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A MINKOWSKI INEQUALITY FOR HOROWITZ-MYERS GEON

AGHIL ALAEE AND PEI-KEN HUNG

ABSTRACT. We prove a sharp inequality for toroidal hypersurfaces in three and four dimensional
Horowitz-Myers geon. This extend previous results on Minkowski inequality in the static spacetime
to toroidal surfaces in asymptotically hyperbolic manifold with flat toroidal conformal infinity.

1. INTRODUCTION

The classical Minkowski inequality for a closed convex hypersurface ¥ with induced metric ~ in
R™ reads

(1.1) /Hdvolv > |SrLaL s s,
b

Here H stands for the mean curvature of ¥ with respect to the outward normal. Moreover, the
rigidity holds if and only if ¥ is isometric to the (n — 1)-sphere. The inequality (1.1) has been
improved to include star-shaped surfaces [7, 8]. One can replace the star-shaped condition by an
outward minimizing condition using the weak inverse mean curvature flow of Huisken and Ilmanen
[11]. A further extension of (1.1) was proved in [1], where the only condition on ¥ is that it encloses
a bounded region. This inequality has been generalized to different settings. In [5], Brendle, Wang
and the second author extended this inequality to convex, star-shaped hypersurface ¥ with induced
metric v in the anti-de-Sitter Schwarzschild space with horizon ¥ and static potential ¢

(1.2) / SH dvol, — n(n — 1)/ $dvoly > (n — 1)|S" 7T (\zy%? - \EH\Z%?> ,
b Q

where 2 is a bounded region with boundary 02 = ¥ U Xp. Moreover, the equality holds if and
only if ¥ is a coordinate sphere. For bounded region with outward minimizing boundary ¥ in the
Schwarzschild space with mass m, Wei [13] proved that

(1.3) 1/¢Hd ol > (ZLYTT
' (n— s Jo O T = s ] "

with rigidity for coordinate spheres. Recently, McCormick [10] showed that the inequality (1.3)
holds for asymptotically flat static spacetimes of dimension 3 < n < 7. Note that all of these
inequalities are for static manifolds with spherical infinity. Recently, Minkowski-type inequalities
were investigated in [12] for general warped product spaces which allows non-spherical infinity.

In 1999, Horowitz and Myers [9] discovered a complete static spacetime (M"*! —¢2dt? + gin)
with negative cosmological constant —n, that is a solution of the following static equations

(1.4) guMmA¢ + ¢Ric — Hess¢p = 0, R=—-n(n-1),

where Ric, R, A, and Hess are the Ricci curvature, scalar curvature, Laplace-Beltrami operator,
and the Hessian with respect to metric g, respectively. The time constant slice of this spacetime
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2 ALAEE AND HUNG

is an asymptotically hyperbolic manifold with flat toroidal conformal infinity and it is called the
Horowitz-Myers geon (M, gim, ¢) [14]. The manifold My is diffeomorphic to [0, 00) x 71 and
the metric takes the form

do 2 - : 2 /NS
(1.5) gam = ds? + <> de? + ¢* Z(d01)2, ¢(s) := coshn (7) ,

ds ;
1=3

where s € [0,00) is the geodesic coordinate from central torus, ¢ € [0,47/n], and #° € [0,a;] for

0 <ag <:-- < ay. The period of £ is chosen such that, after a coordinate change, the metric is
smooth up to the central torus {s = 0}. The function ¢(s) satisfies the equation
d¢ —ny1
1.6 — = (1 — ¢ Y2
(16) = o1 -7
The total mass of the Horowitz-Myers geon is
AT
(1.7) m=——1_1a;.
n -
=3

They postulated that this may be the ground state for a conjectural nonsupersymmetric AdS/CFT
correspondence [9]. More precisely, let (M,g) be an asymptotically hyperbolic manifold with flat
toroidal conformal infinity and scalar curvature R(g) > —n(n — 1). Then the total mass is at least
equal to the mass of the Horowitz-Myers geon. Moreover, the rigidity holds if and only if (M, g) is
isometric to the Horowitz-Myers geon. The Horowitz-Myers conjecture follows from Conjecture 3 of
[9]. Progress on the Horowitz-Myers conjecture has been very limited. For small perturbations of
Horowitz-Myers the conjecture is true by Constable and Myers [6] and Woolgar proved the rigidity
of this conjecture in 3 dimensions [14]. Recently, in [2], there is more supporting evidence in the
validity of this conjecture.

In this paper, we investigate a Minkowski-type inequality for toroidal hypersurfaces > with induced
metric 7 in the Horowitz-Myers geon (Mfiy, gaM, ¢). We consider a Minkowski-type quantity

(1.8) QX) :=n(n— 1)/Q¢dvolgHM — /EngdVOlV'

Here H is the mean curvature of ¥ in M and € is the bounded region enclosed by ¥. Applying the
Divergence Theorem and the static equation (1.4), Q(X) can be rewritten as

(1.9) Q) = [ (1= 1gua(Vo.v) - o dvol,
b

We aim to prove that under certain convexity assumption,

(1.10) Q(X) < —27'nm,

where m is the mass defined in (1.7). The main results are

Theorem 1.1. Letn =3, ¥ C MI?’{M be a graph over T? and hap be the second fundamental of 3
with respect to the conformal metric § = ¢>gun. Suppose that

(1.11) hap is non-negative definite
and that
(1.12) min ¢ > 1.

Then (1.10) holds and the equality is achieved if and only if ¥ is given by a coordinate torus s =
constant.
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Theorem 1.2. Let n =4, X C MﬁIM be a graph over T® and hqp be the second fundamental form

2
of ¥ with respect to the conformal metric g = (qﬁ%) guM- Assume Y is symmetric along the &
direction. Suppose that

(1.13) hap is non-negative definite
and that

2
1.14 min¢* > 1+ —.
(1.14) ne' > 1+ —

Then (1.10) holds and the equality is achieved if and only if ¥ is given by a coordinate torus s =
constant.

Let us comment on the proofs of Theorem 1.1 and Theorem 1.2. We are following a similar strategy
as in [5, 8]. That is, we consider a flow for which we are able to prove a monotonicity formula for
Q(%;). Then we show that under certain assumptions, the flow exists for all time and the limit sup
of Q(%;) is bounded from above by —2n~'m. In the 3-dimensional case, these are the content of
Lemma 3.1 and Lemma 3.2; for the 4-dimensional case, Lemma 4.1 and Lemma 4.2 are analogous
statements. However, the flow we use is different from the one in the previous literature, which we
explain in the next paragraph.

We use certain unit normal flows, (3.1) and (4.1), instead of the inverse mean curvature flow
(IMCF) which was applied in [8, 5]. The main reason is that (3.1) and (4.1) give the desired mono-
tonicity. See Lemma 2.1. In contrast, it seems difficult to show monotonicity under the IMCF. The
main reason is that coordinate tori are not umbilic. This implies even if we start an IMCF from a
coordinate torus, there is no clear way to deal with the second fundamental form in the evolution
equation.

Next, we discuss assumptions in our main theorems. For the 3-dimensional case, the assumption
(1.12) in Theorem 1.1 is to avoid the coordinate singularity at {s = 0}. The conformal metric
G = ¢%gum is defined in the way that (3.1) is the unit normal flow with respect to §. The convexity
assumption (1.11), together with the fact that § = ¢2guw is negatively curved, ensures the long time
existence of the unit normal flow. See Lemma 3.2.

The assumptions in Theorem 1.2 are similar to the ones in Theorem 1.1. The flow (4.1) is the unit

2
normal flow with respect to the conformal metric g = (qﬁ%) gam. Also, we require the convexity

assumption (1.13). The difference is that g is only negatively curved in the region given by (1.14).
See Lemma 4.2 for more details. The symmetry assumption in Theorem 1.2 is used in proving the
monotonicity Lemma 2.1 in order to apply the Gauss-Bonnet Theorem. We believe the symmetry
assumption is pure technical and could be replaced by more general conditions. In general we claim
the following conjecture is true.

Conjecture 1.3. Let X C Mp;,, be a graph over T for n > 5. Under certain convexity assump-
tions on X, the inequality (1.10) holds and the equality is achieved if and only if ¥ is given by a
coordinate torus s = constant.

The structure of this article is as follows. In Section 2 we discuss the geometry of graphs and
prove the monotinicity of the @ in (1.8) under a weighted normal flow. In Section 3, we prove the
global existence of the flow in dimension 3 and prove Theorem 1.1. Finally, in Section 4, we prove
the global existence of the flow in dimension 4 for axially symmetric graphs and prove Theorem 1.2.
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2. GEOMETRY OF GRAPHS

In this section, we investigate the geometry of a graph 3 in (M{iy, gum, ¢). We start by considering
conformal metrics that will be important to us. Recall that gy given in (1.5) is the metric of the
Horowitz-Myers geon. We define conformal metrics

2
(2.1) § = ¢°gnm, g= (Qf{f) JHM-

The reason is that flows we consider, (3.1) and (4.1), are unit normal flows in § and g respectively.
We need to compute curvatures and second fundamental forms with respect to g, g and g. To unify
the calculations, we define the function

(2. o) = [

o(s')
Using ¢ as a coordinate, the conformal metric ¢’ := ¢~2gmy is asymptotic to a flat metric on R x 77!
dp\? -
2.3 "= dg? T de? doy?.
(2:3) g =dq* + <¢ o) dg+ ;( )

In Appendix A, we calculate the curvatures and the second fundamental forms with respect to the
metric

n
dq® + W (q)*dg” + ) _(db")?,
i=3
for a general positive function ¥(g). The metric ¢’ corresponds to ¥ = gb_l‘;—f, which is actually the
only case we will use. We further record the curvatures and the second fundamental forms under a
conformal transformation § = e>¥¢’. The metrics gim, § and g correspond to 1) = log ¢, 1 = 2log ¢

and ¢ = 2log ¢ + log % respectively.

We use V and Rqg), to denote the Levi-Civita connection and the Riemannian curvature tensor
of gum respectively. For a hypersurface X, we use {z%},a = 1,2,...,n — 1 as a local coordinate.
The induced metric and the second fundamental form are denoted by 4, and hgp respectively. We
write D for the Levi-Civita connection of v. We use dvolg,,, and dvol, to denote the volume form
of gnv and ~y respectively. The tensors and connections induced by the conformal metrics ¢, g or g
will carry the corresponding accents. For instance, the second fundamental form with respect to ¢’ is
written as hl,. Also, the index in Weingarten tensor is raised accordingly. For example, ﬁg = ﬁbcﬁca.

Let ¥ be a graph given by s = v(¢,0%) for some smooth function v defined on 7"~!. Define the
height function in the ¢ coordinate as

u(&,0') = q(v(€,0")).

The function u(¢,6?) is introduced to simply some of the geometric quantities. In particular, the
slope of X is given by

9 dp\? (Ou\® . Ou du
. #o (o) () oo

Let H be the mean curvature of ¥ with respect to guv. Let A’ be the Laplace-Beltrami operator of
7/, the induced metric on ¥ with respect to ¢’ defined in (2.3). A direct computation using (A.11)
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with ¥ = ¢*1%, 1 =log ¢ and (1.6) shows

d¢ - ij Ou Ou 1,149 1y 1 1n (49 -
D)+ = Do 5 it ()

H = —p¢_1A'u + (2—1n)p—1¢1—n <
Together with

d

dvol, :p¢"f2df¢ dENdPP N - N do™,

s

we derive from (1.9) that
_ _odo _ - Ou Ou .

2. 2)+ 27 nm = 2" 2 A w — (2710)6Y - dE NP A A O™
25) QW) +2tm= [ A - (2 e e

Let p be a function defined on MP,; to be determined. Let F : [0,7p) x T""* — Mp\, be a family
of embeddings that satisfies

oF
(26) E = pv,

where v is the unit outward normal. Denote by 3; the image of F(t,-) and by ~; the induced metric.

Lemma 2.1.

e Forn =3, by taking p = ¢, Q(X;) is monotone non-decreasing along the flow (2.6).
e For n = 4, assume g is symmetric along the & direction. Then by taking p = (qﬁ%)*l,
Q(X¢) is monotone non-decreasing along the flow (2.6).

Furthermore, in the two cases above, Q(X¢) 4s strictly increasing unless ¥g is a coordinate torus.

Proof. We compute

d 0 OH
(2.7) %Q(Zt) =n(n—1) /Zt p¢ dvol,, — /Zt <81§H + poH? + gbat) dvol,,,.
Using the first variation of area and the Gauss equation,
0H .
(2.8) i = ~Oyp — plhf* = pRic(v,v),
(2.9) n(n —1) — H* + |h|* = —=R,, — 2Ric(v, v).

Hence
d . .
(2.10) EQ(&) = /E p¢ [—R,, — 2Ric(v,v)] — pHgum(Vo,v) + poRic(v,v) + ¢A,,pdvol,,.
t
Using the static equation (1.4),

(2.11) A, ¢ =Ap—V3é(v,v) — Hguu(Ve,v) = —dRic(v,v) — Hgam(Vo,v),

we obtain

d
%Q(Zt) = /2 _p(bR% + pA’Yt¢ + (bA%p dVOl’Yt
t

(2.12)
= /E —ppR,, — 2v(D¢, Dp) dvol,,,.

For n = 3, by choosing p = ¢!, we obtain from the Gauss-Bonnet Theorem that

(2.13) %Q(Et) = / —Ry, + 26 2y(D¢, D¢) dvol,, > 0.

t
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Moreover, %Q(Et) = 0 if and only if ¢ is a constant on ;. This implies 3; is a coordinate torus.
By reversing the flow (2.6), Xy is also a coordinate torus.

For n = 4, we assume that Xy is symmetric along the £ direction. Hence >; preserves the same
symmetry. Denote by 4; the induced metric on ¥; = ¥; N {¢ = constant}. Then

. (4
Y=Vt (d¢> dg?.
s

The scalar curvature of v and “; are related through

_ R o\ "\ (4o
R% - R’Yt —2 (ds) A'Yt (ds) .

Assuming p is also symmetric along the £ direction, we get

d L S (9 _ 40, :
@Q(Et) - n /i:t pgdeR’Yt +2p¢A’\/t (dS) 2d5’7 (D¢7 Dp) dVOl'Yt

-1
Taking p = < %) , we deduce from the Gauss-Bonnet Theorem that

d dr N AR dg\ ™!
LQ(5) =" /Z “Ry, 42 <ds) As, (Es") ~92s5, <D¢,D <¢ds> > dvols,

4w d (do\ ' d2¢ do\* d ([ dp\ "'\ .
—; it <_2d3 <d5> @ -2 <ds % qba . ’Yt(_D’Ut,D’Ut) dVOLYt'

From (1.6) and n = 4, we derive

d (de\ "> dp\? d ([ dp\ ' e i,
st(ds> @‘2<d8> ds(¢ds> =(1-¢")(6+2¢°)>0.

Thus Q(X;) is monotone non-decreasing along the flow. Using the same argument for the 3 dimen-
sional case, %Q(Zt) = 0 if and only if ¥y is a coordinate torus. O

3. THREE DIMENSIONAL CASE

In this section, we fix n = 3 and prove Theorem 1.1. Recall that F : [0, Tp) x T" 1 — M3, solves

oF
(3.1) = = o .

Here we take Ty € (0,00] to be the largest number such that (3.1) has a smooth graphical solution
inte [0, T()).

Equation (3.1) can be viewed as the unit normal flow with respect to the conformal metric
g = ¢?gum. Recall that hgy, is the the second fundamental form with respect to §. Our main
assumption is

(3.2) hqp 18 non-negative definite for g and I%ind) > 1.
0

We list two lemmas which allow us to prove Theorem 1.1.
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Lemma 3.1. Suppose Ty = co. Then
3
(3.3) limsup Q(%;) < o
t—o00 2
Lemma 3.2. Under the assumption (3.2), we have Ty = co.
Proof of Theorem 1.1. Let ¥; be the solution of (3.1) starting from ¥y = ¥. Combining Lemmas
2.1, 3.2 and 3.1,
3
Q) < limsup Q(S) < — 7"
t—00 2
Furthermore, the equality implies Q(X;) is a constant along the flow. And Lemma 2.1 implies ¥ is
a coordinate torus. O

We prove Lemmas 3.1 and Lemma 3.2 in the rest of this section. We adapt the convention that
C denotes a large constant depending on 3. The value of C' may change from line to line.

Denote by v(€,0) the height function of ¥; and u; = ¢(v;). Then v; solves the equation

3.4 — = Pa

(34) = po(u)

Here p is the slope of ¥; defined in (2.4). We start with the C° and C! estimates for v; and u;.
Lemma 3.3. There ezists a constant C' depending on o such that for all t € [0,Tp),

(3.5) |6(v) =1 <C, d(v) > 1+ C7H{t +1).

Proof. At the minimum point of v, we have p = 1. Together with (1.6),

d 1/2
o) > (1= taino) )
Let ®(t,a) be the solution to the ODE
O
= = (- d=H)Y2 ®(0,a) = a.

Through the ODE comparison,
min ¢(ve) > ®(t, min ¢(vo))-
From now on, we take a = mizn ¢(vg). By the assumption (3.2), a > 1. Because ®(¢,a) is increasing
T

in t, we have %—f > (1 —a=%)'/2. Through integration, ®(¢,a) > (1 — a=%)/%t + a. This implies
é(ve) > 14 C71(t + 1) for C large enough. Furthermore, using the equation of ® again,

0P C

=< —.

ot ’—(1+tﬁ

Thus |®(t,a) —t| < C and 11%12n ¢(vy) >t — C. With a similar argument, we can also derive

Ir:1Fa2x o) <t+C.

The proof is finished. O
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For the notation simplicity, we later denote ¢(v;) and ¢(vt) by ¢ and respectlvely Recall that

A () (/2 ()

Lemma 3.4. There exists a constant C' depending on 3¢ such that for t € [0,Tp),

(3.6) 10[1Ea:><;(p2 —<(ECct+1)™ n%ax(p2 —1).
t 0

Proof. Using (1.6) and (3.4), we have
82ut
0x20t

1/2 8Ut
ox?

0 A 4 ~3\-3/2
2 (o /) = s gy 3
It follows that

) o [ Ouy Op do\ 2 0u, Op
8t(p —-1)=2¢ (8986+<¢/d8> 7&5{)

—3pp (1 —¢?)*? <8ut 2
73

_ 2 0p -1¢1 _
—72 0 (1-067%

and

At the maximum point of p?, dp = 0 and

0 _
5 (P =1 <= dpp~ (1= 07)2(p* — 1),
Using (3.5), there exists a constant C' such that for all ¢ € [0, Tp),
4 (1= ¢ )2 > g (1= )2 > 4t +0) 7!

Therefore,

d 2
— < — .
g mzatnx(p 1) 4t +C)~ mzzix(p 1)

By the ODE comparison,

max(p? — 1) < (C7 ' + 1) max(p? — 1).
Et EO

The proof is finished.

) o0 R ),

0

Recall that ¢’ = ¢~2gm is a conformal metric which asymptotic to the flat metric on R x T?2. Let
7, be the induced metric of ¢’ on 3; and D’ be the Levi-Civita connection of v;. Lemmas 3.3 and 3.4
imply, provided Ty = oo, 7} converges the the flat metric d¢? 4+ df? in C°. Next, we use the second

fundamental form h;b to bound the Hessian of u; from below.

Lemma 3.5. Suppose Ty = oo. Then there exists a constant C' depending on o such that for

t>C 41,
Dj(D")uy > — (C(t — C)*logt) &5
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Proof. The flow (3.1) can be rewritten as
or
ot
Here v/ = ¢v is the unit normal vector with respect to g’. The evolution equation of (h')f is given
by

¢72V/

A
5311 = —0 ) = DYD0™ = 67 daal0) () R

Here (R')qp, is the Riemannian curvature tensor of ¢’. In the estimates below, the norms are
computed with respect to v;. From (A.3) and (1.6), the only non-zero component of R’ is

seae =367 (1= 077).
Together with (3.5), for ¢ large enough,

0

=2 a AV A Ay I\ B -3
‘ 620/ () O (Rpaf S0 O

Using (1.6) and (2.2),
—Dy(D")¢2 =2¢"1(1 — ¢ )2 D)D) %uy + (=2 + 5¢ ) Dyuy (D).

The relation between h, and DD/ u; is given in Corollary A.3 with ¥ = d)_l%f. Using (1.6), we
derive

(37) DY(D ate = —p My + 56721~ 672 DieDE.
Hence
—Dy(D')*¢ " == 2p"" 47 (1= ) 2 (W)] + (=2 + 5¢%) Dyur(D') "y
+367° (1= ¢ ) DyE (D).
From (3.5) and (3.6), for ¢ large enough, we have
| Dyuy (D) uy| < C(t —C)*
and
[3672(1 — o) DRe(D)¢| < (¢ = O)
Putting the above together, we get

gt(h’)ﬁ +2p7 107 (1= ¢ ) AW+ 9T (R)E] < Ct - O) .

Let w; be the maximum eigenvalue of (h/)%. Using again (3.5) and (3.6), for ¢ large enough, we have
2071711 — ¢3)Y/2 > 2(t + C) 7. Therefore,

d

% < —2(t+C) w + C(t — C) 3,
From the ODE comparison, w; < C(t — C)~2logt for ¢ large enough. The assertion then follows in
view of (3.7). O
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Proof of Lemma 3.1. From (2.5),

3m ¢ 8ut
2 00

Q(Ee) + —- ¢ ) d¢ A db.
From Lemma 3.4, (aut) <C(t— C)_4. It remains to prove
limsup/ all) ¢A’u dé Ndf <0.
T2

t—o00

Recall that ~; is the induced metric of ¥ from ¢’. Because

_,dé
dvol,, = po 1£ dé A db,

/ 26 ¢A’u dENdb = / p* Aluy dvol,, = / (p— 1)¢°Auydvoly, + | ¢° Ay dvol,, .
Zt Et

pI

I 1
From Lemmas 3.3, 3.4 and 3.5, ¢> < C(t + C)?, [p—1| < C(t — C)7* and

/ | Ay dvol,, = 2/ (Aluy)— dvol,, < C(t — C) % logt.
Et Et
Therefore the first term I goes to zero. Through integration by parts,
dg
=— [ 2¢p—|D'w? dvol, <0.
/Et ¢ds‘ ut"yt VOl =

Thus the assertion (3.3) follows. O

Lastly, we prove Lemma 3.2. Recall that § = ¢?gmy and that iLg is the Weingarten tensor with
respect to g. The flow (3.1) is a unit normal flow with respect to §g. The evolution equation of A{ is
given by

d ra 7cra ay ~B3 9 A ~ L DO
(38) ahb = _hbh’c — (d.flf )aV @ MR B

Lemma 3.6. Suppose the assumption (3.2) holds. Then there exists a continuous function C(t)
defined on [0,00) such that for all t € [0, 1)),

1B L5, < 1hg 15, + C(2).
Proof. Using (A.9) with ¥ = qb_lfi—f, 1 = 2log ¢ and (1.6), we derive that non-zero components of
éaw\“ are
Rycge = — %2+ ¢7%)(1—¢7%)
q8q€ ’
Rq9q9 = - ¢6(2 + ¢_3)7
Reoo = — ¢°(4 = ¢7%)(1 = ¢7%).

In particular, the sectional curvature of g is non-positive. In view of (3.8), izg remains non-negative
definite under the assumption (3.2). From (3.5), there exists a continuous function C(¢) such that
for any t € [0, 7)),

ay =~ 0 )\~ Do
(d.’]}' )ayﬁ <al‘b) V“R BAw S C(t)

10



A MINKOWSKI INEQUALITY FOR HOROWITZ-MYERS GEON 11

Applying the ODE comparison to (3.8), we have an upper bound for the maximum eigenvalue of B‘bl
in any finite time. The proof is finished. 0

Proof of Lemma 3.2. Recall that v is the height function of ¥; in the s coordinate and u; = gq(vy).
It suffices to show that for any 7" < oo, there exists constants C;(T"), 7 = 0,1,... such that for all
0<t<T
8jut
or®ox2 ... 0x%

< ().

Lemma 3.3 and Lemma 3.4 provide such bounds for the case j = 0 and j = 1 respectively. In view
of (3.7) and Lemma A.5, Lemma 3.6 shows the case j = 2. Furthermore, by differentiating (3.7), it
suffices to show that for all 7 > 1,

(3.9) D7kl < Cjpa(T).

Here D is the Levi-Civita connection of 4. We derive (3.9) by computing the evolution equation of
5(D7h, D7h). To present the calculation in a systematic manner, we adapt the notation that A x B
stands for a term obtained from contracting some of indices in A and B through 7.

Compute
O 3(DIh, Dby = (23 ) (D7 D7) +5 (| 2o D7 | by D) 45 ( DF-2o o, DR ).
ot ’ ot ’ ot’ ’ ot

I 1 111
Because %%b = QiLab,
1= D'hD'hxh.
For any tensor N, we have the commutation relation [%, DIIN = Zg;& Di~ih x DiN. Hence
j ~ .~ ~ . .~ ~ .~
I1=Y D'h+D’"'hxDh.
i=0
Finally, from (3.8),
Il =Y Dh+D'"'h*D'h+ DK * Dh.
i=0

0 \*“ o\ _, -
_ -3 5
fa = < Do ) ) < Db ) v o

(t) = Dih)2.
w]() r%atx| |’y

Here

Let

We use induction and assume w;(t) < Cy(T) for 0 < i< j—1and ¢t € [0,7). By Lemma B.2, IEZKH
is bounded for 0 <7 < j. We then deduce

d

From the ODE comparison, w; remains bounded in ¢ € [0,7"). Thus (3.9) follows. O



12 ALAEE AND HUNG

4. FOUR-DIMENSIONAL WITH SYMMETRY IN &
In this section, we fix n = 4 and prove Theorem 1.2. Recall that F : [0,Tp) x 77! — MﬁM solves

OF de\ 1
(4.1) at:(¢df> v.

Here we take Ty € (0, 00] to be the largest number such that (4.1) has a smooth graphical solution
inte [0, To)
Equation (4.1) can be viewed as the unit normal flow with respect to the conformal metric g =

2 _
<q§%> gaMm- Recall that hg, is the the second fundamental form with respect to g. Our main

assumption is

_ 2
(4.2) hqp is non-negative definite for o and min¢* > 1 + —.

o V3
We list two lemmas which allow us to prove Theorem 1.2.

Lemma 4.1. Suppose Ty = co. Then
(4.3) limsup Q(%;) < —2m.

t—o00

Lemma 4.2. Under the assumption (4.2) , we have Ty = co.

Proof of Theorem 1.2. Let ¥, be the solution of (4.1) starting from ¥y = ¥. Combining Lemmas
2.1, 4.2 and 4.1,

Q(2) < limsup Q(%r) < —2m.

t—o0
Furthermore, the equality implies Q(X;) is a constant along the flow. And Lemma 2.1 implies ¥ is

a coordinate torus. O

We prove Lemmas 4.1 and Lemma 4.2 in the rest of this section. We again adapt the convention
that C' denotes a large constant depending on ¥g. The value of C' may change from line to line.

Denote by v¢(&,60) the height function of ¥; and u; = g(v;). Then v, solves the equation

Ovt dqb -t
44 — = — .
(a8 o= (oG w)
Here p is the slope of ¥; defined in (2.4). Because ¥; are symmetric along the £ direction, the slope
p is given by
i Ot Oy
00" 007

We start with the C° and C' estimates for v; and ;.

pPP=1+4

Lemma 4.3. There ezists a constant C' depending on o such that for all t € [0,Tp),
(4.5) [62(vr) — 2t| < C.
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Proof. At the maximum point of v;, we have p = 1. Together with (1.6),

4 max ¢?(vy) < 2.

dt T2
Similarly,
d .
7 Mip % (ve) > 2.
Thus the assertion follows by taking C' = maxg2 ¢*(vg). O

Lemma 4.4. There ezists constant C' depending on o such that for t € [0,Tp),
(4.6) mzax(p2 —n<C Mty n%aux(p2 —1).
t 0

Proof. From

Pup o (do\ ' dp —2 4 —ay—1 0w

we deduce

-1
(7 =1 =202 () BUTH IR b g8 61— 6 1),

00" 067
At the maximum point of p? — 1, dp = 0 and

5209-—1)§p¢‘%—3—%¢—4X1-¢—ﬁ—109__1)

Using (4.5), there exists a constant C such that for all ¢ € [0,Tp),
po (=340 (-9 ) 2o (=340 (1 -0 ) = 3(t+O) 7

Hence

d 9 -1 2
. ngx(p 1) 3(t+ C) nﬁg;ix(p 1)

By the ODE comparison,

max(p® — 1) < (C71 + 1) max(p® — 1).
Et 2O

The proof is finished. O

Recall that ¢’ = ¢~2gmm is a conformal metric which asymptotic to the flat metric on R x T3. Let
7, be the induced metric of ¢’ on 3; and D’ be the Levi-Civita connection of v;. Lemmas 4.3 and 4.4
imply, provided Ty = oo, 7} converges the the flat metric d¢? 4+ df? in C°. Next, we use the second
fundamental form hgb to bound the Hessian of u; from below.

Lemma 4.5. Suppose Ty = oo. Then there exists a constant C' depending on o such that for
t>C+1,

Di(D)ou; > — (C(t — )32 10g t) 5e.

Proof. The flow (4.1) can be rewritten as

13
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Here v/ = ¢v is the unit normal vector with respect to ¢’. Let G = qﬁZ%. Then the evolution
equation of (R){ is given by
A
g(h/)a _ _G—l(h/)c(h/)a — D (D/)aG—l o G—l(d a) ( /)B i ( ’)M(R’)O‘
ot b= b\ )c b L )a\V O v B

Here (R')qp», is the Riemannian curvature tensor of ¢’. In the estimates below, the norms are
computed with respect to ;. From (A.3) and (1.6), the only non-zero component of R’ is

geqe = 607 2(1—077).
Together with (4.5), for ¢ large enough,

0

A
G0 () O | < C - O

Using (2.2),
_ _,dG d _odG
—Dg(D/)aG 1 =G QTqDé(D’)aUt + d7q <G Qd—q) D{)ut(D’)aut.
The relation between hl, and DjD/u; is given in Corollary A.3 with U = ¢*1%. Using (1.6), we

derive

(4.7) DyDjuy = —p~ " hly + 26 73(1 = ¢~ ) /2DED)E.

a

Together with

_gdG_ —279 -4 =41
s B-¢ )1 —-07")"",
i —QQ _ _9u—1 —8\(1 _ 4—4\—3/2
(P22 e - e

we derive
—Dy(D)'G == pto B =071 =67 THR)E 207 B+ 07 (1 — 67 ) 2 Djun(D') e
+29753 — 7)1 - o~ T2DE(D) €.
From (3.5) and (3.6), for ¢ large enough,
26773 — 71— ¢~ VEDE(D) | < Ct - )2
Putting the above together, we derive

0
55+ 716723 = 071 = ¢THTHW)E + GTHRR(R)E
+2¢7 '3+ ¢ (1 — ¢~*) Y2 Dpuy(D')uy| < Ct — C) 772

Let w; be the maximum eigenvalue of (h')%. From (3.5) and (3.6), for ¢ large enough,

1 _ _ 3 _

peTIB - — 0T 2 S+ C)
We derive

% < —%(H C) tw + Ot — C)5/2,

14
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From the ODE comparison, w; < C(t — C)_?’/ 2logt for t large enough. Hence the assertion follows
(4.7). O

Proof of Lemma 4.1. From (2.5),

d¢ 8ut 8Ut

S +2m= | pPo—Au — 257 S A dgt
Q(X¢) +2m 'p¢d$ J 89"80id€/\d0 A do*.
From Lemma 4.4, §% ggf gZ§ < O(t — O)73. Tt remains to prove

lim sup/ 20 ¢A’ut dé N de® A doet <.

t—o0

Recall that ~; is the induced metric of ¥ from ¢’. Because

1 ¢

dvol,, = p¢~ dg A dO® A de?,

d¢
/T ) p2¢>£Alutd§ A dO3 A dot = /Z t p¢”* Ay dvol,, = /E t (p— 1)¢*Auy dvol,; + /E t ¢*A'uy dvol, .

~~

I 11
From Lemmas 4.3, 4.4 and 4.6, ¢*> < Ct, |p — 1| < Ct3 and

/ |A'uy| dvol, = 2/ (A'ug)- dvoly < Ct=3/%ogt.
Ez Et
Hence the first term I goes to zero. Through integration by parts,
d¢ 112
II=— /X\Jt 2¢£’D Ut’,\/é dVOLy/ S 0.
Thus (4.3) follows. U

2 _
Lastly, we prove Lemma 4.2. Recall that g = (qﬁ‘Zl—f) gum and that hj is the Weingarten tensor

with respect to g. The flow (4.1) is the unit normal flow with respect to g. The evolution equation
of hy is given by

0 - a 1cra a\ =8 9 )\—u*‘)‘
(48) ah = _hbhc — (dl‘ )al/ a(L'b MR B

Lemma 4.6. Under the assumption (4.2), there exists a continuous function C(t) defined on [0, 00)
such that for all t € [0,Tp),

|Rl5 < |hgl +C (1)

Proof. Using (A.9) with U = gb*l% and ¢ = 2log ¢ + log %, we derive that non-zero components
of Ragau are

quqf == 3¢8(1 - ¢_4)3»

Ryiqi =— ¢*(3 — 6¢>_4 - ¢_8)7

Eéigi == (90— (1 -0,
Rijij = — ¢°(1 — ¢ N2, i #J

15
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Besides Eqiqi, other sectional curvatures are apparently non-positive. Actually, the polynomial 322 —
6x—1hasroots x =1+ % Under the assumption (4.2), we have ¢* > 1+ % along the flow. Hence
the term

ay s 9 g —pu %
—(da")ar” <8:cb> VMR gy,

is non-negative definite and h{ also remains non-negative definite . On the other hand, from (4.5),
for any ¢ € [0, 7)),

ay - 0 g —p
(dﬂ: )aV'B <axb) VHR BAw S C(t)

for some function C(t). Then the assertion follows by the ODE comparison. g

With Lemma 4.6, the proof of Lemma 4.2 is similar to the one for Lemma 3.2.

APPENDIX A. CURVATURE AND SECOND FUNDAMENTAL FORM

In this appendix, we record formulas of curvatures and second fundamental forms. Let U(q) be a
smooth and positive function. Consider the metric

n
(A1) g =dg® +V(q)%de® + ) (d6").
=3
The non-zero components of the Christoffel symbols are
dv d¥
AV — ng __
(A.2) (T )qg—\Il 7 (r )55——\Ild—q.
The only non-zero component of the curvature is
d*v

We now consider a hypersurface given by a graph over 77!, Let u(£,6%) be a smooth function
and consider the map F'(§,0%) = (u(€,0%),€,6%). Denote the image of F by X.

OF 0 Oud OF 0 ou 0

o€ ¢ T ocag o0 a0 007 og
Let {2} = {£,6} and define a metric on 7" ! as
(A.4) Aapdada’ = W (u)2de? + 6;;d0" 6’ .
The induced metric 7/, on ¥ is given by
. Ju Ou
(A.5) Yop = Yab + D b

The normal vector of ¥ is given by
0 1 Oud - O0u 0
I _ -1(~ - Y=Y g5 Y
(A-6) vi=p <8q Twiocoe O op aea’) :

where p is the slope given by

(A7) p?=1+T(u)? <

ou\ 2 o Ou Ou
— | +0Y .
0& 00* 067

16
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Lemma A.1. The second fundamental form of X is given by

0%u dv [ ou\? AW
hl — _ —17 2 —1\1,—17 _ —1\1]7
& P 8£2+ P dg \ O + dq’
0%
h=—p Tt ———
W= TP Beigei
d%u d¥ Ou Ou
[ : g2 22 T
=P Heap TP dq OF 0

Proof. Let V' be the Levi-Civita connection of ¢’. From (A.2),
oF d%u dv\ 0 dV ou 0
e = (20 ST ) Loyt m Y
9 e (%2 dq> g ° dg o 0€
, OF 0 0
57 00— 90167 0q’
OF  0%u 0 d¥ Ou 0
Lo == = T
Vor 5¢ “ogoriaq T dq 007 0€

Taking inner product with v/ given in (A.6), the assertion follows. O

We now view u as a function defined on Y and compute its Hessian. Let D’ be the Levi-Civita
connection of +/.

Lemma A.2.

i A (du\? AV d¥
DiDiu=p 25 <20 20— ( ) —p 20— 4 T——
PN TP The T 2P ag \ae) P Vag TV
0%u
DiDiu =p~?
TP B0i00
0%u dV¥ ou Ou
D.Dlu =p—2 —p Tl
S TS dq O€ 00’
Proof. Let be be the Christoffel symbols of 44;. The non-zero components of f‘zb are
. 0 . Y . v
fo Lg PO AV Ou e dVou
& dq 06° dg 00 & dq 0¢

For any smooth function a,

ﬁéﬁfﬂ :% + @@5@' du du g1 dV Ou 01

9e2 " " dq" 96 069 dq O€ D€
L. 0%
Dibjt =5 gi065°
Ao 0%t LAY du da
DeDjin =24 _ g142 900U
X = Heo0 dq 90° D¢

Here D is the Levi-Civita connection for 4. Because v/, = Yap + %%, we have
D! Dyu = p 2Dy Dyu.
Combining the above, the assertion for DgD;u and DéDgu follows. For DéDéu, we use

- Ou Ou ou\ 2
v _—— = — -2 —_— — 2
" 367 063 v (ag) Lo

17
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Then

a2 TV seaw €

ou d¥ (Ou dv dv
:72 I \Ill ‘117 2\117
’ (652 ? <a§> aq " dq>

ou d¥ [ ou dv A
=2 —2gq-127
= e Y <85> |

Lo u \I/ \If

From Lemmas A.1 and A.2, we obtain the following relation between hl, and D;Dju

Corollary A.3.

dv
(A.8) ab = —pDyDyu + p¥——

T DEDLE

Next, we record the formulas under a conformal transformation. Let 1(¢) be a smooth function
of ¢q. Define
g = ewg’.

Let Rag au be the Riemannian curvature of g.

Lemma A.4. The non-zero components of RQBM are

§ d2U d24) AU dyp
Royoe =— e [O—— + 022 L 4 U——
L, ¢ ( iz A dq dQ>
5 L o d2¢
qiqt dq2 ’
(A.9) AU dip dip\
R — — 20— 27 2,2 [ 4Y
Reici © g dg <dQ) ’
b dip\ 2
Rijij = — e (dq) N

Proof. As § = e*¥¢, the formula of R,g), is given by [3, page 58]
Ropry = ewR/ag,\u — (g Tpy + 95uTar = oy Tox — 952 Ton),
with Top = Vo, Vigth — Vo Vg + 27 1|V’1/}|2,g . From (A.2), non-zero components of T, 3 are

Py g (A
Tyy=—b — 271 =5
=" (%)

AU dyp o [(di\?
Tee =0 — 27 y o 192 ( 22
€« =g dg T <dQ) ’
Ly (dp\?
T’u:2 L=
(dQ>

Combining with (A.3), the assertion follows a direct computation. O

18
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We turn to the second fundamental form of ¥ with respect to §. The normal vector and the induced
metric are given by 7 = e %1/ and ¥ = €2¥4/ respectively. Let hq, be the second fundamental form
with respect to g.

Lemma A.5.
. . d
(A.10) hay = €” (héb +p 1;5%) '

Proof. Let V be the Levi-Civita connection of §. From
VxY = VY + ¢ (VY, X)Y + ¢ (V'Y,Y)X — ¢ (X,Y)V'eh,

) /. oF OF , dy 0 Ly dy
hab = —§ (VaF M,V) = —eq <v,§£8xb - %bdiqaiq’ V) = e’ (h:zb +p ?q’%zb :

Using (A.8), (A.10), we have

dw d

oo = ¢ (~pDlDju -+ pW S DLEDlE + 7 0, )
dgq dq

To get the mean curvature H, we need to calculate |D'¢ \%, Recall that

, R ou Ou
Yab = Yab T %%
We deduce
pa Ou Ou

Nnab _ rab _ —2racz "
(=47 =N S 5

Hence
2
e =) = w2 et (O
¥ o€
ou du
00907 )

With 5% = e=2%(~/), we obtain

Corollary A.6. The mean curvature of > with respect to g is given by
71‘1,71‘17‘1’5@' du du 1 dyp 1\111d‘1’> '

U = 1)yt Y
i agige TV g e g

Here A’ is the Laplace-Beltrami operator of ~y'.

(A.11) H=¢e" (—pA/u +p

APPENDIX B. PROJECTION

Let M be a n-dimensional manifold with coordinates {y*}72_,. Let g,3 be a Riemannian metric
on M and ¥"! be a hypersurface. We use {z%}"_, to denote a local coordinates of ¥. Denote by
v* the unit normal vector of X, by ~, the induced metric on ¥ and by hgp the second fundamental

form of ¥ with respect to v®*. Define the projection tensor
(B.1) Pg =65 —vpv”.
Denote by V and D the Levi-Civita connection of g,g and v, respectively.

19
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Lemma B.1. Let F,, be a one-form and F, = P*F,, be the projection of F,. Then

(B.2) DoFy =PXPPV o Fg — For®hap,.

(B.3) Do(Fov®) =(POVgF )V + Fyhl.
Let

(B.4) Koy =P2VP P)V" Ropas.

Lemma B.2. For any m € NU{0} there ezists a degree m+ 1 polynomial p,, such that the following
holds. Suppose there exists a constant C such that for all 0 < j < m,

(B.5) IV/Rml|, < C, |D'"'h|, < C.
Then
D" K|y < pm(O).
Proof. For m,k € NU{0}, let L,, ; be the collection 4+m — k tensors on ¥ obtained from projections

of V"Rm - v®%. We adapt the convention that Ly, 1 =0and Ly, = 0if £ > m + 3. Note that
K € L. From Lemma B.1, we have

DLm,k = Lm+1,k + Lm,k-l * h+ Lm,k+1 * .

Here we write L % h for any linear combination formed by contracting L and h by ~. Through
induction, we have for all m € NU {0},

D™Log =Y Lj;* D" hs--x D'h,

where the summation goes over

k
0<i<j+3 0<l, andj+k+) &=m.
i=1
Under the assumption (B.5), each term L;, and D% above are bounded by C. Each individual
summand L;; * D*h %+ % D% is bounded by C**!. Then the assertion then follows. O
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