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Abstract

This thesis consists of three chapters. In each chapter I consider a particular problem
in econometrics with implications for applied research, and in each case I attempt to
solve that problem.

In Chapter 1 I consider the task of inferring causal effects when only ‘proxy con-
trols’ are available. Proxy controls are informative proxies for unobserved confound-
ing factors. For example, suppose we wish to estimate the causal impact of holding
students back a grade on their future test scores. Academic ability is likely a con-
founding factor. While ability is not observed, early test scores may be used to proxy
for ability. Under suitable conditions, nonparametric identification and estimation
of treatment effects is possible in this setting. I present novel nonparametric identi-
fication results that motivate simple and ‘well-posed’ nonparametric estimation and
inference methods for use with proxy controls.

My analysis applies to cross-sectional settings but is particularly well-suited to
panel models. In panel settings, proxy control methods provide a novel approach to
the difficult problem of identification with non-separable, general heterogeneity and
fixed T'. In panels, observations from different periods serve as proxies for unobserved
heterogeneity and my key identifying assumptions follow from restrictions on the
serial dependence structure.

I derive convergence rates for my estimator and construct uniform confidence
bands with asymptotically correct size. I apply my methodology to two empirical
settings. I estimate causal effects of grade retention on cognitive performance and I
estimate consumer demand counterfactuals using panel data.

In Chapter 2 I show that nonparametric instrumental variables (NPIV) estimators
are highly sensitive to misspecification: an arbitrarily small deviation from instrumen-
tal validity can lead to large asymptotic bias for a broad class of estimators. One
can mitigate the problem by placing strong restrictions on the structural function in
estimation. If the true function does not obey the restrictions then imposing them
imparts bias. Therefore, there is a trade-off between the sensitivity to invalid instru-
ments and bias from imposing excessive restrictions. In response, I present a method
that allows researchers to empirically assess the sensitivity of their findings to mis-



specification. I apply my procedure to the empirical demand setting of Blundell(2007)
and Horowitz (2011).

In Chapter 3 I consider methods for inference in dynamic discrete choice mod-
els that are robust to approximation error in the solution to the dynamic decision
problem. Estimation and inference in dynamic discrete choice models often relies on
approximation to lower the computational burden of dynamic programming. If it
is not accounted for, the use of approximation can impart substantial bias in esti-
mation and results in invalid confidence sets. I present a method for set estimation
and inference that explicitly accounts for the use of approximation and is thus valid
regardless of the approximation error. I show how one can account for the error from
approximation at low computational cost. My methodology allows researchers to as-
sess the estimation error due to approximation and thus more effectively manage the
trade-off between bias and computational expedience. I provide simulation evidence

to demonstrate the practicality of my approach.
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Chapter 1

Proxy Controls and Panel Data

A sizable portion of the empirical economist’s working life is dedicated to diagnosing
and accounting for confounding. A researcher engaged in this task often has in mind
specific factors that plausibly explain the confounding. Ideally, a researcher would
control for these factors, but they are often unavailable. We refer to factors that
fully account for the confounding as ‘perfect controls’. Academic ability, human
capital, and preferences for consumables plausibly account for all the confounding
in certain settings, but they are inherently unmeasurable. When perfect controls are
unobserved, the researcher may have access to a number variables that are informative
about these latent factors. Test scores are informative about academic ability and
years of experience about human capital. With panel data, past observations can
provide a wealth of information about the latent characteristics of that individual.
For example, past consumption habits are likely informative about the individual’s
consumption preferences.

If a set of covariates is informative about an ideal unobserved set of perfect con-
trols then we say those covariates are ‘proxy controls’. A naive approach would treat
the proxies as if they were perfect controls. For example, one could treat test scores as
if they did in fact perfectly measure ability. However, if the proxies mis-measure the
perfect controls, then controlling for the proxies in the conventional manner need not
account for all the confounding and the resulting estimates would likely be asymp-

totically biased.
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The problem of proxy controls has long been acknowledged in the Labor economics
literature, particularly in the context of returns to schooling (for a survey see Section
2 of [9] and see [43] for a key early empirical example). Classical analyses assume
additive linear specifications for the potential outcomes and the measurement error.
Linearity may be implausible in some settings and precludes the study of nonlinear-
ities and heterogeneity in treatment effects. An emerging literature considers proxy

controls in non-linear and nonparametric settings.

We develop new nonparametric identification results in the context of proxy con-
trols. We identify the conditional (on observed treatments) average structural func-
tion (CASF) and the conditional distribution of potential outcomes. Identification
of the CASF is necessary if we wish to identify say, the effect of treatment on the
treated and implies identification and implies identification of the average structural
function and thus average treatment effects. We show that our characterization of
the CASF is ‘well-posed’ under our identifying assumptions. Well-posedness is crucial
for deriving simple and transparent convergence rates for estimation methods based
on our identification results. We show that the problem of proxy controls is tied to
causal analysis of panel models and use our general identification results with proxy
controls to develop new nonparametric identification results for panel models with a

fixed number of time periods.

Intuitively, our analysis treats identification and estimation with proxy controls
as a measurement error problem. Proxy controls mis-measure a set of latent perfect
controls. To account for the measurement error, the researcher divides the available
proxy controls into two groups and, in effect, uses one group of proxy controls to
instrument for the other. This approach resembles the standard strategy for dealing
with classical measurement error in linear models when multiple measurements are
available.

While our analysis applies in cross-sectional settings, our results are particularly
well-suited to the context of panel data with fixed-T. In panels, observations from
other time periods can be informative proxies for factors that explain the confound-

ing (i.e., perfect controls). By definition, confounding factors are associated with
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treatments and potential outcomes, and so, if the confounding factors are persistent,
past treatments and past outcomes must be informative about the confounding fac-
tors. We provide conditions on the serial dependence structure of the data and latent
variables so that one can form proxy controls from past observations that satisfy the

identifying assumptions of the general cross-sectional case.

We suggest non-parametric estimation and inference procedures based on our iden-
tification results. The procedures can be applied in both cross-sectional and panel
settings. The estimation method is based on series regression, and therefore it also
suggests a flexible parametric method if the number of series terms is simply held
fixed rather than allowed to grow with the sample size. We establish consistency and
a convergence rate for our estimator under our identifying assumptions and prim-
itive conditions of the kind employed in the literature on standard non-parametric
regression. We give conditions under which our estimator can be asymptotically ap-
proximated by a Gaussian process. We develop a method for constructing uniform
confidence bands that is based on the multiplier bootstrap and show that the bands

have asymptotically correct size.

The nonparametric proxy controls estimation and inference problem is highly non-
standard and thus requires novel asymptotic analysis. Estimation implicitly involves
solving a conditional moment equality and then estimating a set of unknown lin-
ear functionals of the solution. Unlike in the Nonparametric Instrumental Variables
(NPIV) literature ([4], [64]), the solution to our moment equality may not be iden-
tified nor even unique, and it generally does not have a structural interpretation.
Therefore, we avoid placing any smoothness conditions directly upon the solution.
In sum, our problem is distinct from other problems involving conditional moment
equalities in that the problem is well-posed, involves unknown linear functionals of
the solution, and the solution may not be unique nor smooth.

To demonstrate the usefulness of our methodology we apply it to two very different
real-world data problems. We use data from the Panel Survey of Income Dynamics
(PSID) to estimate a structural Engel curve for food. In this case our analysis is

premised upon pre-determination and a Markov-type serial dependence restriction.
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We revisit the empirical setting of [42] who use data from the Early Childhood Lon-
gitudinal Study of Kindergartners (ECLS-K) to estimate the causal impact of grade

retention on the performance of US students in cognitive tests.

Related Literature

This paper contributes to an expanding body of recent research on the use of proxy
controls in the biometrics literature. [62] consider the problem of nonparametric iden-
tification of the Average Structural Function (ASF) and the marginal distribution of
potential outcomes in cross-sectional settings when controls are mis-measured. Our
paper adds to this work in that we develop nonparametric estimation and inference
methods under similar assumptions, we derive convergence rates for our estimator,
prove asymptotic normality, and show our uniform confidence bands have asymptoti-
cally correct coverage. Key to the asymptotic results is our proof that the estimation
problem is well-posed under the identifying assumptions. We also adapt the proxy
controls approach to nonparametric causal inference in panel models. In addition, our
cross-sectional identification results extend [62] in several ways. Firstly, we identify
the conditional average structural function (CASF) and conditional distribution of
potential outcomes, where conditioning is on the observed treatments. Identification
of the CASF (conditional distribution of potential outcomes) implies identification
of the ASF (marginal distribution of potential outcomes) but the converse does not
hold. Secondly, we offer an alternative path to identification based on our Assumption
4.i. We also employ completeness conditions Assumption 3, which are, for practical
purposes, significantly weaker than the corresponding assumptions in [62]. A key
result in our paper is that under our identifying assumptions, the characterization of
the CASF is well-posed. Well-posedness plays a crucial role in our estimation and
inference results.!

A working paper, [63] considers parametric models with proxy controls under

related assumptions to those in [62]. They consider models that involve a ‘confounding

'Initial development of this work was independent of [62]. We became aware of their paper in
the time between posting the first and second versions of this project on Arxiv.
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bridge’ with a known functional form, and they impose assumptions under which the
confounding bridge is identified. They discuss parametric estimation and inference
using standard Generalized Method of Moments. The confounding bridge roughly
corresponds to the function v in our Lemma 1.1.b, however this function plays a
different role in our work. In our work the function is only defined indirectly, and
need not be identified nor even unique, and our Theorem 1.1.b identifies the CASF
when there is no confounding bridge. Moreover, our Lemma C.9 allows us to avoid
assuming this function can be well approximated by some sieve basis in our asymptotic
results.” [74] consider multiply robust estimation of the ATE with proxy controls in
the special case in which confounders (perfect controls) and proxies are categorical
(i.e., discretely distributed with finite support), whereas we allow for continuous,

vector-valued confounders and proxies.

In recent subsequent work, [77] extends [62] to allow for time-varying treatment
effects. [29] considers estimation with proxy controls and derives semiparametric
efficiency bounds in the context of the proxy controls estimation problem under similar

assumptions to our paper.’

[49] provide identification results for nonparametric and non-separable models
with measurement error and present a related estimator. * Unlike [49], we do not
require a normalization like mean- or median-unbiasedness of the mis-measured vari-
ables and we provide a simple, well-posed and constructive identification of causal
objects and uncomplicated estimation and inference methods. We are able to achieve
this because in our problem is more tractable than that of [49]. In our case the mea-
surement error is only in control variables and not in treatment variables. We are

uninterested in the causal effect of the latent perfect controls themselves.

2The first version of [63] appeared on Arxiv on the 15th of August 2018, roughly six weeks before
the first version of our work was posted on the 30th of September 2018.

30ur treatment of the nonparametric estimation problem significantly predates [29]. The first
version of our work ([32]) suggested a nonparametric estimator for the panel case and derived
asymptotic results for this estimator. The second version, posted in December 2019 considered
nonparametric estimation in the cross-sectional case, which amounts to a change in notation for the
estimator.

1A working paper [69] employs results from [49] to achieve identification using proxy controls in
a regression discontinuity setting.
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The results of [49] have been used for estimation in panel models using a factor
analytic approach. Notably in [51] and [12]. [79] applies their results to a panel model
with noisy measurements of the covariates of interest. Our work differs from these
in that we are not interested in recovering the distributions of latent unobservables.
We assume our treatment variables are measured correctly, but we treat the problem
somewhat artificially as a measurement error problem because lagged treatments or
outcomes are noisy measurements of unobserved confounders.

More generally, our panel analysis follows a long line of work in which observations
from other periods are used to account for unobserved heterogeneity. This approach
is the basis of classic methods like those of [45], [46], and [11] and some more recent
work that allows for nonlinearity like [40] and [37].

An extensive literature examines the effects of grade retention on cognitive and
social success. For a meta-analysis see [55]. We build on the work of [42]. We use
the cleaned data available with their paper and we estimate some of the same causal
effects. Recent work to estimate consumer demand counterfactuals (in particular,
structural Engel curves) in nonparametric/semi-parametric models includes the in-
strumental variables approach of [18] and the panel approach of [27]. For a short

survey see [59)].

1.1 General Model and Identification

Consider the following structural model:

Y = yo(X,U) (1.1.1)

Y is an observed dependent variable, X is a column vector of observables that repre-
sents the levels of assigned treatments, and U is a (potentially infinite-dimensional)
vector that represents unobserved heterogeneity. The ‘structural function’ ¥, is not

assumed to be of any particular parametric form.

The model above incorporates both cross-sectional and panel settings. In the
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panel case the model applies for a particular period ¢, that is, for a particular cross-
sectional slice of the panel data. We could make the time-dependence explicit and
rewrite the model above as Y; = yo (X, Uy).

The structural function yo in (1.1.1) captures the causal effect of X on Y. For
clarity, we situate our analysis in the potential outcomes framework. If for some unit
U = u, then yo(x,u) is the unit’s ‘potential outcome’ from treatment level z. That
is, the outcome that would have been observed had the treatment of that unit been
set to level x. Thus U captures all heterogeneity in the potential outcomes.

The focus of this paper is on the identification and estimation of conditional
average potential outcomes, where we condition on the assigned treatments X. We
refer to the function that returns the conditional average potential outcomes as the
‘conditional average structural function’ (CASF).

The CASF 7 is defined formally as follows:
y(x1]xe) = E[Z/O(%, U)X = fUz]

In words, suppose we draw a unit at random from the sub-population who were
assigned treatment X = z5. Then the expected counterfactual outcome had the unit
instead received treatment level x; is y(z1|72).”

One may also be interested in identifying average potential outcomes conditional
on the treatments as well as some additional variables S which could represent
say, membership of a demographic sub-group. That is, one may wish to identify
Elyo(x1,U)|X = 25,5 = s]. Our results extend straight-forwardly to this case. For
instance, if S is discrete one can simply apply our analysis to the sub-population with
S at some fixed s.°

By transforming the model, one can define an even richer set of counterfactual

objects in terms of the CASF of the transformed model. For example, let y be some

®Note that if X is continuously distributed then (x1|z2) is only uniquely defined for x5 up to a
set of F'x-measure zero, where F'y is the law of X.

6 A previous working version of this paper explicitly incorporated additional conditioning variables
S which could be continuous, discrete or a mixture of both. For ease of exposition we have dropped
this feature from the current draft.
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fixed scalar, let Y = 1{Y < y}, and let go(z,u) = 1{yo(z,u) < y}. The transformed
model is Y = §o(X,U). The conditional cumulative distribution function of the

potential outcomes in the original model is the CASF of the transformed model:
P(yo(x1,U) < ylX = x3) = E[fo(1,U)|X = 2]

A common approach to identification in the presence of confounding relies on the
presence of what we term ‘perfect controls’. A vector of perfect controls is an ob-
servable random vector W*, so that conditioning on W*, the treatments X and the
heterogeneity in potential outcomes are independent. Formally, we write U 1L X|IW*.
We use this notation to denote conditional independence throughout the paper.

We give sufficient conditions for identification with observed perfect controls in

Assumption 1 below.

Assumption 1 (Perfect Controls). i. U 1 X|W* ii. The joint distribution
Fuw+ x) is absolutely continuous with the product of the distributions Fy -~ and Fy.

iii. E[|Y]] < oo and for Fx-almost all z E[|yo(z, U)|] < oo.

Assumption 1.ii is a common support assumption. Loosely speaking it requires
that when we condition on W* the support of X does not change. We state the
assumption in this way so that it can apply to both discretely and continuously
distributed variables and to variables with distributions that are a mix of discrete

and continuous parts. Assumption 1.iii is a weak regularity condition that implies

the CASF is well-defined. Under Assumption 1 the CASF satisfies:
g(.Tl‘.I‘Q) = E[E[Y’W*,X = .IlHX = 1’2:|

Where the equality holds for Fy-almost all z; and z. If W* is observed, then the
RHS of the final equality depends only on the distribution of observables, thus the
equation above identifies g(z1|z2). The characterization above is well-known but we
formally state and prove it in Proposition C.1 in the supplementary materials.

When perfect controls W* are unavailable the researcher may have access to proxy
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controls. By proxy controls, we mean variables that are informative about the perfect
controls but which are not perfect controls themselves. Unlike the perfect controls,
the proxies do not satisfy the unconfoundedness condition in Assumption 1.i., i.e.,
conditional on the proxies, potential outcomes and treatments are dependent. This
failure of unconfoundedness typically arises because the proxies mis-measure the un-

derlying perfect controls.

Application 1: The Causal Impact of Grade Retention. Suppose we are in-
terested in the effect of being held back a grade on students’ reading and math scores
in tests taken at the end of elementary school. We have access to observational (that
is, non-experimental) data. Estimation of the causal effect of grade retention is chal-
lenging because students that repeat a grade typically do so due to poor academic
performance. Poor academic performance may reflect low academic ability which
in turn may cause low achievement in future, regardless of whether the student is
retained. Thus academic ability causes confounding.

It may be plausible that academic ability explains all the confounding: that a set
of factors that capture academic ability are perfect controls. If these factors were
observed, then assuming Assumptions 1.ii and 1.iii are satisfied, we could control for
them in the usual way and achieve identification of causal objects. While academic
ability is not observed by the researcher, suppose the data contains scores in some
tests taken early in kindergarten and elementary, the scores on these tests may be
informative about academic ability. Because these test scores mis-measure academic
ability they are unlikely to satisfy unconfoundedness. These early test scores are thus
‘proxy controls’.

Note that ‘academic ability’ could be quite broadly defined. Omne can think of
academic ability as a set of factors that explain the propensity to perform well aca-
demically. These factors could include not just inherent features of the child, but also
the extent to which the child’s home environment is conducive to learning.

This setting is captured in the causal diagram in Sub-Figure 1.a below.

Application 2: The Causal Impact of the Household Budget on Food De-
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mand. Suppose we wish to estimate the causal effect of a household’s total budget
for non-durables on the household’s demand for food. In particular, we are inter-
ested in the expected food expenditure in a period t if a household had their budget
for nondurables in that period set exogenously to some quantity. We have access to
observational panel data on household spending.

In this case, heterogeneity in household preferences is a key potential source of
confounding. This is because total expenditure on non-durables is chosen by the
household, and thus depends upon the household’s underlying consumption prefer-
ences. These same preferences partially determine the household’s expenditure on
food. We may think that household preferences, along with the household’s budget
for nondurables, are the only source of confounding (at the individual level we may
take prices to be exogenous), so factors that capture the household’s preferences are
a set of perfect controls.

While we cannot observe household preferences directly, the same argument that
suggests preferences determine period ¢ total nondurables expenditure also applies to
periods prior to t. Thus the total budget the household allocated to nondurables in
periods prior to t should be informative proxies for the household’s preferences. This

setting is captured in Sub-Figure 1.b.

Figure 1-1: Causal Diagrams for Applications 1 and 2

(a) Impact of Grade Retention (b) Impact of the Household Budget
Academic ability Consumption preferences
R R,

// \\\\\. Early /l \\\ \\\. Budgets in

/v test scores /7 earlier periods
S SR, R

Held back Later test scores Budget in Expenditure on
a grade period t food in period ¢

Hollow nodes represent unobserved variables, and dashed directed lines indicate the existence of a causal effect of
an unobserved variable on another variable. Filled nodes represent observed variables and directed lines from these
variables represent their causal effects. The dotted lines represent possible causal relationships of an unspecified
direction (including simultaneous causation or omitted variables that cause both). A causal diagram is associated
with a nonparametric structural equations model and one can write potential outcomes (and thus the heterogeneity

U) in terms of this model. See chapter 3 of [67].
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In order to achieve identification, we suppose that the researcher has access to two
vectors of proxies V and Z. In Application 1, our first empirical application, V' and
Z are scores in tests taken by each student early in their education. In particular,
V' is a set of scores on cognitive and behavioral tests taken in kindergarten and Z
are scores on cognitive and behavioral tests taken early in elementary school. In
Application 2, our second empirical application, V' and Z are composed of lagged

household expenditures from different periods.

Below we state additional assumptions under which we can achieve identification
using proxy controls. The assumptions refer to the vector of perfect controls W*
for which V' and Z act as proxies. Since W* is unobserved, the assumptions can be
understood to state that a vector of latent variables W* exists that simultaneously
satisfies all the conditions in our assumptions. Thus one can be agnostic as to the
exact set of latent confounders W*. For instance, one need not specify exactly what
a vector of factors that capture academic ability should look like, we need only know
that the test scores in V and Z are good proxies for these factors in the sense that

V., Z, and W* simultaneously satisfy the identifying assumptions.

The proxy controls V' and Z can be understood as measurements of W* that are
subject to non-classical (i.e., non-zero mean and non-additive) noise. To account
for the measurement error, the researcher in effect uses the proxy controls in Z as

instruments for the proxy controls in V.

As we discuss in Section 2, it may be useful to allow for the possibility that
the vectors V' and Z have components in common. In that case V' and Z will be
composed of overlapping sets of past observables. Our assumptions do not preclude
this so long as the shared components are non-random conditional on W* (e.g., if
the shared components are also components of W*). We denote the vector of shared
components by W and refer to them in Assumption 3 below. If Z and V' do not share

components then one can ignore W in that assumption.

Assumption 2 (Conditional Independence). i. U 1 Z|(X,W*) i. V 1L
(X, Z)|W*
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The conditional independence restrictions in Assumption 2 and Assumption 1.i
are implied by the causal diagram in Sub-Figure 2.a. Note this figure is similar to the
causal structure (f) in [62]. Recall that the undirected dotted lines denote unrestricted
causal relationships (causality could run in either direction or both, and additional
confounding factors could affect both variables). There are other causal structures
that imply the conditional independence restrictions, but we argue that both of our
empirical applications are consistent with the structure in Sub-Figure 2.a.

Figure 1-2: Causal Diagrams for Assumptions 2 and 1.i

(a) General Case (b) Impact of the Grade Retention
W+ Academic ability
LR R
7 .‘,’/ SN V Early elementary .,// KRS \‘\. Kindergarten
// \\ test scores // \\ test scores
B y y 3
X Y Held back a grade Later test scores

Recall that the dotted lines denote unrestricted causal relationships (i.e., causa-
tion could run in either or both directions and there can be additional unmeasured
confounding between the variables). Assumption 1.i follows from the structure in Sub-
Figure 2.a because we see W* is the only source of confounding between treatments
X and outcomes Y. Assumption 2.i states that after conditioning on treatments X
and perfect controls W*, any remaining variation in the proxies Z is independent of
the heterogeneity in potential outcomes U. This holds in Sub-Figure 2.a because all
confounding between Z and Y is due to W*, and any causal connection between Z
and Y is mediated by X. Assumption 2.ii states that any association between proxies
V on the one hand, and Z and X on the other, is explained by the mutual dependence
on W*. We see this is Sub-Figure 2.a in that any causal path from V to X or to
Z must run through W*, and W* is the only variable that can simultaneously cause
both V on the one hand, and Z and X on the other.

Note that the proxies in V and Z are treated asymmetrically. The dotted line
between X and Z indicates that the relationship between X and Z is unrestricted.

Conversely, the proxies in V' can directly affect outcomes, whereas those in Z cannot.
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Sub-Figure 2.b contains a special case of the more general structure in Sub-Figure
2.a, where the variables are those in Application 1. Note that we need a student’s
kindergarten and early elementary test scores to be related only because they both
reflect underlying academic ability. Once ability has been controlled for, remaining
variation in the two sets of test scores should reflect factors like mood upon taking
the test, and these factors should be unrelated between the two sets of tests.

In Application 1, the proxies in Z contain scores for tests taken early in elementary
school. Some children are held back a grade in kindergarten and therefore treatment
(being held back a grade) may have a causal effect on the proxies in Z. This is
captured by the arrow from ‘Held back a grade’ to ‘Early elementary test scores’, i.e.,
from X to Z. This is compatible with Sub-Figure 2.a which leaves the relationship
between X and Z unrestricted. Note that we could allow the kindergarten test scores
to directly impact the outcome of interest (later test scores), but these cannot directly
affect nor be affected by, the decision to hold a child back a grade. In the ECLS-K
dataset that we use for our empirical analysis the cognitive and behavioral scores
are not shared with the students, parents nor teachers, and thus they should not
determine the decision to retain a child.”, hence there is no causal effect of V' on

treatments X nor any causal effect of VV on Y.

Assumption 3 (Informativeness). i. For F|x y-almost all (x,w), for any function

6 € Lo(Fy\ws,x=):
E6(WHX =2,Z=2]=0 <= §(w")=0

Where the first equality above is Fy| x_, yy—g-almost sure and the second is Fyy+ | x—y 1=~

almost sure. ii. For F|x yy-almost all (z,w), for any function 6 € Lo(Fyy«|x—yw=s):
EBS(WH|X =2,V =1] =0 < §(w*) =0

Where the first equality above is Fy|y—, y—g-almost sure and the second i8 Fyy+| y—p =g~

"This was confirmed by email with the ECLS study director.
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almost sure.

Assumptions 3.i and 3.ii state, loosely speaking, that both V and Z are suffi-
ciently informative about the unobserved perfect controls W*. The informativeness
conditions are in terms of ‘completeness’, or more precisely, Lo-completeness ([7]).
Completeness is used to achieve identification in the non-parametric instrumental
variables (NPIV) models of [64] and [4].

In the NPIV context, completeness is an instrumental relevance condition analo-
gous to the rank condition in linear IV (see [64]). With this interpretation, 3.i states
that conditional on any given value of assigned treatments, Z is a relevant instrument
for W*, and 3.ii states that conditioning on X, V is a relevant instrument for W*. To
provide further intuition, we show how these assumptions map into simple parametric
cases in Appendix A.2.

In the linear IV case, the rank condition can only hold if the number of instruments
exceeds the number of endogenous regressors, this is known as the ‘order condition’.
Analogously, statistical completeness cannot hold for certain classes of distributions
unless this same order condition holds. ® In our setting the relevant order condition
is that each of the vectors V and Z be of a weakly larger dimension than W*.

In the context of Application 1, the informativeness condition requires that the
kindergarten test scores are relevant instruments for ability, and likewise early ele-
mentary test scores are relevant instruments for ability. The order condition then
suggests that academic ability is captured by no more factors than there are test
scores in each of the two sets.

Assumption 3.ii differs from the corresponding assumption in [62] (Condition 3
in their paper). Their Condition 3 requires that (conditional on a fixed X) Z is
complete for V. Our Assumption 3.ii requires W* is complete for V. From a practical
standpoint this is an important distinction. The condition in [62] essentially requires
that V' be a relevant instrument for Z, which generally means V' must have greater
dimension than Z. W* may be much of much lower dimension than Z in which

case the requirement on the dimension of V' is weaker. Moreover, if Z contains some

80ne such class of distributions is the conditional Gaussian class discussed in [64].
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component that is simply orthogonal noise, unrelated to anything else, this would
violate their assumption but would generally not violate ours. °

In addition to Assumptions 1, 2 and 3 we require that either of two regularity
conditions hold. These conditions are somewhat technical and so we resign them to
Appendix A.1 along with further discussion. The regularity conditions, Assumptions
4.1 and 4.ii, are used to establish the existence of functions ( and 7 that satisfy condi-
tional moment restrictions. These objects need not have a structural interpretation,
and need not be unique. Instead, they should be understood as ‘representers’ in that

their existence allows us to rewrite two other functions in a more convenient form.

The existence results are stated in Lemma 1.1 below.

AFy|x=zq

Lemma 1.1 refers to Py

. the Radon-Nikodym derivative of Fy|x—,, with
respect to Fy|x—,, which must exists under Assumptions 1.ii and 2.ii."" If V' admits
a probability density conditional on X = x of f(-|z) then this equals f(v|z1)/f(v|z2).
We use Radon-Nikodym derivatives to allow for mixtures of finite and discrete random

variables.

Lemma 1.1. Suppose Assumptions 1, 2 and 3 hold. Then: a., Assumption 4.1 implies
that there exists a function ¢ so that for Fx-almost all z1 and xo, E[p(z1, 20, Z)*| X =

2] < Clay, 22) with C(a1,22) < 0o and:

o dFV‘X:wz V)

E[gp(ajl?'r%Z”X = 331,‘/] - dFV\X
=x1

b., Assumption 4.1t implies that there exists a function 7y that satisfies the inequality

Ey(X, V)X = z] < D(z) with D(z) < oo for Fx-almost all x and:

ENX,V)|X,Z] = E[Y|X, Z]

9 Assumption 3.ii is not weaker than their Condition 3 in a formal mathematical sense. How-
ever, our results would go through if Assumption 3.ii were weakened to hold only for 6 €
LQ(FW*‘XZI’W:ID) that can be written in the form §(w*) = E[S(Z)|X =2, W* = w*, W = ]
for some 6. When Assumption 3.i (or Condition 2 in [62]) holds, this weakened version of Assump-
tion 3.ii is weaker than their condition 3 in a formal mathematical sense. We employ the slightly
stronger assumption for ease of exposition, some earlier online versions of this work employ the
weaker assumption.

0gee Proposition C.2 in the supplementary materials for a formal proof.
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We now state our first result, which presents two alternative characterizations of

the CASF.

Theorem 1.1 (Identification). Suppose Assumptions 1, 2, and 3 hold. Then:
a. If 4.ii (and not necessarily 4.1) holds, there exists a function vy with v(xy,-) €
Ly(Fy|x=z,) for Fx-almost all x,, so that:

ElY —~(X,V)|X,Z] =0 (1.1.2)
And for any such v, for Fx-almost all x1 and x5:
y(x1|m2) = E[V(xb VX = $2}

b. If 4.i (and not necessarily 4.ii) holds, there exists a function ¢ so that p(z1,x9,) €

Ly(Fz)x=s,) for Fx-almost all z1, and:

. dFV\X:xg Vv

E[@('xl?m??Z)’X = ml?v] - dFV\X
=z

(1.1.3)
And for any such ¢, for Fx-almost all x1 and x:
Y(zi|zs) = E[Y (21,22, 2)| X = 24]

Theorem 1.1 characterizes the CASF in terms of observables and thus establishes
identification. The characterization in Theorem 1.1.a closely resembles that of [62]
but applies for the CASF rather than just the average structural function. The
characterization in Theorem 1.1.b is, to the best of our knowledge, entirely new.
In order to build intuition for these results it may be helpful to consider simple
parametric examples, we provide some worked examples in Appendix A.2.

Theorem 1.2 below shows that the equations that characterize the CASF in 1.1.a

and 1.1.b are well-posed.

Theorem 1.2 (Well-Posedness). Suppose Assumptions 1, 2, and 8 hold, then:
a. If 4.1 (and not necessarily 4.ii) holds, for any ¥(x1,-) € La(Fy|x=s,), and for
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Fx-almost all x1 and x5

2

(y(21]22) — E[3(21, V)| X = x,]) (1.1.4)

<C(ar,2)E | (ElY —%(X,V)|X, 2])*

X:$1:|

b. If 4.7 (and not necessarily 4.i) holds, for any @¢(x1,x2,-) € La(Fyx=s,), and for

Fx-almost all x1 and x4

(5(21]22) — E[Y @21, 29, Z)|X = 21])° (1.1.5)

<D | BR(X, 22 2)1X.V] - %(”)2

X:x1:|

Theorems 1.1 and 1.2 suggest a two-step approach to estimation. Recall the

moment condition in part a. of Theorem 1:
ElY —~(X,V)|X,Z] =0 (1.1.6)

The equation above is equivalent to an NPIV moment condition with endogenous
regressors V', exogenous regressors X , and instruments Z. Suppose 7 solves an
empirical analogue of the moment condition (1.1.6). In a second step Theorems
1.1 and 1.2 suggests we estimate the CASF by Ey [’}(ml,V)\X = xQ], where ‘Ey’
denotes some empirical analogue of the conditional expectation and ¥ is treated as
non-random in the expectation. The inequality in Theorem 1.2.a implies that if 4
satisfies the population moment condition (1.1.6) with small error (in a mean-squared
sense), then By [4(zq1,V)|X = x,] is close to the CASF g(z]zs). If, in addition,
Ev[4(x1,V)|X = 2] is close to the sample analogue Ey [4(x1, V)| X = 5], then the
latter provides a good estimate of the CASF. This motivates our estimator in Section

3.

Theorem 1.2.a suggests that the estimation problem based on Theorem 1.1.a is
well-posed. Well-posedness plays a crucial role in our analysis. It allows us to derive

simple convergence rates for our estimation method that are comparable to those
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in standard non-parametric regression and do not depend on any ‘sieve-measure of
ill-posedness’ (see [18], [24]).

The well-posedness of our problem may be surprising because it is well-known
that estimation of an NPIV regression function is generally ill-posed. However, we
characterize the CASF as a linear functional (specifically a conditional mean) of an
NPIV regression function. Estimation of a sufficiently smooth linear functional of
an NPIV regression function is well-posed. In particular, the existence of a solution
to (1.1.3) guarantees sufficient smoothness of the relevant linear functional. Because
Assumption 4 ensures this existence, this assumption is crucial to the well-posedness.
Existence conditions of a similar kind are shown to be closely related to root-n es-
timability ([4], [73], [53]) and to robust estimation (|33]) in NPIV.

One could also motivate an estimator based on part b. of Theorem 1.1. In
particular one would first estimate %() and then solve for ¢ in an empirical
analogue of equation (1.1.3). One would then plug the empirical solution ¢ into an
empirical analogue of the conditional expectation E [Y@(wl,xg, Z)X = xl}, where
¢ is treated as non-random in the expectation. One could also construct a doubly

robust estimator based on a combination of both characterizations in Theorem 1.1.

We intend to explore this avenue in future work.

1.2 Panel Models

The analysis in the previous section considers the model (1.1.1) which may apply
in both cross-sectional and panel settings. In panel settings, observations from pre-
vious periods are a natural source of proxy controls. Recall that perfect controls
explain confounding between treatments and potential outcomes. Thus (if there is
confounding) perfect controls are associated with both treatments and outcomes. If
the perfect controls are persistent, and explain confounding in each period, treat-
ments and outcomes in other periods are associated with (i.e., informative about) the
perfect controls. If the proxies V' and Z contain treatments (and/or outcomes) from

different periods, then the conditional independence restrictions in Assumptions 1.i
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and 2 can be understood in terms of the serial dependence structure.

In the panel setting, the data have a ‘time’ dimension and a ‘unit’ dimension. To
apply our analysis in the panel case we rewrite the model (1.1.1) with time subscripts
as Y: = yo(Xy, Up). Then for each group there is an associated draw of the random
variables (Xy,..., Xr), (U, ...,Ur) and a resulting sequence of outcomes (Y7, ..., Yr).
11

In the panel setting our goal is to identify and estimate for a particular value of ¢,
Elyo+(z1,U;)| Xy = x2]. This is the conditional average potential outcome at period
t from treatment x; conditional on assignment of treatment x, at t. In this context
Assumptions 1.1, 2.i and 2.ii state that U; 1L (X;, Z)|[W* and V 1L (X,, Z)|[W* 12

Note that W* does not have a time-subscript. In Application 2 we consider W* to
be composed of two sets of components. These are W* which are time-invariant factors
that represent aspects of household consumption preferences, and the treatments in a
previous period ¢ which are used to account for serial dependence in the treatments.
Thus W* are analogous to the fixed effects in linear panel models but can be multi-
dimensional and need not be additively separable in the structural function. More
generally we could allow W* to contain time-varying confounding factors.

Below we present two cases in which the conditional independence restrictions
above follow from primitive conditions on the panel structure for appropriate choices
of V and Z. In both cases V and Z are composed of lagged observables. These cases
are not exhaustive, instead they should be understood as leading examples. Under
different assumptions on the serial dependence one could justify say, proxy controls

that include leads of observables as well as lags.

1.2.1 Markov Treatment Assignments and Predetermination

Suppose we are interested in the CASF at some fixed period t. Suppose that condi-

tional on some (possibly period t-specific) latent variables W*, the following condi-

' Note that this specification above allows for dynamic models with feedback, for example if X,
includes lags of Y;.

12We have used that, U; 1L (X;, Z)|W* is equivalent to the combination of U, 1 X;|W* and
Uy 1L Z|(X,, W™).
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tional independence restriction holds:
Uy 1L (X, ..., Xy)|W* (1.2.1)

In words, the condition above states that the history of treatments up to and including
period t is only related to potential outcomes through some factors W*. If W* is taken
to represent some persistent latent factors, then the restriction is a non-parametric
analogue of the ‘predetermination’ condition often employed in linear panel models.
One justification for the assumption is as follows. Suppose we interpret W* to contain
all persistent factors in the potential outcomes. Then any remaining variation in U,
represents shocks to potential outcomes. In this case the assumption states that the
history of treatments up to and including time ¢ is uninformative about these shocks.
However, the assumption allows for the possibility that shocks to potential outcomes

impact (or are otherwise associated with) future treatment assignments.

In the context of Application 2 (the causal effect of the household nondurables
budget on food expenditure), U; represents variation in the household’s spending on
food given their total budget for nondurables. Suppose we interpret W* as some
fixed factors that explain household preferences (including say, permanent income),
then remaining variation in U; represents the time-varying component of preferences.
If preferences vary over time due to events like the discovery of new preferred food
products or the need to provide food for a new family member, then the assumption
requires that these events were not anticipated by the household in earlier periods
(or if they were, that it did not effect the total amount spent on nondurables). If the
length of each time period is long, as it is in our dataset, then the ability to anticipate
these preference shocks is likely reduced and the predetermination assumption more
plausible. Note that predetermination allows for the possibility that these shocks

(due to say, welcoming a new family member) affect future budgets for nondurables.

Suppose that conditional on the latent variables W*, the regressors satisfy a first-
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order Markov dependence structure at some period ¢t. Formally:
(Xlw"aX[) AL (Xerlv"'?XT)’(W*?XE) (122)

That is, conditional on the latent variables W*, the treatment assignments for periods
strictly prior to the given period t are only only related to treatments after ¢ through
the treatment at ¢.

The length of time between periods may play a key role in justifying first-order
Markov dependence. If periods represent long stretches of time then the assumption is
easier to justify, because in that case direct causal effects of periods before the previous
are less likely. For example, in the context of Application 2, we may worry that the
household budgets in periods prior to t — 1 might directly affect the household’s
budget in period ¢ because they affect the credit scores of the householders. However,
in the data we use to for this application the time between subsequent periods is
two years, and so this is less likely than if say, periods lasted a month. Similarly, we
may be concerned about trends in household income that span multiple periods. But
on longer time-scales it is perhaps plausible that household income follows a random
walk around a deterministic trend.

Proposition 2.1 below shows that in this setting Assumptions 1.i and 2 hold for
V and Z composed of particular lagged treatments. Let ¢ be some period between 1

and ¢.

Proposition 2.1. Suppose that (1.2.1) and (1.2.2) hold. Set V = (Xj,..., X3),
Z = (X7, ..., X;_1), and W* = (W*, X;). Then Assumptions 1.i and 2 hold: U, 1L
(X, Z)|W* and V 1L (X,, Z)|W*.

Note that we treat X7 as an observable perfect control, we therefore include it in
both V and Z. Given the Markov structure, conditioning on the treatment at period
t removes the dependence between V and Z.

The causal diagrams in Figure 3 may clarify how the serial dependence restrictions
imply the general proxy control conditional independence assumptions. In Sub-Figure

3.a is a causal diagram that implies (1.2.1) holds and (1.2.2) holds at period ¢. The
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observations are grouped by color into corresponding variables V' (red), Z (purple),
and W* (sky blue). With the observations grouped in this way, the causal structure
in Sub-Figure 3.a collapses to the structure in Sub-Figure 3.b. The causal structure
in Sub-Figure 3.b is a special case of Sub-Figure 2.a, where there is no causal link
between V and Y, causation runs from Z to X, and W* and V simultaneously cause

each other (due to the shared presence of Xj).

Figure 1-3: Conditional Independence in the Panel Case

(a) Pre-Determination and First-Order Markov

Treatments (b) Group Structure
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One can extend our results straight-forwardly to the case of second- or third-order
Markov dependence and higher orders. In this case, instead of Z and V overlapping
by one period ¢, they must overlap by two periods in the second-order case, three
periods in the third-order case, and so on. Again, the treatments from periods in
both V and Z must be included in W*. If treatments are mutually independent
given latent characteristics W* (this must be true for some latent characteristics is

treatments are exchangeable over time), then Z and V' need not overlap.

1.2.2 Markov Treatment Assignments and Heterogeneity

We now give conditions under which Z and V' may be composed not only of treatment
assignments from periods other than ¢, but also the outcomes from other periods. We

strengthen the conditional independence restriction from the previous subsection:

Uy 1L (X1, ., X, Uy, o U )| W (1.2.3)
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Loosely speaking, the above strengthens the pre-determination condition by imposing
(conditional) serial independence of the shocks Uy.

We suppose that conditional on the latent variables W*, both the treatment as-
signments and heterogeneity follow a joint first-order Markov dependence structure,

at least at some period 7. Formally, conditional on (W*, X7, Uy):
(X17 ceey X{_l, Ul, ceey U{_l) J_I_ (X{+1, ceey Xt7 U{+17 ceey Ut) (124)

Finally, we assume (without much loss of generality) that yo((x, -) is injective for all z.
The following proposition shows that if we set V', Z and W* much as in the previous

subsection but now with lagged outcomes, then Assumptions 1.i and 2 hold.

Proposition 2.2. Suppose (1.2.3), (1.2.4) and for all x, yo(x,-) is injective. Set
W* = (W*, X5, Yy) and set V and Z as follows:

V= (X1, .. X5, Yq,....Y;)

Z = (Xt_7 "'7Xt717th_7 "'7}/;‘/71)

Then Assumptions 1.7 and 2 hold: Uy 1L (X4, Z)|W* and V 1L (X4, Z)|W™.

1.2.3 Assumption 3 and the Order Condition in Panels

As we discuss in Section 1, Assumption 3 requires both V and Z be relevant in-
struments for the perfect controls W*. In the Markov treatment assignment case of
Subsection 2.2, both V and Z are likely to be strongly associated with the perfect
controls W* = (W*,Xg). Both Z and V contain X; and treatment assignments for
periods other than ¢. By predetermination, W* explains the confounding between
(X1,...,Xy) and U,. If there is confounding in each period that is explained by the
presence of those same variables W* then each component of V and Z ought to be
informative about W*. In Subsection 2.2, V and Z also contain outcomes, and so the
case is even stronger because outcomes are associated shocks U; (and hence W*) by

construction.
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In the case of Markov treatment assignments and heterogeneity, outcomes can
also be used as proxies. With more proxies the informativeness assumptions are
weaker (if a set of proxies satisfy the informativeness assumptions then so does any
set of proxies that contains that set). Outcome variables are generally correlated
with confounding factors by construction, and so the additional proxies are likely
to be informative about W*. Thus we see there is a trade-off between the condi-
tional independence assumptions and informativeness assumptions: the conditional
independence restrictions are stronger when outcomes are used as proxies but the
informativeness conditions are weaker.

Note that if T" is large then there are more observations from different periods
from which to form V and Z. V and Z are then more likely to satisfy Assumption
3. Recall the order condition discussed in Section 1: V and Z each be of a weakly
larger dimension than W*. Suppose we are interested in the CASF at the final period
T. Counsider the first-order Markov treatment assignment example and let ¢ be |T/2]
(the greatest integer less than 7'/2). If treatments are scalar, Z is of length T'— | /2]
and V is of length |T/2]. Therefore, the order condition requires that W* be of
length at most |7'/2] — 1. If we are interested in the CASF at the final period 7" then

W* must be of length no greater than |7/2| — 1.

1.3 Estimation and Inference

In this section we describe our estimation and inference procedures and analyze their
asymptotic properties. The key step in estimation corresponds to penalized sieve
minimum distance (PSMD) estimation (see [24] and [25]). Inference is based on the
multiplier bootstrap (see for example [17]). Our methods can be applied in panel
settings or to cross-sectional data. To emphasize this generality we return to the
notation in Section 1 in which we suppress time subscripts.

Because our method is sieve-based it has a natural parametric analogue in which
the number of basis functions is kept fixed rather than allowed to grow with the

sample size. We discuss some parametric analogues of the method in Appendix A.2.
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Let {(Y;, Xi, Z;, Vi) }1, be a sample of n observations of the variables Y, X, Z, and
V. In the panel case, Y; and X; should be understood to come from one fixed period
t. For each n let ¢, be a column vector of basis functions defined on the support of
(X, V). The first stage of the procedure consists of non-parametric regression. The

practitioner estimates regression functions g, 7, and «, which are defined by:

g(r,2) = EY|X =x,7Z = 7

Elon (X, V)| X =2,Z = 2]

(T, 2)

(21, 12) = Elgn (21, V)| X = 4]

The estimation of each function above can be carried out using a standard non-
parametric regression method like local-linear regression or series least-squares. De-
note estimates of the fitted values g(X;, Z;), m,(Xi, Z;), and (21, 22) by §;, T, and

G (1, T9) respectively.

Let Pen(-) be some penalty function. Let Ao, be a positive scalar penalty pa-
rameter. In the second stage, the researcher evaluates a vector of coefficients 6 that

minimize the penalized least-squares objective:
L=, ., 2
= (9 — 7,,0)" + Ao Pen(9) (1.3.1)
n b
i=1

The estimate of the CASF is then given by:

~

J(z1]72) & G (21, 72)'0 (1.3.2)

Some of our asymptotic results pertain to a particular version of the method described
above in which the first-stage regressions are carried out using series ridge, a ridge
penalty is used in the second stage and there is sample-splitting between some of the

first-stage regressions.

The series ridge version of our estimator is carried out as follows. Let Z,, 7.,

and Z, represent subsets of {1,2,...,n} of size ng, n,, and n,. Let Pen(-) be a ridge
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penalty so Pen(f) = ||0||>. Let I denote the identity matrix and define EA],\M =
n%,ZieIg Tnif; + Aoml. Then the objective (1.3.1) is minimized by setting 0 =
i};o{n%g ZiGIg Tn,ii-

We assume the basis functions ¢, (z,v) are multiplicatively separable in = and wv.
In particular there are length k(n) and [(n) vectors of functions, p, and x,, so that
On(2,0) = pp(v) @ xn(x) where ‘®” is the Kronecker product.

The first-stage regressions are then carried out using series ridge regression with
penalty parameters A;,, Ag,, and A3,. Let ¢, be a length-m(n) vector of basis
functions defined on the support of (X, Z) and let ¥,,; = ¢,,(X;, Z;). Similarly, let ¢,
be alength-p(n) on (X, Z) and (,; = G.(Xi, Zi). Similarly, let pni = pu(Vi) and x,,; =
Xn(X;). For any X define 0, = % Yoier. Unity i+ AL Ex = ZZGI Cn,iCpi AL, and
G,=-=L1 Y iez, Xn,iXni + AL, We obtain estimates g;, 7, and G (1, m9) as follows:

No

gi nzﬁxlln Z CTL,] (133)
]EI
ﬁ-n,i :('(%Lz )\2,, an]pnj ®an
GI,r
dn(xla C[;2) :(Xn(l?) G)\s " Z anpn,y> b2y Xn(xl)
* jeTa

1.3.1 Consistency and Convergence Rate

We prove the consistency of our estimator and derive convergence rates under primi-
tive conditions similar to those common in the literature on standard non-parametric
regression.

Let us introduce some additional notation. ||al|| is the Euclidean norm of a vector
a and ||A|| is the spectral norm of a matrix A. For sequences of scalars a,, and b,
a, 2 b, means a,/b, = O(1) and a,, < b, means that a, /b, = o(1). For sequences
of random scalars a,, 3, b, means a, /b, = O,(1) and a,, <, b, means a, /b, = o,(1).
We say a,(x) 3, by(z) uniformly (over ) if sup, a,(z)/b,(x) 3, 1

For any s,c > 0 let A%(c) be the space of smooth functions defined as follows.

For any vector ¢ = (q1,q2,.--,qa) € N&, let D, be the partial derivative operator.
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That is, for any scalar function 6 on R, D,[6](r) = e +azt+aq §(r). Then

091092y, BB ry;

5 € Ac) if any only if, for any ¢ € N with 32¢_ qp < |s], D,y[0] exists and has

magnitude bounded uniformly by ¢, and for all ZZ=1 q = |s] and ry, 7y € R%:
[ Dy[6)(r1) = Dy[0](r2)] < efry — 7o~

Let z/zm = Yni ® Xni, and then let Q, = E[(lﬁm@”)} Let us define matrices
Qn = E[pn,ip;L,iL Gn = E[Xn,ixln,i}? Q” = E[l/}"vﬂ/};hi]’ and =, = E[Cn’z 7/%1] ’
Let us define the scalars £,, = ess sup||Q,§1/2pm-||, Exn = €ss sup||G;1/2Xn7i||,

Epn = esssup || 20 ill, & = esssup [[Z012C,]], and €5, = esssup || 2.

Assumption 5.1 (Bases). i. @), is non-singular. For any s > 0, £,,(s) < 0 and

uniformly over ¢ > 0 and § € AZ™V)(¢):

inf B[(0(V) = pa(V)B)*]"?

SRk 2 Cgp,n<5)

ii. Either X is has finite discrete support and for sufficiently large n any scalar

function on X is a linear transformation of x,, or GG, is non-singular, and for any

s >0, {y,(s) < 0 and uniformly over ¢ > 0 and § € AT () it [*[0] minimizes

E[(6(X) — xa(X)8)?] then:
esssup [0(X) — xa(X)'B0]] 2 clyn(s)

~Y

ili. €, is non-singular, and for any s > 0, £, ,(s) < 0 and uniformly over ¢ > 0 and

§ € A (¢), i 57(8) minimizes E[(6(X, Z) — (X, Z)8)°]:
esssup |0(X, Z) — n(X, Z2)'B*[6]| 3 clyn(s)

iv. E, is non-singular, and for any s > 0, {¢,(s) < 0 and uniformly over ¢ > 0 and

5 € A0 (0) it 5(5] minimizes E[((X, Z) — Gu(X, Z)6)"):

esssup |6(X, Z) — (X, 2)' B*[6]| 3 clen(s)
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Assumption 5.2 (Densities, Conditional Variance). i. The joint distribution

Fix zv) is absolutely continuous with the product of the marginals F(x z) ® Fy.

ii. The Radon-Nikodym derivative d@g;‘l is bounded above and away from zero.
iii. X has finite discrete support or X is continuously distributed on support X &
RI™X) X admits a probability density fx that is bounded above and away from
zero, and there exist b > 0 and r > 0, so that for any z € X and 0 < b < b,
vol(Byy NX) > rvol(Byy), where B,y is the Euclidean ball of radius b’ centered at

x and vol(-) returns the volume. iv. there exists oy < oo so that with probability 1,

E[Y?|X, 7] < o2.

Assumption 5.3 (Smoothness). In each case, for F(x zvy-almost all (z,z,v),

M(ZB,Z7~) S Agim(V)(Cl) and M(',Z,’U) S Agim(X)<02> 1. g(7> <

F(X,Z)®dFV F(X,Z)®dFV
i ... dF i . . . .
Agém(x)(ci;), iii. %<3"U) € Ag;m(X’Z)(c4), iv. Either X has finite discrete
dF x v dim(X,Z)
support or dFX®F‘>/(-,v) € A, (cs5).
. . . 2 .. 2 1
Assumption 5.4 (Sieve Growth). i. Sxnlogllm) 1, ii. %ongw < 1, iii.

€2, log(p(n))
g

€2 log(m(n)i(n))

g

<1, iv <1

Assumption 5.1 specifies the rate at which the basis functions can approximate
smooth functions. Precise bounds for particular basis functions can be found in the
approximation literature (see [34]). '3

Assumption 5.2 is a weak condition on the joint distribution of V' and (X, Z).
It is satisfied if, for example, V', X, and Z have a non-zero joint probability density
on a rectangular support. Assumption 5.2.ii holds if, for example, X and V have
joint probability density that is bounded above and away from zero on a rectangular
support. The condition on the support of X in the continuous case in 5.2.iii is very
weak condition on the boundary. It holds, for example, if X is rectangular. 5.2.iv is
standard in the non-parametric regression literature.

Assumption 5.3 imposes that some reduced-form objects be smooth. Note the

assumption does not directly impose smoothness on any structural objects (such as

3For example, if p,,, Xn, ¥n, and (, are spline series, local polynomial partition series, or Cohen-
Daubechies-Vial wavelets of order sy > s, then fi,n Im(n), &, 3 kn), &, 3 1(n), fgm = p(n),

Ly n(s) j m(n)—S/dim(X,Z), len(s) 3 p(n)—s/dinl(X,Z)7 Cpn(s) 3 k(n)—s/dim(\/)’ and £, ,(s) <
I(n) =/ (X)) (see for example [26]).
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v or ¢ from Theorem 1.1). Assumption 5.4 restricts the rate at which the numbers
of basis functions can grow. This assumption allows us to apply Rudelson’s matrix
law of large numbers (|70]).

Theorem 3.1 establishes a rate of convergence for the estimator in terms of the
first stage convergence rates. Theorem 3.1 refers to rates Ry ,, Ry, Rrn(21), and
Ry n(x1, 22) which are rates of convergence for g;, 7, ;, and &, respectively. In par-
ticular we let n%, D, (9: — gi)2 Zp R, and n—lg > ez, (T — Tn,i) 0° Zp R2 .-

Further, uniformly over Fx-almost all x; and x5 and over all f € RFMU) with

Ellon(X,V)0]?] = 1:

Ez[|(mtni — ) 01| X = 1] 2

~p

Rﬂ,n($1)2

(éfn(xla ZI;Z) - O‘n(xlv x2)>/0 ,_\<,pRoz,n<xlu 132)

Finally, let 12 = fmin(Qn)ttmin(Gn) and iy = tinae(Qn) ftmaz(Gn) f0r fimin(Qn)
and fimae: (@) the smallest and largest eigenvalues of @, and likewise for G,. De-
fine &, (1) = [|Elnidy | X = o1]20:"7|| and define &o,(a1) by Eonlar) =
1B [n it X = or]20017).

Theorem 3.1 (Convergence). Suppose Assumptions 1-4 hold with D(-) and C(-,")
in Assumption 4 uniformly bounded and that Assumptions 5.1.i-11, 5.2.1-14i, 5.3.1-ii,
5.8.iv, and 5.4.iv hold. Let 0 be defined as in (1.3) and let ¢,(z,v) = pu(v) @ xn(z).
For any first-stage estimators g;, and &, ,; and any series estimator m,,; of the form

Tni = (WL i) @ Xni with @, a matriz of estimated coefficients:

J(a1]2) — G (1, 22)'0

[, [
r—jp (_ + 1_/2(R9,n + Rﬂ,n + Rg,n)) (Rﬂ,n(x1> + Ra,n(xlu Ig))
En )\O,n
1/2
+ §Q7n(zl)(R9,n + Rﬂ,n + Rg,n + :7"1 ) + RG,n

Tn

Where Ry, = £, (s1) if X has finite discrete support and otherwise we have Ry, =
S ~ min{sa,s3,1
Lpn(51) + (§pnlyn(1))", for 5 = chiplenssl

41



Theorem 3.2 (First-Stage Rates). Suppose Assumptions 5.1-5.4 all hold and g,

Tn, and &, are the series ridge estimates given by (1.3.3), then:

Ry =1[p(n)/ng + Len(ss) + Al |2, ]

Rrin =6 (\ €2,k (1) A €2m(m) /1 + Cun(50)) + Daall

Rfr,n(ajl) :gﬂ,n<xl)Rﬂ,n + (1 - fﬁ,n(x1>)£x,n£w,n(34>

Ran(w1, 22) =€n (1 + /62 nl(1)/10) byn(s5) + Aan€y alIGL ]

€2\ J€2k() A €, (m) /e

While our estimator is of the PSMD type, our convergence rate results differ
markedly from those of PSMD estimators of the structural function in NPIV models.
In particular, our results do not depend on a sieve-measure of ill-posedness. In fact,
Theorem 3.1 suggests rates of convergence comparable to standard nonparametric
regression are attainable. Suppose Ay, is chosen to optimize the rate in Theorem 3.1,

then rate simplifies to:'*

G(x1]w2) — in (1, 22)'0

(Rﬂ',n(xl) + Ra,n(xla xQ)) + fg,n(flfl)(Ra,n + Rw,n + Rg) + RG,n

~P

= |1:\
s |s

For many commonly used bases ﬁ—" is bounded above and away from zero under very
weak conditions ([17]). This ml;snt be true in the case of discrete and finitely sup-
ported treatments. Furthermore, with discrete finitely supported treatments §Qn(931)
is bounded above, and so with the penalties chosen optimally, the estimator converges
as quickly as either the slowest first-stage nonparametric regression or I%g,,. Moreover,
in the finite discrete treatment case [(n), {n,(21), and &, ,, are also bounded above

uniformly over n, and ¢, ,, = 0 for large enough n. Consider the ridge series estimator

using as basis functions all the interactions between indicators for the possible treat-

14The A, that optimizes the rate in Theorem 3.1 is given below:

)\O,n = §Q7n($1)_1ﬁnﬂn(R9,n + Rg,n + Rﬂ,n) (Rﬂ',n(xl) + Ra,n(xh xQ))
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ments and either spline series, local polynomial partition series, or Cohen-Daubechies-
Vial wavelets of order 5o > s = min{sy,s3,54} . Then & = m(n), &, = k(n),
&, 3 p(n), Lonls) 3 mn) =/ 9mD, 1 () 3 pln)=/ ), 4, (s) 3 k()= V)

If penalties are chosen optimally and each subsample grows at rate n, then the

estimates converge at rate:

) m(m)/ + /p() [+ )= S0 4 () =5/AE) ()= (V)

We can choose k(n), m(n), and p(n) to optimize the rate above. The optimal
rate is n@m(VFanZ7% . Note that as the smoothness coefficient s goes to infinity this
approaches the root-n parametric rate.

Theorems 3.1 and 3.2 together imply that if ¢, ,,(s), {,n(s), yn(s), and £, (s)
each go to zero exponentially quickly in s, and if the penalty parameters, number
of basis functions, and sub-sample sizes are set optimally, then as the smoothness

parameters approach infinity the convergence rate approaches n=1/2.

The term Ry, in Theorem 3.1 accounts for the approximation error due to the
use of a finite vector of basis functions ¢,. Remarkably, this term is guaranteed to
converge quickly to zero under smoothness conditions on only reduced-form objects.'?
This allows us to avoid directly placing any smoothness restrictions on objects like ~
and ¢ in Theorem 1.1 which do not generally have a simple structural interpretation.

Theorem 1.2 plays a key role in our analysis. Recall that Theorem 1.2 establishes
that under our identifying assumptions, our estimation problem is well-posed. This
is why a sieve measure of ill-posedness does not show up in the convergence rate and
we are able to achieve rates comparable to standard nonparametric regression.

Let us briefly discuss the role of penalization. The first-stage rates in Theorem 3.2
are optimized by setting the first-stage penalties equal to zero or letting the penalties
go to zero sufficiently quickly. Nonetheless, it may be useful to penalize the first-
stage regressions in finite samples. By contrast, the second stage penalty parameter

Ao, that optimizes the rate in Theorem 3.1 goes to zero at a rate comparable to the

5see Lemma C.9 in the supporting materials, which may be of independent interest
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convergence rates of the first stage regressions. The second-stage penalization in our
problem is not used to regularize an ill-posed inverse problem (as it may be in NPIV).
Instead, penalization in the second stage prevents a norm the mean-square norm of
the function ¢y (z1,-)'0, given by Ey||¢n(z1, V)'0|?]/2, from blowing up too quickly.
This norm matters because the final estimator é,(z1,22)0, is a fitted-value from
regression of ¢,(x1,V;)’0 on X;. The variance (conditional on ) of the dependent

variable is bounded by Ey[|¢, (1, V),é|2]1/2~

1.3.2 Asymptotic Normality

We now provide conditions under which the estimated CASF can be asymptotically
approximated by a Gaussian process. The Gaussian approximation motivates a mul-
tiplier bootstrap method for constructing uniform confidence bands.

The results in this subsection apply specifically to the series ridge version of our
estimator with sample splitting. Crucially, we require that 7, be estimated using an
entirely separate sub-sample from that used to estimate g, formally Z, N Z, = (). We

also require additional conditions stated below.

Assumption 5.5 (Inference). i. There is a sequence Ry, < 1 that satisfies
p(n)*6cang " RiZ log(ng) — 0. i E[(Y: = 9)%Xi, Z] > ¢} > 0 with probabil
ity 1. iii. E[(Y; — ¢:)?| X, Zi] < Fs < 0o with probability 1. iv, Ytacnlos) oy

Ng

v. E[(Y; — g:)*X:, Z;] < Ry < oo with probability 1.

Assumption 5.5 i. restricts the growth of p(n) relative to n,. This condition
is used in our application of Yurinskii’s coupling, which plays the role of a central
limit theorem in our analysis. 5.5.ii helps us lower bound the variance of the Gaussian
approximation. 5.5.iii bounds the conditional third moment of Y; for use in Yurinskii’s
coupling. 5.5.iv slightly strengthens Assumption 5.4.iii, and 5.5.v bounds the fourth
moment of Y.

To state Theorem 3.3 we must introduce some additional notation. Let &, (z1, x2) =
E[gp(ml, To, Zi)frn,i‘fm X, = xl} where ¢ is the function in Theorem 1.1.ii. Note that

the expectation in the definition of &, is conditional on Z,, by which we mean we
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condition on all the observations in the sub-sample Z.. Let I', = E[Cn’iCAi(}/i —
7’” ;1E[Cn,igi])2}, Y, = E[ﬁn7iﬁ;7i|l}r}, and f],\o’n =3, + Xonl. Then define the

vector-valued function s, by:
su(@1,@2)" = Gn(1, 22) By Bl | Za] 20T

Define b, = ||E[Z, 1/2me 1/2] ||, and let ¢, be a deterministic function that

satisfies:

Qn<l'1,l’2) jp ||E[E;1/2€nz(ﬂ- Z (1'1,1‘2 )‘I ]

Theorem 3.3 (Asymptotic Normality). Suppose Assumptions 1-5.5.iii all hold
with D(-) and C(-,-) in Assumption 4 uniformly bounded. Let 0 be defined as in
(1.3) and g, Tt,, and &, as in (1.5.3) with T, N L, = 0. Then for each n there is a
length-k(n)l(n) random vector N, ~ N(0,1) that is independent of the observations

in sub-sample T, so that uniformly:

Vg (01 |22) = dnlzr,@0)'0) s, (w1, w0 IN;

[[sn (21, 22)] [Isn (1, 22) ]

SpRavn + sc,npff) + bn(Ron + R + Lon(s) + Al =511
g

Y g ) (1:3.4)

co(T1,22)

The remainder term R, (z1) is given by:

Ry, + (% + =7 NG =(Ron + Rep + Ryp)) (Repn(21) + Ran(21,22))
—n 0,n
+El ﬁg ) g + (€2, log (Hn)m(n)) ng)"")
+§fl,n (xl ) AO/n /’L

Theorem 3.3 gives a rate at which the normalized estimation error can be approx-
imated by a zero mean Gaussian process. The term b, is often simple to bound, for

example b, = 1 whenever Q;l/zq/?n(x, z) is a subvector of E;l/QCn(x, ).
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The sequence ¢, (71, 22)? is (under our assumptions) a lower bound on the rate of

the conditional asymptotic variance ||s, (21, 22)||*. Thus - (\;:Tin)Rn(asl) is the ratio of
an asymptotic bias term ,/m, R, (z1) and the rate of the asymptotic variance.'® Thus,

V7 )Rn(xl) to converge to zero one must ‘under-smooth’. Under-smoothing is

for ——2—
¢, (1,22

a common strategy for inference in non-parametric models, to under-smooth one lets
the bias decrease more quickly than the variance. ¢, (x,22) is the norm of a length

p(n) vector and so, loosely speaking, letting p(n) grow sufficiently quickly helps to

ensure ¢, (1, 73) shrinks to zero slowly enough that —Y"2 <R, (z,) — 0.

¢, (z1,22)

1.3.3 Uniform Confidence Bands

If the RHS of (1.3.4) goes to zero and a consistent estimate of the asymptotic vari-
ance is available. Then Theorem 3.3 immediately implies that asymptotically valid
pointwise inference on g(x1|zy) can be achieved in the usual way using a zero-mean
Gaussian approximation. For uniform inference we describe a multiplier bootstrap
procedure for constructing confidence bands that are asymptotically valid uniformly
over all (z1,27) in a set X.

Let 6 be defined as in (1.3) and let §, #,, and &, be given by the formulas in
(1.3.3) with Z, N Z, = (). Let @Qp; for each i € Z, and b € {1,..., B} be iid standard
exponential random variables that are independent of the data. '” The b multiplier
bootstrap estimate is ézn(xl,xg)’éb where 0, is given by f];oln—lg zz‘ezg TniGip Where

Gip = fmﬁAb for B, is defined by:

- 1 11
By = <n_ > QuiGniCli + Mind) 1n_ > Qi

9 i1, 9 ie1,

The goal of the bootstrap procedure is to approximate the distribution of g(z|xs) —

b (21, 5)'0 using the distribution of dy, (21, 22)'0 — (21, 23)' 0. A size-a bootstrap

16Strictly speaking R, (x1) captures more than just bias. It captures some of the error of the
Gaussian approximation which can also be due to noise in the first-stage estimation. We refer to
it as bias because in the context of inference in our setting it plays a role analogous to bias in
nonparametric regression.

1"We follow ([17]) and use the standard exponential, but @, ,; may have any distribution with
mean and variance both equal to 1 and max;ez, |Qb:| Zp In(ny).
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confidence band is an interval-valued random function él—a of the form:

. . " T1,T ~ 011, 22) .
@1—a($1,$2)= Ozn($1,9€2)/9 MCI a,an($1,$2)9+M01—a

VALY VALY
Where (1, x2) > 0 is an estimate of ||s,(x1,22)|| and é_, is a critical value. The
uniform (over all pairs (x1,x2) in a set X) critical value is the smallest scalar ¢ > 0

that satisfies the inequality below:

Oén I1,$2) 9b Oén(l’hIQ
1{ sup <cyp>1—a
B Z {zl,mQGX (1'1,33'2)/\/ g | }

Theorem 3.4 (Uniform Inference). Suppose Assumptions 1-5 all hold with D(-)

and C(-,+) in Assumption 4 uniformly bounded. Suppose that for some 7, — 0:

sup |Ryn + bcap(n) + b, (Ron + Rep)
(z1,22)EX ng
Vg . )
+Qn(x1’x2) (21) + b (len(83) + Mnl|Z D] =p 7

Where Ryrn, Ron, Rrpn and R,(x1) are as defined in Theorem 8.3. Further, suppose

Sn (1,22 G(x1,w2) —2 .
SUD (1, 25)e |—Hsn Al ‘N, | < o0 almost surely, sup(,, e I Grasy — L <p Ty and:

!
E[ sup ]—S”(xhxz) ./\/'n|}<77’1
(z1,22)EX |[sn (21, 22)]]

then if B — oo sufficiently quickly with the sample size:

~

P(§(z1]z2) € O1_a(m1,22), V(21,22) € X) =1 —a+o(1)

The conditions in Theorem 3.4 on the Gaussian process % N, are needed

in order to apply results from [26]. In the case in which X" is a finite set they hold
trivially.
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1.4 Empirical Applications

We apply our methodology to real data. In order to emphasize the applicability of our
approach to both cross-sectional and panel models we present two separate empirical
settings. In our first application we use cross-sectional variation to estimate causal
effects, and in the second application we exploit the panel structure of the data.
Estimation was carried out using the series ridge version of our estimator with sample-
splitting. In all cases we use as our basis functions the first, second, and third powers
of each variable and up to three-way interactions (this includes say, the interaction
between the square of one variable and one other variable). In each case the penalty

parameter is set to the square root of the size of the subsamples.

1.4.1 Causal Impact of Grade Retention

[42] examine the causal effect of being made to repeat a particular grade level on the
cognitive development of US students. They use data from the ECLS-K panel study
which contains panel data on the early cognitive development of US children. We
use our methods to examine the effect of grade retention on the cognitive outcomes
of children in the 1998-1999 kindergarten school year using cleaned data available
with their paper. Following [42], we take our outcome variables to be the tests scores
in reading and math when aged approximately eleven. Also in line with [42]| our
treatments are indicators for retention in kindergarten, ‘early’ (in first or second
grade) and ‘late’ (in third or fourth grade). The cleaned data from [42]| contains only
students who are retained at most once in the sample period and no students who
skip a grade.

The ECLS-K dataset contains scores that measure a student’s behavioral and
social skills and their scores on a range of cognitive tests at different ages. To account
for the confounding effect of unmeasured ability (see the arguments in Section 1),
[42] estimate a latent factor model with a particular structure. They assume that all
confounding between grade retention and potential future cognitive test scores is due

entirely to the presence of three latent factors representing different dimensions of
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ability. [42] then use test scores to recover the distribution of the latent factors and
their loadings. They assume a particular multiplicative structure between the factors
(which are time-invariant) and time-specific factor loadings in both their outcome

and selection equations.

In our approach, W* represents underlying propensity to perform well academi-
cally, and plays a role analogous to the latent factors in their analysis. Our methods
allow us to avoid any strong assumptions on the factor structure. As we discuss in
Section 1, we let the set of proxies V' contain the student’s scores on the cognitive
and behavioral tests in kindergarten and Z contain the scores from early in elemen-
tary school (first or second grade). See Section 1 for discussion of our identifying

assumptions in this context.

We apply the estimation method set out in Section 3 to estimate average effects
of retention at different grades. Table 1 below presents our results, and corresponds

roughly to Table 4 in [42].

Consider the average effects of treatment on the treated for each of the three treat-
ments (retention in kindergarten, early in elementary, and late in elementary). These
are highlighted in sky blue in Table 1. We estimate that retention in kindergarten
and retention in first or second grade lowers the average scores for reading and math
for those students who were in fact retained at these ages, we estimate that retention
late in elementary raises scores in both reading and math. The figures for retention
early in elementary are statistically significant at the 99% level, but the estimated
effects of treatment on the treated for both retenition in kindergarten and late in
elementary are statistically insignificant. These findings [42] who estimate mostly

negative ATTs.

The first column in each table gives the counterfactual effects of retention at
different ages for those students who were not retained at any of the ages covered
in our data. We find a mix of positive and negative effects. Only two of these
counterfactual estimates are statistically significant at the 95% level: the negative
estimated effect of early elementary retention on the reading scores of those not

retained, and the positive effect of retention in kindergarten on the math scores of
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Table 1.1: Effects of Grade Retention on Cognitive Performance

(a) Reading

n = 1948 Observed retention status:
Difference from Not Retained Retained | Retained
non-retention: retained | kindergarten early late
Retained kindergarten 0.01 -0.06 -0.03 -0.01
(0.04) (0.04) (0.05) (0.04)
Retained early -0.11 -0.13 -0.16 -0.03
(0.04) (0.02) (0.03) (0.02)
Retained late -0.01 0.04 0.02 0.00
(0.03) (0.02) (0.02) (0.01)
(b) Math
n = 1951 Observed retention status:
Difference from Not Retained Retained | Retained
non-retention: retained | kindergarten early late
Retained kindergarten 0.08 -0.01 0.02 -0.02
(0.04) (0.03) (0.03) (0.03)
Retained early -0.01 -0.09 -0.09 -0.07
(0.04) (0.03) (0.03) (0.03)
Retained late -0.02 -0.03 0.01 0.01
(0.04) (0.04) (0.04) (0.03)

Estimates of the treatment effects for groups with different treatment statuses. Numbers in parentheses are standard
errors calculated as the standard deviation of the estimates over 10, 000 replications of the multiplier bootstrap method
detailed in Section 3. The sample size n differs because for some individuals not all three outcomes are available.

those not retained. [42] estimate positive effects of all treatments on both the reading

and math scores of those students who were not retained.

Table 2 compares estimates of the average effect of treatment on the treated
under different approaches to estimation. In the first column are linear least-squares
estimates of the average treatment effects when no additional covariates are included
in the regression. This amounts to a simple difference in means. The estimated effects
are all strongly negative and very statistically significant. In the second column, the
kindergarten cognitive and behvioral scores are included as regressors in a linear
specification, note that in every case the estimated negative effects are at least halved

in magnitude compared to the case in which the scores are not included.

In the third column we apply our method with linear specifications (i.e., pp, ¥n,
Cn, and x,, return their arguments) and without any penalization, that is, Ao, =

>\1,n = )\Qn = )\3,77, = 0.

)

In every case the the estimated ATTs are more positive
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Table 1.2: Average Effects of Treatment on the Treated

(a) Reading

Method:
OLS, OLS, Proxy Proxy
no proxy | kindergarten | controls, | controls,
Treatments: scores scores linear PSMD
Retained kindergarten -0.22 -0.08 -0.04 -0.06
(0.03) (0.02) (0.03) (0.04)
Retained early -0.31 -0.15 -0.11 -0.16
(0.02) (0.02) (0.03) (0.03)
Retained late -0.19 -0.04 0.06 0.00
(0.04) (0.03) (0.05) (0.01)
(b) Math
Method:
OLS, OLS, Proxy Proxy
no proxy | kindergarten | controls, | controls,
Treatments: scores scores linear PSMD
Retained kindergarten -0.22 -0.05 -0.01 -0.01
(0.03) (0.02) (0.03) (0.03)
Retained early -0.33 -0.16 -0.06 -0.09
(0.03) (0.02) (0.03) (0.03)
Retained late -0.24 -0.06 0.06 0.01
(0.04) (0.03) (0.05) (0.03)

Estimates of the average effect of treatment on the treated using various estimation methods. Numbers in parentheses
are standard errors, calculated for the OLS estimates using the standard heteroskedasticity robust formula, and for
the latter two columns using 10,000 replications of the multiplier bootstrap method detailed in Section 3.

than when the kindergarten scores are treated as perfect controls. Finally, the last
column contains the ATTs from the ridge series estimates in Table 1. Compared to
the linear case the ATTs are more negative, although the estimated effect of retention
in kindergarten on math outcomes is unchanged up to two decimal places. Note that
the estimated effect of early retention on reading outcomes is slightly more negative
using our method than it is in the linear specification with kindergarten scores treated
as perfect controls.

The results in Table 2 are consistent with the notion that unmeasured ability
biases the estimated ATTs downwards. Including kindergarten test scores as controls
mitigates some of this bias, and the proxy controls method mitigates the bias further

still, resulting in mostly less negative estimated ATTs.

The ECLS-K dataset includes additional covariates that measure features of the
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child, the child’s school, and the child’s household. Table 3 contain estimated ATTs
when these additional covariates are included in each specification. Due to the large
number of these additional covariates it is infeasible to include powers or interations
of these terms, and so in our PSMD estimation we only allow these to enter linearly
into each regression. [42] includes these covariates in their specification and so we
include their results in the final column for comparison.

Again, moving from left to right across the first three columns of Table 3 we see
increasingly positive estimates of all ATTs. The estimates for the non-linear proxy
controls specifications are in some cases more positive and in some cases more negative
than in the linear proxy controls specification. In this case the non-linear proxy

controls estimates are always more positive than both corresponding OLS estimates.

Table 1.3: Average Effects of Treatment on the Treated (Additional Controls)

(a) Reading

Method:

OLS, OLS, Proxy Proxy | Freuhwirth,

no proxy | kindergarten | controls, | controls, | Navarro &

Treatments: scores scores linear PSMD Takahashi
Retained -0.17 -0.09 -0.06 -0.05 -0.06
kindergarten (0.02) (0.02) (0.02) (0.03) (0.01)
Retained early -0.23 -0.14 -0.12 -0.12 -0.11
(0.02) (0.02) (0.02) (0.02) (0.02)
Retained late -0.13 -0.04 0.00 -0.01 0.02
(0.03) (0.03) (0.04) (0.02) (0.08)

(b) Math
Method:

OLS, OLS, Proxy Proxy | Freuhwirth,

no proxy | kindergarten | controls, | controls, | Navarro &

Treatments: scores scores linear PSMD Takahashi
Retained -0.18 -0.07 -0.04 0.00 -0.06
kindergarten (0.03) (0.02) (0.02) (0.03) (0.02)
Retained early -0.24 -0.14 -0.07 -0.06 -0.10
(0.03) (0.02) (0.03) (0.03) (0.02)
Retained late -0.17 -0.08 0.03 -0.02 -0.05
(0.04) (0.03) (0.04) (0.04) (0.26)

Estimates of the average effect of treatment on the treated using various estimation methods. In each specification
36 additional covariates were allowed to enter linearly into each regression. These covariates are those other than the
cognitive and behavioral scores listed in Table 1 of [42] and (following [42]) the square of age. Numbers in parentheses
are standard errors, calculated for the OLS estimates using the standard heteroskedasticity robust formula, and for
the third and fourth columns using 10, 000 replications of the multiplier bootstrap method detailed in Section 3.The
figures in the final column are taken directly from [42].
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1.4.2 Structural Engel Curve for Food

A household’s Engel curve for a particular class of good captures the relationship
between the share of the household’s budget spent on that class and the total ex-
penditure of the household. An Engel curve is ‘structural’ if it captures the effect
of an exogenous change in total expenditure. Imagine an ideal experiment in which
the household’s total expenditure is chosen by a researcher using a random number
generator and the household then chooses how to allocate that total expenditure be-
tween different classes of goods. Then the resulting relationship between the total

expenditure and budget share is a structural Engel curve.

Nonparametric regression of the budget share spent on food and the total ex-
penditure on certain classes of goods is unlikely to represent the average structural
Engel curve. This is because, as we argue in Section 1, total expenditure is chosen
by the household and thus depends upon the household’s underlying consumption
preferences. These same preferences partially determine the household’s expenditure

on food.

We estimate average structural Engel curves for food eaten at home using data
from the Panel Study of Income Dynamics (PSID). The PSID study follows US house-
holds over a number years and record expenditure on various classes of goods. We use
ten periods of data from the surveys carried out every two years between 1999 and
2017. We drop all households whose household heads are not married or cohabiting
and drop all households for which we lack the full ten periods of data, leaving us with
840 households. We take as the total expenditure the sums of expenditures on food
(both at home and away from home), housing, utilities, transportation, education,

childcare and health-care.

We apply the approach to identification with fixed-T panels described in Section
2, in particular the Markov treatment assignment and predetermination case. Let X;
denote the total expenditure in period ¢, which is the treatment in this setting. We
aim to estimate the average and conditional average structural Engel curve for period

T. Let W* consist of factors that capture heterogeneity in household preferences. In
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Section 2 we argue these assumptions are plauble in this setting, in particular because

of the length of time between periods is long.

We set V and Z in line with the suggestions in Section 2. That is, V' = (Xj, ..., X5)
and Z = (X5, ..., Xg). The order condition here requires that the dimension of pref-

erences W* be no greater than four.

Figure 1-4: Demand for Food

(b) Change in Food Demand from a 10%
(a) Average Engel Curve for Food  Increase in Total Expenditure
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Estimates are plotted at 100 points evenly spaced (in levels not logs) between the 10% and 90% quantiles of total
expenditure. For Sub-Figure 4.a we estimate + >, 9(x, X;) at each point = on the grid. For Sub-Figure 4.b we

n

estimate y(1.1z,z) — g(z,z) for each x. The uniform confidence bands are evaluated using 10,000 replications of the
multiplier bootstrap as detailed in Section 3. The pointwise standard errors were set equal to pointwise standard

deviations over the bootstrap replications.

Sub-Figure 4.a plots our nonparametric estimate of the average over our sample of
the structural Engel curve for food. The sub-figure shows a downward-sloping Engel
curve that (with a log scale for total expenditure) is subtly concave. The downward

slope of the curve suggests that food is a normal good, at least in aggregate.

Sub-Figure 4.b presents estimates of the average change in the budget share of food
from an exogenous 10% increase in total expenditure broken down by the observed
total expenditure. This is the difference of two conditional average structural Engel
curves. In all cases the estimated change in expenditure share is negative, which

again would be true of a normal good.
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1.5 Conclusion

We present new results on identification, estimation, and inference with proxy controls
in cross-sectional and panel settings. The present work raises a number of questions
for future research. Firstly we have yet to explore a doubly robust approach to
estimation based on both of the characterizations in Theorem 1.1. Tt is also unclear
whether one can achieve valid inference without the need for the regularity conditions
in Assumption 4. We conjecture that it is possible and we intend to address this in

future work.

1.6 Appendix A.1: Regularity Conditions

First, let us introduce some additional notation. The vectors Z and V may share
some common components. Denote the shared components by W and let V and Z
contain the remaining components of V' and Z respectively. Thus we can decompose
V=(V,W),Z=(Z,W).

For each (r,w) in the support of (X, W) define a linear operator A, ; that maps

from Lo(Fy|x—yw—a) 10 La(Fzx—pw—a) bY:
A:p,w[é}(g) = E[(S(V)|Z =z, X = x7W = U_j]

The adjoint of this linear operator A} ; : Lo(Fyx_, w—p) = L2(Fyx—pv—p) IS given
by:

A 10)®) =EB(2))V =0,X =2, W =

Assumption A.1 (Compact Operator). The following holds for F| y yy-almost all

r,w). Let ‘F,..q4 denote the product measure of V and Z conditional on X, W) =
P

(z,w)."* The conditional joint measure Fiy 7 v_, yi—, is absolutely continuous with

respect to F}, .4 and the corresponding Radon-Nikodym derivative is square integrable

'®In more conventional notation Fjoq is equal t0 Fyy_, o ® Fzx—p e
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with respect to Fpoq:

AF e oo o
/ (— XV (5 )2 Fpoa(d, dZ) < oo

derod
Under Assumption A.1 for Fx y-almost all (z,w) there exists a unique singular
system (indexed by (z,@)) {(u{"™, ) ( DN for Ay . ™™ s the k' singular

value of A, . u,(f’w) is a real-valued function that maps from the support of V

conditional on (X, W) = (z,w). v,gz’w) is a scalar valued function that maps from the

(z,w) (z,)

support of Z conditional on (X, W) = (z,@). u,"" and v\"" are the k%" singular

functions of the operator A, z."

Define functions {(ug, vk, px)}32, as follows. For each k, and each pair (z,w),

u(z,v) = u,(f’w) (0) where v = (0, @) (recall that we can decompose V = (V,W)).

Similarly we let v (z, 2) = v,(f w)( ) where z = (2,w) and ug(z,w) = M’(f@).

Assumption 4 (Regularity). For both 4.i and 4.ii below assume the following:
Assumptions A.1, 1.ii, and 2.ii hold, and for Fj-almost all w and Fx-almost all x

and o, dV:&(V) and E[Y|X, Z] have finite mean squares conditional on (X, W) =

(1, w).

i. For some function C' with E[C (21,29, W)|X = 21] = C(21, z2) < 00

- dFV|X =x9 _ _19 ~ -
Z; ,uk xlu dFV|X . (V)uk<X7 V)|X = T, W = IU] S C(Z’l,l'z,w)

ii. For some function D with E[D(X,w)|X = z] = D(z) < oo

E[ElY|X, Zon(X, Z)|X = 2,W = @]” < D(x, @)

Assumption 4 states that %(V} and E[Y|X, Z] have finite conditional mean

—ay
squares so that the terms of the sums in 4.i and 4.ii are well-defined. 4.i and 4.ii
each require that generalized Fourier coefficients go to zero sufficiently quickly. These

restrictions can be understood as smoothness conditions (see [44]). Conditions of the

9Gee, e.g., [58] Theorem 15.16 and associated discussion.
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same form are used elsewhere in the literature, for example in [30] and [62].

1.7 Appendix A.2: Parametric Examples

To build intuition it may be helpful to show how our analysis applies in some simple
parametric settings. This also serves to demonstrate the connection of our methods

to [43)].

1.7.1 The Classical Additive Linear Case

Recall Y = yo(X, U), suppose yp is linear so that for a vector /:
vo(z,u) =2/ +u

For simplicity we assume variables are zero mean so we can ignore intercepts. We
assume without loss of generality that E[W*W*] is positive definite. We assume
that the following conditional expectations are linear in the conditioning variables:
E[UW*, V], E[V|W*], E[W*|V, X], and EW*|Z, X]. In particular, we assume: U =
WW*+EV +e, V=BW*"+v,and W*=CZ+ DX +n. Where A, B, C, and D
are matrices of parameters and E[e|W*, V] = 0, E[v|W?*] = 0, and E[n|X, Z] = 0.
Finally, we assume that E[ZZ'|X = x| is positive definite. Assumption 1.ii, the
linearity assumptions, and Assumption 3.ii together imply that B’B is non-singular,

in which case we get the following linear IV model:

Y=X3+Vd+e

V=FZ+GX +e

In the first equation 6 = B(B'B) 'w+ € and € = ¢ — /(B’'B)"'B'v. In the second
equation F' = BC, G = BD, and e = Bn + v.

Assumption 2.i states that U 1L (X, Z)|W* which implies Fle|X,Z] = 0. As-
sumption 2.ii states V' 1L (X, Z)|W* and so E[v|X, Z] = 0. Therefore, E[e| X, Z] =0
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and Ele| X, Z] = 0. One can show that for 8 to be identified in the linear IV model
above, it suffices that there exists a matrix M so that G = FM. In our case this
holds with M = C'(CC")~'D where invertibility of (CC”) follows by Assumpton 3.i.
Note that we do not need to identify § to recover the CASF.

Thus S is identified and can be recovered by standard TV methods. This is the
approach of [43]. From § we immediately get treatment effects (in the linear additive
model treatments effects are the same for all individuals), and the CASF is given by
y(xi|xe) = (21 — 22)' B + E[Y|X = x5]. If the basis functions in our method consist
only of linear terms and there is no penalization or sample-splitting, then our method
reduces to that of [43]. To be precise, let ¢, (z,v) = (2/,0"), ¥p(x, 2) = (o, 2) =
(/,2'). Then our estimator 6 is equal to (f,") where 3 and 6 are 2SLS estimates
of § and ¢ in the linear model above. In this setting the conclusion of Lemma 1.1.b

holds with ~(z,v) = 2’8 + v'6.

1.7.2 The Linear Multiplicative Case

Now let us consider the linear multiplicative case, with yo(x,u) = x'u; + ug, so that
u = (u1,uz)’. Again let us assume linearity of the conditional means of U;, Us, and
Vin W* and of W* in Z and X. We have Y = X'U; + U, Uy = wW* + &4,
Uy = woW* + 69, V= BW*+ v, and W* = CZ + DX +1n. Where E[g|W*] =
Eleo|W*] = 0, E[v|W*] = 0, and E[n|W*, X] = 0. In this case one can show that

under our assumptions we get the following IV model:

Y=(XV)p+V'ite
V=FZ+GX +e

XQV=HX®Z)+JX®X)+é

‘@’ denotes the Kronecker product and p = vec(wi(B'B)~'B’) where vec(-) returns
the vectorization of its matrix argument. 6 = B(B'B) 'wy, F, G and e are defined as

in the linear additive case. H = [ ® I’ where [ is the identity matrix of appropriate
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size, and J = I ® (. Further:
e=—X'(B'B)"'Bv+ X'e; — wy(B'B)"'B'v + &,

And é = X®e. Under our Assumptions Ele|X, Z] = Fle|X,Z] = 0and E[¢e| X, Z] =0
and so the conclusion of Lemma 1.1.b holds with the function 7 given by v(z,v) =
(x ®@v)'p+0'6.

Consider the 2SLS estimates of p and ¢ in the model above where we treat Z, X,
X ® Z, and X ® X as instruments, and (X ® V') and V' as endogenous regressors.
With no penalization nor sample-splitting then our PSMD estimate f is identical to
these 2SLS estimates if we choose ¢,(z,v) = ((z @ v)’,v) and ¥, (z, 2) = (o, 2) =
(z’,x’, (x ® 2),(r @ x)'). In this case an appropriate choice for y,(z) would be

(2, (z @ x)).

1.8 Appendix B: Proofs

Proof Theorem 1.1. Throughout the proof, statements involving x; and x5 should be

understood to hold for Fy-almost all z; and x5.

Theorem 1.1.a: By Lemma 1.1, under Assumption 4.ii there exists a function
v with E[y(X, V)2|X} < 0o so that E[Y — (X, V)‘X, Z] = 0. Fix such a v, by

iterated expectations and Assumption 2.ii:

Ely(X,V)|X,Z] = E[EN(X,V)|X,W*, Z]| X, Z]
= E[E[H(X, V)X, 7]

X, Z ]
And by iterated expectations and Assumption 2.i:

EY|X, Z] = E[y(X,U)|X, Z]
= E[E[y(X,U)|X,W*, Z]| X, Z]
= E[Ely(X,U)|X, W]

X, 7]
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And so:
E[E[yo(X,U)| X, W*] — E[v(X, V)| X, W*]

X,Z] =0

But then by Assumption 3.i:
Elyo(X, U)|X, W' = E[y(X, V)X, W]
By Assumption 1.i and 1.ii:
Elyo(X, U)|X = 21, W'] = Elyo(x1, U)|X =z, W]
And by Assumption 2.ii:
EN(X,V)|X =21, W*] = E[y(x1, V)| X = z9, W]

And so:
E[Qo(mh U)‘X = T2, W*] = E[’Y(l’b V)‘X = T2, W*]

The LHS has finite expectation conditional on X = x5 by Assumption 1.iii, and thus
so does the RHS above. By iterated expectations:

Elyo(w1,U)|X = 23] = E[y(71, V)| X = x4]

And by definition the LHS equals y(x1|z2).

Theorem 1.1.b: By Lemma 1.1, under Assumption 4.i there exists a function ¢

with E[p(xy, 22, Z)?| X = 1] < oo so that:

o dFV‘X:Z‘Q V

E[gp(ajl?x%Z”X = ﬂfl,V] - dFV\X
=x1

Fix such a ¢. The next step refers to %, which is the Radon-Nikodym deriva-
—oy

tive of Fyy«x—s, with respect to Fy«x—,. By the Radon-Nikodym theorem this

exists if the two distributions are absolutely continuous which is in turn is implied by
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Assumption 1.ii.

Note that under Assumption 2.ii:

dFV|X::E2

dFW*‘X:xQ v
dFV|X:ar:1

B (W)

X=x,V=u=

To see this note that by properties of Radon-Nikodym derivatives:

dFW*|X:x2 dFV|W* X=x;
EFl——————(W")|X = V=v=F——""—w WYX= 1.8.1
aFy e, VX = oV =) = BI=Em = o WX = 2] (18)
By Assumption 2.ii dil‘;‘;v‘;xzml - dZ‘;;‘V/‘T;X:”, and so:
AdFviws x=z, dFyiw+ x=z,
B[— "2 (0, W)X = 1| =B ———2"2 (0, WH)| X =
: dFy|x=z, (0, W) w2 =E dFv|x=2 (v, W) )
:dFV|X={L‘2 (U)
dFV|X::c1

Where the final equality follows by the properties of the Radon-Nikodym derivative.

Further, by iterated expectations and Assumption 2.ii:

Elp(z1,22,2)|X = 21, V] =E[Elp(z1, 22, Z2)[W*, X, V]| X = 21, V]
:E[E[W(xhl’zaz)‘W*,XHX = xlav]

So we have:

dFW*\X::vg

E| (W*) — Elp(z1, 22, Z)[W*, X]|X = 21,V] =0

dFW* ‘X:WI

By Assumption 3.ii this implies:
Elp(zy, 29, Z)IW*, X = 11] = (W) (1.8.2)
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By iterated expectations and Assumptions 1.i and 1.ii:

Elyo(z1,U)|X = 3] = E[Elyo(z1, U)|X = 22, W*]| X = 5]
= E[Elyo(X,U)|X =z, W"]|X = 23] (1.8.3)

And by the Radon-Nikodym theorem:

E[E[Y|X =z, W]

X:l’g}

AP+ x—s
— B[ () By (X, U)X, WX = 4]
dFW*|X:ac1

Substituting for the LHS by (1.8.3) and for the Radon-Nikodym derivative on the
RHS by (1.8.2) we get that Elyo(z1,U)|X = z4] is equal to:

E[Elp(x1, 22, Z)|[W*, X] Elyo (X, U)| X, W]

X:ZEJ

Next note that:

Where the first equality follows by iterated expectations, the second by Assumption
2.1, the third by iterated expectations and the final by the definition of Y. Combining
we get:

Elyo(x1,U)|X = x3) = E[p(a1,22, 2)Y | X = 21]

Proof Theorem 1.2. Theorem 1.2.a: By The Radon-Nikodym theorem, for any ¥
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with E[5(X,V)?|X = z] finite for Fx-almost all z, we have:

dFV\X:xz
dFV\X:xl

=E[J(X,V)E[p(z1,22, 2)|X, V]| X = 1]

E[(z1,V)|X = z5] =E[¥(X,V) (V)| X = 1]

Where ¢ satisfies conclusion a. of Lemma 1.1. By iterated expectations:

E[3(X,V)E[p(z1, 22, Z)| X, V]| X = 24]
=E[E[(X,V)|X, Z]p(x1,22, 2)| X = 1]

Under the conditions of 1.2.a, Theorem 1.1.b holds, and so combining the character-

ization of g(z1|zy) in Theorem 1.1.b and the equation above we get:

y(w1|wa) — E[y(21, V)| X = 2]

=E[(Y — E[Y(X,V)|X, Z]) p(1,22, 2)| X = 1]
Applying Cauchy-Schwartz:

(§(x1]22) — E[3(21, V)| X = 5))?
<E[p(1, 29, 2| X = 21| E[(Y — EF(X, V)X, Z])*| X = 1]

By Lemma 1.1 E[p(11, 22, Z)?| X = 1] < C(x1, 22).

Theorem 1.2.b: By iterated expectations for any function ¢ with finite condi-
tional mean square E[p(xy, 12, Z)?|X = 11] < oo, for Fy-almost all z; and xo, we
have:

E[@(x1, 32, Z)Y |X = 21] = E[@(x1, 22, 2)E[Y |X, Z]| X = 21
Letting ~ satisfy the equations in conclusion b. of Lemma 1.1 we can substitute out
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E[Y|X, Z] in the above to get:

E[@(ZL‘171’Q,Z)Y|X = 171]
=E (1,22, 2)E[y(X, V)| X, Z]| X = 1]
=E[E]

El@(x1, 32, 2)| X, V](X, V)| X = 21] (1.8.4)

Where the second equality follows by iterated expectations. Recall that under the

conditions of part a. of the Theorem 1.1:

g(x1|za) = E[y(z1, V)| X = 29] (1.8.5)

By the Radon-Nikodym theorem:

dFV\X:xz

Bly(en, VX = 2] = E(X,V) g

Combining with (1.8.4) and (1.8.5) we get:

y(z1|ze) — E[p(x1, 29, Z2)Y|X = 1]
dFV|X:xg

=F [fy(X, V) (dFV|X:a:

(V) = E[@(x1, 29, Z)| X, V]) ‘X = 371]
By Cauchy-Schwartz:

(Y(z1]|22) — El@(21, 2, 2)Y|X = 21])?

=E[(X,V)!|X = 2]

AdFy i x—z .
XE[(dFV|X Q(U)_E[Sp(mlal‘Q)Z”XyV])Q‘X:l’l}
VIX=x
By Lemma 1.1 with E[”y(xl, V)Q\X = 3;1] < D(z). 0

The proofs of Propositions 2.1 and 2.2 below use the following three facts about
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conditional independence. Let Wy, W5, W3, and W, be random variables. We have:

Wy 1L W2|(W37 W4) — Wi 1L (WQ, W3)|(W3, W4) (186)
Wy 1L (WQ, W3)|W4 — W, 1L (WQ, W3)|(W3, W4) (187)
Wy 1L (WQ, Wg)‘Wz; — Wi 1L WQ‘W4 (188)

Proof of Proposition 2.1. By supposition:

(X1s ooy X2 1) AL (X tg2) 1y oo X)W, X 1/2)) (1.8.9)

Uy 1L (X1, .., X)W (1.8.10)

Using (1.8.7), (1.8.10) implies U; 1L (X7, ..., X;)|(W*, X|1/2)) Applying (1.8.8) we get
U, 1L (XWQJ,...,Xt)|(W*,XLt/2J). Substituting the definitions of Z and W* gives
U, AL (X, Z)|W*.

Twice applying (1.8.6) to (1.8.9) implies that:
(X1, e, X(eja) AL (X 2]y ooy X)| (W, X 1/2))

Substituting the definitions of V, Z and W* we get V' 1L (X, Z)|W™. O

Proof of Proposition 2.2. By Supposition:
Uy WL (X1, o, Xy, Un, o, Up ) [W* (1.8.11)
and conditional on (W*, Xit/2), Ueya)):
(X1, Xy2)-1, Uy o Upggo)—1) AL (Xey2)415 0 X Uy 41, -0 Ut) (1.8.12)
For all = and uy # us, yo+(z,u1) # yo+(x, uz). So from (1.8.11):

Ut ui (X17 "'7Xta}/17 "'7}/;—1)|W*
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Applying (1.8.7) we get:
Up 1L (X1, Xe, Ve, oo, Yo )W, X 12, Yieja))
Applying (1.8.8):
U 1L (Xpaj2)s 0 Xo, Yiggags oo Yoo )l (WF, X a2, Yigg))

Substituting the definitions of Z and W* gives U; L (X, Z)|W*.

For all x and uy # ua, yor(z,u1) # yo+(z,us), so (1.8.12) implies that conditional
on (W*,XU/QJ,YU/ZJ):

(X1, s Xi2) -1, Y1, o, Yigga 1) AL (Xay2) 415 00 Xo, Yiggagas oo Yio1)
Applying (1.8.6) we get that conditional on (W*, Xit2], Y|es2)):
(X1, Xiey2ps Ya, oo Yiego)) AL (X(es2)s oo, Xe, Yiaga), s Yeo1)

Substituting the definitions of V', Z and W* we see the above is equivalent to V' 1L
(Xy, Z)|W™. O

Proof of Theorem 3.1. From Theorem 1.2, for any function 7 that satisfies the con-

dition E[7(X,V)? X = z] < oo, for Fx-almost all z, we have :
E[?(ml, V)|X = $2] = E[‘P(%,xm Z)EH(Xa V){X = T, Z} }X = xl}

Where ¢ satisfies the conclusion of Lemma 1.1.a. From the above, and the definitions

of a,, and 7,, it follows that:

(71, 12) = E[¢(5E17$2, Z ) (1, Z)|X = $1}
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By Theorem 1.1.b:
g(xi|me) = E[gp(xl,xQ, 2)g(x1, Z ‘X = 271]

Let &, (z1,22) = Ez [g@(xl,xQ,Z)ﬂ (x1,72 ‘X = :701] By Lemma C.9 there is a se-
quence {6, }>2 ; with E[|¢n(X7 VY0, } bounded above over n so that, uniformly over
Fix,z)-almost all (z,z2), |g(z, 2) — m,(x, 2)'0,] T Rg. Adding and subtracting terms

we get:

G(@1]22) — Gn(z1,22)'0

=G (1, 22) (0, — 0)
+E (a1, 22, 2)(9(z1,2) — m(21, Z)'600) | X = 21]
FEz (a1, 22, Z) (T(21, Z) — 7nla1, Z))| X = 21]" (60 — )

3N

0

+(O‘n(x17 T9) — (21, $2))

E[gp(xl,xg, 72X = xl} < C(z1,x9), so applying Cauchy-Schwartz and the triangle

inequality:
|(?(5E1|$2) - an(xth) é) - @n(xh $2),<9n - é)|
<C(x1,29) 2 E[|gn(21, Z) — (a1, Z)'6,*| X = xl]l/Q
+C(w1,22) 2By [|(mal1, Z) — 7nl(1, 2)) (00 — )| X = 21]"*

+H( (71, 22) —Oén(x17$2)),é"
By the definition of the rate Ry, (x1):

Ez (| (mn(21, Z) = fon(21, 2)) (0, — é)|2|X = .T1]1/2

SR (1) E[|6n(V, XY (0, — 0)2] "

And:

1/2

(dn($1,$2) - Oén(ﬂﬁl, 1‘2))/é jp Ra,n(x17$2)EU¢n(V> X),en‘Q]
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Lemma C.3 implies that E[[¢,(V, X)/HAH 2 =3 “” —I— “"f;‘ and implies the same bound

i0n)* S

n,i

on the growth of E[|¢,(V, X)’(Hn—é)ﬂ 1/2, Where Rn satlsﬁes nig > ier, (9i—
R2. By the triangle inequality and since E[|¢,(V, X)'6,[?] 2 <1 the condition on

R, is satisfied by R, = Ry, + Ry + Rxp, 50 we get:

‘(37(%‘1’2) — Gy (1, l’z)lé) — a1, 22) (0n — é)
,un(RGn + Rgn + Rﬂ'ﬂ)

Ao

+

ZpRon + (5 ) (Ran(21) + Ran(1, 7)) (1.8.13)

l:t |t:|

Uniformly when C(z1, 23) is uniformly bounded. We now derive a rate for the term

G (1, 22)' (05 — é) Recall that § = 27!

)\Onn(]

> iez, Tnidi- Adding and subtracting

terms:

- A N | o
Oén(.fl, 3;'2)/(0 — On) :O{n(lj? x2>/2>\011”n_ Z ﬂ-n,i(gi — gz>

9 iez,

+5[n<l’1, $2)/2;01n21/2fn — O~[n(l’1, x2)/>\0,n2;01n9n (1814)
Where 7, is defined by:

fn:igl/z Zﬂ'nz gi — T +E 1/2 Zﬂ'nz 7Tnz an)en

9 ez, 9 icz,

By the triangle inequality and definition of the operator norm:

anHSHZEl/Q Zﬂm 9i — T On)|

9 icz,

+||i,:1/2 Zwmwm i) Ol

’LEIg

By the properties of least squares projection and Markov’s inequality:

. 1
1572 =3 Fualos = ma)ll < (-3 (0= m6n)?)

9 iez, 9 ez,

nze ) ]1/2 :jp RG’”
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Similarly, by properties of least squares projection we get:

||§;1/2 Zwm (i — Tni) 00| < (n S ((Fni — 7ona)00)") "

zEIq ZGIq

_<p an

~. s

And so ||Fn|| Zp Ron + Rrn. Next, note that ||E_1/2|| < /\_1/2 and so, using
El|on(X,V)0,?] 31

S—1/2 1/2
Mol [Z50 20l < DonllEx, 112110l < X/ 116nl]

2711/2 )\1/2 1

Onn

<N B |60 (X, V)0,

Onn

Substituting the rates derived above for ||7,|| and )\07n||f3;017{29n|| into (1.8.14) and

applying Cauchy-Schwartz:

A~ ~

~ - 1
(21, 22) (0 — 0,) — &y (21, x2)’ZA017nn— Tni(Gi — i)
r_jp| 122/22;0207”(‘%1, Iz) H(RG,TL + Rﬂ',n)

H 55 2t (1, ) || Ag g (1.8.15)

Again, by the properties of least squares:
.\ 1 1/2
121 il 0 — ;)2 <
20 D s = 9l < (- D000 = 90%) T 30 By
1€Ig 1€1y

Combining by the triangle inequality we get:

G (21, 22)' (0 = 0n) Zpl[50/°55) (@1, 22)||(Rom + R + Ry)

HIS i (e, ) [ A (1.8.16)

From Lemma C.8 we have ||2,11/22;0{n&n(x1, z9)||? 3, O, xz)gé’n(xl) and also that
||Z;01£2an(x1 ) |? Zp C(ml,xg)févn(xl). Combining with (1.8.16) and (1.8.13) gives

the conclusion. ]
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Proof of Theorem 3.2. Follows immediately from Lemmas C.5, C.6, and C.7. [

Proof of Theorem 3.3. Recall from the proof of Theorem 3.1 that ||2A];01£2d(x1, )| Zp
a.n(71) and the rate above is uniform if C'(z1,72) from 4. is uniformly bounded.

Combining this with (1.8.13) and (1.8.15):

(§($1|$2) — dn(iﬂhl'z)/é) — d(xlaxz)/i;;n— Tn,i(Gi — i)
Mg €T,
rije,n + ('u_ + a ( 2 1/27 7 >) (Rrr,n(xl) + Ra,n(xly 1’2))
Hn )\0 n
+||i}/22;017n&n(x17 2)[|(Ron + Rrn) + §Q,n<x) (1)/51/“_1 (1.8.17)

Our estimator g; is given by ¢, = ( 6 with 3 = =1 L iet, Cn,iYi. Let B =

h‘)\1 ,n Ng

=1L iet, CniYs, let iAo,n = ElftniT, i|Zz] + Monl and lastly define 3, by 8, =

nng

. E[¢n.i9i]. We can decompose:

A 1 R R
O‘(xla x2) E,\Olyn_ T z<gl 91)
9 iez,
Oé(]fl,l'g) Z)\O E[anC H_IZCM Tnz + 6@

1€1,

—i—d(ml,xg)’(E 21/27‘1n+2 21/%2”)

+&(x1,x2)’(2;1/2r WEV2(5 — Bn) + 3 ElfniC il T2, Y2,)

Where 71 ,,, Pan, T30, and 74, are given by the formulas below:

fl n — 251/2 Z Tni Cn zﬁn gz)

ZEIJ
- 1
722,77, = 27_11/2_ Z ﬁn zC (ﬁ 671)
Mg iezg
7’3 n = 21/2 Ekoln Z Tp, zCn i [ﬂ-n,igz,z’ }Iﬂ})Eglﬂ
ZGIg
T4n=:1/2(5 By) ~—1/2ZCTLZ (T + €)

1€y
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And so, by the triangle inequality and Cauchy-Schwartz:

Oé(xlny )\On E 7Tnz gi z

zEIq

—d(ﬂfl, IQ)/i;O{nE [ﬁn,1€;17zlz }:_1 Z Cn z(rn 7 + 61)

1€1y

Zll20285, G, @) ([|anll + [IF2al])
H[S, 2, @)l - 1Psll - 112208 — Bal

HIE 2 ElGuiftn o Ta i @y, 22)]| - |74l (1.8.18)
From Lemma C.8 we get the following two rates:

12,120 (w1, 22) [P 3 Oy, 22)€3 (1)

||21/2E)\0 a1, 22) || Zp 1180755, o Gn(T1, )]

Now let 7,; = g; — ¢, ;8. and €; = Y; — g;. Then adding and subtracting terms and

using the definition of the operator norm:

12325 = Bl
<|IEYE B |12, e = Gl el 2, pln) (1.8.19)
ZGIg Mg
Where the final line above follows because ||_1/2: 1”1/2|| Zp 1 from Assumption
5.4.iii and Lemma C.1 and ||Z, 1721 Zzezg Cri(rnit+e)|| 2 ,/ ) which is shown in

Lemma C.7. Now we derive rates for ||71,][, |[|[F2.nl], [|P3x]], and Hr47n\|.

Rate for ||7,||: By Assumptions 5.1.iii and 5.3.ii, |(}, ;8. — gi| Zp lcn(s3) almost
surely. And so:

1l < (n D G = 90°) 2o lenlss) (1.8.20)

9 ez,
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Rate for ||72,||: By the definition of the operator norm ||7g,|| is less than:

||_2:Z 1/2Anz nz:_1/2|| ||H_1/2(H)_\21n _H_l ZanYH

zEIq ZEIq

By properties of least-squares projection, for any 6:

R 2 1 2
H—Zz VG Ea 0l < (= D (GE ) = 116

9 icz, 9 icz,

And so HXA],Zl/in D e, #niC. . Zn'"?|| < 1. Further, note that:
g bl

1=/, — =) ZCMYH

zEIg
<IIEYE; B - 1) ||n—§ 2202,
g
<||~1/2:;1 ~1/2 I|| Zyz 1/2
1,
9 icz,

By Assumption 5.2.iv (n%, >ier, Vi )1/2 » E[Y?] <oy 31, and note that:

1=/225 = 1]

<MallEE S - 1222 S

Note that ||:}L/2:;1 ”1/2|| < 1, and by Assumption 5.4.iii and Lemma C.1 we have

—1/2;—\ ——1/2” ;1/2;—1 ;1/2 o [||

p 1, and so ||Z7/ "= =y Sp Anl|Z5Y]. Combining we get:

| |

Ponl] ZpAinl 25| (1.8.21)
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Rate for ||73,||: By the triangle inequality and definition of the operator norm:

1F3nl] <(I1SY2E5 537 — 21285 812
HE[ 1/27A1_nZ ! '5_1/2|I7r] ||)

naey—n

<H21/22 Zl/QH HE[ 1/2A / '5—1/2}14

Ao,n N n,i=—n
}: 25 o =—1/2

- E Ty n,i—n ||)
9 ez,

From Lemma C.8&:
[)/2850 B2 = S8 S| 3, (62, log (H(n)ym(n)) /ng)/*

Because the RHS above converges to zero by Assumption 5.4.iv, this also implies

||§7]71/2§A];01‘n§7]71/2|| Zp 1. Applying Lemma C.4 conditional on the sample Z:

HE[ 1/2A ;ME;IM ZE 1/2Am 7/”:;1/2“2
zEIg
1 R —
Zp—F [HE V27 T H ||= 1/2@“” }I} ~p _ggn (n)l(n)
g
In all:
17snll 3 ﬁw n)/ny + (€2 log(I(n)m(n)) /ng)""") (1.8.22)

Rate for ||74,|]: Adding and subtracting terms and applying the definition of the

operator norm we get:

V2B = Bn) =B Guilrni + €)

1€,

p(n)

<[EVAET =S ES D Grilras + el B Eem -
i€, g

Where the final line above follows because by Assumption 5.4.iii and Lemma C.1

||”1/2( - __1)”1/2|] Zp /&.p(n)/ng and we have already shown above that
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HE;l/2 ZzEI Crilrn +€)|| 2 ,/ . And so:

p(n)

Fiall Zokenl

(1.8.23)

g

Combine previous steps: Together, (1.8), (1.8.17),(1.8.18), (1.8), (1.8.20), (1.8.21),
(1.8.22), and (1.8.23) give:

((1]2) — o (1, xg)’é)
_d(‘rh xQ)/SXOI’nE [ﬁn,ZC;L,Z| :|:_1 Z Cn Z(Tn p + 61)

1€T,
fjp| |§_]711/2§_];017ndn(x1, 2|

X(Ron + Rem + Len(s3) + AallZ5H])

e P2 2B, 7 T S5, )
g

+Ry (1) (1.8.24)

For R,(x1) defined as in the statement of the theorem.

Apply Yurinskii’s coupling for Gaussian approximation Yurinskii’s cou-
pling (see e.g., Theorem 10 in [68] or [17]), states that for any ¢ > 0 and sequence
of independent, zero-mean length-K,, vectors a,; with finite third moments, there a

length- K,, multivariate Guassian N,, with mean zero and same covariance matrix as

\/iﬁ > i, any so that:

| — log(Kngad—*n~""?)|
K,

IR —1/25-3
P[H%Zam—/\/’nﬂ >35} < CoKpgun= 746 (1+
=1
Cy is a finite constant and ¢, = E[\/Lﬁ S llanill?]. To apply this in our case we
take the probability space conditional on the sample Z, so that A, is independent of
7, and so we take the index i over Z, so that n is replaced by n4 in the above. For

each i € T, let a,; = I7Y2(, ;(rn; +¢;) and note that Efa, ;] = 0 and Elaya;, ;] = I.
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Furthermore K, is replaced by p(n) and the average third moment g, satisfies:

Gn = E[||F;1/2Cn,i<rn7i + Ei)Hg‘Iﬂ}
< [|EV T = 2P E (120 Gual P ess sup ||, 2 Gl
x (esssup |ry;| + esssup E[€]| X, Zi]1/3)3

j p(n)gw,n

Where we have used that by Assumption 5.5.iii, esssup E[e€}|X;, Z;]'/3 2 1. Assump-

tion 5.5.1 states that p(n)Q&,nn;l/QRﬁnlog(ng) — 0 and so for sufficiently large n:

| — log(p(n)gung 263 RE)|
p(n)

) =<1

p(n)qnngl/Q(S_gRXE’n (1 +

)

log(ng)
2p(n)

§p(n)qnng’1/25’3RX[%n(1 +
So using the Yurinskii coupling gives us that for all ¢:

1 _
P[H_n Zrnl/QCn,i(Tn,i +6) = Nyl > 3Ry 10| Zx] <, 1
V9 e,
Where the multivariate normal A, has the same variance covariance matrix as the
random vector \/% ZiEIg F;l/zCn,i(rm + €;) which is simply the identity matrix. Be-
cause all of the expressions inside the probability are independent of the observations

in sub-sample 7, the above implies:

1
Z Fr_Ll/2<n,i(T7L,i +€) — Nyl| > 3RN’"5} <p 1

Pl
=
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Then using the definition of s,, and (1.8.24) :

\/”_g(g($1|$2) - dN($17$2)/é) Sp(x1, x2)

(15 (1, 25)]| lsn(zr, 20)| "
Rn(l'l)
< Ry 4 —mI
PN T s (s ) ]
- ——12 ——1/2
e m(n) (@, 22) S5 2 B (#0005 ) 20|
Y, |s(@1, 25)]|
157285}, a1, o)

(Ron + R + len(s3) + AuallZ01)

||S(1’1a$2)||

Now note that:
5@z, 22)|l 2 |2 2T 2 I B[22 i ol Ta] Si, Gl o)
Recall T'), = E[Cmgyi(rn,i + 62-)2}, then:
|20 1=Y2)12 > essinf E[é2|X;, Zi)

By Assumption 5.5.ii, essinf F[€?|X;, Z;] =, 1 so 1=/°T> 1”1/2|| 2 1. The matrix

=21, % is square and so [|ZY°T, 2| = ||2F T 2|12, hence:

ls(a1, 22)|| Zp 1B (252 Cniftn s | Ta| 25, o) |
Furthermore, using that @, (z, z) = (&, ¢n(z, 2)) ® xn(2):

1B [E, 26t [T ] 25, dan )|

[

=[|E[Z; "2t} 2 n”]Q”zvec(wnb(i;;n&(:vhxa))ll

>|| B[22 Guithn 0 ) I vee (@5, G, @) |
[

>[| B (2,1 2G00 052 T HITHISYAER! Gy, @]

TL’L n
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By definition ||E|= ‘1/2§m1p _1/2 = b, and so we have:
y ~

\/n_g(g($1|x2) _dn(xlva)/é) . Sn(xlal?)/ N

|Isn (21, z2)] [Isn (1, 22"
<R+ €n™ b Ry By Lon(s) + Ml 53]
~pAUN n ¢im " n\L0,n m™n ¢niS3 1n||=n
g
Vg R (1)
+ ——1/2 A o=l ~
|1E[E0 " G (77,25, ala1, 22)) | Ze]

And by definition ||E[Z 1/2(m( mi;(} a(x1,22))|Z: || Zp cula1,22), which gives
the result. O

Proof of Theorem 3.4. DefineY; ) = \/Q_b,iY;, define G, ;, = \/Q_anyi, and let é,\l’n,b =
émb + A\ 1 for én,b = % ZiEIg Cn,ibGrrip- The bootstrap estimator ézn(xl,xg)’éb dif-
fers from the estimator &, (x1, xz)’é only in that g; in the formula for 6 is replaced by
Jip = Cmﬁb where Bb is defined by ,Bb = :;llmb nlg iet, CnibYip-

Let rn; = gi — ¢, ;8. where (3, = E.'E[¢.:Yi] and ¢, = Y; — g;. Note then that
Yio = CoivBn + /QbiTni + / Qi€

This decomposition can take the place of the analogous decomposition of Y; in the
proofs of Lemmas 3.7 and Theorem 3.3. {Qy;}.2, are independent of the data and
ElQui] = 1,50 E[Cni6€C,i] = = and using Assumption 5.2.iv, E[(\/@ez) | X, Zi] <
o%.. Further, E[Cmb(\/mrm + Qbﬂ-ei)] = 0. maxX;ez, |Qpi| Zp In(ny), and so:

a1 Cusa il *nsoll = x| =BGl ™ol

< gC,m jmax |sz| rjp & ln(ng)
1€1y

Given the above it is clear that the analysis of the non-bootstrap estimator applies un-

changed for the bootstrap estimator with the exception that the rate &, is replaced by
&cnn/In(ng). Applying Lemma C.1 and Assumption 5.5.iv this gives ||u1/2”n }):}/2

I =2, \/ln ng §C7np(n)/ng < 1, which is slower than the non-bootstrap equivalent by

a factor /In(ny).
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Following the steps in Lemma C.7 for the bootstrap estimator and we get:

1 R 2\1/2 p(n —_
(-3 = 90" B 2 (o) + Arall= ) = Ry
g i€Z, g
Where R, is given in Theorem 3.2. And following steps in Theorem 3.3 for the

bootstrap estimator we get:

(7(21]w2) — dn(ay, ﬂfz)/éb)

—a(z1,72)'S X, nE [ﬁm ;M"In} g, Z Qb,iCni(Tnyi + €)

i€y

SolIZ2E5 dn(@n, @2)l|(Rop + Ra + Len(ss) + Eg (1) Azl 12, 1]])

p\n), - S " —
(e P, 72 S5 B it T2+ )
g

Note that this differs from the rate (1.8.24) derived in the proof of Theorem 3.3 only
in the multiplication by In(n,) in the second line due to the slower convergence of
HEi/Qé;éE,lL/Z — I||. Subtracting (1.8.24) from the above:

(@n(fﬁl, 372)/@ — G (1, $2)Iéb)

—54($1, x?),i;(inE['ﬁ—n,i 7/—L,i|I7r:|E;1 Z(sz - 1)Cn,i(rn,i + Ei)

i€,
Sl IZ 28, (w1, @) [ (Ro + R+ Len(s3) + Eq(1) Aol 1251

)||a(x1, ) i;ole[ﬁnviw;m\Iﬂ] =2 4 Ry(xy) (1.8.25)

Fin(ng)ec, 20

Ng

The Yurinskii’s coupling argument in Theorem 3.3 can be applied with

1/2 )an(rnz +€z)

ZEI

replacing \/+T Zz‘ezg F;l/ZQL,z‘(Tn,z‘ + ¢;) and conditioning on the whole data Z rather
g
than just the sub-sample Z,. The average third moment conditional on the data is

stochastically bounded by the unconditional average third moment in Theorem 3.3,
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that is:

BT 2(@bs = 1)Gni(rns + €)|P|Z] Zp B[IITL 2 Gailrni + €)I°]
Then applying the steps in Theorem 3.3 we get:

Pl

1 .
Nir > T V(Qui = Denilrn + €) = Nall > 3Ry a0|Z] <, 0
9 icz,

Where N, is a multivariate Guassian independent of the data with covariance matrix
F;l/anF;1/2 where:
~ 1
I, =F|— i_lzni/'ni i2I
[ D (@Qui = 1*CuiCi (i + )1

9 ez,

which equals % Zz‘ezg CniCri(Tni + €)?. We can define a multivariate Gaussian ran-
dom vector N,, that is independent of the data and has identity covariance matrix
so that N, = (Fﬁlman;l/Q)l/Q/\Yn. The remaining arguments in Theorem 3.3 go

through unchanged and so uniformly over F'x-almost all x; and xs:

Vg (G (21, 22)'0 — G (21, IQ)léb) — 8p (21, x2)’(F;1/2an;1/2)1/2./\7n

[|sn (21, 22)]|

p(n)

SpBacn +1n(ng)écn™ = + ba(Ron + Ban + en(ss) + Ml [Z,])

g

Cp(1, 72)

By Lemma C.4:

0,20, 02 — 12
1 _ _
:Hn_(z L, 2G0iC (g + €)°T 2 = I)| P
9 ez,

<1
~D
g9

LB s + )]

1 1
ﬁpn—gfﬁ,np(n) (esssupry ; + esssuple! | X;, Zi]) 2, n—gf?,np(n)
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Where we have used that ||[,°ZV?|2 < ||Z/*T'2/?|| =, 1 as shown in the
proof of Theorem 3.3, and esssup |r, ;| < 0 from Assumptions 5.1.iv and 5.3.ii, and

esssup Ele}|X;, Z;] < oo by Assumption 5.5.v. For any symmetric positive definite
matrix A, ||AY2 — I|| < ||A - I||, and so:

&2 .p(n)

g

(T, V2T T )2 = 1) 3,
It follows then that:

NG — (0, 200 ) PN || < ([T 2T, ) Y2 = T NG

&2 ,p(n)?
Ng

<
~Pp
Where we have used that ||N,||> <, p(n) by Markov’s inequality. And so uniformly

over F'y-almost all 1 and x4:

~

\/n_g(dn(:vl, xg)'é — Gy (2, 5U2)/9b) Sp(z1,22)"

_ Nn
IPRENEAT Ton@n.2a)]
£2np(n)2 n
ijN,n + S + ln(ng)&,n&
Ng Ng
b /Mg Ry (x
o (Bom + R+ len(s) + Al |E) + LY/ Toinle1) (1.8.26)

Cn(T1,72)

Using the condition on 7, we thus have that for some multivariate Guassian random
vector N, independent of the whole data Z and with identity variance-covariance

matrix:

sup |\/ng (@n(ﬂﬁhm)/é - @n(%,@)/éb) Sp(21,22)

- No| =< 7 (1.8.27)
(71,2)EX Hsn(xlvx?)’h ||$n(x17332)||2 ?

we also have for some other multi-

2 n 2
By Theorem 3.3 and since fg,n%:) 3 —gg’”:: )

variate Guassian random vector N,,, independent of the sub-sample Z, with identity
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variance-covariance matrix:

Sup |\/_< (l’1|x2)—an(x1,x2)é)_ 51, 12)’

No| <p T (1.8.28)
(x1,2)EX |[sn (21, 72)]|2 |[sn (21, 72)]2 P

Let err, denote the quantity on the LHS of (1.8.28) above and define the scalar R, ,
by Ron = SUD(4, 4y)ex |M — 1|. Note that:

6n(r1,22)

|\/_( y(z1|xg) — (1, 22) 9) Sp(21, 22)"

sup - Nn|
(z1,22)EX Un(l”l,iEQ) Hsn(ﬂ?l,i@)HQ
<R,, sup | Sn(1, 22) No| + (14 Ry p)errin, <, Ty (1.8.29)

(@ a)ex |[5n(T1, 2)|[2

Where we have used that R,, <, 72 < 1, ef'r1, <, T, and by Markov’s inequality:

/ !
oup ST S ey | ST)
(x1,22)EX [[sn (21, 22)]|2 (x1,22)EX [[sn (21, 22)]|2

which is O(7;, ') by supposition. Call the LHS of the first inequality in (1.8.29) eFry,.

Now, for any random scalars a, b, and c:
[Pla<c)=Pb<e) < P(lb—cl <la—b)

It follows that for any deterministic sequence c¢,:

P( sup [Y0lre) = Gnlr, 7))

< cn|Z.
(xz1,x2)EX 6n(:131,x2) ’ - Cnl 7")

—P( sup |/———
(3 ezl

<p(| swp |-UE)
(1,5 onGon, 2]
(

ijﬂ sup ]H

($1,$2)€X

Where the final step follows by Markov’s inequality. We have that erry, <, r, and
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SO.

So in all:

/g (1] 2) — (1, 22)'0)

P < |T.)
| ((zlsmuzﬁ))ez\," &n(xl,xQ) ‘ c |
xl,ﬂfz),
- NG| < | s
<xlsipex||| w(or gVl = el )
Sn($17$2)/ B
<, P T Nal — | <7 1.8.30
Sl s I G Vel — el < 70) (1.8.30)
By similar reasoning, from 1.8.27 similar steps give:
« N ;
|P( sup |\/n_g(%(xl’x2)6 b (21, 2)'0 )\ < c|Z)

(z1,22)EX &n(xly*rQ)

_p( sup \MM\ < e|Z)|

(z1,m2)EX ||Sn(1'1, ZE2)||2

/
N P(l sup MNR’ - Cn‘ S fn) (1831)

SO s 1 e el

In the above we have used that:

Sn(T1,22)" o
((xlsaipex ||Sn(:131,x2)||2 | ¢ ’ )
n(xth)/
Sn X1 x2

By supposition, with probability 1 we have |H N | < oo for every pair

sn(z1,22)[]2

(x1,22) € X, and E[sup(x1 )EX |Hs”m—1m)/\/ ] 2 7' By Corollary 2.1 in [26]

sn(x1,22)||2 n

this implies:

supP(| sup \M/\/n! —C‘ <7y) <1
ceR (z1,x2)EX ||S”(x17$2)||2
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So from (1.8.30):

| Vg (U1 |22) = (21, 22)'0)

P <elT
’ ((mfﬂlflzg)e)( &n(iljl,:cQ) ‘ =6 | )
S (‘rth),
-F oz vl < et 1 1.8.32
<($lslip€X !Isn(wl,x2)|\2N”| < el Zr)| =p (1.8.32)
And also using (1.8.31):
P( sup YO = Sl gy
(:1:1,3:2];)6/\? 5-n(l‘1, 1;2) n
—P( su ‘\/n_g(dn(xh@)/é G (21, T2) 9b)| < c|Z)]
(961@21)36/\.’ 5‘n (171, xQ) n
<pl

By Glivenko-Cantelli, if B — oo sufficiently quickly then the above implies:

i sup \/"_g(@n(%, 9?2)/9A - dn($17$2)’éb) [<e)
B o= (xl 22) eX (1, 22)
— (1, 0
—P( sup ‘\/”_g(y(:lfﬂ;?cz) G (1, 12) )‘ < colT,) < 1 (1.8.33)
(z1,22)EX Jn(xlaxQ)

(1.8.33) and (1.8.32) together imply:

1 il{ }\/_ G (1, )’ 6—a& (ZL’l,ZCQ)Iéb)

— - ’
B b=1 (xls;lzl))e?( o(xq,x2) | ¢ }
Sn 1'1,1'2)

SUD (3, 20)ex ‘%N ! is continuously distributed conditional on the sub-sample

Z,, and so for any a € (0,1) and any n there is some ¢ so that:

Sn (x17I2), ~ N
i su —N <¢lZ.) =a
((331 1172p€X Hsn(xl,xg)lb | | )

It then follows from (1.8.34) that for any scalar n € (0,a V |a — 1|) there must exist
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a sequence of critical values ¢, so that:

/\

B

Z \/n_g(@n(fl,%)/é (21, 22)"0

sup g
b=1 (1‘1 1‘2 GX O’(Z‘l, IQ)

1
n+ Op(1>

‘<cn}f1—a+2

And a sequence of critical values ¢,, so that:

B 1A
izl{ sup }\/_O[TL xth)Q Oé (1’1,1‘2)91)) Sgn}zl—a—l

=n+op(1
b=1 (z1,32)€X (x1,$2) 277 p( )

Recall that ¢,_, is the smallest ¢ that satisfies:

B
Z Oén(371, 1’2) 9b - Oén(ﬂﬂh 33'2

sup

- 1 362€X (w1, x2)/\/_g

|<C1 a}<1—(l

So with probability approaching 1, ¢, € [¢,,¢,]. Using (1.8.33) this then implies
that with probability approaching 1:

P( sup ‘\/n_g(??(l’ﬂ@) Gin (71, T2)'

)
o) < —a I7r G 1 — — s ]_ — +

Since 77 can be set to be arbitrarily small, it follows that:

P (VLR )0

5 <éima|Ix) =1—a+oy(1
(z1,w2)€X On(fl,l?) ‘ €1 ‘ ) a Op( )

Using the definition of él_a(xl, x9) the above implies:
P(gj(x1|x2) € él_a(xl,mg),V(xl,xz) € X|I7r) =1—a-+o0y(1)

Convergence in probability of a bounded (in magnitude) random variable implies

convergence of the mean, so:

A

P(§(z1]22) € O1_a(x1,22),Y(21,22) € X) =1 —a+o(1)
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1.9 Appendix C: Additional Results and Supporting

Lemmas
Proposition C.1. Under Assumption 1:
J(zi|zo) = E[E[Y|W*, X = 241]| X = 5]
Proof. By iterated expectations:
y(a1]x2) = E[Elyo(we, U)W, X = 2] | X = 5]
By Assumption 1.i and the definition of y,:
Elyo(z1, D)|W* = w*, X = x5] = E[Y|W* = w*, X = 1]

Under Assumption 1.ii E[Y|W* = w*, X = 2] is well-defined for Fyy«|x—,,-almost all

w* (rather than just Fyy«x—,,-almost all w*). So we can substitute to get:

J(zi|zo) = E[E[Y|W*, X = 21]| X = 5]

Proposition C.2. Under Assumption 1.ii and 2.7 the Radon-Nikodym derivative

APy X =y exists.
dFy|x =z,

Proof. Let F(xv)[A] be the probability that (X,V') is in the set A. Note that:

Fixw Al = E[P[(X,V) € A|X,W*]]
- /P[(x’ V) € AW = w'| Fixw) (d(x,w7))
Where the first equality follows by iterated expectations and the second by Assump-
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tion 2.ii. Let Fx ® Fy[A] be the product measure of A. We have:

Fy @ FylA] — / Pl(e, V) € AJFx(dz)

= [ Pl.v) € AW = wlFy @ F (o, )

Where Fx ® Fy« is the product measure of Fx and Fy~. By Assumption 1.ii, the
measure [(x -~ is non-zero on precisely the sets for which F'x ® Fyy« is non-zero.
Since P[(z,V) € A|[W* = w?] is weakly positive it follows that F(x)[A] is strictly
positive if and only if Fx ® Fy/[A] is strictly positive. Since this holds for any A,

APy | x=q,

Fx ® Fy and F(x) are absolutely continuous. Existence of then follows by

dFy|x =z,

the Radon-Nikodym theorem. O]

Lemma 1.1 proved below is an application of Theorems 15.16 and 15.18 (Picard)
in [58].

Proof of Lemma 1.1. Let Ay, 5, A}

T1,W?

W, W*, V and Z be defined as in Appendix
A.1. Suppose that for Fj-almost all @w and Fx-almost all x; and z, the function
dFle:T _ . . * . . . ~

m((-,w)) is in the range of A} ;. That is, there exists a function ¢y, 4,0 €

La(Fgx -y w=g) 50 that:

o dFV‘X:$2

E[¢I1,I2@(Z)|X = 1, W = w, ‘7 = '&] = dFv‘X 1~), ’LD))
=z

For Fyx_,, w—g-almost all 0. Further suppose that for Fyy|x—s,-almost all w, has

Py o NaS Lo(Fg 5, yy—g)-norm bounded by 1/ C(z1, zq,w), that is:
E[¢w1,$2,@(2)2|x = T, W = ’LD} S 6(55173527 U_J)

and E[é(:cl,:@, W)|X = a1] < Clar,22). Letting (z1, 22, (3,0)) = oy 00,0(Z), the
conclusion a. of the lemma holds.

Similarly, the following implies conclusion b. For Fj-almost all w and Fy-almost
all z the following conditions hold. The function E[Y|Z = (-,w),X = z] is in

the range of A, ; and that the solution 7, 5 has Lo(Fy|x_, jy—,)-norm bounded by
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D(z,w) and E[D(z,w)|X = z| < D(x).

To establish the relevant functions are in the ranges of the desired operators we
apply Theorem 15.18 (Picard) in [58]. This states the following. Let T : Hy — Ho
be a compact linear operator from a Hilbert space H; to a Hilbert space Hy with
singular system {(uk ,v,g ,uk )}k .- Then ¢ € H, is in the range of T if and only
if 0 is in the orthogonal complement of the null space of the adjoint 7" and for some
¢ < 00:

o0

12 < ¢ (1.9.1)

k=1
In which case the solution f with smallest norm has norm y/c. (-,-) is the inner

product of Ho.

To apply Picard’s theorem and show %((-, w)) is in the range of A% , with

AFy|x =z, T1,W

norm of a solution weakly less than 1/C(z1,2s,®) we need to show: a. AL o
dFV‘sz _ ~ B dFV|X T —

compact, b. that M((-,w)) € LQ(FV‘X:m’W:w) and c. that <;H7|—2(("w)) is

in the orthogonal complement of A,, 5, and d. (1.9.1) holds for %((,w)) in

=z

place of ¢ and for the relevant Hilbert space and operator A} ; and with ¢ bounded

by C’(l’l,lﬁg,w).

To show E[Y|Z = (-,w), X = ] is in the range of A, ; so that there is a solution
with norm bounded by \/D(x,w), we need to show: that e. A, is compact, f.
ElY|Z = (,w),X = 2] € Lo(Fpx_,w—s)> & that the regression function E[Y|Z =

(-,w), X = z] is in the orthogonal complement of A% .. h. (1.9.1) holds for E]Y|Z =

T, W7

(-,w), X = z] in place of 0 and for the relevant Hilbert space and operator A, ; and

with ¢ bounded by D(z, @)

First we show that Assumptions A.1 implies that the operator A, 5 and its adjoint
Aj, 5 are compact and therefore have unique singular systems (points a. and e. above).

To see this first note that:
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Thus A, 4 : LQ(FV‘X:%W:ID) — LQ(F2~|X:LW:@) is an integral operator with kernel

AE G 2| Xm0, W=

o and Assumption A.l1 states that the kernel is square integral with
prod

respect to the product measure of Iy x_, yy_; and Fzy_, ;- This implies that the
operator A, ; is Hilbert-Schmidt and therefore compact (see for example Section 3.3.1
of [76]). Compactness of an operator implies compactness of its adjoint (alternatively
we could simply repeat the steps above for A ;). If A, 5 is compact then by Theorem
15.16 of [58] it admits a singular system. Note that the singular system of the adjoint

A% o is the same as for A, ; but with the roles of the singular functions u,(f’w) and

T,

U(x’w) switched for each k. Thus we have shown a. and e. hold.

Next note that the first part of Assumptions 4.i states that

dFV\X::Bg ~ 2 B
ElaRpmn, VW)X =] < o0
or in other words:
dFV|X:I2 B ~ _
T () € La(Fypyms, =)

Similarly the first part of 4.ii is equivalent to:
E[Y‘Z = ('a w)a X = ZL‘] S L2(FZ~\X:x1,W:w)

Thus 4.1 and 4.ii imply point b. and f. respectively.

Now let us show that under Assumptions 1 and 2, c. and g. hold, that is the func-

AdFy | x=z,

tions ((,w)) and E[Y|Z = (-,w), X = z] are in the orthogonal complements

dFV‘X:.’L‘l

of the null spaces of operators A, 5 and A} ; respectively.

Under Assumption 2.ii, for F'x-almost all z; and x5, and Fy-almost all v:

AFw+| X =z, (W)

dFV|X:x2
X p— v p— = ——m
APy x—o, .V =]

E[ B dFV|X:a:1

For intermediate steps that show the above see (1.8.1) in the proof of Theorem 1.1 in

Appendix B. Now, let a function ¢ be in the null space of Ay, 5, that is Fiyyv_, g
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almost surely:

E(W|X =2, W=w,Z=12]=0

Then by iterated expectations and Assumption 2.ii:

E(WV)X =21, W =w, Z = 2]
=B[E[(V)|X, W]

X:xl,W:w,Z:z}

And so by Assumption 3.1 Fyy«|x—,, w=g-almost surely:
EPp(WV)X =z, W =w]=0

But then we see that the Lo(Fy x_,, y—g)-inner product of ¢ and %((.’ w)) is
i =z

Zero.

AFyixy o
E[dFV\X:xl VWX =0, W = w]
dFW*Ixle
dFW*|X:J?1
=0

Fy|x=z,

Where the first equality follows by substituting for Z , the second by iterated

Fy|x=z

expectations and the third because E[§(V)|X = z, W*] is Fyye| X =gy weg-almost

surely zero. Since the inner product is zero for any ¢ in the null-space of A, 4, by

APy | x=q,

definition i,

holds.

((-, u_))) is in the orthogonal complement of the null-space. Thus c.

X=z

Next note that Assumption 2.i and iterated expectations implies:

E[EYIW*X||X =2,Z=2|=E[Y|X =2,7Z =7
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R TTR)

Let a function ¢ be in the null space of A* _. that is, for Fy\x_yw—g-almost all v:

ES(2)X =2, W=w,V =10]=0

Then by iterated expectations and Assumption 2.ii:

And so by Assumption 3.ii Fyy«|x—y w—g-almost surely:
E(WV)X =2, W*=w]=0

But then we see that the Ly(Fy x_, _;)-inner product of ¢ and the regression func-

tion E[Y|X =z, Z = (-,w)] is zero:

E[E[Y|X,Z]5(Z)|X = z,W = u]
=E[E[E[Y|X,W*]|X, Z]6(2)| X

x,W:u_J}

=E[E[Y|X,W*|E[5(Z)|X = 2, W"]| X =

W = w]

RS

=0

And so E[Y|X = z,Z = (-,w)] is in the null space of A} ;. Thus g. holds.
Finally, points d. and h. One can then see that for each given (z,w) Assumption

4.i. is precisely the condition (1.9.1) where Z?X:%((-,U_J)) is the function §, the
-
(T)

inner-product is that of the space LQ(FWX:LWZE), and the singular values , y;, * and

functions v,(CT) are those of A ;. In particular, ,u,(gT) and v,(cT)

(z0) _

are given by p, =

,(f’w) = ug(z, (-,w)). Moreover, ¢ is replaced by C(z1,x,,w). For

pr(z, w) and u
each given (x,w) Assumption 4.ii is precisely the condition (1.9.1) with § given by
ElY|Z = (-,w), X = z], the inner-product that of Lo(Fz y_, jy—z), and the singular

system that of A, ; and ¢ equal to D(z,w).
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In this appendix we provide proofs for the results in Section 3. Throughout, ex-
pectations with a subscript only integrate over the random variables in that subscript,
the expectation treats all other random variables as fixed. For example, Ez[ZX]| =
[ 2XFy(dz) = E[Z]X and Ez|(n(x, 702X = 2] = [ (7 (z, z)’é)QFZ|X:x(dz).

Lemma C.1 below simply lists some consequences of Rudelson’s matrix law of

large numbers (|70]) proxy which are used throughout subsequent proofs.

Lemma C.1. Suppose that for each n, {a,;}7, is a sequence of independent length-

q(n) random vectors so that A, = + 3" | Elaynal, ;| is nonsingular. If, for each
i and n, esssup||A;1/2an7iH < &, almost surely M < 1 then letting A, =

% > ?71 an,ia;m:
A 21
|| 4;1/2 417, 4;1/2 I|| N<p én O.Qf{(f(”)) (v 1

Where I is the identity matriz of dimension q(n). Moreover, under the same

conditions:

[AVPA A — 11| 3, 1A 2 A, A2 —

Furthermore, we have ||Ay"?A AP 2, 1, ||AVCATLAY?|| 2, 1, 140 P A =,
1, ||AY2 A Zp L |42 A2 =p 1 I|AN2 A 2p 1, and uniformly over all
N> 0, [JA(Ay + MDA 3, 1

Proof. The first result follows immediately from Rudelson’s matrix LLN ([70]). By

the triangle inequality:
A2 A A < (AP AL ALY — T +1 35,1

Next note that for any nonsingular matrix A with ||A —I]| < 1 we have |[|[A™1 —I]| <

Jﬁgﬂl‘u. It follows that if [|A, /2 A, A, = I|| <, 1, then ||AY2A1AY? — 1| =,

1A, 2 A, A7 — I||. Again, applying the triangle inequality ||Ay A 1A% 2, 1.

Next note that for any matrix A we must have ||A|| < ||A’A||'/? and if A is square then
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|| A|| = ||A’||, and so, under the same conditions HA;IQA}/QH < 1, HAi/Q/L;l/QH = 1,

|AL 2 A2 2, 1, and finally [|A)/?4,"?|| 2, 1. Now note that:

1A (An + MDA = (A2 AAT 24|
< (AT2AA) |

= [|APAT AP 31

Where the inequality in the second line holds because AA,; ' and A, Y *A,An 12 are
positive definite with probability approaching 1 and for any positive definite matrices

A and B we have |[(A+ B)7 | < [|[A7Y]. O

Lemma C.2. Let Assumptions 5.1.4, 5.1.11, and 5.2.4 hold and that ¢, is of the form
On(2,0) = pp(v) @ xn(x). Then there exist constants ¢ > 0 and ¢ < 0o so that for all
n and § € RFMIM)

12dl|0]7 < Bll6u(X,V)02] < fincl|o]?

where Ei = len(@n)ﬂmln(@n) and /_//EL = Nmam(@n)ﬂmax(@n) fOT' Mmm(@n) and Hmaz(@n)

respectively the smallest and largest eigenvalues of Q),, and likewise for G,,. Further-

more, for all n, all § € RFMU) gnd Fy-almost all x:

2
Blln(z. VYOF] < =2 E[l60(X, VYOI’

Proof. Applying the separability of ¢, and properties of the Kronecker product we
have that for any 0 € RFM™Hn).

E[|0u(X.VYO]?] = E[06,(X.V)6,(X. V)]

= E[0'[(pn(V)pn(V)) @ (xn(X)xn (X)) ]6] (1.9.2)

By Assumption 5.2.ii there exist constants ¢ > 0 and ¢ < oo so that so that ¢ <
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dﬁg;ﬁ/ (z,v) < ¢ for Fixy-almost all (z,v). Therefore, for any § € RFM!M):;

' (E[pa(V)pn(V)] @ E[xn(X)xa(X)])6
<E[0'[(0a(V)pa(V)') ® (xu(X) xn(X))]]
<t (E[pa(V)pu(V)] @ E[xn(X)xa(X)'])0

By elementary properties of the Kronecker product, A® B is non-singular if and only
if A and B are each non-singular. By Assumptions 5.1.i and 5.L.ii, E[p,(V)pa(V)']
and E[xn(X)x»(X)'] are non-singular and thus so is their Kronecker product. Sub-
stituting (1.9.2) the above implies:

cll(Blpa(V)on(V)] ® E [xn(X)xa(X)]) 7 [I71]16] 2
<E[|én(X,V)0]]

<e||E[pu(V)pu(V)'] @ E [xa(X)xa(X) 1] - 16]]7

By elementary properties of the Kronecker product, the smallest eigenvalue of A® B
is the product of the smallest eigenvalues of A and B and the largest eigenvalue of

A ® B is the product of the largest eigenvalues of the two matrices. Therefore:
elloll* < Eflon(X, VY O] < mmello|l”

Now for the second statement of the lemma. Let ¢ be the function that maps a
length-k(n)l(n) column vector 6 to a k(n)-by-I(n) matrix 6 so that the (j, k) entry of
0 is the (j — 1)l(n) + k-th entry of 6. Then for any length-k(n)l(n) column vector 6,
(Pn(v) @ X (2))'0 = pn(v)e(8)xn(z). Note that for any 6 € REI);

E[(pa(V) 1) xn(2))°] = E[I| (xa(@)xn()) *0(0) pu(V)[[?]
<[ (xn()xn(2)) 2G5 2

x B[||GY20(0) pu (V)| 7]

93



Again, by Assumption 5.2.ii there exists ¢ < oo and ¢ > 0 so that ¢ < dF%I‘f) (x,v) <¢c

for Fix,)-almost all (x,v), and so:

B[IG}/u(e) / [l 0) pu(0) P @ Fy (d(a )

< —E[|xa(X)t(0) pu(V)?]
And further, note that:

(@)X (@)) 2 G2 2 = |G (a2 < €2,
Combining we get:

E[(pa(V) t(0)xn(2))*] < =2, E[(pa(V)1(0)xn(X))’]

10| =

Or equivalently:

Efon(r, VYOP] < <€, B[l0u(X, V)P]

Lemma C.3. Let Assumptions 5.1.i-141, 5.2.1-11, 5.3.1, 5.3.411, and 5.4.1-i11 hold. Sup-
pose E[|¢n (X, V)'0,|?] is bounded above uniformly over n and suppose that % > ier, (9i—
7l 0n)? 3Sp R2, then:

n,t

N .
Ex,z) [|¢n(X7 V)/QH r—jp — 1/2
En )\O,n

Where i, and pare defined as in Lemma C.2. Similarly:

) ﬂn ﬂan
Bz [[0n(X, V)0 = 00)F] 3y RN
— 0,n

T
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Proof. Recall that 6 is defined by:

A 1
0 =arg min — gi — 7 .0)% + Nl 0]
g@ERK<") ng ;(9 n,i ) 0, || ||
&Ly
and so we have:
Ao llf]” < —Z ni0)” + Xonl10]
9 iez,
1 A .
< — Z(Qz - W:z,i‘gn)z + )‘O,nH‘grLH2
9 iez,

And so:
~ 1 R R
16]1* < [16.]” + Ao,in— > (G — 7, ,00)°

9 icz,

Using Lemma C.2 the above implies:

Eix,z [|6a(X,V)0]?] < Z" [ (X, V)6, []

—n

1
2\ —1 ~ ~/ 2
+ AT — E ;g — T Qn
Hn, O,nn (g n,t )

9 ic1,

Where we have used that E[|¢n(X, V)’Hnﬂ =< 1. Using the triangle inequality,

nlg Zzg (9 — 7, iOn )2 3, R? implies:

Eox (160X, VYOP) 72 2, B 4 P
’I_Ln >\O,n
By the triangle inequality:
1/2

Exen [(62(X, V)0 = 6,))7]

1/2 1/2

<E[(6(X,V)0,)"]"* + Exar[(6n(X, V)6)7]
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And so, since 5—" > 1 and E[|¢n(X,V)'0,]?] 31 we also have:

A 771 7an
B [(6n0, VY= )] 5, B P

n 0,n

O

The following Lemma just restates a well-known law of large numbers for matrices

of a particular form.
Lemma C.4. Let a,; and b,; be jointly iwtd random column vectors and suppose
E|lan]|?|bnil|*] < oo for each n. Then:

1 n
175 2 (@nibns = Blan b )I* S 2 land Pl1badl ]
=1

Proof. Let [a, ] be the k' component of the vector a, ;. Note that:

n

1
H% > (anib), ; — Elanb,,;])|

<312 3 (fansbdbus = Ellan )P

Then by Markov’s inequality and then using that (a,;,b,;) are iid we get:

> == 3 (it = Ellansbibos])
SEIY 172 3 (fandbos = Bllan it

_ Z E[|([anilkbni — E [[anirbni] ) |IP]

<E{|lan il *[lbn]°]

]

Lemma C.5. Suppose Assumptions 5.1.1-1i1, 5.2.1-i1, 5.3.1, 5.3.4i1, and 5.4.i-iii hold
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and let Uy ,(sq) < 1. Let 7,(x, 2) have the formula:

fn(,2) = (Yn(x, 2 QA;" > Wnith) © xn(x)

ZGI

Then uniformly over all § € R¥™™) with E[|¢, (X, V)'6)?] 12

=1 and Fx-almost all
x:

E[||(mn(z1, Z) — fin(21, 2)) 0] 2| X = 21]* 3 Ren(1)

and (n—lg >icz, |(Tni — 7Arn7i)’«9|2)1/2 Zp Brane Rrn(x1) is given by:

Rrn(@1) =6on(2) 6 min{ /€2 k(n) frr, [ €2,m0(n) /)
o (2) el 19| + Exnlisn(sa)

and R, is given by:

Re =Enmindy /€8 k() /rz, /€2 ;m(n) /s }

Aol + Eunlyn(sa)

Proof. For each n and i define the length-k(n)l(n) column vector €,; by the for-
mula €,; = pn;i — E[pn(V){XZ-,ZZ}. By construction, it must be the case that
E[Q;l/Qen,AXi, Z;] = 0. Further, note that:

B1Q, enill’] <2B[|1Q, "2 pnill*] + 2B (|| E[Qy 2 pn(V)| Xi, Zi]1]7]
<AE[|Q,?pus|[*] = 4k(n) (1.9.3)

The first inequality above follows by the definition of €,; and Young’s inequality
and the second follows by positivity of the variance. The equality then follows by
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definition of @),,. Next, note that with probability 1:

1Qn 2 enill < 11Q0 2 puill + |IE[Q0 20, (V) | X0, Zi] |
< esssup ||Q,?p (V)| + esssup || B[Q, 2 p. (V)| X, Z]]]

< 2esssup [|Q, 2 pu(V)|| < 26, (1.9.4)

Where the first inequality follows by the triangle inequality and definition of ¢, ;, and

the third inequality holds because Jensen’s inequality gives:
1E[Q 20a(V)[X. Z)IP < E[I|Q: 2 pu(V)IP|X, Z]

and the RHS above is clearly bounded by esssup ||Q;1/2pn(V)H. For each n define
the m(n)-by-k(n) matrix 3, by:

Bu =, E[n(X, 2)E[pa(V)| X, Z]']

Then define 7, by r,(z,2) = E[p(V)|X = 2,Z = 2] — B,tha(x,2) Note that
E[nirn(Xi, Z;)'] = 0. By the Radon-Nikodym Theorem, Assumption 5.2.i implies
that for any 9 € RF(:

dFx,zv)

Elpn(VYO|X =2,7Z = 2] = E[pa(V)'0

(z, z, V)]

By Assumption 5.3.iii, for Fy-almost all v, %(',',U) € Agim(X’Z)(c4). So

for any vector ¢ € NI with 1 < |84/, the corresponding partial deriva-
y q 0 q

. dF(X,Z,V) . . .
tive DQ[W(-, -,v)](z, z) exist and has magnitude less than ¢, uniformly over

Fix,zyv)-almost all (x,z,v). By the dominated convergence theorem we can differen-
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tiate under the integral to get:

D, [E[p(V)01X = .2 = ]] .2

_ / (ilgk;KyéZ,i/) o
_‘E[pn(V) 6D, [—dF(X,Z) = Fv( W) (, 2)] {

dF(x,zyv)
<FE nV’QQI/Qesssu D #-,HV T,z
< (VYOP] Vesssup |0, [ S V) )

<eq||Q)/?|
Moreover, for any ||g|[1 = [s4], we have:
dFx,zv)
D R St kA, U Xy, 2
‘ q[dF(X,Z) ®FV( )}( 1 1)
dFx,7,v)
-D |—="7 RN} To, 2
ey RIS

S4— LS4J

<cy(|ler — @l * + []21 — 2|
Again, differentiating under the integral:

’D [E[pn(V)O|X = 21,7 = 2]]

— Dy[E[pn(V)O|X =22, Z = 2]]]
dF(x,zv)
=|E[p.(V)'6(D [m( V) (a1, 1)
dF
il o GVl e )]
Eflpn(VY02] ess sup | Dy [ 20 (.. V)] (a1, 24)
n q dF(X7Z)®FV )y )
dFixzv)
- Dq[m(, ,Vﬂ (372,22)‘

sq—lsq]
<eal|Q)201 (a1 — ol + []21 — 2?) 2

(1.9.5) and (1.9.6) together imply:

(z,2) = Elpa(V)0|X =2, Z = 2] € A2 (¢4]1Q)/%0]))

99

(1.9.5)

(1.9.6)



Using Assumption 5.1.iii, the above implies that uniformly over all # € R*™ and

rn(x,2)

||Q1/29H

F(x,z)-almost all (z, 2), 3 lypn(s4), which in turn implies that (uniformly):

1@ *ra(z, 2)[] 3 Lyn(sa) (1.9.7)

Now decompose:

(2, 2)'0 = tn (2, 2) But(O)x () + 7a(2, 2)'1(0) x ()

Recall that for § € R ¢ (2 0)0 = p,(v)1(0)xn(x), where ¢ is defined as in

Lemma C.3. Substituting the above and using the formulas for 7, and 7, we get:

/

(T (@, 2) — 7op(z,2)) 0

=rn(z,2)"t (9)Xn( )
—tp(x, 2 Q/\;n Zwm €ni + Tni) t(0)Xxn(2)

lGIﬂ

—thn (@, 2)' Q5 Ao Bnt(0) xn (@)

Where 7,,; = 1,(X;, Z;). By the triangle inequality:

1/2

Ey|(mn(2,2)'0 — #1p(x, Z)' ) ‘X— z]
<E[|rn(z, Z)'1(0 ) n(@)[P|X = 2]

[ (2 1/2%1” Zwmem+rm) 1(0)xn ()]

leI‘/r

1192 () V205 Ao Bt (0) () (1.9.8)

Taking (1.9.7) and applying Cauchy-Schwartz, uniformly over § € R and

Fix,z)-almost all (z, z) and Fx-almost all z;:

1, 2) 10O X (21)] < [, 2)Q5 2] - [|QL20(8) xn ()]
2 E[[on(X, VY0P 26 nlyn(sa) (1.9.9)
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Where the final line above follows by Lemma C.3, which states that:

Q5 20(0)xn ()| 3 E[l6n(X, V)07 %,

(1.9.9) implies (again uniformly):

1/2

Ellra(z, 2)'e(0)xa(@)*|X = 2] Z Bllén(X, V) 0P] " Enlyn(sa)

Using the definition of the operator norm and recalling that &g, (z) = ||Qn (2)Y2Q4)|

we get:

1920 (2)/205) — Zwmemwm) L(0)xn ()]

ﬂ- ’LEIﬂ'

<€an ()12, L

A2,n"n

><||ni D Q2 (eni + 1) Q|- 1Q () xn ()]

T €Ty

Recall that E[@/}nﬂ-(en,i + rnﬂ-)’} = 0 and the data are iid, so applying Lemma C.4 we
get:

1 _ _
T 2 (0 s ens 1) Q1
T i€Tn

B9 2l PIIQ, 2 (ens + ) 2] 2
2B (11927 2l PN QY 2l 2]
2B (119024 | P11 Q5 Y21l 2]
Zpmin {&yn B[||Q ?enill], Som B {1190, 2 tbn ]
tesssup || Q2 (X, Z)|| E[|10, 446
Sy min{y /&2, k(). /&2mm)} + v/m(n)lyn(s:)
Spmin{y /€2, k(). /&2,m(n)} (1.9.10)

The second inequality follows from Young’s inequality, the third by the Holder in-
equality, the fourth by (1.9.3), (1.9.4), and (1.9.7). The final equality follows because
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Eon 2o L and Cy,(sq) < 1. In all:

B0 05, 3 thnilens + 1 el

ZEI

| 2aall@i1(0)x < )H 190205, )|

x min {,/¢2 k(n). ﬁzmm(n)

By Lemma C.2, we have ||Q%/2Q;21n§2}/2|| Zp 1, and again from Lemma C.3 we get,
_ 1/2
Q=20 xu(@)l| 3 Efl6n(X, VYO

Fx-almost all x:

&yn and so, uniformly over 6 € REMUN) and

E]|n(x WQAL > nileni + 1) e(0)xa ()]

7T ZEZﬂ'

B [[6n(X VYO 6 nban(@) (\€,uk(0) ns v 1 /€2,m(n) /nz)

Finally, consider the term ||Qn(JZ)l/QQ;;n)\QmBnL(H)Xn(l’)||. Note that:

1€ () 2605, Az Bt (B)x ()|
ool 200 /- 119 ] 1932 Bue(@)xa (@)

A2,n" M

By Lemma C.2 |]Q,11/2Q;21n9i/2|] <, 1. Furthermore:

12 Bt (O)xn (2)|I* = E[[¢n(X, Z) Bt (0)xn ()]
< E[|Elpa(V)IX, Z]'(0)xn(2)["]
< Elpa(V) u(#)xn(2)[’]
= [1Q"2¢(0)xn(2)II?
3 G [lon(X, V)0

Where the first inequality holds by the properties of least-squares projection, the

second inequality by positivity of the variance, and the final inequality by Lemma
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C.3. Thus we have uniformly over § € R¥!") and Fy-almost all z:

190(2) 2050 X Bt (O)x (@] < O(E[|6(X, VYO (|05 A2t nn)

Substituting the results above into (1.9.8) we get that uniformly over § € RF™In)

and F'x-almost all z:

EZ[(Wn(m,Z)H—Wn(;E z ) ‘X_ }1/2
B{I60(X, VY060 (€2,k00) /e A €2 m(n) /)

+ E[|n (X VY0P 260 Cambanl 01| + Con(sa))

Next we consider n_lgzz‘ezg |(mni — ni)'0]*. By the triangle inequality, Cauchy-

Schwartz and the definition of the operator norm:

ZI T — tng) 07)?

’LEI
va )"
9 ie1,
+(||93/29_1/2|| 192/%5, /2]
><|!QE”2 Zwm e+ 1) Qi *l| - 11Q20(0) Xl
9 ez,
+ (119222211 - 11902, 21 - 1192,

XAz 2 Bu @011 - 1@ 20(0) Xl )

By (1.9.9):

Z 7 (0)xmal) " S [1QL20(0) X (2)]|Exnsn (54)

9 iez,

By Lemma C.2 we have |70, "] < |90, "?||1/2 =, 1 and also by Lemma
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C.2 HQ}@/ZQ;{;Q}/QH Zp 1, combining this, the above, and (1.9.10) we get:

Z‘an— |)1/2

9 iez,

S Bllén(X,V)0F] e umin{y /€2, k(n) /ne, \[€2,m(n) /)
E|6n(X, VY0126 (Con(52) + Aol 192, ]])

]

Lemma C.6. Suppose Assumptions 5.1.iv, 5.2.i-i1, 5.5.1v, and 5.4.iv hold. Let
(21, 2) = (Xn(32)' G/\;n o= D icT Xn,ip{n,i)/®xn(l'1), then uniformly over 6 € REM)

and Fx-almost all x1 and x4:

!/

(o (z1, 22) — Gin(21,22)) 0
2B [[6a(X, VY0126 (14 1/€2,,0(n) /1) £y (s5)
+B[|on(X,V)012) €2, min{ /€2 k() /na, \[€2,1(n) /na}

, 1/2)) ~—
a2 Ellon (X, VY0726

Proof. We follow similar steps to Lemma C.5. For each n and ¢ define the length-%k(n)
column vector €,; = pn; — E[pn(V) ‘XZ] By construction Ele, ;| X;] = 0. By a similar

argument to that in the first part of Lemma C.4:

E[1Q,"?enil?] < 2B[I1Q, 2 pualP] + 2B || B[Q 20 (V)| X |]
<4E[[1Q7" 2 puil ]
— 4k(n) (1.9.11)

By a similar argument to Lemma C.4, with probability 1:

1Q7enill < 1@ 2puill + 11 E[Q7 2 pn(V) | X] ]
< esssup ||Q; 2 p, (V)| +esssupHE[Q;l/Qpn(VﬂX]H

< 2pn (1.9.12)
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For each n define the p(n)-by-k(n) matrix p, by:
= G B [xn(X) B [pu(V) ] XT]

Then define r,, by:
ra(2) = E[pa(V)|X = a] — i1 (2)

Note that E[i,;17,(X;)'] = 0. By the Radon-Nikodym Theorem, Assumption 5.2.i
implies that for any § € RF(™:

dF(XJ/)

Elpa(V)0]X = 2] = E[Pn(v)lem

(2, V)]

By Assumption 5.3.iii, dﬁg;i/ (x,V) € Ag;m(x)(c5), so following steps analogous to

those in Lemma C.4 we get:
x> E[po(V)0]1X = ] € AZ™ ) (c5]]Q,/6]l)

Using Assumption 5.1.iii, the above implies that uniformly over # € R*™ and Fy-

rn(z)'0 <y

o1 ~ vn(85), which in turn implies:
n

almost all x,

17 (@) Q0 211 3 Cn(s5) (1.9.13)

Recall that for any 8 € RFI ¢ (2,0)'0 = p,(v)'t(0)xn(z), where ¢ is defined as in

Lemma C.3. Now decompose:

(1, Iz)/e = Xn(xz)/MnL(Q)X(ﬁl) + T‘n(xg)’a(e)x(xl)
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Substituting the above and using the formulas for a,, and &, we get:

(ozn(xl, T9) — Gy, xg))IQ
=rp(22)"t (Q)Xn(fl)

_Xn x2 ,\3 n Z an Enz + Tn z) (Q)Xn(xl)

ZEI&

_Xn(x2)/é;3l,n)‘3,nﬂnb(0>xn (1)

Where r,,; = r,(X;). By the triangle inequality, Cauchy-Schwartz, and the definition

of the operator norm, the above gives:

‘ (Oén(xh .TQ) - OAén(xh IQ))/Q}
<[rn(z2)'t(0)xn (1)
(HG_l/QXn(xz)H (|GYRG G

XH_ Z G, 1/2Xn Z(Enz + Z) (Q)Xn(xl)H)

ZEZ&

+xn (22)' G Asmbtnt(0) X (21)] (1.9.14)

From Lemma C.3 implies ||Qn/20(8)yn(z)||? 3 & E|én(X,V)'0?] uniformly. Com-
bining with (1.9.13) and applying Cauchy-Schwartz:

|7 (22) 1(0) X (21)] < [|ra(22)@Qy 2] - 1|QN0(6) xn ()]
2 E[|én(X, VY0P 2y nlym(ss) (1.9.15)

Uniformly over § € R¥™U™ and Fy-almost all 2. From (1.9.15), for the first term we

immediately get:

Ellra(z, Z) u0)xa(@)]*|X = 2]'* Z B[|¢u(X, V)0 ]€nlin(ss)
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Next note that:
1~
- > G P xnileni + ) t(0)xn (1)
i=1

1 e N
<[|QN2u(0)xn()|| - ||ﬁ Z G2 mileni +700)' QY|

Recall that E[Xm;(ﬁn,i + rn,i)’} = 0 and the data are iid, so applying Lemma C.4:

— Z G X i+ 7ad) Q2|
Y ieTy

[HG 1/2Xn1|| ||(€nz+7ﬂn1) 1/2|| ]
SQEU|Gﬁl/2xn,i||2H€n,iQle/2||2]
+2E[[1G, P xnal P11 Q7?7 il ]
<2min {&; , B[l @y ?IP]. € B [11GL 2 xnil ] }
+2esssup ||Q, /o (X) P E[I|G, M xnil 7] }

Smin{gl k(n), & ,1(n)} + 1(n)lyn(s5)”

The first inequality follows by Young’s inequality, the next by Holder inequality and
then the rate by (1.9.11), (1.9.12), and (1.9.13). So uniformly over § € R¥™{™) and

Fx-almost all x:

1 & /
1237 G il + r) d0)xa (@) (1.9.16)

=1

l1QY21(0)x () | min{ /€2, k(1) /. \[€2,1(n) /ma}
H1Q20) X (@) | (55)V/T(0) /e

Next let us consider the term |Xn(I’Q)lé;;n)\37n/LnL(9)Xn(.T1)‘. Note that:

X (22) G5 N it (8) X (1)
bl GG GG NG e (0) xa (@)
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By Lemma C.2 HG}/QCA?;;nG}n/zH Zp 1. Furthermore:

1G22 10t (0)xn (2)]* = B[ X (X) 1t (0)xn () ]
< E[|E[pa(V)|X]1(0)xn(2)[7]
< Elpa(V) u(#)Xa ()]
= [1Q5/(0) xu ()| I” (1.9.17)

Where the first inequality holds by the properties of least-squares projection, the
second inequality by positivity of the variance. Thus we have uniformly over § € R

and F'x-almost all z:

X (@2)' G, Mgttt (0)xn (1) Zp Aaal| Q2 (0)xn (@) IP1 G €

By Lemma C.3, [|Q¥*(8)xn(2)|| 3 E[l¢n(X,V)02]%¢, , and finally note that
G 2 (22)]| < Exn- Substituting these and also (1.9.15), (1.9.16), and (1.9.17)
into (1.9.14) we get that uniformly over § € R*™!®) and Fx-almost all z:

(ot (z1, 22) — G (1, xg)),Q

2B [16a(X, VY02 2 (14 1/€2,0(0) [a) byon(s5)
FE[00(X, VYP] 6 min{ €2 k() /g, \[€2,0(n) o)
g nbunE |60 (X, V)01 211G 16

Lemma C.7. Suppose Assumptions 5.1.iv, 5.2.iv, 5.8.i1 and 5.4.1i1 hold. Let §; =

7 =—1 .
0" A ,n J€Ly Cn,jy}; then:

1 s _
(-3 (- 99" 3oy /P b ulon) + Al 5



Proof. Let r; = g; — ¢, ;8n where 3, = Z ' E[(,;Yi] and ¢ = Y; — g;. Then:

~ -1 a1
9 — gi = ':zz AanCnJ €]+rnj Alngl ‘—‘)\1 571

JELy
And so by the triangle inequality and the definition of the operator norm:

(-3 (6-9))"

9 iez,

<=2 BB B2 IIED? D Gugles + )l

J€Ly
Ly
ZGIg
Al 222 IEYPERL R - EY 2Bl
By Lemma C.1 and Assumption 5.4.iii H:}/z:;l/zH 1 and ||:71/2:/\1 ”1/2|]

By Assumption 5.1.iv and 5.3.ii, esssup |ri| = len(s3). By Markov’s inequality and
because the data are iid and E[(,i(rn; + €)] = 0 we have:

|H_1/2 Zan T'ni +€2 |2 [HH_l/Qan(Tnl +€l)|| ]

9 icz,

{27261 (s supr + esssup B, Z)
(n)

n

p(n)

!

N

(EC n(s3) + UY) N

g g

Where we have used esssupr,; = €c.n(s3) and esssup E[e?| X, Z;] < 63 which follows

~Y

from Assumption 5.2.iv. Finally note that:
12:/28al = E[(G380)°] < Elgni] < E[Y?] <ot

Where the first inequality follows by properties of least squares projection. In all we

109



get:

1 . —_
(53 (- 909" 2o 22 b talisn) + AalIES )

Ny

Lemma C.8. Suppose Assumption 1-4 and 5.4.1v hold. Suppose that 7,(x, z) is given

by 7n(z, 2) = (Whthn(, 2)) @ Xn(z) for some vector of coefficients &, then:

Higl/ilni;l/? —I2 %, \/gzmlog(l(n)m(n))/ng (1.9.18)

Where £, = E(x,z)|7tn(X, 2)70(X, Z)'], and further:

[ g REE  yb e[ \/gzmlog(l(n)m(n)) /ng (1.9.19)
Furthermore:
||23L/22;0%n54n($1,$2)|| fjp ||i7lz/2i;0{ndn($1,$2)|| (1-9-20)

In addition, we have that || Sy > an (21, 12)||2 2 Clay, 22)€2 (z1), and similarly that

Q,
150 2 (1, 22)|12 Zp Clan, 22)€3  (21), and:

||§371/22I01,n54n($1a$2)||2 Zp O(x1,29)€8 (1)

Where C(x1,x2) is as in the Assumption 4.i and we define i)\o,n =3, + Aol

Proof. First we show (1.9.18). Let the function ¢ be defined as in Lemma C.2, so
that for any § € RF™I™ 7/ 0 = (d);@/}n(:p,z))/L(e)Xﬂ(z), then using the definitions
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of then for any 6 € RF™I™) we see:

1525, 126) = - 571, 5267

zEIg

= LS (@l ) oS ) o)
zEIg

= LSl @ ) e 550
zGIg

— —Z Wn x,z Uec(wn (_,:1/29))\2
ZEIg

= HQ}/zvec(@nL(i;lnG))H
< |22 - (|9 2vec(@nn(S52720)) |
= (10120712 - |j8)] (1.9.21)

Where vec(+) returns the vectorization of its matrix argument (i.e., returns a single
column vector formed by stacking the transposed rows of its argument). The third
equality above follows because vec(ABC) = (C' ® A)vec(B). The above implies
15425572 < 1QY200 2| By similar reasoning:

250200 = B 17, 20201 | 70]
E[|(@tn(w, 2)) o(5,20)xa (0) | Z2]
E[|(xn(2) @ (2, 2)) vec(@nL(igl/ze))ﬂIﬂ]

= E[|1/)n(:17 z) vec(Wpt (2-120) ) 1% Zx]

= | |§~2}L/2vec(c&nL(f};1/29)) I
< (|12 2| - |0 2vec (@, (5572/20) )|
= (10120172 - |6

So ||1=0?5, 2| < HQUQ »'?||. One can show that for any non-singular square

matrix A:

I(AA = D" < [JA|* max{[|A[]* — 1,0} + (1 — [[A7H]|7*) 0]
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And so:

15,128, 5,177 = I))P <|[SY25, 172 max{|[£2S,Y21? — 1,0}
HIEYIE 2P (IEYE )P - 1)
<[|QY20 P [1Q 0 2 P — 1
119220722 — 1]
<|| QY20 P, 20,0, — |
IR P10 0 — 1

S\ J€2 Jog (1m)m(n)) /n,

The second last line follows by the reverse triangle inequality and because for a square
matrix A, ||A’A|| = ||A[|?>. The final line follows from Assumption 5.4.iv and Lemma
C.1.the triangle inequality. By Assumption 5.4.iv the final term on the last line

above is o(1) and so by the reverse triangle inequality HZ}/QXA];IE}/ZH <, 1 and hence

21 /2o—1/2
120782 2, 1

Now we show (1.9.19). Note that:

[S71/28, 5212 — 1|2 = ||57V/28,, 572 — S71/28, 517122

n

For matrices A and B with ||B7!|| - ||A — BJ| < 1 one can show that:

IBP*[14 — Bl|

Al - Bl <
| I< B A=

Since ||i}/2i;01ni}/2|| < 1 we get from (1.9.18):
IS5 SY2 2 SRS SR 3, (€2 Tog(mym(n) fng)

By Assumption 5.4.iv and the triangle inequality this implies ||i}/ 22;01 sy 2|| Zp L
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Now let us show( 1.9.20). By the definition of the operator norm:
Using the definitions of the matrices involved:

|SY2571 5, 512 = ||g711/2g;01’"g711/2 i /\07n<i}TIL/22)—\01,ni;1/2)||

)\O,n 0,n—n

< |28 A 1SS, 5]

Ao,n N

+ Aol 12N 7850 S|

By (1.9.18) and (1.9.19), the terms on the second line above are O,(1). Again, using

definitions of the matrices involved:

157285, Z0 21 = 1B + Aond) S22

Ao,n N

<Nl 2 A
And so ”2’1”0/22;01niko,n2;1/2|’ <, 1 and thus:

HZA]}Z/QXA);\O;dn(xl’xQ)H jp ||2£/22;01,n54n($1,$2)|’

Now the final three statements in the lemma. Applying Cauchy-Schwartz
and using E[p(z1, 72, Z)?|X = x1] < C(1,75) we get that for any 6 € RFMIM);

|G (1, 22) 0] < Clar1, 09) Ex [(n (@1, 2)0)*| X = 1]
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Using similar steps to (1.9.21):

[ n(fEl,Z)IQ)Q{X:ZL’J

(7
=€ (1) vec(@ne(9)) |1
n(71)

<10 (21)2Q; 1/2|]EXZ)U¢"(X Z) vec(wnt(9)) ]
<€ (11)Ex.z)[(7a(X, 2)0)"]
=62 (2112?01
Thus we get:
|G (1, 2) 5,120 = Oy, )€, ()]0
Since the above holds for all 8 ||Sn " 2a, (x1, 22)||* = C(x1,22)6% (21). This then
implies:

[S1255) Gl 22)|* <C (o, 22)€8  (2)|[SV255] BY2

ZpCla1, 22)E8 | (1)

Where the final line follows by ||ZA]$L/2§A];01”§_]£/2H2 <p 1 shown earlier in the proof.

1/25 1/2

Finally, again using the second inequality above and [|3, ||? 3, 1 shown earlier:

1S5 (@, @)|I* < Oy, 22)€3 () IE/ 2S5 VIS 212

Ao,n T
Zp Olar,29)€8 (1)

Lemma C.9. Suppose Assumptions 1, 2, and 8 hold, Assumption /J.ii holds with
D(X) bounded above by a constant with probability 1, and Assumptions 5.1.4, 5.1.1i,
5.2, 5.8.1, and 5.5.i1 hold. Then there is a sequence {0,}:2, with E|[|¢n(X,V)'6,]%]
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bounded above uniformly over n so that, uniformly over F(x zy-almost all (v, z):

|g(ZE, Z) - 7Tn<x7 Z),9n| j gp,n(sl)

if X has finite discrete support, and otherwise:

|g($, Z) - Wn(ZE, Z)/9n| rj Ep,n(51> + (Sp,néx,n(l))s

Where § = % and the above is uniform over Fix zy-almost all (x, z).

Proof. First note that for any length-k(n)l(n) column vector 0,,, there is a [(n)-by-k(n)
matrix 0, so that (pn(V) ®Xn(X))/9n = Xn(X)’énpn(V) and vice-versa. In particular,
we can let the entry of 6, in the j” row and k" column be the (j —1)I(n)+ k-th entry
of 6,,. For convenience we will find a [(n)-by-k(n) matrix rather than a length-k(n)l(n)

vector.

We will now show that for each n, there exists a vector-valued function £, so that

E[(B.(X)pa(V))*]"? 2 1 and:
esssup |g(X, Z) — Bu(X)VE[pu(V)| X, Z]| 2 Lyun(s1)

Combining Assumptions 5.1.i and 5.3.i, uniformly over Fx zy-almost all (z, 2):

1/2

inf [(——lX2Y)

B d(Fix,z) ® Fy) (2,2 V) = m(V)B)]

2 ép,n(‘Sl)

This implies that there exist sequences of functions B,, and 7, so that for Fix z -

almost all (z, z,v):

dFx,zv)
d(Fix,z) @ Fy

)(x, 2,0) = pp(v) By(z,2) + ro(x, 2,0) (1.9.22)

1/2

Where E[r,(z,2,V)?]
El[y(x,V)?|X = 2]'/? < D(x) so that g(z,2) = E[y(z,V)|X = 2, Z = 2] (see Lemma

3 l,n(s1). By Assumptions 1, 2, 3 and 4.ii there is a v with

1.1). Thus, for any vector-valued function of appropriate dimension f,(z) we get for
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Fix,z)-almost all (z, 2):

g(z,z) — 6n($>,E[pn(V)}X =x,Z = Z}
=B[1(2,V) = Bul2) pu(V)|X = 2, Z = 2]

—B[(1(&,V) = Bl pulV »ﬂgigégwﬁﬁzwﬂ

Where the second equality follows by the definition of the Radon-Nikodym derivative.
Substituting (1.9.22), the RHS above becomes:

(E [’Y(xa V)pn(V),} - Bn(x),E [Pn(v)pn(v),})Bn(L Z) (1'9'23)
+E[(v(2,V) = Bu(@) pu(V)) (2, V)]

Assuming E[p,(V)p,(V)'] is non-singular, we can set §,(z) so that:

Bu(@) = Elpa(V)pa(V)]  E[pu(V)y(z, V)]

Substituting into (1.9.23) the first term disappears and we get:

g(z,z) — ﬁn(x)/E[pn(VMX =x,7 = Z]
:E[(’Y( ) ﬁn( ) n( ))Tn(x>za V)]

By Cauchy-Schwartz:

|E[(v(@, V) = Bul@) pu(V))ru(a. 2. V)|
<E[(0(2,V) = Bu(a) puV)) ] Elrafa, 2. V)
Spn(s)E[(7(2,V) = Bula) pu(V)) ]2

Note that (,(z)'pn(v) is a least Lo(Fy)-norm projection of v(z, V') onto p,(V) and
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SO.

E[(y(x,V) = Bu(@) pa (V)]
dFy ® Fy

SEh(x, V)Q] = Eh(:}:,v)2 dF(xvy

D?
V)‘X =] < —

&
Where D < oo is an almost-sure upper bound on D(X) which exists by supposition,

dF(x,v)
dFx @Fy

and ¢ > 0 is a lower bound on which exists by Assumption 5.2.ii. Note that

by properties of the least-squares projection we also have:

E[(Bu(x) pu(V))*]* < D (1.9.24)

This in turn implies E[(8,(z) pa(V ))Q\X =z] < %2, and so:

E[(B(X) pu(V))*]"* < % 31 (1.9.25)

In all, we get that uniformly over F{x z)-almost all (x, 2):
9(x,2) = Bu(@) E[pa(V)|X = 2,72 = 2]| 3 ,n(51) (1.9.26)

Now consider the case of X with discrete finite support. Both 3,(X) and x,(X)
then have discrete finite support and by Assumption 5.1.ii for n sufficiently large
any function defined on X is a linear transformation of x,. Therefore, there exists
a matrix 6, so that for Fx-almost all x, x,(x)'0,, = 5,(z). And so from (1.9.26) we

immediately get:
E[(9(X, Z) = xn(@)0,E [pa(V)| X, Z])2| X = 2] 2 £,0(51)

Moreover, from (1.9.25) we get E[(Xn(X)’ann(V))Q] 2 = 1, and we are done.

The case of continuously distributed X requires more work. The function [,
defined above may not be smooth, to address this we first show that we can smooth-

out (8, without incurring too much additional approximation error and then show
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we can approximate the smoothed out function by a linear combination of the basis
functions that compose y,,. Let {b,}>2, be a sequence of strictly positive scalars with

b, — 0 and for each n, define a linear operator M, by:

o(x")dz’
dz’

fXﬂBm,bn

M, [0](x) =

fXﬁB%bn

Where B,;, denotes the Euclidean ball in R of radius b, centered at z. Note

that under the Assumption 5.2.ii, for sufficiently large n there exists r > 0 so that

Ixnm,,, @
) Iy, 4
B3, be the smoothed analogue of 3 which is given by B, (x) = M,[3(X)](x). It is not

forallz e X, 1 > > r. We will use M,, to smooth out /3, in particular let

difficult to see that:

sup [|E[pn(V)pa (V)] Bu()|| < sup | B [pn(V)pu (V)] 28, ()2

rzeX

We will show E[|BH(X)’pn(V)|2} is bounded uniformly over n. Note that:

/ /

fXﬁBwb
1 <
S—// e = x!i_/bn}dx|ﬁn($/),pn(v)|2da:'
rJxJx fBo,bn L

IN

LG ORE

Where the first equality uses the definition of 3, the subsequent inequality follows

by Jensen’s inequality, and the next inequality by swapping the order of integration
dz’

S
(valid by Tonelli’s theorem as the integrand is positive) and using fg“—”x, >r

1{||z I||<bn

The final inequality follows from f b < 1. Now applying the upper and

n

lower bounds f < oo and S >0on the density of X, which exist by Assumption
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5.2.iii, the above implies:

E[|8u(X) pn(0)I°] < ZE[|Bu(X) pn(v)["]

|'3~|“M

Finally, integrating both sides above over v against the measure Fy, and applying the

dFx@Fy

upper and lower bounds ¢ < oo and ¢ > 0 on which exist by Assumption

5.2.11, we get:

E[|8,(X) (V)] < D? (1.9.27)

E[|8(X) pa(V )I}S@

crf

Where the final inequality follows by (1.9.25). Now we will show that the function

Bu(-YE[p,(V)|X = 2,Z = 2] is Lipschitz continuous (i.e., an element of A ()

for some ¢ > 0). With some work one can show that for any function ¢ with |0(z)| < ¢

for all z € X:
dim(X)

| M[0](21) — Ma[0](22)] < b

21 — 2| (1.9.28)

Iﬂlw

Now, we will upper bound the function 3,(-)'E[pn(V) ’X = 2,7 = z|. Note that
(1.9.24) is equivalent to ||E[pa(V)pa(V)]*Ba(2)]] < D. Using the this and the

definition of &,,, we get:

B, (1 [ W(V)]X = 1o, —zH
<\|E[ (V)] Bu(z
<||E[pn(V)pu(V)]°E [ ‘X_xQ,Z:z]H

<DesssupHE[pn(V) (V)] 12 pn(V)|| < D€, n

Where ‘esssup’ is the essential supremum over the distribution of V. Using the upper
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bound above, and applying (1.9.28) we get:

Bulea) BlonVIX = 2,2 = 2] = Baa) Elon(V)IX = 5,2 = 2]
M, [V Bl (V)X = 2.7 = 2]} a1
M [ Elpu(VIX = 2,2 = 2] (32)
<e2j2, — ]

And thus B,(-)E[p.(V)|X = 2,Z = 2] € Afim(X)(E%’T”), where ¢ is some constant

that is independent of n.

Next we show that replacing (5, with 3, does not lose us much in terms of approx-
imation error. Adding and subtracting terms and applying the triangle inequality we

get:

9(2, Z) = Ba(2) Elpa(V)| X =, Z]|

fXUBMn (9(2', Z) = Bu(2) E[pn(V)|X =o', Z] ) da’
< Jxos,,, 4 |
—}-|g(l‘, Z) — M, [g('v Z)] {

I Bu(@) (E[pa(V)|X = 2,Z] = E[pa(V)|X =2/, Z] d:v"
dx’

+|
fXUBI.’bn

For the first term on the RHS of the inequality note that:

|(/XUB ) /XUB 9(x', Z) = bu(@')'E [Pn(V) ‘X =1, Z] dﬂf’}
< sup 9(', Z) = Bu(@) E[pa(V)| X =2, Z]|

3 fp,n(sl)

Where, for the last step we have used (1.9.26). Next, it is easy to see that for any
§ € AT™X)(¢) we have |6(x) — M,,[0)(z)] < cbp™". And so, using Assumption 5.3.ii,
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the second term satisfies:
‘g(:v, Z) — Mn [Q<Z7 )] ‘ < C3bfin{53,1}

For notational convenience define:

dFx,zv) (2, 2,0) — dFx,z,v)

CWR4V) —=2 (720
dF x,7) ® Fy dF(X,Z)®FV( )

q(v,x, 2, 2) =
For the third term, note that:

| Bu(@) (E[pa(V)|X = 2,2 = 2]

XﬂBz,bn

— E[ps(V)|X =2/, Z = 2] da’|

:‘ [Bn( ) N( )(V7$vxlaz)}dl‘/‘

XﬂBz,bn

st[;mB |E[Bo(a") pu(V)(V, 2,2/, 2)] | da’
s[%B E[(Bu(@) pu(V))*] "B [q(V, 7,2, 2)2] "’

<D Elq(V,z,2,2)?] V2 gt

XNByy,

Where the first equality follows by the Radon-Nikodym theorem, the subsequent
inequality by Jensen’s inequality, the second inequality by Cauchy-Schwartz, and the
final inequality by (1.9.24). Note that by the reverse triangle inequality:

1/2

|E[a(Viw,21,2°] — Ela(V.z 20,20
SEHq<V7'TJx17Z) - Q(V7x7x27z)‘2:| 1/2

dF(sz) dF(XZV) 211/2
:E 1y V _ 1<y , ’V
[(dF(X,Z) ® Fy (#1,2,V) dF(x,72) @ Fv (22,2, V)]

And by Assumption 5.3.i the final term above is bounded by c,||z; — 25||™™{s21}, So
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we get:

Jxns,,. Bu(@) (E[pa(V)|X =,Z] = E[pa(V)|X =2/, Z] dx"
dx’

<cy b;nin{s%l}

fXﬁBLbn

And so in all:

9(x,2) = Bu(@) E[pa(V)| X =, Z = 2]

1 = min{sg,1 min{ss,1
<%D€p7n(sl) + ey pmintszd) 4y pmintss, 1)

Now, let G, = E[x,(X)x»(X)'] and define the matrix 6, by:
On = Grle [XH(X)IBH(X)I]

Recall that G,(-)E[p(V)|X = 2,Z = 2] € A‘lﬁm(X)(é%—;L”), by Assumption 5.1.ii we

get:

X0 (2) 0. E[p, (V)| X = 2,Z = 2] = B,(z) E[p(V)|X = 2,Z = Z]|
= |xn (@) G E [xn(X) B (X) Elpp (V)X = 2, Z = 2]]

BulaV Bl (V)X = 2,7 = 2 3 20,1

And so, by the triangle inequality:

19(2,2) = Xu(@) 0B [pa(V)|X =2, Z = 2|
<lg(z,z) — Bn@:),E[pn(V)‘X =r,Z= Z}

"“Xn(x)/enE[pn(V”X =z,7 =2]— Bn(x)/E[pn(V”X =x,4= ZH

Slpnsr) + Bpiest) g pinteaty g Somy, )

n
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Choosing b,, rate-optimally the above gives:

(2, 2) = Xn(@) 0. E[pn(V)|X = 2, Z = 2]|

gO(ﬁp,n(Sﬂ + (fp,néx,nu))g)

Where § = % Finally, By properties of least squares projection:

E[Ixa(X) 0upu(0)?] = E[|Xa(X) Ry E X (X) Bu(X) pu(0)] ]
< E[|Ba(X) pa(v)]?]

And so:

[ al@) bupa@) PEx ® F(dw,) < [ 15ula)pu(0)PFx ® o (d(o,0)

_ dF, . .
¢ < ooand c > 0 on dF;g;‘)/, which exist by

Using the upper and lower bounds

Assumption 5.2.ii, this implies:

[NeY!
Q
)
]
N
—_

BlI6.(X) e (VIP] < 575

E[Xa(X) 0np(V)P] <

[
|
|

Where the final inequality follows by (1.9.27). So E[|xn(X)8np,(V)|?] is bounded
[

above uniformly over n, and we are done.
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Chapter 2

Nonparametric Instrumental
Variables Estimation Under

Misspecification

Instrumental validity can be difficult to defend. The assumption rules out not only
confounding between outcomes and instruments, but also any direct causal effect of
the instruments on outcomes. Thus instruments may not be valid even if they are
assigned by an ideal randomized experiment. To justify the use of instrumental vari-
ables (IV) methods, applied researchers usually argue not that instrumental validity
holds exactly, but that any deviation from validity is small.! ‘Small’ does not imply
‘inconsequential’; and so it is important to assess the sensitivity of IV methods to a
modest deviation from full instrumental validity.

In this work we consider the sensitivity of Nonparametric Instrumental Variables
(NPIV) estimators ([64], [4]) to a failure of instrumental validity. We show that NPIV
estimators of the structural function are highly sensitive to invalid instruments. For
a broad class of NPIV estimators, an arbitrarily small deviation from instrumental
validity can impart a large asymptotic bias. In some cases arbitrarily large. This
sensitivity is a consequence of the ‘ill-posedness’ of the conditional moment restriction

that identifies the structural function.

1See [28] for further discussion.
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A researcher may be interested in estimating a continuous functional of the struc-
tural function rather than the function itself. Then robust estimation may be possi-
ble. We provide necessary and sufficient conditions under which a continuous linear

functional can be estimated robustly.

One can achieve some degree of robustness by imposing strong smoothness con-
ditions in estimation. For example, imposing a fixed bound on some derivatives of
the structural function. This comes at a price: the estimates are inconsistent if the
structural function is not sufficiently smooth. Many analyses of NPIV estimators
assume the structural function is smooth in order to derive convergence rates, this is
not enough for robustness, the estimators must be constructed so that they obey the
given smoothness restrictions.” Even with these restrictions NPIV estimators are less

robust than nonparametric regression and parametric IV estimators.

Our results suggest the need to supplement NPIV estimation with empirical sensi-
tivity analysis. Methods for sensitivity analysis are increasingly popular in economet-
rics and include local methods (e.g., [8], [13], [19]), and global methods (e.g., [6], [61],
[66])). We develop a method for global sensitivity analysis in which the researcher
estimates the identified set under a relaxed instrumental validity assumption. Thus
researchers can assess which of their findings are robust to some failure of instru-
mental validity. Estimation of the identified set under weakened assumptions is used
elsewhere for sensitivity analysis, for example in [61]. The set estimation problem is

well-posed, and we derive convergence rates under primitive conditions.

We apply our methods to the empirical setting shared by [18] and [47] who use
NPIV methods to estimate shape-invariant Engel curves using data from The British
Family Expenditure Survey. We use our methodology to assess which features of the

structural Engel curve for food can be inferred robustly.

>Two NPIV methods which impose smoothness conditions are the procedures of [64] and [18]. A
number of prominent NPIV procedures do not constrain the estimates to be smooth. For example,
the methods described in [23], [30], [44], and [47]. Some analyses of NPIV estimation are general
enough to incorporate both estimators that do and do not impose smoothness, for example [24].
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2.1 The Sensitivity of NPIV Estimators

NPIV estimation is a flexible, nonparametric alternative to linear TV. It has been
studied extensively, for example in [64], [4], [24], [30], [44], and [47]. NPIV models
assume that outcomes Y can be written in the form Y = ho(X) + U, where X is a
vector of endogenous regressors and U is a latent variable. The deterministic function
ho is known as the ‘structural function’ and usually has a causal interpretation.

NPIV models relax the linearity assumption of linear IV but retain additive sep-
arability. Suppose we interpret ho(z) + u as the potential outcome from treatment x
for an individual with U equal to u. Then the effect of changing treatment from z
to x5 is the same for all individuals.

NPIV is ‘nonparametric’ because the structural function hq is not assumed to
take any particular parametric form. Instead, it is an unknown element of a function
space. In particular, hy € Bx, where Bx is an infinite-dimensional Banach space with
norm || - ||py-

In NPIV, hy is identified from a conditional moment restriction which corresponds

to ‘instrumental validity’. It is equivalent to E[U|Z] = 0.
Assumption 1.1 (Valid Instruments). E[Y — ho(X)|Z] =0

Implicit in Assumption 1.1 is that E[Y|Z] exists and is finite. It is useful to think
of E[Y|Z] as a function gq of Z, so that go(Z) = E[Y|Z]. We assume g belongs to a
Banach space Bz with norm || - ||5,.

In addition, one may place a priori restrictions on the structural function. This

can be captured in the assumption that hy belongs to a restricted parameter space

H C Bx.
Assumption 1.2 (Parameter Space). hg € H C By

Assumptions 1.1 and 1.2 are structural assumptions in the sense that one cannot
cannot confirm that they hold by looking at the joint distribution of the observables.
The following two non-structural conditions are also imposed throughout the NPIV

literature.
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Assumption 1.3 (H-Completeness). For any h € H, Fh(X)|Z] = 0 <~
h(X)=0

Assumption 1.4 (Compactness). Define A : Bx — By by the equation A[h|(Z) =
E[h(X)|Z]. A is a compact linear operator from By into By.

Assumption 1.3 imposes a type of statistical completeness. Completeness plays a
role analogous to the rank condition for identification in linear IV (|64]).* If Assump-
tion 1.3 holds, then Assumptions 1.1 and 1.2 point identify hq.

Assumption 1.4 does not aid identification, but it allows one to apply powerful
tools from functional analysis to the NPIV estimation problem. The assumption holds
under weak primitive conditions on the joint distribution of X and Z ([38], [47]).

Using A defined in Assumption 1.4, and gy, we can rewrite the NPIV moment
condition in Assumption 1.1 as A[hg] = go. Suppose Assumption 1.3 holds and H
contains an open || - ||5,-ball, then A is invertible on its range R(A).* Denoting the
inverse by A~ we have hy = A~[go].

It is tempting to estimate hg by replacing A and gy with empirical analogues. This
would be ill-advised. Suppose that A is known and we replace gy with a consistent
estimate g, € R(A) (the subscript ‘n’ denotes the sample size). The resulting esti-
mate, A~'[g,], is generally inconsistent. This is because Assumption 1.4 implies A™!

is everywhere discontinuous. In fact, for any function g in the range of A and € > 0:

g’eR(A):TEE)g’IIBZSe HAil[g] - Ail[gl]HBx - (211)

So even if g, is within a tiny e distance of gy, A™'[g,] may be arbitrarily far from
A~ go] = hg. This is the ‘ill-posedness’ of NPIV estimation.

To tackle ill-posedness, one may ‘regularize’ the problem. Consider a sequence of

continuous operators {Q,}52,. Each operator Q, is called a ‘regularized inverse’ of

A. Because Q, is continuous, Q,[g,] is not so sensitive to noise in g,, but replacing

A~! with Q,, generally imparts bias. For this bias to go to zero, Q,, must converge

3For some work on statistical completeness see [7], [20], [22], [35], [39], and [50].
4R(A) is the set of elements g € Bx such that there is an h € By with g = A[h].
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pointwise to A~ That is, the degree of regularization must be reduced. As a
result, the sensitivity of Q,[g,] to error in g, increases. As the sample size grows, the
estimation error in g, diminishes and so it is worth raising the sensitivity in order to
reduce the bias from regularization. If the degree of regularization is reduced slowly
enough then Q,[g,] = ho (see [30]).

In NPIV the operator A is not a priori known. As such, each regularized inverse
must be estimated empirically. Let Q,, estimate Q,,. A typical NPIV estimator takes
the form h,, = @n [Gn]-

2.1.1 Introducing Misspecification

We now consider the behavior of NPIV under misspecification. We replace Assump-

tion 1.1 with a relaxed moment condition.

Assumption 1.1* (Nearly Valid Instruments). Define vy € Bz by uo(Z) =
Y — ho(X)|Z]. We have ||uo||z, < b.

The scalar b in Assumption 1.1* captures the degree of misspecification. If b = 0
Assumption 1.1* reduces to Assumption 1.1 and instruments are valid. If b is small
but non-zero, then the moment E[Y — ho(X)|Z] need not equal zero, but must be
close to zero, with distance measured by || - ||5,-

To measure the sensitivity of an NPIV estimator to instrumental endogeneity, we
consider the largest possible (un-scaled) asymptotic bias under Assumptions 1.1*, 1.2,
1.3, and 1.4. We fix parameters that are not directly related to misspecification. In
particular, we fix the structural function hy and pix z, the joint probability distribution
of X, Z, and n =Y — E[Y|Z]. The worst case asymptotic bias of an estimator ,

for a given b is then:

bias;, (b) = sup inf [e: P(||hn — ho||5x <€) — 1]
uoER(A): [|uo||5, <b

The expression above does not require that h,, has a probability limit. The existence

®That is, for any fixed g € R(A), ||Qnlg] — A7 g]||5x — O.
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of a probability limit for an NPIV estimator may be difficult to establish under
misspecification. Sufficient conditions for the existence of a probability limit for
misspecified sieve minimum distance estimators can be found in [5]. If h,, does have

a probability limit (for any ug in the relevant set) then:

bias;, (b) = sup plim ||, — hol|s,
upER(A): [|uo||p, <b n—00
The above is a case of the ‘maximum bias’ discussed in [52], albeit extended to an
estimators whose value is a function.
The worst-case asymptotic bias captures the sensitivity of the estimator to a
deviation from instrumental validity. We say an NPIV estimator is ‘robust’ if the
worst-case asymptotic bias is small whenever the degree of misspecification b is small.

~

Formally, h,, is robust if lim, ¢ bias; (b) = 0.

Theorem 2.1.1. Fiz j1xz, so that Assumptions 1.8 and 1.4 hold. Suppose that if
Assumption 1.1 holds and hg € int(H) then izn consistently estimates hg, that is,
plim||hn — hol|g, = 0. If ho € int(H), hy, is not robust. More precisely, let r > 0 be
n—o0

the radius of the largest open ball in H centered at hy. For any b > 0, bz’as;bn(b) >,
and if H = Bx then bias; (b) = oo.

Theorem 1.1 applies to any NPIV estimator that is consistent under under correct
specification. The theorem states that if Assumptions 1.3 and 1.4 hold, and the true
structural function lies in the interior of the parameter space, such an estimator is
non-robust.

The theorem gives a lower bound for the worst-case asymptotic bias. The bound
depends on the shape of the parameter space around the true structural function
ho. If we require consistency over the whole function space, i.e., H = By, then an
arbitrarily small deviation from instrumental validity can lead to arbitrarily large
asymptotic bias.

In finite samples, the sensitivity of an NPIV estimator to invalid instruments
depends on the degree of regularization. Recall that regularization reduces the sensi-

tivity to estimation error in g, which estimates go = A[ho] under correct specification.
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The presence of invalid instruments drives a wedge between gy and A[hg], and thus
between g, and Alho]. Thus invalid instruments act as an additional source of error
in g,, and regularization controls the sensitivity to this error. To ensure an NPIV
estimator is consistent, it is usually necessary to reduce the degree of regularization
as the sample size grows. As the sample grows and the regularization is reduced, the
estimator becomes more sensitive to invalid instruments.

A closely related result concerns the size of the identified set under Assumption
1.1*. Under Assumption 1.1%, h is generally only set identified and the identified set
takes the form [h € H : ||A[R] — gol|B, < D).

Theorem 2.1.2. Suppose Assumptions 1.5 and 1.4 hold and A~*|go] € int(H). Then
for any b > 0, the diameter of the identified set under Assumptions 1.1* and 1.2 is at

least twice the radius of the largest open ball in H centered at A=1[go].°

Theorem 1.2 suggests that even if b > 0 is very small, the identified set may be
large. The diameter of the identified set depends crucially on the shape of ‘H around
A~ go]. Thus, without strong restrictions on the parameter space H, identification in
NPIV models is very fragile: only an arbitrarily small relaxation of the NPIV moment

condition is the difference between point identification and a large identified set. *

2.1.2 Strong Restrictions on the Parameter Space

The parameter space ‘H plays a key role in Theorem 1.1. The theorem only applies
when the structural function lies in the interior of H. Some parameter spaces have
an empty interior, of particular interest are compact parameter spaces which are
employed extensively in the NPIV literature (e.g., in [64], [4], [18], [39], [72]). In
NPIV settings compact parameter spaces are typically spaces of smooth functions,
i.e., functions with some derivatives bounded by a known quantity.

If ‘H is compact one can generally construct an estimator that is consistent un-

der Assumptions 1.1 and 1.2 and also robust to the failure of instrumental validity.

6The diameter of a subset of a metric space is the smallest upper bound on the distance between
any two points in the subset.
"We thank an anonymous referee for suggesting this interpretation of our results.
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However, if hy ¢ H (say, the structural function is not smooth enough), then such an
estimator is inconsistent.

Recall the NPIV moment condition can be written as A[hqo] = go. Given hy € H,
this implies A[hg] = Pz[go] where Py is a projection from Bz to A[H] (the image of H
under A).* If Assumptions 1.1-1.3 hold there is a unique element of H that satisfies
this equation. Let Ay be the restriction of A to H. Then the unique solution in H

can be written as A" Pz[go).

Theorem 2.1.3. Fix j1x 7, so Assumptions 1.2, 1.3, and 1.4 hold. Let H be a compact
subset of Bx and let Py be a uniformly continuous projection onto A[H]. Suppose
B, satisfies ||izn — A;PZ[gO]HBX —P 0. If hg € H then h, is robust. That is,

limb*)(] b’iCLS;Ln (b) =0.

Theorem 1.3 requires that the estimator h,, has limit A3;'Py[go] € H. So if H
contains functions with second derivatives bounded by a given constant, h,, must be
constrained so that it too obeys this bound (at least in the limit), regardless of the data
generating process. Thus the robustness in Theorem 1.3 comes as a price: if hg ¢ H,
say the second derivatives of hy are too large, then the estimator is inconsistent.

bias;, (b) is identified, so the conditions of Theorem 1.3 imply the identified set
under Assumptions 1.1* and 1.2 shrinks to a point as b — 0.

Theorem 1.3 shows that the worst-case asymptotic bias goes to zero with b, but
it does not give a rate. We show that even if nonparametric smoothness is imposed
in estimation, NPIV estimators are generally less robust than linear IV estimators or

nonparametric regression estimators.

Theorem 2.1.4. Fiz jixz, so that Assumptions 1.3 and 1.4 hold. Suppose that
H C By is compact, conver, symmetric, and infinite dimensional and there ezists

a € (0,1) so that ého € H.” Suppose hy, is consistent for hg whenever Assumptions

1.1 and 1.2 hold. Then lim, o bias; (b)/b = oo.

8 A projection Pz from Bz to A[H] is a function with domain Bz and range A[H] so that for any
g9 € AlH], Pz[g] = g.
9A subset H of a vector space is symmetric if h € H implies —h € H.

132



Theorem 1.4 states that bias; (b) goes to zero at a strictly slower rate than b.
This contrasts with standard non-parametric regression and linear IV in which the
worst-case asymptotic bias is at most proportional to b. The conditions Theorem 1.4
places on H hold for the compact infinite-dimensional spaces typically used in the

NPIV literature including all of those considered by [41].

2.1.3 Continuous Functionals

The sensitivity results in Subsections 1.1 and 1.2 apply to estimation of the struc-
tural function itself. If the object of interest is instead a smooth linear functional
of the structural function then it may be possible to construct estimates that a) are
consistent under instrumental validity without any a priori restrictions on the true
structural function and also b) are robust to the failure of instrumental validity.

The estimation of functionals of the structural function in NPIV models is ana-
lyzed extensively in the literature ([4], [73], [53], and others). Following 73], we let
Bx = La(px).

[73] consider linear functionals of the form L[h] = E[w(X)h(X)], where w €
Ly(p1x). By the Reisz representation theorem, any continuous linear functional on
Lo(pux) can be written in this form for some w.

Let [, be an estimator of L[ho]. Fix ho and fixz,. The worst-case asymptotic bias

of I, given ug € R(A) and ||t Lo(uy) < 0 st

bias; (b) = sup inf [e: P(|l, — L[hg)|) < €) — 1]

wo€R(A): [[uol| 5 (s ) <b

[73] show that E[w(X)h(X)] is estimable at rate \/n only if there exists a function

a € Ly(uz) (where pz is the probability measure of Z) so that:
w(X) = Ela(2)|X] (2.1.2)

Theorem 1.5 shows that this condition is necessary and sufficient for robust estimation

of L[hy| to be possible without restricting the parameter space.
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Theorem 2.1.5. Fiz j1xz, so Assumptions 1.8 and 1.4 hold. Suppose that for any
ho € Lo(px) if Assumption 1.1 holds then |Zn — Llho]| =7 0. a., If there exists
a € Lo(pz) with w(X) = Ela(Z)|X], then bias; (b) < bl|al|Lyuz)- b5 If no such a

exists, bias; (b) = oo for all b > 0.

2.2 Empirical Sensitivity Analysis

The results in Section 1 show that estimation of the structural function entails a
trade-off. Strong restrictions on the structural function can reduce the sensitivity
to a failure of instrumental validity, but if the restrictions are too strong then im-
posing them imparts bias. Theorem 1.4 shows that even restricted estimators of the
structural function are less robust than standard nonparametric regression or linear
IV estimators. Robust estimation of a smooth linear functional is possible but only
under a condition on the functional that could be difficult to verify in practice.’

These results may leave applied researchers concerned that their estimation results
are not robust. To help researchers assess the robustness of their findings, we present a
method for empirical sensitivity analysis in NPIV models. Our procedure is based on
estimation of the identified set under the weakened instrumental validity condition in
Assumption 1.1*. The approach is similar in spirit to [61] who analyze the sensitivity
of treatment effect estimates to a small failure of unconfoundedness by weakening the
assumptions used for point identification.

Let © be the identified set under Assumptions 1.1* and 1.2. Formally:
© =[h e :||Ah] - gollx < 0]

Consider a linear functional L : Bx — R. The identified set for L[ho] is [L[h] : h € ©)].

1'11

For the choices of B and H we consider, this set is an interval." Of particular interest

is the identified set for the value of hq at a point x, this is the set [h(z) : h € O] and

10Tn fact, we conjecture that for a given w, the existence of o € La(uz) with w(X) = E[a(Z)|X]
is not testable.
1Gee Proposition 2.1 in the Appendix B for a proof.
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corresponds to L : h — h(z). Denote the lower and upper endpoints for the interval
by 6, and 6. We wish to estimate these end-points.

Consistent estimation of ¢; and ;, allows us to construct an estimator of L[h]
that achieves minimal worst-case asymptotic bias. An estimator achieves minimal
worst-case asymptotic bias if and only if it converges in probability to %(QL +6L).
So if QL and 91 converge to ¢; and 0, then %(QL + 91) achieves minimal worst-case
asymptotic bias.

Assumption 1.1* depends on the norm of the space Bz and Assumption 1.2 on the

choice of H. We assume that these spaces are chosen so that the two assumptions

can be written in terms of inequality constraints.

Assumption 2.1. i. ||-||g, is the essential supremum norm. Thus Assumption 1.1*

states that if h = hg, then with probability 1:
|E[Y — h(X)|Z]| <b (2.2.1)
1. H is the set of uniformly bounded functions h so that:
T[hl(x) < C(z),Vx € X (2.2.2)

Where X is the support of X, T is a known linear functional from Bx to B%, and C

is a known function in BY.

Under Assumption 2.1 §; and 6, are defined as follows:

0, = inf L[h] subject to (2.2.1) and (2.2.2).
heBx

0, = sup L[h] subject to (2.2.1) and (2.2.2).
heBx

2.2.1 Selecting b

The bound b in Assumption 1.1* determines the size of the identified set. We suggest

the researcher estimate the identified set for a range of choices for b corresponding to
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mild, moderate, and severe misspecification. To determine whether b corresponds to
say, ‘mild’ misspecification, it is helpful to compare b to a reference quantity. This
approach is common in the empirical sensitivity literature. For example, in ([61])
misspecification arises due to selection on unobservables. ([61]) consider misspecifi-
cation to be mild if the degree of selection on unobservables is small compared to the
selection on observables, the latter of which is estimable. A similar approach is taken
by [54], [6], and [66] among others.

We suggest one compare b with the variation in outcomes after accounting for
the effect of the instruments. More precisely, we suggest one let b be the difference
between the 0.5+ 7 and 0.5 — 7 quantiles of Y — E[Y'|Z] for various choices of 7 > 0.
The quantiles can be estimated in a first stage. A heuristic argument in favor of this

approach is as follows. By the definition of ug we can write:
Y = E[ho(X)|Z] +uo(Z)+€, Ele|Z]=0

uo(Z) represents any undesired channel by which the instruments are associated with
the outcomes. For example, ug(Z) might capture the direct causal effect of the
instruments on Y. Imagine we could remove this channel, say by eliminating the
direct causal effect of Z on Y. Let ¢.(-) return the quantiles of e. Let b = ¢.(0.5 +
7)—q.(0.5—7), then (2.2.1) states that the impact on Y of removing the channel uy(2)
is no greater than the impact of moving the residual variation in Y (after accounting
for the effect of the instruments) from the 0.5 — 7 to the 0.5 4+ 7 quantile.

One must still select 7, but it may be easier to understand what constitutes a
‘large’ or ‘small’ shift in quantiles. In our empirical setting we take b = ¢.(0.6)—¢.(0.4)
to correspond to severe misspecification: the undesired channel can impact Y by as

much a shift in residual variation from the 40th to the 60th percentile.

2.2.2 Set estimation

To estimate §; and fp we must replace the optimization problems that define these

quantities with feasible ones. Instead of optimizing over By, we optimize over a
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finite-dimensional sieve space. We replace the conditional moment in (2.2.1) with a
non-parametric estimate. Finally, we enforce the inequalities (2.2.1) and (2.2.2) only
on finite grids.

Let @, be a length-K,, column vector of basis functions on &X. In a first stage,
one nonparametrically regresses Y and ®,(X) on Z to obtain estimates g, and 1L,
of go(Z) = E[Y|Z] and 11,,(Z) = E[®,(X)|Z]. Let A, and Z, be finite grids in the
supports of X and Z. We replace the constraints (2.2.1) and (2.2.2) with:

1G(2) = 11,(2)B] < b, Vz € 2, (2.2.3)
T[®!](x)5 < C(z), Vx € X, (2.2.4)

Where T[®/](z) be the d-by-K,, matrix whose k" column is T[®,, ;](x) where ®,, j is
the k' component of ®,,. Let L[®,] be the column-vector whose k' entry is L[®,, 1].

The estimates of A, and @, are respectively:

Oi. = max L[®,]'3 subject to (2.2.3) and (2.2.4).
BERKR

0, ., = min L[®,]'3 subject to (2.2.3) and (2.2.4).
’ BERKR

These are linear programming problems with K, scalar parameters and 2|2, |+ d|A,,|

constraints.

2.2.3 Consistency and Convergence Rates

Let || - ||2 be the Euclidean norm. For any h € Bx, |h|o = sup,cy |h(z)|. For g € By,
|g|so is the essential supremum norm of g.'*
A vector-valued function f on a domain V is of Hélder smoothness class s € (0, 1]

with constant £ if and only if:

sup |1 f(v1) — f(v2)l]2

v1,v2EViv1 £ HUI - U2H§

=&

12The essential supremum norm of g is the smallest number that exceeds |g(Z)| with probability
1.
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Let |s] denote the largest integer less than s. f is of Holder smoothness class s > 1
with constant £ if and only if all the derivatives of each entry of f of order weakly less
than |s] are uniformly bounded by ¢ and all the derivatives of order exactly |s| are of
Holder smoothness class s — |s| with constant £. A function is Lipschitz continuous

with constant £ if it is of Holder smoothness class 1 with constant &.

Let Dy, = sup min||z; — 23||]2 and Dy, = sup min ||z; — 2|ls. Let C,, =
21 EXT2€EXR 2 €2%2€2n
1EE

1 + SupﬂeRKn m

Assumption 2.2. T[h](z) < C(z) implies |h(x)| < ¢ for some 0 < ¢ < oo, and for

some ¢ > 0, C(x) > cforall z € X.

Assumption 2.3. There is a sequence of positive scalars a,, — 0 so that:

G0 = Goloo + sup [Ty = T1,,)'Bloc = Op(an)
BERKn: &1 BEH

Assumption 2.4. There is a sequence of positive scalars x, — 0 so that for any

h € H there exists 8, € R with |®/ 8, — h|e < K, and:
T[®,](2)Bn < T[h](x), Vo € X

Assumption 2.5. i. ®,, C, and each row of T[®!] are Lipschitz continuous with
constant at most &,. ii. With probability approaching 1 both g, and I1,, are Lips-
chitz continuous with constant at most G,,. iii. D ,, Dy, — 0, Cp,&, D1, — 0 and

CnGnDQ,n — 0.

Assumption 2.2 implies that H is bounded and convex. Assumption 2.3 quantifies
the estimation error in g, and I1,. 2.4 quantifies the error from the replacing By with
a sieve space. Theorems 2.2 and 2.3 establish primitive conditions for Assumptions

2.3 and 2.4. Assumption 2.5 controls the error from the use of grids X,, and Z,.

Theorem 2.2.1. Suppose Assumptions 2.1-2.5 hold and there exists h € Bx so that

(2.2.1) and (2.2.2) are slack, then uniformly over all linear functionals L with operator
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norms less than some fized constant:

|Q]L - Q]L| = Op(an + Kp + OngnDl,n + CnGnDZn) = Op(l)

|§]L - 9_]L| - Op(an + Kp + CnénDLn + C"G"D27”> - Op(l)

In particular, the above holds uniformly over the functionals of the form L[h| = h(x)
for each x in the support of X.

Theorem 2.1 demonstrates the well-posedness of the set estimation problem. The
first-stage rate a, is not premultiplied by some growing factor like a ‘sieve measure
of ill-posedness’ (|18]).

D, , and Dy, are small when the grids &), and Z,, are dense. a, and &, are
independent of the grids, so if the grids grow dense quickly enough, the rates in the
Theorem reduce to a, + k,. This suggests the grids should be made as dense as
computationally feasible.

If the dimension of the sieve space K,, grows quickly then x, converges rapidly to
zero. Theorem 2.2 establishes a rate a,, that is independent of K,,. This suggests that
under the conditions of Theorem 2.2, K, should be made as large as is computational
constraints allow.

We now provide primitive conditions for Assumption 2.3. Define series estimators

Jn and ﬂn. Let W, be a length-L,, column vector of basis functions on Z and define

Qn =130 U (Z) 0 (Z)"

Gu(2) = V() QS (Y, (2.2.5)
fla(2) = W (=Y Q' 37 W(Z)@,(X) (226)

In the Assumptions below N (H, ||, d) is the smallest number of |- |-balls of radius
d that can cover H and dim(Z) is the dimension of Z.

Assumption 2.6. i. The eigenvalues of Q,, = E[V,(Z;)¥,(Z;)'] are bounded uni-

formly above and away from zero. ii. Z is bounded and the distribution of X given Z
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admits a conditional density fx|z so that Vo € X, fx|z(x,-) is of Hélder smoothness

class s > 0 with constant at most /.

Assumption 2.7. For any s > 0 there is a sequence R,(s) — 0 so that for any

g € Bz of Holder smoothness class s with constant &:

sup |9(2) — Wn(2)'Qy, E[Wn(Z)g(2)]] < ERul(s)

z€EZ

ii. Forall z € Z, |[U,(2)]]2 < & an(z) = % is Lipschitz continuous with

constant £,,. iii. fol VIGN (H, | - oo, w)du < 0. iv. filoi(Ln) =0

Assumption 2.8. i. The function go(Z) = E[Y|Z] is of Holder smoothness class s >
0. Form > 2, E[|Y —E[Y]|™|Z] < o0, & Plog(L,)/n = O(1), Lylog(Ly)/(n'~%/™) =
O(1) and Ly ™™ P/ = O(1). ii. log(t,) = O(log(Ly,)), & = O(/L,) and
R, (s) = O(Ly ™ 9™@)Y for some function so : Ry — Ry, and Ry(s) = O(Ln""?).

Assumption 2.6.i is standard. Smoothness of the conditional density in 2.6.ii
ensures that for any h € By, Alh] is smooth. Assumptions 2.7.i and 2.7.ii. can
be verified for common basis functions. 2.7.iii is a condition on the metric entropy
of H, such conditions are commonplace in the sieve estimation literature (see [21]).
Spaces of smooth functions like those used in our empirical application typically obey
the condition (see 78] Chapter 5). Assumption 2.7.iv allows us to apply Rudelson’s

matrix law of large numbers (|70]).

Assumption 2.8.i allows us to apply results from [17] to derive a convergence rate
for g,. 2.8.ii can be verified for a given choice of basis functions, for example if
s > 1/2, then the Assumption holds for the one-dimensional B-spline case in Section

3.

Theorem 2.2.2. Suppose Assumptions 2.1.i1, 2.2, and 2.6-2.8 hold. Define g, and
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IL, as in (2.2.5) and (2.2.6). Then uniformly over sequences {K,}°°,:

|9n — Goloo + sup |(IT,, — Hn),moo
BERKn: B! BEH

Lolog(Ly) s (o)
:op( % n Lnso<s>/dlm<2>) — 0,(1)

If the conditions of the theorem hold, then setting L, optimally Assumption 2.3
holds with a,, = (log(n))80(8)/(280(s)+dim(2))

n

_1
Finally, we show Assumption 2.4 holds with x, = O(K, ?) for the setting in our

empirical application.

Theorem 2.2.3. Let H contain functions that map from a closed interval [a,b] to
[0,1] so that any h € H is twice-differentiable with |Cf,a—;2h|oo < c. Let ®, be a vector
of so-order B-spline basis functions with K, knot points evenly spaced between [a,b].

If so > 3, Assumption 2.4 holds with k, = O(K,?).

2.2.4 Extensions

In some settings multiple vectors of instruments are available, each corresponding to
a different moment condition. A researcher may wish to allow for different degrees of
misspecification in each moment condition. Moreover, one may believe that E[Y —
ho(X)|Z] is close to zero for some values of Z but but not others. One may also wish
to allow EY — ho(X)|Z] to be say, more strongly positive than negative.

Our results extend to the more flexible set estimation problem that incorporates
the relaxations above. For &k = 1,.., K let Z, be a vector of instruments and let
b1 and byy be known functions. We replace the constraint (2.2.1) with a set of

constraints:

b1x(Z) < EY — h(X)|Z) < bop(Z),k=1,..., K (2.2.7)

(2.2.1) is a special case of the above in which K =1 and b,1(Z) = —by1(Z) = b. To

estimate of A, and ¢ with the constraints above, we replace the constraint (2.2.3) in
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the feasible problem with:
bik(2) < Gnp(2) = I, 4 (2)B < boy(2), V2 € Zop k=1, K

Where g, and ﬂn,k are first-stage nonparametric estimates of g, (Z;) = E[Y|Zy]
and IL, x(Z;) = E[®,|Zk], and Z, is a finite subset of the support of Z;. Theorem
2.0 in the appendix provides a rate of convergence for 5L and QL in this more general

set estimation problem. Theorem 2.1 is a special case of the more general theorem.

2.3 An Empirical Application

To demonstrate the usefulness of our methods we apply them to setting in Section
5.1 of [47|. [47] estimates a shape-invariant Engel curve for food using data from the
British Family Expenditure Survey.'® Horowitz’s application is in turn based on [18§|
who also carry out NPIV estimation of shape-invariant Engel curves and use the same
data.

From [47]: “The data are 1655 household-level observations from the British Fam-
ily Expenditure Survey. The households consist of married couples with an employed
head-of-household between the ages of 25 and 55 years.”

[18] and [47] aim to estimate ‘structural’ Engel curves. Suppose a researcher were
to exogenously allocate to a household a particular budget for non-durable goods. A
structural Engel curve hy measures the share of that budget the household chooses
to allocate to a class of goods as a function of the budget size.

In observational settings, the share of household wealth allocated to nondurables
is decided by the household. Therefore, the budget for nondurables depends on
the household’s preferences. These preferences also determine the allocation of the
budget to classes of non-durable goods. Thus expenditure on non-durable goods is
endogenous.

To tackle this problem [18] and [47] use household income as an instrument for

13We made use of the data file that accompanies [47] and adapted the accompanying code in order
to evaluate Horowitz’s estimator and B-spline bases for our own methods.
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nondurables expenditure. If variation in income is unrelated to preferences, then
income is a valid instrument. However, household demographics, like the age and
education of the householders, may have a causal effect on income and tastes. If
these demographics are not controlled for then income is unlikely to be valid. [1§]
and [47] can only control for some coarse demographic variables.'* Therefore, in this
setting instrumental validity may not hold exactly and it is of interest to observe
what empirical findings are robust to some failure of instrumental validity.

In this setting Y is the share of total expenditure on non-durables that a household
spends on food. X is the logarithm of the household’s total expenditure and Z is
the logarithm of household income. We take H to be the set of functions that map
from X to the unit interval and have second derivative bounded in magnitude by a
constant c. We present results for ¢ = 2 and ¢ = 5, for comparison, the magnitude of
the second derivatives of Horowitz’s estimated structural function never exceed 0.5.

Following Subsection 2.1 we set b = §.(0.5+ 7) — ¢.(0.5 — 7) for different values of
7. In particular we consider 7 = 0.01,0.05, 0.1 to correspond to mild, moderate, and
severe misspecification. ¢. is an estimate of ¢. and is calculated by taking empirical
quantiles of Y; — §,,(Z;). These values of 7 correspond to b = 0.0043,0.024, 0.046.

Following [47] we let ®,, be fourth-order (cubic) B-spline basis functions with
evenly-spaced knot points.!> We carry out our first-stage estimates using series re-
gression onto cubic B-splines. Motivated by the results in Theorem 2.2 we set K,
to be large, specifically we let K,, = 10. The grid A&, consists of 100 evenly spaced
points between the smallest and largest observed values of X. The grid Z,, consists
of 100 evenly spaced points between the 0.005 and 0.995 quantiles of Z.

Figure 4.1 contains the results of our procedure. The figure contains six sub-
figures each corresponding to a different set of values for 7 and ¢. The lower and
upper dotted lines represent QAhHh(m) and éhHh(x), the upper and lower end points of
the identified set for hg(x). The thick black line represents the half-way point between

the end points, which (as we discuss in Section 2) is a point estimator with minimal

1Both papers control for the demographics by analyzing a homogeneous sub-sample. [18] incor-
porate additional dummy variable controls.
15See [31] for a practical introduction to B-splines.
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worst-case asymptotic bias. The thin black line is the estimator from [47].
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Figure 2-1: Set-Estimated Engel Curves

Results for various 7 and c. Lower and upper dotted lines represent the end points of the identified set for ho(z) for

each z. The thick black line is half-way between the dotted lines. The thin black line is the estimate in [47].

The results in Section 1 suggest that if the bound ¢ on the second derivatives is
loose then the identified set for ho(z) will be large, even if 7 (and hence b) is small.
This is clear in Figure 4.1 which shows that for a given 7, the intervals are wider

when ¢ = 5 than when ¢ = 2.

Apart from in the severely misspecified case of 7 = 0.1 (Sub-figures (c¢) and (f)),
the figures suggest a generally downward slope in the Engel curve for medium values
of total expenditure. More precisely, the lower envelope at log-total expenditure of 5
exceeds the upper envelope at 6, which implies the Engel curve has decreased between
these two values. None of the results in Figure 4.1 provide evidence in favor of an
upward sloping Engel curve for low values of total expenditure as found by [47] and so
we conclude then that this finding is not robust to even a mild failure of instrumental

validity.
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2.4 Conclusions

We demonstrate that NPIV estimates of the structural function can be highly sensitive
to misspecification in the form of invalid instruments. If the interest is in smooth
linear functionals, or strong smoothness restrictions are imposed in estimation, the
situation may be more nuanced. This motivates a method for empirical sensitivity
analysis based on estimation of the identified set under a relaxed instrumental validity
assumption.

In future work we may generalize our sensitivity results to a broader class of condi-
tional moment restriction models. The non-robustness of NPIV estimators is tied to
the ill-posedness of the NPIV estimating equation and a range of other nonparametric

conditional moment restriction models are ill-posed.

2.5 Appendix A: Proofs of Results in Section 1

Let H C Bx, ho € H and b > 0. The b-modulus of continuity (|25]) of A : Bx — By
in H at a point hy € H is:

w(b, ho,H) = sup Hh_hOHBX
heM: ||A[h]—Alho]llB, <b

Lemma 1.1. Fiz puxz, and suppose Assumptions 1.3 and 1.4 hold. Let h, be an

estimator so that if hy € int(H), and ug = 0 then plim||h, — ho||gx = 0. Then
n—oo
bias;, (b) > w(b, ho,H).

Proof. Suppose gy € A[H]. If uy = 0 then hy = A~![go] and so by consistency, for
any go € A[H], plim||h, — A [go]||s, = 0.

Now supposzﬁlj; € A[H — ho) and ||uo||s, < b. Let hy,y = ho + A7 [ug], then
hyy € H, ||Alho] — Alhy,)|ls, < b. Further, go = Alho] + up = Alhy,] so go € A[H]
and thus plim||h, — Ry, ||z, = 0, then by the triangle inequality:

n—o0

plim||f, — hollsy > [y — hollsy

n—oo
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This holds for any ug € A[H — hg] with ||ug||s, < b, or equivalently every h,, € H
with ||A[ho] — Alhy ||, < b. Therefore:

sup phmH;Ln_h’OHBX > sup ||h_h‘0HBX
up€A[H—hol: |[uol|p, <b n—00 heH: [|A[h]—=Alho]||s, <b

Since A[H — ho] € R(A) the above implies:

sup plim||h, — hol|s, > sup [|h — hol|By
uo€R(A): |uol|p , <b n—00 heH: ||A[h]—Alho]l|, <b

Applying the definitions of the worst-case asymptotic bias and the modulus of conti-
nuity gives the result.

[]

Lemma 1.2. Let A be an infinite-dimensional linear operator from Bx to Bz that
satisfies Assumptions 1.3 and 1.4. Suppose h € int(H). Let r > 0 be the radius of an
open ball in int(H) centered at h. Then for any b > 0, w(b,h,H) > r.

Proof. Because ‘H contains an open ball and A is linear, Assumption 1.3 implies that A
is invertible. By Assumption 1.4, A is a compact infinite-dimensional operator, and so
A~!is unbounded (see Theorem 15.4 in [58]). Thus for any b > 0 and 0 < € < r, there
exists h' € By with |||z, =1 and ||A[W]||z, < 2. Define b by h" = h+ (r— €)'
Note that ||h—h"||s, = r—€e < r and so (because there is an open ball in H centered

at h of radius r), h” € H. Using linearity of A and the properties of norms:
|A[R] = A[R"]||s, = (r = e)l|A[M]]l5, < b
So [|[A[h] — A[W]||s, < b, [|h—h'||gxy =7 — €, and h” € H. So:

w(b,h,H) = sup [|h —W||lgy =1 —¢€

W eH: || AR —AN]||5, <b
Since this holds for all 0 < € < r it also holds for € = 0. O]

Proof of Theorem 1.1. The first two statements follow immediately from Lemmas 1.1
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and 1.2. The final statement follows from the fact that the Banach space By must

contain an open ball centered at hg of arbitrarily large radius. O]

Proof of Theorem 1.2. The identified set ©, under Assumptions 1.1* and 1.2, is the

set of functions h € Bx that satisfy the assumptions. So:
O=1[heBx:hecH,l|g —Aln]| <)

Suppose A™![go] € H and there is a closed ball in H of radius r centered at A~1[gq].
Then if h € Bx and [|h — A7 [go]||s, < r we must have h € H. Under Assumptions
1.3 and 1.4, A~! is an unbounded linear operator, so for any C' > 0 we can find
h € R(A) with ||h||s, = 1 and ||[A[h]||s, < C. Thus there exists i’ € Bx with
||7/||sx =1 and [|[A[R]||s, < 2. Solet K" = A~ [go] +rk, then |[A~ go] — B||p, =
so b € H, and ||go — A[W]||s, < b, so " € O. Setting /" = A~go] — rh/ we can
follow the same reasoning to see b’ € O, and note that || — h"”||z, = 2r so the
diameter of the identified set is at least 2r. Since this holds for every r that is the
radius of a closed ball centered at A~![gy], we see that the diameter of © must be at

least twice the radius of the largest open ball in H centered at A=![gy]. O

Proof of Theorem 1.3. Tt is well-known that a continuous and injective function de-
fined on a compact set has a continuous inverse. So by compactness of H, A;{l is
continuous. Since A;tl is linear it is also uniformly continuous. Py is uniformly con-
tinuous by assumption, and the composition of two uniformly continuous operators is
uniformly continuous, hence A#PZ is uniformly continuous. By uniform continuity,

for any g € R(A):

lim sup 1A3' Pzlg'] — Ay Pzlg]llsx =0
b=0 e R(A): ||g'—gl|<b

Set g = A[ho] in the above. Since hg € H we have A" Pz[A[ho]] = ho. Since R(A) is
a linear space, for any go € R(A) there exists uy € R(A) so that gy = ug + A[hg]. So
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we get:

lim sup 1A% Pz[go] — hol|sx =0 (2.5.1)
b=0 4o e R(A): [Juo||<b

The triangle inequality implies:
1 = hollsx < 1A% Pzlgo] = hollsy + [1hn — A3 Pzlgo]l 5

Since ||h, — A3 Pylgo]||s, —7 0 it follows that:

plim| |, — kol = |43 Pz[g0] — hol |5

n—o0

Substituting the above into (2.5.1) and applying the definition of the worst-case

asymptotic bias gives limy_,o bias; (b) = 0. O

Lemma 1.3. Suppose A satisfies Assumptions 1.8 and 1.4 and Suppose that H C Bx
is compact, convex, symmetric, and infinite dimensional and there exists o € (0,1)

so that iho € H. Then: limy_, —w(b’}go’”) =

Q.

Proof. Assume the contrary, then for some b > 0 there exists a scalar C' so that for

any h € H:
IA[R] = Alhollls, <0 = [lh = hollsy < Cl|A[R] — Alho]l|5,

We have 1hg € H for some a € (0,1) and H is convex. So for any h € H there exists
h' € H so that (1 — a)h = h' — hy € H. Therefore the above implies that for any
h e H:

1AMls, < -2 = [[blls, < CllALs,

By definition of the operator norm of A, ||Al||sp, [|A[R]|5, < [|Allopl|h]]By- Assump-
tion 1.3 implies that ||A||,, > 0. And so for any h € H:

1
op

Let R be the closed ball in Bx of radius )b. Let C be the cone of RNH (that

1
[[Allop(1—c
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is, C=[yh: he RNH,y€R,]).

We have already shown that for any h € RNH, ||h||s, < C||A[R]||s,. By linearity
of A and properties of norms, for any h € C we have that ||h||z, < C||A[R]||5,-

Let C be the closure of C. For any h € C there is a sequence h; in C so that
||h — hillgy — 0. For all k, ||he||sy, < C||Alh]||5,, so by the triangle inequality and

the definition of the operator norm:
1Allsx < ClIA[R][|5, + (1 + ClA[|op)|[h = Pul|5x

A is continuous so [|Al|,, < oo, and so since ||h — hi|lg, — 0 we get ||h||p, <
C||A[R]||s,. Thus A~! exists and is bounded on C.

Now, RNH is convex and symmetric which implies C is a linear space and therefore
so is C. Because H is infinite-dimensional, convex, and symmetric (and therefore
contains zero), C is infinite-dimensional and likewise C. Finally, C is a closed subset
of Bx by construction, and therefore it is complete in the norm || - ||5,. Thus C is an
infinite-dimensional Banach space with norm || - ||s,. But the inverse of a compact
injective operator on an infinite-dimensional Banach space cannot be bounded, and

so we have a contradiction. O

Proof of Theorem 1.4. Follows immediately from Lemmas 1.1 and 1.3. O

Proof of Theorem 1.5. Let us introduce notation. Let the Lo(ux) and Lo(pz) inner

products be (-, ) r,(uy) and (-, ) r,(uy) respectively. The linear functional of interest

z)

L[ho] can then be written as L[ho] = (w, ho)r,(uy)- The adjoint of the operator A,
denoted A* is given by A*[g](X) = E[g(Z2)|X].

First we prove the following:

bias; (b) = sup | E[w(X)A ™ ue) (X)) (2.5.2)

wo€R(A): [[uol| L () <

If instruments are valid then hy = A7![go] and gy € R(A). So consistency under
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instrumental validity, implies that if gy € R(A) then:
I = Elw(X)A™ [go)(X)]| =7 0
Let ug € R(A). Using go = Alho] + uo:

| E[w(X)A™ [g0](X)] = Llho]| = | E[w(X)A™ [uo] (X)]|

And so:
plim|l,, — L{ho]| = |E[w(X)A™" [uo](X)]]

n—o0

Applying the definition of the worst-case asymptotic bias then gives (2.5.2).

Let us now prove claim a. Suppose that for some «, w(X) = E[a(Z)|X], equiva-

lently w = A*[a]. Then for any g € R(A):
(w, A7 gD 1o (ux) = (A7, A9 Latur) = (0 AATY[9]) L)
Which simply equals (o, g) 1,(u,)- Suppose ||g||z,(u,) < b, by Cauchy-Schwartz:

(w, A7 9D Lou) | < N9l aua e Lagun) < bllal|aur)

Combining the above with (2.5.2) gives the result.

We now prove claim b. Suppose that for some b > 0 the worst-case asymptotic

bias is finite. That is, there exists a scalar ¢ < oo so that:

sup w, A7 o)) agux| < ¢
up€R(A): [|uol| Ly (u,) <O

Linearity of A~! and the inner-product then implies that for all b > 0:

@)

swp [, A o | < 5
up€R(A): [|uol| Ly () <b
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Also by linearity, the LHS above equals:

sup <w7 A_l[u0]>L2(P«X)
uo€R(A): [|uol| Ly () <b

Define the function D : R(A) — R by D[g] = (w, A7 [g]) 1,(uyx)- Then:

sup | D]uo]| < z
uoER(A): [|uoll Ly () <b
By the Hahn-Banach theorem we can extend D to a bounded linear function D defined

on the whole space Lo(p1z) which then satisfies:

sup | Dluo]| <

uo€La(pz): |[uollLy(uy)<b
Since D is a bounded linear functional defined on a Hilbert space, by the Reisz
representation theorem there exists an element o € Lo(pz) so that for all g € La(uz),

Dlg] = (@, 9) 15(uy)- And so for any ug € R(A):

Dlug] = (a,u0) Ly(uy) = (A*[a], A uo]) Ly(ux) = (W, A7 to]) Loy

Where the final equality follows by the definition of D.

Since the equality above holds for all uy € R(A), for all h € Lo(ux) we have
(using bi-linearity of the inner product) (A*[a] — w, h)r,.y) = 0. But we can set
h = A*[a] — w and the above implies that the norm of A*[a] — w equals zero and so

we have that A*[a] —w = 0. Or equivalently w(X) = E[a(Z)|X]. O

2.6 Appendix B: Proofs of Results in Section 2

Proposition 2.1. Under Assumption 2.1, for any linear operator L : Bx — R,

O = [L[h] € R: h € O] is an interval.

Proof. The constraints (2.1) and (2.2) are clearly convex and therefore so is ©. Sup-

pose 0',0" € O, then I, h" € By with L[] = ¢/, L[1”] = 0" and I, " € ©. Since
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© is convex h"” = ah’ 4+ (1 — a)h” € © for any a € [0, 1]. L is linear, so we then have

abf' + (1 —a)f” =L[h"] € OL. So O is a convex subset of R, i.e., an interval. [

Lemma 2.1. For each j € [J]| let M; be a linear operator from a vector space S to
the space of functions from V; to R and let b; be a function from V; to R.'S Let L be

a linear operator that maps from S to R. Define:

61, = supL[s] s.t. M;[s](v) < b;(v),Vv € V;,Vj € [J]

seS

And 0y is the infimum subject the same constraints.

Consider some s € S so that for somer > 0 and all j € [J], M;[3] < b;(v)+r,Vv €
V;. Suppose there exists € > 0 and 5 € S so that for each j € [J], M;[5](v) < b;(v)—e,
Vv € V. Then L[3] — 0, < L(6L — L[3]) < Z(fL — 0y.).

Proof. Define s* € S by s* = -©.5 + -1-3. By the linearity of My, for j € [J]:

My[s")(v) = =M, [8](0) + —— D [3](v)
< (b)) = ——(e = b(v)) = b;(v)

So s* satisfies the constraints in the problems for 1, and ¢}, so we must have L[s*] <

fr. Substituting the definition of s* and using linearity of L we get:

r —
S s s
L[S] y_'r’—l—eL[S S} 7’+€(9L L[S])+T+e

(L[3] — 0u)

Subtracting - (IL[3] — @) from both sides and then dividing by — we get L[3] —0p, <
(A — L[]). Noting ; < L[3] gives the conclusion. O
Lemma 2.2. For each j € [J] let M; be a linear operator from a vector space S with

norm || - ||s to the space of functions from V; to R, and let b; be a function from V;

to R. Let L be a linear operator from S to R. Define:

61, = supL[s] s.t. M;[s](v) < b;(v),Vv € V;,Vj € [J]

seS

161J] denote the set of natural numbers from 1 to J.
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And let 0 be the infimum subject to the same constraints.

Consider a subset S C S. Suppose: i. There exists J C [J] so that for any s € S,
if Mj[s](v) < b;(v),Yv € V;,5 € T, then there exists s € S so that ||s — §'||s < w
and M;[s'](v) < M[s](v),Vv € V;,5 € J. ii. For each j € J¢=[J]\ T the linear
operators of the form s — M;[s|(v) for each v € V; have operator norm less than
d. iii. There exists € > 0 and § € S so that for each j € [J], M;[8](v) < bj(v) — ¢,
Vv € V;. . L is a continuous linear operator with operator norm c”.

Under conditions i., ., and iv., there exists § € S so that for each j € [J],
M [5](v) < b;(v) + dw — €, Vv € V.

Define 91 by:

0, = supL[s] s.t. Mj[s](v) < b;(v),Vv € V;,Vj € [J]

seS
Under conditions i. ., iii., and iv., |0y, — 9:L| < w(%(@_L —6)+").

Proof. By conditions i. and iii. there exists an § € S so that ||3' — §||s < w and for
Jj € J, M;[§](v) < bj(v) — e for each v € V;. By ii., for any s1,s0 € S and all v € V;,
IM;[s1 — s2](v)] < ||s1 — S2||s. Therefore for j € J¢, [M;[5 — §'|(v)| < cw. By the

triangle inequality and M,[5](v) < b;(v) — e
M[#](0) < by(v) — e+

So the first claim of the lemma holds, now we prove the second claim. By definition of
the supremum, for any r > 0 there must be some s’ € S that satisfies the constraints
in the problem for #;, and achieves f;, — L[s'] < r. By the same reasoning used to
establish the first claim there must exist a s” € S with ||s” — s'||s < w and for j € 7,
Mj[s"](v) < bj(v) and for j € J¢, M;[s"](v) < bj(v) + cw. Let s* = <<¥g" 4 €23
Since & is linear s* € S. Moreover, by linearity of M; we have get that for j € J
M;[s*](v) < b;(v) and for j € J*

/

=y 0) + ) + S (0) e+ ) = i)

M[s*](v) <

€
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So s* satisfies the constraints of the problems for 6;, and 5L so O > QZL > L[s*]. Now,
by iv., for any s1,s2 € S, |L[s; — sa]| < ’||s1 — s2||s. Therefore using the definition
of s*:

/

L[s' —s*] =L[s' — s"| + L[s' — s*] < w + C—WL[S' — &
€

And so 0 — L[s*] <7+ 'w + CIT‘”]L[S’ — §']. Since ' and § satisfy the constraints of
the problems for f, and 6 , L[s'] < 6y and L[5'] > 6, and recall 0., > L[s*] so (using
linearity of L) we get O, — O <r+c'w+ %"(@L —0;). Since this holds for any r > 0
we get O — 91 < dw+ CIT“(Q_L —0y). Finally, note that the constraints of the problem

for 5]L are stronger than those for fp, (because ScC S) so O, — 5]L > 0. O

Lemma 2.3. For each j € [J] let M; be a linear operator from a vector space S to
the space of functions from V; to R. Let L be a linear operator that maps from S to

R. Define:

61, = supL[s] s.t. M;[s](v) < b;(v),Yv € V;,Vj € [J]

seS

And let 0; be the infimum subject to the same constraints. For each j let f}j be a

finite subset of V; and define:

O = suplL[s] s.t. M[s](v) < b;(v),Vv € V;,Vj € [J]
seS
Suppose there ezists 5 € S and € > 0 so that for each j € [J] we have M;[5](v) <
bj(v) — €, Yv € V;. Suppose for each j, V; is a subset of Euclidean space, b;(-)
is Lipschitz continuous with constant at most &;, and that if s € S satisfies the
constraints in the problem for éL then M;[s](+) is Lipschitz continuous with constant

~ _ J D. -
at most &;. Then |0y, — 61| < M(QL —0y), where D; = sué) HliélH’U — |2
veV;v'eV;

Proof. By definition of the supremum, for any r > 0 there must be some s’ € S
that satisfies the constraints in the problem for QZ]L and achieves 91 —L[¢] <r. By

supposition M [s'] is Lipschitz continuous with constant at most &; and likewise for
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b;. Thus Mj;[s'] — b; is Lipschitz with constant at most 2§;. This implies:

sup (Mj[s'](v) — bj(v)) — max (Mj[s'](v) — b;(v))

UEV]‘ ’UGVJ'
J
<2¢; sup min [[o — /|| = 2§;D; <2 §;D;
’UEVJ v'eV; j:].

We know that M;[s'|(v) < b;j(v) for all v € V;, so from the above we get that
M [s'](v) < b;(v) + 2 Z}]:1 &;D;, Vv € V;. Applying Lemma 2.1 we then get L[s'] —
) 216D = s S ) 271 4D) . .
Oy < === (0p — L[3]) which implies 0y — 0 < r+ —===>—(0 — 0, ). Since this

~ J D. -
holds for any r we get 0, — 0, < M(‘QL — 0;). Finally, the constraints in the

problem for HZ]L are weaker than for 6y, so 91 — 6, > 0. O

Theorem 2.0. Let Bx be the space of real valued functions on the support of X

equipped with the supremum norm. Define 01, and 0, as follows:

0L = sup L[h], 0, = inf L[] s.t. T[h](z) < O(x),Vz € X

heBx heBx

Define estimates 01 and Q]L by:

6, = L[®]8, 6, = min L[®/
L= max L[2,]6, 6 = min L[]S

s.t. T[®)](z)8 < C(x),Vx € X,
and by x(2) < Gup(2) — Map(2)'B < boi(2),¥2 € Zup k € [K]

Suppose Assumptions 2.1.i, 2.2, and 2.4 hold, and for each k € [K| Assumption 2.3
holds with go(Z) replaced by gox(Zx) = E[Y|Zy], 11,(Z) by I1,,1(Z) = E[®,.(X)|Zk],
Gn VY Gni, and 11, by f[nk Suppose for each k € [K]|, by and bey, are Lipschitz
continuous with constant at most &,. Finally suppose there exists h € By that satisfies
the constraints of the problem for Oy, with slack e, that is T[h](z) < C(x) — € for all
x € X and by i(Zy) + € < EY — h(X)|Zy] < bop(Zi) — € for all k € [K]. Then
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uniformly over all linear functionals I with operator norm less than cr:
|9_]L - §]L| - Op(/{n + an, + CngnDl,n + OnGnDQ,n)
And likewise for |0y, — 0].

Proof. Define a,, by:

~

an, = max{|gr — gniloo + sup |(nx — k) Bloct (2.6.1)
k B:®! BeH

By Assumption 2.3, a, = O,(a,) = 0,(1). We suppose, until stated otherwise, that
Kn + 20, < €/2, by Assumptions 2.3 and 2.4 this holds with probability approaching
1. We also suppose that n is sufficiently large that C,§,D; ,, < 1/2, this must be true
for sufficiently large n by Assumption 2.5.iii.

Define 6, and ¢ as follows:

0r = sup L[®]3s.t. T[® |(z)8 < C(z),Vor € X

,BERK"

and bl,k(Zk> < E[Y — (I)n7k(X)/ﬁ|Zk] < b27k(Zk),\V//€ S [K]

0; = sup L[®,]8

BeERKR

s.t. T[® |(z)8 < C(x),Vr € X

~

and by, (Zx) < §ui(Z;) — W k(Z1) B < bor(Zy),VEk € [K]

And let 0] and 0] be the respective infima subject to the same constraints. By the

triangle inequality:
[ — Ou| < |6 — OF| + |0F — 67| + |6F, — Ou] (2.6.2)

We use Lemma 2.2 to bound |6, — 7 |. To apply Lemma 2.2 let S = By equipped

with the supremum norm and we take S to be the functions of the form @, 3. For
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jeJ =1dlet V; =X, let Mj[h](x) = [T[h](x)];, and b;[h](z) = [C(x)];, where [v];
denotes the j* component of a vector v. Then Assumption 2.4 implies condition i.
of Lemma 2.2 with w = k,,. To establish condition ii., of Lemma 2.2, note that the
linear operators of the form h — E[h(X)|Z; = z|] and h — —F[h(X)|Z, = z] have
operator norm of unity because |E[h(X)|Zx]| < sup,cx |h(x)|. So condition ii., of the
lemma, holds with ¢ = 1. Conditions iii. of Lemma 2.2 holds be supposition and iv.

with ¢ = ¢p. The second statement of Lemma 2.2 gives:
. 1
0y — 05| < mn(g(QL —6;) +cL) (2.6.3)

Moreover, the first statement in Lemma 2.2 tells us there exists B so that for each

J € [J], M;[®,8](v) < b;j(v) — €+ Ky, for all v € V;. We will use this when we employ

Lemma 2.1 below.

We now use Lemma 2.1 to bound |6; —6?|. By definition of the supremum we can
find a * and 3° that respectively satisfy the constraints of the problems for 8 and 62
so that 07 — L[®]3* <r and 67 — L[®]3° < r. Because they satisfy the constraints
we have that @/ 5%, @/ 5° € H. Recall g,(Z) = EY|Z;]| and I1,, 4 (Zy) = E[®,,(X)|Z].
Since I, 1 (Z4) 8° < Gni(Z1) — bii(Zi) we get from (2.6.1) that:

E[®,x(X)|Z) 8° < E[Y|Zk] — bi.x(Zx) + an
And similarly:
—E[®,x(X)|Zs) 8° < —E[Y|Zk] + box(Z1) + an

We established earlier that there exists 3 with M@, 5](v) < b;(v) — € + &, for each
v e V;and j € [J] (where M and b; were defined above). Because k,, + 2a,, < €¢/2 we

have € > k,, so we can apply Lemma 2.1 to get L[®,3°] — 0 < -2 (07 — 07 ) and so

€—Kn

0p — 07 <r+ “—(6; — 67 ). Because this holds for each r > 0:

_ _ a _
00 —0F < —(6F —0F 2.6.4
e GRS (2:6.4)
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Now, again using (2.6.1) we get see that {3 satisfies the constraints of the problem for
6° with slack e—k,,—a,, for each v € V; and j € [J]. Moreover, since E[®(X)|Z;]) 8" <
EY|Zy] — bix(Zk) we get from (2.6.1) that:

ﬂn,k(Zk)lﬁ* < Gnk(Zk) — bik(Zk) + an,

_ﬁn,k<2k>/6* < —Gnk(Zk) + box(Zk) + an

Recall &, + 24, < €/2 and so € > K, + G,, then by Lemma 2.1 L[®,3*] — 67
(0 — L[®3]). Using L[® 3] > 6; and 6 — L[®/]5* < r we get:

IA

en—a

§£—§i§r+€—”(6_ﬁ—gﬁ)

Again, this holds for each r > 0, and so ff — 07 < —%»—_ (50 —0]). Since € > Ky, +2ap,
adding —“»— (9* 0?) to both sides and then d1v1d1ng both sides by 1 —

get: 9{—0{

we

—Kn fan

(6 —05). Combining with (2.6.4) and using that /{n+2an <e€/2

€— Kn—2~

we get:

0* No° 2an 0* * 2an n
0, — 07| < T(QL —01) < T(QJL —0) (2.6.5)

Where the final inequality holds because the constraints of the problems for #7 and

0; are stronger than those for fy and 6, .

Next, we apply Lemma 2.3 to bound |67 —0.|. By Assumption 2.5.i, ®,, is Lipschitz
continuous with constant &,, and so the function ®/ /5 is Lipschitz continuous with

constant at most ||5|[2&,. Therefore:

190, 8loc — max @ () B] < [16]]26, D
It follows that:

max |, (z)'fl < ¢ = [,5]o0 <+ |]]260 D1
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By the definition of C,,:

9, Bloc < C+||Bl[26n D1 = Bl2 < Crl€+ 1|8]]26nD1.n)
So it C,¢, D1, < 1 we must have:

, - C,
max |, (z)'fl <€ = [|Bll: < 1

S s<ace
ey Co&nDry = ¢

Where we used that C,,&,D1, < 1/2. By Assumption 2.2, for any [ that satisfies the
constraints in the problem for éL we have max,cx, |P,(x) 8] < ¢, and so for any such
B, 118]]2 < 2C,¢. By Assumption 2.5.1, each row of T[®”] is Lipschitz with constant at
most &, and so T[® ]/ is Lipschitz with constant at most &,||5||. In all, if 8 satisfies
the constraints for the problem for 01 then T[®/ |3 is Lipschitz with constant at most
26,C,c. Further, by Assumption 2.5.i C is Lipschitz continuous with constant at
most &,. Note that both 2¢,C,¢ and £ are less than 2&,(1 + C,,¢)

Now, by Assumption 2.5.ii, by x, bak, Gnk, and f[nk are Lipschitz with constant
at most G,. So if 3 satisfies the constraints for the problem for é]L then f[;lkﬁ and
_ﬂ%,kﬁ are both Lipschitz with constant at most 2G,,C,.¢, and both g, — b1 ; and
—0n i + ba; are Lipschitz with constant at most 2G,,. Note that 2G,,C,.¢ and 2G),, are
less than 2G,, (1 + C,.c).

So applying Lemma 2.3 we get:

41+ Cne)(d&n Dy + KGp Do)

g — 0| <
‘L ]L|_ € — Ky, — Qp,

(67— 67)

Now, recall that |0 — 07| < —%— (A — 6;). We can apply the same reasoning to

€—Kn—20n

get |07 — 07| < —%—— (0 — #,). To see this note that we can just replace L with

€—kn—20an

—L in the problems for 6, 67, and 6 and then —@;, —0; , and —; are the respective

suprema of the new problems. Then by the triangle inequality:

- ~ 2a,, - €— Kp, -
op — 07 <6 — 05 + (O —0) < ———(0L—06)

€ — Ky — 2Qy, € — Ky, — 20y,
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Where the second inequality follows because the problems for §;, and ¢; have weaker

constraints than for 6 and 6; so 6f — 05 < 6 — 6;. Combining:

‘éo _ é | < 8(6 — Kn)(l + Cné)(danl,n + KGnDQ’n)
L= (€6 — Kin — Gn) (€ — Kn — 2an)

32 .
< ?(1 + ) (dén Dy + KGpDa ) (61, — 6y)

(6 —01)

Where the second inequality uses ,, + 2a, < ¢/2. Combining the above with (2.6.3),
(2.6.5), and (2.6.2) we get:

_ 2 1 - 20, -
6 — Bu] <wu(Z(0 = 6:) + o) + =" (6~ 6y)

32 _
+ ?(1 + Cne)(dn D1 + KGpDoy ) (0L — 0;)

€

Note that linearity and boundedness of L and Assumption 2.2 imply that (6, — ;) <

2cpc so we get:

_ 2 2¢C
|9]L — 9]1" SRHCL(? + 1) +cL c

4a,c

64c
+ CLTc(l + Cn0)(d& D1 + KGnDs )

Now, —6; and —Q]L are the respective suprema of the problems for 61, and 01 with L

replaced by —IL, and so we can repeat the same steps that bound |f, — 91\ to get:
5 2¢ 4a,c
0, — 0| S/’inCL(? + 1) +cL

64c
+ C]LTC(l + Cne)(d€n Dy + KGn D)

Finally, recall we derived the above under the assumption that k, + 2a, < €/2.
By Assumptions 2.3 and 2.4 this holds with probability approaching 1. Further, by

Assumption 2.3 a, = Op(a,) and by construction C,, > 1. So in all we get:

’9_]L - é]L‘ = Op('%n + a, + Cnanl,n + CnGnDZ,n)
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And likewise for |§; — | Since the above is based on an inequality that depends on
L only through cr, the convergence in probability above must is uniform over all IL

that have the same constant cf.. O

Theorem 2.1. In this case —by(Z) = by(Z) = b so both are Lipschitz continuous with
constant 0. The first statement of the theorem then follows immediately from Theo-
rem 2.0. For the final statement of the theorem note that the evaluation functionals

h +— h(z) all have operator norm of unity, because |h(z)| < |h|so- O

For the proofs below, we refer to a functional v defined as follows. Let Qn =
IS VW (Z;)9,,(Z;), then for each h € H let 4[h] be the least squares estimator
defined by A[h] = Q#% S UL (Z)K(X,). I Q, is singular we take 4[h] to be zero
(under Assumption 2.5.i this event happens with probability approaching zero).

Lemma 2.3. Suppose Assumptions 2.1.1, 2.2, 2.6 and 2.7 hold. Then:

sup | W41 — AlH] = OP(%D /10900 + V/InRa(s)] + Rn<s>)

heH

= op(1)

Proof. The proof follows some steps of [17] Lemma 4.2 with alterations to achieve
uniformity over H. Recall Q, = E[V,(Z;)¥,(Z;)]. By Assumption 2.6.i we can
normalize E[V,(Z)¥,(Z)'] = I and the assumptions still hold with sequences &,
and /¢, (that satisfy Assumption 2.6) changed only by a factor independent of n.
We maintain this normalization throughout. Define v by ~[h] = E[¥,(Z;)h(X;)],
e;[h] = h(X;) — Elh(X;)|Z:], and r;[h] = E[W(X})|Z;] — v[h]'V,.(Z;). Then:

hXi) = W, (Z;)'y[h] + e[h] + 7i[h]
By Assumption 2.2, H contains functions bounded by ¢, so:
lei[n]| < |P(X5)| + |E[R(X,)|Z]| < 2¢
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Note as well that:

l€ilha] — €ilha]| < [hi(Xi) — ha(X3)| + [E[h1(X;) — ha(X5)] Zi]]
< 2k — halo (2.6.6)

To bound |r;[h]| we first show that if |h|, < oo then Assumption 2.6.ii implies A[h]
is smooth. For some m < s (where s is the smoothness in Assumption 2.6.ii) let

dlm ) be a sequence of positive integers with dlm 2) q; = m. Let D, then be the
J q

8—’”
091 992 ., 9dim(Z)

differentiable function f : Z — R. Now, from Assumption 2.6.ii, Dy[fxz(z,-)](2) is

partlal derivative operator given by D,[f](z) = f(z) for any sufficiently

bounded uniformly over = and z by some constant /. Then it follows by the dominated

convergence theorem that:

DAL = ID,[ [ ho)fxiae. )da] ()
= | [ h@)Dy [Fxizte, ) ()do] < Il

And for m = s, note that:

|DyA[h](21) — DgAlR](22)|
—|/ fX\Z )} (zl)dx—/h(x)Dq[fXZ(as,-)} (29)dx|
<|hlo sup Dy [ fx1z(x, )] (21) = Dy [ fxiz(x, )] (22)]

<|hloclllz1 — 2oll3

Where the last inequality again follows because Assumption 2.6.ii states fx|z(z,-)
is of Holder smoothness class swith constant ¢ for all z. From the above we see that
A[h] is of Holder smoothness class swith constant at most |h|of. So we can apply
Assumption 2.7.i and get that |r;[h]| < |h|elR,(s). Since |h|o < ¢ for all h € H
(from Assumption 2.6.iii), we get for any h € H, |r;[h]| < ¢lR,,(s). Further, note that
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by linearity of r;:
(2.6.7)

[rilha] = rilha]| = [rilhy — o] < [hy — hofsclRa(s)
Using Assumption 2.7.iv we can apply Rudelson’s matrix LLN (|70], [17] Lemma 6.2)

to get:

EH@n _IHOP = O(

= 0,(1) and ||Q;"]|op = O,(1). And also

Sl

Which 1mpheS ||Q;L§||Op = Op(1)7 HQ ||op

by Rudelson’s LLN , E||QZ||o, = O(1).

It follows that Qn is non-singular with probability approaching 1 and so below we
= M. And

treat it as non-singular. Recall we define o, : Z — R by a,(2)

note that:
e (2.6.8)

Let us bound the first term on the RHS above. Note that:

E {an(z)/ A;l% Z: U, (Z:)e;[h) ‘Zl, Zn} =0

Let (m1,...,m,) be a sample of iid Rademachers, independent of the data. By the

symmetrization inequality:

E{ sup (=)0 %

z€Z,heH
(2.6.9)

sup o (:)Q;" <=

§2E |:ET] [ z€Z heH

Where the inner expectation on the RHS above is over the Rademachers with ¢; and
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Z; for i =1,...,n treated as fixed.

Define the set 7 C R" by:

~

T=[t=(t1,....tn) ER": t; = ,,(2) Q' V. (Z))es[h], 2 € Z,h € H]

Define a norm || -||n2 on R by [[¢|[Z, = £ 37

zlz

constant D so that:

&{m)m \FZW 7%)@

z€Z,heH

0
<D [ \JlogN(T. || 2, 8)d5
0

By [36] there exists a universal

Where N(T,|| - ||n2,0) is the smallest number of radius-d || - ||, balls needed to

cover 7 and 6 is the smallest upper bound on the || - ||, 2-distance between any two

points in 7. Using our bounds on |¢;[A]|:

A1
0 = 2sup |[t|]n2 < 4¢]|Qn ?]|op
teT

Let A;[h] = Q' U, (Z;)e;[h]. Using the Lipschitz constant for o, given in Assumption

2.7.i, and using 2.6.6 we get (for hy, hy € H):

€ Z () Ailh] = e (z2) A [h2]|2)%

s((eznmzl T T ha&) WO o

Define b, by by = 4/[On ||,y Note that [|On|loy = O,(1) and so by

Then from 2.6.10:

4] 4]

AR OEPYEA NN SN AR
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And so (using sub-additivity of the square root):

0 cby, 5
[ JioaN Tl azosis < [\ 1o (2,111 %5
0 0 cl,b,

cbnp, 5
+/ \/log/\/(’z'-[, |+ oo, b—)d(S
0 n

g

- into the second:

Making the substitution u = % into the first integral and v =

0 1
/ \/logN(T,ll : IIn,z,é)déécbn/ \/logN(Z,|| : ||2,€3)du
0 0

n

b, / VIoGN |- s w)du
0

Because the integrand is decreasing in w:

G 1
/ VIogN (H, | - | oo, u)du < max{e, 1}/ VIogN (H, | - |0, u)du
0 0

By Assumption 2.7.iii the integral on the RHS above is finite. So let w; denote
the finite constant on the RHS above.

By Assumption 2.6.ii Z is bounded and it has dimension dim(Z) < oo therefore

dim(Z)
for some constant wy, N'(Z, || - ||2,9) < wo (%) . So we have:

0 1
/ \/logN(T, |+ ||n2,0)do < Ebn/ \/logw2 + dim(Z)log (f—n) du
0 0 u

+ bnwl
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Using sub-additivity of the square root we get from the above:

0
/ VIGN (T |- 02, 6)ds
0
<éb,+/logws + bywy

+by+/dim(Z) (\/zog(en) - /0 1 \/log (%) du)

=0, 1+ Viaall)

And so from 2.6.9 and Markov’s inequality:

/A—IL - Ve, — 0
o605 S Y0 ()l Op(lJm/_l g<£n>)

z€Z,heH

Now we bound the second term on the RHS in 2.6.8. Define S~ = [3 € R :
[18]]2 < 1]. Note that:

(2 % > wn(Zril]
3—1 / 1 .
<IQ: o 0 19 3 (]

And we already have by the matrix LLN that ||Q;||o, = O,(1). Note as well that:
E ’\/Lﬁ Yoy \Ifn(Zi)ri[h]} = 0. Again, let (11, ..., n,) be a sample of iid Rademachers,

independent of the data. By the symmetrization inequality:

E[ sup \5'%2%(%)%%”}

heH,feStn—1
1 n
<2FE|E sup  |B'—=) U, (Z)rih]| ] (2.6.11)
[ n[heH,ﬁeSLnﬂ \/ﬁ; )

Where the inner expectation on the RHS above is over the Rademachers with r; and

Z; for i =1, ...,n treated as fixed. Define a new set 7 C R" by:

T =[t=(t1,....t,) ER™: t; = B, (Z)ri[h],h € H, 3 € S
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Again, by [36]:
/ 1 -
B s S wzmni)|

heH,feStn—1

0
<D [ \JlogN(T.I[- lna,8)d5
0

_ AL
Using our bound on |r;[h]]: 6 = 2sup,cr||t||n2 < 2¢0R,(5)||Qn]]op- Using 2.6.7 we

[

get (for hy, hy € H):

1 n
(33t -
=1
<VaTRA() 1041, (a?uﬁl — Ball2 + [ — h2|§o)

AR

(SIS

_ A1
Define ¢, by ¢, = 20R,,(5)||@7]|op- Then from 2.6.10:

) o
N(T M2, ) S NSH [ Moy == )N (M, | - oo, 1)

And so (using sub-additivity of the square root) and making substitutions, much as

before:

0 1
/ VIGN (T - 1oz 8)dd < e, / VIogN ST [ o w)du
0 0
+ cn/ VIogN (H, | + | oo, u)du
0

We have already shown that that the second integral on the RHS above is bounded

by a finite constant w;. The covering number of a unit ball in R satisfies for some

universal constant ws > 0:

"
NS [la8) = a5 )
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Substituting this and using sub-additivity of the square root we get:

0
/ \/logN(T, |+ ||n2,0)do < écpn/logws + cpwy
0

1
+ Ecn\/Ln/ log (%) du
0

B[ o w'iniwzim[hn}

heH,feSLn—1

<c¢E[cy)\/ L / ,/log du+cEcn VL / \/log
O

And so:

And so, by Markov’s inequality the second term in the RHS of 2.6.8 is O, (Rn(s)\/Ln).

So in all:

sup WA [H] = Al < = sup |v/ran(=) (4[] = ~[A])|

heH \/ﬁ z€Z,heH

+sup (W, y[h] — A[h]|
heH

= g—n 0 s s
op( S0+ ioglEa) + VEaRa(o)] R >)

Theorem 2.2. From Lemma 2.3:

o [V, 1] — AlF] | = O (5— 1+ Iog () + VIRl >)

Note that if & 8 € H then II,8 = W’ 4[®. 3] and by definition IT',f = A[®' 3],
and so:

sup |, — T0,)'Bloe < sup [W,A[R] — A[R]]s
BERKn: ®! BeEH heH
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Applying the rates in Assumption 2.8.ii:

g_” o s _ VL, 5 —s0(s)/ dim(Z)
\/ﬁ[1+ V00g(€,) + /LRy (s)] + Ry, O( NG Vi0og(L,) + L ])

Note that Assumption 2.6.i is identical to Assumption A.2 in [17], Assumption
2.7.1 implies Assumption A.3 in [17| (with ‘/yc;’ in their notation equal to R,(s)),
Assumption 2.8.i implies Assumption A.4 in [17] and Assumption 2.8.i and 2.7.ii imply
Assumption A.5. Assumption A.l in [17], that the data are iid, is assumed in our
paper throughout. Therefore we can apply [17] Theorem 4.3 for g,, and under our

other assumptions the rate simplifies to:

~ Ln —s0(s)/ dim
i = o = O (L2 g (L,) + L0/ 4

Then the triangle inequality gives the result. O

Theorem 2.3. We note two facts about B-spline basis functions on an interval. Firstly,
if K,, > 2 then we can apply a linear transformation to ®,, so that the first two entries
are 1 and x. We will assume without loss of generality that ®,, has been transformed
in this way. Secondly, because the basis functions are at least third order, the vector
of functions ®,, is at least twice continuously differentiable at all but a finite set
of points in its domain. For any z at which the second derivatives are defined, let

62

5.2 Pn(2) denote the vector of second derivatives of each component of ®,, at z. We

can define this function elsewhere by right-continuity, that is if the second derivatives
are not defined for some z then let aa—;q)n(z) = lim,/, 83—;2@)”(2"). aa—;q)n is an invertible
linear transformation of the vector of (so—2)"-order B-spline basis functions with the
same knot points as the original spline basis. It then follows from the approximation
properties of splines that there is a sequence &, = O(K, ') so that for any Lipschitz
continuous function & defined on [a, b] with Lipschitz constant L, there exists 3 € R%»
with |§—;(I>;Lﬁ — h|oo < LRy, See for example [34].

First we show that any A € H is Lipschitz continuous with constant at most

C = (bT2a) + ¢(b — a). Consider some h € H, since h is twice differentiable its first
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derivative also exists and so for any 1,29 € [a, b]:
! 0
h(ZEQ) — h(l’l) = / (IL‘Q — xl)a—h(:tl + t(l‘g — Il))dt
0 x
Because |%h|OO < ¢ the above implies:

9 )

_ 2> _
|h(z2) — h(z1)] + c|lze — 21]" > |(22 xl)ax

Substituting z1 = 1(a + b) and x, = b into the above we get:
h(aa) — ()| + 5 (b — ) = 2(b— a)| S h(a)|
To T c— a 5 a)l5—hiz

Since h(z) € [0,1], |h(x1) — h(x2)| < 1 and so we get:

0 2

1
+ Cé(b — a)

And again, since |é§9—:2h|Oo < ¢ we then have that for any = € [a, b]:

+c(b—a)

Denote the RHS by C. We thus have that any h € H is Lipschitz continuous with

constant at most C.

Let the functional P extend a function h € H to a function defined on R as follows:
P[h|(x) = h(z) if z € [a,b], P[hl(z) = h(a) if z < a, Plh|(xz) = h(b) if x > b. For
r € [0,b—a] define the linear operator M, : Bx — Bx by (for all x € [a,b]) M, [h](x) =

4T
Jomr PIMW)dY Zzl](y)dy. If |h|oo < oo then it is easy to see that |M,.[h]|lec < |h|eo. With a
JZ, Ph)(y+z)dy

substitution we get M, [h](z) = o

For any h € H 2 h s uniformly

782

bounded by c¢. So we can use the dominated convergence theorem to get that for any

heH:

82 1 r 82 1 min{b,z+7} 82
S @ =5 [Py =g [ o h)d

max{a,x—7r} ay
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Where we have used that the second derivative of P[h] is zero outside of [a, b]. So

for any h € H, |%Mr[h](a§)\ <ec.

Assuming without loss of generality that ;1 > x5, we see for any h € H:

0? o2
|55 Melhl (1) = 55 Mo B ()|
1 /:Jc1+r 82 /min{szrr,:Jclr} 82
=5 = _P[h)(y)dy — = _P[h)(y)d
2| Jrvatos g vy OF [h(y)dy - 57 (] (y)dy

c
<—|zy — 29|
r

Where the last inequality follows because g—;P[h] is uniformly bounded by ¢ for
h € H. So we have established that for any h € H the function M, [h] has second

derivatives that are Lipschitz continuous with Lipschitz constant at most <.

And now note that, because h € H is Lipschitz continuous with constant C' for

any € [a, b, |M,[h](x) — h(z)| < rC.

Now, recall the properties of B-splines discussed at the beginning of this proof.
Because %Mr[h] is Lipschitz continuous with constant ¢, there is some 8 € REn
with \83—;2% 8822 +[Moo < £Fy,. In which case |25 20 Bl < (1 + fa). And so

letting 5 = (1 + E)=13 we get |WCI>;5|OO < ¢, and from the triangle inequality:

02 - 0? c Fon T 0
% ﬁ__M[ Jloe _rﬁn+ (1+(/%n/r))|6x2q>”ﬂ|oo

Which is less than 275, and so:

58 = oMl < | (YA - A
+@—ag&l

Where again %@n is defined at points at which the derivative is undefined by right
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continuity. The inequality above then implies:

90,5~ My[A]|o < |02y - H(“;bﬂ (2612)
b—a 8 a+b a-+b
S L R YAy

b—a\> c
2_~n
+ ( 5 ) TK,
But the first two entries of @, (z) are 1 and x, so let 5* be identical to B aside from

its first two entries 8] and S5 which are given by:

. 0 a+b 0 a+b,,~

And:
. a+b a+b,s . a + b
55 = M) — @, (0 - (s
Then W(I)/ g* = 83:2 (IJ’ﬁ and so |az2 ¢! f*|o < c¢. Moreover, repeating the same

steps used to get (2.6.12) above we see:

5" — A, 4] (b‘“)22f~
o < 2 r/in

We already showed |M,[h]|(z) — h(z)| < rC and so

b—a

2
@ 5" — Bl < ( > 2 ki + 1C
T

And so setting r = \/R,,:

2
@/, 8* — h|o < Kb;“> 2c+c] VFn

Since we found such a g* for any h the result follows. n
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Chapter 3

Approximation-Robust Inference in

Dynamic Discrete Choice

Models of dynamic decision making have been applied to a wide range of important
problems in empirical economics (see [56] for a survey). In these models agents face a
dynamic decision problem that can often be solved only numerically and at substantial
computational cost. Estimation of these models generally requires that the empirical
practitioner solve the agents’ dynamic programming problem for each candidate set of
parameter values as the likelihood is maximized or GMM objective minimized.! For
estimation to be computationally feasible, the researcher may need to use approximate
dynamic programming methods. The most common approach in empirical economics
is approximation of the ‘value function’ or of related functions like the expected value
function or the choice-specific expected value function. The function is iteratively
interpolated between a small subset of states using say, polynomials, splines, or kernel
regression.

Approximation of the solution to the dynamic programming problem has a long
history both in operations research and in econometrics. [16] suggests a method
based on polynomial approximation of the expected value function. Approximate

dynamic programming methods were introduced to empirical economics by [57] who

'Exceptions include the constrained optimization approach of [75] and the conditional choice
probability approaches of [48] and [3].
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developed an interpolation method designed for use in finite-horizon dynamic discrete
choice models. More recent work includes that of |[65] who approximates the expected
value function using artificial neural networks in the dynamic discrete choice setting.

In many cases value function approximation occurs implicitly. When the state
space is continuous some kind of interpolation of the value function is unavoidable,
and in many cases models with a discrete state-space implicitly approximate a true
model with a continuous state-space.

Unfortunately, the use of approximation leads to inconsistent estimates, and confi-
dence intervals that do not account for the approximation error are not asymptotically
valid. One employs approximation methods hoping that the resulting bias is not of
too great a magnitude. Without explicit bounds on the approximation error it is
unclear how close the approximated value function is to the true value function and
it is also unclear how sensitive the estimates are to the approximation error.

Monte Carlo simulation can be used to assess the biases due to approximation (see
[57]) but simulation studies are inherently limited. Firstly, the findings of simulation
studies apply only to the specific model that is simulated. Secondly, one must be able
to exactly solve the dynamic programming problem in order to simulate the data,
which means that simulation studies can only be carried out on relatively simple
models without a very large state space.

Ideally estimation and inference would explicitly account for the use of approxi-
mation. We show how this can be achieved. Using the contraction mapping property
of the Bellman operator as well as some other features of the problem, we derive
bounds on the differences between choices of the choice-specific expected value func-
tion. These bounds can be calculated at relatively little computational cost. Using
these bounds one can attain a set estimate that must contain the infeasible estimate
that could be evaluated if the researcher were able to fully solve the dynamic pro-
gramming problem. The bounds can be used to achieve confidence sets that are valid
regardless of the closeness of the approximation.

Bounds on the approximation error in approximate dynamic programming are

considered in for example [10], but these bounds are generally on the value function,
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expected value function, or choice-specific expected value function itself. The value
function enters the likelihood only through the differences between the the expected
values at different choices. We directly bound the latter and then, using these bounds,

derive error bounds on the likelihood.

We develop set estimates and confidence sets that are asymptotically valid re-
gardless of the distance between the exact value function. Our methodology is valid

regardless of the method used to approximate the value function.

In short, we provide a methodology that allows researchers to conduct asymp-
totically valid inference and consistent set estimation, regardless of the accuracy of
their value function approximation. Of course, if the approximation is poor then the
resulting set estimates and confidence sets will be large, but if the approximation is

close they will be small.

Our methodology allows a researcher to directly assess the closeness of their ap-
proximation, and balance the trade-off between ease of computation and accuracy of
estimation. If the researcher observes that the set estimates and robust confidence
intervals are very large compared to standard non-robust confidence sets, then they
can decrease the coarseness of their discretization of the state space, increase the
order of the approximating polynomial, etc. The tools presented in this paper also
apply to novel methods of approximate dynamic programming like Q-learning. Eco-
nomic researchers might be reluctant to try less well-established methods because
they fear that the strength of the approximation may be poor. Our methodology can
allay these fears because it allows researchers to explicitly assess the biases due to
approximation error and perform estimation and inference that is robust to this type

of error.

The paper is organized as follows: Section 1 describes the general model in which
the results apply and provides background to the problem. Section 2 provides the
derivation of bounds on the value function differences. Section 3 explains how the
bounds can be used for estimation and inference that is robust to approximation.
Section 4 provides Monte Carlo evidence of the efficacy of the method, and Section 5

concludes.
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3.1 Background

3.1.1 Modeling Dynamic Discrete Choices

Consider an agent who at a each time ¢ is at some state S; € S and makes choice
D, € D. The ‘choice set’ D is assumed to be discrete, but we make no such assumption
about the ‘state space” S. The state evolves according to a first-order Markov process
in which the probability distribution of next period’s state may depend on both the
current state S; and choice Dy, and is otherwise unrelated to the history of states and
choices. The static utility of the agent in each period is given by w(S;, D;) + €,(Dy)
where ¢; is an additive iid random function from D to R. We refer to ¢, as ‘shocks’
to the utility because they are not known to the agent prior to period t. We assume
throughout that E[maxgep €;(d)] < oco. We assume the deterministic part of the
utility u is bounded, i.e., there exists a scalar b < oo so that |u(s,d)| < bforall s € S
and d € D.

The agent sets D; = d(S:, €), where d(-, -) is a static decision rule that maximizes

the expected discounted (by discount factor ) sum of utilities:

o0
d € argsup E[Z Bu(Sy, d(Se, er)) + €:(d(Sh, €))
dSxE—D |
There are potentially two sources of uncertainty in the agent’s problem. Firstly, ¢; is
a random function. Secondly, the transition between states may be stochastic. We
denote by F; 4 the probability distribution of the random variable S;,, for an agent
who at time ¢ is at state S; = s and chooses D, = d. Fjs4 is referred to as the
‘transition distribution’” at (s,d) and we refer to F', which maps from (s,d) to Fj4
as the ‘transition rule’. That the state in the next period depends on the decision
in the current period is what makes the agent’s problem ‘dynamic’: the decision
today effects not only today’s utility, but the utility tomorrow because it partially

determines tomorrow’s state.

If the dynamic optimization problem is sufficiently regular, then the decision rule
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d(s, €) is the unique solution to the following static optimization problem:

d(s,€) = argmax(u(s, d) + e(d) + pV (s, d)]
deD
Where V : 8§ x D — R is the unique fixed point of the non-linear operator
T : RS*P) 5 REXP) which is defined below:

TV](s,d) = E[E[mdz}x W(Spi1,d) + BV (Ses1, d) + €41(d)|Sp41]|Se = 5, Dy = d]
(3.1.1)

And so V solves the non-linear operator equation:
V =T[V] (3.1.2)

This characterization of the optimal decision rule is due to the work of Bellman
(see [15]), and is therefore known as ‘Bellman’s principle of optimality’. We refer to
V' as the ‘choice-specific expected value function’ or just as the ‘value function’ for
short. Note that in the literature the ‘value function’ usually refers to instead to the
quantity max, u(s,d) + €(d) + BV (s, d) which is a function of both s and e. SV (s, d)
is the expected discounted future returns from time ¢ 4+ 1 onwards for an agent who,
at time t, is at state s and makes choice d, and acts optimally thereafter. We refer
to (3.1.2) as the ‘Bellman equation” and T" as the ‘Bellman operator’ although these
terms are often used slightly differently (see [56]).

3.1.2 Point Estimation

To create a statistical model within the dynamic discrete choice framework let us in-
troduce a vector of parameters of interest 6. 6 may parameterize the utility function,
the distribution of ¢;, and the state transition rule F'. For simplicity we focus on the
case in which 6 parameterizes the utility and distribution of ¢;,. Both the utility func-

tion and distribution of €, are treated as known up to the parameters 6. To emphasize
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the dependence of the utility function on 6 we let u(s, d; @) be the deterministic part

of the utility at state s and from choice d under the parameters 6.

Note that the Bellman operator (3.1.1) depends on the utility function, thus the
solution V' to the Bellman equation (3.1.2) depends on the parameters ¢ and discount
factor S. In addition, the Bellman operator depends on the transition rule F' and
therefore so does the solution V. To make clear this dependence we write Vig 5 (s, d)
to denote the choice-specific expected value function at choice d and state s when the
utility parameters are equal to 6, the discount factor equals 3, and the transition rule

is F.

It will be convenient to define the differences in shocks, utilities and choice-specific

values between pairs of choices d and d':

Addlﬁt = Et(d) — Et(d,)
Agau(s;0) =u(s,d;0) —u(s,d;0)
AVigp.ry (s, d,d) = Vigpr)(s,d) = Vigp,r) (s, d)

Given the model in the previous section, the probability that an agent at state S; = s

makes decision D; = d is given by:

L(gﬁ;p)(s, d) = Pg Ad7d/€t 2 Ad/du(s; 9) + 5A‘/(9,/3,F)(3a d/, d),Vd/ eD (313)

Where Py is the probability given the distribution of €¢; which possibly depends on
parameters 0. If the transition rule F' were known then L g, (St, Dy) is the likelihood
of the observation (S;, D;) at time ¢. If F'is unknown then it is a nuisance parameter.
F' can be estimated directly from the data in a first stage either parametrically or
nonparametrically. Let F' be some estimate of F that is evaluated in a first stage.

With F replaced by the estimate F', the partial log-likelihood of the data {S;, D;}7,
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evaluated at parameters 6 and [ is then given by:

T
Lisop, 08 F) = Y I Lig 5.5 (S1, Di)

t=1

An estimate of the parameters 6 and [ is then given by:

~

(év B) = arg ITHI%X ‘C{St,Dt}toil (9’ /87 F)

Identification of the discount factor can be difficult (see [71], [60], [1]), and so
the discount factor may be calibrated in some applications. In this case one can
simply plug-in the assumed value for § and maximize the log-likelihood only over
the argument #. The maximization problem above seldom admits a closed-form so-
lution, and so numerical optimization methods are required. Thus, for a number of
candidate values of 6 and possibly 5 one must evaluate E{St’Dt}tT:I(97ﬁ; F) and /or
its derivatives. In order to calculate Lyg, Dt}thl(H, B; F') one must evaluate the value
function differences AVig g py(s,d’, d) at all choices in D and at all states observed in
the data. This procedure is known as the ‘nested fixed point’ or NFXP algorithm
because nested within each step of a numerical maximum likelihood procedure one
applies an algorithm to find a fixed point of the Bellman operator ([80], [71]).

The standard method for evaluating V' at all realized states up to close approxi-
mation is ‘Bellman iteration’. To apply the method one begins with some guess of the
solution Vip 5 r)(-,-) and then iteratively applies the Bellman operator until there is
little change between iterations. Let us be more precise. Let T(g 3 ) be the Bellman
operator (defined in (3.1.1)) when the parameters are set to values 0, § and F. For
any n € N and V, let T 5.r) V] = [T(%TB{F) [V]] and let Top.r) [V] = Tis.r[V]. Then
for some initial guess V; one approximates Vi 5 (-, -) by Ty 5.1y [Vol(s, d) where n is
large enough that T(j ; ) [Vo] and T(Té,_ﬁl, ) Vo] sufficiently close in some sense. Because

Tio,5,F) is a contraction mapping, one can show that for any bounded function Vo,

(6.5.F) [Vo] converges in the supremum norm to the unique fixed point of T{y 5 r) as

7’L—)C>O.2

2In practice it may be more computationally efficient to combine this procedure with a faster but
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Unfortunately, each iteration of the fixed point procedure above requires that one
evaluate the right hand side of (3.1.1) at every state s and choice d, not just those
states and decisions observed in the data.® If the state space is discrete but large
then this can be computationally burdensome and if the state space is not discrete
and finite it is generally impossible. This same problem applies for many alternative

methods of finding a fixed point to the Bellman equation like Newton-Kantorovich.

An alternative to the NXFP algorithm, Mathematical Program with Equilibrium
Constraints (MPEC) avoids the need for Bellman iteration ([75]). MPEC treats
the estimation problem as a constrained optimization problem in which both 6 and
(possibly) § and the value function itself are parameters and the the Bellman equation
(3.1.2) is treated as a constraint. Thus in MPEC the number of scalar constraints is
proportional to the cardinality of the state space. As such, when the state space is

large MPEC may still be computationally burdensome.

In many cases, the RHS of (3.1.1) cannot be evaluated exactly even at a single
state and choice. The expectation over the future states on the RHS of (3.1.1) gener-
ally does not have an analytical form and so must be evaluated by numerical methods.
The inner expectation on the RHS of (3.1.1) may also be analytically intractable. For
instance, this is the case when ¢, (understood as a vector with each entry correspond-
ing to €/(d) for some d € D) is multivariate normal with a non-diagonal covariance
matrix. This further compounds the computational burden of applying the Bellman

operator at a large number of states.

To avoid the need to evaluate the RHS of the Bellman equation at a large and
possibly infinite number of states, some kind of approximation is needed. For example,
one may apply the Bellman operator at only some subset of states and then for other
states approximate the value function as needed by interpolation. Let us denote by
Tig.5.7) an approximate Bellman operator so that T(g s r[V](s,d) = T(o5.1)[V](s,d)

for all s in some small, finite subset S C S and all choices d € D and for all other

less stable method like Newton-Kontorovich ([71]).

3Strictly speaking one can restrict the state-space to only those states for which there exists a
decision rule d(-,-) under which the state is reached with positive probability starting at the states
observed in the data.
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s € S and d € D takes some value given by interpolation. We refer to S as a
‘discrete grid’. It is important to note that in general, T is not a contraction. The
term ‘interpolation’ is used here as a catch-all for a range of different approaches that
include fitting a parametric function by least squares, kernel methods and modern
machine-learning regression techniques like random forests.

If one replaces A g7V (s;d', d) in the expression for the likelihood (3.1.3) with an
approximation, then one evaluates the log-likelihood with error. Thus the resulting
maximum likelihood estimates will generally be inconsistent. When applying approx-
imation methods one hopes that the approximated value function differences are close
to the exact differences A g 7V (s, d’, d), that the approximate log-likelihood is then
close to the exact log-likelihood, and that the estimates are then close to the exact
maximum likelihood estimates and the degree of inconsistency is therefore small. The
need to bound the estimation error that results from value function approximation
motivates the method described in the next section.

Finally, we note that a class of methods referred to as Conditional Choice Prob-
ability (CCP) methods side-step the need for dynamic programming entirely. This
approach was introduced by [48], and the literature contains a number of different
methods based on their approach, for example [3] and [14]. These methods are based
on the observation that under the structure of a given dynamic discrete choice model,
the value function is often equal to an analytic (or easy to numerically compute)
function of the choice probabilities of the agent at each state. Thus in a first stage
one nonparametrically estimates from the data the probability of each discrete choice
at each stage and plugs this in to get an estimate of the value function. However,
these methods have certain drawbacks. The first-stage nonparametric choice proba-
bility estimation contributes to the variance and bias of the parameter estimates, and
so the parameter estimates are generally inefficient compared to estimates based on
dynamic programming.® This is particularly problematic because the choice proba-
bilities may be very imprecisely estimates at parts of the state space that are visited

with very low probability (for further discussion see [3]).

4The method of [2], which lies somewhere between CCP and NFXP is efficient up to first order.
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Our method can be used regardless of the manner in which the value function is
approximated or estimated and can therefore complement CCP methods. Firstly, our
method allows for valid inference and consistent set estimation even when the condi-
tional choice probabilities cannot be consistently estimated. Secondly, our inference
method does not need to account for any first stage nonparametric estimation of
the conditional choice probabilities and as such confidence sets based on our method

could be smaller than those based on CCP point estimates.

3.2 Bounding the Approximation Error

In the previous section we discussed the need for approximation methods in the
evaluation of the value function differences Ay g )V at the states observed in the
data. In this section we describe how one can bound the difference between the
exact value function differences Ay g 7V and the differences from some approximate
value function V. In Section 3 we show how these bounds can be used to achieve set

estimation and inference that is valid regardless of the approximation error.

For ease of notation let us again suppress the arguments 6, 5, and F' in the value
function V' and Bellman operator 7. Theorem 1 below provides an upper bound on
the distance between the exact value function differences V' (s,d) — V(s,d’) and the
differences V' (s,d) — V (s, d') for some approximate value function V. The theorem

refers to a function b(s, d, d’) defined as follows:

1- 5[Sups,s’€5‘,d,d’eD (5<Fs,d> Fs/7d/)] + ﬁé(FS,da FS,d’)

b(s,d,d) =
( ) - 5[3Ups,s/es,d,d/ep 5(Fs,da Fs’,d’)]

Where §(Fsq, Fy o) is the total variation distance between Fy 4 and Fy g

Theorem 1. Suppose u is bounded and E[maxgep €:(d)] < oo. Let V' solve the

Bellman equation (3.1.2) for transition rule F' and discount factor § < 1. For any
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d,d €D and s € S and bounded function V on (S x D):

|(V(s,d) — V(s,d)) — AV(s,d,d)|
< b(s,dd)  sup TV d) = T[V](s,d)] = [V(s',d') = V (s, d)]]|
s,5'€8,d,d'eD
The upper bound given in Theorem 1 does not involve the exact value function
V. Instead it involves only the discount factor (3, the transition law F', and the
approximate value function V. The upper bound is small when the discount factor 3
is small, when the transition distribution Fj 4 does not change much between states
and choices, and when V comes close to satisfying the Bellman equation. Note that
in the case where the approximation is exact, i.e. V = V the upper bound is equal

to zero.

The total variation distance 0(Fs g4, Fly @), could be computed analytically or nu-
merically depending on the transition law F or first-stage estimate thereof. Note that

the total variation distance must be bounded above by 1 and so:

1

N < =
b(s,d,d)_l_ﬁ

The inequality above allows us to avoid calculating the total variation distance
but results in a looser bound than that given in Theorem 1. In order to evaluate the
upper-bound in Theorem 1 one must also evaluate the supremum over states s and

s’ and choices d and d' of the following quantity:
|T‘~/<S7 d) - T‘N/(SIJ d,) - [‘N/<S7 d) - ‘N/<Sl7 d/)H

It may be feasible to directly evaluate the supremum of the above, however if S is large
then evaluating the supremum is still computationally expensive. If § is continuous
one could discretize the state space before finding the supremum, this of course will
still result in approximation error, but this error may be acceptable because it is not
compounded by repeated Bellman iteration. For the case where the supremum cannot

be effectively computed we describe an algorithm that upper bounds the supremum
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and that can be run until the exact supremum and upper bound are arbitrarily close.

Define by, by:

by = sup |u(s,d) + BV (s,d) —u(s',d) — fV(s',d)|

s,s'€S,deD

Note that 5\7 can be evaluated without applying the Bellman operator. Further,
because l_)‘; only involves u and V which are generally parametric functions, it may

be possible to evaluate (or at least upper bound) 5‘7 analytically.

Theorem 2 below motivates our algorithm.

Theorem 2. Let A be a finite subset of S X D, then:

|(V(s,d) = V(s,d)) — AV (s,d,d)|
< b(s,d,d) sup min {T[V](s*,d*) + §(Fya, Fora- )by }

s,s'€S,d,d'eD | (s*,d*)EA

- nza)XA{T[f/](s*, d*) —0(Fy a, FS*,d*)B(/} — [\7(5, d) — \N/(s/, d)]
s*.d*)e

The upper bound in Theorem 2 only requires that one apply the Bellman operator
T at those states and choices in the finite set A. The supremum in the upper bound

may have an analytical solution for some parametric choices of V.

If A is ‘dense’ in a certain sense, and the functions involved are uniformly continu-
ous, then the bound in Theorem 2 is not very conservative compared to the bound in
Theorem 1. We formalize this in Theorem 3 below. Theorem 2 suggests the following
procedure to upper bound sup, . 4 # IT[V](s,d) — T[V](s',d') — [V(s,d) — V(s,d)]].
The algorithm returns a quantity B that is guaranteed (by Theorem 2) to upper
bound sup, 4 4 IT[V](s,d) — T[V|(s',d') — [V(s,d) — V(s',d)]| and that is guaran-

teed to exceed this quantity by less than a desired tolerance 7.
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1. Choose some finite set of states and choices A C S x D. Evaluate T[V](s,d)
for each (s,d) € A. Evaluate by;.

2. Calculate B given by:
B= sup min {T[V](s*, d*) + 0(Fy 4, For g<)bi7 }
s,s’€S,d,deD | (s*,d*)EA

~ Héa)XA{T[V](S*’ d*) —(Fy a, Fs*,d*)g‘y} — [f/(s, d) — f/(s’, d)]
s*.d*)e

Evaluate B by:

B= max_{|T[V|(s,d) - T[V](s',d') = [V(s,d) = V(s',d)][}
(s,d),(s',d")eA
3. If B— B < 7 then we are done and B is the upper bound. If B — B > 7 then

increase the density of A and return to step 2 else continue to step 4.

4. Take as the bound b(s, d,d")B.

Note that at each iteration in the algorithm above, the upper bound B exceeds
SUD, o g, IT[V](s,d) = T[V](s',d') — [V (s,d) — V(s',d)]|. Tt is not too difficult to see
that B lower bounds this quantity. Hence 7 bounds the conservativeness of the upper
bound B. In Theorem 3 we provide simple conditions that ensure the algorithm above
halts and therefore guarantees we find a bound B that is within 7 of the quantity we
wish to bound.

We define the density of A as the reciprocal of sup,cs gep mingy gyea ||s — s'|| (if

the denominator is zero we take the density to be infinity).

Theorem 3. If S C R* is compact and the functions s — T[V](s,d), s — V(s,d),
and (s,s") > 0(Fsq4, Fo q) are each uniformly continuous for all d € D, then as the
density of A increases to infinity B — B — 0.

Theorem 3 implies that the algorithm described above must eventually halt and
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thus ensure that B exceeds the bound in Theorem 1 by no more than the pre-specified

tolerance 7.

3.3 Subset Estimation and Robust Inference

Let us reintroduce parameters 6, 3, and F' into our notation for the value function
V and Bellman operator. For any bounded function V, The results in the previous

section imply an upper-bound of the form:

|(V(s,d) = V(s,d)) — AggmV(s,dd))|

S Q(H,ﬁ,F) (Sa d> dl? ‘7)

Where Q9,57 is the bound given in Theorem 2 (or possibly Theorem 1 if this can
be feasibly calculated) for the particular choice of 6, 5, F.. Note then that for any V:

NoprV(sid,d) — Qupr (s, d d;V)
AwpmV(s;d,d)

A(G,B,F)‘N/(S% d,d)+ Qupr (s, d d; ‘N/)

IN

IN

For any bounded function V:D >R let:
Lopry(s,d; V) = Py | Agaer > Ay qu(s; 0) + V(d),Vd € D,d #d

Note that L r)(s,d) = Lsr) (s,d; A‘/(gn&p)(s,d,')). It is easy to see that
L.5.r(s,d; V) is monotonically decreasing in V(d') for each d’ # d. As such, for any
bounded V : S x D — R:

L(@,B,F) (57 da ‘7(57 ) - ‘7(57 d) + Q(@,B,F) (57 d7 ) ‘7))
<Lp5,r)(s,d)
<Lwpr (s.d;V(s,-) = V(s,d) = Qupr (s d,V))
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So we have found upper and lower bounds the likelihood. Thus we can define an

upper- bound on the sample log likelihood of the data by:

‘C{USt7Dt}z“:1 (97 Ba Fa f/)

T
:Z In Lg,3.7)(St: De; V(s,+) = V(s,d) — Qo,,r) (St; Dy, V)

t=1

And a lower bound by:

L'{Lst,pt};:l(& B; F, f/)

T
= Z In Lig 5. (St Di; V (s, ) — V(s,d) + Qo) (Si, Dy, V)

t=1

Now suppose that 6% and B* maximize the exact log likelihood E{Sth}tT:l(é’, B; F)
(the log-likelihood obtained if the full dynamic programming solution were available).
Suppose we have some approximate dynamic programming algorithm that, for each

0, 5 and F, provides an approximate value function ‘7(9,5, r). It follows that:

~

U N* %, 17 T/ L T
‘C{St,Dt}tT:1<0 7ﬁ aFa ‘/(é*”é*j‘)) > Sauﬁp‘c{st’Dt}thl(6767Fa (9”37]5))

?

Note that the inequality above applies regardless of the algorithm used to generate
Vio.5.r)- The above implies that (6%, 5*) lies in the following set:

. rU T L L
0,8) E{st,Dt}thl(aﬁ, F, V(e,gﬁ)) > z}lﬁg E{St,pt 511(9/75/7 F, V(ogﬂqﬁ))

The set above can be used as a set estimator for the true parameters 6 and f.
By construction the set estimator must contain the infeasible maximum likelihood
estimates, that is, the estimates obtained if the full dynamic programming solution
were available. If the infeasible maximum likelihood estimates 6* and B* are consistent

estimates, then set estimator is consistent (in the Hausdorff metric).

We can also use the upper and lower bounds on the likelihood to derive confidence

sets that are valid regardless of the accuracy of the approximate value function ‘7(97 8.7)-
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The standard likelihood-ratio confidence set for the parameters is given by:

(0.5): 2(smp Lys, po, (0 5 F) = Lis,pyr, (0.5 F)) < e1d]

where ¢;_, is the 1 — a-level critical value, usually the a-quantile of the chi-squared
distribution with degrees of freedom equal to the dimension of # and 8. The above is
infeasible, it cannot be evaluated because Lyg, p,yr_, incorporates the exact solution to
the dynamic programming problem. However the confidence set above is necessarily

a subset of the following feasible set:

[(975) : 2(2}15 ‘C{USth}le (9/7/6,;F7 ‘/(0757}7“)) - ‘C{LSt,Dt}thl (975a Fa Vv(eﬁ,ﬁ‘))) S Cl—a]

Thus, if the exact, infeasible likelihood ratio-based confidence set has asymptot-
ically correct size, then so too must the feasible one based on approximate dynamic

programming above.

3.4 Monte Carlo Exercise

As a practical demonstration of our methods we present a Monte Carlo simulation. We
simulate data from a modified Rust model (|71]). We apply our methods to account
for approximation error in maximum likelihood estimates that employ approximate
dynamic programming. We evaluate set estimates and robust confidence sets when the
approximate dynamic programming is applied with differing degrees of coarseness. We
compare our set estimates and robust confidence sets to conventional point estimates
and confidence sets that do not account for the error due to approximation in the
value function.

In the modified Rust model, at each period a decision maker chooses whether
or not to send a bus engine for repairs. The choice set is binary D = {0,1} with
d = 0 representing the decision not to repair the engine and d = 1 the decision to
repair the engine. The state space is given by & = [0,20], each s € S represents

a possible value for the engine’s mileage given in thousands of miles. We treat the
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mileage as a metaphor for the general health the engine and thus it is possible for
the mileage to decrease between periods. The cost of running (and not repairing)
an engine increases with the mileage because with high mileage the engine becomes
unreliable and fuel-hungry. At state s running the engine incurs a cost of —6;s where
0, is a scalar parameter. Repairing an engine incurs a fixed cost of —6, regardless
of the mileage. Thus the deterministic parts of the utilities from the two choices at

state s are given by u(s,0) = 015 and u(s, 1) = 6s.

In each period ¢ there is an additive, stochastic shock to both the cost of repair
and non-repair. The cost shock to non-repair and repair in period ¢ are respectively
€:(0) and €,(1). The shocks are iid and independent between the two choices, they are
observed by the decision-maker before making a decision at time ¢ but are not known
prior to t. We let the shocks be standard type-1 extreme value distributed. The bus’s
route is subject to unexpected changes due to road closures and driver error, as such
the mileage evolves stochastically. If the decision at time ¢ is D; and the engine has

mileage S;, then the mileage in period t + 1 is distributed according to:

Sii1|Se, Dy ~ min{max{0, S; + 1{D; = 0}y + 1{Dy = 1}y + U[—~3, 73]}, 50}

Where U[—73, 73] is a uniform random variable between —v3 and 3. 71, 72, and
v3 are model parameters. In our simulations 7, is negative, thus repair of the engine

reduces the mileage.

The modified replacement model differs from Rust’s original formulation in two
key ways. Firstly, we treat the mileage as a continuous variable, In the original model
estimated by Rust the mileage is discretized. Secondly, in the modified model the
decision maker chooses whether or not to repair the engine, reducing its effective
mileage by some fixed amount. In the original model the decision maker chooses
whether or not to replace the engine, bringing the mileage down to zero. The use of
a continuous state-space allows us to examine our method when the value function
is approximated with different degrees of coarseness. Repairing rather than replacing

the engine ensures that the total variation distance d(Fyp, Fi1) is strictly less than
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unity even for large values of s. Without this feature the factor b(s,d,d’) in the
upper bound in Theorem 1 would be equal to ﬁ when the mileage s is large. Thus
this modeling decision allows us to demonstrate the improvement our specific bound
provides over the more crude bound with a factor of ﬁ when the distribution of

future states from different choices overlaps.
Note that in the model above:

1 —5+5min{|%|a1}

" <
b(87d7d)— 1_/8

Note also that because €,(d) is independently type-1 extreme value distributed for

each d € D we have for any V:

T[V](s,d) = E[In( Y _ exp(u(Sps1,d) + BV (Sps1,d))|Sy = s, Dy = d] + ¢

deD

Where c¢ is the Euler-Mascheroni constant. In order to generate data from the
model we must solve for the value function. An exact solution is infeasible and so we
apply approximate value function iteration. We employ a dense grid S that consists
of 1001 evenly spaced points between 0 and 20. We replace the outer expectation in

the RHS above by an empirical expectation (over 100 draws of S;;;):

T[V](s,d) ~ % i In( Z exp(u(Ss.qi, d) + BV (Ssas, d)) +c

=1 deD

Where S5 4, is the i'" draw from the distribution of S, given S, = s and D, = d.
We begin with an initial guess V{ of the value function (our initial guess is that the
function equals zero everywhere), and at the ;% iteration we evaluate T'[V;](s,d) for
each s in the dense grid S and each d € D. We then linearly interpolate the resulting
function between the points in S in order to evaluate Vit1(Ss.44,d) for each d € D,
s € Sandi € {1,..,n}. Note that the samples {{{Ssa:}",}aen}.cs are drawn
before the first iteration and do not change between iterations. We continue until

the change in the value function between iterations is smaller than a pre-specified
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tolerance at all s € S and d € D.
Each simulated dataset consists of 5000 periods of data generated from the model
above. Table 1 summarizes the data generating process and states the parameter

values used in the simulation.

Table 3.1: DGP summary and Parameter Values

Model Parameters DGP Summary

8 =0.8 (et(()), et(l)) ~ independent type-1 extreme value

6, =—0.6 u(s,0) = bys

Oy = —4 u(s, 1) = 05
=1 S =10,20], D = {0, 1}

Yo = —1 Si+1|Se, Dy = 0 ~ min{max{S; + v1 + U[—73,73],20},0}
v3=>5 Si11|St, Dy = 1 ~ min{max{S; + 72 + U[—~3,73],20},0}

T = 1000 S={0,%,2,.., 2 20}

On each simulated dataset we apply maximum likelihood to estimate the param-
eters 0, and 6,. We treat 3, 71, 72, and =3 as known. For each candidate set of
parameter values in the maximization routine we approximately solve the dynamic
programming problem using Bellman iteration on a grid S of evenly spaced points
in the interval [0,20] and interpolating as described in Section 1. The interpolation
method used is linear interpolation. Let V be an approximate value function. In
order to evaluate the bound on the RHS of the inequality in Theorem 1 we maximize
the following quantity over all d,d’ € D and all s,s' € S where S is the dense grid

used in the data generating process:

[TV, d') = TV](s,d)] = [V(s',d') = V(s, d)]]|

1-8+8 min{|%|,1}

We then multiply the above by the factor =3

to get the bound in
Theorem 1.

To examine the coverage of our robust confidence set and set estimator we numer-

L

ically maximize £ (50,0007,

(0, B; F, ‘7(9”37F)) over . The true parameters (61, 6;) lie in
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the set estimator if:

Sl;P E{Lst,Dt}thl(ga B; F, V(G,,&F)) - ﬁl{]st,pt};zl ((61,605), B; F, ‘7(97,3,1?’)) <0

and the true parameters are contained in the robust confidence set if:

~ ~ 1
Slelp EmeDt}g;l (87 6; F7 W@,/)’,F)) - £{USt,Dt}z;1 ((017 92)7 57 F7 WG,B,F)) < §Cl—oc

Where ¢;_, is the 1 — a-quantile of the chi-squared distribution with two degrees of
freedom. The true parameters (6;, 6>) are in the non-robust likelihood-ratio confidence

set, if:

1

sup Lis,par (0. 5; F, Viesr) — Lis, pyr, ((61,62), 5; F, Viesr)) < C1-a

We use numerical methods to evaluate the supremum on the LHS above.

We apply our methodology with different densities for the grid S that is used in
the approximate dynamic programming routine. Since the grid density controls the
coarseness of the approximation, this allows us to examine how our set estimation

and inference procedures perform as the quality of the approximation changes.

Table 1 provides results from our simulations. Each column corresponds to dif-
ferent choice for S, the grid used to perform approximate dynamic programming in
estimation. The figures in the first row are the mean (over 500 simulations) squared
errors of the maximum likelihood point estimates. In the second row are the frequen-
cies with which the true parameters lie within the set estimate. In the third row
are the frequencies with which the robust confidence sets contain the true parame-
ters. Finally, in the fourth row are the frequencies with which the standard likelihood

ratio-based confidence sets contain the true parameters.
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Table 3.2: Simulation Results

Number of points in S:

10 100 200

Mean Squared Error 0.023 0.023  0.022
Set Estimator Coverage 1 1 0.908
Robust Confidence Set Coverage 1 1 0.996

Standard Confidence Set Coverage 0.702 0.942  0.938

We see that the standard non-robust confidence set has coverage much lower than
95% when S contains only 10 points. This is not surprising, when the grid used
for the approximate dynamic programming is sparse, the quality of approximation is
low leading to biased point estimates and confidence sets with low coverage. When
the number of points in S is larger the coverage is close to the stated level of 95%.
By contrast, the robust confidence set has coverage of at least 95% regardless of
the density of the grid used in the approximate dynamic programming. The robust
confidence sets are based on worst-case scenarios for the approximation error and as
such they are generally conservative, having coverage greater than the stated level. As
the error from approximation is reduced and statistical noise dominates, the robust
confidence sets should have coverage approaching the stated 95% level, and indeed
we do see that the coverage is slightly lower in the case of S with 500 points.

The set estimator is not required to cover the true parameters with any particular
frequency, but is nonetheless interesting to observe its coverage in our simulations. We
note that the set estimates cover the true parameters in 100% of our simulations when
S has either 10 or 100 points. When the grid is made dense the set estimator should
shrink around the maximum likelihood point estimates and the coverage should fall,
and indeed when S contains 500 points the coverage of the set estimator is reduced
to 91%.

To get a sense of what the set estimates and confidence sets look like, for each

U

{s1,piyT., OB a grid

choice of S we plot the sets for one simulation draw. We evaluate £

of values for 6; and 6,. We then interpolate the function over a denser grid and for each
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U

(5.,D}T_, and sup, L7 (0,8; F, ‘7(9,,3,1?))

set of parameters in this grid we compare £ (5D,

to determine whether the parameters tlie inside the set estimate and robust confi-
dence set. Similarly, we evaluate L;g, DAL, for each pair of parameter values on the
same grid and interpolate to assess which points lie inside the standard non-robust

confidence set.

We plot these sets in Figure 1 below. Also indicated in each sub-figure are the
maximum likelihood point estimates and the true values of parameters 6, and #,. As
one might expect, as S grows dense, the robust confidence set shrinks and becomes
close to the standard confidence set, and the set estimate shrinks around the MLE

estimator.

In the case of S with 10 points, the approximation is weak and there is substantial
undercoverage of the non-robust confidence set. We see from Sub-Figure 1.a that in
this case the set estimates and robust confidence sets are very large, reflecting the
poor strength of approximation. Note that because the worst-case approximation
error dominates the statistical noise in this case, the robust confidence set and the set
estimates are visibly indistinguishable. In the case of S with 100 points the approx-
imation quality is improved and we see from Sub-Figure 1.b that the set estimates
and confidence sets are much smaller, although still significantly larger than the non-
robust confidence set, which (according to Table 1) has nearly correct coverage in this
case. When S contains 500 points the approximation is good and we see from Sub-
Figure 1.c that the robust confidence set is only a little larger than the non-robust,
moreover in this case the set estimate is contained within the non-robust confidence

set.

An empirical researcher using our methodology would see that in the case of S
with 10 points, the robust confidence set and set estimate are impractically large, and
should conclude that the quality of approximation is poor. The researcher can then
decide to increase the density of the grid in order to achieve a better approximation.
Thus our methodology allows the researcher to make a more informed decision about
the approximation method and to better balance the trade-off between computational

expedience and the bias due to approximate dynamic programming.
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Figure 3-1: Simulated Set Estimates
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3.5 Conclusion

We develop an approach to estimation and inference in dynamic discrete choice mod-
els that directly accounts for error due to the use of approximate dynamic program-
ming. We prove the validity of our approach and provide simulation evidence that
our methodology is of practical use. Of course, our simulation results pertain to one
particular model, and it is possible that the robust confidence sets are overly con-
servative in other settings. To better assess the practical efficacy of our methods we

hope to implement the procedure on real data in future work.

The methodology detailed in the paper is very flexible in that it applies regardless
of the approximation method used. It may be possible to refine our approach taking
into account features of the specific approximate dynamic programming method used.
It may also be possible to tighten our error bounds by incorporating information about

the value function that can be derived analytically, for example, in some cases one
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can prove the value function is convex. This avenue may also be worth exploring in

future research.

3.6 Appendix: Proofs

Proof Theorem 1. By the definition of 7" for any bounded functions V and V that
map from S x D to R:

= TWV|(s,d) ~ T[V](s',d') = (TIV](s', &) = TIV](s', )

= ElE[max u(Se, d") + BV (Sip1,d") + 1 (d")]|S = 5, Dy = d]
— E[E [g,}g% u(s',d") + BV (s, d") + €1 (d")]|S, = &', Dy = d]

+ E[Emax u(Sp,d") + BV (Sys1,d") + er41(d")]|S, = 5, Dy = d]
— ElE[max u(Sp, d") + BV (Sip1,d") + 1 (d)]|Sy = &', Dy = d]

Because €11 and Sy ; are independent we can rewrite the right-hand side of the

final equality above as an integral:

/ (E[max u(s”,d") + BV (s",d") + e, (d")]

d"eD

—E[max u(s",d") + V(s",d") + € (d”)]) d(Fsq— Fy )

d//eD

It is an elementary property of the total variation distance that for any bounded

function ¢ : § — R:

/g(s”)d(Fs,d — Fow) < O(Fea, Foa)(supg(s) — ;ggg(s))

seS

Since u, V, and V are bounded and E[maxgep €(d)] < oo, E[maxgep u(s,d) +
BV (s,d)+e(d)] and Emaxgep u(s,d)+ BV (s, d)+e(d)] are also uniformly bounded

over s € § and so applying the inequality above:
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dl/e’D

/ (E[max u(s”, d") + BV (s",d") + e (d")]

dl/ e’D

—E[max u(s",d") + BV (s",d") + et(d”)])d(Fs,d — Foa)

IN

0(Fya, Fy,a) sup (E[max u(s",d") + BV (8", d") + e(d")]

s"eS d"eD

d// GD

—E[max u(s",d") + ﬁV(s”, d") + et(d")]>

s"eS d’eD

— 0(Fsq, Fy o) inf (E[max u(s",d") + BV (s",d") + e,(d")]

_E[Zna% U(S”,d”) + ﬂV(SH,d//) + Et(d”)]>
”E
It is easy to see that:

sup <E[%l€ai§ u(s,d) + BV (s,d) + €(d)]

seS

deD

— E[max u(s,d) + 5‘7(8, d) + Gt(d)])

<3 sup max (‘7(3, d) — Vs, d))

seS deD

And:

;gg (E[msxx u(s,d) + BV (s,d) + e(d)]

— E[max u(s,d) + 8V (s, d) + Et(d)])

d//

>3 inf min (f/(s, d) — V(s d))

s deD

Combining we get:

T[‘N/K‘S: d) - T[V](S/’ d/) - (T[V](Slv d,) - T[V](Slv d,))
< §(Fsa, Fslﬁd/)ﬂ(sup max (f/(s, d) — Vs, d)) — inf min (V(s, d) — Vs, d)))

ses deD s deD

= (S(Fs,d> Fs’,d’)ﬂ sup “7(57 d) - ‘7(5/? d/) - (V<37 d) - V(S/a d,)) ‘

s,8'€S,d,d' €D
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Since the same reasoning holds with V and V switched we get:

}T[‘N/Ksa d) - T[V](S/’ d,) - (T[V](Slv d,) - T[V](Slv d,))l
< §(Fsa, Fga)B  sup |‘~/(s, d) - V(s d) - (\7(3, d)y—V(s, d))]

s,8'€S,d,d'eD

Now, V is a fixed point of T" and it must be bounded because u is bounded and

E[maxgep €:(d)] < co. Thus the above implies:

}T[\N/](s, d) — T[f/](s', d) — (V(s’, d)—V(s, d’))|
< §(Fsa, Fga)B  sup |‘~/(s, d)— V(s d)— (V(s,d) = V(s,d))|3.6.1)

s,8'€S,d,d' €D

Taking the supremum over both sides:

sup  |T[V](s,d) — T[V](s',d) — (V(s'.d) = V(s,d))]

s,8'€S,d,d' €D
< sup  0(Fsa, Fya)B  sup |f/(s, d)—V(s,d)— (V(s,d) - V(s d))]|
s,s'€S,d,d'€D s,s'€S,d,d' €D

By the reverse triangle inequality:

sup }f/(s, d) — f/(s', d) — (V(s', d)—V(s, d’))!

s,8'€S,d,d' €D

- sup  |T[V](s,d) = T[V](s',d') = (V(s.d) = V(s,d))]
s,8'€S,d,d' €D

< sup  0(Fsa, Fya)B  sup |17(s, d) -V (s,d)— (V(s,d) = V(s d))]
s,s'€S,d,d' €D s,s'€S,d,d'€D

Since §(Fsq, Fy )8 < B < 1 we can solve to get:

sup  |V(s,d) = V(s,d)— (V(s,d) - V(s,d))|
s,8'€S,d,d'eD
1
1- SUDs s/eS.d,d'eD 6<F8,d7 FS’,d’)ﬁ

X sup  |T[V](s,d) — T[V](s',d) — (V(s.d) - V(s,d))| (3.6.2)

s,8'€S,d,d' €D
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Also by the triangle inequality:

|\7(3, d) — f/(s’, d)—[V(s,d)— V(s d)|
< |TWV](s,d) = T[VI(s',d) = [V(s,d) = V(s,d)]|

+ |T[V](s,d) = TV|(s',d) = [V(s,d) = V(s,d)]]
Substituting using (3.6.1) we get:

V(s,d) = V(s d)—[V(s,d) = V(s )|

< [TV](s,d) = TV](s',d) = [V(s,d) = V(s d)]|
+ O(Fsa, Foa)B  sup |‘~/(s, d) =V (s,d)— (V(s,d) = V(s d))]

s,s'e€S,d,d' €D

And so from (3.6.2):

V(s,d) =V (s',d)—[V(s,d)— V(s )]

< |T[V](s,d) = TIV)(s',d') = [V(s,d') = V(s',d)]
( §(Fya, Foa)B
1- SUP; s'eS,d,d'eD 5(F8,da Fs/,d’)ﬁ

X sup  |T[V](s,d) — T[V](s',d') — (V(s',d) = V(s,d)) ‘)

s,8'€S,d,d' €D

Taking the supremum over the RHS we get:

V(s,d) = V(s',d) = [V(s,d) = V(s d)]
< (1 - Sup578/637d7dlep 5(Fs,d, FS’,d’)/B + 5(Fs,d7 FS,,d’)/B
o I = sup; yesaaep O(Foa, Foar)p

X sup  |T[V](s,d) — T[VI(s',d') — (V(s',d) = V(s,d)) ‘)

s,8'€S,d,d' €D

The conclusion then follows immediately.

Proof Theorem 2. First we show that for any s,s’ € S and d,d’ € D:
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TV (s,d) — TV(s',d")| < 6(Fyq, Fy.a)by

By the definition of 7"

TV](s,d) = T[VI(s',d)
= E[Bmax u(S, d") + BV (Sp1,d") + €11(d)]|S: = s, Dy = d

— E[E[max u(s',d") + BV (s',d") + e41(d")]|S; = §', D; = d']

d//eD

Using independence of €;,; and Sy the right-hand side above is equal to:

d"eD

[ Bl us". ') + BV ") 4 e d(Fra = Fo)

As in the proof of Theorem 1 we can apply elementary properties of the total

variation distance to get:

/g(x)d(Fs,d - Fs’,d’) < 5<F8,d7 Fs’,d’) sup g(l‘) - g(CL’/)
z,z’' €S(s,d)US(s’,d")

/E[max u(s",d") 4+ BV (s",d") + e,(d")d(Fyq — Fy.ar)

d"eD

IN

s'eS d'eD

(Fsa, Fo ar) (sup Elmax u(s",d") + /BV(S”, d") + e,(d")]

s'eS d"eD

— inf Elmax u(s",d") + BV (s",d") + et(d”)]>

= §(Fsq, Fslyd/)( sup E[max u(s”,d") + BV (s",d") + e(d")]

s',s€ES d"eD

—E[max u(s",d") + BV (s",d") + et(d”)])

d"eD

It is easy to see that for any s’ € S:
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deD d'eD

E[max u(s,d) + 8V (s,d) + (d)] — E[max u(s',d) + BV (s',d) + et(d)])

<max (u(s,d) + BV (s,d) — u(s',d) + BV (s, d))

deD

And so in all:

TV(s,d) = TV](s',d)

<§(Fyg,Fya) sup  (u(s,d) + BV (s,d) —u(s',d) + BV (s, d))

s,8'€S,deD,

:5(Fs,d7Fs’7d’)| sup (u(s,d) +B‘7(Sad> - U(S/,d) +ﬂ‘7(3,7d)>|

s,8'€S,deD,

By symmetry:

T[V(s.d) = T[V](s', )

S(S(Fs,da Fs’,d/)| ’E}SHCDIED (U(S, d) + ﬁV(S, d) o u(3/7 d) + 6‘7(5/7 d)) |

:5<Fs,d7 Fs’,d’)bf/

Now adding and subtracting terms, for any (s*,d*), (s**,d**) € A:

TIV](s,d) = TIV(s',d) = [V(s,d) = V(s', )]

= TV|(s",d*) + T[V](s,d) — T[V](s*,d)

= TWV(s™, ") + T[V](s™,d") = T[V](s',d)
— [V(s,d) = V(s,d)]

< TV(s",d") + |T[V](s,d) = TIV](s",d")]

= TV)(s™,d™) +|TV(s',d) = T[V](s™,d™)|

— [Vis,d) =V (s, d)]
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Using the bound we derived earlier we get from the above:

T[‘N/K& d) - T[V](Sla d,) - [‘7(57 d) - V(S/7 d/)}
< TVI(s*,d*) + 6(Fsa, For g )by

— TIVI(s™,d™) + 0(Fy ar, Fsws ae+ )by

— [Vis,d) =V (s, d)]

Since the above holds for any (s*,d*), (s**,d**) € A we can choose these to mini-

mize it:

TIV](s,d) = TIVI(s',d) = [V(s,d) = V(s', )]

< min {T[V](s",d") + 6(Fya, For 4 )b}
(s*,d*)eA

—  max {T[V](s*,d*) = 6(Fya, Fea )by }
(s*,d*)eA

- [V<Sv d) - V(S,7 d/)]

Taking the supremum of both sides above over s,s € § and d,d € D and noting

that by symmetry:

sup  T[V](s,d) = T[V|(s',d) - [V(s,d) = V(s',d')] >0

s,8'€S,d,d' €D

We get the result. O

Proof Theorem 3. Let B be defined by:

B = sSup |[T[V](Slv d,) - T[V](S7 d)] - [V(S/7 d/) - ‘N/(S’ d)m

s,s'€S,d,d' €D

Fix some 7 > 0. Recall B is defined by:

B=  max {|TIV](s,d) = TIVI(s\d) = [V(s,d) = V(s d)]]}
= ax, (TV](s,d) = V(s,d)) — (J,Zl/iféA (TIV)(s', d') —

(s, d/))
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A linear combination of two uniformly continuous functions is also uniformly con-

tinuous, and so s — T[V](s,d) — V (s, d) is uniformly continuous for each d € D, there

must exist some 7; > 0 so that for every d € D:

sup  |(T[V](s.d) — V(s,d)) — (T[V)(s'sd) — V(s', )| <

1
5,5/ €8:||s—s/||<n 4

So suppose that for any d € D and s € S there is an s’ with ||s — /|| < 7, and
(s',d) € A, then:

sup min  |(T[V](s,d) — V(s,d)) — (T[V](s'.d) = V(s',d))| <

1
-7
S€S,deD s'eS:(s',d)eA 4

And so:
~ ~ ~ ~ 1
su T\Vi(s,d) —V(s,d) — max (T|V|(s,d) —V(s,d)) < -7
s (TIV)d) = V(s ) = mas (T1V](s,d) = V(s,0) < §
And:
~ ~ ~ ~ 1
. _ I B 1
ot (TV(s,d) = V(s,d)) (s{g)lgA(T[V](s,d) Vis,d) <77
And so:
1
B — E S 5’7’

Next, recall the definition of B:
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B= sup L min {T[f/](s*, d*) + 6(Fsa, FS*7d*)l_)‘~/}

s,s'€S,d,d'eD | (s*.d*)eA

— max {T[VI(s",d") = 6(Fu . For )by} — [V(s.d) — V(s )]

(s*,d*)eA
— su mlIl T ,d* . T ‘”/ s, d
S,S’ES,dI,)dleD Ls Jd* eA{ ) [ ]( )

+ (6(Fua, Fur ) = 6(Fua, Faa)) by }

TIV|(s',d) — T[V](s*, d"
+(s}gyl€A{ (s',d) = T[V](s", d")

+ (0(Fyar, Fora) — 6(Fyar, Fo ) by }

—[(V(s,d) = T[V](s,d)) + (TV)(s',d') = V(s',d))]

Where we have used that 6(Fs4, Fsa) = 0(Fya,Fyw) = 0. By the triangle
inequality, the RHS of the final equality above is bounded by:

2 sup min |T[‘~/](S*> d*) - T[V](S, d) + (6(F57d7 Fs*,d*) - 5(F57d7 Fs,d))Bf/’

s€S8,deD (s*,d*)EA

+B

A linear combination of two uniformly continuous functions is uniformly continu-
ous and so (s,s') — T[V](s,d) + 6(Fy 4, Fs4)by is uniformly continuous for all d € D.

It follows that for some 7y > 0:

sup ITIVI(s',d) — T[V](s,d) + (6(Fsa, Fy.a) — 8(Fsa, Fiq))by| <

1
s,8’€S:||s—¢'||<n 4

For all d € D. So suppose that for any d € D and s € S there is an s’ with
l|s — §'|| < me and (s',d) € A, then:

sup  min [T[V](s*,d*) = T[V](s,d) + (§(Fyg, Fsr a+) — 6(Fya, Fsa))by| <
s€S,deD (s*,d*)EA

T

N | —
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And so:

B—-B< -1

1
2

Finally, for dense enough A, for any d € D and s € S there is an s’ with ||s—5'|| <
min{n;,ne} and (s’,d) € A and hence:

B-B<r

7 was chosen arbitrarily and so as the density of A grows to infinity B—B — 0. [
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