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Abstract

Earth atmospheric remote sensing is an inverse problem that fits surface and at-
mospheric models to imaging spectrometer data and is critical to the analysis of
the composition and biodiversity of the Earth surface. Current methods for remote
sensing generally involve retrieving a point estimate of the surface reflectance and
atmospheric parameters.

This thesis presents a more robust Bayesian approach to quantify the uncertainty
of the retrieval, but this is computationally intractable given the high dimensionality
of the problem. In many Bayesian inverse problems, however, there exists a low-
dimensional likelihood-informed subspace that describes both optimal projections of
the data and directions in parameter space that are most informed by the data.

In the Bayesian approach, Markov chain Monte Carlo (MCMC) is implemented
within this low-dimensional subspace to increase sampling efficiency. For an example
retrieval, reducing the parameter dimension by a factor of 4 increased the effective
sample size of the MCMC chain by more than two orders of magnitude. This low-
dimensional subspace was shown to be able to capture the key features of the posterior
structure from a higher dimension. The posterior variance obtained through MCMC
was also shown to better represent the uncertainty of the problem over the existing
method.

Thesis Supervisor: Youssef Marzouk
Title: Professor, Aeronautics and Astronautics
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Chapter 1

Introduction

1.1 Motivation

Earth atmospheric remote sensing is the acquisition of parameters on the Earth sur-

face from satellites. Remote Visible/ShortWave InfraRed (VSWIR) imaging spec-

troscopy is a common remote sensing tool used to analyze the composition and bio-

diversity of the Earth surface. In particular, this is used in the Surface Biology and

Geology (SBG) study initiated by the NASA Jet Propulsion Laboratory [10].

The goal of this remote sensing problem is to infer a set of parameters on Earth

given images taken by satellites. This process is known as a retrieval. Each pixel of

the image contains radiance data along a spectrum of wavelengths in the shortwave

infrared and visible range from 350 to 2500 nm. A set of Earth surface parameters are

inferred, with each surface parameter corresponding to the same spectrum of wave-

lengths as the radiance data. These parameters indicate the surface reflectance at the

specified wavelength. Additional parameters describing the atmospheric conditions

of the retrieval are also inferred.

Figure 1-1 shows a retrieval of a plain grass lawn at the California Institute of

Technology. The imaging spectrometer records a spectrum of radiances and the sur-

face reflectances across the same range of wavelengths is estimated.
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Figure 1-1: Example retrieval on a grass lawn

[13] outlines the current methodology used for remote sensing problems, referred

to as optimal estimation (OE). The parameters are inferred through an optimization

problem to obtain a maximum a posteriori (MAP) estimate. The covariance is es-

timated using the Laplace approximation as a function of the local Jacobian at the

MAP estimate.

The main motivation behind this research is to improve the uncertainty quan-

tification of the retrieval using a Bayesian approach. In the current approach, the

retrieval returns a point estimate and the uncertainty is approximated using a locally

linear gradient. Newer technologies being used in recent missions require exploiting as

much information as possible from the observed data. The Bayesian approach returns

a posterior distribution, an improvement upon a point estimate. For example, certain

applications of the remote sensing problem are expected to have a non-Gaussian and

multimodal posterior distribution, which cannot be characterized using the current

approach.
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However, the high dimensionality of this remote sensing problem poses a challenge

to this approach. The efficiency of sampling algorithms deteriorate quickly with

dimension, rendering this particular problem very computationally expensive. We

explore methods of dimension reduction to make this approach more tractable.

1.2 Literature Review

1.2.1 Bayesian Inverse Problems

The Bayesian approach to inverse problems returns a posterior distribution condi-

tioned on the observed data. Given radiance data collected from the imaging spec-

trometer, a posterior distribution of the inferred surface and atmospheric parameters

can be obtained instead of a point estimate of the posterior mode. Quantities of

interest such as posterior mean and posterior covariance can then be computed from

this distribution. These posterior expectations are typically computed using sampling

methods such as Markov chain Monte Carlo (MCMC).

Bayesian methods are based on Bayes rule, which relates the posterior distribution

to the prior �(x) and likelihood �(yjx) distributions,

�(xjy) =
�(yjx)�(x)

�(y)
/ �(yjx)�(x): (1.1)

The setup of an inverse problem is to infer a set of parameters x given a set of

observed data y modelled by

y = f(x) + �; (1.2)

where f(x) is the forward mapping from parameters to data and � is a random variable

representing the noise and model error.

A simple but common version of this problem is when the prior and likelihood are
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both Gaussian,

x � N (�pr;�pr)

yjx � N (0;�obs);

where �pr and �pr are the prior mean and covariance, and �obs is the noise covari-

ance. For a linear inverse problem f(x) = Gx, the posterior is also Gaussian with

distribution

xjy � N (�pos;�pos):

In this case, we can obtain closed form expressions for the posterior mean and covari-

ance,

�pos(y) = �pos(G
>��1

obsy + ��1
pr �pr) (1.3)

�pos = (H + ��1
pr )�1; (1.4)

where H = G>��1
obsG is the Hessian of the negative log likelihood, or data misfit

function.

When the forward model is nonlinear, the posterior distribution is generally not

normally distributed and there is no closed form expression for the mean and covari-

ance. In this case, methods such as MCMC can be used to characterize the posterior

by drawing samples from the distribution.

1.2.2 Markov Chain Monte Carlo

Markov chain Monte Carlo (MCMC) is used to generate samples from a random

variable with an arbitrary target distribution known up to a normalizing constant

[5]. In the context of inverse problems, this target is the posterior distribution.

For the remote sensing problem, we consider the Metropolis-Hastings and Adaptive

Metropolis algorithms.
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Metropolis-Hastings

Metropolis-Hastings is the most basic algorithm for MCMC. A Markov chain is con-

structed using a new proposal at every step and a mechanism that determines whether

to accept or reject the proposal. This is described in Algorithm 1.

Initializing the Markov chain at x(0), proposed samples are drawn according to

the proposal distribution q( � jx(i)) centered at the most recent sample x(i). These

proposed samples are added to the chain with acceptance probability �, which is a

function of the posterior density �( � jy). The normalizing constant is not required

since they would cancel in the numerator and denominator.

Algorithm 1: Metropolis-Hastings MCMC
Initialize x(0)

for i = 1; : : : ; Nsamp do
Proposal sample z � q( � jx(i))

x(i+1) =

8>><>>:
z with probability �(x(i); z) = min

�
1; �(zjy) q(x(i)jz)

�(x(i)jy) q(zjx(i))

�
x(i) otherwise

end

If the proposal distribution is Gaussian, q( � j � ) in the numerator and denominator

would cancel due to symmetry. The acceptance probability then becomes �(x(i); z) =

min
�
1; �(zjy)

�(xjy)

�
.

Adaptive Metropolis

The Adaptive Metropolis algorithm [8] provides a way to determine the proposal

distribution as more samples are added. The proposal, qi( � jx(0); : : : ; x(i�1)), depends

on the covariance of the previously accepted samples to better adapt to the posterior

structure. This distribution is defined to be normally distributed with mean x(i�1)

15



and covariance given by

Ci =

8>><>>:
C0 i < i0

sd cov(x(0); : : : ; x(i�1)) + sd�Id i � i0

(1.5)

where C0 is some initial proposal covariance defined for the first i0 samples, cov is

the sample covariance, sd is the scaling factor that depends on dimension d, and � is

a small value to ensure that Ci is positive definite.

The choice of C0 and sd affect how quickly the proposal distribution adapts to the

posterior structure and therefore the acceptance rate that leads to better mixing. As

a rule of thumb, sd = 2:382

d
is sufficient for most implementations. From the properties

of sample covariance, the proposal covariance can be computed at low cost using the

update formula for i � i0,

Ci+1 =
i� 1

i
Ci +

sd
i

�
i�x(i�1)�x(i�1)> � (i+ 1)�x(i)�x(i)> + x(i)x(i)> + �Id

�
: (1.6)

1.2.3 Methods of Dimension Reduction

Many of the problems that occur in physical applications are high-dimensional, which

significantly impedes the performance of MCMC. Several methods of dimension re-

duction in the parameter space have been studied with the goal of accelerating MCMC

in these problems, including active subspaces, certified dimension reduction, and the

likelihood informed subspace.

These methods exploit problem structure to construct a low-dimensional data-

informed subspace. The directions of the parameter space are ranked based on how

informative the data are to the parameters. This is done using a function of the

likelihood integrated over either the prior or posterior distribution. These directions

are truncated at some threshold to form a basis for the low-dimensional subspace in

which MCMC can be executed.

In the method of active subspaces [2], the active subspace is defined by the eigen-

vectors of a matrix defined using the negative log-likelihood, or data misfit function,

16



and integrated over the prior. In certified dimension reduction [15], the data-informed

subspace is defined by the eigenvectors of a similar matrix but integrated over the

posterior distribution. The method of the likelihood informed subspace [3] determines

the low-dimensional subspace using a generalized eigenvalue problem involving the

prior covariance and the Hessian of the negative log-likelihood. The Hessian is com-

puted by integrating over the posterior. The likelihood informed subspace is used for

dimension reduction in this research and is described in detail in Chapter 3.

1.3 Research Objectives

There are two main objectives for this research.

1. Implement a Bayesian method to solve the remote sensing inverse problem. This

allows for an improved characterization of the posterior distribution. Markov

chain Monte Carlo (MCMC) is used as the posterior sampling algorithm.

2. Accelerate the Bayesian method to operational speeds. Implementing MCMC

on the full dimensional problem is computationally intractable. The likelihood

informed subspace (LIS) is used to reduce the dimension of the parameters to

increase sampling efficiency of MCMC.

1.4 Thesis Outline

This thesis is organized as follows. Chapter 2 describes the remote sensing problem

in detail, including the parameters and models that are used. The current methodol-

ogy is presented along with the proposed Bayesian approach. The likelihood informed

subspace is introduced in Chapter 3. For dimension reduction in the parameter space,

a method of performing MCMC within the subspace is presented for this remote sens-

ing problem. Potential applications of the LIS are discussed for data space dimension

reduction. For both the parameter and data spaces, the performance of the LIS is

evaluated in the linear Gaussian case by comparing the posterior mean and covari-

ance determined from the low-dimensional subspace and the full-dimensional space.
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Chapter 4 presents the numerical results of the method of LIS in MCMC, includ-

ing diagnostics, comparisons of the posterior distribution, and comparisons across

different dimensions of the LIS.
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Chapter 2

The Atmospheric Remote Sensing

Problem

In the remote sensing problem, the goal is to infer a set of parameters x 2 Rm, also

referred to as the state vector, given a set of observations y 2 Rn. Light reflected

off the Earth surface undergoes radiative transfer through the atmosphere, which

is modelled by a forward function. The satellite observes a radiance that is used to

infer the surface reflectance. The current methodology is known in the remote sensing

community as optimal estimation (OE). In the proposed approach, we use MCMC to

obtain a full posterior distribution. Dimension reduction is also implemented for this

Bayesian approach to make it computationally tractable.

Optimal estimation is implemented in the Imaging Spectrometer Optimal Fitting

(Isofit) software package on Github 1. Isofit provides a framework for fitting surface,

atmosphere, and instrument models for imaging spectrometer data with flexibility in

modelling choice. The parameters associated with the problem setup and the forward

function are extracted from Isofit for use in the new methodology. These include the

prior on the parameters, the observation noise model, and the forward model itself.

1https://github.com/isofit/isofit
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2.1 Parameters and Data

In this particular remote sensing problem, the imaging spectrometer on the satellite

observes n = 425 radiance values corresponding to equally spaced wavelengths from

350 to 2500 nm. The m = 427 parameters consist of 425 surface parameters corre-

sponding to the same wavelengths and two additional parameters that describe the

atmospheric conditions.

x = [xsurf xatm]> 2 R427; y 2 R425

The two atmospheric parameters are denoted as xatm = [xAOD xH2O]. In practice,

there are many more variables in the atmosphere, but most of them can be predicted

using climatology. Aerosol Optical Depth (AOD) is the atmospheric concentration of

aerosols at 550 nm and is a measure of the scattering of radiation. This is also referred

to as the Aerosol Optical Thickness (AOT) [13]. The second atmospheric parameter

is the column precipitable water vapour (cm), which is a measure of the amount of

water in a vertical column of the atmosphere. These atmospheric parameters are

generally difficult to predict in practice and greatly influence the retrieved surface

reflectances.

2.1.1 Prior

The prior on the parameters has the following mean and covariance structure.

�pr =

264�surf
�atm

375 ; �pr =

264�surf 0

0 �atm

375 (2.1)

The prior on the two atmospheric parameters are independent. For this particular

problem, they are fixed. The AOD parameter has prior mean 0.05 with variance 0.04,

and the H2O parameter has prior mean 1.75 with variance 0.025.

The procedure that was used to determine the prior on the surface parameters

is as follows. Data from libraries of over 1400 historical reflectance spectra are clus-
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tered into 8 subpopulations, each represented by a multivariate Gaussian distribution.

These subpopulations correspond to different types of terrain on the Earth surface

that have similar characteristics, such as vegetation or aquatic environments. The

distribution with the least Mahalanobis distance from the state estimate is chosen as

the surface prior. This prior on the surface parameters is multivariate Gaussian of

dimension n = 425 and is used for the retrieval and for the Bayesian approach to this

remote sensing problem.

2.1.2 Forward Model

The forward model approximates radiative transfer through the Earth atmosphere.

The MODTRAN 6.0 Radiative Transfer Model [1] is used to generate a lookup table

for a set of reference atmospheric conditions, varying the two atmospheric parameters.

The forward model then uses linear interpolation to approximate the radiative transfer

given a state vector. The prior on the atmospheric parameters have variances larger

than the lookup table range.

2.1.3 Noise Model

The observation uncertainty covariance is obtained using the Isofit code and accounts

for instrument noise and uncertainty due to unknown parameters. The covariance

matrix is the sum of these two contributions,

�obs = �y +Kb�bK
>
b ; (2.2)

where �y represents randomness due to the instrument, such as photon and readout

noise, �b represents the uncertainty in the observation unknowns, and Kb is the

Jacobian of the observations with respect to these unknowns. The instrument noise

covariance �y is generally a diagonal matrix with each entry having the same signal-

to-noise ratio. The second term has slight off-diagonal correlations.
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2.1.4 Radiance Measurements

The imaging spectrometer on the satellite observes a radiance spectrum for each pixel

in the image. This radiance is a function of the parameters with added noise, and is

modelled by

y = f(x) + �; (2.3)

where � � N (0;�obs) is drawn from the noise model.

2.2 Current Methodology

Optimal estimation is currently used in many remote sensing problems. In OE,

the posterior distribution is characterized by a Gaussian with mean computed using

MAP estimation and covariance computed using Laplace approximation at the MAP

estimate. The log prior and log likelihood are combined into the cost function

�2(x) =
1

2
(x� �pr)>��1

pr (x� �pr) +
1

2
(y � f(x))>��1

obs(y � f(x)); (2.4)

which is minimized using nonlinear least squares optimization to produce the MAP

estimate x̂. The covariance is approximated using a local linearization,

�̂pos = (K>��1
obsK + ��1

pr )�1; (2.5)

where K = rf(x̂) is the Jacobian of the forward model evaluated at the MAP

estimate.

2.2.1 Practical Considerations

There are certain issues in the remote sensing problem that arise in practice. We

start by examining the sample retrieval shown in Figure 1-1. The wavelengths cor-

responding to the breaks in the retrieved reflectances are known as the deep water
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Figure 2-1: Retrievals with various AOD parameters

spectra. For these sets of wavelengths, almost all of the radiation is absorbed by

water vapour, and light reflected off the Earth surface is therefore not able to reach

the satellite. Most of the radiance the instrument picks up in these regions would be

due to noise. In the remote sensing community, retrieved results in the deep water

spectra are generally ignored and not displayed. There are four such bands of varying

width present in our remote sensing problem setup: near 350 nm, 1300 nm, 1800 nm,

and 2500 nm.

For higher values of the atmospheric parameters, specifically the AOD parame-

ter, the retrieval becomes more difficult. Physically, an AOD parameter close to 0

corresponds to clear skies, and a higher AOD parameter of around 0.5 or higher cor-

responds to hazy skies. Haze contributes to the scattering of light in the atmosphere,

which adds noise to the radiance observations. In Figure 2-1, it is evident that the

retrieval is much worse with an AOD parameter equal to 0.5.
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2.2.2 Improvements to Current Approach

The main issue with the current methodology is that the retrieval returns a MAP

estimate, which is a point estimate rather than a full distribution. The uncertainty

is then approximated using the Laplace approximation at this point estimate. While

this approach would be a good estimate for a problem that is approximately linear

Gaussian, this is likely not the case for a nonlinear problem. The Laplace approxi-

mation only takes into account the local linearization of the forward model. If the

forward model exhibits strong nonlinearities around the MAP estimate, the Laplace

approximation would be extremely sensitive to small changes in the MAP estimate.

Without a proper estimate of the uncertainty, it is difficult to justify the validity of

the retrieval results. This is the main motivation for turning to a Bayesian approach

for this problem.

2.3 A Bayesian Approach to Remote Sensing

Instead of a point estimate, we are interested in obtaining the full posterior distribu-

tion of the retrieval. The Bayesian approach to remote sensing involves a sampling

algorithm, usually Markov chain Monte Carlo (MCMC), to produce posterior sam-

ples.

The high-level problem setup is depicted in Figure 2-2. The true state consists

of surface reflectances and atmospheric parameters and is endowed with a Gaus-

sian prior. The radiance observation is a result of the radiative transfer of surface

reflectances through the atmosphere with some added noise. The objective is to

determine the posterior distribution of the parameters.

Sampling from the posterior is generally much more computationally expensive

than obtaining the MAP estimate through optimization. Sampling methods such

as MCMC are sensitive to parameter dimension, and the main challenge of using a

Bayesian method for this high-dimensional problem is to enable tractable computa-

tion. We investigate a method of dimension reduction using the likelihood informed

subspace to increase the sampling efficiency of MCMC.
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Figure 2-2: Remote sensing problem setup

2.4 Linearization of the Forward Model

If the atmospheric parameters are fixed, the retrieval of the surface parameters is

mostly a linear problem. In other words, the two atmospheric parameters are the

main cause of nonlinearities in the forward model.

As a result, a linearized model was developed to approximate the nonlinear radia-

tive transfer forward model. In this research, it is used to simplify the method of the

likelihood informed subspace for this particular problem. This is described in detail

in Chapter 3. The linear model can also be applied in other ways. In a multifidelity

approach to MCMC, it is used as the first pass in a delayed acceptance scheme. It

can also be used to generate computationally efficient approximations of the forward

model in a general context.

It is important to note that this linearization is not used to replace the forward

model entirely. It is simply used to enhance parts of other methods using this ad-

ditional model of lower fidelity. We are still interested in implementing a Bayesian

algorithm for a nonlinear problem.

To create the linear model, regression with various forms of regularization were
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considered, including linear least squares, Ridge, and LASSO regression. LASSO

regression was chosen because the regularization term in the objective drives many

of the coefficients to zero, resulting in a sparse linear operator matrix [14].

2.4.1 LASSO Regression

To perform the regression, samples x(i) are drawn from the prior distribution. The

corresponding samples y(i) are generated by running the parameter samples through

the forward model and adding noise.

y(i) = f(x(i)) + �(i); i = 1 : : : N; (2.6)

where �(i) � N(0;�obs). These samples are divided into two random sets of 25000

training samples and 5000 test samples.

The samples are first scaled to zero mean and unit variance

~x(i) =
x(i) � �x

�x
; ~y(i) =

y(i) � �y
�y

(2.7)

where �x 2 Rm is the mean of the training samples, �x 2 Rm is the square root of the

variance, and �y 2 Rn and �y 2 Rn are the corresponding mean and variance for the

radiance training samples. In the remote sensing problem, the parameter dimension

is m = 427 and the dimension of the data is n = 425.

In a general sense, we seek a linear operator G to approximate the forward model

f(x) � Gx. Regression is performed separately for each of the n radiances. Using

the scaled samples, the objective function for the scaled operator ~G is given by

~Gi = arg min
�




~y(i) � �>~x(i)



2

2
+ �k�k1 ; i = 1 : : : n; (2.8)

where � is the regularization parameter and ~G = [ ~G1 : : : ~Gn].

The linear operator ~G is computed using these scaled samples and the scaled

predicted radiance is ~̂y = ~G~x. The predicted radiance in canonical units using this
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linear operator is

ŷ = �y ~G��1
x (x� �x) + �y: (2.9)

2.4.2 Tuning the Regularization Parameter

The regularization parameter � was tuned by analyzing the error from the regression.

The training error is defined to be the mean squared error of the training samples

and the predicted samples,

�train =
1

Ntrain

NtrainX
i=0




~y(i) � ~G~x(i)



2

: (2.10)

Similarly, the generalization error is defined using the test samples,

�gen =
1

Ntest

NtestX
i=0




~y
(i)
test � ~G~x

(i)
test




2

: (2.11)

The regularization parameter was tuned by repeating the regression using sev-

eral parameters ranging from 10�5 to 100 and analyzing the generalization error. In

general, the generalization error was lowest for orders of magnitude around 10�3 and

10�2 for all n radiances, with very little variation in this range of �. The value of

� = 10�3 was therefore chosen from this analysis.

The final values of training and generalization error are plotted in Figure 2-3. Since

the variables are scaled, the error can be interpreted as a percent. The generalization

error is below 10 percent for much of the radiances, which is acceptable. However,

there are regions where the error is more significant, such as around 1000 nm and

around the deep water spectra at 1500 and 2000 nm. This is expected to be caused

by the nonlinearities from the atmospheric parameters that are unable to be captured

by a linear model.

Figure 2-4 compares the linearized model with the nonlinear radiative transfer

model for a sample parameter "truth". For this particular example, the radiance

prediction is very close to the nonlinear model.

27



Figure 2-3: Errors in LASSO regression

Figure 2-4: Comparison of linear and nonlinear forward models
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2.4.3 Linear Operator

The structure of the linear operator ~G obtained from LASSO regression is significant

in understanding the remote sensing problem. The sparsity plot is shown in Figure 2-

5. The horizontal axis is the index of the m = 427 parameters and the vertical axis

corresponds to the n = 425 radiances. The points corresponding to the atmospheric

parameters and are circled in red.

The structure of ~G is consistent with the qualitative features of the forward model

that are known. Except for the rows around index 200 and 300, which represent

the deep water spectra, the banded structure suggests that radiances are mainly

affected by parameters close in wavelength, which is consistent with the physical

interpretation. Apart from small scattering effects in the atmosphere, we would not

expect much mixing across wavelength channels, especially those that are far apart.

The two atmospheric parameters influence most of the radiances across the entire

spectrum, which also adheres to the physical interpretation of reflectances travelling

through the atmosphere to reach the instrument.

Analyzing the structure not only reinforces our understanding of the forward

model, but it also allows exploitation of the most prominent features. For exam-

ple, the sparse nature of the matrix allows for fast approximations of the forward

model when used in methods such as multifidelity MCMC while retaining the key

features of the forward model.
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Figure 2-5: Sparsity plot of the linear operator
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Chapter 3

Dimension reduction using the

likelihood informed subspace

The high dimensionality of the remote sensing problem poses a challenge for the

Bayesian approach. A reduction in the number of parameters can significantly in-

crease the sampling efficiency of MCMC. T. Cui et al [3] proposes a method for di-

mension reduction for such inverse problems using the likelihood informed subspace.

This subspace can be defined in either the parameter space or the data space [9] [6].

We focus mainly on parameter space dimension reduction so that we can sample the

posterior parameters using MCMC.

In this section, the likelihood informed subspace (LIS) is introduced along with its

integration with the MCMC algorithm. The performance of the LIS is evaluated using

metrics for both the posterior mean and covariance. Finally, dimension reduction in

the data space is discussed.

3.1 Parameter Space Dimension Reduction

We first present a conceptual overview of the likelihood informed subspace applied

to the parameter space. Then we describe the general methodology of parameter

space dimension reduction for nonlinear inverse problems, followed by a gradient-free

approach using a linearized forward model.
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3.1.1 Overview

The idea of the likelihood informed subspace is to determine a subspace in which the

data is more informed than the prior. This is most prominent when the prior-to-

posterior update has a low-rank structure. Generally, the variance of the posterior is

reduced with respect to the prior after the data is observed because the information

gained from the observation reduces the uncertainty in the parameters. However, the

amount of variance reduction differs in each direction of the parameter space. The

likelihood informed subspace captures the directions with the greatest reduction in

variance. This concept is visually depicted in Figure 3-1.

Figure 3-1: Visualization of the likelihood informed subspace

The parameter space can be split into the likelihood informed subspace, denoted

by Xr, and the complementary subspace, denoted by X?. The likelihood informed

subspace contains the directions that are most informed by the data. The low-rank

prior-to-posterior update affects the variance in these directions the most. In the

complementary subspace, the posterior remains largely unchanged from the prior.

When applied to a posterior sampling method, the idea is to divide the parameter

space in this way so that sampling only needs to be performed in the low-dimensional
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likelihood-informed subspace Xr. Since the posterior in the directions of the comple-

mentary subspace remain approximately equal to the prior, the samples for X? can

simply be drawn from the prior distribution.

3.1.2 Construction of the Subspace

Consider the following Rayleigh ratio involving the Fisher information matrix H(x) =

rf(x)>��1
obsrf(x) and the prior precision matrix,

R(x) =
x>H(x)x

x>��1
pr x

: (3.1)

The numerator is a measure of information gained from the observation in the x di-

rection of the parameter space. This Rayleigh ratio provides a quantitative valuation

of the information gained from the data relative to the prior. The likelihood informed

subspace aims to determine the directions in which this Rayleigh quotient is max-

imized, which maximizes the information gained through observing the data. This

concept arises in the form of a generalized eigenvalue problem that involves H(x) and

��1
pr .

The likelihood informed subspace is constructed using the eigenvectors of a gener-

alized eigenvalue problem involving the prior and observation noise covariances. For

the nonlinear case, the local generalized eigenvalue problem is given by

H(x)�i = �i�
�1
pr �i; (3.2)

where H(x) is the Hessian of the data misfit function at x and is equivalent to the

Fisher information matrix. The rank-r local LIS basis is defined using the first r

eigenvectors vi.

The eigenvectors vi corresponding to the largest eigenvalues represent the direc-

tions of the parameters in which the data is most informative in determining the

parameters relative to the prior. In other words, most of the information from the

data is captured in the first r directions of the parameter space.
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Since the Hessian varies over x, the average Hessian over the parameter space is

required to construct a global subspace. For this method, the average is computed

by taking the expectation of the Hessian over a set of posterior samples fx(k)g; k =

1 : : :M . This is done by first approximating the local Hessian at each posterior sample

x(k) by writing it as an eigendecomposition truncated at some L(k),

H(x(k)) �
L(k)X
i=1

��
(k)
i �v

(k)
i �v

(k)
i
>: (3.3)

The global Hessian is then computed using Monte Carlo over the approximate local

Hessian.

The eigenvalue problem for the global likelihood informed subspace becomes

�
1

M

MX
k=1

L(k)X
i=1

��
(k)
i �v

(k)
i �v

(k)
i
>
�
�j = �j�

�1
pr �j: (3.4)

The global LIS basis is given by �r = [�1; : : : ; �r]. The complementary basis is given

by �? = [�r+1; : : : ; �m]. We also define the matrices �r = ��1
pr �r and �? = ��1

pr �?

that are used to transform the parameters from the canonical parameter space to the

respective subspaces.

3.1.3 MCMC Sampling in the Low Dimensional LIS

Given the basis for the likelihood informed subspace, the next step is to allow MCMC

to sample within this low-dimensional subspace of the parameter space. The param-

eters x can be split into the LIS and complementary components using the projector

�r = �r�
>
r .

x = �rx+ (I � �r)x (3.5)
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The matrices �r and �? are used to represent x in the lower-dimensional LIS and

complementary coordinates.

xr = �>r x; x? = �>?x (3.6)

The matrices �r and �? transform these parameters back to the original parameter

space. Equation 3.5 can also have the form

x = �rxr + �?x? (3.7)

The prior can be written as a product of the priors in the LIS and complementary

components.

�(x) = �r(xr)�?(x?) (3.8)

The posterior distribution can be approximated using the likelihood conditioned on

the parameters in the low dimensional subspace instead of the full parameter space.

~�(xjy) / �(yjxr)�(x) = �(yjxr)�r(xr)�?(x?) (3.9)

The LIS parameters xr can then be sampled from the low rank posterior, and the

parameters in the complementary subspace, x? are sampled from the complement

prior.

xr � ~�(xrjy) / �(yjxr)�r(xr) (3.10)

x? � �?(x?): (3.11)

The full rank posterior samples are simply the sum of these two components trans-

formed back to the original parameter space, as written in Equation 3.8.

In this way, MCMC sampling is only performed on xr, which has dimension r

instead of m. Depending on the choice of r, this can have a significant effect on the
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sampling efficiency.

The process of implementing MCMC using the likelihood informed subspace is

described in Algorithm 2. In practice, the samples are centered at the beginning of

each MCMC chain to be equal to zero in the parameter space.

Algorithm 2: MCMC in the likelihood informed subspace

Initialize posterior sample set X (1)
r = fx(0)g; x(0) = xmap

Initialize complementary sample set X (1)
?

for j = 1; : : : ; J do

Construct global LIS basis over X (j)
r and obtain �r, �?, �r

Run L(j) samples of MCMC chain, fx(1)
r ; : : : ; x

(L(j))
r g

Update posterior sample set, X (j+1)
r = X (j)

r [ f�rx
(1)
r ; : : : ;�rx

(L(j))
r g

Obtain L(j) samples from the complement prior, fx(1)
? ; : : : ; x

(L(j))
? g

Update complementary sample set,

X (j+1)
? = X (j)

? [ f�?x(1)
? ; : : : ;�?x

(L(j))
? g

The set of posterior samples in the original parameter space is the element-wise

sum of the sets X (J)
r and X (J)

? .

3.2 LIS using the linearized model

The construction of the likelihood informed subspace can be simplified if the forward

model is linear. A linear model eliminates the need for local gradients of the forward

model. Furthermore, the process of MCMC sampling within the LIS can be simplified

since samples from the posterior are no longer required to determine the LIS basis.

This can be exploited in our remote sensing problem given the relatively good fit of

the linear model, as determined in Chapter 2.

If the forward model is linear, f(x) = Gx, the Hessian simplifies to a constant for

all x,

H = G>��1
obsG: (3.12)
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Figure 3-2: Eigenvalue decay for the LIS eigenvalue problem

The generalized eigenvalue problem can then be written as

G>��1
obsG�i = �i�

�1
pr �i: (3.13)

Unlike for the general case, this eigenvalue problem only needs to be solved once since

it is not a function of x. The resulting basis given by �r = [�1 : : : �r] is the global LIS

basis. Figure 3-2 plots the eigenvalue decay for our remote sensing problem using the

linearized model.

Obtaining a global basis using the linearized model greatly simplifies the im-

plementation of MCMC in the likelihood informed subspace. This is described in

Algorithm 3.
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Algorithm 3: MCMC in the LIS obtained from the linear model
1. Solve generalized eigenvalue problem, obtain matrices �r, �?, �r

2. Initialize MCMC chain x
(0)
r = �>r xmap

3. Run Nsamp samples of the MCMC chain, fx(1)
r ; : : : ; x

(Nsamp)
r g

4. Obtain Nsamp samples from the complement prior, fx(1)
? ; : : : ; x

(Nsamp)
? g

5. Project back to the full-dimensional parameter space

x(i) = �rx
(i)
r + �?x

(i)
? ; i = 1; : : : ; Nsamp

For this problem, we exploit the property of the forward model that it is mostly

linear save for the two atmospheric parameters. Instead of computing local linear

approximations of the gradients of the forward model, we use the global linear ap-

proximation of the forward model gradient. There are two main benefits to doing

this.

• Since the eigenvalue problem produces a global basis for the likelihood informed

subspace, the construction of this basis can be treated as a preprocessing step.

Once the basis is computed, only one single MCMC chain is required to obtain

all posterior samples. The basis does not need to be reconstructed based on

newly obtained posterior samples.

• The resulting method for MCMC in the likelihood informed subspace is a

gradient-free method. This is useful when gradients of the forward model are

unavailable or expensive to compute.

3.3 Evaluating the posterior from LIS

The optimality of the likelihood informed subspace for the linear Gaussian case is

proven in [12]. Although the linear model in the remote sensing problem is only used

to determine the subspace and not directly used to determine the posterior, this sec-

tion investigates the case for which the posterior mean and covariance are computed

with the linear model using Equations 1.3 and 1.4. This is done to demonstrate
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the improvement of the likelihood informed subspace over the common method of

principal component analysis (PCA). The linear Gaussian assumption does not apply

to remote sensing application because the nonlinear model leads to a non-Gaussian

posterior distribution.

For the linear Gaussian case, the posterior covariance can be computed as a low-

rank update to the prior. Using the notation in Equation 3.13, the analytical expres-

sion for the rank-r posterior covariance is

�LISpos = �pr �
rX
i=1

�i
�i + 1

�i�
>
i : (3.14)

For a rank-zero subspace, the posterior is equal to the prior. As more directions are

added in the subspace, the variance in those directions are reduced from prior to

posterior given the data.

We compare the performance of LIS and PCA for a sequence of subspace dimen-

sions with respect to the full dimensional posterior. The main difference between

PCA and LIS is that while PCA identifies the principal directions of the parameter

space, LIS identifies the directions in the parameter space that are most informed by

the data, which leads to an improved posterior. The eigenvalue problem for PCA is

set up such that the construction of the posterior covariance has the same form.

�
�pr � �pos

�
wi = 
iwi (3.15)

The regular eigenvalue problem for PCA only involves the prior and posterior

covariances and does not include the observation noise covariance. The eigenvalues

are plotted in Figure 3-3.

Using PCA, the rank-r posterior covariance is

�PCApos = �pr �
rX
i=1


iwiw
>
i : (3.16)

The low-rank posterior covariance is then used to determine the posterior mean
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Figure 3-3: Eigenvalue decay of the parameter space PCA problem

given an instance of the data.

�LISpos = �LISpos (G>��1
obsy + ��1

pr �pr) (3.17)

�PCApos = �PCApos (G>��1
obsy + ��1

pr �pr) (3.18)

3.3.1 Posterior covariance

To demonstrate the improvement of LIS over PCA, we first compare the posterior

covariance computed using the both low-rank subspaces with the full-rank posterior

covariance as determined in Equation 1.4. We use the Forstner distance metric, which

is a measure of similarity in the class of symmetric positive definite matrices.

Given two covariance matrices �A and �B, let (�i) be the sequence of eigenvalues

in the generalized eigenvalue problem

�Azi = �i�Bzi: (3.19)
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Figure 3-4: Forstner distance in posterior covariance for the parameter space

The Forstner distance is defined to be

dF(�A;�B) =

sX
i

ln2(�i): (3.20)

The comparison of the posterior covariance determined from the low-dimensional

subspace and the full-dimensional posterior covariance is displayed in Figure 3-4 for

dimensions 5 to 250. The error in posterior covariance computed in the likelihood

informed subspace is consistently lower than in PCA.

3.3.2 Posterior mean

The performance of the low-rank posterior mean can be evaluated using the Bayes

risk, which is the expected value of some loss function over the posterior. In this

case, we define the loss function with respect to the true parameter x weighted by

the posterior precision matrix. This is done so that a larger absolute difference in the

two posterior means does not indicate a larger error if the covariance is also large.
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Figure 3-5: Bayes risk in posterior mean for the parameter space

We use the following expression for Bayes risk,

R(�rpos; x) = Ey

�
(�rpos(y)� x)>��1

pos(�
r
pos(y)� x)

�
; (3.21)

where �rpos is the low-rank posterior mean obtained from either LIS or PCA and x

is the true parameter used to generate the data y. The data points were generated

in the same way as the training and test samples in Chapter 2. The parameters x(i)

are sampled from the prior, and the data y(i) are obtained by running the parameters

through the forward model and adding noise.

The comparison of posterior means using Bayes risk is shown in Figure 3-5. Com-

puting the posterior in the LIS subspace results in lower error up to a dimension of

around 200. Note that since the posterior mean determined in the low-rank subspace

is being compared to the truth instead of the full-rank subspace, the error does not

approach zero as the dimension reaches full rank.

These plots demonstrate the effectiveness of the likelihood informed subspace

at capturing the important information pertaining to the posterior within a low-

42



dimensional subspace. The LIS requires less dimensions, which is much more benefi-

cial in terms of sampling efficiency. Although this study was only done for the linear

Gaussian case, the idea can be extended to a nonlinear problem such as the remote

sensing problem.

3.4 Data Space Dimension Reduction

When applied to the parameter space, the likelihood informed subspace allows for

more efficient posterior sampling. This method can also be applied to the data space

for other applications such as data compression. In this section, we construct the

likelihood informed subspace in the data space and evaluate its performance when

used to calculate the posterior mean and covariance. For simplicity, this is done only

for the linear Gaussian case using the linearized forward model G.

In the data space, we solve a generalized eigenvalue problem that is the dual of the

parameter space problem [9] [6]. The eigenvalues are identical, but the eigenvectors

are the directions of the data space in which the data are most informative to the

parameters. The eigenvalue problem is given by

�y i = ��i�obs i; (3.22)

where �y = G�prG
> + �obs is the marginal covariance of the data. The rank-r LIS

basis for the data space is given by 	r = [ 1 : : :  r]. Note that ��i = �i + 1 in

this particular problem setup. If we take the eigenvalue pencil (G�prG
>;�obs), the

eigenvalues would be (�i).

We again compare the likelihood informed subspace to principal component anal-

ysis in the data space. PCA in the data space involves the regular eigenvalue problem

using the marginal covariance of the data

�y �wi = �
i �wi; (3.23)

where the bar denotes the data space as opposed to the parameter space. The PCA

43




