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Abstract

This thesis is about nonlocal games. These “games” are really interactive tests in which a
verifier checks the correlations that can be produced by non-communicating players. We
study the class of commuting operator correlations: correlations which can by produced by
players who make commuting measurements on some shared entangled state. This thesis
contains following results:

e A general algebraic characterization of games with a “perfect” commuting operator
strategy, i.e. games with a winning correlation that can be produced exactly by
commuting operator measurements. This characterization is built on a key result in
non-commutative algebraic geometry known as a (non-commutative) Nullstellensatz.

e A sufficient condition for a class of nonlocal games called XOR games to have a perfect
commuting operator strategy. This condition can be checked in polynomial time, and
can be understood either as non-existence of a combinatorial object called a PREF (the
noPREF condition) or as non existence of a solution to an instance of the subgroup
membership problem in a specially constructed group.

e A family of simple one-qubit-per-player strategies we call MERP strategies, which we
show are optimal for any XOR game which has a perfect commuting operator strategy
by the noPREF condition.

e Proofs that the noPREF condition is both necessary and sufficient for symmetric XOR
games and 3 player XOR games.

e Explicit constructions of several families of XOR games with interesting properties.

e An analysis of randomly generated XOR games using the noPREF condition and the
first moment method.

Thesis Supervisor: Aram W. Harrow
Title: Associate Professor of Physics
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Chapter 1

Introduction and Background

This thesis is about quantum correlations. The study of quantum correlations began with
John Bell’s pioneering paper [4], which showed that non-communicating observers measuring
a quantum state could produce correlations which would be impossible to reproduce classically.
This result implied the existence of a “Bell Test” — a test with purely classical input and
output which could certify the presence of quantum behavior in a system. More abstractly,
it showed that quantum systems can behave in ways which are completely impossible for
classical systems to reproduce.

Recent results have shown that the set of correlations which can be produced by measure-
ments like the one’s described by Bell are incredibly rich. In particular, some correlations
in the set require measurements of arbitrarily large, or even infinite dimensional systems
to be produced. Exactly which correlations can be produced by measurements of infinite
dimensional systems depends on assumptions about the underlying mathematical structure
of the Hilbert space in which the quantum state lives. And it is in general undecidable
whether a given correlation can be produced, or even approximated, by measurements of
some quantum state.

This thesis develops techniques for deciding membership in the set of quantum correlations.

More concretely, it is concerned with questions of the form:

“Does there exist any quantum state and set of measurements that

non-communicating observers can make which can produce a specified

17



correlation?”’

Because of the aforementioned undecidability results, any techniques for answering this
question will fail on some correlations. Yet there do exist large classes of correlations
for which this question can be efficiently answered. This thesis focuses on these classes
of correlations. By developing mathematical tools to identify these correlations, as well
as the states and measurements that produce them, we can further our understanding of
the operational power of quantum mechanics. In particular, computational techniques for
finding quantum correlations and measurement strategies have the potential to both uncover
sophisticated measurement strategies that have not yet been discovered, and to tell us when
a class of measurement techniques that has already been developed is in a sense optimal.
These measurement strategies may then find use throughout quantum information, in areas
far removed from quantum games [5, 53, 67].

In the remainder of introduction we first give some background to the field of quantum
correlations and nonlocal games, as well as a quick overview of some important mathematical

concepts. Then, in Section 1.4 we give an overview of the results in this thesis.

1.1 Nonlocal Games and Quantum Correlations

We begin by describing an experiment involving a verifier (or referee) and two “players”,
canonically called Alice and Bob. During the experiment the verifier selects two questions 7
and j from a list of possible questions, then sends question ¢ to Alice and j to Bob. After
receiving their questions, but without knowing the question sent to the other player, Alice and
Bob choose responses a and b and send those responses back to the verifier. This process is
illustrated diagrammatically below:

An important note is that in this experiment we have assumed the randomness used by
the verifier in selecting questions ¢ and 7 is is independent of any randomness shared by
Alice and Bob, so absolutely no information is leaked to Alice or Bob about the question the
other player is sent. This assumption, known as the measurement-independence assumption,
requires considerable effort to enforce experimentally [38, 52, 18, 41, 40, 29, 24| and is a

necessary part of a formal Bell test [28, 23]. In this (purely theoretical) thesis, we will assume
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Figure 1-1: An experiment in which the verifier tests the correlations that can be produced
by Alice and Bob.

it freely.

We can describe the likelihood of a certain outcome when performing this experiment via
the conditional probability p(a, bli, 7), which represents “the probability the verifier receives
response a from Alice and b from Bob given that they sent question i to Alice and j to Bob”.
We let Z4,Zg denote be the set of all the questions (inputs) that can be sent to Alice and Bob
respectively, and Oy, Op be the sets containing all their possible responses. A correlation is

a set of conditional probabilities

(pla,bli,j) | a € Ou, bE Op, i €L, j€Inh (1.1.1)

which together specify the probability of Alice and Bob giving any possible response to any
possible set of questions asked. Note that we can assume without loss of generality that
the question and responses sent to and from Alice and Bob are integers, so sets Z and O
are specified completely by their size. Technically, whenever talking about a correlations
we should specify the question size n and response size m, though we will often omit these

details. Whenever a correlation is referred to without n and m specified it should be assumed
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that both are finite constants.

We can view correlations as tuples in RZ4lZsl04l05] and then define addition and scalar
multiplication of correlations in the natural (entry-wise) way. This observation allows us to
discuss notions such as closure and convexity of various sets of correlations.

Closely related to correlations are the strategies used by Alice and Bob to map the
questions they receive from the verifier to the responses they send back. In our standard
view of correlations, we think of Alice and Bob as knowing ahead of time a correlation which
they are supposed to produce, and then trying to come up with a strategy for producing
that correlation during the experiment with the verifier. The key observation motivating
the study of quantum correlations is that that the correlations Alice and Bob can produce
depend on the resources they are given. In the next section we discuss some of these possible
resources, the descriptions of the associated strategies, and some preliminary results about

the correlations they can produce.

1.1.1 Correlation Sets

In this subsection we introduce various sets of correlations, following the notation in [60].

Classical Correlations

We first consider the case where Alice and Bob only have access to classical resources. The
simplest strategy they can pursue is a deterministic one, with Alice and Bob deciding to give
a fixed response a;, b; to each possible question 7 and j. Such a strategy can be completely
specified by listing the variables a;, b; for every possible question ¢ and j, and produces

correlations of the form

p(aab’%]) = 6a,ai(5b,bj (112)

where 0 is the standard Kronecker delta.
Classical Alice and Bob can also use randomness to produce correlations. In this setting
we imagine Alice and Bob looking at some random classical event — for example a die roll

— and then choosing their response to a question based on that. This randomness can be

20



private, meaning Alice and Bob each roll a die individually once the experiment has started,
or shared, meaning Alice and Bob roll a die before the game has started and store the result
somewhere, then only look at it once the experiment is underway. In either case, the strategy
Alice and Bob use to produce correlations can be specified by a probability distribution r(\)

over some classical randomness, along with a variables p*, qZ’A giving the probability of Alice
(resp. Bob) giving response a (resp. b) to question ¢ (resp. j) when classical randomness

takes value \. These variables must form a probability distribution, so pi?, qi”\ > 0 and

S =Y gt =1 (113)

a€0 4y beOp

and for all \,4,j. The correlations produced by these classical strategies satisfy

pla,bli, j) = /T(A)pZAqZ’A- (1.1.4)
A

where we made use of the measurement independence assumption in assuming A was in-
dependent of ¢ and j. We let C, denote the set of all classical correlations, and C.(n,m)
denote all classical correlations with fixed question and answer set sizes |Z4| = |Zp| = n and
04| = |Og| =m.

One way of understanding C,. is by noting that any correlation produced by random
classical strategies can be thought of as a mixture of correlations produced by deterministic
classical strategies. Put differently, C. can be viewed as the convex hull of the deterministic
classical correlations defined in Equation (1.1.2) (recall that we defined addition and scalar
multiplication of correlations by viewing them as tuples in |Z4||Zp||O4||Op|). From this

observation it follows that the set of correlations C. is both closed and convex.

Tensor Product Correlations

Now we consider the case where Alice and Bob have access to quantum resources. In
particular, they mare share an entangled state, and measure it before deciding on a response
to send to the verifier. We can describe such a strategy by specifying the shared state

p and positive operator-valued measure (POVM) operators { P!} and {Q]} describing the
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measurements made by Alice and Bob after receiving questions i and j, respectively. To
enforce the condition that Alice and Bob cannot communicate during the game we demand
that the state p live in a separable Hilbert space H = H4 ® Hp with Alice’s measurement
operators living entirely in H4 and Bob’s in Hpg. (That is, for any i € Z4 and a € O4 we
have P! = (f’;)A ® I, and similarly for Bob). The correlations produced by these strategies

are given by

pla,bli. j) = tr[PiQip]. (1.1.5)

We let €, denote the set of all correlations that can be realized by strategies where Hilbert
spaces H 4 and Hp are both finite dimensional. The POVM formalism allows for mixtures of
strategies, so it follows that C, is convex. Furthermore, a Naimark dilation (or “church of the
large Hilbert space” argument) shows that any correlation in C, can be realized by a strategy
where measurement operators { P!} and {Q}} are projective, and p = [¢)(1)] is a pure state.

In this case, correlations take the form

pla,bli, j) = (WIP'QIW) = | Pl )| (1.1.6)

We can also consider the correlations which can be produced by strategies with H 4 and
Hp infinite. We denote this set Cys (for quantum spatial — referring to the “spatial” tensor
product). As with C,, mixing strategies shows that Cy, is convex, and a Naimark dilation
argument gives that correlations in Cys can be achieved with pure states p and projective

measurements.

It was shown in [60] that neither C, nor Cy, are closed. The set C, (standing for “quantum
approximable”) denotes the closure of C,;. By a result in [57] C,, contains Cy,, and so Cy, is
also the closure of Cy,. This set is closed and convex, and can be viewed as the set of all

correlations approximable by tensor product strategies.
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Commuting Operator Correlations

So far when discussing quantum strategies we enforced the condition that Alice and Bob
can’t communicate by demanding the Hilbert space they share be factorizable, with each
player only measuring their half of the space. But there is another constraint we could have
chosen to enforce the no communication condition. If we simply demand that each of Alice’s

measurement operators commute with each of Bob’s, so
PiQ] - QP =0 (1.1.7)

for all 7,7,a,b € Za,Zp,04,Op we would also known that no information is exchanged
between Alice and Bob during the measurement process. Any correlation which can be
produced by operators which commute in this way and act on a finite dimensional Hilbert
space can also be produced by measurement operators acting on a tensor product Hilbert space
[57]. However commuting operators acting on a infinite dimensional Hilbert space can produce
correlations which can’t be reproduced by operators acting on any tensor product Hilbert
space. Even stronger, these correlations aren’t even the closure of the set of correlations
that can be produced by tensor-product strategies [36]. We denote the set of correlations
producible by commuting operator strategies Cy. (for “quantum commuting”). This set is

both closed and convex, and strictly larger than Cy,.

Separations Between Correlation Sets

Table 1.1 summarizes the correlations introduced in the previous sections.

C. | Classical correlations.

C, | Quantum correlations, produced by tensor product (equivalently commuting) mea-
surements on states living in a finite dimensional Hilbert space.

Cys | Quantum seperable correlations, produced by tensor product measurements made
on states living in a potentially infinite dimensional Hilbert space.

Cya | Quantum approximable correlations, defined to be the closure of C;, (or equivalently
the closure of Cys [57])

Cye | Quantum commuting correlations, produced by commuting measurements made on
a potentially infinite dimensional Hilbert space.

Table 1.1: Classical and Quantum Correlation Sets
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These correlations form an increasing chain of correlation sets, which can be summarized

by the equation

12, 4 (16 160 [36)
C. C Cp C Cy C Cyy C Cle. (1.1.8)

While it will not be the focus of this thesis, it should be pointed out that the proofs that
each of these inclusions is proper represented a major breakthrough in our understanding of
quantum correlations. In particular, the final inclusion C,, C C,. was proven to be strict
very recently [36]. The proof of this fact is equivalent to a disproof of Connes’ embedding

conjecture, a longstanding conjecture in mathematics.

1.1.2 Nonlocal Games

The separations between correlation sets discussed in the previous section motivate a type of
test which the verifier can use to check the resources shared by Alice and Bob. The verifier
can ask Alice and Bob to produce a certain correlation, then send questions and record the
Alice and Bob’s responses. If the responses are consistent with a certain correlation, the
verifier concludes that Alice and Bob share the resources needed to produce it. For example,
by asking Alice and Bob to produce a correlation which is in C;, but not in C,, the verifier
can check that Alice and Bob share an entangled state. One can imagine tests built on the
other strict inclusions which test for infinite dimensional states, or the presence non-separable
Hilbert spaces allowing for commuting operator style measurements.

But there are some theoretical obstacles to such a test. Firstly, the verifier cannot
know exactly the correlation that would be produced by the player’s strategy, but can
only approximate it based on statistics collected from the player’s response. This type of
approximation can never distinguish between a set of correlations and it’s closure, so no
test of this form can distinguish between correlations in C,, Cys, and C,, (for example).
Furthermore, collecting these statistics requires many repeated rounds of interaction with the
players. So far our analysis has assumed Alice and Bob are “memoryless,” picking a strategy
before the test begins and then following that same strategy every time they are asked a

question. If Alice and Bob keep a list of the list of questions asked and their responses to each

24



round of the game and vary their future responses depending on that, they can potentially

spoof a correlation which they could not have produced with their given resources [1].

Value of a Nonlocal Game

A nonlocal game is a way of defining a test that avoids these difficulties. A nonlocal game G
with question sets Z4,Zp and response sets O 4, Op is defined by a probability distribution m
on Z, ® I and a “scoring” function V : To ® ITp ® O4 ® Op — [0, 1]. Given a nonlocal game
G and a set of correlations C' we define the value the correlations C' achieve on the nonlocal

game as

sup (Y V(a,b,i,j)m(i, j)p(a, bli, 5) (1.1.9)
{p}EC i,j,a,b

with the sum taken over all 7, j € Z4,Zp and a,b € O4,Op. Important values are the classical

value of a game

{p}GCc

w(@) = sup (Z V(a, b,z,jw(i,j)p(a,bu;j)) (1.1.10)
,7,a,b
the tensor product value

wy,(G) = sup (Z V(a,b,i,j)W(i,j)p(a,bli,j)) (1.1.11)

{p}eCq

— sup (Z V<a,b,i,jw(z,j)p(a,b!z,j)) (1.1.12)
,7,a,b

{p}€Cyqs
= sup | Y V(a,b,i,j)m(i,j)p(a,bli, j) (1.1.13)
{r}€Cqa i,4,a,b

(note the supremum makes the value achieved by these three sets of correlations equivalent,

since Cyq D Cys is the closure of C;) and the commuting operator value

wi,(G) = sup (Z v<a,b,z',ﬁw(z',j)p(a,bu,j)). (1.1.14)
1,5,a,b

{p}eCyc
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Nonlocal Games as Tests of Resources

If the value achieved on a nonlocal game differs between two correlation sets this game can be
used to test the resources shared by Alice and Bob. As a concrete example, consider a game
G with w(G) < wy,(G) (the Bell test can be phrased as such a game). To test the resources
shared by Alice and Bob the verifier plays many rounds of this game with Alice and Bob,
choosing questions according to the distribution 7 and scoring the player’s responses according
to the value function V. Afterwards, the verifier computes the average score achieved by the
players over all the rounds of the game. If this score exceeds w(G) the verifier concludes that
players can produce correlations outside the correlation set C...! Because w;,(G) > w(G) there
must be some strategy that players with access to quantum resources can follow which will
allow them to achieve an average score greater than w(G) on the game. Thus, the nonlocal
game G allows players with quantum resources to convince the verifier of this fact.?

It is worth discussing why the nonlocal games formalism avoids the problems with the
correlation test discussed in the previous section. First, note the supremum in the definition
guarantees that if wy (G) > w(G) then they are separated by some finite amount ¢, and this
separation can detected with a finite number of tests. More subtly, because the nonlocal

game scoring function

>_ Via.b.i.j)u(i, j)p(a,bli, j) (1.1.15)
,5,a,b
is linear in the conditional probabilities p(a, b|i, 7), the expected score achieved by the players
over all the rounds is just the sum of the expected scores achieved by their strategies on
each round, and the players having a memory of previous rounds doesn’t change the overall

maximum expected score they can achieve on the game.

ITechnically, the verifier concludes this with some probability, but that probability goes to 1 provided the
average value achieved by the players stays a constant distance above w(G) as the number of rounds goes to
infinity.

2Technically, they only convince the verifier they have access to some super-classical resource, capable of
producing a larger set of correlations than C, or that they have managed to exploit correlations such that

(i, §|A) # (i, 7).
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The Game Functional

When working with with nonlocal games it is often helpful to rewrite the expected score the
players achieve when playing the game as a function of their strategy. We can then express

the value of the game as a supremum over strategies.

In the classical case, linearity of the scoring function tells us that the optimal classical
strategy for the game will be a deterministic strategy. We can write the expected score

achieved by these strategies as

Z V(a7bai>j)7r<i7j)6a,ai5b,bj (1116)

,L"j7a7b

and the classical value of the game as

w(G) = {n;a?b(}V(a, b,i,5)7 (%, 5)0a,a;00., (1.1.17)

with the maximum taken over all possible assignments of deterministic responses {a;}, {b;}
in Of‘*l, OgB‘ , respectively.

In the quantum case we can restrict to pure states and projective measurements (by
the Naimark dilation) and write the expected score achieved by players following a certain

strategy as

> Viabi jye(i.d) WIPQ4I) = (12(@)). (11.18)
i,5,a,b
where we have introduced the &g shorthand to encompass the operator part of the scoring
function of the game. We will sometimes refer to ®(G) as the game polynomial.

We can then obtain the tensor product and commuting operator values of a game by taking
the supremum of (|®g|1) over strategies corresponding to tensor-product and commuting
operator strategies, respectively.

For some games we will use operators other than 4,,,, P!, QZ to allow us to write the
classical and quantum scoring functions of the game in a more convenient form. We will see

one example of this when discussing XOR games in Section 1.1.2.
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Perfect Games

An important subclass of games are games for which the scoring function V' evaluates to either

0 or 1. For these games we can divide sets of questions and responses into valid of “winning”

responses for which V' (a,b,4,7) = 1 and invalid or “losing” responses with V' (a, b,4,7) = 0.
A strategy for one of these games is called perfect if it achieves an expected score of 1,

that is, if it produces only winning responses. Games with perfect quantum strategies but no

perfect classical strategies (so w(G) < wy,(G) = 1) are called pseudotelepathy games.

XOR Games

One family of nonlocal games that will be central to this thesis are XOR games. These are
games with response sets O4 = Op = {0, 1} and question sets of arbitrary size (we normally
take Zy = Zp = {1,2,...,n}, with n an arbitrary integer). Furthermore, the scoring function
for these games takes value either zero or one and only depends on the parity of the players’

responses so

V(0,0,i,5) = V(1,1,4,5) and (1.1.19)
V(0,1,i,5) = V(1,0,i,5) (1.1.20)

for any i,j € {1,2,...,n}. The distribution 7 over questions is usually taken to be uniform
over some set of allowed questions. Then an XOR game can be specified by a set of allowed
questions and a “winning” parity for each pair of questions (7, j) that can be sent to the
players. For reasons that will become clear shortly, we specify this list of questions and

parities via a system of equations

Xi, + Y, = s (1.1.21)
Xi, + Y5, = s (1.1.22)
Xi, +Y;, =sm (1.1.23)



with each equation X;, +Yj, = s; specifying that a pair of questions (i, j;) is sent to the
players with winning parity response s; € {0, 1}.

Classical strategies for answering an XOR game can be described by variables X;, YJ
specifying Alice/Bob’s response to question i/j respectively. By identifying these variables
with the X , Y variables in the system of equations above, we see the classical value of an
XOR game is equal to the maximum fraction of satisfiable clauses in the associated system of
equations, with addition taken mod 2 (i.e. the system of equations viewed as a system of
equations over Zy). It follows that it is easy to decide if an XOR game has a perfect classical
strategy (via Gaussian elimination in Z,). Classically, we can think of an XOR game as
testing the satisfiability of the associated system of equations.

It is convenient to describe quantum strategies for XOR games in terms of observables
X;=1-2P and Y; = 1 —2Q]. (1.1.24)
Note that

Pi=1-P =-(1-X,), (1.1.25)

N | —

with similar equations holding for Y; and Qg, so specifying the matrices X;, Y; for 7,5 €
{1,...,n} completely specifies the projectors associated with the game. By construction,
the matrices X; and Y square to the identity. They live in separate factors of a Hilbert
space if they correspond to a tensor product strategy, and commute if they correspond to a
commuting operator strategy. In terms of these matrices the game polynomial for an XOR

game can be written

2(0) = ; (1 HEL ixnm—m) (1.1.26)

where the i, j;, s; come from the system of equations corresponding to the game outlined in

Equations (1.1.21) to (1.1.23).

The tensor product and commuting operator values of XOR games coincide, and can be

computed efficiently [63]. Crucially, this value can sometimes be higher than the classical
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value of an XOR game, meaning that there are XOR games which allow for simple tests of

quantum resources. The Bell test can be phrased as such a game.

1.1.3 Multipartite Correlations

Thus far our discussion has only involved experiments involving one verifier and two players.
But all the concepts discussed, including correlations sets, nonlocal games, perfect games, and
XOR games, generalize naturally to a multi-player setting. Here tensor-product correlations
involve a Hilbert space that factors into separate pieces for each player, and commuting
operator correlations involve the constraint that all operators corresponding two two different
players’ measurements must commute.

The primary complication in the multiplayer setting is notational. When dealing with
three or more players we abandon the P, Q) notation for projectors and instead define P(«)?,
to be the projector corresponding to player « giving response a to question 7. Similarly, we

define
X =1-2P(a) (1.1.27)

when discussing multiplayer XOR games, though we will sometimes use X;,Y;, Z; in the

special case of three player XOR games.

1.2 Bounds on the Set of Correlations

Two closely related tasks are deciding whether a correlation belongs to the set of tensor
product or commuting operator correlations and computing the tensor product or commuting
operator value of a nonlocal game. A naive approach to either task requires searching
over possibly infinite dimensional strategies, and so it is somewhat surprising that either
question can be answered. Indeed, as mentioned in the introduction, both tasks are in general
undecidable.

But there do exist some general techniques for lower bounding the set of tensor-product

correlations and upper bounding the set of commuting operator-correlations. We discuss
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those here.

1.2.1 Brute Force Lower Bound on Tensor Product Correlations

The first approach to discuss is a slight refinement of the naive “brute force search” discussed
in the introduction to this section. Consider fixing a dimension d and searching over and e-net
covering all matrices of dimension < d for strategies that approximate a given correlation
to within error €. The set of correlations producible by these strategies is contained in the
set of tensor product correlations, that is it is an inner approximation to the set of tensor
product correlations. Furthermore, this inner approximation converges to Cy, as d — oo and
e — 0. Recall from Section 1.1.1 that Cys C Cy,, or equivalently that any infinite dimensional
tensor product correlation can be approximated by a finite dimensional ones. Then there
exists a algorithm which provides a converging inner approximation to Cy,, or equivalently

an algorithm which gives a lower bound converging to wfp(g ) for any nonlocal game G.

1.2.2 ncSoS Upper Bound on Commuting Operator Correlations

It is also possible to describe a set of correlations containing the commuting operator
correlations, i.e. obtain an outer approximation to the set of commuting operator correlations
via bounds coming from the non-commutative sum of squares (ncSoS) hierarchy. These
bounds were developed independently in [46] and [32, 19]. There are several different ways to
understand the ncSOS bounds, including as result of a noncommutative positivstellensatz, or
(relatedly) as obtained from a proof system based on non-commutative sums of squares. We
do not discuss those views here, and instead give a direct, somewhat “low-level” view of the
ncSOS approach which parallels the discussion in [46].

For notational convenience we discuss the ncSoS approach in the case of bipartite (two-
player) correlations with question set Zo = Zp = {1, 2} and response set Oy = Op = {0, 1}.

The key initial observation is that, for any projectors P, Qi and state |¢)) we must have

> @Wlpply) =0 (1.2.1)

p
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for any sum over complex polynomials p formed from the projectors P, Q{) (so, for example,
we could have a polynomial p = P} + (2 4+ 4)Q} — 5Py P2Q1), and with * denoting the
conjugate transpose. To encode this constraint algorithmically, we first define the vector v(®
of matrices associated with some commuting operator strategy to be the vector consisting of

all monomials of degree < d formed from projectors P and (), so, for example

o = (1, P, PL, QY QL (PY?, PLPY, PLQY, ., (Q1)?). (1.2.2)

Then the moment matrix of degree 2d associated with the strategy (sometimes called the

Hankel matrix) M ©?? is defined entrywise by setting

MED = (| (v D) (), [v) - (1.2.3)

Note that the correlations produced by a strategy (or the value a strategy achieves on a

(2d) for any d > 1. We sometimes refer to

nonlocal game) can be read off from the matrix M
these correlations as “coming from” the moment matrix A/ %, The constraint of Eq. (1.2.1)
applied to all polynomials p of degree < d is equivalent to the demand that M % be positive

semi-definite.

If the projectors P and () come from a commuting operator strategy the entries of the

(2d)

moment matrix M** satisfy additional constraints, for example

(WIPIQIIY) = (L|Q)PLw) (1.2.4)

and

(WIPslY) + (IPil) = (Yl1]e) = 1. (1.2.5)
We do not list all those constraints here, but instead refer the reader to [46] for a complete
list.

Now we do not restrict ourselves to moment matrices coming from commuting operator

strategies, but instead call any psd matrix of the correct dimensions satisfying and satisfying
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constraints like the ones listed in Equations (1.2.4) and (1.2.5) a moment matrix. Thus
the set of all degree 2d moment matrices includes all matrices associated with commuting
operator strategies, but can be larger. The degree 2d (or level d) ncSoS approximation to the
commuting operator correlations is the set of correlations coming from any degree 2d moment
matrix. The degree 2d ncSoS upper bound on the commuting operator value of a game is the

supremum value achievable by correlations coming from degree 2d moment matrices.

As an example of a ncSoS type bound, we consider the CHSH game [12] — an XOR game

encoding the Bell test with clauses

Xo+Y,=0 (1.2.6)
Xo+Y1=0 (1.2.7)
X, +Y,=0 (1.2.8)
X, +Y; =0, (1.2.9)
hence game polynomial
1 1
Copsy = B (1 + Z(XOYO + XoY1 + X0Yo — X1Y1)) . (1.2.10)

Then (working with observables X and Y as opposed to projectors and recalling that X and

Y observables commute with each other and square to the identity) we see

2 2
(%(XO"‘Xl) —Y0> + (%(XO—XO —Y1) (1.2.11)
= %(Xo +X1)? Y5 = V2(XoYo + X1Y0) (1.2.12)
+ %(Xo —X1)? 4+ Y7 - V2(XoY1 — X1V7) (1.2.13)
=4 —V2(X,Yy + X1V + XY, — X1V7) (1.2.14)
= 4(1+V2 = 2v2Pcpsn). (1.2.15)
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Thus for any commuting observables X and Y and state ¢ we have

(0114 V2= 2VBbcusuly) 20 = (wibcnsuls) <5 (14 55) (1219
hence the commuting operator value of the CHSH game is at most % <1 + \%) (which ends
up being optimal). Because this bound involved the squares of polynomials of degree at most
1, it can be produced algorithmically by the ncSoS algorithm run to level 1 (or equivalently
degree 2). In fact, a result of Tsierlson shows that a tight upper bound for the commuting
operator value of all 2 player XOR games can be obtained by level 1 ncSoS [63]. (In the same
result Tsierlson also showed that tensor product and commuting operator values of 2 player
XOR games always coincide).

As d is increased the level d ncSoS approximation to the set of commuting operator
correlations gets more restrictive, since we need to extend matrices to larger matrices while
keeping them PSD and satisfying the commuting operator strategy constraints. Put differently,
any correlation coming from a degree 2d moment matrix also comes from a degree 2d — 2
moment matrix, since a truncation of a psd matrix remains psd. The key result of [46] is
that ncSoS approximation to the set of commuting operator correlations converges to the set
of commuting operator correlations as d — oo. Equivalently, for any game G the degree d
ncSoS upper bound on w? (G) converges to the true commuting operator value of the game

from above as d — oo.

1.2.3 Computing the Value of a Nonlocal Game

Brute force search gives a converging series of inner approximations to the set of tensor product
correlations, while the ncSoS hierarchy gives a converging series of outer approximations to
the set of commuting operator correlations. Consequently, for any nonlocal game G, there
exists a series of computable lower bounds which converge to wy,(G) from below, and a series
of computable upper bounds which converge to w? (G) from above. That means that if
the commuting operator and tensor product values of a game ever coincide, there exists an
algorithm which can approximate the value of that game to arbitrary precision.

Equally interesting is the contrapositive of this statement: if there exists a nonlocal game
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whose tensor product or commuting operator value cannot be approximated to arbitrary
precision (i.e. a game for which it is undecidable whether w}, > C' or wf, < C — ¢ for constant
€) then the tensor product and commuting operator values of the game must differ by a
constant amount. This is exactly the type of argument used in [36] to prove the separation

between Cy, and Cy.

1.3 Mathematical Tools

This section contains a “quick and dirty” introduction to the main mathematical tools that
will be used in this thesis. A reader interested in a more formal introduction is encouraged

to look at one of the many excellent textbooks on the subject.

1.3.1 Groups, Algebras, and Group Algebras
Groups

A group consists of a set of elements S together with a binary (product) operator - which

satisfy the following rules:
1. Closure: For all a,be S,a-b=c€ S.
2. Associativity: For all a,b,c€ S, (a-b)-c=a-(b-c).
3. Identity Element: There exists an element 1 € S satisfying 1-a =a for alla € S.
4. Inverses: For all a € S there exists an element a=! € S satisfying a - a™! = 1.

from here on we will omit the - notation when working with groups and just write a - b = ab.

Group Presentations

We will frequently describe groups using the language of group presentations. To understand
this language we first define the free group generated by a set of generators G' = {g1, ..., g }

to be the group consisting of all words formed from products of elements ¢, ..., g,, and
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their inverses g; ', ..., ¢!, with the product of two words being their composition and the

understanding that any generator g; and it’s inverse cancel to the identity, so

gig; = 1 and hence (1.3.1)

w1 g;g; "wy = wy(1)wy = wiw, for all g; € G (1.3.2)

where w; and w, are arbitrary words in the group.
Next, we define a set of relations R to be a set of rewrite rules on the free group. These

rewrite rules can be presented as equalities of the form

with each w;, w; a word in the free group or more compactly as a set of words R = {ry, 72, ...7%}

with the understanding that each r; € R corresponds to an equality of the form
r; = 1. (1.3.4)

Finally, we define the group presented by a set of generators GG and relations R to be
the group consisting of all words formed by the generators GG with equality between any two
words that can be transformed into each other using the rewrite rules R (and the basic free
group rewrite rule g;g; ' = 1).% Tt should be pointed out that the rewrite rules in R can be
used to both increase and decrease the length of a word, so determining equality between two

words in a group presentation can be a difficult task (and is, in general, undecidable [44, 48]).

Algebras

An associative algebra (hereafter simply called an algebra) consists of a vector space together
with a bilinear product. Slightly more explicitly, an algebra A over a field K consists of a

vector space over K along with a mapping - satisfying

3 A more formal definition for those already familiar with the terminology: The group with generators
G and relations R is isomorphic to the quotient of the free group generated by G by the normal subgroup
generated by R.
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l.a-(b+c¢)=a-b+a-c
2. (a+b)-c=a-c+b-c
3. kia - kob = kiks(a - b)

for all a,b,c € A and ky,ky € K. Everywhere in this thesis we will take K = C, so all
algebras considered are algebras over the complex numbers. We call these “complex” algebras.

A complex x-algebra is an algebra together with an involution operator * which respects
the bilinear product and acts like the normal adjoint on complex numbers, so a* € A for all

a € A with

1. (a*)" =a

2. (a-b)"=0b"-a*

3. (a+0b)* =a*+b" and

4. (aa) = o*a*
for all a,b € A and o € C. Finally, a C*-algebra is a * algebra together with a norm |||| such
that the algebra is complete in the metric induced by the norm and

la*all = lla™[[llall (1.3.5)

for all a in the algebra.

Group Algebras

Given a group G, the group algebra C[G] is a C*-algebra with elements of the form ) g Bgg
with g € G, B, € C, multiplication inherited from the group multiplication so ¢ - g2 = (9192)
and * operation defined by g* = g~'. Informally we can think of C[G] as being “the algebra
formed from polynomials of elements in G”.

To define a norm on C[G] (to make it a C*-algebra) we note that we can view elements of
the algebra as acting by left multiplication on L?(G), i.e. square summable complex valued

functions of G. Then the norm is just the standard operator norm.
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Subgroups, Subalgebras, Ideals and Left Ideals

Given a group G a subgroup H of G is a subset of elements from GG which contain the identity
element, inverses, and is closed under the group binary operation. Then H itself forms a
group, with the same binary operator - as defined for G. Given a set S of elements from G
the sugbroup generated by S, denoted (S) (or (S), when the group G may be unclear), is
the smallest subgroup of G' containing the set S. We can think of (S) as the group formed
by mulitplication of elements of S and their inverses using the binary operator defined on G.

Given an algebra A, a subalgebra C is defined to be a vector subspace of A which is
closed under multiplication of vectors (but not inverses). Because C does not need to contain
inverses it may not contain a multiplicative identity. An subalgebra that does is called a unital
subalgebra. A subalgebra of a x-algebra closed under the % operation is called a x-subalgebra.
Finally, the subalgebra (resp *-subalgebra) generated by a set S of elements coming from A
is defined to be the smallest subalgebra (resp *-subalgebra) of A containing S.

Similarly, given an algebra A an ideal Z is a subset of elements in .4 which is closed under
addition and “absorbs multiplication”, so for any b € Z we have ab € Z and ba € Z where
a € A is arbitrary. The ideal generated by a set S of elements coming from A is the smallest
ideal of A containing S. A left ideal (or right ideal) LZ of A is defined similarly, except it

only adsorbs multiplication from the left (or right).

1.3.2 Representations

Generally speaking, a representation is a map between mathematical objects which preserves
the structure of the objects in the pre-image. In this thesis we will be largely focus on
representations m mapping groups or algebras into the algebra of bounded operators on a
Hilbert space H, which we denote B(#). In the groups case this means 7 is a mapping from
G to operators which satisfies m(g1)m(g2) = m(g1g2) for any g1, g2 € G. In the algebras case 7
is a x-representation, meaning it satisfies the multiplicative condition above along with the
condition m(a + b) = 7(a) + 7(b), 7(aa) = an(a) and 7(a*) = 7(a)* for any a,b € A, o € C.

This representations language lets us view quantum operators as arising from representa-

tions of groups or algebras. We can then impose structure on the operators by asking for
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representations of groups or algebras with the desired structure. This view is elaborated on

greatly in Chapter 2.

1.4 Results in this Thesis

In Chapter 2 we construct a general algebraic framework, based on a result in noncommutative
algebraic geometry known as a Nullstellensatz (NullSS) which we will use to analyze XOR
games. In Chapter 3 we discuss a condition called the noPREF condition which guarantees
existence of a perfect commuting operator strategy for an XOR game, along with a tensor
product strategy for XOR games we call MERP. We then show MERP strategies are optimal
for games meeting the noPREF condition and use this result to analyze a class of games
called symmetric XOR games. In Chapter 4 we continue our analysis of XOR games and
show that MERP strategies are optimal for any 3 player XOR game. This result hinges on
an involved algebraic proof built around instances of the subgroup membership problem. In
Chapter 5 we use techniques from the previous chapters to construct families of XOR games
with desirable properties, and to analyze randomly generated XOR games. Finally, Chapter 6
concludes the thesis with a discussion of some open problems motivated by the results of the

thesis.
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Chapter 2

Algebraic Framework

In this chapter we introduce a general mathematical framework for studying the commuting-
operator value of nonlocal games. We introduce the concept of a Universal Game Algebra,
which is an algebra with generators satisfying the same relations as the projectors corre-
sponding to a commuting-operator strategy, then show commuting operator strategies can
be obtained from representations of this universal game algebra. We then connect the
question of whether a nonlocal game has a perfect commuting operator strategy to a result
in noncommutative algebraic geometry known as a Nullstellensatz. This connection gives an
“algebraic” characterization of games with perfect commuting operator strategies in terms of
ideals and sums of squares of elements in the universal game algebra. Finally, we show we
can further simplify this algebraic characterization for a large class of games which includes
XOR games. This simplification reduces the question of whether or not an XOR game has a
perfect commuting operator strategy to the subgroup membership question — a well studied

question in algebraic combinatorics.

The notation in this chapter is adapted to describe arbitrary many-player games and so is
somewhat more involved than the notation in the introduction. This notation is introduced

in Section 2.2.
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2.1 Introduction

The foundations of classical Algebraic Geometry and Real Algebraic Geometry are NullSSs.
Over the last two decades the basic analogous NullSS for NC variables have emerged.

This chapter concerns nonlocal quantum strategies for games, recalls NullSS which are
helpful, extends these, and applies them to a very broad collection of games. In the process
it brings together results spread over different literatures, hence rather than being terse our

style is fairly expository.

2.2 Nonlocal Game Definitions

This section gives an overview of all the terminology used to discuss nonlocal games in this
paper. Section 2.2.1 gives an overview of the technical definitions which are key to this paper.
Then, in Section 2.2.2 we introduce an algebraic framework which we will use to describe
nonlocal games and their commuting operator strategies. In Section 2.2.3 we describe some
well-know families of games using the language introduced in previous sections. Finally, in
Section 2.2.4 we describe the condition that a nonlocal game has perfect commuting operator

strategy in terms of some of the notation introduced in previous sections.

2.2.1 Technical Definitions
Commuting Operator Strategies

We start with a definition of a commuting operator strategy for nonlocal games. The setting
is a Hilbert space H, possibly infinite dimensional. An important class of operators are all

p € B(H) which are positive semidefinite with trace 1. These are called density operators.

Definition 2.2.1. A commuting operator strateqy S for a k-player, n-question, m-response
nonlocal game is defined by (p, P(1),P(2), ..., P(k)) where p is a density operator and each
P(a) in {P(1),...P(k)} is a set of projectors acting on the same Hilbert space

P(a) = {P(a). :i € [n],a € [m]} (2.2.1)

a
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which satisfy

[P(a)e, P(B)y] =0V a # 3 (2.2.2)
and
> Pla),=1Vack]ic[n]. (2.2.3)
a€lm]

Note that as a consequence of Equation (2.2.3) we have P(a)!P(a); = 0 and hence

[P(a)t, P(a)i] = 0 for any a,i and a # b.

a’

Note. We will try and stick to the convention of having «, 3, variables label players, i, j, k

variables label questions, and a, b, ¢ variables label responses. Using k for the number of

players, n for the number of questions and m for the number of responses will also be standard.

Games and their Commuting Operator Value

A k-player, n-quesiton, m-response nonlocal game G = (V, p) is specified by a scoring function
Vo n)* x [m]*F — [0,1] (2.2.4)

and a distribution x on [n]*. The score a strategy S obtains on a game G = (V, i) is given by

v(G,S) = Z Z L (?) % (?, c?) Tr H P(a)g((‘z))p (2.2.5)

ic[n]k ac[m]® a€lk]

The commuting operator value w? (G) of a game is defined to be the supremum value achieved

over commuting operator strategies so

41,(9) = sup (G, 9). (2.2.6)

where we have defined S, (k,n,m) to be the set of all k-player, n-question, m-response

commuting operator strategies. Often k, n, m are implied from context, and we just
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write S,,.

2.2.2 The Algebraic Picture

In this paper we think strategies S € S, as arising from from representations of an algebra

we call the universal game algebra. We define that algebra next.

Universal Game Algebra

Here we define the Universal Game Algebra UA in terms of various generators and relations.

These relations reflect the algebraic properties of projectors or related algebraic objects.

Projection Generators Define U A to be the *-algebra with generators e(a), which satisfy

relations

le(@)l, e(B)]] =0V i,j,a,b,a # B, and (2.2.7)
(e())” = (e(a)i)" = e(a); (2.2.8)
D e(@)h =1V a,i (2.2.9)

a

with 4,5 € [n];a,b € [m], and o € [k]. (Technically we should define a different Universal
Algebra for every different value n,m and k, so UA = UA(n, m, k). We frequently omit this

detail when n,m and k are clear from context.)

There are two common change of variables we will use when describing the algebra U A.

Signature Matrix Generators The first change of variables is to generators satisfying

the algebraic properties of signature matrices, defined by

z(a)’ = 2e(a): — 1. (2.2.10)



These variables satisfy relations

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)

It is straightforward to check that the set of relations above gives a defining set of relations

for the algebra U.A written in terms of the z(«a):.

Cyclic Unitary Generators The second change of variables is to cyclic unitary generators,

defined by

[e% 2 )
CZ(- )= E exp (La) e()..
m
These observables satisfy relations

(e = T Vi oo # B, and

/N
RO
&
N—
*
[
— —
’ RO
&
N—
L

Straightforward calculation using the inverse transformation

o)y = -3 (p(‘fjj)”)

(2.2.15)

(2.2.16)
(2.2.17)

(2.2.18)

(2.2.19)

shows that Equations (2.2.16) to (2.2.18) also form a defining set of relations for U A. This

shows that U A can be viewed as the group algebra generated by the k fold direct product of

the cyclic group of order m, or UA = C [(Zm)k} )

A notable special case occurs when the answer set of the game contains only 2 responses.
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In this case the cyclic observable and signature matrix change of variables are the same, since

cga) = e(a)) —e(a)] = 2¢e(a)y — 1 = z(a); (2.2.20)
and
z(a)h = —z(a)i. (2.2.21)
In this case we use the simplified notation xz(-a) = cga) = z(a)}

Strategies as Representations of the Universal Game Algebra

Now we make an observation that is key to understanding the rest of this chapter: any
commuting operator strategy S can be described by a representation 7 of U A into bounded
operators acting on a Hilbert space H and a density operator p € B(H). Moreover, convexity
arguments tell us that whenever a game has a perfect commuting operator strategy it has
a perfect commuting operator strategy where p is rank 1, i.e. a projector onto a state
1 € ‘H. This means that we can study perfect commuting operator strategies by studying
representations of U A into bounded operators on some (possibly infinite dimensional) Hilbert
space H along with the action of those representations on a state ¥ € H. We make use of

this observation in the subsequent sections.

An Algebraic Definition of the Commuting Operator Value of a Game

For any game G define the game polynomial &g € U.A by
o= Y <Z) v (Z, 5) [T e(@)i? (2.2.22)
ic[n)k ac[m® aclk]

This game polynomial is an algebraic encoding of an average over all the winning responses

for a game G, weighted by the probability of the corresponding question being sent to the
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players. Then, recalling the view of strategies as representations introduced in Section 2.2.2

w5y(G) = sup tr[(Pg)p) (2.2.23)

P

where the supremum is taken over all representations 7 of U A into bounded operators on
a Hilbert space H, and density operators p € B(H). In particular, a game has a perfect
commuting operator strategy iff there exists a representation 7 of U A into H and a density
operator p € B(H) with tr[m(Pg)p] = 1. By convexity, this condition is equivalent to the
existence of a representation 7 of UA into H and a state |¢) € H with n(Pg) |¢) = |[¢) .

In this paper we will restrict ourselves to the case where the image of V' is {0, 1} and the
distribution p is uniform over a set of allowed questions. In this case a game can be specified
by a universe of possible questions Q and sets y(?) listing valid or “winning” response vectors

to each question vector ic Q. Using this notation we have

=P Z Z I e(a)i). (2.2.24)

i€Q ey (i) a€lk]

We also define the set of invalid responses N/ @ to be the compliment to the set Y @

These sets can also be used to specify a game.

2.2.3 Examples of games

XOR Games

XOR games are games with m = 2 responses which we interpret as a 0 or a 1. The valid
responses Y (;) to each question vector i are all responses which sum to either 0 or sum to 1

mod 2.

The game polynomial of an XOR game takes the form
1 s ()
+ =Y (- [] (2.2.25)

with 7' > 0 some integer, the vector i; € [n]* and the integer s; € {0,1} are arbitrary. We
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refer to each monomial

(=1)* :c(a()a) (2.2.26)
aclk]

as a clause, so the game polynomial above corresponds to a T-clause XOR game.

2.2.4 Equations Corresponding to Perfect Games

A strategy is a perfect strategy for a given game if v(G,S) = 1. These perfect strategies

admit a nice characterization in terms of invalid and valid response sets.

Theorem 2.2.2. A commuting operator strateqy S with question set Q and valid response

sets V(i) is perfect for a game G iff

Z H P(oz)é(&)) —I|p=0foraliecQ (2.2.27)

ac(i) a€[k]

Equivalently, a strateqy with question set Q and invalid response sets N (;) is perfect for G iff

H P(a Z(a) p=0 for all (i,@) € (Q,N (). (2.2.28)

a€lk]

Proof. By definition, a strategy for a nonlocal game is perfect iff

|Q|ZTI > HP =1 (2.2.29)

1€Q ac)y( z) aclk

Now, for all i € Q we have

Y I Pl < P(a)l®) =1 (2.2.30)

aey (i) a€lk] ae[m] a€lk]



hence

P3RS

acy —> OcE

and a game is perfect iff we have for all ieQ:

Z Tr

a a)p < Tr[p] =1

H P(a Z;((O;) P

acy(i) a€(k] ]
— Tr > I] Ple “a —1]p

acy (i) o€lk] ]

Again using that
P (a);((aa)) <1

ae)(i) «€lk]
we see

> ] P -

aey(—> a€(k]

is negative semidefinite, hence Equation (2.2.33) implies

> Il Pleyg) | —1)p=0

ey (i) a€lk]

which finishes the first part of the proof.

To convert this condition from terms of ) to terms of N fix i Q and use

> T HP a(a) = Tv[(I)p] = 1.

acY(@UN(7)

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

(2.2.35)

(2.2.36)

(2.2.37)

In words we are summing over all responses valid or invalid to question i. Subtract the first
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line of Equation (2.2.33) from this to get ) .. ~@ = 0- This is a sum of nonnegative terms,
so each is O:

—

Te| | [[ P@i) | o] =0vaenNG) (2.2.38)

aclk]

Since operators P(«) and p inside the trace are positive semidefinite we get their product is

0, thus finishing the proof.

[T P@i) | p=0vaenNG (2.2.39)

a€lk]

More generally, we can obtain a characterization of games described in terms of a
game polynomial ®g, provided g is written as a (weighted) average of contractions. This
characterization uses the view of strategies as representations of U A described in Section 2.2.2

and applies naturally to XOR games.

Theorem 2.2.3. A game G with game polynomial

1
Og =) e (2.2.40)

with T an integer, each vy a positive real number with ), v, =1, and each g, a polynomial in

UA satisfying g.g; < 1 has a perfect strategy S iff there exists a representation m of UA into

bounded operators on a Hilbert space H and state v € H satisfying
(n(g0) — D)p =0 (2.2.41)

forall 1 <t <T. If this condition s satisfied then the representation m and state p give the

perfect commuting operator strategy S.
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Proof. Similarly to the proof of Theorem 2.2.2 we note the strategy S' is perfect iff

> Vlt Tr[r(g:)p] = 1 (2.2.42)

= Tr[r(g)p] =1V 1<t<T (2.2.43)

= Tr[(m(g) —)p]=0V1<t<T (2.2.44)
= (n(g) —)p=0V1<t<T (2.2.45)

where we used on the second line that

Tr[m(ge)p] < [Im(gi) || Te[lpl] <1 (2.2.46)

by Holder’s inequality, with |||| denoting the operator norm, and that for any vector = € H

R[x*(7(g;) — D] = R[z*(w(gs)x] — "2 <0 (2.2.47)

with equality iff (7(g;) — I)x = x on the last line. O

2.3 NullSS for Perfect Nonlocal Games

In this section we show nonlocal games with perfect commuting operator strategies can be
studied using NullSS. Section 2.3.1 gives a quick overview of commutative and noncommutative
NullSS. Section 2.3.2 introduces a noncommutative NullSS which applies naturally to nonlocal
games with perfect commuting operator strategies. Finally Section 2.3.3 connects the
noncommutative NullSS of the previous section with the algebraic language introduced in
Section 2.2 and gives an explicit “algberaic” characterization of nonlocal games with perfect

commuting operator strategies.
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2.3.1 Background on NullSS
Hilbert’s NullSS

We begin our discussion of NullSS with Hilbert’s NullSS; a foundational result in (commutative)

algebraic geometry. The statement is the following

Theorem 2.3.1 (Hilbert’s NullSS). Let K be an algebraically closed field, and K[X1, Xa, ..., X4
be the commutative algebra of d-variate polynomials over K. Let P = {p1,...,pr} be a set
of polynomials in the algebra, and let ¢ be some other polynomial in the algebra. Then the

following are equivalent:
1. ¢(Z) =0 for all ¥ € K¢ with p,(%) = p2(Z) = ... = pr(F) = 0.

2. There exists an integer r with ¢" € I(P), where I(P) is the ideal of the algebra
KXy, Xy, ..., X4] generated by the set of polynomials P.

Note that we can write the condition ¢" € I(P) more concretely as ¢" = Zszl b;p;, where
b1, ..., by are polynomials in the algebra K[Xi, ..., X,]. From this characterization it is clear
that condition 2 implies condition 1. Hilbert’s NullSS shows that this implication is actually
bidirectional.

A useful corollary of Hilbert’s NullSS is the following result, sometimes called the weak

NullSS.

Corollary 2.3.2. Let K be an algebraically closed field, and K[X1, Xs, ..., X4] be the commu-
tative algebra of d-variate polynomials over K. Let P = {p1,...,pr} be a set of polynomials

in the algebra. Then the following are equivalent:
1. There exists a T € K% with p,(ZT) = po(T) = ... = pr(Z) = 0.
2. 1 ¢ I(P), where I(P) is the ideal of the algebra K[X;, Xs, ..., X4| generated by the set
of polynomials P.

Proof. This result follows from Hilbert’s NullSS with ¢ = 1. If there is no vector ¥ with
p1(Z) = pa(Z) = ... = pr(&) = 0 then the polynomial ¢ = 1 vanishes on every vector ¥ all
polynomials in the set P vanish, hence 1 € I(P). On the other hand if 1 € I(P) then it is

clear that we cannot have a vector 7 with p;(Z) = p2(Z) = ... = pr(Z) = 0. O
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Corollary 2.3.2 gives an algebraic criterion which can be used to check whether a system
of polynomial equations has a solution. Next, we discuss noncommutative NullSS, which can
be used to check similar criterion for systems of polynomial equations with noncommuting

variables.

Noncommutative NullSS

The first question encountered when generalizing NullSS to a noncommutative setting is what
constitutes a zero in the noncommutative setting. In general, there are 3 definitions of zeros

that are sometimes used:
1. Hard Zeros, where we have that a nc polynomial p = 0 identically.

2. Directional Zeros, where we have that a representation of an nc polynomail p vanishes
when acting on a state, or m(p)y = 0 for a representation 7 of p into B(H) and some

state ¢ € H, with ‘H a Hilbert space.
3. Determinental Zeros, where we have that det(p) = 0 for some nc polynomial p.

Here we focus on directional zeros, which correspond naturally to the eigenvalue equations
encountered when considering nonlocal games.
The simplest NullSS in this setting concerns real nc polynomials in a free algebra. Here

we have the following “perfect” NullSS.

Theorem 2.3.3 (Free Algebra Directional Zeroes NullSS [33|). Let F = R[zy, za, ..., z,] be
an algebra over the reals with free nc variables x1, xs, ..., x,. Let ¢ € F be a polynomial, and

p € F be an analytic polynomial. Then the following are equivalent:

1. For all representations m mapping F into matrices and real vectors v of the appropriate

dimension we have w(q)v = 0 whenever 7(p)v = 0
2. q € LZ(p), where LIZ(p) is in the left ideal of F generated by the polynomial p.

With a little work the polynomial p in this nullSS can be upgraded to a set of polynomials.
Then, by setting ¢ = 1 this nullSS can be used to characterize when a system of equations

has no matrix eigenvalue solution.
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But this “simple” nc NullSS does not apply to the nonlocal games case for at least
two reasons. Firstly, this nullSS only applies to polynomials in the free algebra, while the
algebra UA corresponding to nonlocal game observables is manifestly not free. Secondly,
and releatedly, this nullSS only considers matrix solutions, while we must consider infinite
dimensional operator solutions to address all commuting operator strategies.

In the next section we present a more sophisticated nc NullSS which does apply to the

nonlocal games situation.

2.3.2 A general noncommutative NullSS

Let A be a complex finitely presented pre C* algebra. Let Z (resp. LZ) denote an (resp. left
ideal) in A. A positive *-representation 7 of A is *-preserving and maps the SoS cone into
positive operators. SOS); denotes all sums of u*u with u € M.

Theorem 5.1 and Corollary 5.4 in [9], see [9, 10| say

Theorem 2.3.4. Suppose that {p)}rea is a subset of A. If a € A satisfies m(a)v = 0 for

every hilbert space representation m such that m(py)v =0 for all X € A, then

1.
—a*a € clos[SOS 4 — SOS 7] (2.3.1)
The converse is also true, provided this holds without the closure.
2.
—a*a € SOS 4 — clos|cone(S)] (2.3.2)
where S := {pPrtrea-
3.
—a*a € clos[SOS4+ LT + LI17] (2.3.3)

In these assertions when A is the free algebra and LI is finitely generated, representations

m into finite dimensional Hilbert spaces will suffice to imply these algebraic certificates.

We do not define closure here, since soon we will not need it for the a = 1 case.
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Proof of Theorem 2.3.4 Here we give a proof which ties the parts of the theorem to corre-
sponding theorems in [9]. This is unintuitive so in Section Section 2.3.2 we sketch the idea of
the proof.

The forward side is in [9], (1) is Theorem 5.1.

(2) is Corollary 5.4 and does require closure for a = 1. It just applies the old

pq+q'p=(p+tq)(p+tq)/t—tqg"q—pp/t

trick to get
—a*a+tq"q = SOS4+ (p+1q)*(p +tq)/t — p*p/t.

Then ¢t — 0 stays in the closure of the right side.
The converse is so trivial and is not even stated in [9], so we prove it now. Suppose the

certificate holds and 7(py)v = 0 for all A. Then sum of (v*w(S)*7(S)v) =0, so

—v*'m(a)*T(a)v = v*T(SOSH)v (2.3.4)

forcing both sides to be 0; thus m(py)v = 0 for all A forces m(a)v = 0.
(3) Combines Corollary 5.3 and Lemma 5.5 of [9].
The finite dimensional assertion is proved constructively and this is the major part

of [9]. O

Intuition behind the proof of Theorem 2.3.4

Here is a special case of Theorem 2.3.4, included here since a sketch of its proof is supplies
the readers intuition. Also this lesser level of generality is all that is needed here for nonlocal

games.

Theorem 2.3.5. Suppose A is a complex finitely presented C* algebra with generators {x;},
set of relations ', and norm denoted || - || and LT is a finitely generated left ideal in A. The

the following are equivalent

1. There exists a Hilbert space H, a positive *-representation w of A into B(H) and ¢ € H
satisfying w(f) =0 for all f € LT.
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2. =1¢ SOSA+ LT + LT".

Proof (Sketch — full details in [9]). Easy side: suppose —1 € SOS4 + LZ + LZ*. If 7,4
satisfying condition 1 exist, then (¢|m(—1)[)) = (¥|—1]1») > 0; contradiction.
Harder side: Let & denote the span of 1 and LZ + LZ*. By Hahn Banach (fancy form

Eidelheit Kakutani) there is a continuous linear functional L:S+S0S ‘4 — C satisfying
L(-1)=—-1 L(LI) >0 L(50S84) >0 (2.3.5)

Since LZ is a subspace Z(LI) = 0 (else multiplying by —1 would produce an element in
LT with L negative). Also by construction E( f) = f(0) > 0 for any f which is a sum of
hermetian squares in S. (this is why we add a SOS.) That is, Lisa positive linear functional,

hence by the Krein Extenson Theorem it has a positive linear extension L to A.

Now perform the GNS construction. Define the bilinear form
(a,b) :== L(a™b) (2.3.6)
on A. Set N :={a|L(a*a)} = 0 and because
0 < L(a*r*ra) < L(a*a)L(a*r*rr*ra) =0 (2.3.7)
by Cauchy-Schwarz we see N is a left ideal; hence L(N) = 0, hence N # A. Since
LT°LT C LT, (2.3.8)

we have LZ C N.

Now consider the quotient space A/N which we identify with a Hilbert space H with
norm induced by the inner product defined above. Also define the quotient map ¢ : A — A,

¢(a) :=a+ N (2.3.9)

and take ¢ := ¢(1). Let 7 be the standard GNS x—representation of A, so m(x;)p(x;) =
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¢(z;xj). This satisfies

(w(f), m(g)v) = L(f"g) (2.3.10)

which implies 7(f)y = 0 for all f € N. Hence 7(f)1) = 0. Noting GNS construction maps

into bounded operators (again, for details see [9]), we are done. O

2.3.3 NullSS and Perfect Games

Combining the NullSS of Section 2.3.2 with the perfect game condition discussed in Sec-
tion 2.2.4 gives a new characterization of games with perfect commuting operator strategies
in terms of left ideals and sums of squares of the universal game algebra U.A.

We begin by defining some left ideals of U/ A which build on the valid and invalid response
sets discussed in Section 2.2.4. First, for any game G with question set Q and valid responses

y(Z) define the subset of valid vanishing polynomials ) by

Vi=¢ Y el -1 . (2.3.11)

acy(E) o co

—

These are polynomials of the form y — 1 for all y € V(i) with icQ. Similarly, define the
invalid vanishing polynomials A/ by

} . (2.3.12)
a (@ QN D)

Note both Y and A contain sets of polynomials in ¢4 which correspond to polynomials
of projectors which must vanish on p in any perfect commuting operator strategy. This

motivates the following result.

Theorem 2.3.6. Let G be a a nonlocal game, and Y, N be the valid and invalid vanishing

polynomails associated with the game. Then the following are equivalent:

1w(G) =1

57



2. —=1¢ LT (Y) + LT (¥)" + SOSy.
8. —1¢ LT(N)+ LZ(N)"+ SOSya

Proof. Immediate from Theorems 2.2.2 and 2.3.5, plus the view of strategies as representations

introduced in Section 2.2.2. O

This theorem apples to all games (according to the definitions here) and characterizes
which games do vs. do not have a quantum strategy. Unfortunately, the freedom given by the
SOS terms in this algebraic certificate can be hard to use. Hence, we turn next to situations

with no SOS term.

2.4 NullSS without SOS and Subgroup Membership

It is helpful to divide perfect game condition into two sub questions. The first is checking

whether —1 € LZ 4+ LZ* that is, whether
le LT+ LT

Intuitively, this question feels “algebraic", and we will show in Section 2.4.2 that in special
cases it reduces to the subgroup membership problem.

The second problem is checking whether
—1e€ LT+ LT+ SOSyu (2.4.1)
given that
1¢ LT+ LT (2.4.2)

This question is more analytic, and adds substantial complexity to applications. In special

cases we have that

—1¢ LT+ LT = —1¢ LT+ LT+ SOSy4 (2.4.3)
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and hence the second problem is trivial. This seems closely related to the existence of
projections which are conditional expectations and respect SOS. The next section investigates

this link further.

2.4.1 Conditional Expectations and SOS Projections

Now we give simplifications of our NullSS which use the existence of either SOS projections
or SOS conditional expectations. The term “SOS” projection is introduced here (though
the concept is certainly standard), while the term conditional expectation is standard and a

definition can be found, for example, in [56]. We repeat these definitions here.

Definition 2.4.1 (SOS Projection). Given a *-algebra A and a *-subalgebra C an SOS-
projection P : A — C is a projection (i.e. P* = P) satisfying the additional property that
P(SOS4) C SOSe, that is, that sums of squares in A are mapped to sums of squares in the

subalgebra.

Definition 2.4.2 (Conditional Expectation). Given a unital *-algebra A and a unital *-

subalgebra C a linear map p : A — C is called a conditional expectation if it satisfies
1. p(a)* = p(a*) for all a € A.
2. p(braby) = bip(a)by for all a € A, by, by € C.
3. p(14) = p(1s).
4. p(SOS,) C SOS,NC.

Definition 2.4.3 (SOS Conditional Expectation). Given a unital *-algebra A and a unital
*-subalgebra C a SOS conditional expectation (called a strong conditional expectation in [56])

is a conditional expectation that also satisfies the SOS projection property, so
1. p(SOS4) C SOSe.
We now show existence of these mappings can simplify the nonlocal games NullSS.

Lemma 2.4.4. —1 ¢ LT + LT + SOSy4 iff there exists a subalgebra C C UA with
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1. An SOS projection P :UA — C and
2.1€Cand LT+ LT* € C and
3. —1¢ LT+ LT+ SOSc.

Proof. Taking C =UA and P = I makes the only if direction trivial.
To see the other direction, assume existence of a subalgebra C satisfying the conditions of
the theorem. Then assume for contradiction that —1 € LZ + LZ* 4+ SOSy 4. Applying the

SOS projection P to both sides of this equation gives

P(—1) € P(LZ+ LT" 4+ SOSy.4) (2.4.4)
= —1e€ LI+ LT"+ S0, (2.4.5)
a contradiction. ]

Possibly interesting is that Lemma 2.4.4 only requires the SOS projection property, not the
conditional expectation property, making it quite general. On the other hand, the requirement
that LZ + LZ* C C makes it tricky to come up with a useful subalgebra C. The next theorem

loosens the LZ 4+ LZ* condition by upgrading the SOS projection to a conditional expectation.

Lemma 2.4.5. Let F' denote a list of nc polynomials generating the left ideal LZ in UA.
Given a subalgebra C CUA with F C C, let LZq denote the left ideal of C generated by F.
Then —1 ¢ LT + LT + SOSy 4 iff there exists a subalgebra C C UA with

1. An SOS conditional expectation P:UA — C and
2.1€Cand F CC and
3. —=1¢ LIc+ LI;+ SOSe.

Proof. As with Lemma 2.4.4 taking C = U A, P = I makes one direction trivial.

To see the other first note that any polynomial p € LZ can we written
p=>Y_ab; (2.4.6)
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with b; € F' and a; arbitrary. Then, using that P is left promodular gives that

P(p) =Y P(aib) (2.4.7)
=" Pla;)b; € L. (2.4.8)
We conclude that P(LZ) = LZc. Then, to prove the theorem assume for contradiction

that there exists a subalgebra C satsifying the conditions of the theorem and that —1 &€
LT + LT" + SOSy 4. Then

P(—1) € P(LZ+ LT" 4+ SOSy.4) (2.4.9)
= —1eLll;.+ LI;+ SOS., (2.4.10)
a contradiction. ]

Now we do a preperation step for finding a subalgebra C that makes Lemma 2.4.5 valuable.
We consider the subalgebra generated by {F,1}. This is the smallest possible subalgebra
which satisfies Condition 2. We show it also satisfies Condition 3 provided 1 is not in the

subalgebra generated by F'.

Lemma 2.4.6. Let A be a C*-algebra and F be a set of polynomials in A. Also let C =
C ({F,1}) be the subalgebra of A generated by the set of polynomials {F,1}. If

1 ¢ C(F) (2.4.11)

then

—1 ¢ LT+ LI; + SOSe (2.4.12)

Proof. First note that any polynomial p € C (F, 1) can be written as

p=pr+a (2.4.13)
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where a € C and py is a polynomial in the elements from C (F'). It follows that any polynomial

p' € LZc can be written as

p = (pr+a) f=ppreC(F) (2.4.14)

with f € F. A similar result holds for any polynomial in LZ;. Additionally, any polynomial

p"” € SOSe can be written as

P =Y (pri+ i) (pri + ) (2.4.15)
- Z (Phi + i pri + upiy) + Z o (2.4.16)
=pp+a (2.4.17)

with each pg; € C(F) hence p7, in C(F) and o > 0 € C.
Now assume for contradiction that —1 € LZ¢ 4+ LZ; + SOSc. Then, combining the above

observations we can write

—1=pp+pp+a” (2.4.18)

with pls, p}. € C(F) and o > 0 € C. Rearranging the above expression gives

—(14a") = pr +pf € C(F) (2.4.19)

— 1€C(F) (2.4.20)

where we used that o” > 0 and so 1 4+ o” # 0.

Combining Lemmas 2.4.5 and 2.4.6 results in the following simplified NullSS.

Theorem 2.4.7. Let A be a C*-algebra and F be a set of polynomials in A. Also let
C = C{{F,1}) be the subalgebra of A generated by the set of polynomials {F,1}. If there

exists an SOS conditional expectation mapping A onto C then the following are equivalent.
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1. There exists a Hilbert space representation @ : A — B(H) and vector v € H with
w(f)v=0 forall f € F.

2. —1¢ LT(F) 4+ LI(F)} + SOS4
3. —1¢ LI(F)4+ LI(F)Y,

4. 1¢ LI(F)e + LI(F);

5. 1¢C(F)

Proof. We have 1 < 2 by Theorem 2.3.5, 2 = 3 = 4 by set inclusion, and 4 = 2 by
Lemma 2.4.5. Finally, we have 4 < 5 by Lemma 2.4.6. O

2.4.2 The NC Toric Ideal Group Algebra Simplification

We now give a further simplification of the perfect games NullSS in the case where A = C[G]
is a group algebra and F' is a set of polynomials in A of the form (monomial — 1). The ideal

generated by such a set of polynomials is called a (nc) toric ideal.

Note. Here, and everywhere in this paper, we define a monomial to be any element of the

form B¢ with 3 € C and g € G.!

Our first observation is that there is a natural SOS conditional expectation mapping from

A to C({F,1}) provided that F' is of this form.

Theorem 2.4.8. Let A = C[G] be a group algebra and F be a set of polynomials in A
with each f; € F of the form ry — 1 with vy a monomial. Then there is an SOS conditional

expectation mapping A onto C ({F,1}).

Proof. Define the subgroup G’ of G to consist of all ¢ € G with Sg = r; for some g € C
and r, — 1 € F. Then C ({F,1}) = C({{r:},1}) = C[G']. Since G’ < G there exists an SOS
conditional expectation mapping C[G] onto C|G’| by Example 5 of [56]. O

Before stating this simplified NullSS we need one final theorem simplifying the subalgebra

memebership problem for toric subalgebras of group algebras.

L An alternate definition of monomial, which we do not use, would be to define a monomial to be any
element of the form g € G, without the prefactor.
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Relating the Subalgebra and Subgroup Membership Problems

Our starting point is the following lemma, which gives a standard form for polynomials in

C(F).

Lemma 2.4.9. Let A = C[G] be a group algebra and F' be a set of polynomials in A with
each f; € F of the form fy = r, — 1 with r, a monomial. Finally let R = ({ry}) denote the
group generated by multiplication of the monomials {r;} appearing in the set of polynomials

F (and their inverses). Then any polynomial p € C(F) can be written in the form

p=> Buvlu—0) (2.4.21)

with w,v € R and ,, € C.

Proof. First note that writing any polynomial p’ € C (F, 1) as a sum of monomials gives that

p’ can be written in the form
P=> Bw (2.4.22)

with v € R. Also note that any f € F' can be written in the form (v’ — 1) with v’ € R by
definition. These two observations, combined with the fact that any polynomial p € C (F')

can be written in the form
p=> vsf (2.4.23)
f

with f € F and py € C(F, 1) proves the result. (To complete the proof, simply apply both
observations, multiply the resulting polynomials together and relabel vu’ = u, then collect

like terms). O

Theorem 2.4.10. Let A = C[G| be a group algebra and F' be a set of polynomials in A with
each f; € F of the form fy = r, — 1 with r, a monomial. Finally let R = ({ry}) denote the

group generated by multiplication of the monomials {r;} appearing in the set of polynomials

F (and their inverses). Then 1 € C(F) iff RNC 2 {1}, i.e. £ ¢ R for all £ € C with & # 1.
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Proof. This proof is partially inspired by the proof of Theorem 2.7 in [43|. First note that

for any monomials r; and r, we have
(ri—)(rs—=1)+(re— 1)+ (rs — 1) = rrg — 1. (2.4.24)

It follows that for any t € ({r;}) we have t — 1 € C(F) (note inverses are contained
automatically since C (F) is a *-algebra and (t —1)* =¢* — 1 =t"1 —1). Then, if 8 € ({r;})

for some 3 # 1 € C we have
f—1€C(F)<1€C(F). (2.4.25)

This completes the proof in one direction.

To prove the result in the other direction we assume for contradiction that £ ¢ H for all

€ #1 € C and that 1 € C(F). Then, using Lemma 2.4.9, we can write

1= Buu(u—1) (2.4.26)

= u(Buw — Boa) (2.4.27)

where we relabeled v and v in the second term in the sum on the second line. Now since
B ¢ R we have, for any terms u # v’ in the sum above, that u(u')™' ¢ C (i.e. the terms differ
by multiplication of some non-constant element of H). Then there can be no cancellation

between different v and u’ terms, and we see that

> (Bro—Bon) =1 (2.4.28)
and

Z(ﬂu,v - Bv,u) =0 (2429)

v

65



for all u # 1. But this is a contradiction, since

Z(ﬁl,v - ﬂv,l) + Z Z(ﬁu,v - Bv,u) = Z(Bu,v - Bfu,u) =0 (2430)

v u#l v u,v

NC Toric Left NullSS without SOS Terms

Now we combine the results in Sections 2.4.1 and 2.4.2 to obtain the following specialized

NullSS. We point out that this NullSS generalizes Theorem 2.7 in [43].

Theorem 2.4.11. Let A = C[G] be a group algebra and F' be a set of monomials in A with
each f, € F of the form f, = ry — 1 with r, a monomial. Also let C = C({F,1}) be the
subalgebra of A generated by the set of polynomials {F,1}. Finally let R = ({ry}) denote the
group generated by multiplication of the monomials {r;} appearing in the set of polynomials

F' (and their inverses). Then the following are equivalent:

1. There exists a Hilbert space representation @ : A — B(H) and vector v € H with

m(f)v =0 for all f € F.
2. =1 ¢ LI(F) 4+ LL(F)% + SOSy4
3. —1¢ LT(F)x+ LI(F)
4. 1¢ LI(F)e + LI(F);
5. 1¢ C(F)
6. RNC D {1}.

Proof. Ttems 1 through 5 are equivalent by Theorems 2.4.7 and 2.4.8. Items 5 and 6 are
equivalent by Theorem 2.4.10. [

2.4.3 NullSS for Perfect Unitary Games

We now apply the simplified NullSS of this section to nonlocal games. We first define a class
of games on which the NullSS naturally applies.
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Definition 2.4.12. A game G is said to be a unitary game if there exists a change of variables

under which we have UA = C|G| a group algebra for some group G and

1
Og =) th (2.4.31)

with T an integer, each vy a positive real number with Y, v, = 1, and each h, a monomial in
C|G] (Recall that we are allowing monomials to include constant prefactors, so this means
each hy is of the form Big; for some 5 € C and g, € G). The monomials h, are called the

clauses of the game G.
Then the following theorem is a quick consequence of our NullSS and Theorem 2.2.3.

Theorem 2.4.13. Let G be a unitary game with a set of clauses {hi}. Let H = ({h:}) be the
subgroup generated by multiplication of the clauses and their inverses. Then G has a perfect

commuting operator strategy iff ¢ ¢ H for all £ #1 € C.

Proof. By Theorem 2.2.3 G has a perfect commuting operator strategy iff there exists a
representation m mapping U.A into bounded operators on a Hilbert space H and a state p in
H with 7(h; — 1)p = 0 for all clauses h;. By Theorem 2.4.11 this happens iff £ ¢ H for all
E#£1eC. m

Example 2.4.14. From Section 2.2.3 we have that XOR games have a game polynomial of the
form

4= i )et xi (2.4.32)
2T it ()

t=1 aclk]

Dg = g =

l\DI»—

with the xl%a()a) cyclic unitaries. We also know that /A can be viewed as a group algebra
()

generated by T3, (o)

Then, defining clauses

satisfying the relations described in Section 2.2.2.

= (—1)* H ( (2.4.33)
€
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for all ¢ =T and noting that the h; are monomials by definition we have that an XOR game
has a perfect commuting operator stategy iff & ¢ ({h;}) for all £ #1 € C.

2.5 Chapter Summary

In this chapter we have developed a general algebraic characterization of perfect commuting
operator strategies for nonlocal games. In particular, Theorem 2.3.6 gives an algebraic
criterion that applies to any nonlocal game and characterizes the existence of a perfect
commuting operator strategy. We then showed how to simplify this criterion for special
classes of games by borrowing and then building on some results from the study of nc algebras.
The end result of this simplification was Theorem 2.4.11, which related existence of a perfect
commuting operator strategy to an instance of the subgroup membership problem for class
of nonlocal games, which included XOR games as a special example. The result of applying
this theorem to XOR games is laid out in Example 2.4.14 above.

In subsequent chapters we will move away from studying general games and algebras, and
focus on understanding the subgroup membership characterization of XOR games. In doing
so, we will reprove some results from this chapter in the special case of XOR games. The
hope is that the proofs provided in this chapter will provide some general context to those

specific results and help illuminate the mathematical structure that underlies them.
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Chapter 3

Refutations, Symmetric XOR Games,
and MERP Strategies

In this chapter we begin the study XOR games with perfect commuting operator value. Using
the framework developed in Chapter 2, we know that these games have a perfect commuting
operator strategy iff an instance of the subgroup membership problem has a no answer.
In this chapter we introduce the concept of a refutation — a proof of a yes answer to the
subgroup membership problem associated with an XOR game. We then reprove the result
of Chapter 2 in the special case of XOR games, showing that an XOR game has perfect
commuting operator value iff it does not have a refutation. However, rather than referencing
a noncommutative Nullstellensatz, the proof in this chapter references completeness of the
ncSoS hierarchy (which is actually built on a noncommutative Positivstellensatz [19, 32]).
This lets us connect the length of refutations to the time it takes the ncSoS algorithm to
prove a game does not have a perfect commuting operator strategy,! We also obtain a weak
bound on how far away from 1 the commuting operator value of a game is when a refutation
exists.

We then introduce a parity refutation (PREF), which is a weaker object than a refutation

(meaning that a game with a refutation also has a parity refutation). Importantly, existence

LA small disclaimer should be made here for those familiar with the ncSoS algorithm. The bounds we
obtain are bounds on the syntactic degree required for ncSoS to prove a game does not have value 1. This
only implies a runtime bound if the ncSoS algorithm does not simplify expressions at a semantic degree
higher than the current “degree” of the algorithm.
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of a parity refutation for a game can be decided in polynomial time, while there is no
known algorithm to decide if a refutation exists for an XOR game in general. We show
that for a class of games called symmetric games existence of a PREF implies existence of a
refutation, meaning that symmetric games with commuting operator value 1 can be identified
in polynomial time. Finally, we construct a strategy, called MERP, which we show achieves
value 1 on any game that does not have a PREF.

Section 3.3 recaps all the notation required to understand the results of this section,
including some notation specific to XOR games which hasn’t been introduced previously. In
particular, because all games G introduced in this section are XOR games, we describe them
using an object called a game matriz, introduced in Definition 3.3.3, instead of using one of

the more general descriptions of games introduced in Chapter 1.

3.1 Background

Constraint satisfaction problems (CSPs) are a fundamental object of study in theoretical
computer science. In quantum information theory, there are two natural analogues of CSPs,
which both play important roles: local Hamiltonians and (our focus) non-local games. Non-
local games originate from Bell’s pioneering 1964 paper, which showed how to test for
quantum entanglement in a device with which we can interact only via classical inputs and
outputs. In modern language, the tests developed by Bell are games: a referee presents two
or more players with classical questions drawn from some distribution and demands answers
from them. Each combination of question and answers receives some score and the players
cooperate (but do not communicate) in order to maximize their expected score. These games
are interesting because often the players can win the game with a higher probability if they
share an entangled quantum state, so a high average score can certify the presence of quantum
entanglement. Such tests are not only of scientific interest, but have had wide application
to proof systems |13, 35|, quantum key distribution [22, 2, 64], delegated computation [54],
randomness generation [17] and elsewhere.

To be able to use a nonlocal game as a test for entanglement, it is essential to be able to

approximately compute two quantities: the best possible expected score when the players
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share either classical correlations or entangled states, respectively called the “classical” and
“quantum” (or “entangled”) values of the game, and denoted w and w*. To understand these
quantities, think of a game with k players as inducing a constraint satisfaction problem with
a k-ary predicate. Each question in the game is mapped to a variable in the CSP, and each
k-tuple of questions and set of accepted responses (a “clause”) asked by the referee corresponds
to a constraint. Classically, a simple convexity argument shows that the players can always
stick to deterministic strategies, where each question is assigned a fixed answer; thus, w is in
fact identical to the value of the CSP. Hence, thanks to various dichotomy theorems, we have
a good understanding of the difficulty of computing w: in some cases, we know a P algorithm,

and for most others, we know it is NP-complete.

The quantum value w* is not as well understood. The main obstacle is that the set of
entangled strategies is very rich: the “assignment” to each variable is no longer a value from
a discrete set, but a linear operator over a Hilbert space of potentially unbounded dimension.
As a result, we can say very little in terms of upper bounds on the complexity of computing

*

w*. In fact, it is not known whether even a constant-factor (additive) approximation to
w* is Turing-computable. For general games, the best we can say is that it is recursively
enumerable: there is an algorithm, called the NPA or ncSoS hierarchy [46, 20|, that in the
limit of infinite time converges from above to the quantum value, but with no bound on the
speed of convergence. On the hardness side, more is known, and what we know is grounds
for pessimism: we have been able to show hardness results for approximating w* matching
(e.g. [65]) and in some cases exceeding (e.g. [35]) the classical case by constructing special
games that force entangled players to use particular strategies. Moreover, families of games
have been found for which deciding whether w* = 1 is uncomputable [59]. There are a few
exceptions for which some positive results are known: for instance, the class of XOR games,
in which the answers are bits and the payoff depends only on their XOR (for any given set
of questions). In the classical case, these games are as hard as general games except in the
“perfect completeness” regime: distinguishing > 1 — ¢ satisfiability from < % + ¢ satisfiability
is NP-complete, but we can determine whether an XOR game is perfectly satisfiable in

polynomial time using Gaussian elimination over F,. However, in the quantum case, it was

shown by Tsirelon [11, 63] that for two-player XOR games, the lowest level of the ncSoS
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algorithm converges exactly to the quantum value, rendering it computable in polynomial
time via semidefinite programming. (A similar technique was also applied to approximating
the entangled value of unique games [39].) Yet these techniques seemed unlikely to generalize
to three or more players: it is known that distinguishing > 1 — ¢ satisfiability from < % +e
for an entangled 3-player XOR game is NP-hard [65], and deciding the existence of perfect
strategies for the closely-related family of linear systems games is uncomputable [59].
Another question which has been very fruitful in the study of classical CSPs is un-
derstanding the typical value of a random instance. Research in this direction draws sig-
nificantly on insights from statistical mechanics and has proven that there exist sharp
satisfiable/unsatisfiable thresholds for random k-SAT and related games (often using the
equivalent constraint-satisfaction formulation). But these techniques do not carry over to the
quantum case. For random classical games, a basic method is to look at the expected number
of winning responses (the “first moment method”) or the variance (the “second moment
method”) as we randomize the payoff function within some family such as random A-SAT
or random k-XOR. This suffices, for example, to show that random 3-XOR games with n
variables and Cn clauses are satisfiable with high probability if and only if C' < 0.92 [21].
Since quantum strategies do not form a discrete (or even finite-dimensional) set, these methods
are not possible. Nor is it obvious how to use more refined tools such as Shearer’s Lemma or
the Lovasz Local Lemma, which address the question of when sets of overlapping constraints
can be simultaneously satisfied. Indeed there are famous examples (such as the Magic Square
game) of quantum “advantage” (i.e. the quantum value of a game is higher than the classical
value) when there exist strategies for apparently contradictory constraints that succeed with
probability 1. These suggest that the barriers to extending our classical intuition are not

merely technical but reflect a genuinely different set of rules.

3.2 Results

Our work introduces new techniques that let us make progress on the study of both worst-case
complexity and random instances of XOR games with more than two players, in the regime

where we are trying to decide whether w* = 1. We think of a nonlocal game as a system of
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equations whose variables are linear operators, corresponding to the quantum measurements
used by the players; a strategy is a solution to this system. Our main innovation is to consider
a “dual” system of equations, whose solutions are objects that we call refutations. A refutation
is a proof that the “primal” system of operator equations induced by the game is infeasible,
and thus that w* # 1. Surprisingly, for games that are symmetric under exchange of the
players, we show that the dual system reduces to a set of linear equations over Z, which can
be solved efficiently. This leads to our first result (Theorem 3.2.1), an algorithm for efficiently
deciding whether w* = 1 for a symmetric k-player XOR game, which brings the best known
upper bound on this problem down from recursively enumerable [46, 20| to P. Subsequently,
by taking the dual of the dual, we are able to explicitly construct a set of quantum strategies
(we call these Maximal Entanglement, Relative Phase, or MERP, strategies) that attain value
1 for all symmetric games with w* = 1 (Theorem 3.2.2). In Chapter 5 we will show that the
symmetry assumption is indeed necessary for our algorithm to work: we exhibit a simple
non-symmetric game called the 123 game, for which a simple, non-MERP strategy achieves
w* = 1, while our algorithm is unable to detect this (Theorem 5.1.1).

The theorem statements of these results are as follows. Proof sketches are in Section 3.3.

Theorem 3.2.1. There exists an algorithm that, given a k-player symmetric XOR game
G with alphabet size n and m clauses, decides in time poly(n,m) * whether w*(G) = 1 or

w*(G) < 1.
Proof. Section 3.4.3. Sketch in 3.3.3. n

Theorem 3.2.2. For every k-XOR game G for which the algorithm of Theorem 3.2.1 shows
w*(G) = 1, there exists a k-qubit tensor-product strategy achieving value 1, and a description

of the strategy can be computed in polynomial time.

Proof. Section 3.5. Sketch in Sections 3.3.4 and 3.3.5. m

2Note that m and k do not scale independently for symmetric games. Any symmetric game may be
specified by m’ base clauses that are then symmetrized via at most k! permutations each, meaning m < k!m/.
We could thus naively rewrite this runtime as poly(n, klm’) to extract the k dependence. Because the core
information about the symmetric game is really only contained in the m’ clauses, one might expect that it is
possible to remove the factor of k!, and we hope to address this in a future work.
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3.3 Technical Overview
We begin by formally defining a k-XOR game and its classical and quantum values.

Definition 3.3.1. Define a clause ¢ = (q, s) to be any (k + 1)-tuple consisting of a query
q € [n]* and parity bit s € {—1,1}. In a k-XOR game G associated with a set of clauses
M, a verifier selects a clause ¢; = (q;, s;) uniformly at random from M. Next, the question
qi(a) is sent to the a-th player of the game, for all a € [k]. The players then each send back a

single output € {—1,1}, and win the game if their outputs multiply to s;.

The key property of a game G is its value — the maximum win probability achievable by
players who cooperatively choose a strategy before the game starts, but cannot communicate
while the game is being played. We distinguish various versions of the value by physical

restrictions placed on the players.

Definition 3.3.2. For a given game G, the classical value w(G) is the maximum win
probability achievable by players sharing no entanglement.

The tensor-product value is the supremum win probability obtainable by players who
share a quantum state but are restricted to making measurements on distinct factors of a
tensor-product Hilbert space.

Finally, the commuting operator value w*(G) is the supremum win probability obtain-
able by players who may make any commuting measurements on a shared quantum state,

not necessarily over a tensor-product Hilbert space. w*(G) is often also referred to as the

field-theoretic value of G.

In this chapter, we focus primarily on a description of the commuting-operator value but
in many cases can show that it coincides with the tensor-product value.

For the purpose of analyzing both the classical and commuting operator value of k-XOR
games, we find it useful to define a linear algebraic representation for the game. The linear
algebraic view represents queries as a matrix and parity bits as a vector. In doing so, it
abstracts away from the specifics of labels and player/query indices to reveal the underlying

game structure.
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Definition 3.3.3. Given a k-XOR game with m queries and alphabet size n, define the game
matrix A as an m X kn matriz describing query-player-question incidence. Specifically, A
can be written as a segmented matrix with k distinct column blocks of size n each, where the
Jth column of block o consists of a 1 in row i if the ath player receives question j for query

qi, and a 0 otherwise:

. (@) .
Lifg " =
Ai,(a—l)n+j = . (331)

0 otherwise

For such a game, define the length-m parity bit vector s € F}' by

§; = . (3.3.2)

An XOR game G is completely specified by providing the game matrix A and parity bit
vector §: G ~ (A, §). For example, the GHZ game [26] is defined by the clauses (here we use
the labels {x, v} for the questions instead of the typical {0,1}):

/r - — - —

. B T )
X T

QGHZ = s s s . (333)




We translate the GHZ queries into Agyz and parity bits into Sggz by:

T
1 001 — (Alice, z)
0 0 « (Alice, 1)
1 010 + (Bob, z)
— AGHZ = (334)
0 0 + (Bob, v)
1100 < (Charlie, x)
00 < (Charlie, 1)
1 071 01 0 0
0 10 1]1 0 ) 1
= and SGHZ ‘— (335)
0 1 010 1
1 010 0 1

Many of our results apply to two special classes of XOR games: symmetric XOR games

and random XOR games.

Definition 3.3.4. A symmetric k-XOR game is an XOR game that additionally satisfies
a clause symmetry property: for every clause ¢; = (g, s;) in the game, the game must also
contain all clauses ¢ = (q}, s;) where ¢} is a permutation of the questions in q; and the parity

bit is unchanged.

Definition 3.3.5. A random k-XOR game on m clauses and n variables is an XOR

game with the m clauses chosen independently at random from a uniform distribution over

[n]* x {—1,1}.

3.3.1 Strategies

We next introduce both classical and commuting operator strategies and state claims regarding
their value and constraints on when these strategies play perfectly given an XOR game. These
claims are proved in Section 3.5.3. For any game, constructing a strategy and computing its
value lower-bounds the value of the game. In the commuting operator case, this is generally

intractable and motivates the subsequent refutations picture.

76



Classical Strategies

For any game, the optimal classical strategy can be taken to be a deterministic assignment of
answers. In the case of XOR games we will see that it is natural to view this assignment as a

vector in FA™.

Definition 3.3.6. A deterministic classical strategy dictates that player o outputs
n(a, j) € {—1,1} when they receive question j from the verifier. Note that valid outputs must

satisfy
n*(a,7) = 1. (3.3.6)

To exploit the linear algebraic picture, it is useful to define a length-kn classical strategy

vector 7) € F§* analogous to the parity bit vector. It is defined by the relation
n(a,j) = (=1)Mme-1+ = COS(Wﬁn(a—l)ﬂ')- (3.3.7)

Here the cos anticipates a generalization that we will see in the quantum case when we

construct MERP strategies.

Claim 3.3.7. If the players play a game G ~ (A, 3) following strategy 7, the vector 6 = An

determines their output, i.e. query i has answer (—1)%. The value of classical strategy 7 is

6i—5i

(G, 7) = %Z # _ % L1 (Z cos(m [(AR), — gi])) , (3.3.8)

2m

where again we have used an apparently unnecessary cos, anticipating a quantum generalization.

We also treat Fy and {0,1} as equivalent here.

These observations lead to a well known procedure using Gaussian elimination to find a

classical value-1 strategy or determine that no such strategy exists.

Definition 3.3.8. Define the classical constraint equations for game G by

A (3.3.9)

>
I
W>



over Fo. Equivalently,

[ n(e.a) = si, Vi € [m]. (3.3.10)

a=1
Claim 3.3.9. Every solution 1) to (3.8.9) corresponds to a strategy n achieving value 1 on
game G ~ (A, 8), and vice versa. In other words, a game G has classical value 1 iff (3.3.9)

has a solution.

When w(G) < 1, on the other hand, there does not exist an efficient algorithm for finding
optimal classical strategies (assuming P # NP) [31].

Commuting Operator Strategies

Definition 3.3.10. Consider a k-XOR game with n variables. For each j € [n], let the
Positive-Operator Valued Measure (POVM) {P(a)!, P(a) .} give the a-th player’s com-
muting operator strategy upon receiving question j from the verifier. These POVMs
act on some shared state |V), and different players’” POVM elements commute due to the

no-communication requirement on the players.

Using the Naimark dilation theorem, we can restrict our players’ strategies to be Projection-
Valued Measures (PVMs). We make this restriction for the remainder of the chapter. This

allows us to define the following observables.

Definition 3.3.11. Given a strategy {P(a)], P(a)’ |}, define the strategy observable

Since {P(a)!,P(a) ,} is a PVM, X;a) is a Hermitian operator. Indeed commuting

operator strategies are equivalent to imposing the constraints for o #

(X ]@, X ](,5 )] =0 (operators held by distinct players commute) (3.3.11a)

2
<X](a)> =1 (square identity, analogous to (3.3.6)) (3.3.11b)

The condition for commuting-operator strategies to achieve value 1 is the following

generalization of (3.3.9).
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Definition 3.3.12. For a k-XOR game G, define the commuting-operator constraint

equations:
Qi) = (TT X)) 19) = s: ), ¥i € [m] (3:3.12)

These equations stipulate that applying the strategy observables for a given question to

the shared state |¥) produces the correct output for that question.

Claim 3.3.13. A game G has commuting operator value 1 iff there exists some state and

strategy observables that satisfy (3.3.11) and (3.3.12).

While there is an efficient algorithm to solve the classical constraint equations, no such
algorithm is known to exist for the commuting operator constraint equations. This difficulty
forces us to consider alternative techniques for characterizing the commuting operator value

of XOR games.

3.3.2 Refutations

In addition to lower bounding the value of a game by constructing strategies for it, we can
also upper bound a game’s value by showing no high-value strategy can exist. In particular,
we construct proofs that a game cannot have value 1, which we call refutations. Classically,
refutations are well understood, and emerge naturally from the dual to the classical constraint

equations.

Definition 3.3.14. Define a classical refutation y € F' as any vector satisfying the

equations dual to (3.5.9),

AT 0
y = (3.3.13)

where once again the algebra is over Fs.

Fact 3.3.15. Either a classical refutation y exists satisfying (3.3.13) or a classical strategy 7
exists satisfying (3.3.9).

The proof is standard but because dualities like Fact 3.3.15 play a major role in our work, we

review it here.
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Proof. By the definition of im and ker, we have im A C (ker A7)+, The rank-nullity theorem

implies that dimim A = dim(ker AT)*, meaning that in fact

im A = (ker AT)*. (3.3.14)

Therefore
s5¢imA & s¢ (ke AT & Fycke Al Ty #o0. (3.3.15)
O

Another way to view y as a refutation is by interpreting it as the indicator vector of a subset
of clauses. Recall from (3.3.10) that clause i corresponds to the equation [], n(«, qi(a)) =s;
over the variables n(-,-). If y satisfies (3.3.13) then multiplying the equations corresponding

to clauses with y; = 1 yields

IT I nte.d®) = TJ s (3.3.16)
1:y;=1 aelk] wyi=1
From ATy = 0 and (3.3.6) it follows that the LHS of (3.3.16) equals 1. From sTy = 1 it
follows that the RHS of (3.3.16) equals —1. Thus the existence of y satisfying (3.3.13) means
there is no 7 satisfying (3.3.10).

In this chapter we consider the commuting operator analogue of classical refutations. We
would like to construct a dual to (3.3.12), meaning a characterization of certificates for the
unsatisfiability of (3.3.12). As there is no analogue to the linear algebraic methods used in
the classical case, we will instead attempt to generalize (3.3.16).

Cleve and Mittal [15] make use of a noncommutative generalization of (3.3.16), which they
call the substitution method, to exhibit refutations of some Binary Constraint System games.
We will use a similar method for XOR games in which we multiply together constraints
of the form (3.3.12) to obtain a contradiction. Our contribution will be to give a simple
characterization of when such refutations exist in the case of symmetric £-XOR games and in
some cases, random asymmetric 3-XOR games. Indeed, our characterization will resemble the

classical dual equations (3.3.13) although the route by which we obtain it is quite different.
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To explain this in more detail, we introduce some definitions.

Definition 3.3.16. Let Z; and Zy be two operators formed from products of strateqy ob-
servables. We say Zy is equivalent to Zy, written Zy ~ Zsy, if Z1 = Zy 1s an identity for all

strategy observables satisfying (3.3.11).

Definitions 3.3.12 and 3.3.16 then motivate the definition of a (quantum) refutation,
analogous to Definition 3.3.14. From now on, a “refutation” will be a quantum refutation

unless otherwise specified.

Definition 3.3.17. Let G be some k-XOR game with m clauses. A refutation for G is
defined to be a sequence (iy,1is,...,i;) € [m]* satisfying

QiQiy. .. Qi,~1 and s, s, ...5,=—1. (3.3.17)

£

Refutations certify that w* < 1, analogous to the way that classical refutations certify
that w < 1. In Theorem 3.4.1, we show that in fact any game with w* < 1 has a refutation.
The proof of this fact relies on a connection between refutations and the ncSoS hierarchy
analogous to a connection made by Grigoriev [27] between classical refutations and the SoS
hierarchy.

It is not obvious that one can find refutations more easily than one can find strategies.
However, we next establish a necessary condition for a game to admit a refutation, and thus
an easily-identified subclass of XOR games that certainly do not have a refutation meaning

they have w* = 1.

3.3.3 Games with no Parity-Permuted Refutations (noPREF Games)

noPREF games are a subclass of entangled XOR games for which it is easy to show no
refutation can exist. To motivate their construction and prove some properties about them, we
must first redefine refutations from a combinatorial perspective. A more complete treatment

of these ideas is given in Section 3.4.
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Definition 3.3.18 (Combinatorial Construction of Refutations, informal). For a k-XOR
game G, consider the combinatorial version of the query ¢;° to be a vector with k coordinates

(the player indices) with letter qz(a) at coordinate . Define the set of words contained in G
to be all vectors formed by concatenating the queries of G coordinate-wise (by player). The
stgn of a word contained in G

1s defined as
SW = SiySig - - - Siy- (3.3.19)

We will refer to each coordinate of the word as a wire. The identity I under the concatenating
action 1s the word that is blank on every wire.
Define an equivalence relation generated by all wire-by-wire permutations of the following

base relations (in this setting the product of two vectors indicates their coordinate-wise

concatenation).
AR .
1. (Repeated elements cancel) : |" | |"| ~ | | allj € [n]
J J J
2. (Elements on different wires commute) : | /| ~ i~y allj,j’ € [n]

A refutation is defined to be a sequence (iy, i, 13, ...ig) € [m]* for which

qi1Gis---Gip ~ I and 841549484, = —1. (3320)

We claim that this definition of a refutation is equivalent to the one given in Section 3.3.2.
Intuitively, such a construction explicitly manipulates the operator identities required by
each clause of G in a way that exploits the operator requirements of (3.3.11) to produce a
refutation as in Definition 3.3.17. We prove this fact in Section 3.4. We next motivate the

noPREF class of games by making the following key observation.

3We overload the notation g; here to indicate both the definitional and combinatorial version of a query,
with the relevant meaning clear from context.
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Observation 3.3.19. All elements contained in queries at even positions in a refutation

must cancel with queries at odd positions.

To exploit this observation, we find it useful to define a broader equivalence relation <
that allows for a parity-preserving permutation on each wire before canceling and commuting

letters.

Definition 3.3.20 (Informal). We say k-XOR word W4 is parity-permuted equivalent
to Wg—denoted W4 X W —if Wy ~ Wg where some permutations of the even positions

and odd positions on each wire of Wy can produce Wp.

Since this is just a broadening of the equivalence given in Definition 3.3.18, W) ~ Wy, —
W, X W,. With this equivalence relation in hand, we can state a necessary condition for the

existence of a refutation of a game G.

Definition 3.3.21. A game G contains a Parity-Permuted Refutation (PREF) if the
game G contains a word which is & I with sign —1.

The set of PREF Games are the set of XOR games that contain PREFs. The set of
noPREF Games are the set of XOR games that do not.

Theorem 3.3.22 (Necessary condition for refutation). If a game G admits a refutation, it

contains a PREF.

Proof (sketch). This follows essentially immediately from the observation that ~ implies

R, O
Corollary 3.3.23. Every noPREF game has commuting operator value 1.

Proof. This follows directly from Theorem 3.3.22 and the completeness of refutations (Theo-
rem 3.4.1). O

The significance of noPREF games is made clear by the two following theorems. For both,

a short proof sketch is given, while the full proofs are delegated to Section 3.4.

Theorem 3.3.24 (Informal). There exists a poly-time algorithm that decides membership in

the set of noPREF games.
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Proof (sketch). The key observation here is that a game G ~ (A, §) contains a PREF if and

only if there is a solution to the set of equations

ATz =0 (3.3.21)

§72=1 (mod 2) (3.3.22)

for some z € Z™. If (3.3.21) and (3.3.22) can be satisfied, the game G contains a PREF built

by interleaving the multisets of clauses

O = {¢; with multiplicity |z;|alli : z; > 0} (3.3.23a)

& = {¢; with multiplicity |z;|alli : z; < 0} (3.3.23b)

such that their elements are placed in odd and even positions, respectively. The reverse
direction requires a technical lemma relating the even and odd clauses of a PREF. Then

standard techniques for solving linear Diophantine equations complete the proof. O]

The vector z defined in the proof of Theorem 3.3.24 is sometimes referred to as a PREF
specification due to (3.3.23).*

Theorem 3.3.25 (Informal). The noPREF characterization is complete for symmetric games.

That s, every value 1 symmetric game is in the noPREF' set.

Proof (sketch). We use the structure of symmetric games to construct shuffle gadgets — short
words that move letters from one wire to another when they are appended onto an existing
word. We then show shuffle gadgets are sufficient to construct a refutation given a PREF
contained in the game. This shows that containing a PREF is both necessary and sufficient
for a symmetric game to have a refutation. Then a symmetric game is either in the set of

noPREF games or has value < 1. [

Theorems 3.3.24 and 3.3.25 together show that the class of symmetric value 1 games has a

poly-time deterministic algorithm, while previously the question of whether such games took

40r a MERP refutation, for reasons described in Section 3.3.5
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value 1 was not known to be decidable. This progress is due to the noPREF characterization
of games.

Given that noPREF games form a large class of value 1 games, it is reasonable to try
to construct a commuting operator strategy to play them. We can ask if there exists a
strategy dual to the PREF criteria, similar to what we have described in the classical and
commuting operator cases. In particular, we ask if a game G not satisfying (3.3.21) and
(3.3.22) guarantees existence of a solution to the constraint equations indicating some simple
family of strategies can achieve value 1 for G.

Somewhat miraculously, the answer to this question turns out to be yes. We proceed by
first defining this class of strategies, then showing that their constraint equations are dual to

the PREF criteria for any game.

3.3.4 Maximal Entanglement, Relative Phase (MERP) Strategies

We introduce a family of “Maximal Entanglement, Relative Phase” (MERP) strategies: a
useful subfamily of the set of tensor-product (and thus commuting-operator) strategies.
MERP strategies are a generalization of the GHZ strategy to arbitrary games. Crucially,
determining whether a MERP strategy achieves value 1 for a game, and if so a construction
for such a strategy, can be described in time polynomial in m, n, and k.5

Furthermore, the conditions for a MERP strategy to achieve value 1 are dual to the PREF
condition for a game, meaning MERP achieves value 1 on any noPREF game. In particular,
this means MERP strategies achieve tensor-product value 1 on any symmetric XOR game
with w* =1 (Theorem 3.3.25) as well as on a family of non-symmetric games (APD games,
Section 5.2.3) with w* = 1 and classical value w — %

We begin with the definition of a MERP strategy for a game G.

Definition 3.3.26 (MERP). Given a k-XOR game G with m clauses, « MERP strategy

for G 1is a tensor-product strategy in which:

SFor symmetric games, m ~ exp{k}, so in this case one can decide MERP value 1 and describe a strategy
in time polynomial in m and n.
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1. The k players share the maximally entangled state

1

NG 0)°" +[1)¢ (3.3.24)

W)

with player o having access to the a-th qubit of the state.

2. Upon receiving question j from the verifier, player o rotates his qubit by an angle (v, j)
about the Z axis, then measures his qubit in the X basis and sends his observed outcome

to the verifier.

Explicitly, we define the states

1

16(ct, j)) = 7 [[0) & e |1)] (3.3.25)
and pick strateqy observables
X = (00 ) NB (v, )| — 1(er, )-Xb(er, 7). (3.3.26)

There exists a useful parallel between MERP strategies and classical strategies, which we

summarize below. Almost identically to the classical value (3.3.8),

Claim 3.3.27. Let the length-kn MERP strategy vector for a given MERP strategy be
defined by

~ 1 )
Oa—1)n+j == —0(c, 7). (3.3.27)
T

The value achieved by that MERP strategy on game G 1is:

WMERP(Gr ) < % L1 (i cos (w [(Aé)i - s])> . (3.3.28)

Proof. Explicit calculation. Done in full in Section 3.5.2. O

Claim 3.3.27 allows us to write down the constraint equations for MERP strategies to

achieve pMERP — 1
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Definition 3.3.28. Define the MERP constraint equations for game G by
Af =5 (mod 2) (3.3.29)

with 0 € QFn.

(We could have equivalently required 6 to be in RF™. This is because A, § have integer entries

and so any real solution to (3.3.29) will also be rational.)

Claim 3.3.29. A MERP strateqy achieves vMFRY =1 on a game G iff its MERP constraint
equations have a solution. A solution 0 corresponds to the MERP strategy in which player «

uses O(a, j) = Wé(a_l)n+j.

Intuitively, MERP provides an explicit construction allowing players to return an arbitrary
phase on each input, rather than the classical 0 or 7. The MERP constraint equations then
ensure that for each question the returned phases sum to 7$; up to multiples of 27. For any
game, Claim 3.3.29 allows us to efficiently determine whether some MERP strategy achieves
value 1 via Gaussian elimination over Q. We often refer to this optimal MERP strategy® for

a game G as simply the MERP strategy for G.

3.3.5 MERP - PREF Duality

The set of games for which MERP achieves value 1 is exactly the set noPREF. As in the
classical and commuting operator cases, the MERP constraint equations (3.3.29) are dual to

the PREF conditions:

Theorem 3.3.30. For any game G, either there exists a PREF specification, or a MERP

strategy with value 1.

Proof. Technical proof in the style of a Theorem of Alternatives, analogous to Fact 3.3.15.

See Section 3.5.3. [

6Despite the language, we do not wish to suggest that there is a single optimal MERP strategy. Instead
one should imagine some convention being used to specify a unique MERP strategy from the set of optimal
ones.
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Because of Theorem 3.3.30 we also refer to a PREF specification z as a MERP refutation.

Figure 3-1 summarizes the extensions of the classical duality relations presented in this
chapter. The general quantum duality provides a complex but complete description of games
with w* = 1. The PREF conditions are efficient to compute, but are only necessary conditions
for constructing commuting operator refutations, and thus the dual, MERP value 1, holds true
for only a subset of all w* =1 games. We can make a stronger statement about symmetric
games: PREFs are both necessary and sufficient for a symmetric game to have a refutation,

so the duality ensures MERP achieves value 1 for all symmetric games with w* = 1.

k-player XOR game
player XOR gaine gy Wiy MERP

k-XOR: primal

" - 3 entangled strategy | Jz,zst. Az =5+ 22,
9 s.t. A = s over Fy s.t. alli - Q; |0 = s; |U) »| withz € @, 2 € Zm
2.2
Fact 3.3.15 Thm 3.4.1 \\“\\\Thm 3.2.1 Thm 3.3.30

Air, ... i) € [m] Thm 3.3.22 B> € Z™

R S—
s.t. H§:1 Qi; ~ 1 st. ATz =0 over Z
and H§:1 8;; = —1 Py 3_3'25 and 87z =1 (mod 2)

k-XOR: dual
By e Fp

s.t. ATy =0 over F,
and 5Ty = 1 over Fy

.

. J

CLASSICAL GAMES ENTANGLED GAMES

Figure 3-1: We extend the well-understood duality relation for classical XOR games (left) to
a more complex set of dualities characterizing perfect strategies for entangled XOR games
(right). The arrows indicate implications, with the red, unfilled arrows holding for symmetric
games only. The dashed red arrows follow from the other arrows for symmetric games.

3.3.6 Implications

Finally we can use our main results to analyze some particular families of games and partially
characterize the XOR game landscape.

In the w* = 1 regime, we construct a family of games that generalize the GHZ game,
termed the Asymptotically Perfect Difference (APD) family. Members are parameterized by
scale K, with the K-th member having k = 2% — 1 players, and K = 2 reproducing GHZ.
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The APD family is contained in the noPREF set (w* = 1) and has perfect difference in the
asymptotic limit,

lim 2(w" —w) = 1. (3.3.30)

K—o0

This demonstrates that XOR games include a subset for which (at least asymptotically) the
best classical strategy is no better than random while a tensor-product strategy (MERP)
can play perfectly. Details of this construction are given in Section 5.2.3. We also give, in
Section 5.2.1, the construction for a (nonsymmetric) game for which w* = 1 but which falls
outside the noPREF set, which shows the incompleteness of the PREF criteria.

To study the w* < 1 regime, we consider the behavior of randomly generated XOR
games with a large number of clauses. We prove Theorem 5.1.4 by explicitly constructing a
refutation for such games using insights developed in previous sections. Interestingly, we also
show such games have a minimal length refutation that scales like 2(nlog(n)/log(log(n))),
which implies that it takes the ncSoS algorithm superexponential time to show that these
games have w* < 1 (Lemma 3.4.4 and Theorem 5.1.5). These results can be seen as quantum
analogues of Grigoriev’s [27] integrality gap instances for classical XOR games. Finally, we try
to push the potentially superexponential runtime of ncSoS to its extremes. We demonstrate
a family of symmetric games, called the Capped GHZ family, that provably have w* < 1, but
have minimum refutation length exponential in the number of clauses (Section 5.2.2). For
games in this family the ncSoS algorithm requires time doubly exponential to prove that
their commuting operator value is < 1 while the noPREF criterion can be used to conclude

this fact in polynomial time.

3.4 Refutations

Refutations are a powerful tool for differentiating between XOR games with perfect commuting
operator strategies (w* = 1) and those with w* bounded away from 1. In Section 3.4.1, we
prove Theorem 3.4.1 and Theorem 3.4.2, relating refutations to the commuting operator

value of XOR games:

Theorem 3.4.1. An XOR game G has commuting operator value w*(G) = 1 if and only if it
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admits no refutations.

Theorem 3.4.2. Let G be an XOR game consisting of m queries, with G yielding a length-€

refutation. The commuting operator value of the game is bounded above by

7T2

C 4me2

wi(G) <1 (3.4.1)

Informally, Theorem 3.4.1 gives completeness and soundness of refutations when used as
a proof system for checking if a game has w* < 1. Theorem 3.4.2 improves the soundness.

We previously introduced the notion of the combinatorial view of refutations (Defini-
tion 3.3.18) and containing a PREF as a necessary condition for a game to have a refutation
(Corollary 3.3.23). Section 3.4.2 presents the combinatorial view in more detail, and proves
that a PREF specification and existence of a particular set of “shift gadgets” is a sufficient
condition for a refutation to exist. Finally, Section 3.4.3 demonstrates that for symmetric
XOR games, all desired “shift gadgets” are automatically available, meaning that a refutation
exists if and only if a PREF specification exists, thus providing an efficient technique to

decide whether any symmetric XOR game has perfect commuting operator value.

3.4.1 Upper Bound on Value

We begin by proving Theorem 3.4.1. The main tool we use is the non-commuting Sum of
Squares (ncSoS) hierarchy, also known as the NPA hierarchy [46, 20]. Given a game G, each
level in the ncSoS hierarchy is a semidefinite program depending on G whose solution gives
an upper bound on the value w*(G); higher levels correspond to larger semidefinite programs
and tighter upper bounds. While we refer the reader to the references cited above for a full
description, we include here a definition of the key object used in constructing the hierarchy:

the pseudoexpectation operator.

Definition 3.4.3. Given an XOR game G, a degree-d pseudoexpectation operator or
pseudodistribution is a linear function E [-] that maps formal polynomials of degree at most

) to complex numbers. A pseudoexpectation E [-] is valid if

d over the strategy observables X](a
e for all polynomials p of degree at most d/2, E [pr] >0,
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e for all polynomials p1, ps with deg(pip2) < d — 2 and indices o € [k] and j € [n],
E [pl {(X}‘“)f - I} pQ} = 0. (3.4.2)

e for all polynomials py, po with deg(p1ps) < d—2 and indices a # o' € [k] and j, 7’ € [n],

E o { X170 () - 07 (1) X[ b e = 0. (3.4.3)

Intuitively speaking, these requirements state that any algebraic manipulations allowed by
(3.3.11) are also allowed under the pseudoexpectation, as long as they never result in a
polynomial of degree greater than d. We further say that a pseudoexpectation satisfies a clause

¢i = (¢, 1) if for all polynomials py, po with degrees summing to < d—Fk, E [p1(Q; — s:I)ps] = 0.

The full ncSoS algorithm involves optimizing over all valid pseudoexpectation operators
that satisfy clauses in the game; it can be shown that this optimization reduces to a semidefinite
program in matrices whose dimension is the number of monomials of degree at most d/2
in the observables X J(a). In the special case of determining whether the game value is 1, it
reduces to checking for the existence of such a pseudoexpectation operator.

In [27], Grigoriev showed a connection between refutations of classical games and pseu-
dodistributions which appear to satisfy all clauses of a classical XOR game. In our analysis,
we will adapt some of these arguments to the quantum setting. In particular, Lemma 3.4.4
gives a quantum analogue of Grigoriev’s central insight that, in the special case of deciding
whether the game value is 1, the sum-of-squares hierarchy reduces to checking for the existence
of a refutation.

In addition to being key to the proof of Theorem 3.4.1, Lemma 3.4.4 also gives a bound
on the time it takes the ncSoS algorithm to show a XOR game has value < 1 in terms of the

minimum length refutation admitted by the game.

Lemma 3.4.4. For any k-XOR game G with no refutation of length < 20 there exists a
degree-kl pseudodistribution whose pseudoexpectation satisfies every clause in G. Consequently,

it takes time at least Q((nk)*) for the ncSoS algorithm to prove w*(G) # 1.
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Proof. To construct this pseudodistribution, we follow a procedure of Grigoriev [27]. For

each clause ¢; = (¢;, s;), define

E[Q)] =E [H oa(q§a>)] = s, (3.4.4)

and for any word” w which can be obtained as a product of N < ¢ queries,

N
w = H Qi (3.4.5)
=1

define the pseudoexpectation of w to be the product of the parity bits s; associated with

each query @);, in the operator construction:

N
E [w] := H Si,- (3.4.6)

=1
We need to argue that this prescription is well-defined, i.e. that (3.4.5) and (3.4.6) never
assign two different values to the same E [w]. Suppose to the contrary that w = [Lcpn Qi =
[T,epv @), with M, N < £ but that [[,cn, si # [1,e(n) 55,- Since (3.4.6) can only take on

the values £1 we have [] .y Si. - [1,e(v) 85, = —1. Also each @; is Hermitian, so

1=ww =Q; - QinQinr - Qi (3.4.7)

This constructs a refutation of length M + N < 2/, contradicting our hypothesis that no such
refutation exists. We conclude that E [w] is well-defined for the choices of w resulting from
(3.4.5).

For all other words (i.e. those that cannot be obtained as products of queries or have
length > /), set their pseudoexpectation to 0. Finally, extend the definition by linearity to
sums and scalar multiples of operator products.

Moreover, E [-] induces an equivalence relation on words: we say that words w, £ wy if

E [wlwb] =# 0. This relation therefore partitions the set of words into equivalence classes

"In this context, we borrow this terminology from the combinatorial picture to indicate any product of
strategy observables.
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C1,Cs,.... We pick a representative element w; for each class C;. A key feature of the

equivalence relation is that for w,, w, € C;,

W £ w, = E [wlwb] =E [wlwi] E [w}wb} ) (3.4.8)

To show that E [-] is a pseudodistribution, it suffices to show that for any polynomial p of
degree at most k¢/2 in the operators X j(a), E [p*p] > 0. Group the monomials in p according
to the equivalence classes, so that p = p; + ps + ... where each p; is a sum of terms from

equivalence class C;. It follows that
Elp'p] =) ) E [pipj} =>E [pipz} - (3.4.9)
i g i

So we have reduced the problem to showing that E [qTq} > 0 for any polynomial ¢, all of
whose terms belong to the same equivalence class. Write ¢ as a linear combination of words
in equivalence class C;,

g = qqwy + -+ + g ws. (3.4.10)

Then

E [qTq} =E [i aZczbwlwb] (3.4.11)

a,b=1

= Z o oyE [w]ws] (3.4.12)
a,b=1
s ~ .

(3.48) Z oy (E [waQD E [wiwb} (3.4.13)

a,b=1

. 2

= ’ S a.E [wz wa} (3.4.14)
> 0. (3.4.15)

The existence of this pseudodistribution implies that the ncSoS algorithm would need to
run to level at least k¢ in the ncSoS hierarchy to show G has commuting operator value < 1.

This can be converted to a lower bound on the runtime by standard results in semidefinite
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programing. O

Finally, we state and prove the duality between refutations and w* = 1.

Theorem 3.4.1. An XOR game G has commuting operator value w*(G) = 1 if and only if it

admits no refutations.

Proof. In one direction, Definition 3.3.12 immediately implies that if the game has commuting
value 1, then there are no refutations.

In the other direction, suppose there are no refutations. Then, by Lemma 3.4.4 and taking
¢ — oo we see there exists a pseudodistribution under which every clause is satisfied, and this
pseudodistribution satisfies the constraints of all levels of the ncSoS hierarchy [46]. Since it is
known that the ncSoS hierarchy converges to the commuting value of the game, it follows

that this value is 1. O

(Classical refutations prove that a constraint satisfaction problem is not feasible, and so if
there are m constraints they trivially yield an upper bound of 1 — 1/m. In the commuting
operator case, even this statement is not obvious. In particular, one could worry that a game
with a quantum refutation still admits a sequence of commuting operator strategies with
limiting value 1.

However, here we prove Theorem 3.4.2, showing that even in the commuting operator case,
refutations yield explicit upper bounds on w*(G) that are strictly less than 1. An argument
similar to the one presented here was known previously, and used to derive a comparable

result in Section 5 of [15].

Theorem 3.4.2. Let G be an XOR game consisting of m queries, with G yielding a length-¢

refutation. The commuting operator value of the game is bounded above by

7.‘.2

wig)=1- Ami?’

(3.4.16)

Proof. Recall from Definition 3.3.12 that the Hermitian operator ); is defined for some XOR
game G, and represents the collective measurements made by the players upon receiving query
¢;- It has eigenvalues +1, which correspond to the value of the XOR’d bit received by the

verifier. Define Q); := s,Q);, so the 1 eigenspace of (); corresponds to measurement outcomes
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on which the players win the game given query ¢;, and the —1 eigenspace corresponds to
measurement outcomes on which the players lose the game. Let (iy, s, ...47,) be the assumed

refutation for G. Letting |¥) be the state shared by the players, we have

Q’iIQiZ e Qig |\II> = (Silsh C.e 51'@) Q’ilQ’iz Ce Qie |\I’> = —1 “IJ> . (3417)

On the other hand, if we let P, = % be the projector on to the —1 eigenspace of Q; then
the losing probability is

_ %iﬁ [P |w) (v ] (3.4.18)

We now follow an argument similar to the union bound proof of [25|. Let Z(|a),|5)) =

arccos | («|8) | and observe that it satisfies the triangle inequality, i.e. Z(|a),|v)) < Z(|a),|5))+
Z(18)»[7))- Then

¢
3.4.1
7T § Z 4( , Qi | >) Note that @); is unitary. (3.4.19)

r=1

_ Z arccos (1 — 9T {PM T) (T ]) (3.4.20)

< ZK:Q\/Tr [Pim D) <x1/|} (3.4.21)

(3.4.18)

< 2 Z Vmé (3.4.22)

= 20v/'mé. (3.4.23)

3.4.2 Tools for Constructing Refutations

Having demonstrated the utility of refutations, we return to the combinatorial picture of
refutations and prove necessary and sufficient conditions for an XOR game to contain a

refutation.
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Combinatorics

We now formally reintroduce k-XOR games from a combinatorial standpoint. Several
definitions mirror those in Section 3.3.2 but are presented here in a slightly different form to

enable discussion of combinatorial proofs.

Definition 3.4.5. A k-XOR game on m clauses with n questions is defined to be a set of
m k-tuples, consisting of elements of [n|, with m associated parity bits. An individual k-tuple

15 called a query, and is denoted by

i
e
=" (3.4.24)
0"
Definition 3.4.6. A word W on alphabet [n] is a k-tuple of the form
w11 W12 ... wlgl
Wo1 Wo2 ... Wy,

W = . (3.4.25)

Wp1WE2 - - - wkgk

with all w;; € [n]. Each row of W is referred to as a wire of the word, and the a-th row is
sometimes denoted by W™ . When all wires have length £, (so {1 =y = ...l =) we say
W has length (.

The product of two words is defined to be their coordinate-wise concatenation. The notation

i, Giy - - - @i, then refers to the length ¢ word given by

- _
2 (2 (2)
4;," 4, --- 4
Ui -G = | - (3.4.26)
k) (k k
_q’§1 ) ql(g) cc ql(g )_
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Finally, define the identity word I to be the empty k-tuple, which satisfies

IW=IW=W (3.4.27)

for any word W'.

Definition 3.4.7. A game G contains a word W with sign sy € {£1} if

W =q,q,...q, and (3.4.28)

Sw = Si1Siy -+ - S5

, (3.4.29)

for some (i1, s, ...17) € [m]*.

Definition 3.4.8. Relations are used to express equivalence between words. There are two

basic types (shown here for 3-XOR, and defined analogously for k-XOR).

1. (Commute Relations):

J J J J
i~ J’ ~ |7 ~ J’ ally, j', j" € [n]
" j” j// j//
(3.4.30)
2. (Cancellation Relations):
j2
~ |2~ ~ T allj € [n] (3.4.31)

The relationship property is associative (as suggested by the notation), so more complicated

equivalences can be constructed by concatenating the ones above.

Definition 3.4.9. Given a k-XOR game G, a length { refutation for that game is a length
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C word W contained in G with sign —1 and
W~ 1. (3.4.32)

PREFs and Shuffle Gadgets

The key difference between entangled and classical strategies is that in the entangled case,
the strategy observables do not all commute with each other. In other words, strings of
queries can be acted on nontrivially by permutations. In this section we consider equivalence
under a restricted class of parity-preserving permutations, and use the fact that at least one
element of a class equivalent to some refutation must be contained in a game for it to admit
a refutation, giving a tractable necessary condition for a refutation to exist. We then define
gadgets that perform these permutations while preserving the associated parity bits. The

result will be a useful set of sufficient conditions for a refutation to exist.

We recall the formal definitions related to these equivalence classes.

Definition 3.3.20. Given two 1-XOR words Wy, W5, we say that W) is parity-permuted
equivalent to W, —denoted W & W,—if there exists a permutation 7 mapping even indices

to even indices and odd indices to odd indices such that Wy ~ w(W5).

For k-XOR words W4, W, we say Wa & Wy it W LW for all o € [k].

From the definition, we see that X is necessary for ~, i.e.
Wi ~Wy, — W, R Ws. (3433)

We can then conclude that a game G contains a refutation only if it contains a word W £ T
with sign —1. To make this necessary condition more useful to us, we will move from an
operational definition of the & relation to a structural one. This is done by talking about the

even and odd subsets of a given word. The relevant definitions are given below.

Definition 3.4.10. Two multisets of queries T, and Ty are said to be multiplicity equiva-

lent if all player-question combinations occur with the same multiplicity in both sets. That is,
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T and Ty are multiplicity equivalent iff
‘{q eTi: ¢ :j}} = |{q’ eTs:qd@w :j}‘alla,j. (3.4.34)
Definition 3.4.11. Given a word contained in a game G

W = Qilqu"‘Qie (3435)

define its even and odd multisets & and O in the natural way, so®

&= L—Ij i, and O := L—Ij i, - (3.4.36)

T even z odd

The key feature of the multiplicity equivalence condition is that a word contained in a
game G is X I iff its even and odd multisets are multiplicity equivalent. A slightly more

general form of this statement is proved below.

Lemma 3.4.12. Given two words Wy and Wy contained in G, the following are equivalent:
1. Wy X Wa.
2. The even and odd multisets of the word WyWy ' are multiplicity equivalent.

Proof. This proof is easiest if we generalize from the concept of even and odd multisets of
clauses to even and odd multisets of variable-player combinations. In particular, given a word

W (not necessarily contained in a game G), its even and odd variable multisets are defined by

EW)i= 1 (Wiaa) (3.4.37)
OW) = [H (wia ) (3.4.38)
i odd,«

where the tuple notion tracks the fact that variables given to different players are treated as

distinct. To prove Lemma 3.4.12, we must now claim some basic facts about & and O'.

8Here and beyond we use the multiset operation [ to indicate union with addition of multiplicities. When
applied to single elements we mean to treat each element as a single-element multiset.
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(A) For a word W contained in G, the even and odd multisets of W are multiplicity

equivalent iff

E(W) = O'(W). (3.4.39)

(B) Applying a parity preserving permutation to a word W does not change &' (W) or
O'(W).

(C) For any two words Wy ~ Wy, we have

E(Wh) W O (Wa) = E(Wa) W O'(W)). (3.4.40)

Claims (A) and (B) come directly from the definition of £ and O'. To prove claim (C) we
consider two words W7 ~ Ws. If we never used a cancellation relation, we would immediately

have
E'(Wy) = E' (W) and O'(W7) = O'(Ws). (3.4.41)

Now a cancellation on a word always occurs between an element at an even position and
one at an odd one, that is, it removes elements equally from £ and O'. Letting C; be the
multiset of elements removed from £'(W;) (and equivalently O'(W7)) by cancellation, with
Cy defined similarly for W5, we find

(E'WN\CL) & (O'(W2)\C) = (E'(W2)\C2) & (O'(W1)\C1) (3.4.42)
<~ g/(Wl) ] O/(Wg) = 5,(W2) %) O/(Wl) (3443)
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Now, to prove Lemma 3.4.12 we note

Wy R W, (3.4.44)

< 3 parity preserving 7 : (W) ~ W (definition)
(3.4.45)

< (W))W O'(Ws) = E'(Wa) WO (m(Wh)) (@)
(3.4.46)

< (W) WO (W) = E'(Ws) W O'(W) (B)
(3.4.47)

s WMWY = o0'(Wiw,h (reordering word)
(3.4.48)

& The even and odd subsets of Wi W, ' are multiplicity equivalent. (A)
(3.4.49)

(3.4.48) is a somewhat subtle step, but follows formally (for example) from a proof by cases
considering even and odd length words W; and W5 and noting that the length of W; and W,

must be equivalent mod 2. O

Definition 3.3.21. A game G contains a Parity-Permuted Refutation (PREF) if the
queries of the game can be combined to form two multiplicity equivalent multisets for which
the parity bits corresponding to the queries multiply to —1. Equivalently (Lemma 3.4.12),
the game G contains a word which is & I with sign —1.

The set of PREF Games are the set of XOR games that contain PREFs. The set of
noPREF Games are the set of XOR games that do not.

We can finally restate and prove our necessary condition formally:
Theorem 3.3.22 (Necessary condition for refutation). If a game G admits a refutation, it
contains a PREF.
Proof. By definition, a refutation R admitted by game G must be ~ I and therefore R X 1.

R must also have sign —1. By Definition 3.3.21, game ¢ then contains a PREF. O
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Phrasing this necessary condition in terms of even and odd multiplicity equivalent multisets
then provides an efficient means of computing whether or not a game satisfies this PREF

criterion (Section 3.4.3).

We next consider the structural requirements on refutations to derive a stronger condition
that is sufficient for a game to admit a refutation. As a first step we show that we can map

between words which are X to each other using a restricted class of permutations.

Lemma 3.4.13. Let W = wyws ... wy be a 1-XOR word of even length such that W R
I; i.e. there exists a parity-preserving permutation m € Sop such that m1(W) ~ I. Then
there exists a permutation ©' € Sy, also satisfying ©' (W) ~ I, also parity-preserving,
and with an additional “pair preserving” property. This means that it permutes the pairs

(1,2),(3,4),...,(20 — 1,20) without separating or reordering the elements in each pair:

(2i—1)=a(2)—1 Viell. (3.4.50)

Proof. Every letter in 7(1/) will cancel with a unique other letter. We call a letter even or
odd based on the parity of its location in m(W). Deleting a canceled pair does not change the
parity of any other location, and 7 also preserves the parities. Thus the letter in location 27
will cancel a letter in some odd position, which we call 2f(i) — 1 (i.e. wo; = wap(;)—1). Since
each odd letter cancels exactly one even letter, f is a permutation of [¢]. Next we decompose
f into disjoint cycles: f = (i1,42,.. .76 )(Gey41---Gey) - - (G0._,+1 - - %0.) Where £. = £. We claim

that, written in two-line notation,
t= o (3.4.51)

is a permutation of the pairs satisfying the desired properties. This map from f to ¢’ is known

as the Foata correspondence. Let 7’ be the corresponding pair-preserving permutation of [2¢].
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Then

/  — —
T (W) = Waj, —1 Wajy Wajy—1 Waijy =~~~ W2y, —1 Wiy, W2y 11" " Wiy, - (3.4.52)
L ] L ]

We can see that 7’'(w) fully cancels following the pattern marked by the square brackets, with

each cancellation using the fact that wy; = warg)—1. O

A pair (and hence parity) preserving permutation 7’ € Sy, can be specified uniquely by

some T € Sy, given the relation

7(i) = 7'(24)/2. (3.4.53)

We will frequently use of this alternate description of pair-preserving permutations, in a way

made formal in Definition 3.4.18.

Before introducing this formally, we will the concept of a shuffie.

Definition 3.4.14. A function f : [¢] — [{] is called a shuffle function if the sequence

can be partitioned into two increasing subsequences. That is, for any shuffle function f, there
exist disjoint increasing sequences s, and sg with |ss| + |sg| =1 and f~! increasing on s,
and Sg.

Operationally, the set of shuffle functions are the set of permutations which can be obtained
by partitioning the elements of [{] into two sets, considering those sets as increasing sequences,

and then mizing those sequences using a dovetail (riffle) shuffle.

Definition 3.4.15. Let A be an arbitrary set, and let t = (ay,as,...,a;) be a sequence

consisting of elements of A. Define the set of shuffles of t

shuffle(t) := {(asq), ap@), .-, ape) : f a shuffle function} (3.4.54)
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and let this function act on sets in the natural way, so

shuffle(7) := U shuffle(t) (3.4.55)
teT

where T C A* and A* = UnZO A" is the set of all sequences of elements of A.

Shuffles are a subset of the set of permutations. However, a standard result [3] regarding
dovetail shuffles states that any permutation can be expressed as a short sequence of dovetail
shuffles. Since our definition of shuffles contains a choice of partition that generalizes dovetail

shuffles, the same result applies to our family of shuffies.

Lemma 3.4.16 (Theorem 1 of [3]). Let t be any sequence of length £, p > [log({)], and let

t' be any permutation of t. Then

t" € shuffle?(¢). (3.4.56)

Our next goal is constructing a gadget from k-XOR clauses that allows us to shuffle pairs
of letters on any wire of a word without changing the overall parity bit. The construction of
this gadget relies on a simpler “shift gadget” which allows us to move words between wires.

This definition and construction are given below.

Definition 3.4.17. For any string of letters y = y1ys...y¢, a 1 — 2 shift gadget for y is

a word S'72(y) that equals the identity on all wires except the first two, and is equal to
Yy~ L= yp..y0y1 on wire 1, i.e. a word of the form

y—l

() ~ [h(y)]| (3.4.57)

qi1 i - - - Qi = Sl_>2

for some arbitrary string of letters h(y). For a, f € [k|, define o — (5 shift gadgets analogously.
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Note that any shift gadget has a natural inverse

y
Gielips - Gy = S"2(y) ~ |h(y) 1| = ("72() . (3.4.58)

Intuitively, S'72(y) removes y from the first wire and “saves” it on the second wire in the
form of the string h(y). S 2(y) then “loads” y back onto the first wire while removing 3/
from the second wire. We now use these shift gadgets to construct a gadget that shuffes

pairs of letters.

Definition 3.4.18. Define unpack : ([n]?)? — [n]® to map sequences of pairs into an

“unpacked” sequence in the natural way, so that
unpack ((t1,t2), (t3,t4), ..., (te—1,te)) = (t1,t2, ... t¢) . (3.4.59)
Note that any permutation @ € Sy is pair preserving iff it satisfies
7’ = unpack or o unpack (3.4.60)

for some ™ € Syo.

Lemma 3.4.19 (Shuffle Gadget). Let t = (t1,12,...t¢2) be a length (/2 sequence of pairs of
letters, with each t; := (tmt@)) € [n]?. Let G be an XOR game that contains all shift gadgets

7 (2

in the set?
{5170t?) s 0 € {ar, a0} i € [4/2]} (3.4.61)

where oy # ag are elements of [k|\ {1} and each shuffle gadget has length at most K. Then,

9There is nothing special about player 1 here but we state the lemma in terms of player 1 for notational
simplicity.
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for all t' € shuffle(t), G contains a word W with sign sy = +1, length at most K¢, and

unpack(t) ™' unpack(t’)

~

Proof. Let f be the shuffle function satisfying f(¢) = t' € shuffle(¢). Since f is a shuffle
function we can choose disjoint sequences s4 and sp with s4 U sg = [¢/2] and f ~1 increasing
on both. We construct a word of the desired form by first saving the pairs in s4 and sg onto
wires a; and aw, respectively, then loading them back onto the first wire, interleaving in the
appropriate order.

For any sequence s, let s be shorthand for that sequence written in reverse order. Define

the function g : [(/2] — {a1,as} by

' o if i € sy
g(i) =
oy if 1 € sp

Then the word W given below satisfies the lemma:

£/2 2/2
W = H (Sug(i) (tz(”tf’)) H (Sleg(f—l(i))(tgcl_l(i) t;z_l(i))) (3.462)
i=1 i=1
(1) (2)y— 1 2 3
HiESE/Q (t; ') HiES[/z(t;)l(i)t;q(i)) unpack(¢)~! unpack(t')

~ ey, W(t0tP) | | ey, AEVED T | = . (3.4.63)
A
HiES’]} h(tgl)tg

1),(2
) | e, Hee

By assumption, G contains each shift gadget used in the construction of W, and each shift
gadget has length at most K. Therefore W is contained in G and has length at most
2K (£/2) = K{. For each shift gadget used, its inverse is also used. By construction, the sign

of each shift gadget is the same as its inverse, so the overall sign of W is sy = +1. m

Note 3.4.20. For any game G and sequence of pairs ¢ that meets the conditions of Lemma 3.4.19,
G will also meet the conditions for any sequence of pairs u = 7(t) produced through

permutation 7 of t. Then, under the assumptions of Lemma 3.4.19 we get “for free” that a
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word is contained in G with sign +1 and has the form

unpack(7(t)) ™" unpack(f(7(t))) (3.4.64)

with 7 any permutation on pairs and f any shuffle function (see Definition 3.4.14).

Combining our newly constructed shuffle gadget with our understanding of parity pre-
serving permutations allows us to derive a set of sufficient conditions for a game G to contain

a refutation. These will be used in a critical way in Section 3.4.3.

Lemma 3.4.21. Let G be a k-XOR game containing a length { word W whose first wire is
given by

Wy = [U)H Wi ... ’U}lg] L I. (3465)
Also let G contain all shift gadgets in the set
{Sl_m(wl(zi—l)wum)) to € {an, a0}, € [€/2]}, (3.4.66)

where ay # ag € [k]\ {1} and each gadget has length at most K.

Then G contains a word with sign +1 and length at most K{log(¢) whose first wire is
given by

Wl_l - [U}lg wi(-1) --- W11 - (3467)
and which s ~ I on all wires other than the first.
Proof. By Lemma 3.4.13 there exists a permutation 7 on [¢/2] satisfying

[unpack om ((wnwi2), (Wizwia), - - -, (w1(l—1)w1z)) ~ 1. (3.4.68)

By Lemma 3.4.16, there then exists a sequence (f1, fa, ... f,) of p <log(¢) shuffle functions
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with

fp-- o =m. (3.4.69)

Now let 7’ be an arbitrary permutation of [¢/2], f’ be an arbitrary shuffle of [¢/2], and define
the word Y (7', f') to have first coordinate

Yi(#', f) = [unpack o’ ((wy1w2), . . -, (wl(l_l)wlg))} ) [unpack of'(n'((wyywia), - - -, (wl(l_l)wlg)))]
(3.4.70)

and all remaining k — 1 coordinates the identity. By Lemma 3.4.19 and Note 3.4.20, we have
that G contains a word with sign +1 and length at most K¢ which is ~ Y (7', f').
By concatenating a carefully chosen string of these words, we see G also contains a word

with sign +1 and length at most K/log(¢) which is

~Y (e, fO)Y (f1, f2)Y (fafi f3) - Y (ot fomz o fro fi) ~ WL (3.4.71)

]

Lemma 3.4.21 suggests we can construct refutations for a game G by finding a word
contained in G which is £ I and has sign —1, and then checking to see if G contains the
necessary shift gadgets. First, we demonstrate that the first two wires of some permutation
of such a word can be made to cancel without using any shift gadgets, then determine a

sufficient set of shift gadgets required thereafter.

Lemma 3.4.22. Let game G contain word W' = q;,q;, - . - gi, R I. There exists a permutation
T €5, such that
p

and both WO ~ T and W@ ~ T with W® = zy21292 . . . Tgjay/2 where x; € [n].

Proof. By Lemma 3.4.12, we have that the even and odd multisets of W', £ and O respectively,
are multiplicity equivalent. Thus, for each a € [k], there exists a bijection f, : £ — O that

maps a query (¢, ..., ¢®) € & to a query (¢V,...,¢™®) € O such that ¢'® = ¢®. From
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the bijections fi, fo, we will define a new map f : £ U O — £ U O that maps each query
q € £ to fi(g) € O and each ¢ € O to f;'(¢') € £. Since f; and f, are bijections, so is
f. Applying the Foata correspondence, as in Lemma 3.4.13, to the permutation of £ U O
associated with f yields a sequence of queries that make a word W with the property that

the first two wires completely cancel to identity and wire 2 takes the desired form, i.e.

w1'1 Wy W1(e—1) 'wu [ ]
u
Wo1Wag « = -+ W2 (r—1)W2y
—
W= Wwe ~ (WO,
W *) w®
where W® .. W® are even-length strings of letters. O

For a refutation to exist we then simply need to be able to shuffle the pairs on the

remaining wires 3, ..., k.

Theorem 3.4.23 (Sufficient condition for refutation). Let G be a PR game which by definition
contains some word W' X T of some even length 0. Let W L I be the pairwise permuted word

as in Lemma 3.4.22. If G contains all shift gadgets in the set
{sa%/(wg‘jlwy) cae{3,... k}.a e{1,2),ie [6/2]} (3.4.73)
then G contains a refutation.

Proof. By the definition of a PR game (Definition 3.3.21), G contains the word W with sign
—1. By Lemma 3.4.21, G contains all words W with a-th wire given by (W) = (W(O‘))_l,

all other wires ~ I, and sign +1. Therefore G contains the word
R=W][W/~1I (3.4.74)

with sign sg = —1, which is a refutation. O
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It turns out that for the special case of symmetric XOR games, the symmetric structure
guarantees existence of all required shift gadgets automatically. Theorems 3.4.23 and 3.3.22
then give that a symmetric game contains a PREF if and only if it contains a refutation. Fur-
ther, whether a game contains a PREF is an efficiently decidable criterion. A formal definition

of symmetric XOR games and a proof of these facts are demonstrated in Section 3.4.3.

3.4.3 Algorithm for Symmetric Games

We begin with a formal definition of symmetric games.

Definition 3.4.24. A k-XOR game G is symmetric if whenever it contains a clause
c=(qW,q?,...,q"™ s), it also contains all clauses ¢ = (¢™), ¢ ) s where

7 : [k] — [k] permutes the query while the parity bit s is unchanged.

Definition 3.4.25. A random symmetric k-XOR game G, on m = k!m’ clauses is a
game constructed by randomly generating m’ clauses, then including all clauses related by

permutations (as above) in Ggyp,.

For symmetric games, we can now prove that all required shift gadgets are certainly

included.

Lemma 3.4.26. Let W be a word contained in symmetric game G of even length { with

2 = 2121297y . . . 241y, where x; € [n]. For any wire o € {3,...,k}

second wire of the form W
and pairs of letters y1,yo that appear at adjacent positions 2i — 1,2i in W @) there exists shift

gadgets from o — 2 and from o — 1 for y1yo with length O(1).

Proof. Since the game is symmetric, it suffices to show the existence of the gadget for

a — 2. Let the queries containing y;,y, in W be ¢4 = (qgl),qf), cey Y1, ...) and go =

(qél), qf), ..y Y2, ... ), respectively. Then by the assumption of symmetry, all permutations of

these queries exist in the given game. We can thus construct the shift gadget S®~2(y,2) by
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the product of four clauses as follows:

][] [a] [o

2 2
qé ) Y2 Y1 Q§ ) h(y1y2)

Saﬂ2(y1y2) = 1... Ce C el = ) (3'4'75>

Y2 ds aq Y1 Y21

where h(y,y2) := q§2)y2y1q§2) and the equality holds because y; and y, appear at an odd and

following even position of W so by the form of the second wire q?) = qéz). n

We now prove Theorem 3.2.1, by showing that the PREF criterion is both necessary and
sufficient for a symmetric game to have a refutation, and can also be expressed as a system

of linear Diophantine equations and thus solved efficiently.

Theorem 3.2.1. There exists an algorithm that, given a k-player symmetric XOR game G with

alphabet size n and m clauses, decides in time poly(n, m) whether w*(G) =1 or w*(G) < 1.

Proof. By Theorem 3.4.1, deciding whether the commuting-operator value is 1 is equivalent
to deciding whether the game admits a refutation (of any length). By Theorem 3.3.22 for a
game to admit a refutation it is necessary that it contains a PREF. Further, Theorem 3.4.23
and Lemma 3.4.26 together show that for a symmetric game to admit a refutation it is also
sufficient to contain a PREF. Thus for a symmetric game, deciding whether w* = 1 reduces
to determining whether or not the game contains a PREF.

We can now rephrase the condition for a game to contain a PREF as a system of linear

Diophantine equations. For each query in the game ¢; = (qi(l), cee gk)

), let z; be an integer-
valued variable representing the number of times query i appears in the even multiset of the
PREF minus the number of times it appears in the odd multiset. The condition that these z;
in fact correspond to multiplicity equivalent sets can then be stated as a system of linear

Diophantine equations,

ATz =0 (3.4.76)
where A is the game matrix as defined in Definition 3.3.3 and we have collected the z; into a
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vector z € Z™. The condition that the signs of the clauses in the PREF multiply to —1 can
be expressed as an additional linear Diophantine equation in terms of z and parity bit vector
§ (Definition 3.3.3):

s'2=1 (mod 2). (3.4.77)

By applying a standard algorithm, such as the one described in Chapter 5 of [58], this system
can be solved in time polynomial in the size of the system, measured as the number of bits

necessary to specify the system of equations. This means a runtime that is poly(n, m).

]

Note 3.4.27. Finding a solution to (3.4.76) and (3.4.77) tells us not only that a refutation
exists but also bounds its length. In particular, by following the steps of the preceding proof,
it can be shown that for a symmetric game with w*(G) < 1, the minimum-length refutation
has length L satisfying

Qllzlh) < L < Okl 2|1 log ||zl1),

where z is a solution to (3.4.76) and (3.4.77) minimizing ||z||;.

Finally, note that this linear algebraic description of the necessary PREF criterion for an
entangled refutation parallels the classical condition for refutation (Definition 3.3.14). The
only distinction is that (3.4.76) is considered an equation over F; for classical games and over
Z for entangled games. As described in Section 3.5.3, these Diophantine equations then give
rise to a dual condition similar to the classical picture: a MERP strategy achieves value 1

exactly when these equations do not admit a solution.

3.5 MERP Strategies

Section 3.3.4 introduced the family of Maximal Entanglement, Relative Phase (MERP)
strategies. The primary feature of the MERP strategies is that deciding whether vMERF =

and computing the accompanying MERP strategy vector may be done efficiently via Gaussian
elimination. Beyond computability, the MERP strategies actually achieve value 1 on a large

class of games where that is possible. Specifically, MERP achieves value 1 exactly where a

PREF does not exist (noPREF games), including all symmetric value 1 games. This MERP -
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PREF duality is analogous to the duality between a classical linear algebraic refutation and
the construction of a classical value 1 strategy.

Here, we motivate the definition of MERP strategies (Section 3.5.1) and prove their value
defined in Claim 3.3.27 (Section 3.5.2). We then investigate the duality between MERP value
1 and PREFs (Section 3.5.3).

3.5.1 Generalizing GHZ

The MERP family of strategies is motivated by the GHZ strategy for solving the GHZ game.

We begin by reviewing the GHZ game and value 1 strategy.

Definition 3.5.1. Recall that the GHZ game is defined by the clauses

( [ T B T B T B T )
T T

gGHZ = ) > ) . (3-5-1)

+1 —1 -1 -1

\ L . L . L . L d

The GHZ strategy [26], defined as follows, achieves value 1 for this game.

Definition 3.5.2. Define the GHZ Strategy for Garz to be the tensor-product strategy in
which:

1. The k = 3 players share the maximally entangled state

1

W) 7

[1000) + [111)] (3.5.2)

with player o having access to the a-th qubit of the state.

2. Upon receiving symbol j from the verifier, player o rotates his qubit by an angle

0(a, j) = A (3.5.3)

5if7=
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about the Z axis, then measures his qubit in the &+ basis and sends his observed outcome
to the verifier. Defining the states |6(c, j)+) by

1

10(ct, j)+) = [10) + () )] and (3.5.4)

Sl

2
1

0(a, j)-) = NG

[10) — e @) |1)] (3.5.5)
the GHZ strategy may be given by the strategy observables

X5 1= 0(e 5)+) (O 5)+] = 16(a, )-) (B(a j)-] (3:5.6)

We now consider why this strategy is successful. Recall that a ¢ rotation in the Z basis

is represented by the operator
€2 |0)0| + e/ [1)(1] . (3.5.7)

Thus the rotations 1, ¢, ¢3 applied by the players to their shared state |¥) results in

1t . 3
W) = — [e—@ 000) + ¢'5 |111 3.5.8
) = e e 1000) + ¢ 111) 359

@ = p1+ 2+ 3. (3.5.9)

Let ox = (9}) be the matrix corresponding to a measurement in the £ basis, and note that
ox ®ox @ox |¥,) = |V_,). This gives expected value of the measurements performed by

the three players,
el 4 et

(T X0 X 0 X |W,) = —

= COS . (3.5.10)

Thus the relative phase between the kets |000) and |111) introduced by the Z rotations
determines the probabilities that the players output +1 or —1. For the GHZ game, the
prescription for Z rotations given in (3.5.3) results in relative phase ¢ = 0 for the first clause
and ¢ = 7 for the remaining three clauses, exactly matching the desired outputs.

This description of GHZ motivates the MERP family as a generalization. For a game G,

the MERP construction assigns a distinct angle to each player-question combination such
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that the relative phase for each query in G gives optimal probability of winning. The set of
games for which MERP can achieve value 1 is exactly the set for which the game admits
independently setting the relative phase for each query to 7s;. This is exactly the statement
of Claim 3.3.29.

We proceed by recalling the definition of a MERP strategy in light of the GHZ analogue,

proving our value claim, and finally demonstrating the duality with PREF games.

3.5.2 MERP Strategy Value

Recall the definition of a MERP strategy:

Definition 3.3.26. Given a k-XOR game G with m clauses, a MERP strategy for G is a

tensor-product strategy in which:

1. The k players share the maximally entangled state

1

7% 0)®% +[1)® (3.5.11)

W)

with player o having access to the a-th qubit of the state.

2. Upon receiving question j from the verifier, player « rotates his qubit by an angle
0(a, 7) about the Z axis, then measures his qubit in the X basis and sends his observed

outcome to the verifier.

Explicitly, we define the states

1

60, j)4) = == [11) £ e |0)] (35.12)

Sl

2

and pick strategy observables
X = [0 ) NBv, )| — 16(er, )-Xb(er, 7)-. (3.5.13)

We now demonstrate that a MERP strategy achieves the claimed tensor-product (and

thus commuting operator) value by explicit calculation.
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Claim 3.3.27. The value achieved by that MERP strategy on game G is:

MERP (1 ) _% + % (Z cos ([ (40), - s])> (3.5.14)
:% + % <Z cos <Z O(c, ¢\ — 7T§Z>> : (3.5.15)

Proof. Consider a particular clause ¢; = (¢;, s;). We calculate the probability that a MERP

strategy parameterized by 6(«, qfa)) returns output s; correctly.

If players 1, ..., k apply rotations by ¢4, . . ., ¢k to their qubits in state |¥) = \/LE |0>®k + |1)®k

then they will be left with

1 1L s
k) = = [e £10)=F 4 775 |1>®’“] (3.5.16)
©:=p1+ ...+ Q. (3.5.17)

Note that X®* ‘\D@ = ‘\I/’i s0>. The expected value of the product of the £ measurements is

then ' '
(W] X k) = # — cos . (3.5.18)

We now plug in the values from the clause and the corresponding angles in the MERP

strategy. The angles are ¢, = 0(a, ¢f*) so that
= 0(a,q") = (AD),. (3.5.19)
aclk]

The probability of obtaining the correct answer for the clause is

1+ s; (Wk| Xk |Wk) _ L sicos(p) _ 1+cos(g0—7r§i)‘

5.2
5 5 5 (3.5.20)

Averaging over all clauses and substituting (3.5.19) for ¢ we obtain (3.5.14) and (3.5.15). O
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3.5.3 MERP - PREF Duality

It is well-known that the structure of the game matrix over Fy gives insight into the classical
value of an XOR game. The construction of a classical value 1 strategy is dual to the existence
of a classical refutation. In much the same way, the construction of a commuting operator
value 1 MERP strategy is dual to the existence of a PREF.

MERP is restricted to achieving value 1 on only a subset of commuting operator value 1
XOR games. By the duality to PREF this subset is exactly those games that our algorithm
can decide have value 1. In particular, this means that all symmetric games with value 1 can
be played optimally using MERP, making it a powerful family of strategies.

We begin with a review of the classical value 1 - refutation duality, which informs our
later proof of the MERP - PREF duality. From Claim 3.3.7, we have the value of a classical

strategy

o(G,) = % + - (Z cos( [(Af), — g,-])) (3.5.21)

where the vector algebra is taken over F,. Using this linear algebraic form for the value, we

can prove Claim 3.3.9.

Claim 3.3.9. Every solution 7 € FA" to
An=3s (3.3.9)

corresponds to a strategy 1 achieving value 1 on game G ~ (A,3§), and vice versa. In

particular, a game G has classical value 1 iff (3.3.9) has a solution.

Proof. 1f a solution 7 exists,
(G,n) = ! + ! E (m[(An), — &]) (3.5.22)
v(G,n 5 coS An), — 5 0.

= % 4 % (Z cos(O)) =1. (3.5.23)

Conversely, to achieve value 1, we must have the argument of every cosine equal to some
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multiple of 2. Therefore we need An — § = 0 over Fs. [l

Recall that this classical value 1 constraint has a dual set of equations, such that there
exists a classical refutation that solves the dual equations if and only if the classical value 1

constraints are not satisfiable.

Fact 3.53.15. Either a classical refutation y exists satisfying

AT 0
y = (3.3.13)

or a classical strategy 7 exists satisfying (3.3.9).

We use an analogous duality relation to prove the MERP - PREF duality shortly.
Before that, we mention one more consequence of this characterization of classical value 1

games — a linear algebraic specification, in terms of game matrix A, of the set of § for which

the game G ~ (A, §) has w(G) = 1.
Definition 3.5.3. Define the vector space Yo C FI' by
Vo = { A7) € F5"} = imp, (A) (3.5.24)
Define the dimension of this vector space as
oy = dim Ys. (3.5.25)

Corollary 3.5.4. Given a game matriz A, the set of possible accompanying § that produce a

game G ~ (A, 3) with classical value 1 is exactly the 27% parity-bit vectors in Y.
Proof. This follows immediately from Claim 3.3.9. O

The main use of Corollary 3.5.4 is to characterize the classical value of games with

randomly chosen s; (Section 5.2.3).
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We now use an analogue of Fact 3.3.15 to demonstrate that the set of games on which
MERP achieves commuting operator value 1 is exactly the complement of those for which a
PREF specification exists. First, recall the MERP constraint equations that define the set of

games for which MERP achieves value 1.

Claim 3.3.29. A MERP strategy achieves vMFRP = 1 on a game G iff its MERP constraint
equations

Af =3 (mod 2) (3.5.26)

have a solution § € QFn.

Proof. 1f a solution 6 exists, (3.5.14) gives the MERP value using this strategy vector:

oMERP (@ 0) = L (Z cos (0)) = 1. (3.5.27)

Conversely, the only way to achieve value m inside the sum over cosines is for the argument
to each cosine to be a multiple of 2rr. This is only possible if (46); — & = 0 (mod 2) for each
i. [

Theorem 3.5.30. Fither there exists a MERP refutation z € Z™ satisfying the PREF equations

ATz =0 (3.5.28)

§"2=1 (mod 2) (3.5.29)
or a MERP strategy with value 1 exists for game G ~ (A4, 3).

Proof. We begin by reformatting the linear Diophantine equations (3.5.28) and (3.5.29) to

remove the modulo 2 and collect the PREF constraints into a single matrix equation

AT 0| | 2 0
_ (3.5.30)

st 20 | 1
with 2/ € Z.
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By [58, Corollary 4.1al, the dual to (3.5.30) is the system of constraints

A 5| |w )
ezt and (3.5.31)
0 2| (v
w
[0 1] ¢7Z. (3.5.32)
w/

Here “dual” means that (3.5.31) and (3.5.32) are satisfiable iff (3.5.30) is unsatisfiable. The
bottom rows of (3.5.31) and (3.5.32) can be satisfied iff

1
w =a+ 5 @€ Z. (3.5.33)

The top row of (3.5.31) then becomes:

Aw+sw' =d € 2™ (3.5.34)
& A2w) + (2a+1)s = 2d (3.5.35)
& ARw) =5  (mod 2). (3.5.36)

Setting = 2w and picking arbitrary a € Z, (3.5.33) and (3.5.36) can be satisfied iff there is
a solution to

Ab =3 (mod2),0 e Q. (3.5.37)

]

Theorem 3.3.30 tells us that every game that we can decide has value 1 using the
algorithm of Section 3.4.3 also has an accompanying MERP strategy with value 1. Further,
we demonstrated in that section that a symmetric game contains a PREF iff it has value
w* < 1. We conclude that for symmetric games, the MERP family of strategies achieves
value 1 everywhere it is possible to do so.

Following the classical case, it is also illuminating to note a linear algebraic specification,
in terms of game matrix A, of the § for which a MERP strategy can achieve value 1 on game

G ~ (A, 3). First, we define a mapping between the space in which the image of A lives,
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img(A) € Q™, and the space in which the parity bits live, § € F3".

Definition 3.5.5. Define a mapping® ¢, : Q™ — FJ* by

z (mod 2) if z € Z™
p2(z) =
0 otherwise.
Now, we can define an analogue to )s, here considering A as a map over Q and naturally

extending ¢s to act on subsets of Q™.

Definition 3.5.6. Define the vector space Yo C Fy* by
Yo = pa(img(A)). (3.5.38)

We then find that, accounting for the ¢, technicality due to the mod 2 involved in

computing an overall output, the set of games with MERP value 1 is the image of A over Q.

Corollary 3.5.7. Given a game matriz A, the set of possible accompanying § that produce a

game G ~ (A, 8) with MERP value 1 is exactly the parity bit vectors in Yg.
Proof. This follows directly from Claim 3.3.29. O]

In this sense, Corollary 3.5.7 demonstrates that the advantage of MERP over a classical
strategy is simply exploiting entanglement to enable the players to “output” values in Q

instead of Fs.

3.6 Chapter Summary

This chapter introduced two important new ideas for the study of XOR games. The first were
PREFs, defined in Definition 3.3.21, which gave an efficiently checkable sufficient condition for
XOR games to have a perfect commuting operator strategy. The second were MERP strategies,
defined in Section 3.3.4 and elaborated on in Section 3.5.2, which gave a simple class of tensor

product strategies for XOR games. Then, in Section 3.5.3 these two conditions were shown

ONote ¢, is not in general a linear function, but it is linear over inputs in Z™.

121



to be related, with a MERP strategy existing for any game that had a perfect commuting
operator by the PREF (really the noPREF) condition. We also explored some scenarios in
which the noPREF condition was necessary and sufficient, showing in Sections 3.4.2 and 3.4.3
that the noPREF condition was a necessary and sufficient condition for symmetric XOR
games to have a perfect commuting operator strategy. As a consequence, we saw that MERP
strategies were optimal for these games.

In the next chapter we continue our study of XOR games by showing the noPREF
condition is also necessary and sufficient for 3 player XOR games to have perfect commuting
operator strategies. Before proving this result we recast the noPREF condition in more
algebraic language, identifying with the subgroup membership characterization of perfect

XOR games introduced in Chapter 2.
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Chapter 4

3XOR Games

In this chapter we study 3 player XOR games with perfect commuting operator value. Our
starting point is the characterization of games with perfect commuting operator value in
terms of the subgroup membership problem introduced in Chapter 2. As in Chapter 3 we
reprove this result in the special case of XOR games. This time our proof makes use of
representation theory to construct strategies, providing yet another view on the relationship
between the subgroup membership problem and the existence of perfect commuting operator

strategies.

After this we reinterpret the PREF condition introduced in Chapter 3 as a “refutation
(mod K)” then show, in an involved algebraic result, that all 3XOR games with perfect
commuting operator strategies are noPREF games. This implies the existence of a polynomial
time algorithm for deciding if a 3XOR game has a perfect commuting operator strategy, and
implies that all 3XOR games with perfect commuting operator strategies have perfect MERP

strategies.

Section 4.1 recaps basic definitions, gives precise statements of the main theorems, and
proofs or proof sketches where appropriate. Section 4.2 gives proofs of the more involved
algebraic results. The final sections fill in proof details and give perspectives, mostly about

the subgroup K.
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4.1 A Detailed Overview

We begin this section by recapping the notation necessary to state the main theorems of this

work. Section 4.1.2 contains all the major theorem statements of this chapter.

4.1.1 Background and Notation
Games

As mentioned in Chapter 1, we think of XOR games as testing satisfiability of an associated
system of equations. Our starting point for defining any AXOR game is a system of equations
of the form

XO 4+ XP 4+ 4+ XE) =5, XD+ XO 4 4 X

ni1 n22 nag

sy XD p XD 4 XB

mk

where n;, € [N], s; € {0,1}, X' are formal variables taking values in {0,1} and the
equations are all taken mod 2. N is called the alphabet size of the game, and m the number
of clauses. The kXOR game associated to this system of equations has m question vectors.
In a round of the game the verifier selects a i € [m] uniformly at random, then sends question
vector (n1, Nz, ..., ny) to the players, i.e. player j receives question n;;. The players respond
with single bit answers and win (get a score of 1 on) the round if the sum of their responses
equals s; mod 2. They get a score of 0 otherwise. Any kXOR game where clauses are chosen
uniformly at random can be described by specifying the associated system of equations.*

For the case of 3XOR games, we will simplify notation slightly by omitting a subindex

and instead writing our system of equations as
RO 4RO 4 RO =5, RO+ XD 4 X =5y, ., KD+ RO 4 RO = s,

where a;, b;,¢; € [N] for all 7 € [m]. The question vector sent to the players is then (a;, b;, ¢;),
with the players winning the round if their responses sum to s; mod 2. We use the 3XOR

notation for the remainder of this section.

!Because we are concerned with the case of perfect value XOR games, fixing the distribution clauses are
drawn from to be uniform doesn’t change the scope of our results.
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Strategies

The most general classical strategy can be described by specifying a response for each player
based on the question received and some shared randomness A. If we are only concerned with
strategies that maximize the players’ score a minimax argument shows that we can ignore the
shared randomness (fix A to the value that maximizes the players’ score in expectation), so
optimal classical strategies can be described by fixing responses for each player to each possible
question. To better align with the quantum case, we describe these strategies multiplicatively
rather then additively. Define XZ-(a) to equal 1 if player a responds to question ¢ with a 0,
and Xi(a) = —1 if the player responds with a 1. Players win on the j-th question vector iff
Xg)X lgf)Xc(f)(—l)Sj = 1 so the expected score of the players conditioned on receiving the j-th

question vector can be written

11 ) N
5+ §X§J1_>X,§j)xgj>(—1) i (4.1.1)

and the expected score this strategy achieves on a XOR game is given by

% + ﬁ > xOXPXO(—1)m. (4.1.2)
J

We refer to strategies where players share and measure a quantum state before deciding
their response as entangled strategies.? In the most general entangled strategy, players share
an state |¢)) and randomness A. Then they receive a question, make a measurement on the
quantum state based on the question and shared randomness, and then send a response to the
verifier based on the measurement outcome. Mathematically, any strategy can be described
by fixing the state |¢)) and POVMs (Positive Operator-Valued Measures) for each possible
question sent to the players. As in the classical case, if we restrict to optimal strategies, we
can ignore the shared classical randomness A\. Then we can describe an entangled strategy by
specifying the shared state |1)) and PVMs (Projective Valued Measures) for each possible

player and question. We associate self-adjoint operators with these PVMs using the following

2The name quantum strategies, while more natural, can cause confusion with strategies where questions
and responses are themselves quantum states. Entanglement is not necessary for these strategies, but the
players’ achieve a value exceeding their classical value only if the state they share is entangled.
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prescription:
1. First, specify the shared state [¢)).

2. For each player « € [k] and question ¢ € [N], let Pl-(a) be the projector onto the subspace
associated with a 1 response by player a to question 7. Similarly, let QEO‘) =1- Pi(a)

be the projector onto the subspace associated with a 0 response. Here 1 represents the

identity operator.
3. For every a and 7, define the strategy observable Xi(a) = QZ(-O‘) — Pi(a).

The operators XZ-(a) satisfy some useful properties. Firstly, they are self-adjoint by construction

with eigenvalues +1. From this, or from direct calculation, it follows that
(@) (@) (@) (@) pla) _ Hle) | pla)
(Xz‘a) :<Qia) +<Pia> +2Q" R = QY + P =1 (4.1.3)

where 1 represents the identity operator, and we have used the fact that QEO‘) and Pl-(a) are
orthogonal projectors on the last line.

Secondly, the restriction that players be non-communicating means that a players chance
of responding 1 (resp. 0) should be independent of another player’s response. Hence

P-(a)P-(B) _ PJ(B)P(Q) (414)

i j i

for any 4, j,« # 3. Defining the group commutator of two observables [y, 2] := yzy 127! we

see
(@) +®] _
[XZ- X }_1 (4.1.5)

whenever a # 3.

Finally, we consider a product of operators corresponding to a question vector in the XOR
game. A state is in the 1 eigenspace of XLSJI.)X ,Elf)Xc(?) iff the sum mod 2 of the players responses
to the verifier upon measuring this state is 0. Similarly a state is in the —1 eigenspace iff the

sum of the players responses upon measuring this state is 1. Then, players win on question
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vector j with probability
<¢| XXX (1) ) (4.1.6)

and their overall score on the game is given by

o+ —Z(W”X‘”X (1) 14)) (41.7)

An important consequence of Eq. (4.1.7) is that the players win the game with probability 1
iff

XX XD (1) 19) = [0) (4.1.8)
for all j € [m]. This is because each X\ has norm < 1.

Bias.

XOR games can also be characterized by their bias 5(G), defined by 5(G) = 2w(G) — 1.3
The entangled biases [, and f3;, are defined analogously. A completely random strategy for
answering an XOR game will achieve a score of 1/2, hence w(G) > 1/2 and S(G) € [0, 1],
with identical bounds holding on the other biases. When comparing classical and entangled
biases, the quantity usually considered is the ratio 3;,(G)/B(G) (or B;,(G)/B(G)), called the
quantum-classical gap.

For 2XOR games this gap can be related to the Grothendieck inequality, with

Boo(G)/B(G) = B, (G)/B(G) < K¢ (4.1.9)

where K§ is the real Grothendieck constant®. For 3XOR games no such bound holds [50, 7],

3Some definitions vary by a factor of 2, defining 8(G) = w(G) — 1/2
4Because w¥, = wy, for 2XOR games, we also have 7, = 3y,
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and there exist families of games {G,, },en with

Tim 5, (Go)/B(Gr) = o0. (4.1.10)

All these families have the property that lim,, .« 3},(Gr) = 0; it is open whether an unbounded
quantum-classical gap can exist for kXOR games with 3} bounded away from zero. One
special case where a bound on the quantum-classical gap is known is 3XOR games with the
players restricted to a GHZ state [50] (later generatlized to Schmidt states in [6]). In this

case the quantum-classical gap is bounded above by 4K§ [6].

Groups

Now we introduce groups whose structure mimics the structure of the strategy observ-
ables introduced in Section 4.1.1. We describe these groups using the language of group
presentations.

Given a kXOR game with alphabet size N, define the associated game group G to be the

group with generators o and xga) for all i € [n], @ € [k], and relations:
@)
1. <xz ) =1forall i,j € [n],a € [K]

2. [:c(a),xgﬁ)} =1foralli,j € n|,a# 5 € k]

(2

i

3. o2 = [g,x(o‘)} =1foralli,j € [n],a # B € [k].

G is a right angled Coxeter group isomorphic to (Zg*N )Xg X Zy. Here the CL‘EQ) are group
elements satisfying the same relations as the strategy observables defined in Section 4.1.1. o
is a formal variable playing the role of —1. Note o # 1 in the group.

Given an 3XOR game testing the system of m equations
a1+ by +c1 =81, ag + by 4+ co =59, ..., Gy + by + Cp = S

we define the clauses hy, ho, ..., h,, of the game by h; = :cg)xg)xg’)asi € G, where ¢ = 1. We
denote the set of all clauses by S and define the clause group H < G to be the subgroup
generated by the clauses, so H = (S) = ({h; : i € [m]}). Important subgroups of groups G
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and H are those consisting of even length words corresponding to each player. Define the

even subgroups G¥, HE by
GE .= <{x§.a>x§“> Li,j € [N],a e [k]} U {a}> and H? .= ({hih; 1 i,j € [m]})  (4.1.11)

Note that HEZ < GP.

Finally, define the even commutator subgroup K by
K = ({[2022,2027] 4,5,k L € [n],a € [31})F (4.1.12)

where X" denotes the normal closure of the subgroup X < G¥ in GE. Note that K is a

normal subgroup of G¥ by construction.

4.1.2 Precise Statements of Main Results

In this section we give theorem statements covering the main results of this chapter, along

with some relevant theorems from previous work.

An algebraic characterization of perfect XOR Games

Our first result shows the problem of determining if w}, = 1 is equivalent to an instance of
the subgroup membership problem on the game group G.
We should mention that some ingredients of this proof have appeared before in other

contexts [47, 66]. The key innovation of this theorem is the algebraic formulation of the issue.

Theorem 4.1.1. An XOR game has commuting operator value w’, = 1 iff o ¢ H, where

o, H are defined relative to the XOR game as described in Section 4.1.1.

Proof. We first show that 0 € H = w* < 1. Assume for contradiction that ¢ € H and

w* = 1. Then, since o € H, there exists a sequence of clauses hy, h,...h;, = o where each

h, = :E((ﬁz)xéf)ﬁg’)

K3

ol € S is a generator of the clause group H. Because there exists a perfect

2

value commuting operator strategy, that means there exits a state |1)) and strategy observables
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satisfying

sDaD e (=1)" [) = [¢) (4.1.13)

for all t; (Eq. (4.1.8)). Because the strategy observables and —1 satisfy exactly the same

relations as the associated group elements, we also have

Hxat Dl (1) = —1. (4.1.14)
But then applying Eq. (4.1.13) and Eq. (4.1.14) gives

H%% G =D ) =~ [v), (4.1.15)

a contradiction.

It remains to show o ¢ H = w* = 1. A proof of this fact that relies on completeness of
the nsSoS hierarchy is given in [66]. Here we give a standalone proof, which can be viewed
as a special case of the GNS construction. We assume o ¢ H, and construct the strategy

observables and state |1)) explicitly.

First we define a Hilbert space H with orthogonal basis vectors corresponding to the left

cosets of H in G. That is, H is spanned by basis vectors {|H) , g1 H) , ...} with inner product

1 ifgilgp€e H
<91H\92H> = (4-1-16)

0 otherwise.

Next we define the representation 7 : G — GL(H) to be the representation given by the left

action of G on H, so

(1) |92 H) = |g192H) - (4.1.17)

Finally, define |¢)) = |H) — |0 H), and note that ¢ ¢ H by assumption implies |1)) # 0. We

claim that strategy obserables W(l’l(a)) and state [¢) achieve value w* =1 for the game. To
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see this, first note that
(o) 1) = (o) (1H) — [0 H)) = o H) — |H) = — |} (41.18)
and for word w € H we have
w(w) [9) = 7(w) (0 H) — |H)) = |owH) — [wH) = |oH) — [H) = |} (41.19)
since o commutes with all elements of G. Then, for any j € [m]| we have

()@ (@) (1) ) = 7 (@Da? 2P o) [g) = w(hy) [¥) = ) (4.1.20)

a; i aj G

and so the strategy achieves value w* = 1 by Eq. (4.1.8). O

Theorem 4.1.1 implies that we could identify XOR games with value w* = 1 by solving
instances of the subgroup membership problem on the group GG. Unfortunately, the subgroup
membership problem on the group G is, in general, undecidable.” To get around this, we
port the 3XOR problem to a simpler group obtained from G by modding out the normal
subgroup K defined in Equation (4.1.12). On G//K the algebraic problem can be solved with

a polynomial time algorithm.

Theorem 4.1.2. Let o, HY, K be defined relative to an XOR game as described in Sec-
tion 4.1.1. Let [o]x be the coset containing o after modding G out by K. Then we can check
if o] ¢ HE (mod K) in polynomial time.

Proof. First note that K <« G¥ and H¥ < G¥, so the question is well defined. To show a
polynomial time algorithm, note that G¥ /K is an abelian group — in fact we have modded
out by exactly the commutator subgroup of G¥. The subgroup membership problem for any

abelian group can be solved in polynomial time (see Theorem 4.4.1), so the result follows. [J

5A game group G with k > 2 and n > 3 contains F» x F» as a subgroup, where F; is the free group on
two elements. This group has undecidable subgroup membership problem by [45].
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Sufficient conditions for w} =1

An obvious consequence of Theorem 4.1.2 comes from the observation
[0]x ¢ H® (mod K) = o0 ¢ H = the associated XOR game has w’ = 1. (4.1.21)

Then, Theorem 4.1.2 tells us that a sufficient condition for an XOR game to have w? = 1 can
be checked in polynomial time. In fact we can say something stronger; when the condition
given by Theorem 4.1.2 is met an optimal strategy can be chosen from a simple family of
strategies which generalize the regular 3 qubit GHZ strategy. We introduce these strategies
in Definition 4.1.3.

Definition 4.1.3. [MERP strategies] A MERP (maximally entangled, relative phase) strategy
for a kXOR game is one where the players share the k-qubit GHZ state ) = \/Li (]11...1) +100...0))
and, given question j, the a-th player measures the a-th qubit of the state with a strategy

observable of the form

(@) ._ () ()
M;™ = exp (zﬁj JZ>O'x exp(—sz az> (4.1.22)
‘ _ 01 1 0
where o,,0, are the Pauli X and Z matrices: o, = and o, = 6
10 0 —1

The angle HJ(»Q) depends on the player index o along with the question j sent to the player.
To specify a MERP strategy we just need to specify the angles Qj(-a) for every j and «. For this
reason we refer to the set of angles {9;01) ca € [k],j € [N]} as a description of the strategy.

The MERP strategy observables for any choice of 93@ are valid strategy observables, that
is, they are hermitian with eigenvalues +1 and observables corresponding to different players
commute.

We can now state the relationship between MERP strategies and the condition o ¢ H
(mod K).

SIn the language of Section 4.1.1, the state |t)) lives in the Hilbert space (CQ)k and, given question j,

player o measures a strategy observable of the form I®*~! @ M ;a) ® I®F=* where I is the 2 by 2 identity
matrix.
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Theorem 4.1.4. A kXOR game corresponds to a subgroup H with [o]x ¢ HE (mod K) iff
the game has w;, = wy, = 1 with a perfect value MERP strategy. A description of this strategy

can be found in polynomial time.

Proof. This theorem is a rephrasing of Theorem 5.30 from [66], where the condition [o]x ¢ H
(mod K) was referred to as existence of a PREF (parity refutation). The equivalence between
the 0 € H (mod K) condition and existence of a parity refutation is elaborated on in
Section 4.3.3.

In Section 4.3.4 we prove the theorem in one direction by showing that MERP matrices
satisfy the defining relations for K. The other direction is proved by defining a system of
linear diophantine equations which are solved only when [¢]x € H (mod K) then showing,
via a theorem of alternatives, that these equations being unsatisfied implies a MERP strategy

can achieve value 1.

The sufficient conditions are necessary

Theorems 4.1.1, 4.1.2 and 4.1.4 give a sufficent condition for XOR games to have value

*
co

w 1, and a complete characterization of strategies for games that meet this condition.
Theorem 4.1.6, the main technical result of this chapter, gives the surprising result that this
sufficient condition is also necessary for 3XOR games. The proof is purely algebraic, but
involved. We give the full proof in Section 4.2, and sketch high level intuition for the result
here.

As a warm up, we show that o € H iff 0 € H”.
Lemma 4.1.5. For any XOR game, 0 € H iff o € H”

Proof. The direction 0 € HF = o € H is immediate.

To see the other, note that each clause h; contains exactly one generator :L‘Ea) for each
a € [k]. Then an odd length sequence of clauses contains an odd number of generators
:UZ(»O‘) for each o € [k]. Because all the relations of G involve words containing an even
number of generators corresponding to each player «, the parity of the number of generators

corresponding to each player remains fixed when applying the relations of G. Thus, any word

133



in G equals to the product of an odd number of clauses from H and contains an odd number

(therefore at least one) generator corresponding to each player o and cannot equal o.

From this, we conclude that if ¢ € H it is an even sequence of clauses hihs...hy € HF

which equals o, thus ¢ € HF as well. n

With Lemma 4.1.5 in hand, we turn our attention to Theorem 4.1.6.

Theorem 4.1.6. ¢ is contained in H iff, after modding out by K, the coset containing o is

contained in HY. That is:

0 € H& [olg € H® (mod K). (4.1.23)

Some ideas of the proof. One direction is immediate: if o € H, then it isin H* by Lemma 4.1.5,

and [o]x remains in H¥ after modding out by K.

To begin the proof in the other direction, note [¢]x € HF (mod K) iff there exists a word
h € H¥ with h = wio and w;, € K. To prove the result it suffices to show w;, € H, since

then

wy'h = w, 'wo =0 € H. (4.1.24)
In Section 4.2.4 we show this is true. Here we give some simple intuition about this result.
At this point the proof and proof sketch diverge — our goal here is to give intuition, rather
than a high level overview of the proof.

Consider a pair of clauses hq, hy € S corresponding to question vectors which send the
same question to the first player, so hy = xgll)x,(j)xg’)asl, hy = xglg)xgz)xﬁz)a‘*? and a; = as.

Similarly, let clauses hg, hy be clauses which agree on the question sent to the second player
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S0 Tp, = Tp,.. We then consider the commutator

[hiha, haha) = [z, 2Dz V)] [g;g?g;gj),xg)xg)] [202@) g@z®] [po+e2 gotsi]

a1 a2 ) *Yaz Yaq c1 e 17 es3 TTea
(4.1.25)
= [1,a02] |20, 1] [2Q2D, 2@l [+, g4] (4.1.26)
= [28)28), 2] (4.1.27)

where we have used the fact that group elements corresponding to different players commute
on the first line, that a:gll) xg? = (x((zll)>2 =1 on the second line, and that [w, 1] = 1 for any w
and ¢ commutes with anything on the third.

The conclusion is that [:c((;?l’)xg’), xg’)xg;)} = [hihy, hshy] € HP. Let x denote the set of
all commutators of pairs of generators :L‘Ea) which lie in H¥, and note we just proved Yy is
necessarily nonempty. These commutators of pairs generate K, thus K N H¥ is nonempty as
well. We can repeat the same argument as above with any two pairs of clauses that cancel on
two different players, so for most XOR games y will be reasonably large, and K N H¥ will be
large as well. What we show in Section 4.2.4 is that K N H¥ is large enough that the wy, of
Equation (4.1.24) is in K N HE. The proof is done with involved bookkeeping organized with

graphs which track the distribution of clauses over possible questions in the game. O
With the Theorems 4.1.1, 4.1.2, 4.1.4 and 4.1.6, we conclude the following result.

Theorem 4.1.7. A 3XOR game has value w’, =1 iff it has a perfect value MERP strategy,

*

i = 1. Additionally, there exists a polynomial time algorithm which decides

implying w), = w
if a 3XOR game has value w?, = 1, and outputs a description of the perfect value MERP

strategy if one exists.

Proof. By Theorem 4.1.1, an 3XOR game has w’ = 1 iff 0 ¢ H in the associated group. By
Theorem 4.1.6, this is also equivalent to the statement o] € H (mod K). By Theorem 4.1.4

this implies a MERP strategy, and the first part of the result follows.

"These pairs of clauses don’t need to exist, but XOR games where each question is asked only once are
particularly simple, with w = 1, so we assume we are not in this case.
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To get the polynomial time algorithm, we just need to check if [o]x € H (mod K), which
we can do in polynomial time by Theorem 4.1.2. If true, there exists a MERP strategy and
we can find it by Theorem 4.1.4. If false, the same chain of implications as above shows
wr, < 1. [l
Bounds on the bias ratio

Finally, combining Theorem 4.1.7 with a result from [50] gives the following.

Theorem 4.1.8. A 3XOR game with W}, =1 also has classical value w > 1/2 + 8% > 0.57,
G

where KR is the real Grothendieck constant.

Proof. By Theorem 4.1.7, a 3XOR game G with w), = 1 must also have a perfect value
MERP strategy. This strategy uses a GHZ state for the players, and a bound from [50| gives
that

Bonz/B < AKE, (4.1.28)

where (5, is the maximum bias achieved with a strategy using a GHZ state. But then

L Bbur(G) _ 1

= 4.1.2
1 1
> 4 4.1.
and the result follows. O
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4.2 Technical Details

This section begins with definitions, then compares the algebraic structure defined in this

chapter to the one introduced in [14], then proves theorem 4.1.6.

4.2.1 Definitions

We briefly recap the definitions given in Section 4.1.1, then give some additional notation that
will be useful in this section. In everything that follows [, | denotes the group commutator,

so [z,y] = zyx~ty~ L.

Recap

We consider a 3XOR game with questions drawn from an alphabet of size [N]. The game
has m question vectors labeled (ay,by,¢1), ....(Qmy b, C) With a;, b, ¢; € [N]. When asked
the i-th question vector (a;, b;, ¢;) players win the game if their responses sum (mod 2) to the
parity bit s; € {0, 1}. Parity bits are defined for all i € [m].

There are several algebraic objects associated with the game. The first is the game group

G, defined by

G = <x§a) i€ [N],ae [3]‘ [xﬁa),xyj)} : (ivl(-a)yvﬁj,a # 5> x (o]a?). (4.2.1)

(a)

Group elements z; ' correspond to the observable measured by player o upon receiving
question ¢. The group element o should be though of as a formal variable corresponding to
—1 in the group. Note ¢ has order two (02 = 1) and commutes with all elements of group
([o,w] =1 for any w € G).
For all i € [m] we define the associated clause
h; = x&)mgf)xg’)asi. (4.2.2)
The clause set S = {h; }icpm) contains all clauses of the game. The clause group H = (S) is

the subgroup of G' generated by the clauses.
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The even game group G¥ is the subgroup of G consisting of words with an even number
g g g g

of observables corresponding to each player (plus an optional o), so
GP — <{x§a>x§a> Li,j € [N],a e [k]} U {0}> . (4.2.3)
The even clause group is the subgroup of G generated by an even number of clauses
H” = ({hh; :i,5 € [m]}) . (4.2.4)

An important observation is that H” is a subgroup of G¥.

Finally, K is the commutator subgroup of G¥, defined to be the normal closure of the set

of commutators of the generators of G¥. In math:

K = ({[afz}, 20a}] 4,4,k € [n],a € [3]}>GE (4.2.5)

170

Where (X)¥ denotes the normal closure of the set X in the group Y.

Projections and Clause Graphs

It will be helpful to have notation for referring to just the observables associated with a single

player. To this end, define player subgroups G, < G by
Go = <{x§“> i€ N}> (4.2.6)
and G¥ < GF by
GE = <{x§a)x§.") Li,j € N}> (4.2.7)

for all a € {1,2,3}. Because observables corresponding to different players commute, we can

write any w € G as

W = Wwawso™ (4.2.8)
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where w, € G, for all a € {1,2,3}, and s,, € {0,1}. Similarly, any w’ € G can be written

as
!
w = wiwgwyov (4.2.9)

with w/, € GF and s/, € {0,1}.
For any o € {1,2,3} we also define the projector onto player subgroups ¢, : G — G, by

defining its action on the generators of G:

@
X, ifta=,
pa(z?) = and  pu(0) =1 (4.2.10)

1 otherwise

then extending ¢, to a homorphism on G. To see this defines a valid homomorphism note it

preserves the group relations:

N <x(ﬁ)>2 - (;,;Z(m)z =1 ifa=0 n

12=1 otherwise

with a similarly simple argument showing commutation relations are preserved. It is also

helpful to define a projection ¢, which acts on the generators of G as
B\ _ _
oo (2,7 ) =1 and o (0) = 0. (4.2.12)

Combining Equation (4.2.8) with the definition of ¢, gives the equation

w = p1(w)pz(w)ps(w)ps(w) (4.2.13)

for any w € G.
Next, we define the clause (hyper)graph® Gio3 which gives a useful way of visualizing the
clause structure of a game. The graph has 3n vertices which we identify with the generators

x¢ of the group G. We label the vertices by the corresponding generator. (Hyper)edges in

8 A hypergraph is a graph with edges passing through more than two vertices.
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the hypergraph correspond to clauses, with a hyperedge going through vertices xfﬁi)? a:éf% and

x?) for every clause xg)xlf)x((j)asi € S. Note that the existence of the edge is independent of
the value of s;, so the clause graph contains no information about the parity bits.

Because edges in the hypergraph correspond to clauses h € S, we can identify a path in
G103 with a word w € H. We will use this relationship frequently in the future.

We also define important subgraphs of G535 by taking the induced graphs on vertices
corresponding to a subset of players.? For any « # 3 € {1,2,3} we define the multigraph
Gop to be subgraph of G953 induced by the vertices corresponding to generators of G, and
Gjs. See Figure 4-2 for an example. As with the graph Gio3, edges in the graph G,5 can be
identified with clauses in H and paths in G, can be identified with words w € H .

In Section 4.2.3 we show that we can restrict our attention to the case where G935 is a
connected graph. The induced graph G,s can be disconnected, and the different connected

components of this graph (and representative elements from each) play an important role in

the proof in Section 4.2.4.

4.2.2 Comparison with Linear Systems Games

A reader familiar with the work of Cleve, Liu and Slofstra concerning linear systems games [14]
may notice a similarity between the solution group defined in that paper and the clause group
defined in this work. In this section we give a direct comparison between the two. Our goal
in doing this is not to provide any deep insights — we simply hope a direct comparison will
help a reader already familiar with linear systems games to better understand our work. We
do not define linear systems games here, and point readers to [14] for a formal introduction
to them. This section is not critical and a reader can safely skip it without impacting their
understanding of the rest of this chapter.

Following [14], we consider a binary linear system of m equations on n variables Mz = b,
with M € Z5"" and b € Z™. M;; specifies an individual entry in the matrix M, and b;
specifies an entry from the vector b. The solution group of the binary linear system is a group

with generators g1, gs..., gn, J and relations

9For a graph X = (V, E), the subhypergraph induced by a set of vertices V' C V is the hypergraph with
vertex set V' and edge set ' = {eNV’:e € E}. Essentially, edges are all truncated to the vertices in V.
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Figure 4-1: Sample hypergraph G953 for a game with alphabet size N = 6 and 11 clauses. The
hypergraph is generated by clause set (¢ terms omitted since they don’t affect the graph):
S = (Vg @p® p0,@,0) (006 W06 1@, 1,00

B R N R

51353) 51353) 513;3) 334(13) xéﬁ%) fI?éS)

xg2) 11352) 37:(32) 56512) CEé2) 33((32)

Figure 4-2: Induced graph Gs3 corresponding to the same clause set as Figure 4-1
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1. g¢?=1foralli € [n] and J? =1
2. [g;,J] =1 for alli € [n]

3. ¢i,9;] = 1 if ; and z; appear in the same equation (that is M); = M;; = 1 for some

[ € [m]).

4. 1L (gM”> Jb =1 for all | € [m].

7

In [14] the authors showed the following result:

Theorem 4.2.1 (Implied by Theorem 4 of [14], paraphrased). The linear system game
associated to the system of equations Mx = b has a perfect value commuting operator strategy

iff in the associated solution group we have J # 1.

Theorem 4.1.1 can be thought of as an analog of Theorem 4.2.1 for 3XOR games. We can
restate Theorem 4.2.1 in a way that makes the comparison even more apparent.

Given a system of equations Mz = b, define the group G4, to be the group with generators
J1, 92, ---, gn, J and relations 1-3 above. Note that J ## 1 in this group. Next, define the
subgroup Hjsy < G4 to be the normal closure in Gy, of the words corresponding to equations

in the system of equations Mx = b (that is, the words involved in relation 4 above) so
Glsg
Hlsg = <{H (gf\/[“> Jbl e [m]}> . (4214)
Using these definitions, an equivalent statement of Theorem 4.2.1 is:

Theorem 4.2.2 (Restatement of Theorem 4.2.1). The linear system game associated to the

system of equations Mx = b has a perfect value commuting operator strategy iff J ¢ Hisg.

We can compare the above theorem and Theorem 4.1.1 directly. We list, and briefly

discuss, the key differences:

i) The group G contains an element for every question player combination, while G,
only contains an element for every question. In a commuting operator (or tensor

product) strategy for an XOR game, different players can measure completely different
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observables when sent the same question and so we need a different group element to
correspond to each player-question combo.’® Conversely, in linear systems games there
is a close relationship between Alice and Bob’s measurements given the same question,
and both players measurement operators can be constructed from representations (right

and left actions) of the same group elements.

i) Generators of G5, commute with each other if they appear in the same equation (relation
3 above). Generators of G satisfy no such relation. This difference reflects a difference
between linear systmes games and XOR games strategies. In a linear systems game a
single player must make simultaneous measurements of all the operators corresponding
to a question in the game. This never happens in XOR games. From an algebraic point
of view, these extra relations place a restriction on elements of G5, that is not placed

on elements of G.

i) The group Hs, is a normal subgroup of Gisg, while H is not a normal subgroup of
G. This has an algebraic consequence: asking if J € Hj,, is an instance of the word
problem (mod out by the generators of Hjs,, then ask if J equals the identity), while
asking if ¢ € H is an instance of the subgroup membership problem. The word problem
is in a sense “easier" than the subgroup membership problem: there are groups with
solvable word problem but undecidable subgroup membership problem [45]. Still, both
problems are undecidable in general. This difference also has consequences for game

strategies. In a linear systems game, an identity of the form

I1 (gj”ﬁ) g =1 (4.2.15)

i

holds in the group, hence holds as an operator identity on the strategy observables as
well. In an XOR game, the operator identities codified in H only need hold acting on
the state |¢)) and there are games (for example, the GHZ game) where products of
strategy observables act as the identity on [¢)), but the operators themselves do not

multiply to the identity.

0Pyt (informally) in slightly different terms: XOR games can be very far from synchronous, as defined in
[34].
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We should also point out that a linear systems game can be defined for any system of
equations of the form Mz = b, while XOR games require equations of a special form: exactly
one variable corresponding to each player is involved in each equation. It is possible to define
a slightly more general form of £XOR games with a subset of players, as opposed to all
players, queried on each question but those are not considered here.

Theorem 4.1.7, in combination with [61] shows that there cannot exist a mapping from
linear systems games to XOR games which preserves the commuting operator value of the

game. The question of finding a natural map in the other direction remains open.

4.2.3 Connectivity of the Clause Graph

In Section 4.2.1 we introduced the clause graph G123 — a graphical representation of the clause
structure of a 3XOR game. In this section we consider 3XOR games whose associated clause
graph is not connected. Given such a game, we can always define smaller games involving
only the clauses corresponding to a single connected component of the clause graph. Here,
we show a 3XOR game has w} = 1 iff each of these smaller games has a perfect commuting
operator strategy.

This result can be understood from a strategies point of view. Recall that a clause
xg)xl(f)xg’) corresponds to a question vector (a;, b;, ¢;) that could be sent to the players in a
round of the game. If a game has a disconnected clause graph Gis3, players will never be sent
a question vector asking them to make measurements from different connected components
of the graph. Thus, players can consider the measurements in each connected component
of G103 independently when coming up with a strategy for the game. If they come up with
strategies that win for each connected component of clauses they can always combine them
(given a question, a player follows the strategy corresponding to the connected component
that question came from) to create a strategy that wins on the larger game.

Below, we prove the result using algebraic techniques. The proof is slightly less natural in
this setting, but provides a useful exercise in proving results about XOR games using the

groups formalism.

Theorem 4.2.3. Let G be a 3XOR game with clause set S, clause group H, and clause
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graph Gias. Then o € H iff there exists a subset of clauses S" C S corresponding to all the

edges in a connected component of Giag with o € (S’).

Proof. First note that if the clause graph Gjo3 is connected Theorem 4.2.3 is trivial, since the
the only subset of S corresponding to a connected component of Gio3 is S itself. Also note
that one direction of the above claim is immediate by the observation that (S’) < (S) and so
o€ (8= o€ (S)=H.

To deal with the converse direction, consider a game G with clause group H > ¢ and
a disconnected clause graph Gia3. Let Sy, Ss, ..., S; be subsets of S corresponding to all the
edges in the connected components of the clause graph. Not that sets Si,...5; partition the

S. For all i € [l], define a map p; which acts on the generators of H as

hj if hj € S;
) = (42.16)

1  otherwise

We can extend p; to act on a sequence of clauses in the natural way, so'!

pi(he iy hpy) = pi(hey) pi(ry) .. pi (P, ). (4.2.17)

We have by assumption that o € H. Then there exists a sequence of clauses h,, h;,...h,, = 0.

We prove two claims:
1. For all @ € {1,2,3}, i € [I] we have : ©o(pi(hy hry...hr,)) = 1.

2. For some i’ € [l], we have py(hy, hyy...hy,) = 0.

To prove the first, define the set V; to consist of all generators :L‘;a) corresponding to vertices

in the connected component of G953 containing clauses .S;. Then, for all « € {1,2,3}, define

Vi(a) = V; N G, to be the subset of generators in V; corresponding to player a. Finally, we

"Note that we do not claim p; extended in this way is a homomorphism. It is not, because its action on o
may be undefined.
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define the a homomorphism 7; : G — G by its action on the generators of G:

(@) e (a)
@ T ifa;” €V,
mi(r;) =

1 otherwise

and mi(o) = 1. (4.2.18)

Routine calculation shows that m; preserves the relations of G, and thus, is a valid homomor-

phism. Now, to prove claim 1 we show

Calpi(hyyhpy. ) = o (hpy By hy)) = @o(mi(0)) = 1. (4.2.19)

The second equality follows because we assumed h, h,,...h,, = o, and the third equality
holds by definition of ¢,. All that remains to show is the first. We show this through direct

computation. For ease of notation fix = 1. Then, for any clause h,, we have

e1(pi(he;)) = p1(mi(he,)) = ﬂfgli (4.2.20)
if h,, € S; and
o1(pi(hr,)) = p1(mi(he;)) =1 (4.2.21)

otherwise, since h,; ¢ S; = @1(h,;) ¢ V; by definition of V;. Applying this observation to

J

each term in the sequence h,,...h,, shows the first equality.

Now, to prove the second claim, note Claim 1 in combination with Equation (4.2.13) gives

Pi(he iy ) = @1(0i (R oy o) )02 (0 (P oy -y ) )03 (0 (P gy 1y ) )06 (i (P Py - Py ) )
(4.2.22)

= @U(pi(hmhrz'“h’n))' (4223)

If 9, (pi(hpyhry...hy,)) = o for any @ € [l] the above equation proves Claim 2. Assume for
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contradiction that ¢, (p;(hy hyy...hy,)) =1 for all i € [I]. Then we have

Po (sl lir) = 0o (B )P0 (i )05 (hir,) (4.2.24)
= ¢, (H m(hm)) ©0 <H m(hm)) e <H <hn>) (4.2.25)
= [0 (i (i 1)) =1 (4.2.26)

Where we used the fact that ¢ commutes with all elements of G to reorder elements and get
from the second line to the third, and our assumption for the sake of contradiction on the final
line. But, by our assumption at the start of this section we also have ¢, (h., h,...h,,) = o.
The contradiction proves Claim 2.

Finally, to complete the proof we note

pir (hey - hey) = 01 (pir (Mg b)) 02 (pir (By b)) @3 (pir (BB, ) 0o (pir (By o lary))
(4.2.27)
(

4.2.28)

by Equation (4.2.13), Claim 1, and Claim 2, and p; (hy, hyy...hy,) € Sy by definition of p; .
Thus the claim holds with S' = S;. O

To prove the strongest form of Theorem 4.1.6, we also need a version of Theorem 4.2.3
that applies to works [o], € H¥ (mod K). We give that theorem next. The proof is very

similar to the proof of Theorem 4.2.3, with a few more technical details.!?

Theorem 4.2.4. Let G be a SXOR game with clause set S, clause group H, and clause graph
Giaz. Then [o], € HE (mod K) iff there exists a subset of clauses S’ C S corresponding to

all the edges in a connected component of Giaz for which o]y, € (S') N H¥ (mod K).

Proof. As with the proof of Theorem 4.2.3, the case where G953 is connected and the direction

o]k € (S"YN HF (mod K) = [0];, € HY (mod K) are immediate.

12 Actually, theorem 4.2.4 in combination with Theorem 4.1.6 provide an alternate proof of Theorem 4.2.3.
Here we proved Theorem 4.2.3 directly both because the proof serves as a good warm up to the proof of
Theorem 4.2.4, and to enphasize the result can be proved independtly from Theorem 4.1.6.
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To deal with the remaining case, let G be an XOR game with disconnected clause graph
Gio3 and 0 € HP (mod K). Let Sy, S, ..., 5 be subsets of S corresponding to all edges in
the connected components of the clause graph. For each S;, we pick some representative

clause BZ € S5;. Then, define a map p; which acts on the generators of H as

~ hj if hj € S;
ilhy) = (42.20)

h; otherwise.

Extend p; to act on sequences of clauses in the natural way, so
pi(hihg...hy) = pi(h1)pi(ha)...pi(hy). (4.2.30)
Note that for any generator of h;h; of the even clause group HZ we have
pi(hihy) = pi(hy)pi(hy) € HE 0 (S). (4.2.31)

As in the proof of Theorem 4.2.3, define the subset of generators V; to be the a:ga) corresponding
to vertices in the same connected component as the edges in S;. Then define the projector 7;

which acts on the generators of GG as

- 2 if 2 eV,
mi(x; ) = and wi(o) = 1. (4.2.32)
©a(h;)  otherwise

An important observation is that 7; maps commutators of even pairs of generators to
commutators of even pairs of generators (or the identity) so m;(K) < K.
By assumption we have 0 € H¥ (mod K). Then there exists an even length sequence of

clauses h, h;,...h,, with w = ocw;, and w, € K. We claim:
1. For all i € [l], a € {1,2,3} we have : ©u(0;(hyr hyy-.hr)) = 0o (wy)) € wy.
2. There exists an ¢’ € [I] satisfying ¢, (pir (hy hry...hy,)) = 0.

The proof of the first equality in Claim 1 follows identically to the proof of Claim 1 in
Theorem 4.2.3. The second inequality holds because 7;(K) < K.
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Proving Claim 2 requires a little more work. The complicating issue is that we can

encounter a case where ¢, (p;(h;)) = o even if h; ¢ S;. Thus the equation

©o(hj) = ¢o (H ﬁi(hj)) (4.2.33)

might not hold, and we can’t simply copy the proof of Claim 2 in Theorem 4.2.3. How-
ever, copying the proof of Claim 2 does give us that there exists an i’ € [l] for which
©o(pir(hyyhyy...hy,)) = o, that is, the claim holds without the tilde. Let n; be the number of

clauses in the sequence h, h,,...h,, not contained in Sy, that is

ny={j€l]:r, ¢S} (4.2.34)

(@)

7

We claim n; is even. To see this, note that any word w € K contains each generator z
(@)

%

an

even number of times, since the even commutators contain the generators z;"’ an even number

of times, and the xl(a) are self-inverse. Then the number occurrences of all the %(1) ¢ Vi in
the word h,. h,,...h,, must be even (the 1 here is arbitrary, all that matters is that we fix a

player). But this is equal to ny mod 2, and we conclude n; is even. Finally, we note that

o (Pir (hyy Ny py)) = Qpa(pi’(hhhrz"-hn))(Spa(hi’»ni/ = @5 (pir(hyy hpy..hp,)) = 0. (4.2.35)

Using the fact that n; is even and ¢ has order two.

Combining Claims 1 and 2 with Equation (4.2.13) gives

pir (hry oy By,)) = H (Pa (Pir (M oy 1)) o (Dir (hry Py Py )) (4.2.36)
=] (¢a (5o (hrsPryichi,))) 0 (4.2.37)
with gy (hyyBry...hy,)) € (Sy) 0 HE and [],, (pa (i (hey Bry. b)) € K. [l

To close this section we observe that Theorem 4.2.4 implies proving Theorem 4.1.6 for
all 3XOR games with a connected clause graph Gjo3 proves the result for all 3XOR games.

To see why, consider a 3XOR game G with clause set S, a disconnected clause graph and
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o € HE (mod K). Theorem 4.2.4 says that we can find a connected subset of clauses S’ C S
with o € (S"YN H¥ (mod K). Then, we restrict to the 3XOR game G’ defined only on these
clauses and note is has a fully connected clause graph. Theorem 4.1.6 then says o € (5'),
which implies o € (H) for the original game G as well. For this reason, we assume the clause

graph Gyo3 is connected in Section 4.2.4.

4.2.4 Proof of Theorem 4.1.6

The proof is involved, and we will build up to it slowly over the course of many lemmas.
First, we recap the theorem and give an outline of the proof. Note that notation, particularly
the w,w’ and w, in this outline is simplified, and does not match the notation used in the

remainder of this section.

Theorem 4.1.6 (Repeated). o is contained in H iff, after modding out by K, the coset

containing o is contained in H¥. That is:
0 € H& [olg € H® (mod K). (4.2.38)

Proof Outline. The forwards direction is immediate. The backwards direction takes work.

Our starting point is the observation that [o]x € H (mod K) implies there exists some
h € H satistying h = ocw, with w € K. We will modify this word by right multiplying by
words in H until we have removed the w portion, producing a word o € H. We refer to this
process as “clearing" the word w from the word h. To begin, we break w into three words:
since G1, G5 and G3 group elements all commute with each other we can separate them out
and write w = wywows with each w, € G, N K. Then we clear the word w one w, at a time.

In Section 4.2.4 we show how to construct a word w = wywews € H, where words
we € G N K and w3 € G3 N K are arbitrary. To do this we define a homomorphism ¢}
which maps any word v; € (G to a sequences of clauses in H whose product equals v; when
projected to the G subgroup.

Multiplying i by w™! produces a word w'c = whwjo with wh € GoN K and wi € GsN K.
Importantly w’ contains no terms in the Gy subgroup, that is, we have cleared the G; portion

of the word w. Our next step is to right multiply by a word which will clear the w) term,
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while not introducing any new terms in the G; subgroup. We do this by constructing another
homomorphism ¢35 ;, which takes a word in vy = (G5 and produces a word in H which equals
vg in the G5 subgroup and projects to the identity in the GG; subgroup whenever possible.
Details are given in Section 4.2.4.

Section 4.2.4 goes over the process of removing the w; and ws words from h. The final

result is a word

w =1 (U/Q)_l w' = wio
where w € Gs N K.

Finally, we want to clear the word w} without introducing any words in the G; or Gy
subgroups. Unlike previous sections, we do not do this by constructing a homomorphism.
Instead, in section Section 4.2.4 we construct a series of gadgets designed to make a word
easier to clear. Then, in Section 4.2.4 we introduce gadgets into the word wj, and clear the
word with the gadgets introduced. This procedure relies on the fact we have already cleared

words w; and ws and special structure of the K subgroup. O

We now begin the proof in earnest.

Projectors and simple right inverse.

We start with some useful notation. Recall the projector ¢, : G — G, onto group elements

corresponding to player « defined in Section 4.2.1 . It is a homomorphism, defined by

®
x; ifa=p
(pa(:pgﬁ)) = (4.2.39)

1 otherwise

and

Yalo) = 1. (4.2.40)



We also defined a projector onto the o subgroup, ¢, : G — {0, 1} which satisfies
gpa(xz(-j)) =1 and ¢, (o) = 0. (4.2.41)

We use the notation ¢* to refer to right inverses of ¢. Because the map ¢ is many to one,

there are many choices of right inverse. We define several.
(o)

We first define the simple right inverse ¢? : G, — H which maps each z;’ to a single

clause in S. For ease of notation, we give the definition when oo = 1. ¢} is a homomorphism

which acts on the generators of Gy by
o (aM) = hy (4.2.42)

(1) 1) ) ,(gg)al must exist

where j € [m] is chosen so that ¢;(h;) = x;’. Note that some clause z; 'z;”x
1) (1)

in S or else the question z, , can be removed from

is never asked, and the group element x
the game group (this can be viewed as a special case of the proof given in Section 4.2.3 that

we can assume the game group is connected). If there are multiple clauses which contain the
1

element z,;’, we pick one arbitrarily. To verify ¢7 is indeed a homomorphism, we can check

— Y ng)xfj)asfxfﬁ)xlﬁf)xﬁf)aﬁ (4.2.44)
2 2 2

_ (gjg_)) (%5?) <$g’>> (0%7)? (4.2.45)

—1. (4.2.46)

@? for general « is defined similarly.

Identity preserving right inverse.

The next right inverse we define, ¢}, 5, acts as a right inverse to ¢, while also producing a
word h € H satisfying ¢3(h) = 1 whenever such a mapping is possible. In order to define

5, 5 as a homomorphism, we restrict it’s action to the subgroup of even length words GE.

Our first result is a general “trick" we will use to construct homomorphisms on the even
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subgroups.

Lemma 4.2.5. Let f : G, — H be an arbitrary map. Define f : GE — HP by its action on

the generators of GF

Flal®ally = p@l@) pal), (4.2.47)

and extend it to act on words in GE in the natural way, so

Flat®al® af® 2y

f( ® a)f(xk 1‘1 ) (4.2.48)

Then f is a homomorphism.

Proof. The only non-trivial relation to check is that f(z} a)x( ):c( 2y = f(2!z(™). But

we see
Fa®a 2l ey = Fal) f) @l flap) (4.2.49)
= () (4.2.50)
and the result follows. ]

Next, we define ¢ , and prove its existence in the following lemma.
Lemma 4.2.6. For all a # 8 € [3], there exists a homomorphism ¢}, 5 GF — HP satisfying
AL po(@h s(w)) = w for allw € GE.

A2. g (cpzwg(w)) = 1 whenever there exists an h € HY satisfying os(h) =1 and o (h) = w.
An important consequence of this is that pg (gpzﬁ (gpa(h))) =1 for any h € HE satisfying

pp(h) = 1.

Proof. For ease of notation, we prove the result when o« = 1, § = 2. The proof is identical
for other «, 3.
Recall the (multi)graph Gio, defined in Section 4.2.1. G, has N? vertices, labeled by

the group elements arg ), :Eg ), . 165\1,), g;§2), xf), e x%). We identify vertices in the graph with
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56(12) 3352) 33:())2) 5134(12) il?éQ) $é2>

[Egl) ZCS) xgl) 554(11) CL’él) (Eél)

Figure 4-3: Sample graph G, for a game with alphabet size N = 6 and m = 11 clauses. The

middle component for example corresponds to clauses xgl)xff)xk ol and x xf)mkz 2 where

ki,ko € [N] and [;,ly € {0,1} are arbitrary.

generators of game group G, and abuse notation slightly by referring to the two objects
(1) (2)>

interchangeably. Edges in the graph correspond to clauses; the graph has one edge (x; ", T,

for every clause xgl)xf)x,(f)a(l) in S. (k € [N] and [ € {0,1} are arbitrary.) Then G5 is
bipartite, with the vertices %(1) for i € [N] forming one half of the graph and m§2) for j € [N]

forming the other. See Figure 4-3 for an example.

Any path
2 ) (2 2) (1 ) (2 n (2
P (:cl(l), :cgt)> ((xgl), xﬁ-l)), (:C;-l), :cz(é)), (:1:%(»2), x§-2)), . (;I:Z(t), :z;g.t))) (4.2.51)
in the graph can be identified with some word
x(ll)a:( )l’;(c )Ullx(l)x( )xl(qz )Ulzx(l)x@)xl(c) I3 x( )x( )xlg) bt ¢ . (4.2.52)

Abusing notation slightly, we refer to the word in H as the path P (l’(l) x@)).

11 7t

1 @

o T, ) corresponding to a path in G5 from a vertex associated

Now, consider a word P (
with player 1 to a vertex associated with player 2. Note the path has odd length because G
is bipartite, so the word P ( Z(-ll), xf)) consists of an odd sequence of clauses. All generators in

(1, Gy other than T D) and T, 2 are repeated adjacent to each other in the word P ( (1) x(z)).

i1 0 gt
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These generators cancel, and so

P (:pgll), x?) = :vgll)xf)x;i)x,(i)...x,ﬁiialﬁlﬁ'“l%. (4.2.53)
Hence,
1 (P(xf-f),xf))) — gV (4.2.54)
and
s (P(wﬁf)wf))) =, (4.2.55)

Next, note that the multigraph G5 naturally partitions into components. Pick one
representative vertex x§-2) from each component. We define a map r; o that takes generators

of Gy or Gy (vertices in Gj3) to the unique representative vertex in the same component.
(@)

i

Formally, r; » maps a vertex
(o)

)

be in Gy, 80 12 (xf”) e Gy

in G15 to the representative vertex in the connected component

containing x; ’. Note that « could be either 1 or 2, but we defined representative vertices to

xg2) x;2) f:(f) 5(3512) leéQ) Slﬁé2)

$§1) SCgl) jS(),l) xgll) l'gl) Qfél)

Figure 4-4: Sample graph repeated from Figure 4-3 with a choice of representative vertices
indicated in red.

r12 maps generators which square to the identity to generators which square to the

I3Representative elements in G are used to define the map 72,1, which is used construct the right inverse
¢34 To keep track of this somewhat subtle notation, recall ¢7, 5 is the right inverse of ¢, that tries to
preserve the identity in Gg subgroup.
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identity, so we can extend it to a homomorphism acting on words in G; or G,. We abuse
notation and refer to both of these homomorphisms as ry 5. '

Next, fix paths P (:cgl), 12 (:cl(l))) between the vertices of (G; and the connected repre-
sentative vertex (see Figure 4-5). Define the homomorphism ¢}, : G — H” by its action

on the generators of GF,

— —1
era (a0} =P (270 (7)) P (2 mi2 (27)) (4.2.56)

Recall the abuse of notation defined above, so P < 51), T12 < )) defines both a path in the

graph Gi2 and a word in H. ¢7, is a valid homomorphism by Lemma 4.2.6.

ng) 3752) xé2) 1’512) xéz) x((iQ)

xgl) legl) ﬂfél) 1'4(11) CCél) Slfél)

Figure 4-5: Sample graph with representative vertices indicated in red and the

path F(xgl),rlg (:L'é“)) indicated in blue. This path corresponds to a word

xgl)mgQ)xéi)allxg )x§2)m,(€)a 2 {1 )x,(C ols, where ki, ky, ks € [N] and Iy,ly,13 € {0,1} are
arbitrary.

It remains to show ¢, satisfies Properties A1l and A2. Property Al follows from
Equation (4.2.54), which gives

o1 (eia(aal)) = 2P a) = 2all). (4.2.57)

14 a )) (‘2))

7’172(5%
not equal 1) so we cannot extend r; 5 to a homomorphism simultaneously mapping G; and G into Ga.
Instead, there are two separate homormorphisms, one mapping G; — G5 and one mapping G2 — G2, and
both are denoted by 7 2. This somewhat technical issue does not affect the proof.

1,2 does not preserve commutation between elements of Gy and G5 (that is, |r1 o(x; ] may
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To prove property A2 we first show that

r12(p2(h)) = @215 (01(h))) (4.2.58)

for any h € H¥. The claim can be verified by checking the action of the two maps on

generators h;h; of HE:

02(97 5 (01 (hihy))) = a0 5 (o1 (@D 2Pz NP 2P ooty (4.2.59)
= ot o (M) (4.2.60)
=712 (xg)) 12 (x(%)) (4.2.61)
=iz (2 ) i (2f?) (4.2.62)
= r12(pa(hihy)) (4.2.63)

Line (4.2.61) follows from Equation (4.2.55). The key observation comes in line (4.2.62).
Because a; and b; are both in the clause h;, they are in the same connected component in the

graph Gio. Then they have the same representative vertex and
ri () =iz (2. (4.2.64)

Line (4.2.62) follows.

Now any h € H satisfying ¢5(h) = 1 must have even length, so h € HF and we have

P21 2(p1(R))) = r12(pa(h)) = 11 2(1) = 1. (4.2.65)

Using the fact that 7 5 is @ homomorphism in the last two equalities. This proves Property

A2, and completes the proof. n

The next lemma proves that right inverses ¢, and ¢7, 5 map within the K subgroup. That
is, they map words in K N G¥ to words in K N HE.
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Lemma 4.2.7. Let v € K NGE be arbitrary. Then

pa(v) € KNHY (4.2.66)
and

Yhs(v) € KNHY (4.2.67)

for all B # «.

Proof. For notational convenience we prove the result when aa =1, g = 2.
The proof is mechanical: any word v € K N G¥ can be written
v = Hul [ (D (D (D) g (g =1, (4.2.68)

a%1 a127 aL3 aiy i

with u; € Gy arbitrary. We pick labels b;,, ..., b;,, ¢y, ..., ¢i, € [N] and sy, ..., s;, € {0,1} so

that
e (20)) =2l aflafo™ (4.2.69)
K o

for all Za;,- Then

= [Tt () [t eettetd) witetpitet)] ot )™ (4.2.70)
. 2 () () ) .
H ) [, 002] [0 2] 00,0201 1 0 € €

(4.2.71)

noting that any factors of o cancel in the commutator.
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A similar argument shows ¢} ,(v) € K. To start assume v € K N G¥ and write

‘P12 H‘Plz (us) [@12 ! ))90 2 o( 1(;))7(201 o( E?)‘Pl o( S))} 901,2 (“i)_l (4.2.72)
= H@T,Q (ui) (ﬁ [ (@12 )%01 o(T (1))> » Pa (801 o( (1))901,2< Ei))ﬂ) (’012 (ui)_l
(4.2.73)

We can show this word is in K by noting the words ¢, <gp’{72( (1 ))gpl oz (1 )) and @, <g01 o(; (1 ))gp“iQ(mS)))
are even-length products of clauses in H for any «, then repeatedly applying to commutator

identities

[z,y2] = [z,y]y ' [z, 2]y (4.2.74)

and [zy, 2] =y ' [z, 2]y [y, 2] (4.2.75)
to show those words are in K. The full argument is given in an appendix (Lemma 4.3.1). O

An important consequence of Lemma 4.2.7 is the following corollary.

Corollary 4.2.8. Let v € K NGEF be arbitrary and o # 3. Then
0o (0a(v)) = @ol(p 5(v) = 1. (4.2.76)
Proof. By Lemma 4.3.4, ¢,(k) =1 for all k € K . Then, by Lemma 4.2.7 ¢} (v) € K. Hence

Po (o (V) =1 (4.2.77)

The proof for ¢, (¢}, 5 (v)) is identical. O

Clearing the G; and G, subgroups

The next lemma makes critical use of right inverses ¢}, and ¢, 5. It should be be thought of

as a “pre-processing" step, that puts words in a convenient form to prove Theorem 4.1.6.
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Lemma 4.2.9. If there exists a word w € HY satisfying w = o (mod K), then there exists

a word w' in HY satisfying:
1. w' =0 (mod K)

2. p1(w') = po(w') = 1.

Proof. We construct w’ by right multiplying w by ¢7 (¢ (w™')) to clear the G; subgroup
elements, then multiplying by ¢3 (gog <(w<p*{ (1 (wil)))_1>) to clear the G5 subgroup. In

math:
w' = wpi (301 (w_l)) S5 (gpz ((wgp’{ (gpl (w_l)))ﬂ)) ) (4.2.78)

First, we show that 3, (g02 <(wgp>{ (1 (wil)))71>> is well defied, and that v’ = o
(mod K). By assumption, w = ¢ (mod K). Equivalently, w = ko, for some k € K. Then

o1(w) = @1(ko) = p1(k) € KNGY (4.2.79)

since (p; maps words in K to words inside K and words in H? to words in G¥. ¢ is a

homomorphism, so we also have ¢, (w™) € K N G¥. Then, by Lemma 4.2.7,
¢1 (pr(w™)) e KN HE. (4.2.80)
A similar argument shows p,(w) € K N GF. From this, and equation 4.2.80 it follows that
©2 ((wwi‘ (¢1 (w‘l)))_l) e KNGF (4.2.81)
Then, by Lemma 4.2.7

P31 (802 ((ww*{ (¢1 (w‘l)))‘l)) e KNHE. (4.2.82)
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Putting this all together gives

- (o1 (07) ¢ (92 ((weh (o1 (@) 7)) =w-1-1 (mod K)  (4.2.83)

=0 (mod K), (4.2.84)

as desired.

To show 1 (w') = pa(w') =1, set h = we?l (¢1 (w™1)) and note

o1 (h) =1 (w) - @1 (o7 (91 (w1))) (4.2.85)
= o1(w) - o1 (w™) (4.2.86)
= 1. (4.2.87)

w € H by assumption and ¢} (¢; (w™!)) € H because Im(p;) € H. Then h € H and, by
Property A2 of the map 3, and Equation (4.2.87) we have

01 (031 (92 (R))) = 1. (4.2.88)

The maps ¢a, ¢y, and ¢}, 5 are all homomorphisms, so we also have

o1 (51 (w2 (K1) = 1. (4.2.89)

Then we put this all together to see

er(w') = @1 (h- 3, (p2 (R7))) (4.2.90)
= @1 (h) -1 (654 (w2 (B71))) (4.2.91)
—1. (4.2.92)

using equations Equations (4.2.87) and (4.2.89) on the last line.
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Additionally, property Al of the map 5 ; gives

e2(w') = @2 (h- 93, (p2 (R7))) (4.2.93)

= @3 (h) - 2 (931 (w2 (R 7)) (4.2.94)

= a2 (h) -y (1) (4.2.95)

=1L (4.2.96)

Equations (4.2.84), (4.2.92) and (4.2.96) complete the proof. O

Gadgets for word processing

We are now almost ready to prove Theorem 4.1.6. Before we do this, we define two final
homomorphisms fi, fo : G¥ — HF.'5 The fs are used to put words in an easy-to-cancel form,

and are key in the proof of Theorem 4.1.6. They are defined in the following lemma.

Lemma 4.2.10. For any o € {1,2} and 8 # o € {1,2} there exists a homomorphism
fo : GE — HE which satisfies

BI1. If pg (5 5(v)) = 1 then o5 (f5(v)) =1

B2. ¢a (f5(v)) = ¢a (#5,5(v))

B3. @5 (3,4 (3 (f5(v)))) = 1.

BY. ¢a (954 (3 (f5(2)))) = @a (93.a(v)))
for any v € GE.

To get a feel for the significance of Properties B1 to B4, assume existence of a word
we GY N H. Note w € H and gy(w) = 1 by assumption, so ¢ ,(w) = 1. Then ps( fo(w)) =
gog(wg’z(w)) = 1 by Property Bl and ¢1(f2(w)) = gpl(gpzﬁ,z(w)) by Property B2. Thus,

p1((32(w) " fo(w)) = a((p5(w) " fo(w)) = 1. (4.2.97)

15We could define analogues of f mapping from any G,. We only need the maps from G5, so we give the
more specific construction for notational simplicity.
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Now, define w' = w(g5 ,(w)) ™" fo(w). Since f; and @5, both map into H” and w € H” by
assumption we have w' = w(ps,(w)) ! fa(w) € H?. We have ¢1(w') = @y(w') = 1 by our

earlier observations and definition of w, and

e3(w') = 3(w)es (£52(w) ™) @3 fa(w)) (4.2.98)

= ww ' ps(f2(w)) = 3(f2(w)). (4.2.99)

We conclude that, up to a potential factor of o, w € GENH = ¢3(fo(w)) € GFN H.

Properties B3 and B4 then tell us about the behaviour of this newly constructed word.

Of particular importance is property B3, which tells us that, in particular

o2 (232 (w5 (£ (2P2)))) =1 (4.2.100)

so any product of two generators “upgraded" by the map @3 o fo cancels to the identity in the
G2 subgroup under action by ¢3,. Combining this observation with the intuition given in the
proof sketch of Theorem 4.1.6 in Section 4.1.2 is the key to completing the proof. Property B4

is a slightly more technical result that lets us chain together the maps f; and f, in sequence.

Now we turn to the proof of Lemma 4.2.10. To prepare, we construct “gadget" words
which will be used to in the definition of f,. These words depend on the representative
vertices chosen from the connected components of Gi3 and G;5 when constructing the right

inverses ¢35, and 3 5.

Recall the definition of the function 73; which maps a vertex a:z(a) in G5 or GGy to the

representative vertex in the connected component of multigraph G3; containing x,ga). The
(o) (a)

vertex x; / can be in either Gy or G3. The representative vertex r31(z,”) is the one chosen

when defining the map ¢3 ;, and so is in G;. The function r3 » mapping vertices in G3 or G

to vertices in Gy is defined similarly.

Finally, recall the hypergraph G35 defined in Section 4.2.1. Vertices are identified with

elements 2\, with i € [N], a € {1,2,3}. Go3 contains a hyperedge (x(l) 2 x,(f’)) for each

1 PRI B

1), .(2) .(3) 1

clause z; "z ;" 0" € S, where [ have value 0 or 1. By the arguments of Section 4.2.3, we can

assume this hypergraph is connected. Then there exist paths in G593 between any two vertices.
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We pick, somewhat arbitrarily, a vertex xga) € G, then fix a minimal length path in Gyo3

from each representative vertex 7’3’(1(27(3)) to xga). Denote this path by Q, (rg,a(x(g))) Each

path corresponds to a sequence of clauses, and hence a word in H. A sample hypergraph
G103 is introduced in Figure 4-6, and a sample path is illustrated in Figure 4-8.

Given a sequence of clauses P = hy, hy,...h,, corresponding to a path in Gj23, define the
subsequence of clauses sg(P) to be the sequence including only pairs consisting of adjacent
clauses which are connected through the Gy vertices. That is, sz(P) includes only adjacent

clauses hy,hy, ., which satisty

Pit1
@ﬁ(hpi) = ¢B<hpi+1>‘ (42101>

Note sg(P) is likely not a path, since the pairs of clauses need not be connected to the other

pairs. Finally, define words

" (@a)) = 89 <Q1 (7“371 <xl(a)>>> for o € {1,3} (4.2.102)

and

Yo <x§3)> =5 <Q2 <r3,2 <x§3)>>> for o € {2,3}. (4.2.103)

To full sequence of steps involved in the construction of 7, is visualized in Figures 4-6 to 4-9.

The following lemma summarizes the important properties of the gadget words 9 (xf”)
and ( (3)>
T\ T .

Lemma 4.2.11. The words 7, (:vl(-g)), defined as in Equation (4.2.103), satisfy the following

properties.

o1 g (2 (+0)) =1
2 (i (3 () = (e (255))

Words ~,(x?) satisfy similar properties, with the 1 and 2 labels exchanged.

Proof. We show the 7, case. The proof in the v, case is identical up to a change of index.
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Figure 4-6: Sample hypergraph G35 for a game with alphabet size N = 6 and 11 clauses.
Representative vertices in the image of the map r3 5 are indicated in red. The hypergraph is
generated by clause set (o terms omitted since they don’t affect the graph):

S = (a9, 220, D20 a0 o) )

1 2) (3 1 2) (3 1 2) (3 1 2) (3 1 2) (3
02D, 502029, 2l 2P0, o of0l)

51353) 5653) $§3) 334(13) 335—)3) xéﬁ%)

C652) 13;2) x:())Q) xf) xéQ) 513((52)

Figure 4-7: Graph Go3 corresponding to the same set of clauses as used to generate the
hypergraph in Figure 4-6. Representative vertices in the image of the map 73, are indicated
in red.
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Figure 4-8: Hypergraph repeated from Figure 4-6. A choice of path Qs (xg)) is indicated in
teal.

@ .3 6 0B 3 _6)

Figure 4-9: Hypergraph repeated from Figure 4-6. The path Qg(x?)) is indicated in teal.

The hyperedges making up 7, (x?)) are outlined.
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To begin the proof, we note the word (), (7“3,2(371(»3))) corresponds to a minimal-length path
and so there are never more than two adjacent clauses containing the same element in the G
subgroup. (If there were three or more adjacent hyperedges containing the same element in G1,
the middle hyperedges could be deleted and the path would remain connected, contradicting
minimality). When defining the sequence/word 7 (z?) all hyperedges in Qo (7"3,2(@(»3))) which
didn’t cancel on the G; subgroup were removed when we restricted to the s; subsequence, so

we can write
o (x§3>> =y hay By by, s iy, By (4.2.104)

where ¢ (hyj hzj) = 1. This shows Property C1.
Next, we prove property C2. We start by numbering all clauses in the path Q- (7’3,2(3:1(3))»

SO

@2 (7“3,2(:r§3))> = hp hpy....hp,. (4.2.105)

Consider two adjacent hyperedges h,, h in the path. Since these hyperedges appear in

Pr+1

sequence they overlap on at least one vertex.

a) If this vertex is contained in Gy, then this pair of hyperedges is contained in the word
Yo (x@) and, using the notation of Equation (4.2.104), we have hy, hy, ., = hy,h., for

)

some j < L.

b) Otherwise these hyperedges overlap on a vertex corresponding to a generator of either
G4 or G5 (equivalently, these hyperedges overlap on a vertex contained in the subgraph

Ga3). In that case 3(hy,) and @3(hy,,,) are in the same connected component in the

graph Go3 so 7“3,2(%03(]1%)) = 7”3,2(903(hpr+1))- Consequently,

02 (05.2(03(hp, by, 1)) = r32(03(hy, )03 (hy,.,)) = 1. (4.2.106)

The first equality holds by Equation (4.2.58) and the observation that 734(¢3(h)) =
r32(p2(h)) for any h € H.
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Now consider a contiguous string of hyperedges of the form h,,, h
contained in the path (4.2.105). Here h,, and h
h h

Pr4+1°°°

h hp. b
belong to the path v, ( ) but

Pr4+19 ""Pr42°° Yi4+1

Yi+1
p,, 4o not. By definition of the subsequence 7, (:cz(?’)), no adjacent hyperedges
between hy,, and hpyi+1 overlap on a vertex in the G} subspace, else they would be contained

in the subsequence 7, <:1:§3)>, a contradiction. Then we apply the observation of the previous

paragraph inductively to see

a2 (D5(03(h2,))) = a2 (P5a(03(hp,0))) = - = 2 (@52(03(hp . ,))) = @2 (252(03(hy,,0)))
(4.2.107)

This shows
©2 (90;),2(903(h2jhyj+1))) =1 (4'2'108)

for any 7 < L. Now we use this observation inductively, and compute

s (903,2 (903 (72 ( C”)))) = 02 (055 (93 (hy oy gy o Ty, 1y ) (4.2.109)
= @3 (55 (03 (hy, D2,))) (4.2.110)
— 0 (9032 <x<3>x<13>>) (4.2.111)

where we used on the last line the fact that ¢3(h,,) was in the same connected component in

Ga3 as CBS-S), and 903<th) was in the same connected component as $§3), SO

@2 (@3 (03 (hy, hzy))) = 132 (@3(hy, ) 732 (03(hey)) (4.2.112)
<x§3)> ras <x1 > (4.2.113)

(so g(a: z )) (4.2.114)

by definition of r3 5 and Equation (4.2.61). This proves Property C2. O
Now we use the gadget words 71(x§3)) and 72(m§3)) to prove Lemma 4.2.10.

Proof (Lemma 4.2.10). Define the homomorphism f, : G¥ — H¥ by its action on the basis
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elements

-1
fi@Pa) = 9031( (3)> o (:cf”) go;;l( ”) 71( §3))> (4.2.115)
= ¢35, <x§3)> o <x§3)> o <x§3)> o5 (:cf’)) , (4.2.116)

with f5 defined similarly. Both maps are homomorphisms by Lemma 4.2.6. It remains to

show they satisfy Properties B1 to B4.

Property B2 follows from Property C1 of the words =, (xgg)). Property C1 gives that
V2 <fyl (3353))) = 1. Then, checking the action of f; on the generators of GE we see

o2 (1P2) = @2 (@50 (27) 1@ e, (o)) (4.2.117)
=2 (i (217) s (1)) (4.2.118)
= ¢ (9052,1 <x§3)w§3)>> . (4.2.119)

The proof of Property Bl is similar to the proof of Property A2 of the map ¢}, 5. Recall the

()

function 731, defined to map a vertex x;’ in G; or G3 to the representative vertex xg-l) in the

connected component of graph G13 containing :U . Define the homomorphism \; : GF — GF

by extending

/\1($§1)$§1)) =131 <$§1)> ©1 (71 (If”)) (7“3,1 ( § )> ©1 <71 ( 5”)))1 (4.2.120)

as in Lemma 4.2.5.

Then we claim

AM(p1(h) = o1 (f1(¢3(h))) - (4.2.121)
From the proof of Property A2 (see Equations (4.2.55) and (4.2.61)) we have
g01(¢§71(x£?))) = 7“3,1@5;?)- (4.2.122)

Then, as in the proof of Property A2, we check that Claim (4.2.121) holds on the generators
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of HE.

o1 (1 (0 at)) =1 (12 (05 (2022 @D Da®oo ) ) ) (42.123)
— o1 (f (2920)) (4.2.124)

= o (950 @) @) (43, (s) 2 (+9)) ) a2
(@) 1 (11 (=) (7"3,1 <$£?)> $1 (71 (xﬁ?)»)_l (4.2.126)

(

=731

=73 a:ali)) 1 ('yl (xgl))) (7“371 (xé?) V1 (71 (:L’fl?>>>_1 (4.2.127)
= A () ) (xgy)’l (4.2.128)
= M (p1(hihy)) (4.2.129)

Where, on line 4.2.127, we used the fact that x((i) and xg’) are both contained in the clause

h;, so the vertices corresponding to :U,(i) and wg’) are in the same connected component of G153

and consequently,

raq (o) = rsa (21)) (4.2.130)
and
n (@) =m (=) . (4.2.131)

Since A1, @1, f1, and 3 are all homomorphisms, this proves the claim.

Then for any v € G5 satisfying ¢q (gpgl(v)) = 1 we also have v = @3 (¢§71(v)) and

¥1 (fl(“)) = ¥ (fl (903 (903,1 (U)))) (4-2-132)
=X (¢ (@;,1 (v))) (4.2.133)
=\N(1)=1 (4.2.134)

which proves property Bl.

Property B4 follows from Property C1 of the words 7, (xz@) and Property A2 of the map
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¢39- Property C1 gives
s (%(xﬁ?’))) =1 (4.2.135)
and then Property A2 gives
P2 <90§,2 (sog (71(:553))))) —1. (4.2.136)

Thus, the gadgets words inserted by the map f; map to the identity under 5 (@312 (903)) and
Property B4 follows. In math, we verify Property B4 by checking the action of the two maps

on the generators of G¥:

Where we used Equation (4.2.136) to cancel the two 7, terms in line (4.2.138).

Finally, Property B3 follows from Property C2 of the words ’yl(xz(»g)). If v has even length,

we can write

v=[]zP2®. (4.2.141)
Then
f@) =] e @) 1@ @E) e, (29) (4.2.142)



By Property C2 of the words 7, (a:§3))

1 (5.1 (3 (1 (v)))) (4.2.143)
= H 1 903 1 903 1 ( (3)))) P31 (803 (’Yl(xg?)))) S P31 (903 (71(x§’))_1)) “ P31 (@3 (90;,1 (935’)))))
(4.2.144)

ZH% (905,1 (287) - iy (2 ”) @5 (( & ”)1) w5 (@ “”)) (4.2.145)
—H%( ( r a2Vl )) (4.2.146)

=1 (4.2.147)

O

One nice property of the maps fi, fo is that they map words inside the K subgroup to

words inside the K subgroup. We show that in the following lemma.

Lemma 4.2.12. For any v € K N GY we have

fi(v), fa(v) € K. (4.2.148)
Proof. By assumption, we can write
= (3) 1(3) £(3) .(3) | 4,1
U—Hu [ eI aljxaij u; . (4.2.149)
Then,
1) =TT @) £ (2828, 2020)] ) 1 () (4.2.150)
=] A (w) [fl (ngzng?;) i (xg?;;ngi)] fi (u) (4.2.151)

i
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We have f; <x$’3 xg’i) fi (xi’ixé‘j’i) € G, so (by Lemma 4.3.1)

1 (5929 £ (s029)] € . (42.152)

But K is normal, so we also have

filw) [ (282@) o (2@ | 1o (i) € K (4.2.153)

for all 7, hence
Hf1 (u;) [fl (:pi’z :L‘i’i) fi (xi’;xg’i)} fi (u;l) = fi(v) € K. (4.2.154)
The proof for fs is identical. O

As a corollary, we note that the maps f;, fo don’t introduce any undesired factors of o.

Corollary 4.2.13. For any word v € K N G¥, we have

P (f1(v)) = o (fa(v)) =1 (4.2.155)

Proof. Similarly to the proof of Corollary 4.2.8, note that fi(v) € K by Lemma 4.2.12, so
s (fi(v)) =1 by Lemma 4.3.4. The proof for f; is similar. O

Final Proof

Finally, we are ready to prove Theorem 4.1.6.

Proof (Theorem 4.1.6). It is immediate that

ceH = [olx € H (mod K). (4.2.156)

To see the reverse direction, assume that [o]x € H (mod K). Then there exists some
w € H satisfying w = o (mod K). By Lemma 4.2.9, there exists a word w’ € H satisfying
p1(w') = po(w') =1 and w' = o (mod K). Note that the last condition implies that w’ = ok
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for some k£ € K, hence
ws(w') = 3(ock) =k € KNGY. (4.2.157)
We choose words u; € GE and indices a;,, ..., a;, € [N] so that

i1 Qig ) Qg T Ay 7

p3(w') = HU" [mg??)a:(?’) z® g3 |1 (4.2.158)
Now we insert gadgets into the word w’. Consider the word

w” = w'gs; (a(w) ™ filips () (4.2.159)

Note that ¢1(w') =1, and w’ € H. Hence ¢1 (5, (¢3(w’))) =1 by Property A2 of the map
©31- By Property Bl of f;, we also have oy (f1 (p3(w’))) = 1. Putting this all together,

o1 (W' (es() ™ files () = 1 (@) o1 (3 (@) ) 1 (falips (@) = 1.

(4.2.160)

By Property B2 of the map f; we have

@2 (Wi (es()) ™" fils () = 2 (@) 92 (P (s (@) ") 2 (i (s (@) (42.161)

= o2 (031 (ea@)) ) 2 (Fales (@) (42.162)
=1 (4.2.163)

Finally
es (w031 (2a(w)) ™ falips () = s (filps () (4:2.164)

by Property Al of the map 3. Also note that @3 (fi(p3(w’))) € K by Lemma 4.2.12 and
the fact that 3 maps words in K to words in K (Lemma 4.3.5).
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We summarize:

p1(w") = @a(w”) =1,

and

p3(w") = @3 (fi(ps (w))) € K.

Now we again add gadgets to w” with the 1 and 2 indices swapped. Recall

w" = w'ps, (p3(w) ™" filps (W),
then define

"k

-1
w” = w"g35 (e3(w”)) " faps (w”))
The same arguments as above give
(p1<w///) — @2([0///) — 1

and

p3(w ”/) o3 (f2 (3 (w )))

= @3 (f2 (g3 (fi(ps (0))))) € K.

We have, by assumption,
Hu Rl
‘1 2 3 14
We define a composition of maps F': G3 — G3

F =30 faopzo fi.
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Then we have

w") = (H“ [ o) e el % ) (4.2.174)
—HF< D2 22 | u) (4.2.175)
—HF [ ( i 552) F(ZL‘SIE?’D] F(u"). (4.2.176)

where we used the fact that each word u; [:U((f’z xff”; , xgz xflﬂ u; " has even length on the first

line, and that each word u; has even length on the second.

Now

oo (i (7 (7)) = 2 (i (o0 (1 (o2 (1 (77)))))) - @)

—1 (4.2.178)

by Property B3 and

o1 (250 (F («72)) = o1 (@50 (s (£ (s (1 (=P20)))))) (4.2.179)
= ¢ (903,1 (sos (f1 (m§3)x,§3)>>)> (4.2.180)

=1 (4.2.181)

where we used Property B4 and then Property B3 of the maps f, and f;.

Finally, consider the word

//// 3) ..(3) * 3).,.(3) % 1
Hsos [ 5 (F (:cailxaig)),wg,z (F (fv% %))]% (F(u). (4.2.182)
We have
w™) 3),.(3) (3) ..(3) _1
HF )|F (2220) F (aD2@)| F () (4.2.183)
= ¢s(w") (4.2.184)
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Equation (4.2.178) gives

2(w™) (4.2.185)
= LLea a7 o oo (i (£ (#52282))) 2o (i (7 (42082))) 2 (5 (7 0

| (4.2.186)

= [ (o5 (F () 2 (i (F (2228))) 1] e (05 (F (w))) ™ (4.2.187)

B 11 (4.2.188)

A similar argument using Equation (4.2.181) shows ¢ (w”’) = 1.

Finally, noting that

elements in the image of ¢, commute with each other (an argument similar to the proof of

Corollary 4.2.13) shows

ail

ail

To put this all together and complete the proof, consider the word w

equations Eqs. (4.2.169) and (4.2.188)

o (w"w

m ////—1) _

(4.2.189)

2)) 050 (F (e222))]) #n (5 (F (7))
(4.2.190)

29))) 00 (@52 (F (2220))) ] 00 (65 (F (u
(4.2.191)

(4.2.192)

(4.2.193)

"'t Using

@2 (w" ) oo (W) (4.2.194)
—1 (4.2.195)
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with a similar argument giving

(,01(10”/10””_1) — (,01(10”/)(,01(11)””)_1 (4'2'196)
_1 (4.2.197)
Equation (4.2.184) gives
wg(w///wm/—l) _ QOs(w,/,)@:s(wm/)_l (4.2.198)
_ @3(11)”’)(,03(11)”’)71 (4.2_199)
_ (4.2.200)

Finally, Equation (4.2.193), Corollary 4.2.13, and Corollary 4.2.8 give

o001 = g (w")
= ol (pa(w) ™ folips (w")
= @q(w")
= o (W' (s ()" falips ()
= @q (W)
o
The proof is complete. O

4.3 Properties of K and its Interactions
Here we prove several small facts used in the proof of Theorem 4.1.6 as well as some which

add perspective on K.

4.3.1 Properties of K

Lemma 4.3.1. Let u,v be two even length words in G,. Then [u,v] € K.

178



Proof. Let l(u) denote the length of u, with [(v) defined similarly. Define L = I(u) + [(v).

We prove by induction on L.

When L = 4, u and v must both have length 2, hence [u, v] is a generator of K. Then the

result is immediate.

Otherwise, we must have that either [(u) or [(v) is greater than 2. For now we assume

[(v) > 2. Then we can write

with v" and v” both even length words. Note that
[(v) +1(v") = I(v)
so v" and v” both have length less than v. Then we can write

[u, v] = [u,v'v"]

= [u, ']V [u,v"] v

where we have used the commutator identity

[z, y2] = [z,y]y " [z, 2]y

(4.3.1)

(4.3.2)

(4.3.3)
(4.3.4)

(4.3.5)

on the second line. I(u) + [(v") and [(u) + {(v") are both less than L, so by the induction

hypothesis we have [u,v'] and [u,v”] are both in K. Since K is normal, that also implies

v u, 0" € K,
and since K is a group

[z,y]y [z, 2]y € K.
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The proof when [(u) > 2 is almost identical, except we use the commutator identity

[xy, 2] =y " [z, 2]y [y, 2] (4.3.8)

Canonical form for monomials mod K

Consider the game group G is defined for k£ players and let ~x denote the equivalence relation
on G defined by modding out by K. In this subsection we shall write down a canonical
selection from the equivalence classes. This is not used in the proofs here, but might be in
other proofs and it is certainly useful in computer experiments. While G is defined for &

) 7 =1,...,n associated

players modding out by K acts independently on the variables xg-a
with each player ae. Thus wlog we can take k£ = 1. Also GG contains ¢ but we shall ignore it,

since ¢ has no impact on the canonical form.

The core observation is the following lemma.

Lemma 4.3.2. Suppose G is the game group of a 1-XOR quantum qame. Monomials of the
form

wabcdq and  wcbadqg and wadcbq

are all equal mod K. Here a,b,c,d are generators of the G and w and q are arbitrary
monomaals.

For degree 3 or more monomials this immediately implies that interchanging any two even
position variables or any two odd position variables in a monomial m produces a monomial

m with m~gm.

Proof. We first show abcd ~ adcb by noting
(adeb) ™" abed = bed bed = be de b ed ~g 1. (4.3.9)

where the last equation is true by definition of K. The proof that the first and third monomials

are equivalent goes similarly.
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If m has degree 3 write it as abc, then the property just proved for degree 4 gives

abe~g abcxx < chbaxrz~g cba (4.3.10)

as claimed. O

Given an ordering on the generators of G, a canonical form of a monomial m is seen easily
from the lemma. We describe it in terms of an algorithm.

Algorithm K, Q

1. Find its even (resp, odd) part, namely the monomial whose entries are the variables in

the even (resp odd) locations of m. For example: take m = zgabedf zz, then

even|m| := gbdf z odd[m] := zacez

2. Select a variable, say v, and count how many times, e, it appears in even|m] and o
times in odd[m].
If o < e, then remove all variables v from the list odd[m] and also remove o of the v’s
from even[m]. If e < o, then remove all v from the list even|m| and also remove e of
the v’s from odd[m]. The order of removal does not matter. Do this for all variables

(not just v) to get ev@[m| and oddQ[m).

Example revisited: take G to have generators equal to the alphabet a,...,z with

each generator having square equal to 1. e = 1 and o = 2 for the variable z. So

ev@[m| = gbdf and oddQ[m] = zace.
3. Order both lists. alphleven] := bdfg, alphlodd] := acez
4. Recombine these words to make one word. canon[m| := abcdefzg O

Application of Lemma 4.3.2 proves the Algorithm succeeds as is formalized by the following.

Proposition 4.3.3. For monomials of degree > 3, we have that canon[m] is uniquely

determined and m~ g canon[m|. That is, canon|m] is a canonical form for m.
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4.3.2 The interaction of ¢, and ¢, with K

Lemma 4.3.4. For any k € K,

Proof. We can write
k=] [wdap adial] ui
Then,
polk) = 0o (H i a5 g u)
= [T eotw) [oo (e5:a37) 0o (23 25) 0o ()

= H %(Ui)% (uz_l)

=1

(4.3.11)

(4.3.12)

(4.3.13)
(4.3.14)
(4.3.15)

(4.3.16)

where we used that Im(p,) = {0, 1} is a commutative group to show the commutator terms

were the identity.

Lemma 4.3.5. For any k € K, and o € {1,2,3}:
va(k) € K.
Proof. Define the set C' to be all commutators of pairs, that is
C = {[a0af, agaf] - i,4, k.1 € [n], o € [3]}.

Recall that K was defied to be the normal closure of C' in G¥, that is:

K = ()"

]

(4.3.17)

(4.3.18)

(4.3.19)



We first show that

Pa(c) €C (4.3.20)
for all ¢ € C. To see this, note
Ca <[m§ﬁ)x§ﬁ),’méﬁ)m§ﬁ)}> _ [m§a>m§a>,,x§€a>x§a>] K (4321)
for a« = 3, and
o ([xl(ﬁ)xgﬁ)77xl(€6)xl(ﬁ)]> —1eK. (4.3.22)
for ae # .

Then, since ¢, is a homomorphism mapping G¥ — G¥_ and ¢,(C) C C, we have
GE GE
Yo 1 (C)7 = (C) C K. (4.3.23)

The result follows. O

4.3.3 Equivalence between a PREF and ¢ € H (mod K)

In [66] an object called a parity refutation was defined. A (paraphrased) version of that
definition using the language of Section 4.1.1 is repeated here. First, we define a parity

preserving permutation.

Definition 4.3.6. A parity preserving permutation of a sequence of generators (written here

as a product)

Vgl x(l)m,SQ)...x(z)a:(?’) 3 g* (4.3.24)
a, by

ail Yag b, c1 g
2 3

1s a permutation P which satisfies

P(zV) = 2V (4.3.25)



with i = j (mod 2), similar restrictions for P(xl(f,)) and P(xg?’,),) and the condition P(o) = o.

An equivalent definition of parity preserving permutations which will be useful to use
later are permutations P which can be decomposed into products of transpositions of the

form Fj(i)_m with o € [3] and

) (x(a)x(a)...x(a):c(a) () .x(a)) = @@ @ ge) @) ge) (4.3.26)

j,j+2 al a a; aj41 a]'+2' Tay al agz °°° aj42"7aj41"aj ay

Parity preserving permutations can be used to define an equivalence relation on the words

ge G

Definition 4.3.7. Two words ¢1, g2 € G are parity permutation equivalent, written g1 ~, ga,

iof there is a sequence of generators

m(ll)xg).. x(l)méQ)...x£2)x(3)...x(3)as =g (4.3.27)

rag o1 1" C1 Cig

and a parity preserving permutation P acting on that sequence of generators satisfying

P(aWzh) x(l)xz(f)-‘-xl(n?xg)“ 5% = g, (4.3.28)

ai “az "*tYap oy ag

Routine calculation (given in [66]) shows ~,, is an equivalence relation on elements of G.

Finally, we define a parity refutation (PREF).

Definition 4.3.8. A sequence of clauses hy,,h,,,...,h,, is called a parity refutation if

hp By iy ~p 0.

Existence of a parity refutation is exactly equivalent to a word o € H (mod K), as we
show in the following theorem. (Actually, a stronger statement is true: the equivalence
relation ~,, is exactly the same as the equivalence relation on G induced by modding out by

K. Small modifications to the proof below give that result.)

Theorem 4.3.9. A sequence of clauses hy hy,...h,, is a parity refutation iff the word h,, hy,...h,, €
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H obtained by multiplying the clauses together satisfies

hy Byy...hy, = 0 (mod K) (4.3.29)

Proof. Both directions of the proof are nontrivial. We first show that if a sequence of clauses

hyyhyy...hy, forms a parity refutation then h,,h,,...h,, = ¢ (mod K). Recall that any parity
(a)

preserving permutation P can be decomposed into transpositions of the form ij; 't 9, Where
(Oé) « @ o] o « « _ «@ « o « « o
7, (xggxgg...xggxg; e 2...xgl>) = 222l 2 2. .2 (4.3.30)
But we also have
(@) (@) (@)(@) | — (a) p(a) (a)(a) ,(a) ()
K> [%j+2xaj+1axaj %jﬂ] =Ty, o, Lo TaryyTarty Lo, (4.3.31)
hence
(@) (@) (@) _— (a)(@) (@) (@) ,.(0) ,.(0).() (@) ()
Lo Tg) Loty = Lo Lot Lo, Ta , Tart Lo Loty Tar Ta,  (mod K) (4.3.32)
= xg‘ﬁ&xf}ﬂlx(gﬁ) (mod K). (4.3.33)
As a consequence, we also have
xg?)xg‘;)xg‘j‘)xfl‘j‘llxgﬁzx((fl‘) = xfl‘i‘)xg‘?xgﬁzxgﬁla:é?)xg‘;) (mod K) (4.3.34)

=, <$<a>m<a>“ 2@ (@) (@ .x@) (mod K). (4.3.35)

al a2 raj aj41"7aj42° " ag

Since the word 2. 2l

transpositions of the form WJ(?)H we conclude

was arbitrary and we could decompose P into products of

BBy hiny = &l 2l P goritsratosn (4.3.36)
= P(af) 2l aPgtnterteon) - (mod K) (4.3.37)
=0 (mod K) (4.3.38)
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Where line (4.3.37) follows from equation (4.3.35) and line (4.3.38) follows from the definition
of a parity refutation. This completes the proof in one direction.

It remains to show that if h,, h,,...h,, = ¢ (mod K) we also have h,, h,,...h,, ~, c. Our
first step is to note that the equivalence relation ~, respects multiplication by construction —

that is we have g; ~, g2 and g3 ~, g4 implies g1g2 ~, g3g4. We next note that for any set of

generators xga), xg ) ple), 2 and word w € G we have

-1 -1
w xga)x(.a),x(a)xga)] w! —wx(a)x(a)x(a)xga) (xga)x§-a)> <x§f")x§°‘)> w™! (4.3.39)
-1
~p ww )x(a):v(a) () (xl(»a)wga)> <a:§“):c§a)

) (4.3.40)
-1 -1
~p WW a:(a)x(a)x(a) (a)( (o )x§“)> <x£a)x§-a)> =1 (4.3.41)

since the permutations moving w~' to the other side of [x(a)x(a) xg‘*)xﬁ"‘)} and swapping

-1 -1
<x§a)x§-a)> and (m&%ﬁ‘”) are both parity preserving permutations. It follows that for
any k € K, k ~, 1. Then, if h, hy,...h,, = 0 (mod K) we must also have h, h,...h, k=0

for some k € K, and hence
Bpyoihyy = Dy b k™ ~p 0(1) = 0 (4.3.42)

where we used that ~,, respected multiplication h,,...h, k = o and k' ~, 1 to obtain the

equivalence. This completes the proof.

4.3.4 MERP as a mod K strategy

Recall from Definition 4.1.3 the MERP strategies are a nice class of finite dimensional
strategies which generalize the GHZ strategy. Here we give a direct proof that MERP

strategies are annihilated by the K relations.

Theorem 4.3.10. The MERP strategy observables respect the mod K relations. That is,

XX xWx =1 (4.3.43)

) i

for all av,i,4', 4,5 if the Xi(a) are MERP strategy observables as defined above.
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Proof. The proof is computational, with some tricks about Pauli matrices. Let all the XZ»(O‘)

be MERP strategy observables and note, for all indices

XX XX ] = 190 g (o) M(6), MBS M (0) )] @ 190

7 % J

(4.3.44)
by the tensor product structure. Now, the Pauli matrices anti-commute, so
0,0, = —0,0, (4.3.45)
and
oz exp(ifo,) = exp(—ibo,)o, exp(ifo,)o, = o, exp(—ibo,) (4.3.46)

where the later equalities can be shown by the Taylor series expansion of exp(ifo,). This

lets us write our MERP strategy observables in a slightly simplier form, since

M(H(O‘)) = exp (i@ga)@) 0 €XP (—i@ga)dz> (4.3.47)

— exp <2i9§“)az> o2 (4.3.48)

As a more more significant application of Equation (4.3.46) we can show MERP strategy

observables switch the sign on 650‘) when they commute since

M6 MO') = exp (2¢9§a>az> 0, €XP (ziej(.a)az) os (4.3.49)
— 0, exp(—zz'eg‘“)az) exp (21'0]@%)% (4.3.50)
— o, exp (2¢9§“>az) exp<—2i9§a)02>aw (4.3.51)
= exp(—2i9§a)az>ax exp <—2i9§a)az> O (4.3.52)
= M(—0")M(~0*) (4.3.53)
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using Equation (4.3.46) on the second line. Now, repeatedly applying Equation (4.3.53) gives

MO MO )M O M(057) = MO)M(—0) M (—05 ) M (') (4.3.54)
= M(0S)M (O M (01 M (65) (4.3.55)
Hence
MONM Oy, MO MO | =1 (4.3.56)
i i) J 3’ -
and the result follows. O
0

4.4 Subgroup Membership

Theorem 4.4.1. The subgroup membership problem is solvable in polynomial time for any

finitely generated abelian group.'®

Proof. It reduces to linear algebra over the integers. We can write all the relations in the group
G and generators of the subgroup G as products of generators of G, raised to some power.
When we multiply generators or apply a relation we just add or subtract the multiplicities
of the relevant generators. So the subgroup membership problem just asks if a given vector
(corresponding to the group element) is in the span of the vectors corresponding to the

relations and subgroup generators. O

4.5 Chapter Summary

This chapter completely characterizes 3XOR games with perfect commuting operator strate-
gies. First, an alternate view of PREFs as “the subgroup membership problem mod K” is

developed (Theorem 4.1.2, with equivalence to the PREF condition discussed in Section 4.3.3).

16Stronger versions of this statement are also true. In particular, the subgroup membership problem is
solvable for any finitely generated metabelian group[55] (meaning commutators of commutators vanish) or
finitely generated nilpotent group[42].
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Then, in the most involved algebraic argument of this thesis the “subgroup membership mod
K 7 problem is shown to be necessary and sufficient for 3 player XOR games (Sketch following
Theorem 4.1.6, full proof in Section 4.2.4). Combining this result with the MERP-PREF
duality discussed in Chapter 3 shows MERP strategies are optimal for perfect 3 player XOR

games.
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Chapter 5

Specific Families of Games and Random

(Games

In this chapter we use the techniques developed in previous chapters (particularly Chapter 3)
to construct families of games with interesting properties and to study randomly generated
XOR games. The first family of games we construct, Capped GHZ (), is a family where
ncSoS takes exp(n) levels and exp(exp(n)) time to detect that w* < 1 (Theorem 5.1.2), in
contrast to our algorithm which runs in polynomial time. The second, Asymptotically Perfect
Difference (APD), is an explicit, deterministic family of k-XOR games with w* = 1 and
classical value w — 1/2 in the limit of large & (Theorem 5.1.3).

For random instances of games, we show the existence of an unsatisfiable (i.e. w* < 1)
phase as in the classical case (Theorem 5.1.4). We also relate our methods to the ncSoS
hierarchy. For random instances, we show that in the unsatisfiable phase, a superlinear
number of levels of ncSoS is necessary to certify that w* < 1 (Theorem 5.1.5).

This chapter uses the notation developed in Chapter 3 to describe and analyze XOR

games.

5.1 Results

Theorem 5.1.1. There exists a 6-player XOR game G with alphabet size 3 and 6 clauses,
for which w*(G) = 1 but the algorithm of Theorem 3.2.1 cannot detect this.

191



Proof. Section 5.2.1. [

Theorem 5.1.2. There exists a family of 3-XOR games with w* < 1 but for which the
minimum refutation length scales exponentially in the number of clauses m and alphabet size

n. For these games exponentially many levels of ncSoS are needed to witness that w* < 1.
Proof. Section 5.2.2. m

Theorem 5.1.3. There exists a family of k-XOR games, parametrized by K, for which
w*(G(K)) =1 and the classical value is bounded by

1 /K+1 1 log k

Proof. Section 5.2.3. O

N | —

Theorem 5.1.4. For every k, there exists a constant Cy™% depending only on k such that
a random k-XOR game G with m > Cy™%n clauses has value w*(G) < 1 with probability
1 —o(1).

Proof. Section 5.3.2. O

Theorem 5.1.5. For any constant C', the minimum length refutation of a random 3-XOR

game with m = Cn queries on an alphabet of size n has length at least

enlog(n) _O(nlo—g(n)> (5.1.2)

8C*?log(log(n)) log(log(n))

with probability 1 — o(1) (as n — oo). Hence, either w* =1 or Q(nlog(n)/log(log(n))) levels

of the ncSoS hierarchy are needed to witness that w* < 1 for such games.

Note that we can choose C' > Cy™ (with Cy™* from Theorem 5.1.4) such that
for large enough n, typical random instances will have w* < 1 but ncSoS will require

Q(nlog(n)/log(log(n))) levels to detect this.

Proof. Section 5.3.3. O
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5.2 Specific Games

In this section we use the machinery of the previous sections to construct some games with
interesting properties.

The first is a simple game, the 123 Game, which illustrates conditions under which the
PREF condition can be fooled. It is a relatively small (6 player, 6 query) non-symmetric
game which does contain a PREF, but still does not contain any refutations. We show this
by giving an explicit value 1 strategy for the 123 Game.

The second is a family of games, called Capped GHZ (), which are designed to be hard
instances for the ncSoS algorithm. In particular, the game on n variables (denoted CG,,) is a
symmetric game with value strictly less than 1, meaning the decision algorithm of Section 3.4.3
can show the game has value < 1 in poly time, but with a minimum refutation of length at
least exponential in n. This shows a doubly exponential improvement in the runtime of our
decision algorithm as compared to the ncSoS algorithm, and an exponential improvement over
the previous best known ncSoS lower bounds for this problem [30]!. This game construction
is based primarily on the theorems of Section 3.4, which outline the relationship between
refutations and ncSoS runtime, as well as our decision algorithm.

Finally, we construct a family of games with commuting operater value 1 and a low
classical value. These games are called Asymptotically Perfect Difference (APD) games, and
are parameterized by K. The classical value of the K-th APD game (APDg) approaches
1/2, which is the lowest possible, in the limit of large K. The existence of such a family was
posed as an open question in [8]. The construction of these games is based primarily on the
difference between the linear equations defining MERP value 1 and classical value 1, which is
discussed in Section 3.5.3.

These games are summarized in the following table, with a full discussion of each in the

subsequent sections.

'In fact, to our knowledge, our results are the first exponential degree lower bound for the ncSoS hierarchy
applied to any problem.
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Game n m k w w minimum refuta-
tion length

123 Game | 3 6 6 1 5/6 -
CG, n 3n-—1 3 <1—1/exp(n) 1—1/m 2ntl 2
APDg |2 2K 2K 1 1 1/2+ VK/2K -

Table 5.1: Overview of the games constructed in this section. Quantities of note are denoted
in bold.

5.2.1 123 Game

We begin with a discussion of the intuition behind the 123 game, then follow with an explicit

value 1 strategy. It is instructive to begin by analyzing the “Small 123 Game”.

Definition 5.2.1. Define the Small 123 Game to be the k = 3 player game with n = 3

and m = 6 clauses

Gimall . — (5.2.1)

—_ = = =

w
= = W N

=N NN

— N = W

=W N
w

\ L J L L . I I L d /

In this form, it is clear the Small 123 Game has w*(G552!) < 1, since placing its clauses
in the order presented forms a refutation.
The game matrix A has a one-dimensional left nullspace (corresponding to the space of

candidate PREF specifications z satisfying ATz = 0):

T
zoc|l -1 1 —1 1 —1f . (5.2.2)

Any odd multiples of this basis vector produce a PREF specification z.

We now add players to this game while preserving this PREF specification, until we
exclude all refutations formed by permutations of a single copy of each of the clauses. To
preserve the PREF specification, for each question j given to a new player, we ensure j is

given to the player once in an even clause (2, 4, or 6) and once in an odd clause (1, 3, or 5).
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We must add three players to exclude all possible reorderings of the length-6 refutation given
by the clauses of the Small 123 Game, and in doing so end up with the “123 Game” (clauses

reordered to expose the game structure):

Definition 5.2.2. Define the 123 Game by the following set of clauses:

( [ 7] [ ] B T [ ] [ ] 7 )

(5.2.3)

:

w

I

—
»—nww;nwww
W oW W W W W
»—noow?—ncow»—n
wwlo»aoow
HOOI\D[\DP—‘OO

-1

\ L L L . - — L d /

The 123-game has been constructed to make it difficult to reorder valid PREF specifications
into refutations (for instance, it can be shown that no permutation of the valid length-6
PREF specifications

ﬂ:[l 11 -1 -1 —1T
corresponds to a valid refutation).

In Section 3.4.3 we demonstrated that symmetric games have a refutation whenever they
contain a PREF by construction of all required shift gadgets. In the (non-symmetric) 123
Game, there are no obvious shift gadgets present. This structure gives some intuition for why
one would expect this game to have value 1 even though it has a PR. In the next section we

prove that this intuition is correct; the 123-Game does in fact have value 1.

Value 1 Strategy

We define a simple strategy: measure in the Z basis if sent a 1, X if sent a 2, and Y if sent
a 3.2 If each player plays the 123 Game uses this strategy, it results in the following set of

query observables:

2This is motivated by the observation that the 123 game provably does not have a refutation if we assume
the measurements for different questions anticommute. We plan on addressing this intuition formally in an
upcoming paper.
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(2] [x] [v] [2z] [x] [v])
zl x| |v| |x| |v| |z
zl x| |v] |v] |z] |x
Q123 - ) ) ) ) ) (524>
zl x|y 2] | v] | x
zl x| |v] |x]| |z] |v
1z] x| |v] Y] |x] 2]
We also define a state on which these measurement can be made.?
1
t105) = —([|000000> n |111111>] - [|100100> +1001010)
V8
+1010001) + [011011) + [110101) + |101110) D (5.2.5)

Theorem 5.2.3. The strategy observables in Q193 measured on the state |1p193) win the 123
Game with probability 1. (The 123 Game has value 1.)

Proof. For every string in |193), its compliment is also in |¢)123) with the same sign. Addi-

tionally, every string in [i123) has even Hamming weight. Overall, we may then conclude
XXXXXX |Yn93) = ZZZZZ 7 |th193) = |1123) (5.2.6)
and hence
YYYYYY |[193) = )\ XXXXXX|ZZZZ227 W123>] = — |t123) - (5.2.7)
It remains to check the outcomes for the last 3 queries. Explicit calculation gives

ZXY ZXY |000000) = (—1) [0} [1) (—4) [1) (—1) |0} 1) (=i) 1) = —|011011).  (5.2.8)

3This state was found through simple trial and error.
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as well as
ZXYZXY [111111) = |1)]0) ¢ |0) |1) |0) ¢ |0) = — [100100) (5.2.9)
Similarly, we can check
ZXYZXY |001010) = (—1)]0) [1)4]0) (—=1) |0} |0) (—2) |1) =]010001) . (5.2.10)
and
ZXYZXY [110101) = |1} |0) (=) [1)|1) [1) 2 |0) = |101110) . (5.2.11)
Putting this all together we see
ZXYZXY |th1a3) = 123 , (5.2.12)
with similar (permuted) arguments holding for XY ZY ZX and YZXXY Z. O

5.2.2 Capped GHZ () Games

We begin by considering a family of symmetric games with commuting operater value < 1.
The key property of this family is that to detect that w* < 1 requires an exponentially high
level in the ncSoS hierarchy, whereas the algorithm presented in Section 3.4.3 can do so in

polynomial time.

Definition 5.2.4. Define the n-th order Capped GHZ game as the 3-XOR game with

alphabet size n and m = 3n — 1 clauses defined by

¢ T B T B T B T B T B T B T B T )
1 1 2 2 (n—1) n n n
1 2 1 2 n (n—1) n n
CGn = Y Y Y AR Y Y Y
1 2 2 1 n n (n—1) n
\ —1 +1 +1 +1 +1 +1 +1 +1 )
(5.2.13)
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We claim w*(CG,,) < 1, and that it requires level at least 2"*! — 2 in the ncSoS hierarchy
to detect this fact. Define the i-th triple of CG,, to be the clause set

7 (i4+1) (14 1)
1+ 1 1 1+ 1
A = ( ) , , ( ) . (5.2.14)
(1+1) (1+1) )
\ +1 +1 +1 )
The clauses
1 n
1 n
and (5.2.15)
1 n
—1 +1

are called the caps (upper and lower) of the game and, for notational convenience, are referred
to by Ag and A,,. Our first claim shows that any refutation for CG,, must include both the

upper and lower caps.

Lemma 5.2.5. Let £, O be minimal multiplicity equivalent multisets of queries taken from
CGy, s0 & ~ O and no clause appears in both € and O. If EW O contains some x € A; with

Jj ¢ {0,n}, then EWO also contains clauses drawn from A;_y and Aj4q.

Proof. Without loss of generality, we assume

r = ef. (5.2.16)

We then proceed by contradiction. If no clause from A,_; is contained in O then the
multiplicity of letter j for wire 1 in O cannot match £, and the contradiction is immediate.
To prove the second claim, assume x occurs in € with multiplicity A, and no terms from

A,y are contained in O. Then, in order to match the (j 4+ 1) multiplicity on the 2nd and
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3rd wires, clauses

G+1) G+1)

Yy = / and yo = G+1) (5.2.17)
(G+1) j
i +1 | i +1 |

must both occur in O with multiplicity A. Then we find (5 + 1) occurs on the first wire of £
with multiplicity 0, and on the first wire of O with multiplicity 2A. Then £ and O cannot be

multiplicity equivalent, and this contradiction proves our result. O]

A bound on the minimum length refutations for CG,, follows in a straightforward manner

from Lemma 5.2.5.

Theorem 5.2.6. The minimal length refutation for CG,, has length at least 2" — 2.

Proof. We show the minimal sized multiplicity equivalent multisets £ and O formed by
elements of CG,, have size at least 2" — 2. By Lemma 5.2.5 the lower cap Aq of CG,, is
contained in either £ or O. Without loss of generality, assume it is contained in &.

Then £ contains letter 1 on every wire, and by minimality we know Ag N O = (). Since &
and O are multiplicity equivalent multisets, we conclude A; C O. But then O has two 2s
on each wire, and by minimality A; NE = ). So we conclude (A2)2 € &, where the notation
A2 denotes the multiset containing two copies of each element of A,, and containment of
one multiset in another implies containment of each element with at least it’s multiplicity.
Continuing in this vein, we see (assuming even n for the assignment of A,, below, though this

does not affect the counting):

271,—2

Ao (AW (A% (A7 CEand Ay (A3) W (4:)'° . (4, ) CO. (5218)
The total number of clauses contained in £ W O is then given by

1+3(29 +32Y) +...32" ) + 2 =1+3(2" ' —1) + 2! (5.2.19)

=2t 2, (5.2.20)
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Any refutation gives rise to even and odd multiplicity equivalent multisets £ and O, and the
above demonstrates that their combined size must be > 21 — 2, proving the lower bound

on refutation length. O

Theorem 5.2.6 shows that there exists a pseudodistribution on the clauses of CG,, which
appears to have value 1 to a level exponential in the ncSoS hierarchy (proving Theorem 5.1.2).
The minimal length multisets constructed in the proof of Theorem 5.2.6 are in fact multiplicity
equivalent and the parity bits multiply to —1 (there is exactly one copy of Ay, which is the
only question with s; = —1) meaning CG,, contains a PREF. Since CG,, is a symmetric
game, these two properties are sufficient to ensure a refutation exists (Section 3.4.3) giving

w*(CG,) < 1.

5.2.3 Asymptotically Perfect Difference (APD) Games

We next construct a family of k-XOR games, parameterized by K € N, with k = 25 — 1,
m = 2K clauses, and asymptotically perfect difference: each game in the family is a noPREF

game, meaning

w*(APDg) = 1, (5.2.21)
while
1 | K 1 log k

indicating that the difference is asymptotically as large as possible,

lim 2 (w*(APDg) —w(APDg)) = 1. (5.2.23)

K—oo

Definition 5.2.7. Define the Asymptotically Perfect Difference family of XOR games
parameterized by a scale K € N as the set of games with alphabet size n = 2, k = 2K — 1

players, and m = 25 clauses:

APDy = { | "] g = By + 1. (5.2.24)
Si
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. o . 2K %2k
The s; are defined to adversarially minimize w(APDg) and the matriz Bxy € {0,1} I8

recursively defined by

Bo = 1] (5.2.25)
B K B K

Byeon = | 0 70 (5.2.26)
By B

with B produced by switching 0 < 1 for all entries of B. Equivalently, B = J — B, with J
the all-ones matrix.

Note that by the game definition, the m x kn = (25) x (2% (2% — 1)) game matriz Ay for
APDy consists of the first 25 — 1 columns of Bk interleaved with the first 25 — 1 columns
of B( K):

B; B2t A (5.2.27)

I | 1 2
Ay = |Bi, B a0 o Bao o Bl

(k) Py Py

The pairs of columns in A corresponding to the two possible outputs from each player

are complementary, making Ay a valid game matriz.

Note that AP D, is exactly the GHZ game, so the APD family is a particular many-player
generalization of GHZ:

(5.2.29)

(5.2.30)

= o O =
—
—
[a)

—_ o = o
—

0

Exchanging columns 3 < 6 and 4 < 5, corresponding to a relabeling of players and inputs,
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gives Agrz as defined in (3.3.3). The choice of parity bits in GHZ is known to minimize the

classical value, exactly matching the definition of APD,.

We now prove our claims about the commuting operater and classical values of APD

games.

Commuting Operater Value

Lemma 5.2.8. For all K, Bk has trivial kernel.

Proof. We proceed by induction.

1. Base case: B = [1} has trivial kernel by inspection.

2. Induction step: Assume Bk has trivial kernel, i.e. Bgyr =0 = x = 0. We now

demonstrate that Bx1) has trivial kernel by contradiction.

Assume to the contrary that B 1)z = 0 for z # 0. We can expand the blocks of this

equation:

By the bottom block,

Buoai + Buoaz: =0
B([Q(.Tl + $2) =0

— Iy = —I7.
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(5.2.31)

(5.2.32)
(5.2.33)
(5.2.34)



Using this relation in the top block, we have

0 = Biyz1 — By (5.2.35)
= (J = By — Bxy)) m1 (5.2.36)
QB(K).I‘l = Zl le . (5238)

Noting that the bottom row of Bk is always the all-ones vector by the definition, we

can consider the bottom element of (5.2.38)

zzm = Zx (5.2.39)

This means Jx; = 0, which together with (5.2.37) gives:

By the induction hypothesis, this must mean x; = 0 = x5, contradicting x # 0.

Theorem 5.2.9. For all K, APDg is a noPREF game, and thus has a MERP strategy with
value 1 and w*(APDg) = 1. The same holds for any choice of §.

Proof. First, we demonstrate that (Ax))” has trivial kernel.

We have from Lemma 5.2.8 that Bk has trivial kernel, and thus its rank is m = 2K,
A(ky includes all columns of Bk) except the last, the all-ones vector. Ay also includes
columns of B( K- Adding a column of Bk to the corresponding column of B( k) produces

the all-ones vector, so it must be in the column-span of A (k) as well. Finally, this means the
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column span of A (k) includes the column span of B(x) and so the rank must be m. By the
rank-nullity theorem, matrix (A(x))” has trivial kernel.

The PR constraints are unsatisfiable, so APD is a noPREF game. By Theorem 3.3.30,
APDg has a MERP strategy with value 1 and w*(APDg) = 1. O

Classical Value

We extend the motivating classical results presented in Section 3.5.3 to analyze the classical
value of the APD family. Corollary 3.5.4 demonstrates that the set of outputs achievable by a
deterministic classical strategy is given exactly by Vs := img, (A4). Recalling that oo = dim )%,
we see that when o, < m, the set of deterministically achievable outputs is much smaller
than the total space of possible parity bit vectors, and so we should be able to find a vector
s € FJ' with large Hamming distance from all outputs in }». In this section the probabilistic

method is used to formalize this argument.

Theorem 5.2.10. Let A be an XOR game matriz, for which oo < dm. Then there exists a

parity bit vector § € FY' for which the game G ~ (A, §) has value at most

1 5
Y 2.42
27 V3 (5:242)

Proof. This argument is a close variant of the usual Hamming bound on error-correcting

codes. Let S denote the set of § within distance m(1/2 — €) of some point in ). Using the

fact that |),| = 22 < 2™ we have

HESLY (7:) (5.2.43)

kgm(%fe)

We bound the sum over binomial coeflicients with the Chernoff bound to obtain
5] < 20mgm1=2¢) (5.2.44)

Then for any € > 4/d/2 there exists a § with distance > m(1/2 — ) from any point in V.

This corresponds to value 1/2 + ¢. O]
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We now consider the specific case of the APD game and demonstrate the asymptotic limit

of the classical value.

Lemma 5.2.11. Given K € N, the APD game APDy has 0o(APDg) = K + 1.

Proof. Recall that oy is the dimension of },, the image of Ak viewed as a map taking
Fkn — F2'. Equivalently, ), is the column span of A taken over Fy, and for this proof we
use this view. By the same argument as Theorem 5.2.9, the column span of Ak is identical

to the column span of Bxy. We prove this Lemma by induction over the Bky:
1. Base case: B = [1} giving o9 = 1 by inspection.

2. Induction step: Assume 03(APDg) = K + 1, meaning the dimension of the column

span of By over Fy is K + 1. We can write Bk 1) in block format:

By B (/ = Bu)) B (J + Bx)) B
Biki1) = - = (over Fy)

(5.2.45)
T
All columns in the right block of (5.2.45) take the form [3; :c} , S0 their span is

S .= {[r rr e y2(APDK)} . (5.2.46)

T T
On the other hand, all columns in the left block take the form [1 P x x} = [1 O} +

T T
[:c q;] . The form of the right block span guarantees [1 0] is linearly independent

from the right columns. Thus the total column span is

1
Vo(APDgy1) =SU | S+ (5.2.47)
0

and o2(APDg41) = 02(APDg) +1 = (K + 1) + 1, completing the induction step.
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Theorem 5.1.3. The APD family has classical value

1 1 K+ 1 log
5 SWAPDK) < o4/ T (5.2.48)

Proof. The lower bound of % applies to all XOR games since a random assignment will satisfy

half the clauses in expectation.
For the first upper bound, note that for APD family, m = 2¥ and from Lemma 5.2.11,
09 = K + 1. Then Theorem 5.2.10 yields the bound

1 o K+ 1
W(APDk) < o + /ﬁ =5\ SEm \/ oK (5.2.49)

The last bound in the theorem statement is obtained by noting that K = 2*. O]

Finally, we conclude by mentioning that even though the APD construction may require an
exponential time to choose the adversarial s;, one can achieve the same asymptotic difference
with high probability by choosing the s; uniformly at random. This is implicit in the proof of
Theorem 5.2.10, which implies that a randomly chosen § has value > 1/2 + & with probability

< 20=2")m  Note as well that w* = 1 for any choice of s;, according to Theorem 5.2.9.

5.3 Random Games

The previous sections give a complete characterization of symmetric games with commuting
operator value 1. However, as demonstrated by the final example of the previous Sec-
tion (5.2.1), non-symmetric games remain, in general, hard to characterize. One area where
we can make some progress is in understanding the value of randomly generated XOR games.
We will work in a model, specified in Definition 3.3.5, where each clause is sampled uniformly
with replacement from the set of all possible clauses.

The classical value of random CSPs? in this model has been intensely studied for several

predicates including XOR, and it is useful to summarize the classical results. While determin-

4As noted in Section 3.1, CSPs and games are closely related. Classically, the difference between a CSP
and the associated symmetric game is that each player in a game may play according to a different assignment
of the variables; thus, the value of a CSP is always less than or equal to the classical value of the associated
symmetric game.
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ing the exact classical value of a random £-XOR instance for £ > 3 remains hard, union bound
arguments can give probabilistic bounds on the classical value of random k-XOR instances,
in terms of the number of variables n and the number of clauses m. Combining these with
second moment-type arguments and combinatorial analysis has revealed the existence of SAT
and UNSAT phases for random instances in the limit of large n, which are separated by a
sharp threshold in m [51]. For k = 3, this threshold occurs at m/n =~ 0.92 [21]. When m/n
is below the threshold, a random 3-XOR instance has value 1 with probability approaching
1 as n — oo, while when m/n is above the threshold, a random instance has value 1 with
probability approaching 0, and in fact, in the UNSAT phase, it is known that the value is close
to 1/2. In addition to the true value, one can study the performance of the SoS algorithm on
random instances. A key result in this direction is that of Grigoriev [27], who showed the
existence of a region in the UNSAT phase with classical value close to 1/2, but for which the
classical SoS algorithm reports a classical value of 1 until a high level in the SoS hierarchy.
In the language we have developed thus far, he showed this by proving that random XOR
games with appropriately chosen m and n do not admit any short-length classical refutations.
One can interpret this result as showing the existence of a phase which is both UNSAT and

computationally intractable.

The goal of this section is to prove a quantum analogue of these results. We are limited
in one important sense: classically, the existence of an UNSAT phase with value close to 1/2
is shown via a union bound over the set of possible classical strategies, but this tool is no
longer available to us for quantum strategies. Using our refutation-based technology, the
best we can say is that the commuting operater value of a game is bounded a small distance
away from 1 (see Section 3.4.1). At the same time, the quantum case presents us with an
opportunity to go beyond what is possible classically: while the classical SoS algorithm has a
natural upper bound at level kn, no such bound exists for the ncSoS algorithm. We could
thus potentially improve on Grigoriev’s result to prove a superexponential lower bound on

the runtime of ncSoS.

We work subject to these considerations. In one direction, we know that for any G,
w*(G) > w(G), and so we immediately get an entangled SAT phase for 3-XOR games with

m < 0.92n. In the other direction we show the existence of an entangled UNSAT phase:
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specifically, we show that there exists a constant Cj depending only on the number of players
k such that random games with more than Cyn queries have commuting operater value < 1
with high probability. For 3-XOR games we find C3 g 4. Our bounds on the entangled SAT
and UNSAT phases are only a constant factor apart, leaving open the possibility of a sharp
threshold behavior as in the classical case.

Further, in analogy with Grigoriev’s results, we also show that random XOR games with
m = O(n) queries have, w.h.p., no refutation with length less than € (nlog(n)/log(log(n))).
By Lemma 3.4.4, this implies ncSoS takes superexponential time to show these games have

value < 1.

5.3.1 SAT Phase

To start, we will show how the existence of a SAT phase for k-XOR viewed as a CSP implies
the existence of such a phase for k-player XOR games. This is a simple consequence of the

connection between games and CSPs.

Lemma 5.3.1. For every k-XOR game G with m clauses and n variables, there exists a
corresponding k-XOR CSP instance ®g with the same number of clauses and variables, such
that if val(®g) = 1, then w(G) = 1. Moreover, when G is chosen at random according to
the distribution in Definition 3.3.5, the induced definition over ®¢ is the one generated by

uniformly sampling m clauses over n variables with replacement.

Proof. For each clause (¢;,,...,q,,s:) € G, create a clause z;,z;, ... x; = $; in g, where
the variables x; are taken over {£1}. (We allow ®¢ to contain repeated clauses.) It is clear
that ®¢ has the same number of clauses and variables as in GG, and that if GG is random then
® is distributed as in the lemma statement.

If ® has value 1, let = be a satisfying assignment for ®. Then the classical strategy where
all players play according to x is a strategy for GG achieving value 1. Hence val(®5) = 1

implies that w(G) = 1. O

Corollary 5.3.2. For every k, there exists a constant By such that for any b < By, a random
k-XOR game with m = bn clauses will have w(G) = w*(G) = 1 with probability approaching 1

as n — oQ.
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Proof. The analogous statement for k&-XOR CSP instances is proved in Theorem 16 of [51].
Let By be the threshold appearing in that theorem. By Lemma 5.3.1, if we sample a random
kE-XOR game G with m = bn clauses, then the associated CSP instance ® will be a random
CSP instance with bn clauses, and thus have value 1 with probability approaching 1. Hence,

w(G) = w*(G) = 1 with probability approaching 1 as well. O

For k = 3, the constant By can be computed to be ~ 0.92 [21].

5.3.2 UNSAT Phase

Since we are considering general random XOR games, we cannot appeal to the shift gadgets
available by symmetry. Instead we use probabilistic analysis to show that such gadgets exist
with high probability, given enough clauses. Below we give the analysis for the specific case
of random 3-XOR games. The analysis for general k proceeds identically, with different

constants depending on the number of players.

Lemma 5.3.3. Let G be a randomly generated 3-XOR game defined by the set M of queries
and associated parity bits, with |M| =m > 3.3n. Then with probability 1 — o(1), there exists
a set N31 C [n] with [N31| > 0.95n such that for all a,b € N3, G contains a shift gadget

S (ab).

Proof. Consider a bipartite graph between two sets of n vertices. Label one set of vertices
by ([n],3), and the other by ([n],2). Add an edge between (j,3) and (j’,2) iff there exists a

query

where r € [n] is arbitrary. Label the edge by the index of the query corresponding to it. Our
key observation is that that S*7!(ab) can be constructed from the queries corresponding to a

walk from (a,3) to (b,3) in the graph.
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Because queries are randomly generated, edges in this graph are randomly generated as
well. So our graph is a G, ,, ,» Erdos-Rényi random bipartite graph. A technical result (Lemma
5.3.4) gives that this graph is at least as connected as énm,p — a random bipartite graph in
which each edge is present independently with probability p = m/n? —¢/n = (3.3 — €)/n,
where € is an arbitrary small constant.

Finally, applying a Galton-Watson style argument to this random graph shows [37,
Theorem 9| that with probability 1 — o(1) it contains a “giant component” that touches at

least yn vertices of ([n], 3), where ~ is the unique solution in the interval (0, 1] to the equation
v+ exp (pn(exp(—pny) — 1)) =1 = > 0.95.

]

Lemma 5.3.4 (Relating random graph models). Let G ~ Gy, with m = CN. Further
let G ~ CAT’MN,p with p = (C — €)/N, for arbitrary small constant €. For any value Z, if G
contains a connected component of size Z with probability 1 — o(1) then G also contains a

connected component of size Z with probability 1 — o(1).

Proof. We couple the distributions used to generate G and G. In particular, a graph GG can
be generated by choosing a graph G , then randomly adding or removing edges until the graph
has exactly m edges. As long as we only add edges, this process will only increase the size of

~

the largest connected component in the graph. Letting E(G) be the set of edges of a graph

~

G, we find
E|E(G)| = N*p = (C —e)N

and so

o

p|E(G)| > m < exp(—€*N/3) = o(1)

by a Chernoff bound. O

Lemma 5.3.3 tells us that, given a large enough number of queries, most variables can
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be shuffled in exactly the manner described in Section 3.4.2. If we consider only queries
involving these variables, we should then be able to construct refutations from PREFs using
exactly the techniques described in the later half of that section. In fact, we only need to
restrict to those variables on k — 2 of the wires, since cancellations on the first two wires are
automatic (see, in particular, the proof of Lemma 3.4.22).

If a large enough number of queries remain one would expect that they admit a PR with

high probability. This fact is proved below.

Lemma 5.3.5. For any k-XOR game G with m queries, alphabet size n and
m—kn=2¢>0, (5.3.1)

iof the parity bits for G are picked randomly then G has a PREF with probability at least
1—27°.

Proof. By definition, a PREF specification is any vector z € Z™ satisfying

ATz =0 and (5.3.2)

T2 =1 (5.3.3)

When m > kn, the matrix AT has rank < kn. By the rank-nullity theorem, the kernel of AT
has dimension > m — kn, and so the are at least ¢ linearly independent vectors z satisfying
(5.3.2). If the parity bits are chosen randomly, each of these vectors z satisfy (5.3.3) with
independent probability 1/2, and the result follows. n

Finally, we use our lemmas to prove the specific £ = 3 case of the random game threshold.

Theorem 5.1.4. Let G be a random 3-XOR game with m = [3.3n] clauses on an alphabet of
size n. Then, with probability 1 — o(1), G has value < 1.

Proof. Let N3; be defined as in Lemma 5.3.3, and extend this definition to N3 analogously.
Define

N3 = N3’1 N N372. (534)
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Let v be defined as in Lemma 5.3.3. A union bound then gives that the expected size of N3
is bounded below by

(1-2(1-7)) > 0.9n.
Finally we let M be the set of queries for GG, then define
M = {(¢W,¢?,¢®) e M : ¢® € Ny}

If N3 were independent of M’, we could conclude

N.
E|M'| = w25l 5 01n (5.3.5)
n
and then, by concentration,
p|M'| < 3.009 < exp(—n) = o(1). (5.3.6)

M and Nj are not independent, but a technical lemma (Lemma 5.3.6) shows their correlation

can only increase the size of M’, hence (5.3.6) remains valid.

Now consider a game G’ consisting of only the clauses of G with queries in M'. M’ has
been constructed such that G’ has shuffle gadgets for any wire of a pair of queries drawn from
M’. Furthermore |M'| — 3n > 0.009n with high probability, so by Lemma 3.4.21 and Lemma
5.3.5, we can then conclude G’ contains a complete refutation with probability 1 —o(1). Since
G’ contains a subset of the clauses of (G, this also means G contains a complete refutation

with probability 1 — o(1). O

Lemma 5.3.6. Let G be a random 3-XOR game on m clauses, and let N3 and M’ be defined

as in the proof of Theorem 5.1.4. If there exists some constant & for which
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with probability 1 — o(1), then we have, for any € > 0 that
EIM'| > (6 — ¢)m

with probability 1 — o(1) as well.

Proof. We first move from the random game G to the random game G, in which the total
number of clauses isn’t fixed, but rather every possible clause appears in the game with

probability®©

m — €
2n3

(5.3.7)

We also define the variables N3, M and M’, which depend on G in exactly the same way the
unhatted variables depends on G. By an argument identical to the one used in the proof of

Lemma 5.3.4, lower bounds on the size of M’ will carry over to lower bounds on the size of
M’ for G with high probability.

The techniques used to bound the size of N3 work equally well on Ng, and so
IN3| > (6 — e; — €2)n (5.3.8)

with probability 1 — o(1).

Now we let A be some arbitrary subset of [n] of size |(§ — €; — €2)n |, and define

~

M(A) = {(¢W,¢?,¢®) e M:g® e A},
Since A is arbitrary, it is immediate that

EIM(A)| = (6 — e; — e)m (5.3.9)

®Note the factor of 2 in the denominator comes from the choice of parity bit.
5Here and below we use ¢; to indicate arbitrary small constants.

213



and (by concentration)
p|M(A)| < (6 — €1 — €3 — e5)m = o(1). (5.3.10)

Finally, we define the indicator random variables I, to take on value 1 if ¢ € M, and 0

otherwise. Our key observation is that

pA g N3 ‘ Iq =1
El,| AC N;=EI 5.3.11
Jacm—en (P mlh (5:3.11)
> El, (5.3.12)
and this remains true even after conditioning on the outcomes of other I,’s.
The indicator for the event
{|M(A)| <(F—e —er— 63)m} (5.3.13)

is a decreasing function of the I/'s, and so we can conclude
PIM(A) < (0—e1—ex—e3)m | AC Ny <p|M(A)|<(6—e1 —es—ezx)m  (5.3.14)

Putting this all together, we find

pIM'| < (6—e—e—e3)m < p|M(A)| < (6 —e; —ey —e3)m | AC Ny (5.3.15)
< p|M(A>| < ((5 — €1 — €3 — 63)771 (5316)
= o(1) (5.3.17)

(where the first line follows from definition of M’). Since | M| is a lower bound for |M’| with

high probability, we can set € = €; + €3 + €3 and conclude the result.
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5.3.3 Lower Bound on Refutation Length (Sketch)

In this section we sketch the proof of the following theorem, which gives a lower bound that
holds with high probability for the length of refutations of random 3-XOR games. Aside
from the immediate implications of the theorem, this result is also significant because its

proof uses a counting technique not found elsewhere in the paper.

Theorem 5.1.5. For any constant ', the minimum length refutation of a random 3-XOR game

with m = Cn queries on an alphabet of size n has length at least

enlog(n) o log(n)
e ] U ) 0318

with probability 1 —o(1) (as n — 00). Hence, either w* = 1 or Q(nlog(n)/log(log(n))) levels

of the ncSoS hierarchy are needed to witness that w* < 1 for such games.

This significance of this result is twofold. Firstly, it gives a lower bound on refutation
lengths which matches the length of refutations constructed using the methods of Section
3.4.3 to a factor of O(log(log(n))). This suggests that the algorithm described in Section 3.4.3
is a near-optimal method for constructing refutations for symmetric XOR games.” Secondly,
combining Theorem 5.1.5 with Lemma 3.4.4 show that an ncSoS proof that a random 3-XOR
game has value < 1 requires going to level Q(nlog(n)/log(log(n))) in the ncSoS hierarchy.
This results in a runtime which is superexponential in n, and longer than the worst possible
case for classical (commuting) SoS applied to XOR games (or boolean CSPs in general).

Theorem 5.1.5 is proved using a careful application of the first moment method. The
full analysis is somewhat involved, and so we spend some time discussing the key ideas
required for the proof. The proof hinges on enumerating possible refutations in a somewhat
non-intuitive way. Rather than building up a refutation of length ¢ query by query, we will
instead write down all possible sequences of ¢ queries, and consider all the ways those queries
could cancel to form a refutation. The key definition required to make this counting work is

that of a cancellation pattern.

"Strictly speaking, this conclusion is motivated only for 3-XOR games. That being said, for larger k,
Theorem 5.1.5 still gives a lower bound which is tight to a factor of C log(log(n)), and it is reasonable to
expect that, with additional work, this lower bound could be tightened further.
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Definition 5.3.7. A length { one wire cancellation pattern is a partition of [(] into €/2

pairs of the form {(ay,b1), ..., (ag/2,be2)} with
a; < bl and a; < a; = b; > bj (5319)

alli,j € [€/2] (no cancellation patterns exist for odd €). When discussing k-XOR games, a
length ¢ cancellation pattern refers to an ordered list containing k one wire cancellation

patterns.

Definition 5.3.8. Given a length ¢ cancellation pattern, the locations of that cancellation
pattern are elements of [, corresponding to the positions at which queries can appear in the
cancellation. The sites of the cancellation pattern are specified by coordinates (o, 1) € [k]® [¢],
and represent the places where individual questions appear. Site (aq,1i1) is said to cancel site
(o, i9) iff ag = e and the pair (i1,12) is contained in the ay-th cancellation pattern. In this

case, the pair of sites ((aq,11), (aa,i2)) is referred to as a cancellation.

Definition 5.3.9. Using matrix notation to specify individual letters in a word, a cancellation

pattern is valed on a word W iff
Way i = Wag,ig (5320)
for all sites (a,11) and (g, is) which cancel one another.

By definition, a word cancels to the identity iff there exists at least one cancellation
pattern which is valid on the word. It is also straightforward to give a combinatorial bound

on the number of possible length ¢ cancellation patterns.

Claim 5.3.10. The number of possible cancellation patterns on a single wire with ¢ locations
is given by the €/2-th Catalan number, denoted by Cpjo. The number of possible cancellation
patterns on a length ¢ word formed from k-XOR queries is then given by

(Copa)" < 2. (5.3.21)
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Proof. Direct from the definition of Catalan numbers, and standard bounds on their size.

See [62] for an extensive discussion. O

To illustrate the benefit of working in terms of cancellation patterns, we prove a simple

theorem, regarding the existence of a restricted class of refutations.

Theorem 5.3.11. Let m € o(nkm). Then, as n — oo, a random k-XOR game with m
queries on an alphabet of size n will contain a refutation in which every query is used at most

once with probability at most o(1).

Proof. We apply the first moment method. There are ¢! (’?) ways of creating a word of length
¢ from the queries, and at most 2 cancellation patterns on the word. Since queries are all
independent and randomly chosen, each cancellation pattern on a length ¢ word is valid with
probability (1/ n)kﬁ/ 2. Then the probability of a valid cancellation of any length is given by

(using (m)(m — 1)...(m — 2r) < m?)

m/2 m/2

> {(2@!(5) c)" (1 /nw] <> 2 (m/n*/)]"" € o(1). (5.3.22)

r=1 r=1

]

We now take a small detour, and use techniques similar to the one above to reprove a
result of Grigoriev [27]. This is done to illustrate the power of these techniques, but also for

completeness, as we will use Grigoriev’s result in our proof of Theorem 5.1.5.

Theorem 5.3.12 (Originally proved in [27]). Let G be a random 3-XOR game on the set
of queries M, with |M| = m = Cn and alphabet size n. Define a classical refutation to be a

subset of queries T'C M such that
g e T | ¢ =j} =2mallj € [n],a € {1,2,3} (5.3.23)

(if written as a word, T would contain each j € [n] an even number of times on each wire).
Then, with probability 1 — o(1) as n — oo the shortest classical refutation contained in m has

length at least en/C?.
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Proof. We again use the first moment method, paralleling the argument used in the proof of
Theorem 5.3.11. We find (Ce") ways of choosing ¢ queries from M, and ((¢ — 1)!!) ways of
pairing up letters on all rows once ¢ queries have been chosen (if £ is even). As before, each
pair of letters is equivalent independently with probability (1/n) and so by the union bound

the probability of a classical refutation of length less than ¢ is bounded by

0/2 /2
Z {(g:) ((2r — 1)!!)3(1/71)3'"] < Z [(Cn)* (27r!) (1/n)%] (5.3.24)
/2
=> [r1(2¢?/n)"] (5.3.25)
2
<Y [evr (2C%r/(en))"] . (5.3.26)
Noting this sum is o(1) provided ¢C?/en < 1 completes the proof. O

Returning to the informal proof of Theorem 5.1.5, the natural approach is to try to
generalize the proof of Theorem 5.3.11 by allowing repeated queries and repeating the union
bound analysis. Unfortunately, when queries are repeated not all cancellations are valid
independent of one another, which makes it dramatically more difficult to compute the
probability of a given cancellation pattern being valid. To accommodate this, we require
additional terminology for discussing the different types of cancellations that can occur when
a cancellation interacts with a word containing repeated queries. This is introduced below,

along with a brief discussion of how these cancellations are accounted for in the full proof.

Definition 5.3.13. Given a cancellation pattern on a word made up of queries from a random

k-XOR game, define:

o The set of independent cancellations to be a mazrimal set of cancellations so that

each cancellation is valid independent of all others in the set with probability 1/n.

o The set of dependent cancellations to be the set of cancellations which are valid with

probability 1 if all independent cancellations are valid.

o The set of self cancellations to be the set of all cancellations which are valid with
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probability 1 independent of all other cancellations (these occur when a query is canceled

with itself ).

A full cancellation pattern is a cancellation pattern where cancellations are specified to be
independent, dependent or self ahead of time, and this full cancellation pattern is valid on a
word iff the sets defined above are compatible with the way the cancellations are labeled ahead

of time.

Note there is some freedom in which cancellations are chosen as dependent vs. independent.
This ambiguity allows us to simplify the full proof, and is left in intentionally.® Semi-formally,

we can now give the proof of Theorem 5.1.5 as follows:

Proof (semi-formal). Our goal is to show that, under the conditions of Theorem 5.1.5, any
cancellation pattern on a word consisting of a small number of queries is valid with vanishing
probability. We restrict our attention to minimum length refutations: refutations for which
no subset of queries can be removed while leaving a valid refutation.

We then attempt a union bound argument in which we identify the various ways queries
can interact with cancellation patterns in the refutation. We begin by segmenting the
queries in the refutation into maximal strings of queries connected via dependent or self
cancellations. We call these phrases. By definition, the phrases themselves must be connected
by independent cancellations.

We can bound the number of ways of building a phrase of length k. The first query in
a phrase can be a picked arbitrarily from a set of size m. After that, a query connected to
a known query by a self-cancellation is fixed exactly, and concentration inequalities can be
used to show that a query connected to a fixed query via a dependent cancellation is drawn
from a set of size at most mlog(n)/n.? Then the ways of choosing queries such that they

form the given phrase is bounded by

m (Myl | (5.3.27)

n

80f course, it could also be removed by fixing a convention for the cancellations which are labeled
independent (i.e. choosing the lexicographically minimal set).
9Proved in Lemma 5.3.16
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We next place some restrictions on the number and type of phrases that can occur in
a refutation. By minimality, each phrase must contain at least one site involved in an
independent cancellation (otherwise the phrase is “redundant”); then by parity each phrase
must contain two. We also get a bound on the number of queries appearing an odd number of
times. Removing all queries that occur an even number of times, and leaving only one copy
of each query that occurs an odd number will produce a classical refutation. Theorem 5.3.12
then tells us that with probability 1 — o(1), any valid refutation must have en/C? queries

which occur an odd number of times.

We then use a result from the technical proof: for p phrases and s sites with independent

cancellations,
5> 2p +en/4C?, (5.3.28)

Using (5.3.27) to bound the number of ways each phrase occurs, and a factor of 1/4/n per site
in an independent cancellation (making 1/n per independent cancellation) we find that any

full length-¢ cancellation pattern is valid on some word of ¢ queries with probability at most

() () e (PG e
g( ) <—) (Clog(n))* (5.3.30)

log(n) n
< (1 e C'1 ¢ 5.3.31
<(3) (o (5:3.31)

Adding in a union bound over all possible length ¢ full cancellation patterns, we find the

probability of a valid length ¢ cancellation pattern existing is at most

3 a3t/2 (1 e ¢ aeja (1 /et ¢
Ci23 - (Clog(n))” <12 - (C'log(n)) (5.3.32)
en/8C?
< (ﬁ) (42C log(n))" . (5.3.33)

Setting m/n = C and following through the geometric series we find the probability of a
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refutation of length less than or equal to £ existing is at most

42C log(n)

—scs— o(l) (5.3.34)

where the o(1) term comes from the use of results 5.3.12 and 5.3.16 in our proof. If follows

that the total probability of refutation is o(1) unless

enlog(n)
— 8C?log(42C'log(n))

1 (5.3.35)

completing the proof of Theorem 5.1.5. ~

While the proof above was hopefully convincing, it wasn’t completely formal. A more
careful proof that clearly discusses the various events the union bound is constructed over is

given below.

5.3.4 Lower Bound on Refutation Length (Full Proof)

For the most part, the key ideas used in the proof of Theorem 5.1.5 are well covered in
Section 5.3.3. The remaining details are primarily technical, but somewhat involved. We

begin by formalizing the definition of a phrase, used informally above.

Definition 5.3.14. Consider a full cancellation pattern consisting of dependent, self and
independent cancellations. Let G be a graph with vertices corresponding to dependent or self
cancellations in the cancellation pattern. Add an edge between vertices if the corresponding
cancellations overlap at some location. The sets of cancellations corresponding to connected

components in this graph are called phrases.

Our analysis will require language specific to the ways in which queries and phrases can

occur in a refutation. That language is introduced below.

Definition 5.3.15. Given a refutation, we define the following sets:

o L, 1s the set of locations located at the leftmost point in some phrase. We call queries

at these locations roots.
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e L. 1s the set of all locations in phrases which are not the leftmost point of a phrase.

Queries at these locations are called constrained queries.
o P is the set of all phrases in the cancellation pattern.

e P. C P is the set of all phrases for which every location in the phrase contains only

self or dependent cancellations. Phrases in P, are called redundant phrases.
e S is the set of all sites in independent cancellations.

Redundant phrases are so named because removing all queries contained in them still leaves a
valid refutation. For this reason minimal length refutations are defined to be refutations

that do not contain any redundant phrases.

We now prove a few basic properties about the structure of refutations constructed from

random queries.

Lemma 5.3.16. Let m = Cn for some constant C. Then, with probability 1 — o(1), all

refutations for a random 3-XOR game on m queries with n variables will satisfy

1. The refutation contains at least en/C? distinct queries occurring an odd number of

times.
2. The cancellations can be labeled so that |S| > 2|P| + en/4C?.

3. For all queries q;: the refutation implies that q; cancels with at most C'log(n) other

quertes on each wire.

Proof. We prove 1 by appealing to [27]. Note we can obtain a classical refutation from a
quantum refutation by taking a single copy of each query repeated an odd number of times.
Then, we know from [27] (alternately Theorem 5.3.12) that there are en/C? distinct queries
repeated an odd number of times in the quantum refutation.

To prove 2, we first note that every distinct query occurring an odd number of times must
be involved in at least three independent cancellations (one per wire) across all locations

where it appears, resulting in a total count of 3en/C? cancellations. We will show that we can
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relabel independent and dependent cancellations such that at least 1/4 of these independent

cancellations are all contained in at most en/4C? phrases.

To do so, we begin by making a list of all queries occurring an odd number of times
in our refutation, and consider a cancellation pattern on which only the self-cancellations
have been fixed. We refer to a phrase induced by these self cancellations as a subphrase.
We now extract a query from the list, pick an odd length subphrase involving that query
(this subphrase may have length one), and mark three non-self cancellations coming from
that subphrase as independent (one per wire). Next, we remove from our list any queries
connected to this subphrase by the newly labeled independent cancellations. Removing the
connected queries from the list ensures that any non-self cancellations involving elements
remaining on our list will be independent from the cancellations we have labeled so far. We
then repeat this process until we have exhausted all queries on our list, and then label the

remaining cancellations in any valid manner.

Over this process, we remove at most three additional queries from the list for every
subphrase we identify, so when we have exhausted all queries on this list (but before we have
labeled any dependent cancellations), we will have at en/4C? subphrases containing at least
3en/4C? independent cancellations. Each of these subphrases is contained in a phrase (since
all locations are connected via self-cancellations) and labeling the remaining cancellations
cannot change the cancellations already labeled as independent, so we have found at least

3en/4C? independent cancellations contained in at most en/4C? phrases.

From here the proof of 2 is straightforward: by minimality, each phrase contains must
contain at least one independent cancellation, and hence by parity each phrase must contain
two. Furthermore, we have already identified a special set of at most en/4C? phrases which
contain at least 3en/4C? independent cancellations. Letting p; be the number of phrases
identified so far, and p, be the number of phrases not contained in the set already identified,
we see
en en

oz = 2P+ 1 (5.3.36)

3en
S| > 2p2 + —5 > 2(p2 +p1) + TeE

as desired.
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Finally, 3 follows from concentration of measure. We define y(j) to be the random variable

counting the number of queries with letter j on the top wire, so

y(j) = [{i: ¢ = j}|. (5.3.37)
It is then clear that
Ey(j) =m/n=C. (5.3.38)
By a Chernoff bound
py(j) > C'log(n) < e~ (&’ (m-1C/3n (5.3.39)
< 1/nClem/3 = (1) (5.3.40)
and so a union bound argument gives the result for large n. O

The proof of Theorem 5.1.5 will follow from our observations in Lemma 5.3.16 and first
moment arguments. To make clear the analysis, we first present a simple algorithm for

generating minimal length refutations with length ¢ from a random set of queries G.
Algorithm 5.3.17 (Refutation generator).

input: A set of m queries, with m = Cn, and parameter ¢

output: A minimal refutation of length ¢, or failure
1. Initialize ¢ locations where queries might be placed.

2. Randomly generate a cancellation pattern consisting of self, dependent and independent

cancellations on the ¢ locations. Identify the phrases in this cancellation pattern.
3. If there is any redundant phrase, return failure: not minimal.
4. Randomly map queries to locations.

(a) If the independent cancellations require there to be more than C'log(n) queries

which agree on any wire, or if the cancellation pattern would imply |S| < 2|P| +
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en/4C?, return failure: improbable cancellation.

(b) If self-cancellations occur between non-identical queries, or dependent cancellations

are not implied by independent cancellations, return failure: improper labeling.

5. If any independent cancellations occur between queries which disagree on the wire

where the cancellation is occurring, return failure: invalid cancellation.
6. Otherwise, return success along with the cancellation pattern and query mapping.

We prove Theorem 5.1.5 by proving two basic facts about Algorithm 5.3.17. Firstly, we
show that, with high probability!’, there exists a random seed for which Algorithm 5.3.17
finds a refutation provided one exists. Secondly, we show the expected number of paths on
which Algorithm 5.3.17 returns success is small unless ¢ is sufficiently large. We will prove

these claims separately.

Theorem 5.3.18 (Correctness). Algorithm 5.3.17 only returns success when it finds a valid
manimum length refutation. Furthermore, when the input queries are randomly selected,
with probability 1 — o(1) the algorithm has a positive probability of finding all valid length ¢

refutations.

Proof. The first claim is clear from inspection of the algorithm. The second follows from
Lemma 5.3.16 and further inspection. In particular, the only refutations not found by the
algorithm are those which require greater than C'log(n) queries to agree on a wire, or those

with a cancellation pattern for which
|S| < 2|P| + en/4C>. (5.3.41)

Lemma 5.3.16 tells us that these cases occur with probability o(1) for randomly chosen

queries. ]

Theorem 5.3.19. Given a randomly chosen set of m = Cn queries as input, the expected

number of minimal length ¢ refutations which can be found by Algorithm 5.3.17 is upper

10Tt should be stressed that this with high probability refers to the randomness associated with choosing
the queries provided as input to the algorithm, not the randomness associated with the algorithm’s run.
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bounded by
(1/n)*2%* (42C log(n))". (5.3.42)
In particular, we expect to find no refutations until

¢ = Q(nlog(n)/log(log(n))) (5.3.43)

Proof. We give an overcounting of the number of possible paths Algorithm 5.3.17 can take.
We first note that a path can be completely specified by a choice of cancellation pattern and

mapping of queries to locations.

Using our rough bound on the Catalan numbers, there are at most 62/2 < 4342 {different
ways of pairing up all sites for cancellations. Since each cancellation can be one of three

types, we find a total of
33243002 < 42! (5.3.44)

possible cancellation patterns.

We next give a rough (over)counting of the number of ways queries can be mapped to

locations such that the cancellation pattern is not rejected in step 4 of the algorithm.

In particular, we allow arbitrary queries to be mapped to locations in L,. After this
mapping, we note all remaining locations are in L.. Assuming the cancellation pattern was
not rejected in step 4a, a location connected to a fixed query by a self cancellation can only
have a single query mapped to it, and a location connected to a fixed query by a dependent

cancellation can have at most C'log(n) queries mapped. In total then, we find
m (Clog(n))*! = mIPl (Clog(n))F! (5.3.45)

possible mappings from queries to locations.

Finally, we bound the probability that our given query assignment doesn’t fail in step 5

of the algorithm. Noting independent cancellations are, by definition, independent we find
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the probability of failure is given by

(l) o (5.3.46)

n

Since our cancellation pattern doesn’t contain any redundant phrases, and was not rejected

as improbable by the algorithm we also have
|S| > 2|P| + en/4C">. (5.3.47)

The overall expected number of successes for a given cancellation pattern can then be bounded

by:

m!PI(C log(n))!"! <%>|P|+m/$02 — /P (M)HP' (l) et (5.3.48)

< (10;(”))'” (%)MCQ (Clog(n))" (5.3.49)
< (%)en/gCQ (C'log(n))* (5.3.50)

resulting in an overall bound on the expected number of successes for any length ¢ of

<l>en/802 (42C log(n))". (5.3.51)

n

Summing the geometric series, the expected total number of refutations of length less than ¢

can then be bounded above by

en/8C? +1
<1) © (42Clog(n))+! -1 (5.3.52)

n (42C'log(n)) — 1
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We see this is o(1)!! unless

enlog(n) . nlog(n)
~ 8C?log(log(n)) (10g10g(n))’ (5:3.53)

and the desired result follows from Markov’s inequality. O]

To close this section, we note Theorem 5.1.5 is immediate from Theorems 5.3.18 and

5.3.19.

"' As a word of caution: it should be noted the (enlog(n)) / (8C*log(log(n))) only dominates when C'is
taken to be a constant with respect to n. When C' scales with n the above analysis will still work, but requires
more care in computing the final bound.
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Chapter 6

Conclusion and Open Questions

There are two points of view one can take when summarizing the results in this thesis. Firstly,
this can be understood as a thesis about XOR games. From this point of view, the key
results of this thesis are contained in Chapters 3 and 4 and the random games section of
Chapter 5, where symmetric, 3-player, and random XOR games are analyzed. The subgroup
membership (and relatedly, the noPREF) characterizations of XOR games with perfect
commuting operator value play a key role in all these arguments, as do MERP strategies,
which emerge as optimal strategies for a surprisingly large class of games (though not all
games — see 5.2.1). This point of view also leads to a natural class of open questions: while
the techniques in this thesis work for a large class of games they also fail on others. What
can we say about strategies for those games? Is there some generalization of MERP or the
noPREF condition that works for 4 player or, even better, k£ player XOR Games? Given
recent results about the complexity of optimal strategy for some nonlocal games [36], it is
natural to ask how rich the class of optimal strategies for XOR games can get.

A second, complimentary view of this thesis is as a thesis that lays out a blueprint for
an algebraic study of nonlocal games. A similar blueprint has already been laid out, and
used to great effect, in the study of synchronous games [49, 34]. This thesis begins the
process of generalizing this blueprint to non-synchronous games. From this point of view
Chapter 2 is foundational. Also important is the view of the noPREF condition as subgroup
membership mod K discussed in Chapter 4, and the MERP-PREF duality discussed in

Sections 3.3.5 and 3.5.3. From this point of view a foundational question remains open:
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we have an example where a simplified algebraic certificate (subgroup membership mod K,
or noPREF) is necessary and sufficient to guarantee the existence of perfect commuting
operator strategies, and consequently a simple class of tensor product strategies (MERP)
can be shown to be optimal. Yet all parts of this example, including MERP strategies, the
noPREF condition, and MERP-PREF duality, were constructed in a very ad-hoc manner. Is
there a more general mathematical principle that could have guided us to this example? And
can similar techniques be applied to other nonlocal games? Answer these questions may lead
to progress on the XOR questions discussed above, and/or advance the study of nonlocal
games generally.

A final set of open questions concern potential applications of the games and strategies
developed in this thesis. One example of this is short depth circuits, where measurements
similar to MERP measurements have been used to prove a short depth circuit separation
[67]. More generally, XOR games have played a key role in results in both foundational
physics [52| and theoretical computer science [53]. It is likely that XOR games, and nonlocal

games generally will be at the center of many advances yet to come.
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