction decrease. However, it can be observed
that at higher oxygen concentration and equivalence ratio, the
soot formation reduces. This is an essential observation for choos-
ing acceptable furnace operational conditions.

3.3 Multi-Objective Optimization. In the anode baking
process, often it is required to optimize multiple outputs simulta-
neously. The ultimate aim of the anode baking process optimization
is to meet a target gas temperature, and at the same time to maxi-
mize the uniformity, to minimize fuel consumption, and to mini-
mize pollutant emissions. The responses are divided into three
categories, namely, (1) temperature values, (2) baking uniformity
values, and (3) species concentration values.
Using 2D overlaid contour plots, the optimized setting of signif-

icant operational parameters for two and three response are spotted.
The outputs are NOx concentration (ppm), soot volume fraction,
and gas temperature (°C). Figure 13 illustrates the optimization
results for three different cases. In case-a, NOx concentration
(ppm) is constrained to a maximum of 300 ppm and gas temperature
to be between 1260 °C and 1310 °C while holding the other
three factors at “0.” The optimized operating range for factors “A”
and “B” are approximated as follows: −1.0 < A < 0.4 and

−0.6 < B < 0.5. For case-b, the optimized range of soot volume
fraction is set to 10−7–10−6, and the gas temperature to be similar
to case-a (between 1260 °C and 1310 °C) while holding the
other three factors at “0.” The optimized operating range for
factors “A” and “C” are approximated to be −1.0 < A < 1.0 and
−0.3 < C < 0.7. Similarly, it can be perceived that at higher
oxygen concentration (“A”= 1.0) combined with the equivalence
ratio of (“C”= 0.4–0.7), soot formation reduces. This area can
also be considered as the optimized furnace operational condition.
In Figure 13, case-c depicts a combination of cases-a and case-b.
The optimized operating range for factors “A” and “C” are approx-
imated to be −1.0 < A < −0.5 and −0.3 < C < 0.7.

Fig. 11 Pareto chart and response surface plot for NOx concentration (ppm)

Table 3 ANOVA table for (a) NOx (ppm) and (b) soot volume
fraction

(a)
Source DF F-value P-value
Model 9 83.93 0.000
Linear 4 155 0.000
A 1 431 0.000
B 1 123 0.000
C 1 55 0.000
D 1 10.8 0.003
2-Way 5 26.8 0.000
A*B 1 63 0.000
A*C 1 33 0.000
A*D 1 7.3 0.013
B*C 1 19. 0.000
C*D 1 11.4 0.003
Error 23 – –
Curvature 1 2.1 0.158
Total 32 – –

(b)
Source DF F-value P-value
Model 11 205 0.000
Linear 5 374 0.000
A 1 1301 0.000
B 1 69 0.000
C 1 500 0.000
D 1 0.00 0.972
E 1 0.03 0.854
2-Way 5 72.9 0.000
A*B 1 4.9 0.038
A*C 1 314 0.000
A*D 1 26.9 0.000
B*C 1 5.9 0.024
C*D 1 12.5 0.002
Curvature 1 20.9 0.000
Error 21 – –
Total 32 – –
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Fig. 12 Soot volume fraction×107: (a) the main effects only, (b) interactions included, and (c) quadratic effects included

Fig. 13 Two and three objectives optimization cases: (a) NOx (ppm) and gas temperature (°C), (b) soot volume fraction and gas
temperature (°C), and (c) NOx (ppm), soot volume fraction, and gas temperature (°C)
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For the anode baking process, the practicalities must be consid-
ered while performing multi-objective optimization. Considering
flue-wall material properties and furnace aging status, the values
for k and ɛw should be fixed. The equivalence ratio or fuel consump-
tion can be held within a range or set to minimization based on the
required productivity. The furnace productivity is the deciding
factor on how high/low the average target gas temperature should
be fixed. Typically, there are constraints over one or more
number of factors based on flue-wall material properties and age
of the furnace. Multi-objective optimization of the anode baking
process is performed while constraining some of the furnace’s phys-
ical properties, such as factors “D” and “E.” It is aimed to minimize
NOx, soot, and CO emissions while meeting a target gas tempera-
ture of 1250 °C, the UI is targeted to be maximized while factors
“D” and “E” are held at “−0.5” and “0.5.” The optimal settings
of factors “A,” “B,” and “C” are found to be −1.0, −0.21, and
−1.0. Composite desirability (“CD”) is defined as a parameter to
evaluate how the optimized settings meet the overall objective.
CD varies from zero to one where unity represents the ideal case,
and nil means that one or more responses are outside their accept-
able limits. The CD value, in this case, is 0.94, which shows that
the optimal settings of the factors are satisfactory.

4 Conclusions
The present study addresses the effects of mainstream inlet tem-

perature, mainstream inlet oxygen concentration, equivalence ratio,
refractory wall thermal conductivity, and refractory wall emissivity
on heat transfer, combustion, and emissions characteristics of anode
baking furnaces for the aluminum production. URANS-based simu-
lations are performed in conjunction with the presumed PDF
method. CFD simulations are combined with a response surface
methodology to optimize the anode baking process.
It is remarked that lower inlet oxygen concentration (YO2−inlet =

15.0%) results in enhanced performance of the anode baking,
which results in higher energy efficiency and drastically lower pollut-
ant emission. The reason is that the maximum flame temperature
reduces, and reactions occur more homogeneously and in a larger
volume of the anode baking furnace. This is a significant observation
since anode baking furnaces are circular analogous to a closed chain
connected through crossovers at the two extremes.Using this circular
geometrical property, the exhaust gases can be recirculated through

anode baking furnace crossovers, which dilute inlet oxygen concen-
tration that eventually results in higher fuel efficiency and lowers pol-
lutant emissions. It has been depicted that the significance level of the
input parameters varies drastically for different outputs (response).
The refractory thermal conductivity and mainstream inlet tempera-
ture are statistically themost significant factors for solid and gas tem-
peratures, respectively. Mainstream inlet oxygen concentration has
the highest impact on anode baking furnace CO formation. The
anode baking furnace NOx formation is affected significantly by
the inlet oxygen concentration and temperature, and a linear model
is confirmed to be adequate for its response surface model. In con-
trast, the furnace soot formation is modeled with a higher-order
model due to the quadratic behavior of the response. Multi-objective
optimization is carried out for several scenarios with and without
constraining the factors. Coupling anode baking furnace CFD simu-
lations results with the response surface methodologies demon-
strated great potential in the optimization of the anode baking
process with enhanced energy efficiency and baking uniformity,
which is a necessity for the sustainable production of the aluminum.
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Table 4 Sum of square approach for the ANOVA test

Equation Description

�yi =
1
bn

∑b
j=1

∑n
k=1

yijk Responses from changes in “A” at “a” different levels averaged over “b” and “n” (average effect of input “A”)

�yj =
1
an

∑a
i=1

∑n
k=1

yijk Responses from changes in “B” at b different levels averaged over “a” and “n” (average effect of input “B”)

�yij =
1
n

∑n
k=1

yijk Responses from changes in “A” and “B” at ab levels averaged overall “n” (average effect of “AB”)

��y = 1
abn

∑a
i=1

∑b
j=1

∑n
k=1

yijk The average response for all levels (grand mean)

Table 5 ANOVA table for a full factorial design (two factors A and B)

Source of
variation

Sum of
squares Degrees-of-freedom Mean squares F F0

A SSA a− 1 MSA= SSA/(a− 1) F=MSA/MSE F(1−α),a−1,ab(n−1)
B SSB b− 1 MSB= SSB/(b− 1) F=MSB/MSE F(1−α),b−1,ab(n−1)
AB SSAB (a− 1)(b− 1) MSAB= SSAB/(a− 1)(b− 1) F=MSAB/MSE F(1−α),(a−1)(b−1),ab(n−1)
Error SSE ab(n− 1) MSE= SSE/ab(n− 1)
Total SST abn− 1 NB: For a 2-level factorial design, a = b = 2. Thus,

d.o.f= 1 for each term.
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Nomenclature
a = absorption coefficient
f = mixture fraction
k = turbulent kinetic energy
n = the refractive index
p = the static pressure
C = the linear anisotropic phase function

coefficient
E = the total energy
G = incident radiation
H = enthalpy
I = the unit tensor
M = soot mass concentration
N = soot particle number density
S =

�������
2SijS ji

√
where Sij= 1/2(∂uj/∂ui+ ∂ui/

∂uj)
F = external body force
hj = the mixture enthalpy
keff = effective thermal conductivity
kt = turbulent thermal conductivity
C1 = max[0.43, η/η+ 5] where η= Sk/ɛ
Cp = the mixture specific heat

Di,m = the mass diffusion coefficient of ith
species

Dt = turbulent diffusivity
Gb = generation of turbulence kinetic energy

due to buoyancy
Gk = generation of turbulence kinetic energy

due to the mean velocity gradients
Ibλ = the blackbody intensity given by the

Planck function
Iri = the radiative intensity
Mp = mass of an incipient soot particle

Nnorm = 1015 particles
Ri,j = the reaction rate
Sh = source term due to radiation, and heat

transfer to wall boundaries
Tsi = self-ignition temperature

Xsgs = mole fraction of the participating
surface growth species

YM = the contribution of the fluctuating
dilatation in compressible turbulence to
the overall dissipation rate

Ysoot = soot mass fraction
Ji = the mass diffusion flux of the jth species
f′ = the variance of mixture fraction equals

to f − f
�v = velocity vector

b∗nuc = normalized radical nuclei concentration
C1ɛ and C2 = constants
Cd and Cg = constants for the presumed PDF

method
Cα and Cβ = Moss–Brookes model constant

Cγ , Coxid, Cω, m, and n = additional constants for Moss–Brookes
for estimating source term of soot mass
concentration

Sct = turbulent Schmidt number
Ypr,Yfu, and Yox = mass fractions of products, fuel, and

oxidizer
Zi, Zox, and Zfu = the elemental mass fraction of ith

element, oxidizer, and fuel
ρg = the gravitational body force

Greek Symbols

ɛ = the kinetic energy dissipation rate
ɛw = refractory wall emissivity
κ = the absorption coefficient of the

medium

κB = the Boltzmann constant
λ = the wavelength
μ = laminar absolute viscosity
μt = turbulent absolute viscosity
ρ = density
σk = turbulent Prandtl number for turbulent

kinetic energy
σt = constant for the presumed PDF method
σs = the scattering coefficient of the medium
σɛ = turbulent Prandtl number for the kinetic

energy dissipation rate
��τ = the stress tensor
ϕ = equivalence ratio

Appendix
In the RSM, according to the fit of a polynomial equation as

expressed in Eq. (A1), a collection of mathematical and statistical
techniques are applied. A linear fit is chosen for all the responses.
However, if the curvature effect is found to be statistically signifi-
cant, then a quadratic model needs to be considered instead of a
linear one. It should be noted that for the center point case run
33, all the factors are at zero and are used to check the quadratic
effect for each run

y = β0︸︷︷︸
Mean

+
∑k
i=1

βixi︸���︷︷���︸
One way terms

+
∑k
j=1
j<i

∑k
i=1

βijxixj

︸�������︷︷�������︸
Two way intraction terms

+ h.o.t.︸�︷︷�︸
Model error

+ ε︸︷︷︸
Residualerror

(A1)

The impact of each factor on different responses is dissimilar. We
need to perform a hypothesis test for the average response
through ANOVA, to test if the change in one of the levels or
their interaction is significant. Table 4 summarizes the sum of the
square parameters required for the ANOVA test. �yi is the difference
in averaged response for changing factor “A,” and similarly, it can
be seen for the factor “B,” the interaction parameter “AB” and the
grand mean.
Analysis of variance parameters are presented in Table 5, for two

factors, two levels full factorial design, and the same settings can be
expanded for five factors as well. The expression for the total sum of
squares can be mathematically written as in Eq. (A2).
It can be remarked that the expression is merely the sum of all the

other four entries in that particular column

SST =
∑a
i=1

∑b
j=1

∑n
k=1

(yijk − ��y)2

= bn
∑a
i=1

(�yi − ��y)2 + an
∑b
j=1

(�yj − ��y)2

+ n
∑a
i=1

∑b
j=1

(�yij − �yi − �yj − ��y)2+
∑a
i=1

∑b
j=1

∑n
k=1

(yijk − �yij)
2

(A2)

SST = SSTreatment A + SSTreatment B + SSInteractionAB + SSError

abn − 1 = a − 1 + b − 1 + (a − 1)(b − 1) + ab(n − 1)

As presented in Table 5, for F>F0, that specific main effect or the
interaction is considered to be significant. F0 can be found from the
table based on the degrees-of-freedom for each term.
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