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Abstract

Explaining and predicting the behavior of ecological systems has been one of the greatest
challenges in ecology. One promising route to accomplish this challenge has been based on
the mathematical modeling of species abundances over time. However, finding a compro-
mise between tractability and realism has not been easy. Functional responses in 2-species
models and higher-order interactions in 3-species systems have been proposed to reconcile
part of this compromise. However, it remains unclear whether this compromise can be
fulfilled and extended to multispecies models. Yet, answering this question is necessary
in order to differentiate whether the explanatory power of a model comes from the gen-
eral form of its polynomial or from a more realistic description of multispecies systems.
Nevertheless, extracting the set of conditions compatible with feasibility (i.e, the necessary
conditions for coexistence or of species, stability and permanence), even at the 2-species
level, remains a big mathematical challenge. Currently, there is no methodology that can
provide us with a full analytical understanding about feasibility for any given model.

Here, we develop a general method to quantify the mathematical consequences of adding
higher-order terms in ecological models based on the number of free-equilibrium points
that can emerge in a system (i.e., equilibria that can be feasible or unfeasible as a func-
tion of model parameters). We characterize complexity by the number of free-equilibrium
points generated by a model, which is a function of the polynomial degree and system’s
dimension. We show that the probability of generating a feasible system in a model is an
increasing function of its complexity, regardless of the specific mechanism invoked. Our
results reveal that conclusions regarding the relevance of mechanisms embedded in complex
models must be evaluated in relation to the expected explanatory power of their polynomial
forms. Then, we propose a general formalism to analytically obtain feasibility conditions
for any population dynamics model of any dimension. From our methodology, we establish
mathematically how two or more model parameters are linked—a task that is impossible
to perform with simulations. By showing how feasibility can be studied as a function of a
given model, we establish the partial conditions for species coexistence, moving us a step
closer to the goal of systematically understanding the behavior of ecological systems.
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is the next leading term after 1/m in the expression of E(m) which does
not influence the value of £ (m) for higher polynomial degrees. We added it
to fit the lower data points better. We find that the best-fit parameters are
a = 0.9189 + 0.003, b = —0.868 4+ 0.042 and ¢ = 0.392 + 0.043. Notice that
E (m) is an increasing function of m for all m > 1. Also, if we include the
term log(m) in the expression of F(m), the best fit parameter for its coeffi-

cient is of order 10~% which is close to zero. This rules out the dependence

of E(m)onlog(m). . . . . . .. ...
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Panel (C) shows the relative increase in the probability of feasibility of mod-
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for n = 2,3,4 species communities. The higher the interaction order, the
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Chapter 1

Introduction

1.1 Motivations and Overview

One of the long-standing questions in ecology is how can we know whether an observed
set of species (e.g., bacteria, plant, insect, or mammal species) in a given place (e.g., hu-
man host, natural habitat) will coexist with one another across a period of time [1, 2].
The difficulty in answering this question resides in knowing the exact equations govern-
ing the dynamics of ecological systems, together with the high uncertainty regarding the
initial conditions, parameter values, intrinsic randomness, and more importantly, how the
changing external conditions (such as biotic and abiotic factors) will affect the dynamics
[3—7]. This complexity of multidimensional and changing factors has typically taken both
theoretical and empirical studies to choose between understanding and predicting species

coexistence [8, 9.

Theoretical and empirical ecological studies are pushing community ecology into a more
descriptive science. In doing so, modelling changes in species abundances over time has be-
come common practice. With minimal assumptions (i.e., no spatial variety), these models
yields a system of coupled ordinary differential or difference equations [10-12]. In essence,
these equations connect the changes in a species abundance with its overall growth rate
(i.e., difference between its growth and mortality rates). These rates, which are functions
of the species intrinsic growth rate as well as its interaction with the other species in the
community (i.e., its environment), are not uniquely defined. However, they are chosen to

provide tractability (simplicity) and preserve realism (complexity) [11]. Indeed, finding a
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compromise between tractability and realism has not been easy [13, 14].

It has been debated whether difference (i.e, discrete) or differential (i.e, continuous) mod-
els should be adapted in ecological studies [11, 15]. For instance, in the presence of a
single species (or in the absence of species interactions), the simplest ordinary differential
equation that has been used to model its abundance is the logistic model, whose solution
(i.e., the sigmoid function) is available in closed form [16]. Note, however, that there is
no general solution available for the logistic map, which is the discrete analogue of the
logistic model [15]. Moreover, chaos is observed in the univariate discrete map, unlike its
continuous analogue where chaos is observed in three dimensions and higher [17]. Due to
the apparent high dynamical and mathematical complexity of ecological difference equa-
tions at the univariate level, continuous models have become more popular. As a result,
extensive analytical work with continuous models has been done with two-species systems
and numerical work has been primarily conducted study species coexistence, food-webs

and species invasion with multispecies [18-29].

One of the simplest multispecies systems is the Lotka-Volterra (LV) model [18, 30]. In LV,
the per-capita increase in species abundance is a linear function of all the species in the
ecological system. The LV model has been known for its good predictive and forecasting
capacities; however, it is an approximate model that cannot encapsulate all the complexities
of an ecological system [12, 31-33]. Since the exact equations that govern the dynamics of
ecological systems are unknown, researchers have been modifying the LV model to include
higher-order terms in the hope of increasing realism (i.e., mimicking the observed data as
close as possible). As a result, the linear functions in LV models are replaced by polynomial
functions (i.e., higher-order terms) or polynomial fractions. Hence, polynomial systems
appear almost everywhere in the theoretical ecology literature. They almost certainly take
the form dN;/dt = N;f;(N)/q;(N), where the f’s and the ¢’s are polynomials in species
abundances N = (N, Ny, ..., N,,)T. However, these models have been extensively utilized
blindly and treated as black boxes without any deep understanding on their behavior.
Recent studies have mistakenly perceived that mathematically there is nothing to prevent

the inclusion of higher-order terms in ecological models [34].

Two of the simplest polynomial replacements or ecological concepts used to modify the LV
model is the introduction of functional responses in 2-species models [11, 35] and higher-

order interactions (HOIs) in 3-species systems [36]. Functional responses, which correspond

16



to the number of prey attacked, killed, and consumed per predator, enter the LV equations
as polynomial fractions. These responses appear extensively in predator-prey models and
food-webs, especially after Holling introduced three types of functional responses, which
were successful in reproducing some of the dynamics of many 2-species systems [35]. On
the other hand, HOIs correspond to the "unseen” effect of one species on the others. That
is, the effect of species A on the per capita growth rate of species B might itself depend
on the abundance of a third species C. These effects are typically translated as addition of
higher-order terms in 3-species LV models [10, 37-40]. However, it remains unclear whether
this compromise can be extended to multispecies models. Yet, answering this question is
necessary in order to differentiate whether the explanatory power of a model comes from the
general form of its polynomial or from a more realistic description of multispecies systems.
In fact, even at the level of two-species systems, we do not have enough mathematical tools
to fully analyze dynamical systems of the form mentioned earlier as closed form solutions.
Therefore, research programs have been mainly focused on solving numerically dynamical
systems. However, conclusions derived from this numerical work are typically specific of

the input parameters (since it is generally impossible to simulate every possible scenario).

The main objective of this thesis is to build a general unifying framework to study an-
alytically systems of the form dN;/dt = N;f;(N)/q;(N) for any dimension and level of
complexity. In particular, this thesis will be focused on understanding the existence of
feasible solutions, which we defined as the existence of steady state abundances whose
components are all real and positive (ecologically, feasibility implies that all species abun-
dances at equilibrium are positive). Importantly, feasibility is a necessary condition for
species coexistence in equilibrium dynamics, persistence, and permanence in dynamical
models of the form mentioned above. In fact, it has been been proven that this type of
models cannot even have bounded orbits in the feasibility domain without a feasible equi-
librium point [41]. While analytic solutions for feasibility are known for simple 2-species
systems, it has been unclear how to perform the same analysis for models with higher
complexity. Thus, this thesis aims to contribute to the ecological literature by unlocking

necessary mathematical tools to study natural ecological systems.
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1.2 Thesis Outline

In this thesis, Chapter 2 examines the effects of adding higher-order terms in ecological
models. In particular, it examines the effect of multiple-equilibrium points on a model’s
capacity to change its behaviour. We show that adding a single free-equilibrium point to
a 2-species system, one can more easily move from feasible to unfeasible solutions, and
vice versa, compared to the LV model. Then, we introduce a general method, based
on Bernshtein’s theorem, to count the number of free-equilibrium points of unrestricted
polynomial dynamical systems. Then, we provide a formal mathematical proof based on
Bernshtein’s theorem to show that the number of free-equilibrium points in LV models
with HOIs increases exponentially with the dimension of the system. Finally, we discuss
how HOIs, not only increase the complexity of a model, but also its capacity to fit any
empirical data, calling for a methodology to properly compare the explanatory capacity of

an ecological model outside of its polynomial form. This will be answered in Chapter 3.

Chapter 3 examines and quantifies the effects of adding complexity into ecological models
as a function of their polynomial form. The chapter expands on the models examined in
Chapter 2, and characterize the complexity of a model by the number of free-equilibrium
points (equilibirum points whose feasibility depend on parameter values) generated by it,
which is a function of the polynomial degree and system’s dimension. First, using a 1-
dimensional model, we show that its probability of feasibility increases as a function of its
polynomial degree when parameter values are arbitrarily chosen from a given probability
distribution. Next, we extend the univariate example into a multidimensional case to show
that the probability of generating a feasible multispecies system is an increasing function
of its complexity. Then, we study modifications to the linear LV model using HOIs and
also functional responses where parameters are restricted. Finally, we discuss how the
probability of feasibility can be used as a null model to assess the explanatory contribution
to feasibility of complex ecological models. This probability analysis is numerical and in

the next chapter we provide a general methodology to move to an analytic understanding.

In Chapter 4, we propose a general framework that can find the feasibility conditions of any
model in any dimensions without the need to solve for the equilibrium locations. We start
the chapter with a methodology that finds the feasibility conditions of a univariate system,

2-species systems, and multispecies systems. There are differences in such cases and we will
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provide examples in each case to demonstrate the methodology and show that the obtained
feasibility conditions are accurate. Also, the chapter includes application examples where
we apply the methodology on the simplest ecological models that are impossible to solve for
the location of equilibrium points analytically. The first example is a 2-species LV model
with type II functional responses while the second example is a 3-species LV system with
higher-order interactions. Specifically, we show how to find the range of parameters that
are compatible with feasibility. Finally, we discuss advantages of our work and limitations

of our formalism.

In Chapter 5, we summarize the thesis’s findings in the conclusion section and discuss
future avenues of research derived from our study. More specifically, we discuss how future
work can focus on finding necessary and sufficient conditions for stability and permanence
for LV models and to general polynomial ecological systems. This is important as these two
conditions are not known, but represent the necessary and sufficient conditions for species
coexistence. Lastly, we close the thesis by discussing the use of non-polynomial ecological
systems, how to characterize their complexities, and how to compare fairly between two
non-polynomial models. This last part has the aim of finding potential extensions of our

work to any type of ecological model without restrictions.
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Chapter 2

Adding Higher-Order Terms in
Ecological Models

2.1 Introduction

Lotka-Volterra (LV) models [18, 30] have provided fundamental insights about ecological
systems for almost a century [10]. Yet, it is known that LV models are parsimonious
approximations [12, 31] and do not capture all the complexities arising from the dynamics
of ecological systems under investigation [32, 33]. Many times, the prediction errors of LV
models have been attributed to the existence of higher-order interactions (HOI) [42]. More
broadly, HOIs can be seen as the “unseen” influences of one species on the others. That is,
the effect of species A on the per capita growth rate of species B might itself depend on the
abundance of a third species C due to either compensatory effects, supra-additivity, trait-
mediated effects, functional effects, meta-community effects, or indirect effects [10, 37—40].
Therefore, HOIs have been typically translated as addition or modifications of higher-order

terms in existing population dynamics models [36].

It has been shown that HOIs can stabilize dynamics in competition systems [43], promote
diversity in ecological communities [44], capture unexplained complexity of LV models
[45, 46], and dominate the functional landscape of microbial communities [47] (but it has
been shown that HOIs play a non-significant role in predicting protozoan populations,
[48]). While it is known that these perceived benefits come from an increasing number

of alternative solutions given by the nature of multivariate polynomials [49], this math-
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ematical “advantage” has not been formally quantified. In fact, it has been perceived
that mathematically there is nothing to prevent the inclusion of higher-order terms in
ecological models [34]. Yet, this formal quantification is important in order to increase
our understanding about how to best investigate the role of higher-order interactions (and

higher-order terms, in general) in shaping ecological dynamics.

In general, it is expected that adding HOIs into population dynamics models, the num-
ber of both solutions and parameters increases, introducing more complex dynamics and
facilitating the capacity of the model to fit experimental data or empirical observations.
While studies have been statistically penalizing for this increase [46, 50], it is still unclear
whether the number of parameters is the main factor controlling the degrees of freedom
of ecological models. For example, the existence of feasible equilibrium solutions is a
crucial condition in the context of species coexistence in ecological dynamics of the form
dN;/dt = N;fi(N)/q(N) (i.e., a necessary condition for persistence, permanence, and the
existence of bounded orbits in the feasibility domain, see [41, 51, 52]). Yet, two dynamical
models with the same number of parameters can have different numbers of free-equilibrium
points (i.e., solutions that can be either feasible or unfeasible as a function of model pa-
rameters). Note that it is possible to predict either species coexistence or non-coexistence
by having free-equilibrium points that can turn into feasible or unfeasible solutions, respec-
tively. In the classic LV model, there is only one free-equilibrium point regardless of the
dimension of the system [53]. However, it is unclear exactly how much HOIs can increase
the number of free-equilibrium points and multiply the ways of reaching any ecological
dynamics, which standard statistical methods cannot penalize for [54, 55]. In other words,
is the explanatory power of HOIs a mathematical construct that comes from feeding more

free-equilibrium points into ecological models?

To answer the question above, first we investigate the effect of multiple free-equilibrium
points on the capacity to alter the behavior of ecological systems. Specifically, we illustrate
this effect through a simple example, which shows that by adding a single free-equilibrium
point to a 2-species system, one can more easily move from feasible to unfeasible solutions
compared to the LV model. Then, we introduce a general method, based on Bernshtein’s
theorem [56], to formally count the number of free-equilibrium points of polynomial dy-
namical systems. Then, we apply this method to show that the number of free-equilibrium

points in LV models with HOIs increases exponentially with the dimension of the system.
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Finally, we discuss the implications of our findings in the context of fitting HOIs to empiri-
cal data, comparing the explanatory power of ecological models, and the use of higher-order

terms in general.

2.2 Understanding the Effects of HOIs

To understand the effects of adding HOIs on the dynamics of ecological systems, we con-
sidered the simplest possible LV model with HOI terms. This model involves the classic

2-species LV system with an additional non-additive interaction term per capita Nj/Ny:

dN

S (2.1)
d_tQ = NQ(’I"Q + CL21N1 + QQQNQ + bQN1N2)7

where N; and r; correspond to the abundance (biomass) and maximum per capita growth

rate of species i, respectively. Additionally, a;; corresponds to self-regulation terms, a;;

corresponds to interspecific terms, and b; corresponds to HOI terms.

In general, it is known that the equilibrium points of a system like Eqn. (2.1) are given by
the intersection points of the systems’ isoclines, which are obtained by setting the time-
derivatives to zero [12]. We can classify these equilibrium points into either rigid or free.
We defined rigid-equilibrium points to be the ones restricted to particular subsurfaces of
the space regardless of the values that the model parameters can take. Hence, there is
less flexibility in terms of controlling their locations in space. For example, in the classic
2-species LV model (without HOI terms, i.e., by = by = 0 in Eqn. (2.1), no matter how
we change the model parameters, one equilibrium point will be always at the origin, while
two equilibrium points will lie always along each of the axes. Thus, in the LV model, rigid-
equilibrium points can be defined as the ones which contain at least one zero coordinate
(i.e., boundary-equilibrium points). On the other hand, we defined free-equilibrium points
as the ones whose locations are not restricted in space and are completely dependent
on model parameters. As mentioned before, it has already been proved that LV models

without HOI terms have one single free-equilibrium point [53].

While previous studies [57-59] have focused on estimating numerically the total number of

equilibrium points (i.e., without separating rigid- from free-equilibrium points), only free-

23



equilibrium points dictate the dynamics of a feasible system [60]. As we mentioned before,
the existence of a feasible solution is a necessary condition for persistence and permanence
in dynamical models of the form dN;/dt = N;f;(N)/q;(N) [41, 51]. Similarly, it has
been proved that this type of models cannot have bounded orbits in the feasibility domain
without a feasible free-equilibrium point [41]. In fact, due to the non-revival property of
such models [53], the rigid-equilibrium points are the free-equilibrium points of the same
model after substituting the corresponding zero abundances (of the species that die out)
and deleting the equations which involve their time derivatives (as they will be zero as well).
Therefore, for the purposes of this work, we will focus on the free-equilibrium points of LV
models. Yet, for the interested reader, we have derived an analytic formula that depends
solely on the number of free-equilibrium points to count the total number of equilibrium

points in a LV model with or without HOI terms (see Chapter 2.6).

To obtain the free-equilibrium point(s) of a system and its (their) effect on the dynamics
of a system, we need to obtain the free-isocline equations, which are the classic isocline
equations but considering that no state variable can take a value of zero. For example, the

free-isocline equations for System (2.1) read:

T1+a11Nf+a12N§+b1N1*N2* :0 (2 2)
T9 + agle + CLQQNQ* —|— bQNl*NQ* = 07
where N and Nj are the steady-state abundances. Then, to provide the number of free-

equilibrium points for this system, we can rewrite Eqns. (2.2) such that each equation is

expressed in terms of a single state variable:

(a11by — CL21b1)Nl*2 + (r1by — roby + ageay — Cl21a12)N1* + (r1a92 — T2a12) =0

, (2.3)
(a12b2 — agaby )Ny~ + (r1bgy — r9by — ageary + asyain) Ny + (r1a; — reaqy) = 0.

The uncoupled Eqns. (2.3) can be solved independently via the quadratic formula. We
denote the solutions of the first and second equations by Nfi and by NQ*i respectively.
Note that NZ?"i are the solutions to the quadratic equation where the sign of the square-root
of the determinant is positive and negative, respectively. It is easy to check that (Nl*+,

N; ™) and (N}, Ni') are the solutions to Eqns. (2.2). Therefore, necessary and sufficient
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conditions for feasibility will be satisfied as long as either (N7, Ni ) or (N7, Ni') is
feasible. While closed form solutions of systems with more than two free-equilibrium points
are not known, already the solutions expressed in Eqn. (2.3) reveal that System (2.1) has

2 free-equilibrium points.

Note that if by = by = 0, the two separate solutions (N;", N3~ ) and (N;~, Ni") collapse
into a single one (i.e., Ny, NJ). Under this condition (i.e., the classic 2-species LV model
without HOI terms), species will coexist when the only free-equilibrium point is both fea-
sible (i.e., positive) and stable [61]. However, if b; and by are not zeros, species coexistence
will be attained when at least one free-equilibrium point (out of the 2) is feasible and keeps
the trajectory of the initial condition close to it at all times. Note that the characteristic

equation of Eqns. (2.2) can be written as A* — tr(J)A + det(J) = 0, where J = [6‘226]]\\[,]

Thus, for any 2-dimensional system, the necessary and sufficient conditions for an equilib-
rium point to be asymptotically stable are tr(J) < 0 and det(J) > 0 [12]. These conditions
are, in fact, incorporated into the feasibility conditions, resulting in two sets of conditions
that at least one needs to be fulfilled. That is, the existence of the second free-equilibrium
point gives an additional opportunity to have a feasible system, and potentially stable if
no parameter restrictions are imposed a priori. Of course, the answer to the question of
which of the two free-equilibrium points will be stable completely depends on the choice

of model parameters.

Because of the additional conditions that are introduced via extra free-equilibrium points,
one may be tempted to conclude that HOT terms do promote species coexistence (feasible
and stable solutions). However, it is easy to show that the conditions to achieve non-
coexistence (unfeasible or unstable solutions) also increase by adding HOIs. For instance,
apart from changing the species abundances in the real domain, we can impose that any one
of the following quantities N1*+, Ny, N2*+, or N5 has an imaginary component, making
both solutions (N;", N3~ ) and (N;, Ni") to be outside of the feasibility domain (due to
the quadratic formulation of the uncoupled Eqns. (2.3)—imposing N " to have an imag-
inary component implies that its complex conjugate in the other solution tuple N has
an imaginary component as well. Note that reaching imaginary steady-state abundances
from real model parameters is impossible to attain in the classic LV model without HOIs
[53]. Therefore, HOIs increase the capacity of the system to reach either coexistence or

non-coexistence (given that the imaginary domain for abundances has become accessible).
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However, the exact number and identity of the potential locally stable points fully depend
on the model selected: order of the HOI terms, number of species, and the parameter space
under consideration. Note that this choice is typically associated with the specific research
question. For example, if parameters are restricted in a region that yields no feasible free-
equilibrium points, coexistence is impossible. If one restricts model parameters in a LV
model with HOIs to have exactly one feasible free-equilibrium point, the model will be
topologically equivalent to a classic LV model [62]. Similarly, by considering other sets of
model parameters, competitive exclusion or coexistence can be made more or less likely.
Therefore, whether the addition of HOIs makes competitive exclusion or co-existence more

likely is all dependent on the choice of model parameters.

Finally, it is important to notice that the overall flexibility gained by adding extra HOI
terms can further increase depending on the model. For example, by adding quadratic
terms per capita (i.e., NZ and N3) to Eqn. (2.1), it can be shown that the system will
have 4 free-equilibrium points and 4 sets of separate solution tuples, from which at least
one of them has to change to reach coexistence (or non-coexistence). That is, HOIs can
increase the number of free-equilibrium points, and in turn, increase the flexibility of the
system to reach any possible dynamics. In the context of fitting data into models [46], while
the free-equilibrium points can be feasible or unfeasible, without parameter constraints the
equilibrium points can always yield feasible solutions. For example, in the analysis of time-
dependent quantities (such as species abundances), the most typical approach is to use the
initial time points as the initial conditions to fit the dynamics of a system. Unfortunately,
this initialization already biases the solution [63], which is relatively easier to achieve with
higher-order terms. Therefore, the number of free-equilibrium points is a measure of how
easy it is to fit data to a dynamical model (which is not necessarily linked to the number of
parameters or species), but not necessarily about the ecological mechanisms of a system.

This is a key problem we turn our attention in the next section.

2.3 Quantifying the Effects of HOIs

To introduce a general methodology to quantify the number of free-equilibrium points
in ecological models, we used a generic system of polynomial dynamical equations for n

species of the form:
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(dNy _ Nifi (N, Ny)
dt a1 (Nl,...,Nn)

AN,  Nupfo(Ny,...,N,)
dt  qu(Ni,...,N,) ’

\

where f1, fa, ..., fn and q1, go, ..., ¢, are multivariate polynomials in species abundances. As
mentioned in the previous section, to find the free-equilibrium points of System (2.4), we
can set all time-derivatives to zero in order to obtain a system of multivariate polynomials

in steady-state abundances Ny, ..., N as follows

fl(NikvaN;) =0
(2.5)

fa(NY,...,N)=0.

The number of free-equilibrium points of System (2.4) is given by the number of non-zero
roots of System (2.5). While it is not a trivial problem, the number of non-zero roots
can be calculated based on Bernshtein’s theorem [56]: Let us assume that the polynomial
System (2.5) has finitely many roots in (C*)™. Then the number of these roots is bounded
from above by the mixed volume of its Newton polytopes Py, 1 < k < n. The upper bound
of the number of non-zero roots is tight and achieved (exactly) for any generic choice
of coefficients inside the polynomials fi, fo, ..., f, (note that in the LV model, when the
vector of growth rates is not in the column space of the interaction matrix, there will be
no solution and we can neglect such special cases). Therefore, Bernshtein’s theorem is the
multivariate extension to the fact that a single variable polynomial of degree n will have

n-complex roots for any generic coefficients.

To illustrate the quantification of non-zero roots of a polynomial system based on Bern-
shtein’s theorem, we show the details of how to compute Newton’s polytopes, the mixed
volumes, and the evaluation of the number of complex roots using the following hypothet-

ical system of equations (free-isoclines):

SL(NE, NE) = ONF — 3NFN; + ON;™ 4+ 2Ng

fo(N{,N3) =8+ 2N —9IN;N;.
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Figure 2-1: Illustration of the quantification of the number of complex roots of a polynomial
system. For the hypothetical 2-species system defined by the set of Eqns. (2.6), the
figure illustrates the construction of the mixed volume of Newton polytopes P; of f; for
i = 1,2. Panels (A) and (B) represent the Newton polytopes P, and P,, respectively.
Note that the coordinates (blue symbols) correspond to the different supports. Panel
(C) represents the Minkowski sum of the first and second polytopes P, & P,. Note that
the mixed volume (number of complex roots) of this system is defined by M (P, Py) =
voly (P, & Py) —voly(P) —voly(P,). The axes are the exponents of the supports’ monomials.

To compute the number of complex roots from Eqns. (2.6), we need to follow four basic

concepts in algebraic geometry [64]. For i = 1,2 :

1. We need to obtain the support S; of f;, which is defined as the set of exponents
of its monomials eN;’s. In System (2.6), the support S; of f; contains the points
(eNy,eNy) in the set {(1,0),(1,1),(2,0),(0,2)}; while the support Sy of f, contains the
points (eNy, eNs) in the set {(0,0),(1,0),(1,1)}.

2. We need to obtain the Newton polytope P; of f;, which is defined as the convex hull
of the support S;. Fig. 1 (Panels A and B, respectively) shows the Newton polytopes
P, and P; of System (2.6).

3. We need to perform the Minkowski sum P, & P; = {p; + p,|p; € P, and p; € P;} for
j > 1, which is defined as the convex hull of all possible summations of the supports

S; and ;. Fig. 1 (Panel C) shows P, @ P, of System (2.6).

4. We need to obtain the mixed volume of the Newton polytopes M (P;, P»), which is
defined as the difference in area between P; @ P, and the sum of the areas of P; and
P5. The mixed volume corresponds to the exact number of roots that a multivariate

polynomial system has. In System (2.6), the number of roots M (P, P,) is given by
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M(Pl,PQ):VOIQ(Pl@P2>_VO].Q(Pl)_VO].Q(PQ):?_1_524.

The calculation of the non-zero roots in the example above can be generalized to System
(2.5) using the earlier steps and the formula of the mixed volume of Py, ..., P, [64] shown
in Eqn. (2.7) below, which only requires computing the volumes of the Minkowski sums
of all possible subsets of Pi,..., P, (see [65, 66] for methods and software packages to
compute Eqn. (2.7) efficiently).

M(Py, Py,...,P) =) (=1)"* > vol(Pj, @ ... @ P;,),

k=1 1<j1<jo<...<jp<n (2.7)

where le @"'@ij = {pjl +"‘+pjk‘pjl S ‘le""7pjk S ij}

Note that if we remove the term —3N; Ny from fi (N7, N5) in Eqn. (2.6), then the number
of non-zero roots of the system will not change. This is because the point (1,1) in the
support set S; of f; is not a corner point of the Newton polytope P; (as it can be seen
from Fig. 2-1A). Thus, removing that term (and parameter) will not affect the shape
of P;. Importantly, this simple example illustrates that having more parameters in a
multivariate polynomial system does not imply having more non-zero roots (i.e., more free-
equilibrium points). Generally, all terms whose support coordinates are not corner points
of the corresponding Newton polytope do not influence the number of non-zero roots in the
multivariate polynomial system. This makes necessary to separate the problem of adding

parameters to the problem of adding free-equilibrium points.

2.4 Effects of HOIs on LV Models

To investigate the difference in the number of free-equilibrium points between LV models
with and without HOI terms, we followed our general methodology to calculate the number
of non-zero roots in polynomial systems. In particular, we analytically computed the

number of free-equilibrium points from the following 3 commonly used systems:
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dN; z
System 1: = N;(r; + Z a;IN;),

dt
System 2: i _ A(ri + Zaz Ni+ > byeNiN), (2.8)
dt ’ 1<j<k<n ’ ‘
System 3: dNi r—l—Za iN; + Z kaNk+Zc N2
dt Z 7 1<j<k<n ? 7

System 1 corresponds to the classic LV model without HOIs. While it is known that
this system has only one free-equilibrium point [53], using Bernshtein’s theorem [56] we
confirmed the existence of one single non-zero root. In turn, Systems 2 and 3 correspond
to the simplest extensions of LV models with HOI terms. Note that System 3 has an
additional higher-order self-regulation term. We found that Systems 2 and 3 have exactly
2" —n and 2" free-equilibrium points, respectively. Importantly, the increase in the number
of parameters in a polynomial dynamical system does not imply an equal increase in the
number of free-equilibrium points. For example, while System 3 has n? terms more than
System 2, it only has n free-equilibrium points more. Recall that only the corner terms to
the corresponding Newton polytope determine the number of free-equilibrium points. In
Systems 1 and 2, all the terms inside the brackets are corner terms. Similarly, in System
3, the r’s and the terms associated with the coefficients ¢’s are corner terms. However, the
terms associated with the coefficients a’s and b's are non-corner terms (see next section for
the mathematical derivations). This confirms that parameters and free-equilibrium points

are two different descriptors of a dynamical model. More generally, for the system

dN; \ .

dt :Nz(rz_’_ Z Z aij1j2...lej1Nj2-~‘le)7 1= ]_,...7TL7 (29)
which represents m/’-order interactions in a LV model with HOI terms and n species, we
found that the number of free-equilibrium points is given by (m’ —1)" (see next section for
the mathematical derivation). This result reveals that adding HOI terms to the LV model
increases the number of free-equilibrium points exponentially with the dimension n of the

system.
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2.5 Counting the Number of Equilibrium Points

In the previous section, we presented the findings of the number of free-equilibrium points
in three different LV models (one with and two without HOI terms). Here, we present the
formal proof of their derivation. Free-equilibrium points are considered first while the total

number of points are considered after that (free + rigid) for the following studied systems

dN; - :
System 1: di :Ni(ri—i—Zaiij), 1= 1,...,71
dN; - :
System 2: i Ni(r; + Z a;;N; + Z bijiN;Ni), 1=1,...,n
j—l 1<j<k<n
dN,- .
System 3: i rz—l—ZaUN + Z bijrN; Nk+Z%N2 1=1,...,n.
1<j<k<n

To find the free-equilibrium points, we set all time-derivatives to zero in the systems above.
We ignore the N; terms outside the brackets because they produce solutions which have at
least one zero component (rigid-equilibrium points) which will be considered in Part 2 of

this section. Therefore, the equations we need to study are

System 1: ri—i—ZaijN;:O, 1=1,....,n
j=1
System 2: Ti—i_zaijN;—i_ Z b”kNj*N,: :O, 1= 1,...,?1
j=1 1<j<k<n
System 3: Tz"’zawN*"‘ Z b,]kN*Nk—f—chN* = i=1,...,n.
1<j<k<n

Note that all the equations for each of the 3 systems are functions of the species abundances
and contain the exact same terms. Hence, the support of each equation, and thus the
Newton polytopes, are identical and we will denote them by Sy and P(S(), respectively.
Let S be defined as §(1) D...0 S(ll. Furthermore, let us define e; to be the point in

~
k times

space with its 7 component to be 1 and the rest are all zeros. It is also important to

note that the operations of the Minkowski summation and those of forming convex hulls
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are commuting [67], that is

P(Sg) = P(Sw) & ... ® P(Sq).
kt?;nes

Focusing on System 1, it is easy to see that the vertices of P(S()) are the origin and
e; for v = 1,...,n. Note that all the terms in System 1 are corner points. To perform
the induction step, let us assume that the vertices of P(Sy)) are the origin and ke; for
i = 1,....,n. P(Sgks1)) = P(Sw) ® P(Su)) imply that the vertices of P(S(x41)) are
contained in the Minkowski sum of the verticies of P(S()) and P(S()), which are the
origin, e;, ke; and ke; +¢; for ¢,7 = 1,...,n. It is useful to isolate the case i = j from the
term ke; +e; to the standalone term (k+1)e;. Hence, the Minkowski sum of the verticies of
P(S)) and P(S(y)) are the origin, e;, ke;, ke;+e; and (k+1)e; fori,j =1,... ,nandi # j.
Note that both e; and ke; lie in the line connecting the origin and (k+1)e; fori =1,...,n,
hence, they cannot be vertices of P(S(41)). Moreover, ke; + e; lie in the line connecting
(k+1)e; and (k + 1)e; for 4,5 = 1,...,n and ¢ # j. Hence, the vertices of P(S(;41)) are
the origin and (k + 1)e; for ¢ = 1,...,n. Thus, induction is complete. Therefore for all,

positive integers k, the vertices of P(S()) are the origin and ke; for i =1,...,n.

The computation of the volume of P(S() is simply equivalent to finding the volume of the
generalized-tetrahedron that is bounded by the coordinate hyperplanes and the hyperplane
eNy +---+eN, =k, which is

k k—N1 k—N1—Ng—-—Np_1
0 0 0

k N1 Nn—l kn
o Jo 0 n.

under a change of variables to the upper limits of the integrands. To find the number of

non-zero roots, we just need to compute the mixed volume, which is

NP B)= Y () vl (P = Syt BES

k times k=1 k=1

Thus, we have provided an alternative proof to confirm that the classic LV model has only

1 free-equilibrium point.
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Coordinates Starting points Ending points

[0] - -

ei] 0 (k+ 1)e;

[e; + €] 0 (k+1)e; + (k+ 1)e;
[ke;] 0 (k+1e;

E e )[ e;] (k4 1)e; (k+1)e;

le; + €;] + [kei] (k+1)e; + (k+1)e; (k+1)e

(k+1)e +e; (k+ 1)e; (k+1)e; + (k+ 1)e;
[ke; + ke;] 0 (k+1)e; + (k+ 1)e;
[kel + ke;| + [e/] (k+1)e;+(k+1)e; (kK+1)g

(k4 1)e; + ke, (k+1)e; (k+1)e; + (k+ 1)e;
[keZ + kej) + et +em] (K+1)e; + (kE+1)e; (k+1)e+ (k+ 1)en,
(k+1)e; + kej + ¢ (k+1e;+(k+1)e; (k+1)e,+ (k+1)g

(k+1)e; + (k+1)e;
Table 2.1: The table shows the Minkowski sum between the vertices of P(Sq) (which are
the origin, ke;, and ke; + ke;) and the vertices of P(Sn)) (which are the origin, e;, and
e; +ej fori,j,l,m =1,...,n where i # j # | # m). All single bracketed terms are the
result of the Minkowski sum of these terms with the origin. Double bracketed terms are
the Minkowski sum of the expression in the first bracket with that in the second one. All
coordinates which contain (k+1) are special cases of the latter double bracketed expression
in the table when a term in the second bracket combines with one in the first bracket. Note
that in the 8 line (k + 1)e; + e; is mentioned without any mentioning to e; + (k + 1)e; as

the entire set of coordinates generated by both expressions are identical for ¢,5 =1,...,n
and ¢ # j.
Focusing on System 2, the vertices of P(S(1)) are the origin, e;, and e; +e; fori, j =1,...,n

and ¢ < 7. Note that all the terms in System 2 are corner points. To perform an induction
step, let us assume that the vertices of P(S()) are the origin, ke;, and ke; + ke; for
i,j =1,...,nand i < j. Again, since P(Su11)) = P(Sw)) @ P(Sa)), then the vertices
of P(S(+41)) are contained in the Minkowski sum of the verticies of P(S)) and P(Sn)),
which are shown in Table 2.1. Note that for the points that are not corner points, their
starting and ending points are also included in the table. From Table 2.1, it is easy to
see that the vertices of P(S(41)) are the origin, (k + 1)e; and (k + 1)e; + (k + 1)e; for
1,7 =1,...,n and ¢ < j. Thus, induction is complete. Therefore, for all positive integers

k, the vertices of P(S(y)) are the origin, ke;, and ke; + ke; for 4,5 =1,...,n and i < j.

To compute the mixed volume (hence the number of non-zero roots), let us define SE%) as
the union of the verticies of P(S)) as well as 2ke; for i = 1,...,n. Note that the vertices

of P(S(y,) are simply the origin and 2ke; for i = 1,...,n. This is true given that ke; lies
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Figure 2-2: Illustration of the difference in volumes between P(S(,,)) (which are the cyan
plus white regions) and P(S(;)) (which are the white regions) for two and three species
equations is shown in panels (A) and (B) respectively. The blue dots are vertices of
P(Sw)), which are spaced uniformly by k units along the axes, while the red and the origin
are vertices of P (Sggk)). The axes are the exponents of the supports’ monomials.

in the interior of the line connecting the origin and 2ke;, whereas ke; + ke; lies in the line
connecting 2ke; and 2ke; for i,j =1,...,n and 7 < j. Also note that P(S()) is contained
in P(S(,,) and the difference in their volumes is the sum of the individual volumes of
the generalized-tetrahedron; for ¢« = 1,...,n—whose vertices are ke;, ke; + ke;, and 2ke;
(we just exclude the origin) for j = 1,...,n and j # i (see Figure 2-2). These volumes
are all identical and there are n of them. To help to visualize this, we can shift each of
these coordinates of the generalized-tetrahedron, by ke; to get the shifted structure, whose
vertices are the origin and ke; for i = 1,..., n—which is exactly P(S(;,). Thus, the volume

of P(S(k)) is

/ / 2]{; n nk” 2” —n kn

To find the number of non-zero roots, we just need to compute the mixed volume which is
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M(P,...,P)=Y"(~1)"* (Z) vol, (P(Sw)) = (2" — n) i(—nnk (Z) R

k=
N

—_

Focusing on System 3, the support S(;) contains the origin, e;, e; + e;, and 2¢; for 7,j =
1,...,nand ¢ < j. Therefore, the vertices of P(S(1)) are the origin and 2¢; fori =1,...,n.
This is true given that e; and e; + e; are not corner points of P(S() for i,j = 1,...,n
and ¢ < j. That is in System 3, the r’s and the terms associated with the coefficients
s are corner terms. However, the terms associated with the coefficients a’s and V's are
non-corner terms. To perform an induction step, let us assume that the vertices of P(Sy)
are the origin and 2ke; for i = 1,...,n. P(Sg41) = P(Sw)) ® P(Su)) imply that the
vertices of P(S(41)) are contained in the Minkowski sum of the verticies of P(S) and
P(Sqn))—which are the origin, 2e;, 2ke; and 2ke; + 2¢; for 1,7 = 1,...,n. It is useful
to isolate the case ¢ = j from the term 2ke; + 2e; to the standalone term 2(k + 1)e;.
Hence, the Minkowski sum of the verticies of P(S() and P(S(1)) are the origin, 2e;, 2ke;,
2ke; + 2e;, and 2(k + 1)e; for 4,7 = 1,...,n and 7 # j. Note that both 2e; and 2ke;
lie in the line connecting the origin and 2(k + 1)e; for ¢ = 1,...,n, hence, they cannot
be vertices of P(S(11)). Moreover, 2ke; + 2e; lies in the line connecting 2(k + 1)e; and
2(k+1)ej fori,5 =1,...,n and i # j. Hence, the vertices of P(Sy1)) are the origin and
2(k+1)e; for i = 1,...,n. Thus, induction is complete. Therefore, for all positive integers
k, the vertices of P(S()) are the origin and 2ke; for i = 1,...,n. From the derivation in
System 1, we already know that the volume of P(S,) is (2k)"/n! (it is the volume of the
generalized-tetrahedron that is bounded by the coordinate hyperplanes and the hyperplane
eNi1+---+eN, = 2k). Then, to find the number of non-zero roots, we just need to compute

the mixed volume which is

Here, we calculate Mpr—the total number of equilibrium-points for any of the 3 systems
under investigation, including their rigid-equilibrium points (the ones which have one or

more zero-components). Note that rigid-equilibrium points of LV model with or with-
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out HOI terms are the free-equilibrium points of the same model after substituting the
corresponding zero abundances in them and deleting the lines which involve their time
derivative as they will be zero as well. To see this, we can always start with an LV model
with or without higher-order interaction terms and focus on the rigid-equilibrium point
O,, in which species m dies out. That is, N,, = 0 in O,,. Note that these models do not
allow revival of species. Therefore, when a species dies out, the value N,, = 0 will stay the
same forever (i.e., dN,,/dt = 0). Upon substituting N,, = 0 into the original dynamical
system and deleting the line dN,,/dt = 0 from it, we get a model which is one species
less for which O,, but with the point/coordinate N,, = 0 is deleted from it to be its free-
equilibrium point. The remaining n — 1 equations will have identical polytopes but with
all the terms involving N,, being removed. Therefore, the new systems will have exactly
M, free-equilibrium points, providing n ways to eliminate a single species. Under the
same logic, by letting k species go extinct, the new systems will have M,, ;. free-equilibrium

points with nCj, ways to do it. Hence,

- n
MT = (k) Mn—k’a
k=0

Recall that from Part 1 we already know that for £ species, the number of free-equilibrium

points for systems 1, 2, and 3 are 1,2* — k. and 2*, respectively. Therefore,

System 1: My = Z (Z) (1) =2",

k=0

System 2: Mrp = Z (Z) (2" * — (n — k)) = 3" — 2",
k=0

System 3: Mrp = Z (Z) (2% = 3"
k=0

The results above confirm that the LV model has a total of 2" equilibrium points (i.e., free-
equilibrium points + rigid-equilibrium points) [53]. Importantly, we can also clearly see
that adding higher-order terms makes the total number of equilibrium points jump from
2" to 3" —n2"! when we add non-additive pairwise interactions terms per capita (System
2), furthermore, these number jumps to 3" when we include the non-additive quadratic

terms per capita (System 3). Next, for the general system shown below:
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dNZ m/—1 ‘
i :NZ(T’Z+ Z Z aijle.,,lej NjQ...le), Z:L...,n,

The support S(1) contains the origin, e;, €; + €5, ...and ¢;, + e, + ... + ¢ , for
11,92, -y i1 = 1,2,...,n. All these coordinates are bounded by the coordinate hy-
perplanes and the hyperplane eN; +...4+eN,, = (m’ —1). Hence, the origin and (m’ —1)e;
for i = 1,...,n are the vertices of P(S(;)) where the term (m’ — 1)e; is obtained by setting
i1 =1y = ... =lp_1 =iine; +e,+...+e¢ . Toperform an induction step, let us
assume that the vertices of P(S()) are the origin and (m' — 1)ke;, for i = 1,...,n. Since
P(St41y) = P(S@))®P(Sny), then the vertices of P(S(;41)) are contained in the Minkowski
sum of the verticies of P(S()) and P(Sq))—which are the origin, (m' — 1)e;, (m’ — 1)ke;
and (m' — 1)ke; + (m’ — 1)e; for i,j = 1,...,n. It is useful to isolate the case i = j from
the term (m' — 1)ke; + (m’ — 1)e; to the standalone term (m’ — 1)(k + 1)e;. Therefore, the
vertices of P(S(41)) are the origin, (m' — 1)e;, (m' — 1)ke;, (m’ — 1)ke; + (m' — 1)e;, and
(m'—=1)(k+1)e; for 1,5 =1,...,n and i # j. Note that both (m’ —1)e; and (m’ —1)ke; lie
in the line connecting the origin and (m’ —1)(k + 1)e; for i = 1,..., n, hence, they cannot
be vertices of P(S(x41)). Moreover, (m' — 1)ke; + (m’ — 1)e; lies in the line connecting
(m' —1)(k+1)e; and (m' —1)(k+1)e; fori,j =1,...,n and ¢ # j. Hence, the vertices of
P(S(+1y) are the origin and (m’ —1)(k+1)e; for i = 1,...,n. Thus, induction is complete.
Therefore, for all positive integers k, the vertices of P(S) are the origin and (m’ — 1)ke;
for i = 1,...,n. From the derivation in System 1, we already know that the volume of
P(Swy) is ((m' —1)k)™/n! (it is the volume of the generalized-tetrahedron that is bounded
by the coordinate hyperplanes and the hyperplane eNy + --- 4+ eN,, = (m’ — 1)k). Then,

to find the number of non-zero roots, we just need to compute the mixed volume which is

It is worth noting that this result matches the upper bound of Bezout’s inequality which
states that the number of common zeros is less than or equals to the product of the degree

of each polynomial [68]. Also, unlike corner terms, if non-corner terms are removed from
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the generalized model (non-corner points of the generalized-tetrahedron that is bounded
by the coordinate hyperplanes and the hyperplane e Ny + - - - +eN,, = m/ — 1), the number
of free-equilibrium points will not be affected. However, removing corner points will reduce
that number as we have seen in System 2 which is essentially System 3 but with some of
its corner points being removed. Regards to the number of total (rigid+free) equilibrium

points for this general system, it is given by

e (oo

k=0

2.6 Is the Addition of HOIs Increasing the Under-

standing of Ecological Dynamics?

Recent work has shown that higher-order interactions can increase the stability [43], pro-
mote the diversity [44], and better explain the dynamics of ecological communities [45, 46].
While it is known that these perceived benefits come from an increasing number of alterna-
tive solutions given by the nature of multivariate polynomials, this mathematical advantage
has not been formally quantified. In fact, it has been perceived that mathematically there

is nothing to prevent the inclusion of higher-order terms in ecological models [34].

Here, we have shown analytically that by adding HOI terms to ecological models, the num-
ber of free-equilibrium points increases exponentially with the dimension of the system.
Recall that the classic LV model without HOI terms has a single free-equilibrium point,
regardless of the number of parameters [53]. Importantly, we have shown that the more
free-equilibrium points present in an ecological dynamical system, the more flexibility the
system has to reach any type of dynamics. This reveals that HOI terms cannot provide ad-
ditional explanatory power of ecological dynamics if model parameters are not ecologically

restricted.

The mathematical advantages coming from adding HOI terms into LV models can be
easily seen in the mapping from the free-equilibrium point space of these systems (i.e., the
steady-state species abundances). This mapping is one-to-one for the classic LV model,
i.e., from R%™ (where 6(n) is the number of parameters in the model with n species) to

R". However, when HOI terms are added to LV models, the mapping becomes from R? (")

38



to C", where ¢'(n) > 6(n). Thus, the mapping becomes one to exponentially many when
HOI terms are included. Also, the co-domains for both mappings are different, it is R™ for
the classic LV model and C" for LV model with HOI terms. These explain why the number
of both feasible and unfeasible solutions of a system increases when HOI terms are added.
Note that even if studies penalize for the increase in the number of parameters 6'(n) —6(n)
between these models (e.g., using AIC, [54]), the mappings for HOI terms will continue to
be from one to exponentially many, and the mathematical advantages will continue to be
present. This reveals that models with and without HOI terms are fundamentally different
and direct comparisons between them (e.g., dynamical properties or explanatory power)

cannot be made without parameter restrictions.

It is also expected that adding HOIs into ecological models can lead to an enrichment of
dynamics. To see this, we can consider the following 1-dimensional system with m-order
HOIs terms: dN;/dt = Ny f(Ny), where f(N;) is a univariate polynomial of degree m — 1.
Importantly, this 1-dimensional system is a special case of the general System (2.9), which
has (m' — 1)" free-equilibrium points and whose parameters (coefficients of the N’s) are
all zero except for some of the terms in the first line (involving dN;/dt). The univariate
system has one rigid-equilibrium point (the origin) and m — 1 free-equilibrium points. If
f is quadratic, the system is known to have a pitchfork bifurcation diagram with a single
feasible branch. Instead, if f is cubic, the system is known to have a hysteresis loop with
multiple locally stable free-equilibrium points in the feasibility domain [12]. In fact, more
dynamical phenomena are observed for higher degrees of f. For instance, in the presence of
k feasible free-equilibrium points, without multiple or complex roots, a stable feasible free-
equilibrium point is followed by an unstable one, making the number of feasible and stable
free-equilibrium points in this case to be either floor or ceil k/2 for k = 0,1,...,m — 1.
This suggests that for higher dimensions, when parameters are restricted in regions with
more feasible free-equilibrium points, this will imply an inherited increase in the likelihood
of stability. These phenomena, which are associated with systems having multiple free-
equilibrium points, cannot occur in classical LV models (without HOIs) regardless of the
number of species [12]. In fact, any LV model with HOI terms is a special case of another LV
model with HOI (with more species and/or higher order). Hence, the dynamics observed
in a model with HOIs can also be observed in a more complex version of the model. This

reveals that the explanatory power of models should only be compared when their number
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of free-equilibrium points have been made comparable through parameter restrictions.

To illustrate the point above on a practical setting, one can focus on the problem of fitting
data to ecological models [34, 46]. In this process, both parameters and initial conditions
need to be tuned, introducing a bias. If a model has exponentially many free-equilibrium
points, it is easier to reach a feasible solution, especially without parameter restrictions.
Thus fitting will be facilitated in models with higher-order terms (mainly due to the number
of free-equilibrium points and not necessarily due to the number of parameters) and one
may be tempted to conclude that feasibility is an ecological mechanism derived from higher-

order interactions (while this is just a mathematical construct).

In general, one should address the problems above and reach explanatory power by ex-
ploring parameter values restricted within key ecological quantities. Yet, this is often an
overlooked or difficult task within ecological research. For example, parameters are of-
ten changed randomly [69], are not changed so that certain ecological quantities that are
fully descriptive of a certain dynamics of interest are greater than unity [70, 71|, are freely
changed in order to fit data [46], or are chosen such that ecological quantities derived from
a simpler model are used as the descriptive quantities of a more complicated model [72].
Moreover, the parameter space should be restricted to physical or ecological cases only
(recall that by adding HOI terms it is possible to have imaginary equilibrium points but
this is not possible in the classic LV model). In fact, although there are many ecologi-
cal quantities that exist in the literature and they are typically associated with different
research questions [60, 73], those ecological quantities generally increase in number and
change along with the dimension of the system. Indeed, for systems with more than two
free-equilibrium points, given that closed form solutions of steady state abundances for this
type of systems are not known yet, it is unclear which specific quantities are ecologically
the most important to deduce feasibility. Hence, if the aim is to add more complexity
in ecological models, we hope this study can serve as a call for more work on parameter

restrictions.
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Chapter 3

Adding Mechanisms and Complexity
into Ecological Models

3.1 Introduction

Understanding and predicting the behavior of ecological systems has been one of the great-
est challenges in ecological research [3, 4, 74, 75]. One promising route to accomplish this
challenge has been based on the mathematical modeling of species abundances over time
by assuming different functions of species interactions, growth and decline rates [10]. How-
ever, these terms are not uniquely represented, they are either arbitrarily or specifically
chosen to provide tractability (such as the ability to analytically understand the effect of a
change in a parameter) and preserve realism (such as mimicking as much as possible eco-
logical mechanisms) [11]. Indeed, in principle, a tractable, realistic, mathematical model
of a system can allow us to apply conventional methods to deduce and have a mechanistic
knowledge about the behavior of real-world systems [12, 76]. Yet, finding a compromise

between tractability and realism has not been easy [77-79].

Importantly, it has already been shown that in order to explain complex dynamics, it is
not always necessary to have complex models [14]. For example, complex behavior, such as
transitions from point attractors to chaotic behavior can already emerge from population
dynamics models with low-order polynomials (e.g., the 1-dimensional deterministic logistic
model) [13]. In fact, one of the best examples of simple tractable models in ecology is the

well known linear Lotka-Volterra (LV) model [18, 30]. Yet, this model must be understood
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just as a first-order approximation to how complex ecological systems behave [12]. As a
consequence, many modifications have been done to the linear LV model in the hope of
adding realism and increasing their explanatory power [10]. In general, these modifications
yield models of the form dN;/dt = N;f;(N)/q;(IN) for i = 1,2,... n, where the f’s and ¢’s
are multivariate polynomials (in general with higher-order terms) in species abundances

N = (N17N27 s )NTI)T []‘4]

A clear example of complexity added to the linear LV model, as discussed in the previous
chapter, is the incorporation of higher-order interactions (HOIs) that involve more than
two variables [49]. The introduction of these higher-order terms has been justified in
order to account for the possibility that the effect of a species ¢ on the per capita growth
rate of a species j might itself depend on the abundance of a third species k due to
either compensatory effects or supra-additivity [10, 80]. The addition of HOIs has been
shown to stabilize dynamics in competition systems [43], promote diversity in ecological
communities [44], and capture unexplained dynamics of linear LV models [46]. However,
it has been debatable whether these terms are derived from fundamental principles [42],
whether mathematically there is anything to prevent their inclusion into ecological models

[81], or whether they are indeed useful to explain observed ecological dynamics [48].

Another example of complexity is the addition of functional responses, which have been one
of the most studied and ecologically motivated polynomial fraction forms added to linear
LV models [10, 11, 35, 48]. Typically, functional responses correspond to the mechanistic
(or phenomenological) description of how predators (consumers) search, attack, and handle
their prey (resources). Although the name of functional response was first introduced by
Solomon [82], functional responses were broadly adopted after Holling [35] identified three
types of responses: linear (Type I - linear LV model), hyperbolic (Type II), and sigmoid
(Type III). For instance, the Beddington-DeAngelis functional response [83, 84], which is a
variation of Type II, has been one of the most widely used responses for modeling food webs
[85]. Importantly, the introduction of functional responses has appeared to reconcile part of
the compromise between tractability and realism across a variety of ecological models [10].
Yet, most of the analytical (tractable) work incorporating nonlinear functional responses
(Types II and III) has been limited to 2-species systems [10, 11, 35|, remaining unclear

whether this compromise can be extended to larger multispecies cases [72, 81].

In general, one of the big questions derived from the addition of complexity (e.g., either
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HOIs or functional responses) is whether the explanatory power of a modified model comes
from the general form of its polynomial or from a more realistic description of multispecies
systems. To answer this question, we study the probability of feasibility in complex mod-
els (i.e., modifications to the linear LV model using multivariate polynomials) under an
arbitrary choice of parameter values. Note that the observability or adaptability of an
ecological system is associated with how much its structure can change while retaining its
feasibility [86, 87]. Thus, it is important to distinguish the minimum amount of information
necessary in a model to explain such observability. Specifically, we study the probability of
feasibility as a function of three key properties of these complex models: their polynomial
degree (interaction order), dimension (number of species), and parameter restrictions (sign
restrictions). We define the probability of feasibility as the frequency of finding in a model
at least one feasible solution (i.e., a feasible free-equilibrium point where all its coordinates
are real and positive) by randomly choosing parameter values under a given distribution
[88]. Note that the existence of feasible equilibrium solutions is a crucial condition in
the context of species coexistence in equilibrium dynamics, i.e., a necessary condition for

persistence, permanence, and the existence of bounded orbits in the feasibility domain [41].

We start illustrating our study using a 1-dimensional toy model and demonstrating that its
probability of feasibility increases as a function of its polynomial degree (and consequently
its number of parameters) when parameter values are arbitrarily chosen from a given
probability distribution. Next, we extend the toy example into a multidimensional case
to show that the probability of generating a feasible multispecies system is an increasing
function of its complexity. Specifically, we characterize complexity by the number of free-
equilibrium points generated by a model, which is a function of the polynomial degree and
system’s dimension. Then, to illustrate the expected behavior of complex models across
different dimensions and parameter restrictions, we study modifications to the linear LV
model using HOIs and functional responses. Finally, we discuss the implications of our

results for the explanatory contribution to feasibility of complex ecological models.

3.2 Univariate Complex Models

To investigate the probability of feasibility of ecological systems using complex models, we

start illustrating our methodology in 1-dimensional (univariate) systems. For this purpose,
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let us consider the following 1-dimensional dynamical system characterized by the state

variable N as shown below

dN  Nf(N)
dt g(N)

(3.1)

where f(N) = au, N™ + a1 NP+ ...+ a1 N + ag is a polynomial of degree m and ¢(N)
can be any other polynomial that shares no common factor with N f(/N). Note that in the
case when f(NN) is linear and ¢(N) = 1, we recover the 1-dimensional version of the linear

LV model (i.e., logistic growth model when a; < 0, [10]).

As mentioned before, we study the feasibility of a system as defined by its capacity to have
at least one feasible equilibrium point (the equilibrium point is both real and positive) under
an arbitrary choice of parameter values. This implies that the feasibility problem of Model
(3.1) is identical to the feasibility problem of the system defined by the model dN/dt =
Nf(N), as they both involve analyzing the real and positive roots of the polynomial f(N).
Therefore, we can think of the feasibility problem in Model (3.1) as the same as the
feasibility problem of the modified 1-dimensional linear LV model with higher-order terms.
Note that the dynamical stability criteria can be relaxed in this case, as it is linked to
the feasibility problem [89]. That is, when Model (3.1) has k positive equilibrium points
(without multiple or complex roots), a stable feasible free-equilibrium point is followed by
an unstable one, making the number of positive stable equilibrium points to be either floor
or ceil k/2 for k =0,1,...,m [81]. This implies that one can derive the stability problem

from the feasibility one.

It is well known that the feasibility of any system depends on the specifics given by the
model parameterization and constraints [90]. However, in the absence of information about
the exact parameter values, as in most of the ecological research, these values are randomly
chosen from a probability distribution [79, 91]. This parameter uncertainty transfers the
feasibility problem to the probability of having at least one feasible equilibrium point
by randomly choosing parameter values under given conditions [61, 88]. For illustration
purposes, let us consider the case when the a’s are all Gaussians i.i.d. centered on zero
(mean zero), and let us denote pg(m) the probability that at least one root of f(N) is
positive (i.e., feasible). Note that pg(m) is independent of the distribution’s variance

simply because f(N) and cf(N) have identical roots for any constant ¢ # 0. Under this
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Gaussian case, it has been demonstrated [92] that the expected number of positive real

roots F(m) as m — oo is given by

E(m) = @,Where (3.2)
R(m) = %log(m) +0.6257358072. .. + O(1/m). (3.3)

Note that R(m) corresponds to the expected number of real roots, while E(m) assumes no
a priori tendency for positive or negative roots in R(m). That is, the density of real zeros

is an even function [92].

Next, let us try to find how Eqn. (3.2) can be inserted into the expression of the probability
of feasibility pc(m). To provide a numerical approximation, let us assume that the location
of the m roots of f(IN) are independent of each other and positive with probability p; for
i =1,2,...,m. Therefore, the probability of feasibility (to have at least one positive and
real root) becomes pg(m) = 1—(1—p1)(1—ps) ... (1—pn). By applying Jensen’s inequality
(e, f(p1)+ f(p2) + ...+ f(pm) = mf((p1 + p2+ ...+ pm)/m)) to the convex function
f(x) = —log(1 — ), we obtain pg(m) > 1 — (1 — E(m)/m)™, where the expected number
of positive roots E(m) = p1 +p2+. ..+ pp. From the formula of pg(m), one can derive the
upper bound pg(m) < 1— (1 —max(p1, pa, - -, Pm))™. Assuming that pg(m) is continuous
for any m > 1 implies the existence of E(m) such that the probability of feasibility can be

written as

A

pa(m)=1—(1—E(m)/m)™, (3.4)

where E(m) is an overestimate of the expected number of positive roots (that is, E(m) <
E(m) < mmax(py,pa, . .., pm)). This allows us to infer the mathematical form of E(m) by
finding E(m) such that pg(m) is the best fit of 1 — (1 — E(m)/m)™.

Figure 3-1 provides a numerical confirmation of the positive relationship between the prob-
ability of feasibility pg(m) and the degree m of the polynomial f(/N) under an arbitrary
choice of parameter values (no parameter restrictions). The probability is calculated nu-
merically over 10* simulations using i.i.d. parameters from a Gaussian distribution with
mean zero and standard deviation one. The figure shows the best fit to the data using
Eqn. (3.4), where E(m) = alog(m) + b+ ¢/m, a = 0.391, b = 0.356 and ¢ = 0.141. Note

that these values are close (still an overestimate) to 1/7 and to the constant term in Eqn

45



0.95

o9r ISP e
e

0.85 .‘a;."”:'” * Simulation results |
2 --Best-fit curve

o

P

075

4
¢
4
4
i
'3

o
o

o
© o
o O
S

LTS S S

Probability of feasibility
o
~

0.55
0.5

20 40 60 80 100 120 140 160 180 200
Polynomial degree

0.45
0

Figure 3-1: Probability of feasibility increases as a function of the polynomial degree in
1-dimensional systems. The figure shows the probability that at least one root is feasible
pc(m) in Model (3.1) as a function of the degree m > 1 of the polynomial f(N) (using 10*
trial points for each polynomial degree m). Note that parameters are all i.i.d. Gaussian
with mean zero and standard deviation one. The probability pg(n) is independent of the
distribution’s variance. By plotting (solid line) pe(m) and fitting it with 1—(1—E(m) /m)™
(where E(m) = alog(m) +b+c¢/m), we find that the best-fit parameters (R? = 0.9966) are
a = 0.391 £ 0.004 (an overestimate value that is close to 1/ in the expression of E(m) in
Eqns. (2-3)), b = 0.356 £ 0.013 (an overestimate value that is close to the constant term
in the expression of E(m) in Eqns. (2-3)) and ¢ = 0.141 £ 0.016. The term ¢/m, which
is present in both E(m) (as an order quantity O(1/m)) and E(m), is not significant, for
large polynomial degrees m (as it is small compared to either the log or the constant term
in both E(m) and E(m)). However, the best fit of ¢ takes care of fitting the probability of
feasibility with low polynomial degrees without altering the fact that the values of a and
b in E(m) are overestimate values and are close to the ones in the expression of E(m).

(3.2). Also, notice the sharp increase in the probability of feasibility for small m’s. That
is, when the polynomial degree m is relatively small, only a few extra terms are needed to
add a noticeable increase in the probability of feasibility. Once m is large enough, the rate

of increase in the probability of feasibility diminishes sharply even if considerably more
extra terms are added.

Importantly, the example above illustrating a monotonic and saturating behavior of the
probability of feasibility as a function of the polynomial degree is robust to the choice

of the probability distribution (see next section). This is true as long as the addition of
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parameters does not decrease the probability of obtaining an odd sign sequence in the
coefficients of f(IV) (i.e., the number of consecutive sign changes in a,, @py_1, - - ., a1, ag is

an odd integer—see next section).

3.3 Robustness Properties of the Probability of Fea-
sibility

In the previous section, we found that there is an increasing relationship between the
probability of feasibility pg(m) and the polynomial degree m in 1-dimensional systems by
using i.i.d. parameters drawn from a Gaussian distribution with mean zero. Here, we show

that this result is robust to the choice of the probability distribution of parameter values.

To support our statement above, we start by repeating the same analysis with a uniform
distribution with mean zero and computing the probability of feasibility py(m) (note that
we use pg(m) and py(m) for Gaussian and uniform, respectively). Figure 3-2 shows that
the monoticity pattern remains as shown in Figure 3-1. Furthermore, let us suppose that
ag, ay, ..., a4y, are independent normally distributed, and the distribution has a mean that is
uniformly distributed between —c and ¢ (i.e., centered on zero) with a standard deviation
that is uniform between 0 and d. Figure 3-3 confirms numerically that the expected number
of positive roots still has the form alog(m) + b+ O(1/m), and the probability of feasibility
behaves similarly to Figures 3-1 and 3-2 for any value of ¢ and d (as ¢ decreases or d
increases, the coefficient of the log increases implying that the expected number of positive

roots increases).

In the previous examples, we have illustrated probability distributions with some underly-
ing centrality around zero. Next, let us discuss distributions that center somewhere else. It
has been demonstrated [92] that when all parameters have an i.i.d. Gaussian distribution
with non-zero mean and variance, the expected number of positive roots is asymptotic to
a constant which depends on a single quantity A. This quantity A is the mean divided by
the standard deviation, yielding

E(m) = 1 leer(%

575 )+ %F[O, M+ 0(1/m). (3.5)
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Figure 3-2: Same as in Figure 3-1 but using a uniform distribution with mean zero. Specif-
ically, we plot py(m) and fit it with 1— (1— E(m)/m)™, where E(m) = alog(m)+b+c¢/m.
We find that the best-fit parameters (R? = 0.9968) are a = 0.384 £ 0.003 (close to 1/m),
b = 0.326 +0.012 (close to the constant term in the expression of F(m) in Equns. (3.2-3.3))

and ¢ = 0.170 = 0.015.

This implies that the new probability of feasibility pgs of this 1-dimensional system will
asymptote to a constant smaller than 1. Figure 3-4 shows the probability of feasibility
pes and its fit using the function 1 — (1 — E(m)/m)™, where E(m) = a 4+ b/m and b < 0
to ensure that F (m) is increasing with m. The best-fit parameter is a = 0.585, which is
an overestimate yet close to the theoretical value of 0.536515 that is obtained by plugging
A = 5/7 in the expression of E(m). Also, Eqn. (3.5) demonstrates that the probability
of feasibility is maximized when parameters are randomized around a mean zero (i.e.,
A = 0) in the case of parameters that are i.i.d. That is, the probability of feasibility can
be increased by reducing the absolute value of the mean and/or increasing the standard
deviation given that E(m) is a decreasing function of |\|. Additionally, let us suppose
that a,,, @y, _1, ..., a1, a9 are independent and each parameter is normally distributed with
a mean that is uniformly distributed between ¢; and ¢y and standard deviation that is
uniform between 0 and d. Figure 3-5 shows numerical simulations confirming that the
probability of feasibility behaves similarly to the previous cases and also asymptotes to a

value less than 1. This result is robust even if each of a,,, a,,_1, ..., a1, ag is not normal and
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Figure 3-3: Similar to Figure 3-1 but parameters are normally distributed with a mean that
is uniformly distributed between —c and ¢ (i.e., centered on 0) with a standard deviation
that is uniform between 0 and d: Panel A (¢ = 1,d = 1), Panel B (¢ = 1,d = 0.01),
Panel C (¢ = 1,d = 100), Panel D (¢ = 0.01,d = 1), and Panel E (¢ = 100,d = 1). All
probabilities were fit with 1 — (1 — E(m)/m)™, where E(m) = alog(m)+ b+ ¢/m. We find
that the best-fit parameters are a = 0.398 £0.004, b = 0.320 £0.016 and ¢ = 0.184 £ 0.019
for Panel A, a = 0.389 + 0.005, b = 0.304 & 0.017 and ¢ = 0.193 4 0.021 for Panel B,
a = 0.408 +0.004, b = 0.388 +0.015 and ¢ = 0.115 £+ 0.018 for Panel C, a = 0.409 4 0.005,
b= 0.386+ 0.016 and ¢ = 0.114 + 0.019 for Panel D, a = 0.387 4 0.004, b = 0.318 + 0.014
and ¢ = 0.181 % 0.018 for Panel E. The fit in all panels has R? > 0.996. As ¢ decreases or
d increases, the coefficient of the log increases (i.e a) implying that the expected number

of positive roots increases.

each have a specific PDF. In addition, fixing a few a’s to fixed values (including zero) will

not change the monoticity (simulations not shown).
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Figure 3-4: Similar to Figure 3-1 but parameters are all i.i.d. uniformly distributed with
mean 5 and standard deviation 7. The probability of feasibility increases as m increases,
and asymptotes to a constant smaller than 0.5. The probability of feasibility was fit with
1 — (1 — E(m)/m)™, where E(m) = a + b/m. We find that the best-fit parameters are
a = 0.585 £ 0.002 and b = —0.237 & 0.010. Notice that E(m) is an increasing function of
m which is evident from the negative b. If we include the term log(m) in the expression of
E(m), we find that the best-fit parameter for the coefficient of log(m) to be of order 1074,
which is close to zero. This rules out the dependence of E(m) on log(m).

Finally, we can see that the probability of feasibility is not sensitive to the formula of
the parameter distribution and is dependent on their centrality. Indeed, according to
Descartes’s rule of sign, the number of positive roots of the polynomial f(N) equals to or
is less than (by an even number) the number of consecutive sign changes of the coefficients
of f(N). That is, if for example f(N) = 3N?+ 5N — 4, then there is only one consecutive
sign change from 5 to —4 and this polynomial has exactly one positive root. Alternatively,
if for example f(N) = —3N? + 5N — 4, then there are two consecutive sign changes and
the polynomial has either two or zero positive roots (in this case, it has zero roots). Hence,
from Descartes’s rule of signs, we can conclude that if the number of consecutive sign
changes is an odd integer, then it must have a positive root irrelevant of the distribution
formula. This illustrates that if a distribution increases the likelihood of odd numbers of

consecutive sign changes, the probability of feasibility increases as well.

For instance, if a distribution only allows for odd sign sequences, the probability of feasibil-
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Figure 3-5: Similar to Figure 3-1 but parameters are normally distributed with a mean
that is uniformly distributed between ¢; = —7.5 and ¢ = 17.5 and standard deviation that
is uniform between 0 and d = 14 (as an illustrative example). The probability of feasibility
pas(m) increases as m increases, and asymptotes to a constant smaller than 0.6. The
probability of feasibility was fit with 1 — (1 — E(m)/m)™, where E(m) = a + b/m + ¢/m?.
The 1/m? term is the next leading term after 1/m in the expression of E(m) which does
not influence the value of F(m) for higher polynomial degrees. We added it to fit the
lower data points better. We find that the best-fit parameters are a = 0.9189 4+ 0.003,
b= —0.868 + 0.042 and ¢ = 0.392 + 0.043. Notice that E(m) is an increasing function of
m for all m > 1. Also, if we include the term log(m) in the expression of E(m), the best
fit parameter for its coefficient is of order 10~% which is close to zero. This rules out the

dependence of E(m) on log(m).

ity is guaranteed to be 1. Therefore, in order to explain the reduction in the probability of
feasibility in the previous examples (centered vs non-centered distributions around zero),
we need to remember that in the case of symmetric distributions, the probability of an odd
number of consecutive sign sequence is 0.5 for all polynomial degrees given that there are
an equal number of sign sequences with even or odd numbers of consecutive sign changes.
However, in the example where all parameters are i.i.d. with non-zero mean, that probabil-
ity becomes 2p(1 — p) for all polynomial degrees where p is the fraction of the PDF of that
distribution that is positive (i.e., p = P(X > 0) where X is the parameters’ distribution)—
see the proof at the end of this section. This quantity is maximized at p = 0.5 (distributions
centered on zero) and decreases as we move farther away from it. The probability of an

odd number of consecutive sign changes behaves similarly with the behaviour of A in E(m)
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that is displayed in Eqn. (3.5) (i.e., E/(m) decreases as |\| increases).

This simple example above explains the reduction in the probability of feasibility when we
deviate from centered distributions without the need to know the formula nor the shape
of the distribution. Thus, we can see that if we fix a polynomial degree in a model, the
more a parameter distribution injects odd sign sequences, the higher the increase in the
probability of feasibility. Similarly, as the polynomial degree increases in a model, if the
new parameters do not decrease the process of injecting odd sign sequences to f(N), then
the probability of feasibility increases. As an example, let us focus on a,,, @y,_1, ..., a1, ag,
if the parameters with even and odd indices are i.i.d. normal with standard deviation of
1 and mean of —100 and 100, respectively, then the probability of feasibility will be 1 if
the polynomial degree is odd and zero if the polynomial degree is even. This oscillatory
behavior is due to the same oscillation in the probability of odd sign sequences which is 1

for an odd polynomial degree and zero for an even.

3.3.1 Effect of Consecutive Sign Changes on The Probability of

Feasibility

Theorem: Let f(N) = @ N™ + a1 N™ 1 + ... + a1 N + ag, whose parameters are in-
dependent and identically distributed. Let X be the parameters’ distribution and p =
P(X > 0). The probability that the number of consecutive sign changes in the sequence

Ay A1, -, A1, Ag 1S an odd integer is 2p(1 — p).

Proof: Let us consider a a linear polynomial f(N) = a3 N + ag. We have consecutive
sign changes when (a1, a9) = (—,+) or (+,—). With p = P(X > 0), the probability of
obtaining those two sign sequences is (1 —p)p + p(1 — p) = 2p(1 — p). In the general case,
consider a polynomial of degree k — 1 whose coefficients are represented by the sequence
a, = (ag_1,a5_2,...,a1,a9). Let s(ay) = (sign(ag_1),sign(ag_s), ..., sign(ay),sign(ag)) be
the ’symbolic’ sign sequence of a; and let ¢(a) be the number of consecutive sign changes
in a;. Assign binary numbers 0 and 1 if sign(ay) is negative or positive, respectively,
in s(ay) and let b(ay) be the resulting binary number. Finally, let d(a;) be the decimal
representation of b(ay). For example, the coefficients of the quadratic polynomial f(N) =
N? — 2N + 3 is represented by the sequence az = (1, —2,3) whose related quantities are
given by s(az) = (+, —, +), c(az) = 2, b(az) = 101 and d(a3) = 5.
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Lemma 1: c(ay) is odd if and only if d(ay,) is odd when it is less than or equals to 2¥~ — 1

and even when it is greater than or equals to 2F71.

Proof of Lemma 1: With a linear function f(N), we only have the four sign sequences
(—, =), (=, +), (+,—), (+, +) whose decimal representation are the numbers 0,1,2,3 respec-
tively. Only sequences with decimal numbers 1 (odd number < 2! — 1 = 1) and 2 (even
number > 2! = 2) have odd number of consecutive sign changes. Before carrying out with
induction, let AY* be all sequences a; with an odd c(a;) and with a d(ay) that is less than
or equals to 2¢=1 —1. When F instead of O is used, it indicates an even c instead of an odd
one. Also, when the up arrow is used instead of the lower one it indicates that d is greater
than or equals to 2¥~!. Hence, for a fixed k, any sequence a;, must belong to either A%,
A,fi, AgT or AkET. Note that for £+ 1, any sequence a,; will have a; leading the sequence
followed by a sequence that belongs to either Agi, AkEi, AgT or AkET. Also, note that the
leading sign of any sequence that belongs to either A?i or AkEi is negative (i.e., ay_; has
negative sign or binary digit 0) as d is less than or equals to 2*~! — 1. The opposite is true
(i.e., ax_1 has positive sign or binary digit 1) when the up arrow is used. For example, when
ar < 0 then the sequences a; Agi, which stacks the negative a; in front of all sequences
A will start with two consecutive minus signs implying c(ay,; AYY) = ¢(A9") which is
odd. Also since the leading sign is negative, then d(ay; Agi) < 2F — 1 which both imply
that the sequences a; ; A% C Agil. Another example, when a; > 0 then the sequences
ay; Akm will start with a consecutive sign change (i.e., a + followed by a —) followed by
an odd number of consecutive sign changes which results in ¢(a;; Agi) being even. Also
since the leading sign is positive, then d(a;; AYY) > 2% and the sequences af ; AYY C Afil.

With the same procedure,

1. Agil is the union of both q; ; Agi and ay; AkET.
2. AgL is the union of both a;; A" and a;; AF*.
3. Afil is the union of both a ; AgT and a; ; AkEL.
4. A}T, is the union of both a;; A% and af; AZT,
For induction, let us assume that d(AY") is odd, d(ACT) is even, d(A}*) is even and d(A} ")

is odd. Looking at (1) since d(ay; AZ") = d(A9") is odd and d(ag; ALT) = d(AFT) is odd,
then d(AkOil) is odd. Similarly looking at (2), since d(a;; AST) = 28 + d(AYT) is even and
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d(af; APV = 28 + d(A}Y) is even, then d(Agll) is even. With the same procedure, then
for (3) and (4) d(Afil) is even while d(AfL) is odd. This completes the inductive step

and the proof is complete.

Lemma 2: The probability that d(a;) is odd when d(a;) < 2¥~! — 1 is (1 — p)p. Also, the
probability that d(ay) is even when d(a;) > 2871 is (1 — p)p.

Proof of Lemma 2: For the first part, since d(ay) is odd, then the sign of the trailing term
(i.e., ag) is positive which has a binary representation of 1. Also, since d(a;) < 2871 —1 then
the sign of the leading term (i.e., ax_1) is negative which has a binary representation of 0.
All intermediate terms can be either positive or negative. The probability of obtaining a
sequence that leads with a minus sign and ends up with a plus sign is precisely (1—p)p. For
the second part, since d(ay) is even, then the sign of the trailing term (i.e., ag) is negative
which has a binary representation of 0. Also, since d(a;) > 257! then the sign of the leading
term (i.e., ax_1) is positive which has a binary representation of 1. All intermediate terms
can be either positive or negative. The probability of obtaining a sequence that leads with

a plus sign and ends up with a minus sign is precisely (1 — . This completes the proof.
b g p g p Yy b)p p p

From Lemma 1 and 2, the probability that c(ay) is odd is precisely the sum of the proba-
bility that d(a) is odd when d(a;) < 2¥~! — 1 and the the probability that d(ay) is even

when d(ay;,) > 2¥~1, which is 2p(1 — p) and the proof is complete.

3.4 Complex Multispecies Models

To investigate whether the probability of feasibility in complex multispecies models has
similar patterns to those shown in 1-dimensional models, we focus on the multivariate
generalization of Model (3.1):

dN; _ Nifi(N)

i=1,...,n, (3.6)

where N is a vector of species abundances. Model (3.6) can be characterized by two

quantities: its number of free-equilibrium points and the joint distribution of its parameters.

Equilibrium points (known as NN}) are the solutions to all N; in Eqn. (3.6) when the left-

hand side (LHS) of the equation is equal to zero. These equilibrium points, as mentioned
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in the previous chapter, can be classified as free or rigid [81]. Free-equilibrium points
have non-zero components (can be complex) and can move freely within the state space
as a function of parameter values, while rigid-equilibrium points are restricted in space
such that they contain at least one zero (i.e., N = 0). That is, rigid-equilibrium points
are restricted to particular regions of the state space regardless of the values that model
parameters can take and contain at least one zero coordinate (i.e., boundary-equilibrium
points). Instead, the location of free-equilibrium points are not restricted in space and are
completely dependent on model parameters. This implies that only free-equilibrium points
can lead to feasible systems (i.e., N > 0 for i = 1,...,n). These definitions further reveal
that the number of free-equilibrium points (0) is, in fact, the multivariate generalization

of the polynomial degree m seen in the 1-dimensional case.

Following the definitions above, we use © as the measure of complexity of a model. When
parameters of f;(IN) are independent and unrestricted for all i, © can be analytically
obtained by computing the number of complex roots of Eqn. (3.6) [64, 81]. However,
when parameters are not independent or restricted, that © becomes an upper bound and
the exact value can be computed using the software PHClab package [93]. Note that
other measures of complexity have been used in the literature [11, 94]. However, these
other measures are either at the level of system complexity (such as dimensionality or
connectivity) or at the level of assumed mechanisms in a model (e.g., Type I vs Type II
functional responses). Instead our measure of complexity makes no prior assumption about
the complexity of a model, but integrates all this information to provide a measure of the

enrichment in dynamics that can be derived from a model [81].

Assuming Eqn. (3.4) as the expression for the probability of feasibility in multidimen-
sional systems where m is replaced by O, p(©) can be further simplified under two key
observations: (i) The number of free-equilibrium points © is expected to be large in mul-
tidimensional systems. This observation has been shown for LV models with HOIs under
an arbitrary choice of parameter values, where © increases exponentially with the dimen-
sion of the system [81]. (ii) The overestimate E(©) is very small compared to © (i.e.,
E(0)/6 << 1). This second observation has been shown for 1-dimensional systems with
standard Gaussian distributions (see Chapter 3.2). Specifically, E(m) ~ log(m)/m, which

is much smaller than m for large m. Building on these two observations, we can rewrite
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the expected probability of feasibility in multidimensional systems as

p(©) ~ 1 —exp(—E(O)). (3.7)

The goodness in the approximation of Eqn. (3.7) to Eqn. (3.4) can be shown by sampling
over the O-E space. For example, setting © = 1000 and E =1, the evaluated expression
1—(1—FE(©)/6)° = 0.632305 is close to the evaluated expression 1 — exp(—E(0)) =
0.63212. Importantly, the joint distribution of parameters in Model (3.6) affects how
E is related to ©. As we have shown, in 1-dimensional systems with i.i.d. probability
distributions, E increases with the polynomial degree m. Thus, following Eqn.(3.7), the
assumption £(0;) > E(O,) when ©; > O, implies that p(©;) > p(O,). That is, we
expect that p(©) increases with © in multidimensional systems as well. However, as in
the univariate case, there are also exceptions to this pattern. Specifically, when © > 1
is small, the relationship £(©) > E(1) can be violated. This is because models with
O = 1 and © > 1 are fundamentally different. Using arbitrary model parameters with
the LV model (i.e., © = 1), the solo free-equilibrium point must have real coordinates.
Instead, for complex models (i.e.,© > 1) free-equilibrium points are generally complex
[81]. Thus, when © is small but © > 1, the comparison between E(©) and E(1) is unclear
and becomes dependent on the distribution. However, E(0) > E(1) is expected to hold
with the increase of free-equilibrium points. These results show that the complexity of
a model can be characterized by its number of free-equilibrium points (0), which are a

function of the polynomial degree and system’s dimension.

As in the univariate case, stability in the multivariate case is related to the feasibility
problem [89]. In multidimensional systems, we do not necessarily need an asymptotically
stable free equilibrium point for the existence of species coexistence [41, 95]. For example,
species coexistence can be possible when there exists both a trajectory from the initial
condition towards any of the feasible free-equilibria and if after some sufficiently large time,
the maximum distance between the feasible equilibrium and the trajectory is bounded [96].
That is, in the presence of an attracting direction in any of the feasible free-equilibrium
points, species coexistence is possible given an appropriate initial condition [81]. Thus,
as we have discussed for the 1-dimensional case (where a stable equilibrium is typically

followed by an unstable one), increasing the number of feasible free-equilibrium points alone
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increases on average the probability of the existence of at least one trajectory compatible
with such points. For example, let us assume a scenario where we have all repealing feasible
free-equilibrium points (i.e., given an unstable system), then adding an extra feasible free-
equilibrium point increases the probability of the existence of a non-repelling direction and
consequently attaining coexistence. In the next sections, we test our hypotheses above by
illustrating the expected behavior of specific multidimensional models using modifications

to the linear LV model with HOIs and nonlinear functional responses.

3.4.1 Revisiting Higher-Order Interactions

The multidimensional model with HOIs can be generally written as [48]:

where the 7’s represent species growth rates, m’ is the interaction order (with m’ = 2
we recover the linear LV model), double indexed a’s represent pairwise species interaction
coefficients, and the remaining a’s correspond to HOIs. Note that the feasibility problem in
Model (3.8) is identical to the feasibility problem of dN;/dt = N; f;(IN)—which is the same
as the feasibility problem studied in Model (3.6). That is, in both cases, the feasibility
problem involves solving the multivariate polynomial system f;(N*) =0 fori=1,2,...,n.
Hence, without loss of generalization, we can think of the feasibility problem of a general

fractional polynomial system as that of an LV model with HOIs.

Following our analysis of 1-dimensional systems, let us assume that in Model (3.8), the
r’s and the a’s are all Gaussians i.i.d. with mean zero (the variance does not affect the
probability of feasibility or the location of free-equilibrium points since for any constants
¢ # 0, the roots of the multivariate polynomial system cf;(IN*) = 0 for i = 1,2,...,n do
not change). For illustration purposes, let us consider multispecies systems of dimension
two, three, and four (i.e., n = 2,3,4) with interaction order given by m’' = 2,3,4,5,6.
Then, we define pg(n, m') as the probability of feasibility with n species and interaction
order m’. The probability of feasibility is calculated using the PHClab package [93], which
numerically solves the polynomial system defined by Eqns. (3.8) after setting dN;/dt =0
and deleting NV; from the right-hand side (RHS). Under a generic choice of parameter values,
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Figure 3-6: Probability of feasibility increases as a function of systems’ dimension and
polynomial degree. Panel (A) shows the probability of feasibility (i.e., p(n,m’)) as a
function of system size n and interaction order m' in the linear Lotka-Volterra (LV) model
(i.e., p(n,m’ = 2)) and modifications with higher-order interactions (i.e., p(n,m’ > 2)). In
general, probabilities decrease with system size, but increase as a function of interaction
order. Panel (B) shows the relative increase in the probability of feasibility of modified
models compared to the linear LV model (i.e., p(n,m’)/p(n,2)). The higher the system
size and interaction order, the higher the relative increase. Panel (C) shows the relative
increase in the probability of feasibility of modified models compared to lower degree models
(i.e., p(n,m')/p(n,m' — 1)) for n = 2, 3,4 species communities. The higher the interaction
order, the higher the saturation and, in turn, the lower the relative increase. Note that
parameters (r’s and the a’s) in Eqn. (3.8) are all assumed to be standard Gaussians i.i.d.
with zero mean and unit variance.

we showed [81] that the number of free-equilibrium points is given by © = (m' — 1)". It
is also well known that in the case of the linear LV model (i.e., m" = 2,0 = 1) under
an arbitrary choice of parameter values (distribution centered on zero), the probability of
feasibility is given by pg(n,2) = 1/2" for all n [97, 98]. However, as in the 1-dimensional
case, Figure 3-6A shows that when HOIs are added, the probability of feasibility increases
as a function of the polynomial degree m’. The figure also shows that if two multispecies
models have the same polynomial degree m/, the one with the lower dimension n exhibits
a higher probability of feasibility (i.e., pg(ni,m’) > pg(ng,m’) for all m’ if and only if
ny < ng). This result can be expected from the fact that the probability of feasibility in a
system decreases on average as the number of species increases [98, 99]. Note that if two
multispecies models have the same interaction order m’, but different dimension n, they

also differ in the number of model parameters and free-equilibrium points ©.

Next, we use the results above to study how the explanatory power of feasibility with com-

plex models change relative to the linear LV model. Figure 3-6B shows that multispecies

o8



models with the same interaction order m’ > 2 exhibit a relative increase in the probability
of feasibility compared to the linear LV model (i.e., pg(n,m’)/pc(n,2)) as a function of
their dimension n. For example, adding up to quadratic terms (i.e., m’ = 3), the relative
probability of feasibility increases by a factor of 1.5, 2, and 2.6 for 2, 3, and 4 species,
respectively. Note that increasing the interaction order substantially increases the number
of model parameters in a high dimensional system, which turns into high amplifications in
probability. Nevertheless, Figure 3-6C shows that this relative increase in the probability
of feasibility reduces as more parameters are added (i.e., pg(n, m’)/pa(n,m’—1)). That is,
adding extra parameters to a multispecies model, that is already defined by a large number
of parameters, increases the relative probability of feasibility less than in a multispecies
model with fewer number of parameters. This implies that the largest relative increase in
the probability of feasibility will happen when adding HOIs to the linear LV model with a

large number of species.

3.4.2 Functional Responses and Parameter Restrictions

The cases above did not consider any sort of parameter restrictions, hence we now shift
our focus to study how the probability of feasibility with complex multispecies models
changes as a function of sign restrictions. Typically, these restrictions are imposed into
models to specify particular structures and dynamics, such as antagonistic, competitive,
and mutualistic [10]. In particular, these dynamics are expressed and modified through a
variety of nonlinear functional responses [11, 35]. Hence, to explicitly incorporate functional

responses into our general multidimensional model (Eqn. 3.6), we use the form:

dN;

d = Nz(rz -+ a“NZ — Z aiijgbij), 1= 1, oo,y where (39)
t 1<jzn
JFi
N2
i p(i) m’ =2,3,... (3.10)

— m!'—1"
1+ Zkelé(i J.ffk,q(i,j)Nk

Define ¢;; = 1 when m’ = 1. Functional responses (i.e., ¢’s), which are quotients of two
polynomials determined by the abundances of the prey, are dependent on the parameters:
m”, p's, ¢’s, I'’s, and h’s. The parameter m” in Eqn. (3.10) indicates the type of the

functional response (i.e., Type I, Type II, and Type III functional responses are represented
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by m” =1, m"” =2, and m” = 3, respectively). For any pair of species (i,7), the functions
p(i,j) and ¢(i, j) represent the indices of the prey (or resource) and predator (or consumer),
respectively (i.e., if ¢ is the prey of j then p(i,7) = i and ¢(i,j) = j). For each species
k, we define I} to be the set of indices that represent all their prey. By defining I for
each species, all connections between species are known. To allow for different responses
within the same species, for every predator ¢(i,7), we define ](’J(W.) to be a subset of Iy ;)
which contains the index of the prey p(i,j) (ie., that is p(i,j) € I}, ;) € Iyuy). The
h’s in Eqn. (3.10) are constants and represent prey handling time in Type II functional

responses. Note that the r’s and the a’s continue to represent species’ growth rates and

interaction coefficients, respectively.

It has been common to use forms of functional responses where the ¢’s are functions of
the abundance of a single prey for which p(i,7) is the only element in [ ;(i, 7 [11]. Never-
theless, the ¢’s can also be functions of the abundances of all prey, making [ é(i, 5= Iy
Here, we consider four commonly used cases: Type I, Type II with [ ; ij) = Iy (e,
BeddingtonaDeAngelis functional response), Type 1T with ];(i,j) = {p(i,7)}, and Type III
with [tlz(i,j) = {p(i,7)}. We denote these responses by T}, Ty, Tss, and T3, respectively.
Note that in Eqn. (3.10) ¢;; = ¢;;, however, this symmetry can be broken to allow for

more generalized types of functional responses by replacing the double subscript constant

i g(:,7) With a triple subscript constant hy; ; in Eqn. (3.10).

In Model (3.9) the a’s are not necessarily restricted to any particular value or sign. However,
in predator-prey models, a;; and aj; have opposite signs for every ¢ # j. Moreover, the
ratio |aq(ij)p(i.g)|/|Opig),q.5) | which is denoted by €;;, is usually a constant between 0 and
1, and reflects the fraction of prey that is converted into a predator’s abundance. This
implies that the probability of feasibility with functional responses (or higher-order terms
in general) can be different when adding or not parameter restrictions (e.g., sign restrictions
defining who eats whom). Thus, to study the effect of sign restrictions in the coefficients

of a’s, we rewrite Model (3.9) as

dN;
dt

= N,J(T‘z + (1“]\7Z — Za,-ij@-j + ZEjiajiNj¢ij)7 1= 1, oy, (311)

jGSi\Ii J€l;

where S; = {1,2,...,n}\{¢} (backslash symbol means set difference) and all a;;’s are

non-negative except when ¢ = j (unrestricted in sign).
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Additionally, it is worth noticing that the feasibility in Model (3.9) is dependent on the
common numerator of its RHS, and the solution becomes similar to the previous case of
an LV model with HOIs, where parameters are linked. That is, the higher the diversity
and order of functional responses added into a model, the higher the order of terms added
to the numerator of the RHS of Eqn. (3.9). To show this, let us write all ¢;;’s as quotients
of two polynomials ¢;; = ¢f;/¢;]. Thus, Eqn. (3.9) has a common denominator given by
®; = Ijes,¢L, whose number of terms and leading order depend on the specified functional
responses. Then, let us define ®;; = <I)i¢g / ¢5 , where ®;; is the same as ®; but with the
term qﬁg replaced by qﬁg—which also depends on the specified functional responses. This
process implies that the common numerator of the RHS of Eqn. (3.9) (after deleting V;

outside the bracket) is a multivariate polynomial expressed in terms of species abundances

given by the following expression:

Tiq)i_'_aiiNiq)i_Zaiijq)ij; 1= 1,2,...,71.
1<jsn
JFi

(3.12)

Therefore, the roots of Eqns. (3.12) determine the free-equilibrium points of Eqns. (3.9),
allowing the common numerator of the RHS of Eqn. (3.11) to be written in a form similar
to Eqn. (3.12). Note that when moving from Type T; to Ty and then to T3, the order
of added terms increases. Moreover, when T5,, functional responses are used, which are
functions of all prey abundances of a specific predator, there will be less distinct denomi-
nators in each line of Eqn. (3.9). This is because all prey of a specific predator will have
the identical denominator of Eqn. (3.10), and, in return, it will have fewer higher-order

terms added to the numerator in Eqn. (3.12) than what would be added by Ths.

To numerically compute the probability of feasibility for different types of functional re-
sponses (i.e., Ty, Ton, Tos and Ti,), we consider the following models and parameter dis-
tributions. Unrestricted Model (My): Model (3.9) is used to represent species dynamics
(the parameters are a’s, h’s and r’s) and the distribution of parameters is given by (i) all
a’s are uniform in [—+v/3, /3], (i) all 7’s are uniform in [—+/3,v/3] except for 7, (uniform
in [0,2v/3]) and 7, (uniform in [~2+/3,0], and (iii) all A’s are uniform in [0,2+/3] (notice
that all these parameters have a unit variance). Restricted Model (Mpg): Model (3.11) is
used to represent species dynamics (the parameters are a’s, h’s, r’s and the €’s) and the

distribution of parameters is given by (i) all a;;’s are uniform in [0, 2v/3] except when i = j
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2*Type / Size n=2 n=3 n=4
o Pu PR © Pu PR S, Pu PR
T 1 0.2543 0.5378 1 0.1256 0.2299 1 0.0662 0.0923
Tom 3 0.2661 0.3248 10 0.1391 0.1817 23 0.0760 0.0957
15 Same as Tb,, 12 0.1457 0.2031 62 0.0920 0.1226
T;, 5 0.2842 0.3486 33 0.1807 0.2802 289 0.1347 0.2422

Table 3.1: Probability of feasibility and number of free-equilibrium points as a function of
system’s size and polynomial degree (functional response). For n = 2, 3,4 species systems
(columns) and four different types of functional responses T}, To,, Tos, T35 (rows), the table
shows the probability of feasibility for sign-unrestricted models (py = p(n, type, My)) and
sign-restricted models (pr = p(n, type, Mg)). For each of these combinations, the table
also shows the average number of free-equilibrium points () computed using the solver
PHCLab. Note that © can numerically fluctuate due to either parameters yield less roots or
because the solver eliminates leading terms with small coefficients (which do not affect the
existence of a feasible root). Probabilities decrease with systems size. Both probabilities
and free-equilibrium points tend to increase with polynomial degree. For each system size,
py increases with the value of ©. Similarly, for © > 1, pr increases with the value of ©.

(a;’s are uniform between [—+/3,+/3]), (ii) all r’s are uniform in [—+/3, /3] except for r,
(uniform in [0,2+/3]) and 7, (uniform in [—2+/3,0]), (iii) all 2’s are uniform in [0,2v/3],
and (iv) all €’s are uniform in [0, 1]. In addition, we assume an interaction network defined
by p(i,7) = min(i, j) for every 1 <i,j < n, where i # j (i.e., all species are connected to
each other). This assumption requires that I, = {1,2,...,k — 1} for all & where I; is an
empty set (i.e., every species is a predator of all lower indexed species and is a prey to all
higher indexed species). Next, we compute the probability of feasibility p(n, type, model)
for n-species systems (n = 2,3,4). Note that p(2, Ty, M;) = p(2, Tos, M;) for i = {M,U}
as the solo predator in the network has a single prey. These parameter values are chosen to
simply illustrate the effect of sign restrictions and are not intended to reflects any specific

ecological process.

In general, as the complexity of a model increases (either with dimension or with adding
extra processes), its number of roots (free-equilibrium points) also increases, which leads
to an increase in the computational time needed to solve multivariate polynomials for a
single trial. Thus, any exponential increase in the number of free-equilibrium points makes
computing the probability of feasibility a hard task. Thus, to reasonably compute these
probabilities, we use 25,000 trials for each combination p(n,type, M;). The results are
presented in Table 3.1. Note that the probability of feasibility agrees with the theoretical

value p(n, Ty, My) = 1/2™ up to 2 digits, which is a good indicator for comparison purposes.
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Table 3.1 shows that the number of free-equilibrium points (6) of both models (M and
Mp) increases as a function of the polynomial degree, i.e., functional responses T, T,
Tys and T3¢ in that order. Focusing on the unrestricted model (M) and controlling for
the number of species n (for any n, columns in table), Table 3.1 shows that the increase in
the probability of feasibility is consistent with the increase in © (i.e., complexity). That is,
p(n, Ty, My) < p(n, Tom, My) < p(n, Tes, My) < p(n, Tss, My). These inequalities are also
present in the restricted model (Mp), except for n = 2 and n = 3, where p(n, T}, Mg) >
p(n, Tom, Mg). However, at n = 4 (under a higher © when T5,, is used) the inequality is
recovered again. It is worth mentioning that unlike the case of the LV model with HOISs,
where both the number of free-equilibrium points and the number of parameters increase
as a function of the polynomial degree, in the case of functional responses T5,,, Tos and
Tjs,, the number of parameters is constant. Nevertheless, the increase in the probability of
feasibility, while not as high as in the LV model with HOISs, is still observed despite fixing

the number of parameters and whether the a’s are restricted in sign or not.

The analysis above allows us to make a distinction between complex models and the linear
LV model. Table 3.1 reveals that the probability of feasibility is a monotonic and saturating
function of complexity when © > 1 (e.g., moving from type T3, to T, to T3s). However,
when we compare cases with © = 1 against cases with © > 1, the probability of feasibility
of a linear LV model (i.e., © = 1) will be exceeded only as soon as a minimum level of
complexity (©*) is reached. For example, under the restricted model Mg, the probability
of feasibility will exceed that of the linear LV model when © > 23 for n = 2,3,4. This
level of complexity (©) differs for each distribution. By contrast, under the unrestricted

model My, this level decreases to © > 3 for all n’s regardless of functional response.

The previous results can be explained by noticing the fundamental difference between
complex models and the linear LV model. Under arbitrary model parameters, the solo
free-equilibrium point in LV model must be real (i.e., all its coordinates are real). Instead,
in complex models free-equilibrium points are generally complex [81]. Thus, the initial
entrance to the complex domain represents a handicap for complex models, yet this is
quickly recovered by the increase of free-equilibrium points. These concepts can be verified
analytically: defining the probability of feasibility p(©) by the form 1 — (1 — E(0)/0)°,
let us assume that p(©) < p(1), leading to E(0) < ©(1 — (1 — E(1))"/°. If © increases,

A

the RHS of the inequality will approach —In(1 — E(1)) independently of ©. However, we
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know already that £(©) increases with ©. This implies the existence of a minimum ©* for
which F(6*) > —In(1 — E(1)) and subsequently p(©*) > p(1). Because of the expected
drastic increase in © as a function of the dimension of the system [81], it can be proved
that no matter the parameter restrictions imposed in a model, ©* can always be exceeded
by increasing either dimensionality or polynomial degree. This increase will yield a higher
probability of feasibility than in the linear LV model regardless of the specific mechanisms

invoked.

Indeed, Table 3.1 shows that the relative increase in the probability of feasibility compared
to the linear LV model (i.e., p(n,type, M;)/p(n, T1, M;), for i = {U, R}) is a function of n
for any given functional response. For instance, when T3, is used as functional response,
the probability for models My and My increases by a factor of 1.1, 1.4, 2 and 0.6, 1.2, 2.6
for n = 2, 3, 4 species, respectively. This increasing pattern is also consistent using 75,, and
Tss. Therefore, adding nonlinear processes to a linear LV model (7}) increases the number
of free-equilibrium points; which, in turn, contributes to the increase in the probability of
feasibility—this is further magnified as the number of species increases. Additionally, note
that the number of parameters is fixed for the functional responses T5,,, T5s and T34, which
differ only by a few terms (the h’s) compared to T}. Therefore, unlike the case of HOISs, the
relative increase in the probability of feasibility is not necessarily larger when moving from
Type I to Type II (either T5,, or Tys) than the increase observed when moving from Type
IT to Type III. For example, focusing on the model Mgz with n = 4 species and moving

from T7 to T, and then from Ty, to T3, the relative increase is 1.3 and 2, respectively.

It is also worth noticing that while functional responses T5,,, Tos and T3, are widely used
in the literature, the functional response T, can be considered a more realistic type [11].
Interestingly, Table 3.1 shows that models with T, have less free-equilibrium points (less
complexity) than the other types, and their probability of feasibility is the closest to the
linear LV model. This can suggest that realistic models should deviate the least from the
probability of feasibility of the linear LV model. Nevertheless, the difference in its proba-
bility of feasibility compared to the linear LV model will increase with dimensionality. This
is evident by the number of free-equilibrium points, which exceeds that obtained from the
LV model with HOIs at interaction order m’ = 3 (i.e., adding up to quadratic terms to
the linear LV model results in 2" free equilibrium points) at n > 3—implying at least an

exponential increase in © with dimensionality. Focusing on T5,,, if the symmetry is broken
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in Eqn. (3.10) by replacing a few hy 4 ;) with hy;; (which can differ only slightly from
Piqij)), the number of free-equilibrium points can go beyond that of T3, increasing the
probability of feasibility significantly. Furthermore, the probability of feasibility with func-
tional responses (under parameter restrictions) is smaller than in the linear LV model for
n = 2, 3 species except when n = 3 and the functional response T5, is used. However, this
pattern already disappears with 4 species, confirming that one cannot directly extrapolate

our understanding of ecological dynamics from low to high dimensions [61, 100, 101].

3.5 Ecological models: Higher Complexity In, Higher
Feasibility Out

One of the main goals in ecological research is to understand the main factors that con-
tribute to the persistence of multispecies systems [2, 10]. While simple ecological models
(such as the linear LV model) are typically modified for the purpose of adding realism
and dynamical richness, tractability is usually compromised [11, 14]. For example, it is
well known that in the linear LV model (Type I), the number of feasible equilibrium solu-
tions (a crucial condition for the persistence of ecological systems) is always one regardless
of the dimension of the system, making this a limited but tractable model [41, 53]. By
contrast, the addition of higher-order terms (specifically, polynomial fractions such as non-
linear functional responses and higher-order interactions) invariantly increases the number
of free-equilibrium solutions, making these rich but untractable models [81]. This reveals
that without knowing the exact parameter values in a model, it is necessary to study from
a probabilistic point of view the contribution of ecological processes (both mechanistic and

phenomenological) to explaining the dynamics of multispecies systems.

Focusing on the feasibility of ecological systems (defined here as the probability of exhibit-
ing at least one positive real root under an arbitrary choice of parameter values) in complex
models (defined here as modifications to the LV model using multivariate polynomial frac-
tions and with © > 1), we have shown that the probability of feasibility is a monotonic
and saturating function of its complexity, regardless of the specific mechanism invoked. We
have characterized this complexity by the number of free-equilibrium points (©) generated

by a model, which is a function of the model’s polynomial degree and dimension. We have
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found that the probability of feasibility in a complex model (© > 1) will exceed the one
in a linear LV model (© = 1) as soon as a minimum level of complexity (©*) is reached.
Importantly, this minimum level is modulated by parameter restrictions, but can always

be exceeded via increasing the polynomial degree or system’s dimension.

It is worth recalling that the number of free-equilibrium points in a model and its number
of parameters are two different descriptors [81]. For example, the LV model with Type
IT functional responses has the same number of parameters as that of Type III, yet the
number of free-equilibrium points is different in both models. This difference is important
as we have shown that it is expected that the model with more free-equilibrium points will
have a higher probability of feasibility. These findings could be perceived as a desirable
advantage for complex models, as they can provide a higher probability of generating a
feasible multispecies system (and richer dynamics). Unfortunately, this increase in proba-
bility happens no matter what type of specific mechanism is added, it all depends on its
polynomial form—Ilimiting the capacity to distinguish the actual contribution of a specific

ecological process to the feasibility of a multispecies system.

For example, studies have investigated population dynamics resulting from mutualism by
employing functional responses based on density-dependent benefits and costs [102-104],
i.e., the ¢’s in Eqn. (3.9) are replaced with ¢ — ¢ where functional responses are
modified to add a cost term. However, as we have shown, adding cost terms to penalize for
some benefits will not decrease the probability of feasibility, actually they will increase it.
Similarly, in the study of food-web models [85], it is common practice to use multispecies
functional responses (i.e., polynomial fractions of more than a single species) in order to
include the effect of other predators or prey [105]. Note that the Types I, II, III functional
responses are functions of the prey density only—a single species. But, as we have shown,
any of these modifications can only increase the probability of feasibility. As a third
example, the simple and ecologically-motivated idea of introducing carrying capacities
to limit the growth of species (i.e., the total growth rate G; of species i is replaced by
Gi(1 — N;/K;), where K; is its carrying capacity) [72] also increases the probability of
feasibility. Thus, regardless of whether a higher-order term (nonlinear mechanism) is well-
ecologically motivated, expected to limit or enrich dynamics, or has absolutely no meaning,
it is expected to increase the probability of feasibility in a multispecies model. This suggests

that the explanatory contribution to feasibility of a proposed ecological mechanism must
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be evaluated by its deviation from the expected behavior of its polynomial form.

The contribution of different ecological processes has been studied by showing how addi-
tional terms can help us to fit observed data [103]. Yet, fitting data has the same effect
as introducing parameter restrictions [81]. Hence, under this fitting process, it is only
expected that any additional process will increase on average the probability of explain-
ing the dynamics of the feasible system. Furthermore, under certain cases, adding more
process into a model can leave the probability the same as in the original restricted case
(e.g., a linear LV mutualistic model with no self-regulation: adding negative-density depen-
dence will increase the probability, while adding positive density-dependence will leave the
probability invariant. Yet, this involves modifying an already restricted model rather than
restricting a modified model). Thus, studies using fitting methodologies should contrast

their results by using out-of-sample validations [106].

Our results motivate us to reconsider what constitutes a realistic model, or how much
complexity can be appropriate to add into a model to mimic realistic ecological mechanisms.
Do we need models to fit perfectly data? Or do we need models to explain and predict
dynamics with minimal available information? Because it is virtually impossible to know
the exact form of the equations governing the dynamics of multispecies systems, as well as
the exact value of initial conditions, we believe that a first step towards answering these
questions implies understanding the extent to which the complexity of a model provides
an advantage over other models by virtue of their specific mechanisms invoked and not
simply by their polynomial form. Otherwise, any mechanism can explain equally well
any ecological dynamics, introducing the problem of model or structural unidentifiability
[107]. Thus, in order to advance our causative knowledge of ecological dynamics, we
need to understand the expected outcomes of our proposed models and their alternative

hypotheses.
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Chapter 4

Closed-Form Feasibility Conditions of
Ecological Models

4.1 Introduction

Over more than 100 years, ecological research has been striving to derive the biotic and
abiotic conditions compatible with the coexistence of a given group of interacting species
(also known as an ecological system or community) [3-7]. These conditions can provide
the keys to understand the mechanisms responsible for the maintenance of biodiversity
and the tolerance of ecological systems to external perturbations [108, 109]. Because of the
nature of this question, many efforts have been centered on developing phenomenological
and mechanistic models to represent the dynamics of ecological systems and predict their
behavior [10]. However, even if we had knowledge about the exact equations governing the
dynamics of interacting species, extracting and solving the set of conditions compatible
with the coexistence of such species remains a big mathematical challenge [11, 110]. Indeed,
due to mathematical limitations, most of the analytical work looking at these coexistence
conditions has focused on relatively simple 2-species systems or strictly particular cases of
higher-dimensional systems [10, 12, 111]. In fact, even at the 2-species level, currently there
is no general methodology that can provide us with a full analytical understanding about
coexistence conditions for any given model. Therefore, the majority of work has relied
on numerical simulations, which only provide a partial view of the dynamics conditioned

by the choice of parameter values. Thus, because of the varying complexity of ecological
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models and the arbitrary choice of model parameters, it has been difficult to derive general

knowledge about coexistence conditions [11, 36].

Recent work has started to address the challenge above by focusing on the necessary
conditions for species coexistence in equilibrium dynamics: feasibility [61]. Mathematically,
the feasibility of a generic n-species dynamical system dN;/dt = N; f;(IN)/q;(IN), where the
f’s and ¢’s are multivariate polynomials in species abundances N = (Ny, Ny, ..., N,)%,
corresponds to the existence of at least one equilibrium point N* = (N7, N5, ..., N)T >0
that satisfies dN; /dt = 0 Vi. Feasibility conditions are typically represented by inequalities
as a function of model parameters. Traditionally, feasibility conditions have been attained
by finding the isocline equations f;(IN*) = 0 Vi and then solving for N* before finding the
conditions that satisfy N* > 0 [12, 61]. For example, let us focus on the Lotka-Volterra
(LV) model of the form dN;/dt = Ni(r; + > 7_ a;;N;), where a’s and r’s represent the
interaction coefficients and the intrinsic growth rates, respectively. In the LV model, the
isocline equations (for any dimension) can be written as r + AN* = 0, whose unique root
is given by N* = —A~'r. Therefore, feasibility conditions in this case are simply given by
the inequality —A~'r > 0. However, adding nonlinear functional responses or higher-order
terms can increase exponentially the number of roots of the system [81]. Importantly, it
is known from elimination theory (via Grobner basis) and Abel’s impossibility theorem
that it is impossible to solve analytically for N* when the number of roots of the system
is five or more [112-114]. Similarly, using numerical approaches, it has been demonstrated
that the probability of feasibility (the probability of finding at least one equilibrium point
whose components are all positive by randomly choosing parameter values) is an increasing
function of the model’s complexity regardless of the invoked mechanism, whether they are
ecologically motivated or have no meaning whatsoever [115]. This implies that traditional
approaches are also unsuitable for finding the necessary conditions for coexistence in generic

systems.

Here, we propose a general formalism to obtain for any population dynamics model the
set of necessary conditions leading to the coexistence of a given ecological system. In
this work, we propose a general framework that can find the feasibility conditions of any
model in any dimensions without the need to solve for the equilibrium locations. In fact, we
can separate those feasibility conditions to find conditions that guarantee exactly k feasible

equilibrium points for any value k. In addition, we propose a methodology to compact these
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conditions into smaller mathematical expressions that allow us analyze complex systems
analytically where it was previously impossible to attain. With these tools in hand, we can
find the range of parameters in any ecological model that are compatible with feasibility.
With these in hand, we start with a methodology that finds the feasibility conditions
of a univariate system, 2-species systems and multispecies systems. In each case, we will
provide examples in each case to demonstrate the methodology and show that the obtained
feasibility conditions are accurate. Also, for two and multispecies systems, we included
application sections where we apply the methodology on the simplest ecological models,
that are impossible to solve for the location of equilibrium points analytically, to find the
range of parameters that are compatible with feasibility. The first example is a 2-species
LV model with type III functional responses while the second example is a 3-species LV
system with higher-order interactions. Finally, we discuss potential applications of our
work, advantages and limitations of our formalism, and future avenues of research derived

from our study.

4.2 One-Dimensional Systems (1 species)

In this section, we focus on univariate polynomial systems. The aim here is to find a closed
form expression for the number of feasible roots in the system F'(¥), which is a function
of model parameters ¥. From the expression of F and exploiting its property, we can
deduce feasibility conditions which are sets of polynomial inequalities. For this section,
let us consider the following polynomial dynamical system of a single variable N as shown

below

AN Nf(N)
dt  q(N)

(4.1)

where f(N) is a polynomial of degree n whose coefficients are in ¥. We already know that
the number of roots of f(N) is n, a consequence of the Fundamental Theorem of Algebra.
In this section, we derive the formula of F'(¥) and derive feasibility conditions from it.

The procedure involves the following steps:

1. Consider the monomial map m(N) = [1, N, N? ..., N"~!|T which is of length n and
let Q(N) = N. Next, denote the roots of f(N) by n1,m2,...,n, then denote the
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symmetric sums of the roots nf +n5 + ... +n* by ¥ for k=0,1,2, .. ..

. Construct the symmetric matrix S(s;) = WAW?" where W;; = m;(n;) and A, =
Q(n; —s1) is a diagonal matrix. Note that all entries of S(s1) contains only symmetric

sums of the n’s (i.e, S(s1) only contains s;’s and X’s).

. Construct the generating function G(N) = f/(N)/f(N) and evaluate the Laurent
series of G(N) at N = oo. The purpose of the series is to evaluate the ¥’s from
looking at the coefficients of the Laurent series of G(N), which are functions of model
parameters W (or coefficients of f(N)). Assuming that ¥} is the highest symmetric

sum that is needed to be evaluated, the following identity is valid:

Yo 21 X9 hIy

G(N>:N+m+m+”.+m

+O(N7*F 72

. After evaluating the Laurent series up to order O(N=**+2) S(s;) is a function of s
and model parameters only, evaluate the characteristic polynomial of S(s1) and write
it in the form det(S(s;) — AI) = (=1)"A" 4+ v,_1(s1)A" ' + ... + vo(s1). After that
consider the sequence v = [v,(s1) = (—1)", v,—1(51), ..., v0(s1)] and let V(s;) be the

number of consecutive sign changes in v.

. Define the function sign(z) to be 1 when z > 0, 0 when x = 0 and —1 when
x < 0. Before writing down the expression of V' (s1), note that in order to determine
whether there is a sign change between two real numbers x and y, we simply evaluate
[1 —sign(zy)]/2, which is 0 when z and y have the same sign and 1 otherwise. With

this expression, the formula of V(s1) is

Vi(s1) = Z 1 - Sign(”i(;l)vi—i-l(Sl))'

. For any interval (a, b], the number of real roots of f(N) in (a, b] is exactly V(a)—V (D).
Hence, to obtain the analytical expression for F'(¥), we consider the interval (0, c0)
to obtain F'(¥) = V(0) — V(oc0) or simply

n—1

Fw) =Y Sign(vi(oo)viﬂ(oo))?— sign(v;(0)v;41(0))
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7. Call vy(0), ..., v,-1(0), vo(00), ..., v,_1(c0) the feasibility basis. Since each of

the v;’s can take a positive or a negative sign, then there are 22" sign combinations
the feasibility basis can take. Many of those combinations are impossible to occur
(empty) for any choice of real ¥. To detect the non-empty sign combinations, we
compute the signs of all v;’s as well as F'(¥) for a range of parameters ¥, where each
component of W varies independently in a large domain (say uniformly between —100
and 100). This operation is cheaply computed as it is evaluation a few functions and
not solving systems of equations. After that, we extract unique sign combinations of
the v;’s which yield F/(¥) > 1 and put them in a feasibility table whose rows are the
signs of the v;’s and columns are the individual feasibility conditions. For a cleaner
representation of feasibility conditions, we can investigate all sign combinations of all
the factors of each of the v;’s (feasibility basis) and deleting all perfect square factors

from them (if possible).

. After we obtain the table, we perform minimization to it by combining the feasibility
conditions (the columns). If two columns with the same value of F(W¥) differ by a
single sign (in one row), combine the two columns into one and place X in the row
where there is a single sign difference to indicate that that no condition is needed to
be imposed for the quantity associated with that row. We can combine columns with
different values of F'(W) if the user does not care about separating the conditions
based on the value of F. Then we iterate through the process until it terminates
(no two columns differ by a single sign). For further minimization, we eliminate
redundant signs where the sign of one or more quantities that constitute the basis
implies the sign of another quantity in the same basis. For example, if the quantities
ac and a®+b? — 3ac are in the basis, then ac < 0 implies a? 4 b? — 3ac > 0 making the
later inequality redundant. Sometimes, the quantity in the basis is always positive or
negative regardless of the sign of the others (e.g a® + b? > 0 is always true). To find
these cases, we go through a single column at a time and iterate through each quantity
in the basis then compute the conditional probability that the quantity in the basis
takes its correspondent sign given that all other remaining quantities in the same
basis have their correspondent signs. If one or more conditional probabilities are 1,
any of those quantities may be replaced by X in the table. We then repeat computing
the same conditional probabilities which were 1 but without the X’ed quantity being
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part of the calculation. Then, we check whether the conditional probabilities are still
1 or not. If any is 1, we delete a redundant sign and keep repeating the process until
no conditional probability is 1. We then go through all columns and repeat the same

process untilit terminates

4.2.1 Illustrative example

Consider the following dynamical system

dN

ZE::NWN2+MV+Q

Consider the quadratic polynomial f(N) =aN?+bN + ¢ in Eqn. (4.1) with ¥ = (a, b, ¢).
This example has the same mathematical form of a a population model with an Allee
effect [116]. Denote the roots of f(IN) by m and 7. Let m(N) = [1, N] be a monomial
map of length n = 2 and Q(N) = N. Now, compute the matrix S(s;) = WAW?' where

Wi; = mi(n;) and A;; = Q(n; — s1) is a diagonal matrix as follows:

I 1 m — S1 0 I m M+ 12 — 281 n; +n5 — s1(m + 1n2)
S(Sl) = ==

moM 0 nm—s1| |1 m 0+ —si(m+m) nt 05— si(ni+n3)

Note that we only have symmetric sums of 7’s up to power of 2n — 1 = 3 (i.e, nf + nk
where k = 1,2,3). To evaluate these symmetric sums, we need to evaluate the Laurent
series of the generating function G(N) = f/(N)/f(N) at N = oo up to order O(N~?°) as

shown below

2aN +b 2 b b —2ac —b®+ 3abe
G(N) = =0V +0 2 O(N=3
M= vrivse Ntav T ans T gy TN

Hence, 0y + 1y = —b/a, n} +n5 = (b* — 2ac)/a?® and 0} + n5 = (—b> + 3abc) /a®. Denote to

these sums by 31, ¥y and X3 respectively. Now, the characteristic equation of S(s1) is

det(S<81> — )\I) :>\2 + )\[—21 — 23 + 81(2 + 22)]+

[2123 — Z% =+ 51<2122 — 223) + 8%(222 — E%)]
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After constructing the characteristic equation whose coefficients are [va(s1) = 1, v1(s1), vo(s1)],

we evaluate the signs of v’s at both s; = 0 and s; = oo as follows

sign(v2(0)) =1, sign(v1(0)) = sign(—%1 — 53),  sign(vo(0)) = sign(S,3; — 13)

sign(vy(00)) =1, sign(vi(o0)) = sign(2 + Xs), sign(vg(00)) = sign(2%, — 7).

where v;(0) and v;(0c0) are the coefficient of the trailing (constant) and leading term of

v;(s1) respectively. Now, we compute V' (0) and V(c0) to have

1 —sign(—%; — ¥3) N 1 — sign(—3; — X3)sign(X; 33 — X2)

V(0) 5 5
1 —sign(2+ X 1 — sign(2 + ¥9)sign (23, — 32
V(o) = s1gn2( + Xs) N sign(2 + 22)51gn( 5 2)

Next, using the formula F'(a,b,c) = V(0) — V(0c0) together with two basic properties of
sign functions, namely sign(xy) = sign(x)sign(y) and sign(y) = 1/sign(y) for any non-zero

real numbers x and y, we obtain the expression of F'(a,b, c), which is

_ sign(ab(a® + b* — 3ac))[1 + sign(ac(b® — 4ac))]
2
N sign(2a® + b* — 2ac)[1 + sign(b* — 4ac)]

F(a,b,c) =

The feasibility basis in this case is given by vy(0), v1(0), vo(00), v1(c0) and we can use it
as our basis in the table. Instead, we use the factors shown in the expression of F'(a,b,c)
as our basis in the feasibility table. The five quantities which constitute the basis are
Q1 = ab,Qy = a® + b> — 3ac, Q3 = ac, Q4 = b*> — 4ac, Q5 = 2a* + b?> — 2ac. Next, randomize
a,b and c uniformly between —100 to 100 and evaluate the signs of the @);’s as well as
F(a,b,c). We find that there are only 3 sign combinations that yield to F(a,b,c) > 1 are

given by the feasibility conditions C}, Cy and C5 that are shown below

¢ Gy Gy

ab + - -
a?4+bv*—3ac + + +
ac - - +

b — 4ac + 4+ +
20 +0* —2ac + + +
F(a,b,c) 1 1 2
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Once the table is obtained, we start the minimization process. It is clear that from columns
1 and 2 that the sign of ); does not matter and thus can be replaced by an X symbol and
that concludes the first minimization step as no two columns differ by a single sign and we
end up with the feasibility conditions C12 = {Q2 > 0,Q35 < 0,Q4 > 0,Q5 > 0} and C5 =
{Q1<0,Q2 >0,Q3 >0,Q4 > 0,Q5 > 0}. For the second minimization step, we follow the
procedure outlined in item 8. For example, for column 1,5, we find that the conditional
probabilities P(Qs > 0|Q3 < 0,Q4 > 0,Q5 > 0) =1, P(Q3 < 0[Q2 > 0,Q, > 0,Q5 > 0) #
1, P(Qs > 0|Q2 > 0,Q3 < 0,Q5 >0) =1and P(Qs > 0/Q2 > 0,Q3 < 0,Q, >0) =1
concluding that the sign of )3, Q4 or ()5 can be replaced by X in that column. Let’s
replace the sign of ()3 by X. Then, we repeat computing the conditional properties that
were 1 but without the condition @2 > 0. We find that P(Q, > 0|Q3 < 0,Q5 > 0) = 1 and
P(Qs > 0|Q3 < 0,Q4 > 0) = 1 concluding that we can replace the sign of Q4 or Q5 by X.
Let’s replace the sign of ()4 by X and eliminate it from the latter conditional probability
to find that P(Q5 > 0|@Q3 < 0) = 1. Hence, the sign of )4 can be replaced by X in column
Ciio. We repeat the same process with the column C3 and obtain the feasibility table

including the 2-step minimization that is shown below

C, Gy Gy Crz G Ciz Cs

ab + - - X - X -

a4+ —3ac + + + + + X X
ac - - + — - + — - +

b? — dac + + + + o+ X +
20> +b* —2ac + + + +  + X X
F(a,b,c) 1 1 2 12 12

From the table, we conclude that the condition ac < 0 guarantees exactly 1 feasible equi-
librium point (i.e, F(a,b,c) = 1) while the condition ab < 0, ac > 0, b? —4ac > 0 guarantees
exactly 2 feasible equilibrium points (i.e, F'(a,b,c) = 2). A special case of the discussed

illustrative example is the Allee effect model that has the following form [116]:

AN N N “1\ ., (1 1
() (1 BY e () (e B we). oeaewex

Let @ = —1/AK, b = 1/A+ 1/K and ¢ = —1. It is clear that the second feasibility
condition is satisfied as ab < 0, ac > 0 and b* — 4ac = (A — K)?/(A?K?) > 0.
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4.3 Two-Dimensional Systems (2 species)

Let us consider the following dynamical system with two species as shown below

dNy  Nifi(Ni, Vo)
dt — q(Ni, Ny)

dNy  Nyfa(Ni, No)
dt — q(Ny, Ny)

(4.2)

where f1(N7, Na) and fo(N7, Na) are multivariate polynomial in N; and N, and whose
coefficients are in the vector W. To describe the feasibility domain analytically, the following

steps are followed:

1. Let d; and ds equal to the largest exponent of N; in f; and f, respectively. Write
fi(Ny, Ny) = ule{il + ...+ u Ny + up and fo(Ny, No) = gd2N{i2 + ...+ N+ go
where the u’s and ¢’s are functions of Ny and are not functions of N;. Next, find T5;
and Ty such that the resultant Resy, (f1, f2) = To1f1 + Toofo where Resy, (f1, f2) is

a determinant of a square matrix of dimension d; + dy as shown below.

Ug, Udy—1 --. Ug Ug 0 ... 0 N1d2_1f1
0 0 ..o U4y Ugy—1 Udi—2 ... Ug N1f1
0 0 e 0 Ud, Udgy—1 .- Uy fl
Resn, (f1, f2) = v =To1 f1 + T fo
9ds  9do—1 - %1 Jo 0 e 0 Nll f2
0 0 ... G& Gdr1 G2 --- G0 Nifo
O 0 e 0 gd2 gd2,1 oo 01 fg

Note that in the rows where the last entry is f; or fs, there are no ug nor gy there.
To form Resy, (f1, f2), it is better to start with the two rows whose the last entries
are f; and f, then construct the matrix up. Now, if fi(Ny, No) = NoNZ +2N; + 3N,
and fo(Ny, No) = 4NNy + 5, then dy = 2, dy = 1 and Resy, (f1, f2) is a determinant

of a 3 by 3 matrix as shown below:
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Ny, 2 hi
Resn, (f1, f2) = [4Ny 5 Nyfo| = (16N3) f1 + (—3Ny — 4N N3) fo
——

. i

0 ANy f o e

2. Let e; and ey equal to the largest exponent of Ny in f; and f> respectively. Write
fi(Ny, No) = we, Ns* + ... + wi Ny + wo and fo(Ny, No) = 2, N5? + ...+ 21Ny + 2
where the w’s and z’s are functions of N; and are not functions of N,. Next, find 77,
and Tjo such that the resultant Resy, (f1, f2) = T11f1 + Tiafo where Resn, (f1, f2) is

a determinant of a square matrix of dimension e; + e5 as shown below.

Wey; Wey—1 ... W7 Wo 0 Ce 0 N;Q_lfl
0 0 oo Wey Wey—1 Wey—2 ... Wo NQfl
0 0 ... 0 Wey Wey—1 ... W fi
Resy, (f1, f2) = | = Tah+Taf
Zey Zeg—1 ..o 21 20 0 o 00 NS fy
0 0 coe Rey Zeg—1 Zeg—2 -+ R0 Ngfg
O O O Zez 262—1 21 f2

Note that in the rows where the last entry is f; or fs, there are no wy or zy there.
Again, if fl(Nl,Ng) = N2N12 + 2N1 +3N2 and fz(Nl, NQ) = 4N2N1 + 5, then €1 = 1,

ez = 1 and Resp, (f1, f2) is a determinant of a 2 by 2 matrix as shown below:

NZ+3 f )
Resy, (f1, f2) = = (—4MN) fi+ (N7 +3) fo
M f2 T T2
3. Evaluate the determinant of the eliminating matrix 7'(f1, f2), whose elements 77,
Ti9, T51, Ty have been obtained in the earlier two steps, as well as the determinant
of the Jacobian of f; and f,. Note that the first row of T'(fi, f2) corresponds to

the coefficients of f; and f; in Resy,(f1, f2) while the second row corresponds to the

coefficients of f; and f5 in Resn, (f1, f2).
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Tll T12
T(fb f2> = = T11T22 - T12T21
T21 T22

S o) = | P %) _ 00 0Fy _ 0% Oy
’ af2  0fr|  ONyONy  ON,ON;

ON1 ONo

4. Expand the function G(f1(N1, Na), fa(Ny, N2)) that is shown below, around N; = oo
and Ny = oo (or perform series expansion of G(fi(1/x,1/y), fo(1/x,1/y)) around
x = 0 and y = 0 which gives identical coefficients) to obtain the ¥’s (symmetric

sums of the roots).

T(fr, f2)I(f1, f2)

G —
U 12) = Resn (v, fo)Resw, (s o)
. 20,0 21,0 20,1 z:1,1 Z:2,0 22,1 z]0,2 21,2
N, N. NZN. +NN2+N2N2+N3N N3N2 NN3+N2N3
14V2 1 2 14V¥9 1 2 1 2 1 2 14V9 1 2

by by by by
3,0 3,1 0,3 L3

TN, TvaNg T NG T e T

Note that f; and f, are substituted in both Resn, (f1, f2) and Resy, (f1, f2) to fully
express the resultants in terms of Ny, Ny and model parameters W before evaluating
G(f1, f2) and expanding it. For the symmetric sums, denote the roots of fi(NVy, Na)
and fo(Ny, No) by nk = [Mk1, ko)’ for k = 1,...,0. The symmetric sum %,,,, for
any m and n is given by ¥,,, = ZS:1 Nka"k2- In particular, note that © = Yo is
the number of complex roots of f; and f, with a general coefficients. It is important

to record that number.

5. Choose a map m(Ny, No) = [1,my,ma,...,me_1]* of length © with independent
entries that are functions of Ny and Ny, If © = 4, we can let m(Ny, Ny) =
[1,N1,N2,N1N2]T. It does not matter what the m’s are as long as no entry is a
linear combination of the others and step 7 of the procedure does not fail (in step
7 we give more details). Then let Q(N1, Na) = N1 Ny and compute the symmetric
matrix S(s1, s2) = WAW? where Wi; = m;(n;1,m5.2) and Ay = Q(ni1 — S1,Mi2 — S2)

is a diagonal matrix.

6. The next task is to evaluate the determinant of S(sq,s2) and write it in the form
det(S(s1,89) =) = (—=1)P AP +vg_1(s1,52) AL +. . .4wvp(s1, s2). After that consider

the sequence v = [ve(s1,52) = (=1)°,v0_1(s1, 52), - . ., vo(51, $2)] and let V(sy, s9) be
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the number of consecutive sign changes in v. The formula of V' (s, s9) is

o-1 .
1-— (51, ) ’
V(si,s2) =Y sign(vi(s1 232)@ s(s1,52))

1=0

. For any interval (a,b] x (¢, d], the number of real roots of f1(Ny, Ny) and fo( Ny, No)
in (a,b] x (c,d] is exactly [V (a,c) — V(a,b) + V(b,d) — V (b, c)]/2. For the feasibility
domain, note that the points {(0,0), (0, 00), (00, 0), (c0,00)} are the vertices of the
"box” that bound it. Hence, the expression of F(®¥) is simply F(¥) = [V/(0,0) —
V(0,00) — V(00,0) + V(00,00)]/2. Here, oo is a limit; therefore, 0 is evaluated first
before the limit is taken at infinity. For V' (oo, 00) where the limit of two quantities
approach infinity, the limit is unique. Therefore, it does not matter along which
direction the limit is taken. To evaluate those V'’s we need to evaluate the v’s at
those limits. Note that for any function p, sign(p(S(0,0)) = sign of the constant

term in p(S(s1, s2)). For the other cases, note that

e sign(p(S5(0,00)) = sign of the coefficient of the term associated with the highest
power of s9 in p(S(s1, s2)) = sign of the constant term of the common numerator

of p(S(0,1/y)) = sign of the numerator of p(S(0,1/y)) evaluated at y = 0

e sign(p(S(oco,0)) = sign of the coefficient of the term associated with the highest
power of sy in p(S(s1, s2)) = sign of the constant term of the common numerator

of p(S(1/z,0)) = sign of the numerator of p(S(1/x,0)) evaluated at = =0

e sign(p(S(oo,00)) = sign of the coefficient of the term associated with the highest
power of s1s9 in p(S(sy, s2)) = sign of the constant term of the common numer-
ator of p(S(1/z,1/y)) = sign of the numerator of p(S(1/z,1/y)) evaluated at

z,y=20

After evaluating the v’s, we assemble F(¥). If F(¥) or any of the V’s is not a
non-negative integer, even for a single case where ¥ is randomly chosen, or the
vector v contains zeros, then the map m(Ny, N3) must be changed. One remedy to

rectify this is increasing the order of one of the components of m. For example, if

m(Ny, No) = [1, Ny, Na, N1 Ns] fails, then one can try m(Ny, No) = [1, N2, No, N1 Ny].
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8. As in the univariate case, call v9(0,0), ... , vo_1(0,0), vo(0,00), ..., ve_1(0,00),
vo(00,00), ..., ve_1(00,00), v9(00,0), ..., ve_1(00,0) the feasibility basis which
involves 40 quantities as feasibility conditions are only dependent on those quantities.
Since there are 40 quantities and each can take a positive or a negative sign, then
there are 24© sign combinations. Many of those combinations are impossible to occur
(empty) for any choice of real ¥. To detect the non-empty sign combinations, we
compute the signs of all the ¢’s (the feasibility basis) as well as F/(¥) for a range of
parameters W, where each component of W varies independently in a large domain
(say uniformly between —100 and 100 or in any suitable domain). This operation
is cheaply computed as it is evaluation a few functions and not solving systems of
equations. After that, we extract unique sign combinations of the v’s which yield
F(¥) > 1 and put them in a feasibility table whose rows are the signs of the ¢’s and

columns are the individual feasibility conditions.

9. After we obtain the feasibility table, we perform minimization to it. If two columns
differ by a single sign (in one row), the two columns are combined into one and an X is
placed in the row where there is a single sign difference. We repeat the same process
until no two columns differ by a single sign. After that we go through a single column
at a time and iterate through each quantity in the basis then compute the conditional
probabilities that the quantity takes its correspondent sign given that all remaining
quantities have their correspondent signs. If one or more conditional probabilities
are 1, the sign of one of those quantities may be replaced by X in the table. We
then repeat computing the same conditional probabilities which were 1 but without
the X’ed quantity being part of the calculation. If any conditional probability is 1
we repeat the process until it terminates. Plotting the signs of the feasibility basis

against F'(¥) may reveal extra minimization information (see application section).

4.3.1 TIllustrative Example

Consider the following LV system with a simple higher-order term N; N,

dN-
_dtl = Ni(r1 + a11 N1 + a12Na + by N1 Ny)
dN.

_dt2 = Ny(rg + ag N1 + age Ny + by N1 N»)
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Let f1(N1, N2) = r1+a11 N1 +a12No+by Ny Ny and fo(Ny, Na) = ro+ag Ni+ageNa+by N1 Ny
with W = (11,79, a11, @12, o1, ase, by, by) being the vector of model parameters. The first

task is evaluating the resultants as follows:

ap +0iNy  fi

Resy, (f1, f2) = = —(ag1 + baN2) f1 + (a11 + b1 Ns) fo
as + baNy  fo h — 4 h = d

= (agb; — a12b2)N22 + (a11G92 — a12G91 + byry — bar1) No + (ay17m9 — ag 1)

a2 +0iNy fi
Resn, (f1, f2) = = —(ag + baN1) f1 + (a12 + b1 V1) fo
asy + baNy o h ~~ 4 h d

-

Ti1 Ti2

= (anb; — a11b2)N12 + (—a11a22 + a12a21 + byre — bary) Ny + (ajar2 — agory)

From above, the entries of the eliminating matrix T'(fi, f2) are T1; = —(a + baNy),
Tio = (a12 + b1 N1), Toy = —(ag; + baNy) and Tos = (a1 + b1 N2). After that we evaluate
the determinant of both eliminating matrix 7'(f, f2) and the Jacobian of f; and f, as

following.

—(age + baNy) ajp+ b1 Ny
T(fr, f2) =
—(CL21 + b2N2) a; + b1N2

= (12021 — Q11022 + (a21b; — a1102) N1 + (@12b2 — a22b1) Ny

ayy + 01Ny ajo + b1 Ny
J(f1, f2) =
az; + ba Ny age + by

= (a11a22 — @12021) + (a11b2 — a21b1) N1 + (a22b1 — a12b2) Ny

Now, we need to expand the generating function G(f1(N1, Na), f2(N1, N2)) around Ny = 00

and Ny = 0o to obtain

T(f1, f2)J(f1, f2)

G(f1, =
U 12) = Resni(h, Fo)Resma (i o)
~ Yop 210 201 Y1 220 o1 202 212
N, N. +N2N NN2+N2N2+N3N N3N2 NN3+N2N3
14V2 1 2 14V¥9 1 2 1 2 1 2 14V9 1 2

23,0 23,1 20,3 21,3
NN, T NN TN TN o
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The expression for each of the ¥’s (symmetric power sums of the roots) are shown below

where ¥, ; = X, /%0 is written as a fraction of two polynomials.

S5 =1

U
Y10 =a12a21 — ar@g + birg — bary

Efo =(a11by — axnby)

U
Y01 =ai1a22 — aiaaz1 + birg — bory

Eé),l :(a12b2 - a22b1)

U 2 2
Zz,o =a1,05 — 2011012021022 + 2a11a120979 — 2a11a29b172 + aflgafgl 2a12a21ba11
+ 2@21@22[)17“1 -+ 1717"2 — 2b1b27”17“2 -+ b2r1
D 2
E2,0 :(a11b2 - a2lbl)

U 2 2
20,2 =ai,a3 — 2011012021022 + 2a11a12ba79 — 2a11a20bo11 + a12a21 2a12a91b172
+ 2a91a99b171 + blrz — 2b1borire + b27’1

20?2 =(a12bs — a22b1)2

U 2 2 2 2
21,1 =2a11012021022 — 1905 — 7105 — 2a11012baT2 + a11a220179 + a11a22b271
+ a12a910172 + a12a21ba71 — 2a91a220171

Y01 =(ai1bs — agiby)(araby — azby)

Egl _a?1a22 ?)CLHCleCLQlCLQQ + 3a11a12a2gbgr2 2@%16%2[)17’2 — CL%CL%Q[)QTI
+ 36111@12@%1@22 - 36!11@12@21527"2 + a11a12021 220172 — A11012021A220271
— a11G12b1b27“§ + anaubimm + 3@11a21a§2617’1 + a11a22b%7“§ — a11a22b1bar1 7o
— (Z?QCL%l + (Z%QCL%lblT’Q + 2@%201311327’1 — 3@12@%16@2[)17"1 + (112(121b1b27’17’2
- 61126121537”% - 612161225%7“17”2 + a21a22b1b27“%

551 =(a11by — az1b1)*(a12bs — azsby)

2(1{2 = ai’la22 + 3a11a12a21a22 3a11a12a22b2r2 + a11a22b1r2 + 2a11a22b27“1
- 3611161%2@%1@22 + 3a11a12a21527“2 + a11a12a21A22b173 — A11a12021A220271
- a11a1zb1bz7“§ + a11a1zb%7“17“2 - 30116121&%2517“1 + ajragbibariry — a11a22bg7’%
+ alyay, — 2a3,a5, 0170 — alyas,bory + 3a12a5,a92b171 + a12a91b375
— @12a2101bar1 79 — a21a22b§7”17”2 + a21G22b1b27“%

2?,2 =(a11by — ag by)(aszbs — a22b1)2

83



Ego CL?ICLZQ + 3a11a12a21a22 — 3a11a12a221)2r2 + 3@116L22b17’2 3@11@%201310122
+ 3a11a12a21b27’2 — 3a11012021A22b172 + 3a11a12G21A22b271 + 3a11a12b1b27"§
— 3@11@12[)27'17‘2 — 3@11&21@%21917"1 — 3(111(122[)27’5 -+ 3@11@22[)1(727‘17’2
+ CL12CL21 3a12a21bgr1 + 3(112&21(122[)17”1 — 3@12a21b1b27”17“2 -+ 3(112(121() 7”1
+ 3@21@22617“17'2 — 3&21@22[71[)27’1 + b17"2 — 3b%b27”17"2 + 361[)27’17’2 b27"1

E:?,0 :(a11b2 - a21b1)3

ZUg =a} a5, — 3a},a12091a3, + 303, a12092b97y — 3aT,a5,bor1 + 3ay1a3,a5,a0s
— 3a11a35a1baTy — 3a11a12a21A29b17T9 + 31112021 A99baT + 3a11a12b1baT
— 3a11a12bgr17‘2 + 3@11&21&%28717"1 — 30,110,22171[727“17‘2 + 3@11@22()37“%
— a%a%l + 3@%26L%1b17"2 — 3a12a§1a2261r1 — 3a12a21b27“§ + 3@12&21b1b2T1T2
+ 3(121(122[)%7"17“2 — 3@21@22[)1(727‘% + b??” 3b2b27”17"2 —+ 3b1b27’17‘2 bg’f‘?

233 Z(a12b2 - G22bl)3

Egl = a‘flam + 4a11a12a21a22 4a11a12a2262r2 + 3alla22b17"2 + a11a22b27"1
- 6a11a12a21a22 + 8a11a12a21a2262r2 - 2@116L12b§7’2 - 5a11a12a21a2261r2
+ a%1a12a21a§2b27“1 -+ 56@1&12@22611)27“% — a%lalgaggbgrlm — 4a%1a21a§2b17“1

— 3a3,a5,b3713 4 a2 a3,b1byr T + 4a11a3,a3 a0 — 4aiia’,as, bors

+ ana%QananglrQ — 5a11af2a21a22b2r1 — a11a12a21b1b27"§ + 5&11@%2a21b§7“17“2
+ 86111@12&%1&%2517”1 + a11G12a21a22b%7’§ — 10ay1a12a21a92b1ba11 79 + a11a12a21a22b§7“%
— analgb%bgrg + 2@11@12[)11)37’17"3 — CL11(I12b§T’%7’2 + 5@11@21@%219%7"17‘2
— CLHCLQI(ZngleT% + (]J110J22b37”g — 2@11@22[)21727’17”3 + a11a22b1b2rfr2 — a4112a4211
+ @y, biry + 3a%,as bary — 4a3,a3,axbi T + a3ya5,b1bar1Ty — 3aTya5, by
— &12&%1&226)%7"17“2 + 5a12a21a22b162r1 + a12a21b162r17"2 — 2&12&21[)1627"17"2
=+ alzaglbg’f‘? — 261,31&%2(7%7"% — aglagzb?’f‘ﬂ"g + 2&21&226%[)27“%7“2 — aglaggblb%’r%

251 =(a11by — ag1b1)?(a12by — agby)

25{3 =— a‘lllaéQ + 4a?1a12a21a§2 — 4a?1a12a§2b2r2 + ai’langlrQ + 3ai’1a32b27’1
— 6a2,a%,a3,a5, + 802,02, a21a2bory — 202 a2,b3T3 + a2 412021 a5,b1 70
— 5@%16“20/210/;2()27“1 — a%lalgCLQlebQT% =+ 5@%1(112(122[)37"17“2 — 4@%1(121(132[)17"1
+ a3,a35,b1bar 17y — 303 03,0577 + 4a11a3,a3, g0 — 4a11a3,a5,bors
— 56111@%2&%1@221717"2 + ana%zaglaggbﬂl + 5&11&%2G21b1b27'% — allaéamb%rlw
+ 81141203, 03,0171 + a11G12021a22b575 — 10411412021 G22b1bo7172 + a11G12G1a22b577
— 0,110,12172(727“% + 2&116L12blb27"1’f‘3 — analgbgrfrg — a11a21a§262r1r2
+ 5(111@21(122[)1()27“1 + a11a22b b2T1T2 2@11@221)16 7’17’2 + CLHCLQQb 7“1 ail2a;11
+3a3,a3, b1 + a3ya3 bory — 4a3,a3, axnbiry — 3ai,a3,035 + a3ya3,biboriry
+ 5@12&%10/226%7"17’2 — algaglaggblbgr% + algambi’r% — 2@12(121[)%[)27’17’;
+ (112(121[)1(7%7’%7’2 — 2@%161%2()%7’% — aglaggbi’mrg -+ 2&21&22[)?[)27’%7’2 — a21a22b1b§7’?
ng =(a11by — azb1)(a12by — Gzzbl)3
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2372 :a‘fla% — 4a§’1a12a21a§2 + 4a§1a12a§2b27‘2 — 2a?1a§2b1r2 — 2a‘i’1a§2b2r1
+ 6a2,a2,a3,a3, — 8a3,a3,ag1agsbary 4 202 a2,b373 4 202 a19a21a55b1 7
+ 2&%1a12a21a32b2’r1 — 2@%16L126L22b1b2’r§ — 2(1%1(1126@2[?%7"17“2 + 4a%1a21a§2blr1
4 a3,a35,b775 + a3 a3,bar? — 4a11a3,a3 a9 + 4a11a3,a3,bary + 201107505, A22b1 7
+ 2@11@%2661&22(?27’1 — 2@11@%20121[?11)27”3 — 20/110/%20/211);7"17’2 — 801110/120%10%2617“1
+ 8@11&12@21&22[)1[)27“17’2 — 2@11@21@%26%7“17"2 — 2@11&21@%4)1()27’% + a%zagl
—2a3,a3,byry — 203,45, byry + 4atyad, assbiry + alyas, birs 4 a2yad, bt
— 2a12a%1a22b§7“1r2 — 2a12a31a22b1b2r% + 2@%16@2[)%7‘%

2532 =(a11by — ag1by)*(a12by — agsby)?

Denote the roots of fi(Ny, Na) and fo(Ny, Na) by m1 = [n1.1,712]7 and 12 = [n2.1,m2.2)" .
Choose a monomial map m(Ny, Na) = [1,¢; Ny + coNo]T for some constants ¢; and cs.
Then, let Q(Nl,NQ) = N1N2 and Compute S(Sl, 82) = WAWt where I/Vij = mi<7]1,j,7727j>

and Ay = Q(n1,; — 51,72, — S2) is a diagonal matrix as follows.

1 1
- [01771,1 +canz1 Ciiag + 027]2,2]

A= {(771,1 : 81)0(7]2’1 - (2 — 81)0(77272 - 52>]

S(Sl, 82) = WAWt

Since the symmetric sums of the roots 77’1“7177;’:”1 + 77’1“,2773:‘2 equal Xy, for k,m =0,1,2,.. .,

then the components of the symmetric 2x2 matrix S are shown below:

5'1,1(317 32) = 25189 — E0,151 - E1,082 + Z171

51,2(51, 32) = 01(21,05132 - E1,131 - E2,032 + E2,1)
+ 02(20,15132 - Z]1,182 - Z0,281 + 21,2) = 52,1(31, 52)

52,2(51, 82) = C%<22,03132 - z32,181 - Z3,032 + Z3,1)
+2¢102(X1,15152 — 1251 — Xa152 + Xa2)
+ 03(20,28182 — X252 — X351 + X1.3)

The characteristic equation of the matrix S is simply A\* — Tr(S(sy, s2))A + det(S(s1, s2))
whose coefficients are given by v = [1, =Tr(S(s1, s2)), det(S(s1, s2))]. Hence, the quantities

of interest are —Tr(S(s1,s2)) and det(S(sy, s2)) which are shown next.
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—TI'<S<81, 82)) = (—2200% — 22110102 — 20203 — 2)8182 + (2216% + 22120102 + 20303 + 201)81
+ (2300% + 22216102 + 21203 + 210)82 -+ (—2310% — 22226102 — Elgcg — 211>

det(S(s1,52)) = (=265 — 2501 8 10c160 — X3t 4 2800¢] + 4811¢100 + 250263) 55 55

+ (Z01B02¢5 — 259167 — 4 19¢109 — 250365 — o1 320¢7 + 281051167

+ 28028 10C1C2) 5389 + (—X5cs — 280X 116100 — B3¢ + L1 X &

+ 2801 212016 + L1 20363) 87 + (280181165 — 283067 — 4016102 — 281265

— Y02 1065 + L10820¢T + 2801 200¢102) 8155 + (281365 + 283167 + 48090100

— T01X1265 — B02X1165 + Z03T1065 4+ So1 8306 — L108a1¢] — S115000]

— 28025000102) 5152 + (280221265 — 0181365 — B3 S1165 — So1 D317

+ S118916; — 2801 892¢102 + 282 E01¢162) 51 4 (—E7,65 — 28118000102

— B3¢ + B108506] + 25108010162 + T1081263) 55 + (Z1151265 — L1081365

— S10831¢7 — 1185067 + 28209165 — 2819822¢162 + 2815820¢1C2) $2

+ (=X1,6 — 28198010100 — B3¢ + B11 83165 + 2511800100 + B1181365)
Let V (s1,s2) be the number of consecutive sign changes in v. Since we are interested in
the feasibility domain, note that the points {(0,0), (0, 00), (o0, 0), (00, 00)} are the vertices
of the "box” that bound the feasibility domain. Hence, the expression of F'(¥) is simply
F(¥) = [V(0,0) — V(0,00) — V(00,0) + V(00,00)]/2. Here, oo is a limit; therefore, 0 is
evaluated first before the limit is taken at infinity. For V' (oo, 00) where the limit of two
quantities approach infinity, the limit is unique. Therefore, it does not matter along which

direction the limit is taken. Now, we need to evaluate —Tr(S) and det(S) at those four

vertices which are the basis to construct the inequalities that describe the feasible domain.

51gn(—Tr(S(O, 0))) = Sign(—Zg,lC% — 22220162 — 21363 — 211>
&gn(det(S(O, O))) = sign(—EfQCg — 22122210102 — Z%lc% + 21123105 + 22112226102 + 21121303)

sign(—Tr(S(c0,0))) = sign(Eglc% + 23 19¢109 + Eogcg + Xo1)
sign(det(S(00,0))) = sign(—EgQCg — 2Y 092 11C1C — Z%lc% + 2012210% + 2012 9C1Co + 20120303)

Slgn(-TI‘(S(O, OO))) = Sign<2306% + 22216102 + Elgcg + 210)
&gn(det(S(O, OO))) = Sign(-Z%ng — 22112200102 — E%OC% + 210230(3% + 22102210102 + 210212(33)

sign(—Tr(S(00,00))) = sign(—Yac] — 2811¢165 — Sgacs — 2)
Slgn(det(S(oo, OO))) = Sign(—ESlcg — 220121001C2 — E%OC% + 2220C% + 42110102 + 22020%)

Note that the formula of F/(¥) is completely independent of ¢; and ¢, and the property can

be checked with our provided code. Let us set ¢; = 1 and ¢o = 0 for convenience. Now, the
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feasible domain is the set of all inequalities so that £'(¥) > 1 and found 13 non-empty ones.
This was done via computing F'(¥) for a range of parameters (¥, with each component
is varied independently and uniformly between —1 and 1. There was no more increase in
the number of non-empty sets (the 13 ones) when the range of each parameter is varied
independently and uniformly between —100 to 100. The 13 sets are shown in the columns
below and satisfying any of those guarantees feasibility. The signs — and + mean that the
quantity on the left-hand most in the table is less than 0 and greater than 0 respectively.
In this table, we care about conditions that satisfy F'(¥) and we will not separate them

based on whether F' takes a value of 1 or 2.

Ci Gy C3 Cy C5 Gy Cp Cs Cy Ciyp Cu Ciz Cug

—Tr(5(0,0)) X3 -Xy - - - - - - - - - 4+ + + +
det(5(0,0)) X3 +¥u¥y - - - - + + + 4+ 4+ - - = =
~Tr(5(0,0))  Su+Sa - + + + - — + + + - + 4+ 4+
det(S(c0,0)) ¥4 +%pSn - - + + - - — — + — - + +
—Tr(S(0,00))  B3+%0 + + - + - + — + 4+ + + - +
det(S(0,00))  —¥5 + XX + + - - - - — — + + + - -
—Tr(S(00,0)) —Yg0 — 2 - - - - - - = ===

det(S(c0,00)) X3 +2¥%0 + + + 4+ + + + + + + + + +

From the table, —Tr(S (00, c0)) is negative and det(S (oo, 00)) is positive for all 13 condi-
tions. This is because the relations —¥yy—2 < 0 always holds (minus sum of squares minus
a positive number must be negative). Also, the relation —¥2, 4+ 235 > 0 always holds,
which follows from the AM-GM inequality. Hence, the last two conditions are redundant
and can be eliminated as they are automatically satisfied. In addition, the 13 sets can be
compressed nicely into 4 as follows. Note that columns 1 and 2 (i.e, C; and Cy) differ in
sign in the third row (—Tr(S(0c0,0))). Hence, the two conditions can be combined into one
without caring about the sign of —Tr(S(c0,0)). The same applies to columns 3 and 4 (i.e,
C3 and Cy), 5 and 6 (i.e, C5 and Cg), 7 and 8 (i.e, C7 and Cs), 10 and 11 (i.e, Cyo and
(1) as well as 12 and 13 (i.e, C and C}3) since these pairs of columns differ by a single
sign only. The reduced table from combining columns (conditions) is shown below where

X denotes to no condition:
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Cl+2 OB+4 C5+6 C7+8 CQ C’10+11 Cl?+13

—Tr(5(0,0)) —Z5—2n - - — - _ 4 i
det(5(0,0) -S4 4+¥u¥y - —  + 4+ o+ _ 3
—Tr(S5(c0,0)) Yo1 + X0 X + — + + X 4
det(S(00,0)) —%f +ZaBa - + - - + — +
Tr(S(0,00)) 230 + 2o + X X X + + X
det(5(0,00))  —X5 + XXz + - — — + T —

Furthermore, we can combine C}o with Cigy11, Cs44 With Cioy13 and Csy¢ with Crig to

produce the following table:

Ciizt10+11 Csyarizi1s Chieires Co

—Tr(5(0,0)) —Y31— 211 X X — -
det(S(0,0))  —%%, + 1,85, - - + +

—Tr(S(o0,0)) Y1+ Yo, X + X +
det(S(00,0)) =7, + Xo,13%21 — + — +
—Tr(5(0, 00)) Y50+ 210 - X X +
det(S5(0, 00)) —2370 + 210230 + — - +

So far, we have combined columns but have not investigated whether there are redundant
signs in each column. Upon computing the conditional probability that a sign occurs given
that all other signs occur in the same column and keep deleting signs until there is no

conditional probability of 1, we find the following minimized table that is shown below:

coc, o oC

CT(S(0,0) - -%, X X - X
det(5(0,0)) —X3,+¥11¥5; X X 4+ X
CTe(S(00,0)  Saa4+¥os X 4+ X+
det(S(00,0)) =¥, +%01%21 — + — +
—Tr(5(0,00)) Y30+ 210 + X X +
det(S(0,00)) =55+ ¥10850 + - X +

Let @; be the basis quantity in row ¢. The minimized table above is not unique. For column
(', the user may eliminate either Q)3 < 0 or Q4 < 0 in that column but not both. This is
because P(Q2 < 0|Q4 < 0,Q5 > 0,06 > 0) =1 and P(Q4 < 0|Q2 < 0,Q5 > 0,Qs >0) =1
but upon deleting either Q)2 < 0 or @4 < 0 from these conditional probabilities, we find
P(Q2 < 0|Q5 > 0,Q¢ > 0) # 1 and P(Q4 < 0|Q5 > 0,Qs > 0) # 1 meaning that the
inequalities ()2 < 0 and Q)4 < 0 imply one another given that 5 > 0 and Qg > 0.
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4.3.2 Application: 2-Species with Type I1I Functional Responses

Consider the simplest 2-species LV model with type III functional responses model that is

impossible to solve for the location of the equilibrium points analytically.

dN; NN,

— =N N S
dt i(r+an 1+a121+hN12)
dNy N?

22— N. S S— -
i 2(T2+CL211+hN12+(122 2)

Let W = (11,79, a11, a12, as1, azo, h) be the vector of model parameters. The common nu-
merators of the RHS of the system above, after deleting N; and N, outside the brackets,
are given by fi(Ni,Na) = r1 + a;1 Ny + a1aN1No + r1hN? + a;nhNP and fo(Ny, No) =
T+ oo No + (ag1 + roh) N2 + agsh N2 N, for lines 1 and 2 respectively. Upon eliminating N,
from both f1(N1, Na) and fo(Ny, N3) we obtain Resy, (f1, f2) which is a polynomial of de-
gree 5 in N, which cannot be solved analytically in closed-form. Similarly, upon eliminating
N, from both fi1(Ny, No) and fo( Ny, N2) we obtain Resy, (f1, f2) which is a polynomial of
degree 5 in Ni. The two resultants, each written in two forms (i.e, polynomial combination

of fi and f; or in terms of N’s) are shown below:

anh rih ar + a;aNo 1 Nifi

0 arph rih apn +aipNe  fi
Resy, (f1, f2) = |ag1 + moh + agxhNy 0 T9 + 99Ny 0 N2 fy
0 asy + roh + agah Ny 0 r9 + axeNy  Nifo

0 0 Q91 + Toh + agah Ny 0 fo

5

=Tofi +Thf = Z h(2,12)Né2, where

12=0

To1 = (a1 + hrg + Noagoh)? (azry — Nyayiag — NyNoaygags — NiNoaiohry — Ny Niajsagh)
Tyy = NENjaj a12a55h + 2N Njar aipa1ah® + 2N7 Niaya1aah’ry + N7 Noal,agiaxh?
—f- Nngallalgaglh —|— 2N12N2a11a12a21h2r2 —|— N12N26L116L12h37"§ —f- Nfa%laglh + leaflagthrg
+ NlNSCLlQCL%th’T’l + 2N1N22a12a21a22h27”1 + 2N1N226L126L22h37“17’2 —+ NlNQCLlQCL%lth
+ 2N1N20J1261,21h27’17”2 + N1N2a12h37’1r§ + NSLCL%QCL%ZhQ + 2N23a%2a21a22h + 2N§a%2a22h2r2
+ 2N22a11a12a21a22h -+ Nga%2a§1 -+ 2N22a%2a21h7"2 -+ Ngaizh%g -+ 2N2a11a12a§1

2,2 2 2 2 7.2 2.2
+ 2Nyaq1a12a91hre — Noagyasoh™ri + ajjas, — as hr] — ash™riry

89




_ 2 3 12
h(2,5) = ataanh
_ 2 2712 2 2
2 2 2 2 2.2 2
h(zyg) = Q19091022 + 4a12a21a22h7’2 + 3a12a22h Ty + 2&11&12&21&22h
2 2 2 2 2123 2
h(gjg) = Q1909172 + 2a12a21hr2 + a12h 9 + 2(111(122(112(121 + 4a11a22a12a21hr2
h(271) = a22a%1a§1 + 2@12@11@%17’2 + 2(112]7/(111(1217‘3 + GQQhCL%lT%

_ 2 9 3 2 2 2
h(2,0) = 207,03, + a5y + hraag ry

5
a2 N L
ReSNz (f17 f2) = oo —f—l?aggthf '}2 = T11f1 + T12f2 = lzoh(ul)Ni , where
1=

2
T\ = —axp — GQQth

T2 = Nyago
h(1,5) = —Cl110l22h2
h(1,4) = —G22h27’1
h(1,3) = a12021 — 2a11a22" + ay2hry
h(ljg) = —QCLQQth
h(l,l) = Q1272 — (11022
h(l,O) = —Q227

Observe that Resn, (f1, f2) contains no Nj and is a polynomial of degree 5 in Ny only.
Similarly, Resy, (f1, f2) contains no Ny and is a polynomial of degree 5 in N; only. This is
an indication that the number of roots of f1 (N1, No) and fo(Ny, Ny) is 5. Note that the roots
of the univariate polynomials Resy, (f1, f2) and Resy, (f1, f2), upon appropriate pairing of
roots of the first polynomial with the second, are the roots of the system f;(Ny, No) =0
and fo(Ny, N3) = 0. From Abel’s impossibility theorem, since it is impossible to solve
for the roots of a quintic or higher degree polynomials in terms of radicals, then the
roots of either Resy, (f1, f2) or Resy,(f1, f2) are unattainable analytically which implies
that the system fi(Ny, No) = 0 and fo(Ny, No) = 0 cannot be solved. After finding the
resultants in both forms, we evaluate the determinant of the eliminating matrix, which is

T(f1, fo) = Ti1Tog — T12To; and the determinant of the Jacobian of f; and f; as following

3&11hN2 + Qh’l“lNl + a; + NQ(IlQ Nlalg
J(fh f2) = ! = 11022 + Noai2a2s — 2N126L126L21
2N16L21 + 2N1h7'2 + 2N1N26L22h (lggth + a9

+ 4N12a11a22h — 2N12a12h7"2 -+ 3N{1a11a22h2 -+ 2N13G22h27"1 -+ 2N1a22h7"1 — N12N2&12G22h
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Now, we need to expand the generating function G(f;(N1, Na), fo(N1, N2)) around Ny = 00
and Ny = oo (no need to perform a two-variable series expansion). Since Resy, (f1, f2) and
Resn, (f1, f2) are univariate polynomials, we expand their reciprocal individually to get the
series 1/Resx, (f1, f2) = Y550y Pt/ N{" and 1/Resy, (1, f2) = 335,y Plaama/ V.
The coefficients can be obtained via MATLAB’s taylor’ function where N; and Ny are sub-
stituted by 1/z and 1/y respectively. Alternatively, these p’s can be obtained analytically
as follows. We have already written Resn,(f1, f2) = lefl:() hamyNit and Resy, (f1, f2) =
Zgio h(2712)N52 where we have Ky = Ky = 5. After that, construct the following 2 matrices
A; and A,

1 0 0 0
hiky haki-1) k-2 hiki-s)
Ai=1 0 hiry  Miwi-1y hari—2 -, =12

0 0 hixky  hix-1)

Next, let ReS(Nl,Ng)/Nl(flaf2) = ReSNQ(flan) and ReS(Nl,Ng)/Nz(flaf2) = ReSNl(flan)-

The reciprocal of each resultant is given by

1 1 > 1,m; —1 mitl
Z Pa. 1), Plims) = Ldet(/li[l sy, Limy]), i=1,2

Reson,, vy (f1s f2) NSS! i Mk

mizl

Here, A;[1:m;, 1 :m,] is the sub-matrix of A; that contains its first m; rows and columns.

After obtaining both series expansion of the resultant reciprocal, multiply the result by

T(f1, f2)J(f1, f2) to obtain

G(fl f2): T(flva)J<f17f2) _ 20,0 _'_ 21,0 + 20,1 Z1,1

’ Resy, (f1, f2)Resn, (f1,f2) NNy NPNa  NiNj  NZN3
EQ,O + 22,1 + 20,2 Z:1,2 z:3,0 23,1 Z)0,3 + Z]1,3 +
NPN, | NPNZ ' N,NZ  NZNZ NN, T NINZ U N NI ONENG

+

- -

The expression for each of the 3’s (symmetric power sums of the roots) are shown below

where ¥, ; = Eg i/ Efj is written as a fraction of two polynomials.
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D
21,0 =a1

Z(I){l = — 2(121 — 3h7"2

D

U 2 2.2
Y50 = — daxai h + 2a19r9a11h + 2a12a1a11 + agh’r

D __ 2 2

57y =ri(ag + hry)

D
21’1 :CLHCLQQ]'L

U 2 2,2
20,2 :2a12a21 -+ 4&12&21h7”2 — 4&11&22&21h + 3@12h Ty

D _ 2 12

U 2.2
23,0 = —nn (a22h 1 + 3&11@127“2h + 3@11@12&21)

D __ 3 2

U 2 2 12 2 2.2 2,2
22,1 :6a22a11a21h + 2&22@11h o — 2@12&11@21 — 4@12&11&21}17“2 — 2&12&11}1 Ty — a22a21h 1
—a22h3r%r2

D 2 233
Z2,1 =aj,axh

U 2 2,2
21,2 = —nn (a12a21 -+ 2&12&21h7’2 + 4&11&22&21h + (112h 7’2)

D 2 12

U 3 2 2 2.2 2 3.3
20,3 = — 2@12@21 — 6a12a21h7"2 + 6@11&22@21h — 6&12&21h Ty + 6(111@22@21h ro — 3&12h Ty

D 313
U 4 2 12 3 3 2 2 2 2 2 2 2 2 12 2
Yy 0 =dajyayh” — 8aj;arsag1aznh — 4aj ainanhry + 2ay,a15a5, + 4aj;ajsas hre + 2ay,a7,h7°r5
2.2 3,.2 2 14,4
+4a11a12a21a22h L + 4@11@12@22]1 T2 + CL22]'L 1

D 4 2 34
E4,0 =ay,axh

U 2 2 2.2 2.2 3.2
2371 =r1(—agai,a91h + 3aipa11a5, + 6a12a11a91 b1 + 3a12a11h°T5 + agga9 h°ry + ash’rirs)

D _ 3 213
E3,1 =aj,axh
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by

U
2,2

0,5

3 2 12 2 2 2 2 2 3,.2 2 3
:4a11a21a22h - 8a11a12a21a22h - 10@116L126L21(L22h o — 2a11a12a22h Ty + 2@11@12(121
2 2 2 2,2 2 13,3 2 2.2 3,.2
+6a11a12a21hr2 + 6a11a12a21h Ty + 2&11&12h Ty + a12a21a22h L] + 2a12a21a22h T2
4.2.2
+CL126L22]’L 7”17"2

42 3 14

_ 3 2 2 2,2 2 3,.3
=T (CL126L21 + 3@12@21}17"2 + 5a11a22a21h + 3@12(121]1 T + 6&11&220,21h To + algh 7”2>
313
:a11a12a22h
_AN2 2 2 72 3 2 2 3,.2 2 4
—4a11a21a22h — 8a11a12a21a22h — 16a11a12a21a22h T9 — 8@11@12&21&22}1 T + 2(112CL21
2 3 2 2 12 2 2 3,.3 2 14,4 2 2 13,2

9 4 44
=ajyagoh

3 3 2 2 2 2 2 2 2 2722

= — r1(—10a7,a12a21a92h — 5aj;a12a20h°r9 + baj ai,a3, + 10a7;atya01 hry + 5at ai,hrs
2,2 3,2 2 14 4

+5a11a12a21a22h L -+ 5@11@12(122]1 T2 + CL22h Tl)

_ 5 234
=aj,axh

4 2 12 4 213 3 2 3 2 2 2 3
3 3,.2 2 2 2 2 2 2.2 2 2133 3,.2
+4aj,a12a20h°r5 — 6a7,ai9a5 hiry — 6aj,aisa21h°15 — 2a7,ai5h°ry — 8ai1ai2a21 42207172
2 14 4 2 15 4 2 2132 2 2.2 4,2 2
—a91a55h° 1] — a5,h°rire + ajjaa5,h ] — 4ai1a12a5,a00h° 1] — 4dajiaiaasah riry

_ 4 335
=ay,ayh

3 2 72 2 2 2 2 2 3 2 2
= — ri(—4aj as1a5,h" — 2a},a12a5,a90h — 2a7,a12021a20h°T9 + 3ay1a75a5, + dajiaisas hre
2 2,2 2 133 2 2,2 3,2 4.2 2

+9a11a75a21h715 + 3ay1a7,h°T5 4+ a12a5,a92h 1] + 2a19a21A20h° T + a19a99h TITS)

_ 3 3 14

= — 10a3,a3,a5,h* — 603 a21a3,h°ry + 1007, a12a3, ageh + 22a7,a12a5,a20h°T9 — 2a11a3,a3,
+14a%1a12a21a22h37’§ + 2a%1a12a22h47"§’ - 8a11af2a§1hr2 — 12alla%2a§1h2r§ - 8a11a%2a21h37“§
—2a11a§2h47"§ - algaglaggh%"% - 3a12a§1a22h3r%r2 - 3&12&21&22h47“%7‘§ - a12a22h57“f7“§
=a},a19055°

= — T1<—86L%16L31a32h2 -+ 6&11&12&%1(122}1 —+ 13@11@12@%16@2}127”2 + 801110/120/210122}137”% + a%zagl
+4ajyas, hry + 6a3ya3, h*ry + datyas hPry 4+ alyh'ry)

2 4 14

2 3 9232 2 2 92,3 4 3 2 2 5
= — 10a7,a5,a55h" — 10aj;a5,a35h7° 12 + 10a1;a12a9; agah + 30a11a12a5, a20h”re — 2ai5a5,

2 3,2 4,3 2 4 2 372 2 2 2,33
—10a52a21h47’§ — 3a%2h57’§ + 5a31a§2h3r% + 10a§1a§2h47’f7’2

_ 2 515
=a75055N
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U . (4 2 72 3 2 3 2 3 3,2 2 2 3
Y51 =ri(aj;a01a5,h™ — 13a7,a1205,a20h — 18a7,a12a21a20h° 19 — 5ay,ar2a0:h°r5 + 5at;aiyas,

+15a3,a2,a3,hry + 15a3,a35a0 h*rs + 5at,al,hPry — af a1 a5,h®r? + bajiaiaas, assh®r?
+10a11a12a21a22h37“%7“2 + 5@11@12(122h47“%7"§ + (121(I§2Zl47’iL + a§2h5rilr2)

231 =ay, azh’

241{2 = — 4a} a91a3,h* + 18a7,a19a3,a5,h + 1607, a12a91 3,731y + 2a7,a10a3,h* T3 + 207, a%,a3,
—12a%,a],a5,as0h — 28a3 01,03, a92h’ry — 403 a3 ya0h rs + 8a3 atyal, hry + 2a3,al,h*ry
—20a3 2,091 a90h372 + 1202 03,03, h*r3 + 8a2,a3,a91 W13 — 20341003 a2,h°r? + a10a2,h5rirs
—2a%1a12a21a§2h4rfr2 + 4a11af2a§1a22h2r% + 12@11(1%2@31@22}137"%7"2 + 12a11a§2a21a22h47°f7“§
+4a11af2a22h5rfr§ + algaglaéh"‘r% + 2a12a21a§2h5r‘f7“2

E4D,2 :a%1@12a32h6

Zgg :7’1(—9a‘;’1a§1a§2h2 — 6a‘;’1a21a§2h37“2 — Saflalgaglamh — 6a%1a12a§1a22h27“2 + a12a22h57"%7”§

—3a%1a12a21a22h3r§ + 3a11a32a§1 + 12a11a%2a§’1hr2 + 18a11a§2a§1h27‘§ + 12a11a%2a21h37“§’

+3a11a32h4r§ + algaglaggh%”% -+ 3(112(1%1(122h37"%7"2 -+ 3a12a21a22h4r%r§)

D _ 3 415
Z]3,3 =ay;a12a550

ZQUA :2a11ai’2a§1 — 4a%la§1a32h3 + 18ai’1a12a§1a§2h2 + 26a‘z’1a12a§1a§2h37’2 + 8a:{'1a12a21a§2h4r§
—12a§1a52a§1a22h + 2a11a‘rf2h5rg + a§2a§1a22h2r§ — 38(1%1@%2@%1@22]127’2 — 42(1%1(1%2@%1@22]137’5
—18a?1a32a21a22h47’§ — 2a%1a32a22h57’§ + 4a%la§1a§2h47’f + 10a11a:{’2a§1h7’2 + 20a11a?2a§1h2r§
+20ay1a3,a3,h°rs 4+ 10a11a3,a0 h*rs + 4a2yas, assh®riry 4 6alya3, ageh*rirs + alyageh®rir)
+4af2a21a22h57’fr§

D _ 2 2 5716
E2,4 =a7 75050

U _ 2 3 .2 12 2 2 213 4 3 2 2 5
2 3,.2 4,3 2 4 2 3122 2 2133
2 4.4 2 15,5
+bajyas h*ry + ajyh°ry)

D _ 2 515
Z1,5 =a11a750550

Note that if any of the parameters a1, ai2, ass, h is zero, the ¥’s will blow up. If one needs
to consider cases where any of the latter parameters is zero, that zero should be first sub-
stituted in fi (N7, No) and fo( Ny, No) before carrying on with what we have shown already.
Next, denote the roots of f1(Ny, No) and fo(Ny, No) by M1 = [n11,71.2,---,715)" and
N2 = [N2.1,M2.2,---,M25)" . Choose a monomial map m(Ny, No) = [1, Ny, Ny, Ny Ny, NZ|T
then, let Q(Ny, Na) = N1 Ny and compute S(sy, s2) = WAW?' where W;; = m;i(n14,12,;)

and Ay = Q(n1,; — s1,M2; — S2) is a diagonal matrix as follows.
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1 1 1 1 1
1,1 M2 .3 11,4 M5

W = N2,1 2,2 N2,3 12,4 N2,5
M”21 Mip2N22 7113723 71,4724 715725
2 2 2 2 2
M M2 U M4 Ms

A = diag[(n11 — s1) (21 — S2), (M2 — $1) (22 — S2), (M3 — 51)(N2.3 — S2),
(771,4 - 81)(772,4 - 82), (771,5 - 31)(772,5 - 82)]
S(Sl, 82) = WAWt

Note that ¥, = n’f,lngfl + 77’1“72773?2 +...+ n’fjng% for k,m = 0,1,2,.... Therefore, the

components of the symmetric 5x5 matrix S are shown below:

S1,1(81,82) = 211 — 20,151 — 1,052 + 55152

51,2 $1,82) = ZJ271 - E1,181 - E2,082 + E1,05152 = 52,1(81, 32)
51,3 S1,82) = Z1,2 - Z0,281 - Z17182 + Z0,18182 = 23,151, 32)
51,4 S1,82) = o2 — 21,251 - 22,182 + 21,15182 = )

Sz1(
= 54,1(51, 52
51,82) = M31 — E2,151 - E3,052 + E2,05132 = 55,1(51, 52

)

V)
g
V)
no
Il
\g|
w
no
|
\g|
“l\’)
(Y]
V)
et
|
\g|
w
—
V)
Do
_|_
\g|
Do
—
V)
-t
V)
[N}
I
n
ot
o
—~
V)
g
V)
(Y]
N—

|
\g!
at
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|
\g!
W~
=
VA
[y
|
\g!
=
]
VA
[\
_|_
\g!
N
o
VA
[y
»
[}

The characteristic equation of the matrix S is simply det(S(s1,52)) = A\° + v4(s1, 52)A? +
v3(81, 82) A2 + va(s1, 82)A% + vy (81, 82) X + vo(s1,82). The coefficients of the characteristic

equation evaluated at (s1, s2) = {(0,0), (00, 0), (0,00), (00, 00)} are shown in the following

pages. Note that v;(0,0),v;(c0,0),v;(0,00) and v;(c0, 00) are the coefficients of (s152)°,

s77189, s%s57" and (s152)°~" of vi(s1, 52) respectively for i =0,1,...,5.
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v4(0,0) =— %11 — 13— X371 — X33 — 251

v3(0,0) =1 1813+ 21,1831 + 21,1233 + 213831 + X13833+ 21,1851 + 213851 + X3,1833 + 13,1351
"'237325,1 - E%,Q - 25,1 - 223,2 - 23,3 - 25,1 - 22%,2 - 22,1 - 2421,2

02(0,0) =X1155 5 + 1153 5 + S1,355 ; + T1383 5 + 2811555 + 575831 + S1,355, + 13835 + 57,853
+2171242;71 + 21,1242;,2 + E%)223,1 + E1,3242171 + E3712373 + 23,323,1 + 21,32121,2 + E%7223,3 + E3712?,72
+33 5351 + 53 1833 + 535833 + 251 55,1 + B3157 5 + 253 5851 + L3355 1 + 553851 + 535551
+E§,1 — X1,1213%3,1 — 221 2X9 1222 — 21,1201 3233 — 2X1 209303 — M1 121 35,1 — X1,123,123,3
—2%1 2331330 — 2X9 129 2332 — X1,3X3,123,3 — 2X9 2X0 3330 — M1 123155,1 — 2X2,1231241
—21,123,325,1 — 21,323,105,1 — 222,223,124,2 — 2X2923224,1 — 21,323,325,1 — 222,323,2214,2
—23,123,325,1 — 2X3,224,124,2

v1(0,0) = — 22,123,3 - E1,3>E§,1 + Eg,z + 2%2232 + 23,123,3 + 23,22421,1 + 23,123,2 + 23,223,1 + 2%,22421,2
"‘23,223,2 + 23,2 + Z%,32:2),,1 + 23,12421,2 + 23,2221 + 23,123,2 + 25,223,2 + 23,32421,1 - E1,121,3232
+251,152,252,3832 — 21,155 5831 — L1,151,355 0 — 21,155 5853 — 281,253 5832 — $1353 531
255153 5503 + 2523831832542 — £1,183155 5 + 251253 1 D30 — £1153 5853 — B3 5551833
—%1,355 1 85,3 + 2522523532551 — 211535851 — 1,183,355 1 — 1,153 85,1 — 1,355 1551
—¥1,353155 5 + 2522532833841 — S1,383355 1 — 1,155,551 — 535551551 + 252955 1542
—21,323225,1 — 2X9 022 3%4 1242 — 222,3237224,1 - E3,1237223,3 - Zi223,325,1 - E37223,125,1
—23’123,325,1 — E1,121,3242;,1 — E%,323,125,1 - E3,223,325,1 + 31,121,323,123,3 + 231 229 182,223 3
—231,220,1292,323,2 + 221 229 2209 33,1 + 221 3392,122,2023,2 + 21,121,323,125,1 + 231,122,0253,2204,1
+231 2391322851 — 2X1 239183 0X41 — 2212309331341 + 231 330 1331241 — 2X2,132.233123.2
+31131,3%833%5,1 + 2% 1309 333 9304 2 + 2% 2309 239 335 1 — 231 9X9 933 93y 0 — 2301 930 33031304 2
+231 233,183,223 3 + 221 3392 223 1042 — 2X2 232 333 1232 + X1,123,1283,385,1 + 2211232241242
+235,129,2%3,2205,1 — 222,122 224,124,2 — 222,123,153 .24, 2 + 222 123,1253,304,1 — 2X2,223,1253,2204,1
+21333,1233%85,1 +2%1 3832241542 — E1,325,123,3 — Z17323’22571 - 222,225,224,2 - E1,123,12421,2

v0(0,0) = — 2%7223,12272 + 23,325,123223,1 - 25,12322;2;72 + 22%,223,224,124,2 - 23,323,223,1
+221,222,122,2222 — 2X3335,1251,2292,122,2 + 2X5 121 229 122.383,2 — 221,222 122,3254,124,2
*221,222,1237224,2 + 2X3 331 2221232241 + 225,121,2237223,2 - 221,2237224,124,2
—235,121,2292,2X23%3,1 + 221,222,222,32421,1 +2¥3,331,2292,223,124,1 — 221,222,2212),,224,1
+221,222,32§,124,2 —2%1,922,3%3123 2241 — 223,321,223,123,2 + 221,223,1232 — E5,123712373
+223,122,323,224,2 - 23,325,1Z§,2 - 21,32371212 + E1,323,325,12371 + 225,122,125,222,3
—222,123,223,224,2 — 239,139,939 333,134,2 — 2¥9,132 232 33323041 + 2X33%9,1222%31232
+222,1E2,22§,2 — 231 ,3%5,122,122,223,2 + 2X1 3X91X29¥41242 + 222,1237323,124,1
—2%5150 353155 5 + 251,352,1831 532842 — 2513833521531 54,1 — 85155 5 + 255 5851540
+22%,223,224,1 - 223,222,323,124,1 - 23,323722;1 - 323,223,1232 + E1,325,123,223,1
—21,323722271 — 21,123722272 + E1,123,325,125,2 + 422,222,3237123,2 —2X1,135,122,232 333 2
+231,122,2%0,334124,2 — 221,322,2212),,124,2 + 231 3392331 23,0284,1 + 221,122,2212;,224,2
—2%1,1533%2283284,1 — 55355 1 + $1155,155 3831 — $1155 357 — 2511523531552 2
+2%1 199,353 5041 + B1,383355 | — 1,353,535, + B1,185,383155 5 + L1,1 51,383,157
—21,121,323,325,123,1 — E1,153?2 + E1,121,3&%,125,2 — 211213832241 24,2 + 21,121,323,3221
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v4(00,0) =01 + Xo3+ 221 + X3+ Xa1

v3(00,0) =X01X0,3 + 20,1521 + 0,122,353 + L0,3X2.1 + Xo,352.3 + 20,1541 + L0,3X41 + L21X23 + X21241
+22,324,1 - ZJ(2),2 - Eil - 22%,2 - 2%,3 - Eg,l - 22%,2 - 2:25,1 - 23,2

2(00,0) = — $0 157 3 — To357 1 — B0,355 5 — 280,155 5 — 252821 — T0,355 1 — D035 — T5223 — 20,155,
+20,120,3%2,1 — E0,125,2 - E%7222,1 - E0,32%1 - E3122,3 - Eigzzg - E0,32;2 - 2?7222,3 - E2,12372
=55 28a1 4 D21523841 — D233 + 2511521831 — 57 5841 — 559841 + 2813522832 — 253 5341
+2%0,221,1281,2 + 2X9 933, 123.2 + Xo,120,352,3 + 2X0,221,221,3 + 20,120,324,1 + X0,122,122,3 — 2%7222,3
+2%0,0X2,1 80,2 + 221,121 222,90 + X,322,122,3 + 221 231 32,2 + 20,332,324,1 + 20,122,124,1 — E?,124,1
+X01%23%41 + L0,3821841 + 281 2591832 + 251 2822331 — E0,1252 — E3’122,3 - 2351 - Z2,125,2

v1(00,0) =251 3521555832 + X7 157 5 + 55,55 + 57155 + 57535 ) + 559555 + 251,2822%23%3 1
+2%,22%,2 + 2%,323,1 + E%,lzgﬂ + E%,ng,l + 2%,123,2 + 2%,22;2 + E%,:%Eg,l - E0712073232 + 23,2
—20,12%,322,1 - Z0,120,325,2 - Z0,12%222,3 - 220,22%,222,2 - Z0,32?,222,1 - 221,123221,3 + 2411,2
_20,122,123,2 + 220,223,122,2 - E0,123,222,3 - Z(2),222,122,3 - Z0,323,122,3 - E0,122,123,2 — 23’122,3
—%0,182353 1 — $0,157 5541 — S0,357 1841 — B0,382155 5 — 0,355 5841 — To,382,355, + 35555
%5 2521541 4+ 251253 1832 — D0,355 5041 — 251,235 5532 — 281,355 5851 — $2,155 5823 — To,3%5 4
=31 5521841 — 271523841 — B3 5821841 — 35 5525541 + X0,1%0,3%2,152,3 + 280,151,251,352,2
+2%0,221,181 2823 — 2X0,221,1251 3822 + 280,231 221 3821 + 280 331,121,222 + X0,120,322,1 24,1
+2%0,121,2%2 2831 +2%0,2%81,181,2%84,1 — 2X0,2X1,182,2X3,1 — 2X9 231 2X2,133,1 + 220 321,122,1231
—2%1 1301 2391522 + X0,120,3%2,3%4,1 + 2X0,121, 3322232 + 280,221 231 3341 — 2X0,2X1 2222332
—230,231,332, 1332 + 2% 2292 129 9¥9 3 + 280 381 2X2 1832 — 251 9%1 3801802 + X0,122,122,324,1
+2%0,122,2%3,103,2 + 2X1,121,2%52,2241 — 2X1,121,223,1 23,2 — 2X1,122,1252,223,2 + 2X1,122,122,32031
—23%1 235 129 223 1 + Xo,3X0,1202 3341 + 2X0,3X0 233 123 0 + 231 20Xy 3322341 — 221 221 3331232
*20,120,323,1 - Z0,323122,3 - E0,12%7224,1 - E0,1237224,1 - E(2),222,324,1

v0(00,0) =2%0,150,352,253,153,2 + $4155 255 5 — 255 5522531 852 + B2358 555 — 280,251,151 253
—2%4,120,2%1,1251, 3822 + 2Xg 231121 3031232 + 220,221,125,223,2 + X0,1%0,322,324,122,1
—2%9,330,221,152,223,1 — 224,120,223222,2 + 220,22%,223,123,2 +2X4,120,221,221 3321 + 20,123,2
*220,221,221,3231 + 287222,12;2),72 + 220,221,2237223,1 - 220,221,32;123,2 - 20,120,322,32371
+2%0,021,3%2,1292,223,1 + 22273207223712272 — Z2,324,12(2),222,1 + 24,12%,12%,3 - 22%71217322722372
+22,32%,12%,2 — E0,120,324,123,2 — E0,322,324,12?,1 — 224,121,123221,3 + 221,12%,222,223,2
+231121,0281,3%9,123,2 + 221,121,221 3322231 — 229 321 ,121,2252,12092,2 — 2X2.320,221,222,1 23,1
+2%0,384,121,121,222,2 — 2X0,321,121,223,1 23,2 — 221,12%,322,123,1 + 239 3304.120,221,121,2
—2%0,3201,122,152,223,2 + 2X0 332 3%1,122,1 23,1 + 24,12%,2 - 22?7222,123,2 - E0,120,322,1232
+257 551 3521831 + D237 505 1 + 357 552,155 5 — 0,384,157 9821 + L0357 9551 + T0,157 553
—%0,152,354157 5 — 451251353 1822 + D0,357 1555 — 250,151,251,385,1 55,2 + 280,351,255 1 3,2
—23]0,321,229,122,2231 — 220,121,2237223,2 + 2%0,129,321,2020 9231 + 2%732;1 - E0,124,123322,1
+Eo,12%,3§3§,1 - 22:1)’,222,223,1 - 220,121,323,223,1 - Z0,322,323,1 + 20,323,123,2 - Z0,122,322,123,2
*220,222,12%2 — 221,121,2232 + 221,121,322,12372 + 2X0,121,302,122,2%3,2 + 2¥0,124,121,221,322,2
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v4(0,00) =104+ X124+ X304+ X324+ Xs50

v3(0,00) =%1 0312 + 31,083,0 + L1,083,2 + 21,2330 + X1,2832 + X1,085,0 + 21,2350 + 33,083,2 + X3,055,0
+¥32050— 53, — %50 — 203 — %5, — %5 — 283, — %30 — X,

v2(0,00) =% 031,283,0 + X3,023,255,0 — E1,22571 - 221,02371 - Z3,123,0 - E1,22;0 - E1,22?,71 - Z%,123,2
210530 — B1,0Z0 1 — 231830 — D10%0 0 — 230832 — 35850 — X125 1 — 531852 — B3053
=33 13850 — 530852 — 251832 — B3 0850 — 3,053 1 — 2531550 — 3255 0 — T32550 — 251550
—21,02371 + 2%31204,024,1 + 2X1,122,022,1 + X1,021,223,2 + 2X1,122,122,2 + 21,021,225,0 — Z%,o
+231123,0283,1 + 2X9 0X2,123,1 + 21,223,023,2 + 229,122 2231 + 21,023,025,0 + 2292,023,024,0
+21,083,2%5,0 + 21,2253,025,0 + 2X2,183,024,1 + 222123 124,0 + L1,233,225,0 + 222 223,124 1
—%1,0552 4 S1,083,083,2 — S1253

v1(0, 00) :221,125,023,1 + 2227123,702471 + 2%,123,1 + 25,025,2 + E%,lzio + E3702;1 + 2%,123,0 + E%,12?1,1
"‘23,12%,1 + 23,023,1 + 23,12421,0 + 23,023,1 + 23,12421,1 + 23,223,0 + 2% 9X3 083,184,1 — Z1,021,22421,0
—%1,055 9830 — £5 032 — $1,053 1 83,2 — 251,153 1031 — $1,2353 1850 — 282,055 1 52,2 — L1253 (T3,
—21,023,023,1 + 23,225,0 - E1,02;123,2 - Zilzz’,,ozz’,,z - E1,223,023,2 - Z1,023,02421,1 - E1,023,125,0
31083257 0 — £1255 0 — $1.233 0850 — T1,2%5,05% 1 — T1.233 1550 — T12%3235% o — $1,033 1550
—%7 1830850 + T34 — $1,253 1850 — 252153 1341 — 282955 1540 — L3083 1832 — BT 1832850
—235123,025,0 — E3,023,225,0 - E3,223,025,0 — E3’123,225,0 + 21,021,223,023,2 + 231 ,022,1X2,223.1
+231,129,022,123,2 — 2X1,122,082,223,1 + 2X1,132,122,2X3,0 + 221 2X2,022,123,1 + X1,0251,223,055,0
+231,0%2,133,134,0 + 2%1,132,032,1 25,0 — 221,122,083,124,0 — 2X1,132,123,024,0 + 2X1,2¥20¥3,0X4,0
—2X9,022,123,023,1 + X1,051,233,225 0 + 221,022, 233,134,1 + 221,122,122 2350 — 2% 1321231241
—2301,122,223,024,1 + 2X1,123,023,123,2 + 2X1,229,123,024,1 — 2X2,122,2213,023,1 + 21,023,0243,225,0
+2%0 033,124,054,1 + 2X2,0X2135 13850 — 2X2,022,134,024,1 — 2X2,023,023,124,1 + 222 033,023, 22540
—2%9,133,023,124,0 + 21,223,023,225,0 + 2X1,223,1254,054,1 + 2X2,122233.1255,0 — 2X2,122,224,024,1
2501331832800 — L1,081255 1 — B1,081,25% 1 + 551 — 21,053 2550

v0(0, 00) 225,123,0221 - E3,225,02%123,0 + 25,02?,123,1 - 22%,123,124,024,1 - 221,122,022,123,1
+2X3235,0%1,122,0%2,1 — 2X5,0251,122,0%2,2203,1 + 221,132 022 24 0241 + 221,122,0237124,1
—2¥3.0%1,1292,023,124,0 — 22570217123’12371 + 221,123,124,024,1 + 2X5,021,122,122,223,0
—221,122,122,2220 — 2X3,221,122,123,024,0 + 221,122,12;124,0 — 221,122,223024,1 + El,ozé,l
+231122,023,023,1 24,0 + 223,221,1237023,1 — 221,123,023,1 + 25,025702572 — 2237022,223,124,1
+33253 0551 + $1,255 053 1 — $1,253,25,055 ¢ — 255,052,055 1 2,2 + 252,053 1 53,1541
+239 022,122 2%3 0241 +2%9,0292,182,2%3,184,0 — 283220 0X2,123,023,1 — 222,022,1231
+231 2X5,022,022,1253,1 — 2X1,222,022,124,024,1 — 222,025,223,024,0 + 22270227223702371
—231 939 023,023,124,1 + 2% 2X32%92 030540 + 25,023,1 - 22%,123,024,1 - 223,123,124,0
253 1 52,253,084,0 + 83,2353 133 ¢ + 355 155,055, — B1,285,055 1 85,0 + $1,255 157 0 + T3255
—%1,053,255,055 1 — 452152253 0831 + 251,085,052,152,253,1 — 251,052,152,254,054,1
+221,222,12§7024,1 — 2X1,2392,1%3,023,124,0 — 221,022,1257124,1 + 2X1,023,2202,123,124,0
—21,025,023,223,0 + 21,025,222,0 + 231,022,223,023,124,1 — 221,022,225,124,0 - E1,223,2230
+E1,2E§QOE§‘1 — E1,023,223,025,1 - E1,021,223,02421,1 + 21,021,223,225,023,0 + 23,22%1220
*21,021,225,02371 + 2% 021 223120402041 — E1,021,22:‘3,2242170 + 21,023712271
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v4(00,00) = — Xg2 — Mo — a2 — 240 — 5

v3(00,00) =bXg2 + 5320 + 522 + 5840 + Xo2X2,0 + X0 ,2X2.2 + o 2840 + L2,082,2 + X20X4,0 + X2,2X40
—N5, -1, —2%7, - %1, - %5, - 285, - %5, - %3,

v (00, 00) 220,2230 — 5X,222,2 — 5X0,224,0 — 52 022,2 — X9 0240 — DX2,224,0 — 5Xp,222,0 — 2X2,123,023,1
—I—Z(Q),lzzo + 20,22370 + 20,223’1 + 2(23,122,2 + Zilzzo + 20,22370 + E%’QEQ,Q + Eigzz,o + 20,223,1
+37 1500 + 22055 1 + 551540 + 350822 + 55 1502 + 33 (Ba0 + T2,055 1 + 253 1 Ta0 + T2255
+37 9840 + 531840 + 553 | + 5575 + 1053, + 553 + 5551 — 280151,051,1 — 250,151,151,
—2330,12892,022,1 — 2X1,021,1292,1 — 20,2252,0252,2 — 2X1,121,222,1 — 231,022,0253,0 — 20,2202,024,0
—2%11%2, 0831 — 251,12183,0 — 20,282,284,0 — 251,252,185,1 — T2,082,2%4,0 + L0257 1 + T3

v1(00,00) = — 59253 1 — 550,253 g — 553 5320 — 50,255 — 5E7 1 D22 — 582055 1 — 55 0Ta2 — 553 150
—5%5,053  — 533 1 D40 — 5%2,253 o — 53 9a0 — 53 1840 — B0,285 0 + Lo 1 + 55,55, + 33 021,
+E(2),1E:25,0 + E%,Ozg,l + E?JE%O + Z33,12%,1 + 23,123,1 + E%,zzg,o + E%,ozg,l + 2%,123,0 + 23,023,1
+220,1E§7022,1 + 5X0,222,0X2,2 + 1021 131 239 1 + 530,222 024,0 + 10211221330 + 5Xp 222 224 0
+1031 239 123,17 + 539 022,284,0 + 1022 1230231 — 220,12%,122,1 — Z0,223122,0 — 221,023121,2
*20,22%7022,2 + 2511521522830 — 55 152,082,2 — 20,2237022,2 - E0,22%702470 — $0,2%2,0%5
—%0,257 1840 + T11 — T0,252,253 ¢ — 351 52,084,0 + 251,155 0Xs,1 — 0,255 14,0 — 251153 1 831
_221,223,123,0 - E2,023,122,2 + 2X1,239,0%2,123,1 — E%,122,024,0 - 2%022324@ - 2%222’024’0
*2%7122,224,0 + 2%712:2;71 + 2%72230 —2X0,121,081,22,1 +2X0, 121,121 220 + 20 231,021,121
+2%0,121,0251,124,0 — 2X0,121,0252,123,0 — 220,121,1232,023,0 + 2X0,221,022,023,0 — 2X1,021,122,022,1
+2%0,121,1251,224,0 — 2X0,121,122,123,1 — 2X0,1251,222,023,1 + 2X0,1292,022,1 22,2 + 2X0,221,122,023,1
—2%1131,232,022,1 + 2¥1,021,1%2,134,0 — 2271 ,021,133,0253,1 — 2X21,0252,022,123,1 + 2X1,032,022,2%30
=231 122,022,123,0 + 20,222,022,224,0 + 2X0,20X2,123,0253,1 + 2X1,121,222,1254,0 — 2X1,121,223,023,1
_2(2),122,224,0 + 230,121 021,122,2

09(00,00) = — 53 152,053 | + $2254058 12,0 — 4,055 155 1 + 255 152,155,083, — £2,255 155 5 — 553 4
—2% 934,020,121,021,1 + 224,020,121,081,282,1 — 2X0,121,0251,223,0%3,1 — 220,121,0237123,1
+239 230,121,022,123,0 — 10X9,20X2,123 0231 — 220,123123,023,1 — 2%4,020,121,121,2%2,0
+250,151,151,253 ¢ — 553 535 ¢ + 282,250,151,182,083,0 — 250,151,155 1 83,0 + 220,151,235 ¢ 33,1
—2%0,1%1,2%2,0%2,1 83,0 — 282,230,153 0821 + 250,152,055 ; — B4,057 057 + 257 51,2821 831
—22,22?,025,1 - 20,22%@2;1 + Z()7222725347053?() + 224,021,02%,121,2 — 221702?122712371
—2%1 0%1,121,2%2,023,1 — 2X1,0251,121,222,123,0 + 232231 031,132,021 + 221,021,12371
—2%0,2%4,081,021,182,1 + 250 ,2%1,0%1,153,083,1 + 221,02%7222,023,0 — 221,021,222,023,1
+230,2021,022,022,123,1 — 2X0,222,221,022,023,0 — 24,02111,1 + 22?’122,023,1 + 22‘;’,122,123,0
—2%7 131289, 083,0 — 2,253 153 0 — 357 152,055 | + D0,254,057 1520 — T0,257 155 — 553,53,
+522,224,02%71 + 421,121,223,022,1 —10%4,031,181,222,1 + 1037 131 2X3 0231 — 220,221,123,023,1
+250,251,1 82,0821 83,0 + 1051153 1551 — 10522511521 83,0 — 53 535 ¢ + 554,053 52,0
+10%1 233 1 33,0 + 5%0,252,253 ¢ + 0,252,255 o — L0,253 03 1 4+ 582232033 | + 50,252,053
—530,0%2,2%4,022,0 + 220,121,021,123,1 + 224,020,12%,122,1 + 520,224,023,1 — 1031 2392 022,123 1
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Let V' (a, b) be the number of consecutive sign changes in [1, v4(a, b), v3(a, b), va(a, b), v1(a,b), ve(a, b)]

where a and b are either 0 or co. The formula of V'(a, b) is shown below

V(a,b) _1- sign(vy(a, b)) N 1 — sign(vy(a, l;))sign(vg(a, b)) N 1 — sign(vs(a, l;))sign(vg(a, b))

+1 — sign(vg(a, b))sign(vi(a, b)) N 1 — sign(vy(a, b))sign(vy(a, b))
2 2

where a,b € {0,000}

From the V’s, we can find the formula of the number of feasible roots of f;(/Ny, N3) and
fa(N1, No) which is given by F(¥) = (V(0,0) — V(c0,0) — V(0,00) 4+ V (00, 00))/2. The
feasibility table for this example is huge and instead of finding the link between all pa-
rameters while maintaining feasibility, we will perform a demo on how to find the link
between the parameters h and ao; while they are in a restricted domain. Let us consider
the parameter vector W = (rq, 79, 11, @12, @1, as, h) = (0.5, —1.5,1, —1.5, as, 1, h) where
the parameters as; € [—6, —1] and h € [0.5,4] are restricted, we find that feasibility (i.e,

F(W) > 1) can only be satisfied under the single condition that is shown below:

v4(0,0) : +,  v3(0,0) : —,  2(0,0) : 4+,  v1(0,0) : 4,  vo(0,0): —

v4(00,0) : 4,  w3(00,0) : +,  wy(00,0): 4+, v1(00,0): X, wvp(00,0): —
v4(0,00) : =, w3(0,00) : —,  v3(0,00) : X, ©1(0,00) : 4+, v(0,00) : +
v4(00,00) 1 —, w3(00,00) : 4, wa(00,00): —, v1(00,00): —, v(00,00) : +

Without the need to compute conditional probabilities, upon plotting the signs of the v’s in
the single condition above, we find that feasibility is maintained if and only if vy(0,0) < 0.
To check that our finding is correct, we plot both F(¥) and sign(v(0,0)) in the grid
as € [—6,—1] and h € [0.5,4]. From the two plots, we can see that F'(¥) > 0 if and only
if v9(0,0) < 0 and that ay; and h are related. Nevertheless, in other domains, ay; and h
may not be linked. For example, with the same parameter values that were chosen earlier,
if we change r; from 0.5 to —0.5, the number of feasible roots in the domain ay; € [—6, —1]
and h € [0.5,4] will be exactly 1 no matter what values as; and h take. Of course, the demo
that we have illustrated here can be applied to any parameter ranges and combination.
It is true that the expression of vy(0,0) is huge and messy, however it can compacted by

factoring it after plugging the fixed values into it, which is not needed for this example.
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Figure 4-1: The top figure shows the number of feasible roots F' in Lotka-Volterra model
with type III functional responses where (71,72, a11, a1z, aze) = (0.5, —1.5,1, —1.5,1), as €
[—6,—1] and h € [0.5,4]. The bottom figure shows the sign of v(0,0) with the same
model and parameter values and ranges. Both figures confirm that F' > 0 if and only if
v0(0,0) < 0. Simulations done via solving the isocline equations numerically and checking
for the feasibility of roots match the two figures displayed here.
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4.4 Higher-Dimensional Systems (3 or more species)

Consider the dynamical system that is shown below:

le _ N1f1<N17' o 7N7L)
dt q1(N17---7Nn)

AN, Npfu(Ny,..., N,)
dt  qu(NL,...,Ny)

Here, the f’s and ¢’s are multivariate polynomials in species abundances. Let ¥ be the
vector of model parameters that include, for example, species growth rates and species
interaction coefficients. Feasibility conditions are conditions on model parameters ¥ that
guarantee at least one feasible equilibrium point in the system. That is, the number roots of
the system of polynomial equations f;(Ny,...,N,) =0 for i =1,...,n whose components
are all real and positive is at least 1. To find such conditions, we construct an analytical
formula of the number of positive roots of that system of equations f;(Ny,..., N,) =0 for
i =1,...,n and we call that function F'(¥). We use theoretical work done by Pedersen
which deals with counting real roots of polynomial systems in arbitrary algebraic domains
to derive the formula of F'(¥) [117]. To derive F(¥), we apply Pedersen’s work to count
the number of real roots in an orthotope that lies in the 1°* quadrant (i.e, feasible region)
which rests on all the positive axes then we provide a methodology that expands the
orthotope allowing all its vertices (except the origin) to go to infinity to cover the entire
feasible domain. In multi-dimensional systems, given polynomial systems f;(Ny,..., N,)

for i =1,...,n, the process of finding feasibility conditions goes as follows:
Finding symmetric sums of the roots

1. Fix 7, assume that variable N; is constant, and find the total degree of each polynomial
equation f;(Ny,...,N,) =0for j =1,...,n. The total degree of f; is the maximum
sum of the variables’ exponents in each term of f; while treating IV; as constant.
Denote the total degree of polynomial f; by d;; for j = 1,...,n. Next, homogenize
each term in each of the f’s with an artificial variable W so that the total degree of
each term in f; is d; ;. Denote to the homogenized equation by Fl, ;. For example, if

f2(N1, No, N3) = 1+ N3 + NyNoN3 and N is assumed to be constant, then dj , = 2
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and the homogenized equation is Fiy, s = W2 + N}W? + N; N, N;.

. Let Ly =1+ Z;L:l(diyj —1) and form the set H; as a union of n monomial sets, where
Hy = (W - HE") U (Urgai i NJ7 - H 09 U (Uiaggen N - Hiy ™),
Define the outer-term of H lL ,ifd““ to be the one that is dotted or multiplied by it. For
example W% is the outer-term of Hf f_di’l. Here, H IL ,i_di”“ is the set of all monomials
in W, Ny, ..., N, not including N; that are of total degree L;—d; ; and does not contain
the outer-terms of any of Hff_di’l, . Hf,i:fi’k’l. For example, if dy; = 2,dyo = 2
and dy3 = 1, then using variables W, N;, N3 where N, is constant, we have Ly = 3
and Hy = W2 - {W, Ny, N3} UNZ - {W, Ny, N3} UN3 - {N2, WN;, WN;, N;N3}. Note
that the second curly bracket does not contain W? (i.e., outer term of the first curly

bracket) and the third curly bracket does not contain W2 nor N7 (i.e., the outer-terms

of the first and second curly brackets).

. Form the set H; 0w = Ui<j<nfj - Hffdi’j evaluated at W = 1. Note that H; oy is
simply H; with outer-term of every Hf ;_di’j being replaced by f;. Next, form the

monomial set H; ., which is simply H; evaluated at W = 1. After that, form the

n—1+L;

o ) and whose

Macaulay matrix My,, which is a square matrix whose size is (
(i,7) entry is the coefficient of H; () in the expression of H; oy (i) assuming that
N; is a constant. Then, find the resultant Reswy, ., Nii1,...No (f1,- ., fn) Which
equals to the determinant of My,. This resultant is a univariate polynomial in V;

that contains no other N’s.

. Next, form the matrix M ]/Vi7 whose first column is H; ., and its remaining columns
are the remaining columns of the matrix My,. Then, compute its determinant (i.e.,
det(My,)), which has the form Tj fi + Tia f2 + ... + Tin fn to obtain the it" row of
the eliminant matrix. Repeat all previous steps for ¢ = 1,...,n to obtain all entries
of the eliminant matrix as well as all resultants. Then, obtain the Jacobian of the
original polynomial system whose (i, j) entry is f;/ON;. Next, find the determinant

of both the eliminant matrix 7" and the determinant of the Jacobian J.

. If the determinant of My, is 0, use the generalized characteristic polynomial formal-
ism [118] to obtain the resultant. In this case, the resultant is the non-vanishing
coefficient of the smallest power of € in det(My, — €l), where I is the identity matrix

of same size as matrix My,. To find Tj; for j = 1,...,n, form the matrix My, , whose
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first column is H; o and its remaining columns are the remaining columns of the
matrix My, — el. Then, compute its determinant and find the first non-zero coeffi-
cient of powers of € in ascending order, which has the form T}, f; + Tiofo+ ...+ Tinfn

(see the illustrative example in the next section for an example of this scenario).

6. Expand the generating function G(f;(N1,..., N,),..., fo(N1,..., N,)) that is shown

below, around Ny = oo, ..., N,, = 0o to obtain the ¥’s (symmetric sums of the roots).

T(fla--->fn) (fla--->fn)
H? 1ReSN1 Ni—1,Nit1,.. (fh'"vf)

mlam27 - Mn
Z Z Z le-‘rlez—H Nmn+1
: n

m1=0mo=0 mp=0

G(fi,.--, fn) =

The expansion of G is done via performing series expansion of the reciprocal of
each resultant separately then multiplying them along with 7" and J. For exam-
ple, the reciprocal of each resultant can be expanded via MATLAB’s “taylor” com-

mand after performing change of variables N; = 1/x; and expanding around z; =

0. Alternatively, if the resultant is expressed as Resy,,.. n, 1 Ny, N (f15 -5 fn) =
Zz , then
1 1L Plim) (—1)mt?
= — s Plime) = 5 det(A[1 1 my, 1:my)),
Resn, .. Ny NijrpooNe NS o N; () hii'r
1 0 0 0

hiy hagi-1) hagi-2) hak-3)
0 0 hixy Pk

Finally, denote the roots of fi(Ny, ..., N,)fori=1,....nby Mk = [Mk.1, Mk2s - - - Mhen)
for k =1,...,0. The symmetric sum %,,, . m, is given by 22:1 MeiMes - M-
In particular, note that © = X, is the number of complex roots of f;(Ny, ..., N,)
for i = 1,...,n with general coefficients. It is important to record that number.

1-dimensional system: In the univariate systems where the roots of f(NV) are considered,

the jacobian determinant is simply J = f’(IV), the resultant is f(IV) itself as it is the
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only univariate polynomial in the system, and the eliminant determinant is 7' = 1 as the
resultant when written in the form T3, f(N) implies 733 = 1. Thus the generating function

G = f'(N)/f(N) is consistent with the one mentioned in the univariate section.

2-dimensional systems: In 2-dimensional systems, the two resultants simplify signifi-
cantly and are determinants of Sylvester matrices involving the coefficients of two polyno-
mial inputs. To find the eliminant matrix, a single column in each of the two Sylvester
matrices are modified without changing their determinant to enable us writing the resul-

tants in the form T} f; + Tiaf2 (see the 2-dimensional section).
Assembling F(¥) the function that counts the number of feasible roots

1. Choose a map m(Ny, N, ..., N,) of length © and with independent monomial entries.
Typically, the first entry of m is the constant 1 such monomials are chosen so that
the coefficients of the characteristic equation shown in the following step do not
vanish. Next, let Q(Ny, Ny, ..., N,) = NiNy..., N, and compute the symmetric
matrix S(si,S2,...,s,) = WAW?" where W; = mi(nj1,nj2,--.,0jn) and Ay =

Q(Mi1 — S1,Mi2 — S2, - -y Nim — Sn) 1s a diagonal matrix.

2. The next task is to evaluate the determinant of S(si,ss,...,s,) and write it in

the form det(S(s1,82,...,8,) — M) = (=1)PA° + vg_1(s1,89,...,8,)AO"L + ... +

vo(s1, 82, ...,5,). After that consider the sequence v = [ve(sy, 52, ...,8,) = (—1)°,
Vo-1(81,82, -y Sn)y .-, U0(S1,82,...,5,)] and let V (s, s9,...,5,) be the number of
consecutive sign changes in v. The formula of V(sy, s2,...,5s,) is

—1 — sign(v;(s1, s Sp)Vit1(81, S Sn))

1=

Consider the feasibility domain and think it of it as a box whose 2" vertices compose

of zeros and infinities. Note that v;(m, ms, ..., m,) where my,mso,...,m, € {0,000}
is the coefficient of the highest power of st's52 ... s*n in v;(s1, 59, ..., $,) where k; = 0
when m; = 0 and k; = 1 when m; = oo . Finally, let #(sq, s2, ..., s,) be the number

of infinities that appear in the string si, o, ..., S,. The the expression of F(¥) is

1
F(®) = D G L) (I Iy

51,52,-.,5n.€{0,00}
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Obtaining minimized feasibility conditions

1. Call v;(my,mg,...,m,) where my,mo,...,m, € {0,00} and i = 0,1,...,0 — 1 the

feasibility basis which involves ©2" quantities as feasibility conditions are only depen-
dent on those quantities. Since there are ©2" quantities and each can take a positive
or a negative sign (we neglect the zero case as the values of ecological parameters are

292" sign combinations. Many of those combinations are

never exact), then there are
impossible to occur (empty) for any choice of real ¥. To detect the non-empty sign
combinations, we compute the signs of all the v’s (the feasibility basis) as well as
F (W) for a range of parameters ¥, where each component of ¥ varies independently
in a large domain (say uniformly between —100 and 100 or in any suitable domain)
when parameters are unrestricted. If one or more parameters are restricted, they are
varied in the domains they are defined at. This operation is cheaply computed as it
is evaluation a few functions and not solving systems of equations. After that, we
extract unique sign combinations of the v’s which yield F(¥) > 1 and put them in

a feasibility table (i.e, matrix) whose rows are the signs of the v’s and columns are

the individual feasibility conditions.

. After we obtain the feasibility table, we perform minimization to it. Here we illustrate
a simple minimization technique. If two columns differ by a single sign (in one row),
the two columns are combined into one and an X (or 0) is placed in the row where
there is a single sign difference. We repeat the same process until no two columns
differ by a single sign. After that we go through a single column at a time and iterate
through each quantity in the basis then compute the conditional probabilities that
the quantity takes its correspondent sign given that all remaining quantities have
their correspondent signs. If one or more conditional probabilities are 1, the sign of
one of those quantities may be replaced by X in the table. We then repeat computing
the same conditional probabilities which were 1 but without the X’ed quantity being
part of the calculation. If any conditional probability we repeat the process until no
conditional probability is 1. We then go through all columns and repeat the same
process until it terminates. These are not the only minimization approaches. For
instance, comparing signs of v’s with F'(¥) may reveal to us redundant quantities in

the system (see examples).
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4.4.1 Illustrative Example

Consider the dynamical system that is shown below

dN
d_tl = Ni(r1 + a1 N1 + a12Na + a13N;3 + by N1 Ny),
dN,
e = Ny(rg + ao N1 + aaNa + ass N3 + bo N1 Ns),
dN3
e = N3(rs + as1 N1 + asaNy + assNs + b3 N1 Ny).

To study feasibility, the polynomials that are needed to be considered are f;(Ny, Na, N3) =
71+ a1 N1+ a19N2 +a13Ns+b1 N1 Na, fo( Ny, Ny N3) = 179+ a1 N1+ a2 N+ a3 Ny + by Ny Ny
and f3(Ny, No, N3) = r3+asi N1 +agaNo+az3N3+b3 Ny No. Next, assume that N is constant

and homogenize fi, fo and f3 with a forth variable W as follows:

FNl,l = 7’1W + CL11N1W + CL12N2 + a13N3 + blNlNg,
FN1,2 = T’QW + CL21N1W + CZQQNQ + (123N3 + bQNlNQ,

Fny 3 =1sW 4 agit NiW + asa Na + ags N3 4 by N1 Ns,

Note that the total degree of each of Fi, 1, Fiv, 2 and Fy, 3 (or the total degree of fi, fo
and fs assuming Nj is a constant) is dy; = 1,dy 2 = 1 and d; 3 = 1 respectively. From the
d’s, we compute L; = 1+ Z?:l(dl,i —1) = 1. Now, we form the monomial set H;, which is
a union of three disjoint monomials Hy = Wt . H/{™" UNy 2. H M2 Ny HE 0

where none of these H’s involve N; and each is indicated below in curly brackets:

Wd1,1 X Hllﬁ_dl’l — W {1}7
Nyt Hy = Ny {1

Nyt Hyy T = Ny {1}

. Li—d11 Li—d1,2 Li—d13
Next, form the monomial set Hy o = f1 - Hy U fe- Hiy U fs-His evaluated

at W =1 that is shown below. In addition, form the monomial set H; o which is simply

H, evaluated at W =1 to get

Hl,row = {f17f27f3}
Hl,col = {LNZaNS}
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n—1+L1)

After that, form the Macaulay matrix My, which is a square matrix whose size is ( i

= 3. The (i, 7) entry of the Macaulay matrix is the coefficient of Hj .i(j) in the expression
of Hi ow () assuming that N; is a constant. For example, the (1,2) entry in the matrix is

the coefficient of Ny in f; which is ajs + b1 N7. The matrix My, is shown below:

1 Ny Ns

fi|m +Nann aig+ Niby ags
fo | m2+ Niagr age + Niby ags

fa|rs+ Niasi ass + Nibs ass

Next, form the matrix M J/\h whose first column is Hj ;4w and its remaining columns are the
remaining columns (i.e, columns 2 to 3) of the matrix My, (i.e, replace the first column
of My, whose top header is 1 with the leftmost column which contains the f’s). From
the formula of Hj ;o = coly(My,) + 2?22 col;(Mn,)H1 co1(j), we can see that Hi oy is the
first column of My, added to it a multiple of every other column of My, implying that
det(My,) = det(My, ). This determinant (i.e, det(My, )) can be written as 111 fi + 12 fo +

Ti3f3 where the formulas of T};, T} and T3 are shown below.

T11 = agass — aszaszy — Niagsbs + Niagsbs
Tyo = ai3ase — aizass + Niaisbs — Nyassby

T3 = a12a23 — a13G22 — N1a13b2 + N1a23b1

Upon substituting fi, fo and f3 into 111 f1 + Tiofo + Ti3f3 and simplifying the expression
(or evaluating the determinant of the matrix My, directly), we have the formula of the
resultant Resy, v, (f1, f2, f3) = ZZ:O h(lJl)N{l which is a polynomial of degree 2 in N; and
contains no Ny’s nor N3’s. The three coefficients of the resultant h( 2), h(1,1) and k) are

shown below. Notice that none of the coefficients contain any of the N'’s.

h(1,2) = a13a21b3 — ai1az3bs + ay1assby — ayzaziby — aziazsby + aszas by
h(l,l) = (11022033 — (11023032 — Q12021033 + Q12023031 + 13021032 — (13022031 — A13b27T3
+ a13bsra + agzbirs — agsbsry — assbiry + assbery

h(l,(]) = Q1202373 — Q1302273 — Q1203372 + Q1343272 1 (2203371 — (2303271
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Next, assume that N, is constant and homogenize f;, fo and f3 with a forth variable W

as follows:

FN271 = 7’1W + CL11N1 + a12N2W + CL13N3 + blNlNg,
FN2,2 = ?“QW + a21N1 + CLQQNQW + a23N3 + bQNlNQ,

FN273 = TgW + CL31N1 + aggNQW + a33N3 + nglNQ,

Note that the total degree of each of Fi, 1, Fiv,2 and Fy, 3 (or the total degree of fi, fo
and f; assuming N, is a constant) is do1 = 1,ds 2 = 1 and dy 3 = 1 respectively. From the
d’s, we compute L, = 1+ Zf’:l(dg,i —1) = 1. Now, we form the monomial set Hs, which is
a union of three disjoint monomials Hy = 421 -HZLj’fd"”l U N2 ~H2L7§7d2’2 U N2 ~H2L’§7d2’3

where none of these H’s involve N, and each is indicated below:

Wd2’1 X H;ﬁ_dz’l — W {1}’
NP Hy = Ny {1

Ny Hy 5 = Ny {1}

Next, form the monomial set H o = fi - Hﬁ_d“ U fy- Hié_dw U fs- H2L7§_d2’3 evaluated
at W =1 that is shown below. In addition, form the monomial set Hj ., which is simply

Hy evaluated at W =1 to get

H2,r0w - {f17f27f3}
HQ,COI = {LNlaNS}

n—1+L2)

After that, form the Macaulay matrix My, which is a square matrix whose size is ( i

= 3. The (i, j) entry of the Macaulay matrix is the coefficient of Hj .i(j) in the expression
of Hy,ow () assuming that Ny is a constant. For example, the (1,2) entry in the matrix is

the coefficient of Ny in f; which is a;; + Naby. The matrix My, is shown below:

1 N, Ns

fi|m+ Naarz ain + Noby ags
fo | T2+ Naags a9 + Noby  ags
fs | rs + Naasa asi + Nabs  ass
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Next, form the matrix M ]’V2 whose first column is Hs o, and its remaining columns are
the remaining columns (i.e, columns 2 to 3) of the matrix My, (i.e, replace the first
column of My, whose top header is 1 with the leftmost column which contains the f’s).
Again, from the formula of Hy oy = coly(My,) + 2322 col;(Mn,)Hs.co1(j), we can see that
Hj oy is the first column of My, added to it a multiple of every other column of My,,
implying that det(My,) = det(M,). This determinant (i.e, det(M},)) can be written as
To1 f1 + Toa fo + T3 f3 where the formulas of T5y, Ty and T3 are shown below.

Th1 = ag1ass — aszasy — Naaggbs + Naagsbo
Ty = ai3as; — arnass + Naaisbs — Naassby

Ths = annags — ai3az; — Naagzbe + Naagsby

Upon substituting fi, fo and f3 into T f1 + T fo + To3f3 and simplifying the expression
(or evaluating the determinant of the matrix My, directly), we have the formula of the
resultant Resy, n, (f1, f2, f3) = ZZ:O h(27l2)N£2 which is a polynomial of degree 2 in N, and
contains no Ni’s nor N3’s. The three coefficients of the resultant hs ), h(2,1) and (s are

shown below. Notice that none of the coefficients contain any of the N'’s.

h(2,2) = a13022b3 — 120233 + a12a33b2 — a13a3200 — a22a33b1 + a23a32b;
h(2,1) = 1103032 — (11022033 + Q12021033 — Q12023031 — A13021032 + A13022a31 — A13baT3
+ a13bsra + agsbirs — azsbsry — assbiry + assbary

h(z,o) = Q1102373 — Q1302173 — 1103372 + Q1303172 + 2103371 — (2303171

Next, assume that N3 is constant and homogenize f;, fo and f3 with a forth variable W

as follows:

FN3’1 = T1W + CL11N1W + CL12N2W + CL13N3W2 + blNlNQ,
FN3,2 = TQW + a21N1W + CLQQNQW + CZ23N3W2 + b2N1N27

FN373 = 7"3W + (IglNlW + &32N2W + CL33N3W2 + nglNQ,

Note that the total degree of each of Fi, 1, Fiv,2 and Fy, 3 (or the total degree of fi, fo
and f; assuming Nj is a constant) is ds31 = 2,ds 2 = 2 and d3 3 = 2 respectively. From the

d’s, we compute L = 1+ Zf’:l(dg,i —1) = 4. Now, we form the monomial set Hs, which is
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: L . Ly—d d Ly—d d Ls—d
a union of three disjoint monomials Hz = W41 H 3™ U N2 - Hy5 2 U N> - Hy5 ™ ™®

where none of these H’s involve N3 and each is indicated below in curly brackets:

L3—d31

Wdsa . H371 - W?2. {W2,WN1, W Ns, N1N27N127N22}7
N2 H5 % = N2 {W Ny, WNy, NNy, N2, N2},

Ny Hyy ™ = N3 - {W Ny, W Ny, NiNo, N3}

Next, form the monomial set Hj 0w = fi - Hﬁ_d:’”l U fy- Hig_d3’2 U fs- H;g_dg"g’ evaluated
at W =1 that is shown below. In addition, form the monomial set Hj ., which is simply

Hj evaluated at W =1 to get

HB,rOW = {flalebN?flaNlNQflaN12f17N22f17le27N2f27N1N2f27N12f27N22f27N1f37
Nofs, N1Nafs, N3 f3}
H3,Col - {17N17N27N1N27N127N227N137N12N2)NEN27N;laNfN227N1N227N237N1N237N§}

n71+L3)

After that, form the Macaulay matrix My, which is a square matrix whose size is ( o

= 15. The (7, j) entry of the Macaulay matrix is the coefficient of Hj ..i(j) in the expression
of Hj,ow () assuming that N3 is a constant. For example, the (1,2) entry in the matrix is

the coefficient of N; in f; which is a;;. The matrix My, is shown below:

1 g N Ny Ny N2 N2 N} N2N, N¥}N, N} N2NZ NN Ni NN} N}
fi |71+ Naag an ara by 0 0 0 0 0 0 0 0 0 0 0
NMfi 0 7y 4 Nsags 0 1o an 0 0 b 0 0 0 0 0 0 0
Nafy 0 0 r1 + Nzaz an 0 a2 0 0 0 0 0 by 0 0 0
Ny Nafy 0 0 0 1+ Nsars 0 0 0 an 0 0 b az 0 0 0
NZf 0 0 0 0 71 4 Nsays 0 an  ap by 0 0 0 0 0 0
Nify 0 0 0 0 0 4+ Nz 00 0 0 0 an  ap b0
Nifs 0 To + Naags 0 a2 an 0 0 by 0 0 0 0 0 0 0
Nafo 0 0 7o + Naags an 0 an 0 0 0 0 0 b, 0 0 0
NNy fo 0 0 0 7o 4+ Naags 0 0 0 ay 0 0 b a0 0 0
N2 f, 0 0 0 0 7y + Naags 0 axn  ag by 0 0 0 0 0 0
N3 fo 0 0 0 0 0 Ty + Nsagy 0 0 0 0 0 as  am by 0
Nifs 0 73 4+ Naazs 0 az as 0 0 by 0 0 0 0 0 0 0
Nafs 0 0 73 + N3ags as 0 asa 0 0 0 0 0 by 0 0 0
NiNafs 0 0 0 73 + Naass 0 0 0 axn 0 0 b azz 0 0 0
N2fs 0 0 0 0 0 r3+ Nsazz 0 0 0 0 0 as  asy by 0

From columns 10 and 15 which are all zeros, we can see that the determinant of the matrix

My, is zero. Therefore, the resultant substitution is the non-vanishing coefficient of the
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smallest power of € in det(My, — €l15) where I15 is the identity matrix of size 15. Next,
form the matrix M}, whose first column is given by Z]lil colj(My, — eli5)Hpycol(§) =
Hj 10w — €H3 oo and its remaining columns are the remaining columns (i.e, columns 2 to 15)
of the matrix My, — ely5. From properties of determinants, det(My,) = det(My, — el15)
as the first column of Mj, is the first column of My, — €l15 added to it a multiple of every

other column of My, — el;5 which does not alter the value of the determinant.

1 N N, NiNs N2 N NP NN, NiN, Ni NNZ NN} N} NN} N

fi fi—e apn a2 by 0 0 0 0 0 0 0 0 0 0
Nifi Ny fi — Nie 1+ Niayz — € 0 a2 an 0 0 by 0 0 0 0 0 0 0
Nofy Nofi — Nae 0 r1 4+ Nyajg — € an 0 a2 0 0 0 0 0 b 0 0 0
NNy fy | NiNofi — NiNae 0 0 71+ Nyays — € 0 0 0 an 0 0 by as 0 0 0
Nif Nifi — Nie 0 0 0 r1 + Nyaj3 — € 0 apn Qe b 0 0 0 0 0 0
Nify N2fi — NZe 0 0 0 0 r1+ Nsag3 —e 0 0 0 0 0 ap by 0
N fa Nifo— ]\17136 ro + N3ags 0 (% as 0 —€ by 0 0 0 0 0 0 0
N fy Nofy — IV]Z;‘VQE 0 ro + Niags Qs 0 g9 0 —€ 0 0 0 23 0 0 0
NiNofo | NiNafs — N3 Ne 0 0 rs+ Nyags 0 0 0 an — 0 b am 0 0 0
Nifs Nifs— Nie 0 0 0 r9 + Niags 0 ay G by —e 0 0 0 0 0
N3fa | N3fy— NiNse 0 0 0 0 T2 + Naags 0 0 0 0 —e ay  ap by 0
Nifs Ny fs — NiN3e r3 + N3ass 0 a3z asz 0 0 bs 0 0 0 —e 0 0 0
Vo f3 Ny fs — Nje 0 r3 + N3ass a1 0 asy 0 0 0 0 0 bs —€ 0 0
NiNafs | NyNy f3 — NiNje 0 0 r3 + Naass 0 0 0 an 0 0 b3 ase 0 —€ 0
N2fs | NZf— Nie 0 0 0 0 rtNsas O 0 0 0 0 aym am by —e

The determinant of the matrix above can be computed and the coefficient of the low-
est power of € can be extracted. Alternatively and for easier computation, let My, be
the matrix M 1’\,3 but whose first column is Hj o instead of Hg,ow — €H3c01. Note that
det(My,) # det(My;,), however the first non-zero coefficient of powers of € in ascending
order € in det(My, ) is exactly the first non-zero coefficient of powers of € in ascending order
in det(My,). This can be proven by expanding det(M},) along the first column. After
evaluating det(My, ), we find that the first non-zero coefficient of powers of € in ascending

1

order is the coefficient of € (i.e, coefficients of €2, €' and €° are all zero). This coefficient,

which acts as a substitution to the resultant, can be written as 731 f1 + T3 fo + T33 f3 where

T3y, T3o and T3z have the following form.

T3 = (a12ba — ageby)(ai1bs — asiby)(r1 + Nsais)(ts11 + tas1.ny N1+ ta1,8, No + a1 8, V3
+ 31,8, Ny N1 N2 + 31, 8, Ny N1 N3 + E31, 8, vy No N3 + t317N§N32 + t31,8, NyNs N1 N2 N3)
T30 = (a12by — ageby)(a11bs — as1by)(r1 + Nsaqs)(tse,ny N1 + a2, v, No + 32 8, v, N1 N2

+ tao.ny Ny N1 N3 + 32 8, Ny N2 N3 + T30 8, Ny Ny N1 N2 N3)
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T35 = (a12bs — ageby)(ai1bs — asiby)(r1 + Nsais)(tss vy N1+ ta3.n, No + 33 5, N, N1NV2

+ tag,ny Ny N1 N3 + 33 Ny vy N2 N3 + t33 8y Ny N N1 N2 N3 )

The t’s are polynomials in model parameters (i.e, the r’s, a’s and b’s) and their expressions
are too large to display here. However, for illustration purposes, closed form expressions

for t31 Ny NyNg» 32,8, NoNs a0d E33 Ny N, N, aTe shown below

2 2 2 2 2
131,N, No N3 = a12a21a23b1b3 - G13(121a2251b3 + G12G316L3351b2 - a13a31a3261b2 + a21a22a33b1b3
2 2 2
- 021a23a325153 - a22a31a33b162 + CL23CL31G325152 — 12021 033010203 — a12a93a31b1D2b3
+ a13a21a32b102b3 4 a13a92a31b1b203
t = b3 b3 by b2 by b2 b2h
32,N1 No N3 = (2203103307 — (2303103207 — 4110120230103 + G110130220103 — @110220330703
2 2 2 2 2
+ a11a23a320703 + a12a23a310703 — a13a22a310703 — a12a31a3307b2 + a13a31a320702
+ a11a12a33b1b2b3 — a11a13a32b102b3
t = b3 b3 by b2 by b2 b2b
33,N1Na N3 = (2102303207 — A21G22a3307 — A11G12a330105 + A11013A320105 — A12021 0230703
2 2 2 2 2
+ a13a21 220703 + a11a22a330702 — a11a23a320702 + a12a21a33D702 — a13a21 0320702

+ a11a12a23b102b3 — ay1a13a2201b203

Upon substituting fi, fo and f3 into T fi1 + T fo + To3f3 and simplifying the expression
(or finding the coefficient of € in the determinant of the matrix My, directly), we have
the formula of the resultant Resy, n, (f1, f2, f3) = 2?3:0 h(37l3)N§3 which is a polynomial of
degree 4 in N3 and contains no N;’s nor Ny’s. The coefficients of the resultant hs 4), h(33),
h(z,2), hes) and hs o) are too large to display here and can found via any symbolic toolbox.
After finding the resultants, we evaluate T'(f1, fo, f3) (i.e, the determinant of the eliminating
matrix) as well as J(f1, fa, f3) (i.e, the determinant of the Jacobian of fi, fo and f3) which

are shown below:

Ty T Tis ay + Noby  ajp + Niby a3
T(f1, fo, f3) = |Toy Too Tosls  J(f1, fo, f3) = |ags + Noby  asg + Nibs o
T3 T30 Ti3 asi + Naobs azy + Nibs  ass

Let Res(Nl7]\,2,]\/3)/N1 = Resn,, Ny, Res(v,, vy, ny) /N, = Resy, v, and Res(N17N2,N3)/N3 = Resn, n,-
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Next, expand the generating function G(f, fa, f3) around Ny = 0o, Ny = oo and N3 = oc.
Since the three resultants are univariate polynomials in a single variable, we can ex-
pand their reciprocal individually using MATLAB’s taylor command upon substituting
Ny =1/z,Ny =1/y, N5 = 1/z or via the following expression

1 1 O Plamy) (—pmtt :
= — 7m?, P(i,m; Zm—,detAil:mi,lzmi R 221,2,3
ReS(Nl,NQ,NS)/Ni NiKl ' T;I N ) h(i,ZKi) ( [ D
1 0 0 0
hirky hiagi-) k-2 k-3
where A; = 0 h(i7Ki) h(i,Ki—l) h(i7Kl——2) o, =123

0 0 hiwy k-1

Here, A;[1:m;, 1 :m,] is the sub-matrix of A; that contains its first m; rows and columns.

After obtaining both series expansion of the resultant reciprocal, multiply the result by

T(f1, fa, f3)J(f1, fa, f3) to obtain

o T(f17f27f3)J(f17f27f3) o 20,0,0 21,0,0
G(flaf?:fS)_ = + 3
ReSNl,Nz(fla f2>f3)ReSN1,N3(f1a 2, fS)ReSNz,Ng(fl,an f3) N1N5N3 NiNyN3
20,1,0 Z0,0,1 E1,1,0 Z1,0,1 20,1,1 E2,0,0 20,2,0
TNNEN, T TNNNZ T NINEN, T NINGNE T NN T NPNGN; | NGNEN, |

Without factorization, expressions of some of the »’s can extend to multiple pages. The
expression for some of the lower X’s are shown below where ¥; ; , = Egj,k / Efj’k is written

as a fraction of two polynomials.

U _
E0,0,0 =2

D _
E0,0,0 =1

U
21,0,0 =a11023032 — (11022033 + A12021433 — Q12023031 — 113021032 + Q13022031 + A13b2T3 — A13b372
—ag3birs + agsbsry + assbire — assbary

D
Z1,070 =a13a21b3 — ai1ag3bs + ar1assby — a13a31b2 — asiaszsby + aszasiby

U
20,10 =011023032 — Q11022033 + Q12021033 — Q12023031 — A13021032 + A13022031 — A13bar3 + 130372
+ag3b173 — ag3bzry — azsbire + azsbory

D
20,170 =a12a23b3 — a13a22b3 — a12a33b2 + A13a3202 + a22a33D1 — az3a3201
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Since Xo 00 = 2, then the system f;(/N1, N2, N3) = 0 for i = 1,2, 3 has exactly 2 complex

and g = [773,17773,2]T~
N1 Ny N3 and compute

;M2 = 2,1, 720]"
Choose a map m(Ny, Ny, N3) = [1, Ny]* then, let g(Ny, No, N3) =

roots. Denote to these roots by 1y = [n1.1, 71.2]"

S(s1, s2,83) = WAW" where Wi; = my;(n1,5, 12,4, m3,;) and Ay; = q(n1,,—S1, 12, — S2,1)3,i—S3)

is a diagonal matrix as follows.

1 1
W:

i Mo

A = diag[(ni1 — 51) (21 — 52) (31 — 53), (M2 — 51)(M2,2 — 52)(M32 — 53)]

S(Sl, So, 83) = WAWt

Note that Spmn = 05175475 1 + 05 on5ans o for k,m,n = 0,1,2,.... The components of

the symmetric 2x2 matrix S are shown below:

S11(81,82,83) = X111 — 201151 — 210152 — 211053 + 20015152 + L0105153 + L1005253 — 2515253

S12(81,82,83) = Xa11 — L1151 — 220152 — 221053 + 21015152 + 21105153 + L2005253 — 2100515253

= 52,1(81732, 83)

S.2(81,82,83) = X311 — Ma1151 — 230152 — 231053 + 22015152 + 22105153 + 13005253 — 2200515253

The characteristic equation of the matrix S is det(S(s1, S9,53)) = A% + v1(s1, S92, 53)A +

vo(s1, 82, 83). The coefficients of the characteristic equation evaluated at (si,s2,s3) =

{(0,0,0), (00, 0,0), (0, 00,0), (o0, 00, 0), (0,0, 00), (00,0, 00), (0, 00, ), (00, 00, 00) } are dis-

played below. Note that v;(my, mg, m3) where my, ma, mg € {0,00} is the coefficient of

k1 k2 k3

51'85°85° in v;(s1, S2, 53) where k; =0 if m; =0 and k; =2 — i if m; = oo for j = 1,2, 3.

Ul(O,O O) — Y111 — 2311, UO(O,O O) —2311—1‘21112311
01(00,0,0) =011 + X211, v0(00,0,0) = 2%11—1—20112211
v1(0,00,0) =X1 01 + X30,1, 9(0,00,0) = — 3 1 + X101 8301
v1(00,00,0) = — o010 — X201, vp(00,00,0) = — 57 o1 + So,0,152,0,1
v1(0,0,00) =X11,0 + X310, 10(0,0,00) = — 22 10+ S11,083,1,0
v1(00,0,00) = — ¥g1,0 — X210, 1p(00,0,00) = — 571 5+ Lo1,052,10
v1(0, 00, 00) = — 21,00 — 23,005 vp(0, 00, 00) = 200—1‘21002300
v1(00,00,00) =X900 + 2, vo(00, 00, 00) = E%OO—FZZQOO
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Let V(a,b,c) be the number of consecutive sign changes in [1,v(a, b, ), vo(a, b, ¢)] where

a,b and c are either 0 or co. The formula of V' (a, b, ¢) is shown below

1 - Sign(vl <a7 bv C)) + 1 - Sign(vl ((l, b; C))Sign<v0(a7 ba C))

V(a,b,c) = 5 5

where a,b,c € {0,000}
From the V’s, we can find the formula of the number of feasible roots of f;(N1, No, N3),
fo(N1, No, N3) and f3(Ny, Na, N3) which is given by F(¥) = (V(0,0,0) — V(c0,0,0) —
V(0,00,0) —V(0,0,00) + V (00, 00,0) + V (00,0, 00) + V (0, 00, 00) — V (00, 00,00)) /4. Let
us consider the parameter W = (ry, 13,73, a11, @12, G413, A21, A22, A23, 431, A32, A33, b1, ba, bg) =
(0.5,—1.5,—-0.5,0.5, —1.5,—0.5, as, 2.6, =5, —0.5, —10, 1,0.2, —0.1, b3) where the parame-
ters ag € [—7,—1] and b3 € [1.5,5] are restricted, we find that feasibility (i.e, F'(¥) > 1)

can only be satisfied under the two condition that are shown below:

v1(0,0,0) : =, v9(0,0,0): —,  01(00,0,0): +,  wp(00,0,0) : +,

v1(0,00,0) : X, v9(0,00,0) : —,  v1(00,00,0) : —,  wp(00,00,0) : +,
v1(0,0,00) : +,  19(0,0,00) : —,  v1(00,0,00) : —,  vp(00,0,00) : +,
v1(0,00,00) : —, p(0,00,00) : —, v1(00,00,00) : 4, (00, 00,00) : +,
v1(0,0,0) : =, v9(0,0,0): —,  ©1(00,0,0) : 4,  v9(00,0,0) : +,

v1(0,00,0) : +,  v(0,00,0) : 4+, v1(00,00,0) : X, wp(00,00,0): —,
v1(0,0,00) : +,  v(0,0,00) : 4+, v1(00,0,00) : —,  wp(00,0,00) : —,
v1(0,00,00) : —, vp(0,00,00) : —, v1(00,00,00) : +, v(00,00,00) : +,

When we plot the sign of each of the quantities (i.e, the v;’s) in the two conditions above,
we find that feasibility is satisfied if any of the following four conditions hold: v1(0,0,0) <
0,v0(0,0,0) < 0, v1(c0,0,0) > 0 or vy(c0,0,0) > 0 which are equivalent to each other in
the domain prescribed by W. Note that these four inequalities are shared among the two
conditions described above. In addition, note that the simplest inequality among those
(i.e, with lowest symmetric sums) is v1(00,0,0) > 0. In the next plots, we plot the sign of
v1(00,0,0) and verify that it matches the feasibility region given by F'(W¥) which verifies

the correctness of our methodology.
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a21

a,,

Number of feasible roots

Orange region: #of feasible roots = 1
White region: #of feasible roots = 0

3

Sign of v ; (00,0,0)

Orange region: positive sign
White region: negative sign

3

Figure 4-2: The top figure shows the number of feasible roots F' in Lotka-Volterra model
with simple higher-order terms where (11,729,713, a11, a1a, @13, a2o, o3, as1, G32, ass, by, by) =
(0.5,—-1.5,-0.5,0.5,—1.5,-0.5,2.6, =5, —0.5, —10,1,0.2, —0.1,), as; € [-7,—1] and b3 €
[1.5,5]. The bottom figure shows the sign of v1(c0, 0,0) with the same model and parameter
values and ranges. Both figures confirm that F' > 0 when v;(00,0,0) > 0. Simulations
done via solving the isocline equations numerically and checking for the feasibility of roots
match the two figures displayed here.
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4.4.2 Application: 3-Species with Higher-Order Interactions

Consider Lotka-Volterra model with higher-order interactions that is shown below:

dN
d_tl = Ni(r1 + a1 N1 + a12Na + a13N3 + by NoN3),
dN,
e = Ny(rg + ag N1 + aaNa + ass N3 + bo N1 N3),
dN3
e = N3(rs + as1 N1 + asaNy + assNs + b3 N1 Ny).

To study feasibility, the polynomials that are needed to be considered are f;(Ny, Na, N3) =
71+ a1 N1+ a19N2 +a13Ns+b1 No N3, fo( Ny, Noy, N3) = 179+ a1 N1+ a2 N+ as Ny + by Ny Ny
and f3(Ny, No, N3) = r3+asi N1 +agaNo+az3N3+b3 Ny No. Next, assume that N is constant

and homogenize fi, fo and f3 with a forth variable W as follows:

FN1,1 = T1W2 + CL11N1W2 + a12N2W + CL13N3W + b1N2N3,
FN1,2 = 7’2W + a21N1W + GQQNQ + &23N3 + nglNg,

FN173 = TgW + a31N1W + CL32N2 + 0,33N3 + nglNg,

Note that the total degree of each of Fi, 1, Fiv, 2 and Fy, 3 (or the total degree of fi, fo
and fs assuming Nj is a constant) is dy; = 2,dy 5 = 1 and d; 3 = 1 respectively. From the
d’s, we compute L; = 1+ Z?:l(dl,i —1) = 2. Now, we form the monomial set H;, which is
a union of three disjoint monomials Hy = Wt . H{™" UNy 2. H 52U N HE 0

where none of these H’s involve N; and each is indicated below in curly brackets:

Wdl,l . Hllﬁ_dl’l = W2 . {]-}7
Ny HEY ™8 = Ny - {W, Na, Ny},

N;Lg . Hﬁé_dl’s — N3 . {VV, Ng}

Form the monomial set Hi,ow = f1 - Hﬁ_dl’l U fo - Hié_dl‘Q U fs - Hﬁé_dl’g evaluated at
W =1 that is shown below. In addition, form the monomial set H; ., which is simply H;

evaluated at W =1 to get

Hl,row = {f17f27f2N27f2N37f37f3N3}
Hl,col = {15N2>N227N2N37N37N32}
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n—1+L1)

After that, form the Macaulay matrix My, which is a square matrix whose size is ( i

= 6. The (i, 7) entry of the Macaulay matrix is the coefficient of Hj .i(j) in the expression
of Hi ow (%) assuming that N; is a constant. For example, the (3,2) entry in the matrix is

the coefficient of Ny in Ny fy which is r9 + Njag;. The matrix My, is shown below:

1 Ny N3 Ny N3 N3 N2
Ji |7+ Nan a2 0 b ais 0
fa |72+ Niag 22 0 0 a3 + N1ibs 0
JaNo 0 T2+ Niagr  az  azs + Nibs 0 0
J2N3 0 0 0 a2 r2 + Niag1  ags + Niby
f3 |73+ Niagi aszp+ Nibs 0 0 ass 0
VENE 0 0 0 aszs+ Nibs r3+ Nias a33

Next, form the matrix M J/\h whose first column is H; ;4w and its remaining columns are the
remaining columns (i.e, columns 2 to 6) of the matrix My, (i.e, replace the first column
of My, whose top header is 1 with the leftmost column which contains the f’s). From
the formula of Hj ;o = coly(My,) + 221:2 col;(Mn,)H1 co1(j), we can see that Hy oy is the
first column of My, added to it a multiple of every other column of My,, implying that
det(My,) = det(M}, ). This determinant (i.e, det(My, )) can be written as T11 fi +Tiafo +

Ti3 f3 which is shown below

2 2
T11 =aga(agzass — aznass + Niagsbs + Niazaba + Nibabs)
Tio = — 2 -N 2 by — N 2,b; — N? b2 — Nlajgbob? — 2
12 =a22(a12023032033 — 130230359 1a13a39b2 3a22a33b1 1a13a23b3 1a13babs — ai2a22a33
+a13a22a32a33 + a23a32b173 — azzaszzbire + Niajzaszaszsbs + Niaizassassbs — 2N1a13a23a32b3
+Niai2a32a33b2 — N1aziazaaszbr + Niasszasiazebr + Nyaszazaazzbr + Niagsbibzrs + Niasabibars
2 2 2 2 2
—Niagzbibsra + Niaiz2azzbabs — 2N7 a13a3202b3 — Ny az1a33b1b3 + Ny azzaz1b1b3 + Nyaziazabibs
3 2 2
+N1 a31blbgb3 + Nl b1b2b37’3 + N1N3a23a3361b3 + N1N3a32a33b1b2 + Nl N3a33blb2b3)
Ti3 = — 2 as3 — N 2,bs — N3a2sa39b1 — N? b2 — N3ajab2bs — 2
13 =022(012022023033 — 13059033 1a12a33b3 305303201 1a12a32b3 1a12b3b3 — a12a33a32
+a13a22a23a32 — a22a23b173 + azeaszzbira + Niajzaznagsbs + Niajaazaszzbs — 2N1aj2a23a32b2
2
+Niaizaazebs + Niaziassazsby — Niagsaszaziby + Nzagaassaszby — Niagobibars — N1N3aj3b1b3
—2N? bobs + N? bobs — N? biby — N2 Nyagob b2 — NP N3bib2bs + Ny N bib
1 a12a23b2b3 + Ny a13a22b2b3 Ta22a31b1b2 1 N3azab1b3 1 N3b1b3b3 + N1N3az2a33b1b2

—2N} N3agsazabiba — 2N7 N3agsbybabs)
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Upon substituting fi, fo and f3 into Ty fi + T12fo + T13f3 and simplify the expression, we
have the formula of the resultant Resn, n,(N1) = ZZ:O h(iyNi* which is a polynomial
of degree 5 in N; and contains no Ny’s nor N3’s. The six coefficients of the resultant

h,5), M4y, - - - ha,0) are shown below and none of them contain any of the N’s.

h(175) :aggaub%bg

h(1,4) =a22b2b3(2a11a23b3 — a13a21b3 + 2a11a32b2 — a12a31b2 + az1az1by + babsry)

h(13) =a22(a11a33b5 + a11a3,b5 — a13a21a23b3 — a12a31a32b5 — azzaz; biba — a3,assbibs — a12bibsrs
—a13bab3ra + 2a23bab3r1 + 2a30b3b3r1 — 2a11a22a33b2bs + dariassasababs + arpaz assbabs
—2a12a23a31b2b3 — 2a13a21a32b2b3 + a13a22a31b203 + az1a23a3101b3 + az1a31a32b1b2 + a21b1b2bsr3
+a31b1b2b372)

h(1,2) :a22(a%3537“1 + a%ngﬁ + 2a11<123a:2:,252 - a13a21a§2b2 + 2a11a%3a32b3 - alza%3&31b3 — a22a23a§1b1
—a31a32a33b1 — a13a23b3T2 — a12a32b373 — 2a11a22a93a33b3 + a12a21a23a33b3 + a13a21a20a33b3
—2a13a21a23032b3 + a13a22a23a31b3 — 2a11a22a32a33b2 + a12a21a32a33b2 + a12a22a31a3302
—2a12a23a31a32b2 + a13a22a31a3202 + az1a22a31a33b1 + az1a23a31a32b1 — 2a12a23b2b373
+a13a22b2b3rs + az1a23b1b3r3 + a12a33b203r2 — 2a13a32b20372 + az1a3201b273 — 2a22a31b1b273
—2a21a33b1b372 + a23a31b1b37m2 — 2a22a33b20371 + 4aszaszababary + aziazabibars + bibabsrars)

h(1.1) =a22(a11a35033 + A11a33a3) — A12021022033 — A13021A23055 — 412033031032 — Q13055031033
—a12a§3b3r3 — a13a§2b27“2 + 2&23(1%21)27“1 + 2&%3&32()37"1 — a22b1b2’l“§ — a33b1b37“% + a32b1b2r2r3
—2a11022023032033 + A12021023032033 + A12022023031033 + 1302122032033 + A13022023031032
+a13a22a23b373 + a12a22a33bor3 — 2a12a23a32b273 + a13a22a32b213 + a12a23a33b32 + a13a22a33b372
—2a13a23a32b372 + as1a22a33b173 + as1a23a32b173 — 2a22a23a31b173 + a12a32a33bar2 — 2a22a23a33b371
—2ag1a32a33b172 + a2a31a33b172 + agzaziazebire — 2az2a32a33bar1 4 a23b1b3rars3)

h(1,0) =022(r1a55053 — a13a39a337'3 — 271 A22A23032033 + A13022A230327°3 + A12022A2303373 — b1a22a2373
+a13a22a32a3372 — a12a22a§3r2 + bragaaszrors + r1a§3a§2 - a12a%3a32r3 - a13a23a§2r2

2
+aigaz3a32a3372 + biaggasarars — biazgassr;)

Next, assume that N, is constant and homogenize fi, fo and f3 with a forth variable W

as follows:
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FN2’1 = 7"1W + CL11N1 + CL12N2W + CL13N3 + b1N2N37
FN2,2 = T2W2 + CL21N1W + a/22N2W2 + CL23N3W + b2N1N37

FN273 = 7"3W + aglNl + (I32N2W + (1,33N3 + nglNg,

Note that the total degree of each of Fi, 1, Fi,2 and Fy, 3 (or the total degree of fi, fo
and f; assuming N, is a constant) is do1 = 1,ds 2 = 2 and dy 3 = 1 respectively. From the
d’s, we compute L, = 1+ Z?Zl(dg,i —1) = 2. Now, we form the monomial set H,, which is
a union of three disjoint monomials Hy = 421 -HQLj’*d"”l U N2 -HZL;*dQ’Q U N2 'HQL’?;dQ’S

where none of these H’s involve N, and each is indicated below:

Wt 2~ = W (W, Ny, Ny},
N{** - Hy3 ™% = N7 {1},

Ny« Hy3 ™* = Ny - {Ny, N3}

Next, form the monomial set Hs ow = f1 HQLj_dz’l U fo - HQLj_d“ U f3- HQL;_dz’B evaluated
at W =1 that is shown below. In addition, form the monomial set Hj ., which is simply

H; evaluated at W =1 to get

Hyvow = {f1, f1N1, fiN3, fa, fsN7, f3N3}
HQ,col = {17N17N37N127N1N37N§}

After that, form the Macaulay matrix My, which is a square matrix whose size is (”_TLI_JEL?)

= 6. The (i, 7) entry of the Macaulay matrix is the coefficient of Hj .i(j) in the expression

of Hy,ow (i) assuming that Ny is a constant. The matrix My, is shown below:

1 N, N3 N N1 N3 N3
Ji |1+ Naag ar a3 + Noby 0 0 0
J1N1 0 r1 + Naarz 0 an a1z + Naby 0
JiN3 0 0 r1 + Naarz 0 a aiz + Naby
Ja | 2+ Naags a21 23 0 ba 0
J3N 0 r3 + Naass 0 az + Nabs ass 0
J3N3 0 0 13 + Naass 0 az1 + Nabs as3
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Next, form the matrix M ]’VQ whose first column is Hs o, and its remaining columns are
the remaining columns (i.e, columns 2 to 6) of the matrix My, (i.e, replace the first
column of My, whose top header is 1 with the leftmost column which contains the f’s).
Again, from the formula of Hy oy = coly(My,) + 2?22 col;(Mn,)Hs.co1(j), we can see that
Hj oy is the first column of My, added to it a multiple of every other column of My,,
implying that det(My,) = det(M,). This determinant (i.e, det(M},)) can be written as
To1 f1 + Too fo + T3 f3. The expressions of Ty and Th3 are too large to be displayed here,

however, their forms are shown below:

To1 =to11 + tor vy N1+ to1 Ny N + to1 Ny N3 + to1 Ny Ny N1N2 + t21,N22N22 + to1, Ny Ny N2 N3 + 7521,1\151]\/3l
+t21,NgN3N23N3 + t21,N23N23 + t21,N22N3N22N3 + ?521,1\/11\731]\71]\75l + t21,N1N§’N1N§) + t21,N1N22N1N22
Tyy =(r1 + Naarz)(ar3a31 — ar1ass + Noarsbs + Naagiby + N3bibs)(aizass — ariass + Noaisbs
+ Npagiby + N2bibs)
Toz =tog Ny N1 + oz Ny N3 + oz Ny vy N1 No + ta3 Ny Ny Na N3 + t23,N1NgN1N§ + t23,N1N22N1N22

a3 NAN; Ny N3 + t23,N§N3N23N3 + t23,N22N3N22N3

Again, the t’s are polynomials in model parameters (i.e, the r’s, a’s and b’s). For illustration

purposes, closed form expressions for ¢9; n, and ta3 y, are shown below:

2 2 2 2
lo1,N, =A1101302303; — A1302103; — (71023031033 + Q1113021031033 — 110130310273 + a11a31a33b271

3 2 2 2 2 2
L3 N, =Q71G23033 + Q11073021031 — G71A130210A33 — A71G13023031 + a11a13bz7"3 - a11a33527’1

Upon substituting fi, fo and f3 into T fi + Too fo + Tosf3 and simplify the expression, we
have the formula of the resultant Resy, n,(N2) = 2?2:0 (2.1, N5> which is a polynomial
of degree 6 in N, and contains no N;’s nor N3’s. The seven coefficients of the resultant

h2,6), M25), - - - h2,0) are shown below and none of them contain any of the N’s.

2,2
h(2,6) =a12a22b7b3
o5y =a12b2D3 2, a3 b2 b2b2 2 bib3 b2bs + 2 b2b 2, ag2b1bob
(2,5) =Q12071037T2 — a79A2301035 + a2207037T1 + 2a12a130220103 — @12a21a3207103 + 2a12022a310703 4 415032010203
2 2 3 2 2 2 12 272 2 2
h(2,4) :a12a13a22b3 - a12a33b2b3 - a12a13a23b3 + alzazzaglbl + b1b37’17"2 - a12a21a31a32b1 - a11a12a32b1b2
2 bob 2 b1bs — 2a? b1b 2 b1by + 2 by b2 b2b
+a75a130320203 + a75021a330103 — 2075023310103 + a750310320102 + 2a12a13010372 — A12a21070373
-2 by b2 2 by b2 2 b2bsre — b2b 2 b2%b 2 b1bob
a12023010371 + 2013022010371 + 2012031070372 — 421032070371 + 2022031070371 + a7501020373

—2a11a12a22a33b1b3 + a11a120230320103 — 2a12a13021a32b1b3 + 4a12a13a22031b1b3 + 2a12a3201020371
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2 2 3 2 2 2 12 2 12 2 2
h(273) :2a12b1b2b37’11"3 — a12a23a31b1 - a12a31a33b2 + a13a22b37’1 + a12a31b17“2 + a22a31b1r1 — a23b1b3r1
2by +2 2b 2 bs + 2a12a0° b 2 b
—@1101201303502 + 2012G1302203101 — Q1207302103203 + 201207302203103 + A1107502303303
2 by — 2a° b 2 b 2 b 2 b
+a7501302103303 — 207501302303103 + A1107503203302 + A1501303103202 + G12021031A3301
2 b2 b2 b2 2, a13b2b 2,b1b 2,a3101b
—2a120130230371 — 120210310773 — (210310320771 + A75013020373 — G11035010271 + A75A31010273
—3a2,a33b2b b1babsr? + 2a,3b1 b3 — ag b2b 2a31b%b —2 b
(19033020371 + a3201020377 + 241301037172 — A2107037173 + 203107037172 41101201302203303
2 12
+a11a12013023a32b3 + 11012021032a33D1 — 2011012022031033b1 + a11a12a23a31a32b1 + a12a73b572
—2a12a13021a3103201 + 11012023010373 — 2a12013021b1b373 — 2a11a12a32b1b273 — 2a11G12a33b1b372
+4a12a13a31b10372 + 2a12013a3202b371 — 2a11a22a33b1b371 + a11a23a32b1b371 + 2a12a21a33b1b371
—4a12a23a3101b371 — 2a13a21a32b1b371 + 4a13a22a31b10371 + 2a12a31a3201b271
h o 2 2 2 2 2 2 b 2 b b 2
(2,2) = — (2307101232033 + (22071Q12033 + A23011072A31033 — 421011072033 1+ 0201107203373 1 A21a3301037]
+a23011012013031032 — 2022011012G13031033 + A21011012013032033 — 2baa11a12a13a3273 + b2b1b3T%T3
—2r2a11a12a13a33b3 + G23011012013b373 — 2r2a11a12a31a33b1 + G23G11012031b173 4+ 2b2a11a12a32a337T1
2 2
+as1a11a12a33b173 + 2a23a11 01203303711 — bzanawbﬂ"g - 526111&13(1327‘1 + ag3a11a13a32b371
—2a92011a13a33b371 + G23a11a310320171 — 2a00a11a31a33b171 + az1a11a32a330171 — 2b2a11a32017173
-2 bib bib — 2 2 2 bya? — 3bya?
7201133010371 + A2301101037173 — 23075013031 + A21A75013031033 + 0207501303173 207903103371
2,02 2 2 2. a31b 2.0 2 2b1+2b
+a22a12a73053; — G21012073031032 + 212012a7303103 — A21A120730373 + 2721201303101 + 202012013031aA3271
2
—2az1a12a13a31b173 — 4as3a12a13a31b371 + 2a21a12013a33b371 + 2b2a12a13037173 — 202301203, 0171
+2 biri + 2b b —3b bsr? + 2a90a35a31b371 — a21a75a32b3r1 + roalsb3
421012031033017T1 2012431017173 212a33037T7 2207134310371 — A21A7130320371 T 27130371
2 2 2 2
+2ag2a13a5,b171 — 2a21a13a31a320171 + 4raa13a3101b371 4 baai3asz2bar] — 2a21a13b1b3r173 — aszaizbsyry
2 12 2 2 2
+roa3,;b7711 4 baasiazabiry — azias1b7rm173 — 2a93a31b1b377
2 2 3 2 2 2 2 2 2 2 2 2
h(gyl) =a12a7303,72 — a33b2b3ry + al1a12a5572 + a71a22a5371 + A7302203,T1 — G23a5,D0177 — 2a11012a21 05571
9 2 2 2 2 2 boy2
—201201302303171 — A12A7302103173 — A71A12A230A337T3 — A713A21A31A3271 — A711A230A320A3371 — A11A12A13027T'3
bsr? bar? — 2 byr? bor? — 3 bor? bor?
+a11a23a330377 + 4130210330377 (130230310377 + 0110320330277 120310330277 + Q130310320277
bir? — a25a01b 2a13a3,b 2a2,a31b bibory 12 bobsr?
+ag1a31a3301T7 — a13A21037173 + 2a13a3,1017172 + 2073031037172 — @1101027173 + G1302037773
+a3lblb27‘f7“3 + a11a1201302103373 + A11A1201302303173 — 201101201303103372 + 201101202303103371
+0a110130210320337T1 — 2G11013022031033T1 + 11013G2303103271 + 2012G1302103103371 + A11013023b37173
+2ay1a12a33b27173 — 2a11013032027173 + 2a12a13031b2r173 — 2a11a13a33b37172 + a11021a33017173
+ai1az3a31b17173 — 2013021a31017173 — 2a11031033b17172
h .2 2 2 _9
(2,0) =T20710A3371 — G230A71A337173 T2@11@13031A3371 + A23011A134317173 1+ A21A11A13A337173
—b2a11a137"17‘32, + 023011a31a337"f — azlaua%grf + b2a11a33r%r3 + 7"211%3(1%17”1 - a21a%3a317"17‘3

2 9 2 2 3
—@930130317] + G210130310337] + baai3a317173 — baagiassry

Next, assume that N3 is constant and homogenize f;, fo and f; with a forth variable W:
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Fng1 =W 4 a11 N1 4 a12Ny 4+ a13NsW + by No N3,

Fny o = oW + agi Ny + ag Ny + azs NsW + by N1 N3,

Fpys = r3W? + agt NiW + ago NoW + azgzNsW? + b3 N1 No,
Note that the total degree of each of Fi, 1, Fiv, 2 and Fy, 3 (or the total degree of fi, fo
and f3; assuming Nj is a constant) is d3; = 1,d3» = 1 and ds 3 = 2 respectively. From the
d’s, we compute L3 = 1+ Zi’:l(dgﬂ- —1) = 2. Now, we form the monomial set Hj, which is
a union of three disjoint monomials Hy = W41 -H;i_d3’1 U N8 -H;g_d3’2 U s -H;g_d3’3

where none of these H’s involve N3 and each is indicated below:

Wd3,1 . H?{::]B-*d:i,l — W . {V[/, Nl,NQ},
Nvlcl&2 'H3L,;_d3’2 = Ni- {va N2}>

Ng¥* - Hyy ™™ = N2 {1}

Next, form the monomial set Hs 0w = fi - Hng_ds’l Ufy- H;g_d?”Q U fs- Hig_d3’3 evaluated
at W =1 that is shown below. In addition, form the monomial set Hj ., which is simply

Hj evaluated at W =1 to get

HS,row = {f1>f1N17f1N27f2N17f2N27fS}
Hj e = {1, Ny, No, Ni, Ny No, N3}

After that, form the Macaulay matrix My, which is a square matrix whose size is (”71+L3)

n—1

= 6. The (i, 7) entry of the Macaulay matrix is the coefficient of Hj .0i(j) in the expression

of Hj,ow () assuming that N3 is a constant. The matrix My, is shown below:

1 N, Ny N? NN, N2
Ji |7+ Naags a1 aiz + N3b 0 0 0
iy 0 r1 + Nsais 0 a a2 + N3by 0
J1N2 0 0 r1 + N3ag3 0 ai aip + N3b;
JaN1 0 T2 + N3ags 0 a1 + N3by 22 0
falNo 0 0 T2 + N3aos 0 as1 + N3by a9
f3 |3+ Niass as as2 0 bs 0
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Next, form the matrix M J/V3 whose first column is Hj o, and its remaining columns are
the remaining columns (i.e, columns 2 to 6) of the matrix My, (i.e, replace the first
column of My, whose top header is 1 with the leftmost column which contains the f’s).
Again, from the formula of Hj 0y = coly(My,) + 2?22 col;(Mn,)Hs.co1(j), we can see that
Hj oy is the first column of My, added to it a multiple of every other column of My,
implying that det(My,) = det(M},). This determinant (i.e, det(M},)) can be written as
T3, f1 + Tsofo + Ts3f3. The expressions of Ty and Ths are too large to be displayed here,

however, their forms are shown below:

T31 =t311 + ts1 v, N1+ t31 8, Vo + t31 Ny N3 + t31 8, Ny N1N3 + 31, 8y v, N2 N3 + t31,N§N§ + t317N§’N§)
‘1'7531,1\[1NglNlj\féL + t31,N1N§’N1N§) + t31,N1N§N1N32 + 7531,1\/21\/3?]\72]\7:‘3;3 + t31,N2N§N2N32 + t31,N§}N§1

T3y =t3z.n, N1 + taz2,n, N2 + a2, 8,5, N1 Ns + tsg v, n5 N2 N3 + o v, s N1NG + tag v, vz N1 VS
+t32,N2N§1N2N§L + t32,N2N§N2N§ + t32,N2N§N2N§

T3 =(r1 + N3aiz)(a12a21 — ar1ags + Naiaby + Nsaziby 4+ Nibibo)(a12a21 — a11az: + N3aizhy
+N3agiby + Nibiby)

Again, the t’s are polynomials in model parameters (i.e, the r’s, a’s and b’s). For illustration

purposes, closed form expressions for ¢3; n, and t35 y, are shown below:

2 2 2 2
131,N; =A11012051032 — Q15051031 — (71021022032 + A11012021022031 — 110120210372 + a11a21a220371

_ .3 2 2 2 2 2
32, N, =@71G22032 + Q11075021031 — A71A12021032 — A7;A12022031 + a11a12b37’2 - a11022b37’1

Upon substituting fi, fo and f3 into 731 f1 + T3z f2 + T33f3 and simplifying the expression,
we have the formula of the resultant Resy, n,(N3) = 2?3:0 h(3.15) N3* which is a polynomial

of degree 6 in N3 and contains no N;’s nor Ny’s. The seven coefficients are shown below

272
h(s,6y =a13a33bib;
his.s) —arsb2birs — aZassbibd + agsbdbirs +2 bib3 + 2 b2b b2y + aZyazsbibob
(3,5) =a130710573 — a73a320105 + 433670571 + 2a120130330105 + 2a130210330102 — @13a230310702 + 413023010203
2 2 2 2 3 2 2 | 1212 2 2
h(3,4) =aisa13a33b5 — a12a73a32b5 — aj3a22b2b3 + a1zaz,a33by + bybsrirs — aizaziazzasiby — ar1a13a33b1b3
2 2 2 2 2 2
+ai2a73a23b2b3 + ajzaz1az3bibz — 2a73a21a3201b2 + ajzaz2a31b1b2 + 2a12a13b1b573 + 2a13a21b7ba13
2 2 2 2 2 2
+2a12a33b1b571 — a13a31b7b2r2 — 2a13a32010571 + 2a21a33b7b271 — azaz1bibary + ajzb1babsro

—2a11a13a22a33b1b2 + ar1a13a23a32b1b2 + 4ajaaizasiassbiba — 2a12a13a23a310102 + 2a13a23b1b2b3ry
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h(,s)

h(s,2)

hs,1)

h(s,0)

2 2 2 2 3 2 12 2 2 2 2 2 2
:(112013[)27"3 — a13a21a32b1 — algaglangg + a13a21blr3 + a12a33b27’1 + a21a33b1r1 — (132171627’1
2.b 2 b 2 b 2 by +2 2 b
—@1101201305303 + @1107302202303 + 1207302102303 + A11A7302203202 + 20120130571 A3301
—2a1202 b 2 by + 242 by —a? b 2 b
(1207302103202 + A1207302203102 + 2075013021a3302 — 7501302303102 + A7302102203101
—2a bir, — biry — b2 2 bobary — 2.b1b 2, a21D1D
120130320571 — (130210310772 — A21G230310771 + A12a730203T2 — G1105301037T1 + A73A21010372
—3a2;a20b2b b1babsr? + 2a,12b1 b3 2a21b%b — az1 b3b -2 b
13022020371 + 2301020377 + 241201057173 + 202107027173 — 3107027172 (1101201302203302
+a11a12013023a32b2 — 2a11013021022033b1 + A1101302102303201 + a11a13a22023a3101 — 2612013021 02303101
—2a11a13a22b1b273 + 4a12a13021b1b273 — 2a11a13023010372 + 2a12a13023b2b371 4+ a11a13a3201b272
—2a12013a31b1b212 4 2a13a21a23b1b371 — 2a11a22a33b1b271 + a11a23a32b10271 + 4ai2a01a33b1bary
—2a12a23a3101b271 — 4aq3a21a32b1b271 + 2a13a22a3101b271 + 2a13b1 62031172
2 2 2
=a33a71013059 — (3207101322023 — 2033011A12013021022 + A32011012G13021023 + A31011012013022023
2
—273a11a12a13022b2 — 2b3a11a12a1302372 + A32a11012013b272 — 2a33G11012022b271 — b3a11a12a23r1
+ b 2 — 202, +b 2 -2 b
32011012G230271 + A32G11A73021022 — 431311073059 + 0301107302272 T301101302102201
2
+a32a11a13a210172 4 203011013G2202371 + A310110130220172 + 2a32011G130220271 — b3a11a13b1r2
—2a33011021 0220171 + 32011021 023b171 + a31a11022a23b171 — 273a11022010271 — 2b3a11023b171 72
bib 2 2 2 2rga® b 2 a13b 2a33a25a21b
+a32a1101027172 + 33079013051 — A31A75013021023 + 2307501302102 — A310750130272 + 2033075021027
2 b 2 b2 2 2 2 b 2 ) 2 b
—Q31a7502302T1 + 130750571 — A32012G73051 + G31012073021G22 + 03A1207302172 + 2r3a1201305101
+2b3a12a13a21a2371 — 20310120130210172 — 4a32a12a13a210271 + 2a31a412a130220271 + 2bzai2a13b27172
2 2 2 2
+2a33a12a5, 0171 — 2a310120210230171 + 4r3a12a21b1b2r1 4 b3ai2a23b2r] — 2a31a12b1b271 72 — aszaa12b577
2 2 2 2 12
—3b3ai3a21a2271 — 2a32G1305, 0171 + 2a31a13021 220171 + 2b3a13a21b17172 — 3b3ai3a2bary 4 305,071
b byr? — b? -2 by bar? b1bar? + bbybyr?
+03a21a23017] — A31aA2107T1T2 32021010277 + @31G22010277 + 0301027172
2 2 3 2 2 2 2 2 2 2 2 2
=@a711A1305973 — a22b2b37"1 + 71901309173 + a711099A337T1 + A190910A3371 — a21a32b1r1 — 2a11a13a22a31r1
9 2 2 2 2 2 bar2
—401201309103271 — A19013021G03172 — Q7101302203272 — (1502102303171 — A7102202343271 — 110412413037y
bsr? bsr? — 3 byr? bor? — 2 bor? bor?
+a11a22a2303T7 + G12021G23037T] 130210220371 + G11A22032027] 120210320277 + Q120220310277
bir? 4 2a19a2,b 2a2,a91b —a2,a31b — ay1b1byryr2 bobsr?
+a21a22a310177 + 2012051017173 + 2075021027173 — A15031027172 — G1101037175 + G1202037172
2
+a21blb37‘17“2 — 2011612013021 02273 + A11012013021G32T2 + G1101201302203172 — 2011012621 02203371
+a11012021023G3271 + G11012022023031T1 + 201101302102203271 + 2012G1302102203171 — 2011012022021 73
—2a11a12a23b37172 + 2a11013022b37172 + 2a12a13021b37172 — 2a11021022017173 + a11012a32b271 72
+a11a21a32b17172 + a11022a31017172 — 2a12021031b17172
_ 2 2 2 ) b 2
=T307105971 — A32071A22T172 — 273011A1202102271 + A32011A120217172 + A31A1101202271T2 — 03A11G127175
2 2 .2 2 2 2 2 2 .2
+a3201102102277 — 43101105977 + 36110227172 + 730790571 — 310750217172 — A32012051 7]

2 2 3
+as1a12a21a227] + b3ai2a217772 — b3asiagery
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After finding the resultants, we evaluate T'(f1, fa, f3) (i.e, the determinant of the eliminating
matrix) as well as J(f1, f2, f3) (i.e, the determinant of the Jacobian of fi, fo and f3) which

are shown below:

Ty Tip Tis al aiz + N3b1 aiz + Nyby
T(fr, fa, f3) = Ty Toy Toz|>  J(f1, f2, f3) = |az + Nsby 22 ag3 + Niby
T3 T3 T33 asi + Nobs  aga + Nibs ass

Obtain the series expansion of the reciprocal of each resultant individually then multiply

the results by T(fh f2) f3)J(f17 f27 f3) to obtain

G(fl f2 f3) _ T(f17f27f3)J<f17f27f3) _ 2070’0 n 21,0,0
o Resn, v, (f1: f2, f3)Reswy ng (i, fo, f3)Resny vy (f1, fo, f3) - NiNaNg - NEN2Nj
20,10 ¥0,0,1 Y110 Y101 0,11 20,0 20,20

Without factorization, expressions of some of the ¥’s can extend to multiple pages. The

D

ik 18 written

expression for some of the lower ¥X’s are shown below where ¥, ; , = Egj,k /3
as a fraction of two polynomials.
2OU 0,0 =9

E(1)300 =1

U
21 0.0 :a13a21b3 - 2Cl11612353 - 2G1la3zb2 + a12a31b2 - CL216L3151 - b2b37”1

D
E1 0.0 =a11b2bs3

U
20 1.0 =a12a23b3 - 2613612253 - a12a3262 + a21a32b1 - 2CL226L3151 - b1b37”2

D
EO 1.0 :&nglbg

U
20 0.1 :a13a3262 - 2a12a33b2 - a13a2363 - 2<121ll3351 + CL236L3151 - 51527”3

D
EO 0.1 :aggblbg

2?1 0 =aua12a§217§ + G21G22G§15% + a11a13a22a23b§ - a11a21a§261b2 - a12a22a§1b1b2
+2a11012022a3302b3 — A1101202303202b3 + A11013022a3202b3 + 2011021 a22a3301b3
+a110220230310103 — A130210220310103 + 4a11a22a31a3201b2 — 4ar1abbabsrs
+ay1a3201b20375 + ageazibibabsry

D 2
21 1.0 :anazzblbzbg

Observe that Resn, v, (f1, f2, f3) is a polynomial of degree 5 in N; only and thus cannot be
solved analytically. Similarly, Resn, n,(f1, fo, f3) and Resn, v, (f1, f2, f3) are polynomials
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of degree 6 i in Ny and N3. Note that the roots of the three resultants, upon appropriate
pairing of roots of each of them, are the roots of the system f;(Ny, No, N3) = 0fori =1,2,3.
From Abel’s impossibility theorem, since it is impossible to solve for the roots of a quintic
or higher degree polynomials in terms of radicals, then the roots of any of the resultants are
unattainable analytically which implies that the system f;(/N7, Na, N3) = 0 cannot be solved
analytically. Since X0 = 5, then the system f;(Ny, Na, N3) = 0 for i = 1,2, 3 has exactly 5
complex roots. Denote to them by 1 = 911,712, -,715]7, M2 = [M2.1,M2.2, - - -, M25)" and
M3 = 131,732, --,N35]" . Choose a map m(Ny, No, N3) = [1, N1, N1 Ny, Ny N3, Ny No N3 7.
Note that if we choose a lower order map such as m(Ny, No, N3) = [1, Ny, No, N3, N1 No|7,
one or more coefficients of the characteristic equation of S that will be shown in the
following pages will vanish; thus a higher-order map is needed. Next, let Q(Ny, Ny, N3) =
N;NyN3 and compute S(sq, s2,53) = WAW?' where W;; = m;(n1j,12,5,1s,;) and Ay =

QM — S1,M2,; — S2,M3,; — S3) is a diagonal matrix as follows.

1 1 1 1 1
1,1 M2 .3 1,4 M5
W= 1721 T1,272,2 T,372,3 T1,472,4 M,572,5

m,173.1 11,2732 11,3713.3 11.,473,4 MN1,573,5

MaN21M3,1 112722732 713723733 11,472,4734 71,572,573,5

A = diag[(n1,1 — 51)(n2,1 — 52) (M1 — 83), - -+, (M5 — 51)(M2,5 — 52) (M35 — 83)]
S(Sl, S9, 53) = WAWt

Note that Xy .0 = n’f’lngflng"l + n’fgn%ngg +.. 4+ 7]’1“,57]’27:‘5773’5 for k,m,n=0,1,2,.... The

components of the symmetric 5x5 matrix S are shown below:

Y110)83 + X1

S1.2(51, 52, 53) =(—X100)515253 + L1015152 + 21105153 + (—2111)51 + L2005253 + (—2201)S2

Y110)818283 + 1115182 + 21208183 + (—121)81 + L2105283 + (—Xa11) 82

)

)
Y910)83 + Xo11 = S21(s1, S2, S3)

51,3(81,82, 83) = )

)

—3990)S3 + 221 = S3.1(81, 2, 53)
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$15253 + 21025152 + 21115153 + (—X112) 51 + Lo015253 + (—2a02) 52

( )

+(—2911)83 + X212 = Su1(51, S2, S3)

S15(51, 52, 83) =(—2111)515253 + L1125152 + D1215153 + (—X122)51 + Lo115253 + (—2212)52
+(—X221)83 + X922 = S51(51, S2, 53)

So.2(51, 52, 53) =(—X9200) 515253 + 2015152 + 22105153 + (—2211)51 + L3005253 + (—X301)S2
+(—2310)83 + Zana

S2.3(51, 52, 53) =(—2210)515283 + La115152 + 205153 + (—X221)51 + X3105283 + (—2311)52
+(—2X320)53 + X321 = S32(51, S2, S3)

So.4(51, S2,3) =(—2201)515253 + L2025152 + Lo115153 + (—2a12)51 + L3015253 + (—X302) 52
+(—X311)83 + X312 = Sa2(81, S2, S3)

So.5(515 52, 53) =(—2211)515283 + La125152 + Bo215153 + (—X222)51 + Xg115283 + (—2312)52
+(—2321)S3 + Y32 = 55,2(51, 52, 83)

Ss.3(51, S2, 53) =(—2220) 515253 + L2215152 + Lo305153 + (—2a31)51 + L3205253 + (—2321)52
+(—Xs30)83 + Yzt

S3.4(81, S2,83) =(—2211)515253 + L2125152 + L9215153 + (—2a22)51 + L3115283 + (—X312) 52
+(—2X321)53 + X322 = Su3(51, S2, S3)

Ss5(51, S2,53) =(—2221)515253 + L2225152 + Lo315153 + (—Xa32)51 + L3g215253 + (—2322)52
+(—X331) 53 + X332 = S5,3(51, 52, 53)

Sya(51,52,53) =(—X902)515253 + 035152 + 125153 + (—2213)51 + L3025253 + (—Xs03)S2
+(—2312)83 + Xaus

Sy5(51, 52, 83) =(—2a212)515253 + L2135152 + Lo225153 + (—Xa23)51 + Lg125253 + (—2313)S2
+(—X322) 83 + X323 = S5.4(51, 52, 53)

S55(51, 52, 53) =(—X922) 515253 + 22235152 + 2325153 + (—X233)51 + Lg205253 + (—s23)S2
+(—332) 53 + 333

The characteristic equation of the matrix S is simply det(S(sy, 2, 83)) = A+v4(s1, 52, 53) A1+
v3(81, S2, 83)A3 + va(s1, 89, 83) A% + vi(s1, 52, 83)A + vo(S1, S2, 83). The coefficients of the

characteristic equation need to be evaluated at (si, sq,s3) = {(0,0,0), (00, 0,0), (0, 00, 0),
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(00, 00,0),(0,0,00), (00,0,00),(0,00,00), (00,00,00)}. Note that v;(mq,ms, m3) where
my, ma, ms € {0,00} is the coefficient of s¥'s52s53 in v;(sy, 89, 53) where k; = 0 if m; = 0
and k; = 5 — ¢ it m; = oo for j = 1,2,3. Since some of these 40 quantities are large,
we will omit writing them. Next, let V'(a,b, ¢) be the number of consecutive sign changes
in [1,v1(a,b,c),vo(a,b,c)] where a,b and ¢ are either 0 or co. The formula of V(a,b, c) is

shown below

1 —sign(v4(a, b, c)) n 1 —sign(v4(a, b, ¢))sign(vs(a, b, c)) n 1 —sign(vs(a, b, c))sign(ve(a, b, c))

Via,be) = : : :

o L—sign(va(a, b, c))sign(vi(a, b,c)) | 1 —sign(vi(a, b, ¢))sign(vo(a, b, c))
2 2

where a,b,c € {0,000}

From the V’s, we can find the formula of the number of feasible roots of fi(Ny, No, N3),
fa(N1, No, N3) and f5(Ny, Na, N3) which is given by F(¥) = (V(0,0,0) — V(c0,0,0) —
V(0,00,0) —V(0,0,00) + V (00, 00,0) + V (00,0, 00) + V (0, 00, 00) — V (00, 00,00)) /4. Let
us consider the parameter W = (ry, 79,73, a11, @12, G413, A21, 22, A23, 431, A32, G33, b1, ba, bg) =
(1.5,—1.5,—1.5,2,—1.5, —1.5,a91,2, —1.5,—1.5, —1,1, 1, —1, b3) where the parameters ay; €
[1,6] and b3 € [2,5] are restricted. We find that feasibility (i.e, F'(¥) > 1) is described
by the signs of the vy’s. In particular, if any of the conditions below is satisfied, feasi-
bility is guaranteed, which is evident from plotting any of the quantities below (except

19(0,0,0) < 0 (see below).

v0(0,0,0) <0 vp(00,0,0) <0, v(0,00,0) >0, vy(c0,00,0) >0

v0(0,0,00) > 0, wvp(00,0,00) >0, v(0,00,00) <0, wvg(00,00,00) <0

When we plot F(¥), we find that in some regions, some non-integer values between 0
and 2 are output due to numerical error or m(Ny, Na, N3) having lower order monomial
maps. However, we rectified the error quickly via assigning non-integer values to their
closest integers. After the rectification process, we obtained a feasibility domain plot that
matches the one obtained from simulations (i.e, counting the number of feasible equilibrium
points via solving the isocline equations numerically). There was no need to perform any
numerical corrections when we plot the sign of vy(0, 00, 0) or any of the 8 inequalities above
(except v9(0,0,0) < 0) and we see that it matches the feasibility domain as shown in the
plots in the following page. When we plot vy(0,0,0) < 0, its shape has clearly the shape

of the feasibility domain but has errors that are rectifiable.
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Number of feasible roots
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Figure 4-3: The top figure shows the number of feasible roots F' in Lotka-Volterra model
with higher-order interactions where (ry,ry, 73, a11, @12, a13, @, 23, Az, sz, ass, b1, by) =
(1.5,-1.5,—1.5,2,—1.5,—-1.5,2, —1.5,—1.5,—=1,1,1,—1), as; € [1,6] and b3 € [2,5]. The
bottom figure shows the sign of vy(0, 00,0) with the same model and parameter values
and ranges. Both figures confirm that £ > 0 when vy(0, 00, 0) > 0. Simulations done via
solving the isocline equations numerically and checking for the feasibility of roots match
the two figures displayed here.
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Sign of vo(0,0,0)

Figure 4-4: The figure plots the sign of v4(0,0,0) in Lotka-Volterra model
with higher-order interactions when (71,749,735, G11, @12, @13, 22, Go3, A31, A32, A33, b1, be) =
(1.5,—1.5,—1.5,2,—1.5,—-1.5,2,—1.5,—1.5,—=1,1,1,—1), as; € [1,6] and b3 € [2,5]. The
shape of the figure matches the shape of the feasibility domain, yet suffers from errors.

4.5 Discussion

Feasibility conditions can be obtained analytically by solving the isocline equations for
species abundances N* = (Nj, N5, ..., N*)T before imposing the positivity condition
N* > 0. This approach works well for LV model, whose isocline equations is the lin-
ear system T + AN* = 0 and whose feasibility conditions are given by N* = —A~'r > 0
[18, 106, 119]. However, when the isocline equations have five or more complex roots,
the system of polynomial equations cannot be solved analytically. This is a consequence
of Grobner elimination theorem combined with Abel’s impossibility theorem [112-114].
Specifically, from the elimination theorem, in any system of polynomial equations which
has © complex roots and n variables, any n— 1 variables can be eliminated from the system
to obtain a univariate polynomial with the remaining variable of degree at least ©. The
roots of this univariate polynomial are all the correspondent coordinates of the roots of
the isocline equations [114]. This is a generalization of Gaussian elimination, which can

eliminate any n — 1 variables from the system leaving a single linear univariate polynomial
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in the remaining variable to be solved [120]. However, from Abel’s impossibility theorem,
it is impossible to solve a univariate polynomial in terms of radicals (i.e., analytically)
[112, 113] if this polynomial has five or more roots. For instance, this number of roots is
quickly reached by adding Type III functional responses to a 2-species LV model or adding

higher-order interactions to a 3-species LV model [81].

In this work, we have proposed a general formalism to analytically obtain the feasibility
conditions for any multivariate, polynomial, population, dynamics model of any dimensions
without the need to solve for the equilibrium locations. We found that feasibility conditions
are entirely functions of symmetric sums of the roots of the isocline equations. Unlike the
location of the roots, which cannot be obtained analytically, symmetric sums of the roots
can be obtained for any polynomial system regardless of order and dimension. We have
also created an analytical formula of the number of feasible roots in the system, which
are functions of signs of ©2" quantities (i.e., the v’s evaluated at the feasibility box whose
coordinates compose of zeros and infinities). We have shown how to create a feasibility
table (i.e., matrix) whose columns are the individual feasibility conditions of the model.
We have then provided a minimization process that can combine feasibility conditions
into fewer ones and remove redundant quantities. Of course, the expressions involved
in the inequality are complicated, nevertheless, they can be significantly simplified by

sophisticated factorization.

Additionally, we have shown how to provide feasibility conditions under parameter re-
strictions. We have shown that by restricting parameters, the feasibility domain can be
described by a single inequality only. In recent years, the topic of feasibility has been
focused on relationships between parameters while maintaining feasibility [61]. Using sim-
ulations (i.e., solving for the location of the isocline equations numerically then checking
for the feasibility of roots) one can plot the feasibility domain for one, two, or three pa-
rameters at most while fixing the remaining ones. However, it is impossible to generate
a four-dimensional plot that the human eye can capture. Also, it is impossible to find
an analytical expression of the feasibility domain using numerical simulations. Of course,
someone can find an approximate formula of the feasibility domain, nevertheless, there is no
unique formula and different approximations may lead to different interpretations of how
parameters are linked while maintaining feasibility. Following our proposed methodology,

we can determine mathematically how any number of parameters are linked by describ-
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ing polynomial inequalities that are functions of those free-parameters while maintaining
feasibility: a task that is impossible to perform with simulations. This is an important
property to consider in ecological modeling given that mathematical expressions are fre-
quently formed assuming that parameters are independent of each other. However, once
one imposes mechanisms or constraints, such as feasibility, these parameters can be linked

and break the conclusions based on independent parameters [101].

Our methodology provides a fast method for plotting feasibility domains, computing the
number of feasible roots, and displaying feasibility conditions. For example, for our 3-
species example with higher-order interactions, plotting the feasibility domain by solving
the isocline equations numerically using the software package PHCLab [93] took more
than 1.5 hours to compute the number of feasible points with 2¢ trials. Instead, using
our methodology (and code which involves a naive implementation of our methodology
without parallelization), it took less than 11.5 minutes to run the analysis, and a few
seconds to plot the feasibility domain for different ranges of the free parameters using the
same number of trials. Moreover, when we change the ranges of our free parameters as;
and bs, we only need a few seconds to run our code, whereas we need to repeat the entire
1.5 hours with the traditional numerical technique. With a clever implementation of the
methodology and parallelizing the code (since the entire methodology can be parallelized),
a faster computation of the feasibility domain/conditions and links between parameters

can be achieved.

One significant drawback of the methodology is that it requires the handling of large
symbolic expressions. Thus, careful implementation is required to run a successful code
using the presented methodology. For example, when we created the generating function G,
we did not multiply the determinant of the eliminant 7" and the determinant of the Jacobian
of the isocline equations J, divided them by the product of all resultants, and took the series
expansion of the final polynomial quotient. Instead, we took the series expansion of each
resultant reciprocal separately, wrote T'J as multivariate polynomial in species abundances,
found the coefficients of each term, and multiplied it by a single appropriate term in
the series expansion of each resultant reciprocal to find the ¥’s. However, it is always
possible to handle such large expressions as the entire methodology can be parallelized.
The second drawback of the methodology is its susceptibility to numerical errors. In our

3-species application example, our code gives as output non-integer values of the number
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of feasible roots in the system. Nevertheless, in our example we rectified it quickly by
assigning non-integer values to their closest integers (see section 4.4.2). Remember that
the methodology requires only checking signs of large symbolic expressions, and we do
not need them to be computed accurately. Nevertheless, such quantities can be computed
more accurately by following several techniques such as increasing precision of numeric
calculations. Similarly, cancellation errors can be reduced by combining positive numbers
and negative ones together, and then performing a single subtraction. Round-off and
truncation errors can also be avoided when ratios are computed. For example, instead of
computing (10% — 10°1) /10 by computing (10%° — 10%!) then dividing the result by 109,
it is better to add 10°/10% = 1 with —10°'/10% = —10 as the latter reduces round-off
errors in large computations [121]. Of course, there are other techniques to reduce such
errors, nevertheless, it is important to think about numerical errors in the implementation

process.

In sum, the contribution of this theoretical work is that it provides a foundation for impor-
tant ecological concepts such as species coexistence, stability, and permanence. Indeed, it
has been shown that the existence of a feasible solution is a necessary condition for persis-
tence and permanence in dynamical models of the form dN;/dt = N; f;(N)/q:(N) [41, 51].
Similarly, it has been proved that this type of models cannot have bounded orbits in the
feasibility domain without a feasible free-equilibrium point [41]. In fact, we cannot talk
about asymptotic or local stability without the existence of a feasible equilibrium point
[115]. Hence, coexistence, stability, or permanence domains are subsets of the feasibil-
ity domain and their conditions are effectively the feasibility conditions obtained in this
work plus some added conditions. Thus, this work unlocks the opportunity to increase our

systematic understanding of multispecies coexistence.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

Lotka-Volterra (LV) models have been a pillar in the field of ecology [18, 30]. Yet, these
models are first-order approximations that do not fully encapsulate the complex dynam-
ics of ecological systems, such as the existence of multiple equilibria or alternative states
[33, 49, 81]. This is attributed to the fact that the number of free-equilibrium points of
LV models is always one regardless of the dimension of the system, making it a limited
yet tractable model [53]. Recent work has shown that higher-order terms in population
dynamics models can increase stability, promote diversity, and better explain the dynamics
of ecological systems [43-46]. While it has been speculated that these perceived benefits
come from an increasing number of alternative solutions given by the nature of multivari-
ate polynomials, this mathematical advantage had not been formally quantified. In the
Chapter 2 of this thesis, we have developed a general method to quantify the mathematical
consequences of adding higher-order terms in ecological models based on the number of
free-equilibrium points that can emerge in a system. These equilibria can be feasible or un-
feasible as a function of model parameters. For a generic choice of parameters, the number
of free-equilibrium points is independent of model parameters. Thus, this number (which is
parameter-free) is a suitable measure of modeling complexity and advantages for LV mod-
els with higher-order interactions since higher-order parameters are seldom restricted (or
known). We have applied this method to calculate the number of free-equilibrium points

in LV dynamics analytically. While it is known that LV models without higher-order in-
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teractions have only one free-equilibrium point regardless of the number of parameters
[53], we find that by adding higher-order terms, this number increases exponentially with
the dimension of the system. Hence, we have shown that the number of free-equilibrium
points can be used to compare more fairly between ecological models. Our results suggest
that while adding higher-order interactions in ecological models may be suitable for pre-
diction purposes, they cannot provide additional explanatory power of ecological dynamics
if model parameters are not ecologically restricted or if results are not compared against
random expectations. That is, our results do not invalidate complex models, but provides

a clear roadmap and best practices for ecological modeling.

Due to the simplicity of LV models, studies have embedded more mechanisms into them
for the premise of adding realism and dynamical richness [11]. Nevertheless, finding a
compromise between tractability and realism has not been easy [77-79]. The introduction
of nonlinear functional responses in 2-species models has reconciled part of this compromise
[10, 11, 35, 48]. However, it had remained unclear whether this compromise could be
extended to multispecies models [72, 81]. Yet, answering this question was necessary to
differentiate whether the explanatory power of a model comes from the general form of its
polynomial or a more realistic description of multispecies systems. In the Chapter 3 of this
thesis, we have studied the probability of feasibility (the existence of at least one positive
real equilibrium) in complex models by adding higher-order interactions and nonlinear
functional responses to the linear LV model. We characterize complexity by the number
of free-equilibrium points generated by a model, a function of the polynomial degree, and
the system’s dimension. We have shown that the probability of generating a feasible
system in a model is an increasing function of its complexity, regardless of the specific
mechanism invoked and whether parameters are restricted or not. Furthermore, we find
that the probability of feasibility in a model will exceed that of the linear LV model when
a minimum level of complexity is reached. Significantly, this minimum level is modulated
by parameter restrictions but can always be exceeded via increasing the polynomial degree
or system’s dimension. These results confirm our results from Chapter 2, showing that
conclusions regarding the relevance of mechanisms embedded in complex models must be

evaluated against the expected explanatory power of their polynomial form.

Nevertheless, when an ecological model is constructed, understanding its behavior in full

(e.g., analytically) remains one of the significant challenges in ecological research [10-12].
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Most ecological systems are coupled polynomial ordinary differential equations, which are
generally unsolvable and challenging to analyze, except for particular cases that simplify
the model [122-124]. Without the availability of such solutions, extracting the set of
conditions compatible with the coexistence of such species remains a big mathematical
challenge [49, 61]. Even at the 2-species level, there is currently no general methodology
that can provide us with a complete analytical understanding of feasibility conditions (i.e.,
necessary conditions for species coexistence in equilibrium dynamics) for any given model.
Knowledge of feasibility is essential as feasibility is a necessary condition for coexistence
in equilibrium dynamics, stability, and permanence [41, 119]. Traditionally, feasibility
conditions are found by solving the isocline equations analytically for species abundances
(equilibrium points) before imposing a positivity of at least one equilibrium point [61].
However, solving the location of equilibrium points analytically is impossible if the isocline
equations have five or more roots, which is a consequence of Abel’s impossibility theorem
[112, 113]. In Chapter 4 of this thesis, we have strayed away from this traditional approach
and use tools from algebraic geometry to identify and separate feasibility conditions that
guarantee exactly k feasible equilibrium points for any value k& of a model system. We
show that these feasibility conditions are always represented by polynomial inequalities
in species abundances. We demonstrate that feasibility and infeasibility conditions are
represented by identical polynomial expressions, whose signs determine the number of fea-
sible equilibrium points in the system. We have shown a general methodology to express
the derived feasibility conditions into the smallest minimal mathematical expressions to
easily (as much as possible) analyze them. Additionally, we have illustrated the power
of our methodology by showing how it is possible to derive mathematical relationships
between model parameters while maintaining feasibility in modified LV models with func-
tional responses and higher-order interactions (model systems with at least five equilibrium
points)—a task that is impossible to do with simulations. Note that exact relationships
between parameters is a necessary condition to know in order to reach a more mechanistic
or causative knowledge of ecological systems. These results unlock a previous impossible
analytic task towards our understanding of species coexistence. Overall, we hope these
contributions can serve as a guideline for a more comprehensive use of ecological modeling

and the advancement of mathematical ecology in general.
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5.2 Future Work

In this thesis, we borrowed tools from algebraic geometry to study polynomial ecological
dynamical systems. The main goal of this work has been directed towards understanding
the conditions leading to species coexistence. In particular, we have studied the necessary
conditions: feasibility. The necessary and sufficient conditions (feasibility and stability)
have not been addressed in this thesis. Indeed, finding the sets of conditions that guarantee
the stability of at least one free-equilibrium point remains an open problem. For LV mod-
els, as mentioned in the introduction section of Chapter 4, feasibility conditions are known
and can be attained analytically in closed-form. However, for the linear Lotka-Volterra
model with a single free-equilibrium point, necessary and sufficient conditions for asymp-
totic stability are unknown [125]. Since feasibility is a necessary condition for asymptotic
stability, the stability domain must be contained in the feasibility domain. Therefore,
stability conditions only require additional conditions to be placed on top of feasibility
to obtain them. In this line, future work can focus on finding necessary and sufficient
conditions for stability for LV models and extending the techniques to general polynomial
ecological systems. On top of stability, permanence is one of the essential ecological con-
cepts that has been studied in the literature. In permanence, starting from any initial
condition, bounded abundances must be attained after a sufficiently large time, and that
bound is independent of the initial value [126, 127]. However, conditions of permanence in
ecological systems are unknown, and no link between stability and permanence has been
studied either [127]. Therefore, it also remains to investigate conditions of permanence for
the LV system, link it to the asymptotic stability of its unique free-equilibria, and extend

the work for a general polynomial system.

Moreover, this thesis has focused on polynomial ecological dynamical systems with a finite
number of free-equilibrium points. However, non-polynomial systems also appear in the
ecological literature. For instance, stochastic Lotka-Volterra systems have square-root
terms embedded into them, and exponential functions appear in less-popular functional
responses. For example, it was demonstrated that stochasticity can provide a dynamical
model with many marginally stable equilibrium points [128]. Nevertheless, when nonlinear
functions are introduced, such as the exponential or trigonometric function, the number

of free-equilibrium points can be infinite. This is evident by the infinite number of roots

140



of the function sin(z) which are given by z = 7n where n € Z. This phenomenon of
an infinite number of roots cannot happen in polynomial systems. As a consequence, the
feasibility table derived in Chapter 4 can be infinitely long when nonlinear functions are
incorporated into ecological systems. Hence, the mathematical consequences that we have
shown in this thesis for polynomial systems can be easily surpassed when non-monomials
are added to ecological models. This could help us to rethink when and how this highly
complex functions should be used. However, if such functions are believed to be an integral
part of a model, then as future work, one can ask: how can we characterize the complexity
of non-polynomial ecological systems, and how can we fairly compare between two non-
polynomial models? Will it be possible to obtain the feasibility domains of such models?
Dissecting these systems, which are currently treated as black boxes, will help us to use

ecological models in a more rigorous and informative way.
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