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Abstract

METHODOLOGY FOR ASSESSING THE POTENTIAL IMPACT OF
URBAN DEVELOPMENT ON URBAN RUNOFF AND THE RELATIVE
EFFICIENCY OF RUNOFF CONTROL ALTERNATIVES

by
Guy Leclerc

Submitted to the Department of Civil Engineering in
June 1973, in partial fulfillment of the requirements
for the degree of Doctor of Philosophy.

This study describes a methodology developed to assess
the potential impact of urban development on urban runoff and to
measure the relative efficiency of runoff control alternatives.

The methodology utilizes runoff frequency curves, derived
at different stages of development of the urban catchment. Com-
parisons of these curves completely quantify the impact of urban
development and/or the efficiency of a control structure.

Runoff frequency curves are derived directly from the rain-
fall process. The method of solution utilizes a stochastic model
of the rainfall process and a deterministic model of the catchment.
The rainfall model describes the rainfall exterior and the rainfall
interior and preserves the Intensity-Duration-Frequency curves of
the historical rainfall sample. The catchment model developed with
the kinematic wave equations is a modular model; detailed and
simplified configurations of the prototype catchment has been
successfully developed.

Filter theory is used to estimate the parameters of the
infiltration model from observations of the rainfall and of the
runoff.

The method of solution, referred to as stochastic/deter-
ministic simulation, incorporates the stochastic rainfall model,
the deterministic catchment model, and the results of the infil-
tration estimator. Results obtained show that the solution pro-
cedure and the methodology developed are practical and are recom-
mended for urban drainage analysis.

Thesis Supervisor: John Christian Schaake, Jr.
Associate Professor Civil Engineering
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List of Principal Symbols

The list that follows provides a brief description of the
principal symbols used in the text. Symbols which have been used in
a special way have not been included in this list but are defined in
the text wherever they are used. In some cases a single notation has
been used to represent more than one quantity; the particular de-
finition which applies at any point in the text should be clear from

the context in which it is used.
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k Decay parameter of the infiltration model nn.
m Rank of an observation
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n Manning's roughness coefficient

q (e, Lateral inflow to a segment
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Time coordinate

Storm duration (hr)
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Vector of rainfall random variables
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CHAPTER I

INTRODUCTION

Storm runoff from urban or natural catchments is a stochastic
process. Each observed runoff event constitutes a sample function
of this process. Because runoff is spatially distributed throughout
the catchment the process is multivariate.

Storm runoff as a stochastic process occurs as the output
from a deterministic physical system. This system receives input
from two other multivariate stochastic processes: rainfall and the
initial soil moisture condition.

Certain runoff characteristics (e.g. the peak runoff rate
at a particular location) are important physical measures that aid
in assessing the performance of hydrologic systems. In this study,
the variable V is used to denote any such runoff characteristics.
Variable V 1is a scalar function of a stochastic process. Each
sample function (storm event) leads to an observation of V. The
ensemble of sample functions that defines the stochastic process
also defines the probability density function (PDF) fv(v). One
of the contributions of this study is the presentation of a theo-
retically sound and practically useful procedure for deriving fv(v)
in cases where V has not been or cannot be measured. These pro-
cedures may be used to assess the impacts of urban development and

to evaluate alternative management and investment schemes to control
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these impacts.

The need to recognize storm runoff as a multivariate stochastic
process arises because urban drainage practice, on the basis of over-
simplified hydrologic techniques, has contributed to undesirable hydrol-
ogic impacts. These techniques are over-simplified because they fail
to recognize important multivariate and stochastic characteristics of
storm runoff. For example, downstream impacts of upstream activities
too often are not considered. Even when they are, it usually is not
in terms of impacts on fv(v) but in terms of the impact of some
design storm events. Another oversimplification is that design storms
usually are erroneously assumed to possess certain statistical pro-
perties, such as being a T-yr event, whereas such properties may
only be attributed to scalar variables such as V. Finally, there
is no way at present to judge whether a control alternative(such as
detention storage space) in one subcatchment could compensate for
desirable impacts on fV(V) caused by urban development in another

subcatchment.

1.1 Summary of the Proposed Methodology

Variable V could be any physical, chemical, biological
or other measure of performance of a hydrologic system. Since storm
runoff is a stochastic process, V 1is a random variable, having a
PDF, fv(v), and a cumulative distribution function (CDF), FV(V).
Variable V may be a property of individual storm events or a pro-

perty of the set of events that occur in a period of time, for example,

-19-



any one year. This investigation is concerned with the estimation
of FV(V) and with the estimation of the mean recurrence interval
TE(V) between events that equal or exceed V.

The proposed methodology begins with a stochastic process
model of rainfall and antecedent soil moisture conditioms. Any
appropriately simple or detailed model can be used. Next a deter-
ministic mathematical model of the physical system is needed to
transform the rainfall into runoff and to compute the variable, V.

Computationally, V may be regarded as a function of the
rainfall and soll moisture stochastic processes. With sufficiently
simple models, analytical techniques may be used to apprcximate
TE(V) [Eagleson, 1972]. An example analytical solution will be
presented in Chapter 7. In principle there are many possible so-
lution procedures to derive TE(V). Some of these are considered
briefly in Appendix B. In practice, the solution procedure likely
to be most useful in the immediate future is stochastic simulation
of the rainfall events and determinstic simulation of catchment
response to these events. This procedure followed throughout most
of this investigation is referred to herein as stochastic/deterministic

simulation.

1.2 Literature Review

Few applications have been reported in the literature of the
use of a stochastic rainfall model in conjunction with a catchment

model to derive runoff frequency distributions. 1In one of these,

-20-



Perkins [1970] presented a procedure for computing frequency curves
of flood stages in a flood plain. His method includes a rainfall
model, a catchment model, and a flood plain model. In the flood plain
model, the unsteady flow equations for open-channel flow in one-
dimension are solved; the catchment model represents the runoff pro-
cess in terms of the movement of a kinematic wave and the rainfall
model follows the ideas suggested by Grace and Eagleson, [1967].

Flemming and Franz [1971] compared four methods for deriving
flood frequency curves for small watersheds. The four methods are:
(a) Simulation using HSP, (b) Regional flood frequency analysis,
(c) Potter's method, and (d) Rational Method. In a test of eleven
watersheds, the simulation approach proved superior to the other
methods.

Eagleson, [1972] derived analytically the flood frequency
curve of some natural catchments in Connecticut, using the kinematic
wave routing model; he found that the analytic expressions for the
cumulative distribution, Fv(v), reproduced well the essential features
of the observed curves. Leclerc and Schaake [1972 ] derived, by
stochastic simulation, the flood frequency curve for a small hypo-
thetical catchment using the kinematic wave routing model. They con-
cluded that the approach is feasible and reliable, and that future
work should be devoted to improve the computational efficiency of
the procedure developed. A study of the relation between Eagleson's
analytical solution and the simulation approach followed by Leclerc

and Schaake led to a better understanding of the theoretical basis
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for the derivation of flood frequency curves from rainfall [Leclerc

and Schaake, forthcoming].

1.3 Description of the Chapters.

The report is divided into 8 chapters and several appendices.
The first chapter is this introduction. The second chapter presents
the probabilistic concepts pertinent to this proposed methodology.
The third chapter discusses the physical characteristics of rainfall,
reviews several rainfall models and describes the rainfall model
used in this study. The fourth chapter develops a procedure for
modelling urban catchments and illustrates the procedure for Gray
Haven, Md. a 23 acre urban catchment. In Chapter 5 some preliminary
ideas on how filter theory might be used to identify the parameters
of the infiltration process are suggested. The rainfall model and
routing model were used together to produce estimated runoff fre-
quency curves for two runoff statistics for Gray Haven. These re-
sults appear in Chapter 6. Applications of runoff frequency curves
to estimate the impact of urbanization on the runoff and/or to
assegs the effectiveness of control alternatives are presented in
Chapter 7.

The conclusions and an assessment of future research needs

are given in the final chapter.
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CHAPTER II

THEORETICAL BASIS FOR THE DERIVATION OF RUNOFF

FREQUENCY DISTRIBUTIONS

Mathematically, the problem investigated in this study is
to find the cumulative distribution function (CDF), FV(V) of the maxi-
mum value V of the runoff variable Q which occurs as a stochastic
process during the period of time T. During T (e.g. one year) nu-
merous individual events occur. During each the runoff variable Q
may be observed. Variable V 1is the maximum value of Q during T.
It also is given that Q is a function of the vector 0 (1.e.
Q=Q (9) ) of rainfall and antecedent moisture variables. The ma-
thematical relationship Q (O ) between O and Q is equivalent
to a mathematical model of catchment response to rainfall and soil
moisture conditions. The rainfall and soil moisture variables that
comprise O also occur as a multivariate stochastic process during
s

The following theoretical basis for estimating Fv(v) applies
to any runoff variable Q, to any catchment model Q (0 ) and to
any set of variables which comprise O . The theory also applies to
a wide range of stochastic processes by which © may occur.

Runoff variable Q may represent any of several quantities
such as the peak runoff rate or the volume of storage capacity required

to prevent runoff eutflow in excess of a given runoff rate.
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The procedure to derive Fv(v) follows two separate steps.
The first is to find FQ(q) and the second is to determine FV (v)
from FQ(q). The CDF of Q(©) depends on the first-order joint den-
sity function, f( Oyseees @m) of the elements of 6] according to

the relation [Benjamin and Cornell, 1970, pp.110-114].

F@ = [eor [£0,,00000,) doy...d0, (2-1)
R(q)
where R(q) 1is the region where the vector 0 leads to values of

Q that are less than or equal to q. Eagleson [1972] applied Eq.

(2-1) to derive analytically an expression for F_(q) for the special

Q
case where Q 1is the peak runoff rate, O is comprised of two rain-
fall variables (storm duration and average storm intensity) and R(q)
is determined on the basis of a kinematic wave model, Q(© ), of catch-
ment response to rainfall. A few possible computational methods to
solve Eq.(2-1) are presented below in Appendix B.

In practice, the joint density function f(0 ) may vary from
month to month. During month i let the joint density function be
represented by fi(@ ). It follows that F.(q) must similarly vary

Q

from month to month. Let FQ (g) denote the CDF of q during month i.
i

In the case where T 1is one year, the total period is comprised of 12
sub-periods. During each month, Eq.(2-1) applies to the events that

occur during that month.

The CDF FQ(q) is a conditional distribution. It is condi-

tional on a rainfall event having occurred and having produced the vec-

tor © for that event. Given that an event occurred, FQ(q) is the
=



probability that Q(© ) will be less than q (prior to the com-
putation of QO ) ).

During the interval T a random number of rainfall events
will occur. Each will give a value of Q(© ). The largest of these
will be V. The distribution Fv(v) depends in part on the distribu-
tion of the number of events during T as well as on Fdh).

A theoretical relationship between FQ(q) and FV(V) exists
for the case where the time between events, 7T , 1s an exponentially

distributed random variable.

f(t) = ae 2T (2-2)
The probability that exactly n events will occur during T is,
then, Poisson

n
e T 1)

n!

p(n) = (2-3)

The probability that the maximum value of Q 1is less than V, given

the occurrence of n events is

By [a VRIS = Fo(a)? (2-4)

Q

provided that the events occur independently. In the case where there

is an important degree of serial dependence the proper relation is

(aplay - va, ;)

Fvln(v|n) = FQl(ql) FQZIql(q2|ql)...FQ .G

m|q1"'q

(2-5)
ligs. (2-3) and  (2-4) may be combined by the relation
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Folv) = EFv]n(VI“) p (n) (2-6)
to give

FV(V) = e}fp{—aT(l-FQ(V))} (2-7)
In the case where FQ(q) and p(n) vary seasonally, Eq. (2-7) becomes

FyG) = exp(la,Ty ATy 6))) (2-8)

In cases where the mean time between storms is not exactly exponentially
distributed,. Eq.(2-8) may still give a good approximation. In such
cases, the term aiTi is equal to the mean rate of accurrence of
storm events (average number of events during Ti)'

The mean recurrence interval, T between annual maximum

M’

events that exceed Vv is

TM(V) = 55157 (2-9)

This, in turn, may be used to estimate the mean recurrence internal,
TE, between individual events of the partial duration series of all

events above some minimum threshold value of V . The relation between

TM(V) and TE(V) according to Chow [1964] is

TE(V) = 1/[5?,nTM = Qn(TM- 1)] (2-10)

The next chapter discusses one possible model of the occurrence
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of rainfall as a stochastic process. That chapter is concerned with
a number of issues that implicitly influence the first order joint
density function £(0).

Chapter 4 addresses the computation of Q(© ). The issue is
to find the computationally most efficient model of Q(©) that ade-
quately represents the catchment response to ar s

Chapter 5 is concerned with a procedure for measuring- during
individual storms - the values of the infiltration parameters that are
elements of ® . By using these techniques to estimate infiltration
parameters for a number of storm events it should be possile to estimate
the joint density function of the elements of S] related to the
infiltration process.

Finally, in Chapter 6, the principles presented in the present
chapter are applied to a real urban catchment gaged by the Hopkins

Storm Drainage Research Project.

-27-



CHAPTER 3

STOCHASTIC RAINFALL MODEL

A model of rainfall as a stochastic process is needed to
derive FV(V). This model would account for the stochastic occurrence
of individual storm events and for the occurrence of rainfall given
that an event has occurred. The appropriate model would represent

only those rainfall characteristics essential to the estimation of

Fy v)

3.1 Physical Occurrence of Rainfall

Rainfall occurs when moist-warm air is cooled through lifting
mechanisms; four major processes are commonly distinguished
[McKay, 1970]

Horizontal convergence where wind fields act to concentrate

the inflow of air in certain areas, thus forcing the air
to rise.

Orographic lifting when air is forced upwards by topo-

graphic barriers
Convection resulting when warm air becomes more buoyant
than the surrounding air

Weather frontal systems which separate large masses of

air having significantly different physical properties.

The first process is a localized phenomenon and the second
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is a regional one, possibly significant even for small topographic
barriers. The last two processes usually govern the characteristics
of the rainfall in the central and eastern parts of Canada and the
United States. The convective storms, generally called thunderstorms,
are often short and intense whereas the frontal storms- with the ex-
ception of hurricanes (tropical storms)- are usually long and moderate,
even light, events that occur on a regional scale. Many variations
are undoubtedly observed in these general trends, variations which can
cause serious floodings; for instance a quasi-stationary frontal
system continuously fed by moist air causes long and relatively large
rainfall intensities (thus large total precipitation depth) on the

area where it is localized.

3.2 Rainfall Model Literature Review

The general objective of a rainfall model is the descrip-
tion of the rainfall process in simple terms to economically preserve
the characteristics of the rainfall needed to achieve the resolution

desired in the runoff hydrographs or in the runoff frequency curves.

3.2.1 Modelsof Point Rainfall Events

Pattison [1966] developed a Markov chain model that
simulates hourly point precipitation; the wet periods (with preci-
pitation) are modeled with a first order Markov chain and the dry
periods with a sixth-order chainj; Pattison's approach requires a

large transition matrix (mxn) where m 1s the order of the Markov
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chain and n the number of discrete states. The transition probabilities
are derived from an observed rainfall record. Any transition that did not
occur historically will not appear in the simulated rainfall record. This
rainfall model accounts for both the storm interior and storm exterior
and generates hourly blockshaped rainfall.

Grace and Eagleson [1967] developed a model to synthesize storm
rainfall events in which storm interiors are stochastically generated at
a 10 minute time step. The stochasticity of the climatological storm ex-
terior variables is represented by their first order joint density func-
tions. The time between storms (T) and the storm duration tr were fitted
to a Weibull (3-parameters) probability function. The storm total depth
was found to be independent of T but not of to where a linear trend
was observed. Consequently a linear regression line was fitted to the
depth as a function of tr; the residuals were fitted to an integral
Beta-one probability function. The procedure adopted generates T and
t. from the respective Weibull distribution and d from the linear re-
gression line supplemented by a generated residual. Urn models are
then used to synthesize the storm interior. This model was applied at
two locations (one in Nova Scotia and the other in Vermont) to synthe-
size convective storm events. This model is also discussed by
Randkivi and Lawgun [1970].

Grayman and Eagleson [1969] simplified the Grace-Eagleson
model which has 10 parameters. An exponential function was fitted to
the times between storms and the storm durations, and a Z-parameter

Gamma distribution, conditional on tr was fitted to the storm depth.
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The storm interior was represented by an isocele triangle, adjusted
to preserve the storm total depth. This four parameter model gave
adequate results in modeling the rainfall process at Boston,Ma., and
at Ely, Nevada.

Leclerc and Schaake [l972 ] developed a model similar to
the Grace and Eagleson model which (i) provides several first order
probability functions to sample each variable from and (ii) allows

seasonal non-homogeneity in the rainfall parameters.

3.2.2 Models of Spatially Distributed Rainfall Events.

Franz [1970] proposed a multivariate model to synthesize
hourly precipitations at several locations where the rainfall variables
(or their transforms) are normally distributed. He applied the model
to a network of three stations, located 70 miles north of San Fran-
cisco, where orographic effects are important. The model can be used
for flood analysis but is totally unfitted for water supply purposes
because the serial correlation is not preserved over a period com-—
patible with the correlation required for the latter case. This rain-
fall model is a special case of the general desaggregation model
developed by Valencia and Schaake [1973].

Schaake et al [1972] proposed a rainfall model for the
Island of Puerto Rico which uses the desaggregation model. The rain-
fall model was developed for water supply purposes and would require
important updates to make it suitable for short-time interval rain-

fall synthesis. Rainfall depths are generated on an annual basis and
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then distributed into seasonal, monthly, and daily rainfall depths.

The annual series can be simulated by any method, (i.e. Markov model,
fractional Gaussian noise, broken line, etc.) method that can pre-
serve the low frequency statistical properties of the process. The
summation of the precipitation at each lower level of desaggregation
equals the precipitation at the next higher level. At the daily level,
the monthly precipitation is preserved and the expected number of
rainy days in the month 1s maintained.

The preceeding models may be called Eulerian models because
they describe at fixed locations the rainfall process. Grayman and
Eagleson [1971] developed a Lagrangian rainfall model where the
rainfall processes are represented in time and space as they move
over a region. The rainfall model involves a hierarchy of several
scales of activity (synoptic, large and small mesoscale, and cells).
At the smallest scale are cells which are 2.0 mile square and can
be "active'" only if the small mesoscale where it is located is active;
the latter only if the large mesoscale where it is located is active.
The activity at each level of the hierarchy is determined by an appro-
priate probability model. The storm movement is modeled by the
travel velocity and direction of the synoptic system. This model is
versatile as it allows short time intervals and a relatively fine grid
on the basin. One of its main limitations is that the model as it
now stands is computationally too costly to use for runoff frequency
studies. Another limitation is that adequate data to estimate model

parameters are not generally available,
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3.3 Rainfall Model Design

The desired rainfall model would generate rainfall events
which statistically resemble the kinds of events that cause signi-
ficant variations in the catchment response. This means that the
volumes of rainfall that occur in different parts of different storms
(as generated by the model) must resemble the volumes that occur na-
turally.

There are two possible quantitative measures that might be
used to judge this resemblance. One of these would be the intensity-
duration frequency (IDF) curves. The other would be the frequency
distributions of total storm depths, durations and numbers of storms
per month during each month of the year. The IDF criterion is im-
portant because it gives a statistical measure of the amounts of
rain that may occur during certain limited periods of time. This
is an important measure both with respect to peak runoff rates and
the required detention storage for runoff control. The criterion
should be applied to the model to see if the generated storms give
IDF curves that agree with historical sample IDF curves for certain
critical durations.

It would be desirable to generate storms directly on the
basis of the information contained in the IDF curves. This informa-
tion is generally available from USWB publications. Unfortunately,
no way has been discovered to do this. The problem is that the IDF

curves are an ensemble of marginal frequency distribution, F(I, ),

te

of average rainfall intensities, I given the averaging time,

]
tC
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tc. To generate storms directly from IDF curves it would be necessary

to know the joint distribution of It over a range of values of t
c
and then it would be necessary to transform the generated values of

c

It into a function I(t) of rainfall intensity as a function of
c

time. In addition, some means would be needed to generate spatial
variations in I(t). This remains an area of importance for future
research.

The other important criterion is that the total depths,
durations and numbers of storm events per month resemble the natural
process. A model patterned after the work of Grace and Eagleson
[1967] would give theoretical, explicit assurance that this criterion
would be met. The historical rainfall data needed to estimate the
model parameters are readily available from USWB data tapes for many
locations. Accordingly, the model developed permits the user to
specify the PDF for: the time between storms, T ; either the total
storm depth, d, or the average storm rainfall intensity, i and,
the storm duration, tr’ given the depth or average intensity. Each
month requires a different PDF for each variable. The most appro-
priate PDF's may vary from one climatic region to another and must
be determined on the basis of local rainfall data.

It is assumed that the storm interior pattern of rainfall
may be generated after the storm exterior variables are generated.
The notion of a storm interior could be extended to account for both
gspatial and temporal distribution of the rain during an event. In

this study, however, stochastic spatial variations were not included.
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Orographic effects which may cause important spatial variations are
accounted for by a constant orographic multiplier(which may vary from
month to month) applied to each storm event.

The model sequentially generates all rainfall events during
the year. Information is readily available on the antecedent pre-
cipitation conditions. By correlating this information with ante-
cedent soil moisture variables, the rainfall model offers one way to
generate antecedent soll moisture conditions as well as rainfall in-
tensities. Storm interiors are generated only for the largest gener-
ated events to reduce the computational cost. It is important to have
storm interiors only for those storms that will be processed through
the catchment model to derive Fv(v). The problems of selecting these
storms and of deciding how many years of simulation are required are
discussed in Chapter 6.

The greatest limitation of the proposed rainfall model is
that the historical IDF curves do not govern any of the model param-
eters. Instead, the IDF curves of the generated storm events are
implicit in the model and in the input data to the model. Therefore,
it may require careful evaluation of the input data to achieve ge-

nerated output data that meet the IDF criterion.

3.4 Storm Exterior Distributions for Baltimore, Md.

Hourly rainfall data for the Custom House Gage, Baltimore,
Md., for the period May 1948 to June 1970 were analyzed. Example

distributions of the parameters T , d and t. appear in Figure 3-1.
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These data were plotted on log-normal probability paper and apply
to individual storm events. The straight-line curves correspond to
log-normal distribution approximations of the sample data.

The sample distributions of d in each of the months
appeared to curve away from the log-normal distribution at the larger
values of d. Since the use of the log-normal distribution for d
would have given excessively large extreme values, and because the
extreme values of d are of great importance to this study some
sort of distribution was needed to represent the upper tail of the
d-distribution. In this particular case it was decided to use a log-
triangular distribution for d 1in all months. About 90 per cent of
the values of d as distributed by the log-triangular distribution
are virtually undistinguishable from the equivalent log-normal dis-
tribution for moderately large sample sizes of 100 to 200 observations.
The tails of the log-triangular distribution do lead to upper and
lower bounds for storm depth but no special significance has been given
to these limits in this study. It was found experimentally that these lim-
its do not seem to affect the IDF curves except above the 100-year re-
currence interval where the rainfall intensities also seem to be li-
mited.

In Table 3-1 the moments of the log-transforms of T, tr
and d are given. In Table 3-2 the moments of the untransformed
data are given. In Table 3-3 the ranges of the skewness of the
transformed and untransformed data are presented. The untransformed
data clearly are positively skewed. Note that the ratio of &/Er is
much greater in the summer months than in winter. Most of the intense
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Table 3-1

Moments of Storm Exterior Parameter Distributions for Baltimore, Md.
(Log Transformation)

..85..-

Means
Time Between Storm Storm Number of

Storms Duration Depth Storms
Month (log (hrs)) (log(hrs)) (log(in)) Month
Jan. 3.76 1.58 -2.17 8.32
Feb. 3.63 1.67 -1.92 795
Mar. 3.26 1.55 -1.89 9.38
Apr. 3.31 1-..26 =2.15 1132
May 3.53 119 -2.09 10.39
June 3.49 05 -1.89 9.09
July il 3 .86 -1.96 8.55
Aug. 3.51 1.04 -1.80 9.14
Sep. 3.55 1.15 -2.05 745
Oct. 3573 1.39 -1.98 6.19
Nov. 3.88 1E575) -1.90 7505
Dec. 3.70 1087 -1.58 6.86

(Continued)
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(Continuation Table 3-1)

Standard Deviations

Time Between Storm Storm Correlation
Storms Duration Depth Between Log
(Duration)
Month (log(hrs)) (log(hrs)) (log(in)) log(Depth)
Jan. 1.368 .985 1.496 .89
Feb. 1.382 .883 A ayal .88
Mar. 1.381 . 997 1.553 .84
Apr. A .911 1.410 .84
May 1295 .885 LA 74
June 1.407 .870 155517 .67
July 1.267 sl L L2l .60
Aug. j s A 835 1.507 .67
Sep. 1.539 .895 1.532 .76
Oct. 1.619 .885 1.564 .82
Nov. 1.438 .874 1.421 <85
Dec. 1.526 .895 1.484 .84
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Table 3-2

Moments of Storm Exterior Parameter Distributions for Baltimore, Md.

(Untransformed Data)

Means
Time Between Storm Storm Storm
Storms Duration Depth Intensity

Month (hrs) (hr) (in) (in/hr)
Jan. 90..7 7.54 .303 .040
Feb. 76.0 7.53 .346 .046
Mar. 772 a2 .394 L1053
Apr. 60.0 556 .286 052
May 64.6 4.99 « 322 .065
Jun. 755! 4.28 .398 .093
Jul. 80.0 3.32 .390 .118
Aug. 69.4 4.09 .439 +1.07
Sep. 97.4 4.95 .409 .083
Oct. 109.9 5.83 385 .066
Nov. 11k 6.89 37 .055
Dec. 95.1 9.07 455 - OS5

(continued)




(Continuation Table 3-2

_'[17_

Standard Deviations Correlation
Between
Time Between Storm Storm Depth'and
i i Duration
Storms Duration Depth
Month (hrs) (hrs) (hrs)
Jans 117.6 7420 441 .80
Feb. 80:5 6.28 420 <10
Mar. 89.9 6.88 550 .76
Apr. 64.8 8.16 <497 .93
May 64.3 5439 .498 .69
June 105.3 4.37 67 .56
July 86.1 2.29 611 s
Aug. 79+5 4.24 sl W2
Sep. 135.9 6.02 i D) .62
Bet 128.3 5D .602 o3
Nov. 147.5 7.05 .616 .84
Dec. 109.7 6.67 474 .70




Table 3-3

Comparison of Skewness of Untransformed and Transformed Data

Skewness Coefficient
Untransformed Log-Transformation
Parameter Minimum Maximum Minimum Maximum
T 1.34 3.80 -.50 SHEL
tr . 87 7.94 -.52 .64
d 1.13 6.41 SR Y -.50
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summer storms are caused by thunderstorms, although a few are also

caused by hurricanes.

3.5 Storm Interior Distributions for Baltimore, Md.

Temporal variations of rainfall within a storm are important
to the extent they influence FVCV). A sound theoretical basis for
judging thié matter remains to be developed although some of the
elements have been investigated. Eagleson [1968] reported that the
sampling rate necessary to define all of the harmonic constituents of
the instantaneous unit hydrograph contributing at least 5% of the
maximum constituent is approximately equal to one third of the time
of concentration. This suggests that higher frequency components
in the rainfall inputs have little influence on the runoff outputs
for individual storms. Since the present interest is in the variability
of V over a wide range of storms, and since the variations in the
storm exterior variables are likely to have the most significant
influence on the variation of V over the ensemble of storms, the
critical harmonic constituents of the storm interiors are likely to
be the lower frequency constituents.

The simplest approach to modeling storm interiors is to
assume a fixed pattern such as a triangle. More complex approaches
would involve stochastic variations of the interiors. Since the main
emphasis of this research was not directed toward the modeling of
storm interior distributions only some preliminary investigations were

made. These revealed that IDF curves were, in fact, sensitive to the
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rainfall interiors. Therefore, it would be expected that FVGI) also
would be sensitive to storm interior variations. Additional research
is needed on this topic.

Two storm interior models were considered in this research.
One of these was a symmetrical triangular "distribution, the other was
a stochstic rainfall interior.

To formulate a stochastic model of storm interiors, each
individual event was re-scaled to have a total depth of unity and a
total duration of unity. The cumulative distribution function of
rainfall for any given event would be a random function as illustrated
in Figure 3-2. The interior of the storm was divided into 10 inter-
vals. The proportions of the total storm depth in each interval form

the wvector

D= (3-1)

107

where the index j refers to the j-th event. Vector ¢j is illus-

trated in Figure 3-3.
The elements of ¢j are correlated random variables. It
is impossible for them to be statistically independent because their

sum is equal to unity by definition. The mean of these elements is

the vector p and the covariance is the matrix I . Let
= Q= 3-2
by 5 u (3=2)
The mean of wj is zero and the covariance is %L o The
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vector Y, may be expressed as a linear transformation of the vector
i ¥

I of uncorrelated random variable

3

p, = B I (3-3)

where B 1is a 10xk transformation matrix and k is the dimension

J
diagonal kxk matrix A%,

of Hj' The mean of II, is zero and the covariance of Hj is the

If the matrix B 1is taken as the matrix of eigenvectors
of I, the diagonal elements of A? will be the eigenvalues. B

will be an orthonormal transformation so that

B'B = I (3-4)

The eigenvectors of Z will be in the columns of B. Eq. 3-3 may

be expanded as

B (3-5)

|| e -

m
24
Q,ligl j

to show ¢j is the weighted sum of a set of the k eigenvectors,
where the weights ﬂk are uncorrelated random variables with zero

mean and varilance A K
The parameters in this model are M , B, A and k.
Values of these were estimated from a set of 25 observed storm events

at the Gray Haven and Northwood catchments in Baltimore, Md. The

elements of M were found to be

4=



uT = [.117, .168, .140, .109, .089, .121, .097, .077,

.051, .035] (3-6)

The eigenvalues appear in Table 3-4 where we see that more than 90
per cent of the total variability of all of the elements of U is
accounted for by the first 5 eigenvalues.

In the generation of storm interiors, the first step is

to generate a vector nj of k standard normal deviates then

Hj 1s computed as
(3=0)
This implies that

. B A
] nj

=
Il

(3-8)

where BA is a 10xk matrix. As k increases, the elements in the
column of BA  decrease in magnitude. The first 5 columns of k
for Baltimore are given in Table 3-5.

Storm interiors sampled at any arbitrary time interval, At,
are generated by the following procedure. First d and t are
generated for the storm. Second, a vector b, =y + Y

A 3

ated. Third, the cumulative values of o] are computed. (For

N

theoretical reasons, these values will always sum exactly to unity).

is gener-

Fourth, d and t. are used to get the rainfall mass curve for the
storm. Finally, the mass curve is interpolated at intervals of At

and rainfall intensities are calculated as the ratio Ad/At.
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Table 3-4

Eigenvalues of 25 Baltimore Rainfall Events

Eigenvalue Cumulative Distribution of
sz Variance Among Eigenvectors
.032533 .465
012199 .639
.010398 .788
. 005465 . 866
.003886 .921
.002634 «959
.001323 .978
.001157 . 994
.000387 1.000
.000000 1.000

A



Table 3-5

Matrix BA for 25 Baltimore Rainfall Events

k=l k=2 k =3 k=4 k=5

.032129 -.016716 .016886 -.050184 -,019123
.119936 . 041595 -.049671 .006835 .003071
.069333 -.037178 .034548 -.010273 .020873
.008141 -.029396 .030051 . 042407 .016979
.024673 =.032993 . 002564 .004940 -.023856
. 062643 -.036744 -.058366 .001862 -.006436
. 064148 .009336 -.024037 -.020385 .040319
.057897 .061594 .038743 -.006872 .001290
.014502 . 040295 .007291 . 014467 -.016087
.005676 . 000208 .001988 .017202 -.017030
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3.6 Comparison of Generated and Historical IDF Curves.

An important criterion for verifying the generated rainfall
data is that the IDF curves of the generated data should agree with
the historical curves. In this case it is possible to make a number
of comparisons,

A 200-yr. sample function of storm events was generated.
Each storm was assumed to have a triangular interior distribution of
rain. The IDF curves for this 200-yr sample function appear in Fig.
3-4. A second 200-yr sample function was generated to illustrate
the sampling variations in these curves. The IDF curves for this
second sample function appear in Fig. 3-5. There is no simple theo-
retical way to compare these curves. The maximum difference between
any two points on these sample functions is about 10 per cent.

The largest storms in the first 200-yr sample function were
selected for storm interior generation. The selection procedure was
as follows:

(i) from the set of storms generated in each year, the

storms that produced the largest depths during any
30 min., 1 hr, 2 hr, 3 hr, 6 hr and 12 hr, periods
were gselected (assuming a triangular interior) as

tentative candidates. A total of 461 storms were

selected from the 200 yr. sample function.

(11) the storm exterior parameters for these 461 storms

were input to the storm interior generator which

ranked these storms by order of magnitude according
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to the maximum 30-min. depth, assuming a triangular
interior.

(iii) storm interiors were generated for the 100 top-ranked
storms and a set of data cards was punched for subse-

quent use as input to the catchment model.

The IDF curve for a 30-min. period was constructed by the storm in-
terior generation program. This curve appears in Fig. 3-6. It may
be compared with the 30 min. curve in Fig. 3-4. There seems to be
very little difference between these curves above the 5-year re-
currence interval. The differences at the 100-year end may be due
to additional sampling variations introduced by the interior gene-
ration process. Below the 5-yr. recurrence interval the curves
begin to separate, the generated interior curve lying below the
triangular interior curve. Some of this may be due to sampling
variations introduced because interiors were generated only for a
selected group of storms. Some of this may also be due to basic
differences between the two representations of storm interiors.
Much more research needs to be done to wunderstand the implications
of using deterministic vs. stochastic storm interiors.

The historical record used to derive the rainfall generator
parameters was the hourly rainfall data for the period 1948-1970.
The IDF curves for these data for periods of 1 hr, 2 hr, 6 hr and
24 hr. appear in Fig. 3-7. These curves seem to agree well with
the IDF curves for both sample functions of generated data. The

fitted curves agree within 10% over most of their ranges. Since the
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USWB data tape did not contain data for time intervals less than one
hour, there is no way to make a similar comparison with the 30 min.
IDF curve for the generated interiors.

The historical record of rainfall at this gage extends
back to 1903. IDF curves for the period 1903-1953 have been extrac-
ted from these data by the Dept. of Public Works in Baltimore. IDF
curves for 30 min., 1 hr, 2 hr. and 6 hr were extracted from Balti-
more DPW curves and these appear in Fig. 3-8. It is interesting
now to see how well the IDF curves for the generated storms compare
with the longer record. The agreement with first 200-yr sample func-
tion is best for the 2 hr curve and within reasonable sampling fluc-
tuations for the l-hr, and 6 hr curves., The agreement with the
second 200-yr sample function is best for the 1 hr curve and within
reasonable sampling fluctuations for the 2-hr and 6-hr curves. The
30-min. curves of both sample functions lie far enough below the
historical curve to suggest that the triangular storm interior may
not be appropriate for short averaging times. The agreement between
the longer historical record and the 30-min. IDF curve for the ge-
nerated interiors, is not good either. This suggests that the storm
interior generator parameters derived from the 25 storms are not re-
presentative of all of the storms that might occur. It should be
possible to use the hourly rainfall data to estimate better param-
eters for the storm interior generator, but this remains a topic

for further research.
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CHAPTER 4

PROCEDURE FOR MODELLING URBAN CATCHMENTS

4.1 Introduction

The purpose of this chapter is to present a procedure for
modelling wurban catchments. Such catchments may be undeveloped
partially or totally developed, or may have small reservoirs or
ponds designed to control the runoff from developed areas.

The objective herein is to propose a conceptual description
of the prototype catchment, a description that can be used as input
to a catchment model to simulate the rainfall-runoff process. The
objective of the strategy is to create physically sound as well as
economical-to-use, idealized descriptions of the prototype catchment

The proposed procedure recognized that there must be a balance
between computational cost and accuracy. The procedure to be pro-
posed has been designed to give the best possible accuracy for a
given computational cost.

The physical soundness of a given idealized description of the
prototype model catchment is measured through the goodness of fit of
the simulated hydrograph for this model and the observed hydrograph
of the site. The model is rejected if the goodness of the fit is not
judged sufficient. No mathematical criteria are used to accept or re-
ject a given model of the catchment. On one hand such a criterion may
be desirable to genetralize the results, on the other it may be diffi-
cult to develop a criteria that is practical and relevant for the
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The economical quality of a given model is readily evaluated by
comparison of the costs of simulating the runoff of a storm, for several
models of the catchment. In general, as the description of the catch-
ment is improved, the physical soundness of the model is increased as is
the cost of simulating the rainfall-runoff process. The strategy sought
recognizes explicitly the trade-off between the physical soundness and
the cost of using the model.

This chapter is organized into several main parts. First the
mathematical basis for modeling urban runoff is considered (including
the opportunities for segmentation and the mathematics of the routing
scheme). Next, a gaged urban catchment named Gray Haven near Balti-
more is used to show that the theory can be applied in practice. Then,
some alternative simplified configurations are considered (in-
cluding an analysis of why each configuration was or was not an appro-
priate model of the detailed configuration presented previously.)
Finally, the procedure (on the basis of this work) that seems most appro-

priate for modeling is presented.

4.2 Modular Representation of an urban catchment.

A catchment is an ensemble of connected flow segments which carry
the water received as precipitation to the catchment outlet where the
flow can be measured. In the urban catchment, several types of seg-
ment are identified, to name a few, there are the roofs, the grass areas
of the backyard, the lawn in front of the house, the streets and the

alleys, the gutters and small channels receiving water from those seg-
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ments cited above, the pipe network etc. The land use in the urban
catchment may vary from playgrounds to shopping centers--land uses that
are very different relative to their response to a rainfall.
To model the non-homogeneity of these catchments,
ideal flow segments are created.
Four types of segments are identified to model the prototype
catchment relative to direct surface runoff;
1- overland flow plane
(to model roofs, lawns, streets, parking lots, or other
catchment surfaces)
2- stream element
(to model gutters, pipes, swales, channels and streams)
3- junctions

4~ reservoir

(to model detention storage and flood control facilities)

The first type of segment is the overland flow plane which
models the catchment surface which reccives the precipitation and
which drains to a downstream overland flow plane or to a stream
element. The former receives the water as an upstream inflow where-
as the latter receives it as a lateral inflow as illustrated in Figure
4-1. The stream S1, for instance, receives the discharges from catch-
ment C2 as a lateral inflow; catchment C2 receives the discharges from

catchment Cl1 as an upstream inflow.
The overland flow plane may be pervious or impervious. In this

urban routing model the only segment that is subject to the infiltra-
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tion process is the overland flow plane. The other elements are all
considered impervious.

The areas modeled by an overland flow plane include the roofs,
the backyard and the front lawns, the streets and the alleys, etc.

The stream element carries the water received from an overland
flow catchment or from an upstream flow element to a downstream stream,
junction or reservoir element. The stream element is a generic term
that describes several segments; for instance, it describes a river,

a triangular channel symmetrical or not, a trapezoidal channel, a rec-
tangular channel, a pipe, a gutter, etc. The difference among these
segments are accounted for in the parameters of the routing model adop-
ted for the study. The estimation of these parameters is discussed in
a following section.

The junction segment is basically a dummy element which receives
only upstream inflows. The discharge from this segment is equal to the
summation at time t, of all the upstream inflows to the junction .
This element does not have any physical dimensions and is used only for
modeling purposes when it is required to add the outflows of two or
more branches of the segment network, as illustrated in Figure 4-2.
(Dummy streams are also used to respect the dimensionality of the vari-
ables in the computer version of the routing model. In the computer mo-
del used in this study, three upstream inflows are allowed. If more
than three upstream inflows need to be accounted for at a node of the
network, a dummy stream is then required.)

The reservoir element is an ideal segment that receives only
upstream inflows and discharges water to a stream or junction segment.

For this element the outflows are computed as a function of the average
Segs
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depth of water (during a given time interval in the reservoir. )

These four basic elements are sufficient to create a model of
the catchment. Each segment of the prototype catchment can be des-
cribed by one of these elements; what remains to be described are the
location of these elements and their connection, leading to a complete
idealized description of the prototype catchment.

Following Harley et al. (1970), consider the three links
illustrated in Fipure 4-3. The linkages represent the connectivity
graph of the links, where a link is made of one or more ideal elements.
The inner structure of the link describes the connectivity of these
elements. Figure 4-4 illustrates commonly used link arrangements
For instance, link a) is the so-called standard catchment where two
identical overland flow segments feed a stream; link b) has two
different overland flow segments feeding a stream; 1link c¢) has a
stream fed by two overland flow segments that receive as upstream in-
flow the runoff from a second overland flow segment, where the overland
flow segments may all be different. Many other link arrangements may
be created to fulfill the needs of a given prototype. Links d) to )
in Figure 4-4 are some examples.

A set of physical parameters describes each ideal element; the
parameters are:

1- length

2- slope of the segment

3- perviousness

4- roughness

5- etc. =5
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They completely describe the element and are subsequently
used to estimate the parameters of the routing model.

The modular representation described in this section is used
to model the non-homogeneities of the prototype catchment. Many
elements can be used in a model of the catchment. The computational
cost of simulating the runoff hydrograph of a catchment is proportional
to the number of different elements used in the model of the catchment.
It is thus preferable to reduce to a minimum the number of elements
needed to model the catchment while preserving the goodness of fit
between simulated and observed hydrographs.

To achieve this goal it is necessary to understand

(1) how best to model a catchment with a limited number of

segments,
and (ii) how the accuracy would improve if additional segments

were added.

4.3 The Kinematic Wave Routing Model

The dynamic behavior of each segment of the catchment is
modeled mathematically by a so-called routing model. The modular
representation may indeed be used with any routing model that is jud-
ged adequate for the study at hand. In this work, the kinematic wave
routing model (see Eagleson, 1970), is adopted because is fully repre-
sents the dynamics of the flow resulting from the rainfall.

This model is written as

2 Qs g (4-1)
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and

Q = QA (4-2)

Equation 4-1 is the continuity equation and Equation 4-2
is the momentum equation; Q(x,t) is the discharge, A (x,t) the
crossection of the flow, q(x,t) the lateral inflow to the segment.
The parameters of the model are g and m which depend upon the phy-
sical characteristics of the segment. Table 4-1 presents the equation

used to estimate O and gives the magnitude of m.

Figure 4-5 1illustrates the cross-section of the segment. In
Table 4-1, S0 1s the longitudinal slope of the segment, n 1is the
Manning's roughness parameter, z is the horizontal component of the
slope of the banks ([z] = Feet) and D is the diameter of the pipe
([D] = Feet).

The selection of Manning's n is a function of the segment
type. For overland flow, n is a surrogate allowing the use of the
Manning's equation to define & and m; a magnitude of 0.50 is
generally used for pervious segment and a magnitude of 0.15 for an im-
pervious segment. For a small stream the range of n varies from 0.02
to 0.10 - 0.12; where the upper limits are used when the stream is not
well defined. For a pipe, n is chosen as 0.014 for Gray Haven.
[ Chow, (1964)] summarizes the magnitude of n for stream type elements.

A finite difference method of solution was developed to solve
the kinematic wave equations. Upon substitution of Equation 4-2 in

Equation 4~1, the kinematic wave model is written as

— + 0= = g (x,t) (4-3)
—~69—



Table 4-1

Estimation of the Parameters o and m

Segment a m
Overland flow —]r-ﬁig-—- g 1.67 (4=4)
“
Symmetrical triangular 0.94 s 72 [ A
0 z
channel o 1.33 ( 4=5)
_l-i-z2
Lg o
tt IR A A %33 (4-6
gutter . ~6)
2 _1+Vl+z2
rectangular 1.49 Solf"é
channel n 1.67 (4-7)
e
0.804 s % 1p'®
% =
e o Ta:25 (4-8)

n

*
see Harley et al. [ 1970]
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Equation 4-3 , known as the conservation form of the kine-
matic wave model, can be approximated by the following finite difference

equations for the configuration shown in Figure 6a)

At At m-

T q(x,t) =~ &t + Aj (1 —a— (Aj

i+l Ax i+l)

1., @At )™
and for the configurations of Figure 6b)

; A 1/m
1 a(x,t)Ax BAx 3 L 3 dtiymer Ax
Ak { o MY fe by LA aAt]

(4-10)

where Ax and At are the space increment and time increment as shown
in Figure 6; and where j 1is associated with the time axis and 1
with the space axis. The other variables have been defined earlier in
the presentation .

Equation 4-9 is stable if the magnitude of © defined by
Cquation 4-11 is smaller than or equal to 1.0 and Equation 2-10 is

stable if © is greater than or equal to 1.0.

i+l ak
2

@ = a AE

i Ax

Al 4 APt
( ______.] (4-11)

The two configurations are complementary in terms of stability.

The configuration of Figure 6a) 18 convergent and 1ts accuracy
1s perfect if © 1s equal to 1.0. The configuration of Figure 6b) is
not convergent if © is not equal to 1.0. However, experience with the
model shows that the second configuration is very well behaved for values
of emax up to 2.0. The finite difference solution model and its per-—

formance have been presented in detail in Leclerc and Schaake, [1973], &
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user's manual for the computer model used throughout the analysis.
The finite difference solution of the kinematic wave is an
efficient and accurate solution. It 1s adopted here to simulate the
rainfall-runoff model.
In the next section, a detailed segmentation of a prototype
catchment is presented and simulated hydrographSobtained with

the kinematic wave routing model am® given and discussed.

4.4 Detailed Segmentation of an Urban Catchment.

4.4.1- Model of the Prototype.

The modular representation is used to create a detailed seg-
mentation of an urban catchment; this segmentation is then input to
the routing model and several storms are simulated.

The urban catchment selected is Gray Haven, located near
Baltimore City in Maryland; this catchment was gauged by the Johns
Hopkins University Storm Drainage Research Project. Tucker [1969]
summarized the available data on this urban catchment. A map of the
catchment is given in Figure 4-7. The total area of the catciment is
23.29 acres of which 12.12 acres are impervious streets or roofs.
The roofs drain to the alleys but have to flow over a pervious grass
surface of approximately 40.0 ft.

Observation of Figure 4-7 shows that two basic drainage
modules are utilized in the drainage pattern of Gray Haven.
These basic drainage modules are illustrated in Figure 4-8.

Six overland flow segments are identified on the map of Gray

Haven (Figure 4-7). The first is the street overland flow plane
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which drains one half of the street width. The second is the lawn
segment which drains the grass area in front of the houses. The third
segment is the roof; the fourth segment is the backyard grass which
also receives as upstream inflow the runoff of the roof. The fifth
and sixth segment are overland flow planes representing the alleys.

These overland flow segments form four'links" which are illus-
trated in Figure 4-9. The first link has on one side of the gutter
segment the street overland (STRT) flow plane and on the other side
the lawn (GRST) overland flow plane. The second link has a gutter
that receives water only from the street overland flow plane. The
third 1link has on both sides of a small triangular channel, three
overland flow segments; the roof drains (ROOF) to the grass seg-
ment (GRBY) which in turn feeds a short overland flow plane (ALLY).
The ROOF and the GRBY planes are identical on each side of the tri-
angular channel. One ALLY (L1) has 10.0 feet and the other has
20.0 feet. These planes L1 and L2 then feed the triangular chan-
nel. Finally, the fourth link is a single element, a pipe.

The detailed segmentation accounts for all important drainage
channels. Table 4-2 summarizes the information on each of the 42
segments of the segmentation, and Figure 4-1) illustrates the connec-
tivity of these 42 segments.

The total area modeled is 23.29 acres, which is distributed

as follows:

1- Street : STRT 3.433
2 Roof s ROOF 4.476
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Cl
Gl
c2
G2
L1l
L2
LY
P
10A
10B
P10
9A
9B
P9
P8
BA
8B
P

P6

B5
13

P4
4A
4B
14A
14B
J1
J2

15
P3

P2
117

Table 4-2

*
PARAMETERS OF THE DETAILED SEGMENTATION

Length Slope

Type

overland flow 18.
overland flow &7
overland flow 30.
overland flow 40.
overland flow 1.0
overland flow 20.
gutter 680.
pipe 1205
triangular 600
triangular 160.
pipe 120
gutter 810.
gutter 230.
junction 0
pipe 160.
triangular 480.
triangular 350.
pipe 2100
gutter 480.
junction 0

gutter 520.
pipe 160.
triangular 400.
triangular 2205
pipe 170.
gutter 630.
gutter 220
gutter 200.
gutter 400.
function 0.
function 0.
gutter 630.
gutter 380
pipe 130.
triangular 640.
pipe 80.
gutter 250,

0.04
0.05
0.05
0.05
0.05
0.05
0.02

0.01
0.01

0.01
0.01

0.01

Q.Ql
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Roughness

0.15
0.50
0.15
0.50
0.15
0.15
0.02
0.014
0.02
0.02
0.014
0.02
0.02

0.014
.02
0.02
0.02
0.02

0.02
0.014
0.02
0.02
0.014
0.02
0.02
0.02
0.02

0.02
0.02
0.014
0.02
0.014
0.02

Pervious

|l OO O MO

a

2,000
0.670
2.000
0.670
2.340
2.340
2.015
4.076
1725
1725
55157
2.015
2015

6.000
1..725
1.725
8.269
2.015

2.015
4.400
1.725
1.725
5.161
2,015
25185

2.015
2,015

-_—

2.015
25015
8.043
1.725
8.043
2.015
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(Continuation of Table 4-2)

16A triangular
16B gutter

J3  junction

1 gutter

P1 pipe

Total ar

Imperviousness ratio

* for the gutter =z

100.
200.

0

640.
173

ea

Q01
0.01

0.01

for the triangular channel

23 .29

= 20

=80~

e T25
2.015

2015
4.475

0.434
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Figure 4-10: Connectivity of the Gutters, Channels
and Pipes for Gray Haven
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3- Alley s 112 2.238
4- Lawn . GRST 7173
5= Backyard : GRBY 5,968

23.288 acres

The imperviousness ratio has been reduced from 0.52 in the
prototype down to 0.435 in the detailed segmentation. Most of
this reduction is accounted for in the idealized representation of
the pervious plane in front of the houses. In the prototype, this
segment is made of the lawn, the sidewalk, and a short band of grass
immediately adjacent to the street gutter. This short band, in many
instances, will impound the runoff from the lawn and the sidewalk
instead of discharging it to the street gutter. When the sidewalk
is eliminated and replaced by an equivalent grass length, the total
imperviousness area is reduced. The response of the grass segment
representing the grass, the sidewalk and the short band of grass
should well approximate the response of the grass-sidewalk ~ grass
component of the prototype catchment.

The slopes of each segment were chosen on the basis of qualita-
tive observations made by the authors because no slope magnitudes
were measured by the Hopkins Project. The slope of each gutter and
triangular channel was also assumed constant. The magnitude of the
roughness parameter, n, was selected to satisfy the range of values
presented earlier.

This detailed segmentation is used in the kinematic wave routing

g



model to simulate the direct surface runoff of Gray Haven.

4.4.2 Simulated Runoff Hydrographs

Several storms were routed through this detailed segmentatiom.
The selected storms cover the range of events observed at the site,
(see Tucker [1969]). The precipitation sampling time interval was
one minute as was the runoff sampling time interval. The rainfall
series are illustrated in the figures showing the simulated hydro-
graphs. The infiltration process was modeled by the Horton's law of

infiltration, expressed mathematically by:

kt

P(t) = fc + (fO - fc) e (4-12)
where ¢(t) 1is the instantaneous rate of infiltration
fC the rate when the soil is saturated
f0 the initial rate
and k a constant.

t 41s the time elapsed since the beginning of the storm. All the simu-
lated runoff hydrographs presented in this chapter are derived for a
constant infiltration process, defined with

fi = 1.5 dn/hr

2.0 in/hr

o]
[

0.023 minutes™’

=
]

and

Comparison of the observed and simulated runoff hydrographs, for

the selected storms, are presented in Figures 4-11 to 4-15.
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The simulated hydrographs of storms August 1, 1963, and June
10, 1963, which are large storms, reproduce well the observed hydro-
graphs. The rising limb does not go up as quickly in the simulated
hydrograph as it does in the observed hydrograph. The timing and the
magnitude of the observed peak is well reproduced for storm August 1,
1963, as is the recession limb of the hydrograph. The observed hydro-
graph of storm June 10, 1963, exhibits erratic behavior in the region
of the peak flow,behavior which cannot be reproduced with the detailed
segmentation for the recorded rainfall pattern of this storm. Despite
this discrepancy between the observed and simulated hydrographs, the
match is still very good because the important characteristics of the
observed hydrographs are well approximated in the simulated hydrograph.

The simulated runoff for storm June 14, 1963, which is an inter-
mediate storm event, compares very well with the observed runoff. The
rising and recession limbs match very well. The two peaks of the ob-
served hydrographs are well reproduced; the differences in the magni-
tude of the peaks are not significant, particularly in view of the un-
certainty in the infiltration process. For this storm event the detai-
led segmentation leads to an excellent simulated hydrograph.

The simulated hydrographs for storms July 16, 1965, and July 23,
1965, are generated by small storm events. The goodness of the fit
between the pbserved and simulated hydrographs is very good, particular-
ly in the recession phase. For storm July 16, 1965, the simulated rai-
sing limb is too fast and the resulting peak is also too large. However,

in absolute magnitude the differences are small and the simulated solution
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proves to be an adequate representation of the observed runoff hydro-
graph.

The goodness of fit between the simulated and observed hydro-
graphs of storm July 23, 1965, is excellent. The discrepancy observed
is very small and is accounted for in the uncertainties and assumptions

inherent in the modeling effort of the rainfall-runoff process.

4.4.3 Examination of the Differences between Observed and

Simulated Hydrographs.

The hydrographs simulated with the detailed segmentation give
an excellent representation of the observed hydrographs. The represen-
tation is not perfect because several unknowns are present in the so-
lution and several assumptions are made in the modeling effort. These

unknowns and/or assumptions are presented below.

1. Spatially homogeneous rainfall: the rainfall, observed at
the raingage, is assumed spatially homogeneous over the en-
tire catchment. This assumption was made for Gmy Haven be-
cause only one raingage was used to measure rainfall. In
engineering practice it would always be assumed that the
rainfall intensities were spatially uniform over a 23 acre area.
Nevertheless some of the observed variations may be due to
spatial variations in the rainfall.

2. Magnitude of O : The magnitude of 0 is computed from
the Manning's formula; o 1is also kept constant throughout

the storm and from storm to storm. The results of the simu-
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lated hydrographs show that this characteristic may be

the source of some error in the solution. Recall that

for the large storms, the simulated hydrographs were not
going up as fast as the observed hydrographs and that for
the small storms, (especially storm July 16, 1965), the
hydrograph is raising up too fast. Since o 1is related to
the velocity of the wave, its magnitude may be a function
of the mean depth of water in the segment, and consequent-
ly of the intensity of the storm.

A correction on 0o as a function of the storm in-
tensity may lead to improved simulated hydrographs but it
is not the principal source of error between simulated and
observed hydrographs.

o is a function of the catchment slope. Some of
these slopes were not measured, but assumed on the basis of
a visual inspection of the catchment. Some parts of the

catchment may have different slopes than were estimated.

Idealized Behavior of the Prototype Catchment: Each segment
of the prototype catchment is modeled by a conceptualized
process which behaves in a much simpler fashion than the
natural process. Each individual drainage path could never
be modeled in detail. Only the aggregate behavior of many
complex processes can be represented. The model results
suggest that the model has successfully aggregated these

processes although some of the deviations may occur because
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of the simplifications inherent in the model.

Certain kinds of physical phenomena cannot be modeled
with a deterministic model. For example, trash and debris
may accumulate in the drainage system and retard runoff from
small storms. The behavior of storm September 3, 1965, may
be explained by an obstruction of this type. The volumes
of runoff expected for this storm and the volume simulated
with the detailed segmentation are equal, but the runoff
rates are very very different, as shown in Figure 4-16, with
an obstruction near the outlet of the site, the simulated
hydrograph is expected to look like the observed hydrograph.

Even though one cannot prove that such an obstruction
was present during this storm, the possibility that it was
present (and it explains then the observed hydrograph), is
sufficient to reject the storm on one hand and to accept
the simulated hydrograph as the correct response of the

catchment on the other hand.

Infiltration and Detention : The total volume of runoff

is generally smaller than the input volume of rain because
of some initial detention effect and of infiltration occur-
ring over the pervious segment. Modeling the losses of wa-
ter is important to the simulation of a good hydrograph.
Many unknowns on these water losses still persist and avail-

able models are very simplified representations of complex

processes.
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The infiltration process for instance is modeled
by the Horton's law of infiltration which is a very simpli-
fied model. 1Its three parameters also are not well known
and are estimated after some run test to approximate the

losses between the observed samples of precipitation and

runoff.

It is most unlikely that the rates of infiltration ex-
perienced during a storm are those defined by the infiltration
law adopted, thus causing some systematic but unknown errors in
the simulated hydrograph.

The initial detention causes a retention of water which
will be lost later by evaporation. The small storms are mostly
sensitive to this process. In the simulated hydrcgraphs presen-
ted so far, no initial detention is provided. If it were the
gimulated hydrograph for storm July 16, 1965, would be improved;
the simulated hydrograph of the other storms however would not

be improved.

4.4.4 Conclusion

As discussed in the preceding section, there are many un-
certainties present in the modeling effort. Some of the

uncertainties cannot be quantified, others may and when they are,

29—



the accuracy of the simulated hydrograph is expected to be
increased.

The simulated hydrographs, computed with the detailed
segmentation, are based on numerous assumptions which are appar-
ently reasonable in this case. The simulated hydrographs do re-
produce the essential features of the observed hydrographs; the
accuracy of the simulated hydrographs is high enough for the pur-
pose of this study and the detalled segmentation 1s adopted as
representation of the prototype catchment.

It is important to note that the only parameters which
were established on the basis of the observed runoff data were the
infiltration parameters. Even these could have been estimated a
priori on the basis of soil type. The model seems to offer a
sound physically-based explanation of the dynamic behavior of this

catchment.

4.5 Simplified Segmentation of the Catchment

4.5,1 Introduction

The detalled segmentation yields excellent simulated hydro-
graphs but 1is expensive to use frequently. Consequently a simpli-
fied segmentation, where the prototype catchment is modeled with as
few segments as required to preserve the principal characteristics
of the detailed simulated hydrographs, is sought. Finding a suitable
simplified model of the catchment is essential to the derivation

of runoff frequency curves which are inexpensive to simulate.
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In this section, four simplified segmentations are presented
and discussed in detail for the conditions of storm June 14, 1963.
Before beginning this discussion, it is worth emphasizing the nature
of the response of the simplified segmentation with respect to the

response of the detailed segmentation.

4.5.2 Interpretation of the Simplified Segmentation.

The simplified segmentation contains fewer segments than the
detalled segmentation, and is thus less expensive to use in the routing
model. The reduction in the number of segments, however, reduces the
resolution of the hydrographs derived with the simplified segmentation.
An adequate simplified model is a trade-off between the resolution ob-
tained in the simulated hydrographs and the cost of computations.

A linear catchment is analyzed briefly to point out the ex-
pected changes that will occur when a detailed segmentation is replaced
by a simplified segmentation.

Consider the catchment and its impulse response functions illus-
trated in Figure 4-17, and consider one possible simplified segmenta-
tion of this catchment, illustrated in Figure 4-18. The time of mncen-
tration of the overland flow segment, tc’ is preserved in the simpli-
fied segmentation. The impulse response function of this segmentation,
also illustrated in Figure 4-18, preserves the volume of the detailed
impulse function but starts to rise at time t=0 rather than time t=tp.
It reaches the same peak magnitude and enters its recession at time
t=tC rather than time t=tp+tc in the case of the detailed segmenta—

tion. The deformations observed in the simplified hydrograph are
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typical of the simplified approach.

The total duration of the impulse functions is

detailed simplified

2tp+tc+ts tc+tLl
so that t, = 2 tp +t (4-13)
Since t = @l (4-14)

Equation 4-13 becomes

20 o b T
]

= BB _ = -
% T1 (4-15)

which is used to estimate the @ for the stream in the simplified seg-
mentation.

When the detailed segmentation is simplified, the changes most
likely to be observed are

1- a faster response of the rising limb and

2- recession limb of the simulated hydrograph

For a linear model, the peak flow will remain the same if the time t.
is larger than the time tos which is usually the case.

In the following sections, the effects of the simplifications
of the model, when used in a non-linear routing model, are investigated
and four simplified configurations are developed.

’

4.5.3 Simplified Configuration # I

This segmentation illustrated in Figure 4-19 has a single node

where a stream is fed by two overland flow segments. One of them repre-
-98-
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sents the street; the second one represents the roof, and the per-
vious area that receives the runoff from the roof. The stream is a dis-
torted stream whose length is adjusted to preserve the overland flow
length of the street segment, and the total area. The other overland
flow segments (roof and grass) also have distorted lengths, which are
determined to preserve the total area of the roof ahd the grass.

The length of each segment are

L gopy = 18.0 ft

LSTRM = ASTRT’IS.O = 132800 ft
LLAWN = ALAWN /13280 = 44.0 ft
LROOF. = AROOF/13280 = 15.0 ft

The total area of this catchment is 23.3 acres.

A correction is introduced to preserve the timing of the simu-
lated hydrograph. The correction is made on o the parameter related
to the veloeity of the flood waves; the correction is [ Perkins and

Harley,1971 ]

e (4-17)

*
where o and 1L are the magnitude of the undistorted element and O

and L* the effective magnitude of o and L, wused in thg simplified
segmentation. When L* is greater than L, the flood wave is accelerated
and vice versa. The correction does not account for all of the distor-
tion introduced since the routing model is non-linear but it accounts
for its first-order effect.

Table 4-3 summarizes the data for this configuration.
-100-



Name

STRT
LAWN
ROOF
STRM

1)

Table 4-3

Parameters of the Simplified Segmentation # I

L Slope o L o m
18 0.035 2.00 18 2.000 1.67
42 0.05 0.67 L 0.7.05 1.67
30 0.035 2.00 15 1.000 1.67

1700 - 5.00 13280. 39.0 1.25

1) The stream length is taken as the

the average length of a

gutter.

-101~
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In Figure 4-20, the simulated hydrograph for the June 14, 1963
storm, calculated for this simplified segmentation, is bompared with the
simulated hydrograph calculated for the detailed segmentation and with
the observed hydrograph. The infiltration process is of Horton's type
with f = 2.0 in/hr, £ = 1.5 in/hr, and k = 0.023 minutes” . The
'simplified' hydrograph rises faster than the 'detailed' hydrograph,
which is expected; the 'simplified' hydrograph has magnitudes which re-
main smaller than those of the 'detailed' hydrographs after time ¢t
equal to 22 minutes. Finally, the timing of the simulated hydrograph
is very good, suggesting that the correction on the ¢ is effective in
reducing the distortion introduced in the segmentation.

Although the two simulated hydrographs geproduce the observed
hydrograph, the location of the simulated hydrograph, after time t equal
to 22.0 minutes, with respect to the detailed hydrograph raises some
questions about the ability of the simplified segmentation to replace the
detailed segmentation. The total outflow of water, the runoff from the
site plus the volume remaining on the surface, is not equal. In the
simplified segmentation, the total volume of outflow is 49,900 £t
and in the detailed segmentation, the total volume is 52,600 ft.

There is therefore a loss of 2700 ft® in the total runoff of
the site when the detailed segmentation reduces to the simplified #1
segmentation. This loss is accounted for by a larger infiltration volume
in the simplified segmentation than in the detailed one; in the latter, only
a fraction of the grass (LAWN) receives upstream inflow from the roof
whereas in the former all of the pervious segment receives upstream in-

flow, causing an increase in the water infiltrated.
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This segmentation was thus abandoned because it did not pre-

serve the volume of runoff of the 'detailed' hydrograph.

4.5.4 Simplified Configuration # II

This segmentation illustrated in Figure 4-21 is created to
preserve the total volume of runoff. The stream receives runoff from
three overland flow segments (this segment connectivity cannot be ob-
served in a prototype catchment but is useful to analyze.) In this
model, the overland flow length of every segment is preserved, which
preserves the volume of runoff/unit of foot of the overland flow surface.

When this approach is taken, the length of the stream that is
computed to preserve both the area and the overland flow length of an

overland flow segment is given by

LS 2 Area ofLoverland flow segment (4-18)
d

In Table 4-4, the stream length of each overland flow seg-

ment is computed.

The lengths LS are not equal among them and also are not
equal to the average observed length of the stream taken as 1700.00 feet.
The concept of a multiplier is introduced; the multiplier of
the lateral inflow, WIDTH1 (*), modifies the discharges from each seg-
ment such that the total lateral inflow to the stream is preserved.
WIDTH1(*) 1in effect implies that the discharge computed for a unit

width of one foot is modified such that in the simplified model, the
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Table 4-4

Initial Stream Length for the Overland Flow Segment Simpli-
fied Segmentation # II

Name A (acres) LC Ls
STREET 3.43385 18 8309.917
GRST 7.17354 42 7439.986
ROOF 4.47658 30 3249.997
GRBY 5.96877 40 3249.997
ALLY 2,,23829 15 3249.997
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discharge from one foot of an overland segment is equal to the dis-
charge of WIDTH1(*) feet of the detailed segmentation. Figure 4-22
illustrates graphically the effect of the multiplier.

The total length of the initial stream is reduced by WIDTH1(-),
but the discharge is increased by the same magnitude. The total volume
of lateral inflow is thus preserved. Table 4-5 gives the magnitude of
WIDTH1(1) for each segment.

Comparative plot of the observed, detailed and simplified # II
hydrographsis shown in Figure 4-23. The simplified hydrograph, although
it does not match the observed hydrograph as well as the detailed hydro-
graph, still reproduces the essentials of the observed hydrograph. The
response of the simplified model is faster than the response of the de-
tailed model. This is due to the non-linearity of the routing model:
when the unit discharge from an overland flow segment is adjusted using
WIDTH1(*), (for this model the discharge is increased), the cross-
section, A, is increased. Since the flood wave celerity is a function
of A, the wave moves faster in the stream channel of the simplified
model than in the gutters or triangular channels of the detailed model.

The peakflow in the simplified model reaches a magnitude larger
than the peakflow in the detailed model because water at the outlet of
the site is piling up faster in the simplified than in the detailed
model since the flood wave in the former is faster than in the latter
model. Consequently, to satisfy continuity, the hydrograph recedes also

faster in the simplified than in the detailed model.
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Table 4-5

Multiplier WIDTH1(+) and Parameters of the Simplified
Configuration # IT

NAME L o m WIDTH1(*)
STREET 18 2.00 167 4,888
GRBY 42 0.67 6T 4.376
ROOF 30 2,00 1567 1.000
GRBY 45 0.6 - 677 1.000
ALLY 15 2.34 1..167 .. 9141
STRM 1700 5.00 1,25 =
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4.5.5 Simplified Configuration # III

The simplified configuration # III is developed to preserve the
flood wave celerity in the channel. The concept of a multiplier on
the lateral inflow WIDTH1(:) dis retained and extended to the upstream
inflow where the multiplier is identified by WIDTH2(+). Figure 4-24
illustrates the simplified configuration # III created for Gray Haven.
Table 4-6 presents the magnitudes of the length, L, and of the multi-
plier, WIDTH1(") and WIDTH2(:) for each segment.

In the configuration, WIDTH1(-) is retained to slightly correct
the unit width of a segment such that its total area is preserved and
that it fits to the stream element. The grass segment, STGR, which
feeds the gutter, requires a WIDTH(*) different from 1.00 but the cor-
rection is small and will not significantly modify the response of the
gutter segment.

The lengths of the gutter and of the lane are averages of the
respective lengths of these segments in the detailed configuration.
Once these lengths are determined, the multipliers are computed. For
instance WIDTH2(GUTR) is equal to

A
STRT 43560
L(STRT) WIDTHI (STRT) L(GUTR)

WLDTHZ2 (GUTR) = (4-19)

where ASTR’I‘ is the total area of street overland flow (acres)
L(STRT) the street overland flow length (ft)

L (GUTR) the average gutter length in the prototype
Configuration # III neglects the pipe network, implying that
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Parameters of the Simplified Segmentation #IIT

Table 4-p

WIDTH1(*)  WIDTH2(*) m
18. 1.0 1.0 2.00 167
42.0 0.895314 1.0 0.67 1.67
450. 1.0 18.46648 2.015 1.33
30. 1.0 1.0 2.00 1.67
40. 1.0 1.0 0.67 1.67
15. 1.0 1.0 2.34 1.67
410. 1.0 7.926822 i Wy 1..33

- 1.0 1.0 L -

~11.3=



its response is quick enough such that it may be taken as instantaneous
which causes the WIDTH2(GUTR) and WIDTH2(LANE) to be large. This
configuration implies that 18.446 nodes 1 and 7.927 nodes 2 are
juxtaposed and that they are all directly connected to the outlet of
the site.

For the June 14, 1963 storm, the 'simplified' runoff hydrograph
is compared, in Figure 4-25, to the observed and detailed hydrographs.
The response of the simplified catchment is still too fast, although
it is slightly slower than the response of simplified model # 1II. The
simplified model # III can be altered to give simplified model # IV

which is a combination of the previous two simplified models.

4.5.6 _§}@Plif%gq_QEEEiguration # IV

This configuration retains the multipliers WIDTH1(-) and
WIDTH2(*) and accounts for an average length of 'gutter-pipe' flow
as does the simplified model # II. The schematic representation of
this model is identical to the one shown in Figure 4-24, representation
used for simplified model # I11. The differences between the two models
are observed in the lengths of the 'stream' segments. Table 4-7 sum—
marizes the data for this simplified configuration.

Figure 4-26 illustrates the goodness of the fit between the
observed, detailed and simplified hydrographs for storm June 14, 1963.
The simplified matches very well the detailed hydrograph, which is the
most that can be asked from it.

This simplificd configuration is adopted to model the prototype
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Table 4~7

Parameters of the Simplified Configuration #I1V

NAME iL, a m Multipliers
(feet) WIDTHIL () WIDTH2(-)

STRT 18 2.00 1.67 .00 IUAY,
GRST 42 0.67 1..67 0. 92179 1.0
GUTR 1700 5.00 1.25 1.0 4.88188
ROOF 30 2.00 167 1.0 1681
GRBY 40 0.67 1.67 1.0 1.0
ALLY 15 2.34 167 150 150
LANE 1700 4.00 125 1.0 1.91.176
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catchment not only on the basis of the June 14, 1963 storm simulation

but also on the basis of:

1- its theoretical value

2—- the results of other storms.

Its theoretical value is highly satisfactory because it accounts
for the principal characteristics of the catchment, for the length of
the pipe and gutter flow and for the volume of runoff which is preserved
when the detaliled segmentation reduces to the simplified segmentation.

Figures 4-27 to 4-30 present a graphical comparison between the

observed, the detailed, and the simplified #IV hydrographs for the other

selected storms. In every case, the simplified segmentation leads to
simulated runoff hydrographs that reproduce very well the hydrographs
simulated with the detailed segmentation. This indeed validates the
simplified model of the detailed model for Gray Haven and shows that

the modeling strategy is feasible and practical.

4.5.7 Some Notes on the Simplified Configurations

The different simplified configurations analyzed lead to dif-
ferent simulated hydrographs. Some of these differences occurred be-
cause the routing model is non-linear. Different configurations lead
to different patterns of inflow to the main stream. In a non-linear
routing model the quantity of water that is received by the main stream
governs the velocity of the flood wave. A linear routing model is not

affected by different segmentations because the wave velocity is a
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constant, not a function of the depth of flow in the segment.

Figure 4-31 illustrates the evolution of the simulated simpli-
fied hydrographs. As the segmentation is modified to reduce the ve-
locity of the 'simplified flood wave', the simulated hydrographs of
the simplified and detailed segmentations get closer. This figure
shows that the simplified simulated hydrograph, computed with a non-
linear model, is sensitive to the segmentation adopted.

The simplified configuration IV is adopted to derive the runoff
frequency curves for Gray Haven. This configuration reproduces very
well the behavior of the detailed configuration, for the large and
intermediate storms. As the storms become less intense, the effect
of the simplifications become more pronounced, but the simulated hydro-
graphs reproduce well the 'observed' ones because the absolute error are

small.

4.6 Summary of the Proposed Procedure for Modeling an Urban Catchment

(1) Lay-out the main drainage paths through the catchment and
estimate values of ¢ and m (see Table 4-2) for each part of
this network. (In the end, these paths will be represented in

aggregated ways in the model).

(ii) Estimate the percentage of area that is (i) impervious
and connected directly to the main drainage network, (ii) per-

vious and (iii) impervious but flows over pervious areas before
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reaching the drainage network.

(1ii) For each category of surface in (ii) above, determine
typical overland flow lengths and values of o and m.

(See Table 4-5). 1If the overland flow lengths or the values

of o vary widely from place-to-place (for any one type

of surface) more than one overland flow segment may be required

for that surface type.

(iv) Prepare a simplified model of the catchment based on

the ideas presented in Section 4.5 This will involve (i) a
simplified &£ream network of only one or two main stream bran-
ches (i1) and a simplified catchment-stream configuration simi-

lar to Figure 4-24.

(v) Overland flow multipliers (see Table 4-7) must be computed
to preserve the runoff volumes derived from each of the over-

land flow segments.

(vi) Check to see that total surface area implicit in the

simplified model is equal to the total catchment area.
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4.7 Summary and Conclusion

In this chapter, the concepts of a modular description of a catch-
ment have been presented; a routing model has been chosen and the equa-
tions to estimate its parameters developed. A detailed segmentation was
used to simulate the runoff of the site segmentation that has been simpli-
fied. It was shown that the detailed and simplified segmentations lead
to simulated hydrographs which adequately reproduce the observed hydro-
graphs. Finally, a simplified segmentation was adopted to simulate the
runoff of this site in the derivation of the runoff frequency curves.

The simplified configuration # IV is physically sound and eco-
nomical to use. A reduction of 75% in the computational cost of simula-
ting the rainfall-runoff of the site is obtained when the detailed seg-
mentation reduces to the simplified segmentation # IV, and no significant
loss of accuracy in the results is observed.

The objective of the modeling procedure is met with the segmen-

tation adopted.
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CHAPTER 5

ESTIMATION OF INFILTRATION RATES

One of the important problems in modeling urban runoff
is to estimate the rate of infiltration during different storm events.
These rates vary from storm to storm as the result of changes in the
soil moisture conditions and as the result of variations in the amounts
of water available for infiltration during each storm. The actual
rate of infiltration at any time and location in the catchment may be
represented by the function Y(x,y,t). There is no way to measure
Y(x,y,t) directly. At best, it is possible to make inferences about
certain special properties of ((x,y,t) on the basis of rainfall and
runoff measurements. (For example, the total volume of infiltration,
[Ify(x,y,t) dx dy dt, may be estimated as the difference between the
total volumes of measured rainfall and runoff).

The function of an infiltration model is to represent
certain variations of Y(x,y,t). Examples of infiltration models are
Horton's Equation [1940] and a model suggested by Holtan [1961]
which was revised by others [Huggins, L.F., and E.J. Monke, 1966].
Each of these infiltration models contains certain parameters, some
of which may vary from storm to storm. One way to characterize in-
flltration rates is in terms of the numerical values of the parameters
of these models.

Parameter estimation theory offers a number of techniques
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for estimating numerical values of hydrologic model parameters.
Certain of these techniques such as the methods of least squares and
multiple regression have been widely used in hydrology. Other tech-
niques such as filter theory [Jazwinski, 1970] have not been applied
to hydrologic problems. In any case no estimation technique seems to
have been applied in a systematic way to the estimation of infiltra-
tion rates during observed storms on gaged catchments.

This chapter considers the possibility of applying filter
theory techniques to the estimation of infiltration parameters for in-
dividual storm events. First, a filter theory model is presented.
Then two hypothetical examples serve to illustrate the application
of the technique; and finally, the technique is applied to the
estimation of infiltration parameters for some observed storm events
at Gray Haven, near Baltimore, Md.

The application presented in this chapter was made as
simple as possible to illustrate certain issues. Among these simpli-
fications is the use here of linear hydrologic models and the deriva-
tion of the parameter estimation equations in terms that take advantage
of certain special properties of the linear models. No attempt is
made, therefore, to show that filter theory also applies to non-linear
models. Since filter theory does indeed apply to non-linear as well
as linear models, it is potentially a very valuable tool for a broad
range of hydrologic estimation problems. One good exposition on the

general tople of filter theory may be found in Jazwinski [1970].
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5.1 The Estimation Problem.

The actual rate of infiltration Y(x,y,t) varies spatially
and temporally during a storm. Since there is no way to measure
p(x,y,t) it only is possible to make inferences about Y (x,y,t) on
the basis of measurements of rainfall, runoff and assumptions about
the physical processes of infiltration and direct surface runoff.
It will be shown in this chapter that filter theory offers not only
a quantitative basis for estimating certain properties of Y(x,y,t),
but also for estimating the covariance of the estimation errors as
well.

The specific problem now to be addressed is to estimate
p(t), the spatial average of Y(x,y,t) over the pervious area of
the catchment. Let @(t) denote the estimate of Y(t).

The place of a filter theory model (FTM) in computing @(t)
is illustrated in Figure 5-1. Information required by a FTM in-
cludes measurements of rainfall, ;(t), and surface runoff, a,(t)
and mathematical models of the direct surface runoff, DSRM, and
infiltration, IM, processes. There are numerous ways to create
a FTM on the basis of the same DSRM and information inputs, IM
B(t) and Q (t). According to Figure 5.1, @(t) depends on such
information inputs as well as on the FTM. From this the important
conclusion follows that different infiltration estimates could be
made for the same storm event, depending on the selection of the
DSRM, IM, and FTM. Whether the differences between the different

values of (t) are of practical significance remains to be seen.
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Nevertheless, it is notable that 1ﬁ(t) depends on the DSRM which
implies, for example, that @(t) derived for a unit hydrograph DSRM

is possibly very different from @(t) derived for a kinematic wave

DSRM.

5.1.1 A Linear Hydrologic System Model.

There are many ways to apply filter theory in the estimation
of hydrologic parameters. One possible approach is suggested in
this section.

The linear DSRM illustrated in Figure 5-2 represents separate-
ly the pervious and impervious areas of a catchment. Measured
rainfall is represented by P,a(l x n) row vector of rainfall values
averaged spatially over the catchment and temporally over the samp-
ling time interval t,t+At . Vector P, applied as input to the
impervious area, leads to the (1 x m) vector Ql of direct runoff
from the impervious area. The linear relation between P and Ql
is

Ql = PH (5-1)
where H1 is an (n x m) transformation matrix.

The effective rainfall input to the pervious area is the

(1 x n) vector R. where
P = ¢+ R (5=2)

and ¢ I1s a (I x n) vector of infiltration rates which are to be

estimated. Vector R, applied as input to the pervious area, leads
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to the (1 x m) vector Q, of direct runoff from the pervious area.

The linear relation between R and Q2 is

where H2 is an (n x m) transformation matrix.
The observed runoff from the catchment is represented by Q

which is related to Ql and Q2 as
QL = 0y 0, N (5-4)

where N is a (1 x m) vector of random '"moise'" components. The
covariance of N 1is the matrix M.

Vector N is a composite error term that accounts for many
factors that cause Q to differ from the sum Ql + QZ' Among these
are:

(i) the linear DSRM 1is only an approximation to the

actual catchment;

(ii) the input P(x,y,t) to the actual catchment is an un-
known, complex, spatially and temporally varying pattern
of rainfall intensity whereas the input to the DSRM is
derived by a measurement process from P(x,y,t).

(iii) Vector Q differs from actual runoff values owing to

errors of streamflow measurement.

These and other possible errors may have been modeled separately,
but they are lumped together into the single error vector N.

Vector ) may further be expressed in terms of certain basis
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vectors as

U= U,B (5=3)

where B is an (r x m) matrix of basis vectors. There are r basis
vectors in B and Yy is a (1 x r) vector of infiltration parameters.
An example application of Eq. 5-5 1is presented in Section 5.1.2 to
the case where infiltration rates are assumed to follow Horton's
equation.

Glwven P, 0, Hl‘ HZ’ B and N , the problem to be solved by
the FTM is to calculate @* and £ , the error covariance of @*.

Before applying filtering theory, however, it first is necessary to

rearrange the DSRM equations. Let

P =B RS (5-6)
B = BH2 (5-7)
and ﬁ = =N (5-8)

Then, (5-1) to (5-8) imply that

I Wy G + N (5-9)

I

The approach now is to estimate ), by operating on F with

a filter, L, to form the estimate

Py = FL (5-10)

The filter L ds an m x r matrix. There exist several methods
to determine L. Three different methods are presented in Section

5.2. Then, the method in Section 5.2.2 will be applied (i) to two
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hypothetical examples in Section 5.3 and (ii)
infiltration parameters for some observed storm

near Baltimore, Md.

5.1.2 An Example Model of Infiltration

One of the models that might be used to
tion with time of the average infiltration rate

areas of a catchment is Horton's Equation.

f = f + (f - f) e‘kt
c o] c
At discrete instants of time, t, = iAt , the
is
fl = fc bli + (f0 - tc) b
where
hLi = 1
and
-kt
b2i = e i.
Let
w = [fli sEi’ ’fn
_ et by free s By
b2|’ ‘h21’°"’h2n
e = [F, Fo= ]

—iC e

24

to the estimation of

events at Gray Haven,

represent the varia-

over the pervious

(5-11)

infiltration rate

(5-12)

(5-13a)

(5-13b)

(5-14a)

(5-14b)
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1f Eq. (5-14) were substituted into Eq.(5-5), Eq.(5-12) would be
satisfied at each instant, ti'

The numerical examples which appear in Sections 5.4 utilize
the above infiltration model. Note that the value of k must be
given but that the parameters fc and fO = fC are to be estimated
from the rainfall runoff data. If k were also to be estimated, the
problem would become non-linear and the linear theory presented in
this chapter would not apply. 1In a practical application different
values of k might be assumed in Eq. (5-13b). Then, the value of
k which gives the smallest trace of L might be taken as the best

estimate of k.

5.2 Estimation of i,.

In this section three different procedures for finding L
in Eq. (5-10) will be presented The second of these will be used

in the numerical examples which follow in Sections 5.3 and 5.4.

5.2.1 Regression Approach

The traditional regression approach for estimating 1, is to

select 1, so that the variance of

n, = f, - f (5-15)

fs minimlzed where fi and fi are the ith elements of vectors F

~

and F respectively. Vector F is the (1 x m) vector
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F = {,c (5-16)

In this case, it can be shown that

L = ¢ (eeh)™! (5-17)
Combining Eq.(5-10) and (5-17) gives the estimates
b, = pe’ (eeH™ (5-18)

The covariance of ﬁ* may be found by observing that in Eq. (5-18)
the elements of 1, are a linear function of the random vector F

(which was defined in Eq. (5-9)). Substituting Eq.(5-9) dinto (5-18)

gives
~ o T, =1
v = (Y, G+ N) G (GG) (5-19)
which reduces to
Uy = U, + L (5-20)
The estimation error is
E = VY, -V, = NL (5-21)

If the expected value of N is zero (which can be shown without

additional assumption), Eq. (5-18) 1leads to unbiased estimates

of W*. The covariance of L depends on the covariance of N accord-
Inp Lo
T <
E = 5L ML (5-22)
In regression theory, it usually is assumed that N = g2l
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In that case Eq. (5-22) reduces to
E - o211 (5~23)

which further reduces to

E = oXcch) ? (5-24)

The diagonal elements of Eq. (5-24) are given in most standard texts
as the variances of the corresponding regression coefficients. Note
that E in Eq. (5-24) depends on the true error variance 02 of the

regression equation and that this must be estimated in practice.

Usually, ¢? is estimated from
A il 1 7 T
g2 o — (FE" =, GF) (5-25)

lig. (5-25) assumes that the elements of N are uncorrelated. In
cases where N # 5?1 the proper expression for [E is Eq. (5-22),
not (5-24).

A word of caution is offered to the use computer library
multiple regression programs to solve for Q*. It is that the standard

errors of the elements of 1, given by these programs are based on

Eqs. (5-24) and (5-25).

2: 2.2 Fllter Theory Approach
Multiple regression estimate of W* are based on the criterion
to minimize the errors of the individual estimates of F. lig. (5-22)

shows that the error covariance E , of the resulting parameter

L5k =



estimates, ,, depends on both M and L. Since the present estima-
tion problem is to estimate Yy> mnot F, an estimation criterion to
minimize some function of [E might be more appropriate than that used

in regression theory. Therefore, the filter problem is to find the

best L that satisfies a given estimation criterion. The criterion
employed is the minimization of the trace of E (i.e. the minimization
of the total mean square error in the estimation of the elements of

w*)‘ The approach to be presented in Case I is taken from an unpublished
paper by Ross [1961].

Case I: Statistics of 1, Unknown.

It is assumed that the mean and covariance of Y, are unknown.

But the mean and covariance of N are assumed known. It is sufficient

to assume e{N} = 0, since if it is not the effect may be removed.

From Eq. (5-21)

Eo= Py - P, = b, (GL-T) + L (5-26)
The expected value of E is

e{E} =y, (GL-TI) + e{N} L (5-27)
Since ¢{N} is assumed equal to zero

e{E} = y, (GL-I) (5-28)

To minimize the trace of e{E = ET

E} it will be necessary to have
e{E} = 0. This requires that

GL = I (5-29)
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Substituting Eq.(5-29) into (5-26) gives
E = NL (5-30)
Therefore
E = e{EE} = L'NL (5-31)

(which happens to be the same as Eq.(5-22) ).

We now wish to find 1L that minimizes the trace of [E and
that satisfies GL = I (Note that G 1is (rxm) and L is (nxr) ).
The case where r = n is trivial. The case where r < n involves
pseudo-inverse matrices Both cases are covered by matrices of the
form

L = 26° (G z6Y)~! (5-32)

where Z is any nxn Hermitian matrix such that GZGT is invertible
(l.ew; Z s of rank =),

Substituting Lq.(5-32) into (5-31) gives

1

E = [(ze)™! 6z N z6¥ (6zeT)™! ] (5-33)

which is simplified considerably if 2 is taken as N .

1

E = (Ghi'e) (5-34)

It now remains to show that Eq.(5-32) gives the optimum filter
L that minimizes the trace of E as given by Eq.(5-34). The proof
appears in Appendix A,

Eq. (5-32) was used together with Lg.(5-10) to produce the

==



numerical results which are presented in Sections 5.3 and 5.4.

Case TI: Statistics of Y, Known.

On the basis of prior information (perhaps derived from knowledge
relating soil types and (, or perhaps derived from knowledge of
values of ), during previous storms) it is assumed that the mean

pw* and covariance Y , of the a-priori distribution of VY, are
known. Also the mean and covariance of N are known, as in the pre-

vious case. Again, we have

E = Yy, (GL-I) + NL (5-35)
Taking expectations gives
e{E} = el }(@L-1) + e{N} L (5-36)

or

Ug (GL-T) + L (5-37)

Uw*

Remove the effects of the means by introducing

Pa'= Vg - My, (5-38a)
F' = F - ho, G = J (5-38b)
N' = N - My (5-38c)
E' = E - yg (5-38d)

The optimum filter, L, will be used in the relations
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|28 ) (5-39)

=
*
I

and

T (5-40)

==
b3
]

~

to estimate w*.

Eq.(5-35) becomes after substituting Eqgs.(5-36) and (5-38)

E' = §,' (6L - I) +N' L (5-41)
Taking expectations gives “F' = 0 (since U¢ y = 0 and My = 0)
’ *
without restriction on GL. Therefore there is a wider domain from

which to select L. It should be possible to use the statistics of
Y, and wider domain of L to produce improved estimates over the
preceeding case.

Vectors 1,' and F' are jointly distributed according to a

multivariate distribution. Form the column vector

T
1
Yy Wy
W = —— = | == (5-42a)
1
]
F w2
where
T
w1 = w*' (5-42b)
and
vk
W2 = F (5-42¢c)

The mean of W 1is zero and the covariance is
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By 12
T e (5-43)
221 | Loy
If W is multivariate normal, the conditional mean of Wl, given W2
is
-1
uwl W le 222 W2 (5-44)
2
and the conditional covariance is
-1
Zwllw2 = 233~ Zq0 Bpoiihay (5-45)
T o . =
If we let U, Hy |W , then E Zw |w ) It can be shown that the
i I .52
trace of Zw |w is less than the trace of the error covariance matrix
10=2
£' for any other estimate of Y,
Therefore,
o= oy E, (5-46)
: ‘9 =39 3
where
2., = efp,'T F') (5-47)
12 STk
Since B = o6 N' and since N' and v,' are
uncorrelated,
le = g (5-48)
Also,
Ny, = elF'TF'} = ¢G4 M (5-49)
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Thus

LT = weetve +m)! (5-50)

From Eq.(5-45) we have
v T

E = ¥ - %G (G- ve +M)”" ol w (5-51)

(Note: HEq.5-50) gives the Kalman filter for this problem).

5.2.3 Comparison of the Estimators.

Two sets of comparisons are of interest.

Comparison of Regression Approach and Filter Theory, Case I.

Eq. (5-22) gives the covariance of the regression estimator as
E - tfwe (5-22)

and Eq.(5-31) gives the covariance of the filter theory estimator

as

e WL (5=317

On the surface it would seem that the covariance of both estimators
would be the same. Nevertheless, L in Eq.(5-22) is not the same

as L in Eq.(5-31), unless [N happens to be given by N = Oi e

It follows that the trace of £ by the regression approach is greater
than the trace of & except where N = Oé I. TIn that case, the
regression approach and the filter theory (Case 1) model are equivalent.
Thercefore, we can conclude (i) regression model is a special case of

the filter theory model, and (i1) the regression model gives inferior

parameter estimates than the filter theory model.
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It has been shown above that both models give unbiased estimates.

Comparison of Filter Theory Cases I and II.

Eq. (5-34) gives the covariance of the filter theory (Case I)

estimator as

E, = (@N'¢H™ (5-34)

and Eq.(5-51) gives the covariance of the filter theory (Case II)

estimator as

where

and

E, = v- (G v+l v (5-51)

To compare these two estimators, consider the special case

In that case

and

M= 621 (5-52a)
n 18
¥ = g1 (5-52b)
Y r
Ge- = =% (5-52¢)
E, - ol I (5-53)
n r
2
E. = % ’n i (5-54)
2 1 ) 5 T
o =P Ly
Y
The ratio of the coefficients of El and EZ is
2
g, 02 +cr2 02
Rl L e (5-55)
o o o)
E2 ) P
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The interpretation of Eq.(5-55) is that Case Il always gives a better

estimate than Case I. 1In the case where g, S¥g %

v n

2 .
become equivalent. In cases where On2 =205 " Case I is sub-

b

the two estimators

stantially inferior to Case IT.

5.3 Hypothetical Examples

Two hypothetical examples are presented in this section. In the
first example, the response of a hypothetical urban catchment is fully
linear; 1in the second example, the response is non-linear and is governed

by the kinematic wave equations.

5.3.1 Linear Hypothetical Catchment

Consider an idealized urban catchment, illustrated in Figure 5-3,
with impervious and pervious response functions as given in Table 5-1.
These functions are also illustrated in Figure 5-3. A given precipitation,
P, 1lasts for 20 time units and has a constant intensity of 2.0 in/hr.
The true infiltration rates, ¥ , are equal to 1.0 in/hr during the storm
and are equal to zero thereafter. The observed runoff, Q, 1is the sum-
mation of the true runoff Q1 i Q2 and of a noise component, N, gener-—
ated without serial correlation from a normal distribution, N(0,0° = 4).

Table 5-2 gives the true and measured runoff rates.

Now consider an infiltration model, IM, in which the total length
of the storm is divided into three periods of equal duration (i.e. 10
time units). Within the i-th period the infiltration rate is assumed

constant and equal to w*i’ i-th element of the (1x3) vector V..
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Figure 5-3: Linear Hypothetical Catchment :

Impervious and Pervious Response Functions
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Table 5-1

Impervious and Pervious Response Functions
for the Hypothetical Linear Catchment

Time Response Functions
Impervious Pervious

HIMP HPER

1 1550 0.5
2 2.0 1510
3 3.0 99
4 4.0 2.0
5 S0} 2.5
6 6.0 3.0
7 TAn ) 3D
8 8.0 4.0
9 78 4.5
10 6.0 4.0
il 500 315
12 4.0 3.0
13 a0 2D
14 2.0 2.0
15 1.0 1%5
16 0.0 1.50
17 0.5
18 0.0
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True and

Table 5-2

Measured Rates of Runoff (Linear Hypothetical Catchment)

Infiltration = 1.0 in/hr
Precipitation = 2.0 in/hr for 20 time units
True Runoff Measured Runoff

t Ql + Q2 Q N
1 205 4.40 1.9
2 3 955 2.50
3 1520 11.90 =3.10
4 25,0 26.80 +1.80
5 375 36.05 -1.45
6 525 50.80 =L i)
7 70 68.74 -1.26
8 90 89.74 -0.26
9 108.5 109.78 .28
10 124.5 124 .35 -0.15
11 138 135013 -2.87
12 149 150.12 82
13 157.5 157012 -0.38
14 163.5 163.57 0.07
15 167 168.76 176
16 168 172.48 4.48
17 168.5 165.94 -2.56
18 168.5 169.17 .57
1.9 168.5 1G7R 20 =1.29
20 168.5 169,23 0. 73

-148-



21
22
23
24
25
26
27
28
29
30

Table 5-2 (cont'd)

166
161

e e
143.

131
116

98.
78.

60
44

G

5
5

5
5

0.1193
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The (3x30) matrix B relates | and Y, by

v o= U, B (5-5)

The elements of B are
111111111100000000000000000000
B = [ 000000000011111111110000000000 (5-56)

000000000000000000001111111111
The a-priori noise covariance matrix [N is given as

4l =a (5-57

where I 1is a 30x30 identity matrix.
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The estimated infiltration parameters, Yy, , obtained from

the estimator are given in Table 5-3.

Table 5-3

Infiltration Parameters (Linear Hypothetical Catchment)-

Example 1
Time Rates g
Period Estimated True Vg
¥, (in/hr) w*(in/hr) (in/hr)
1 1.008 1.000 0.0141
2 0.966 1.000 0.0200
3 0.056 0.000 0.0400

These estimates of the infiltration rates are very close
to the true values but are not exactly equal to the given rates because
Q contains noise. The standard error of estimate of @* is small
compared to Y, and compared to the variance of the nolse component

A second a-priori noise covariance function was used to
analyze the sensitivity of the solution to ™ . Consider a 30x30
tri-diagonal matrix with diagonal elements equal to 4 and elements
adjacent to the diagonal equal to .5.

This covariance matrix implies that the error term N(t)
is serially correlated. The estimates of the infiltration parameters

are given in Table 5-4.
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Table 5-4

Infiltration Parameters (Linear Hypothetical

Catchment) - Example 2

Rates
Time Estimated True | W, Olp
Period P, (in/hr) (in/hr) ®
_ (in/hr)
' 1 10011 1.000 0.0200
2 0.959 1.000 0.0224
3 0.088 0.000 0.0469

The magnitude of ®* (t) was not significantly modified when
the noise function contained a small amount of serial correlation. The
reliability of the estimates in the second case 18 not as large as it is
in the first case since the standard errors of estimate are increased;
this shows that less information is present in (Q when the noise is
serially correlated than when it is not.

This first hypothetical example shows that when all the
assumptions made in the simplified estimation problem are strictly valid,

the solutions are well behaved.

5.3.2 Non-Linear Hypothetical Catchment

Consider a catchment that responds to rainfall according to
the kinematic wave theory. This catchment, illustrated in Fig. 5-4, re-

sponds as a non-linear system since the underlying differential equations
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Figure 5-4: Non-Linear Hypothetical Catchment
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are non-linear. The catchment parameters for this example appear in

Table 5-5.

Table 5-5

Data for the Non-Linear Hypothetical Catchment

1. Catchment:

Name Length o m
(fE)

Pervious 200. 0%5 20

Impervious 100 2.0 2,0

Stream 1000 0.1 Al

2+ Infiltration:

Constant rate of 1.0 in/hr.

An "observed' storm was simulated by applying a rainfall of
constant intensity at 4.0 in/hr for 2 hours to this model. Measured run-
off was simulated by adding to the computed runoff rate a random noise
component, N.

This example was created to test whether the correct infil-
tration rates could be estimated by the FTM from measurements of rainfall
and runoff and from information derived from a model of the catchment.

The fact that (i) the real catchment is non-linear, and (ii) the catch-
ment model is non-linear raises the question of how best to approximate

the linear catchment response functions H and H that appear in the

i 2
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FTM.

In principle there are numerous ways to derive linear response
functions Hl and H2 that approximate the behavior of the non-linear
catchment. Different values of Hl and H2 would "best'" approximate
the response to different storms. 1In this case, the measured rainfall,
P, 1is known so the estimation of Hl and H2 should apply to this

particular storm.

Matrices H and H

1 , are needed by the FTM to compute the

vector

F = P(H1+H2) - Q (5-6)

and we now wish to devise a procedure for using the kinematic wave catch-
ment model to estimate certain terms that appear on the rhs of this
equation.

Consider first the term PHl. According to Eq.(5-1),
PH1 = Ql (See also Fig. 5-2) which is the runoff from the impervious
area. One way to estimate Ql is to apply P to a kinematic wave model
of the catchment in which the infiltration rates over the pervious area
are set greater than P. The response of the model will be 61’ an
estimate of Ql. Now it would be possible to use Ql together with P
to estimate Hy . But Hl was introduced originally because of the need
to estimate Ql' Since we can estimate Q1 directly there is no need
to introduce Hl' Moreover, the fact that the actual response of the
impervious area is non-linear is also accounted for by the non-linear

catchment model used to estimate Ql' In other words, the non-linearities

of the impervious parts of the catchment are fully accounted for in the
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filter calculations. The revised form of Eq. (5-6), up to the point,
is

F = Ql * B, -0 (5-58)

The next problem is to estimate the term PHz. The procedure
to estimate this term will lead to a modified definition for F (i.e.,
Eq. (5-58) will be changed). The term PH, 1is equal to the runoff that
would occur from the pervious area if there were no infiltration. One
way to estimate this using the catchment model would be (i) apply P

to the catchment model with all infiltration rates set to zero and ob-

serve the response aT' Then (ii) estimate PH, as
PR, = Q-8 (5-59)

2N A
From PH and P it would be possible to compute the elements of H

2 2

by multiple regression. This procedure was actually tried, but different
values of P led to different values of HZ' It seemed then if were
large compared to P that the non-linear response of the pervious area
would not be properly accounted for by this linearization.

A better approach seemed to be to assume an initial value for

Wi and then to use the FTM to compute corrections Py to the initial

H i
assumption. Let wo denote the initially assumed values of the infil-
*
tration parameters. Then, the initial values of the infiltration rates
are
wn = Wn B (5-60)

Now, use the catchment model to apply P to the impervious area and
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the effective rainfall P - wo to the pervious area. Obsxve the

response § from the catchment model. We seek H so that

2
- =iae D =
(6 wo) H2 Q \ (5-61)
Regression techniques may be used to compute the elements of H,. (The
details of this calculation are not presented here).
Define
" _ A _ = o
F' =Q, + (P ¢0) H, - Q (5-62)

This vector can now be computed from the available information. Also

assume that any differences between Ql and 61 are included in N so

that Eq.(5-4) may be rewritten
Assume further that Q2 in Eq.(5-63) 1is defined as

Q2 = NP o= wo = Wr) B, (5-64)
Substituting Egs. (5-63) and (5-64) into (5-62) gives

F' = y_H, + N (5-65)

or

F'= §y, G+N (5-66)

where G = BII2 (Eq. (5-7)).

1t follows that the estimate of the corrcctions is
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g, = F'L (5-67)

Ve = U + 8, (5-68

To test the FTM, the given values of P and Q for the hypo-
thetical catchment in Fig. 5-4 were used to estimate the infiltration
parameters w*. Different initial values, U, were used to estimate
HZ' The values of Q, al and a(w* ) appeaz in Table 5-6. Since the
true Y is 1.0, the values of Q di?fer from a(wo = 1.0) by the
noise term N.

The estimated infiltration parameters for different values of

Yy appear in Table 5-7. The total storm period was divided into 3
(8]

~

periods of 60 minutes each. /N is an estimate of the average infil-
tration rate during the first piriod; gy » during the second; etc.
The true values of Y and 1, were 1?0. The true value of U,
is unknown but lies somiwhere betieen 0 and 1.0. Yy 1is unknown i

3

because the catchment model is programmed to continue the infiltration
process as long as there is water on the surface. After rainfall ceases
the infiltration continues until there is no more water to infiltrate.
The actual infiltration rates are not printed out by the model. Only the

potential infiltration rate is known.
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Table 5-6

Hydrograph Data for the Non-Linear Hypothetical

Catchment
(Units of Q are cfs)
Storm: Intensity - 4.0 in/hr
Duration - 2.0 hrs.
True Infiltration Rate = 1.0 in/hr.
@w

Time Impervious Total 6

Min. Q 8, b = 0-] 0.5 ol
2 0.0 0,0 0.00 0.00 0.0 0.00
4 0.0 0.0 0.00 0.00 0.0 0.00
6 0.0 0L0E 0.01 0.01 0.01 0.01
8 050 003 0.05 0.04 0.04 0.04
10 (0} e 0.09 0.12 0251 0.11 0.10
12 0.13 0.19 0.26 02Y 0.23 (o) 0720
14 0.42 0535 0.49 0.45 0.43 0.40
16 0.67 0.56 0.78 0.73 0.68| 0.64
18 0. 77 0.79 15AS 1.06 0.99 0.93
20 2.09 1.105 1+29 1.46 135 1525
22 1.46 132 210 1.91 1575 1.62
24 2.23 1.61 2.69 2.43 2.20 2.02
26 1.92 1.92 e 3,01 201 2.46
28 2.86 2.23 4,15 3.68 3.28 2295
30 90156 2.56 5.04 4.42 3.90 | 3.48
32 5.26 2.90 6.03 Bi2b 4.60 4.06
34 5.81 325 e 6.18 Dt 4,69
36 6.68 3.60 8.35 7.20 6,21 5.39
38 6.39 3.97 9.65 8.31 7wl 6.14
40 8.09 4.35 1102 9.48 8al:3 6.95
42 9.51 4. 73 14.44 10.72 9.19 7.82
L4 10.86 512 13.91 12,02 1030 8.76
46 10. 84 a2 15.41 13.35 11.46 9.74
48 12,77 5.93 16.90 el 12.66 |10.76
50 14,29 6.34 18537 16.06 13.88 |11.82
52 5l 6.76 19.77 17.38 15.09 |12.90
54 16.22 7519 2007 18.63 16.26 1 13.97
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(Continuation)
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(Continuation)
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Table 5-7

Results (Non-Linear Hypothetical Catchment)

~

Estimated Infiltration Rates

~ Z A 2 A o A 2
¥ Vieq L) Viq 2 93 g9
0.0 1.1434 1.0525 0.5550 | 0.0006 | 0.0007 0.0025
0.5 1.0833 1.0188 0.5334 | 0.0006 | 0.0007 0.0026
1.0 .9578 .9971 .6572 | 0.0007 | 0.0008 0.0027
1.5 .8917 . 9450 .5927 | 0.0006{ 0.0007 0.0031
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5.4 Infiltration Rates at Gray Haven.

The FTM is used to compute the apparent rates of infiltration
experienced at Gray Haven. Three storms (June 10, 1963; June 14,
1963; August 1, 1963) are presented to illustrate the application
of the FIM to a gaged catchment. Infiltration 1s assumed to occur

according to the model

kt

GUEN = £+ (£ <) e (5-70)

where fo and fo- fC are the parameters to be estimated. It is
assumed that k = .0233 minutes '

The estimates obtained for storm June 10, 1963, were

Fh2>
L}

-0.3476 + 1.5 = 1.1524 in/hr

o
]

0.5333 + 1.1524 + 0.5 = 2,1857 in/hr.

Figure 5.5 compares the observed and simulated
(f0 = 2,1857 in/hr.; fc = 1.1524 in/hr) hydrographs. The goodness
of the fit is better than the one illustrated in Figure 4-28 where
the simulated hydrograph is computed for f0 = 2.0 in/hr and
fc = 1.5 in/hr.

The estimator for thisstorm performs very well; the
estimates of the infiltration parameters are physically sound and
the simulated hydrograph is an improved solution over the results
previously achieved in Chapter 4.

The estimates obtained for storm August 1, 1963, are
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Figure 5-5: Comparison of Observed and Simulated (with V%)
Hydrographs: Storm of June 10, 1963.
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%c = 0.8193 + 1.5 = 2.3193 in/hr

%O = -1.3643 + 2.3193+ 0.5 = 1.4550 in/hr.

Figure 5-6 compares the observed and simulated hydrographs.
A comparison of this figure with Figure 4-27, where the same storm
had previously been simulated, shows that the current figure gives
an improved match between simulated and observed hydrographs.

In this case the FTM has led to a solution thatris mathematical-
ly feasible but not easy to interpret physically. The estimated in-
filtration parameters in this case lead to infiltration rates that in-
crease with time, which is the opposite of the behavior usually expec-
ted of Horton's law. The estimates are not necessarily rejected be-
cause of this difficulty; the infiltration process is a complex process
where two media (air - water) interact. To let the water in the soil,
the air has to move out of the soil. One physical explanation of the
results derived for storm August 1, 1963, is that air was trapped in
the soil and was gradually but at an increasing rate, moving out of the
soil. As water was replacing the air in the soil, the apparent infil-
tration rates were increasing. The magnitude of the storm intensities
and the short duration of the storm enhance the plausibility of the
explanation.

The estimates obtained for the storm of June 14, 1963, are:

B, = 1.5-0.1278 = 1.3722 in/hr

f = 1.3722 + 0.2607 + 0.5 = 2.1329 in/hr.

O
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Comparison of Observed and Simulated (with i*)
Hydrographs: Storm of August 1, 1963
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These estimates are well behaved in terms of their physical inter-
pretation but, when used to simulate the runoff hydrograph, they

do give an improved match over the results previously achieved in
Chapter 4. A comparison of the simulated and observed hydrographs

is illustrated in Figure 5-7.

5-5 Discussion and Conclusions

The results of this study suggest that the use of filter
theory has a promising future in the estimation of hydrologic param-
eters. Additional study is needed to gain better understanding and
experience.,

One of the promising outcomes of this study is that in
all three of the storms analyzed at Gray Haven, the FTM estimates
led to as good or better simulations of the observed storm events
than was obtained after much trial and error adjusting to the in-
filtration parameters to achieve the results presented in Chapter 4.

The proposed general approach where the simulated and
observed runoff hydrographs are processed through a filter to ge-
nerate estimates of the infiltration process is potentially attrac-
tive to the hydrologist. The approach not only provides a systematic
tool to estimate infiltration parameters but also a tcol which op-
timizes the estimates with respect to the observed data. The
approach should also reduce or eliminate the iterations required to
find good estimates of infiltration parameters.

In this study, the general estimation problem has been
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Figure 5-7: Comparison of Observed and Simulated (with @*) Hydrographs: Storm of June 14, 1963



greatly simplified; the approach is relatively simple to solve and
has been shown to perform well for a linear catchment, The approach
has also been verified for a non-linear catchment subject to intense
rainfall. The result of this second example shows that the estimates
of the infiltration parameters require an initial estimate of these
parameters to be made, but tests with a simple non-linear catchment
show that the estimate is not very sensitive to the initial assump-
tions.
Finally, the simplified estimation problem has been used

to estimate the infiltration rates of Gray Haven for three observed
rainfall-runoff events. The results show that the estimator performs
well for all storms, where the performance is measured by the match
between the observed and simulated kinematic response of the catch-

ment.

From all these results it appears that

1- The filter theory approach offers a potentially
important approach to the future estimation of
hydrologic parameters;

2- The FTM presented herein could be used in engineering

practice as it now exists.
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CHAPTER 6
DERIVED FREQUENCY CURVES FOR GRAY HAVEN

6.1 Introduction

The preceding chapters presented material developed to derive
runoff frequency curves directly from the rainfall. In Chapter 2 the
theoretical concepts were presented. In Chapter 3 a model of rainfall
as a stochastic process was presented. In Chapter 4 procedure to model
urban catchments was presented. In Chapter 5 a procedure for estimating
infiltration parameters was proposed.

In this chapter, the information presented in these earlier
chapters is applied to the derivation of runoff frequency curves for
the Gray Haven urban catchment. Runoff frequency curves for two runoff
variables, the peak runoff rate and the excess runoff volume when the

runoff rate exceeds a given threshold are derived.

6.2 Data for the Case Study.

Frequency curves were derived for the Gray Haven catchment.
This catchment is illustrated in Figure 4-7. The frequency curves
were derived for the peak runoff rate, Qmax,and for the exceedance
volume V(QTH) defined as the volume of runoff which occurs when the
runoff rate exceeds a given flow threshold, QTH. A graphical illustra-
tion of V(OTH) avpeais in Figure 6-1.

The rainfall at Gray Haven, Md., is described by (i) the
rainfall exterior variable as derived from U.S.W.B. data for Baltimore
City, and (11) by the rainfall interior varilables, estimated from

rainfall observations made by the Johns Hopkins Storm Drainage Research
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Projects at Gray Haven and at Northwood (another urban catchment located
in Baltimore). The statistical properties of the rainfall exterior
variables are estimated on a monthly basis and the statistical proper-
ties of the interior variables wem assumed constant during the year.
The quantitative information on rainfall at Baltimore is presented in
Chapter 3.

The kinematic wave model was used to route storms through
the catchment. The simplified configuration IV described in Section
4.5.6 was selected to model the catchment. The infiltration param-
eters were assumed constant from storm to storm (not enough storm data
were available to make inferences of the variability of the infiltra-
tion parameters from storm to storm). The infiltration rate was modeled
by Horton's Law of infiltration (Equation 4-12) where fo= 250
in/hr, fc= 1.5 in/hr, and k = 0.0233 min. ' which are the same pa-

rameter values as used throughout Chapter 4.

6.3 Computational Methods for Solution of Eq. 2-1

A method of solution of Eqs. 2-1 to 2-10 is needed in order
to derive the runoff frequency curves for Gray Haven. These equations
are intractable analytically and so some combination of analytical and
numerical approximations must be made. The issues involved in devel-
oping alternative solution procedures are too complex to be dealt with
in depth in this report. 1In Appendix B, four possible solution methods

are presented. One of these, stochastic/deterministic simulation
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was selected because it appeared to be the least expensive alternative
in this case.

The alternative solution methods presented in Appendix B
demonstrate that solution procedures other than simulation do exist
and to suggest the possibility that future research may lead to compu-
tational schemes that are less expensive than the simulation procedure

used in this study.

6.4 Stochastic/Deterministic Simulation Procedure.

A seven-step procedure was followed to derive the frequency
curve of the runoff variable V. This procedure 1is illustrated in
Figure 6-2.

The first step is the selection of a runoff variable V.
Examples of possible definitions of V 1include the peak flow, the
exceedance volume, the duration of these exceedances at a given loca-
tion, etc. Other variables, related to the runoff, could also be se-
lected. An example is the concentration of a substance either at the
outlet of the site or in the receiving body of water; another example
is the erosion due to the runoff from the site at a downstream location.

The second step is the adoption of a routing model and the
estimation of the parameters of this model.

The third and fourth step are respectively the modeling
of rainfall as a stochastic process and the use of this model to gener-

ate a long rainfall trace.
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DETERMINE APPROPRIATE
RUNOFF VARIABLE

SELECT A CATCHMENT
RESPONSE MODEL

SELECT A STOCHASTIC
RAINFALL MODEL

SIMULATE A TRACE OF
RAINFALL EVENTS

DEVISE A SCREENING
PROCEDURE TO SELECT
STORMS TO BE SIMULATED
BY THE CATCHMENT MODEL

SIMULATE THE SELECTED
STORMS WITH THE
CATCHMENT MODEL

CONSTRUCT TE(V)

Figure 6-2: Stochastic Deterministic/Simulation Procedure
For TE(V)
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The fifth step is the selection from the generated rainfall
trace of those storms that may be significant with respect to FVGJ).

The sixth step is the simulation of each selected storm with
the catchment model. From the simulation results the runoff variable
for each storm is determined.

The final step is the construction of the derived frequency
curve, FVCJ). From this the recurrence interval relation TE(V) may

be obtained as explained in Chapter 2.

6.5 égggﬁcation of the Stochastic/Deterministic Simulation Procedure.

6.5.1 Selection of Runoff Variables

Two different run&ff variables were selected for investiga-
tion. The first of these was the peak runoff rate because this variable
is commonly used in the design of urban sewerage systems. The second
of these was the exceedance volume which is important in the selec-
tion of detention storage facilities for the control of urban runoff.
Runoff frequency curves for these variables will be presented in

Section 6.5.7 for the Gray Haven catchment.

6.5.2 Selection of a Catchment Model

In Chapter 4, several alternative models of the Gray Haven
catchment were presented. These included a detailed configuration
and four slmplified configurations which were developed to reduce the

computational costs. Since it is now proposed to simulate a number
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of storm events, the computational cost enters as an important factor
to be considered in model selection. In this particular case, simpli-

fied configuration IV of Gray Haven was selected.

6.5.3 Selection of a Stochastic Rainfall Model.

The stochastic rainfall model used is described in Chapter 3.

6.5.4 Simulation of Rainfall Events

The rainfall model was used to simulate a trace of rainfall
events. An important question at this point is the required duration
of this trace. As the duration of the trace increases, the accuracy
of the derived frequency curve increases but also the simulation costs
increase as well. Therefore, there is a trade-off between cost and
accuracy. This trade-off should be evaluated in view of the fact
that the historical rainfall data which underlie the analysis have a
limited record length. 1In this particular application the historical
rainfall record was 23 years and the generated rainfall trace was for
200 years.

It may appear at first that the generated trace is unneces-
sarily long. Nevertheless, 200-yr. generated trace was created to
reduce the simulation errors of the solutions to Egs. 2-1 to 2-10 in

the range lO(;TEg_‘iO Vil

6.5.5 Select Storms to be Simulated by the Catchment Model

The rainfall generator produced a 200 yr. trace of rainfall

events. In each year, many events occurred. Typically, there would
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be more than 100 events per year or more than 20,000 events over
the period of generation. Since the 20-th largest event in the 200
yr. period corresponds to the 10-yr. event, only a small number of
storms need to be simulated.

Since only a few events are of interest and since the genera-
tion of storm interiors is costly, storm interiors were not generated
for all storms. Instead, a selection procedure was employed to sort
out a relatively small number of storms for further study. This se-
lection procedure made a tentative assumption that the rainfall in
each storm was distributed according to a triangular pattern. Then,
the maximum depth of rain, DMAX, during a given critical time,
AVGTIM, was determined. The storms were ranked in decreasing order
according to DMAX with AVGTIM = 30 min. (The time of concentration
of Gray Haven is about 30 min.). Storm interiors were then generated

for the largest 48 and these were retained for subsequent study.

6.5.6 Simulate Selected Storms

The selected storms consisted of a set of 48 events. Each
event consisted of a hyetograph of block shaped rainfall intensities
at 5 minute intervals. Each of these storms was routed through the
catchment model and values of the peak runoff rate Qoax and the
exceedance volume V(NTH) for 4 different values of QTH between
60 and 120 cfs were determined. The results are tabulated in Table
6-1 where the storm number corresponds to the rank of the storm among

the 48 events selected in the previous step.
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Results of Catchment Simulation of Selected Rain-

Table 6-1

fall Events

Storm No.| Q VAQTH)
QTH = 60 QTH = 80 |QTH = 100 QTH = 120
1 135.78 72234 33705 12502 2649
2 209.11 104168 80862 60927 43847
3 106.74 33870 14001 1817 0
4 121.90 23131 12201 4424 110
5 111,37 40047 19187 4243 0
6 108. 64 34234 12827 1667 0
7 197.26 59452 44896 32502 22021
8 91.33 14823 3081 0 0
9 86.97 17864 2027 0 0
10 79.12 4991 0 0 0
11 82.70 12767 484 0 0
12 73.60 4445 0 0 0
13 99,01 21416 6760 0 0
14 99.66 15503 5404 0 0
15 66.24 2762 0 0 0
16 113.65 17788 8141 1924 0
17 48.54 0 0 0 0
18 96.95 19193 6250 0 0
19 98. 54 12040 3671 0 0
20 139.91 66476 40887 21270 7150
21 71.74 3663 0 0 0
22 55,23 0 0 0 0
23 74.03 6871 0 0 0
24 73.49 6788 0 0 0
25 42.03 0 0 0 0
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(Table 6-1, continued)

Storm No. Quax V (QTH)

QTH = 60 QTH = 80 QTH = 100 QTH = 120
26 34.95 0 0 0 0
27 36.67 0 0 0 0
28 48.67 0 0 0 0
29 68.33 4829 0 0 0
30 63.07 426 0 0 0
31 78.26 5965 0 0 0
32 43.16 0 0 0 0
33 53.40 0 0 0 0
34 30.08 0 0 0 0
35 30.76 0 0 0 0
36 2715 0 0 0 0
37 28.12 0 0 0 0
38 141.71 56812 36901 20661 8009
39 53.77 0 0 0 0
40 28.53 0 0 0 0
41 77.53 9252 0 0 0
42 28.96 0 0 0 0
43 33.17 0 0 0 0
44 78.69 11545 0 0 0
45 60.69 45 0 0 0
46 86.87 11781 1315 0 0
47 64. 44 1473 0 0 0
48 40.77 0 0 0 0
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6.5.7 Construction of the Derived Frequency Curves

Separate frequency curves were constructed for each of the
runoff variables that appear in Table 6-1. The first step in construct-
ing each frequency curve was to rank the events in decreasing order,
and this was done for each variable. The resulting ranks of the events
appear in Table 6-2.

If the rank of an event is m, an estimate of the average

recurrence interval, TE, between events that equal or exceed that
event is
N+1
TE = . (6-1)

where N 1is the total number of years of data (in this case N = 200).

The frequency curve for Qmax which appears in Fig. 6-3
was created by plotting the values of Qmax in Table 6-1 as function
of TE which was computed by Eq. (6-1) from the data in Table 6-2.
Through these points was drawn a fitted curve which represents the
derived frequency curve for Qmax'

Similarly, the data for V(QTH) was plotted in Fig. 6-4
for each of the four different values of QTH. Four different fre-
quency curves appear in this figure. The uppermost curve gives the
frequency with which different runoff volumes occur when the flow
rate 1s at or above 60 cfs. In other words, this is the volume that

would be required in an overflow storage facility to prevent spillage

of combined waste water under the condition that the interceptor
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Table 6-2
Rank of Runoff Variables

Rank of Storm
according to Rain-

Rank of Storm
according to Peak

Rank of Storm

Storx fall Selection Runoff Rate AECORCIng ko
Number e Exceedance Volume
Algorithm
QTH=60 QTH=80 QTH=100 QTH=120
1 1 & 2 5 5 5
2 2 1 1 1 | i
3 3 10 8 7 9 =
4 4 6 9 9 6 6
5 5 8 6 6 7 -
6 6 g 7 8 10 -
7 7 2 4 2 2 2
8 8 15 15 15 = =
9 9 16 12 16 = =
10 10 19 24 - - -
1l 11 18 16 18 - -
15 12 24 25 B = =
13 13 12 10 11 - -
14 14 1 14 13 - -
15 15 28 28 - = =
16 16 7 13 10 8 -
1L/ 17 36 = - = =
18 18 14 i} 12 - -
2.9 19 13 1.7 14 - -
20 20 4 3 3 3 4
21 21 26 27 = =
22 22 32 - = - -
23 23 23 21 - = =
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(Table 6-2, Continuation)

24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
4
45
46
47
48

24
25
26
27
28
29
30
31
32
33
34
35
36
317
38
39
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48

25
38
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35
27
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21
537
34
44
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46
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has a capacity of 60 cfs. By interpolating among these curves it is
possible to estimate that the volume required to prevent the outflow
from exceeding 70 cfs from Gray Haven more frequently than once in 20
years is 13,200 cubic feet which 1s equivalent to 0.156 inches of
depth wuniformly distributed over the entire catchment.

The information presented in Fig. 6-4 may be rearranged
as shown in Fig. 6-5. In Fig. 6-5 each curve shows the relation
between overflow storage and maximum allowable outflow rate to reduce
spillage events to occur at the indicated frequency. From the view-
point of flood control these curves show the storage requirements to
prevent flooding downstream as function of flood frequency and down-

stream channel capacity.

6.6 Accuracy of the Derived Runoff Distributions

There are three sources of error present in the derived
frequency curve TE(V). The first is sampling errors inherent in the
limited historical records of the rainfall events. The second is due
to modeling errors. The third is due to sampling errors inherent in
the simulation procedure. There is no way to control the first source
since we are given the historical data. Our only choice is to make
the best possible use of these data. There also are practical limits
on the extent that modeling errors can be controlled. Nevertheless
there are a range of possible models and there is a trade-off between

computational cost and model accuracy. It is important to consider
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the trade-off in view of the historical sampling variations. The final
source may be limited to any desired degree by extending the duration
of the simulation calculations.

It would be desirable if each of these sources of error could
be dealt with analytically. Unfortunately, this is very difficult and
no fully satisfactory techniques exist at this time. Moreover, it
is virtually impossible to separate the first two sources because the
particular parameters that are estimated from the historic data depend
upon the model.

It is possible to quantitatively analyze some of the errors
introduced by the solution procedure to estimate TE(V). Each of the
solution methods presented in Appendix B involves numerical or analy-
tical approximations to the solutions of Eqs. 2-1 to 2-10. These
approximations can often be analyzed quantitatively.

The particular solution procedure selected in this study was
the stochastic/deterministic simulation procedure. This procedure
introduces statistical sampling errors into the estimate of TE(V)
and these errors may be limited by extending the length of the simula-
tion. An important question to be answered is how many years of simu-
lation are required and what is gained by extending the simulation for
an additional period of years.

At the beginning of this discussion of the simulation sampling
errors the reader is cautioned that the "true'" function TE(V) is
unknown and the estimate of TE(V) being sought is subject to histo-

rical sampling errors and to mathematical modeling errors that at this
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point, cannot be controlled. In addition to these errors, however,

are the additional simulation errors which are now to be discussed.
It would appear from the simulation results shown in Fig. 6-3

that peak runoff rate from Gray Haven is expcnentially distributed

according to

...k_Q

£(Q ) = ke X

max (6=2)

where the parameter k, estimated from the fitted curve in Fig. 6-3
is equal to .0274. Now, the data shown in Fig. 6-3 comprise a
sample from a 200-yr. simulation. Therefore, k is a random variable
and is distributed according to a sampling PDF.

In Appendix C it is shown that the sampling distribution of
k (when it is known that x is exponentially distributed and when k
is estimated according to the estimator given in Appendix () is a

Gamma PDF with parameters

@ = n (6-3)
and
B = Eﬂ k (6—4)
2
where
~ n
k = 7 (6-5)
i Xi

In general the simulation run will be long enough to neglect the

difference between n and nt+l so that
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o]
22
8 =

(6-6)

Additionally, n will be large enough so that the normal distribution

is a good approximation to the Gamma Distribution. The mean and

variance of the PDF for k is

b, = K (6-7)
and .

g d L= (6-8)
or

S ? (6-9)

Now the CDF for the exponential distribution is

max) (6-10}
max

which may be re-written in terms of the recurrence interval as

- 1 =
TE (Qmax) - _kaax (6=11)
e

At a given value of T (Q ), confidence intervals for Q
E max ma

X
may be found as follows. [Lq. (6-11) may be rearranged to read

o - i hOn0)]

max

(6-12)
k
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where k now is a random variable which is approximately normally dis-
tributed with mean and variance given by Eq.(6-7) and (6-8.) Con-
fidence limits at the 95% level for Qmax were derived using Eqgs.
(6-12), (6-7) and (6-8). These appear in Fig. 6-6 for simulation
durations of 50, 200 and 1000 years. Since these confidence limits
were derived on the basis of the sampling distribution of k they
apply to entire distributions not to individual sample points which
may be plotted as shown in Fig. 6-3. Similarly, confidence limits
at the 50% level appear in Fig. 6-7.

Figs. 6-6 and 6-7 give some approximation of the possible
computational errors inherent in the simulation process. These Figures
show clearly that it is necessary to simulate a long period of rain-
fall events. Because of the computational costs, it is desirable
to process only a few of the many generated rainfall events through
the catchment model. A possible screening procedure was presented
in Section 6.5.5.

On the basis of this screening procedure, the generated storms
were ranked according to the maximum rainfall depth in any 30 minute
period. The largest 48 storms were routed through the catchment model.
Then, the largest 23 values of Qmax were ranked and used to construct
TE(Qmax)' A less costly procedure would have been simply to simulate
the top ranked 20 of the original 48 storms. But this would have
introduced an error into the estimates of T in the neighborhood of

E

TF = 10 to 20 years. This is illustrated in Fig. 6-8 where an estimate

of FE(Qmax) based on these 20 storms is compared to TE(Qmax) from
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Fig. 6-3.

The differences between the two estimates of TE(Qmax) in
Fig. 6-8 occur because some of the lesser ranked storms according to
the DMAX-AVGTIM criterion actually produced some larger values of
Qmax than was produced by some of the higher ranked storms. This

occurred because more factors influence Qmax than are accounted for

in the DMAX-AVGTIM criterion.
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CHAPTER 7

APPLICATIONS OF DERIVED FREQUENCY CURVES

Hydrologic frequency curves are used in water resources
engineering because water resources management and investment schemes
must deal with natural hydrologic variability. Frequency curves offer
a valuable means to describe hydrologic variability and to give quan-
titative measure to the hydrologic impacts of environmental changes.

Considered in this chapter are several example problems
where the techniques presented in this report may apply. The specific
problem areas are (i) the impact of urbanization on the runoff from
a small watershed, (ii) the relative hydrologic impacts of alter-
native strategies for urban development, (iii) the relative effi-
ciency of different runoff control alternatives, and (iv) the hydrol-
ogic basis for establishing drainage charges(which are analogous to

effluent charges) for the costs of controlling downstream hydrologic

impacts.

7.1 Hydrologic Impacts of Urbanization

Urban drainage systems have been designed to dispose quickly
of urban runoff. The volume of this runoff is increased as the per-
vious areas of the catchment are decreased. Moreover, the rates of
urban runoff are increased as the hydraulic efficiency of the drainage

network is improved. Consequently, urbanized runoff is likely to reach
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Table 7-1

Characteristics ol Hypothetical Catchment

Characteristic Undeveloped Developed (Shopping Center)
A (acres) 10 1K)
Lc (ft) 500 50
S (Er/ft) .01 .01
n +50) 110
N(storms/yr) 30 110

apply to the undeveloped and the developed states of the catchment.
The effect of the development is to decrease typical overland flow

length (Lc) from 500 ft to 50 ft by the construction of drainage

works such as gutters and swales. The impervious surfaces increase
the number of runoff producing storms each year (N) and also re-

duce the surface roughness coefficients ( n ).

The runoff frequency curves for this 10-azcre catchment
could be derived by the stochastic/deterministic simulation technique
that was used in the previous chapter. Nevertheless, for the purpose
of i1llustrating the potential utility of other solution procedures
the analytical solution for TE(Q) developed in Appendix D will be

applied to this problem.

The catchment is furthermore assumed to be located in Boston
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greater magnitudes faster than was observed before development
occurred, both due to the increase in the direct runoff volume and the
reduced timing of each branch of the drainage network.

To date, analysis of the impacts of urbanization on runoff
has been primarily conducted in a deterministic framework in terms of
changes in the physical parameters of the catchment or in terms of
changes in certain properties of runoff hydrographs.

Knapp and Glasby [1972] prepared a bibliography with ab-
stracts that gives a complete set of references to previous theoretical
and experimental investigations of this topic. More recent studies
have also been reported by Kadoya [1972] and McCuen [1973]. These
previous studies generally are not strongly founded in the theories of
probability and fluid mechanics of how specific physical changes in
the urban environment influence the magnitude and frequency of urban
runoff events. These studies do speak of the effects of channeliza-
tion or of the effects of impervious surfaces, but these mainly are
general observations that do not necessarily apply to specific circum-
stances such as the potential impacts of the lining of a given stream
channel or the construction of a shopping center at some particular
location. Nevertheless, these previous studies certainly may provide
valuable insights and information to the use of the techniques pre-
sented hereln in dealing with such specific problems.

The application of the techniques investigated in this
study may be illustrated by considering the urbanization of a hypo-

thetical 10 acre catchment. Let the conditions given in Table 7-1
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where 5 = 30 (hr/in), A= 0:13 (hr_l), and the average number of
rainfall events per year is 110.

The computation of the frequency curves for the developed
and undeveloped cases appear in Table 7-2. The frequency curves are
plotted in Fig. 7-1 and show that increased peak flows would occur
more frequently after developments. Fig. 7-1 shows that any struc-
ture that had a design capacity to handle the 20-yr event under na-
tural conditions would be adequate to handle only the 3 year event
under developed conditions.

This simple example illustrates a very important application
of frequency curves. Of course, this procedure can be used for
complex urban catchments to predict the impact of proposed changes in
land use. The frequency curves at any stage of development can be
derived as they were in Chapter 6 for Gray Haven. The results of the
derived frequency curves could be presented exactly as those derived
for this example.

This example was constructed to illustrate in principle
the use of derived frequency curves to assess the hydrologic impacts
of urbanization. This particular example of a hypothetical 10-acre
area led to the frequency curves in Fig. 7-1. A careful examination
of these curves by an experienced drainage engineer would suggest
that these curves might actually underestimate the runoff rates to
be expected, particularly in the developed catchment case. The
most plausible explanation for this 1is that the storm interior pattern

is generally not rectangular as assumed in this example.
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Table 7-2

Frequency Curve Calculations for the Hypothetical 10-acre Catchment

Undeveloped Developed

1. Compute a. from Eq. (D-8)

1 1
- Led9 0 L 9eg o =142 (o2 = 1.49
1

05 (&

2. Compute t. for different values of (Q from Eq. (D-9a)

- 2 3/5 2/335
£, = .0156 (.5)(522)510)16 e i (.1)(5?)g%9)
DL Q/3 = L (.01) /ZQ 3
o
= 4,28 Q /5 = 410 Q"%
Q(cfs) tc(hr) tc(hr)
<5 5.65 .541
1 4.28 410
2 3.24 .311
3 2.76 . 264
4 2.46 «238

3. Compute B from Eq. (D-25) for each Q

t t 34 ]
2 e Q /s (24 ELJ -G Q 24 _Q
e \/((871.2)(.29851 [t ] ~ 10 . T\/((sn.z)(l.agn t, 10

C
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Table 7-2 (Continued)

3 3
=_t_c/ﬁfzsai_gz~ :M
2 E 10 2 tc

c

. B :
s .630 . 060
1 .675 .065
2 ol 24 .069
3 .754 .072
4 .776 .074

Compute o from Eq. (@-23) for each Q

/s %
o = 30 [(.5)(.13)B/30] = .502 B
Q g oA
.5 .369 .077
1 . 386 .081
2 . 405 . 084
3 416 .087
4 424 - 088
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(Table 7-2 (Continued)

Compute IO from Eq. (D-22)

o :
A .614
1 + 293
2 + 209
3 .556
4 .546

for each Q

Compute T_ from Eq. (D-27)

E
3
Te = 39 2
(o]

Q T
.5 .24
1 1213
2 23.6
3 486.
4 =

=201~
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Temporal variations not considered in Fig. 7-1 would lead to greater

peak runoff rates for this small hypothetical catchment.

7.2 Relative Hydrologic Impacts of Alternative Strategies for

Urban Development

Frequency curves can be used to compare the impacts on the
runoff of an area of alternative development strategies. This is
achieved by determining the sensitivity of the frequency curve to
variations in those parameters which may be modified by the proposed
development.

The three main physical changes accompanying urban develop-
ment that have hydrologic impacts are:

(i) increasee of impervious area

(11) reductions of overland flow lengths

(111) reductlons of surface roughness of flow paths.

The effects of some of these changes as they may occur in any devel-
opment strategy, may be modeled analytically as in the previous exam-
ple. In addition, a much deeper assessment of a wide range of impacts
may be studied through simulation. For example, one way to reduce

the impacts of increased impervious areas is to route water from the
impervious areas across other pervious areas. This permits increased
infiltration and reduces total direct runoff volume. The model pre-
sented in Chapter 4 could be used to analyze this issue.

Associated with each of the physical changes that cause
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hydrologic impacts are well defined, physically meaningful parameters

in the present model to account for the physical change.

7.3 Analysis of the Relative Efficiency of Urban Runoff Control

Alternatives

The Denver Regional Council of Governments (1969) enumerates
several alternatives to control the runoff from urbanized areas;
these alternatives range from restoration of natural channels to con-
struction of small reservoirs. Anderson [1970] reported that the
efficient use of the available storage of the main components of com-
bined sewers reduces the magnitude and frequency of overflows.
Devenis (1968) described the combined sewage overflow detention and
chlorination station which is operated by the Metropolitan District
Commission, serving over 40 cities and towns in the Metropolitan
Boston area. The dual objective City of Chicago underflow project
to control runoff and to generate hydroelectric power is another
well documented experiment. Marks et al [1971] proposed small
storage tanks located-at critical points in the combined sewer net-
work of the city of Cambridge, Ma. to alleviate overflows to the
Charles River and to reduce the frequency of street and basement
flooding. Recent work at Resource Analysis Inc. (1973) investigated
detention storage reservoirs as measures for controlling the developed

runoff from small sites.
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7.3.1 Analysis of Detention Storage Ponds

Bauer [1969] argued that urban drainage problems should be
regarded as volume control problems rather than as peak runoff rate
control problems. One of the important alternatives for controlling
runoff volumes i1s the use of detention storage ponds. Such ponds
would remain empty (unless there is some other reason to have standing
water) except during brief periods when storms occur. The hydraulic
function of such ponds is to store runoff during peak runoff periods
for release during subsequent off-peak periods.

Derived runoff frequency curves offer a valuable means to
analyze detention storage ponds because a wide range of storm con-
ditions need to be controlled. Individual storms have different
depths, durations and interior rainfall patterns. One of these
potential storms could be selected as a "design storm'and used to
evaluate the effectiveness of the pond in controlling the runoff
from that particular "design'" storm. Because of the wide range of
possible storm conditions, there is no reliable way to select such
a "design storm'". One relatively simple way to evaluate such ponds,
however, would be based on the derived frequency curves of the re-
sponse characteristics of different pond designs.

If detention storage ponds are to be used forrunoff control,
it is important to evaluate not only the outflow characteristics
from the pond itself but also to consider other impacts downstream.
For example, such ponds in the upstream regions of a catchment may

delay the upstream runoff and reduce peak flow rates downstream. On
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the other hand, such ponds on downstream tributaries would delay the
downstream runoff which could cause the downstream peak runoff rate
to occur at the same time as the peak from upstream and this would
undesirably increase the downstream peak runoff rates.

In order to illustrate some of the issues in evaluating
storage detention ponds only the response characteristics of the
ponds at the pond outlet are considered in this section. The illus-

trated approach would also be used to examine the downstream impacts.

7.3.2 Detention Storage Control of a Given Inflow Hydrograph

A detention storage pond discharges water as a function of
the hydraulic head on its outlets. The pond introduces a time delay
between the inflow and outflow hydrographs because of the time re-
quired to create this hydraulic head. This time delay and consequent
attenuation in outflow peak runoff rate depends upon the type of out-
lets, thelr number and their size . Figure 7-2 illustrates this
for four different outlet designs for a hypothetical pond. The pond
is assumed to be a rectangular box of area, 20,000 square feet (for
instance, 200'x100') and for the present discussion, of infinite
height. The pond is empty at the beginning of the storm. Table 7-3
summarizes the physical characteristics of the pond, and Table 7-4
gives the discharge elevation curves for each design.

It is interesting to observe in Figure 7-2 that the con-
trolled outflow hydrographs are single-peaked even though the inflow

hydrograph had two peaks. Note also that the time to the controlled
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Table 7-3

Physical Characteristics of the Hypothetical Pond

Design Outlet Elevation (feet)
Lower Upper Spillway
1 0.0 6.0 8.0
2 0.0 - 8.0
3 0.0 - 6.0
4 0.0 4.5 6.0
Spillway Broad-crested

Length: 20 feet

cq = 3.09

*
Lower Outlet: Drop inlet spillway
Crest diameter = 6.0 inches

throat neglected

¥*

Upper outlet: drop inlet spillway
crest diameter = 36.0"
throat diameter = 21.0"

throat location = at 1.0 foot below the crest

elevation
Storage-elevation curve: h (feet) = 0.00005 Storage
* The hydraulic of the drop inlet spillway is discussed in reference

36, It is also assumed that the pipe component of the drop
inlet spillway never flows full.
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Table 7-4

Discharge Elevation Curves for each Combination of Outlets

Elevation Discharges
(feet) (cfs)
DESIGN 1 2 4

0.0 0.00 0.00 0.00 0.00
0.5 1,50 1.50 1:.50 1.50
1.0 1.84 1.84 1.84 1.84
1.5 2,12 2,12 212 212
250 2.37 2.37 2537 2.37
2.5 2.60 2.60 2.60 2.60
3.0 2.81 2,81 2.81 2,81
3.5 3.00 3.00 3.00 3.00
4.0 3.18 3.18 3.18 3.18
4.5 3.36 3.36 3.36 3.36
5.0 3.52 352 3052 15.85
55 3.68 3.68 3.68 31.01
6.0 383 3.83 3.83 46.61
6.5 16.30 3.97 14.89 69.28
7.0 31.44 4.11 35.0) 97.67
73 36.11 4.25 61.02 130.66
8.0 38.79 4.88 91.77 167.65
8.5 48.21 15.42 126.64 208.20
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(Continuation, Table 7-4)

9.0 74.55 35.33 165.19 252,02
9.5 102.65 61.52 207.08 298.85
10.0 135.40 92.26 252, 07 348.50
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peak runoff is delayed and that the peak discharge, not only is
reduced in all cases but that the amount of reduction is sensitive
to the design of the outlets.

This reduction of the runoff rates is achieved by a redistri-
bution of the incoming water over time since no water losses are ex-
perienced. Figure 7-2 may be misleading because it reflects only
the volume of water discharged from the reservoir during the storm and
does not indicate the volume of water stored in the reservoir at the
end of the storm. Table 7-5 demonstrates that the water balance is
preserved and shows the magnitude of the volume stored at time
t = 80.0 minutes.

The information presented in this example suggests that there
is a definite relationship between the maximum storage utilized, the
peak outflow rate and the characteristics of the inflow hydrograph.
Note for this particular inflow hydrograph that the volume stored at
the end of the storm (see Table 7-5) was greatest for the designs
that gave the smallest peak outflow rates. Nevertheless, certain
outlet designs would appear to be superior to others. For example,
compare designs 1 and 3. 1In Table 7-5 the volume stored at the
end of the storm was about the same for both designs, but the peak
reduction for design 1 was substantially greater than for design 3.

A more careful comparison shows that the maximum storage
utilized at any time during the storm was a little greater for design
1 (153,000 ft’) than for design 3 (148,800). But the ratio of

peak outflows (design 1/design 3) was 0.64 whereas the ratio of
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Table 7-5

Water Balance of the Pond for Hydrographic Storm in Fig. 7.5

Inflow Volume (ft3) 188,549.25
Pond Initial Volume (ft3): 0.00
Total (ft?) 188,549.25
Design 1 Design 2 Design 3 Design 4
Outflow volume (ft?) 64214.17 27]223.55 65462.54 94555.19
Volume stored at
time 80 minutes 124336.62 | 161324.42| 123085.19 93991.94
(fe?)
Total 188550.79 | 188547.97| 188547.73 188547.13
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maximum storage requirements was 0.97.

7.3.3 Comparison of Detention Storage Designs for the Control

of Gray Haven Runoff

Each of 4 pond designs in Tables 7-2 and 7-3 were analyzed
as a means to control the direct runoff from Gray Haven. The pond
was located at the downstream end of the catchment and was assumed
to be empty at the beginning of each storm. Each design was also
assumed to have a finite storage capacity (in the previous section
no storage capacity was assumed). Since the limited storage capacity
in effect, changes the design, the four designs will now be referred
to as A, B, C, D rather than 1, 2, 3, 4. The spillway elevation
of each design is given in Table 7-6. (The spillway width was
assumed to be infinite so that the outflow was equal to the inflow
rate whenever there was flow over the spillway).

Each design was analyzed in terms of its response to each of
the 48 hydrographs which were presented in Chapter 6. These storms
were selected from the 200--yr record of generated events at Gray
Haven. The maximum outflow rates computed for these 48 storms were
then used to construct the peak outflow frequency curve for each
pond design.

The frequency curves for designs A and B appear in Fig.
7-3 together with the frequency-curve for the uncontrolled peak from
Gray Haven. It is immediately obvious that both pond designs greatly

reduced the peak runoff frequency curve. Owing to the random fluc-
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Table 7-6

Spillway Elevation for each Outlet Design

Design Spillway Elevation
feet
A 8.0
B 8.0
C 6.0
D 6.0
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tuations inherent in the simulation procedures, it is too risky to
make relative judgements at or beyond the 100-year recurrence inter-
val.
The following observations may be made in comparing designs
A and B.
(1) The main physical difference is in the outlet design.
Design B had only a lower outlet. Design A had a
lower outlet plus a second outlet 3/4 of the distance
up to the spillway.
(2) Both designs had the same storage capacity.
(3) For the more frequent events (up to TE = 25 yrs),
design B gave better reductions in peak outflow rates
than did design A

(4) Beyond T_ = 25 yrs 1in design B the spillway was over-—

E
topped and design A gave better reductions.

(5) At very large values of T it might be expected that

E
the curve for design A would begin to approach the
curve for design B because design A will be over-
topped also. Nevertheless, the curve for design A
should remain below the curve for design F.

The frequency curves for designs C and D appear in Fig.

7-4 together with the frequency curve for the uncontrolled peak from

Gray Haven. Both of these designs lead to reduced peak runoff rates.

But both of these designs have smaller reservoir capacities than de-

signs A and B. Consequently the peak reduction is less.

~-216~



AT A

(C.FS")

PEAK DISCHARGE

200  GRAY HAVEN=
(UNCONTROLED)
IBOF- DESIGN C = —-—
DESIGN D = —_— /
1604+~ /
140~ /
/
/
120
100 .
// .
80 /
601
40r
20
o 1 L ; | ] J
j ° = 50 100 200
Figure 7-4: Peak RuﬁoEf%UFﬁgu’;lnccg Cdyvgsr}gﬁlﬁesggolr E %e SD)GES:Lgns L



The

G! and 'D.

(1)

(2)

(3)

(4)

(5)

following observations may be made in comparing designs

The main physical difference is in the outlet design.
Design C had only a lower outlet. Design D had

a lower outlet plus a second outlet 3/4 of the distance
up to the wpillway.

Both designs had the same storage capacity; it is
equal to 75% of the storage capacity of designs A and
B.

Beyond TE = 10 years, in design C, the spillway was
overtopped. Design C was better than design D
(overtopped when TE = 35 years) up to TE = 15 years
because design C was overtopped late in the storm

when the inflows to the pond were small.

Beyond TE = 15 years, design D gave better reduction
in the peak runoff rates than design C.

At large value of TE it might be expected that the
curve for design D would begin to approach the curve
for design C because design D will be overtopped also.

But the curve for design D should remain below the

curve for design C.

7.4 Hydrologic Basis for a Drainage Impact Charge

Urban development pursued without regard for possible

downstream impacts may undesirably cause increased property damages
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and loss of life; districts once relatively free of flood hazard
may frequently be flooded unless expensive and unsightly projects
to convert natural streams into concrete channels are undertaken.
Unfortunately, these channel "improvements" also increase the flood
hazard further downstream.

Because the human perception to the flood hazard greatly
underestimates the true hazard, and because upstream development may
occur in between important flood events, the true downstream effects
may not become apparent to the public until some crisis occurs. By
that time the least costly alternatives to deal with the problem
will have been foregone.

Control of the urban flood hazard involves a maze of
social, economic, legal and hydrologic issues. Many values are
involved and some conflict with others. For example, upstream pro-
perty owners are interested in the maximum economic development of
their properties. Downstream property owners may be adversely
affected. But the actual impact of any single upstream property
owner on any one downstream property owner is too small to measure.
It is also difficult to establish in a court of law the total
extent of the burden on those adversely affected.

Among the alternatives for controlling the urban flood
hazard is the regulation of land use by zoning, the regulation of
urban drailnage practice through drainage codes, and the assessment
of drainage impact fees on new construction. Perhaps the most direct

approach through drainage codes would be to prohibit any change in
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the hydrologic response of any drainage area. Such a code, if applied
literally, would preclude any development and would thereby take away
individual property rights. Alternatively, drainage codes could be
written with the intention of minimizing hydrologic changes and assess-
ing a reasonable fee to compensate for the impacts of the changes
that do occur. Such drainage fees could be collected by a responsible
public authority and used to offset the remaining downstream impacts
by the construction of detention storage facilities on public lands
that could be purchased with these fees or by constructing channel
improvements whenever that is the best remaining alternative. De-
tention storage facilities might be used to regulate the flow from
certain tributaries in order to increase the capacity of the main
stem to handle increased flows from other tributaries. This would
require close coordination of land planning, Zoning and master drain-
age planning agencies. The objective would be to make the best total
use of land, water and other natural resources. This would also
require appropriate hydrologic techniques to assess the hydrologic
impacts of different strategies and to serve as a basis for establish-
ing drainage impact fees.

The hydrologic technology to permit such planning and to
establish such fees now exists. 1In fact, the technique described
in this report are already being applied and eventually will be used
to help in the establishment of reasonable drainage impact fees.
One suggested approach would be first to estimate at different loca-
tions Fv(v) for the most urbanized state. Then, some of the un-
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desirable effects might be reduced through appropriate modifications
in the drainage code. Other undesirable effects might also be re-
duced through zoning changes. Finally, the remaining impacts (due
to undesirable changes in FV(V)) could be reduced through publicly
constructed facilities. Drainage impact fees would be assessed on
a share basis of the cost of these facilities.

The final assessment of the possible impacts of future
development is properly made in terms of changes in FV(V) (or more
precisely in terms of economic weighted changes in Fv(v)). Moreover,
planning control alternatives to eliminate these impacts also is
properly done in terms of changes in FV(V). Planning procedures that
fail to properly recognize both the magnitude and frequency of runoff
events may lead to desirable changes of frequent events at the ex-
pense of undesirable increases in infrequent events or the converse
could occur.

Once a fee structure is established on the basis of a
master drainage plan to control changes in the magnitude and fre-
quency of runoff events, the fee for a individual development can
be computed. The individual developer would have the option of paying
this fee or of revising his plans to reduce his impacts and to

thereby reduce his fee.
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CHAPTER 8

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

The runoff process was treated as a stochastic process.
The characteristics of the runoff process were described by runoff

frequency curves which were derived directly from the rainfall process.

Solution to Equation 2-1

The multiple integral (Equation 2-1) introduced in Chap-
ter 2 defines the probability distribution of an individual event
and, after further transformations, defines the runoff frequency
curve. This multiple integral is difficult to solve. The best
procedure, at this stage, appears to be stochastic/deterministic
simulation, which may be an expensive method of solution. It is
therefore important to look for ways which can reduce the cost of
the simulation. Identification and elimination of unnecessary
computations is one possible way. Development of procedures which
integrate Equation 2-1 numerically is another way. The linear-
numerical integration is such a procedure, These methods of so-
lution also eliminate the sampling variability from Fv(v) but
when seasonal variations are observed in the random variables, the
cost of solution will increase because then an integral must be
solved for every season.

It 1s not clear at this time how many random variables

must be used to derive Fv(v); it may not be necessary to have
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more than 2 or 3 random variables. More work needs to be done to

analyse this question to which the cost of the solution is sensitive.

Bgigfall Generator

The general structure of the rainfall generator seems to
be a useful tool for engineering practice at the present time. It
is possible to simulate rainfall samples that resemble the histori-
cal sample; the statistical properties of individual events are
preserved. Moreover, the intensity duration frequency curves (IDF)
an important statistical property of the sample, are preserved.

The latter characteristic is significant because the IDF are not
used as inputs to the rainfall generator.

There is a need for additional research on stochastic
rainfall interiors. Studies should be oriented towards the deter-
mination of fixed rainfall interior patterns in terms of the cli-
matic properties, the size of the catchment and its stage of de-
velopment, the runoff variable V, etc.

The present model does not look at stochastic spatial
variability; there is a need to find ways to describe it, to
assess its importance so that it would be modeled only when it

affects Fv(v).

Catchment Model
The detailed segmentation gives excellent representation

of the response of Gray Haven. In the interest of reducing cost of
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simulation, the detailed segmentation was simplified from 42 to

8 segments. The simplified segmentation is a model of the detailed
segmentation and gives very good representation of the response of
the detailed segmentation. It is also understood why the simpli-
fied segmentation works so well.

The principal contribution made in Chapter 4 was to show
that a simplified segmentation of a small urban catchment can be
achieved. Experience gained in modeling Gray Haven and experience
gained by others [Wooding, 1965a, 1965b, 1966], Harley et al [1970],
Perkins and Harley [1971] shows that the kinematic wave model and
the modular description of the catchment lead to a physically sound
catchment model. Moreover, the parameters of the model are derived
from the physical characteristics of the catchment.

The non-linear characteristics of the catchment model are
important for the timing of the runoff events; good simulated
hydrographs were achieved because these non-linearities were re-
presented.

Additional work is needed to achleve simplified segmen-
tation of urban areas larger than Gray Haven. These simplified
segmentations are required 1f the methodology presented herein is

to be applied economically to regional drainage problems.

Application of Filter Theory

Filter theory concepts were applied successfully to the

estimation of the parameters of the infiltration process. Not only
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the estimation effort gave accurate estimates @*, but lead to
as good as or better parameters, than the trial and error search
used in Chapter 4.

The estimator is the first application in hydrology of
filter theory; and it appears that the estimator developed in
Chapter 5 has the potential to become a practical engineering tool.

Because hydrologic models have many parameters, the tech-
nique promises to become a widely used technique in hydrology during
the next decade.

Two possible applications of filter theory may be:

i) reformulation of the estimation problem to eliminate

the dependence of the solution on the decay parameter
k 1in the Horton's law of infiltration.

ii) wuse of the theory to help construct simplified models
of the catchment. Such models will have a small number
of non-linear differential equations. The parameters
of this simplified model would be identified by filter
theory. Such models can greatly reduce the cost of
simulating individual events while preserving the non-
linearities of the catchment response. Such an appli-
cation would not replace the catchment model but might
become a substitute to the catchment model, once cali-

brated for a particular catchment.

Two filter theory models and a regression model were com-

pared. Under certain conditions the three models have the same
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error variance. The second filter model should be explored in
future work because it would generally have the smallest error va-

riance of the three models presented.

Methodology and its Applications

The applications of the solution procedure illustrated in
Chapter 6 demonstrate that the procedure works. Future efforts
should be oriented towards the development of some curves that
would determine for design purposes the location of the 5 or 10
year, Qmax’ Vol(QTH) etc., as a function of the physical charac-
teristics of the catchment.

The procedure developed may also be used to assess present
design practices. The procedure presented may also be used to develop
simplified procedures that may become substitutes to present drain-
age practices.

Since frequency curves give a complete description of the
rainfall-runoff process, they are strongly recommended to assess
the hydrologic impact of urban development and to evaluate the
relative efficiency of runoff control alternatives. The appli-
cations presented in Chapter 7 are important applications of the
proposed methodology.

A complete case study (possibly at the county level) is
strongly recommended not only to show that the proposed methodology
can be used advantageously in the planning of urban drainage sys-
tems but also to suggest standard procedures to analyse large urban

drainage systems.
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APPENDIX A

PROOF THAT EQUATION 5-32 MINIMIZES TRACE OF E

The following proof may be found in Ross [1961]. Equation

5-32 becomes
-1 T LT
L =N ¢ [eN'¢] (A-1)
when 2z is replaced by WIN alh,

1

Let L = N it (GN_lGT)- (A-2)

=1

and E, = [eN'c"] (A-3)

where L, 1s the 'optimum' filter and E;o is the'optimum' error
covariance matrix.

It will now be shown that the trace of E:o is the
minimum trace of £ .

Suppose L0 is not the optimal filter. Let the optimum

filter be

i - L0 + L1 (A-4)
where L1 is any mxn matrix with

GL = I (A-5)
Then G(Lo + Ll) = T (A-6)
and G(L0 + Ll) - G L0 =1 ~-I=20 (A-7)



Therefore G L = 0 (A-8)

1
Now
T iy
E = (L~ L) " R L) (A-9)
T T T i
£ = Lo Lo+ Lo+L, Ly +L° L (A-10)
S -1 7.}
£ = ot L1 G (G G™)
=11 - = i
+ (G Gy G Ly +L; L (A-11)
Since G L1 = 0
T
£ = EO + 1, N1 (A-12)

Thus £ can be written as the sum of two Hermitian non-
negative definite matrices, one of which is constant and the other
is zero if and only 1if L1 = 0. Thus, E » is the minimum error

covariance matrix and Lo is the optimum filter.
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APPENDIX B

Conceptual Framework and Methods of Solutions for the

Derived Frequency Curves, TE(QmaA)

This appendix first presents a general conceptual framework
for the theoretical derivation of a runoff frequency curve, and

secondly presents four (4) possible methods of solution.

B.1l Conceptual Framework

The frequency curve of a runoff parameter such as the peak
runoff rate or the runoff volume occurring when the flow rate ex-
ceeds a given level may be derived from rainfall. Let the variable
Q denote the particular runoff variable of interest and let @ de-
note the vector of hydrological variables upon which Q depends.

The functional relationship
Q = Q@ (B-1)

between © and Q 41s a model of catchment response to rainfall and
to antecedent conditions. This model is usually sufficiently complex
to require a digital computer for solution, although simple models
may also be useful.

For illustration, it will be convenient to consider the
vector O containing as elements only two hydrological variables.
Accordingly, let the two variables be storm duration, t_, and

re

average excess rainfall intensity, Ee, during an individual storm.
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Additionally, it will be convenient for illustration to select the
runoff parameter, Q, as the peak runoff rate, although other param-
eters could have been used.

The function Q(ie, tre) may be displayed in the ie = b
plane in terms of the contours of the function, as illustrated in
Figure B-1. The contour for any particular value of Q, say Q
divides the Ie- tre plane into two regions, one where Q > Q
which lies to the northeast of the contour and the other where
Q< Q which lies to the southwest.

max

Let the first-order density function of the stochastic pro-

cess generating the hydrologic variables i and t R el e T
e re e’ re

This density function also may be displayed in the Ie - tre plane

in terms of the contours of f(Ie,tre) as illustrated in Figure

B-2. According to the definition of f(Ie,tre), the total volume

under that function is equal to unity.

For this example, Equation 2-1 1is rewritten as

Q Diiaw? JJ f(Ie, t.o) d Ie dt (B-2)

Q max) ES

=

where Qmax replaces q and where (@ 1s replaced by Ie and \ t

re
the only random variables pertinent to FQ(Qmax) for the present
problem. R(Qmax) is the region of the ie— E plane where

Q f-Qmax'

Graphically, Equation B-2 defines a volume as illustrated

in Figure B-3. This volume is located under the surface defined by

-236—-



Sl

EXCESS RAINFALL INTENSITY, i

IN THIS REGION,Q > Q

/_ i

max

IN THIS REGION, @ < Qpax

L

STORM DURATION, t.

Figure B-1: The Function Q(9) = Q(i ,t_ )
e

=
re



—8EZ—

EXCESS RAINFALL INTENSITY, i,

Figure B-2:

STORM DURATION t,,

CONTOURS OF THE JOINT PROBABILITY DENSITY FUNCTION f (Te



=6ET-

f(ie y1re )l

B-3:

tre

/

Q=200 C.F.S.

CONTOUR

Graphical Representation of Fq(q)



£(1 , t_ ), within the axis of the i-t plane and to the south-
e’ "re e re
west of the contour Q = Qmax' In Figure B-3, this volume is illus-

trated for
Q=50 = 200 (B-3)

and f(Ie, £ Bxexp(~BIe- At ) (B-4)

where B = 30 hr/in and X = 0.13 hr !'. This volume represents
the probability that for any individual rainfall event the resulting
peak runoff rate is smaller than or equal to Qmax'

If some other model of the rainfall-runoff process had been

used, the integral (Equation B-2) would be written in the more

general form of Equation 2-1. It is observed that

(1) The purpose of a runoff model in runoff frequency studies
is to define the function Q(@) which, in turn, defines the
region R(q) over which the density function f(@) is to be
integrated in order to find F(q). Any runoff model can be

Q
accommodated. The runoff model not only defines Q(0) but it

also defines the variables that constitute the vector © ,
different hydrological variables appear in different catch-
ment models. However, only those variables that are stochas-
tic variables need appear in the vector © . All other de-
terministic variables such as lengths, slopes, etc., are

herein considered to be parameters of the functional part

of Q(0).
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(2) The purpose of the stochastic rainfall model is to de-
fine the statistical distribution of ©, and this is given
by the density function £(0). Formally, f£(0) 1is the so-
called first order density function of the multivariate
stochastic process that generates O .
(3) If variable antecedent conditions are to be treated
stochastically, then one or more elements of © must repre-
sent antecedent condition variables. Correspondingly, f(@)
must account for the random variation in the antecedent con-
ditions.

Equation 2-1 applies to any catchment model and to any

model of the stochastic process that generates O .

Once FQ(q) is known, TE(Q) or TM(Q) can be constructed

using Equations 2-2 to 2-10.

B.2 Methods of Solution for F_(q).

Several methods of solution to Equation 2-1 can be developed,
methods which embrace the full range between analytical and stochastic
simulation procedures; four methods were presented by Leclerc and
Schaake [1973]:

* analytical

* linear/numerical integration

« discretization of © and f(©)

» gstochastic/deterministic simulation.
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The analytical solution was developed and fully documented
by Eagleson [1972]. This method was developed for a standard catch-
ment, (see Figure 4-4a), subject to a rainfall modelled with two
independent rainfall variables, the average excess intensity, Ie,
and the storm duration tet Both variables are exponentially dis-
tributed. Under these conditions it was possible to derive the peak
runoff frequency curve TE(Qmax) although serious difficulties were
encountered in the analytical derivation of an expression for Qmax’
due to the adoption of the kinematic wave equations for the routing
model.

The linear/numerical integration method replaces the kinematic
wave routing model by an impulse response function which preserves
the time of concentration of 1) the overland flow segment tC and of
ii) the stream segment, ty of a standard catchment, for each storm
event considered. The linear model is used to construct an analytical
expression for Qmax(ie’tre)' Then, Eq. 2-1 is integrated numerically.

Discretization of 0 1is a technique that should be generally

applied to solve Equation 2-1. Let O, be the ith value of O,

1
i=1,..., M. The probability that Gi will occur is Py where
M
z By = ik (B-5)
i=1

The distribution FQ(q) is then computed as:

F.(qg) = L p (B-6)
Q 1e1 1
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where I 1is the set of indices such that
Q(0,) <aq (8-7)

This technique is illustrated in Figure B-4 for the two-
random variable case. 1In Figure B-4 the Ee— tre plane is covered
by a rectangular grid; at each grid point a value Q(Oi) may be
computed.

If this Q(Oi) were assumed representative of the runoff
variable of all the storms that are located inside the rectangle whose
corners are mid-way between the grid intersections, the probability
that Q(Gi) would occur is equal to the probability of occurrence of
all the storms located inside that rectangle. 1In Figure B-4, the

probability of Q¢ @A) is thus equal to
i,(2) tr,(2) .
Py, = [ dI Efi,tr) dtr (B-8)
1A(1) trA(I)

Equation (B-6) 1is then used to compute FQ(q).

The stochastic/deterministic method of solution is documented

in Chapter 6.

B-3: Numerical Example

The four methods of solution were used to derive the peak
runoff frequency curve of the 22 sq.mi. catchment of the East Branch

of the Eight mile River near North Lyme, Conn. Table B-1 presents
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Table B-1

Data for the East Branch of the Eightmile

River near North Lyme, Conn.

1. Stochastic Rainfall Model, Ie_ tre

I - BA B 5w
f(ie, tre m exp [ k ie Atre
Where B = 30, hr/in, A= 0.13 hr ' , and
k = 0.988

The parameter, k, 1s a factor for reducing point rainfall
intensity to average over the direct runoff area,

Number of direct runoff producing storm = 30

2. Catchment Model
- Kinematic wave equations

- Standard catchment (Figure 4.4a)

- Ar = 1/3 Ac = 7.333 sq.mi.
Rc = 2381 feet (overland flow length)
Ls = 42926 feet (stream length)
o = 10.0 sec ' m = 2.0
c c
o = 0.1 se!c—1 m = 1.5
8 s

-245-



the data for this example.

Figures B-5 and B-6 illustrate the derived frequency
curves, obtained by each of the four methods presented. These curves
show that each method gives a reasonable TE(Qmax)' The differences
observed between the curves are caused by the type of approximation

made in developing each method.

B.4 Summary

The conceptual framework provides a theoretical basis for
understanding the mechanics underlying the derivation of runoff frg-
quency curves. Within this framework methods of solution may be
developed and assessed, not only for the two random variable cases
but also for cases where more random variables are required to
appropriately describe the problem. These potential applications
of the conceptual framework have been analyzed in the course of this
study; they are not discussed herein even though they are interesting

because they were not used in this study.

-246-



=LY T

(C.F.S)

PEAK RUNOFF

LIOOF
1, OO0
9001
800}~

700“-

600

LINEAR / NUMERICAL
INTEGRATION

STOCHASTIC / DETERMINISTIC SIMULATION

300
200
100
| | 1 L J
| 5 10 20 50 100
RECURRENCE INTERVAL (YEARS)
Figure B-5: Numerical Example: Analytical vs Linear/Numerical Integration

vs Stochastic/Deterministic Simulation Solutions.



=8hi—

(C.FS)

PEAK RUNOFF

1,100

v

1000

9001~

m,;-o L

400t

300

800 ANALY TICAL: = =
700+ _\/
600}

DISCRETE x AND f(x)

L) - e e e

LINEAR / NUMERICAL INTEGRATION

| 1 1 | J

Figure B-6:

5 10 20 50 100
RECURRENCE INTERVAL (YEARS)

Numerical Example: Analytical vs Linear/Numerical Integration
vs Discrete @ and f(©) Solutions



Appendix C

Sampling Variance of the Parameter of an Exponential Distribution

Variable x 1is exponentially distributed

£5) = ke (c-1)

where k 1is the parameter of the PDF. The likelihood function is

n

-k x
k e g

L(k)

(C-2)

where Xy are observations of x (i=1,...,n).
Assuming a diffuse prior distribution on k, the posterior

PDF for k given the sample is

-kIx
F(k) «k™ e £ (c-3)

which is a Gamma PDF with parameters o = n and B = l/§X1 (C-4)

The mean and variance of f(k) are

+1
w = Blotl) = = — (C-5)
b %y
and
g = pE(el) = L (C=6)
k (§xi)2
The maximum likelihood estimate of k 1is
e =R (c-7)
x -
§ i X



Assuming that n 1is large enough so that the difference between
and n+l 1is inconsequential and asssuming that k 1is estimated

according to (C-7), the sampling variance of k is, therefore.

o = (C-8)

It is important to note that the value of n that appears in Eq.
C-8 is the number of individual storm events that were used to

estimate k. If, on the average, m events per year OcCcCur,

n = mN (C-9)

events may be expected to occur in N years.
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APPENDIX D
ANALYTICAL DERIVATION OF THE FREQUENCY CURVE OF PEAK

RUNOFF FROM AN OVERLAND FLOW PLANE

This appendix presents the derivation of TE(Qp)’ the
frequency curve of the peak discharge of an overland flow plane.
This derivation follows closely Eagleson's [1972] derivation of the

flood frequency curve for a natural catchment.

Stochastic Model of the Rainfall.

Eagleson, [1972], modeled the rainfall during an individual
storm event in terms of two random variables: the average rainfall
intensity, io [in/hr], and the storm duration tr[hr]. The first
order joint density function (conditional on the occurrence of a

storm event) is

f(io, tr) = BX exp [—Bio- Atr] (D-1)

where (B and A are parameters
For Boston, Ma., B = 30 hr/in
-1
and A = 0.13 hour [Eagleson, 1972]

The average rainfall excess intensity, ie [in/hr] is assumed to be
i = i - @ (D-2)

where @ 1is a constant rate of water loss [in/hr].

=251~



It can be shown, (conditional on the occurrence of a rainfall

excess event) that the joint PDF of Ie and te is

f(ie, tre) = BA exp [-BIe - Ktre] (D-3)

where tre is the duration [hr] of the rainfall excess intensity.
The total number of storms during a year is © but only N < 0O
of these produce rainfall excess. Each storm is assumed to have

a rectangular storm interior.

Mechanics of Overland Flow

Let the overland flow plane have a total area of A (acres)
a slope of S[ft/ft] and a length of overland flow of Lt[ft].

The width [ft] of the plane is

43560 A

I (D-4)
c
The peak discharge [cfs] from the plane is
% Lc Ie
QE SR Lk e (P-5)
(12) (3600)
or i
ietr ol
= < D=
Q w ac = tr tc (D-6)

where o, and m_  are given parameters which may be evaluated by

the Manning formula as
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m = 5/3 (D-7)

1
1.49 (D-8)

The units of Ie are [in/hr] and tr are [hr].

The time of concentration of the overland flow plane, in hr,

is
[ nLc %g
£ = o1 sg (D-9)
51’2 IZ%
i nLc 3/5
or tc = ,0156 | ——— (D-9a)
1 2
| 572 q/a) %
F, (@) for Individual Storms

From Chapter 2

FQ(Q) = IJ £(1 ,t_ ) di d (D-10)

e’ re e tr
R

where the region of integration is the region to the southwest of
Curve A in Fig. D-1. The analytical structure of this region pre-
cludes an exact analytical integration of Eq. (D-10). An approxima-
tion, suggested by Eagleson (1972) is to approximate the region R
to the southwest of curve A by the region R' to the southwest

of curve B. These curves are illustrated in Figure D-1. Region R'
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may be partitioned into two subregions Rl and R2' Eq.
be approximated by
FQ Q) = Il + 12
where
Il = f[f(i A tre) die dtr
Ry
and
I, = ij(ie, tre) die dtre
R2
Eq. (D-12) may be replaced by the iterated integral
Jm Q/A
I1 = dtre E{L ’tre) diedtr
o o
which together with Eq.(D-1) gives
I, = 1-exp[-80/al
Eq. (D-13) may be replaced by the iterated integral
1, - dei | pre BUR/A) e 4
re
o 6
where
1 = I = 0/A
and
g (1) =t
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defines curve B in Fig. D-1.

Eq. (D-16) reduces to

I, = exp[- BQ/Al {1- B fwexp[-ﬁi - Ag(i)] di }
(o]

Eagleson [1972] showed that if

[}
i

BJm exp[-Bi - Ag(i)] di
o

and i1if

[}

v = B/i™

g(i) .

that ID is closely approximated by

e-o/m g~o+1 I (0)

where
1/ (mt1)
B (mAB/B )

Q
]

The idea now is to choose B so that Curve B

(D-19)

(b-20)

(D-21)

(D-22)

(D-23)

closely re-

sembles Curve A 1in the region of most probable values of Ie and

s
re
One approximation is to make curves A and B

at ¢t = Etc where 0 < £ <1. The equation for B

- e[ -

=255~
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If £€=1/2 and m = 1/2 (Eagleson used m = 1/2), Eq. (D-24)

becomes

¥s (24 '
B = o8 ;tL] [_] -9 ©-25)

Substituting Eqs. (D-15), (D-19) and (D-20) into Eq.

(p-11) gives

FQ(Q) = 1 - Ioexp [- BQ/Al (D-26)

Partial Duration Series T_(Q)
L

The frequency curve TE(Q) is (after Eagleson)

I

Q@ = 3 I_exp[-BQ/A] (D-27)
or

T_(Q) exp[3Q/A] ©-28)

£ N e 2% 679 (g)

-257-





