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HECKE CORRESPONDENCES FOR SMOOTH MODULI
SPACES OF SHEAVES

by Axpret NEGUT

ABSTRACT

We define functors on the derived category of the moduli space M of stable sheaves on a smooth projective
surface (under Assumptions A and S below), and prove that these functors satisfy certain commutation relations. These
relations allow us to prove that the given functors induce an action of the elliptic Hall algebra on the K-theory of the
moduli space M, thus generalizing the action studied by Nakajima, Grojnowski and Baranovsky in cohomology.

Lunei, pentru cinct luni minunate

1. Introduction

1.1. Let S be a smooth projective surface over an algebraically closed field of
characteristic 0 (henceforth denoted by C). An important family of moduli spaces asso-
ciated to S are the Hilbert schemes of points on S, which we will denote by Hilb,(S):
these are smooth 2n-dimensional algebraic varieties, which parameterize colength 7 ideal
sheaves Z C Os. The Betti numbers of Hilbert schemes were computed in [10, 16], and
this lead to a very interesting observation: the generating series of the Betti numbers of
Hilb,(S), as n goes from 0 to 0o, matches the Poincaré polynomial of (an appropriately
graded version of) the Fock space of the infinite-dimensional Heisenberg algebra. Cou-
pled with expectations from mathematical physics, the way to understand this interesting
connection is to consider all Hilbert schemes together:

Hilb(S) = |_|Hilb,(S)

n=0

and construct an action

(1.1) Heisenberg algebra ~ H* (Hilb(S)) = EB H*(Hilb,(S))
n=0

This was achieved by Grojnowski in [17] and Nakajima in [23]. We will mostly use the
formulation of loc. cit., in which the generators {ay,},en of the Heisenberg algebra act on
H*(Hilb(S)) by the so-called Hecke correspondences

(1.2) ¢ = {(I’ Com 1)}
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A.NEGUT

where 7' C,, Z means that the ideal sheaves Z, 7" C Og are contained inside each other,
and their quotient is a length 7 sheaf supported at a single (but arbitrary) closed point
x € S. Nakajima considered the projection maps

¢ 7'cul
s
Hilb(S) S Hilb(S) 7 X A
and defined
(1.3) ar, = (p= X ps)s o pi : H*(Hilb(S)) — H*(Hilb(S)) ® H*(S)

The main result of [23] 1s that the operators above satisfy the defining relations of the
Heisenberg algebra, with H*(S) as a “parameter space”. Under this action, H*(Hilb(S))
1s isomorphic to the Fock space of the Heisenberg algebra, which explains in a represen-
tation theoretic way the classical formulas for the Betti numbers.

1.2. After constructing the action (1.1), one might wonder how to generalize it.
One direction would be to replace singular cohomology by other homology theories.
While the construction extends almost verbatim to Chow groups, in algebraic K-theory
things are not so simple. The reason for this is that the correspondences € are very badly
behaved for n > 1 (one does not even know if they are equidimensional in general) so the
initial question is to find suitable replacements.

Problem: define analogues of the operators (1.3) in K-theory, which
satisfy the defining relations of the deformed Heisenberg

algebra

One approach toward this problem was undertaken in [11, 31] for S = A?, where the
authors used equivariant localization computations to construct an action

(1.4) AN Ky = @ Kim, )

n=0

(see Section 3.3 for our conventions on K-theory). In the elliptic Hall algebra formula-
tion of [31], the algebra A is generated by elements {ex, 1} .penxz, With the subalgebra
generated by the ey, ¢’s isomorphic to the deformed Heisenberg algebra, thus explaining
our interest in constructing an action (1.4). In [25], we realized the operators ey, ; using
certain K-theory classes on the correspondence

(1.5) 3= {(Io C L Cx'-~cxIn)}
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which can thus be thought of as a resolution of €° of (1.2). While loc. ¢it. only proved
results for S = A?, the correspondence (1.5) is well-defined for any smooth surface S, and
we are thus poised to solve the Problem stated above. Even more so, the operators ey, ;
naturally lift to the derived category, and are thus related to various categorifications of
Hecke algebras (see [15] for an overview).

1.3. Another direction for generalizing (1.1) is to replace Hilbert schemes by
other moduli spaces of coherent sheaves on S. An important example is given by moduli
spaces of stable sheaves (see Section 2.8 for more details), in which the analogue of the
action (1.1) was worked out in [2]. The main purpose of the present paper is to construct
an action (1.4) in the aforementioned setup of stable sheaves. Thus, let S be a smooth pro-
jective surface with an ample divisor H, and also fix (r, ¢;) € N x H*(S, Z). Consider the
moduli space M of H-stable sheaves on the surface S with the numerical invariants 7, ¢|
and any ¢y € Z. We make the following two assumptions throughout the present paper:

(1.6) Assumption A: ged(r, e - H) =1

ither ws = O,
(1.7) Assumption S: crher @s i
orc¢(wg) -H<O

Assumption A implies that M is representable, i.e. there exists a universal sheaf U on
M x S. Assumption S implies that M is smooth, which allows us to define

D¢ = D’(Coh(M)) = Perf(M)

In the following formulas, we will denote by F the coherent sheaves on S that are pa-
rameterized by the moduli space M. With this in mind, let us recall the following moduli
spaces of flags of sheaves that we studied in [27] and [28], respectively:

3={F A
35 = {(f(] fol CX‘FQ)}
where ' C, F means that 7' C F and F/F’ is the length 1 skyscraper sheaf at the

closed point x € S. We recall the scheme structures of 3, and 33 in Section 2, and in
particular, the fact that they are both smooth. This implies that the maps

3 Fo C. A

N I

M S M FO X .Fl
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3; fOC.xflchQ
3 3 Fo Co Fi FiCoFy

induce direct and inverse image functors between the derived categories Dy, D3, D3s.
We may combine these spaces into more complicated diagrams of the form

NN N
3 3 3 3
P+XﬁSJ/ J/l)

M xS M
where the number of copies of 3; contained in the middle row is denoted by n. Then for
an arbitrary sequence di, ..., d, € Z, we consider the functor
(1.8) 7(,11,...,,1") :Dat = Datxs

given by the composition

QLA b A Sl RLL b A Sl QL
D31 D31 D31 D31 ce e D31 D31 D31
l (p+ X ps)x o T
Dntxs Dum

where L is the line bundle on 3, with fibers I'(S, F,/F).! Note that ¢, :="¢, are the
derived category versions of the operators ¢ 4, of Section 1.2, but it is crucial to us that
ea.....q, 1s different from the composition; o - - 0'¢; (see Propositions 2.27 and 3.4). With
this in mind, our main result is the following:

Theorem 1.4. — For any n € N and any dy, . . . , d,, k € Z, consider the functors
<1.9> ’Z(dl’---vdn) O’E}C Clﬂd rE/l O'Z(dl

..... - Dt = Dagxsxs

of (3.9), (3.10). There are explicit functors gy, - . . , g : Dag = Daaxsxs such that

' More precisely, consider the universal sheaves Uy C U, on 3, x S; then L is defined as the push-forward of the
quotient U, /Uy to 3, via the first projection.
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(1) g0 ="0ar....tyy © & and g ="¢ 0 €a....4,);
(2) foralli e {1, ..., n}, there exist explicit natural transformations

gi—1 — & gfdz > /f

(1.10) gi-1 <G \Zfdl <k
gi—l ; gi jdz = k
(3) for all v € {1, ...,n}, the cone of the natural transformation in the previous item has a

Sfiltration with the associated graded object given by the functor

di—1
@ Ay Oty adith—adipr,nd) Y >k
a=k

Above, we abuse notation by writing A : M X S — M X S X S for the identity on M
times the diagonal embedding S — S x S.

1.5. 'To gain more insight on the meaning of the categorical relations in (1)—~(3)
above, let us consider the maps induced by (1.8) at the level of K-theory groups:

(1.11) €, d,,):KM_)KMxS

Items (1)—(3) in Theorem 1.4 imply that these maps satisfy the following relations:

n

(1.12) [6((11 ,,,,, d)» Zk] = A* o Z

=1 | 2z O it adibh—adirody LA <K

- Zk§a<di Cdy,ersdiy a,dith—a,diy 1 eedy) ifd; >k

We show in Section 4 that these relations are sufficient to conclude that the maps (1.11)
induce an action of the elliptic Hall algebra A (see [4, 30], and Section 4 for a review) on
the K-theory groups of the moduli space M. We thus conclude:

Corollary 1.6 (See Theorem 4.15 for details). — There exists an action A ™~ Ky, in the
sense of Definition 4.14. This notion of action is defined so that composing maps K pg — Kaqxs treats
the second factor of S as a “parameter space™.

We prove the Corollary only upon tensoring K ¢ with Q, but we expect it remains
true over Z. The parameters ¢, ¢, of the elliptic Hall algebra A are such that

0+ g0 =[]
¢=qi1g2 = [ws]
as elements of Kg. Therefore, Kg plays the role of ground ring of the algebra .A.
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1.7. Asa consequence of Corollary 1.6 and the defining relations in A, the maps

n zeroes

satisfy the relations of the deformed Heisenberg algebra. This solves the Problem in Sec-
tion 1.2 in the context of moduli spaces of stable sheaves (strictly speaking, the operators
above only give half of the Heisenberg algebra, with the other half provided by the trans-
posed correspondences). It is natural to propose the following,

Comjecture 1.8. — For any n, m € N, we have

~ ~ o~ ~
€(0,...,0) © €(0,...,00 = €(0,...,0) © €(0,...,0)
- | — N— e’

n zeroes m zeroes m zeroes n zeroes

as_functors D pp = D pgxsxs-

Theorem 1.4 proves the m =1 case of Conjecture 1.8, for any . It would be inter-
esting to compare Conjecture 1.8 with other categorifications of Heisenberg algebras in
the literature. For example, such a categorification was proposed in [6] when the surface
1s of ADE type (generalized to all surfaces in [19]), but using the language of derived
categories of symmetric powers of the surface S. It is thus not easy, but would be very
interesting, to compare our results with those of loc. cit.

One can generalize Conjecture 1.8 by recalling that the generators e_,, ; € A satisfy

ke k(—1
<1.13) O pp = qg(‘d(n,k)—le(dl ..... i) where di — ’7_2—‘ _ ’V (Z )
n

n

W+x—$

Corollary 1.6 implies the following formula, for all (n, k), (7', ') € N x Z:
[e—is e—w. ] = Ay o (a certain linear combination of products of e_, ;»’s)

where the coefficients of the linear combination match the analogous structure constants
in the algebra A (see (4.6) and (4.8)). We expect such formulas to categorify.

Conjecture 1.9. — Suppose (n, k), (W', k') € N X Z are such that kn' — K'n=1. Then there
exists a natural transformation between the functors

—n

DM E— DMxSxS and DM I DM><S><S

}’;n/,/c/ O?—iz,k ?—n,ko? /K

(where'e_,  ="€,.....a,) with the d;’s as in (1.13)) whose cone is Ay 0¢_,y jip-

1.10. Working with ¢, .4y : Do = Dagxs instead of e, a0y : Kam = Kxs
reveals new features, such as the presence of categorified knot invariants (namely Kho-
vanov homology). Indeed, following the principles laid out in [15], the natural transfor-
mations that appear in Theorem 1.4 can be interpreted as yielding skein exact triangles

.....
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between certain objects in the category € of affine Soergel bimodules (in [14], we make
this precise by realizing Proposition 2.39 in €).

The construction of the functors (1.8) was given in terms of derived schemes
in [28], and Corollary 1.6 was conjectured therein. In the present paper, we show that
Assumption S implies that many of the spaces featured in loc. cit. are local complete in-
tersections. Therefore, one can work in classical algebraic geometry rather than derived
algebraic geometry. By combining our Corollary 1.6 with the results of [29], we obtain
the identification of the Carlsson-Okounkov operator Kyy — K with a W-algebra in-
tertwiner (see loc. cit. for definitions). When the surface is S = A? (and K-theory is under-
stood equivariantly), this is enough to prove a mathematical incarnation of the deformed
AGT correspondence for U(r) gauge theory with matter, see [26] (inspired by [21, 32]
and the physics literature).

We observe that Theorem 1.4 also holds when the moduli space of stable sheaves is
replaced by the Hilbert scheme of points on an arbitrary smooth quasiprojective surface
(we do not need the surface to be projective, as all the push-forward maps in Section 1.3
are proper). The modifications required to make the argument work are minimal, and
we leave the details to the interested reader. When the surface S is K3, we revisit some of
the methods in the present paper in [20] in order to prove that the cycle class map
(1.14) A? — H*(Hilb(K3))

taut

*

is injective, where A?

arbitrarily many points on S that is generated by the tautological classes. This is a partial
version of the Beauville-Voisin conjecture [34] for hyperkdhler manifolds.

denotes the subring of the Chow ring of the Hilbert scheme of

1.11. The structure of the present paper is the following. In Section 2 we recall
the moduli space of stable sheaves M, introduce the moduli spaces of flags of sheaves
3, and several versions of the moduli space of quadruples ), and state a number of
geometric properties of 3; and ) (such as dimension, irreducibility, smoothness, 1.c.i.-
ness, Cohen-Macaulay-ness and normality). In Section 3, we use these properties to set
up and prove Theorem 1.4. In Section 4, we go from derived categories to K-theory
and prove Corollary 1.6. Finally, in Sections 5 and 6 we prove all the aforementioned
geometric properties: dimension estimates and irreducibility in Section 5 and all other
properties in Section 6.

2. The moduli space of sheaves

2.1. All our schemes will be projective over an algebraically closed field of char-
acteristic 0, henceforth denoted by C. A scheme will be called smooth if all of its local
rings are regular. A closed embedding Z < X is called regular if the ideal of Z in X is
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locally generated by a regular sequence. In the present paper, we will often encounter
closed embeddings which arise as the zero loci of sections

0:0x — W

where W is a locally free sheaf on the scheme X. We will often abuse terminology and
refer to either o or 0¥ : WY — Ox as “the section”, with the latter having the advantage
that the zero locus is defined as the scheme

O
2.1) Z(0) = Specy (Im zv)

If X 1s a Cohen-Macaulay scheme, we have the well-known inequality

(2.2) dimZ(o) > dimX — rank W

Since all schemes in our paper will be Cohen-Macaulay, we give the following.
Defination 2.2. — The section o s called regular if equality holds in (2.2).

Indeed, the usual definition of regularity (that the coordinates of o in any local
trivialization of W form a regular sequence) is equivalent to that of Definition 2.2 over
Cohen-Macaulay schemes. In this case, we have a quasi-isomorphism

O q.l.s. oV
Oy = ——— = | ... — AZWY — WY L5 O
@ Im oV

(the maps in the complex above are given by contraction with o") and we call Z(0) <— X
a complete intersection.

2.3. Given a map of schemes 1 : X’ — X, we may form the fiber square

(2.3) Z(n*(0)) — X

b

Z(@) = X

where
2.4 W) = Ox
is the pull-back of o¥'. However, we note the very important fact that

o regular does not imply 71*(o) regular

in general, because regular sequences are not preserved under pull-back.
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Defination 2.4. — If the sections o and n*(o') are both regular, then we call (2.3) a derived
Siber square. We will also use this terminology when the horizontal arrows in (2.3) are embeddings
of zero loct followed by smooth maps.

If o 1s a regular section and X, X" are Cohen-Macaulay schemes, then (2.2) implies
that n* (o) 1s regular if and only if

(2.5) dimZ(n*(0)) —dimX' =dimZ(o) — dimX
Defination 2.5. — With the notation as above, assume that there exists a subsheaf

L C Ker n*(c")

such that both L. and "*(\va) are locally free. In this case, if the induced section

(2.6) WD o o

is regular, then we call (2.3) a derived fiber square with excess.

In the setting of Definition 2.5, the locally free sheaf L is called the excess bun-
dle, and its rank is precisely the difference between the two sides of (2.5).

2.6. Given a locally free sheaf V on a scheme X, consider the projective bundle
Px (V) = Proj (symmetric algebra of V)

Projective bundles are among the easiest examples of moduli spaces in algebraic geom-
etry, in the sense that they represent the functor of line bundle quotients of the vector
bundle V. More specifically, this means that there is a natural identification

1-to-1

(2.7) Maps(T,Px(V)) <—
{T 4 X, line bundle £ on T, surjection ¢*(V) — ,C}

Assume that we have a map W — V of locally free sheaves on X. In the present paper,
we will encounter local complete intersection morphisms of the form

(2.8) 7(0) < Py (V) 5 X

where the map ¢ is cut out by the section

taut

(2.9) o:p*(W)— p*(V) — O(1)

and the map denoted by taut is the tautological morphism on Px (V).
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Remark 2.7. — We note a convenient abuse of terminology in calling (2.9) a “sec-
tion”, as it will appear again throughout the present paper. Given a line bundle L. and a
vector bundle E on a scheme X, whenever we refer to a map

(e

L—E

as a section, we are implicitly referring to the induced section O — E ® L.™!. The same
terminology will apply to the dual map EY — L' in relation to EY @ L. — O.

Since the map p in (2.8) is smooth, the considerations of the preceding subsection
apply to the composed map Z(o) — X. More specifically, given any map n : X' — X,
the fiber square analogous to (2.3) is derived iff o and n*(o) are regular.

2.8. Consider a smooth projective surface S and an ample divisor H C S. The
Hilbert polynomial of a coherent sheaf F on S is given by

Pr(n) = x (S, F® O(uH)) = an® + bn+ ¢

where a, b, ¢ are rational numbers that one can compute from the Hirzebruch-Riemann-
Roch theorem. One can find formulas for these numbers in the Appendix to [27], but
the only thing we will need in the present paper is that they can be expressed in terms of
S, H and the rank r and Chern classes ¢, ¢; of F. If F is torsion free, then a > 0, and
one defines the reduced Hilbert polynomial as

Pr(n)

pr(n) =

A torsion-free coherent sheaf F on S is called (Gieseker H-) stable if for all proper
subsheaves G C F, we have the inequality

pg(n) < pr(n)

whenever 7 > 0. Since the reduced Hilbert polynomials are monic and quadratic, stabil-
ity is determined by checking certain inequalities for the linear term and constant term
coeflicients. Note that stability depends on the ample divisor H, but we will fix a choice
throughout this paper.

Definition 2.9 (See [18]). — Let M, ., .,y denote the quasiprojective variety which corepresents
the moduly functor of stable sheaves on S with the invariants r, ¢, ¢s.

It is straightforward to compute the tangent spaces to the variety M, , .,), and the
interested reader can refer to Section 6.10 in the Appendix. A simple consequence of this
computation is the following well-known fact.
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Proposition 2.10. — Under Assumption S, M, ., ) s smooth of dimension
(2.10) const + 27¢y

where const only depends on S, H, r, ¢\ (the specific formula can be found in [27]).

2.11. Recall Assumption A of (1.6), which states that ged(r, ¢; - H) = 1. An im-
portant consequence of this assumption is the existence of a universal sheaf

<2'11) UUJIJZ)

\

M(Mmz) XS

which is flat over M, ., ), and has the universal property (2.13). In what follows, given a
coherent sheaf F on a scheme T x S, we will denote by F; its fiber over {¢} x S, for any
closed point ¢ € T. Then we have the following fact (see [18]).

Proposition 2.12. — Under Assumption A, M, ., .,y is a projective variety, which represents
the moduli functor of stable sheaves on S with the invariants r, ¢y, cs.

The functorial description of M|, ., ,,, entails the existence of natural bijections
1-to-1
(2.12) Maps(T, M) <> {coherent sheaves F on T x S, flat over T,
such that F, is stable with invariants (r, ¢, ¢y), Vi € T} / ~

for all schemes T. Above, we write F ~ F" if F' = F ® w;(L) for some line bundle £
on T, and ) : T x S — T denotes the standard projection. The word “represents” in
Proposition 2.12 means that the 1-to-1 correspondence (2.12) is given by

(2.13) {T LY M(,.,qm} . {J—" — (¢ x Ids)*(u(,,qm)}

Because of the equivalence relation ~ in (2.12), the universal sheaf U, , ., is not unique,
but may be tensored with any line bundle pulled back from M, ,, ).

2.13. TFrom now on, we will fix (7, ¢;) € N x H%(S, Z) and set

00
M: I_l M(V»CI»CQ)

9=—00

Note that the Bogomolov inequality implies that ¢, 1s bounded below by ';—rlcf
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We will write U for the universal sheaf on M x S obtained as the disjoint union of
the universal sheaves (2.11) over all ¢; we assume that the latter are compatible with each
other as ¢y varies, as explained in [27, Section 5.9]. This implies that the moduli spaces of
flags of sheaves that we will introduce in the next subsection also have universal sheaves
which are contained inside each other in the obvious way.

Because the universal sheaf U is flat over M, it inherits certain properties from
the stable sheaves it parameterizes, such as having homological dimension 1. Indeed, any
stable sheaf of rank » > 0 is torsion free, and any torsion free sheaf on a smooth projective
surface has homological dimension 1, see [18, Example 1.1.16]. The fact that this also
holds in families is made explicit by the following result.

Proposition 2.14 ([27]). — There exists a short exact sequence
(2.14) 0O->W-=>V->U—-0
with W and V locally free sheaves on M x S. In fact, we can take
(2.15) V=] 7. (U&7 O6H)) | & 73 (O(—nH))
Jorn>> 0, wherery : M x S — M and w9 : M x S — S are the standard projections.

2.15. A set partition is an equivalence relation on a finite ordered set. We will
represent set partitions symbolically, for example (x, y, z) will refer to the partition of a
3-element set into distinct 1-element subsets, while (x, , x) (respectively (x, x, x)) refers to
the equivalence relation which sets the first and the last element (respectively all elements)
equivalent to each other. The size of a set partition A, which is denoted by |A[, is the
number of elements of the underlying set.

Defination 2.16. — For a set partition A of size n, we will consider the scheme
(2.16) 3= {(.7:0 Cy F1 Cy, -+ Cy, Fo) stable coherent sheaves
Sor some xy, ..., x, €S such that x; = x; 1f 1 ~ j A}
where F' C F means that F' C F and F | F' = C,. If n =0, we write 35 = M.

We will often write

37[ == 3(,x1,...,x,,) and 3; == 3(,x,...,x)

Definition 2.16 should be read as “the scheme 3, represents the functor”
(2.17) Maps(T, 3;) o {ﬂags of coherent sheaves (Fy C F; C--- C F,)

on T x S, flat over T, such that Fy,, ..., F,,
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are stable with invariants (7, ¢;), Vi€ T,

together with the data in (a) and (b) below} / ~

where ~ is the equivalence relation induced by tensoring Fo, ..., F, by one and the same
line bundle pulled back from T. In the formula above, (a) and (b) refers to

(a) maps xy,...,x,: T — Ssuch that x;, = x; if ¢ ~j in A,
(b) line bundles L, ..., L, on T such that F;/F;, = T(L;), where ' : T —
T x S denotes the graph of the map x; : T — S from (a)

Proposition 2.19 will establish (by induction on #7) that the functor (2.17) is indeed
representable, which implies the existence of the scheme stipulated in Definition 2.16.
However, to keep our notation simple, we will denote points of this scheme as (2.16)
instead of the more complicated notation (2.17). In other words, all the constructions
from now on will be done at the level of closed points, and the family versions are left as
exercises to the interested reader.

2.17. If A is a partition on an n element ordered set, then we will use the notation
|A and Al

for the partition on the n — | element ordered set obtained by dropping the first (respec-
tively last) element of A. Then we may consider the maps

(2.18) 35 and 3
BM X S# 3)\| X S#

given by forgetting the first (respectively last) sheaf in the flag (2.16). The number # is 0
or 1 depending on whether the first (respectively last) element of A is or is not equivalent
to some other element of A. Therefore, the map 7_ (resp. ;) remembers the point x; € S
(resp. x, € S) if and only if # = 1. For example:

S(x,y,x,z) but 3(},96,96,/:)
T \L T_ \L
3()),)(,,5) S(x,x,z) X S

As 18 clear from the example above, in the case of the arrow on the left, there is no reason
to remember the point x € S “forgotten” from the set partition A = (x,, , 2), since it
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can be recovered from |A = (9, x, 2). In other words, our convention when # = 0 is that
7_ (resp. 4) composed with the graph of the map that remembers x; (resp. x,) yields the
analogous map 3; — 35, X S (resp. 3, — 33 X S) to the one we would have defined in
the # =1 case.

2.18. There exists a natural map p; : 3, — M which only remembers the sheaf
F: in the flag (2.16). We will write U; = (p; x Ids)*(Uf), and note that Proposition 2.14
implies that there exists an exact sequence

(2.19) 0->W -V —->U—>0

on 3; x S, where W, and V; are locally free. While the map p; is not flat, (2.19) is short
exact because all three of the coherent sheaves in (2.14) are flat over M.

In the following Proposition, we consider any set partition A of size n, and let 3,
denote the moduli space (2.16), whose points will be denoted by F, C --- C F,.

Proposition 2.19. — The map 7w_ of (2.18) can be realized as the diagonal arrow in

(2.20) 3 = P3,s(0) if#=1, and
INNL
3, xS
(2.21) 3, = P3, (I"™(V)) f#=0
)
3

(in the latter case, U = 3, — 3 X S is the graph of the function 3, — S that remembers the support
point we forget when going from A to |A) where — s the closed embedding cut out by the following
composition of maps of locally free sheaves on the projectivization:

(2.22) pOM) = p* (V) = O(1) i#=1, and
(2.23) (T (W) = p*(T* (V) =5 O(1) f#=0

The line bundle L, on 3;, s the restriction of O(1) from the projectivization.



HECKE CORRESPONDENCES FOR SMOOTH MODULI SPACES OF SHEAVES

Simalarly, the map 7w of (2.18) can be realized as the diagonal arrow n

(2.24) 3, = P sV ® ws) if#t=1, and

T )

BMXS

(2.25) 3, —— P3, (T W) ® wy)) ifH#=0

(we write ws for the canonical line bundle on S, and its various pullbacks) where — s the closed
embedding cut out by the following composition of maps of locally free sheaves on the projectivization:

(2.26) P (VY @ ws) — p* (WY ® ws) - O(1) if#=1, and
(2.27) P T (VY @ ws)) — p" (T OV @ ws)) = O(1)  if#=0

The line bundle L, on 3;. is the restriction of O(—1) from the projectivization.

Progf. — When A has size 1, the Proposition was proved in [27, Definition 2.5,
Proposition 2.8, Proposition 2.10], and the general case will follow the same logic. We will
prove the statements pertaining to 7_, and leave those pertaining to 77 as exercises to the
interested reader. Moreover, we will only prove the case # = 1, as # = 0 is analogous. We
interpret the Proposition as follows: having constructed 3, which represents the functor
(2.17) for the set partition |A, we must show that the scheme 3; defined as the closed
embedding (2.20) represents the functor (2.17) for the set partition A.

Recall that a map ¢ : T — 3}, x S consists of a flag

(2.28) FiCcFhHC---CF,
of coherent sheaves on T x S which are flat over T, together with maps
X1y X0y ooy Xyt T — S

and line bundles L, ..., £, on T such that F;/F;_; = TL(L;) foralli € {2, ..., n}, where
I'": T < T x S denotes the graph of x;. We write x, for the map T — S arising from the
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second factor of 3, x S and I'! for the graph of x;. Therefore, we may write
¢ = (¢ xIds)oT"!

where ¢ : T — 3, represents the flag (2.28). Then a map
T —P3,s(V1)

consists of the data of ¢ and x; as above, together with a line bundle £, on T and a
surjective homomorphism

19" (V1) — L

Finally, a map from T to the subscheme 3; of (2.20) consists of &, x1, £ and 7 as above,
such that the following composition vanishes:

" V) — ¢*(V) > L,
Since pull-back is right-exact, this is equivalent to a surjective map

P*U) > L1 & Tlo(pxIdy)*U)—~L <& THF)—L
By adjunction, this datum is equivalent to a surjection F; — I'}(£;) on T x S. Letting J

be the kernel of this surjection, this precisely completes the flag (2.28) to the flag (2.17).
By [27, Proposition 5.5], Fj is stable if and only if F is stable. OJ

2.20. Consider an arbitrary set partition A of size n and the scheme 3; of Defi-
nition 2.16. Let 77y : 3; X S — 35 and 7y : 3; X S — S denote the standard projections.
For each i € {1, ..., n}, we have the following short exact sequence on 3; x S:

(2.29) 0O-U_—-U—>AQ0Or =0
where A; = 77 (L;), and I'" C 3; x S denotes the graph of the map
pé 23, — S

that remembers the i-th support point «;. If ¢ and j are equivalent elements of the set
partition A, then I'' = I'V. We may upgrade (2.29) to the following commutative diagram
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of sheaves on 3, x S with all rows and columns exact:

(2.30) 0 0 0
0 —— U, U, B;i®Op —= 0
0 —— V_, \Z B; 0
00— Wi, W, B®ZIy — 0

0 0 0

where Zr. denotes the ideal of the graph I'' inside 3; x S, and the line bundle
(2.31) B, =17 (£:® p§(OH)) ) @ w3 (O(—nH)

is isomorphic to the quotient V;/V;_; due to (2.15). Note that B;|ri = A;|r = L,. In the
Proposition below, we will restrict the diagram (2.30) to I'! and T'".

Proposition 2.21. — Let A be a set partition of size n.

=) I pé is flat, then there exists an injective map of sheaves L, @ pé* (ws) > Whlr with
locally free quotient, such that the following composition vanishes:

(2.32) L, ®/7é*(ws) — Wolrt = Wolr

(4+) Ifpe is flat, then there exists an injective map of sheaves L' <> (V,|r)" with locally
ree quotient, such that the following composition vanishes:

(2.33) L' V)" = W)Y

In both_formulas above, the second arrows are induced by (2.19).

Remark 2.22. — The flatness of pé, ..., § 1s proved in Proposition 6.2 for any A
of size n < 3, but we expect it to hold for any set partition A.
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Proof — Let us first prove (—). Upon restricting (2.30) (for i =1) to ' : 3, —
35 X S, we obtain the following diagram of Tor sheaves with exact rows and columns:

(2.34) Uyl Ul Blr
Volrt & Vi Bilm
0
B) ® T on(Ir1, On) € Walr Wilr B ®Iri|r

V)

By ® T ory(Or1, Or) —— TonUy, Or1) — FTor Uy, Op) — B ® Tor(Or1, Or)

The injectivity of the maps denoted by < in the diagram above is due to the fact that
Wi, Vo, Vi, By are locally free, except for the injectivity of the horizontal map in the
bottom left corner, which follows from the fact that ¢/, has homological dimension 1 (see
(2.19)). We have the following fiber square:

Fl
3 —— 3. xS

s l J/ﬁéXIds
A

S —— SxS

The assumption that pg is a flat morphism implies that
T oy (Or1, Or1) = p" (T 01y (Oa, On)) = ps* (ws)

on 3;. The latter equality in the equation above is a standard and straightforward exer-
cise, which follows from the fact that S < S x S is a smooth embedding of codimension 2.
If we recall the fact that B, |1 = L, then we conclude that

<2.35) B] ® yOTQ(OFI, Orl) = E] ®pé*(a)b)

Since B ® 7 ory(Or1, Or1) injects into the kernel of Wy|r1 — V|, (as can be seen from
diagram (2.34)), this establishes the vanishing of the composition (2.32). The fact that the
sheaf

VVO|I“1

—— =K 1= By ® Zri |
L8 P (ws) er <W1|F 1 ®1r |r>

1s locally free follows from the facts that W, is locally free, and Zr: |1 has homological
dimension 1 (since it is the pull-back of the defining ideal of the codimension 2 regular
embedding A : S < S x S under the flat morphism pg¥).
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To deal with the (+4) case, let us restrict (2.30) (for : = n) to I'" and then dualize:

(2.36) Vieilp)” ==— Vlr)? =—— (B,Ir)”

| | |

Womilrn)Y =— W)Y =— (B, @ Zru|r)Y

The top-most row is exact, due to the fact that restriction and dualization preserve short
exact sequences of locally free sheaves. Because p¢ : 3, — S is flat, we have

Trolrn = p5°(R2) = (Zrole) " = p5°(T)

and the right-most vertical map in (2.36) is zero. Therefore, the rank 1 sub-bundle
(B,|r)¥ = L' embeds in the kernel of (V,[r)” — OV, |r)Y, thus implying the van-
1shing of the composition (2.33). Moreover, the quotient

Vn n v ~ V2
( £|r1) = Voeilr)

n

is locally free by construction. U

Remark 2.23. — A straightforward analogue of the proof given above shows that
statement (—) (respectively (+)) of Proposition 2.21 would still hold with the numbers
0, 1 (respectively n — 1, n) replaced by : — 1, ¢, for any i € {1, ..., n}.

2.24. We will now state certain geometric properties of several schemes 3; with
n=|A| <4, to be proved in Section 6. Let £ be the number of equivalence classes of A.

Definition 2.25. — The expected dimension of (a connected component of) 3; is
const + ¢o(Fy) + o (F,) + k&

jb?’(l?’gy (-FO CX] an -F;z) e-?))v

Moreover, consider the map 7 : 3; — M x S" which takes (Fy C,, -+ C,, JF,) to
(Fos 214« « - x,). In what follows, whenever we say that 3, is irreducible, we actually mean
that 7 ~'(Q) is irreducible for every connected component C of M x S".

Proposition 2.26. — 3,y ts smooth and vrreducible of expected dimension.
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Proposition 2.27. — 3,y ts smooth and irreducible of expected dimension. Moreover, the fol-
lowing fiber square is derived with excess:

(2.37) 30 — 3 FoC F1CoFy — FIC Fy
| | I |
30 ——= M xS Fo Co Fi /= (F1,%)

The excess bundle is Lo ® L' ® pi(ws), where 3. B S is the map that records x.

Proposition 2.28. — 3., 1s ... and irreducible of expected dimension. Moreover, the following
Sfiber square 1s deried:

(2.38) -5(9(,)}) —_— BQ)XS .F() fol C};.FQ — (.F] C);.FQ,X)
3w XS —= M xSxS (Fo Ce F1p) ——— (F1,x,))

Proposition 2.29. — 3,y &5 Lei. and irreducible of expected dimension. Moreover, the fol-
lowing fiber square s derived:

B(X,X,X)HS(?C,X) ‘/—-})folchQfo!}}%flcxj—-écxfﬁ

I I I

36y — 3w Fol FICFy ——— FICF

Proposition 2.30. — 3., and 3,y are L.c.i. and irreducible of expected dimension. More-
over, the following fiber squares are derived:

B(x,x,)/) - 5(;') xS »F()fol foQ C]f?} — (fQ C]fi‘%x)

| l I ]

3 XS —= MxSxS (Fo Co Fi & Fo,p) > (Fo, x,9)

3(},){,){) - 3(x,x) XS fO C)‘fl CXFQ C)cf% — (fl CX‘FQ fov.%_y)

| | | |

307)XSHMXSXS (FQC)/.F],X)}%(Fbx?)))

Proposition 2.31. — 3., ts Cohen-Macaulay and irreducible of expected dimension.
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Proposition 2.32. — 3 c.x. 15 l.c.1. and has two irreducible components of expected dimension.
Moreover, the following fiber squares are derived:

By — ey JoCGFICFo CFCFy > FICF CFCFy

b | I

3uy — 3w FoCoFiCoFy FiC.Fo
3(x,x,x.x) — s(x,x) ]:0 Cx ]:1 Cx ]:2 Cx ]:3 Cx ]:4— = f? Cx ]:3 Cx ]:4
3y — 3w FoCFICFCoFy s FyCo F

Proposition 2.33. — 3(.cp0 and 3. are Cohen-Macaulay and irreducible of expected
dimension. Moreover, the following fiber squares are derived:

B(X,xiy,x) > 3(,\‘,_)',)() FO Cx Fl Cx FQ Cy ~F‘3 Cx F4— > JTl Cx FQ Cy ~F‘} Cx F4

I | |

B0y — dw FoC FiCoFo Fic.F
3(1,},,\”,0 — 3(x,x) focx]:l C_;']:chf3cxf-1— = ]:2Cx]:3cx]:4
3ewn — dw FoC PG R CF s FCF

Finally, we will need the normality of some of the varieties 3;.

Proposition 2.34. — The scheme 3;. ts normal for any
(2.39) A€ {(x,y), (0, %,2), (%,, %), (0, %, ), (x, %,9, %), (%, 9, %, x)}

2.35. Letus consider the spaces 2),2)_, D, Y_, which parameterize diagrams

/\
\/

(2.40)



A.NEGUT

(2.41) F
N
Fo Fr e F
F
(2.42) F
VN
FO<$' Fi F3
7
(2.43) F
Fy—— F Fy e F,

N
N A

e

respectively, of stable coherent sheaves where each successive inclusion is colength 1 and
supported at the point indicated on the diagram. Strictly speaking, 2, 29—, D+, D+
are functors which associate to a scheme T' diagrams of flat families of stable coherent
sheaves (2.40), (2.41), (2.42), (2.43) on T x S, satisfying all the standard properties. On
these schemes, we have the line bundles with fibers

L;=T(S, Fi/Fi-1)
and where the notation is applicable, line bundles
L/=T(S.F/Fi)) or Li=T(,F/F_)
Note that
(2.44) L1Ly=L\L) € Pic(), Pic(Y_)
(2.45) LoLs=L,L; € Pic(Y4), Pic(Y-_1)
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2.36. Consider the maps

(2.46) 2 - D+ D+
7t 't at at
\ Y Y \
3(;«,}/) S(x,)',x) 3()(,)(,)}) 3(9{,){,_}’,)()

obtained by remembering only the middle and top part of (2.40)~2.43), and

2.47) 9 il 9, 9.
nt ' piad biad

\ Y \ \
3(},;«) S(y,x,x) 3(}(,_)/,)() 3(x,y,x,x)

obtained by remembering only the middle and bottom part of (2.40)—(2.43). In Proposi-
tion 2.37 we will show that the maps (2.46) and (2.47) are representable, which together
with Proposition 2.19 shows that the functors 2), 2)_,%2)+, 29— are themselves repre-
sentable. Let us first introduce some notation pertaining to ). The short exact sequence

0— U /U= F:(ﬁl) — Uy JUy —> Uy /U, = Fi(ﬁz) —> 0

consists of coherent sheaves on 35 x S which are flat over 3, = 3, ). Here and in what
follows, I'* and IV denote the graphs of the maps

Pobsi 3 =S

which record the points x and y, respectively. Let us write
3,x85 3

for the standard projection. Then the short exact sequence

(2.48) 0— L), — & :=pr,(Uy/Uy) — L3 — 0

consists of locally free sheaves of ranks 1, 2, 1, respectively, on 35. The composition
pr(€) ® Iy — pr(€) —> Uy /Uy —> T(Ly)

vanishes (on account of Z» being the ideal sheaf of functions which vanish on any coher-
ent sheaf of the form T'%(. . .)), and therefore induces a map

pri(&) @ Ipy — Uy /Uy = F:(ﬁl)
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By adjunction, this gives rise to a map

M (pr &) @ I'*(Ip) — L,
which can be rewritten as
(2.49) E® (ps x )" (L) — L

where Z, is the ideal of the diagonal A : S < S x S. Indeed, the identification I'*(Zy) =
(ps X ps)*(Za) stems from the fiber square

(2.50) 3, 3, xS

jfgl \LI%XIdS
S 2. 8xs

Proposition 6.2 asserts that the vertical maps are flat, hence Zry = (pg x Id)*(Z,).

The preceding discussion applies equally well to the spaces 9)_, 9., 2 _ instead
of Y (the sheaves Uy, Uy, Uy, L1, Lo must be replaced by Uy, Us, Us, Ly, L4 in the case of
Q)+ and ) _,, see the notation in (2.40), (2.41), (2.42), (2.43)).

Proposition 2.37. — With the notation above, we have

LT or L‘L

(2.51) 9 e Py (€)

l ,
altornt

3o

where " and t¥ are cut out by the following section:

2.49

o H® p* (B x P) (Tn)) —> p* (E® (b5 x )" (L)) ——> p* (L))

with H = Ker p* (&) — O(1). The same formulas hold for the spacesY) _, Y+, Y instead of ),
but replacing 3o by the corresponding spaces in (2.46) and (2.47).

Proof. — We will only prove the required statement for ), as the cases of 2)_,
2+, 2 are analogous (equivalently, they follow from base change in the derived fiber
squares (6.40)—(6.41)). Also, we will only prove the case of the map 7', as the situation is
symmetric by replacing (1, x, 9, £1, L) with ({,, x, £, £}). If we define the scheme Q)
by (2.51), then maps T — 2) are in one-to-one correspondence with
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(1) amap p: T — 39, i.e. a flat family of stable coherent sheaves (Fy C F; C Fy)
on T x S, together with line bundles L;, Ly on T and points x, y : T — S such
that F;/Fy = T*(L,) and Fy/F; Z T (Ly).

(2) aline bundle O(1) on T and a surjective homomorphism

(2.52) E— O(1)

where E = pr, (Fy/F;) with pr: T x S — T the standard projection. If we let
H denote the kernel of (2.52), then one requires that the composition

be 0, where x x y: T — S x S is the product of the maps in item (1).

We must show that any datum as in items (1)—~(2) above gives rise to a square (2.40).
Item (1) yields the commutative diagram with exact rows and column

0 —— pri(ly) —— pri(E) —— pri(ly) —= 0

R

0 — = (L) ——= Fy/Fy ——= [U(Ly) ——= 0

on T x S. The kernel of (2.52) gives rise to a sub line bundle H C E, and the question
is when T%(H) is a subsheaf of Fy/F; (this subsheaf would be F|/F,, and this would
complete the square (2.40) by constructing the bottom sheaf). It is easy to see that this
happens precisely when the following composition vanishes:

v:pr'(H) ® Iy < pr*(E) — Fy/F,

Since 7w o v = 0, the map v takes values in I'; (L), so the question is when the map
pr'(H) ® Iy — I'j(Ly)

vanishes. By adjunction, this happens when

(2.54) HI'"(Ip)— L,

vanishes. Since (x X »)*(Zp) = I'*(Zp) (as a consequence of the sentence preceding
diagram (2.50)), the vanishing of (2.54) is equivalent to the vanishing of (2.53). O

2.38. Now that we have defined the schemes ), ) _, 9+, YD _,, let us consider
their basic properties. An important fact is the following geometric observation.



A.NEGUT

Proposition 2.39. — The composition F,|Fo — Fof Fo — Fof F| (see the notation in
(2.40)) induces the following map of line bundles on ) :

(2.55) L, — L,

If we interpret this map as a section of L ® L', then its zero locus consists of

(2.56) [(Fo=F]=.
and is isomorphic o 3. The analogous result holds for P, D+, Y —+.

Proof. — By the functor-of-points description, a map from a scheme T into the
zero locus of (2.55) consists of a square (2.40) (of coherent sheaves on T x S, flat over T)
such that the corresponding induced map

(2.57) PY*(]‘—l/]‘—o) - PY*(«FQ/]:D

vanishes, where pr: T x S — T denotes the projection (here we have used the facts that
Fi/Fo=T(Ly), Fo/ F] =T (L)) and pr o I'" = Id). Because the sheaves F/Fy, and
Fy/F| are flat of length 1 over T, the map pr, is an isomorphism on local sections, hence

the induced map F,/Fy — Fy/F| vanishes. This implies that F; C F| as subsheaves
of F3, hence we obtain short exact sequences

0= F/Fol FIR S FIF -0

0= FIJF L FyF S FyF =0

The homomorphism f is an injection I'}(£,) — [*.(L£)), which implies that x = y as maps
T — S (the statement is local on both S and T). Since I'* is a closed embedding, I'} is an
exact functor and so the homomorphisms / and ¢’ induce line bundle homomorphisms
Ly — L) and Ly — L, on T. Since £,Ly, = L)L, = det& with € = pr, (F,/F), this
is only possible if the aforementioned line bundle homomorphisms are isomorphisms (in
other words, 1if @b 1s a unit in a certain ring, then both ¢ and 4 are units). Therefore,
we must have £, = L] as subsheaves of £, hence F; = F] as subsheaves of Fy, which
precisely yields a point of 3, . The analogous results for 2)_, ), 2 _. instead of ) are
proved by the same argument. UJ

2.40. The following results will be proved in Section 6. The expected dimension
of the varieties 2), 9)_, D+, P_ is defined to be the dimension of the respective spaces
on the bottom of (2.46) or (2.47) (which is equal to the actual dimension of these spaces
by Propositions 2.28, 2.30, 2.31, 2.33).

Proposition 2.41. — ) is smooth and irreducible of expected dimension.
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Proposition 2.42. — Y _ and )+ are l.c.i. and irreducible of expected dimension.
Proposition 2.43. — ) _ s l.c.1. and has two wrreducible components of expected dimension.
Using the results above, we will prove the following fact in Section 6.

Proposition 2.44. — The schemes ), D, D+, D are reduced.
Our main interest in the above geometric properties is the following result.
Proposition 2.45. — The map 7' : Q) — 39 = 3.,) has the property that

Os, ifi=0

2.58 RizN(Oyp) =
(2.38) O =10" s

The analogous properties hold for v+ . Moreover, the analogous properties hold with the scheme ) replaced
by the schemes Y, D+, V4 of (2.46) and (2.47).

Proof. — Recall from Proposition 2.37 that 7" = p o (", where (! is a closed em-
bedding and p : P3,(E) — 39 is a P'-bundle. Therefore, we have a short exact sequence

(2.59) 0 — Kernel = Op,, &) — 1(Og) — 0

of coherent sheaves on Ps, (). Because P3,(£) is a P'-bundle over 3y, we have
R0 (Opy,e) =0  Viz1
R'p,(Kernel) =0 Vi>2

(the latter equality would actually hold for any coherent sheaf on P3,(£)). Therefore, in
the long exact sequence in cohomology associated to (2.59)

-+ = R'p,(Op; 6)) = Rip, 01l (Oy) = R p,(Kernel) — - -

the spaces on the left and on the right are O for any : > 1. This implies (2.58) for : > 1. As
for the case ¢t = 0, let us recall the following well-known fact.

Claim 2.46. — Assume X s reduced, Y is normal, and f : X — Y s a proper morphism
with all fibers connected and non-empty. Then f,(Ox) = Oy.

Progf. — Stein factorization implies that we can express f as
g h
X—=Y—Y

with g,(Ox) = Oy and / a finite morphism. However, because the fibers of f = /1o g are
connected, so are the fibers of . Since / is finite, this implies that all the fibers of / consist
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of a single point, and the normality of Y implies that 4 is an isomorphism. We conclude

thatﬂ((’)x) = h, Og*((/)x) = }l*(Oy/) = Oy. ]

To obtain formula (2.58) for ¢ = 0, we apply Claim 2.46 for X = %2) (which is
reduced by Proposition 2.44), Y = 3, (which is normal by Proposition 2.34) and f = '
(which is proper by Proposition 2.37). Moreover, the proof of Proposition 2.37 shows that
the fiber of 1 above a closed point

(f() fol CJFQ)

is isomorphic to P' if x = y and F5/Fy = C%*, and is a point in all other cases. O

Remark 2.47. — All the results in Section 2 hold with the moduli space M re-
placed by the Hilbert schemes of points Hilb(S): all one needs to do is to replace stable
sheaves F by ideal sheaves Z everywhere. In particular, Proposition 2.45 shows that the
nested Hilbert scheme 39 = {(Zy C Z; C Z,)} has rational singularities, and 2) is the
blow-up of its singular locus (see the proof of Proposition 6.9).

3. Derived categories

3.1. Recall that all our schemes are projective over G. Consider the following:

D’(Coh(X)) = the bounded derived category of coherent sheaves on X
Perf(X) = the derived category of perfect complexes on X

We recall that a complex is perfect if it is quasi-isomorphic to a finite complex of locally
free sheaves of finite rank on X (this notion is usually called “strictly perfect”, although it
is equivalent to the more general notion of “perfect” on projective varieties). The natural
inclusion functor

(3.1) Perf(X) < D’(Coh(X))

1s fully faithful, and is an equivalence if the scheme X is smooth. We will write
Dy = Perf(X) = D’(Coh(X)) if X 1s smooth

The functors between derived categories associated to a morphism / : X — Y are

1) D!(Coh(X)) ﬁ) D’(Coh(Y)) if f is proper

2) Perf(X) UN Perf(Y) if f is proper and L.c.1.

)

)

3) D’(Coh(Y)) f—*> D’(Coh(X)) if f has finite Tor dimension

(
(
(
(4) Perf(Y) N Perf(X) if / is arbitrary
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The existence of the push-forward on the second line is non-trivial, and we refer
the reader to [33] for an overview. As for the pull-back on the third line, we note that we
always have a left derived functor

D~ (Coh(Y)) > D™ (Coh(X))

on the derived categories of bounded above complexes of coherent sheaves over projec-

tive schemes. However, in order to ensure that the functor /* takes bounded complexes

to bounded complexes, one needs a strong assumption, such as / having finite Tor di-
. . Oy—mod -

mension, i.e. 7 or; (Ox, —) =0 for all ¢ large enough.

Proposition 3.2. — Consider a derwed fiber square as in Definition 2.4:

3.2) VA ., X'
n l J/ n
7~ X
where 1 1s proper. Suppose that 7. — X and 7 — X' are closed embeddings cut out by regular sections
o and n* (o) of locally free sheaves W and n* (W), respectively. Then we have equivalences
3.3) Nt =0 : Perf(Z) — Perf(X')
(3.4) n, =0/ " DY (Coh(X')) — D! (Coh(Z))

The same equivalences hold if the regular embeddings v and \" are replaced by smooth morphisms such as
the projectivization of a locally free sheaf coming from X.

Progf. — The equivalences (3.3) and (3.4) are well-known to hold in the derived
category of unbounded complexes, as long as the maps n and ¢ are Tor independent:

(3.5) Tor X ™0, Ox. ) =0  Vi>1

for all points z € Z and x' € X’ which map to the same point x € X. Since ¢ is a regular
embedding, we may replace Oy . by the Koszul complex of the section 0¥ : WY — Ox .,
and so (3.5) 1s equivalent to the complex

oV 9 oV oV
[. o> A (WZ) ®OX.)¢ OX/,x/ — W)\(/ ®OX,,\» Ox/’x/ — OX’,x’]

being exact everywhere except at the right-most place. However, the above is none other
than the Koszul complex of the section n*(0) of the locally free sheaf n*(W), and its
exactness follows from our assumption that the section n*(o) is regular.
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Having established (3.3) and (3.4) at the level of unbounded complexes, the desired
conclusion follows from the fact that Perf and D?(Coh) are full subcategories of the de-
rived category of unbounded complexes, together with the fact that the pull-back and
push-forward functors associated to ¢, ', n, n’ are well-defined on these subcategories due
to items (1)—(4) that precede the statement of Proposition 3.2. OJ

3.3. Associated to a scheme X, we have the K-theory groups

Ky (X) = Grothendieck group of D’(Coh(X))
K°(X) = Grothendieck group of Perf(X)

If X 1s smooth, these groups are isomorphic and we will write
Kx =K,(X) = K'X) if X is smooth

Associated to a morphism f : X — Y, we have group homomorphisms f,, /* between
the various K-theory groups, as in the items (1)—(4) of Section 3.1. Moreover, (3.3) and
(3.4) yield equalities of maps between K-theory groups, under the assumptions in Propo-
sition 3.2. However, the following only holds in K-theory.

Proposition 3.4 (/13, Proposition 2.2]). — Consider a derwed fiber square with excess, as in
Definition 2.5. Then

(3.6) Cne=n, (AL - ) 1 Ko(X) = Ko(2)

where A*(L) = Zri%k L(— 1){[A'(L)] for the excess bundle L.

1=

Equality (3.6) is called the “excess intersection formula”, and it does not generally
lift to the derived category. One reason for this is that formula (2.6) does not naturally
give rise to a map s : L &> O whose Koszul complex categorifies A*(L). The case when
(3.6) lifts to the derived category, with the section being s = 0, is treated in [1] and linked
with the relation between 7 and the derived fiber product Z x3; X'.

3.5. Letusrecall the schemes 3; and 33 of Section 2.15. It was shown in [27, 28]
that these schemes are smooth (see also Propositions 2.26 and 2.27). Because of Proposi-
tion 2.19, the maps p+ and w4 of Section 1.3 are all proper and l.c.i., which allow us to
define functors

(3.7) 7(111,...,,1") :Dat = Dt

forall di, ..., d, € Z, according to the composition immediately after (1.8).
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Remark 3.6. — Analogously, one can define the transposed functor

(3.8 ]Nr(dl ..... dy) - Dat— Daaxs

by the composition going the other way (left-to-right):

QLI ﬂ_*ni QLD 71_*71_’;‘_ QLdn=r
D31 - D31 - D31 - D31 D31 - D31 - D31
T /’i (p—%xps ) \L
DM DMxS

QQn
followed by tensoring with (a)?(l_r) detd ) and shifting complexes by 7.

In Section 4, we will show that the functors ¢, 4, categorify the elliptic Hall
algebra introduced in [4]. Our main tool is the commutation relation between the func-
tors (3.7) that we stipulated in Theorem 1.4. To set up the relation, let us consider the
compositions (we will often write ¢, =)

7(([[ eeesdy) deSQ

(309> DM & DMXSQ _— DMXSIXSQ
Uy ... i) T xIdg,
(3.10> D_/\/t —__)DMXSI —)DMXS]XSQ

and denote them by ¢y, 4)0¢ and ¢, 0¢y, .4, respectively. In formulas (3.9) and (3.10),
we set S} = Sy = S, but we use different notations for the two copies of S to emphasize
the fact that the functor ¢,

‘e, takes values in the second factor.

4, takes values in the first factor of S x S, while the functor

,,,,,

Proof of Theorem 1.4. — We will begin with the case n =1, then n = 2 and finally
general n. The fact that the fiber square (2.38) 1s derived, combined with Proposition 3.2,
implies that the compositionse; 0'¢; and ¢; 0'¢; are given by the following correspondences,

respectively:
ik kpd
LILS L3L5
v v
3 (x,9) 5(,V,X)

MxSxS M MxSxS M
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Above, we write p}, ps for the maps 39 — S that remember the points x, y, respectively.
The way to interpret the diagrams above as functors is the following: start from Dy,
pull-back to 39, tensor by the line bundle on top, and then push-forward to D pqxsxs. For
example, in the case of the diagram on the left, ¢; o'¢; equals
(por X pe& X ‘)* Lk *
Dt < D Coh(3i,,) <ot Perf(3(,) & Do

Note that the middle arrow consists of tensoring with a line bundle, followed by the fully
faithful functor (3.1). This aspect is a necessary technicality, because the scheme 3 is not
smooth (in the case at hand, we could have gotten away with only using the category
D’(Coh) since the map p_ is an l.c.i. morphism, but we will apply the notation above in

situations where the morphism which plays the role of p_ will not be l.c.i.). Consider the
scheme 2, together with the maps (2.46) and (2.47):

2
N
B(XJ) 3 (%)

Because of Proposition 2.45, we have R*m}(Og) = 03, and R} (Oy) = 03, in
the derived category. Therefore, the compositions ¢; 0'¢; and ¢, o'¢; can be alternatively
given by the following correspondences:

cics cy'ey!

Y Y
MxSxS M MxSxS M

(the map that points left, respectively right, remembers the sheaf F, respectively Fy in
the notation of (2.40)). Recall from (2.44) the identity £,L£y = £} L), on ). The map of
line bundles £, — L}, of (2.55) gives rise to maps

LIk — £y ifd >k
(3.11) LILE £y ifd <k
Lick=rrey’ itd==k
which induces a natural transformation between the functorse; o'¢; and ¢, 0'¢;, as required

in item (2) of Theorem 1.4. In general, the cone of a composition of maps in any trian-
gulated category has a filtration with associated graded object given by the direct sum of
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the cones of the individual maps.” Thus, the cone of the maps denoted by — and <« in
(3.11) has a filtration with associated graded object given by the sum of the cones

()Cle»lfk‘C{Zd—a—l N ‘Cclsz‘C/Qd—a) ® (£1£2)k
withaelk,...,d —1}ifd >k

(‘C/la—dﬁlé—a <_£/1a—d+l£g—a—l) ® (E]EQ)d
withae{d,... . k—1}ifd <k

By Proposition 2.39, the cone of the maps denoted by — and <— above is precisely the
line bundle £2£47~* on the scheme 3., where a goes over the indexing sets featured
in either of the two situations above. The correspondence

E(fﬁg-ﬁ-k—(l
v
3(){,)()
N
MxSxS B M xS M

is precisely A, 0. 4+i—a), and this implies item (3) of Theorem 1.4. The proof of Theo-
rem 1.4 in the case n =1 is now complete.

Let us now deal with the case n = 2. The fact that the fiber squares in Propo-
sition 2.30 are derived, combined with Proposition 3.2, implies that the compositions
&0 = Cay.a0) © ¢ and gy ='¢; 0¢(y, 4,) are given by the following correspondences, respec-

tively:
[’?’1 ﬁ;’zﬁé ﬁ/lfﬁgl Eg’z
\ \
: 3 (x,x,9) ) 3 (y,x,x)
/7+% I P+% Xi\\
MxSxS M M xS xS M

The maps denoted by p; and p_ only remember the sheaves Fy and F3, respectively,
from points (Fy C --- C F3) of either 3, or 3,.y. We will also consider the functor

2 The analogous statement in an abelian category would be that, given a flag of objects V, C - -+ C V,,, the quotient
V,/Vy has a filtration with associated graded object given by the direct sum of the individual quotients V,;/V,_;.
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g1 : Dy = Davgxsxs given by the following correspondence

LoCiLy
\
, 3(9«,],9()
p+y X_\\
MxSxS M

Because of Proposition 2.45, the functors g, and g, can be given by the following corre-
spondences, respectively:

cicect  and oLy

\ \

D+ D+

| N

MxSxS M MxSxS M

while the functors g; and g, can be given by the following correspondences, respectively:
Lichey  and  LLYLY

\ N

Y- 9-

| N

MxSxS M MxSxS M

Depending on whether dy > £ or dy < k or dy = k, we obtain natural transformations
o — g1 0or gy < gy or gy = g by using the map (2.55) on the space Q) (cf. (3.11)). Similarly,
depending on whether d; > k£ or d; < k or d; = k, we obtain natural transformations
g1 = & Or g <— g or g = gy by using the map (2.55) on the space 2)_. This establishes
item (2) of Theorem 1.4. To prove item (3), one needs to proceed as in the n =1 case,
and we will present the detailed argument for the natural transformation gy — g; in the
case dy > k. The cone of this natural transformation arises from the cone of the map of
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line bundles
e (Lch— £yt

on ), which in turn has a filtration whose associated graded object is the direct sum of
the cones

L,

(3.12) E‘flﬁgﬁgﬁgdz_a ® <E — (’)) asa€lk,...,dy— 1}
3

The analogue of Proposition 2.39 for ) instead of Q) implies that the cone of the map
(3.12) is the structure sheaf of the subscheme 3, ., <> 2+ given by the condition x =
» and F, = Fj. Therefore, the cone in (3.12) is the correspondence E‘flﬁgﬁg’?“‘“ on
3er.n- Since the fiber square in Proposition 2.29 is derived, the functor D g — D agxsxs
induced by this correspondence is A, 0 €y, 0.4,+4—a), precisely as stipulated in item (3) of
Theorem 1.4.

Now that we have established Theorem 1.4 for n =1 and n = 2, let us tackle the

case of general n. Consider the functors gy =, ....4) © ¢ and g, =¢ 0 ¢y, ....4)- For any
tef{l,...,n— 1} let g denote the following composition:
Dm
®Ln—i+1 Tttt QL

D3 =~ D31 D31 = D31 I D31

1
/)*/

Perf(3 (x,9,%) )
®L
Db(COh(S(X,_)),X)))
P+
QLY b @L-
D3, D3 < D3, ... D3, =— D3,
\L (+ X ps)«

DMXS
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where we consider the maps p.+ and the line bundle £, as in the following diagram:

['mid F(S» fQ/Fl)
\ N
3(@/,9() ]:0 Cx ]:1 C), ]:2 Cy ]:3
p/ X_ / \
3 3 FCFA Fo Co Fs

The required statements about the natural transformations gy <> g; and g,_; <> g, are
proved just like in the case n = 2 in the previous paragraph, so we will not review them.
Similarly, the required statements about the natural transformations g;_; <> g; are all
proved just like in the case n =3 and : = 2, which we will now explain. According to
the diagram above, g| is given by the correspondence

L
v
L4 T £d2 3 L5
by XPEXPY i i b
MxSxS M

One should read the diagram above as inducing a functor D yf — D axsxs by composing
the pull-back and push-forward functors corresponding to the solid arrows, read right-
to-left, all the while at every step tensoring by the line bundle which is displayed with a
dotted line above every space. Similarly, g, 1s given by the correspondence

Yo,

mid

v

30 L" 3w L5

/\/\

Py XPEXPS

-

I

MxSxS M
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Because the fiber squares in Proposition 2.33 are derived, we may invoke Proposition 3.2
in order to conclude that g; and g, are given by the following correspondences:

LOLELELS  and  LOLELELY

\ N
3 (x,x,9,x) 3 (x,0,x,%)
MxSxS M MxSxS M

respectively. However, Proposition 2.45 applied to 2)_, implies that we may replace the
line bundles above on 3, ., and 3., by their pullbacks to 2)_, without changing
the correspondences. Therefore, the required natural transformation between g; and g
is induced by a map of line bundles

dy pds d: d k dy pd:
cictroict  and  LOcy) Rt

on P _.. The construction of this map, as well as the proof of the fact that its cone has
the properties stipulated in item (3) of Theorem 1.4, are achieved by using the map (2.55)
in the same way as we have already seen in the cases n=1 and n = 2. U

3.7. Atthe level of K-theory, the functors (3.7) and (3.8) give rise to maps

(3.13) ed,....dy) - KM — KMxS
<3.14) \f(dl ,,,,, dy) :KM — KMXS
forall d, ..., d, € Z. We also consider the power series of maps
(3.15) HEEDY =7 K= K127
k=0

defined as the composition

T o(1/(~1
+ . pull-back multiplication by A (M (¢7'=1)/ .z)
I (2) : Kpm — K Krixs

Above, recall that U is the universal sheaf on M x S, and ¢ = [ws] € Kg (we abuse
notation and use the symbol ¢ also for the pull-back of the canonical line bundle to
Kixs). The meaning of the wedge power is the following. Proposition 2.14 allows one to
write [U] = [V] — [W] € Krqxs, where V and W are locally free sheaves. Since the total
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exterior power is supposed to be multiplicative, we define
o(V o (W
A.(U@”——n)_/\(a)A (%)
AR
z zq

rank V i
where A°® <X> = Z [(/::)3

< =0

€ KMXS(z)a

We showed in [27] that the operators (3.13), (3.14), (3.15) satisty the relations

(3.16) Al (—3-0A> (Z %) P (w) = A (—%-(’)A) hi(w)<

K
(\z»|§

4

)
%)

where O, is the K-theory class of the diagonal inside S x S. We will now work out some
relations among the operators (3.13) and (3.14).

k

(3.17) A (-% : OA) (kig) P (w) = A (—% : OA) 1= (w) <
NS (A (2 = b (w)
o [ 8 R0 (25) ()

WK
<7\:»|;»ﬁ

k

Proposition 3.8. — We have the following identities of operators Ky — Kaqxs:

(3.19) €l st €l o) | | styneed) T €= 41

Joralld,, ... ,d, d,...,d, €Z. Theanalogous formula to (3.19) holds with the ¢’s replaced by s,
once one replaces the product in the LHS by the opposite product.

Proof. — We will prove (3.19) for n =" = 1, and then the general case will be
clear, in light of the fact that the operators (3.13) arise as successive push-forwards and
pull-backs between 3; and 3 (cf. the diagram after (1.8)). Consider the diagram

T p—

(3.20) 35 3 M

T+ J/ l b+Xps

pxps
31— MxS

b+ Xps J/

M xS
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with the notation as in Section 1.3. By a simple diagram chase, we have

ciea = (s x )2 (L7 (0= X )" 0 (s X ). (L7 -p7)

By Propositions 2.27 and 3.4 (the latter Proposition applies because all the maps in (3.20)
are closed embeddings followed by smooth maps), we have

* ,ng *
(p— X ps)™ 0 (p1 X ps)s = T4y [(1 - £—> '7T:|
1

Therefore, we have

L -
eier| = (P4 X ps)« {Ed ST s |:(1 — —2q> - (ﬁd ~p_)“
A L,
and it is easy to see that the right-hand side is ¢ ) — ¢ - ¢—1,041)- [

As an immediate consequence of Theorem 1.4, we conclude that the operators
(1.11) satisty the identities (1.12) of operators Ky — K axsxs, as well as the opposite Lie
bracket relations for the commutator of f, 4, with /.

4. The A action

4.1. We will now recall the algebraic structure that governs the composition of
the operators (3.13), (3.14), (3.15). Our presentation will be an adaptation of [4] and [30].
Consider two formal parameters ¢, and g9, let ¢ = ¢,¢» and define

(l=1+q¢ "'+ +¢""
Throughout this section, we will often encounter the ring
4.1) K=24", ¢ T .0
where Sym refers to Laurent polynomials which are symmetric in ¢; and ¢».
Definition 4.2 (/30]). — Consider the K-algebra A with generators
{Ep, Fro Hy iez sen

modulo the fact that the Hs all commute, and the following relations

w

(4.2) (z—wq)(z—wg) (z — ;) EREw) =

w w
_ (Z_ _) (z_ _> (c — wg) E@)E()
A 92
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4.3 (2 — wq) (e — wg) (z - %) E(H* () =
= <Z — E) (Z — E) (Z — wq) H*(w)E(2)
q1 92
(4.4) [[Ers1, Eri], E.] =0 VkeZ

logether with the opposite relations for ¥ (2) instead of E(2), as well as

H*(z) —H™
4.5) [EG). Fw) =6 (=) (1= g1 —q»( L) (w))
-9
where
E F — H’
Bo=> = Fo=) o H@=) 3
hez © kez © = <

We will set Hi = 1 and Hy = ¢', and note that ¢ is a central element of A.

4.3. The algebra A is known by many names, including the Ding-Iohara-Miki al-
gebra ([8, 22]), the double shuffle algebra ([12]), the stable limit of trigonometric DAHA
([7]), and many other incarnations in representation theory and mathematical physics.
However, the main description we will be concerned with is that of the elliptic Hall alge-
bra of [4]. Specifically, the following is the main theorem of [30].

Theorem 4.4. — Define the elliptic Hall algebra ([4], see [28, Theorem 3.5] for our conven-
tions) to be generated by elements {E,, 1}, nez2\ (0.0, modulo the relations

(4.6) [En,k’ En’,k’] = (1 - ql)(l - ‘]2)
LY m=ntd Y h=k R
Z E, i - E, . - coeff

' K x(nr k) e (g, k) o (n, F)

Sorany (W', K'Y (n, k) (the notation ~ means that (n, k) can be reached clockwise from (', k') without
crossing the negative y axis) and certain scalars coeft € K.

Then upon localization with respect to the element (1 — q,)(1 — ¢o) € K, the algebra A becomes
wsomorphic to the elliptic Hall algebra via the assignment

E
= E=Tc
s <
1 + Z[:l (E(L;E:é[

(4.7) E_ i =E;, E,,=F,
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We will henceforth abuse notation and refer to E, ; as elements of A. If the triangle
with vertices (0, 0), (n, k), (n+ #', k + k') has no lattice points inside and on any of the
edges, then (4.6) takes the following simple form:

(4:.8> [En,/n Eﬂ/,k’] = _(1 - 91)(1 - QQ)EnJrn’,kJrk’

Formula (4.8) shows how, after inverting (1 — ¢,)(1 — ¢2), any E, ; for ged(n, k) = 1 can
be obtained from successive commutators of E, ; (there is a similar formula in [4] which
deals with the non coprime case, see [28] for our conventions).

Remark 4.5. — Another important case of (4.6) is when (n, £) and («, £') are pro-
portional. In order to state the relation, let us set for any coprime integers n, &

00 Pm\,\ 00 Em,
exp (—Z sxflm> =14+ Z (—x/;

s=1 s=1

Then the elements P, ; € A defined by the formula above are multiples of the generators
considered in [4] (see [26, Section 2.6] for a formula of the precise multiple). In terms of
the P, ;’s, formula (4.6) when (n, k) and (', £') are proportional reads

s(—sign n) (1 — ¢~y
l—qg

(4.9) [Pn,kv Pn’,k’] - 824»;1’(1 - qi)(l - qg)

where s = ged(n, £). In all representations of A considered in the present paper, we will
set ¢ = ¢ for a natural number r (called the “level” of the representation) and therefore
the fraction in (4.9) is an element of K. As a consequence of this fact, we conclude that
the algebra A contains a deformed Heisenberg algebra for each slope %

4.6. In [24, Proposition 6.2], we defined elements (albeit denoted by X, )

4.10 {E } c
( ) (dy,..., dy) J ez ./4

,,,,,,

for all dy,...,d, € Z. It is an easy exercise to show that we have the following property
foralld,...,d,d|,...,d, €Z (see [24, Proposition 6.5]):

(4.11) EuaBaqnt)) = Lty oty = 4 B cd= 1,041,000

Meanwhile, we have for all (n, £) € N x Z (see [28, Proposition 2.3]):

(4.12) E_, = ¢h-1E

@™ i)
where

(4.13) d" = Pﬁ-‘ — V(i_ 1)-‘ +5— 8

n n
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for all 2. As shown in the proof of Proposition 2.3 of loc. cit., any E,,
as a linear combination of products of E_, ;’s using relation (4.11).

4,) can be written

.....

Remark 4.7. — Analogously, one can define elements I
4y by replacing E_, ; with E, ; in (4.12).

4y € A instead of

,,,,,

yeeey

The elements (4.10) were constructed using the isomorphism between A and a
double shuffle algebra (see [24]), and this allows us to prove the following.

Proposition 4.8. — Forany d,, . . ., d,, k € Z, we have (note that E,y = E;)

(4.14) [E....d» Eel = (1 = q)(1 — ¢2)

n - Zk§a<dl‘ E(dl»~-~~,di—l»a>ﬂ'i+k*fl,fli+l ~~~~~ dy) yfdi >k

2

=1

Y tack Bt ot aditimadirdy A<k
There is no summand corresponding to any @ for which d; = k.

Proposition 4.8 may be proved by embedding the negative half of A (i.e. the sub-
algebra generated by {E;};cz) in the algebra A, of [5] via the last formula of loc. cit.
Alternatively, we recall that the elliptic Hall algebra A acts on the K-theory group of the
moduli space of rank » framed sheaves on P? ([11, 31], see [25] for our conventions).
This statement may be interpreted as an equivariant version of the results in the present
paper, and our proof carries through in the equivariant case. Therefore, (1.12) implies
that relation (4.14) holds in the level r representation of \A. Since any non-zero element

of A acts non-trivially in some level r representation for r large enough, this implies that
relations (4.14) hold in A.

Proposition 4.9. — Relations (4.2) and (4.4) both_follow from (4.14).
Progf. — Taking the coefficient of 27w ™ in relation (4.2) shows it is equivalent to

1 1 1
E,sE,— <91 + ¢+ ;) E, o, 1+ <q_ + q_ + Q) E, B —E,E, 3=
P

| 1 1
= EnEm+3 - (q_ + q_ + q) En+1Em+2+ (% + 4o + ;) En+2Em+1 _En+3Em
1 2
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for all m, n € Z. We may rewrite the relation above as

1
|:Em+3En — E,qob, 1 (E +1+ C]) +

1

+E, 1B (_ +1+ Q) - EmEn+3:|_
q

1

- |:EnEm+3 —E1Eppo (; +1+ ‘]) +
1

+ En+2Em+1 (_ + 1 + q) — En+3Em] =
q

En Em : Em Eﬂ p
= =gl —q) <% —E,9E,1 — E,0E,. 1 + g)

q

In the right-hand side, we may convert every E, E, into E,, ,, — ¢E(u—1.,+1) using relation
(4.11), and so the formula above becomes equivalent to

1
[EerSv En] - (; + 1 + Q) [Em+2’ En+l]+
1
+ (; + 1 + q) [Em+la En+2] - [Enn En+3] = (1 - C]l)(l - 92)

1
[(E(n+1,m+2) + Egut1.042) (; + q) — Eqnts—

- E(ﬂ+2,m+l) - E(m+2,n+l) - E(m,n+3):|

It is easy to check that the formula above follows by applying (4.14) to the four Lie brack-
ets in the left-hand side. As for (4.4), it follows from the fact that

[Ei—1, Bl = Eg1 601 + Eaep
together with
[Eg—16+1) + Enys Bl = [Eg—1 1), Bl + [Egp, Bl
= Eg—1h+1) = Eg-16441) =0
both of which are special cases of (4.14). O
4.10. We would like to compare the abstract algebra elements E¢;, . 4y € A of

the previous Subsections with the explicit maps ¢y, 4 : Ko = Kagxs from Section 3.7.
The goal would be to say that we have an action of the algebra A on Ky, but this
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statement requires care: taken literally, having an action means that any element of A
gives rise to a homomorphism Ky — K. In formula (3.13), we see that this is not
quite the case, so we must adapt the notion of “action”.

Defination 4.11. — For any group homomorphisms x, y : Kpg — Kpyxs, define

y xxIdg A*
@’|A = {KM — K./\/le — KMXSXS — KMXS}

where A 2 M xS — M xS x S is Id g times the diagonal embedding. Also define

9 x><IdS2
[x,))] = KM - KMXSQ — KMX51XSQ -

x yxldsl
- KM - KMXS] — KMXS]XSQ

where S| = So =S, but we use different labels in order to emphasize the fact that x takes values in the
Surst factor of S and y takes values in the second factor:

The notions in Definition 4.11 satisfy associativity, in the sense that
(4.15) (0]a)zla = x(0z|a)a

as homomorphisms Ky — Kuxs. Therefore, we will unambiguously use the notation
x9z| . We also have the following version of the Jacobi identity

(4.16) [[x, 0], 2]+ [, 2], 4] + [[z, 2], 2] =0
as homomorphisms Ky = Kafxsxsxs-
Definition 4.12. — If two homomorphisms x, y : Kpg — Kpaqxs satisfy
(4.17) [x,9] = Ay o0z
Jor some homomorphism z : Kpg — Kngxs, we will write
(4.18) [%, p]wea = 2

Note that formula (4.18) s unambiguous, since A, : Ks — Ksys 5 mjective (as it has a lefi inverse
guwen by projection to the furst factor), and so z in (4.17) 1s unique.

We have the following version of the Leibniz rule

(4'19) [x’_yzlA]red = [xa))]redzlA +))[X, 5]red|A
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which is an equality of homomorphisms K4 — Ky xs. Formula (4.19) follows from base
change in the derived fiber square

S % _§xs (Ids x A)* o (A x Idg), = A, 0 A

A \[ \[\Axlds

Idg x A
SxSt—— SxSxS

and we leave the details to the interested reader. Similarly, (4.16) implies

(4-20) [[xa_y]rcda 5]rcd + [[_)), z]rcd’ x]rcd + [[57 x]rcda)}]rcd =0

as homomorphisms Ky — Kxs.

4.13. For the remainder of the paper, the parameters ¢, ¢go over which the alge-
bra A is defined will be reinterpreted such that

q1 +6]2=[Qé], 7= q1¢> = [ws]

While ¢y, g9 are not themselves well-defined in Kg, any symmetric Laurent polynomial in
¢15 ¢2 1s indeed well-defined. In other words, we obtain a ring homomorphism

K—)KS

where Kis the ring (4.1). In order for the ring homomorphism above to be well-defined,
we need the quantity 1 +¢~' + -+ + ¢7"*! to be invertible in Kg, and the solution to
achieving this is to work with K-theory with Q coefficients (indeed, ¢ is unipotent in Kg,
sol+¢ '+ 4 ¢ """ is equal to n times a unit). Define

[X,Y]
(I =g =¢q)

for all X, Y € A, and note that the right-hand side is well-defined due to the fact that all
commutators in the algebra A are multiples of (1 — ¢;)(1 — ¢o), see (4.6).

(4‘21) [X’ Y]red =

Definition 4.14. — An action A ~ Ky ts an abelian group homomorphism

(4.22) A" Hom(Kup, Ktxs)
such that for all X, Y € A, we have
(4.23) P(XY)=DdX)P(Y)|a

<4'24) [CD(X)7 cD(Yv)]red = CD([Xa Y]red)
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The compatibility between relations (4.23) and (4.24) is visible when restricting the
latter formula to the diagonal A : M x S — M x S x S, as follows:

XY — YX
(4.25) OX)D(Y)[p — PY)P(X)|s = A*A, [ob( )] —
(I =q)(—¢q)

) A N sus) = PXY = YX)

< XY — YX
=
(I =g —¢q)

Because the normal bundle Nx.gc.sxs 1S isomorphic to the tangent bundle to S, hence
the exterior algebra of its dual equals (1 — ¢)(1 — ¢o) = [/\‘(Qé)].

Theorem 4.15. — There exists an action A ~ Ky as in Definition 4.14, where

O (Ew....a)) = €a.....q,) and P ¥, a)) =far....d)

Moreover, the series HE(z) € A of (4.7) act by (3.15).

Progf. — Recall from [4] (see [28] for our notations) that a K-basis of A is given by
<4:.26> Ev == Eﬂlykl “e Ent,k[

as v ={(ny, k), ..., (n, k)} goes over all convex paths of lattice points, 1.e. such that the
slopes £;/n; are ordered clockwise starting from the negative y axis (formula (4.9) implies
that E,; and E, » commute if (n, k) € R.o(#, k'), so we may order them arbitrarily).
Thus, we define the action ® : A — Hom(K, Kpagxs) by

(4.27) ®(E_,,) = qgcd(n,k)—lg(d;n,k) _____ gy of (3.13)
(4.28) O(E, ) = ¢ Sy o, of (3.14)

,,,,,

for any n > 0, k € Z, where dl-(”’k) are defined in (4.13). Moreover, we have

pull-back multiplication by AU
O(Eop) : Ky —— Kyxs —— Kuxs

Then requirement (4.23) forces us to set
CI)(EU) = q)(Enl,/q) o CD(En,,k[) A

Together with K-linearity, this completely determines ®.
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Claim 4.16. — For any lattice points (n', K'Y (n, k), we have

(4.29) [®E,LD, PE, ) ]ea=
tZI,Z;Zl nl’:n—&-n/,Zle ki=k+k
= > ®(E, 1) ... P(E, )| - coeff

A
' K (my k) e (g k) ()

where the coefficients in the right-hand side match the analogous ones in the right-hand side of (4.6), but

with q, and qy interpreted as the Chern roots of $2s.

To conclude the proof of Theorem 4.15, we must show that relations (4.29) imply
that @ satisfies properties (4.23) and (4.24); we will only take care of the former of these, as
the latter is analogous and so left to the interested reader. We will use the “straightening”
argument of [4]: one may define the elements (4.26) of A for an arbitrary path v of
lattice points. The convexification of v is the path consisting of the same collection of
lattice points, but ordered in clockwise order of slope, starting from the negative y axis.
The area of a path, denoted by a(v), is defined as the area between the path v and its
convexification. Therefore, we will show that

4.30) O(E,) = DB, 1) B(E,)|

holds for an arbitrary path v, by induction on a(v) (this claim will establish (4.23)). The
base case 1s when a(v) = 0, i.e. v 1s already convex, in which case (4.30) 1s simply the
definition of ®(E,). A non-convex path v may be written as

V= { ooy (s K3)y (nigrs ki), - - }

for some 7 such that &;/n; < k11 /n;41. Let v” denote the path obtained from v by switching
the lattice points (n;, ;) and (n,11, ki41). It is elementary to observe that a(v’) < a(v), and
moreover the straightening argument of [4] shows that

(4.31) Ey=Ey+ (1= q)(1 =) Y Ey - coeff

v//

where the sum goes over paths with a(v”) < a(v), and the coefficients are induced from
(4.6). Because of (4.29) and the induction hypothesis, we have

(4.32) DB )P ) - ‘A = O(E) + A WNYeiss) Y D(Ey) - coefl

v

with the coefficients in the RHS being the same ones as in (4.31) (indeed, the two com-
putations (4.31) and (4.32) take as inputs (4.6) and (4.29), respectively, so it should be no
surprise that they produce the same coefficients). Formula (4.32) yields the induction step
of (4.30), which as we have seen establishes (4.23).
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Proof of Clavm 4.16. — Let us first give a slightly imprecise argument. By Theo-
rem 4.4, the commutation relations (4.6) can be deduced from relations (4.2)—(4.5). As
the latter hold with E, F;, HF replaced by ¢ = ®(Ey), f; = ®(Fp), £ = ®(HF) of Sec-
tion 3.7 (this fact was proved in [27]), one might conclude the claim.

The imprecision in the previous paragraph is that, strictly speaking, Theorem 4.4
requires one to invert the scalar (1 — ¢;)(1 — ¢2). When ¢, and ¢y are set equal to the
Chern roots of Q, this scalar is manifestly a zero divisor, so inverting it is off the table.
However, the ace up our sleeve is the operation (x,») — [, y].q for homomorphisms
x, 9 : Ky = Kxs, and its counterpart (4.21) for elements of 4. We thus revisit the
argument of [30], which consisted of the following main steps:

(1) Define E, ; € A as iterated reduced commutators (4.21) of Ex;,; € A via (4.8)
(and its generalization to the case when ged(n, £) > 1, see [28]). In the geo-
metric case, we emulate this procedure and define ®(E, ;) : Ky — Kaxs as
iterated reduced commutators (4.18) of ®(Ey, ) : Ky = Kagxs.

(2) Show that relations (4.6) among the elements E, ; € A thus constructed can be
obtained from relations (4.2)—(4.5). While combinatorially quite involved, this
part of the argument of [30] only uses the Lebniz rule and Jacobi identities.
By (4.19) and (4.20), the same argument therefore applies equally well to show
that relations (4.29) among the operators ®(E, ;) : Ky — Kayxs can be ob-
tained from the geometric counterparts of relations (4.2)—(4.5), which we know
to hold.

The only thing that remains to be proved is that the operators ®(E, ;) constructed
as in item (1) above match the operators in the right-hand sides of (4.27) and (4.28). This
happens because relations (4.11) and (4.14) in A are matched by relations (3.19) and
(1.12) between operators Ky — Kgxs. 0J

5. Dimension estimates

5.1. The main purpose of the present Section is to obtain certain estimates on the
dimensions of various strata of the schemes 3, of Definition 2.16, when n = |A| < 4. In
what follows, the dimension of a scheme will refer to the maximum of the dimensions
of its irreducible components. Consider the map

3, > MxS"

which takes a flag (2.16) to (F,, x1, ..., x,). The target of this map is smooth but dis-
connected, with the dimension of its connected components depending linearly on the
second Chern class of . Thus, the phrase “dimension (resp. number of irreducible com-
ponents) of 3;” will refer to the dimension (resp. number of irreducible components) of
7~ '(C) for any fixed connected component C of M x S". The analogous terminology
will apply to locally closed subsets of 3;.
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5.2. Any stable sheaf F of rank > 0 on a smooth surface is torsion-free, hence it
injects into its double dual F < F. The double dual is a reflexive sheaf, hence locally
free (over a smooth surface). Therefore, we have an injection

(5.1) FesV

with V locally free. Assumption A implies that J is stable iff V is stable (see [27, Propo-
sition 5.5]), and since stable sheaves over an algebraically closed field are simple, this
implies that the inclusion (5.1) is unique up to constant multiple. The quotient V/F is
supported at finitely many distinct closed points i, ..., x; € S, hence

(5.2) VIF=Q, @09

where Q; is a finite length sheaf supported at the closed point x; € S. The length &; of the
sheaf Q; will be called the defect of F at the point x;, since it measures how far F is
from being locally free in the vicinity of x;.

Definition 5.3. — Let Quot, denote the moduli space of quotients of a rank r locally free
sheaf V), which have length d and are supported at a given closed point x € S.

As the notation suggests, the variety Quot, does not depend (up to isomorphism)
on the choices of V, x, S, as long as the latter is a smooth surface.

Theorem 5.4 (/2, 9]). — If d > 0, Quot, is irreducible of dimension rd — 1.

In order to produce a stable sheaf F with prescribed defects at distinct points
X1, ..., % €S, one must start from a stable locally free sheaf } with invariants (7, ¢;), and
mo‘dlfy it according to a point in the irreducible algebralc variety Quot, X - + X Quot,, .
This means that the locally closed subscheme which parameterizes sheaves with defects
dy, ..., d at given distinct points xj, . .., x; (and no defect anywhere else) has codimension

r(dy+---+d)+kin M x S~
5.5. Recall the schemes introduced in Definition 2.16, namely
(5.3) 3= {(}—0 Cp F1Cpy -+ Cy, Fu) such that p; = p;if i ~j in )\}

where A is a set partition of size n. Assume that the set partition A consists of £ distinct
parts with multiplicities 7, . . ., 7, and we will use the notation x4, ..., x; for the points of
S corresponding to the distinct parts of A. All the sheaves in a flag (5.3) have isomorphic
double duals, hence they are all contained in one and the same locally free sheaf V.
Therefore, we let

<5.4> iefdl ..... dj C 3)\‘
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be the locally closed subscheme where the support points ¥, ..., x; € S of the flag (5.3)
are all distinct, and the sheaf F, has defect 4; at the point x; for all 7 (note that F, may
have arbitrary defect at points different from x, ..., x;).

,,,,,

V= Quyy—» = Qy

where V is locally free, and the sheaves Q. . . ., Qg have lengths d + n, . . . , d, respectively, and are
supported at one and the same given closed point x € S.

We will give an explicit construction of the schemes Quot, ., in the next sub-
section, as well as some dimension estimates when n < 4 (as opposed from the scheme
in Definition 5.3, their dimensions grow wildly for large 7, and they are far from being
irreducible). The construction will not depend on V, x, S, and it will be clear that the
same principle as in the previous subsection applies. Namely, in order to construct a flag

(5.3) which lies in the subscheme (5.4), one

(1) chooses distinct points xy, ..., x, €S
(2) chooses a stable sheaf V which is locally free at xy, ..., x
(3) chooses a point in the variety
QUOtdl ..... dy+n XKoo X QUOtdk,...,d/fl*ﬂ/£
(n; denotes the multiplicity of x; in A) which determines the sheaves Fo, ..., F,
as modifications of V in the vicinity of the chosen points xi, ..., x;.

More rigorously, the discussion above implies the following.

Lemma 5.7. — The scheme 35" % is locally isomorphic to

,,,,,

As a consequence of Lemma 5.7, we obtain the following result (recall the conven-
tions of Section 5.1 when discussing dimension and the number of irreducible compo-
nents of locally closed subsets of 3;, such as 3

Corollary 5.8. — For any sequence of defects d,, ..., d, > 0 and any set partition A whose

parts have multiplicities ny, . .., n; € N, we have
(5.5) dim 35" % = const 4 (e84 ) 4 k4
k

+ Y (dimQuot, ., +1— 2rd; —m)

=1
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where c&§™, ¢ are the second Chern classes of the sheaves labeled Fy and F, in (5.3), and const is the
same constant that appears in (2.10).

Proof — Because the second Chern class of the stable sheaf V (defined in item (2)
before the statement of Lemma 5.7) is

k k
last first
0=1cy — E d; = ¢, —E (d; +ny)
=1 =1

the dimension of the moduli space parameterizing V is

k
const + r(cgrSt + & —r Z(Qdi + n;)
i=1

The choice of the support points x4, ..., x; adds 24 dimensions, and the choice of flag
Fo C--- CF, CV with the given defects adds Zle dim Quot, .., dimensions to our
estimate (according to item (3) above Lemma 5.7). UJ

3.9. Let us now describe the schemes Quot, and Quot, ., explicitly. Since
these do not depend on the choice of the locally free sheaf )V, or of a closed point x on a
smooth surface S, we may as well consider V = 0%, S = A? and x = (0, 0). Therefore,
we have

Quotd:{Off{ — Q, length Q=d, supp Q=(0, 0)}
Quot,  4,= { OF — Qi — -+ — Qy, length Q;=1, supp Q,=(0, 0)}

As vector spaces, we may consider isomorphisms Q; = C', and the Q42 = C[x, y] module
structure on Q; can be packaged by providing two nilpotent commuting endomorphisms
X,Y € End(C"). A surjective homomorphism (’)f{ —» Q; is the same datum as r vectors
vy, ..., v, € G' which are cyclic. Recall that cyclicity means that the vector space C' is
generated by polynomials in X and Y acting on linear combinations of v, ..., v,. In
other words, let us construct the ¢ X r matrix

v=(v,...,v,) € Hom(C', C)
and let Endy(C’) denote the variety of nilpotent endomorphisms of G’. Then
Quot, = {(X, Y. v) € Endy(C%) x Endg(C?) x

x Hom(C’, Cd) sit. [X,Y]=0, v Cyclic}/G
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where we take the quotient by the G = GL, action in order to factor out the ambiguity
of the chosen isomorphism Q = C. Explicitly, g € G acts by

X,Y,v) ~ (gXg ', gYe ™", gv)

and the cyclicity of v implies that the G action is free. The quotient by G is geomet-
ric, because the fact that we restrict to the open subscheme of cyclic triples (X, Y, v) is
precisely equivalent to restricting to the locus of stable points (as in geometric invariant
theory) with respect to the inverse of the determinant character. Similarly,

(5.6) Quot, ., = {(X, Y, v) € Endy(C" — -« — €% x
x Endy (G — -+« — €Y x

x Hom(C', G*") s.t. [X, Y] =0, v cyclic} /P

where Endy(C*™ — - - - — C7) denotes the variety of nilpotent endomorphisms of G¢*"
which preserve a fixed flag of quotients of the specified dimensions (and P C GL,, de-
notes the subgroup of automorphisms with the same property). If one is apprehensive
about taking the quotient of a quasiprojective algebraic variety by the non-reductive
group P, then one must employ the following trick. Instead of fixing a flag of quotients,
let it vary and replace the datum (X, Y, v) by

(X’ Y’ v, Cd+n - Vd+n—1 s T Vd)

where dimV; =7 and the maps X,Y € Endy(C"™) are required to preserve the flag
{Vi}li<izi+n. Then the P quotient should be replaced by a GL,;, quotient. We will refrain
from making this modification, so as to keep the presentation clear.

5.10. We fix a basis of G so that the endomorphism X takes the form

* |0 0 O
* |0 0 O
(5.7) x %[0 0 0 = (XO ;;)
* x|%x 0 O X
* x| % *x 0

where the block in the top left is a  x d matrix, and the lower triangular block in the
bottom right is 7 x 7. We will use the notations X, x, X’ for the three blocks, as pictured
above, and employ the analogous notations for Y. By analogy with the constructions in
Section 5.9, we define the affine algebraic variety

Comm, = {(X, Y) € Endy(C" —» - -- — G x

x Endg(C" = - -+ — C) s.t. [X, Y] = 0}
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and the stack
Stack, = Comm,,/B

where B C GL, denotes the Borel subgroup of lower triangular matrices. The variety
Comm, has been studied in the literature, and we refer the reader to [3] for a survey,
where the author proves that the dimension and number of irreducible components of
Comm, grow wildly as 7 increases. However, we are interested only in the particular cases

ne{l, 2,3, 4}, when this variety is behaved rather mildly.

Proposition 3.11. — When n < 3, the variety Comm,, is wrreductble of dimension

n(n+ 1)
2

When n =4, 1t has the dimension above, but consists of two irreducible components.

—1l=dmB -1

For example, we have

Commg = Spec C[x21 » X315 X32J21,y31,)’32]/(x32)}21 —y32X21)

the intuition being that {x;, y;}3>i~j>1 are the entries of the matrices X and Y, and the
expression Xsg)o; — P39%9; 18 the only non-zero entry of the commutator [X, Y]. Similarly,
Comm, is a subvariety of affine space with 12 coordinates {x;, y;}4>:-j>1, cut out by 3
equations. Its irreducible components are given by

(1) the subvariety Z, C Commy cut out by x39 = 30 = 0. Note that two of the three
sub-diagonal coefficients of [X, Y] vanish identically on Z,, thus

dmZ,=10—-1=9

(2) the subvariety Zys C Commy defined as the closure of the locus (x39, y30) #
(0, 0), for which it is not hard to observe that

dimZ, =12 —3=09

It is straightforward to prove that Comm, is generically reduced. Its singular locus
1s precisely the intersection Z; N Zy, which has codimension 1 in Commy.

5.12. Consider the natural map (notation as in (5.7))

(5.8) Quot, 4., X, Y, v) > (Xo, Yo, v0) x (X, Y))

l;

Quot, x Stack,
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where vy € Hom(C’, C) is the projection of the cyclic vector v € Hom(C’, G*") onto
the quotient C*" — G (it is easy to see that projection preserves cyclicity).

Proposition 3.13. — We have the _following dimension estumate:
5.9) dim Quot, ., < dim Quot, + dim Stack, + r(d + n)
Jorany d >0 andn € {1, 2, 3, 4}.

Before we prove Proposition 5.13, let us present its main consequence. Theo-
rem 5.4 and Proposition 5.11 tell us that Quot, and Stack, are equidimensional of di-
mensions rd — 1 4+ 8) and —1, respectively, so Proposition 5.13 yields

dim Quot, ,,, <2rd+m—2+38)

yenes

for all n < 4. This leads to the following improvement of Corollary 5.8.

Corollary 5.14. — (a) For any sequence of defects d,, ..., d, > 0 and any set partition A
whose parts all have multiplicity < 4, we have

(5.10) dim 35" % < const 4 (™ 4 () + &

and equality holds if and only if dy = - - - = d; = 0.
(b) With notation as in (a), the number of irreducible components of 3 O of top dimension
is 2%, where # is the number of parts of A of multiplicity 4.

Progf — Statement (a) is an immediate consequence of (5.5) and (5.9). For state-
ment (b), we invoke Lemma 5.7 to reduce the problem to the fact that Quot, , has 1
irreducible component of top dimension if z € {1, 2, 3}, and 2 such components if n = 4.
To see this, recall that Quot,
As shown in Proposition 5.11, the latter stack is irreducible if n < 3, while if n = 4 its
two irreducible components were described in items (1) and (2) of the previous subsec-
tion. The open condition that determines Quot,
requiring that v of (5.6) be cyclic, and it is easy to see that this open condition does not

, 1s an open subset of a rank rn affine bundle over Stack,.

, In the said affine bundle is given by

“miss” any of the two components. O
Proof of Proposition 5.13. — Consider the locally closed subset

(5.11) S,as = {dim ¢ (X0, Yo, 00) X (X, Y’)) - i} € Quot, x Stack,

To prove the proposition, it suffices to show that

(5.12) codim S, ,,;>1—r(d+n)
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for all n, d, r, ¢. The fiber of ¢ over a point
(5.13) (Xo, Yo, v0) x (X', Y') € Quot, x Stack,
consists of a choice of
(1) n x d blocks «, y as in the bottom left corner of (5.7), which satisfy
(5.14) x Yo+ X y=yp-Xo+Y -x

and
(2) rn extra coordinates that upgrade vy € Hom(C’, C/) to v € Hom(C’, C*™)

The data in (1)~2) above provide 2dn + rn affine coordinates, and the quotient by
the unipotent part of the group P (i.e. the block strictly lower triangular matrices, in the
notation of (5.7)) subtracts dn dimensions, on account of the P-action being free. After
accounting for all the generators and relations above, we see that

(5.15) dim ¢~ (point (5.13)) = n(r +d) — # (of independent equations in (3. 14))
Therefore, condition (5.12) is trivial unless
(5.16) n>r
Given that we fixed X, Y, X', Y’, one may think of (5.14) as a linear map
5.17 Hom(C", C") x Hom(C", C") = Hom(C", C")
nlep) =0 Yo=Y x) = (- Xy —X")

The number of independent equations in (5.14) is equal to dim Im pu.

Claim 5.15. — With the notation as above, we have

(5.18) dimIm g > n- dim(Im X, + Im Y))

Tp—1

. . i i A
Proof. — Let us consider the flag of quotients C* — C"~' — ... — G! which is

reserved by the nilpotent maps X’ and Y’, and consider the commutative diagram
p Y p p g

Wi

Hom(C?, G) x Hom(C?, CY) Hom(C?, CY)

l l

_ _ i .
Hom(C?, G=') x Hom(C4, C'™1) AN Hom(C?, Gi=1)
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Above, the horizontal arrows are defined by the same formula as (5.17), and the vertical
arrows are the operators of composition with 7;. Let K = Ker 77; = C. Since all the maps
in the commutative diagram are linear, it suffices to show that

(5.19) dim (Im 11; N Hom(CY, K)) > dim(Im X, 4 Im Yy)
Because X'|¢i and Y'|q annihilate K, then for any
(x,7) € Hom(C’, K) x Hom(C’, K) ¢ Hom(C’, C’) x Hom(C’, C")

we have u,(x, ) = Yy —»X,. Then we fix a basis of Im X, 4 Im Y, consisting of linearly
independent vectors in Im X, U Im Y. We may define x, y € Hom(C?, K) = (C%)" to
take any values on these basis vectors, which precisely implies (5.19). 0J

The essential feature which allowed the proof of Claim 5.15 to work was that X’
and Y’ are strictly lower triangular. Since the commuting nilpotent matrices X, and Y
also preserve a full flag of subspaces of G, a completely analogous argument yields

(5.20) dimIm p > d - dim(Im X' + Im Y’)

so we obtain the estimate

# (of independent equations in (5. 14)) >
> max(n - dim(Im X, + Im Yy), 4 - dim(Im X’ + Im Y’))

Claim 5.16. — For any 4 > n > 1, the locus of pownts (5.13) such that
max(n - dim(Im Xy + Im Yy), d - dim(Im X'+ Im Y')) =j € N

has codimension > d(n — r) — j i Quot, x Stack,, with the following exception. There is an irre-
ductble component G of the locus above for

n=4,d=2,r=1, ;=4

which has codimension = 2(4 — 1) — 5 nstead of > 2(4 — 1) — 4. However, outside of codimension 1,
points of G have the property that dimIm p > 5 instead of > 4.

It is straightforward to see that formula (5.15) and Claim 5.16 imply the required
inequality (5.12) (even the presence of G does not violate this fact, because even though
G has dimension one larger than expected, outside of codimension 1 points of G have
the property that dim Im g is one larger than expected).
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Proof of Clazm 5.16. — We may assume d > 0, since the d = 0 case is trivial. Be-
cause the matrices X, and Y have a cyclic vector vy € Hom(C’, CY), then

dim(Im Xg4+ImYy) >d—7r

Indeed, the existence of a proper subspace of G that contains Im X, Im Y, and the r
columns of vy contradicts the cyclicity of vy. The fact that n(d — r) > d(n — r) establishes
Claim 5.16 when n < d. Therefore, we are left to deal with the case

(5.21)

Taken together with the inequality (5.16), as well as the fact that we only consider n €
{1, 2, 3, 4}, this means that we are left with finitely many cases.

Claim 5.17. — The locally closed substack L., ; C Stack, consisting of (X', Y') with the
property that dim(Im X' 4+ Im Y’') = A has codimension

. 5 yfA=0
. frA=0 . .
codim Lo ; = . codimlLs; =41 ifra=1
0 r=1, .
0 frA=2,
9 yA=0
3 fa=1
COdimL4A: ‘Zf
’ 1 fA=2
0 Ar=3

Claim 5.18. — The locally closed subscheme M, ,, C Quot, consisting of (Xo, Yo, Vo) such
that dim(Im X, 4 Im Yo) = w s empty unless w € {d —r, ..., d — 1}. Moreover,

3 ifu=0
cwdinMy, =0 u=0, cwdnM,, =" T*
0 yu=1,
8 Jyu=0
codimMs, > 12 fu=1
0 =2

The proof of Claims 5.17 and 5.18 are straightforward exercises, which we leave
to the interested reader. For example, the = 0 case of Claim 5.18 holds because the
subscheme {Xy =Y, = 0} C Quot, has codimension ¢* — 1. Indeed, this subscheme is
nothing but the Grassmannian of 4 dimensional quotients of  dimensional space, so it

has dimension d(r — d), whereas Quot, has dimension 7d — 1. Note that Claim 5.16
reduces to the inequality

(5.22) codim L, ; 4+ codim M, ;, > d(n — r) — max(dA, njt)



A.NEGUT

forall 0 <A <n max(0,d —7r) <u<dand 1 <d,r <n<4. We leave it to the inter-
ested reader to show that inequality (5.22) follows from Claims 5.17 and 5.18, with one
exception: the inequality fails for n =4, d =2, r=1, A =2, u =1, and in fact, in this
case the difference between the LHS and RHS of (5.22) is equal to —1. The failure of
the inequality is due to the locally closed subset G C Quot, x Stack, consisting of points
(X0, Yo, v9) x (X',Y’) such that Xy, Yy are generic, but Im X’ 4+ Im Y’ has dimension 2.
After a change of basis, points of G take the form

0 0 0 0
s 0 t 0
0O 0 0 O 0O 0 0 O
X= xx 0 0 0 Y= 7 0 0 0
xx2 0 0 0 5% 0 0 0
x3 xy x5 0 D3 D+ s 0

with (s, ¢) # (0,0) and p;xo = x 9, V1%4 + Yox5 = X104 + x995. It 1s easy to show that G
is irreducible (compare it with Z; of Section 5.10). Moreover, G contains the point x; =
<o =5 =] =--- =705 = |, for which it is elementary to show that dimIm p > 5. The
fact that the latter inequality holds on G outside of codimension 1 is a consequence of
lower semicontinuity of rank. This establishes the final sentence of Claim 5.16. 0

5.19. Since the locally closed subsets 31" % stratify the scheme 3, Corol-
lary 5.14 implies that

<5.23) dim BA = const + T(CSrSt + ClQast) + 2
whenever |A| < 4. Keeping in mind Definition 2.25, we conclude the following.

Corollary 5.20. — If |A| < 4, then 3, has expected dimension. The number of its irreducible

components of top dimension s

1 f A # (x,x, %, X)
2 A= (x,x,%,%)

Let us now consider 3,,,, which parameterizes flags (Fo C, F| C, F»). It was
shown in [28, Claim 4.22] that the singular locus of 3, is given by

(5.24) 30— {(J—"o C. Fi Cu Fy) such that Fo/Fy is split}

where split means that the length 2 sheaf Fy/F supported at x is a direct sum of length 1
skyscraper sheaves C,. We will now estimate the dimension of (5.24).
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.. spli . .
Proposition 5.21. — 3P has dimension
(x,%)
const + r(cy™ + 5™) — 1

and a single vrreducible component of top dimension.

Progf. — Consider the stratification into locally closed subsets
oo
split split,def d
3(&){) - I_|3(X,X)
d=0

where the d-th stratum parameterizes those flags as in (5.24) where F; has defect 4 at x.
It suffices to show that

. osplit.def d
(5.25) dim 32?1,:)(16 < const + r(cg“‘ + cl;“ —1

with equality if and only if ¢ = 0. The splitting condition in (5.24) may be realized as
follows. Consider the codimension 2 substack

(5.26) Stack) = {x —Y = o} C Stack,

and the following fiber square where the map on the right is (5.8):

/
Quoty ;i1 440 > Quot, 411 4490

¢ | l;

Quot, x Stack, —— Quot, x Stacky

It is easy to see that

split,defd . / defd
B isto Quoty ;.1 44 as oy I5to Quot, .1
(as per Lemma 5.7). With this in mind, (5.25) is a consequence of the following analogue
of Proposition 5.13:

dim Quot), ;.| ;. < dim Quot, 4 dim Stack;, 4 r(d + 2)
= dim Quot, + dim Stacky — 2 4 r(d + 2)

To prove the inequality above, one follows the proof of Proposition 5.13 closely, but with
X' =Y’ = 0 throughout. In particular, (5.16) and (5.21) reduce the problem to the case
r=d =1, in which case Claim 5.16 is trivial. As for the statement of a single irreducible
component of top dimension, this is because one only has equality in (5.25) for d = 0,
and one argues as in the proof of Corollary 5.14. UJ
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6. Geometric properties

6.1. We will now use the dimension estimates from the previous Section to obtain
various geometric properties of the varieties 3;, which we have invoked in Section 2.

Proposition 6.2. — If 3, is Cohen-Macaulay of expected dimension (see Definition 2.25), then
the map ps : 3, — S which remembers the i-th support point is flat Vi.

Progf: — Since S is smooth and 3; is Cohen-Macaulay, the Miracle Flatness The-
orem asserts that all we need to show is that the fibers of the morphism g5 : 3; — S all
have dimension equal to dim 3; — 2. By upper semicontinuity, it suffices to show that all
the fibers have dimension < dim 3; — 2. This is proved in the same way as Corollary 5.8,

since fixing one of the support points of the flag merely replaces the number £ in the
right-hand side of (5.5) by £ — 2. U

Proof of Proposition 2.26. — See [27, Proposition 2.10] for smoothness, and Corol-
lary 5.20 for the dimension and irreducibility statements. 0J

Proof of Proposition 2.27. — See [28, Proposition 4.21] for smoothness, and Corol-
lary 5.20 for the dimension and irreducibility statements. Let us now show that the fiber
square (2.37) is derived with excess. By Proposition 2.19, we may subdivide this fiber
square into

’

L’ o
<6'1> 3(9(‘)6) —— PS(X)(F*(VI)) - = a(x)

-] | |

t P
3@) = Prxs(V)) ——= M xS

where I" 1 3y = 3 X S is the graph of the map ps : 3, = S. The rightmost fiber
square in (6.1) is already derived, because the maps p and p’ are smooth. However, the
leftmost fiber square in (6.1) is not derived, because

(6.2) codim ¢ — codim ¢ = dim 3, ,) — dim 3(,) — dim 3(,) + dim(M x S) =1

(this follows from the dimension statements of Propositions 2.26 and 2.27, which have
already been proved). Recall from Proposition 2.19 that ¢ is cut out by the regular section

p W) = p*(V1) = O(1)

hence is a complete intersection of codimension equal to the rank of VV,. On the other
hand, ¢’ 1s cut out by the section

Wilr = Vilr = O(1) = L,
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In Proposition 2.21, we showed that the section above factors through

w
(6.3) ¢ — O() =L,
Ly ® p3(ws)
where the left-hand side is a locally free sheaf of rank 1 less than the rank of W,. By (6.2),
the section (6.3) is therefore regular, and this establishes the claim that the square (2.37)
is derived with excess bundle £, ® L7 ® p&(ws). O

Proof of Propositions 2.28, 2.29, 2.30. — See Corollary 5.20 for the dimension and
irreducibility statements. The fact that the schemes in question are l.c.i. is proved by
showing that the fiber squares in the statements of the Propositions are derived. The lat-
ter statement is an immediate consequence of Proposition 2.19 together with the fact that
the spaces in the four corners of each square satisty the analogue of (2.5) (itself an imme-
diate consequence of the already proved fact that the northeast, southeast and southwest
corners of these squares are l.c.1. of expected dimension, while the northwest corner has
expected dimension, see Corollary 5.20). U

6.3. We will now prove that the variety 3, is Cohen-Macaulay.

Proof of Proposition 2.31. — See Corollary 5.20 for the dimension and irreducibility
statements. As a warm-up to proving the fact that 3, , . is Cohen-Macaulay, let us recall
the explicit realization of 3., as alocal complete intersection. We do so not only because
the computation will serve as valuable illustration, but we will need a specific realization
of 3, as the zero locus of a regular section. Therefore, consider the smooth scheme
3 X S and take the map

3 (Fo Ce /1 G F)
|~ v
30 xS (Fo C F1,0)

A particular case of Proposition 2.19 says that this map can be realized as

(6.4) 3 — P:=P5_ OV ® ws)
3(x) X S

where the closed embedding ¢ is cut out by the section

(6.5) c:0-)->WRw;' >V ®w'
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and O(1) denotes the tautological line bundle on the projective bundle in (6.4). Above
and hereafter, we abuse notation by writing W, for the vector bundle on 3, x S, as well
as for its pull-back to P. The dimension of 3(,) x S is equal to

const + (¢ (Fo) + eo(F1)) + 3
and therefore the dimension of the projective bundle (6.4) is equal to
const + 7(co (Fo) + co(F1)) + 2 + rank W,

To obtain the closed embedding ¢ in (6.4), we impose as many equations as the number
of coordinates of the section (6.5), so the expected dimension of 3, is

const + r(¢co (Fo) + ¢2(F1)) + 2 + rank W, — rank V| =
= const + r(co (Fo) + ¢o(F3)) + 2

Since this is equal to the actual dimension of 3,,, by (5.23), we conclude that the coor-
dinates of the section o form a regular sequence

(6.6) Y= {regular sequence formed by the coordinates of 0}

In order to study X in detail, recall that the vector bundle V) is given by (2.15): from
now on we will set 7 =0 in (2.15), in order to keep our formulas legible (otherwise, one
would have to often tensor our formulas by line bundles coming from S, but this has no
substantial effect on our argument). We have a map of locally free sheaves ¢ : V| — L
on 3, that is a particular case of the middle row of diagram (2.30) when ¢ = 1. Putting
all of these constructions together, we may consider the map of line bundles

taut -1 dRId

6.7) qboa:@(—l)—)Wl@a)S_l—)Vl@a)S —>£1®a)§1

on P. Since Ker ¢ =V, is locally free, the map of line bundles ¢ o o may be thought of
as one of the coordinates of the section o in any local trivialization. Therefore, it is one
of the entries of the regular sequence 3, so let us compute it explicitly on a closed point
of the projective bundle (6.4). We may work locally, so we assume that x and y are points
of A?> = Spec Clsi, 5] (alternatively, we need to take generators of the maximal ideals at
the closed points x and y, but the explanation is analogous) given by coordinates (x;, x9)
and (y1,9), respectively. As we have seen in the proof of Proposition 2.21, the map taut
in (6.7) 1s identified with

(S, Fo/ F) ® T ory (O, Or) = T ory(Wy, Ory)
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where IV : P < P x S is the graph of the map that remembers the point y. The Tor
groups above may be computed using the following length 2 resolution of Op:

_ _ _ . q.i.s.
$2=02,01 =51 S1—)1,52—)2
[o—>(9@0—>o] ~ 0.,

Therefore, the map denoted taut in (6.7) takes a generator v of the one-dimensional
vector space I' (S, Fy/F)) to the section (s; — y1)T) + (s9 — »9) To, where 11, 79 € T'(S, F))
have the property that t; = (sy —y9)f and 79 = (y; — 1)/ for some preimage /" € I'(S, F»)
of v e I'(S, Fy/F1) (global sections exist due to our assumption that n =0 in (2.15),
otherwise we would need to tensor F; and F; by a very ample line bundle). Therefore,
the entire composition (6.7) takes the generator v to

the image of (s; — »1)T; + (2 — o) Ty in I'(S, F1/Fp)

In coordinates, if we identify T'(S, F,/F,) with C?, then the Os = C[sy, so]-module struc-

ture on this 2-dimensional vector space is given by matrices

_(»n 0 _(» 0
<6.8> S = <a1 Xl) So = <a2 XQ)

and so the assignment (6.7) takes

ORI N
0 (x —))1)612 — (% —)’2)611

Therefore, we conclude that

<6°9> (x1 —yD)ag — (xo —y9)a

1s one of the elements of the regular sequence (6.6). Since over local Noetherian rings,
one may permute the order of elements of a regular sequence, we will assume (6.9) to be
the last element of the regular sequence.

Claim 6.4. — Before imposing Equation (6.9), the other elements of the regular sequence cut out
a regular local ring. In more mathematical terms, the local rings of 3., are quotients of regular local
rings by the single equation (6.9).

Indeed, the claim follows from the fact (proved in [28]) that the tangent spaces to
3, have expected dimension, except at a closed point such that x =y and F,/F; is
split, where the dimension of the tangent space jumps by 1. In the local coordinates (6.9),
this corresponds to @, = ay = x; — ) = x9 — 9 = 0: therefore, Equation (6.9) fails to cut
down the dimension of the tangent spaces on the split locus. Since 3, is smooth, this
means that all other elements in the regular sequence do cut out regular subschemes, and
regularity 1s broken precisely by (6.9).
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Armed with the discussion above, we are ready to analyze the scheme 3, :

3(%,}/,)() (‘FO Cs -FI Cy f? Cy fS)
-
Y
3 (Fo Co F1 G, F2)

A particular case of Proposition 2.19 says that this map can be realized as

(6.10) B(W,x) s P .= Pg,(m(1""*(]/\/2v ® ws))
\ l
3(%)‘)

where I': 3,y = 3.y X S is the graph of the map that remembers the point x, and the
closed embedding ¢ is cut out by the section

(6.11) 0:0(=1) > T*" Wy Qw;") = TV, @ w3 ")

(we abuse notation by identifying the vector bundles on 3, above with their pull-backs
to P’) where O(1) denotes the tautological line bundle on P’. By (5.23), the dimension of
3y 1s equal to

const + 7(ca(Fo) + ca(F2)) + 2
and therefore the dimension of the projective bundle (6.10) is equal to
const + r(co (Fp) + ¢o(F3)) + 1 4+ rank W

To obtain the closed embedding ¢ in (6.10), we impose as many equations as the number
of coordinates of (6.11), so the expected dimension of 3, ) is

const + r(co(Fy) + ¢o(F3)) + 1 + rank Wo — rank V), =
= const + 7(co (Fo) + co(F3)) + 1

However, according to (5.23), the actual dimension of 3, is 1 bigger than the above
expected dimension. Therefore, 3., . is an almost complete intersection, i.e. cut out by
one more equation than its dimension. We have the following criterion for when such
schemes are Cohen-Macaulay.

Claim 6.5. — Consider a Cohen-Macaulay local ring R and a collection of elements
Jos -« oo fu € Rosuch that the quotient ring R/ (fo, . . ., J,) has codimension n in R. If R/ (fy, ... . [) is
Cohen-Macaulay of codimension ¢ in R _for some 1t > 0, then R/ (fo, . .., f,) is Cohen-Macaulay.
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The claim is proved by induction and the well-known fact that if an element / in a
Cohen-Macaulay local ring R has the property that dimR/(f) =dimR — 1, then f is a
non-zero divisor and R/(f) is Cohen-Macaulay. We will apply Claim 6.5 to our situation
by constructing a map of locally free sheaves on P’

(6.12) ¢:T* OV ®@ws') » N
such that A/ has rank 2 and the closed subscheme

(6.13) {(boa:O}L)P’

is Cohen-Macaulay of codimension 1. Once we do so, the fact that 3, is Cohen-
Macaulay of the expected dimension follows from Claim 6.5 with = 1.

To construct the map (6.12), we go back to diagram (2.30) for ¢ = 2. Its middle row
consists of locally free sheaves, so we may restrict it to I'*:

0—->T"V)—>T"*Vy) > L,—0

(the right-most term is £y because we assumed n = 0 in (2.15), otherwise we could have
had to twist by a line bundle). The push-out of the short exact sequence above with
respect to the tautological map I'* (V) — L, that we have on 3, yields

0 —— I'™() ' (Vy) Ly 0
$ e
0 L, N Q@ T'*(wyg) Ly 0

where N is defined by the short exact sequence on the bottom row. This defines the map
(6.12). We will now write out the entries of the map ¢ explicitly in coordinates, just as we
did in the discussion immediately preceding Claim 6.4. We still work locally, so assume
that x and y are points of A? = Spec C[sy, ;] given by coordinates (x, x;) and (31, 72),
respectively. Then we identify I'(S, F3/F,) with G, and then the Os = C[s, 5;]-module

structure on this 3-dimensional vector space is given by matrices

x 0 0 x 0 O
<6.14) S1 = bl N 0 So = bQ D2 0
C1 a X o ay X9

The matrices (6.8) are precisely the bottom right 2 x 2 blocks of (6.14). Therefore, the
composition ¢ o o : O(—1) — N is given explicitly in coordinates by

1 0

O]~ | bi(xa—29) — ba(xy — 1)
0 biay — ayby
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Therefore, we conclude that the subscheme (6.13) is obtained by imposing the equations
by (xog — y9) = bo(xy — »1) and byay = a;by on the local rings of a projective bundle over
the scheme 3,,). As we have seen in Claim 6.4, the local rings of the scheme 3, were
obtained by imposing the equation a; (xo — y9) = as(x; — 1) of (6.9) in a regular local ring,
Therefore, we are in a particular case of the following general situation.

Claim 6.6. — Suppose R s a regular ring with given elements ay, by, ay, by, dy, do, and let
I = (a1dy — avdy, bydy — body, a1by — byas). Then R /1 is Cohen-Macaulay of codimension 2 if

(1) @by — byay ts not a zero-divisor in R/ (d,, dy)
2) R/(a1dy — ayd,, bydy — bod,) ts codimension 2 in R

Using Claim 6.4, let us show that the hypotheses of Claim 6.6 hold with a;, b, a9, by
as in (6.14) and d, = x; — y), dy = x9 — »9. For item (1), we observe that imposing d, =
dy = 0 has the effect of setting the support points x, » equal to each other, which cuts
out the smooth subscheme 3y <> 3. Since P'[3  is smooth, it does not have any
non-trivial zero-divisors, so must show that

(6.15) a1b2 - blag # 0

in the local rings of P'|3 . If (6.15) failed to hold, then

#{equations cutting out (|3, , } < #{equations cutting out L} —1

and so

dim 3, =dimP'|; oy #lequations cutting out 3, } >

> dimP’ — #{equations cutting out L} =dim 3.,

which would contradict (5.23). As for item (2), we must show that b,dy — bod) is not a
zero-divisor in the local rings of P'. This is the case because b, by are linear coordinates
in a projective bundle over 3, ), so the only way b,dy — byd, could be a zero divisor is if d
and dy were zero-divisors. If this were the case, then 3, ,) would have the same dimension
as 3, which would contradict (5.23).

Proof of Clazm 6.6. — By the Auslander-Buchsbaum formula, it is enough to show
that the ring R/I has projective dimension 2 as an R-module. In fact, we claim that a
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projective resolution is given by

by b
-4 —@
0 R2 d dy R (dldQ —aidy dyby—bidy  arby — 0251)
—

R— R/I—0

Exactness at R and R/I is obvious. As for exactness at R?, if the first map failed to be
injective then a, by — agby, dyby — by dy and dyay — a,dy would all be zero-divisors (hence zero
in the regular ring R) which is not allowed by property (1). It remains to prove exactness
at R%. Assume that we have (x, 7, z) € R® such that

(diay — ardy)x + (dybo — bido)y + (arby — aghy) 2 =0

Clearly, (a1b9 — asb)z € (dy, dy), so property (1) implies z = dym+ dyn. Therefore, we may
rewrite the relation above as

(dyay — aydo) (bym ~+ bon 4 x') + (dy by — by dy) (—aym — apn +y' )+
+ (a1by — aghy)(dym + dyn) = 0
where X' = x — bym — byn and y' =y + aym + ayn. The relation above reduces to
(diay — ardo)x' + (dyby — bydy)y =0

and then item (2) implies that we have ' = (d1by — b1dy)u and y = —(dyay — a1dy)u for
some u. Therefore, we have

X X+ bym+ bon by (m — dou) + bo(n + dyu)
=Y —am—an | = —a(n—du) —a(n+dyu
4 dﬂ’)’l"‘dgﬂ a’l(m— dQH) +d2(ﬂ+d1ﬂ)
which shows that the triple (x, y, z) came from the image of the 3 X 2 matrix. 0J

Proof of Proposition 2.32 and 2.33. — See the Proof of Propositions 2.28, 2.29, 2.30.
O

6.7. We will now prove the normality of some of the schemes 3; for |1 < 4.

Proof of Proposition 2.34. — Since all the schemes in question are Cohen-Macaulay,
it suffices to show that they are singular in codimension > 2. Let us note that the required
statement for A = (x, ) follows from Proposition 5.21, which shows that the singular locus

split
3(x,x) C B(Xs)’)



A.NEGUT

has codimension 3. As for the other A’s in (2.39), we will only prove the case A =
(x, x, 9, x), as the analysis in the other cases is analogous and no more difficult. Below,
we will list certain locally closed subsets of

(6.16)

3(9«,)6,],76) = {(-FO (@ -Fl foQ C]‘FS CY'F4)}

which form a stratification of the variety 3,,». To show normality of this variety, one
may ignore all strata of codimension 2 and higher.

(1)

(2)

when x =y and F, has non-zero defect > 0 at x, Corollary 5.14 shows that the
corresponding locally closed subset of (6.16) has codimension > 2, hence can
be ignored;

when x =y and F, is locally free near x, the scheme 3, ., is locally isomor-
phic to M x X, where

£ ={(0% > Q> Qs> Q> Q). supp Qs =[x, x.3, 4}

supp Qs = {x,, x}, supp Qy = {y, }, supp Q, = {x}}

Compare X with the scheme Quot, , , 5, of Definition 5.6. We must prove
that ¥ is normal. Since we may work locally, we assume that the base surface
is S = A?, and we will normalize x = (0, 0) and y = (a, ). By analogy with
Section 5.9, the scheme X parameterizes triples (X, Y, v) where

0 0 0 0 0 0 0 0
X91 a 0 0 D21 b 0 0
X == , Y =
X31 X392 0 0 Y31 D32 0 O
X1 Xao X3 O 41 D42 )43 0

such that [X, Y] =0, and v € Hom(C’, C*) is cyclic for X, Y. Therefore, ¥ is
an open subset of an affine bundle over the affine variety

s = {(X, Y) as above, such that [X, Y] = 0}

It suffices to show that ¥ is normal. As an affine variety, it is cut out by
@y — bxgy =0
aysy — bxsy =0
X39991 — P3ax1 =0
X332 — V43X32 + bxgo — @y =0

Xa9)21 + Xa3V31 — PagXol — VazX3 = 0



(3)

(4)

(%)
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in the 14—d£nensional space of entries g, b, x;, y;. Using Macaulay2, one can
check that X is a Cohen-Macaulay irreducible affine variety of dimension 10.
The tangent space to X at a given closed point (X, Y) is the kernel of the map

w9, dy) = [X, dy] + [9x, Y]

where (0x, dy) runs over the 14-dimensional affine space of pairs of matrices
with the same pattern of zeroes as (X, Y). Thus, ¥ is smooth at a point (X,Y)
iff u has 10-dimensional kernel, so let us see when this happens.

Assume first that (a, b) # (0, 0), and by taking appropriate linear com-
binations of X,Y we may assume (a, ) = (1, 0). Then one can successively
solve the equation Ker o = 0 for the entries of the matrices (dx, dy) one
by one, concluding that the kernel of p fails to be 10-dimensional when
X43 = Yo = Y31 = P39 = V40 =49 = X31 — X3949] = 0. The dimension of this locus
1s 5, and after we add 2 dimensions to reverse the choice (a, b)) = (1, 0), we
conclude that X is smooth in codimension 3 on the locus (, b) # (0, 0).

Now assume (g, ) = (0, 0). The corresponding subvariety is precisely
Commy C %, and we have seen at the end of Section 5.10 that it is 9-
dimensional and has two irreducible components Z; and Z,. Thus, it suffices
to take a generic point (X, Y) in each of these components, and show that the
map p has 10-dimensional kernel at the chosen point. It is straightforward to
show that the following choices will do:

00 0 0 00 0 0
1 0 0 0 00 0 0
X=looool" Y100 0
00 1 0 01 0 0
and
00 0 0 00 0 0
1 0 0 0 0 0 0 0
X=lo 100" Y=lo o 0o
00 1 0 0 0 0 0

when x # y and F, has non-zero defect at both x and y, Corollary 5.14 shows
that the corresponding locally closed subset has codimension > 2, hence can
be ignored;

when x # y and F} is locally free near x, the scheme 3; is locally isomorphic
to 31 x Quot,, , 4, and thus normal (indeed, Quot, , , 4 is open in an affine
bundle over Stacks, and the latter is easily seen to be normal);

when x # y and F} has non-zero defect at x but is locally free near y, the scheme
3, is locally isomorphic to 3. X Quot,, so it suffices to show that 3, .., is
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normal near any point with defect > 1. To this end, consider the stratification

o0
_ defd
3(x,x,x) — I_I (x,,x)
d=0

in terms of the defect of F, at x. As shown in Corollary 5.14, the open sub-

set 3910 "is the only top-dimensional stratum; as it is locally isomorphic to

M x( Qlioto’l’w, it is normal. Tracing through the proof of Proposition 5.13
shows that other strata can have codimension 1 only if r =1 and d =1, in
which case the moduli space of stable sheaves may be replaced with the Hilbert
scheme of points on S. Therefore, it suffices to show that the scheme X’ pa-
rameterizing flags of ideals (Iy C, I} C, Iy C, I5) is normal near any ideal I5 of
defect precisely 1 at x. Since the problem is local, we may assume S = A* and
x = (0, 0), in which case £’ may be described by analogy with Section 5.9 as

the space of triples (X, Y, v) such that

a 0 0 0 b 0 0 0
X91 0 0 0 D91 0 0 0
X - . Y =
X31 X392 0 0 D31 D32 0 0
Xy X9 X3 O 41 D42 )43 0

such that [X,Y] =0, and v € G* is cyclic for X, Y. As before, one may ex-
plicitly write down the quadratic equations among the {x;, 7;, a, b}4>;~j=, and
conclude that X’ is normal. The method of proof is analogous to that in item
(2) above, so we leave it as an analogous exercise to the interested reader. [

6.8. We will now study the schemes %), 9, 2, D_ of Section 2.35.

Proposition 6.9. — (a) The schemes ), D—, D+, D—_+ have expected dimension, i.e. the
dimension of the respective spaces on the bottom of (2.46) or (2.47).

(b) The schemes ), Y, D+, D have 1, 1, 1, 2 irreducible components of expected dimen-
sion, respectively.

Recall that when we say that Q) (or any of the other 3 schemes) has # irreducible
components of expected dimension, what we actually mean is that it has # such irre-
ducible components over each connected component of the moduli space M.

Progf: — The map Q) n—T> 3y 1s surjective. Over a closed point (Fy C, Fi C,
F3) € 3., the fiber of this map is either a single point, or a copy of P'. The latter
happens if and only if x =y and F,/ Fy is split, so we conclude that the only points where
the fibers jump are those of 3?;11:) Since the locus 3:211,:) has codimension 3 in 3, (sce
Proposition 5.21), and the dimensions of the fibers above such points are all 1, this implies
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that ) will have the same dimension as 3, (in Section 6.11, we will show that ) is actually
smooth, so the map 7" can be thought of as the blow-up of the singular locus of 3, ).
The fact that ) has a single irreducible component of top dimension is clear, since 3.,
1s irreducible.

The proof for the schemes ) _, 9, ), is analogous. For example, the fibers of

nT : ‘(”D*Jr — 3(x,x,y,x)

consist of a single point or a copy of P!, with the latter situation only happening over
closed points

(Fo Co Fi Coe Fo & F3 Co F) € 3xyy st x=ypand F3/F is split

Since the locus of such points is contained in 3, ., which has dimension 1 less than
3(ury.0 by Propositions 2.32 and 2.33, the dimension of 9)_, is the same as that of
3.0+ As for the irreducible components of top dimension in g)_, we note that one of
them is the closure of the locus x # ». But recall that

S(x,x,x,x) = Vl U VQ

where V| and V; lie above the irreducible components Z, and Z, of Stack, (see items
(1)~(2) in Section 5.10). The map 7" has inverse image a single point over the generic
point of Vy. However, over any point of V| we have JF3/F; split, and so there exists
a whole P' in )_, above points of V. As dim V| = dim 3, = dim%Q)_, — 1, this
contributes an irreducible component of top dimension to Q) _.. U

6.10. In the next subsection, we will prove that the scheme 2) is smooth. To do
so, we will explicitly describe the tangent space to a closed point (2.40) of' ) and compute
its dimension. Let us recall that the tangent space to the moduli space M at a point
F € Coh(S) is given by

(6.17) Tany M = Ext' (F, F)

Indeed, the functor-of-points description (2.12) implies that a tangent vector at F € M is
a coherent sheaf on S x Spec G[v]/(v?) which is flat over the second factor and restricts
to F when one sets v = 0. In other words, a tangent vector is a coherent sheaf G on S
with an morphism v : G — G that squares to 0, such that

G/Imv=EF
The flatness condition on G implies that Tor?[”]/(UQ)(C[v]/(v), G) =0, and so

(6.18) 0—> G/Imv—>G—> G/Imv —> 0
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is a short exact sequence, which precisely gives rise to an element of Ext'(F, F). The
moduli space M is smooth precisely when the dimensions of the tangent spaces (6.17)
are locally constant in F (for a more rigorous presentation of the smoothness of the
moduli space via obstruction theory, we refer the reader to [18]). We have

(6.19) dim Hom(F, F) — dim Ext' (F, F) + dim Ext*(F, F) = x (F, F)
Since stable sheaves are simple (see [18]), we have

(6.20) dim Hom(F, F) =1 because Hom(F, F) = C

(6.21) dim Ext*(F, F) =¢ because Ext’(F, F) = Hom(F, F ® ws)"

where the latter isomorphism is Serre duality, and the number € is 1 or 0 depending on
which situation of Assumption S we are in (¢ = 1 for wg = Os and ¢ = 0 for ¢;(ws) - H <
0). Therefore, we conclude that

(6.22) dimExt"(F, F)=14+¢e+y + 2

where x(F,F) = —y — 2r¢; can be computed using the Hirzebruch-Riemann-Roch
theorem, and the constant y only depends on S, H, 7, ¢;.

6.11. Yollowing [27, relation (2.23)], the tangent space to 3; at a closed point
(Fo C, F1) is the vector space of pairs of the form:

(6.23) (wo, w,) € Ker [Extl(}"o, Fo) @ Ext' (F,, F) Y Ext! (Fo, ]—"1)}

where the arrow is the difference of the two natural maps induced by the inclusion
Fo C Fi. These maps fit into the diagram below with exact rows and columns:

(6.24) Ext'(F,, F,) — Ext'(Fy, Fy) —= Ext*(C,, Fo)

| l |

Eth(fl,.Fl) — Eth(Fo,fl) - EXtQ(Cx,Fl)

% T

Ext'(F},C,) — Ext'(F, C,) —= Ext’(C,,C,)

where we write F,/F, = G, for the skyscraper sheaf at the closed point x € S. The di-
mensions of the Ext spaces in the diagram above may be computed as in the previous
subsection:

dimExtl (]-—0’ ‘FO) =1 +e+ y + 27cgrst
dim Ext' (Fy, Fy) = 1 4+ &+ y + 2
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dim Ext (Fo ) = 1+ + 1 + &)
dim Ext' (Fy, Fo) = & +y + (6™ + ¢5™)
where i and ¢*' are the second Chern classes of the sheaves denoted by F, and F,

respectively. The fact that the kernel of ¥ in (6.23) has the expected dimension 1 + ¢ 4
y + r(cg‘“‘ + clga“) + 1 then follows from the elementary facts below:

(1) the image of ¥ coincides with the kernel of the dotted arrow
(2) the target Ext*(C,, C,) of the dotted arrow is 1 dimensional
(3) the dotted arrow is non-zero if and only if € =0

These facts were proved in [27]. As shown 1n loc. cit., a pair as in (6.23) contains
precisely the same information as a commutative diagram with exact rows:

(6.25) 0 F G F 0
0 Fo Go Fo 0

In this language, the differential of the map ps : 31 — S is given by

(6.26) diagram (6.25) 25 (o s FJFo— G1/Go— Fi ) Fo— o) € Tan,S

where we use the fact that F /Fy = C, and the fact that there exists a canonical isomor-
phism Tan,S = Ext'(C,, C,). A diagram in the kernel of dps is one in which the extension
G1/Gy splits, which precisely means that the diagram (6.25) allows one to insert an extra
row, as follows:

0 Fo H F 0

The ability to insert the middle row into the diagram above is equivalent to saying that
the pair (6.23) comes from one and the same element in the vector space Ext' (F, Fp)
situated in the top left corner of diagram (6.24). We conclude that

(6.27) Ext! (F\, Fo) — Ker dps
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is a surjective map. Since the dimension of Ext' (F, ;) is 2 less than that of the tangent
space to 31, this implies that the map dps is surjective.

Proof of Proposition 2.41. — Since we already proved the dimension and irreducibil-
ity statements in Proposition 6.9, it remains to prove that 2) is smooth. By analogy with
the discussion above, we showed in [28, relation (4.37)] that the tangent space to 3 at a
closed point (Fy C, F| C, Fy) consists of triples of the form

(6.28) (wo, w1, ws) € Ker [Extl (Fo, Fo) @ Ext' (F, F) @ Ext' (Fy, Fo)
— Ext! (Fy, F)) @ Bxt! (F), F) |
where the arrow is the alternating sum of the four natural maps induced by the inclusions

Fo C F, C Fo. In loc. cit., we also showed that

split

dim space of triples (6.28) = 1 + & + y + r(c)™ + ¢5*) + 2 + 87,7

where cgm and c}j‘“ are the second Chern classes of the sheaves denoted by F; and F,

respectively (meanwhile, the Kronecker § symbol is 1 if x =y and Fy/F is split, i.e.
= C®2, and 0 otherwise). We conclude that the dimensions of the tangent spaces to 3,
jump by 1 precisely on the split locus. The differential of the map

PEXPR

(6.29) 52—)SXS, (FO fol CJJTQ)'_)(QCJ)

admits a presentation analogous to (6.26). It was shown in [28] that the differential
dpy x dp is surjective if and only if either x # y or x =y and Fy/Fy is split.

By combining the discussion above with the moduli functor presentation of the
scheme 2), we see that Tanr,c 7 7 c7)2) is the space of quadruples

(wo, wi, W, wy) € Ext' (Fo, Fo) @ Ext' (Fy, Fr) @ Ext' (F|, F)®
©® Eth(an FQ)
which satisfy the four properties below:

wy and w, (or w}) map to the same element of Ext' (Fy, ) (or Ext' (Fy, F)))
w; (or w}) and wy map to the same element of Ext' (F, F,) (or Ext' (F], F,))
dps(wo, wy) = dps(w], wy) € Eth(Cm C)

By analogy with (6.23) and (6.24), consider the vector space

(6.30) A =Ker |:Ext1 (Fo, Fo) ® Ext' (Fo, Fo) > Ext! (Fp, E)]
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where 1 is the difference of the two natural maps in the diagram below with exact rows
and columns:

(6.31) Eth(.FQ, .Fo) —_— Eth(.Fo, .FQ) — EXtQ(Q, .Fo)

Eth(FQ,JT"Q) —_— Eth(fo,FQ) — EXtQ(Q, fQ)

Ext'(Fy, Q) — = Ext'(F, Q) —== Ext*(Q, Q)

(here Fy/Fo = Q is a length 2 sheaf which is filtered by C, and C,). By analogy with our
analysis of (6.24), it is easy to show that the image of the map ¥’ in (6.30) coincides with
the kernel of the dotted arrow, and so

(6.32) dimA =1+e+y + (™ + &) + dim Ex*(Q, Q)

The dimension of Ext*(Q, Q) is 4 if x =y and Q is split, and 2 otherwise. Items (1)-(4)
above imply that we have a Cartesian diagram of vector spaces:

/

(6.33) Tanzc 7 7 cmn?

|

Tan(]:ocxfl C),]-—Q)BQ

Tan(}'oc),]-'{ Cx]'—Q)BQ

l (b,dpl.dpl)
(a.dpldp3)

A ® Tan,S & Tan,S

where the maps g, ¢’ forget w, and the maps 4, &’ forget w.

Claim 6.12. — The map a 1s injective, unless x =_y i which case Ker a is one-dvmensional
and spanned by (0, wy, 0), where w, represents the following extension:

(inclusion,0) (0, projection)

(6.34) 0 — Fi Fy®e, i ——> F1 —0

(the middle space requires fixing isomorphisms Fo/ F\ = F\ [ Fo = G,). The image of the extension
(6.34) under dp., x dp? is equal to (v, v) € Tan,S @ Tan,S, where v € Ext'(C.,, C,) is the class
of the extension 0 — F\ | Fo — Fo) Fo — Fo/F1 — 0.

We will first show how Claim 6.12 allows us to prove that all tangent spaces to 2)
have dimension < than

Prop. 6.9 Prop. 2.28

(6.35) dlmﬁ) = )dimSQ — 1 + & + y + 7,(CfQiI"St + Ctl;St) + 2

(which would conclude the proof of Proposition 2.41) and then prove the claim.
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Case 1: when x # y or x = and JFy/F; is not split (i.e. we are at a smooth point
of 3,), Claim 6.12 implies that (a, dp, dp3) is injective. Then the fact that diagram (6.33)
is Cartesian implies that the map &' is also injective, which implies

dim Tanz,c 7, 7jc7) Y < dim Tanz,c, 7c, 7 J2

Because of Proposition 6.9 and the fact that we are on the smooth locus of 35, the dimen-
sions of the two tangent spaces must be equal.

Case 2: when x =y and Fy/F; is split, the dimensions of the vector spaces in
(6.33) are

? Cd+l

|

Cd+l

l (b dp.dpl)
(a.dpl, dp?)

Cd+2 @ CQ @ CQ

where d is the number in the right-hand side of (6.35). The goal is to show that the Carte-
sian product of the diagram, namely the vector space ?, has dimension 4. If 7, = F7, then
the northeast and southwest corners are naturally identified, as are the maps « and 4. By
Claim 6.12, we can decompose G = C & G, where a(C) = 0 and a|¢¢ is injective.
Moreover, dpé(C) = dpg (G) = 0, which implies that dpé X dp§|cd 1s surjective (this follows
from the surjectivity of dp x dp3, proved in [28, relation (4.47)]). We conclude that a point
of ? is of the form

(LI, veCpCPC!

such that dpl(v) = dp(v). The latter equality imposes two non-trivial linear conditions
on v, so we conclude that the dimension of ?is 1 +14d — 2 =4d.

If 7, # F|, then it suffices to prove that Ima and Im 6 are transversal d-
dimensional subspaces of A. Consider a point of A given by a pair of extensions

(6.36) 0 Fr G Fo 0

The diagram above induces an extension at the level of quotients
(6.37) 0->Q9Q—->H—>0—-0
where Q = Fy/Fy and H = Go/Gy. The pair of extensions (6.36) lies in Im a iff

(6.38) ‘H has a length 2 subscheme compatible with F, /F, C Q
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(and similarly for Im b, if we replace F; by JF). Fix a vector space isomorphism
Fo/Fo=C?

with respect to which F, /F is the first standard coordinate line and JF| /F is the second
coordinate line. The rank 4 coherent sheaf H is determined on the local neighborhood
of x € S by two commuting 4 X 4 matrices X and Y, whose only non-zero entries are
allowed to be in the bottom left 2 x 2 block, as below:

0 0 0 0 0 0 0 0
0 0 0 O 0 0 0 O
X= X1 X9 0 O and Y= 21 D2 0 O
X3 X4 0 0 3 V4 0 0

Condition (6.38) is equivalent to x3 = p3 = 0, while the analogous condition with F;
replaced by F is equivalent to xy = yo = 0. Taken together, this would prove the desired
fact that the images of @ and b are transverse codimension two subspaces of A, as soon as
we prove that the map

AS Ext'(Q,Q)  (6.36)— (6.37)

is surjective. To this end, note that the dimension of A is given by (6.32), dim Ext*(Q, Q) =
4, dim Ext' (Q, Q) = 8. Therefore, it suffices to show that

dimKera <1+¢&+y +r()™ + ) — 4

By analogy with (6.27), we have a surjective map

B
Ext! (Fy, Fy) = Ker «

A simple application of Hirzebruch-Riemann-Roch shows that dim Ext'(Fy, Fy) =
g+ y 4 r(™ + &), Therefore, it suffices to show that the kernel of the map B has
dimension > 3. 'To this end, consider the following piece of the Ext long exact sequence
corresponding to the short exact sequence 0 — Fy — Fo = Q — 0:

Hom(F,. F)) —> Hom(F. Q) —= Ext'(Fyp. Fy) —= Ext'(Fo. Fo)

| |

Hom(Fy, Q) — Ext'(Fy, Fo)

Consider the 4-dimensional subspace V C Hom(F,, Q) which consists of a fixed homo-
morphism with kernel F;, composed with an arbitrary endomorphism of @ = C?. Any
element of V maps to 0 in both Ext'(F,, Fy) and Ext'(F,, F»), so p(V) lies inside the
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kernel of 8. However, the map p has a 1-dimensional kernel since Hom(F,, F3) = C, so
we conclude that Ker 8 has dimension at least 3.

Proof of Claim 6.12. — It is enough to show that any triple (0, w, 0) satisfying
0 and w; map to the same element in Ext' (Fy, F))
w; and 0 map to the same element in Ext'(F, F»)

must have w; equal to a multiple of the extension (6.34). Indeed, the natural long exact
sequences imply that it suffices to show that any w, € Ext'(F;, F}) which lies in the
intersection of the images of Ext!(C,, F)) and Hom(F,, C,) is a multiple of (6.34), where
C.=Fi/F;and C, = F,/F,. In other words, if we have a diagram

taut

(6.39) 0~ F R "¢ 0
0 Fi g Fi 0

Lo
0 Fi H C, 0

(the maps denoted “taut” are the projection maps F; — G, and F, — G, that give rise
to the flag F, C F; C F3) where the middle short exact sequence is the pull-back of both
the top and the bottom short exact sequences, we must show that the middle short exact
sequence is a multiple of (6.34). As the sheaves Fy, Fi, Fy, H all have the same reflexive
hull, and since the reflexive hull is stable, we may regard Fy, F|, Fy, H as subsheaves of
the same stable vector bundle V.

(1) If H # F; (as subsheaves of V), then the two sides of the inclusion
FICHNF,

have the same colength as subsheaves of V, so the inclusion above is an equality.
Similarly, the two sides of the inclusion

GCSHNFyeFi=F &F

have the same colength as subsheaves of V @ V), so the inclusion above is an
equality. But then the short exact sequence 0 - F; — G — F| — 0 is split, so
w; = 0.

(2) if H = F; (as subsheaves of V), then x = y. Since Hom(Fj, F,) is one dimen-
sional, any two injections J; <> JF; are scalar multiples of each other, which



HECKE CORRESPONDENCES FOR SMOOTH MODULI SPACES OF SHEAVES

implies that B = A - taut for some A € C* (notations as in (6.39)). Then the
extension § is equal to A times the extension (6.34), as we needed to show. [J

6.13. Let us now consider the schemes ) _, Q) ., ) _, in relation to ).

Proof of Propositions 2.42 and 2.45. — Since we already proved the dimension and
irreducibility statements in Proposition 6.9, it remains to prove that 2)_, 9, and Y_,
are l.c.i. This is a consequence of the claim that the following squares are all derived,
which we will now prove:

(6.40) Vi — 30 Y- — e
P P
Y —— dw Y —— 3w
(6.41) Y+ — Y+ — B
L L
Y- — 3o Vs — 3o

In all cases above, the arrow on the left is the only map one can write which forgets a
single sheaf (in the notation of (2.40)-(2.43)), while the arrow on the right is the unique
map which forgets the same sheaf as the arrow on the left.

We will only prove the fact that the first square in (6.40) is derived, since all other
cases are analogous. Consider the map on the left of the square

(6.42) 9, — 9

With the notation in (2.40) and (2.42), we note that the fibers of this map consist of all
ways to append a sheaf F_; C, Fy to diagram (2.40). Just like in Proposition 2.19, one
sees that the map (6.42) factors as

Y, —— Py(T*(Vy))

g

)

where I'* : ) — ) x S is the graph of the map pg that records the support point x € S.
The closed embedding ¢ is cut out by the composition

o :I'"*Wy) — I'*(Vy) — O(1)
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and just like in Proposition 2.21, one may show that the section o factors through a
locally free sheaf of rank 1 less, as follows:
o o
o :I''"*"Wy)) » —— = 0O()
VL ()
(the argument requires the fact that pg is flat, which is proved by estimating the dimensions
of its fibers, akin to the proof of Proposition 6.2). Because of (2.2), we obtain:

dim¥Q), —dim) >r

However, Proposition 2.41 implies that ) is smooth, while Proposition 6.9 implies that
dim%); = dim¥) + r. Therefore, we actually have equality in the inequality above. This
is a particular case of Definition 2.2, hence the section ¢’ is regular. However, this is
precisely the same section that describes the map 3(...) = 3(y. By Definition 2.4, this
precisely says that the first fiber square in (6.40) 13 derived. U

Proof of Proposition 2.44. — 'The scheme 9) is reduced because it is smooth. As for
the other schemes, they are local complete intersections, so it suffices to prove that their
generic points are reduced. In the case of 2)_ and 2)., they are irreducible, and the
generic point corresponds to a diagram (2.41)—2.42) with x # y. Near such a point, J)_
and Q) are isomorphic to 3, and 3., respectively. Since the latter schemes are
normal (due to Proposition 2.34), reducedness follows.

The same argument applies to the irreducible component of )_; which is the
closure of the locus of diagrams (2.43) with x # ». As for the other irreducible component,
we recall that it corresponds to diagrams (2.43) with x =y and JF3/F) a split length 2
sheaf. Therefore, the second component is locally isomorphic to

V1 X :P1
where V| C 3.y is the irreducible component consisting of
(Fo Co FL T Fy T F3 C Fy)

such that F3/F) is a split length 2 sheaf. It suffices to show that V| is generically reduced.
As a consequence of Corollary 5.14, the generic point of V| corresponds to F; locally
free. Lemma 5.7 implies that near such a point, V, is locally isomorphic to the smooth
moduli space My = {F,} times the component Z;/B C Comm,/B that we studied in
Section 5.10. As we noted therein, 7, is generically reduced, so we are done. O
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