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Abstract

This dissertation focuses on developing analytical methods for elliptic partial differential
equations with conditions imposed on internal boundaries. Internal boundaries are formed
where materials with different properties meet to form interfaces. These interfaces arise in
a variety of physical and engineering contexts such as in the evaporation of water droplets,
dielectric double-spheres, and soft-material Janus drops. The solutions to problems with
interfaces are often singular where the interfaces meet the boundaries, or two interfaces
meet. This causes difficulties when attempting to solve these problems solely with numerical
approaches. In contrast, analytical approaches (while limited to relatively simple geometries)
lend significant insight into the nature of the singularities, with full resolutions in some cases.
Potentially this knowledge can then be used to improve the quality of numerical solutions
for more generic situations.

We will focus here on four important elliptic PDE problems: Laplace, Poisson, bihar-
monic, and Stokes flow. Chapter 1 introduces our main analytic result known as the Parity
Split Method (PSM), developed in the context of the Laplace and the Poisson equation.
Chapter 2 takes the results from Chapter 1 and applies them to the problem of a thermally
driven evaporative liquid bridge in a long V-shaped channel. The problem involves solving
a coupled temperature-concentration system of Laplace equations. Complex analysis based
analytic solutions to the concentration equation are also developed along the way. Chapter 3
extends the PSM to the biharmonic equation and addresses several numerical issues related
to solving for the fluid flow near a soft-material Janus drop.
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Chapter 1

Introduction

1.1 The Parity Split Method for Poisson’s Equation

Many physical problems require solving elliptic partial differential equations with inter-
faces, such as the electric potential for electromagnetic double spheres [28| A1), 42], temper-
ature and concentration of vapor above a slowly evaporating sessile drop [59] 10}, 3, 47|, and
the concentration of soft materials under Laplacian growth [20, 2]. In all such problems, the
interfaces are modeled as infinitely thin surfaces. Then the quantities of interest, such as
temperature, material concentration, or potential, often must satisfy jump conditions across
the interfaces. Several numerical approaches have been developed to solve problems of this
type, such as, the Immersed Boundary Method (IBM) [39], the Immersed Interface Method
(IIM) |29, 30}, B31], the Ghost Fluid Method [16] 15, 21} [I7], and the Correction Function
Method (CFM) [34].

Additional difficulties arise when the internal interface meets the external boundary
at the “triple-line” points (See Figure [B-1)), and can trigger “triple-line singularities (TLS)”.
Elliptic problems are notorious for developing singular behavior at places where the boundary
or the boundary conditions lack smoothness. For corner singularities, the behavior of the
solutions is well understood [13] 12, 19, 18, B8]. We are not aware of similar studies for
the type of singularities that arise at triple line points. In this paper, we propose a new
analytical method, which we call the Parity Split Method (PSM), which allows us to solve
elliptic problems with TLS for certain restricted geometries. For those geometries, the PSM
eliminates the interface and replaces the original elliptic problem by sub-problems without

the interface. If the geometry is such that separation of variables provides a spectral basis
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to express the solutions of the sub-problems with the interface removed, then our approach
provides a fast converging spectral basis for the original problem with the interface.
Suitable PDE which PSM can be applied for include Poisson’s equation, biharmonic
equation, and Stokes’ equation. In this chapter, we present the method in the context
of Laplace’s equation and later generalize to Poisson’s equation. Section [2.] sets up the
problem of interest in the generic form. Section introduces the Parity Split Method in
the context of Laplace’s equation. Section [2.3] works out explicit examples for Laplace’s in
various 2D and 3D domains. Section 2.4 extends the method to Poisson’s and relaxes several

conditions set in Section [2.1] Section [2.5 elucidates an important technicality in the PSM.

1.2 Evaporation of a Liquid Bridge in a V-Shaped Channel

We will demonstrate the power of the Parity Split Method via the problem of thermally
driven microfluidic evaporation. The evaporation of liquid on a substrate is of paramount
significance in a wide range of engineering applications, such as inkjet printing, micro-
fabrications, and DNA sequencing. A tremendous amount of theoretical and experimental
investigations have been done to advance the understanding of quasi-static evaporation.
Seminal works include those in [5] [7, 22, 24} [43], 23], 3, [10] 11, 37, [51) [47]. Throughout these
studies, topics of interests involve pattern formation during drying [6], material flux across
the liquid-vapor interface [I1], 48], and lifetimes of evaporating liquid [51} 52, 47, [48]. We
are particularly interested in the study of material flux and lifetime of a thermally-driven
evaporating liquid in a V-shaped channel. The geometry of V-shaped channels appears in
numerous modern heat transfer microelectronic devices, such as micro heat pipes [54]. Such
devices often rely on the evaporation of liquid in the channels to achieve the desirable heat
transfer. As a result, material flux and evaporation lifetime can be appropriate metrics to
characterize the efficiency of the transfer mechanisms. Extensive theoretical, numerical, and
experimental studies have been conducted to understand the evaporation of a liquid in a
V-shaped channel, including [55) 40} 33}, 32, 59].

Most of the aforementioned works use either experimental or purely numerical ap-
proaches. However, in a V-shaped channel, the length often vastly exceeds its width, which
should render the problem effectively two-dimensional — thus potentially amenable to ana-

lytic treatment using conformal mapping and other complex analysis tools. Unfortunately,
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a straight reduction of 3D elliptical problems in unbounded domains to 2D is often prob-
lematic. For example, while developing an analytical solution for Stokes flow inside an
evaporating drop, Masoud [35] noted that “...a solution does not exist for diffusive flux in
2D” because the 2D solution varies “logarithmically” at infinity [35]. Schofield, Wray, Pritch-
ward, and Wilson encounter the same issue when studying the lifetimes of two-dimensional
sessile droplets [48]. o get around this issue, in this work we do not do a straight reduction
to 2D. Instead we write a suitably modified 2D problem, which can be solved (analytically)
using the Parity Split Method and tools from complex analysis.

In this thesis we present an analytical solution to a 2D model problem involving the
thermally-driven evaporation of a liquid in an infinitely long V-shaped channel. We obtain
exact (analytical) expressions for the temperature distribution and vapor concentration, from
which we compute the vapor flux and the evaporating lifetime for the liquid. To formulate
the model we follow the spirit in [48], and transform the far-field conditions (which would
either invalidate or trivialize the 2D problem) into boundary conditions along a "mathemati-
cal" boundary. In Section[3.1] we present the governing equations, with boundary conditions
that render meaningful solutions. In Section |3.2] we present the solutions to temperature
and concentration. In particular, we use the Parity Split Method introduced in Chapter [2]
to analytically implement the jump conditions in temperature at the liquid-vapor interface,
and introduce a (novel as far as we know) complex analysis technique to solve for the con-
centration. Finally, we use the obtained analytical expressions to compute the evaporative

lifetime in Section [3.3] and discuss their significance in Section [3.4]

1.3 Preliminary Results on Biharmonic Equation

Named after the ancient Roman double-faced god, Janus drops are liquid droplets formed
by two immiscible liquids. Famously referred by the Nobel Prize winner P. G. de Gennes
in 1991 [4], Janus drops have found their way into numerous applications, from material
self-assembly and smart sensing to drug deliveries and imaging [14} 26]. Upon immersed
in a solute, Janus drops are easily re-orientable by externally controlled variables such as
temperature, relative concentrations of the solute, and any surfactant applied on the surfaces
of the drops. Note that Janus drops occur within the context of micro-fluidics, and thus its

behavior is governed by the Stokes equations.
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Our work in Janus drops was initially motivated by experiments conducted at the Phys-
ical Mathematics Laboratory at the UNC Chapel-Hill Department of Mathematics [45],
showing how a Janus drop in a liquid may re-orient, and displace, in response to an applied
external thermal gradient — due to flows triggered by the Marangoni effect. Our objective
was to develop a simple (analytical) formula for the drop dynamics, which could then be
used (for example) as the building block to model the behavior of a large collection of drops.

Our intention was to use, as the starting point for our analysis, the work by Shklyaev,
et. al [49) B 50, O]. In particular, Dynamics of a Janus Drop in an External Flow [49)],
these authors present a semi-analytical technique (based on mode expansions) to calculate
the steady motion of a Janus drop under a uniform external flow. They approximate the
Janus drop as a perfect sphere with different material compositions in the upper and lower
hemispheres, with a flat interface across the equator. Next the authors write the governing
equations in each of the three regions (upper and lower hemisphere, and external region — see
Figure , and write the appropriate jump conditions across the interfaces. Finally they
propose "mode" expansions for the solutions in each region, with constants to be determined
by a linear system that results upon imposing the jump conditions. The most interesting
feature of this method is that the proposed expansions satisfy the jump conditions across
the equatorial interface automatically, “term-by-term”.

Unfortunately, upon performing a detailed examination of the work in [49], we encoun-
tered significant "puzzles", that worried us, while trying to understand the proposed solu-
tion. Our attempts to fix these issues lead to the current work. The issues are: (i) The
"modes" satisfying the equatorial jump conditions are simply written. There is no attempt
at motivating, or explaining, why they should have the proposed form. Thus the obvious
question: is there a general principle behind them, or are these just smart guesses? (ii)
Since the proposed solutions involve an infinite series, one may again wonder: Is the set
of modes involved complete, and linearly independent? (iii) Assuming that the answer to
(ii) is yes, another problem arises: On the one hand, as explained earlier, the presence of
a triple-point (along the equator — see Figure causes a singularity in the solution
there, which implies that the proposed series must converge slowly. On the other hand, the
linear system that must be solved to find the coefficients is numerically poorly conditioned.
Thus it is very hard to accurately compute more than a few coefficients. This results in a

"visually" satisfactory solution, which (however) fails to satisfy the stress jump conditions
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across the Janus drop surface, exhibiting a rather massive case of the Gibbs phenomena.
The questions here are then: What is the source of the poor conditioning, and can it be
fixed? Alternatively: is there a way to extract the singular part of the series, so that the
rest converges reasonably fast?

The work in this thesis gives a positive answer to the questions in (i) and (ii) above
in various related settings, although the work for the specific case of the Stokes equations
is not yet complete. As for (iii) we do not have a complete answer, but we know that
it is not a phenomena restricted to Janus drops in 3D, as we have found the exact same
problem for a similar problem in 2-D, the "Janus cylinder". This research is presented in
Chapter {4} as follows: Section [4.1|introduces the 3D Janus problem in [49], and describes in
some detail the issues reported in the prior paragraph. In section[£.2] we examine the Stokes
equations in 2D, which can be reduced to the biharmonic equation, and present some results
that are needed to formulate the Parity Split Method (PSM) in this case. In Section
we introduce the 2D "Janus cylinder" problem, and show how to solve it using the PSM.
Section proposes a way to fix the large condition number issue (for the linear system
arising in section via the use of novel basis functions and numerical pre-conditioning.
Finally, Section [£.5] concludes the chapter and identifies potential future directions for this

line of work.
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Chapter 2

Parity Split Method for the Poisson

Equation; Triple-Line Singularities

2.1 Problem Formulation

In this chapter we consider Poisson’s problem over a domain € (in 2D or 3D, say), with
boundary 952, split in two sub-domains, 1 and 9, by an interface I' — see Figure

The equations are as follows

Au = h, in Q,
u=f, on 0f),
(2.1)
[UHF =0,
[vn - Vullr = w,
where the brackets indicate the jumps in the enclosed variables across the interface
[ulp = w1 (z) — ua(x), zel, (2.2)
[vn-Vulr = (17 Vug) () — (va i - Vug) (x), zel, (2.3)

Here: h, f, b, and w, are given functions (defined in the appropriate domains), we use the
subscripts 1 and 2 to indicate quantities defined in each of the sub-domains (e.g.: u; is the
solution in €);), 7 is the unit normal to I' (pointing towards ), and the v; are positive

(generally not equal) constants.

Note 2.1. (Boundary conditions). Here we consider the case with Dirichlet boundary
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conditions. However, the approach we will introduce can be easily extended to other types of

boundary conditions, such as Neumann. &
Note 2.2. (The function v). v is defined by v = vy for Q1 and v = vy for Q. &

Note 2.3. (Physical motivation). This type of problem arises when, for example, seeking
the steady state temperature distribution in a domain with two different (constant) heat
diffusivities, v1 and vo. In this case f is the temperature on the boundary, h arises because
of heat sources in the domain, b = 0, and w corresponds to heat sources at the interface
(such as those caused by the latent heat in an evaporation process) — note that v;n - Vu,
are the heat fluzes on each side of the interface. A non-vanishing b occurs when u represents

the pressure, then b arises because of surface tension at the interface. &

Note 2.4. (Notation). Throughout this thesis x = (21, ...,24) € R? denotes a Cartesian

d
vector, and A is the Laplace operator A = Y 92 &
=1

J

%5

In Sections [2.2H2.3], we consider the problem with no sources — i.e.: h, b, and w vanish.

That is

Au =0, in
u=f, on 0f2
(2.4)
[u]lr =0
[vi-Vullr =0

The source terms are added in Section 2.4

2.2 Parity Split Method for the Laplace Equation

The PSM transforms the problem in into an equivalent set of two problems without
any interface. To do so it relies on the existence of a symmetry, relative to the interface, of
the domain Q. That is: we assume (2.5)
that there exists a function g with the following properties:

(1) g maps © to Q, and g2 is the identity.

(2) g(€1) = Q2. Note that then (1) implies g(€2) = ;.

(3) g is the identity on T
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(4) g is at least C2.
(5) g preserves the Laplacian: Au(g(z)) = 0 if Au(x) = 0.
Note that these are rather restrictive conditions, which severely limit the possible geometries
— for a more technical discussion of this issue, see Section 2.5
Given , we use g to write the solution in terms of an “odd” and an “even” component
(the “parity split”)H We do the same for the boundary data f. Then we show that each
of the components satisfies a Laplace problem with the interface I' removed. We will also
show that any solution can be written in this way.

To proceed with the program described above, we first introduce the parity split decom-
positions. Any function defined on €2, or on 952 (in particular, the solution to , and the

boundary data) can be written in the form
1 1
U= Ue + ~Uo and f = fe+ ;fo, (2.6)

[Pk

where the subscript “¢” (resp. “0”) indicates that the corresponding function is even (resp.
odd) with respect to g. This decomposition is unique: with k = 1/11 + 1/1s, it is easy to
see that (note

o) = (o @)+ s 16@) ) (27)

w \olol@n? " )
fole) = - (F(&) ~ flg@)). 2.9

with similar expressions for u. Clearly fe, f,, etc., have the required even/odd properties.
Theorem 2.1. If u satisfies , then ue and u, satisfy

Aue. =0, inQ, Au, =0, in€,
and (2.9)

U= fe, on 0S), u = fo,, on OS2,

where neither of these PDE involves an internal boundary. Furthermore: if 1s satisfied
(with fe even and f, odd), then u (as defined by (2.6)) satisfies (2.4).

Proof. We begin with the proof of the second claim. This requires that we show that: (a) u
is harmonic in each of € and g, (b) u = f on 91, and (c) u, and the flux v n-Vu, are both

continuous across the interface I'. To prove (a) note that u; = u, + %uo in Q; fori=1,2.

! A function c is even (odd) with respect to g if ¢(x) = c(g(z)) (resp. c(z) = —c(g(z))).
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Since ue and u, are harmonic throughout €2, and v; is a constant, the result follows. Next:
(b) follows by construction. Finally, to prove (c) we first notice that u.(g(z)) and —u,(g(z))
also solve ([2.9)). Thus, by uniqueness, u. and u, inherit the parity properties, that is:

Ue(g(x)) = ue(x) and wuo(g(z)) = —uo(x). (2.10)
In particular [u]|r = [ue]|r + [(1/v)uo]|r = 0, (2.11)
since u, = 0 on I'.
Similarly, [vn - Vullp = [vn - Vuellr + [0 - Vue]|r = 0. (2.12)

Here, just as for [uc]|p
in (2.11)), [7 - Vu,|r vanishes because u, is smooth throughout €. On the hand, the first

term vanishes because 7 - Vue = 0 on I' (which follows because u, is even, see note [2.6)).

Note 2.5. Proof that @ yield @) We have:

1 1 1 1 11
o)+ o) = 1 (s f(a) o Fal) ) + o () flate))

(2.13)
_ 1 (1 + 1) flz) = f(z)
kAv(g(z)  viz) ’
where we use that V(gix)) + V(lx) = k. The proof for u is the same. &

Note 2.6. The normal derivative of u. is “odd”. Let A = A(x) be the Jacobian of g
— that is Apm = Ox,,gn- Then Vue(r) = A(z)Vue(g9(z)). [al
However, as we will show in , A is proportional to an orthogonal matriz. Hence, since
g s the identity on I', it should be either of: An = +n. But g “flips” sides across I', so that
An = —n. Thus, from |a], on T, n(zx) - Vue(x) = —n(x) - Vue(x). [b]
It follows that n. - Vue = 0 on I &

2.3 Examples

2.3.1 Disk (2D example)

Here we consider the example where €2 is a disk. This geometry has been the subject of
extensive investigation in fluid dynamics and heat transfer theory, such as the study of drag
forces on a cylinder [36] 27, 57, 25, T]. Thus let Q be the unit disk centered at the origin, with
)y the upper half-disk, 23 the lower half-disk, and interface the interval I' = {|z| < 1,y = 0}
— see Figure As usual, 1 and 15 denote the diffusivities in each of the half-disks.
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Then a suitable symmetry function g is 9(z, y) = (z, —y), (2.14)
and the equation to be solved is
Au =0, 2+ 92 < 1,
u::fa $2+_y2::L
(2.15)

UMZW’:waﬂfa

du _ ou
\Vla*y|y=o+ = V27y|y=o—a

To write the problem as in 1} we split f = fo + % fo following 1 .Thus

fe(z,y) = % <V(ml_y)f(:r,y) + V(xl y)f(:n, —y)) : (2.16)
ol ) =~ (F(0) = fl~0)), (217)

where g is as in ,V:yilfory>0,V:yi2fory<O, and/ﬁ:%l+l%2. Note: in polar
coordinates, f(0) = fe(0) + L f,(0) is not the “standard” split into even and odd parts.

We can now solve the problems in using the standard modes for the Laplace equa-
tion in a disk, "™ cos(n @) for u. and 7" sin(n @) for u,. Using then we obtain:

1 00 00 1 '
U= U + o = Z anr’ cos(nd) + Z bn;r” sin(n#) (2.18)
n=0 n=1
where
1 4 1 [ 1 [ .
ap = —/ fe(®)do, a,=— fe(0) cos(nf)df, and b, =— fe(0) sin(nd)do,
27 J_, ™) . T J)_n
for n =1, 2, .... Note that this expresses the solution to (2.15) in the (somewhat) unusual

basis with modes {r" cos(n#)}52, and {1r" sin(n@)}zozl. See Figure .

2.3.2 Sphere (3D example)

Many physical problems require solving a Laplace or Poisson problem in a sphere; for exam-
ple: find the electric potential of a dielectric double sphere [41], [42, 28], or the temperature
field for a Janus particle. In all these problems the equations are to be solved with an
interface placed at the equator (see Figure .

Using spherical coordinates Q= {(r,0,¢)|0<r<1,0<60<m 0<¢ <27} (2.19)

Furthermore, as in the 2D problem, ©; (resp. €2) is the upper (resp. lower) hemisphere, I'
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is the unit disk on the plane z =0 (f = 7/2), and gz, y, z)=(z,y, —2) (2.20)

(reflection across the z = 0 plane). The equation to solve is then

Au =0, w2+t + 22 < 1,
u=f, 2?4 y?+ 22 =1, (2.21)

u|z:0ﬁL = u’z:0*7 and 1/1271;’2:07L = VQ%‘ZZO*

Following (2.7H2.8) the parity split is

fe(‘ra Y, Z) = % <V([L‘,gl/—z)f($7 Y, Z) + Wf(xv Y, _Z)> ) (222)
fo(ma Y, Z) = % (f($, Y, Z) - f(ZL‘, Y, _Z)) . (223)

Next we solve (2.9), using the basis of solutions {r"Y,"(6, ¢)}>2, where Y, are the spherical
harmonics [58]. These have the appropriate (relative to z, i.e.: @) parity properties: Y, is
even when (n+m) is even and Y," is odd when (n+m) is odd. Putting it all together, this
yields
1 = o o >« B
U= Ue + o = nz:% Z ap Y, (0, ¢) + Z Z by T Y0, ¢), (2.24)

m=—n, n=0 m=-n,

(m-+n)=even (m4n)=odd

where, with ¢ = cos(6),

n+m)! 2m 1
"= (2”41(1)?;1—);71)!/0 d¢/_1d< fe(0, 9)Y,"(0, 9), (2.25)
m(n+m)! 2m 1
W:wi%&lwl(wtaﬁ@@mw@, (2.26)

The expression above is analog for this 3D case of ([2.18)) for the 2D case. Finally note that,
for an azimuthally symmetric f, the spherical harmonics collapse to Legendre polynomials,

in which case
o0 o0

1
u= Y an"Pycost)+ > by —1" Po(cos 0), (2.27)
n=0,2,4, ... n=1,3,5, ...
where P, is the Legendre polynomials of order n. Again, note the unusual basis with
the modes {r"P,}%° o, and {%T”Pn}zoo qq — see Figure for plots of some of these

eigenmodes. We point out that a similar basis appears in equation (10) of [28], while solving

for the electric potential of dielectric hemispheres. However, the authors do not explained
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why such a basis is complete, nor how it was obtained (possibly through a clever and
judicious guess). This approach, unfortunately, is hard to generalize, and could easily lead

to intractable algebra in more complex geometries, such as in the following example.

2.3.3 2D Wedge (Continuous Basis)

The wedge geometry is often used in the design of microfluidic devices, such as microfluidic
pumps, actuators, and heat pipes [55] 40} B3, 32, 59, 54]. Most wedge-shaped microfluidic
devices have liquid sitting at the bottom of a wedge, forming a meniscus interface with
vapor above. One is often interested in the temperature of liquid and vapor, which satisfies
a Laplace equation with jump conditions imposed at the phase boundary. These conditions
typically involve temperature continuity, and a nonzero added heat flux arising from the
latent heat of vaporization [44]. With this motivation, we consider the Laplace equation
on an infinite 2D wedge, where the interface is placed at » = 1 — see Figure [B-2b] To be
precise, we take: Q = {(r,0)]0 <60 <&, 0 <r < oo}, where ¢ is the wedge angle, I' is the

intersection of Q with r =1, Q; = {x € Q|r < 1}, Q2 = {z € Q|r > 1}, and we use polar

coordinates. The symmetry function is then g(r, 0) = <i, 9). (2.28)
The equation to be solved isf]
Au =0, in €,
u=fi(r) at 6 =0, and u= fo(r) at 0 =®, (2:29)
Uy = Uyt and Vl%‘r:l* = V2(2T1ﬁ|r=1+-

Note that, if u() satisfies this equation with f; = 0, then v = u") + «®. Furthermore, the
problems satisfied by the u(*) are equivalent via the transformation § — ®—6. Thus, without

loss of generality, we assume fi = 0. Dropping the subscript and superscript notations, we

then have:
Au =0, in €,
u=0at # =0, and wu= f(r) at § =, (2.30)
uly=1- = ul—1+, and Vl%b:r = VQ%‘T:1+‘

2Here there are no heat sources at the interface. In Section we consider a case with a heat source
produced by the latent heat of vaporization.
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Next follow the procedure in (2.6(2.9)), § First a parity split on f, using (2.28)),

1 1 1 1
o) = = (S )+ s /D) and ) = (F0) - 10/0). (23

Then u = u, + %uo, where

Aue, =0, in , Au, =0, in €,
ue =0, 0=0, U =0, 6=0, (2.32)
u€:f67 9:@’ uozfoa 0=9.

Separation of variables yields the elementary solutions % sin(&f) and 7% cos(@f), where
@ is an arbitrary complex constant. Since we will need to expand the boundary data along
the edge # = ®, with homogeneous boundary condition on the other edge, we select @ = i «
purely imaginary — see note This leads toﬁ

(a) cos(a log(r)) sinh(af) and (b) sin(a log(r)) sinh(a 6). (2.33)

(c) cos(a log(r)) cosh(af) and (d) sin(« log(r)) cosh(a6). (2.34)
The homogeneous boundary condition along # = 0 then excludes (c) and (d). Furthermore:
the modes in (a) are even with respect to g, and the modes in (b) are odd. Hence we can
use the cosine Fourier Transform to solve for u., and the sine Fourier Transform for w.. This

leads to the solution:

Ue = /_ Zcos(alog(r))sinh(aﬂ)fe(oz)da, (2.35)
- /_ Zsin(alog(r))sinh(a&)fo(a)da, (2.36)
where
Fi0) = gy [ costalos ) dllog(r), 2.7
F0) = rsmiagy | smloox(r)) fo(r)dlog (). (239

Of course, this only works if f. and f, are sufficiently “nice”. For example, integrable:

/OO . (r)|dlog(r) < oo and /OO 1,(r)|dlog(r) < co. (2.39)

3Here « is real and we use that r¥°* = cos(alog(r)) = i sin(alog(r)).
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Unfortunately, if f does not vanish for » — 0 and r — oo (something not unrealistic), this

failsﬁ Below, in §[2.3.3.1, we show how to deal with a case where (2.39) fails.

Note 2.7. (Why & real ts a bad idea). One should resist the temptation to use & real.
While this could lead to a discrete basis in 6 (some type of Fourier Series), eigenfunction

expansions of f(r) in real powers of r lead to extremely ill-conditioned problems [56). [ 3

2.3.3.1 Renormalization, the case f =1

Situations of interest where (2.39) fails abound. We will not attempt to deal with all of them.
Instead we will do an example that illustrates some of the available techniques. Specifically

we consider the example f = r. The parity split in this case yields

Je= % <1/(11/r) e 1/(17“) i) and fo = % (’" - 71~> (2.40)

The aim is now to solve (2.32)) with the boundary conditions in (2.40|). The problem for w,

Uy = l <7‘ — 1) sin 0 (2.41)

K r ) sin®

can be solved by inspection

Notice that this solution is unbounded near » = 0. This singular behavior should be cancelled
by a corresponding singular behavior in ue, to render a final solution that is bounded near
the origin. This suggests that we “renormalize” u, by removing the (now known) unbounded

term near the origin. Thus define:

1 siné 1 rsind
Ue = - — - — 2.42
te = He vikrsin® vk sin®’ (2.42)

where the second subtracted term is to keep @, even with respect to ¢ in (2.28). Then .

satisfies the same problem as u., but with f. replaced by fe, given by:

= 1/1 1 ; 1 /1 1\ 1
fe:(—)rforr<1, and fe:<—>forr>1. (2.43)
K \ 9 V1 R \ V2 vy) r

Note that f. satisfies (2.39). Thus we can write now @ using (2.35) (2.37). Then u follows

from u = ue + (1/v)uy; i.e.: 1} Since f is fairly simple, explicit calculations are possible,

“Note that the case f — casr — 0 or 7 — oo (same constant c) is not a problem, as then we can subtract
u = (¢/®)d from the solution, and reduce the problem to the f — 0 situation.
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which yield the final answer:

i 2(v1—v X in 0/d
(r, ) q;is;lan % n—l( 1)”% mr/q) r < 1. -
u(r,0) = = .
rsing 4 201-va) N pynsinnr0/®) | —nm/o 1
sin® > (=1 a2/ 21" r> 1.

Figure shows the heat map from for a particular choices of parameters. The
solution vanishes as r — 0. For large r, the contribution from the infinite sum goes to zero,
so that u grows linearly in r. Further: at the interface r = 1, the infinite series satisfies
the continuity condition term-by-term. On the other hand, the fluxes at » = 1 — dr and

r =1+ dr, formally given by

V1‘Sin9 + 2v1 (v1—v2) Z (_1)n sin(nw6/®) (’I’LT{'/(I)), r—=1-— d'l“,

sin vt n2r2/d2—1
vOpu(r,0)|r—1 = i~ (2.45)
Vg sin - i 0/
o+ P S G R (e ®), r =L dr
n—=

are not equal term-by-term. This is related to the fact that convergence is absolute for

(2.44)), and conditional for (2.45)). In fact (2.45) makes sense only in the L? sense, as the
(22 y

r — 1 limit of the corresponding expressions for » # 1 (which converge absolutely). In
§ [2.3.3.2] we will show how to take these limits properly.

In the rest of this subsection we sketch the steps leading to (2.44)).
The first step is to calculate the Fourier Transform of fe, using 1)

2 1

() = gy | cos(0€) Flrde =

27 sinh _

gy | el 0

2msinh(a®) J_

where £ = log(r), and we use that f sin(af) fe( )d¢ = 0 because fo is even with respect
to €. Hence

; _ (/e —1/1y) . (/v —1/v1) [ ,
fela) = 2n7 sinh(ad) /_OO exp(ia + §)d€ + m/o exp(iag — §)d¢
(/e —1/1) ( 1 N 1 )  (L/ve—1/v1) < 1 >
~ 2kmsinh(a®) \1+ia 1—ia)  wrsinh(a®) \ 1+ a2
Then, using ,
(/e —1/vy) [ sinh(af) cos(ag) ,  (1/vp —1/vy) [°° sinh(af) exp(iag)
te = R /,Oo sinh(a®) 1+ «a? da = KT /oo sinh(a®) 1+ a? da,

where we once again the second equality exploits of the imaginary part of the integrand

in the last integrand. This last expression can be transformed into a series using standard

32



residue calculations, which yield

. X gin nml p—nm/®
(1/va—1/v1) ( sin 0 +% Z S ( [ Z (_1)n>’ for r < 1.

K rsin ¢ | n272T 1 ( )
e = =l e 2.46
. : nm nw/®
1 —1 sin T
( /V2n o (TSiSrlln(I)g "’% > (,;;,2)1(—1)"> , for r > 1.
n= P2

Finally, using this expression, (2.42)), (2.41)), and ({2.6)), we obtain (2.44]).

2.3.3.2 Series Acceleration and Singularity Extraction

For r = 1 the infinite series in converge (absolutely) like O(1/n?), which is not too bad,
but not great eitherﬂ However, the series for the fluxes in converges conditionally,
with terms decaying like 1/n. Attempting a direct summation of these series leads to a
Gibbs’ phenomena, with spurious oscillations and lack of convergence in the L*° norm —
this is illustrated in Figure which also shows that the L? convergence is sublinear. The
reason behind this bad behavior is the triple-line singularity in the solution at (r,6) = (1, ®).
Since quantities like the fluxes across the interface are often the ones of primary physical
interest, this situation is not very satisfactory, and we need to accelerate the convergence of
these series. As an added benefit this will also serve to elucidate the nature of the triple-line
singularity in the solution.

To accelerate the convergence we substitute

1 1 1
n2w2/®2 —1  n2g2/P2 + (n2mw2/®2)(n?m2/P2 — 1)

into ([2.44)). After some cumbersome, but straightforward, manipulations this results in

u(r,0) =

. 2 _ . . _ oo _1\n
g+ L Ly (o) + 2 (5 et e )

for r <1,

ing |, 202(i—w) 1. 1 in0/dy |, 2n—1) [ o= (=1)"sin(nm0/®)  _pr/d
Tsisrl1n<1> + 7r2(V11+V22) Liy (_Feﬂr/ )+ 1/11+u22 (ngl (n27r2/<1>2§(n27:r7;/<1>2—1)r o/ )

(2.47)

for r > 1,

\

SFor 7 # 1 the convergence is geometrical, and much better.
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and

voru(r,0)|r=1 =

sin @ w(vit+v2) vi+va nw/®)(n2n2/P2—-1)

p
V1 sin + 2V1<I>(1/17u2)LZ.1 (_eiﬂ-g/(p) + 2v1 (v1—v2) <§ ((71)n sin(nwf/P)n )

n=1

for r <1,
(2.48)

Vo sin 0 209P(v1—12) 1 - im0 /D 2v2(v1—12) — (—=1)"sin(nm6/P)
Sifl@ + 73(1/1—}{1/2)2 Liy (—6 / )+ 21/141rl/22 (Z (n7r/<1>)(n27r2/<1>21)>

n=1

for r > 1.

Here we have introduced the polylogarithm functions of order s = 1 and s = 2, defined by:

Lis(¢) =) % (2.49)
n=1

The computation of polylogarithm functions is optimally implemented in standard software
packages, such as: MATLAB, Mathematica, and Python.

The series in converge absolutely, even for 7 = 1 — with n-th terms O(n~%)
and O(n=3). Figure (c-d) illustrates the point, showing no spurious oscillation. Even
with just 1 term, the overall accuracy increases to 3 digits, as shown in panel (c). Further-

more, now the L? error is O(N~3), while the L error is O(N~2).

2.4 The Poisson Equation with Nonzero Jumps at Interfaces

Here we show how to use the parity method, used to solve ([2.4)), to the Poisson equation with
a non-zero source. We also show how to solve problems with a nonzero jump in the solution
at the interface; and a nonzero added flux across the interface. As before, we assume the

existence of a symmetry function g for the domain Q with the interface I'.
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2.4.1 Solving the Poisson Equation

Adding a source function, h(z), to (2.4), we would like to solve the following equation

Au = h, in
u=f, on 02
(2.50)
[u]lr =0
[vVu-n]lr =0

We follow the procedure laid out in Section [2.2] by first performing the parity splits of
boundary data as in Equation (2.7) and (2.8). In addition, we also perform a parity split

on the source function, h, as

1
(V@@))h(x) + )h(g(x))> (2.51)

(h(z) = h(g(2))) (2.52)

Following the arguments in 1) we can deduce that h. + %ho = h. Then we end up with
two slightly modified sub-problems compared with (2.9):

Aue = he, in Q

U= fe, on 0f)
(2.53)
Au, = hy, in Q
u = fo, on 0f)
As before, the solution to Equation (2.50) can be assembled as
1
U= Ue + o (2.54)

A line of arguments similar to those in Section can be pursued to show that solves
(2.50). First, we show that Au = h on 7 and Qs: over 1, we have that Au = Au. +
V—llAuo = he+y—11ho = h; over 21, we have that Au = Aue—i-y—leuo = he—i—y—lzho = h. Secondly,
we see that u = f on 0f) as per the arguments in (2.13]). Thirdly, the same arguments in

Equation (2.10) - (2.12)) would apply to render that [u]|r = 0 and [vVu - 7n)|r = 0.
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2.4.2 A Nonzero Jump in Solution at Interface

We are now interested in solving Equation (2.4) with a nonzero flux b across the internal
interface I'

;

Au =0, in
u = f, on 0}
(2.55)
[ulr = b
[VV’U, . ﬁ”r =0

\

To solve ([2.55)), we recall that the solution to a non-homogeneous problem can be de-
composed into the sum of the homogeneous solution and a particular solution. Hence, we

let u = u® 4 uP, where u” satisfies Equation (2.4) and u” satisfies the equation below

AuP =0, in Q
uP = 0, on 0f)
(2.56)
[uP]lr = b
[vVuP -n]lr =0

To solve Equation ([2.56)), we will once again transform the equation into two sub-problems.
From that, we will show that the solution to one sub-problem can be used to construct the
solution to the other sub-problem. We let v} and u} be the solution to Equation (2.56) in

Q7 and €)o, respectively. We let 0€2; and 9€2s be the exterior boundaries of the sub-domains
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Q0 and Q9. Then uf and u} satisfy the following system of equations

Aulf = 0, in Ql
uff =0, on 0y (2.57)
P __ 1%
\U1 V1+2V2 , onl
(
Aub =0, in Q9
ub =0, on 0 (2.58)
ub = —Vl'jrlw b, onT
vVuP-n] =0, on T (2.59)
Note that [u?] = v} —uh = b on I, in agreement with the interface solution jump in

Equation (2.56)). On the first glance, the conditions imposed by Equations (2.57)-(2.59) are
quite strict, as (2.59)) over-determines the sub-problems in (2.57)) and (2.58). However, we

show that the solutions can be constructed using the symmetry function.

First we proceed to solve Equation , which is a stand-alone Laplace equation with
Dirichlet boundary conditions, whose solution can be obtained using a standard method
(e.g.: an analytical method such as separation of variables). Having obtained u}, we claim

that

ub(z) = — 2 (g(x)) (2.60)

vy

We shall demonstrate that Equation (2.60)) satisfies (2.58) and (2.59). First since u} is

harmonic and g preserves the Laplace equation, u} is also harmonic. Second, to show that

ub = 0 on 9y, we recall a key property of g: g(Q2) = Q1. Thus g(93) = 99;. Hence, if

x € 0, then g(x) € 9, and therefore uf(r)|rea0, = —2uf(9(r))lg)can, = 0. Third,
to see that u) = —Vl’:le b, we use another property of the symmetry function: g(z) = =
for x € T. Hence if z € T, v} = Ul’jfUQb, and hence ub(x) = —Z—;Vl’jfwb = —Ul’jrluzb, as

expected. Finally, to show that (2.59) holds, we compute that [vVu? - 7]|p = v1Vul(x) -

ir + vt Vui(g(z)) - ir = 0, where we use the fact that

Vil (g()) - ilr = V() - e (2.61)
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Here is the proof of Equation (2.61]

Proof. let A be the Jacobian of g and realize that it is sufficient to prove An|r = —n. This
is because by the chain rule, Vui(g(z)) = Vg ui(g)A (here gradient can be interpreted as
a row vector). To show that An|p = —n, we pursue the following argument: first, because
g is conformal, the Jacobian A would preserve angles, which means that if ¢ represents a
tangent unit vector at I', then A# is orthogonal to Af. Next we shall use two facts that
we will show later: (a) Af = # and (b) over I', A? =identity matrix. Because of (a), Af is
also orthogonal to £, which implies that An is proportional to 7. Secondly, because of (b),
An|p = £n. The fact that g has to map the sub-domain from one side of T to the other
rules out the possibility that An|p = 4+n, forcing An|p = —n.

Lastly, to prove (a), let z(s) be any arbitrary curve on I". Then g(z(s)) = z(s). Hence
% = 2/(s), which renders any tangent unit vector invariant under the Jacobian matrix
multiplication. To prove (b), we know for a fact that A(g(z))A(z) =identity matrix, for all

z € . Now choose z € I and we know that g(z) = z. This complete the proof. O

2.4.3 A Nonzero Flux at Interface

A nonzero flux at the interface can arise in a number of physical scenarios, such as latent
heat for evaporation. Mathematically, a nonzero term, w, will be added to the flux condition

in Equation (2.4)) to render:

Au =0, in
u=f, on 0}
(2.62)
[u]lr =0
[vVu-dllp =w
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As before, we let u = u"+uP, where u” is the solution to (2.4) and the particular solution

uP satisfies the following problem

AuP =0, in
uP = 0, on 0f)
(2.63)
[uP]lr =0
[vVuP - n]lr = w

Similar to the previous section, we let v} and u} be the solution to Equation (2.63)) in £, and
s, respectively, with 9Q and 9 as the exterior boundaries of the sub-domains. Then u}

and u} can be decomposed into the following two coupled sub-problems:

Al =0, in
uf! =0, on 0§ (2.64)
vullj ) ﬁ, onT
Aub =0, in 2o
ub =0, on 082 (2.65)
kVug-ﬁ:—Vlu’TVQ, on I
uf =ub, on T (2.66)

To solve this over-determined coupled system of equations, we first solve Equation ,
which on its own is a Laplace equation with a Robin boundary condition. Having obtained
uf, we claim that u5(z) = u(g(z)). To see that this construction of ub(x) satisfies
and ([2.66|), we pursue a similar line of arguments as before. First since uf is harmonic and g
is Laplace preserving, u} is also harmonic. Second, to show that u = 0 on 9§22, we note that

g(0) = 0, thus if x € 8y, then g(x) € 904, whence ub(z)|zco0, = uﬁ"(g(m))\g(w)eagl =

w
vitv2

invoke Equation (2.61)). Finally, to show Equation (2.66|), we simply note that g(z) = x for
zel.

0. Third, to see that the normal derivative of u} is —

at the interface, we just have to
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2.5 On the Symmetry Function g

Recall from Section that a symmetry function enables the use of the PSM in interfacial
problems by mapping the two sub-domains onto each other, while preserving a Laplace
equation. In this section, we shall give a mathematically more detailed framework for
symmetry functions. The key questions we would like to address in this section are: (1)
under what condition does a mapping preserve the Laplace equation? and (2) what are the
possible geometries for which a symmetry function exists, and thereby where the PSM can

be applied?

2.5.1 Laplace-Preserving Transformation

Question (1) can be first addressed in the generic setting. Mathematically (1) can be phrased
as the following: if we let Z — {: g(x) : X = Zfor X,E C R? be given. If u(£) is harmonic

in E, what are the restrictions on g such that v = v(z) = u(g(z)) is also harmonic?

We claim that the following conditions are necessary and sufficient (2.67)

1. Each of the Cartesian coordinate of g = {g4} is harmonic

2. Let A = A(z) be the Jacobian of g. Then there exists a scalar function r = r(z) > 0

such that A = rO where O is an orthogonal matrix.
The proof of Claim (2.67)) is the following

Proof. First Item 1 is necessary. For any constants {u,}, u = ) u,&, is harmonic. Hence,
v =) Upgy is harmonic.

Secondly Item 2 is necessary. Let H = Hy, be a constant and arbitrary symmetric
matrix with zero trace. Then u = f_THg is harmonic. Then v = §THG = 3 gnHpmgm is
harmonic. Thus, using Item I, we get that 0 = Av =T'r (QATH A). But since H is arbitrary,
we can take Hyy, = 0npOmg + OngOmp, Where p # ¢ and 0;; is the Kronecker delta. This yields
0=> A, Ay, that is the rows of A are orthogonal. Next we take Hym = 0npOmp — OngOmp,
Wheré p # q. This then yields 0 = >~ A, Ay — Ay Ag, that is the rows of A all have the
same length. Let this length be r = rl(if).

Thirdly, Item 1 and 2 are sufficient, which can be shown via direct computation:
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® Uiy = Ul;nGn;m, Where the index before the semicolon indicates a vector Cartesian
component and the indices after the semicolon indicate partial derivatives. Here we

also use the Einstein’s summation notation
o Av= Vnm = UlmnpGnimGp;m + UlnGnmm = Ul;npAnmApm =TUl;pn = rAu

Here for the third equality we use Item 1 and the definition of A. For the fourth equality

we use Item 2 O

2.5.2 Symmetry Functions in 2D

We claim that has several significant implications for the symmetry functions in 2D.
In R?, we can use the language of complex analysis and write z = = + iy and g = u + iv.
We denote the complex conjugate of z as z = & — 4y. Then Item 1 of the Claim ([2.67)
implies that © and v are harmonic, while Item 2 of the Claim implies that either Vv = iVu
(Cauchy-Riemann condition) or Vv = —iVu. It follows that in 2D, the functions that
preserve the Laplace equation take the form g(z) = f(2) or g(z) = f(z), where f is analytic.
Note that the two forms of f(z) and f(Z) cannot coexist in a connected set. Otherwise, it
would require the determinant of A in Item 2 of Claim to vanish across the boundary
between the regions of validity of each form. But an analytic function with a dense set of
vanishing derivatives is identically zero. Finally, recall that as mentioned in Section 2.2] a
symmetry function g maps one side of the interface I' to the other side and must satisfy
g(z) = z, for any z € T'. Therefore, a symmetry function cannot take the analytic form
g(z) = f(z), or else g = z and it would not be able to map the sub-domains from one side

of T" to the other. Hence, only the “anti-analytic” form of g = f(z) is allowed.

2.5.2.1 Admissible 2D Interfaces

Having found the general form of the Laplace preserving symmetry function, we would
like to leverage these functions to characterize the geometries of sub-domains and the shapes
of interfaces I'. The first attempt is enabled by the Riemann mapping theorem, which
dictates that any open, connected subset of the complex plane and the unit disk can be
mapped onto each other. Therefore, the strategy is to trace the mapping of the real axis
from the unit disk to the open subset. Let €2 be an open and connected subset in C. Then

by the Riemann mapping theorem, there exists a bijective mapping h that maps the unit

41



disk in C to Q. Let h~! denote the inverse transformation. Then an appropriate symmetry

function would be

g(z) = h (h—l(z)) (2.68)

This symmetry function would trace an interface I" given by h(s) in 2, where —1 < s < 1.
In doing so, we would be able to collapse any interfacial problem over €} with the interface
I" to the problem of a 2D sphere in Section [2.3.1]

A powerful theoretical statement nonetheless, the Riemann mapping theorem does not
give a recipe for finding the mapping function h for a general domain 2. To demonstrate the
family of internal boundaries I" traced by Equation , we shall work with the domain
of 2 = the unit disk in C where the mapping function i between the unit disk and itself is
known to take the form of ([53])

h(z) =e? 22 2,
() = 22 (269
where 6 is a real number and |o| < 1. The the family of I" can be described as
the intersection with the unit disk of the family of circles with radius ( )
2.70

R= yg — 1 centered at — tyg, wherel < yg < o0

The proof of Claim ([2.70]) goes as follows

Proof. The prefactor € in Equation represents a rotation and can be reset to 6 = 0.
In this way, we can write w = = + ¢y and a = a + ¢b. Here we assume that b # 0 since
otherwise, h(s) = (s —a)/(1 — as), which makes I" the diagonal [—1, 1].

Following the properties of bilinear mappings, we know that I' is the intersection of
circles. To locate the exact traces of circles for the mapping, we first note that since I' is
wta

we can write s = h~H(w) = 1T Which enables us to write

s—a
l1—as?

given by w = xz + iy =
s =h~Y(z +iy) and so
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rz+iy+ «
S = ——————<
1+ a(x +iy)
_ BAi(b+ 2abz + (1+ 5 — )y + b(a? + %))
P

(2.71)

(2.72)

where p = |1+ a(z +4y)|? and 8 = (z + a)(1 + az + by) + (y + b)(ay — bz). Since s is real,

the equation of the circles must be

b+ 2abx + (1+0* — a®)y + b(z* + %) =0 (2.73)
1402 —a2\>  (1—a®—b?)?
2 —
(x+a)*+ <y+ 5 ) = e (2.74)

This is a circle of radius R = l_gfm_bz centered at Top = —a and §o = —(1+b% —a)/(2b). It

is now easy to check that R + 1 = JE% + gjg. hence, if we define yg = \/:cg + y% =+VR? -1,
the circle can be rotated into the form in Equation (2.70) by an appropriate choice of 6
in Equation (2.69). The range of 1 < yp < oo follows because 0 < R < oo, with infinity

corresponding to b =0 O

Figure [B-7] visualizes the family of the I'—curves as controlled by the parameter yp.

2.5.2.2 Symmetry Functions in 3D

The conditions for functions that preserve the Laplace equations are known to be extremely
restrictive for d > 2. There are not a lot of examples of maps that satisfy them, such as the
example in Section 2.3.2] Thus in its present form the parity transformation method is of

limited use in dimensions higher than 2.

2.6 Conclusion

In this chapter we introduced the Parity Split Method (PSM), an analytical method for
tackling elliptic PDE over domains with an internal interface, endowed with a symmetry
function ¢g. In these situations the PSM replaces original problem by (simpler and less
singular) sub-problems with no interface, which can be solved using standard techniques. In

particular, for some geometries, separation of variables can be used.
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Note that: (i) In general, when an internal interface meets the boundary of a domain, the
solutions have singularities “triple-point singularities”. The PSM gives a road for (analyti-
cally) untangle the nature of these singularities. (ii) The solutions to the PMS sub-problems
are symmetric (odd and even) relative to the symmetry function. This is an automatic
consequence of the PSM. However, when separation of variables is possible, whether or not
the PMS gives rise to “eigenmodes” for the original problem depends on the eigenmodes for
the problems without an interface splitting into odd and even. This may not happen, but
the PMS still works.

The method was first illustrated using the Laplace equation, with homogeneous jump
conditions at the interface, over several domains: disk (2D), sphere (3D), and wedge (2D).
Analytical solutions and novel eigenmode expansions resulted in each case. Next the PSM
was used to solve the Poisson equation, including sources at the interface’s jump conditions.
Finally the conditions under which a symmetry function exists were explored, including
which types of sets admit them.

As a final point: the PSM can be applied to elliptic PDE other than Laplace or Poisson.

For example the biharmonic equation and the Stokes flow equations — see Chapter [4
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Chapter 3

Evaporation in a V-shaped Channel

with Arbitrary Thermal Driving

3.1 Problem Statement and Mathematical Model

We consider a V-shaped channel of length I~/l, side depth I~/w, and opening angle & — see
Figure [B-8al Heat is applied to the channel through the sides, with the temperature on
the two sides prescribed and uniform along the channel length L;. The bottom V-tip of the
channel is at temperature T, while the far-field temperature is a constant, T5,. A liquid of
density p; and heat diffusivity v fills the channel up to a height a. The liquid undergoes
quasi-static evaporation to the vapor region above with density po, heat diffusivity o, and
vapor diffusivity D. At the liquid-vapor interface, we assume that the vapor concentration
is at saturation, and approximate the saturation concentration as a linear function of the
temperature Csat = Csat(T ). In the far field, we assume that the vapor concentration
reaches the value HCy,, where 0 < H < 1 is the relative ambient humidity and Cy, =
Csat(Two). Furthermore, we assume that the contact angle for the liquid-vapor interface with
the wedge sides is 90° (half way between the hydrophobic and hydrophilic states). Then, in
the small scale limit, this last assumption and surface tension allows us to approximate the
interface as a cylindrical and centered at the tip of the wedge. Finally, we assume Ly > Ly,
which (together with the prescribed uniform temperature along the channel length) allows

us to reduce the problem to a two-dimensional wedge — see Figure

! Assume temperature variations throughout the device small enough to justify this approximation.
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The objective is to compute the temperature, T, throughout the device, as well as the
vapor concentration, C. With these functions we can then obtain other quantities of interest,

such as the vapor flux through the interface and the evaporative lifetime for the liquid.

3.1.1 Imposing Conditions at “Infinity” in 2D

Far field conditions for the Laplace equation are reasonable for many 3D problems. However,
in 2D one needs to exercise care when imposing conditions at “infinity”, so as to avoid “Stokes
paradox” like situations. To this end, we extend the sides of the triangular domain beyond
the length Ly, so as to obtain an infinite wedge. Then we convert the far-field conditions
for the temperature and concentration into boundary conditions along the extended edges

of the wedge.

3.1.2 Mathematical Model

We now formalize the problem mathematically. Let (Z,y) denote Cartesian coordinates,
with origin at the wedge tip, and the z-positive axis along the right edge of the wedge. Let
(7, 9~) be the corresponding polar coordinates. Then the wedge is represented by the domain
Q={(7,0)|0<6<d} — see Figure . The set €2, in turn, is split by an interface at
7 = a, where 7 < a (resp. 7 > a) is the region occupied by the liquid (resp. vapor).

The temperature is given, T = Tb(r), along the boundaries, § = 0, ®. Throughout this
chapter we consider two types of temperature profiles along the sides: constant and linearly
decreasing. While the constant temperature takes the form of Ty(r) = Th, the linearly
decreasing profile, T, = Ty, is given by

Ty(7) = fTOjiTOOF + Ty for # < L, and Ty(F) =Ts for 7> L. (3.1)

w

This, effectively, translates the far-field conditions for the temperature, to conditions along
the boundary. Similarly, for the concentration C' we impose mixed boundary condition
along 0 = 0, ®. Specifically: for 7 < L., C we impose a no-flux boundary condition,
% = 0 (no penetration along the solid boundaries of the wedge). On the other hand, for
> Ew, we impose the Dirichlet condition C=H C+ — the concentration reaches the

humidity-adjusted saturation level above the solid edge of the wedge.

At the interface ¥ = @, we impose continuity in both the temperature and heat ﬂuxﬂ

2Heat flux continuity means: neglect the latent heat of evaporation; consistent with slow evaporation.
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Furthermore, we assume that the concentration at the interface has the saturation level

corresponding to the temperature there. That is:

~ 7 - dCsa '
Cliea(T) = Coar(T) = —= L (T — Too) + Cso, (3.2)

where (as explained earlier) we linearize Cyqy.
Finally, we consider only (slow) quasi-static evaporation, so that both temperature and
concentration can be approximated as as satisfying the Laplace equation. Let A denote the

(dimensional) Laplace operator in 2D. Then the mathematical problem to be solved is:

AT =0 in Q, AC =0 for 7> a,

T=Ty") on6=0 |2 =0 on §=0,; 7 < Ly, 53
Tlocgr = Tlream, C = HCuu(Ts), on 0=0,®; 7> Ly,

103 T|regr = 1205 Tlism C =%ty (T-Tx)+Co on 7=a.

\
3.1.3 Non-Dimensionalization

We non-dimensionalize as follows: lengths using ag, the initial radius of the liquid interface;
temperature using 7Ly, where np = (Ty — Tao)/ Ly is the thermal gradient parameter
concentration using the characteristic concentration C, = Cyqt(Tp) — HCno; and time using a
characteristic lifetime for the droplet t. = a2 p1/(Coo D)E| Thus we define the adimensional
quantities: droplet size a, wedge side length L,,, temperature T, concentration C, lifetime

t, cartesian coordinates (z, y), and polar coordinates (r, 6), via the formulas:

a=aag, Ly=Lyag, (% §)=(& §)ao, 7=rao, (3.4)
T =07 Ly T + Tw, (3.5)
C=C.C+ HCy, (3.6)
t=t.t (3.7)

3Note that the thermal gradient is “easy” to control in an experiment: change Tro.
4Note that our 2D “droplet” is actually an elongated bead of liquid.
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Then the governing equations (3.3) take the dimensionless form:

AT =0 in €, AC=0 for r > a,
T = Ty(r) on 0 =0, P, %:0 on 0 =0,D; r<L,,

(3.8)
T|pear = T)peq-, C=0 on 0 =0, D; r> Ly,
k(97~T|T:a+:Z—f&nﬂr:a_, C=pT+~y onr=a,

where f = %‘Tw% and v =
c

C‘X’_CA. For the constant temperature b.c. case,
c

Ty(r) = 0, while the linearly decreasing profile T, = Ty(r) becomes

—i?ﬂ— 1 for r < Ly.
Tu(r) = (3.9)

0 for r > Ly,.

3.1.4 Justification of the Quasi-static Approximation

Equation , and its adimensional counterpart , result from a quasi-static approxima-
tion for the temperature and concentration problems. This approximation makes sense only
if the lifetime of the droplet is much larger than the typical relaxation time to equilibrium
for the temperature and concentration. Furthermore (to compute an accurate lifetime), it
must be that during the time it takes the mass diffusion to reach steady state, the mass loss
is small compared with the total mass of the liquid. Calculations showing when these two
conditions are satisfied can be found in Appendix [D] Note that some of these calculations

borrow from the methods introduced in the later sections of this chapter.

3.2 Solution via the PSM and Complex Analysis

Our aim is to provide a completely analytical approach to solving . To do so we
first solve for the temperature, which does not depend on the concentration. We consider
two cases: constant and linearly decreasing temperature along the boundaries — see .
While the constant temperature case has the trivial solution 7' = OEI the linearly decreasing
b.c. requires using the Parity Split Method (PSM), introduced in Chapter [2| Once this is
done we can use the thus computed value of the temperature at the interface to solve for

the concentration — which requires the use of several complex variable arguments (one of

5Note that the concentration is not trivial in this case.
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which, as far as we know, is novel).

3.2.1 Temperature PROBLEM with Linearly Decreasing B.C.

The aim here is to solve the temperature problem in (3.8]), with the b.c. in (3.9). Specifically:

AT =0 in €, Tt =T|peg-»
(3.10)
T =T4(r) on =0, P, O T |pegr = %8TT|7":(1*‘
To solve this problem, we first solve the following auxiliary problem
Av =0 in Q,
v|7":a+ = U|r:a—a
v =0 on 6 =0, (3.11)
a7"v|7‘:a+ = %arvlrza* :
v =Ty(r) on =0,
Then
T(r,0)=v(r, 0)+v(r, ®—0) (3.12)
Next we rescale lengths in (3.11)), using a. This yields the modified problem
Av, =0 in ,
Valr=1+ = valp=1-,
Vg, =0 on 6 = O7 (313)
Orvalp=1+ = l,%arva’r:l—a
Vq :Td(’l”) on 6 =0,
where
v(r, 0) = v4(r/a, 0). (3.14)

Below we solve (3.13)) using the Parity Split Method developed in Chapter

3.2.1.1 The Parity Split Method (PSM)

The PSM splits a problem like , with an internal boundary, into sub-problems with-
out it. Once the internal boundary is eliminated, standard analytical methodsﬂ (such as
separation of variables) can be applied to obtain the solutions to the sub-problems. In this
section, we shall follow the PSM provided in Chapter [2| to solve .

First, using the symmetry function r — %, we perform the parity split of the boundary

5Here we concentrate on analytical solutions, but the sub-problems could also be solved numerically.
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data, Ty(r), into even and odd functions

Tae = (a1 /r)Tafr) + u(r)Ta(1/7)) (315)
Tuo =~ (Talr) ~ Ta(1/r)) (3.16)
where k and p(r) are defined as
k=1+ a (3.17)
1)

1, r<1
u(r) = (3.18)

“20or>1

Note that T, and T, are even and odd, respectively, relative to the symmetry function.

Next we define the following sub-problems in vg and v,

Avge =0, in Q Avg,, =0, in Q
Va,e = 0, onf=0; Va0 = 0, on =0 (319)

Vae =Tge(r), onf =2 |vgo="Tyo(r), on6=>e

Note that the sub-problems have no internal boundary conditions. From here, we can

write v, as
Vg = Vg,e + p(7) Va0 (3.20)

The PSM claims that v, defined in Equation satisfies exactly Equation ,
including both the internal conditions at r = a and external boundary conditions at § = 0, ®.

To solve the sub-problems in Equation , we again refer to Section of Chapter
and use the recommended spectral eigenfunctions: sinh(af), sin(alogr), and cos(alogr),
where —oo < a < oo. We observe only sinh(a#) is needed because of the zero boundary
condition at # = 0. Also, note that sin(alogr) and cos(alogr) are odd and even, respec-
tively, relative to the symmetry function r — % We shall use the two functions according to

the parity of the boundary conditions. We are now ready to write the solutions to Equation
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Vae :/ cos(alogr) sinh(af) v, (o) da (3.21)
Ve — / sin(a log r) sinh(a8) g0 (a)da (3.22)

where 9, and 94, can be formally computed by the corresponding boundary data T . and

Ty, using Fourier transform with respect to the variable logr

1 o0
bge=—— log 1) Ty.o (r)d(1 5
v, 27 sinh(a®) /_OO cos(alogr)Tye(r)d(logr) (3.23)
1 o0
o= grsmiady | SO 10BN Tuo(r)d(log ) (320

Notice that we say formally because Equation (3.23) and (3.24]) would make sense if and

only if Ty . and T}, are integrable with respect to logr. As a matter of fact, Ty . and Ty,
defined in Equation (3.15)) are not log r—integrable. Therefore, to make sense of Equation
and , we would need to go back to the sub-problems and massage the
boundary conditions in order to ‘“renormalize” the integrals in and . We shall
borrow the renormalization techniques in Section for this problem.

First we solve for the odd sub-problem and begin by explicitly writing out Ty ,(r) using
the expression for Ty in Equation

Ty =+ (Talr) = Ta(1/1) (3.25)
—ﬁr—l—l, if 0<r <Lyt
=l e, (3.26)
\ﬁ% -1 if > Ly
—ﬁes%—l, if —oo<s< —log(Ly)
= % —i@s + ie*S if —logL < s <log(Ly) (3.27)
\ie‘s -1 if s > log(Ly)

where s = log(r). We notice that as |s| — oo, |T;;9| — 1. Hence, to remove this infinity, we
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define a new function w(r, ) that satisfies

Aw =0 (3.28)

0=0:w=0 (3:29)
-1, fo<r<Lp!

=d:iw=— 0, ifLy' <r <Ly, (3.30)

1, if > Ly,

Then vy, can be re-written a&ﬂ

Va0 = Vg0 — W (3.31)
where v, satisfies
Abigo =0 (3.32)
0=0:7,0=0 (3.33)
-, if0<r <Lyt
9=¢:%pzﬁp=% —rt ey WL <r < Ly (3.34)
Llw% if v > Ly,
'—ﬁes, if —oo<s< —log(Ly)
= % —i@s + i@ﬁg if —log Ly < s <log(Ly) (3.35)
ﬁe‘s if s > log(Ly)

which is integrable with respect to log(r). Hence we proceed to first compute the Fourier

coefficient fja,o of U4, using Equation |j Since sin(alog(r))f a,0 is an even function in

"Please note that here the tilde sign is simply a notation and does not mean that the quantity carries
any units as per an earlier notation. I’ve run out of symbols and letters a long time ago
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the variable s = log(r), we can write

A~ 1 [e/e]
Va0 = ———7—=~ i 1 T d(1 .
fu = s | sinfalog(r) Ty(r)d(og(r) (3.36)
1 log Lq 1 1 o 1
e o - | = s d L s d
7k sinh(a®) (/0 sin(as) ( Lwe + Lwe ) S+/10ng Lwe sm(as)) s
(3.37)
1 log Ly, 1 % 1
- 7k sinh(a®) (/0 sin(as) <_Lwes) ds +/0 L—wefs sin(as)> ds (3.38)
1 log L )
= 7kLy sinh(a®) <_ /0 sin(as)e*ds + /O e’ Sin(a8)> ds (3.39)
The integrals are easy to compute as
/ e *sin(as)ds = Im </ exp((ia — 1)s)ds> (3.40)
0 0
= (3.41)
B 1 —ia :
1+ ia
=Im|——5 42
" (1 + a2) (3.42)
o
= 4
1+ a2 (3.43)

while

log L, log Ly
/ sin(as)e®ds = Im (/ exp((io + 1)3)ds> (3.44)
0 0

1)log L 1

Im exp((icv + 1) log Ly,) _ (3.45)

i+ 1 ior+ 1
Ly exp((ialog Ly,) i —1
g 4
m( i+ 1 +a2+1 (340

_ —aLy cos(alog Ly) + Ly sin(arlog Ly) L@ (3.47)

1 + Oé2 O[2 + 1

Hence incorporating integrals (3.43) and (3.47)), we can write 7,4, as

N 1 log L 00
Vg0 = Loy sinh () (—/0 sin(as)e’ds —|—/0 e’ sin(as)) ds (3.48)

B 1 aLy, cos(alog L) — Ly, sin(alog Ly,)
~ mkLy, sinh(a®) 1+ a?

(3.49)

Having obtained the inverse Fourier transform ﬁa,o, we subsequently use li to compute

o3



Va,o

Va0 = / sin(alog(r)) sinh(af)v,,.(a)da (3.50)
1 * sinh(af) . aLy, cos(alog Ly,) — Ly, sin(alog Ly,)
= A 1
KLy, /_OO sinh(a®) sin(avlog(r)) ( 1+ a? da
(3.51)
= Tpo+ oy (3.52)
where
- 1 *° sinh(af) . aLy, cos(alog Ly,)
1
= 1 d .
(D p—— /_oo Sinh(a®) sin(alog(r)) T a2 o (3.53)
. 1 °° sinh(af) . Ly, sin(alog Ly,)
2 —
Uy o = - /_Oo Sinh(a®) sin(a log(r)) T+ a? do (3.54)

To compute 0, ,, we use the trigonometric identity sinacosb = % (sin(a + b) + sin(a — b))

to write

B 1 ( /°° sinh(a) asin(alog(rLu)) , /"" sinh(af) asin(alog()) da)

00" 21k \ s sinh(a@) 1+a? oo sinh(a®)  1+a?
(3.55)
= U0 + a5 (3.56)
where
1L /oo sinh(af) aexp(ia log(er))da _ 2mi
® 2mik \J_o sinh(a®d) 1+ a2 Ik
. , 00 , ‘ '
Res (Sieay =2 red e, i) + 5 Res (Siiegy o prtted, i)
for rL, >1
: . o _ ' ‘
—Res (:11;11}11((3?) ozexp(11a+1<c>yg2(er))7 —i) _ nzl Res (:11111111:((2;)) aexp(@lciz%(%w))’ —gwr)
for rL, <1,
\
1 sin(9) 1 X (= Lw)™ sin("(I> ) i nr 1
15! rL + rL 5 r> L
_ 1) )( w) ;51 @ ”5,52—1( w) Lu (357)
K 1 sin(9) X (—Dmsin(258) 0 nr 1 :
" 25in(®) Ly — Zl 2 n2%>2_ (T'Lw) e ,r < T
= )
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Here we loop over the upper half plane complex domain for rL,, > 1 and lower for rL,, < 1,
taking into the account that clockwise contour gives a negative sign to the evaluation of

) . ~1,2
residues. Similarly, we can compute 05}, as

poy ()7 SO0 ey ()T
“e 1 sin(0) r s (_1)715“1(”77;9) nm r T L
_isin(q)) Lo ) ngl P2 ";EQ ) Tw , r < Ly

Having computed 773 in Equation |i we move on to compute 6370 in Equation 1)
following a quite similar series of steps. In the end, we get that

~21 | ~2,2
Vg o = Ualo + U3y (3.59)

where

sin(®) 2 d n2zx2 4
~21 __ =1
Ua7o = E ~ n ( ) ( . )%’2 (360)
sin(0) T —D"sin(257) (1o
@) - T 2 3 nZx? ] 7 < Ly
n=1 »2
sin(0) i, ()" sin("F%) (rLw)” % 1
1 | s 25 T > 3 w22 0 T I,
~2.2 — n=1 2 (3 61)
Va0 K| sin(9) rL, o (=D"sin("F%) (rL,) " 1 -
sin(®) 2 + Zl [ n2g2 _1 "< T,
n= P

The last ingredients to compute v, , in the odd sub-problem is to solve for w in Equation
(13.28]). To do so, we first perform a change of variable from 6 to ® — 6, so tat the equation
would look like

Aw =0 (3.62)
f=3:w=0 (3.63)
-1, ifo<r<Lj!
9—0¢w—% 0, ifL;'<r<Ly (3.64)
1, if r> L,
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Next we apply the conformal transformation

¢=0+i¢ (3.65)

= exp (g log (7‘6%)) (3.66)
so that the equation would satisfy

Aw =0 (3.67)

07 1f<l<07€2:0

1 -1, to<a <Ly =0
w=~ (3.68)
KR . -7 T
0, L7 < <L =0
1,  ifG>LyY% =0
The solution is well known to be
1 1 ar 4l — LT/
w(<1’<2) _ - _ = g(Cl CQ )
A . (3.69)
 larg(G i — LT7) L Larg(Gr +iG)
K T K T

where the arg is defined over the branch [—m/2,37/2]. But since # would only range from 0
to @, the argument would lie within [0, 7]. Hence, we could replace the argument function
with Arg that uses the principal branch (—m, 7). Upon changing the angle back § — ® — 0,
we can simplify the expression into

g Arg (—r% exp (—%) — L%) — Arg <—r% exp (—%) — Lw%

0)— 22 _
w(r,6) P KT

) (3.70)

With all the right ingredients for v, ,, we now work towards solving for v, . in the even
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problem in Equation (3.19). First we write down explicitly the boundary condition T,

Ty = - (p(1/r)Talr) + plr)Tal1 /7)) (371)
(—%es + vy /v, s < —log(Ly)
1 —%es—i-ul/yz—ﬁe_s—i—l, —log(Ly) <s<0 (3.72)
: —ie“’#—l—%e*—i—m/uz 0 < s <log(Ly) |
\—VlL—/wVQe_S + vy /v, s > log(Ly)

where s = logr. The problem again occurs at log(r) = +00. To counteract the issue, we

shall subtract out the constants from the boundary conditions of v, via defining 7, that

3 vi/va 6
Va,e = Va,e — 1/{52@ o
Then 7, satisfies
Az — 0 (3.74)
05— (3.75)
.
_un, r< 4
1/1/1/2 1 1 1
_ 1 — r— v+ ]-7 I, <r<l
9 _ (P : /ﬁe _ Td’e _ 2 Lw Lw T Lw (376)
: —i,wl—”ﬂf%v L<r<lu
_%:2%7 T > Ly
_%es’ 5 < —log(Luy)
vi/ve s 1 ,—s
1 — = 2> — —¢ +17 _IOg(L ) <s<0
1 To To v (3.77)
K _ies_%eﬂ-u, 0 < s <log(Luy)
_iwuze—s7 s > IOg(Lw)

where s = logr as before. Using equation (3.21]), we can write the Fourier coefficient of

as
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1

Uq

€7 o sinh(a®)

| costatog(r))Ta. . 0)d(1og(r)

—00

1 log Lu 1 s 1/1/1/2 s
_ ~ e 5 11)d
s sinh(ad) /0 COS(as)( 7 > s

1
4

k7 sinh(a®)

/ cos(as) <—V1/V2€S> ds
log Ly, Lw

1 log Ly, 1 p
S et 1
mrsinh(oz(I))/O COS(aS)( Lw6 + ) N

1 o vi/va _
- - P2 =5 a
* KT sinh(aCI))/O cos(as) ( L, c ) °

—1

1

log Ly, log L
- ‘ds + —————— d
K7 Ly, sinh(a®) /0 cos(as)e’ds + rm sinh(a®) /0 cos(as)ds

1

rmsinh(a®)

n/vs / cos(as)e *ds
0

Ly

We now compute the three integrals

log Ly, log L,
/ e’ cos(as)ds = Re </ exp((1+ ia)s)ds)
0 0

0

_ Re <exp((1 +ia) l.og Ly) — 1)
1+

1

[ Lycos(alog Ly) + Lyasin(alog Ly,)
B 1+ o?

log Ly, : log L
/ cos(as)ds = 2108 Lw)

(0}

/OOO cos(as)e *ds = Re </OOO exp((ia — 1)5)ds>

1
= —he <ia - 1>

o8

C14+a2

)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)
(3.83)
(3.84)
(3.85)
(3.86)

(3.87)

(3.88)



_— -1 cos(alog Ly,) + asin(alog Ly,) 1
Yae = Ln sinh(a®) < 1+ a? 14 a2>
1 sin(alog Ly,) v /vo 1
= sinh(a®) a kL sinh(a®) 1 + a2

B -1 cos(alog Ly,) + asin(alog Ly,)
~ kmsinh(a®) < 1+ a? )

1 sin(alog Ly,) 1—uv1/vo 1
. sinh(a®) e KT Ly sinh(a®) 1 + a?

Now, we can use equation (3.22) to write the solution 7, as

Vge = /OO cos(alog(r)) sinh(af), (o) da

— ~2 ~3 ~4
- Ua,e + va,e + Q]a,e + va,e

where

- —1 [ asin(alog Ly) cos(alogr) sinh(af) J
R 1+a? sinh(a®)
9 -1 /oo cos(alog Ly, ) cos(alog r) sinh(af)
Yae = - da
YR ) s (1+a?) sinh(a®)
5 1 (% sin(alog Ly,) cos(alog ) sinh(af)
Ya,e = : da
Y RT s a sinh(a®)
G (I —v1/1m) /°° cos(alogr) sinh(af)
“¢ KLy oo 1+0a? sinh(a®)

We shall compute these four integrals separately.

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)
(3.94)
(3.95)

(3.96)

First, we use the trigonometric identity sinacosb = 3(sin(a + b) + sin(a — b)) to write

= —1 [* asin(alog L) cos(alogr) sinh(ad)
AT o 1+ a? sinh(a®)
-1 /00 asin(alog Ly, r) + asin(alog(Ly, /1)) sinh(af)
JETLRS 1+a? sinh(a®)
= Tole + Tae

a,e o

11 1 /°° asin(alogrL,) sinh(af)
2K J_o 1+ a? sinh(a®)
19 -1 /°° asin(alog(Ly/r)) sinh(af)
Vs =
2K J_o 14+ a2 sinh(a®)

a,e

29

do

(3.97)
(3.98)

(3.99)

(3.100)

(3.101)



Using the complex integral techniques demonstrated in calculating @;jé in Equation

~1,1 1,2
, we can compute ;e and 75} and obtain

(1 in(6) " (rLw)” %rsin(LW)
! §ssi1;1(<1>)( ) Z @2< 222_1 3 r > 1/Ly,
T ) (75
’ K 1 i TL7T TLw <I> sin( 2X
\_issi Z_: (1)2(12 1) ) 7"<1/Lw
1 sin(6) - X (~1)"nm(Lay /r)”°® sin(m20)
12 —1 iss:;l(@)(Lw/r) 1+,§1 @2( 22 1) = 1 < Ly
e T 0 (<) nm(Lu/r) F sin(222)
’ 1 (9) nm(Llaw /T sin( 22~
A - £ O o

Secondly, we use the same line of calculation as for @, to calculate 92

BT us

~2 ~2,2
Ua,e _Uae+vae

where

where

; _ X (—1)" (Lw/r)*%”sm nro
-1 %:ir?g([’w/r) T+ ( ) (q))7 T < Ly
=t 0
’ k i o (=D)"(Lw/r)® "z
Lm0 (Ly/r) + 3 qb(n;;?_jl)“( 2 s 1,
\ n=1 [
( (e8] —_1\n —nr nmd
I S
99 —1 n=1 e rg—-1
/Ua:e . S : nmf
—1)"(r Ly in( 212
e, + ¥ S RO oy,
- <1>( —1)
\ n=1
Thirdly, we can simplify ﬁie into
Tae = Tare + T
/OO exp (i log ")) sinh(af)
«
Vit = 2Kk sinh(a®)
/ exp (i log Ly, /7)) sinh(af) o
vaie = 2kmi J_o sinh(a®)
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(3.102)

(3.103)

in Equation

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)



Here, we shall use a contour integral with an e—size bump around the original before we
let € — 0. We “loop up” in the complex domain if the argument of the complex exponential

is positive; otherwise we “loop down”. The results are

X (1) (Lyr)” @ sin( "ge)

0
i ks TF + 27rn§1 — , > 1)Ly, 5.110)
@€ 2KT 0 ol (—1)"L(Lw'r)%r sin(%“g) '
—Mg —2m Y, — , T <1/Ly
n=1
o0 (_1\n —-0r . (nzmd
W%—FQWZ( 1)™(Lw/T) <I>sm(q))7 r< Ly
39 1 o nm
Yae = our X (—1)"(Ly /)5 sin(220) (3.111)
—rd—or 3 — L2 r> Ly
\ n=1

Lastly, we can compute 17376 using the same complex integral techniques as before

. (1= 1 /va) /oo exp(ialogr) s.inh(ou9) o (3.112)
, KT Ly oo 1+a? sinh(ad)
1sin(6) 1 X (=) sin(%{g) _nm
Y —ma o v, r>1
20 | 2 () (3.113)
- KLy, 1sin0) i (Dsin(*g?) n r<i .
2 sin(®) = q)(ni72\'2 _1) ’

Finally, let us put all the puzzle pieces together. According Equation (3.20), v, =
Vg,e + 1(1)Vq,0, which can be rewritten according to v,, in Equation (3.31) and v,. in

Equation (3.73)) as

m/veb 1(7) (G0 (r, ) — w) (3.114)

Vg = De(r,0) + 5

which can be further broken down into

~1,1 ~1,2 ~2,1 ~2.2 ~3,1 3,2 ~4
Vg = va,e + Ua,e + va,e + va,e + Ua,e + Ua,e + Ua,e
3.115
V1/1/2 0 ( )

~1,1 ~1,2 ~2,1 ~2,2
+ M(va,o + va,o + va,o + Ua,o - w) + PR

for oy’ in Equation (3.102), 542 in Equation (3.103), 72 in Equation (3.103), 922 in
Equation (3.106), 7 in Equation (3.110), 922 in Equation (3.111), 32, in Equation (3.112)),
f)cllj(l) in Equation |D 27;,’2 in Equation 1) 1723(1) in Equation 1} 62:? in Equation
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(3.61), and w in Equation ({3.70))
Simplifying the terms for v, in Equation (3.115]) requires some of the nastiest algebra
I’ve ever encountered in my life, so nasty that I want to take a shower. But after all of that,

we find that v, is given by:
'Ua(rv 9) =

sin@) r | /a0 9 X (—1)"(nr+®)(r/Ly) @ sin(222)
SOk Sl ) o2 (25" 1) )

+$ (i‘é (1)n((r/Lw)7$Tn(rL)d»)sin(T)) 4 20w /w) (i‘é Pl)n;ir;(%g) ’}f)

p2( 2252 1)

(e e] nr . nmb
o 0 (=1)" (n7+®)(r/Lu) F sin( 222
_ssinchrw""cb_w"‘i(_Z (q)))
n=1
o0
>

YES <—1>”<<Lwr>7$’+<r/Lw>T$>sm(qf)> L 20u/m) (L sin(5?) nx
K = nmw KLy =@ nq)g _1)
for [ﬁ,l},
511'1(0) l/1/l/2—1 & (—1)"(n7r+<1>)(r ) nT:r in(nTTg)
—|— v /v9)w +
e Lo o~ 01/02) g n; 92 (2252 -1)
o[- 3 Cmt b () ) g (i‘j <—1>”<<Lwr>-’af+<T/Lw>%’>sm<"f)>
o] ¢,Q<nq)-rr 1) K = nmw
" gin nmf n
e (£ e+
=1 32
for [1, L],

= 1 w2 (25 1)

X (=1)*(nm r 7Msin nxd
VLY . (v1/v2)w + (v1/va—1) S (D" (nm @) (rLuw) " ® sin(g ))
N f (—1)"(mr_q>)(L2wér)%sm(%‘)) +% <§ (—1)" ((Lwr)—%’_ﬁw/r)?)sm(ry))
n=1 qﬂ(%_l) n=1

(=)™ sm( nrd ) — nx

_1_2(1;211”/1/2) <§ P

n=1 ‘b(niﬂQ 1)

for [Ly,00).

(3.116)

Note that most of the infinite series in the above equation converge geometrically in r, 7/ Ly,
Ly /7, or rL,. The only caveats exist in the last terms of the solution over [1/L,, 1] and

[1, L], which contain the same singularities as the solution to the wedge problem, Equation

(2.44])), in Section [2.3.3.1} The fix is detailed in Section [2.3.3.2) which, upon applied to v, in
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Equation ([3.116)), would yield the following answer: v, = vgq ) + vg

© (1) (0)

, where v’ contains the

dominating terms that give the ballpark value of v,, while vél) contains all the rest of fast

converging series improves on its accuracy with additional terms. First, vg

(0)

can be written

as
e+ —w(r ) + 2L (Liy (<))
1
for 0 <r < ;-
snd r 0 _ 21-w/r) wr iz
T sin® Ly + [ w(r, 0) + P Im LZQ —roed
for +— <r<1,
v (r,60) = = (3.117)
—v1/V . nw  imf
Ssllr?g o +§- w(r,8) + %IW (Lzz (—r ®e e

where K = 1 +

w(r,0) =

9~ _

for 1 <r <Ly,

B2 Yy (r, 0) + 2(1;5;41/22@

for L, <7 < o0,

L and w(r,0) is defined as

g Arg (—r% exp (—

imf

) -

Im (Li2 (—

_nm in6
r-eee®

%) Arg (—r% exp (—%) — L;%)

o

R

(3.118)

Here Lis is the polylogarithm function of order 2 defined in Equation (2.49)) of Chapter
(1)

Secondly, the fast converging terms of vg ’ can be written as
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S nr nmwd
2 (=)™ (nw+®)(r/Lyw) ® Sln( z )
+n< nzjl @2(“252_1
+% ( X | 1)"((LwT)7%+n(7TT/Lw)%r)sln(%’fe) n 2(1&2{;2) <§ (:2):;7{28;2(7?))
n=1 n=1 32 ( 52 -1

0 n *M s (nmb
+l/1/1/2—1 —1)"(nw+®)(rL) sm(T)
: (Z v (2)
n (_ i (=1)" (n7+®)(r/Lw) @ sin(229) +1 <§ (—1)n((Lw7~)"$‘+(r/Lw)’¥')sin("gﬁ))
n=1

a2 (222 1) n

Sy X (1)@ sin( 2zl
+2(1nL;{{>2)<Z( )2 2<22(®)>

n=1 32 2

D
@ (255 1)

Y S <>>
> -

X (=) (nm—®) (L /7) g sm( qg)
+
(nzz:l ¢2<T—1)
2(1 V1/l/2 ] )
+
rlw® (Z ( 27 -1)

for [Ly,, 00).

(3.119)

Having obtained an expression for v,, we can use in Equation (3.116|) or its singularity-
extracted version in Equation (3.117)) and (3.119)) to construct the solution to the non-

dimensionalized steady-state temperature problem with a linearly decreasing boundary pro-

file on § = 0, ® in Equation (3.10) as

T(r,0) =v4(r/a,8) +va(r/a,® —06) (3.120)
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3.2.2 Concentration Solution

The concentration problem extracted from (3.8]) is

/

AC =0, r>a
%:0, on 0 =0,0;7r <L,
(3.121)
C =0, on  =0,®;r > L,
C:,BT"i"% r=a

Our goal is to solve analytically, which will be presented in the following way:
first we approach it semi-analytically using series expansion, which we will not fully solve.
Rather the insight derived from the semi-analytical approach would guide us to formulate
and sanity check the analytical solution. Finally, the analytical solution would require
a two-step ansatz, using the known properties of the Dirichlet-to-Neumann mapping and

Riemann-Hilbert problems.

3.2.2.1 The Semi-Analytical Method (I): Driving Analytical Insight

The first step is to perform a conformal mapping on the region r > a. We define

T T I pi(@-0)
E+1iC 7T+z(1)10g (ae ) (3.122)
where
T
§= 50 (3.123)
T r
¢ =g log (5) (3.124)

Consequently, the equations can be solved in the domain Q¢ ¢ := {(£,()[0 < & < 7,¢ > 0}
(see Figure |B-9b)). Define (7, = F log (%“) and let

9(&) = BT(r = a,0(¢)) +~ (3.125)
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where either 7' = 0 in the case of constant temperature or it can be evaluated using (3.120)).

Hence the equation in the conformally transformed coordinate is

,

ACZO, (§7C) GQ{,C

oC

=0, oné=0,7;(<(
o - (3.126)
C =0, on§=0,7;¢>(L

C=yg(), on¢=0

\

On the first try, we can use the eigenfunction bases of the Laplace operator to write the

solution to Equation (3.126)) as follows

C&,¢) =e —bC+ il(en cosh(n() + by, sinh(n¢) cos(nf), ¢ < (g ( |
n= 3.127

C,¢) = i de " sin(né), ¢> G

where {b, }°°, {dn}72 are unknown coefficients and {e, }5° , are coefficients from the cosine

expansion of g(§)

9(&) =Y encos(€). (3.128)
n=0

To solve for the unknown coefficients, we need to impose the following “gluing conditions”

at ¢ = (L
€] = [C)e = 0 (3.129)

The process is algebraically involved and not our ultimate goal anyway. Therefore, we
will not solve it fully. Later in Section |3.2.2.8| we will specifically solve for by as a sanity check
for the analytical solution. For now, we make the observation that if we try to compute

the non-dimensional, total material flux .#p across the interface r = a (or ¢ = (1) using
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Equation (3.127)) for ¢ < (1, we obtain

® a0 ™ aC
yT X ) E“:ade X 0 87<_|<:<de (3130)

= —br + Z(enn sinh(n¢) + byn cosh(nq) /7T cos(nf)d§  (3.131)
0

n=1

= —br (3.132)

where fooo cos(n€)d¢ = 0 for all n. Later in Section [3.2.2.6] we will derive the precise

expression for Frp

Hence the only term that contributes to the material flux
across the interface in the solution to Equation is — bC, (3.133)

which is logarithmic in r

The insight of (3.133)) would aid our search of analytical solution in the sections to follow.

3.2.2.2 Searching for Analytical Solution: a Second Conformal Mapping

The main approach towards an analytical solution is via a series of arguments in complex
analysis. To do so, we perform yet another conformal transformation to a new complex

coordinate Z via the mappinﬂ
b rN"3 im0
2=z 41y =re” = (7) exp | — (3.134)
a

so that # = (£)”® and = %f. Note the following connection between the two conformal

transformations in Equation (3.122)) and (|3.134)):

(3.135)

xp(—(¢) (3.136)

D>
I
I

=>
I
@

In the coordinate of Z, the domain {(r,8)|r > a,0 < # < &} becomes an upper semi-circle,

{(7,0)]f < 1,0 < 6 < 7} (See Figure [B-9¢). The interface r = a becomes # = 1, while

80nce again the hat notation has nothing to do with the Fourier transforms defined in the earlier sections.
Too bad we aren’t using Cyrillic, Arabic, or Hebrew letters. Even Chinese characters would help...
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the length of wedge L,, becomes L, = (L—w)_%. Let A be the Laplace operator in the

a

new coordinate and define g (é) to be the value of C' at the interface # = 1, so that

g <é) = BT <r =a,0 = 9%) + v (same as Equation (3.125)). In this way, the equation of

concentration can be rewritten as

;

AC =0, F<1,§>0

aC . - .

ﬁzov OnyZO,L <T<].

9 “ (3.137)
C =0, on gy =0,7 < Ly

In the coordinate of Z, we seek a function F'(2) such thatﬂ
C = Re(F(2)) (3.138)

Here F' is analytic in the upper unit disk and satisfies the following properties
1. Re(F(2)) =g (é) for 5 = ¢

2. The imaginary part of F' is constant on each of the intervals along the real axis: Z = &
either —1 < Z < —f}w or f/w < & < 1. Note that the constants on the two interval

pieces may not necessarily be identical.

Here is a short proof of Item 2 of the above list

Proof. The homogeneous Neumann boundary (%g = 0) condition on § = 0, Ly <7 <1

translates to a vanishing normal derivative of C' = Re(F) along the real axis on —1 < 2 <

—Lyand Ly, < & < 1. By Cauchy-Riemann equation, this is equivalent to the vanishing of
the tangential derivative of the imaginary part of F. Hence, along the real axis over those

two intervals, F' is separately constant. O

Now because of the insight derived in (3.133)), we are motivated to split F' into two parts:
F = F1 + Fy, where F} contributes to the overall material flux proportional to bgm as shown
in Equation (3.130) and F5 that does not contribute to the flux.

The next two sections detail the ansatzs for F; and F5.

9Here Re stands for the real part of a function, not the notation for Reynolds number which will be used
in Chapter El
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3.2.2.3 Forming Ansatz for F} : Dirichlet-to-Neumann Map and Branch Cut

of Square Root

We present the ansatz on Fj. First we realize that the switch from Neumann to Dirichlet
boundary condition at # = L., § = 0 must trigger a singularity in the solution. We surmise
that the nature of the singularity is the branch point of a complex square root. This is
because the complex square root experiences a multiplicative factor of €/2 = j when going
across a branch point. This factor would make what used to be real for F' imaginary and
what was imaginary real. It would also naturally explain the shift in the boundary from
constant imaginary to zero real as 7 transitions from smaller larger than 1 to smaller than
1. This leads to the ansatz that part of the solution must contain /22 — i%u Secondly,
we leverage the insight derived from that there must be a term that looks like the
log of a function of r and equivalently in 7, since such function would contribute to the
overall material flux across the interface. As a result, F must look like the log(something)
where the something involves /22 — I:,%U This something must also satisfy (i) being real
for 2 > Ly, (i) |something| = 1 for —L, < 2 < Ly, and (iii) has a constant argument for
2 < Ly,. After many trials and errors, we reach the ansatz that F} is

s4+4/22-L
Flzblog

(3.139)
where b is a real constant to be determined. Here we use the branch cut that the

logarithm is real and positive for Z > Ly,. We immediately observe the following properties

of Fl.
e [ is analytic in the upper unit disk

e F) is real and positive for 2 real and 2 > L. Hence Im(F}) = 0 (constant) on the

real interval I:w <z<l1

o F| = br for 2 < —L,, real due to the jump in the branch point. Thus Im(Fy) is

constant on the real interval 2 < —L,,

Note that computationally, in order to have the right jump at the branch points, we should

evaluate /22 — IAL%U = \/ 2 — Ly \/ 2+ L, and use principal values for the square roots and
the logarithm.
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3.2.2.4 Forming Ansatz for F»: Double Singularities

We now present the ansatz on Fy. As argued before, the switch from Neumann to
Dirichlet boundary conditions must trigger a singularity whose underlying nature is the
branch point of a complex square root. Hence F» must contain /22 — ﬁ%u In addition, we
observe the semi-analytical expansion of C in Equation (3.127): except for the term linear
in ¢ that contributes to the overall flux, the rest does not and therefore should correspond
to Fy. The solution that satisfies the data at ( = {;, and Neumann all the way to ( = 0
should not have any singularities. The solution that satisfies the data at ( = (; and
allow the transition to Dirichlet beyond ¢ = (7, should demonstrate some singular behavior.
Since Equation shows that this part of the solution consists of sine series, it should
correspond to a component in F» of the form ) (some coefficients)(2" — 27™). Hence, Fy

needs a singularity not only at 2 = +L,, but also 2 = +1 / L. This leads to the ansatz

that Fh oc \/22 - 12 \/2—2 — L2 We let that proportionality quantity be G (2), whence

Fy = G(z)\/ (22 - ﬁgv) (272 - ﬁgv) = G(2)S(2) (3.140)

where G is analytic in the upper unit disk S(2) = \/<22 - IZ?U) (2—2 - IZ?U) Moreover,

We impose the following conditions on G and S (3.141)

1. We place the branch cuts for S in the lower half plane and select the branch so that,
for 2 real, S(2) > 0 for L, < S(2) < 1/L,. Then S is purely positive imaginary
for 0 < 2 < Ly, purely negative imaginary for —L,, < 2 < 0, and S(2) > 0 for
—1/Ly < 2 < =Ly

2. G(2) is real along the real axis;
3. G(0) = 0. This condition is necessary to cancel out the simple pole that S has at the

origin.

3.2.2.5 Solving for b and G(2): a Riemann-Hilbert Problem

We are going to solve for b in F} of Equation (3.139) and G(2) in Equation (3.140). For

note that if we define the values the real part of Fj(2) and F»(2) on the perimeter of the
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0

upper semi-circle 2 = e as g; and gs, respectively, such that

g1 (8) = Re (P (¢7)) = blog G Ve S (3.142)

w

g2 (9) — Re (G(2)) s(0) (3.143)

where s(0) = \/l — 212 cos (29) + L4. We note that since C' = Re(F; + Fy), it must be
that

g=91+92 (3.144)

for g is the boundary condition of C at 7 = 1.
Now if we extend go to the entire circle, even in é, Equation (3.143)) yields a classical

Riemann-Hilbert problem on the unit circle for G. As a result, the expression for G becomes

o L [n+2g(9) :
G(2) = 2771'7{77—2 50) do +ia (3.145)

where n = €!?, 2 = re® and «a is some real constant. To prove Equation (3.145)), we use the

following calculation

Proof. Let g2()/s(0) have the following Fourier expansion: ¢o()/s(0) = > fgmei"é,
where -

1 2 )
fon = — / 792(77)6—2”’76177 (3.146)
27'(' 0

However, since gs is real, the complex conjugate of g2, must be g2 _,, whence

92(0)/5(0) = f20 + 2Re (Z fz,nei”é> (3.147)
n=1

where fa = % f027r 5{92((7777)) dn is real. Hence, by inspection we can write define G(2) as
[o¢]
G(2) = fon +2) _ fon2" +ia (3.148)
n=1
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for any a € R. In this way, Re(G(2))[,_s = 92(0)/5(6) defined in Equation (3.147). Finally,
we clean up the expression of G by plugging Equation (3.146)) into Equation (|3.148|)

G(2) = fao +2 i z"2i / T 02(0) g, (3.149)
1 mJo s(n)
- % /0 ” 12((777’)) (g; gheTinn 4 ;) dn + oy (3.150)
) i/ogw ig(%) (1 § ;e—i"" N ;) dn + i (3.151)
_ % 0% 12((7;7)) Zz:: J_r jdn +ia (3.152)
which completes the proof O

Now because of Item 3 of Condition (3.141)), G(0) = 0, which means that (i) & = 0 and
(i)

T g(e)
/_ﬁ 249 =0 (3.153)

Substituting go = g — g1 as in Equation (3.144]), we have that

" g(¢) —g9i(®) ,,
/_7r g de=0 (3.154)

from which we can finally find an expression for b by plugging in Equation (3.142))

- 9(6) — blog | VTR
0= / e do (3.155)
T g(¢)
b: f—7rs¢)d¢¢ - (3156)
- eidt/e2ib_[2
S sty log | TV R dg

Equation (3.156)) and (3.145]) complete the expressions for I} and F» in Equation (3.139)) and
(13.140]), which solves completely analytically the main non-dimensionalized concentration

equation in (3.121]) and its conformally transformed equivalent ([3.137)).

In the next two sections, we will leverage these exact solutions to calculate the normal

flux along the interface and total integrated flux throughout the interface. The radial flux
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determines the amount of liquid vaporized per unit of time at every point along the liquid-
vapor interface, while the total flux is the total amount of vaporized liquid along the entire
interface. These two quantities are of high interest for various engineering applications, and

will aid our calculation of lifetime later in Section

3.2.2.6 Calculation of Total Flux Across the Interface: a Simple Exercise in

Complex Analysis

In this section we show how to compute the total material flux, which happens to be
easier than calculating the normal flux at each point along the interface. Let Fr be the
dimensional total material flux across the interfac located at # = a. Then Fr can be
written as

®aC

Frp = —— |;—zadd 3.157
T ) 8?' =a@ ( )

Using the nondimensionalization of C, 7, and a in Equation (3.4)-(3.7), we can write

down the non-dimensional total flux, .#r, such that
Fp = DC.Fp (3.158)
and
®
oC
Fp = — |p—qadf 3.159
r= [ Gl (3.159)

We are interested in computing both % and %—f.
First, we note that computing %7 is much easier than %—f. This is because we can use
the property of function F' in Equation (3.138)) to simplify the integral as
®aC

Fr = A |lr=a 1
Fr= | Gy lmaads (3.160)

:/OW %Re(F)

where the hat notations indicate the conformally transformed coordinate introduced in Equa-

s—1adf (3.161)

10Recall that variables with tildes carry physical units
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tion (3.134)). But once again, by the Cauchy-Riemann condition, 8R§TEF ) 8Irgé(F ) Hence,
T oIm(F R
I = _/ M’Hfm (3.162)
0 00
— (Im(F)\@:mg:1 - Im(F)|é:0f:1) (3.163)
= —bm (3.164)

which agrees with the semi-analytical solution in Equation (3.132)). Here b is defined in
Equation (3.156))

3.2.2.7 Calculation of Normal Flux: Computational Shortcut of G and G’ via

Fourier Series

The dimensionless normal flux along the interface is defined as the radial derivative of
concentration, %—g This computation requires the differentiation of Fy and Fb, which, in
particular, would require the evaluation of G(2) and G'(2). Equation provides an
explicit but computationally inconvenient formula for G. Instead we leverage the Fourier

series of G(%), first shown in Equation (3.148|) in the presentation of the Riemann-Hilbert

problem solution:

G(2) = fao +2 Z fon2" (3.165)

n=1

where we recall that @ = 0 and f2,, are the Fourier coefficients of g2/s2 defined in Equation

(3.146)). Hence, we can compute G’ as

o0

G(2) =2 nfyns" (3.166)

n=1

Now to compute %, we just have to crank through some nasty but straightforward

algebra based on the analytical expression of C. In the end, we get

9C(r,0) _ —m (i)‘%‘l Re <‘9F1 n 8F2> (3.167)
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where using the formula for F} in Equation (3.139)), we obtain

OF _ 1+ (32— L2)~1/%z

— = (3.168)
or 2442212
and where we use the formula for F5 in Equation (3.140) to obtain
OF:
a; = G(3)8'(2) + G'(2)S(3) (3.169)

Now the final piece is to properly compute S and S’ that respect the choice of branch cuts
made in Item 1 of (3.141)). Some calculations show that using the principal values of the

complex square root would render the following formula compliant to the branch choice

S(é):\/2—ﬁw\/é+ﬁw\/2—1+ﬁw\/é—1—ﬁw (3.170)

Hence, if we define h(n) := |/n as the complex square root using the principal value and

W(n) = %7]_1/2 as its derivative, we can compute S as

- e ih (1)
v h_gz — L) W (24 Lo ) b (570 = L) b (270 + L) (3.171)
P (e o (- L )

3.2.2.8 Sanity Check Using a Semi-Analytical Method

Here we perform a quick sanity check on the analytical solution by comparing the ana-
lytically computed b in Equation with the one in the semi-analytical infinite series
solution in Equation . To do that, we first set up a framework for computing b
semi-analytically.

On the first try, we are tempted to work directly with Equation . The cal-
culation is way too involved. To simplify the calculation, we introduce C'(™) (&,¢), where
n = 0,1,2,3..., which is almost identical to Equation (3.126|) except that at { = 0, it sat-
isfies cos(n€). In other words, we are solving Equation for each harmonic of g(§).

Then b should be a linear combination of the corresponding coefficient in the solution of
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each harmonic. Specifically, we define C' (") where n = 0,1,2, ..., as

AC™ =, 0<eE<m (>0
ac(n)
=0, oné=0,7;¢<(L
o (3.172)
c =, oné=0,m;(>(
C™ = cos(n€), on =0

where we impose the condition on C™ at ¢ = 0 with cos(n), where n = 0,1,2,3. Then by
the same token, we can write down the solution to Equation (3.172) as

CM (&, ¢) = cosh(n() cos(n€) — bW ¢ + Z b sinh(m() cos(mé), ¢ < (r

- (3.173)
C(E,Q) = 3 dye ™ sin(me), ¢>
m=1
Then b can be computed as
b= enb™ (3.174)
n=0

where e, is the Fourier cosine coefficients of g defined in Equation .

Secondly, we are now tempted to apply the gluing condition [C(”)] = [C(”)] ¢ = 0 on
Equation to solve for b(™ . However, doing so would render the problem numerically
ill-conditioned. This is because the terms cos(nz)sinh(ny) grow exponentially from ¢ = 0
to ¢ = (r, and therefore a very small change in b,, would cause huge changes in the product
for m large. To fix the issue, we need to encode into the system the fact that b,, decays

faster than sinh(n¢) grows. This leads us to the following modified solution

Bén e L + 7™ cos(né) + Z AGY) SR o5 (me)e e, ¢ < (1

™M sinh(m(r)
CcM(E.0) =
k=1

(3.175)
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and so once we solve for By, we can write as b(")

b = C—LBoe_"CL (3.176)

One last step before we can apply the gluing condition to Equation (3.175)) is to change
basis of the sine series. We let

sin(k€) = Z Xkm cos(m&) (3.177)

where Xgm = § [o sin(k€) cos(mé). Some straightforward calculation can show that

0, k +m is even
Xkm = § 1/k, k is odd and m =0 (3.178)

2m/(k* —m?), k+mis odd and m # 0

Hence, if we now apply [C™];—¢, =0 and [Cén)]CZCL = 0, we obtain

—B( + cos(n&) + g A cos(mé) = E E Dlin)ngmcos(mf)
T
m=1

m=0 k=1
(3.179)

——B()—ncosn + A( m coth(m(r,) cos(m Dn m cos(m
= ﬁmz_jl (m¢L) €)= D D"~ (k) xkm cos(mé)

m=0 k=1
(3.180)
Matching the same order of m, we have that for m = 0,
- 2

~B{" 4 6m0=Y D,ﬁ");x,co (3.181)

k=1

o0
——B Z D,(j k) Xko (3.182)
(3.183)

where dy,, represents the Kronecker delta. If we multiply the first equation by —1/(;, before
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adding to the second equation, we get that

N ()2 < 1 > 1
D, ——-k—— = ——0n 3.184
; o ¢ ) MR o ( )
)2 1 1
S b= (k + ) Xko = = 0no (3.185)
Pt m L L
and for m > 0, we have that
n - n 2
A 4§ = Z Dt >;ka (3.186)
A, coth(mdr) — nbpm = ZD —ka k) (3.187)

If we multiply the first equation by —m coth(m(z) before adding to the second equation, we
get that

Sum(n -+ mcoth(mcz)) = 3 D,g")%ka(k + m coth(m(L)) (3.188)
k=1

So here we shall define the matrix A", vector 5(”), and vector I such that

k + XkO05 m =20
A _ Pred) (3.189)
;ka(k—i-mcoth(mg)), m >0
%57107 m=0
[ = (3.190)
dnm(n +mecoth(m()), m >0
P = (DM pM . DM )T (3.191)
Hence, the matrix D™ can be expressed as
. -1
pm = (A(“)) Q) (3.192)

Using the above expression for D™ we can leverage Equation (3.181)) to write B(()n) as

o0

™) = 60 — Z kao (3.193)

78



and so according to Equation (3.176]), we can write b

Spoe "L eTE SN S 2
(n) _ n0 . (n) &
b o o > Dy ~Xko (3.194)

which, coupled with Equation (3.174)), enables us to write an infinite series expression for b

e )
b= en—— (60— > D Zxro (3.195)
Y k=1 T

e‘”CL

N [e'e)
5 (n) 2
~ én Ono — D, — =b 3.196
HZ:% o ( 0 kzl B 7TXko) N ( )

for some integer cutoff N. We compare the semi-analytical form of by in Equation (3.196)
with the analytical form of b in Equation (3.156) for each N via the following error norm

erry(N) = |by — b (3.197)

3.3 Lifetime of Evaporating Liquid

With the analytical form of vapor concentration, we can derivative the evaporation time
analytically as well. To do so, we first write down the relation between flux and loss of mass

over an increment of time dﬂE
o -
dC -
/ D—|s=zadldt = pya®da (3.198)
0 d’f'

from which we can derive the expression for the lifetime of the liquid channel:

- 1 da
t:p1<I>ao/ S (3.199)
0 Dfoq) oC ad@

oF IT=

Finally, recalling the rescaling of evaporation time in (3.7]), we can write down the evapora-

tion of time in terms of its dimensionless quantity ¢ as

2
P1ayg

t=
DC

t (3.200)

' Recall that all variables with tildes (~) carry physical units
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where

<I>Cyoo 1 a
b= 7d 201
W(Csat(To)—Hcoo)/O p (3.201)

Here b is the analytically derived expression in Equation (3.156]).

3.3.1 Parameter Choice

Unless explicitly stated or varied, all parameters are chosen from Table We use

water as the liquid to fill the channel with air above.

3.4 Discussion

3.4.1 Temperature Profiles

We present the solution to the temperature problem of a linearly decreasing bound-
ary in Equation in Figure Here we take the height of the liquid to be a = 1
and v /11 = 1000. The ratio represents an extreme and unphysical limit only to exacerbate
the singularity at r = a and demonstrate the power of the PSM. Figure shows the
heat map. Temperature decreases as r gets large, which is consistent with the imposed, lin-
early decreasing boundary condition. Also, for a fixed radius, temperature is higher closer
to the boundary walls than towards the center. This contributes to the higher material
flux near the boundary, which we will discuss later. On the other hand, Figure
plots temperature against radius for various values of ®’s. Despite that the temperature
expressions in Equation and equivalently the singularity-extracted form in Equation
are piece-wise defined in between r = 1/Ly,,r = 1,1 = Ly, there is no discontinuity
at r = 1/L,, or r = L,. The only discontinuity, as expected, occurs at the liquid-vapor

interface » = ¢ = 1 where materials of two different properties intersect.

3.4.2 Convergence of the Analytical and Semi-Analytical Concentration

Solutions

As a sanity check on the analytical solution, we leverage the semi-analytical computation
of the parameter b in Equation(3.196]) with an integer cutoff N and study its deviation from
the analytical form in Equation (3.156|) via the error norm defined in Equation (3.197)). Fig-
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ure plots erry(N) vs N on a log-log scale for both the constant and varied temperature
scenarios. As one can see, the semi-analytical solution converges to the analytical solution,
though the rate is slow and sub-linear. Since the semi-analytical solution is obtained via a
completely different process, the fact that it converges to the analytical one reassures us of

the correctness of the analytical solution.

3.4.3 Radial Fluxes and Total Fluxes

Figure shows the radial flux, %—(75, which is defined in Equation (3.167)). In partic-

ular, we see that there is higher amount of flux around the edges of the interface than the
center. This is consistent with the profile of higher temperature closer to the wedge sides.

In Figure [B-12bl and |B-12¢| we plot the total flux, defined in Equation (3.162) as a function

of the interface height for different humidity levels and wedge angles. Overall, the total flux
increases as the interface height increases due to the growing surface area exposed to the
vapor region. In particular, Figure shows that as the air gets more humid, the amount
of vaporizing liquid reduces and does so sharply as H gets close to 1. Similarly, in Figure
IB-12c|, we see that as the angle increases, the surface area of the liquid grows, leading to a
greater flux. This explains the upward shift of the curves as the angle gets larger. However,
a bigger angle that results in more flux does not necessarily lead to a shorter lifetime. This

will be elaborated in the next section.

3.4.4 Evaporation Times

Figure [B-134) and Figure [B-13D] show the plots of dimensionless evaporation times in
Equation against the variations of the temperature gradient, humidity, wedge size,
and wedge angle. Here we non-dimensionalize the measure of temperature gradient as the
maximum temperature difference in the system relative to Th, namely AT,4./ T, where
AT ar = To — Teo-

We see that in Figure evaporation time increases as humidity increases across all
levels of thermal gradients. This agrees with the physical intuition that the more humid the
air, the harder it is to “dry out”. Note that for constant temperature (AT} 4:/To = 0), as
H gets close to 1, lifetime approaches infinity. Indeed, examining the analytical expression
for lifetime, when Ty = T, and H = 1, t = co. In the absence of external thermal

drive, when vapor gets saturated in the air, the evaporation process stops. On a different
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note, we plot lifetime against the thermal gradient for different humidity levels in Figure
We observe that the liquid takes less time to evaporate as temperature gradient
increases, which also agrees with the physical intuition that heat accelerates evaporation.
It is interesting to note that the impact of an increasing thermal gradient on lifetime is
enhanced as humidity increases. As the air becomes more humid, thermal driving plays a
bigger role in accelerating the evaporation of liquid. If we take the percentage change in
lifetime between AT ez /Too = 0 and AT}q,/Toe = 0.01 in Figure for each humidity
level and plot the percentage against H, we uncover Figure for a completely dry
air (H = 0), an increase in AT4./To0 from 0 to 0.01 results in only a 10% reduction in
lifetime, whereas for H = 0.95, turning up the knob of AT,,,,/To by the same amount
reduces the liquid’s lifetime by more than 70%.

On the other hand, Figure [B-13d] and [B-13¢| show how the geometry of the wedge affects
lifetime. In lifetime increases as the size of the wedge increase. Other things being

equal, a larger wedge implies a higher temperature at the V-tip, which leads to a greater
flux at the interface that reduces the lifetime. On the other hand, an larger wedge also
moves the ambient atmosphere saturated with vapor away from the liquid, which elongates
the lifetime. From the simulation, the effect of elongation dominates that of reduction on
the evaporation of the liquid. Similarly, in [B-I3¢] we note that lifetime increases as the
wedge angle gets wider. A larger angle implies a greater material flux that consequently
accelerates the evaporation. At the same time, for the same interface height, a bigger angle
means more liquid mass, which increases linearly as the angle gets large. The fact that
lifetime is positively linearly growing with the angle means that the effect of mass increase

dominates that of flux increase as a result of widening the angle.

3.5 Conclusion

We analytically study the problem of 2D evaporation of a liquid bridge within a long V-
shaped channel. The liquid bridge forms a 90° contact angle with the wedge sides. Slow
quasi-static evaporation is assumed after thermal equilibrium is reached, so that the tem-
perature is not affected by the latent heat released. To accommodate the 2D nature of the
problem, we use an infinite wedge as our domain and transform what would be far-field

conditions in 3D, to boundary conditions along the wedge sides. This series of assumptions
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renders the concentration-temperature coupled equations in , which can be rescaled into
the system . The solution for the temperature is found using a new analytical method,
the Parity Split Method (PSM). The PSM explores the symmetry of the wedge geometry
and splits the problem into sub-problems that do not contain the internal boundary condi-
tions at the liquid-vapor interface. The temperature solution is then used as an input into
the equation satisfied by the vapor concentration, and the resulting problem is solved using
complex variable techniques.

After obtaining the solutions for the temperature and concentration analytically, we
compute two quantities that are of significant interest in applications: the vapor flux at the
interface, and the evaporation lifetime for the liquid. In particular, we study the behavior
of the lifetime versus both: environmental variables (applied thermal gradient and ambient
humidity), and wedge-geometric variables (wedge angle and wedge depth). A higher hu-
midity increases lifetime, while a higher temperature lowers lifetime. Moreover, the lifetime
reduction by the thermal effect increases as humidity gets larger. At the same time, the
lifetime grows with both wedge angle and size.

Quite clearly, the model used here has several limitations. First, the artificial boundary
conditions on both the temperature and concentration beyond the wedge sides (7 > Li,) add
some non-physical effects when the interface is too close to the end of the wedge. This can be
seen in the temperature heat map in Figure where the contour lines for r > L, := 2
bend around the artificial extension of the wedge sides. This bending of the temperature
contour lines inevitably causes a larger evaporative flux when the liquid-vapor interface gets
too close to the top of the wedge. To avoid this problem, we keep the ratio a/L,, below
0.7. The second limitation arises because the contact angle must be 90° for the Parity Split
Method to be applicable. Small corrections to this value would seem possible by the use of

perturbation techniques. We are keen on exploring such perturbations.
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Chapter 4

Preliminary Results on the

Biharmonic Equation

4.1 Stokes Equations with Internal Boundary Boundary Con-
ditions: Challenges and Opportunities

4.1.1 The Stokes Equation

The Stokes equations govern fluid flow when inertial forces can be neglected, so that the
motion occurs as the balance between pressure, viscous, and body forces. Small-scale devices
almost always operate in the Stokes flow regime, which is characterized by a small Reynolds
number, R, < 1, where: R, = poU L/vy, po is a typical density, U is a typical flow speed, L
is a typical length scale, and vy is a typical dynamic viscosity. The (dimensionless, constant

density) Stokes flow equations, in the absence of body forces, are

Vp=vAd and V- -u=0, (4.1)

where v = 7/ is the dynamic viscosity, p is the pressure, and @ is the flow velocity —
all adimensional quantities. Note: because we will consider more than one fluid, we cannot
use “the density” or “the viscosity” to produce adimensional quantities. Thus the equations
above are valid in each fluid, with appropriate jump conditions across the interfaces — e.g.:

continuity of the normal velocity and matching of stresses.
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4.1.2 Axi-symmetric and 2D Stokes: Stream function Formulation

The Stokes equations allow 3D axi-symmetric solutions, which can written in terms of a
stream function that satisfies a 2D problem. Using spherical coordinates T (r, 6, @), these

solutions (on any simply connected domain) can be written in the form

7=V x (\y(r,e)&) , (4.2)

where ¢ denotes the azimuthal unit vector, ¥ satisfies E*¥(r, 0) =0, (4.3)
and F is the operator E f = Af — m f. Here A is
the Laplacian restricted to functions of (r, ), that is: A f = %2(7’2]0,,)7" + m(sinefg)g.
Note: is equivalent to stating that ® = U cos(¢ + ¢o)
satisfies the 3D biharmonic equation A2d =0, (4.4)
for any constant ¢g.
tNote: in spherical coordinates: 0 < r is the radial distance, 0 < 8 < 7 is the polar angle,
and 0 < ¢ < 27 is the azimuthal angle. In cartesian coordinates: QASZ (—sin ¢, cos ¢, 0).
Similarly, the equations allow 2D solutions, where (in cartesian coordinates (z, y, z))
the solution depends only on (z, y), and u -2 =0 (2 is the
unit vector along z-axis). Then u =V x (¥(z, y)2), where A2 =0, (4.5)
and A = 9?2 + 8; is the Laplacian in 2D. That is: ¢ satisfies
the biharmonic equation. Again: a simply connected domain is needed, so that the pressure

can be recovered by solving the first equation in (4.1)), once the flow velocity is known.

4.1.3 Motivation: Dynamics of a Janus drop in an External Flow

As stated in section the initial motivation for the work in this thesis was to produce
“simple” analytical solutions for the response of a Janus drop to an applied thermal gradient.
And our intention was to use, as the starting point for the analysis, the work by Shklyaev,
et. al [49) B 50, O]. In particular, Dynamics of a Janus Drop in an External Flow [49].
Thus we studied this last paper with the aim of extending its approach to suit our purposes.
Unfortunately, we run into difficulties when trying to understand the method proposed in
[49]. The attempt to resolve these difficulties lead to the PSM.

For the purpose of completeness, next we summarize the results in [49], and document the

issues that worried us — some of which we have not yet managed to fully resolve/understand.
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In this paper, the authors consider a fixed shape spherica]ﬂ Janus drop in an external uniform
flow (u — uoo = constant as r — 00); see Figure In adimensional variables: (i) the
drop has unit radius and it is centered at the origin; (ii) the dynamic viscosity is v; in
the upper hemisphere (region €2), vo in the lower hemisphere (region €3), and vy = 1
in the surrounding liquid (region §y). Furthermore: at the interfaces the flow velocity is
continuous, with zero normal component, and the normal stresses match as well.

Here we summarize the axi-symmetric case only, when the drop’s axis is aligned with
the external flow: we = —UZ (8 = 0 in Figure [B-14). Roughly the first half of [49] is

dedicated to this situation. Then the governing equations, which can be written using a

stream function formulation (4.2}4.3)), areﬂ

E?¥ =0, in each region Q; (j =0, 1, 2), with b.c.: (4.6)
U =0, [0,9] = [vd*V] =0, for r=1. (4.7)
U =0, [0pV] = [vD3V] =0, for O =m/2. (4.8)
U~ —%sin&, for 7> 1. (4.9)

Here, as usual, the brackets indicate the jumps in the enclosed quantities across an interface,

thus: [fllr=1 = fr=1+ — frz1- and [fllo=r/2 = fo—(x/2)+ — fo=(n/2)--

Note 4.8. (Notation) ¥ is continuous, but not smooth, at the interfaces. Thus denote by
¥ the solution in 2; (then ¥ is smooth inside ;). Further, define piece-wise constant
functions for r < 1 (v, v#, and o) by: v = v, v# =v3_p, and o = (1P 1 in Q, (p =1, 2).
We can think of these as (step-functions) that depend on £ = cosf only: o(&) = sign(§),
V(&) = vy + (11 — o) H(E) (H = Heaviside function), and v#(§) = v(—£). )

The authors in [49] propose that the solution to (4.6H4.9) can be written in the form

— A, PL(¢) 1 1 :
o0 — ; (=) (3 — 5 2r> sin ), (4.10)
P = v # N (B,T(8) + 0 CorRu(€))r*™ '+ Dy Py, (§)r™ (1 = 1?). (4.11)
n=1 n=1

Here: p =1 or p = 2, the (A,, B, D,) are constants to be found, P! is the n'" degree first

!Surface tension is large enough that deformations of the interfaces can be ignored.
2These correspond to Equations (9a-9d) in [49).
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order associated Legendre polynomial, Q,, = (P, — n(n + 1)P,,

. P21n+1(£) o P21n—1(£) o P21n+2(§) o P21n(€)
RO P M T ) T Q)

(4.12)

These expressions, substituted into (4.7)), yield a system of infinite linear equations that
should determine the (A, By, D). By construction

(4.10) satisfies (4.9). In addition: (4.11) satisfies, term-by-term, (4.8)). (4.13)

Note 4.9. At this point we stop to ask a few questions.

Q1 While the modes used to expand the solution for 7 > 1 (i.e.: ¥(9)) are standard for the
Stokes equations, the modes in the expansion for » < 1 are not. Clearly they satisfy
the problem for » < 1, but: is this the result of some clever manipulation/trick that
works for this problem only, or is there some general principle at work here from which

these non-smooth modes follow?

Q2 Follow up on Q1: Are the modes in linearly independent, and form a complete
set? Flse, how can we be sure that the solution can be expanded as in ?

Q3 If the series defining UM and U converge, then they converge everywhere for r < 1.
This means that both ¥ and W) can be extended as smooth solutions to (4.3) over
the whole sphere r < 1, beyond the boundary at @ = w/2. This is rather unusual for
elliptic problems. If true, there must be a reason for it, what is this reason?

Q4 We expect the solution to to be singular at the triple point r =1, § = 7/2.
Thus, for r = 1, the convergence rate for (4.10H4.11) must be quite poor. Hence
the calculation of important quantities is likely almost impossible to do accurately —
specially those requiring high order derivatives, like the drag.ﬁ Hence, series conver-
gence acceleration is a “must”, but: is this possible without a-priori knowledge of the
coefficients (An, By, Dp)?

Q5 Finally, we observe that the factor v# in (4.11)) can also be written in the form %

This is significant to connect (4.11]) with the theoretical development in
We have been able to get answers to Q1-Q3, but (unfortunately) not for Q4. &

Note 4.10. Below we require the scalar products (P}, P£1>1 = [, PL(&) P} (§)dE,
where I = [-1, 1], [-1, 0], or [0, 1]; and k, ¢ are

3Note that, a very important motivation for a calculation like this is to get quantities such as the drop
velocity when a force (e.g.: gravity) is applied. This requires computing the drag.
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natural numbers. For I = [—1, 1] <PI€1,P1>[ 1= (211111) Ok, 0
by orthogonality of the associated Legendre polynomials.
For analytic expressions when I = [0, 1] see Appendix

The case I = [—1, 0] follows by symmetry. &

Neat we substitute (4.10H4.11)) into (4.7), to obtain equations for the (A, By, D).

First. The condition ¥®) =0 (p =1, 2), at r = 1 yields
o0
=v* > Byl + 0 CoRy) for —1<E<1. (4.14)
n=1

We transform this functional equation into an equivalent discrete system system by project-

ing it on the orthogonal basis {P}}2°,. This yields the equations:

0= ZBn <,,# T, P,3> +C, <1/# o R, P,§> Cfor k=1,2,3,..., (4.15)
where (f, g) f f(&) g(&) d¢ is the standard inner product in [—1, 1].
Note 4.11. We have (VP T, Py} =1 (To, P)y g+ v2Tns Py
and (v¥ o Ry, PL) = —v1 (R, P,§>[_1 o 2 (Ry, Pkl>[0’ it

Thus, using (4.12)) and note [4.10} the coefficients in (4.15]) can be computed explicitly. &

B
Finally, we write (4.15)) in matrix form [1‘[(1) 1‘[(2)] | =0, (4.16)
. - C
where: (i) B and C' are the infinite vectors

with components B, and C,,, respectively; and (ii) IIY) and II®) are the infinite matrices

with entries

(M, = <y# T, Pkl> and {11, = <1/#0Rn, Pk1> (4.17)

Second. To implement [0, ¥],—; = 0 follow the same procedure: (4.10H4.11)) yield

—2Y APy =v* > (2n+1)BpTh+(2n+2)ChoRy) —2 Y Dy P3,,  (4.18)
= n=1

n=1

for —1 < £ < 1. Next project this equality onto the basis {P}}?°;, and obtain:

4(k+1)k ZOC
Ak +1)k B
_%Hék’Zn‘Dn>7 for —1,2,3,...
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In matrix form this is (4.19)), where: B
(i) D ={D,} and A = {A,,} are infinite [A(l) AQ A A(ﬂ C: _o,
vectors; and (ii) A through A® are D (4.19)
the infinite matrices with entries A
Afn=(n+1) (W T, PL). Mo=@re2 pFoRu Pl | o0
3) _  Ak+1)k 4) | A4k+Dk ’
N = — (2k+i Ok, 21, and Ay, =+ (2k+i Ok,

Third. Next we implement the condition [ 9?¥],—; = 0. From (4.10H4.11)) we obtain:

3. - 1 - 2 2
—§bln9+;An(4n+2)Pn = V1V27;<(4TL +2n)B, T, + (4n —|—6n+2)C’naRn))
oo (4.21)
fVZ(SnJrQ)DnPan.
n=1

Again, we project this equality onto the basis {Pkl},‘zozl, and obtain:

—% <\/1—§2,P§>+4(k+1)kAk = vy (4n® +2n) (T, P}) B, +

. L (4.22)
vivy » (An* +6n+2) (o Ry, Pi) C, — Y (8n+2) (vP5,, Pl) Dy,
n=1 n=1
for k =1,2,3,... In matrix form this is B
|i where: TU) are the matrices with [F(l) r@ e F(ﬂ (/: _V. (4.23)
the entries in 1} and V is the vector D
. : A
with entries Vi, = —% <\/1 — &2, Pk>.
F,(Clr)L =uvivy (4n% +2n) <Tn, Pkl> ) F,(fr)l =vi o (4n? +6n+2) <a R,, Pk1> , (4.24)
I = —(8n+2) (VP PL),  Ti)=—4(k+1)kop
Fourth. Finally, combine (4.16)), (4.19), and (4.23), to obtain MZ=5b  (4.25)
B
now o® o . . 0 , . .
Here M = ., Z=|C|, b= . 0 =DT0) + AW (4.26)
o @ G . DV
D

and D = diag(wlﬂ) — a diagonal matrix. Note: A and I'® are diagonal, and ©*) = 0.
Thus A drops out from these equations. Once B , C_", and D are obtained from 1 ,

A follows from .
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Specifically, from ADA = —ADB - ADC - ABD. (4.27)

Easy to solve because A is diagonal.

4.1.4 Solving the equations: reduction to a finite system

The system of equations in (4.25H4.27)) is linear, discrete, and infinite. In order to actually
compute the solution (or a suitable approximation) we need to reduce it (by truncation or
other means) to a finite system. The crucial step is to reduce the infinite matrix M in
to finite size. The authors in [49] report that they reduced the matrix, for their calculations,
to one of size 5N x 5N — where N is some (large) integer. But they do not explain how,
nor do they exhibit the reduced matrix. Hence we had to develop our own reduction, which
produced a matrix of size 4N x 3N. We have no way of knowing if our reduction is better or
worse than theirs — e.g.: in terms of the Conditioningﬁ However, note that our reduction is
over-determined (so we solve it in the least squares sense), while the reduction in [49] yields
a square matrix. Our reduction is explained below.

First: intuitive explanation. Let us go back to , and truncate the infinite series so
the resulting sums all have the same level of approximation (for r = 1, since there is where
the jump conditions apply). This means that each of the sums must involve the same range
of P! — or as close as possible: an exact match cannot be done. Thus keep: (i) the first N
for By, Cp, and D,; and (ii) the first 2N for A,. Thus each of the truncated sums involves
P} with n up to either 2N + 1 or 2N. However, the jump conditions involve linear relations
between r = 1 —dr (inside) and r = 14 dr (outside), and the inside “vectors” (B, C, D) are
now length NN, while the outside vector A is length 2N. Hence the jump conditions must
be written in terms of 2N x N matrices. This leads to two sets of size 2N x 3N problems
when A is eliminated from the equations. That is, M size 4N x 3N.

A more precise description relies on the scalar products <P,}, P,}@> that appear in the con-
struction of . The idea is to truncate the various matrices by keeping only terms
where n and m are below some threshold. It is then easy to see that this produces reduced
sub-matrices II), ©0) and AU) of size 2N x N (for some positive integer cutoff N). This
then reduces the matrix M to size 4N x 3N matrix.

Unfortunately, the condition number for the reduced matrix M grows like ~ N3 — see

4We wrote to the authors in [49], to request the details of the reduction, but they were not provided. We
also asked if their reduction exhibited too fast a growth of the condition number with N (like ours does),
and we did not get an answer to this either.
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Figure . This, coupled with the slow convergence of the series defining the solution (see
item Q4 in note , creates a serious problem: a fairly large N is needed for accuracy,
which is hard to obtain because of the large condition numberﬁ The solutions also exhibit
a fairly strong Gibbs’ phenomenon, which makes the situation worse. For example: Figure
shows various aspects of the solution for N = 200 (note that then the condition number
exceeds 107). In this figure: Panel (a) shows the streamlines in and near the drop; the picture
is visually similar to FIG. 4 of [49]. Panel (b) is intended to check how well the condition
U2 =0 for r = 1 is satisfied. While oscillations are clearly visible, their amplitude is small
O(1073). Panel (c) checks the condition [, ¥] = 0 for r = 1 in . The errors here are
size ~ 1.5, with fairly large oscillations everywhere. Finally, Panel (d) checks the condition
[v02V] =0 in . The situation is similar to that in panel (c) but the errors are 25 times
bigger.

The errors sizes mentioned above are in the L° norm, but it is easy to see from the
plots that the L' and L? errors are not small either. So, if this solution converges, it may
not be close to its actual value for N ~ 200. It also means that attempting to compute the
drag using it is pointless. This is a very unsatisfactory situation, which points to a general
lack of understanding of the Stokes equation with internal boundary conditions. We neither
understand how the internal solution in Equation is obtained nor know how to deal
with the intractable growth of the condition number of the M matrix in Equation .
In order to resolve these difficulties (as well as the other ones mentioned in note in
the next few sections we examine a similar, but simpler, problem: a Stokes problem in 2D,

involving a circle with an internal boundary.

4.2 General Results for the Biharmonic Equation

In this section, we present general properties of biharmonic functions, to lay the theoretical
framework needed for the construction of solutions to biharmonic problems with internal
interfaces in §4.3] We begin with a general description of the solutions to the 2D biharmonic
equation, using complex analysis, in Then we introduce some properties of the
solutions near a hyper-plane in § and

5Not to mention the fact that the whole point of an analytic solution is, mostly, to obtain “simple” and
compact expressions that yield either intuition, or can be used as building blocks for more complicated
problems. Without this a full numerical simulation is likely preferable.

92



4.2.1 Representation via Complex Analysis (2D)

As shown in the 2D Stokes equation collapses into the biharmonic equation for the
stream function ¥ = ¥(z, y), A2V = 0, where A = 92 + 85 is the Laplace operator — in
polar coordinates: ¥ = U(r, §) and A = 92 + %87« + %283 Below we use complex analysis
to represent biharmonic functions (solutions of the biharmonic equation) in 2D.

Theorem 4.2. Let ¥ be a biharmonic function

defined in a simply connected open set. Then U =720y + Uy, (4.28)
where W1 and Uy are harmonic. Further, ¥; and

W5 are unique up to transformations of the formJr Uy — Uy + %2 L and ¥y — Uy — L,

where L is a linear function: L = ¢y x + ¢ y.

Equivalently, in terms of the complex variable

¢ =x+ iy (and its conjugate ( =z — iy), ¥ = Real (Efl(C) + fg(C)) (4.29)
Here f1 and fo are analytic functions, unique

up to transformations of the form T fi—=fitial+c and fo— fo—c(+1ib,
with constants: a and b real and ¢ = ¢1 + i co

complex (c¢; and ¢y are as above). Then U, = Real(f1/¢) and W2 = Real(f2).
Note that if ( = 0 is in the domain, then the

complez constant ¢ is uniquely determined by the requirement f1(0) = 0.

1 Transformation invariance. &

Proof. AV is harmonic. Thus AV = Real(h({)), where h is analytic (see #1). Let f1(¢)
be the analytic function defined by f| = h (see #2). Then ¥ — Real(¢ f1(¢)) is harmonic.
Hence ¥ — Real(¢ f1(¢)) = Real(f2(¢)), where f is analytic (see #3). This proves .
#1 Note that & is unique up to the transformations: h — h + ia, with a a real constant.
#2 Clearly f1 is unique up to the transformations: f; — f1 +ia(+ ¢, with ¢ a complex constant.

#3 Clearly f5 is unique up to the transformations: fo — fo —&( + b, with b a real constant.

Finally, (4.28)) follows from ¥; = Real(f1/¢) and ¥y = Real(f2). O

What happens if the domain in theorem is not simply connected? (4.30)
In this case the ¥; (and f;) can be multiple valued: following them along a closed

loop may return them not to the original value, but one that differs by a transformation
invariance, as the following example shows:

Take fi = (a1 ¢ + a2) log¢ and fo = as ( log(, with the a; real constants. This leads to
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the (single valued) biharmonic function (on 7 > 1) ¥ = a;7?Inr + 2ayx Inr. However,

Uy =ay Inr+agr 2(zInr+y0) and ¥y = as (x Inr — y ) are multiple valued. &

Expansions for biharmonic functions in the unit disk. (4.31)

Let ¥ be a biharmonic function defined on the unit disk » < 1. Then we can use (4.28H4.29)

to write > . >0 .

\II — T2 Z wl,n r‘”' 62110 _|_ Z ¢27n TlTL'eZn@’ (432)
n=—oo n—=—oo

for some expansion coefficients 11 ,, and 12 ,,, with the series radius of convergency being at

least 1. In terms of sines and cosines this is

U = ag+r(agcos+ bysinh) +r? (az cos(26) + by sin(26) + ¢2) +
r" (an cos(nf) + by, sin(nd) + ¢, cos((n — 2)0) + dy, sin((n — 2)9)) , (4.33)
n=3

for constants ay, by, ¢,, and d,. Alternatively:

U= i (dn + by, r2> r" cos(nf) + i (én +d, 7"2) r" sin(nf). (4.34)

for constants a,, by, ¢,, and d,.

What happens in dimension d > 27 (4.35)
It is easy to see, through direct calculation, that ¥ as defined by , s biharmonic if the
V; are harmonic. This is true in any dimension.

We do not know if the the converse (biharmonic functions in simply connected open sets
can be written as in (4.28))) is true for d > 2. However it can be shown that the converse is
valid on “radial sets”. The proof employs a variation of the technique used in §4.2.2]

Note. We define a radial set as the portion of a solid angle characterized by Ry < r < Ra,
where the R; are functions of the angle variables suc that 0 < Ry < ro < R, where rg is a
constant. Thus every point in the set is connected, by a radial line, to a single point in the

sphere of radius rg.

4.2.2 Hyperplane based representation

Here we will prove a result analogous to that in theorem but for a plane geometry

(instead of spherical)ﬁ Here we no longer assume 2D.

5Note that, while the result in theorem is well known, the one in theorem is less known.
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Theorem 4.3. Let ¥ be a biharmonic function defined on
a region ) with the properties listed below. Then U=u+zv, (4.36)
where u and v are harmonic functions. Conversely: any
function of the form in is biharmonic. The properties of {2 are:
pl © is associated with a hyperplane P. Without loss of generality label the Cartesian

coordinates as (x1, ..., Zn, 2) = (Z, z), and assume that P is the hyperplane z = 0.

p2 Let R be a region within P. Assume that the Poisson problem: A jw = f in R, has

solutionsm Here A is the Laplace operator in terms of #, and f = A(¥),|.—0.

p3  is the set of points such that ¥ € R and Z4(%) < z < Z, (%), where Z; and Z,, are

“nice” functions such that Z7; <0< Z, and Z; < Z,. &

Figure [B-20] shows an example region 2.

Proof. If ¥ = u+ zv then AV = Au + z Av + 2v,. Hence, if u and v are harmonic, ¥ is
biharmonic (as then v, is also harmonic). Viceversa, let ¥ be biharmonic and suppose there
is a v harmonic such that 2v, = A¥. Then v = ¥ — z v is harmonic. Thus, to complete the
proof we need only show that 2v, = AV has an harmonic solution, given a biharmonic W.
However, 2v, = AV is an ode along each line & = constant, and completely determines v
in Q given vy = vo(Z) = v|,=o for ¥ € R. Furthermore: 2 (Av), = 0. Thus v is harmonic if
Av=0for 2=0. But Av=v.,+ A v = %(A\I/)Z + A v. Hence v is harmonic if we select

v to be a solution to the Poisson equation A vy = — (%(A\Il)z) |.=0- O

4.2.3 Continuation Across a Hyperplane

In to solve a biharmonic problem with an internal interface, the solutions on each side
of the interface are extended to the other side. This must be justified: in general extending
elliptic functions outside their domain of definition is an ill-posed problem [46]. The results
below provide this justification.

Note: In both theorems below Z; = 0. Hence the assumption in p2 of theorem [4.3] applies.
Theorem 4.4. Let ¥ be a biharmonic function defined

in © (Q is as in theorem with Z4 = 0). Further Ul,—0=0,¥|,—0=0. (4.37)
Then ¥ can be extended as a biharmonic function to the

symmetrized region —Z, (%) < z < Z,(Z). &

"This is only needed for the converse part of the theorem. An issue when (in p3) either Z; = 0 or Z, = 0,
because the boundary values of harmonic functions need not be nice.

95



Theorem 4.5. Let ¥ be a biharmonic function defined

in Q (€ is as in theorem [4.3] with Z; = 0). Further Ul = 02W|,—g=0. (4.38)
Then ¥ can be extended as an odd biharmonic function

to the symmetrized region —Z,(%) < z < Z,(%). s
Proof. From theorem we can write U=u+zv.

Then, when (4.37)) applies it follows that: u|,—0 = 0 and (u,+v)|,=0 = 0. Now, since both u
and wi; = u, +v are harmonic functions, they can be extended as odd harmonic functions to
|z| < Zu(Z). Thus ¥ = u+ z (w; — u;) is extended as a biharmonic function to |z| < Z,(Z).

Note also that W, = u — zu, is odd part of the extension, while ¥, = zw; is even part.

On the other hand, when (4.38) applies u|,—o = 0 and (u,, +2v;)|,—0 = 0. Now, since both
u and wo = u, + 2v are harmonic functions, they can be extended as harmonic functions to
2| < Zu(Z) — with u odd and w even. Thus ¥ = u + 1 2 (we — u.) is extended as an odd

biharmonic function to |z| < Z,(Z). O

4.3 Biharmonic Equation with an Internal Interface: PSM

In this section we present an extension of the Parity Split Method (PSM) for the biharmonic
equation with an internal interface. Specifically we will consider a 2D “Janus cylinder”
problem, and show how the PSM developed earlier for the Laplace equation can be extended
to this problem. We point out that the extension has some drawbacks relative to the Laplace
case. For example: the boundary conditions cannot be split a-priori. Thus an explicit
solution is not possible, and we must resort to a semi-analytical approach involving the
solution of an infinite matrix system, with a condition number that grows too rapidly. On
the other hand, the approach resolves questions Q1-Q3 in note Further work is needed
to resolve question Q4.

Important note: While the presentation here is for the 2D case, the results in §4.3.1] have

a straightforward generalization to a sphere in any number of dimensions.

4.3.1 The mathematical problem to be solved, and main results

We consider the biharmonic equation in the unit circle, with interface along a diameter.

Thus, in cartesianlﬂ (z, z) and polar coordinates (x = r cosf and z = r sinf, the main

8We use (z, z), instead of (x, y), to be consistent with the notation in
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domain is: Q = disk » < 1. The subdomains are: €; = upper half disk (r < 1 and z > 0)
and Q9 = lower half disk (r < 1 and z < 0), with interface along z = 0. The problem to be

solved is then

A%V =0 forr < 1and z # 0,
U =[0,0] = [v920] =0 onz=0, (4.39)
U= fand V¥, =g onr =1,

where: (i) As usual [w] = w|,_g+ — w|,—¢- indicates the jump across the interface of the
enclosed quantity; (ii) v = v(z, z) is defined by v = v; in Q;, where the v; are positive
constants. (iii) f = f(#) and g = g(0) are given functions. This problem is a 2D version
(the “Janus cylinder”) of the one in , were we eliminate the “outside” region, and replace
it by boundary conditions at r = 1 (prescribing the flow velocity there). This allows us to

concentrate exclusively on how to deal with the internal interface.

Note 4.12. Our aim is that of methods to obtain explicit solutions. Thus, to avoid being
embroiled in mathematical subtleties, we assume that: f and g in are such that:

(a) The solutions exist and are unique.

(b) The limits at the interface, from each side, of the solution and its derivatives (up to

third order) are nice and well deﬁnedﬂ for |z| < 1. )
The main results of this section are the following two theorems

Theorem 4.6. (First parity split).

The solution to (4.39)) can be written in the form U =T+ % Uy,  (4.40)

where:

(1) ¥y is odd and W, is even (relative to z).

(2) Uy is the solution to A2y =0, (4.41)
with U1 = f; and 0,¥; =g atr=1.

(3) Wy is the solution to AWy =0, (4.42)
with Wy = fo and 0,y =go at r =1,

and interface conditions at z =0 Uy = 0,0y = [82\112] =0.

(4) HhH=0f, =09, fo=¢Ef and g2=2¢&y, (4.43)
where O and £ are defined below.

9In general we expect singularities at & = +1.
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(5) The transformation (¥; odd, U5 even) — ¥ = Uy + 1 ¥y in (4.40) is a bijection, with

inverse

1 1 1 1
U, = <\1; - xy#> = OV and ¥y = — (\P - \If#) =Ev (4.44)
K

Kk \ v v

where k = 1/v1 + 1/v2, and we use # to indicate the reflection across z = 0 of a
function: G¥(z, z) = G(x, —z). This is consistent with v# defined in note )
The key point to notice here is that there is no interface in the problem for Wi. Hence it
can be solved by “standard” methods, e.g.: using . The interface conditions for Ws have
been simplified, but not removed (this is done in the next theorem). In addition:
(a) f1 and g; are odd (guarantees odd solution to (4.41)),
(b) f2 and g, are even (guarantees even solution to (4.42)),
(c) The PSM here is similar to that in with the even and odd roles reversed.

The proof for this theorem follows after the statement of the next theorem.

Note that the jump conditions for Uy guarantee that Wy is C? across the interface, but 92 W
may not be continuous. Hence a further split is needed:
Theorem 4.7. (Second parity split). The even biharmonic, Vo, in the first parity split
of theorem |4.6] can be written in the form

Uy =Wy, +0Ws,, (4.45)
where: (i) o = sign(z); (ii) Vg, and Wy, are biharmonic functions in € (no interface);
(iii) W, is even (relative to z) and Wo,|,—o = 0; (iv) Wa, is odd (relative to z) and
0,V 6|.=0 = 0; (v) Yo, and ¥y, are uniquely determined by Wo. (vi) Any function of the
form satisfies the interface jump conditions for ¥y in . &
This second split finally removes, completely, the interface from the solution of , and
expresses the solution as a linear combination of four biharmonic functions defined in the
whole domain € — this addresses the “puzzle” in Q3 of note (4.9
Important point. (4.46)
Unfortunately, the proof of the existence of is not constructive. In particular, it does
not provide boundary values that can be used to solve for ¥y . and ¥y ,. It seems that the
boundary values for ¥ . and W9, depend “globaly” on f, and g (there is no analogue to
(4.43)), and cannot be obtained independently of, essentially, solving the whole problem.

The proof of this second theorem is after the proof of the first theorem right below.
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Proof of the first parity split.

First we show that if ¥ and W, satisfy , then ¥ in satisfies :

(i) Statement (5) is trivial. Thus f=hH+ %fg and g=g¢1+ %gg, (4.47)
from which the boundary conditions at

r =1 for follow. (ii) Because ¥ is odd (and smooth) it trivially satisfies the interface
jump conditions for . (iii) The interface jump conditions for Wy are such that 1,
satisfies the interface jump conditions for . (iv) Finally, because v is constant in each

€1;, and the ¥; are biharmonic there, ¥ is biharmonic in each €2;. QED
Next we show that, if ¥ satisfies (4.39)), then it can be written as in (4.40)).

(v) The ¥, are given by ([4.44). Thus they satisfy the boundary data in (4.43). Further:
they are also bi-harmonic because v and v# are constant on the ;. (vi) Using and
the interface jump conditions in , a direct check shows that (on z = 0) ¥y = 92¥; =0
and Uy = 9,Uy = [02Wy] = 0. (vii) Finally, theorem shows that ¥; (as defined in )
can be extended to an odd biharmonic function in € (no interface). But ¥; is odd, so it

must be its own extension. QED

Proof of the second parity split.
We begin by introducing a bit of notation, to emphasize the fact that Wo is actually two
biharmonic functions (one for each subdomain, €; and Qs9) linked through the interface

jump conditions
Uy =05 forz>0 and Wy=V; forz<O0. (4.48)

Because of the interface jump conditions for ¥y in , \Ilét = 8Z\II§E =0on z=0. Thus
theorem allows us to extend these functions to the whole of (2, as biharmonic functions.
Further, because Wy is even, U (z, 2) = Wy(x, 2) = Ua(z, —2) = ¥, (2, —2) for z > 0, and
the extensions satisfy Uy (z, 2) = U, (z, —2), (4.49)
for all z. Further

L0y +0))+ L (0 —05) =Ty, + Ty, f >0,
Ty — 2( 2 2) 2( 2 2) 2, 2, or z (4.50)

(U7 +05) =3 (U5 —05) =0y, — Uy, for z2<0,

where Wy, and Wy, are defined by the formulas. However, from (4.49), v, = (\IIS')#

Hence ¥y . and ¥y, are even and odd, respectively. It is also easy to check that Wy |,—0 =

9.W3,0|.—0 = 0. Thus (E.50) is (L.45).

Uniqueness: Assume now that Wy = \11276 + 0'\1’2,0 for some other even-odd pair \i/g,e and
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Uy,. Then, for z > 0, U = Uy, + Wa,, from which it follows that ¥ = Wy, + ¥y,
everywhere. Similarly ¥, = \11276 — @270. Thus yields Wg . = \ilg’e and Wy, = \I}Q’O

Finally, a straightforward calculation shows that if W5 can be written as in , then
Uy = 0,¥y = [02V,] = 0. QED

4.3.2 Solving the Odd Subproblem: a Well Conditioned Problem

First we can write ¥y using the odd basis functions of the form in Equation (4.34]). Since

the sines are odd, we will set a,, = Bn =0
B ~
U, = Z (En + dnT2> r" sin(nd) (4.51)
n=1

Note that Equation (4.51) already satisfies all conditions at z = 0 of Equation (4.41]).

Satisfying the conditions at » = 1 would result in the following

[e.o]

h=> (5n + Jn> sin(nd) (4.52)
n=1

g1 = i <n5n + (n+ 2)czn> sin(nf) (4.53)
n=1

which, upon taking the inner product with respect to sin(k) over [0, 27|, for k =1,2,3, ...,

result in the standard Fourier series problem

oo

(fr,8ink0) (g 0 = Z <6n + cin> (sin(nd), sin(k6))g o (4.54)
n=1

(91,50 k0) g 30 = D (1 + (1 + 2)dn ) (sin(kO), sin(n6) g 5, (4.55)
n=1

where fi and g1 are defined in (4.43). But since (sin(k6),sin(nb))i o, = TOkn, we can

conclude that

.51 .
Cr +di = ; <f1, sin k0>[072ﬂ'] (4.56)

1
kéx + (k+2)dy, = - (g1,8I0k60) (g o) (4.57)
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which means that

- 1 _ .
e = 21 <<gl’ sink0) o o) — K {f1,8in k9>[0,2ﬂ) (4.58)
. 1 ) -

G = (f1,sin k¢9>[0’2ﬂ] —dp, (4.59)

4.3.3 Solving the Even Subproblem: an Ill Conditioned Problem

We now write down the expressions of Wy in terms of Wy, and Ws, using the corre-

sponding basis functions in Equation (4.33)):

Uy, = ni_o:l a1 (cos((n 4 1)0) — cos((n — 1)) (4.60)
Uy, = ibnrnﬂ((n — 1) sin((n + 1)8) — (n + 1) sin((n — 1)) (4.61)

so that
Vo =Wy +0Ws, (4.62)

Note that in the second equation, the index starts at n = 2 since the basis function is 0 for
n = 1. Also note that W5 defined as such automatically satisfies the boundary conditions at
z = 0 of Equation (4.42)).

Now to satisfy the boundary conditions at » = 1, we again use the inner product and

the definitions of fy and g9 in (4.43]) to write

(W2, co8 k) (g o) = (f2,CO8kO) g o (4.63)

(g, cos ka)[ogﬂ = (g2, cos k0>[o,2ﬂ (4.64)
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Which becomes

(f2,c08k0) g 0m) = Z an, ((cos((n +1)0), cos(k0)) g 2. — (cos((n — 1)8), cos(k9)>[0727r])

+ Z b, ( (n—1) (o(2)sin((n + 1)9)7005(1459))[0,%})
4 Zb ( (n+1){(o(z)sin((n — 1)9))7003(k9)>[0,27r})

RSN T
n=1 n=2

and

o0

(4.65)

(g2, cos(k8)) = " an ((n+ 1)({cos((n + 1)6), cos(k8)) g 1) — (c05((n = 1)9), cos(k0)) )

n=1

+3 by ((n+1)((n — 1) (o) sin((n + 1)0), cos(k0)>[0,2ﬂ)

(
+ Z by, (—(n + 1) (o(2) sin((n — 1)0)), COS(k9)>[0,27r]>

Here Al(m), ,(m) , Afn), B(Q) are infinite matrices defined as

Al(gln) = (cos((n + 1)8), cos(k)) g o — (cos((n — 1)8), cos(kd)) g 2

) ;
— (n+1) {o(2) sin((n — 1)6)), cos(k)) g o
AR = (n+ 1) ({eos((n + 1)9), cos(k0)) o
— (n+1) (cos((n — 1)8), cos(kA)) 5,
By = (n+ 1)((n— 1) (o) sin((n + 1)6), cos(k6)) o
— (n+1) (o(2)sin((n — 1)0)), cos(kb)) g o)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

Here we remark that for any integer k, (o(2)sin(m#f)),cos(kf))( o, can be evaluated as
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follows.

i 2
(0(2) sin(m#)), cos(kb)) (g o) :/0 sin(m#) cos(k:&)dG—/ sin(m@) cos(kf)df  (4.71)
= 2/0 sin(m#) cos(k6)db (4.72)

= TTXmk (4.73)

where o = 2 [ sin(m#) cos(kf)df was first defined in Equation (3.178) and is now rewrit-

ten here as

0, k 4+ m is even
Xmk = 1/m, m is odd and k =0 (4.74)

2m/(m? — k?), k+m is odd and m # 0

Lastly, we decide on the cutoff as by presetting a natural number N such that

(f2,c08kO) g o) ZanA(l + Z b B,m (4.75)

(g2, cos(k0)) g 1) Zan ,m + Z b Bkn (4.76)

and that 0 < k < N — 1. We form the following three matrices

A B
A= B = C = [A B] (4.77)
A2 B®
Note that
A e RVN B e RVXN ¢ ¢ R2VX2N (4.78)

In this way, we can obtain the coefficients a,, and b,, via the following linear system

Ci=F (4.79)
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where

U= [al,ag,...CLN,bQ,bg,...,bN+1]T (480)
N+1]T

H (4.81)

F = [{(fg, Ccos k@)[mﬂ]}:[:l ) {<g2; cos k9>[0,2w]}

Now we check the condition number of C'. We plot the condition number of the matrix
C vs. N on a log-log scale in Figure [B-T7] As one can see, the condition number grows like

O(N*), rendering the system ill-conditioned. The reason for this seems to elude us.

4.4 Fixing the Condition Number: In Search of a “Natural

Basis”

Figure points to the fact that the ill-conditioned nature of the Stokes problem with
internal boundary exists not only in 3D but also in 2D. We surmise that this is because
we are not using the most “natural” basis. As an analogy we know that " a,z™ is not the
most natural way to express f(z), for |x| < 1, due to the resulting ill-conditioned Hilbert
matrix. Instead, we must use P,(x), Legendre polynomials of order n, to expand f(z) to
be well-conditioned. Similarly, the basis functions cos(n#) and +sin(n#) may also not be
natural to the system. We must search for the equivalent of Legendre polynomials for the

even subproblem in Equation (4.42)).

4.4.1 A Simplification: Biharmonic on Upper Unit Disk with Zero on
z=0

Because of the reflection symmetry in the second parity split resulted from Theorem
we can simplify the problem by just considering ¥y biharmonic in the upper unit disk with
Uy = 0,¥9 = 0 along z = 0. As before, the solution would be Wy = Wy . + Uy ,, where ¥q
and ¥y, are shown in Equation , and upon reindexing, can be written as

Uye = anr™ ! (cos((n+ 1)6) — cos((n — 1)6) (4.82)
n=1

Voo = bpr"((n—1)sin((n+ 1)) — (n+ 1) sin((n — 1)0)) (4.83)
n=1
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4.4.2 The Candidate Basis: C, and S,

We now introduce two new basis functions {Cy,}2°; and {S,}°2; over the upper half unit

circle.

Cp(0) = cos((n+1)0) — cos((n — 1)) (4.84)

Sp(0) = (n—1)sin((n+1)8) — (n+ 1) sin((n — 1)) (4.85)
Then ¥y can be written as
Uy = i " (@, Cr(0) + BnSn(H)) (4.86)
n=1

We hypothesize C,, and S,, are the candidate natural basis functions for the system. But
first, we must prove that C,, and S, are complete, orthogonal (with respect to 1/sin? )
basis functions in the vector space L?([0,7]) with vanishing value and first derivative value
at the end points 0 = 0, 7.

To see that C), is complete in the same L? space, we let f be a function with Fourier

cosine series such that
f= Z ap, cos(nf) (4.87)
n=0

with )" Jan| < 0o and >, (44 @n = Y1 even @ = 0. This ensures that f() = f'(6) = 0 for
0 = 0, 7. Now we define coeflicients «,, such that
(n—1)/2

Op = — Z an—2]—1 (488)

=0

This ensures that a, = ap—1 — ap+1 and that

F=YanCn(0) = aycos(nd) (4.89)
n=1 n=0

In this way, a,, — 0 as n — oo. Moreover, we observe that

N N-1
Z anCy, = Z ap, cos(nf) + an—_1cos(NO) + ay cos((N + 1)0) (4.90)
n=1 n=0
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N
As N — o0, > a,Cp, — f, uniformly.
n=1

Now to see that C, are orthogonal, we first observe that through the trig identity,

sin(a) sin(b) = $(cos(a — b) — cos(a + b)), we can rewrite Cy, as
C(0) = —2sin O sin(nh) (4.91)
and hence we can compute that for some integers k,n > 1

/ Can# = 210k (4.92)
0 sin” 6

1
sin2 6"

whence we conclude that C,, are orthogonal with respect to the weight factor
Next we prove that S, form a complete orthogonal basis for the same L? space. To do

that, we write formally that

> basin(nd) = Br5n(0) (4.93)
n=1 n=2

where we establish the connections between b,, and 3,, as

bn = (n—2)Bn—1— (n+2)Brt1 (4.94)
(n—2)/2
n —2[
Bn = — ; 3021 (4.95)

Then following the arguments as before, we can establish the uniform convergence of the
Sy, series towards f.

Now to see that S, are orthogonal with respect to the weight factor 1/ sin? 6, we compute

do
sin? 6

/0 " 5.(0)S(0) (4.96)

. /
To do so, we note that (M) = 520 4nd that S!(0) = (n? —1)C,(0). Hence we

sin 6 2sin? 0
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perform an integration by parts

/ S 511109 - /0 i <S;?n7;9>/(25k(9))d9 (4.97)
_ /0 i <S;?n7;9>/(25k(9))d9 (4.98)
_ (ﬁf:) T, — 2/07r S;?nze (K% = 1)C,,(0)) db (4.99)

The first term can be evaluated using L’Hopital’s rule to be zero, while the second term

can be calculated using Equation (4.91))

/ ) Sn(e)sk(e)# =4 / i sin(nd) sin(k6) (k* — 1) (4.100)
0 0

sin“ @

= 271(k% — 1)d, (4.101)

Hence, we can take the inner product with respect to 1/sin? 6 to find the coefficients a,

and (3, in Equation (4.86) at » = 1, which would look like

0) + BnSn(6)) (4.102)

Z
D0+ 1) (@nC(6) + 5n5(6) (4.103)

which, upon taking the inner product, becomes

/ fl6 (O‘"/ Cnl +ﬂn/07r n(f))sﬁgg> (4.104)

/092(0)0 (6)Sli99_ 3 n+1< /C + Bn /;S”(9>sii§9> (4.105)
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Hence we now define infinite matrices CV, D), 2 D@ E| such that

T do
oW _ / C.C 4.106
kn 0 kSiD20 ( )
(1) & do
D;’ = S,C 4.107
kn /0 ksin29 ( )
4 do
C? = (n+1) / CnCr—— (4.108)
0 sin“ 6
D(2) B g do
0 sin” 6
c®  p
E = (4.110)
c? p®

We will make each of the CV, @, DM D@ an 2N x N matrix, rendering F an N x 2N
matrix. Hence, we can recast Equation (4.102]) and (4.103]) into a matrix-vector equation

Ei=H (4.111)
where
U = [O_Z’ E]T = [ala "’aO[Naﬁlv "-7/8N}T (4112)
o - - 17T
H = [Hth} (4.113)

N [{/()7r f2<9)0’“(9)s1i§9} i1, {/OW 92(9)(7”(9)8;129} \ff:l] ' (4.114)

4.4.3 Schur-Banachiewicz Blockwise Inversion: Condition Number Re-

duction

We will solve the matrix equation in (4.111]) using the Schur-Banachiewicz blockwise in-
version, which effectively reduces the condition number of E to its block matrices. Given the
expression of F in Equation (4.110]) and the matrix equation (4.111]), the Schur-Banachiewicz

Blockwise inversion claims that the unknown coeflicients # satisfies

—

Elmoal'l7 = Hmod (4115)
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where

(v — (O™ DO (D@L o)

Emod: <N ( ) 1 ( ) 1 ) (4116)
(IN— (D®)™ @ (cW)~ D(l))

B [(cOV Y G, — (¢ p) (D@ G

Hooa = () O (¢) X ( )142 (4.117)
_(D(Q))_ Hy — (D(Z))_ Cc®?) (C(l))_ H,

Here Iy is the identity matrix of dimension N. To prove the Schur-Banachiewicz Block-

wise inversion formula, we first multiple out the matrix-vector form in Equation (4.111))

cWa+ DW= H, (4.118)
c®&+DP3 = H, (4.119)
We multiply Equation by (C(l))il and Equation by (D(Q))i1
at (C<1))‘1 DG = (C(1)>_1ﬁ1 (4.120)
(p®) " c®a+ = (D) A, (4.121)

We then multiply Equation (4.120)) by (D(Q))f1 C@ before subtracting Equation (4.121)

from it to obtain
<IN _ (D(2>>*10<2> (Cu))lD(l)) = (D@))*lﬁz _ (D@))*l o® (Cm)*lﬁl

Using the similar Gaussian elimination process, we can compute that

(IN _ (0(1)>—1D<1) (D@))_lc(l)) a— (C(n)‘l i, - (Cu))‘l D (D<2>)‘1 i,

(4.123)

Equation (4.122]) and (4.123)) for the entries in the Schur-Banachiewicz Blockwise inver-

sion formula in Equation (4.116)).
As shown in Figure the C,, and S,, basis functions and the Schur-Banachiewicz

Blockwise inversion formula stifle the growth of the condition number to O(N?).
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4.5 Conclusion and Future Directions

In this chapter of the dissertation we summarized the results in [49)], as well as the various
puzzles and issues that this work uncovers, such as: (i) Is there some underlying general
principle behind the solution form proposed in [49]7? (i) Is the proposed form a valid
representation for solutions (i.e.: are the “modes” complete and independent)? (iii) Is it
true that the solutions in each subdomain have extensions to the other subdomain (a rather
uncommon phenomena for elliptic equations)? (iv) Can the growth of the condition number
for the linear system that needs to be solved be ameliorated? (v) What is the nature of the
singularity, and can it be extracted so as to improve the convergence rate?

These questions motivated us to study a simpler analog of the problem, designed so
that the same issues arise: the biharmonic equation in 2D, over a domain that includes a
circle with an internal boundary. We then extend the Parity Split Method (PSM) of prior
chapters to this second problem; which then allows us to resolve the issues in items (iiii)
above. As in the case of Laplace’s, the PSM splits the biharmonic problem into even and
odd problems. While the odd problem is easy to solve, the even problem exhibits the type
of problem in item (iv) above. However, in this case we find a way to reduce the growth
rathe of the condition number via a combination of functional analysis and linear algebra.
The issue in item (v) above remains open.

We believe that the 2D results reported above can be extended to the 3D Janus drop
case. In particular, an improved convergence rate might allow then an accurate computation
of important physical quantities such as the drag. However, the key issue that remains to
be solved is item (v) above. This is the main roadblock that prevents simple and compact
approximations to the solution of problems of this type; such approximations are the key to
being able to, say, model large arrays of Janus drops. They would also provide intuition as

to, for example, how to best control the behavior of Janus drops.
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Appendix A

Tables

Table A.1: Unless otherwise explicitly specified, the parameters used to perform the calcula-
tions in Section [3.4] are as in this table. The starred quantities are from [I1]. The wedge size
and angle are typical dimensions for a micro heat pipe [54]. The thermal gradient is such
that the maximum temperature and the far-field temperature differ by ~ 1K over 500um.

Parameter | Description Values

Too *far-field temperature 295K

p1 Density of liquid (water) 1000kg/m3

P2 Density of Gas (air) 1kg/m3
%|T:TOO *an empirical constant 1.11 x 107 3kg/(m3K)
Csat(Two) *saturation concentration at T 1.94 + 10~ 2kg/m?
D *mass diffusivity 2.46 * 107°m? /s
v conductivity of liquid (water) 0.5918.J/(msK)
vy conductivity of gas (air) 0.0260J/(msK)
ag initial height of the interface 250pum

Ly, wedge size 500um

d wedge angle 20°

nr thermal gradient 2000K /m

[ the specific heat capacity of water at Too | 4200J/(kg * K)
o2 the specific heat capacity of air at T, 710J/ (kg x K)
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Appendix B

Figures
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triple-line singularity

Figure B-1: Example of the type of domain to be considered. Triple-line singularities typ-
ically arise at the points where materials of three different properties meet. Plot author:
Daniel Bergen, Master in Molecular Biotechnology at Bielefeld University (Bielefeld, Ger-
man) and PhD in Systems Biology at ETH Zurich (Zurich, Switzerland).

Geometry of a 2D Jrgnispylinder or 3D Drop Geometry of the 2D Wedge
Son , 9
| |
l | =
1) QQ / Q0
/ P U] Vr=1
- \ vy
[ vy
€
(a) (b)

Figure B-2: Example geometries: (a) Sketch for a 2D Janus cylinder or a 3D Janus drop.
The upper and lower hemispheres have different material properties, e.g.: viscosties 7 and
v, respectively. (b) Infinite wedge, with an interface placed at » = 1, and different material
properties for r < 1 and r > 1.

114



[uar u]l_=1 for N = 100 without Series Acceleration

Lp Error of [1/6r u].__1 vs N = without Series Acceleration
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Figure B-3: Comparison of how well the solution, with and without series acceleration,

satisfies the boundary condition [Orul]|,=1 = 0 — see §2.3.3.2| Panels (a) and (b) display

results without series acceleration, while panels (c) and (d) correspond to the accelerated
series. The difference is dramatic.
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Figure B-4: Eigenmodes in (2.18). 2D Janus cylinder with v; =1 and 15 = 10.
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Figure B-5: Eigenmodes in 1) 3D Janus drop with v; =1 and v, = 10.
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Heat map for u = r at the boundary 6=70°

Figure B-6: Heat map for the solution in (2.44)), with v; = 1 and v = 10. The boundary
conditions are: ©u =0 for # =0 and u = r for 6 = .

0.5 0.5
0 0
-0.5 -0.5
1 05 0 05 1 1 05 0 05 1
Yo =09 Yo = 20
0.5 0.5
0 0
-0.5 -0.5
1 05 0 05 1 1 05 0 05 1

Figure B-7: Acceptable PSM interfaces (in red) for the unit disk — see (2.69). The interfaces
are circles of radius \/yg — 1 centered at some —yg < 1, in any Cartesian coordinate system
sharing the origin with the disk. As yy — oo, the interface approaches a flat line at y = 0.
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Figure B-8: Schematics for the V-shaped liquid wedge. (a) shows a 3D rendition. When
L; >> Ly, the long dimension can be ignored, to yield a 2D problem — shown in (b).
These figures are the product of the generosity and craftsmanship of Daniel Bergen, Master
in Molecular Biotechnology at Bielefeld University (Bielefeld, German) and PhD in Systems
Biology at ETH Zurich (Zurich, Switzerland).

Original Coordinate

F=a =1,
\
d ‘w
Z
(a)
Conformally Mapped Coordinate (l) Conformally Mapped Coordinate (ll)
F=1
¢=dC
hy D —
//// .
. \‘\\
,/ r= Lw \\\
/
= [ \\
¢=0 ¢ | |
13 &
(b) (c)

Figure B-9: The coordinates used to solve the Laplace problem. (a) original coordinates, (b)
and (c) conformally mapped coordinates in (3.122]) and ([3.134]), respectively. Here curves of
the same color map onto each other.
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Temperature Heat Map for "2/ v, =1000 w/ Linear Decrease Boundary 1 Temperature vs. Radius w/ Linear Decraase Boundary

— /15
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Figure B-10: Solution to the temperature problem with a linearly decreasing boundary
temperature (here vo/v; = 1000 and L,, = 2). (a) heat map of the temperature — in red
the liquid-vapor interface, the green line is at the top of the wedge. (b) temperature vs.
radius — the doted lines correspond to r = L,, and 1/L,,.

errh(N) vs. N for Constant Temperature errh(N) vs. N for ”T=2°°° K/m
w0t B 107
N \
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Figure B-11: erry(N) vs. N plotted on a log-log scale for two temperature wedge-boundary
conditions: (a) constant, and (b) piece-wise linear. These plots gauge the convergence of
the series solution in (3.127) through the error in the total flux across the interface, as
characterized by b in (3.162)). This is given by erry(NN) in (3.19613.197), the absolute value
of the difference between the exact value for b in , and the first N terms in the series in
. In both cases, the series solution converges (slowly) at a sub-linear rate O(N~%9%).
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Figure B-12: Plots of the radial flux: (a) Normalized radial flux with the mean subtracted.
The flux is larger near the wedge sides (0 = 0, @), as expected. (b) and (¢) Total normalized
evaporation flux for different: heights of the liquid vapor interface, humidity levels, and
angle sizes. As expected, the flux is smaller for higher humidity or a larger angle.
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Figure B-13: Plots of the normalized lifetime versus temperature, relative humidity, wedge
size, and wedge angle. The lifetime increases with the humidity (a), and it decreases with
the thermal gradient (b). Note in (c) the enhancement of the thermal gradient by the
humidity: the same temperature increment reduces the lifetime by a larger fraction as
humidity increases. We further note an increasing trend in lifetime with both wedge size
and wedge angle, (d) and (e).
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Y

Figure B-14: (From FIG 1 in [49]) Janus drop in an external flow —UZ. The angle § indicates
the drop orientation with respect to the flow: 8 = 0 corresponds to the internal interface
normal to the external flow (axis-symmetric problem). Note that the authors use 1, while
we use v, to denote viscosities.

Condition Number of the M Matrix vs. N

10° ¢ slope = 3.1
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10t F o

10? L .
10° 10’ 102

Figure B-15: Condition number for the matrix M in (4.26), truncated to size 4N x 3N,
versus IV, on a log-log scale. Here v = 1 and vy = 0.5. The condition number grows too
rapidly: O(N3).
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Figure B-16: Solution in —, for v1 = 1 and v = 0.5, with N = 200. a) shows the
streamlines for the Janus drop under the external flow. This agrees visually with the result
in FIG. 4 of [49]. However, the boundary conditions at » = 1 are poorly satisfied. While (b)
shows acceptable accuracy for U2 = 0 at r = 1 (error O(1073), (c) and (d) indicate lack
of convergence for the boundary conditions at r — 1 involving first and second derivatives of
the stream-function. Note the large spurious oscillations
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Condition Number vs. N for the Even Subproblem

Slope = 4.0

Condition Number

1‘02 L
Q

10
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Figure B-17: Condition Number for the matrix C' in (4.77), truncated to size 2N x 2N,
versus N, on a log-log scale. The condition number grows too rapidly, O(N?). This is
the same issue that arises with the matrix M in (4.26]), for the 3D axisymmetric Stokes
equation.

s Condition Number vs. N for the New Basis
10 :

Slope =1.9

Condition Number

Figure B-18: Condition Number for the matrix E,,,; in (4.116)), obtained with the Schur-
Banachiewicz Blockwise Inversion, truncated to size of 2N x 2N, versus N on a log-log scale.
The condition number here grows slower, O(N?), than the case shown in Figure
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Phase Plot of the Quasi-static Parameter
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Figure B-19: Heat map for the quasi-static parameter X in (D.17)), with a/ Ly on the z-axis
and the wedge angle on the y-axis. The quasi-static assumption is valid for a “not too large”
wedge angle, and a “not too filled with liquid” wedge.
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Figure B-20: Example of the region 2 in Section
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Appendix C

Integration of the Associated
Legendre Polynomials over a Half

Interval

This section concerns the efficient computation of the inner products of associated Legendre

polynomials over the half interval [0, 1]. For two integers k, [, we would like to compute
1
U= [ PHOR ) 1)

The analytical answer of Uy; is known to be

(141
él—&-l)’ L=k

Uk = 40, 14k (C.2)
Sl otherwise

Here fy; is

sin (gk) cos (gl) Ay

=7 (l(Hl) k(k+1)+1(+1)

sin (ll) cos (ﬂk:) A
—hkk+1) k(k2+ 1)+ l?l +1) ) (€-3)

where Aj; is defined as
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Ay, =

| H

1
2)
i (C.4)

Here I" denotes the gamma function. If we directly compute A;jx, we would run into the
issue of numerical overflows. Therefore, we must massage Equation (C.4). More specifically,
we will consider two cases: (i) I even and k odd; (ii) [ odd and k even.

For [ even and k odd, /2 and % + % are integers, whence we can simplify that

r (é + 1) = T(integer) = (%)'

PG+1) =VAgn = Vi
+3) =G+ -)=(G-2)! = (55!

k 1 1 AU k+1)! k!
+1) =T (5+3+3) = Vigitng = Viwmysiary; = Vi

OF(

[SIE

OF(

[SIE

Putting everything together, we can simplify Ay, as

ENOCO! N

- == ! (C.5)
ﬁ 2l/2 ﬁQ(k+1)/2

Ly 0200072 ()1 (52):

Ay,

o il (k+1)! (C-6)

Hence if we now define the following vectors of size [,
v = [1,2,.,1/2, (4)(1), (4)(2), ., (4 (1/2)] (C.7)
wy = [1,2,...,0]" (C.8)
(C.9)

Then we can simplify some terms in Equation (C.5)
l
; 2)1(1/2)!
I (L) - a2 )
ij !
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Similarly, if we define the following vectors of size k,

v = (1,2, .., (k — 1)/2,4(1),4(2), ..., (4)((k + 1)/2)]” (C.11)
wo = [1,2,..., KT (C.12)
then we can write
1 oy (v k-1yp (k1Y)
k+1 ]1;[1 <w22]> = gt 2(l<:)+(1)2! : (C.13)

As a result, we can rewrite Ay as

l
]_ 1 V1,5 7)277]
Ak =% +1 H (wm) U <w2,j> (C-14)

For [ odd and k even, we can follow an almost identical calculation. In the end, we can

define the following vectors

v3 =[1,2,...,0]7 (C.15)
wy =[1,2,...,(1=1)/2,(4)(1), (4)(2), ..., () ([ + 1)/2)] (C.16)
v =1[1,2,... k" (C.17)
wy = [1,2,...,k/2,(4)(1), (4)(2), ..., (4)(k/2)]F (C.18)

so that Aj;, can be written as

Ay =7l + 1)1i[ (1””]) f[ (“43> (C.19)

w w.
3,J j=1 4,5

In this way, we avoid having to compute the large gamma functions that breaks the

computational limit of a standard computer.
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Appendix D

Justification for Quasi-Staticity

The quasi-static assumptions of concentration and temperature in Equation and
(13.8) will be justified in this section. We first study the characteristic time scales associated
with the full time-driven heat and concentration equations. We would simplify the physical
and just consider homogeneous boundary conditions over the wedge. Quasi-staticity would
be justified if the largest characteristic times is dominated by the lifetime of the liquid
bridge. This would ensure that the equations reach equilibrium much sooner than the
droplet completely evaporates. Secondly, we calculate the incremental mass loss during the
initial transience of the time-dependent concentration evolution. We would want to be sure

that the mass loss is small compared with the total remaining mass.

D.1 Comparing Characteristic Times with Lifetime of Liquid
Bridge

To estimate the time scale needed by the temperature and the concentration to reach steady
state, we solve the time dependent equations with homogeneous boundary conditions, in the
domains

Q={(r0):0<r<a,0<0<®}and Qy ={(r,0):a <r <oo,0<60< o}
There are then three characteristic time scales: (i) ¢71, the characteristic time for tempera-
ture in y; (ii) t7,2, the characteristic time for temperature in Q9; (iii) ¢c 2, the characteristic
time for concentration in Q. To calculate these time scales, we let (1) denote temperature

in Q;, T®, C denote the temperature and concentration in sy, and solve the PDE below.
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Over (1, solve

- P1Cy,1
TM =0, 6=0,0 (D.1)
Tr(l) =0, r=a

and over )9, we want to solve

T op2cy2
T?) =0,0=0,& ,3C;=0,0=0,0 (D.2)
T7«(2):0,7“:a C=0,r=a

Here ¢, denotes the specific heat capacity. Using separation of variables, we can express the

solutions as infinite series

2
Tm,nV1

70 =33 AW, sin (”f) 7, (Imat) oot (D.3)

where J,, are the Bessel’s functions of the first kind and order n, and 7, , denotes the
mth root of the first derivative of .J,,. Of all the terms in the infinite series, the most slowly
decaying term is for n = m = 1. Hence, we can take t7; to be the largest characteristic

timeof n=m=1

2
Cy 10
try = P10 (D.4)
UiNLe!
Here 11,1 ~ 2. Similarly, we can write down the solutions T®
e nm —— Tinn2
(2) _ (2) o m,n T ogcy 202
T (r,0,t) = mZ:lnz::lAmn sin (<I> ) In < . ) e r2ov2 (D.5)

+ _ pQCU,QGQ (D 6)
T2 ?7311/2 .
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Finally, we write down the solution to the concentration as

2
(r,0,t) Z ZAmn cos (mr@) In (’YZ’nr> e*WZSDt (D.7)

m=1n=0

th

where 7, , is the m' zero of .J,,. Here then, the slowest decaying process would be for

n = 0,m = 1, which makes the characteristic time of concentration

a2

D.8
’Y%,OD ( )

too =

Here 719 ~ 2.25. The characteristic time ¢. chosen to compare with the lifetime would then

be
tc = max {tT71, tr2, tqg} (D.Q)
2 2 2
a Cy.2a Cy1a
= max{ —5—, '0220’2 , PL 2”’1 (D.10)
71,0D N2 M

Next we compute the lifetime of the liquid bridge. As guided by Equation (3.198]), we

can set up the following relation of mass loss during a period of time dt at radius r

(]
d
/ D—Crdﬁdt = p1r®dr (D.11)
0 dr
,01@ / (
D.12
f? o )
To estimate @ , we will shall use the mass flux from the following problem

AC=0, a<r<a,0<0<®

C:Csatv r=a

(D.13)
C=0, r = Ly
oC
90 = 0, 9 — 0, (b
1
dc (D.14)

— sat—™ /7 N\
dr rlog (

h‘g
~—
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which, upon plugging in to Equation (D.12), renders the quantity of t., the evaporative
lifetime of the liquid

_ p®a’log (f)

e D.15
DCsat ( )

The hope is that t. >> t¢ in Equation . Therefore, we define the dimensionless,

quasi-static parameter \, as

te
)\_

=4 (D.16)

so that the quasi-static assumptions would hold if A >> 1. We plug in the parameters
in Table which we use to perform the calculations in Chapter [3| and simplify it to

A~ —1197® log (;) (D.17)

w

We plot the heat map of A with a/L,, on the z-axis and the wedge angle on the y-axis in
Figure . As demonstrated, the quasi-static assumption is valid for a “not too large”
wedge angles and “not too full” of a filled volume. For our case, with a wedge angle of 20°,
the system is quasi-static as long as the height of the liquid stays around 80%-85% of the

wedge size.

D.1.1 Estimate of the Mass Loss During the Initial Transience

We would like to estimate the amount of mass loss during the initial transience to steady
state, characterized by the time scale t¢ 2 in Equation(ref). In other words, we would like

to compute

m

A 1 te r® g
L / / D—C|T:aad0dt (D.18)
p% sin® Jo Jo dr
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where C satisfies the PDE below

Ci=DAC, r>a

C= Csatu r=a
(D.19)

oCc __ _
ac — ), 9=0,0

C =0, t=20

Here Cy,; is the saturation concentration that has a temperature dependence. The solution

to the differential equation above is

oo oo 2
Clr,0:t) = Coar + > Y Ay cos (’g@) I (7";" 7") o T (D.20)
m=1n=0

where A,,, is to be determined by the initial condition. Plugging in £ = 0, we get that

0=Coat+ 3 D A cos <T> In (%2” r) (D.21)

m=1n=0

—Cyqt = Z Z A COS <ng9> Jn (72’n r) (D.22)

m=1n=0

Upon taking the inner product with respect to the cosine terms for each n, we realize that

A = 0 for all n # 0, whence,

—Csat = i AmoJo (%T) (D.23)

m=1

Now we use the orthogonality relation that

/0“ rJo (%r) Jo <%r> = a;(Jl (Ym,0)) G (D.24)

and the integration property of Bessel function

/0“ rJo(r)dr = aJi(a) (D.25)

135



to get that

’Ymo a2 2
~Ca [ 10 (2200 dr = Aoy (i (o) (D.26)
0
'YmO a2 9
sat < > T‘Jo dr = A (Jl(’Ym,O)) (D27)
26'sat
App=——"—"7-+"7"— D.28
’ Y01 (Ym,0) ( )
There, the solution of C(r,0;t) can be written as
O(r,0;t) = 20 Z (%0 ) ~2mg®, (D.29)
T, sa sa —r e a .
- tm 17m0J1(Vmo) o7
Therefore, %C can be written as
80 Ym,0 Ym,0 )) —V?n’ZODt
Csq : — : a D.
tmzz:aJlfymo( (ar) Jl(aT c (D-30)
where we use the fact that
dJ() r J_1 r)— J1 r
olr) _ Ja(6) = 1) D)
Continuing on with the calculation, since @ has no angular dependence, fo ac ~df) = @ili?,
whence
Am te
/ / D—ad&dt (D.32)
m p 5 ® sin ®
© 2} 'Ym ODt
= m m r=a dt D.
et D s U Cma) = o) b [ (D.33)
o) _”@m,()t
1 (Ymo) — m o —1 D.34
- 5 it D o %mmo (J-1 () = 1 (o) | € (D.34)
J-1 (Ym.o) — J1 (9m D.35
<50 2 %O)M< L (m0) = 1 (mo) (D.35)
(D.36)
Using the property of Bessel functions that J_j(r) = —Ji(r) and that v, 0 > 2m, we
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conclude with the estimate that

A 4d =1
7m S . Csat Z N (D37)
m psin @ = Vo
P =1
< —C — D.38
~ pSiIl o sat mzz:l m2 ( )
dr2
- C D.39
6psin® ( )

Assuming the wedge is smaller than /2, the function sn% achieves its max value of /2 at

0 = m/2, whence

Am 73
— < —C D.40
m — 12p sat ( )
Taking the value of Csq from Table [A]] at a temperature of 295K, we plug in the density

and the saturation concentration of water and conclude that

Am 3
W S Hpcsat (D41)
=5%107° (D.42)

Less than 0.005% of the total volume of the drop is evaporated as the concentration

transitions towards steady state, which completely justifies our quasi-static assumptions.
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