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Abstract

Tree-based models are increasingly popular due to their ability to identify complex rela-
tionships that are beyond the scope of parametric models. Survival tree methods adapt
these models to allow for the analysis of censored outcomes, which often appear in medi-
cal data. We present a new Optimal Survival Trees algorithm that leverages mixed-integer
optimization (MIO) and local search techniques to generate globally optimized survival
tree models. We demonstrate that the OST algorithm improves on the accuracy of existing
survival tree methods, particularly in large datasets.

Keywords Survival analysis - Non-parametric models - Recursive partitioning - Censored
data

1 Introduction

Survival analysis is a cornerstone of healthcare research and is widely used in the analysis of
clinical trials as well as large-scale medical datasets such as Electronic Health Records and insur-
ance claims. Survival analysis methods are required for censored data in which the outcome of
interest is generally the time until an event (onset of disease, death, etc.), but the exact time of the
event is unknown (censored) for some individuals. When a lower bound for these missing values
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is known (for example, a patient is known to be alive until at least time ) the data is said to be
right-censored.

A common survival analysis technique is Cox proportional hazards regression (Cox
1972) which models the hazard rate for an event as a linear combination of covariate
effects. Although this model is widely used and easily interpreted, its parametric nature
makes it unable to identify non-linear effects or interactions between covariates (Bou-
Hamad et al. 2011).

Recursive partitioning techniques (also referred to as trees) are a popular alternative
to parametric models. When applied to survival data, survival tree algorithms partition
the covariate space into smaller and smaller regions (nodes) containing observations
with homogeneous survival outcomes. The survival distribution in the final partitions
(leaves) can be analyzed using a variety of statistical techniques such as Kaplan—-Meier
curve estimates (Kaplan and Meier 1958). Several authors have proposed algorithms
for building survival trees using censored datasets (Therneau et al. 1990; LeBlanc and
Crowley 1993; Hothorn et al. 2006), many of which have been implemented within
recursive partitioning software packages (Therneau et al. 2010; Hothorn et al. 2010).

Most recursive partitioning algorithms generate trees in a top-down, greedy manner,
which means that each split is selected in isolation without considering its effect on
subsequent splits in the tree (Breiman et al. 1984; Quinlan 1986, 2014). This approach
can have a negative impact on the quality of the model, such as unnecessarily increasing
complexity or decreasing accuracy, resulting in poor out-of-sample performance.

To address these issues, researchers have proposed the construction of optimal
decision trees, leveraging optimization techniques (Chou 1991; Nijssen and Fromont
2010; Scott and Nowak 2006; Verwer and Zhang 2019; Verhaeghe et al. 2020). Such
approaches lead to higher quality solutions while providing the flexibility to impose
additional constraints on the trees. As the problem of tree construction is NP-complete
(Laurent and Rivest 1976), recovering the optimal partition in high-dimensional dataset
poses scalability issues. Bertsimas and Dunn (2017), Bertsimas and Dunn (2019) have
proposed an efficient algorithm which uses modern mixed-integer optimization (MIO)
techniques to address this weakness. Similar to other optimization-based approaches,
this Optimal Trees algorithm forms the entire decision tree in a single step, allowing
each split to be determined with full knowledge of all other splits. It allows the con-
struction of single decision trees for classification and regression that have performance
comparable with state-of-the-art methods such as random forests and gradient boosted
trees, without sacrificing the interpretability offered by a single-tree model.

The key contributions of this paper are:

1. We present Optimal Survival Trees (OST), a new survival trees algorithm that utilizes
the Optimal Trees framework to generate interpretable trees for censored data.

2. We propose a new accuracy metric that evaluates the fit of Kaplan—Meier curve esti-
mates relative to known survival distributions in simulated datasets. We also demon-
strate that this metric is reasonably consistent with the Integrated Brier Score (Graf
et al. 1999), which can be used to evaluate the fit of Kaplan—-Meier curves when the true
distributions are unknown.

3. We evaluate the performance of our method in both simulated and real-world datasets
and demonstrate improved accuracy relative to two existing algorithms.

4. Finally, we provide examples of how the algorithm can be used in real-world settings
with censored data. We apply the algorithm to predict the risk of adverse events associ-
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ated with cardiovascular health in the Framingham Heart Study dataset, and to predict
the risk of mortality in the Wisconsin Longitudinal Study and Health and Lifestyle
Survey.

The structure of this paper is as follows. We review existing survival tree algorithms in
Sect. 2 and discuss some of the technical challenges associated with building trees for cen-
sored data. In Sect. 3, we give an overview of the Optimal Trees algorithm proposed by
Bertsimas and Dunn (2017) and we adapt this algorithm for Optimal Survival Trees in
Sect. 4. Section 5 begins with a discussion of existing survival tree accuracy metrics, fol-
lowed by the new accuracy metrics that we have introduced to evaluate survival tree mod-
els in simulated datasets. Simulation results are presented in Sect. 6 and results for real-
world datasets are presented in Sect. 7. We conclude in Sect. 8 with a brief summary of our
contributions.

2 Review of survival trees

Recursive partitioning methods have received a great deal of attention in the literature, the
most prominent method being the Classification and Regression Tree (CART) algorithm
(Breiman et al. 1984). Tree-based models are appealing due to their logical, interpretable
structure as well as their ability to detect complex interactions between covariates. How-
ever, traditional tree algorithms require complete observations of the dependent variable in
training data, making them unsuitable for censored data.

Tree algorithms incorporate a splitting rule that selects partitions to add to the tree, and
a pruning rule that determines when to stop adding further partitions. Since the 1980s,
many authors have proposed splitting and pruning rules for censored data. Splitting rules in
survival trees are generally based on either (a) node distance measures that seek to maxi-
mize the difference between observations in separate nodes or (b) node purity measures
that seek to group similar observation in a single node (Zhou and McArdle 2015; Molinaro
et al. 2004).

Algorithms based on node distance measures compare the two adjacent child nodes that
are generated when a parent node is split, retaining the split that produces the greatest dif-
ference in the child nodes. Proposed measures of node distance include the two-sample
logrank test (Ciampi et al. 1986), the likelihood ratio statistic (Ciampi et al. 1987) and con-
ditional inference permutation tests (Hothorn et al. 2006). We note that the score function
used in Cox regression models also falls into the class of node distance measures, as the
partial likelihood statistic is based on a comparison of the relative risk coefficient predicted
for each observation.

Dissimilarity-based splitting rules are unsuitable for certain applications (such as the
Optimal Trees algorithm) because they do not allow for the assessment of a single node
in isolation. We therefore focus on node purity splitting rules for developing the OST
algorithm.

Gordon and Olshen (1985) published the first survival tree algorithm with a node
purity splitting rule based on Kaplan—Meier estimates. Davis and Anderson (1989) used
a splitting rule based on the negative log-likelihood of an exponential model, while
Therneau et al. (1990) proposed using martingale residuals as an estimate of node error.
LeBlanc and Crowley (1992) suggested comparing the log-likelihood of a saturated
model to the first step of a full likelihood estimation procedure for the proportional

1=



Machine Learning

hazards model and showed that both the full likelihood and martingale residuals can
be calculated efficiently from the Nelson—Aalen cumulative hazard estimator (Nelson
1972; Aalen 1978). More recently, Molinaro et al. (2004) proposed a new approach
to adjust loss functions for uncensored data based on inverse probability of censoring
weights (IPCW).

Most survival tree algorithms make use of cost-complexity pruning to determine the
correct tree size, particularly when node purity splitting is used. Cost-complexity prun-
ing selects a tree that minimizes a weighted combination of the total tree error (i.e., the
sum of each leaf node error) and tree complexity (the number of leaf nodes), with rela-
tive weights determined by cross-validation. A similar split-complexity pruning method
was suggested by LeBlanc and Crowley (1993) for node distance measures, using the
sum of the split test statistics and the number of splits in the tree. Other proposals
include using the Akaike Information Criterion (AIC) (Ciampi et al. 1986) or using a
p-value stopping criterion to stop growing the tree when no further significant splits are
found (Hothorn et al. 2006).

Survival analysis methods have been extended to include other non-linear learners,
such as support vector machines, tree ensembles, and neural networks (Fouodo et al. 2018;
Hothorn et al. 2005; Liestbl et al. 1994). Breiman (2002) adapted the CART-based ran-
dom forest algorithm to survival data, while both Hothorn et al. (2004) and Ishwaran et al.
(2008) proposed more general methods that generate survival forests from any survival
tree algorithm. “Survival forest” algorithms aggregate the results of multiple trees and aim
to produce more accurate predictions by avoiding the instability of single-tree models. In
addition, the formulation of the SVM problem has been extended in the survival setting
with the objective of maximizing the concordance index for comparable pairs of obser-
vations (Van Belle et al. 2011; Evers and Messow 2008). Neural network survival analy-
sis includes various structures, such as feed forward, deep, and recurrent neural networks
(Biganzoli et al. 1998; Ripley and Ripley 2001; Fotso 2018; Giunchiglia et al. 2018).

Unlike decision trees, these approaches lead to “black-box” models which are not inter-
pretable and provide little information about how they arrive at their predictions (Samek
and Miiller 2019; Castelvecchi 2016). The issue of interpretability has become central
to the adoption and implementation of artificial intelligence models over the past several
years (Gilpin et al. 2018), particularly in application areas like medicine where algorithmic
decisions can directly impact patient lives (Rajkomar et al. 2019; Cabitza et al. 2017).

More interpretable survival analysis methods are often based on linear models such
as Cox proportional hazards regression (Cox 1972). Various authors have adapted this
approach using regularization techniques such as LASSO (Tibshirani 1997; Park and
Hastie 2007), ridge regression (Verweij and Van Houwelingen 1994), and elastic net
(Simon et al. 2011), which can be used to perform feature selection in large datasets and
control the complexity of the models. Although linear models are relatively easy to inter-
pret, their parametric structure can be a significant limitation if the underlying assumptions
(for example, proportional hazards) are violated. These models are are also unsuitable for
identifying non-linear relationships and interactions in the data. Single tree models provide
a clear answer to this problem as they are able to capture intrinsic non-linear effects and
interactions in the data while offering transparency to the user with the full characteriza-
tion of potential risk profiles (Bertsimas and Dunn 2019).

Relatively few survival tree algorithms have been implemented in publicly available,
well-documented software. Two user-friendly options are available in R (R Core Team
2017) packages: Therneau’s algorithm based on martingale residuals is implemented in the
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rpart package (Therneau et al. 2010) and Hothorn’s conditional inference (ctree) algo-
rithm in the party package (Hothorn et al. 2010).

3 Review of optimal predictive trees

In this section, we briefly review approaches to constructing decision trees, and in par-
ticular, we outline the Optimal Trees algorithm. The purpose of this section is to provide a
high-level overview of the Optimal Trees framework; interested readers are encouraged to
refer to Bertsimas and Dunn (2019) and Dunn (2018) for more detailed technical informa-
tion. The Optimal Trees algorithm and is implemented in Julia (Bezanson et al. 2017)
and is available to academic researchers under a free academic license. !

Traditionally, decision trees are trained using a greedy heuristic that recursively parti-
tions the feature space using a sequence of locally-optimal splits to construct a tree. This
approach is used by methods like CART (Breiman et al. 1984) to find classification and
regression trees. The greediness of this approach is also its main drawback—each split
in the tree is determined independently without considering the possible impact of future
splits in the tree on the quality of the here-and-now decision. This can create difficulties
in learning the true underlying patterns in the data and lead to trees that generalize poorly.
The most natural way to address this limitation is to consider forming the decision tree in
a single step, where each split in the tree is decided with full knowledge of all other splits

The first efforts in the direction of optimal decision tree construction involved the use of
pattern mining techniques to construct a global model (Nijssen and Fromont 2007, 2010).
Narodytska et al. (2018) proposed the use of a Boolean satisfiability model for comput-
ing small-size decision trees with optimality guarantees (n < 10° observations). Verwer
and Zhang (2019) introduce an alternative binary formulation that employs Integer Lin-
ear Programming to render the model size largely independent from the training data size,
achieving better scaling performance and shorter running times for datasets with thousands
of observations. Verhaeghe et al. (2020) recently suggested an even more efficient way to
decompose the learning problem with a constraint programming approach. Other attempts
in the literature to construct globally optimal predictive trees involve the ones of Bennett
and Blue (1996), Son (1998), Grubinger et al. (2014). However, these methods could not
scale to datasets of the sizes required by practical applications, and therefore did not dis-
place greedy heuristics as the approach used in practice. In contrast to the proposed algo-
rithm, these frameworks are not able to efficiently partition datasets with sample size n >
20000 and number of features p > 100.

Optimal Trees is a novel approach for decision tree construction that outperforms many
existing decision tree methods (Bertsimas and Dunn 2019). It formulates the decision tree
construction problem from the perspective of global optimality using mixed-integer opti-
mization (MIO) and solves this problem with coordinate descent to find optimal or near-
optimal solutions in practical run times. These Optimal Trees are often as powerful as
state-of-the-art methods like random forests or boosted trees, yet they are just a single deci-
sion tree and hence are readily interpretable. This obviates the need to trade off between
interpretability and state-of-the-art accuracy when choosing a predictive method.

! Please email survival-trees@mit.edu to request an academic license for the Optimal Survival Trees pack-
age.
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The Optimal Trees framework is a generic approach that tractably and efficiently trains
decision trees according to a loss function of the form

mTin error(7T,D) + a - complexity(T), (1

where T is the decision tree being optimized, D is the training data, error(7, D) is a func-
tion measuring how well the tree T fits the training data D, complexity(7) is a func-
tion penalizing the complexity of the tree (for a tree with splits parallel to the axis, this is
simply the number of splits in the tree), and « is the complexity parameter that controls the
tradeoft between the quality of the fit and the size of the tree. Cross-validation takes places
as an internal component of the method.

Unlike the others, Optimal Trees is able scale to large datasets (n in the millions, p in
the thousands) by using coordinate descent to train the decision trees towards global opti-
mality. When training a tree, the splits in the tree are repeatedly optimized one-at-a-time,
finding changes that improve the global objective value in Problem (1). To give a high-
level overview, the nodes of the tree are visited in a random order and at each node we
consider the following modifications:

— If the node is not a leaf, delete the split at that node;

— If the node is not a leaf, find the optimal split to use at that node and update the current
split;

— If the node is a leaf, create a new split at that node.

For each of the changes, we calculate the objective value of the modified tree with respect
to Problem (1). If any of these changes result in an improved objective value, then the
modification is accepted. When a modification is accepted or all potential modifications
have been dismissed, the algorithm proceeds to visit the nodes of the tree in a random
order until no further improvements are found, meaning that this tree is a locally optimal
for Problem (1). The problem is non-convex, so we repeat the coordinate descent process
from various randomly-generated starting decision trees, before selecting the final locally-
optimal tree with the lowest overall objective value as the best solution. For a more com-
prehensive guide to the coordinate descent process, we refer the reader to Bertsimas and
Dunn (2019).

Although only one tree model is ultimately selected, information from multiple trees
generated during the training process is also used to improve the performance of the algo-
rithm. For example, the Optimal Trees algorithm combines the result of multiple trees to
automatically calibrate the complexity parameter («). Bertsimas and Dunn (2019) present
a tailored approach for tuning continuous hyperparameters of the algorithm discretize
the range of the parameter, identifying a unique mapping between intervals and the cor-
responding complexity(T). Thus, during the tuning process only a restricted set of val-
ues are tested, avoiding the exploration of values that result in overlapping solutions. To
properly measure variable importance in light of the fact that only one of many correlated
covariates could make it into a single tree, the Optimal Trees framework calculates a vari-
able importance score in the same way as random forests or boosted trees to measure the
importance of variables during the entire training process and not just in the final tree.
More detailed explanations of these procedures can be found in Dunn (2018).

The coordinate descent approach used by Optimal Trees is generic and can be applied
to optimize a decision tree under any objective function. For example, the Optimal Trees
framework can train Optimal Classification Trees (OCT) by setting error (7, D) to be the
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Fig.1 Performance of classifica-
tion methods averaged across 60
real-world datasets. OCT and
OCT-H refer to Optimal Clas-
sification Trees without and with
hyperplane splits, respectively
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misclassification error associated with the tree predictions made on the training data. We
provide a comparison of performance between various classification methods from Bertsi-
mas and Dunn (2019) in Fig. 1. This comparison shows the performance of two versions
of Optimal Classification Trees: OCT with parallel splits (using one variable in each split);
and OCT with hyperplane splits (using a linear combination of variables in each split).
These results demonstrate that not only do the Optimal Tree methods significantly out-
perform CART in producing a single predictive tree, but also that these trees have perfor-
mance comparable with some of the best classification methods.

4 Survival tree algorithm

In this section, we adapt the Optimal Trees algorithm described in Sect. 3 for the analy-
sis of censored data. For simplicity, we will use terminology from survival analysis and
assume that the outcome of interest is the time until death. We begin with a set of observa-
tions (7;, 6;)'_, where #; indicates the time of last observation and ¢, indicates whether the
observation was a death (6; = 1) or a censoring (; = 0).

Like other tree algorithms, the OST model requires a target function that determines
which splits should be added to the tree. Computational efficiency is an important factor in
the choice of target function, since it must be re-evaluated for every potential change to the
tree during the optimization procedures. A key requirement for the target function is that
the “fit” or error of each node should be evaluated independently of the rest of the tree. In
this case, changing a particular split in the tree will only require re-evaluation of the sub-
tree directly below that split, rather than the entire tree.

Due to these computational constraints, splits in the OST model cannot be evaluated
by any methods that require the comparison of two or more nodes within the tree. This
requirement restricts the choice of target function to the node purity approaches described
in Sect. 2.

The splitting rule implemented in the OST algorithm is based on the likelihood method
proposed by LeBlanc and Crowley (1992). This splitting rule is derived from a propor-
tional hazards model which assumes that the underlying survival distribution for each
observation is given by

P(S, <) =1-e%0, )
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where A(?) is the baseline cumulative hazard function and the coefficients ; are the adjust-
ments to the baseline cumulative hazard for each observation.

In a survival tree model we replace A(¢) with an empirical estimate for the cumulative
probability of death at each of the observation times. This is known as the Nelson—Aalen
estimator (Nelson 1972; Aalen 1978),

. 5.
iér z:j:t,vzn» 1 3

Assuming this baseline hazard, the objective of the survival tree model is to optimize
the hazard coefficients 6,. We impose that the tree model uses the same coefficient for all
observations contained in a given leaf node in the tree, i.e. 6, = 6’}@. These coefficients are
determined by maximizing the within-leaf sample likelihood

n 5
L=]] (01.%/1(@.)) e 0Aw, @)
i=1
to obtain the node coefficients

26l iy
Op = ——. (®)]
) AW 71y

To evaluate how well different splits fit the available data we compare the current tree
model to a tree with a single coefficient for each observation. We will refer to this as a fully
saturated tree, since it has a unique parameter for every observation. The maximum likeli-
hood estimates for these saturated model coefficients are

sat __ 5i l = 1

T Aw

~

yeee s I (6)

We calculate the prediction error at each node as the difference between the log-likelihood
for the fitted node coefficient and the saturated model coefficients at that node:

5 R o
error,= Y | &log| —— ) - 6,log(d) — & + At)d, ). 7)
i1 T(=k A1)

The overall error function used to optimize the tree is simply the sum of the errors across
the leaf nodes of the tree T given the training data D:

error(T,D) = Z error,(D).
ke€leaves(T)

®)

We can then apply the Optimal Trees approach to train a tree according to this error func-
tion by substituting this expression into the overall loss function (1). At each step of the
coordinate descent process, we determine new estimates for 9k for each leaf node k in the
tree using (5). We then calculate and sum the errors at each node using (7) to obtain the
total error of the current solution, which is used to guide the coordinate descent and gener-
ate trees that minimize the error (8).
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5 Survival tree accuracy metrics

In order to assess the performance of the OST algorithm, we now introduce a number of
accuracy metrics for survival tree models. We will use the notation 7" to represent a tree
model, where Tl.’”“’ = T""¢(X;) is the leaf node classification of observation i with covari-
ates X; in the tree 7. We will use the notation T° to represent a null model (a tree with no
splits and a single node).

5.1 Review of survival model metrics

We begin by reviewing existing accuracy metrics for survival models that are commonly
used in both the literature as well as practical applications.

1. Cox Partial Likelihood Score
The Cox proportional hazards model (Cox 1972) is a semi-parametric model that is
widely used in survival analysis. The Cox hazard function estimate is

Mt X)) = Ag(D exp (B Xy + -+ + B,X;,) = Ag(t) exp BX), 9)

where 1,(7) is the baseline hazard function and f is a vector of fitted coefficients. This

proportional hazards model does not make any assumptions about the form of A,(?),
and its parameters can be estimated even when the baseline is completely unknown
(Cox 1975). The coefficients f are estimated by maximizing the partial likelihood
function?,

exp (X;5) 0,
L(p) = — = = 10
tiuncern!ored ZI,ZI,' exXp (X]‘B) tiunclenIsored Et,-Zti 9./ (19)

For computational convenience, the Cox model is generally implemented using the
log partial likelihood,

I(p) =logL(p)= Y Xiﬂ—log(Zexp(X,m). (1

t;uncensored 121t

In the context of survival trees, we can find the Cox hazard function associated with
a particular tree model by assigning one coefficient to each leaf node in the tree, i.e.,

Ar(t) = Ag(1) exp (Z P (T, = k)) = Ag(1) exp (Br,)- (12)

keT

We define the Cox Score for a tree model as the maximized log partial likelihood for

the associated Cox model, max, [(f|T). To assist with interpretation, we also define
the Cox Score Ratio (CSR) as the percentage reduction in the Cox Score for tree T
relative to a null model,

2 This definition of the partial likelihood assumes that there are no ties in the data set (i.e., no two subjects
have the same event time).
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max, [(B|T)

13)

Due to its widespread use in the context of Cox Regression, the Cox Score is a use-
ful metric for assessing the fit of survival tree models and contrasting the structure of
these models with more commonly used linear hazard functions. However, it is impor-
tant to consider the implications of applying a metric designed for continuous hazard
predictions in the context of decision trees, which produce a discrete hazard coefficient
for every node. Each additional leaf node in the tree allows an additional degree of
freedom in equation (12), and increasing the number of nodes in the tree may inflate
Cox score even if the overall quality of the model does not improve.

Another significant drawback of the Cox score is its reliance on the proportional haz-
ards assumption (2). Although this assumption is commonly used in survival analysis,
it may not be appropriate in many applications. This metric should be interpreted with
caution when comparing the results of survival tree algorithms that use the proportional
hazards model in node splitting rules (such as the OST algorithm) to other algorithms
that rely on non-parametric splitting rules.

2. The Concordance Statistic

Applying a ranking approach to survival analysis is an effective way to deal with the
skewed distributions of survival times as well as censored of the data. The Concordance
Statistic, which is most familiar from logistic regression, is another popular metric that
has been adapted to measure goodness-of-fit in survival models (Harrell et al. 1982). The
concordance index is defined as the proportion of all comparable pairs of observations
in which the model’s predictions are concordant with the observed outcomes.

Two observations are comparable if it is know with certainty that one individual died
before the other. This occurs when the actual time of death is observed for both individu-
als (neither is censored) or when the one individual’s death is observed before the other
is censored. A comparable pair is concordant if the predicted risk (p) is higher for the
individual that died first, and the pair is discordant if the predicted risk is lower for the
individual that died first. Thus, the number of concordant pairs in a sample is given by

CcC = Z 1(t; > 1)1(p; < p))3;, (14)
L]
and the number of discordant pairs is
DC = 2 L(t; > 1)1(p; > p))5;, (15)
i
where the indices i and j refer to pairs of observations in the sample. Multiplication by
the factor ; discards pairs of observations that are not comparable because the smaller

survival time is censored, i.e., 6; = 0. These definitions do not include comparable
pairs with tied risk predictions, so we denote these pairs as

TR = Z 1(t; > t)1(p; = p,)5;. (16)

ij

The number of concordant and discordant pairs is commonly summarized using Har-
rell’s C-index (Harrell et al. 1982),
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_ CC+05x%xTR

¢= CC+DC+TR a7

Harrell’s C takes values between 0 and 1, with higher values indicating a better fit.
Note that randomly assigned predictions have an expected score of H, = 0.5.
More recently, Uno et al. (2011) introduced a modified C-Statistic that weights com-
parable pairs of observations based on the distribution of censoring times,

. G2 > 1.1, < D1(p; < p))3;
C,

= . (18
C TGN A > 1.1 < OL(p; > p)5; + 1 > 1,1, < DL(p; < p))8) (1%

where G(-) is the Kaplan—Meier estimate for the censoring distribution. Due to these
coefficients, U converges to a quantity that is independent of the censoring distribu-
tion. U, takes values between 0 and 1, with higher values indicating a better fit.

The above definition of Uno’s C-statistic was intended for continuous models, and
(18) may be very unstable in small trees due to the large number of observations with
tied risks which are not counted in either the numerator or denominator. To avoid this,
we include these pairs of observations in a similar manner to Harrell’s C-statistic, i.e.,
weighted by 0.5 in the numerator and 1 in the denominator. The resulting concordance
statistic is

~ G > 1,1 < D(1p; < p) +0.5X 1(p; = p)))3;
TGO > 1,1, < DL, > p& + 10t > 1, 1; < DL(p; < )5

*
G

19)

This modification improves the stability of the concordance statistics but also makes
these metrics somewhat less informative in the context of discrete models, since a large
number of tied pairs tend to dominate both the numerator and denominator. More gen-
erally, concordance statistics do not account for incomparable pairs of observations,
which may be problematic when there is significant censoring. The binary definition of
concordance fails to account for the magnitude of the difference in predicted risks for
comparable observations. As a result, these metrics may be less informative in datasets
with significant variations in risk.

Unlike the Cox Score, concordance statistics do not explicitly rely on any paramet-
ric assumptions. For proportional hazards models it is natural to define the predicted
risk in terms of the hazard coefficients in (2), i.e., p; = 6;. However, it is also possible
to contrast the predicted risk of a comparable pair of observations via the predicted
survival probabilities, the expected survival times, or any other comparable predic-
tion extracted from the model. In our analysis we evaluate concordance based on the
predicted survival probabilities extracted from the Kaplan—Meier curves at each node,
ie, p(r)=1- S’i(r). When comparing the risks of a pair of observations, survival
probabilities are evaluated at the time of the first event, T = min{z,, tj}.

3. Integrated Brier score

The Brier score metric is commonly used to evaluate classification trees (Brier 1950).
It was originally developed to verify the accuracy of a probability forecast, primarily for
weather forecasting. The most common formula calculates the mean squared prediction
error:
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= rll Z(ﬁ(yf) -y (20)

where 7 is the sample size, y; € {0, 1} is the outcome of observation i, and p(y;) is the
forecast probability of this observed outcome. In the context of survival analysis, the
Brier score may be used to evaluate the accuracy of survival predictions at a particular
point in time relative to the observed deaths at that time. We will refer to this as the
Brier Point Score:

BP, > S = 1 > )2,
|I = 1)

where 7. = {ie {l,...,n},|t; > T oré, =1}.

In this case, §i(r) is the predicted survival probability for observation i at time 7 and Z
is the set of observations that are known to be alive/dead at time 7. Observations cen-
sored before time 7 are excluded from this score, as their survival status is unknown.

Applying this version of the Brier score may be useful in applications where the main
outcome of interest is survival at a particular time, such as the 1-year survival rates after
the onset of a disease. In the experiments that follow, the point-wise Brier Score will be
evaluated at the median observation time in each dataset. For easy interpretation, the
reported scores are normalized relative to the score for a null model, i.e.

BP(T)

BPR. =1— ———.
’ BP_(T9) (22)

The Brier Point score has two significant disadvantages in survival analysis. First, it
assesses the predictive accuracy of survival models a single point in time rather than
over the entire observation period, which is not well-suited to applications where sur-
vival distributions are the outcome of interest. Second, it becomes less informative as
the number of censored observations increases, because a greater number of observa-
tions are discarded when calculating the score.

Graf et al. (1999) have addressed these challenges by proposing an adjusted version
of the Brier Score for survival datasets with censored outcomes. Rather than measur-
ing the accuracy of survival predictions at a single point, this measure aggregates the
Brier score over the entire time interval observed in the data. This modified measure is
commonly used in the survival literature and has been interchangeably called the Brier
Score or the Integrated Brier Score by various authors (Reddy and Kronek 2008). In
this paper, we will refer to the metric specific to survival analysis as the Integrated Brier
score (IB), defined as

- 2 b (Q.(4))2
t1 (1 S(t)) a/ (S;(0) &

max T i=1 40 G(l) G(ti) (23)

i

The IB score uses Kaplan—Meier estimates for both the survival distribution, 3(#), and
the censoring distribution, G(@). In a survival tree model, these estimates are obtained
by pooling observations in each node in the tree, i.., S, () = ST(l)(t) The IB score is
a weighted version of the original Brier Score, with the weights being 1/ G(t) if an
event occurs before time #;, and 1/ G(t) if the event occurs after time t. This metric
addresses many of the deficiencies identified in the Cox and concordance scores above:
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it is non-parametric, counts both censored and uncensored observations, and evaluates
accuracy of the predicted survival functions over the entire time horizon.

In subsequent sections, we report a normalized version of this metric, the Integrated
Brier score ratio (IBR), which compares the sum of the Integrated Brier scores in a given
tree to the corresponding Integrated Brier scores in a null tree’:

IB(T)

IBR=1- )
IB(TY)

(24)

Aside from the limitations already discussed, we note that all of the above metrics are sub-
ject to noise and often provide contradictory assessments when comparing different tree
models. For example, our empirical experiments comparing three candidate models were
only able to identify a non-dominated model for about 30% of the instances. In the other
70% of our test cases, none of the three candidate models scored at least as high as the
other models on all metrics. These limitations make it difficult to obtain an unambiguous
comparison between the performance of different survival tree algorithms. To address this
challenge, we will now introduce a simulation procedure and associated accuracy metrics
that are specifically designed to assess survival tree models.

5.2 Simulation accuracy metrics

A key difficulty in selecting performance metrics for survival tree models is that the defini-
tion of “accuracy” can depend on the context in which the model will be used. For exam-
ple, consider a survival tree that models the relationship between lifestyle factors and age
of death. A medical researcher may use such a model to identify risk factors associated
with early death, while an insurance firm may use this model to predict mortality risks
for individual clients in order to estimate the volume of life insurance policy pay-outs in
the coming years. The medical researcher is primarily interested whether the model has
identified important splits, while the insurer is more focused on whether the model can
accurately estimate survival distributions.

In subsequent sections we refer to these two properties as tree recovery and prediction
accuracy. We develop metrics to measure these outcomes in simulated datasets with the
following structure:

Leti =1,...,nbe a set of observations with independent, identically distributed covari-
ates X; = (X;; j"i - Let 7" be a tree model that partitions observations based on these
covariates such that Tl.’”‘e = T"(X,) is the index of the leaf node in 7¢ that contains
individual i. Let S; be a random variable representing the survival time of observation i,
with distribution S; ~ Frm (). The survival distribution of each individual is entirely deter-
mined by its location in the tree T, and so we refer to 7"“¢ as the “true” tree model.

This underlying tree structure provides an unambiguous target against which we can
measure the performance of empirical survival tree models. In this context, an empirical
survival tree model 7 has high accuracy if it achieves the following objectives:

1. Tree recovery: the model recovers structure of the true tree (i.e., T(X;) = T""*¢(X))).
2. Prediction accuracy: the model recovers the corresponding survival distributions of the
true tree (i.e., Fp (1) = Fpme(1)).

3 Radespiel-Troger et al. (2003) calls this explained residual variation .
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Fig.2 Tree recovery metrics for a survival tree with two classes of observations. The top left tree represents
the true tree model

It is important to recognize that these two objectives are not necessarily consistent, particu-
larly in small samples. For example, models with perfect tree recovery may have a small
number of observations in each leaf node, leading to noisy survival estimates with low
prediction accuracy.

5.2.1 Tree recovery metrics

We measure the tree recovery of an empirical tree model (7) relative to the true tree (77"¢)
using the following metrics:

1. Node homogeneity The node homogeneity statistic measures the proportion of the
observations in each node k € T that have the same true class in 7"¢. This metric
is equivalent to the misclassification error and cluster purity metrics which are com-
monly used in the clustering and tree-based binary classification evaluation contexts
respectively (Friedman et al. 2001; Rend6n et al. 2011). Let py | be the proportion of
observations in node k € T that came from class # € T"" and let i, ; be the total number
of observations at node k € T"* from class # € C. Then,

NH = % Z Z My iPr- (25)

keT leT"e
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A score of NH = 1 indicates that each node in the new tree model contains observa-
tions from a single class in 7. This does not necessarily mean that the structure of 7
is identical to 7“¢ — For example, a saturated tree with a single observation in each
node would have a perfect node homogeneity score (see Fig. 2). The node homogene-
ity metric is therefore biased towards larger tree models with few observations in each
node.

2. Class recovery
Class recovery is a measure of how well a new tree model is able to keep similar
observations together in the same node, thereby avoiding unnecessary splits. Class
recovery is calculated by counting the proportion of observations from a true class
T that are placed in the same node in T Let yy | be the proportion of observations
from class T'™"¢ that are classified innode kK T and let iy, be the total number of
observations at node kK € T from class # 7. Then,

CR= % Z Z Ny 1 Gk 1- (26)

Ttue k T

This metric is biased towards smaller trees, since a null tree with a single node would

have a perfect class recovery score. It is therefore useful to consider both the class
recovery and node homogeneity scores simultaneously in order to assess the perfor-
mance of a tree model (see Fig. 2 for examples). When used together, these metrics
indicate how well the model T reflects the structure of the true model 7",

The node homogeneity and class recovery scores can also be used to compare any
two tree models, T¢ and TP. In this case, these metrics should be interpreted as a meas-
ure of structural similarity between the two tree models. Note that when T# and TP
are applied to the same dataset, the node homogeneity for model T relative to TP is
equivalent to the class recovery for TP relative to T¢, and vice versa. The average node
homogeneity score for T# and TP is therefore equal to the average class recovery score
for T# and TP. We will refer to this as the similarity score for models T# and T".
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5.2.2 Prediction accuracy metric

Our prediction accuracy metric measures how well the non-parametric Kaplan—-Meier
curves at each leaf in T estimate true the survival distribution of each observation.

1.

Area between curves (ABC)

For an observation i with true survival distribution FT(rue (), suppose that ST (t) is
the Kaplan—Meier estimate at the corresponding node in tree T (see Fig. 3). The area
between the true survival curve and the tree estimate is given by

1 Imax ~
ABC] = — |1 = Frue(t) = Sy, (D]dt. (27)

max /0

To make this metric easier to interpret, we compare the area between curves in a given
tree to the score of a null tree with a single node (7°). The area ratio (AR) is given by

ABCT
ARzl——z' . (28)
> ABCT

Similar to the popular R? metric for regression models, the AR indicates how much
accuracy is gained by using the Kaplan—Meier estimates generated by the tree relative
to the baseline accuracy obtained by using a single estimate for the whole population.

Both the ABC and IBS metrics measure the fit of survival distributions generated at
leaf nodes, which are an important component of tree-based survival models. The most
important conceptual difference between these metrics is that the /BS compares the
estimated survival distributions to events observed in the sampled data (using weights
to account for censoring), while the ABC measures accuracy relative to the true survival
distributions, which are not affected by censoring or sample size. The ABC cannot be
applied in real-world settings where the underlying distributions are unknown, but it
provides a simple and intuitive measure of the fit of survival curves in simulation experi-
ments.

6 Simulation results

In this section we evaluate the performance of the Optimal Survival Trees (OST) algo-
rithm and compare it to two existing survival tree models available in the R pack-
ages rpart and ctree. Our tests are performed on simulated datasets with the structure
described in Sect. 5.2.

6.1 Simulation procedure

The procedure for generating simulated datasets in these experiments is as follows:
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Fig.4 The average tree size for models trained on various sample sizes

1. Randomly generate a sample of 20,000 observations with six covariates. The first three
covariates are uniformly distributed on the interval [0, 1] and remaining three covariates
are discrete uniform random variables with 2, 3 and 5 levels.

2. Generate a random “ground truth” tree model, 7", that partitions the dataset based on
these six covariates (see Algorithm 1 in the “Appendix 17).

3. Assign a survival distribution to each leaf node in the tree 7" (see “Appendix” for a
list of distributions).

4. Classify observations into node classes Ti[rue = C(X,) according to the ground truth
model. Generate a survival time, s;, for each observation based the survival distribution
ofitsnode: S;  Fre(t).

5. Generate a censoriﬁg time for each observation, ¢; = (1 — uiz), where u; follows a uni-
form distribution and  is a non-negative parameter used to control the proportion of
censored individuals.

6. Assign observation times {; = min(s;, ¢;). Individuals are marked as censored (6; = 0) if
[i = Ci'

We used this procedure to generate 1000 datasets based on ground truth trees with a mini-
mum depth of 3 and a maximum depth of 4 (i.e., 2* = 16 leaf nodes). In each dataset, 10,000
observations were set aside for testing the tree models. Training datasets of n observations
were sampled from the remaining data for n € {100, 200, 500, 1000, 2000, 5000, 10, 000}.

In addition to varying the size of the training dataset, we also varied the proportion of
censored observations in the data by adjusting the parameter . Censoring was applied at
nine different levels to generate examples with low censoring (0%, 10%, 20%), moderate
censoring (30%, 40%, 50%) and high censoring (60%, 70%, 80%). In total, 63 OST models
were trained for each dataset to test each of the seven training sample sizes at each of the
nine censoring levels.

We evaluated the performance of the OST algorithm relative to two existing sur-
vival tree algorithms available in the R packages rpart (Therneau et al. 2010) and ctree
(Hothorn et al. 2010). Each of the three algorithms was trained and tested on exactly the
same data in each dataset.

Each of the three algorithms tested require two input parameters that control the model
size: a maximum tree depth and a complexity/significance parameter that determines which
splits are worth keeping in the tree (the interpretation of the ctree significance parameter
is different to the complexity parameters in the OST and rpart algorithms, but it serves a
similar function).
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Since neither rpart nor ctree have built-in methods for selecting tree parameters, we
used a similar 5-fold cross-validation procedure on the training data to select the param-
eters for each algorithm. We considered tree depths up to three levels greater than the true
tree depth and complexity parameter/significance values between 0.001 and 0.1 for the
rpart and ctree algorithms (the OST complexity parameter is automatically selected dur-
ing training). Equation (7) was used as the scoring metric to evaluate out-of-sample perfor-
mance during cross-validation, and the minimum node size for all algorithms was fixed at
5 observations.

6.2 Results

To demonstrate the effect of this cross-validation procedure, we summarize the average
size of the models produced by each algorithm in Fig. 4. We see a clear link between tree
size and the number of training observations, indicating the cross-validation procedure
is selecting more conservative depth/complexity parameters when relatively little data
is available. In larger datasets, the OST models grow to approximately the same size as
the true tree models (6 nodes, on average), while the rpart and ctree models models are
slightly larger.

6.2.1 Survival analysis metrics

Figure 5 summarizes the performance of each algorithm in our simulations using the four
survival model metrics from Sect. 5. The values displayed in each chart are the average
performance statistics across all test datasets.

As expected, the average performance of all three algorithms consistently improves as
the size of the training dataset increases. The performance statistics also increase as the
proportion of censored observations increases, which seems counter-intuitive (we would
expect more censoring to lead to less accurate models). In the case of the Cox partial likeli-
hood and C-statistics, this trend is directly linked to the number of observed deaths, since
only observations with observed deaths contribute to the partial likelihood and concord-
ance scores. Similarly, censored observations do not contribute to the Integrated Brier
Score after their censoring time.

Each chart also indicates the performance of the true tree model, C, as a point of com-
parison for the other algorithms. The true tree model performs significantly better than the
empirical models trained on smaller datasets, but all three algorithms approach the perfor-
mance of the true tree for very large sample sizes.

Based on these results, we conclude that the average performance of the OST algorithm
in these simulations is consistently better than either of the other two algorithms. In order
to understand why this algorithm is able to generate better models, we now analyse the
results of the tree metrics introduced in Sect. 5.2.

6.2.2 Treerecovery

The test set tree recovery metrics for all three algorithms are summarized in Table 1 and
Fig. 6. The average node homogeneity/class recovery scores are given side-by-side to allow
for a comprehensive assessment of each algorithm’s performance. These results confirm
that the OST models perform significantly better than the other two models across all cen-
soring levels.
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Fig.5 A summary of the survival model metrics from simulation experiments. The average test set out-
comes for each algorithm are shown in color, while the performance of the true tree model, T"™€, in indi-
cated in black. Shaded areas indicate 95% confidence intervals

The node homogeneity scores for all three algorithms increase with larger sample sizes,
indicating that the availability of additional data leads to better detection of relevant splits.
In large populations, the OST algorithm selects more efficient splits than the other models
and is able to achieve better node homogeneity with fewer splits (recall Fig. 4—the OST
models trained on large data sets have fewer leaf nodes than the other models, on average).
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Fig.6 A summary of the tree recovery metrics for survival tree algorithms

Table 1 A summary of the average node homogeneity/class recovery scores for synthetic experiments

n Low censoring Moderate censoring High censoring

rpart ctree OST rpart ctree OST rpart ctree OST
100 38/87 40/77 37/93 38/90 40/78 37/92 37/89 40/78 37/90
200 42/89 45/76 43/91 42/90 46/77 45/90 42/91 45/78 45/90
500 53/84 56/71 57/88 55/84 57/70 59/88 53/85 56/72 59/88

1000 63/82 66/63 68/89 65/82 67/63 70/89 64/82 66/64 70/89
2000 70/81 73/57 76/89 72/81 75157 78/90 72/81 74/58 78/90
5000 76/80 82/53 84/91 77/80 83/53 85/92 77/80 82/53 85/91
10000 82/79 85/50 87/91 84/79 86/51 89/92 84/78 86/51 88/91

Bold values indicate the best performing algorithm for each sample size (row) and score/metric

The relationship between tree size and class recovery rates is somewhat more com-
plicated. In datasets smaller than 500 observations the class recovery rates seem to be
closely linked to the tree size: the ctree models have the highest average class recov-
ery for models trained on 100 and 200 observations, and also the smallest number of
nodes (see Fig. 4). However, this trend does not hold in datasets with 500 observations,
where OST models are larger than the ctree models on average, but also have slightly
better class recovery. This suggests that tree size is no longer a dominant factor in
larger datasets (n > 500).

In these larger datasets we observe distinct trends in class recovery scores. The OST
class recovery rate increases consistently despite the increases in model size, which
means that the OST models are able to produce more complex trees without overfitting
in the training data. By contrast, both of the other algorithms have consistently worse
class recovery rates as sample size increases and their models become larger. Based on
this trend, neither of these algorithms will reliably converge to the true tree.
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Table2 A summary of the average Kaplan—Meier area ratio (AR) scores for simulation experiments

n Low censoring Moderate censoring High censoring

rpart ctree OST rpart ctree OST rpart ctree OST
100 6.87 4.79 9.30 10.61 7.74 11.01 10.79 7.76 9.99
200 18.69 16.82 20.99 21.93 21.09 25.25 24.20 21.24 26.13
500 35.03 32.56 41.17 40.14 37.12 47.16 40.84 38.34 48.21
1000 51.27 44.29 56.44 57.28 49.68 61.99 58.86 51.30 63.95

2000 62.76 55.04 67.97 68.71 60.30 73.53 70.35 61.67 75.31
5000 72.62 66.94 79.45 77.26 71.63 83.50 79.22 72.38 84.68
10000 80.06 73.57 84.41 84.84 717.44 87.77 85.80 77.94 88.72

Bold values indicate the best performing algorithm for each sample size (row) and score/metric
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Fig.7 A summary of the average Kaplan—-Meier Area Ratio results for simulation experiments. The perfor-
mance of the true tree model is indicated in black

6.2.3 Prediction accuracy

The test set prediction accuracy metric for each of the three algorithms is summarized in
Table 2 and Fig. 7. Overall, the results indicate that sample size plays the most significant
role in test set accuracy across all three algorithms. There is also a small increase in accu-
racy when censoring is increased, which is due to the reduction in the maximum observed
time, T,,,. The OST results are generally better than the other algorithms across all sample
sizes, although the performance gap is relatively small in smaller datasets.

To illustrate the effect of sample size on the accuracy of the Kaplan—-Meier estimates,
Fig. 7 also shows the curve accuracy metrics for the true tree, 7. It is immediately appar-
ent that even the true tree models produce poor survival curve estimates in small datasets.
Based on these results, it may be necessary to increase the minimum node size to at least
50 observations in applications where Kaplan—Meier curves will be used to summarize
survival tree nodes.

6.2.4 Comparison of accuracy metrics
Table 3 shows the correlation between each pair of accuracy metrics used in the simula-
tion experiments. All outcome metrics are positively correlated with the exception of class

recovery, which has both weak positive and weak negative correlations with other met-
rics. These mixed results are due to the different trends in class recovery among the three
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Fig.8 A summary of the average similarity scores between pairs of trees trained on mutually exclusive sets
of observations

algorithms — OST class recovery was highest for trees trained on larger datasets, while
the other algorithms had lower class recovery in these instances (see Fig. 6). Node homo-
geneity was positively correlated with other metrics, but the correlations were somewhat
weaker than average. This reflects the incomplete information captured by this metric
— node homogeneity alone does not guarantee a good model, as discussed in Sect. 5.2.1.

Among the other metrics, the highest correlation was observed between the two con-
cordance statistics (0.98), which also had the strongest correlation with most other metrics.
There was also high correlation between the two Brier metrics (0.86). The Cox score was
most strongly correlated with the concordance statistics (0.87), followed by the Brier sta-
tistics (0.77). The Kaplan—Meier area ratio had slightly lower average correlations and was
most strongly correlated with the node homogeneity statistic. This is likely due to the fact
that both of these metrics are based on the true tree structure, while other metrics reflect
how well a model fits the available data.

6.2.5 Stability

A frequent criticism of single-tree models is their sensitivity to small changes in the train-
ing data. This may be apparent when a tree algorithm produces very different models for
different training datasets sampled from the same population. This type of instability is
often an indication that the model will not perform well on unseen data.

Given the challenges associated with measuring the test set accuracy for survival tree
algorithms, it may be tempting to use stability as a performance metric for these models.
Stability is a necessary condition for accuracy in tree models (provided that a tree structure
is suitable for the data) but stable models are not necessarily accurate. For example, greedy
tree models with depth 1 may select the same split for all permutations of the training data,
but these models will not be accurate if the data requires a tree of depth 3.

Although stability is not necessarily a good indicator of the quality of a model, it is
nevertheless interesting to consider how the stability of globally optimized trees may dif-
fer to the stability of greedy trees. Globally optimized trees are theoretically capable of
greater stability because they may include splits that are not necessarily locally optimal for
a particular training dataset. However, globally optimized trees also consider a significantly
larger number of possible tree configurations and therefore have many more opportunities
for overfitting on features of a particular training dataset.

We ran two sets of experiments to investigate the stability of the survival tree models in
our simulations. In the first set of experiments we used each algorithm to train two models,
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T and TP, on non-overlapping training datasets of equal size drawn from the same popula-
tion. We then applied each model to the entire dataset (20,000 observations) and used the
tree similarity score described in Sect. 5.2.1 to assess the structural similarity between the
two models. The average similarity scores for each algorithm are illustrated in Fig. 8.

These results demonstrate that stability across different training datasets is not a suf-
ficient condition for accuracy: models trained on 100 and 200 observations are both more
stable and less accurate than models trained on 500 observations. The ctree algorithm pro-
duced the most stable results in smaller datasets due to the smaller model sizes selected
during cross-validation. For example, 33.1% of ctree models trained on 100 observations
had fewer than 2 splits, compared to 29.5% of the rpart models and 26.5% of the OST
models.

The stability results for larger training datasets (n > 1000) are reasonably consistent
with the accuracy metrics discussed above, and both stability and accuracy increase with
sample size across all three algorithms. The OST models have the highest average similar-
ity scores in large datasets and the rpart models are slightly more stable than the ctree
models.

In the second set of stability experiments we investigated how small perturbations to the
covariate values in the training dataset affect the test set accuracy of each model. We added
noise to the training data by replacing the original continuous covariate values, x;, with
“noisy” values X; = X;; + ;. The initial covariates were uniformly distributed between 0
and 1 and the added noise terms were generated from the following two distributions:

U(—0.05,0.05) (5% noise), and
U(-0.1,0.1) (10% noise).

j

ij
A similar approach was applied to the categorical variables, which were generated by
rounding off continuous values (x; or X;;) to the appropriate thresholds. Note that noise was
only added to the observations used for training data; the testing data was unchanged.

The results of these experiments are contrasted with the initial outcomes (without added
noise) in Figs. 9 and 10. The effects of additional noise in the training data are visible in
the results of all three algorithms and the drop in accuracy appears to be fairly consistent.
Overall, the OST models maintain the highest scores regardless of noise.

These results indicate that perturbations in the training data affect the OST and greedy
tree algorithms in similar ways. The OST algorithm’s performance is diminished by adding
noise to the training data, but its ability to consider a wider range of split configurations
does not make it more sensitive to these perturbations. In fact, the OST algorithm is gen-
erally slightly more stable than the greedy algorithms across permutations of the training
data because it tends to produce models that are consistently closer to the true tree.

6.3 Scaling performance

We now provide an overview of the computational performance of the OST algorithm on
the synthetic censored datasets. We use the procedure described in Sect. 6.1 to create simu-
lated data varying the number of observations n, the number of features p, and the percent-
age of censoring. We consider datasets of sizen  [5000, 10,000, 25,000, 50,000, 100,000]
and p [10,50,100]. We consider three percentages of censoring [10%, 50%, 80%] that
correspond to low, moderate, and high censoring respectively. We repeat the experiment for
each combination of these parameters on 100 randomized datasets and report the average

1=



Machine Learning

© Low censoring 0 Moderate censoring High censoring
s
g Added noise S|Added noise Q|Added noise
-- 5% -- 5% S| -- 5%
o 10% o 10% oo 10%
To B ®
89 ] [
a0 43 9
oo o [oX=}
x x © x o
o o o
o — OST o — OST o — OST
S — rpart o — rpart ol — rpart
g : — Cctree 8 f — Cctree 5‘ | 45 — Ctree
100 500 2000 10000 100 500 2000 10000 100 500 2000 10000
n n n
Low censoring Moderate censoring High censoring
Added noise o|Added noise o|Added noise
o - 5% ©| -- 5% g - - 5y
o 10% 0° 10% o
0° o9 28
Tw R 5o
=] £ £
£o — osT £3 - osT £8
<| 7 — rpart © — rpart e
wl 7 — ctree < — ctree wl 7
[S) 0 L
5 6 7 8 9 S 5 6 7 8 9 S 5 6 7 8 9
log(n) log(n) log(n)
Low censoring ° Moderate censoring ° High censoring
Added noise g Added noise g Added noise
-- 5% -- 5% -- 5%
8 10% N 10% 9 10%
oo 0 Og
© 0° o
O o o
£ j=co) cQ
S5 om =
— OST S} — OST °© — OSsT
</ 7 — rpart — rpart ol % — rpart
g 7 — ctree 37 — ctree ol 7 — ctree
; ) b
00 500 2000 10000 100 500 2000 10000 00 500 2000 10000
n n n
Low censoring Moderate censoring High censoring
Added noise Added noise Added noise
i) oo 5% k] T %% K] oo %%
§4 10% g, 10% T 10%
go £2 £3
£ £3 Eo
Q Q Q
g% % — osT :E) — osT
8| Az — rpart — rpart — rpart
=M — ctree 8l — ctree 8| 7% — ctree
! Sl =
100 500 2000 10000 100 500 2000 10000 100 500 2000 10000
n n n
Low censoring Moderate censoring High censoring
<
© Z{Added noise © |Added noise © |Added noise
Z°| -- 59 2wl -- 59 =2 -- 59
© (] o= (] o (]
Co 10% g, 10% ] 10%
8 ko 8o
@S 0o Do
° o o
28 Lo Lo
gs — osT IR — osT S — osr
8 — rpart 2o 7% — rpart 20 p — rpart
=184 — ctree £0| 4 — ctree E0|,° — ctree
2 f f
100 500 2000 10000 100 500 2000 10000 100 500 2000 10000
n n n

Fig.9 A summary of survival tree accuracy metrics for datasets with added noise

scaling performance* and the associated 95% confidence intervals. We perform cross vali-
dation using grid search to select the best parameters for each model and we report the
computational time of the training procedure. Figure 11 illustrates our findings.

4 All experiments were conducted on four CPUs of type 2 socket Intel E5-2690 v4 2.6 GHz/35M Cache;
16 GB of NUMA enabled memory were used per CPU.
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Fig. 10 A summary of simulation accuracy metrics for datasets with added noise
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Fig. 11 Average computational time for OST tree construction on synthetically generated datasets, with
varying numbers of observations n and covariates p. The shaded region corresponds to the 95% confidence

intervals

Across all experiments, the algorithm was able to complete in less than an hour. There
was no significant change in the average running time across the different levels of censor-
ing. However, the number of features, p, did have a substantial impact on the computational
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performance. For p < 100, we note that all instances were able to solve within 40 minutes.
By contrast, for datasets where the number of covariates is restricted to 10, the average
time to solve is less than 25 minutes even when the sample size is 100,000. Increasing the
number of observations appears to affect the computational performance in a linear way
while the number of features empirically shows an exponential effect.

We present a comparative analysis of the computational performance of the OST, rpart,
and ctree algorithms in “Appendix 1.3”. Due to its greedy nature, rpart is able to termi-
nate in less than a minute across all instances. By contrast, we observe that the ctree pack-
age requires significantly more time. The latter scales faster than OST, though it is associ-
ated with an exponential rate as the number of observations increases.

7 Computational experiments with censored data from longitudinal
studies and surveys

In this section, we focus on different aspects of algorithmic performance using three widely
known longitudinal studies. In Sect. 7.1, we present results from the Wisconsin Longitudi-
nal Study and highlight differences in performance as we vary the mix of categorical and
numerical features. In Sect. 7.2, we use data from the Health and Lifestyle survey to com-
pare the algorithms on a large set of features. Finally, in Sect. 7.3, we showcase an applica-
tion of the algorithm on heart disease using data from the monumental Framingham Heart
Study.

The three datasets discussed in this section are typical real-world applications of sur-
vival analysis: the outcome of interest is the time to a particular event, and each dataset
includes censored outcomes due to individuals lost to follow-up during longitudinal stud-
ies. In “Appendix 37, we describe additional experiments in which we simulate different
levels of censoring in datasets drawn from the UCI repository (Dua and Graff 2017). These
supplementary results demonstrate the strong performance of the OST algorithm across a
variety of datasets with a range of different sizes and features.

7.1 The Wisconsin longitudinal study

In 1957, the Wisconsin Longitudinal Study (WLS) randomly sampled 10 317 Wisconsin
high school graduates (one-third of all graduates) for a decades-long study, observing them
until 2011 (Herd et al. 2014). The aim of the study was to understand how factors such as
social background, schooling, military service, labor market experiences, family character-
istics and events, and social participation, may affect mortality and morbidity, family func-
tioning, and health. We have included in our analysis data from all recorded participants for
518 variables that were collected either from the original respondents or their parents.

We removed from our dataset all features for which more than 50% of the values are
missing. We imputed the missing values with the mean of each covariate for numerical fea-
tures and the mode for categorical and binary variables. In total, we collect 317 categori-
cal, 103 numerical, and 77 binary covariates. In each randomized experiment, we sampled
between [10, 15, 20, 25, 30] features from each category. Our goal was to observe the algo-
rithms’ performance as we vary the combination of different types of covariates.

Our results show minimal variability in performance as we change the number of
numerical and binary features (see “Appendix 2.1”). However, all three methods show
trends in the average performance scores for different numbers of categorical features, as
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Fig. 12 Average performance of survival tree models on subsets of features from the WLS dataset with
varying numbers of categorical variables. The shaded regions represent 95% confidence intervals across
100 randomized experiments

shown in Fig. 12. Specifically, both OST and rpart algorithms show slight decreases in
performance with larger feature sets, likely due to overfitting, while the ctree algorithm
performs slightly better on larger feature sets.

Overall, OST clearly outperforms the other methods in terms of the Integrated Brier
Score and the Cox PL ratio, and is on par with rpart in both concordance statistics. The
ctree algorithm performs poorly relative to the other algorithms across all metrics.

7.2 The health and lifestyle survey

The first Health and Lifestyle Survey (Cox et al. 1988) was carried out in 1984—1985 on a
random sample of the population of England, Scotland and Wales. Its objective was to help
researchers understand the impact of self-reported health, attitudes to health, and beliefs
about causes of disease in relation to measurements of health and lifestyle in adults from
different parts of Great Britain. In our numerical experiments, the outcome of interest is
the age of death of study participants as observed by follow-up studies until 2009. Our
dataset includes 9003 individuals and 112 binary features. We conducted 100 randomized
experiments to train each tree algorithm.
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Table 4 outlines the results of our analysis on the HALS dataset. The OST algorithm
outperforms the other methods in all metrics other than the Uno’s C metric. Specifically,
OST is associated with an average Integrated Brier Score of 0.6114 compared to 0.6056
and 0.6105 for ctree and rpart respectively. In terms of the Cox PL ratio, OST offers an
8% improvement over the next best method (rpart) with an average score of 0.0125. With
respect to the Harrell’s C metric, OST average Harrell’s C metric is 0.6211. ctree and
rpart scored 0.6113 and 0.6185 respectively. Contrary to the other measures of perfor-
mance, ctree achieves the best score in this series of experiments with an average metric of
0.4098 with a 0.0111 margin from OST. Our findings from this study are in line with the
results in Sect. 6 and supplementary experiments in “Appendix 3.”

7.3 The Framingham heart study

In this section, we focus on the interpretation of the tree models using data from the
Framingham Heart Study (FHS). Analysis of the FHS successfully identified the common
factors or characteristics that contribute to Coronary Heart Disease (CHD) using the Cox
regression model (Cox 1972). In our survival tree model, we include all participants in
the study from the original cohort (1948-2014) and the offspring cohort (1971-2014) who
were diagnosed with CHD. The event of interest in this model is the occurrence of a myo-
cardial infarction or stroke. All 2296 patients were followed for a period of at least 10 years
after their first diagnosis of CHD and observations are marked as censored if no event was
observed while the patient was under observation.

We applied our algorithm to the primary variables that have been used in the established
10-year Hard Coronary Heart Disease (HCHD) Risk Calculator and the Cardiovascular
Risk Calculator (Expert Panel 2001; D’Agostino et al. 2008). For each participant who was
diagnosed with CHD, we include the following covariates in our training dataset: gender,
smoking status (smoke), Systolic Blood Pressure (SBP), Diastolic Blood Pressure (DBP),
use of anti-hypertensive medication (AHT), Body Mass Index (BMI), diabetic status (dia-
betes). We did not include cholesterol levels in our analysis because these variables are
highly correlated with the use of lipid lowering treatment and a high proportion of the sam-
ple population did not have sufficient data to account for this interaction.

In Fig. 13 we illustrate the output of our algorithm on the FHS dataset. Every node of
the tree provides the following information:

— The node number.

— Number of observations classified into the node.

— Proportion of the node population which has been censored.

— A plot of survival probability vs. time. In this example, the x-axis represents age and
the y-axis gives the Kaplan—Meier estimate for the probability of experiencing no
adverse events.

— Color-coded survival curves to describe the different sub-populations. In each node, the
blue curves describe the individuals classified into that node.

— In internal (parent) nodes, the orange/green curves describe the sub-populations that
are split into the left/right child node. After each split, the sub-population with higher
likelihood of survival goes into the left node.
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Fig. 13 An illustration of optimal survival trees for chd patients in the FHS

— In leaf nodes, the red curve shows the average survival curve for the entire tree. This
facilitates easy comparisons between the survival of a specific node and the rest of the
population.

The splits illustrated in Fig. 13 include known risk factors for heart disease and are consist-
ent with well-established medical guidelines. The algorithm identified a BMI threshold of
25 as the first split (node 1), which is in accordance with the NIH BMI ranges that clas-
sify an individual as overweight if his/her BMI is greater than or equal to 25. Multiple
splits indicated a higher risk of heart attack or stroke in patients who smoke (nodes 2, 6).
The group with the highest risk of an adverse event was overweight patients with diabetes
(node 9).

Figures 14 and 15 illustrate the output of the ctree and rpart algorithms applied to the
same FHS population. The rpart model has a single split (BMI), while the ctree model
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Fig. 14 Illustration of the rpart output for chd patients in the FHS
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Fig. 15 Illustration of the ctree output for chd patients in the FHS

contains the same variables as the OST output. The Brier scores for each model are 0.0486
(OST), 0.0249 (rpart) and 0.0467 (ctree).

In this example we can reasonably conclude that the smaller size of the rpart tree impacts
its predictive performance. This highlights the important role of cross-validation procedures
in selecting an appropriate complexity parameter. In “Appendix 2.2.2” we describe additional
experiments which contrast the performance of tree models with uniform size and shape (thus
eliminating the effects of parameter selection), and note that the average performance of OST
models is generally better than rpart trees of the same size.
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The discrepancy in the Brier scores for the OST and ctree models is due to slight differ-
ences in the threshold and position of certain splits. For example, both methods identify that
BMI is the most appropriate variable for the first split, but the BMI threshold differs. The
ctree model sets the splitting threshold to 24.117, which is the locally optimal value for the
split when building the tree greedily (the same threshold is used in the rpart model). By con-
trast, the OST algorithm selects a threshold of 25.031. This example demonstrates how the
OST algorithm’s efforts to find a globally optimal solution differ from the results of locally
optimal splits.

A second difference between the tree models is the order of the smoking and diabetes splits
within the overweight population. The ctree model splits on smoking first, since this split has
the most significant p-value of the variables at node 5 in the ctree tree. The algorithm also rec-
ognizes that diabetes is a risk factor and incorporates this in the subsequent split. Since greedy
approaches like ctree do not reevaluate the spits once they have been decided, the algorithm
does not recognize that the overall quality of the tree can be improved by reversing the order
of these splits. This discrepancy in two otherwise similar trees highlights the advantages of the
more sophisticated optimization conducted by OST.

8 Conclusion

In this paper, we have extended the state-of-the-art Optimal Trees framework to generate
interpretable models for censored data. We have also introduced a new accuracy metric, the
Kaplan—Meier Area Ratio, which provides an effective way to measure the predictive power of
survival tree models in simulations.

The Optimal Survival Trees algorithm improves on the performance of existing algorithms
in terms of both classification and predictive accuracy. Our results in simulations indicate that
the OST models improve consistently with increasing sample size, whereas existing algo-
rithms are prone to overfitting in larger datasets. This is particularly important, given that the
volume of medical data available for research is likely to increase significantly over the com-
ing years.

Appendix 1

Tree simulations

Tree generation algorithm

Algorithm 1 was used to generate ground truth models for simulated datasets.
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A

Igorithm 1 Tree generation algorithm

: Inputs:

: X > n X p data matrix
min_bucket > minimum node population
max_depth > maximum tree depth

INITIALIZE:
T+ {1} > list of tree nodes, node 1 is the root node
status(1) < open > node status: open nodes may be split, closed nodes are leaf nodes
population(1) < {1,2,...n} > observations in each node
depth(1) « 1 > depth of the node in the tree
GROW TREE:
while status(k) = open for any k € T do
current_node = select(k | k € T and status(k) = open) > Select an open node to split
feature_list = permute(1:p+1) > Randomly order features

for j € feature_list do
if j = p+ 1 or depth(current_node) = max_depth then
status(current_node) < closed > Close node without splitting
break and go to (A)
feature_values = permute(unique({X;; | # € population(current_node)}))
for b € feature_values do > Attempt to split on feature j with threshold b
L1 = length({s | ¢ € population(current_node), X;; < b })
L2 = length({7 | ¢ € population(current_node), X;; > b })
if L1 > min_bucket and L2 > min_-bucket then > If split is feasible, create new nodes
T = T|J {total_nodes+1,total_.nodes+2}
status(total.nodes+1) = open
depth(total nodes+1) = depth(current_node)+1
population(total nodes+1) = {i | i € population(current node), X;; < b}
status(total-nodes+2) = open

depth(total nodes+2) = depth(current_node)+1

population(total nodes+2) = {i | i € population(current_node), X;; > b}

status(current_node) < closed > Current node is closed
break and go to GROW TREE > Select another open node to split

Return T'

Survival distributions

Nodes in simulated trees were randomly assigned one of the following survival
distributions:

Exponential(6):

Parameters: 0.3, 0.4, 0.6, 0.8, 0.9, 1.15, 1.5, 1.8
Weibull(k, ):

Parameters: (0.8,0.4), (0.9,0.5), (0.9,0.7), (0.9,1.1), (0.9,1.5), (1,1.1),(1,1.9), (1.3,0.5)
Lognormal( , ?):

Parameters: (0.1,1.0), (0.2,.75), (0.3,0.3), (0.3,0.5), (0.3,0.8), (0.4,0.32), (0.5,0.3),
(0.5,0.7)
Gamma(k,):

Parameters: (0.2,.75), (0.3,1.3), (0.3,2), (0.5,1.5), (0.8,1.0), (0.9,1.3), (1.4,0.9),
(1.5,0.7)

Computation times

See Table 5.
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Table 5 Running time summary for the rpart, ctree, and OST algorithms on synthetically generated data

Num-
ber of
features

Sample size Censoring (%) rpart

ctree

OST

10

50

100

50

100

10

50

100

10

50

100

10

1000

1000

1000

5000

5000

5000

10,000

10,000

10,000

25,000

25,000

25,000

50,000

50
80

50
80

50
80

50
80

50
80

50
80

50
80

50
80
10
50
80
10
50
80
10
50
80
10
50
80
10
50
80

0.001 (0.001, 0.001)
0.001 (0.001, 0.001)
0.001 (0.001, 0.001)
0.005 (0.005, 0.005)
0.005 (0.005, 0.005)
0.005 (0.005, 0.006)
0.008 (0.007, 0.008)
0.007 (0.007, 0.008)
0.007 (0.007, 0.008)
0.006 (0.005, 0.006)
0.006 (0.005, 0.006)
0.006 (0.005, 0.006)
0.017 (0.016, 0.018)
0.017 (0.016, 0.018)
0.017 (0.016, 0.019)
0.033 (0.03, 0.036)

0.033 (0.031, 0.035)
0.033 (0.031, 0.035)
0.01 (0.009, 0.011)

0.01 (0.009, 0.011)

0.011 (0.01, 0.011)

0.035 (0.033, 0.038)
0.039 (0.037, 0.041)
0.036 (0.033, 0.038)
0.061 (0.055, 0.068)
0.065 (0.061, 0.068)
0.062 (0.057, 0.067)
0.022 (0.02, 0.023)

0.021 (0.019, 0.024)
0.026 (0.025, 0.027)
0.086 (0.08, 0.092)

0.088 (0.08, 0.095)

0.085 (0.076, 0.095)
0.171 (0.158, 0.185)
0.155 (0.129, 0.182)
0.14 (-0.042, 0.322)
0.045 (0.041, 0.05)

0.049 (0.045, 0.053)
0.05 (0.045, 0.056)

0.009 (0.008, 0.01)
0.01 (0.009, 0.012)
0.011 (0.01, 0.012)
0.013 (0.01, 0.015)
0.015 (0.012, 0.018)
0.016 (0.013, 0.019)
0.022 (0.021, 0.024)
0.021 (0.016, 0.027)
0.023 (0.018, 0.027)
0.03 (0.027, 0.034)
0.034 (0.03, 0.039)
0.037 (0.035, 0.039)
0.043 (0.029, 0.057)
0.049 (0.031, 0.067)
0.054 (0.036, 0.072)
0.077 (0.047, 0.107)
0.089 (0.06, 0.119)
0.1 (0.081, 0.14)
0.085 (0.076, 0.094)
0.089 (0.079, 0.099)
0.098 (0.087, 0.108)
0.124 (0.085, 0.163)
0.149 (0.114, 0.183)
0.144 (0.121, 0.167)
0.121 (0.069, 0.174)
0.197 (0.134, 0.26)
0.227 (0.175, 0.279)
0.462 (0.414, 0.509)
0.486 (0.427, 0.545)
0.535 (0.46, 0.61)
0.458 (0.357, 0.559)
0.494 (0.365, 0.624)
0.621 (0.47, 0.771)
0.826 (0.563, 1.09)

0.027 (0.024, 0.03)
0.033 (0.03, 0.037)

0.027 (0.024, 0.029)
0.083 (0.074, 0.091)
0.104 (0.093, 0.115)
0.093 (0.083, 0.104)
0.149 (0.134, 0.164)
0.181 (0.161, 0.202)
0.178 (0.155, 0.201)
0.192 (0.169, 0.215)
0.188 (0.165, 0.211)
0.205 (0.187, 0.224)
0.511 (0.458, 0.563)
0.506 (0.443, 0.57)

0.639 (0.575, 0.704)
0.895 (0.795, 0.996)
0.897 (0.769, 1.025)
1.172 (1.034, 1.311)
0.548 (0.487, 0.609)
0.478 (0.423, 0.533)
0.561 (0.513, 0.608)
1.268 (1.117, 1.419)
1.363 (1.221, 1.505)
1.713 (1.529, 1.896)
2.275 (1.994, 2.557)
2.307 (2.022, 2.592)
3.11 (2.785, 3.435)

2.295 (2.026, 2.564)
2.587 (2.299, 2.875)
2.277 (2.082, 2.471)
4726 (4.21, 5.242)

4.443 (3.845, 5.042)
5.603 (5.034, 6.171)
6.575 (5.786, 7.363)

0.718 (-0.103, 1.539) 8.404 (7.468, 9.34)
0.71 (-2.398, 3.819) 10.276 (9.17, 11.381)

1.766 (1.616, 1.916)
1.827 (1.684, 1.97)
1.856 (1.696, 2.017)

7.078 (6.274, 7.881)

9.112 (8.052, 10.171)

8.004 (7.092, 8.915)
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Table 5 (continued)

Num- Sample size Censoring (%) rpart ctree OST
ber of
features
50 50,000 10 0.168 (0.156, 0.18) 1.742(1.45,2.035) 13.42 (11.968,
14.872)
50 0.182 (0.169, 0.194) 1.886 (1.656,2.116) 15.016 (13.201,
16.83)
80 0.186 (0.174, 0.197) 1.993 (1.825,2.161) 16.245 (14.594,
17.897)
100 50,000 10 0.343 (0.308, 0.378) 2.217 (1.62,2.814) 20.715 (18.459,
22.97)
50 0.327 (0.302, 0.352) 2.223 (1.76,2.686) 21.793 (18.991,
24.594)
80 0.333 (0.291, 0.376) 2.498 (2.079, 2.916) 26.659 (23.874,
29.445)
10 100,000 10 0.087 (0.077, 0.098) 6.018 (5.608, 6.429) 23.688 (23.032,
24.344)
50 0.095 (0.085, 0.105) 6.271 (5.799, 6.742) 24.455 (23.896,
25.014)
80 0.1 (0.089,0.111)  6.329 (5.949, 6.709) 21.333 (20.807,
21.858)
50 100,000 10 0.377 (0.34, 0.415) 6.491 (5.532,7.45) 34.15 (33.348,
34.952)
50 0.361 (0.319, 0.402) 6.476 (5.843,7.108) 37.229 (36.341,
38.116)
80 0.386 (0.343, 0.428) 6.769 (6.252, 7.286) 35.135 (34.287,
35.983)
100 100,000 10 0.732 (0.64, 0.823) 6.773 (5.529, 8.017) 47.6 (46.217, 48.983)
50 0.76 (0.659,0.86)  7.67 (6.613,8.728)  53.032 (51.43,
54.634)
80 0.744 (0.659, 0.829) 7.646 (6.602, 8.691) 52.435 (50.882,
53.988)

Across 100 randomized computational experiments, we varied the sample size, the number of features, and
the degree of censoring. The values reflect the performance of the algorithms in minutes. We report in

parentheses the 95% confidence intervals

Appendix 2

Real-world survival datasets

Wisconsin longitudinal study

See Figs. 16 and 17.
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Fig. 16 Average performance of survival tree models on the WLS dataset with different number of numeri-
cal variables. The shaded regions represent the 95% confidence intervals across 100 randomized experi-
ments
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Fig. 17 Average performance of survival tree models on the WLS dataset with different number of binary
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The Framingham heart study
FHS dataset inclusion criteria

— Participation in the Original and Offspring cohort of the FHS.
— Formal diagnosis with chd (as indicated by the records of FHS).
— Participants outcomes were followed for 10 consecutive years after diagnosis.

Saturated trees

Using the Framingham Heart Study data, we conducted additional experiments to explore the
relationship between the size of the tree and the model’s quantative performance. We trained
a sequence of fully saturated trees by setting the complexity parameter to zero and varying
the maximum depth parameter in each algorithm. Thus, each algorithm returned the best per-
forming tree given two, four, eight, and 16 leaf nodes (see Figs. 18, 19 and 20 for examples).
Table 6 presents the results of our analysis for the three algorithms considered with respect to
the IBR, Cox PL, Harrell’s C, and Uno’s C metrics. We do not report confidence intervals as
the same tree was recovered for each set of parameters across all algorithms.
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Table 6 Average scores in 100
randomized experiments for
OST, rpart, ctree models on the 5

Leaf nodes  Algorithm IBR Cox PL  Harrell’'s C  Uno’s C

FHS dataset for different values ctree 0.393 ~ 0.0016  0.5368 0.5936
of the maximum depth parameter OST 03932 0.0021 05429 0.5894
rpart 0.3914 0.0021  0.5429 0.5894
4 ctree 0.3996 0.0029 0.5588 0.585
OST 0.4028 0.0031 0.5615 0.5861
rpart 0.3881 0.0027 0.546 0.5714
8 ctree 0.4006 0.0064 0.5645 0.5897
OST 0.4041 0.0066 0.567 0.5897
rpart 0.4031 0.0072 0.5686 0.5871
16 ctree 0.3851 0.0069 0.5608 0.5738
OST 0.3878 0.0098 0.5713 0.5858
rpart 0.3566 0.0052 0.5488 0.5577

Given that each algorithm is constrained to produce a tree of the same size and shape,
there is less variation in these results than in models that are pruned by a complexity
parameter. We note that for the smallest trees (2 nodes), the rpart and OST results are vir-
tually identical. This outcome is expected since these trees contain a single split, and both
algorithms use similar criteria to identify the best split. In larger trees, however, the OST
models performed slightly better than rpart.

In general, OST had the best average performance across all tree sizes for the IBR and
Uno’s C metrics and in the majority of cases for the Cox PL and Harrell’s C metrics. While
these results are not representative of the general performance of the algorithms with cross-
validation, they suggest that OST is able to recover more accurate data partitions when the
size of the model is constrained.

These results provide some insight into the tradeoff between complexity and accuracy.
A smaller number of leaf nodes is arguably associated with higher model interpretability,
as patient profiles can be characterized with fewer features. In this case, models with 8
leaf nodes offer the best average performance by a relatively small margin, and in certain
contexts it may be appropriate to select a smaller tree size even if this lowers the model’s
predictive power.

Appendix 3

Supplementary experiments for real datasets with simulated censoring

This appendix describes supplementary experiments which compare the performance of
the OST, rpart and ctree algorithms on 44 real-world datasets. The datasets used for this
analysis were sourced from the UCI repository (Dua and Graff 2017), a well-established
resource for the machine learning community. The datasets contained uncensored continu-
ous outcome measures, and we simulated artificial censoring to test the performance of the
survival tree algorithms.
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restricted to diabetes, smoking, and BMI
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restricted to diabetes, smoking, and BMI
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Fig.20 Saturated tree partition of the FHS dataset using the OST algorithm when the feature space is
restricted to diabetes, smoking, and BMI

The selected datasets® had sample sizes ranging from 63 observations to 100,000, and
the maximum number of features considered was 383. We used the censoring procedure
described in Sect. 6.1 to generate 9 versions of each dataset with different levels of censor-
ing (0%,10%,...,80%), We then split each dataset into training and testing sets (50%) and
compared the performance of the three tree algorithms on each dataset.

We applied the 5-fold cross-validation procedure described in Sect. 6.1 to select the
depth and complexity of each tree, allowing tree depths of up to 7 (128 leaf nodes). Both
the OST and ctree algorithms produced trees with over 100 leaf nodes in some of the larg-
est datasets, while the largest rpart trees had only 77 nodes. The smaller size of the rpart
trees indicates that larger models performed poorly in the cross-validation step.

Summary of results for UCI experiments with simulated censoring

On average, the OST models outperformed the other two algorithms across all 5 accu-
racy metrics. A summary of each algorithm’s performance is given in Tables 7 and 8
and Fig. 21, and aggregated results for each dataset are displayed in Table 10. The dif-
ference in performance was not statistically significant for the Cox ratios and Harrell’s C
scores, where all three algorithms had very similar average outcomes, but OST models did
score significantly better than the other algorithms on the remaining metrics. OST models
achieved the best score in 48%-60% of the datasets tested, while the other algorithms each
had undominated scores in 27-39% of datasets.

5> We excluded the following types of datasets from our analysis: (1) datasets used for time series predic-
tions (multiple observations of each individual); (2) datasets with unclear variable definitions; (3) datasets
which required significant cleaning, pre-processing, or recoding; (4) datasets with too many variables (p) to
cross-validate all three algorithms in reasonable times. Dataset selection was independent of the analysis of
model accuracy.
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Table 7 Average scores for OST, rpart and ctree models on real-world datasets

Mean score Paired T-Test Hy:

OST rpart ctree Sost > S Sost > S
Cox ratio 0.1118 0.1091 0.1090 p=0.2288 p=02222
Harrell’s C 0.7873 0.7866 0.7818 p =0.4355 p =0.1045
Uno’s C 0.6650 0.6523 0.6441 p = 0.0288 p =0.0013
Brier point ratio 0.3841 0.3627 0.3516 p = 0.0001 p< -
Intg. brier ratio 0.4451 0.4262 0.4231 p =0.0135 p = 0.0055

Bold values indicate the best performing algorithm for each sample size (row) and score/metric

The final columns show the one-sided p-values for paired t-tests comparing the outcome metrics on each
dataset

Table 8 The percentage of OST

datasets for which each algorithm rpart ctree
was u.ndommated by the other Cox ratio 487 30.8 36.4
algorithms
Harrell’s C 57.3 30.8 33.6
Uno’s C 59.3 27.3 34.1
Brier point ratio 56.6 333 38.4
Intg. brier ratio 57.6 30.6 33.6

Note that rows do not sum to 100, as several datasets were tied

Nemenyi critical diagrams for UCI experiments with simulated censoring

In this section, we show Nemenyi Critical Diagrams for the results from the UCI datasets for
different levels of censoring (Fawaz et al. 2019). These graphs highlight statistically significant
differences in the overall rankings of OST, rpart, and ctree. To generate the diagrams, first the
Friedman Rank Test was performed to compare the relative performance of the algorithms for a
given level of censoring across all datasets. Second, the Wilcoxon-Holm method was performed
to detect pairwise significance. In each diagram, every survival analysis method is plotted
according to its average relative rank on a number line from one to three. If the methods are not
associated with statistically significant differences in their overall rankings, they are joined by a
horizontal line. Figures 22, 23, 24, 25 and 26 show the Nemenyi Critical Diagrams comparing
the performance of the three algorithms for all evaluation metrics considered. This analysis is in
agreement with the results presented in Sects. 6 and 7. We demonstrate that OST provide a con-
sistent improvement of accuracy across all metrics compared to the other two algorithms. The
relative performance of the method improves in instances with a higher sample size.
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Fig.21 Average performance of survival tree models on real datasets with different levels of censoring.
Confidence intervals are large due to the significant variability between datasets. However matched pairs
analysis yields statistically significant results
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Aggregate results for UCI experiments with simulated censoring

See Tables 9 and 10.
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Table 12 Dataset specific Harrell’s C Score results for each level of censoring

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
3D Spatial Network OST 078 079 079 080 0.80 083 0.84 085 0.87
rpart 075 075 076 076 075 077 078 079 0.82
ctree 075 078 0.78 079 0.78 078 0.80 0.82 0.81
Airfoil Self Noise OST 081 082 0.82 081 084 0.80 0.83 081 0.90
rpart 076 076 073 0.78 074 0.80 0.80 081 0.87
ctree 072 079 079 077 078 080 0.78 0.81 0.80
Appliances Energy Prediction OST 073 073 072 074 074 075 076 0.78 0.74
rpart 072 073 072 071 073 074 074 075 0.77
ctree 072 072 071 073 073 074 076 075 0.76
Automobile OST 050 0.57 056 050 057 058 050 050 0.50
rpart 057 071 070 075 057 072 063 065 0.58
ctree 057 0.60 057 061 065 066 062 064 058
AutoMPG OST 087 0.87 077 076 0.84 087 086 0.86 0.92
rpart 086 0.85 086 086 081 087 09 089 0.89
ctree 087 085 086 085 087 085 086 084 093
Behavior Urban Traffic OST 0.68 0.69 068 063 063 081 0.65 0.67 0.50
rpart 068 0.69 068 063 073 067 065 067 0.66
ctree 0.68 0.69 068 068 068 067 067 050 0.50
BikeSharing OST 098 098 097 098 097 098 098 099 0.99
rpart 092 096 096 09 096 097 097 097 0.99
ctree 098 097 097 098 098 098 097 098 0.98
Blog Feedback OST 085 0.84 084 084 084 084 083 084 0.84
rpart 084 084 084 084 08 085 085 086 0.85
ctree 085 085 085 085 085 085 085 085 0.86
Buzz in Social Media OST 092 092 092 092 092 092 092 092 093
rpart 091 091 091 091 091 092 092 092 092
ctree 091 092 092 092 092 092 092 092 092
Cargo2000 OST 1.00 100 1.00 100 1.00 100 1.00 1.00 1.00
rpart 1.00 100 1.00 100 1.00 1.00 1.00 1.00 1.00
ctree 0.89 083 093 093 093 09 1.00 1.00 1.00
Communities Crime OST 088 0.89 0.87 086 087 088 090 091 092
rpart 0.81 089 0.89 087 090 09 091 092 0.95
ctree 092 090 090 091 091 091 090 093 094
Computer Hardware OST 092 091 088 088 0.80 09 085 083 0.83
rpart 085 070 0.86 082 089 0.78 0.86 081 0.90
ctree 090 090 090 080 0.81 081 0.88 090 0.75
Concrete Slump OST 0.64 064 0.64 061 050 065 071 050 0.66
rpart 0.62 064 064 061 0.63 065 067 077 072
ctree 050 050 050 061 050 065 0.66 050 0.66
Concrete Strength OST 084 085 08 079 080 0.82 086 084 0.89
rpart 078 080 0.82 081 0.80 083 0.85 087 0.88
ctree 0.83 077 0.83 081 0.84 085 0.81 085 0.82
CSM OST 074 074 070 071 072 067 0.69 072 073
rpart 077 076 070 0.79 078 073 075 072 0.82
ctree 072 070 074 075 075 067 074 077 0.76
Cycle Power OST 091 091 091 091 092 092 090 093 092
rpart 089 0.87 090 090 092 092 092 092 093
ctree 091 092 091 092 092 092 092 093 093
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Table 12 (continued)

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Electrical Stability OST 080 081 0.8l 082 08 0.8 083 083 0.83
rpart 076 078 0.79 0.78 078 0.79 0.80 0.78 0.82
ctree 080 080 0.80 082 082 083 084 084 0385
Energy Efficiency 1 OST 099 099 099 099 098 099 099 098 0.99
rpart 091 096 096 097 098 098 099 098 097
ctree 099 098 098 097 097 097 098 098 097
Energy Efficiency 2 OST 099 099 098 09 099 099 099 099 0.99
rpart 094 094 095 098 097 098 098 098 0.97
ctree 098 098 097 09 096 096 09 096 0.97
Faceboook Comments OST 088 0.88 0.87 088 0.88 0.88 088 0.89 0.89
rpart 088 0.87 088 088 0.88 088 088 0.89 0.8
ctree 088 0.88 088 089 0.8 089 089 0.89 0.8
Faceboook Metrics OST 050 050 050 050 050 050 050 070 0.74
rpart 050 050 050 062 050 050 050 070 0.76
ctree 050 050 050 050 050 050 050 050 0.74
Fires OST 050 050 050 050 050 050 050 050 0.50
rpart 050 050 050 050 050 050 050 050 0.50
ctree 050 050 050 050 050 050 050 050 0.50
GeoMusic OST 060 056 056 055 058 062 062 050 0.65
rpart 065 057 060 058 061 062 062 057 0.65
ctree 059 059 060 059 058 058 062 058 0.58
Insurance Company Benchmark OST 072 073 066 050 050 072 0.50 0.50 0.50
rpart 073 073 073 070 050 050 050 050 0.50
ctree 070 070 071 050 050 050 050 0.73 0.71
KEGG Directed OST 092 093 094 095 096 097 099 099 0.99
rpart 091 092 093 094 095 09 098 099 0.99
ctree 091 092 093 094 095 097 099 099 0.99
KEGG Undirected OST 094 094 094 097 097 097 098 098 0.99
rpart 093 095 092 095 096 096 097 098 0.98
ctree 095 095 096 09 097 097 098 098 0.98
Kernel Performance OST 084 084 083 084 084 084 0.84 085 085
rpart 081 079 0.81 081 080 0.81 080 081 0.81
ctree 082 08 08 083 08 0.8 081 082 0381
Las Vegas Strip OST 050 050 050 053 065 0.64 050 050 058
rpart 061 050 050 050 050 050 050 050 050
ctree 064 050 050 053 050 050 050 050 0.50
Online News Popularity OST 061 061 0.61 061 061 061 062 062 0.63
rpart 0.61 061 0.61 061 061 061 062 0.62 0.63
ctree 062 062 062 063 063 063 063 063 0.64
Online Video Characteristics OST 092 091 092 092 092 091 088 095 095
rpart 090 0.88 0.88 090 091 092 093 094 096
ctree 089 091 091 091 092 093 094 095 096
Optical Interconnection Network OST 0.88 0.81 080 080 068 08 079 087 0.77
rpart 075 080 0.86 079 079 081 0.81 0.81 0.72
ctree 080 084 0.84 083 080 0.81 080 080 0.77
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Table 12 (continued)

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Parkinson Telemonitoring OST 080 0.88 081 083 082 085 085 0.89 094
rpart 077 077 079 082 081 0.82 083 089 091
ctree 075 075 076 078 080 0.83 0.8l 083 0.88
PM2.5 - Beijing OST 076 077 078 0.78 0.79 080 0.82 0.84 0.86
rpart 075 076 076 0.77 0.78 0.76 0.80 0.83 0.85
ctree 075 076 077 078 079 0.80 0.81 083 0.86
Propulsion Plant OST 087 088 0.87 088 08 0.87 092 085 095
rpart 075 077 079 078 080 074 0.84 085 0.88
ctree 073 075 077 074 071 073 0.74 080 0.50
Protein OST 072 072 072 074 075 077 076 078 0.81
rpart 069 071 071 072 072 074 074 074 0.76
ctree 070 071 071 072 072 072 073 075 0.75
Real Estate 1 OST 079 0.80 080 082 0.83 084 087 086 0.84
rpart 079 071 072 073 076 084 087 0.81 0.89
ctree 078 077 079 078 0.81 083 082 082 0.86
Real Estate 2 OST 050 050 050 050 050 050 050 095 0.50
rpart 088 0.89 090 09 090 092 094 095 097
ctree 050 0.88 090 092 092 093 093 094 0.96
ResidentialBuilding OST 0.89 0.88 084 086 08 088 0.82 0.87 0.88
rpart 075 0.85 091 092 090 086 092 087 0.88
ctree 088 0.88 0.88 087 085 09 085 085 0.85
Servo OST 088 0.82 088 072 090 085 089 087 0.85
rpart 069 070 070 080 082 070 0.70 0.79 0.66
ctree 0.81 070 070 0.71 071 070 0.70 0.69 0.50
StockmarketIstanbul OST 070 072 0.64 069 072 0.66 070 0.63 0.65
rpart 062 071 071 073 072 065 066 071 0.65
ctree 072 071 070 0.70 0.71 0.69 0.70 0.71 0.61
Stock Portfolio OST 088 081 0.77 084 074 070 050 088 0.838
rpart 074 050 075 057 079 070 0.73 088 0.88
ctree 059 070 058 075 074 075 078 088 0091
Student Performance OST 059 061 0.60 055 050 050 058 0.64 0.68
rpart 059 061 060 055 061 056 058 064 073
ctree 059 061 060 061 061 0.61 058 064 0.68
WineQuality OST 075 072 073 075 073 072 071 073 0.70
rpart 075 076 075 074 074 073 073 072 071
ctree 078 077 076 076 076 076 0.75 0.75 0.74
Yacht OST 096 091 095 093 094 091 095 094 095
rpart 087 086 0.88 093 094 095 091 091 095
ctree 094 091 0.89 092 08 0.89 083 092 0.89
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Table 13 Dataset specific Uno’s C Score results for each level of censoring

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
3D Spatial Network OST 0.77 078 076 077 0.77 080 0.81 082 0.84
rpart 072 072 072 072 070 072 073 074 0.78
ctree 073 077 076 076 075 074 0.77 078 0.76
Airfoil Self Noise OST 0.81 082 080 080 078 077 072 066 0.79
rpart 071 070 0.67 071 066 0.70 0.70 065 0.78
ctree 071 075 074 071 0.67 069 0.66 068 0.81
Appliances Energy Prediction OST 071 070 0.69 0.71 071 070 072 0.74 0.65
rpart 070 070 0.69 0.64 069 069 069 070 0.70
ctree 071 070 0.68 069 0.69 070 071 071 0.70
Automobile OST 000 0.18 017 0.00 0.18 0.17 0.00 0.00 0.00
rpart 0.17 062 063 062 018 054 035 036 0.18
ctree 0.18 031 0.18 025 038 037 026 034 0.18
AutoMPG OST 083 0.82 083 073 072 077 077 075 0.85
rpart 078 077 077 077 073 077 080 080 0.82
ctree 082 0.81 077 077 078 074 077 062 0.87
Behavior Urban Traffic OST 040 042 043 031 029 063 043 041 0.00
rpart 040 042 043 031 046 043 043 041 040
ctree 040 042 043 040 041 043 047 000 0.00
BikeSharing OST 098 096 095 096 095 096 095 097 0.99
rpart 085 092 093 093 092 095 095 096 0.98
ctree 097 097 096 096 096 096 095 096 0.94
Blog Feedback OST 083 080 080 081 079 078 077 078 0.78
rpart 082 080 080 080 081 081 079 081 0.80
ctree 083 0.83 083 082 082 082 082 081 0.83
Buzz in Social Media OST 092 091 091 090 090 090 090 09 091
rpart 0.88 088 0.87 088 0.88 089 0.89 089 0.90
ctree 090 090 090 090 090 090 090 089 0.88
Cargo2000 OST 1.00 100 1.00 100 1.00 100 1.00 1.00 1.00
rpart 1.00 100 1.00 100 1.00 1.00 0.99 1.00 1.00
ctree 0.77 077 0.88 088 0.88 094 095 1.00 1.00
Communities Crime OST 088 0.84 077 078 078 077 079 0.78 0.88
rpart 079 083 084 078 0.84 084 085 079 092
ctree 0.89 087 0.84 08 0.86 084 0.80 083 0.87
Computer Hardware OST 0.85 082 074 076 0.64 079 073 069 0.63
rpart 073 041 073 062 077 054 078 065 0.77
ctree 0.83 082 081 066 068 061 072 077 0.39
Concrete Slump OST 035 034 035 026 0.00 031 046 000 033
rpart 033 034 035 026 027 031 037 058 037
ctree 0.00 000 0.00 026 0.00 031 035 000 033
Concrete Strength OST 084 082 080 067 068 069 076 069 0.73
rpart 074 073 074 073 074 075 076 074 0.72
ctree 0.81 078 079 075 078 077 077 072 0.8
CSM OST 0.57 060 045 044 045 047 042 044 044
rpart 064 062 045 065 058 046 054 044 0.70
ctree 054 053 0.63 055 059 043 058 066 0.62
Cycle Power OST 091 090 0.88 086 0.87 087 0.89 091 0.89
rpart 083 0.83 083 0.83 088 087 088 090 0.90
ctree 090 0.89 089 088 0.88 0.89 088 090 0.90
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Table 13 (continued)

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Electrical Stability OST 079 079 078 079 078 078 0.79 079 0.79
rpart 074 075 075 075 074 074 075 075 0.78
ctree 079 079 079 079 079 078 079 079 0.80
Energy Efficiency 1 OST 099 097 097 098 097 098 097 097 098
rpart 089 093 094 095 097 097 098 097 097
ctree 098 097 096 095 096 095 097 097 0.64
Energy Efficiency 2 OST 098 098 096 095 097 097 099 099 098
rpart 092 090 093 095 09 098 098 098 0.97
ctree 098 097 095 095 095 094 096 097 096
Faceboook Comments OST 087 0.84 083 084 083 083 082 084 0.84
rpart 084 083 083 084 083 083 082 08 084
ctree 08 086 086 08 0.87 087 086 0.86 0.86
Faceboook Metrics OST 0.00 0.00 0.00 000 0.00 0.00 000 041 047
rpart 0.00 0.00 0.00 035 000 0.00 000 041 049
ctree 0.00 0.00 0.00 000 0.00 0.00 000 000 047
Fires OST 0.00 0.00 0.00 000 0.00 0.00 000 0.00 0.00
rpart 0.00 0.00 0.00 000 0.00 0.00 000 0.00 0.00
ctree 0.00 0.00 0.00 000 0.00 0.00 000 0.00 0.00
GeoMusic OST 044 031 033 032 038 035 035 000 037
rpart 054 032 043 028 035 035 035 031 037
ctree 046 042 042 038 036 033 036 031 035
Insurance Company Benchmark OST 0.57 058 050 000 000 051 0.00 0.00 0.00
rpart 057 058 058 048 000 0.00 0.00 000 0.00
ctree 048 049 049 0.00 000 000 0.00 052 048
KEGG Directed OST 092 092 092 092 092 094 098 099 0.99
rpart 090 090 090 09 091 092 097 099 0.99
ctree 090 090 090 09 091 094 097 098 098
KEGG Undirected OST 096 096 096 096 096 096 097 098 0.99
rpart 092 093 0.89 093 093 094 095 096 097
ctree 094 094 095 095 096 096 096 097 097
Kernel Performance OST 084 083 083 083 084 084 084 084 0.83
rpart 080 0.78 0.80 080 080 0.79 0.79 080 0.78
ctree 081 081 081 082 08 0.8 080 081 0.79
Las Vegas Strip OST 0.00 000 0.00 0.09 044 043 0.00 000 0.13
rpart 045 000 0.00 0.00 000 0.00 0.00 000 0.00
ctree 041 000 0.00 0.09 000 0.00 0.00 000 0.00
Online News Popularity OST 056 056 054 056 054 054 056 056 058
rpart 0.57 058 057 057 057 057 059 056 053
ctree 059 058 058 059 059 057 058 056 057
Online Video Characteristics OST 091 091 091 091 091 091 091 093 094
rpart 088 087 0.87 088 088 090 090 092 094
ctree 087 089 090 090 090 091 092 092 094
Optical Interconnection Network OST 0.87 0.76 070 0.74 047 081 0.69 0.81 0.60
rpart 058 073 081 0.68 069 074 068 0.66 041
ctree 071 080 0.78 0.77 074 073 070 0.69 0.67
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Table 13 (continued)

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Parkinson Telemonitoring OST 081 087 079 079 080 077 076 0.75 0.89
rpart 075 074 077 077 075 077 074 083 0.85
ctree 073 073 073 075 076 079 0.67 067 0.77
PM2.5 - Beijing OST 075 076 075 075 076 076 0.77 080 0.83
rpart 073 073 073 073 073 071 075 078 0.82
ctree 074 074 074 075 075 076 077 079 0.82
Propulsion Plant OST 087 087 0.84 084 087 0.87 08 09 091
rpart 070 072 073 071 073 0.68 0.76 0.80 0.80
ctree 0.64 0.70 0.70 064 056 059 0.60 0.73 0.00
Protein OST 069 071 068 070 072 074 074 075 0.78
rpart 0.67 0.68 0.68 068 0.68 071 071 070 0.69
ctree 068 0.69 068 069 069 069 070 071 0.70
Real Estate 1 OST 070 0.66 0.64 071 0.65 066 068 0.64 0.72
rpart 072 045 045 045 046 066 068 058 0.77
ctree 065 0.60 067 059 063 067 065 056 0.75
Real Estate 2 OST 091 0.89 089 088 089 090 092 093 094
rpart 082 0.83 083 083 084 088 09 092 093
ctree 086 0.86 088 088 0.87 0.8 089 090 091
ResidentialBuilding OST 090 075 067 069 068 076 0.62 072 0.80
rpart 069 069 082 082 079 072 0.84 072 0.80
ctree 078 077 075 073 068 0.78 073 070 0.73
Servo OST 083 071 083 046 085 074 082 074 0.76
rpart 040 040 041 076 077 044 043 055 033
ctree 073 040 040 043 043 044 043 042 0.00
StockmarketIstanbul OST 058 0.60 040 051 053 046 055 026 031
rpart 046 059 061 063 057 042 041 050 031
ctree 0.61 057 056 055 057 052 048 049 0.18
Stock Portfolio OST 075 062 061 064 040 031 0.00 074 0.68
rpart 049 000 048 038 060 031 049 074 0.68
ctree 0.18 042 0.16 051 040 044 041 053 085
Student Performance OST 026 027 026 011 000 000 O0.I1 028 0.51
rpart 026 027 026 011 026 0.10 0.11 028 0.26
ctree 026 027 026 026 026 025 011 028 041
WineQuality OST 069 0.60 0.61 070 061 060 0.60 0.64 0.61
rpart 0.67 070 0.69 0.67 066 063 0.63 0.62 0.60
ctree 073 073 071 071 070 0.71 0.70 070 0.71
Yacht OST 093 081 090 084 087 0.8 091 081 077
rpart 073 076 0.80 0.84 087 090 0.83 078 0.77
ctree 089 08 077 081 080 079 066 075 0.69
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Table 14 Dataset specific Cox Score results for each level of censoring

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 06 07 0.8
3D Spatial Network OST 0.04 0.04 0.03 006 002 0.06 0.08 006 0.09
rpart 0.03 0.04 0.04 004 004 0.05 0.05 006 0.08
ctree 0.04 0.05 0.05 005 005 0.05 0.06 007 0.07
Airfoil Self Noise OST 0.05 0.05 0.07 0.05 0.14 006 0.13 0.12 0.11
rpart 0.07 0.07 0.06 0.08 006 010 0.10 0.11 0.18
ctree 005 0.09 0.09 009 009 0.10 0.08 0.11 0.03
Appliances Energy Prediction OST 0.02 0.02 0.02 0.03 0.03 003 004 0.05 0.04
rpart 0.02 0.02 0.02 0.02 003 003 004 0.04 0.05
ctree 002 0.02 0.02 002 003 0.03 0.04 004 0.04
Automobile OST 0.00 0.02 0.02 000 002 0.02 0.00 0.00 0.00
rpart 0.02 0.07 0.05 009 002 0.07 0.04 0.05 0.05
ctree 0.01 0.0l 0.01 0.02 0.03 004 008 0.05 0.05
AutoMPG OST 019 0.19 0.12 004 016 022 022 021 0.34
rpart 0.15 0.15 0.5 0.16 0.14 021 027 028 0.31
ctree 021 0.19 0.19 0.18 023 0.18 020 0.19 0.35
Behavior Urban Traffic OST 0.11 0.1 0.08 0.08 0.06 0.17 0.08 0.07 0.00
rpart 0.11 0.11 0.08 0.08 0.13 0.13 0.08 0.07 0.05
ctree 0.11 0.11 0.08 0.11 0.2 0.08 0.08 0.00 0.00
BikeSharing OST 0.19 0.04 025 0.10 0.09 030 026 0.03 0.11
rpart 0.18 0.04 0.04 003 010 0.04 0.11 0.12 0.17
ctree 024 0.19 0.17 003 009 0.19 0.18 034 0.36
Blog Feedback OST 003 0.03 0.03 003 003 0.03 0.03 004 0.04
rpart 0.03 0.03 0.03 0.03 0.04 004 004 0.04 0.04
ctree 0.03 0.03 0.03 003 003 0.04 0.04 004 0.04
Buzz in Social Media OST 0.11 0.11 0.1 012 012 0.13 0.14 0.14 0.15
rpart 0.10 0.10 o0.11 0.11 0.12 0.12 0.13 0.14 0.15
ctree 0.11 0.11 0.1 012 012 0.13 0.13 0.14 0.14
Cargo2000 OST 0.15 0.16 0.18 019 021 023 024 026 0.28
rpart 0.15 0.16 0.18 020 021 023 022 026 0.28
ctree 0.08 0.09 0.10 0.12 0.13 0.16 024 026 0.28
Communities Crime OST 0.15 0.14 0.14 0.15 0.16 0.16 0.17 0.19 0.27
rpart 0.10 0.14 0.15 0.13 016 0.17 020 021 0.29
ctree 0.19 0.18 0.17 0.16 0.18 0.19 0.19 022 0.29
Computer Hardware OST 0.19 0.18 0.17 034 023 042 028 007 0.30
rpart 029 006 030 022 034 024 030 027 0.38
ctree 034 040 036 022 001 029 037 043 0.23
Concrete Slump OST 005 0.04 0.04 0.03 000 0.06 0.07 0.00 0.05
rpart 0.04 0.04 0.04 0.03 004 006 008 0.15 0.12
ctree 0.00 0.00 0.00 0.03 000 006 0.06 0.00 0.05
Concrete Strength OST 0.12 0.03 0.03 0.09 0.10 0.12 0.16 0.14 0.21
rpart 0.10 0.10 0.11 011 0.11 0.14 0.13 0.16 0.20
ctree 0.13 005 0.3 012 0.12 0.14 0.05 0.15 0.16
CSM OST 0.08 0.09 0.07 0.08 009 005 006 O0.11 0.12
rpart 0.10 0.09 0.07 012 0.11 0.09 0.11 0.11 0.18
ctree 006 0.06 0.09 011 0.10 0.05 0.07 0.15 0.13
Cycle Power OST 0.13 0.13 0.17 017 018 0.19 0.12 021 0.13
rpart 0.14 0.13 0.15 0.16 0.18 0.19 020 0.20 0.21
ctree 0.16 0.17 0.17 017 0.18 0.19 020 020 0.21
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Table 14 (continued)

Dataset Method 0.0 0.1 0.2 0.3 0.4 0.5 06 07 0.8
Electrical Stability OST 0.07 0.07 0.07 008 0.08 0.08 0.09 0.10 0.10
rpart 005 0.06 0.06 006 006 0.06 0.08 0.07 0.09
ctree 0.06 0.07 0.07 008 0.08 0.08 0.09 0.09 0.11
Energy Efficiency 1 OST 031 021 027 032 030 031 037 041 0.64
rpart 0.18 021 023 024 027 029 034 039 0.56
ctree 028 025 024 024 025 027 033 040 0.56
Energy Efficiency 2 OST 0.14 0.07 025 011 027 0.16 032 042 0.64
rpart 006 001 0.6 005 000 0.12 0.10 0.16 0.53
ctree 0.14 0.09 0.00 0.17 022 019 026 034 0.49
Faceboook Comments OST 006 0.06 0.06 006 006 0.06 0.06 0.06 0.06
rpart 005 0.06 0.06 006 006 0.06 0.06 0.06 0.06
ctree 006 0.06 0.06 006 006 0.06 0.06 0.06 0.06
Faceboook Metrics OST 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.05 0.08
rpart 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.05 0.08
ctree 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.08
Fires OST 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
rpart 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
ctree 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
GeoMusic OST 0.01 0.01 0.01 001 001 002 0.02 000 0.03
rpart 0.02 0.0l 0.01 0.01 0.01 002 002 001 0.03
ctree 001 0.01 0.02 001 001 0.01 0.02 0.01 0.02
Insurance Company Benchmark OST 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
rpart 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
ctree 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00 0.00
KEGG Directed OST 009 0.10 0.10 0.10 0.11 0.12 0.13 0.14 0.14
rpart 009 0.09 0.9 010 011 0.10 0.12 0.13 0.14
ctree 009 0.09 0.09 010 010 0.11 0.13 0.13 0.13
KEGG Undirected OST 005 005 0.04 017 018 0.18 020 021 0.22
rpart 0.13 0.14 0.3 0.15 016 0.17 0.18 0.19 0.21
ctree 0.15 0.5 0.6 016 017 0.18 0.19 020 0.21
Kernel Performance OST 0.09 0.09 0.08 0.09 009 0.09 0.09 0.09 0.09
rpart 0.07 0.06 0.07 0.07 007 0.07 0.07 0.07 0.07
ctree 0.07 0.08 0.08 0.08 008 0.08 0.08 0.08 0.07
Las Vegas Strip OST 0.00 0.00 0.00 0.00 002 0.02 0.00 0.00 0.00
rpart 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
ctree 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Online News Popularity OST 001 001 0.01 0.01 001 001 0.01 0.01 0.01
rpart 0.01 001 0.01 001 001 0.01 0.01 001 0.01
ctree 0.01 001 001 0.01 001 001 001 0.01 0.01
Online Video Characteristics OST 0.05 0.14 0.5 0.15 0.16 012 008 002 -035
rpart 0.12 0.11 0.10 013 0.14 0.15 0.17 0.19 0.22
ctree 0.11 0.13 0.13 014 015 0.16 0.17 0.19 0.21
Optical Interconnection Network OST 0.09 0.15 0.11 0.15 0.07 0.10 0.10 0.25 0.06
rpart 0.05 0.11 0.6 0.12 012 012 0.12 0.14 0.10
ctree 008 0.14 0.12 010 0.10 0.11 0.11 0.14 0.12
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Table 14 (continued)

Dataset Method 0.0 0.1 02 0.3 0.4 0.5 06 07 0.8
Parkinson Telemonitoring OST 0.07 0.15 0.11 0.11 0.07 0.14 0.14 0.18 0.26
rpart 0.07 0.06 0.08 010 0.09 0.10 0.10 0.17 0.18
ctree 0.06 0.05 0.05 007 008 0.10 0.09 0.12 0.15
PM2.5 - Beijing OST 0.04 0.04 0.04 0.05 005 006 007 0.08 0.02
rpart 0.04 0.04 0.04 0.04 005 004 006 0.07 0.09
ctree 0.03 0.04 0.04 005 005 0.06 0.06 008 0.09
Propulsion Plant OST 005 006 0.11 011 011 0.08 0.18 0.10 0.23
rpart 0.05 0.06 0.06 0.06 008 006 0.11 0.12 0.14
ctree 0.03 0.05 0.06 0.04 004 005 005 0.08 0.00
Protein OST 0.03 0.03 0.03 004 004 0.05 0.05 0.06 0.07
rpart 002 0.02 0.02 003 003 0.04 0.04 004 0.05
ctree 0.02 0.02 0.02 0.03 0.03 003 004 0.04 0.05
Real Estate 1 OST 0.13 0.14 0.12 016 0.16 0.18 022 025 0.24
rpart 0.13 0.05 0.08 009 011 0.18 022 0.19 0.32
ctree 0.10 0.07 0.12 0.10 0.14 0.18 0.17 020 0.25
Real Estate 2 OST 0.00 0.00 0.00 0.00 0.00 000 000 0.16 0.00
rpart 004 0.12 0.04 000 009 0.05 0.05 024 0.28
ctree 0.00 0.11 0.04 005 005 0.04 0.05 0.06 0.06
ResidentialBuilding OST 0.09 023 020 023 022 028 023 030 0.33
rpart 0.14 022 029 029 027 024 032 030 0.33
ctree 023 023 025 024 024 028 025 021 0.21
Servo OST 031 021 031 021 021 027 034 030 0.21
rpart 0.13 0.13 0.13 027 021 014 0.15 0.16 0.11
ctree 024 0.13 013 016 017 0.14 0.15 0.14 0.00
StockmarketIstanbul OST 005 005 0.03 004 005 0.04 0.06 0.03 0.05
rpart 003 005 0.05 006 005 0.03 0.04 0.05 0.05
ctree 006 005 0.06 006 005 005 0.06 0.05 0.03
Stock Portfolio OST 048 035 034 040 023 024 0.00 0.55 0.47
rpart 024 000 025 006 024 024 026 0.55 0.47
ctree 0.10 021 0.09 026 023 026 025 049 0.57
Student Performance OST 0.01 0.02 0.01 0.01 0.00 000 002 0.03 0.06
rpart 001 0.02 0.01 001 001 001 0.02 0.03 0.03
ctree 001 002 0.01 001 001 002 0.02 0.03 0.06
WineQuality OST 0.02 0.02 0.02 0.02 0.02 002 003 003 0.03
rpart 0.02 0.02 0.02 0.02 002 002 003 003 0.04
ctree 002 0.02 0.02 0.02 003 0.03 0.03 0.04 0.04
Yacht OST 056 023 028 024 046 042 031 031 0.51
rpart 031 031 033 045 046 050 042 040 0.51
ctree 049 042 038 044 040 039 029 042 0.37
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