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Abstract

The implementation of quantum algorithms relies on high fidelity quantum gate op-
erations. Single and two-qubit gate errors lead to reductions in the average fidelity
of quantum gate sequences. Using the Z-gate virtualization procedure, the average
sequence fidelity of single-qubit gate sequences can be increased. In two-qubit gate se-
quences containing the iSWAP gate, the Z-gate virtualization procedure can in some
cases result in reduced average sequence fidelities due to the presence of coherent
errors from the implementation of the iSWAP gate. In this thesis, we study the effect
of single and two-qubit gate errors on the Z-gate virtualization procedure in single
and two-qubit gate sequences. We develop randomized benchmarking simulations in
order to identify when the Z-gate virtualization procedure is effective at increasing
the average sequence fidelity.
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Chapter 1

Introduction

Quantum algorithms are implemented on quantum circuits, consisting of quantum

gates which are used to perform logical operations. Any quantum logical operation

can be approximated with arbitrary accuracy by using a finite set of quantum gates,

called a universal quantum gate set [24]. This is analogous to classical Boolean logic,

in which single and two-bit logic gates form universal logic sets. The classical NOT

and AND gates form a universal logic gate set.

Implementing quantum gates with low error rates is crucial for quantum compu-

tation at scale; as quantum algorithms continue to tackle more complex problems,

the width and depth of these algorithms is likely to increase [26]. Developing qubit

modalities and gate schemes that are able to perform high-fidelity gate operations is

an active area of contemporary research [16]. The DiVincenzo criteria [7] list some of

the features that a qubit modality should have to be a viable candidate for extensible

use in quantum computation. One leading modality that satisfies many of the Di-

Vincenzo criteria is the superconducting qubit [16]. A superconducting qubit is built

from a combination of Josephson junctions, capacitors and inductors [18] such that it

acts as an electric oscillator, which features anharmonic level structure. Typically, the

two lowest energy eigenstates of this anharmonic oscillator form the computational

basis of the qubit.

The iSWAP gate is a two-qubit entangling gate, which ideally swaps the states

of two qubits and accumulates a phase of �i on the swapped states. The iSWAP

19



gate and single-qubit gates form a universal gate set. The iSWAP gate is relatively

easily implemented with superconducting qubits by pulsing one of the qubits into a

resonance with the other qubit [1, 3, 4, 11, 20, 22, 28, 29]. However, imperfections

in a control pulse, for example, due to the pulse transients, may cause systematic

coherent errors. Studying coherent errors and understanding their effects on the

implementation of quantum algorithms is crucial for compiling quantum circuits with

the iSWAP gate in an optimal manner. Multiple previous studies have investigated

the errors associated with the iSWAP gate [1, 3, 4, 11, 20, 22, 29].

Z gates are single-qubit gates that rotate a qubit state around the z-axis of the

Bloch sphere, which correspond to a change in the relative phase between the j0i and

j1i states of a qubit. One can avoid physical implementations of Z gates via the Z-

gate virtualization procedure and, therefore, effectively reduce the number of physical

gates required for gate sequences [23]. In general, quantum gates, when physically

implemented, have errors due to qubit decoherence and control imperfections– by

shortening the length of a sequence of quantum gates we are able to reduce the total

sequence error.

In two-qubit quantum gate sequences containing iSWAP gates, the Z-gate vir-

tualization procedure accumulates coherent error due to the imperfect commutation

relation between Z gates and non-ideal iSWAP gates. We expect a trade-off– between

the reduction in error from the Z-gate virtualization procedure, and the accumulation

of coherent error from the non-ideal iSWAP gate. Understanding the net change in

the error of a sequence of quantum gates after Z-gate virtualization is necessary for

optimal circuit compilations. For example, when iSWAP errors are sufficiently large,

the accumulated error from Z-gate virtualization may exceed that of the reduced

single-qubit errors, whereas in systems with small iSWAP errors, the accumulated

error from Z-gate virtualization may be smaller than the reduction in single-qubit

errors.

In this thesis, we study the effect of coherent iSWAP errors on the Z-gate virtu-

alization procedure for two-qubit quantum gate sequences. We perform simulations

of randomized benchmarking techniques [2, 6, 21] and quantify the sequence fidelity

20



of gate sequences with and without the use of the Z-gate virtualization procedure.

We identify trade-off points at which the Z-gate virtualization procedure no longer

results in error reduction.

1.0.1 Overview

This thesis is organized into three main chapters. In Chapter 2, we introduce single

and two-qubit gates, beginning with the state vector and density matrix representa-

tions of single-qubit states, and the action of unitary gate operators on these states.

The Z-gate virtualization procedure for single-qubit sequences is then discussed. Two-

qubit gates are introduced and the Z-gate virtualization procedure for sequences con-

taining single-qubit gates and the iSWAP gate is presented. In Chapter 3, we discuss

the superconducting qubit. We derive the classical LC circuit Hamiltonian, and

then quantize the classical LC circuit Hamiltonian to obtain the quantum LC circuit

Hamiltonian. We motivate the need for a Josephson junction, which is a non-linear

inductor, in order to set-up a qubit Hamiltonian. We numerically simulate the qubit

Hamiltonian in order to obtain the energy spectra of the superconducting qubit and

identify the trajectories for the implementation of the iSWAP gate. In Chapter 4,

benchmarking quantum gates is discussed. We introduce metrics for quantifying the

error of quantum gates and the noise models used in this study. We present results

from simulations of randomized benchmarking techniques to study the effect of de-

polarization and coherent iSWAP errors on the Z-gate virtualization procedure in

two-qubit gate sequences. The trade-off points for the use of Z-gate virtualization are

found for a range of depolarization channel parameters and coherent iSWAP errors.

21
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Chapter 2

Quantum Gates

Boolean logic gate operations form the foundation of classical computation. Single

and two-bit gates form universal gate sets for classical computation [24]. Common

logic gates include the NOT, AND, and OR gates– the NOT and AND gates form

a universal logic gate set. Table 2.1 shows the truth tables for the AND, NOT and

OR Boolean logic gates. The AND gate is not reversible, the input bits cannot be

recovered from the output bit. This results in information loss during computation.

Logical operations on quantum computers are performed using quantum gates.

Quantum operations are represented by unitary matrices, which are reversible. That

is to say, given a quantum gate operator U acting on the qubit state j i, we can al-

ways find the inverse gate U y such that U yU = I, where I is the identity operator. In

addition, contrasting to classical Boolean logic gates which perform Boolean logic op-

erations on input bits, quantum gates perform unitary state evolution of qubit states.

In this chapter, we introduce the state vector and density matrix representations of a

quantum state. We discuss single and two-qubit gates, and the Z-gate virtualization

procedure for single and two-qubit gate sequences, focusing on two-qubit sequences

in which the only two-qubit gate is the iSWAP gate.
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Table 2.1: Truth tables for the AND, NOT and OR Boolean logic gates.

Gate Truth Table

AND

Input Output
00 0
01 0
10 0
11 1

NOT
Input Output

0 1
1 0

OR

Input Output
00 0
01 1
10 1
11 1

2.1 Qubit state representation

In this section we introduce two equivalent representations of a qubit state– the state

vector representation and the density matrix representation [24].

2.1.1 State vector representation

We represent the state of a qubit system as j i in the computational basis fj0i ; j1ig,

where we define

j0i =

241

0

35 ; j1i =

240

1

35 : (2.1)

The state j i is some linear combination of the basis states j0i and j1i, and we may

write it generally as

j i = � j0i+ � j1i ; (2.2)

where � 2 C and � 2 C satisfy the normalization condition j�j2 + j�j2 = 1. This con-

dition is satisfied by introducing parameters �, �1, and �2, and writing � = ei�1 cos �
2
,
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and � = ei�2 sin �
2
. We can check that this satisfies the normalization condition,

j�j2 = ei�1 cos
�

2
e�i�1 cos

�

2
= cos2 �

2
;

j�j2 = ei�2 sin
�

2
e�i�2 sin

�

2
= sin2 �

2
;

=) j�j2 + j�j2 = 1;

where we have used the identity sin2 �
2

+ cos2 �
2

= 1. This parameterization of � and

� allows us to write the qubit state as

j i = ei�1 cos
�

2
j0i+ ei�2 sin

�

2
j1i : (2.3)

This state contains a redundant parameter due to the equivalence of states that differ

only by global phases (the state j’i is equivalent to the state ei� j’i, with � a global

phase). We can thus define a new parameter � = �2 � �1 and remove a global phase

of �1 from the state j i, resulting in the state

j i = cos
�

2
j0i+ ei� sin

�

2
j1i : (2.4)

We can visualize the dependence of state j i on � and � by using the Bloch sphere

representation of states, where � and � are now treated as the polar coordinates of

points on a unit sphere. The state is represented by a vector pointing to the point

(�; �) on the unit sphere. An arbitrary state j i = cos �
2
j0i+ ei� sin �

2
j1i is shown on

the Bloch sphere in Figure 2-1.

2.1.2 Density matrix representation

Often we do not know the exact state of a qubit. The qubit can be in any state

from an ensemble of states. To capture this probabilistic nature of the qubit state

we can change our representation of the qubit to the density matrix representation.

This representation is equivalent to the state vector representation– that is, we can

reformulate the postulates of quantum mechanics in terms of density matrices instead
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Figure 2-1: Bloch sphere representation of an arbitrary state j i.

of state vectors. Here we follow the discussion of Nielsen and Chuang [24].

Given a quantum system that is in one of an ensemble of states fj iigi, where the

probability of the system being in state j ii is pi, we define the density matrix � of

the system as

� �
X
i

pi j ii h ij ; (2.5)

which has a trace (sum of diagonal entries) equal to 1, and is a semi-positive operator

(all eigenvalues are greater than or equal to 0).

In the state vector representation, the evolution of state j i by a unitary operator

U is given by j i ! U j i. This implies the evolution of the density matrix by a

unitary operator U is given by

�!
X
i

piU j ii h ijU y = U�U y: (2.6)

Given an initial density matrix � representing the state of a quantum system, after

acting on the state with measurement operator Mm to obtain measurement result m,
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the state becomes �m given by

�m =
Mm�M

y
m

tr
�
M y

mMm�
� ; (2.7)

and the probability of obtaining measurement value m is

p(m) = tr
�
M y

mMm�
�
; (2.8)

the derivations of Eq. 2.7 and Eq. 2.8 are given in Appendix B.

Due to the equivalence of the state vector and density matrix representation of

quantum systems, we will use the term state to refer to both the density matrix and

state vector of a quantum system. A quantum system that is known to be in state

j i, or equivalently state j i h j, is said to be in a pure state. Otherwise the state is

a mixed state and can be written as a sum of pure states.

We can write the entire state of a composite quantum system, in which there are

n Hilbert spaces, indexed by i 2 f1; 2; � � � ; ng, each described by density matrix �i,

as the tensor product of the individual states: �1 
 �2 
 � � � 
 �n.

We have now formulated the postulates of quantum mechanics in the language of

density matrices. We have states � that describe the state of a quantum system, an

equation describing the unitary evolution of a state, measurement probabilities and

the new state after measurement, and a description of composite quantum systems.

Throughout this thesis we will use both the state vector and density matrix rep-

resentation of quantum systems.

2.2 Single-qubit gates

In a quantum system consisting of a single qubit, unitary evolution is performed using

single-qubit gates. In this section, we introduce the X, Y and Z gates– rotations about

the x, y and z-axis of the Bloch sphere, respectively– as well as arbitrary single-qubit

gates. We introduce the circuit representation of quantum gates and the equivalence

27



with the operator matrix representation of quantum gates.

2.2.1 The X, Y, and Z gates

A quantum system containing a single-qubit utilizes single-qubit gates. We recall the

Pauli matrices �x, �y, and �z define as

�x =

240 1

1 0

35 ; �y =

240 �i

i 0

35 ; �z =

241 0

0 �1

35 : (2.9)

We now consider the action of the Pauli matrices on the arbitrary state j i =

cos �
2
j0i+ ei� sin �

2
j1i.

The action of �x, �y and �z on the state j i, respectively, is

�x j i = cos �
2
j1i+ ei� sin �

2
j0i ; (2.10)

�y j i = i cos �
2
j1i � iei� sin �

2
j0i ; (2.11)

�z j i = cos �
2
j0i � ei� sin �

2
j1i : (2.12)

We see that the application of a �x operator is equivalent to a rotation of � about the

x-axis of the Bloch sphere, a �y operator is equivalent to a rotation of � about the

y-axis of the Bloch sphere, and a �z operator is equivalent to a rotation of � about the

z-axis of the Bloch sphere. The complete orthonormal nature of the Pauli matrices

allows arbitrary state rotation around the Bloch sphere. We define three quantum

gates from these matrices– the X, Y, and Z gates– where

X � �x; Y � �y; Z � �z: (2.13)

The circuit symbols (discussed in section 2.2.3), matrix representations and truth

tables for the X, Y, and Z gates are shown in Table 2.2.
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Table 2.2: The circuit symbols, matrix representations, and truth tables for the X, Y
and Z gates.

Gate Circuit Symbol Matrix Representation Truth Table

X X

�
0 1
1 0

� Input Output
j0i j1i
j1i j0i

Y Y

�
0 �i
i 0

� Input Output
j0i i j1i
j1i �i j0i

Z Z

�
1 0
0 �1

� Input Output
j0i j0i
j1i � j1i

2.2.2 Arbitrary Bloch sphere rotations

From the Pauli matrices we have defined the X, Y, and Z gates, and seen their

action on the Bloch sphere as rotations about the x, y, and z-axis, respectively. The

completeness of this set of gates allows arbitrary state rotations about the Bloch

sphere. Glendinning [12] discusses the generalization to arbitrary state rotation. In

the Pauli basis f�x; �y; �zg, an arbitrary single-qubit gate operator Rn̂(
) is given by

Rn̂(
) = exp

�
�i
 n̂ � ~�

2

�
; (2.14)

where 
 is the angle of rotation, n̂ = (sin � cos�; sin � sin�; cos �) is the axis about

which the state is rotated, and ~� = (�x; �y; �z) is the vector of Pauli matrices.

The X, Y, and Z gates can be recovered from this generalization by setting 
 = �,

with (� = �
2
; � = 0), (� = �

2
; � = �

2
), and (� = 0; � = 0) for X, Y , and Z, respectively.

The compact form of Rn̂(
) will be convenient in Chapter 4 when implementing

single-qubit gates in simulation, in addition to the Z-gate virtualization procedure

discussed in sections 2.4 and 2.5.2.
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2.2.3 Circuit representation of quantum gates

Quantum algorithms apply sequences containing multiple quantum gates to an input

state. We can visualize quantum gate sequences in circuit diagrams. Circuit diagrams

are read from left to right. The input state begins on the left of the gate sequence

and each gate is applied to the state (in left to right order). Consider a sequence of

n quantum gates fUigi = fU1; U2; � � � ; Un�1; Ung applied to state j i in the order of

increasing gate index i (gate U1 applied first, gate Un applied last), resulting in an

output state j outi. We draw the circuit diagram corresponding to this gate sequence

in Figure 2-2.

j i U1 U2 � � � Un�1 Un

Figure 2-2: A quantum circuit visualizing the action of gates U1; U2; � � � ; Un acting
on an input state j i. Gates are read from left to right and act on the input state in
this order.

The sequence in Figure 2-2 can be translated into a matrix product of the gate

operations by reading the gates in the circuit representation from the right to left,

j outi = UnUn�1 � � �U2U1 j i : (2.15)

The conversion between the operator and circuit representation of gate sequences will

be used throughout this work. We will expand this circuit representation to two-qubit

gate sequences in section 2.5.

2.3 Implementation of single-qubit gates

In section 2.2, we discussed single-qubit gate operations. Single-qubit gates can be

viewed as rotations about the Bloch sphere, and in Eq. 2.14 we defined the operator

for an arbitrary rotation about the Bloch sphere. In this section, we discuss the

implementation of single-qubit gates. This discussion is based on [18, 23, 27].
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Consider the two-level Hamiltonian H given by

H

~
= �1

2
!�z; (2.16)

where ! is the transition frequency between the j0i and j1i eigenstates of the Hamil-

tonian. This Hamiltonian represents a qubit– it exhibits two energy levels, separated

by energy ~!, and has basis states j0i and j1i. If we drive this Hamiltonian with

a drive component Vd(t)�y, where Vd(t) is some time-dependent drive at time t, the

Hamiltonian becomes
H

~
= �1

2
!�z + Vd(t)�y: (2.17)

We now move into a frame that eliminates the rotating term �1
2
!�z. To do so, we

move into a rotating frame that is rotating at frequency !. Consider an arbitrary

state j 0(t)i in the non-rotating frame, the unitary operator Urf that moves state

j 0(t)i into the rotating frame is defined as

Urf = eiH0t; (2.18)

where H0 = �1
2
!�z. The state in the rotating frame, denoted j rf(t)i, is then

j rf(t)i = Urf j 0(t)i : (2.19)

To obtain the Hamiltonian in the rotating frame, denoted ~Hd, we consider the Schrödinger

equation governing j rf(t)i,

i
@

@t
j rf(t)i = i _Urf j 0(t)i+ iUrf

@
@t
j 0(t)i (2.20)

= i _UrfU
y
rf j rf(t)i+ UrfH0 j 0(t)i (2.21)

=
�
i _UrfU

y
rf + UrfH0U

y
rf

�
j rf(t)i ; (2.22)

where _Urf = @Urf
@t

. This leads us to define the Hamiltonian H0 in the rotating frame,

denoted ~H0, as
~H0 = i _UrfU

y
rf + UrfH0U

y
rf: (2.23)
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Inserting H0 = �1
2
!�z and Urf = eiH0t, we find that ~H0 = 0. By replacing H0 in

Eq. 2.23 with Hd = Vd(t)�y we can obtain the driving component of the Hamiltonian

in the rotating frame. Since H0 in the rotating frame is zero, the only term that

contributes to the rotating frame Hamiltonian is from Hd, thus

~Hd

~
= Vd(t)(cos(!t)�y � sin(!t)�x): (2.24)

We now focus on the functional form of Vd(t), assuming we can write it in the form

Vd(t) = V0v(t) where V0 is a constant amplitude and v(t) contains the time-varying

components of the driving term. v(t) takes the form

v(t) = s(t) sin(!dt� �); (2.25)

where s(t) 2 [�1; 1] is a dimensionless envelope function, !d is the driving frequency,

and � is the phase argument of the sine function. We can rewrite this expression for

v(t) to highlight the dependence on the phase �,

v(t) = s(t)(cos� sin(!dt)� sin� cos(!dt)): (2.26)

We extract two functions of � from the driving term: VI � cos� and VQ � sin�. We

call VI the in-phase component of the drive, and VQ the out-of-phase component of

the drive. The resulting Hamiltonian in the rotating frame is

~Hd

~
= V0s(t)(VI sin(!dt)� VQ cos(!dt))(cos(!t)�y � sin(!t)�x)

= V0s(t)(VI sin(!dt) cos(!t)�y � VI sin(!dt) sin(!t)�x

�VQ cos(!dt) cos(!t)�y + VQ cos(!dt) sin(!t)�x):
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Utilising trigonometric relations, we find that

~Hd

~
= 1

2
V0s(t)(VI [sin((!d � !)t) + sin((!d + !)t)]�y � VI [cos((!d � !)t)� cos((!d + !)t)]�x

�VQ[cos((!d � !)t) + cos((!d + !)t)]�y + VQ[sin((!d + !)t)� sin((!d � !)t)]�x):

Fast rotating terms (terms in which the argument of the sine or cosine contains !d+!)

can be dropped, this is called the rotating wave approximation. After dropping these

terms, we arrive at our result,

~Hd

~
= 1

2
V0s(t)(VI [sin((!d � !)t)�y � cos((!d � !)t)�x]

�VQ[cos((!d � !)t)�y + sin((!d � !)t)�x]) (2.27)

= 1
2
V0s(t)([VQ sin((! � !d)t)� VI cos((! � !d)t)]�x

�[VI sin((! � !d)t) + VQ cos((! � !d)t)]�y): (2.28)

Define �! � ! � !d to tidy up the expression and obtain

~Hd

~
=

1

2
V0s(t) [(VQ sin(�!t)� VI cos(�!t))�x � (VI sin(�!t) + VQ cos(�!t))�y] :

(2.29)

In the case of �! = 0, the driving frequency is equal to the qubit frequency, and we

find that
~Hd

~
= �1

2
V0s(t)(VI�x + VQ�y): (2.30)

Recalling that VI = cos� and VQ = sin�, we see that a phase of � = 0 sets VI = 1

and VQ = 0 resulting in a rotation about the x-axis of the Bloch sphere and a phase

of � = �
2

sets VI = 0 and VQ = 1 resulting in a rotation about the y-axis of the Bloch

sphere.

2.4 Z-gate virtualization for single-qubit sequences

Performing Z-gate rotations using only X and Y gates can offer significant speedups

to quantum algorithms containing Z gates. McKay et al. [23] describe a procedure
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called Z-gate virtualization for converting gate sequences containing X, Y, and Z gates

into sequences containing X and Y gates, and only a single Z-gate. This technique

utilizes updating the in-phase and out-phase components of the drive, discussed in

section 2.3, in order to absorb the Z-gate rotations.

We begin by recalling Eq. 2.30,

~Hd

~
= �1

2
V0s(t)(VI(�)�x + VQ(�)�y);

with VI(�) = cos� and VQ(�) = sin�. We assume that over a time T the driving

pulse has constant amplitude 
T , so V0[s(t+T )�s(t)] � 
T . Thus over a time period

[t; t+ T ] the Hamiltonian becomes

~Hd

~
= �1

2

T (VI(�)�x + VQ(�)�y);

This Hamiltonian has the corresponding unitary evolution operator UT given by

UT = e�i
T
2


T (VI(�)�x+VQ(�)�y); (2.31)

this is the gate operator. We define �T � 
TT to be the rotation angle of the gate.

From Eq. 2.14, we see that a phase of � = 0 corresponds to UT = e�i
�T
2
�x which is

an X gate rotation of angle �T , and a phase of � = �
2

corresponds to UT = e�i
�T
2
�y

which is a Y gate rotation of angle �T .

Now we consider the two sequences in Figure 2-3, where X� and Y� are rotations of

� in the x and y-axis of the Bloch sphere, respectively. X(�0)
� and Y

(�0)
� are rotations

of � in the x and y-axis of the Bloch sphere, respectively, with a phase shift of �0 (for

X� this is � = 0! �0, for Y� this is � = �
2
! �

2
+ �0).
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j i X� X
(�0)
�

(a) X sequence

j i Y� Y
(�0)
�

(b) Y sequence

Figure 2-3: (a) X sequence: a sequence containing an X rotation gate of angle � and
an X rotation gate of angle � with a phase incremented by �0. (b) Y sequence: a
sequence containing a Y rotation gate of angle � and a Y rotation gate of angle �
with a phase incremented by �0.

For the sequence in Figure 2-3a the unitary evolution operator for the sequence is

X
(�0)
� �X� = e�i

�
2

(VI(�0)�x+VQ(�0)�y) �X� (2.32)

= e�i
�
2

(cos�0�x+sin�0�y) �X� (2.33)

= ei
�0
2
�z � e�i �2�x � e�i

�0
2
�z �X� (2.34)

= Z��0 �X� � Z�0 �X�: (2.35)

Applying the gates X�� and Z�0 to the right and left, respectively, of Eq. 2.32 and

Eq. 2.35, we obtain

Z�0 �X
(�0)
� �X� �X�� = Z�0 � Z��0 �X� � Z�0 �X� �X��; (2.36)

which, using Z�0 � Z��0 = I and X� �X�� = I, gives

Z�0 �X
(�0)
� = X� � Z�0 : (2.37)

From this, we are able to see the effect of a phase update of �0 on the X� gate– a

Z-gate of rotation �0 on the left of an X� gate in a gate sequence can be commuted to

the right of the X� gate by updating the phase of the X� gate by �0. This corresponds

to the circuit equivalence in Figure 2-4.

Repeating this for the sequence in Figure 2-3b, we similarly find,

Z�0 � Y
(�0)
� = Y� � Z�0 : (2.38)
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j i Z�0 X� () j i X
(�0)
�

Z�0

Figure 2-4: Two equivalent circuits, one in which a Z�0 gate is before a X� gate and
another in which a Z�0 gate is after a X� gate with phase incremented by �0.

Again, we are able to see the effect of a phase update of �0 on the Y� gate– a Z-gate

of rotation angle �0 on the left of a Y� gate in a gate sequence can be commuted to

the right of the Y� gate by updating the phase of the Y� gate by �0 to �
2

+ �0. This

corresponds to the circuit equivalence in Figure 2-5.

j i Z�0 Y� () j i Y
(�0)
�

Z�0

Figure 2-5: Two equivalent circuits, one in which a Z�0 is before a Y� gate and another
in which a Z�0 gate is after a Y� gate with phase incremented by �0.

The two commutation relations in Eq. 2.37 and Eq. 2.38 can be used to convert

sequences containing X, Y and Z gates into sequences containing X and Y gates, and

a single Z-gate at the end of the sequence. To illustrate this, consider the sequence

in Figure 2-6, where Ui denotes an X gate or a Y gate. The Z gates are denoted Z�i ,

and rotate by an angle �i 2 [0; 2�] about the z-axis of the Bloch sphere.

j i Z�0 U0 Z�1 U1 � � � Z�n Un

Figure 2-6: An arbitrary single-qubit sequence before Z-gate virtualization.

Applying Eq. 2.37 and Eq. 2.38 we can commute the Z gates to the right of the

sequence, resulting in the sequence in Figure 2-7, recalling that U (�j)
i denotes gate Ui

with its phase incremented by �j (not equal to �j).

The Z gates can be combined into a single gate operation, resulting in the sequence

in Figure 2-8.

Removing the Z gates of a quantum gate sequence and implementing them through

phase updates motivates the description of the Z gates as being zero-duration and
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j i U
(�0)
0 U

(�0+�1)
1

� � � U
(�0+�1+���+�n)
n

Z�1 Z�2 � � � Z�n

Figure 2-7: An arbitrary single-qubit sequence after Z-gate virtualization, the phase
of the gates Ui have been updated.

j i U
(�0)
0 U

(�0+�1)
1

� � � U
(�0+�1+���+�n)
n

Z(�0+�1+���+�n) :

Figure 2-8: The final sequence after Z-gate virtualization of an arbitrary single-qubit
sequence, where the (n+1) Z gates have been combined into a single Z-gate of rotation
angle �0 + �1 + � � �+ �n.

perfect.

As we will see in Chapter 4, there is benefit to performing Z-gate virtualization

in single-qubit gate sequences when single-qubit gate errors are present. By reducing

the number of Z gates in a sequence, the number of gates that must be physically

implemented is reduced. Consider a toy example with a single-qubit gate sequence

of length n, and assume that we have a constant gate-independent error per gate

of �. The total sequence error is n�. If the sequence contains m > 1 Z gates, after

Z-gate virtualization the sequence length will be n �m + 1, and thus the sequence

error will be (n � m + 1)� = n� � (m � 1)� < n�. Thus the sequence error for a

sequence containing single-qubit gates with a gate-independent error of � is reduced

after Z-gate virtualization.

In summary, we have discussed how single-qubit gate sequences containing X,

Y, and Z gates can be updated to contain only a single Z-gate by appropriately

updating the phases of the X and Y gates in the sequence. In two-qubit systems, the

commutation of Z gates with two-qubit gates must be considered– this is discussed

in section 2.5.1 for the two-qubit CZ and iSWAP gates; the Z-gate virtualization

procedure for two-qubit sequences containing the iSWAP gate will be discussed in

section 2.5.2.
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2.5 Two-qubit gates

The implementation of arbitrary quantum logic requires a universal quantum gate

set. The set of single-qubit gates are not sufficient to perform arbitrary quantum logic

operations. In addition to single-qubit operations, two-qubit entangling operations

are required. In this section, we provide a brief summary of common two-qubit gates

and introduce the iSWAP gate. We describe the Z-gate virtualization procedure for

two-qubit sequences that contain single-qubit gates and the iSWAP gate. We focus on

the iSWAP gate because of its applications in superconducting qubit systems. This

will be discussed further in Chapter 3.

Two-qubit gates usually take the form of conditional gates [18], taking two qubits

as input– one control qubit and one target qubit. The state of the control qubit is

used to implement some operation on the target qubit, the operation is dependent on

the control qubit state. The CNOT gate is a two-qubit gate which applies an X-gate

to the target qubit when the control qubit is in state j1i, and applies an identity

operation I to the target qubit when the control qubit is in state j0i. We can write

the CNOT gate, denoted UCNOT, as

UCNOT = j0i h0j 
 I + j1i h1j 
X; (2.39)

where the gate acts on an arbitrary non-entangled state j 1i
j 2i with j 1i the state

of the control qubit, and j 2i the state of the target qubit.

The controlled-Z (CZ) gate is another two-qubit gate, similar to the CNOT gate.

The CZ gate applies a Z-gate to the target qubit instead of an X-gate under the same

control qubit conditions as the CNOT gate. We write the CZ gate, denoted UCZ, as

UCZ = j0i h0j 
 I + j1i h1j 
 Z; (2.40)

where, again, the gate acts on an arbitrary non-entangled state j 1i 
 j 2i with j 1i

the state of the control qubit, and j 2i the state of the target qubit. The controlled-

Y (CY) gate is the same gate as the CNOT and CZ gates, but with the applied
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Table 2.3: The circuit symbols, matrix representations, and truth tables for the
CNOT, CZ, CY, and iSWAP two-qubit gates.

Gate Circuit Symbol Matrix Representation Truth Table

CNOT �

2664
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3775
Input Output
j00i j00i
j01i j01i
j10i j11i
j11i j10i

CZ �
Z

2664
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 �1

3775
Input Output
j00i j00i
j01i j01i
j10i j10i
j11i � j11i

CY �
Y

2664
1 0 0 0
0 1 0 0
0 0 0 �i
0 0 i 0

3775
Input Output
j00i j00i
j01i j01i
j10i i j11i
j11i �i j10i

iSWAP
UiSWAP

2664
1 0 0 0
0 0 �i 0
0 �i 0 0
0 0 0 1

3775
Input Output
j00i j00i
j01i �i j10i
j10i �i j01i
j11i j10i

gate on the target qubit now a Y-gate. The circuit symbols, truth tables and matrix

representations of the CNOT, CZ and CY gates, as well as the iSWAP gate (discussed

in section 2.5.1), are given in Table 2.3.

2.5.1 The iSWAP gate

The iSWAP gate, denoted by UiSWAP, is a two-qubit gate which, as the name suggests,

swaps two of the qubit states and applies a phase of �i to the “swapped” states. We
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write the iSWAP gate as the matrix

UiSWAP =

26666664
1 0 0 0

0 0 �i 0

0 �i 0 0

0 0 0 1

37777775 : (2.41)

This thesis aims to study two-qubit sequences containing the iSWAP gate. In

particular, we are interested in the implementation of the Z-gate virtualization proce-

dure in two-qubit gate sequences containing the iSWAP gate. We need to develop a

method to commute Z gates with the iSWAP gate, similar to the commutation rules

we developed in section 2.4 for X and Y gates.

First, we consider the simpler commutation relation between Z gates and the CZ

gate. We consider the two sequences in Figure 2-9, denoting the unitary operator

for the sequence in Figure 2-9a as U1 and the unitary operator for the sequence in

Figure 2-9b as U2. We calculate these operators as

U1 = UCZ � (Z�1 
 Z�2) =

26666664
1 0 0 0

0 ei�2 0 0

0 0 ei�1 0

0 0 0 �ei(�1+�2)

37777775 ; (2.42)

and

U2 = (Z�1 
 Z�2) � UCZ =

26666664
1 0 0 0

0 ei�2 0 0

0 0 ei�1 0

0 0 0 �ei(�1+�2)

37777775 ; (2.43)

from which we conclude that

UCZ � (Z�1 
 Z�2) = (Z�1 
 Z�2) � UCZ: (2.44)
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Z�1 �

Z�2 Z

(a) Pre-commutation Sequence

� Z�1

Z Z�2

(b) Post-commutation Sequence

Figure 2-9: (a) Pre-commutation Sequence: a circuit containing two Z rotation gates
placed before a CZ gate in a sequence. (b) Post-commutation Sequence: the Z rotation
gates commuted with the CZ gate.

Thus the two sequences in Figure 2-9 are equivalent. This provides us a commutation

relation between Z gates and the CZ gate– the Z gates are moved to the other side

of the CZ gate and remain acting on the same qubit.

Next, we consider the commutation relation between Z gates and the iSWAP

gate. Using the result of the commutation relation between Z gates and the CZ gate

in Eq. 2.44, a naïve guess of the commutation between Z gates and the iSWAP gate

would be to simply commute the Z gates from the left side of the iSWAP gate to the

right, keeping the Z gates acting on the same qubit. Whilst this method works for

the CZ gate, this naïve guess is incorrect for the iSWAP gate. To illustrate this, we

calculate the unitary operators UiSWAP � (Z�1
Z�2) and (Z�1
Z�2) �UiSWAP, and show

that they are not equivalent,

UiSWAP � (Z�1 
 Z�2) =

26666664
1 0 0 0

0 0 �iei�1 0

0 �iei�2 0 0

0 0 0 ei(�1+�2)

37777775 ; (2.45)

(Z�1 
 Z�2) � UiSWAP =

26666664
1 0 0 0

0 0 �iei�2 0

0 �iei�1 0 0

0 0 0 ei(�1+�2)

37777775 ; (2.46)

and thus UiSWAP � (Z�1 
 Z�2) 6= (Z�1 
 Z�2) � UiSWAP, the commutation relation in

Eq. 2.44 for the CZ gate does not work for the iSWAP gate.
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Z�1

UiSWAP
Z�2

(a) Pre-commutation Sequence

UiSWAP

Z�2

Z�1

(b) Post-commutation Sequence

Figure 2-10: (a) Pre-commutation Sequence: a circuit containing two Z rotation gates
placed before an iSWAP gate in a sequence. (b) Post-commutation Sequence: the Z
rotation gates commuted with the iSWAP gate.

We can fix the commutation relation between Z gates and the iSWAP gate by

exchanging the qubits that the Z gates act on after commutation with the iSWAP

gate. We claim that this provides the correct commutation between Z gates and the

iSWAP gate– that is, we claim that the two sequences in Figure 2-10 are equivalent.

We can confirm this by calculating the unitary operators of each sequence, for the

sequence in Figure 2-10a we have

UiSWAP � (Z�1 
 Z�2) =

26666664
1 0 0 0

0 0 �iei�1 0

0 �iei�2 0 0

0 0 0 ei(�1+�2)

37777775 ; (2.47)

and for the sequence in Figure 2-10b we have

(Z�2 
 Z�1) � UiSWAP =

26666664
1 0 0 0

0 0 �iei�1 0

0 �iei�2 0 0

0 0 0 ei(�1+�2)

37777775 ; (2.48)

and thus

UiSWAP � (Z�1 
 Z�2) = (Z�2 
 Z�1) � UiSWAP; (2.49)

confirming that the two sequences in Figure 2-10 are equivalent. Eq. 2.49 is the

commutation relation between Z gates and the iSWAP gate.
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2.5.2 Z-gate virtualization for two-qubit sequences

In section 2.4, we described the Z-gate virtualization procedure for single-qubit gate

sequences. Using the commutation relation between Z gates and the iSWAP gate in

Eq. 2.49, we are now able to describe a Z-gate virtualization procedure for two-qubit

gate sequences in which the only two-qubit gate is the iSWAP gate. Focusing on

sequences containing single-qubit gates and iSWAP gates is motivated by the fact

that the single-qubit gates and iSWAP gate form a universal gate set [24]. Thus we

can approximate any unitary operation with arbitrarily small error by using the single-

qubit gates and iSWAP gate. As we will discuss in Chapter 3, the iSWAP gate is

one of the entangling gates that are relatively easily implemented in superconducting

qubit systems [1, 3, 4, 11, 20, 22, 28, 29].

We now aim to describe the Z-gate virtualization procedure for sequences con-

taining single-qubit gates and iSWAP gates. We consider the circuit in Figure 2-11,

where Ui and Vi denote X or Y gates. The Z gates are denoted Z�i , and rotate by

an angle �i 2 [0; 2�] about the z-axis of the Bloch sphere. Using the single-qubit

Z-gate virtualization procedure described in section 2.4, we can move the Z gates

through the gates fU0; U1; � � � ; Ung and fV0; V1; � � � ; Vng on the left of the iSWAP

gate to obtain the sequence in Figure 2-12. Next, we use the commutation relation

between Z gates and the iSWAP gate in Eq. 2.49 to obtain the circuit in Figure 2-13.

Finally, we use the single-qubit Z-gate virtualization procedure again to obtain the

final gate sequence in Figure 2-14, which is equivalent to the initial gate sequence in

Figure 2-11.

� � � Z�0 U0 U1 � � � Un
UiSWAP

Un+1 � � �

� � � Z�1 V0 V1 � � � Vn Vn+1 � � �

Figure 2-11: A two-qubit gate sequence containing single-qubit gates and iSWAP
gates. The sequence begins with two Z gates of different angles of rotation �0 and �1.

Theoretically, we can now reduce two-qubit gate sequences containing single-qubit

gates and iSWAP gates to shorter gate sequences. This theoretically reduces the error
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� � � U
(�0)
0 U

(�0)
1

� � � U
(�0)
n

Z�0

UiSWAP

Un+1 � � �

� � � V
(�1)

0 V
(�1)

1
� � � V

(�1)
n

Z�1 Vn+1 � � �

Figure 2-12: The two-qubit gate sequence after the single-qubit Z-gate virtualization
procedure is performed on the single-qubit gates to the left of the iSWAP gate.

� � � U
(�0)
0 U

(�0)
1

� � � U
(�0)
n

UiSWAP

Z�1 Un+1 � � �

� � � V
(�1)

0 V
(�1)

1
� � � V

(�1)
n

Z�0 Vn+1 � � �

Figure 2-13: The two-qubit Z-gate virtualization gate sequence after commutation
with the iSWAP gate.

of a gate sequence by reducing the number of gates that need to be implemented. In

Chapter 4, we will consider sources of error associated with the Z-gate virtualization

procedure. In particular, when the iSWAP gate is error-prone, the commutation

relation in Eq. 2.49 no longer holds true. We consider trade-offs between virtualizing

Z gates, and accumulating error from the imperfect commutation between Z gates

and the iSWAP gate.
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� � � U
(�0)
0 U

(�0)
1

� � � U
(�0)
n

UiSWAP

U
(�1)
n+1

Z�1 � � �

� � � V
(�1)

0 V
(�1)

1
� � � V

(�1)
n V

(�0)
n+1

Z�0 � � �

Figure 2-14: The output gate sequence from the Z-gate virtualization procedure for
a two-qubit gate sequence containing single-qubit gates and iSWAP gates.
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Chapter 3

Superconducting Qubits

In this chapter, we introduce the superconducting qubit. We first derive the Hamil-

tonian of a quantum harmonic LC oscillator and explain how we engineer the circuit

to transform the system into an anharmonic oscillator. We identify the two low-

est energy eigenstates of the anharmonic oscillator as the computational basis states

j0i and j1i.The implementation of single-qubit gates on superconducting qubits, fol-

lowing from section 2.3, is presented. We then focus on the implementation of the

iSWAP gate in superconducting qubits, motivating the focus of this work on study-

ing the effect of single and two-qubit gate errors on the implementation of the Z-gate

virtualization procedure in gate sequences containing single-qubit gates and iSWAP

gates.

3.1 Quantization of the classical LC circuit

This section follows references [18, 19].

3.1.1 The classical linear LC oscillator

We begin the derivation of the Hamiltonian of a superconducting qubit by first consid-

ering the classical linear LC circuit, shown in Figure 3-1, consisting of a capacitor with

capacitance C and voltage V , and inductor with inductance L. The time-dependent
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Figure 3-1: The linear LC circuit, which acts as a harmonic oscillator.

energies, at time t, of the capacitor or inductor are given by

E(t) =

Z t

�1
V (t0)I(t0)dt0; (3.1)

where V (t0) and I(t0) are the voltage and current, respectively, through the capacitor

or inductor, at time t0.

We represent the circuit Hamiltonian by using the generalized circuit coordinate

of flux. The time-dependent flux �(t), at a node between the inductor and capacitor

(see Figure 3-1), is given by

�(t) =

Z t

�1
V (t0)dt0: (3.2)

The voltage through the inductor obeys

V (t) = L
dI(t)

dt
; (3.3)

and the current through the capacitor obeys

I(t) = C
dV (t)

dt
: (3.4)

Using Eq. 3.3 and Eq. 3.4, we compute the energy in Eq. 3.1 for the capacitor, denoted
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Ecap(t), and the inductor, denoted Eind(t),

Ecap(t) =
1

2
C _�2(t); (3.5)

Eind(t) =
1

2L
�2(t); (3.6)

where _� denotes the time derivative of �. In analogy with a mechanical harmonic

oscillator (a mass connected to a spring), we can associate Ecap(t) with the equivalent

of the kinetic energy of the mass, and Eind(t) as the equivalent of the potential energy

of the spring. Thus the Lagrangian L of the system is

L =
1

2
C _�2(t)� 1

2L
�2(t): (3.7)

Using the Legendre transformation, we can compute the Hamiltonian H of the circuit,

H =
@L
@ _�

_�� L =
1

2
CV 2(t) +

1

2
LI2(t): (3.8)

We define the momentum conjugate to the flux as charge Q = @L
@ _�

and re-write the

Hamiltonian as

H =
1

2C
Q2 +

1

2L
�2: (3.9)

The substitution of C ! m and 1p
LC
! !, where m is a mass and ! is a frequency,

transforms the Hamiltonian into

H =
Q2

2m
+

1

2
m!2�2; (3.10)

which is the classical harmonic oscillator Hamiltonian, with momentum p = Q and

position x = � coordinates.
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3.1.2 The quantum linear LC oscillator

We now promoteQ and � to quantum operatorsQ̂ and �̂ , respectively, which must

satisfy the commutation relation

[�̂ ; Q̂] = i~: (3.11)

The Hamiltonian in Eq. 3.9 becomes the quantum Hamiltonian̂H , given by

Ĥ =
1

2C
Q̂2 +

1
2L

�̂ 2: (3.12)

We de�ne a reduced �ux �̂ � 2� �̂
� 0

and a reduced chargên � Q̂
2e, where � 0 = h

2e, h is

the Planck constant, ande is the electron charge. This results in the Hamiltonian

Ĥ = 4EC n̂2 +
1
2

EL �̂ 2; (3.13)

whereEC = e2

2C and EL = 1
L

�
� 0
2�

� 2
.

If we de�ne ! r = 1p
LC

to be the resonant frequency of the system, we can re-

write the quantum Hamiltonian in Eq. 3.12 in the more familiar form of the quantum

Harmonic oscillator,

Ĥ = ~! r

�
âyâ +

1
2

�
; (3.14)

whereây and â are the creation and annihilation operators, respectively.

The energy spectrum for the Hamiltonian in Eq. 3.14 is equally spaced energy

levels, separated by~! r , with ground state energy1
2~! . The value of thenth energy

level, denotedEn , is

En = ~! r

�
n +

1
2

�
; (3.15)

wheren 2 f 0; 1; 2; � � � g. The linear spacing of the energy levels is a result of the linear

nature of the quantum LC oscillator.

One can use the quantum LC oscillator to setup a qubit computational basis, tak-
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ing the j0i state to be the state corresponding to theE0 energy level and thej1i state

to be the state corresponding to theE1 energy level. The equal spacing between en-

ergy levels, however, makes this qubit prone to escaping thefj 0i ; j1ig computational

space, especially for gate operations that depend of frequency selectivity.

3.1.3 The superconducting qubit

In order to establish a qubit with an anharmonic energy spectrum, able to handle

frequency sensitive gate operations, we must introduce a non-linear circuit element to

our system. This can be achieved by replacing the linear inductor with a non-linear

inductor called a Josephson junction, this new circuit is shown in Figure 3-2, the

capacitor is now called theshunt capacitor and has a capacitanceCs. A Josephson

junction is essentially two conducting electrodes separated by an insulator. This

device acts partially as a capacitor, and we can associate a capacitanceCJ with the

Josephson junction. At superconducting temperatures, however, electrons present on

one electrode of a Josephson junction are able to undergo quantum tunnelling to the

other electrode. The result of this behaviour produces the circuit Hamiltonian

Ĥ = 4ECs n̂
2 � EJ cos�̂; (3.16)

whereEJ = e2

2(Cs + CJ ) . The 4ECs n̂
2 term is associated with the kinetic energy, and the

� EJ cos�̂ term is associated with the potential energy. For further intuition behind

this Hamiltonian, the reader is referred to [19].

The cos�̂ term provides the desired non-linearity, which can be seen explicitly by

Taylor expanding the potential term of the Hamiltonian,

Ĥ = 4ECs n̂
2 �

1
2

EJ �̂ 2 +
1
4!

EJ �̂ 4 + O(�̂ 6): (3.17)

Terms of O( ^� 4) and higher disrupt the harmonic structure of the Hamiltonian and

result in an anharmonic energy spectrum. The non-linear spacing between energy

levels is ideal for de�ning the computational basisj0i and j1i as the lowest and
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Figure 3-2: An LC oscillator where the linear inductor is replaced by a Josephson
junction, which is a non-linear inductor. The replacement of the linear inductor by a
Josephson junction results in a Hamiltonian with an anharmonic energy spectrum.

second-lowest energy states of the Hamiltonian in Eq. 3.16. This qubit basis de�ned

on the circuit in Figure 3-2 operating at superconducting temperatures is referred to

as thesuperconducting qubit.

Frequency sensitive gates are now implementable more easily than in the quantum

harmonic oscillator qubit due to the anharmonicity of the superconducting qubit. Let

the nth energy state of the superconducting qubit correspond to frequency! n , for

n 2 f 0; 1; 2; � � � g. For a single-qubit gate in which a transition between thej0i and

j1i computational states is performed, we can drive transitions between thej0i and

j1i states using a frequency of! 1 � ! 0 without causing unwanted transitions between

higher energy states, since! 1 � ! 0 6= ! i � ! j for (i; j ) 6= (1 ; 0).

3.2 Superconducting qubit control

To implement gate operations on superconducting qubits we need access to a degree

of freedom of the qubit. This is often done by applying an external magnetic �ux

� ext threading the qubit loop. We modify our superconducting qubit circuit to now

be a loop of two identical Josephson junctions, shown in Figure 3-3, this is referred

to as the symmetric transmonqubit. This circuit has the Hamiltonian

Ĥ = 4EC n̂2 � 2EJ j cos' ext j cos�̂; (3.18)
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Figure 3-3: The circuit diagram of a symmetric transmon qubit. By adjusting the
external magnetic �ux ' ext threading the qubit loop, we can tune the qubit frequency.

where ' ext = � � ext
� 0

is the reduced external �ux. The e�ect of replacing the capacitor

with a Josephson junction, in the circuit in Figure 3-2, is the replacement ofEJ in

Eq. 3.16 with E 0
J (' ext ) = 2 EJ j cos' ext j. By changing ' ext we have access to control

the resonant frequency of the symmetric transmon qubit and are able to perform

Z-gate operations.

3.3 Single-qubit gate implementation using microwave

pulses

In section 2.3 we discussed the implementation of single-qubit gates. We now brie�y

discuss the realisation of this scheme in superconducting qubits. We recall Eq. 2.29,

~Hd

~
=

1
2

V0s(t) [(VQ sin(�!t ) � VI cos(�!t )) � x � (VI sin(�!t ) + VQ cos(�!t )) � y] ;

where�! = ! � ! d, ! is the qubit frequency, and! d is the drive frequency.

We realize this Hamiltonian in superconducting systems using microwave pulses,

described in [18]. This is done through IQ modulation. The drive frequency is

generated using a local oscillator (LO), which is a high frequency pulse of frequency

! LO . This high frequency pulse is shaped by the lower frequencyVI and VQ pulses

produced by an arbitrary waveform generator (AWG). These two pulse envelopes, one

for VI and one forVQ, are of frequency! AWG and has envelope shapes(t), de�ned
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Figure 3-4: A schematic representation of the pulse generation for the implementation
of quantum gates in superconducting qubit systems. Low frequency in-phase and out-
of-phase pulses, produced by an arbitrary waveform generator (AWG), and a high
frequency pulse produced by a Local Oscillator (LO), are mixed using an IQ-mixer
to produce a drive pulse to apply to the qubit.

in Eq. 2.25. The three pulses are then input to an IQ-mixer which combines the

VI and VQ pulses with the LO pulse to produce an output pulse to send to the

qubit. The output pulse has frequency! d = ! LO � ! AWG , and envelopes(t). This

output waveform is Vd(t), given in Eq. 2.17. The schematic of this microwave pulse

generation, based on the schematic in [18], is shown in Figure 3-4.

3.4 Transmon coupling and the iSWAP gate

For multi-qubit entangling gate operations we require a coupling between transmon

qubits. This can be achieved by directly coupling two transmon qubits using a capac-

itor of capacitanceC, as shown in Figure 3-5. Qubiti 2 1; 2 has associated Josephson

junction energyEJ i , frequency! qi, shunt capacitanceCs;i and shunt capacitance en-

ergyECs ;i . The external �ux through qubit i is denoted' (i )
ext . We follow the discussion

of Krantz et al. [18] to derive the iSWAP gate operator.

The circuit in Figure 3-5 has HamiltonianHqq, which in the rotating wave ap-

proximation is given by

Hqq =
g
2

(� x 
 � x + � y 
 � y); (3.19)
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where � x and � y are the x and y Pauli matrices, respectively, andg is called the

coupling strengthbetween the two qubits. The coupling strengthg is de�ned as

g =
1
2

p
! q1! q2

C
p

(C + Cs;1)(C + Cs;2)
: (3.20)

If ! q1 = ! q2 we say that the qubits are in resonance. The unitary evolution operator

Uqq(t) of Hqq, when the two qubits are brought into resonance for a timet, is given

by

Uqq(t) = e� iH qq t =

2

6
6
6
6
6
6
4

1 0 0 0

0 cos(gt) � i sin(gt) 0

0 � i sin(gt) cos(gt) 0

0 0 0 1

3

7
7
7
7
7
7
5

: (3.21)

The two qubits are tunable in frequency� that is, ! qi = ! qi('
(i )
ext ). We can tune the

qubits into resonance for a timet = �
2g , which results in the unitary operator for the

iSWAP gate,

Uqq

�
�
2g

�
= e� iH qq t =

2

6
6
6
6
6
6
4

1 0 0 0

0 0 � i 0

0 � i 0 0

0 0 0 1

3

7
7
7
7
7
7
5

= UiSWAP : (3.22)

In order to tune the qubits into resonance, we must move the iSWAP input state

through an avoided crossing in the capacitively coupled transmon qubit system energy

spectra.

The iSWAP implementation can be performed by adjusting the external magnetic

�ux through one qubit, whilst holding the second qubit's external magnetic �ux

constant. This allows us to bring the capacitively coupled qubits into resonance.

We simulate this system using the QuTiP [15] Python simulation package to obtain

the energy spectrum of the two-qubit capacitively coupled system by varying the

magnetic �ux applied through one of the qubits, the magnetic �ux through the other

qubit is �xed at a constant value. The second and third lowest energy eigenstates of
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Figure 3-5: Two symmetric transmon qubits directly capacitively coupled together.

a two-qubit capacitively coupled transmon system are plotted in Figure 3-6 (higher

energy eigenstates are also plotted in Figure D-1 of Appendix D).

We identify an avoided crossing at' (1)
ext � 0:23, which we will denote' iSWAP , cor-

responding to the avoided crossing traversed during the iSWAP gate implementation.

The trajectory of the iSWAP gate, bringing the two qubits into resonance fort = �
2g

in Eq. 3.21, is plotted as a directed dashed line for an input statej01i in Figure 3-6.

We extend this numerical simulation to study the e�ect of varying the timet for

which the two qubits are brought into resonance and the maximum' (1)
ext value. We

initialise a j01i state and perform the iSWAP trajectory for varying t, in units of �
g ,

and the maximum value of' (1)
ext , scaled by1=� , and �nally calculate the occupation

probability of the j10i state. The results of this simulation are shown in Figure 3-

7. We also plot the occupation probabilities as we vary timet when the maximum

external magnetic �ux is set at ' (1)
ext = ' iSWAP in Figure 3-8.
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Figure 3-6: The energy spectrum of a two-qubit capacitively coupled transmon sys-
tem. The two energy eigenstates involved in the implementation of the iSWAP gate
are shown. The iSWAP gate trajectory, for an input statej01i , passing through the
avoided crossing at' (1)

ext = ' iSWAP in the spectrum, is labelled.
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Figure 3-7: The occupation probabilities of thej10i state, denoted P(j10i ), following
the application of an iSWAP gate for varying timest that the qubits are brought
into resonance, in units of�g , and the maximum external �ux ' (1)

ext applied during the
trajectory, scaled by a factor of1=� . We observe (approximately) unity probabilities
for ' (1)

ext = ' iSWAP at times t that are half-integer multiples of �
g .
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Figure 3-8: The occupation probabilities of thej10i and j01i states, denoted P(j10i )
and P(j01i ), respectively, following the application of an iSWAP gate for varying times
t that the qubits are brought into resonance at a �xed maximum external magnetic
�ux ' (1)

ext = ' iSWAP . We observe (approximately) unity probabilities for being in the
j10i state for times t that are half-integer multiples of �

g .

59



60



Chapter 4

Benchmarking Quantum Gates

Quantum advantage relies on high �delity quantum gate operations. Implementing

the intended gate operation on an input state is paramount to performing a desired

algorithm. In this chapter, we discuss the error and noise models used in this study

and methods for quantifying the errors associated with quantum gate sequences. We

give the de�nition of average gate �delity, discuss the depolarization noise channel

and give the randomized benchmarking procedure. We simulate single and two-

qubit quantum gate sequences, and implement the depolarization channel, the Z-gate

virtualization procedure and the interleaved randomized benchmarking procedure in

the simulations developed. Randomized benchmarking results are given for single and

two-qubit gate sequences with and without use of the Z-gate virtualization procedure.

Conclusions about the optimal use of the Z-gate virtualization procedure based on

single and two-qubit error rates are made.

4.1 Average gate �delity

When implementing quantum gates in qubit modalities prone to error, we wish to

develop a quantitative measure of how well the physical implementation of a quantum

gate is to the ideal gate operation. We introduceaverage gate �delity [25] as the

error metric used to quantify how well an error-prone gate implements the ideal gate

operation. The average gate �delity computes an average inner product over states
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acted on by the ideal and error prone operations. Given the ideal gate operationU,

which is implemented by an error-prone trace-preserving quantum operation"( ),

where is the input state (j i or j i h j), the average gate �delity �F ("; U ) is de�ned

as

�F ("; U ) �
Z

d h j Uy" ( )U j i ; (4.1)

where d is the Haar measure on the state space, with
R

d = 1. The average

gate �delity has range �F ("; U ) 2 [0; 1], where �F ("; U ) = 1 when "( ) perfectly

implements gate operationU, and �F ("; U ) = 0 when "( ) transforms statej i to a

state orthogonal to the ideal output stateU j i , for all input states j i .

4.2 Noise model

Qubits are subject to a wide range of noise when interacting with their environment.

In this section we discuss the depolarization channel, which is the most commonly

studied noise model, and coherent errors associated with the iSWAP gate.

4.2.1 The depolarization channel

In this discussion we follow reference [24]. A qubit is said to bedepolarizedif the

qubit's state is replaced by the completely mixed stateI2 . The depolarization channel,

which we denote as a quantum operation"(� ), takes state� as input, and depolarizes

the state with probability � and leaves the state unchanged with probability(1 � � ).

We can write the depolarization channel for a single-qubit system as

"(� ) = �
I
2

+ (1 � � )�: (4.2)

This can be extended to multi-qubit systems, the depolarization channel for ann-

qubit system can be written as

"(� ) = �
I
2n

+ (1 � � )�: (4.3)
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When simulating two-qubit quantum gate sequences, after each gate operation we

apply the depolarization channel. Consider a gate sequence containingn single and

two-qubit gatesf Ui gi , wherei 2 f 1; 2� � � ; ng, applied to an input state� . The output

state � i , after application of gatesU1; U2; � � � ; Ui , is given by

� i = "(Ui � i � 1Uy
i ); (4.4)

with � 0 = � .

We implement the depolarization channel using the QuTiP [15] Python simulation

package. The Python function developed for the simulation of the depolarization

channel is given in Appendix A.

4.2.2 Coherent error in the iSWAP gate

The physical implementation of the iSWAP gate is associated with the accumulation

of coherent errors. To understand one source of these coherent iSWAP errors we recall

Eq. 3.21,

Uqq(t) =

2

6
6
6
6
6
6
4

1 0 0 0

0 cos(gt) � i sin(gt) 0

0 � i sin(gt) cos(gt) 0

0 0 0 1

3

7
7
7
7
7
7
5

:

When t = �
2g we recover the iSWAP gate unitary operator,Uqq

�
�
2g

�
= UiSWAP . If,

however,t deviates from the ideal value of�2g (as we performed in simulation to obtain

Figure 3-7), then the cosine terms on the diagonal entries ofUqq(t) will not vanish

as needed to obtainUiSWAP . This is a source of coherent error for the iSWAP gate.

This can be viewed alternatively as an error when bringing the qubits into resonance

to perform an iSWAP gate, resulting in a coupling strengthg, given in Eq. 3.20, with

! q1 6= ! q2 (in the error-free case! q1 = ! q2 when the two qubits are brought into

resonance).

An important implication of coherent iSWAP error is the failure of the commuta-

tion relation between Z gates and the iSWAP gate that was discussed in section 2.5.1,
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Z � 1

U(err)
iSWAP

Z � 2

(a) Pre-commutation Sequence

U(err)
iSWAP

Z � 2

Z � 1

(b) Post-commutation Sequence

Figure 4-1: (a) Pre-commutation Sequence: a circuit containing two Z rotation gates
placed before an error-prone iSWAP gate in a sequence. (b) Post-commutation Se-
quence: a circuit containing two Z rotation gates placed after an error-prone iSWAP
gate in a sequence.

and is given in Eq. 2.49. To see this, consider the two sequences in Figure 4-1, con-

taining a gate U(err)
iSWAP � Uqq

�
�
2g + �

g

�
, which is an iSWAP gate with an error int of

�
g , where� 2 [0; 2� ]. In later sections we will characterize the coherent iSWAP error

by parameter � � �
g .

For the sequence in Figure 4-1a, we compute the following unitary operator,

U(err)
iSWAP � (Z � 1 
 Z � 2 ) =

2

6
6
6
6
6
6
4

1 0 0 0

0 sin(� )ei� 2 � i cos(� )ei� 1 0

0 � i cos(� )ei� 2 sin(� )ei� 1 0

0 0 0 ei ( � 1+ � 2 )

3

7
7
7
7
7
7
5

: (4.5)

Similarly for the sequence in Figure 4-1b, we compute the following unitary operator,

(Z � 2 
 Z � 1 ) � U(err)
iSWAP =

2

6
6
6
6
6
6
4

1 0 0 0

0 sin(� )ei� 1 � i cos(� )ei� 1 0

0 � i cos(� )ei� 2 sin(� )ei� 2 0

0 0 0 ei ( � 1+ � 2 )

3

7
7
7
7
7
7
5

: (4.6)

We conclude from this thatU(err)
iSWAP � (Z � 1 
 Z � 2 ) 6= ( Z � 2 
 Z � 1 ) � U(err)

iSWAP , for � 1 6= � 2,

� 6= 0.

The failure of the commutation relation between Z gates and error-prone iSWAP

gates presents an issue for the two-qubit Z-gate virtualization procedure. When Z-

gate virtualization is performed on two-qubit sequences containing error-prone iSWAP
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gates, a coherent error is accumulated. The accumulation of error from error-prone

iSWAP gates reduces the e�ect of the Z-gate virtualization procedure which is imple-

mented to reduce single-qubit errors. Further, we expect a turning point� if coherent

iSWAP error is su�ciently large, the reduction in Z-gate errors may be overcome by

accumulated coherent iSWAP error, resulting in a larger total error in a sequence

after Z-gate virtualization. In section 4.4.4 we investigate this e�ect.

4.3 Randomized benchmarking

Quantum algorithms are implemented using quantum gate sequences. When imple-

menting a quantum gate sequence, using high �delity quantum gates is crucial for

implementing the desired quantum operation. Quantifying the errors accumulated

during the implementation of a gate sequences is important for measuring the quality

of quantum gates, as well as predicting the quality of a sequence of quantum gates.

When implementing a quantum gate sequence, we input state� and state � out is

produced as an output. Without access to the state of the system after the imple-

mentation of each individual quantum gate operation, protocols have been developed

to determine average quantum gate errors that do not interfere with the state during

the application of a gate sequence. Two such protocols arequantum process tomog-

raphy (QPT) [5], and randomized benchmarking[9, 17]. Randomized benchmarking

o�ers some bene�ts over QPT. Randomized benchmarking is protected from state

preparation and measurement (SPAM) errors, and can be performed on large multi-

qubit systems. This scaling to larger qubit systems makes it favourable over QPT

which requires a number of measurements that scales exponentially with the num-

ber of qubits [5]. One drawback of randomized benchmarking is that it can only

provide an average error rate, and we are unable to identity speci�c error channels.

For this study, we focus on randomized benchmarking to study the errors of single

and two-qubit gate sequences. Whilst speci�c error channels cannot be identi�ed ex-

perimentally using randomized benchmarking, in simulation we can study the e�ects

of speci�c error channels using randomized benchmarking by turning speci�c error
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channels on and o� in simulation. This control of the sources and magnitudes of

error in simulation makes randomized benchmarking a suitable protocol for use in

this study.

Randomized benchmarking applies randomly generated sequences of gates, se-

lected from a universal gate set, to an identical input state. The length of the ran-

domly generated sequences is varied and for each sequence length, anaverage sequence

�delity (de�ned in section 4.3.2) can be obtained. By �tting the average sequence

�delities against the sequence lengths, the average error rate per gate in the universal

gate set can be determined. The average error rate per gate obtained is not speci�c

to a gate in the universal gate set. In order to obtain an average error rate for a

speci�c gate, we can use an extended version of randomized benchmarking, called

interleaved randomized benchmarking. Interleaved randomized benchmarking inter-

leaves a speci�c gate between the gates of the randomly generated gate sequences.

The average sequence �delities of these new gate sequences can be used to extract

an error rate for the speci�c gate that was interleaved. We discuss these protocols

further in section 4.3.2 and section 4.3.3.

4.3.1 The two-qubit Cli�ord gate set

The randomized benchmarking procedure samples randomly from a universal quan-

tum gate set. In the two-qubit randomized benchmarking procedure, we will use the

two-qubit Cli�ord gate set as the gate set we randomly sample from.

The two-qubit Cli�ord gate set is generated from single-qubit gates and iSWAP

gates. The single-qubit gates used to generate the two-qubit Cli�ord gate set are

stored in setsC1, S1, and SZ/2 , these sets are listed in Appendix C. Gate setC1 is

the single-qubit Cli�ord gate set, and contains24 gates. The setsS1 and SZ/2 both

contain 3 gates. Using gates from the setsC1, S1 and SZ/2 , and iSWAP gates, we

can construct the two-qubit Cli�ord gate set. The two-qubit Cli�ord gate set can be

divided into four classes of gates: the single-qubit class, the iSWAP-like class, the

CNOT-like class, and the SWAP-like class. Each of these four classes is generated

by randomly sampling over the di�erent single-qubit gate setsC1, S1 and SZ/2 . The
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single-qubit class randomly selects two gates from theC1 set, thus the single-qubit

class contains24� 24 = 576 gates. The iSWAP-like class randomly selects two gates

from the C1 set, and two gates from theS1 set, thus the iSWAP-like class contains

24� 24� 3� 3 = 5184gates. The CNOT-like class randomly selects two gates from the

C1 set, one gate from theS1 set, and one gate from theSZ/2 set, thus the CNOT-like

class contains24� 24� 3� 3 = 5184gates. The SWAP-like class randomly selects two

gates from theC1 set, thus the SWAP-like class contains24� 24 = 576 gates. Thus

the cardinality of the two-qubit Cli�ord gate set is 576 + 5184 + 5184 + 576 = 11520.

The four gate classes of the two-qubit Cli�ord gate set are shown in Figure 4-2.

When randomly sampling from the two-qubit Cli�ord gate set, we �rst generate a

random integer between1 and 11520. If the random integer is between1 and 576, we

randomly select two gates from the setC1 and return a gate sequence in the single-

qubit class (see Figure 4-2a). If the random integer is between577 and 5760, we

randomly select two gates from the setC1 and two gates from the setS1, and return

a gate sequence in the iSWAP-like class (see Figure 4-2b). If the random integer is

between5761and 10944, we randomly select two gates from the setC1, one gate from

the set S1, and one gate from the setSZ/2 , and return a gate sequence in the CNOT-

like class (see Figure 4-2c). If the random integer is above10944then we randomly

select two gates from the setC1 and return a gate sequence in the SWAP-like class

(see Figure 4-2d).

4.3.2 The randomized benchmarking procedure

We now describe the randomized benchmarking procedure as used by Magesan et

al. [8]. The four stages in randomized benchmarking are:

1. Sequence generation

2. Survival probability measurement

3. Average sequence �delity calculation

4. Fitting the average sequence �delity vs. sequence length
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C1

C1

(a) The single-qubit class

C1
UiSWAP

S1

C1 S1

(b) The iSWAP-like class

C1
UiSWAP

X �
2

UiSWAP

S1

C1 SZ/2

(c) The CNOT-like class

C1
UiSWAP UiSWAP

X � �
2

UiSWAP
C1 X � �

2
X � �

2

(d) The SWAP-like class

Figure 4-2: (a) The single-qubit class: the two-qubit Cli�ord gates composed of two
gates from theC1 set, this class contains 576 elements. (b) The iSWAP-like class:
the two-qubit Cli�ord gates performing iSWAP-like operations, this class contains
5184 elements. (c) The CNOT-like class: the two-qubit Cli�ord gates performing
CNOT-like operations, this class contains 5184 elements. (d) The SWAP-like class:
the two-qubit Cli�ord gates performing SWAP-like operations, this class contains 576
elements.
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The randomized benchmarking procedure takes as input a listM = ( m1; m2; � � � ; mn )

of n di�erent sequence lengths, and an integerK m . For each sequence lengthml :

perform stage (1) then stage (2)K m times; after performing stage (1) and (2)K m

times, perform stage (3) once. After performing the �rst three stages as described for

all ml values, stage (4) is performed once.

We describe the four stages for ann-qubit system.

Sequence generation

Sample uniformly at random from then-qubit Cli�ord gate set, to generate a sequence

of lengthm 2 M , denotedf Ci j gj for i j 2 f i 1; i2; � � � ; img, whereCi j is the i th
j randomly

selected Cli�ord gate. Indexi 2 f 1; 2; � � � ; K mg is used to index the iteration of the

randomized benchmarking procedure for the current sequence lengthm. For eachi ,

index j speci�es thej th randomly selected Cli�ord gate during thei th iteration of the

randomized benchmarking procedure for sequence lengthm, and j 2 f 1; 2; � � � ; mg.

For sequence lengthm, the associatedi j values for thei th generated random Cli�ord

gate sequence are stored inm-tuple im = ( i 1; � � � ; im ), the set of these vectorsf im g

has cardinality K m .

For the generated sequence of Cli�ord gatesf Ci j gj , the ideal (error-free) gate

operation of the Cli�ord gates, denoted byU, is calculated as

U =
m� 1Y

k=0

Ci m � k ; (4.7)

gate operator multiplication is performed from the right (� n
i =1 Ui = UnUn� 1 � � � U1).

The ideal inverse gateUy is added to the sequence. The �nal sequence that is gener-

ated is f Ci j gj [ f Uyg. An example sequence for then = 1, single-qubit case, is drawn

in Figure 4-3.

When all randomly selected gates and the inverse gate act error-free, the resulting

output from an input state � in is � out = UyU� in = I � in = � in . That is, the gates

apply the unity operator to the input state, asUy reverses the operation of the ideal

Cli�ord gate sequence. This no longer holds when the gates are non-ideal.
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j i Ci 1 Ci 2 � � � Ci m � 1 Ci m Uy

Figure 4-3: A single-qubit sequence of lengthm + 1 generated for one of theK m

iterations of the randomized benchmarking procedure.

When errors are present, we model the sequence noise by

Sim � (� Uy � Uy) �
mY

j =1

(� i;j � Ci j ); (4.8)

where � i;j is the error operator associated with operationCi j , and � Uy is the er-

ror operator associated with operationUy. Gate operator multiplication is, again,

performed from the right.

Survival Probability Measurement

We next apply the generated sequencef Ci j gj [ f Uyg of length m+1 to an input state

�  . The survival probability is measured. Survival probabilityF seq(m;  ) is given by

F seq(m;  ) = tr( E  Sim (�  )) ; (4.9)

where Magesan et al. denoteE  to be the positive operator-valued measure (POVM)

element that takes into account measurement errors, whereE  = �  in the error-free

case.

Average sequence �delity calculation

After the �rst two stages have been repeatedK m times for a �xed sequence length

m, we obtain K m survival probabilities. The average sequence �delity for sequence

length m, denoted �F seq(m;  ), is calculated as the average of the survival probabilities
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over the K m realizations of the sequences of lengthm,

�F seq(m;  ) = tr

0

@E  
1

K m

K mX

f im g

Sim

1

A : (4.10)

The average gate �delity, de�ned in Eq. 4.1, is equivalent to �F seq(m;  ) up to a

normalization factor [24].

Fit average sequence �delity vs. sequence length

After the �rst three stages are repeated over all values ofm 2 M , we obtain a set of

average sequence �delities for di�erent values ofm, this set is f �F seq(m;  )gm . We �t

the average sequence �delity values to

�F (�t)
seq (m;  ) � A0pm + B0; (4.11)

whereA0, B0 and p are �t parameters to be determined.

Fit parameter p can be used to �nd the average error rate per gate, denotedr , by:

r = 1 � p �
1 � p

2n
: (4.12)

For large values ofp, r will be small, and for small values ofp, r will be large. As

the sequence lengthm increases, we expect the average sequence �delity to scale as

pm (Eq. 4.11). Thus larger values ofp correspond to the average sequence �delity

decreasing slower (forp < 1) as m increases than whenp is small. The valuer is the

average error rate of a gate in then-qubit Cli�ord gate set.

4.3.3 Interleaved randomized benchmarking

To obtain the average error rate for a speci�c gate, we use an extended version of

randomized benchmarking, calledinterleaved randomized benchmarking. The inter-

leaved randomized benchmarking procedure is similar to the randomized benchmark-

ing procedure described in section 4.3.2. The sequence generation stage and error
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j i Ci 1 G Ci 2 G � � � Ci m � 1 G Ci m G Uy
int

Figure 4-4: A single-qubit gate sequence of length2m + 1 generated for one of the
K m iterations of the interleaved randomized benchmarking procedure.

rate calculation are modi�ed in interleaved randomized benchmarking.

Let G denote the gate we wish to calculate the average error rate of. We now

generate the sequence as follows: perform stage (1) described in section 4.3.2 to

obtain the gate sequencef Ci j gj and the inverse operation, denotedUy
rb , of this set.

Create a second gate set fromf Ci j gj by interleaving gateG between each gateCi j , and

calculate the inverse operation, denotedUy
int , of this new set. Let this second set of

gates be denotedf (Ci j � G)gj [ f Uy
int g, we illustrate this gate sequence for then = 1,

single-qubit case, in Figure 4-4. Perform the remaining stages of the randomized

benchmarking procedure on sequencesf Ci j gj [ f Uy
rb g and f (Ci j � G)gj [ f Uy

int g, to

obtain two average error rates denotedr rb and r int , respectively. To obtain the average

error rate of gateG, denotedrG, we take the di�erence of the average error rates of

the two sequences,

rG = r int � r rb : (4.13)

Randomized benchmarking can be viewed as a case of interleaved randomized

benchmarking, when no gate is interleaved (or equivalently, the ideal unity operator

is interleaved).

4.4 Interleaved randomized benchmarking simulations

of single and two-qubit gate sequences

In this section, we introduce the simulations developed to perform single and two-

qubit interleaved randomized benchmarking of quantum gate sequences. We present

results from the numerical simulations of single-qubit interleaved randomized bench-

marking with �xed depolarization channel parameter� . We then present results
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from the numerical simulations of two-qubit interleaved randomized benchmarking

with �xed depolarization channel parameter � and �xed coherent iSWAP error � .

We present additional simulation results of two-qubit interleaved randomized bench-

marking simulations with variable � and � error parameters. We use the simulation

results to identify trade-o� points for when the Z-gate virtualization procedure no

longer increases the average sequence �delity of two-qubit gate sequences.

This section is structured as follows: in section 4.4.1, we list the advancements

made in this thesis concerning numerical simulations of randomized benchmarking

procedures. In section 4.4.2, we present the results of single-qubit interleaved ran-

domized benchmarking simulations for two sequences� one in which the Z-gate vir-

tualization procedure is implemented, and one in which no Z-gate virtualization is

performed. In section 4.4.3, we extend our simulations to two-qubit systems for gate

sequences containing single-qubit gates and iSWAP gates. Interleaved randomized

benchmarking is performed for two sequences� one in which the Z-gate virtualization

procedure is implemented, and one in which no Z-gate virtualization is performed�

with �xed depolarization parameter � and �xed coherent iSWAP error � . In sec-

tion 4.4.4, we perform two-qubit interleaved randomized benchmarking on sequences

containing single-qubit gates and iSWAP gates for varying depolarization channel

parameter � and coherent iSWAP error � . We vary � and � for two sequences�

one in which the Z-gate virtualization procedure is used, and one with no Z-gate

virtualization� and compare the average sequence �delities. We identify trade-o�

points, when Z-gate virtualization no longer reduces the average sequence �delity.

4.4.1 Numerical simulations developed for this study

A number of new numerical simulations have been developed in this thesis. Whilst

previous studies have developed simulations of the interleaved randomized bench-

marking procedure [21], in addition to the Z-gate virtualization procedure [23], no

prior study has investigated the e�ects of coherent iSWAP errors on the e�ective-

ness of the Z-gate virtualization procedure for two-qubit gate sequences containing

single-qubit gates and iSWAP gates. Thus it was necessary to develop the following:
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1. Single-qubit interleaved randomized benchmarking numerical simulations.

2. Two-qubit interleaved randomized benchmarking numerical simulations.

3. Depolarization channel and coherent iSWAP error model functions.

4. Single-qubit Z-gate virtualization procedure function.

5. Two-qubit Z-gate virtualization procedure for sequences containing the iSWAP

gate function.

In sections 4.4.2, 4.4.3, and 4.4.4 we describe these numerical simulations. The rele-

vant code used in the numerical simulations can be found in Appendix A.

4.4.2 Single-qubit interleaved randomized benchmarking nu-

merical simulations

In section 4.3.2, we described the randomized benchmarking procedure for ann-qubit

system, and in section 4.3.3, introduced the interleaved randomized benchmarking

procedure as an extended version of the randomized benchmarking procedure. In this

section, we present the results of numerical simulations of the interleaved randomized

benchmarking procedure for then = 1, single-qubit case. We perform interleaved

randomized benchmarking for two sequences� one sequence implementing the Z-gate

virtualization procedure and the other with no Z-gate virtualization. We interleave

gate Z � (rotation angle � arbitrarily chosen) in both sequences. We assume a de-

polarization channel parameter of� = 0:001, which is close to commonly measured

single-qubit error rates [16]. We generate sequences of lengths betweenm = 2 and

m = 2000, and for each sequence length we performK m = 20 iterations.

We construct the sequences by interleaving theZ � gate between randomly selected

single-qubit Cli�ord gates from the gate setC1 (see Appendix C), as illustrated in

Figure 4-5. We create two copies of this sequence. For one of these sequences we

implement the Z-gate virtualization procedure, for the other sequence we do not

implement the Z-gate virtualization procedure. A third sequence, called the non-

interleaved sequence, is produced with no interleaved gate, in order to calculate the
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j i Ci 1 Z � Ci 2 Z � � � � Ci m � 1 Z � Ci m Z � Uy

Figure 4-5: The gate sequence used in the simulations for single-qubit interleaved
randomized benchmarking withZ � as the interleaved gate. The interleaved gate is
placed between gates randomly selected from the single-qubit Cli�ord gate setC1,
these gates are denoted asCi j (see section 4.3.2). The ideal inverse gateUy of the
gatesf Ci 1 ; Z � ; Ci 2 ; Z � ; � � � ; Ci m ; Z � g is placed at the end of the sequence.

average error perZ � gate, which we interleave in the other two sequences, as described

in section 4.3.3.

The average sequence �delities for the three simulated sequences vs. the generated

sequence length are shown in Figure 4-6, with error bars, and �t curves plotted. We

label the non-interleaved sequence data and �t curve by RB (non-VZ), the Z-gate

virtualization sequence by IRB (VZ), and the non-Z-gate virtualization sequence by

IRB (non-VZ). The data is �tted to the curve in Eq. 4.11. For the IRB (VZ) sequence

we obtain the following �t parameters: p = 0:9972� 9� 10� 6, A0 = 0:5000� 6� 10� 5,

B0 = 0:4984� 2 � 10� 4, For the IRB (non-VZ) sequence we obtain the following �t

parameters:p = 0:9942� 8 � 10� 6, A0 = 0:5000� 1 � 10� 7, B0 = 0:4990� 2 � 10� 4.

For the RB (non-VZ) sequence we obtain the following �t parameters:p = 0:9972�

8 � 10� 6, A0 = 0:5000� 6 � 10� 5, B0 = 0:4990� 3 � 10� 4.

Using Eq. 4.12, we calculated the average error raterVZ , rnon-VZ , and rRB for the

IRB (VZ), IRB (non-VZ), and RB (non-VZ) sequences, respectively. We obtained

the following:

rVZ = 1:395� 10� 3 � 4 � 10� 6; (4.14)

rnon-VZ = 2:889� 10� 3 � 4 � 10� 6; (4.15)

rRB = 1:395� 10� 3 � 4 � 10� 6: (4.16)

Using Eq. 4.13, we obtain the average gate error of the interleavedZ � gate for the
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