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Abstract

The injection of fluids loaded with a precise number of particles, polymers, and other solutes is

common in many areas of chemical engineering. By definition, injection of these fluids is meant to

occur over the shortest possible duration. This raises the question that is answered in this note: At

what concentration should a fluid be loaded in order to inject that fluid fastest? A similar question has

been addressed for flows of Newtonian fluids in biophysical and physiological studies. We generalize that

analysis. We show for Newtonian fluids containing a single suspended component that the optimal loading

is determined from a common tangent construction for the viscosity as a function of concentration. We

extend this formulation to describe optimal injection of a multi-component Newtonian fluid. Additionally,

we study the injection problem for a simple, model non-Newtonian fluid carrying a single suspended

component. Finally, we discuss applications for optimally loaded injections.

Introduction

The problem of engineering a batch injection can be defined in the following way: blend a prescribed dose

of some solute(s) in some quantity of solvent(s) such that the time to inject the solution is minimal. There

is an equivalent engineering problem for continuous injection: maximize the steady molar flow rate of some

solute(s) in some solvent(s) down a pipe at a fixed pressure drop by varying the solution composition.

The viscosity of solutions changes and generally increases with the addition solutes to a solvent. Thus,

increasing the solute concentration will increase the solution viscosity and reduce the volumetric flow rate

for the injection. Depending on the relationship between solute concentration and viscosity, this decrease in
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volumetric flow rate can accompany either an increase or a reduction in the molar flow rate of the solute. The

solution composition that minimizes the duration of injection resides at the transition between increasing

and decreasing molar solute flow rate. In principle, the design choices for optimizing batch or continuous

injection include the geometry of the injection apparatus, the pressure drop applied to drive the injection,

and the composition of the solution. In this work, we focus on how the composition of the solution should

be chosen in order to minimize the duration of the injection. This optimal composition is determined with

minimal assumptions about the flow geometry, but allowing for some non-trivial forms for the rheological

response of the fluid. Some examples drawn from the literature and recent research from our own group is

used to demonstrate the utility of the expressions we derive.

The term “injection” obviously connotes pharmaceutical injections: a batch process in which an active

agent is dispersed in a solvent and injected via a syringe into a living host. A problem of recent interest in

this area has been the injection of aqueous solutions of globular proteins (monoclonal antibodies) at high

protein concentrations – for which the solutions become hundreds of times more viscous than water1. The

problem of finding the optimal composition for a pharmaceutical injection is important and has a non-trivial

solution. Injections into living hosts can only occur humanely over a finite duration, typically about one

second. Similarly, most injections via syringe are powered by forces exerted by human thumbs. With these

two practical constraints on the process, a pharmaceutical injection can be engineered in two steps. First,

one finds the composition of medication that minimizes the injection duration and the volume of that optimal

solution that delivers the desired dose. Then, one sizes the bore of the syringe needle so that this minimal

injection duration at the maximal possible applied force matches or falls below the limiting duration. To

our knowledge, such a process is not employed currently, but in this work we provide methods for estimating

the optimal composition of such pharmaceutical formulations.

One example of continuous (or semi-batch) injection in which the composition of the solution is a free

design variable while the molar flow rate of the solute(s) is maximized is the pumping of concrete2. Concrete

consists of a combination of aggregate, cement powder, and water. The powder and aggregate are mixed

in precise ratios to engineer the strength of the final product. Some water is needed for the hydration

reaction that converts minerals in the cement powder into the cement binder that bridges the aggregates.

However, much more water is used in this process in order make the mixture flow, and too much added water

can lead to concrete with reduced compressive strength. An engineering problem that is addressed partly

through the inclusion of additives that increase flowability of concrete, is determining the composition of

the concrete mixture that delivers the prescribed mass ratio of concrete powder to aggregate at the highest
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possible rate. Such an optimal composition must reside within a region of design space that still meets the

final specifications for the poured concrete. That is, there must be enough water to complete the hydration

reaction and not so much that the concrete is weakened. While we will not address optimization of injection

with constraints of this sort here, one could easily modify the present calculations to incorporate this feature.

Adaptations of natural systems to enable efficient transport of solutes have been studied extensively

in the physiology and bio-fluid mechanics literature. A key question asked in these studies is whether

certain natural systems are operating optimally. For example, the hematocrit of of human blood is about

45%. Past work in physiology has argued that this loading of blood with red blood cells maximizes the

flux of oxygen delivered to the body and have analyzed empirical models of blood viscosity to justify these

arguments3,4,5,6. Likewise, the idea that nature optimizes fluxes of a single solute in a Newtonian fluid under

different mechanical constraints has been explored in other contexts including the delivery of nutrients in

plants and the sipping of nectar from flowers by hummingbirds7,8,9. While there is some overlap between

the present work and these past efforts, we will abstract away from the natural context to the artificially

engineered one. We will derive expressions for the optimal composition of single and multi-component

Newtonian fluids that are independent of any model for the dependance of viscosity on solution composition,

and even apply those same methods to analyze the optimal injection of certain non-Newtonian fluids. This

model-free approach will be leveraged to develop some graphical methods for approximating the optimal

composition of solutions from experimental data and to offer some suggestions for how to prepare solutions

optimized for injection experimentally. As with these past efforts in physiology and bio-fluid mechanics, we

will apply some empirical models for the viscosity as a function of composition in new contexts in order to

suggest how to improve several different artificially engineered systems.

The article is organized as follows. First, we derive expressions for the optimal composition of two com-

ponent fluids (one solvent and one solute) which have Newtonian and non-Newtonian rheological responses

respectively. Then, we derive the optimal composition for injection of a multi-component fluid (many sol-

vents and solutes) with Newtonian rheology. Finally, we discuss these derivations in the context of several

practical examples from the literature and our own research on nanocrystal synthesis.
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Modeling Optimal Injection

Two component, Newtonian fluids

Consider a fluid consisting of two components: a solvent and a suspended solute. On increasing the con-

centration of the solute in the solvent, c, the viscosity of the fluid, η(c), is typically expected to increase.

Assume that the resistance to flow of this fluid during injection is laminar and dominated by a region length

L and driven by a pressure differential |∆P |. Then, to a good approximation the volumetric flow rate of the

fluid can be written as:

Q =
V

t
=
N

ct
=
|∆P |
L

(
A

η(c)

)
, (1)

where N is the amount of the suspended component in the fluid, V is the volume of the fluid so that c = N/V ,

t is the duration of the injection, and A is a purely geometric factor. For steady, unidirectional, laminar flow

in a pipe with a circular cross section of radius R, the Hagen-Poiseuille formula gives: A = πR4/8. For flow

in a rectangular channel with height H much smaller than its width W , A = H3W/12. Similar geometric

factors can easily be derived for Newtonian fluids in the same flow conditions but transported by pipes with

more complicated cross sections. In the present work, the units of the dose N are left arbitrary. If number

of solutes is chosen for this unit, then c is the number density. If mass is chosen for this unit, then c is the

mass density. If volume is chosen for this unit, then c is the volume fraction. For the present purposes, the

distinction between these measures is irrelevant. The injection problem is defined by the shortest duration

to deliver an amount of solute, N .

The relevant optimization problem for injection is a minimization of the duration t with respect to the

concentration c while holding the amount of solute N fixed. From equation 1 it is clear that:

dt

dc
=

N

Ac

(
L

|∆P |

)(
η′(c)− η(c)

c

)
, (2)

with N held constant. A locally minimal duration, t∗, occurs at an optimal concentration, c∗ for which

dt/dc = 0 and d2t/dc2 > 0, which means the optimal concentration satisfies the equality:

η′(c∗) =
η(c∗)
c∗

, (3)

and the inequality: η′′(c∗) > 0. This equality defining an optimal concentration merely states that the

shortest injection duration occurs at a concentration for which a line through the origin is tangent to the
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viscosity on a plot of η(c) versus c (see Figure 1).

Among the set of any local minima, {(c∗i , t∗i )}, equation 1 requires that

t∗i = η′(c∗i )
NL

|∆P |A
. (4)

Therefore, the globally minimal duration occurs for the loading having the smallest possible value in {η′(c∗i )}.

Many two component fluids have a viscosity that is a convex function of c, so this set of minima is likely to

contain only a single element. The local minimum is the global minimum. In practice, the viscosity may not

be known as a smooth function of concentration. Figure 1 suggests a graphical method for estimating the

optimal loading when only experimental data for η(c) are available.

Two component, non-Newtonian fluids

For non-Newtonian fluids, whose viscosity depends on the stress, τ , during deformation, an application

of this same approach incorporating some mild approximations can be used to define similar conditions

for optimality. For simplicity, assume that the flow dominating the resistance during injection is steady,

unidirectional and in a pipe with a circular cross-section of radius R. Non-Newtonian fluids are susceptible to

instabilities that yield unsteady flow, but those circumstances are still active areas of research and would make

estimating the minimal injection duration difficult. One should check that the optimal injection conditions

determined using these mild assumptions (steady unidirectional flow) are not unstable via experiment. The

steady shear viscosity of a two component fluid that exhibits non-Newtonian behavior will depend on both

the concentration of the suspended component and the magnitude of the shear stress, so that it can be

expressed as η(c, |τ |). Integrating the axial momentum balance along the radial direction in the pipe yields:

τ(r) = η(c, |τ(r)|)γ̇(r) =
1

2

|∆P |
L

r, (5)

where r is the distance from the pipe center to the pipe wall. When imposing no-slip boundary conditions

at the pipe wall, the volumetric flow rate can be written as:

Q = 2π

∣∣∣∣∣
∫ R

0

v(r)rdr

∣∣∣∣∣ = π

∣∣∣∣∣
∫ R

0

d

dr
(v(r)r2)− γ̇(r)r2dr

∣∣∣∣∣ =
π

2

|∆P |
L

∫ R

0

r3

η(c, |τ(r)|)
dr. (6)

The optimal loading is defined by the concentration and pressure drop that minimizes the duration of the

injection. Setting Q = N/(ct) as in the previous examples, computing dt/dc and dt/d|∆P | with fixed N ,
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and then setting these quantities equal to zero produces the necessary conditions for optimal injection of a

non-Newtonian fluid:

∂t

∂c
= 0→

∫ R

0

r3

η(c∗, |τ(r)|)2

(
∂

∂c
η(c, |τ(r)|)

∣∣∣∣
c=c∗

− η(c∗, |τ(r)|)
c∗

)
dr = 0, (7a)

∂t

∂|∆P |
= 0→

∫ R

0

r3

η(c∗, |τ(r)|)2

(
1

2

∂

∂σ
η(c∗, σ)

∣∣∣∣
σ=|τ(r)|

|∆P ∗|
L

r − η(c∗, |τ(r)|)

)
dr = 0, (7b)

|τ(r)| = 1

2

|∆P ∗|
L

r, (7c)

where the variable σ is simply being used as a dummy variable for the radially dependent shear stress.

From these expressions, one can see right away that the optimally loaded two component Newtonian fluid

will have a concentration that satisfies η′(c∗) = η(c∗)/c∗. For non-Newtonian fluids, however, the terms

in parentheses cannot be made equal to zero in general (at all values of r simultaneously) and it is the

integrals themselves that must be zero for the optimal loading. With sufficient knowledge of the rheology, a

concentration for which this equation is satisfied might be identified. However, such detailed knowledge is

difficult to acquire experimentally. With some further approximations of the rheology, analytical conditions

for optimal injection can be derived.

A common rheology observed in non-Newtonian fluids is a steady shear viscosity that changes from one

value at low stress, η0(c) = η(c, 0) to another value at large stress η∞(c) = η(c, τ → ∞)10. Typically this

transition happens near a critical value of the stress τ̂(c) > 0. In general, this transition happens over a range

of stresses in this neighborhood, but for the present purposes we will make a simplifying assumption that

the fluid has only a low and a high stress state characterized by different fluid viscosities. For shear thinning

fluids, η0(c) > η∞(c)11, while for shear thickening fluids η∞(c) > η0(c)12. To analyze this approximation

model, the viscosity is represented as the piece-wise constant function of the stress:

η(c, |τ |) =

 η0(c), |τ | < τ̂(c)

η∞(c), |τ | ≥ τ̂(c)
. (8)

When this model is applied to the present flow problem, there emerges a critical length scale R̂(c, |∆P |/L) =

2τ̂(c)L/|∆P | that divides the pipe into two regions with different viscosity. For r < R̂(c, |∆P |/L), the

viscosity is η0(c). For R̂(c, |∆P |/L) < r < R, the viscosity is η∞(c). In order to realize this outer annulus of

fluid, the pipe radius must exceed R̂(c, |∆P |/L).

6
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With this simple two state model of the viscosity, the volumetric flow rate can be written as:

Q =
N

ct
=

π

32

|∆P |
L

{
R4

η0(c)
+
(
R4 − R̂(c, |∆P |/L)4

)( 1

η∞(c)
− 1

η0(c)

)
H(R− R̂(c, |∆P |/L))

}
, (9)

whereH(x) is the Heaviside step function. For this model, an optimal injection is defined by the concentration

and the pressure drop that minimizes the injection time. The necessary conditions defining the optimal

concentration and pressure drop are the equations:

∂t

∂c
= 0→ R4

η0(c∗)2

(
η′0(c∗)− η0(c∗)

c∗

)
+ (R4 − R̂(c∗, |∆P ∗|/L)4)

×
[

1

η∞(c∗)2

(
η′∞(c∗)− η∞(c∗)

c∗

)
− 1

η0(c∗)2

(
η′0(c∗)− η0(c∗)

c∗

)
+

4R̂(c∗, |∆P ∗|/L)4

R4 − R̂(c∗, |∆P ∗|/L)4

(
τ̂ ′(c∗)
τ̂(c∗)

)(
1

η∞(c∗)
− 1

η0(c∗)

)]
H
(
R− R̂(c∗, |∆P ∗|/L)

)
= 0, (10a)

∂t

∂|∆P |
= 0→ R4

η0(c∗)
+ (R4 + 3R̂(c∗, |∆P ∗|/L)4)

(
1

η∞(c∗)
− 1

η0(c∗)

)
H
(
R− R̂(c∗, |∆P ∗|/L)

)
= 0. (10b)

For a shear thinning fluid, the solution to these equations is the largest possible pressure drop so that

R̂(c∗, |∆P ∗|/L)� R, and the viscosity across the channel is the lower of the two limiting viscosities: η∞(c).

Then the optimal loading is just given by the same expression as for a Newtonian fluid with the high

stress viscosity: η′∞(c∗) = η∞(c∗)/c∗. For a shear thickening suspension, the optimal conditions are more

complicated. A lower bound on the pressure drop is given by that for which R = R̂(c∗, |∆P ∗|/L), which

would make the viscosity across the channel the low stress viscosity. If the thickening is strong enough that

adding any more pressure would reduce the flow rate, then locally optimal concentration corresponding to

this pressure is defined by η′0(c∗) = η0(c∗)/c∗. It may be that the shear thickening is mild enough that a

higher pressure still reduces the flow rate. In which case, the locally optimal concentation and pressure are

given by the solutions to equations 10a and 10b with unity substituted for the value of the Heaviside step

function.

One peculiarity of this model formulation with a shear thickening fluid arises because the pressure drop

driving the flow is an unbounded quantity. This means that the global minimum of injection duration is

given by a diverging pressure drop and a concentration satisfying: η′∞(c∗) = η∞(c∗)/c∗. That is, the fluid

is driven as hard as possible and the viscosity across the pipe is the high stress viscosity. This is the same

solution as found for the shear thinning fluid. However, in practice this global minimum may result in

stresses that are not physically realizable. In that case, a fluid driven to flow with R ≈ R̂(c∗, |∆P ∗|/L), and

7

This article is protected by copyright. All rights reserved.



η′0(c∗) = η0(c∗)/c∗ is likely to give the physically reachable solution to the optimization problem.

Multi-component, Newtonian fluids

The analysis of a two component Newtonian fluid can be easily extended to a multi-component fluid, though

some more care is needed to define the optimization problem. Let the fluid be composed of one set, N , of

N different components which are to be delivered in a precise quantity and another set, S, of S different

components whose quantity can be adjusted to minimize the injection time. In the previous two component

example, the set S included only the solvent whose amount in the fluid was freely adjustable while the set

N included only the solute for which a prescribed quantity, N was to be delivered. Now, let N ∈ RN be the

quantities of compounds in the set N and S ∈ RS be the quantity of compounds in the set S. The relevant

optimization problem minimizes the duration of injection by changing S at a fixed dose N.

Assuming ideal mixing, the volume of the multi-component fluid is: V = V̂
T

SS+ V̂
T

NN, where V̂ N ∈ RN

and V̂ S ∈ RS are vectors of the specific volumes of the compounds in set N and S, respectively. The shear

viscosity η(cN , cS) can only depend explicitly on intensive quantities; therefore, it is an explicit function of

the concentration vectors cN = N/V and cS = S/V . Following equation 1, the duration of injection is:

t =
1

A

(
L

|∆P |

)(
V̂
T

NN + V̂
T

SS
)
η(cS , cN ), (11)

and the duration is minimized when: dt/dSi = 0 for i = 1, . . . , S and the Hessian of t with respect to S is

positive definite. It follows that the necessary condition defining the optimal amounts, S∗, is:

∇cS
η(c∗N , c

∗
S) = −

[
η(c∗N , c

∗
S)− (c∗N )T∇cN

η(c∗N , c
∗
S)− (c∗S)T∇cS

η(c∗N , c
∗
S)
]
V̂ S , (12)

where c∗S = S∗/(V̂
T

NN + V̂
T

SS
∗) and c∗N = N/(V̂

T

NN + V̂
T

SS
∗). Such a condition may prove useful for

formulating optimal fluids if a smooth and continuous expression for the viscosity as a function of composition

is known.

Although it may be difficult to measure the viscosity of fluids across a broad composition space with

a typical rheometer, methods of microrheology and microfluidics have been combined to rapidly formulate

and characterize the rheology of complex mixtures13. The result of such experiments would be the viscosity

at many discrete points in an N × S − 1 dimensional space of concentrations. If the viscosity is known at

a discrete set of points, then the optimization problem can be posed differently. A Delaunay triangulation

of the composition space using the points at which the viscosity was measured can be used to construct a

8
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piece-wise linear approximation of the viscosity as a function of cS and cN , denoted η̂(cS , cN ). With this

approximation, the minimum duration injection is given by the solution of the optimization problem:

S∗ = arg min
S

(V̂
T

NN + V̂
T

SS)η̂

(
S

V̂
T

NN + V̂
T

SS
,

N

V̂
T

NN + V̂
T

SS

)
(13)

s.t. Si ≥ 0

S

V̂
T

NN + V̂
T

SS
∈ CS

N

V̂
T

NN + V̂
T

SS
∈ CN ,

where CS and CN are the convex hulls of the composition space over which the piece-wise linear approximation

of the viscosity is valid. Although the optimal formulation design is challenging to describe analytically,

numerical solutions to this problem are feasible. For example, well-known sub-gradient descent methods are

routinely applied to constrained optimization problems over this sort of non-smooth objective function14.

Discussion of Applications and Experimental Examples

The simplest two component fluid was investigated by Einstein15,16. In the limit that the solute is sufficiently

diluted, he proposed that the viscosity scales linearly with the solute concentration: η(c) = η(0)(1 + [η]c),

where [η] is the so called intrinsic viscosity. For rigid, impenetrable spherical particles, c describes the volume

fraction of spheres and [η] = 5/2. At higher concentrations strong deviations from this linear trend appear.

For a variety of constitutive models and experiments, the optimal concentration for injection appears to live

near where the deviation from this linear model become apparent.

For example, many polymer solutions have a viscosity that scales linearly with concentration in the

dilute limit. However, there exists a so called “overlap concentration” beyond which polymer chains begin

to interact strongly with one another and power law scaling of the viscosity with concentration emerges17.

The particular power law depends on the topological and chemical details of the polymer, but this transition

is generic10. Figure 2 plots on logarithmic axes the viscosity as a function of concentration for such polymer

solutions. In this circumstance, it is clear that the viscosity as a function of concentration has a tangent line

through the origin right at the overlap concentration. Physically, this is the highest polymer concentration

accessible before the viscosity begins to grow rapidly with c. Thus, an optimal injection of a fixed number

of polymers will be formulated at the overlap concentration.

9
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For particle suspensions, the viscosity is expected to diverge as the concentration approaches the point

of maximum packing. The Krieger-Dougherty model is commonly used to represent this behavior18:

η(c) = η(0)

(
1 +

c

cmax

)−[η]cmax

, (14)

where cmax is the maximum concentration below which the fluid has a finite viscosity. The relationship

between the power-law exponent and the intrinsic viscosity in equation 14 is purely heuristic, but this

expression has been found to provide an adequate description of many loaded fluids. In suspensions of hard,

nearly spherical particles, one finds that [η]cmax ≈ 2 describes many experimental data sets quite well19.

Such power law scaling can even be justified in analytical models of mono-disperse suspensions of spheres20.

If such a particle-filled fluid exhibits Newtonian behavior or has Newtonian plateaus at low and high stress

that show similar power law scaling21, then the optimal loading predicted by equation 3 is given by an

incredibly simple expression:

c∗ =
cmax

1 + [η]cmax
. (15)

This result suggests an experimental procedure for finding the optimal formulation of a Krieger-Dougherty-

like fluid. First solvent is added to the prescribed dose of suspended component until the mixture just

becomes flowable. This point identifies the concentration cmax. Then the fluid is further diluted with

solvent to a concentration of approximately cmax/3 at which point the duration of injection should be nearly

minimized.

A simple example involving a two component, Newtonian fluid is the injection of fixed quantity of glycerol

dispersed in a variable quantity of water. Glycerol injections are used as a nerve block to treat symptoms of

chronic pain. The viscosity of pure glycerol at room temperature is hundreds of times that of water. Figure

3a) depicts experimental measurements of the viscosity of glycerol-water solutions at 30◦C over a broad

range of molar concentrations22. A tangent line through the origin determines the optimal concentration for

injection, which is the equivalent of approximately 30% glycerol by weight. Of course for medical treatment

there may be other constraints on the process including a limit on the maximum injectable volume, but

these constraints are easily accounted for by altering the formulation of the optimization problem.

As a related example, consider the problem of formulating solutions of globular proteins for subcutaneous

injection. Particularly for the case of monoclonal antibodies, the problem of injectability poses a major

challenge. Depending on the viscosity of an antibody solution loaded with a prescribed dose, injection in

a fixed amount of time may require pressure drops so large that forces supplied by human hands are not
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sufficient to complete the injection. A potential solution to this problem is understanding how the minimal

injection duration at a human appliable pressure drop could be shifted by engineering different factors in

the antibody solution. A heuristic model commonly applied to antibody solutions is the so-called Mooney

equation1:

η(c) = η(0) exp

(
[η]c

1− c/cmax

)
, (16)

which describes a viscosity that diverges exponentially as the concentration approaches cmax. Figure 3b)

depicts the viscosity of two proprietary antibodies suspended in identical buffer solutions measured by

scientists at Pfizer as well as fits to the Mooney equation1. For this model, the optimal loading is given by:

c∗ = cmax

[
1− 1

2
[η]cmax

(√
4

[η]cmax
+ 1− 1

)]
, (17)

and the minimal injection duration, t∗, depends on the model parameters through its linear proportionality

with the derivative of the viscosity:

t∗ ∼ η′(c∗) =
4η(0)

[η]c2max

(√
4

[η]cmax
+ 1− 1

)−2
exp

[
[η]cmax

2

(√
4

[η]cmax
+ 1− 1

)]
. (18)

An intuitive conclusion justified by these calculations is that the duration of injection at the optimal con-

centration can be made smaller by engineering a solution with a larger cmax and fixed [η]. That is, without

changing the dilute hydrodynamic characteristics of the protein, a shorter duration can be achieved when

the optimal concentration is further from maximum packing. Perhaps less intuitive is the correlation for

the intrinsic viscosity. A shorter duration for the optimal injection can also be achieved by decreasing the

intrinsic viscosity at fixed cmax. That is, maintaining the packing limits of the molecule, but reducing its

effective hydrodynamic size in the dilute limit will also speed up the injection.

The product [η]cmax is approximately the relative viscosity given by extrapolating the linear model of the

viscosity in the dilute region to the concentration at maximum packing. It appears that this factor exerts

the strongest influence on the optimal duration of injection both the Mooney and the Krieger-Dougherty

models. It is not clear to what extent this product can be engineered in suspensions of proteins or particles.

For the examples in figure 3b), [η]cmax ≈ 10, and it is typically much smaller for hard particles. This at

least suggests that engineering the “efficiency” of the solute packing is possible and can be used to optimize

the injection duration via molecular design. Some recent experiments have shown that adding arginine to

solutions of antibodies results in a viscosity that diverges at higher concentrations23. From the perspective

11
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of the optimal injection duration, one must ask whether the addition of arginine can change the molecular

interactions in a way that shifts [η]cmax favorably. Certainly, this detailed analysis of the injection problem

signals that [η]cmax is an interesting target for decreasing the optimal injection duration or equivalently

increasing the optimal molar flow rate of a suspended component.

Finally, in recent experiments we have scaled up the batch synthesis of PbS nanocrystals via burst

nucleation and found this framework for optimizing injection an indispensable tool24. In this synthetic

procedure, a concentrated solution of sulfur precursor suspended in oleylamine is injected by hand using

a 20 mL syringe into a solution of lead chloride precursor being stirred at 120◦C25. The nanocrystals

grow in solution before the reaction is quenched. Our original synthetic procedure would yield ∼75 mg

of nanocrystals. In order to perform neutron scattering experiments on concentrated solutions of PbS

nanocrystals, the yield of the synthetic procedure would need to be scaled up by two orders of magnitude

while maintaining low size dispersity in the batch26. The size dispersity is strongly influenced by the duration

of injection for the sulfur precursor solution. In order to successfully scale up the synthesis, it was essential

to minimize the duration of injection. The volume of the sulfur solution needed for the scaled-up synthesis

well exceeds the capacity of a 20 mL syringe. As such, we used a pressure-driven injection in which the

sulfur solution is held in a pressurized volumetric funnel and injected into the reaction vessel containing the

lead chloride solution, which is held under a mild vacuum27.

The optimization procedure follows the serial dilution methodology described for a Krieger-Dougherty

fluid. In the experimental apparatus, a funnel holding the sulfur solution is positioned vertically above

the reaction vessel and held back by a stop cock with a large orifice. The applied pressure drop driving

the fluid into the vessel vastly exceeds the gravitational load on the fluid so that equation 1 is appropriate

for describing the fluid flow. We use a mass basis so that N is the mass of sulfur to be injected, c is the

sulfur mass concentration, and η(c) is the viscosity as a function of mass concentration. We measured the

injection duration for 0.65 g sulfur suspended in different volumes of oleylamine from 15 to 180 mL. Figure

4 shows these durations. Using the measured durations, we fit for the geometric prefactor, A and cmax

using a Krieger-Doughtery viscosity model with [η]cmax = 2 and an unloaded viscosity η(0) = 4.93 cP for

oleylamine at 25◦C28. We find cmax = 101 mg/mL and A = 2107 s2/m2. Figure 4 shows the viscosity profile

predicted by the timing measurements and the geometric tangent construction corresponding to the optimal

injection concentration. The optimal concentration for injection is then found to be 33.7 mg/mL. Using this

concentration for the sulfur precursor solution, we were able to obtain multiple grams of 6.1 nm diameter

PbS nanocrystals with a size dispersity of 3.4%, on par with the lowest size dispersity samples obtainable in

12
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the small scale synthesis.

This procedure is both simple to implement and provides valuable insight into the shape of the objective

function. No rheological measurements were required for this optimization. It is only required to measure

the duration of injection of a few solutions at different concentration formulated by serial dilution. Figure 4

plots the injection duration from these experiments. At low concentration, too much volume is required to

deliver the requisite mass and the injection time is large. At high concentration, the solution viscosity has

climbed large enough that the injection time increases. The optimal injection concentration occurs where

the viscosity profile departs from a linear approximation. Additionally, we note the injection time function

is relatively flat near the optimal concentration. That is, the injection time will not change significantly if

there is small error in the sulfur solution preparation for these experimental parameters. If the geometric

prefactor were larger, as would be the case for larger pressure differentials, more injected mass, or smaller

stopcock radii, then the injection time profile would be sharper and it would be more important to precisely

prepare a precursor solution to match the optimal concentration.

Conclusions

Inspired by past work in modeling biophysical systems with Newtonian fluids, we have derived new formulas

representing the solution to an optimization problem describing the optimal formulation for delivering a

solute at the maximal rate in multicomponent fluids. The framework employed in this work allowed for

graphical or numerical determination of the optimal formulation of single and multicomponent Newtonian

fluids using a limited number of experimental measurements of the viscosity as a function of composition.

Additionally, we showed how model shear thinning and shear thickening fluids transporting a single solute

should be loaded in order to achieve the maximum delivery rate. For this model fluid, there is a simple

transition between two limiting viscous states at low and high applied stresses, but the same approach could

be applied to fluids with more complex rheology. We showed that the optimal injection of these fluids must

control both the formulation and the pressure drop applied. For a shear thinning fluid, the optimally loaded

fluid is the one that maximizes the rate of solute delivery in the high stress branch of the viscosity while

using the highest accessible pressure drop to drive the flow. For a shear thickening fluid, the situation is

more complicated. A locally optimal solution can be found when the fluid is loaded to maximize the delivery

rate in the low stress branch of the viscosity with the pressure drop restricted so that the fluid throughout

the flow channel has rheology drawn from this same low stress branch. A globally optimal delivery rate is

13

This article is protected by copyright. All rights reserved.



always found as the pressure drop diverges, but such solutions may not be physically accessible in real world

injection scenarios with shear thickening fluids. We demonstrate how these calculations can be applied to the

delivery of chemical solutes in a burst nucleation experiment for the growth of quantum dots, but we expect

that there are many more applications for such optimal flow scenarios beyond this context or the biophysical

systems explored in past works. One area in which rapid injection is essential is in pharmaceuticals. The

derivation of an optimization problem for multicomponent Newtonian formulations may find use in this

particular area where macromolecular species are often the target injectable, but various excipients can be

added to solution as viscosity modifiers and solubilizers. This multicomponent formulation of the injection

problem enables a principled way of designing human injectable solutions that expose patients to a minimal

injection duration.
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Figure 1: Tangent line construction for finding optimal composition. a) For a two component, Newtonian

fluid having an increasing viscosity with respect to the concentration of a solute, the injection of a fixed dose

of solute with minimal duration occurs where a line through the origin forms a tangent with the viscosity. b)

A simple graphical method for determining the optimal loading for injection involves determining where a

line through the origin intersects just once the piece-wise linear approximation of the viscosity formed from

connecting experimental data with lines.
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overlap

Figure 2: Typical scaling of solution viscosity with concentration. a) A schematic of the viscosity of a

polymer solution as a function of polymer concentration. On increasing the concentration past the overlap

concentration a new power law trend in the viscosity emerges. The optimal loading for injection resides at

this overlap concentration and can be found by shifting a line with unit slope vertically until it just intersect

the viscosity curve on a log-log plot of viscosity versus concentration. b) A schematic of the viscosity

dependence described by the Krieger-Dougherty model. The optimal loading for Krieger-Dougherty models

typically resides near cmax/3.
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a) b)

Figure 3: Optimization of medical injections. a) The viscosity of glycerol-water mixtures as a function of

the molar concentration of glycerol. Following the procedure in Figure 1b), the line through the origin just

touching an experimental data point determines an approximation for the concentration of the fluid with

minimal injection duration. The optimal concentration is equivalent to a glycerol weight fraction of 30%.

b) The viscosity as a function of concentration for two monoclonal antibody solutions produced by Pfizer

(blue and black circles). The blue and black curves are fits of the Mooney equation to the data, and the red

curves are lines through the origin that are tangent to the model.
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Figure 4: Optimizing a scaled-up hot-injection synthesis of PbS nanocrystals. Measured injection times

to deliver 0.65 g sulfur in oleylamine are shown in blue with a fit to equation 4 using a Krieger-Doughtery

viscosity model. The predicted viscosity profile is shown in black with the geometric construction of Equation

3 in red. The optimal concentration for injection is found to be 33.7 mg/mL with cmax = 101 mg/mL.
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Figure 1: Tangent line construction for finding optimal composition. a) For a two component, Newtonian

fluid having an increasing viscosity with respect to the concentration of a solute, the injection of a fixed dose

of solute with minimal duration occurs where a line through the origin forms a tangent with the viscosity. b)

A simple graphical method for determining the optimal loading for injection involves determining where a

line through the origin intersects just once the piece-wise linear approximation of the viscosity formed from

connecting experimental data with lines.

Figure 2: Typical scaling of solution viscosity with concentration. a) A schematic of the viscosity of a

polymer solution as a function of polymer concentration. On increasing the concentration past the overlap

concentration a new power law trend in the viscosity emerges. The optimal loading for injection resides at

this overlap concentration and can be found by shifting a line with unit slope vertically until it just intersect

the viscosity curve on a log-log plot of viscosity versus concentration. b) A schematic of the viscosity

dependence described by the Krieger-Dougherty model. The optimal loading for Krieger-Dougherty models
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minimal injection duration. The optimal concentration is equivalent to a glycerol weight fraction of 30%.
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(blue and black circles). The blue and black curves are fits of the Mooney equation to the data, and the red

curves are lines through the origin that are tangent to the model.

Figure 4: Optimizing a scaled-up hot-injection synthesis of PbS nanocrystals. Measured injection times

to deliver 0.65 g sulfur in oleylamine are shown in blue with a fit to equation 4 using a Krieger-Doughtery

viscosity model. The predicted viscosity profile is shown in black with the geometric construction of Equation

3 in red. The optimal concentration for injection is found to be 33.7 mg/mL with cmax = 101 mg/mL.
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Abstract

The injection of fluids loaded with a precise number of particles, polymers, and other solutes is

common in many areas of chemical engineering. By definition, injection of these fluids is meant to

occur over the shortest possible duration. This raises the question that is answered in this note: At

what concentration should a fluid be loaded in order to inject that fluid fastest? A similar question has

been addressed for flows of Newtonian fluids in biophysical and physiological studies. We generalize that

analysis. We show for Newtonian fluids containing a single suspended component that the optimal loading

is determined from a common tangent construction for the viscosity as a function of concentration. We

extend this formulation to describe optimal injection of a multi-component Newtonian fluid. Additionally,

we study the injection problem for a simple, model non-Newtonian fluid carrying a single suspended

component. Finally, we discuss applications for optimally loaded injections.

Introduction

The problem of engineering a batch injection can be defined in the following way: blend a prescribed dose

of some solute(s) in some quantity of solvent(s) such that the time to inject the solution is minimal. There

is an equivalent engineering problem for continuous injection: maximize the steady molar flow rate of some

solute(s) in some solvent(s) down a pipe at a fixed pressure drop by varying the solution composition.

The viscosity of solutions changes and generally increases with the addition solutes to a solvent. Thus,

increasing the solute concentration will increase the solution viscosity and reduce the volumetric flow rate

for the injection. Depending on the relationship between solute concentration and viscosity, this decrease in

1
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volumetric flow rate can accompany either an increase or a reduction in the molar flow rate of the solute. The

solution composition that minimizes the duration of injection resides at the transition between increasing

and decreasing molar solute flow rate. In principle, the design choices for optimizing batch or continuous

injection include the geometry of the injection apparatus, the pressure drop applied to drive the injection,

and the composition of the solution. In this work, we focus on how the composition of the solution should

be chosen in order to minimize the duration of the injection. This optimal composition is determined with

minimal assumptions about the flow geometry, but allowing for some non-trivial forms for the rheological

response of the fluid. Some examples drawn from the literature and recent research from our own group is

used to demonstrate the utility of the expressions we derive.

The term “injection” obviously connotes pharmaceutical injections: a batch process in which an active

agent is dispersed in a solvent and injected via a syringe into a living host. A problem of recent interest in

this area has been the injection of aqueous solutions of globular proteins (monoclonal antibodies) at high

protein concentrations – for which the solutions become hundreds of times more viscous than water1. The

problem of finding the optimal composition for a pharmaceutical injection is important and has a non-trivial

solution. Injections into living hosts can only occur humanely over a finite duration, typically about one

second. Similarly, most injections via syringe are powered by forces exerted by human thumbs. With these

two practical constraints on the process, a pharmaceutical injection can be engineered in two steps. First,

one finds the composition of medication that minimizes the injection duration and the volume of that optimal

solution that delivers the desired dose. Then, one sizes the bore of the syringe needle so that this minimal

injection duration at the maximal possible applied force matches or falls below the limiting duration. To

our knowledge, such a process is not employed currently, but in this work we provide methods for estimating

the optimal composition of such pharmaceutical formulations.

One example of continuous (or semi-batch) injection in which the composition of the solution is a free

design variable while the molar flow rate of the solute(s) is maximized is the pumping of concrete2. Concrete

consists of a combination of aggregate, cement powder, and water. The powder and aggregate are mixed

in precise ratios to engineer the strength of the final product. Some water is needed for the hydration

reaction that converts minerals in the cement powder into the cement binder that bridges the aggregates.

However, much more water is used in this process in order make the mixture flow, and too much added water

can lead to concrete with reduced compressive strength. An engineering problem that is addressed partly

through the inclusion of additives that increase flowability of concrete, is determining the composition of

the concrete mixture that delivers the prescribed mass ratio of concrete powder to aggregate at the highest

2
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possible rate. Such an optimal composition must reside within a region of design space that still meets the

final specifications for the poured concrete. That is, there must be enough water to complete the hydration

reaction and not so much that the concrete is weakened. While we will not address optimization of injection

with constraints of this sort here, one could easily modify the present calculations to incorporate this feature.

Adaptations of natural systems to enable efficient transport of solutes have been studied extensively

in the physiology and bio-fluid mechanics literature. A key question asked in these studies is whether

certain natural systems are operating optimally. For example, the hematocrit of of human blood is about

45%. Past work in physiology has argued that this loading of blood with red blood cells maximizes the

flux of oxygen delivered to the body and have analyzed empirical models of blood viscosity to justify these

arguments3,4,5,6. Likewise, the idea that nature optimizes fluxes of a single solute in a Newtonian fluid under

different mechanical constraints has been explored in other contexts including the delivery of nutrients in

plants and the sipping of nectar from flowers by hummingbirds7,8,9. While there is some overlap between

the present work and these past efforts, we will abstract away from the natural context to the artificially

engineered one. We will derive expressions for the optimal composition of single and multi-component

Newtonian fluids that are independent of any model for the dependance of viscosity on solution composition,

and even apply those same methods to analyze the optimal injection of certain non-Newtonian fluids. This

model-free approach will be leveraged to develop some graphical methods for approximating the optimal

composition of solutions from experimental data and to offer some suggestions for how to prepare solutions

optimized for injection experimentally. As with these past efforts in physiology and bio-fluid mechanics, we

will apply some empirical models for the viscosity as a function of composition in new contexts in order to

suggest how to improve several different artificially engineered systems.

The article is organized as follows. First, we derive expressions for the optimal composition of two com-

ponent fluids (one solvent and one solute) which have Newtonian and non-Newtonian rheological responses

respectively. Then, we derive the optimal composition for injection of a multi-component fluid (many sol-

vents and solutes) with Newtonian rheology. Finally, we discuss these derivations in the context of several

practical examples from the literature and our own research on nanocrystal synthesis.

3
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Modeling Optimal Injection

Two component, Newtonian fluids

Consider a fluid consisting of two components: a solvent and a suspended solute. On increasing the con-

centration of the solute in the solvent, c, the viscosity of the fluid, η(c), is typically expected to increase.

Assume that the resistance to flow of this fluid during injection is laminar and dominated by a region length

L and driven by a pressure differential |∆P |. Then, to a good approximation the volumetric flow rate of the

fluid can be written as:

Q =
V

t
=
N

ct
=
|∆P |
L

(
A

η(c)

)
, (1)

where N is the amount of the suspended component in the fluid, V is the volume of the fluid so that c = N/V ,

t is the duration of the injection, and A is a purely geometric factor. For steady, unidirectional, laminar flow

in a pipe with a circular cross section of radius R, the Hagen-Poiseuille formula gives: A = πR4/8. For flow

in a rectangular channel with height H much smaller than its width W , A = H3W/12. Similar geometric

factors can easily be derived for Newtonian fluids in the same flow conditions but transported by pipes with

more complicated cross sections. In the present work, the units of the dose N are left arbitrary. If number

of solutes is chosen for this unit, then c is the number density. If mass is chosen for this unit, then c is the

mass density. If volume is chosen for this unit, then c is the volume fraction. For the present purposes, the

distinction between these measures is irrelevant. The injection problem is defined by the shortest duration

to deliver an amount of solute, N .

The relevant optimization problem for injection is a minimization of the duration t with respect to the

concentration c while holding the amount of solute N fixed. From equation 1 it is clear that:

dt

dc
=

N

Ac

(
L

|∆P |

)(
η′(c)− η(c)

c

)
, (2)

with N held constant. A locally minimal duration, t∗, occurs at an optimal concentration, c∗ for which

dt/dc = 0 and d2t/dc2 > 0, which means the optimal concentration satisfies the equality:

η′(c∗) =
η(c∗)
c∗

, (3)

and the inequality: η′′(c∗) > 0. This equality defining an optimal concentration merely states that the

shortest injection duration occurs at a concentration for which a line through the origin is tangent to the

4
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viscosity on a plot of η(c) versus c (see Figure 1).

Among the set of any local minima, {(c∗i , t∗i )}, equation 1 requires that

t∗i = η′(c∗i )
NL

|∆P |A
. (4)

Therefore, the globally minimal duration occurs for the loading having the smallest possible value in {η′(c∗i )}.

Many two component fluids have a viscosity that is a convex function of c, so this set of minima is likely to

contain only a single element. The local minimum is the global minimum. In practice, the viscosity may not

be known as a smooth function of concentration. Figure 1 suggests a graphical method for estimating the

optimal loading when only experimental data for η(c) are available.

Two component, non-Newtonian fluids

For non-Newtonian fluids, whose viscosity depends on the stress, τ , during deformation, an application

of this same approach incorporating some mild approximations can be used to define similar conditions

for optimality. For simplicity, assume that the flow dominating the resistance during injection is steady,

unidirectional and in a pipe with a circular cross-section of radius R. Non-Newtonian fluids are susceptible to

instabilities that yield unsteady flow, but those circumstances are still active areas of research and would make

estimating the minimal injection duration difficult. One should check that the optimal injection conditions

determined using these mild assumptions (steady unidirectional flow) are not unstable via experiment. The

steady shear viscosity of a two component fluid that exhibits non-Newtonian behavior will depend on both

the concentration of the suspended component and the magnitude of the shear stress, so that it can be

expressed as η(c, |τ |). Integrating the axial momentum balance along the radial direction in the pipe yields:

τ(r) = η(c, |τ(r)|)γ̇(r) =
1

2

|∆P |
L

r, (5)

where r is the distance from the pipe center to the pipe wall. When imposing no-slip boundary conditions

at the pipe wall, the volumetric flow rate can be written as:

Q = 2π

∣∣∣∣∣
∫ R

0

v(r)rdr

∣∣∣∣∣ = π

∣∣∣∣∣
∫ R

0

d

dr
(v(r)r2)− γ̇(r)r2dr

∣∣∣∣∣ =
π

2

|∆P |
L

∫ R

0

r3

η(c, |τ(r)|)
dr. (6)

The optimal loading is defined by the concentration and pressure drop that minimizes the duration of the

injection. Setting Q = N/(ct) as in the previous examples, computing dt/dc and dt/d|∆P | with fixed N ,

5
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and then setting these quantities equal to zero produces the necessary conditions for optimal injection of a

non-Newtonian fluid:

∂t

∂c
= 0→

∫ R

0

r3

η(c∗, |τ(r)|)2

(
∂

∂c
η(c, |τ(r)|)

∣∣∣∣
c=c∗

− η(c∗, |τ(r)|)
c∗

)
dr = 0, (7a)

∂t

∂|∆P |
= 0→

∫ R

0

r3

η(c∗, |τ(r)|)2

(
1

2

∂

∂σ
η(c∗, σ)

∣∣∣∣
σ=|τ(r)|

|∆P ∗|
L

r − η(c∗, |τ(r)|)

)
dr = 0, (7b)

|τ(r)| = 1

2

|∆P ∗|
L

r, (7c)

where the variable σ is simply being used as a dummy variable for the radially dependent shear stress.

From these expressions, one can see right away that the optimally loaded two component Newtonian fluid

will have a concentration that satisfies η′(c∗) = η(c∗)/c∗. For non-Newtonian fluids, however, the terms

in parentheses cannot be made equal to zero in general (at all values of r simultaneously) and it is the

integrals themselves that must be zero for the optimal loading. With sufficient knowledge of the rheology, a

concentration for which this equation is satisfied might be identified. However, such detailed knowledge is

difficult to acquire experimentally. With some further approximations of the rheology, analytical conditions

for optimal injection can be derived.

A common rheology observed in non-Newtonian fluids is a steady shear viscosity that changes from one

value at low stress, η0(c) = η(c, 0) to another value at large stress η∞(c) = η(c, τ → ∞)10. Typically this

transition happens near a critical value of the stress τ̂(c) > 0. In general, this transition happens over a range

of stresses in this neighborhood, but for the present purposes we will make a simplifying assumption that

the fluid has only a low and a high stress state characterized by different fluid viscosities. For shear thinning

fluids, η0(c) > η∞(c)11, while for shear thickening fluids η∞(c) > η0(c)12. To analyze this approximation

model, the viscosity is represented as the piece-wise constant function of the stress:

η(c, |τ |) =

 η0(c), |τ | < τ̂(c)

η∞(c), |τ | ≥ τ̂(c)
. (8)

When this model is applied to the present flow problem, there emerges a critical length scale R̂(c, |∆P |/L) =

2τ̂(c)L/|∆P | that divides the pipe into two regions with different viscosity. For r < R̂(c, |∆P |/L), the

viscosity is η0(c). For R̂(c, |∆P |/L) < r < R, the viscosity is η∞(c). In order to realize this outer annulus of

fluid, the pipe radius must exceed R̂(c, |∆P |/L).

6
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With this simple two state model of the viscosity, the volumetric flow rate can be written as:

Q =
N

ct
=

π

32

|∆P |
L

{
R4

η0(c)
+
(
R4 − R̂(c, |∆P |/L)4

)( 1

η∞(c)
− 1

η0(c)

)
H(R− R̂(c, |∆P |/L))

}
, (9)

whereH(x) is the Heaviside step function. For this model, an optimal injection is defined by the concentration

and the pressure drop that minimizes the injection time. The necessary conditions defining the optimal

concentration and pressure drop are the equations:

∂t

∂c
= 0→ R4

η0(c∗)2

(
η′0(c∗)− η0(c∗)

c∗

)
+ (R4 − R̂(c∗, |∆P ∗|/L)4)

×
[

1

η∞(c∗)2

(
η′∞(c∗)− η∞(c∗)

c∗

)
− 1

η0(c∗)2

(
η′0(c∗)− η0(c∗)

c∗

)
+

4R̂(c∗, |∆P ∗|/L)4

R4 − R̂(c∗, |∆P ∗|/L)4

(
τ̂ ′(c∗)
τ̂(c∗)

)(
1

η∞(c∗)
− 1

η0(c∗)

)]
H
(
R− R̂(c∗, |∆P ∗|/L)

)
= 0, (10a)

∂t

∂|∆P |
= 0→ R4

η0(c∗)
+ (R4 + 3R̂(c∗, |∆P ∗|/L)4)

(
1

η∞(c∗)
− 1

η0(c∗)

)
H
(
R− R̂(c∗, |∆P ∗|/L)

)
= 0. (10b)

For a shear thinning fluid, the solution to these equations is the largest possible pressure drop so that

R̂(c∗, |∆P ∗|/L)� R, and the viscosity across the channel is the lower of the two limiting viscosities: η∞(c).

Then the optimal loading is just given by the same expression as for a Newtonian fluid with the high

stress viscosity: η′∞(c∗) = η∞(c∗)/c∗. For a shear thickening suspension, the optimal conditions are more

complicated. A lower bound on the pressure drop is given by that for which R = R̂(c∗, |∆P ∗|/L), which

would make the viscosity across the channel the low stress viscosity. If the thickening is strong enough that

adding any more pressure would reduce the flow rate, then locally optimal concentration corresponding to

this pressure is defined by η′0(c∗) = η0(c∗)/c∗. It may be that the shear thickening is mild enough that a

higher pressure still reduces the flow rate. In which case, the locally optimal concentation and pressure are

given by the solutions to equations 10a and 10b with unity substituted for the value of the Heaviside step

function.

One peculiarity of this model formulation with a shear thickening fluid arises because the pressure drop

driving the flow is an unbounded quantity. This means that the global minimum of injection duration is

given by a diverging pressure drop and a concentration satisfying: η′∞(c∗) = η∞(c∗)/c∗. That is, the fluid

is driven as hard as possible and the viscosity across the pipe is the high stress viscosity. This is the same

solution as found for the shear thinning fluid. However, in practice this global minimum may result in

stresses that are not physically realizable. In that case, a fluid driven to flow with R ≈ R̂(c∗, |∆P ∗|/L), and

7

This article is protected by copyright. All rights reserved.



η′0(c∗) = η0(c∗)/c∗ is likely to give the physically reachable solution to the optimization problem.

Multi-component, Newtonian fluids

The analysis of a two component Newtonian fluid can be easily extended to a multi-component fluid, though

some more care is needed to define the optimization problem. Let the fluid be composed of one set, N , of

N different components which are to be delivered in a precise quantity and another set, S, of S different

components whose quantity can be adjusted to minimize the injection time. In the previous two component

example, the set S included only the solvent whose amount in the fluid was freely adjustable while the set

N included only the solute for which a prescribed quantity, N was to be delivered. Now, let N ∈ RN be the

quantities of compounds in the set N and S ∈ RS be the quantity of compounds in the set S. The relevant

optimization problem minimizes the duration of injection by changing S at a fixed dose N.

Assuming ideal mixing, the volume of the multi-component fluid is: V = V̂
T

SS+ V̂
T

NN, where V̂ N ∈ RN

and V̂ S ∈ RS are vectors of the specific volumes of the compounds in set N and S, respectively. The shear

viscosity η(cN , cS) can only depend explicitly on intensive quantities; therefore, it is an explicit function of

the concentration vectors cN = N/V and cS = S/V . Following equation 1, the duration of injection is:

t =
1

A

(
L

|∆P |

)(
V̂
T

NN + V̂
T

SS
)
η(cS , cN ), (11)

and the duration is minimized when: dt/dSi = 0 for i = 1, . . . , S and the Hessian of t with respect to S is

positive definite. It follows that the necessary condition defining the optimal amounts, S∗, is:

∇cS
η(c∗N , c

∗
S) = −

[
η(c∗N , c

∗
S)− (c∗N )T∇cN

η(c∗N , c
∗
S)− (c∗S)T∇cS

η(c∗N , c
∗
S)
]
V̂ S , (12)

where c∗S = S∗/(V̂
T

NN + V̂
T

SS
∗) and c∗N = N/(V̂

T

NN + V̂
T

SS
∗). Such a condition may prove useful for

formulating optimal fluids if a smooth and continuous expression for the viscosity as a function of composition

is known.

Although it may be difficult to measure the viscosity of fluids across a broad composition space with

a typical rheometer, methods of microrheology and microfluidics have been combined to rapidly formulate

and characterize the rheology of complex mixtures13. The result of such experiments would be the viscosity

at many discrete points in an N × S − 1 dimensional space of concentrations. If the viscosity is known at

a discrete set of points, then the optimization problem can be posed differently. A Delaunay triangulation

of the composition space using the points at which the viscosity was measured can be used to construct a
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piece-wise linear approximation of the viscosity as a function of cS and cN , denoted η̂(cS , cN ). With this

approximation, the minimum duration injection is given by the solution of the optimization problem:

S∗ = arg min
S

(V̂
T

NN + V̂
T

SS)η̂

(
S

V̂
T

NN + V̂
T

SS
,

N

V̂
T

NN + V̂
T

SS

)
(13)

s.t. Si ≥ 0

S

V̂
T

NN + V̂
T

SS
∈ CS

N

V̂
T

NN + V̂
T

SS
∈ CN ,

where CS and CN are the convex hulls of the composition space over which the piece-wise linear approximation

of the viscosity is valid. Although the optimal formulation design is challenging to describe analytically,

numerical solutions to this problem are feasible. For example, well-known sub-gradient descent methods are

routinely applied to constrained optimization problems over this sort of non-smooth objective function14.

Discussion of Applications and Experimental Examples

The simplest two component fluid was investigated by Einstein15,16. In the limit that the solute is sufficiently

diluted, he proposed that the viscosity scales linearly with the solute concentration: η(c) = η(0)(1 + [η]c),

where [η] is the so called intrinsic viscosity. For rigid, impenetrable spherical particles, c describes the volume

fraction of spheres and [η] = 5/2. At higher concentrations strong deviations from this linear trend appear.

For a variety of constitutive models and experiments, the optimal concentration for injection appears to live

near where the deviation from this linear model become apparent.

For example, many polymer solutions have a viscosity that scales linearly with concentration in the

dilute limit. However, there exists a so called “overlap concentration” beyond which polymer chains begin

to interact strongly with one another and power law scaling of the viscosity with concentration emerges17.

The particular power law depends on the topological and chemical details of the polymer, but this transition

is generic10. Figure 2 plots on logarithmic axes the viscosity as a function of concentration for such polymer

solutions. In this circumstance, it is clear that the viscosity as a function of concentration has a tangent line

through the origin right at the overlap concentration. Physically, this is the highest polymer concentration

accessible before the viscosity begins to grow rapidly with c. Thus, an optimal injection of a fixed number

of polymers will be formulated at the overlap concentration.

9
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For particle suspensions, the viscosity is expected to diverge as the concentration approaches the point

of maximum packing. The Krieger-Dougherty model is commonly used to represent this behavior18:

η(c) = η(0)

(
1 +

c

cmax

)−[η]cmax

, (14)

where cmax is the maximum concentration below which the fluid has a finite viscosity. The relationship

between the power-law exponent and the intrinsic viscosity in equation 14 is purely heuristic, but this

expression has been found to provide an adequate description of many loaded fluids. In suspensions of hard,

nearly spherical particles, one finds that [η]cmax ≈ 2 describes many experimental data sets quite well19.

Such power law scaling can even be justified in analytical models of mono-disperse suspensions of spheres20.

If such a particle-filled fluid exhibits Newtonian behavior or has Newtonian plateaus at low and high stress

that show similar power law scaling21, then the optimal loading predicted by equation 3 is given by an

incredibly simple expression:

c∗ =
cmax

1 + [η]cmax
. (15)

This result suggests an experimental procedure for finding the optimal formulation of a Krieger-Dougherty-

like fluid. First solvent is added to the prescribed dose of suspended component until the mixture just

becomes flowable. This point identifies the concentration cmax. Then the fluid is further diluted with

solvent to a concentration of approximately cmax/3 at which point the duration of injection should be nearly

minimized.

A simple example involving a two component, Newtonian fluid is the injection of fixed quantity of glycerol

dispersed in a variable quantity of water. Glycerol injections are used as a nerve block to treat symptoms of

chronic pain. The viscosity of pure glycerol at room temperature is hundreds of times that of water. Figure

3a) depicts experimental measurements of the viscosity of glycerol-water solutions at 30◦C over a broad

range of molar concentrations22. A tangent line through the origin determines the optimal concentration for

injection, which is the equivalent of approximately 30% glycerol by weight. Of course for medical treatment

there may be other constraints on the process including a limit on the maximum injectable volume, but

these constraints are easily accounted for by altering the formulation of the optimization problem.

As a related example, consider the problem of formulating solutions of globular proteins for subcutaneous

injection. Particularly for the case of monoclonal antibodies, the problem of injectability poses a major

challenge. Depending on the viscosity of an antibody solution loaded with a prescribed dose, injection in

a fixed amount of time may require pressure drops so large that forces supplied by human hands are not
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sufficient to complete the injection. A potential solution to this problem is understanding how the minimal

injection duration at a human appliable pressure drop could be shifted by engineering different factors in

the antibody solution. A heuristic model commonly applied to antibody solutions is the so-called Mooney

equation1:

η(c) = η(0) exp

(
[η]c

1− c/cmax

)
, (16)

which describes a viscosity that diverges exponentially as the concentration approaches cmax. Figure 3b)

depicts the viscosity of two proprietary antibodies suspended in identical buffer solutions measured by

scientists at Pfizer as well as fits to the Mooney equation1. For this model, the optimal loading is given by:

c∗ = cmax

[
1− 1

2
[η]cmax

(√
4

[η]cmax
+ 1− 1

)]
, (17)

and the minimal injection duration, t∗, depends on the model parameters through its linear proportionality

with the derivative of the viscosity:

t∗ ∼ η′(c∗) =
4η(0)

[η]c2max

(√
4

[η]cmax
+ 1− 1

)−2
exp

[
[η]cmax

2

(√
4

[η]cmax
+ 1− 1

)]
. (18)

An intuitive conclusion justified by these calculations is that the duration of injection at the optimal con-

centration can be made smaller by engineering a solution with a larger cmax and fixed [η]. That is, without

changing the dilute hydrodynamic characteristics of the protein, a shorter duration can be achieved when

the optimal concentration is further from maximum packing. Perhaps less intuitive is the correlation for

the intrinsic viscosity. A shorter duration for the optimal injection can also be achieved by decreasing the

intrinsic viscosity at fixed cmax. That is, maintaining the packing limits of the molecule, but reducing its

effective hydrodynamic size in the dilute limit will also speed up the injection.

The product [η]cmax is approximately the relative viscosity given by extrapolating the linear model of the

viscosity in the dilute region to the concentration at maximum packing. It appears that this factor exerts

the strongest influence on the optimal duration of injection both the Mooney and the Krieger-Dougherty

models. It is not clear to what extent this product can be engineered in suspensions of proteins or particles.

For the examples in figure 3b), [η]cmax ≈ 10, and it is typically much smaller for hard particles. This at

least suggests that engineering the “efficiency” of the solute packing is possible and can be used to optimize

the injection duration via molecular design. Some recent experiments have shown that adding arginine to

solutions of antibodies results in a viscosity that diverges at higher concentrations23. From the perspective
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of the optimal injection duration, one must ask whether the addition of arginine can change the molecular

interactions in a way that shifts [η]cmax favorably. Certainly, this detailed analysis of the injection problem

signals that [η]cmax is an interesting target for decreasing the optimal injection duration or equivalently

increasing the optimal molar flow rate of a suspended component.

Finally, in recent experiments we have scaled up the batch synthesis of PbS nanocrystals via burst

nucleation and found this framework for optimizing injection an indispensable tool24. In this synthetic

procedure, a concentrated solution of sulfur precursor suspended in oleylamine is injected by hand using

a 20 mL syringe into a solution of lead chloride precursor being stirred at 120◦C25. The nanocrystals

grow in solution before the reaction is quenched. Our original synthetic procedure would yield ∼75 mg

of nanocrystals. In order to perform neutron scattering experiments on concentrated solutions of PbS

nanocrystals, the yield of the synthetic procedure would need to be scaled up by two orders of magnitude

while maintaining low size dispersity in the batch26. The size dispersity is strongly influenced by the duration

of injection for the sulfur precursor solution. In order to successfully scale up the synthesis, it was essential

to minimize the duration of injection. The volume of the sulfur solution needed for the scaled-up synthesis

well exceeds the capacity of a 20 mL syringe. As such, we used a pressure-driven injection in which the

sulfur solution is held in a pressurized volumetric funnel and injected into the reaction vessel containing the

lead chloride solution, which is held under a mild vacuum27.

The optimization procedure follows the serial dilution methodology described for a Krieger-Dougherty

fluid. In the experimental apparatus, a funnel holding the sulfur solution is positioned vertically above

the reaction vessel and held back by a stop cock with a large orifice. The applied pressure drop driving

the fluid into the vessel vastly exceeds the gravitational load on the fluid so that equation 1 is appropriate

for describing the fluid flow. We use a mass basis so that N is the mass of sulfur to be injected, c is the

sulfur mass concentration, and η(c) is the viscosity as a function of mass concentration. We measured the

injection duration for 0.65 g sulfur suspended in different volumes of oleylamine from 15 to 180 mL. Figure

4 shows these durations. Using the measured durations, we fit for the geometric prefactor, A and cmax

using a Krieger-Doughtery viscosity model with [η]cmax = 2 and an unloaded viscosity η(0) = 4.93 cP for

oleylamine at 25◦C28. We find cmax = 101 mg/mL and A = 2107 s2/m2. Figure 4 shows the viscosity profile

predicted by the timing measurements and the geometric tangent construction corresponding to the optimal

injection concentration. The optimal concentration for injection is then found to be 33.7 mg/mL. Using this

concentration for the sulfur precursor solution, we were able to obtain multiple grams of 6.1 nm diameter

PbS nanocrystals with a size dispersity of 3.4%, on par with the lowest size dispersity samples obtainable in
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the small scale synthesis.

This procedure is both simple to implement and provides valuable insight into the shape of the objective

function. No rheological measurements were required for this optimization. It is only required to measure

the duration of injection of a few solutions at different concentration formulated by serial dilution. Figure 4

plots the injection duration from these experiments. At low concentration, too much volume is required to

deliver the requisite mass and the injection time is large. At high concentration, the solution viscosity has

climbed large enough that the injection time increases. The optimal injection concentration occurs where

the viscosity profile departs from a linear approximation. Additionally, we note the injection time function

is relatively flat near the optimal concentration. That is, the injection time will not change significantly if

there is small error in the sulfur solution preparation for these experimental parameters. If the geometric

prefactor were larger, as would be the case for larger pressure differentials, more injected mass, or smaller

stopcock radii, then the injection time profile would be sharper and it would be more important to precisely

prepare a precursor solution to match the optimal concentration.

Conclusions

Inspired by past work in modeling biophysical systems with Newtonian fluids, we have derived new formulas

representing the solution to an optimization problem describing the optimal formulation for delivering a

solute at the maximal rate in multicomponent fluids. The framework employed in this work allowed for

graphical or numerical determination of the optimal formulation of single and multicomponent Newtonian

fluids using a limited number of experimental measurements of the viscosity as a function of composition.

Additionally, we showed how model shear thinning and shear thickening fluids transporting a single solute

should be loaded in order to achieve the maximum delivery rate. For this model fluid, there is a simple

transition between two limiting viscous states at low and high applied stresses, but the same approach could

be applied to fluids with more complex rheology. We showed that the optimal injection of these fluids must

control both the formulation and the pressure drop applied. For a shear thinning fluid, the optimally loaded

fluid is the one that maximizes the rate of solute delivery in the high stress branch of the viscosity while

using the highest accessible pressure drop to drive the flow. For a shear thickening fluid, the situation is

more complicated. A locally optimal solution can be found when the fluid is loaded to maximize the delivery

rate in the low stress branch of the viscosity with the pressure drop restricted so that the fluid throughout

the flow channel has rheology drawn from this same low stress branch. A globally optimal delivery rate is
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always found as the pressure drop diverges, but such solutions may not be physically accessible in real world

injection scenarios with shear thickening fluids. We demonstrate how these calculations can be applied to the

delivery of chemical solutes in a burst nucleation experiment for the growth of quantum dots, but we expect

that there are many more applications for such optimal flow scenarios beyond this context or the biophysical

systems explored in past works. One area in which rapid injection is essential is in pharmaceuticals. The

derivation of an optimization problem for multicomponent Newtonian formulations may find use in this

particular area where macromolecular species are often the target injectable, but various excipients can be

added to solution as viscosity modifiers and solubilizers. This multicomponent formulation of the injection

problem enables a principled way of designing human injectable solutions that expose patients to a minimal

injection duration.
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Figure 1: Tangent line construction for finding optimal composition. a) For a two component, Newtonian

fluid having an increasing viscosity with respect to the concentration of a solute, the injection of a fixed dose

of solute with minimal duration occurs where a line through the origin forms a tangent with the viscosity. b)

A simple graphical method for determining the optimal loading for injection involves determining where a

line through the origin intersects just once the piece-wise linear approximation of the viscosity formed from

connecting experimental data with lines.
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overlap

Figure 2: Typical scaling of solution viscosity with concentration. a) A schematic of the viscosity of a

polymer solution as a function of polymer concentration. On increasing the concentration past the overlap

concentration a new power law trend in the viscosity emerges. The optimal loading for injection resides at

this overlap concentration and can be found by shifting a line with unit slope vertically until it just intersect

the viscosity curve on a log-log plot of viscosity versus concentration. b) A schematic of the viscosity

dependence described by the Krieger-Dougherty model. The optimal loading for Krieger-Dougherty models

typically resides near cmax/3.
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a) b)

Figure 3: Optimization of medical injections. a) The viscosity of glycerol-water mixtures as a function of

the molar concentration of glycerol. Following the procedure in Figure 1b), the line through the origin just

touching an experimental data point determines an approximation for the concentration of the fluid with

minimal injection duration. The optimal concentration is equivalent to a glycerol weight fraction of 30%.

b) The viscosity as a function of concentration for two monoclonal antibody solutions produced by Pfizer

(blue and black circles). The blue and black curves are fits of the Mooney equation to the data, and the red

curves are lines through the origin that are tangent to the model.
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Figure 4: Optimizing a scaled-up hot-injection synthesis of PbS nanocrystals. Measured injection times

to deliver 0.65 g sulfur in oleylamine are shown in blue with a fit to equation 4 using a Krieger-Doughtery

viscosity model. The predicted viscosity profile is shown in black with the geometric construction of Equation

3 in red. The optimal concentration for injection is found to be 33.7 mg/mL with cmax = 101 mg/mL.
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A simple graphical method for determining the optimal loading for injection involves determining where a

line through the origin intersects just once the piece-wise linear approximation of the viscosity formed from

connecting experimental data with lines.
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concentration a new power law trend in the viscosity emerges. The optimal loading for injection resides at

this overlap concentration and can be found by shifting a line with unit slope vertically until it just intersect

the viscosity curve on a log-log plot of viscosity versus concentration. b) A schematic of the viscosity
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to deliver 0.65 g sulfur in oleylamine are shown in blue with a fit to equation 4 using a Krieger-Doughtery

viscosity model. The predicted viscosity profile is shown in black with the geometric construction of Equation
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<latexit sha1_base64="Ea1U+xNxZTOAW+tR44+Mk/Oio0Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DgsHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipznrFklt2M5BV4i1IqVqBDLVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J9mhU3JmlT4JY2VLGpKpvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5LNF4WpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvyt5l+apeKVVv52lAHk7gFM7Bg2uowj3UoAEMEJ7hFd6cR+fFeXc+5q05ZzFzDH/gfP4AZjSNYg==</latexit>

⌘(c)
<latexit sha1_base64="6YETQZty+fEry6gT+iyjyHxtUF8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMevEYwTwgWcLspDcZMju7zMwKIeQjvHhQxKvf482/cbLJQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVhcNLbPzXrHkVtwMZJV4C1KqVSFDvVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP1Jdu6UnFmlT8JY2ZKGZOrviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZPNFYSqIicnsd9LnCpkRY0soU9zeStiQKsqMTahgQ/CWX14lzYuKd1m5eqiWarfzNCAPJ3AKZfDgGmpwD3VoAIMRPMMrvDmJ8+K8Ox/z1pyzmDmGP3A+fwAtyY+F</latexit>

⌘0(c⇤)c
<latexit sha1_base64="e2T3ruH9AbJcP0EtRQVtI8n5teY=">AAAB+3icbVDLTgJBEOz1ifha8ehlIjFBD2RXMXokevGIiTwSFsjs0MCE2UdmZo2E8CtePGiMV3/Em3/jsHBQsJJOKlXd6e7yY8GVdpxva2V1bX1jM7OV3d7Z3du3D3I1FSWSYZVFIpINnyoUPMSq5lpgI5ZIA19g3R/eTv36I0rFo/BBj2JsBbQf8h5nVBupY+c81LTtxZIHWGDts1PCOnbeKTopyDJx5yRfLkGKSsf+8roRSwIMNRNUqabrxLo1plJzJnCS9RKFMWVD2semoSENULXG6e0TcmKULulF0lSoSar+nhjTQKlR4JvOgOqBWvSm4n9eM9G969aYh3GiMWSzRb1EEB2RaRCkyyUyLUaGUCa5uZWwAZWUaRNX1oTgLr68TGrnRfeieHlfypdvZmlABo7gGArgwhWU4Q4qUAUGT/AMr/BmTawX6936mLWuWPOZQ/gD6/MHUdWUBg==</latexit>

c⇤
<latexit sha1_base64="q1Jq7tpwgix5efCNBwVDL5IIlPc=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9jViB6DXjxGNA9I1jA76SRDZmeXmVkhLPkELx4U8eoXefNvnGxy0MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm4nfeEKleSQfzChGP6R9yXucUWOle/Z42ikU3ZKbgSwSb0aKlTJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPs1PH5NgqXdKLlC1pSKb+nkhpqPUoDGxnSM1Az3sT8T+vlZjelZ9yGScGJZsu6iWCmIhM/iZdrpAZMbKEMsXtrYQNqKLM2HTyNgRv/uVFUj8reeeli7tysXI9TQNycAhHcAIeXEIFbqEKNWDQh2d4hTdHOC/Ou/MxbV1yZjMH8AfO5w9/UY3+</latexit>

a) b)

c
<latexit sha1_base64="Ea1U+xNxZTOAW+tR44+Mk/Oio0Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DgsHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipznrFklt2M5BV4i1IqVqBDLVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J9mhU3JmlT4JY2VLGpKpvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5LNF4WpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvyt5l+apeKVVv52lAHk7gFM7Bg2uowj3UoAEMEJ7hFd6cR+fFeXc+5q05ZzFzDH/gfP4AZjSNYg==</latexit>

⌘(c)
<latexit sha1_base64="6YETQZty+fEry6gT+iyjyHxtUF8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMevEYwTwgWcLspDcZMju7zMwKIeQjvHhQxKvf482/cbLJQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVhcNLbPzXrHkVtwMZJV4C1KqVSFDvVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP1Jdu6UnFmlT8JY2ZKGZOrviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZPNFYSqIicnsd9LnCpkRY0soU9zeStiQKsqMTahgQ/CWX14lzYuKd1m5eqiWarfzNCAPJ3AKZfDgGmpwD3VoAIMRPMMrvDmJ8+K8Ox/z1pyzmDmGP3A+fwAtyY+F</latexit>

c⇤
<latexit sha1_base64="q1Jq7tpwgix5efCNBwVDL5IIlPc=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9jViB6DXjxGNA9I1jA76SRDZmeXmVkhLPkELx4U8eoXefNvnGxy0MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm4nfeEKleSQfzChGP6R9yXucUWOle/Z42ikU3ZKbgSwSb0aKlTJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPs1PH5NgqXdKLlC1pSKb+nkhpqPUoDGxnSM1Az3sT8T+vlZjelZ9yGScGJZsu6iWCmIhM/iZdrpAZMbKEMsXtrYQNqKLM2HTyNgRv/uVFUj8reeeli7tysXI9TQNycAhHcAIeXEIFbqEKNWDQh2d4hTdHOC/Ou/MxbV1yZjMH8AfO5w9/UY3+</latexit>
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a) b)

c
<latexit sha1_base64="Ea1U+xNxZTOAW+tR44+Mk/Oio0Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DgsHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipznrFklt2M5BV4i1IqVqBDLVe8avbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J9mhU3JmlT4JY2VLGpKpvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5LNF4WpICYms69JnytkRowtoUxxeythQ6ooMzabgg3BW355lTQvyt5l+apeKVVv52lAHk7gFM7Bg2uowj3UoAEMEJ7hFd6cR+fFeXc+5q05ZzFzDH/gfP4AZjSNYg==</latexit>

⌘(c)
<latexit sha1_base64="6YETQZty+fEry6gT+iyjyHxtUF8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXI3oMevEYwTwgWcLspDcZMju7zMwKIeQjvHhQxKvf482/cbLJQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mnGCfkQHkoecUWOlVhcNLbPzXrHkVtwMZJV4C1KqVSFDvVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP1Jdu6UnFmlT8JY2ZKGZOrviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZPNFYSqIicnsd9LnCpkRY0soU9zeStiQKsqMTahgQ/CWX14lzYuKd1m5eqiWarfzNCAPJ3AKZfDgGmpwD3VoAIMRPMMrvDmJ8+K8Ox/z1pyzmDmGP3A+fwAtyY+F</latexit>

c⇤
<latexit sha1_base64="q1Jq7tpwgix5efCNBwVDL5IIlPc=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9jViB6DXjxGNA9I1jA76SRDZmeXmVkhLPkELx4U8eoXefNvnGxy0MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm4nfeEKleSQfzChGP6R9yXucUWOle/Z42ikU3ZKbgSwSb0aKlTJkqHYKX+1uxJIQpWGCat3y3Nj4KVWGM4HjfDvRGFM2pH1sWSppiNpPs1PH5NgqXdKLlC1pSKb+nkhpqPUoDGxnSM1Az3sT8T+vlZjelZ9yGScGJZsu6iWCmIhM/iZdrpAZMbKEMsXtrYQNqKLM2HTyNgRv/uVFUj8reeeli7tysXI9TQNycAhHcAIeXEIFbqEKNWDQh2d4hTdHOC/Ou/MxbV1yZjMH8AfO5w9/UY3+</latexit>

log ⌘(c)
<latexit sha1_base64="HHNCfrb6dm0OOtJPoaMHL8/Bn30=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquVvRY9OKxgv2A7lqyadqGZpMlySpl6f/w4kERr/4Xb/4b020P2vpg4PHeDDPzwpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWJNORO0YZjhtB0riqOQ01Y4upn6rUeqNJPi3oxjGkR4IFifEWys9OBzOUA+NbiMCDrtFktuxc2Alok3J6VaFTLUu8UvvydJElFhCMdadzw3NkGKlWGE00nBTzSNMRnhAe1YKnBEdZBmV0/QiVV6qC+VLWFQpv6eSHGk9TgKbWeEzVAvelPxP6+TmP5VkDIRJ4YKMlvUTzgyEk0jQD2mKDF8bAkmitlbERlihYmxQRVsCN7iy8ukeVbxzisXd9VS7XqWBuThCI6hDB5cQg1uoQ4NIKDgGV7hzXlyXpx352PWmnPmM4fwB87nD029kck=</latexit>

log ⌘0(c⇤) + log c
<latexit sha1_base64="IFNThrZvJHlDm/quleBFaQG+9II=">AAACCnicbVDLSgNBEOyNrxhfUY9eRoMQFcKuRvQY9OIxgnlANgmzk04cMvtgZlYIIWcv/ooXD4p49Qu8+TdONjloYkFDUdVNd5cXCa60bX9bqYXFpeWV9GpmbX1jcyu7vVNVYSwZVlgoQln3qELBA6xorgXWI4nU9wTWvP712K89oFQ8DO70IMKmT3sB73JGtZHa2X1XhD3ioqYtN5LcxzxhrWNyRE5I4jDSzubsgp2AzBNnSnKlIiQot7NfbidksY+BZoIq1XDsSDeHVGrOBI4ybqwwoqxPe9gwNKA+quYweWVEDo3SId1Qmgo0SdTfE0PqKzXwPdPpU32vZr2x+J/XiHX3sjnkQRRrDNhkUTcWRIdknAvpcIlMi4EhlElubiXsnkrKtEkvY0JwZl+eJ9XTgnNWOL8t5kpXkzQgDXtwAHlw4AJKcANlqACDR3iGV3iznqwX6936mLSmrOnMLvyB9fkDReOYww==</latexit>

log c
<latexit sha1_base64="wukSocd6qRbt/sFMKEMbJOo5u/I=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2t6LHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem2x609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7Ao1wLRXKnsVLwdeJv6clGtVyFHvlb66fUXTmElLBTGm43uJDTKiLaeCTYrd1LCE0BEZsI6jksTMBFl+7QSfOqWPI6VdSYtz9fdERmJjxnHoOmNih2bRm4r/eZ3URtdBxmWSWibpbFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKroQ/MWXl0nzvOJfVC7vq+XazSwNKMAxnMAZ+HAFNbiDOjSAwiM8wyu8IYVe0Dv6mLWuoPnMEfwB+vwByJiPUg==</latexit>

log c⇤
<latexit sha1_base64="8esAZq5vGaQ+o0pHqDXSkQ7Md0E=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBPJRdW9Fj0YvHCvYD2rVk02wbmk3WJCuUpX/CiwdFvPp3vPlvTLc9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKezOOqR/hgWAhI9hYqd3lcoDIw1mvWHLLbga0TLw5KdWqkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPs3gk6sUofhVLZEgZl6u+JFEdaj6PAdkbYDPWiNxX/8zqJCa/8lIk4MVSQ2aIw4chINH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5PmedmrlC/uqqXa9SwNyMMRHMMpeHAJNbiFOjSAAIdneIU359F5cd6dj1lrzpnPHMIfOJ8/5UWP7g==</latexit>

⌘0(c⇤)c
<latexit sha1_base64="e2T3ruH9AbJcP0EtRQVtI8n5teY=">AAAB+3icbVDLTgJBEOz1ifha8ehlIjFBD2RXMXokevGIiTwSFsjs0MCE2UdmZo2E8CtePGiMV3/Em3/jsHBQsJJOKlXd6e7yY8GVdpxva2V1bX1jM7OV3d7Z3du3D3I1FSWSYZVFIpINnyoUPMSq5lpgI5ZIA19g3R/eTv36I0rFo/BBj2JsBbQf8h5nVBupY+c81LTtxZIHWGDts1PCOnbeKTopyDJx5yRfLkGKSsf+8roRSwIMNRNUqabrxLo1plJzJnCS9RKFMWVD2semoSENULXG6e0TcmKULulF0lSoSar+nhjTQKlR4JvOgOqBWvSm4n9eM9G969aYh3GiMWSzRb1EEB2RaRCkyyUyLUaGUCa5uZWwAZWUaRNX1oTgLr68TGrnRfeieHlfypdvZmlABo7gGArgwhWU4Q4qUAUGT/AMr/BmTawX6936mLWuWPOZQ/gD6/MHUdWUBg==</latexit>

cmax
<latexit sha1_base64="8eIfTcUmNvVn3TkLCmVM5GsSZHw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLoxmUF+4B2LJk004YmmSHJqGXof7hxoYhb/8Wdf2Nm2oW2HggczrmXe3KCmDNtXPfbWVpeWV1bL2wUN7e2d3ZLe/tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRdea3HqjSLJJ3ZhxTX+CBZCEj2FjpnvS6ApuhEqnAT5NeqexW3BxokXgzUq5VIUe9V/rq9iOSCCoN4VjrjufGxk+xMoxwOil2E01jTEZ4QDuWSiyo9tM89QQdW6WPwkjZJw3K1d8bKRZaj0VgJ7OMet7LxP+8TmLCSz9lMk4MlWR6KEw4MhHKKkB9pigxfGwJJorZrIgMscLE2KKKtgRv/suLpHla8c4q57fVcu1q2gYU4BCO4AQ8uIAa3EAdGkBAwTO8wpvz6Lw4787HdHTJme0cwB84nz/EzpNm</latexit>

overlap
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