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Abstract

Elastic rods and fibers are ubiquitous in physical and biological systems across a
range of length scales, from microtubules to construction beams. In this thesis, we
explore the impact of twist on the failure and stability of elastic rods by studying
fragmentation and knot dynamics. We begin with a famous phenomenon in elastic
rod fragmentation observed by Feynman, who discovered that dry spaghetti typically
breaks into three or more pieces when exposed to large bending stresses. Combin-
ing theory, experiments and analytic scaling arguments, we demonstrate that twist
may be used to achieve binary fracture of brittle elastic rods. Additionally, we show
that quenching allows for robust control of the fragmentation cascade. In the second
half of this thesis, we use twist to investigate the stability of softer fibers in knot-
ted configurations. We identify twist-based topological counting rules that explain
the relative stability of bend knots, which are used to tie two ropes together. These
counting rules reveal an underlying stability phase diagram which agrees with nu-
merical simulations and experimental testing of several climbing and sailing knots.
Combining the notions of structural and topological stability, we then investigate the
energy discharge dynamics of a knotted elastic fiber after it is broken. We show that
this class of topological batteries contains special topologically resonant states for
which energy release is superslow. Finally, we apply our topological model to surgical
knots. Through numerical simulation, we show that topology can be used to identify
mechanically stable and balanced suture knots.

Thesis Supervisor: Jörn Dunkel
Title: Associate Professor
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Chapter 1

Introduction

Rods, filaments and fibers are ubiquitous in natural and man-made matter, perform-

ing important physical and biological functions across a wide range of scales, from

columns [60], trees [39, 142, 2] and bones [113] to the legs of water striders [61], semi-

flexible polymer [68] networks [122, 17] and carbon nanotube composites [11]. The

mechanics of rods and fibers in these settings is particularly crucial. For example, the

interplay between twisting and bending is responsible for the morphological properties

of DNA [88, 18, 128] and other proteins [85], and is thought to have biological func-

tion. On larger scales, twist dynamics underlies muscle function [23]. Owing to their

slender structure, elastic fibers can undergo large deformations. The role of twist un-

der these extreme conditions presents a number of interesting questions [80, 66, 114].

In this thesis, we examine how twist affects the failure and stability of elastic rods

and fibers. In the hard, brittle case, the relevant failure mode is fracture [139, 6].

Elastic rods are known to fragment catastrophically, a phenomenon famously observed

by Feynman [131]. We show that twist is a parameter which can be used to control

this rapid fragmentation process. For softer, flexible fibers, fracture is no longer a

typical failure mode. In fact, due to their flexibility, soft fibers can be contorted

into topologically complex configurations. Accordingly, the failure mode we examine

in this case is topological stability. In other words, the central stability question is

whether a knot will slip or hold.

This thesis is organized as follows. In Chapter 2 we introduce the Kirchhoff equa-
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tions for elastic rods, and sketch their derivation from 3D elasticity. These equations,

which describe inextensible rods that can bend and twist, are the fundamental equa-

tions used to describe rods and fibers. This model is used in Chapter 3. We survey

extensions and alternative formulations of these equations for use in subsequent chap-

ters. In particular, we formulate an overdamped, extensible version of the Kirchhoff

equations, which is used to model knots in chapters 4 and 5. In addition, we show how

to formulate rod equations in terms of energy gradients, a form which more readily

permits discretization and simulation [14].

In Chapter 3, we study the failure of brittle elastic rods. We model the fragmen-

tation process using the inextensible Kirchhoff equations together with a stress based

fracture criterion. In the fracture setting, these equations permit a further reduction

into decoupled bend and twist equations. The analysis of these equations show that

twist waves travel faster than bending waves, and that twist therefore only plays a role

in the first fracture. This difference in timescale is responsible for the phenomenon

of twist controlled binary fracture. The results of Chapter 3 are published in: R. H.

Heisser, V. P. Patil, N. Stoop, E. Villermaux, and J. Dunkel. Controlling fracture

cascades through twisting and quenching. Proc. Natl. Acad. Sci. U.S.A., 115(35),

8665-8670, 2018 [58].

In the second half of this thesis, we focus on knots tied in softer, more flexible,

elastic fibers. In Chapter 4 we show how to augment the overdamped, extensible

Kirchhoff equations introduced in Chapter 2, with contact handling and friction-like

collision forces. These collision forces have an interpretation in terms of topological

counting rules which can be calculated from knot diagrams. In particular, we show

that the self-torque within a knot is related to the writhe of the knot. The topology

and mechanics of the knot therefore interact through twist. The results of Chapter

4 are published in: V. P. Patil, J. D. Sandt, M. Kolle, and J. Dunkel. Topological

mechanics of knots and tangles. Science, 367(6473), 71-75, 2020 [110].

In Chapter 5, we treat closed elastic knots as energy storing topological batteries.

This energy storage protocol has the attractive property that the energy can be

easily released by cutting the knot open. We study the dynamics of energy discharge
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from a variety of different knot types, each with different amounts of initial twist.

Using the numerical framework developed in this thesis, we are able to demonstrate

the existence of topologically resonant states, with superslow energy release. The

results of Chapter 5 are published in: V. P. Patil, Ž. Kos, M. Ravnik, and J. Dunkel.

Discharging dynamics of topological batteries. Phys. Rev. Research, 2(4), 043196,

2020 [109].

In Chapter 6, we apply the topological model of Chapter 4 to surgical knots. We

develop a simplified model for sutures, and show how to relate mechanical observables

of this model to topological features of the suture knot. Our model predicts that the

most commonly used surgical knots are indeed the most mechanically stable and

balanced.

In Chapter 7 we conclude our study of twisted fibers and discuss future directions.
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Chapter 2

Elastic fiber models

In this chapter, we survey various models of elastic rods and fibers. These models are

all based on the Kirchhoff equations [74, 75], which describe an inextensible elastic rod

with bending and twisting degrees of freedom. We begin by deriving these equations

from 3D elasticity theory [26, 84, 33, 27, 7], putting them in the context of 3D

continuum mechanics. The derivation we sketch is based on the treatment in Ref. [33],

and relies on the assumption that the deformation of each cross section of the rod

is small compared its size. The reduction from 3D also allows a stretch degree of

freedom to be retained, which results in an extensible generalization of the Kirchhoff

equations [100].

Variational principles underlie elastic rod dynamics, and are a useful tool for sim-

ulation purposes. In sections 2.4 and 2.5, we show how the forces and torques on

a rod correspond to gradients of the bend, twist and stretch energies. These refor-

mulated rod equations can be discretized in an intuitive way, and are the continuum

counterpart to the discrete elastic rod framework introduced in Refs. [14, 13]. The

simulation tools used in this thesis are based upon this framework.

For the softer elastic fibers we study in chapters 4 and 5, the dynamics are over-

damped. In section 2.6, we introduce an overdamped version of the extensible equa-

tions to model these scenarios. These equations are given in terms of energy gradients,

a formulation in which they can be more easily discretized and simulated.
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2.1 Conservation laws

The general form of rod equations can be deduced from conservation laws for linear

and angular momentum [33]. We begin with a naturally straight rod with length 𝐿,

uniform density 𝜌 and constant cross section. The relaxed reference state for the rod

can be chosen to lie along the 𝑧-axis. In particular, let 𝒞 ⊂ R2 be a cross section of

the rod with center of mass at the origin. Orient 𝒞 so that its principal axes coincide

with the coordinate axes e1 and e2. The reference state of the rod is then

ℬ = {(𝑋, 𝑌, 𝑠) : (𝑋, 𝑌 ) ∈ 𝒞, 0 ≤ 𝑠 ≤ 𝐿} (2.1)

where the 𝑧-coordinate is labelled by 𝑠 since it is an arc-length parameter for the

centerline curve, 𝑥0(𝑠) = (0, 0, 𝑠), and 𝑥̃ and 𝑦 are cross sectional degrees of freedom.

To simplify index notation, we will also set

X = (𝑋1, 𝑋2, 𝑋3) = (𝑋, 𝑌, 𝑠)

Let ℎ be the maximum distance of a point in 𝒞 from the origin, so |𝑥̃|, |𝑦| < ℎ. The

description of ℬ as a rod requires 𝛼 = ℎ ≪ 𝐿. In other words, the length of the rod

must be much larger than the size of a cross section.

Consider a general time dependent deformation, X ↦→ 𝜑(X, 𝑡) of the rod. The

general form of rod equations follows from the assumption that there is a stress

tensor, 𝜎𝑖𝑗(X,𝜑(X, 𝑡)), governing force transmission within the deformed body. This

assumption means that the force transmitted across an area element dS is 𝜎𝑖𝑗𝑑𝑆𝑗

(using summation convention). The stress tensor can be chosen so that the force

components 𝜎𝑖𝑗𝑑𝑆𝑗 are given in terms of the deformed basis {𝜕𝑖𝜑} and the area

element 𝑑𝑆𝑗 in terms of the reference basis {e𝑗}.

To derive the general rod equations, we decompose 𝜑 in terms of centerline and

cross sectional deformations, and apply conservation laws. Let 𝒞(𝑠) be the cross sec-

tion of fixed 𝑠 in the reference state, and let 𝑥(𝑠, 𝑡) = 𝜑(0, 0, 𝑠, 𝑡) be the material image

of the reference centerline curve 𝑥0(𝑠). The surface 𝜑(𝒞(𝑠), 𝑡) can be parametrized
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by 𝑋, 𝑌 allowing us to decompose 𝜑

𝜑(X, 𝑡) = 𝑥(𝑠, 𝑡) + 𝜑0(𝑋, 𝑌, 𝑠, 𝑡)

Note that 𝑥(𝑠, 𝑡) is not necessarily the centroid of 𝜑(𝒞(𝑠), 𝑡). However, 𝑥(𝑠, 𝑡) is

approximately the centroid of the deformed cross section in a precise sense, as we will

discuss in the next section. For the purposes of the calculation we present here, we

assume that the centroid property holds. Applying conversation of linear momentum

in a region 𝑎 < 𝑠 < 𝑏 of the rod, yields

𝑑

𝑑𝑡

∫︁ 𝑏

𝑎

𝑑𝑠

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︁
𝑥̇ + 𝜑̇0

)︁
=

∫︁
𝒞(𝑏)

𝜎𝑖𝑗𝑑𝑆𝑗 −
∫︁
𝒞(𝑎)

𝜎𝑖𝑗𝑑𝑆𝑗

where dots denote 𝑡-derivatives. The LHS represents the change of momentum in the

region 𝑎 < 𝑠 < 𝑏, and the RHS is the total internal force on the boundary of this

region. External forces can be added to the final rod equations later. The momentum

conservation law can be written in derivative form

𝑑

𝑑𝑡

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︁
𝑥̇ + 𝜑̇0

)︁
=

𝑑

𝑑𝑠

∫︁
𝒞(𝑠)

𝜎𝑖𝑗𝑑𝑆𝑗

This expression can be simplified by defining the force F(𝑠, 𝑡) on the 𝑠’th cross section

at time 𝑡, and the linear momentum p(𝑠, 𝑡) of the 𝑠’th cross section at time 𝑡

F =

∫︁
𝒞(𝑠)

𝜎𝑖𝑗 𝑑𝑆𝑗 (2.2)

p =

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︁
𝑥̇ + 𝜑̇0

)︁
= 𝜌𝐴𝑥̇ (2.3)

where 𝐴 is the area of a reference cross section. The p equation follows from the fact

that 𝑥(𝑠, 𝑡) is approximately the center of mass of 𝜑(𝒞(𝑠), 𝑡), so the integral of 𝜑0

over a cross section must vanish. The momentum equation thus becomes

ṗ = 𝜌𝐴𝑥̈ = F′ (2.4)
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where primes denote 𝑠-derivatives. In the same way, the angular momentum conser-

vation law in derivative form is

𝑑

𝑑𝑡

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︀
𝑥 + 𝜑0

)︀
×
(︁
𝑥̇ + 𝜑̇0

)︁
=

𝑑

𝑑𝑠

∫︁
𝒞(𝑠)

𝜖𝑖𝑗𝑘
(︀
𝑥𝑗 + 𝜑0

𝑗

)︀
𝜎𝑘𝑙 𝑑𝑆𝑙

where 𝜖𝑖𝑗𝑘 is the Levi-Civita symbol. As before, define the moment on the 𝑠’th cross

section M(𝑠, 𝑡), and the internal cross sectional angular momentum S(𝑠, 𝑡)

M =

∫︁
𝒞(𝑠)

𝜖𝑖𝑗𝑘𝜑
0
𝑗𝜎𝑘𝑙 𝑑𝑆𝑙 (2.5)

S =

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︁
𝜑0 × 𝜑̇0

)︁
(2.6)

Since the integral of 𝜑0 over a cross section vanishes, the angular momentum equation

becomes

𝑥× ṗ + Ṡ = (𝑥× F + M)′

where we have used the previously defined force F and momentum p. We can use

the momentum equation (2.4) to eliminate the ṗ term. The general form for rod

equations is given by the momentum and angular momentum equations

F′ = 𝜌𝐴𝑥̈ (2.7a)

𝑥′ × F + M′ = Ṡ (2.7b)

We have 6 equations with 12 unknown degrees of freedom, 𝑥,S,F and M. The

Kirchhoff equations can be derived by restricting to deformations 𝜑 with 3 degrees of

freedom corresponding to an orthonormal frame, {d1(𝑠, 𝑡),d2(𝑠, 𝑡),d3(𝑠, 𝑡)}, along the

centerline of the deformed rod (Fig 2-1). S and 𝑥 are functions of this orthonormal

frame, with 𝑥′ = d3. In the next section, we will use linear elasticity to derive a

constitutive law for M in terms of this frame. This will reduce (2.7) to 6 unknown

degrees of freedom, corresponding to the orthonormal frame and the force F, thus
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Figure 2-1: Degrees of freedom of a Kirchhoff rod

closing the system.

2.2 3D elasticity

Here we will sketch the derivation of the Kirchhoff equations from 3D elasticity [84,

33, 7]. We proceed by introducing the elastic strain and stress tensors and then

solving the equations of elasticity for a class of rod deformations.

Consider the rod ℬ given above in (2.1).

ℬ = {(𝑋, 𝑌, 𝑠) : (𝑋, 𝑌 ) ∈ 𝒞, 0 ≤ 𝑠 ≤ 𝐿}

where the cross section 𝒞 ⊂ R2 has center of mass at the origin, maximum radius ℎ,

and principal axes along the coordinate axes. To define the elastic tensors, we write

the deformations in terms of displacements u

X ↦→ 𝜑(X) = X + u(X)
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The metric tensor, 𝑔𝑖𝑗, and strain tensor, 𝜖𝑖𝑗 are dimensionless quantities

𝑔𝑖𝑗 = ⟨𝜕𝑖𝜑, 𝜕𝑗𝜑⟩

𝜖𝑖𝑗 =
1

2
(𝛿𝑖𝑗 − 𝑔𝑖𝑗)

where 𝛿𝑖𝑗 is the Kronecker delta. Here, we assume that 𝜕𝑖𝑢𝑗 is small, resulting in the

small strain approximation to the strain tensor

𝜖𝑖𝑗 =
1

2
(𝜕𝑖𝑢𝑗 + 𝜕𝑗𝑢𝑖)

For elastic materials, the stress tensor, 𝜎𝑖𝑗 is a linear function of the strain tensor.

We assume that the rod is isotropic and homogeneous, which results in the following

constitutive law for the stress tensor [7]

𝜎𝑖𝑗 = 𝐾𝜖𝑘𝑘𝛿𝑖𝑗 + 2𝜇

(︂
𝜖𝑖𝑗 −

1

3
𝜖𝑘𝑘𝛿𝑖𝑗

)︂
(2.8)

where 𝐾 is the bulk modulus and 𝜇 is the shear modulus of the rod. The elastic

energy of the body is

ℰ =

∫︁
𝜎𝑖𝑗𝜖𝑖𝑗 𝑑𝑉

and the equations of motion are

𝜌ü = 𝜕𝑖𝜎𝑖𝑗 (2.9)

subject to the boundary condition 𝜎𝑖𝑗𝑛𝑗 = 0 on any free boundaries, where n is

normal to the free boundary. The RHS of (2.9), which represents the internal elastic

forces within the body, can be derived by extremizing the energy ℰ , as we will discuss

in the next section. In addition to the bulk and shear moduli, it is also convenient to
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define the Young’s modulus 𝐸, and Poisson’s ratio 𝜈

𝜇 =
𝐸

2(1 + 𝜈)
(2.10)

𝐾 =
𝐸

3(1 − 2𝜈)
(2.11)

To close the rod equations (2.7), consider again the deformation 𝜑 of the rod ℬ.

Suppressing the time dependence, let 𝑥(𝑠) = 𝜑(0, 0, 𝑠) as before, and set

𝜑(𝑋, 𝑌, 𝑠) = 𝑥(𝑠) + 𝜑0(𝑋, 𝑌, 𝑠)

We assume that each cross section approximately undergoes a rigid body transfor-

mation. This means that there is an orthonormal material frame, {d1,d2,d3} with

𝑥′ = (1 + 𝜖)d3, such that that the quantity u0 is small

𝜑(X) = 𝑥(𝑠) + 𝑋d1(𝑠) + 𝑌 d2(𝑠) + u0(𝑋, 𝑌, 𝑠)

where u0 captures the non-rigid deformation of the cross sections. More precisely,

{d1,d2,d3} and u0 are chosen so that we can find an 𝛼 < 1 with the following

properties

max(ℎ/𝐿, ℎ|d′
𝑖|, |𝜖|) = 𝛼,

|u0|
ℎ

,
𝜕u0

𝜕𝑋
,
𝜕u0

𝜕𝑌
= 𝑂(𝛼),

𝜕u0

𝜕𝑠
= 𝑂(𝛼2) (2.12)

The deformed basis vectors 𝜕1𝜑 and 𝜕2𝜑 are then within 𝑂(𝛼) of d1 and d2, which

motivates the description of {d𝑖} as a material frame (Fig. 2-1). The stretching of

the rod is captured by 𝜖(𝑠), and the rod is inextensible if 𝜖 ≡ 0. In addition, the

assumption that |u0|/ℎ = 𝑂(𝛼) implies that 𝑥(𝑠) is the centroid of the deformed

cross section, as claimed in the previous section. The fundamental degrees of freedom

of an inextensible Kirchhoff rod are {d1,d2,d3}. In the extensible case, the stretching

𝜖(𝑠) must also be included.

Using this decomposition of 𝜑0, the cross sectional angular momentum S defined
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in (2.6), can be expressed in terms of the frame {d𝑖}

S =

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌
(︁
𝜑0 × 𝜑̇0

)︁
=

∫︁
𝒞(𝑠)

𝑑𝑋𝑑𝑌 𝜌 (𝑋d1 + 𝑌 d2) ×
(︁
𝑋ḋ1 + 𝑌 ḋ2

)︁
+ ℎ𝑂(𝛼)

Consider the time derivative of the material frame. Since the frame is orthonormal,

the matrix ḋ𝑖 · d𝑗 is antisymmetric, and we can write ḋ𝑖 · d𝑗 = 𝜖𝑖𝑗𝑘𝜔𝑘, for some

𝜔𝑖. Let 𝜔 = 𝜔𝑖d𝑖. The vector 𝜔(𝑠), sometimes called the spin vector, then satisfies

ḋ𝑖 = 𝜔×d𝑖. The expression for S can be simplified by setting R = 𝑅𝑖d𝑖 = 𝑋d1+𝑌 d2.

Then Ṙ = 𝜔 ×R, and

S =

∫︁
𝒞
𝑑𝑅1𝑑𝑅2 𝜌R× (𝜔 ×R) = 𝜌𝐼𝑖𝑗𝜔𝑗d𝑖 (2.13)

where 𝐼𝑖𝑗 is the inertia tensor of the undeformed cross section

𝐼𝑖𝑗 =

∫︁
𝒞
𝑑𝑅1𝑑𝑅2

(︀
𝑅2𝛿𝑖𝑗 −𝑅𝑖𝑅𝑗

)︀
The inertia tensor is diagonal in these coordinates

𝐼𝑖𝑗 = diag (𝐼1, 𝐼2, 𝐼3) = diag (𝐼1, 𝐼2, 𝐼1 + 𝐼2)

where 𝐼1 and 𝐼2 are the principal moments of inertia of the cross section 𝒞 and

𝐼3 = 𝐼1 + 𝐼2 by the perpendicular axis theorem

𝐼1 =

∫︁
𝒞
𝑑𝑋𝑑𝑌 𝑋2, 𝐼2 =

∫︁
𝒞
𝑑𝑋𝑑𝑌 𝑌 2

Calculating the moment M and force F in the rod requires solving the equations of

elasticity to find u0(𝑋, 𝑌, 𝑠). The strain tensor of 𝜑 depends on u0 and the derivative

of the {d𝑖} frame. Analogous to the definition of 𝜔, the 𝑠-derivative of the frame is

given in terms of the curvature vector 𝜅(𝑠) which satisfies d′
𝑖 = 𝜅 × d𝑖 and we set
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𝜅 = 𝜅𝑖d𝑖. The strain tensor to 𝑂(𝛼2) in the {d𝑖} basis is therefore

𝜖𝑖𝑗 =
1

2

⎛⎜⎜⎜⎝
2𝜕1𝑢

0
1 𝜕1𝑢

0
2 + 𝜕2𝑢

0
1 −𝜅3𝑌 + 𝜕1𝑢

0
3

𝜕1𝑢
0
2 + 𝜕2𝑢

0
1 2𝜕2𝑢

0
2 𝜅3𝑋 + 𝜕2𝑢

0
3

−𝜅3𝑌 + 𝜕1𝑢
0
3 𝜅3𝑋 + 𝜕2𝑢

0
3 2(𝜖− 𝜅2𝑋 + 𝜅1𝑌 )

⎞⎟⎟⎟⎠+ 𝑂(𝛼2)

where 𝑢0
𝑖 = u0 · d𝑖. The stress tensor follows from (2.8), and u0 can be obtained by

solving the time independent elasticity equations (2.9) over each cross section. The

details of this calculation can be found in Ref. [33]. Here, we state the final result for

u0, in the case where the cross sections are disks of radius ℎ

𝑢0
1 = −𝜈𝜖𝑋 − 𝜈𝑋𝑌 𝜅1(𝑠) +

1

2
𝜈(𝑋2 − 𝑌 2)𝜅2(𝑠) + ℎ𝑂(𝛼2) (2.14a)

𝑢0
2 = −𝜈𝜖𝑌 + 𝜈𝑋𝑌 𝜅2(𝑠) +

1

2
𝜈(𝑋2 − 𝑌 2)𝜅1(𝑠) + ℎ𝑂(𝛼2) (2.14b)

𝑢0
3 = ℎ𝑂(𝛼2) (2.14c)

When 𝒞 is a disk, 𝑢0
3 vanishes to leading order, meaning that the deformed cross

sections are approximately planar. Using (2.14), the stress tensor for 𝜑 is

𝜎𝑖𝑗 =

⎛⎜⎜⎜⎝
0 0 −𝜇𝜅3𝑌

0 0 𝜇𝜅3𝑋

−𝜇𝜅3𝑌 𝜇𝜅3𝑋 𝐸(𝜖 + 𝜅1𝑌 − 𝜅2𝑋)

⎞⎟⎟⎟⎠+ 𝑂(𝛼2) (2.15)

Substituting this into (2.5) and (2.2) gives constitutive laws for the moment and force

distribution within the rod. The moment relation is

M =

∫︁
𝒞(𝑠)

𝜖𝑖𝑗𝑘𝜑
0
𝑗𝜎𝑘𝑙 𝑑𝑆𝑙

=

∫︁
𝒞
𝜖𝑖𝑗𝑘𝑋𝑗𝜎𝑘3 𝑑𝑋𝑑𝑌 + 𝑂(𝛼)

= 𝐸𝐼1𝜅1d1 + 𝐸𝐼2𝜅2d2 + 𝜇𝐽𝜅3d3 + 𝑂(𝛼) (2.16)

where 𝐼1 and 𝐼2 are the principal moments of inertia and 𝐽 is the moment of twist,
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which in general depends on 𝑢0
3. The corresponding force relation is

F =

∫︁
𝒞(𝑠)

𝜎𝑖𝑗 𝑑𝑆𝑗 = 𝐸𝐴𝜖d3 + 𝑂(𝛼) (2.17)

The fact that some components of F vanish to leading order indicates that these

components are unknowns that must instead be determined from the momentum

and angular momentum conservation equations (2.7). In the inextensible case, all 3

components of F are unknowns, since 𝜖 ≡ 0, whereas in the extensible case, only 𝐹1

and 𝐹2 are unknowns.

2.3 Kirchhoff equations

In this brief section, we summarize the results of the reduction from 3D elasticity,

and state the key equations that we will use for the remainder of this thesis.

In the 1D theory, the rod is described by its centerline curve 𝑥(𝑠, 𝑡) and the

orthonormal material frame {d1(𝑠, 𝑡),d2(𝑠, 𝑡),d3(𝑠, 𝑡)}, with 𝑥′ = (1 + 𝜖)d3. The

frame derivatives satisfy

d′
𝑖 = 𝜅× d𝑖, ḋ𝑖 = 𝜔 × d𝑖

In the expression (2.16) for M, the d1 and d2 components capture the bending re-

sponse of the rod, and the d3 component captures the twisting response. Accordingly,

let 𝜅(𝑠) denote the geometric curvature of the rod instead of the magnitude of the

curvature vector 𝜅. Since 𝑠 is not an arc length parameter of the deformed rod, the

curvature is

𝜅2 =
[︀
(1 + 𝜖)−1d′

3

]︀2
=
(︀
𝜅2
1 + 𝜅2

2

)︀
(1 + 𝑂(𝛼))

Thus to leading order, 𝜅 =
√︀

𝜅2
1 + 𝜅2

2. Let 𝜃′ = 𝜅3 be the twist density, so 𝜃 can

be thought of as a twist angle along the rod. In this thesis, we focus on rods with

circular cross sections of radius ℎ and area 𝐴 = 𝜋ℎ2. The relevant moments of inertia
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and twist are

𝐼 = 𝐼1 = 𝐼2 =
1

2
𝐼3 =

1

4
𝜋ℎ4

𝐽 = 2𝐼 =
1

2
𝜋ℎ4

The conservation laws (2.7), together with the constitutive laws (2.13) and (2.16),

give the Kirchhoff equations for an inextensible elastic rod

F′ = 𝜌𝐴𝑥̈ (2.18a)

M′ + 𝑥′ × F = Ṡ (2.18b)

with constitutive laws

S = 𝜌𝐼𝜔1d1 + 𝜌𝐼𝜔2d2 + 2𝜌𝐼𝜔3d3 (2.19a)

M = 𝐸𝐼𝜅1d1 + 𝐸𝐼𝜅2d2 + 𝜇𝐽𝜃′d3 (2.19b)

As discussed previously, the lack of a constitutive equation for F can be explained by

counting the degrees of freedom of (2.18). There are 6 equations, and M,S and 𝑥 can

all be written in terms of the frame {d𝑖}, which has 3 degrees of freedom. Since F

has 3 degrees of freedom, it is an unknown quantity that can be obtained by solving

the equations. The Kirchhoff equations are therefore 6 equations for 6 unknowns,

{d1,d2,d3} and F.

The Kirchhoff equations refer to the inextensible equations (2.18). In chapters 4

and 5, we will also consider the extensible Kirchhoff equations [100], where 𝜖 ̸= 0. In

this case, equation (2.17) gives a constitutive equation for 𝐹3, leaving 𝐹1 and 𝐹2 to

be determined from the equations of motion. The dynamical equations are identical

to (2.18), and there is a new constitutive law in addition to (2.19)

𝐹3 = 𝐸𝐴𝜖 (2.20)

In the extensible case, the 6 unknowns are {d1,d2,d3}, 𝜖, 𝐹1, 𝐹2.
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2.4 Variational formulation

In this section we show how to obtain the (inextensible) Kirchhoff equations by vary-

ing an energy functional. This energy functional has the intuitive property of being

quadratic in the derivatives of the degrees of freedom of the rod. However, the coef-

ficients of the terms in this functional must ultimately be derived from 3D elasticity.

The Kirchhoff rod is described by its centerline curve 𝑥(𝑠, 𝑡), and an orthonormal

material frame 𝑄(𝑠, 𝑡) = [d1(𝑠, 𝑡),d2(𝑠, 𝑡),d3(𝑠, 𝑡)].

𝑄 : [0, 𝐿] × R → 𝑆𝑂(3)

𝑥 : [0, 𝐿] × R → R3

where 𝐿 is the length of the rod, and we assume 𝑥(𝑠, 𝑡) is arc-length parametrized.

Inextensibility imposes the additional constraint 𝑥′ = d3. Derivatives of the frame

lie in the tangent space,

𝑄̇, 𝑄′ ∈ 𝑇𝑄𝑆𝑂(3) = {𝐴 : 𝐴𝑇𝑄 + 𝑄𝑇𝐴 = 0}

These derivatives can be identified with the Lie algebra so(3) of 3 × 3 antisymmetric

matrices, 𝑄′𝑄𝑇 , 𝑄̇𝑄𝑇 ∈ so(3). Thus we identify 𝑄′, 𝑄̇ with (pseudo) vectors 𝜅,𝜔 as

follows

𝜅𝑖 =
1

2
𝜖𝑖𝑗𝑘(𝑄′𝑄𝑇 )𝑗𝑘, 𝜔𝑖 =

1

2
𝜖𝑖𝑗𝑘(𝑄̇𝑄𝑇 )𝑗𝑘

As before, these vectors satisfy d′
𝑗 = 𝜅 × d𝑗 and ḋ𝑗 = 𝜔 × d𝑗. Equality of mixed

partial derivatives further implies the following consistency equation

𝜅̇− 𝜔′ = 𝜔 × 𝜅 (2.21)
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Along with inertia tensor 𝐼𝑖𝑗, it is convenient to define an elastic tensor 𝐺𝑖𝑗

𝐺𝑖𝑗 = diag (𝐸𝐼,𝐸𝐼, 𝜇𝐽) , 𝐼𝑖𝑗 = diag (𝐼, 𝐼, 2𝐼)

where the components are given in the {d𝑖(𝑠, 𝑡)} basis. The moment M(𝑠, 𝑡), and

cross sectional angular momentum, S(𝑠, 𝑡) can be written in terms of these tensors

𝑀𝑖 = 𝐺𝑖𝑗𝜅𝑗, 𝑆𝑖 = 𝐼𝑖𝑗𝜔𝑗

The potential energy of the rod is

ℰ =
1

2

∫︁ 𝐿

0

𝑑𝑠
(︀
𝜅𝑇𝐺𝜅 + 2F · (𝑥′ − d3)

)︀
=

1

2

∫︁ 𝐿

0

𝑑𝑠
(︀
𝐸𝐼𝜅2 + 𝜇𝐽𝜃′2 + 2F · (𝑥′ − d3)

)︀
where F(s,t) appears as a Lagrange multiplier enforcing the constraint 𝑥′ = d3. The

kinetic energy is given by

𝒯 =
1

2

∫︁ 𝐿

0

𝑑𝑠
(︀
𝜌𝐴𝑥̇2 + 𝜔𝑇 𝐼𝜔

)︀
=

1

2

∫︁ 𝐿

0

𝑑𝑠
(︀
𝜌𝐴𝑥̇2 + 𝜌𝐼𝜔2

1 + 𝜌𝐼𝜔2
2 + 2𝜌𝐼𝜔2

3

)︀
Consider the behavior of these energies under a perturbation

F ↦→ F + 𝛿F, 𝑥 ↦→ 𝑥 + 𝛿𝑥, d𝑖 ↦→ d𝑖 + 𝛿d𝑖 = d𝑖 + 𝛿𝑔 × d𝑖

The corresponding change in 𝜅𝑖 and 𝜔𝑖 is

𝛿𝜅𝑖 = 𝛿𝑔′ · d𝑖, 𝛿𝜔𝑖 = 𝛿𝑔̇ · d𝑖 (2.22)

Assume that the boundary conditions (BCs) are such that

[F · 𝛿𝑥]𝐿0 = 0, [M · 𝛿𝑔]𝐿0 = 0
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The change in the potential energy is

𝛿ℰ =

∫︁ 𝐿

0

𝑑𝑠 (𝐺𝑖𝑗𝜅𝑖𝛿𝜅𝑗 + 𝛿F · (𝑥′ − d3) + F · 𝛿𝑥′ − F · 𝛿d3)

=

∫︁ 𝐿

0

𝑑𝑠 (𝑀𝑖𝛿𝑔
′d𝑖 − F · 𝛿𝑔 × d3 + F · 𝛿𝑥′ + (𝑥′ − d3) · 𝛿F)

=

∫︁ 𝐿

0

𝑑𝑠 [(−M′ − d3 × F) · 𝛿𝑔 − F′ · 𝛿𝑥 + (𝑥′ − d3) · 𝛿F]

and the change in the kinetic energy is

𝛿𝒯 =

∫︁ 𝐿

0

𝑑𝑠 (𝜌𝐴𝑥̇ · 𝛿𝑥̇ + 𝐼𝑖𝑗𝜔𝑖𝛿𝜔𝑗)

= −
∫︁ 𝐿

0

𝑑𝑠 (𝜌𝐴𝑥̈ · 𝛿𝑥− 𝑆𝑖𝛿𝑔̇ · d𝑖)

= −
∫︁ 𝐿

0

𝑑𝑠
(︁
𝜌𝐴𝑥̈ · 𝛿𝑥 + Ṡ · 𝛿𝑔

)︁
The change in the action is then given by

𝛿𝑆 =

∫︁ 𝑇

0

𝑑𝑡 (𝛿𝒯 − 𝛿ℰ)

=

∫︁ 𝑇

0

𝑑𝑡

∫︁ 𝐿

0

𝑑𝑠
[︁
(F′ − 𝜌𝐴𝑥̈) · 𝛿𝑥 +

(︁
−Ṡ + M′ + d3 × F

)︁
· 𝛿𝑔 − (𝑥′ − d3) · 𝛿F

]︁
Setting 𝛿𝑆 = 0 yields the constraint 𝑥′ = d3 and the Kirchhoff equations (2.18).

2.5 Force-torque formulation

Reformulating the Kirchhoff equations (2.18) in terms of the more physical degrees of

freedom {𝑥(𝑠, 𝑡), 𝜃(𝑠, 𝑡)} leads to a system of equations that is more computationally

tractable. This description produces a force equation for the centerline curve 𝑥 and

a scalar torque equation for the twist angle 𝜃. The forces and torques can further be

broken down into terms arising from gradients of the bend, twist and stretch energies.

This formulation is also particularly amenable to numerical simulation. For example,

a discretized energy can be written in terms of a discretized rod, and fores and torques

38



can be calculated by taking the relevant gradients of the discretized energy. This is

the principle underlying the numerical framework for simulating rods introduced in

Refs. [14, 13], which we utilize here. In this section, we derive the continuum analog

of these discrete equations for the inextensible and extensible models, and explain

their relationship to the Kirchhoff equations.

Inextensible case

Recall the Kirchhoff equations (2.18)

F′ = ṗ, M′ + 𝑥′ × F = Ṡ

where p = 𝜌𝐴𝑥̇ is used to simplify notation. Reformulating (2.18) involves eliminating

F. To do this, we introduce the Frenet frame of the rod {t,n,b}, which consists of

the unit tangent vector t, the unit normal n which is defined to be parallel to t′, and

the unit binormal b defined by b = t× n. The Frenet frame satisfies

t′ = 𝜅n, n′ = −𝜅t + 𝜏b, b′ = −𝜏n (2.23)

where 𝜅 is the curvature of the curve 𝑥 and 𝜏 is the torsion. Observe that t = d3,

and 𝜅 = 𝜅b + 𝜃′t. The moment and angular momentum vectors are

M = 𝐸𝐼𝜅b + 𝜇𝐽𝜃′t

S = 𝜌𝐼t× ṫ + 2𝜌𝐼𝜔3t

The scalar torque equation follows from taking the moment equation (2.18b) in the

t direction, M′ · t = Ṡ · t

𝜇𝐽𝜃′′ = 2𝜌𝐼𝜔̇3 (2.24)
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To get the force equation, rewrite F in terms of M by taking derivatives of M′ − Ṡ

t×
(︁
M′ − Ṡ

)︁
= t× (F× t) = F− (F · t)t

b ·
(︁
M′′ − Ṡ′

)︁
= b · (ṗ× t + F× 𝜅n) = −ṗ · n + 𝜅F · t

Thus

F = t×M′ − t× Ṡ +
1

𝜅

(︁
b ·
(︁
M′′ − Ṡ′

)︁
+ ṗ · n

)︁
t

Decompose F as follows

F(0) = t×M′ = 𝐸𝐼 (t× (𝜅b)′) + 𝜇𝐽𝜃′𝜅b

F(1) = −t× Ṡ +
1

𝜅

(︁
b ·
(︁
M′′ − Ṡ′

)︁
+ ṗ · n

)︁
t

Combining (2.24) with the expressions F gives the force-torque formulation of the

Kirchhoff equations

[𝐸𝐼 (t× (𝜅b)′) + 𝜇𝐽𝜃′𝜅b]
′
+ F′

(1) = 𝜌𝐴𝑥̈ (2.25a)

𝜇𝐽𝜃′′ = 2𝜌𝐼𝜔̇3 (2.25b)

The force F(0) and the scalar torque can be obtained by taking gradients of the energy,

using the results of the previous section. The force F(1) can then be interpreted as

the constraint force fixing |𝑥′| = 1 and imposing inextensibility. The bending and

twisting energies are

ℰ𝑏 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐼𝜅2, ℰ𝑡 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′2 (2.26)

In section 2.4, these energies were perturbed by 𝑥 ↦→ 𝑥 + 𝛿𝑥 and d𝑖 ↦→ d𝑖 + 𝛿𝑔 × d𝑖.

Now, we vary the energies with respect to 𝑥 and 𝜃 instead. This requires writing 𝛿𝑔
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in terms of 𝛿𝑥 and 𝛿𝜃. The key result is

𝛿𝑔 = t× 𝛿t + 𝛿𝜃t

The expression for 𝛿𝑔 comes from considering how the frame changes when 𝑥 or 𝜃

changes. Varying 𝜃 without the centerline corresponds to a change only in the twist

of the frame, given by the t component of 𝛿𝑔. Varying 𝑥 without 𝜃 will parallel

transport the frame in the direction of variation. In other words, if 𝛿𝜃 = 0, then

𝛿𝑔 · t = 0. Together, these observations show that 𝛿𝑔 · t = 𝛿𝜃. For the part of 𝛿𝑔

normal to t, observe that 𝛿𝑔 should satisfy 𝛿t = 𝛿𝑔 × t which is indeed true of the

above expression (because 𝛿t · t = 0 since t · t = 1). Finally, observe that

𝛿t = 𝛿

(︂
𝑥′

1 + 𝜖

)︂
=

1

1 + 𝜖
𝛿𝑥′ − 1

1 + 𝜖
(t · 𝛿𝑥′)t

where the stretch 𝜖 is included since the perturbation is unconstrained, so 𝑥′ + 𝛿𝑥′

does not necessarily have unit length. The final expression for 𝛿𝑔 is

𝛿𝑔 =
1

1 + 𝜖
t× 𝛿𝑥′ + 𝛿𝜃t (2.27)

Use (2.22) to vary the energies

𝛿ℰ𝑏 + 𝛿ℰ𝑡 =

∫︁ 𝐿

0

𝐺𝑖𝑗𝜅𝑖𝛿𝜅𝑗 =

∫︁ 𝐿

0

𝑑𝑠 𝐺𝑖𝑗𝜅𝑖𝛿𝑔
′ · d𝑗 =

∫︁ 𝐿

0

𝑑𝑠 (𝐸𝐼𝜅b · 𝛿𝑔′ + 𝜇𝐽𝜃′t · 𝛿𝑔′)

Separating the bending and twisting contribution gives

𝛿ℰ𝑏 =

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐼𝜅b · 𝛿𝑔′ = −
∫︁ 𝐿

0

𝑑𝑠 𝐸𝐼(𝜅b)′ ·
(︂

1

1 + 𝜖
t× 𝛿𝑥′ + 𝛿𝜃t

)︂
=

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐼

(︂
1

1 + 𝜖
t× (𝜅b)′

)︂
· 𝛿𝑥′
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and

𝛿ℰ𝑡 =

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′t · 𝛿𝑔′ = −
∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽 (𝜃′′t + 𝜃′𝜅n) ·
(︂

1

1 + 𝜖
t× 𝛿𝑥′ + 𝛿𝜃t

)︂
=

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽

(︂
1

1 + 𝜖
𝜃′𝜅b

)︂
· 𝛿𝑥′ − 𝜇𝐽𝜃′′𝛿𝜃

Taking functional derivatives of the energies and imposing the constraint 𝜖 = 0 gives

𝛿ℰ𝑏
𝛿𝑥

= −𝐸𝐼 (t× (𝜅b)′)
′

𝛿ℰ𝑡
𝛿𝑥

= −𝜇𝐽 (𝜃′𝜅b)
′

𝛿ℰ𝑏
𝛿𝜃

= 0

𝛿ℰ𝑡
𝛿𝜃

= −𝜇𝐽𝜃′′

(2.28)

These energy gradients correspond to force and torque terms in (2.25), and also pro-

vide insight into the coupling between bend and twist modes. The bending energy

produces forces on 𝑥 and the twist energy produces torques on 𝜃 as expected. How-

ever, the twist energy is also responsible for forces on the centerline. Thus moving the

rod without explicitly twisting it can still change the twist energy. The force-torque

equations can be written in terms of the energy gradients

−𝛿ℰ𝑏
𝛿𝑥

− 𝛿ℰ𝑡
𝛿𝑥

+ F′
(1) = 𝜌𝐴𝑥̈ (2.29a)

−𝛿ℰ𝑡
𝛿𝜃

= 2𝜌𝐼𝜔̇3 (2.29b)

The state of the rod at time 𝑡 is given by {𝑥(𝑠, 𝑡), 𝜃(𝑠, 𝑡)}. To get a numerical

framework from the above equations, the additional twist compatibility equation

relating 𝜔3 and 𝜃 is needed

𝜔′
3 + t ·

(︀
t′ × ṫ

)︀
= 𝜃′ (2.29c)

This follows from the t component of the consistency equation (2.21)

𝜅̇− 𝜔′ = 𝜔 × 𝜅
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To simulate inextensible rods, we use a discretized version of these equations, as

developed in Refs. [14, 13]. The procedure can be roughly summarized as follows. At

time 𝑡, the quantities {𝑥(𝑠, 𝑡), 𝜃(𝑠, 𝑡), 𝜔3(𝑠, 𝑡)} are stored. The forces and torques can

be calculated by taking gradients of ℰ𝑏[𝑥, 𝜃] and ℰ𝑡[𝑥, 𝜃]. Using some time-stepping

scheme, 𝜔3 can be updated using these energy gradients. Updating 𝑥 is a two step

process. First, the energy gradient forces are added. Then the constraint force F(1)

is implemented by projecting the partially updated 𝑥 onto the constraint manifold

of curves with |𝑥′| = 1. The details of this manifold projection step can be found in

Ref. [14]. Finally, 𝜃 is updated using the updated 𝜔3 and 𝑥. Chapter 3 focuses on

inextensible rods, and uses this algorithm.

Extensible case

As in the inextensible case, we begin by reformulating the Kirchhoff equations as a

force equation and a scalar torque equations. The forces and torques will then be

rewritten in terms of energy gradients. When stretching is included, the Kirchhoff

equations (2.18) are augmented by the addition constitutive law (2.20)

F′ = 𝜌𝐴𝑥̈, M′ + 𝑥′ × F = Ṡ, F · t = 𝐸𝐴𝜖

Since 𝑠 is no longer an arc length parameter, the Frenet frame now satisfies

t′ = (1 + 𝜖)𝜅n, n′ = −(1 + 𝜖)𝜅t + (1 + 𝜖)𝜏b, b′ = −(1 + 𝜖)𝜏n

The relationship between the geometric curvature and the frame derivative 𝜅, defined

by d′
𝑖 = 𝜅× d𝑖, is now

𝜅2 =
1

(1 + 𝜖)2
(︀
𝜅2
1 + 𝜅2

2

)︀
Therefore, to leading order, the moment has the same form as in the inextensible

case, M = 𝐸𝐼𝜅b+ 𝜇𝐽𝜃′t. The scalar torque equation, M′ · t = Ṡ · t, is also the same
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as (2.24)

𝜇𝐽𝜃′′ = 2𝜌𝐼𝜔̇3

To eliminate F, observe that the component F normal to t can be obtained from the

moment equation (2.18b)

1

1 + 𝜖
t×

(︁
M′ − Ṡ

)︁
= t× (F× t) = F− (F · t)t

The component of F in the t direction is given by the constitutive law (2.20)

F =
1

1 + 𝜖
t×

(︁
M′ − Ṡ

)︁
+ 𝐸𝐴𝜖t

It can be argued that t× Ṡ is small and can be neglected [33, 64, 74, 75]. Indeed this

approximation was suggested by Kirchhoff himself [33]. This gives

F =
1

1 + 𝜖
t×M′ + 𝐸𝐴𝜖t

= 𝐸𝐼 (t× (𝜅b)′) + 𝜇𝐽𝜃′𝜅b + 𝐸𝐴𝜖t

where the components of F in the plane normal to t are given to leading order in 𝛼

(2.12). This is equivalent to neglecting the effect of bend-stretch and twist-stretch

coupling. The force can be decomposed in terms of energy gradients

ℰ𝑏 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐼𝜅2, ℰ𝑡 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′2, ℰ𝑠 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐴𝜖2 (2.30)

The gradients of the bend and twist energies produce the transverse components of

F to leading order, as in (2.28). To vary the stretching energy, observe that

𝛿𝜖 = 𝛿 (t · 𝑥′ − 1) = 𝛿t · 𝑥′ + t · 𝛿𝑥′ = t · 𝛿𝑥′
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where 𝛿t ·𝑥′ = 0 because 𝛿t is perpendicular to t and 𝑥′ which follows from t · t = 0.

The derivatives of the stretching energy are therefore

𝛿ℰ𝑠
𝛿𝑥

= −𝐸𝐴 (𝜖t)′ ,
𝛿ℰ𝑠
𝛿𝜃

= 0 (2.31)

The force equation, F′ = 𝜌𝐴𝑥̈, and torque equation, now take the form

−𝛿ℰ𝑏
𝛿𝑥

− 𝛿ℰ𝑡
𝛿𝑥

− 𝛿ℰ𝑠
𝛿𝑥

= 𝜌𝐴𝑥̈ (2.32a)

−𝛿ℰ𝑡
𝛿𝜃

= 2𝜌𝐼𝜔̇3 (2.32b)

𝜔′
3 + t ·

(︀
t′ × ṫ

)︀
= 𝜃′ (2.32c)

The twist compatibility equation is included for completeness. It is possible to mod-

ify these equations to include the coupling between stretch and the other modes.

However, provided the stretching remains small, the resulting dynamics will be ap-

proximately the same as above.

2.6 Overdamped dynamics

In this thesis, the extensible Kirchhoff equations are only used in the overdamped

limit, where inertia is negligible. To model overdamped dynamics, damping terms

must be introduced on the RHS of (2.32). Motivated by hydrodynamics, we choose

damping terms depending on the second spatial derivatives of the velocities 𝑥̇ and 𝜔.

In the force equation, the natural choice is a term proportional to 𝑥̇′′. For the torque

equation, observe that

S = 𝜌𝐼t× ṫ + 2𝜌𝐼𝜔3t

Ṡ · t = 𝜌𝐽t · 𝑑

𝑑𝑡
(𝜔3t)
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This suggests a twist damping term of the form (𝜔3t)
′′ ·t. Combining this with (2.32)

gives a set of equations describing overdamped fibers

𝛿ℰ𝑏
𝛿𝑥

+
𝛿ℰ𝑡
𝛿𝑥

+
𝛿ℰ𝑠
𝛿𝑥

= 𝜂𝐴𝑥̇′′ (2.33a)

𝛿ℰ𝑡
𝛿𝜃

= 2𝜂𝐼(𝜔3t)
′′ · t (2.33b)

𝜔′
3 + t ·

(︀
t′ × ṫ

)︀
= 𝜃′ (2.33c)

where 𝜂 is a damping coefficient and the factors of 𝐴 and 2𝐼 are included on di-

mensional grounds. These equations are used to model the softer fibers studied in

chapters 4 and 5.
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Chapter 3

Fragmentation

Fracture processes are a frequent occurrence in nature, from earthquakes to broken

trees and bones. Understanding and controlling fracture dynamics remains one of the

foremost theoretical and practical challenges in material science and physics. In this

chapter, we investigate the fracture and fragmentation behavior of elongated brittle

objects, such as vaulting poles or long fibers. This problem goes back to Feynman

who observed that dry spaghetti almost always break into three or more pieces when

exposed to large bending stresses. While bending-induced fracture is fairly well un-

derstood, much less is known about the effects of twist. Through experimental and

theoretical results, we demonstrate that twisting enables fracture control by utilizing

the different propagation speeds of twist and bending waves. In particular, we show

that twist can be used to achieve robust binary fracture of an elastic rod. Addition-

ally, we show that varying the quench speed at which the ends of the elastic rod are

brought together also provides control over the fragmentation process.

3.1 Breaking spaghetti

Elastic rod fracture plays a critical role in a range of systems, from columns [60] to

trees [39, 142, 2] and bones [113]. When placed under extreme stresses, the struc-

tural stability of such materials becomes ultimately limited by the fracture behaviors

of their individual fibrous or tubular constituents. Owing to their central practical
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importance in engineering, elastic rod fracture and crack propagation have been in-

tensively studied for more than a century both experimentally [16, 6, 45] and theoreti-

cally [59, 112, 41]. Recent advances in video microscopy and microscale force manipu-

lation [35, 102] have extended the scope of fracture studies to the microworld [42, 32],

revealing causes and effects of structural failure in the axonal cytoskeleton [132],

fibroblasts [104], bacterial flagellar motors [4], active liquid crystals [122] and multi-

walled carbon nanotubes [145, 98].

Built on Sir Neville Mott’s foundational studies on the fragmentation of ring

shaped explosives [99], theoretical work on elastic rod fracture has flourished over the

past two decades [144, 146, 6, 45, 94, 140]. Yet, many basic aspects of the fracture

phenomenology remain poorly understood. Bending induced fragmentation has been

thoroughly investigated in the limits of adiabatically slow [6] and diabatically fast [45]

energy injection, but the roles of twist and quench rate on the fracture process have

yet to be clarified. These two fundamental issues are directly linked to a famous

observation by Richard Feynman [131], who noted that dry spaghetti, when brought

to fracture by holding the ends and moving them towards each other, appears almost

always to break into at least three pieces. The phenomenon of non-binary elastic rod

fracture is also well known to pole vaulters, with a notable instance occurring dur-

ing the 2012 Olympic Games [22]. Below, we will revisit and generalize Feynman’s

experiment, in order to investigate systematically how twist and quench dynamics

influence the elastic fragmentation cascade [6, 45]. Specifically, we will demonstrate

two complementary quench protocols for controlled binary fracture of brittle elastic

rods, thereby identifying conditions under which Feynman’s fragmentation conjecture

becomes invalid. Our experimental observations are in good agreement with numer-

ical predictions from a nonlinear elasticity model, and can be rationalized through

analytical scaling arguments.
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Figure 3-1: Fragmentation is a multistage process. (A) High speed images show
first fracture. A crack nucleates and grows initially on a relatively slow millisecond-
timescale. Catastrophic failure occurs at a critical crack depth (the Griffith length)
leading to rapid crack propagation within ∼ 10𝜇s. Subsequent separation of the two
fragments is governed by another slower timescale associated with bending waves.
(B) High speed images show sequential fractures separated by a characteristic dis-
tance. Fragments are ejected with considerable angular velocity, in agreement with
the observation of non-simultaneous fractures. (C) Simulations show bending waves
originating at the point of first fracture creating additional fractures separated by at
least the minimum fragment length 𝜆. The predicted fracture times agree with (B).
In simulations, fragments are frozen after fracture and do not evolve further. (D) The
time between the first two fractures and the resulting fragment length lie along the
space-time path of the location of maximum bending stress (solid line) (sample size
𝑛 = 110). The distance between the first two fractures depends on quench speed but
is bounded from below. Diameter of rod and gaps between fragments enhanced for
visualization in (C). Scale bar in (A) 1 mm. Scale bars in (B,C) 15 mm.

3.2 Validity of Kirchhoff model

Time scales in fragmentation

Revisiting Feynman’s experiment, we monitor the fracture dynamics of dry spaghetti

using high-speed imaging at frame rates ranging from 1972 frames per second (fps)

to 1000000 fps (Fig. 3-1). The highest time resolution data show that already a basic

fracture event involves several timescales, from initial crack nucleation and growth,

to catastrophic failure (Fig. 3-1A). The initial nucleation phase is relatively slow,

lasting ∼ 10 ms. It is followed by a fast catastrophic phase (∼ 10𝜇s), during which
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the crack propagates rapidly close to the material speed of sound. The creation

of multiple fragments via a fragmentation cascade is then governed by the slower

propagation timescale of elastic bending waves (Fig. 3-1B,C), as shown by Audoly

and Neukirch [6]. Our goal is to control the fragmentation dynamics on this slower

elastic timescale, which can be treated accurately within the Kirchhoff theory (Fig. 3-

1B,C).

Kirchhoff model with twist damping

In this chapter, we model an elastic rod using the inextensible Kirchhoff equations

(2.18) together with a phenomenological twist damping term. The position of the rod

at time 𝑡 is described by its arc length parametrized centerline 𝑥(𝑠, 𝑡), 𝑠 ∈ [0, 𝐿], and

an orthonormal material frame {d1(𝑠, 𝑡),d2(𝑠, 𝑡),d3(𝑠, 𝑡)} with d3 = 𝑥′. The rod has

uniform density 𝜌, is naturally straight and inextensible with circular cross section

with radius ℎ. The rod’s dynamics are governed by the damped Kirchhoff equations

F′′ = 𝜌𝐴d̈3 (3.1a)

M′ + d3 × F = Ṡ + 4𝑏𝜌𝐼𝜔3d3 (3.1b)

where the moment M and cross sectional angular momentum S are given by (2.20)

M(𝑠, 𝑡) = 𝐸𝐼𝜅1d1 + 𝐸𝐼𝜅2d2 + 𝜇𝐽𝜅3d3

S(𝑠, 𝑡) = 𝜌𝐼𝜔1d1 + 𝜌𝐼𝜔2d2 + 2𝜌𝐼𝜔3d3

and d′
𝑖 = 𝜅 × d𝑖, ḋ𝑖 = 𝜔 × di. The cross sections are circular, so 𝐽 = 2𝐼 = 𝜋ℎ2/2.

The Young’s modulus 𝐸 and the shear modulus 𝜇 are related by 𝐸/𝜇 = 2(1 + 𝜈),

where 𝜈 is the Poisson’s ratio. Most materials have 0.2 < 𝜈 < 0.5. The final term

on the RHS of (3.1b) denotes damping of twist modes with damping parameter 𝑏.

Our measurements of this parameter using a torsion pendulum indicate that twist is

approximately critically damped. Since the timescale for the entire fracture cascade

is an order of magnitude smaller than the time period of the fundamental bending
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mode, we do not need to include bending damping terms in our analysis. The average

material properties of our experimental samples are 𝜌 = 1.5 ± 0.1 g/cm3, 𝐸 = 3.8 ±

0.3 GPa, 𝜇 = 1.5 ± 0.2 GPa, and by considering mean values for 𝐸, 𝜇 we obtain

𝜈 = 0.3 ± 0.1. We present fracture data for rods of radius 2ℎ = 1.4 ± 0.05 mm

and 2ℎ = 1.7 ± 0.05 mm. Finally, we note that the Kirchhoff equations do not

account for certain shear effects described by Timoshenko beam theory. Indeed, the

Timoshenko theory does provide a more accurate description of bending waves with

large wavenumber compared to rod radius. However, to describe fracture, we will

only need to consider wavenumbers 𝑘 with 𝑘ℎ/2𝜋 < 0.1. In this regime, the difference

between the Timoshenko and Kirchhoff beam theories is negligible [54].

Measurement of twist damping

We measure the damping parameter 𝑏 by observing the damping of a torsion pen-

dulum made by attaching to the rod an approximately cylindrical mass with height

ℎ0 and mass moment of inertia 𝐼0. As above, the rod has length 𝐿. Note that the

dimensions of 𝐼0 are (Mass)× (Length)2 in contrast to the moment of inertia 𝐼 of the

rod cross section, which has units (Length)4. To derive the equation of motion for

the torsion pendulum we begin with the d3 component of the damped twist equation

(3.1b)

2𝑏0𝜔3 + 2𝜌𝐼𝜔̇3 = 2𝜇𝐼𝜃′′

where 𝑏0 = 2𝜌𝐼 is used to simplify notation, and 𝜃′ = 𝜅3. The torsion pendulum

rotates around its axis, so ḋ3 = 0 and 𝜅′ = 0 which means 𝜔 = 𝜔3d3 and 𝜅 = 𝜃′d3.

Equality of mixed partial derivatives (see (2.21)) therefore gives 𝜃 = 𝜔3. The torsion

pendulum can thus be described by 𝜃

2𝑏0𝜃 + 2𝜌𝐼𝜃 = 2𝜇𝐼𝜃′′
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Consider a discretization of the rod in steps of size ℎ0. Let 𝜃(𝑘ℎ0, 𝑡) = 𝜃𝑘(𝑡) for

𝑘 = 0, 1, 2, ..., 𝐿/ℎ = 𝑁 . In particular, 𝜃0(𝑡) ≡ 0. Points 𝜃𝑖 and 𝜃𝑖+1 are connected by

an elastic cylinder with radius ℎ and height ℎ0. The discretized undamped Lagrangian

is thus given by:

𝑁∑︁
𝑖=1

𝜌𝐼ℎ0𝜃
2 −

𝑁∑︁
𝑖=1

𝜇𝐼

ℎ0

(𝜃𝑖 − 𝜃𝑖−1)
2

Equations of motion for each 𝜃𝑖 follow from the Lagrangian

2𝑏0ℎ0𝜃𝑖 + 2𝜌𝐼ℎ0𝜃𝑖 +
2𝜇𝐼

ℎ0

(2𝜃𝑖 − 𝜃𝑖−1 − 𝜃𝑖+1) = 0 for 𝑖 < 𝑁

2𝑏0ℎ0𝜃𝑁 + 2𝜌𝐼ℎ0𝜃𝑁 +
2𝜇𝐼

ℎ0

(𝜃𝑁 − 𝜃𝑁−1) = 0 when 𝑖 = 𝑁

The torsion pendulum consists of the rod together with a mass with moment of inertia

𝐼0 attached to its last segment. This mass will undergo solid body rotation. As a

result the presence of the mass alters the kinetic term but not the potential term.

Assuming 𝐼0 ≫ 2𝜌𝐼ℎ0, the 𝑁 ’th equation becomes

2𝑏0ℎ0𝜃𝑁 + 𝐼0𝜃𝑁 +
2𝜇𝐼

ℎ0

(𝜃𝑁 − 𝜃𝑁−1) = 0

In the limit 𝐼0 ≫ 2𝜌𝐼ℎ0, we can make the approximation (𝜃𝑁 − 𝜃𝑁−1)/ℎ0 ≈ 𝜃𝑁/𝐿.

Finally, we set Θ(𝑡) = 𝜃𝑁(𝑡) and obtain the equation of motion for a torsion pendulum

2𝑏0ℎ0Θ̇ + 𝐼0Θ̈ +
2𝜇𝐼

𝐿
Θ = 0

The pendulum frequency is 𝜔2
(𝑝) = 2𝜇𝐼/𝐿𝐼0, and the amplitude decay is given by

exp(−𝑏0ℎ0𝑡/𝐼0). The damping parameter can be written in terms of the the number

of oscillations taken for the amplitude to halve, 𝑁1/2.

𝑏 =
1

2𝜌𝐼
𝑏0 =

1

2𝜌𝐼

𝐼0𝜔(𝑝) log 2

2𝜋ℎ0𝑁1/2

52



In our experiments, we find 𝑏 = 1.3 × 𝜋𝑐𝜃/𝐿, where 𝑐𝜃 =
√︀

𝜇/𝜌 is the speed of

undamped twist waves. This approximately corresponds to critical damping.

3.3 Fracture model and minimal fragment size

Minimum fragment length

To stabilize the Kirchhoff model, we introduce a phenomenological minimum frag-

ment length into our model. As shown by Audoly and Neukirch [6], when an initially

uniformly curved elastic rod is released from one end, its local curvature increases

at the free end. However, when a rod fractures at a point of maximum curvature,

the Kirchhoff model possesses solutions in which the curvature near the fracture tip

increases even further. Assuming a curvature based fracture criterion, this would

trigger additional fractures arbitrarily close to the first fracture, which is not ob-

served experimentally (Fig. 3-1B,D). In agreement with standard fragmentation the-

ory [53, 139], our data show the existence of a finite minimum fragment length 𝜆 > 0

(Fig. 3-1D). This observation, along with the separation of bending wave and crack

propagation timescales (Fig. 3-1A), confirms the applicability of the Kirchhoff theory

(Fig. 3-1B,C).
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Figure 3-2: The minimum fragment length is independent of radius. (A-
C) Lengths distributions of the first ejected fragment for samples of varying diam-
eter. (A) Diameter 2ℎ = 1.1 mm (𝑛 = 29). (B) Diameter 2ℎ = 1.4 mm (𝑛 = 29).
(C) Diameter 2ℎ = 1.7 mm (𝑛 = 29). In each case smallest observed length is ap-
proximately 10 mm. All data obtained for samples of length 24 cm at quench speeds
𝑣 > 200 mm/s.

Experimentally, the minimum fragment length, 𝜆, depends on 𝑣, the quench speed.
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We define 𝜆 statistically. Let 𝑛𝑖(𝑣) be the number of pieces observed in the 𝑖th trial

at speed 𝑣. Let 𝜆𝑖(𝑣) be the length of the smallest piece found in the 𝑖th trial at

speed 𝑣. In the binary fracture case, 𝑛𝑖(𝑣) = 2, we observe that 𝜆𝑖(𝑣) ≈ 𝐿/2, however

this is a bad estimate for the minimum fracture length, 𝜆(𝑣). This can be explained

as follows. By symmetry, the first fracture occurs at the midpoint of the rod. Then

binary fracture will occur if 𝜆 > 𝐿/4. This motivates the definition of 𝜆*
𝑖 (𝑣)

𝜆*
𝑖 (𝑣) =

⎧⎪⎨⎪⎩𝐿/4 if 𝑛𝑖(𝑣) = 2

𝜆𝑖(𝑣) otherwise.

Finally, we define the minimum fragment length, 𝜆(𝑣), by:

𝜆(𝑣) =
1

𝑛

𝑛∑︁
𝑖=1

𝜆*
𝑖 (𝑣)

In other words, if non-binary fracture occurred at speed 𝑣, the minimum fragment

length would be equal to the mean length of the smallest piece. Due to the infrequency

of binary fracture for 𝑣 > 1mm/s, setting 𝜆𝑖(𝑣) = 𝐿/4 when 𝑛𝑖(𝑣) = 4 does not affect

the scaling behavior of 𝜆 with 𝑣.

There are alternative ways of measuring the minimum fragment size, such as mea-

suring the length of the first fragment to be ejected (Fig. 3-2). Data collected using

this method suggest that there is an absolute minimum fragment length, 10 mm at

high quench speeds, and that this length is independent of radius (Fig. 3-2). Intrigu-

ingly, this indicates that the phenomenological minimum fragment size is related to

a material property of the rod.

Fracture criteria

To compare individual experiments with theoretical predictions, we solve the Kirch-

hoff equations (3.1) numerically with a discrete differential geometry algorithm [14,

13], adopting a stress-based fracture criterion. This involves the full stress tensor

𝜎𝑖𝑗, derived in equation (2.15). The effective stress at a point, 𝜎(𝑠), is obtained by
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integrating a scalar invariant of the full stress tensor, 𝜎𝑖𝑗, over a cross section of the

rod
𝜎(𝑠, 𝑡)2 =

1

2𝜋ℎ2

∫︁
𝑑𝐴 𝜎𝑖𝑗𝜎𝑖𝑗

=
1

4
𝐸2ℎ2𝜅(𝑠, 𝑡)2 +

1

2
𝜇2ℎ2𝜃′(𝑠, 𝑡)2

(3.2)

where 𝜅 is the geometrical curvature of the centerline and 𝜃′ = 𝜅3 is the twist density.

If the rod is in a steady state, the twist density is constant, 𝜃′ = 𝑇𝑤/𝐿, where 𝑇𝑤 is

the total applied twist. We posit that the rod fractures at a point 𝑠 along the curve

if the effective stress 𝜎(𝑠) exceeds a critical value 𝜎𝑐, which depends on the radius

ℎ and the material parameters of the rod. We further assume that no two fractures

can occur within a minimal fragment length 𝜆 of each other. To describe the near-

adiabatic twist experiments, we adopt the mean value 𝜆0 ≈ 30 mm measured at speed

∼ 3 mm/s and zero twist (Fig. 3-1D). For a uniform twist distribution, the critical

stress imposes a critical yield curvature 𝜅𝑐. This allows us to extract a dimensionless

parameter describing the relative importance of twist and bending effects in fracture

Li =
𝜇𝑇𝑤

𝐸𝜅𝑐𝐿
(3.3)

We can now rewrite the above expression (3.2) for 𝜎𝑐 in a more intuitive form

𝜎2
𝑐 = 𝐸2𝑟2𝜅2

𝑐

(︂
1

4
+

1

2
Li2
)︂

(3.4)

For comparison, by integrating the classical von Mises stress criterion over a cross

section, we obtain a critical local stress ellipse given by

(︀
𝜎VM
𝑐

)︀2
= 𝐸2𝑟2𝜅2

𝑐

(︂
1

4
+

3

4
Li2
)︂

(3.5)

Another common criterion comes from considering the maximum eigenvalue of the

stress tensor, or maximum principal stress, on the boundary of the rod. This gives a

critical stress parabola

(︀
𝜎𝑃
𝑐

)︀2
= 𝐸2𝑟2𝜅2

𝑐

(︁
1 + Li2 +

√︀
1 + 2 Li2

)︁
(3.6)
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All three curves are qualitatively consistent with our data, with equation (3.4) yield-

ing the best quantitative agreement (Fig. 3-4F). For samples of different length and

radius, and hence a different value 𝜎𝑐, equation (3.4) is still found to agree well with

the data. In the limit of zero twist, all three fracture criteria predict a critical curva-

ture, which has been successfully used to rationalize aspects of twist-free elastic rod

fracture [6]. While the origin of this critical curvature requires a deeper theory [140],

the above fracture criterion (3.2) suffices for our purposes.

3.4 Twist controlled fracture

The first protocol we explore is the role of twist in bending-induced fracture. Twisting

modes are known to cause many counter-intuitive phenomena in elastic rod morphol-

ogy [40, 49, 107, 80], including Michell’s instability [92] and supercoiling [18]. The

motivation for combining twisting and bending to achieve controlled binary fracture

is based on the idea that torsional modes can contribute to the first stress-induced

fracture but may dissipate sufficiently fast to prevent subsequent fractures. To test

this hypothesis, we built a custom device consisting of a linear stage with two freely

pivoting manual rotary stages placed on both sides (Fig. 3-3A,B). Aluminum grip-

ping elements were attached to each rotary stage to constrain samples close to the

torsional and bending axes of rotation. As in Feynman’s original experiment [131],

we used commercially available spaghetti as test rods. To ensure reproducibility, in-

A CB

Figure 3-3: Experimental apparatus. (A) Twist controlled fracture device
(B) Twist device generates twists high enough to produce visible out of plane buck-
ling. (C) Speed controlled fracture device

56



        0 ms
B

1
0

0
 d

e
g

re
e

s

        0 ms

        2.0 ms

        2.0 ms

3
3

0
 d

e
g

re
e

s

0 50 100 150 200 250 300 350
Twist (degrees)

0

5

10

15

20

25

L
im

it
 c

u
rv

a
tu

re
 (

m
-1
)

1
0

0
 d

e
g

re
e

s
3

3
0

 d
e

g
re

e
s

        0 ms

        0 ms

        1000 µs

        1000 µs

A

C

D

E

0 50 100 150 200 250 300 350
Twist (degrees)

F

2

2.5

3

M
e

a
n

 n
u

m
b

e
r 

o
f 

p
ie

c
e

s

0

5

10

15

20

25

L
im

it
 c

u
rv

a
tu

re
 (

m
-1
)

        2.0 ms

        2.0 ms

2 pieces
3 pieces
4 pieces
5 pieces

 ν = 0.3

  ν = 0.5

 ν =
 0.1

ó
c
 = 1.9 x 107 Nm-2 

ó
c
VM = 1.9 x 107 Nm-2 

ó
c
P = 5.4 x 107 Nm-2 

E
ff

. 
st

re
ss

 (
N

m
-2
)

x107

0.0

1.0

1.5

0.5

2.0

E
ff

. 
st

re
ss

 (
N

m
-2
)

x107

0.0

1.0

1.5

0.5

2.0

        3        2
        1

22         1

Figure 3-4: Using twist to break Feynman’s fragmentation bound. (A) High-
speed images from an experiment with subcritical twist angle showing fragmentation
into more than two pieces, in agreement with Feynman’s conjecture. Time 𝑡 = 0 (left)
is defined as the moment (last frame) before fracture (B) Simulations also predict frac-
ture in more than two pieces for parameters corresponding to the experiment in (A).
Due to perfectly symmetric initial conditions, our simulations generally produce even
fragment numbers. Red line illustrates twist. (C) At supercritical twist angles, the
maximum curvature before fracture is significantly lowered enabling twist-controlled
binary fracture. (D) Simulations for the experimental parameters in (C) also confirm
binary fracture. (E) Phase diagram showing that binary fracture dominates for twist
angles larger than ∼ 250 degrees (𝑛 = 73). The theoretically predicted region (purple)
in which an ideal rod is expected to exhibit binary fracture depends only weakly on
the Poisson’s ratio 𝜈 and agrees well with the data. (F) Experimental data from (E),
averaged over 10 sectors defined by the rays (𝜇2𝐽𝐿−1 cos (𝑗𝜋/20) , 𝐸2𝐼 sin (𝑗𝜋/20))
for 𝑗 = 0, 1 . . . , 10, follow the theoretically predicted critical ellipse (solid curve) from
Eq. (3.4). The dashed curve shows the von Mises ellipse from Eq. (3.5), and the
dash-dotted curve shows the parabola of constant maximum principal stress from
Eq. (3.6). The data in Fig. 3-7 yield 𝜎𝑐 = 𝜎VM

𝑐 = 𝜎𝑃
𝑐 /

√
8 = 1.9 × 107 N/m2 at zero

twist. Error bars show standard deviations. The critical curvatures for simulations at
different twist in (B) and (D) are chosen according to the critical stress ellipse in (F),
and the minimum fragment length 𝜆 = 30 mm estimated from the data in Fig. 3-1D.
Diameter of rod in (B,D) enhanced for visualization. Scale bars in (A-D) 30 mm.

dividual rods were cut to the same fixed length 𝐿 = 24 cm, and experiments were

performed in a narrow temperature and humidity range. The rods’ ends were coated

with epoxy to increase the frictional contact with the gripping elements, enabling

us to twist samples to the point of purely torsional failure, which occurred at ∼360
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degrees for our elastic rods. In each individual twist experiment, a rod was loaded

into the device, twisted to a predetermined angle, and then bent near-adiabatically

(end-to-end speed < 3 mm/s) until fracture occurred. Select trials were recorded with

a high-speed camera at 1972 fps.

As the first main result, our experiments demonstrate that supercritical twist an-

gles give rise to binary fracture (Fig. 3-4). By contrast, for small twist angles, rods are

found to fragment typically into three or more pieces (Fig. 3-4A), in agreement with

Feynman’s conjecture and supporting recent experimental and theoretical results [6]

for the zero-twist case. For large twist angles, however, the maximum curvature be-

fore the first fracture is substantially lowered and binary fracture becomes favored

(Fig. 3-4C). Although sample inhomogeneities lead to a distribution of fragment num-

bers at the same twist angles, the average number of fragments exhibits a robust trend

towards binary fracture for twist angles larger than ∼ 250 degrees (Fig. 3-4E,F). In

particular, the experimental data follows a von Mises-type ellipsoidal curve when

plotted in the plane spanned by the limit curvature and twist angle (Fig. 3-4E,F). We

next rationalize these observations by performing mode analysis using the nonlinear

elasticity model.

3.5 Decoupling of bend and twist modes

We consider the dynamics after the first fracture, starting from the fact that twist

enables the rod to store its energy in more than one mode. We assume the first

fracture occurs at 𝑡 = 0 at the midpoint of the rod, when the curvature exceeds

the critical value 𝜅𝑐 determined by Eq. (3.4). Our experiments and simulations show

that at large twists, the rod breaks with low curvature (Fig. 3-4C-F). Focusing on this

limit, we may assume that the rod is approximately planar, and that the bending is

small. In this section, we show that under these assumptions, the twist and bending

modes uncouple. The degrees of freedom in this reduced system are the twist 𝜃(𝑥, 𝑡),

and the centerline 𝑦(𝑥, 𝑡), given in Cartesian coordinates. The dynamical equation

for 𝜃 reduces to a damped wave equation (𝜇/𝜌)𝜃𝑥𝑥 = 𝜃𝑡𝑡 + 2𝑏𝜃𝑡 for 𝑥 ∈ [0, 𝐿/2], and
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bending is described by the Euler-Bernoulli beam equation 𝐸𝐼𝑦𝑥𝑥𝑥𝑥 + 𝜌𝐴𝑦𝑡𝑡 = 0,

where subscripts are used to denote derivatives.

The starting point for this reduction is the Kirchhoff equations with twist damping

(3.1). Appropriate boundary conditions follow from analyzing the experimental set

up. In our twist experiments, the ends of the rod are hinged in such a way that d3|0,𝐿
can equilibrate as the ends are brought closer together (Fig. 3-3A,B). After fracture,

however, the inertia of the rod is dominated by the inertia of the hinge, so we take

boundary conditions which are clamped at 𝑠 = 0 and free at 𝑠 = 𝐿/2

𝑥(0, 𝑡) = ḋi|𝑠=0 = 0

M(𝐿/2, 𝑡) = F(𝐿/2, 𝑡) = 0
(3.7)

The centerline curve is parametrized using the global Cartesian basis:

𝑥 = 𝑥e𝑥 + 𝑦(𝑥, 𝑡)e𝑦 + 𝑧(𝑥, 𝑡)e𝑧 = (𝑥, 𝑦(𝑥, 𝑡), 𝑧(𝑥, 𝑡)) (3.8)

We make the following assumptions

1 ≫ 𝑦𝑥, 𝑧𝑥 (small deflections)

𝑦 ≫ 𝑧, 𝑦𝑥 ≫ 𝑧𝑥 (approximate planarity)

We set 𝑦𝑥 = 𝑂(𝛼) and neglect terms of higher order. The planarity assumption

indicates that terms of order 𝑧𝑥 should be neglected, however we will retain time

derivatives of 𝑧.

Properties of the rod can be calculated in the Cartesian basis (3.8). Since the

parametrization of the curve has changed, the arc length is

𝑑𝑠

𝑑𝑥
=
√︀

1 + 𝑦2𝑥 + 𝑧2𝑥 = 1 + 𝑂(𝛼2)

Therefore 𝑑/𝑑𝑠 = 𝑑/𝑑𝑥 holds to 𝑂(𝛼2). In Cartesian coordinates, the Frenet frame
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defined in equation (2.23) is given by

t = d3 = (1, 𝑦𝑥, 0) , 𝜅n = t′ = (0, 𝑦𝑥𝑥, 0) , 𝜅b = t× t′ = (0, 0, 𝑦𝑥𝑥)

These equations are valid to leading order. From the definition of 𝜅 as t′ = 𝜅× t, we

get 𝜅 = 𝜅b + 𝜃𝑠t

𝜅 = (𝜃𝑥, 𝜃𝑥𝑦𝑥, 𝑦𝑥𝑥)

M = 𝐸𝐼𝜅b + 𝜇𝐽𝜃′t = (2𝜇𝐼𝜃𝑥, 2𝜇𝐼𝜃𝑥𝑦𝑥, 𝐸𝐼𝑦𝑥𝑥)

The expression for M follows from the identity 𝜅1d1 + 𝜅2d2 = d3 × d′
3 = t× t′. The

twist compatibility equation, (2.29c), related 𝜔3 to 𝜃

𝜔3,𝑠 = 𝜃𝑠𝑡 − 𝜅ṫ · b = 𝜃𝑠𝑡 + 𝑂(𝛼2)

This follows from the identity 𝜅̇−𝜔′ = 𝜔×𝜅 (see (2.21)). With a suitable choice of

coordinates, this therefore gives 𝜔3 = 𝜃𝑡, and the following expressions for 𝜔 and S

𝜔 = (𝜃𝑡, 𝜃𝑡𝑦𝑥, 𝑦𝑥𝑡) , S = 2𝜌𝐼 (𝜃𝑡, 𝜃𝑡𝑦𝑥, 𝑦𝑥𝑡)

The twist damping term is

4𝑏𝜌𝐼𝜔3t = 4𝑏𝜌𝐼(𝜃𝑡, 𝜃𝑡𝑦𝑥, 0)

The 6 Kirchhoff equations (3.1) can now be written down in the coordinates 𝑥, 𝑦, 𝑧, 𝜃.
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We write F = (𝐹 𝑥, 𝐹 𝑦, 𝐹 𝑧) in the Cartesian basis.

𝐹 𝑥
𝑥 = 0

𝐹 𝑦
𝑥 = 𝜌𝐴𝑦𝑡𝑡

𝐹 𝑧
𝑥 = 𝜌𝐴𝑧𝑡𝑡

2𝜇𝐼𝜃𝑥𝑥 + 𝑦𝑥𝐹
𝑧 = 2𝜌𝐼𝜃𝑡𝑡 + 4𝑏𝜌𝐼𝜃𝑡

2𝜇𝐼 (𝜃𝑥𝑦𝑥)𝑥 − 𝐹 𝑧 = 2𝜌𝐼 (𝜃𝑡𝑦𝑥)𝑡 + 4𝑏𝜌𝐼𝜃𝑡𝑦𝑥

𝐸𝐼𝑦𝑥𝑥𝑥 + 𝐹 𝑦 − 𝑦𝑥𝐹
𝑥 = 2𝜌𝐼𝑦𝑥𝑡𝑡

We assume 𝑦𝑥𝐹
𝑦, 𝑦𝑥𝐹

𝑧 are small compared to the other terms in the equations in

which they appear, and so we drop these terms

𝐹 𝑦
𝑥 = 𝜌𝐴𝑦𝑡𝑡, 𝐹 𝑧

𝑥 = 𝜌𝐴𝑧𝑡𝑡

𝜇𝜃𝑥𝑥 = 𝜌𝜃𝑡𝑡 + 2𝑏𝜌𝜃𝑡

2𝜇𝐼(𝜃𝑥𝑦𝑥)𝑥𝑥 − 𝐹 𝑧 = 2𝜌𝐼 (𝜃𝑡𝑦𝑥)𝑥𝑡 + 4𝑏𝜌𝐼𝜃𝑡𝑦𝑥

𝐸𝐼𝑦𝑥𝑥𝑥 + 𝐹 𝑦 = 𝜌𝐼𝑦𝑥𝑡𝑡

Consider the 𝑦 equation

𝐸𝐼𝑦𝑥𝑥𝑥 + 𝐹 𝑦 = 𝜌𝐼𝑦𝑥𝑡𝑡

This equation can be simplified using a scaling argument. In the time independent

case we have 𝐸𝐼𝑦𝑥𝑥𝑥 ∼ 𝐹 𝑦, and in the time dependent case, 𝜌𝐴𝑦𝑡𝑡 = 𝐹 𝑦
𝑥 ∼ 𝐹 𝑦/𝐿

equation. Combining these scalings gives

𝐸𝐼𝑦𝑥𝑥𝑥 ∼ 𝐹 𝑦

𝜌𝐼𝑦𝑥𝑡𝑡 ∼
𝐹 𝑦𝐼

𝐴𝐿2
∼ 𝐹 𝑦 ℎ

2

𝐿2

Since ℎ/𝐿 ≪ 1, the 𝜌𝐼𝑦𝑥𝑡𝑡 term can be dropped. Eliminating 𝐹 gives equations with
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decoupled bending and twist

𝜇𝜃𝑥𝑥 = 𝜌𝜃𝑡𝑡 + 2𝑏𝜌𝜃𝑡 (3.9a)

2𝜇𝐼(𝜃𝑥𝑦𝑥)𝑥𝑥 − 𝜌𝐴𝑧𝑡𝑡 = 2𝜌𝐼 (𝜃𝑡𝑦𝑥)𝑥𝑡 + 4𝑏𝜌𝐼𝜃𝑡𝑦𝑥 (3.9b)

𝐸𝐼𝑦𝑥𝑥𝑥𝑥 = −𝜌𝐴𝑦𝑡𝑡 (3.9c)

The bending dynamics reduce to the Euler-Bernoulli beam equation, which has been

shown to describe certain aspects of elastic rod fracture [6]. From these equations,

timescales for bending and twist can be obtained in the absence of damping

𝑇twist = 𝐿

√︂
𝜌

𝜇
, 𝑇bend = 𝐿2

√︂
𝜌𝐴

𝐸𝐼

This shows that twist waves propagate on a faster timescale than bending waves

𝑇bend

𝑇twist
=

𝐿

ℎ

√︂
2

1 + 𝜈
≫ 1 (3.10)

This is the fundamental scaling underlying our analysis of twist modes and bending

modes.

3.6 Fracture dynamics

By analyzing the twist and bending equations separately, we show that twist does

not play a role in the secondary fracture events. This involves finding the times 𝑇 0
𝜃 ,

𝑇 0
𝑏 , taken for bending and twist waves respectively to travel distance 𝜆0, where 𝜆0 is

the minimum fragment length. In particular, we show that 𝑇 0
𝑏 > 4𝑇 0

𝜃 . In our twist

experiments, where the ends of the rod are brought together slowly, this distance is

measured to be 𝜆0 ≈ 30 mm. In addition, we show that the time taken for twist waves

to dissipate, 𝑇 diss
𝜃 , is approximately equal to 2𝑇 0

𝑏 .
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Figure 3-5: Twist acts on faster timescales than bending. (A,B) Evolution
of twist and curvature after fracture of rod. (A) Twist can be neglected after time
𝑡 = 𝐿

√︀
𝜌/𝜇 ≈ 244𝜇s. (B) The curvature near the free end increases after fracture,

while the curvature profile away from the free end changes slowly. Euler and Kirchhoff
simulations coincide near the free end; discrepancies at high twist are due to out of
plane buckling near 𝑠 = 0. (C) Twist induced cracks (B,C) and curvature induced
cracks (A) are shaped differently. Scale bar 1 cm.

Twist waves

Twist satisfies the damped wave equation

𝑐2𝜃𝜃𝑥𝑥 = 𝜃𝑡𝑡 + 2𝑏𝜃𝑡 (3.11)

where 𝑐2𝜃 = 𝜇/𝜌. The fracture problem has initial conditions

𝜃(𝑥, 0) =
𝑇𝑤

𝐿
𝑥, 𝜃𝑡(𝑥, 0) = 0 (3.12)

and boundary conditions (3.7)

𝜃(0, 𝑡) = 0, 𝜃𝑥(𝐿/2, 𝑡) = 0 (3.13)

It is important to note that the boundary conditions are incompatible with the initial

conditions. The same issue arises in the 𝑦 equation describing curvature. In both

cases, this inconsistency may be attributed to a boundary layer [6] very close to

the newly fractured free end at 𝑥 = 𝐿/2. Nevertheless, we can find an approximate

solution by solving the Sturm-Liouville problem given by the BCs and then expanding

the initial condition in the Sturm-Liouville eigenbasis. Such a solution will satisfy all
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the above conditions except very close to the endpoint 𝑥 = 𝐿/2. Separating variables

with 𝜃 = 𝑋(𝑥)𝑇 (𝑡) we obtain

𝑋𝑥𝑥 + 𝑘2
𝑛𝑋 = 0

𝑇𝑡𝑡 + 2𝑏𝑇𝑡 + 𝑐2𝜃𝑘
2
𝑛𝑇 = 0

with the following initial conditions and boundary conditions: 𝑋(0) = 𝑋𝑥(𝐿/2) =

0, 𝑇 (0) = 1, 𝑇𝑡(0) = 0. Setting 𝑘′
𝑛 =

√︀
|𝑏2 − 𝑐2𝜃𝑘

2
𝑛|, we obtain the full solution

𝜃(𝑥, 𝑡) =
∑︁
𝑛

𝐴𝑛 sin(𝑘𝑛𝑥)𝑓𝑛(𝑡)

𝑘𝑛 =
(2𝑛 + 1)𝜋

𝐿

𝐴𝑛 =
4

𝐿

∫︁ 𝐿/2

0

𝑥 sin(𝑘𝑛𝑥)𝑑𝑥

𝑓𝑛(𝑡) = 𝑒−𝑏𝑡

(︃ ∑︁
𝑐𝜃𝑘𝑛<𝑏

(︂
𝑏

𝑘′
𝑛

sinh 𝑘′
𝑛𝑡 + cosh 𝑘′

𝑛𝑡

)︂
+
∑︁

𝑏<𝑐𝜃𝑘𝑛

(︂
𝑏

𝑘′
𝑛

sin 𝑘′
𝑛𝑡 + cos 𝑘′

𝑛𝑡

)︂)︃

Only a few modes are necessary to obtain a good approximation, so issues of con-

vergence related to the boundary layer can be ignored. At 𝑏 = 0 (no damping), we

find 𝑓𝑛(𝑡) = cos(𝑘𝑛𝑐𝜃𝑡), so the rod has smallest frequency 𝜔0 = 𝑐𝜃𝑘0 = 𝜋𝑐𝜃/𝐿. From

𝑡 = 0 to 𝐿/2𝑐𝜃 the undamped solution corresponds to a zero stress region with 𝜃𝑥 = 0

growing at speed 𝑐𝜃 until 𝑡 = 𝐿/2𝑐𝜃, when 𝜃 = 𝜃𝑥 = 0 everywhere. In the presence

of damping, the zero twist stress region only grows at speed 𝑐𝜃 at early times. In

particular, the time taken for the zero twist stress front to travel distance 𝜆0, the

minimum fragment length, is

𝑇 0
𝜃 =

𝜆0

𝑐𝜃
(3.14)

Over longer lengthscales ℓ > 𝜆0, the damping term becomes important. The scalings

of the terms in the damped wave equation (3.11) show that the zero twist front travels
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distance ℓ in time 𝑇 ℓ
𝜃 = 𝑏ℓ2/𝑐2𝜃. Our measured value of 𝑏 is 𝑏 ≈ 𝜋𝑐𝜃/𝐿, which gives

𝑇 ℓ
𝜃 =

𝜋ℓ2

𝑐𝜃𝐿
(3.15)

In addition, since 𝑏 ≈ 𝜔0, the lowest mode is approximately critically damped. We

therefore obtain a solution where twist stress may be neglected after a time 𝑡 = 𝐿/𝑐

instead of 𝑡 = 𝐿/2𝑐 (Fig. 3-5A). This gives the dissipation timescale for twist

𝑇 diss
𝜃 =

𝐿

𝑐𝜃
(3.16)

This is still fast when compared to bending waves (Fig. 3-5B) as can be seen from the

fracture interfaces (Fig. 3-5C). The geometry of these fracture interfaces supports our

picture of fragmentation in which twist causes the first fracture, and bending waves

cause subsequent fractures.

Bending waves

We analyse the speed of bending modes in a similar way. The equation for bending

is given by

𝐸𝐼𝑦𝑥𝑥𝑥𝑥 = −𝜌𝐴𝑦𝑡𝑡 (3.17)

subject to pre-fracture initial conditions

𝑦(𝑥, 0) = 𝑦0(𝑥), 𝑦𝑡(𝑥, 0) = 0 (3.18)

and boundary conditions which are clamped at 𝑥 = 0 and free at 𝑥 = 𝐿/2:

𝑦(0, 𝑡) = 𝑦𝑥𝑡(0, 𝑡) = 0, 𝑦𝑥𝑥(𝐿/2, 𝑡) = 𝑦𝑥𝑥𝑥(𝐿/2, 𝑡) = 0 (3.19)

The initial shape 𝑦0(𝑥), is set by solving the time independent Kirchhoff equations at

a given twist, so 𝑦0 depends both on the twist of the sample and the critical curvature
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at the point of fracture. At non-zero twist, the time independent Kirchhoff equations

yield a non-planar solution with twist dependent shape. The curve 𝑦0 is found by

neglecting the out of plane components of this shape. This procedure yields accurate

results on the time scales relevant to fracture (Fig. 3-5B). As with twist, the initial

condition is incompatible with the free end boundary conditions. However the high

energy curvature waves triggered as a result travel slowly compared to the twist waves

(Fig. 3-5A,B).

Our data show that fractures are caused by the pulse of maximum bending stress

(solid line in Fig. 3-1D). The path of this pulse can be found analytically in the linear

regime [6]. The explicit solution for the curvature in this regime is [6]

𝜅(𝑥, 𝑡) = 𝑦′′(𝑥, 𝑡) = 2𝜅0𝑆

(︂
𝑥√
𝜋𝑟𝑐𝑠𝑡

)︂
(3.20)

where 𝑆(𝑥) is the Fresnel sine integral, 𝑐𝑠 =
√︀

𝐸/𝜌 is the speed of sound in the rod,

and 𝑦′′(𝑥, 0) ≡ 𝜅0 to linear order. The function 𝑆(𝑤) has a maximum at 𝑤 =
√

2.

Substituting this into the above curvature solution gives the time at which the point

of maximum curvature reaches a position ℓ

𝑡 =
ℓ2

2𝜋ℎ𝑐𝑠
=

ℓ2

2𝜋ℎ

√︂
𝜌

𝐸
(3.21)

This result may also be derived by considering the bending wavepackets. The speed

of a bending wavepacket peaked at wavenumber 𝑘 is given by 𝑐𝑏 = 2𝑘
√︀

𝐸𝐼/𝜌𝐴. If we

take 𝑘 = 2𝜋/ℓ, then the time taken for the bending wavepacket to travel distance ℓ is

𝑇 ℓ
𝑏 ≈ ℓ

[︁
(4𝜋/ℓ)

√︀
𝐸𝐼/𝜌𝐴

]︁−1

= (ℓ2/2𝜋ℎ)
√︀

𝜌/𝐸. We can use these results to compare

the timescales on which twist and bending operate:

𝑇 0
𝑏 =

𝜆0

2𝜋ℎ

[︂
1

2(1 + 𝜈)

]︂1/2
𝑇 0
𝜃 (3.22a)

and

𝑇 ℓ
𝑏 =

𝐿

2𝜋2ℎ

[︂
1

2(1 + 𝜈)

]︂1/2
𝑇 ℓ
𝜃 (3.22b)
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Figure 3-6: Binary fracture depends weakly on the curvature increase factor
(A) The curvature increase factor, 𝐶, lies in a narrow range for different pre-fracture
twists and critical curvatures. 𝐶 = 1.5 to 1dp for twist angles relevant to binary
fracture in our samples, and it is calculated by simulating the full Kirchhoff equations.
(B) Critical lines exhibit weak dependence on 𝐶. All simulations carried out using the
experimental material parameters, 𝐸 = 3.8 GPa, 𝜈 = 0.3, 𝜌 = 1.5 g/cm3, 𝐿 = 24 cm,
2ℎ = 1.4 mm.

Using the measured value 𝜆0 ≈ 30 mm, we find 𝑇 0
𝑏 > 4𝑇 0

𝜃 and 𝑇 ℓ
𝑏 > 5𝑇 ℓ

𝜃 , indicating

that twist dissipates before bending waves can trigger another fracture. In addition,

we find that 𝑇 diss
𝜃 ≈ 2𝑇 0

𝑏 , which further suggests that twist plays no role in future

fracture events. The above difference in propagation times is a robust result. For

example, Timoshenko theory predicts even slower bending waves than Euler-Bernoulli

theory [54], although both beam models agree very closely in our parameter regime.

Binary fracture criterion

To complete the binary fracture argument, we observe that all the fractures occur

before reflection of the bending waves at 𝑠 = 0 becomes important. Another fracture

will then be triggered if and only if 𝜎(𝑠, 𝑡) > 𝜎𝑐 for any 𝑠 satisfying the minimum

fragment length criterion and 𝑡 ∈ [0, 𝑡0], where 𝑡0 is the time for the high energy

bending waves to reach 𝑠 = 0. Since twist dissipates before the bending waves become

relevant, we have max𝑡∈[0,𝑡0] 𝜎
2 = 𝐸2𝐼 max𝑡∈[0,𝑡0] 𝜅

2. Let 𝐶 be such that max𝑡∈[0,𝑡0] 𝜅 =

𝐶𝜅𝑐. Even though twist dissipates quickly, the initial twist still determines the shape

of the rod at 𝑡 = 0, so 𝐶 is a function of 𝜅𝑐𝐿, 𝑇𝑤 and possibly other parameters.

The linear solution (3.20), gives a value of 𝐶 = 2𝑆(
√

2) ≈ 1.43. We calculate 𝐶

numerically from the full Kirchhoff equations for our experimental parameters, and
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find to one decimal place 𝐶 = 1.5 for all relevant values of 𝜅𝑐𝐿 and 𝑇𝑤 (Fig. 3-6A).

Further precision is not required, since the critical region for binary fracture depends

only weakly on 𝐶 (Fig. 3-6B). The criterion that the rod only breaks into two pieces

then takes the form 𝐸2𝐼𝐶2𝜅2
𝑐 < 𝜎2

𝑐 . Using (3.4) to eliminate 𝜎𝑐, the criterion for

binary fracture becomes:

𝜅𝑐 <
𝑇𝑤√

2𝐿(1 + 𝜈)
√
𝐶2 − 1

. (3.23)

In terms of the dimensionless Li-number from Eq. (3.3), this condition is approxi-

mately Li > 1. The right hand side of this inequality describes a weakly 𝜈-dependent

straight line in the curvature-twist plane (Fig. 3-4E). Ideal elastic rods that undergo

their first fracture at values 𝜅𝑐 and 𝑇𝑤 satisfying (3.23) lie below this line (purple re-

gion in Fig. 3-4E) and are expected to break into exactly two pieces. This prediction

agrees well with the mean number of fragments measured in our experiments (Fig. 3-

4F). Additional data for samples of a different length and radius also show good

agreement with Eq. (3.23). The raw data show that binary fracture events can occur

with low probability outside the critical region (Fig. 3-4E), which could be caused

by sample defects and inhomogeneities. The distinct transition from binary to non-

binary fracture in the averaged data (Fig. 3-4F) indicates however that defects do not

dominate the fracture statistics. Our results for the low-twist regime are consistent

with those of Audoly and Neukirch [6] who reported non-binary fracture at zero twist.

By contrast, binary fracture becomes almost certain in the high-twist regime.

3.7 Quench controlled fracture

Twist fracture experiments are carried out for a fixed speed 𝑣 = 3 mm/s in the

near-adiabatic regime. To systematically explore how quenching affects elastic rod

fracture, we built a second fracture device coupling a DC stepper motor to a linear

stage (Fig. 3-3C). By adjusting the motor velocity, we can vary the quench speed 𝑣,

defined as absolute relative velocity of the ends, by more than two orders of magnitude

68



0 ms 0.4 ms

100 101 102 103

Quench speed (mm/s)

13

15

17

19

2

4

6

8

N
u

m
b

e
r 

o
f 

p
ie

c
e

s

L
im

it
 c

u
rv

a
tu

re
 (

m
-1
)

Quench speed (mm/s)

3
0

0
 m

m
/s

M
e

a
n

 n
u

m
b

e
r 

o
f 

fr
a

c
tu

re
 s

it
e

s

0.05

0.1

0.15

0.2

0.25

100 101 102 103

2

4

6

M
in

. 
fr

a
g

m
e

n
t 

le
n

g
th

 (
ë

/L
)

Quench speed (mm/s)
100 101 102 103

N
f
 ~ v1/4  

5
 m

m
/s

  ë ~ v-1/4

11

C D E

A B 0 ms 0.4 ms

1

N
f
 ~ erfc(Bv -1/2) 

Figure 3-7: Dynamically quenched fracture in brittle elastic rods. (A) Ex-
periment at low quench speed 𝑣 showing binary fracture. (B) Experiment at high
quench speed 𝑣 showing fracture into multiple fragments, even though the limit cur-
vature before the first fracture is similar to that in (A). (C) Distributions of the
limit curvature (mean values highlighted in pink) are not significantly affected by the
quench speed 𝑣, but the mean number fragments increases with 𝑣 (𝑛 = 350). (D) The
mean length of the smallest fragments follows the theoretically predicted power law
scaling. (E) At low speed, the number of fracture sites approaches an asymptotic
power law (solid line) as expected from (D). At high speeds, saturation occurs in
agreement with stochastic fracture theory (dashed line). At the lowest quench speed
(𝑣 = 1 mm/s) the rod breaks into fewer than three pieces on average. Scale bars in
(A,B) 30 mm. Error bars in (D,E) show standard error.

(Fig. 3-7). Our nonadiabatic quench protocol allows the rod to bend before fracturing,

in contrast to ultra-fast diabatic protocols [45] that cause fracture by exciting buckling

modes in the unbent state. Previous studies have shown that the fractal nature of

fragmentation [137] and the effects of disorder [31] can give rise to universal power

laws. Here, we will see that nonadiabatic quenching leads to a new class of asymptotic

power law relations that involve the quench parameter 𝑣 and can be rationalized

through scaling arguments.

To investigate how quenched bending dynamics affects fracture, we performed

350 fracture experiments distributed over 12 different quench speeds 𝑣 ranging from

1 mm/s to 500 mm/s, with rods of length 𝐿 = 24 cm, as in the twist experiments.

Experiments were conducted in two batches at different environmental conditions,

yielding consistent data. Select trials were recorded at 75000 fps (Fig. 3-7A,B). Gen-

erally, our experiments show that an increase in the quench speed 𝑣 has only a weak
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effect on the curvature prior to fracture (Fig. 3-7C), in stark contrast to the effects

of twist discussed above. Changing 𝑣 does however affect strongly both the minimal

size of the fragments (Fig. 3-7D) and the number of fragments (Fig. 3-7E,F).

To understand why quench speed (at zero twist) only weakly affects the limit

curvature, note that the critical curvature of the samples at first fracture is of the

order of 10 m−1 across all experiments (Fig. 3-7C). This means that the potential

energy density at the first fracture is 𝐸𝑃 ≈ 𝐸𝐼𝜅2 ≈ 10−1 J/m. For comparison, for

a hypothetical quench speed of 𝑣 = 1 m/s, considerably higher than realized in our

experiments, the kinetic energy density is 𝐸𝐾 ≈ 𝜌𝐴𝑣2/2 ≈ 10−3 J/m ≪ 𝐸𝑃 .

Yet, higher quench speeds 𝑣 lead to higher fragment numbers (Fig. 3-7A,B), re-

flecting the fact that the minimum fragment length 𝜆 decays with 𝑣 (Fig. 3-7D).

We can rationalize this using dimensional analysis. The dynamics of the rod are

overdamped, so during a quench the force on any element scales as 𝐹 ∼ 𝑣. In one

dimension, force has units of energy density so we will balance 𝐹 against the other

fundamental energy density of the system, the potential energy density. The energy

density of the 𝑘’th bending mode scales as 𝐸𝑘 ∼ 𝑘4, yielding 𝑘 ∼ 𝑣1/4 and hence

𝜆 ∼ 𝑣−1/4 in agreement with the data (Fig. 3-7D).

The same scaling is implied by the following more detailed argument. Suppose the

rod is initially approximately flat, lying on the 𝑥-axis at time 𝑡 = 0, with endpoints at

(𝑥, 𝑦) = (±𝐿/2, 0). Consider the shape of the rod as it is quenched at speed 𝑣. The

overdamped, or quasistatic assumption tells us that at time 𝑡, we only need to solve

the static problem of a rod whose endpoints are at (𝑥, 𝑦) = (±(𝐿/2 − 𝑣𝑡), 0). The

static Euler-Bernoulli equation, 𝑦𝑥𝑥𝑥𝑥 = 0, and the symmetry of our problem yield a

solution 𝑦(𝑥, 𝑡) = 𝐴0 − 𝐴1𝑥
2 subject to 𝑦(±(𝐿/2 − 𝑣𝑡)) = 0. Note that 2𝐴1 = 𝜅0,

the maximum curvature in the rod. We will relate 𝜅0 to 𝑣, 𝑡, 𝐿 via the inextensibility

constraint

𝐿

2
=

∫︁ 𝐿
2
−𝑣𝑡

0

𝑑𝑥
√︁

1 + 𝜅2
0𝑥

2

Assume 𝜅0𝑥 < 1, so
√︀

1 + 𝜅2
0𝑥

2 = 1 +𝜅2
0𝑥

2/2 +𝑂(𝜅4
0𝑥

4). Then the above integral can
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be calculated

𝐿

2
=

∫︁ 𝐿
2
−𝑣𝑡

0

𝑑𝑥

(︂
1 +

1

2
𝜅2
0𝑥

2

)︂
+ 𝑂(𝜅4

0𝑥
4)

=
𝐿

2
− 𝑣𝑡 +

1

6
𝜅2
0

(︂
𝐿

2
− 𝑣𝑡

)︂3

+ 𝑂(𝜅4
0𝑥

4)

Now take 𝐿
2𝑣𝑡

> 1

𝑣𝑡 =
1

48
𝜅2
0𝐿

3

(︂
1 − 2𝑣𝑡

𝐿

)︂3

+ 𝑂(𝜅4
0𝑥

4)

𝜅0 =

√︂
48𝑣𝑡

𝐿3
+ 𝑂

(︂
𝑣𝑡

𝐿

)︂
+ 𝑂(𝜅4

0𝑥
4)

Thus we arrive at the scaling

𝜖0 ∼ ℎ𝜅0 ∼
√︂

𝑣𝑡𝑟2

𝐿3

However, as the rod is pushed, low energy bending waves must necessarily equilibrate

its shape. We balance the dominant frequency 𝜔 of these waves with the strain rate

above, 𝜖̇2max ∼ (𝑣ℎ2/𝑡𝐿3) ∼ 𝜔2. Finally, the dispersion relation for bending waves,

𝜔 ∼ 𝑐𝑠ℎ𝑘
2 yields 𝑣/𝑡𝐿3 ∼ 𝑐2𝑠𝑘

4. This scaling then gives the dominant wavenumber 𝑘

in the equilibration wave packet for a given quench speed 𝑣. Our data indicate that 𝜆

is independent of the rod radius ℎ, which suggests a role for acoustic waves triggered

by the equilibration wave packet. These acoustic waves will weaken the rod at their

anti-nodal high strain sites. At early times, the dominant acoustic wavenumber can be

matched with the dominant equilibration wavenumber, yielding a minimum fragment

length 𝜆 ∼ 𝑘−1 ∼ 𝑣−1/4.

In one-dimensional fragmentation the number of fracture sites 𝑁𝑓 and the minimal

fragment length 𝜆 are predicted [53] to scale as 𝜆 ∼ 𝑁−1
𝑓 . 𝑁𝑓 is related to the

number of fragments 𝑁 by 𝑁 = 𝑁𝑓 + 1. Combining these scaling results, we obtain

the prediction 𝑁𝑓 ∼ 𝑣1/4 at small 𝑣, in agreement with our data (Fig. 3-7F). In

particular, this also explains why rods can undergo binary fracture when the quench
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velocity is very small (Fig. 3-7A). At sufficiently high quench speeds, the number of

fracture sites, and hence the number of fragments, saturates (Fig. 3-7E). Stochastic

fracture theory provides a possible explanation for this effect. The picture of quenched

fragmentation which emerges is as follows: The quench speed releases bending and

acoustic waves of particular wavelengths which weaken the rod in certain patterns.

At low speeds the number of fracture sites simply increases as a power law, whereas

at high speeds this growth is limited by the rate of subcritical crack growth.

3.8 Stochastic fracture theory

To understand the saturation of 𝑁𝑓 , we return to the first timescale involved in

fragmentation, the time taken for the crack to grow to the critical Griffith length

(Fig. 3-1A). We refer to this timescale as the break-up time. Consider a crack at a

single site along the rod. We assume the crack depth 𝑋 is a random variable which

increases diffusively, with strain-dependent diffusion constant [140], 𝐷. Under this

assumption, the time 𝑇 taken for the crack to reach the critical depth 𝑥* is Levy

distributed and can be calculated using the reflection principle

P (𝑇 < 𝑡) = 2P(𝑋(𝑡) > 𝑥*)

=
2√

4𝜋𝐷𝑡

∫︁ ∞

𝑥*−𝑥0

𝑑𝑥𝑒−
(𝑥*−𝑥0)

2

4𝐷𝑡

with probability density function

𝑓𝑇 (𝑡) ∝ (𝑥* − 𝑥0)𝑡
−3/2𝑒(𝑥*−𝑥0)

2/4𝐷𝑡

where 𝑥0 is the initial penetration depth of the crack. The mean of this distribution

diverges, but a typical breakup time 𝑡* can be extracted by maximizing 𝑓𝑇 (𝑡). This

yields 𝑡* ∼ (𝑥* − 𝑥0)
2𝐷−1. To apply this to fragmentation, consider the number of

sites at which breakup can occur in time 𝑇
𝐿/2
𝑏 , the time taken for a bending wave to
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travel half the length of the rod. Assuming the sites are independent, this gives

𝑁𝑓 ∝ P(𝑇 < 𝑇
𝐿/2
𝑏 ) ∝ erfc(𝐵𝑡1/2* )

where 𝐵 is a constant to carry dimensions, and erfc is the complementary error

function. Finally, we note the strain dependence of 𝑡*. From above we know how

strain changes as the rod is quenched, 𝜖 ∼
√︀
𝑣𝑡ℎ2/𝐿3. The characteristic timescale

for strain variation is thus 𝜏1 ∼ 𝐿3/𝑣ℎ2. Balancing the typical break-up time with

the strain timescale of the rod yields 𝑡* ∼ 1/𝑣, and thus 𝑁𝑓 ∝ erfc(𝐵𝑣−1/2), where

𝐵 carries dimensions as before. At large quench speeds, this agrees with the data for

𝐵2 ≈ 1 mm/s (Fig. 3-7E).

3.9 Robustness under parameter variations

The key results for twist and quench controlled fracture are reproducible in different

environmental conditions (humidity and temperature) and for samples of different

dimensions. We are able to experimentally verify the existence of a critical binary

fracture region for samples of different diameters and lengths (Fig. 3-8A). Further, the

fracture criterion developed and verified for samples with 2ℎ = 1.4 mm, 𝐿 = 24 cm,

shows good agreement with the fracture data of samples with 2ℎ = 1.7 mm and

𝐿 = 20 cm (Fig. 3-8B). In the case of quenched fracture, we note that experiments

at higher humidity appear to show a weak dependence between limit curvature and

quench speed. We understand this as a consequence of the ductility of spaghetti. In

warmer, more humid conditions, spaghetti is expected to soften slightly.

3.10 Numerical methods

Numerical results in Fig. 3-4B,D were obtained by simulating the Kirchhoff equa-

tions (3.1) using the discrete differential geometry algorithm introduced in Refs.[14,

13] and discussed in Chapter 2. Each rod was discretized into 50 elements (Fig. 3-9)

and one time-step of simulation time corresponded to 1𝜇s of real time. Time-stepping
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was performed with a Verlet scheme. Fracture was simulated by disconnecting the

rod in 1 time-step wherever the fracture criterion was satisfied. The radius of the rod

has been enhanced in simulation images (Fig. 3-4B,D) for visualization purposes. The

curvatures in Fig. 3-4E,F and Fig. 3-7C were obtained numerically from the observed

end-to-end distance by initializing a rod with the appropriate boundary conditions

and twist, and allowing it to relax to its lowest energy state via gradient descent. In

the case of zero twist, there is a closed form relationship between end-to-end distance

and maximum curvature, which we used to validate the code.

3.11 Experimental methods

The experiments were conducted with Ronald Heisser, who built the apparatus. All

experiments used Barilla no. 1, 3 or 5 raw spaghetti of length 𝐿 = 24 cm or 20 cm.

High air humidity and large temperature fluctuations can affect bending and fracture

behavior of the samples. Experiments were conducted in two batches, each with

consistent environmental conditions. Humidity was in the range 21%-34% in the first

batch, 41%-51% in the second batch. Temperature during both sets of experiments

was kept in the range 21 − 26 C. The rod diameter was measured using calipers for

5 samples. The density was obtained by weighing 10 samples cut to 24 cm. Treating

the samples as cylinders of radius ℎ we obtained 𝜌 = 1.5 ± 0.1 g/cm3. The Young’s

modulus, 𝐸, was measured by applying a slowly increasing longitudinal compression

force to samples positioned upright upon a scale. The sample length ℓ and the mass

𝑚 shown on the scales at the point of buckling were recorded. We repeated this for

20 samples of varying lengths, and in each case calculated 𝐸 from the Euler buckling

criteria, 𝑚𝑔 = 𝜋2𝐸𝐼/ℓ2, to find 𝐸 = 3.8±0.3 GPa. The shear modulus was measured

by attaching a mass of known moment of inertia, 𝐼0, to samples of varying length

to create a torsion pendulum. The angular frequency, 𝜔2 = 𝜇𝐽/𝐼0𝐿, was obtained

for 5 samples, by filming the pendulum with an Edgertronic SC2 at 1972 fps. The

Poisson’s ratio, 𝜈 = (𝐸/2𝜇)−1 was calculated from the mean values of 𝐸 and 𝜇. Using

standard error of these mean values to quantify uncertainty gives 𝜈 = 0.3 ± 0.1. The
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twist damping parameter was obtained from the decay rate of the torsion pendulum.

Twist experiments

Twist experiments were performed using a custom-built device comprising of a man-

ual linear stage with two freely pivoting manual rotary stages placed on both sides.

Aluminum gripping elements were attached to each rotary stage to constrain samples

close to the torsional and bending axes of rotation. In the first batch, we used Barilla

no. 3 cut to 24cm and completed 73 trials at various twist angles up to 360 degrees,

corresponding to the approximate pure torsion yield stress of the samples. In the

second batch, we used Barilla no. 5 cut to 20cm for 33 trials. To ensure reproducible

twisting of the samples within the desired range, the ends of each rod were coated

with Devcon® 5 minute epoxy gel. The epoxy increased friction between each sam-

ple and the gripping element in our testing device, enabling us to twist samples to

the point of torsional failure. Each sample was loaded into the device, twisted to

the chosen angle, and bent until fracture occurred. Ends were moved together slowly

(< 3 mm/s) to ensure a quasi-static regime. The end-to-end distance at the onset of

fracture was recorded for each trial. Select trials were recorded with an Edgertronic

SC2 at 1972 fps.

Quench experiments

Kinetic quench experiments consisted of 20 trials each for 12 speeds ranging from

1 mm/s to 500 mm/s in the first batch, and 10 trials each for 11 speeds from 2 mm/s

to 500 mm/s in the second. Data for quench trials are combined in Fig. 3-7C. Trials

were conducted using a custom single-axis linear stage controlled by a NEMA 17

Bipolar DC Stepper Motor. The device moved the ends of each sample towards each

other at a fixed speed 𝑣 while allowing them to pivot freely as bending occurred.

The end-to-end distance at the onset of fracture was obtained by recording each trial

with a high speed camera and examining the playback. Occasionally, small flakes

would be ejected from the sample at high quench speeds (Fig. 3-7B). Fragments
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were only counted if they had length longer than the rod radius. The cameras used

were the Photron FASTCAM Mini AX200 at 9000 fps and the Phantom v611 at

75000 fps. Select trials were stored permanently. Crack propagation was filmed using

the Phantom v611 at 1000000 fps, using a thicker spaghetti (diameter 1.7 mm) for

improved visualization.

3.12 Conclusions

We have demonstrated two distinct protocols for achieving controlled binary fracture

in brittle elastic rods. By generalizing classical fracture arguments [6] to account

for twisting and quenching, we were able to rationalize the experimentally observed

fragmentation patterns (Fig. 3-1). Due to their generic nature, the above theoretical

considerations can be expected to apply to torsional and kinetic fracture processes in

a wide range of engineered [60] and natural [132, 104] one-dimensional structures. In

addition, our experimental results suggest several directions for future research. New

theory beyond the Kirchhoff model is needed to clarify conclusively the microscopic

origin of the minimum fragment length. Moreover, a detailed experimental analysis of

the crack propagation dynamics will require going beyond MHz time-resolution. From

a practical perspective, it will be interesting to explore whether, and how, twist can

be utilized to control the fracture behavior of two- and three-dimensional materials.
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Figure 3-8: Twist and quench controlled fracture results are robust under
parameter variations. (A) Agreement between theoretical prediction of a critical
binary fracture region (purple) and experiments conducted with samples of length
𝐿 = 20 cm and diameter 2ℎ = 1.7 mm. These results complement the agreement
found for samples with length 𝐿 = 24 cm and diameter 2ℎ = 1.4 mm, shown in
Fig. 3-4. (B) Experimental data from (A), averaged over 10 sectors defined by the
rays (𝜇2𝐽𝐿−1 cos (𝑛𝜋/20) , 𝐸2𝐼 sin (𝑛𝜋/20)) for 𝑛 = 0, 1 . . . 10, follow the theoretically
predicted critical ellipse (solid curve). The dashed curve shows the von Mises ellipse,
and the dash-dotted curve shows the parabola of constant maximum principal stress,
with critical stress values 𝜎𝑐 = 𝜎VM

𝑐 = 𝜎𝑃
𝑐 /

√
8 = 1.8 × 107 N/m2 at zero twist. Error

bars show standard deviations. (C) At low humidity (21% - 34%, first batch of
experiments), distributions of the limit curvature (mean values highlighted in pink)
are not significantly affected by the quench speed 𝑣, but the mean number fragments
increases with 𝑣. Solid line shows total mean limit curvature. (D) At high humidity
(41% - 51%, second batch of experiments), distributions of the limit curvature (mean
values highlighted in pink) show a weak dependence on the quench speed 𝑣. Solid
line shows total mean limit curvature. (E) Relationship between number of fractures
and quench speed is robust across the first (blue) and second (red) batches.

77



A B

Figure 3-9: Discretization of Kirchhoff rods. (A) Dynamical variables of the
Kirchhoff rod. (B) Discretization of the Kirchhoff rod.
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Chapter 4

Knots and tangles

Knotted structures play a fundamental role in the dynamics of biological and physical

systems, from DNA strands and polymers to liquid crystals and turbulent plasmas.

However, knots are also crucial in the more quotidian contexts of climbing, weaving,

sailing and surgery. In this chapter, we investigate the dynamics of knots as they

appear in these settings. Despite having been empirically studied for centuries, the

subtle interplay between topology and mechanics in such knotted elastic materials re-

mains poorly understood. Here we analyze knots by combining theory and simulations

with experiments using optomechanical color changing fibers, designed by Professor

Mathias Kolle’s lab. Exploiting a previously unrecognized analogy with long-range

ferromagnetic spin systems, we identify simple counting rules to predict the relative

mechanical stability of knots and tangles. In particular, we show that for knots of a

certain kind, the writhe of the knot is related to its self-torque, thus playing a key

role in knot stability. The topological counting rules we find are in agreement with

numerical simulations and experimental measurements for commonly used climbing

and sailing knots. The underlying topological principles provide a conceptual foun-

dation for understanding the roles of twist and writhe in untangling processes, and

are expected to find broad applications in the description and control of systems with

complex entanglements.
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4.1 History

Knots are among the oldest, most enduring human technologies, as valuable to an-

cient builders [138] and mariners [3] as to modern engineers [121] and surgeons [136].

Thought to predate the wheel [138], knotted structures owe their remarkable longevity

and widespread usage to an inherent mechanical robustness that arises from the sub-

tle interplay of topology, elasticity and friction. Over the course of many centuries,

sailors, weavers, climbers and surgeons have acquired a wealth of knowledge about

the benefits and drawbacks of various types of knots [3, 138, 37]. Yet, much of this

empirical wisdom is still awaiting proper theoretical explanation. While experience

has taught us that certain knots are more stable than others, we are still largely

unable to predict the mechanical behavior of knots and tangles from basic topologi-

cal observables [1], such as the number and relative ordering of crossings. Although

recent experimental and theoretical research has revealed important insights into the

competition between force transmission and friction in special classes of knots [5, 63],

hitches [12] and fabrics [143, 89], there currently exists no comprehensive mathemat-

ical theory [19] linking the topological and mechanical properties of knotted elastic

structures.

Physical knots and their topology first assumed a central role in science with

the introduction of Kelvin’s vortex-atom model in the 1860s [134]. Ever since, the

fundamental importance of entangled structures has become firmly established in a

diverse range of disciplines and contexts [19]. In physics, for example, interactions be-

tween knotted defect lines are essential to understanding and controlling the dynamics

and the mixing in classical and complex fluids [95, 97, 76, 124, 82], including liquid

crystals [135], plasmas [133] and quantum fluids [77]. Whereas the energetic costs as-

sociated with topological transformations are typically low in liquids and gases [77],

they tend to become prohibitively large in entangled solids [5, 63]. This fact has

profound consequences for the stability and function of natural and engineered struc-

tures, from the microscopic knots in DNA [129, 78], proteins [141, 85, 15, 29, 52] and

polymers [56, 10, 106] to knitted clothes [143] and macroscopic meshworks [9]. In each

80



case, elastic models are crucial in resolving local stresses and strains. However, since

basic concepts from elasticity theory and topology remain applicable over this wide

range of scales, deciphering the topological principles [19, 5, 63] that determine the

mechanical stability of knots and tangles promises insights into a broad spectrum of

systems. Hence, it is our main goal here to identify generic topological counting rules

that enable us to estimate which members of a given knot family are most robust

against untying. To this end, we combine elements from mathematical and physical

knot theory [67, 19] with optomechanical experiments and quantitative continuum

modeling.

Our analysis is guided by a fundamental problem that is as relevant to the tying

of shoe laces [30], surgical sutures [136], and arthroscopic knots [103] as to the staging

of a safe prison escape. We are interested in tying two lines together such that they

form a stable longer rope, a task known as ‘tying a bend’ among sailors [3]. Math-

ematically, this configuration describes an oriented 2-tangle, defined as the union of

two oriented open curves embedded in space [1]. Although an elegant mathemat-

ical formalism exists to describe certain simple families of 2-tangles [46, 28], very

little is known theoretically about even the most basic bend knots used in practice.

Physically, such devices may be modelled as elastic fibers in the regime where per-

sistence length dominates system size. Empirical knowledge [3] indicates that many

phenomena are independent of the remaining relevant material parameter, the elas-

tic modulus. Below, we construct a topological phase diagram that explains the

relative stability of a selection of bends that are commonly used in the sailing and

climbing communities. To validate the underlying topological model, we compare its

predictions to simulations of an optomechanically verified continuum theory and to

quantitative measurements via laboratory ‘prison escape’ experiments.

4.2 Modelling knots with self-contact and friction

A theoretical description of knots requires a model for self-contact and friction. In

this contact, we show how to introduce these features, and describe our model of
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knotted ropes.

We assume the knotted ropes are uniform, naturally straight elastic rods, with

circular cross section and natural radius and length given by ℎ and 𝐿, respectively.

The rod has centerline 𝑥(𝑠, 𝑡), and orthonormal material frame {d1,d2,d3} satisfying

d′
𝑖 = 𝜅× d𝑖 and ḋi = 𝜔 × d𝑖. In the absence of contact interactions, we describe the

underlying elastic fibers by the overdamped Kirchhoff equations (2.33).

𝛿ℰ𝑏
𝛿𝑥

+
𝛿ℰ𝑡
𝛿𝑥

+
𝛿ℰ𝑠
𝛿𝑥

= 𝜂𝐴𝑥̇′′ (4.1)

𝛿ℰ𝑡
𝛿𝜃

= 2𝜂𝐼(𝜔3d3)
′′ · d3 (4.2)

𝜔′
3 + d3 ·

(︁
d′
3 × ḋ3

)︁
= 𝜃′ (4.3)

where the bend, twist and stretch energies (2.30) are

ℰ𝑏 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝑏𝐼𝜅
2, ℰ𝑡 =

1

2

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′2, ℰ𝑠 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐴 (|𝑥′| − 1)
2

Here, we have distinguished between the Young’s modulus 𝐸, and the bending mod-

ulus 𝐸𝑏. In general 𝐸𝑏 = 𝐸, however for some fibers, 𝐸𝑏 may be up to two orders

of magnitude smaller. We take 𝜇 = 𝐸𝑏/(2 + 2𝜈). For a circular cross section, the

parameters 𝐴, 𝐼, 𝐽 , are given by 𝐴 = 𝜋ℎ2, and 𝐽 = 2𝐼 = 𝜋ℎ4/2, as before.

To discuss the dynamics, we define the scalar 𝜔 = 𝜔 · d3, so 𝜔 is the angular

velocity in the tangential direction.

Simulation framework

Along with the elastic Kirchhoff forces, our simulation includes terms to account for

contact, damping, and friction-like collision interactions [108]. We begin by discretiz-

ing the rod into 𝑛 + 2 beads at positions 𝑥0, ...,𝑥𝑛+1 and 𝑛 + 1 links [14], where the

𝑖’th link lies between the 𝑖 and 𝑖 + 1’th beads (Fig. 3-9B). The material frame is

naturally defined on the links [14], giving angles 𝜃0, ...𝜃𝑛. We must additional keep

track of the angular velocity component 𝜔3 = 𝜔 · d3. To simplify notation, we set

𝜔 := 𝜔3 in this section, so the discretized angular velocities defined on the links are
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𝜔0, ...𝜔𝑛. The discretized bending, twisting and stretching energies give the elastic

force Felast
𝑖 on the 𝑖’th bead of the rod. The torque, 𝜏 elast

𝑖 on the 𝑖’th link is obtained

similarly.

Contact forces

To model the soft contacts inside knots, consider the compression strain due the

contact between link 𝑖 and 𝑗 of the rod, given by 𝑝𝑖𝑗 = 1 − 𝑅𝑖𝑗/2ℎ, where 𝑅𝑖𝑗 is the

distance between the midpoints of the links. To derive the contact force we postulate

a quartic strain potential

𝑉 (𝑝) =
1

2

(︀
𝑝2 + 𝑝20𝑝

4
)︀

This compression energy is quadratic for small strain but becomes nonlinear when

𝑝2 ∼ 𝑝20𝑝
4. This occurs when 𝑝 ∼ 1/𝑝0. We assume that the linear elastic response to

compression is valid up to 15% compression strain, which gives 𝑝20 = 50. The contact

force on the 𝑖’th link is then 𝐾𝐴𝑖𝑗𝑉
′(𝑝𝑖𝑗) where 𝐾 is the bulk modulus, given by

𝐾 = 𝐸/(3 − 6𝜈), and 𝐴𝑖𝑗 is the contact area, calculated by approximating the links

as cuboids. We convert this link force into a force on beads as follows. The total

contact force on the 𝑖’th bead is given by averaging over the forces on the links either

side of this bead, namely the 𝑖’th and (𝑖− 1)’th link. This gives

Fcon
𝑖 =

1

2

∑︁
⟨𝑖−1,𝑗⟩

𝐾𝐴𝑖−1,𝑗𝑉
′(𝑝𝑖−1,𝑗) +

1

2

∑︁
⟨𝑖+1,𝑗⟩

𝐾𝐴𝑖+1,𝑗𝑉
′(𝑝𝑖+1,𝑗) (4.4)

where the angle brackets denote rod elements (beads or links) in contact. In the

continuum case, this would become a contact force density

𝑓 con𝑑𝑠 = 𝐾𝑑𝑠

∫︁ 𝐿

0

𝑑𝑠′ 𝑉 ′
(︂

1 − |𝑥(𝑠) − 𝑥(𝑠′)|
2ℎ

)︂
(4.5)
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Internal damping forces

The internal damping on the 𝑖’th bead or link is simulated via forces and torques

proportional to the relative velocities and angular velocities (respectively) between

the 𝑖’th and (𝑖± 1)’th elements.

Fdamp
𝑖 = −𝜂𝐴

(︂
𝑥̇𝑖 − 𝑥̇𝑖−1

ℓ𝑖−1

+
𝑥̇𝑖 − 𝑥̇𝑖+1

ℓ𝑖

)︂
𝜏damp
𝑖 = −𝜂𝐽

(︂
𝜔𝑖 − 𝜔𝑖−1d

𝑖
3 · d𝑖−1

3

ℓ𝑖−1

+
𝜔𝑖 − 𝜔𝑖+1d

𝑖
3 · d𝑖+1

3

ℓ𝑖

)︂

where ℓ𝑖 is the neutral length of the 𝑖’th link, and 𝜂 is the damping coefficient. Note

that these damping terms are essentially second (spatial) derivatives of the velocities,

while 𝜂 plays the role of a diffusion constant

Fdamp
𝑖 = −𝜂𝐴

(︂
𝑥̇𝑖 − 𝑥̇𝑖−1

ℓ𝑖−1

+
𝑥̇𝑖 − 𝑥̇𝑖+1

ℓ𝑖

)︂
= 𝜂𝐴ℓ̄𝑖 𝜕𝑠𝑠𝑥̇𝑖 + 𝑂(ℓ2𝑖 )

where 2ℓ̄𝑖 = ℓ𝑖 + ℓ𝑖−1 for 1 ≤ 𝑖 ≤ 𝑛 and 2ℓ̄𝑖 = ℓ𝑖 for 𝑖 = 0, 𝑛 + 1. In particular, 𝜂/𝜌

has the dimensions of a diffusion constant, so 𝜌𝐿2/𝜂 is the relaxation timescale for

the damping forces.

Friction-like collision forces

At locations where the rod is in contact with itself, there are additional collision

terms. We assume the rod elements (beads and links) in a self-contact region want to

equilibrate their velocities, which suggests four types of interaction: the velocity of a

bead can influence the velocity or angular velocity of another element, and the angular

velocity of a link can influence the velocity or angular velocity of another element. We

consider problems where a knot is pulled, so only linear velocity is directly supplied to

the rope. Thus we focus on the former two interactions, and neglect the others. The

velocity equilibration assumption suggests Fcol
𝑖 = 𝑓 (𝑥̇𝑖 − 𝑥̇𝑗1 , 𝑥̇𝑖 − 𝑥̇𝑗2 , . . . ) when the
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𝑖’th and 𝑗𝑟’th beads are in contact. By analogy with Fdamp, we will set

Fcol
𝑖 = −𝜂𝐴ℓ̄𝑖

∑︁
⟨𝑖,𝑗⟩

𝑥̇𝑖 − 𝑥̇𝑗

ℓ2𝑖𝑗
(4.6)

where ℓ𝑖𝑗 is the distance between the 𝑖’th and 𝑗’th beads. Note that Fdamp
𝑖 can be

written in the same form when ℓ𝑖 = ℓ𝑖−1. By the same logic, we find the collision

torque

𝜏 col
𝑖 = −𝜂𝐽ℓ𝑖

∑︁
⟨𝑖,𝑗⟩

1

ℓ̄2𝑖𝑗

(︂
𝜔𝑖 −

(𝑟̂𝑗𝑖 × (𝑥̇𝑗 − 𝑥̇𝑖)) · d𝑖
3

ℓ̄𝑖𝑗

)︂
(4.7)

where ℓ̄𝑖𝑗 is the distance between the 𝑖’th link and the 𝑗’th bead, and 𝑟̂𝑗𝑖 is the unit

vector pointing from the 𝑖’th link to the 𝑗’th bead. Since we are directly supplying

the knot with linear velocity, we will neglect the 𝜔 term in 𝜏 col.

These forms of the collision terms are appropriate for ℓ𝑖/ℓ𝑖𝑗 = 𝑂(1). In a contin-

uum theory, the collision force on a fiber element should be expressed as an integral.

Accordingly, we can make the the ℓ̄𝑗 dependence of Fcol
𝑖 explicit.

Fcol
𝑖 = −𝜂𝐴ℓ̄𝑖ℓ̄𝑗

∑︁
⟨𝑖,𝑗⟩

𝑥̇𝑖 − 𝑥̇𝑗

ℓ3𝑖𝑗
(4.8)

This differs from the earlier expression (4.6) by an 𝑂(1) factor. In particular, modi-

fying 𝜂 only by an 𝑂(1) factor will make them equivalent. The same argument gives

the following expression for the collision torque

𝜏 col
𝑖 = 𝜂𝐽ℓ𝑖ℓ𝑗

∑︁
⟨𝑖,𝑗⟩

1

ℓ̄3𝑖𝑗

(︂
(𝑟̂𝑗𝑖 × (𝑥̇𝑖 − 𝑥̇𝑗)) · d𝑖

3

ℓ̄𝑖𝑗

)︂
(4.9)

where the 𝜔 term has been neglected. In the continuum case, we find expressions for
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the collision force density 𝑓 col and collision torque density 𝜏 col

𝑓 col(𝑠)𝑑𝑠 = −𝜂𝐴𝑑𝑠

∫︁ 𝐿

0

𝑑𝑠′ Θ

(︂
1 − |𝑥(𝑠) − 𝑥(𝑠′)|

2ℎ

)︂
𝑥̇(𝑠) − 𝑥̇(𝑠′)

|𝑥(𝑠) − 𝑥(𝑠′)|3

𝜏 col(𝑠)𝑑𝑠 = 𝜂𝐽𝑑𝑠

∫︁ 𝐿

0

𝑑𝑠′ Θ

(︂
1 − |𝑥(𝑠) − 𝑥(𝑠′)|

2ℎ

)︂
(𝑥(𝑠′) − 𝑥(𝑠)) × (𝑥̇(𝑠′) − 𝑥̇(𝑠)) · d3(𝑠)

|𝑥(𝑠) − 𝑥(𝑠′)|4
(4.10)

where Θ is the Heaviside step function. In discrete form, the equations of motion for

the 𝑖’th bead and link are

Felast
𝑖 + Fcon

𝑖 + Fext
𝑖 = 𝜂𝐴

∑︁
𝑗=𝑖±1

𝑥̇𝑖 − 𝑥̇𝑗

ℓ𝑖𝑗
+ 𝜂𝐴ℓ̄𝑖ℓ̄𝑗

∑︁
⟨𝑖,𝑗⟩

𝑥̇𝑖 − 𝑥̇𝑗

ℓ3𝑖𝑗

𝜏 elast
𝑖 + 𝜏 ext

𝑖 = 𝜂𝐽
∑︁
𝑗=𝑖±1

𝜔𝑖 − 𝜔𝑗d
𝑖
3 · d

𝑗
3

ℓ𝑖𝑗
+ 𝜂𝐽ℓ𝑖ℓ𝑗

∑︁
⟨𝑖,𝑗⟩

(𝑟̂𝑗𝑖 × (𝑥̇𝑖 − 𝑥̇𝑗)) · d𝑖
3

ℓ̄4𝑖𝑗

(4.11)

For simplicity, we use the same coefficient 𝜂 in the damping forces and interaction

forces. These coefficients do not need to be equal in general, however. We can

confirm that the overdamped approximation is appropriate in this case. Let 𝑇 be the

timescale relevant for knot tightening, and recall that the timescale of equilibration is

𝑇0 ∼ 𝜌𝐿2/𝜂. When modelling tightening knots, we have 𝑇0/𝑇 ≪ 1. The relationship

between inertia and damping may be written in terms of these timescales

inertia
damping

=
𝜌𝐴ℓ𝑖

𝐿
𝑇 2

𝜂𝐴ℓ𝑖
𝐿

𝑇𝐿2

=
𝜌𝐿2

𝑇𝜂
=

𝑇0

𝑇
≪ 1

Within this framework, we consider three types of boundary conditions

Free end: Fext
𝑖 = 0, 𝜏 ext

𝑖 = 0

Clamped end: Fext
𝑖 = −Felast

𝑖 , 𝜏 ext
𝑖 = −𝜏 elast

𝑖 , Fdamp
𝑖 = 0, 𝜏damp

𝑖 = 0

Pulled end: Fext
𝑖 = Fpull, 𝜏 ext

𝑖 = −𝜏 elast
𝑖

At clamped and pulled ends, we assume that Fcon
𝑖 = Fcol

𝑖 = 0 and 𝜏 col
𝑖 = 0. The prison

escape experiments consist of two ropes, labelled 𝑎, 𝑏, with 4 ends in total (Fig. 4-7).

Suppose their indices are 𝑎0, 𝑏0, 𝑎1, 𝑏1. To test for stability, we simulate clamping one
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end and pulling on another until the ropes separate out, which corresponds to the

following boundary conditions

Free end: 𝑎0, 𝑏0

Clamped end: 𝑎1

Pulled end: 𝑏1

and Fext
𝑖 and 𝜏 ext

𝑖 vanish everywhere else.

Friction measurement
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Figure 4-1: Simulation data reveal the interactions that govern knot me-
chanics. (A) Velocity at the pulled end provides a consistent way of differentiating
between knots. Stronger knots move at a lower velocity. The thief knot unties com-
pletely after 0.7 s. (B) Measurement of Coulomb type friction forces yields the same
knot rankings as the velocity based friction parameter. The total compression force
is the sum of the elastic forces compressing a every link of the fiber. (C) Twist strain
(dashed lines) is a negligible contribution to total strain (solid lines) in the tight trefoil
and figure-of-eight knots.

To understand the relationship between the damping model described above and

traditional Coulomb friction, we consider a simple continuum test problem of a

pinched rope. The rope is described by 𝑥(𝑠, 𝑡) = (𝑠+𝑢(𝑠, 𝑡), 0, 0) for 𝑠 ∈ [−𝐿/2, 𝐿/2]

with 𝑢(𝑠, 0) = 0. Suppose the rope is pinched along the region −𝑎/2 < 𝑠 < 𝑎/2,

compressing the rope by ℎ− ℓ/2 on each side, where ℎ is the rope radius. The rope
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is pulled to the right by a constant force 𝐹 > 0. The equation of motion is

𝐸𝐴𝑢𝑠𝑠 + 𝜂𝐴𝑢𝑡𝑠𝑠 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 𝑠 + 𝑢 < −𝑎/2

2𝜂𝐴
ℓ2

𝑢𝑡 −𝑎/2 < 𝑠 + 𝑢 < 𝑎/2

0 𝑎/2 < 𝑠 + 𝑢

𝐸𝐴𝑢𝑠(𝐿/2, 𝑡) = 𝐹

𝐸𝐴𝑢𝑠(0, 𝑡) = 0

We will look for solutions with 𝑢𝑡 = 𝑣 is constant. We find 𝑢𝑠𝑠 = 0 for |𝑠 + 𝑢| > 𝑎/2.

Using the boundary condtions this has solution

𝑢𝑠 =

⎧⎪⎨⎪⎩0 𝑠 + 𝑢 < −𝑎/2

𝐹
𝐸𝐴

𝑠 + 𝑢 > 𝑎/2

In the pinched region, |𝑠 + 𝑢| < 𝑎/2, we have

𝑢𝑠𝑠 =
2𝜂𝑣

ℓ2𝐸
= 𝑉

We look for solutions of the form 𝑢𝑠 = 𝑓(𝑠 + 𝑢), so 𝑢𝑠𝑠 = 𝑓 ′(1 + 𝑓) = 𝑉 . This gives

solution

𝑢𝑠 =
√︀

2𝑉 (𝑠 + 𝑢) + 𝑐− 1

Matching 𝑢𝑠 at 𝑠 + 𝑢 = ±𝑎/2 gives 𝑐 = 1 + 𝑉 𝑎 and

√
2𝑉 𝑎 + 1 =

𝐹

𝐸𝐴
+ 1

4𝜂𝐴𝑣𝑎

ℓ2
=

𝐹 2

𝐸𝐴
+ 2𝐹

Thus 𝑣 carries information about the total friction. Assuming that 𝐹/𝐸𝐴 is small,
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we can take the following dimensionless parameter as a measure of friction (Fig. 4-7)

𝑐𝑓 =
𝐹ℓ

𝜂𝐴𝑣

For knots, we set ℓ = 2ℎ, and take 𝑣 to be the relative velocity of the pulled end to

the clamped end.

Now consider Coulomb friction. This depends upon a normal reaction force, 𝐹𝑁 ,

due to the pinching. This force should increase as 𝑎 increases or ℓ decreases, just

like the parameter 𝑐𝑓 . Thus we expect 𝑐𝑓 to produce the same ranking of knots as

Coulomb friction (Fig. 4-1A,B).

4.3 Optomechanical fiber experiments

The optomechanical experiments use color-changing photonic fibers recently devel-

oped by Mathias Kolle’s lab [79], that allow for the direct imaging of strain in knots

(Fig. 4-2A,B). These fibers derive structural color from a multilayer cladding, com-

posed of alternating layers of transparent elastomers with distinct refractive indices,

wrapped around an elastic core. Their coloration varies with the thickness of layers

in the periodic cladding, which changes upon elongation or bending. Our theoret-

ical framework is validated through direct comparison with photographs obtained

by Joseph Sandt, depicting the strain-induced color changes in mechano-responsive

photonic fibers (Fig. 4-2A-C). Simulating the tightening process of a 1-tangle, corre-

sponding to a single knotted fiber pulled at both ends (Fig. 4-2A,B), reveals the rela-

tive strengths and spatio-temporal localization of the bending and stretching strains

(Fig. 4-2D,E), which are not individually discernible in our experiments.

Given material parameters for the fibers, our numerical framework is able to simu-

late the tightening and calculate the strain in the knot. We take material parameters

𝐸 = 𝐸𝑏 = 1 MPa, 𝜈 = 0.3, ℎ = 0.02 cm, 𝜌 = 1 g cm−3, and pulling force 𝐹 = 0.02 N at

both pulled ends. To set the damping parameter 𝜂, recall that the timescale for equi-

libration within a fiber of length 𝐿 is 𝑇0 ∼ 𝜌𝐿2/𝜂. For realistic fibers, this timescale
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Figure 4-2: Experiments and simulations reveal mechanical properties of
knots. (A, B) Experiments conducted by Joseph Sandt with color-changing,
mechano-responsive fibers confirm the stress patterns predicted by continuum simula-
tions for the trefoil knot (A) and figure-of-eight knot (B) over the tightening process.
Fiber diameter 0.4 mm. (C) The dependance of fiber color on strain is visualized as
a trajectory in the CIE 1931 XYZ color space. This strain color coding is used in
panels (A), (B) and (F). (D, E) Simulations reveal the relative strength of bending
and stretching strains along knots. Panels (D) and (E) show the evolution of these
two complementary strain contributions during tightening of the trefoil in (A) and the
figure-of-eight knot in (B). Pulling force 0.02N and elastic moduli are given in Section
4.3. (F) The topology-preserving Reidemeister moves are not all physically equiva-
lent, as 𝑅1 requires higher energy than 𝑅2 and 𝑅3, highlighting that both topological
and elastic properties determine the mechanical behavior of knots.

is fast. We assume that when a fiber of length 1 m is stretched, the strain equilibrates

in 𝑂(1)s. This gives 𝜂 = 104 g cm−1 s−1 in cgs units. The simulated fibers are colored

according to a measure of true strain. At position 𝑠 along the fiber, this measure is

given by the maximum value of log
(︀
1 +

√
𝜖𝑖𝑗𝜖𝑖𝑗

)︀
on the boundary of the cross section

𝐶(𝑠) at 𝑠, where

max
𝜕𝐶(𝑠)

𝜖𝑖𝑗𝜖𝑖𝑗 =
1

2
ℎ2𝜃′(𝑠)2 + (ℎ𝜅(𝑠) + |𝑥′| − 1)

2
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While the colored fibers do not respond to twist, the twist strain in the trefoil and

figure-of-eight knots (Fig. 4-2) is negligible (Fig. 4-1C).

The Kirchhoff model highlights why topological considerations [1] alone do not

suffice to explain the mechanical behaviors [3] of real-world knots: Loosening or

tightening a knot transforms any of its planar projections according to a sequence

of three elementary topology-preserving Reidemeister moves, 𝑅1, 𝑅2 and 𝑅3 (Fig. 4-

2F). Despite being topologically equivalent, the move 𝑅1 is energetically distinct as

it involves significant changes in strain, whereas moves 𝑅2 and 𝑅3 are energetically

favored soft modes (Fig. 4-2F), implying that physical knots preferentially deform via

𝑅2 and 𝑅3. Thus, to link the physical properties of tangled fibers to their topology,

one must merge concepts from classical mathematical knot theory [1] with elasticity

theory [19, 87, 5, 63].

4.4 Twist fluctuation energy

Continuum simulations provide guidance for how one can complement bare topolog-

ical knot diagrams [1] with coarse-grained mechanical information that is essential

for explaining why certain popular knots are more stable than others (Fig. 4-3). In

contrast to a 1-tangle, which is tightened by pulling diametrically at its only two

ends (Fig. 4-3A), each strand of a bend knot has one pulled and one free end (Fig. 4-

3B). Consequently, the local fiber velocity directions in the center-of-mass frame of

the bend knot define natural fiber orientations on the underlying 2-tangle (Fig. 4-

3B), thus establishing a mapping between bend knots and oriented 2-tangles. At

each contact crossing, the fibers mutually generate a frictional self-torque with well

defined handedness, depending on the relative velocity and ordering of the two fiber

strands (Fig. 4-3B,C). In analogy with the coarse-graining procedure underlying Ising-

type spin models, we can associate a unit twist charge 𝑞𝑖 = ±1 with each vertex 𝑖 in

the planar 2-tangle diagram, where the sign of 𝑞𝑖 reflects the combined handedness

of the torques acting on the two intersecting strands (Fig. 4-3C). In this section, we

will show that the sum Wr =
∑︀

𝑖 𝑞𝑖, mathematically known as the writhe, represents
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Figure 4-3: Topology and self-twisting in 1-tangles and 2-tangles. (A) Top:
A 1-tangle is tightened by pulling its two ends in opposite directions (large exterior
arrows). The induced fiber velocity field (small interior arrows) in the center-of-mass
(c.o.m.) frame reverses its orientation near the fiber midpoint. Bottom: As the
velocity field is incompatible with any chosen global fiber orientation (black arrows),
self-torque data cannot be consistently assigned to a topological 1-tangle diagram.
(B) Top: Due to the presence of the two free ends, the pulling directions of a bend
knot (large exterior arrows) define a canonical global orientation on each of the two
fibers in the corresponding 2-tangle.
Bottom: The alignment of local velocity directions and fiber orientation permits the
discretization of self-torque data over crossings by assigning twist charges 𝑞𝑖 = ±1
to each vertex 𝑖. (C) Each fiber strand passing through vertex 𝑖 contributes ±1/2
to the vertex twist charge 𝑞𝑖, with the sign reflecting the handedness of the induced
rotation. Blue-blue and red-red self-crossings found in more complex 2-tangles can
be labeled accordingly. The sum of the 𝑞𝑖 defines the total writhe Wr, providing a
coarse-grained approximation of the total self-torque in 2-tangles; the reef knot has
Wr = 0. Fiber diameter 0.4 mm, pulling force 15 N in (A,B).

the total self-torque of a 2-tangle, establishing a concrete link between topology and

mechanics.

Knot theory

To demonstrate the correspondence between writhe and self-torque, we begin by

introducing some basic concepts from knot theory. The quantities we consider are

well defined on knots and links, i.e. collections of 𝑛 oriented closed curves embedded

in R3. However, the bend knots we study are oriented 2-tangles, consisting of two

open oriented space curves. We will therefore adapt some quantities to deal with the

open curve case. A diagram will refer to a 2D projection of the knot, link or tangle
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Figure 4-4: Link, writhe and self-torque. (A) The linking number (𝐿𝑘) is the sum
of the signs of the crossings between the two separate components of the diagram,
while the writhe (𝑊𝑟) is the total signed crossing number. For example, the Hopf link
(top) has 𝐿𝑘 = 𝑊𝑟 = 2 while the Whitehead link (bottom) has 𝐿𝑘 = 0, 𝑊𝑟 = −1.
(B,C) Signed crossing data from knot diagrams oriented by pulling direction correctly
predict the difference in self-torque between the reef and granny knots. (C) Pulling
direction (large arrows) defines a knot orientation which is aligned with normalized
fiber velocity (small arrows) in the center-of-mass frame. Apparent differences in
velocity magnitude are due to out of plane effects. (Diameter 0.4 mm, pulling force
15 N.)

together with crossing information (Fig. 4-4A,B). Topological equivalence of knots

or tangles in space, known as ambient isotopy, descends to diagrams as equivalence

under Reidemeister moves 1, 2, 3 (Fig. 4-2F). Since 𝑅1 is energetically more costly, we

will sometimes consider equivalence under just moves 𝑅2 and 𝑅3, known as regular

isotopy.

Most of the knot theoretic quantities we need can be defined in terms of knot

diagrams. For example the crossing number of a diagram is an easily obtainable

measure of complexity. The minimum crossing number of a knot is the smallest

crossing number of any diagram of the knot, and is a topological invariant.

Consider now a link consisting of two closed curves 𝐶1, 𝐶2. The linking number,

𝐿𝑘(𝐶1, 𝐶2) is defined by the signed crossing number of a projection of 𝐶1 and 𝐶2,

where only crossings between 𝐶1 and 𝐶2 are counted (Fig. 4-4). This quantity is

topological (i.e. an invariant of ambient isotopy) and so does not depend on the

projection chosen. On the other hand, the writhe, 𝑊𝑟, is the total signed crossing

number of a diagram, and is only invariant under Reidemeister moves 𝑅2 𝑅3. It
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is thus an invariant of regular isotopy and not ambient isotopy. The 3d writhe,

𝑊𝑟3(𝐶), defined for a single closed curve in space, is given by the average signed

crossing number over all projections. 𝑊𝑟3 is geometrical and so is not constant over

different projections.

Writhe and torque

We can now derive the relationship between writhe and self-torque (Fig. 4-4). To do

this, we introduce a result about writhe without proof, which we will justify later.

We will need the integral expression for 𝑊𝑟3 of a curve 𝐶 parametrised by 𝛾

𝑊𝑟3(𝐶) =
1

4𝜋

∫︁
𝐶×𝐶

det (𝛾̇(𝑠), 𝛾̇(𝑡), (𝛾(𝑠) − 𝛾(𝑡)))

|𝛾(𝑠) − 𝛾(𝑡)|3
𝑑𝑠 𝑑𝑡

Using these results, we can deduce a correspondence between 𝑊𝑟3 and self-torque for

a 2-tangle (bend knot). Suppose we are in a regime where the knot pulls through

at approximately constant speed. In this ‘reptation’ limit we expect the velocity to

be tangent to the curve up to a global rotation, and the stretching to be roughly

constant. Thus 𝑣 = 𝑣d3 +Ω×𝑥, and 𝑥′ = (1 + 𝜖)d3 for constant 𝑣, 𝜖,Ω. We further

assume 𝜖 is small, and can be neglected. Let the components of the bend knot be 𝐶1

and 𝐶2, oriented by pulling direction, and let 𝐶 be a closure of 𝐶1, 𝐶2 such that 𝐶 is

a single oriented closed curve. Extending 𝑥,d3 etc. to 𝐶 gives

𝑊𝑟3(𝐶) =
1

4𝜋

∫︁
𝐶×𝐶

𝑥′(𝑠) · (𝑥′(𝑠′) × (𝑥(𝑠) − 𝑥(𝑠′)))

|𝑥(𝑠) − 𝑥(𝑠′)|3
𝑑𝑠 𝑑𝑠′

=
1

4𝜋

∫︁
𝐶×𝐶

𝑥′(𝑠) · (𝑟(𝑠, 𝑠′) × 𝑥′(𝑠′))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

where 𝑟(𝑠, 𝑠′) = 𝑥(𝑠′) − 𝑥(𝑠). Now consider evaluating this integral only over the

curves 𝐶 ′ ×𝐶 ′ where 𝐶 ′ = 𝐶1 ∪𝐶2. Observe that 𝑊𝑟3(𝐶) is large whenever |𝑟(𝑠, 𝑠′)|

is small, which happens for 𝑠 close to 𝑠′ or when the rope touches itself nonlocally.
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However, for 𝑠′ = 𝑠 + 𝛿𝑠 we find the writhe density vanishes to leading order

𝒲𝑟3(𝑠, 𝑠
′) =

𝑥′(𝑠) · (𝑟(𝑠, 𝑠′) × 𝑥′(𝑠′))

|𝑟(𝑠, 𝑠′)|3

=
1

𝛿𝑠3
𝑥′(𝑠) ·

(︂
𝛿𝑠𝑥′(𝑠) +

1

2
𝛿𝑠2𝑥′′(𝑠) +

1

6
𝛿𝑠3𝑥′′′(𝑠)

)︂
×(︂

𝑥′(𝑠) + 𝛿𝑠𝑥′′(𝑠) +
1

2
𝛿𝑠2𝑥′′′(𝑠)

)︂
+ 𝑂(𝛿𝑠)

=
1

𝛿𝑠3
𝑥(𝑠) ·

(︀
𝑂(𝛿𝑠4)

)︀
+ 𝑂(𝛿𝑠)

= 𝑂(𝛿𝑠)

Thus 𝑊𝑟3 is dominated by contributions due to nonlocal rope interactions. Provided

the closure 𝐶 does not introduce more such interactions we can approximate 𝑊𝑟3 by

an integral over the open curves 𝐶 ′ × 𝐶 ′

𝑊𝑟3(𝐶) =
1

4𝜋

∫︁
𝐶×𝐶

𝑥′(𝑠) · (𝑟(𝑠, 𝑠′) × 𝑥′(𝑠′))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

≈ 1

4𝜋

∫︁
𝐶′×𝐶′

𝑥′(𝑠) · (𝑟(𝑠, 𝑠′) × 𝑥′(𝑠′))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

=
1

4𝜋

∫︁
𝐶′×𝐶′

d3(𝑠) · (𝑟(𝑠, 𝑠′) × d3(𝑠′))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

=
1

4𝜋

∫︁
𝐶′×𝐶′

d3(𝑠) · (𝑟(𝑠, 𝑠′) × (d3(𝑠′) − d3(𝑠)))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

=
1

4𝜋𝑣

∫︁
𝐶′×𝐶′

d3(𝑠) · (𝑟(𝑠, 𝑠′) × (𝑣(𝑠′) − 𝑣(𝑠)))

|𝑟(𝑠, 𝑠′)|3
𝑑𝑠 𝑑𝑠′

The self-torque due to the interaction forces has a similar form

𝜏self(𝑠) = 𝜂𝐽

∫︁
𝐶′×𝐶′

d3(𝑠) · (𝑟(𝑠, 𝑠′) × (𝑣(𝑠′) − 𝑣(𝑠)))

|𝑟(𝑠, 𝑠′)|4
Θ(2ℎ− |𝑟|)𝑑𝑠′

𝜏self =

∫︁ 𝐿

0

𝜏self(𝑠)𝑑𝑠 = 𝜂𝐽

∫︁
𝐶′×𝐶′

d3(𝑠) · (𝑟(𝑠, 𝑠′) × (𝑣(𝑠′) − 𝑣(𝑠)))

|𝑟(𝑠, 𝑠′)|4
Θ(2ℎ− |𝑟|)𝑑𝑠 𝑑𝑠′

Finally, we approximate 𝑊𝑟3 by considering points (𝑠, 𝑠′) where |𝑟(𝑠, 𝑠′)| is has a local

minimum and 𝑠 ̸= 𝑠′. This gives approximations for the self-torque and self-torque
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density in terms of the writhe and writhe density

1

𝜂𝐽
𝜏self ≈

8𝜋𝑣

ℎ
𝑊𝑟3(𝐶)

1

𝜂𝐽
𝜏self ≈

8𝜋𝑣

ℎ

∫︁
𝐶

𝒲𝑟3(𝑠, 𝑠
′) 𝑑𝑠′

We connect this to the 2d writhe 𝑊𝑟 by considering Reidemeister moves. Since moves

𝑅2 and 𝑅3 preserve 𝑊𝑟 in any projection and are energetically favored (Fig. 4-2F),

we expect 𝑊𝑟3(𝐶) ≈ 𝑊𝑟3(𝐶
′) ≈ 𝑊𝑟3(𝐶

′
0) where 𝐶 ′

0 is the elastically relaxed initial

configuration of the bend knot. Since this initial configuration is approximately planar

and 𝑊𝑟3 is an average over all 2d projections, we conclude that 𝑊𝑟3(𝐶) ≈ 𝑊𝑟(𝐶 ′
0).

Therefore

𝜏self ∼ 𝑊𝑟(𝐶 ′
0)

𝜏self ∼
∫︁
𝐶′

0

𝒲𝑟3(𝑠, 𝑠
′) 𝑑𝑠′

Note that the second relationship tells us information about the torque distribution

throughout the knot. In the loose state, the self interactions of the knot are effectively

a series of 2-particle interactions corresponding to crossings in the relaxed planar

diagram. The signs of the crossings therefore correspond to units of self-torque (Fig. 4-

4).

The role of regular isotopy and writhe also demonstrates the importance of the

energetically gapped Reidemeister move 𝑅1 (Fig. 4-2F) in understanding the config-

urational complexity of knots. We can think of knots as a collection of 𝑅1 type loops

locked in place. Although forming such loops costs bending energy, pulling them out

costs twist energy, via the mechanism of writhe-twist conversion.

Twist fluctuation energy

A key puzzle of physical knot theory [19], the empirically observed mechanical dif-

ference between the visually similar reef and granny knots (Fig. 4-5A,B), may be

understood as a consequence of this torque-writhe correspondence in 2-tangles. The
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underlying mechanism becomes evident by considering a pair of crossings as shown

in Fig. 4-5C: while equally directed torques lead to rolling, opposite torques promote

locking and hence stabilize a knot against untying. The overall stability of 2-tangles

therefore depends on the self-torque distribution along the fibers, as encoded by the

vertex twist charges 𝑞𝑖 = ±1 in an untightened knot diagram (Fig. 4-5D-F). The

above argument suggests the following topological twist fluctuation energy per site,

𝜏 =
1

𝑁

∑︁
𝑖

(𝑞𝑖 − 𝑞)2 (4.12)

where 𝑁 is the crossing number, and 𝑞 = (1/𝑁)
∑︀

𝑖 𝑞𝑖 = Wr/𝑁 is the average writhe.

This expression can be rewritten in the form of a spin-spin type interaction

𝜏 =
1

𝑁

∑︁
𝑖

(𝑞𝑖 − 𝑞)2

=
1

𝑁

(︃∑︁
𝑖

𝑞2𝑖

)︃
− 𝑞2

= 1 −

(︃
1

𝑁

∑︁
𝑖

𝑞𝑖

)︃2

= 1 − 1

𝑁2

∑︁
𝑖

𝑞2𝑖 −
2

𝑁2

∑︁
𝑖<𝑗

𝑞𝑖𝑞𝑗

= 𝜏0(𝑁) − 2

𝑁2

∑︁
𝑖<𝑗

𝑞𝑖𝑞𝑗

where 𝜏0 = 1−1/𝑁 can be interpreted as a ground state energy density. Strikingly, 𝜏

has the form of a ferromagnetic energy for an Ising-type spin model with long-range

interactions, emphasizing the picture of knots as strongly coupled systems. From the

third equality above, we also find that 𝜏 is a function of writhe.

𝜏 = 1 −

(︃
1

𝑁

∑︁
𝑖

𝑞𝑖

)︃2

= 1 −
(︂
𝑊𝑟

𝑁

)︂2
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Writhe integral

Writhe, and the closely related link, can also be defined geometrically. This both

serves to clarify their meaning and to better understand their mechanical implications.

Consider a smooth map between manifolds of the same dimension 𝜑 : 𝑀 → 𝑁

where 𝑁 is equipped with a volume form 𝑔. The degree of 𝜑 is defined by

deg 𝜑 =

∫︀
𝑀
𝜑*𝑔∫︀

𝑁
𝑔

∈ Z

where 𝜑*𝑔 is the pullback of the form 𝑔 over 𝑀 . For example, let 𝑀 be a surface in

R3 parametrized by 𝑋(𝑢, 𝑣) ∈ R3, and consider the Gauss map

𝑁 : 𝑀 → 𝑆2

𝑋(𝑢, 𝑣) ↦→ 𝑋𝑢 ×𝑋𝑣

|𝑋𝑢 ×𝑋𝑣|

Then 𝜑*𝑔 = 𝐾(𝑢, 𝑣)𝑑𝑢 ∧ 𝑑𝑣 where 𝑔 is the standard volume form on 𝑆2 and 𝐾(𝑢, 𝑣)

is the Gauss curvature of 𝑀 at 𝑋(𝑢, 𝑣). The degree of the Gauss map is the total

Gauss curvature of 𝑀

4𝜋 deg𝑁 =

∫︁
𝑀

𝐾𝑑𝑢𝑑𝑣 =

∫︁
𝑀

(𝑁𝑢 ×𝑁𝑣) ·𝑁 𝑑𝑢 𝑑𝑣 =

∫︁
𝑀

det 𝑑𝑁𝑑𝑢 𝑑𝑣 (4.13)

The second equality comes from finding the area element on a sphere in terms of 𝑢, 𝑣.

We note that this equality (and the final equality) are artefacts of the embedding in

R3. Since the metric on 𝑆2 is induced by R3 with the standard Euclidean metric, we

can immediately calculate area elements in terms of 𝑁𝑢, 𝑁𝑣. For example, suppose

𝐶1, 𝐶2 are parametrized by 𝛾1(𝑠), 𝛾2(𝑠) respectively, and consider the following map

Γ : 𝐶1 × 𝐶2 → 𝑆2

(𝑠, 𝑡) ↦→ 𝛾1(𝑠) − 𝛾2(𝑡)

|𝛾1(𝑠) − 𝛾2(𝑡)|

The linking number is given by 𝑙𝑘(𝐶1, 𝐶2) = deg Γ.
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We can use this formulation of linking number to derive an integral expression for

𝐿𝑘(𝐶1, 𝐶2), which we will now calculate explicitly. To find the pullback of the volume

form on 𝑆2, it convenient to write Γ as a composition of simpler maps

𝛼 : 𝐶1 × 𝐶2 → R3 𝛽 : R3 → 𝑆2

(𝑠, 𝑡) ↦→ 𝛾1(𝑠) − 𝛾2(𝑡) (𝑥, 𝑦, 𝑧) ↦→ (
𝑥

𝑟
,
𝑦

𝑟
,
𝑧

𝑟
)

The volume form on 𝑆2 is given by 𝑔 = sin 𝜃𝑑𝜃 ∧ 𝑑𝜑 in spherical polar coordinates.

To calculate 𝛽*(𝑔), we use cos 𝜃 = 𝑧/𝑟 and 𝜑 = arctan 𝑦/𝑥 to find

sin 𝜃𝑑𝜃 = −𝑑𝑧

𝑟
+

𝑥𝑧𝑑𝑥 + 𝑦𝑧𝑑𝑦 + 𝑧2𝑑𝑧

𝑟3

𝑑𝜑 =
𝑥𝑑𝑦 − 𝑦𝑑𝑥

𝑥2 + 𝑦2

Then

𝛽*(𝑔) =
(𝑥𝑧𝑑𝑥 + 𝑦𝑧𝑑𝑦 − (𝑥2 + 𝑦2)𝑑𝑧) ∧ (𝑥𝑑𝑦 − 𝑦𝑑𝑥)

𝑟3(𝑥2 + 𝑦2)

=
𝑧𝑑𝑥 ∧ 𝑑𝑦 + 𝑥𝑑𝑦 ∧ 𝑑𝑧 + 𝑦𝑑𝑧 ∧ 𝑑𝑥

𝑟3

=
1

2𝑟3
𝜖𝑖𝑗𝑘𝑥

𝑖𝑑𝑥𝑗 ∧ 𝑑𝑥𝑘

Finally, to pullback the form along 𝛼, we use 𝑑x = 𝛾1(𝑠)𝑑𝑠− 𝛾2(𝑡)𝑑𝑡

Γ*(𝑔) =
1

2|𝛾1(𝑠) − 𝛾2(𝑡)|3
𝜖𝑖𝑗𝑘 (𝛾1(𝑠) − 𝛾2(𝑡))

𝑖 (𝛾1(𝑠)𝑑𝑠− 𝛾2(𝑡)𝑑𝑡)
𝑗 ∧ (𝛾1(𝑠)𝑑𝑠− 𝛾2(𝑡)𝑑𝑡)

𝑘

=
(𝛾2(𝑡) × 𝛾1(𝑠)) · (𝛾1(𝑠) − 𝛾2(𝑡))

|𝛾1(𝑠) − 𝛾2(𝑡)|3
𝑑𝑠 ∧ 𝑑𝑡

This form is only defined up to an overall sign, since we are free to reverse the

orientation of either curve. This freedom matches the topological definition, where

the sign of the linking number also depends on arbitrary choices of orientation for the
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curves. Thus we find

𝐿𝑘(𝐶1, 𝐶2) =
1

4𝜋

∫︁
𝐶1×𝐶2

det (𝛾1(𝑠), 𝛾2(𝑡), (𝛾1(𝑠) − 𝛾2(𝑡)))

|𝛾1(𝑠) − 𝛾2(𝑡)|3
𝑑𝑠 𝑑𝑡 (4.14)

The writhe is limiting value of this integral as 𝐶2 → 𝐶1

𝑊𝑟3(𝐶1) =
1

4𝜋

∫︁
𝐶1×𝐶1

det (𝛾̇(𝑠), 𝛾̇(𝑡), (𝛾(𝑠) − 𝛾(𝑡)))

|𝛾(𝑠) − 𝛾(𝑡)|3
𝑑𝑠 𝑑𝑡 (4.15)

The linking number is guaranteed to be an integer as it is the degree of a smooth

map. The writhe, on the other hand, appears to be the "degree" of a discontinuous

map. when 𝐶1 = 𝐶2 we find

lim
𝑡→𝑠±

Γ(𝑠, 𝑡) = ∓t(𝑠)

As an alternative, we can derive the integral formulas by directly calculating the

volume of 𝑆2 covered by the map Γ, instead of calculating the pullback of the volume

form. This equivalence is noted above in (4.13) for the case of the Gauss map.

𝐿𝑘(𝐶1, 𝐶2) =
1

4𝜋

∫︁
𝐶1×𝐶2

(Γ𝑠 × Γ𝑡) · Γ 𝑑𝑠 𝑑𝑡 (4.16)

We will explicitly show that (4.16) and (4.14) are equivalent. To simplify notation,

let r(𝑠, 𝑡) = 𝛾1(𝑠) − 𝛾2(𝑡) be the pointing vector, and let 𝑃𝑖𝑗 = 𝛿𝑖𝑗 − 𝑟𝑖𝑟𝑗/𝑟
2 be the

projection operator onto the plane normal to 𝑟. The derivatives of Γ = r/𝑟 then

become

Γ𝑠 =
𝛾̇1
𝑟

− (r · 𝛾̇1) r
𝑟3

=
1

𝑟
𝑃𝑖𝑗 (𝛾̇1)𝑗

Γ𝑡 = − 𝛾̇2
𝑟

+
(r · 𝛾̇2) r

𝑟3
= −1

𝑟
𝑃𝑖𝑗 (𝛾̇2)𝑗

Using the multilinear and alternating properties of det, the integrand in (4.16) be-
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comes

(Γ𝑠 × Γ𝑡) · Γ = − 1

𝑟3
det (𝑃 𝛾̇1, 𝑃 𝛾̇2, r)

= − 1

𝑟3
det (𝛾̇1, 𝛾̇2, r)

Which matches the expression in (4.14) up to a sign. Similarly, letting 𝐶1 → 𝐶2, we

find

𝑊𝑟3(𝐶1) =
1

4𝜋

∫︁
𝐶1×𝐶1

(Γ𝑠 × Γ𝑡) · Γ 𝑑𝑠 𝑑𝑡 (4.17)

We can now show that 𝑊𝑟3 is the average value of 𝑊𝑟 over all projections. Consider

changing variables from (𝑠, 𝑡) ∈ 𝐶1×𝐶1 to 𝑛 ∈ 𝑆2 via 𝑑2𝑛 = |det 𝑑Γ| 𝑑𝑠 𝑑𝑡. Since the

map Γ is many to one, we have to keep track of the sets Γ−1(𝑛).

𝑊𝑟3(𝐶1) =
1

4𝜋

∫︁
𝑆2

∑︁
(𝑠,𝑡)∈Γ−1(𝑛)

(Γ𝑠 × Γ𝑡) · Γ
⃒⃒
det 𝑑Γ|(𝑠,𝑡)

⃒⃒−1
𝑑2𝑛

We can explicitly write down the map 𝑑Γ|(𝑠,𝑡)

𝑑Γ|(𝑠,𝑡) : R2 → 𝑇Γ(𝑠,𝑡)𝑆
2

(𝑥, 𝑦) → 𝑥Γ𝑠 + 𝑦Γ𝑡

det 𝑑Γ|(𝑠,𝑡) = (Γ𝑠 × Γ𝑡) · Γ

Where the last line follows from considering the area change of a unit cell under by

𝑑Γ. Substituting this into the writhe integral gives

𝑊𝑟3(𝐶1) =
1

4𝜋

∫︁
𝑆2

∑︁
(𝑠,𝑡)∈Γ−1(𝑛)

sgn
(︀
det 𝑑Γ|(𝑠,𝑡)

)︀
𝑑2𝑛 (4.18)

Observe that sgn
(︀
det 𝑑Γ|(𝑠,𝑡)

)︀
is simply the sign of the crossing at (𝑠, 𝑡) when the

curve is projected along the direction 𝑛 = Γ(𝑠, 𝑡). The integrand above is therefore

the average signed crossing number, or 𝑊𝑟, of the curve, over all projection directions
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in 𝑆2.

4.5 Circulation energy

In addition to twist locking for large values of 𝜏 , knots can be stabilized when their

internal structure forces fiber segments to slide tangentially against each other. For

example, the reef knot and the infamous thief knot both have 𝜏 = 1 but, because

their pulled ends differ, such friction makes the reef more stable (Fig. 4-5D,G). At

the coarse-grained level of planar knot diagrams, these friction effects correspond

to edge-edge interactions, dominated by pairs of edges sharing a face and pulled in

opposite directions (Fig. 4-5D-F). To formalize this notion, each edge around a face 𝐹

is assigned a weight +1 or −1 if it winds around 𝐹 in the anti-clockwise or clockwise

direction, respectively. Each face then contributes a friction ‘energy’ given by the

net circulation of the edges around the face, 𝐶𝐹 , normalized by the total number of

edges 𝑒𝐹 . This yields the total circulation energy

Γ =
∑︁
𝐹

|𝐶𝐹 |
𝑒𝐹

(4.19)

where the sum is taken over all faces of the knot diagram. The normalization encodes

the assumption that every face has the same perimeter in the tight limit, ensuring

that each face contributes a maximum of +1 to Γ.

Whitney index

The circulation energy is related to another fundamental regular isotopy invariant,

namely the Whitney index [70], 𝑊ℎ. Unlike the torque-writhe correspondence how-

ever, this relationship is informal. The Whitney index is defined as follows. Consider

a closed plane curve 𝐶, parametrized by 𝛾(𝑠), with everywhere nonvanishing tangent

vector. We note that 𝐶 is allowed to be self intersecting, so in particular 𝐶 can be a
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Figure 4-5: Topology determines the mechanical stability of 2-tangles.
(A) Small modifications in topology lead to dramatic changes in the mechanical
behavior of 2-tangles, exemplified by the presence or absence of global rotation of the
knot body upon pulling; fiber diameter 0.4 mm, pulling force 15 N. Knots are shown
in order of least stable (grief) to most stable (reef). (B) Simulated tight configu-
rations of knots are validated with real knots tied in nylon rope (diameter 20 mm).
(C) Tight knots act on themselves via right-handed (positive) and left-handed (nega-
tive) torques. Equally directed torques lead to rolling (top), whereas opposite torques
promote locking (bottom) and hence stabilize a knot against untying. (Continued on
the following page)
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Figure 4-5: (D-F) Knot diagrams oriented by pulling direction correspond to a topo-
logical state defined as the triple of crossing number 𝑁 , twist fluctuation 𝜏 and
circulation Γ. These parameters explain the relative stability of knots in the reef
group (D), and Carrick group (E). (F) The zeppelin bend is more stable than the
alpine butterfly bend, displaying both higher twist fluctuation and higher circula-
tion. (G) The topological state reveals the underlying structure of bend knots, and
separates stable knots from unstable knots. The dimensionless topological friction,
obtained from simulation, is determined by the velocity response when the knot is
pulled with a given force, and is a measure of the friction force due to the knot. Labels
in (G) correspond to those in (D,E,F) and additional knots listed in Fig. 4-7.
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Figure 4-6: Whitney index for bend knots. The Whitney index of an oriented
plane curve is calculated by resolving crossings and summing the signs of all resulting
closed loops.

nontrivial knot diagram. The Whitney index is the degree of the map

𝜑 : 𝐶 → 𝑆1

𝑠 → 𝛾̇(𝑠)

|𝛾(𝑠)|

This definition can be extended to a collection of open curves by resolving the cross-

ings of 𝐶 (Fig. 4-6). This geometric picture suggests that 𝑊ℎ could yield another

topological counting rule or even a spin system analogy in the same way as 𝑊𝑟.

However we note that while the Whitney index does distinguish between the reef and

thief knots, which was the main motivation behind introducing the circulation energy

104



Γ, it does not present a coherent physical picture for more complex knots (Fig. 4-6).

4.6 Topological counting rules

The topological parameters 𝑁 , 𝜏 and Γ allow us to rationalize the stability of a large

class of popular knots used by sailors and climbers (Fig. 4-5G). These variables are

both easy to evaluate from knot diagrams (Fig. 4-5D-F) and reflect topology-induced

forces and torques throughout the knot. As such, the triplet (𝑁, 𝜏,Γ) captures both

essential topological and mechanical structure hidden within knots. The (𝑁, 𝜏,Γ)

phase diagram explains existing empirical knowledge for simple knots [3] as well as

predictions of the Kirchhoff model about the relative strength and stability of more

complex 2-tangles (Fig. 4-5G). We verified these predictions independently in experi-

ments by mimicking the prisoner’s escape problem (Fig. 4-8A) with two thin Dyneema

fibers tied together. Of the two pulled ends for each knot, one is fixed in the exper-

imental apparatus, with the other being perturbed while suspending incrementally

higher masses until the knot pulls through. Although the Kirchhoff model cannot ac-

count for surface contact details [87], the experimental data for the critical loads agree

quantitatively with the simulations for simple knots and, more importantly, confirm

the predicted qualitative stability differences between various commonly used knots

(Fig. 4-8B). Notably, both theory and experiments indicate that the zeppelin knot is

more secure against untying than the popular alpine butterfly (Fig. 4-8B,C).

For the prison escape simulations we take material parameters corresponding to

a thin, flexible nylon fiber, 𝐸 = 1 GPa, 𝐸𝑏 = 0.1 GPa, 𝜂 = 106 g cm−1 s−1, 𝜈 = 0.3,

ℎ = 0.02 cm, 𝜌 = 1 g cm−3, and pulling force 𝐹 = 15 N at both pulled ends. Note that

𝜂 here is much larger than for the optomechanical fiber simulations, due to the fact

that nylon is less flexible. While the framework described above could in principle be

used to simulate stiffer rods, this would require smaller time-steps.
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4.7 Experimental methods

Optomechanical experiments relating knot color to fiber strain

Optomechanical fiber experiments were performed by Joseph Sandt, using a strain-

sensitive, color-changing elastomer photonic fiber [79]. The color map relating the

observed color of the fiber to its logarithmic strain, 𝜖, was obtained experimentally.

One end of the fiber was fixed to a load cell, and the other was fixed to a motorized

translation stage, allowing the fiber to be stretched to any predetermined strain value.

Color data were collected by stretching the fiber from 𝜖 = 0 to 𝜖 = 0.7 and back to 𝜖 =

0, in strain increments of 0.05. As the fiber was stretched and relaxed, we kept track of

5 equally spaced material points. At each level of strain, reflection spectra (normalized

to complete reflection of the light source) were collected from each of these 5 points

using a custom microscope [123] with input illumination from a Thorlabs SLS201

stabilized broadband light source, and output via optical fiber to a spectrometer.

Each spectrum was converted into tristimulus values 𝑋, 𝑌 and 𝑍 in the CIE 1931

color space, and transformed to (𝑥, 𝑦) co-ordinates representing the colors in the CIE

𝑥-𝑦 chromaticity diagram. The mean (𝑥, 𝑦) co-ordinates for different strains lie on

a curve in CIE space (Fig. 4-2C). Uncertainty in these co-ordinates is represented

by standard deviation ellipses oriented according to the principal directions of the

data (obtained from principal component analysis), with axis lengths given by the

corresponding standard deviations in these directions. A more thorough description

of the stretching and optical measurement process, and the custom microscope used

therein, may be found in earlier work [123]. The colormap obtained from this process

contains color data for 15 strain values from 𝜖 = 0 to 𝜖 = 0.7. In simulations we use

a colormap with values for intermediate strains generated by linear interpolation.

Images of knots tied in an elastomer photonic fiber were collected using a Canon

EOS Rebel T3i DSLR camera fitted with a macro lens. Photos were taken at 4x

magnification with the f-stop set to f/16. The distance between the fiber and the

camera lens was typically a few centimeters. The samples were prepared by initially

tying a loose knot in the fiber. Each end was then gripped in a small drill chuck affixed
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to translational and rotational stages (Fig. 4-9A). These stages allowed for controlled

tightening and rotation of the knot, in order to capture images at desired angles.

A tubular fluorescent light positioned above and behind the camera illuminated the

fiber.

‘Prison escape’ experiments: testing the stability of bend knots

The ‘prison escape’ experiments were conducted in collaboration with Joseph Sandt.

To determine the relative stability of bend knots joining two lines, each knot was set

up with one end of the first line fixed in a drill chuck, and one end of the second

line fed over a pulley to be loaded with mass (Fig. 4-9B,C). The other end of each

line was left free. Masses were suspended from the pulled end, while perturbations

were applied to the knot by flicking the line down and up near the body of the

knot. The perturbation device consisted of a plastic arm tipped with silicone tubing,

manipulated by an Arduino-driven servomotor (Fig. 4-9C). The flick was triggered

manually by a button press. Experimental trials consisted of tying a bend and affixing

it within the system, starting with a relatively low mass on the pulled end. The knot

was flicked five times at each mass. Upon observing motion (i.e. partial or complete

pull-through of either line through the knot), the weight of the mass at which the knot

slipped was recorded. In the absence of observable motion, the mass was increased

by 20 grams and the line was flicked five more times. This incremental increase of

pulling mass continued until motion was observed. A camera was used to record the

behavior of the knot in each experiment, to verify observations of motion. Berkley

FireLine (6-lb test, “Smoke” color) was used in all such stability experiments.

4.8 Conclusions

To conclude, the above analysis shows how basic topological counting rules can be

used to estimate the relative stability of frequently encountered knots and tangles.

From a theoretical perspective, the parallels with long-range coupled spin systems

suggest that the statistical mechanics [85, 1] of general knotted structures can be for-
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mulated within this framework. Tangled vortices [76, 77] in complex fluids and defect

loops in liquid crystals [135] may permit a statistical description through reduction

to topological crossing diagrams. In elastic systems, joint experimental and theoret-

ical progress is needed to untangle longstanding puzzles regarding the statistics of

knots in DNA [129] and proteins [141, 85, 15, 29], where thermal effects induce a

finite persistence length, and other macroscopic structures [9, 143]. In sailing, climb-

ing and many other applications, non-topological material parameters and contact

geometry [87] also play important mechanical roles, and must be included in more

refined continuum models to quantitatively describe practically relevant knotting phe-

nomena. From a broader conceptual and practical perspective, the above topological

mechanics framework seems well-suited for designing and exploring new classes of

knots with desired behaviors under applied load.
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Figure 4-7: Planar diagrams for all simulated knots. The top row illustrates
the four different possible pulling directions for the diagrams we simulate. Knots are
labelled by row and pulling direction, with the exception of the specially named thief
(Th) and grief (Gf) knots. While none of the knots above have diagonally opposite
ends of the same color, this is theoretically possible, and would require different
pulling directions to those specified above. The phase diagram (Fig. 4-5G) contains
topological friction information (denoted by numbers above) from only the first two
columns, since switching both pulling directions often results in a knot of identical
or similar stability, with the same topological state variables (𝑁, 𝜏,Γ), as in columns
1 and 3, or 2 and 4. Changing pulling direction can cause the knot to warp into a
different initial planar configuration (e.g. Ze, column 4; As, column 4; Ab, columns
2 and 3).
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Figure 4-8: Experiments for commonly used knots validate the theoretically
predicted phase diagram. (A) Our experimental setup mimics the classical prison
escape problem by determining the critical pulling force 𝐹 = 𝑚𝑔 at which two lines
untie. (B) Experiments measuring the critical mass 𝑚 at which two Dyneema fibers
(diameter 0.15 mm) untie confirm the ranking of knot stability predicted by the
simulations. For simpler knots with crossing number . 8, averages (horizontal lines)
over individual experiments (small filled circles) agree quantitatively with the relative
strength predicted from simulations measuring both the velocity based friction (large
empty circles) and the total compression force (large empty triangles) within the knot;
black boxes indicate standard deviations of the individual experiments. For complex
knots with high crossing number, such as the Zeppelin bend, more sophisticated
models accounting for material-specific friction forces and three-dimensional contact
details need to be developed in the future. (C) Nonetheless, simulations of complex
bends with generic friction show good shape agreement with tight configurations of
bends in nylon ropes (diameter 20 mm), and reveal the highly non-uniform strain
distributions in such knots.

A C

W = mg

B

Figure 4-9: Experimental apparatus. (A) Device for manipulating knotted pho-
tonic fibers (Fig. 4-2A,B). (B) The knot is held in a drill chuck at one end while the
other end is loaded. (C) A robotic flicker is used to perturb the knot.
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Chapter 5

Topological batteries

Topological constraints have long been known to provide efficient mechanisms for

localizing and storing energy across a range of length scales. Despite recent theo-

retical and experimental progress on the preparation of topological states, the role

of topology in the discharging dynamics is not well understood. In this chapter, we

investigate robust topological energy release protocols in elastic fiber systems through

simulations of 238 knots of varying twist and topology. By breaking the elastic fiber,

such topological batteries can perform mechanical work or drive fluid flows. Our

study reveals topologically resonant states for which energy release becomes super-

slow. Owing to their intrinsic stability we expect such tunable topological batteries

to have broad applications to storage and directed release of energy in soft matter.

5.1 Introduction

Topological protection provides a robust means for storing and controlling energy,

an effect widely used in a variety of biological and physical systems [141, 95, 126,

47, 36, 118]. On small scales, knotted topologies play important functional roles [71]

in the behavior of tangled DNA, proteins and polymers [88, 85, 117, 128, 48]. In

continuum systems, foundational work on topology has revealed the origin of helic-

ity conservation in classical [95, 76] and complex fluids [72], and the dynamo effect

in turbulent plasmas [133, 119]. Recent experimental advances in mechanical lat-
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tices [130, 120] and soft robotics [73], bring the question of topologically tunable

designer materials into the experimentally accessible realm. Although the study of

topological modes [111] has dramatically improved our understanding of soft mat-

ter, harnessing topology to perform useful work such as driving flows [44, 125, 91]

continues to present fundamental challenges.

Here we study how topology affects energy release dynamics in knotted elastic

fibers [5, 63, 110], demonstrating a realization of a topological battery. Topology

mediated buckling and instability phenomena underlies the discharging rates and

functional capabilities of the batteries. Knotted filaments present an intuitive me-

chanical realization of a topological battery: By initializing closed elastic loops in

tight knotted states [20, 69, 63] with varying twist [96, 25], energy may be stored

robustly (Fig 5-2). Cutting the knot at the point of maximum stress results in a

controlled topology dependent energy discharge. Through this process, we find spe-

cial topologically resonant states that are characterized by superslow energy release,

exemplifying control of discharging dynamics through topology.

5.2 Energy release dynamics in elastic knots

Kirchhoff model with contact friction

Tying a knot in an elastic fiber and fusing together the free ends produces our main

example of a topological battery. By twisting the free ends before fusing, knotted

batteries can be studied along the two axes of knot type and twist density (Fig 5-1).

We model the knot system using equations (4.11), presented in Chapter 4. The

fibers have natural length 𝐿, radius ℎ, and circular cross section with moment of

inertia 𝐼 = 𝜋ℎ4/4 and cross sectional area 𝐴 = 𝜋ℎ2. The state of the fiber is defined

by its centerline curve 𝑥(𝑠), and an orthonormal material frame, {d1(𝑠),d2(𝑠),d3(𝑠)},

with d′
𝑖 = 𝜅×d𝑖, and ḋ𝑖 = 𝜔×d𝑖. The twist density, 𝜃′ is defined by 𝜃′ = 𝜅3. Here, we

make the additional assumption that torsional friction is negligible. The overdamped
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Figure 5-1: Knotted topological batteries are simulated for 238 initial configurations,
representing 17 different twist densities for 14 knot types. Simulation parameters:
𝜈 = 0.3, 𝛾 = 5, 𝐿/ℎ = 50.

equations of motion (2.33), together with the collision terms are

𝛿ℰ𝑏
𝛿𝑥

+
𝛿ℰ𝑡
𝛿𝑥

+
𝛿ℰ𝑠
𝛿𝑥

= 𝜂𝐴𝑥̇′′ + 𝑓 col

𝛿ℰ𝑡
𝛿𝜃

= 2𝜂𝐼(𝜔3d3)
′′ · d3

𝜔′
3 + d3 ·

(︁
d′
3 × ḋ3

)︁
= 𝜃′

where the bend, twist and stretch energies (2.30) are

ℰ𝑏 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝑏𝐼𝜅
2, ℰ𝑡 =

1

2

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′2, ℰ𝑠 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐴 (|𝑥′| − 1)
2
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with friction forces (4.10)

𝑓 col(𝑠) = −𝜂𝑓𝐴

∫︁ 𝐿

0

𝑑𝑠′ Θ

(︂
1 − |𝑥(𝑠) − 𝑥(𝑠′)|

2ℎ

)︂
𝑥̇(𝑠) − 𝑥̇(𝑠′)

|𝑥(𝑠) − 𝑥(𝑠′)|3

In contrast to Chapter 4, we take 𝜂𝑓/𝜂 = 0.1 (instead of setting 𝜂𝑓 = 𝜂). Further,

instead of choosing specific values for the elastic constants, 𝐸𝑏, 𝜇, 𝐸, we note that the

dynamics depends on the relative magnitudes of the bend, twist and stretch energies.

In particular, the total energy has the form

ℰ =
𝐸𝑏𝐴

2

∫︁ 𝐿

0

𝑑𝑠

[︂
1

4
ℎ2(𝜅2 + (𝜈 + 1)−1𝜃′2) + 𝛾(|𝑥′| − 1)2

]︂
(5.1)

Here 𝐸 = 𝛾𝐸𝑏 and 𝜈 is the Poisson’s ratio. The dimensionless parameters 𝜈 and 𝛾

therefore govern the dynamics. The intrinsic energy density, ℰ0 = 𝐸𝑏ℎ
2, and energy,

𝐸0 = 𝐸𝑏ℎ
2𝐿, of the system correspond to the bending energy associated with 𝜅 ∼ 1/ℎ.

We choose an intrinsic timescale, 𝑇0 = 2𝐿𝜂/ℎ𝐸𝑏, as an intermediate scale between the

relxation times of pure twist, 𝑇𝑡𝑤 = 𝜂(𝜈+1)/𝐸𝑏, and pure bending 𝑇𝑏 = 2𝐿2𝜂/𝜋2ℎ2𝐸𝑏.

The model applies to a range of different materials; a specific candidate system are

thin lubricated silicone fibers with 𝜈 ∼ 0.3, 𝛾 ∼ 5, 𝜂 ∼ 10 kPa·s, 𝐸𝑏 ∼ 10 MPa.

5.3 Charging

Charging knotted filaments with twist results in a series of topology mediated buckling

instabilities (Fig 5-2A). The twist in the buckled state is typically lower than the initial

twist supplied to the pre-buckled state [50]. The evolution of the total twist in the

fiber, 𝑇𝑤, follows from relating spatial and time derivatives of the frame

𝑑

𝑑𝑡
𝑇𝑤 = [Ω · d3]

𝐿
0 +

∫︁ 𝐿

0

𝑑𝑠 d3 ·
(︁
d′
3 × ḋ3

)︁
(5.2)

When the fiber is closed, the first term on the right hand side vanishes. Although

initializing a fiber with a specific twist requires a time dependent torque application
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Figure 5-2: Charging topological batteries with knot tying and twist, illustrated for
two knot types. (A) Energy storage in elastic batteries depends on both knot type and
initial twist density. The chiral trefoil knot (31, top) exhibits different buckled states
at positive and negative twist whereas the achiral figure-of-eight knot (41, bottom)
does not. (B) Chirality-dependent buckling leads to different energy density profiles
for the trefoil knot when charged with positive twist (𝜃′ = 2/ℎ) and negative twist
(𝜃′ = −2/ℎ). Simulation parameters: 𝜈 = 0.3, 𝛾 = 5, 𝐿/ℎ = 50.

protocol, the amount of buckling provides an indicator of the twist charge within

the battery, for a given knot type. For example, twist produces initial battery states

with varying post-buckled geometries (Fig 5-2A) and energy densities (Fig 5-2B).

Additionally, twist is sensitive to certain underlying topological properties. In our

simulations, chiral knots generally exhibit handedness-dependent buckling (Fig 5-2A,

top), whereas achiral knots tend to buckle independently of twist handedness (Fig 5-

2A, bottom).

5.4 Discharging dynamics and topological resonance

As knotted mechanical batteries unravel, the competition between bending and twist-

ing energies reveals a landscape of topological resonances, where certain initial states

lead to super slow energy discharge. After being broken at the point of maximum

stress, different transient, metastable states occur (Fig. 5-3A). The discharge dy-

namics separate into a bending dominated regime and a twist dominated regime,

as evident from the initial state of the battery (Fig. 5-3B). The crossover between

the two regimes corresponds to the scaling of strains associated with twisting and

bending. From (5.1), the characteristic strains for tightly knotted configurations are
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𝜀𝑏 ∼ ℎ𝜅 ∼ 1 for bending and 𝜀𝑡𝑤 ∼ ℎ𝜃′ ∼ ℎ𝑇𝑤/𝐿 for twisting. As a result, twist

dominates the discharge dynamics at high twist densities with 𝜃′ℎ > 1 (Fig. 5-3C-E).

Since the effects of varying knot type are more naturally related to the bending en-

ergy, twist can be thought of as washing out topology. Indeed, at high twist, 𝜃′ℎ > 1,

the batteries discharge quickly, independent of knot type (Fig. 5-3D,E). By contrast,

at low twist, knot topology essentially determines the discharging dynamics (Fig 5-

3E). In particular, select knots exhibit extremely long discharge times (Fig. 5-3D,E).

We can explain these slow topological resonances by considering the mechanisms by

which knots release twist and bending energy. Bending forces point in the d′
3 direc-

tion, which lies in the fiber’s local osculating plane, spanned by d3 and d′
3. From

(5.2), twist changes when ḋ3 has a component in the d3 × d3
′ direction; twist relax-

ation therefore pushes the fiber out of plane. The topologically resonant slow knots

can thus be thought of as maximally non-planar and therefore self-confining.

5.5 Conclusions

Topology and mechanics interact to produce long-lived states that are central to the

observed topological resonances. For elastic batteries, these states are the intermedi-

ate knots that can form as a fiber unties. At small or zero twist, these configurations

trap bending energy, leading to long relaxation times. More generally, this princi-

ple of topologically activated slow modes can provide a conceptual framework for

understanding topological resonances in other soft matter settings.

To conclude, knotted elastic fibers provide a prime demonstration of a topological

battery with controlled triggering of energy release via fracture. Our above analysis

shows how elastic batteries can be topologically optimized to achieve slow or fast

discharge. Owing to the inherent robustness of topological structures, the above ideas

translate to a wide range of scales. The energy stored in topological batteries may

be harnessed to drive flows or perform mechanical or electrical work, thus opening an

avenue for topological control of soft systems.
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Figure 5-3: Discharging knotted elastic fibers. (A) The relaxation dynamics depend
strongly on knot type and twist state. (B) At low twist, the initial knot energy
varies with knot type, while high twist negates the effect of topological changes.
(C) Energy is released in phases as intermediate metastable topological states form
and untie. Topology dependent obstructions cause certain knot types to untie more
slowly at zero twist (31, 74). Higher twist states typically discharge faster but the final
discharge rates are set by the relaxed length of the fiber. (D) Topological resonances
occur predominantly at low twist. (E) High twist leads to fast untying for all knot
types. At scales where bending dominates, topology dependent resonance effects
become visible. Total number of initial knot configurations simulated for (e) is 238
(Fig. 5-1) using the algorithm from Refs. [110, 20].
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Chapter 6

Surgical knots

Knot tying is an essential component of surgery. In this brief chapter, we explore

applications of the topological model developed in Chapter 4 to the realm of surgical

knots. We present numerical results for a class of knots which includes commonly

used suturing knots. Our model predicts that the most commonly used surgical knots

are indeed the most mechanically stable and balanced. Furthermore, our numerical

framework allows the mechanical properties of the sutured wound to be probed in

detail. In particular, we demonstrate that the shear forces induced on the underlying

tissue by the surgical knot are topology dependent. Beyond our simplified suture

model, modern surgical techniques utilize a broad range of knots for a variety of

different functions, and we believe that further topological and mechanical study of

these systems could yield improved surgical knots.

6.1 Introduction

The rich history of knots in surgery [86, 57, 93] runs parallel to their development for

sailing [3] and tool construction [138]. In the context of sutures and orthopedic slings,

the medical applications of knots are thought to have been known to several ancient

civilizations [86, 57]. Modern surgery uses knots in a range of settings, from hemor-

rhage prevention [24] to vascular grafts in cardiac surgery [43, 105]. Although recent

developments present alternatives to knots in certain scenarios [51], they continue to
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Figure 6-1: Schematic of suturing system. (A) A suture knot is used to close up a
wound. (B) The simplified suture system consists of a knot tied around 2 cylinders
representing skin. The skin boundaries are a nonzero distance apart at rest. The
knot is pulled with force 𝐹𝑃 , causing compression force 𝐹𝐶 to act on the cylinders,
which experience restoring forces 𝐹𝑆.

be an essential medical tool across many fields [38, 21]. From medical robotics [62, 65]

to spaceflight [116], surgical knot training remains essential.

Despite recent important work on surgical mechanics [90, 81, 83], the behavior of

surgery knots has not been well studied from a mechanical and topological perspective.

Here, we consider the problem of suturing a wound. This scenario, common in surgery,

is also closely related to the bend knots we studied in Chapter 4. A key difference is

that a suture knot consists of just one strand tied into a loop, which then experiences

forces due to skin tension (Fig. 6-1). Based on this, we study a reduced model

of a suture (Fig. 6-1B). Such simplified settings are used to train surgeons in knot

tying [38]. Below, we present numerical results obtained from simulating this suture

system for six different knots. The question of knot stability can be addressed by

the results of Chapter 4. The presence of a loop (Fig. 6-1B) gives rise to additional

observables. The skin shear force in particular, arises from the collapse of the loop,

and appears to be topology dependent.

6.2 Suture model

We model the knot system using equations (4.11), presented in Chapter 4. To summa-

rize, the fiber is described by a centerline curve 𝑥(𝑠, 𝑡), and an orthonormal material
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frame, {d1,d2,d3}, with d′
𝑖 = 𝜅 × d𝑖, and ḋ𝑖 = 𝜔 × d𝑖. The overdamped equations

of motion (2.33) are

𝛿ℰ𝑏
𝛿𝑥

+
𝛿ℰ𝑡
𝛿𝑥

+
𝛿ℰ𝑠
𝛿𝑥

= 𝜂𝐴𝑥̇′′ + 𝑓 col

𝛿ℰ𝑡
𝛿𝜃

= 2𝜂𝐼(𝜔3d3)
′′ · d3 + 𝜏 col

𝜔′
3 + d3 ·

(︁
d′
3 × ḋ3

)︁
= 𝜃′

where the bend, twist and stretch energies (2.30) are

ℰ𝑏 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝑏𝐼𝜅
2, ℰ𝑡 =

1

2

∫︁ 𝐿

0

𝑑𝑠 𝜇𝐽𝜃′2, ℰ𝑠 =
1

2

∫︁ 𝐿

0

𝑑𝑠 𝐸𝐴 (|𝑥′| − 1)
2

with friction forces (4.10)

𝑓 col(𝑠) = −𝜂𝐴

∫︁ 𝐿

0

𝑑𝑠′ Θ

(︂
1 − |𝑥(𝑠) − 𝑥(𝑠′)|

2ℎ

)︂
𝑥̇(𝑠) − 𝑥̇(𝑠′)

|𝑥(𝑠) − 𝑥(𝑠′)|3

𝜏 col(𝑠) = 𝜂𝐽

∫︁ 𝐿

0

𝑑𝑠′ Θ

(︂
1 − |𝑥(𝑠) − 𝑥(𝑠′)|

2ℎ

)︂
(𝑥(𝑠′) − 𝑥(𝑠)) × (𝑥̇(𝑠′) − 𝑥̇(𝑠)) · d3(𝑠)

|𝑥(𝑠) − 𝑥(𝑠′)|4

The material properties are identical to those used for the optomechanical fiber sim-

ulations in Section 4.3, as these parameters are similar to those of real suture mate-

rials [101]. The pulling force 𝐹𝑃 (Fig. 6-1B) is set at 0.01 N.

A suture knot pulls the boundaries of a wound together. We treat the skin bound-

aries of the wound as long cylinders of radius ℎ𝑠 which, due to the presence of the

wound, are separated at rest (Fig. 6-1B). In the 𝑧 = 0 plane, suture tightening appears

to bring together 2 disks, representing the cross sections of the skin boundaries. Let

w𝑎
0 and w𝑏

0 be the centers of these disks before the knot is tightened. In other words,

w𝑎
0 and w𝑏

0 are the intersection between the axes of the boundary cylinders and the

𝑧 = 0 plane. Let w𝑎(𝑡) and w𝑏(𝑡) be their positions at time 𝑡, where tightening begins

at 𝑡 = 0, and let w𝑎
𝑓 and w𝑏

𝑓 be their final, tight positions. As the knot is tightened,

we assume the skin boundary feels an elastic restoring force which acts to reopen the
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Figure 6-2: Skin shear depends on suture knot topology. (A) Knots consisting of 2
braids can be classified by the length and handedness of the top and bottom braids.
Only the top part of each suture knot is shown. The reef knot and surgeon’s knot are
used for suturing in practice. (B) Knots with braids of opposite handedness induce
less 𝑧-displacement in each skin boundary and less relative 𝑧-displacement between
the two skin boundaries.

wound. This force is

F𝑖
𝑆(𝑡) = 𝑘𝑠

(︀
w(𝑡)𝑖 −w𝑖

0

)︀
(6.1)

where 𝑖 = 𝑎, 𝑏. Together with the fiber equations above, these skin response equations

define the suture model.
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6.3 Results

Knot stability

Using our model of the suture system, we test 6 different knots, each having the

form of 2 braids tied on top of each other (Fig. 6-2A). Although these knots are not

2-tangles, and consist only of 1 fiber, the topological model introduced in Chapter

4 can still provide useful stability information. This is due to the pinching of the

bottom loop of the knot by the skin (Fig.6-1). The pinching effect means that, for

the purposes of stability, these suture knots are approximately 2-tangles with the

bottom ends held fixed and the top ends pulled with force 𝐹𝑃 . The writhe (Fig.4-4)

of the 2-braid knots we consider (Fig. 6-2A) can be expressed simply in terms of the

handedness of the bottom braid, 𝑏𝐾 , and the handedness of the top braid, 𝑡𝐾

𝑊𝑟 = 𝑏𝐾 + 𝑡𝐾

For example, the writhe of the surgeon’s knot is −2, and the writhe of the granny

knot is +6, as discussed in Chapter 4. Recall the twist fluctuation energy (4.12)

𝜏 = 1 −
(︂
𝑊𝑟

𝑁

)︂2

This suggests that the suture knots with smaller writhe, whose top and bottom braids

have opposite chirality, will be more stable. This is borne out by surgical practice. Of

the knots we simulate, it is the surgeon’s knot and reef knot that are used to suture

real wounds.

Suture induced shear forces

In addition to stability, we can use our numerical model to access other mechanical

properties of the suture system. Calculating the forces applied on the skin and wound

by the suture knot has particular biological relevance. Since a tightening suture

knot always brings the skin boundaries together in the 𝑥, 𝑦 plane (Fig. 6-2B), we

123



focus on the 𝑧-displacement induced by the knot. The 𝑧-displacement measures the

response of the skin to the shear forces applied by the knot. Our numerical model

predicts that knots with lower writhe, on the left hand side of the phase diagram

(Fig. 6-2B), impart smaller shear forces on the skin. This can be seen from either

the absolute displacement of each skin boundary, given by e𝑧 · w𝑖
𝑓 , 𝑖 = 𝑎, 𝑏, or the

relative displacements of the skin boundaries, |w𝑎
𝑓 − w𝑏

𝑓 |. Once again, we find that

the surgeon’s knot and reef knot impart the least shear.

That the knots which are more stable topologically are also those producing the

smallest shear forces can be understood as a consequence of twist. The shear forces

are caused by the non-planar collapse of the loop as the knot is tightened. The twist

compatibility equation relates centerline velocity to twist

𝜔′
3 + d3 ·

(︁
d′
3 × ḋ3

)︁
= 𝜃′

From this equation, we see that non-planar motion produces twist through the triple

product term, d3 ·
(︁
d′
3 × ḋ3

)︁
. Similarly, the twist fluctuation energy is related to

the self-torque of the knot (Section 4.4). Thus we expect high shear forces and low

stability to be correlated through their relationship with twist production. Taken

together, these results suggest that certain knot topologies can control twist and

produce stable, balanced mechanics.

6.4 Conclusions

In conclusion, we have introduced a model of a simplified suture knot system, and

used it to relate topology to mechanics. This model can be used to calculate key

mechanical properties, such as the forces imparted by the knot on the underlying

tissue. Experimental validation of these predictions is a crucial next step in gaining a

deeper understanding of the complex mechanics at play [66, 55]. In conjunction with

experiments, there is considerable scope to use more precise models to study more

elaborate surgical systems. A particularly interesting case is that of cardiac surgery,
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where knots are often used to graft tubes onto each other [51]. In this scenario, the

mechanics and topology of the knot also interact with underlying biological forces.

For example, the knots and stitches used must be stable under the periodic forcing

induced by blood flow. Expanding the tools introduced here to explore knot tying in

these biological contexts is a key direction for future research.
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Chapter 7

Conclusions and outlook

In this thesis, we have demonstrated the fundamental role twist plays in the structural

and topological stability of elastic rods and fibers. In the first case, twist works by

allowing the applied stress to be partitioned into multiple modes, namely the bending

and twist modes. The twist stress, which arises from the internal structure of the rod,

ultimately has a global effect on the fragmentation process. This suggests a natu-

ral generalization to heterogeneous metamaterials with microscopic structures. Such

systems have internal modes analogous to twist. The distribution of external stresses

and strains over these hidden, internal modes could lead to unexpected changes in

macroscopic observables. An interesting question is the extent to which these ideas

can be applied to emerging fields in metamaterials such as the study of structured bi-

ological matter [115]. A further direction is understanding the continuum properties

of bundles of fibers [127], with a focus on the physical consequences of the enlarged

space of internal degrees of freedom.

In the second half of this thesis, we showed that topology and mechanics interact

through twist, and proposed a topological framework for understanding knot stability.

This model necessarily gives an approximate picture of the friction within the knot.

However, the agreement between this topological model and experiments suggests

that it captures a real effect of the friction. Further progress on knot mechanics

requires a much more detailed description of knots than we have presented here.

For example, surface details must be modelled, and the full 3D theory may even be
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necessary [66, 8]. More detailed models along these lines could also generate new

insights into the topological aspects of friction. The surface geometry of contact

interactions [55] is a particularly promising direction through which to further study

topological friction. In addition, these kinds of refined models could yield further

insights into surgical knots.

The topological model presented in Chapter 4 also has applications to higher

dimensional systems, such as understanding topological phenomena in field config-

urations of driven and active fluids. In certain regimes, the effective dynamics of

the system in 3D are governed by the behavior of a tangle of 1D objects, such as

defect lines or vorticity curves in nematic and classical fluids. Recent work on 3D

active nematics in this area explores the dynamical role of disclination loops [34].

The topological model could be applied to the dynamics of more general defect tan-

gles. Biological matter, often comprised of chiral constituents such as actin and DNA,

encompasses a variety of possible model systems with which to study the active gen-

eralizations of such tangle dynamics.
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