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Abstract

Recent years have seen an increase in research and practical interest that seek to lower the carbon
footprint of infrastructure and building design. Typically, carbon emissions from the built
environment are divided into two categories: operational emissions and embodied carbon. Over
the past decades, most work has focused on lowering the operational carbon, so now attention
has turned to lowering the embodied carbon, which constitutes a significant proportion of the
carbon emissions over the lifecycle of a building. Within structural design of buildings and
infrastructure, topology optimization is an emerging technology, often seeking to make
structures more materially efficient. It therefore offers a means to reduce the structural weight,
and as such, minimize the global warming potential (GWP). This research provides an
exploration of bi-material optimization problems that minimize GWP as well as compliance for a
series of representative models. Two materials are considered; one with a stiff, high embodied
carbon coefficient (ECC) material, such as steel, and a less stiff, lower ECC material, such as
timber or concrete.

This work presents multi-material topology optimization frameworks that lower the embodied
carbon for continuum design. For both cases of compliance and GWP minimization, an
additional set of design variables are used to control the material selection. The framework uses a
density-based approach to topology optimization and existing multi-material formulations. For
the design, the Solid Isotropic Material with Penalization (SIMP) method is used to penalize
intermediate material choices and finincon is taken as the gradient based optimizer. The
frameworks are demonstrated on several benchmark examples and compared between the two
optimization problems. In both cases, the stiffer material was generally placed near supports and
where loading is applied. The results show not only optimization through material selection, but
topology optimization in shape and size.
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1. Introduction

As awareness and concern of climate change has increased in recent years, the role of human
activities in exacerbating global warming is being examined as a primary contributor. This paper
looks specifically at the global warming potential of the carbon emissions produced by the
buildings sector. Buildings sector is defined here as all of the operations involved in constructing
and maintaining buildings and other infrastructure. The International Energy Agency’s Global
Status Report for Buildings and Construction found that in 2018, 39% of the global energy-
related carbon dioxide (CO2) emissions were attributable to the buildings sector (IEA & UNEP,
2019). Figure 1 shows the percentages of global CO, emissions contributed by different market
sectors, with the buildings sector partitioned into more detailed sections. The distinction between
dark and lighter blue in the chart represents the distinction made between embodied and

operational carbon when considering the emissions of a building over its entire lifecycle.
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Figure 1: Global CO: emissions by sector, buildings sector shown in blue (IEA & UNEP, 2019)

Operational carbon is defined as “the carbon dioxide and equivalent global warming potential
(GWP) of other gases associated with the in-use operation of the building. This usually includes
carbon emissions associated with heating, hot water, cooling, ventilation, and lighting systems,
as well as those associated with cooking, equipment, and [elevators],” (LETI, 2020). They also
define embodied carbon as “the carbon emissions associated with the extraction and processing
of materials, the energy and water consumption used by the factory in producing products,

transporting materials to site, and constructing the building.” Though there are alternative



definitions for these terms that may encompass more or less factors, the definitions provided here
are what will be referenced throughout the paper. In Figure 1, the light blue sections indicate the
operational carbon emissions produced from residential and non-residential buildings. The
section labelled “Construction industry” signifies the emissions contribution from the processes
required to construct a building, or, the embodied carbon. Regarding the carbon emissions
associated with a building during its lifecycle, all of the initial emissions due to construction and
materials are from the embodied carbon. Then, the majority of the emissions from the remainder
of its lifecycle results from the operation of the building, excepting those from any physical
maintenance or upgrades to the building and from its demolition. The lifecycle of a building’s

carbon emissions is exemplified in Figure 2.
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Figure 2: Lifecycle carbon emissions timeline including both operational and embodied carbon (LETI, 2020)

Referencing Figure 1 again, currently operational carbon contributes over two-thirds of the
emissions of the buildings sector. However, it is expected in future projections that as electricity
grids decarbonize and domestic appliances become more efficient, the operational carbon of
buildings will decrease (UK GBC, 2017). With this decrease in operational carbon, the influence
of embodied carbon in the total emissions output of a building will increase. Thus, reducing the

embodied carbon of a building will become more important. Achieving this can come in many



forms, such as decreasing emissions during transportation or the construction process, but what

much research focuses on is the reduction of material usage.

Since the embodied carbon of a building is directly proportional to the mass of material used, the
most straightforward way of reducing emissions is to use less material. However, it is not this
simple, as buildings are typically made out of more than one material. The metric used to
compare the emissions generated by the production of different materials is the Embodied
Carbon Coefficient (ECC), which is expressed in terms of kilograms of equivalent CO>
emissions per kilogram of material (kgCO2e/kg). These values vary extensively between
common building materials; for example, a structure built entirely out of steel will have about ten
times the embodied carbon as a concrete structure that has the same mass (Hammond & Jones,
2011). However, since steel is a much stronger and stiffer material, less mass is required to
perform comparably to concrete (BCSA, 2003). This question of how to combine materials with
the goal of reducing embodied carbon while retaining structural performance can be investigated

through topology optimization, which is the subject of this study.

a) Y:J‘>

Figure 3. Illustrates the 3 main structural optimization methods - a) sizing optimization, b) shape optimization, and
¢) topology optimization (Bendsoe & Sigmund, 2004)

Topology optimization (TO) is a type of structural optimization in which not only are the size

and location of structural features determined, but also their connectivity within a given domain,

as can be seen in Figure 3 (Bendsee & Sigmund, 2004). During this process, a mathematical

evaluation method is used to determine where material is required in the design space to achieve

an optimal performance value. Conventionally, the design formulation employs Finite Element

Method (FEM) to evaluate a compliance minimization problem, which is the minimalization



equivalent of maximizing global stiffness. Boundary conditions, such as loading and support
conditions and the dimensions of the design space, are known prior to the outset of optimization.
Constraints, usually consisting at least of the structure being subject to equilibrium, can be

applied to the problem construction to narrow the optimal possibilities to within their scope.

Within TO, there are two main approaches: ground structure and continuum. These terms
describe the design space that TO operates within. The ground structure approach is naturally
discrete and consists of a grid of nodes that are all interconnected via members. The continuum
approach is treated as a solid area that must be discretized into a mesh in order to be evaluated
through FEM. The design variable—the part of the setup that is altered to effect change—for the
ground structure is usually the cross-sectional area of the members. For the continuum, one of
the design variables must be the thickness of each mesh section, which is forced to a discrete
value to not allow intermediate thicknesses and thus represents the presence or lack of material.

How this is achieved will be explained in more detail later in this thesis.
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2. Literature Review

While it is being recognized that the buildings sector contributes immensely to global carbon
emissions, currently there exists limited research on how to incorporate designing for reduced
embodied carbon in the building design phase (Héikkinen et al., 2015). Though there is no single
solution, using lower-EC materials and optimizing structures to use less material have been
suggested to decrease the GWP of the built environment (Pomponi & Moncaster, 2016). Two
papers that investigate embodied carbon as a significant design consideration look at minimizing
GWP in multi-material trusses (Stern, 2018) (Ching, 2020). Stern used parametric design tools to
alter two-dimensional trusse geometry and material selection of member groups, comparing the
GWP required to maintain equilibrium across different material combinations. Ching also
explored structural optimization of trusses with two materials, but from a topology optimization
and FEM approach. Since these studies focused on trusses, they are limited to individual
structural components, and cannot consider structural optimization on the scale of an entire

building.

Conversely, research has been done aimed at reducing material usage within a single material
continuum system. Stromberg et al. (2011) used topology optimization to conceptually design
lateral resistance to wind loads for a building. Additionally, TO is often applied in practical
usage to minimize or constrain by weight, such as with diaphragm arrangement in the girders of
suspension bridges (Baandrup et al., 2020) and designing lightweight aircraft components (Munk
et al., 2019). If the objective is minimum weight, then compliance or stress constraints are
applied to the problem to ensure structural capacity beyond just static equilibrium (Bruggi &
Duysinx, 2012) (Navarrina et al., 2005). With performing TO with only one material, since
weight is directly proportional to volume, minimizing weight will yield the same result as
minimizing volume, or even GWP. However, when optimizing with two or more materials that
have different Young’s moduli and densities (and ECCs), the problem becomes more complex

and the tradeoffs must be considered.

Material choice can be introduced as a design variable for continuum TO through material
interpolation schemes, of which several approaches have been suggested (Bendsee & Sigmund,
1999; Yin & Ananthasuresh, 2001; Gaynor et al., 2014; Watts & Tortorelli, 2016; Sanders et al.,

2018). Multi-material continuum TO has been used to evaluate minimum compliance and weight

11



problems (Li & Kim, 2018) and for thermomechanical buckling criteria (Wu et al., 2019), among
others. However, to the author’s extent of knowledge, there exists no literature examining GWP
in multi-material continuum topology optimization. Using TO on multi-material systems during

the conceptual design phase has a large potential to reduce GWP in the buildings sector.
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3. Methodology

To explore these problems, the gradient-based optimization function fmincon was used in
MATLARB to iterate through a 2D continuum FEM script (MathWorks, 2021). The initial setup
of one of the example sections used to illustrate the TO process, the half MBB beam, is shown in

Figure 4 with its loading and support conditions.

Figure 4. Initial setup of the half MBB beam. The support conditions are rollers along the left side and one at the
bottom right corner. The force is applied in the negative vertical direction at the top left corner.

3.1 Single Material Continuum Topology Optimization

Problem Formulation

minimize f= Fld Minimum Compliance
te
subjectto  K(t¢)d =F Static Equilibrium (1
g =Deeqtév® <V Volume Constraint
tmin S t° < thhax VEE Q Bounds on t°
Where:

t¢ is the mesh element thickness

FT is the global force vector

d is the global displacement vector
K is the global stiffness matrix

v° is the mesh element area

V is the volume constraint value

13



This problem formulation describes a compliance minimization problem within the continuum
framework for a single material with a volume constraint. The design variables are the thickness
of each mesh element, which will be altered by the optimizer with the goal of making the mesh

as stiff as possible while maintaining equilibrium and without exceeding the specified volume.

As fmincon is a gradient-based optimizer, it uses the derivatives—also called the sensitivities or
gradients—of the objective and constraint functions to guide the direction of the optimization.
These sensitivities can be computed through various methods, such as finite difference and direct
differentiation, but the one used for this minimum compliance problem is the adjoint method.
With the adjoint method, the equilibrium constraint equation can be added to the compliance
equation without changing it with the term A7 (Kd — F) = 0. The A term is an arbitrary, fixed

vector.

The following equations show the new altered objective equation and how its sensitivity is

derived:

f=F'd+ AT(Kd—F) (2)

of _ prod T (9K od
ate F ore T 4 (ated +Kate) 3)

Of _ (FT 4 TR 24 4 T 9K

o= (FT+A"K) = + 2" -=d 4)
Define FT + ATK = 0, so that AT = —d (5)

Of _ 9K 4 _ _ gr 9K
Therefore Pyl A ated = —d 6ted (6)

e Ke

Define K§ = Y (7)
So that o2 = E°K§ (8)

Where E€ is the Young’s modulus of a mesh element.

Calculating the sensitivity of the volume constraint is more straightforward and is:

14



o= ©)
For more in-depth sensitivity analysis, refer to (Christensen & Klarbring, 2009).

SIMP Analysis

Since the optimization problem works with continuous variables, this means that the design
variable of mesh element thickness is allowed to have any value between the bounds of tmin and
tmax (usually O and 1, respectively). In the case of using topology optimization on a two-
dimensional section that is being loaded in-plane, however, the intention is to determine presence
of material or lack thereof. The occurrence of intermediate thicknesses—that is, values not at the
two extremes—is not practical to the application and should be designed away so that the
thickness variable is forced to become discrete. In this investigation, this is done with Solid
Isotropic Material with Penalization (SIMP), though there are also other methods (Bendsee,

1989). SIMP uses a nonlinear regularization model to make intermediate thicknesses inefficient

for the model. The equations for determining K, and (—?TIZ with SIMP are:

K, = ((te)n + tmin)EeKOe (10)

STIZ = n(te)""t E¢K§ (11)

Where 7 is a penalization parameter usually set to be 1 or 3. The effects of SIMP on an example

section can be seen in Figure 6, compared to Figure 5 without it.

Figure 5: Continuum TO without SIMP on the half MBB example section. Fully present material is in dark red, fully
voided areas in dark blue. Fictitious material is any intermediate shade.

15



Figure 6. Continuum TO with SIMP. Presence of material is in dark red, presence of void is in dark blue. There is
little to no fictitious material.

Density Filter Analysis

Once the intermediate thicknesses have been dispelled by SIMP, there still lies another obstacle
in the realization of practical topologies. As can be seen in Figure 6, a checkerboard pattern
appears in the interstitial space between the broader occupied areas. This occurs because with the
continuum FEM model, forces are transferred through the nodes that constitute the corners of the
mesh elements, so two elements can be diagonal to each other and the model will treat them as
continuous. This is not how material behaves in practice, so to simulate realism, density filters
are applied (Bourdin, 2001) (Bruns & Tortorelli, 2001). The density filter requires that in order
for an element to have material, there must be a mesh element within a specified radius (rmin) that

also has material.

In order to determine the distance relationships between mesh elements, a map matrix is

calculated out of a standard linear weighting function. This is then multiplied with the thickness

e

phys t0 be used in the subsequent FEM analysis. The

variable t° to create a new variable t
sensitivities of the objective and constraint equation also need to be multiplied by the derivative
of the map function. These alterations allow the calculations to recognize more realistic physical
relationships for the mesh. The difference between using density filters and not are shown by

Figure 7 and Figure 6, respectively.

16



Figure 7: Continuum TO with SIMP and density filters. It no longer shows a checkerboard pattern.

3.2 Bi-Material Continuum Topology Optimization with SIMP

Problem Formulation

minimize f= Fld Minimum Compliance
té, x°
subjectto  K(t¢,x¢)d=F Static Equilibrium
9= Yeeqtv® SV Volume Constraint (12)
tmin < t° < tyax YV e € Q Bounds on t®
Xmin < X% < Xpay V €E Q Bounds on x°
Where:

t€ is the mesh element thickness

x¢ is the material choice

The new design variable that has been introduced, x¢, controls which material is present in an
individual mesh element; x,,;, represents one material, X,,,, the other. As with t¢, SIMP is used
to drive x¢ to a binary choice, and density filters applied to ensure that one material is not
scattered within the other material. With the inclusion of two materials comes the condition that
they possess different material properties. Since x¢ is only used in the compliance and
equilibrium equations, the only applied property that differs between materials is the Young’s
modulus, E€¢. How it is determined which material’s E€ value is used in the subsequent FEM

calculations for a given mesh element is show in the equation below.

17



E(t®,x®) = ()"(E; + (E; — Ex)(x®)") (13)

Where E; and E, are the prespecified Young’s moduli of material one and two, respectively, and
n is SIMP penalization parameter. This equation, based on the inputs from t® and x, results in a
Young’s modulus value of one of the two materials to be used in the calculation of the global
stiffness matrix. Since the calculation of E now factors in both t¢ and x°, the equations for K

and its derivatives with respect to both variables are:

K(t¢, x¢) = E(t¢ x°)K§ (14)
2 = )Ny + (By — E)(x*)MKS (15)
2= (B, — Ey) (x*)DKS (16)

Results

The results shown below resulted from the problem formulation described above with the choice
of two materials of differing stiffnesses. The occupied volume is constrained to be half of the
total volume of the design space. The three example sections consist of a cantilever, a half MBB

beam, and a vertical cantilever with loading approximating gravity and wind loads.

18
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Figure 8: Multi-material CTO with minimum compliance objective and volume constraints, shown on the example
sections of a. half MBB beam, b. cantilever, and c. building approximation

Though the optimization problem is designed for two materials, the results shown in Figure § are
structures with only one material. This is because in minimizing compliance with only a
constraint on the volume, the result is to assign the stiffer material to the entirety of the structure
since there would be no benefit from the less stiff material. If another constraint is applied
requiring that half of the resulting volume be the less stiff material, the results would be those
shown in Figure 9. It is interesting to note that when limited to the amount of stiffer material able
to be used, it proves most useful to be placed near the supports and at the interior of beam-type

elements.
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Figure 9: Multi-material CTO with minimum compliance objective and volume and material percentage constraints,
shown on the example sections of a. half MBB beam, b. cantilever, and c. building approximation.

3.3 Bi-Material CTO with Compliance Objective and GWP Constraint

Problem Formulation

minimize f= Fld Minimum Compliance
té, x¢€
subjectto  K(t¢,x¢)d =F Static Equilibrium
g = YecqlECC xp)eve < W GWP Constraint (17)
tmin S t° < thhax VEE Q Bounds on t°
Xmin < X < Xppae V €€ Q Bounds on x*
Where:

ECC? is the material embodied carbon coefficient

20



p¢ is the material density

W is the global warming potential constraint value

In this iteration of the topology optimization problem, the minimum compliance objective is
conserved, however a global warming potential (GWP) constraint has replaced the volume
constraint. Since the GWP constraint uses embodied carbon coefficient (ECC) and density to
calculate it, this allows material choice to affect both the objective and constraint equations. The
GWP calculation sums up all of the GWP values of the mesh elements with material present by
multiplying the volume of each mesh element by its material density and ECC. The interpolation
scheme for determining which ECC and density values to use is similar to the one used for the
Young’s modulus, and in this case ECC * p is treated as one material property, as those values
are always used together as a factor to directly find GWP from volume. The equation can be seen

below:
(ECC *p)(t®x®) = (t®)"(ECC, * pp + (ECCy * py — ECCy * pp) (x®)") (18)

Now, since the constraint equation depends on both t¢ and x®, the new sensitivities are:

:% = n(te)"1(ECC, x p, + (ECCy * p; — ECCy % py)(x€))v® (19)
% = (te)"(n(ECCl * p; — ECC, * Pz)(xe)n_l)ve 20)

Results

For the two different materials, the Young’s modulus ratio was 2:1 and the ECC * p ratio was
4:3, with material 1 having the larger values for both. The GWP constraint consists of half of the
design space volume multiplied by the smaller ECC * p value. Figure 10 displays the results in
the three example sections. The three different results show varying proportions of volume that
the stiff material occupies, with the cantilever being all stiff material. This could be due to the
cantilever, and to a lesser extent the half MBB, requiring less volume to be stiff, and therefore
being able to be under the maximum GWP constraint while allowing the stiffer, higher GWP
material. The shape of the resulting cantilever and half MBB forms in this problem both closely

21



resemble the results in section 3.2, whereas the building approximation has an altered shape with

fewer, thicker beam-type elements.

K/

(X

&

\/
/\

Q

&5

A’A

":.0’0 Q

SOXKK

’:"v vav

\/

XRXX

X
A

>

Z

Figure 10: Multi-material CTO with minimum compliance objective and GWP constraint, shown on the example
sections of a. half MBB beam, b. cantilever, and c. building approximation.

3.4 Bi-Material CTO with GWP Objective and Compliance Constraint

Problem Formulation

minimize f = Yoeq(ECC % p)eve©

té, x¢

subject to K(té,x¢)d = F

g=F'd < C

tmin <

Xmin <

t® < tymax V € € Q

X < Xpax V €E Q

Minimum GWP

Static Equilibrium
Compliance Constraint
Bounds on t*®

Bounds on x¢

2D
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Where:

C is the compliance constraint value

For this problem formulation, the objective and constraint equations have been interchanged
from the previous one, so that now the optimization is working towards minimum GWP. Similar
to before, if there were no other constraints other than static equilibrium, the result would be
entirely populated by the less stiff, lower GWP material. Consequently, the structure is
constrained by a maximum compliance value that it must be below. Since the two equations were
exchanged but remain functionally unchanged, it follows that their sensitivities will also be the

same as before.

Results

The Young’s moduli and GWP values used for the two materials are the same as described in the
minimum compliance problem in section 3.3. The compliance constraint C was obtained by
taking the value achieved in the compliance minimization problem for each example section and
adding two percent. The resulting structures are shown in Figure 11. Comparing to the results
from section 3.3, the building approximation has the most similar shape, with the most notable
difference being a lower proportion of stiff material. The half MBB also has a relatively similar
form to its previous result, however the rightmost diagonal is longer, showing that with the new
objective, not only does the ratio of the amount of the two materials change, but also the shape of
the structure. This latter outcome is most evident in the cantilever, which still only consists of the
stiffer, higher GWP material even when the objective is to minimize GWP. The reduction in
volume—and consequently GWP—comes from the change into a simpler shape of just two

members connecting the supported corners to the location of the applied force.
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Figure 11: Multi-material CTO with minimum GWP objective and compliance constraint, shown on the example
sections of a. half MBB beam, b. cantilever, and c. building approximation.
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4. Conclusions

The results of the bi-material optimization problems show an interesting contrast in how the two
materials are distributed throughout the resulting topology. When minimizing compliance, since
one material is twice the stiffness of the other, the optimization clearly favored using that
material in a smaller volume over more volume of the less stiff material. Similar to the
minimization of GWP, the stiffer material was placed near the supports and along the bottom of
the structures. This shows that stiffness is valued more in those locations for the overall
structure. The results of the cantilever section demonstrate the capacity of TO to optimize
material selection, member size, and shape since to minimize GWP, the result was fully the
stiffer, higher GWP material. Though this thesis is by no means a complete investigation into the
full extent of multi-material continuum topology optimization, the intention to explore the

potential of using it as a tool for conceptual design was realized.

This study endeavored to establish a framework for using continuum TO with multiple materials,
so naturally there are some considerations that lie outside the scope of what was done. Due to the
nature of the compliance minimization problem, the structural capacity of the design is only
evaluated through stiffness without taking strength or buckling into account. As mentioned
previously, other studies have addressed this by including stress and/or buckling constraints,
which was not covered here. Regarding the mechanics of the modelled materials, the FEM used
assumes all materials are linear elastic and isotropic, where, in reality, there are common

building materials that are anisotropic, such as timber.

In further studies with multiple materials, case studies using the mechanical properties of real
materials would be done to investigate the effects of their interactions on GWP. Additionally,
performing multi-objective optimization with both compliance and GWP as objectives would be

interesting as the equations work against each other.
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