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Abstract

Rapid development of data science technologies have enabled data-driven algorithms for
many important operational problems. Existing data-driven solutions often requires the
operational environments being stationary. However, recent examples have shown that the
operational environments can change dynamically. It is thus imperative to design data-
driven algorithms that is capable of working in time-varying environments.

We first introduce data-driven decision-making algorithms that achieve state-of-the-
art dynamic regret bounds for non-stationary bandit and reinforcement learning settings.
These settings capture applications such as advertisement allocation, dynamic pricing, and
inventory control in changing environments. Our main contribution is a general algorithmic
recipe for a wide variety of non-stationary bandit and reinforcement learning problems
without any knowledge about the environments in advance.

Next, we study the problem of learning shared structure across a sequence of dynamic
pricing experiments for related products. We consider a practical formulation where the
unknown demand parameters for each product come from an unknown prior that is shared
across products. We then propose a meta dynamic pricing algorithm that learns this prior
online while solving a Thompson sampling pricing experiments for each product.

Finally, motivated by our collaboration with AB InBev, a consumer packaged goods
(CPG) company, we consider the problem of forecasting sales under the coronavirus dis-
ease 2019 (COVID-19) pandemic. Our approach combines online learning and pandemic
modeling to develop a data-driven online non-parametric regression method. Numerical
experiments show that our method is capable of reducing the forecasting error in terms
of WMAPE (i.e., weighted mean absolute percentage error) and MSE (i.e., mean squared
error) by more than 50% for AB InBev.
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Chapter 1

Introduction

Recent advances in data science technologies have enabled big-data analytics for operations
management. Currently, most existing works in this field critically assume the operational
environments remain unchanged throughout. However, real-world operational environ-
ments are often time-varying and dynamically evolving. In this thesis, we consider three

different scenarios of operations management in changing environments.

In Chapters 2 and 3, we first consider non-stationary sequential decision-making, re-
flecting the fact that the environment where the decision-maker operates is often dynami-
cally changing. We develop bandit optimization and reinforcement learning algorithms for
various sequential decision-making problems, and apply some of our developed methods

to the context of online recommendation, dynamic pricing, and inventory control.

In Chapter 4, motivated by the fact that companies sequentially launch new products.
We ask the question: when a company is making decisions, such as pricing decisions, for
a new product, should it always start from scratch? Or could it leverage experience gained
from past products? We develop learning algorithms that can not only learn within a single

product but also learn across products to accelerate decision-making.

In Chapter 5, motivated by our collaboration with AB InBev, a large CPG company that
is facing a dramatically changing demand environment due to the COVID-19 pandemic, we
develop a novel online non-parametric regression method to help the company to adjust its

demand forecast.
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1.1 Non-Stationary Bandit Optimization

Consider the following general decision-making framework: a decision-maker (DM) inter-
acts with a multi-armed bandit (MAB) system by picking actions one at a time sequentially.
Upon selecting an action, she instantly receives a reward drawn randomly from a proba-
bility distribution tied to this action. The goal of the DM is to maximize her cumulative

rewards. However, she faces the following challenges:

e Uncertainty: the reward distribution of each action is initially not known to the DM.
She has to estimate the underlying reward distributions via interacting with the envi-

ronment.
e Non-Stationarity: the reward distributions can evolve over time.

o Partial/Bandit Feedback: the DM can only observe the random reward of the selected

action each time, while the rewards of the unchosen actions are not observed.

Many applications naturally fall into this MAB framework. For instance, assuming linear
models for the reward distributions, we can cast the problems of advertisement allocation
[127, 62], dynamic pricing [116, 40, 115, 27], and traffic network routing [88, 123] into the

above decision-making skeleton.

e Advertisement Allocation: An online platform allocates advertisements (ads) to a
sequence of users. For each arriving user, the platform has to deliver an ad to her, and
only observes each user’s response to her displayed ad. The platform has full access
to the features of the ads and the users. Following [127, 62], we could assume that
a user’s click behavior towards an ad, or simply the click through rate (CTR) of this
ad by a particular user, follows a probability distribution governed by a common,
but initially unknown response function of the features. The platform’s goal is to
maximize the total number of clicks. However, the unknown response function can
change over time. For instance, if it is around the time that Apple releases a new

iPhone, one can expect that the popularity of an Apple’s ad grows.
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e Dynamic Pricing: A seller decides the (personalized) price dynamically [116, 115,
40, 27] for each of the incoming customers with the hope to maximize sales profit.
Beginning with an unknown demand function, the DM only observes the purchase
decision of a customer under the posted price, but not any other price. In addition, the
customers’ reaction towards the same price can vary across time due to the product

reviews, the emergence of competitive products, etc.

o Traffic Network Routing: A navigation service provider has to iteratively offer
route planning services to drivers from an origin to a destination through a traffic
network with initially unknown random delay on each road. For each driver, the
provider could only see the delays of the roads traversed by this driver, but not the
other roads’. Moreover, the delay distributions could change over time as the roads
are also shared by other traffics (i.e., those not using this navigation service). The
provider wants to minimize the cumulative delays throughout the course of vehicle

routing.

Evidently, the DM faces a trilemma among exploration, exploitation as well as adap-
tation to changes. On one hand, the DM wishes to exploit, and to select the action with
the best historical performances to earn as much reward as possible. On the other hand,
she wants to explore other actions to get a more accurate estimation of the reward distribu-
tions. The changing environment makes the exploration-exploitation trade-off even more
delicate. Indeed, past observations could become obsolete due to the changes in the en-
vironment, and the DM needs to explore for changes and refrain from exploiting possibly
outdated observations.

We focus on resolving this trilemma in various MAB problems. Traditionally, most
MAB problems are studied in the stochastic [21] and adversarial [18] environments. In
the former, the uncertain model is static, and each feedback is corrupted by a mean zero
random noise. The DM aims at estimating the latent static environment using historical
data and converging to the optimum, which is achieved by a static strategy that selects a
single action throughout. In the latter, the model is not only uncertain, but also dynamically

changed by an adversary. While the DM strives to hedge against the changes, it is generally
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impossible to achieve the optimum. Hence, existing research also focuses on competing

favorably in comparison to a static strategy.

Unfortunately, strategies for the stochastic environments can quickly deteriorate under
non-stationarity as historical data might “expire"; while the permission of a confronting ad-
versary in the adversarial settings could be too pessimistic. Starting from [36, 37], a stream
of research works (see Section 1.1.1) focuses on MAB problems in a drifting environment,
which is a hybrid of a stochastic and an adversarial environment. Although the environment
can be dynamically and adversarially changed, the total changes (quantified by a suitable
metric) in a 7T-round problem is upper bounded by By (= ®(T*) for some p € (0,1)), the
variation budget [36, 37], and the feedback is corrupted by a mean zero random noise.
The aim is to minimize the dynamic regret [36], which is the optimality gap compared
to the sequence of (possibly dynamically changing) optimal decisions, by simultaneously
estimating the current environment and hedging against future changes every round. The
framework of [36, 37] enable us to compete against the so-called dynamic comparator.
Most of the existing works for non-stationary bandits have focused on the the relatively
ideal case in which B7 is known. In practice, however, Br is often not available ahead as
it is a quantity that requires knowledge of future information. Though some efforts have
been made towards this direction [113, 134], how to design algorithms with low dynamic

regret when Bt is unknown remains largely as a challenging problem.

1.1.1 Related Works

Stationary and Adversarial Bandits MAB problems with stochastic and adversarial
environments are extensively studied, as surveyed in [46, 125]. To model inter-dependence
relationships among different arms, models for linear bandits in stochastic environments
have been studied. In [19, 68, 160, 62, 3], UCB type algorithms for stochastic linear bandits
were studied, and the authors of [3] provided the tightest regret analysis for algorithms of
this kind. The authors of [162, 9, 4] also proposed Thompson sampling algorithms for this

setting to bypass the high computational complexity of the UCB type algorithms..
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Bandits in Drifting Environments Departing from purely stochastic or adversarial set-
tings, Besbes et al. [36, 37] laid down the foundation of bandit in drifting environments,
and considered the K-armed bandit setting. They achieved the tight dynamic regret bound
O((KB7)'/3T?/3) by restarting the EXP3 algorithm [18] periodically when By is known.
Wei et al. [174] provided refined regret bounds based on empirical variance estimation,
assuming the knowledge of By. Wei and Srivastava [177] analyzed the sliding window
upper confidence bound algorithm for the K-armed MAB with known Br setting. Subse-
quently, Karnin and Anava [113] considered the setting without knowing Br and K = 2,
and achieved a dynamic regret bound of 5(BgT/ 0741/50 | 777/100) with a change point de-
tection type technique. In a recent work, Luo et al. [134] generalized this change point
detection type technique to the K-armed contextual bandits in drifting environments, and
in particular demonstrated an improved bound 5(KBIT/ T4/ %) for the K-armed bandit prob-
lem in drifting environments when B7 is not known. Keskin and Zeevi [115] considered
a dynamic pricing problem in a drifting environment with 2-dimensional linear demands.
Assuming a known variation budget Br, they proved an Q(BIT/ 312/ 3) dynamic regret lower
bound and proposed a matching algorithm by properly discounting historical observations
(this includes sliding-window estimation as a special case). When Br is not known, their
algorithm achieves O(BTTZ/ 3) dynamic regret bound. There also exist some heuristic ap-
proaches for this (or similar) setting [96, 150]. Finally, various online problems with full

information feedback and drifting environments were studied in the literature [61, 37, 107].

Known B Unknown By
[37] 0 (8,17 0 (B, 77F)
[113] 0 (Bg/SOTzu/so N T77/1oo> 0 (Bg/SOTm/so L 777/100
[134] 0 (8,17 0 (B 14
The current thesis 0 <B1T/ 312/ 3> 0 <BIT/ 3723 4 73/ 4)

Table 1.1: Comparisons between our results and prior works. Here, the dynamic regret
bounds only show dependence on By and T. O(+) denotes the function growth, and omits
the logarithmic factors.
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Bandits in Piecewise Stationary/Switching Environments Apart from drifting environ-
ments, numerous research works consider the piecewise stationary/switching environment,
where the time horizon is partitioned into at most § intervals, and the optimal action(s)
can switch from one to another across different intervals. The partition is not known
to the DM. Algorithms are designed for various bandit settings, assuming a known §
[18, 91, 13, 133, 134, 50], or without knowing S [113, 134]. Notably, the Sliding Window-
UCB and the “forgetting principle" was first proposed by Garivier and Moulines [91], while
it is only analyzed under K-armed switching environments. But we also have to emphasize
that the S is a looser measure of non-stationarity in the sense that every tiny change in the
environment could be counted towards the total number of switches. In other words, even
if there are a total of 7" switches, the total variation budget Br could still be far less than 7.

Hence, the drifting environment serves as a better proxy for non-stationarity.

Further Contrasts to Existing Works The main idea underpinning our Bandit-over-
Bandit framework is to use a learning algorithm to tune the underlying learning algorithm’s
parameters. While this shares similar spirit to several existing works, such as the heuristic
meta bandit [101], the heuristic envelop policy [38], as well as algorithms for bandit cor-
ralling (see [7, 134] and references therein), our design is different in the sense that rather
than simultaneously maintaining multiple copies of the SW-UCB algorithm (similar to [101,
7, 134, 38]), we treat the problem of selecting window size for the SW-UCB algorithm as
another independent adversarial bandit learning instance. To achieve this, we divide the
time horizon into epochs, and force the SW-UCB algorithm to restart at the beginning of
each epoch. This critical difference allow us to establish (nearly) optimal dynamic regret

bound of the BOB algorithm while prior works cannot.

Follow-Up Works The results presented in [134] were further improved to the optimal
o(K"/ 3BIT/ 3T2/3) dynamic regret bound in [57], but it is unclear how to generalize the tech-
niques in [57] beyond the K-armed bandit setting. In [41, 23], the authors presented optimal
learning algorithms for the switching setting without knowing the number of switches. The

design of parameter-free online learning algorithms are also considered in other online

22



learning scenarios, such as bandit convex optimization [188], bandit non-convex optimiza-

tion [159], and reinforcement learning [60].

1.1.2 Summary of Main Contributions for Chapter 2

We design and analyze a novel algorithmic framework for bandit problems in drifting en-
vironments. We begin by demonstrating our results via the lens of the linear model class.
However, we emphasize the choice of linear model is by no mean a restriction, and indeed,
we demonstrate the generality of our framework to a variety of bandit learning models. Our

main contributions can be summarized as follows.

e When the variation budget B7 is known, we characterize the lower bound of dynamic
regret, and develop a tuned Sliding Window Upper-Confidence-Bound (SW-UCB) al-

gorithm with matching dynamic regret upper bound up to logarithmic factors.

e When B7 is unknown, we propose a novel Bandit-over-Bandit (BOB) framework that
tunes the window size of the SW-UCB algorithm adaptively. When the amount of non-
stationarity is moderate to large, the BOB algorithm recovers the optimal dynamic
regret bound; otherwise, it obtains a dynamic regret bound with best dependence on

T compared to prior literature.

e Our algorithm design and analysis shed light on the fine balance between explo-
ration, exploitation and adaptation to changes in dynamic learning environments.
We rigorously incorporate the “forgetting principle” [91] into the Optimism-in-Face-
of-Uncertainty principle [21, 3], by demonstrating that the DM can enjoy an optimal
dynamic regret bound if she keeps disposing of sufficiently old observations. We

provide the precise rate of disposal, and rigorously show its convergence to optimal-

ity.

1.2 Non-Stationary Reinforcement Learning

Note that in bandit optimization, we assume that the environment’s change is unrelated to

the DM’s action. However, this assumption can be violated in many important operational
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problems.

To remove this assumption, we consider a general sequential decision-making frame-
work, where a DM interacts with an initially unknown environment iteratively. At each
time step, the DM first observes the current state of the environment, and then chooses
an available action. After that, she receives an instantaneous random reward, and the en-
vironment transitions to the next state. The reward follows a reward distribution, and the
subsequent state follows a state transition distribution. Both distributions depend (solely)
on the current state and action. Hence, the environment can be fully characterized by a dis-
crete time MDP. The DM aims to design a policy that maximizes her cumulative rewards,

while facing the following challenges:

e Endogenous Dynamics: The rewards and state transitions (and hence, future re-

wards) are influenced by the DM’s policy.

e Non-Stationarity: The reward and state transition distributions vary (independently

of the DM’s policy) across time steps.

e Uncertainty: Both the reward and state transition distributions are initially unknown

to the DM.

e Bandit/Partial Feedback: The DM can only observe the reward and state transition

resulted by the current state and the action she picks in each time step.
It turns out that many applications can be captured by this framework:

Example 1 (Inventory Control). In inventory control with lost-sales, zero-lead time, and
possibly fixed cost [106, 34, 186, 56], a seller repeatedly observes her current stock level
(i.e., state) and decides the quantity to order (i.e., action). The ordered quantity then ar-
rives instantaneously. Afterwards, a demand sampled from an initially unknown demand
distribution is realized and the seller observes the censored demand. Finally, the seller
pays the ordering cost, fixed cost, and lost-sales/holding cost. The goal of the seller is to
minimize the cumulative cost. Here, due to the emergence of competing products or other

supply chain disruption events, the demand distributions can be time varying.
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Example 2 (Real-Time Bidding in Ads Auctions). Advertisers repeatedly competes for
ad display impressions via real-time online auctions [93, 49, 83, 25, 94, 98]. Each adver-
tiser begins with a budget. Upon the arrival of a user, an impression is generated, and the
advertisers submit bids (i.e., action) for it subject to her remaining budget. The winning ad-
vertiser acquires the impression to display her ad to the user, and observes the user click or
no-click behavior (i.e., reward). For each slot won, the advertiser has to make the payment
(determined by the auction mechanism) using her remaining budget, and the budget is pe-
riodically refilled (i.e., state transition). Each advertiser wants to maximize the number of
clicks on her advertisement subject to her own (continuously evolving) budget constraint.
Nevertheless, the competitiveness of each auction exhibits non-stationarity as the partic-
ipating advertisers and the arriving users are different from time to time. Moreover, the
popularity of an ad can change due to endogenous reasons. For instance, displaying the
same ad too frequently in a short period of time might reduce its freshness, and results in a
tentatively low number of clicks (i.e., we can use both the remaining budget and the number

of times that the ad is shown within a given window size to model the state of the MDP).

Motivated by these applications, we consider RL in non-stationary MDPs where both
the reward and state transition distributions can change over time, but the total changes
(quantified by suitable metrics) are upper bounded by the respective variation budgets [36,
38]. Designing algorithms for RL in non-stationary MDPs can be extremely challenging.
This is because, under non-stationarity, historical data samples might incorrectly indicate

that state transition rarely happens.

Example 3 (Perils of Drift). Under non-stationarity, the DM can be interacting with dif-
ferent MDPs over time. Consider two different 2-state-2-action MDPs, p' and p* (as shown
in Fig 1-1): under p', the blue action always transitions to state 2 and the green action
always transitions to state 1; while p* is exactly to the opposite. Then it is possible that
whenever the DM chooses the green action in state 1 (or 2), the underlying MDP is p' (p?,
respectively); when she chooses the blue action in state 1 (or 2), the underlying MDP is
p? (p', respectively). Moreover, due to the bandit feedback, she cannot observe the entire

p! and p?. Hence, the collected data would draw the wrong conclusion that neither action
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can result in state transition! We formalize this in Section 3.3.3.

Non-stationarity: %@ %@
1 2
P P

Bandit feedback: % @ % @
1 2
P P

Estimated MDP: % @

Figure 1-1: Under non-stationary, historical data can falsely indicate that state transition
rarely happens.

This challenge is uniquely associated with RL in non-stationary MDPs and does not
show up (or can be easily bypassed) in other related but different non-stationary sequential
decision-making settings. For example, in non-stationary multi-armed bandits (MAB) [92,
36, 58], there is only one state and the DM does not need to worry about transitions between
states; while in RL in piecewise stationary MDPs [108], the DM can leverage the fact that

the underlying MDP only changes once in a while to bypass this difficulty.

1.2.1 Summary of Main Contributions for Chapter 3

We set forth to address the above challenges. Assuming that, during the 7" time steps, the
total variations of the reward and state transition distributions are bounded (under suitable
metrics) by the variation budgets B, (> 0) and B, (> 0), respectively, we design and ana-
lyze novel algorithms for RL in non-stationary MDPs. Let Dpax, S, and A be respectively
the (unknown a priori) maximum diameter (measures the hardness of state transition, for-
mally defined in Section 3.1), number of states, and number of actions in the MDP. Our

main contributions are:

e We formally delineate the challenge of RL in non-stationary MDPs: existing algo-

rithms for non-stationary sequential decision-makings [108, 92] typically follows the
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Optimism in the Face of Uncertainty (OFU) + forgetting principles as follows:

1. estimate unknown parameters with most recently observed data, and construct

the tightest possible confidence regions accordingly;

2. optimistically search for the most favorable model within the confidence re-
gions and computes the optimistic policy, which is the optimal policy w.r.t. this

most favorable model;

3. execute this optimistic policy.

In RL, step 2 is achieved by the Extended Value Iteration (EVI) [108] and the loss
of using this optimistic policy is proportional to the least diameter induced by any
MDP in the confidence regions. However, we demonstrate in Section 3.3.3 that in
RL in non-stationary MDPs, it is possible that the diameter induced by any MDP in
the confidence regions constructed according to step 1 can grow wildly, and may thus

result in unfavorable dynamic regret bound.

e We develop the Sliding Window UCRL?2 with Confidence Widening (SWUCRL2-CW)

algorithm. When the variation budgets are known, we prove it attains a
O (Dmax(Br +Bp)1/4S2/3A1/2T3/4>

dynamic regret bound. In a nutshell, the confidence widening technique injects extra
optimism in the learning algorithm and ensures that either the diameter induced by
some MDP in the confidence region is bounded by Dp,ax or a non-negligible amount

of variation budget is consumed.

e We propose the Bandit-over-Reinforcement Learning (BORL) algorithm that tunes the
SWUCRL2-CW algorithm adaptively, and retains the same O <DmaX (B, +B,)'/482341/23/ 4)

dynamic regret bound without knowing the variation budgets.

e As a complement, we show that if for any pair of initial state and target state, there
always exists an action such that the probability of transiting from the initial state to

the target state by taking this action is lower bounded uniformly over the entire time
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horizon, the DM can attain low dynamic regret without widening the confidence
regions. We demonstrate that in the context of single item inventory control with
fixed cost [183], a mild condition on the demand distribution is sufficient for this

extra assumption to hold.

1.3 Meta Dynamic Pricing

Experimentation is popular on online platforms to optimize a wide variety of elements such
as search engine design, homepage promotions, and product pricing. This has led firms to
perform an increasing number of experiments, and several platforms have emerged to pro-
vide the infrastructure for these firms to perform experiments at scale (see, e.g., [143]).
State-of-the-art techniques in these settings employ bandit algorithms (e.g., Thompson
sampling), which seek to adaptively learn treatment effects while optimizing performance
within each experiment [168, 164]. However, the large number of related experiments begs
the question: can we transfer knowledge across experiments?

We study this question for Thompson sampling algorithms in dynamic pricing applica-
tions that involve a large number of related products. Dynamic pricing algorithms enable
retailers to optimize profits by sequentially experimenting with product prices, and learn-
ing the resulting customer demand [120, 39]. Such algorithms have been shown to be
especially useful for products that exhibit relatively short life cycles [78], stringent inven-
tory constraints [179], strong competitive effects [82], or the ability to offer personalized
coupons/pricing [185, 26]. In all these cases, the demand of a product is estimated as a func-
tion of the product’s price (chosen by the decision-maker) and a combination of exogenous
features as well as product-specific and customer-specific features. Through carefully cho-
sen price experimentation, the decision-maker can learn the price-dependent demand func-
tion for a given product, and choose an optimal price to maximize profits [148, 63, 109].
Dynamic pricing algorithms based on Thompson sampling have been shown to be particu-
larly successful in striking the right balance between exploring (learning the demand) and
exploiting (offering the estimated optimal price), and are widely considered to be state-of-

the-art [168, 10, 162, 77].
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The decision-maker typically runs a separate pricing experiment (i.e., dynamic pric-
ing algorithm) for each product (or for a set of simultaneously-offered products). How-
ever, this approach can waste valuable samples re-discovering information that could have
been learned from previously-offered related products. For example, students may be more
price-sensitive than general customers; as a result, many firms such as restaurants, retailers
and movie theaters offer student discounts. This implies that the coefficient of student-
specific price elasticity in the demand function is positive for many products (although the
specific value of the coefficient likely varies across products). Similarly, winter clothing
may have higher demand in the fall and lower demand at the end of winter. This implies
that the demand functions of winter clothing may have similar coefficients for the fea-
tures indicating time of year. In general, there may even be complex correlations between
coefficients of the demand functions of products that are shared. For example, the price-
elasticities of products are often negatively correlated with their demands, i.e., customers
are willing to pay higher prices when the demand for a product is high. When offering
multiple products simultaneously, one must additionally learn cross-product price elastici-
ties in the demand function (to model substitution effects), which may also exhibit patterns
that can be learned from substitution patterns of related products in historical data. For
example, substitution effects may be stronger between more similar products, or among

more price-sensitive customers like students.

Thus, one may expect that the demand functions for related products may share some
(a priori unknown) common structure, which can be learned across products. Note that the
demand functions are unlikely to be exactly the same, so a decision-maker would still need
to conduct separate pricing experiments for each product. However, accounting for shared
structure during these experiments may significantly speed up learning per product (or per

set of products, if offering multiple products simultaneously), thereby improving profits.

In Chapter 4, we propose an approach to learn shared structure across pricing experi-
ments. We begin by noting that the key (and only) design decision in Thompson sampling
methods is the Bayesian prior over the unknown parameters. This prior captures shared
structure of the kind we described above — e.g., the mean of the prior on the student-

specific price-elasticity coefficient may be positive with a small standard deviation. It is
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well known that choosing a good (bad) prior significantly improves (hurts) the empirical
performance of the algorithm [55, 105, 132, 163]. However, the prior is typically unknown
in practice, particularly when the decision-maker faces a cold start. While the decision-
maker can use a prior-independent algorithm [10], such an approach achieves poor em-
pirical performance due to over-exploration; we demonstrate a substantial gap between the
prior-independent and prior-dependent approaches in our experiments on synthetic and real
data. In particular, knowledge of the correct prior enables Thompson sampling to appropri-
ately balance exploration and exploitation [162]. Thus, the decision-maker needs to learn
the true prior (i.e., shared structure) across products to achieve good performance. We

propose a meta dynamic pricing algorithm that efficiently achieves this goal.

We first formulate the problem of learning the true prior online while solving a se-
quence of pricing experiments for different products. Our meta dynamic pricing algorithm
requires two key ingredients. First, for each product, we must balance the need to learn
about the prior (“meta-exploration”) with the need to leverage the prior to achieve strong
performance for the current product (“‘meta-exploitation”). In other words, our algorithm
balances an additional exploration-exploitation tradeoff across price experiments. Second,
a key technical challenge is that finite-sample estimation errors of the prior may signifi-
cantly impact the performance of Thompson sampling for any given product. In particular,
vanilla Thompson sampling may fail to converge with an incorrect prior; as a result, di-
rectly using the estimated prior across products can result in poor performance. To this
end, we introduce a novel “prior alignment" technique to analyze the regret of Thompson

sampling with a mis-specified prior, which may be of independent interest.

Using our alignment technique, we show surprisingly that despite prior mis-specification,
greedy updating of the prior is sufficient to learn effectively across pricing experiments
when the prior covariance is known. However, when the prior has an unknown covariance
matrix, it is beneficial to widen the estimated prior covariance by a term that is a function
of the prior’s estimated finite-sample error. Thus, we use a more conservative approach (a
wide prior) for earlier products when the prior is uncertain; over time, we gain a better es-
timate of the prior, and can leverage this knowledge for better empirical performance. Our

algorithm provides an exact prior correction path over time to achieve strong performance
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guarantees across all pricing problems. We prove that, when using our algorithm, the price
of an unknown prior for Thompson sampling is negligible in experiment-rich environments

(i.e., as the number of products grows large).

1.3.1 Related Works

Experimentation is widely used to optimize decisions in a data-driven manner. This has led
to a rich literature on bandits and A/B testing [124, 20, 69, 161, 35, 112, 42]. This literature
primarily proposes learning algorithms for a single experiment, while our focus is on meta-
learning across experiments. Meta-learning can take the form of constructing an empirical
Bayesian prior [149, 14], or leveraging low-dimensional structure between problems [30].
We take an empirical Bayesian approach to sequential decision-making. While there has
been some prior work on meta-learning in bandits [102, 136, 173, 165] and more generally
in reinforcement learning [80, 81, 180], these papers only provide heuristics for learning
exploration strategies given a fixed set of past problem instances. They do not prove any
theoretical guarantees on the performance or regret of the meta-learning algorithm. To the
best of our knowledge, our work is the first to propose a meta-learning algorithm in a bandit
setting with provable regret guarantees.

We study the specific case of dynamic pricing, which aims to learn an unknown demand
curve in order to optimize profits. We focus on dynamic pricing because meta-learning is
particularly important in this application, e.g., online retailers such as Rue La La may
run numerous pricing experiments for related fashion products. We believe that a similar
approach could be applied to multi-armed or contextual bandit problems, in order to inform
the prior for Thompson sampling across a sequence of related bandit problems.

Dynamic pricing has been found to be especially useful in settings with short life cycles
or limited inventory, e.g., fast fashion or concert tickets [78, 179], among online retailers
that constantly monitor competitor prices and adjust their own prices in response [82], or
when prices can be personalized based on customer-specific price elasticities, e.g., through
personalized coupons [185]. Several papers have designed near-optimal dynamic pricing
algorithms for pricing a product by balancing the resulting exploration-exploitation trade-

off [120, 39, 15, 74, 99, 44, 71, 117]. Recently, this literature has shifted focus to pricing
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policies that dynamically optimize the offered price with respect to exogenous features
[148, 63, 109] and customer-specific price elasticity [26]. We adopt the linear demand
model proposed by [26], which allows for feature-dependent heterogeneous price elastici-

ties.

When sellers offer multiple products simultaneously, one may wish to perform price
experiments jointly on a set of products to capture substitution effects or overlapping in-
ventory constraints [117, 8, 77]. However, in these papers, price experimentation is still
performed independently on the current set of products, and any learned parameter knowl-
edge is not shared across future sets of products to inform future demand learning. In
contrast, we propose a meta dynamic pricing algorithm that learns the distribution of un-
known parameters of the demand function across products. While we focus largely on the
single-product setting for ease of exposition, we show how our algorithm and theoretical
results carry over straightforwardly for multi-product settings with substitution effects; in
fact, transfer learning from historical data may be even more valuable in these settings since

the number of parameters (e.g., cross-product elasticities) to learn is much larger.

Our learning strategy is based on Thompson sampling, which is widely considered to
be state-of-the-art for balancing the exploration-exploitation tradeoff [168]. Several papers
have studied the sensitivity of Thompson sampling to prior misspecification. For example,
[105] show that Thompson sampling still achieves the optimal theoretical guarantee with
an incorrect but uninformative prior, but can fail to converge if the prior is not sufficiently
conservative. [132] provide further support for this finding by showing that the perfor-
mance of Thompson sampling for any given problem instance depends on the probability
mass (under the provided prior) placed on the underlying parameter; thus, one may expect
that Thompson sampling with a more conservative prior (i.e., one that places nontrivial
probability mass on a wider range of parameters) is more likely to converge when the true
prior is unknown. It is worth noting that [10] and [47] propose a prior-independent form
of Thompson sampling, which is guaranteed to converge to the optimal policy even when
the prior is unknown by conservatively increasing the variance of the posterior over time.
However, the use of a more conservative prior creates a significant cost in empirical perfor-

mance [55]. For instance, [31] empirically find through simulations that the conservative
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prior-independent Thompson sampling is significantly outperformed by vanilla Thompson
sampling even when the prior is misspecified.! We empirically find, through experiments
on synthetic and real datasets, that learning and leveraging the prior can yield much bet-
ter performance compared to a prior-independent approach. As such, the choice of prior
remains an important design choice in the implementation of Thompson sampling [163].
We propose a meta-learning algorithm that learns the prior across pricing experiments on
related products to attain better performance. We also empirically demonstrate that a naive
approach of greedily using the updated prior performs poorly when the prior covariance is
unknown, since it may cause Thompson sampling to fail to converge to the optimal policy
for some products. Instead, our algorithm gracefully tunes the width of the estimated prior

as a function of the uncertainty in the estimate over time.

1.3.2 Summary of Main Contributions for Chapter 4

We highlight our main contributions below:

1. Model: We formulate our problem as a sequence of N different dynamic pricing
problems, each with horizon 7. Importantly, the unknown parameters of the demand
function for each product are drawn i.i.d. from a shared (unknown) multivariate

Gaussian prior.

2. Algorithm: We propose two meta-learning pricing policies, Meta-DP and Meta-DP++.
The former learns only the mean of the prior, while the latter learns both the mean
and the covariance of the prior across products. Both algorithms balance the need to
learn the prior (meta-exploration) with the need to leverage the current estimate of
the prior to achieve good performance (meta-exploitation). Meta-DP++ additionally
accounts for uncertainty in the estimated prior by conservatively widening the prior

as a function of its estimation error.

3. Theory: Unlike standard approaches, our algorithm can leverage shared structure

across products to achieve regret that scales sublinearly in the number of products

'We provide some theoretical support for this finding, since we show that limited prior mis-specification
does not affect the rate of convergence (e.g., when the prior covariance is known but the mean is unknown).
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N. We prove upper bounds O(d?v/NT +d>+/T) and O(min{dZNT%, d4N%T%}) =
O(d*(N T)%) on the meta regret of Meta-DP and Meta-DP++ respectively. In both
cases, our meta-learning approach matches the performance of prior-independent al-
gorithms for small N, and outperforms them in experiment-rich experiments (i.e.,
when N = Q(d) and N = Q(d*T?) respectively). A key ingredient of our analysis is
a “prior alignment" proof technique that may be of general interest for analyzing the

regret of mis-specified Thompson Sampling instances.

4. Numerical Experiments: We demonstrate on both synthetic and real auto loan data
that our approach significantly speeds up learning compared to ignoring shared struc-

ture (i.e., using prior-independent Thompson sampling).

1.4 Calibrating Sales Forecast in a Pandemic

This work is motivated by our collaboration with Anheuser-Busch InBev (AB InBev), a
multi-national drink and brewing company in the consumer packaged goods (CPG) sector.
In 2019, AB InBev’s annual sales were 52.3 billion USD as stated in its annual report [1].
According to [45], the company was expected to have a 28% market share of global volume
beer sales in 2017, which makes it the largest beer company worldwide.

To improve operational efficiency, AB InBev maintains a baseline sales forecast for its
products in each geographical region of interest. The baseline sales forecast is important
for many operational decisions such as inventory management, promotion campaigns, and
financial planning. The baseline sales forecast is trained by an offline statistical learning
algorithm with historical sales data as well as social & economic data, and it can accommo-
date different update frequencies (e.g., weekly or monthly) to make predictions for different
business applications.

As an example, Fig. 1-2(a) displays the weekly baseline forecast sales volumes and
the actual sales volumes in a certain geographical region before and after the beginning
of the COVID-19 pandemic [178]. Evidently, the baseline sales forecast enjoys a high
prediction accuracy and is capable of adapting to the seasonality patterns of the actual sales

volumes during normal times. However, since the emergence of the COVID-19 pandemic,
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the accuracy of the forecast plummeted drastically. This has thus placed a hurdle for AB
InBev since it relies heavily on the baseline sales forecast to make operational decisions.
Hence, it is of great importance for the company to incorporate the impact of the pandemic

into its sales forecast.
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(a) Weekly forecast demand vs. weekly real demand (b) Offsets vs. active COVID-19 case numbers

Figure 1-2

Given the incredible performance of the baseline sales forecast in normal times, we

decided to follow an add-on procedure that iterates between the following two steps over

time:

1. Predict the offset, i.e., the difference between baseline sales forecast and actual sales

volumes, caused by the COVID-19 pandemic.

2. Generate a calibrated sales forecast by subtracting the predicted offset from the

baseline sales forecast, i.e., Calibrated sales forecast = Baseline sales forecast —

Predicted offset.

Since the baseline sales forecast is available through AB InBev’s offline learning algorithm,
we focus on forecasting the offset, i.e., step 1. As suggested by [142], during this pandemic,
customer behavior is driven almost solely by the dynamics of the pandemic. Therefore,
for each region, we propose to use its number of active COVID-19 cases, i.e., a proxy
of the dynamics of the COVID-19 pandemic, to predict the offset. We thus visualize the

relationship between the weekly averaged active COVID-19 case numbers and the weekly
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averaged offsets during the pandemic in Fig. 1-2(b). From the plot, we observe that a
higher number of active COVID-19 cases is more likely to result in larger offset. Note
that the future active COVID-19 case numbers can be simulated by existing pandemic
modeling techniques, such as the Susceptible-Infectious-Removed (SIR) epidemic model
[114]. These observations immediately suggest a greedy least squares (GLS) policy that
sequentially fits (e.g., via least squares method) the best isotonic (non-decreasing) function
[24, 156, 184] over all historical (active COVID-19 cases, offset) observations, and predict
the future offsets by applying the outputs of the SIR epidemic model to the fitted isotonic
function.

Unfortunately, the GLS policy suffers from some critical limitations. The GLS policy
implicitly assumes that there exists an isotonic function f* such that the statistical relation-

ship between the active COVID-19 cases and the offset is governed by f*, i.e.,

offset = f*(active COVID-19 cases) + independent zero-mean noise term.  (1.1)

This is a commonly made assumption in existing non-parametric regression literature.
Nonetheless, this is a strong assumption which makes the GLS policy susceptible. For
example, the noise terms can be correlated over time (i.e., temporal correlations) and could

also exhibit correlations across different geographical locations (i.e., spatial correlations):

e Temporal Correlations: suppose we use the noise terms to model the customer’s
(possibly random) vigilance about COVID-19 pandemic. Then, it is possible that
when the first COVID-19 case occurs or the rapidly increasing active COVID-19
cases would lead to temporarily higher vigilance; while a decreasing active cases
and the deployment of vaccination would lead to temporarily lower vigilance. One
can also expect that as time elapses, customers might gradually adapt to the COVID-

19 pandemic with better understanding of the pandemic.

e Spatial Correlations: since the changing sales volumes in many regions are caused
by the same key drivers (e.g., the COVID-19 pandemic, governments’ mitigation
policy), the customers’ behavior can be very closed to each other in different geo-

graphical regions. That means, the relationship between active COVID-19 cases and
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offset might share similar patterns across different geographical regions.

We show in Proposition 33 of Section 5.1.4 that if the noise terms are allowed to be non-
independent (i.e., there exist temporal correlations), the performance of the GLS policy can

be ungrounded even if
1. The noise terms have almost zero-mean;

2. f*(-) can fit the (active COVID-19 cases, offset) observations as well as if the obser-

vations are generated according to Eq. (1.1).

Even worse, the GLS policy might continue to perform poorly if the noise terms of all the
geographical regions are similar to the ones in Proposition 33 due to spatial correlations.
In fact, this is a common caveat with classical statistical theory. In the classical sta-
tistical theory of prediction, data is assumed to be a realization of a stationary stochastic
process and the effectiveness of a forecasting policy is provided in an expectation sense,
which means the forecasting policy can perform poorly w.r.t. certain realization of the data
as long as its performance on other realizations could compensate this deficit. However, in
our problem, due to different kinds of correlations, we might repeatedly encounter the un-
favorable data sequence and the performance guarantee of classical statistical theory based

forecasting policy no longer holds. With these, we ask the following question:

Can we design sales forecast policy that does not rely on any statistical assumptions?

1.4.1 Modeling Approach: Combining Non-Parametric Regression,

Game Theory, and Pandemic Modeling

To address the above question, we consider the competitive online non-parametric regres-
sion setup: in each time step, a decision-maker (DM) predicts the label (i.e., offset in sales
volumes) of a covariate (i.e., current active COVID-19 case numbers) given past (covariate,
label) observations. Each covariate is generated by a simulatable (e.g., via the SIR epidemic
model) generative process. We are looking for a computationally-efficient algorithm that

minimizes regret, which is the difference between the squared ¢,-norm associated with
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labels generated by the algorithm and labels generated by an adversary and the squared
l>-norm associated with labels generated by the best isotonic (non-decreasing) function
in hindsight, i.e., oracle, and the adversarial labels. In this setup, the adversary seeks to
maximize the regret.

Our notion of regret follows [152] and the connections between learning and repeated
games [53]. Specifically, we make no statistical assumption (e.g., eq. (1.1)) on the la-
bel’s generative process, but in order to maximize the regret, the adversary would try to
maximize our loss while minizing the loss of the best isotonic function/oracle. That is, we
encode our prior belief that the family of isotonic functions is expected to perform well into
the definition of oracle without enforcing eq. (1.1). This ensures our model and the forth-
coming solution are going to provide performance guarantee for all possible (covariate,

label) observations.

1.4.2 Related Works

[152, 89] have studied the online non-parametric regression problem with a general bench-
mark. However, their algorithms are often computationally inefficient for our problem (see
Section 1.1 of [121]).

When the benchmark is an isotonic function and all the covariates are known before-
hand, i.e., the fixed-design setting, [121] first shown that many existing online learning
algorithms, e.g., online gradient descent [193], exponential gradient descent [119], and
follow the leader [103], could only ensure sub-optimal regret upper bounds, and they fur-
ther developed a computationally-efficient exponential weights algorithm [131] to attain
the minimax-optimal regret bound ©(7'/3). [121] has also demonstrated that the DM has
to suffer @(T') regret if the covariates are chosen by an adversary without revealing them at
the beginning. The fixed-design setting corresponds to knowing exactly the active COVID-
19 case numbers over the entire time horizon in AB InBev’s case, and it is thus impractical.
Later on, [122] studied the case where the (unknown a priori) covariates arrives in random
permutation order, and they shown that the regret bound of this problem is also O(Tl/ 3.
Unfortunately, this covariate generative process is still too restrictive for our application.

Isotonic functions have found numerous applications in statistics (see [156] and refer-
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ences therein). More recently, [100, 27, 70] have used (known a priori) isotonic functions
to model non-linearity in customer behaviors, i.e., purchasing probability, in the context of
dynamic pricing. Isotonic functions have also been used to model the reward distributions
in bandit optimization [79, 58, 191, 190].

Big-data anlalytics and machine learning techniques have recently emerged as a popular
tool to perform sales prediction and related problems [76, 52]. For example, [66] investi-
gated the benefits of information sharing in improving sales forecast accuracy. [28] pro-
posed to solve the sales forecast and order optimization problem with singlestep machine-
learning algorithms. [67] conducted empirical studies on how inventory availability infor-
mation can affect sales. [129] also considered the joint sales prediction, product shipping
and allocation problem using data-driven approaches. Our work contributes to this line of
works by demonstrating how one can combine online learning and pandemic modeling to

perform sales forecast calibration.

1.4.3 Summary of Main Contributions for Chapter 5

We develop a data-driven online non-parametric regression method that sequentially takes
the (past and simulated future) active COVID-19 case numbers as input, and then outputs
the level of calibration of AB InBev’s baseline sales forecast. Specifically, for a 7' time
steps online non-parametric regression problem, our contributions can be summarized as

follows:

e Rate-optimal learning policy: We develop a computationally-efficient Simulat-
ing Exponential Weights (SEW) policy that applies the simulated future covariates
as an extra (in addition to past covariate, label observations) input to the exponen-
tial weights algorithm [131]. Different than conventional online learning algorithms
[53, 46], which make predictions based only on historical observations, the SEW pol-
icy additionally makes use of the simulated future covariates, and this makes its regret
analysis challenging. We bypass this difficulty by exploiting the generative process
of the covariates and the relaxation framework (see Section D.2 of the appendix for

more details) from sequential complexity theory of online learning [152], and show
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that the SEW policy achieves a regret bound of order O( T/ 3). Comparing this regret
upper bound with the regret lower bound established in Theorem 5 of [121], we know

that it is minimax-optimal.

Numerical experiments: We evaluate the SEW policy on both synthetic and AB
InBev’s datasets. With the synthetic datasets, we compare the performance of the
SEW policy against the exponential weights (EW) algorithm for fixed-design online
isotonic regression [121] and the online linear regression (OLR) algorithm [170].
The results show that by using the SEW policy, the cost of not knowing the covariates
in advance is small, and the prediction accuracy is significantly higher than that of the
OLR algorithm in various cases. With the AB InBev’s dataset, we compare the per-
formance of the SEW policy calibrated sales forecast with two benchmark methods—
the OLR calibrated sales forecast and the baseline sales forecast. We study both the
weekly and the monthly update scenarios. The results demonstrate that our method
outperforms the competing methods by more than 20% in terms of WMAPE (i.e.,
weighted mean absolute percentage error) and MSE (i.e., mean squared error) by
more than 50% in the monthly forecast (AB InBev’s main focus) and 15% in the

weekly forecast.
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Chapter 2

Non-Stationary Bandit Optimization

2.1 Problem Formulation for Drifting Linear Bandits

We start by introducing the notations to be used and the model formulation. From the
current section to Section 2.5, we focus on the drifting linear bandit problem, which serves
to illustrate our algorithmic framework. After that, we provide generalizations to a wide

variety of bandit problems in drifting environments in Section 2.6.

2.1.1 Notation

Throughout this chapter, all vectors are column vectors, unless specified otherwise. We
define [n] to be the set {1,2,...,n} for any positive integer n. We denote (x,y) = x'y as
the inner product between x,y € R?. For p € [1,], we use ||z||, to denote the p-norm of
a vector 2 € RY. For a positive definite matrix A € R4*4, we use ||||4 to denote VT Az
of a vector & € R?. We denote xVy and x Ay as the maximum and minimum between
x,y € R, respectively. We adopt the asymptotic notations O(-),Q(-), and ©(-) [65]. When
logarithmic factors are omitted, we use O(-),Q(-), O(-), respectively. With some abuse,

these notations are used when we try to avoid the clutter of writing out constants explicitly.
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2.1.2 Learning Protocol

In each round ¢ € [T], a decision set D, C R is presented to the DM. Then, the DM chooses

an action X; € D,. Afterwards, the reward
Y, = <Xz,9t> + Nt

is revealed to the DM as a whole. We allow D; to be chosen by an oblivious adversary,
who chooses the decision sets {D,}tT:1 before the protocol starts [54]. The parameter vector
6, € R? is an unknown d-dimensional vector, and 7N, is a random noise drawn i.i.d. from an
unknown sub-Gaussian distribution [154] with variance proxy R. By definition, this means
E[n] =0, and VA € R we have E [exp (A1n;)] < exp(A2R?/2). Following the convention
of the existing linear bandit literature [3, 9], we assume there are positive constants L and
S, such that ||X||, < L for all X € D, and all ¢ € [T], and ||6;|] < S holds for all # € [T].
In addition, the instance is normalized so that |(X, 6;)| < 1 for all X € D; and ¢t € [T]. The

constants L, S are known to the DM.

We consider the drifting environment [36], where 6; can change over different ¢, with
the constraint that the sum of the Euclidean distances between consecutive 6;’s is bounded
from above by the variation budget By = @(T") for some p € (0,1), i.e.,

T-1
Y 16:1—6], <Br. 2.1

=1

We allow 6;’s to be chosen by an oblivious adversary. It is worth pointing out that the
concepts of a drift environment and variation budget were originally introduced in [37] and

[36, 38] for the full information setting and the partial/bandit feedback setting, respectively.

We define 7% = {D;, X;,Y; ts;ll U{D;} as the available history information at round
t € [T]. The DM’s goal is to design a non-anticipatory policy 7, which only uses the
information .77 in each round ¢, to maximize the cuamulative reward. Equivalently, the goal
is to minimize the dynamic regret, which is the worst case cumulative regret against the

optimal policy 7*, that has full knowledge of 6;’s. Denoting x; = argmax,c, (x,6;), the
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dynamic regret of a non-anticipatory policy 7 is mathematically expressed as

T

Z Xt7 61‘

Xy () =E [Regrety (n

b

where the expectation is taken with respect to the randomness of X; and 7% as well as the

(possible) randomness of the policy.

Remark 1. A related non-stationary environment is the piecewise stationary environment
[91], which allows 6,’s to change at most S times throughout the time horizon. However, as
discussed in Section 1.1.1, this can be a looser measure of non-stationarity as a very tiny
change in the environment is still counted towards the total number of switches. That is to

say, even if there are a total of T switches, the total variation could still be far less than T.

2.2 Lower Bound for Drifting Linear Bandits
We first provide a lower bound on the the dynamic regret for the linear model.

Theorem 1. In the drifting linear bandit setting, for any T > d and Br € [dT~'/?,8472T],

there exists decision sets {D;}_| and reward vectors {6,}1_,, such that for all t € [T] and

all x € D;, we have | <1, and ||{(x,6;)| <1, and the dynamic regret for any

non-anticipatory policy T satisfies Zr(m) = Q (dz/ 3B1T/ 312/ 3) :

Poof Sketch. The complete proof is presented in Section A.1 of the appendix. The con-
struction of the lower bound instance is similar to the approach of [36]. The nature divides
the whole time horizon into [T /H] blocks of equal length H = [(dT)?/3B;**] (< T)
rounds, and the last block can possibly have less than H rounds. In each block, the na-
ture initiates a new stationary linear bandit instance with parameter vectors from the set
{i\/m }4. We set up the instance so that the parameter vector of a block cannot be
learned using the observations from the previous blocks. Consequently, every online pol-
icy must incur a regret of Q(d+/H) in each block, by applying the regret lower bound for
stationary linear bandits (for example, see [125]) on each block. Since there are at least

|T/H | blocks, the total dynamic regret is Q(dT /v/H) = Q(a,’2/3BlT/3 T2/3). O
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2.3 Sliding Window Regularized Least Squares Estima-

tor

As a preliminary, we introduce the sliding window regularized least squares estimator (SW-
RLSE), which is the key tool in estimating the unknown parameters {9,}th1 online. The
SW-RLSE generalizes the sliding window sample estimator proposed by [91] for the K-
armed bandits in piecewise stationary environments. In addition, our SW-RLSE can be
constructed for any sequence of arm pulls, which is different from [115], who require each
arm (in their setting a posted price) to be pulled equally often. Despite the underlying
non-stationarity in our model, we show that the estimation error of our SW-RLSE scales

gracefully with the variation of 6;’s across time.

To motivate SW-RLSE, consider a round ¢, where the DM aims to estimate 6; based
on the historical observation {(X;,Y;)}'_}. The design of SW-RLSE is based on the for-
getting principle [91], which argues the following: the DM could estimate 6; using only
{(X;, Ys) fvlllv(t—w)’ the observation history during the time window (1V (r —w)) to (r — 1),
instead of all prior observations. The rationale is that, under non-stationarity, the obser-
vations far in the past are obsolete, and they are not as informative for regressing 6;. The
principle crucially hinges on w, which is a positive integer called the window size. Intu-
itively, when the variation across 0y, ..., Or increases, the window size w should be smaller,

since the past observations become obsolete at a faster rate. We treat w as a fixed parameter

in this section, and then shine lights on choosing w in subsequent sections.

The SW-RLSE 6, is the optimal solution to the following ridge regression problem with

regularization parameter A > 0:

—1
min A[6[3+ Y (X, 6-Y)%
GZOER"{ SZI\/(t—W) ’

Define matrix V, | := Al —|—Z’S ;iv (t—w) X,X,". The SW-RLSE 6, can be explicitly expressed
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as

t—1
0 = z11< Z XY>=V;11 Y XX, 6,+V} Z nXs.  (22)

s=1V(t—w) s=1V(t—w) s=1V(t—w)

Next, we demonstrate the accuracy of the SW-RLSE. Denoting

2
B ::R\/dln (%) +VAS, (2.3)

we provide an error bound on estimating the latent reward, i.e., the confidence radius, of
any action x € D; in a round ¢, under the following regularity assumption made in [75] over

the decision sets D;’s.

Assumption 1. There exists an orthonormal basis ¥ = (yy,...,¥,) such that for any t €

[T] and any X € Dy, there exists a number z € R and an i € [d] such that X = z- ;.

Remark 2. One can easily verify that this assumption holds in the multi-armed bandits
case. Of course, this assumption allows for more general models than the multi-armed
bandits setting as it still allows each of the time-varying D;’s to have arbitrarily large

number of actions.

In what follows, we analyze the linear bandit setting under Assumption 1. We also

discuss how to remove this assumption in Remark 4 of the forthcoming Section 2.5.

Theorem 2. Foranyt € [T| and any 6 € [0, 1], we have with probability at least 1 — §,

<" (6,-6)

SV MR R TR

s=1V(t—w)

holds for all x € D;.

Proof Sketch. The complete proof is in Section A.2 of the appendix. Note that

—1
6—-6=v"1 Z XX, (65— 9,)+vtll< ) nsxs—/w,>,

s=1V(t—w) s=1V(t—w)
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we first upper bound the first term as

Zs 1V(t—w) XYXST <9‘ )
and then adopts Theorem 2 from [3] for the second term, i.e., Wlth probability at least

-8,

STy 165 = st

< B. Therefore, fixed any 6 € [0, 1], we have that for

1
— 1(—w) NsXs = A6 y-l

any t € [T] and any x € Dy,

t—1 t—1
)XT(él — 6;) = T (V;:ll Z XSXST (95 - 9;)) +XTV;:11 < Z nsXs — 249;)
s=1V(t—w) s=1V(t—w)
—1 —1
Slxlp-|[ViZi X XX (6—6)| +lxlly || X mXo—26,
s=1V(t—w) 2 s=1V(t—w) V;l1
(2.4)

<L Z 165 = sl + B lIxly-1
s=1V(t—w) o

where we have applied the triangle inequality and the Cauchy-Schwarz inequality succes-

sively in inequality (2.4). 0

2.4 Sliding Window-Upper Confidence Bound (SW-UCB)

Algorithm: An Optimal Strategy

In this section, we describe the Sliding Window Upper Confidence Bound (SW-UCB) al-
gorithm for the linear model. When the variation budget By is known, we show that
SW-UCB algorithm with a tuned window size achieves a dynamic regret bound which is
optimal up to a multiplicative logarithmic factor. When the variation budget Br is un-
known, we show that SW-UCB algorithm can still be implemented with a suitably chosen

window size so that the regret dependency on 7T is optimal, akin to that of [115].

2.4.1 Design Intuition

In the stochastic environment where the reward function is stationary, the well known UCB
algorithm follows the principle of optimism in face of uncertainty [21, 3]. Under this

principle, the DM selects an action that maximizes the UCB, which is the value of “mean
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plus confidence radius" [21]. To follow the principle, we first construct an UCB on the
latent mean reward (x, 6;) for each x € D; in each round ¢ € [T|. By Theorem 2, the UCB
of x € D, in each round 7 € [T] is (x,6;) +LZ§;1W0_W) |65 — O541]| + B Hx||vt:11 . We then
choose the action X; with the highest UCB, i.e.,

—1
X; = argmax { (x,6,)+L Z |65 — 6511/ + B Hx”v,j } = argmax{(x, 6,) + B HXHV[:II } :

xeD, s=1V(t—w) xeDy;

(2.5)

Upon selecting X;, we have

t—1 t—1
G L Y 18— Ol Bl <XB) L Y 16— il BIX
s=1V(t—w) - s=1V(t—w) -

(2.6)

by virtue of the UCB action selection rule. From Theorem 2, we further have with proba-
bility at least 1 — &,
-1

(7, 6) < () +L ) 116— Ol + B gl 2.7)
s=1V(t—w) "

and

t—1 1—1
(X, 0)+L Y 65— 641l +B HX,H‘HI < (X, 60 +2L Y 65— 641, +28 HXtvall'
s=1V(t—w) . s=1V(1—w) .

(2.8)

Combining inequalities (2.6), (2.7), and (2.8), we establish the following high probability
upper bound for the expected per round regret, i.e., with probability 1 — &,
-1

(0 =X,6)<2L Y |[6— 61, +28B Xt ly-1 - (2.9)

s=1V(t—w)
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The regret upper bound of the SW-UCB algorithm (to be formalized in Theorem 3) is thus

—1 _ dT
oYL Y ues-esﬂ||2+m|x,nv_l:o(wBT+_). 2.10)
te[T] s=1V(t—w) t—1 \/w

2.4.2 Design Details

In this section, we describe the details of the SW-UCB algorithm following the discussions
above. The SW-UCB algorithm selects a regularization parameter A (> 0), and initializes
Vo = Al. In each round 7, the SW-UCB algorithm first computes the estimate 6, for 6, accord-
ing to eq. (2.2), and then finds the action X; with largest UCB by solving the optimization
problem (2.5). Afterwards, the corresponding reward Y; is observed. The pseudo-code of

the SW-UCB algorithm is shown in Algorithm 1.

Algorithm 1 SW-UCB algorithm for drifting linear bandits

1: Input: Sliding window size w, dimension d, variance proxy of the noise terms R, upper
bound of all the actions’ Euclidean norms L, upper bound of all the 6,’s Euclidean
norms S, and regularization constant A.

2: Initialization: V < A1

3: fortr=1,....,T do

4: Update 6, V[j ( g;}v(z—w) XSYS> .

50 X; ¢« argmax,cp, {xTét +B ||x||v,:‘1 } , where f3 is defined in (2.3).
6: Observe Y, = (X, 6;) + n;.

7. Update V, <= AL+ Y1y XX, -

8: end for

2.4.3 Dynamic Regret Analysis

We are now ready to formally state a dynamic regret upper bound of the SW-UCB algorithm for

drifting linear bandits.

Theorem 3. For the drifting linear bandit setting, the dynamic regret of the SW-UCB algorithm is

upper bounded as %t (SW-UCB algorithm) = O (wBy +dT /\/w). When By is known, by
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taking w = © ((dT)2/3B;2/3> , the dynamic regret of the SW-UCB algorithm is
Rr (SW-UCB algorithm) = O (diBéT.%) .

When Bt is unknown, by taking w = ® <(d T)z/ 3) , the dynamic regret of the SW-UCB algorithm is
Ry (SW-UCB algorithm) = O (d%BTT%) :

Poof Sketch. The complete proof is in Section A.3 of the appendix. The proof involves
upper bounding the two terms on the L.H.S. of eq. (2.10). The first term can be upper
bounded by a intuitive telescoping sum. For the second term, we first remark a similar
quantity is analyzed in [3], which involves a matrix telescoping technique under station-
arity. Nevertheless, due to the “forgetting principle" of the SW-UCB algorithm, we cannot
directly adopt this. Instead, we make use of the Sherman-Morrison formula to overcome

the barrier. O]

Remark 3. When the variation budget Bt is known, Theorem 3 recommends choosing the
size w of the sliding window to be decreasing with Br. The recommendation is in agree-
ment with the intuition that, when the learning environment becomes more volatile, the
DM should focus on more recent observations. Indeed, if the underlying learning envi-
ronment is changing at a higher rate, then the DM’s past observations become obsolete
faster. Theorem 3 pins down the intuition of forgetting past observation in face of drifting
environments, by providing the mathematical definition of the sliding window size w that

vields the optimal dynamic regret bound.

2.5 Bandit-over-Bandit (BOB) Algorithm: Adapting to the

Unknown Variation Budget

When By is not known, the DM can achieve the dynamic regret bound O (dz/ 3(Br+1)T% 3)
for the drifting linear bandit problem, by setting w = @((dT)?/3) (see Section 2.4). While
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the bound is optimal in terms of 7 by Theorem 1, it becomes meaningless when By =
Q(T'/3), since then the resulting dynamic regret bound is linear in 7.

To overcome this limitation, in this section we design an online algorithm whose dy-
namic regret grows sub-linearly in 7', even when By = o(T) is not known. Similar to the
style of previous sections, the discussion in this section focuses on linear model. Neverthe-
less, we emphasize that the proposed framework applies to a variety of bandit models (see

the forthcoming Section 2.6).

2.5.1 Design Challenges

Theorem 3 shows that running the SW-UCB algorithm for 7 with window size
W = {(dT)wB;z/ 3J @2.11)

leads to an optimal dynamic regret. However, the choice of the window size w* in (2.11)
requires the crucial knowledge of By, which is not available to the DM. A natural attempt
would be to “learn" the unknown Br in order to properly tune the window size w. In
a more restrictive setting in which the differences between consecutive 6;’s follow some
underlying stochastic process, one possible approach is to apply a suitable machine learning
technique to learn the underlying stochastic process and tune the parameter w accordingly.
However, under the general setting of drifting environments (2.1), the differences between
consecutive 6;’s need not follow any pattern, which challenges the use of statistical machine

learning algorithms for identifying the patterns on the underlying changes.

2.5.2 Algorithm

The above mentioned observations as well as the established results motivate us to make
use of the SW-UCB algorithm as a sub-routine, and “hedge" [18, 17] against the (possibly
adversarial) changes of 6;’s to identify a reasonable fixed window size. Inspired by the
heuristic envelop policy [38] and the bandit corralling technique [7, 134], we develop a
novel Bandit-over-Bandit (BOB) algorithm that achieves a nearly optimal dynamic regret

bound for drifting linear bandits. Specifically, we show In Section 2.5.4 that the BOB algo-
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rithm has a dynamic regret sub-linear in T even when By = o(T) is not known, unlike the
SW-UCB algorithm.

As illustrated in Fig. 2-1, the BOB algorithm divides the whole time horizon into [T /H |
blocks of equal length H rounds (the last block can possibly have less than H rounds).
In addition, the algorithm specifies a set of candidate window sizes J. For each block
i € [[T/H]], the BOB algorithm first selects a window size w; € J. Then, the BOB algo-
rithm restarts the SW-UCB algorithm from scratch (see Remark 6 for a discussion on the
design of restarting) with the selected window size w; for H rounds. On top of this, the
BOB algorithm also maintains a separate bandit algorithm to determine each window size
w; based on the observed history in the previous i — 1 blocks, and thus the name Bandit-
over-Bandit. The choice of w; is based on the EXP3 algorithm [18], which allows us to
compete with the best window size in J (in the sense of minimizing dynamic regret), even
when the 6;’s variation does not follow any pattern. The EXP3 algorithm is designed for
adversarial multi-armed bandits, where the underlying reward function is designed by an
oblivious adversary [18, 17]. Finally, to properly apply the EXP3 algorithm, we note that
the total reward during each block is normalized so that the normalized reward lies in [0, 1]

with high probability.

EXP3 selects w adaptively

———m— e—

SWUCB(w;) SWUCB(W,) =+ ==+=+ SWUCB(W| 7))
& o—(/\d s o
1 H (H+1) 2H e (|T'TH|-DH+1 T

Figure 2-1: Structure of the BOB algorithm

To this end, we describe the details of the BOB algorithm for the linear model. Defining

the parameters (we justify these choices in Section 3.4.1)

H= LdT%J A=[InH],J = {HO, LH%J ,...,H},Q:2H+4R\/H1n(T/\/E), (2.12)

The BOB algorithm first divides the time horizon T into [T /H| blocks of length H rounds
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(except for the last block, which can be less than H rounds), and then initiates the parame-

ters

A+1)In(A+1
y:min{l,\/<(:_i)?;/;])},sﬂ:1 Vji=0,1,...,A (2.13)

for the EXP3 algorithm [18]. At the beginning of each block i € [[T/H|], the BOB algorithm first

sets

Si r}/ .
pii=(1—1v LS Vi=0,1,...,A 2.14
7l ( )Zﬁ_osw A+1 J » 4y = ( )

and then sets j; = j with probability p;; for each j = 0,1,...,A. The selected window
size is then w; = LH Jil AJ . Afterwards, the BOB algorithm selects actions X; by running the

SW-UCB algorithm with window size w; for each round 7 in block i, and the total collected

reward is
i-HAT i-HAT
Y, = Z (Xt,6r) + ;.
t=(i—1)H+1 t=(i—1)H+1

Finally, the total rewards is normalized by first dividing Q, and then added by 1/2 so that

it lies within [0, 1] with high probability. The parameter s;, ;11 is set to

Y 1 if(/'\Tl)H+1 Y
e (- y==emne : 21
- ( S <2+ > )) 219

while s, ;11 is the same as s, ; for all u # j;. The pseudo-code of the BOB algorithm is shown

in Algorithm 2.

Algorithm 2 B0OB algorithm for drifting linear bandits

1: Input: Time horizon 7', the SW-UCB algorithm, parameters H,A,J,Q (as defined in
2.12).
Initialize parameters 7, {s j71}j‘-:0 by eq. (2.13).
fori=1,2,...,[T/H] do
Define distribution (p j7,~)JA-:0 by eq. (2.14), and set j, <— j with probability p; ;.

Rl

Set the window size w; < {H Jr/ AJ .

Restart the SW-UCB algorithm for H rounds with window size w;.

Update s;, ;11 according to eq. (2.15), and s, 1 < Su,; Vi 7 j;
end for
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2.5.3 Choice of Parameters

We first justify the choice of Q. Note that Q is used to perform normalization, we thus
prove high probability upper and lower bounds for the total rewards of each block (here,
we prove a slightly more general result by allowing max,¢ (7] xep, | (X, 6;)| to be in [V, V]

for some v > 0).

Lemma 4. Suppose max,c|r) cep, |(X, )| € [=V, V] for some v > 0 and denote M; as the

absolute value of cumulative rewards for block i, then with probability at least 1 —2 /T, M;

does not exceed Hv +2R\/HIn(T //H) for all i, i.e.,

T 2
P e |T/H M;<H 2Ry /HIn—— | > 1——.
r(VzE[/ 1 <HV+2R,| n\/ﬁ>_ T

The complete proof of Lemma 4 is in Section A.4 of the appendix. With Lemma 4

and the choice of Q = 2H +4R+/HIn(T /+/H) (note that v = 1 by our model assumption

in Section 2.1), it is evident that Yy 707\, ¥, /Q in eq. (2.15) lies in [~1/2,1/2] with

1)H+1
probability at least 1 —2/7T. Adding thlS by 1/2, we normalize the total rewards of each
block to [0, 1] with probability at least 1 —2/T for all the blocks.

To determine H,A, and J, we first consider the dynamic regret of the BOB algorithm.
Here, we point out due to the design of restarting, any instance of the SW-UCB algorithm can-
not last for more than H rounds. As a consequence, even if the EXP3 selects a window size
w; > H for some block i, the effective window size is H. In other words, w* is not necessar-
ily attainable, i.e., by definition in eq. (2.11), w* = {(dT)z/ 3B, 2/ 3J might be larger than
H when Br is small. We thus have to denote the optimally (over J) tuned window size as

w', and derive the following result.

Proposition 5. For the drifting linear bandit setting, the dynamic regret of the BOB algorithm is
dT J|IT
P (BOB algorithm) = O ( "Br+ —— N +0 VI ) (2.16)

Proof Sketch. The complete proof is presented in Section A.5 of the appendix. The dy-
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namic regret bound (2.16) can be decomposed as

~ dT ~ \J|T
¥ el ol
?(w BT-I-\/W)/ —|—0<Q 7 ) (2.17)

-

i i i +
Pt (SW-UCB algorithm) with w! ¢ o learning w

The first term in (2.17) is due to the dynamic regret of the underlying SW-UCB algorithm un-
der the optimally tuned window size w'. More precisely, we can view each block as a new
non-stationary linear bandit instance, and the dynamic regret is due to the application of
SW-UCB algorithm with window size w' on each block. The second term is due to the loss
by the EXP3 algorithm, which essentially treat each of the window size in J as an expert,

and compete with the best expert. 0

Eq. (2.16) exhibits a similar structure to the regret of the SW-UCB algorithm as stated
in Theorem 3, and this immediately indicates a clear trade-off in the design of the block

length H :

e On one hand, H should be small to control the regret incurred by the EXP3 algorithm

in identifying w', i.e., the third term in eq. (2.16).

e On the others, H should also be large enough to allow w' to get close to w* =

L(dT)% 3B;2/ 3J so that the sum of the first two terms in eq. (2.16) is minimized.

A more careful inspection also reveals the tension in the design of J. Obviously, we hope
that |J| is small to minimize the third term in eq. (2.16), but we also wish J to be dense
enough so that it forms a cover to the set [H]. Otherwise, even if H is large enough that wi
can approach w*, approximating w* with any element in J can cause a major loss.

These observations suggest the following choice of J.
J= {HO, LH%J H} (2.18)

for some positive integer A, and since the choice of H should not depend on Br, we can

set H = |d®*T?*| with some & € [0, 1] and € > 0 to be determined. We then distinguish two
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cases depending on whether w* is smaller than H or not (or alternatively, whether Br is

(2-3¢)/27(2-3a

larger than d )/2 or not).

Case 1: w* < H or By > d2-3¢)/27(2-30)/2 " Under this situation, w' can automati-
cally adapt to the nearly optimal window size clip; (w*) , where clip;(x) finds the largest
element in J that does not exceed x. Notice that |J| = A+ 1, the dynamic regret of the

BOB algorithm then becomes

~( . dT
7 (BOB algorithm) =0 (W'BT + T + \/H\J\T)
w!

~ 1 dT
O (W'HBr + ——— + \/dST‘”lA)
( ! VwrH-1/A

—0 (d% (BT+1)%T%H%+d§T“T“A%>. (2.19)

Case 2: w* > H or By < d(?736)/2T7(2-30)/2 " Under this situation, w' equals to H, which

is the window size closest to w*, the regret of the BOB algorithm then becomes

~ ar
2 (BOB algorithm) =0 (WTBT + W + \/H]J|T>
=0 (HBT + =+ VHJ|T )

£ a 17270C e o+l 1
d BT—l—lT +d 2 +4+d2T 2 A2

€ a+1

45T L atT *A%), (2.20)

—0 (
—0 (
where we have make use of the fact that By < d(273€)/27(2-3®)/2 i the last step.

Now both eq. (2.19) and eq. (2.20) suggests that we should set A = [InH |, and eq.
(2.20) further reveals that we should take oo = 1/2 and € = 1. These then lead to the choice
of parameters presented in eq. (2.12), i.e., H = LdT%J JA=[InH]|,J= {HO7 LH%J ,...7H} .

Here we have to emphasize that w, &, and € are used only in the analysis, while the only

parameters that we need to decide are H,A,J, and Q, which clearly do not depend on Br.
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2.5.4 Dynamic Regret Analysis

We are now ready to present the dynamic regret analysis of the BOB algorithm for the drift-

ing linear bandits.

Theorem 6. The dynamic regret of the BOB algorithm for drifting linear bandit is

).

Proof Sketch. The proof of the theorem essentially follows from substituting the choice of

Wity

W
Ao

T3 +d2T

N wl—

Zr (BOB algorithm) = O (d B

H and J into the dynamic regret bound in Proposition 5, and the complete proof is presented

in Section A.6 of the appendix. [

Remark 4 (Removing Assumption 1). 7o remove Assumption 1, one can apply a restarting
strategy [38] together with an algorithm for adversarial linear bandit, e.g., Algorithm 15
of [125]. When By is known and D;’s are fixed, by an argument similar to Theorem 2 of
[38], one can show that this restarting strategy can achieve the minimax-optimal dynamic
regret bound 5(d2/ 3BlT/ 12/ 3); when Bt is unknown, we can apply the BOB algorithm to

adaptively tune the restarting rate to achieve the dynamic regret bound 5((12/ 3BlT/ 72/3 +
4127374,

Remark 5. Compared to the lower bound in Theorem 1, the dynamic regret bound pre-
sented in Theorem 6 is optimal when By > d~"/>T'/*; while it also leaves a small O(Tl/lz)
gap in the worst case i.e., when By = ©(1). This is because the smaller the non-stationarity,

the harder the detection, and hence a worse dynamic regret bound.

Remark 6. The block structure and restarting the SW-UCB algorithm with a single window
size for each block are essential for the correctness of the BOB algorithm. Otherwise, sup-
pose the DM utilizes the EXP3 algorithm to select the window size w; for each round t, and
implements the SW-UCB algorithm with the selected window size without ever restarting it.

Instead of eq. (A.33), the regret of the BOB algorithm is then decomposed as

T

Z (Reward of SW-UCB ({WT}

=1

t

7=1

> in round t — Reward of SW-UCB({w<},_,) in round t)
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T t
+ Z (Optimal reward in round t — Reward of SW-UCB ({WT}

t=1

1::1) in round t) 2.21)
Here, with some abuse of notations, SW-UCB({w'}._,) (respectively (SW-UCB({w}._,))
refers to in round t, the DM runs the SW-UCB algorithm with window size w' (respectively
wy ) and historical data, e.g., (action, reward) pairs, generated by running the SW-UCB algorithm
with window size w' (respectively wz) for rounds T =1,...,t — 1. Same as before, the sec-
ond term of eq. (2.21) can be upper bounded as a result of Theorem 3. It is also tempting
to apply results from the EXP3 algorithm to upper bound the first term. Unfortunately, this
is incorrect as it is required by the adversarial bandits protocol [18] that the DM and its
competitor should receive the same reward if they select the same action, i.e., the reward
of SW-UCB <{WT}IT_:]1 Wy = w) in round t and the reward of SW-UCB ({wf}tf_:ll Wy = WT>
in round t should be the same for every w. Nevertheless, this is violated as running the
SW-UCB algorithm with different window sizes for previous rounds can generate differ-
ent (action,reward) pairs, and this results in possibly different estimated 6,’s for the two
SW-UCB algorithms even if both of them use the same window size in round t. Hence, the
selected actions and the corresponding reward by these two instances might also be differ-
ent. By the careful design of blocks as well as the restarting scheme, the BOB algorithm de-
couples the SW-UCB algorithm for a block from previous blocks, and thus fixes the above

mentioned problem, i.e., the regret of the BOB algorithm is decomposed as eq. (A.33).

Remark 7. The bandit-over-bandit framework can go beyond the problem of non-stationary
bandit optimization. In a high level, it provides us a viable approach to automatically op-
timize the performances of data-driven sequential decision-making algorithms. Although
not always optimal, it can be applied to bandit model selection [84] as well as online meta-
learning [32], in which the DM is trying to optimize the performances of her algorithms
by selecting a correct model class or a set of proper parameters. Both of these are of great

importance in the operations of data-driven decision-making algorithms.
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2.6 Applications to Other Bandit Settings

In this section, we demonstrate the generality of our established results. As illustrative
examples, we apply our technique to several bandit settings, including multi-armed bandits
[21], the generalized linear bandits [79, 128], and the combinatorial semi-bandits [88, 123].
Note that for generalized linear bandits, we need to impose Assumption 1. On the other
hand, for multi-armed bandits, this assumption is always valid while for combinatorial
semi-bandits, this assumption is not required. A preview of the results is shown in Table

2.1.

Known Bt Unknown B
d-armed bandit 0 (d'PBy127) 0 (PB4 a1 73)%)
Generalized linear bandit 0 <d2/3BlT/3 T2/3> 0 <a,’2/3BlT/3 T2/3 —i—d1/2T3/4>
Combinatorial semi-bandit | O (dl/3m2/3BlT/3 T2/3> 0 (afl/3m2/3BlT/3 T2/3 +a’1/4m3/4T3/4>

Table 2.1: Dynamic regret bounds of the SW-UCB algorithm and the BOB algorithm for
different settings. Here m is an upper bound for the 1-norm of all the actions in the combi-
natorial semi-bandit problem.

2.6.1 An Algorithmic Template

The SW-UCB algorithm and the BOB algorithm developed in the previous sections can be
viewed as an algorithmic template that allows us to extend the results from linear bandits to
other bandit settings. Given a bandit setting A, we leverage the forgetting principle (similar
to Section 2.3), and first modify the reward estimator used in the stationary setting to a
sliding-window estimator. We then incorporate it into the UCB algorithm to arrive at the
corresponding SW-UCB algorithm for the drifting environments. When the variation budget
is known, we could optimally tune the window size to enjoy an optimal dynamic regret
bound. To achieve low dynamic regret when the variation budget is unknown, we can
proceed by plugging the SW-UCB algorithm for A into the BOB algorithm, i.e., line 6 of Al-
gorithm 2, and custom-tailor the parameters (as those listed in eq. (2.12)) to accommodate

the need of A.
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We note that the power of this algorithmic template is indeed entailed by a salient
property, i.e., the dynamic regret of the SW-UCB algorithm can be decomposed as “dynamic
regret of drift" + “dynamic regret of uncertainty" (or eq. (2.10)), that actually holds for a
variety of bandit learning models in addition to linear models. In what follows, we shall
derive the SW-UCB algorithm as well as the parameters required by the BOB algorithm, i.e.,

similar to those defined in eq. (2.12), for each of the above mentioned settings.

2.6.2 d-Armed Bandits

The d-armed bandit problem in drifting environments was first studied by [37], who pro-
posed Rexp3, an innovative and interesting variant of the EXP3 algorithm [22]. When the
underlying variation budget is known, their algorithm achieves the optimal dynamic regret
bound. In this subsection, we provide an alternative derivation of the dynamic regret bound

by our framework.

In the d-armed bandits setting, every action set D, is comprised of d actions ey, ..., e,.
The i action ¢; has coordinate i equals to 1 and all other coordinates equal to 0. Therefore,
the reward of choosing action X; = ¢, in round ¢ is ¥; = (X;, 6;) + 1, = 6;(I;) + 1;, where
6;(I;) is the I'" coordinate of §,. We again assume |(x,6,)| € [~1,1] for all x € D; and all
t € [T]. Different than the linear bandit setting, we follow [37, 38] to define the tighter
variation budget with the infinity norm, i.e., ¥,/ \'|6.+1 — 6;|.. < Br. For a window size
w, we also define N,_ (i) as the number of times that action i is chosen within rounds (¢ —
w),...,(t—1),ie,forallie [d], N_(i) = fv;ll/\(t—w) 1[X; = ¢;]. Here 1['] is the indicator
function. Similar to the procedure in Section 2.3, we set the regularization parameter A =0,

and compute the sliding window least squares estimate 6, for 6, in each round, i.e.,

t—1
0, =VvV" 1( ) XSYS>, (2.22)

s=1V(t—w)

where V* | is Moore-Penrose pseudo-inverse of V;_j. We can also derive the error bound

for the latent expected reward of every action x € D; in any round ¢.
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Theorem 7. For anyt € [T| and any i € [d|, we have with probability at least 1 —1/T,

t—1
el (6—6)|< Y 116,61l +R\/2In(2dT?) [leil|y- -
)

s=1V(t—w

holds for all x € D;.

The complete proof is provided in Section A.7 of the appendix. We can now follow
the same principle in Section 2.4 by choosing in each round the action X; with the highest

UCB, i.e.,

X, :argmax{(x, 0r) +Ry/21n (2dT2) [|x]|y- } : (2.23)
.X'ED[ =

and arrive at the following regret upper bound for the SW-UCB algorithm.

Theorem 8. For the d-armed bandit setting, the dynamic regret of the SW-UCB algorithm is
upper bounded as Rt (SW-UCB algorithm) = O (WBT + \/ET/W> . When Br (> 0) is
known, by taking w = ® a3 T2/3B;2/3> , the dynamic regret of the SW-UCB algorithm is
Rt (SW-UCB algorithm) = 19) (611/3B1T/3 T2/3> . When By is unknown, by taking w = © <d1/3 T2/3) ,
the dynamic regret of the SW-UCB algorithm is %1 (SW-UCB algorithm) = 0 <d1/3BTT2/3) .

Proof Sketch. The proof of this theorem is very similar to that of Theorem 3, and is thus
omitted. The key difference is that 8 (defined in eq. (2.3) for the linear bandit setting)
is now set to R1/21In(24T?), and this saves the extra v/d factor presented in eq. (A.29).

Hence the dynamic regret bound can be obtained accordingly. [

Comparing the results obtained in Theorem 8 to the lower bound presented in [37], we
can easily see that the dynamic regret bound is optimal when B7 is known. When Br is

unknown, we can implement the BOB algorithm with the following parameters:
1 0 1
H= L(dT)ZJ A=T[InH],J = {H , LHAJ . H} ,0=2H +4R\/HIn(T /VH).
(2.24)

The regret of the BOB algorithm for the MAB setting is characterized as follows.
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Theorem 9. The dynamic regret of the BOB algorithm for the d-armed bandit setting is
%7 (BOB algorithm) = O (d]/3BlT/3T2/3 + d1/4T3/4) :

The proof of the theorem is very similar to Theorem 6’s, and it is thus omitted.

2.6.3 Generalized Linear Bandits

For the generalized linear bandits model, we adopt the setup in [79, 128]: it is essentially
the same as the linear bandit setting except that the decision set is time invariant, i.e., D; = D
for all 7 € [T], and the reward of choosing action X; € Dis ¥, = u ((X;,6,)) + ;.

Let (1(-) and ji(-) denote the first derivative and second derivative of u(-), respectively,

we follow [79] to make the following assumptions.

Assumption 2. There exists a set of d actions ay,...,ag € D such that the minimal eigen-

value of Y& a;a] is A9 (> 0).

Assumption 3. The link function yu(-) : R — R is strictly increasing, continuously differ-

entiable, Lipschitz with constant ky, and we define ¢y, = inf, . p, gcpa.|jg|<s I ((x,0)).
Assumption 4. There exists Yiax > 0 such that for any t € [T], Y; € [0, Ymax] -

Similar to the procedure in Section 2.3, we compute the maximum quasi-likelihood

estimate 6, for 6, in each round ¢ € [T] by solving the equation

Y  (Y—u((X.6)))X =0 (2.25)

Defining 8 = 2k, Ymax\/2dIn(w)In(2dT?) (34 21In(1+2L2/2))/cyu, we can also derive
the deviation inequality type bound for the latent expected reward of every action x € D; in

any round 7.
Theorem 10. For anyt € [T], we have with probability at least 1 —1/T,
TA T kLl
w(78) - (<o) | <= Y 16— Ol Bl
Cu s=1V(1—w) "
holds for all x € D;.
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Proof Sketch. The proof is a consequence of Proposition 1 of [79] and Theorem 2. Please

refer to Section A.8 of the appendix for the complete proof. [

We can now follow the same principle in Section 2.4 to design the SW-UCB algorithm.
Note that in order for V;_ to be invertible for all 7, our algorithm should select the actions
ai,...,ag every w rounds for some window size w. For each of the remaining round ¢, it

chooses the action X; with the highest UCB, i.e.,

X; :argmax{(x, 6,) +B ”xHVt’il}’ (2.26)

XeD;

and arrive at the following regret upper bound.

Theorem 11. For the drifting generalized linear bandit setting, the dynamic regret of

the SW-UCB algorithm is upper bounded as %t (SW-UCB algorithm) = O (WBr +dT //w).
When Br (> 0) is known, by taking w = © ((dT)2/3B;2/3> , the dynamic regret of the
SW-UCB algorithm is Zr (SW-UCB algorithm) = O <d2/3B]T/3T2/3> . When Br is unknown,

by taking w = © <(dT)2/3> , the dynamic regret of the SW-UCB algorithm is
Ry (SW-UCB algorithm) = O (d2/3BTT2/3> .

Proof Sketch. The proof of this theorem is similar to that of Theorem 3, and is thus omit-
ted. The only difference is that we need to include the regret contributed by selecting
actions ay . .., ag every w rounds. But these sums to O (dT /w) , which is dominated by the
term O (dT /+/w) . Hence the dynamic regret bounds can be obtained similarly as the linear

bandit setting. 0

We can now implement the BOB algorithm with the same set of parameters as eq. (2.12),

except that Q is set to H - Yy, i.e.,

1 1

H= {(dT)fJ A=[InH],J = {HO, LHZJ H} L0 = 2H - Yinus. (2.27)

This is because the total rewards of each block is deterministically bounded by [—H -

Ymax, H - Ymax]. The dynamic regret bound when By is unknown thus follows.
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Theorem 12. The dynamic regret bound of the BOB algorithm for the drifting generalized
linear bandit setting is % (BOB algorithm) = O <d2/3BlT/3 T2/3 + d1/2T3/4) .

The proof of the theorem is similar to Theorem 6’s, and it is thus omitted.

2.6.4 Combinatorial Semi-Bandits

Finally, we consider the drifting combinatorial semi-bandit problem. For ease of pre-

th coordinate of a vector X. Following the setup

sentation, we use X (i) to denote the i
in Kveton et al. [123], an instance of combinatorial semi-bandit is represented by the
tuple (E,&,{P;}I_,), where the ground set E consist of d items, and & is a family of
indicator vectors of subsets of E. Each P is a latent distribution on the reward vector
W, = (W;(1),...W;(d)) on each and every item i € E in round ¢ € [T]. The DM only knows
that W, (i) belongs to [0, 1] for each i € [d] and ¢ € [T], but she does not know 6; (i) = E[W,(i)]
for any i € [d] and r € [T]. We can thus know from Lemma 1.8 of Rigollet and Hiitter [154]
that W, (i) — 6,(i) is R = 1/2 sub-Gaussian for all # € [T] and i € [d]. The sequence {F}L_,
are generated by an oblivious adversary before the online process begins.

In each round ¢, a reward vector W; is sampled according to the latent distribution F;.
Then, the DM pulls an action X; € &, and earns a reward ¥, = (X;, W) = Y;cg X; (i)W, (i)
that corresponds to the items indicated by X;. Under the semi-bandit feedback model,
the DM observes the realized rewards {W;(i) : X;(i) = 1} for the indicated items, but she
does not observe W;(i) for X;(i) = 0. The DM desires to minimize the dynamic regret
E [Zthl max e (X — X, 0,)} . Similar to the d-armed bandit setting, we define the varia-
tion budget By with the infinity norm: Zthjl |16:+1 — 6¢]|« < Br. For the subsequent dis-
cussion, we denote m = maxycs Y ;e X (i) as the maximum arm size of the underlying
instance.

We first show a lower bound for this setting.

Theorem 13. Let (d,m,T,Br) be a tuple that satisfies inequalities d > 2m > 2, T > 1,
m/d < By < Tm/d. For any non-anticipatory policy, there exists a drifting combinatorial
bandit instance (E,&,{P}1_,), with d items, maximum arm size m, and variation budget

Bt such that the dynamic regret in T rounds is Q(d V3m2/ 3BIT/ 3T2/3 ).
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The complete proof is presented in Section A.9 of the appendix. For a window size w,
we define N,_ (i) as the number of times that coordinate i of the chosen action is set to 1
within rounds (t —w),...,(t—1), i.e, foralli € [d], N,_1(i) = ZS IV(t—w) 1[X;(i) = 1]. Here
1[-] is the indicator function. In each round ¢, the DM also maintains the sliding-window

estimates for each coordinate i € [d] of 6;:

A Zs 1V(t—w) s(i)'l[Xs<i) = 1]
Oh(i) = max{N;,_1,1} '

Thanks to the semi-bandit feedback, the outcome W; (i) is observed when X;(i) = 1, so 6, ;
can be constructed from the observations in the previous w rounds. We can thus reuse the

Theorem 7 derived for the d-armed bandit case:

Theorem 14. For allt € [T] and all i € [d], we have with probability at least 1 —1/T,

t—1
A 1n(2dT2)
000 < Y [0 O]l 4R, [T
s=1V(t—w) ]V,,l(l) +1

holds for all x € D;.

The complete proof is presented in Section A.10. Following the rationale of UCB
algorithm for stochastic combinatorial semi-bandit [123] as well as that of Section 2.4, we

consider the SW-UCB algorithm which selects a combinatorial action X; with highest UCB

}

we can now arrive at the following regret upper bound.

in each round ¢, i.e.,

In(2dT?)

6,i+4R |
H N,_1(i)+1

a%{ix

icE

Denoting m := max;c|7] xcs,

Theorem 15. For any window size w > d /m, the dynamic regret of the SW-UCB algorithm for

the drifting combinatorial semi-bandit setting is upper bounded as %t (SW-UCB algorithm) =

0 (meT + \/d_mT/\/_> When Br < mT /d, is known, by taking w = ©® <d1/3 _1/3T2/3sz/3

the dynamic regret of the SW-UCB algorithm is %t (SW-UCB algorithm) = <d1/3m2/3BlT/3T2/3> :
When Bt is unknown, by taking w = ® <d1/3m*1/3T2/3> , the dynamic regret of the SW-UCB algorithm
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is

Ry (SW-UCB algorithm) = O (d1/3m2/3BTT2/3> .

The complete proof is presented in Section A.11 of the appendix. When B7 is unknown,

we can implement the BOB algorithm with the following parameters:

H= {(dT)% m*zJ A=[InH],J = {HO, LH%J H} ,0=2H-m (2.28)
This is because the total rewards of each block is deterministically bounded by [—H -m, H -

m]. The dynamic regret bound of the BOB algorithm for the combinatorial semi-bandit set-

ting is characterized as follows.

Theorem 16. The dynamic regret of the BOB algorithm for the drifting combinatorial semi-
bandit setting is Rr (BOB algorithm) = O <a’1/3’m2/3BlT/3 T2/ + d1/4m3/4T3/4> .

The complete proof is presented in Section A.12.

2.7 Numerical Experiments

As a complement to our theoretical results, we conduct numerical experiments on synthetic
datasets and the CPRM-12-001: On-Line Auto Lending dataset provided by the Center for
Pricing and Revenue Management at Columbia University to compare the dynamic regret
performances of the SW-UCB algorithm and the BOB algorithm with several existing non-

stationary bandit algorithms.

2.7.1 Experiments on Synthetic Dataset

For synthetic dataset, in Section 2.7.1, we first evaluate the growth of dynamic regret when
T increases. We follow the setup of [38] for fair comparisons. Then, in Section 2.7.1, we

fix T = 10°, and evaluate the behavior of the algorithms across rounds.
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The Trend of Dynamic Regret with Varying 7

We consider a 2-armed bandit setting, and we vary T from 3 x 10* to 2.4 x 10> with
a step size of 3 x 10%. We set 6, to be the following sinusoidal process, i.e., Vt € [T],
0 = (O.S +0.3sin(5Brmt/T),0.5+0.3sin (7w + SBTm/T))T . The total variation of the
6,’s across the whole time horizon is upper bounded by v/2B7. We also use i.i.d. normal

distribution with R = 0.1 for the noise terms.

Known Constant Variation Budget. We start from the known constant variation budget
case, i.e., By = 1, to measure the regret growth of the two optimal algorithms, i.e., the
optimally tuned (i.e., knowing Br) SW-UCB algorithm and the modified EXP3.S algorithm
[37], with respect to the total number of rounds. The log-log plot is shown in Fig. 2-2(a).
From the plot, we can see that the regret of SW-UCB algorithm is only about 20% of the
regret of EXP3.S algorithm.

Unknown Time-Dependent Variation Budget. We then turn to the more realistic time-
dependent variation budget case, i.e., By = T1/3. As the modified EXP3.S algorithm does
not apply to this setting, we compare the performances of the obliviously tuned (i.e., not
knowing Br) SW-UCB algorithm and the BOB algorithm. The log-log plot is shown in Fig.
2-2(b). From the results, we verify that the slope of the regret growth of both algorithms
roughly match the established results, and the regret of BOB algorithm’s is much smaller

than that of the SW-UCB algorithm’s.

A Further Study on the Algorithms’ Behavior

We provide additional numerical evaluation, by considering piecewise linear instances,
where the reward vector 6; € R? is a randomly generated piecewise linear function of 7. To
generate such an instance, we first set 7 = 10°, and then we randomly sample 30 time points
in1,7,...,730 € {2,...,T — 1} without replacement. We further denote 7o = 1,73; =T .
After that, we randomly sample 32 random unit length vectors v, ...,v3; € R?. Finally,

for each 7 € [T], we define 6; as the linear interpolation between vy, vy 1, where T, <17y .
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Figure 2-2: Results for gradually change environment with 2 arms

More precisely, we have 6, = ((Ty+1 —1)vs+ (t — T5)vs+1)/(Ts+1 — Ts). Note that the random
reward in each period can be negative.

In what follows, we first evaluate the performance of the algorithms by [38] as well
as our algorithms in a 2-armed bandit piece-wise linear instance. Then, we evaluate the
performance of our algorithms in a linear bandit piece-wise linear instance, where d = 35,
and each D, is a random subset of 40 unit length vectors in R¢. We do not evaluate the
algorithms by [38] in the second instance, since the algorithms by [38] are only designed for
the non-stationary K-armed bandit setting. For each instance, each algorithm is evaluated

50 times.

Two armed bandits. We first evaluate the performance of the modified EXP.3S in [38]
as well as the performance of the SW-UCB algorithm, BOB algorithmin a randomly gener-
ated 2-armed bandit instance. Fig 2-3(a) illustrates the average cumulative reward earned
by each algorithm in the 50 trials, and Fig 2-3(b) depicts the average dynamic regret in-
curred by each algorithm in the 50 trials. In Figs 2-3(a), 2-3(b), shorthand SW-UCB-opt
is the SW-UCB algorithm, where By is known and w = w°P! is set to further optimized the
log factors of the dynamic regret bound (see Appendix A.13 for the expression of w°PY).
Shorthand EXP3.S stands for the modified EXP3.S algorithm by [38], where By is known

and the window size is set to optimized the dynamic regret bound. Shorthand BOB stands
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for the BOB algorithm. Shorthand SW-UCB-obl is the SW-UCB algorithm, where Br is not

bl is obliviously set (see Appendix A.13 for the expression of w°P).

known, and w = w°
Finally, shorthand UCB stands for the UCB algorithm by [3], which is applicable to the
stationary K-armed bandit problem. Note that Br is known to SW-UCB-opt, EXP3.S, but
not to BOB, SW-UCB-obl, UCB.

Overall, we observe that SW-UCB-opt is the better performing algorithm when Br is
known, and BOB is the best performing when Br is not known. It is evident from Fig 2-3(a)
that SW-UCB-opt, EXP3.S and BOB are able to adapt to the change in the reward vector
0, across time . We remark that BOB, which does not know Br, achieves a comparable
amount of cumulative reward to EXP3.S, which does know Br, across time. It is also
interesting to note that UCB, which is designed for the stationary setting, fails to converge

(or even to achieve a non-negative total reward) in the long run, signifying the need of an

adaptive UCB algorithm in a non-stationary setting.
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Figure 2-3: Results for piecewise linear environment with 2 arms

Linear bandits. Next, we move to the linear bandit case, and we consider the perfor-
mance of SW-UCB-opt, SW-UCB-obl, BOB and UCB, as illustrated in Figs 2-4(a), 2-4(b).
While the performance of the algorithms ranks similarly to the previous 2-armed bandit
case, we witness that UCB, which is designed for the stationary setting, has a much better
performance in the current case than the 2-armed case. We surmise that the relatively larger

size of the action space D; here allows UCB to choose an action that performs well even
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when the reward vector is changing.
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Figure 2-4: Results for piecewise linear environment with linear action set.

2.7.2 Experiments on Online Auto-Lending Dataset

We now conduct experiments on the on-line auto lending dataset, which was first studied by
[145], and subsequently used to evaluate dynamic pricing algorithms by [27]. The dataset
records all auto loan applications received by a major online lender in the United States
from July 2002 through November 2004. For each piece of data, it presents the borrower’s
feature (e.g., date of an application, the term and amount of loan requested, and some per-
sonal information), the lender’s decision (e.g., the monthly payment for the borrower), and
whether or not this offer is accepted by the borrower. Please refer to Columbia University
Center for Pricing and Revenue Management [64] for a detailed description of the dataset.

Similar to [27], we use the first T = 5 x 10* arrivals that span 276 days for this exper-
iment. We adopt the commonly used [127, 40] linear model to interpolate the response of

™ customer with feature x;, if price p; is offered, she accepts the

each customer: for the
offer with “probability" (6}, [x;; psx;]). Although the customers’ responses are binary, i.e.,
whether or not she accepts the loan, [40] theoretically justified that the revenue loss caused
by using this misspecified model is negligible. For the changing environment, we assume

that the 6,’s remain stationary in a single day period, but can change across days. We also

use the feature selection results in [27] to pick FICO score, the term of contract, the loan
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amount approved, prime rate, the type of car, and the competitor’s rate as the feature vector
for each customer.

As a first step, we recover the unknown 6,’s from the dataset with linear regression
method. But since the lender’s decisions, i.e., the price for each customer, is not presented
in the dataset, we impute the price of a loan as the net present value of future payments
(a function of the monthly payment, customer rate, and term approved, please refer to the
cited references for more details). The resulted Br is 1.9 x 10? (~ T%48) | which means
we are in the moderately non-stationary environment. Since the maximum of the imputed

prices is & 400, the range of price in our experiment is thus set to [0,500] with a step size

of 10.
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Figure 2-5: Results for the on-line auto lending dataset.

We then run the experiment with the recovered parameters, and measure the dynamic
regrets of the SW-UCB algorithm (known B and unknown Br), the BOB algorithm, the UCB
algorithm, the Moving Window (MW) algorithm [115] without knowing Br, as well as
the company’s original decisions. Here, we note that the MW algorithm does not permit
customer features, and hence its dynamic regret should scale linearly in 7. The results
are shown in Fig. 4-4. The plot shows that the SW-UCB algorithm with known B7 (SW-
UCB-opt) and the BOB algorithm have the lowest dynamic regrets. Besides, the dynamic
regret of the parameter-free BOB algorithm is > 24% less than those of the obliviously tuned
SW-UCB algorithm (SW-UCB-obl) and the UCB algorithm. It also saves > 32% dynamic
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regret when compared to the MW algorithm and the company’s original decisions. The
results clearly indicate that the SW-UCB algorithm and the BOB algorithm can deal with the
drift while the UCB algorithm fails to keep track of the dynamic environment. More impor-
tantly, the results validate our theoretical findings regarding the parameter-free adaptation

of the BOB algorithm.
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Chapter 3

Non-Stationary Reinforcement Learning

3.1 Problem Formulation

In this section, we introduce the notations to be used and introduce the learning protocol.

3.1.1 Notation

Throughout this chapter, all vectors are column vectors, unless specified otherwise. We
define [n] to be the set {1,2,...,n} for any positive integer n. We denote 1[-] as the indicator
function. For p € [1,o], we use ||x||, to denote the p-norm of a vector x € RY. We denote
xVyand x Ay as the maximum and minimum between x,y € R, respectively. We adopt the
asymptotic notations O(+),Q(+), and ©(+) [65]. When logarithmic factors are omitted, we
use O(-),Q(-), ©(-), respectively. With some abuse, these notations are used when we try

to avoid the clutter of writing out constants explicitly.

3.1.2 Learning Protocol

Model Primitives: An instance of non-stationary MDP is specified by the tuple (., .o/, T, r, p).
The set . is a finite set of states. The collection &7 = {.%}c &~ contains a finite action
set .o7; for each state s € .. We say that (s,a) is a state-action pair if s € .,a € <. We
denote S = ||, A = (Y. |9%|)/S. We denote T as the total number of time steps, and

r={r;}L_, as the sequence of mean rewards. For each ¢, we have r; = {r,(s,a) }sc.7 ac.w»
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and r;(s,a) € [0,1] for each state-action pair (s,a). In addition, we denote p = {p,;}__, as
the sequence of state transition distributions. For each ¢, we have p; = {p;(:|s,a) }se.# ac .
where p;(+|s,a) is a probability distribution over . for each state-action pair (s,a).

Non-Stationarity: The quantities 7;’s and p;’s vary across different #’s in general. Follow-
ing [36], we quantify the variations on r;’s and p;’s in terms of their respective variation

budgets B,,B,, (> 0):

T-1
B, = B,;, where B,;, = max —
r tZ] rt rt R ]rt+1(s,a) rt(s,a)|,
T—1
Bp= ) Bp: where B, = seé,?zé% [pr+1(:ls,a) — pe(c[s,a) | - CRY

t=1

We emphasize although B, and B, might be used as inputs by the DM, individual B,;’s and

B, ;’s are unknown to the DM throughout.

Remark 8 (Definition of Variation Budgets). For brevity of exposition, we choose to
define the variation budgets (see eqn. (3.1)) for reward and state transition distributions
with the infinity norm and 1-norm, respectively. One can also define them with respect
to other commonly used metrics, such as the 2-norm [59], and the this would only affect
the dependence on S and A for the established dynamic regret bounds in the subsequent

sections.

Model Dynamics: The DM faces a non-stationary MDP instance (., <7, T,r,p). She
knows ., o7, T, but not r, p. The DM starts at an arbitrary state s; € .%. At time ¢, three
events happen. First, the DM observes her current state s;. Second, she takes an action

a; € . Third, given s, a;, she stochastically transitions to another state s, 1 ~ p;(-|s,a;),
and receives a stochastic reward R;(s;,a;), which is 1-sub-Gaussian with mean r,(s;,a;).

In the second event, the choice of a; is based on a non-anticipatory policy II;. That is,
the choice only depends on the current state s; and the previous observations J7/_| :=
{sq,aq,Rq(sq,aq)}’q;ll. We denote IT = {IIy,...,I17} as the policy of the DM throughout
the entire time horizon.

Dynamic Regret: The DM aims to maximize the cumulative expected reward E[Y.L_, r,(s;, a,)].

To measure the her performance, we consider an equivalent objective of minimizing the dy-
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namic regret [36, 108]. Formally, the dynamic regret of a policy I is defined as

T
Dyn-Reg (IT Z{ It st ,al ) E[rt(stn,atn)]}, (3.2)

which is the difference between the optimal policy IT* (that knows all the r and p) and ITin
terms of cumulative expected reward. Here, we denote {(s",a" )}, and {(s/,al")}",
as the trajectory under policy IT* and I, respectively.

Alternative Oracle: Note that in the optimal policy, the expected cumulative reward are
intertwined due to endogenous dynamics, i.e., 3}11 ~ p:(+|sT all). To ease our analysis, we
introduce an intermediate oracle Y., p;*, where the summand p;* is the optimal long-term
average reward of the stationary MDP with state transition distribution p; and mean reward
r;. The optimum p,;” can be computed by solving linear program (B.1) provided in Section
B.1.1 of the appendix. Since the quantity Zthl p;" can be decomposed to summations across
different intervals, it is more convenient for analysis than the expected cumulative reward
of the optimal policy. We point out that the same oracle is used for RL in piecewise-
stationary MDPs [108]. To understand the difference between the two oracles (and to

ensure learnability), we begin by reviewing the concept of diameter of a MDP.

Definition 17 (Communicating MDPs and Diameter [108]). Consider a set of states

S, a collection o/ = {s}sc of action sets, and a state transition distribution p =
{p(:|s,a)}sc.# acer, Forany s,s’ € .7 and stationary policy T, the hitting time from s to s'
under T is the random variable A(s'|7t,s) :=min{z : s, 1 = s',51 = 85,5011 ~ p(-|sz, (s¢)) VT},
which can be infinite. We say that (-, </ , p) is a communicating MDP iff

D:= max min E[A(s|7,s)]

s,s' €. stationary T

is finite. The quantity D is the diameter associated with (7, <, p).

As shown in [108], the concept of diameter plays a fundamental role in characterizing
the complexity of RL in MDPs because it captures the “hardness" of transitioning between

states in this MDP.

Remark 9 (Diameter and RL in MDPs). In order to make informative decisions, the DM
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has to have accurate estimates of the quantities r;(s,a)’s and p;(-|s,a).’s. In other words,
she must visit every state s € . and choose each of its available actions a € </ frequently
enough to collect relevant samples. Consequently, the harder to transition from a state s to

another state s' (i.e., the diameter is larger), the more the DM would pay for learning.

With the above remark, we assume that the diameter induced by each (.7, <7, p;) is

bounded to enable learning.

Assumption 5 (Bounded Diameters). For each t € [T|, the tuple (¥, ,p;) constitutes
a communicating MDP with diameter at most D;,. We denote the maximum diameter as

Dipay = max;eqq,... 7y Dr. Here, Dma is unknown ahead.

With these, the following proposition upper bounds the difference between the optimal

expected cumulative reward and ¥, p;*.

Proposition 18. Consider an instance (%, </, T, p,r) that satisfies Assumption 5 with max-
imum diameter Dy,qy, and has variation budgets B,,B), for the rewards and transition dis-

tributions respectively. Then, it holds

E

T
o < 4\/1)max (By+2DpaxB,)T + (B, +2B,).

9 I
Z It (St ) Ay ) -
t=1 =1
The Proposition is proved in section B.1.2 of the appendix. With Proposition 18, we
can focus on comparing the performance of the SWUCRL2-CW algorithm against the quantity
Y
Lower Bound: Before proceeding, we also characterize the minimax lower bound of our

problem to understand the limit of this setting.

Proposition 19. For any natural numbers S,A > 10, Dpax > logs S, T > DpaxSA, B, €
[S71A=1 ST1A7IT], and B, € [D71/28'2AV/27=1/2 D2 STVATIT), there exists an non-
stationary MDP instance (., </, T,r, p) such that the dynamic regret of any non-anticipatory

policy 11 satisfies Dyn-Regy(IT) = Q(D?H/SXB;/3SI/3A1/3T2/3 +B}/3S1/3A1/3T2/3).

The proof is provided in Section B.2 of the appendix.
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3.2 Related Works

3.2.1 RL in Stationary MDPs

RL in stationary (discounted and un-discounted reward) MDPs has been widely stud-
ied in [48, 29, 108, 11, 85, 87, 167, 166, 172, 187, 86, 175]. For the discounted re-
ward setting, [167, 172, 166] proposed (nearly) optimal algorithms in terms of sample
complexity. For the un-discounted reward setting, [108] established a minimax lower
bound Q(+/DmaxSAT ) on the regret when both the reward and state transition distributions
are time-invariant. They also designed the UCRL2 algorithm and showed that it attains
a regret bound O(DaxSVAT). [86] proposed the UCRL2B algorithm, which is an im-
proved version of the UCRL2 algorithm. The regret bound of the UCRL2B algorithm is
O(S+/DimaxAT + D2, S?A). The minimax optimal algorithm is provided in [187] although

it is not computationally efficient.

3.2.2 RL in Non-Stationary MDPs

In a parallel work [144], the authors considered a similar setting to ours by applying the
“forgetting principle" from non-stationary bandit settings [92, 58] to design a learning al-
gorithm. To achieve its dynamic regret bound, the algorithm by [144] partitions the en-
tire time horizon [T into time intervals .# = {I,}X_,, and crucially requires the access to
Z?f;f’;;{l B, and Zgﬂ@l By, i.e., the variations in both reward and state transition dis-
tributions of each interval I;, € .# (see Theorem 3 in [144]). In contrast, the SWUCRL2-CW
algorithm and the BORL algorithm require significantly less information on the variations.
Specifically, the SWUCRL2-CW algorithm does not need any additional knowledge on the
variations except for B, and B, i.e., the variation budgets over the entire time horizon as
defined in eqn. (3.1), to achieve its dynamic regret bound (see Theorem 21). This is similar
to algorithms for the non-stationary bandit settings, which only require the access to B,
[36]. More importantly, the BORL algorithm (built upon the SWUCRL2-CW algorithm) enjoys

the same dynamic regret bound even without knowing either of B, or B, (see Theorem 22).

There also exists some settings that are closely related to, but different than our set-
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ting (in terms of exogeneity and feedback). [108, 90] proposed solutions for the RL in
piecewise-stationary MDPs setting. But as discussed in Section 1.2, simply applying their
techniques to the general RL in non-stationary MDPs may result in undesirable dynamic
regret bounds (see Section 3.3.3 for more details). In [182, 139, 16, 72, 110, 51], the
authors considered RL in MDPs with changing reward distributions but fixed transition
distributions. [73, 181, 140, 2, 157, 130] considered RL in non-stationary MDPs with full

information feedback.

3.2.3 Non-Stationary Multi-Armed Bandits (MAB)

For online learning and bandit problems where there is only one state, the works by [18, 92,
36, 115] proposed several “forgetting" strategies for different non-stationary MAB settings.
More recently, the works by [113, 134, 59, 58, 57] designed parameter-free algorithms for
non-stationary MAB problems. Another related but different setting is the Markovian ban-
dit [118, 135], in which the state of the chosen action evolve according to an independent
time-invariant Markov chain while the states of the remaining actions stay unchanged. In
[189], the authors also considered the case when the states of all the actions are governed

by the same (uncontrollable) Markov chain.

3.3 Sliding Window UCRL2 with Confidence Widening
Algorithm

In this section, we first present the SWUCRL2-CW algorithm, which incorporates our novel
confidence widening technique and sliding window estimates [92] into UCRL2 [108], and

motivate this design by formally present the unique challenge of RL in non-stationary MDP.

3.3.1 Design Overview

The SWUCRL2-CW algorithm first specifies a pair of sliding window parameters W € N and
a confidence widening parameter 11 > 0. Parameter W specifies the number of previous

time steps to look at when estimating the reward and state transition distributions, respec-
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tively. Parameter 1) quantifies the amount of additional optimistic exploration, on top of the
conventional optimistic exploration using upper confidence bounds. The latter turns out to
be helpful for handling the temporal drifts in the state transition distributions (see Section
3.3.3) and is capable of ensuring the MDP output by the EVI has a bounded diameter most
of the time.

The algorithm runs in a sequence of episodes that partitions the 7" time steps. Episode
m starts at time 7(m) (in particular (1) = 1), and ends at the end of time step T(m+1) — 1.
Throughout an episode m, the DM follows a certain stationary policy 7(,,). The DM ceases

the m™ episode if at least one of the following two criteria is met:

e The time index ¢ is a multiple of W. Consequently, each episode last for at most W
time steps. The criterion ensures that the DM switches the stationary policy 7z,

frequently enough, in order to adapt to the exogenous dynamics.

e There exists some state-action pair (s,a) such that vy, (s,a), the number of time
step #’s with (s;,a;) = (s,a) within episode m, is at least as many as the total number
of counts for it within the W time steps prior to t(m), i.e., from (t(m) —W) V1 to
(t(m)—1). This is similar to the doubling criterion in [108], which ensures that each

episode is sufficiently long so that the DM can focus on learning.

The combined effect of these two criteria allows the DM to learn a low dynamic regret pol-
icy with historical data from an appropriately sized time window and confidence widening

parameter.

3.3.2 Policy Construction

To describe SWUCRL2-CW algorithm, we first define for each state-action pair (s,a) and each

time ¢ in episode m,

N;(s,a) = Z 1((sg.aq) = (s,@)), N; (s,a) = max{1,N(s,a)}. (3.3)



Confidence Region for Rewards

For each state-action pair (s,a) and each time ¢ in episode m, we consider the empirical

mean estimator

1 t—1
P(s,a) = —— R, (s,a)1(s, =s,a,=a) |,
59 = T <q_<f<,§_wm (5,015, = 5.0, >>

which serves to estimate the average reward
1 t—1
Ft(sva):— Z rq(s7a)1(sq25,aq:a) :
q

The confidence region Hy; = {H,/(s,a) }sc.# acy, is defined as

HrJ(Saa) = {f € [07 1] : |i._ft(sva)| S rad'rJ(saa)}a (34)

with confidence radius rad-,,(s,a) = 21/210g(SAT /8)/N;" (s,a). Here, § is an input pa-

rameter (to be set to 1/T in the subsequent results).

Confidence Widening for State Transition Distributions.

For each state-action pair s,a and each time step ¢ in episode m, we consider the empirical

mean estimator

1 t—1
pi(s']s,a) = ——— 1(s, =s,a,=a,s5,41=5) |,
pl( | ) Nt+<s,a) . Z (q q (I+1 )

=(t(m)-W)V1
which serves to estimate the average transition probability
p(s'|s,a) = ——— Z pq(s'|s,a)1(sy = s,a, = a). (3.5)

Different from the case of estimating reward, the confidence region

Hp,t(n) = {Hp,t(sa a; n)}seﬂ,aeﬂs
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Algorithm 3 SWUCRL2-CW algorithm

1: Input: Time horizon T, state space ., and action space </, window size W, confi-
dence widening parameter 0,8 < 1/T
2: Initialize ¢t < 1, initial state s;.
3: for episode m=1,2,... do
4: Set T(m) <1, Vy(y)(s,@) < 0, and Ny, (s, @) according to eqn (3.3), for all 5, a.
: Compute the confidence regions H,. ¢(,n), Hp ¢(m) (M) according to eqns (3.4, 3.6).

5:
»Hpt
6: Compute a (1/+/7(m))-optimal optimistic policy 7 ,,):

EVI(H . (m)s Hp o (m)(M)3 1/ T(m)) = (T (mys Fe(m)s Pa(m)s Pre(m)s Ve(m))-

7: while 7 is not a multiple of W and Vi (s, Ty () (5)) < Nj(m) (81, Ty (my(s:)) do
8: Choose action a; = () (s¢), observe reward Ry (s, a;) and the next state s;1.
9: Update Vo () (St,@r) <= V() (sr,ar) + 1,1 <=t + 1.

10: if 1 > T then

11: The algorithm is terminated.

12: end if

13: end while

14: end for

for the transition probability involves a widening parameter 1 > 0:

Hm(sya;n) = {P cA”: 1p(:|s,a) — p:(-|s,a) ||, < rad‘p,t(s7a) ‘i‘rl}, (3.6)

with confidence radius rad-p,(s,a) = 21/2Slog (SAT /§) /N, (s,a). We shall provide a

suitable choice of 11 when we discuss our main results (see Theorem 21).

Extended Value Iteration (EVI) [108].

The SWUCRL2-CW algorithm relies on the EVI, which solves MDPs using the OFU principle
to near-optimality. We extract and rephrase a description of EVI in Section B.1.3 of the
appendix. EVI inputs the confidence regions H,, H, for the rewards and the state transition
distributions. The algorithm outputs an “optimistic MDP model”, which consists of reward
vector 7 and state transition distribution p under which the optimal average gain p is the

largest among all 7 € H,, p € H),:

e Input: Confidence regions H, for r, H, for p, and an error parameter € > 0.
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e Output: The returned policy 7 and the auxiliary output (7, p, 9, 7). In the latter, 7, p,
and p are the selected optimistic reward vector, state transition distribution, and the
corresponding long term average reward. The output ¥ € Rf is a bias vector [108].
For each s € .7, the quantity 7(s) is indicative of the short term reward when the DM
starts at state s and follows the optimal policy. By the design of EVI, for the output

¥, there exists s € . such that 7(s) = 0. Altogether, we express

EVI(H,,H,;e) — (%,F,p,p,7).

Combining these components, a formal description of the SWUCRL2-CW algorithm is shown

in Algorithm 3.

3.3.3 The Perils of Drift in Learning Markov Decision Processes

Before analyzing the performance of the SWUCRL2-CW algorithm, we first take a detour to
provide a formal justification for why we need to widen the confidence regions. To analyze
the loss due to using EVI, existing works (see e.g., Section 4.3 of [108] or Section 4.1
of [86]) typically argue that there exists a state transition distribution p in the confidence
region such that the diameter of (.,.<7, p) is small (i.e., < Dpax) and then show that the
loss scales with the diameter of (., o7, p) (as well as other instance dependent parameters).
In the case of stationary MDPs, where V ¢ € [T] p; = po, one can easily show that the
un-widened confidence region H,,(0) contains po with high probability (see Section 4.2 of
[108]). Leveraging the fact that the underlying MDP remains stationary between changes,
this type of argument was further extended to RL in piecewise-stationary MDPs by [108],
However, simply inputting H,;(0) to EVI might lead to unfavorable dynamic regret
bound in general non-stationary MDPs. In the non-stationary environment where p;_w, ..., p;—1
are generally distinct, we show in the proposition below that the diameter of any p € H,;(0)
can grow as large as Q(\/W ) despite each of p;_w,...,p;—1’s diameters are just 1.

To ease the notation, we put t = W + 1 without loss of generality.

Proposition 20. There exists a sequence of non-stationary MDP transition distributions

Pis-..,pw such that 1) The diameter of (.7, </ ,p,) is 1 for each n € [W]; 2) The total
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variations in state transition distributions is O(1). Nevertheless, there exists a policy such

that if the DM follows this policy to act,
1. The empirical MDP (., </ , pw+1) has diameter ®(W)
2. Further, for every p € H, w+1(0), the MDP (.7, o/, p) has diameter Q(/W /logW)

The proof of Proposition 20 is provided in Section B.3 of the appendix.

3.3.4 Performance Analysis: The Blessing of More Optimism

We are now ready to analyze the performance of the SWUCRL2-CW algorithm assuming the

knowledge of B, B, to set W, 7.

Theorem 21. Assuming S > 1, the SWUCRL2-CW algorithm with window size W, confidence

widening parameter 1 > 0, and § = T~ enjoys a dynamic regret (as defined in (3.2)) of

order

o B,W VSAT
Ul W

SVAT SAT JT

ByW + ="+ TN + =0+

VW

+Dmax

+ 1/ Divax(By + 2Dy B,) T )

If we further put W = W* = 52/3A1/2T1/2(Br —i—Bp)_l/2 and 1 =n*:=\/B,W*T 1, this
is O (Dmax(B, +Bp)1/452/3A1/2T3/4> .

Proof. Proof Sketch. The complete proof of Theorem 21 is provided in Section B.4 of the
appendix. We begin by introducing two events &, &),, which state that 7;’s and p;’s lie in

the respective (un-widened) confidence regions, i.e.,
&, ={F/(s,a) € Hy(s,a) Vs,a,t}, &, ={p/(:|s,a) € Hy;(s,a;0) Vs,a,t}.

We prove that &, &), hold with probability at least 1 — 0 (see Lemma 43 in Section B.4 of
the appendix). Conditioned on &; and &),, we distinguish two cases for each episode m (as
shown in Fig. 3-1):

Case 1. py(,) € H), () (N) (left panel of Fig. 3-1): In this case, we can show the difference

between p,” and SWUCRL2-CW algorithm’s reward for any time step ¢ of episode m scales
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with Dpax (see Proposition 44 in Section B.4 of the appendix) and the price we are paying
is a confidence region widened by 7 per time step.

Case 2. i) & Hp 1(m)(1) (right panel of Fig. 3-1): In this case, note that event &,
assures us that pr,) € Hy, z(m) (0). Hence, by virtue of confidence widening, we have that
there must exists a state-action pair s, a such that || pz () (+|s, @) — pr(m) (-]s,@)[[1 > N Recall
from eqn. (3.5) that p,,)(-|s,a) is the average of several p,(-|s,a) fort’ € [LV (t —=W),t —
1], which implies there exists at least one ¢’ € [1V (t — W),z — 1] such that ||py(-|s,a) —

Pr(m)(:]s,a)[l1 > n. Through a triangle inequality, we have

T(m)—1
Y lpCls,a) = periCls.@) i > m

t=t'
In other words, the variation budget B, is consumed by 1.

Un-widened confidence
region

Pr(m) Pr(m)

Case 1. Pzm) € Hpz(m) m Case 2. Pzem)€ Hpzm) @),

Figure 3-1: In the case of py(,) & H), r(m) (1), the widened confidence regions forces an 1)
consumption of the variation budget B),.

]

Remark 10 (Importance of Confidence Widening). Similar to the regret analysis of the
UCRL?2 algorithm (Section 4 of [108]) and the UCRL2B algorithm (Section 4 of [86]), case
1 in the proof of Theorem 21 states that, if the confidence region H,, () (N) contains a state
transition distribution with diameter at most D, then the EVI provided with H,, 1(,,)(1) re-
turns a policy with dynamic regret bound that scales at most linearly with D during episode
m. Without the widened confidence region, the smallest upper bound we can get for D is
Q(\/W ) (as shown in Proposition 20), which would result in linear in T dynamic

regret bound. In contrast, although the confidence widening technique cannot guarantee
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that all Hpﬂ(m)(n) contains a MDP with small diameter, it enforces that the underlying
environment has to consume at least M variation budget whenever this is violated (case 2)

and thus makes sure that such violation could happen with limited number of times.

Remark 11 (Comparison with Conventional Optimistic Exploration). Inspecting the
prevalent OFU guided approach for stochastic MAB and RL in MDPs settings [21, 3, 108,
46, 125], one usually concludes that a tighter design of confidence region can result in a
lower (dynamic) regret bound. In [6], this insights has been formalized in stochastic K-
armed bandit settings via a potential function type argument. Nevertheless, Proposition
20 (together with Theorem 21) demonstrates that using the tightest confidence region may
not be enough to ensure low dynamic regret bound for RL in non-stationary MDPs. This

demonstrates the critical difference between RL in non-stationary MDPs and prior settings.

Remark 12 (Improved Dynamic Regret Bound). In [176], the authors extends our fixed
confidence widening technique to an adaptive confidence widening schedule that tunes 1
adaptively based on historical observations to achieve an improved upper bound of or-
der O(Dmax (B +Br)1/352/3A1/3T2/3 +DmaxSA1/2T1/2) when both B, and B, are known
ahead.

3.4 Bandit-over-Reinforcement Learning Algorithm: To-
wards Parameter-Free

Similar to [59, 58], if B,,B, are not known, we can set W and n obliviously as W =

S%A%T%, n=+W/T= S3AZT =3 to obtain a dynamic regret bound
O (DmaX(B, +B,+ 1)52/3A1/2T3/4)

for the SWUCRL2-CW algorithm. This means, in the case of unknown B, and B, the dy-
namic regret of SWUCRL2-CW algorithm scales linearly in B, and B,. However, by The-
orem 21, we are assured a fixed pair of parameters (W*,n*) can ensure low dynamic re-

gret. For the bandit setting, [58, 59] propose the Bandit-over-Bandit (BOB) framework that
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uses a separate copy of EXP3 algorithm to tune the window size. Inspired by it, we de-
velop a novel Bandit-over-Reinforcement Learning (BORL) algorithm with parameter-free

0 (Dmax (Br+B,+ 1)1/4S2/3A1/2T3/4> dynamic regret here.

3.4.1 Design Overview

Similar to the BOB framework developed in [58], we make use of the SWUCRL2-CW algo-
rithm as a sub-routine, and “hedge" [46] against the (possibly adversarial) changes of r;’s

and p;’s to identify a reasonable fixed window size and confidence widening parameter.

EXP3.P
SWUCRL2-CW(W,, 7)) SWUCRL2-CW(W,75) + + « « + - SWUCRL2-CW(W, 711/, H 1a1)
@ @ ®
1 H (H+1)  2H  ceeeen (IT/H| - DH+1 T

Figure 3-2: Structure of the BORL algorithm

As illustrated in Fig. 3-2, the BORL algorithm divides the whole time horizon into
[T /H blocks of equal length H rounds (the length of the last block can < H), and spec-
ifies a set J from which each pair of (window size, confidence widening) parameter are
drawn from. For each block i € [[T/H]], the BORL algorithm first calls the master algo-
rithm to select a pair of (window size, confidence widening) parameters (W;,1;) (€ J), and
restarts the SWUCRL2-CW algorithm with the selected parameters as a sub-routine to choose
actions for this block. Afterwards, the total reward of block i is fed back to the master
algorithm, and the “posterior" of these parameters are updated accordingly. Here, we use
the EXP3.P algorithm (see Section 3.2 of [46]), which is an adversarial bandit algorithm

against adaptive adversaries, as the master algorithm.

Remark 13 (Comparison with the Bandit-over-Bandit Framework). Even though the
BORL algorithm is heavily inspired by the BOB algorithm [58], its master algorithm is
critically different than the BOB algorithm’s. In the BOB algorithm, the EXP3 algorithm
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[18] against oblivious adversaries is used as the master algorithm (while the BORL al-
gorithm uses the EXP3.P algorithm against adaptive adversaries). This is because the
starting state of each block is determined by previous actions of the DM. Hence, the master
algorithm is not facing a simple oblivious environment as the case of MAB [59], and we
cannot use the EXP3 [18] algorithm as the master. Fortunately, the starting state of each
block is observed before this block begins. Therefore, the regret guarantee of the EXP3.P

algorithm can be leveraged here.

3.4.2 Design Details

Algorithm 4 BORL algorithm

1: Input: Time horizon T, state space ., and action space <7, initial state s .
2: Initialize H,®,Aw,Ap,A,Jw,Jy according to eqn. (3.7), and o, B, ¥ according to eqn.
(3.8).
32 M+ {(j,K):j€{0,1,...,Ay },K € {0,1,...,Aq} }q(j 0,1 < 0V(j,k) € M.
4: fori=1,2,...,[T/H] do
5: Define distribution (u(; x);)(jx)em according to eqn. (3.9), and set (ji, ki) < (J,k)
with probability u; ) ;.
6 Wi LHJ"'/AWJ M L(I)ki/AnJ .
: fort=(Gi—1)H+1,...,i-HAT do
8: Run the SWUCRL2-CW algorithm with window size W;, 0 = T~ and confidence
widening parameter 1);, and observe the total rewards R (Wi, NisS(i—1)H +1) .
9: end for
10: Update ¢(; 1)1 according to eqn. (3.10).
11: end for

We are now ready to state the details of the BORL algorithm. For some fixed choice of

block length H (to be determined later), we first define a couple of additional notations:

1
H=|3S3AT3|,®=—— Ay = [InH|,Ay = [In® ' | A= (Aw +1)(Ag +1), (3.7)

2T2

1 1
Jw = {HO, {HWJ ,...,H},Jn — S3AT x {cb“,ann,...,cb},J: {(W,n): W elw,nely}.

Here, Jw and Jy, are all possible choices of window size and confidence widening parame-

ter, respectively, and J is the Cartesian product of them with |J| = A. We also let R;(W, 1, s)

87



be the total rewards for running the SWUCRL2-CW algorithm with window size W and confi-

dence widening parameter 1) for block i starting from state s,

The EXP3.P algorithm treats each element of J as an arm. It begins by initializing

InA InA AlnA )
a=0.95 MT—/H"B: AI,T—/I_I_‘,'}/: 1.05 U“/—H]’q(j’k)’l:() V(],k)EM,

(3.8)

where M = {(j/,k') : j/ € {0,1,...,Aw},k’ € {0,1,...,Ay}}. At the beginning of each

block i € [[T/H], the BORL algorithm first sees the state s;_j)y 1, and computes

eXP(OCLI(j.,k),i)

VR EM, = (=g o (ad iy

Y
+ X (3.9

Then it sets (ji, ki) = (j, k) with probability u(; ) ; ¥ (j,k) € M. The selected pair of pa-
rameters are thus W; = {H Jil AWJ and n; = chki/ A”J . Afterwards, the BORL algorithm starts
from state s(;_1)z 41, selects actions by running the SWUCRL2-CW algorithm with window
size W; and confidence widening parameter 7); for each round ¢ in block i. At the end of the
block, the BORL algorithm observes the total rewards R (W,-, Ni,S(i—1)H +1) . As alast step, it

rescales R (W, 1;, S(i—1)H +1) by dividing it by H so that it is within [0, 1], and updates

B+ L(jk)=(jie)  Ri (‘/Viv nivs(i—l)H+1) /H

U(jk).i

(3.10)

V(j,k) €M qjp)iv1 =4kt

The formal description of the BORL algorithm (with H defined in the next subsection) is

shown in Algorithm 4.

3.4.3 Performance Analysis

The dynamic regret guarantee of the BORL algorithm can be presented as follows
Theorem 22. Assume S > 1, the dynamic regret bound of the BORL algorithm is

) (DmaX(BrJer i 1)1/4S2/3A1/2T3/4>
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3.5 Alternative for Confidence Widening with Applica-

tion in Inventory Control

As demonstrated in previous sections, running the proposed algorithms with the widened
confidence regions can help the DM to attain provably low dynamic regret in general RL
in non-stationary MDPs. Nevertheless, confidence widening is not always necessary if
the state transition distributions bear a special structure. In particular, we consider the

following assumption on the state transition distributions py,...,pr.

Assumption 6. There exists a positive quantity (not necessarily known to the DM) { €

R, such that for any pair of states s,s' € 7, there is an action ass) € s that satisfies
12 (s'|s,a(s’s/)) > forallt € [T].

We can now analyze the dynamic regret bound of the SWUCRL2-CW algorithm under
Assumption 6. Here, we follow the notations introduced in Section 3.1 for consistency. In
general, Assumption 6 ensures that for every time step t € [T, there exists a state transition
distribution p € H,,;(0) such that the induced diameter of the MDP (.7, o7, p) is upper
bounded by the constant D := 1/ with high probability.

Proposition 23. Under Assumption 6 and conditioned on the event g\/ there exists a state

transition distribution p in the confidence region H), ;(0), such that the induced diameter of

the MDP (7, </, p) is at most D := 1/ for all t € [T].

The proof of Proposition 23 is provided in Section B.14 of the appendix. The propo-
sition indicates that the DM can achieve a bounded dynamic regret by implementing the
SWUCRL2-CW algorithm with 11 = 0. We are now ready to state the dynamic regret bound of
the SWUCRL2-CW algorithm when Assumption 6 holds (we omit the proof since it is similar

to that of Theorem 21.).

Theorem 24. Under Assumption 6 and assuming S > 1, the SWUCRL2-CW algorithm with

window size W, confidence widening parameter 1 =0, and 8§ = T~ satisfies the dynamic
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regret bound

SVAT  SAT
VT
N2

Dyn-Regy(SWUCRL2-CW) = O (B,W +D |B,W +

)

If we further put W = W* = S23AV272/3(B, + B, + 1)=2/3, this dynamic regret bound is
o (D(B, +B,+ 1)1/3S2/3A1/2T2/3) .

3.5.1 An Application to Inventory Control

In this subsection, we first elaborate on Assumption 6 in the context of single non-perishable
item inventory control problem with zero lead time, fixed cost, and lost sales similar to
[183], and then demonstrate how to implement the SWUCRL2-CW algorithm for this prob-
lem. For each time step 7 € [T] of the inventory control problem (with some abuse of

notations), the following sequence of events happens:
1. The seller first observes her stock level s;, and decides the quantity a, to order.

2. If a; > 0, a fixed cost f and a ¢ per-unit ordering cost are incurred, and the order

arrives instantaneously. The stock level then becomes s; + a;.

3. The demand X; is realized, and the seller observes the censored demand ¥; = min{X;,s; +
a;}. The DM faces non-stationary demands, in the sense that the demand distri-
butions of Xi,...,X7 at time steps 1,...7T are independent but not identically dis-

tributed.

4. Unfulfilled demand incurs a / per-unit lost sales cost, while excess inventory leads to

a h per-unit holding cost. The total cost for time step ¢ is
Ct(st,at) :f 1[61[ > O] —|—c-at—}—l- [Xt — S8t —at]+—i—h- [s,—{—at —Xt]+. (311)

Due to demand censoring, the cost is not observable.

The seller’s objective is to minimize the cumulative total cost Z,TZI Ci(sy,a;). To map this

into the non-stationary MDP model we described in Section 3.1, we represent the level
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of stock at the beginning of each time step as the state. Same as [183] (and similar to
[106, 186, 12]), we assume the DM has a limited shelf capacity, and she can hold at most
S units of inventory at any time. Consequently, . = {0,...,S}, and <% = {0,...,S — s}
for each s € .. We also define the reward and state transition distributions for all 7 € [T],

s,s' € .7, and a € 4 as follows,
Ri(s,a) = —C(s,a) and pi(s'|s,a) =Pr(s+a—min{s+a,X;} =5).

However, it is worth emphasizing that, different than our setup in Section 3.1, R;(s,a) is
not observable as C;(s,a) is not observable. Nevertheless, we shall demonstrate in Section
3.5.1 that one could use the technique of pseudo-reward proposed in [12] to bypass this
issue.

Following Assumption 6, we make the strictly positive probability mass function (PMF)

assumption on X1, ...,Xr.

Assumption 7 (Strictly Positive PMF). There is a § > 0 such that Pr(X; = s) > £ > 0 for
allt € [T]and s € {0,...,S}.

Remark 14. It can be readily verified that if the demands satisfy the strictly positive PMF
assumption, the underlying inventory control problem satisfies Assumption 6. Indeed, the
DM could transit from a state s € . to another state s' € . with probability at least { by

ordering S — s units of the item, since then p; (s'|s,S—s) =Pr(X, =S —s") > .

Comparisons to Existing Inventory Control Models

We first compare our setting and existing ones on single non-perishable item inventory
control problem with lost sales.

Similar to [106, 186, 183, 12], the model presented in this section studies the single
non-perishable item inventory control problem with lost sales. However, there are several
key differences between ours and the existing works in terms of cost functions, demand

distributions, and lead time:

e Cost Functions: In [106], the authors assume a linear purchasing cost function with-

out fixed cost, linear lost sales and holding cost functions. In [183], the authors
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Cost functions Demand distributions Lead time
[106] no fixed cost stationary, continuous or discrete Zero
[186, 12] | no fixed cost stationary, continuous or discrete positive
[183] with fixed cost stationary, continuous or discrete Zeros
Ours with fixed cost | non-stationary, discrete, with strictly positive PMF ZEro

Table 3.1: Comparisons between our inventory control model and existing works’

additionally allow fixed cost. In [186, 12], the authors assume the lost sales cost

function and the holding cost function are linear, and there is no purchasing cost. In

our setting, our cost function is the same as that of [183].

e Demand Distributions: In [106, 186, 183, 12], the authors assume stationary de-

mand distributions, but they admit both continuous or discrete demand distributions.

In contrast, we allow non-stationary demand distributions, but we impose that the

demand distribution has to be discrete, and satisfies the strictly positive PMF as-

sumption described above.

e Lead Time: In [186, 12], the authors allow the lead time to be positive; while in

[106, 183] and our setting, we assume the lead time is zero.

A summary of the comparisons is provided in Table 3.1.

Implementation of the SWUCRL2-CW algorithm

As pointed out in Section 3.5.1, different than the model we present in Section 3.1, the

reward in each time step ¢ is not directly observable due to the censored demand. Nev-

ertheless, we can follow the pseudo-reward technique proposed in [12] to implement the

SWUCRL2-CW algorithm on a sequence of suitably designed pseudo-reward distributions.

In particular, we define the pseudo-reward following [12] for each time step 7 € [T],

every state s, and every action a € 7; as

R (s,a) :=R(s,a)+1-X, = —f-1[a> 0] —c-a,—h-[s+a—Y;|" +1-Y,

where we recall ¥; = min{s +a,X;} is the censored demand. We note that the pseudo-
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reward is perfectly observable. We also define the mean pseudo-reward or each time step

t € [T], every state s, and every action a € o7 as
rfseudo(s,a) =E [Rfseudo(s,a)} =E[Ri(s,a)+1-X;] = ri(s,a) +1-E[X]. (3.12)

This indicates regardless of state and action, the mean pseudo-reward of a time step ¢ can
be obtained from shifting the corresponding mean reward uniformly by /- E[X;]. With-
out loss of generality, we assume for all ¢ € [T], s € ., and a € <, the mean pseudo-

reward is bounded, i.e., P*"%(s,a) € [0, 1], and the pseudo-reward R"**"*(s,a) is 1-sub-

Gaussian with mean rfsewo(s,a). Defining p,*pseudo as the optimal long-term average re-

ward of the stationary MDP with state transition distribution p, and mean reward r,pseuclo =

5% (5 a)Yse 7 acr,, We can show that for any policy IT, the dynamic regret of the non-
stationary MDP instance specified by the tuple .# = (.,.</, T, r, p) and the dynamic regret
of the non-stationary MDP instance specified by the tuple .ZP54 = (7, o7 | T, pPseudo —

d
P p) are the same.

Proposition 25. For any policy I1, we denote the sample path for following Il on A as
{s:(A),a,(A)}L_,, and the sample path for following T1 on .HP*"% as

{St (%pseudo> a4y (//pseudO) }thl ’
we have
L L * di d
Y P ~Eln(s (), ar( )]} = Y {7 B s (710) (a7 )]
t=1 t=1

The proof of Proposition 25 is provided in Section B.15 in the appendix. Together with
Theorem 24, we have the following dynamic regret bound guarantee for the SWUCRL2-CW
algorithm on the the single non-perishable item inventory control problem with zero lead

time, fixed cost, and lost sales.

Theorem 26. For the inventory control model in Section 3.5.1, under Assumption 7 and

assuming S > 1, the SWUCRL2-CW algorithm with window size W, confidence widening
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parameter 1 =0, and § = T~ satisfies the dynamic regret bound

’{
S:T ST
BW+==+"—+VT
p W W

Dyn-Regy (SWUCRL2-CW) = O (BrW +D

)

If we further put W = W* = ST?/3 (Br+B,+ 1)_2/3, this dynamic regret bound is
0 ( D(B,+ B, + 1)1/3ST2/3) .

Remark 15. To interpret the dynamic regret bound of the SWUCRL2-CW algorithm in the
context of inventory control, we note that in Theorem 26, we normalize the cost functions
so that the cost incurs in each time period is in [0, 1]. This is slightly different than the
setups in [106, 186, 183, 12], where the upper bound of the cost functions are of order
o(S).

3.6 Numerical Experiments

As a complement to our theoretical results, we conduct numerical experiments on synthetic
datasets to compare the dynamic regret performances of our algorithms with the UCRL2
algorithm [108], which is one of the most widely used benchmarks for RL in MDPs due
to its nearly-optimal regret bound in stationary environments [175], and also the restarting
UCRL2 (denoted as UCRL2.S) algorithm for RL in piecewise-stationary MDPs [108]

Setup: We consider a MDP with 2 states {s;,s2} and 2 actions {a;,a;}, and set T = 5000.

The mean rewards are set to

ri(s1,a1) =02+ 3cos (SV,nt/T), ri(s1,a2) =0.2+cos(5V,mt/T),

ri(s2,a1) =0.2—cos (5V,mt/T), ri(s2,a2) =0.2—3cos(5V,mt/T).

The total variations in mean rewards is thus B, = 15V, = @(V,). An illustration of the
reward process of state s, and action a; is provided in Fig. 3-3 (the mean rewards of other

(state,action) pairs are similar). The state transition distributions are set to
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Figure 3-3: Illustrations of mean rewards r,(s2,a;) (the mean rewards of other state-action
pairs are similar)

pt(s1|sl7a1):17 pt(s2|s17a1):07 pt(sllslaaZ):l_Bl‘? pt(sl|sl7a2):ﬁt7

pi(silsz,a1) =0, pe(salsa,ar) =1, pi(sils2, @) =B, pelsilsz,a0) = 1By

where f; is governed by the process: f; = 0.5+ 0.3sin(5V,mt/T). The total variations
in the state transition distributions is thus B, = 12V, = ©(V},). In this simulation, we al-
low both V, and V,, to take values from {772,793} to evaluate the performances of the
algorithms in low and high variations scenarios. Here, we assume the SWUCRL2-CW algo-
rithm knows the variation budgets, and the UCRL2.S algorithm restarts the UCRL?2 algo-

rithm every | 72/3 | time steps. All the results are averaged over 50 runs.

Results: The cumulative rewards of the algorithms under various variation budgets are
shown in Fig. 3-4. The results show that both the SWUCRL2-CW algorithm and the BORL
algorithm are able to collect at least 20% more rewards then the UCRL2 algorithm and
the UCRL2.S algorithm except for the case when B, = O(T"7) and B, = ©(T"?), the
percentage improvement is 12%. Comparing the results in Figs. 3-4(a), 3-4(b), and 3-4(c),
we can see that both the SWUCRL2-CW algorithm and the BORL algorithm are more robust
to variations in the state transition distributions than that in reward distributions. This
demonstrate the power of our confidence widening technique. Interestingly, we can see that
in Figs. 3-4(a), 3-4(b), and 3-4(c), the cumulative rewards of the BORL algorithm (does not

know the variation budgets) are higher than those of the SWUCRL2-CW algorithm (knows the
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variation budgets). This indeed has no contradiction to our theoretical results. Theorems
21 and 22 state that the SWUCRL2-CW algorithm and the BORL algorithm enjoy the same
(in the sense of O(-)) worst case dynamic regret bound. Nevertheless, the environments
we construct in Fig. 3-3 are not the worst case scenario, and the results indicate that the

adaptive master algorithm (i.e., the EXP3.P algorithm) of the BORL algorithm is able to
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Figure 3-4: Cumulative rewards of the algorithms

leverage this more benign environment to attain higher rewards.
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Chapter 4

Meta Dynamic Pricing

4.1 Problem Formulation

For ease of exposition, we primarily focus on a seller offering a single product at a time.
Our approach and results generalize straightforwardly when multiple products are offered
simultaneously, where a seller must also learn cross-product elasticities to capture substi-

tution effects (see extension in Appendix F).

Notation: Throughout this chapter, all vectors are column vectors by default. We define
[n] to be the set {1,2,...,n} for any positive integer n. We use ||x||,, to denote the ¢, norm of
a vector x € Z¢, but we often omit the subscript when we refer to the ¢, norm. For a matrix
X e B2\ X|pp = Max, c zd. /|1 |vT Xv| is the operator norm of X . For a positive definite
matrix A € %27 and vectors x,y € %, let ||x| 4 denote the matrix norm vxT Ax and (x,y)
denote the inner product x"y. For two matrices A and B, we use A ® B to denote their
Kronecker product. We also denote xVVy and x Ay as the maximum and minimum between
(x,y) € %, respectively. We use the standard notation O(-),Q(-) and O(-) to characterize
the asymptotic growth rate of a function [65]; when logarithmic factors are omitted, we use
O(-),Q(-) and ©(-). Finally, let Apin(-) and Amax(-) denote the minimum and maximum

eigenvalues of a matrix respectively.
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4.1.1 Model

We first describe the classical dynamic pricing formulation for a single product; we then

formalize our meta-learning formulation over a sequence of N products.

Classical Formulation: Consider a seller who offers a single product over a selling hori-
zon of T periods. The seller can dynamically adjust the offered price in each period. At the
beginning of each period ¢ € [T, the seller observes a random feature vector (capturing ex-
ogenous and/or customer-specific features) that is independently and identically distributed
from an unknown distribution. Upon observing the feature vector, the seller chooses a price
for that period. The seller then observes the resulting demand, which is a noisy function of
both the observed feature vector and the chosen price. The seller’s revenue in each period
is given by the chosen price multiplied by the corresponding realized demand. The goal in
this setting is to develop a policy 7 that maximizes the seller’s cumulative revenue by bal-
ancing exploration (learning the demand function) with exploitation (offering the estimated

revenue-maximizing price).

Meta-learning Formulation: We consider a seller who sequentially offers N related
products, each with a selling horizon of T periods. For simplicity, a new product is not
introduced until the life cycle of the previous product ends.! We call each product’s life
cycle an epoch, i.e., there are N epochs that last T periods each. Each product (and corre-
sponding epoch) is associated with a different (unknown) demand function, and constitutes
a different instance of the classical dynamic pricing problem described above. We now
formalize the problem.

In epoch i € [N] at time ¢ € [T], the seller observes a random feature vector x;, € %<,
which is independently and identically distributed from a known distribution &;. She then
chooses a price p;; for that period. Based on practical constraints, we will assume that the

allowable price range is bounded across periods and products, i.e., p;; € [Pmin, Pmax) and

'We model epochs as fully sequential for simplicity; if epochs overlap, we would need to additionally
model a customer arrival process for each epoch. Our algorithms straightforwardly generalize for overlapping
epochs; see remark in §4.3.4.
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0 < Pmin < Pmax < °o. The seller then observes the resulting induced demand

Di((pis,Xiy) = (i, Xis) + pir(BirXis) + i

where o; € %% and Bi € ¢ are unknown fixed constants throughout epoch i, and &;; ~
AN (0,0?) is i.i.d. Gaussian noise with variance 6. This demand model was recently
proposed by [26], and captures several salient aspects. In particular, the observed feature
vector x;; in period ¢ determines both the baseline demand (through the parameter ¢;) and

the price-elasticity of the demand (through the parameter 3;) of product i.

Example 4 (Rue La La). Rue La La sells a limited set of new products in multi-day “events”
[78]. In this case, T is the number of price changes during the event (events are typically
1-4 days, and prices are updated no more than a few times a day), N is the number of events
offered so far by the seller (note that N > T ), and K is the number of simultaneously-offered
products in an event. For ease of exposition, we primarily consider K = 1, but Appendix
F provides a straightforward extension to general values of K, accounting for substitution

effects.

Remark 16 (Alternative Demand Models). Our demand model utilizes a continuous out-
come variable, motivated by the setting where many customers simultaneously view the
same product with the same price in a given time unit. One can alternatively modify the
demand model to follow a generalized linear model (e.g., logistic) to consider a binary
purchase outcome variable for each customer. Our proposed algorithms easily generalize
by appropriately modifying our Bayesian posterior update rules; however, we restrict our
regret analysis to the linear case since OLS Bayesian posterior updates have a closed form,

yielding a tractable analysis.

Shared Structure: For ease of notation, we denote 6; = (al.T [ﬂ) ! e %%, following
the classical formulation of dynamic pricing, 6; is the unknown parameter vector that must
be learned within a given epoch in order for the seller to maximize her revenues over T
periods. When there is no shared structure between the {Gi}ﬁi |» our problem reduces to N

independent dynamic pricing problems.
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However, we may expect that related products share a similar potential market, and thus
may have some shared structure that can be learned from previously offered products. We
model this relationship by positing that the product demand parameter vectors {Bi}fvz | are
independent and identically distributed draws from a common unknown distribution, i.e.,
6; ~ A (6,X) for each i € [N].? As discussed earlier, knowledge of the distribution over
the unknown demand parameters can inform the prior for Thompson sampling, thereby
avoiding the need to use a conservative prior that can result in poor empirical performance
[105, 132]. The mean of the shared distribution 6, is unknown; we will consider settings
where the covariance of this distribution X, is known and unknown. We propose using
meta-learning to learn this distribution from past epochs to inform and improve the current

product’s pricing strategy.

Remark 17 (Product Features). A complementary form of shared structure can be captured
through product features. However, even after conditioning on observed product features,
the demand functions for two products may behave very differently, e.g., two black dresses
may cater to very different types of customers or have very different price elasticities due
to attributes like fit or design that may be hard to capture as features. To capture product-
specific (i.e., SKU-level) demand behaviors, we allow the coefficients of the demand func-

tion (e.g., price-elasticity) to differ.

4.1.2 Assumptions

We now describe some mild assumptions on the parameters of the problem for our regret

analysis.

Assumption 8 (Boundedness). The support of the features are bounded, i.e.,
Vie [N],Vt € [T] |xi¢] < Xmax-

Furthermore, there exists a positive constant S such that ||6|| < S.

Following the literature on Thompson sampling, we consider a multivariate Gaussian distribution since
the posterior has a simple closed form, thereby admitting a tractable theoretical analysis. When implementing
such an algorithm in practice, more complex distributions can be considered (e.g., see discussion in [163]).
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Our first assumption is that the observed feature vectors {x;,} as well as the mean of
the product demand parameters 0, are bounded. This is a standard assumption made in
the bandit and dynamic pricing literature, ensuring that the expected regret at any time step
is bounded. This is likely satisfied since features and outcomes are typically bounded in

practice.

Assumption 9 (Positive-Definite Feature Covariance). The minimum eigenvalue of the fea-
ture covariance matrix By, . », [xi,tX,T,] in every epoch i € [N] is lower bounded by some
positive constant Ay, i.e.,

min i (B, [5iax]) = Ao

i€[N

Our second assumption imposes that the covariance matrix of the observed feature vec-
tors £ [xmxﬂ in every epoch is positive-definite. This is a standard assumption for the
convergence of OLS estimators; in particular, our demand model is linear, and therefore
requires that no features are perfectly collinear in order to identify each product’s true de-

mand parameters.

Assumption 10 (Positive-Definite Prior Covariance). The maximum and minimum eigen-
values of ¥, are upper and lower bounded by positive constants A and A, respectively

ie.,
)Lmax (Z*) < I, )vmin (Z*) > &

Our final assumption imposes that the covariance matrix of the random product demand
parameter 0 is also positive-definite and bounded. Again, this assumption ensures that each

product’s true demand parameter is identifiable using standard OLS estimators.

4.1.3 Background on Thompson Sampling with Known Prior

In this subsection, we consider the setting where the true prior .4 (6,,X,) over the un-

known product demand parameters is known. This setting will inform our definition of the

101



meta oracle and meta regret in the next subsection. When the prior is known, a natural can-
didate policy for minimizing Bayes regret is the Thompson sampling algorithm [168]. The
Thompson sampling algorithm adapted to our dynamic pricing setting for a single epoch
i € [N] is formally given in Algorithm 5 below. Since the prior is known, there is no addi-

tional shared structure to exploit across products, so we can treat each epoch independently.

We denote TS (A (6,X,), ), as the Thompson sampling algorithm with prior .4 (6,,%,)
and a positive input parameter A, for initialization. In line with pricing algorithms in the
literature (see, e.g., [117, 26]), to ensure that we can obtain a well-defined OLS estimate of
the underlying parameter at the end of an epoch, our algorithm initially performs random
price exploration (alternating between pp,i, and pmax) until the Fisher information matrix
Vi ¥ (x; pmng)T (XIS Pi,sxiT Y) has minimum eigenvalue of at least A,. Let .;

be the (random) length of this initialization period in epoch i,
T = argminAmin (Viy) > Ae. @.1)
t

We show that .7; = O(1) with high probability (see Lemma 4 in Appendix A), and therefore

this initialization period forms a negligible portion of the epoch.

For each time step after initialization, t > .7;+ 1, the algorithm (1) samples the unknown
product demand parameters éiJ = [&iﬁ [;,-J} from the posterior .4/ (055,2;{?), and (2)

solves and offers the resulting optimal price based on the demand function given by the

sampled parameters

PI;S: argmax p'<&i,t7xi,t>+P2'<Bi,t7xi,t>- 4.2)
pe [pmin 7pmax]

Upon observing the actual realized demand D;; <pzts,x,-7,>, the algorithm computes the

posterior .4 (Gﬁil , ZthS +1> for round 4 1. Specifically, using the update rule for Bayesian

linear regression [43] and letting m;rts =(x/,, p}rlsxiT,)T, the posterior at time # is

-1
t—1 t—1
02;5 = (Z*_l +0 Z mZ? (mZ;S)T) (Z;] 0.+0o Z mISSD,-J) ,

s=1 s=1
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-1
—1
ZthS = (Z*_l +o Zme(mISS)T) .

s=1

The same algorithm is applied independently to each epoch i € [N].

Algorithm 5 TS(.4 (6.,X.),A.) : Thompson Sampling Algorithm

1: Input: The prior mean vector 6, and covariance matrix X,, the index i of epoch, the
length of each epoch T, the noise parameter o, exploration parameter A,.

2: Initialization: 7 < 1, (955,ZEIS> — (04, Z,).

] _ T
3: while ﬂmin< tszll (x; p,-}sxT) ()C; p,}sxT)) < Ao do

Pmax 1f 7 1s even,

4: Observe feature vector x;;, and offer price plTIS — ]
' Pmin Otherwise.

Observe demand D; (pzts,xi,t> , and compute the posterior .4~ (95%,23&1) .
t+—t+1

end while

while r < T do
Observe feature vector x; ;.

R N

10: Sample parameter éi,t — [&i,ﬁ ﬁi,t} ~ N (65&23?) .

| P <&i,z7xi,t> "‘Pz' <Bi,laxi,l> .
12: Observe demand D;, ( pEtS,xi) , and compute the posterior .4/~ (Giﬁl : ZZ.TIS+1> :

13: t+—t+1
14: end while

TS
11: piy < argmax ¢

Pmin;Pmax

As evidenced by the large literature on the practical success of Thompson sampling

[55, 162, 77], Algorithm 5 is a very attractive choice for implementation in practice.

Algorithm 5 attains a strong performance guarantee under the classical formulation
compared to an oracle that knows all N product demand parameters {Gi}é\': ; in advance. In
particular, the oracle would offer the expected optimal price in each period ¢ € [T] in epoch

ic[N)ie.,

p;k[ = arg maXpE[Pmimpmax] D ]ES [DiJ (pinJ)]

= argmax e, o p(0,Xiz) + p*(Bi,xis) - 4.3)
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The resulting Bayes regret [162] of a policy 7 relative to the oracle is:

N T
Bayes RegretN T =Egre Z Z p,, pl 1> Xit) Z Z P, HXig)| s 4.4)
i=1t=1

i=1lt=

where the expectation is taken with respect to the unknown product demand parameters,
the observed random feature vectors, and the noise in the realized demand. The following

theorem bounds the Bayes regret of the Thompson sampling dynamic pricing algorithm:

Theorem 27. When the prior over the demand parameters is known, Algorithm 5 satisfies
Bayes Regrety 7(7) = 0 (d%N\/T> )

Theorem 27 follows from a similar argument used for the linear bandit setting presented
in [162], coupled with standard concentration bounds for multivariate normal distributions.
The proof is given in Appendix A for completeness. Note that the regret scales linearly in

N, since each epoch is an independent learning problem.

Remark 18. Prior-independent Thompson sampling [ 10] achieves a Bayes regret of O(dzN VT ),
which is comparable to the performance of Algorithm 5. However, we document a substan-
tial gap in empirical performance between the two approaches in §4.4, motivating our

study of learning the prior.

4.1.4 Meta Oracle and Meta Regret

We cannot directly implement Algorithm 5 in our setting, since the prior over the product
demand parameters .4 (0., X, ) is unknown. In this work, we seek to learn the prior (shared
structure) across products in order to leverage the superior performance of Thompson sam-
pling with a known prior. Thus, a natural question to ask is:
What is the price of not knowing the prior in advance?
To answer this question, we first define our performance metric. Since our goal is to
converge to the policy given in Algorithm 5 (which knows the true prior), we define this

policy as our meta oracle.> Comparing the revenue of our policy relative to the meta oracle

3We use the term meta oracle to distinguish from the oracle in the classical formulation.
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leads naturally to the definition of meta regret %y r for a policy 7, i.e.,

N T N T
%N,T(E)Z]E&xﬁ ZZPZI‘SD(p;Ttsaxl,t)_Zzplt pltaxll‘ ’
i—11=1

i=1t=1

where the expectation is taken with respect to the unknown product demand parameters,
the observed random feature vectors, and the noise in the realized demand.

Note that prior-independent Thompson sampling and UCB treat each epoch indepen-
dently, and would thus achieve meta regret that grows linearly in N. Our goal is to design
a policy with meta regret that grows sublinearly in N. Recall that Theorem 27 bounds the
Bayes regret of Thompson sampling with a known prior as O (N VT ) Thus, if our meta
regret (i.e., the performance of our meta-learning policy relative to Algorithm 5) grows
sublinearly in N, then the price of not knowing the prior .4 (0., LX) in advance is negligi-
ble in experiment-rich environments (large N) compared to the cost of learning the demand
parameter for each product (the Bayes regret of Algorithm 5).

The values of the prior mean 0, as well as the actual product demand parameter vectors
{Gi}é\': ; are unknown; we consider two settings — known and unknown X, (covariance of

the prior).

Remark 19 (Choice of meta oracle). To the best of our knowledge, the optimal prior to
use for Thompson sampling remains a difficult, open problem. Existing theory shows (in
limited settings) that priors that fail to place sufficient mass on the true parameter fare
poorly: the closest setting to ours is the linear bandit construction in Proposition 3.1 of
[97], which shows that prior-dependent Thompson sampling with a mis-specified prior can
achieve regret that scales exponentially in d; Theorem I of [132] and Theorem 2 of [105]
also provide illustrative constructions with the same insight. In the other extreme, many
empirical evaluations suggest that overly conservative priors (such as prior-independent
approaches) also fare poorly relative to using the true prior (see, e.g., Section 6 of [31],
the discussions in [55], or our numerical results in Section 4.4). As a result, we choose
Thompson Sampling with the true prior as our meta oracle. However, one can choose
alternative meta oracles — e.g., one that “widens" the true prior to place more weight on

parameters that may induce higher regret — implementing such a meta oracle would still
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likely require learning the true prior, which is our primary contribution.

Non-anticipating Policies: We restrict ourselves to the family of non-anticipating poli-
cies I1: © = {m;;} that form a sequence of random functions 7;, that depend only on
price and demand observations collected until time 7 in epoch i (including all times 7 € [T
from prior epochs), and feature vector observations up to time ¢ + 1 in epoch i. In particu-
lar, let 7% 0 = (x1,1), and 7 ; = (p1,1, P12, , Piys D11, D125+, Dig s X1,1,X1 257+ 1 Xip41)
denote the history of prices and corresponding demand realizations from prior epochs and
time periods, as well as the observed feature vectors up to the next time period; let .%;;

denote the o-field generated by ;. Then, we impose that 7; ;1 is .%;; measurable.

4.2 Meta-DP Algorithm

We begin with the case where the prior’s covariance matrix X, is known, and describe the
Meta Dynamic Pricing (Meta-DP) algorithm for this setting. We will consider the case of

unknown X, in the next section.

4.2.1 Overview

The Meta-DP algorithm begins by using initial product epochs as an exploration phase
to initialize our estimate of the prior mean 6,. These exploration epochs use the prior-
independent Thompson sampling algorithm to ensure no more than O(d2 VT ) meta regret
for each epoch. After this initial exploration period, our algorithm sequentially updates
the estimated prior and leverages this estimate in each subsequent epoch. The key tech-
nical challenge is that the estimated prior has finite-sample estimation error, resulting in a
Thompson sampling instance with a mis-specified prior. We introduce a prior alignment
proof technique to show that, despite prior mis-specification, our Meta-DP algorithm still

achieves meta regret that grows sublinearly in N.
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4.2.2 Algorithm

The Meta-DP algorithm is presented in Algorithm 6. We first define some additional nota-

tion, and then describe the algorithm in detail.

-
Additional Notation: Throughout the rest of the chapter, we use m;; = (xth Dis X,T,)
to denote the price and feature information and V;; = Z’T: 1 m57,m£ to denote the Fisher

information matrix of round ¢ in epoch i for all i € [N] and ¢ € [T].

Algorithm Description: The first Ny epochs are treated as exploration epochs, where we

define
No = 4c3d 772 1og,(4dNT)log,(2NT) = O(d), (4.5)

where .7, = max {6loge/2(dNT)/cl ) 2&6/00} = 0(1) (7, is a high probability upper bound

on all .7;’s, see Lemma 4 in Appendix A), and the constant is given by

324/ (14 PR ) (02401 4 51)
CcH) = 16&0'2 .

As described in the overview, the Meta-DP algorithm proceeds in two phases. In particular,

we distinguish the following two cases for each epoch i:

1. Epoch i < Nj : the Meta-DP algorithm runs the prior-independent Thompson sam-
pling algorithm [10, 5] TS(.4(0,%¥hy), A.), where

¥ = pax 0 20108, (T (1+ Py (1 P T)) + /20 log, (2T).

This is simply Algorithm 5 with a conservative prior (variance is a function of the

horizon T).

2. Epoch i > Nj : the Meta-DP algorithm first computes the OLS estimate of the true

parameter for each previous epoch j < i. It then averages these parameter estimates
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to form an estimator 6; of the prior mean 0, i.e.,

- XV (B Dje(pyaxiemie)
b — 2= t - ‘ (4.6)

Then, the Meta-DP algorithm runs Thompson Sampling (Algorithm 5) with the es-
timated prior .4 (6;,%,), i.e., TS(A4(6;,%.),Ae). Specifically, after some random
initialization steps (these steps are identical to our meta oracle), our Meta-DP algo-
rithm (1) samples the unknown product demand parameters éi,t = [&i“,; Bi,t} from its
posterior .4 (9}};“3, Z%D) , and (2) solves and offers the resulting optimal price based

on the demand function given by the sampled parameters

pir = argmax p- <&i,laxi,t> +p2' <[))i,tyxi,t> . 4.7)
PE[Pmin:Pmax]
Upon observing the actual realized demand D;, (p;;,xi,), the algorithm computes

the posterior ./~ ( 9}_\;[_181 , Z%%) for round ¢ + 1.

Algorithm 6 Meta-Dynamic Pricing Algorithm

1:

o ARERD

Input: The prior covariance matrix X, the total number of epochs N, the length of
each epoch T, the noise parameter ¢, and the set of feasible prices [pmin, Pmax]-
Initialization: N as defined in Eq. (4.5).
for eachepochi=1,...,N do
if i < Nj then
Run TS(.4(0,%¥), ).
else
Update 6; according to Eq. (4.6), and run TS (4" (6;,X,), A) .
end if
end for

We now state our main result upper bounding the meta regret of our Meta-DP algo-

rithm (Algorithm 6). The proof is provided in Section 4.2.3 and Appendix C.

Theorem 28. The meta regret of the proposed Meta-DP algorithm satisfies

O(d’>N\T) when N < N

2N (Meta-DP algorithm) = =0 (dzx/NT +d3\/T) :

O(d*\/NT)  otherwise
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It is worthwhile to compare the bound in Theorem 28 to the O(d’N+/T) meta regret
bound for prior-independent Thompson Sampling (Lemma 11 in Appendix C). When N <
O(d), our bound matches that of prior-independent Thompson Sampling, since we simply
treat all our epochs as exploration epochs. In the large N regime, our meta regret scales as
O(d?>\/NT). Thus, our approach of learning the prior is particularly valuable in experiment-
rich settings (N > d). Combining the two regimes yields a bound that is sublinear in both
NandT.

Theorem 28 is somewhat surprising in the context of a growing theoretical literature
that suggests that a mis-specified prior can result in very poor regret for prior-dependent
Thompson Sampling (see, e.g., [105, 132, 97]). Indeed, one may expect that the mis-
specification induced by using the prior .4 (;,Z,) instead of .#"(6,,Z,) can be substantial,
since the ratio between these two probability density functions is unbounded when 6; #
0.. Yet, using our prior alignment proof strategy (described in the next subsection), we
establish that Thompson Sampling is remarkably robust to mis-specification of the prior

mean, lending theoretical support to previous empirical observations [31].

4.2.3 “Prior Alignment'' Proof Strategy

Since we only have a logarithmic number (in N and T') of exploration epochs, the meta
regret accrued from these epochs is O(d*Ny+/T) (see Lemma 11 in Appendix C).

In each non-exploration epoch i > Ny, the meta oracle starts with the true prior .4 (6., X, )
while our algorithm Meta-DP starts with the estimated prior .4 (6;,X,). The following
lemma (whose proof is in Appendix B) bounds the error of the estimated prior mean with

high probability:

Lemma 29. For any fixed i > 2 and § € [0,2/e], with probability at least 1 —8 —2/(N*>T?),

16— 6.] < 8\/2(62/le+51?dloge(4d/5) |

l

Thus, the key challenge in proving Theorem 28 is bounding the difference in regret

incurred by using a Thompson Sampling algorithm with a boundedly mis-specified prior.
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We introduce a new “prior alignment" proof technique to address this challenge. At a
high level, we show that after the .7; exploration time steps, the distributions of the meta
oracle’s (random) posterior estimate 93% 41 and Meta-DP’s (random) posterior estimate
91 41 are close. More specifically, there is a continuum of realizations of the stochastic
noise (in the observed demands) such that Meta-DP achieves the same posterior estimate
9; Tl = 91 741 despite starting with a different prior; when such a match occurs, the
expected regret moving forward from time .7+ 1,---,T is the same for both policies.
Using this approach, the regret of our Meta-DP algorithm can be expressed as a weighted

distribution of the regret of the meta oracle (which we bounded in Theorem 27).

More specifically, the following lemma (whose proof is in Appendix C) establishes
the difference in Bayesian posteriors between the meta oracle and our Meta-DP algorithm.

Note that only the means of the posterior differ but the variance is the same.

Lemma 30. Conditioned on 6; and x; 1,...,x; 7, the posteriors of the meta oracle and our

Meta-DP algorithm satisfy

-1
7 ;i
~1 T ~1 A TS MD
6> Tl oMP g1 =X+ Gmemi’t > (6.—6) +szi,r (8,'7; — &y > )

=1 t=1

S =N

Now, consider any non-exploration epoch i > Ny + 1. If upon completion of all ex-
ploration steps at time .7; + 1, we have that the posteriors of the meta oracle and our
Meta-DP algorithm coincide —i.e., (6% |,ZMD, ) = (65, |,Z%, |) — then both poli-
cies would achieve the same expected revenue over the time periods .7+ 1,---,T. By

Lemma 30, we know that EE = Zl 7+1 always, so all that remains is establishing when

051 =007 11

Since the two algorithms begin with different priors but encounter the same covariates
{xi,}_, and take the same decisions in ¢ € {1,---, ;}, their posteriors can only align at
time .7 + 1 due to the stochasticity in the observations &;,. For convenience, denote the

noise terms from ¢ € {1,---,.;} of the meta oracle and the Meta-DP algorithm respectively
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as

.
TS _ S S
W= (e . €S) (4.8)
T
MD __
X = (eMD e}jgl?) : (4.9)
Furthermore, let M; = (mm om;, y) c #**7 . Lemma 30 indicates that if
1 - _ R
a0 = = — (M M) M (6. 6) (4.10)

then the posteriors of both algorithms align with 95% = 9}7\4}? 1 Thus for every realiza-
tion of the meta oracle’s noise terms X,T S and the prior mean estimation error 6, — éi, there
exists a well-defined and feasible choice of Meta-DP algorithm’s error XI-MD that allows the
two posteriors to coincide. Furthermore, by Lemma 29, |6, — ;|| is bounded as a func-
tion of 1/1/i with high probability, ensuring that the difference in noise terms yMP — TS
needed to achieve alignment is small for later epochs (as i grows large). With this obser-
vation, we can perform a change of measure over our noise terms and integrate over the
resulting distributions, yielding the desired bound on the meta regret. The proof is provided

in Appendix C.

Remark 20. Our prior alignment approach may be of general interest for analyzing the
regret of mis-specified Thompson Sampling instances. [162] propose a related but differ-
ent approach in Section 3.1 of their paper. Specifically, they relate the regret of imple-
menting TS(N (6;,%.),A.) in an environment with true prior A (6,,%,) to the regret of
TS(N(6;,%.), ) in an environment with a different true prior N (8;,%.). In contrast,
we wish to compare the regret of implementing TS(N (6;,%.),A.) (Meta-DP, Algorithm
6) and TS(N (6+,%4),Ae) (meta oracle, Algorithm 5) in the same environment with true
prior N (04,%.). We cannot adopt their approach since one must additionally quantify
the difference in regret between TS algorithms learning in environments with different true
priors; while this regret difference clearly scales sublinearly in T, we require a bound
that limits to O as the difference in priors ||0; — 6,|| — 0 (as i — o). This requirement

is because even a constant nonzero difference in regret between the meta oracle and our
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Meta-DP algorithm would result in O(N) meta regret over N epochs. To our knowledge,
it is an open problem to derive such a bound. Our “prior alignment" sidesteps this issue
by directly relating TS(N (6;,Z.), Ae) and TS(N (6.,%.), A.) in an environment with true
prior N (0,,%,).

4.3 Meta-DP++ Algorithm

In this section, we consider the setting where the prior covariance matrix ¥, is also un-
known. We propose the Meta-DP++ algorithm, which builds on top of the Meta-DP algo-

rithm and additionally estimates the unknown prior covariance X,.

4.3.1 Overview

The Meta-DP++ algorithm also begins by using initial product epochs as an exploration
phase to initialize our estimate of the prior mean 6, and covariance X.. After this initial
exploration period, our algorithm sequentially updates the estimated prior and leverages
this estimate in each subsequent epoch. Once again, the estimated prior has finite-sample
estimation error, resulting in a Thompson sampling instance with a mis-specified prior. The
key challenge compared to the previous section is that we can no longer exactly “align" our
algorithm’s posterior with that of the meta oracle when X, is also estimated. We leverage
importance sampling arguments from off-policy evaluation to bound the additional meta
regret accrued due to this mismatch. Importantly, to ensure that our importance weights
remain well-behaved, we widen the estimated covariance via a correction term that scales

as the finite-sample estimation error of estimating 2.

4.3.2 Algorithm

The Meta-DP++ algorithm is presented in Algorithm 7. We first define some additional
notation, and then describe the algorithm in detail.

Additional Notation: As with the Meta-DP algorithm, at the beginning of each epoch

i € [N], we update our estimate 0; of the prior mean 6, according to Eq. (4.6). To estimate
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Y., we need unbiased and independent estimates for the unknown true demand parameter
realizations 6; across epochs.* We use the initialization steps ¢ € [.7] to produce an estimate

9,‘ for 9,', i.e.,

T
0, = V,:yll <Z D, (Pi,t;xi,z)mi,z> .
t=1

Algorithm Description: The first N| epochs are treated as exploration epochs, where we

employ the prior-independent Thompson Sampling algorithm. We define
Ny = max {Ny, 256c3d° 72 log) (4dN°T), c3d*T?log} (2N*T)} = O(d'T?), (4.11)

and the constants are given by

16V 024 454 256(AA2 +1662) [ 8pmastmaxy/ (1 + PRax) LS
<= OAA AZA? Ae ohe )
_10*0(AA2 +1602)

c4 %2&2

Note that we now require O(min{N,d*T?}) exploration epochs, whereas we only required
O (d?) exploration epochs for the Meta-DP algorithm.

As described in the overview, the Meta-DP++ algorithm proceeds in two phases:

1. Epochi < Nj: the Meta-DP++ algorithm runs the prior-independent Thompson sam-

pling algorithm [10, 5] TS(.4"(0,%¥hy), Ae), where

¥ = pmaxo\/ 2d10g,(T (1 +Xax Phax (1 + Phax ) T)) +1/20Ad log, (2T).

This is simply Algorithm 5 with a conservative prior (variance is a function of the

horizon T).

2. Epochi > Nj: the Meta-DP++ algorithm computes an estimator 9; of the prior mean

“When estimating the prior covariance, we cannot use an estimator of 6; that uses all 7 observations
from epoch i (as we do when estimating the prior mean). This is because the use of the learned prior from
past epochs renders observations from later epochs non-independent. We avoid this issue by restricting our
estimator of 6; to observations from the initialization periods in each epoch, ¢ € [.Z].
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0. using Eq. (4.6) (same as Meta-DP algorithm), and an estimator 5 of the prior

covariance X, as

. . . . . T 2yvi—1 -1
o1yl g [ Yitl 'L EV g
Zi Z (GJ_M> <9j_zk=1 k) _ J |: Js Ji| ) (412)
j=1

i—2 i—1 i—1 i—1
The second term 62 Z;_:ll E [Vj_fz } /(i—1) accounts for the estimation error in {0 ]}’j_:ll .

As noted earlier, we then widen our estimator to account for finite-sample estimation

€Iror:

A

YW= i,‘-i-

1

256(AA2 +1602%d) |5dlog,(2N2T
e

where I, is the (2d)-dimensional identity matrix.

Then, the Meta-DP++ algorithm runs Thompson Sampling (Algorithm 5) with the
estimated prior A (6;,2F), i.e., TS(A(6;,£"), A.). Specifically, after some random
initialization steps (these steps are identical to our meta oracle), our Meta-DP++ al-
gorithm (1) samples the unknown product demand parameters é,;, = [&i,,; [oil-,t} from
the posterior .4 (Ql.lfDP, Z%DP), and (2) solves and offers the resulting optimal price

based on the demand function given by the sampled parameters

pip= argmax p- (G, xiy) ‘f‘Pz‘ <Bi,taxi.,t> . (4.14)
pe[pmimpmax]

Upon observing the actual realized demand D; (pi;,xi,), the algorithm computes

the posterior .4 (9}\;[?{), 2%211)) forround 7 + 1.

We now state our main result upper bounding the meta regret of our Meta-DP++ algo-

rithm (Algorithm 7). The proof is provided in Section 4.3.3 and Appendix E.
Theorem 31. The meta regret of the proposed Meta-DP++ algorithm satisfies
%y 1(Meta-DP++algorithm) = O <min {dzNT%, d*N2T3 }) =0 <d3 (NT)%> .
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Algorithm 7 Meta-Dynamic Pricing++ Algorithm

1: Imput: The total number of products N, the length of each epoch T, the noise parameter
o, and the set of feasible prices [pmin, Pmax]-
2: forepochi=1,...,Ndo
3 if i < N; then
4 Run TS(4(0,¥),4,).
5: else
6 Update é,- and fli according to Egs. (4.6) and (4.12) respectively.
7 Compute widened prior mean estimate ﬁlw according to Eq. (4.13).
8: Run TS(A" (6;,£F) ,A) .
9: end if
10: end for

It is worthwhile to compare the bound in Theorem 31 to the O(d>N+/T) meta re-
gret bound for prior-independent Thompson Sampling (Lemma 11 in Appendix C). When
N < O(d*T?), our bound matches that of prior-independent Thompson Sampling, since we
simply treat all our epochs as exploration epochs. In the large N regime, our meta regret
scales as O(d*N %T%). Thus, our approach of learning the prior is particularly valuable
in settings with many short-horizon experiments (N > T). For instance, as discussed in
Example 4, sellers like Rue La La host many events, offering new items with short selling

seasons. Combining the two regimes yields a bound that is sublinear in both N and T'.

4.3.3 Proof Strategy

The number of exploration epochs Nj is logarithmic in N but quadratic in 7. This motivates
the analysis of two cases: (i) when the number of epochs N < Ny = O(d*T?), the meta
regret guarantees given by existing prior-independent approaches is already good; (i1) when
we transition to an experiment rich environment with N > Ny, the meta regret accrued from
these epochs is small since their cardinality scales logarithmically in N (see argument in
Appendix E). We now focus on the latter case where N is large.

Once again, following the proof strategy employed for Meta-DP algorithm, we employ
“prior alignment" to match the means of the meta oracle’s (random) posterior estimate and
Meta-DP++’s (random) posterior estimates. However, since X, was known in the previous

section, matching the posterior means 6}@? = 91T§/; 41 implied equality of the entire dis-
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tribution of the posterior (see Lemma 30). This equivalence allowed us to exactly equate
the expected regret (after alignment) for the meta oracle and our Meta-DP algorithm.

However, when X, is unknown, matching the posterior means 9}?{1}?}:1 = QITS% 41 Do
longer implies that the posterior distributions are equal. Furthermore, since the Bayesian
update for the covariance matrix does not depend on the noise terms (it depends only on
the observed covariates and chosen prices), we cannot use any alignment strategy based
on xlT S and xl-MDP to get exact equivalence of the posterior distributions. Thus, the key
added challenge in proving Theorem 31 is bounding the difference in regret between our
Meta-DP++ algorithm and the meta oracle after alignment of the means of their posteriors
attime r = 7.

Specifically, in each non-exploration epoch i > N, the meta oracle starts with the true
prior 4 (6,,X,) while our algorithm Meta-DP++ starts with the (widened) estimated prior
A (8;,£"). Lemma 29 from the previous section already provides a bound on ||§; — 6.,
and the following lemma (whose proof is in Appendix D) bounds the error of the estimated

covariance ||X; — X, || (and thus the error of our widened covariance ||} — X.||) with high

probability:

Lemma 32. For any fixed i >3 and § € [0,2/e], with probability at least 1 —28 —2/(N*T?),

Hii_Z*Hop <

128(AA2 + 1602d) ( 5dlog,(2/9) v5d10ge(2/5)>
A{g . . .

l 1

At time t = J; + 1, we use a change of measure to “align" our Meta-DP++ algo-
rithm’s prior .4 (91.17\/[}?517 %I}iil) to A (GIT% 1 ?/I}?il) Combining Lemma 32 and the
fact that both policies offer the same prices in the random exploration periods, we know
that ZZTSZ 41 and Z%%E | are close with high probability for later epochs. However, it re-
mains to bound the regret difference between the meta oracle’s policy, which employs
the prior A4 (QIT% +1’ZI<S% +1)» and our Meta-DP++ algorithm, which employs the prior
N (GzT,% Y ygil). We leverage importance sampling arguments from off-policy eval-
uation [146, 138] to bound this remaining term. Prior widening is instrumental in this last

step, ensuring that our importance weights do not diverge.

Remark 21. While our Meta-DP algorithm does not require prior widening, we widen our
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prior for our Meta-DP++ algorithm as described above. This allows us to shave off some
extra factors of the dimension d in our analysis, by ensuring that the importance weights
are well-behaved post-alignment. This is consistent with recent work by [97], who show
that Thompson sampling can in general incur a worst-case regret that scales exponentially
in d, unless it uses a widened posterior variance at each step. Furthermore, we observe
(often significantly) improved empirical performance on both synthetic and real datasets
by employing our Meta-DP++ algorithm compared to its non-widened analog (see Section

4.4).

4.3.4 Additional Remarks

Hierarchical Model: An alternative heuristic to leverage shared structure is to use hi-
erarchical Thompson Sampling, maintaining a posterior on the shared prior and updating
it after each epoch. In Appendix G.1, we compare the Meta-DP algorithm to a hierarchi-
cal approach; while the hierarchical algorithm outperforms prior-independent Thompson
Sampling by leveraging shared structure, we find that it still significantly underperforms
compared to the Meta-DP algorithm for moderate to large values of N due to excessive

exploration.

Knowledge of N,7: Our formulation assumes knowledge of N and 7. However, this
assumption can easily be removed using the well-known “doubling trick". In particular,
we can initially fix any values Ny and 7, and iteratively double the length of the respective
horizons; we refer the interested reader to [54] for details. For the Meta-DP algorithm, we
would simply continue to update the estimated prior mean; for the Meta-DP++ algorithm,
we would need to also follow the prior widening schedule. It is easy to see that our regret

bounds are preserved up to logarithmic terms under such an approach.

Overlapping Epochs: We model epochs as fully sequential for simplicity; if epochs
overlap, we would need to additionally model a customer arrival process for each epoch.
Our algorithms straightforwardly generalize to a setting where arrivals are randomly dis-

tributed across overlapping epochs. In particular, both the Meta-DP algorithm and the
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Meta-DP++ algorithm can be modified to only use samples from the initialization period
t € [Z}] in each epoch for estimating the prior mean (note that our estimation of the prior co-
variance already only uses samples from initialization periods) without affecting the meta
regret bounds and analysis. Therefore, when epochs overlap, we will update our estimate

of the prior as soon as we see O(1) customer responses for any product.

4.4 Numerical Experiments

We now validate our theoretical results by empirically comparing the performance of our
proposed algorithms against prior-independent Thompson Sampling [10]. As discussed
earlier, this approach ignores learning shared structure (the prior) across products, and
achieves O(d?>N+/T) meta regret (see Lemma 11 in Appendix C). When the prior covari-
ance is unknown, we illustrate the benefits of prior widening by additionally comparing
against a version of the Meta-DP++ algorithm that greedily uses the estimated covariance
matrix (i.e., X; = £).

In addition to meta regret, we present results on Bayes regret (relative to the classical
oracle) to illustrate that our transfer learning approach significantly increases performance
under the standard metric. We perform numerical experiments on both synthetic data as
well as a real dataset on auto loans provided by the Columbia University Center for Pricing
and Revenue Management.

A number of additional numerical results are presented in Appendix G, including com-
parison to a hierarchical Thompson Sampling heuristic (G.1), examining the estimation

error of the prior as a function of N (G.2), as well as results under a revenue metric (G.3).

4.4.1 Synthetic Data
We begin with the case where the prior covariance X is known.
Parameters: We consider N = 700 products, each with a selling horizon of T = 300

periods. We set the feature dimension d = 5, the prior mean 6, = [1.2 x 15;—0.3 x 1] T,

and the prior covariance X, = 0.2 x Ip4. In each epoch i € [N] and each round ¢ € [T], each
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entry of the observed feature vector x;; is drawn i.i.d. from the uniform distribution over
[0,1/+/d]?; note that this ensures the £, norm of each feature vector is upper bounded by
1. For each product i € [N], we randomly draw a demand parameter 6; i.i.d. from the true
prior .4 (6,,X,). The allowable prices lie in (0,5]. Finally, the noise distribution is the

standard normal distribution, i.e., c = 1.
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Figure 4-1: Cumulative meta regret and Bayes regret for Meta-DP and prior-independent
Thompson Sampling.

Results: We plot the cumulative meta regret and Bayes regret of each algorithm, averaged
over 20 random trials, as a function of the number of epochs N (recall that each epoch lasts
for T periods). The results are shown in Figure 4-1. Both algorithms are identical during
the initial exploration epochs.

As expected, the prior-independent approach achieves meta regret that scales linearly
in N, since each epoch is treated independently. In contrast, the left panel of Figure 4-1
shows that Meta-DP achieves nearly zero meta regret after the exploration epochs as it has
learned the prior.

The right panel of Figure 4-1 examines Bayes regret; note that even the meta-oracle
achieves O(N) Bayes regret (Theorem 27). However, the slope of Meta-DP closely matches
that of the meta-oracle after the initial exploration epochs, i.e., we do not accrue addi-
tional regret (relative to the meta oracle) as N grows large. In contrast, the slope of prior-

independent Thompson Sampling is significantly larger, resulting in additional regret con-
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tinually accruing as N grows large. In particular, when N = 700, the Bayes regret of prior

independent Thompson Sampling is 39% larger than that of Meta-DP and 48% larger than

that of the meta oracle. Thus, our approach of learning shared structure is particularly

valuable in experiment-rich environments.
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Figure 4-2: Cumulative meta regret and Bayes regret for Meta-DP and prior-independent
Thompson Sampling for different values of the feature dimension d.

Varying the feature dimension d: We now explore how our results vary as we change

the dimension of the observed features. Our previous results considered d = 5. We now

additionally consider:
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1. No features, d = 1: We setx;; =1 foralli € [N] and ¢ € [T].

2. Many features, d = 10: Each entry of the observed feature vector x;, is again drawn

i.i.d. from the uniform distribution over [0, 1/+/d]? for all i € [N] and ¢ € [T].

The results for both cases, averaged over 20 random trials, are shown in Figures 4-2(a)
and 4-2(b) respectively. Again, we see that Meta-DP substantially outperforms prior-
independent Thompson sampling algorithm in both meta regret and Bayes regret, regardless
of the choice of feature dimension d. Note that we require more exploration epochs when

d is larger (since Ny scales as d).
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Figure 4-3: Cumulative meta regret and Bayes regret for Meta-DP++ and benchmark algo-
rithms.

Unknown prior covariance X.: We now shift our attention to the Meta-DP++ algorithm,
and follow the same setup described earlier. To quantify the benefit of prior widening, we
additionally consider a version of the Meta-DP++ algorithm that greedily uses the estimated
covariance matrix, i.e., X; = i,-. The results, averaged over 20 random trials, are shown in
Figure 4-3. We see that the Meta-DP++ algorithm significantly outperforms both the prior-
independent Thompson sampling algorithm as well as the non-widened greedy benchmark
in meta regret (left panel) and Bayes regret (right panel). Interestingly, the greedy approach
performs significantly worse in earlier epochs after the initial exploration epochs (when it

relies on a prior that is likely to be significantly mis-specified); in later epochs, the greedy
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approach’s slope begins to match that of Meta-DP++ as it starts learning the true prior.
Thus, prior widening appears critical to ensure good performance on each pricing problem
— particularly earlier ones, where we should be careful not to over-rely on a prior is likely
to be significantly mis-specified. The overall success of Meta-DP++ suggests that the price
of not knowing the prior in advance is negligible in experiment-rich environments (large

N).

4.4.2 Real Data on Online Auto-Lending

We now turn to the on-line auto lending dataset. This dataset was first studied by [145],
and subsequently used to evaluate dynamic pricing algorithms by [26]. We will follow a
similar set of modeling assumptions.

The dataset records all auto loan applications received by a major online lender in the
United States from July 2002 through November 2004. It contains 208,085 loan appli-
cations. For each application, we observe some loan-specific features (e.g., date of appli-
cation, the term and amount of loan requested, and the borrower’s personal information),
the lender’s pricing decision (i.e., the monthly payment required of the borrower), and the
resulting demand (i.e., whether or not this offer was accepted by the borrower). We refer
the interested reader to Columbia University Center for Pricing and Revenue Management

[64] for a detailed description of the dataset.

Algorithms: We consider the setting where both the prior mean and prior covariance are
unknown. Thus, we compare the performance of our Meta-DP++ algorithm against that
of prior-independent Thompson Sampling, the ILSX algorithm proposed in [26],> and the

greedy version of Meta-DP++ that does not employ prior widening.

Products: We first define a set of related products. We segment loans by the borrower’s
state (there are 50 states), the term class of the loan (0-36, 37-48, 49-60, or over 60 months),

and the car type (new, used, or refinanced). The expected demand and loan decisions

SWe do not use a ¢, penalty in our implementation because the “true support" identified by [26] with all
observations is precisely the set of features we consider.
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offered for each type of loan is likely different based on these attributes. We consider loans
that share all three attributes as a single “product” offered by the online lender. We thus
obtain a total of N = 589 unique products. The number of applicants in the data for each
loan type determines 7 for each product; importantly, note that 7" is not identical across

products.

Features: We use the feature selection results from [26], which yields the following fea-

tures: FICO score, the loan amount approved, prime rate, and the competitor’s rate.

Remark 22. We use three categorical features (state, term of loan, and car type) to define
N = 589 products, and we additionally have 4 numerical features per product. In contrast,
the ILSX algorithm [26] sets N = 1 and encodes this information as product features; this
results in a feature vector of dimension 4+ 50+4+3 = O(d + N), since each possible
value of the categorical feature will be represented as a I-hot encoding. The resulting
meta regret of ILSX will therefore still grow superlinearly in N (unlike our proposed algo-
rithms). Moreover, their demand model is less expressive compared to ours since it does
not allow for different price elasticities by state/term/car type (see our earlier Remark 2 for

discussion).

Remark 23. Following our model, we simulate each epoch sequentially. In reality, cus-
tomers will likely arrive randomly for each loan type at different points of time. We note
that the Meta-DP algorithm only uses the initial sample from each epoch for estimating
the prior mean, and thus, in principle, it can be adapted to a setting where arrivals are

randomly distributed across overlapping epochs as well (see discussion in §4.3.4).

Setup: Following the approach of [145] and [26], we impute the price of a loan as the net
present value of future payments (a function of the monthly payment, customer rate, and
term approved; we refer the reader to the cited references for details). The allowable price
range in our experiment is [0, 30].

We note that, although we use a linear demand model, our responses are binary (i.e.,

whether a customer accepts the loan). This approach is common in the literature (see, e.g.,
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(a) Cumulative meta regret and Bayes regret for Meta-DP++ and benchmark algorithms

Figure 4-4: Computational results on a real dataset on online auto loans.

[127]). [40] provide theoretical justification for this approach by showing that we may still
converge to the optimal price despite the demand model being misspecified.

Finally, unlike our model and analysis, the true distribution over loan demand param-
eters across products may not be a multivariate Gaussian. We use the entire dataset to
estimate each product’s demand parameter, and then fit a multivariate Gaussian prior over
the empirical distribution of product demand parameters — our meta oracle uses this prior.
However, our regret is evaluated with respect to the true data (i.e., our meta oracle may
perform poorly in Bayes regret if the prior is far from a multivariate Gaussian). Thus, this
experiment can provide a check on whether our algorithms (which seek to mimic the meta

oracle) are robust to model misspecification of the prior.

Results: We average our results over 100 random permutations of the data. The results
are shown in Figure 4-4. We first note that, despite potential misspecification of the prior’s
model class, the meta oracle (prior-dependent Thompson Sampling) achieves much bet-
ter Bayes regret (right panel) than all algorithms. This implies that the (potentially mis-
specified) shared prior across products is informative, and thus leveraging shared structure
may be valuable. Then, by design, our Meta-DP++ algorithm learns this shared structure,
incurring meta regret that grows sublinearly in N (left panel). Consistent with our results on

synthetic data, we see that the Meta-DP++ algorithm significantly outperforms the bench-
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mark algorithms; this is true even though the multivariate Gaussian prior that we estimate
may not be the true prior. This result suggests that our proposed algorithms may be robust

to model misspecification of the prior.

125



126



Chapter 5

Calibrating Sales Forecast in a
Pandemic Using Competitive Online

Non-Parametric Regression

5.1 Problem Formulation

In this section, we introduce the notations and the learning protocol.

5.1.1 Notations

We define [n] to be the set {1,2,...,n} for any positive integer n. We denote 1[] as the
indicator function. For p € [1,o0], we use ||x||, to denote the £,-norm of a vector x € R.
We denote xVy and x Ay as the maximum and minimum between x,y € R, respectively.
For a set &7 C R, we write A(.<7) as the simplex over <. We adopt the asymptotic notations
0(-),Q(-), and O(-) [65]. When logarithmic factors are omitted, we use O(-),Q(-), O(-),
respectively. With some abuse, these notations are used when we try to avoid the clutter
of writing out constants explicitly. Given a finite set of covariates 2 C R, a function
f: 2 —0,1] is isotonic (non-decreasing) if and only if for any pair xj,x, € 27, x; < x

implies f(x;) < f(x2) [156]. For ease of exposition, we denote .# as the set of all possible
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isotonic functions that maps 2" to [0, 1], i.e

={f: 2 —[0,1]: fis isotonic}. (5.1)

5.1.2 Learning Protocol

Ateach time step ¢ € [T}, the following events happen in sequence: 1) The DM observes the
covariate x; € 2~ C R for this time step. We assume the covariates xj,...,xy are sampled
from a simulatable joint distribution 2 € A(2T). 2) She then predicts the label of x; as
$:. 3) The label y, € [0, 1] is revealed, and the DM suffers the squared loss ($;,y;) = (§, —
y7)?. Except for boundedness, we make no assumption on the sequence of y,’s, and they
could even be chosen adversarially. Specifically, we denote p; € A([0,1]) as the (possibly
adversarial) distribution from which y; is sampled from. When making prediction at each
time step ¢ € [T'], the DM can employ any non-anticipatory policy 7, that only takes the
history information J%/_; = {x;, ys} _, (J4 is defined to be the empty set 0), the observed
covariate x;, and the joint covariate distribution & as input, and outputs a distribution g; €
A([0,1]) from which , is sampled from. We denote 7 = {m,}1_, as the policy used by the
DM. The policy 7 is evaluated by regret, defined as

T
V(7). 31) — mf o f (5.2)
Y LY

Intuitively, regret is the difference between the squared ¢>-norm associated with labels gen-
erated by the algorithm and labels generated by an adversary and the squared ¢>-norm
associated with labels generated by the best isotonic (non-decreasing) function in hind-
sight and the adversarial labels. The objective of the DM is to choose a policy 7 that will
minimize the worst case regret over all possible choices of y,’s (or p;’s) by the adversary.

Formally, the objective is

T
Ky (n|F)=Esup E E ...Esup E Z 9 (), y:) — mf ZZ
X1 opp Ji~qiyi~PL o XT pp yrquyTNPT =

(5.3)
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We make two remarks regarding the model.

Remark 24 (Model Robustness). As observed earlier, our notion of regret follows [152],
and is similar to competitive analysis used in online resource allocation. Specifically, we
make no statistical assumption on the label’s generative process, but the adversary cannot
be too far from our best understanding of nature. We also demonstrate in Proposition 33 of
Section 5.1.4 that the naive greedy learning policy would incur linear in T regret without
making additional assumptions on the label’s generative process (e.g., eq. (1.1)). Conse-
quently, our model (and our forthcoming solution) is more robust than directly applying
eq. (1.1) because now the process that governs the (covariate, label) observations is only

asked to be close to monotonic.

Remark 25 (Worst case extrapolation). As shown in the definition of regret in eq. (5.3),
when the DM makes extrapolations, i.e., when x; & [minge(,_) Xy, maXe;_1) Xs], she needs

to take precautions for any possible y; to minimize the worst case regret.

Remark 26 (Comparisons with Online Linear Regression). A related model is the online
linear regression setting [170], where the only difference is that f has to be linear instead
of non-parametric (or isotonic). Since the linear function is a proper subset of the isotonic
function class, it follows that the isotonic function class is more expressive than the linear
function class. Consequently, our oracle can have a smaller loss when compared with an
oracle defined w.r.t. the linear function class, yet minimizing regret against in our case is

much more challenging.

5.1.3 Additional Notations: Data-Dependent Discretization

As discussed in Theorem 3 and Section 4 of [121], it is important to work with the discrete
isotonic function class when trying to minimize regret. [121] first make the observation
that it is only the orders of x;’s (not there particular values) play a role in this problem, and
can thus assume w.lo.g. that {x,}]_, is a permutation of [T] since they assume all the x,’s
are known ahead. Then, they construct a fixed discrete isotonic function class .Z ([T]) =

{f eF Mte|T] f(t)= %, where k; € {0, 1,...,K}} . Here, K is a positive integer to be
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specified. Afterwards, they show that the regret defined w.r.t. .#([T]) is at most T /4K?
away from the one defined w.r.t. .%, and thus work with the former.

Different than [121], however, we do not have access to the x;’s ahead of time, and
thus cannot initiate .% ([T']). To get aroun this, we work with a covariate-specific discrete
isotonic function class. Specifically, given a sequence of T covariates x},...,x; € 27, we

define the corresponding data-dependent discrete isotonic function class as

F{xL) = {fe F:Wte[T] f(x) = l;—é, where k; € {0,1,...,[(}}. (5.4)

It is shown in Theorem 4 of [121] that, for any 77 = {x;,y;}_,, the cumulative loss of the
optimal isotonic function in % ({x;}L_,) is at most T /4K? larger than that of the optimal

isotonic function in .% , i.e.,

0(f(x),y) < inf ZE

(5.5
rez({u)l) T

—
=
o]
™~

5.1.4 Inadequacy of Naive Greedy Learning

In this subsection, we demonstrate that simply following the conventional iterative least
squares (ILS) policy (i.e., the naive greedy learning policy) would lead to ®(T) regret, and
thus formally justified that new learning policy is needed for this setup. Recall that at each
time step ¢, the ILS policy would take all historical observations .7¢/_| = {xs,ys}g;ll and
compute f, using least squares as follows:

t—1
ft = argmin Z e(f(xs)vys)- (5.6)

feF =1
Afterwards, it predicts the label at time step ¢ as §; = f;(x;). In the following proposition,
we show that without imposing a monotonic generative process on y;’s, the ILS policy’s
regret would scale linearly in 7" even if it does not need to make any non-parametric ex-

trapolations.
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Proposition 33. For any T > 14, there exists an assignment of yi,...,yr € [0,1] such
that even if the DM knows the values of xi,...,xr and yy,y2 ahead of time and all x; €
[x1,x%2] VYt > 3 (i.e., no extrapolation is needed), the regret of the ILS policy is at least

(T—-1)/8.
Proof. Proof Sketch. The compete proof is provided in Section D.1 of the appendix. We
letx; =1,xp=T,x, =t—1Vr€[3,T], and

.
1 ifx;isoddand x, < T}

=40 ifxisevenandx, <T;
Lioifx, =T
2 =4

\

See Fig. 5-1 for an illustration. Then, the oracle can employ a constant function f(x;) =

y 3
1 ) o
1/2 o
0 < ¢ >
1 2 3 4 e T

Figure 5-1: Illustration of the true labels

1/2 and achieve a cumulative loss at most infrec 7 Y[, €(f(x;),y:) <= (T —1)/4. Now,
if the DM follows the ILS policy, it is easy to verify (following the properties of isotonic
regression [121]) that when x; is odd f;(x) = 1/2 and hence, ¢(f;(x;),y:) = 1/4 (left panel

of Fig. 5-2); while when x; is even

ifx<x1;

Ji(x) =

Bl =

oterhwise,

and hence, £(f;(x;),y;) = 9/16 (right panel of Fig. 5-2). Altogether, ¥, £(f(x;),y,) >
12(T —1)/32. The statement thus follows. O
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(a) When x, is odd, y; = 1 and ILS predicts §, = 1/2

4
1 | @ ®
- | o
fs(x) Label to predict
0 ® ’
1 2 3 4 e T

(b) When x; is even, y, = 0 and ILS predicts §; = 3/4

Figure 5-2: Oscillating behavior of f; ()

Remark 27 (Instatbility of ILS policy without Eq. (1.1)). In absence of eq. (1.1), the
counterexample in Proposition 33 demonstrates that the ILS policy would oscillate between
the oracle’s choice (i.e., when x; is odd) and a clearly sub-optimal choice (i.e., when x; is

even) and hence incur a regret that scales with T.

5.2 Simulating Exponential Weights Policy

[121] designed a computationally-efficient policy to overcomes the computational barrier
of general online non-parametric regression methods [152, 89], when all the covariates are
known beforehand. In particular, the policy 1) Views {xi,...,xr} as [T], and constructs the
discrete isotonic function class .%# ([T']) . 2) Implement a dynamic programming accelerated
version of the exponential weights forecast over .# ([T]) to attain the optimal regret bound.
In our setting, however, we only have access to the generative process, but not the realized
values, of the covariates, and hence cannot implement step 1). Nevertheless, inspired by

[121], we propose a novel Simulating Exponential Weights (SEW) policy that additionally
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incorporates the simulated future covariates for our problem.

5.2.1 Design Details and Efficient Implementation

For each time step 7, after observing the covariate x;, the SEW policy first samples the covari-

ates x/

1 .., X from the joint covariate distribution 2. The DM then views xi,...,x; and

X, e ,X7. as the covariates she would encounter throughout the course of prediction, and
constructs the data-dependent discrete isotonic function class .# <{xs} 1U{x it +1>
with K = [T1/3/[4(loge(T+ 1))1/3]W (to be justified in Theorem 34) as described in eq.
(5.4) of Section 5.1.3. Afterwards, she makes the prediction according to the exponen-
tial weights algorithm [131] over .% ({xs}gzl U {x;-}]T.:t +1> . In particular, for each iso-
tonic function f € .# ({xs}’ LU {x it +1> , this exponential weight algorithm assigns a
weight, which is inversely proportional to the exponential of f’s total loss in the previous

t — 1 time steps. Then, it computes the prediction by a weighted average over all the f’s

evaluated on x;, i.e.,

) >f(x,)eXp (_ i;ﬁ (f(xs) _ys)2/2)

) exp (— 2;11 (f (xs) _ys)2/2)

fefj“({xs} NSTEALI

Vi = (5.7)

)3 feﬂ({xb NUTEA

j=t+1

Efficient computation: A direct computation of y; via eq. (5.7) is inefficient as it re-
quires an enumeration of every f in % ({xs} U {x =t +1> , whose cardinality is of or-
der ©(TX) (see Theorem 4 of [121]). To mitigate this computational obstacle, we adopt the
dynamic programming acceleration technique introduced in [121]. For ease of exposition,
we denote .7 <{xv}’ s {x it 1) by .%;. At each time step ¢, we can sort the observed

covariates xi,...,x; and the randomly sampled covariates x,

/ . .
t+1s---»Xr 1n ascending order

as z1,22,--.,2r- W.lo.g., we assume all the z;’s are mutually different. We define for ev-
ery s € [T] and every k € {0,...,K}, u* = exp <—1 [(zs € {xj}’jzlﬂ (k/K = yo(s)) /2)

where o (s) is the corresponding subscript of the x, that is equal to z, if z, € {x;} i1 L€y
o(s) = q. Suppose x; is the i smallest in all the covariates, i.e., x; = z;, then starting from

w’é =1 for every k, we recursively compute for all k =0,... K, ws = lezo u{wf , and
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Algorithm 8 SEW policy
1: Input: Time horizon 7, joint covariate distribution Z.
2: Initialize: K « {T1/3/[4(1oge(T+ 1))1/ﬂ .
3: fort=1,...,T do

4: Observe context x; and sample (x]., ,...,x7) from 2.
5: Rank {x1,...,%,%,...,X7 } in ascending order as {z5(1), - -,Zq(r)}> Where o (s)
is the subscript of the s™ smallest covariate in xy,...,x;,x], ;,x}. Let i € [T] be such

that x; = Zq(;).-

k Y (k/K~Yo()" —
g <—exp | —1|(zs €{x;} )| - ——F | foralls€[T]andk=0,....K

*

w’5<—1,v’;<—1forauk:0,...,1<

8: fors=1,....i—1do
k

: wSH(—Z Ouswsfork 0,...,K.
10: end for
11: fors=T,....i+1do
12: vh leszujﬁfork:O,...,K

13: end for

ko k
14 Predict §; = M
Z:k70
15: end for
this process goes from s = 1,2,...,i — 1; Also, starting from u’} =1 for every k, we re-
cursively compute for all k € {0,1,...,K}, vY | = K ku’ vg, and this process goes from
k
s=T,T—1,...,i+ 1. Finally, one can compute y; = % We include a more detailed
oWiVi

description of this dynamic programming acceleration in Section D.4 of the appendix. The
above procedure gives a O(TKZ) per time step algorithm. A pseudo-code implementation

of the SEW policy is provided in Algorithm 8.

5.2.2 Regret Bound

We are now ready to present the regret bound of the SEW policy, whose proof is presented

in Section D.3 of the appendix.
Theorem 34. With K = [T1/3/[4(loge(T + 1))1/3]-‘ , the regret of the SEW policy is O(T'/3).

Before providing the intuition about the proof of Theorem 34, we make the following

remark regarding optimality of the SEW policy.

Remark 28 (Optimality). Inspecting the lower bound in Theorem 5 of [121] for the case
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when all x;’s are known beforehand, a strictly easier setting than ours, we know that the

regret upper bound in Theorem 34 is optimal up to logarithmic terms.

5.2.3 Proof Sketch of Theorem 34

We begin by applying eq. (5.5) to the regret defined in eq. (5.3),

r (1) 7) <7 (1) ((5})) + 02 (5.8)

With this, it is enough to restrict our attention to minimize regret w.r.t. the loss-minimizing

isotonic function in .# ({x,}thl). For ease of exposition, we refer to the total squared loss

of the loss-minimizing isotonic function in . % ({x,}L )
inf o f
fEJ ({X[}t 1 Z
as the data-dependent benchmark.

We then pick a sequence of potential functions {Vt}tT:() that satisfy (informally)

1. The data-dependent benchmark has to incur a total squared loss of at least —Vr, i.e

Data-dependent benchmark :=  inf Z of

Xt )’t > =V, (5.9)
fe?({x,}t 1

2. By using the SEW policy, the loss of each time step ¢ is at most V,_| —V;, i.e.,

Loss of the SEW policy at time step ¢ := £(¥;,y,) < Vi—1 — V;. (5.10)

Therefore, we have

T

Pr (n|F ( {x}L 1) Z oss of the SEW policy at time step # — Data-dependent benchmark

T
Z Vier = Vi) +Vr =W (5.11)
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To derive the potential functions {V;}_,, we follow a modified version of the backward
induction relaxation framework in [152] (see Section D.2 of the appendix for more details).
Intuitively, each V; is defined to be the softmax upper bound for the opposite number of

expected (w.r.t. x;41,...,x7) data-dependent benchmark of first ¢ time steps, i.e.,

V; 1= softmax (— E [data-dependent benchmark of first 7 time steps ])

Xt 150 XT
1
=softmax | — E inf 0(f(xy),
Xi41 500 XT fey({Xz}lT_l),:Zi (f( t) yl‘)
! v )2
—2 E log, Y exp [_ s:l(f(;cs) ¥s) } 5
415 XT ngf({x,}tT:l)
and
Vo:=Vo=Klog,(T+1)= O(i%f,%(n@({x,}le))). (5.13)

Here, eq (5.12) critically exploits the availability of the generative process of the covariates,
and eq. (5.13) (together with eq. (5.11)) implies the optimality of the SEW policy.

Finally, combining eq. (5.8) and (5.13), and setting K = {T1/3 /[4(log, (T + 1))1/3]] ,
we conclude the statement of the theorem. The formal proof, including how to derive
the relaxation for our setting as well as how to apply it to show the regret bound of the

SEW policy, is provided in Section D.3 of the appendix.

Remark 29 (The Importance of Combining Online Learning and Pandemic Modeling). In
[152], the relaxation framework is developed w.r.t. a model where the x;’s are also chosen
by an adversary (formally, this is replacing the expectation over x;’s by supremum over x;’s
in the regret definition (5.3)). Unfortunately, as [121] pointed out, the DM has to suffer
Q(T) regret if the x;’s are chosen by the adversary when % is the isotonic function class.
This implies that a direct adoption of the original relaxation framework is not enough to
show the regret bound of the SEW policy. We overcome this by critically exploiting the fact
that the generative process of x;’s (e.g., the SIR epidemic model in the case of AB InBev’s)

is available, i.e., eq. (5.12), and customize the relaxation framework to fully leverage the
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availability of the generative process.

Remark 30 (Comparison to [121]). Although the design of the SEW policy follows [121],
its regret analysis requires different techniques. This is because different than [121] (and
most existing online learning algorithms [53, 46]), which generate predictions based only
on historical observations, the SEW policy additionally makes use of the simulated future
covariates. This makes direct application of conventional regret analysis techniques chal-

lenging.

5.3 Numerical Results

In this section, we conduct numerical simulations with synthetic and AB InBev’s datasets to
empirically gauge the performance of the SEW policy. The first set of simulations, presented
in Section 5.3.1, makes use of synthetic datasets to demonstrate that the SEW policy outper-
forms competing algorithms, and show that the regret growth of the SEW policy matches our
theoretical analysis presented in Theorem 34. We then apply our method to AB InBev’s

datasets to forecast sales amid the COVID-19 pandemic.

5.3.1 Numerical Simulations with Synthetic Data

We set T = 5000, and assume the covariates x;’s are sampled uniformly from 2" = [0, 1].
The labels y,’s are generated as y; = h(x;) for every ¢ € [T]. We consider three different

options for A(-) :

e Cubic process: In this case, h(x) = x°.

e Stair process: In this case, h(x) = 1[x > 0.5].

e Hybrid process: In this case, h(x) = 3 - 1[x € [0.25,0.5)] + 5 - 1[x € [0.5,0.75)] +
1[x € [0.75,1]].

For all the cases, we have y, € [0,1] for all # € [T]. For the cubic process and the stair

process, h(-)’s are non-decreasing. Moreover, the cubic process is continuous, and can be
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Figure 5-3: Results for synthetic dataset.

well approximated by a linear function (via Taylor expansion). For the last case, however,

h(-) is non-monotonic nor continuous although its overall trend is increasing.

We evaluate the cumulative regret of the SEW policy against the online linear regression

(OLR) algorithm [170] and the exponential weights (EW) algorithm for the fixed design
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case [121]. In the latter case, the EW algorithm has access to the realization of all the x;’s

in advance. All the results are averaged over 20 runs.

Results

The results are displayed in Fig. 5-3. In each of the three cases, the left hand side plot
depicts the cumulative regret of the three algorithms, while the right hand side plot depicts
the cumulative regret of the SEW policy divided by 7!/3.

Comparing the cumulative regrets of the SEW policy and the EW algorithm, we can see
that even though the SEW policy only knows the distribution of x;’s, but not their realizations,
its cumulative regret is very close (less than 3% difference) to the cumulative regret of the
EW algorithm, which has access to all the realizations of the x;’s.

For the cubic process in Fig. 5-3(a), the SEW policy outperforms the OLR algorithm
when ¢ > 400. This is because the cubic function permits a good linear approximation and
the OLR algorithm takes advantage of this. In contrast, the isotonic function class is more
expressive, and thus requires more samples to learn. Nevertheless, once a certain sample
size threshold is reached, the SEW policy outperforms the OLR algorithm.

For the stair and hybrid processes in Fig. 5-3(b) and Fig. 5-3(c), since no good linear
approximation exists, we can see that the regret of the SEW policy is significantly smaller
than that of the OLR algorithm throughout.

Finally, the right hand side plots verify that the regret growth of the SEW policy are

indeed T'!/3 in all three cases.

5.3.2 Numerical Simulations with AB InBev’s Data

In this section, we apply the SEW policy to the problem of forecasting sales under the
COVID-19 pandemic. We use datasets from AB InBev for three geographical regions.
We hereafter refer to them as region A, region B, and region C. Each data set contains the
baseline sales forecast data and the actual sales data of all AB InBev’s products in the re-
spective geographical area. The baseline sales forecast applies AB InBev’s offline learning

algorithm with historical sales data and other external data, such as social & economic data,
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to forecast the sales volumes.

Following the modeling approach in Section 1.4, we sequentially predict the offset
in sales (i.e., level of calibration to the baseline sales forecast) caused by the COVID-19
pandemic with the SEW policy. We then generate an SEW policy calibrated sales forecast by
subtracting the predicted offsets from the baseline sales forecast. For both regions A and B,
we use the COVID-19 confirmed case numbers, death numbers, and recovered numbers in
January 2020 and February 2020 to initialize the respective SIR epidemic model (the SIR
epidemic models will then be updated monthly, see Section 5.3.2 for model details), and
then evaluate the performances of the SEW policy with data beginning from March 2020.
For region C, since the pandemic hit this region about a month later, we use the COVID-
19 confirmed case numbers, death numbers, and recovered numbers in January, February,
and March 2020 to initialize the respective SIR epidemic model, and then evaluate the
performances of the SEW policy with data beginning from April 2020. We compare our
SEW policy with the baseline sales forecast and the online linear regression (OLR) algorithm
[170] calibrated sales forecast. We measure the performance of each algorithm by weighted
mean absolute percentage error (WMAPE) and mean squared error (MSE).

According to AB InBev’s needs, we first consider a monthly forecast setting where we
predict the sales volumes month by month. To accommodate other potential business appli-
cations, we further consider a weekly forecast setting where we predict the sales volumes

week after week.

e Monthly forecast (AB InBev’s main focus): In this case, we predict the sales vol-
umes month by month. Since the number of monthly time periods under the COVID-
19 pandemic is small (e.g., < 8 for both regions), the total number of periods in our
model will be too small if we set each month as a time step. As a result, we set each
day of a month as a time step. Therefore, at the beginning of each month, we predict
the daily offsets for this month all at once, and apply the summation of the daily
offsets as the monthly offset. Here, the covariate x; is the COVID-19 case estimate
generated by the SIR model at the beginning of each month (for every day ¢ of the
month), and is applied in line 4 of Algorithm 8. y; and y; are the predicted offset and

the actual offset of day ¢, respectively.

140



o Weekly forecast: In this case, we predict the sales volumes week by week. For each

week, we need to make the prediction at the beginning of this week. We thus set

each week as a time step, the covariate x; as the mean COVID-19 case estimates of

week 7. In this process, y; and y, are the predicted offset and the actual offset of week

t, respectively. We apply the SIR epidemic model to generate the COVID-19 case

estimates when implementing line 4 of Algorithm 8.

Pandemic Modeling

When generating the COVID-19 case estimates, we work with AB InBev to apply the

SIR epidemic model [114]. We use the least squares minimization method to update the

parameters, including spread rate 8 and recovery rate 7, of the SIR epidemic model for

both regions month by month.

Mar | Apr | May | Jun Jul Aug | Sep Oct | Nov
Spread rate | 0.329 | 0.350 | 0.350 | 0.350 | 0.350 | 0.350 | 0.350 | 0.350 | 0.350
Recovery rate y | 0.050 | 0.083 | 0.083 | 0.083 | 0.083 | 0.083 | 0.083 | 0.083 | 0.083

Table 5.1: Monthly updated parameters of SIR epidemic model for region A

Mar | Apr | May | Jun | Jul 2" wave) | Aug
Spread rate | 0.280 | 0.283 | 0.271 | 0.270 0.543 0.209
Recovery rate y | 0.074 | 0.095 | 0.068 | 0.067 0.504 0.187
Sep Oct | Nov
Spread rate § | 0.206 | 0.952 | 0.207
Recovery rate y | 0.146 | 0.872 | 0.130

Table 5.2: Monthly updated parameters of SIR epidemic model for region B

Apr | May | Jun Jul | Aug 2" wave) | Sep
Spread rate B | 0.328 | 0.239 | 0.220 | 0.200 0.200 0.200
Recovery rate y | 0.060 | 0.051 | 0.050 | 0.050 0.106 0.128
Oct | Nov | Dec (3" wave)
Spread rate § | 0.200 | 0.200 0.200
Recovery rate y | 0.083 | 0.050 0.105

Table 5.3: Monthly updated parameters of SIR epidemic model for region C

For region A, we update the SIR epidemic model parameters at the beginning of each

month (from March 2020 to July 2020) with historical confirmed COVID-19 case numbers,
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death numbers, and recovered numbers from late January 2020 to the end of the previous

month. The resulted parameters for region A are reported in Table 5.1.

For region B, we also begin by updating the SIR epidemic model parameters at the be-
ginning of each month with historical confirmed COVID-19 case numbers, death numbers,
and recovered numbers from late January 2020 to the end of the previous month. Different
than region A, however, the active COVID-19 case numbers in June 2020 indicates that
region B was hit by a second wave of the COVID-19 pandemic. To capture the second
wave in July 2020 and August 2020, we update the parameters of the SIR epidemic model
for July 2020 and August 2020 only with historical data beginning from June 2020. The
resulted parameters for region B are reported in Table 5.2.

For region C, since it has experienced three different waves of the COVID-19 pandemic,
we follow a similar procedure as region B to compute the SIR forecast parameters, i.e.,
when a new wave of the pandemic occurs, we discard historical data observed in the prior

waves. The resulted parameters for region C are reported in Table 5.3.

Hyper-Parameters

We also introduce a scaling factor and make some minor modifications to the prediction
range of the SEW policy to better adapt to AB InBev’s sales forecast calibration problem.
Scaling factor: Our model and algorithm require that all y,’s belong to the range [0, 1].
However, the actual offsets in AB InBev’s datasets go far beyond this range. To mitigate for
this, we additionally apply a (dynamic) scaling factor when implementing the SEW policy.
For the monthly forecast setting, we initialize the scaling factor to be the absolute value
of the mean of the daily offsets observed from late January 2020 to the end of February
2020. We then sequentially update the scaling factor at the beginning of each month m.
Specifically, we first compute the absolute value of the mean offset of all the months from

March 2020 to month m — 1, 2020, and then set the scaling factor to be the floor of the

f

maximum of them. Formally,

Ytime step scmonth m—1JYs
7| #days in month m — 1

Ytime step s€March Vs
31

9.

scaling factor = {max {
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For the weekly forecast setting, the scaling factor for each week is the scaling factor of
the month to which this week belongs to multiplied by 7 (i.e., there are 7 days in a week).

By doing so, we re-scale the mean of the quantities y, /scaling facotr so that it lies in
[—1, 1] most of the time.

Prediction range: To accommodate possibly negative offsets, we further modify lines
6,7,9, 12 of Algorithm 8 so that the iterations of & starts from —K instead of 0. The three
summations in lines 9 and 14 should also begin from k = —K instead of k = 0.

Combining both, we replace ys(5) by Yo (s) /scaling factor in line 6 of Algorithm 8, and
$; is computed as scaling factor x (XX £yk&) /(RK o wki%) in line 14 of Algorithm

8.

Mitigation for Impact of Lockdown

From late January 2020 to late March 2020, part of region A has imposed a strict lock-
down, where businesses were shut down completely. Since customer behaviors can be
drastically different before and after the lockdown is lifted, the lift of lockdown can cre-
ate non-stationarity for our problem. To combat non-stationarity, we follow an intuitive
restarting strategy that has been employed by non-stationary online learning in [36, 57].
Specifically, we restart the SEW policy and the OLR algorithm at the beginning of April
2020. Under this design, both of them discard all historical data observed during the lock-
down period (from late January 2020 to late March 2020). We refer to the restarting version
of the SEW policy and the OLR algorithm as the Re-SEW policy and the Re-OLR algorithm,
respectively.

For regions B, since no strict lockdown has been imposed, we don’t implement the
Re-SEW policy and the Re-OLR algorithm for it.

For region C, it has imposed two lockdowns, one from early March 2020 to late May
2020 and the other one beginning in October 2020. Therefore, the Re-SEW policy and the
Re-OLR algorithm discard all historical data observed during March 2020 to late May 2020
when making predictions from June 2020 to September 2020; while they discard historical
data observed from June 2020 to September 2020 (but retaining those observed from March
2020 to late May 2020) when making predictions from October 2020 onwards.
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Results for Region A

We first report the results for region A.

Monthly setting: The monthly forecast results are shown in Table 5.4 and Table 5.5.

Table 5.4 implies that the Re-SEW policy calibrated sales forecast outperforms the OLR
forecast in 6 out of 9 months, the Re-OLR forecast in 8 out of 9 months, and it also outper-
forms the baseline sales forecast in 6 out of the 9 months.

Table 5.5 implies that the WMAPE of the Re-SEW policy calibrated sales forecast is
smaller than the WMAPE of the Re-OLR calibrated sales forecast by 53%. The MSE of the
Re-SEW policy calibrated sales forecast is smaller than the MSE of the Re-OLR calibrated

sales forecast by 88%.

Mar Apr May Jun Jul Aug
Baseline 175.70% | 27.09% | -5.46% | -8.58% | -0.18% | -5.52%
OLR 317% | -27.14% | -29.69% | -20.17% | -8.10% | -11.03%

Re-OLR 317% | -25.79% | 4.38% 7.01% | 13.03% | 3.76%
SEW policy -16.29% | -35.77% | -12.64% | -5.86% | 3.90% | -0.70%
Re-SEW policy | -16.29% | -8.81% | -4.33% | -5.24% | 3.87% | -0.69%
Sep Oct Nov
Baseline 6.93% | 2.31% | -2.21%
OLR 245% | -4.16% | -9.64%
Re-OLR 24.26% | 21.89% | 7.57%
SEW policy 12.06% | 5.08% | -1.65%
Re-SEW policy | 12.06% | 5.08% | -1.65%

Table 5.4: Percentage forecast errors of different methods for monthly forecast, negative
indicates underestimation, the best method of each month is bold (Region A).

Baseline OLR Re-OLR SEW policy | Re-SEW policy
WMAPE 12.87% 14.34% 11.69% 9.09% 5.42%
MSE 15894705.66 | 13072148.80 | 7007389.41 | 5422899.81 | 1449112.15

Table 5.5: WMAPE and MSE of different methods for monthly forecast, results of the best
method is bold (Region A).

Baseline OLR Re-OLR SEW policy | Re-SEW policy
WMAPE 19.78% 19.06% 16.63% 17.89% 13.84%
MSE | 5497065.12 | 4528688.89 | 3595356.34 | 4228711.84 | 2673345.05

Table 5.6: WMAPE and MSE of different methods for weekly forecast, results of the best
method is bold (Region A).
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Figure 5-4: Plot for weekly forecast of region A

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the OLR calibrated sales forecast by 62%. The MSE of the Re-SEW policy calibrated
sales forecast is smaller than the MSE of the OLR calibrated sales forecast by 88%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the baseline sales forecast by by 57%. The MSE of the Re-SEW policy calibrated sales
forecast is smaller than the MSE of the baseline sales forecast by by 90%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the SEW policy calibrated sales forecast by by 40%. The MSE of the Re-SEW policy cali-

brated sales forecast is smaller than the MSE of the SEW policy calibrated sales forecast by

by 73%.
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Weekly setting: The weekly forecast results from March to the end of July for region A
are depicted in Fig. 5-4 (For brevity, we only plot the results of the Re-SEW policy and the
Re-OLR method as their WMAPESs are smaller than the SEW policy and the OLR method,
respectively). The WMAPE and MSE of different methods are presented in Table 5.6.

In terms of forecast accuracy, the Re-SEW policy calibrated sales forecast outperforms
the Re-OLR calibrated sales forecasts in 24 out of the 40 weeks. It outperforms the baseline

sales forecast in 21 out of the 40 weeks.

Table 5.6 implies that the WMAPE of the Re-SEW policy calibrated sales forecast is
smaller than the WMAPE of the Re-OLR calibrated sales forecast by 16%. The MSE of the
Re-SEW policy calibrated sales forecast is smaller than the MSE of the Re-OLR calibrated

sales forecast’s by 25%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the OLR calibrated sales forecast by 27%. The MSE of the Re-SEW policy calibrated

sales forecast is smaller than the MSE of the OLR calibrated sales forecast’s by 40%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the baseline sales forecast by 30%. The MSE of the Re-SEW policy calibrated sales fore-

cast is smaller than the MSE of the baseline sales forecast’s by 51%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the SEW policy calibrated sales forecast by by 22%. The MSE of the Re-SEW policy cali-
brated sales forecast is smaller than the MSE of the SEW policy calibrated sales forecast by
by 36%.

Remark 31 (Benefits of Restarting). Comparing the performances of the SEW policy and
the Re-SEW policy in the monthly forecast and weekly forecast settings, we can read from
the results that the restarting scheme benefits the Re-SEW policy more in the monthly setting.
This is because for the monthly forecast setting, the number of updates (i.e., the number of
months) the algorithms can make is very small even though the total number of time steps
T is larger than the weekly forecast setting. Therefore, it is important for the algorithms to

discard irrelevant historical observations in the monthly setting.
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Results for Region B

For region B, since the SIR epidemic model is not very accurate at the beginning of March,
the OLR algorithm performs poorly as it is very sensitive to the COVID-19 case estimates.
To fix this problem, we propose an OLR++ algorithm, which requires that the level of cal-
ibration output by the OLR++ algorithm to be in the range [—scaling factor, scaling factor]
in March.

Monthly setting: The monthly forecast results are shown in Table 5.7 and Table 5.8.

Table 5.7 implies that the SEW policy calibrated sales forecast outperforms the OLR++
calibrated sales forecast in 7 out of the 9 months and it also outperforms the baseline sales
forecast in all 9 months.

Table 5.8 implies that the WMAPE of the SEW policy calibrated sales forecast is smaller
than the WMAPE of the OLR-++ calibrated sales forecast by 67%. The MSE of the SEW pol-
icy calibrated sales forecast is smaller than the MSE of the OLR++ calibrated sales forecast
by 95%.

The WMAPE of the SEW policy calibrated sales forecast is smaller than the WMAPE of
the baseline sales forecast by by 90%. The MSE of the SEW policy calibrated sales forecast
is smaller than the MSE of the baseline sales forecast by by 98%.

Weekly setting: The weekly forecast results from March to the end of August for re-
gion B are depicted in Fig. 5-5. The WMAPE and MSE of different methods are presented
in Table 5.9.

Table 5.9 implies that the WMAPE of the SEW policy calibrated sales forecast is smaller
than the WMAPE of the OLR++ calibrated sales forecast by 21%. The MSE of the SEW pol-
icy calibrated sales forecast is smaller than the MSE of the OLR++ calibrated sales fore-
cast’s by 51%.

The WMAPE of the SEW policy calibrated sales forecast is smaller than the WMAPE
of the baseline sales forecast by 52%. The MSE of the SEW policy calibrated sales forecast
is smaller than the MSE of the baseline sales forecast’s by 71%.

In terms of forecast accuracy, the SEW policy calibrated sales forecast outperforms the

OLR++ calibrated sales forecast in 20 out of the 40 weeks. It outperforms the baseline

147



March April May June July August
Baseline | 47.93% | 36.99% | 32.99% | 26.37% | 30.60% | 43.82%
OLR++ | -73.03% | -3.26% | -3.64% | -3.34% | 0.96% | 8.58%
SEW policy | 4.99% | -0.99% | -2.28% | -2.66% | -0.30% | 5.27%
Sep Oct Nov
Baseline | 34.03% | 50.08% | 32.21%
OLR++ | 2.12% | 9.97% | -5.23%
SEW policy | -2.72% | 3.67% | -10.63%

Table 5.7: Percentage forecast errors of different methods for monthly forecast, negative
indicates underestimation, the best method of each month is bold (Region B).

Baseline OLR++ | SEW policy
WMAPE 36.48% 10.65% 3.47 %
MSE 1021912.07 | 318705.80 | 13175.01

Baseline OLR++ | SEW policy
WMAPE | 36.67% 22.46% 17.63%
MSE 326090.48 | 194756.36 | 92519.97

Table 5.8: WMAPE and MSE of different methods for monthly forecast, results of the best
method is bold (Region B).

Table 5.9: WMAPE and MSE of different methods for weekly forecast (Region B).

sales forecast in 32 out of the 40 weeks.

Results for Region C

We first report the results for region A.

Monthly setting: The monthly forecast results are shown in Table 5.10 and Table 5.11.

Table 5.10 implies that the Re-SEW policy calibrated sales forecast outperforms the
OLR forecast in 8 out of 9 months, the Re-OLR forecast in 8 out of 9 months, and it also
outperforms the baseline sales forecast in 6 out of the 9 months.

Table 5.11 implies that the WMAPE of the Re-SEW policy calibrated sales forecast is
smaller than the WMAPE of the Re-OLR calibrated sales forecast by 63%. The MSE of the
Re-SEW policy calibrated sales forecast is smaller than the MSE of the Re-OLR calibrated
sales forecast by 87%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the OLR calibrated sales forecast by 62%. The MSE of the Re-SEW policy calibrated
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Figure 5-5: Plot for weekly forecast of region B

sales forecast is smaller than the MSE of the OLR calibrated sales forecast by 85%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the baseline sales forecast by by 56%. The MSE of the Re-SEW policy calibrated sales
forecast is smaller than the MSE of the baseline sales forecast by by 81%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the SEW policy calibrated sales forecast by by 48%. The MSE of the Re-SEW policy cali-
brated sales forecast is smaller than the MSE of the SEW policy calibrated sales forecast by
by 77%.

Weekly setting: The weekly forecast results from March to the end of July for region A

are depicted in Fig. 5-6 (For brevity, we only plot the results of the Re-SEW policy and the
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Table 5.10: Percentage forecast errors of different methods for monthly forecast, negative

Apr May Jun Jul Aug Sep
Baseline 21.68% | 24.95% | 2.13% | -10.03% | -15.66% | 1.28%
OLR 499% | 6.73% | -11.29% | -24.70% | -30.55% | 9.30%
Re-OLR 499% | 9.88% | -7.99% | 34.14% | 30.41% | 17.30%
SEW policy -2.75% | 0.86% | -15.70% | -10.03% | -15.66% | 1.28%
Re-SEW policy | 1.90% | 3.60% | -6.13% | 9.15% 4.36% | 1.28%

Oct Nov Dec

Baseline 34.58% | 7.78% | 56.07%

OLR 44.35% | -12.61% | 41.19%

Re-OLR 5.79% | -25.71% | 50.69%

SEW policy 34.57% | 7.78% | 56.07%

Re-SEW policy | 6.62% | -22.35% | 17.45%

indicates underestimation, the best method of each month is bold (Region C).

Baseline OLR Re-OLR | SEW policy | Re-SEW policy
WMAPE | 1698% | 19.68% | 20.13% 14.27% 7.30%
MSE 29494.01 | 38682.73 | 43011.96 | 24558.33 5456.78

Table 5.11: WMAPE and MSE of different methods for monthly forecast, results of the

best method is bold (Region C).

Baseline OLR Re-OLR | SEW policy | Re-SEW policy
WMAPE | 23.35% | 21.44% | 20.19% | 20.78% 13.89%
MSE 11359.11 | 12386.56 | 8815.76 | 12737.73 5604.29

Table 5.12: WMAPE and MSE of different methods for weekly forecast, results of the best
method is bold (Region C).

Re-OLR method as their WMAPESs are smaller than the SEW policy and the OLR method,
respectively). The WMAPE and MSE of different methods are presented in Table 5.12.

In terms of forecast accuracy, the Re-SEW policy calibrated sales forecast outperforms
the Re-OLR calibrated sales forecasts in 28 out of the 39 weeks. It outperforms the baseline
sales forecast in 29 out of the 39 weeks.

Table 5.12 implies that the WMAPE of the Re-SEW policy calibrated sales forecast is
smaller than the WMAPE of the Re-OLR calibrated sales forecast by 31%. The MSE of the
Re-SEW policy calibrated sales forecast is smaller than the MSE of the Re-OLR calibrated

sales forecast’s by 36%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
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Figure 5-6: Plot for weekly forecast of region C

of the OLR calibrated sales forecast by 25%. The MSE of the Re-SEW policy calibrated
sales forecast is smaller than the MSE of the OLR calibrated sales forecast’s by 54%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the baseline sales forecast by 30%. The MSE of the Re-SEW policy calibrated sales fore-
cast is smaller than the MSE of the baseline sales forecast’s by 51%.

The WMAPE of the Re-SEW policy calibrated sales forecast is smaller than the WMAPE
of the SEW policy calibrated sales forecast by by 40%. The MSE of the Re-SEW policy cali-

brated sales forecast is smaller than the MSE of the SEW policy calibrated sales forecast by

by 50%.
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Chapter 6

Concluding Remarks

In this thesis, we considered data-driven operations in several different dynamically chang-

ing environments.

In Chapter 2, we developed general data-driven decision-making algorithms with state-
of-the-art dynamic regret bounds for non-stationary bandit settings. We characterized
the minimax dynamic regret lower bound and presented a tuned Sliding Window Upper-
Confidence-Bound algorithm with matching dynamic regret. We further proposed the
parameter-free bandit-over-bandit framework that automatically adapts to the unknown
non-stationarity. Finally, we conducted extensive numerical experiments on both synthetic

and real-world data to validate our theoretical results.

In Chapter 3, we study the problem of un-discounted reinforcement learning in a grad-
ually changing environment. In this setting, the parameters, i.e., the reward and state tran-
sition distributions, can be different from time to time as long as the total changes are
bounded by some variation budgets, respectively. We first incorporate the sliding win-
dow estimator and the novel confidence widening technique into the UCRL2 algorithm
to propose a SWUCRL2-CW algorithm with low dynamic regret when the variation budgets
are known. We then design a parameter-free BORL algorithm that allows us to enjoy the
same dynamic regret bound as the SWUCRL2-CW algorithm without knowing the variation
budgets. The main ingredient of the proposed algorithms is the novel confidence widening

technique, which injects extra optimism into the design of learning algorithms, and thus
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ensure low dynamic regret bounds. This is in contrast to the widely held believe that opti-
mistic exploration algorithms for (stationary and non-stationary) stochastic online learning
settings should employ the lowest possible level of optimism. To extend this finding, we
also use the problem of single-item inventory control with fixed cost as an example to
demonstrate how one can leverage special structures in the state transition distributions to

attain low dynamic regret bound without widening the confidence region.

In Chapter 4, we consider the multi-product dynamic pricing setting where a decision-
maker must learn a sequence of related unknown parameters through experimentation; we
capture the relationship across these unknown parameters by imposing that they arise from
a shared distribution (the prior). We propose meta-learning policies that efficiently learn
both the shared distribution across experiments and the individual unknown parameters

within experiments.

Our meta-learning approach can easily be adapted beyond dynamic pricing applications
to classical multi-armed and contextual bandit problems as well. For instance, consider
clinical trials, which were the original motivation for bandit problems [168, 124]. Many
have argued the benefits of Bayesian clinical trials, which allow for the use of historical
information and for synthesizing results of past relevant trials, e.g., past clinical trials on
the same disease may indicate that patients with certain biomarkers or concomitant medica-
tions are less likely to benefit from standard therapy. Such information can be encoded in a
Bayesian prior to potentially allow for more informative clinical trials and improved treat-
ment allocations to patients within the trial, see, e.g., [33, 14]. Our meta-learning approach
can inform how such priors are constructed. Importantly, prior widening gracefully tran-
sitions from an uninformative to an informative prior as we accrue data from more related

clinical trials.

Our prior widening technique is inspired by the emerging literature studying prior mis-
specification in Thompson sampling. In general, adopting a more conservative prior allows
Thompson sampling to still achieve the optimal theoretical guarantee, while a less conser-
vative prior may cause failure to converge [105, 132]. However, the use of a conserva-
tive prior often results in poor empirical performance, and can erode the benefit of using

Thompson sampling over UCB and other prior-free approaches, see, e.g.,[162, 31]. We
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take the view that a successful implementation of Thompson sampling requires learning an
appropriate prior, and propose meta-learning policies to achieve this goal across a sequence
of learning problems.

In Chapter 5, together with AB InBev, we consider the problem of sales forecasts cali-
bration due to the impact of the COVID-19 pandemic. Combining tools from online learn-
ing and pandemic modeling, we develop a data-driven online non-parametric regression
method that takes the current and simulated future active COVID-19 case numbers as in-
put, and outputs the level of calibration of AB InBev’s baseline sales forecast. Without
making any statistical assumptions on the labels, we propose a computationally-efficient
Simulating Exponential Weights (SEW) policy for the online non-parametric regression set-
ting. We show that the SEW policy achieves the minimax-optimal regret bound. We also
demonstrate the empirical performances of the SEW policy on both synthetic and AB In-
Bev’s datasets of different geographical regions. The AB InBev’ numerical experiments
show that our method is capable of reducing the forecasting errors in terms of WMAPE
and MSE by by more than 50% in the monthly forecast (AB InBev’s main focus) and 15%

in the weekly forecast.
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Appendix A

Proofs for Chapter 2

A.1 Proof of Theorem 1

First, let’s review the lower bound of the linear bandit setting, which is related to ours
except that the 6;’s do not vary across rounds, and are equal to the same (unknown) 0, i.e.,

Vie[T] 6,=86.

Lemma 35 ([125]). For any Ty > v/d/2 and let D = {x € R?: |[x|| < 1}, then there exists
d

afe {:I: d/ 4TO} , such that the worst case regret of any algorithm for linear bandits

with unknown parameter 0 is Q(d+/Tp).

Going back to the non-stationary environment, suppose nature divides the whole time
horizon into [T /H| blocks of equal length H rounds (the last block can possibly have less
than H rounds), and each block is a decoupled linear bandit instance so that the knowledge
of previous blocks cannot help the decision within the current block. Following Lemma
35, we restrict the sequence of 6;’s are drawn from the set {i d/AH }d. Moreover, 6;’s

remain fixed within a block, and can vary across different blocks, i.e.,
. T . .
Vie HEH Vi, b e [(i—1)H+1,i-HAT| 6,=86,,. (A.1)

We argue that even if the DM knows this additional information, it still incur a regret

Q(dz/ 3BIT/ 12/ 3). Note that different blocks are completely decoupled, and information is
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thus not passed across blocks. Therefore, the regret of each block is (d VvH ) , and the

total regret is at least
T _1
([ﬂ _ 1) Q (d\/H) 0 (dTH z) . (A.2)

Intuitively, if H, the number of length of each block, is smaller, the worst case regret
lower bound becomes larger. But too small a block length can result in a violation of
the variation budget. So we work on the total variation of 6;’s to see how small can H
be. The total variation of the 6;’s can be seen as the total variation across consecutive
blocks as 6; remains unchanged within a single block. Observe that for any pair of 8,60’ €

d
{i d/4AH } , the ¢, difference between 0 and 6’ is upper bounded as

d
— = ﬁ (A.3)

and there are at most |7 /H | changes across the whole time horizon, the total variation is

at most

B= — dTH™ 3. (A.4)

d
ﬁ

m!ﬂ

By definition, we require that B < By, and this indicates that

H > (dT)3B;>. (A.5)

(SN S
Wi

_2
3

Taking H = {(dT)gBT —‘ , the worst case regret is

2 2 -3 2 1
QldT <(dT)3BT3) :.Q(d3B%T

Note that in order for H < T, we require By > dT /2. Also, to make |(x, 6;)| < 1 for all
t € [T] and x € D;, we need ||6|| < 1, which means \/d?/4H < 1 or By < 84 >T.

(A.6)

I
N———

172



A.2 Proof of Theorem 2

The difference 6, — 6, has the following expression:

t—1
v,j( Y XX 6+ Z X, >—

s=1V(t—w) s=1V(t—w)
t—1 —

=V Y xx/ (es—ez>+v,:ﬁ< Z nsxs—ﬂtez>, (A7)
s=1V(1—w) s=1V(t—w)

The first term on the right hand side of eq. (A.7) is the estimation inaccuracy due to the non-
stationarity; while the second term is the estimation error due to random noise. We now
upper bound the two terms separately. We upper bound the first term under the Euclidean

norm.

Lemma 36. For anyt € [T], we have

—1

< Y 166l

5 s=1v(t—w)

t—1
vl Y xXx/(6,-6)

t
s=1V(t—w)

Proof. Poof. In the proof, we denote B(1) as the unit Euclidean ball, and Apax(M) as

the maximum eigenvalue of a square matrix M. By folklore, we know that A, (M) =

maxcp(1)2 TMz. In addition, recall the definition that V,_; = Al + Y 1v( ) X.X,” We
prove the Lemma as follows:
v T
Vt:I XSXs (GS 6;)
s=1V(t—w) )
] 1 —
=Vi-1 Z (6p = 6p11)
s:l\/(tfw) pP=s 2
e 4 T
= Y XX (6,-6,1) (A8)
p=1V(t—w)s=1V(t—w) 2
v 1 C T
< L Vil X XX (6= 6pn) (A9)
p=1V(t—w) s=1V(t—w) )
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< F (vt £ w))looul, o

p=1V(t—w) s=1V(t—w)
—1

< Y 88l (A1)
p=1V(1—w)
Equality (A.8) is by the observation that both sides of the equation is summing over the
terms X;X, (6, — 0,+1) with indexes (s, p) ranging over {(s,p) : 1V (t—w) <s<p <
t — 1}. Inequality (A.9) is by the triangle inequality.

Inequality (A.10) is by the fact that, for any matrix M € R?*¢ with Apax (M) > 0 and
any vector y € R?, we have ||[My||, < \/Amax(M?2) ||y|l,. Applying the above claim with
M=V_ ( =1V (1—w) XX ) and y = 6, — 6,1 demonstrates inequality (A.10).

Finally, for inequality (A.11), we denote the corresponding basis for each X, as (),
Le, Xy = ZsWi(s) = zs‘Pel-(s), where ¢; is the i standard orthonormal basis. Let A} =

gfllv([ ) e,-(s)el.T(S) + Al and Ay = ):f:w(t_w) e,-(s)el.T(S), it is evident that V,_; = WA %"

and ZS 1V (t—w) XSXST = WA, W' . Therefore, we have

Amax (( Z XXT) V3 ( i XsXST)> = Amax (‘PAQ‘PT(‘PAllPT)_Z‘PAzlPT)

s=1V(t—w) s=1V(t—w)

= s (PA2AT 24207 ) = A (A2A7242) <1, (A.12)
where we have used the fact that both A and A, are diagonal matrix in the last step. Alto-
gether, the Lemma is proved. O

Applying Theorem 2 of [3], we have the following upper bound for the second term in
eq. (2.2).

Lemma 37 ([3]). Foranyt € [T] and any § € [0, 1], we have

R\/dln (%) +VAS

—1

Z NsXs — A6

s=1V(t—w)

—_—

holds with probability at least 1 — 6.
Combining the above two lemmas: fixed any 6 € [0, 1], we have that for any 7 € [T] and
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any x € Dy,

—1 11
—|x" (v;ll szj(es—e,)> -I—xTVt:11< Y nsxs—w,)‘
s=1V(t—w) s=1V(t—w)
t—1 —1
<kk"lvii Y xx (6,-6)|+]x"V] Y nX-—26
s=1V(r—w) s=1V(t—w)
(A.13)
—1 1—1
<l |V Y XX @6+l | Y mx-as
s=1V(t—w) 2 s=1V(t—w) vl
(A.14)
t—1
<L Y, 16—l +Blxly 1, (A.15)

s=1V(t—w)

where inequality (A.13) uses triangle inequality, inequality (A.14) follows from Cauchy-

Schwarz inequality, and inequality (A.15) are consequences of Lemmas 36, 37.
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A.3 Proof of Theorem 3

In the proof, we choose A so that B > 1, for example by choosing A > 1/S2. By virtue of
UCB, the regret in any round ¢ € [T] is

i—1
(6 —X,0) <L Y, 16— 6s1ll,+ (X, 6) +B [1Xelly—1 = (Xi ) (A.16)
s=1V(t—w) o
t_

1

<2L ), 1160— Ol + 2B [1Xilly- - (A.17)

s=1V(t—w) "
Inequality (A.16) is by an application of our SW-UCB algorithm established in equation
(2.9). Inequality (A.17) is by an application of inequality (A.15), which bounds the differ-
ence |(X;, 6; — 6,)| from above. By the assumption | (X, 6,)| < 1 in Section 2.1, it is evident

that (X;, 6, — 6,) < [(X;,,)| +|(X;, —6,)| < 2, and we have

-1
O -Xe8)<2L Y 0O+ 28 (Xl A1) A1)
s=1V(t—w) "~

Summing equation (A.18) over 1 <t < T, the regret of the SW-UCB algorithm is upper

bounded as

E [Regret, (SW-UCB algorithm)| =E

Y =X, 6)

te(T)

[T t—1
2Ly Y 16s—6l,

Lt=15=1V(r—w)

>

=1

+2B-E

(b 1)

T (s+w)AT T
L[y Y 16— 6uil,| +28 E 2(||xtuv;llm)]
| s=1 t=s+1 t=1
T
<2LwBr+2B -E Z<||X,||Vt_1l/\1)]. (A.19)
t=1

What’s left is to upper bound the quantity 23 - E [):tgm (1 e ||V_1l )} . Following the

trick introduced by the authors of [3], we apply Cauchy-Schwarz inequality to the term
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Erefry (1A 1% lly1)

Y (A1l ) VT LY TAIXIR - (A.20)

te[T] te(T]

By dividing the whole time horizon into consecutive pieces of length w, we have

5 [T/w]—1 (i+1)w 5
\/Z INIXI - <ql X X TAIXG- (A.21)
14

€[T] i=0  r=iw+l

While a similar quantity has been analyzed by Lemma 11 of [3], we note that due to the
fact that V;’s are accumulated according to the sliding window principle, the key eq. (6) in
Lemma 11’s proof breaks, and thus the analysis of [3] cannot be applied here. To this end,

we state a technical lemma based on the Sherman-Morrison formula.

Lemma 38. Foranyi < [T/w]|—1,

(i+1)w (i+1)w
Y OIAXIE- < Y A,
t=i-w+1 =1 t=i-w+1 =1
where
B t—1
Viei= Y, XX, +AL (A.22)
s=i-w+1

Proof. Proof of Lemma 38. For a fixed i < [T /w] — 1,

(i+1)w (i+Dw
YOI = Y 1AXTYK,
t=iw+1 U =il
(i+1)w —1 -1
= Y inx"| Y Xxx'+Ar] X. (A.23)
t=i-w+1 s=1V(1—w)

Note thati-w+1>1landi-w+1>t—wVt < (i+1)w, we have

Pw+1>1V(—w). (A.24)
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Consider any d-by-d positive definite matrix A and d-dimensional vector y, then by the

Sherman-Morrison formula, the matrix

-1 A-Lywla-l Al TA—I
B=A"'— <A+ny> S e BT A _ ATy
I+yTA-ly  14+yTA-1Ly

(A.25)

is positive semi-definite. Therefore, for a given ¢, we can iteratively apply this fact to obtain

—1
—1
'Y xx'+ar| X
s=i-w+1

S=I-W s=i-w+1 S=I-W

-1 ~1 -1
11 1—1 —1
=x" Y xx,/ +M> X +X, ( Y oxx/] +M> - ( ped +M> X,

-1
t—1
=x'( ¥ XSXST+)LI> X,

s=i-w

—1 -1
-1 1—1
+x, ( Y xx/] +M> - (X,~.WX,.TWJr Y XX, +/11> X,

s=i-w+1 s=i-w+1

-1
t—1
>X,' ( )pos +M> X;

S=Ii-W

—1
t—1
zxf( Y XSXST—M.I) X,. (A.26)

s=1V(t—w)
Plugging inequality (A.26) to (A.23), we have

(i+1)w (i+1)w
Y 1/\||Xt||%/t:11§ Y 1/\X,T(

—1
t—1
Y XX +Ar) X
s=i-w+1

t=i-w+1 t=i-w+1
(i+Dw 5
< Z LA HXIHV*I ; (A.27)
r=iw+1 =t
which concludes the proof. [
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From Lemma 38 and eq. (A.21), we know that

[T/w]—1 (i+1)w
28 Y (1AIXlly- ) <2BVT-,| Y Z EAIXIE
t€[T] i=0 rt=iw+l
T/w]-1 dA +wL?
<2BVT \ ,Z() 2d1n <—d/l > (A.28)

2d dA +wL?
<2BT —_— ).
Here, eq. (A.28) follows from Lemma 11 of [3].

Now putting these two parts to eq. (A.19), we have

E [Regret, (SW-UCB algorithm)]

2, (dh+wL?
<2LwBr +2BT\/ (ﬁ) 127§
w

dA

B 2T 1+wL?/A dA +wlL?

Now if Br is known, we can take w = @ <(dT)2/3B_2/3> and 6 = 1/T, we have

~ 1
E [Regret, (SW-UCB algorithm)| = O (ng%T §> ;
while if Br is not unknown, taking w = ® ((dT)2/3> and 6 = 1/T, we have

E [Regret; (SW-UCB algorithm)] = O (d%BTT %) .
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A.4 Proof of Lemma 4

For any block i, the absolute sum of rewards can be written as

i-HAT i-HAT i-HAT i-HAT
Z (X:,6r) +m| < Z (Xt 0,)| + Z N <Hv+ Z Nty
t=(i—1)H+1 =(i—1)H+1 t=(i—1)H+1 t=(i—1)H+1

where we have iteratively applied the triangle inequality as well as the fact that | (X;, 6;)| <V
for all 7.
Now by property of the R-sub-Gaussian [154], we have the absolute value of the noise

term 1; exceeds 2R+/InT for a fixed ¢ with probability at most 1/72 i.e.,

i-HAT T 2H
Pr Y. m|>2R, /Hln—> <. (A.30)
( t=(i—1)H+1 vVH T

Applying a simple union bound, we have

/ 2
> 2R ) = (A31)

Therefore, we have

Pr| Q> HvV+2R Hlni <Pr Elie[z—" “iA‘,T n:| > 2R Hlni <g
B vVH ]~ H|' | T | VH) T

The statement then follows.

180



A.5 Proof of Proposition 5

By design of the BOB algorithm, its dynamic regret can be decomposed as the regret of the
SW-UCB algorithm with the optimally tuned window size w; = w' for each block i plus the

loss due to learning the value w' with the EXP3 algorithm, i.e.,

E [Regret, (BOB algorithm)| =E Z (x7,6) — Z (X:,6)

[T [T/H]  iHAT .
=E\} (5.00- ) ) <X,W,9t>]
[ 1=1 i=l t=(i—1)H+1
[T/H]  iHAT . [T/H] iHAT .
+E Y (xe)-y Y <X;”',9,>].
i=1 1=(i—1)H+1 i=1 =(i—1)H+1

(A.33)

Here, eq. (A.33) holds as the BOB algorithm restarts the SW-UCB algorithm in each block,
and for around ¢ in block i, X}* refers to the action selected in round ¢ by the SW-UCB algorithm with
window size wA (t — (i — 1)H — 1) initiated at the beginning of block i.

By Theorem 3, the first expectation in eq. (A.33) can be upper bounded as

T [T/H] -HAT : [T/H] -HAT :
E|Y (x,6)- y <X,W,9,> E| Y V¥ <x,*—XW,6t>
=1 i=1 t=(i—1)H+1 i=1 t=(i—1)H+1
T/H] dH
= O w'Br(i)+ )
¥ ( )+
~ dT
_ ¥
=0 wBT—i-m>, (A.34)
where
(i-HAr)—1
Br(i)= ), |16 =641l
t=(i—1)H+1

1s the total variation in block i.

We then turn to the second expectation in eq. (A.33). We can easily see that the number
of rounds for the EXP3 algorithm is [7'/H| and the number of possible values of w;’s is

|J]. If the maximum absolute sum of reward of any block does not exceed Q, the authors of
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[18] gives the following regret bound.

[T/H|  iHAT . [T/H]  iHAT ‘ i-HAT
ElY Y (xe)-Y Y @uievie[T/H)] Y %<0/
i=1 t=(i—1)H+1 i=1 t=(i—1)H+1 t=(i—1)H+1
5o /ML
=0 (Q o | (A.35)

Note that the regret of our problem is at most 7', eq. (A.35) can be further upper bounded

as
[T/H] i-HAT : [T/H] i-HAT '
E <th 79t> - Z Z <XZW179I>]
i=1 1=(i—1)H+1 i=1 r=(i—1)H+1
. |J|T . i-HAT
<0\ Q\ & | xPr|Vie[[T/H]] ) ¥<Q/2
H »
t=(i—1)H+1
[T/H]  iHAT : [T/H]  iHAT . i-HAT
+E[ Y )% <xtw ,et>— Y Y e sie(T/H] Y % >0)2
i=1 t=(i—1)H+1 i=1 r=(i—1)H+1 t=(i—1)H+1
I-HAT
x Pr <3ie[[T/Hﬂ Y Y,zQ/z)
t=(i—1)H+1
~ 2
§0<\/H|J\T>+T-T
—0 («/H|J\T> . (A.36)

Combining eq. (A.33), (A.34), and (A.36), the statement follows.
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A.6 Proof of Theorem 6

With Proposition 5 as well as the choices of H and J in eq. (2.12), the regret of the

BOB algorithm is

~ dT ~ dT 13
7 (BOB algorithm :O(WTBT—}———}—\/HJT) :0(WTBT+—+dzT4>.
( ) VwT d vanii

(A.37)

Therefore, we have that when By > d -2/ 47 the BOB algorithm is able to converge to the
optimal window size, i.e., w' = w* (< H), and the dynamic regret of the BOB algorithm is

upper bounded as

1
%27 (BOB algorithm) =0 (ng;Tﬁ +d%Tfi> : (A.38)

while if By < d~'/2T'/4, the BOB algorithm converges to the window size w' = H, and the

dynamic regret is
%7 (BOB algorithm) =0 (dBTT% +d%T3) ~0 (d%T%) . (A.39)

Combining the above two cases, we conclude the desired dynamic regret bound.
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A.7 Proof of Theorem 7

Similar to eq. (A.7), we can rewrite the difference é, — 6, as

t—1
V,*1< Y XX/ e+ Z NsX. >—

szlv(t—w) s=1V(t—w)
t—1
=V, Z XX, (6, — et)+v,*_1< ) nsXs>. (A.40)
s=1V(t—w) s=1V(t—w)

We then analyze the two terms in eq. (A.40) separately. For the first term,

—1
Y, XX (6-6)| =V Z o d 2(9 9p+1)]
s=1V(t—w) - s=1V(t—w) p=s o
p=1V(t—w) s=1V(t—w) -
—1
< S B )
p=1V(t—w) s=1V(t—w) o
—1
< L 18=6l (A4L)
p=1V(t—w)

Here, almost all the steps follow exactly the same arguments as those of eq. (A.8)-(A.11),

except that in inequality (A.41), we make the direct observation that

1[N, (1)>0)
o 0 o 0
0 WNj—fé);‘” 0 ... 0
0 0 0 0
Vi = . . o . . (A.42)
1[N,_1(d—1)>0
0 0 0 .. Al 0
1[N, (d)>0]
0 0 0 ... 0 1yt
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and

P
Y XX = . . o . . , (A.43)

0 0 0 .. Nd—1) 0
0 0 0 .. 0 N

where N (i) is the number of times that action ¢; is selected during rounds 1V (t —w),..., p
foralli € [d]. As p<t—1, wehave N, (i) <N;—1(i) forall i € [d]. Now, V" | Y7 o d

s=1V(t—w)

is a diagonal matrix with all diagonal entries less than 1, and hence the argument.

For the second term of eq. (A.40), we consider for any fixed i € [d],

-1 1[N;—1 (i) > 0] S
_ e L § P
e Vi ( Z T'ler) ‘ N N1 (i) “ sl\%—w) b

s=1V(t—w)
» .
:l[Nt 1(i) > 0] (Z =1V (t—w) 1 = l]m) : (A.44)
N;—1(i)

where the first step again use the definition of V,* | in eq. (A.42). Now if N,_(i) =0, eq.
(A.44) equals to 0; while if N,_1(i) > 0, we can apply the Corollary 1.7 of [154] to obtain

that

LN (1) > 0] (E4 -, 1 = i) <ry AR L (s

Pr — -~ |2
Ny (i ) N N;-1 (i) dT?

Hence, with probability at least 1 — 1/dT?, for any fixed ¢ € [T] and any fixed i € [d],

-1 1—1
)e,T(é;—Gt) —le; (V,*_l Y szj(es—et)) +e¢/ V', ( Y nsxs—wt>
s=1V(t—w) s=1V(t—w)
-1 —1
<l vy Y xx,(6,-6) ||+l v | Y nx—Ae
s=1V(t—w) s=1V(t—w)
(A.46)
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. 21n (2dT?
<leilly-|[vier Y, XX, (6,—6)| +R % (A.47)
s=1V(t—w) - r—1(i)
=l 21n(2d4T?
< Y 661l +R % (A.48)
s=1V(t—w) [71(1)

where inequality (A.46) applies the triangle inequality, inequality (A.47) follows from the
Holder’s inequality as well as inequality (A.44) and (A.45), and inequality (A.48) follows
from inequality (A.41).

The statement of the theorem now follows immediately by applying union bound over

the decision set and the time horizon as well as the simple observation [[e;[|ly+ = \/1/Ni—1(i).
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A.8 Proof of Theorem 10

From the proof of Proposition 1 in [79], we know that for all x € D

r—1

Yo (e (X, 0)) — 1 (X, 8))) X,

s=1V(t—w)

[ (G, 00)) = p (G, 0)) | < ku |x' Gy

(A.49)

where

G = /01 [ Z XXT (<XS,S09;—|—(1 —S())ét>)] dso

s=1V(t—w)

By virtue of the maximum quasi-likelihood estimation, i.e., eq. (2.25) we have

Y u((X.6)) X, = Z YX— Z (u (X, 600)) +15) X, (AS0)

-1 11

s=1V(t—w) s=1V(t—w)
—1
<ky xTGt__11 Z (1 ((Xs,0r)) — 1 ((Xs, 05))) Xs | + xTGz_—ll Z NsX;s
s=1V(t—w) s=1V(t—w)
(A.51)
—1
Sku xTGt__ll Z (‘u(<XS79I>)_I'L<<XS7OS>))XS +ﬁ||x||vt:'1 (A.52)
s=1V(t—w)
—1
el |G Y (e (0 0)) — i (X, 800)X, | + Bl (A53)
s=1V(t—w) 2
kyL || _ -
<V Y (X 80) = (X6, 60)) Xs ||+ Blxlly i
Cu s=1V(t—w) 2 B

Here, inequality (A.51) is a consequence of the triangle inequality, inequality (A.52) again

follows from Proposition 1 of [79], inequality (A.53) is the Cauchy-Schwarz inequality,
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and the last step uses the fact that G,_; = ¢, V; ;. For the firs quantity, we have

Vo (1 (X5, 6)) — 1 ((Xq,65))) Xy

2

(1 (X5, 8p+1)) = 1 ((X5,6,)))

2

P
=V Y X (1 (X5 0p41)) — 1 ((X5,6p)))
p=1V(t—w)s=1V(t—w) o)
r—1 ' p
< Vi X X (0 ((X,6p11)) — 1 ((X:,6,)))
p=1V(t—w) s=1V(t—w) 2
t—1 . p . B -
= ViZi Z Xt ((Xs,0p)) X (61— 6p)
p=1V(t—w) s=1V(t—w) 2
—1 A 3 .
= Vil X i ((X60,)) XX, (6p41—6))
p=1V(t—w) s=1V(t—w) )
t—1
SR R G SISy [T AT!
p=1V(t—w) s=1V(t—w)
t—1 p
@ T (vt £ o) iea-a)l
p=1Vv(t—w) s=1V(t—w)
t—1
<ku Z H(QP'H_GP)HZ’
p=1V(t—w)

(A.54)

(A.55)

(A.56)

(A.57)

where inequality (A.54) is an immediate consequence of the triangle inequality, eq. (A.55)

utilizes the mean value theorem (with ép being some certain linear combination of 6, and

6,41 for all p), and inequalities (A.56) and (A.57) follow from the same steps as the proof

of Lemma 36 in Section A.2.
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A.9 Proof of Theorem 13

We start with a regret lower bound result from [38] on drifting K-armed bandits:

Theorem 39 ([38]). Consider the drifting K-armed bandit problem, where K > 2, with
T > 1 rounds. For any Br € [1/K,T /K], there exists a finite class of reward distributions
P = {PYL_| where P {P },e T]ke[K)> that satisfy the following:

o Each P' k) represents the reward distribution of arm k in round t under distribution
PY). For each el [,t,k, the distribution Pz( k) is a Bernoulli distribution, with the mean

denoted ét(i).

e For every l € [L], the following variational budget inequality holds:

e For any non-anticipatory policy & , there exists { € L] under which the dynamic

regret is lower bounded.:

T
(6) 5(0) 1 1/372/3
max 0, (k) —E[6, (1, > ——(KB -,
¥ {00601} > k)
We denote the choice of arm under policy T in round t as I;, and the expectation
is taken over the randomness in the choice of I;, which is caused by the previous

outcomes and the policy’s internal randomness.

We prove the Theorem by modifying the class of instances &7 to suit the setting of
drifting combinatorial semi-bandits. The modification follows the style of Kveton et al.
[123]. Let d,m be two integers, where d is divisible by m W.L.O.G.. We define the ground
set E = [d]. In addition, we define the action set & = {ai,...,a4/m} C {0, 134, which
contains d/m combinatorial arms and does not vary with 7. Each combinatorial arm q;
belongs to {0,1}%. For each 1 <i < d/m, we define ¢;(j) = 1if (i— )m+1<j<i-m,
and a;(j) = O for other j.
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Consider Theorem 39 when K = d/m > 2, and let 2 = {P\Y)}}._| be the class of reward
distributions for the regret lower bound. For each P, = {Pt(i) }reir) ke k] (Which is on the K =
d /m-armed bandit instance), we construct another reward distribution P, = {Pt(l;) }ee[r],jeldl
that is defined on the combinatorial semi-bandit instance. For each j € [d], we identify the
index i € [d/m] such that (i —1)m+1 < j <i-m, and define Pt(j-) to be the same distribution
as 15,(? That is, PI(? is a Bernoulli distribution with mean 6, () = 6;(i), where i = [j/m].

By the second property in Theorem 39, it is straightforward to check that Br is also a

variation budget for P for each ¢, that s,

T-1
¥ max{ |6 (7) 670} < Br
=1

For each 1 <i < d/m, the random rewards W;((i — 1)m+1),...,W;(i- m) for the items in
combinatorial arm i are identical Bernoulli random variables. That is, they simultaneously

realize as all ones or all zeros.

Finally, to complete the proof, we relate the dynamic regret of any non-anticipatory pol-
icy 7 on the drifting combinatorial semi-bandit instance to that of some non-anticipatory
policy 7 on the drifting K-armed instance. For the combinatorial bandit instance, a non-
anticipatory policy 7 is in fact a sequence of mappings {};> |, where m; maps the his-
torical information H,—1 = {X;, {W;(i) }iex, }'_}| from time 1 to # — 1 and a random seed
U to the combinatorial arm X; to pull in time ¢, or more mathematically m,(H;_,U) = X;.

Likewise is true for any non-anticipatory policy & for a K-armed instance.

Given a non-anticipatory policy 7 for the combinatorial semi-bandit instance, we con-
struct another non-anticipatory policy 7 for the K-armed bandit instance that mimics the be-
haviour of 7z. Suppose that 7 (H, U ) = X; for a realization of the history H = {X;, {W (i) }iex, }'_}
and random seed U. To construct 7, we map the H to the historical information H for the K-
armed bandit instance, where A = {X;, W, }'_} is defined as follows: X; = i iff X, = a;, and
W,=1 Yicla) Xs(i)Wy(i). Itis clear that Wy € {0, 1} for each s, by our assumption on the cor-
relations among {W; (i) };c[4). Finally, we define %, (H,U) = i if and only if 7, (H,U) = a;.

It is evident from our construction that 7m; is well-defined, in the sense that it maps to a

unique arm for every possible realization of H.U. Importantly, for any 1 < /¢ < L, we know
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that

Expected reward of 7 under PO =mx Expected reward of 7 under PO

Optimal expected reward under PO =mx Optimal expected reward under ﬁ(é),

or more mathematically we have Zszl MaXges X jay(j)=1 Ot(g) (j)=mx Zszl maXc k] é,(g) (k).
Consequently, by the third property of Theorem 39, we know that for any non-anticipatory
policy 7, there is an index ¢ such that the dynamic regret of 7 under P() is at least

m X (ﬁ(%BT) 1/372/3), which proves the theorem.
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A.10 Proof of Theorem 14

Define

X 80 1 = 1]
b max{N,_1(i),1} ’

First, we claim that, with probability at least 1 — 0, for all i € [d],# € T it holds that

A A log(2dT /) log(2dT /)
6:i— 0. ng\/ max [N (0. 1] < 4R IRGESR (A.58)

The Claim is proved by applying the following inequality for each item i € [d]. Let

Yy,...,Yr be i.i.d R-sub-Gaussian random variables with mean zero. For any 6 € (0,1),
we have
! log(2dT /o 0
Z Mforalllgqgth >1-2 (A59)
t—q+1 5= t—q+1 d

by Corollary 1.7 of Rigollet and Hiitter [154] and a union bound over all (¢,#) with 1 < g <
t < T (We can alternatively use Lemma 6 in Abbasi-Yadkori et al. [3] for a slightly worse

bound, but holds for more general 7 ).

Next, observe that for each i, ¢, for certain we have

_ 1 -1
60— 6| < max{N_1 (i), 1}5 ]\/Z(t W)I[XS(l) 1]-165(i) — 6,(i)|
1 t—1
ST IRTGRYIIR Y (me “10
t—1 t—1
< Y 160 =6 < Y 16— 6]l (A.60)
s=1V(t—w) s=1V(t—w)
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A.11 Proof of Theorem 15

Recall our notations on N,_; (i) and 6, ; (Note that 1[X;(i) = 1] = X,(i)):

1—1

N,_1(i) = Z( )1[Xs(i)=1],
s=1V(t—w
v WD) 1[X (i) = 1]
max{N,_1(i),1}

6= (A.61)

First, we claim that, with probability at least 1 — 9, it holds that

log(2dT/$6) -
N+l Z 16— By

s=1V(t—w)

6, 9z,i| <4R

Consequently, the following UCB holds for each ¢ with probability at least 1 — J:

OITX, < max { Bth}

XEE;

R log(2dT /&) = .
gmax{Z[Gm—i—éLR m—f— Z )||95—9s+1||w]x(l)}

xeér | icE s=1V(t—w

R log(2dT/§ =
:z[e,,l-+4ze LsCATO) Y o —e | X (A6

i€E Ni1(i) +1 s=1V(1—w)

By summing (A.62) across ¢, we can bound the dynamic regret with probability at least

1—0 as

1 (SW-UCB algorithm for combinatorial semi-bandits)

log(2dT /6
<ZZ4R g /1) 11X, (i) = 1] +m2 Z |65 — O511]., - (A.63)
1= 1icE Ni—1 )+ t=1s=1V(t—w)
(tscB) (tscB)

To complete the proof on the regret bound, we bound each (fscp,fscs) from above.

Analysing (tscp). Let’s first define the notation N;; = Zi;ll Lt jw]w 1[X,(i) = 1]. We

can understand N,;, as follows, similarly to the derivation in the proof of Lemma 37. On
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one hand, the parameter N;, counts the occurrences of X;(i) = 1 in the w previous rounds
(or t — 1 previous rounds if # < w). On the other hand, for the parameter N,-J, we first divide
the horizon into consecutive blocks of w rounds (with the last block having T — |T /w| - w
rounds). Then, for a round ¢, we look at the block that ¢ belongs to, and the parameter Ni,t

counts the occurrences of X;(i) = 1 for s < ¢ in that block. Certainly, we have N,-,t < Nj;.

We next use Ni,t to proceed with the bound:

T N T
)33 X0 =1] _ y 1[X, (i) = 1]
t=1icE Ni;+1 I—licE Nis+1
I SN O
J=1 Q€E=(j—)w+1 Ni;+1
[T/w] JwA N
< Z Z l[X,(zz =1]
j=1 i€Et=(j—1)w+1 maX{Ni,t, 1}
[T/w]
< Z {1+2\/ 7jw/\T} (A64)
j=1 i€k
[T/w]
<Y {d+2\/_ (A.65)
j=1
[T/w] [ amT
< Y 3vdmw < 2T (A.66)
= VW
Step (A.64) is by the observation that, when we enumerate the non-zero summands %

from¢ = (i—1)w+1tot =i-wAT, the enumerated terms are 1/v/1,1/v/1,1/v/2,1/\/3,...,
1/\/max{Ni7j.W/\T, 1}. The sum of these terms is upper bounded as 1 + 24 /N,;j.wAT. Step

(A.65) is by the following calculation:

JwAT

Y/ Nijunr < Jd- léNt]w/\T— Y 1X(3) = 1] < Vdmw.

i€E IGEI (j—1)w+1

Finally, step (A.66) is by the Theorem’s assumption that (d/m) <w <T.
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Analysing (iscp). We note that

T t—1 T—1TN(s+w)
lzls:]\/(t—w) s=1 t=s+1
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A.12 Proof of Theorem 16

Similar to the proof of Proposition 5, the dynamic regret of the BOB algorithm can be de-
composed as the regret of the SW-UCB algorithm with the optimally tuned window size
w; =w' (> d/m) for each block i plus the loss due to learning the value w' with the EXP3

algorithm, i.e.,

T [T/H] iHAT .
E [Regret; (BOB algorithm)] =E | Y (x},6,) — )| Y <X,W ,9,>]
=1 i=1 =(i—1)H+1
[T/H]  iHAT . [T/H]  iHAT
wf L Y a)-r F owa)
i=1 =(i-DH+1 i=1 =(i-DH+1

(A.68)

Here, eq. (A.68) holds as the BOB algorithm restarts the SW-UCB algorithm in each block,
and for around ¢ in block i, X" refers to the action selected in round ¢ by the SW-UCB algorithm with

window size wA (t — (i — 1)H — 1) initiated at the beginning of block i.

By Theorem 15, the first expectation in eq. (A.68) can be upper bounded as

T [T/H| i-HAT : [T/H| i-HAT
Bl e - X X (x"e)-El Y Y (x )
=1 i=1 t=(i—1)H+1 i=1 t=(i—1)H+1
[T/H] vVdmH
= O w'mb 1)+
o~ + \/me
—O(WBT+ m), (A.69)
where
(i-HAt)—1
Br(i)=Y 16— 641
t=(i—1)H+1

is the total variation in block i.

We then turn to the second expectation in eq. (A.68). We can easily see that the number
of rounds for the EXP3 algorithm is [7'/H| and the number of possible values of w;’s is

|J]. If the maximum absolute sum of reward of any block does not exceed Q, the authors of
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[18] gives the following regret bound.

[T/H|  iHAT . [T/H|  iHAT A i-HAT

ElY Y (xe)-Y Y eviel[r/H] Y Y <o0p
i=1 t=(i—1)H+1 i=1 t=(i—1)H+1 t=(i—1)H+1

(o /M

=0 (Q o | (A.70)

Note that the regret of our problem is at most 7', eq. (A.70) can be further upper bounded

as
[T/H|] iHAT : [T/H] iHAT '
E Z <th 79t> o Z Z <XZW179I>]
i=1 1=(i—1)H+1 i=1 r=(i—1)H+1
. |J|T i-HAT
<0\ Q\ & | xPr|Vie[[T/H]] ) ¥<Q/2
H t=(i—1)H+1
[T/H| i-HAT : [T/H| i-HAT i-HAT
+E Y (xe)- Y Y (xw.e)sielT/H] Y %=0/2
i=1 t=(i—1)H+1 i=1 t=(i—1)H+1 t=(i—1)H+1
I-HN\T
x Pr <3ie[[T/Hﬂ Y Y,zQ/z)
t=(i—1)H+1
<0 (m H|J|T>+T-%
:5<m H|J|T>. (A71)

Combining eq. (A.68), (A.69), and (A.71), we have for any wh e Jand wt > d/m,

vdmH

Vi
VAT y dhmitd )
Vwf

E [Regret; (BOB algorithm)] =0 (meBT(i) + +m H|J\T>

Bl

=0 (meBT +

where we have plugged in the choices of H and J in eq. (2.28). Therefore, we have that
when By > d~/4m!/4TV/*  the BOB algorithm is able to converge to the optimal window

size i.e., w' = w* (< H), and the dynamic regret of the BOB algorithm is upper bounded as

Zr(BOB algorithm) =0 <

S
SL»\ S8
=
N wl—
B
_|_
=8
3
L]
5
N————
I
QS
/N
S
Ew\ (S
o]
Nl
Pﬂ

) ; (A.72)



while if By < d~'/*m!/4T'/*, the BOB algorithm converges to the window size w' = H,

and the dynamic regret is

% (BOB algorithm) =0 (d%m%BTT% +d%T%) -0 (d%m%T%) . (A.73)

Combining the above two cases, we conclude the desired dynamic regret bound.

A.13 Supplementary Details for Section 3.6

When By is known , we select w°P' that minimizes the explicit regret bound in (A.29),

resulting in

|l ow __d1/3T2/3 2/3 3 T2
Wop—{W—‘,WhereW—m R\/dll’l(T—{—Tsz/l)‘*—\/IS log/ l+m .

(A.74)

When Br is not known, we select wP = [w], which is independent of Br.
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Appendix B

Proofs for Chapter 3

B.1 Supplementary Details about MDPs

B.1.1 Linear Program Formulations

The optimal long term reward p;” is equal to the optimal value of the linear program P(r;, p;)

[147]. For a reward vector r and a transition distribution p, we define

P(r, p) : max Z r(s,a)x(s,a) (B.1)
s€S ac s
s.t. Z x(s,a) = Z p(s|s’,d)x(s',d") Vse ./
ac ., s'es a ety
x(s,a) =
s€ES ac s
x(s,a) >0 Vs e . a € o

Throughout our analysis, it is useful to consider the following dual formulation D(r, p) of

the optimization problem P(r, p):

D(r,p) :min p (B.2)

st. p+y(s) >r(s,a)+ Y p(s'ls,a)y(s) Vs €. a € o
ses



0, (s) free Vse 7.

The following Lemma shows that any feasible solution to D(r, p) is essentially bounded if

the underlying MDP is communicating, which will be crucial in the subsequent analysis.

Lemma 40. Let (p,7) be a feasible solution to the dual problem D(r,p), where (%, </, p)

consititute a communicating MDP with diameter D. We have

/
max, {7(s) = 7(s)} < 2.

The Lemma is extracted from Section 4.3.1 of [108], and it is more general than [125],

which requires (p, ¥) to be optimal instead of just feasible.

B.1.2 Proof of Proposition 18

We begin with invoking Lemma 40, which guarantees that for each ¢ there is an optimal
solution (p,*, %) of D(r, p;) that satisfies 0 < (s) < 2Dy for all s € .7 Recall for each

t:

By= _max |ri(s.a)—n(s.a)l. By= max lpClna) = pillsa)l. B3

Consider two time indexes ¢ < 7. We first claim the following two inequalities:

T—1
p;ck > pz* - Z (Br,q ‘|‘2Dmapr,q) (B-4)
q=t
7—1
P > re(seoan)+ | Y, po(s'lse,a) % (s) =% (s0)| — Y. (Brg+2DmaxBpg). (B.5)
s'es q=t
The proofs of inequalities (B.4, B.5) are deferred to the end. Now, combining (B.4, B.5)
gives
7—1
p > rfc ST7aT Z pT |ST,ClT ( ) YK(ST) - 2 Z (Bﬂq +2Dmapr7q) . (B6)
s'es q=t




Let positive integer W < T be a window size, which is specified later. Summing (B.6) over

T=t,...,t +W — 1 and taking expectation over {(s7,a;)}: ! yield

t—W+1 t—W+1 4
Y piZE| Y re(seac) | +E| Y pels'lse,ac)y () =% (se41) (B.7)
T=t T=t T=t
t—W+171—
ZPt7W+1(S/|St7W+l7at7W+1)?’z*(S) Yr se)| —2 Z Z rq+2DmaXBp7q)
s'es
(B.8)
t—W+1 t+W—1
>E| Y re(se,ac)| —2Dma—2W ). (Brg+2DmaxBpy) - (B.9)
T=t q=t

To arrive at (B.9), note that the second expectation in (B.7), which is a telescoping sum, is
equal to 0, since s is distributed as p(:|sz,a¢). In addition, we trivially lower bound the
first expectation in (B.8) by —2Dp,.x by applying Lemma 40. Next, consider partitioning
the horizon of T steps into intervals of W time steps, where last interval could have less
than W time steps. That is, the first interval is {1,...,W}, the second is {W +1,...,2W},
and so on. Applying the bound (B.9) on each interval and summing the resulting bounds

together give

T T T
ZP;* >E Zrt(slaat) _2( Diax — Z rt+2Dmapr,t)
t=1 [t=1 ] =1
[z | 4T Dy
>E | Y ri(sia)| — —2W (B, +2DmaxB)). (B.10)
_t:1 -

Now we distinguish two cases:

e Case 1. T > B,/Dmax + 2B, : In this case, we can choose W to be any integer in the
interval [\/T /(B; +2DmaxBp),2+/T / (B, + 2DmaxB))|, and have

T

Z (st ap" ] Zp,§4\/Dmax B, +2DmaxB))T;
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e Case 2. T < B,/Dmax +2B,, : In this case, one can trivially upper bound

T
Z S[,at ] SBV+2Bp

T T
E Zrt(st,a,)] _Zpt
=1 =1

Combining the two cases yields the desired inequality in the Proposition.

Finally, we go back to proving inequalities (B.4,B.5). These inequalities are clearly true

when t = 7, so we focus on the case r < 7.

Proving inequality (B.4). It suffices to show that the solution (p; + Y

Il (Brg +

2DmaxB) 4), ;) is feasible to the linear program D(r,, p;). To see the feasibility, it suf-

fices to check the constraint of D(r, p;) for each state-action pair s, a:

7—1

pr+ Z (Brg +2DmaxBp,q)
g=t

7—1
> [rf(s,a) + Z B4 | +
q=t

7—1

s'es
The feasibility is proved by noting that

7—1

|re(s,a) —r(s,a)] < Z By,
g=t

ZPT |Sa}/17 ZPZ |Sa%:()

ses ses

7—1
<Y By 4(2Dimay)-
q=t
Proving inequality (B.5). We have

p; > ri(se,ac) + Z pi(s'lse,a0) ¥ (s) — % (s7)

s'es
7—1
> re(se,a0) + Y. pi(lse,a0)§ () =% (s2) = Y B
Ve s=t
7—1 71
> re(se,az) + Z pe(s'|saz) % (s") =% (s¢c) — Z Brs = 2Dmax Z Bps,
s'es s=t =
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Y (s)+ Y, pe(s'l5,@) ¥ (5') + ) 2DmaxBp g | -
q=t

(B.11)

<|[pe(ls;a) = pi(Cls; @)l [ 72 Nl

(B.12)

(B.13)

(B.14)



where steps (B.13, B.14) are by inequalities (B.11, B.12). Altogether, the Proposition is

proved. B

B.1.3 Extended Value Iteration (EVI) by [108]

Algorithm 9 EVI(H" H?; ), mostly extracted from [108]

1

2:
3:

AN

10:
11:
12:
13:

Initialize VI record ug € R as ug(s) = 0 for all s € .7.

fori=0,1,...do
For each s € ., compute VI record u; | (s) = max,e ., 1i(s,a), where
Yi(s,a)= max {i(s,a)}+ max { Z ui(s')p(s/)} :
i(s,a)€H" (s,a) PEHP(s,a) | j o
Define stationary policy 7 : . — @/ as (s) = argmax ¢ ., Yi(s,a).
Define optimistic reward 7 = {#(s,a)}s with 7(s,a) € argmax {7 (s,a)}.
7(s,a)€H" (s,a)
Define optimistic ~ distribution p = {p(:|s,a)}ss with p(:|s,a) €
argmax {Yge 7 ui(s')p(s')}-
PEHP (s,a)
Define optimistic dual variables p = maxyc o {u;r1(s) —ui(s)}, 7(s) = ui(s) —
Mminge ui(s)'
if maxge o {uiv1(s) —ui(s)} — minge o {uit1(s) —ui(s)} < € then
Break the for loop.
end if
end for
Return policy 7.
Auxiliary output: optimistic reward and state transition distributions (7, p), optimistic

dual variables (p, 7).

We provide the pseudo-codes of EVI(H,,H),;€) proposed by [108] in Algorithm 9.

By [108], the algorithm converges in finite time when the confidence region H), contains a

transition distribution p such that (., 7, p) constitutes a communicating MDP. The output

(7,7, p,p,¥) of the EVI(H,, Hy; €) satisfies the following two properties [108].

Property 1. The dual variables (p,7) are optimistic, i.e.,

0+ ¥(s) >  max r(s,a)} + 7(s') max {p(s'|s,a)}.
Pz, mux (s} + A6 max (p(s]5.a)
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Property 2. For each state s € ., we have
F(s,®(s)) 2 p+7(s) = ), p('Is, E(s) () €.
s'es

Property 1 ensures the feasibility of the output dual variables (P, 7), with respect to the
dual program D(7, p) for any 7, p in the confidence regions H,, H,. The feasibility facilitates
the bounding of maxc & ¥(s), which turns out to be useful for bounding the regret arise
from switching among different stationary policies. To illustrate, suppose that H), is so
large that it contains a transition distribution p under which (., <7, p) has diameter D. By
Lemma 40 in Section B.1.1, we have 0 < max, & ¥(s) < 2D.

Property 2 ensures the near-optimality of the dual variables (p,7) to the (7, p) opti-
mistically chosen from H,,H,. More precisely, the deterministic policy 7 near-optimal
for the MDP with time homogeneous reward function # and time homogeneous transition
distribution p, under which the policy 7 achieves a long term average reward is at least

pr—e.

B.2 Proof of Proposition 19

We distinguish two cases:

Case 1. D?

maxBp = By : Following the piecewise stationary lower bound construction for

the non-stationary bandit setting [36] and the non-stationary RL setting [137], we consider
the following stationary MDP .# as specified in the proof of Theorem 5 of [108] for a total
of T’ time periods, where there are a total of §/2+ 1 states {so,51,1,---,8s/2/,1}, [$/2] X
| (A—1)/2] actions for s9, and [ (A —1)/2] actions for all 5, ;. We denote o7, = .27, (1)U
U ([S/2]), where o7 (q) with |7, (q)| = [(A—1)/2] is the collection of actions
that transition from s to s4,1. For any actions a € .27, (q) and &’ € <7 10 We set the rewards
to r(so,a) =0and r(s,1,a’) = 1 Vg € [|S/2]] deterministically. We also let p(sy 1|s0,a) =
P(50l84,1,a") =4/Dmax, p(solso,a) = p(sq.1154,1,a") = 1 —4/Diax for all a and all g except
for one ¢* and a* € <, (q*) such that p(s, 1]s0,a) = 4/Dmax + \/S(A —1)/(25T'Dpax).

Here, ¢* is first chosen uniformly random among all ¢ € [|S/2]] and then a* is then chosen
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uniformly from .7 (¢*).

Lemma 41. Denoting Vi =4/Dpmax and Vo = \/S(A — 1) /(25T Dmax ), the optimal reward

Vi+W

AEES (T' —1) for any starting state.

of M over a total of T time period is at least
The proof of this lemma is provided in Section B.2.1.

Lemma 42. For any algorithm, any S,A > 10, Dyax > 201l0g, S, and T' > DuaxAS, the

regret of this algorithm, which aims at collecting reward by interacting with . , is at least

This lemma can be easily shown by combining Lemma 41 and Theorem 5 of [108].
Now we consider partitioning 7, the entire time horizon, into epochs of length 7. This
results in a total of [T /T'] epochs, each with T’ steps (except possibly for the last one).
For each epoch, a new pair of (¢*,a*) is sampled uniformly random. Then, even if the
DM knows this additional piece of information, she still has to suffer Q(1/DmaxSAT’) (dy-
namic) regret per epoch according to Lemma 42. This is because the epochs are completely

independent. Therefore, the total dynamic regret is of order at least

Q(T\/DmaxSA/T). (B.15)

Now, each change of epoch would incur a 2+/S(A —1)/(25T'Dax) consumption of
the variation budget B,,, which implies 2([T/T"] — 1)/S(A —1)/(25T'Dax) < B,. Con-
sequently, T’ > 52/ 3D;1;)<SS 13A-1)V 3B;2/ T2/3, Taking the least possible value of 7”,
(B.15) becomes Q(DIZII/SXBII,/3SI/3A1/3T2/3).

Case 2. B, > DrznaxB p : For this case, we try to map the problem to a multi-armed bandits
problem with SA actions. We consider exactly the same state and action space as the previ-
ous case. The state transition probability between sp and all s, ;’s are set deterministically
to 1. The reward of any action related to sg is 0. Now, we can follow the same argument

as [36] to set the reward of the actions related to s, ;’s. This gives us a lower bound of

Q(B)*S\3AV3T%/3) for any B, € [S~'A~1,$71A~!T].
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B.2.1 Proof of Lemma 41

In computing the optimal reward, we only need to consider sg and s1 (= s4+1). Let V;(so)
and V;(s1) be the optimal reward of going from time step 7 to 7’. One can easily formulate

the following recursive equations

VT/+1(S()) = VT/+1(81) = 0, (B16)
Vi(so) = (1 =vi = v2)Viqr1(s0) + (Vi +v2)Vir1(s1), (B.17)
Vi(s1) = 14+ viViti(so) + (1 = vi)Vig1(s1). (B.18)

From (B.17) and (B.18), one can easily derive that

Viea(so) = (2=2vi = v2)V,_1(s0) + (2vi + vo — 1)V, (s0) + V1 + V2,

Vt—2(sl) = (2 —2v| — Vz)V,_l(Sl) + (2\/1 + V) — I)VI(Sl) + Vi + VW
Re-arranging the terms

Vica(so) +(2vi+va— DViei(s0) = Vi—1(s0) + (2vi +v2 — 1)Vi(s0) + Vi + V2,

Vica(s1) + vi+va = 1)Vi_i(s1) = Vici(s1) + Qvi+va — 1)Vi(s1) + Vi + V2.
Taking the telescoping sum from ¢ = 3 to 7’ + 1, we have

Vi (S()) -+ (2V1 +Vy — 1)V2(S()) = VT/(S()) + (2\/1 + Vv, — 1)VT/+1(S()) + (T/ — 1)(V1 + Vz),

Vi (Sl) + (2V1 +Vy — 1)V2(S1) = VT/(Sl) + (2V1 +Vy — I)VT/+1(S1) + (T/ — 1)(V1 + Vz).

Through direction computation, one could easily verify that Vi (so) = V41 (s0) =V 1(s1) =

0 and V7/(s1) = 1, which gives us

Vi (S()) + (2V1 + V) — 1)V2(S()) = (T/ — 1)(\/1 + Vz),

Vl(S1)+ (2V1 +Vy — 1)V2(S1) = l—l—(T/— 1)(V1 —l—Vz).
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Note that the reward of .# is non-negative and thus V| (so) > Va(so), Vi(s1) > Va(s1).

Therefore,
vitva o, Vitva 1
V > ——(T"—1 V >— (T - 1)+ ——
which concludes the proof.
B.3 Proof of Proposition 20
The sequence p1,..., pw alternates between the following 2 instances p!, p>. Now, define

the common state space . = {1,2} and action collection &7 = {.27], 9%}, where /| =
{ai,a2}, {<h} = {b1,by}. We assume all the state transitions are deterministic, and a
graphical illustration is presented in Fig. B-1. Clearly, we see that both instances have

diameter 1.

a, b a b?_.
b . b
1Y) \ 2 1) (2
a, a,

MDP with p? MDP with p?

Figure B-1: Example MDPs. Since the transitions are deterministic, the probabilities are
omitted.

Now, consider the following two deterministic and stationary policies ©! : 7!(1) =
a1, ' (2) = by, and % : %(1) = ap, w*(2) = by. Since the MDP is deterministic, we have
Pw+1 = Pw+1.

In the following, we construct a trajectory where the DM alternates between policies
n', 7% during time {1,...,W} while the underlying transition distribution alternates be-
tween p!, p%. In the construction, the DM is almost always at the self-loop at state 1 (or
2) throughout the horizon, no matter what action ay,a> (or by, by) she takes. Consequently,
it will trick the DM into thinking that py1(1|1,a;) ~ 1 for each i € {1,2}, and likewise
Pw+1(2|2,b;) = 1 for each i € {1,2}. Altogether, this will lead the DM to conclude that
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(&, o, pw+1) constitute a high diameter MDP, since the probability of transiting from
state 1 to 2 (and 2 to 1) are close to 0.
The construction is detailed as follows. Let W = 47. In addition, let the state transition

distributions be

PL=.=DPr=D') DPrr1l=...=pr=p> DPril=...=P3=p, Picii=...=pu=p".

The DM starts at state 1. She follows policy 7! from time 1 to time 27, and then policy 7
from 27+ 1 to 4.

Under the specified MDP models and policies, it can be readily verified that the DM
takes action a; from time 1 to T+ 1, action b, from time 7 + 2 to 27, action b; from time
27+ 1 to 37+ 1, and action a, from time 37 + 2 to 47. As a result, the DM is at state 1
from time 1 to T+ 1, state 2 from time 7+ 2 to 37 + 1, and eventually state 1 from time

37+ 2 to 47 as depicted in Fig. B-2. We thus have:

— 7l < > gl
—— pl < I > p? < » pl 4—1—» p? «—
! ! i )
1 T 2T 3T w
State 1 State 2 State 1

Figure B-2: Illustration of the latent MDPs, policies, and state visits.

. T . 1 . .
pwri(1L,a1) = —, PW+1(2|1,611)=T—, pPw+i1(1|l,a2) =1, pwii1(2]1,a2) =0

T+1 +1

T 1
D 212,b1) = —— h 112,b1) = —— D 212,br) =1 h 1{2,b5) =0
pW+1( | ) 1) T+17 PW+1< | ) 1) T—{—l’ PW+1( | ; 2) ; PW+1( | ’ 2) )

and It can be readily verified that the diameter of (./,.o7, pw1) is T+ 1 = @(W). Finally,
for the confidence region H,, w1(0) = {H, w+1(s,a;0) } 4 constructed without confidence

widening, for any p € H, w1(0) we have

- . logW . . logW
2|1 =p(1]2 = 211 =512 —
p2l1.a) = p(1[2,1) o( m), P(2|1.a2) = p(1[2,2) 0( H)
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respectively. Since the stochastic confidence radii ® < 12‘3") and © <\ / 10gW> dominate

the sample mean — +1 and 0. Therefore, for any p € H, w1(0), the diameter of the MDP
constructed by (., o7, p) is at least Q (, / %)

B.4 Proof of Theorem 21

Recall
& ={F/(s,a) € Hy(s,a) Vs,a,t}, &, ={p/(:|s,a) € Hy;(s,a;0) Vs,a,t},

we first show that the events & and &), hold with probability at least 1 — 6.
Lemma 43. We have Pr[é,] > 1—6/2, Pr[&,] > 1—6/2.

The proof of Lemma 43 is provided in Section B.5. We then define the following
variation measure for each ¢ in an episode m:

r—1 —1
var,; = Z Bw, var,; = Z Bp’q.

With these notations, we provide an upper bound on the difference between p,” and SWUCRL2-CW
algorithm’s reward at a time step ¢ of episode m when H), 7, (1) contains a state transition

distribution with small diameter.

Proposition 44. Consider an episode m, condition on events &;,&),, and suppose that there
exists a state transition distribution p € H,, 1(,,(N) such that the diameter of (-, , p) at

most D. Then, for everyt € {t(m),...,T(m+ 1) — 1} in episode m, we have

pf —re(sear) < Z pe(s ‘Stvat)'}/r m) (S s) — Ve(m) (st) (B.19)
s'es

1

\/T(m)

+

+ [2var,; +4D(var,; +1)] + [Zrad-m(m) (st,a:) +4D - rad-), ;i) (s,a)] .
(B.20)

The proof of Proposition 44 is provided in Section B.6.
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To facilitate our discussion, we denote M(T') as the total number of episodes. By abus-
ing the notation we, let T(M(T)+1) — 1 =T. Episode M(T), containing the final round 7',
is interrupted and the algorithm is forced to terminate as the end of time 7 is reached. We
can now rewrite the difference between the quantity ):thl p; and the expected cumulative
reward of the SWUCRL2-CW algorithm as the sum of difference from each episode:

M(T) t(m+1)—1
(o —ri(sr,ar)) = (o —ri(s,ar)) (B.21)

1 m=1 [:T(m)

M=

t

To proceed, we define the set
U={me[M(T)]: prm(-ls,a) € Hy (m)(s,a;1) ¥(s,a) € S x o}

For each episode m € [M(T)], we distinguish two cases:

e Case 1. m € U : Under this situation, we apply Proposition 44 to bound the dif-
ference during the episode, using the fact that p;(,,) satisfies the assumptions of the

proposition with D = D) < Drax-

e Case2.mc [M(T)]\U : In this case, we trivially upper bound the difference of each

round in episode m by 1.

For case 1, we bound the difference during episode m by summing the error terms in
(B.19, B.20) across the rounds ¢ € [t(m), t(m+ 1) — 1] in the episode. The term (B.19) ac-
counts for the error by switching policies. In (B.20), the terms rad-,. (), rad-, 7(,,) accounts
for the estimation errors due to stochastic variations, and the term var,,,var,; accounts for
the estimation error due to non-stationarity.

For case 2, we need an upper bound on }.,.cp(7))\v Z;i";g:ﬂl))_l 1, the total number of
rounds that belong to an episode in [M(T)]\ U. The analysis is challenging, since the
length of each episode may vary, and one can only guarantee that the length is < W. A first

attempt could be to upper bound as Y.,y ()\v thgz;nl))_

1
1< WZmE[M(T)]\U 1, but the
resulting bound appears too loose to provide any meaningful regret bound. Indeed, there

could be double counting, as the starting time steps for a pair of episodes in case 2 might
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T k o o O T

t(my) T(Mmiz1) t(m) + W t(myy,)  T(Migs)  T(Miya)

Figure B-3: Both episodes m; and m;4 belong to Q7 (and thus Q) because Pt(m;) ¢

Hy tmy(N) and prg,, .y & Hp (m.y)(M)- mig1 is added to Or (but not QOr) because
T(miy1) — T(m;) € [0,W]. mi12 and m;;3 belong to neither of Q7 nor Q7 as py €
Hy cmy2) (1) and pei,, ) € Hp g, 5)(M)-

mi+2)

not even be W rounds apart!

To avoid the trap of double counting, we consider a set Q7 C [M(T)]\ U where the
start times of the episodes are sufficiently far apart, and relate the cardinality of Q7 to
LneM(T)\U Zt ”;H 1. The set Q7 C [M(T)] is constructed sequentially, by examining
all eplsodes m=1,...,M(T) in the time order. At the start, we initialize Q7 = 0. For each

m=1,...,M(T), we perform the following. If episode m satisfies both criteria:

1. There exists some s € . and a € & such that pr,,) (-[s,a) & Hp t(m) (s,a:1);
2. Forevery m’ € Qr, t(m) —t(m') > W,

then we add m into Q7. Afterwards, we move to the next episode index m + 1. The pro-
cess terminates once we arrive at episode M(T) + 1. The construction ensures that, for
each episode m € [M(T)], if ©(m)— t(m’) ¢ [0,W] for all m’ € Qr, then Vs € ¥ Va €
s Pr(m)(+|5,a) € Hp, 1(m)(s,a); otherwise, m would have been added into Q7.

We further construct a set O to include all elements in Q7 and every episode index m
such that there exists m’ € Qr with t(m) — t(m') € [0, W]. By doing so, we can prove that
every episode m € [M(T)]\ Qr satisfies p()(-|s,a) € H,, t(n)(s,a) Vs € . Va € <. The
procedures for building Or (initialized to Q) are described as follows: for every episode
index m € [M(T)], if there exists m' € Qr, such that 7(m) — t(m') € [0, W], then we add m

to QT. Formally,
Or =0rU{me [M(T)]:3m’" € Qr t(m) —t(m’) € [0,W]}.

We can formalize the properties of Q7 and Q7 as follows.

Lemma 45. Conditioned on &y, |Qr| < B,/1.
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Lemma 46. For any episode m ¢ Qr, we have Pre(m)(:]s,a) € Hy z(my(s,a5m) forall s €
and a € o7;.

The proofs of Lemmas 45 and 46 are presented in Sections B.7 and B.8, respectively.

Together with eqn. (B.21) and Proposition 18, we can further decompose the dynamic

regret of the SWUCRL2-CW algorithm as

Dyn-Reg; (SWUCRL2-CW)

(E[n(st“*,a}]*n Elr(st",af")])

1~ 1D

T
E[r( Sz 7at Zpt "’ZPt ZE[’?(SP’“P)]
t=1
T(m+1)—
Efr( st 7at Zpt + Z Z (pt*_”z<st:at))

meQr t=t(m)

N
Il
_

I
M=

N
I
_

T(m+1)—1

+ ) Y. (pf —ri(se,ar))
melMr\Or =t(m)
<4/ Do Br+2Dmapr)T + (B, +2B,)

T(m+1)—

+ Z Z (P,* —ri(st,ar)) (®)

meQr t=1(m)

T(m+1)—1
+ ) ) {[Z e (810, 00) Vo) (8") = Ty (1) | + : } C))
me[Mr|\Qr t=1(m) ses 7(m)
T(m+1)—1
+ ) Y (2vary +4Dmax -vary; 4+ 2DmaxM) (®)
me[Mr]\Qr t=1(m)
T(m+1)—1
+ Z Z [2rad—m(m> (s,,a,) +4Dmax - rad—pﬂ(m) (st,a,)} , ()

meMr\Qr t=7(m)

where the last step makes use of Lemma 46 and Proposition 44. We accomplish the

promised dynamic regret bound by the following four Lemmas that bound the dynamic

regret terms (), &, ¢, V).

212



Lemma 47. Conditioned on &), we have

B,W
=02 )
(M) (n

Lemma 48. Conditioned on events &, &), we have with probability at least 1 — O(6) that

(&) = 0Dy M(T) +V/T)) = 0 (Dm [SAWT i ﬁ} ) .
Lemma 49. With certainty,
(‘) =0 ((Br + Dmapr)W + DmaxTn) .

Lemma 50. With certainty, we have

DmaxS\/_T
(¥)=0 < v )

The proofs of Lemmas 47, 48, 49, and 50 are presented in Sections B.9, B.10, B.11,
and B.12, respectively. Putting all these pieces together, we have the dynamic regret of the

SWUCRL2-CW algorithm is upper bounded as

T SAT
BW+ \/_ TI—FV'F\/_

~ [ B,W

+ 1/ Dinas (Br + 2Dpar B )T)

and by setting W and 1 accordingly, we can conclude the proof.

B.5 Proof of Lemma 43

We employ the self-normalizing concentration inequallity [3]. The following inequality is

extracted from Theorem 1 in [3], restricted to the case whend = 1.

Proposition 51 ([3]). Let {ﬁq} | be a filtration. Let {éq} | be a real-valued stochastic
process, such that &, is F,-measurable, and &, is conditionally R-sub-Gaussian, i.e. for

all & > 0, it holds that Elexp(A&,)|-F4—1] < exp(A*R?/2). Let {Yq _, be a non-negative

213



real-valued stochastic process such that Y, is F,_1-measurable. For any &' € (0,1), it

holds that

Pr ( =1 S0y < 2R\/ log(T/5’) forallt € [T]> >1-46"

max{1,Y, ¥} ~ max{1,Y; ¥}

In particular, if {Yq}g:1 be a {0, 1}-valued stochastic process, then for any 8’ € (0,1), it
holds that

t /
Pr( Yot Eq¥q < ZR\/ log(7'/&') forallt € [T]) >1-4". (B.22)

max{1,¥, Y, } ~ max {1, _; ¥}
The Lemma is proved by applying Proposition 51 with suiatable choices of
quzl ) {éq}gzl ’ {YCI}Z;:I ) o

. We divide the proof into two parts.

B.5.1 Proving Pr[&;| >1—-6/2

It suffices to prove that, for any fixed s € .%,a € o, t € [T], it holds that

Pr (‘f(s,a) —Fi(s,a)| < rad-(s,a))

| _ log(2SAT? /6
—Pr <N+( ) Z): . [Ry(s,a) —rg(s,a)] -1(sq = 5,ag = a) Sz\/g(NtT,a)/)>
)
S (B.23)

since then Pr[&;] > 1 — §/2 follows from the union bound over all s € . a € o,t €
[T]. Now, the trajectory of the online algorithm is expressed as {sq,aq,Rq}T_ |- Inequality

(B.23) directly follows from Proposition 51, with {.%,}T - L {ENT - Y g—1,0 defined as

Fq={(s0,a0,Re)}7_ U{(sg41,a4+1)},

54 :RQ(s7a) —rq(s,a),
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/:—
0 28AT"

Each &, is conditionally 2-sub-Gaussian, since —1 < &, < 1 with certainty. Altogether, the

required inequality is shown.

B.5.2 Proving Pr[&,] > 1—0/2

We start by noting that, for two probability distributions p, {p(s) }se.r, p' = {p'(s) }se.%» on
<, it holds that

lp=P, = g X, 005)-(p(s) —p'(9).

Consequently, to show Pr[&),] > 1 — & /2, it suffices to show that, for any fixed s € “,a €
st €[T],0 € {—1,1}7, it holds that

( Z 0 (s (s'ls,a) = pi(s'ls,a)) < rad-m(s’a))
1 t—1 / |
<Pr (Wq_(r(ng’_w)\/l [ Z O(s)1(sqg =s,a5=a,5441 =5 )]

ses
298
—| Y 00" )py(s'ls,a)-1(sq = s,ag =a) | < 2\/log(zsz 25/8)
ses Nt (s,a)
0
> - 25AT2S .
= 2SAT2S’ (B.24)

since then the required inequality follows from a union bound over all s € .%,a € </, t €
[T],6 € {—1.1}”. Similar to the casea of &, (B.24) follows from Proposition 51, with
{Jq} 1 {éq R A g—1: 0 defined as

1
Fg={(se,a0)}!,,

= Z O(s =a,Sg41 :s')] — [ Z G(S’)pq(s'|s,a)] ,

s'es le.s

Y,=1(sq=s,05=0a,((t—-W)V1)<g<r—1),
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Each éq is conditionally 2-sub-Gaussian, since —1 < §q < 1 with certainty. Altogether, the

required inequality is shown.

B.6 Proof of Proposition 44

In this section, we prove Proposition 44. Throughout the section, we impose the assump-
tions stated by the Proposition. That is, the events &, &), hold, and there exists p with (1)
PEH, m)(N), (2) (, o, p) has diameter at most D. We begin by recalling the following

notations:
B,; = max — B,;= max ds.a) — p,(-ls.a
& S€y7a€%|r,+1(s,a) ri(s,a)l, pit s a M”Pt+1(|, )= pe(ls,a)lly
—1
vVarr = Z Brg, varp, = Z Bpg-
q=1(m)=W q=1(m)-W

We then need the following auxiliary lemmas
Lemma 52. Let t be in episode m. For every state-action pair (s,a), we have
|ri(s,0) = Fegmy(s,0)| <vareg, || pi(-ls,a) = Pegmy (-]s,@)]|| | < varp,
Lemma 53. Let t be in episode m. We have
Pr(m) > P —vary, —2D-varp,.

Lemma 54. Let t be in episode m. For every state-action pair (s,a), we have

Z Pr(m (s]s,a Yr Z pi(s'ls,a Y’L' ( )| <2D [Varp,t+2rad'p,r(m)(saa)+n}-
ses ses

Lemmas 52, 53, 54 are proved in Sections B.6.1, B.6.2, and B.6.3, respectively.
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B.6.1 Proof of Lemma 52

We first provide the bound for rewards:

i (s,0) = Fogy (5,0) | < |12 (s,@) = (o) (5,@) | | ey (5,@) = Fo(y (s5,0)|

t—1 1 w
< Z ’rQ-H(Sva) _rq(s>a)| + W Z |r17(m)(s7a) - rr(m)—w(sva)’ .
g=1(m) w=1

By the definition of B,.,, we have
-1 -1
Z |rf1+1(sﬂa>_rq(saa>‘ < Z BW’

q=1(m) q=1(m)

and

|Pe(m)—is1(5,@) = Fe(my—i(s,a)|

IN

= -
M=
M=

=
I
I

1 w
W Y |reim (5,0) = remy—(s,a)]

w=1

M=
M=

IA

[
'[\_4% Sk

~
—
~

’r‘r(m)—i—i-l(sva) - rf(m)—i(sva)’

=
I
1

=

Ft(m)—i+1 (Saa) - rr(m)—i(saa)‘ < Br,?:(m)—i‘

1

Next, we provide a similar analysis on the transition distribution.

le(sva) _p’r(m)(sva)Hl < le<sva) _pT(m) (Sva)Hl + pr(m)(sva) _pf(m)(sva)Hl

—1 1 w
< Z Hqurl(saa) _pq(saa)Hl + W Z Hpr(m)(sva) _pr(m)—w(saa)Hl )
4=10n) =

By the definition of B), ;,, we have

1—1 r—1

Z Hqurl(Sv“)_Pq(saa)ng Z B g,

q=1(m) q=1(m)
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1 W 1 W ow
w L Pen (5:0) = Pemy (s @)y < 3 X Y IPemy-i41(5,0) = Pemy-i(s:a)
w=1 w=li=1
1 w W
< W Z Hp’c(m)—i—i-l(saa) _p’c(m)—i(s’a)”l
w=li=1
Lid 14
- Z pr(m)fz#l(sua) _pf(m)—i(sya)Hl < . By, t(m)—i-

N
Il
—_
~
Il
—_

Altogether, the lemma is shown.

B.6.2 Proof of Lemma 53
We first demonstrate two immediate consequences about the dual solution (Bz(,), 7z(m)) by
the Proposition’s assumptions:
0 < Fr(my(s) <2D forall s € .7,
(B.25)

Prim) + Vem)(8) = Femy (8:0) + Y Feu) () Py (8'ls,0) - forall s € .7,a € .
ses

(B.26)

To see inequality (B.25), first observe that

Peimy +Teemy(s) > max  {i(s,a)}+ Y, Fepm(s)  max  {p(s']s,a)}

i(saa)EHr,‘r(m) (Sva) ses p.EHp,T(m) (Sﬂ;T])
(B.27)
> max  {#(s,a)}+ Y Temy(8)B( s, @) (B.28)
’;(S’a)EHr,T(m) (S,(,l) se. s

Step (B.27) is by Property 1 of the output from EVI, which is applied with confidence re-
gions H,. (), Hp z(m)(1). Step (B.28) is because of the assumption that p € H,, 1) (1)-
Altogether, the solution (Pz(), ¥z(m)) is feasible to D(i p) for any 7 € H, (. Now,
by Lemma 40, we have max, e & |¥;(m)(s) — ¥r(m)(s')| < 2D. Finally, inequality (B.25)

follows from the fact that the bias vector ¥, returned by EVI is component-wise non-
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negative, and there exists s € .’ such that ¥,y = 0.

To see inequality (B.26), observe that

Peim) +Temy(s) > max  {i(s,a)}+ Y, Fepm(s)  max  {p(s']s,a)}

N i(s’a)EHr,‘r(m) (Sva) se.s pEHp,T(I7l) (Sﬂén)
(B.29)
> Femy(85,0) + Y Fe(m)(8)) Beimy ()5, 0). (B.30)
ses

Step (B.29) is again by Property 1 of the output from EVI, and step (B.30) is by the as-
sumptions that Fr(m) € HV,T(m)’ and Dr(m) € Hp,’c(m) (0) C Hp, 1(m) (n).

Now, we claim that (pr(,) + var + 2D -varp, 7)) is a feasible solution to the tth
period dual problem D(r, p;), which immediately implies the Lemma. To demonstrate the

claim, for every state-action pair (s,a) we have

Fom)(s,a) > re(s,a) —vary, (B.31)
Z Ye(m) (s,)pf(m) (s’\s,a) > N’L'(m) (S/)pl(sl‘s7a) - H?’L’(m) Hoo ||pt(~]s,a) _pr(m)<"s7a) ||1
ses s'es
> ), Ve (8)pi(s'ls,@) =2D-var . (B.32)
s'es

Inequality (B.31) is by Lemma 52 on the rewards. Step (B.32) is by inequality (B.25), and
by Lemma 52 which shows || p;(+|s,a) — P (+|s,a)|[1 < var,,. Altogether, putting (B.31),

(B.32) to inequality (B.26), our claim is shown, i.e., for all s € . and a € o7,

ﬁ’r(m) +vary + 2D- varp; + ?T(m) (S) = rt(s7a) + Z 371'(m) (S/)pt(s/|s7a)'
ses

Hence, the lemma is proved.

B.6.3 Proof of Lemma 54

‘We have

Y. [Pepmy(5'ls,a) — pi(s]s,0)] Fo(my (5)
ses
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<H’YT Hoo ‘ ’S,Cl>—ﬁf(m)("s,a)HL—F||I5f(m)("s,d)—pz("S,G)HL . (B.33)

In step (B.33), we know that
e (a) < 2D by inequality (B.25),

e (b) <2rad-,, ;(m)(s,@)+n, by the facts that fr(,) (-[s,a) € Hp r(m) (s,a;1) and pr) (-[s,a) €

Hp,r(m) (S7a;0)’

e (c) <varp, by Lemma 52 on the bound on p.

Altogether, the Lemma is proved.

B.6.4 Finalizing the Proof

Now, we have

rz(sz;az)
>Fr(m)(St,ar) — vary, (B.34)
Zfr(m) (St,at) — VarrJ — 2 . rad—m(m) (S[,at) (B35)
1
>Pr(m) + 5’|, N -
Pt(m) 71' L;ypr | 1, YT( )( )] (m)
—vary —2-rad-,;() (sr,a1) (B.36)
1
>p; + S, a —
>p, yr( ) Lezypt ’ ! l)'}/r )( )] (m)
-2 [varr,t + rad-;. ¢ (m) (st,a,)] —2D [2-varp,t +2-rad-;, ;(m)(s,0) —Hﬂ ) (B.37)

Step (B.34) is by Lemma 52 on ¢. Step (B.35) is by conditioning that event &, holds. Step
(B.36) is by Property 2 for the output of EVI. In step (B.37), we upper bound pr(,) b
Lemma 53 and we upper bound Yoc & Pr(m) (8’51, a) Y(m)(s") by Lemma 54. Rearranging

gives the Proposition.

220



B.7 Proof of Lemma 45

We first claim that, for every episode m € Qr, there exists some state-action pair (s,a) and

some time step t,, € [(T(m) —W V 1), 7(m) — 1] such that

1Pe(m) (-[$,@) — po,, ([s,@) 1 > M. (B.38)

( |s,a) — p:(-|s,a)|[; < n for
every state-action pair s,a and every time step ¢ € [(‘L'(m) — WV 1),7(m) — 1]. For each

state-action pair (s,a), consider the following cases on Ny, (s,a) = Z;(:"E)Tznll)_w)vl 1(sq =

S,dq = a):

e Case 1: Ny, (s,a) = 0. Then p(,(-|s,a) = 0, and clearly we have

Hp‘c(m)('lsva) p‘l.' ( |S a)”l 1< rad'p‘r(m)(s7a) < rad'pf(m)(sva) +1.
e Case 2: N;(,,(s,a) > 0. Then we have the following inequalities:

1P (@) = Py (I @) [

1 T(m)—1
:‘ m Z [pr (m) ( ‘S Cl) pq(-|s,a)] '1<Sq = 5,44 :Cl) (B.39)
T(m)\ 7 g=((m)=W)V1 1
LS - ptsal, 1 )
<— Pr( s,a)—pg(-ls,a)l|, - 1(sq =s,a, =a) <n.
N (5:@) oy ! e
(B.40)

Step (B.39) is by the definition of py(,,(+|s,a), and step (B.40) is by the triangle

inequality. Consequently, we have

[Py (-15,@) = Peimy (I, @)1
<N e(m) (-15,@) = Pe(my (18, @) 11 + [[Pe(omy (-Is:@) = Py (-], @)1 (B.41)

Srad'pr(m) (S7 Ll) +1.
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Step (B.41) is true since we condition on the event &,,

Combining the two cases, we have shown that pr(,,(:[s,a) € H, t(n)(s,a,1) for all 5 €
< ,a € o, contradicting to the fact that m € Q7. Altogether, our claim on inequality
(B.38) is established.

Finally, we provide an upper bound to |Q7| using (B.38):

B, = Z max {||pry1(-|s,a) — pi(-[s,a)||; }

IE[Tfl]sey’aE%
T(m)—1
= ’ o ’ B.42
_mEZQT q;m wmax {[[pgiCls.a) = pCls. @)} (B.42)
T(m)—1
> max (pg+1(-|s,a) — py(-|s,a)) (B.43)
mGZQT SGey,aE,jafs { qztm q+ q 1
>|0r|n. (B.44)

Step (B.42) follows by the second criterion of the construction of Qr, which ensures that
for distinct m,m’ € Qr, the time intervals [t,,, T(m)], [t,s, T(m)] are disjoint. Step (B.43)
is by applying the triangle inequality, for each m € Qr, on the state-action pair (s,a) that
maximizes the term | 2% " (py1(-1s.a) — py(-lssa) [l = (e (-15.@) = pi, Cls,a)) 1.
Step (B.44) is by applying the claimed inequality (B.38) on each m € Q7. Altogether, the

Lemma is proved. B

B.8 Proof of Lemma 46

We prove by contradiction. Suppose there exists an episode m ¢ Qr, a state s € .%, and an
action a € </ such that p;(,,(:|s,a) & Hy, t(m)(s,a; 1), then m should have been added to
QOr. To see this, we first note that episode m trivially satisfies criterion 1 in the construction
of Qr. Moreover, at the time when m is examined, we know that any m' has been added
to Qr should satisfy 7(m) — 7(m') > W as otherwise m would have been added to Q7.

Therefore, we have prove m € Q7 C Or, which is clearly a contradiction.
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B.9 Proof of Lemma 47

Denote Q7 = {my,... M|y | }. By construction, for every element m € Or, there exists an

unique m’ € Qr such that

T(m) — t(m') € [0,W]. (B.45)
We can thereby partition the elements of Q7 into | Q7| disjoint subsets Q7 (my),...,Or (mg,))

such that
1. Each element m € Qr belongs to exactly one Q7 (m') for some m’ € Qr.
2. Each element m € Q7 (m') satisfies t(m) — t(m’) € [0,W].

We bound (#) from above as

T(m+1)—

Y X Z (pt*—rt(st,at))

m' €0t meQr(m') t=1(m
T(m+1)—

<Y Y Z 1 (B.46)

m' €Qr meQr(m') t=t(m

=Y Y (m+1)—t(m)

m'€0r meQT(m’)

< Y ( max ‘C(m—i—l)—‘c(m/)) (B.47)
mGQT mGQT(m’)

=Y max (t(m+1)—1(m)+1(m))— T(m/)]

m'eQr | M Or(m')

< ¥ | max (s0n+1)—cm)+ max r<m>—r<m’>]

meQr _mEQT(m’) meQr(m')
< Y W+w] (B.48)

m'eQr

=2W|Qr|

<2B,W/n.

Here, inequality (B.46) holds by boundedness of rewards, inequality (B.47) follows from

223



the fact that episodes are mutually disjoint, inequality (B.48) makes the observations that
each episode can last for at most W time steps (imposed by the SWUCRL2-CW algorithm) as

well as criterion 2 of the construction of Q7 (m')’s, and the last step uses Lemma 45.

B.10 Proof of Lemma 48

We first give an upper bound for M(T), the total number of the episodes.

Lemma 55. Conditioned on events &,,&,, we have M(T) < SA(2+1og, W)T /W = O (SAT /W)

with certainty.

Proof. First, to demonstrate the bound for M(T), it suffices to show that there are at most
SA(2 +log, W) many episodes in each of the following cases: (1) between time steps 1
and W, (2) between time steps jW and (j+ 1)W, for any j € {1,...,|T/W] —1}, 3)
between time steps |7 /W | -W and T. We focus on case (2), and the edge cases (1, 3) can
be analyzed similarly.

Between time steps jW and (j+ 1)W, a new episode m + 1 is started when the second
criterion Vi, (s¢, n(st)) < N:(m) (8¢, 7n(st)) is violated during the current episode m. We
first illustrate how the second criterion is invoked for a fixed state-action pair (s,a), and

L as the

then bound the number of invocations due to (s,a). Now, let’s denote m!', ... ,m
episode indexes, where jW < t(m!) < t(m?) < ... < t(m*) < (j+1)W, and the second
criterion for (s,a) is invoked during m for 1 < ¢ < L. That is, for each £ € {1,...,L}, the
DM breaks the while loop for episode m’ because v, ((s,a) = N;r(mé)(s,a), leading to the
new episode m’ + 1.

To demonstrate our claimed bound for M(T), we show that L < 2 +1log, W as follows.
To ease the notation, let’s denote y* = V,¢(s,a). We first observe that y! = N:(ml) (s,a) >
1. Next, we note that for £ € {2,...L}, we have l//"] > ):i;} 1//". ! Indeed, we know that for

L ...,m!. Conse-

each £ we have (t(m‘+1) — 1) —7(m') < W, by our assumption on m
quently, the counting sum in N, (s,a), which counts the occurrences of (s,a) in the pre-

vious W time steps, must have counted those occurrences corresponding to w!,... w1

'We proceed slightly differently from the stationary case, where the corresponding N,(s,a) is non-
decreasing in ¢ [108], which is clearly not true here due to the use of sliding windows
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The worst case sequence of y!', w2, ...yl that yields the largest L is when y! = y? =1,
y3 =2, and more generally w = 2¢=2 for £ > 2. Since y' < W for all W, we clearly have
L <2+log, W, proving our claimed bound on L. Altogether, during the T time steps, there
are at most (SAT (2+1log, W))/W episodes due to the second criterion and 7 /W due to the
first, leading to our desired bound on M(T). O

Next, we establish the bound for (). By Lemma 46, we know that 7, (s) € [0,2Dmax]
for all m € [M(T)]\ Or and s. For each episode m € [M(T)]\ Or, we have

T(m+1)—1
Z Z pt(sl|slaat)77’r(m) (sl) - ’}71(m) (Sl)]
t=t(m) |se€
T(m+1)—1
= —Tem) (Sz(m) + Feim) Semy+1) + Y [ Y pi(sIst,a0) Vo) (8') = Fe(m (Sz+1)] :
. ~ i—t(m) |ses
§2Dmax ~~ J/
-,
(B.49)

Summing (B.49) over m € [M(T)]\ Or we get

T(m+1)—1
Z Z [ZPt(S/’SZaatWr(m)(S/)—7r(m)(sz>]
meM(T)\Qr t=t(m) Ls'e”
T(m+1)—1
<2Dpax - (M(T) = 07]) + ) Y 1. (B.50)

me[M(T)\Qr 1=1(m)

Define the filtration 71 = {(sg,aq,Rq(sg.aq)) };—;- Now, we know that E[Y;[.7_1] =0,
Y; is 0(.7)-measurable, and |Y;| < 2Dp,«. Therefore, we can apply the Hoeffding inequal-

=0 (Dmax -M(T) + Dmax\/ T log %)

ity [104] to show that

T(m+1)—1

Z Z Z pl(sllstvat)'yr(m) (s') = Ve(m) (1)

me[M(T)\Qr t=t(m) |s€S

with probability 1 — O(8), where we use the facts that

M(T) —|Qr| < M(T)
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and

Finally, note that

+1
y y < < — =O0(VT).
meM(T)\Qr t=1(m) T(m) m=1 t=1(m) T(m) i=1 i

Hence, the Lemma is proved.
B.11 Proof of Lemma 49
We first note that

T(m+1)—1 T

Z Z (2var,; +4Dmax - varp; +2Dmaxn) < Z (2var,; +4Dmax - varp s +2DmaxM) ,

me[Mr|\Qr t=1(m) =1

since var,, > 0 and var,, > 0 for all 7. We can thus work with the latter quantity.

We first bound ):thl var,;. Now, recall the definition that, for time ¢ in episode m,
we have defined var,; = th_:l‘i(m)—W B,4. Clearly, for iW < g < (i+ 1)W, the summand
B, only appears in var,, for iW < g <t < (i+2)W, since each episode is contained
in {{/W,..., (i’ + 1)W} by our episode termination criteria (¢ is a multiple of W) of the
SWUCRL2-CW algorithm. Altogether, we have

2

t

var,; <2Y B,W =2BW. (B.51)

T T-1
=1 t=1

Next, we bound Y7, var,,. Now, we know that T(m+ 1) — t(m) < W by our episode

termination criteria (¢ is a multiple of W) of the SWUCRL2-CW algorithm. Consequently,

T T-1
4Dmax Z Varpj S 4Dmax Z BP,ZW - 4DmaprW. (B.52)

t=1 t=1
Finally, combining (B.51, B.52) with 2D,« Zszl 7N, the Lemma is established.
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B.12 Proof of Lemma 50

Due to non-negativity of rad-r,(s,a)’s and rad-p,(s,a)’s, we have

T(m+1)—1 M(T)t(m+1)—1

Z Z rad-ro () (s1,ar) < Z Z rad-r () (51, ar), (B.53)
me[Mr)\Qr 1=7(m) m=1 " 1=t(m)
t(m+1)—1 M(T) t(m+1)—1

Z rad-pr(m) (51, ar) < Z Z rad-pe(m) (51, ar) (B.54)
me[Mr)\Qr 1=1(m) m=11=1(m)

We thus first show that, with certainty,

M(T)t(m+1)—1 M(T T(m+1)— 1n(SAT ~
Y rad-re( (siar) P ﬂ(s /9 _s (B.55)
m=1t=1(m) m=1t=1(m) )(s,,a,

T(m+1)—1 M(T)t(m 1) 1 ZSIOg ATW/S) \/—
rad-prim (st,a:) = 2
mz—’] t TZ(’ ) wm)Ro0 m=1 (= Tm \/ Sz,at \/_

(B.56)

We analyze by considering the dynamics of the algorithm in each consecutive block of
W time steps, in a way similar to the proof of Lemma 48. Consider the episodes indexes
mo,my ..., M7 w),Mr/w)+1, where T(mo) = 1, and t(m;) = jW for j € {1,...,[T/W]},
and my7 jy141 = m(T)+ 1 (so that T(m7 w1, — 1) is the time index for the last episode
in the horizon).

To prove (B.55, B.56), it suffices to show that, for each j € {0,1,..., [T /W |}, we have

mjp1—1t(m+1)—1 1 ( )
——=0(VSAW ). (B.57)
mZm] t TZ N:(m)(s,,a,)

Without loss of generality, we assume that j € {1,..., [T /W | — 1}, and the edge cases of

=0, |T /W] can be analyzed similarly.

Now, we fix a state-action pair (s,a) and focus on the summands in (B.57):

= (B.58)

mjp1 =l eimil)=14 st,a;) = (s,a mjp1 - (S, a
y Z ((st,a) = (s,a)) y Vin(s,a)

m=mj t=t(m N;L(m)(st,a,) m=m; NJr(m)(s,a)

T
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It is important to observe that:

1. Itholds that Vy, (s,a) < Ng(;) (s, a), by the episode termination criteria of the SWUCRL2-CW

algorithm,

2. Formée {mj+1,...,mj;1— 1}, we have Y",”! v, (s,a) < Ni(m)(s,a) . Indeed, we

m
know that episodes m;,...,mj1 — 1 are inside the time interval {jW,...,(j+1)W}.

) m—1

Consequently, the counts of “(s;,a;) = (s,a)” associated with {v,,(s,a —m, A€

contained in the W time steps preceding 7(m), hence the desired inequality.

With these two observations, we have

mj+1 1

Vi, (5, @) Vi(s,a)
(B.58) <
\/max{vm s,a), 1} m %—H \/max{zg 2 Var(s,0), 1}

mj+1 1
<\/max{vm (s,a),1}+(V2+1) max{ Z Vin(s,a), } (B.59)

(+DHW-1
< (V2+2) maX{ Y U(sna) =(s,a)), 1}- (B.60)
t=jW

Step (B.59) is by Lemma 19 in [108], which bounds the sum in the previous line. Step
(B.60) is by the fact that episodes m;, ..., m 1 — 1 partitions the time interval jW,..., (j+
1)W — 1, and v,,(s,a) counts the occurrences of (s;,a;) = (s,a) in episode m. Finally,
observe that (B.58) = 0if v,,(s,a) =0 forall m € {mj,...,mj;; — 1}. Thus, we can refine
the bound in (B.60) to

(j+Hw—1
(B.38) < (V2+2),| Y L(si.a) = (s,a)). (B.61)
=W
The required inequality (B.57) is finally proved by summing (B.61) over s € .a € &/ and
applying Cauchy Schwartz:

mli 1Tm+zl 1 Z mj‘il Vm(s a)
m=mj t=t(m N;r(m)(st,at) s€.S acad; m=m; N;r(m)(s,a)
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Altogether, the Lemma is proved.

<(V2+2)

s€ES A€ s

<(V2+42)VSAW.

)}

(+HW—1

)}

t=jW

B.13 Proof of Theorem 22

(st ar) =

(s,))

To begin, we consider the following regret decomposition, for any choice of (W, n') € J,

we have

Dyn-Reg;(BORL)

[T/H]

Z]E

[T/H] [
= E

S ~
) »—

~.
—

5
~

T
J—

I
_

i-HAT

Z P =

Lt=(i—1)H+1

i-HAT

pr —
Lt=(i—1)H+1

[[T/H]

Z R( ' (i 1)H+1> Ri (Wi, MisS(i—1)p+1)

*

Ri (Wi, MisS(i—1)h+1)

R (W*,nT,S(i_1>H+1>

(B.62)

For the first term in eqn. (B.62), we can apply the results from Theorem 21 to each block

i€ [T/H),ie
i-HAT
Y e —R(WnT s nm
o R )
- [ B,()W?
:0( ”(T;)TW +B,(i))W' + Dmax

where we have defined

B, (W' +

SvVAH
VWi

+Hrff+

AV

> . (B.63)



for brevity. For the second term, it captures the additional rewards of the DM were it uses
the fixed parameters (W', nT) throughout w.r.t. the trajectory on the starting states of each
block by the BORL algorithm, i.e., S1,...,8;_1)a+1,---,S([T/H]-1)H+1, and this is exactly
the regret of the EXP3.P algorithm when it is applied to a A-arm adaptive adversarial bandit
problem with reward from [0, H]. Therefore, for any choice of (W',n7), we can upper

bound this by
9, <H AT/H> -0 (\/TH>

asA=0 (ln2 T) . Summing these two, the regret of the BORL algorithm is

- (B,WT SVAT SAT
0( ’1’7% +BW' + D | ByW' + \/% +T11T_|_W+\/TH +\/Dmax(B,+2Dmapr)T>.
(B.64)

By virtue of the EXP3.P, the BORL algorithm is able to adapt to any choice of (W', nt) € J.

Note that
3S3A2T? 372
H>Wx= 1 ->1, (B.65)
(B, +B,+1)2  (3T)2
1 1 1 1 1
B,+1)283A1 S3A1
siab > g = (Bt DISAT L _siate. (B.66)
(B,+Bp+1)sTs 272
Therefore, there must exists some jT and k' such that
HI'Aw <wr < gUSD/A - g3 45K /A > p* > g5a3 @k HD/Ay (B.67)

By adapting W' to H/'/2% and n' to ®*'/An | we further upper bound eqn. (B.64) as
Dyn-Reg; (BORL) = O (Dmax(Br +B,+ 1)%S%A%T%) .

where we use H'/2 = exp(1) and ®'/A1 = exp(—1) in the last step.
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B.14 Proof of Proposition 23

We first show the following lemma.

Lemma 56. Conditioned on &,, there exists a state transition distribution p € H, ;(0) such

that for every pair of states s,s' € .7,

p(sl‘s7 a(s,s’)) = C

for every time step t € [T].

The proof of the lemma is provided in Section B.14.1. We then consider the state
transition distribution p € H,;(0) specified in Lemma 56. For an arbitrary state s’ € .7,
we consider the policy 7 such that (s) = a,g forall s € # (see Assumption 6 for the
definition of a(, ¢)). Starting from an arbitrary state s € ., the policy either hits state s’
in the next step, which happens with probability at least {, or it transits to another state
s" #s', which would then hit state s” in the next step with probability at least . Therefore,
the hitting process stochstically dominates the Bernoulli process with success probability

¢, and thus the expected hitting time is at most 1/.

B.14.1 Proof of Lemma 56

First, we recall the definition of defintion of confidence region H pJ(s, a;0) in eqn. 3.6,
HPJ(Sva;O) = {p S Ay : Hp(|s,a) _pAt('|S7a)||1 < rad_l’,l(sva)}'

For every pair of states s,5' € ., we construct p by distinguishing the following two cases:

e If N,(s,a(,y)) = 0, then by definition, rad-, (s, a(, )) > 1, therefore every probabil-
ity distribution p on .’ belongs to H,(s,a;0). Setting p(-|s,a(,y)) = p:(-[s,a(s,))

for any ¢ satisfies the requirement in the Lemma.
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e If Ni(s,a(,)) > 0, then we know from Assumption 6 and eqn. 3.5 that

B 1 t—1
p,(s/]s,a(w/)) = Z pq(s'|s,a(sﬁs/))1(sq = 5,04 = a(w/)) > .
g=(t(m)—W)Vv1

Nt+(sva(s,s’)) =
By conditioning on @@\/, we know that p;(-[s,a(,y)) € Hp:(s,a(s,¢);0), and we can

thus set p(-[s,ay)) = pr(-]s,a(5))-

Combining the above cases, the transition probability distribution p satisfies the stated

inequality in the Lemma, and we conclude the proof.

B.15 Proof of Proposition 25

We first show that for any time step ¢ € [T], we have p,* —pyendo — . E[X;]. From Section
B.1.1, we have p,* is equal to the optimal value of the following linear program P(r;, p;);

*pseudo ¢ equal to the optimal value of the following linear program P(r”*" p,).

while p,
The two linear programs has the same set of constraints, and follows from eqn. (3.12),
the only difference is that the objective value of P(r} SGUdO, pr) is 1 - E[X;] more than that of
P(r:, p:) (note that the summation of x(s,a) over s € .% and a € o/ is 1 from the second

constraint of the linear program (B.1)). Therefore, we have

T

i (i =pPe) = Y —1-ElX) (B.68)

t=1

Next, conditioned on any demand realizations Xi,...,Xr, we can show by induction
that the trajectory generated by IT on .# and .#P**"% are exactly the same as they use the

same sequence of state transition distributions. Therefore,

~

Elry (s (A ) ar (M) {X Y 2 P50 (5, (P09, (PN | {X Y]

=1

M=

N
I
_

I
M=
|
B

(B.69)

~
—_

Taking expectation on both sides of eqn. (B.69), and combining this with eqn. (B.68), we
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can conclude the statement.
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Appendix C

Proofs for Chapter 4

We begin by defining some helpful notation. First, let

REV(6,0,%,1) =E

t
Z pi,sDi,s (pi,57xi,s)] )

s=1

be the expected total revenue over ¢ time steps obtained by running TS(.4(8,X),0) — the
Thompson sampling algorithm in Algorithm 5 with the (possibly incorrect) prior .4 (é, Z)

and exploration parameter A, = 0 — in an epoch with true parameter 6. Second, let

REV, (6,1) =E

t
Z pZSDi7S(p;<,S7xi7S)] Y

s=1

be the expected total revenue over ¢ time steps obtained by the oracle — recall pj is the

oracle price defined in Eq. (4.3) — in an epoch with true parameter 6.

All norms || - || refer to the £, norm unless stated otherwise.

C.1 Meta oracle Regret Analysis

We first state the following lemma, whose proof is provided in Section C.1.1.

Lemma 57. For any epoch i € [N], the length of the random exploration periods 7; is
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upper bounded by
7, = max {6loge 2(dNT) [e1,22 /co} (C.1)

with probability at least 1 —2/(N3T?). The constants are given by

€0
1 + prznax)xrznax '

CO:@ prznax+p12nin+2_\/(prznax+p2min+2

3 3 3 > - (Pmax_Pmin)2 , C1 = (

In other words, we incur at most logarithmic regret due to the initial random exploration

in Algorithm 5.

Proof. (Proof of Theorem 27) The proof proceeds in three steps. We first show that the
regret incurred in the initial random exploration steps is negligible. We then map the re-
maining regret to a linear bandit formulation, and bound the resulting terms.

First, define the event
o ={7;, < J, Vi€ [N]}. (C.2)

By Lemma 57, Pr(—.7) < 2/(NT)?. We can decompose the regret from Algorithm 5 into

exploration and non-exploration periods, conditioned on whether or not .7 holds:

T
=T |REV,(6;,T) — Zpl D,,(pgts,x,'J)—REV(Q,,Gly,ZZy7T—$> —.of | Pr(—a?)
=1
+E REV* Glay sz it plmxll) %]

+E|(REV. (6,7 — ) —ReV (8,675,515, 7~ 71) ) ‘,@4

2 X 1+ pzax || Gi
< |2t VLD o /14 7 0]
+E [(REV*(Gi,T— i) — REV (9,,9, S ETS T - 9)) ]d} , (C.3)
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where we have used the facts that Pr(—.27) < 2/(NT)?, the worst-case regret achievable in
a single time period is 2pmaxXmaxy/ 1 + P2ax | 0ill, and .7 < .7, on the event 7.

The first two terms in Eq. (C.3) are O(1/(N?T)) + O(log(dNT)) = O(1). To analyze
the third term in Eq. (C.3), we construct a mapping between the dynamic pricing and linear
bandit problems, in order to leverage existing results on TS and UCB for linear bandits

[162, 3]. In particular, we can map the Bayes regret of an epoch

Giwy]]a(ze*;*) [(REV* (6:,T — ) —REV <9i, 0% 5%, T - z)) ‘E} :

to the Bayes regret of the Thompson sampling algorithm [162] for a linear bandit in-
stance as follows. Let the unknown parameter 0 = (aT ﬁT) ! be drawn from the prior
N (6s,%.). Take the decision set to be A; = {(pxis; p*Xis) : P € [Pmin, Pmax] }» Where x; ; is
the feature vector drawn 1.i.d from the feature distribution. Note that the magnitude of the
/>-norm of an action is at most pmax mxmax and the noise terms are conditionally

(Pmax O )-subgaussian.

Using this mapping, by Theorem 3 of [3] and Lemma 73 in Appendix C.7, the Bayes
regret of an epoch is upper bounded as

E [(REv. (0.7~ 7 —rev (0,073,515, 7 7)) |E]
O N (6,5, ( ) L7027

:E[5(||9||\/ﬁ(||9||+¢2)>} :E[5(||9||2¢d_r+||9||dﬁ)] (C.4)

where Eq. (C.4) follows from the facts that (i) the upper bound on the regret of a linear
bandit instance scales linearly with the maximum absolute value of the rewards and, (ii) the

absolute value of the expected reward (revenue) for each round is upper bounded as

max  |[(m,0)] < max |Im|[[|0]] = pmax\/1+ Phaxma/|0]] = O([|0]])

Pe[pminupmax] PE|Pmin;Pmax
(C.5)
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To complete the proof, we must bound ; /(6 5 [16][%]. By the “trace trick”, we have

o T
o B el e (& [o07])

:trace( E [(9—9*)(9 —9.)7+6.0" +06] - e*ejD
O~ N (6..5,)

— trace (Z*Jre* E [GT] + E [6] ej—e*ej)
Ot (6,.5.) OV (6,.5,)

= trace (Z* 426,60, — 6.6, )
= trace (Z.) + trace (|6, )
<dA+$* = 0(d), (C.6)

where we have used the definition of the covariance matrix £, = ] JVIEZG 7 [(9 —6,) (60— 6.7,

and the last step follows from Assumptions 8 and 10. Moreover, by Cauchy-Schwarz in-

equality, we have

liel) < y/E[j6]P < \dh+s2 = 0(Vd). (C.7)

Substituting Egs. (C.6) and (C.7) into Eq. (C.4), we obtain that the third term of Eq. (C.3)

0~ e/V(G*7 «)

is O(d3/>T"/?). Noting that the first and second terms of Eq. (C.3) contribute O(1) regret,
we can bound the total regret of each epoch as O(d3/2T1/2).

Since each epoch is mutually independent, the Bayes regret of Algorithm 5 over all N

epochs is simply N x O(d*/>T'/?) = O(d*/>NT'/?). 0

C.1.1 Proof of Lemma 57

-
Recall that V;; =Y., <sz Di leTs> (XITS pi sx-T> is the Fisher information matrix of
epoch i after time step . Lemma 57 states that Apmin(V; 7) > A, with high probability.
Since V;; is a random matrix, we will apply the following matrix Chernoff inequality to

-
lower bound its minimum eigenvalue (Note that Apax ( (szs i le.Ts> (x.T i leTs> ) <

i,s
(1 + plznax) max)
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Lemma 58 (Theorem 3.1 of [169]). For any § € [0,1), any real number u, and any t < .7;

XD (— cru/co
Pein(Vig) > (1= Oand A (EIV]) > ) > 1=a (2R

The above lemma states that the probability that Ay, (V; ;) is much less than Ay, (E[Vi,])

is small. To apply the above result, we must first lower bound the minimum eigenvalue of

E [Vi.]:

Lemma 59. For all t < 7, the minimum eigenvalue of E [V;,] is lower bounded as
Amin (E [Vi]) > cot.

Proof. (Proof of Lemma 59) From linearity of expectation, we have

Xit Xit
EVil= Y E (5 pexl)|+ X E —
T even, T<t DitXit T odd, t<i PitXiz
S ! E[xi,lxim pminE[xinIl] n E[Xi,lxiTl] pmaxE[xin;l,—l]
-3 pmin]E[xi,lx;’—]] pﬁlan[xi,lxII] pmaXE[xinI]] plznaxE[xin;,rl]
. £ ZE[xi,lxlTl] (pmin + pmax) ]E[Xi,lx;[—l]
(Pmin + pmax) E[xi,lle] (pIZmH + P1211ax) E[xiﬂx;,r]]
t 2 in T
_ § (plzmn p;lax) ®E[xi71le] '
(prnin + pmax) (pmin + pmax)
2 in T+
We can compute the minimum eigenvalue of (Pmin - Prnax) to be

(pmin + pmax) (prznin + prznax)

2
prznax+p12nin+2 prznax+p12nin+2 )2
) - 2 - (pmax - pmm) .

Note that the eigenvalues of a symmetric positive semi-definite matrix coincide with its

singular values. Thus, we can apply Lemma 74 to obtain that the minimum eigenvalue of
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E[Vi,] is at least

2 Pmin +pmax)

A (E[Vis]) > % A min (Bl )

W | ~

(
(pmin + pmax) (prznin + prznax)

. i
> Ao p12nax +pr2nin+2 prznax+pr2nin+2 .2
e _3 > - > - (pmax - pmm) ,

where we have used Assumption 9. [l

Proof. (Proof of Lemma 57) Taking { = 1/2 in Lemma 58 and substituting the result from

Lemma 59, we have
" _e
Pr(dmn(Vi) = ) 21-24(5)

Setting t = .7, = max {6loge/2(dNT)/c1,max2?te/co} , this implies

2

Pr(Amin(Vi7,) > Ae) > 1_N3T2’

and we can conclude the proof. [

C.2 Convergence of Prior Mean Estimate

Lemma 29 shows that, after observing i epochs of length 7', our estimate 6; of the unknown
prior mean 6, is close with high probability. To prove Lemma 29, we first focus on the case
where the event ./ defined in Eq. (C.2) holds. We will show that at the end of each epoch,
our estimated parameter vector 6; is close to the true parameter vector 6; (Lemma 60) with
high probability, which implies that the average of our estimated parameters from each
epoch %Z;:l Gj is close to the average of the true parameters from each epoch %2321 0;
(Lemma 62) with high probability. Next, we will show that the latter term %25‘:1 0jisa
good approximation of 6, (Lemma 63). Combining these steps via a triangle inequality

and accounting for the probability .7 does not hold yields the result in Lemma 29.
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We first state two useful lemmas from the literature regarding the concentration of OLS

estimates and the matrix Hoeffding bound.

Lemma 60. When the event </ holds, for any epoch i € [N] and 6 € [0,2/e], conditional
onF,=0o(6,...,0,_1), we have
R) <8,

Proof. (Proof of Lemma 60) When .7 holds, the random exploration periods are completed

Pr(“@i—ei‘} > 26, /M50

before T time steps, guaranteeing that Ayin (V1) > 2. Thus, this result follows immedi-
ately from Theorem 4.1 of [192], where we note that d + log,(2/8) < 2dlog,(2/3) for
0<2/e. O

Lemma 61 ([111]). Let random vectors X, ..., X, € %%, satisfy that for all i € [n] and
uex,

2
EXilo(Xi,...,Xi—1)] =0, Pr(||Xi|| > ulo(X1,...,Xi—1)) <2exp (——2> ,

then for any & > 0,

¥ X

i€[n]

<4 Y o?log,(2d/8) | >1-6.
i€[n]
We now show that the average of our estimated parameters from each epoch is close to

the average of the true parameters from each epoch with high probability.

Lemma 62. When the event <7 holds, for any i > 2, the following holds with probability at

least 1 — O:

dloge(4d/5)
Aei

729—9

Proof. (Proof of Lemma 62) By Lemma 60, we have for any u € %,

Pr([|6:— 6| > u | F) < 2exp(—Au?/8dc?).

241



Furthermore, since the OLS estimator is unbiased, E[6;|F;] = ;. Thus, we can apply the

matrix Hoeffding inequality (Lemma 61) to obtain

o2dlog,(4d/ )
Pr( < 8\/ Aeli—1) >

Noting that i <2(i— 1) for all i € {2,...,N} concludes the proof. N

=
7 L (6-0)

=

1-0o.

IV

Lemma 63. When the event <7 holds, for any i > 2, the following holds with probability at

least 1 — O:

s \/ Shdlog, (44/8)

1

1 i
_.Zej_e*
lj:1

Proof. (Proof of Lemma 63) We first show a concentration inequality for the quantity ||6; —
6. || similar to that of Lemma 60. Note that for any unit vector s € Z%¢, u' (6; — 6,) is a

zero-mean normal random variable with variance at most A. Therefore, for any u € Z,

2
Pr <|ST(9j —6,)] > u) <2exp (_;_I) . (C.8)

Consider W, a (1/2)-cover of the unit ball in %2¢. We know that [W| < 4%¢. Let 5(6;) =
6; — 6./(|6; — 6.]|, then there exists wy(g.) € W, such that [[wye) —s(6;)| < 1/2 by defini-

tion of W. Hence,

16 — 8.l =(5(8)), 8; — 6:) = (5(8;) = wy(e)), 0; — 6:) + (wy(e)), 6; — 65)

16 — 6|l
SJT + <Ws(9j)79j — 9*>

Rearranging the terms yields

HOJ - H*H < 2<Ws(6j); ej — 9*> .

Applying an union bound to all possible w € W with inequality (C.8), we have for any
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Pr(||0;— 6| >u) <Pr(GweW: (w,0;—06,) >u/2)

2
<2- 4%d exp <_u__>
21

)
<exp <5d — ﬁ) .

If u? < 10Ad , we have

2
Pr(l0;— 0. 2 < 1< 2exp ()

else if u? = 10Ad + v for some v > 0, we have

1%
(16 0. > 1 <exp (-7

MZ
< Zexp <_2oId> '

Thus, for any u € %, we can write

I/t2
Pr(||6; — 6.|| > <2 — ) C9
(16— 6. > u) eXp( 20M> €9

Applying Lemma 61, we have

i—1 —
1 0;
pr Z{,l i _ell<4 10/ld19ge(4d/5) Sios.
i—1 i—1
The proof can be concluded by the observation i <2(i— 1) forall i €€ {2,...,N}. O

We can now combine Lemmas 57, 62 and 63 to prove Lemma 29.

Proof. (Proof of Lemma 29) When the event ./ holds, we can use the triangle inequality
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and a union bound over Lemmas 62 and 63 to obtain

. Zl 19 Zl 19 Zl 19
HQi—G*H: i—1 i—1 i—1 —6

IN

— i—1
LIZ 0= 6;) || +||-— X 6~
j=1 j=1

2(62/Ae+5M)dlog,(4dN /)

i

<8

Y

Q

with probability at least 1 — 28, where we have use the fact that \/a+v/b < \/2(a+b). By
Lemma 57, the event ./ does not hold with probability at most 2/(N>T?). Thus, a second

union bound yields the result. [

C.3 Meta-DP Regret Analysis

Appendix C.3.1 provides the proof of Lemma 30 and the statement of an intermediate
Lemma 64. Appendix C.3.2 provides the proof of Theorem 28, following the proof strategy

outlined in Section 4.2.3.

C.3.1 Intermediate Lemmas

Recall that for any t € {.Z;+ 1,---,T}, the meta oracle maintains and samples from its
posterior .4 <9thS,ZthS) (see Algorithm 5), while our Meta-DP algorithm maintains and
samples parameters from its posterior .4/ (91\;[1),2%1)) (see Algorithm 6). Lemma 30 in
Section 4.2.3 established the difference in Bayesian posteriors between the meta oracle and
our Meta-DP algorithm. The proof follows from the standard update rules for Bayesian

linear regression and is given below.

Proof. (Proof of Lemma 30)

Using the posterior update rule for Bayesian linear regression [43], the posterior of the
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oracleatt = .7+ 1 is

o ! 7,
9;%+] =z 40 Z miJm;;) (Z*le* +0 Z mi,zDi,t>

=1 t=1

& - 7 7 S
- T -1 T T
=|X, +o Z mi m; Y 6.+0 Z m,-7,ml-7,9i +0 Z mit€; |,

=1 t=1 t=1

T

—1
TS [ y-1 T
L 71 = | Zx +szl’1mi’t> '
t=1

Similarly, the posterior of the Meta-DP algorithm at t = .7, + 1 is
te ! R T
61'1,\/2?4-1 = Z*_l + 0o Z miJmth E*_l 0;+o Z ml'JD,'J
t=1 t=1

=1 =1 t=1

7 - 7 7
—1 T -1 T MD
=|L, +o Z M m; , Y. 6+o Z mim; 60, + o Z mit&; |,

7 -1
/i
MD _ [ y-1 T
Y1 = (Z* +0 Zmutmi,t :
t=1

The result follows directly. 0

We also note that the prior-independent Thompson sampling algorithm employed in the

exploration epochs satisfies a meta regret guarantee:

Lemma 64. The meta regret of the prior-independent Thompson sampling algorithm in a

single epoch is 5(d2T1/2).

The proof can be easily adapted from the literature (see, e.g., [10, 5]), and is thus
omitted. We note that our normalization implies E[||68]|] = ©(d'/?)). Lemma 64 ensures
that we accrue at most 5(d2N0 V/T) regret in the Ny exploration epochs; from Eq. (4.5), we

know that Ny grows merely poly-logarithmically in N and T'.

C.3.2 Proof of Theorem 28

Consider any non-exploration epoch i > Ny + 1. If upon completion of all exploration steps

at time .7;+ 1, we have that the posteriors of the meta oracle and our Meta-DP algorithm co-
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incide — i.e., (91 Tl Z{VIQD )= (Gl Tt ,ZZTSy 1) — then both policies would achieve the

same expected revenue over the time periods .7;+ 1,---, T, i.e., we would have

REV(9“919+1’ z7+17T T) = REV<9“919+17 lﬁ+1vT 9)

By Lemma 30, we know that Zl Tl = Zi\@) 1 always, so all that remains is establishing

TS
when 91 il T 61 Fi+1"
Since the two algorithms begin with different priors but encounter the same covariates
{xi;}_, and take the same decisions in ¢ € {1,---, ;}, their posteriors can only align at

time .7 + 1 due to the stochasticity in the observations &,. As shown in Eq. (4.10) in

Section 4.2.3, alignment occurs with 9 Tl = 91 Tt if
1 _ _ A
a0 —x = (M) MR (6. 6)

where we recall xT5, leD were defined in Egs. (4.8)-(4.9).

Now, we start by defining the clean event

A 2(62 /Ao +52)d1og,(4dN>T
5=|M—&kﬁ¢(6/*'l‘&( ), Z<g  VizNe+1y,

(C.10)

which stipulates that for every epoch i after the initial Ny exploration epochs, (i) our esti-
mated prior mean ; is close to the unknown prior mean 6, (which holds with high prob-
ability by Lemma 29), (ii) and the event ./ defined in Eq. (C.2) holds, ensuring that the
number of exploration periods per epoch is small (which holds with high probability by
Lemma 57). Since & holds with high probability, we first focus on analyzing the meta

regret conditioned on &.

Denote the meta regret of epoch i conditioned on the event & defined in Eq. (C.10) as

ZN.1(i) | &. The next lemma bounds the meta regret for any epoch i > Ny under the event
8.
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Lemma 65. The meta regret of an epoch i > Ny + 1 satisfies

Znr(i)| & = o(ﬁﬁ \/73)

Proof. Proof of Lemma 65 As noted earlier, during the exploration periods 1 <t < .7}, the
meta oracle and our Meta-DP algorithm encounter the same covariates {xi,t}thl and offer
the same prices; thus, by construction, they achieve the same expected revenue and the

resulting meta regret is 0. Then, we can write

Znr(i) | &
= E@i,éiaXiTsv Xi [REV (91’61 9+17 i, 9+17T 9) REV (9” 91 74—1’ i 7i+1’T - %) ’ @@}
= Eei,éwleD [REV* (9,‘, T— '%) —REV (9” 91 T+ =i 9+1’T ,7) ’ 5}

~Eg, g5 [REV. (6.7 — ) —REV (6,615, 51%,,. 7~ 7) | 6] (C.11)

We will use our prior alignment technique to express the first term in Eq. (C.11) in
terms of the second term in Eq. (C.11); in other words, we will use a change of measure
suggested by Eq. (4.10) to express the true regret of our Meta-DP algorithm as a function

of the true regret of the meta oracle.

We start by expanding the first term of Eq. (C.11) as

EX?AD[REV*(Q,-,T—% REV (6,657, . ZY% 1.7 — %) | &]

(REV. (6;, T — .7;) —REV (6,0}, | ,.ZMD |, T — 7)) dx"P | & .

_/ exp _sz DH /262)

(2mo2)te/?

Given a realization of XIMD, we denote xiTS (XIMD) (with some abuse of notation) as the
corresponding realization of xlT S that satisfies Eq. (4.10). Note that this is a unique one-to-

one mapping. We then perform a change of measure to continue:

/ oxp (~ 2P /26%)  exp (= ™) 20%)

" exp (| (20 20%) (2mo%) 772
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x (REV, (6;,T — 7;) —REV (6,67, | LV |.T — %) dx}'°) | &

exp (2P /20%)  exp (|75 202)
2] <40y TG exp (— TS (0| 202) (70D
x (REV, (6;,T — 7) —REV (6;, 0P, |, =MD | . T — 7) dxMP) | &
L exp (— ) /20%)  exp (~ [P ()| /202)
2%l 240y Troa O] exp (— 15 (10| 202) - (270D

x (REV, (6;,T — %) —REV (6;,0]7 |, TV |, T — ) dyMP) | &

(II%FSW‘))W— HleDHZ>
exp

< max

||| <40/ Fiog, (2NT) 202
2
J exp () 207)
X
|2}P|| <40/ Tilog, (2NT) (2m02) 72
x (REV, (6;,T — %) —REV (6,6}, |, ZV% |, T — Z) dyM) | &

o exp (2] /20%)  exp (xS /202)
[7]|=40/ Ziloa. ONT) exp (|| 25 (xMP) |* /262) (2m0?) 72

x (REV, (6;,T — %) —REV (6,67, |, 2% |, T — 7)) dyM) | &
I - e oo (Sl eI 20%)
< max exp 3 / AL
|| 2P| <40/ Filog, (2NT) 20 NP (2mo?)
x (REV, (6;,T — %) —REV (6,6} |, TV |, T — ) dyM) | &
+ oxp (= [ 20%) e (=[P 120°)
2|40/ To8 VT exp (— |27 (M) |* /202) (2m0%)7/2

x (REV, (6;,T — %) —REV (6,6}, |, ZV% |, T — ) dyM) | & (C.12)
2 2
O 17l P
~ [l20|| <40/ Zion,GNT) 202

i i

X ]ExiTS [REV* (6;,T — 7;) —REV <0i’ Q;F%-H’ZTS%"‘I’ T- 2) | (5"]

+E, o [REV* (6,7 —7) —REV (6,65 |,.XV'2. . T — %) | &,

L

2| 2 40/ Tlog, (V7))
xPr(Hx,.MDH z4o,/9,~1oge(2NT)). (C.13)
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Here, inequality (C.12) follows from the fact that REV,(6;,7 —T;) > REV(6;,0,%,T —T;) for
any choice of 0 and X. Thus, we have expressed the true regret of our Meta-DP algorithm as
the sum of a term that is proportional to the true regret of the meta oracle, and an additional
term that depends on the tail probability of XIMD. To obtain our desired bound, we will
argue that (i) the coefficient of the first term decays to 1 as the epoch number i grows
large, ensuring that our meta regret goes to O for later epochs, and (ii) the second term is

negligible with high probability since )(I-MD is a subgaussian random variable.

We start by characterizing the coefficient of the first term in Eq. (C.13):

2 2
max exp ”%’TS(XIMD)H _HXzMDH
|| 2P| <40/ T 1og, 2NT) 202
e | et {0 it Gt i i
|| xMP|| <40/ F1og,(2NT) 262

= max exp (%zMD)T (M M)~ "M 21 (6, — él.)
||| <40/ Filog, (2NT) e
- - A2
X exp (" M)~ M 51 (6. — 6) |
204

(II%MDH (0" M) "' T2 (6. — 6) H)
exp 3
(e

< max

|| xMP|| <40/ Filog, (2NT)

Tay—1yTy—1 A2
Xexp<H(Mi Ml) Méj: (6* 91)“)

=CcXp 264

<4\/2~loge(2NT) (M M) "' M2 (6. - 6)| . (M M)~ 'MT 2" (6. - 6) ||2>
o2 '
(C.14)

Note that

4H(MITM,-)_1M,~TZ;1 (6.— )

| < (M) ) A (MMT ) 2 (251) |6, 6

<32\/ Ty (1 Pgy) (0% + 5A)dlog, (4dN°T)
- A2A%

S \/dﬁ,-loge@dNZT)

l

) (C.15)
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Furthermore, by the definition of Ny in Eq. (4.5), we have for all i > Ny + 1,

4/ Filog, NT) || (M M)~ 'M =1 (6. — 6)) || N (M) M)~ M= (0, — 6) || o
204 -
(C.16)

Combining Egs. (C.14) and (C.16), and applying Lemma 76 in Appendix C.7 yields

D
max X H ||2 H%l H
||| <40/ Filog, (2NT) 20
~ . 8/ Tilog ONT) | 4] )~ M =1 (0.— 0| || 1) ba = (6.~ 8)|
+ o2 +

04
161/ log, (2NT) (M M)~ "M =" (6. - 6)||
2

log, (4dN2T)log, (2NT
<1+4cz9\/d 0g,(4dN>T)log, (2N ), (C.17)

i

where we have used Eq. (C.15) in the last step. Plugging this into Eq. (C.13), we can now

bound

E v [REV. (6;,T — 7)) —REV (6,67, |,.£V'5,|.T — %) | &]

log,(4dN2T)log,(2NT
5(1+462<7f\/d og,(4dN°T) log, (2N ))

i
< Eyrs [REV. (6.7 — 7) e (0,075, 5157~ 7) | £]

+E mo [REV* (6;,T —7;) —REV (6,0}, | . Z¥D . T— 7)) | &

2] 2 40/ Tlog, (V7))
Pr (HX,MDH > 40, /ﬂiloge(2NT)) : (C.18)

As desired, this establishes that the coefficient of our first term decays to 1 as i grows
large. Thus, our meta regret from the first term approaches 0 for large i. We now show that
the second term in Eq. (C.18) is negligible with high probability. Similar to the proof of
Lemma 63, for any u € %, we can write Pr(HleDH >u) <2exp(—u*/(106.7;)) , which
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implies

1
Pr (Hx,MDII > 40,/ %mge(zNT)) <57 (C.19)

Moreover, noting that the worst-case regret achievable in a single time period is

2 pmaxXmaxy/ 1 ‘I'prznax ” 91'”7

and .7; < .7, on the event &, we can bound

E Mo [REV* (6,7 — 7)) —REV(6;,6)% |, Z¥2, . T — %) | &, ]| "] > 40,/%1oge(2NT)}

< 2(T — 7;) PmaxXmax /1 +pmaxE[||9i||]

= O0(VdT), (C.20)

where we recall from Eq. (C.7) that E[||6;||] = O(v/d). Substituting Egs. (C.19) and (C.20),
into Eq. (C.18), we obtain

2
( | 40y 97 \/dloge(4dN T)loge(zNT)>

l

xE, s [REV*(Gi,T—%)—REV(OZ,QgH, lyH,T ﬂ)]éa}JrO

VVd
|-
Substituting the above into Eq. (C.11), we can bound the meta regret of epoch i as

Znt(i)| &

2
. ( . \/dloge(4dN j)loge(zNT)>

l

Vd
X E,1s [REv* (6:,T — F) — REV (9,,91 S LIRS T - 9;) | (5’] +0 (W

:0<d2\/§+\§> .
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Here, we have used the fact that the meta oracle’s true regret is bounded (Theorem 27), i.e.,

E,rs [REV*(Gi,T—%)—REV@,,G, S I T~ ﬂ) |£’} < O(d*?VT).

The remaining proof of Theorem 28 follows straightforwardly.
Proof. (Proof of Theorem 28) The meta regret can then be decomposed as follows:

%N,T = (%N,T ’ 5) Pr(é") + (%N,T | —|£’) PI‘(—@@)
< (%N,T ’ g) + (C@Nj ‘ —\g) Pr(—\g) .

Recall that the event & is composed of two events: &7 (bounded by Lemma 57) and a bound
on ||6; — 6, (bounded by Lemma 29). Applying a union bound over the epochs i > Ny + 1
to Lemma 29 (setting § = 1/(N>T)), and applying Lemma 57 yields a bound

Pr(&)>1—1/(NT)—4/(NT*) >1-5/(NT).

Recall that when the event & is violated, the meta regret is O(NT), so we can bound
(ZNn71|—-E)Pr(=&) < O(NT x 1/(NT)) = O(1). Therefore, the overall meta regret is
simply

%N,T < (%N,T ’ (53)4-0(1).

When N > Ny, applying our result in Lemma 65 yields

No
Z(%’NT | &)+ Z (Znr(i) | &)+ 0(1)
i=1 i=Np+1

< NO@VT)+ Y O dz\/;¢_3>+0(1>

i=No-+1 N
< ié (dz\/?-i- g) +0(d*VT)

252



=0 (d(NT)} +d*VT),

where we have use the fact that Zi'\; 1/ Vi < 2+/N in the last step. O]

C.4 Convergence of Prior Covariance Estimate

Lemma 32 shows that, after observing i epochs of length T, our estimator 3; is close to
Y. with high probability. To prove Lemma 32, we first focus on the case where the event
o/ defined in Eq. (C.2) holds. For ease of notation, denote the average of the estimated

parameters from each epoch as

_ 1 =
@:,IZ@.
=13

Then, recall from the definition in Eq. (4.12) that

HZZ_Z*H()IJ
2vi—1 -1
e TRV
~ =z L @-a @-a)-——
op
1 ¢ 1 T i-1 _ T (0} Z |: ‘%:|
= Ej_l((‘%—@*)(@]—e*) 5 (0:-6) (6:-6) ———— *
op
2yi—1 -1
= _ - i1 GZFIE[VJ%}
- l_2j:l(91 9*)(6] 9*) _1—22*_ i—2
1 1
i—1 ] o1 oY E[ ,z]
—7 2 (0= 0) (0.26) 4 Rt — e
op
i—1 1 d : T o’ L 1E[VJ7;/}]
=i 1—1],_1(91 6:) (8= 6:) —%.- i—1
op
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Ly CEAE] )

(C.21)

op

We proceed by showing that each of the two terms is a subgaussian random variable,
and therefore satisfies standard concentration results. The following lemma first establishes
that both terms have expectation zero, i.e., ii is an unbiased estimator of the true prior

covariance matrix X..

Lemma 66. When the event <7 holds, for any epoch i > 3,

. . 1
P - * — Uk :Z* ,
1{:e 6.) (6;—6.) + i_l

1 GZZIE[LJ
i1 (i—1)2 '

Proof. (Proof of Lemma 66) When .o/ holds, the random exploration time steps are com-

pleted before T time steps. Denote

t=1

__7],
—1 A
@:%@<qum>:@—@. (C.22)

Then noting that E[6;] = 6., E[A;] =0, and E[AJAJT] =o’E [VJ‘%] , We can write

E [(91‘ —6.)(0; - 9*)T] =E [(91' +A)(6;+A)" — G*QJ]
= [0,60] — 0.0/ +E[aA] ]
=X, +0’E [V;}J .

Summing over j and dividing by (i — 1) on both sides yields the first statement. For the

second statement, we can write

E[(a-eg(@—-@JT]=ﬂE[aéf-—0*aI}
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Y Y )
_ k= k= aaT
=B ( i—1 )( l—l > 0-0.

L) 666 + L AA] + << jpsie 10,0, ¢
(i—1)2
_Z;;_:ll 06, + Loy ML 1 T
(i—1)? i—1
i—1
1 CERE[V

i1 (i—1)2

Having established that both terms in Eq. (C.21) have expectation zero, the following
lemma shows that these terms are subgaussian and therefore concentrate with high proba-

bility.

Lemma 67. When the event </ holds, for any § € [0, 1], the following holds with probability

at least 1 —26:

i— ; ; T i—1
L (6-0)(6-0)"  PTAE[V]
i—1 i i—1

op

_ 16(AA2 +160%d) (\/5d+210ge(2/5) v5d—|—210ge(2/5))
= A2 i—1 i—1 ’

op
16(AA2 + 1662d)(5d +2log,(2/8))
= A2(i—1) ‘

Proof. Proof of Lemma 67 First, since the OLS estimator is unbiased, we have that
E[6;—6.] =0

for all j, and consequently, E [6; — 6, ] = 0. Recall also our definition of A; from Eq. (C.22).
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Then, for any v € %2¢ such that ||v|| = 1, we can write for all u € Z,

E [exp(u(v,6; — 6.))] =E [exp(u(v, 0; — 6.)) exp(u(v,A}))]
=E [exp(u(v,0; — 6,))] E [exp(u(v,A))]

_exp (222> E [exp(u(v,Aj)

< exp u? Z+_862d
= 2 A2 !

where we have re-used Lemmas 60 (from Appendix C.2) and 77 (from Appendix C.7) in

the last step. Similarly,

2 (7 2
E [exp(u(v,0 — 6,))] <exp (i—l <%+&Z—2d>> :

By definition, along with Lemma 66, this implies that 6, — 6, is a (\/ (AA2+1662d)/ 2162) -

subgaussian vector and, similarly 6 — 0, is a (\/ (AA241602d) /A2 (i — 1)]) -subgaussian
vector. Applying concentration results for subgaussian random variables (see Lemma 78
from Appendix C.7), we have with probability at least 1 — &,

L (6-0)(6-0)  @TAE[v]

*

i—1 i—1
op
_ 16(AA2 + 1602%d) \/5d+ 2l0g,(2/8) , 5d+2log,(2/9)
- A2 i—1 i—1 '
Similarly, with probability at least 1 — &,
i—1 1
(E |V
2 s\ 1 L [ 1793}
* T * T - Z*
(9 91) (9 91) i—1 (i— 1)2
op
16(AA2 + 1662d)(5d + 2l0g,(2/8))
- A2(i—1)
Combining these with a union bound yields the result. [
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The proof of Lemma 32 directly follows as shown below.

Proof. Proof of Lemma 32 When the event </ holds, we can apply Lemma 67 to Eq.
(C.21). Tt is helpful to note that (i—1)/(i—2) <2and 1/(i—1) <2/iforall i > 3, and
5d +2log,(2/6) <10dlog,(2/0) forall 6 € [0,2/e]. By Lemma 57, the event <7 does not

hold with probability at most 2/(N>T?). Thus, a second union bound yields the result. [

C.5 Meta-DP++ Regret Analysis

As discussed in Section 4.3.3, we consider two cases; we first focus on the more substantive

case where N > Nj.

We define a new clean event

/={vi>N1 T < 7, H@._e||<8\/(62/7Le+51)d10ge(4d1v2n
— ? [ ] * [ > :

128(AA2 +1602d) ( \/5d10g6(2N2T) y 5dloge(2N2T)>

Y

85, < | |

A2
116; ]l §S+56\/dloge(2N2T)}, (C.23)

which stipulates that for every epoch after the initial N; exploration epochs, (i) the event
o/ defined in Eq. (C.2) holds, ensuring that the number of exploration periods per epoch
is small, (ii) our estimated prior mean éi is close to the unknown prior mean 6., (iii) our
estimated prior covariance ¥; is close to the unknown prior covariance X, and (iv) the true
parameter for epoch i 6; ~ .4(6,,%,) is not too large in the £;-norm. These events all hold
with high probability based on Lemma 57, 29, and 32, and by the properties of multivariate
Gaussians respectively; therefore the event ¢ holds with high probability.

Denote the meta regret of epoch i conditioned on the event _¢# defined in Eq. (C.23) as
%Nj(i) | . As noted earlier, during the exploration periods 1 <¢ < 7;, the meta oracle
and our Meta-DP++ algorithm encounter the same covariates {)c,-J}tT:1 and offer the same

prices; thus, by construction, they achieve the same expected revenue and the resulting
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meta regret is 0. Then, as in the proof of Theorem 28, we can write

Ent(i) | F
I MDP 5 MDP
~L, 0,775 v |REV (9“9z ST T — %) —REV(6,,6; 51, Zi.711, T — ) | /}

=Eq, 4, ,vor [REV. (6;,7 — 77) — REV(6;,60. 511,50 751: T — 7) | 7]

_Eﬂhéhxfs _REV* (6;,T —.7;) —REV (91791 Z+1 L, 7+17T 9) | /] (C.24)

Appendix C.5.1 states two intermediate lemmas and Appendix C.5.2 provides the proof of
Theorem 31.

C.5.1 Intermediate Lemmas

First, as we did for the proof of Theorem 28, we characterize the meta regret accrued by

QTS

aligning the mean of the meta oracle’s posterior 6; 7. ; and the mean of our Meta-DP++ al-

MDP
gorithm 6,77, .

Lemma 68. For an epochi > N,

EeiaéiuleDP [REV*(Bi,T_y) REV (617611\/2)41?17 ivﬂ?)il?T ‘7) | j}

3/2 r1ngd/2 2
(1 16ed Filog,'” (4dN>T)
Vi

x Eq, g, 415 [REV* (6;,T — 7)) —REV (9,, 05 | INPN T — @)

ofi)

Proof. (Proof of Lemma 68) By the posterior update rule of Bayesian linear regression

[43], we have

1 Z T - 1 Z T Z TS
9, T+l Y, +o Z mim; 4 Y. 6.+o Z mjm; 0;+0 Z mit&; |,

t=1 t=1

=1 t= t=1

F; —1
e (@m” +sz,.,,m;) ((zy) S azmlteMDP)
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Denoting M; = (mi 1. omy y> € #** 7 we observe that prior alignment is achieved

with OlM;}:l = 9 Tt 1 when the following holds:

O
LIGVAIYAR (&) oz (= &) ) () b+ om0+ Mg )|

An

(C.25)

We denote the RHS of the above equation as A, for ease of exposition. While this ex-

pression is more complicated than Eq. (4.10), it still induces a mapping between )(ZT S and

MDP

X;" . We then proceed similarly to the proof of Lemma 65. We start by expanding

]EXSWDP[REV*(G,-,T—,?) REV (6,65} |, Z¥50 1. T — )| 7]

(REV, (6;,T — %) —REV (6;, )07 |, ZV28 |, T — 7)) dx™ | 7 .

_/ exp (—[|xMPF||* /202)

(2mo?)7/2

MDP MDP

Given a realization of ;" , we denote x S( X' ") (with some abuse of notation) as the
corresponding realization of x| S that satisfies Eq. (C.25). It is easy to see that this is a
unique one-to-one mapping. We then perform a change of measure (similar to Eq. (C.13))

to continue:

exp (_HXIMDPHZ/262> exp( 27 (xMPP) ”2/262>
/x,-MDP exp (|| (M7 | /202) (2mo2)7/2

x (REV. (6,7 — 7) —REV (0, 020, 2P0, 7 — 70) dxM™) |7

IN

max o (L = )
||%}\ADP‘|§4G\/L7I~IOge(2NT) 202
< E,1s [REV*(Gi,T—y) REV (0,,91 y+1,2}\4§$1,r_2>

|

+E, mor [REV* (6;,T — 7;) —REV (6;, )57 . Z¥PL . T — 7))

Pr (H 2P| > 4o, /%oge@m)

MPPI| > 40,/ %loge(ZNT)}
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A

max

|| xMPP || <40/ Filog, (2NT)
< E,1s [REV* (6;, T — 7;) —REV (9,-, 05 1 XY o T — 9,)

i VK+ Szpmaxxmax \Vi 1+ Prznax
N b

o TS (MOP) || — || 2MPP |
P 20?2

/|

(C.20)

where the last step follows from Egs. (C.19) and (C.20). Thus, we have expressed the true
regret of our Meta-DP++ algorithm as the sum of a term that is proportional to the true regret

of a policy that is aligned with the meta oracle (i.e., it employs the prior .4 (MPP  yMDP 1)

i, T+10 =1, 7+1
and an additional term that is small (i.e., scales as 1/N).
We now characterize the coefficient of the first term in Eq. (C.26):
2 2
2P — (1™
max exp 5
|| xMPP|| <401/ Filog, (2NT) 20
2 2
_ ™" + A" — |27
= max exp 5
12207 || <4o/ FrTog (ZNT) 26
-
(") A 1A
= max exp > + o
|| xMPP|| <40/ Filog, (2NT) c 20
MDP || || A A2
. . exp (121181 180
|| XMPP|| <46 \/ T log, (2NT) Y 20
4y/t.1og,(2NT)||A Anl?
— max exp | 2V el BNDIA f1Al7) (C.27)
|20 || <4/ Zilog, 2NT) o 20

To continue, we must characterize ||A,||. Applying the triangle inequality, we have that

1A (€29
| =1 A 1 S~ swy 1 g

<@ ez || (= - )7 (E) 7 b+ o 6+ M) |
Gle Gle

The first term of Eq. (C.28) satisfies

1

oA (£F) o 6.

2 (6—0)+ (&) -z (6-0)+ () -2,

B 1
o,




1
ol

) S
op e

1 e N A
o RIS o (GRS RS
4 \/ (02/ 2 + 57)d log, (4dNT) (1

Ay —1 _
02A2i Z+WW)_£J

((i;v)‘l —z;l) 0,

&) -zt

*

op .
(C.29)
Next, the second term of Eq. (C.28) satisfies

1
oA,

W

(== )7 ()7 6+ oM 6,4+ Mix)™ )|
2*—1—@?)_1 op w T MDP
ot (| )7 8|+ lommael o] + s>
—(sm 7!
(e,
+40 P mastna F(1+ Phae) 08, (2NT) )
[et-En

Glg = (HZ* 1Hop (S+ 1) + G’%xlznax(prznax—i_pilﬂ)

<

(S+ 1) + Gﬁxﬁlax(l’?nax +p?nax)

(C.30)
+40 i 1+ P o8, (ONT)
Ay —1
8 PmaxXmax \/2(1 +pr2nax) log,(2NT) ‘ - (le)
< 7 or. (C.31)
e

where Eq. (C.30) follows from the fact that [|£/'||,, > ||Z||op (on the event _#) and because

both matrices are positive semi-definite (since they are covariance matrices). Applying
Lemma 79, we can simplify the term

-

1

0 IO VLD ) v

*

op

A —1 A —
)7 =l iz,

2 2 2
L 2562 +1607) \/ Sdlog, 2N°T) (C32)
A2 i
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Combining Egs. (C.28)—(C.32), we have

1A <c3o_d\/d,%loge(4dN2T)1oge(2N2T)
nl| > " .

l

Substituting this expression into Eq. (C.27), we can bound the coefficient

™I 1l |
max exp 5
|| xMPP || <46/ Zilog, (2NT) 20

1 4dN>T
<exp <SC3dﬁloge(2N2T)\/M)

1

d
<1+ 16C3d,%10g§(4dN2T)\/:,
i

where we used Lemma 76 in the last step. Substituting into Eq. (C.26) yields the result. []

We will use Lemma 68 in the proof of Theorem 31 to characterize the meta regret from
prior alignment. The next lemma will help us characterize the remaining meta regret due

to the difference in the covariance matrices post-alignment.

Lemma 69. When the event / holds, we can write

TS y/MDP
r dy <9i,t 2y ) 204d%/>T log}/* (2N?T)
max

z-l;;l+le:|re—eﬁsusc an (15,58) ~ Vi -

it

Proof. (Proof of Lemma 69) By the definition of the multivariate normal distribution, we

have

d.v (618, or)

oSt
max : :
oifoai¥<c d.x (615,51)

it

T -1 T -1
(o-ap)" () "(o-o1)_(o-ap)"(s2) (o=t
max  exp —
6:[|6-67%|| <c 2 2
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£ (o=’ (s 51)(o-)

= | ——=rfoo- max exp
\ et 0 -g0r) <c :

_ anoy —1
- (2)
2

det((iy)’l+zf i) c|
exp
\ det(Z + 1w,TwT>

A —1 1 _
det(@”) +Ee Wi, rWT> . (128C2(7L7Lez+1662d) \/Sdloge(ZNzT))
\ det (Z*_l +Y 11 w; TWT) 7%2&2 ,

op

IN

<

i

where we have used Eq. (C.32) in the last step. Since our estimated covariance matrix is
widened, we know that on the event _#, X1 — (V') oyt (Zr—x,) (f‘,w) ~!is positive
semi-definite, and thus it is evident that (Z +Zt Wi, —;WT > ((i}”) +Zt Wi, TWT )

is also positive semi-definite. Therefore, conditioned on the clean event / ,

S0\ — 1 _
det (&) "+ X wiow] ) 1
<

det (Z; LS th_:]l Wiﬂ“{r) B

The result follows directly. [

C.5.2 Proof of Theorem 31

Proof. (Proof of Theorem 31) First, we consider the “small N" regime, where N < N;. In
this case, our Meta-DP++ algorithm simply executes N instances prior-independent Thomp-
son sampling. Then, an immediate consequence of Lemma 64 is that the meta regret is
bounded by N x O <d2T1/2> = (d3(NT)5/6> because N < Ny = O(d*T?). Thus, the
result already holds in this case.

We now turn our attention to the “large N" regime, i.e., N > Nj. The meta regret can be

decomposed as

Ent = (%N71| L )Pr(F)+ (%Nr|= 7 )Pr(= 7))
< (%nr| 7))+ (%Bnr|= F)Pr(= 7).

263



Recall that the event _¢# is composed of four events, each of which hold with high proba-
bility. Applying a union bound over the epochs i > N; + 1 to Lemma 57, Lemma 29 (setting
8 =1/(N?T)), Lemma 32 (with § = 1/(N>T)), and Eq. (C.9) (withu = 55+/dlog,(2N?T)),
we obtain that

Pr( #)>1-4/(NT)—6/(NT*) >1—10/(NT).

Recall that when the event ¢ is violated, the meta regret is O(NT), so we can bound
(%N7|— 7 )Pr(— #)=O(NT x1/(NT)) = O(1). Therefore, the overall meta regret is
simply

Zng < (Znr| F)+0(1). (C.33)

Thus, it suffices to bound Zn 1 | _# . As described in Section 4.3.3, we consider bound-
ing the meta regret post-alignment (t = 7;+1,--- , T), where our Meta-DP++ algorithm fol-

lows the aligned posterior ./ (GIT} 4 ,Z?/Igil) Let .4 (615 %! MDP) denote the posterior of

it

our Meta-DP++ algorithm at time step ¢, if it begins with the prior .4 (81 Tt ,Z}\%Dil) in

time step .7; + 1, but follows the randomness of the oracle. Then, we can write
Ea., [REV. 007 = 7) —Rev (6,65, 250 7 - 7) 7
6i7éi7 /GREV* <017T_L%)_REV(61767071)

MDP MDP MDP
—REV(QI,Gngrz, l$+27T_’71: )d’/V<91_7+17 l7i+l)‘/i|

6:.6;, / REV. (6;,T — 7)) —REV(6,,6,0,1)
0:0|<C
—REV(Q,,GIM;_I:Z,Z?A})S_%T—<7,'— )d‘/V(Gz Ji+1s ivl,]?)il ‘/}
+E6- b, {/ REV. (6;,T —.7;) —REV(6;,0,0,1)
i | Jo01>c

MDP MDP MDP
—REV(GZ,G, 9+2,213+27T_9_ )d’/V(el Ti+1» 1<7+1 ‘Ei|

MDP
<E, 4 max d-v (6, 9+1’Z§, 1)
—-6,,6;, 9:||6_91(711\/[DP"§Cdc/V(QlT2+1,Z;FSy+1)

(REW< (Gi,l)—REV (91791 Fi+1> z?#—l? ‘/]
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MDP
E. . max d’/V(el T+ iﬂ—i—l)
6,.6;, TS TS
e:"e—0§%+l\‘§cd</’/(91 7L Z41)

X (REV*(ei,T—z—l)—REv (0,,9, a2 ;Mg?fz,T—,%—Q)‘/]

Pl

9, 6;,

/HG 0.5 T 1H>CREV* (6,7~ f)d,/V(Gl Tt MQD,-EQ
i, T+

where C = 50+/dlog,(NT). Inductively, we have

Eg, 4.5 |REV- (6,7 — 75) —REV (6,615, |, 52| 7 - 7)| 7|
T dv 0TS72/MDP
<Egs | T1 max ( P )
|2y 6:]|e-618||<c dA(6,°,X7)

x (REV, (61,7 — ) —Rev (8,615, 51%,1.T = ) )| 7

T T d,/V(QTtS,ZMDP)
+ E, 4 max ‘ (C.34)
t;ﬁ_} 6;,6;, t:1;+29¢!|9—9$3||ﬁc d{/i/(ngtS’ZTS)
X REV, (GiaT_t)d‘/V(el];‘S?Z;l\t/lDP) /:| :
0:6|>C

Applying Lemma 69, we can bound Eq. (C.34) as

Eg, 4,15 |REV- (6,7 — 77) ~REV (6,615, ZNP T~ )| 7 |

14 204d5/2T10g3/2(2N2T)
Vi

erhéh[REV*(Qi,T—f) REV(Q,,G,gH, 2T — 9))/]

/

<

T
+ Y Eg, {3 / REV, (6;,T —1)d.# (65, £MDP)
t—y_l’_ Yy 9”6H>C ’ ?

B 1_*_204415/2T10g3/2( 2N’T)
- Vi

xEg 4. [REV*(G,-,T—% REV (9,,1919“, ZQH,T 9)‘}] +0(]17)

where we used Eq. (C.9) in the last step. Thus, we have expressed the post-alignment meta

regret as the sum of a term that is proportional to the true regret of the meta oracle and
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a negligibly small term. We can now apply Lemma 68 to further include the meta regret

accrued from our prior alignment step to obtain

EehéhleDP [REV*(GbT_ i) —REV (917 zM;ED ygilvT_ 9)|/]
1 3/2 g1 3/2 4JdN2T 2e4d?T1 3/2 2
. <1+ 6c3d’> Floge*(4dN’T) | (| | 2e4d®Tloge”(2NT)

Vi Vi
]+0(%>.

Xy, g, |REV. (8,7 — 7) ~REV (6,615, X1%.,.T - 7)
As desired, this establishes that the coefficient of our first term decays to 1 as i grows large.

Thus, our meta regret from the first term approaches O for large i, and all other terms are
clearly negligible.
Noting that N > N; = O(d*T?) in the “large N" regime, we can upper bound the meta

regret as

N 16¢3d%/2 Flog* (4dN>T) 2c4d5°Tlog2/*(2N?T)
) 1+ 1+ —1
Vi Vi
1
xEq 4. [REV* (6:,T — 7)) — REV (9,, oS | 518, T — 9) } +o <ﬁ)

Nt ~ L3\ 5
:0<i—§‘+1 N ) - O<d4N T) - 0<d2(NT) )

i=N;+1

C.6 Extension to Multiple Products with Substitution Ef-

fects

Thus far, we have considered the setting where the seller offers a single product in each
epoch. In practice, there may be many products offered simultaneously in an epoch, and
there may be substitution effects across these products (within a single epoch) that must be
additionally modeled. We now show that our transfer learning approach extends straight-

forwardly to this setting.
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C.6.1 Formulation

We extend our single-product epoch formulation from Section 4.1 to a multi-product epoch
formulation, where K products are offered in each epoch. To capture substitution effects
within an epoch, we will employ an epoch-level joint demand model across all K products.
Our demand model is an extension of the multi-product demand model proposed by [117],
with the addition of (exogenous, product-specific and customer-specific) features. The
seller will now choose a price vector (one for each product), observe a demand vector, and

estimate the demand function jointly across all products given the price/demand data.

As before, in epoch i € [N] at time ¢ € [T], the seller observes a random feature vector
Xir € 27, which is sampled 1.i.d. from a known distribution @lm P She then chooses a
price vector p; = < Pty p;.”’t{’K>T c #X, where Py is the chosen price for product
k € [K] in time ¢ and epoch i. Recall that, owing to practical constraints, we assume that the
allowable price range is bounded across periods and products, i.e., p;’;l’ € [Pmin, 1)K and that

0 < pmin < 1.! The seller then observes the resulting induced demand for product k € [K],
D;ntpk(ptt’xll) <azk’xl’ +Zpll‘] zkj’x”>+81tk7

where Oc P c %#¢ and B"P. € % are unknown fixed constants throughout epoch i, and

ik,j

ltk ~ JV(O 0?) is i.i.d. Gaussian noise with variance ¢2.

Observe that the demand for product k now depends not only on the price of product
k but also on the prices of all other products in this epoch — in particular, B; ; ; for j # k,
captures the substitution effects between products k and j under feature vector x; ;. For ease

of notation, we collectively denote the demand vector

DY (P} xis) = (D:"[pl(p” Xig) .. DZ@’?K(p?;P,xm)) : (C.35)

'Note that we have set Pmax = 1; this is done WLOG since we can always normalize our parameters
appropriately.
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Shared Structure: For ease of notation, we additionally define the matrix

mp mp
o P
B Bk
eimp — 17.171 z,.K,l c %(K—H)dxl(,
mp mp
Bi,l,K o /31‘,1(,1(

where 6" is the unknown parameter matrix that must be learned within a given epoch
in order for the seller to maximize her revenues over 7 periods. When there is no shared
structure between the {6;"” f\’: |» our problem reduces to N independent dynamic pricing

problem:s.

However, as discussed in the main chapter, we may have some shared structure that can
be related across products. We model the shared structure by positing that product demand
parameters {Gl-mp iv: | are independent and identically distributed draws from a common
unknown matrix normal distribution,” i.e., 6,"" ~ .4 . (67 LI Ik) for each i € [N].

(The third argument is /g because the noise terms are uncorrelated by assumption.)

Assumptions: We impose the same assumptions made in Section 4.1.2. However, since
we are now learning (K2 + K)d instead of just 2d parameters (in the single-product case),
we may naturally expect that the constants to differ. Specifically, we take the constants in
Assumption 8 to be xpyax and §"7; similarly, we take the constant in Assumption 10 to be

A" and A™ for the multi-product setting.

Meta Oracle: As before, we define our meta oracle to be Thompson Sampling with
a known prior. Here, our meta oracle is TS (.4 (67, "7 Ix) ,A;"") , the Thompson
sampling algorithm with prior .# .4 (6;",Z{""  Ix) and an input parameter A;"”. The de-

scription is formally given in Algorithm 10 below. As before, we perform random price

2See, e.g., [95] for the definition and properties of a matrix normal distribution.
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exploration for O(1) time periods by offering initial prices

Pmin 1 Pmin Pmin
Pmin Pmin 1 Pmin
p(l) = | Pmin | p(2) = | Pmin | > p(3) =1 pmin | > - p(K+1) =
Pmin
Pmin Pmin Pmin 1
(C.36)

The random exploration period ends once the minimum eigenvalue of the matrix

t

-
T mp T mp T T mp T mp T
Zl<xi,s Pis1¥is "'pi,s7Kxi,s> (xi,s Pis1Xis "'pi,s,Kxi,s>’

s=

exceeds A."”. For each subsequent time step, the meta oracle (1) samples the unknown

product demand parameters

o mp o mp
iz it Kk
B B
mp 1,1 it,K,1
it ’
B B
it,1,K i,t,K.K

from the posterior .4 <9.TS Ix® ZTE) , and (2) solves and offers the resulting optimal price

it

based on the demand function given by the sampled parameters

K K
pip = argmax Y [Pk <<&i7t,kaxi,z>+ ij'<ﬁi7t,k,j»xi7t>>] : (C.37)

PE[Pmin, 1]€ k=1 j=1

Upon observing the actual realized demand D;; (pf,s,xi,,), the algorithm computes the

posterior .4 N (G.TS xTS

TARE l,t+17lK> for round # 41 [158]. The same algorithm is applied

independently to each epoch i € [N].

The following theorem bounds the Bayes regret of our meta oracle:
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Algorithm 10 TS(.Z .4 (6" | Xi" Ik) ,A¢'") : Thompson Sampling Algorithm

1:

e I3

10:
11:
12:

13:
14:

Input: The prior mean matrix 6, and covariance matrix X", the index i of epoch,
the length of each epoch T, the noise parameter ¢, exploration parameter A,.

Initialization: ¢ < 1, <91.’T,S,Zzts> — (ka" 0 e ) ,

: t—1 (T T T\ (T T T
Whlle A'mm < s=1 (xi,s pivslel'“S' o 'pi7s7K'xi7S) (xl'7S pivslel',s o 'pi7S7le.,S>> S Ae
do

Observe feature vector x;;, and offer price pthS + plt mod K)
Observe demand D;, (pgf,xi7t> ) and compute the posterior
TS yTS
MN <9i,t+1’2i,t+1711<> :
t—t+1.
end while
while r < T do
Observe feature vector x; ;.
Sample parameter é,-,t ~ MN (953,22?,11() )
Offer p; according to eq. (C.37).
Observe demand D;, <pzts,x,-> , and compute the posterior
TS TS
MN (ei,t+172i,t+17lK> ‘
t<—t+1.
end while

Corollary 70 (Multi-Product meta oracle). The Bayes regret of Algorithm 10 satisfies

Bayes Regrety (1) = O <K3d%N\/T> ,

when the prior over the product demand parameters is known.

Corollary 70 follows directly from Theorem 27 in the single-product case. This is be-

cause, if a matrix X follows the matrix Gaussian distribution .Z .4 (A,B,C), then vec(X),

(i.e., the vectorized version of X that concatenates each column of X to form a vector), fol-

lows the multivariate Gaussian distribution .4 (A,C ® B) [95]. Thus, since we still maintain

a linear demand model, the only mathematical change is that the unknown parameter has

dimension (K? + K)d instead of 2d. Thus, the same result applies by replacing the d in
Theorem 27 with (K? +K)d.
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C.6.2 Multi-Product Meta-DP Algorithm

The multi-product Meta-DP algorithm is presented in Algorithm 11. We first define some

additional notation, and then describe the algorithm in detail.

Additional Notation: Analogous to our previous notation, we use

Xit
mp
mp pi,t,lxlyf
it T . ’
mp
Dt xXit
t m m L
to denote the price and feature information and V —1 M, P (ml- e ) to denote the

Fisher information matrix of round ¢ in epoch i for all i € [N] and ¢ € [T].

Algorithm Description: The first N(;” P epochs are treated as exploration epochs, where

we define
NP = (572 (K? 4 K) log, (4d (K> + K)NT) log, (2NT) AL, (€.38)

and the constant c';p is defined as

o 321/ 222,,(0 (A7) 452"
AmPAmPGZ :

As before, the Meta-DP algorithm proceeds differently for earlier exploration epochs and

later epochs:

1. Epochi < Nanp : The Meta-DP algorithm runs the prior-independent Thompson sam-
pling algorithm [10, 5] TS(.#Z A" (0,¥"” - Ik 1)4,1k ), Ae), Where

pmp o\/ 2d1og, (T (14 2x2,,,T)) + \/ 201" dlog, (2T).
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2. Epoch i > Ny'P : the Meta-DP algorithm computes the ordinary least square (OLS)

estimate of the parameter vector 6; for each of the past epochs; then, it averages these
OLS estimates to arrive at an estimate él.mp of the prior mean 6,, i.e.,
~1
i—1 mp T mp \mp /_mp
Yo (Vj,T> <2t:1 m; D (P axj,t)>

6" = — : (C.39)

Then, the Meta-DP algorithm runs the Thompson sampling algorithm (see Algorithm
10) with the estimated prior .. (6"7, X" Ix).

Algorithm 11 Meta-Personalized Dynamic Pricing Algorithm

1: Input: The prior covariance matrix X7, the total number of epochs N, the length of

each epoch T, the subgaussian parameter &, and the set of feasible prices [pmin, 1].

2: Initialization: N as defined in eq. (C.38).
3: for eachepochi=1,...,N do

4.

5
6
7
8
9:

if i < Nj then

Run TS(%JV(O,‘PmP'I(K_,,_])d,IK),ﬂ,emp).
else

Update 8" according to eq. (C.39), and run TS (.24 (8", 17 Ix) , A7) .
end if

end for

We now translate our previous upper bound on the meta regret of the single-product

Meta-DP algorithm to the multi-product setting.

Corollary 71 (Multi-Product Meta-DP). The meta regret of multi-product Meta-DP satis-

fies

%N 1(Meta-DP algorithm) = O <K4d2(NT)%> .

Corollary 71 is again an immediate consequence of Theorem 28. Again, this is because,

if a matrix X follows the matrix Gaussian distribution .# .4 (A,B,C), then vec(X), (i.e.,

the vectorized version of X that concatenates each column of X to form a vector), follows

the multivariate Gaussian distribution ./ (A,C ® B) [95]. In other words, we can map

the multi-product prior .Z .4 (67, X5 Ik) to the same form as a single-product prior

N (07 I @ £{'7), by taking the unknown prior mean to be the vectorized vec(6;") and
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-
the prior covariance to be (1 pt o pt ) ®Rxi; 1k (1g is the K x 1 column
i1 i,t,K ’
vector with all entries equal to 1). Thus, since we still maintain a linear demand model, the
only mathematical change is that the unknown parameter has dimension (K? 4 K)d instead

of 2d. Thus, the same result applies by replacing the d in Theorem 28 with (K? 4 K)d.

C.6.3 Multi-Product Meta-DP++ algorithm

The multi-product Meta-DP++ algorithm is presented in Algorithm 12. We first define

some additional notation, and then describe the algorithm in detail.

Algorithm Description: The first Ni"p epochs are treated as exploration epochs, where

we define

N = max{No, 32(c")%d> (K*+ K)? 72 1og> (2d (K> + K)NT),

(c4?)2d* (K> + K)*T?logl (2N°T)}, (C.40)

and the constants are defined as

. 16\/ oAyt 450" . 256(A"" (AT")2 +1662) [ 8V 2xmax S
3 = o-)‘eml’&mp (Aemp&mp)z ),emp ermp ’
C10*e(X"(A)? +1662)

(A’ '

c4

As before, the Meta-DP++ algorithm proceeds differently for earlier exploration epochs

and later epochs:

1. Epoch i <NJ™: the Meta-DP++ algorithm runs the prior-independent Thompson
sampling algorithm TS(.#Z A" (0, ¥ - [k 1)a, Ik ), Ae), Where

g — G\/Za’loge(T(l +2:2. . T))+ \/ 201" dlog,(2T).

2. Epoch i > NJ™: the Meta-DP++ algorithm computes an estimator 8" of the prior

mean 6;"” using Eq. (C.39) (same as the multi-product Meta-DP algorithm), and an
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estimator £} of the prior covariance X as

i i

where, following the single-product Meta-DP++ algorithm, we define

= (vim)” (ZD (1 i) )

The widened posterior covariance is thus

cmpr o 1282 (AJ")? +-80%dK (K +1)) [5dK(K +1)log,(2N2T)
X dgki1)a

(C.42)

where Ig (k1 1)q is the (K(K + 1)d)-dimensional identity matrix.

Then, the Meta-DP++ algorithm runs the Thompson Sampling algorithm (see Algo-
rithm 10) with the estimated prior .2Z.¢" (6" £""" ).

Algorithm 12 Meta-Dynamic Pricing++ Algorithm

1: Input: The total number of products N, the length of each epoch 7', the noise parameter

9:

2
3
4
5:
6
7
8

o, and the set of feasible prices [pmin, 1].
: forepochi=1,...,N do

if i <N’ then
Run TS(%JV(O,‘PmP'I(K_i_])d,IK),ﬂ,emp).

else
Update 8" and £ according to Eqgs. (C.39) and (C.41) respectively.
Compute widened prior mean estimate ;""" according to Eq. (C.42).
RunTS(//L/V( 6" S Ix) , AT .

end if

10: end for

We now translate our previous upper bound on the meta regret of the single-product

Meta-DP++ algorithm to the multi-product setting.
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Corollary 72 (Multi-Product Meta-DP++). The meta regret of multi-product Meta-DP++

satisfies
% 1 (Meta-DP++ algorithm) = O <min {K4d2NT%, K34*NAT? }) =0 (K6d3 (NT)%) .

Corollary 72 is again an immediate consequence of Theorem 31. The reasoning is
exactly the same as for Corollary 71, so we omit it. Essentially, we can map the multi-
product prior to the same form as a single-product prior, so that the only mathematical
change is that the unknown parameter has dimension (K2 + K)d instead of 2d. Thus, the

same result applies by replacing the d in Theorem 31 with (K> + K)d.

C.7 Auxiliary Results

For completeness, we restate some well-known results from the literature.
The following lemma characterizes the Bayesian regret of Thompson sampling for the

linear bandit.

Lemma 73 (Proposition 3 of [162]). Fix positive constants ,c, and ¢'. Denote the set
of all possible parameters as ® € %, the mean reward function as fg(a) = (¢(a),8) for
some ¢ 1 o — R, sup,cellpll < ¢, and sup,e ., ||¢(a)|| < ', and for each t, the noise

term is O-subgaussian, then the Bayesian regret of the Thompson sampling algorithm is
O(aV'T).
The following lemma characterizes the eigenvalues of a matrix Kronecker product.

Lemma 74 (Corollary 13.11 of [126]). Let A be a real-valued matrix with singular values
A1 > ... > A >0, and let B be a real-valued matrix with singular values A{ > ... > A} >0,

then A® B has r- s singular values ;A (i € [r] j € [s]).
The following lemma upper bounds the covering number of a d-dimensional unit ball.

Lemma 75 ([171]). For the d-dimensional unit ball, its 0 covering number is upper bounded

by dlog,(14+2/9).
The following lemma provides an upper bound for the quantity exp(1/a) when a > 1.
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Lemma 76. For any number a € [0,1], exp (a) < 1+ 2a.

Proof. Proof of Lemma 76. We note that the function f(a) = exp(a) — 1 —2a is a convex

function as
f'(a)=e" >0, (C.43)
as well as that f(0) =1—1=0and f(1) =e—3<0,s0 f(a) <Oforalla € [0,1]. O

The following lemma makes a connection between the tail probability of a random

variable and its moment generating function.

Lemma 77 (Lemma 1.5 of [154]). For a random variable X € % such that E[X]| = 0 and

forany u > 0,
2
Pr(|X| > u) <2exp (_ZM_GZ) ,

we have for any v € Z,
Elexp(vX)] < exp(4v*c?).

The following lemma provides a concentration inequality for estimating the empirical

covariance matrix.

Lemma 78 (Theorem 7.1 of [155] and Theorem 6.5 of [171]). Let Xi,...,X,, be n i.i.d.
copies of the random vector X such that E[X] = 0,E[XX "] = £, and X is c-subgaussian
vector. Then, the operator norm of the difference between the empirical covariance )}, X,XiT /n

and ¥ satisfies

.
Pr (‘ Lo XXy

n n n

< 102 (\/5d—|—210g8(2/5) y 5d—|—210ge(2/6)>> Cils

op

forany 8 € [0,1].

The following lemma shows that the operator norm of the product of two matrices is

upper bounded by the product of the operator norms of those matrices.
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Lemma 79. For two positive semi-definite matrices A and B, we have
1AB|lop < [|Allop||Bllop-
Proof. The statement can be easily concluded as follows.

AB
[ABllop = max [ABx] = max JAE
x:x||=1 slm1 B

|| ABx]|

wladl=1 [[Bx[| ylat

B |ABx/||Bx]||
max ————

~ Bxfxf=1 ||Bx/||Bx]|| ynyu 1

=l[Allopl|Bllop-

x [[By]

x By

]

The following lemma compares the determinants of two positive semi-definite matrices.

Lemma 80. For two symmetric positive semi-definite matrices A and B, if A — B is positive

semi-definite, then det(A) > det(B).

Proof. Note that

det(A) = det(B + (A — B)) =det (B% (1+B—% (A—B)B™?

—
!

—det(B)det ((1+B73(4~B)B™?)

> det(B) (1-+det (BH(a—B)B 1)) (C.44)
=det(B) +det(A — B)

> det(B). (C.45)

Here, inequality (C.44) holds because [T3%, (1 + ) > 1+ T34, e where py is the k™
eigenvalue of Bz (A— B)B_%, and inequality (C.45) holds because A — B is positive semi-
definite. U
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Appendix D

Proofs for Chapter 5

D.1 Proof of Proposition 33

Weletx; =1,xp=T,x, =t — 1Vt €[3,T], and

(
1 ifxisoddand x, < T;

Vi 0 ifx isevenandx; < T;

3 ifx=T.

\

Then, we can see that the oracle can employ a constant function f(x,) = 1/2 and achieve a

cumulative loss at most

ey <y e(ba) = ¥ (%)2 p )

t=1

According to [121], the solution to the least square problem 5.6 can be computed by the
Pool Adjacent Violators Algorithm (PAVA) [24]. The algorithm is based on the observation
that if the labels of any two consecutive labels y;, y;; 1 violate isotonicity (i.e., x; < x; 41 but
yi > yir1), then we must have f(x;) = f(x;y1) in the optimal solution of the least square
and we may merge both points to their average. This process repeats and terminates until
every historical data is passed. For every time step 7, there are two important properties of

the fitted function f, [156, 121]:
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1. The function f;(-) is piecewise constant and thus its level sets partition {1,...,T}.

2. The value of ft() on any level set is equal to the weighted average of labels within

that set.

Now, we show that even if the ILS policy knows f(x;) = f(T) =1/2+1/T and f(x;) =
f(1) =1 (i.e., the ILS policy does not need to perform extrapolation) would have to incur

a cumulative loss of 13(7 —2)/32. To see this, we distinguish two cases for every t > 2 :

e Case 1. x; is odd: In this case, one can easily verify f;(x) = 1/2 and hence,
A 1\ 1
14 =|l=—-1) =-.
(ﬁ (xf)7yl) <2 ) 4
e Case 2. x; is even: In this case, one can easily verify

ifx <x1;

oterhwise.

Bl =

Hence,

Summing up the two cases

Lo 1 9\T-2 13(T-2)_ 12(T—1)
Y it = (5+55) 5= s

where we use the assumption 7" > 14. The statement thus follows.

D.2 Relaxation and Admissibility

In [152], arate-optimal algorithmic recipe for the general problem of online non-parametric
regression is proposed based on the relaxation framework introduced in [151]. The relax-
ation framework follows a backward induction approach to characterized the minimax-

optimal regret bounds for general online learning problems. Although the induced algo-
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rithm is computationally inefficient in general, we will adopt the framework to characterize
the minimax-optimal regret upper bound, and design a computationally-efficient algorithm
in Section 5.2 for our setting by exploiting the special properties of random-design online

isotonic regression.

Following the zero-sum sequential game formulation for online learning (see, e.g., Sec-
tion 7.3 of [53]), the minimax-optimal regret of our setting can be written as (we recall
that {x;}L_| ~ 2,9, ~ ¢ € A([0,1]), and y, ~ p, € A[0, 1] for all time step ¢ € [T], but for

brevity, we often do not write these out explicitly)

T T
Hr =inf Zr(n|.7) =EinfsupEE... EinfsupEE Z Vr,y;) — inf Zf(f(xt),yt) ,
X1q1 p; YY1 XT 4T pp 97T | [ feZ 3

(D.1)

where the DM picks the g;’s to minimize the terminating loss, i.e.,

T T
; A/, _flélfg;,t:z‘ig(f(xz

, while an adversary picks the p;’s to maximize the terminating loss, which is also her gain.

Remark 32. The relaxation framework is not specifically tied to any particular online
non-parametric regression setting, and % can be replaced by any other non-parametric

function class.

Formally, a relaxation Rel = {Rel,}/_, is a sequence of mappings from the history
information and the covariate distributions to real numbers. Specifically, a relaxation Rel
is called admissible if the following conditions (in eq. (D.2) and eq. (D.3)) are satisfied,

Le.,
Rely (A7) > — inf )" 0(f(x),7), (D.2)

and for every t € [T], there exists a distribution g; € A(]0, 1]) (recall that for a set &7 € R,
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A(«7) is the simplex over .2¢), such that

E sup E_E_[((5,y)+Rel ()] <Rel,_; (). (D.3)
X peA([0,1]) Vi~ qryi~ Pt
Here, we do not explicitly include the dependence on & for brevity. It can be readily shown

that an admissible relaxation-policy pair can lead to the following regret bound guarantee.
Lemma 81. If Rel is admissible, then Z1 < Rely(%).

The proof of Lemma 81 is similar to the proof of Proposition 1 in [151]. For complete-
ness, we include it in Section D.2.1.

Suppose there exists a relaxation Rel that is admissible for a certain online non-parametric
regression problem, [152] proposed a natural way to derive 7 to attain the regret upper
bound specified in Proposition 81: For each time step ¢, after the covariate x; is revealed,

the DM predicts by sampling §; according to the distribution g; defined as follows:

gr:=argmin sup E E [((5,y)+Rel, ()] (D.4)

gi€A[0,1] piEA([0,1]) Fr~ar P
Remark 33. Although it can be easily seen that this specific choice of policy is can lead
to the regret upper bound shown in Lemma 81, it is often computationally hard to solve
the optimization problem (D.4) as pointed out by [152]. In particular, it is unclear how to

adopt this framework to the online isotonic regression problem even under the fixed-design

setting (see Section 1.1 of [121]).

One useful corollary for the relaxation result is that if the induced probability of a policy

7 satisfies eq. (D.2) and (D.3), then the regret of 7 is upper bounded by Rely(74).

Corollary 82. Following the notations in Section 3.1, let g; be the induced distribution of

7;, and Rel be any admissible relaxation, if it satisfies

T
RelT (%) 2 — inf Ze<f(xt)ayt)7
VS b
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and for everyt € [T,

E sup E E_[((5,y)+Rel, ()] <Rel,_ (H_1).
Xt 5 eA([0,1]) S~y pr

then the regret of * = {m }_, is upper bounded by Rely(. 7).

The proof of 82 is very similar to that of Lemma 81, and it is thus omitted.

D.2.1 Proof of Lemma 81

By definition, the regret of 7 can be written as (we recall that x, ~ %, §; ~ G, € A(]0,1]),

and y, ~ p; € A[0,1] for all time step ¢ € [T])

[T
Zr =EsupEE...EsupEE | Y ((5;,y1) — 1nf Ze ]
X1 P1 y1YI XT pT .)TyT =1

M~

<EsupEE...EsupEE
X1 P1 y]yl XT pr )TyT ¢

g(f’ta)’t) ‘i‘RelT(e%ﬂT)] (D.5)

I
—_

T-1
=EsupEE... E sup E E {Zﬁy,,yt +Esup]E]E[€(y,,y[)—l—RelT(%”T)]}

X1 P1 y]yl XT— lpT lyT 1YT-1 XT pr yryT

where we have used the admissibility condition (D.2) in inequality (D.5). Continue to apply

the admissibility condition (D.3), we can further upper bound the above as

Zr <EsupEE... E sup E E

X1 pp I X U pr_ IT—1¥T—1

T-1
Y £(eye) +Relr (%—1)] :

Recursively applying admissibility condition (D.3) fort =7 —1,...,1, we have

Xt < EsupER [£(91,y1) +Rely (£7)] < Relo(H).
fopr Y

D.3 Proof of Theorem 34

Following the discussion in Section 5.2.2, we know that the difficulty in analyzing the regret

bound of the SEW policy lies in its design, i.e., it utilizes simulated future covariates to make
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predictions. It turns out that the relaxation framework also leverages a backward induction
principle to establish regret bounds for online non-parametric regression problems [152].

We thus exploit this approach throughout the proof.

D.3.1 Arriving at the Relaxation

In this section, we first derive the relaxation (i.e., the potential functions V;’s will be the
Rel;(7%)’s then) for our setting. Following the discussion in Section 5.1.3, it is suf-
ficient to show a regret upper bound against the data-dependent discrete offline oracle
inffeﬂ({x,}T ) YL 0(f(x;),y:). We thus follow eq. (D.2) and (D.3) to work in a backward
manner, and begin by upper bounding the term —inf . e7 ()T Y2 0(f(x),y:). Note that

for any positive real number A (> 0),

inf Zé sup  — ) (f(x) -

jeﬂ({x,}r I feﬁ?({x,}f:l) =1

T
=2~ sup =AY (fx) -
feF(fayl) =l

From the fact that Vx € R, x = log, (exp(x)), we have

inf Z of ;) =A"log, sup  exp <—l (f (x) —yt)2>
feﬁ({x,}t 1 _fe'a/?({xt},T:])

M=

I
_

t

(f(x) —yz)2> :

M=

<A~ 'log, Y exp (—),
)

L re7 ({uhl,

I
_

t

where we have used the non-negativity of the exponential function to replace the supremum

by the summation. We can thus define

Rely(7) = A log, Y exp (—),
feF({x}3r,)

(f(x) —yt)2> (D.6)

TP

with A (> 0) to be specified in the forthcoming Lemma 83. It is evident that this choice

satisfies inequality (D.2) by definition. We then compute an upper bound for the quantity
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]Emfsup]EE [¢ (9r,yr) + Rely (#7)] to guide our design of the relaxation.

XT 41 pr yryr

Lemma 83. Setting A = 1/2 in eq. (D.6), we have

EinfsupEE [¢ (§7,y7) + Relr (7)) < 2Eloge Z exp [— >
XT
)

XT 41 pr ITIT fe 3’7({x,}T 1
. —

zgﬂﬂm—m1

The proof of Lemma 83 is provided in Section D.3.3 of the appendix. Lemma 83

motivates us to define the following relaxation for, i.e.,

t _ 2
vie[T]  Rel () =2E ...Elog, Y exp {_ s—l(f(;s) ys):|
+1 T feﬁ({xf}le)

D. 7
‘We now show that this choice of relaxation is admissible.
Lemma 84. The relaxation (D.7) is admissible.

The proof of Lemma 84 is provided in Section D.3.4 of the appendix. To this end, we
have come up with one possible relaxation for our problem. In what follows, we shall see

how to utilize the relaxation to show that the regret of the SEW policy is indeed O(Tl/ 3.

D.3.2 Completing the Proof

In this section, we verify that the SEW policy and the relaxation defined in eq. (D.7) satisfies
the precondition of Corollary 82, and the regret of the SEW policy is thus upper bounded by
Rely(Hy) = O(T'/3).

We first write out the output y; by the SEW policy at each time step ¢ € [T] explicitly.

For each time step #, conditioned on the sampled future covariates x/ .., X, we define a

41
distribution ¢, € A (F ({x,}\_, U{x, Y, 1)) : Vf e Z ({x} o U{X L, )

A exp (— X () —3,)/2) s
(f( )> Zf’Ec‘?f?({xs}t 1U{x Jj= t+1> exp (_ tv;ll (f/(xs) —ys)2/2) ( )

285



We can thus express J; output by the SEW policy as §; = [E  [f(x;)]. We now verify that
Xt )~

the SEW policy and the relaxation defined in (D.7) satisfy the admissibility condition in
(D.3). Note that

Esup E E [((5:,y:) +Rel; (4))]

Xt pp Ve~ De

=Esup E ...E E E( E [f(x,)],yz) + Rel, (ji?)]
Xt p, x;_H xpye~pe |\ f(x)~qr

2
=Esup E LLEE (f(E [f(x,)]—yz) —I—Relt(«%’?)]

X op; X X YerDpt X;)~qy
2
(B Irtl-»)
J(xe)~q
=Esup E ...E E |2log,exp

1+1
Xtopp Xpy o XpYPr 2

+Rel, (). (DY)

To proceed, we show the following lemma.

Lemma 85. Conditioned on x; |, ...,x7, we have

2
(f(x%w, ucy _yt> . Lyes ({x)_,ule)r,,,) SXP (X2 (F () —3s)%/2)

exXp <
2 Lre ({uy_,uyr ) X (~Xomi (f () =35)2/2)

(D.10)

The proof of Lemma 85 is provided in Section D.3.5. Applying Lemma 85 to the RHS
of (D.9), we have

Esup E E [¢(J,y:)+ Rel; (J4)]

Xt p, STy~ Dr

Z ' T t T exXp (_Zlg;lj (f/(xs) _ys)2/2)
<Eswp E ..E E |2log, —/E7 il : -+ Rel, ()
Xop,oxl, XD Zfeﬂ({xs};:lu{xg}_{:m)eXp(_Zs:l(f(xS)_ys) /2)
(D.11)
Further note that x;H,...,xT are i.i.d. copies of x;41,...,x7, the RHS of (D.11) can be
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rewritten as

Esup E E [£(J,y:)+Rel, (J7)]

Xt p S mYerDr

Y rea(ear XD (=X (f () —y5)2/2
<Eswp E ...E E |2log, —/ 7o) (—Z’ : )

+Rel, (4
Xt pp X+l XT Yt~ Pt ¢ Zfeg({xx}z:l) exp( l(f(xs) —ys)2/2) ! ( t)
(D.12)
t—1/ g1 _ 2
—Esup E ...E E {2log, Y  expl- =1 (%) =) . (D.13)
Xt p, X+l AT Yt~ Dt f’Eff({xx}T:l) 2
where we have recalled the definition of Rel, (%) as
t )
Rel[<%) = 2 E .. .Eloge Z eXp |:_ZS=1(f(-xS) yS) :| (D14)
Xt+1 XT P T 2
fEJ({x, [:1)

in inequality (D.12). Continue with (D.13), we have

Esup E E [¢($:,y:) + Rel; (574)]
Xt 2 Ve~ T Yt~ Pt

t—1 . 2
<E...E{2log, y exp<_2s:1(f(xs) ys)>
Xt XT )

feﬁ({xx}le 2

=Rel,_(J4_1).

Therefore, we have established that the relaxation defined in eq. (D.7) and the policy
induced by the SEW policy algorithm satisfy eq. (D.3). Together with Corollary 82, we can

derive the following regret upper bound for the SEW policy against the oracle

T

inf O(f (xr), 1)
rez ()

Lemma 86. The regret of the SEW policy against the discrete isotonic function class ¥ ({x,}thl)
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is upper bounded as

< Rely(7) <2Klog,(T +1).

T
Z 9 (), inf ZE ), 1)

jeﬂ({x,}l )

The proof of Lemma 86 is provided in Section D.3.6 of the appendix. By Lemma 86
and inequality (5.5), we know that the regret of the SEW policy against the isotonic function

class .Z is upper bounded as

[T
Rr =E | Y 05 (7), ) — 1nf Ze )| <2Klog, (T 4 1)+ T /4K>.

[ 1=1

By setting K = _T1/3/[4(10ge(T + 1))1/3]W this is of order Z7 = O(T'/3).

D.3.3 Proof of Lemma 83

Recall that for a set &7 C R, A(</) is the simplex over .27, by the minimax theorem [141],

we have

Einfsup EE [¢ (§7,yr) +Relr (7)) =Esupinf EE [¢ (§7,yr) + Relr (7))

XT 91 pp 91T XT pr 4T $19T

Since the RHS is convex in 7, the infimum over g7 € A([0, 1]) is attained at a point mass,

and we can further rewrite

Einfsup EE [¢($7,yr) + Relr (7)] =E Supmf]E [¢(97,y7) + Rely (H7)]

X1 41 pr IrIT XT pr I1 T

=EsupinfE [(ﬁT —yr)* +Rely (%ﬂT)]

T pr 1T

=E sup [me (7 —yr)* + ERely (,%”T)] .
yr

XT PT yr Y1

Note that the minimum of E (yr —yT)2 is attained at y7 = E[yr], and by definition of
yr
Relr(77) in eq. (D.6),

Einfsup EE [¢ (§7,y7) + Relr (J7)]

XT 4T pr J’T)’T
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=E supE [(]E[ r]—yr)* + Rely (%ﬂT)]

XT pr yr

=EsupE [(E[yr] —yr)*+2 " 'og, ( Y exp (—l Y (f(x)
) 1

XT pr yr

feF ({x}l

Observing that x = log,(exp(x)), we can proceed as

Einfsup EE [¢ (§7,yr) + Relr (7)]

XT 41 pT yTyT

B oo, (o (4251 )

XT pp VT
+27! log, ( Z exp <_)\' (f (xs) ys)2>)

fe7 ({x}y) s=1
=EsupEA 'log, |exp (). (E[y] —yt)z) ( Z exp

XT yr —
PT fey({Xr},Tzl) 5=

M~

=EsupEA " 'log, Y o exp </~t (Elyr] —yr)* =2 Y (fF(x)
s=1

AT pp T _fef({xt},Tzl)

Observing that (E[yr] —yr)? — (f(xr) —yr)? = 2(yr — E[yr]) (f(x1)
E[yr])?, we have

Einfsup EE [ (§7,y7) + Relr (J7)]

XT 4T pr $1YT

}FSHP;“”O&[ Y exp(2A(r —Epr))(f(xr) —Elyr]) -
terct feF ()

T-1
—A ; (f(x5) —ys)2>] :

>

i1~
Q
o

(D.15)

)

W)] |

—Epr]) - (f(xr) -

A(f(xr) —Elyr))?

By concavity of the logarithm function and the Jensen inequality, we can further upper

bound

EinfsupEE [( (§7,yr) + Relr (7))

XT 41 PT yTyT
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S)ICF;T supA~'log, Z Eexp [24(yr —E[yr]) (f (xr) — E[yr]) = A(f(x7) —E[yr])?
pr fegc‘({x,}le)yr

(D.16)
T-1
—A ; (f (x) —)’t)2] } :

Note that y; — E[y] € [—1, 1], which implies it is 1-subGaussian (Lemma 1.8 of [153]), and

hence

Eexp 24.(y: — Ell)(f(x)) ~Eli))] < exp [24%(f(xr) ~ Elyr )] (D.17)
Applying inequality (D.17) to the RHS of (D.16), we arrive at an upper bound

Einfsup EE [/ (§7,yr) + Rely (7))

XT 4T pp Y1IT

T-1

<E supA~'log, Y exp|(2A7=2) (fGxr) —Epr))* =2 Y (f(x) —w)?
T opr feF ({fxil) =1

(D.18)

Taking A = 1/2 in the RHS of (D.18), we further have

Einfsup EE [¢ ($7,y7) + Relr (#7)] < 2Elog, Y exp|-—
AT pr T 7 re7 ()

Y () —»)1
2

D.3.4 Proof of Lemma 84

Following exactly the same steps until eq. (D.15) in the proof of Lemma 83, we have

EinfsupEE [ (§,y;) +Rel; (7#)] =EsupE (E[y,]—yt)z-i—Rel, ()| .
Xt dr p, Vit Xt opp Dt

By definition of the relaxation in (D.7) and minimax theorem, we have

EinfsupER [ (r,yr) + Rel; ()]
Xt dr pp Vet
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=EsupinfEE [¢ (J;,y:) + Rel, ()]

Xtopy dr Vi)
t _v.)2
—EswpEE ..E |(Ep]-y) +2log, [ Y  exp (_ 1 () —s) > |
Xt pp Ythitd xr fef({xt},T:l) 2

Observing that x = log,(exp(x)), we can proceed as

Einfsup EE [£ (§;,y;) + Rel; ()]

Xt qr Dt Wt e
E )2
:]ESUPE E .. .E 210ge (exp (M))
Xtop, YeXep1 o XT 2

e[ Y )exp<_ ;_1<f<xs>—ys>2)

2
feﬁ‘({xt}le

=EsupE E ...E2log, |exp <w> Z exp (_ ts:] (f(;cs) _YS)z)
fez 1)

Xt Ve Xt+1 XT
b ({x )

2 t
=EsupE E ... E2log, Y exp <<E[y]_yf) —Zzs_l(f(xs)—ys)2>

X X
t pp YA+l _feﬁ({xt},ll)

Note that (E[y,] = yi)> = (f(x:) —1)% = 203 —E[y)) (f (x:) =E[]) — (£ (1) = E[])?, we

can continue as

EinfsupEE [¢($;,y,) + Rel, (J4)]

Xt pp Vit

=EsupE E ...E2log, |
xT

Xt pp Ykl

Y exp <2<yz —E])(f(x) —Epr)) = (f(x) — Epe])? = X2 (F(x) —ys>2>
)

2
feﬂ({x,}le

By concavity of the logarithm function and the Jensen inequality, we can further upper

bound

EinfsupEE 1€ (9:,:) +Rel; ()]
A dr pp Vet
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<Esup E ...E2log, | (D.19)
xr

Xt Dt Xr+1

2

Yt

feZ({u}l)

Note that y, — E[y;] € [—1, 1], which implies it is 1-subGaussian (Lemma 1.8 of [153]), and

hence

2(ye — Eye]) (f () — Eb’z])] < exp [(f(xt) —Ebt])zl _ (D.20)

E
TRt { 2 2

Applying inequality (D.20) to the RHS of (D.19), we arrive at an upper bound

~ L (F ) — )’

EinfsupEE[( (§;,y;) + Rel, (74)] <E E ...E2log, [ Y exp< 5
)

X, XeXp41 X7
t 4t pp Vit 1 X+ feﬁ({x,}le

—Rel,_ (J_)). (D.21)

D.3.5 Proof of Lemma 85

From pg. 46 of [53], we know that exp(—(a — b)?/2) is concave in a if (a —b)> < 1. Note
2

Xt) ™~ I (xe)~qr
thus apply the Jensen’s inequality as follows

) (, B lrtl-») 2

that (f( E [f(x)] —y,) <1 since both E [f(x)] and y, belong to [0,1]. We can

exp

2
- y exp <_M> (D.22)
)

fey({xs};:lu{x;}jfztﬂ
exp (— X121 (f(xs) —¥5)/2)
o vi-1l/ g . 2
Zf’Eﬁ({xs}§:1U{x} T >eXp( s:l(f (XS) yS) /2)

j=t+1

X
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3
Y

exp (i (fx) =3)%/2)
) exp (~ L1 (1) —)2/2)’

fey({xS}izlu{x;}?:t+l

e (T Ui

where we have used the definition of ¢; (defined in eq. (D.8)) in eq. (D.22). Rearranging

the terms, we can conclude the proof.

D.3.6 Proof of Lemma 86

The first inequality is an immediate consequence of Corollary 82. To see the second part,

we note that by definition

Z?:l (f(xs) - ys)z

Rely(.7%) =2E...Elog Y exp|-—
X1 XT ¢ féﬁ({x,}le) 2
:2)15... )]‘Erlloge Y 1
reF (fa}l,)
=2log, (|.7 ({x:}/21)]) - (D.23)

From the proof of Theorem 4 of [121], we know that |.# ({x;}]_,)| < (T +1)X. Therefore,
(D.23) is at most Klog, (T +1).

D.4 Dynamic Programming Acceleration

Following [121], we can define for each k € {0,...,K} and s € [T]

Wf _ Z exp <_Zq<t:xq<zs (f (xq) —Yq)2> ,

0<f(21)<...<f(z5)=% 2

Z <t:Xg>Zs f - ?

£=f(z)<.<f
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Suppose x; is the i'" smallest in all the covariates, i.e., x, = Zi, then it can be readily verified

that

)y
Y fla)exp (—Zl_l(f(zf) Yj) )

Y (f ) = i)
B 2

( Zq<t:xq<x,=z,- (f(xj) _)’j)2> ( Zq<t:xq>x,=zi (f(xj) _yj)2>
exp| — 5 exp| — 5

- f E Z exp <_Zq<t3xq<xz—2i<f(xj) _yj)2>
K . D)
Zl)*f(xt):f

k=0 0<f(z1)<...<f(z)=

2
esr—z (f(x)) —y;
y Z exp <_Zq<l.xq>xt—z,2(f( J) y/) )
K=/ () =f (@) <. <flar)<]

Xk
=), owht (D.24)

=K

L Lo () —y)) L o EE kwkk

and similarly, " rc 7 exp (—%) =YK ,whk By definition in (5.7), §; = %

To this end, we can compute w¥ from s = 1 to i for all k € {0,...,K} as follows. We recall

we have defined for every s € [T] and every k € {0,...,K},

(k/K _ycr(s))2

uk = exp <_1 [(zs € {x}5=1)] f) |

where o (s) is the corresponding subscript of the x, that is equal to z, if z; € {x;}/,_, i.e.,

o(s)=gq.

Hence, starting from w’é = 1 for every k, we have the recursive equations for all k €

{0,....K},

k
Wst1

2
= L e (_2 (f () 39 )
0<f(21) <. <flzgr1)=K >
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- k ; (j/K_yG(S))
_J;)exp (—1 [(zs € {x}=1)] f)

x [ Y e (_ q<ring<z ( ]; (x,) yq)2>]

0<f(z21)<..<f(z5)=%

k
=Y ulwl. (D.25)
Jj=0

For vK’s, starting from u’% =1 for every k, we have the recursive equations for all k €

{0,....K},

Y <t:Xg>Zg—1 (f (XQ) _yQ)Z
= Y exp (— 175
W<flzr)<1 2

=) exp <_1 [(2s € {x¥j=1)] - M)

X [j Y exp (_ Ytz ( ]; (x,) yq)z)]

=Y ulvl. (D.26)
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