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Abstract

When the test distribution dilerk from the training distribution, machine learning
models can perform poorly and wrongly overestimate their performance. In this
work, we aim to better estimate the model’s performance under distribution shift,
without supervision. To do so, we use a set of domain-invariant predictors as a proxy
for the unknown, true target labels, where the error of this estimation is bounded by
the target risk of the proxy model. Therefore, we study the generalization of domain-
invariant representations and show that the complexity of the latent representation
has a significant influence on the target risk. Empirically, our estimation approach
can self-tune to find the optimal model complexity and the resulting models achieve
good target generalization, and estimate target error of other models well. Applica-
tions of our results include model selection, deciding early stopping, error detection,
and predicting the adaptability of a model between domains.
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Chapter 1

Introduction

In many applications of machine learning, we deploy a learned model on data whose
distribution is di erent from that of the training data. For instance, self-driving
cars must be able to adapt to di erent weather, change of landscape and trac, i.e.,
conditions can change at prediction time. Often, collecting large-scale supervised
data is prohibitively expensive or intractable on the prediction domain. While we
may hope that the model generalizes to this new data distribution, if no labels are
available for the prediction (target) distribution, then it is a challenge toestimate

empirically how well a given model will actually generalize to the new setting.

Indeed, estimating theadaptability, i.e., the generalization to the target distribu-
tion, and the related potentially uncertain behavior of a prediction model, is a key
concern for Al Safety [Amodei et al., 2016], motivating recent work on estimating
target performance [Steinhardt and Liang, 2016, Platanios et al., 2014]. Necessarily,

any method for estimating target performance must make some assumptions.

In this work, we develop a new idea for estimating performance under distribution

shift, by drawing connections with domain adaptation. Our method for estimating
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target error assumes the existence of a domain adaptation model that generalizes
well from source to target. Given the empirical success of domain adaptation, this
assumption is met in many practical settings. A prominent class of domain adapta-
tion models, domain-invariant representations (DIR) [Ben-David et al., 2007, Long
et al., 2015, Ganin et al., 2016], learns a latent, joint representation of source and
target data, and a predictor from the latent space to the output labels. In particular,
we use a set of check” DIR models as a proxy for the unknown, true target labels.
If there exist good domain adaptation models, i.e., they achieve low source and
presumably low target error, and those models disagree with the modelwe want

to evaluate, then the target risk ofh is potentially high, and we should not trust

it. Our experiments show that this leads to accurate estimates of target error that
outperform previous methods.

This idea relies on good domain adaptation models, i.e., our check models should
predict well on the target distribution, and not disagree too much with each other.
But, evaluating a domain adaptation model itself on the target distribution is an
unsolved problem. Hence, we begin this paper by studying the target error of DIR.
We observe that in general, DIR is much more sensitive to model complexity than
supervised learning on the source distribution. In particular, the complexity of the
representation encoder is key for target generalization and for selecting the set of
check models, and points to an important model selection problem. For deep neural
networks, this model selection problem essentially means how to optimally divide
the network into an encoder and predictor part. Yet, this model selection ideally
demands an estimate of target generalization, which we are developing.

We show that, with our framework for estimating target error, it is possible to
let DIR models self-tune to nd the optimal model complexity. The resulting models

achieve good target generalization, and estimate target error of other models well.
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Empirically, we examine our theory and algorithms on sentiment analysis (Amazon
review dataset), digit classi cation (MNIST, MNIST-M, SVHN) and general object

classi cation (O ce-31). In short, this work makes the following contributions:

" We develop a generic method for estimating the error of a given model on a

new data distribution.

" We show, theoretically and empirically, the important role of embedding com-

plexity for domain-invariant representations.

" Our empirical results re ect our analyses and show that the proposed methods

work well in practice.
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Chapter 2

Related Work

Estimating risk with distribution shifts. Estimating model risk on distributions

di erent from the training distribution is important, but di cult with unlabeled data.
Platanios et al. [2014] construct multiple models based on di erent views of the data
and estimate the risk by calculating agreement rates across models. Steinhardt
and Liang [2016] estimate the model's error on distributions very di erent from the
training distribution by assuming a conditional independence structure of the data.
Platanios et al. [2017] use logical constraints on the data to estimate classi cation
accuracy. Benaim et al. [2018] and Galanti et al. [2018] estimate the generalization
error for unsupervised image to image translation. Recently, Elsahar and Gallé [2019]
evaluate both con dence score andH H-divergence to predict performance drop
under domain shift. We compare to those methods in the experiments. Di erent
from previous works, we leverage domain-invariant classi ers as proxy target labels.
Our method is general in the sense that it can predict the target risk for both domain

adaptation and general supervised models.

Domain-invariant representations. DIRs are learned by minimizing a diver-
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gence between the embedding of source and target data, and existing approaches
for learning DIRs di er in the divergence measure they use. Examples include do-
main adversarial learning [Ganin and Lempitsky, 2015, Tzeng et al., 2015, Ganin
et al., 2016], maximum mean discrepancy (MMD) [Long et al., 2014, 2015, 2016] and
Wasserstein distance [Courty et al., 2016, 2017, Shen et al., 2018, Lee and Raginsky,
2018].

Several theoretical frameworks have been proposed to analyze domain-invariant
representations. One approach is to bound the target risk by assuming source and
target domain share common support. Wu et al. [2019] show that exact matching
of source and target distributions can increase target risk if label distributions di er
between source and target. Johansson et al. [2019] propose generalization bounds
based on the overlap of the supports of source and target distribution. However,
the assumption of common support fails in most standard benchmarks for domain
adaptation. Another line of work leverages théd H-divergence proposed by Ben-
David et al. [2007]. Shu et al. [2018] points out that learning domain-invariant
representations with disjoint supports can still achieve maximaH H-divergence.
Recently, Zhao et al. [2019] establish lower and upper bounds on the risk when label

distributions between source and target domains di er.
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Chapter 3

Unsupervised Domain Adaptation

For simplicity of exposition, we consider binary classi cation with input spaceX

R" and output spaceY = f0;1g. The learning algorithm obtains two datasets:
labeled source dataXs from distribution ps, and unlabeled target dataXt from
distribution pr. We will use ps and pr to denote the joint distribution on data
and labelsX;Y and the marginals, i.e.,ps(X) and ps(Y). Unsupervised domain
adaptation seeks a hypothesis : X 'Y in a hypothesis clas$i that minimizes the

risk in the target domain measured by a loss function (here, zero-one loss):
Rr(h) = Exy o [ (h(X);¥)]: (3.1)

We do not assume common support in source and target domain.

3.1 Domain-invariant Representations

A common approach to domain adaptation is to learn a joint embedding: X ! Z

of source and target data [Ganin et al., 2016, Tzeng et al., 2017]. The idea is that
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aligning source and target distributions in a latent spac& results in a domain-
invariant representation, and hence a subsequent classiér: Z!'Y  will generalize
from source to target. Formally, this results in the following objective function on
the hypothesish = fg = f g, where we minimize a divergencd between the
distributions p2(Z); p?(Z) of source and target after the mappin@ = g(X)22Z:

min Rs(fg) + d (P2(2); P7(2)): (3.2)

f 2F ;

The divergenced could be, e.g., the Jensen-Shannon [Ganin et al., 2016] or Wasser-
stein distance [Shen et al., 2018]. In this paper, we denote the hypothesis class of
the entire modelh asH, the class of embeddings b, and the class of predictors

by F.

3.2 Upper Bounds on the Target Risk

Ben-David et al. [2007] introduced theH H-divergence to bound the worst-case
loss from extrapolating between domains. LeRp(h;h9) = E, p[ (h(x);hq{x))] be

the expected disagreement between two hypotheses and a extension of the notation
Rp (h) = Rt (h; hywe), Wwherehy are the true labeling. TheH H-divergence mea-
sures whether there is any pair of hypotheses whose disagreement (risk) di ers a lot

between source and target distribution.

De nition 1. (H H-divergence)Given two domain distributionsps and pr over

X, and a hypothesis clasbl, the H H-divergence betweeps and pr is
dy n(psipr) = sup jRs(h;h)  Ry(h;h9j:
h;h®2H

20



TheH H-divergence is determined by the discrepancy between source and target
distribution and the complexity of the hypothesis clas$1. This divergence allows us

to bound the target risk:

Theorem 2. [Ben-David et al., 2010]For all hypothesesh 2 H, the target risk is

bounded as

Rr(h) Rs(h)+ dy w(ps;pr)+ w; (3.3)

where  is the best joint risk
H = ti192fH [Rs(h%) + Ry (h9):

Similar results exist for continuous labels [Cortes and Mohri, 2011, Mansour et al.,
2009]. Theorem 2 has been an in uential theoretical result in domain adaptation,
and motivated work on domain invariant representations. For example, recent work
(Ganin et al. [2016], Johansson et al. [2019]) applied Theorem 2 to the hypothesis
classF that maps the representation spac& induced by an encodeg to the output

space:

Rr(fg) Rs(fg)+ de r(P(Z2);P7(Z)+ ¢ (9) (3.4)

where ¢(g) is the best hypothesis risk with xedg, i.e., r(Q) = inf;or [Rs(f Q) +
Rr(f%9)]. The F F divergence implicitly depends on the xedy and can be small if
g provides a suitable representation. However, @ induces a wrong alignment, then

the best hypothesis risk g (Q) is large with any function classF .
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Chapter 4

Estimating Target Risk: Main Idea

Our goal is to estimate the error of a given, learned modklon a target distribution

pr, without observing true labels on the target. Lethy, be the true labeling, and

h = arginfy;p Rr(h). By triangle inequality, Rt (h) = Rt (h; hyue)

Rr(h:h )+

Rr(h ). The main idea underlying our approach is to obtain an upper bound on

R+t (h) by replacingh with candidates from a set of proxy model$ that we also

call check models

Lemma 3. Given a hypothesis clasP, for all h2 H,

Rr(h) supRt(h;h9)+ inf Rr(h9:

A P W il 2

Proxy Risk Bias

Proof. Let h =arginf,,p Rr(h), by the triangle inequality,

Rr(h) Ry(h;h )+ Ry(h)

r:;:Ot21P|oRT(h;hc)+ infRr (h):

23
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Figure 4-1: Conceptual illustration of proxy risk: the orange line is the true target
risk, the dashed lines are the proxy risks with respect to two sets of check modéls,

and P, whereP; P ,. By construction, although hye 2 P, (zero bias), the proxy

risk calculated with P, is not tight enough to approximate the target risk well. In

contrast, P, has a nonzero bias (yellow line) but tighter estimation.

]

The rst term in Lemma 3 measures the maximal disagreement (risk) between
the hypothesish and a check modeh®2 P, instead ofh . The second term measures
how good the check models are. For this bound to be tigh®, must contain a good
hypothesis. At the same time,P should not contain any strongly disagreeing hy-
potheses, otherwise the proxy risk will be too large. Figure 4-1 provide an illustrative

example of the idea.

Connection to Domain Adaptation The proxy risk can be estimated empiri-
cally. If the bias term is small, namely, there exists a good hypothesis in the check
models, then the proxy risk itself is a good estimate of upper bound d#y (h). It

remains to determine the seP.
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Lemma 4. Given a hypothesis clasP, for all h2 H,

jsupRr(h;h)  Rr(h)j supRr(h%: (4.2)
|h°2P {Z } ho2p

Estimation Error

Proof. First, by Lemma 3, we have

sup Rr(h;h)  Rr(h) inf Rr(h): (4.3)

ho2p

Next, by the triangle inequality,
Rr(h;h% Ry(h)+ R (h9:

The above inequality holds for allh®2 P, by taking supremum on both sides of

the inequality, we have

sup Rr(h;h9)  sup (Rr(h) + Ry(h9)
hozp hozp

FG FG

= Rr(h)+ sup Rr(h9;
hozp

FG

implying that

sup Rr(h;h% Rr(h)  sup Ry(h9: (4.4)

ho2P _ ho2p
Sinceinfrop . Rr(h9)  su Rr(h9, combining equation (4.3) and equa-
Fo Phozp

tion (4.4) completes the proof. ]

Lemma 4 links our approach with domain adaptation: the target risk of the check

25



models a ects the estimation error of proxy risk. This motivates domain adaptation
models as check models, because they are designed to minimize the target risk. In
Section 7, where we develop this idea in detaiR is the set of all DIR models
that have low DIR objective. To understand the tightness of our proxy risk-based
estimation, we begin with a closer look at what a ects the target risk of domain

invariant representations.
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Chapter 5

Understanding the Adaptability of
DIR

In this section, we aim to better understand what a ects target risk and ambiguity on
the target for domain invariant representations. The bound (3.4) highlights the e ect
of the complexity of the prediction modeld used, and the quality of the alignment
via the embeddingg. But, as the following toy example illustrates, another important

component is the complexity of the embedding class.

Toy Example.  Figure 5-1 shows a binary classi cation problem in 2D with disjoint
support and a slight shift in the label distributions from source to target:ps(y =

1) = pr(y =1)+2 . For a 1D latent representation space, if we allow arbitrary
mapsg 2 G, then, e.g., a complicated nonlinear map as in Figure 5-1(b) can achieve
zero DIR objective value (equation (3.2)), but maximum target riskRr(fg) = 1. If
we restrict G to linear maps, then a mapg as in Figure 5-1(a) achieves optimal DIR
objective value of2 , and minimum target risk. Hence, a too powerful embedding

classG can increase ambiguity, variance and hence target risk.
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Figure 5-1: lllustrative example in 2D. The 1D representation space is illustrated
as a dotted line, and arrows indicate the embedding from 2D to 1D. (a) Optimal
embedding whenG is the class of linear functions. (b) Optimal embedding with a
complex nonlinear encoder class.

Empirical E ect of Complexity. In the experiments in Section 5.2, e.g. in Fig-
ure 5-3, we see that throughout, the complexity o6 has a noticeable e ect on the
target risk. In analogous experiments for the predictof shown in Figure 5-2(a),
we observe that the predictor clas$ has a much weaker in uence. Figure 5-2(b)
also demonstrates that generalization on the source domain, i.e., normal general-
ization of supervised learning, is also much less a ected by the model complexity. In
summary, empirically, the adaptability of domain-invariant representations is more
sensitive to model complexity than supervised learning, and in general most sensi-
tive to the complexity of the embedding classs. Hence, we focus on embedding

complexity.
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Figure 5-2: (a) E ect of predictor complexity on target risk for MNIST! MNIST-M
and (b) e ect of embedding complexity on source (MNIST) generalization.

5.1 Bounds for Domain-invariant Representations

Motivated by the above observations, we next expose how the bound on the target
risk depends on the complexity of the embedding class. Directly applying Theorem 2
to the compositionH = FG treats both jointly and does not make the role of the
embedding very explicit. Instead, we de ne a version of thel H-divergence that

explicitly measures variation of the embeddings if:

De nition 5. (Fg g-divergence)For two domain distributions ps and pr over X,

an encoder classs, and predictor classF, the Fg g-divergence betweeps and pr is

de, o(psipr) = sup  jRs(fo;fg 9 Ry(fg;fg 9

f 2F ; g;0%2G

Importantly, the Fg g-divergence is smaller than thgFG) ( FG)-divergence,

since the two hypotheses in the supremunig and fg° share the same predictof .
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Theorem 6. Forallf 2F andg2G,

Rr(fg) Rs(fg)+ PF F(D%%):p?(z)%

Latent Divergence

+ PFG Gfgs;pT} + rc(0): (5.1)

Embedding Complexity

where gg(Q) is a variant of the best in-class joint risk:

re(@= inf

2Rs(f %) + Rs(f ) + Rr(f 9:

Proof. De ne f g as follows:

f g = arginf 2Rs(f %) + Rs(fG) + Rr(f 4):

f 02F ;g%2G

By the triangle inequality,

Rr(fg) Rs(f g9)+ Rs(fg;f g) (5.2)
Rr(f g)+ Rr(fo;f 99+ Re(f g;f g): (5.3)

The second term in the R.H.S of Eq. 5.3 can be bounded as
Rr(fg;f 9) Rs(fg;f 9)+ jRs(fg;f 90 Rr(fg:f 9g)j
Rs(fg:f g)+ sup jRs(fg:f 9 Rr(fg:f Q)i

= Rs(fg;f 9)+ de £ (P2(2);p1(2))
Rs(fg) + Rs(f 9)+ de £ (p2(Z); P} (2)):
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The last inequality follows from the triangle inequality. The third term in the R.H.S

of Eq. 5.3 can be bounded similarly:

Rr(f 9;f g) Rs(f g;f g)+|Rs(f g;f g) R:(f 9;f 9)j
Rs(f g;f g)+f sup  jRs(f9;f%9) Rr(f%;f%9)

2F ;0:992G

= Rs(f g;f g)+ dry (pPs(X); pr(X))
Rs(f @)+ Rs(f g)+ drg o(ps(X); pr(X)):

Plugging the above bounds into equation (5.3), we have

Rr(fg) Rs(fg)+ de £ (p2(Z);p3(2))
+ drg o (Ps(X);pr(X)) +  Fc(Q);

where the rg(g) emerges by

Fe(9) =2Rs(f 99+ Rs(f g)+ Rr(f 9)
= inf  2Rs(f ) + Rs(f @) + Rr(f9):

f 02F ;g%2G

This target generalization bound is small if (C1) the source risk is small, (C2)
the latent divergence is small (because the domains are well-aligned andfris
restricted), (C3) the complexity of G is restricted to avoid over tting of alignments,
and (C4) good source and target risk is in general achievable wikh and G and the
encoder is good for the source domain. The bound naturally explains the tradeo

we observe in the subsequent experiments between the following terms: the latent
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Figure 5-3: E ect of embedding complexity on target risk. First row: Sentiment
Classi cation. Second row: Object Classi cation.

divergence (which increases with complexity of and decreases with complexity
of G), embedding complexity (which increases with complexity oF and G), and
the best in-class joint risk (which decreases with complexity ¢ and G). Overly
expressive encoders su er from a larger embedding complexity penalty, while smaller

encoders fail to minimize the latent divergence.

5.2 Experiments

Next, we probe the e ect of embedding complexity empirically, via experiments with

several standard benchmarks: sentiment analysis (Amazon reviews dataset), digit
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classi cation (MNIST, MNIST-M, SVHN) and general object classi cation (O ce-
31). In all experiments, we train DANN [Ganin et al., 2016], which measures the
latent divergence via a domain discriminator (Jensen Shannon divergence). A val-
idation set from the source domain is used as an early stopping criterion during
learning. In all experiments, we use a progressive training strategy for the discrimi-
nator [Ganin et al., 2016]. We primarily consider two types of complexity: number
of layers and number of hidden neurons. In all embedding complexity experiments,
we retrain each model for 5 times and plot the mean and standard deviation of the

target error. Dataset and architecture details may be found in the appendix.

Sentiment Classi cation. We rst examine complexity tradeo s on the Amazon
reviews data, which has four domains (books (B), DVD disks (D), electronics (E),
and kitchen appliances (K)). The hypothesis class are multi-layer ReLU networks.
We show results for K B, and D! B in Figure 5-3 and defer the rest to the appendix.
To probe the e ect of embedding complexity, we x the predictor class ta} layers
and vary the number of layers of the embedding. Figure 5-3 shows that the target

error decreases initially, and then increases as more layers are added to the encoder.

Object Classi cation. O ce-31 [Saenko et al., 2010], one of the most widely used
benchmarks in domain adaptation, contains three domains: Amazon (A), Webcam
(W), and DSLR (D) with 4,652 images and 31 categories. We show results for AV,

A! D in Figure 5-3, and the rest in the appendix. To overcome the lack of training
data, similar to [Li et al., 2018, Long et al., 2018], we use ResNet-50 [He et al., 2016]
pretrained on ImageNet [Deng et al., 2009] for feature extraction. With the extracted
features, we adopt multi-layer ReLU networks as hypothesis class. Again, we increase

the depth of the encoder while xing the depth of the predictor to2. Even with a
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Figure 5-4: E ect of embedding complexity on target risk for digit classi cation.

powerful feature extractor, the embedding complexity tradeo still exists.

Digit Classi cation. We next verify our ndings on standard domain adaptation
benchmarks: MNIST MNIST-M (M! M-M) and SVHN! MNIST (S! M). We use
standard CNNs as the hypothesis class.

To analyze the e ect of the embedding complexity, we augment the original two-
layer CNN encoders with 1 to 6 additional CNN layers for M M-M and 1 to 24 for
S M, leaving other settings unchanged. Figure 5-4(a) shows the results. Again, the
target error decreases initially and increase as the encoder becomes more complex.
Notably, the target error increases byl 9:8%in M! M-M and 8:8%in S!' M compared
to the optimal case, when more layers are added to the encoder. We also consider

the width of hidden layers as a complexity measure, while xing the depth of both
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Figure 5-5: The role of inductive bias: DANN with fully connected layers instead of
a CNN.

encoder and predictor. The results are shown in Figure 5-4(b). This time, the
decrease in target error is not signi cant compared to increasing encoder depth.
This suggests that depth plays a more important role than width in learning domain-

invariant representations.

5.3 The Role of Inductive Bias

Besides the number of layers and number of hidden neurons, we investigate the im-
portance of inductive bias for domain invariant representations, by replacing the
CNN encoder with an MLP. The results for M M-M are shown in Figure 5-5. The
target error with the MLP encoder is signi cantly higher than with a CNN encoder.
Even more, with respect to target error, the model is very sensitive to its complex-
ity. Increasing the number of layers worsens the performance, and is worse than not
doing any domain adaptation. To gain deeper insight, in Figure 5-6, we use a t-SNE

(Maaten and Hinton [2008]) projection to visualize source and target distributions
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Figure 5-6: t-SNE projections of representations with di erent inductive biases.
CNN encoders result in source and target representations that are well aligned. In
contrast, MLP encoders lose label-consistency while minimizing the latent divergence
between domains.

in the latent space. With the inductive bias of CNNSs, the representations of target
domain well align with those in the source domain. However, despite the overlap be-

tween source and target domains, the MLP encoder results in serious label-mismatch.

5.4 E ect of Predictor Complexity

Next, we investigate the e ect of predictor complexity with the MNIST! MNIST-M
data. Following the procedure in Section 5, we augment the original predictor with
1 to 7 additional CNN layers and x the number of layers in the encoder tet or
vary the hidden width of the predictor. The results are shown in Figure 5-7. The
target error slightly decreases as the number of layers in the predictor increases, but
much less than thel9:8% performance drop when we vary the number of layers in
the encoder (Section 5.2): when augmenting the predictor with 7 layers, the target

error only decreases by):9%. Therefore, we focus on the embedding complexity in
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Figure 5-7: E ect of predictor complexity on MNIST! MNIST-M. (a) Fix the
encoder class and vary the number of layers in the predictor. (b) Fix the encoder
class and vary the hidden width of the predictor.

the main paper.
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Chapter 6

Division for Multilayer Neural

Networks

Next, we adapt the bound in Theorem 6 to multilayer networks. Speci cally, we
consider the number of layers as a measure of complexity. Assukhds the class of
N -layer feedforward neural networks with a xed width. The modeh 2 H can be
decomposed ab = fig 2F, G=H fori2f1;2:::;N 1g, where the embedding
g is formed by the rst layer to the i-th layer and the predictorf; is formed by the
i + 1-th layer to the last layer. We can then rewrite the bound in Theorem 6 in

layer-speci ¢ form:

Rr(h) Rs(h)+ FFi Fi(p%&z):p%(z)i

Latent Divergence in i-th layer
+ dFi Gj

| e{gps;pT? + FiG‘I(gi): (61)

Embedding Complexity w.rt G
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Minimizing the domain-invariant loss in di erent layers leads to di erent tradeo s
between t and complexity penalties. This is re ected by the following inequalities

that relate di erent layer divisions.

Proposition 7. In an N -layer feedforward neural networth = fig 2 F;G = H, the

following inequalities hold foralli j N 1

dri o (PsiPr)  dr o o (PsiPr)
de, £ (PE(Z);PP(Z)  de; F (P2(2); 07 (2)):

Proof. Recall that an N -layer feedforward neural network can be decomposed as
h=fig2F G=Hfori2fl,2:::;N 1g, where the embeddingy is formed by
the rst layer to the i-th layer and the predictorf; is formed by thei + 1-th layer to
the last layer. We deneq; : Z; ! Z ; to be the function formed by thei-th layer
to j -th layer, whereZy is the latent space formed by the encodeg, : X ' Z . We

denote the class ofj; asQ; .

We now prove the rst inequality. By the de nition of the Fg g-divergence, for
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everyi |

Or.q,  (Psipr) = sup jRs(fg;fg9)  Rr(fg;fg9j
0:0%2G;

= sup JjRs(fqg:fqg® R+(fqg;fqgd)
f2F;,02Q
9:9%2G;

sup jRs(fag;fq%9) Rr(fqg;fa%d)

f 2F
a;02Q
9;0%2G;

= sup jRs(fg;fg9  Rr(fg;fg9j

2F j
0;0%2G;

=k, (PsiPr)

The second inequality can be proved similarly. By the de nition of theF F -
divergence, for every |

dr, r (P2 (2):P7 (2)= sup [Rs(fg;it%) Rr(fg;if )]

f-fSlalzﬁ): jRs(fajg:f%g) Rr(fa;a:f % g)j
f 2F,

sup jRs(fagifag)  Rr(fagiif o);
of O
Sup jRs(fagi;f%9b) Rr(fagi;f )]

a;6%2Q j
f:f OZFJ'

sup jRs(fgi;f%) R (fgi;f%)]
f:f 02F;

=de, £ (P2(2);P7(2))
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Proposition 7 states that a deeper embedding allows for better alignments and
simultaneously reduces the depth (power) df ; both reduce the latent divergence.
At the same time, it incurs a largerFg g-divergence. This is a tradeo within the
xed combined hypothesis clas$.

This suggests that there might be an optimal division that minimizes the bound
on the target risk. In practice, this translates into the questionin which intermediate

layer should we optimize the domain-invariant loss?

6.1 Experiments

Next, we examine the embedding complexity tradeo when the total number of layers
is xed. We inherit the setup in Section 5.2. The results are shown in Figure 6-1. We
rst probe the tradeo when the total number of layers is xed to 8 for sentiment
classi cation. The results show that there exists an optimal setting for all tasks.
Next, we x the total number of CNN layers of the neural network to7 and 26 for
M! M-Mand S! M, respectively, and optimize the domain-invariant loss in di erent
intermediate layers. The results again show a U-curve", indicating the existence of
an optimal division. Even with xed total size of the network (H), the performance
gap between di erent divisions can still reacl19:5%in M! M-M and 10.4%in S! M.
Similar results can be seen in object classi cation by xing the total network depth
to 14. More experimental results can be found in appendix.

In summary, empirically, there is an optimal division with minimum target error,
suggesting that for a xedH, i.e., total network depth, not all divisions are equal.

We will provide methods to predict the optimal division in Section 7.4.
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Figure 6-1: The e ect of layer division in xed-depth neural networks. First row:
Sentiment Classi cation; Second row: Digit Classi cation; Third row: Object Clas-
si cation.
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