
 













 

 

 

 



 

  

  

  

  

 

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 

  

  

  

  

  

  

  

  

  



  

  

  

  

  

  

  

  

  

  

  

  

  

 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



 

  

  

 

  

  

  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 



 



 



 

https://en.wikipedia.org/wiki/Artificial_intelligence
https://en.wikipedia.org/wiki/Mathematical_model
https://en.wikipedia.org/wiki/Training_data


 

Χ Υ

𝑓 Χ Υ

𝑥𝑖  𝑦𝑖 ∈ 

 𝐴𝑛 =  (𝑥1𝑦1), … , (𝑥𝑛𝑦𝑛)) ∈ (𝑋 ∗  𝑌)𝑛

Χ ⊂  ℝ𝑑 𝑦𝑖 ∈ ℝ for regression problems, and 𝑦𝑖  is discrete  for classification problems  

 

𝑃(𝑥, 𝑦) 𝑃(𝑥, 𝑦

𝑃(𝑥, 𝑦)

 𝐻 𝑓 ∈ 𝐻.

 

𝑓(𝑥)

𝑦 𝐸 ∶ 𝑌 ∗ 𝑌  →  ℝ+

𝐸 =  ∑ ℒ (𝑦𝑛

(𝑥𝑛𝑦𝑛)∈𝐷

𝑓(𝑥𝑛))

𝐷 being the dataset and ℒ 𝐸

 

 



 

 



 

 



 

 



 



 

𝛽



 

𝐴𝑖𝑗 =  {
1, if vertices 𝑖 and 𝑗 𝑎re adjacent
0, otherwise

𝐷𝑖𝑗 =  {
𝑙𝑖𝑗        if 𝑖 ≠ 𝑗 

0, otherwise

𝑙𝑖𝑗

 

 𝑊 = ∑ 𝑑𝑖𝑗

𝑛

𝑖<=𝑗

𝑑𝑖𝑗 i j 

𝐻 = ∑ 𝑃(𝐺, 𝑖)

𝑛/2

𝑖=0

𝑃(𝐺, 𝑖)



𝑃(𝐺, 0) = 1 𝑎𝑛𝑑 𝑃(𝐺, 1) = 𝑚 

𝑀1 = ∑(𝛿𝑗)2

𝑛

𝑗=1

𝑀2 = ∑ 𝛿𝑖 , 𝛿𝑗

𝑖,𝑗∈ 𝐸

Χ = ∑ (𝛿𝑖𝛿𝑗)−1/2

𝑖,𝑗∈ 𝐸

𝑘𝑥 = ∑ (𝛿𝑖,𝛿𝑗,𝛿𝑙 , … )−1/2

𝑖,𝑗,𝑙,…

𝛿𝑖,𝛿𝑗,𝛿𝑙 , … in the graph 𝐺

J =
𝑚

𝐶 + 1
∑ (𝑠𝑖,𝑠𝑗  )

−1/2

𝑖,𝑗∈𝐸

ABC  = ∑ √
𝛿𝑖 + 𝛿𝑗 − 2

𝛿𝑖 𝛿𝑗 
𝑖,𝑗∈𝐸



 

 





𝑓: 𝑉(𝐺) = 𝑉(𝐻)



 

 

 

 



 

 



 

 

 

 

 

 

 

 



 

 



𝑥𝑗

∆𝑤𝑗 −𝜂
𝜕𝐽

𝜕𝑤𝑗
𝜂 ∑ (𝑡𝑖

𝑖 𝑜(𝑖))𝑥𝑗
(𝑖)

𝑤𝑗 𝑤𝑗 +  ∆𝑤𝑗 𝜂 𝑡 𝑜

 



 

 



𝑇𝑃 = 𝑛11 {𝑥𝑖 𝑦𝑖̂ 𝑦𝑖 𝑐1

𝑇𝑁 = 𝑛22 {𝑥𝑖 𝑦𝑖̂ 𝑦𝑖 𝑐2

𝑇𝑃 = 𝑛12 {𝑥𝑖 𝑦𝑖̂ 𝑐1 𝑎𝑛𝑑 𝑦𝑖 𝑐2

𝑇𝑁 = 𝑛21 {𝑥𝑖 𝑦𝑖̂ 𝑐2 𝑎𝑛𝑑 𝑦𝑖 𝑐1

 

  𝑇𝑃 +  𝑇𝑁 )/(𝑇𝑃 +  𝑇𝑁 +  𝐹𝑃 +  𝐹𝑁)

𝐹𝑁 +  𝐹𝑃 )/(𝑇𝑃 +  𝑇𝑁 +  𝐹𝑃 +  𝐹𝑁)

𝑇𝑃, 𝑇𝑁, 𝐹𝑃, 𝐹𝑁

 

𝑇𝑃𝑅 = 𝑟𝑒𝑐𝑎𝑙𝑙𝑃 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
  =  

𝑇𝑃

𝑛1

𝑛1



𝑇𝑁𝑅 = 𝑟𝑒𝑐𝑎𝑙𝑙𝑁 =
𝑇𝑁

𝑇𝑁 + 𝐹𝑃
  =  

𝑇𝑁

𝑛2

𝑛2

𝐹𝑁𝑅 =
𝐹𝑁

𝐹𝑁 + 𝑇𝑃
  =  

𝐹𝑁

𝑛1
= 1 − 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦

𝐹𝑃𝑅 =
𝐹𝑃

𝐹𝑃 + 𝑇𝑁
  =  

𝐹𝑃

𝑛2
= 1 − 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦

Precision =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
  =  

𝐹𝑃

𝑛1

 

𝑫 𝐾

𝑅   𝐾 − 1 𝑉

𝑅 𝐾

𝐾

𝑓 𝑉

𝑘 𝑅(𝑘) 𝑓(𝑘)

𝑉(𝑘) 𝑅 𝑓(𝑘)  𝑉(𝑘)

E𝑣[𝑅(𝑓, 𝑉)] ≈
1

𝐾
∑ 𝑅

𝐾

𝑘=1

(𝑓(𝑘), 𝑉(𝑘))



 

−∞ 

 



 

𝑫 = {𝑥𝑖 , 𝑦𝑖} 𝑖=1
𝑛 , comprising of 𝑛 points 𝑥𝑖 ∈ ℝ 𝑖=1

𝑑  

𝑦𝑖

𝑳(𝑦, 𝑀(𝑥)) =  {
0
1

𝑖𝑓 𝑀(𝑥) = 𝑦

𝑖𝑓 𝑀(𝑥) ≠ 𝑦 

𝑳(𝑦, 𝑀(𝑥)) = (y −  𝑀(𝑥))2

𝑀

𝑀(𝑥, 𝐷), 𝐸𝑦 𝑦

𝐸𝑦[𝑳(𝑦, 𝑀(𝑥))|𝑥, 𝐷] = 𝐸𝑦[(y −  𝑀(𝑥, 𝐷))2



 

Cost𝑤,𝑏  =  
1

𝑛
∑ ℒ

𝑛

𝑖=1

(𝑦(𝑖), 𝑦̂(𝑖) )

Cost𝑤,𝑏  =  
1

𝑛
∑ ℒ

𝑛

𝑖=1

(𝑦(𝑖), 𝑦̂(𝑖) ) +  
𝜆

𝑛
  𝑤𝑗

2    

𝜆,

 

||𝑤||2



Cost𝑤,𝑏  =  
1

𝑛
∑ ℒ

𝑛

𝑖=1

(𝑦(𝑖), 𝑦̂(𝑖) ) +  
𝜆

𝑛
  ∑ 𝑤𝑗

2 

𝑗

  

 

Cost𝑤,𝑏  =  
1

𝑛
∑ ℒ

𝑛

𝑖=1

(𝑦(𝑖), 𝑦̂(𝑖) ) +  
𝜆

𝑛
  ∑ |𝑤𝑗|

𝑗

  

 

Cost𝑤,𝑏  =  
1

𝑛
∑ ℒ

𝑛

𝑖=1

(𝑦(𝑖), 𝑦̂(𝑖) ) +   
𝜆

𝑛
  ∑ 𝑤𝑗

2 

𝑗

+   
𝜆

𝑛
  ∑ |𝑤𝑗|

𝑗

  

 



 

 

 



 



 

 



 

X 

y

y

𝑦̂ X

𝛽i

 (𝛽0 )

𝑦̂ 𝛽0 𝛽i𝑥1 𝛽2𝑥2 𝛽n𝑥𝑛



S(x)
1

1+ 𝑒−𝑥

𝑙𝑜𝑔𝑖𝑡(𝑝) = ln (
𝑝

1−𝑝
) 𝛽0 𝛽i𝑥1 𝛽2𝑥2 𝛽n𝑥𝑛

𝑦 =  {0,1}

X,  X  Pr(𝑦 = 1|𝑥).

Pr (𝑦 = 1|𝑥)

Pr(𝑦 =  0|𝑥;  𝜃) =  
exp (𝛽0  + 𝛽i𝑥1  + 𝛽2𝑥2  + … +  𝛽n𝑥𝑛)

1 + exp (𝛽0  + 𝛽i𝑥1  + 𝛽2𝑥2  + … +  𝛽n𝑥𝑛)

Pr(𝑦 =  1|𝑥;  𝜃) = 1 −  [
exp (𝛽0  +  𝛽i𝑥1  +  𝛽2𝑥2  +  … + 𝛽n𝑥𝑛)

1 + exp (𝛽0  +  𝛽i𝑥1  +  𝛽2𝑥2  +  … + 𝛽n𝑥𝑛)
] 

𝜃 𝛽0 𝑎𝑛𝑑 𝛽𝑖

𝐿(𝛽0 , 𝛽i||𝑦) =  𝑝𝑖
𝑦𝑖 1 − 𝑝𝑖

((1−𝑦𝑖)



𝐿(𝛽0 , 𝛽i||𝑦) =   ∏ 𝑝𝑖
𝑦𝑖  ∗  1 − 𝑝𝑖

((1−𝑦𝑖)

𝑛

𝑖=1

𝑙 = log(𝐿) =  ∑ [𝑛
𝑖=1 𝑦𝑖 ∗ log (𝑝𝑖)𝑝𝑖 (1 − 𝑦𝑖) ∗ 𝑙𝑜𝑔(1 − 𝑝𝑖)] 

 

 

(𝑌̂𝑖)

(𝑌𝑖)

𝑌̂[𝑐 = 1|𝑋 =  𝑥1,𝑥2, … , 𝑥𝑛 ] =  𝑌𝑖, where 𝑖 = 1,2, … 𝑛



𝑙(𝛽̂)

𝑙𝑠 𝜃𝑖 =

𝑔(𝑌𝑖). 

𝐷 ≔  −2[𝑙(𝛽̂) 𝑙𝑠] 𝜙

𝑙(𝛽̂) 𝑙𝑠

–



 



 



 

−∞

x >T x 𝑓1(𝑥)

𝑓0(𝑥) 𝑇𝑃𝑅(𝑇) =  ∫ 𝑓1
∞

𝑇
(𝑥)𝑑𝑥

𝑇𝑃𝑅(𝑇) =  ∫ 𝑓0
∞

𝑇
(𝑥)𝑑𝑥



 

𝜆



 

𝑥 𝑥1 𝑥2, … , 𝑥𝑛 . 𝑅(𝑓)



min
f

∑ 𝑉𝑛
𝑖=1 (f(𝑥𝑖), 𝑦𝑖) +  𝜆𝑅(𝑓)

𝑉 f(𝑥)  𝑦 𝜆

𝑅(𝑓)

𝜆

𝜆

𝜆



𝜆

 𝜆



 

{𝒙𝑖 , 𝑦𝑖}𝑖=1
𝑛

𝑦𝑖 ∈ {+1, −1} 𝒙 ∈  ℝ𝑑, 

ℋ, 

ℎ(𝒙) =  𝒘𝑇𝒙 + 𝑏

=  𝑤1𝑥1 + 𝑤2𝑥2 + ⋯ + 𝑤𝑛1𝑥𝑛 + 𝑏

ℎ(𝒙) =  𝒘𝑇𝒙 + 𝑏

𝒘𝑇𝒙 =  −𝑏

𝑤1𝑥1 −𝑏  𝑜𝑟  𝑥1 =  
−𝑏

𝑤1
 

 

ℎ(𝒙) = 0 𝑦𝑖 = +1 ℎ(𝒙𝒊) > 0



ℎ(𝒙) = 0

𝑦𝑖 = +1 ℎ(𝒙𝒊) > 0 ℎ(𝒙) 

𝑦 𝒙

ℎ(𝒙𝒊) =  {
+1 if  𝑤. 𝒙𝒊 + 𝑏 > 0 
−1 if  𝑤. 𝒙𝒊 + 𝑏 < 0 

 

𝒙 𝒅

 ℋ 𝒙𝒑 𝒙 ℋ

 𝒙𝒑 = 𝒙 − 𝒅 𝒅 𝒘

𝒙𝒑 ∈ ℋ 𝒘𝑇𝒙𝒑 b

𝒅 

||𝒅|| =  
|𝒘𝑇𝒙|

||𝒘||

 

 

𝒘

𝑚

=  arg max
𝑤,𝑏

{
1

||𝑤||
} 

1

||𝒘||
𝒘𝑇𝒙𝒊 + 𝑏 ≥

1, for all points 𝐱𝐢 ∈ 𝑫 ||𝑤||

min
𝑤,𝑏

{
||𝑤||

2

2
} 𝑦𝑖 (𝒘𝑇𝒙𝒊 + 𝑏 > 1 ∀𝐱𝐢 ∈ 𝑫



𝛼1

𝛼𝑖 𝑦𝑖(𝒘𝑇𝒙𝒊 + 𝑏 𝛼𝑖 ≥ 0

min 𝐿 =  
1

2
 ||𝑤||2 − ∑( 𝛼𝑖(𝒘𝑇𝒙𝒊 + 𝑏) − 1)

𝑛

𝑖=1

 

𝛼𝑖

 

𝐱𝐢 ∅(𝐱𝐢) 

∅

∅(𝐱𝐢) 



 

 

 

𝛾

𝛾 𝛾

𝛾

𝛾



 



𝜅(𝑥, 𝑦) replaces ∅(𝑥)𝑇(𝑦) 

𝑤 =  ∑ 𝛼𝑖𝑦𝑖

𝑛

𝑖=𝑛

∅(𝑥𝑖)

w

𝑓(𝑥) =  𝑤𝑇 ∅(𝑥𝑖) + 𝑏

 

             =  ∑ 𝛼𝑖𝑦𝑖

𝑛

𝑖=𝑛

∅(𝑥𝑖)𝑇∅(𝑥) + 𝑏



             =  ∑ 𝛼𝑖𝑦𝑖

𝑛

𝑖=𝑛

κ(𝑥𝑖 , 𝑥 ) + 𝑏

𝜅(𝑥, 𝑦)

𝑥𝑖

𝛼𝑖

𝑥, 𝑦

𝜅(𝑥, 𝑦) 𝑥𝑇

𝜅(𝑥, 𝑦) exp (−𝛾||𝑥 − 𝑦||2

𝛾 𝜅(𝑥, 𝑦) exp (𝛾𝑥𝑇𝑦 +  𝑐)𝐷

𝛾 𝜅(𝑥, 𝑦)

tanh(𝛾𝑥𝑇𝑦 +  𝑐)

 







 





 

D n 𝑥𝑖 d- 𝑦𝑖  ∈ {𝑐1,𝑐2,…,𝑐𝑘 

𝑐𝑖,

𝑃(𝑐𝑖,|𝐱)  =  
𝑃(𝐱|𝑐𝑖,) .  𝑃(𝑐𝑖,) 

𝑃(𝐱)
 

𝑃(𝐱|𝑐𝑖,) 𝐱

𝑥1,𝑥2, 𝑥3,, … , 𝑥𝑛, 𝑐𝑖, 𝑃(𝑐𝑖,)

𝑃(𝐱) 𝐱 𝐾 𝑐𝑖, D. 

𝑥1,𝑥2, 𝑥3,, … , 𝑥𝑛,

 𝑃(𝑐𝑖,|𝐱) =  ∑ 𝑃(𝑥|𝑐𝑖

𝑛

𝑗=1

) . 𝑃(𝑐𝑖 )  



𝑃(𝐱|𝑐𝑖,) 𝑥1  𝑥2, … , 𝑥𝑛|𝑐𝑖) ∏ 𝑃(𝑥𝑗
𝑑
𝑗=1 𝑐𝑖)

𝑦̂ ∏ 𝑃(𝑥𝑗
𝑑
𝑗=1 𝑐𝑖).  P(𝑐𝑖,)

𝑃(𝑥𝑗|𝑐𝑖) ∝ 𝑓(𝑥𝑗 |𝜇𝑖𝑗 , 𝜎𝑖𝑗
2 ) =  

1

√2𝜋𝜎𝑖𝑗
{−

(𝑥𝑗 − 𝜇𝑖𝑗)2

2𝜎𝑖𝑗
2

(𝑥𝑗|𝑐𝑖) =  ∏(
1

√2𝜋𝜎𝑖𝑗

 exp{−
(𝑥𝑗 −  𝜇𝑖𝑗)2

2𝜎𝑖𝑗
2 }

𝑑

𝑗=1

)𝑦̂



 

 







 

x m

j 𝑥𝑖 𝑖 𝑖



(𝑢𝑖, 𝑣𝑗) 𝑇

(𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑚)𝑇 m

 





 

 



 

 ∈  ℝ𝑑

𝑧(2) =  𝑥 𝑊(1)  

𝑧(2)  𝑥

𝑛 𝑥 𝑑 𝑊(1) ∈  ℝ𝑛𝑥𝑑

𝑊𝑖,𝑗
𝑙 𝑙

𝑖 𝑗

∅(𝑧(2))

𝑧(2) 𝑧(2) 𝑎(2)

𝑎(2) = 𝑓(𝑧(2)) 

𝑎(2)

𝑊(2) 

𝑧(3)

𝑥

𝑧(3) = 𝑎(2) 𝑊(2)  

𝑦̂

𝑦̂ =  𝑓(𝑧(3))  



𝐿 = 𝑙(𝑦, 𝑦̂) 

𝐽 𝐿 𝑠

𝐽 = 𝐿 + 𝑠  

 

𝑊(1) 𝑊(2)

𝐽 𝐿 𝑠

𝜕𝐽

𝜕𝐿
  =  1 and  

𝜕𝐽

𝜕𝑠
 =  1 

𝑊(2) 𝑎(2) 𝑊(1) .

𝜕𝐽

𝜕𝑊(2) 
 ,

𝜕𝐽

𝜕𝑎(2) 
,

𝜕𝐽

𝜕𝑊(1) 
 



 

 





 

∝ ℓ: ℝ𝑑  → ℝ 

∇ℓ(𝜃) ℓ

𝜃 ∈  ℝ𝑑



ℓ.

𝜃𝑡 𝜃∗ ℓ ∇ℓ 𝜃𝑡

ℳ 𝜃𝑡+1 ℏ𝑡

𝜃0 ∈  ℝ𝑑 ℳ 𝜃𝑡+1

ℳ(ℏ𝑡 , 𝜃𝑡



 

(∝

∝, 𝜃∗

𝜃𝑡+1 ∶=  𝜃𝑖− ∝
𝜕

𝜕𝜃𝑖
 ℓ(𝜃𝑖)

∝

(∝ =

0.001, 0.005) (∝ = 0.015, 0.0172)

(∝)



 





 





 

ℛ 

𝑦𝑖 ∈ {𝑐1  𝑐1  𝑐𝑘 𝑦𝑖 

 𝑫 = {𝑥𝑖 , 𝑦𝑖 }𝑖=1
𝑛 𝑦̂𝑖  𝑥𝑖 

𝑐𝑘

 

𝑯(𝑫) = ∑ 𝑝(𝑐𝑖
𝑘
𝑖=1  𝑫) 𝑙𝑜𝑔2  𝑝(𝑐𝑖|𝑫)



𝑝(𝑐𝑖|𝑫) 𝑐𝑖 D 𝑝(𝑐𝑖|𝑫)

𝑯(𝑫) = 𝑙𝑜𝑔2𝑘

𝑛 = |𝑫| 𝑛𝑥 |𝑫𝑥| 𝑛𝑦 |𝑫𝑦| 𝑫𝑥  and

𝑫𝑦

𝑫, 𝑫𝑥,𝑦, 𝑯(𝑫) −  𝑯(𝑫𝑥, 𝑫𝑦

 

𝐺(𝐷) = 1 − ∑ 𝑝(𝑐𝑖|𝐃)2

𝑘

𝑖=1

𝑝(𝑐𝑖|𝑫) 𝑐𝑖 D

 



 

𝑫𝑖

𝑀𝑖 𝑫𝑖

𝑐𝑖 𝑀𝑖

 

 



𝑀1 𝑫1

𝑫2 

𝑀2

𝑫3 𝑀1 𝑀2

𝐾 

𝐾

𝑀1 𝑀2 𝑀𝑘

 



 

 



 









 





 

𝑖𝑡

𝑖̂𝑡

𝑉𝐼𝑗
1

𝑛𝑡𝑟𝑒𝑒
∑ 𝐸𝑃𝑡𝑗

𝑛𝑡𝑟𝑒𝑒
𝑡=1 −  𝐸𝑡𝑗 𝐸𝑃 𝐸 



𝑓(𝑥) = log 𝑝𝑘(𝑥) − 
1

𝐾
∑ log 𝑝𝑗(𝑥)

𝑘

𝑗=1

𝐾 𝑘 𝑝𝑗 𝑗



 







 

𝑚 𝑘 𝑚

𝑘
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