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A COUNTEREXAMPLE TO THE EXTENSION SPACE
CONJECTURE FOR REALIZABLE ORIENTED MATROIDS

GAKU LIU

ABSTRACT. The extension space conjecture of oriented matroid theory states that
the space of all one-element, non-loop, non-coloop extensions of a realizable ori-
ented matroid of rank d has the homotopy type of a sphere of dimension d — 1.
We disprove this conjecture by showing the existence of a realizable uniform ori-
ented matroid of high rank and corank 3 with disconnected extension space. This
also resolves the generalized Baues conjecture for cubes and the combinatorial
Grassmannian conjecture of MacPherson, Mnév, and Ziegler. Our proof uses
probabilistic methods.

1. INTRODUCTION

1.1. Oriented matroids and topology. Oriented matroids are structures which
abstract the properties of vector arrangements over ordered fields. In particular,
given a finite collection of vectors in R?, one can construct the oriented matroid of
the arrangement, which stores the information of how each d-subset of the arrange-
ment is oriented. On the other hand, one can construct from the axioms of oriented
matroids structures which do not correspond to any arrangement of real vectors;
these are known as non-realizable oriented matroids. Even without considering non-
realizable oriented matroids, the relationship between real vector arrangements and
realizable oriented matroids is complicated; for example, the celebrated Mnév uni-
versality theorem states that space of all vector arrangements producing a certain
oriented matroid can have arbitrarily bad behavior [12].

Can more be said about the relationship between geometry and oriented matroids?
In the past two decades, significant research has focused on spaces of oriented ma-
troids and their relation to real manifolds. These spaces were introduced by Gelfand
and MacPherson in their computation of the rational Pontryagin classes of a trian-
gulated manifold [11, 9]. For smooth manifolds, Chern-Weil theory gives a way to
compute the Pontryagin classes. For simplicial manifolds where a smooth structure
may not be available, Gelfand and MacPherson gave a formula for these classes by
constructing a discrete analogue of a smooth structure using oriented matroid the-
ory. They called the resulting objects combinatorial differential manifolds. Instead
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2 GAKU LIU

of assigning a tangent space to each point of the manifold, a combinatorial differen-
tial manifold assigns an oriented matroid to each face of a simplicial complex, with
certain continuity conditions between incident faces. The underlying simplicial com-
plex then gives a topological structure on the set of oriented matroids used, resulting
in a “space” of oriented matroids.

The above ideas can be expanded to a theory of matroid bundles, which gives a
more general class of spaces of oriented matroids (see [11] and [1]). The theory of
matroid bundles has a classifying space known as the MacPhersonian or matroid
Grassmannian, which is the space formed by all oriented matroids of a given rank
and size. A tantalizing open problem in the theory is whether this space has the
same homotopy type as the real Grassmannian. A positive answer would provide
a very strong connection between smooth manifolds and combinatorial differential
manifolds. The most significant results in this direction are on small homotopy
groups and mod 2 cohomology; see [1] and [2]. (A proof of homotopy equivalence
was published in [3], but later retracted.)

The extension space conjecture is a related conjecture that concerns the “extension
space” of an oriented matroid. Essentially, this space is a matroid bundle which
models the ways in which a given oriented matroid M can be extended by one
element. The motivating geometric notion is extending a vector configuration by
one additional vector. The extension space conjecture states that if M is realizable,
then this extension space should be homotopy equivalent to a sphere of appropriate
dimension (see below for a precise statement). The purpose of this paper is to
disprove this conjecture.

The extension space conjecture can be thought of as a parallel version of the pre-
vious MacPhersonian conjecture. In fact, both conjectures are special cases of a
conjecture by MacPherson, Mnév, and Ziegler [14] on the homotopy types “combi-
natorial Grassmannians”, which are a certain class of spaces of oriented matroids.
Our result thus disproves the more general conjecture. It also suggests that there
may be serious combinatorial obstructions to the more specific MacPhersonian con-
jecture that arise in large parameters. Our proof, which involves taking very large
parameters and invoking a probabilistic argument, might suggest a way to find such
obstructions. We also note that while extension spaces appear naturally as subspaces
of the MacPhersonian, it is unclear if our results can be used to directly disprove the
MacPhersonian conjecture.

1.2. The generalized Baues problem. There is also a formulation of the exten-
sion space conjecture which does not involve oriented matroids, and can be stated
entirely in terms of subdivisions of polytopes. In this way it is a special case of a
problem called the generalized Baues conjecture [4]. This problem studies general
classes of polytopal subdivisions which are “induced” by some projection of poly-
topes; these classes of subdivisions include triangulations of polytopes, zonotopal
tilings, and monotone paths on polytopes. Given a polytope and a class of subdivi-
sions, the set of such subdivisions of this polytope form a poset and associated order
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EXTENSION SPACE CONJECTURE 3

complex, and thus can be studied as a topological space; this is the goal of the gen-
eralized Baues problem. The problem is motivated by the fact that if one restricts
this poset to a certain set of subdivisions called coherent subdivisions, one obtains
the face lattice of a polytope known as the fiber polytope [5]. The conjecture is that
the homotopy type of the space does not change when one includes the non-coherent
subdivisions.

This line of thinking proved very fruitful and led to major developments in the
understanding of flip graphs, which are certain graphs connecting the finest subdi-
visions of a polytope. See the survey [16] for an overview and the paper [20] and
book [7, Chpt. 7, 9.1] for more recent results. Notably, Santos provided an example
of a point set whose flip graph of triangulations is disconnected [18]. The connec-
tion between the generalized Baues conjecture and the extension space conjecture is
as follows: Via the Bohne-Dress theorem [22, Thm. 7.32], the extension space of a
realizable oriented matroid M is isomorphic to the space of all non-trivial zonotopal
tilings of the zonotope associated to the dual of M. The extension space conjec-
ture is equivalent to the “generalized Baues conjecture for cubes,” which states that
for any zonotope, the aforementioned space is homotopy equivalent to a sphere of
appropriate dimension.

The most general form of the generalized Baues conjecture was disproved by Ram-
bau and Ziegler [15]. Later, Santos disproved the more particular “generalized Baues
conjecture for simplices” [20], which concerns the space of triangulations of a point
set. The generalized Baues conjecture for cubes remained as (possibly) the last un-
resolved case of interest for the problem. Our result disproves this case by giving
a three-dimensional zonotope whose space of non-trivial zonotopal tilings is discon-
nected.

1.3. Statement and methods. We will now state the conjecture using oriented
matroid terminology. Given an oriented matroid M, we consider the set of all ori-
ented matroids which extend M by a single non-loop, non-coloop element. This set
has a natural poset structure (see Section 2.3), and the order complex of this poset
is called the extension space of M. The extension space conjecture is as follows.

Conjecture 1.1. If M is realizable, then its extension space is homotopy equivalent
to a sphere of dimension rank(M) — 1.

Sturmfels and Ziegler [21] proved this conjecture for a class of oriented matroids
which they called strongly Euclidean oriented matroids, which includes all oriented
matroids of rank at most 3 or corank at most 2. However, Santos [19] showed that
realizable oriented matroids which are not strongly Euclidean exist both in rank 4
and corank 3. Mnév and Richter-Gebert [13] showed that the conjecture is false if one
removes the realizability assumption on M; they constructed non-realizable oriented
matroids of rank 4 with disconnected extension spaces. In this paper, we disprove
the extension space conjecture by showing that there exists a realizable uniform
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4 GAKU LIU

oriented matroid of high rank (possibly around 10°) and corank 3 with disconnected
extension space.

The counterexample in this paper is based on a vector configuration used by the
author in [10] to give an example of a zonotope with disconnected flip graph of
zonotopal tilings. Consider the vector configuration {e; —e; : 1 <i < j < 4}, where
e; is the i-th standard basis vector. Let En be the vector cgnﬁguration obtained
by repeating each element of this configuration N times. Let Ex be a configuration
obtained by perturbing each vector in Enx by a small random displacement in the
span of Fy. Our result is the following.

Theorem 1.2. For large enough N, with probability greater than 0, Ey contains a
subconfiguration F such that the oriented matroid dual to the oriented matroid of
FE has disconnected extension space.

The strategy of the proof is to show that the flip graph (Section 2.4) of all uniform
one-element extensions of the dual oriented matroid of F v 1s disconnected. A feature
of the proof is that it uses a probabilistic argument to show the existence of certain
elements in the flip graph; the value of N required for these arguments to work is
roughly 10°. A much simpler version of this argument was used by the author [10]
to prove an analogous result for Ep; this argument relied heavily on the special
position of Ey. The current paper is a significant expansion of these ideas to allow
the argument to work for the set Ey in general position. The general position of
FEn is needed to apply Proposition 2.7, which allows us to convert disconnectedness
of flip graphs to disconnectedness of entire posets.

Section 2 gives the relevant background on oriented matroids. Section 3 is the
main proof.

2. ORIENTED MATROIDS

We will give a brief overview of oriented matroids. While this overview is self-
contained, some familiarity with the basic concepts is helpful. We refer to Bjorner
et al. [6] or Richter-Gebert and Ziegler [17] for a more comprehensive treatment.

2.1. Basic definitions. Throughout Section 2, let E be a finite set. Let {+,—,0}
be the set of signs, and let {+, —,O}E be the set of sign vectors on E. For a €
{+,—,0}, define —a € {+,—,0} in the obvious way. For X € {+, —,0}¥, define
—X € {+,—,0}F such that (—X)(e) = —X(e) for all e € E. Define a partial
order on {+,—,0} by 0 < + and 0 < —, and extend this to the product order on
{+,—,0}~.

An oriented matroid is a pair (F, £) where L is a set of sign vectors on F satisfying
certain axioms. We will not use this axiomatic description in this paper, but we
include it for completeness:

Definition 2.1. An oriented matroid is a pair M = (E, L) where £ C {4+, —,0}F
such that
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EXTENSION SPACE CONJECTURE 5

(1) (0,...,0)e L
(2) If X € £, then —X € L.
(3) If X, Y € L, then X oY € L, where

X(e) if X(e)#0
Y(e) otherwise.

(XoY)(e) = {

(4) If X, Y € L and e € E such that {X(e),Y(e)} = {+,—}, then there exists
Z € L such that Z(e) =0 and Z(f) = (X oY)(f) whenever {X(f),Y(f)} #
{+7 _}‘
The set L is called the set of covectors of M. A minimal element of £\ {0} (with
respect to the above product order) is called a cocircuit of M, and the set of cocircuits
is denoted C*(M). An oriented matroid is determined by its set of cocircuits.

Given an oriented matroid M = (E,L), an element e € E is a loop of M if
X(e) =0 for all X € £. An element e € E is a coloop of M if there is some X € L
with X(e) = + and X(f) =0 for all f € E\ {e}. An independent set of M is a set
{e1,...,er} C E such that there exist X, ..., X} € £ with

T oifi=j
Xiley) = {O otherwise.

All maximal independent sets of M have the same size, and this size is the rank of
M. The corank of M is |E| — rank(M). An oriented matroid of rank d is uniform if
all d-element subsets of E are independent sets.

For X, Y € {+,—,0}7, we write X L Y if the set {X(e)-Y(e) : e € E} is
either {0} or contains both + and —. The next theorem defines duality of oriented
matroids.

Theorem 2.2. For any oriented matroid M = (E, L) of rank d, the pair M* =
(E, L*) where

L'={Xe{+,—-,0}: X LY forallY € L}
is an oriented matroid of rank |E| — d, called the dual of M. We have M** = M.

Finally, if M = (E, L) is an oriented matroid and A C E, the pair M|4 = (A4, L4)
where

Lg:={X|a: X €L}

is an oriented matroid called the restriction of M to A.

2.2. Topological representation. For each e € E, let v, € R? be a vector. For
each point 2 € RY, we obtain a sign vector X € {+,—,0}¥ by letting X(e) be
the sign of the inner product (z,v.). The set of all such sign vectors is the set of
covectors of an oriented matroid, which we call the oriented matroid of the vector
configuration {v.}ecp. An oriented matroid is realizable if it is the oriented matroid
of some vector configuration.
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6 GAKU LIU

Now assume that all of the v. above are nonzero, and let S, be the intersection
of the hyperplane normal to v, with the unit sphere S4~'. The S, form a sphere
arrangement of (d—2)-dimensional spheres in S, and each S, is oriented in the fol-
lowing way: S. separates S%! into two hemispheres, exactly one of which has points
with positive inner product with v.. The topological representation theorem says that
all oriented matroids arise as topological deformations of such arrangements; we now
describe this more precisely.

A pseudosphere in S is an image of {x € S : x; = 0} under a homeomor-
phism ¢ : S9! — §9=1 A psudosphere S separates S?~! into two regions called
sides; if we choose one side to be ST and the other to be S™, then we say that S
is oriented. A pseudosphere arrangement is a collection A = {Sc}ecr of oriented
pseudospheres in S9! such that

(1) For all A C E, the set S4 := (,c4 Se is homeomorphic to a sphere or empty.
(2) If A C F and e € E such that Sy € S, then Sy N S is a pseudosphere in
Sy with sides S4 NS and S4N S, .

Let A = {S.}ecr be a pseudosphere arrangement in S4~!. For each 2 € S !, we
obtain a sign vector X € {4, —, 0}¥ by setting

+ ifz eSS
X(e)=<X— ifzeS
0 ifzesS.

Let £(A) be the set of all sign vectors obtained this way along with the 0 sign vector.
Call A essential if () .z Se = . We can now state the topological representation
theorem.

eck

Theorem 2.3 (Folkman-Lawrence [8]). For any essential pseudosphere arrangement
Ain 8?1 (E,L£(A)) is an oriented matroid of rank d. Conversely, every oriented
matroid without loops is (E, L(A)) for some essential pseudosphere arrangement A,
and A is unique up to homeomorphisms ¢ : 41 — §4-1,

For an oriented matroid M, we call an essential pseudosphere arrangement A
such that M = (F, L(A)) a topological representation of M. If M has rank d and
A = {Se}ecr is a topological representation of M, we call any nonempty S (where
A C E) for which dimS4 > d—1—|A| a special pseudosphere of A. M is uniform if
and only if A has no special pseudospheres. The cocircuits of M are given by points
of S4 where dim S, = 0.

2.3. Extensions, liftings, and weak maps. Let M = (F, L) be an oriented ma-
troid. Let M’ = (E’, L") be another oriented matroid such that E' = EU {f} for
some f ¢ E. We say that M’ is a one-element extension, or extension, of M if
M = M'|g; that is,

L={X|p:XeLl}
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EXTENSION SPACE CONJECTURE 7

We say that M’ is a one-element lifting, or lifting, of M if
L={X|g: X el X(f)=0}.

If M’ is an extension (or lifting) of M, we call it trivial if f is a coloop (resp., a
loop) of M’. The notions of extension and lifting are dual to each other: M’ is
a (non-trivial) extension of M if and only if (M')* is a (non-trivial) lifting of M*.
Finally, if M’ is a non-trivial extension of M, then rank(M’) = rank(M), and if M’
is a non-trivial lifting of M, then rank(M') = rank(M) + 1.

We can understand liftings better using topological representation. Suppose M’
is a lifting of M, and assume rank(M) = d and M and M’ have no loops. Let
A = {S.}ecr be a topological representation of M’ in S%; by applying an appropriate
homeomorphism ¢ : S¢ — S¢, we may assume Sr={x € Se:x4.1 =0} and SJJ{ =
{z€8%: 2401 >0} Let AT ={S.N S;{}eeE.l Consider the “gnomonic projection”
which maps S;{ to R%. The image of AT under this map is a (not necessarily central)

arrangement B of oriented pseudohyperplanes in R? such that the intersection of B
with the “sphere at infinity” (that is, S) is a pseudosphere arrangement representing
M. Conversely, given such a pseudohyperplane arrangement B (with the appropriate
definition of “pseudohyperplane arrangment”), we can uniquely construct a lifting
M’ of M such that the set of covectors of M’ which are positive on f is topologically
represented by B. Hence, liftings of M are given by pseudohyperplane arrangements
in R? whose intersection with the sphere at infinity are topological representations
of M.

Given two oriented matroids My = (E, £;) and My = (F, £3) on the same ground
set F, we say that there is a weak map My ~~ Ms if for every Xo € Lo, there exists
X1 € L1 such that X; > X5. We say that this weak map is rank-preserving if My
and My have the same rank. If M; ~» M is a rank-preserving weak map, then
M7 ~~ Mj is also a (rank-preserving) weak map [6, Cor. 7.7.7].

For any set S of oriented matroids on the same ground set, we obtain a partial
order on S by letting My > My if there is a weak map My ~» Ms. We call the set
of all non-trivial extensions of an oriented matroid M partially ordered this way the
extension poset (M) of M. Similarly, we call the poset of all non-trivial liftings
of M the lifting poset F(M) of M. Since all non-trivial extensions of an oriented
matroid M have the same rank, we have £(M) = F(M*). The extension poset (or
lifting poset) has a unique minimal element 0, corresponding to extension by a loop
(resp., lifting by a coloop).

Every poset has an associated order complez, which is the simplicial complex whose
simplices are finite chains of the poset. The extension space conjecture claims that
for any realizable oriented matroid M, the order complex of £(M)\ 0 is homotopy
equivalent to a sphere of dimension rank(M) — 1. Since an oriented matroid is
realizable if and only if its dual is, this is equivalent to saying that the order complex

INote that M’ is determined by A'. In addition, we have S. # S; for all e # f, because
otherwise, by the definition of a lifting, e would be a loop of M.
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of F(M)\ 0 is homotopy equivalent to a sphere of dimension corank(M) — 1 for any
realizable M. We will find a realizable M (with corank greater than 1) such that
the order complex of F(M)\ 0 is disconnected.

2.4. Flips. To prove disconnectedness of some F(M)\ 0, we will actually only need
to look at the maximal elements of F(M). If M is uniform, the maximal elements of
F(M) are precisely the uniform liftings of M. We will study these uniform liftings
through flips.?

The following propositions define a flip and its basic properties. They are easy to
see from topological representation; we leave their proofs to the reader.

Proposition 2.4. Let M = (E, L) be a uniform oriented matroid of rank d. Let
D = {ey,...,eq} be a d-element subset of E. Let X1, ..., X4 € £ be cocircuits such
that X;(e;) = 0 for all i # j. Suppose that

Xilp\p = Xo|lp\p =+ = Xd|p\ -
Let X° € {+,—,0}* be the sign vector with
XO(e) = {0 ifeeD
Xi(e) otherwise
and let X1, ..., X4 be the sign vectors with
_ ~Xi(e) ifeeD
Xile) = {Xi(e) otherwise.
Then there are oriented matroids M° = (E, L") and M = (E, £) such that
C*(M°) =C*(M)\ {£X1,...,£X,} U{£X"}
C*(M) =C*(M)\{£X1,..., =X} U{EXy,...,£X4}.

We call M° a flip of M, and say that MY is a flip between M and M. We say that
that the cocircuits X7y, ..., X4 are involved in this flip.

Proposition 2.5. In the situation of Proposition 2.4, the oriented matroid M is
uniform, and there are weak maps M ~» M? and M ~» M°. Moreover, M, M, and
M? are the only oriented matroids N such that N ~ MY. If d < |E|, then M and
M are distinct.

Proposition 2.6. In the situation of Proposition 2.4, if X € L is a cocircuit such
that for all 1 < i <d, either X(e;) = X;(e;) or X(e;) =0, then X € {X3,..., X4}.

Proof. Let A = {Sc}ecr be a topological representation of M. The conditions on

X1, ..., X4 imply that Se)fl(el), e Sede(ed) bound a simplicial region of A. The
only cocircuits which correspond to points in the closure of this region are X1, ...,
Xy O

2These are called mutations in [6, Sec. 7.3]. An equivalent discussion can be found there.
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EXTENSION SPACE CONJECTURE 9

Now suppose that M = (E, £) is a uniform lifting of a uniform oriented matroid
My = (Eo, Ly), where E = Ey U {f} and rank(M) < |E|. Let D, Xy, ..., Xq,
and M be as in Proposition 2.4, and suppose that M is also a lifting of My. This
implies that f ¢ D and X1(f) = Xo(f) = --- = Xa(f) # 0. Since replacing
all of the X1, ..., X; with their negatives does not change M, we may assume
Xi(f) = Xao(f) =--- = Xa(f) = +. Along with the original assumptions on the Xj,
this completely determines the X;. In this case, M is determined by D, and we say
D is the support of the flip between M and M.

Given a uniform oriented matroid M = (E, £), let G(M) denote the graph whose
vertices are all uniform liftings of M and whose edges are the flips between them.
The following is a version of [16, Lem. 3.1], [18, Cor. 4.3] applied to F(M).

Proposition 2.7. If G(M) is disconnected, then there is some subset A C E such
that F(M|4)\ 0 is disconnected and corank(M|4) > 1.

Proof. For any poset P, an upper ideal of P is a subposet I C P such that x € I and
y > x implies y € I. For any x € P, define the upper ideals I, ={y € P :y > x}
and Is, = {y € P:y > z}. The following is an easy exercise.

Proposition 2.8. Let P be a finite connected poset, and let G be an upper ideal
of P containing all the maximal elements of P. Suppose that I, is connected for
every © € P\ G. Then G is connected.

Let G be the subposet of F(M) consisting of all uniform liftings of M and the
flips between them. By Proposition 2.5, G is an upper ideal of F(M). If G is
disconnected, by Proposition 2.8 there is some M’ € F(M)\ G such that I is
disconnected. We now use the following.

Proposition 2.9. For any non-maximal M’ € F(M), there exist Ay, ..., Ay C FE
such that Ispp = F(M|a,) x -+ xF(M|a,)-

Proof. Let A be a topological representation of M’. Let Sa,, ..., Sa, be all of
the special pseudospheres of A, where A; is the maximal set A C E U {f} such
that S4 = S4,. Since M is uniform, none of these special pseudospheres intersects
Sy, and hence they are all 0-dimensional and A; C F for all <. Thus, moving the
arrangement A into a more general position (while still representing a lift of M) is
equivalent to moving each of the subarrangements {Se}.c,0u(s} into more general
position; in other words, the map Ispy — F(M|a,) x --- x F(M|a,) given by
M" = (M"| 4,005}, - - -» M"| a,0¢}) is an isomorphism of posets. O

Now, let M' € F(M)\G and let Ispy = F(M|a,) X -+« xF(M|a,) as in the
previous Proposition. We may assume each F(M]|4,) is non-trivial. Then Iy
is disconnected only if k = 1 and F(M|4,)\0 is disconnected. In this case, if
corank(M|4,) = 1, then M’ is a flip, which contradicts M’ ¢ G. This completes the
proof. O

Thus, to disprove the extension space conjecture, it suffices to show the following.
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Theorem 2.10. There is a realizable uniform oriented matroid M for which G(M)
is disconnected.

3. MAIN PROOF

The main idea will be to define a large realizable uniform oriented matroid of
rank 3 and show that one of its liftings is highly “entangled.” This entanglement
will be achieved through a random process. Formally, we will build this lifting up
from many smaller liftings of the braid arrangement of dimension 3. Many of the
ideas here originally appeared in the author’s paper [10], and some of the exposition
is rewritten from there.

3.1. Liftings of the 3-dimensional braid arrangement. We will work in the
vector space TP? := R*/(1,1,1,1)R, whose points we write as points of R* modulo
the relation 2 ~ x + (¢, ¢, ¢, ¢) for any ¢ € R.> We define an inner product on TP? by
(z,y) = (2,9 )gs, where 2’ € R* satsifies 2} + -+ + 2/, = 0 and the residue of 2’ in
TP? is z, and v/ is defined similarly. While TP? is isomorphic to R?, it has a more
convenient coordinate system for our purposes.

Let T® denote the set of all ordered k-tuples (iy, ... ,ix) of distinct i, ..., ix € [n]
under the equivalence relation (i1, ...,i) ~ (i2,..., 0k, 91). We will use (i ---ix)
to denote the equivalence class of (i1, ...,i) in TX. We write —(iy - - -i}) to denote
(ig - - 1).

Let Ey := I'2. Let e; be the i-th standard basis vector of R* mapped to TP?,
and let e;; := e; —e;. Let My = (Ep, Lo) be the oriented matroid of the vector
configuration {e;; : 1 < i < j < 4}, where e;; is indexed by (ij) € Ep. This oriented
matroid is topologically represented by the intersection of the unit 2-sphere in TP?
with the braid arrangement By := {H;; : 1 <i < j < 4}, where H;; is the oriented
hyperplane {z € TP? : z; — x; = 0} with positive direction e;;.

We construct eight specific liftings of M. For each v = (ijk) € I'3, let B, be the
hyperplane arrangement in TP? with hyperplanes

H&j):{xETP3:xi—xj:1} Hal):{xeT]P’S:xi—xlzo}
Hlpy={z eTP’iaj—ay =1}  H))={r e TP’ :z; —x =0}
H?ki):{xGTIP?):xkfxi:l} H?kl):{xGTIP)g:xk—:cl:O}

where {{} = [4]\ {i,7,k}. To orient these hyperplanes, for any distinct 1 < p,q < 4,

define _
+ ifp<yg
A if p>gq

and orient each H . so that the a,, side of H) . is in the e,, direction. With
(pq) Pq (pg) Pq

this orientation, the intersection of B, with the sphere at infinity is a topological

3The notation TP comes from tropical geometry; while we will not be using any tropical geom-
etry, we use the name for convenience.
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EXTENSION SPACE CONJECTURE 11

representation of My. Hence, as discussed in Section 2.3, there is a unique lifting
M, = (Eg U{f}, L) of My such that LT := {X € L, : X(f) = +} is topologically
represented by B,. It is easily checked that M, is a maximal element of F(Mp).
Proposition 3.1. Let v = (ijk) be as above.

(a) For each p € {i,j, k}, there are cocircuits X1, Xs, and X3 € £$ satisfying

Xi((Uk) = ar; Xa((k)) = X1((ij)) =0 Xi((ph)) =
Xa((jk)) =0 Xo((k1)) = i, X2((i5)) =0 Xa((pl)) =
X3((jk)) =0 X3((ki)) = X3((ij)) =aji  X3((pl)) =0

(b) There is a cocircuit X € LI satisfying

X((gk)) = ar;  X((@) =0
X((ki) =az  X((j1)) =0
X((ij) =z X((kl)) =0

Proof. In the arrangement B, the covector X; corresponds to the point x € TP?
with 2; =0, ; = =1, 23, = 1, and 2; = x,. X3 and X3 can be found similarly. The
covector X corresponds to the point (0,0,0,0). O

3.2. A group action on I'}. We will use many copies of the liftings in the previous
section to construct a lifting of a larger oriented matroid. To help in doing so, we
define a certain group action on T'.

For each v = (ijk) € I'§, we define a function o, : ([g}) — T by

O’Y({Iivjv k}) = (Z]k)

O’Y({i)j)l}) (Z]l)
O’Y({jvk)l}) (]kl)
0 ({k,i,1}) = (kil)

where {{} = [4]\ {7, 7, k}. It is easy to check that v is determined by o,.
The relationship of o, to M, is as follows. Fix some v € I'}. Suppose that {i, j, k}

is some element of ([4]) 5uch that o,({i,7,k}) = (ijk). Then the restriction of B, to
the hyperplanes H. (i7)? ( k)’ H E/ki) is isomorphic to the hyperplane arrangement

Hj;={zx €TP®:2; —z; =1}
ka{a:eTIPg’ j—xp =1} (3.1)
Hy, ={x € TP®: xp — x; = 1}

o 7 . . . 0
where H (i) Maps to HU, etc., and each H,,, is oriented in the same way that H (pq)

is.

This article is protected by copyright. All rights reserved.



12 GAKU LIU

Now, we will map each a € I'? to a permutation 7, : [} — T'}. This map is
completely determined by the following rules: For any distinct 4, j, k, [ € [4], we
have

i) (1jk) = (jil)
() (1K) = (igl).
Let Gri be the permutation group of I'} generated by all the 7.

Proposition 3.2. The following are true.
(a) Every element of Gra is an involution, and G is abelian and transitive on
3.
(b) Let {7,5,k,1} = [4], and let H; be the subgroup of Grs generated by
{7y TG0y Ty 3
Let T'3(ijk) be the set of all v € I'} such that o, ({i,j,k}) = (ijk). Then
I'§(ijk) is an orbit of the action of H; on T'3.
Proof. Since each + is determined by o, we can view Gri as an action on the set of
functions 0,. We check that for all distinct 4, j, k, [ € [4] and v € '}, we have

Orpy ({05, k}) = =0y ({1, j, k})

Omapn ({85, 13) = =0y ({2, 4, 1})

Oy (Us s 1}) = 0y ({7, K, 1)

Oﬂ(ijﬂ({kv i,l}) = 07({14:, i1}).
It follows that we can embed Gri as a subgroup of Zj. This implies that every
element of Gps is an involution and Grs is abelian. It is also easy to check from the

above action on the o, that every element of I' has orbit of size 8, and hence Grs
is transitive.

From the above action on o,, we see that H; maps I'j(ijk) to itself and every
element of T'3(ijk) has orbit of size 4 under H;. Since |['3(ijk)| = 4, I'}(ijk) is an
orbit of Hj. O

3.3. A non-uniform realizable oriented matroid and a lifting. We will now
construct a non-uniform realizable oriented matroid and one of its liftings. Our
desired uniform oriented matroid will be obtained by perturbing this matroid.

Let N be a positive integer to be determined later. Let

E={(i,j,r)€Z®:1<i,j<4,i#j,—N<r <N}/ (i,§,7) ~ (4, i, 7).

That is, the element (i, j,7) € F is identified with (j,7, —r) € E. Let M = (E, L) be
the oriented matroid of the vector configuration {ve}ccp, where

V(ijr) = €ij if 1 < j.
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We construct a lifting of M. First, let B be the hyperplane arrangement {H, }.cp
where

H(i:jo) = {117 6 T]P)g . xi — .’17] = 7‘}

and H(; ;,) is oriented so that the a;; side of H(; ;) is in the e;; direction. The
intersection of B with the sphere at infinity is a topological representation of M, and
hence B defines a lifting Mg = (EU{f}, Lg) of M.

Let Q be the set of x € TP? such that if ijkl is a permutation of [4] such that
x; > xj > 1) > 71, then z; — ;, x; — x, and xp — ;7 are integers at most V. Let
Q™ be the set of x € @ such that |z; —x;| < N for all ¢, j € [n]. For each x € Q, the
set of hyperplanes

B(z) :=={H(ijo,—a;: 1 <i<j <4z, —z;| <N}

intersect at x. If z € @Q*, then B(z) is isomorphic to the braid arrangement By.
We now construct a maximal element of F(M) by deforming the arrangement 5.
For each e = (i,7,7) € E, let g. be an independent random element of Gri which is

1 with probability 1/2 and 7(;; with probability 1/2. For each z € @, define

7('%') = H g(i,j,xi—xj) (123> € Fi
1<i<j<4
|z;—zj|<N

For each x € @), we have an injective map B(x) — B, (y) where H; jz, o,) — H(ng)
The image of this map is a subarrangement of B, (,), and there is a canonical way
to shift the hyperplanes of B(z) to obtain an arrangement B(z)" (and a bijection
B(z) — B(z)') such that B(z) is isomorphic to this image.
Now, we construct a pseudohyperplane arrangement B’ from B as follows:
(a) For all x € Q, we deform B(x) so that in a small (i.e. radius < 1) neighbor-
hood around z we have the arrangement B(z)’.
(b) For any three hyperplanes H; ; ), H(j.s), Hr,iy) € B(x) which intersect in
a line L, we deform these hyperplanes so that their behavior at infinity is
unchanged, but away from infinity they agree with their images in B(x)’ for
allz € LN Q.

In order for (b) to be well-defined, we need to show that for any 2!, 22 € LN Q, the
restrictions of B(z') and B(z?)' to the images of {H(; .y, Hjks), Hek,izy} in B(z')
and B(z?)', respectively, are the same arrangement. To see this, note that

x%—x}:x?—m?:r
1 1,2 2 __

x]—xk—x]—.fk—s
ac,lc—x}:xi—x%:t.
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By Proposition 3.2(b), for any x € @, 0,)({i,j,k}) depends only on ¢(; jz,—z;),
I kai—zy)> A G(kizy,—a;)- Hence, 0y ey ({7, 5, k}) = 05(32)({7, 4, k}). From the dis-
cussion in Section 3.2, this implies that the restrictions of B(z!)" and B(x?)’ to the
images of H(; jy, H(jrs), H(rsz) are isomorphic arrangements, with the canonical
isomorphism. Thus, B’ is a well-defined pseudohyperplane arrangement.*

The intersection of B’ with the sphere at infinity is a topological representation
of M, so we obtain a lifting M’ = (E U {f}, L) of M such that (L) :={X € £ :
X(f) = +} is topologically represented by B’. By construction, M’ is maximal in
F(M) and M’ ~~ Mp. The following proposition follows from Proposition 3.1 and
the properties of B.

Proposition 3.3. Let z € Q*, and assume y(z) = (ijk). Let {I} = [4]\ {4, J, k}.

(a) For all =N < r < N with » > z; — x, and for all p € {i,j,k}, there are
cocircuits X7, Xo, and X3 € (£')" satisfying

X1(4,k,r) = ag; Xi(k,i,z) —x;)) =0 Xi(i, 4,2 —xj) =0
Xo(j, k,7) =0 Xo(kyi,xp — ;) = aug, Xo(i,j,2; —xj) =0
Xs3(j,k,7) =0 Xs(kyi,xp —xi) =0 X3(i, 4,2 — x5) = aji
and

Xi(p,l,zp—a;) =0 Xo(p,l,zp —a1) =0 X3(p,l,zp —x;) = 0.
(b) There is a cocircuit X € (£')* satisfying
X(j, k,xj — x) = ouj X (i, l,x; —x) =0
X(k,i,xp —x;) = Qg X, lyxj—x) =0
X (4, j, 2 —xj) = aji X(k, L,z —x) = 0.
and for any distinct p, ¢ € [4] and any —N < u < N with u # z, — z,

X (p,q,u) = sign(x, — x4 — u)ap,.
3.4. A uniform realizable oriented matroid. We now perturb M and M’. Let
0 < 6 < 1 be a small real number. Let
A:={0(e;+e;—er—e) 1,5k, €[4 are distinct}.

For each u € A and i € [4], define u’ € {£1} as follows: If u = §(e; +€; — e, — €1),
then
u=u =1 b =l = —1.
For each e € E, let 0, := u. + €., where ¢, is a generic element of TP? with
llee]| < d, and w, is chosen independently and uniformly at random from A. Let

Ve := Ve + M. Let M = (E, L) be the oriented matroid of the configuration {ve }ecp.
Since the €. are generic, M is uniform.

1A proof which does not use topological arguments can be found in [10].
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Let H, be the deformation of He in B'. We can tilt each pseudohyperplane I,
“near infinity” to obtain a pseudohyperplane H !’ whose normal vector far away from
the origin is v.. This gives an arrangement B = {H ! }ee £ whose intersection with the
sphere at infinity is a topological representation of M. If § is small enough, this can
be done so that within a sphere .S of radius 100N around the origin, the arrangement
B' is the same as B’. In other words, B’ defines a lifting M’ = (E U {/h L) of M
such that M’ ~ M’. In particular, we have (£/)* D (£/)*, where (£/)T := {X €
L£:X (f)=+}.

For any distinct ¢, j, k € [4] and any —N < r,s,t < N, the pseudohyperplanes
}?(i’j,r)’ Iff’(jk,s), and I?(k,i,t) in B intersect at a point which is far from the origin;
i.e., outside of S. This point will either be far in the ¢; direction or far in the —¢; di-
rection, where {l} = [4]\ {4, 7, k}. The correct direction depends on the arrangement

of H(” "y H(,j,k,s)’ Hék%t) in B’ and the sign

Bijk(r, ,¢) == sign (O‘ij“l(z',j,m + g g ) T O‘ki“l(k,z',t)) :
More precisely, we have the following.

Proposition 3.4. Let i, j, k, [ € [4] be distinct and —N < r,s,t < N. Suppose
that there exists Xy € (£')" such that

Xo(i,j,7) = aj; Xo(j, k,s) = ou Xo(k,i,t) = ap.
Then there exists a cocircuit X € (£/)" such that
X(i,j,r)=0 X(j,k,s)=0 X(k,i,t) =0
and for all p € {i,7,k} and =N <u < N,
X(l,p,u) = auyp - Biji(r, s, t).
Proof. The existence of X implies (and is in fact equivalent to) the statement that

the restriction of B’ to {H ) H Ej’ s)? H/ (ksist) } is isomorphic with the usual isomor-

phism to the arrangement (3.1). Thus, the restriction of B to H' (irjur) > ﬁ(j,k,s), and

H' (1) is an arrangement whose behavior away from the origin is the same as the
arrangement

Hj; = {x € TP’ : (z, 55 + ijn,jn) = 1}
Jk: ={z € TP : (z, €0 + ajaijrs) = 1}
ki ={zre TP? (x,eri + Ozkm(k,i,t)> =1}
obtained by tilting the hyperplanes in arrangement (3.1).

Let x be the intersection of HZ’], H]’k, and Hj,. Let ng ;. = nfj + 772-#, where ngj

is parallel to e; and nij is orthogonal to €;. Similarly let 1z ) = né.k + nij and
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N(kyit) = nfm. + nkﬁ.. The vectors
eij + Oéijnz‘#a €jk + ajknﬁm €ki + Oékmzé
lie in the 2-dimensional subspace of TP? orthogonal to e;. Hence, there are ¢;, cs,
c3 € R such that
c1(eij + Oé@'jni#) + ca(ej + Oé@'jnj}f) + e3(er; + animis) = 0.
Since e;; + e + ex; = 0 and HnZJJ-H, HnjL,CH, ||| < 30, we can choose c1, ¢o, and c3

so that |¢; — 1| < C4 for all i and some constant C' independent of d.
Now, we have

c1(w, €ij + Qi ) + c2(T, ek + Qrnks)) + €3(T; eri + Qi) = €1+ c2 +c3
= (z, claijnfj + CQOéjknj'k + c3apink;) = c1 4+ 2+ e3
= (z, clozijnéj + CQOijT]é'k + c3apink;) > 0 (3.2)
where the last inequality holds for small enough ¢ since |¢; — 1| < C§. By the

definition of 7(; ; .y, we have nﬁj = 5ul(ijr)el + 0(0)e; where 0(d) < ¢, and similarly

for nék and nfa. Thus,
Claz‘jnfj + 0204jk77é‘k + 30k
= 5(C1aijul(i,j’r) + C2Oéjkul(j7k7s) + 03akiul(k7i7t))el +0(d)e;.
Since |¢; — 1| < €9 for all 4, this becomes
C1Oéij7hl;j + C20‘jk?7§k + 3
= 0(ay5u .
= 0(ayju
Hence,
sign(z, clozijnﬁj + Cgajkné'k + 30T}y
= sign (5(aijul(i7j7r) + ajkul(jﬁs) + akiul(k7i7t)) + 0(5)) sign(zx, ;)
= Bijk(r, s,t) - sign(z, e)
since ]aijul(
Bijk(r, s, t). N . - .
Returning to B’, we conclude that H'(; ; ), H'( 1), and H'(; ;) intersect at a

point which is outside of S and far in the j;i(r, s, t)e; direction. The cocircuit X
corresponding to this point is the desired cocircuit. O

)+ ozjkul(j’hs) + akiuék,i,t)’ > 1. With (3.2), we thus have sign(z, e;) =

Z7J7r

We make some final definitions before proceeding. For each x € Q* and [ € [4],
define

Bi(x) := Biju(wi — xj, x5 — g, ) — 7;) Where oy ([4] \ {1}) = (ijk).
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For each = € Q* and i € [4], define

Ri,J’»(x) ={x+ ke; € Q" : ke 74}
Rz_(l‘) = {.7} + ke; € Q* ke Z_}.

)

Note that at least one of R; 1 (x), R; —(z) has size at least N/2. Indeed, if |R; 4 (z)| =
m, then there is some j € [4]\ {¢} such that ; + m +1 —x; > N + 1, and hence
xj —x; > N —m. Similarly if |R; +(x)| = n, then there is some k € [4]\ {¢} such
that x, —x; > N —n. Thus z, —x; > 2N —m —n, and since z;, —x; < N, we obtain
m+n > N.

3.5. A special set 2. We now define a special set 2 C Q*. We show that with
positive probability, it satisfies certain density conditions. This will be used to show

disconnectedness of G(M).
Let Q be the set of all x € Q* such that if y(x) = (ijk) and {I} = [4]\ {4, , k},
then

|Ri g, (2) ()5 [ Rj 8 ) ()], | B gy () ()| = N/2

and
Sign(auugimi,xl)) = Bj() Sign(aliul(cl,i,xl—xi)) = Br(x)
sign (i, ) = Be(@)  sign(ajul ;) = Bil)
Sign(akluék,l,mk—ml)) = Bi(x) Sign(alku{l,k,zl—mk)) = Bj(z).

Proposition 3.5. Let i, j, k € [4] be distinct and —N < 7, s, < N be integers with
r+s+t=0. Let

L={zxeQ :zj—xj=ra; —x = 8,0 —z; =t}

and suppose that o) ({7, j, k}) = (ijk) for some y € L. Then for each = € L, the
probability that v(z) = (ijk) and x € Q is at least 1/864, and these probabilities are
mutually independent over L.

Proof. By Proposition 3.2(b), the value of 0,(,)({7,,k}) is the same for all z € L.
By assumption, this value is (ijk). Now, for each = € L, let A(z) be the event that
v(z) = (igk) and let B(z) be the event that x € Q. Let I = [4]\ {4, j, k}, and recall
the definition of H; from Proposition 3.2(b). By Proposition 3.2(a), the product of
9idzi—w)> 96, —x;)s AN Gk 1 2y, —ay) 18 equally likely to be any element of H;. Thus,
by Proposition 3.2(b), v(x) is equally likely to be any element of I'}(ijk), so the
probability A(x) happens is 1/4.

Now fix « € L. For each p € {i,j,k}, there is some 3, € {+,—} such that
|Rpg,(z)] > N/2. Now, the event that

Sign(Qut(y 4, 4y) =B and Sign(aliul(gl,i,xlfxi)) = Bk
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depends only on ;... From the definition of A, the probability this event
occurs is either 1/6 or 1/3, depending on the choice of ; and (. Hence, the
probability that all the events

sign(azluzz’l mz_xl)) =B; sign(aliul(“l . xz)) = B
. k

Slgn(ajlu(] l zj—a:l)) = Bk Slgn(al]u(l ] T — :L’J)) = /62
SO g g —y) = B signomulyy ) = B

occur is at least (1/6)3 = 1/216. Now, assume that all these events occur. Since
A(z) is independent of these events, we can assume that A(z) occurs as well. Then

({4, k,1}) = (jkl), and
Bi(x) = Bjr(zj — xp, T — 21, T — T5)
= sign (Oljkuéj7k,s) + akluék,l,xk—xl) + aljufl7j,xl—xj)> '

Since sign(aklufhl’xk_m) = sign(aljuél7j7xl_xj)) = [, the right hand side of this
expression is 3; no matter what ajkuzj,k,s) is. Hence f;(x) = B;. Similarly 3;(x) = §;
and fBr(x) = Bg. It follows that x € Q. This occurs with probability at least
(1/4)(1/216) = 1/864.

Finally, the event A(x)NB(x) depends only on the independent variables g; ; 7,
9 L= Ik bap—e1)s Widai—z)> UGidws—ar)> @0 ULz, —z), and these variables are
different for every x € L. So these events are mutually independent over L. O

Proposition 3.6. For large enough N, with probability greater than 0, we have the
following: € is nonempty, and for every = € Q, if v(x) = (ijk), then the sets

Si(x) :=={y € R g,(z)( )ﬁQ' v(y) = (jki)}
Sj(x) :=={y € Rjg,(2) () N (y) (kil)}
Sk(x) == {y € Ry g, ()(x) NQ:v(y) = (ij1)}

are all nonempty.

Proof. Suppose x € Q. By Proposition 3.5, the probability that S;(z) is empty is at

most
863 \Ri,ﬁi(z)(x” 863 N/2
- < [ ==
<864> = (864)

and similarly for S;(z) and Si(z). By the union bound, the probability that at least
one of these sets is empty is at most 3(863/864)N/2. Since |Q] < |Q*] < (2N +1)3,
the probability that this happens for at least one x € {2 is at most

N/2
3(2N +1)3 <:gz> .
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Finally, by Proposition 3.5, the probability that € is empty is at most (863/864)".
For large enough N, the number

N/2 N
863 863
IN +1)3 [ — —
32N +1) (864) + (864)
is less than 1. So with positive probability, the desired property is satisfied. O

From now on, we will assume that the conclusion of Proposition 3.6 is satisfied.

3.6. Proof that G(M) is disconnected. We conclude by showing that G(M) is
disconnected. This proves Theorem 2.10 and disproves the extension space conjec-
ture.

In the following, we will redefine the variables M and L for convenience.

Definition 3.7. Let G' denote the set of all uniform liftings M = (E U {f}, L)
of M which satisfy the following. (As usual, £+ = {X € £ : X(f) = +} and
{1} = [\ {3, 4, k})
(a) Forallz € Qandi € [4] with y(z) = (ijk), for all y € Q with y;—yi, > z;—xy,
and for all p € {4, j, k}, there exist cocircuits X7, Xo, X3 € LT satisfying

X1(4, ks yj — yr) = oy Xi(kyiyxp —xi) =0 Xi(i,j,xi —x;) =0

Xo(j, k,y; —yk) =0 Xo(k, i,z — z3) = g, Xo(i,j,xi —x;) =0

X3(j k,yj —ye) =0 X3(k,i,op —2;) =0 X3(i, J,zi — ) = oy
and

Xi(p,l,zp—a;) =0 Xo(p,l,zp —a1) =0 X3(p,l,zp —x;) = 0.
(b) For all z € Q with y(x) = (ijk), there exists a cocircuit X € £ satisfying
X(i,l,a?i—xl):o X(j,l,xj—xl):o X(k,l,l‘k—l'l)zo

in addition to the following:
(i) For all y € Q with y; — yr > xj — xk, X (4, k,yj — yr) = au;-
(ii) For all y € Q with yp —vi > xx — x4, X (k, 4, Yk — ¥i) = g
(iii) For all y € Q with y; —y; > x; — x5, X (i, 7,y — yj) = .
(c) For all z € Q and ¢ € [4] with y(z) = (ijk), and for all y € Q with y; —y, >
x; — Ty, there exists a cocircuit X € L7 satisfying

X(j7k7y]_yk):0 X(k7l7xk_$l):0 X(l,j,xl—Z'J):O
and for all z € S;(x) and p € {j, k, [},
X (i,p, zi — 2p) = up - Bi(x).

Proposition 3.8. M e Gt
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Proof. Property (a) follows from Proposition 3.3(a) and the fact that (£/)™ 2 (£/)*.
Property (b) follows from Proposition 3.3(b).

We now prove (c). Suppose = € Q, i € [4], and y € Q such that v(z) = (ijk) and
Yj — Yk = xj — xp. First, note that o, ({j, k,1}) = (jkl). This implies that the
restriction of B’ to

{Héjvkvyjfyk)7 HEI{,Z,J&*.’E[)’ Hélzjaxlij)}
is isomorphic (with the usual isomorphism) to (3.1) with (i, j, k) replaced by (j, k, ).
(Note that if y; — yr > x; — xf, then the previous statement holds regardless of the
value of 0., ({j,k,}).) Thus, by Proposition 3.4 and the first sentence of the proof

of this proposition, there exists X € (Z’ )™ such that
X(j,k,yj—yk):() X(k,l,:::k—a:l):o X(l,j,xl—xj)zo
and for all z € S;(z) and p € {j,k,1},

X(i,p, 2i — 2p) = ayp - Bjkl(yj — Yk, Tk — L1, T — SUj)-
We have
B]k}l (y_] —yk’ Tk —ajl’ x] —$J) = Slgn (ajku%jvkvyj_yk) + akluzkvlvxk_ajl) + al]u%lﬂvxl_m])> :
By the definition of 2, we have sign(akluék7l7mk_$l)) = sign(alju'él’j’xl_%)) = Bi(x).
So the right hand side of this expression is 3;(x). Hence,

X (i,p,zi — 2p) = aip - Bi()
as desired. M

Proposition 3.9. Suppose M = (EU{f},£) and M = (E U {f}, L) are uniform
liftings of M and there is a flip M° between M and M. If M € G*, then M € G*.

Proof. We need to show that Definition 3.7(a)-(c) hold for M.

Proof of (a). Suppose there is some = € Q, i € [4], y € Q, and p € {i,j,k} such
that v(z) = (ijk), v; — yx > x; — xp, and L does not contain three cocircuits
satisfying (a). Since £t does contain such cocircuits X7, Xo, and X3, the flip M°
must have support

{(.]7 ka Y; — yk)v (k’,’L'?LITk - xi)7 (iaja Ty — CC]), (pv l)xp - CC[)}
and this flip involves X;, X5, and X3. However, by (b), there exists X € LT
with X (5, k,y; — yr) = o, X(kyi,xp — 2;) = g’ X(4,j,x; — xj) = oy, and
X(p,l,zp — x;) = 0. This contradicts Proposition 2.6, proving (a).

Proof of (b). Suppose there is some x € Q with v(z) = (ijk) such that L' does
not contain a cocircuit satisfying (b). Since £ does contain such a cocircuit X, we
must have one of the following:

5This equality is obtained by taking y = z in (b)(ii).

This article is protected by copyright. All rights reserved.



EXTENSION SPACE CONJECTURE 21

(i) For some y € Q with y; — yr > ; — s, MDY has support

{(.77 k7y] - Z/k)7 (Zv l')xi - xl)a <]7 l7xj - .%'l), (ka lvxk - xl)}
(ii) For some y € Q with yg — y; > zx — x;, M has support

{(kazayk - yz)7 (i,l,ZEi - LL’l), (.77l7xj - .'IZ‘l), (k,l,]Ik - l‘l)}
(iii) For some y € Q with y; — y; > x; — xj, M° has support

{(Z)])yl - y])a (i)lalii - xl)v (])lal‘] - xl)v (k’,l,ﬂfk - l’l)}

We will assume case (i); the other cases are analogous. The cocircuit X must be
involved in the flip M°. By (c), there is a cocircuit Y € L™ satisfying Y (j, k,y; —
yr) =0, Y(k,l,xp — ;) =0, and Y (j,l,2; — 2;) = 0, and hence it is also involved
in this flip. Suppose z € S;(x). If B;(z) = +, then z; — z; > ; — x; by definition
of Si(x). Hence X(i,j,2; — 2zj) = aj; by definition of X. But Y (4,7, 2 — 2;) = auj
by definition of Y. This contradicts the fact that the cocircuits involved in a flip
agree outside of the flip’s support. Similarly, if 5;(z) = —, then X (k, 4, 2z — z;) = ag
and Y (k,i,2r — 2;) = g, a contradiction. Since S;(x) is nonempty, we have a
contradiction, proving (b).

Proof of (c). Suppose there is some z € Q, i € [4], and y € Q such that y(z) =
(ijk), yj — yr > x; — x), and L' does not contain a cocircuit satisfying (c). Since
Lt does contain such a cocircuit X, there must be some z € S;(x) and p € {4, k,[}
such that M° has support

{(]7 kayj - yk)7 (k7 la T — xl)v (lvjv Ty, — xj)v (i>p7 2 — Zp)}'
Since z € Si(x), we have xj, — x; = 2, — 2z and x; — x; = 2, — zj. So we can rewrite
the support of the flip as

{(]a k;’yj - yk)’ (ka la 2k — Zl)a (l7j7 2] — Z])7 (iapa i — Zp)}-

Moreover, we have y; — yr > x; — x = 2j — 25, and since z € S;(x), we have
v(z) = (ljk). Thus, by (a) with x replaced by z and ¢ replaced by [, there are
cocircuits X1, X, X3 € LT such that

X1 kyyj —yk) =y Xa(k, Lz —2)=0 Xi(l,j,z1—2) =0
Xo(4, kyy; —yk) =0 Xo(k, Lz —z) =ay, Xo(l,j,z1—2;) =0
X3(]ak7y]7yk‘):0 Xg(k,l,Zk*Zl) =0 Xg(l,j,Zl*Zj) :ajl

and
Xl(iupazi_zp) =0 XQ(iupuzi_Zp) =0 XS(ivpaZi_Zp) = 0.

Thus, the flip My must involve these three circuits. But we showed in the proof of
(a) that there cannot be a flip involving these circuits. This proves (c). g

Thus, GT is a nonempty connected component of G(M ). Since 2 is nonempty, it
is easy to see that GT is not all of G(M). Thus G(M) is disconnected.
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