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GENERIC CHARACTER SHEAVES ON
DISCONNECTED GROUPS AND CHARACTER VALUES

G. LuszTIG

INTRODUCTION

The theory of character sheaves [L3] on a reductive group G over an alge-
braically closed field and the theory of irreducible characters of G over a finite
field are two parallel theories; the first one is geometric (involving intersection
cohomology complexes on (), the second one involves functions on the group of
rational points of G. In the case where GG is connected, a bridge between the two
theories was constructed in [L1] and strengthened in [L2], [S]. In this paper we
begin the construction of the analogous bridge in the general case, extending the
method of [L1]. Here we restrict ourselves to character sheaves which are ” generic”
(in particular their support is a full connected component of G) and show how such
character sheaves are related to characters of representations (see Theorem 1.2).
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1. STATEMENT OF THE THEOREM

1.1. Let k be an algebraic closure of a finite field F,. Let G be a reductive
algebraic group over k with identity component G° such that G/G° is cyclic,
generated by a fixed connected component D. We assume that G has a fixed
F,-rational structure with Frobenius map F': G — G such that F(D) = D. Let
[ be a prime number invertible in k; let Q; be an algebraic closure of the l-adic
numbers. All group representations are assumed to be finite dimensional over Q;.
We say "local system” instead of ” Q;-local system”.

Let B be the variety of Borel subgroups of G°. Now F : G — G induces a
morphism B — B denoted again by F. We fix B* € B and a maximal torus T of
B* such that F(B*) = B*, F(T) = T. Let U* be the unipotent radical of B*. Let
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NB* (resp. NT) be the normalizer of B* (resp. T) in G. Let T = NT N NB*,
closed F-stable subgroup of G with identity component T. Let Tp =T N D.

Let N = NT NG° Let W = N/T be the Weyl group. Let D : T = T,
D : W = W be the automorphisms induced by Ad(d) : N' — N where d is any
element of Tp. Now F : N'— N induces an automorphism of W denoted again by
F. For w € W let [w] be the inverse image of w under the obvious map N' — W
and let w be the automorphism Ad(z) : T — T for any = € [w]. For w ¢ W
let O, be the GP-orbit in B x B (G acting by simultaneous conjugation on both
factors) that contains (B*,xB*xr~!) for some/any x € [w]. Define the ”length
function” [ : W — N by l(w) = dim O, — dimB. For any y € G° we define
k(y) € N by y € U*k(y)U*. For y € G°,7 € T we have k(ryr~") = 7k(y)r "
and F(k(y)) = k(F(y)). For z € G° we define F, : G — G by F,(g) = 2F(g)x™};
this is the Frobenius map for an F -rational structure on G. (Indeed if y € G° is
such that x = y~1F(y), then Ad(y): G = @ carries F, to F.) If w € W satisfies
D(w) = w and z € [w] then T, T are Fj-stable; thus F} is the Frobenius map for
an F,-rational structure on T whose group of rational points is TF=. Since TF
is the set of rational points of T (a homogeneous T-space under left translatlon)
for the rational structure defined by F, : TH — TD, we have Tg”” =+ ().

Let Zy = {(Bo,g) € Bx D;gBog~! = By}. Let d € Tp. We set

Zp.a = {(hoU*, g) € (G°/U*) x D; hg ' ghod™" € B*}.

Define ay : Z.@7d — Zy by (hoU*,g) — (hOB*hal,g). Now ag is a principal T-
bundle where T acts (freely) on Zy 4 by to : (hoU*, g) + (hoty ', g). Define py :
Zy — D by (B, g) — g. We define by : Zy 4 — T by (hoU*, g) = k(hg 'ghod ™).
Note that by commutes with the T-actions where 71" acts on 1" by

(a) to : t > totD(ty ).
Let £ be a local system of rank 1 on 7" such that

(i) £L®" =~ Q; for some n > 1 invertible in k;

(if) D*L = L;
From (i),(ii) we see (using [L3, 28.2(a)]) that £ is equivariant for the T-action (a)
on T'. Hence byL is a T-equivariant local system on Z.@’d. Since ag is a principal
T-bundle there is a well defined local system Ly on Zy such that aaﬁm = by L.
Note that the isomorphism class of Z@ is independent of the choice of d. Assume
in addition that:

(iii) {w € W; D(w) = w,w*L = L} = {1}.
We show:

(b) pp Ly is an irreducible intersection cohomology complex on D.
We identify Zy with the variety X = {(g,#B*) € G x G°/B*;271gx € NB*} (as
in [L3, I, 5.4 with P = B* L =T,S = Tp) by (g,2B*) + (zB*z~', g). Then L
becomes the local system € on X defined as in [L3, I, 5.6] in terms of the local
system € = j*L£ on T where j : Tp — T isy — d~1y. (Note that £ is equivariant
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for the conjugation action of T on Tp.) In our case we have & = IC(X, €) since X
is smooth. Hence from [L3, I, 5.7] we see that pg € is an intersection cohomology
complex on D corresponding to a semisimple local system on an open dense subset
of D which, by the results in [L3, II, 7.10], is irreducible if and only if the following
condition is satisfied: if w € W,z € [w] satisfy Ad(z)(Tp) = Tp and Ad(z)*E = &,
then w = 1. This is clearly equivalent to condition (iii). This proves (b).

From (b) and the definitions we see that pg Lg[dim D] is a character sheaf on D
in the sense of [L3, VI]. A character sheaf on D of this form is said to be generic.
We can state the following result.

Theorem 1.2. Let A be a generic character sheaf on D such that F*A = A
where F' : D — D is the restriction of F : G — G. Let ¢ : F*A — A be an
isomorphism. Define xy : D — Qq by g — >, c7(—1)"tr(sh, 1l (A)) where H' is
the i-th cohomology sheaf and ’H; is its stalk at g. There exists a GF -module V
and a scalar X € Q} such that x4 (g9) = Mr(g, V) for all g € DF.

The proof is given in §3. We now make some preliminary observations. In
the setup of 1.1 we have A = py Ly[dim D] where £ satisfies 1.1(i),(ii),(iii) and

F*(ppLy) = pypLy. Hence we have ppF*Ly = ppLy. By a computation in [L3,
IV, 21.18] we deduce that there exists w’ € W such that D(w') = w', w*F*L = L.
Setting w = F(w’) we see that

(a) D(w) =w, F*w*L = L.

1.3. Let w = (w1, wa, ..., w,) be asequence in W. Let I = l(w1) +1(wz) +- -+
l(w,). Let
Zw = {(BO7B17 . ~7Br7g) S BT+1 XD;gBOg_l = BT7 (Bi—lvBi) € Owl(z S [1,7’])}

This agrees with the definition in 1.1 when r = 0, that is w = 0. Let d € Tp. We
define Zy 4 as in 1.1 when 7 = 0 and by
Zwa=A{(hoU", i B", ..., hy1 B*, h,U", g) €
(GY/U*) x (G°/B*) x ... x (G°/B*) x (G°/U*) x D;
k(hi i) € [wi](i € [L,7]), by tghod™" € U*};

when r > 1. Define aw : Zw,q4 — Zw as in 1.1 when r = 0 and by
(hOU*, hlB*, ceey hr_lB*, hTU*,g) —
(hoB*hg',hyB*hit, ... hy_1B*h._1,h.B*h. . g),

when 7 > 1. Note that ay is a principal T-bundle where T acts (freely) on Zy g
as in 1.1 when r = 0 and by

to : (h()U*, hlB*, ceey hr_lB*, hTU*,g) —
(hotg 'U*,hyB*, ... hy_1B*, h.dty *d='U*, g)
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when r > 1. Define py, : Zw — D by (Bo, B1,...,Br,g) — g.
In the remainder of this subsection we assume that wiws . = 1; this holds
automatically when r = 0. We define by : Zy g — T as in 1. 1 When r =0 and by

(hoU*, hiB*, ... hy_1B*, h,U*, g) — k(hg "h1)k(hy ' hs) ... k(h* hy)

when r > 1. Note that b, commutes with the T-actions where T" acts on 1" as in
1.1(a).

Let £ be a local system of rank 1 on T such that 1.1(i),(ii) hold. Asin 1.1, £
is equivariant for the T-action 1.1(a) on 7. Hence b}, L is a T-equivariant local
system on Zy 4. Since ay is a principal T-bundle there is a well defined local

system Ly on Zy such that aﬁvﬁw = b}, L.

Lemma 1.4. Assume that wiws . =1 and that L (as in 1.3) satisfies
(i) &* L % Qq for any coroot ¢ : k* —T.
Then pwt Lw[lw](lw/2) = ppiLy. (Note that ly, is even.)

Assume first that for some i € [1,7] we have w; = wjw] where w},w in W
satisfy l(wiw!) = l(w]) + l(w]). Let

/ / 1!
W = (W1, Wa, ..., Wi—1, W, W, , Wit 1, -, Wh,).

The map (By, B, ..., Bry1,9) — (Bo, B1,B;_1,Bit1,...,Br+1,g) defines an iso-
morphism Zy» — Zy compatible with the maps pw, pw and with the local systems
L', Lw. Since Iy = Iy, we have
(2) ot Lowlle) (e /2) 2 Dt Lot [l )l /2)

Using (a) repeatedly we can assume that [(w;) = 1 for all ¢ € [1,7]. We will prove
the result in this case by induction on r. Note that r is even. When r = 0 the
result is obvious. We now assume that » > 2. Since wijws...w, = 1, we can
find j € [1,7 — 1] such that l(wiws ... w;) = 7, l(wiws ... wj11) = j — 1. We can
find a sequence w' = (w],ws5,...,w,) in W such that l[(w}) = 1 for all i € [1,7],
WjWy .. Wi = WiwWa ... Wy, Wi = Wiy, wp = w; for i € [j+1,7]. Let

= (w1w2 < Wi, Wiy - - ,w,«> = (w’lwé w w]_H, ceuy w;)
Using (a) repeatedly we see that

pw!ENW[l ](W/2) pu'ﬁ [ ](u/2)gpw/!Ew’[ZW’](ZW’/2)~

Replacing w by w’ we see that we may assume in addition that w; = w1
for some j € [1,7 — 1]. We have a partition Zy, = Z,, U Z.\ where Z, (resp.
Zy,) is defined by the condition B;_; = Bjy1 (resp. Bj_1 # Bji1). Let w' =
(wi,w, ..., wj_1,Wjt2,...,wp), W = (wi,w, ..., wj—1,Wjt1,...,w,). Define ¢ :

7!, — Zuy by

(BO7B17 .. '7BTvg> = (B07B17 .. '7Bj—1ij+27 .. '7BTvg>'
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This is an affine line bundle and ﬁw\ 71 = c*Zw/. Let pl, be the restriction of py
to Z.,. We have p,, = pwc. Since the induction hypothesis applies to w’ we have

Prot (Ll z;, ) lw) (tw/2) = poncic” Lo [lw) (I /2)
(b) = pwi L [=2) (=) [lw](lw/2) = pwn Lo [lwr)(lw /2) = por Lo

Define e : Z\), — Zy by
(BO7B17 .. '7BTag> = (B07B17 .. '7Bj—1aBj+17 .. -aBrag>'

Let pl be the restriction of py to Z.. We have pll, = pwre. We show that
Pt (Lw|zz) = 0. It is enough to show that

(C> pw”!e!(ﬁw|Z",{,> = 0.

Hence it is enough to show that ej(Ly| zr) = 0. It is also enough to show that, if

E is a fibre of e, then H!(E, Ly |g) = 0 for any 4. As in the proof of [L3, VI, 28.10]

we may identify E = k* in such a way that Lyw|s becomes &*(£) for some coroot

& :k* — T. We then use that H'(k*, &*£) = 0 which follows from &*L % Q;.
Using (c¢) and the exact triangle

(pw”!e!(£w|Z"A’,)7pw!EW7p:;v!(£~w|Z"N)>

we see that

PwtLowllw] (bw/2) = Pyt (Lwl 2, ) [Iw]) (bw/2) = por Lo

(the last equality follows from (b)). The lemma is proved.
Lemma 1.5. Assume that £ (as in 1.3) satisfies 1.1(iii). Then L satisfies 1.4(1).

Let R, be the set of roots a : T" — k* such that the corresponding coroot &
satisfies &*L = Q;. Let W, be the subgroup of W generated by the reflections
with respect to the various o € Rp. Since D*L = L we have D(W,;) = W,.
Assume that 1.4(i) does not hold. Then R, # () and W, # {1}. By [DL, 5.17]
the fixed point set of D : W, — W, is # {1}. Let w € W, — {1} be such that
D(d)w = w. Since w € W, we have w*L = L (see [L3, VI, 28.3(b)]). Thus 1.1(iii)
does not hold. The lemma is proved.

2. CONSTRUCTING REPRESENTATIONS OF G¥

2.1. In this section we construct some representations of G¥' using the method of
[DL]. See [M],[DM] for other results in this direction.

Let £ be a local system of rank 1 on 7" such that 1.1(i) holds. For any t € T let
L: be the stalk of £ at t. Assume that we are given w € W and z € [w] such that



6 G. LUSZTIG

(i) Fp L= L;
(F, : T — T as in 1.1). Let ¢ : FL — L be the unique isomorphism of
local systems on T" which induces the identity map on £,. For t € T, ¢ induces
an isomorphism Lg () = L£,. When t € T+ this is an automorphism of the
1-dimensional vector space £; given by multiplication by 0(t) € Qf. It is well
known that t — 0(t) is a group homomorphism 7%= — Q7.

Following [DL| we define

Y = {hU* € G°/U*; "' F(h) € U*zU*}.
For (g,t) € G°F x T*= we define e,y : Y — Y by hU* + ght'U*. Note

that (g,t) = ey, is an action of G x TF= on Y. Hence G°F x TF+ acts on
HI{(Y):=H)(Y,Q) by (g,7) — 62_177_1. We set

Hi(Y)o = {6 € HI(Y);ef & = 0(t)7'€ for all t € TP+ };

this is a G°F" x TT=_stable subspace of Hi(Y).

For g € G°F we define ¢, : H{(Y )g — H!(Y)g by €,4(¢) = €;-1,- This makes
HY{(Y)g into a G°F-module.

We can find an integer r > 1 such that

F'(z) =2, xF(z)...F~'(z)=1.

Indeed we first find an integer 71 > 1 such that F™ (z) = x and then we find
an integer ro > 1 such that (xF(x)...F™~!(z))™ = 1. Then r = ryry has the
required properties. Then hU* — F"(h)U* is a well defined map Y — Y denoted
again by F". Also,
F'=F :G—G.

(We have F7(g) = (zF(z)...Fr=Y(2))F"(g)(zF(z)...Fr~1(z))"! = F"(g).) Hencel
F" acts trivially on T%=. We see that F” : Y — Y commutes with e;; : Y — Y
for any (g,t) € GF x TF:. Hence (F")* : H(Y) — H!(Y) leaves stable the
subspace H!(Y)g. Note that:

for any i, all eigenvalues of (F™)* : H!(Y) — H!(Y) are of the form root of 1
times ¢""/2 where n € Z.
(See [L1, 6.1(e)] and the references there.)

Replacing r by an integer multiple we may therefore assume that r satisfies in
addition the following condition:

(a) for any i, all eigenvalues of (F")* : H{(Y) — H!(Y) are of the form ¢""/?
where n € Z.

2.2. We preserve the setup of 2.1 and assume in addition that £ satisfies 1.4(i).
Let ig = 2dim U* — [(w). Note that

(a) H (Y )g = 0 for i # io; if i = ig then all eigenvalues of (F")* : HX(Y ) —
H!(Y)g are of the form ¢'"/2.
For the first statement in (a) see [DL, 9.9] and the remarks in the proof of [L1,
8.15]. The second statement in (a) is deduced from 2.1(a) as in the proof of [L1,
6.6(c)].
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2.3. We preserve the setup of 2.1 and assume in addition that £ satisfies 1.1(ii)
and that w € W satisfies D(w) = w. From the definitions we see that D : T — T
commutes with F, : T — T hence D restricts to an automorphism of T+ and
that

(a) (D(t)) = (t) for any t € T'=,
We show: B .

(b) there exists a homomorphism 0 : T** — Q7 such that 0|pr, = 6.
Let d € TEe. Let n = |G/G°| = |TF+/TF=|. Then ty := d"* € TF+. Let ¢ € Qf
be such that ¢® = 0(ty). For any t € T and j € Z we set 0(dit) = cI0(t).
This is well defined: if d/¢ = A7t with j,j' € Z, t,t' € T then j' = j + njo,
jo € Z and t' = t)°t so that O(t') = ¢™°0(t) and ¢70(t) = ¢/ O(t'). We show that
if j,j' € Z, t,t' € TF= then 6(ditd’ t') = 0(d"t)0(d?'t') that is <+ (D7 (t)') =
¢70(t)c? O('); this follows from (a). This proves (b).

Let I' = {(g,7) € GF xTF=; gr— € G}, a subgroup of GF xTF=. For (¢,7) €T
we define e, , : Y — Y by hU* — ght='U*. To see that this is well defined we
assume that h € GO satisfies h=1F(h) € U*2U* and (g,7) € T'; we compute

(ght= ) "' F(ght™") = h™ g~ gF(h)F(r™")
=7th 'F(W)F(r ) e tU*xU*F(r ) = U raF(r—Y)U* = U*2U*,
since TeF(771) = x (that is F,(7) = 7). Note that (g,7) — e, is an action

of I' on Y (extending the action of G°F" x T*=). Hence I' acts on H.(Y) by
(9,7) = €;-1 .—1. Note that HY(Y)g is a I'-stable subspace of H:(Y'). This follows

from the identity
€g—1,7-1€14-1 = €1 7—14-17€g—1 7—1

for g € GF, 7 € TF+, t € T** together with the identity 6(t) = 6(r~¢r) which is
a consequence of (a).
For g € G we define ¢, : H{(Y )g — H'(Y ) by

C

eg(€) = O(r)ey-1 1€

for any £ € H.(Y)g and any 7 € TF= such that g7—! € G°. Assume that 7/ € TF=
is another element such that ¢g7/~! € G°. Then 7/ = 7t with t € T** and

BT ) s pra€ = OT)O(1) s 1€ yr€ = B(T)CS s a6

so that e, is well defined. For g, ¢’ in G we choose 7,7’ in T+ such that g7—' €
GO, ¢'7'~! € G°; we have

cg€q& = 0(r)0(T)es 1 r€l 1 1§ = 0(TT Ve 1001 (rrry 1€ = qgr-

We see that
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g — €, defines a GF-module structure on H'(Y )y extending the G°F-module
structure in 2.1. B
(Note that this extension depends on the choice of §.) We show:

(c) If (g9,7) € I then F'ey . : Y — Y is the Frobenius map of an F-rational
structure on Y.
Since ey ¢+ is a part of a I'-action, it has finite order. Since F" = F : G — G (see
2.1), we see that F" : Y — Y commutes with e, - : Y — Y. Hence (c) holds.

2.4. We preserve the setup of 2.3 and assume in addition that £ satisfies 1.3(i).
Let ig = 2dim U™ — [(w). Using 2.2(a), 2.3(c) and Grothendieck’s trace formula
we see that for (g,d) € I' we have

(=1)"8(d)g"" 2 tx(eg, H (Y )o)
= 0(d) Z( Dr((F7) eg, Hi(Y)g) = ) (=1)'tr((F") ey g1, HUY )o)

%

—Z TF| ! Z tI‘((FT)*ez_1’d—1€T’t_1,Hé(Y))Q(t)

teT ¥z
=757 Y Y (-1 ) st (-1, Ho(Y))O(t)
teTFz 1
= [T Y (YT e o)
teTFe
= [T 71 Y {hU* € (G°/U*);h ™' F(h) € U*aU* b= g ' F"(h)dt € U*}0(t).
teTFa

3. PROOF OF THEOREM 1.2

3.1. Let A,9,xy beasin 1.2. Let £, w be as in the end of 1.2. Let « € [w]. From
1.2(a) we see that 2.1(i) holds. Let » > 1 be as in 2.1. Let

w = (w, F(w), ..., F""Yw)).

By the choice of 7 we have wF(w) ... F"~'(w) = 1. Define a morphism F : Z, —
Zw by

F(B(), Bl, ey BT,g) = (F(g_lBT_lg), F(B()), F(Bl), ey F(BT_l), F(g))
We show: 3 .
(a) Let g € DT and let Fy : p, (9) — pw'(g) be the restriction of F' : Zy — Zy,.
Then Fy is the Frobenius map of an F,-rational structure on Pw(9).

It is enough to note that the map B! — B +! given by

(By,By,...,B,) — (F(g~'B,_1g), F(By), F(B1),...,F(B,_}))
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is the composition of the map
F':(Bo, By, ..., By) = (F(Bo), F(B), ..., F(By))
(the Frobenius map of an F,-rational structure on B"™!) with the automorphism
(Bo,By,...,B,)~ (g7 'B,_19,Bo, By, ..., B,_1)

of B"™1 which commutes with F’ and has finite order (since g has finite order in
Q).
Let d € ng Define a morphism F' Zw,d — Zw,d by

F'(hoU*,hiB*, ... hp_1B*,h,U*,g) = (hyU*,h,B* ... h\._B*,h.U*, F(g))
where

hy = F(g  hp_1k(h, 2 )z, AL = F(hp_1k(h b, )z,

h; = F(h;_) fori € [1,r —1].

This is well defined since
(F(hp_1k(h 2 h) ™) F(9)F (g 1 k(b2 )z~ )dd ™t = 1.

We show that the T-action on Zy 4 (see 1.3) satisfies F’(toZ) = F(to)F’ (%) for
to €T,% € Zy 4. Let (h;) be as above. We must show:

F(g  hy_qk(h Y hpdty td™ e d = F(g  he_1 k(b hy))a ™ tda F(tg o™t

F(hp_1k(h Y hedtgtd™Da™ = F(hp_1k(h 2 hy e tdoF(to) ta~td Y,

which follow from F(d) = x~!dx. Note that
(b) awF' = Fay, Z.w,d R/
We show: ) }
(c) lag' ()" | = [T7*| for any y € Z3.
Since ay,!(y) is a homogeneous T-space this follows from Lang’s theorem applied
to (T, Fy).
We have
(d) pwF = Fpy : Zy — D.

3.2. We show: '
() b F' = Fybw : Zwag — T.
Let (ho,h1,...,hr,g) € (G°)"T x D be such that

(hoU*, hiB*, ... hy_1B*, h,U*, g) € Zua.
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Let (hy,hS, ..., hl) be as in 3.1. We set
p=k(hy h1)k(hy he) ... k(h th,) €T,

f = k(hy h) k(R hy) .. k(b oh, 1) € B*Fr_l(az)_lB*
= k(hy " ) k(R TR k(K. TR €
so that u = p'k(h ' h,) and

i = k(d™ 'z F(k(h, 1 hy) " byt gho))

X k(F(hg hy)) .. ( (hytghe—2))E(F (hy ohy 1 k(b2 By )z ™)
Zd_le(k(hfllh) DE(d)k(F(d™")F(h, 1 gho))F (i) F (k(h, X by )2~
= d ' 2F(d)F(p)a™" = 2F(p)z~" = Fy(p),

as required.

3.3. Let ¢ : FXL — L, 0 : TF+ — Q} be as in 2.1. We shall denote by ? the
various isomorphisms induced by ¢ such as:

(a) F'*by, E = b5, FXL 5 b, L (see 3.2(a)),

(b) F'*a%, L —> a%,Ly (coming from (a)),

(c) a¥, F*E =5 %, Ly (see (b) and 3.1(b)),

(d) F*Ly = Ew (coming from (c)),

(€) pwi F* Loy => pwiﬁ (coming from (d)),

(f) F*pwiLlow —>ple (coming from (e) and 3.1(d)).

(&) F*(pwiLw[lw]) = pwiLw|lw] (coming from (f)).

3.4. For any g € D¥ we compute

Z(_l)itr(?7 ,H;(pwlﬁw)) = Z<_1)itr(?v Hé(]);vl (g)v Lw))

7 %

= Z tr(?, (ZW)y)

yEpw' (9):F(y)=y

where H' is the i-th cohomology sheaf. (The last two sums are equal by the
Grothendieck trace formula applied in the context of 3.1(a).) Using 3.1(c) we see
that the last sum equals

T Yo (i (ahLw)g) = T > (7 (0uLw)y)

j€aw (pw' (9)F’ j€aw' (pw' (9)F

= |71 > tr(?, (Lw) b (3))-

J€aw" (pw' (9)F'
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Now ag! (pyt (g))p/ can be identified with the set of all
(hoU*,hiB*,... hp_1B*,h,U*) € (G°JU*) x (G°/B*) x...x (G°/B*) x (G°/U*)

such that

(a) k(hi ' hy) € F'=Y(x)T for i € [1,7],

(b) hytghod™t € U*,

(¢) hoU* = F(g~  hy_1k(h; b))z~ 1dU*,

(d) h;B* = F(hl_l)B* for i € [1,T — 1]
(We then have automatically h,U* = F(h,_1k(h b, )2~ U*.) If hoU* is given,
then (d) determines successively ho B*,...h,_1B* in a unique way and (b) deter-
mines h,.U* in a unique way. We see that the equations (a)-(d) are equivalent to
the following equations for hoU™:

ho'F(ho) € B*xB*, F"(hy) 'ghod™' € B*F""!(x)B*,
F"(ho) tghod U = k(F"(ho) *gF (ho)F(d~ )z tU*
(if r > 2) and
hytghod™ € B*xB*, F(ho) 'ghod 'U* = k(F(ho) 'gF(ho)F(d~ "))z 'U*
(if » = 1). In both cases these equations are equivalent to
(e) hy ' F(ho) € Utz F(t)~'U*, F"(ho) *ghod™* € F"(t)U*

for some t € T. We then have F"~1(hg) " tghod™t € U*F"~(t)F"~}(z)U*. For

hoU*,t as in (e) we compute

k(hglF ho))k(F(ho) "' F?(ho)) ... k(F"?(ho) " F" " (ho))k(F" "' (ho) ' ghod ™)
-1

J(EOF () F2(t7h) . (FT 2 (O F 2 () FTH () ™) () FT (2)
:th(x)...FT ) =t |

By 3.2(a) the result of the last computation is necessarily in T¥=. Thus F,(t) = t.
Hence F"(t) =t and the equations (e) become

(f) ho'F(ho) € U*2U*, F"(hg) *ghod™' € TH=U*.
We see that
> (=02, H (pwilw)) = [T770 > ar =TT Y al,
i teTFa t'eTFa
where

= [{hU* € (G°/U*); k= F(h) € U*zU*,dh~'g ' F"(h)t € U*}|0(t),
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al, = |{hU* € (G°/U*);h ' F(h) € U*2U*,h"tg ' F"(h)dt' € U*}|0(dt'd™ ).

Comparing with the last formula in 2.4 and using 0(dt’d=1) = §(¢') for t' € T
we obtain (with iy as in 2.4):

Y (D Hy (pwiLw)) = (=1)6(d) g™ Ptr(eg, HE (Y )o).

%

Let us choose an isomorphism pwi Ly [lw] = p@[i@. (This exists by 1.4; note that
1.4(i) holds by 1.5.) Via this isomorphism, the isomorphism 3.3(g) corresponds to
an isomorphism F*(ppLy) — ppLy that is to an isomorphism ¢’ : F*A = A so

that
D (=12, B (pwi £w)) = D (—1)'tr (v, Hy(A))

7 %

for any g € D¥. (We use that [y is even.) Since A is irreducible, we must have
Y = N for some X € Qj. It follows that

Yo (=Dte(y, Hy(A)) = N (=1)!8(d)g""Ptr(eg, H (Y)o)

1€EZ

for any g € D¥'. Thus Theorem 1.2 holds with V' being the G¥-module H° (Y ),
which is irreducible (even as a G°'-module) if G° has connected centre, but is not
necessarily irreducible in general.
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