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Abstract

Let us fix a prime p and a homogeneous system of m linear equations a; 1x1 + - - -+
ajxp = 0for j =1,..., m with coefficients a; ; € F,,. Suppose that k > 3m, that
aji1+---+ajr=0forj=1,...,mandthatevery m x m minor of the m x k matrix
(aj,i);,i is non-singular. Then we prove that for any (large) n, any subset A C IF’;7
of size |[A| > C - I'" contains a solution (x1, ...,x;) € A* to the given system of
equations such that the vectors xq, ..., x; € A are all distinct. Here, C and I' are
constants only depending on p, m and k such that I' < p. The crucial point here is the
condition for the vectors xj, . .., xx in the solution (xi, ..., x;) € AX to be distinct.
If we relax this condition and only demand that x1, ..., x; are not all equal, then the
statement would follow easily from Tao’s slice rank polynomial method. However,
handling the distinctness condition is much harder, and requires a new approach.
While all previous combinatorial applications of the slice rank polynomial method
have relied on the slice rank of diagonal tensors, we use a slice rank argument for a
non-diagonal tensor in combination with combinatorial and probabilistic arguments.

1 Introduction

Given a linear system of equations with coefficients in I, for some fixed prime p, what
is the largest size of a subset A C IF’I') which does not contain a (non-trivial) solution
to the given linear system of equations? This is a fundamental question in additive
combinatorics, and it can be viewed as the finite field analog of similar questions
for subsets A € {1,..., N} whose history dates back many decades (see e.g. [9,
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15]). For example, a k-term arithmetic progression can be described by a system of
k — 2 linear equations (with k variables), and bounding the largest possible size of
a k-term-progression-free subset in IF;’, is an intensively studied and still wide open
problem [1, 5-7, 11-13, 17, 18]. Another well-studied special case is the system
consisting of the single equation x; + x2 — x3 — x4 = 0, and subsets A C F),
without non-trivial solutions to this equation are called Sidon sets (see e.g. [3]). More
generally, for any integer 4 > 2, subsets without a non-trivial solution to the equation
X144+ Xp —Xpy1 — - - — x2p = 0O are called Bj,-sets and the problem of bounding
the largest possible size of a Bj-set in ]F';7 is still open (see e.g. [20]).

Let us from now on fix a prime p and consider a linear system of m equations in k
variables of the form

ay1x1+---+apgxg =0 (*)

Ay 1 X1+ -+ am Xk = 0

with coefficients a;; € F, for j = 1,...,mand i = 1,..., k. For large n, we
are interested in the largest possible size of a subset A C F'[’, such that there is no
(non-trivial) solution (x1, ..., x¢) € A¥ to ().

If we have aj 1 +---+aj # 0forsome j € {1,...,m} (i.e. if for one of the m

equations the coefficients do not sum up to zero), then it is easy to see that there exists
asubset A C [, of size p"~!' = (1/p) - p" such that the system () does not have
any solutions (xq, ..., xx) € Ak (indeed, we can take A to be the set of all vectors
in ]F;’, whose first coordinate is 1). For fixed p, this means that up to constant factors
A can be as large as the entire space [,. However, the problem becomes much more
interesting whena; 1 +---+ajr=0forj=1,...,m.

So let us from now on assume thata; 1 +---+a;, =0for j =1, ..., m. Note
that then (x, ..., x) is a solution to the system (x) for every x € A. However, we can
ask for the largest size of a subset A C F;’, without a solution (xy, ..., x) € A to (»)
where x, ..., x; are not all equal. It is a highly non-trivial result to show that we must
have |A| = o(p") as n — oo (this can for example be deduced from [16,Theorem 1]
or [27,Theorem 2.2], both of which rely on deep results on hypergraph regularity, and
the actual quantitative bounds obtained this way are very poor).

Building upon a breakthrough of Ellenberg and Gijswijt [6] on bounding the size
of 3-term-progression-free subsets of I, as well as on prior work of Croot, Lev, and
Pach [4], Tao [28] introduced a new polynomial method, which is now called the slice
rank polynomial method. This method immediately gives much stronger upper bounds
on the size of A in the question above if we assume that the number k of variables in
the system (%) is sufficiently large with respect to the number m of equations. In fact,
assuming that k > 2m + 1, one can prove that the size of A needs to be exponentially
smaller than p" if there is no solution (x1, ..., xx) € Ak to (x) where xi, ..., x; are
not all equal.

Theorem 1.1 (Tao) For any fixed integers m > 1 and k > 2m + 1 and a fixed prime
D, there exists a constant 1 < I'p < p such that the following holds: For any
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coefficients aj; € Fp forj=1,... ., mandi =1,...,kwithaj1+---+aj; =0
for j = 1,...,m, for any non-negative integer n and any subset A C F’; of size
|A] > (T'p k)" the system (x) has a solution (x1, ..., Xk) € A such that the vectors
X1, ..., Xk € A are not all equal.

As mentioned above, Theorem 1.1 follows immediately from Tao’s slice rank poly-
nomial method [28]. For the reader’s convenience we will present the proof in Sect.
3.

Recall that our original question was to bound the size of a subset A C IF;') which
does not contain a non-trivial solution to the system (x). Obviously, it needs to be
specified what we mean by “non-trivial” here. If a solution (xp, ..., x;) € Ak s
considered non-trivial as soon as xp,...,x; € A are not all equal, then Theorem
1.1 provides a strong bound for |A| as long as k > 2m + 1. However, there are also
several other notions of “non-trivial” solutions to a linear equation or a system of
linear equations (see for example Ruzsa’s work [23, 24]), and a particularly natural
such notion is to demand for a “non-trivial” solution (xi, ..., x;) € A* to consist of
distinct xy, ..., Xk.

In the integer setting, the problem of bounding the largest size of a subset A C
{1,..., N} with no solution (x1, ..., xz) € A¥ to a given linear system of equations
where x1, . .., x; are distinct has already been considered almost fifty years ago [15].
Here, we consider the same problem in the setting of F” | i.e. we are asking for the

largest size of a subset A C IF;’, which does not contain a solution (xy, ..., x;) € Ak
to (x) with distinct xp, ..., xg.

Similarly to Theorem 1.1 above, our main result states that if the number k of
variables in the system (%) is sufficiently large with respect to the number m of equations
and if the system (%) is reasonably generic, then the size of A must be exponentially
smaller than p”.

Theorem 1.2 For any fixed integers m > 1 and k > 3m and a fixed prime p, there
exist constants Cp x> 1 and 1 < F; mk < P such that the following holds: Let
aji €Fpforj=1,...,mandi =1, ..., kbe coefficientswitha;+---+aj =0
for j = 1,...,m such that every m x m minor of the m x k matrix (a;;);, is
non-singular. Then for any non-negative integer n and any subset A < ¥, of size
Al > Cp ik - (F;,mﬁk)”, the system () has a solution (x1, ..., xy) € A* such that
the vectors x1, ..., x; € A are all distinct.

While it may seem at first that it should not make much of a difference whether one
demands x1, ..., x; € A to be distinct or to be not all equal, it is in fact much more
difficult to prove the existence of a solution (xy, ..., Xx) € A¥ with distinct x Iy eens Xk
asin Theorem 1.2. In fact, in some cases demanding such a distinct solution can require
qualitatively different bounds for the size of A (see Theorems 2 and 4 in [20], and
see also Theorems 3.2 and 3.3 in [23]). The slice rank polynomial method argument
proving Theorem 1.1 completely breaks down when requiring x1, . . ., xx to be distinct,
and new ideas are required in order to prove Theorem 1.2. In particular, our proof uses
a variant of the slice rank polynomial method that has not appeared in combinatorial
applications before.
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The problem of bounding the size of a subset of A € I/, not containing a solution
with distinct variables to a given linear equation or system of linear equations has
been studied by various authors in the past. In the case of the single equation x; +

-+ xp = 0, which is very closely related to the Erd6s-Ginzburg-Ziv problem in
discrete geometry, Naslund [22] proved a bound of the form [A| < Cp, - (I'p)" for
some I', between 0.84 p and 0.92 p (the constant C}, was later improved in [10]). The
best current bound in this case is |[A| < Cp, - (2,/p)" due to the author [25].

In the case of a general single linear equation ayx; + - - - + axx; = 0 with a; +

-+ ar = 0 (i.e. in the case of m = 1), Theorem 1.2 has been proved by Mimura
and Tokushige [21,Theorem 1], and this case also follows from [25,Theorem 5.1] with
significantly better bounds for I’ | . Different specific examples of linear systems
of multiple equations have been considered in [19-21], but Theorem 1.2 is the first
relatively general result for systems of multiple equations.

We remark that for fixed m and k (with kK > 3m) and a prime p that is large with
respect to m and k, most systems (%) satisfy the condition in Theorem 1.2 requiring
that every m x m minor of the m x k matrix (a; ;) ;; is non-singular. More precisely,
for p — oo (with m and k fixed) the fraction of choices for the coefficients a; ; € I,
(withaj 1 +---+ajx = 0forall j) that violate this non-singularity condition tends
to zero. In this sense, for large p, and fixed k > 3m, Theorem 1.2 applies to almost
all systems (x) where the problem is of interest (i.e. where a; 1 +--- +a; x = 0 for
j=1,...,m).

It is worth noting that one cannot hope to remove the assumption in Theorem 1.2
on the non-singularity of the m x m minors of the matrix (a;;); ;. Indeed, suppose
that the equation x; — xp = 0 was part of the system (x) or could be obtained as a
linear combination of the equations in (x). Then clearly (x) does not have any solutions
(x1, ..., xx) withdistinctxy, . . ., x¢. [t may potentially be possible to weaken the non-
singularity assumption in a way that excludes such situations (see also the discussion
in Sect. 5), but this example shows that some assumption is necessary.

The proof of Theorem 1.2 relies on probabilistic subspace sampling arguments
and combinatorial ideas, as well as on a new way to apply the slice rank polynomial
method. A key step for proving Theorem 1.2 will be to show the following theorem.

Theorem 1.3 For any fixed integers m > 1, r > 2 and k > 2m +r — 1 and a fixed
prime p, there exist constants C;a‘,‘rll‘ pr = land 1 < l"ij“‘k’k’r < p such that the
following holds: For any coefficients a;; € Fp for j =1,... . mandi =1,...,k
withaji1 +---+ajr = 0for j = 1,...,m, for any non- negative integer n and

any subset A C IF';, of size |A| > C;a':,]fk . (F;f“;}:k )", the system (x) has a solution

(x1,...,xx) € A such that the subspace span(xy, ..., x;) < F'[’, spanned by the
vectors X1, . .., Xy has dimension dim span(xy, ..., xx) > r.

Theorem 1.3 can be viewed as a “high-rank” generalization of Tao’s slice rank
method result in Theorem 1.1 (where one wants to find a solution (x1, ..., x;) € Ak
of high rank). Indeed, taking » = 2 in Theorem 1.3 implies Theorem 1.1. Also note that
unlike in Theorem 1.2, in Theorem 1.3 we do not require any genericity assumption
on the matrix (a;;); ;.

Organization In the next section we will deduce Theorem 1.2 from Theorem 1.3.
Section 3 contains some background on the slice rank polynomial method (including
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a proof of Theorem 1.1), and discusses the new way in which it will be used in the
proof of Theorem 1.3. The proof of Theorem 1.3 is in Sect. 4. We finish with some
concluding remarks in Sect. 5.

Notation. As usual, we write [k] = {1, ..., k}. For a subset I C [k], an I-tuple of
vectors in F;’, isatuple (x; | i € I) indexed by the set / (with x; € IF?, foralli € I).
For example, a [k]-tuple is simply a k-tuple (xy, ..., xx) and a {1, 2, 4}-tuple is a tuple
(x1, x2, x4).

For a vector space V and a subspace U, we can consider the quotient space V /U.
We denote the projection of a vector x € V onto this quotient space by projy ; (x).
Note that projy ; (x) is a vector in V /U and it is non-zero if and only if x ¢ U.

2 Proof of Theorem 1.2 assuming Theorem 1.3

We deduce Theorem 1.2 from Theorem 1.3 using an inductive argument. More pre-
cisely, we will show the following theorem by induction on ¢ (where the base case
£ = m + 1 will be obtained from Theorem 1.3, and the final case ¢ = k will give the
desired statement in Theorem 1.2).

Theorem 2.1 For any fixed integers m > 1 and k > 3m and m +1 < £ < k as
well as a fixed prime p, there exist constants C > 1 and 0 < ¢ < 1 such that the
following holds: Leta;; € F), for j =1,...,mandi =1, ..., k be coefficients with
aj1+---+ajr=0forj=1,...,m suchthat every m x m minor of the m x k
matrix (a;;);.; is non-singular. Then for any non-negative integer n and any subset
A C IF;’, of size |A| > C - pU=" the system (x) has a solution (x1, ..., x;) € AF
such that dim span(xy, ..., xx) > m + 1 and such that among x1, ..., x; € A there
are at least £ distinct vectors.

Note that Theorem 1.2 follows from Theorem 2.1 for £ = k. Indeed, taking
Cpmk = C and F;,m,k = p!=¢ < p (for the constants C and c obtained in
Theorem 2.1 for £ = k), we can see that every subset A C IF’;, of size |A| >

Cpmpe- (T, )" =C- pU=9" contains a solution (x1, ..., xx) € A¥ to the system
(x) such that among x1, ..., xx € A there are at least k distinct vectors (meaning that
the vectors xq, ..., x; € A are all distinct).

In the proof of Theorem 2.1 we will use a probabilistic subspace sampling argument.
This will require the following easy lemma.

Lemma2.2 Letn > 0and 0 < d < n be integers, and let y1, ..., ys € IF’Z, be linearly
independent vectors in F’I’) Then for a uniformly random d-dimensional subspace
vV C F;’ﬂ we have

pd—l pd_p pd_ps—1< pds
.. o

Ply;,...,ys € V] = . .
Dt € VI oy T S

Proof Let us first check the inequality between the term in the middle and the term on
the right-hand side. If s > d, then the middle term is zero and therefore the inequality
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is true. If s < d, then the s factors of the middle term are all positive and each of them
is at most (p? — 1)/(p" — 1) < p¢/p", which also implies the inequality.

Let us now prove by induction on s that the probability on the left-hand side equals
the term in the middle. For the base case s = 1, note that y; # 0 and that each of
the p" — 1 non-zero vectors in ) is equally likely to be contained in V. Since V
always contains exactly pd — 1 non-zero vectors, we can conclude that P[y; € V] =
(p? = 1)/(p" — 1) as desired.

Now suppose that s > 2 and that we have already proved

d d d s—2

p'—1 p*—p p®—p

]P)[yh'*"yS*lEV]: n ° n n
pt—=1 pt—p p'—p

s—2"

Then it suffices to show that P[ys € V | yi, ..., ys—1 € V] = (p? — Y/ (p" -
p°~1). Note that by the assumption on yi, ..., ys being linearly independent, the
vector y, does not lie in the span of yy, ..., ys—1. Furthermore, this span is (s — 1)-
dimensional and therefore consists of exactly p*~! vectors. Hence there are exactly
p"— p*~Lvectors outside span(yy, . . ., ys) and each of these vectors is equally likely to
be contained in V when conditioning on the event y1, ..., ys_1 € V. Since under this
conditioning, V always contains exactly pd —pf —1 yectors outside span(yg, ..., Vs),
we can conclude that Ply; € V |y, ..., ys_1 € V] = (p? = p*D/(p" — p* 1) as
desired.

Let us now prove Theorem 2.1 by induction on ¢, assuming that Theorem 1.3 is
true.

Proof of Theorem 2.1 The base case £ = m + 1 follows easily from Theorem 1.3
for r = m + 1. Indeed, we have k > 3m = 2m + r — 1, so there are constants

C;j”,‘:f ol = land 1 < F;f“},]; kol <P such that the statement in Theorem 1.3

holds. Now, let C = C;f’;];’k’mﬂ and let 0 < ¢ < 1 be such that pl_” = F?I;;]:,k,m-u'

Then forany subset A C F of size |A| > C-p1=" = C;ﬁ;‘r‘l‘,k’mH-(F;ﬁrr‘,‘;k’mﬂ)”,the
system (x) has a solution (x1, ..., xg) € AK such that dim span(xy, ..., xx) > m+ 1.
Note that the condition dim span(xy, ..., xr) > m+ 1 automatically implies that there
must be at least £ = m + 1 distinct vectors among x1, ..., X¢. This proves Theorem
2.1for =m + 1.

Now let us assume that m + 2 < £ < k and that Theorem 2.1 holds for £ — 1 with
constants C’ > 1 and 0 < ¢’ < 1. We will prove that then Theorem 2.1 also holds for
£. Let us take

PO N
(m/c)+1

and note that
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Cm/H)F1—(m+ )

e he= (m/c") +1
. (1/ch) —1 A (m/c) o B
= 11 d=c) i) +1 I-cH-0o. @D

Our goal is to show that the statement in Theorem 2.1 holds for some constant C > 1
only depending on m, k, £ and p. By making the constant C sufficiently large we may
assume that n > m/(1 — ¢). We may furthermore assume that 0 ¢ A (otherwise we
can delete the zero-vector from A and account for that by increasing the constant C
by 1).

Hence it suffices to prove that for any n > m/(1 — ¢) and any subset A < [
of size |A| > 2p(C’ + k22K) . pU0=9" with 0 ¢ A, the system () has a solution
(x1,...,xx) € Ak satisfying the conditions in Theorem 2.1.

So let us assume for contradiction that n > m /(1 — ¢) and that A C IF;’, is a subset
of size

|A| > 2p(C’ + k*2F) . pt—om

with 0 ¢ A, in which we cannot find a solution (x1, ..., x¢) € A to the system (%)
with dim span(xy, ..., x¢) > m + | and such that among xy, ..., x; € A there are at
least ¢ distinct vectors.

The following definition of an 7 -interesting / -tuple plays a crucial role for the proof.
Roughly speaking, our strategy will be to sample a random subspace V C ]F;; of a
suitably chosen dimension and to find a fairly large subset A* € ANV which does not
contain any 7 -interesting /-tuple. On the other hand, given that A* C V isalarge subset
of the vector space V, by the induction hypothesis for £ — 1, the set A* needs to contain
asolution (xq, ..., xx) € (A" to the system (%) with dim span(xy, ..., x;) > m+1
and such that among x1, ..., xx € A there are at least £ — 1 distinct vectors. We will
see that having such a solution (x1,...,x;) € (AMF will actually force the set A*
to contain some /-interesting /-tuple. This contradiction will finish the proof of the
induction step. O

Definition 2.3 For a subset I C [k] of size |I| = m + 1, let us say that an I-tuple
(xj |'i €1)of vectors x; € A fori € I is I-interesting if the vectors x; fori € [
are linearly independent and the /-tuple (x; | i € I) can be extended to a solution
(xX1,...,x¢) € AX to the system (x) such that among the k — m — 1 vectors x; for
J € [k]\I there are at least £ — m — 1 distinct vectors.

The following claim states, roughly speaking, that every solution (x1, ..., x;) € AF
satisfying the conditions in the induction hypothesis for £ — 1 must contain an /-
interesting [-tuple.

Claim2.4 Let (x1,...,xx) € AX be a solution to the system (x) with dim span
(x1,...,xk) = m + 1 and such that among x1, ..., Xy € A there are exactly { — 1
distinct vectors. Then there is a subset I C [k] of size |I| = m+ 1 such that the I -tuple
(x; | i € I)is I-interesting.
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Proof Since £ — 1 < k — 1, at least one vector must be repeated among x1, . .., Xk. So
leta, b € [k] be distinctindices such that x, = xj. Note that x, 7 0 by our assumption
that 0 ¢ A. Hence, since dim span(xy, ..., xx) > m + 1, we can extend the single
vector x, to a list of m + 1 linearly independent vectors chosen among x1, ..., x¢. In
other words, we can find a subset I C [k] of size |I| = m + 1 with a € I such that
the vectors x; for i € I are linearly independent (and therefore in particular distinct).
It now suffices to check that among the k —m — 1 vectors x; for j € [k]\I there are
at least £ — m — 1 distinct vectors. Since x, = x; and the vectors x; fori € I are
distinct, we have b € [k]\I. Recall that among x1, ..., x; € A there are exactly £ — 1
distinct vectors. When omitting the m + 1 vectors x; with i € I, at most m of these
£ — 1 distinct vectors disappear (since the vector x, = x;, remains even though it is
deleted once, and at most m other vectors get deleted). Hence there are indeed at least
£ —m — 1 distinct vectors among the vectors x; for j € [k]\[. O

On the other hand, our assumption on the set A implies the following structural
property for certain solutions (x1, ..., x;) € AX to (x) containing an [-interesting
I-tuple.

Claim 2.5 Let I C [k] be a subset of size |1| = m+ 1, and suppose that (x1, ..., x;) €
A¥ is a solution to the system (x) such that the I-tuple (x; | i € I) is I-interesting and
such that there are at least £ —m — 1 distinct vectors among x for j € [k]\I. Then at
least one of the vectors x; for i € I also occurs among the vectors x; for j € [k]\I.

Proof By Definition 2.3, the vectors x; for i € I must be linearly independent (and
therefore in particular distinct). Now, dim span(xy, ..., xx) > dimspan(x; |i € [) =
m + 1 and by our assumption on the set A this means that there cannot be ¢ distinct
vectors among xi, ..., Xx. Recall that there are at least £ — m — 1 distinct vectors
among x; for j € [k]\I and exactly m + 1 distinct vectors among x; for i € I. If
these two lists of vectors were disjoint, then we would obtain at least ¢ distinct vectors
among x1, ..., X;x. Hence some vector must occur both among x; fori € I and among
x;j for j € [k\I. O

Using Claim 2.5, we can show the following upper bound on the number of /-
interesting /-tuples for any subset /. This bound will enable us to perform the desired
subspace sampling argument, obtaining a subset A* C A without any [-interesting
I -tuples.

Lemma 2.6 For each subset I C [k] of size |I| = m + 1, there are at most k* - p™"
different I-interesting I-tuples (x; | i € I).

Proof Let us fix a subset I C [k] of size |I| = m + 1. For each I-interesting I-
tuple (x; | i € I), let us consider the sums Ziel arix; fort = 1,...,m (in other
words, we consider the contributions of the vectors x; with i € I to the left-hand
sides of the equations in the system (x)). It suffices to prove that for any choice of

bi,...,by € IE‘;L, there can be at most k2 different / -interesting /-tuples (x; | i € I)
with Zie[ a;ixi = b, fort = 1,..., m. Indeed, summing over all (p")" = p™"
choices for by, ..., b, would then give the desired bound on the total number of

I-interesting I-tuples.
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So let us fix by, ..., b, € ]Fg, and suppose that there are more than k? different
[ -interesting I-tuples (x; | i € I) with Zie, arixi =b fort =1,...,m.Let T be
the set of all such I-interesting /-tuples (x; | i € I), then |T| > k.

We claim that for any two distinct (x; | i € 1), (xlf | i € I) € T we must have
xp # x;, forall b € I. Suppose that we had x;, = x;, for some & € I. Note that then

/ !
Z apiXi = by — arpxp = by — arpx), = Z a,iX;
iel\{h} iel\{h}

fort =1,..., m. However, the m X m matrix (a; ;)re[m],ic1\{n} 1S non-singular by the
assumption in Theorem 2.1. Hence we can conclude that x; = x; foralli € I'\\{h} and
hence (x; | i € I) = (xlf | i € I), which is a contradiction. So for any two distinct
(xj |iel),(x;|iel)eT wemustindeed have x;, # x;l forallh € I.

Next, we claim that we can find vectors x; € A for j € [k]\I such that
> jelkg @, jxj = —by for# = 1,...,m and such that there are at least £ —m — 1
distinct vectors among x; for j € [k]\I. Indeed, consider any (x; | i € I) € 7. By
Definition 2.3 we can extend (x; | i € I)toasolution (xq, ..., xg) € A¥ to the system
(%) such that there are at least £ —m — 1 distinct vectors among x; for j € [k]\/. Now,
foreveryt =1, ..., m we have Zje[k]\] a;jXj = —y ey ariXi = —by, as desired.

So let us now fix a choice of vectors x; € A for j € [k]\/ such that
> jefkg G, jxj = —by fort = 1,...,m and such that there are at least £ —m — 1
distinct vectors among x; for j € [K]\I. Then for every (x; | i € I) € 7, the k-tuple
(x1,...,xx) € Ak satisfies

XXy XXk = Y aniXi+ Y X =b; + (=b) =0
iel jelkI\I

fort = 1,..., m.Inother words, forevery (x; | i € I) € T,thek-tuple (x1, ..., x;) €
AF is a solution to the system (x). By Claim 2.5 this means that at least one of the
vectors x; for i € I must also occur among the vectors x; for j € [k]\/. Hence
for every (x; | i € I) € 7 one of the |[I| = m + 1 < k vectors in the I-tuple
(x; | i € I) must be one of the fixed k — [I] < k vectors in the set {x; | j € [k]\]].
As |T| > k2, by the pigeonhole principle this implies that there must be two distinct
I-tuples (x; | i € 1), (x] | i € I) € T with xj, = x,, for some index & € I. But this is
a contradiction to what we showed above. This completes the proof of the lemma. O
Now, let

d=|(1-cn/m],
and note that d > 1 by our assumption thatn > m /(1 — ¢).
Let us consider a uniformly random d-dimensional subspace V C JF’},. The follow-

ing two claims give useful bounds for the expected number of vectors in A NV and
the expected number of 7-interesting /-tuples in V.

Claim2.7 E[JANV|] > (C + k22K) . pt=(m+Don/m
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Proof Recall that we assumed 0 ¢ A. So by Lemma 2.2 (applied with s = 1), for each
vector x € A we have

A

d_ d
1 p/2>

1 p(l—c)n/m
n_1— pn - 2P pn '

Plx e V] =

bS]

Using |A| > 2p(C’ + k?25) - pU=9" we obtain

p(l—c)n/m

1
E[ANV|] > — - ——— - |A| > (C' + k?2k) . pld=cn/m)=cn
2p "

— (C/ +k22k) . p(]f(erl)c)n/m’
as desired. O

Claim 2.8 For each subset I C [k] of size |I| = m + 1, the expected number of I-
interesting I-tuples (x; | i € I)withx; € V foralli € I isatmostk?- p{d—mthon/m,

Proof Recall from Lemma 2.6 that the number of I-interesting I-tuples (x; | i € I)
is at most k2 - p™". For each of these tuples (x; | i € I) the m + 1 vectors x; with
i € I are linearly independent (see Definition 2.3), so by Lemma 2.2 we have

pd m+1 p(l—c)n/m m+1
]P’[xierorallieI]§<—) <\— .
n pﬂ

Thus, all in all the expected number of /-interesting /-tuples (x; | i € I) withx; € V
foralli € [ is at most

p" p"

as claimed. O

Let Z be the total number of [-interesting /-tuples (x; | i € I) with x; € V for
all i € I, summed over all subsets I C [k] of size |I| = m + 1. Since there are only
(m]fH) < 2k choices for I, Claim 2.8 implies that E[Z] < 2k g2 p(l_(m+1)c)”/m.
Hence together with Claim 2.7 we obtain

]E[lA N V| _ Z] > (C/ +k22k) . p(l—(m+l)c)n/m _ 2/( . k2 . p(l—(m+1)c)n/m
— C/ . p(l—(m-l—l)c)n/m.

Thus, for the rest of this proof, we can fix an outcome for the random d-dimensional
subspace V C F”, for which we have [A N V| — Z > ¢’ p{I=(mtDan/m,
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We can now define a subset A* € A N V by deleting one vector from each /-
interesting /-tuple (x; | i € I) withx; € V foralli € I (for all subsets I C [k] of
size |[I| = m + 1). Then

|A*| > |A N V| - 7> C/ . p(l—(m+1)c)n/m

and there do not exist any /-interesting /-tuples (x; | i € I) withx; € A* foralli € I
(forany I C [k] of size |I| =m + 1).
On the other hand, (2.1) yields

|A*| - C/ . p(l—(m—i—l)c)n/m _ C/ . p(l—c’)(l—c)n/m > C/ . p(l—c’)d'

AsV = IF?), we can interpret A* C V as a subset of IF;’, of size |A*| > C’ - p=c)d,
By the induction hypothesis (which states that Theorem 2.1 holds for £ — 1 with the
constants C’ and ¢’), we can conclude that there must be a solution (x1, ..., x;) €
(A*)k C A* to the system (%) such that dim span(xy, ..., xx) > m + 1 and such that
among x1, ..., Xy € A there are at least £ — 1 distinct vectors. By our assumption on
A, there must be exactly £ — 1 distinct vectors among x1, ..., xx € A. But now Claim
2.4 implies that there exists a subset I C [k] of size |I| = m + 1 such that the /-tuple
(x; | i € I)is I-interesting. Since x; € A* for all i € I, this is a contradiction. This
finally finishes the proof of Theorem 2.1. O

3 Background on the slice rank polynomial method

In this section, we will give some background on Tao’s slice rank polynomial method,
and explain the way in which we will use it in the proof of Theorem 1.3. This involves
utilizing alemma due to Sawin and Tao [26] (see Lemma 3.5 below), which gives lower
bounds on the slice rank of non-diagonal tensors of a certain form (see Corollary 3.6
below). This leads to Corollary 3.7 below, which will then be used as a black box in
the proof of Theorem 1.3.

Statements like Lemma 3.5 and Corollary 3.6 are hard to use in combinatorial
applications, since in practice it is often difficult to find a (non-diagonal) tensor with
the particular structure required in these statements. In fact, to the author’s knowledge,
all previous combinatorial applications of the slice rank polynomial method relied on
diagonal tensors, meaning that this paper is the first to find a way to exploit the strength
of Lemma 3.5 for non-diagonal tensors. Doing so requires a careful combinatorial
setup and analysis, see Sect. 4.

Let us start by defining the notion of slice rank, which was introduced by Tao [28]
in a blog post and later given this name. In our setting it will be most convenient to
think of k-dimensional tensors as functions f : [L]¥ — T for some integer L > 0 and
some field F. By considering a vector space V over F with basis vy, ..., vz, one can
identify such a function with the element } 3y, ¢z} f(€1, .., L) ve, @ - ® vy
in the k-fold tensor product V ® - - - ® V. Yet another way to think of such a function
f : [L]* — T is to think of a k-dimensional hypermatrix of size L x --- x L with
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entries in IF. However, in our discussion we will formulate everything just in terms of
functions f : [L]¥ — F.

Definition 3.1 (Tao) Let L > 1 and k > 2 be integers, and let IF be a field. A function
f : [L1F — T has slice rank 1, if it can be expressed in the form

f(elr’zk) =g(£l) 'h(gl9""£iflazi+ls ’Zk)

for some i € [k] and non-zero functions g : [L] — Fand & : [L]*~! — F. The slice
rank of an arbitrary function f : [L]¥ — T is defined to be the minimum number r
such that f can be written as the sum of r functions of slice rank 1.

In other words, a function f : [L]k — I is defined to have slice rank 1, if it can
be written as the product of a function depending on just one of the k variables and a
function depending on the remaining k — 1 variables. Note that this notion differs from
the standard definition of the rank of a tensor, where a function of rank 1 is required to be
aproduct of k functions depending on one variable each. The slice rank of a function is
always at most as large as its rank according to the standard definition. Also note that the
slice rank of any function f : [L]¥ — Fis at most L. Indeed, for each ¢ € [L], we can
take g, to be the indicator function of £ and define hy (€2, ..., €x) = f(€, L2, ..., L).
Then we have f(£1,...,€x) = > 4z 8e(&i) - he(La, ..., €), which shows that
f: [L]* — T has slice rank at most L.

Tao’s slice rank polynomial method [28] combines his notion of slice rank as in
Definition 3.1 with an easy but very powerful polynomial factoring argument. This
argument first appeared in work of Croot, Lev, and Pach [4] on subsets Z/ without
3-term arithmetic progressions, and was then used again in Ellenberg and Gijswijt’s
breakthrough [6] on the cap-set problem bounding the size of 3-term-progression-free
subsets of F3 (and more generally ) for any fixed p). On his blog, Tao [28] gave a
reformulation of the proof of Ellenberg and Gijswijt using the notion of the slice rank
(which he introduced in this proof). His reformulation still uses the same polynomial
factoring argument that is also at the heart of the proofs of Ellenberg-Gijswijt and of
Croot-Lev-Pach in the Z setting.

In our context of studying solutions to linear systems of equations, this polynomial
factoring argument gives the following lemma. For integers m > 1 and k > 2m + 1
and a prime p, let us define

e R L
Tpmi = min —— < G.1)

< .
0<z<l Z(p—Dm/k p

It is not hard to see that this minimum exists. Furthermore, at z = 1 the function
on the left-hand size has value p and positive derivative (since k > 2m + 1), which
implies that indeed I"p, ,, x < p. It is also easy to see that I"j, ,, x > 1, so we have
1 <Tpmr <p.

Lemma 3.2 (Croot-Lev-Pach, Tao) Suppose we are given a linear system of equations
with coefficients in ¥, and constant terms in ¥, consisting of m > 1 equations
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in k > 2m + 1 variables. Then for any integer L and any vectors xl.([) € IE"I’, for
i=1,...,kand € =1,..., L, the function f : [L]k — ), defined by

flr, oo L)
1 if (xl(m, e xlge,{)) is a solution to the given system of equations

o otherwise.

has slice rank at most k - (I" p 1 )"

Proof Let the given linear system of equations be of the form

a1 1x1 + -+ aypxe = by

Am1X1 + -+ ap Xk = by,

wherea;; e F,for j=1,...,mandi =1,...,k and b; eIF’;, forj=1,...,m.
Furthermore, for any vector x € IF’;,, let us write x(1), ..., x(n) for the coordinates of
x (which are elements of IF ;). In particular, xi(e)(l), e, xi(e) (n) are the coordinates of

xl.(z) € IF’I’, fori=1,...,kand¢=1,...,Landb;(1), ..., b;(n) are the coordinates
of b eIE‘;forjz 1,...,m.
Now, we claim that

fan =111 (1 —(@j xS )+t ax(s) = b; (s))P*I)
j=1ls=1
(3.2)

forall ¢1, ..., ¢ € [L]. Indeed, if €1, ..., & € [L] are such that (x\”, ..., x{*) is

asolution to the system of equations above, then we have a; 1x\"" 4 - - - +a; xf™ —

bj = 0forall j = 1,...,m and consequently aj‘lezl)(s) 4 aj,kx,gk)(S) _
bj(s) =0forall j =1,...,mands = 1, ..., n. This means that all factors on the
right-hand side of (3.2) are equal to 1, and therefore the product is indeed equal to
f(y, ..., L) = 1. In the other case, where (xfm, . ,xlge")) is not a solution to the
system of equations, there must be some j € {1,...,m}ands € {1, ..., n} such that
ajixi(s) 4+ ajx™ (s) = bj(s) # 0. But then we have (a; 1x\"(s) + - +
aj,kxlge")(s) —b;j (s))?~! = 1, and so the factor 1 — (ajylem ()4 ~+aj,kx,£l")(s) —
bj(s)? ~1 on the right-hand side of (3.2) is 0. Hence the entire product on the right-
hand side is 0 and therefore equal to f (€1, ..., £x) = 0. Thus, (3.2) is indeed true.
We can now use the polynomial representation of f in (3.2) to show the desired
upper bound on the slice rank of f. Note that the right-hand side of (3.2) is a polynomial
of degree mn(p — 1) in the kn variables xl.(g")(l), A xl.(z")(n) fori =1,...,k Let
us imagine that we multiply out the product on the right-hand side of (3.2). Then
we can write f(£1, ..., £x) as a linear combination of monomials in the variables
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xl.(ii)(l), ...,xl.(z" )(n) fori = 1,..., k, where each monomial has degree at most
mn(p —1).

Since in F;, we have y” = y for all y € F,, we can replace each higher power
() (s))? with d > p by a power (x\(s))¢ withd’ € {1,...,p — 1} (and d’ =
d mod p — 1). This way we can represent f (¢, ..., {;) as a linear combination
of monomials in the variables xl.(ei)(l), el xl.(g")(n) fori = 1,...,k, where each
monomial has degree at most mn(p — 1) and each individual variable appears with
degree at most p — 1.

For each of the monomials in this representation the total degree is at most mn(p —
1), so there must be some i € [k] such that the monomial has degree at most mn(p —
1) /k in the variables xl.([") ,..., xl.(e" ) (n). Hence each monomial is of the form

G AND D ) g, iy L, )

for some i € [k], some dy,...,d, € {0,...,p— 1} withd; +---+d, <mn(p —
1)/k and some function g : (L)1 — F, (where g is a monomial in the variables
0., L . .
), xS () for i € kI,
By grouping together the monomials with the same i and the same dj, ..., d, in
the above representation, we now obtain a representation of f (£, ..., {;) as a sum

of terms of the form
G AND ) R, iy Lt )

forsomei € [k],somedy,...,d, € {0,..., p—1}withd|+---+d, <mn(p—1)/k
and some function & : [L]k_1 — [, (here, the function / is obtained as a linear
combination of the functions g that we previously considered). Note that each such
term is a slice rank 1 function. Hence the slice rank of f is at most

k-H{di,....,dy) €{0,....p—=1}"|di1 +---+dy <mn(p—1)/k}]|.

Thus, using the following claim, we obtain the desired bound for the slice rank of f.

Claim3.3 |{(di,....dy) € {0,....p—1)" | dy + -+ dy < mn(p — 1)/k}| <
(Fp,m,k)n.

Proof We need to prove that for a uniformly random choice of (dy,...,d,) €
{0,....,p — 1} we have Pldy + --- +dy, < mn(p — D/k] < Tpmp)" - p".
Indeed, for any 0 < z < 1, by Markov’s inequality we have

Pld; +--+d, < mn(p _ 1)/k] < P[Zd1+-.»+d,, > Zmn(p—l)/k]

E[Zdl"r'-"'rdn] _ E[Zdl] .. .E[Zd”] . ((1 +z+---+ Zp_l)/p)n

zmn(p—1)/k - zmn(p—1)/k - zmn(p—1)/k
(TN
= Z(p—Dm/k i
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where we used that dy, ..., d, can be viewed as independent uniformly random ele-
ments of {0, ..., p — 1}. Hence

otz 227N\
IP’[ler...ernSmn(p—l)/k]i(()rlnzlg1 Dk ) p

= (Fp,m,k)n . P_",
as desired. O

This finishes the proof of Lemma 3.2. O

We remark that the proof of Lemma 3.2 is a straightforward generalization of the
corresponding arguments in Tao’s blog post [28] (which are for the case m = 1 and
k = 3), apart from the bound for the quantity in Claim 3.3. This bound as well as the
proof of Claim 3.3 appeared for example in [2,Proposition 4.12].

As an example of a typical application of Tao’s slice rank polynomial method, let
us now show how Theorem 1.1 can be deduced from Lemma 3.2 and the following
lemma due to Tao [28,Lemma 1] stating that diagonal tensors have large slice rank.

Lemma 3.4 (Tao) Let L > 1 and k > 2 be integers, and let ¥ be a field. Suppose that
f: [L]k — F is a function such that f (€1, ..., Lx) # 0 whenever | = - -- = £y and
such that f(£q, ..., L) = 0 whenever £, ..., L, € [L] are not all equal. Then the
slice rank of f is equal to L.

By combining Lemmas 3.2 and 3.4 one can obtain Theorem 1.1. This proof appeared
in Tao’s blog post [28] in the special case of m = 1, k = 3 and (%) being the single
equation x; — 2x3 + x3 = 0, which corresponds to 3-term arithmetic progressions (in
the same blog post he also introduced the notion of slice rank and proved Lemma 3.4).

Proof Theorem 1.1 Let A C IF’;, be such that every solution (xy, ..., xz) € Ak of the

system (%) satisfies x; = --- = x;. Let L = |A|,and let A = {x(l), el x(L)}. Now,
define the function f : [L]* — I, by setting

{l if (x@€) ..., x®) is a solution to (%)
S, ..., L) = . .
0 otherwise.

Note that by Lemma 3.2 the slice rank of f is at most k - (I'p k)"

On the other hand, whenever ¢, . . ., £; are such that (x(gl), e, x(ek)) is a solution
to (), then by our assumption on A we have x“) = ... = x) and therefore
£y = -+ = L. Thus, we have f(€1,...,£€;) = 0 whenever £, ...,¢; € [L] are
not all equal. Furthermore, for all £ € L, the k-tuple (x(‘z), R x(e)) is a solution to
(%), since we assumed thata;j +---+aj; = 0for j = 1,..., m. Hence whenever
£y =--- =¥, wehave f(1,...,4r) =1 # 0. Thus, by Lemma 3.4 the slice rank
of f equals L.

All in all, we obtain [A| = L < k- (I'p,»4)". So we have shown that every set
A C ]Fg with the property that every solution (x1, ..., x;) € A of the system (%)
satisfies x| = - - - = x; must have size |A| < k - (T'p . 1)".
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This almost gives Theorem 1.1. In order to prove the theorem, we need to prove
|A] < (I'p m.1)" instead of the weaker bound |A| < k- (I", k)" . We can use a power
trick, as follows.

Suppose that A C F; is a set with the property that every solution (xp, ..., xx) €

AF of the system (x) satisfies x; = --- = x;. Note that for every positive integer
m, the set A" = A x - x A CF) x--- xF = " also has this property.
Therefore, by what we proved above, we must have |A|" = |A™| < k-(I"p 1) and
therefore |A| < k!/™ . (T'p,m k)" for every positive integer m. Hence |A| < (I'p n £)",
as desired. O

The proof of Theorem 1.1 follows the typical pattern of applications of the slice rank
polynomial method in combinatorics: If one wants to bound the size of a combinatorial
structure satisfying certain conditions (here the set A = {x1, ..., x(&)}), one defines
a function f in terms of this structure in such a way that a polynomial factoring
argument as in the proof of Lemma 3.2 gives an upper bound on the slice rank of
f. On the other hand, the conditions on the combinatorial structure imply that the
function f must be of a special form, giving a lower bound for its slice rank in terms
of the size of the structure. Combining both bounds, one then obtains an upper bound
for the size of the combinatorial structure, as desired.

As mentioned above, so far in all combinatorial applications of the slice rank
polynomial method, the “special form” of the function f under consideration was a
diagonal tensor as in Lemma 3.4. Not long after Tao’s original blog post [28], another
post by Sawin and Tao [26] appeared on Tao’s blog, proving the following statement
[26,Proposition 4] concerning the slice rank of certain non-diagonal tensors.

Lemma 3.5 (Sawin-Tao) Let L > 1 and k > 2 be integers, and let F be a field. Fix
k total orderings <1 ..., <% on the set [L]1={1,..., L}, and consider the resulting
product partial order < on [L1¥. Suppose that f : [L1* — T is a function such that
the set S = {(€1,...,€) € [LTF | f(ly,...,€) # 0} C [L1* is an antichain with
respect to the partial order <. Then the slice rank of [ equals

min (|7 (S| + - + |7 (S,
S=81U---USk

where the minimum is taken over all partitions S = S U --- U S and where m; :
[L1¥ — L denotes the projection to the i-th factor fori =1, ... k.

The following corollary of Lemma 3.5 gives a slightly more concrete statement
about certain tensors having large slice rank.

Corollary3.6 Let L > 1 and k > 2 be integers, and let F be a field. Let [k] =
J1 U ---U J; be a partition such that |J,| > 2 for h = 1, ..., t. Now, suppose that
f 2 [L1F — Fis afunction such that f (£, ..., £) # Oforall ¢ € [L] and such that for
any choice of 1, ..., £y € [L1with f(£y,..., &) #0wehave |{£; | j € Jy}| =1
forh =1, ...,t. Then the slice rank of f is equal to L.

Proof Let us define total orderings <1 ..., <k on the set [L] as follows. For each
h =1,...,t,chooseoneelement j, € J, and define </" to be the canonical increasing
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ordering 1 </" 2 <J# ... <Jn [ on [L]. Furthermore, choose a different element
in € Jy (recall that |J,| > 2) and define the total ordering </ to be the opposite
total ordering on [L], i.e. the ordering L <" L — 1 < ... </» 1. For all remaining
elements j € Jy\{jx, in}, define </ to be an arbitrary total ordering on [L].

We claim that the function f : [L]* — T satisfies the assumption in Lemma 3.5
with respect to the total orderings <l .. <k we just defined. Indeed, suppose that
Uy, o), (0, ... ) € [L1*F with f(€1, ..., €) #0and f(£],...,¢0) #0are
such that (€1, ..., £x) < (¢}, ..., £;) in the product partial order <. Then ¢; <i ¢; for
alli € [k]. We will show that we actually have ¢; = E; foralli € [k].Soleti € [k], and
let i € [t] be such thati € Jj,. By our assumption on f we have [{{; | j € Jp}| =1
and |{Z’j | j € Ju}| = 1, which means that ¢; = £;, = ¢;, and {; = Z’jh = E;h for
the elements jj, i, € Jj that we fixed above. Hence ¢; = ¢}, <Jh g.//'h = {} in the
total ordering <Jh which by the definition of <Jh means that ¢; < Z;. On the other
hand we have ¢; = ¢;, < E;h = {} in the total ordering < which by the definition
of <" means that ¢; > ¢;. Thus, we can conclude that ¢; = ¢} for all i € [k], so
L1, i) =], .., ).

Hence the set S = {(€1,...,€) € [L1* | f(€1,...,€) # 0} C [L]* is indeed
an antichain with respect to the partial order <. So Lemma 3.5 applies and we can
conclude that the slice rank of f equals

S=SIEBPUSk (m (SOl + - + |7 (S

where the minimum is taken over all partitions S = S; U - - U S.

We claim that for any partition § = Sy U --- U S we must have 71 (S1) U --- U
7 (Sx) = [L]. Indeed, for any £ € [L], by the assumption f(¢,...,£¢) # 0 we
have (¢,...,¢) € S and therefore (¢,...,¢) € S; for some i € [k]. This means
that £ € 7;(S;) € m1(S1) U --- U mr(Sk). Hence 1 (S1) U --- U m(Sk) = [L] and
therefore |1 (S1)| + -« - + |7k (Sk)| > |71(S1) U -+ Ump(Sk)| = L for any partition
S=8U---US.

Thus, the slice rank of f is at least L. On the other hand, the slice rank of f :
[L1¥ — T is also at most L. Hence the slice rank of f equals L. O

Note that Corollary 3.6 can be viewed as a generalization of Lemma 3.4 for diagonal
tensors by considering the partition of [k] into a single set J; = [k]. The slice rank
polynomial method has had many interesting applications in combinatorics (see for
example Grochow’s survey [14]), but all of them rely on using a diagonal tensor
(meaning that they proceed via Lemma 3.4). This paper gives the first combinatorial
application that uses the additional strength of Corollary 3.6 for non-diagonal tensors.

Being able to use Corollary 3.6 in the proof of Theorem 1.3 requires new combina-
torial ideas and a rather technical inductive setup. In order to not further complicate
the presentation of the proof of Theorem 1.3 in Sect. 4, we record the following state-
ment here, which combines Corollary 3.6 with Lemma 3.2. This statement will then
be used in the proof of Theorem 1.3 as a black box, so that no discussion of slice rank
arguments is required in Sect. 4 anymore.
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Corollary 3.7 Suppose we are given a linear system of equations with coefficients
in IF, and constant terms in F’I’,, consisting of m > 1 equations in k > 2m + 1

variables. Let (xfz), R x,ig)) € (F’;)k for & = 1,..., L be solutions in ]FZ to this

system of equations. Suppose that there exists a partition [k] = J1 U --- U J; with
|Jnl = 2 for h = 1,...,t such that the following condition holds: For any choice
of L1, ..., ¢k € [L] such that (xfm, e, x,&ek)) is a solution to the given system of
equations, we have |{€; | j € Ju}| = 1 forall h = 1,...,t. Then we must have
L<k- (Fp,m,k)n~

Proof Let us define the function f : [L]k — [}, as in Lemma 3.2, then the slice rank
of fisatmostk-(I", ;u,k)". On the other hand, the function f satisfies the assumptions
in Corollary 3.6, so the slice rank of f is equal to L. Hence L < k - (I'p . x)", as
desired. O

Remark 3.8 We remark that the constant factor k can be removed from the bound
L <k-(I'pmui)" in Corollary 3.7 by a power trick similar to the one in the proof
of Theorem 1.1. However, since this power trick is notationally cumbersome in this
setting and since the bound L < k- (I k)" suffices for our purposes, we stated
Corollary 3.7 with this weaker bound.

4 Proof of Theorem 1.3
4.1 Inductive setup

Somewhat similar to our approach in Sect. 2, we will also use an inductive argument
to prove Theorem 1.3. However, this induction requires a somewhat technical setup.
We will associate a certain weight to each solution (x1, ..., xx) to the system (%), and
then induct on this quantity.

Let us fix positive integers m and k, a prime p and coefficients a; ; € ¥}, for the
system (x) such that the assumptiona; 1 +---+a; = Ofor j =1, ..., min Theorem
1.3 is satisfied. We start by making the following definitions.

Definition 4.1 Let V be a vector space over IF,. For a given solution (xi, ..., x;) €
(V\{ODH* to the system (%), let us say that a subset / C [k] is admissible if it satisfies
the following two conditions:

(1) The vectors x; for i € [ are linearly independent.
(ii) Forall j € [k]\I we have x; ¢ span(x; | i € ).

Note that the empty set / = J always satisfies the conditions for being admissible
(here, we use that the vectors xi, ..., x; are all non-zero). In particular, for every
solution (x1, ..., xx) € (V\{O)¥ to the system () there exists some admissible subset
I C [k].

Definition 4.2 Let V be a vector space over IF,. For a given solution (x1, ..., xt) €
(V\{O})k to the system (%), let us define the weight of an admissible subset I C [k]
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as follows: Letting U = span(x; | i € I), we define the weight of / with respect to
(x1,...,xx) tobe

(k+ 1) - 1]+ |{span(projy s ey | 7 € IV -

The second summand in the expression above for the weight of I counts the
number of different subspaces of the quotient space V /U that are of the form
span(projy Ju (X)) forsome j € [k]\/.Note that we clearly have |{span(projy, Ju(xj)) |
JekN} =k —|I| <k

Definition 4.3 Let V be a vector space over IF,. Forasolution (xi, ..., x¢) € (V\{OHk
to the system (x), let us define the weight w(x1, ..., xx) of (x1,...,xr) to be the
maximum weight of any admissible subset I C [k] with respect to (xq, ..., Xk).
Furthermore, let us define Z(x1, ..., xx) C [k] to be an admissible subset I C [k] for
(x1, ..., xx) where this maximum weight is attained (if there are several choices for
I attaining the maximum weight, we choose one arbitrarily).

Note that the weight w(xy, ..., x,) is clearly a non-negative integer. Also note
that for a vector space V C V' over I, and a solution (x1, ..., x;) € (V\{OHk <
(V’\{O})k to the system (x), the weight w(x1, . .., xg) of (x1, ..., xx) does not depend
on whether x1, ..., x; are interpreted as vectors in V orin V',

Claim4.4 Let V be a vector space over Fp, and let (x1,...,x;) € (V\{O})k be

a solution to the system (x). Then we have w(xy,...,xx) ¢ {0,k + 1),2 - (k +
D,...,k=1)-(k+ 1}

1ZCxr, .. x0)] = lo(xa, .o x)/(k+ 1],
and
dim span(xy, ..., xx) > w(xy, ..., xx)/(k+ 1).

Proof Let I = Z(xy,...,x;), and let U = span(x; | i € I). Then w(xy, ..., xk)
equals the weight of I with respect to (x1, ..., x¢). In other words,

w1, oox0) = (1) - 1]+ | fspanorojy e | € T} @)

First, let us consider the case I = [k]. Then we have |Z(xy,...,x)| = |I| = k
and w(xy, ..., xx) = (k+1) -k, and dim span(xq, ..., xx) > dimspan(x; | i € [) =
|| = k (here, we used condition (i) in Definition 4.1). Hence the statements in the
claim are satisfied in the case I = [k].

Now let us assume that / # [k]. Then there is at least one vector x; with j € [k]\],
and so from (4.1) we obtain

k+D-+1=wbr,....x) <+ 1) [I]+k.
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This in particular implies |w(x1, ..., xx)/(k+1)] = |I| = |Z(x1, ..., x¢)|. It further-
more implies that w(xq, ..., xx) is not divisible by k + 1 and hence w(x1, ..., x) ¢
{0, k+1),2-(k+1),...,(k—1)-(k+ D}.

Finally, recall from condition (i) in Definition 4.1 that the vectors x; fori € I are
linearly independent. Furthermore, there is some j € [k]\/ and by condition (ii) in

Definition4.1 we have x; ¢ span(x; | i € I).Thus,dimspan(xy, ..., x) > [/|+1 >
w(xy, ..., xx)/k+1). O

The following proposition is similar to Theorem 1.3, but instead of finding a solution
(x1,...,x;) € A¥ to (%) with dim span(xy, ..., Xxx) > r, it aims to find a solution
(x1,...,xx) € AF with large weight w(x1, ..., xx). We will prove Proposition 4.5 by
induction on w, and we will deduce Theorem 1.3 by considering w = (r—1)(k+1)—1.
Recall that we are assuming aj 1 +---+ajr =0for j=1,...,m.

Proposition 4.5 Fix a non-negative integer w and assume thatk > 2m + 1+ |w/(k +
1)]. Then there exist constants C > 1 and 0 < ¢ < 1 such that the following holds:
For any non-negative integer n and any subset A < ) \{0} of size |A| > C - p-on
the system (%) has a solution (x1, ..., xx) € AX with weight w(x1, ..., Xr) > w.

Let us now deduce Theorem 1.3 from Proposition 4.5.

Proof of Theorem 1.3 As in the theorem statement, let » > 2 and assume that k >
2m+r —1.Now, letw = (r — 1)(k+ 1) — 1, and note that then |w/(k+1)] =r —2
and thereforek > 2m—+1+r—2 = 2m+1+4|w/(k+1)].Letus define C;a",‘,]f’k,r =C+l1

and F;f“,‘,lf ko = pl’c < p,where C > 1 and 0 < ¢ < 1 are the constants obtained

from Proposition 4.5.

Now, let n be a non-negative integer and let A C IFZ}7 be a subset of size |A| >

Crank (I rank

bk p’m’k,r)". Then we have

[A\{O}] > |A] — 1 > (Crank -1 (Frank Y=C. p(lfc)n.

p,m.k,r p.m,k,r
Thus, by Proposition 4.5 applied to A\{0}, there exists a solution (xy,...,xx) €
(A\{OH* € A to the system (x) with weight w (x1, ..., xx) > w = (r— 1) (k+1)—1,
Note that this means that w (xq, ..., xg) > (r —1)(k+1). However,as2 <r <k —1,
the first statement in Claim 4.4 implies that w(xq, ..., xx) # (r — 1)(k + 1). Hence
w(xy,...,xx) > (r — 1)(k 4+ 1) and consequently by the last statement in Claim 4.4
we have dim span(xy, ..., xx) > w(x1,...,x;)/(k + 1) > r — 1. This means that
dim span(xy, ..., xx) > r, as desired. O

We will prove Proposition 4.5 in the following subsection. In the proof, we will
use the following lemma, giving a structural property for the spans span(projy ;; (x;))
appearing in Definition 4.2.

Lemma4.6 Let V be a vector space over F,, and let (x1, ..., xy) € (V\{O})k be a
solution to the system (x). Furthermore, let I = I(xy,...,xx) and U = span(x; |
i € I). Then there exist a partition [k\\I = J; U --- U J; with |J,| > 2 for
h =1,...,t and distinct one-dimensional subspaces Wy, ..., Wy C V /U such that

span(projV/U(xj)) =Wy forallh =1,...,tandall j € Jj.
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Proof Recall that the set I = Z(xy, ..., x;) is admissible for (x1, ..., xx), and that
therefore by condition (ii) in Definition 4.1 we have x; ¢ span(x; | i € I) = U forall
J € [k]\I. Hence for every j € [k]\, the projection projy ,;;(x) is a non-zero vector
in V/U and therefore span(projy ,;; (x;)) is a one-dimensional subspace of V /U.

Let Wi,..., W, € V/U be the list of all distinct one-dimensional subspaces
of V /U that are of the form span(projy, Ju (X)) for some j € [k]\I. Furthermore,
foreach h = 1,...,¢, let J, C [k]\I be the set of indices j € [k]\I such that
span(projV/U(xj)) = Wj,. Then [k]\] = J1 U---U J; is a partition.

It remains to show that we have |J,| > 2 for h = 1,...,t. Note that this is
equivalent to showing that for each j € [k]\I there exists some j* € [k]\I with
j' # j and span(projy ; (x;)) = span(projy  (x;1)).

Soletus fix some j € [k]\], and suppose for contradiction that span(projy i (x))
#= span(projV/U(xj)) for all j/ € [k]\(I U {;j}). As both span(projv/U(xj/))
and span(projy ;(x;)) are one-dimensional subspaces of V/U, this means that
projv/U(xj/) ¢ span(projV/U(xj)) for all j/ € [k]\(I U {j}). In other words, we
have x;» ¢ U + span(x;) = span(x; | i € I U{;}) forall j* € [k]\(1 U {;}). Hence
the set I U {} satisfies condition (ii) in Definition 4.1.

Furthermore, recall that the vectors x; for i € I are linearly independent by con-
dition (i) in Definition 4.1. Now, x; ¢ U = span(x; | i € I) implies that x; is also
linearly independent from these vectors. In other words, the vectors x; fori € 1 U {;}
are linearly independent and the set I U {;j} satisfied condition (i) in Definition 4.1.
Thus, we can conclude that the set 7 U {j} is admissible for (x1, ..., x¢).

Let us now compare the weights of the admissible sets / and 7 U {j} with respect
to (x1,...,xx). Since I = Z(xy, ..., x;) must have the maximum weight among all
admissible sets with respect to (x1, ..., xx), the weight of 7 U {j} can be at most as
large as the weight of /. However, the weight of / is

(k+ 1) 111+ | {spanprojy () | /€ VT = Gk 1) 171+ &
<K+ 111U,

which means that the weight of 7 U {j} is actually larger than the weight of 7. This is
a contradiction. O

4.2 Proof of Proposition 4.5

Let us now prove Proposition 4.5 by induction on w.

For the base case w = 0, we can take C = 1 and ¢ = 1. Then for any subset
A € F\{0} of size [A] > C - pU=9" = 1, we can pick some vector x € A and
consider the k-tuple (x1,...,x;) = (x,...,x) € Ak Note that by our assumption
aj1+---+ajr =0for j =1,...,m made at the beginning of this section, this
k-tuple (x1, ..., x) is a solution to the system (). Furthermore, by the first statement
in Claim 4.4 we have w(x1,...,x;x) # 0. Hence w(xy,...,x;) > 0 and we have
proved the base case w = 0.
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Now let us assume that w > 1 and that Proposition 4.5 holds for w — 1 with
constants C’ > 1 and 0 < ¢’ < 1. Also recall that we made the assumption k >
2m + 1 4+ |w/(k 4 1)] in the statement of Proposition 4.5.

First, consider the case that w € {0, (k +1),2-(k+ 1),...,(k —1) - (k+ D}.
In this case, we can take C = C’ and ¢ = ¢’. Indeed, for any subset A C IF"I’,\{O}

of size |A| > C - pI=9n = ¢’ p(l’c/)", by the induction hypothesis the system

(%) has a solution (xi, ..., x;) € AF with weight w(xq,...,xx) > w — 1. Since
X, ...,xp) ¢ {0,(k+1),2-(k+1),...,(k—1)-(k+ 1)} by Claim 4.4, we
have w(x1, ..., xx) # w and therefore w(xy, ..., xx) > w. This shows the desired

statement in Proposition 4.5 for w.

We may therefore from now on assume that w ¢ {0,(k + 1),2 - (k + 1),
.oy (k—=1) - (k 4+ 1}. By the assumption k > 2m + 1 + |w/(k 4+ 1)], we have
w < k- (k+ 1). Hence w is not divisible by k + 1.

Since k > 2m + 1+ |w/(k +1)], we have k — |w/(k + 1)] > 2m + 1, so the
constant I,y x—|w/k+1)] < p considered in Sect. 3 is well-defined. Let us write
r= Fp,m,k—l_w/(k+l)J, thenl <T < p.

Now, p/T > 1 and ¢’ > 0, so there is some ¢ > 0 such that p¢ = (p/ r)c/k=n,
Note that ¢ < 1since ¢’ < landT' > 1. S0 0 < ¢ < 1, as desired.

We need to prove that there exists a constant C > 1 such that for any non-negative
integer n and any subset A € IE‘Z\{O} of size |A| > C - p1=9" the system (%) has a
solution (x1,...,x) € A% with weight w(x1, ..., xx) > w.

Note that by making the constant C large enough, we may assume that » is suffi-
ciently large such that (p/I')" > (2kp?) kD=1,

Hence it suffices to prove that for any n with (p/ )" > (2kp?)@k+D&=D apd
any subset A C F’I;\{O} of size |A| > 4C'(2kp)*+1 . p(=9 there is a solution

(x1,...,x%) € A¥ to (%) with w(x, ..., xx) > w.

So let us assume for contradiction that (p/ )" > (2kp?)+DE=D and |A| >
4C' (2kp)*+1. pd=A" and that every solution (x1, ..., xz) € A of the system (%) of
has weight w (x1, ..., xx) < w.

Since p¢ = (p/ /=1 by the definition of ¢, we have

r cnfk—1)
|A| > 4C' (2kp)* 1. pU=9n — 4’ 2kp)F1L . pr. (5) .42

Using that 0 < ¢’ < land T’ < p and C’ > 1, this furthermore implies

T c'n/(k—1) r\"
|A| - 4C/(2kp)2k+l . pn . (_) > 4C/(2kp)2k+l . pn . (_)
p p

> (2kp)*+l. . 4.3)

Our proof strategy is somewhat similar to the proof of Theorem 2.1 in Sect. 2, again
using a probabilistic subspace sampling argument. We will again consider a random
subspace V' C I of a suitably chosen dimension. This time, our goal is to find a fairly

large subset A* € A NV such that there are no solutions (x1, ..., xx) € (A*)¥ to the
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system (x) of weight w(x1, ..., xx) = w. By our assumption on A, this means that
every solution (x1, ..., x;) € (A*)k to the system (x) must satisfy w(xq, ..., xx) <
w — 1. We will then obtain a contradiction by applying the induction hypothesis for
w — 1 to the set A*.

In order to be able to obtain the desired set A* € ANV not containing any solutions
(X1, ..., x%) € (AHF to (%) with w(x1, ..., xx) = w, we will bound the total number
of solutions (xi,...,x;) € A¥ to (%) in the set A with w(xy,...,x;) = w. More
precisely, since the relevant probabilities for the subspace sampling argument depend
on the dimension dim span(xy, ..., xg) for each solution (x1, ..., xx) € A* we will
actually bound the number of solutions (x1, ..., xx) € AX to () withw(xq, ..., xx) =
w and dim span(xy, ..., xx) = r for every possible value of this dimension r. The
next claim analyzes these possible values.

Claim 4.7 For every solution (xi,...,xx) € A* 10 the system (x) of weight
(X1, ..., xx) = w, we have |Z(xy,...,xx)| = lw/(k+ 1] and lw/(k+1)]+1<
dim span(xy, ..., xx) < k.

Proof Fix a solution (x, ..., xz) € A¥ to (*) with w(x, ..., xx) = w. By Claim 4.4
we have |Z(xy, ..., x| = lo(x1, ..., x0)/(k+ 1] = [w/(k+ 1)].
For the second part of the claim, the upper bound dim span(xy, ..., xx) < k is

clear. For the lower bound, note that by Claim 4.4 we have
dimspan(xy, ..., xx) > o(x1, ..., x)/(k+ 1) =w/(k+1) > w/(k+ 1)],

where in the last step we used that w is not divisible by k + 1. Hence we must have
dimspan(xy, ..., x;) > |w/(k + 1)] + 1, as desired. O

We remark that one can actually obtain a stronger upper bound for dim span
(x1,...,xt) than the bound in the claim above by taking into account the
linear relations imposed by the system (x). However, the trivial upper bound
dim span(xy, ..., xx) < k suffices for our argument.

In light of Claim 4.7, for every r = |w/(k + 1)] + 1, ..., k, we need to bound
the number of solutions (xi,...,x;) € AF to (») with w(xy,...,x) = w and
dim span(xy, ..., xx) = r. We will count these solutions by distinguishing all pos-
sibilities for the set Z(xy, ..., x), noting that by Claim 4.7, Z(xy, ..., xx) < [k] is
always a subset of size |w/(k + 1)].

The following lemma is the key step in order to obtain the desired bound. It gives
a structural property for solutions (xq, ..., xx) € A¥ to (%) with @ (x1, ..., x;) = w
where Z(xy, ..., x;) = I for some fixed set I C [k] (of size |I| = |w/(k 4+ 1)]) and
where the vectors x; € A fori € [ are fixed. In the proof of this lemma, we will use
the slice rank polynomial method in the form of Corollary 3.7. Recall that we defined

I' = 1—‘p,m,k—l_w/(k+l)J < Pp-

Lemma 4.8 Fix a subset I C [k] of size |I| = |w/(k + 1)), and fix vectors x; € A
fori € I. Let U = span(x; | i € I). Suppose that (x{e), ...,x,&e)) e Ak for t =
1,..., L is a list of solutions to the system (x) such that for all £ = 1,..., L we
have a)(xl(e), e, x}ge)) = w and I(xl(e), ...,x,ﬁe)) =1 and xi(z) = x; foralli € I.
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Furthermore, suppose that the sets {span(prosz u xj(?))) | j € [kI\I} are disjoint for

all¢ =1, ..., L. Then we must have L < k*+1 .17,

Proof Suppose for contradiction that L > kK*! . T Foreach ¢ =1, ..., L we can
apply Lemma 4.6 to (x(g) .. (Z)) and obtain a partition [k]\] = JI(E) U---u
Jt(f) with |J, (€)| > 2 for h = 1,...,t; and distinct one-dimensional subspaces
W](K) W(Z) - ]F"/U such that span(prOJ]Fn " 1U (x( ))) = W(K) forallh =1,

and all j € Jhe). Note that by the condition |J}Ee)| >2forh=1,...,1t, the sets J(Z)
are all non-empty and we have fy < k forall¢ =1,..., L.

Let us now distinguish all possibilities for the partitions [k]\] = Jl(z) U---u
Jt(f). Since ty < k, there are at most Kk possibilities for such a partition. Hence, as
L > kK1 . " for more than k - ' different £ we must obtain the same partition
[kI\I = ]l(z) U---u J,g). In other words, there exists a partition [k]\] = J{U---U J;
which occurs for more than k - I'” different ¢. By relabeling, we may assume that this

partition occurs for £ =1, ..., L' forsome L' > k - T'".
To summarize, we now have a fixed partition [k]\] = J 1(13) U---u JI(Z) with | J,| > 2
forh=1,...,tandforeach¢ =1, ..., L' (where L’ > k-TI'") we have distinct one-

d1mens1ona1 subspaces W(Z)

¢ . ¢
- W,( ) ¢ [",/U such that span(prOJ]F,;]/U (xj. ))) =
W,EK) forallh = 1,...,t and all j € J,. Now, for each £ = 1,..., L’ we have

{span(prong/U(x;m)) | j e [kI\]} = {Wl(z), R Wt(e)} and by the assumptions in

the lemma these sets are disjoint forall £ = 1, ..., L’. This means that the subspaces
W,y C /U are distinct forall h = 1,...,randall € = 1,..., L'
Recall thatforevery ¢ =1, . "wehave 7 (x(z) .. Z)) = [.Inparticular, this

(6) © _

means that the set [ is adm1ss1ble for (x 6)) Hence recalling that x;

for all i € I, by condition (ii) in Deﬁmtlon 4. 1 we have x §é span(x; |i € I) =
for all j € [k]\] and all £ = 1, ..., L'. Furthermore, usmg that L’ > 1 as L/
k - T'", condition (i) in Definition 4.1 implies that the vectors x; for i € [ are linearly
independent.

For the moment, choose any ¢ € {1, ..., L'} (using that L’ > 1). Since we have
I(x(z) R (13)) = I and w(x(z) R x,iz)) = w, the weight of the admissible set /

(Z) X )) must be equal to w. On the other hand, this weight is

k+1)- 1]+ Hspan(projFZ/U(x;Z))) |jetn}| =@+ -+ |{w®, . WO
=+ 1) 1] +1.

with respect to (x,

Hence we can conclude that
t=w-—(k+1)-|1|. 4.4)
For ease of notation, let us assume for the rest of the proof of this lemma that the
set I C [k] consists of the last || = |w/(k+ 1)] indices,i.e. [ = {k—|I|+1,...,k}

(otherwise we can just relabel the indices). Given the fixed vectors x; € A fori €
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I =1{k—1|Il+1,...,k}, we can now interpret (x) as a (non-homogeneous) system
of m linear equations in the k — |I| variables xi, ..., x¢—|;. Foreach £ =1, ..., L’
the (k — |I])-tuple (x“), . xlgz)‘ ”) is a solution to this system of equations, since
(x(e) ... x,Eg 1> Xk—[T]+15 - s Xp) = (xfz), A x,ﬁz)) is a solution to () (recall the

assumption that x(z) =x; foralli € I).

Our goal is now to apply Corollary 3.7 to this system of equations and the solutions
(x(e) .. xlgej ”) for£ =1,..., L. The following claim states that the condition in
the statement of Corollary 3. 7 is satisﬁed.

Claim4.9 We have |{£; | j € Jy}l = 1 for h = 1,...,t for any choice of

¢ . . .
L1, ..., Lk € [L'] such that (xl((]), e, ,E k|1‘|1| ) is a solution to (x) when inter-

preted as a system in the first k — |I| variables after fixing the given x; € A for
iel={k—1|I+1,... k}.

Before proving this claim, let us first finish the rest of the proof of the lemma. Recall
thatk —|I| =k — |w/(k+1)] = 2m + 1. We can therefore apply Corollary 3.7 to the

system of m linear equations in the k — |/| variables x1, ..., xx_;| obtained from (x)
after fixing the given x; € A fori € 1. By Claim 4.9 the solutions (x 1(£)7 . x,g)‘ ”) for
£ =1,..., L tothis system and the partition [k]\1 = J;U- - -UJ; satisfy the conditions

in Corollary 3.7. Hence the corollary implies that L’ < k - Fp k=) (k41)] = =k-T'".
This contradicts the lower bound L’ > k - I'" from above. This contradiction finishes
the proof of the lemma, apart from proving Claim 4.9.

. (7 .
Proofof Claim 4.9 Let us fix 1. ... i—yy € [L'] such that (x{, ... x 7 1) is
(7. .
a solution to this system, meaning that (x(m,...,xli || Y s Xk—|I|+1s -+ -+ Xk) 1S @
solution to the original system (x). By our assumption on the set A, this solution
(xl(el), x,ﬁ k|1‘|1|) Xk—|I|41s+-+>Xk) € A¥ to (%) must have weight
{4 (Ch—111)

w(x, ( 1) s X k|1| S Xk [ +- 0 Xk) S W 4.5)

. . .. () (Li—11)

We claim that the set I = {k — [I| + 1, ..., k} is admissible for (x;"', ... S Xeoy1) s
Xk—|I|+1, - - - » Xk). Indeed, as shown above the vectors x; for i € I are linearly inde-

pendent, so condition (i) in Definition 4.1 is satisfied. We also proved above that
x) ¢ span(x; | i € I) = U forall j € K]\ and all £ = 1,..., L'. In particular,

( 2 ¢ span(x; | i € I)forall j € [k]\I and so condition (ii) is satisfied as well. Hence

thesetI = {k—|I|+1, ..., k}isadmissible for (x(m, . x,iekll‘l”) Xk—|I|41s + > Xk)-
Now, by (4.5) the Welght of the admissibleset I = {k—|I|+1, ..., k} with respect
to the solution (xl(m, e, ,E klll s Xk—|I|+15 - - - » Xk) to () is at most w. Hence
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w = (k+ 1) 111+ | {span(projiey s vy | j € k1|
U 15 e )
h=1

Here, for the second step we used that [k]\/ = J; U --- U J; is a partition and that
wm@@mwu?D=Wfﬂnmh=L””nwjehmmwkzL””U
Together with (4.4) this yields

=Gk+1D-|I+

t

=Y Heilj e,

h=1

t=w—(k+1)-|1]>

t
Ui 1) e )
h=1

where in the last step we used that the spaces W}E() - IFZ /U are distinct for all
h=1,...,tandall£=1,..., L. Since the sets J, for h = 1, ..., t are non-empty
(as |Jp| = 2), we have [{¢; | j € Jp}| = 1forh = 1,...,t. Hence the previous
inequality implies that we must have [{¢; | j € Jp}| = 1 forallh = 1,...,¢, as
desired. O

This finishes the proof of Lemma 4.8. O
Lemma 4.8 states that for a fixed subset I C [k] (of size |I| = |w/(k + 1)]) and
fixed vectors x; € A for i € I, there cannot be too many solutions (xp, ..., x;) €
A¥ to (%) with @(x1,...,xx) = w and Z(xy,...,xx) = I such that the sets
{span(projF;/U(xj)) | j € [k]\I} are disjoint for all of these solutions. We will now

use this lemma to bound the total number of solutions (xi, . .., x¢) € A to (x) with
w(xy,...,xx) =wandZ(xy,...,xx) = I forfixed I and fixed x; € A fori € I (more
precisely, we bound the number of such solutions with dim span(xy, ..., xx) = r for
each fixed r), as stated in the following lemma. Roughly speaking, the proof strat-
egy for this lemma is to choose a maximal collection of solutions (x], ..., x;) of the
desired form for which the sets {span(proj]F,; JU (x;)) | j € [k]\I} are disjoint, and
then to use that for every solution (x1, ..., xg) satisfying the desired conditions we
must have projFZ/U(x,) € {span(prong/U(x})) | j € [k]\I} for some t € [k]\I and
some (xi, R x,/c) in the chosen collection. This means that there are only relatively
few possibilities for x, € A, and we will be able to derive the desired bound on the
number of possible (xq, ..., xx).

Lemma 4.10 Fixasubset I C [k] of size |I| = |w/(k+1)], and fix vectors x; € A for
i € I. Furthermore, fix an integer r with |w/(k + 1)] + 1 <r < k. Then the number

of solutions (x1, ..., x;) € Ak to (x) with w(x1, ..., x;) = w, T(x1,...,xx) = I
and dim span(xy, ..., xy) = r is at most kK¥+32k prk . pr o A= HI=1

Proof Let U = span(x; | i € [I). Furthermore, let us fix a list of solutions
(xfé), ce xlge)) € Akfort¢ =1, ..., L to (*) of maximum possible length L such that

forall¢ =1, ..., L we have a)(xfg), R x,ﬁe))) =w andI(fo), .. .,x,ie))) =/ and
xl,(e) = x; for all i € I, and such that the sets {span(projm/u (x;‘f))) | j € [k]\I} are

disjoint forall ¢ =1, ..., L.
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Then by Lemma 4.8 we must have L < Kkl n (and in particular, such a list
of maximum possible length exists). For every £ = 1, ..., L and every j € [k]\[,
define

W;e) = span(xl.(e) |i e TU{j}) =span(x; |i e l)+ span(xﬁ.g)) =U+ span(xﬁe)),

and note that each W;Z) is a subspace of IE"}, of dimension at most ||+ 1 = |w/(k +

1)] + 1 < r. Hence the union Ule Ujetns W]@ is a subset of ), of size

L
U U W =Lk pr <k rm ke pr=k2pr.mm 46)
=1 jelkI\I

Claim 4.11 Suppose x; € A for j € [k]\I are vectors such that (xi,...,Xx) €
Ak is a solution to (x) with w(xy,...,xx) = w, Z(xy,...,xx) = I and
dim span(xy, ..., xx) = r. Then there exists an index t € [k]\I and a subset
S C KNI U {r}) of size |S| = r — || — 1 such that x, € Uj_y Ujcups W)
and such that x1, ..., x; € span(x; | i € IU{t}US).

Proof By maximality of our chosen list of solutions (xf[), e, x,ie)), it cannot be

possible to extend this list by taking (foH) x,ELH)) = (x1,...,Xk). Since

(x1, ..., xx) satisfies all of the other conditions, this means that we must have

g e ey

{span(projsy i (x))) | j € KNI} N {span(projsy 1y (xi)) | j € [KI\I} # 0
or some £ € [L]. Hence we can find # € [k]\] and j € [k]\] and £ € [L] such
thatspan(projF?) /U(xt)) = spem(proj]FZ U (x;e))). Inparticular, we have projm /U(xt) €

span(projﬂ;;,) JU (x;e))). This means that x;, € U + span(x;e)) = W;e). Thus, we have

found the desired index.t e [kI\I yvith X € Ung U etk W;Z). It remains to find a
set S C [k]\(I U {t}) with the desired conditions.

Since Z(x1, ..., x;) = I, the set I is admissible for (x1, ..., x¢), and so by condi-
tion (i) in Definition 4.1 the vectors x; fori € I are linearly independent. Furthermore,
by condition (ii) in Definition 4.1 we have x; ¢ span(x; | i € I) = U. Hence the
vectors x; for i € I U {¢} are linearly independent. We can therefore find a subset
S C [k]\({ U {r}) such that the vectors x; fori € I U {t} U S form a basis of the space

span(xi, ..., xx). Then we clearly have x1,...,x; € span(x; | i € 1 U {t}US).
Furthermore, as dim span(xi,...,xx) = r, we also have |S| = r — |I| — 1,
as desired. O

In order to prove the lemma, we need to show that the number of choices for (x; |
j € [kI\I) satisfying the conditions in Claim 4.11 is at most kK +32k prk.pn. A= H1=1
We will count by distinguishing all possibilities for the index ¢ € [k]\S and the set
S C [k]\({ U {¢}) obtained from Claim 4.11. There are clearly at most k possibilities
for t and at most 2% possibilities for S.
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Hence it suffices to prove that for every fixed r € [k]\S and every fixed set
S C [KI\(1U{t}) of size | S| = r—|I|—1 there are atmost kT2 pr* .| A|"=I11=1 pos-
sibilities for choosing vectors x; € Afor j e [k]\I suchthatx; € Ule Ujern W]@
and xp, ..., xx €span(x; | i € TU{f}US).

By (4.6) the number of possibilities for x, is at most k¥*2 p” .. Forevery j € S, the
number of possibilities for x; € Aisatmost|A|. Finally, after making all these choices,
for each of the remaining j € [k]\(/U{r}US), we have at most p” choices for x ;, since
xj €span(x; | i € TU{r}US) anddimspan(x; | € ITU{t}US) < [I|+1+|S| =7
(recall that the vectors x; for i € I are fixed). Thus, the number of possibilities for
choosing x; € A for j € [k]\I with the above properties is indeed at most

kk+2pr T |A||S| . (pr)k—III—IS\—l — kk+2pr .. |A|r—\1\—1 . (pf)k—f
S kk+2prk . l"l’l . |A|r7\l|71.

This finishes the proof of the lemma. O
By adding up the bound in Lemma 4.10 over all possible choices of the subset
I C [k] and the vectors x; € A fori € I, we can show the following corollary.

Corollary 4.12 For any fixed r with \w/(k + 1)] + 1 < r < k, the number
of solutions (x1,...,xy) € AF to the system (x) with w(x1,...,xx) = w and
dim span(xy, ..., x¢) = r is at most (2k)* p™* . 77 . |A"~ L.

Proof By Claim 4.7 every such solution (xp, ..., x;) satisfies |Z(xy,...,xx)| =
[w/k+1)].

We claim that for each set I C [k] with [I| = |w/(k + 1)], there are at
most k325 prk . | A"~1 solutions (x1,...,x;) € AF to the system (x) with
w(xy,...,xx) = w and dim span(xy, ..., xx) = r and Z(x1, ..., x;) = I. Indeed,
there are |A|/!! possibilities to choose vectors x; € A for i € I, and after fix-
ing these vectors the desired number of solutions (xi,...,xx) € Ak is by Lemma
4.10 at most kKT32kprk .7 L | A ~1=1 So in total we have indeed at most
[A|ML. ght30k prkeopm o Ar=HI=1 = gk+32k prk .| A7 =1 solutions for any given
I.

Since the number of possible subsets I C [k] with [I| = [w/(k + 1)] is clearly at
most 2%, the number of solutions (x1,...,xx) € A* as in the statement of the corollary
is at most

2]{ . kk+32kp}’k . Fn . |A|r—1 S (2k)2kprk . Fn . |A|r—1'

Here, we used that k > 3 since k > 2m + 1+ |w/(k+ 1) and m > 1. O

As mentioned above, we now perform a random subspace sampling argument.
Choose the unique integer d such that

1 p\MED 1 Py
(2k)2K+T . p2k+1 ’ (F) <P = (2k)2k+T . p2k ’ (F) S

Claim4.13 We have2 < d < n.
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Proof Recall that we assumed that (p/ )" > (2kp?)k+D&=D Hence

1
s R CQkpHHrT = AL

and consequently d > 2k 4+ 1 > 2. For the upper bound on d, recall that 1 < T < p,
so p¢ < (p/T)YY*&=D < p" and therefore d < n. O

Let us now consider a uniformly random d-dimensional subspace V' < F’. The
following claims give useful bounds for the expected number of vectors in A NV and
the expected number of solutions (xi,...,x;) € A* with w(x1,...,xx) = w and
X1,..., Xk € V.

Claim 4.14 We have

o

E[[ANV]|] > .
p

|Al.

Blw

Proof Recall that 0 ¢ A. So by Lemma 2.2 (applied with s = 1), for each vector
x € A we have

d_1

d
Plx e V] =

3
>—.
4

53

"]

<<

Here we used that pd —1> (3/4)pd since p > 2 and d > 2 (see Claim 4.13). Now,
adding this up over all x € A gives the desired bound. O

Claim 4.15 Foranyr with |w/(k+1)|4+1 < r < k, the expected number of solutions

(xX1,...,xp) € Ak to (x) with w(x1, ..., xx) = w and dim span(xy, ..., xx) = r such
that x1, ..., xx € V is at most

1 pe

T [A].

p

Proof By Corollary 4.12, the total number of solutions (xi,...,x;) € A¥ to (%)
with w(xq, ..., x;) = w and dim span(xy, ..., xx) = r is at most (2k)2kp’k B
|A|"~!. For each of these solutions, by Lemma 2.2 (applied to a list of r linearly
independent vectors among xp, ..., Xi), the probability of having x1,...,xx € V is

at most (p?/p")".
Thus, in the case » > 2 the expected number of solutions in the claim statement is
by |A| < p" and (4.7) at most

2%k rk | pn o (P 1 2k+1 k| pn w2 (P ! p!
CR“p™ - THA | = ) = 57 @7 p TR AL (P T C—
p 2k pt p"
1 pd e B
:ﬁﬁlAl(Zk)2k+lprkﬁ(pd)f 1
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r—1 n(1-1=4
<i. d.lAl.(Zk)2k+1prk, 1 (L ( H><i.lil.|,4|
- 2k p" (2k)2k+1 _p2k p - 2k p"

‘ <

where in the last step we used that I' < p. It remains to consider the case r = 1. In
this case the expected number of solutions as in the claim statement is at most

Y p? 1 P!
@ ptrr AT (=) =@ P T = < AL
p" p" 2k p"
where we used that |[A| > (2kp)*t1 . T > (2k)2kH pk . 7 by (4.3). O
Corollary 4.16 The expected number of solutions (x1,...,xx) € AX to (x) with
w(x1,...,xx) =wandxy,...,x; €V isatmost
1 pd
3 |A].
P
Proof By Claim 4.7, for every solution (x1, ..., xx) € A* to (¥ withw (x1, ..., xz) =
w we must have (w/(k + 1)] + 1 < dimspan(xy, ..., xx) < k. Hence, the claim
follows from Claim 4.15 by summing over all integers r with |w/(k+1)]+1 <r <k
(noting that there are at most k possibilities for 7). O
Let Z be the number of solutions (x, . .., xx) € A to () withw(x1, ..., xx) = w

and xq,...,xx € V. By Corollary 4.16, we have E[Z] < (1/2) - (p?/p™ - |A|.
Together with Claim 4.14 this yields

d d
p I p
LAl - = A =

1 d
p 2 pn Z ’ pt

S

E[[ANV|—Z] > Al

W

So let us fix an outcome for the d-dimensional subspace V C ]F’;, such that [ ANV|—

Z > (1/4) - (p*/p") - Al
We can now define a subset A* C ANV by deleting one vector from each solution

(x1, ..., x;) € AK to (%) with w(x1, ..., x;) = wand x1, ..., x; € V. Then
1 d
A" > 1ANV|—Z> -2 |4
4 pn
and there do not exist any solutions (x1, ..., Xx) € A%k to () withw(xy, ..., x;) =

w.
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Our goal is now to obtain a contradiction by applying the induction hypothesis for
w—1toA*C VX F;f. Note that using (4.2) and (4.7), we have

1 d 1 d r c'n/(k—1)
A% > = jar = - Eaciarp?t (-
4 pn 4 pn P
, r c'n/(k—1) ,
> C/ . pd X (ka)c (2k+1) . <_> > C/ . p(l—c )d
p

Since V = IE“;), we can interpret A* C V as a subset of ]F‘ll,. As |A*| > C'- p(l"'/)d,
by the induction hypothesis for w — 1, there must be a solution (xq, ..., x;) € (A*)k
to the system (x) with w(xy, ..., x;) > w — 1. By our construction of A*, we have
w(x1,...,xr) # w. This means that we must have w(xy, ..., xx) > w, but since
(xX1,...,xx) € (A*)k C AF this is a contradiction to our assumption on the set A.
This finishes the inductive proof of Proposition 4.5.

5 Concluding remarks

Recall that in our main result, Theorem 1.2, we assumed that every m x m minor of
the m x k matrix (a; ;);; is non-singular. As discussed in the introduction, it is not
possible to remove this assumption completely, but it may be possible to weaken it in
some ways.

In order for the conclusion of Theorem 1.2 to hold, it is certainly necessary to
assume that no equation of the form x; — x;; = 0 for distinct i, i’ € [k] is in the
span of the equations in the system (x), since otherwise there do not exist any solution
(x1,...,xx) € (]F;)k to (x) where xp, ..., x; are distinct. In other words (using our
other assumption thata; 1 +---+aj = 0for j =1, ..., m, which s also necessary
as discussed in the introduction), in Theorem 1.2 we certainly need to assume that the
row-span of the m x k matrix (a; ;);; does not contain any vector with exactly two
non-zero entries.

If we assume thataj | +---+ajx = O0for j = 1,..., m and that the row-span
of the m x k matrix (a; ;); ; does not contain any vector with exactly two non-zero
entries, then every subset A C ]FZ not containing solution (xp, ..., xx) € Ak to (»)
with distinct xy, ..., xx must have size |A| = o(p™) as n — oo (where p, m and k
are fixed). This follows from an arithmetic removal lemma for solutions to systems
of linear equations due to Kral’, Serra, and Vena [16,Theorem 1] and independently
Shapira [27,Theorem 2.2]. It would be plausible that one also has a bound of the form
Al < Cpmik - (F* . " with F mk <P under these weaker assumptions, i.e. it
would be plau51ble that Theorem 1 2 ‘also holds with these weaker assumptions.

However, proving Theorem 1.2 under these weaker assumptions is most likely
extremely difficult. In fact, proving such a statement (even with an assumption that
the number of variables is very large in terms of the number of equations) would
imply a bound of the form [A| < Cp - (F;’k)” with F;,k < p for the size of a
k-term-progression-free subset A C IF";. Indeed, for any (large) K, one can take (%)
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to be the system of k — 1 equations in k + K variables consisting of the equations
Xi —2xj+1 +xiv2 = 0fori = 1,...,k — 2 as well as the equation K x; — xp4+1 —
<+ — x4k = 0. Thenaj +---+ajr =0for j =1,...,k — 1 and the row-
span of the (k — 1) x (k + K) matrix (a;;);; does not contain any vector with
exactly two non-zero entries. But for any solution (xi, ..., Xg+g) € AMK with
distinct xq, ..., Xx4+x, the vectors x1, ..., xx form a non-constant k-term arithmetic
progression. Hence any k-term-progression-free subset A € ') in particular does not

contain a solution (x1, ..., Xk+kx) € A¥K 10 this system of equations with distinct
X1y .o, Xk.

For k > 4, proving that a k-term-progression-free subset A C IF’I“, has size |A| <
Cpk- (F;“), " with F;’ « < P is abig open problem, that has received the attention of
many researchers, especially after Ellenberg and Gijswijt [6] proved such a statement
for k = 3. Weakening the assumptions on the matrix (a; ;);; in Theorem 1.2 in the
way discussed above is at least as difficult a problem, and therefore seems to be out
of reach of current methods.

A more tractable problem might be to improve upon the value of the constant
F;’m’ « < pin Theorem 1.2 that our proof obtains. Given the inductive nature of the
proof with the repeated subspace sampling arguments, this value is likely not optimal.
It would be extremely interesting to determine whether one can take F;m,  tobe equal
to the constant I"j, ;,, x in Theorem 1.1 as defined in (3.1). Even in the case where (%)
consists only of one equation (i.e. in the case m = 1) this is a widely open problem,
and in the special case of the equation x1 +- - - +x, = Oithas applications to bounding
Erd6s-Ginzburg-Ziv constants (see [10, 22, 25]).
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