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Abstract

We study the limits of efficient algorithms in random optimization problems. In these problems, we are given
a random objective function and our goal is to find an input achieving a large output. These problems often
exhibit information-computation gaps, where the maximum objective that exists is larger than the maximum
objective that known efficient algorithms can find. Our goal is to find rigorous evidence of computational
hardness in the hard regime.

We focus on the problems of random k-SAT and mean-field spin glasses. Our results are:

e It is known that random k-SAT has a satisfying assignment with high probability up to clause density
2Flog 2 — %(1 + log2) + 0k (1), while the best known algorithm (Fix) finds a satisfying assignment up
to clause density (1 — 0x(1))2* log k/k. We prove that low degree polynomial algorithms cannot find a
satisfying assignment above clause density (14 oy (1))x*2* log k/k, for a universal constant x* ~ 4.911.
Low degree polynomial algorithms encompass Fix, message passing algorithms including Belief and
Survey Propagation guided decimation, and local algorithms on the factor graph. This is the first
hardness result against any class of algorithms within a constant factor of the clause density achieved
by Fix.

e The maximum asymptotic value OPT of the Hamiltonian Hy /N of a spherical or Ising mixed p-spin
glass is given by the celebrated Parisi formula. Recently developed approximate message passing al-
gorithms efficiently optimize Hy /N up to a value ALG given by an extended Parisi formula, which
minimizes over a larger space of non-monotone functional order parameters. These two objectives
coincide for spin glasses exhibiting a no overlap gap property, but are generically not equal. We prove
that for mixed even p-spin models, no algorithm satisfying an overlap concentration property can
produce an objective larger than ALG. This property holds for all algorithms with suitably Lipschitz
dependence on the disorder coefficients of Hy, including natural formulations of gradient descent, ap-
proximate message passing, and Langevin dynamics run for bounded time. In particular, this includes
the algorithms achieving ALG.

We prove these results by extending the overlap gap property (OGP) framework of Gamarnik and Sudan
to multi-OGPs, which consider forbidden constellations containing several solutions. Our results for random
k-SAT are proved by a multi-OGP that generalizes the ladder constellation introduced by Wein. Our results
for spin glasses are proved by a new multi-OGP, the branching OGP, that uses an arbitrarily complex
ultrametric constellation of solutions.
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Chapter 1

Introduction

1.1 Random Optimization Problems

The subject of this thesis is algorithmic limits in random optimization problems. In a random optimization
problem, we are given a random objective function and our goal is to find an input achieving a large output.
Such problems are ubiquitous at the intersection of probability and computation. Examples of random
optimization problems include:

e Random constraint satisfaction problems (rCSPs): random (MAX-)k-SAT, g-coloring, maxcut, maxi-
mum independent set;

e Mean-field spin glasses;
e Perceptron models;
e Number Partitioning.

Random optimization problems are also a rich source of examples of non-convex optimizaton problems.

There are two natural questions one can ask about any random optimization problem. First, what is the
largest objective that exists with high probability? Second, what is the largest objective that can be found
with high probability by an efficient algorithm? We refer to these values as the existential and algorithmic
limits.

In a large number of random optimization problems, our understanding of these two questions can be
described by the following state of affairs. The existential limit is very well understood, and its in-probability
limiting value is either known exactly or within precise estimates. However, much less is known about the
algorithmic limit. The best known polynomial-time algorithm stalls at an objective well below the existential
limit; this barrier has defied all attempts to devise better algorithms, and is believed to be fundamental.
This phenomenon is known as an information-computation gap.

Understanding the limits of efficient algorithms gives insight into the basic computational limits of opti-
mization. This leads us to our guiding question:

Can we characterize and find rigorous evidence for the limits of efficient algorithms in random optimization
problems? Moreover, can we establish algorithmic limits across many problems in a unified way?

We will study this question through a somewhat surprising connection between the limits of efficient
algorithms and the geometry of the solution space. It was observed in the influential work [ACO08] that in
many problems, the failure of known efficient algorithms coincides with a clustering phase transition, beyond
which metastable states proliferate. The popular wisdom is that beyond this threshold, the optimization
landscape becomes very rugged, rendering efficient algorithms unable to navigate this landscape. It would
thus be of interest to rigorously show that efficient algorithms fail beyond this transition.

Our central tool for showing computational hardness is the Overlap Gap Property (OGP). Introduced by
Gamarnik and Sudan in [GS14], the OGP technique formalizes clustering as the absence of a constellation of



solutions with a prescribed geometric structure and leverages this fact to show hardness for powerful classes
of stable algorithms. The notion of stable depends on the problem under consideration, but in all cases
includes the state-of-the-art algorithm for the problem and powerful computatonal frameworks. Thus, OGP
promises to give a unified geometric explanation of hardness across many random optimization problems.

The choice of the forbidden constellation in OGP is crucial to the success of the OGP argument. The
design and analysis of this constellation is one of the main technical barriers to using OGP to show com-
putational hardness. By introducing new tools for this task, our work substantially generalize the reach of
OGP methodology. In Section 1.4, we give a detailed overview of the OGP program and our contributions.

We focus our attention on two of the oldest studied random optimization problems, random k-SAT and
mean-field spin glasses, which we now introduce.

1.2 Random k£-SAT

The k-SAT problem occupies a central role in complexity theory as the first and canonical NP-complete
problem [Coo7l]. Its average-case analogue, random k-SAT, likewise has a central role in average-case
computational complexity. In this problem, we are given a k-CNF formula with M clauses and N variables
whose kM literals are sampled uniformly and i.i.d. from the 2N possible literals;! see [Ach09] for a survey.
There are two fundamental questions for random k-SAT. First, at what scalings of (k, N, M) are there
satisfying assignments? Second, when can they be found by efficient algorithms? Note that random k-SAT
can be identified with the random optimization problem of minimizing the number of violated clauses, and
these questions correspond to when the existential and algorithmic limits are zero.?

Early work showed that for fixed k the interesting regime of random k-SAT is when M = ©(N), and that
the problem’s qualitative behavior in the large-N limit depends on the clause density o = M/N. Namely,
[FP83] showed that if & > 2¥log?2, random k-SAT is unsatisfiable with high probability; on the positive
side, [MTF90] showed that if o < 2¥/k, a simple algorithm finds a satisfying assignment with nontrivial
probability, and [CR92] improved the guarantee to with high probability. We henceforth work in the double
limit where N — oo at constant o = a(k), and then k£ — oo.

As we tune a with k fixed, we encounter phase transitions separating one qualitative behavior from
another. Two phase transitions are of primary interest to us: the satisfiability threshold, below which
random k-SAT admits a satisfying assignment with high probability, and the algorithmic threshold, below
which a polynomial-time algorithm produces a satisfying assignment with high probability.

The satisfiability threshold is well understood. [KKKS98] showed that random k-SAT is unsatisfiable
with high probability at clause density 2¥ log 2 — %(log? + 1) + 0x(1), where 0x(1) denotes a term limiting
to 0 as k — oo. Conversely, [COP16] showed that random k-SAT is satisfiable with high probability at
clause density 2¥log2 — 1(log2+ 1) — o5 (1). For large k, the landmark result of Ding, Sly, and Sun [DSS15]
precisely identified the satisfiability threshold (k) within this range, proving that with high probability,
random k-SAT is satisfiable when o < as(k) and unsatisfiable when a > o (k).

We study the algorithmic threshold, which is much less understood. The best polynomial-time algorithm
known, the Fix algorithm of Coja-Oghlan [CO10], finds a satisfying assignment with high probability at
clause density (1—o0(1))2¥ log k/k, nearly a factor of k below the satisfiability threshold. A body of evidence
has emerged to suggest that this is the correct threshold, but rigorous results that efficient algorithms fail
beyond this threshold have been scarce.

In the early 2000s, statistical physicists developed a rich but non-rigorous theory describing the solution
geometry of random k-SAT, among other random constraint satisfaction problems [KMRT*07]. This theory
predicts several phase transitions in random k-SAT’s solution geometry, which we now summarize; see
[KMRTT07, Figure 2] for an illustration. At low clause density, the space of satisfying assignments is one
large cluster. When the clause density reaches the uniqueness threshold, disconnected solution clusters appear
but the main cluster contains all but an exponentially small fraction of solutions. At the clustering threshold,
the solution space shatters into an exponentially large number of clusters, each with an exponentially small

Mn a variant of this definition, the M clauses are chosen uniformly and without replacement among all 2% (]Z) clauses with
k distinct, non-complementary literals. This definition behaves identically to ours in the large-N limit, and all properties of
random k-SAT we show in this chapter apply equally to this model.

2The question of determining the existential and algorithmic minimum numbers of violated clauses is the MAX-k-SAT
problem, which is interesting in its own right. In this thesis, we focus on the question of satisfying assignments.



fraction of solutions. Additional clauses cause these clusters to shrink until at the condensation threshold,
the solution space is dominated by a few clusters of strongly varying sizes. Finally, beyond the satisfiability
threshold there are no satisfying assignments. Many of these predictions have since been proven rigorously:
the prediction of the satisfiability threshold was confirmed in [DSS15], and the physics prediction of the
condensation threshold in random regular NAE-k-SAT was recently confirmed in [NSS20].

[KMRT"07] predicted that Markov Chain Monte Carlo (MCMC) algorithms succeed up to the cluster-
ing threshold and no more. Since then, this threshold has emerged as the predicted limit of all efficient
algorithms, and structural phenomena in the clustered regime have been rigorously established that (still
non-rigorously) suggest algorithmic hardness. [ACOO08] showed that clustering occurs at clause density
(1 + ox(1))2*log k/k, confirming the prediction of [KMRTT07]. They showed that at this clause density,
long-range correlations appear in random k-SAT’s solution space, in the following sense. Say variable z; of
a satisfying assignment x € {T,F}" is frozen if any satisfying assignment y with z; # y; is at Hamming
distance Q(N) from x. Then, in all but an o(1) fraction of satisfying assignments, all but an o (1) fraction
of bits are frozen with high probability. This suggests that above this clause density, local search is unlikely
to succeed, and any algorithmic solution to random k-SAT must use a qualitatively different approach.

The rigorous evidence for the algorithmic threshold consists of exhibiting algorithms on one side and
producing bounds against specific algorithms or restricted computational models on the other side. There
is a long history of work on heuristic algorithms for k-SAT. The oldest heuristic is the Dawvis-Putnam-
Logemann-Loveland (DPLL) algorithm [DP60, DLL61], a backtracking based search algorithm which still
forms the basis for many modern SAT solvers. Other heuristics that have emerged include the pure literal
rule [GPB82]; unit clause propagation [MTFI0]; shortest clause [CR92, FS96]; walksat [Pap91, COFFT09];
and Belief and Survey Propagation guided decimation [MRTS07, BMZ05]. However, there is no evidence,
rigorous or non-rigorous, that any of these algorithms succeed beyond clause density Oy, (2% /k). (See [CO10,
Table 1] for a review of these algorithms’ performances.) The breakthrough result [CO10] produced the
algorithm Fix, which provably finds a satisfying assignment with high probability up to clause density
(1 — ox(1))2%log k/k. This is the best algorithm to date, and the above physics evidence suggests that this
clause density is optimal up to lower order terms.

The earliest rigorous hardness result is [LMS98], which proved that the pure literal rule does not solve
random 3-SAT above clause density approximately 1.63. [AS00] generalized this result, showing that so-called
myopic algorithms cannot solve random 3-SAT above clause density approximately 3.26. (The random 3-SAT
satisfiability threshold is conjectured to be about 4.26 [MPZ02].)

For large k, the earliest hardness result is [ABMO04], which showed that DPLL type algorithms require
exponential running time beyond clause density O (2¥/k). Note that this threshold is smaller than the
clause density (1 — oy(1))2¥ logk/k where Fix succeeds; thus DPLL algorithms are provably suboptimal.
Gamarnik and Sudan [GS17] showed that balanced sequential local algorithms, which include Belief and
Survey Propagation guided decimation (with constant or mildly growing number of message passing rounds)
cannot solve random NAE-k-SAT at clause density (1 -+ o0y (1))2°~'log® k/k. The quantity 25! is the NAE-
k-SAT analogue of 2* for k-SAT. Remaining negative results are bounds against specific algorithms. [Het16]
proved that Survey Propagation guided decimation (without restriction on the number of rounds) fails at
clause density (1+0x(1))2" log k/k, and [COHH17] proved that walksat fails at clause density Oy (2* log? k/k).
Table 1.1 summarizes these results. To date, all negative results either differ from the conjectured threshold
(1 + or(1))2*log k/k by a factor growing in k or are tailored to a specific algorithm.

We will show that low degree polynomial algorithms do not solve random k-SAT above clause density
(1+04(1))x*2F log k/k for a universal constant x* ~ 4.911. Low degree polynomials encompass many of the
above algorithms, including Fix, Belief and Survey Propagation guided decimation, and local and sequential
local algorithms on the factor graph. This is the first hardness result for any class of algorithms within a
constant factor of the conjectured algorithmic threshold.

Low degree polynomial algorithms have recently emerged as a prominent class in average case complexity
and statistical inference. As outlined in [GJW20, Appendix A], this class contains many popular and powerful
frameworks, including spectral methods, local algorithms on graphs, and (approximate) message passing
[DMMO09, BM11, JM13, Mon19, AMS21, Sel21]. In addition, a recent flurry of work has shown that for
many problems in high-dimensional statistics, including planted clique, sparse PCA, community detection,
and tensor PCA, low degree polynomials are as powerful as the best polynomial-time algorithms known
[HS17, HKPT17, Hop18, BKW20, KWB19, DKWB20, CHK*20, BB20, LZ20, SW20, BBK*21, BBH"21].



Reference Algorithm or algorithm class Clause density

[ABMO04] DPLL algorithms O (2% /k)
[GS17] Balanced sequential local algorithms (NAE-k-SAT) | (14 0x(1))2% 1 log? k/k
[Het16] Survey Propagation guided decimation (14 0x(1))2% log k/k
[COHH17) Walksat Or (2% log® k/k)
This work Low degree polynomials (14 ox(1))s*2F log k/k

Table 1.1: Algorithmic hardness results for random k-SAT with large k. The conjectured algorithmic
threshold is (1 + ox(1))2* log k /.

Thus, showing that low degree polynomial algorithms fail at some threshold provides evidence that all
polynomial-time algorithms fail at that threshold.

Our result gives strong evidence that the algorithmic threshold is within a constant factor of 2% log k /k.
Because our techniques link clustering to hardness, we believe the true algorithmic threshold is (1 +
or(1))2%log k/k, matching Fix and the onset of clustering; we leave the question of closing this constant
factor gap as an important open problem.

1.3 Optimization of Mean-Field Spin Glasses

The Sherrington-Kirkpatrick model was introduced in [SK75] as a mean-field model for spin glasses. The
mixed p-spin model generalizes this model to interactions involving more than two spins, and is defined as
follows. For each p € 2N, let G®) ¢ (RN)®p be an independent p-tensor with i.i.d. N(0,1) entries. Let
h >0, and set h = (h,...,h) € RY. Fix a sequence (7,)pean With 7, > 0 and ZPGQN 21’72 < 00. The mixed
even p-spin Hamiltonian Hy is

Hy(o) = (h,o) + Hy(o), where (1.3.1)

7 7

Hy(o) = %:NMT”U/Q<G<?>,J®P>. (1.3.2)
pe

We consider inputs & in either the sphere Sy = {x € RV : vazl x? = N} or the cube Xy = {—1,1}". These

K3
define, respectively, the spherical and Ising mixed p-spin glass models. The coefficients v, are customarily

encoded in the mizture function {(x) =3 oy y7aP. Note that Hy is equivalently described as the Gaussian
process with covariance _ _
EHy(o')Hy(o?) = NE((o!,0%)/N).
The Hamiltonian Hy defines a random objective function, and optimizing this function is a random
optimization problem. Let

1 1
OPT?ph = p-lim — max Hy(o), OPTEh = p-lim — max Hy(o)

N—o0 g€SN N o0 ocEXN

denote the existential limits of this problem. We write OPTP = OPszh and OPT™ = OPTEh when &, h

are clear from context. The values OPT®P and OPT™ are given by the celebrated Parisi formula [Par79]
which was proved for even models by [Tal06b, Tal06a] and in more generality by [Pan14]. While most often
stated as a formula for the limiting free energy at inverse temperature 3, the asymptotic maximum can be
recovered as a S — oo limit of the Parisi formula. Restricting for concreteness to the Ising case (we will
state the analogous result for the spherical case in Section 3.1), the result can be expressed in the following
form due to Auffinger and Chen [AC17D].

Define the function space

1
U = {C :10,1) = Rxp : ¢ is right-continuous and nondecreasing,/ ¢(t) dt < oo} . (1.3.3)
0



For ( € %, define @, : [0,1] x R — R to be the solution of the following Parisi PDE.
1
0P (t, ) + 55”(t) (O ®c(t, ) + (1) (0:Pc (t,2))%) =0 (1.3.4)
Oc(1,2) = |z|. (1.3.5)

Existence and uniqueness properties for this PDE are recalled in Subsection 3.5.1. The Parisi functional
Pls = Péfh 1% — R is given by

1t
PR(C) = Be(0.5) — / 1€ (£)C (1) dt. (13.6)
0
Theorem 1.3.1 ([AC17b, Theorem 1]). The following identity holds.
OPT™ = inf P™((). 1.3.7
nt P (137)

The infimum over { € % is achieved at a unique (., € % as shown in [AC17b, CHL18|, which can
be obtained as an appropriately renormalized 8 — oo limit of the corresponding minimizers in the posi-
tive temperature Parisi formula. These positive temperature minimizers roughly correspond to cumulative
distribution functions for the overlap (o!,a2)/N of two replicas o', o0 sampled from the Gibbs measure
ePHN |7 (B), which is why the functions ¢ considered in the Parisi formula are nondecreasing.

Efficient algorithms to find an input o achieving a large objective have recently emerged in a line of work
initiated by [Sub21] and continued in [Mon19, AMS21, Sel21]. The main results of these works in the Ising
case can be described as follows. For a function f : R — R and interval J, let || f]| dry () denote the total
variation of f on J, expressed as the supremum over partitions:

1l gpy () = Slipt sup Z |f(t:) — f(ti1)l-

0<t1 <<t ,t; €J i=1

Let .Z D % denote the set of functions given by

1
L = {( :[0,1) = Rx : ¢ right-continuous, [|£” - (|| 4, (0.4 < oo for all ¢ € [0, 1),/ )¢t dt < oo} :
0

(1.3.8)
It turns out (see Subsection 3.5.1) that the definition of P!* above extends from % to .#. Therefore we may
define ALG™ = ALGZ, by

ALG" = inf P™((). 1.3.9

nf () (139)
Note that ALG"™ < OPT™ trivially holds. We have ALG™ = OPT"™ if the infimum in (1.3.9) is attained by
some ¢ € %, and otherwise ALG™ < OPT'™.

Theorem 1.3.2 ([AMS21, Scl21]). Assume there exists (. € £ such that P™(¢,) = ALG™. Then for any
€ > 0, there exists an efficient algorithm A : 7 — Cn such that

P[Hx(A(HN))/N > ALG® —¢] > 1—0(1), c¢=c(e) > 0.

All of the algorithms in [Sub21, Mon19, AMS21, Sel21] are computationally efficient. The latter three
works use a class of iterative algorithms known as approximate message passing (AMP). In particular they
require only a constant number of queries of V H  (+); this results in computation time linear in the description
length of Hy when £ is a polynomial, assuming oracle access to (, and the function ®¢,. AMP offers a great
deal of flexibility, and the idea introduced in [Mon19] was to use it to encode a stochastic control problem
which is in some sense dual to the Parisi formula. Based on this idea it was shown in [AMS21] that no
AMP algorithm of this powerful but specific form can achieve asymptotic value ALG™ + ¢ in the case h = 0.
The non-equality ALG™ < OPT™ also has a natural interpretation in terms of the optimizer (, of (1.3.7) —
it implies that ¢, is not strictly increasing, see [Sel21] for a more precise condition called “optimizability”
therein. As explained in [Sel21, Section 6], in the case of even Ising spin glasses this non-equality exactly



coincides with the presence of an overlap gap property (discussed below) associated with forms of algorithmic
hardness. It is therefore natural to conjecture that the aforementioned AMP algorithms achieve the best
asymptotic energy possible for efficient algorithms.

This belief is aligned with results on the complexity of pure spherical spin glasses with £(z) = 2P and
h = 0. In this case, the analogous value ALG®P is the one obtained by [Sub21] and coincides with the onset
of exponentially many bounded index critical points, as established in [ABAC13, Sub17]. In this case almost
all local optima have energy value ALGSP + o(1) with high probability, which suggests from another direction
that exceeding the energy ALGSP might be computationally intractable.

This belief is also aligned with existing hardness results. For pure spherical and Ising p-spin glasses
where h = 0 and p > 4 is even, ALG < OPT always holds. In such models, [GJW20] showed that low degree
polynomials cannot achieve some objective OPT — ¢ strictly smaller than OPT, extending a similar hardness
result of [GJ21] for approximate message passing. [GJW21] extended the conclusions of [GJW20] to Boolean

circuits of depth less than mgg%gn' As pointed out in [Sel21, Section 6], these results extend in the Ising

case to any mixed even model where ALG™ < OPT™,

Our results will show that a class of suitably Lipschitz algorithms in the disorder coefficients, which
encompasses natural formulations of gradient descent and AMP, cannot surpass ALG. To this end, we define
the following distance on the space .y of Hamiltonians Hy. We identify Hy with its disorder coefficients
(G®) con, which we concatenate (in an arbitrary but fixed order) into an infinite vector g(Hy). We equip
N with the (possibly infinite) distance

I1HN = Hylly = llg(Hn) — g(Hy)ll5 -
Let By = {z € RV : Zf\; 2?2 < N} and Cx = [-1,1]" be the convex hulls of Sy and ¥y, which
we equip with the standard ||-||, distance. A consequence of our main result is that no O(1)-Lipschitz

function A : J#y — Cpy can surpass the asymptotic value ALG™S. (And similarly in the spherical case for
A : N — By and an analogous ALGSp.)

Theorem 1.3.3. Let 7, > 0 be constants. For N sufficiently large, any T-Lipschitz A : 7N — Cn satisfies
P [HN(A(HN))/N > ALG" +¢| <exp(—cN), c¢=c(& h,e, 1) > 0.

Note that the Lipschitz condition [A(Hyx) — A(H)y)|l, < 7 ||Hy — Hjy||, holds vacuously when the latter
distance is infinite.

The algorithms of [Mon19, AMS21, Sel21] are O(1)-Lipschitz in the sense above®. While the approach of
[Sub21] is not Lipschitz, its performance is captured by AMP as explained in [AMS21, Remark 2.2].* Hence
in tandem with these constructive results, Theorem 1.3.3 identifies the exact asymptotic value achievable
by Lipschitz functions A : #y — Cy (assuming the existence of a minimizer {, € % as required in
Theorem 1.3.2). We also give an analogous result for spherical spin glasses, in which there is no question of
existence of a minimizer on the algorithmic side. Let us remark that the rate e=¢V in Theorem 1.3.3 is best
possible up to the value of ¢, being achieved even for the constant function A(Hy) = (1,1,...,1).

Abstractly, the assumption that A is Lipschitz is geometrically natural and brings us near the well-studied
setting of Lipschitz selection [Shv84, PY95, Shv02, FS18]. Here one is given a metrized family S of subsets
inside a metric space X. The goal is to find a function f : S — X with the selection property that f(S) € S
for all S € S, and such that f has a small Lipschitz constant. Indeed a Lipschitz function A : #y — Cy
achieving energy F is almost the same as a Lipschitz selector for the level sets

Sp(Hy) = {0 € Cy : Hy(0)/N > E}

metrized by the norm on .#y defined above (and leaving aside the fact that Sg(Hy) may not determine
Hy). Of course we can only hope for A(Hy) € Sg(Hy) to hold with high probability, since Sg(Hy) is
empty with small but positive probability.

3Technically the algorithms in these papers round their outputs to the discrete set X at the end, making them discontinuous.
Removing the rounding step yields Lipschitz maps A : # — Cn with the same performance.
4We also outline a similar impossibility result for a family of variants of Subag’s algorithm in Subsection 3.2.7.



In particular, many natural optimization algorithms satisfy the Lipschitz property above on a set Ky C
AN of inputs with 1 — exp(—Q(N)) probability; this suffices just as well for Theorem 1.3.3 (see Subsec-
tion 3.7.1). As explained in Section 3.7, algorithms with this property include the following examples, all
run for a constant (i.e. dimension-independent) number of iterations or amount of time.

e Gradient descent and natural variants thereof;
e Approximate message passing;
e More general “higher-order” optimization methods with access to V¥ Hy(-) for constant k;

e Langevin dynamics for the Gibbs measure e?#~ with suitable reflecting boundary conditions and any
positive constant 3.

In fact we will not require the full Lipschitz assumption on 4, but only a consequence that we call overlap
concentration. Roughly speaking, overlap concentration of .4 means that given any fixed correlation between
the disorder coefficients of H} and H%, the overlap (A(H%), A(H%))/N tightly concentrates around its
mean. This property holds automatically for 7-Lipschitz A thanks to concentration of measure on Gaussian
space. It also might plausibly be satisfied for some discontinuous algorithms such as the Glauber dynamics.

1.3.1 Further Background

We now describe some other results on algorithmically optimizing spin glass Hamiltonians. First, in the
worst case over the disorder G(P), achieving any constant approximation ratio to the true optimum value
is known to be quasi-NP hard even for degree 2 polynomials [ABET05, BBH"12]. For the Sherrington-
Kirkpatrick model with £(t) = ¢2/2 on the cube, it was recently shown to be NP-hard on average to compute
the ezact value of the partition function [GK21b]. Of course, these computational hardness results demand
much stronger guarantees than the approximate optimization with high probability that we consider.

Another important line of work, alluded to above, has studied the complexity of the landscape of Hy
on the sphere, defined as the exponential growth rate for the number of suboptimal local optima and other
finite-index saddle points at a given energy level. These are understood to serve as barriers to efficient
optimization, and a non-rigorous study was undertaken in [CLR03, CLR05, Par06] followed by a great deal
of recent progress in [ABAC13, ABA13, Sub17, McK21, Kiv21, SZ21]. Notably because the true maximum
value of Hy is nothing but its largest critical value, the first moment results of [ABACIS] combined with the
second moment results of [Sub17] gave an alternate self-contained proof of the Parisi formula for the ground
state in pure spherical models. In a related spirit, [Cha09, DEZ15, CS17, CHL18| have shown that mixed
even p-spin Hamiltonians typically contain exponentially many well-separated near-global maxima.

Other works such as [CK94, BCKM98, BADG06, BAGJ20] have studied natural algorithms such as
Langevin and Glauber dynamics on short (independent of N) time scales. These approaches yield (often
non-rigorous) predictions for the energy achieved after a fixed amount of time. However these predictions
involve complicated systems of differential equations, and to the best of our knowledge it is not known
how to cleanly describe the long-time limiting energy achieved. Let us also mention the recent results of
[EKZ21, AJKT21] showing that the Glauber dynamics for the Sherrington-Kirkpatrick model mix rapidly
at high temperature.

1.4 The Overlap Gap Property as a Barrier to Algorithms

The study of solution geometry as a barrier to algorithmic hardness began in the seminal work [ACO03],
which showed the presence of a clustering phase transition in random k-SAT and ¢-coloring that coincides
with the failure of the best known efficient algorithm. Moreover, [ACO08] conjectured that this is a general
phenomenon: in a general random CSP exhibiting a clustering transition, polynomial-time algorithms suc-
ceed up to this transition and no further. [COE15] showed the presence of a similar clustering transition for
the problem of maximum independent set on a sparse random graph, which also coincides with the failure



of the best known polynomial-time algorithm. This intuition is believed to hold in significant generality in
random optimization problems.®

In the past several years, a line of work [GS14, RV17, GS17, CGPR19, GJ21, GTW20, Wei20, GK21a,
GJW21] on the Overlap Gap Property (OGP) has made substantial progress on rigorously linking solution
geometry clustering in random optimization problems to algorithmic hardness. A survey can be found in
[Gam21]. Initiated by Gamarnik and Sudan in [GS14], the OGP technique can be summarized by the
following two steps.

1. Show that if a suitably stable algorithm can construct one solution at the desired objective (or clause
density), it can in fact construct a constellation of such solutions with a specified geometric structure.

2. Separately, show that with high probability, this constellation does not occur in the solution space. By
contradiction, this implies that no stable algorithm can reach this objective.

In the original version of the OGP [GS14], the forbidden constellation was a pair of solutions with medium
overlap, hence the name “overlap gap.”

Over many problems, a pattern has emerged where the classic OGP argument shows the failure of
stable algorithms above an intermediate objective, smaller than the existential threshold but larger than the
algorithmic threshold. Intuitively, this is because the classic OGP is a stronger condition than clustering: in
the clustered regime, it is possible to have a small minority of solution pairs with medium overlap, while the
classic OGP requires there to be zero such pairs. On the other side, the condition that there does not exist
two solutions with medium overlap is a weaker condition than the condition that no solution exists at all, so
the onset of OGP occurs below the existential threshold. To tighten the objective where stable algorithms
are proven to fail, subsequent works have considered “multi-OGPs,” which use forbidden structures involving
several solutions. Multi-OGPs improve on the classic OGP if the structure becomes forbidden at a lower
objective than the classic OGP.

The first Multi-OGP was introduced in [RV17], which showed that local algorithms (also called factors of
i.i.d.) cannot attain any objective asymptotically larger than the believed algorithmic limit. Using a different
multi-OGP, [Wei20] extended this hardness result to the more powerful class of low degree polynomials. These
results are an important success story of multi-OGPs, showing that this technique has the potential to show
computational hardness at objectives matching the best algorithms.

OGPs have also been used to study random k-SAT and spin glass optimization, the two problems under
consideration in this thesis. For random k-SAT, [DMMZ08] showed that the classic OGP occurs at clause
density (14 0x(1))32"log2. (This work predates the OGP literature and was understood as a confirmation
of clustering; the rigorous connection to algorithms was realized later.) The aforementioned result of [GS17]
against balanced sequential local algorithms at clause density (1 + 05 (1))2~ 1 log? k/k is proved by a multi-
OGP. For spin glasses, the aforementioned results of [GJ21, GJW20, GJW21] against AMP, low degree
polynomials, and boolean circuits at objective OPT — ¢ are proved by a classic OGP.

One of the main challenges in a multi-OGP argument is the design of the forbidden structure. Whereas in
the classic OGP, there is essentially one possible forbidden structure, with multi-OGPs we have significantly
more freedom. If our goal is to show hardness at or close to a problem’s algorithmic limit, choosing the
correct forbidden structure is crucial; a suboptimal forbidden structure will not be forbidden at the objective
or clause density we desire, causing the argument to fail. Moreover, as these structures become more complex,
it becomes necessary to develop new techniques to prove that these structures do not occur. By choosing
forbidden structures that better capture these problems’ solution landscapes and introducing tools for their
analysis, we improve the above hardness results to clause density (14 ox(1))x*2¥ log k/k for random k-SAT
and to the exact value of ALG for mean-field spin glasses.

The design of our multi-OGPs is a significant departure from previous work. Previous OGPs and multi-
OGPs all use one of the following three forbidden structures, see Figure 1.1.

e Classic OGP: two solutions with medium overlap [GS14, CGPR19, GJ21, GIJW20, GJW21].

e Star OGP: several solutions with approximately the same pairwise overlap [RV17, GS17, GK21a).

5Perceptron is a notable exception; see Chapter 4 for a discussion. We will see that OGP appears to accurately characterize
hardness, even though the clustering heuristic is wrong.
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(a) Classic OGP: 01,02 have medium overlap. (b) Star OGP: many solutions, medium pairwise overlaps.

(c) Ladder OGP: many solutions o, (d) Branching OGP: many solutions arranged in an ultrametric tree.
medium “multi-overlaps” with {o1,...,0;-1}.

Figure 1.1: Schematics of forbidden structures in OGP arguments.

e Ladder OGP: several solutions, where the i-th solution (¢ > 2) has medium “multi-overlap” with the
first ¢ — 1 solutions, for a problem-specific notion of multi-overlap of one solution with several solutions
[Wei20].

For random k-SAT, our multi-OGP is a generalization of the ladder multi-OGP introduced in [Wei20]
for the maximum independent set problem. Like in [Wei20], the analysis of the forbidden structure is by
a first moment analysis: we express the log first moment of the forbidden structure as a free entropy, and
our goal is to find a structure making this quantity negative. However, adapting this technique to random
k-SAT requires new ideas. In maximum independent set, the independence of the Erdés-Rényi graph’s edges
makes the analysis of the forbidden structure tractable by the principle of deferred decisions. In contrast,
the forbidden structure in random k-SAT has complex dependencies which make a tight analysis difficult.
It is a priori unclear what forbidden structure to choose.

We overcome these challenges by an appropriate understanding of the energy landscape of random k-
SAT. We introduce a notion of overlap profile of several assignments and define our multi-OGP’s forbidden
structure in terms of this profile. This is a key innovation, as all previous (multi-)OGPs have not required
the overlap profile’s full power. We then perform a free entropy analysis tailored to random k-SAT to show
the forbidden structure does not occur. A technical overview of our proof can be found in Section 2.2.

For mean-field spin glass optimization, we introduce a new forbidden structure consisting of an arbitrarily
complicated ultrametric branching tree of solutions. We call this the Branching OGP. Informally, the
Branching OGP is the condition that for any fixed € > 0, no constellation of configurations with a certain
ultrametric overlap structure has average energy ALG+¢. The definition involves a family of “ultrametrically
correlated” Hamiltonians, with one input in the constellation per Hamiltonian.

We establish this branching OGP as follows. Using a version of the Guerra-Talagrand interpolation, which
we take to zero temperature, we derive an upper bound for the maximum average energy of configurations
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arranged into the desired structure. This upper bound is a multi-dimensional analogue of the Parisi formula,
and depends on an essentially arbitrary increasing function ¢ : [0,1] — Rt (which we are free to minimize
over). We show that for a symmetric branching tree, the resulting estimate can be upper bounded by P(k().
Here P is the Parisi functional P'™ or its spherical analogue PSP, and & is a decreasing piecewise-constant
function that depends on the tree. By making the tree branch rapidly, the function x can be arranged to
decrease as rapidly as desired. As a result, the functions x( are dense in the space .Z. Thus, we may choose
a tree and ¢ such that P(x() is arbitrarily close to ALG.

Roughly speaking, we show that an overlap concentrated A allows the construction of an arbitrary
ultrametric constellation of outputs. Consequently, if A outputs points with energy at least ALG + ¢,
then A run on the appropriate family of ultrametrically correlated Hamiltonians will output the forbidden
structure above, a contradiction. Some additional complications are created by the fact that E[A(Hx)] may
be arbitrary, and that A(Hx) may be in the interior of C (or in the spherical case, By). The former
issue requires us to control the maximum average energy of ultrametric constellations of points that all
have approximately a fixed overlap with E[A(Hy)]. We deal with the latter issue by composing A with an
additional phase that grows each output of A into its own ultrametric tree of points in X (or Sy), so that
the resulting set of points has the forbidden ultrametric structure.

We also show that the full strength of the branching OGP is necessary to establish Lipschitz hardness
at all objectives above ALG, in the sense that any less complex ultrametric structure fails to be forbidden
at an energy bounded away from ALG. More precisely, consider a spherical model ¢ without external field;
we restrict to this case for convenience. Consider a fixed ultrametric overlap structure of inputs, whose
corresponding rooted tree (cf. Subsection 3.6.2) does not contain a full depth-D binary tree. We prove that
if ALG®P < OPT®P, with high probability there exists a constellation of inputs with this overlap structure
where each input achieves energy at least ALG®P + €¢,D, for a constant ¢ p > 0 depending only on &, D.

Remark 1.4.1. Our proof of the branching OGP is the first to leverage powerful tools from probability to
prove the non-existence of the forbidden structure. All prior OGPs and multi-OGPs are established by a first
moment analysis. We regard this connection with probability as an important methodological contribution.
Guerra’s interpolation allows us to prove a hardness result that is tight in the strong sense of characterizing
the exact point ALG where hardness occurs. This is the first hardness result in any random optimization
problem that is tight in this sense; the aforementioned hardness results for maximum independent set on
G(N,d/N) are tight in the sense of matching the best algorithms within a 1 4 04(1) factor, in the double
limit of N — oo followed by d — oco.

Remark 1.4.2. The significance of ultrametricity in mean-field spin glasses began with [Par79] and has
played an enormous role in guiding the mathematical understanding of the low temperature regime in works
such as [Rue87, Panl3a, Jagl7, CS21]. Ultrametricity also appears naturally in the context of optimization
algorithms. Indeed in [Sub2l, Remark 6], [AM20, Section 3.4] and [Sel21, Theorem 4] it was realized
that the aforementioned algorithms achieving asymptotic energy ALG are capable of more. Namely, they can
construct arbitrary ultrametric constellations of solutions (subject to a suitable diameter upper bound), each
with energy ALG. Our proof based on the branching OGP can be viewed as establishing a sharp converse
— the existence of essentially arbitrary ultrametric configurations at a given energy level is equivalent to
achievability by Lipschitz A.

Remark 1.4.3. Since the algorithm of Subag in [Sub21] uses the top eigenvector of the Hessian VZH y(x)
for various & € By, it is not Lipschitz in Hpy in the sense required by Theorem 1.3.3. However a different
branching OGP argument shows that a stylized class of algorithms which includes a natural variant of Subag’s
approach is also incapable of achieving energy ALG + . This argument uses only a single Hamiltonian,
constructing a branching tree structure using the internal randomness of the algorithm. In this sense, it
bears resemblance to the original OGP analysis of [GS14]. An outline is given in Subsection 3.2.7.
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Chapter 2

Random k-SAT

This chapter studies algorithmic hardness in the random k-SAT problem and is structured as follows.

e Section 2.1 states our main results. Theorem 2.1.6 shows hardness for low degree polynomials, while
Theorem 2.1.13 shows hardness for the more restricted class of local algorithms with a stronger guar-
antee on the success probability. Theorem 2.1.14 gives a converse, that both computation classes can
solve random k-SAT at clause densities where algorithms are known to succeed.

e Section 2.2 gives a technical overview of the design and analysis of the ladder multi-OGP used in our
hardness proofs.

e Sections 2.3 through 2.5 are devoted to the proof of Theorem 2.1.6. Section 2.3 sets up the OGP
argument and proves Theorem 2.1.6 assuming Propositions 2.3.7(a,c), that outputs of the low degree
polynomial are stable and that the main multi-OGP holds. Sections 2.4 and 2.5 prove these proposi-
tions.

e Section 2.6 proves Theorem 2.1.13.

e Section 2.7 shows that a class of algorithms we call local memory algorithms, which include Fix and
sequential local algorithms, can be simulated by local algorithms and low degree polynomials.

e Using these simulation results, Section 2.8 proves Theorem 2.1.14.

Notation and Preliminaries

For all positive integers N, [N] denotes the set {1,..., N}. For two assignments x,y € {T,F}", let A(z,y) =
+|{i € [N] : @; # y;}| denote the normalized Hamming distance. We occasionally consider assignments
z,y € {T,F,err}" which allow an error symbol; for such assignments the definition of A extends verbatim.

Throughout, log denotes the natural logarithm. The binary entropy function H : [0,1] — [0,log2] is
H(x) = —xlogz — (1 — x)log(1l — x). We often use the basic inequality H(z) < xlog <. We also overload
notation and denote by H(-) the entropy of certain distributions. These will be defined where first used.

We reiterate that we work in the double limit N — oo followed by & — oco. The notations O(-), Q(+), o(+),w()
indicate asymptotic behavior in N, suppressing any dependence on k. With a tilde (e.g. 5()) these notations
also suppress polylog(NN) factors. When subscripted with k, these notations indicate asymptotic behavior in
k of a quantity independent of N.

2.1 Results

Throughout this chapter, V = {x1,...,zx} denotes a set of propositional variables. The set of corresponding
literals, consisting of the variables in V and their negations, is £ = {z1,...,2n,Z1,...,Zn}. Let Qi (N, M)
denote the set of all k-CNF formulas over V with M clauses. We allow literals to appear multiple times in
a clause and clauses to appear multiple times in a formula. We treat each ® € Q (N, M) as an ordered
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M-tuple of clauses, each of which is an ordered k-tuple of literals. Let ®; (i € [M]) denote the ith clause of ®
and ®; ; (j € [k]) denote the jth literal of ®;. The central object of this chapter is the following distribution.

Definition 2.1.1 (Random k-SAT). The random k-SAT distribution @ (N, M) is the law of a uniformly
random sample from Q (N, M). Equivalently, we can sample ® ~ &, (N, M) by sampling the literals ®; ;
iid. from unif(L).

We now define the constant x* in our hardness results. Define the function ¢ : (1,+00) — R by

_ s
up) = 1= G-

One easily checks that ¢ is strictly convex, with ¢(8) — +o0o when 8 — 1% or 8 — +oo. Let x* = min«(3) ~
4.911. The minimum is attained at 5* ~ 3.513, the unique solution to f2e~(*~1 =1 in (1, +00).

2.1.1 Computational Hardness for Low Degree Polynomials

We study the class of low degree polynomial algorithms, defined as follows. This is the same computational
model considered in [GJW20, Wei20].

Definition 2.1.2 (Low degree polynomial). A degree-D polynomial is a function f : R™ — RY of the form
f(CL') = (fl(x)a . 7fN(x))7

where each f; : R™ — R is a multivariate polynomial (in the ordinary sense) with real coefficients of degree
at most D. A random degree-D polynomial is defined similarly, except the coeflicients are random (but
independent of the input z). Formally, for an arbitrary probability space (Q,P,), a random degree-D
polynomial is a function f: R"™ x  — R¥ such that for each w € , f(-,w) is a degree-D polynomial.

Remark 2.1.3. We will see in Lemma 2.3.1 that randomness does not increase the power of the class of low
degree polynomials. Informally, this is because if a random polynomial f : R® x Q@ — R solves random
k-SAT in the appropriate sense, there exists a seed w such that the deterministic polynomial f(-,w) also
solves random k-SAT.

We now define how to encode a k-SAT formula as an input to a low degree polynomial. Define an
arbitrary total order on £. We encode each ® € Q4 (N, M) as a “one-hot” vector of indicators ®; ;s
(1 € [M],j € [k],s € [2N]) that ®, ; is the sth element of £. This encoding is an element of {0,1}", where
n=m-k-2N. Slightly abusing notation, we identify ® with this encoding.

Next, we define how to interpret the output of a low degree polynomial as a Boolean assignment. We
introduce the symbol err and define the function round : R — {T,F, err} by

T xz>1,
round(z) = ( F x < -1,

err otherwise.

When applied to a real-valued vector, round is applied coordinate-wise. Thus, outputs of the polynomial
that are at least 1 represent true, outputs that are at most —1 represent false, and outputs in the interval
(—1,1) are errors. It is important to exclude (—1,1) so that a small change in the polynomial output cannot
induce a large change in (the valid outputs of) the assignment.

In the following definition, we relax the notion of satisfying assignment in two ways: we allow the
algorithm to make mistakes in a small fraction 7 of positions (including all err outputs and possibly others),
and after repairing these mistakes we allow a small fraction v of clauses to not be satisfied.

Definition 2.1.4 ((n,v)-satisfy). Let n,v € [0,1]. An assignment z € {T,F}V v-satisfies ® € Qi(N, M)
if it satisfies at least (1 — v)M clauses of ®. Moreover, x € {T,F,err}" (n,v)-satisfies ® if there exists
y € {T,F}* such that A(x,y) <7 and y v-satisfies ®.
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We remark that any x with more than nN entries equal to err does not (n,v)-satisfy ®. We will show
that for small 7, v independent of N, a low degree polynomial cannot produce a satisfying assignment for
random k-SAT even in this relaxed sense. Formally, we will show hardness for the following notion of solve.

Definition 2.1.5 ((d,7,7n,v)-solve). Let 6,1,v € [0,1] and v > 1. A random polynomial f : R"® x Q — RY
(8,7,m,v)-solves ®y(N, M) if the following conditions hold.

(a) Py, [(round o f)(P,w) (n,v)-satisfies ] > 1 — .

(b) Eoo [If(2.0)[3] <7N.

Here, ¢ is the algorithm’s failure probability and « is a normalization parameter. We think of v as a
large constant; condition (b) is necessary because otherwise we can scale f to make the condition that valid
outputs of f are outside the interval (—1, 1) meaningless.

The following theorem is our main result, that no low degree polynomial can solve random k-SAT at
clause density 2% log k/k for any x > x*.

Theorem 2.1.6 (Hardness for low degree polynomials). Fiz x > k*. Let a = k2Flogk/k and M = |aN|.
There exists k* = k*(k) > 0 such that for any k > k*, there exists N* > 0, n = Qp(k™!), v = ﬁ, and

C1,Cs > 0 (depending on k,k) such that the following holds. If N > N*, v>1,1< D < W%éVN

and
§ < exp(—CyyDlog N),

then there is no random degree-D polynomial that (6,7, n,v)-solves P (N, M).

The only property of low degree polynomials we use is their smoothness, in the sense of Proposition 2.5.2.
Thus Theorem 2.1.6 applies to any algorithm satisfying the conclusion of this proposition.

Note that Theorem 2.1.6 only rules out algorithms succeeding with quite large probability. This is a
limitation of our methods, shared by all results leveraging OGP to show hardness for low degree polynomials
[GTW20, Wei20]. Our converse achievability result, Theorem 2.1.14, will show that at clause densities where
efficient algorithms solving random k-SAT exist, they can be simulated by low degree polynomials and
succeed with probability larger than that forbidden by Theorem 2.1.6. We will also see in Theorem 2.1.13
that local algorithms, a more restricted computation class that nonetheless simulates Fix, as well as Belief
and Survey Propagation Guided Decimation, cannot solve random k-SAT with even very small probability.

The constant x* can likely be optimized further. However, without further conceptual insights our
methods stall at a value of x* strictly larger than 1, lower bounded by approximately 1.716. Thus further
ideas are needed to close the constant factor gap between our hardness results and the best algorithms. See
Section 2.9 for a discussion of these points. Despite this barrier, we believe the algorithmic phase transition
for low degree polynomials does occur at clause density (140 (1))2" log k/k, matching the physics prediction
and positive results. This is formalized in the following conjecture, which we leave as an open problem.

Conjecture 2.1.7. Theorem 2.1.6 (and Theorem 2.1.13) holds for all k > 1.

2.1.2 Computational Hardness for Local Algorithms
We now consider local algorithms on the factor graph. We first define the factor graph of a k-SAT instance.

Definition 2.1.8 (Factor graph). The factor graph of ® € Qi (N, M) is a signed bipartite graph (G, p),
where G = (Vag, Clg, Fg) is a bipartite graph with left-vertices Vag, right-vertices Clg, and edges Eg, and
p: Eq — {T,F} associates each edge with a polarity. Here, Vag = {v1,...,vn} and Clg = {c1,...,cm}
represent the variables and clauses of ®. Every literal z; or Z; in clause ®; corresponds to an edge e =
(vj,¢;) € Eg. Edge e has polarity pg(e) = T if the literal is ; and pg(e) = F if the literal is Z;.

To define local algorithms, we first introduce formalism for rooted graphs. Let (Q2,P,) be an arbitrary
probability space.
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Definition 2.1.9 (Rooted decorated bipartite graph). A decorated bipartite graph is a tuple (G, p, ¢). Here
G = (Vag, Clg, E¢) is a bipartite graph and Vg = Vag U Clg. Moreover, p, ¢ are maps p : Eq — {T,F} and
¢ : VaUEg — Q. A rooted decorated bipartite graph is a tuple (v, G, p, ), where (G, p, ) is a decorated
bipartite graph and v € V4.

Let A denote the set of rooted decorated bipartite graphs. T'wo such graphs are isomorphic of there exists
a bijection between them preserving v, Vag, Clg, Eg, p, ¢.

Definition 2.1.10 (r-neighborhood). Let (v, G, p,¢) € A and r € N. Define the r-neighborhood N, (v, G) =
(v, G"), where Vag: C Vag, Clg: C Clg are the sets of vertices reachable from v by a path of length at most
r and Fg is the set of edges on those paths. Further, define N,.(v,G,p,¢) = (v,G',p',¢") € A, where
(v,G") = Ny(v,G) and p’ = p|,,, ¥' = ¢|, are the restrictions of p, ¢ to G'.

Definition 2.1.11 (r-local function). A function f with domain A is r-local if the value of f(v,G,p, )
depends only on the isomorphism class of N,.(v, G, p, ¥).

In other words, a local function has access to the topology of the r-neighborhood, the vertex and edge
decorations, and the location of the root, but not the identities of the vertices and edges.

Definition 2.1.12 (r-local algorithm). Let f be an r-local function with codomain {T,F}. The r-local
algorithm based on f, denoted Ay, runs as follows on input ® € Qi (N, M) with factor graph (G, p).

(1) Sample ¢ ~ (€, P,)®(VeUEG) (ie. each output of ¢ : Vg U Eg — Q is sampled i.i.d. from (Q,P,))
independently of .

(2) For each v =v; € Vag, set z; = f(v,G, p, p).
(3) Output (x1,...,zNn) € {T,F}V.
We now state our hardness result for local algorithms.

Theorem 2.1.13 (Hardness for local algorithms). Fir x > x*. Let a = k2Flogk/k and M = [aN|. There
evists k* = k*(k) > 0 such that for any k > k*, there exists n = Qu(k™2) (depending on k. k) and v = 355
such that the following holds. For all v € N, there exists N* > 0 (depending on k,k,r) such that if n > N*,
then for any r-local algorithm A with output in {T,F}¥,

PLA() (1, )-satifies 8] < exp(~T(N'/).
The probability is over the randomness of ® ~ ®p(N, M) and the (independent) internal randomness of A.

This theorem rules out a much smaller success probability than Theorem 2.1.6 because our OGP argument
in this setting can leverage concentration properties of local algorithms, which are considerably stronger than
stability properties of low degree polynomials.

2.1.3 Achievability Results

The following result shows that local algorithms and constant degree polynomials solve random k-SAT at
clause density (1 —¢)2¥log k/k for any £ > 0. This gives a lower bound on the algorithmic phase transition
within a constant factor and provides a converse to Theorems 2.1.6 and 2.1.13.

Theorem 2.1.14. Fize > 0. Let a = (1 —¢)2*logk/k and M = |[aN|. There exists k* = k*(¢) > 0 such
that for any k > k* and n > k~'2, there exist N*,7, D,y > 0 and a sequence 6(N) = o(1) (dependent on
e,k,n) such that the following holds for all N > N*.

(a) There exists an r-local algorithm A such that

P[A(®) (n,0)-satisfies ] > 1 — 5(N).

(b) There exists a (deterministic) degree-D polynomial that (§(N),~,n,0)-solves (N, M).
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There also exists a sequence v(n) = o(1) (dependent on €, k,n) such that the following holds for all N > N*.

(¢) There exists an r-local algorithm A such that

PA(®) (1, v(N))-satisfies ®] > 1 — exp(—Q(N/?)).

(d) There exists a (deterministic) degree-D polynomial that (exp(—Q(NY/)),~v,n, v(N))-solves (N, M).

We prove this theorem by simulating the first phase of Fix by a local algorithm and any local algorithm
by a constant degree polynomial. We can arrange both simulations to be accurate within an arbitrarily
small constant (i.e. independent of N, arbitrarily small in k) normalized Hamming distance, with failure
probability exp(—Q(N'/3)). The requirement 1 > k=12 arises because the first phase of Fix produces an
assignment within normalized Hamming distance k~'2 of a satisfying assignment, which is repaired by the
rest of Fix. We believe that it is possible to simulate the rest of Fix by a local algorithm, which would show
Theorem 2.1.14 for any 7 > 0; we do not attempt this improvement. Note that £~'2 is well within the range
of n ruled out by our hardness results.

In fact, we will show that local algorithms simulate any local memory algorithm. In this generalization
of local algorithms, the algorithm makes its local decisions in series (in a random vertex order), and each
decision can leave information on the vertices it accesses, which future decisions can see. This class includes
the first phase of Fix and the sequential local algorithms considered in [GS17]. Recall that the latter class
includes Belief and Survey Propagation Guided Decimation.

In parts (c,d), where the goal is to satisfy all but an o(1) fraction of clauses, Theorem 2.1.14 gives
algorithms with success probability 1 — exp(—Q(N/3)) and 1 — exp(—€(N/5)). This is within the range
ruled out by even Theorem 2.1.6. Of course, if the goal is to satisfy all clauses as in parts (a,b), we cannot
ensure such a high success probability because ® ~ @ (N, M) is unsatisfiable with probability 1/poly(N) —
for example, if the first 2% clauses each contain variables z1, ...,z with all 2¥ possible polarities.

2.2 Technical Overview of Ladder Multi-OGP

In this section, we outline the construction and analysis of the multi-OGP from which we will derive our
hardness results. We introduce the ladder multi-OGP from [Wei20], which was used to prove computational
hardness for maximum independent set. We discuss the challenges of extending this technique beyond
maximum independent set and how we overcome these challenges for random k-SAT.

2.2.1 Ladder OGP in Maximum Independent Set

In the problem of maximum independent set, we are given a sample G ~ G(N,d/N) of a sparse Erdés-
Rényi graph and our task is to find a large independent set. We work in the double limit where N —
00, and then d — oco. The largest independent set of this graph has asymptotic size (1 + od(l))%N
[Fri90, BGT10]. However, the best known polynomial-time algorithm [Kar76] only finds an independent set
of size (1 — od(l))long , half the optimum. It is believed that no polynomial-time algorithm can find an
asymptotically larger independent set. Using the ladder multi-OGP, [Wei20] proves that for any € > 0, low
degree polynomials cannot find an independent set of size (1 + ¢) long with a probability similar to that
ruled out by Theorem 2.1.6.

Both our argument and the argument in [Wei20] use an “ensemble” version of OGP, where we require the
forbidden overlap structure to not occur even among the solutions of a polynomial-sized family of problem
instances. To simplify the discussion, we omit this detail and consider a forbidden structure consisting of
several independent sets in the same problem instance. We will see (cf. Remark 2.4.4) that this argument
can be extended to the ensemble with minor adjustments.

At a high level, the ladder OGP chains together many small negative free entropy contributions to force
a free entropy to be negative. We consider the normalized log first moment

(2.2.1)

llo E 4 (SM, ..., 8E) s SL) are independent
N gGNG(N,d/N) sets of G of size (1 +¢) long satisfying P ’
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where P is a set of conditions on how S™), ..., S() overlap. The structure inside the expectation in (2.2.1)
is the forbidden structure we wish to rule out. The log first moment (2.2.1) can be thought of as an annealed
free entropy density of the uniform model over copies of this structure; we henceforth refer to (2.2.1) as a free
entropy. If (2.2.1) is negative, then this structure does not occur with high probability and the multi-OGP
occurs.

The key idea in [Wei20] is to set P = P, N P3N ---N Pp, where Py is a condition on how S O overlaps
with S, ..., 81 such that the following occurs for all 2 < ¢ < L.

(1) Let & denote (2.2.1) with (S™M ..., S®) in place of (SM),...,S")) and P, N---N P, in place of P.
Then, & is smaller than &_; by an amount bounded away from 0. Informally, P, requires S® to
overlap with its predecessors in a way that contributes a small negative free entropy to (2.2.1).

(2) For any fixed S, ..., ¢ if S starts at S~ evolves by small steps, and eventually evolves
far away from all of S ... S¢~1 then at some point along this evolution the condition P, occurs.
Informally, P, defines a moat that a stably evolving S must cross.

Due to condition (1), if we set L large enough, (2.2.1) becomes negative, and the structure in (2.2.1) is
forbidden with high probability. Suppose a low degree polynomial can find a size (1 4 ¢) long independent
set with large enough probability. Because the outputs of a low degree polynomial on a sequence of corre-
lated problem instances is (with nontrivial probability) a stable sequence, condition (2) allows us to find a
subsequence of L outputs forming the forbidden structure. Namely, we take S™) to be the first output in
the sequence, and for £ > 2 we take S to be the first output after S“—1) such that P, holds. This derives
the desired contradiction.

The main technical challenge is to design the Py such that both (1) and (2) hold. To do this, one must
construct a moat topologically disconnecting a high-dimensional space such that, for all values of S in
the moat, the free entropy decrease in condition (1) occurs. The requirement that the moat topologically
disconnects the space gives us little control, and therein lies the difficulty.

[Wei20, Proposition 2.3] carries out this approach elegantly by defining Py as the condition that

[0 (s U use) e [sljde, “osdn

and proving that the free entropy decrease in condition (1) occurs.

Extending this technique beyond maximum independent set requires new ideas. In maximum independent
set, due to the independence of the edges of G ~ G(N, d/N), the expectation in (2.2.1) is essentially controlled
by the total number of non-edges in the union SM U --- U SE) | for SM ... S with overlap structure
satisfying P. This fact makes the analysis of (2.2.1) tractable and shows in the relative simplicity of the
moats P, which only consider S)’s non-intersection with the union of its predecessors.

In random k-SAT and other problems, the corresponding free entropy is highly dependent and more tools
are needed to carry out this technique. We develop these tools for random k-SAT. The forbidden structure
we devise will take into account more fine-grained overlap information than previous work.

2.2.2 Ladder Multi-OGP for Random k-SAT and Our Contributions

This paper shows a ladder multi-OGP for random k-SAT at clause density (1 + ox(1))x*2¥logk/k. We
leverage this OGP to show our hardness results.

Prior to this work, Gamarnik and Sudan [GS17] used a (non-ensemble) multi-OGP to prove that balanced
sequential local algorithms do not solve random NAE-k-SAT beyond clause density (1 + 05(1))2% " log? k/k.
They required the algorithm to be balanced: on any input, each of the algorithm’s output bits must be
unbiased over the algorithm’s internal randomness. To show that a successful algorithm implies the existence
of the forbidden overlap structure, they construct an interpolation over several runs of the algorithm on the
same input, with partially resampled internal randomness. Their proof requires balance to ensure that two
fully independent runs give outputs that are far apart, so that by continuity they can extract the forbidden
structure from this interpolation. Due to this requirement, their result required the symmetry provided by
the NAE variant of random k-SAT. We improve on this result in three ways:

17



(1) We improve the threshold clause density by a logarithmic factor, to (1 + o(1))x*2* log k/k.

(2) We generalize the algorithm class from balanced sequential local algorithms to local and low degree
algorithms. Recall that both of these computation classes simulate sequential local algorithms, even
without the balance requirement.

(3) We show hardness for random k-SAT instead of NAE-K-SAT. A simple adaptation of our argument
shows hardness of random NAE-k-SAT at clause density (1 + oy (1))x*2*Llog k/k.

Improvements due to ensemble OGP. We consider an ensemble OGP, where the random variable
resampled in the interpolation is the k-SAT instance instead of the algorithm’s internal randomness. The
ensemble interpolation allows us to show hardness for local and low degree algorithms. It also obviates the
requirement of balance, so we no longer require the additional symmetry provided by NAE-k-SAT. This
achieves improvements (2) and (3).

A tighter free entropy analysis. Crucially, we conduct a tighter free entropy analysis to achieve im-
provement (1). In contrast to previous work, our forbidden structure considers all 2% ways k + 1 satisfying
assignments y(©), ..., y(®) can agree or disagree. We formalize such an agreement pattern as an overlap profile
m. We will introduce this formally in Subsection 2.3.3. We will see in Lemma 2.4.1 that the analogue of the
free entropy (2.2.1) for random k-SAT at clause density « is

«
log 2 Hm -S> E {“>I:0<£<k}’ . 2.2.2
ogLt ITPEaIE’( (ﬂ-) 2k I~unif ([N]*) Y [ ] - ( )
Here 3, ...,y have overlap profile w, P is a collection of overlap constraints, and = € P denotes the
set of overlap profiles m consistent with P. Moreover, y(é) [I] is the bit string obtained by indexing y(‘)) in
positions I, namely (y%), e ,y%)). The positive term H (7) is the overlap entropy of m, which arises because
log 2+ H () is the exponential rate of the number of assignment sequences y(o), . ,y(k) with overlap profile

7. The negative term captures the log likelihood that a random formula is satisfied by all of 4(©), ... y*). We
think of these two terms as entropy and energy terms, respectively. We will choose P such that the magnitude
of the energy term exceeds the entropy term by more than log 2, which causes (2.2.2) to be negative. This
implies the absence (except with exponentially small probability) of a constellation of satisfying assignments
with overlap profile 7 € P.

Similarly to [Wei20], we chain together many small negative free entropies to make (2.2.2) negative.
Because the random k-SAT free entropy is dependent and harder to analyze, it is significantly more difficult
to identify the correct high-dimensional moats. In the multi-OGP of [GS17], the condition P stipulates that
the normalized Hamming distances A(y"), y(9)) of k satisfying assignments are pairwise approximately %.
Using this, the energy term in (2.2.2) can be lower bounded by an inclusion-exclusion truncated at level
2. The inclusion-exclusion truncation is not sharp, and consequently this analysis requires the larger clause
density o = (14 05,(1))2% log® k/k (for NAE-k-SAT, (1 + 04,(1))2¥ ' log® k/k) to show that the contribution
of each y¥) to (2.2.2) is a small negative number. The fact that this natural estimate of (2.2.2) gives a
threshold too large by a log k factor highlights the difficulty of accurately controlling the k-SAT free entropy
and the necessity of finding good moats.

We find the correct moats. We set P = P, N --- N P, where P, governs how 3 overlaps with its
predecessors y(©), ..., y~1. Each P, defines a moat that a smooth evolution of y) starting from y¢—1)
must cross. In order to obtain a fine control over the tradeoff between entropy and energy in (2.2.2), we
develop a notion of conditional overlap entropy H(m(y®|y(®, ..., y¢=1D)), which is the contribution of 3
to the entropy term H(w). Informally, this is a measure of the additional diversity that y*) adds to the

assignments y(@, ..., y=D. For each £ > 1, our condition P, stipulates that
_ log k log k
H (ﬂ(y“)ly(o), oyt ”)) € [/3— B

This choice of forbidden structure in terms of the conditional overlap entropy is an important contribution
of our work. The choice is motivated by the subsequent energy analysis, which shows a lower bound on the
energy contribution of y(¥) that counterbalances the entropy increase. We next summarize this analysis.
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Energy increment bound via decoupling. We can express the energy term (without the prefactor) as

E y(e)l 0</I<k ‘: p(o), where 2.2.3
o {1 } P (2.2.3)
— — 40 S
p(o) = I~uniliED([N]k) [a = y\W[I] for some 0 < ¢ < k| .

For each o, 1 — p(o) is the probability that o # y[I] for all 0 < ¢ < k. This can be conditionally
expanded as a product of k factors, where the fth factor is the probability that o # y(©)[I] given the values
of yO[I],...,y"V[I]. We think of (1 minus) this factor as the contribution of y*) to p(c).

We apply the following estimate to decouple these products into sums. We round any factors in the
conditional expansion that are less than 1 — ﬁgk up to 1. Then, we note that for 0 < eq,...,e < ngk,

1—-(1—-e1)(l—eg) - (l—ex)mer+ea+ - +ex,

up to a 1 + ox(1) multiplicative factor. This decouples the contributions of the y*) to the p(c). We can
bound the total contribution of () to the energy term (2.2.3) by summing the now-decoupled contributions
over o € {T,F}".

Probabilistic reinterpretation. Miraculously, this sum can be reinterpreted as the success probability
of an experiment involving a sum of k i.i.d. random variables, which can be controlled by concentration
inequalities. We find that if the contribution of y*) to the entropy term H(x) is 3 10,% k then its contribution
to the rescaled energy term (2.2.3) is at least 1 — fe~(#~1). This motivates the choice of i(3) as the
(rescaled) ratio of these contributions, and x* as the best possible ratio. When o = k2% log k/k for k > K*,
the condition P, requires 3 to be in a range where the contribution of y(® to the energy term of (2.2.2)

exceeds its contribution to the entropy term by at least Elogk, for constant € depending on k. Thus the

overall contribution of 3 to (2.2.2) is upper bounded by felolfk. Summed over the y®), this shows that
(2.2.2) is negative, establishing the ladder OGP.
This energy analysis via decoupling and probabilistic reinterpretation is original and is another key

contribution of our work.

2.3 Proof of Impossibility for Low Degree Polynomials

This section and the next two sections are devoted to proving our main impossibility result, Theorem 2.1.6.
Throughout, we fix k > r*. We set a = k2 logk/k and M = |aN].

2.3.1 Reduction to Deterministic Low Degree Polynomial

The following lemma shows that randomness does not significantly improve the power of low degree polyno-
mial algorithms.

Lemma 2.3.1. Suppose there exists a random degree-D polynomial that (6,~,n,v)-solves @i (N, M). Then,
there exists a deterministic degree-D polynomial that (38,3, n,v)-solves (N, M).

Proof. Let f:R™ x Q — R be a random degree-D polynomial that (J,~,n, v)-solves ®(N, M). Then,

E [%[f [(round o f)(®,w) does not (n, v)-satisfy @]} <4 and ]5 {Ig {Hf(@,w)”i” < ~N.

w

By Markov’s inequality,

]15 [EIP)’ [(round o f)(®,w) does not (n, v)-satisfy ®| > 36] < é and IE’ [Ig [Hf((I),w)Hg} > 37N} < %
So, there exists w € € such that the deterministic polynomial g(®) = f(®,w) satisfies
]g[(round 0 g)(®) (n,v)-satisties ] > 1 — 34 and 1% [||g(<I>)||§] < 3vyN.
O

19



By Lemma 2.3.1, it suffices to show hardness for deterministic polynomials. For the rest of this section
and Section 2.5, except where stated, f : R” — RY is a deterministic degree-D polynomial.

We let A(®) = B((round o f)(®),P), where B(x,®) is a deterministic, computationally unbounded
subroutine outputting y € {T,F}" with A(x,y) < 7. (If  has more than 7N entries equal to err, B outputs
“fail.”) Informally, B is a computationally unbounded assistant that repairs an nN fraction of entries of
(round o f)(®).

Because f is deterministic, A is also deterministic. Note that round o f outputting a (7, v)-satisfying
assignment of ® is equivalent to A outputting a v-satisfying assignment of ®. Showing that this does not
occur with the required probability will be our task from here on.

2.3.2 The Interpolation Path

We can enumerate the kM literals of a formula ® € Qi (N, M) in lexicographic order:
D11, P12, Pk, P21y Park

For j € [kM], let L(j) denote the pair (a,b) such that @, is the jth literal in this order. That is, L(j) = (a, b)
is the unique pair of integers (a,b) € [M] x [k] satisfying k(a — 1) + b = j. We now define a sequence of
correlated random k-SAT formulas.

Definition 2.3.2 (Interpolation path). Let T = k%M. Let ®©) ... &™) ¢ Q4 (N, M) be the sequence of
k-SAT instances sampled as follows. First, sample ®©) ~ &, (N, M). For each 1 <t < T, let o(t) € [kM] be

the unique integer such that ¢ = () (mod kM). Then, ®® is obtained from ®*~1) by resampling @(Lt()a(t))
from unif(£). Moreover, for 0 <t < T, let 2" = A(®®).

In other words, we start from a random k-SAT instance and resample the literals one by one in lexi-
cographic order. After we have resampled all the literals we start over, repeating the procedure until each
literal has been resampled k times. Note that each ®(*) is marginally a sample from Dy (N, M) and that if

|t —t'| > kM, then ®® 11 ) We run our assisted low degree algorithm A4 on all these k-SAT instances
and collect the outputs as the sequence (9, 2z . z(T) ¢ {T,F} V.

2.3.3 Overlap Profiles

We now introduce the overlap profile of an ordered list of assignments. The overlap profile summarizes the
bitwise agreement and disagreement pattern of a list of assignments.
Let P5(¢) denote the set of unordered partitions of {0,...,¢ — 1} into two (possibly empty) sets. For

example,
P2(3) = {{{0,1,2},0} , {{0, 1}, {2}} . {0, 2}, {1}}, {{1, 2}, {0}} }.
Note that [Pa(f)| = 2¢1.

Definition 2.3.3 (Overlap profile). Let y©, ... y*~1 € {T,F}"V be a sequence of assignments. Their
overlap profile 71 = w(y®,...,y~1), is a vector m € R indexed by unordered pairs {S,T} € P2(¢),
where

1
TST = 5 ’z € [N]:all {ygt) :t € S} equal one value and all {yl(t) :t € T} equal the other Value‘ .

Example 2.3.4. Let £ = 3. The overlap profile 7 = 7(y(©),y), y(?) consists of four entries 012,05 701,25
02,15 and 12,0, where

1. 1.
To12,0 = 37 ‘Z € [N]: y'L(O) = y§1) = 952) and mo12 = 7 |1 € [N]: yz@ = yi(l) # yi(z)

)

and mg2,1, 12,0 are analogous to mo1,2.
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We can interpret an overlap profile as a probability distribution: mg 7 is the probability that in a random

position i ~ unif([N]), all {y(t) :t € S} equal one value and all {yi(t) :t € T} equal the other. We naturally

3

define the overlap entropy of y(©, ... y¢=1) by

H (W(y(o),m,y“’”)) =— Y msrlogmsr.
{S, T}eP2(£)

This is the entropy of the unordered pair of sets {5, T} obtained by sampling ¢ ~ unif ([/V]) and partitioning
{0,...,¢£ — 1} based on the value of yz@.

We also define conditional overlap profiles. Let m = 7(y(®), ..., 3¢ D). For each {S,T} € Py(¢ — 1) with
ms,r > 0, m g7 is a probability distribution on the two partitions {SU{¢—1},T} and {S,TU{f—1}} with

TSu{¢—1},T
TSu{e—1}, 7 + T8, TU{¢—1}

TS, Tu{f—1}
TSu{e—1},7 + T8, TU{¢—1}

TSU{—1},T|S,T = and TS TU{—1}|S,T =

(If msuge—1y,7 = Ts,ruge—1y = 0, we define this distribution arbitrarily.) This is the distribution of the
agreement pattern of y(©, ... y*~V on a uniformly random position, conditioned on the agreement pattern
of y@, ... y“=2) in that position being {S,T}. We denote the resulting collection of distributions, one for
each {S,T} € Po(£ — 1), by m|. = 7(y Dy . y=2). We analogously define the conditional overlap
entropy

H (w(y<z*1)|y(°), . ,y(572))) = Z s H(m s1)-
(S, T}eP2(4—1)

Before proceeding, we collect some properties of overlap profiles which will be useful in the rest of the
section. The proofs of these assertions follow readily from the above definitions.

Fact 2.3.5. Qwverlap profiles have the following properties.
(a) There are at most N2 distinet overlap profiles of £ assignments y©, ...y e {T,F}V.

(b) Owerlap entropies satisfy the chain rule
H (W(y(o), . J/“’”)) =H (W(y(o), . -,y(H))) +H (ﬂ(y(z’l)ly(°)7~-w“’”)) :

(¢) Repeated assignments do not affect overlap entropies. That is, if 20 20D are the distinct ele-
ments of yO, ...,y then

H (W(y(O), e y(éfl))) —H (w(z(o), o Z(rﬂ))) .
If Z(O), ey 2(r=2) qre the distinct elements of y(o), . y(f*2)7 then
H (w(y(L1)|y(0),_..,y(efz))) - H (W(y(zq)p(o)’.”,Z(T,Q))> '
0

Furthermore, if y=1 € {y© ...y}, then H (ﬂ(y(5’1)|y(0), el y(zfz))) =

2.3.4 Outline of Proof of Impossibility
Recall that +(8) = 1_&% is strictly convex with with ¢(3) — 400 when f — 11 or f — 400, and
has minimum £* attained at 8*. Because k > k*, there exist two solutions SBumin, Bmax to ¢(8) = k, with
Benin € (1,5%) and Brax € (8%, +00). Set f_ = BmntB anq g, = BuaxdS (This choice is arbitrary; any
deterministic Bmin < f— < B+ < Bmax Will do.) Set € > 0 such that % <k forall g €[B_,B+]. We
emphasize that f_, B4, depend on x only.

For the rest of this proof, take n = % andv = ﬁ We next define the events Syalid; Sconsecs Sindeps Sogp»

which are measurable in the interpolation path ®©@ ... &) defined in Definition 2.3.2. Define

Svalid = {x(t) v-satisfies ®® for all 0 < ¢ < T} .
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This is the event that A succeeds on all ®*). Define

Seonsee = { Alz®, 201y < % forall1<t<T } :

This is the event that outputs of A on consecutive &®) are close in Hamming distance. Define Sinqgcp as the
event that there do not exist indices 0 < tg < t; < -+ <t < T with ¢t > tx_1 + kM and an assignment
y € {T,F} such that

(IND-A) y v-satisfies &)
(INDB) H (r(ufaf®).....a(0-1) < 3, 2L

This is the event that if ¢, is large enough that ®(**) is independent of ®(t0) ... ®x-1) then all v-satisfying
assignments to ®(*) have high conditional overlap entropy relative to the outputs of A on &) . $tr-1),
Finally, define Sogp, as the event that there do not exist indices 0 < tg <ty <--- <t < T and assignments
y© . ... y*) € {T,F}V such that

(OGP-A) For all 0 < £ < k, y©) v-satisfies ®*¢);

(OGP-B) Forall 1 < ¢ <k, H (n(y©Oy®, ...,y D)) € [ﬂ_ logk 3, log’f]

Sogp defines the main forbidden structure of our argument. Informally, this forbidden structure consists of
k + 1 assignments, each v-satisfying possibly different ®*) in the interpolation, such that each assignment
has medium conditional overlap entropy relative to its predecessors.

The key ingredients in our proof of Theorem 2.1.6 are the following two propositions. Proposition 2.3.6
shows that these four events do not simultaneously occur, and Proposition 2.3.7 controls their probabil-
ities. These two propositions derive the main contradiction: if a low degree algorithm (d, 7,7, v)-solves
@ (N, M) for the requisite (8,7, 7,v), then Proposition 2.3.6 implies Syatid N Sconsec N Sindep N Sogp = 0, while
Proposition 2.3.7 and a union bound imply Syatid N Sconsec N Sindep M Sogp 7 0.

Proposition 2.3.6. For all sufficiently large k, Svatia N Sconsec N Sindep N Sogp = 0.

Proposition 2.3.7. Suppose f is a deterministic degree-D polynomial that (0,7, n,v)-solves O, (N, M). For
all sufficiently large k, the following inequalities hold.

(a) IP)(Svenlid N Sconsec) Z (QN)_4’YDk2/(ﬁ+_ﬁ_) — (T + 1)5

(b) P(Shaep) < exp(=2(N)).
(¢c) P(S5gp) < exp(=Q(N)).

The remainder of this section and Sections 2.4 and 2.5 will be devoted to proving these propositions.
We will prove Proposition 2.3.6 in Subsection 2.3.5 and Proposition 2.3.7(b) in Subsection 2.3.6. We will
prove Proposition 2.3.7(c), which establishes the main multi-OGP, in Section 2.4. Finally, we will prove
Proposition 2.3.7(a) in Section 2.5. Let us first see how these results imply Theorem 2.1.6.

Proof of Theorem 2.1.6. Assume for sake of contradiction that there exists a (random) degree-D polynomial
f:R" x Q — RY that (6,7,n,v)-solves @ (N, M). By Lemma 2.3.1, there exists a deterministic degree-
D polynomial g : R® — R that (34,37,7,v)-solves ®,(N,M). We set k* = k*(k) large enough that
Propositions 2.3.6 and 2.3.7 both hold. By Proposition 2.3.7 and a union bound,

IP)(Svalid N Sconsec N Sindep N Sogp) Z (2N)7127Dk2/(ﬂ+76_) - 3(T =+ 1)5 - eXp(—Q(N)).
We will show this probability is positive for suitable C7,C5. Let Co = 2 4 mufk;i Recall that T = k*M =
k*[aN|. If § < exp(—CaoyDlog N), then 3(T + 1)6 < %(2N)‘12’7Dk2/(5+_5—) for sufficiently large N. Note

that if D < ?1NN, then
v1log

2
(2N)~129DK/(84=B) > N=249DK/(8+-B-) > oxpy (_ 52401]; N) .
+ - —
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Let C be small enough that the right-hand side is asymptotically larger than the exp(—Q(N)) term. Thus for
sufficiently large N, the exp(—Q(N)) term is at most %(2]\])*127[”“2/(@*5—). Therefore, there exists N* such
that if N > N*, then P(Svatid N SconsecNSindepNSogp) > 0. This implies that Syatia N Sconsec NSindepNSogp 7 0,
contradicting Proposition 2.3.6. O

2.3.5 Constructing the Forbidden Structure from Algorithm Outputs

In this subsection, we will prove Proposition 2.3.6. We will show that if Syalid; Sconsec; and Sindep all hold,
then we can construct an example of the structure forbidden by Sggp,, and therefore all four events cannot
hold simultaneously.

We will need the following auxiliary lemma, which shows that a small change of z € {T,F}" in Hamming
distance induces only a small change in H(7r(m|y(0), . ,y“*l))). This lemma allows us to convert Sconsec tO
a guarantee that consecutive conditional overlap entropies are small. We defer the proof to Subsection 2.3.7.

: o 1
Lemma 2.3.8. Let £ € N be arbitrary and let z,2',y©, ... 4D e {T,F}N. If A(z,2') < 5, then

‘H (W(x\y(o), . ,y(l_l))) - H (ﬂ(x’|y(0), R y(é_l)))’ < H (A(z,2")).

The H(-) on the right denotes the binary entropy function.

Proof of Proposition 2.53.6. Set k large enough that ﬁ+2_kﬁ‘ < % and H (%) < By — B,)%. The
second inequality holds for all sufficiently large k due to the inequality H(z) < xlog £.

Suppose that Syalid, Seconsec; and Sindep all hold. For 0 < £ < k, let y© = 24 where 0 < ty < t; <
-+« <t < T are defined as follows. Let tg = 0. For 1 < ¢ < k, let t; be the smallest ¢t > t,_1 such that
H(zWy© .yt e B,%, ﬂ+% . We will show that such t, exists and satisfies ¢, < t,_1 + kM.

Let ' =ty + kM, and let I = {t,_1,tp—1 +1,...,t'}. For t € I, let h(t) = H (n(zP|y?, ... y*=));
we will analyze the evolution of h(t) as we increment ¢ € I. By Fact 2.3.5(c), h(t;—1) = 0.

In the definition of Sindep, set tx = t’ and t¢, tey1, . . ., tx—1 equal to ty_q1. By Fact 2.3.5(c) (which allows us
to ignore the duplicated tg, ..., t;_1), ®*") has no v-satisfying assignment y with H (m(yly@,...,y=1)) <

By loik. But because Syaiiq holds, () v-satisfies &) It follows that h(t') > B4 10%’“.

Because Sconsec holds, we have A(z®) z(t-1D) < B*;,f’ for all . By Lemma 2.3.8,

h(t) — At~ 1)| < 1 (M@0, 20)) < H (m;,f) < (8, -8Bk (2:3.1)

Since h(t¢—1) = 0and h(t') > B+ logk, (2.3.1) implies the existence of t € I such that h(t) € |5_ 10,%’“ , B+ lolfk .
So, ty is well defined and satisfies t, < t,_1 + kM.

Because the interpolation path has length T = k2M, and t; < t;_1 + kM for all 1 < £ < k, this procedure
sets all of t1,...,t, before the end of the interpolation. Finally, because Syaiq holds, y, v-satisfies ®*) for

all 0 < ¢ < k. We have thus constructed the structure forbidden by Sogp. O

2.3.6 Solutions to Independent Instances Contribute Large Overlap Entropy

In this subsection, we will prove Proposition 2.3.7(b). The proof is by a first moment argument.

Proof of Proposition 2.3.7(b). By Markov’s inequality, P(Sf;ldep) is upper bounded by the expected number
of (to,...,tk,y) satisfying 0 < tg < -+ <t < T, tx > ty—1 + kM, and conditions (IND-A) and (IND-B).
There are at most (T + 1)¥*+! possible choices of (to, ..., tx). Because tj > tp_1 + kM, &) is independent

of z(to) . g(tk-1),
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Let P = P(z() ... 2(x1)) denote the set of all overlap profiles 7 = 7w(z(), ... 21 y) over y €
{1, F}Y with H(m(ylz®),...,at=1))) < g, %85 By Fact 2.3.5(a), |P| < N*. Thus,

k
P(SE qo) < (T + 1)k N2 max max
p 0<to< <t <T TEP
tp>te—1+kM

EE )# (y e {T,F}" : y v-satisfies ) and w(x() .. 21 ) = 7r>
otk

We can evaluate this inner expectation by linearity of expectation. The number of y satisfying that
m(xto) a1 ) = 7 is

N
H < ST ) —exp | N Z nsrH <W> +o(N)

(S, TYEP: (k) msufry TV (S, TYePs (k) Ts,T
= exp (NH (w(y\x(to), s ,x“’“‘”)) + O(N))

log k
k

< oxp (V8. 2L o) ) i

Recall that ®**) is independent of z(*), ... 2(t+-1)  Because Zgi{) (A]J) < (M+1) (y%), the probability

that any one of these y v-satisfies ®(**) is at most

S -2 MMl < (M +1) (VAA@) (1 -2k a-»M

SC[M],|S|<vM

< exp (I/M log € (1—v)27*M + O(N))
v

o (3 (% 1)) o).

Here we used that (Z) < (%)b. Thus,

P(Stp) < 050~ = B = on(1) 55 + o) )

where the (T + 1)¥*1N?" is absorbed in the o(N). Finally, as

By te
By +e< m <K,
we have k — B4 >e. Thus P(Sf 4.,) = exp(—Q(N)) for sufficiently large k. O

2.3.7 Small Hamming Distance Implies Small Conditional Overlap Entropy Dif-
ference

We now present the deferred proof of Lemma 2.3.8, which shows that a small change in x € {T,F}" causes
only a small change in H(7(z|y(?, ...,y D).

Proof of Lemma 2.3.8. For each partition {S,T} € Pa(¥), let
Isr = {z € [N]:all {ygt) :t € S} equal one value and all {yl(t) :t € T} equal the other value} .
Note that |Is | = mgrN. If mgp # 0, define

1 1
dsr=———#GElgr 2z, =T) and Nogp=——#GEIsr 2, =T).
[Is,7| T sl
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(If ms,r = 0, we can set these values arbitrarily in [0, 1].) On each index set Isp, x and 2’ differ in at least
sl |Asr = Nsr| = msr|Asr — Ng pln

positions. Thus,

> Az, x') > Z TsrlAs,r — N1l
{8,T}eP2(0)

N | =

Let > (s ryep, ) Ts,7|As,m — Ng | = p1. Moreover, from the definition of conditional overlap entropy,

H <7T(913|y(0)7 ... ,y“_l))) = Z ws,rH(As,T),
{S,T}eP2(0)

and analogously for 2’. Note that H(-) is concave, so H'(-) is decreasing. Thus, for all [a,b] € [0,1] with
a>b,

b a—b
H(a)fH(b):/ H'(x) d:cg/o H'(x) dz = H(a — b).

Similarly H(1 —b) — H(1 — a) < H(a — b), whence |H(a) — H(b)| < H(a — b). Thus,

[ (m(aly®,. .y @) = H (2@l @,y )| £ Y mer [HOs) - HONs )]
{S,T}eP2(0)

< Z msrH (|As,r — X rl) -
{S,T}eP2(6)

By concavity of H(-), this last quantity has maximum value H (), attained when all the [As 1 — X 1| are
<

equal to p. Because H(-) is increasing on [0, 2] and p < A(z,2’) < 1, we conclude that

B (w(aly®, .y @) = H (2@l @,y )| < Hw) < H (AGw,2)).

2.4 The Multi-OGP

In this section, we will prove Proposition 2.3.7(c), which shows that the forbidden structure in Sygp, does not
occur with high probability.

2.4.1 Proof Outline

We first give a high level overview of the proof, which is by another first moment computation. Throughout
this section, for I € [N]* and = € {T,F}", let z[I] = (z1,,...,71,) be the subsequence of = indexed by I.
We begin with the following lemma, which bounds the exponential rate of P(Sg,,) in terms of a maximum
over overlap profiles. We will prove this lemma in Subsection 2.4.2.

Lemma 2.4.1. Let P denote the set of overlap profiles m = ﬂ(y(o), e 7y(k)) over y0 ... y¥) ¢ {T,F}¥
satisfying that for all 1 < € <k, H (x(y©O[y®,...,y=V)) € [6_ lO,%k,m_ loik}, Then,

log k
k  I~unif([N]¥)

1 C
N log P(Sg,,) < log2 + max H(m) -k

{y“)m 0< /(< k}” +or(1) 4+ o0(1), (2.4.1)

where in the expectation, y0, ... y*) e {T,F}V is a sequence of assignments with overlap profile .
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Note that the expectation E.nif(nr) |{y(€) [I:0<¢< k}’ has the same value for any y(©, ... y*) ¢
{T,F}" with overlap profile 7. So, the quantity inside the maximum is a function of .

The negative term in (2.4.1) arises as an upper bound on the exponential rate of the probability that
y© . y® all respectively v-satisfy @) ... &) for fixed y(©,...,y® and tg,...,tx. Let us first
argue heuristically that this bounds the exponential rate; we will formahze this reasoning in Lemma 2.4.3
below. We expect this probability to be maximized when tg = --- = t;, because making the ¢; different
only introduces additional randomness (see Remark 2.4.4). So, let olto) . &) all equal the same k-SAT
instance ® ~ @ (N, M). We also focus on the probability that 3©), ... y®) all satisfy ®; we will see that
the relaxation to v-satisfy only changes the exponential rate by og(1). The probability that y© . y®) all
satisfy the first clause ®; is 1 — 2% Eunit((v]*) |{y(£) [I]:0<¢< k:} |, because if ®; contains the variables
Zr,...,%1,, there are Hy“) [I]:0<¢< k}| ways to set these variables’ polarities in ®; so that one of
y©@, ... 5® does not satisfy ®;. Then, the probability that y(©), ..., y®*) all satisfy ® is upper bounded by

M
M
1—9% R Omio<e<kl|) <ew(-5  E o0 <<k
( I~unif([N]*) {y H:0<ts } = PN TOR foamit (V) {y H:0=ts } :

and QMk ~ N m%. The second ingredient in the proof of Proposition 2.3.7(c) is the following proposition,
which lower bounds the expectation in the negative term of (2.4.1). We will prove this proposition in
Subsection 2.4.3. Proving the bound in this proposition is one of the main technical challenges of this work,
which we overcome via a surprising probabilistic reformulation of the left-hand expectation.

Proposition 2.4.2. Let 1, ..., 3 € [B-, 4], and let yO, ... y*) € {T,F}V be assignments satisfying that
H (r(yO)y, ... ,yt)) = ﬂe%. Then,

Mw

{yw)[f];ogeng (1— ox(1 (1_@6 (Bo— 1>)

I~unif([N]*) Z:l
From Lemma 2.4.1 and Proposition 2.4.2, we can see the main ideas of the proof of Proposition 2.3.7(c)
and understand the motivation of the definition of Sye,. The ideas are as follows.
We will prove Proposition 2.3.7(c) by showing that the right-hand side of (2.4.1) is negative. For each
m € P, this quantity can be regarded as a free entropy, with entropy term log2 + H(7w) and energy term

KOEEE, ienvyey [{y @] 1 0 < € < k}|. This free entropy exhibits a tradeoff where as the entropy term

1ncreases, the asmgnments y© ..., y® become more diverse, and so the energy term increases too. The
event Sogp is selected so that for overlap profiles 7 € P, where P is defined in Lemma 2.4.1, the energy term
is larger than the entropy term, which makes the free entropy negative. In particular, (due to Fact 2.3.5(b))
we think of H (ﬂ'(y“)|y(0), e 7y(‘f_l))) as the amount that y© contributes to the entropy term. Given this
contribution, Proposition 2.4.2 lower bounds the amount that y*) contributes to the energy term. In the

lofk,ﬁ 1051@} because

definition of Sogep, wWe require the entropy contribution to be in a medium range [5,

(recalling the definition of S_, 81) in this range the energy-to-entropy ratio is favorable to the energy term.

Specifically, we show that if y (0) contributes an entropy in this range, the energy it contributes is at least ¢ loi k
more. Thus each y© decreases the free entropy by at least 51°gk Together, the k assignments y™), ..., y*)

contribute a free entropy decrease of €log k, which dommates the starting free entropy of log2 and makes
the overall free entropy negative.
We now prove Proposition 2.3.7(c) given Lemma 2.4.1 and Proposition 2.4.2.

Proof of Proposition 2.3.7(c). Let P be as in Lemma 2.4.1. Let 7 € P, and consider assignments y©@ .y
{T,F}V with w(y@,...,y®*)) = 7. For 1 < ¢ < k, define 8, by H (r(y Oy, ... 7y(e_l))) = Bglogk Note
that the 8, are determined given 7 and satisfy 01, ..., 8k € [B—, 8+]. By Fact 2.3.5(b), H(w) = loik 24:1 Be.
By Proposition 2.4.2,

log k& log

5
N
(1~

{vOm:o<r< k}‘ < —(1— ox(1) r (1= B )

k  I~unif([N]*)

o~
> |

1

E

- EES (54 0).

~
Il
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The last inequality uses that — 2+ < k for all 8 € [B—,B+]. Therefore,

T—Be~(P—D)
log k log k k log k k
H(r) — 1) : <£<k’< -0l
(m) =& k  I~unif([N]%) {y :0st< }— k ;55 (1 —ox(1)) % ;(ﬂﬁé‘)
log k b
< ox(1) A Zﬂe — (1 —or(1))elogk
=1

< or(1)B4logk — (1 —o(1))elogk
= —(1 —og(1))elogk.

This bound holds for an arbitrary 7 € P, and thus for the maximum over 7 € P. By Lemma 2.4.1,

1 C

N log P(S5,,) <log2 — (1 —ox(1))elogk + o0x(1) +o(1) < 0

for sufficiently large k and N. Thus P(Sg,,) < exp(—Q(N)). O

2.4.2 Bounding the Exponential Rate by a Free Entropy

In this subsection, we will prove Lemma 2.4.1. We begin with the following lemma, which bounds the

probability term arising in the first moment upper bound of P(Sggp).

Lemma 2.4.3. Suppose y©, ... y*) e {T,F}V is a sequence of assignments and 0 <ty <t; < ---<t, <T.
Then,
log k

E
k  I~unif((N]¥)

1
i logP |y'9) v-satisfies @) for all 0 < € < k} < —kK

{y(f)[]] 0< i< k}’ + ok (1) + o(1).

Proof. Say a clause index i € [M] is interrupted if for some 0 < ¢ < k, t, satisfies 1 < o(ty) —(i—1)k < k-1,
where o(-) is defined in Definition 2.3.2. Informally, i is interrupted if there is some £ such that ®(¢) is
partway through resampling the ith clause. Let U denote the set of interrupted clause indices. Note that
each t; interrupts at most one clause, so |U| < k + 1.

Say a clause index i € [M] is bad if some y© fails to satisfy <I>Z(t2). Let S denote the set of bad clause
indices. If y©) v-satisfies ®(*) for all 0 < £ < k, then each y® fails to satisfy at most vM clauses of ®*¢),
so |S| < (k+1)vM.

We will see that because so few clause indices are interrupted or bad, it does not hurt our analysis to
throw them out. We have that

P {y(@ satisfies @) for all 0 < ¢ < k}

< Z P {y“) satisfies @Et[) forall 0 < £ <k, ie[M]\ S}
SC[M],|S|<(k+1)rM
M
<(M+1 P |4 satisfies @) for all 0 < £ < k, i € [M]\ (SUU
= M+ )<(k‘+1)vM> SCIM),I8IS b+ 1) M [y satisfies ;" for all 0 £< b, € [M]\ ( )}
M
- (M+1 P |4 satisfies ) for all 0 < £ < k|. (2.4.2
(M + )<(I<;+1)VM> sg[M],|Isr|l?({k+1)uM H [y satisfies @, “ for all 0 < /¢ < } ( )

1€[M]\(SUU)

The last step uses that over ¢ € [M], the collections of clauses {<I>2(»t) :0 <t < T} are mutually independent.

We now fix a single ¢ € [M]\ (SUU) and analyze the last probability. We exploit the following stochastic
property of non-interrupted clauses: if ¢ is not interrupted, then the clauses <I>§t°),<I>§t1), .. .,@Etk) can be
partitioned into equivalence classes, such that all clauses in the same equivalence class are identical and all
clauses in different equivalence classes are mutually independent. Formally, for some 1 < r < k + 1, there
is a surjective map 7 : {0,...,k} — [r] (dependent only on the indices tg,...,t; and i) such that for i.i.d.
clauses C1,...,C, ~ O (N, 1),

(@gtw,@gtw,...,@gtw) =4 (Cr(0), Cr1ys- > Criy) -
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For 1 < s < 7, let B, = 77 !(s) be the set of £ € {0,...,k} such that <I>Z(-m corresponds to Cs. Thus
By, ..., B, partition {0,...,k}. Now,

P [y(e) satisfies @gm forall0 </ < k] = H P {y(@ satisfies C; for all ¢ € BS] . (2.4.3)

s=1

Let I € [N]* be the indices of the k variables sampled by Cy, so I ~ unif([N]¥). Given I, there are
| {y(z) [I] : ¢ € By }| ways to assign polarities to these k variables such that for some £ € By, y©) does not satisfy
C,. Thus, conditioned on I, the probability that y(*) satisfies C; for all £ € B, is 1 —27F |{y(é) [I]: ¢ € BS} ’
It follows that

P [y(é) satisfies C; for all ¢ € BS} =1-27F E
I~unif ([N]*)

{yW[I] e BS}‘

{y(z)m le BS}D .

So, using (2.4.3) and recalling that By, ..., B, partition {0,...,k}, we have

< exp (—Z_k E
I~unif ([N]*)

) wnps (te) _o—k - ‘ O . ‘
P |y'" satisfies @, for all 0 < ¢ < k} < exp ( 2 INunE[N]k) ; {y [I]: ¢ € BS}

{y(e)[f] 0<l< k}’) .

Next, we substitute into (2.4.2). Since |S| < (k+ 1)vM, |[U| <k+1,and M = [aN| > aN —1,

< exp <2k E
I~unif([N]*)

Im\ (SUU)| > 11— (k+1)v)M — (k+1)
>(1—-(k+1)v)aN —k—2.

So,

P [y(e) satisfies () for all 0 < ¢ < k}

M 1—-(k+1v)aN —k—2
<(M+1 - E
< (M+ )((k + 1)1/M> P ( 2k I~ounif ([N]*)

Thus, using that (}) < (@)b7

{v91:0< e <k} +0(N)> .

1
— logP [y(z) satisfies ®0) for all 0 < £ < k}

N
e 1I-(k+1p)a y
< (k+1)val - E O[:0 < < kY| +o01
< (k+ 1rvalog k+ v ok [ounif((N]*) {y []:0<¢< } +0o(1)
o
<& O[]0 < 0 <k} + (1) +0(1).
A I~unif ([N]*) {y [ ] 0sfs } +Ok( )+0( )
The result follows from o = k2 log k/k. O

Proof of Lemma 2.4.1. By Markov’s inequality, P(Sg,,) is upper bounded by the expected number of 0 <
to <ty <--- <t <Tand (y©,...,y") satisfying conditions (OGP-A) and (OGP-B). There are at most

(T + 1)1 choices of (to, ..., 1), and (by Fact 2.3.5(a)) |P| < N2". By linearity of expectation,

(¥, ... y®) e {T,FpV* D
P(Sgep) < (T'+ l)kHNQk max E|# | y© v-satisfies ®*) for all 0 < ¢ < k
0<to<---<tx <T (0) (k)Y _
reP and w(y\V, ... y¥)) =7
Let 7N be the scalar product of 7, treated as a vector, by N. There are 2V (') sequences of assignments

(v, ..., y®) with w(y(@,...,y*)) = 7 2V ways to choose y(*), and then (},) ways to assign the positions
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[N] to the partitions of {0,...,k}. Over all of these sequences of assignments, the probability of the event
that y© satisfies ®(*) for all 0 < ¢ < k is uniformly upper bounded by Lemma 2.4.3. By linearity of
expectation, the last expectation is upper bounded by

N log k
2N -N 1)
(wN ) P < (K k  I~unif([N]*)

Because (}) = exp (N(H(w) + o(1))), the result follows. O

{y(e)[f] 1050 < k}‘ +ox(1) +0(1))> )

Remark 2.4.4. The step in the proof of Lemma 2.4.3 where we lower bound ZZ=1 |{y(4) [I]: ¢ € BS}| by
Hy(@ [I1:0<¢< k‘}’ is tight when %, ..., t; are all equal, because in this case r = 1 and By = {0,1,...,k}.
Thus the exponential rate of P(SS,,,) is dominated by the case when the t; are equal. In other words, P(S,,,)
has the same exponential rate as if, in the definition of S,gp, We required all the y) to v-satisfy the same
®®) . This shows the power of the “ensemble” part of the ensemble multi-OGP: for no cost in the exponential
rate, we can generalize the forbidden structure to an ensemble. All ensemble (multi-)OGPs in the literature

share and leverage this property, see [GJW20, Wei20].

2.4.3 Lower Bounding the Energy Term

In this subsection, we will prove Proposition 2.4.2. Let 49, ... y*) and 84, ..., Bx be as in Proposition 2.4.2.
Without loss of generality, we can set y(®©) = TV.

To analyze the expectation in Proposition 2.4.2, we introduce the following probabilistic quantities. For
0</¢{<kando € {T,F}* define

— ko, = <V < —
E(o) {I € [N]¥:y'"[I] = o for some 0 < ¢' < E} and  pe(o) INHHE[N]k) (Ee(0)) -

In other words, Fy(o) is the event that o appears in the set {y(zl) [I]:0<¥ < é}, and pe(0) is the probability

of this event. The probabilities pi (o) will be relevant to our analysis by the following identity (2.4.4), while
the probabilities py(o) for £ < k will arise in our inductive analysis below, where we lower bound pi(c) by
peeling off one of y(M, ... y*) at a time. We have that

{s91m:0< < k}’ = Y. MIeE@} = Y mlo). (244

-
Frunif(INT®) ) oy oE{T,F}*

I~unif ([N]*)

To prove Proposition 2.4.2; we will need to lower bound the right-hand side of (2.4.4). This task will
require several definitions; to motivate these definitions, we first outline our technique for deriving this lower
bound.

Our first step is a conditional expansion. Let I ~ unif([N]*). We reveal the & bit strings yV[I], ..., y® (1]
one by one. (Recall that we fixed y(® = TV, so y(©)[I] = T is known.) Conditioned on its predecessors
yII], ..., y“=DII], the distribution of y)[I] can be described in terms of the conditional overlap profile
7(y©O)y©@, ... y*=D). Then, 1 — pi(c), the probability that o does not appear in {y(é) [I]:0<¢< k}, can
be expanded as a product of k factors: the ¢th factor is the conditional probability that the revealed value
of y does not equal o. The fth factor of this product can be thought of as (1 minus) the contribution of
¥ to pi(o).

Our second step is to estimate this product by a sum, whose fth summand is the contribution of 3 to
this estimate of px (o). The purpose of this estimation is to decouple the contributions of the y®, so that we
can analyze the overall contribution of ¥ by summing over ¢ € {T,F}*. We achieve this by truncating the

factors in the product at 1 — any factor smaller than this gets rounded up to 1. Because kl;g < %,

1.
klogk?
we can separate the contributions of y™, ... y(*) to pr(o) by the estimate

1—-(1—-e1)(1l—e9)-(1—eg)mer+ea+ - +ei

up to 1 — og(1) multiplicative error. Propositions 2.4.5 and 2.4.6 below carry out this technique.
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Finally, our third step is to collect the (now additive) contributions of each y*) to the estimated py (o)
over all o € {T, F}k. Miraculously, we can interpret this sum as a probability of a sum of k£ i.i.d. random
variables, which can be controlled by a Chernoff bound. This step is carried out in Proposition 2.4.7.

Formally, for 0 < ¢ < k and ¢ € [N], let y(q) (yfl), .. .,yz(é)) Similarly, for I € [N]*, let (=O[I] =
(DI, ...,yO[I]). Because y(® = TV, the overlap profile 7 determines the distribution of y(— ) over

i ~ unif([N]). Namely, for ¢ € {T,F}*,

P <k _ ] _
i~ounif([N]) {y’ 5} Tsu{o},T

where S = {{ € [k] : & =T} and T = {¢ € [k] : & = F}. Moreover, the distribution of y(=F) [I], where
I ~ wnif([N]*), is the product of k ii.d. copies of this distribution. For 1 < ¢ < k, b € {T,F}, and
€ € {T,F}*~!, define

b P (O _ ply St — ¢
seple) = B[ = o= =]

The probabilities in the aforementioned conditional expansion are products of conditional probabilities
be(D|€). Namely, the probability that 39 [I] # o given y(<=V[I]is 1 — HT 1 (bg(ar\y(q 1)).
For 1 < ¢ <k, o€ {T,F}¥ and I € [N]¥, further define

b _ 1
Qg(o,[)z(Hqﬁe(aAyfl “) {Hm ary,“>s,€10gk} and (o) = B [Qulo. 1)

r=1

Thus, 1 —Q¢(0o, I) is a term in the conditional expansion, truncated at 1 — ﬁgk in the aforementioned sense,
and qo(c) is its expectation.

For each o € {T,F}*, the following two propositions lower bound p(c) in terms of ¢i(c),...,q.(c) by
peeling off one of y™M, ... y*) at a time.

Proposition 2.4.5. For each o € {T,F}* and 1 < ¢ < k, we have that

pl) 2 (1= 1o ) pea () + ato).

Proof. Note that

— = @y <0<
1 —pe(o) Iwuni]F([N]k) [ [I] # o for all 0 < ¢ 4
k
= E 19y #oforall0<l <61} (1- gDy
I~unif([N]*) l { 1] # o for a } EW(U |y1r )

Here, we use that the event inside the indicator is y(=/~1[I]-measurable, and conditioned on y(S~1[I] the

probability that yO[I] = o is HT 1 ¢g(ar|y(<£ 1)). Moreover, we have HT 1 qbg(UT\y(q 2 ) > Qe(o,I) by
definition. So,

1 —pe(o) < [(1—]1{I€Ee 1(0)}) (1 = Qe(o,1))]

I~un1f([N

I~un1f([N ( klO k) 1 {I € EZ—l(O')} - QZ(Ua I)

—1- (1— klogk)m 1(0) — qe(0).

The second-last line uses the fact that Q.(o,I) < klog - almost surely, and the last line uses the definitions
of pe—1(0) and g¢(c). Rearranging yields the desired bound. O
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Proposition 2.4.6. For each o € {T,F}*, we have that

pr(o) 2 < logk,)i

Proof. By iterating Proposition 2.4.5, we get

o2 (1 ) o+ 30 (1 i) o)z (1 klogk) qu

k
The result follows from the bound (1 — @) > 1= =% g 7> by Bernoulli’s inequality. O

Equation (2.4.4) and Proposition 2.4.6 leave the task of lower bounding >, ¢ (7 ¢y Z?Zl qe(o). This is

achieved by the following proposition, which reinterprets > (T.F}F qe(0), the total contribution of y®, as a
probability.

Proposition 2.4.7. For each 1 < { <k, we have that

> (o) 21— Bem P — o (1).

oce{T,F}k

Proof. Using the definition of ¢y(o), we have

i k
_ (<0-1)y (<e-1)y o1
2w = Ea| 2 (H pelorloi. ) ' {H (orlr, ) < klogk’}

oe{TF}* |oe{TF}k \r=1 —
[ k
_ (<e—-1) (<e-1)
= B > mew OH{ZMWMWL Dm%ﬂw%%
_gg{r,p}k r=1 r=1
This quantity is the success probability of the following experiment. Sample positive random variables
U1, ..., ux by the following procedure, repeated independently for each r € [k]. Sample ¢ € unif([N]); this
(<e—1)

(<e— 1))

determlnes the value of y Then, sample b € {T F} from the measure ¢p(- |y Finally, set

—log ¢g(b|le )). The experiment succeeds if Zr:l u, > log k 4 loglog k.

For r € [k], let v, = min(u,,logk). This is a proxy for w, with an almost sure upper bound, which allows
us to control the experiment’s failure probability by a Chernoff bound. This failure probability is bounded
by
k

Up log log k
=P 1 .
Z log k <t log k ]

k
P ZuT < logk + loglog k

r=1

r=1

k
<P lZUT < logk + loglogk}
r=1

Note that the lg’ﬁ are i.i.d. random variables in [0, 1] almost surely. To bound this last probability by a
Chernoff bound, we will lower bound E[v,]. By the definition of ¢,

Efu,] = — log ¢ (bly =]

E E [
i~unif ([N]) bN(M(_lnyl*l))

_ log k
= H(x(yOW®,. ..,y = gp——.

k

Moreover,

Elu, —v.] = E [(u, — log k)1 {u, > logk}]

r— 1 (<e-1) 1
- E fe(bly =) log —— L1 { Se(bly =) < }
~unif([N]) 2 ' ke (blyt="")

~unif ([N
i~vunif ([ be T}

ol
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For each i € [N], the quantity inside the last expectation is nonzero for at most one b € {T,F} (for k > 3).

Moreover, on the interval [0, %], the function = — z log ﬁ has maximum value i, attained at z = i Thus,
Elu, — v;] < 2. It follows that Efv,] > 3, 101;_2;1@ — L. So,

E

b 1
> ] | > - :
“— log elogk
Furthermore, (14 glogky /g, 1 ) — é + or(1). So, by a Chernoff bound,

log k elog k

Be—or(1)
e*(lfg%v,*ok(l))

k
Up loglog k e
P Z log k <1+ W < Tor D) — ﬁze 1) + Ok(l).
=% & (é +Ok(1)> v

Hence,

k
P lZu,« >logk + loglogk] >1— e Pl — or(1),

r=1

as desired. O
We can now combine these propositions to prove Proposition 2.4.2.

Proof of Proposition 2.4.2. By combining (2.4.4), Proposition 2.4.6, and Proposition 2.4.7, we have

)Z (o)

k
=1 oe{T,F}*
k

1
- T {y“) [I:0<¢< k}‘ > (1 e
> (1= on(U) Y (1= e ).

(=1

2.5 Stability of Low Degree Polynomials

In this section, we will prove Proposition 2.3.7(a), which lower bounds the probability that 2(*) satisfies ®(*)
for all 0 < ¢ < T and the sequence z* has no large jumps in Hamming distance.

The proof is a mild generalization of the stability analysis in [GJW20, Subsection 4.1] and [Wei20,
Subsection 2.3] from a biased Boolean hypercube to a product of discrete uniform measures. Like in these
two works, the proof proceeds in two steps. The interpolation path can be modeled as a walk on a product
graph whose vertices are the elements of (N, M), where two vertices are adjacent if they differ by one
literal. An edge (®,®’) is bad if the output of our polynomial f has a large jump between inputs ® and @’.
In the first step, we will use Fourier analysis to upper bound the fraction of bad edges. In the second step,
we translate this bound to a lower bound on the probability that our walk encounters no bad edges.

2.5.1 An Upper Bound on the Rate of Bad Steps

We begin by formalizing the notion of c-badness. Recall that n = M - k- 2N, and each ® € Qi (N, M) is
identified with a vector of indicators in {0, 1}", which is the input of a low degree polynomial.

Definition 2.5.1 (c-badness). Let ¢ > 0 and let f : R” — RY be a deterministic degree-D polynomial. A
pair of formulas (®, ®') € Qi (N, M)? is c-bad (with respect to f) if || f(®) — f(<I>')||§ > cEgna, (VM) Hf(fl))Hg

Recall the interpolation path ®© &M . &) defined in Definition 2.3.2. We will prove Proposi-
tion 2.3.7(a) via the following proposition, which controls the probability that the output of f does not have
a large jump between any pair of consecutive assignments in the interpolation path.
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Proposition 2.5.2. Let f : R® = RY be a deterministic degree-D polynomial. With probability at least
(2N)=4Pk/ e (@t=1) 1)) 4s not c-bad with respect to f for any 1 <t <T.

We will prove this proposition in Subsection 2.5.3. The objective of this subsection is to prove Propo-
sition 2.5.3 below, which upper bounds the fraction of all possible steps that are bad. To this end, for
1 < j < kM, define ®,(N,M;j) as the measure of a sample (®,®') € Qi (N, M)? obtained by sam-
pling ® ~ &, (N, M), and then obtaining ®’ from ® by resampling the jth lexicographic literal <I>’L(j) from
unif (£\ {®1(;)}). (Recall the definition of L(j) before Definition 2.3.2.) Define

A = P ®, ®') is c-bad with respect to f).
T (VM) ((®,®") p )
This is the fraction of pairs of formulas in Q (N, M), differing in exactly the jth lexicographic literal, that
are c-bad with respect to f.

. < 4D
_C'

Proposition 2.5.3. If f is a deterministic degree-D polynomial, then fol A

We recall the following orthogonal decomposition property of functions on product measures, which can
be thought of as a generalization of Fourier analysis on the Boolean cube. We will give brief self-contained
proofs of the relevant facts; a full discussion can be found in [O’D14, Chapter 8.3]. Let (X,Px) be an
arbitrary probability space, and let J be a positive integer. Let X = (X1,...,X ) € X’. For j € [J], define
the operators D; and E; as follows. For any function g : X/ — R, E;g is the function satisfying

E;g(X E X
9(X)= E_ (),

where in the right-hand side the coordinate X is resampled from (X,Px). Let Djg = g — E;g. Note that
the operators {Dj, E;} e[y commute. For .S C [ |, define the functions

as=1[p; I] Eis
i€ jelIn\s

Note that g = ZSQ[J] §s. Moreover, gg depends only on the inputs {X, : j € S}. For any j,

5B IV o, B (O] + (Big) (X%

and so by induction

E X)? = E s(X)2.
X~<X,PX>®J9< P=> N gs(X)
5C[J)

For j € [J], define Var;g(X) = Ex,~(xpx) [(D,g)(X)?]. We begin with the following inequality, which can
be considered a converse to the Efron-Stein inequality.

Lemma 2.5.4. Suppose a function g : X7 — R can be written in the form g(X) = Zle 9i(X), where each
9i(X) depends on at most D coordinates of X. Then,

J
DV X) > E  Varg(X).
cudar o )_JZ:;X~(XJP‘X)®J ar;g(X)

Proof. By the orthogonal expansion above, we have

Var X)= E gs(X)? and E Var,;g(X) = E is(X)2.
woYar L 9(X) SCZMX~<X7P><>®J'95( ) o VIS0 SCZMX~<W>«>®J”S( )
S#0 S3j

We claim that for all S C [J] with [S| > D, we have gs = 0. For each i € [I], we have [[,c5D;g; =0,
because S contains at least one j such that ¢;(X) does not depend on X;. Thus, [[..¢D;g = 0, and so
gs = 0, as desired. Hence,

jes

J
Var X2 <D Var X).
XZ:X%XM) 19X S;]| X~(XIPX>®J Is(X)" < XN(XJP’X)@Jg( )
|S|<D
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Proof of Proposition 2.5.3. Note that &4 (N, M) is composed of kM i.i.d. literals, and thus can be thought
of as the product measure unif(£)®*M. By slight abuse of notation, for 1 < j < kM, we can define D; and
E; as the above operators with respect to the jth lexicographic literal ® ;) of ®.

For 1 < ¢ < N, let f; denote the fth component of f. By Markov’s inequality and the inequality
(a —b)? < 2a? + 2b%, we have

kM

N
A E(a,a)~a, (v,0:5) | (@) = F(@)]I3
; Z cEooa,(v,an) | (P )||2

_ Zzzl Zj:l E(@,@’)N@;C(N,M;j)((Djff)((b) (Djff)(q)/))Q
¢Sl s Bana, (n,a1) fo(®)?2
2, Zf]:wl E(o,0~a, (v,01:5) ((Djfe) (@)% + (D fe)(9)?)
CZévzl Eo~a, (v, fo(P)?
N kM
4% 122521 Bona, (v,an) Var; fo(P)
Y01 Baa, (a1 fo(®)?

Now, each f, is a degree-D polynomial in the indicators ®; ;s that ®; ; is the sth literal in £. So, each
monomial of each f;, depends on at most D literals of ®. By Lemma 2.5.4,

kM
E  Varfi(®) <D V ®)<D E ®)2.
;ém@k(N,M) ar; fo(®) < <p~<bk?zfr,M) 1e(®) < Sy, (N, M) «(®)

So, S N < 4B 0

2.5.2 Bounding the Probability of no Bad Step

Proposition 2.5.3 bounds the combined rate of c-bad steps. To derive Proposition 2.5.2, we must translate
this bound on the rate of c-bad steps to a bound on the probability that interpolation path never takes a
c-bad step. To make the ideas in our argument more clear, we abstract to the following graph theoretic
problem, which is interesting in its own right.

Let ¥ be a set of symbols and J,T be positive integers. Let G be a graph on ¥7, where two nodes are
adjacent if their Hamming distance is exactly 1. Each edge has a direction j € [J], the index on which its
endpoints disagree. Let an arbitrary subset of edges be bad; for adjacent vertices v, w, let B(v,w) denote
the event that the edge (v, w) is bad. For j € [J], let \; denote the fraction of edges in direction j that are
bad. Equivalently, A\; = P(B(v,w)), where v ~ unif(G) and w is obtained from v by resampling w; from
unif (3 \ {v;}).

Let o : [T] — [J] be an arbitrary map. Consider the (lazy) random walk v v ... »(T) such that
v(® ~ unif(@) and for 1 <t < T, v® is obtained from v*~1 by resampling v((:()t) from unif(3).

Lemma 2.5.5. With probability at least |E\_ZtT:1 Aer) | mo step of the random walk v© v . ™) tra-
verses a bad edge.

Note that at each step, the random walk either traverses an edge or does not move; we say that the steps
that do not move do not traverse a bad edge. The lemma is sharp, for example, when all the A; are 0 or 1:
in this case, the random walk does not traverse a bad edge if it does not move at all times ¢ with A = 1.

Proof. For v € %7, let q(v) be the probability that the random walk v(® v ... »(T) does not traverse a
bad edge, starting from v(®) = v. We will prove by induction on T that

T
E 1 > —log|X|- A
v~unif(G) o8 Q(v) o Og| | Z o (®)

The lemma then follows from Jensen’s inequality, because log E ¢(v) > Elog q(v).
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The base case of the claim, T' = 0, follows trivially. For the inductive step, let §(v) be the probability
that the random walk v(), v(®) .. v(T) does not traverse a bad edge, starting from v!) = v. Let j = o(1).
Let v.; € /7! denote an element of %7 with the jth coordinate left blank. For s € %, let v.;[s] € £/
denote v~; with the jth coordinate set to s.

For now, fix some v~; € ¥/=1 For s € ¥, we have that

alogls)) = |E|]1 {s" = s or B (va;ls], vayls]) "} d(vng[s'])

s'ex

= 1 L~v»s 21— ) v [$') Y G(ves[s
_s,€§{s}lﬁll(lzlq( 6D+ E (B o ) 2o ) )

By Jensen’s inequality, this implies
1 1 5] -1 oy -
oga(ole) 2 30 spion (gitomsle) + B (B o o) g5 )
s’ €S\ {s}
Taking an expectation over s ~ unif(X), we have

og q(v;[s - o 1 jls 2 -1 veils], v [sSDY (v [s"

s#s’

1 ,
= Z;Z Wg(ij7 s,8'), (2.5.1)

s#s’

/
where for s # &,

E(0mgo5:5) = o (rlomgls) + Z B olel o) o)) )

1 -1 o~
1ok (glomals) + S B (gl oD 00D )
If B (v~j[s], v~j[8]) holds, then &(vn;, s,8") = log (v~ [s]) +1log G(v~;[s']) —21og |Z|. Otherwise, by Jensen’s
inequality we have

g (i) + S50 (B ol o) a0l ) > o o(omls) + 5 o ons15)

and similarly for the other term of {(v~;, s, s’). In this case, £(v~j,s,s") > log G(v~;[s]) + log §(v~;[s']). So,
in all cases

§(vnys 8, 8") > log 4v~;[s]) +log G(vn;[s']) — 20{ B (v~js], v~ [s']) }Hog [Z].
Substituting into (2.5.1), we have

1{B (vnyls], vay[sD}

E logq(ve;lsl) > E _logg(v[s]) —log ||+ >

s~unif () s~unif () Syes |Z|(‘E| — 1)
s#s’
Taking an expectation over v.; yields
E 1 > E logg(v) —log|X|- A
vrunif (G) qu(’l)) T v~unif(G) o8 q(U> Og' |
By induction, we have
T
E logg(v) > —logl|X|- Ao ()
U TR v
and the result follows. O
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2.5.3 Completing the Proof of Stability

Proof of Proposition 2.5.2. Our interpolation scheme can be modeled as the random walk in Subsection 2.5.2,
with ¥ = £, J = kM, T = k?M, o(t) defined in Definition 2.3.2, and where the bad edges are the c-bad edges.
This correspondence is consistent because the steps in the interpolation path where a formula transitions to
itself are never c-bad.

Since o maps to every value in [kM] k times and |£| = 2N, Proposition 2.5.3 and Lemma 2.5.5 imply
that the probability of never traversing a c-bad edge is at least (2N)~*Pk/c, O

Proof of Proposition 2.3.7(a). Set ¢ = ﬁﬂ%“ Let Spo-bad be the event that for all 1 <t < T, (#¢-1, M)
is not c-bad with respect to f. By Proposition 2.5.2, P(Sho-bad) = (2N)~ 4Dk?y/(B+—B-)

By a union bound, P(Syaia) > 1 — (T 4 1)8. Thus, P(Syaiia N Sno-baa) = (2N)~4PF*7/(B+=B-) _ (T 4 1)5.
We claim that on Syalid N Sno-bad, the event Sconsec also occurs.

Suppose for sake of contradiction that Syaiig N Spo-bad holds and for some 1 < ¢t < T, we have that
Az, 20) > Be2B Because (@1, ®(1) is not c-bad, we have

2 _
@) - e <c, B @< e = H N

Let I ={i € [N]: (t= 1)7&xt)} so |I| > ﬁ”“ ﬁ N. Define
BW = {z € [N] :cht) # (round o f)((I)(t))i}.

Because xgt) = A(®®); and the assistance subroutine B in A can edit only an 7 fraction of bits of the
assignment, |[B®| < nN = /3+—/37 N. For similarly defined B*~1, we likewise have |[B(~1| < B*glf* N.

Let J =1\ (B® 1 uBt ), so |J| > Z2P=N. For all i € J, oneoffl(q)(t D) and f;(®®) is at least 1
and the other is at most —1, so | f; (<I>(t 1)) ( )| > 2. So,

@) @)= 3 1@t - ey s> oy

i€J

This is a contradiction. Therefore Sconsec = Svalid N Sno-bad, and so

]p(svalid N Sconsec> > IP)(Svahd N Sno bad) (2N> 4Dk27/(6+_ﬁ7) - (T + 1)(5

2.6 Proof of Impossibility for Local Algorithms

This section proves our impossibility result for local algorithms, Theorem 2.1.13. Throughout, fix x > k*
and r € N. Fix a probability space (2,P,), and let A be an r-local algorithm that, on input ® € Qg (N, M)
with factor graph (G, p), samples internal randomness ¢ ~ (Q,P,,)®(VaUEe),

Let py = (p‘ and pp = Lp’ B . We will actually prove Theorem 2.1.13 conditioned on any realization of
py. Fix once an(f for all a reahzatlon of wy; all probabilities and expectations in this section will implicitly
be conditioned on this realization.

2.6.1 A Different Interpolation

Instead of the interpolation path of kM problem instances used in the proof of Theorem 2.1.6, we now use
an interpolation structured as k paths of length kM originating at a common point. We also couple to this
interpolation the internal randomness ¢ g of A run on these problem instances.
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Definition 2.6.1 (Interplation structure). Let 7' = kM. We will sample ®© and ®(“*) € Q4 (N, M) for
1<¢<k,1<t<T. Let the factor graphs of these k-SAT instances be (G(O),p(o)) and (G(e’t),p(é’t)). We
also sample maps gag) : Eqo — Q and wg’t) s Egeny — Q.

We sample () ~ @k(N M) and {2 ~ (Q,P,)®Fc@ . For 1 < £ <k, 1<t<T, we obtain & from
®t=1) (take &40 = &) for all £) by resampling @L(t; from unif(L£). (Recall that L(¢) is the tth pair
(a,b) € [M] x [k] in lexicographic order.)

This resampling deletes an edge e from G*~1) adds an edge ¢’ to G(*) (possibly in the same location),
and samples p(©? () ~ unif ({T,F}). We obtain <p( ) from wg’t_l) by deleting the entry for ¢’ and sampling

Pl (e) ~ ().

In other words, starting from a random k-SAT instance we sample k interpolation paths, where in each
path we resample the literals one by one in the same order. Resampling a literal resamples an edge of the
factor graph, and we also resample the output of ¢r on that edge.

Note that each (®(1), Sﬁg’t)) is marginally distributed as (®, ) where & ~ &, (N, M) and pp ~
(Q,P,)®Fe | where (G, p) is the factor graph of ®. Moreover, (®T), @%’T )) is independent of (®(©), <,0559))
and (B0, 5" for all ¢/ # ¢.

2.6.2 Selecting Problem Instances Yielding the Forbidden Structure

We set B_, B4,€ as in Subsection 2.3.4. Recall that these numbers depend only on k, and <k

for all 8 € [8_, B+]. Moreover, set 5y = A= ;rm.

In the proof of Theorem 2.1.6, we selected the problem instances ®(t0) &) &) where the algorithm
outputs form a forbidden structure after observing the entire interpolation. Here, because we can leverage
concentration properties of local algorithms (instead of stability properties of low degree polynomials), we
know in advance which problem instances to choose. This allows us to immediately restrict our attention to
k + 1 problem instances, instead of the full interpolation structure.

We will choose the problem instances ®(© and &) for 1 < ¢ < k, for indices t1,...,t, we now
determine. Consider random variables (which depend on the ;)

_ Bte
T—Be—(F-1D)

l’(o) A(CI)(O) 90(0)) and :C(E) :A(é(e’t£)7¢g’te))

for 1 < ¢ < k. Here, A(®,¢pg) denotes A run with input ® and internal randomness ¢g (we suppress the
dependence on ¢y, which is fixed).
We inductively define ¢, in terms of ¢1,...,t,_1 as the smallest number satisfying 1 < t, < 7" and

EH (ﬂ(x(z)\x(o),...,9:(271))> > B Ing

If no such t, exists, set t, = T” and say / is deficient. Note that the ¢, are a deterministic function of A and
@y. For 1 < ¢ <k, define &) = &:te) and <p(é) g’t”. Let (G, p®) be the factor graph of &),

The following lemma follows from the stability of the expected conditional overlap entropy when we
resample one literal of 1. We defer its proof to Subsection 2.6.6. The exponent —% can be replaced by
any constant larger than —1.

Lemma 2.6.2. If ¢ € [k] is not deficient, then

log k log k
Bo li gIEH(ﬂ'(aj(é)|x(0),...,x(e_l))> Bo g —|—O(N_1/2).

2.6.3 Outline of the Proof

+—B— 1
32k2 and v = 75r. We now define events Syalid, Sconcs Sindeps Sogp»

which are measurable in the (&) ,gaE ) for 0 < ¢ <k.

For the rest of this proof, take n =
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Let Syaiia be the event that for all 0 < ¢ < k, 2 (n, v)-satisfies O Let S.onc be the event that for all
1<l <k,

1
H( @)@ gD ) —EH( @)@ gD )’ < .
‘ (x| x ) (x| z x )| < Tog N
For 1 </ <k, let andcp be the event that there does not exist an assignment y € {T, F}N such that

(IND-A) y v-satisfies ®(©);
(IND-B) H (m(ylz®,...,a=D)) < g, lak,
Let Sogp be the event that there does not exist assignments y Oy e {T,F}* such that

(OGP-A) Forall 0 < /(¢ <k, 2 v-satisfies O):

(OGP-B) Forall 1 <¢ <k, H (W(y(£)|y(0), . 7y(z_l))) € [ﬁ_ logk,@_ 10,%’“]
Finally, define
p=P[A(®, vE) (n,v)-satisfies P],

where the probability is over the randomness of ® ~ ®(N, M) and ¢g ~ (2, P,)®F¢, where (G, p) is the
factor graph of ®. This is the probability upper bounded by Theorem 2.1.13.
We will derive Theorem 2.1.13 from the following two propositions.

Proposition 2.6.3. For all sufficiently large k and N, the following relations hold.
(a) If £ € [k] is deficient, then Syalid N Sconsec N St 0.

indep —
(b) If no € € [k] is deficient, then Syatia N Sconsec N Sogp = 0.
Proposition 2.6.4. For all sufficiently large k and N, the following inequalities hold.
(a) P(Syatia) > pFt.
(5) B(Sconc) 2 1 = exp(~Q(NY?)).
(c) If € € [k] is deficient, then P(andep) > 1 —exp(—Q(N)).

(d) If no ¢ € [k] is deficient, then P(Sogp) > 1 — exp(—Q(N)).

We will prove Proposition 2.6.3 in Subsection 2.6.4, Proposition 2.6.4(a) in Subsection 2.6.5, and Propo-
sition 2.6.4(b) in Subsection 2.6.6. Proposition 2.6.4(c,d) are analogous to Proposition 2.3.7(b,c). The proofs
are exactly the same, except we no longer need to union bound over all possible choices of the t,.

First, let us see how these bounds imply Theorem 2.1.13.

Proof of Theorem 2.1.13. Set k* such that for all £ > k*, Propositions 2.6.3 and 2.6.4 both hold.
Suppose some ¢ € [k] is deficient. By Proposition 2.6.3(a), P(Svand) + P(Sconc) + P(S{4ep) < 2. By
Proposition 2.6.4, this implies

P < exp(—QNY?)) + exp(—QUN)),

whence p < exp(—Q(N'/3)). If no ¢ € [k] is deficient, then by Proposition 2.6.3(b), P(Syaiia) + P(Sconc) +
P(Segp) < 2. By Proposition 2.6.4, we get the same conclusion. So, p < exp(—Q(N'/3)) conditionally on
any realization of ¢y . O
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2.6.4 Successful Algorithm Outputs Contradict S, ., or Sogp

indep

The following corollary to Lemma 2.3.8 is obvious.

Corollary 2.6.5. Let £ € N be arbitrary and let z, 2/, y@, ...,y e {T,F}N. If A(z,2') < %, then

B (7@ y @, ) = H (n( ),y )| < H(A@,2),
Proof. Use Fact 2.3.5(b). O

Proof of Proposition 2.6.3. Suppose Syalid and Scone both hold. We will construct an example of the structure

forbidden by andep or Sogp. Since Syaig holds, there exists y©@ . y® such that for all 0 < ¢ < k,

Az y®) < 5 and y© v-satisfies ©).
Suppose ¢ € [k] is deficient. Then, E H (m(z?[z(®, ... z(*=1)) < BO% by definition. By Lemma 2.3.8,
Bt — B ] log k

‘H (W(y(e) 12O ... ,x“_l))) - H (ﬂ(x(é)kn(o), e 7:5(6—1))) ‘ < H(n) < s 2

for sufficiently large &, using the bound H(z) < xlog £. In tandem with Scopnc, this implies

logk By — B logk 1 log k
. <
ET8 k2 +logN_6+ k

H (ﬂ(y(€)|x(o), ... ,x(e_l))> < By

£

for sufficiently large N. This is an example of the structure forbidden by Sj 4., This proves part (a).

Otherwise, suppose no ¢ € [k] is deficient. Writing (by Fact 2.3.5(b))
H (w(x“)wo),...,x“—l))) =H (ﬁ(xw),m’xw))) _H (W(a,(m’ o ’x(e_l)))

and applying Corollary 2.6.5 repeatedly, we have, for all 1 < /¢ < k,

—B_ logk
‘H (W(x(z) 12O, ... ,x(efl))> - H (71'(34(Z)|y(0)7 ... ,y(zfl))) ’ <2(k+1)H(n) < Br—B- los
4 k
for sufficiently large k. By Lemma 2.6.2 and Sconc, this implies
_ log k B+ — - logk 1 _ B+ —B— logk
H @O0 =Dy _ < 0t . N2y < 2 =
’ (ﬂ(y v,y )) e ? logN+O( )< = A

for sufficiently large N. So, H (ﬂ(y(€)|y(0),...,y(é_l))) € [B, loik,6+ lofk for all 1 < ¢ < k. This is an
example of the structure forbidden by Sogp. This proves part (b). O

2.6.5 Lower Bound on the All-Success Probability
Consider the random variable ¥ = (®,pg), for ® ~ &, (N, M) and pr ~ (Q,P,)®F¢ where (G, p) is the

factor graph of ®. In this and the next subsection, the following representation of ¥ as a sequence of kM
ii.d. random variables will be useful. We can reformat ¥ = (v;)1<j<xrn, where 1; = (@), vr(e)) and e
is the edge in G corresponding to ®r,;). Each ¢; is an i.i.d. sample from T = unif(£) x (2, P,,).
For 0 < ¢ < k, let ¥) = (9, gog)), which is marginally distributed as ¥. We similarly can reformat
O = ()1 <<
Proof of Proposition 2.6.4(a). For ¥ as above, let
f(¥) =1{A(®, pg) (n,v)-satisfies P} .

Note that E f(¥) = p by definition, and

P(Svaia) =E




We wish to show this expectation is at least p**1.

The constituent random variables w]@) of U = (¢§€))1§jgk m have the following stochastic structure.

For each 1 < £ < k, the last kM — t, variables (4|

variables in W(9) and the first ¢, variables (%(-Z))lgjgw are fresh i.i.d. draws from Y.
Let 7 : [k] — [k] be a permutation such that ¢,y < tr2) < -+ < tr(x), and let sp = t,(;. Then,
\I!(O), ey W) all share their last kM — s, variables z/1§g); all but U(™*) share the next sp — sp_1 variables;

all but TTF) and T(*=1) ghare the next sp_1 — Sp_o variables, and so on.
For 0 <i <k, let & be a sequence of s;41 — s; i.i.d. draws from T, where so = 0 and sg11 = kM. Let
9 ¢l ... be a sequence of i.i.d. copies of &. By the above discussion, we can generate O wk) by

generating W) = (¢9)F_ and for 1 < ¢ < k, generating W(7(¥)) (f(é ”*) . For example, When k=3,

Vte<j<kM in U@ are identical to the corresponding

v = (£,€0,€0,€9),
v = (g5,€0,60,€9),
v = (g, 41,6, 89),
v — (&8, 6,6,

Let f(&,...,&) denote f(), for the ¥ that can be formatted (by the above discussion) as (&, . ..,&k). Let
fo=f,and for 0 < d < k, define

Jar1(&av1s - &) = E fa(a,- - &)

Note that fr11 takes no inputs and outputs p. Further, for 0 < d < k + 1 define

le <£<é z)+ )]

In particular Py = P(Syaiiq) and Py = pFtt. To finish the proof we will show that P; > Py, for all
0 < d < k. By Jensen’s inequality,

Py =E |fa (€D d“Hfd( g _)]
L l=d+1

| 5d t=d+18d

>E _QE(, Ga (@™ TT 2, [ (<ff“”>f—d)ﬂ

R t=d+15d

r k
=E | farr (E)gyr)™ I fan ((fy_m)f:dﬂ)]

L {=d+1

= Pit1.

2.6.6 Bounded Differences and Concentration of Local Algorithms

We will use the following variant of McDiarmid’s inequality, which allows a bad event on which bounded
differences are large.

Lemma 2.6.6 ([Kut02, Theorem 3.3]). Let m € N. Let Qy,...,Q,, be probability spaces and Q@ = T]", Q;.
Let S C Q and f: Q0 — R have the following properties.

40



(it) If X, X' € Q differ in coordinate i, then |f(X) — f(X')| < b;.
Then,

(1) If X, X' € S differ in coordinate i, then |f(X) — f(X')] < ¢;.

m

2
(B0 =B 0] > 1 < 200 (g ) +2P(59 )

i=1

bi

Ci

The following definition gives the complement of the bad event we will use. The exponent % is chosen to
minimize the failure probability in Lemma 2.6.6 by balancing the two terms.

Definition 2.6.7. A k-SAT formula ® € Q4 (N, M) is r-locally small if, for (G, p) the factor graph of ®,
|N,(v,G)| < N3 for all v € Vag.

Fact 2.6.8. If & ~ & (N, M) andr € N is constant, ® is r-locally small with probability 1 —exp(—Q(N1/3)).

Proof. This follows from Lemma 2.7.5 and a union bound. Note that the r-neighborhood of any v € Clg is
contained in the (r + 1)-neighborhood of any of its neighbors. O

Proof of Proposition 2.6.4(b). We present the argument for ¢ = k; showing concentration for the other
conditional overlap entropies is similar. The random variable Y = H (ﬂ'(l‘(k) FA ,x(k_l))) is measurable

in \II(O), R W) For each 0 < ¢ < k, we can write p) = (w;e))lgjng. The constituent random variables

wj(@ can be partitioned into equivalence classes, where variables in the same equivalence class are identical
and different equivalence classes are mutually independent. Let ¢ = (1, ...,,,) contain one representative
from each equivalence class. Note that ¥1,...,%, i.i.d. samples from Y and m < k%M.

All the ) (G, p®), (pg)), 2@ overlap profiles of the 2(¥), and Y are (-measurable. We will use Y'(¢)
to denote the Y given by this realization of ¢, and similarly for the remaining random variables.

Let S € Y™ be the event that ®©(¢) is r-locally small for all 0 < ¢ < k. By a union bound on Fact 2.6.8,
P(S°) < exp(—Q(N1/3)).

Suppose (,(’ € S differ in only one coordinate ;. For each 0 < ¢ < k, the decorated factor graphs
(GO, pO) @%))(C) and (G, pO), @%))(c’) differ in at most one edge. Because ¢, (" € S and A is local, z(9) (¢)
and (9 (¢’) differ in O(N''/3) bits. So, corresponding entries in 7(2(), ... z®))(¢) and 7(z®, ... 2") ()
differ by O(N—2/3). Thus, |Y(¢) — Y (¢')] < O(N~2/31og N).

Moreover, for any ¢,¢" € Y™, we have |Y(¢) — Y(¢')| < log2 because the conditional overlap entropy
attains values in [0,log2]. By Lemma 2.6.6,

B 1/log*> N
8k2MO((N—2/3log N)2)
< exp(—Q(N'/?)).

1
PIlY -EY|> ——| <2
| |_logN] - exp(

) + exp(—QN3)O ( 2k2 M log 2 )

N-—2/3log N

Similar ideas prove Lemma 2.6.2.

Proof of Lemma 2.6.2. The lower bound follows from the definition of deficient. For 1 <t < T, let 26t =
A(@ED, olE) We will show that

EH(n(z 2@, . 2@ ) —EH(r(z® D)2, .. 20 DY) < o(N~1/2).

Since B H (7(zte= )20 2-1)) < 3, logk, the above inequality implies the result.

Let S be the event that ®“*=1) and &1 are both r-locally small. By Fact 2.6.8 and a union bound,
P(S¢) < exp(—Q(N'/3)). The decorated factor graphs (G(Z’t_1)7p(€’t_1),gp%’til)) and (G(Z’t),p(f’t),gog’t))
differ in at most one edge. On the event S, z(**) and z(“t=1 differ in at most O(N'/3) bits, and by
Lemma 2.3.8,

H(m(z]2@ . 2CD)) - H(r(2GD 2O 2D < H(A@®Y, 251D)) < O(N~2/1og N).
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Moreover, this difference is always at most log 2. Thus

EH(w(z®D 2@ ) —EH (@Y |20, D) < O(N"2/31log N) + P(5°) log 2
< O(N~Y2),

2.7 Simulation of Local Memory Algorithms

In this section, we introduce the class of local memory algorithms. These algorithms are a natural general-
ization of local algorithms, which make local decisions in series (in a random vertex order) and allow earlier
decisions to leave local information that later decisions can see. This class includes the first phase of Fix,
as well as the sequential local algorithms considered in [GS17]. We show, somewhat surprisingly, that any
local memory algorithm can be simulated by a local algorithm of larger radius. We then show that any local
algorithm can be simulated by a constant degree polynomial.

The main results of this section are the following two propositions. Throughout this section, fix arbitrary
a = a(k) independent of N and let M = [aN].

Proposition 2.7.1 (Local algorithms simulate local memory algorithms). Suppose ak,k—1 > 2 and n > 0.
Let A be an r-local memory algorithm (defined in Definition 2.7.12) with output in {T,F}Y. There eists
R € N depending on a,k,r,n and an R-local algorithm A’ such that, for some coupling of the internal
randomnesses of A, A’,

P [A(A(®), A'(®)) > 1] < exp(~Q(N'/?)),

where the probability is over ® ~ ®p(N, M) and the randomnesses of A, A’.

We parse the outputs of a low degree polynomial with the function strictRound : R — {T,F, err},
defined by
T r=1,
strictRound(z) = F x=-1,

err otherwise.

When applied to a real-valued vector, strictRound is applied coordinate-wise. Note that this is a more
stringent parsing scheme than round. Let n = M - k- 2N. Recall that each ® € Q (N, M) can be identified
with a vector in {0,1}", as described below Definition 2.1.2.

Proposition 2.7.2 (Low degree polynomials simulate local algorithms). Suppose ak,k —1 > 2 and n > 0.
Let A be an r-local algorithm with output in {T,F}". There exist D,y > 0 depending on o, k,r,n and a
(random,) degree-D polynomial f : R™ x Q — RN such that the following holds. Let A" = strictRoundo f.
For some coupling of the internal randomnesses of A and f,

P[A(A(®), A'(®)) 2 1] < exp(—QUN'?)),

where the probability is over ® ~ &y (N, M) and the randomnesses of A, A’. Moreover, Eg ||f(<I),w)||§ <
YN.

Both simulation results incur an error tolerance 7 independent of N which can be made arbitrarily small
in k and fail with probability only exp(—Q(N1/3)).

These simulation results imply that our hardness theorems, Theorems 2.1.6 and 2.1.13, apply to any local
memory algorithm. We will also use these results in Section 2.8 with the fact that the first phase of Fix is a
local memory algorithm to show that local algorithms and low degree polynomials solve random k-SAT at
clause density a = (1 — £)2¥ log k/k.

This section is structured as follows. In Subsection 2.7.1 we review properties of local algorithms and the
k-SAT factor graph. In Subsection 2.7.2 we define local memory algorithms. In Subsection 2.7.3 we prove
Proposition 2.7.1, and in Subsection 2.7.4 we prove Proposition 2.7.2. Subsection 2.7.5 contains deferred
proofs.
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2.7.1 Properties of Local Algorithms and the k-SAT Factor Graph

Throughout this section, fix a probability space (Q,P,). Let DFG(N, M, k, (Q,P,,)) denote the law of the
decorated random k-SAT factor graph (G, p, ), where & ~ @, (N, M), (G, p) is the factor graph of ®, and
@ ~ (Q,P,)2VeVEG)  We write this as DFG(N, M, k) when (Q,P,,) is unambiguous.

Equivalently, (G,p,¢) ~ DFG(N, M, k) can be sampled as follows. Vag = {vy,...,vn} and Clg =
{c1,...,cp} are fixed. Eg consists of k edges from each ¢ € Clg to i.i.d. uniformly random vertices in Vag,
and p, ¢ are sampled by p ~ unif({T,F})®F¢ o ~ (Q,P,)®VeVEa),

A (possibly infinite) graph is locally finite if every vertex has finite degree. The formalism in Defini-
tions 2.1.9, 2.1.10, and 2.1.11 applies verbatim to locally finite G. The local geometry of a sample from
DFG(N, M, k) can be understood in analogy to the following locally finite tree.

Definition 2.7.3 (Decorated Alternating Galton-Watson Tree). Let dy > 0, dy € N. Let DGW(dy, do, (2,P,))
denote the law of the following rooted decorated tree (o, T, p, ). The rooted tree (o,T) is sampled by the
following procedure.

e Start with a root vertex o in layer 0.
e For /> 1:

— If ¢ is even, each vertex in layer ¢ independently spawns Pois(d;) children in layer ¢ + 1.

— If £ is odd, each vertex in layer ¢ spawns do children in layer £ + 1.
Each non-root vertex is connected to its parent by an edge.

Let Var and Clr be the sets of even and odd depth vertices of T. Further, let Vi = Var U Cly and let Er
be the edge set of T. Sample p ~ unif({T,F})®F7 and ¢ ~ (Q,P,)®VrVET),

When (9,P,) is unambiguous, we write this as DGW(dy,ds). The significance of this tree is that as
N — o0, local neighborhoods N,.(v, G, p, @) of a sample (G, p, ) ~ DFG(N, M, k), where v € Vag is fixed,
converge weakly to local neighborhoods of the root of DGW(ak, k — 1). This is analogous to the fact that
local neighborhoods of the sparse Erdds-Rényi graph G(N,d/N) converge weakly to local neighborhoods of
the root of the Poisson Galton-Watson tree PGW (d).

We now state several lemmas pertaining to local geometry of samples from DGW(d1, d2) and DFG(N, M, k).
Lemmas 2.7.4 and 2.7.5 control the local neighborhood sizes of the root of DGW(d;,ds) and of a left-vertex
in DFG(N, M, k). Lemma 2.7.6 makes precise the sense in which local neighborhoods of left-vertices of
DFG(n,m, k) converge to local neighborhoods of the root of DGW(ak, k — 1). Lemma 2.7.7 shows con-
centration for the sum of a local function. These lemmas are analogous to [BCN20, Lemma 11.1, Lemma
11.2, Lemma 12.4, Proposition 12.3], which give the analogous results with G(N, M, k) and DGW (ak, k —1)
replaced by G(n,d/n) and PGW(d) (and without the decorations p, ¢, which do not affect the results). We
omit their proofs, which are easily adapted from the corresponding proofs of [BCN20].

Lemma 2.7.4. Let dy,d2 > 2 and (0, T, p,p) ~ DGW(dy,ds). There are universal constants cg,c1 > 0 such
that for all X > 0,

P[|No(0, T)| < Md1da)" for all positive integers r] > 1 — cye” >,

Lemma 2.7.5. Let ak,k —1 > 2. Let (G,p,) ~ DFG(N, M, k), and let v € Vag be fized. There are
universal constants cg,c1 > 0 such that for all A > 0,

P[|Noy (v, G)| < Mak(k —1))" for all positive integers r] > 1 — cje” >
Recall that A is the set of (possibly infinite, locally finite) rooted decorated bipartite graphs.

Lemma 2.7.6. Let ak,k —1 > 2. Let (0,T,p,p) ~ DGW(ak,k — 1), (G,p',¢') ~ DFG(N, M, k), and let
v € Vag be fixed. Let f: A — [—1,1] be a 2r-local function. There exists ¢ > 0 (depending on a,k,r) such
that for all N,

clog N

‘Ef(O, T7p7 ‘P) - Ef(U7 G7p/7 30/)| S W
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Lemma 2.7.7. Let ak,k — 1 > 2, and let (G, p,¢) ~ DFG(N,M,k). Let f : A — [—1,1] be a 2r-local
function. There exists ¢ > 0 (depending on «, k,r) such that for all p > 2,

p

] < (cN1/2p3/2)p.

E Z f(’l),G,p,(p)—E Z f(’U,G,p,(,O)

vEVag vEVag

We can translate Lemma 2.7.7, into the following tail bound for sums of local functions.

Corollary 2.7.8. Let ak,k —1 > 2, and let (G, p,p) ~ DFG(N,M,k). Let f : A — [—1,1] be a 2r-local
function. There exists ¢ > 0 (depending on «, k,r) such that for all t > cN/2,

t2/3

Proof. Let ¢ be as in Lemma 2.7.7, and suppose t > 23/2ecN'/2. Set p = (W)wzg > 2, s0 by Lemma 2.7.7,

Z f(U,G,p,(p)—E Z f(U7Gapa<P)

vEVag vEVag

P
P l Y f0Gpe)—E D f(v,Gp,0)| > t] SEPE|| DY f0,Gp0)—E D f(v,Gp,) ]
vEVag vEVag vEVag vEVag
eN1/2p3/2\P
< <t> = exp(—p)
£2/3
= exp ((ec)2/3N1/3) .
The result follows by adjusting the constant c. O

2.7.2 Local Memory Algorithms

We now define local memory algorithms. In addition to the usual features of a local algorithm, these
algorithms have access to a mutable memory map p : Vo — Z>¢, which we think of as an unlimited notepad
on each variable. The algorithm processes vertices v € Vi (both variables and clauses) in a uniformly random
order. Each step, the algorithm accesses the r-local neighborhood of a vertex and can overwrite the data
written on any vertex in that neighborhood. In the end, each variable v € Vag decides to be true or false
depending on the final value p(v) on its notepad.

To formalize this algorithm class, we will define memory-augmented versions of Definitions 2.1.9, 2.1.10,
and 2.1.11.

Definition 2.7.9 (Rooted memory-augmented decorated bipartite graph). A memory-augmented decorated
bipartite graph is a tuple (G, p, ¢, 1), where (G, p,¢) is a decorated bipartite graph and p is a function
w: Va — Zso. A rooted memory-augmented decorated bipartite graph is a tuple (v, G, p, ¢, ), where
(G, p, ¢, pt) is a memory-augmented decorated bipartite graph and v € V.

Let A denote the set of rooted memory-augmented decorated bipartite graphs. Two such graphs are
isomorphic of there exists a bijection between them preserving v, Vag, Clg, Eg, p, @, .

Definition 2.7.10 (r-neighborhood). Let (v,G,p,p,u) € A and 7 € N. Define N,(v,G,p,p,p) to be
(v,G',p', ¢, 1) € A, where (v,G’,p',¢") = N-(v,G, p, ) and p/ = u|_,, is the restriction of u to G’.

el

Definition 2.7.11 (r-local subroutine). An algorithm f with input space A is an r-local subroutine if the
execution of f(v,G, p, ) depends only on the isomorphism class of N,.(v,G,p, o, u) = (v,G',p',¢', 1), and
f interacts with its input by editing the outputs of p'.

We are now ready to define a local memory algorithm. In the following definition, v is an auxiliary
random variable on each vertex that determines the order in which vertices are processed.
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Definition 2.7.12 (r-local memory algorithm). Let f; be an r-local subroutine and f2 : Z>¢o — {T,F}
be a function. The r-local memory algorithm based on (fi, f2), denoted Ay, ¢,, runs as follows on input
® € Qi (N, M) with factor graph (G, p).

(1) Initialize p : Vg — Zsg to the all-0 map. Sample ¢ ~ (Q,P,)®(VeYE6) and 1) ~ unif ([0, 1])®Ve.

(2) Loop through vertices v € Vg (both variables and clauses) in increasing order of ¢ (v). For each v, run
fi(v. G, p, o, ).
(3) Output = € {T,F}" where x; = fo(u(v;)).

We will see (Fact 2.8.3) that the first phase of Fix is in this class. The following variant of the sequential
local algorithms in [GS17] is also in this class.

Definition 2.7.13 (Sequential r-local algorithm). Let f: A — [0, 1] be an r-local function. The sequential
r-local algorithm based on f, denoted By, runs as follows on input ® € Q4 (N, M) with factor graph (G, p).

(1) Sample ¢ ~ (Q,P,)®VeVES) and 4 ~ unif ([0, 1])®Vac.
(2) Loop through v € Vag in increasing order of ¢(v). For each v = v;:

(a) Compute p = f(v,G,p, ). Set x; = T with probability p, and otherwise x; = F.

(b) Simplify ® by deleting clauses satisfied by this setting of z; and appearances of x; in clauses not
satisfied by this setting. Furthermore, delete any clauses that become empty (thus not satisfied)
as a result of the latter operation.

(¢) Let G’ be the corresponding simplification of G, and let p’ = p| ,, and ¢’ = ¢
(d) Set (G,p, ) « (G', 0, ¢').

(3) Output (x1,...,zxn) € {T,F}V.

G’ G’

Fact 2.7.14. For any r € N, a sequential r-local algorithm can simulated by a max(r,2)-local memory
algorithm.

Proof. Let By be a sequential r-local algorithm, whose randomness is sampled i.i.d. from (Q,P,). We will
construct an r-local memory algorithm Ay, ¢, simulating By.

This algorithm maintains the invariant that for v = v; € Vag, p(v) = 0 if z; is not yet set, 1 if x; is set
true, and 2 if z; is set false. For clause vertices ¢ € Clg, u(c) = 1 if the clause corresponding to ¢ has been
deleted in the simplification, and otherwise u(c) = 0.

Thus, Ay, s, uses randomness sampled from (Q,P,) x unif([0,1]). That is, its internal randomness is
¢+ = (,q), which is sampled by ¢ ~ (Q,P,)®(VeYE6) and ¢ ~ unif ([0, 1])®VeLEe),

The r-local subroutine f runs as follows on input (v, G, p, p«, ). If v € Clg, do nothing. Note that the
remaining loop over v € Vag runs over these vertices in a uniformly random order, as desired. If v = v; € Vag,
let G’ be the simplification of G determined by the information recorded in u, and let p’ = p G o=y Py
We can simulate the computation of p = f(v, G', p’, ¢') because simplification only deletes vertices and edges,
so any r-local decision in the simplified factor graph is still r-local in the simulation. We then set z; = T if
p < q(v), and otherwise x; = F. We update p to record this value of x; and any clause simplifications that
result (which is a 2-local operation).

At the end of the algorithm, p(v) € {1,2} for all v € Vag. Let fo(z) =Tifz =1and Fif z = 2. O

Definition 2.7.13 differs slightly from the presentation in [GS17] in the following way. [GS17] studies
NAE-k-SAT, in which a clause is satisfied if it contains at least one true and false literal. In partially
simplfied formulas of this problem, clauses can exist in four states: “removed,” “already contains true,”
“already contains false,” and “contains neither true nor false,” and the sequential local algorithms of [GS17]
track this information. Of course, we can just as well simulate this by a local memory algorithm by having
w track these clause states.
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2.7.3 Local Algorithms Simulate Local Memory Algorithms

In this subsection, we prove Proposition 2.7.1, that any local memory algorithm can be simulated by a local
algorithm of larger (but still constant) radius.

The simulation is the natural one: we expand ¢ to also generate the auxiliary randomness 1) determining
the vertex order, and then determine the output at each v € Vag by simulating the local memory algorithm on
the R-neighborhood of v. Formally, we expand ¢ to ¢., whose outputs are sampled from (2, P,,) x unif ([0, 1]).
We collect the first coordinates of the outputs into ¢ and the second coordinates into 1. (This generates
Y : Vg UEg — [0,1], and we ignore ¢|EG.)

Because sequentiality usually does not create long dependence chains, this simulation will often faithfully
capture the local memory algorithm’s behavior.

Definition 2.7.15 (R-local simulation). Let Ay, s, be an r-local memory algorithm, with i.i.d. internal
randomness from (Q,P,). For R € N, the R-local simulation of Ay, ¢, is the R-local algorithm Ay that runs
as follows on input ® € Q (N, M) with factor graph (G, p).

ample @, = (@, ), where ¢ ~ (£, P, G-FG) an ~ uni R GEEG),
1) S le ¢ ") here ¢ Q. P, )®(VeUEG) and i#(10.11)®(VeUEG)
(2) For each v =v; € Vag, set x; = f(v,G, p, vs). Here f(v, G, p, ) is the following R-local function.

o and ¥ =9

(a) Let Nr(v,G,p,¢x) = (0, p', @L). Let @l = (¢, ¢), where ' = ¢
(b) Initialize p : Vior — Z>o to the all-0 map.

G

(¢) For u € Vg in increasing order of ¢'(u), run f1(u, G’ p', @', ).
(d) Output f(v,G,p,ps) = fa(u(v)).
(3) Output (z1,...,zN).

The main idea of the proof of Proposition 2.7.1 is that dependencies caused by sequentiality all arise
from the following structure.

Definition 2.7.16 (r-hop t-dependence chain). Let G be a locally finite graph and 9 : Vg — [0,1] be a
function. Let » € N. A sequence vq,vs,...,0s € Vg is an r-hop -dependence chain if consecutive vertices
in the sequence are at most distance r apart and ¥ (v1), ¥ (vs), ..., ¥ (vs) is decreasing.

We can now define a notion of insulation in terms of these dependence chains. The key point of the
following definition is that if in the R-local simulation in Definition 2.7.15, v € Vag is (r, R, v)-insulated,
then the R-local simulation’s output at v must match that of the local memory algorithm run with the same

;.

Definition 2.7.17 ((r, R, ¢)-insulated). Let G be a locally finite graph and ¢ : Vg — [0,1] be a function.
Let v € Vg and r,R € N with R > 2r. v is (r, R, 9)-insulated if there is no 2r-hop v-dependence chain
V1,V2,...,0s € Vg with v = v; and vy € Nr(v,G) \ Nr_ar(v, G).

In Definition 2.7.15, if & ~ &, (N, M), then (G, p, ¢.) is a sample from the decorated k-SAT factor graph
DFG(N, M, k, (Q,P,,) x unif(]0,1])). To prove Proposition 2.7.1, it suffices to upper bound the fraction of
v € Vag that are not (r, R,)-insulated. To achieve this, we will control the probability that the root
of DGW(d1, da, (Q,P,) x unif([0, 1])) is not (r, R, ¢)-insulated. Then, because (r, R, )-insulatedness is an
R-local property, we can translate this bound to the k-SAT factor graph by the machinery of Lemma 2.7.6
and Corollary 2.7.8.

Proposition 2.7.18. Let dyj,ds > 2, r € N, and n € (0,1). Let (0,T,p,.) ~ DGW(dy,da, (2, P,) x
unif ([0, 1])), and write . = (p, ) for ¢ : VP UEr — Q and ¢ : Vo UEp — [0,1]. There exists R dependent
on dy,ds,r,n such that

Plo is (r, R, v)-insulated in T) > 1 —n.

The proof of this proposition relies on the following technical lemma, whose proof we defer to Subsec-
tion 2.7.5.
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Lemma 2.7.19. Let dy,ds > 2 and (0,T, p,¢) ~ DGW(dy,d2). For anyr € N and n € (0,1), there exist
C, R* > 0 depending on dy,ds,r,n such that for all integers R > R*,

CR
max _ |No.(v,T)| < 5
vENR(0,T) log R

with probability at least 1 — 1. Here, log(T"H) denotes the (r + 1)th iterate of log.

Proof of Proposition 2.7.18. Let R € N be a number we will determine later. Lemma 2.7.19 gives R* such
that if R > R*, then the conclusion of Lemma 2.7.19 holds with probability at least 1 — /2. Consider
a realization of T, p,p such that this event holds. We will control the probability over 3 that o is not
(r, R, v)-insulated in T.

If o is not (r, R,)-insulated, there exists a 2r-hop t-dependence chain o = v1,vs,...,vs € Vi where
vs € Ng(0,T)\ Nr—2,(0,T). By taking an initial subsequence, we get a 2r-hop ¥-dependence chain o =
V1, V2, ..., € Vp of length ¢t = f%} By Markov’s inequality,

P[o is not (r, R,v)-insulated in T] < E # (2r-hop ¢-dependence chains o = vy, vg,...,v; € V).

t
The last expectation is bounded as follows. By Lemma 2.7.19, there are at most ( —SE&—) sequences
log"tD R

0 = vy, v, ..., with consecutive vertices at most distance 2r apart, and for each one, ¥(v1), ¥ (va), ..., ¥(vy)
is decreasing with probability &. So (using ¢! > (t/e)’) the last expectation is at most
1 CR k eCR K 2eC'r K
— ] | — ) < — ] <n/2 2.7.1
t! <log(r+1) R) N (tlog(rﬂ) R> n (log(”l) R) </ ( )

for a large enough choice of R. Thus, over the randomness of 1,
Plois (r, R, ¢)-insulated in T] > 1 —n/2.
The result follows by a union bound. O

Unfortunately, due to the last inequality in (2.7.1), the R needed to make this proposition hold is
approximately the power tower exp("t1) 2eCr. This is the R we will need to simulate an r-local memory
algorithm by an R-local algorithm. While this R is a constant for any constant r, it would of course be nice
to improve this dependence.

Finally, we can prove Proposition 2.7.1.

Proof of Proposition 2.7.1. We let A’ be the R-local simulation of A, for R to be determined. We couple
the runs of A, A’ to use the same ¢, ¢. If (G, p) is the factor graph of @, then

/ 1 . . .
A(A(®), A(D)) < i Z 1{v is (r, R,v)-insulated in G}.

vEVag

Recall that (G, p, (¢,v)) ~ DFG(N, M, k, (Q,P,,) x unif([0,1])). The last indicator is an R-local function
taking values in [—1,1]. By Corollary 2.7.8 with ¢t = nN/3,

1
i Z 1{v is (r, R,%)-insulated in G} <n/3+E1{v is (r, R,v)-insulated in G}
vEVag
with probability 1 — exp(—Q(N'/3)). Let (o0,T,p, (p,¥)) ~ DGW(ak,k — 1,(Q,P,) x unif([0,1])). By
Lemma 2.7.6,
. . . clog N . . .

E1{vis (r, R, ¢)-insulated in G} < Nz +E1{ois (r, R,)-insulated in T} .

By Proposition 2.7.18, for sufficiently large R depending on «, k, 7,
E1{ois (r, R,4¢)-insulated in T} < n/3.
Putting this all together, with probability 1 — exp(—Q(N'/3)),
clog N
A(A(®), A'(®)) < 2n/3 + iz ST

for sufficiently large V. O
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2.7.4 Low Degree Polynomials Simulate Local Algorithms

In this subsection, we prove Proposition 2.7.2, that any local algorithm can be simulated by a constant
degree polynomial. The proof closely resembles the proof of [Wei20, Theorem 1.4]. The main idea is to
construct a low degree polynomial by inclusion-exclusion that simulates the behavior of the local algorithm
on any r-neighborhood that is a tree without too many edges. We now define this simulation.

Consider ® € Q4 (N, M) with factor graph (G, p). Recall that ® is encoded by indicators ®; ; s (i € [M],
j € k], s € [2N]) that ®;; is the sth literal of £. For each s € [2N], let v(s) € [IN] be the index of
the underlying variable of the sth literal of £. Each triple (i, j,s) is naturally associated with the edge
e = (Vy(s), i) of the factor graph. For a set S C [M] x [k] x [2N], let e(S) be the (multi-)set of edges
associated in this manner to triples (¢,7,s) € S. For D € N and v € Vag, let G, , p be the collection of sets
S C [M] x [k] x [2N] such that

(a) The bipartite graph G(S) = (Vag, Clg,e(S)) is a tree in which every non-isolated vertex has a path
to v of length at most r. (This includes that G(S) does not have multiple edges.)

(b) |S| < D.

Equivalently, G, ,. p is the collection of sets of (4, j, s) corresponding to all possible tree shaped r-neighborhoods
of v in G of size at most D.

Definition 2.7.20 (Degree-D simulation). Let A, be an r-local algorithm, with i.i.d. internal randomness
from (Q,P,). For D € N, the degree-D simulation of A, is the random polynomial that runs as follows on
input ® € Q (N, M) with factor graph (G, p).

(1) Sample ¢ ~ (Q,B,,)®(VaUEa),
(2) For each v =v; € Vag, set
fl(q)vsp) = Z h(U,G(S),p,(’D) H (D(i,j,s)v (272)
S€Gv,r,D (i,5,8)€S

where the coefficients h(v, G(S), p, ¢) are given recursively by

h(v,G(S), p,p) = (strictRound " o g)(v, G(S), | g gy ¥laes) = D M, G(S ) p ). (27.3)
s'cs

The internal randomness of f is the map . It is clear that this f is a degree-D polynomial. We will
analyze the performance of the degree-D simulation by analogy to the following local function.
Definition 2.7.21 (D-truncation). If g : A — {T,F} is an r-local function, the D-truncation g<p : A —
{T,F, err} is defined by

g(v,G,p, ) N,(v,G) is a tree and |N,(v,G)| < D,

err otherwise.

9<p(v,G,p,p) = {

By inclusion-exclusion, (2.7.2) and (2.7.3) immediately imply the following fact.

Fact 2.7.22. For all v =v; € Vag where g<p(v,G, p, ) # err,

(st’r'ictRound © fl)((ba 30) = g('l), Ga P, QD) = gSD(Uv Gv 12 90)

In other words, when Ay, Ag_,, and the degree-D simulation f of A, are run with the same ¢,
strictRound o f correctly simulates any output of A, that A,_ correctly simulates. Therefore, we can
upper bound the fraction of variables where the simulation f fails by bounding the fracton of variables
where A,_, fails. We achieve this by controlling the corresponding probability in DGW(d,ds), and then
translating this bound to the k-SAT factor graph by the machinery of Lemma 2.7.6 and Corollary 2.7.8.
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Lemma 2.7.23. Suppose ak,k—1> 2 and n > 0. Let A, be an r-local algorithm with output in {T, F}V.
There exists D > 0 depending on o, k,r,n such that if Ag and A are run with the same @, then

9<p
P [A((®), Ay, (®)) > 5] < exp(~Q(N'/?)),

where the probability is over the randomness of ® ~ @i (N, M) and ¢.

Proof. By Corollary 2.7.8 with ¢t = nN/3,

A(Ag(®), Ag_, (D)) = % > 1{N.(v,G) is not a tree or |N,(v,G)| > D}

vEVag
<n/3+E1{N,.(v,QG) is not a tree or |N,.(v,G)| > D}

with probability 1 —exp(—Q(N'/3)), because the indicator is an r-local function taking values in [—1,1]. Let
(0, T, p,p) ~ DGW(ak,k —1). By Lemma 2.7.6,

clog N

E1{N,.(v,G) is not a tree or |N,.(v,G)| > D} < T

+E1{|N,(0,T)| > D},

where we use that N,.(o,T) is always a tree. By Lemma 2.7.4, we can pick D large enough (depending on
a, k,ryn) that
E1{|N,(0,T)| > D} < /3.

Putting this all together, with probability 1 — exp(—Q(N'/3)),

clog N
A(A,(®), Ay, (®)) < 20/3+ S5 <

for sufficiently large N. O
We get the second conclusion of Proposition 2.7.2 from the following lemma.

Lemma 2.7.24. If A, is an r-local algorithm and f is its degree-D simulation, then there exists v depending
on a, k,r,D such that

E|f(®,¢)|5 <N.

Proof. We will upper bound each Eq ,,[fi(®,¢)?] by a constant depending only on a,k,r,n. Fix i € [N].
Let v = v; € Vag and define the random variable X = [N, (v, G)|. In the expansion (2.7.2), the monomial
indexed by S € G, . p is only nonzero if e(S) is a subset of the edges of N, (v, G). So, the number of nonzero

monomials is at most
kDZ< ) <EP(X +1)P.

Moreover, by (2.7.3), each of the coefficients h(v, G(S), p, ¢) is upper bounded by a constant a dependent
on a, k,r,D. Thus
fi(@,0)* < a®K*P(X +1)2P

pointwise, and so
E[fi(®,¢)%] <a®k*PE[(X +1)?P].

Lemma 2.7.5 gives an exponential bound on the tail probability of X. Integration by tails gives the result. [

Proof of Proposition 2.7.2. Set D such that Lemma 2.7.23 holds, and let f be the degree-D simulation of A.
We couple f, Ay, Ay, to all use the same . Fact 2.7.22 and Lemma 2.7.23 imply the first conclusion. Since
D depends on only a, k, 7,7, so does the v given by Lemma 2.7.24. This implies the second conclusion. [J
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2.7.5 Deferred Proofs

In this subsection, we give the deferred proof of Lemma 2.7.19. We first prove a sharper version of
Lemma 2.7.4 for a specific r, where the bound is improved by an r-iterated logarithmic factor.

Lemma 2.7.25. Let r € N, dy,do > 2 and (0,T,p,p) ~ DGW(dy1,d3). There exists t* (depending on
r,dy,ds2) such that for all t > t*,

2t
P[N2,<0,T)| mop (dldg)]zl_e—t

Proof. For 0 < ¢ < 2r, let Sy denote the number of vertices in DGW(dy,ds) at depth ¢. The S, have the
following distribution. First, Sy = 1. For £ > 1, S, is the sum of Sy_; i.i.d. copies of Pois(d;) if ¢ is odd,
and Sy = d2Sy_1 if £ is even.

For n € [r], define the event

En = {5271—1 < dndn 1}
lo (”)t

This is equivalent to the event that S5, < mdnd" For convenience, also define Ey = {Sy = 1}, which

holds almost surely. On (), _, E,,, we have

2r r—1
t dids ™" +did; 2t
Now(0,T)| = 380 < 2 < dydy)".
[Nar (0, )] = ‘ log(r)t 1 — (didg)™? log(r)t( 1d2)

So, it remains to show that P[ _, E,] > 1 —e".
Consider n € [r]; we will upper bound P(ES|E,_1). Let N = ” g(” 1)td" Yap=t (where log(o)t = t).

Conditioned on F,,_1, we have Sy, o < N, so S3,_1 is stochastically dominated by Z —1&j, where the §;
are i.i.d. samples from Pois(d;). By a standard Chernoff bound,

log" V¢

Tg( SN

N
P(EL|En-—1) <P ij >

Jj=1

. log(”_l) t N
;I;fOEexp(sfl) - exp —Wsdl

log" ™Y ¢ N
= lir;foexp ((eS —1dy — lsd1>1

where v(z) = zlogx — 2 + 1. For large enough ¢,

log(”fl)t 3log(" D¢ o log(”fl)t < 310 (n=1) 4
log™ ¢ =1 log™ ¢ . log™¢ — 3 . 7
while (as dy,dy > 2 implies d}dy ' > 227~ > 2n for n > 1)
t t
Ndy = ———dMdi t>om ——.
' log™ V¢ = log" V¢
Thus, for large enough t, P(ES|E,_1) < exp(—3nt). So,
A - exp(fét) .
BI()Bu| 21 =Y BB E) 21— oA > 1=
e D
for sufficiently large t. O
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Proof of Lemma 2.7.19. Set A > 0 such that the conclusion of Lemma 2.7.4 holds with probability 1 — n/2.
Denote this event S; on this event, |[Ng (o, T)| < A(d1ds) /2! for all R € N.

For R € N, let t(R) be the smallest positive integer such that \(dydg)/#/2le=*%) < 5/2; note that
t(R) = ©(R) for dy,da,r,n fixed. Set R* such that ¢(R*) > t* for the t* in Lemma 2.7.25. Henceforth let
R> R* and t = t(R) > t*.

For v € Var, let N%T(v, T') denote the subset of No,.(v,T) in the descendant subtree of v. Note that the
descendant subtree of v has distribution DGW (dy, d3), so |N3,.(v,T)| =4 | Na,(0,T)|. By Lemma 2.7.25, for

each v € Varp,

2t
P |N§r(va)| < (r)(dldz)r] >1—et
log\"/ t

By a union bound,

2t
P |S and max |N3.(v,T)| < (dldg)r] >1- T Ndido) R/Plemt > 1 .
vEVarNNg(o,T) log(r) t 2

Let S’ be the event in this probability. Note that for v € Var,
Noy(v,T) € N3, (v,T) U Ny, (gr(v), T) U+ - U Ny, (gr" (v),T),
where gr(v) denotes the grandparent of v. Thus, on the event S’, we have

2(r +1)

max Nop(v,T)| <
)‘ 2 ( )l log(r)t

veEVarNNg(o,T

(d1da)".

For v € Clr N Ng(o,T), simply note that Ny(,._1)(v,T) € Na.(pa(v),T), where pa(v) denotes the parent of
v. It follows that on S,

2t(r+1) CR
Noir 1y (0,T)] < 222 (g1 dy)r < —222
velr\&a(};T) o (v, T)] < log™ ¢ (d1dy)" < log™ R
using that ¢ = ¢(R) and t(R) = ©(R). The result follows by renaming r to r + 1. O

2.8 Proof of Achievability

Throughout this section, let ¢ > 0, a = (1 — €)2¥logk/k, and M = |aN|. In this section we will prove
Theorem 2.1.14, that local algorithms and low degree polynomials can solve random k-SAT at this clause
density a.

We will prove this theorem by simulating the first phase of Fix, which we denote Fix1, by these two
computation classes. Parts (a,b) of Theorem 2.1.14 follow immediately from guarantees on Fix1 in [CO10)]
and our simulation results, Propositions 2.7.1 and 2.7.2. To prove parts (c,d), we use the fact that Fix1 is
simulated by a local algorithm to argue concentration of the number of clauses satisfied, in order to prove
the stronger bound on the failure probability.

This section is structured as follows. In Subsection 2.8.1 we define Fix1 and introduce its guarantees.
This immediately implies Theorem 2.1.14(a,b). In Subsection 2.8.2 we show concentration of the number of
clauses satisfied and prove Theorem 2.1.14(c,d).

2.8.1 Review of Fix

At clause density o = (1—¢)2¥ log k/k, Fix produces a (exactly) satisfying assignment with high probability.
At a high level, Fix runs in three phases. In the first phase, it produces a almost-satisfying assignment.
In the second phase, it modifies this assignment in a small fraction of variables, at most k~'2? with high
probability, to “don’t know.” This is done in such a way that the remaining problem of assigning truth
values to the “don’t know” variables is equivalent to a very subcritical random 3-SAT instance. The third
phase solves the remaining problem with a maxflow algorithm.
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We will only show that local algorithms and low degree polynomials simulate the first phase Fix1. Because
the the rest of Fix changes at most a k=2 fraction of variables with high probability, simulating Fix1 within
normalized Hamming distance 7’ > 0 simulates Fix within error = k=12 + 5. This is why Theorem 2.1.14
requires 7 > k=12, Let us record the guarantees on Fix1 proved in [CO10].

Theorem 2.8.1 (Implicit in [CO10, Section 3]). Let Fix1 be defined in Algorithm 2.8.2 below. Then,
P [Fix1(®) (k~'2,0)-satisfies ] > 1 — o(1).
The probability is over ® ~ O (N, M) and the (independent) internal randomness of Fix1.

We now define Fix1. This phase starts from the all-true assignment 2 = TV and selects a set of indices
Z C [N] such that if {z; : ¢ € Z} are set false, most clauses are satisfied. To do this, it scans through
the clauses of the input formula ®. When it encounters an all-negative clause that does not contain any
variable from Z, it tries to find a true variable x; from this clause that when made false does not create more
unsatisfied clauses. It adds this i to Z. Formalizing this idea, we say x; (for i € [N]\ Z) is Z-safe if, when
we set {zy : i’ € [N]\ Z} to true and {z; : i’ € Z} to false, z; is not the sole true literal in any clause.

Algorithm 2.8.2 (Fix, Phase 1; [CO10]). On input ® € Qi (N, M), Fix1 runs as follows.
(1) Set Z =1.

(2) Relabel the clauses {®; : i € [M]} in a uniformly random order. Also, for each ¢ € [M], relabel the
literals {®; ; : j € [k]} in a uniformly random order.

(3) For i € [M] in increasing order:

(a) If ®; is all-negative and contains no variable from {z; : i € Z}:
(i) If there is 1 < j < [k/2] such that the underlying variable of ®; ; is Z-safe, pick the smallest
such j and add the underlying variable of ®; ; to Z.
(ii) Otherwise, add the underlying variable of ®; /97 to Z.

(4) Output z € {T,F}" where x; = F if i € Z and otherwise z; = T.

The presentation of Fix1 in [CO10] does not rerandomize the clause and literal orders, but of course this
makes no difference. We add this rerandomization so that the algorithm is a local memory algorithm in the
sense we define. For technical reasons having to do with the analysis in [CO10], Fix1 only considers flipping
variables ®; ; where j < [k/2].

Fact 2.8.3. Fix1 is a 3-local memory algorithm.

Proof. We will construct a 3-local subroutine f; and a function fs : Z>o — {T,F} such that Ay, , simulates
Fix1. Let (G, p) be the factor graph of ®, and let the i.i.d. randomness of ¢ be sampled from unif([0, 1]).
We will maintain the invariant that for each v = v; € Vag, pu(v) = 1if i € Z, and otherwise u(v) = 0.
The subroutine f; runs as follows on (v, G, p,p, ). If v € Vag, do nothing. The remaining loop over
v € Clg runs over these vertices in a uniformly random order, as desired. If v = ¢; € Clg, f1 orders the
edges e incident to ¢; in increasing order of p(e). It runs the logic inside the for loop of Fix1, with the
corresponding literals {®; ; : j € [k]} relabeled in this order, and records the outcome on p. Note that the
literals {®; ; : j € [k]} are relabeled in a uniformly random order, and that the logic inside the for loop is
3-local. O

The proof of Theorem 2.1.14(a,b) follows immediately from Fact 2.8.3 and our simulation results.

Proof of Theorem 2.1.14(a,b). Since n > k=12, we can find 1 > 0 such that = k=12 + 2n/. Theorem 2.8.1,
Fact 2.8.3 and Proposition 2.7.1 give r > 0 and an r-local algorithm A such that

P [A(®) (k~'% +1/,0)-satisfies ] > 1 — 6(N) (2.8.1)

for §(N) = o(1) + exp(—Q(N'/3)) = o(1). Since k2 4+ 1’ < n, this proves part (a).

Proposition 2.7.2 gives D, and a random degree-D polynomial that (6(N),~,n, 0)-solves @ (N, M), for
§(N) with a larger exp(—Q(N'/3)) term. Here we use that n = k~'2 4 25, Finally, Lemma 2.3.1 gives a
deterministic degree-D polynomial that (36(N), 3,7, 0)-solves &5 (N, M). This proves part (b). O
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2.8.2 Concentration of Clauses Satisfied
For z € {T,F}¥, ® € Q) (N, M), and n € (0, 1), define the objective

Sat, (x, ®) = max # clauses of ® satisfied b . 2.8.2

() ye{T,F}N:A(z,y)Sn( v 9) (282)

To prove Theorem 2.1.14(c), we will show that the objective attained by any local algorithm concentrates.

For an assignment z € {T,F}" and a partial assignment z € {T,F}?, where B C [N], it will be useful to
define the replacement operator Rep(z, z) by

2.8.3
zi 1€ B. ( )

Rep(z,z) =y € {T,F}V where yi = {

Proposition 2.8.4. Let A be an r-local algorithm with internal randomness ¢. Let n € (0,1) and Y =
Sat, (A(®, @), ®). Then,

Py —EY|> MN} < exp(—Q(NY/3)).

Proof. We will show Y has bounded differences with high probability, which implies concentration by
Lemma 2.6.6.

Throughout this section, we will write A(®, ¢) for A run with input ® and internal randomness ¢. Define
z = 2(®, ) € {T,F}? as the partial assignment maximizing

Satg (Rep(A(®, ¢), 2), @),

where the maximization is over all B C [N] with |B| < nN. We break ties arbitrarily but deterministically.
By definition of Y, Rep(A(®, ), z) satisfies Y clauses of ®.

Let (G, p) be the factor graph of ®. Let the vertex sets of G be Va = {vy,...,un}, Cl = {c1,...,em}y
and V = Va U Cl, which are fixed across all realizations of G.

All the above random variables are (®,p)-measurable. We can reformat (®,¢) into kM + M + N
independent parts ¢ = (¢1,...,Yrmqnmyn): for 1 < j < EM, 95 = (®rjy,¢(e)) where e is the edge in
G corresponding to ®r,;), and for kM +1 < j < kM + M + N, ¢; = ¢(v) ranges over v € V. We will
henceforth write Y(¢) to denote the Y corresponding to this realization of ¢, and similarly for other random
variables, which are all (-measurable.

Let S denote the set of ¢ such that ®(¢) is (r + 1)-locally small (recall Definition 2.6.7). By Fact 2.6.8,
P(S°¢) < exp(—Q(N'/3)). Suppose ¢, ¢’ € S differ in only one coordinate. We will upper bound |Y (¢)—Y (¢')).
For now, assume the differing coordinate is ¢; for 1 < j < kM; thus the factor graphs G((), G(¢’) differ in
one edge. Let ¢ € Cl be the common endpoint of this edge.

Assume without loss of generality that Y(¢) > Y (¢’). Then,

Y(¢) = Y'(¢") = Sato(Rep(A(¢), 2(¢)), 2(C)) — Sato(Rep(A(¢"), 2(¢")), ®({))
< Sato(Rep(A(¢), 2(¢)), (¢)) — Sato(Rep(A(¢"), 2(C)), ®(())
The last inequality holds because z(¢’) maximizes the number of clauses of ®(¢’) satisfied by Rep( ("), 2(¢")).

Note that A(¢) and A(¢’) only differ in coordinates i € [N] where v; € N,.(¢, G(¢)) U Ny(¢, G(¢")). Thus
Rep(A(¢), z(¢)) and Rep(A(¢’), z(¢)) differ in only these coordinates. So, if

1 {Rep(A(¢), 2(C))) satisfies clause ®(¢);} # 1 {Rep(A(¢’), 2(¢))) satisfies clause ®(¢');},

then ¢; € Nyy1(c, G(€)) U Npy1(c, G(C")). Because ¢, ¢’ € S, this implies |Y(¢) — Y(¢')| < O(NY/3).

We can analogously show the same bounded difference inequality when (, ¢’ € S differ in coordinate 1,
for kM +1 < j < kM + M + N, corresponding to a vertex of the factor graphs. Moreover, for all ¢, (’,
clearly |Y'(¢) —Y(¢')| < M. By Lemma 2.6.6,

M m?/log? N L 2(kM + M + N)m
P|Y —EY|> ——| <2 —Q(N'/3
| 12 1o N} =P (S(kM Y M N)O(N2/3)) +exp(=QN)O ( N1/3 )
< exp(—Q(N'/?)).
O
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Proof of Theorem 2.1.14(c). Equation (2.8.1) gives an r-local algorithm A such that A(®, ) (n,0)-satisfies
® with probability 1 — o(1). If Y = Sat,,(A(®, ¢), ®), this implies

EY =(1—-o0(1))M.
Proposition 2.8.4 proves the result with v(N) = ﬁ +0o(1) = o(1). O

Recall that the proof of Proposition 2.7.2 simulates a local algorithm by its D-truncation, which can
be implemented by a low degree polynomial. We will prove Theorem 2.1.14(d) by showing a concentration
result analogous to Proposition 2.8.4 for D-truncations of local algorithms.

To formulate this result, we first extend the definition (2.8.2) of Sat,, to allow z € {T,F,err}". Note
that the y in the maximum of (2.8.2) must differ from « in all positions where the entry of z is err. We
define Sat, (z, ®) = 0 if « has more than nN entries equal to err. (In particular, Sato(z, ®) = 0 if 2 has any
entry equal to err.) We similarly extend the definition (2.8.3) of Rep to allow = € {T,F,err}®.

Proposition 2.8.5. Let Ay be an r-local algorithm with internal randomness ¢, where g : A — {T,F} is an
r-local function, and let g<p be the D-truncation of g. Let n € (0,1). Let D be large enough that

P [A(Ag(®,0), Ay (B, 9)) = 1] < exp(—QN'?)). (2.8.4)
(Such D exists by Lemma 2.7.23.) Let Y = Sat,(Ay_, (P, ¢), ®). Then,

M ~
— > " | < —Q(N/?)).
PV —BY| 2 o | < ep(-OW)

Proof. We will again show Y has bounded differences with high probability and use Lemma 2.6.6. Define
2z = 2(®,¢) € {T,F}¥ as the partial assignment maximizing

Sato(Rep(Ag., (P, ), 2),P).

Let (G, p) be the factor graph of ®, with vertex sets Va = {vy,...,on}, Cl={c1,...,cpm}, and V = VaUCL
Define ¢ as in the proof of Proposition 2.8.4. Let S denote the set of ¢ such that:

(i) A(AQ(C)7A9§D<<)) < n and
(ii) For all v € Vg, |[Npy1(v, G)| < N1/5

By the assumption (2.8.4) and Lemma 2.7.5, P(S¢) < exp(—Q(N'/5)). Note that for ¢ € S, (i) implies that
Rep(Agy.,(¢€), 2(¢)) has no err symbols.

Suppose ¢, ¢’ € S differ in only one coordinate. We will upper bound |Y (¢) —Y (¢’)|. Assume the differing
coordinate is v; for some 1 < j < kM. (The case kM +1 < j < kM + M + N is analogous.) Then, the
factor graphs G(¢), G(¢’) differ in one edge. Let ¢ € Cl be the common endpoint of this edge.

Let U = N,(c, G(¢)) U N,.(¢c, G(¢")). Because ¢, ¢’ € S, (i) implies |U| < 2N'/5. Note that A,_, (¢) and
Ay, (¢") only differ in coordinates i € [N] where v; € U. -

Assume without loss of generality that Y ({) > Y(¢’). Unlike in the proof of Proposition 2.8.4, the
estimate

SatO (Rep(AggD (C/), Z(C/))) > SatO(Rep(‘AggD (CI>7 Z(C)))

is not helpful because the right-hand side is 0 when Rep(A,_,(¢'), 2(¢)) has err symbols. Instead we note
that, because A,_, (¢) and A,_,(¢’) differ in at most |U| positions, there exists 2’ differing from z(¢) in
at most 2|U| positions (|U| entries in z(¢) not in 2z’ and vice versa) such that Rep(A,_, (¢'),2’) has no err
symbols. We use the estimate -

Y(¢) = Y(¢') = Sato(Rep(A,
< Satg(Rep(A,
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Now, if

1 {Rep(.AgSD(C)7 2(€))) satisfies clause ‘I)(C)i} #1 {Rep(AgSD(C’)7 2")) satisfies clause fIJ(C’)i} ,
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either ¢; € Nyy1(c, G(€)) U Nyy1(e, G(¢')) or ¢; is adjacent to one of the (at most) 2|U| variables where z(()
and 2/ disagree. By definition of S, there are at most 2N'/® clauses in the former case, and 2|U|N'/® clauses
in the latter case. Thus |Y(¢) — Y (¢')] < O(N?/%).

For general (,¢’, we have |Y(¢) — Y ({')| < M. By Lemma 2.6.6,

M
P|lY -EY|> ] < 2exp

M?/log* N
log N

8(kM + M + N)O((N2/5)2)
< exp(—Q(N'/?)).

> + exp(— QN0 <2(kM+M+N)m>

N2/5

O

Proof of Theorem 2.1.1/(d). Set i/ > 0 such that n = k='2 + 25 Let A = A, be the r-local algorithm
achieving (2.8.1). By Lemma 2.7.23, there exists D dependent on €, k, 7 such that

P [A(-Ag(q), w)’AQSD(@a (p)) > 77/] < eXp(—Q(Nl/g)).

With (2.8.1), this implies

P [Ag.,(®,¢) (n,0)-satisfies ] > 1 — o(1).

9<D

Thus,
ESat, (Ay., (®,¢), ®) = (1 - o(1))M.

For v(N) = o(1) + loglN = o(1), Proposition 2.8.5 implies that

P [Saty(Agep, (2, 9), @) > (1 - v(N))M] = 1 - exp(—Q(N'/?)),
Fact 2.7.22 implies that the degree-D simulation f of A, satisfies
P [Sat,((strictRound o f)(®, ), ®) > (1 — v(N))M] > 1 — exp(—Q(N'/?)).
In other words,
P[(strictRoundo f)(D,p) (n,v(N))-satisfies ] > 1 — exp(fﬁ(Nl/S)).

Lemma 2.7.24 gives v such that )
Ef(®,9)ll; <N.

Thus, f is a degree-D polynomial that (exp(—Q(N/5)), v, 7, v(N))-solves ®5(N, M). Finally, Lemma 2.3.1
gives a deterministic degree-D polynomial that (exp(—Q(N'/?)),3v,n,v(N))-solves ®(N, M). O

2.9 Appendix: On Improving the Constant x*

In this section, we discuss how the constant x* in Theorem 2.1.6 can be improved. We define a constant x**
as the solution to a maximin problem. We will show that x** < k* and sketch how our proof of Theorem 2.1.6
can be lightly modified to improve the constant x* to k**. We heuristically argue that «** < k*, so that
this modification is an improvement. We also prove that £** is bounded below by a constant larger than
1, approximately 1.716. Further ideas will be needed to prove Theorem 2.1.6 for any x smaller than «**.
Because k** remains bounded away from 1, and we believe 1 is the optimal constant in Theorem 2.1.6, we
did not attempt to rigorously evaluate x** or optimize x*.

2.9.1 A Maximin Problem

Let (2, P¢) be an arbitrary probability space and let Q be the space of functions ¢ : = — [0, 1]. These are
abstractions of quantities in the proof of Proposition 2.4.7: £ ~ (Z, F¢) is an abstraction of the random
variables szil) where I ~ unif([N]), and ¢(&) is an abstraction of ¢¢(T|y§g*1)). We equip Q with the

metric d(gq, ¢") = E¢ |¢(&) — ¢'(£)].
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For ¢ € Q, let D(q) be the law of u sampled by the following experiment. First, sample { ~ (Z, P¢).
Then, set u = —log ¢(§) with probability ¢(§), and otherwise set u = —log(1 — ¢(¢)). Clearly E,.pq)u =
Ee H(g(§)). Define

1 log2+ kE¢ H(g(§))

Fg) = : :
8F P, (e [y us > logk + loglog k]

Let P be the set of functions p : = x [0,1] — [0, 1], such that p(£,0) € {0,1} and p(&,1) = % for all £ € Z,
and p(-, s) (which, for fixed s € [0,1], is an element of Q) is continuous in s with respect to the topology of
Q. Consider the maximin problem

K = hlrcrisip %1637;{516%%11] F(p(-s)). (2.9.1)
This has the following geometric interpretation: x** is the smallest constant such that the sub-level set
{g € Q: F(q) < x**} topologically disconnects the functions ¢ = 0 and ¢ = 1 in Q. (Note that Q is
symmetric under replacing ¢(¢) with 1 — ¢(§) for any subset of the £ € =, and F(q) = F(q') for any ¢, ¢
related by such a symmetry. Thus, equivalently x** is the smallest constant such that this sub-level set
disconnects the function ¢ = % from any ¢ € Q with ¢(¢) € {0,1} for all { € E.)

First, we show that x* is an upper bound on the solution to this maximin problem.

Proposition 2.9.1. We have that k* > k**.

Proof. Fix some p € P. By continuity of p(-,s) in s, we can set s € [0, 1] such that E¢ H(p(§,s)) = 5*%.

As in the proof of Proposition 2.4.7, we apply a Chernoff bound on the random variables % to show
that, for any § > 1 and ¢ : Q — [0, 1] with E¢ H(q(&)) = 5105k7 we have
k
(UI,.."uk}I)DND(q)@k ;ui <logk +loglogk| < Be™ ¥~V 4 0.(1). (2.9.2)
In particular, for the s we chose,
2 *
F@m$)§1_Béﬁgff_%u)%LWﬂ—nf
O

Next, we sketch how the proof of Theorem 2.1.6 can be improved to replace x* with x**. The proof of
Theorem 2.1.13 can be modified similarly.

Proposition 2.9.2. Theorem 2.1.6 holds for all k > k**.

Proof Sketch. Identically to the original proof of Theorem 2.1.6, we define the interpolation path ®© ... &)
and set z® = A(®®) for 0 < t < T. We define Syaiiq as before. Seonsec and Sindep are analogous to be-
fore: Seonsec i the event that consecutive z(*) are close in Hamming distance, and Sindep is the event that
f0<ty <ty <--- <tp <T and tx > tp—1 + kM, then any v-satisfying assignment to &) has large
conditional overlap entropy relative to z(*0), ... z(*»~1) We change the parameters quantifying “close” and
“large conditional overlap” slightly so that the below proof succeeds; we omit the details. Lower bounds on
P(Syatid N Sconsec) and P(Sindep) can be proved analogously to Proposition 2.3.7(a,b).

The interesting change will be in the definition of S,gp. For 1 < ¢ < k, the conditional overlap profile
7(y©O)y©@, ... y*1) determines the conditional probabilities®

o) = Py ey =l oy, P ey = ¢,
i~unif ([N]) : ) ’

where @ denotes XOR. Let (Z, P¢) be the sample space of (ygl) ®y§0)7 . ,yi([_l) @ygo)), and let g(&) = ¢¢(T|E).

Let € > 0 satisfy kK —e > k™. Sogp is now the event that there does not exist 0 <ty <t <--- <4, <T

and assignments 3©), ... y®*) ¢ {T,F} such that

Lthis is a rewriting of the argument in Subsection 2.4.3. The XORs arise because we no longer assume y(®) = TN,
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(OGP-A) For all 0 < ¢ < k, y©) v-satisfies ®(*¢);

(OGP-B) For all 1 < ¢ < k, the conditional overlap profile H ((y9|y(?, ..., y*~1)) satisfies that F(q) <
k — ¢ for the ¢ defined above.

The key point is that our proof that P(Sg,,) < exp(—€2(IV)) requires precisely these properties. Using the

argument in Section 2.4, we readily prove P(Sg,,) < exp(—Q(N)).

By a union bound, this gives a positive lower bound on P(Syatid NSconsec N Sindep N Sogp ), SO Svalid N Seconsec N
Sindep N Sogp # 0. We will show (analogously to Proposition 2.3.6) that Syaiid N Sconsec N Sindep N Sogp = 0,
yielding a contradiction. When Syalid, Sconsecs Sindep simultaneously hold, we will construct an example of
the structure forbidden by Segp.

We will set y(z) =z forall0 < ¢ < k, for a sequence 0 < tgp < t; < --- <t < T we now construct.
We set tg = 0. For 1 < ¢ < k we set t; to be the smallest ¢ > t,_; such that (OGP-B) holds for y©) = z®).
We now sketch why t, exists and satisfies t; < ty_1 + kM. Note that this ensures all the t, are well defined
because T = kM.

By Sconsec; ) evolves by small steps. Thus, for fixed y©, ..., y*1 and varying y© = 2® (varying
as we increment t), the ¢ defined above moves by small steps in Q. Let ¢; denote this ¢ at time ¢. By
Fact 2.3.5(c) ¢, ,(§) € {0,1} for all £ € E. Sindep ensures that g, ,yrn is far from ¢, , in Q. The
evolution of ¢; from t = ty_1 to t = ty_1 + kM can be modeled essentially by a continuous path, and the
definition of the maximin x** implies that for some ¢ in this range, F(¢;) =~ ** < k — . (Although ¢; does
not necessarily evolve to the all—% function, Sindep implies that it ends far from where it started, and we
can show that over this evolution we already encounter ¢; such that F'(g;) is near the maximin value.) This
shows the existence of ¢, with t, < t,_; + kM.

Since, by Syaiid, each y© v-satisfies ®(*) we have constructed an example of the structure forbidden by
Sogp- This gives the desired contradiction. O

2.9.2 Suboptimality of x*

We believe that k* > k** due to the following heuristic argument. The Chernoff bound (2.9.2) is tighest

min(u,,log k)
1

when most of the mass of the random variables ek is near 0 or 1. When this occurs, most of the the

mass of u; is near 0 or log k. Then, the event that Zle u; > log k + loglog k is the event that one or two
of the wu; attains a value near log k. This is a tail probability in a non-asymptotic regime — approximately,
the probability that a Poisson random variable is larger than 1 or 2 — so the Chernoff bound will not get the
correct probability.

2.9.3 Proof that ™ > 1

In this subsection, we will show that x** is bounded below by a constant larger than 1, approximately 1.716.
Thus our methods cannot improve the constant * in Theorems 2.1.6 and 2.1.13 to 1.
We will first show a weaker lower bound on «**. Define 1 : (0, +00) — R by

A/2
)\ =

Y 1— (14 Me

and let 7 = minyso¥1(N) &~ 1.675.

Proposition 2.9.3. We have x** > 9.

Proof. We will prove this proposition by constructing a suitable function family p € P.
Let E = [0, 1] equipped with the uniform measure. Let p : £ x [0, 1] — [0, 1] be defined by

min(s, £
P(fas):{o ) Eij

Thus, for fixed s € [0,1], p(¢, s) = min(s, 3) with probability s, and otherwise p(¢, s) = 0. We will show that
for this p,

limsup min F(p(,s)) > oi,
k—oo 86[071]
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from which the proposition follows.
Note that if s = wi(k~/2), then E¢ H(p(&,s)) = wi(logk/k), and so F(p(-,s)) = wi(1). Therefore it
suffices to consider s = Oy (k~/2). Then,

EH(p(&,5) = (1+ 0x(1))s* log .

We now analyze the behavior of the denominator of F(p(-, s)). Note that a sample u ~ D(p(-, s)) equals log X
with probability s2, log = < °— with probability s(1 — s), and 0 with probability 1 —s. Fori=1,...,k,

1-s — 1
define ) ) )
v; =log —1< u; =log -, and w; = i 1< u; =log .
s ] 1-5 1—5

So, u; < v; +w;. For uy,...,up ~ D(p(-,s))®*, we have

k k k

]P’[Zuizlongrloglogk] S]P’[Zvizlogk +P Zwizloglogk].
i=1 i=1 i=1

Let 1 +6 = l(l)chEl(flk = loglogk  Because s = Oy (k~1/2), we have 1 + § = wy(1), and so 2‘% > 1(1+96) for
sufficiently large k. By a Chernoff bound,

k koo B )
Py w Zloglogk] <P lz ! Sw; > ! Sloglogk] < exp <2i(5 'ks(ls)>
s s
i=1 i=1
< exp (;(1 +8)ks(1— 5)) < exp (W) < exp <7§2k(k1/2)> .
s

To analyze the other probability, we consider cases s > % and s < % We first consider s > % In order to

have Zf:l v; > logk, at least two v; must be nonzero. This occurs with probability
1—(1—=s)F —s%k(1— )1 <1 - (1+5%k)(1 - s*)F.

Thus,
1 log 2 + (1 + 05(1))s?klog *
F(p(9)) = ' 2 2\k WIEVEE
logk 1— (14 s2k)(1 — s2)k + exp(—Q(k1/2))
If 2k = ox(1), then 1 — (1 + 52k)(1 — s2)* = O (5*k?), and the right-hand side is wg(1). So, this bound is
minimized at s = Ak~1/2 for constant \, in which case

1 log 2 + (1 + ox(1))s%*klog X A/2

logk 1-— (1 + s2k)(1 — s2)F + exp(—Q(k1/2)) 71z (14 X)exp(—2A) =¥(A) 2 ¢t

We now consider s < % In order to have Zle v; > logk, at least one v; must be nonzero. This occurs
with probability
1—(1-s)F=(1+o0r(1))s%k,

and so ) ( (1))52k log 1
1 0g2+ (1+o0x(1))s“klog <
F(p()) > oy - g E.
loghk (1 + o5(1))s%k + exp(—Qx(k'/2))
The right-hand side is wy (1) because s < % O

For any nonnegative integer n, we may further define

A/(n+1)
1= (Lien 3 ) exp(=N)

and ¢ = infysq ¥, (N). Over positive integers n, the largest 1 is 103 &~ 1.716. The following corollary gives
the lower bound on £** alluded to above.
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Corollary 2.9.4. We have that &** > 5.

Proof. We will construct a suitable function family p. For any nonnegative integer n, we can define

: 1 n
pa(.s) = {glm(s’ 2) 2 i z ’ (2.9.3)

By a similar analysis to Proposition 2.9.3, we can show for this p that

limsup min F(p,(-,s)) > ¢.
k—o0 36[011]

Taking n = 2 yields the result. O

Due to Corollary 2.9.4, a proof of Theorem 2.1.6 improving the constant x* below 35 will require new
conceptual insights. Finally, we conjecture that Corollary 2.9.4 is in fact sharp.

Conjecture 2.9.5. We have that &** = 5. In particular, Theorem 2.1.6 holds for all kK > 5.

The following evidence supports this conjecture. In the maximin problem (2.9.1), if we restrict the
maximum over p to functions such that for every s, p(§, s) attains at most one nonzero value, then we can
show by explicit computation that the maximin problem has value 13. The idea of this proof is that for each
such p, at the s minimizing F(p(-,s)), p(-,s) equals (up to isomorphism of the probability space (Z, P))
pn(,8") for some s’ and some (possibly fractional) n. We can show that fractional n do not maximize
mingeo,1) F'(pn (-, s)). Thus the candidate maxima are p,, for integer n, and of these p, is maximal, attaining
value 5. We believe that the maximum of (2.9.1) over p € P is attained by p with this property.
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Chapter 3

Mean-Field Spin Glasses

This chapter studies the optimization of mean-field spin glasses and is structured as follows.

e Section 3.1 states our main hardness result, Theorem 3.1.3, that overlap concentrated algorithms cannot
surpass the objective ALG defined in (1.3.9) (and for spherical spin glasses, (3.1.5)) with non-negligible
probability.

e In Section 3.2 we formulate Proposition 3.2.2, which establishes the main branching OGP, and prove
Theorem 3.1.3 assuming this proposition.

e Sections 3.3 through 3.5 prove Proposition 3.2.2 using a many-replica version of the Guerra-Talagrand
interpolation.

e Section 3.6 shows that (for spherical models without external field) the full strength of our branching
OGP is necessary to show tight algorithmic hardness.

e Section 3.7 shows that approximately Lipschitz algorithms are overlap concentrated, and that natural
optimization algorithms including gradient descent, AMP, and Langevin dynamics are approximately
Lipschitz. This includes, in particular, the optimal AMP algorithms of [Mon19, AMS21, Sel21].

Notation and Preliminaries

We generally use ordinary lower-case letters (z,y, .. .) for scalars and bold lower-case (x, vy, ...) for vectors.
For z,y € RY, we denote the ordinary inner product by (zx,y) = Zivzl x;y; and the normalized inner product
by R(x,y) = +(x,y). We associate with these inner products the norms ||w|\§ = (x,x) and ||a:||i, = R(x, x).
There is no confusion between the ||-|| ; norm and the ¢, norm, which will not appear in this thesis.
Ensembles of scalars over an index set L are denoted with an arrow (Z,, . ..), and the entry of Z indexed
by u € L is denoted z(u). Similarly, ensembles of vectors are written in bold and with an arrow (&, 4, ...),
and the entry of & indexed by u € L are denoted @ (u). Sequences of scalars parametrizing these ensembles

are also denoted with an arrow, for example k= (k1,...,kD).
We reiterate that Sy = {z € RV : Zfil x? = N} and ¥y = {-1,1}", and that By = {z € RV :
Zﬁvzl x? < N} and Oy = [~1,1]" are their convex hulls. The space of Hamiltonians Hy is denoted .

We identify each Hamiltonian Hy with its disorder coefficients (G(p))pegN, which we concatenate into a
vector g = g(Hy).
For any tensor A, € (RM)®P where p > 1, we define the operator norm

1
Hpllop = 5, max (4,0’ @ @07)|.

ol,...,oPeSN

Note that when p = 1, [[4,]|,, = [[4p]y. The following proposition shows that with exponentially high
probability, the operator norms of all constant-order gradients of Hy are bounded and O(1)-Lipschitz. We
will prove this proposition in Section 3.8.
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Proposition 3.0.1. For fized model (&, h) and r € [1,+/2), there exists a constant ¢ > 0, sequence (Kx)n>1
of sets Ky C Hn, and sequence of constants (Ci)k>1 independent of N, such that the following properties
hold.

1. PlHy € Ky] > 1—e~°N;
2. If Hy € Ky and x,y € RY satisfy ||z| y , ||yl y <7, then
|V*Hy ()|, < Ck, (3.0.1)

op —
IV*Hy (2) = V*HN ()|, < Crsr 2 — 9l - (3.0.2)

o

Finally, the notations O(-), (+), o(+),w(+) indicate asymptotic behavior in N.

3.1 Results

3.1.1 Overlap Concentrated Algorithms

For any p € [0, 1], we may construct two correlated copies H](\}), HJ(\?) of Hy as follows. Construct three i.i.d.
Hamiltonians ]?I][\?]’ﬁ][\l,},ﬁﬁ] with mixture &, as in (1.3.2). Let

HO — Y ¢ TpAY  and A = AY + T pAY
and define B B
Hy'(0) = (h.o) + Hy'(0)  and  H (o) = (h,0) + HY (o).
We say the pair of Hamiltonians HI(\}),HI(\?) is p-correlated. Note that pairs of corresponding entries in
g = g(H](\})) and g@ = g(H](\?)) are Gaussian with covariance [11) 7.
We will determine the maximum energy attained by algorithms Ay : #y — By or Ay : v — Cy
(always assumed to be measurable) obeying the following overlap concentration property.

Definition 3.1.1. Let A\,» > 0. An algorithm A = Ay is (A, v) overlap concentrated if for any p € [0,1]

and p-correlated Hamiltonians H](\}), H](\?),

P HR (A(H](V”),A(H](\?))) _ER (A(HJ(\})),A(HJ(\?)))‘ > A} <. (3.1.1)

3.1.2 The Spherical Zero-Temperature Parisi Functional

We introduce a Parisi functional PSP for the spherical setting, analogous to the Parisi functional P™ for the
Ising setting introduced in (1.3.6). Similarly to Theorem 1.3.1, Auffinger and Chen [AC17a], see also [CS17],
characterize the ground state energy of the spherical spin glass by a variational formula in terms of this
Parisi functional. Recall the set % defined in (1.3.3). Let

1
V(&) = {(B,c) ER" X% :B> /0 )C(t) dt}.

Define the spherical Parisi functional PSP = Pzph V(&) = R by

1 h2 1 é—/l(t)
PSP(B, ¢ =[ +/ ( +B t) dt} 3.1.2
BO=3 5@ " o (B T (312
where for ¢ € [0, 1]
1
B(t) = B—/ §"(¢)¢(q) dg. (3.1.3)
t
Theorem 3.1.2 ([AC17a, Theorem 10]). The following identity holds.
OPTSP = inf PSP(B,(). 3.1.4
(B,Q)e?(£) (B,¢) ( )

The infimum is attained at a unique (By, () € Y (€).
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3.1.3 The Optimal Energy of Overlap Concentrated Algorithms

We defined ALG"™ in (1.3.9) by a non-monotone extension of the variational formula in (1.3.7). We can
similarly define ALG®P by a non-monotone extension of (3.1.4). Recall the set .# defined in (1.3.8). Let
(&) D ¥ (€) denote the set

1
H(&) = {(B,g) ER*x.Z:B> / (D) dt}.
0
The Parisi functional PSP can clearly be defined on J# (£). We can therefore define ALGP = ALG?ph by

ALG®® =  inf  PSP(B.(). 3.1.5
g L. (B,Q) (3.1.5)

Note that ALG®P < OPT®P trivially.

We are now ready to state the main result of this work. We will show that for any mixed even spherical
or Ising spin glass, no overlap concentrated algorithm can attain an energy level above the algorithmic
thresholds ALG®P and ALG™ with nontrivial probability.

Theorem 3.1.3 (Main Result). Consider a mized even Hamiltonian Hyn with model (§,h). Let ALG =
ALGSP (resp. ALGIS). For any € > 0 there are \,c, Ng > 0 depending only on &, h,e such that the following
holds for any N > Ny and any v € [0,1]. For any (\,v) overlap concentrated A = Ay : 5 — By (resp.
CN);

P %HN (A(Hn)) > ALG+¢| < exp(—cN) + 3(v/N)“.

Remark 3.1.4. If Ais 7-Lipschitz, (X, v) overlap concentration holds with v = exp(—cy - N) by concentration
of measure on Gaussian space, see Proposition 3.7.2. Hence in this case the probability on the right-hand
side above is exponentially small in N. The same property holds when A is 7-Lipschitz on a set of inputs
with 1 — exp(—Q(V)) probability, see Proposition 3.7.3.

In tandem with Theorem 1.3.2 and its spherical analogue Theorem 3.1.5 below, Theorem 3.1.3 exactly
characterizes the maximum energy attained by overlap concentrated algorithms (again with the caveat on
the algorithmic side in the Ising case that a minimizer v, € £ exists in Theorem 1.3.2). We will see in
Section 3.7 that the algorithms in these two theorems are overlap concentrated.

Theorem 3.1.5 ([AMS21, Sel21]). For any € > 0, there exists an efficient and O(1)-Lipschitz AMP
algorithm A : s — By such that

P[HN(A(Hy))/N > ALG® —¢] > 1—0(1), ¢=c(e) > 0.

In fact, we can show the success probability of the algorithm in Theorem 3.1.5 (resp. Theorem 1.3.2) is
exponentially high. By Theorem 3.7.6, for this algorithm A the map Hy +— +Hy(A(Hy)) is O(N~Y2)-
Lipschitz with respect to the ||-||, norm when restricted to Hy € Ky (see Proposition 3.0.1). By Kirszbraun’s
Theorem, Hy — +Hyn(A(Hy)) agrees on Ky with an O(N~1/2)-Lipschitz A’ : #y — R. By Gaussian
concentration and the bound P[Hy € Ky] > 1—e~“V, (after adjusting ) we have + Hy (A(Hy)) > ALGSP—¢
(resp. ALG!S — ¢) with probability at least 1 — e~ for a constant c. > 0.

In the case of the spherical spin glass, the value of ALGSP is explicit, and is given by the following
proposition. We will prove this proposition in Section 3.9.

Proposition 3.1.6. If h? + ¢&'(1) > ¢(1), then
ALG™ = (n* +¢'(1))"/?,

and the infimum in (3.1.5) is uniquely attained by B = (h? + ¢'(1))Y/2, ¢ = 0. Otherwise,
1
AL = '@ + [ ¢@)" dg
q
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where § € [0,1) is the unique number satisfying h* + &'(q) = ¢¢"(q). If h > 0, the infimum in (3.1.5) is
uniquely attained by B = & (1)'/? and

£"(9)
27

If h = 0, the infimum is not attained. It is achieved by B = ¢"(1)Y/? and ¢ given by (3.1.6) in the limit as
qg— 0.1

) =1{g>73) - 1{¢>3) ?dqwq)-l/z. (3.1.6)

Note that ALG®? = OPT®P if and only if the infimum in (3.1.5) is attained at a pair (B,¢) € ¥(£). Thus,
Proposition 3.1.6 implies that ALGSP = OPT®P if and only if h2 + £/(1) > £”(1) or £”(¢q)~1/2 is concave on
[7,1]. In the former case, the model is replica symmetric at zero temperature; in the latter case it is full
replica symmetry breaking on [g, 1] at zero temperature.

In the case h? +£'(1) > €”(1), [Fyol3, BCNS21] showed that Hy has trivial complexity, in the sense that
Hy has exactly two critical points on Sy with high probability, namely its global maximum and minimum.

In the pure p-spin case, h = 0 and £(x) = 2P for an even p > 4. The corresponding algorithmic limit is

1
-1
ALGSP=/ &'(@)"/? dg = 2 /P
0 p

This coincides with the threshold E.(p) identified in [ABAC13]. As conjectured in [ABAC13] and proved
in [Sub17], with high probability an overwhelming majority of local maxima of Hy on Sy have energy value
E(p)+o0(1). This suggests that it may be computationally intractable to achieve energy at least Eo.(p) +¢
for any € > 0; our results confirm this hypothesis for overlap concentrated algorithms.

Remark 3.1.7. Our results generahze with no changes in the proofs to arbltrary external fields h = (hy,...,hN)
Wthh are independent of Hy — one only needs to replace h? by ||h||N in (3.1.2) and replace ®(0, h) by

~ Zi:l ®(0, h;) in (1.3.6). This includes for instance the natural case of Gaussian external field. Here A
can depend arbitrarily on h as long as overlap concentration holds conditionally on h.

3.2 Proof of Main Impossibility Result

In this section, we prove Theorem 3.1.3 assuming Proposition 3.2.2, which establishes the main OGP.
Throughout, we fix a model (§,h) and € > 0. Let Hy be a Hamiltonian (1.3.1) with model (£, h). Let
A > 0 be a constant we will set later, and let A : N — By (resp. C) be (A, v) overlap concentrated.

3.2.1 The Correlation Function
We define the correlation function x : [0,1] — R by

x(p) = ER (A, A1) | (3.2.1)
where H](\}), HI(\?) are p-correlated copies of Hy. The following proposition establishes several properties of
correlation functions, which we will later exploit.

Proposition 3.2.1. The correlation function x has the following properties.
(i) For allp € [0,1], x(p) € [0,1].
(i) x is either strictly increasing or constant on [0, 1].

(iit) For all p € [0,1], x(p) < (1 = p)x(0) + px(1).

We call any x : [0,1] — R satisfying the conclusions of Proposition 3.2.1 a correlation function.

I'When h = 0, we cannot take § = 0 in (3.1.6) because then B = fol £"(q)¢(q) dgq, so (B,¢) & #(&).
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Proof. In this proof, we will write A(g) to mean A(Hy) for the Hamiltonian Hy with disorder coefficients
g = g(Hy). We introduce the Fourier expansion of A. For each nonnegative integer j, let He; denote the
j-th univariate Hermite polynomial. These are defined by Heg(xz) = 1 and for n > 0,

He,,11(z) = xHe,(z) — He), ().

Recall that the renormalized Hermite polynomials He, = \/%Hen form an orthonormal basis of L?(R) with
the standard Gaussian measure, i.e. they form a complete basis and satisfy

E  He,(g9)Hem(g) =1 {n =m}.
ooy Hen(g)Hem(g) = T {n = m}

For each multi-index o = (aq, aa,...,) of nonnegative integers that are eventually zero, define the multi-
variate Hermite polynomial

Hea H He,,(g,),

These polynomials form an orthonormal basis of L2(RN) with the standard Gaussian measure, see e.g.
[LMP15, Theorem 8.1.7]. Hence for each 1 < i < N, we can write

ZA )Hea (g where  A;(a) = E [ A;(g)Hea(g)] -

For each multi-index «, let |a] =", @;. For each nonnegative integer j, introduce the Fourier weight

Fori=1,2,let gV = g(H%)). Let T}, denote the Ornstein-Uhlenbeck operator. We compute that

X() = %E <,4<g<1>>,A(g<2>>> = %E (Alg), T, A(9) = + E[[T,5A(9) ]
NZHT\TA 2 N;;pla\ft Z:OP]W

It is now clear that 0 < x(p) < x(1). Since x(1) =E HA(HN)H?V < 1, this proves the first claim. The second
claim follows because x(p) is strictly increasing unless W; = 0 for all j > 1, in which case x(p) is constant.
Finally, the last claim follows since x is manifestly convex. O

3.2.2 Hierarchically Correlated Hamiltonians

Here we define the hierarchically organized ensemble of correlated Hamiltonians that will play a central role
in our proofs of impossibility. Let D be a nonnegative integer and k= (k1,...,kp) for positive integers
k1,...,kp. For each 0 < d < D, let Vy = [k1] x - -+ x [kq] denote the set of length d sequences with j-th
element in [k;]. The set Vj consists of the empty tuple, which we denote (). Let ’JI‘(E) denote the depth D
tree rooted at () with depth d vertex set Vy, where u € Vj is the parent of v € Vg1 if u is an initial substring
of v. For nodes u!,u? € T(k), let

ul/\u2:max{d€ZZO:utli,:u§, for all 1 < d' <d},

where the set on the right-hand side always contains 0 vacuously. This is the depth of the least common
ancestor of u! and u2. Let L(k) = Vp denote the set of leaves of T(k). When k is clear from context, we
denote T(k) and L(k) by T and L. Finally, let K = |L| = Hd=1

Let sequences 7= (po,p1,---,pp) and ¢ = (qo,q1,---,9D) satisfy

O=po<p1 <---<pp=1,
0<gp<qa<---<gp=1
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The sequence p’ controls the correlation structure of our ensemble of Hamiltonians, while the sequence ¢
controls the overlap structure that we will require the inputs to these Hamiltonians to have.

We now construct an ensemble of Hamiltonians (HJ(\}‘))HE]L, such that each HJ(\?) is marginally distributed
1 2
as Hy and each pair of Hamiltonians H](\? )7 HJ(C,J ) is Pui puz-correlated. For each uw € T, including non-leaf

nodes, let flj[g] be an independent copy of H N generated by (1.3.2). For each u € L, we construct

H](\?)(a) = (h,o) +I§J(\}4)(O'), where
D

A =" /pa — pa—s - HY ), (3.2.2)

d=1

It is clear that this ensemble has the stated properties. Consider a state space of K-tuples
& = (o(u))uer € (RV)F.

We define a grand Hamiltonian on this state space by

HyP(3) =S H (o(u).

u€ell

We will denote this by Hy when E, 7 are clear from context. For states ', 6> € (RM)E | define the overlap
matrix R = R(&",&%) € RE*K by
Ry 2 = R(o' (u'), 0®(u?))

for all u',u? € L. We now define an overlap matrix Q = QE"T € REXK: we will control the maximum

energy of H over inputs & with approximately this self-overlap. Let @) have rows and columns indexed by

ut,u? € L and entries

C?ul,u2 = Quipu2-

Fix a point m € RY such that Hm||?v = qo, which we will later take to be m = E[A(Hy)]. For a tolerance
€ (0,1), define the band
B(m,n) = {o € RY : |R(o,m) — qo < n}.

Define the sets of points in S¥ and £ with self-overlap approximately @ and overlap with m approximately
qo by
Q%(Q,m,n) = {& € (Sy N B(m,n)" : |R(&, &) - Qll, <n},
Q¥(Q.m,n) = {& € (Sy N B(m.0)™ : |R(F,6) - Q| <n}.
Let x be a correlation function (recall Proposition 3.2.1). We say p = (po,...,pp) and §= (qo,.--,9D)
are x-aligned if the following properties hold for all 0 < d < D.
o If g4 < x(1), then x(pa) = qa-
e If g5 > x(1), then pg = 1.

The following proposition controls the expected maximum energy of the grand Hamiltonian constrained
on the sets QP(Q, m,n) and Q'(Q, m,n), and is the main ingredient in our proof of impossibility. We defer
the proof of this proposition to Sections 3.3 through 3.5.

Proposition 3.2.2. For any mized even model (§,h) and € > 0, there exists a small constant 1o € (0,1)
and large constants Ny, Ko > 0, dependent only on &, h, e, such that for all N > Ngy the following holds.
Let ALG = ALG™ (resp. ALG™ ). For any correlation function x and vector m € RN with Hm||§v = x(0),

there exist D, E,ﬁ}(j’,n as above such that p and q are x-aligned, n > 19, K < Ky, and

1
~E Hn (&) < K(ALG +¢),
N B max Hn () < K( €)

where Q(n) = Q%P (Q,m,n) (resp. Q(Q, m,n)).
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3.2.3 Extending a Branching Tree to Sy and Xy

To account for the possibility that A outputs solutions in By (resp. Cy) not in Sy (resp. Xy ), we will show
that a branching tree of solutions in By (resp. Cn) output by A can always be extended into a branching
tree of solutions in Sy (resp. Xy ), with only a small cost to the energies attained.

Consider x-aligned p, ¢ as above. Let D < D be the smallest integer such that pp = 1. Define k=
(k1,...,kp), P= (po,-..,pp), and ¢ = (qo,--.,qp). Let L = Vp denote the nodes of T at depth D, and let
K =L =TI, ka-

Consider an analogous state space of K-tuples

G = (o(u))ueL € (RY)™.

Define Q = QE@ € REXK analogously as the matrix indexed by u', u? € L, where

Q

7u1’£2

= Qulau? A X(l)

Note that because 7, ¢ are x-aligned, gp—1 < x(1) < gp. So, the right-hand side is x(1) if u! Au? = D (i.e.
u! = u?) and Qut aw2 Otherwise. The following sets capture the overlap structure of outputs of A.

Q%@ m.n) = {3 € (By N Bm,n)~: |R@.6)- Q|| <n},

Q"(@Q.m,n) = {& € (Cx N Bm, )~ ||R(@,5) - Q|| _ <n}
By the construction (3.2.2), for each u € L the Hamiltonians

{Hj(\?) :u € L is a descendant of u in T}

are equal almost surely. Let H ](VH) denote any representative from this set.
We next define the condition Seigen Which guarantees existence of a suitable “extension” & of & =

(A(H](\%)))uem' First, given a subset S C [N], denote by Wy the |S| dimensional subspace spanned by the

elementary basis vectors {e, : s € S}. Below, \; denotes the j-th largest eigenvalue and (-)|w, denotes
restriction to the subspace Wy as a bilinear form, or equivalently A|w, = Pw,APw,, where Py, is the
projection onto Wg.

Definition 3.2.3. For constants § and K, let Seigen (6, i) denote the event that both of the below hold for
all u € L.

1. Mok (V2H§V@(x)\ws) > 0 for all S C [N] of size |S| > 6N.
2. H](Vﬂ) € Ky, for the Ky given by Proposition 3.0.1.

We will use the following lemma, whose proof is deferred to Subsection 3.2.6.

Lemma 3.2.4. Fiz a model &, h, constants €, > 0, and IZ, q as above. Let 6 be sufficiently small depending
on &, h,n, e, and assume that Seigen (0, K) holds. For any & € Q(n/2), there exists & € Q(n) such that

HY (o(u)) > HY (o (u)) — Ne

whenever u € L is an ancestor of u € L.

3.2.4 Completion of the Proof

We will now finish the proof of Theorem 3.1.3. Below we give the proof in the spherical setting; the Ising
case follows verbatim up to replacing By by Cy and ALGP by ALG™ (since Cy C By).
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Let ALG = ALG®P. Let x be the correlation function of A defined in (3.2.1) and set m = E[A(Hy)].

Note that ||meV = x(0) by definition. For small £/2 > 0 there exist Ny, Ko,n0 and D, k,p,q,n, K as in

Proposition 3.2.2 such that

1
— 7) < . 2.
NE&?SE;)HN((J-) < K(ALG +¢/2) (3.2.3)

For N > Nj let
1
ay =P {NHN(.A(HN)) > ALG +€] .

For each u € L, let o(u) = A(H](VH)), and let & = (o(u))uecL. We define the following events, where § > 0 is

chosen so that Lemma 3.2.4 holds with parameters /4,1, E, ¢. In the statement of Theorem 3.1.3, we take
A=mn0/4 < /4
Define the following events.

1 N
Seolve = {NH](\}‘) (a(u)) > ALG + ¢ for all u € ]L(k)} :

Soverlap = {Q S 2(77/2)} )
Seigen = {Seigen (67 K)} )

1 =
Sogp = {N&?SE;)HN(U) < K(ALG+3€/4)}.

Proposition 3.2.5. With parameters as above,
Ssolve n Soverlap N Seigen N Sogp =0.

Proof. Suppose that the first three events hold. Then A outputs & € Q(n/2) such that for all u € L,

H (o(w) > ALG + <.
Lemma 3.2.4 now implies the existence of & € Q(n) such that for all u € L,
H{ (o(u)) > ALG + 3¢/4.

This contradicts Sogp. O
Proposition 3.2.6. The following inequalities hold.

(a) P(Ssorve) > iy

(b) P(Sovertap) > 1 — K20 — 252,

(¢) P(Scigen) > 1 — exp(—cN) for ¢ > 0 depending only on &, h,¢.

(d) P(Sogp) > 1 —2exp (—%N).

We defer the proof of this proposition to after the proof of Theorem 3.1.3.

Proof of Theorem 3.1.3. Lemma 3.2.5 implies that P(Ssoive) +P(Soverlap) + P(Seigen) + P(Sogp) < 3. Because
(K? + 2K)Y% < 3 for any positive integer K and A < 1,

2K 1/K 2
ay < <K2u+ )\V) + 2exp <—€N> + e N/K

32KE(1)
1/K
SS(%) +2€xp(— N)+6CN/K.

e
32K¢(1)
Recall that K < Ky and K is a constant depending only on &, h,e. The proof is complete up to choosing

an appropriate ¢ in Theorem 3.1.3. O
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3.2.5 Proofs of Probability Lower Bounds

In this section, we will prove Proposition 3.2.6. As preparation we first give two useful concentration
lemmas. The first shows that R(A(Hy), m) concentrates around ||m||?v for overlap concentrated algorithms
with E[A(Hy)] = m.

Lemma 3.2.7. If A= Ay is (A, v) overlap concentrated and E[A(Hy)] = m, then

P [|RCAHN), m) — m]%] > 2A] < 27” (3.2.4)

Proof. Define the convex function ¢ (t) = (|t — Hm||?v | — A)4. Then by Jensen’s inequality, for independent
Hamiltonians Hy and H}y,

E [y (R(A(Hy), m))] < E [ (R(A(HN), A(Hy)))] -

Because A is (A, v) overlap concentrated, ¢ (R(A(Hy), A(H)y))) = 0 with probability at least 1 — v. More-
over, ¢ (R(A(Hy), A(H)))) < 2 pointwise. So,

El (R(A(Hy),m))] < 2v.

By Markov’s inequality,

P [| RCA(Hy),m) = [l | > 23] = P16 (RACHN), m)) > 3] < 5

The next lemma shows subgaussian concentration for 4 maxgeo(n) Hn(F).

Proposition 3.2.8. The random variable

1
max Hy (&)

Y =—
N éeo(n)

satisfies for all t > 0

2
PY —EY| > f] < 2exp (-%) .

Proof. For any & € S¥, by Cauchy-Schwarz the variance of Hx (&) is at most

E[(n(3) - EHn(@)’] = Y EAY (@) EAL (0(u?)

ul,u2€l

<KY EH{ (o(u)?
(A

= NK?¢(1).

The result now follows from the Borell-T1IS inequality ([Bor75, CIS76], or see [Zeil5, Theorem 2]). Note that
both the statement and proof of Borell-TIS hold for noncentered Gaussian processes with no modification. [

We now prove each part of Proposition 3.2.6 in turn.

Proof of Proposition 3.2.6(a). For 0 < d < D, let 1¢ € T denote the node (1,...,1) with d entries (so 1° = ()
is the root of T), and let Sy be the event that HJ(VH) (o(uw)) > ALG + ¢ for all u € L descended from the node
19, Let Py = P[S,]. Note that Pp = an. We will show Py > a% > af by showing that for all 1 < d < D,

Py_1 > P

The result will then follow by induction.

68



Recall the construction (3.2.2) of the Hamiltonians H](\?) in terms of ii.d. Hamiltonians (I?][\qf])ueqr.

Conditioned on the Hamiltonians Qg4_1 = (fI][\l,d ])Ogdlgd,l, let fq(24—1) denote the conditional probability

of S;. Note that
Py =E fq(Qq-1).

By symmetry of the k4 descendant subtrees of the node 1971,
Py1 =E fa(Qa-1)".

Thus Py—1 > Pf ¢ by Jensen’s inequality. O

Proof of Proposition 3.2. 6(b) By definition of x, ER(a(u!),a(u?)) = X winu?). I ut Au? < D, then
Puirw2 < 1. Because p,q are x-aligned, we have X(pu1/\u2) = Quiny2. If u' A u? = D, then Pulpyz = 1, 5O
clearly x(puinu2) = X(1). So, in all cases, E R(a(u'), o(u?)) = Qul w2

1

Using (3.1.1) and a union bound over u', u? € L, we have

17, 2) - Q]| <
with probability at least 1 — K?v. By Lemma 3.2.7 and a union bound, we have

|[ROAH), m) — ml%| < 22

for all u € L with probability at least 1 — 21§". Recall that A = n9/4 < n/4. By a final union bound,

2Kv

Pl € Qn/2)] 2 1- K% — 2

O

Proof of Proposition 3.2.6(c). We focus on a fixed u € L. The requirements H1(\7) € Ky follow from Propo-
sition 3.0.1. The uniform eigenvalue lower bound follows by union bounding over subspaces S and a net
of points . In fact it follows from exactly the same proof as [Sel20, Lemma 2.6] up to replacing each
appearance of an eigenvalue \; to Ag 4.

[
Proof of Proposition 3.2.6(d). By (3.2.3) and Proposition 3.2.8 with t = Ke/4,
Pl H ()>K(ALG+3/4)}<IP[1 Hy(3) - ~E Hn() > BE
— max € — max &) — —E max G) > —
geain) = [Naseom N “geom T4
&2
<2 — N ).
- e"p( 32¢(1) )
[

3.2.6 Proof of Lemma 3.2.4

The spherical case of Lemma 3.2.4 follows from [Sub21, Remark 6] and does not require any of the axis-
aligned subspace conditions. We therefore focus on the Ising case, which is a slight extension of the main
result of [Sel20].

Lemma 3.2.9. Suppose Seigen(d, K) holds. Then for any € [—1,1]N with ||z||3 < 1 -6, any u € L
and any subspace W C RN of dimension dim(W) > N — K — 1, there are mutually orthogonal vectors
yh . yK e Wnat such that for each i € [K]| the following hold where C3 is as in Proposition 3.0.1.

1. z+y e[-1,1V
2. If x; € {—1,1} then y} = 0.
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5. HY (@ +y') - HY (@) = =3 ||y

4- Myl < w5

5. If ||a:||?v < qq for some 1 < d < D, then Ha; + yZHfV < qq.
6. At least one of the following three events holds.

i s
(@) vl y = 10C; °
(b) = +y® has strictly more +1-valued coordinates than x.

(c) |z||3% < qa and ||z + y*||3 = qa for some 1 <d < D.

Proof. By the Markov inequality, = has a set S of at least (1 — ||z||3)N coordinates not in {—1,1}.
Seigen (6, ) and the Cauchy interlacing inequality imply

Mc (VEHE @)lwaw ) 2 dacsr (VS @)l ) 2 0.
Let y',...,y% € Wg(x) N W be a corresponding choice of orthogonal eigenvectors, each satisfying
<yi,V2H](\}‘)(:c)yi> > 0.

Since y° and —yt play symmetric roles we may assume without loss of generality that (VH](\;‘)(y), y') > 0.
Replacing y* by ty* for suitable ¢ € [0, 1] if needed, we may ensure that Items 1, 2, 4, 5, and 6 above hold.

Since Seigen (0, K') implies that HV‘?H](\}L)
)

is uniformly bounded by Cj, it follows that along the line
op

varies in operator norm by at most . This combined with

segment x + [0, 1]y’ the Hessian of H](\}L g

(VH" (z),y") > 0 implies
u i u i|l2
H (@ +y') 2 HY (@) 6 ||y,
This completes the proof. O

Proof of Lemma 3.2.4. Take
min(€7 m, 1- QD—1)2

0 <
16(C1 + C5+1)
sufficiently small, where C7,C3 are given by Proposition 3.0.1. Enumerate u',...,u € L. Assume the
points o (u) for descendants u € L of u!,...,u/~! have already been chosen and satisfy the conclusions of

Lemma 3.2.4. We show how to define the points o (u) for u a descendant of u/.

From the starting point %% = o(u’), we produce iterates ¥ for i € N and v € T a descendant
of w’, similarly to [Sub21] and [Sel20, Proof of Theorem 1]. First let dy = do(u’) € [D] be such that
|22 |2, € [qdy—1,qa, ), and set %Y = 2% for all depth dy descendants v of w/ if dy > D.

Given a point ™" with v a descendant of u/, suppose that ||2™"||% € (qjv]—1, qu)A(1=0)). Then take the
subspace W+ (which changes from iteration to iteration) to be the span of m as well as all currently defined
leaves of the exploration tree (including ™" itself). Hence dim(W=) < K +1 and so dim(W) > N — K —1.
(The resulting exploration tree can be constructed in arbitrary order; at any time it will have at most K
leaves.)

Then there exists y"" satisfying the properties of Lemma 3.2.9 with subspace W and Hamiltonian HI(\,H]).
We update

CCrn+1,v — mm,v _|_,ym,7j7 v E r][-

: . . 1 k
However if ||[z™||% = q|v|, then we let v!, ..., v*4+1 be the children of v in T and generate y™ ,...y™"

again using Lemma 3.2.9. We then define

LY = gmv ym e (kg
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Continuing in this way, we eventually reach points 2™ 1% with |[™+1%||3 > (1 —§) for each u € L; indeed
the last condition of Lemma 3.2.9 ensures that this eventually occurs for each v € L. We set 2% = ™1,
Observe that by orthogonality of ™" and y™",

HY (™ 10) = Hy (™) = N6 g™ |y
u m,v m v |2 m,v |2
> HY @) = No- (a3 = a1 ) -
It follows by telescoping that (recall u/ € L is an ancestor of u € L),
HW (x") > HY (a%') - N6 > HY (a*') — Ne/2.
Since every update above is made orthogonally to all contemporaneous iterates, it is not difficult to see that
the final iterates (x*),ecr satisfy the following.
d R(mu’mu) >1-02 quau — g
e If u' # u? are both descendants of v/ € L and u' A u? < do(u’), then
R(@",a"") = R@@*,2*) < qp + 3§ < qunw + 5.
and )
R(mu ’mu ) > qdo—1 > (RNTED
hence R(w“l,wUQ) — quipaz| < /2.
e Otherwise, R(m“l,m“2) = Quiruz-

Moreover all updates were also orthogonal to m, so |R(m,z%)| < n/2 for all u € L.
Finally, to produce outputs in Xy, for each u € L and ¢ € [N] we independently round the coordinate
x¥ at random to o(u); € {—1,1} so that E[o(u)] = x™. It is not difficult to see that

2

P[|R(z" ,z"") — R(o(u'),o(u?))]| > 6] < e <ON

for each u',u? € L, and similarly for inner products with m. We conclude that & € Q(n) holds with

probability 1 — e~V (since § < 1/2). Similarly ||o(u) — :c“Hé is an independent sum of N terms each at
most 1 and has expectation at most §. It follows that

Plllo(u) — x|y > 201/%] < e7¢ON,
Now using Seigen, for every (u,u) € L x IL with u an ancestor of u,

H (o (u)) > HY (2*) — 20,6'/2N
> HJ(\}L)(w“) — Ne/2
> H{ (z) - Ne
holds with probability 1 — e~(®)N_ In particular, the above events hold simultaneously over all (u,u) with

probability at least % over the random rounding step. Hence there exists some & satisfying all desired
conditions. This concludes the proof. O

3.2.7 A Different Class of Algorithms Capturing The Approach of Subag

The optimization algorithm of [Sub21] in the spherical setting can be summarized as follows. Starting from
any ' € By with | a31||fv = §, repeatedly compute the maximum-eigenvalue unit eigenvector v’ € RV of
Ploiye V2HN (') Pigiye (the Hessian of Hy at a’ restricted to the orthogonal complement of *). Then, set

't =" +v'VN (3.2.5)
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where the sign of v’ is chosen depending on the gradient VHy(x?). By construction, ||:B1va = id, so
if 61 = m € N then ™ € Sy. By uniformly lower bounding the maximum eigenvalue of the Hessians,
[Sub21] showed that this algorithm obtains energy at least (ALG®P4-05(1))N as § — 0. Because the maximum
eigenvalue is a discontinuous operation, our results do not apply to Subag’s algorithm.

We consider the following variant. At each z!, let the subspace W (x?) be the span of the top [N |
eigenvectors of Pgiy. VZHN (mi)P(mi)J_. Next, choose v® uniformly at random from the unit sphere of W (z?)
and update using (3.2.5). This modified algorithm obeys the same guarantees as that of [Sub21] by exactly
the same proof.

More generally, we define the class of d-subspace random walk algorithms for § > 0 with §=! = m € N,
only in the spherical setting for convenience, as follows. Given Hy, let W(x’) € RM be an arbitrary
(measurable in (Hy,x)) subspace of dimension |[§N|. Starting from arbitrary &' € By with ||CC1H?V =4,
repeatedly choose a uniformly random unit vector v* € W(x?) and define ! via (3.2.5), leading to the
output & = ™. Note that in contrast to elsewhere in the paper, here the output ™' is random even
given Hy, i.e. '™t = A(Hy,w) for some independent random variable w. As we now outline, for § < &y(¢)
sufficiently small depending on €, no d-subspace random walk algorithm can achieve energy than ALGSP 4 ¢
with non-negligible probability.

Fixing Hy and &', for any j < m we may generate coupled outputs o', o? as follows. First use shared
iterates *! = x»2 = & for i < j and then proceed via

wi+1,l = aji’g + ’Ui’em, le {17 2}

for independent update sequences (v’>!,... v™ 1) and (v72,...,v™ 52). Finally output o = ™. It is
not difficult to see that for N sufficiently large,

P[|R(c', %) = js| > n/2] <e N

for some ¢ = ¢(8,n) thanks to the random directions of the updates v**. With L as in the earlier part of
this section, we can now construct a branching tree of outputs o (u) for u € L. As § — 0, for appropriate
ja = |gad~1], the solution configuration & hence constructed satisfies

Plg € Q)] < eV

with m the zero vector. Because we consider a single Hamiltonian Hpy, we use Proposition 3.2.2 with
x(p) — 0 for all p < 1. Since the statement is uniform in y, this does not present any difficulties (we
are essentially “defining” p = 1P to be y-aligned with arbitrary ¢). Mimicking the proofs earlier in this
section (including the argument in the proof of Proposition 3.2.6(a) which now uses Jensen’s inequality on
the randomness of A), we obtain the following result.

Theorem 3.2.10. Consider a mized even Hamiltonian Hy with model (§,h). For any ¢ > 0 there are
d9, ¢, Ng > 0 depending only on &, h,e such that the following holds for any N > Ny and 6 < dg. For any
d-subspace random walk algorithm A,

1
P | Hx (A(Hy,w)) > ALG®P + ¢| < exp(—cN).

3.3 Guerra’s Interpolation

In this section, we begin the proof of Proposition 3.2.2. We take either Q(n) = Q%*(Q,m,n) or Q(n) =

o5(Q, m,n) (recall Q = QE@ ); the proofs in this section apply uniformly to both cases. The goal of this
section is to use Guerra’s interpolation to upper bound the constrained free energy

1
Fr(Q(n) = 57 logE /Q e HN() 1 (3),
n

where p is a (for now) arbitrary measure on Sy. In the sequel, we will take p to be the uniform measure on
S for spherical spin glasses, and the counting measure on ¥y for Ising spin glasses. We develop a bound on
Fn(Q(n)) that holds for all D, k, p, §,n, and will set these variables in the sequel to prove Proposition 3.2.2.
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We will control this free energy by controlling the following related free energy. Let A € R be a constant
we will set later. For all o € RV let 7(0) = 0 — m. We define the following modified grand Hamiltonian,
where we add an external field Am centered at m:

Hya(6) )+ Z Am, (o
u€ell
= K(hym)+ Y [(h +Am, (o (w)) + H® (o ()] .
u€el

We define the free energy

1
Fra(Q() = 1 108 E /Q oM@ ().
n

Since Q(n) € B(m,n)X, we have |Hn (&) — Hn A (6)] < NK|\|7 for all & € Q(n), and so
[Fn(Q(n) — Fna(Q))| < K[A[n. (3.3.1)
Define the matrices Mg’ﬁ’l, el MFPD ¢ REXK whose rows and columns are indexed by L, by

MF P ]l{ul/\u2 > d} pu pue-

ulu?2

Further, define MFs

7: [go,1) — REXE a5 the piecewise constant matrix-valued function such that for
q € [qa-1,9q), M*P9(q) =

(q) MFEPd_ Define kF7 ; [90,1) = R by

D
'

- 1 k.p.q
K-/kvpvq(q) = ?Sum(MkﬁD’q(Q))’

where Sum denotes the sum of entries of a matrix. Explicitly, for ¢ € [gq—1, q4),

D-1 D
KEP(q) = (kjs1—1) H ke| pj -+ pp- (3.3.2)
j=d 0=5+2

When &, 5, are clear, we will write M9 = MF#d, M(q) = M’;’ﬁ"f(q) and k(q) = K’;ﬁ"f(q). Consider a
sequence
0=(¢1<G<--<(=1,

which we identify with the piecewise constant CDF (¢ : [go, 1) — [0, 1], where for = € [qq, g4+1),

((2) = G, (3.3.3)

corresponding to the discrete distribution ¢({gq4}) = (4 — (a—1. We denote by M the set of such CDFs ¢
for a given ¢.

Let Tp = NCUN!U--- UNP and for w € Tp, let |w| denote the length of w. Let () denote the empty
tuple. We think of Tp as a tree rooted at (), where the parent of any w # ) is the initial substring of w with
length |w| — 1. For a € NP, let p(a) = ((a1), (al,ag), cee (al, . .,aD)) denote the path of vertices from
the root to a not including the root. For a',a? € NP, let a' A o denote the depth of the least common
ancestor of a! and a?. Recall the Ruelle cascades (l/a)aeND corresponding to ({op, (1, -.,¢{p—1) which were
introduced in [Rue87], see also [Pan13b, Section 2.3].

For each increasing 9 : [go, 1] — R>¢, we define a Gaussian process g( )( ) indexed by (u, ) € L x NP
as follows. Generate efag € R by

etag = (np(u))uer, ~ N (0, M").
Furthermore, for each non-root w € Tp, independently generate eta,, € R by

ela, = (N (w))uer ~ N (0, M),
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Then, for each u € L, set

g8 (@) = mo(w(q0)* + 3 1 (w)(W(g)) — Y (gu-1)) 2.

wep(a)

This is the centered Gaussian process with covariance

qug;u )(al)gq(/;u )(a2) = pul/\uz’(l}((]ozl/\oz2 A QUl/\uz)a

where for z,y € R, £ Ay = min(z,y). Generate N i.i.d. copies of the process ggf)(a), which we denote

gé%(a) for i =1,..., N. Similarly, for the function

0(q) = (¢ — q0)¢'(q) — &(q) + £(qo0),

we generate N i.i.d. processes géui) () fori =1,...,N. Note that for ¢ € [go, 1),
1 ! !/ ! / / 1
0(q) =/ (e)—¢(d))d¢' 20 and  6'(q) = (¢ — )" (q) 2 0,
q0
so 6 is nonnegative and increasing, as required. For t € [0, 1], define the interpolating Hamiltonian

N N
Hyau(@a) =Y [xftffﬁﬁ) (o) +vVI—tY gl (@)m(ow) +VEY_ 95" ()
=1 i=1

u€l
+ K(h,m) + (h+ dm, w(o(u))) (3.3.4)

and the interpolating free energy
1 o -
(t) = NElog Z Va/ expHy (G, ) du™(5).
a€eND Q(n)
The following bound on F(Q(n)) is the main result of this section.

Proposition 3.3.1. The free energy Fn(Q(n)) is upper bounded by

Fr(Q(m) < 9(0) ~ o [ (g~ )€ (a)n(a)C(a) da -+ BK?€" (1) + K],

where ¢ : [qo,1) — [0,1] is defined in (3.3.3).
Lemma 3.3.2 (Guerra’s interpolation bound). For all t € [0,1] and n € (0,1),
¢'(t) < 3KZ"(1)n.
Proof. Let (-); denote the average with respect to the Gibbs measure on Q(n) x NP given by
G(6,a) x voexpHy (G, ).

By Gaussian integration by parts [Panl3b, Lemma 1.4],

1 _i 8HN,)\,1‘, -
o0 = FE(ToMG.0))

1 oH - . OH -, .
<]E Nt (017a1)7{N7Ayt(01’a1) _ g YN (0’17041)7'[]\[,)\7t(0'2,a2)> 7 (3.3.5)

ot ,

=—E
N ot
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where (6',a!) and (%, 02) are independent samples from the Gibbs measure. Recall (3.3.4). For any

realizations (51,(11) d (6%, 02),

2 _OH - S

S BT G iy (5%, ?)

= Z Pul nu? [S(R(Ul(ul)a 02(u2))) - ]%(71-(0'1(u1))7ﬂ'(UZ(’U“Q)))f,(c]ozl/\cvc2 A Qul/\uz) + e(qal/\az A Qul/\uZ)]
ul u?2el

= Z Pul Au? [E(R(Ul(ul),GQ(UQ)))
ul u2el

— (R(e'(u'), 0*(u?)) = R(a' (u'), m) — R(a?(u®),m) + R(m,m)) ' (qa1 naz A quipu2)
+ G(Qal/\oﬂ A Qul/\uQ)]

Z Pul nu? [O (R(Ul(u1)7 0'2(U2))7 Gotna2 N qul/\uZ)

ul,u2el
+ (R(o'(u'),m) + R(a®(u?),

m) - 2(]0) 5/(Qa1/\a2 A Qull\uz) + f((Io)]»
where

Clar) = 6@) ~ €0) (o~ € W) = [ ’ / T ¢(w) dw dz.

(3.3.6)
Because o' (u'), o?(u?) € B(m,n),

‘(R(al(ul)v m) + R(O’2(’LL2), m) - 2QO) 5/(Q¢11/\a2 A qul/\uz)| < 25/(1)77
Hence using (3.3.5) and noting that gaipq1 = 1, we obtain

|:C (R(Ul(u1)7 Ul(UQ))v Qul/\uZ) -C (R(Ul(ul)a 02(u2))a Gatna? N Qul/\uQ)

By (3.3.6), 0 < Oz, y) < & —y[*¢"(1). Since |R(o (u'), 0" (u?)) = quinuz| < 1 for &' € Q(n),

C (R(e'(u'), o (u?)), quinuz) < " (1)1

Moreover,

C (R(e'(u"), 0% (u?)), datnaz A Guinez) = 0.
So,

P(1) < SKPE (0 + 27 (1) < 3K (1,

We will now evaluate ¢(1) to complete the proof of Proposition 3.3.1
Lemma 3.3.3. The following identity holds.

D—

,_.

(1) = Fy(Q g r(qa)Ca(0(qa+1) — 0(qa))-
=0

Proof. 1t is clear that

©(1) = Fna(Q(n) —logE Z uaepoZg

aeND u€el i=1
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We will evaluate the last term by the recursive evaluation of Ruelle cascades. For 1 < d < D, independently
generate 7j; = (1,(u))uer, € (RY)E by generating, independently for each 1 <i < N,

(q)i = (Ma(w)i)uer ~ N (0, Md)-

(Because 6(qp) = 0, we will not need 7j,, corresponding to the root ) of Tp.) Let

XD*ZZZ’“ 0(qa) — 0(qa-1))"?,

uwel i=1 d=1
and for 0 < d < D —1 let .
Xd = C: logEd exXp CdXd+17 (337)

where Eg denotes expectation with respect to 7j,,,. By properties of Ruelle cascades [Panl3b, Theorem
2.9],

N
1 u
N logE Z Ve €XP Z Zgé’g(a) =—
aeNP uel i=1
Here we use that the depth-zero term 7g(u)6(qo)*/? of géu)(a) is zero because 0(qg) = 0. We now evaluate
Xo by (3.3.7). Foreach 1<d <D, Zfil n4(u); has variance

N 2
E (Z > nd(u)i> = NSum(M?) = NKr(qa_1).

uel =1
So,
S N 2 _ 1 NK > _
7 L log Bgexp <ZZ774+1 > (qa+1) — 0(qa)) =5 logexp< 5 #(4a)Ca (0(ga+1) 9(qd)))
uel =1
= 2 hla0)a¥laa1) — 0aa)

A straightforward induction argument using this computation gives

K
7X0_ 5

D—1

Z t(qa)Ca(0(qa+1) — 0(qa)),

d=0

completing the proof. O

Corollary 3.3.4. For the distribution function ¢ : [qo, 1) — [0,1] defined in (3.3.3),

o) = Fua(@n) + 5 [ (0= w)"(@la)C(a) da

q0

Proof. On each interval [qq4, g4+1), the functions k(g) and ((¢q) are constant. Moreover, recall that ¢'(q)
(¢ — q0)€"(q). The result follows from Lemma 3.3.3. O

Proof of Proposition 3.3.1. By Lemma 3.3.2 and Corollary 3.3.4,

Fna(Q(m) < 0(0) — = [ (¢—0)¢"(9)r(q)¢(q) dg + 3K>¢" (1)n.

q0

The result follows from (3.3.1). O
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In the following two sections, we will use Proposition 3.3.1 to upper bound Fy(Q(n)) in the spherical
and Ising settings by estimating

1
¢(0) = KR(h,m) + i logE Z z/a/ expz
aEND Q(n) u€l

N
(hot dm, w(o(w) + 3 g ()n(o (w): | A’ (3).

(3.3.8)
In the spherical and Ising settings, p is respectively the uniform measure on Sy and the counting measure
on Y. We denote ¢(0) in these settings by ©°P(0) and ¢™(0). We will also denote Fiy in these settings by
FYP and F.

3.4 Overlap-Constrained Upper Bound on the Spherical Grand
Hamiltonian

In this section, we complete the proof of Proposition 3.2.2 in the spherical setting. Denote the expected
overlap-constrained maximum energy of the grand Hamiltonian by

1
GsSp = —FE Hn ().
~ (Q(n)) AEx ~n(2)

Let .Z and .Z denote the subsets of .# supported on [0, go) and [go, 1), respectively. The function » defined

in (3.3.2) is an element of . Moreover (recall (3.3.3)) Mz; C Z. For 8 > 0 and ( € Mg, let Br( € L
denote the pointwise product Sx((q) = Br(q)¢(q). For any ¢ € Z, let ( + Br( € £ be the function

¢(q) q < qo,
BrC(q) q = qo-

(C+BrC)(q) = {

We will develop the following bound on GS?})(Q(U)) for all D, E,ﬁ q,n, 5.

Proposition 3.4.1. Let ¢ € Mg and ¢ € Z be arbitrary. Let f > 0 and suppose that (B, + k() € H (£),
B > B7L. There erists a constant C, depending only on &, h, such that for N > C'log max(K,2),

S S 2 log% 1
GSV(Q(n) < KP°P(B,( + Br¢) + CK? | fn+ Bn+ +—1.

g VN

Crucially, in the input of the Parisi functional, the increasing function ( is pointwise multiplied by &,
which (by selecting appropriate parameters E, P, ) can be arranged to decrease as rapidly as desired. This
multiplication by x allows us to pass from increasing functions { € Mg to arbitrary bounded variation func-
tions, in the sense that Sx( can approximate any element of .Z. Consequently, ¢ + Sx( can approximate any

element of .#, and PSP(B, ¢ + k() can be made arbitrarily close to ALGSP. We will prove Proposition 3.2.2
by setting the parameters in Proposition 3.4.1 such that (B, { 4+ Skx() approximates the minimizer of PSP
and the error term is small. a

Our proof of Proposition 3.2.2 proceeds in three steps. In Subsection 3.4.1 we use the machinery of
the previous section to prove Proposition 3.4.2, an upper bound on the free energy F ]%p(Q(n)). In Sub-
section 3.4.2, we take this bound to low temperature to prove Proposition 3.4.1. In Subsection 3.4.3, we
complete the proof of Proposition 3.2.2 by setting appropriate parameters in Proposition 3.4.1.

3.4.1 The Free Energy Upper Bound

In this subsection, we will use Proposition 3.3.1 to upper bound F]%p(Q(n)). We take p to be the uniform
measure on Sy. The main result of this subsection is the following upper bound on FI%p(Q(n)), which holds
for all D, k,p,q, 1.
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Proposition 3.4.2. Let ( € Mg and € £ be arbitrary. Suppose (B,(+r() € A (§), B>1, and N > 2.
Then,
FP(Q(n) < KPP(B, ¢ + k() + K¢ (1) + K B,

The crux of this argument is to upper bound ¢°?(0) so that we may apply Proposition 3.3.1. We equip
the state space (RV)X with the natural inner product

@.9%) = (y'(w),y*(w)

u€l
and norm ||§||* = (4, §). Generate 7j, = (,(u)) € (RN)X by generating, independently for each 1 <i < N,
(i0)i = (Mo(w)i)uer ~ N (0, M?). (3.4.1)

Similarly, for 1 < d < D, independently generate 7, = (1,(u))uer, € (RV)X by generating, independently
foreach 1 <i < N,

(Tia)i = (Ma(w)i)uer, ~ N(0, M?). (3.4.2)

Let m = (m(u))yer € (RY)X and b = (h(u))yeL € (RV)E satisfy m(u) = m and h(u) = h for all u € L.
For & € (RV)K | define 7(6) = & — m. We define the following functions on (R™)¥. Let

%@zm/ exp(d, 7(5)) du” ()
Q(n)
=%@@+m/ exp(§, &) du (&),

Q(n)
and for 0 < d < D —1, let

_ 1 S
Ga(y) = o log E exp (aGa+1 (y + Tt (' (qa+1) — 5/(%))1/2) :
By properties of Ruelle cascades,
1 - - .
#*(0) = 1 EGo((h + M) + o€ (q0)/?) + K R(h, m).

We will estimate the spherical integral G p, and through it the functions G4 for 0 < d < D —1, by comparison
with a Gaussian integral. This step relies on the following lemma, which is a straightforward extension of
[Tal06a, Lemma 3.1]; we defer the proof to the end of this section. For B > 1, let vz denote the measure of
N(0,%). Let x*(d) denote a x* random variable with d degrees of freedom.

Lemma 3.4.3. For all §j € (RV)E,

ememSP&%mZBNYKWM%@ﬁD/wM@@mﬁ“@)

The probability term in this lemma can be controlled by the following standard bound, whose proof we
also defer.

Lemma 3.4.4. If B> 1 and N > 2, then
P(x*(N) > BN) > exp(—BN/2).

It remains to analyze the terms in Lemma 3.4.3 involving 4. Define further

"
. . - - Y G
(@) = (5.7 +log [ exp(d. ) avi(7) = D2 — (g,
1

GolH) =

log E exp (4G g1 (?7 + Tgy1 (€ (qas1) — 5’(61(1))1/2) for0<d<D -1,
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Henceforth, suppose N > 2. Lemmas 3.4.3 and 3.4.4 imply that

1 ~ 1
% (0) < EGH((h + M) +7jo€ (a0)'/?) + KR(h,m) + S KB. (3.4.3)

Consider a new state space R¥ with elements 3 = (y(u))uer where y(u) € R, equipped with the natural
inner product
—'1 —'2 Z
7 (

u€ll

and norm ||gj||§ = (#,7). GCenerate the R¥-valued Gaussians efag ~ N(0, M!) and, for 1 < d < D,
etag ~ N(0,M?). Recall that h = (h,...,h). Let m = (mq,...,my), and let I € REX denote the all-1
vector. For 1 < i < N, define the following functions on RE.

P 1
I'p() = 5B - mi(1,9),
| D
I'a(y) = & log Eexp Cal'g 4 (y + etag1(€'(qa1) — f'(Qd))l/Q) for0<d<D-1.

By independence of the 1 <1i < N coordinates in the G/, (3.4.3) implies
1 1
©%P(0) < N D ETG((h+ Ami)T + efaog’ (q0)'/?) + KR(h, m) + SKB. (3.4.4)

It remains to compute the Gaussian integrals I'’;. For this, we rely on the following lemma. We defer the
proof, which is a standard computation with Gaussian integrals. Let Sk denote the set of K x K positive
definite matrices, and let | - | denote the matrix determinant.

Lemma 3.4.5. Suppose ¢ >0 and A, € Sk satisfy A — (X € Sg. If ¥ € RX and eta ~ N(0,%), then
1 1 - - -
¢ log E exp 5@ (7 + eta) "A™Y(§ + eta) — 217T(37+ eta))
1
=5 [T (A —¢2) 'y — 20T A(A — ¢2) 1] + 57 log

Al Ls

T CEI 7T(CD)(A - CX) AT

We can compute the expectations in (3.4.4) by applying this lemma recursively. Define
1
H(€) = {(B,C) ER"XxZ:B> / &"(qd")¢(q) dq’}.
g0
Proposition 3.4.6. Let ( € My, and suppose (B, k() € H (€). Then, for By defined as in (3.1.3),

(h+ (A — B)m,)* + € (q0) £'(q)
B (@) +/ (g

ET)((h + Ami)T + efagé’ (q0)"/?) < = 5 [ )dq—Bmf

Proof. Let Ap = Blg,and for 0 <d <D —1, let

Ag = Agi1 — Ca(€ (qarr) — € (qa)) M.

We will first show that Ag,...,Ap € Sk, so that we can apply Lemma 3.4.5. For ¢ € [qo, 1], we define

~ By - / &"(d)M(¢)¢(d) dg'.

Note that Aq = A(gq) for all 0 < d < D. Since M(q) = k(q)Ix in the Loewner order,
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So, the hypothesis (B k() € %(5) implies A(q) € Sk for all ¢ € [qo, 1]. In partlcular Ag,...,Ap € Sk.
Further, define vp = mll and for 0 < d < D — 1, define vy = A, Ad+1vd+1 This implies that

Uqg = Bm; Ay 7. We can write ]."lD as

T 1, 1. T
Tp() = 5 (77 Ap'7 = 20p9)
By a recursive computation with Lemma 3.4.5 (which applies because Ag,...,Ap € Sk), we have for all
0 <d < D that
e ) o L
i = 780 2 3 el 3 v s g A
d/
1 . D— \Ad | D-1 ~
=3 GTA T —2Bm T A g+ Z L By Z TTALY  (Aarsr — Aa) AT
Aa d'=d
Note that
D—1 D— K
S OITAL  (Aagr — Ag)AL T = Z — AT =TT(A; = AHT =TTA;'T 5
d'=d —d
So,
1 1 | Aga
To@) = = |7 A 7 — 2Bm AT AG T+ BPmPT A T+ > —log 5 — K Bm?
2 22 ¢y % A
D—
_1 (7 — Bm 1) TAGY (7 — Bm1) + Zl L 1o [Adia] KBm?
2 22 ¢y A
Therefore,
ETH((h+ Am;)1 + etao (q0)*/?)
5 Lo il
=3 (h+ (A= B)m;)*Tr(Ag 'TTT) 4 €' (go) Tr(Ag ' MY) Z C— |X+|1 — KBm?
d
d=0

By Jacobi’s formula,

qu log |A(q)] = £”(g)C(a)Tr(A() "M (g)),
1 %1 - / £ (q)Te(A(q) " M(q)) dg.
Therefore,

EFB((h + )\ml)f + 61?&05(%))1/2)

1 e _ ! _
=5 |(h+ (A~ B)m;)*Tr(A(go) "' TT") + &' (g0) Tr(A(g0) ™" M (q0)) +/ Tr(A(g)"'M(q)) dg — KBm}
g0
Finally, for each ¢ € [go,1), (3.4.5) implies A(¢)~" = 5 c(Q)’ SO
_ M(q) K
Tr(A(q) "1 M(q)) < Tr < > = ,
W= M@) =T\ 5 0)) = Bt
and similarly Tr(A(go) *117) < m This implies the result. O
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Proposition 3.4.6 and (3.4.4) readily imply the following bound on Ff,p(Q(n)).
Proposition 3.4.7. Let B> 1, N >2, and A € R. Let { € Mg, and suppose (B, k() € A (€). Then,
h+ (A= B)m|} + ¢ (q) L)
rrem <5 |! )R, m) + [ ¥ Bu(o)) dg
N 2 Bi¢(q0) o \Bic(q) ¢
+3K2€" (1) + K|\

Proof. By averaging Proposition 3.4.6 over 1 < i < N, we get

N
ZEI” ((h + Mmi)T + efao’ (qo)*?) <

=1

=2

Ih+ O\ = Bym|y +&@)  [* &)
BHC(qO) - /qo

where we used that ||m||?\, = go. Equation (3.4.4) implies that

K
©%(0) < 3

|h+ (A = B)m||3 + € (q0) !
Bic(q0) + 2R (h,m) + /qo Bic(q)

By Proposition 3.3.1, this implies

|+ (A= B)m|% + € (q0) §"(q) 7
[ B (00) +2R(h,m)+/qo Brc(d) dg+ (1 —qo)B

1
- / (4 - 10)€"(@)x(a)C(9) dq} 3K (1) + K|AJn

g0

FYP(Qm) < 5

By integration by parts,

—/q:(q—qo)f() (9)¢(a) dg = (¢ — q0) / "(d) ) de/| . //f" ' (¢) da' dg

- / Bucla) dg— (1 — q0)B.

which yields the result. O

The next lemma upper bounds our estimates for FEP(Q(T])) in terms of the Parisi functional uniformly
in m.

Lemma 3.4.8. Let qo € [0,1]. For (B,¢) € #(€), h=(h,...,h), |m|% = qo, there exists A € [0, B] such

that
I+ 0= BImly +€ (@) |y / (E”(q) +B<(q)) dq] < PSP(Q),

2 Be(qo) Be(q)

Proof. We take \ = fol ¢"(q)¢(q) dg. The condition (B,¢) € 2 (€) implies that A € [0, B]. Note that
A — B = —B(0). It suffices to prove that

[P = Be(0)mlly + € (q0) o< IRl [ (€M)
Be(ao) rannm) < g [ (G0 B aa

Note that

§(a) _ [ (9 dg < “©¢"(q) dq

Be(q) Jo Belg) ~ ~ Jo Be(q)

So, it suffices to prove that

qo
and  qoB(0) < / Be(g) d.
0

|k — Be(0)m||%

IRl
BC (qo) + QR("L, m) < + OBC (0)

~ B¢(0)
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This rearranges to (using that [|ml|% = qo)

: ! 2 2 2
"=\ B~ hly —2B¢(0)R(h, m) + B¢(0)” [[m ,
(5~ gy ) (1M1~ 28600 Reh ) + B0 )
which follows from Cauchy-Schwarz. .

We are now ready to prove Proposition 3.4.2.

Proof of Proposition 3.4.2. Recall that the restriction of ¢ + ¢ € £ on [go, 1) is k(. Because (B, { + k() €

H(€), we have (B, k() € £ (€), and so Proposition 3.4.7 applies. Combining this with Lemma 3.4.8 applied
on (B, ¢ + k() gives the result. O

3.4.2 From Free Energy to Ground State Energy
Next, we will prove Proposition 3.4.1 by taking Proposition 3.4.2 to low temperature. We introduce the
following temperature-scaled free energy. For 8 > 0 and n € (0,1), let
1 - -
FP(5,Qn) = 3 1ogE | exp (@) du¥ ().
Q(n)

This free energy can be upper bounded by the following application of Proposition 3.4.2.
Corollary 3.4.9. Let ( € Mg and ( € Z be arbitrary. Let f > 0 and suppose (B,{ + Br() € H (),
B> 7Y, and N > 2. Then,

1

g
Proof. The hypothesis (B,{ + 8x¢) €  (§) implies (8B, 57¢ + £¢) € A (82€). The hypothesis B > 71

implies 8B > 1. By Proposition 3.4.2 with parameters (32¢, 8h) (corresponding to the Hamiltonian SHy),
¢, BB, and B¢,

FR(8,Q(n)) < KPSP(B, ¢ + Br¢) + 3K¢"(1)Bn + K By,

FP(8,0(n) < KPS, ;. (8B, 871C + vC) + 3K2¢"(1)8% + KB, (3.4.6)
We can verify that . .
P32 5n (BB, B¢ + KC) = BPEH (B, ¢ + Br().
So, dividing (3.4.6) by /3 gives the result. O
The following lemma relates the ground state energy GS%}”(Q(U)) to this free energy at large inverse

temperature 5. We defer the proof, which is a relatively standard approximation argument.

Lemma 3.4.10. There exists a constant C depending only on &, h such that for all § > 0, n € (0, %), and
N > Clogmax(K,2),

log 1
asSP(0() < LF (8, (2n) + CK (n Jlosg 1) |

B B VN

Proof of Proposition 3.4.1. Let C be large enough that Lemma 3.4.10 is satisfied and C'log2 > 2. For all
N > Clog max(K,2), Corollary 3.4.9 (with 27 in place of ) and Lemma 3.4.10 imply that

B VN

By applying the estimate K < K? and absorbing constants depending on only &, h into C, we deduce

log 1 1
GS%’(n) < KPSP(B,§+BnC) +6K2%¢"(1)Bn + 2KBn + CK <n+ k7 + ) )

GSSP(n) < KPSP(B,( + BrC) + CK? | B+ By +n + log +
N — 'S ﬁ \/N .

Finally, because B > 37!, we have 3+ B > 3+ 37! > 2, so by increasing the constant C' we may drop the
term 7 from the sum. O
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3.4.3 Proof of the Main Upper Bound

We now complete the proof of Proposition 3.2.2. We will set the parameters of Proposition 3.4.1 such that
(B, ¢ + k() approximates the minimizer of PSP in .% and the error term is small.
For ( € £ and 6,z € [0,1), we define a perturbation (5, € .Z of ¢ by

@ +6) qefr,x+0),
Co(q) = {C(Q) otherwise.

Note that (o, = (.

We now set several constants depending only on &, h,e. Let C be the constant given by Proposition 3.4.1.
By continuity of the Parisi functional PSP on .#(£), we may pick (B*,(*) € #(£) and a small constant
A € (0,1) such that the following properties hold.

(a) ¢* is positive-valued, right-continuous, and piecewise constant with finitely many jump discontinuities
<< <z <1

(b) For all § € [0,A] and x € [0,1), (B*,(},) € #(£) and

PSP(B*,G,) < ALG+ <. (3.4.7)

The perturbations (j , will be used in the following way. Given g € [0, 1], we will apply Proposition 3.4.1

with ¢ + BrC = ((1_y)a.- 10 particular, we will construct 8, k = kFPT and ¢ € My such that Sr( =

_ on [go,1). Because ( is increasing, we must construct a x that decreases rapidly enough to
o)At 1). B is i i t construct a « that d idl ht
make this equality hold. In the below proof, the fact that C(*l_qo) Ao does not have any discontinuities in

[90, 90 + (1 — go)A] implies that ¢; > go + (1 — go)A, which implies that p; > A for any y-aligned p, ¢. This
allows us to construct a suitable x while keeping K = H5:1 kq bounded by a constant.

Proof of Proposition 3.2.2, spherical case. We first set the constants Ko, 79, No. For x € (0,1], let (*(z7) =

lim,_,,- ¢*(y). Let
a=T1 (|50 )

This is well-defined because ¢* is positive-valued. Let ng € (0, %) satisfy the inequalities

1
CK, <B*n0 + né/Q + né/Q log 77) < %, (3.4.8)

0
no < (B*)?, (3.4.9)
no < ¢C*(17)72 (3.4.10)

Finally, let Ny satisfy Ny > C'log max(Kj,2) and
CKO 9

< -, 4.11
VNG S R

We emphasize that Ky, ng, No depend only on &, h, €.
In the below analysis, we always set n = ng (this clearly satisfies n > ng) and 5 =17, 12
We are given a correlation function x : [0,1] — [0,1] and a point m € RY with ||m\|?v = x(0). We set

go = x(0); we will set the rest of ¢ below. We will construct D, k,p, q, ¢ such that on [go, 1),

BEFPIC = (0 Ao (3.4.12)

Let
S=A{z1,....z} N(q+ (1 —q)A1).
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Set D — 1 =|S]. Set ¢ such that (¢1,...,gp—1) is the set S in increasing order and ¢gp = 1.

By Proposition 3.2.1(ii), x is either strictly increasing or constant. If x is strictly increasing, set p =
(po,---,pp) by pa = x (qq) for all gz < x(1) and pg = 1 for all g4 > x(1). If x is constant, its unique value
is g0 = x(0); set po =0 and pg = 1 for all 1 < d < D. In either case, p,§ are clearly x-aligned. Moreover,
we always have p; > A: if x is increasing, this follows from ¢; > qo + (1 — ¢o)A and Proposition 3.2.1(iii),
while if y is constant this is obvious.

Set k1 =1, and for 1 <d < D — 1, set

Because q1,...,qp_1 are a subset of z1,...,z,, we indeed have K = Hle kq < Kp.

This constructs D, 1;15’7 q,n, which defines "Hﬁ}ﬁ, (n) = QSI’(QE’Q7 m,n), and KRB, Finally, we construct
the sequence (¢_1,Cp,--.,(p) satisfying

0=C(1<(<---<(p=1 (3.4.13)

such that the ¢ € My defined by (3.3.3) satisfies (3.4.12) on [go,1). In particular, we define (g for 0 < d <
D —1hby
C(1-g0),g0 (9a)

BrF-P(qq)

For this choice of (g, (3.4.12) holds at qo,q1,-..,q4—1 by inspection. Because ¢, KEPT and C(*l_qO)A g ATe

all piecewise constant and right-continuous on [go, 1) with jump discontinuities only at ¢1,...,gp—1, (3.4.12)
holds on [gg, 1). It remains to verify that this choice of (; satisfies the increasing condition (3.4.13). Because

C(*l—qo)A o is positive-valued, (5 > (1 =0. At each 1 <d < D — 1, we have

(4=

o Slana @) KFPO(gy )

Ca-1 B CEkl—(IG)A#Io (ga-1) ﬁg’ﬁ’i(Qd)

By (3.3.2),
D-1 D D
KPP (gq) < Z (kjr1—1) H ke| +1= H ke,
j=d+1 t=jt2 t=d+2

where we upper bounded all the pg by 1. So,

o D
KEPT(ga_y) (ka1 = 1) [Ti=apo ke
K,

— =1+ T pa > 1+ (kay1 — 1)pa > kar1pa > kap1A.
K*P(qq) KFPd(gq)

Here we used that pg > p; > A. Further noting that ((*lqu)A “ (ga—1) = C*(q; ), we have

A qd AC*
Cd > — (1 QO)Av(IO( ) g = ¢ (qd) kapr > 1
Ca—1 C(l_qo)AﬂO(Qd—l)

Cay)

by definition of kgy1. Thus g > (41 for 1 < d < D — 1. Finally, because HE’ﬁ"?(qD_l) =1,

C(*1—¢10)A7qo (4p-1) 1/2

(p-1= 3 =1y’ "¢"(17) <1=(p,

using (3.4.10). Thus the ¢ we constructed satisfies (3.4.12) and (3.4.13).
Define ¢ € £ by ( = (* on [0, qo). Thus, as elements of .2,

¢+ BrbPIC = C(1—g0)A 0"
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By construction, (B*,(f;_,\a,4,) € # (§), and (3.4.9) implies B* > B~L. By Proposition 3.4.1,

1 S Sp/ ¥ 2 [ s 1/2 . 1/2 1 1
B H(@) < KPP G yn) + OK? (Bt o log o 2 ).
By (3.4.7),
S * 9
KP™™(B ’C(l—qo)&fm) <K (ALG + 5) :
By (3.4.8),
1 K
CK? <B*77 + 0% 402 log > < TE
n
Finally, by (3.4.11),
CK _ K
VN = 4
Combining the last four inequalities gives the result. O

3.4.4 Deferred Proofs

Here we give the proofs of Lemmas 3.4.3, 3.4.4, 3.4.5, and 3.4.10, which are all relatively standard. We recall
the following lemma, due to Talagrand, from which Lemma 3.4.3 readily follows.

Lemma 3.4.11 ([Tal06a, Lemma 3.1]). For all y € RY, the following inequality holds.
—1
[5 xply. o) du() <P (V) 2 BY) " [ exply o) avil (o).
N
Proof of Lemma 3.4.5. Using Q(n) C S¥ and Lemma 3.4.11, we get

exp Gp(§) = oxp(— (§, 7)) /Q (5. 7) dui (&)
n

Proof of Lemma 3.4.4. Using the probability density of x?(N), we compute:

, 0 N/2-1,~2/2
POEN)>BN)= [ L __° 4

02BN = [ e e
(N/2)N/? /OO yN/2=1=Nu/2 gy

r(3) Js

N/2 0o

QU2 [ g
T () s

_ (N/2)N/2-1 o~ BN/2
N

r(3)

> o~ BN/2

where the last step uses that (N/2)V/271 > T (§) for N > 2. O
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Proof of Lemma 3.4.5. By a straightforward computation,
1 - - -
E exp 5( (7 + eta) " AT + eta) — 207 (7 + eta)]
1
= |27V (2m) K/ /exp [—2 (@FTST =G+ TAT G+ F) + 20 (T + f))} i
= |2|7Y2(2n) K72 /exp {—; FT(E - A F -2 Ay -0) T F-CFTAT g+ 2@7%7)] dz
_ _ 4 1 e _ _1\ 1
=3 1/2|E L_¢A 1| 1/2exp§ (CQ(A 1y—v)T (E L_¢A 1)
A2 C T “1-  o=T 1=, =T —1p
= mexp§ (' A=) g—20"AA = (D) g+ T ((E)(A—CE)TAT) .

Taking logarithms and dividing by ( yields the result. O

(A7 =) + g AT 7 - 2677 )

Proof of Lemma 3.4.10. Define the random variable

0" = arg maxHy(a),
Fe€Q(n)

where we break ties arbitrarily. For 6 > 0, define
B(6",6) ={c € S§ : ||lo(u) —o*(u)||y < d forall u € L} .

If @ € B(¢",n/3), then for each u € L we can write o(u) = o*(u) + §(u)p(u), where p(u) € Sy and
0 <6(u) <n/3. Then, for all u € L,

[R(o(u),m) — qo| < |R(c™(u),m) — qo| + 6(u)|R(p(u),m)| <n+n/3 <2,
and for all u,v € L,
|R(o(u),0(v)) = qundl
< [R(e™ (), 07(v)) = quav| + 6(u)|R(0™ (u), p(v))| + 0 (v)[R(a™(v), p(w))] + 6(u)d (v)|R(p(u), p(u))]
<n+n/34+n/3+n/3="2n.
So, B(¢",1/3) € Q(2n).
Let constants ¢, C; be given by Proposition 3.0.1. By this proposition, the event
S = {sup sup HVH](\}L)(G')H < C’l}
u€EL oESN N

has probability P(S) > 1 — Ke~N. Here we use the fact that for v € RY, ||Jv||y = [v]l,,- On S,

. ClNKn
3

Hy(F) > Hn (")

for all & € B(¢*,n/3). So,

EY(3,Q0n) = plogk || exp (&) du* (&)
n

Y

1
~ log E1{S} exp BHN (&) du™ (&)
N B(&*n/3)

1
—logE1{S} CXpﬂ(HN(&'*)
N B n/3)

1081 {8} exp 5Hx (&) — P 1 Clog i (B(6,m/3))
= a8 ~ PN | L tog i (8(6 n/3)

4 %logE]l (S} exp B (H(8") — EHn(5")) .

\%

- ClNK”) 4y (&)

vV
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The set B(a*,n/3) is the product of K spherical caps in Sy. By elementary properties of the spherical
measure, there exists a large C' such that u(B(&*,17/3)) < n°NE and so

1 1
NIOgMK(B(ﬁ*,Tl/?’)) > —C’Klogﬁ.

By Proposition 3.2.8,
1
P (HN(&*) CEHN(E) < —K+/1log2 - §(1)N> <3

By a union bound, the complement of this event and S simultaneously hold with probability at least % —
Ke °N. Thus,

%logE]l {StexpB (Hn(6") —EHN(G")) > —BK 410%'6(1) + %log < - KBCN> .

VN NOg%—Ke*CN'

By choosing C' large enough, we can ensure that if N > Clog max(K,2), then Ke= N < i. Then, we may
absorb the last term into the term CK log % Rearranging yields the result. O

3.5 Overlap-Constrained Upper Bound on the Ising Grand Hamil-
tonian

In this section we upper-bound ¢(0). We take the reference measure p to be the counting measure so that
integrals over Q™(n) become sums.

We define (Zy, ..., Zp) similarly to G4 of the previous section, but as a sum over all of (Xx)¥ directly.
As before, define 7, . .. 7jp to be independent Gaussians as in (3.4.1) and (3.4.2). For g € (R¥)Y, define

Zp@) =log Y exp) (h+Im+y(u)m(o(u))

Fge(Zn)K u€L

N
= log H H (2 cosh (h + Am; + y(u);) exp (—m;(h + Am; + y(u);)) >

1=1u€el

N
= Z Z <log (2cosh (h + Am; + y(u);)) — m;(h + Am; + y(u)z)) .
i=1

u€l

Given the sequence 0 = (1 < {p < (1 < --- < (r = 1, recursively set

2@ = = B GaZarn (3+ aa(€ s = € @) ?)
d

Then Zy = Zp(0) is a deterministic function of m and h.

Proposition 3.5.1. For any m € [-1,1]"V,

Proof. Recall from (3.3.8) that

N
©(0) = KR(h,m) + %logE Sva Y exp (Zm +am,m(o(w) + >y ggfg(a)w(a(u))i> .

aeNDP FeQls(n) uw€L u€el i=1
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Summing over all of (Xx)% gives the upper bound

(0 < KR(hm) + logB Y v 3 e (Z e amot) + 0356 ))i>'

aeND Fe(EnN)K u€L u€lL i=1

Similarly to previous sections or as in [Pan13b, Theorem 2.9], properties of Ruelle cascades imply that the
right hand side above equals

1
KR(h — 7
( 7m)+N 0

because the coordinates ¢ € [IN] now decouple. O

3.5.1 Properties of Parisi PDEs

Here we review properties of Parisi PDEs. We begin with the 1-dimensional case for general ( € £ and
consider the PDE

01 Pc(t, ) + %f'/(t) (Opa®e(t, ) + C(1) (0P (t,2))?) =0 (3.5.1)
(pC(]-ax) - fO(:L')
For 8 > 0 we will consider the initial conditions fo(x) = log(cosh(Sz)/8) — ax for a = m; € [—1, 1] which

leads to solution (I)SC' When not specified, we take 8 = 1 and a = 0, so for instance @, = (I> ac and

@ﬁ = <I>ﬁ . We also allow the 8 = oo case ®¢° corresponding to fo(z) = |z| — az. Note that (1.3.4)
corresponds to the case (a, 8) = (0,00). Regularity properties for solutions to (3.5.1) were derived in several
works such as [JT16, Chel7] for ¢ € %. We draw on the results? of [AMS21] for ¢ € Z.

Proposition 3.5.2. [AMS21, Proposition 6.1(b) and Lemma 6.4] For ¢ € £ and (a,B) € [-1,1] x (0, o0},
the function @f’c is continuous on [0,1] x R and 2-Lipschitz in x. Moreover both

8m<I> c(tz) and 8t c(tz)

are uniformly bounded on (t,z) € [0,1 — ] X R for any € > 0. Finally <I>§7<(t,x) s convez in T.
Proposition 3.5.3. [AMS21, Lemma 6.5] For ( € £ the SDE
dXy = &"(t)¢(H)0.PL (¢, Xy) dt +/€'(t) dBy,  Xo = Xo (3.5.2)

has strong and pathwise unique solution.

Proposition 3.5.4. [AMS21, Proposition 6.1(c)] For (1,(s € £, and 3 € (0, 0],
1
22 -l < [ €wla - el
0

The Multi-Dimensional Parisi PDE

Here we define the Parisi PDE on R¥. For simplicity we restrict attention to finitely supported ¢ € Mg.
We construct ®* via the Hopf-Cole transformation and verify that it solves a version of (3.5.1).

Recall the definition of M¢ = MFPd ¢ REKXK given by

Mkp’2 —]l{u Au? >d}pu1/\u2

ul,u

As before, M(t) = M< for t € [q4_1,qa)-

2Technically the cited results from [AMS21] assume fo is 1-Lipschitz and even. The evenness is not used in the proofs of
the statement below. In our case fo is 2-Lipschitz when |a| < 1, which is equivalent up to a rescaling as in (3.5.7).
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For an atomic measure { € My consider the function @%(t,f) : [0,1] x RE — R defined as as follows.
The t = 1 boundary condition is

(I> Zlog (2coshz(u)) — azx(u).
u€clL

For t € [qo, 1), @%74 is defined recursively by

Oy (t,7) = log E exp (C(t)q’ﬂé,g(QdJrhfer etagyr - (€' (qa1) — E'(t))l/2)> L€ [qd,qar1)

1
0]
where etag ~ N'(0, M') and etag ~ N(0, M?) for 1 < d < D are independent Gaussian vectors in R*. For
t €[0,qp), we extend the definition of ¢ so that {(t) = 0 and define

@%,g(tvff) = E@%,g(%a T+ 65@0 : (5/(40) - §l(t))1/2)-
Proposition 3.5.5. For any ( € My,

Z‘I’ 0, (h 4 xm;)T).

Proof. This follows from Lemma 3.5.6 since the recursive definition of @fl"c(t,x) restricted to times ¢t €
{qa}aep) is exactly that of Zy up to an spatial shift of (h + Am)1. O
We defer the proof of the next lemma, which is a standard computation.

Lemma 3.5.6. The function <I>H{;7< is smooth on each time interval [qq, gar1] X RE. Moreover it is continuous
and solves the K-dimensional Parisi PDE

0005 o (1.7) = ~ 1 (1), 20l ) + C(OOI(). (V0 %) (35

Finally \3z(u)<l>ﬂa*yc(t,a_:')| <1+ |a| holds for all (t,%,u) € [0,1] x RE x L.

Auffinger-Chen Representation

As shown by [AC15] the Parisi PDE admits a stochastic control formulation. We now recall such represen-
tations in the cases of interest starting with the 1-dimensional case. For 0 < t; < t5 <1 let D[t1,t2] be the
space of processes v € C([t1,t2];R) with sup;, <,<4, [v:| < 2 which are progressively measurable with respect
to filtration supporting a standard Brownian motion B;. Define the functional

01 (,0) = E [V @0) - 20 (0)]

where
ta

yéjc’m (z,v) = @ZC <t2,x +

t1

¢ (Yo dr + / VE) dB)
zi =y [ et ar

Note that since |v,| < 2 is uniformly bounded and |[£” - ||1 < oo there are no continuity issues near ¢ = 1.
The next proposition, whose standard proof we defer, relates <I>’§ ¢ to stochastic control.

Proposition 3.5.7. For any ( € £, [t1,t2] C[0,1], a € [-1,1] and B € (0, 00|, the function CI)S,C satisfies

O (t,x) = sup AT (w,0). (3.5.4)
' veD[t1,ta]

Moreover the mazimum in (3.5.4) is achieved by
v = 0, P (1, X,)
where X, solves the SDE (3.5.2) with initial condition X, = x.
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The corresponding stochastic control formulation in R¥ is as follows. For 0 < t; <ty < 1 let DL [t1, 2]
be the space of processes 7 € C([t1,t2]; R®) with sup;, <,.<;, [Ur]oc < 2 which are progressively measurable

with respect to a filtration supporting an R¥ valued Brownian motion B, = (B")ueL- Define the functional

Xyl () = B [Vr (@0 - 2000 0)]

where

V(7 9)

of ¢ (twﬂ [ e, ar+ [ VM) dér) ,
200 = [ M), 5

In the multi-dimensional case we restrict attention to finitely supported ( € Mgz to avoid the by-now
routine process of extending regularity properties of (I>HC“ to general (. The proof is again deferred.

Proposition 3.5.8. For any ¢ € My, [t1,t2] C [0,1] and a € [—1,1], the function @%’C satisfies

QL (t,8) = sup X P(F D). (3.5.5)
veDL [tl ,tQ]

Moreover (3.5.5) is mazimized by Us = V@%’C(s,fs) where the RX -valued process X, solves
X, =7+ t C(r)E" (P M(r) Ve (r, X,) dr+ /t VE(r)M(r) dB,,  s€ [t ta].
1 1

3.5.2 Relations Among Parisi PDEs

Following [CPS18, Section 8] we relate ®, . to ®.. Note that we always consider times ¢ € [0,1] with
endpoint conditions at ¢ = 1, while [CPS18] defines the boundary condition for ®, ¢ at time ¢t = 1 — go, see
e.g. Equation (3.25) therein.

Proposition 3.5.9. For any a € [-1,1] and ( € £, withy == — afol &"(t)¢(t)dt,

2 1
B(0,1) ~ oy = Buc0,3) + 5 [ €O
0

Proof. By setting y = x — afol &"(s)¢(s) ds, it suffices to show that for all ¢ € [0, 1],

Duclta) = O (t, r—af L)) ds) et % / "e(8)¢(s) ds.

(In particular the desired result is obtained by setting ¢ = 0.) It suffices to show this for ¢ continuous. Set

ft,x) = ®; <t,x - a/tl £"(s)¢(s) ds) —azr + a;/tl € (s)¢(s) ds
and define .
b(t,z) =z — a/t &"(s)¢(s) ds.

Then we compute

2

Onf(t, @) = 0:c(t, b(t, @) + ag” (£)C(£) P (8, (¢, 7)) — %é”(f)é(t)
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and
Ouf(t, @) = 0o c(t,b(t, @) —
Opa f(t, ) = Oya®c (L, b(t, 2)).
It follows that .
0uf12) = = (00 (1.2 + ) (0uF(0,2))7)

Note that at time 1, f(1,2) = log(2cosh(z)) — ax = ®4¢(1,2). Uniqueness of solutions to the Parisi PDE
as in [JT16, Lemma 13] completes the proof.

O
Lemma 3.5.10. For any {,y € £ and any (t,z,3) € [0,1] x R x (0, o0},
o (tw) <O . (ta)

Proof. We use the Auffinger-Chen representation (3.5.4) for <I>B ¢ and 3°
the modified control
C(t)ve

C(t) +~(t)

a4 For any control v, consider

Wy =

It is not difficult to see that
Vae(@:0) = Vi g4 (@,0)
since the resulting SDE is the same, while
Zro(0) 2 2y (w).
Therefore
Xy (w,0) < Xy (a,w)

Since v was arbitrary, we are done by Proposition 3.5.7. O

Define ¢ = (|{40.1] and ¢ = (]{0,q] when ¢ € £ and qq € [0,1] are given. The next lemma is analogous to
Lemma 3.4.8 and will be used to connect our estimates for ¢(0) to the Parisi functional uniformly in m.

Lemma 3.5.11. For ( € £, with A = [ €"(£)¢(t)dt,

Nch 20 xms) = 5 [ (¢ = )T (Ot + Rl m) < PE ©)

q0

I= / 1€ (OC(H)dt, T =\ = / € (1) (1)t

= / te" () C()dt, T= [ €' )(t)dt

q0

Proof. Define the constants

0 = 0
Then I =T+ 1 and J =J + J and qoJ > I. Recalling that Pgh(g) =02(0,h) — %, we estimate

PEL(C) = ®(0,h) — £

N 2 5 >Pr0p352
=% Lim1 (@;?i,g(O,hMmi)eré‘ )—é+R(h7m) 2
[m]l qo
= L3V @3 (0, h+ Amg) + % — L4 R(h,m) e ZNc
J— _ f— +
=& Xl (0h+)\mz)+z‘l—é—s—qoé_I—&—R(h,m)Q I
7 T qod = L
> LN @ (0,h+Amg) + B2 — I 4 R(h,m)
o T \)Lem3510
> ¥ 1(1)00 (0,h+ Am;) + 9= — 5 + R(h, m).



This is exactly what we wanted to show.
O

The next crucial lemma upper-bounds <I>H(;7< using the 1-dimensional function ®, .¢. As in the spherical
case, multiplying by s will allow us to pass from increasing ¢ € Mgy to arbitrary functions in .Z.

Lemma 3.5.12. For any ( € Mz, £ € RE, a€[-1,1] and t € [0,1],

B) <) Dt x(u). (3.5.6)

u€L

Proof. Define
Bhivte@) = 5 CrE" (r)alr) ™ (M ()2, 582) dr.

1
Since M (r) < k(r)Ik, in the Loewner order, it follows that

k(r)"TM(r)? < M(r).

Hence 2121,1&2( v) < ZH‘ tl’tz( U) for any & and . Setting

N]L, 5 — — P IL, ) fd — N]L’ 3 —
X (E,0) = Y, (F0) — 20" (0),

it follows that
t,1 Stlo -
Xy o (Z,0) < X (Z,7)

always holds. Next for any 7 € DV[t,1] and r € [t, 1], define V,, = M((r))vr € RX. Then
L2
(M(r)2,52) = 1M )55 = w(r)? ||V

and so (including the relevant Brownian motions as arguments in a slight abuse of notation),

=> 2, (V(u), B(w).

u€l

Moreover since «(r)V,(u) = M(r)7,(u),

Since each coordinate B, (u) of B, has the marginal law of a 1-dimensional Brownian motion,

XobH @) =Y Xl (), V().

(A
Therefore we obtain
M%@mgﬁa@m

a,g
= Ay (w(w), V()

u€el

S Z (I)a,rcC (ta x(u))

u€L

Since 7 € D™*! was arbitrary this concludes the proof. O

92



3.5.3 Zero Temperature Limit

We now apply the above results with (3%¢, Bh, B)\) in place of (£, h, \), which corresponds to scaling Hy to
BHn. We accordingly define ®g2¢ - and gpgz ¢(0) by making this substitution in their definitions. It is not
hard to derive the scaling relation

Dpog ¢ (t, Br) = B- B (t,7), (tx) €[0,1] x R (3.5.7)

for any 8 € (0,00) and ¢ € Z.
We will also use the following simple estimate to pass to the zero temperature limit.

Proposition 3.5.13. sup, ’(I)?(t’x) — ‘I)Eo(tx)’ < 1022.

Proof. Recall that CI)?(L:L’) is convex and 1-Lipschitz while ®°(1,z) = |z| < CIJ?(l,x). It follows that

sup |@2(1,z) - <1>g°(1,m)‘ - ‘@?(1,0) — 9(1,0)

z€R
__log2
5
Hence log 2
0, 1 0,1 0g
‘X v, ) Xgoo(v,z)‘ < 5
holds for any control v, since the only difference is from the boundary value at time ¢t = 1 in ). Proposi-
tion 3.5.7 now implies the desired result. O

Below, recall the definition ¢ = ¢ l1q0,1

-

Lemma 3.5.14. Let (§,q, k) be as in Section 5.3, and fix 3 >0 and ( € £ such that ( € Mz. With

1
A= / €M (D) dt

FY(B.Q(n)) < BEP™(Br¢) + 362 K7"(1)n + KA + K log 2.
Proof. Applying Proposition 3.3.1 with ¢ and (52¢, Bh, 8)) in place of (&, h, \) in the first line,

we have

F(8.Q(n) — 382K2¢" (1) — KB < 9%5:¢(0) — 255 [ (¢ — 00)€” (0)r(0)C(q) dg

2 Props 3.5.1,3.5.5
< ANk, (a0 Bh+ Bami) = B[ (g~ 0)€" (a)k(a)C(g) dg + BK R(h, m)

L \) Lem 8.5.12
<R e, (00, Bh A BAM) — (@ — 20)€"(@)r(q)¢(q) dg + BKR(h,m) Q (357
=N XL gz (@05 oA Am) — ﬁT fo(q = 0)¢"(9)r(q)¢(q) dg + BKR(h, m) D »
Bk rop 3.5.13
= B o a0 h+ dma) — S5 [ (g — a0)€"(a)Br(a)C(a) dg
+ BKR(h,m) + Klog2
\) Lem 3.5.11
< BKP%(Br() + Klog 2.
Here terms modified from the previous line are in red text.
O

All that remains is to approximate an arbitrary (. € £ by Sk({ on [go,1) for { € Mz and choose
parameters appropriately. We do this now.
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Proof of Proposition 3.2.2, Ising case. First choose (. = («(§, h,e) € £ such that

Is < i Is i: Is i .0,
P(C.) < Jnf PR(Q) + 15 = ALG® + 15 (3.5.8)

Since fol &"(t)C«(t) dt < 0o, the monotone convergence theorem guarantees

tim [ €(6) - fmin((0). ) ~ ¢(0)] de =0.
0

B—00
Define (3(t) = min(¢(¢), 5). Therefore there exists

201og2

B =B & e) =B Nhe) > (3.5.9)
sufficiently large so that (recall Proposition 3.5.4)
1
S S €
(o)~ PR(G) <2 [ €0 16s(0) — )] de < . (35.10)
0
For 6 > 0, let ¢} = qo and q?“ = min(qg +6,1). This determines D which satisfies gp_1 < ¢p = 1. Since
(g € Z is bounded and has bounded variation, there exists 6 = §(&,(g,e) = I(&, h,e) > 0 such that the
function
Goslt) = 1 1o
’ max (6,¢(¢3)),  t€145,4541),5 >0
satisfies )
. s €
P(Ga) — P¥(Cos) <2 [ €(0)1Ga(0) — Gaalt] dt < . (3511
0
(Note in particular that ¢ does not depend on ¢o.) Observe that (g,4(t) € [d, 8] holds for all ¢ € [0, 1]. Next
define
ki=ko=---=kp=k.= b
1=ky==kp=h.=|5|.

This leads to p} = x~*(¢j) with d < p§ < p}, = 1 and hence k(t) = kg for t € [¢), qu_l), where

okP=1 < gy < KP4,

Next define C (t)
Cas(t) = 2B
t) = ¢ 1
C5,5( ) ﬂ/ﬁ)(t) R c [q07 ]
so that ﬂﬁz\ﬁ,ﬁ = Cﬂ,é« Note that
= su s
sup (p,5(t) < w <1
t€[0,1] B

Additionally 2575 is nondecreasing since if ¢4 < tg < qg 11 Stapr < qg 1o, then

Coolta) _ Coolta) map
Zﬁ,é(td+1) Cps(ta)  Ka

by definition of k.. Set



and
€

308KE"(1) + 10X
We now show that using 2575 in the interpolation implies Proposition 3.2.2. Take p, q, IZ, D, 8,n as above.

n= (3.5.12)

LE |maxgcorn 15 (&) < Fls B, Q B

N €Qls(n) N ( )} = N( (17))/ DLem 3.5.14
< KPIS(BHCB,(S)+36K2§”(1)77+K)\77+ KlggQ
< K -P%(C5) + 3

)

(

.PIS(C ) 31155 \\%(
)

3.5.9), (3.5.12)
3.5.11)
3.5.10)

< K - PIs(C*) 4Ka

Is K
< K -ALG 51—06.

3.5.8)

Moreover the values D,n and K above are bounded depending only on &, h and . Indeed D < §~ ' +1, nis

D
bounded as in (3.5.12), and K = Hle ki = kP = {5%—‘ . Meanwhile 8 as defined in (3.5.9) also depends

only on &, h,e. This concludes the proof.
O

3.5.4 Deferred Proofs

Here we give the missing proofs for this section, which are all relatively standard.

Proof of Lemma 3.5.6. We assume ((t) > 0 as the ((¢t) = 0 case is clear. We consider only the case t €
[¢gp—1,1) as the remaining cases are identical by induction. Let i = #(t) € R¥ be the Gaussian random
vector

-

g = etap(&"(1) - £"(£)"2.
Below A always denotes
AT +7y) = ‘Dﬂég(laf‘F ¥)
and for convenience we set m = (p = ((¢t) for ¢ € [gp—_1,1). First note that since \8x(u (1 )| <1+ |al
holds, there are no issues of convergence in any of the expectations even though ¢ has unbounded support.
By differentiating in the endpoint value ¥ + ¢ before taking expectation in ¥ it follows that
Ve, - E[VAe™4]
) E[emA]

This immediately implies that |8z(u)<1>%7€(t, Z)| <1+ |a|. Similarly one has

E [0p2; A + m (04, A) (05, A)e™A] E[d,e™ ]\ [ E[0;e™"]
E[emA] m( E[emA] )( E[emA] )

Ou, zjq)a =
Combining, we compute

E[((T, V2A) + m(T, (VA)®?)) e™4]

(1,920 )+ (T (V1)) = g

Next, note that the time-derivative of the covariance of 4(t) is M(¢t). Since M (t) is positive semidefinite we
can couple together (%(t)):efq,_,,1) via

jit) = / Ve M(r) dB,

where B, is a standard Brownian motion in RX. Applying Ito’s formula backward in time now implies

- 1
% E @I = LB (7, V24) + m{M(D), (VA)*)) 4]
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Therefore we conclude
%]Eemfl(f,y“(t))
m E emA(@,5(t))

1
— (T V20 o) + mdT, (Vg )%).

0Py =~

Proof of Proposition 3.5.7. Set
W, =z +/ ¢(r)é" (r)v, dr +/ V&' (r) dB,
t1 tl
and

=3° (s 71 ) e (r)v? dr
V.=l (s, W) 2/ﬁc<>s<>rd.

Ito’s formula gives
— B " B Loy B 1 " 2
dVy = ( 0@, (6, W) + ()" (D) ve 0@, (8, W) + 55 (t) 002 ®, o (¢, Wi) — ig(t)g (t)v; ) dt +Y: dB;.
Here Y; is irrelevant and (3.5.1) lets us rewrite the finite variation part of dV; as

0L (1, X1) + C(DE" (10Dl (1, W0) + S8 (100 (1, W2) — SC(E” (007

We conclude that
O (tr,x) > X" (2, v)

with equality when v, = &ECD? (r,W,.) holds for all r € [t;,t2]. By uniqueness of solutions for SDEs with
Lipschitz coefficients, this implies W, = X,..
O

Proof of Proposition 3.5.8. The proof is similar to the 1-dimensional case. First, the SDE defining X, has
strong and pathwise unique solutions since V(I)](Ii,c(tv Z) is uniformly bounded and Lipschitz in Z. Set

W, =+ : CRE ()M (r)T, dr + / | VEMG) dB(r)

and

- 1
vE= ok (s %) -5 | e ), 77 ar

By Ito’s formula,

§"(t)
2

- . - 1 -
vl = (@(I%(t, We) + C()E" (1) 0,0, D¢ (t, Wr) + 5g”(t)amqﬂg(uXt) — <M(t),z7g®2>> dt + Yt dB,.

Here Y} is again irrelevant. By (3.5.3) the finite variation part of dV}" is

- . - 1, - "t
0,85 o (0174) + (M(0) 5 © V0L (1)) + L€/ (00,00 (1) — S (a1, 58

2
_ _% <M(t), (5 — vt Wt))®2>

<0.
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We conclude that
o Lyti,to/— —
Oy (t, @) > X[V (F, )

with equality when =
v, = Vo (r,W;)

holds for all r € [t1,t2]. Again, uniqueness of solutions to SDEs with Lipschitz coefficients implies W, = X,.
O

3.6 Necessity of Full Branching Trees

In this section we show, roughly speaking, that it is necessary to use a full branching tree to obtain our results
within the overlap gap framework. We restrict for convenience to the setting of spherical models with null
external field h = 0 and set ALGSY = ALGgh = [ €”(t)!/? dt (recall Proposition 3.1.6) and OPTE? = OPTgh.

A consequence of Theorem 3.6.13, proved near the end of this section, can be expressed informally as
follows for any £ with ALG?p < OPTSP. Recall the canonical bijection between finite ultrametric spaces and
edge-weighted rooted trees (or see Subsection 3.6.2 for a reminder). For all finite ultrametric spaces X of
diameter at most v/2 whose corresponding rooted tree does not contain a subdivision of a full binary subtree
of depth D, with probability at least 1 — e~*(¥) the following holds. There exists an isometric (up to the
scaling factor \/N) embedding ¢ : X — Sy such that

Hy(u(x)) > (ALG® +e¢,p)N, Vz € X.

Here e¢,p > 0 is a constant depending only on ¢ and D, and in particular is independent of the size of
the ultrametric X. In other words, to rule out algorithms achieving better than ALG?p + ¢ using forbidden
ultrametrics, as € — 0 it is necessary to take D — oo, in effect using the full power of Proposition 3.2.2.

The full statement of Theorem 3.6.13 shows that in fact a super-constant amount of branching must
occur at all “depths” in [0, 1] where £”(t)~/? is strictly convex. We also show in Theorem 3.6.14 that there
exists an embedding ¢ as above with large average energy

1
X > Hy(i(x)) > (ALGE® + ¢, p)N
reX

unless “almost all of” X branches a super-constant amount at “almost all such depths”. Note that this
average energy is what the Guerra-Talagrand interpolation actually allows one to upper bound. Throughout
this section we always consider just a single Hamiltonian Hx. This corresponds to the case g~ (1,1,...,1),
i.e. a correlation function y(p) which sharply increases near p = 1 such as x(p) = p'°°.

Our plan to prove Theorem 3.6.13 is as follows. If ALG?p < OPTgp, there exists an interval [a, b] C [0, 1]
on which (£”7)71/2 is strictly convex. Let T be the finite rooted tree with leaf set corresponding to the
ultrametric space X. Let ¢ > 0 be a small constant depending only on ¢ and D. We use the algorithm of
[Sub21] to find embeddings of ancestor points ¢(x,) for each € X of norm ||¢(z4)||, = VaN which satisfy

Hy(t(zq)) > (/ " (t)1/? dta) N.
0
Next we embed the depth [a, b] parts of T so that the resulting depth b ancestor embeddings ¢(zp) satisfy
b
Hy ((zp)) > / ¢"(t)1/2 dt 4 2¢ | N.
0

In other words, from radius vaN to v/bN, the embedded points’ energy grows by f; 5/’(15)1/2 dt + 3¢, which
exceeds the maximum possible growth of an overlap concentrated algorithm by a small constant 3. This
is the main step of our procedure, and it succeeds whenever the portion of T at depths in [a,b] does not
contain a full binary tree of depth D. The proof uses induction on D, and the D = 1 case is described in
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Figure 3.1. We remark that our proof is essentially constructive assuming access to an oracle to find many
orthogonal near-maximizers of Hy on arbitrary bands as guaranteed by Lemma 3.6.4.

Finally we again use the algorithm of [Sub21] to define embeddings of the leaves v(x) € Sy for z € X
with

Hy(u(x)) > </01§”(t)1/2 dt+s> N.

We remark that in previous multi-OGP arguments, ultrametricity of the forbidden configuration does
not explicitly enter. However in these arguments, it is always possible that the structure of replicas identified
is an ultrametric. Specifically, in a “star” multi-OGP [RV17, GS17, GK21a] all the replicas are pairwise
equidistant. For the “ladder” OGP implementations of [Wei20, BH21], the forbidden structure is defined
by applying some stopping rule to choose a finite number of solutions from a “stably evolving” sequence of
algorithmic outputs. In both settings it is possible that the resulting configuration is a star ultrametric with
all pairwise nonzero distances equal. However, the rooted tree corresponding to such an ultrametric does
not contain even a full binary tree of depth D = 2. Therefore Theorem 3.6.13 strongly suggests that existing
OGP arguments are incapable of ruling out Lipschitz A from achieving energies down to the algorithmic
threshold ALGZ”.

3.6.1 Preparation
For given € and t € [0, 1], define

t
ALGP(t) = / ¢"(5)'/% ds
0
so that ALG?p(l) = ALG?p. Define also

ALGZP([a,b]) = ALGP(b) — ALG;P(a).
Define
€a(t) = £(t) — &(a) = (t — a)¢'(a).
Note that £,(a) = &, (a) = 0, and &/ (¢t) = &"(¢) for all ¢. Define the rescaled mixture function
E[a,b] (t) =& (a+ (b—a)t).
We derive

1 b b
ALG?[I;H :/0 1/{{;7b] (t) dt :/a VEI(s) ds :/a VE"(s) ds = ALGEP([Q, b)).

Correspondingly, define
OPTEP([a,b]) = OPTLP .
[a,b]

Proposition 3.6.1. Suppose 51:2 (€"(t)"1/2) > 0 fort € [a,b] C[0,1]. Then

OPTEP([a, b]) > ALGe ([a, b]). (3.6.1)
Proof. The result follows from Proposition 3.1.6 applied to §, p- O

The next proposition follows from the work [Subl18] and ensures the existence of many approximately
orthogonal replicas which each approximately achieve the ground state energy in spherical spin glasses
without external field. In Lemma 3.6.4 we make several simple modifications to this result, for instance
requiring that the replicas be exactly orthogonal.

Proposition 3.6.2. Suppose %;(5/'(15)*1/2) > 0 fort € [0,1]. Then for any C,e > 0 and k € N, for
N > Ny = No(&,C, e, k), with probability at least 1 — e~“N either Hy ¢ Ky (recall Proposition 3.0.1) or
the following holds. There exist k points o1, ...,0, € Sy with

|R(oi,05)| <e, 1<i<j<k
and

Hy(o;) > N(OPTP —¢), i€ [k].
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Proof. With the absence of external field, it follows from [Sub18, Lemma 42] that 0 is multi-samplable. Let
Qi () € B(m,e)k N S% denote the set of & with |R(o;,0;)| < e for i # j. Let u be the uniform measure on
Sn. Define

S o8 [ ewsi(e) duo)

to be the quenched free energy of Hy on Sy at inverse temperature 5 and

Fyp=

kn
~ ~ 1 o
Fng(m)=Fng(m,ky,e) = BN log/g ( )eXpﬁ E Hn (o) d,uk(o')-
k(€

i=1

Here kx grows to co with IV at a suitably slow rate. By [Subl18, Proposition 1 and Theorem 3]® it follows

that for V > Ny sufficiently large,
P {EﬁNﬁ(m) —EFys> —s} >1—e OV,

Therefore there exists some & € Qy,), (¢) satisfying

kN

> Hy(oy) > Nky(OPTE — £ — 05(1)).
i=1

Here 03(1) is a value tending to 0 as 8 — oo, uniformly in everything else. Assuming Hy € Ky, the values
+|Hy(0;)| are uniformly bounded by a constant C (because Hy (0) = 0). It follows by Markov’s inequality

that at least ky (TECI —&— 05(1)) of the o; satisty Hy(o;) > N(OPTEij — 5 —o0p(1)). Since ky — oo,

eventually
€
< —  —e—o05(1
k’_ \‘kN(l()Cl 19 Oﬂ( ))J

for suitably large 8, which completes the proof. O
For fixed m, define the first-order Taylor expansion
Hy (o) = Hy(m) + (VHy(m), o —m).
of Hy and write
Hy =Hx + HT.

For 0 < a < b < 1 with m € y/a-Sy, define B(m,0,b) = B(m,0)Nv/b-Sy and its convex hull B(m,0, [a, b]).
Lemma 3.6.3. For any fized m, the law of I;J’Vn restricted to B(m,0) is a Gaussian process with covariance

E[HT (o' ) HTH(0%)] = NEL(R(oh, 02)). (3.6.2)
Moreover the restrictions of IE\I]'V" and Hy to B(m,0) are independent.

Proof. Note that for all o',0% € B(m,0),

R(o' —m,0% —m) = R(c*,0?) —a.

Since &,(t) has all derivatives non-negative for ¢t > a, we may sample a centered Gaussian process H N on
B(m,0,[a, 1]) with covariance given by

E[Hy (o' ) Hy(0?)] = N&o(R(o! — m, 0 —m) +a)
= N¢&,(R(at, 0%)).

3In the statement of [Sub18, Theorem 3], there are values dx, py which also shrink with N. We are taking e = px a small
constant and ignoring the constraint from d, so our value of Fiy g(m) is larger than that of [Sub18]. Therefore the lower bound
on ﬁNyg(m) we use is somewhat weaker than in the results cited.
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Next, generate the independent centered Gaussian process H n by

ElH (o) Hy(0?)] = N (£(a) +&'(a) (R(a', 0%) —a)).

It follows by adding covariances (with = R(o!, 0?) in the definition of &,) that

ﬁN‘f’ﬂNiHN

when restricted to B(m,0). Since fa( ) = €/ (a) = 0, it follows that Hy(m) = 0 and VHy(m) = 0 hold
almost surely Therefore Hy = =Hv N is the first-order Taylor expansion of Hy around m, and then also
H N = H ™ Moreover H ~ and H 5 are independent by construction. This concludes the proof. O

In the following Lemma 3.6.4, we refine Proposition 3.6.2 in several simple but convenient ways. In
particular, Lemma 3.6.3 implies the same result uniformly over all bands B(m,0,b); it also guarantees
exact orthogonality. Lemma 3.6.4 will serve as a useful tool for embedding more complicated ultrametric
trees. Roughly speaking, it gives a way to gain on the embedding algorithm of [Sub21] (stated later as
Proposition 3.6.10).

Lemma 3.6.4. Suppose C?:Q (€"(t)~'2) > 0 fort € [a,b] C [0,1]. Then there exists € > 0 depending only on
&, a,b such that for any k, for N > Ny(&,a,b, k) sufficiently large and some ¢ = ¢(§, a,b, k), with probability
1 — e~ N the following holds.

For any m with |/m||% = a < 1 and any linear subspace W C RN with dim(W) > N — k, there exist k
points o1,...,0, € W 4+ m such that

Rlc;—m,o; —m)=(b—a)-1{i=j} Vijelk| (3.6.3)

and
Hy(o;) > Hy(m) + N(ALGZP([a,b]) +¢) Vi € [K]. (3.6.4)

Proof. Consider a (non-random) nv/N-net N, on v/a - Sy of size at most (10/n)". For any m € v/a - Sy,
the Hamiltonian H3 (o) restricted to B(m,0,b) has covariance

EHF (o) HY 02) = NEo(R(01,02))
BHE)

llo =mllz = V/N(b - a)

Since

for o € B(m,0,b), we conclude that fAI]’V" is exactly an N — 1 dimensional spin glass with mixture {, on
B(m,0,b) up to rescaling the input.

__ Fix a large constant M, and choose ¢ sufficiently small depending on M. We apply Proposition 3.6.2 to
HE with mixture [, ;) (t) based on the observation just above. Recall that the constant C' in Proposition 3.6.2
can be arbitrarily large. It follows by a union bound that with probability 1 — e~V for all n € N, there
exist o1(n),..., o (n) satisfying

|R(gi(n) —n,oj(n)—n)—(b—a) - 1{i=j}|<e VI<i<j<M

and
Hy(5i(n)) > N(OPTEP([a,b]) —¢) Vi€ [M]. (3.6.5)

For any m € y/a - Sy, there exists by definition n € A, with |[m — n|| < nv/N. Then with &; = ¢;(n) as
above,
|[R(c; —m,o;, —m)—(b—a) - 1{i=j}|<e VI<i<j<M

for some €1 = 0. (1) tending to 0 as £, — 0. Define the linear subspace W C W by

W=Wnm"n(VHy)"*
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where ()1 denotes orthogonal complement. Let P71 be the orthogonal projection matrix onto Wi, It is

easy to see that
2

< (14 Me)N <2N
2

M

> (6i —m)®?

=1

for € sufficiently small. Then

M M
Z ||PWL(&1')||§ = <PWL72(&i _ m)®2>
i=1

i=1
M 2
< 1P I3 - |[D (i — m)®?
=1 2
< 2(k+2)N.

By the pigeonhole principle, at most M — k values i € [M] can satisfy

2k +2)N

1Py (i —m)l3 = ==

It follows that there exist a subset ;,,...,0;, with

[P (G, —m)|[3 <nN, j€ k]

where n < 2(1\/1[@71? is arbitrarily small (by choosing M large depending on k). Defining o7 ,..., o} by
agj —m = Py (6;, —m),
we have —
OG-0 €m+W
satisfying
|R(o;, —m,o, —m)—(b—a) 1{j=(}|<es, jLEIK
and

loi, — ol <uN, ekl

Here €2 = 0., ;(1) tends to 0 as ¢; and 7 tend to 0. Using Gram-Schmidt orthonormalization inside the
affine subspace B(m,0), for e3 = o.,(1) we may find &1, ...,0; € B(m,[a,b]) N W satisfying

R(e;,—m,o;,—m)=(b—a)-1{i=j} VI<i<j<k

and
o — o |l3 <esN  Vj e [k].

Assuming Hy is C;+v/N-Lipschitz with respect to the ||-||, norm (recall Proposition 3.0.1), this implies based
on (3.6.5) that for some €4 = 0., (C1 + 1),

Hy(6;) > N(OPTP —&4) Vi € [K]

and
loj — a5 <2(es +n)N  Vj e [k].

Recalling Proposition 3.6.1, this completes the proof. O
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3.6.2 Trees and Ultrametrics

We recall the well known connection between trees and ultrametric spaces. Here and throughout given a
rooted tree T with root r(T) we denote by pa(v) the parent of v € V(T)\{r(T)}

Definition 3.6.5. [BD98] A dated, rooted tree T with range [a,b] C [0,1] is a finite tree rooted at r(T) €
V(T) together with a height function
|-+ V(T) = [a,b]

satisfying the following properties.
e |#(T)| =a.
e |v| = b for all leaves v € L(T).
e |pa(v)| < |v| for all v € V(T)\{r(T)}.
We say T is reduced if no v € V(T) except possibly r(T) has exactly 1 child.

In a rooted tree, let u Av € V(T) denote the least common ancestor of vertices u and v. To any dated
rooted tree T, we associate a metric dr : V(T) x V(T) — [0, /2] characterized by

Jul — dr(u,v)* + |v]
2 )

lu Av| = u,v € V(T). (3.6.6)

When u,v € L(T) are leaves and T has range [a, b], this becomes

dT (U'a U)Q

Av|=b—
uno o

u,v € L(T). (3.6.7)
Crucially, observe that for u,v € L(T), the value dr(u,v) is a strictly decreasing function of |u Av|. Therefore
dr defines an ultrametric on L(T), or in fact the set of vertices at any fixed height. The specific decreasing
bijection between |u A v| € [0,1] and dr(u,v) € [0,v/2] for u,v € L(T) can in general be arbitrary; the one
above is suited for embeddings into Euclidean space since

R(ol,0t) —|lot — 0?3 + R(c?,0?)
2 9

R(at,0%) = ot,o? e RV, (3.6.8)
The following type of result is well known and seems to be folklore.

Proposition 3.6.6. [RTVS86, Section 6],[BDIS] For any finite set X, (3.6.6) defines a bijection between the
following two isomorphism classes.

1. Dated, rooted reduced trees with range [0,1] and leaf set X .
2. Ultrametric structures on X with diameter at most \/2.

Any dated, rooted tree can be naturally reduced by removing vertices with a single child and connecting
their parent and child. Hence we will consider general dated, rooted trees to give ourselves more flexibility.
We are interested in embeddings of the leaves L(T) into level sets {o € RY : Hy (o) > (ALG + £)N} which
are isometries up to the scaling factor v/N. It will be convenient to embed the entire vertex set V(T).

Definition 3.6.7. A Euclidean embedding of a dated, rooted tree T to is a function ¢ : V/(T) — R satisfying
R(1(u),t(v)) = [u Ay Vu,v € V(T).
or equivalently (by (3.6.8)),
le(u) — c()lln = dr(u,v)  Vu,v € V(T).

The next lemma gives an alternate characterization of Euclidean embeddings. .

102



Lemma 3.6.8. ¢ : V(T) — RY is a Euclidean embedding if and only if the following properties hold. Below
we implicitly define |pa(r(T))| =0 and c(pa(r(T)) = 0.

1. o(r(T)) = a.

2. For allv e V(T),
||e(v) = e(pa(v))l|n = |v] — [pa(v)].

3. For all distinct u,v € V(T),
R(u(u) = t(pa(u)),v(v) — t(pa(v))) = 0.
Proof. First if ¢ is a Euclidean embedding, then clearly the first property holds. The second holds because
[le(v) = e(pa(v)l[y = R(u(v) — u(pa(v)), «(v) - u(pa(v)))

= [v Av| = |vApa(v)] — [pa(v) A v| + [pa(v) A pa(v)]
= [v] = [pa(v)].

For the third property, we compute

R(u(u) = e(pa(u)), e(v) — (pa(v))) = luAv| = [v Apa(v)] — [pa(u) A v] + |pa(u) A pa(v)].

Since u # v, without loss of generality suppose v # (u A v). Then v is an ancestor of neither u nor pa(u).
The third property then follows because

uAv=uApa(v) and pa(u) A v = pa(u) A pa(v).

In the other direction, let us assume the three properties hold and show ¢ is a Euclidean embedding.
Consider vertices u = u, and v = v, with ancestor paths

(r(T) = up, u1, ..., Up—1), (r(T) = vo,v1, -+, Vn—1)-

Suppose that u A v = ug = vq, so that u; = v; if and only if j < d. Then we expand

R(u(u),t(v)) =a+ Z R(u(w;) — t(ui—1),u(vj) — t(vj_1))
1555

a+ Z R((u) — e(uiz1), e(us) — t(ui—1))

1<i<d

at+ Y fuil — |uii]
1<i<d

= a+ [ug| — |r(T)]

= |uAvl.

Next, define the depth D rooted binary tree T2 on vertex set
V(T%) =0U2]u2?u---U2".

As usual, a vertex v € [2)7 is the parent of u € [2)9*1 if and only if v is an initial substring of u. We say the
rooted tree T contains T% if there exists an ancestry-preserving injection

61 V(T) = V(T)

(which need not preserve the root). Define the branching depth D(T) to be the largest D such that T
contains T%. For v € V(T), define D(v) = D(T,) where T,, C T is the subtree rooted at v.
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Proposition 3.6.9. For any rooted tree T, the set
Vp = {v e V(T): D(v) = D(T)} (3.6.9)
is a simple path graph with one endpoint at r(T).

Proof. Let D = D(T). Clearly Vp is closed under ancestry and contains r(T). Suppose for sake of contra-
diction that Vp is not a path with r(T) as an endpoint. Then Vp contains vertices v and w neither of which
is an ancestor of the other. But if the disjoint subtrees rooted at v and w each contain T%, then T contains
T%. 1, a contradiction. O

We will use the following slight generalization of the main result of [Sub21]. It can be seen as the “default”
embedding procedure which ensures energy ALG?p at the leaves, while Lemma 3.6.4 gives a tool to improve

—1/2

over this embedding on intervals [a, b] where £ (t) is convex.

Proposition 3.6.10. For any ¢ > 0 and k € ZT, there exist ¢ and Ng depending on &, e,k such that with
probability 1 — e~V the following holds for all N > Ny.

For any m with ||m||%, = ¢ < 1, any dated, rooted tree T of order |V (T)| < k with range [q,1], and any
linear subspace W C RN with dim(W) > N — k, there is an embedding ¢ of X into W + m such that

[le(u) — c(v)||§n = d(u,v) Yu,v € V(T) (3.6.10)

and
Hx (i) > Hy(m) + N - (ALGE (Ju(u) 3 — ALGE(ml[3) — ) Vo € V(D). (36.11)

Proof. The proof is essentially contained in [Sub21, Theorem 4 and Remark 6]. The restriction to W +m has
no effect on the proof whenever k < o(N). Indeed, a GOE matrix has Q. (V) eigenvalues at least 2 — ¢ with
probability 1 — e~ (N *). This property implies existence of an eigenvalue at least 2 — e when a GOE matrix
is restricted to any subspace of dimension at least N — Q.(N) by the Courant-Fisher theorem. Repeating
the proof of [Sub21, Theorem 4] with this minor modification establishes the result. O

The following simple lemma is a slightly more general statement of Proposition 3.6.10. It will be used to
extend partial embeddings of ancestor-closed subsets of V(T) to all of V(T).

Lemma 3.6.11. For any € > 0 and finite dated rooted tree T, there exist ¢ and No depending on &,e,T such
that with probability 1 — e~ N the following holds for all N > Ny.

For any ancestor-closed subset U C V(T), let 1y : U — RY be a Euclidean embedding. Then there is a
Euclidean embedding v : V(T) — RY extending 1y such that for any v € V(T) with lowest U-ancestor u € U,

Hy(1(v)) > Hy (1(u)) + N - (ALGZP(Jv]) — ALGP([u]) — &) (3.6.12)

Proof. The result follows by repeated application of Proposition 3.6.10. Indeed, V(T)\U consists of a disjoint
union of subtrees T; rooted at vertices uq,...,u; in U. For each j € [k], given a Euclidean embedding LJU_1

of

Uj,1 =UU U T; |,
1<i<j—1
we extend it to T; as follows. Let
Wj = Spa‘n(b(u)uer—l)L
be the orthogonal complement of the span of the already-embedded vertices. Then applying Proposi-
tion 3.6.10 with W = W; and m = ¢(u;), we obtain a Euclidean embedding of T; into W} +¢(u;), which joins
with L{J_l to form an embedding ¢}, on U;. It follows from Lemma 3.6.8 that ¢/, is again a Euclidean embed-

ding of U;. Moreover (3.6.11) ensures that (3.6.12) is satisfied for each v € T;. Repeating this inductively
for each j € [k] completes the proof. O
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3.6.3 Proof of Theorems 3.6.13 and 3.6.14

We now show that full binary trees are necessary for our results, in the sense that trees T not containing
T?, fail as obstructions to energy (ALG?p + e¢,p)N for some ¢ p > 0 independent of |V(T)|. The main
arguments are devoted to proving Lemma 3.6.12, which implies the two main theorems. Lemma 3.6.12 is
proved by induction on D, and a representative case for D = 1 is depicted in Figure 3.1.

Figure 3.1: A stylized instance of Lemma 3.6.12 in the case D = 1 and [a,b] = [0,1] is displayed. By
definition of branching depth, when D = 1 the non-leaves of T consist of a single path. We choose a vertex
v, along this path with small depth |v,| = a2, and embed v, to have energy at least (ALG(az) + 2e)N
using Lemma 3.6.4. The leaves with parent on the segment connecting v, to 7(T) (shown in red)
can be embedded one at a time using Lemma 3.6.4. The remaining subtree under v, is embedded all
at once using Proposition 3.6.10. This results in a Euclidean embedding ¢ : V(T) — R¥ satisfying
Hy(t(v)) > (ALG + ¢)N for all v € L(T). For D > 1, we repeat this idea recursively.

In the proofs below, we will repeatedly use the principle that T can be subdivided by placing additional
vertices on the edges of T. This only makes constructing an Euclidean embedding more difficult. In particular,
we may assume that all leaves have an ancestor of any given height. We sometimes make this explicit by
considering the subgraph T, ./ of a tree T with range [a,b], for a < a’ < b. Precisely, T(a,qa/] is the subgraph
of vertices with heights in [a,a’], where we implicitly assume via subdivision that each leaf in L(T) has
ancestors at heights exactly a and a’. Note that unless a = 0, T[, 4] is not in general a tree but is a disjoint
union of dated rooted trees each with range [a,a’]. We similarly define T(,) to consist of the subset of V(T)
at heights exactly a, which without loss of generality contains exactly one ancestor of each leaf of T.

L€ (t)"2) > 0 fort € [a,b] € [0,1]. Fiz D € N and
sufficiently small constants c¢,e > 0 depending only on &,a,b and D. Then for any a1 € [a, ‘ITH’] ,any k €N,
and any dated rooted tree T with range [a,b], with probability 1 — O(e~°N) over the random choice of Hy,
the following holds.

For any m € (/a1 - Sy and any linear subspace W C RN with dim(W) > N — k, there exists a Euclidean
embedding

Lemma 3.6.12. Fiz a mizture £, and suppose

t:V(T) > W+m
with t(r(T)) = m such that for all v € L(T),

Hy(1(v)) > Hy(m) + (ALGZP(b) — ALG;"(a1)) + €)N. (3.6.13)

Proof. We proceed by induction on D.
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Base Case In the base case D = 0, the tree T contains only a single leaf v. It then suffices to find a single
point o € W + m with HUH?\/ = b such that

Hy(o) > Hy(m) + (ALGEP (b) — ALGEP(a) +€)N.

Indeed such a o exists by Lemma 3.6.4.

Inductive Step For D > 1, assume the result holds for branching depths up to D — 1. Our strategy is to
first embed the path Vp (recall (3.6.9)), and then apply the inductive hypothesis on the remainder of T to
complete the embedding. We will assume in the remainder of the proof that Hy is C;+v/N-Lipschitz with
respect to the |||, norm for some constant C; as in Proposition 3.0.1.

Define aq, a3 € [al, 3“T+b] such that

€
2 _ 2 [.2_ 2
\/a3—a2—\/a2—a1§4—cl.

Let ¢t = maxyev, |v| denote the maximum height of any v € Vp. (Note that ¢ is not affected by adding
extraneous vertices to T.)

Case 1: t <as Let v; € Vp satisfy |v| = ¢. Take
v:Vp == W+m

to be an arbitrary Euclidean embedding with codomain W + m. Without loss of generality, we may assume
that the children of each v € Vp have height at most as. Next, extend ¢ to a still arbitrary Euclidean
embedding on @) p, which consists of Vp together with all children of vertices in Vp.

For each vertex v € QQp, the Lipschitz property implies

Hy(1(v)) > Hy(m) — C1y/a3 — a3N
> Hy(m) —eN.

Observe that any v € Qp\Vp satisfies D(v) < D — 1. Because of this, we can now apply the inductive
hypothesis to each subtree T, rooted at some v € Qp\Vp in an arbitrary order over the v’s. More precisely,
suppose a Euclidean embedding mapping a subset U C V(T) to W + m is given, and that U contains no
strict descendants of v € @p\Vp. Then we know that |v| < ag < %. Define the affine subspace

W, = span(e(u)uev) ™

Then by the inductive hypothesis (using the same values a, b), there exists €5 depending only on &, a,b, D —1
such that ¢ extends to a Euclidean embedding

t:VuUT, >W+m
such that «(u) € W, for all u € T, and which satisfies
Hy(u(w) = Hy(o(0) + (ALG(6) — ALGEP (o] +22) ) N, Vu € L(T,).

In particular, the above procedure can be repeated for each v, resulting in an embedding ¢ defined on all of
V(T). Finally for any w € L(T), we must have v € L(T,) for some v as above, and so

Hy (1(u)) > Hy((v)) + (ALGZP (b) — ALGP([v] + £2))N
> Hy(m) + (ALGZP(b) — ALGP(Ju]) + 2 — £1)N

> Hy(m) + (ALGP(b) — ALGZ® (as) + 1) N + (52 —2e; —€'(1)1/a2 — a%) N.
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Note that -
2e1 + &'(1) aga%§51«<2+£c(,)>.
1

Since €5 depended only on £, a,b, D and £; was chosen sufficiently small depending on the same parameters,
we may assume that

Eg — 261 — 6/(1) a% — a% > 0.

Choosing € = ¢ finishes Case 1 of the inductive step.

Case 2: t > as Let v, € V(T) denote the unique vertex on Vp at height as — such a v, exists without
loss of generality. Then applying Lemma 3.6.4 on Ty, 4,], it follows that there exists o € W + m with
|lo]|3 = a2 such that

Hy(o) > Hy(m) + (ALGP(az) — ALGZP(a1) + £2) N

for some €9 depending only on &, a,b. Set t(v.) = 0. Next we apply Proposition 3.6.10 to the subtree T,,
rooted at v,, obtaining a Euclidean embedding
t:VpUT,, = W+m
such that
Hy(u(z)) > Hy(m) + (ALGE® (as) — ALGE® (ay) + 3) N
for e3 = £5/2. Extending to ¢ to the remainder of V(T) proceeds exactly as in Case 1. O

Below we use Lemma 3.6.12 to show that to rule out energies greater than ALG®P, T must have large
branching depth when restricted to any height interval on which £”(¢)~1/2 is convex.

Theorem 3.6.13. Fiz & and suppose (‘f; (€"(t)=Y?) > 0 for allt € [a,b] C [0,1]. Fiz D € N and sufficiently
small constants c¢,e > 0 depending only on &,a,b and D. Then for any dated rooted tree T with range [0, 1]
such that every connected component of T, has branching depth at most D, with probability 1 — O(eeN)
over the random choice of Hy, there exists a Fuclidean embedding

L:V(T) - RN
such that for all v € L(T),
Hy((v)) > (ALGZ(Ju]) + £)N. (3.6.14)

Proof of Theorem 3.6.13. We let € > 0 be sufficiently small throughout the argument. By Proposition 3.6.10,
there exists a Euclidean embedding ¢ : Tg o) — RY such that for all v € Tiq)5

Hy (1a(v)) > (ALGZP(a) — ) N. (3.6.15)

Here as usual we assume without loss of generality that all leaves in T have an ancestor at height a. Next
we extend ¢ to a Euclidean embedding
L T[O,b] — ]RN

such that for all v € V(Tp,)) with ancestor u at height a,
Hy(1(v)) > Hy(e(u)) + (ALGP (b) — ALGS(a) + 3¢)N. (3.6.16)

In fact the existence of such an extension follows directly from Lemma 3.6.12 for ¢ sufficiently small. Here
as before we repeatedly apply Lemma 3.6.12 to individual subtrees in T(, ), using the subspace W in the
statement to ensure the orthogonality constraints are satisfied.

Finally extend ¢ to Tp, ;) using Lemma 3.6.11 on each component. The result is that for any z € L(T)
with ancestor v at height b,

Hy(i(z)) > Hy (1(v)) + (ALGEP(1) — ALGEP (b) — €) N. (3.6.17)
Combining (3.6.15), (3.6.16), and (3.6.17) completes the proof. O
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In the Guerra-Talagrand interpolation used for our main argument, it was only possible to directly
estimate the average energy of the replicas instead of the minimum. In the following final result, we show
that to force the average of Hy(v) over the leaves v € L(T) to be small, it is necessary to use a tree which
branches a superconstant amount in any height interval [a,b] as above, on a set of components of Ty,
ancestral to almost all leaves.

Let us illustrate the difference between Theorems 3.6.13 and 3.6.14 by an example. Form T by starting
with a full symmetric tree as in Proposition 3.2.2 and adding many children of the root as additional leaves.
Then by construction (recall also Proposition 3.2.8), with probability 1 — e~ () any Euclidean embedding
t: T — RV satisfies

min Hy(¢(v)) < (ALG 4+ e)N
veL(T)
for € > 0 as in Proposition 3.2.2 arbitrarily small given £&. However the same is not true for the average
energy. Indeed, Theorem 3.6.13 with D = 1 implies that the additional leaves in T can be embedded to each
have energy at least (ALG+2¢’) N where ¢’ > 0 depends only on &. If the additional leaves form a sufficiently
large fraction of L(T), then any Euclidean extension ¢ to all of T satisfies

1
|L(T)|

> Hn(u(v)) > (ALG + )N
veL(T)

assuming Hy € Ky

Theorem 3.6.14. Fiz a mizture £ and 6 > 0, and suppose %;(f”(t)*lﬁ) > 0 fort € [a,b] C [0,1]. Fiz
D € N and sufficiently small constants c¢,e > 0 depending only on £,a,b,D and 6. Consider any tree T
with range [0,1] and |L(T)| = n leaves such that for at least on of the leaves v € |L(T)|, the subtree of Tq
consisting of ancestors of v has branching depth at most D. With probability 1 — O(e=N) over the random
choice of Hy, there exists a Euclidean embedding

L:V(T) - RN

such that 1
— > Sp . 6.
T EEL;T) Hy(u(v)) > (ALGEP + )N (3.6.18)

Proof. Take gy > 0 sufficiently small. For v € L(T) and ¢ € [0,1], let v! denote the ancestor of v at height
v. As before, Proposition 3.6.10 shows that there exists a Euclidean embedding ¢ : Tjg o) — RY such that
for all v* € Ty,

Hpy (ta(v")) > (ALGP(a) — dg)N. (3.6.19)
Let ?Nl“[a’b] C T4 consist of all connected components in Ty, of branching depth at most D. Next we

extend ¢ to a Euclidean embedding B
L T[07a] U T[GJJ] — RN

such that for all v® € L(T[a’b]) with ancestor v® at height a,

Hy(e(v")) > Hy(e(v")) + (ALGZP (b) — ALGS(a) + 420)N. (3.6.20)
Lemma 3.6.12 allows ¢ to extend to the remainder of V(T, ) such that

Hy (")) > Hy (e(v")) + (ALGZP (b) — ALGP(a) — dzo)N. (3.6.21)

holds for all v € V(T[4 ). Since at least §|L(T)| leaves v satisfy v* € 'f]f[ayb], (3.6.20) and (3.6.21) imply

ﬁ > Hy(u(v") = Hy(:(v")) > (ALGZP(b) — ALGZP (a) + 3020) N (3.6.22)
veL(T)
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As before we finish by extending ¢ to Ty, 1}, using Lemma 3.6.11 one component at a time. Then for any
v € L(T),
Hy((v)) > Hy((v?)) + (ALGEP (1) — ALGEP (b) — deo) N. (3.6.23)

By combining (3.6.19), (3.6.22) and (3.6.23), it follows that the average of Hy(t(v)) over v € L(T) is

e 2 2 ey 3 (HN(““)) — Hx (") + Hy (1(")) = Hy(o(0)) +HN<L<UG>>)
vEL(T) veL(T)
> ALGZ® (1) + dzo.
Taking ¢ = deg completes the proof. -

3.7 Overlap Concentration of Standard Optimization Algorithms

In this section we prove using Gaussian concentration of measure and Kirszbraun’s theorem that approx-
imately 7-Lipschitz functions A : #y — By are (\,e”“*") overlap concentrated. We also show that
common optimization algorithms such as gradient descent, AMP, and Langevin dynamics are approximately
Lipschitz.

3.7.1 Overlap Concentration of Approximately Lipschitz Algorithms

Recall that we identify each Hamiltonian Hy with its disorder coefficients (G(p))pegN, which we concatenate
into an infinite vector g = g(Hy). We can define a (possibly infinite) distance on these Hamiltonians by

L
VN

We consider algorithms A : #% — By that are 7-Lipschitz with respect to the ||-|| y norms, i.e. A satisfying

l1Hy — Hylly = lg(Hn) — g(Hy)ll; - 3.7.1)

IAHN) = A(Hy)|ly < 7[[Hy = Hylly - (3.7.2)

for all Hy, Hyy € #¢. This is the same notion of Lipschitz as in Theorem 1.3.3, though the current scaling
with ||-|| y norms will be more convenient for proofs.

We will show overlap concentration for the following class of algorithms that relax the Lipschitz condition
to a high probability set of inputs.

Definition 3.7.1. Let 7,v > 0. An algorithm A : J#y — By is (7,v)-approximately Lipschitz if there
exists a T-Lipschitz A’ : /4y — By with

PA(Hy) = A'(Hy)] > 1 - v, (3.7.3)

Proposition 3.7.2. If A: % — By is T-Lipschitz, then for all X\ > 0 it is ()\,exp (—%N)) overlap
concentrated.

Proof. We write A(g) to mean A(Hpy) for the Hamiltonian Hy with disorder coefficients g = g(Hy).
Let A;(g) denote the i-th coordinate of A(g), so A(g) = (A1(g),...,An(g)). Define the gradient matrix
VA(g) € RVN by

VA(g) = [VAi(g) VAxg) --- VAx(g)].

Because A is 7-Lipschitz, we have for all g, g’ € RY that

IA(g) — Alg")ll v
lg—g'lly

A=

By taking the limit g’ — g from the best direction, we conclude that for all g € RY,

A> Smax(v'A(g))’ (374)
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where spax denotes the largest singular value.
Consider any p € [0,1]. We can generate p-correlated g g@ e RN by generating i.i.d. gl¥, gl gl?l e
RN, each with i.i.d. standard Gaussian entries, and setting, for i = 1,2,

g — /pgl 4 /T pgli

We will apply Gaussian concentration to the function
F(g", g %) = R (). AE")).

which is a function of i.i.d. standard Gaussians. For each i € N, let V.A. ;(g) denote the i-th row of V.A(g),
ie.

VAu9) = [52(9) %9 - G
We can compute that
OF D
(e = % [VAi(gV)AE®) + VA () AE™M)] (3.7.5)
g
OF VI-—
(&% g, g?) = Yo LvA i (gM)A(®?), (3.7.6)
0g, N
oF JI—p
(e e”) = EVALi(g®)Ag™). (3.7.7)

By the inequality (z + y) < 222 + 22, (3.7.5) implies

oF 2p 2
0] &1l gl21)2 « (1 2) 2 (1)
poD (™. 8".87)" < 5 {(VA i(8)Ag )) (VA i(87)Ag )) } :
Similarly, (3.7.6) and (3.7.7) imply
OF 2(1-p) 2
gl gl gl2)2 (g(D) 2
8F 2(1 - p) 2
0] g[1] [21)2 g® 1)

Summing over the last three inequalities and over ¢ € N gives

[vrE, 687 < 5 3 (VAEDAGD)) + 1 2 (VA AED))
€N 1€N
= 2 [vaE A + || vAE) A

Since A(g™"), A(g®) € By, this implies

fore ) < S (7)) B (20 <

Nsmax
for all glol, gl gl2l € RN, The last inequality uses (3.7.4). By Gaussian concentration,

)\2
P[P, g g) - EF(g", g, g®) = A] <exp <_872N> :

Note that Gaussian concentration of measure applies in infinite-dimensional abstract Weiner spaces as ex-
plained just before [Led01, Theorem 2.7] regarding Equation (2.10) therein. Alternatively if one wishes
to avoid infinite-dimensional Gaussian measures, it suffices to prove the present proposition for the (still
7-Lipschitz) conditional expectations

Ap(Hy) = E[A(Hy)|G?,...,GP)]
and observe that lim,_,o A,(Hy) = A(Hy) holds almost surely and in L. O
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Proposition 3.7.3. Suppose A : S — By is (1,v)-approzimately Lipschitz. Then, for any X\ > 0, it is
()\, exp (— A—4r)y N) + 2u) overlap concentrated.

872

Proof. Tt A < 4v the result is trivial, so suppose A > 4v. Let A’ be such that (3.7.3) holds.
Let p € [0,1], and let H](\}), H](\?) be p-correlated. We have

(R (AED), AHD)) - R (AHY),AHD))| <2
pointwise. Furthermore, (3.7.3) implies that
AHW) = AHP)  and  AHP)=AHD) (3.7.8)
with probability at least 1 — 2v. So,
‘]E R (A(H}V“ ), A(Hﬁ’)) _ER (A’(H§V1>), A’(H](VQ))) \ < 4v. (3.7.9)
By Proposition 3.7.3, we have
‘R (A’(H}V”), A’(H](\?))) _ER (A’(H](Vl)), A’(H](\?))) ] <A 4y (3.7.10)

with probability at least 1 — exp (— (Agf;)Q N). The events (3.7.8) and (3.7.10) occur simultaneously with

probability at least 1 — exp (— O—dy)” N) — 2v. On this event, (3.7.9) and (3.7.10) imply

872
‘R (A(H}V”),A(H}v?))) _ER (A(H](;)),A(Hﬁ)))\ <)

as desired. O

3.7.2 Standard Deterministic Optimization Algorithms are Approximately Lip-
schitz

Fix constants Ty, T, ko € N and r € [1,v/2). We take as initialization a sequence (x~7°,...,2~!) of vectors
in By, which is independent of the Hamiltonian Hpy. We consider rather general kp-th order optimization
algorithms which compute

= f, <(wS)7To§s§t ’ (VkHN(ﬂﬁs))1§kgko,—To§s§t) , 0<t<T-1 (3.7.11)

and output . Here, (fo, f1,.-., fr_1) is a deterministic sequence of functions such that fy,..., fr_o have
codomain 7By, fr—1 has codomain By, and these functions are all Lipschitz in the sense that there exist
constants cg,...,cr_1 > 0 such that

’ft ((ms)—TOSSSt ’ (AZ)likSko,—To§SSt) —fi <(ys)—To§s§t ’ (Bz)lﬁkﬁko,—TOSSSt> HN

t ko t
Sctlz lz* =yl + D > 1A% = Billop

S:*TO k=1 S:*To

(3.7.12)

As we review below, the majority of standard convex optimization algorithms fall into this class. However
we remark that some optimization algorithms for highly smooth and convex functions, such as Newton’s
method and the recent advances [GDG 119, Nes21], do not fall into this class. This is because they require
inverting a Hessian matrix or solving another inverse problem each iteration.

Example 3.7.4. Projected gradient descent is of the form in (3.7.11) via
fr=p (" = VHy(z")).

Here p is the projection map onto either By or Cy and the learning rate parameters (1, ..., ) are arbitrary
constants. Other variants such as accelerated gradient descent, ISTA, and FISTA (see e.g. [Bubl5]) can
similarly be expressed in the form (3.7.11).
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Example 3.7.5. Approximate message passing (AMP) with arbitrary Lipschitz non-linearities can be ex-
pressed in the form of (3.7.11). Given a deterministic sequence of Lipschitz functions f; : R™*1 — R for each
t > 0, the AMP iterates are given by

t

z! ! = VITIN(ft(wOa - ~a$t)) - Zdt,SfS—l(wOv s ’$571)7 (3.7.13)
s=1

e = € (R, 2, sz ) [ ). g

Here X% ~ pq is a uniformly bounded random variable, and x° has i.i.d. coordinates generated from the
same law. The non-linearities f, are applied entry-wise as functions f; : RV*(+1) 5 RN The sequence
(X*);>1 is an independent centered Gaussian process with covariance Qy s = E[X!X?] defined recursively by

Qt+1,s+1:§/ (]E [ft (Xoa"'aXt) fs (Xoa"'va)})v t,SZO (3715)
It is not difficult to see that the iteration (3.7.13) is captured by (3.7.11), by defining the non-linearities
fi(x°, ..., xt) as additional iterates « so that their gradients can be evaluated.
Theorem 3.7.6. For any functions fy,..., fr—1 as above and any initialization (=70, ... =) of vectors

in By, there exist constants T,c such that the map Hy — T defined by the iteration (3.7.11) is (7,v)-
approzimately Lipschitz with v = eV,

Proof. We will first show the existence of 7 such that the map Hy — a7, with domain restricted to Ky
(recall Proposition 3.8.1), is 7-Lipschitz with respect to the ||-||, norms. Consider running the iteration
(3.7.11) on two Hamiltonians Hy, Hy, € Kx with the same initializaton (=70, ..., &~!); call the respective
iterates «°,..., 27 and y°,...,yT. A straightforward induction using Proposition 3.8.2 and (3.7.12) gives
constants Cy,...,Cr such that for 0 <t < T,

=" —y'||y < CillHy — Hylly -

In particular, we may take 7 = Cr.
By Kirszbraun’s theorem, there exists a 7-Lipschitz A" such that A(Hy) = A'(Hy) for Hy € Ky. By

Proposition 3.8.1, there exists ¢ such that P(Hy € Ky) > 1 — e~ “N. Therefore A is (7, v)-approximately

Lipschitz for v = e~ V. O
The following corollary follows immediately from Theorem 3.7.6 and Proposition 3.7.3.

Corollary 3.7.7. For any functions fy, ..., fr—1 as above and any initialization (z=10, ... =1 of vectors

in By, for every X\ > 0 there ewists a constant cx such that for sufficiently large N, the map Hy — x’
defined by the iteration (3.7.11) is (\,e= ) overlap concentrated.

3.7.3 Reflected Langevin Dynamics are Approximately Lipschitz

Here we show that a natural version of Langevin dynamics, run for bounded time, is approximately Lipschitz
for almost any realization of the driving Brownian motion and hence falls into the scope of our main results.
The Langevin dynamics for a Hamiltonian Hy are given by the diffusion

dX; = gVHN dt + dB;.
When X, can range over all of space, the SDE above may explode to infinity in finite time. We therefore
modify the naive dynamics above by enforcing an inward-normal reflecting boundary for the convex body

K =rBy or K =rCy. We refer the reader to [Pill4] for the relevant definitions. In short, the result is a
stochastic differential equation of the form
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Here /¢, is non-decreasing and only increases at times when X, € 9K. Meanwhile v; € RY is contained in
the outward normal cone of X; € 9K for all t. Note that there may be several inequivalent choices for such
a reflected process; our results apply to any of these choices. The Langevin dynamics we consider consists
of solving (3.7.16) for a constant time T starting from Xy which is independent of Hy, and then projecting
X7 onto By or Cy.

The corresponding Skorokhod problem was shown to have a Lipschitz solution for convex polyhedra such
as rCy in [DI91, Proposition 2.2]. In this case, solving (3.7.16) reduces to solving an SDE with Lipschitz
coefficients as explained in [Pill4, Section 2.2]. As a result, the solutions to (3.7.16) from different starting
points Xg (but with a shared Brownian motion) can be coupled together to give a continuous stochastic flow
(see [RW94, Chapter 5, Section 13]). In the case of a smooth boundary such as By, although the Skorokhod
problem does not have a Lipschitz solution, the results of [LS84] imply the existence of a stochastic flow as
explained in [Bur09].

Lemma 3.7.8. Let X;,Y; solve (3.7.16) inside a convex body K with the same Brownian motion. Then
¢
/ (X =Yy, v dgf —v) deg)) > 0.
0

Here (vi¥, ;%) denote the reflecting boundary terms for X; and similarly for Y;.

Proof. Recall that X, ¢Y are increasing. Moreover (X; — Y;,v;X) > 0 whenever X; € K by the definition of
the normal cone, and similarly (Y; — X;,v) ) > 0 whenever Y; € 9K. The result follows. O

Theorem 3.7.9. Both variants of Langevin dynamics above define, for any initialization Xg € By and for

almost every path (Bt)iepo,), a (T,v) approvimately Lipschitz map A : #y — By with T = O¢ (1) and

v < e~ QN

Proof. Fix Hamiltonians
Hf\f, H}\/[ € Ky C N

satisfying |Hy — HX||, = A. Let X;,Y; be the solutions to (3.7.16) driven by a shared Brownian motion
with HY and HY, for Hy respectively, and with shared initial condition X = Yy. We will show that

X7 — Y|y < CA

holds almost surely for some constant C' = C(&, h,T'). This suffices to imply the result. (Note that A might
not be defined on all of Sy, but it suffices for it to be well-defined and Lipschitz on Ky.)

First observe that X; — Y} is a finite variation process, i.e. it has no Brownian component. With ¢X and
¢¥ the corresponding finite variation processes in (3.7.16), Ito’s formula gives

1
5 IXe = Yill3 = (X, — V2, dX, — dY) dt
= (X, - Y, —vf dX +0) de)) dt + B(X, — Y;, VHN (X;) — VHY(Y;)) dt.

Integrating and using Lemma 3.7.8, we find
t t
I1X: = Yill3 < / (Xs = Yo, —vf A6 + o) dLy) ds + 5/ (Xs = Y5, VHR (X,) = VHY(YS)) ds
0 0
t
<5 [ (- Y VHY(X) - VEX(Y) ds
0

By Proposition 3.8.2 with C = CY,

’|VH1)\§(X1€) - VH}\;(Yt)HN < CA+ X = Yily)-
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Using AM-GM and rescaling, we obtain for each ¢ € [0, T] the self-bounding inequality
t
1= Yilly € [ AIX. = Yilly + 1%, - Vol de
0
t
< 20/ A? 4 || X, — Yo% dt
0
t
<20AT + 20/ X, — Y|l dr.
0

Gronwall’s inequality now implies || X7 — YTH?\/ < 2CA2Te*°T. This concludes the proof. O

3.8 Appendix 1: Bounds on Hamiltonian Derivatives

In this section we will prove high-probability bounds on the derivatives of Hy, including Proposition 3.0.1.
We write Hy (o) = (h,o) + Hy(o) for

Hy(o) =Y wHyp(o),
p€eE2N

where the p-tensor component is
1

_ 0) 5®
= No-oz(G" o).

Hy p(o)
By slight abuse of notation, we also denote WG@) =Hnp.

Proposition 3.8.1. There exists universal constants c¢,C > 0 such that for all sufficiently large N,

I1HNpllop < Cv/p

op —
for all p € 2N with probability at least 1 — e~ N

Proof. By [BASZ20, Equation B.6] with k& = p, we have for some universal constant K and all p € 2N,
P [IIHN,,;HOp > 2K\ /p| < e KPN/2,

Take C' = 2K. The result follows by a union bound over p € 2N. O

Proof of Proposition 3.0.1. Let Ky C % be the set of Hamiltonians Hpy satisfying the conclusion of
Proposition 3.8.1. We will take

Cr=C > ' *phy/p+hl{k=1},
pE2N,p>k

where C' is given by Proposition 3.8.1 and p® = p(p — 1) --- (p — k + 1) denotes the k-th falling power of p.
This is finite because r < v/2 and > pean Y22P < oo implies limsup,, , A’f;:Q <1l
If Hy € Ky, for each !,..., 0" € Sy we have
1
N

<VkﬁN(m),a'1 Q- ® o-k> = Z % (VFHy p(z), 0" @ - @ o)
pE2N p>k

k
pE2N,p>k

S Z Wprp_kaHHN;p”op
PE2N,p>k

<C D> TRk,

pE2N,p>k
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by Proposition 3.8.1. Thus
oo

<C Z vrpkkp

pE2N,p>k

For k > 2, VFHy (x) = VFHy(x), and for k = 1, IVHN (z)],p, < HVﬁN(CC)

op

+ h. This proves the first

op
claim. Similarly,
1
i <VkHN(:n) —VF*HN(y), 0t @ ® crk>
= Y (V@) - V()0 e w o)
pE2N,p>k
k
_ mjy\zf% < N (w®(p—k) _ y®(p—k>) ®ol®--® Uk>
pe2N,p>k
p—k—1
pE2N,p>k 3=0
< D W= R) - ylly [H ol
pE2N,p>k

< Cr1llz =yl

so |[V*Hn(x) — VFHN(y)||. . < Crs [l — yl| y, proving the second claim. O

op

Proposition 3.8.2. Fiz a model (£,h) and a constant r € [1,v/2). Let Ky be given by Proposition 3.0.1.
There exists a sequence of constants (Cy,)k>1 independent of N such that for all Hy, Hy € Ky and x,y € RY
with |||y, lylly <,

IV*Hy () = V*H ()|, < Ci (lz = yllx + |1 Hx — Hylly)
where ||Hy — Hy || is defined by (3.7.1).
Note that when ||[Hy — H)|| is infinite, this proposition is vacuously true.
Proof. We have that
|7 (@) - VA @), < V4 () — ViR @), + [V i @) - VE R @),
and by (3.0.2),
[VEHY (@) = VEHN ()], < Crra llz =yl y -

op

For all ¢',..., 0% € Sn, we have

1
~ (VFHy(z) - VFHy (2),0' @ - @ok) = > %<VkHN,p(CL‘)—Vngv’p(w),Ul®"'®0'k>

N pE2N,p>k
k
= ) V’}\Zf <HN,p —Hy,z®" Moo e g a’“>
pE2N,p>k
—k k
S Z Vprp piHHvaiHjlvypHop'
pE2N,p>k

Moreover,

1
max (G(”)—G’(p),0'1®~-~®0'p>

HHN7P - H5V7P||op = m ol,...,oPESN

IN

1 Hg(P) _ G'(p)H
N 2

< |Hy — Hylly -
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Thus we have

L (VY Hy(2) - VEHY (@) 00 @ 0 o) < > et TFpE | Hy — Hylly -

N
pEN,p>k
Because this holds for all o, ...,0% € Sy, we have
IV*Hy (@) = V*Hy (@], < D0 3™ pE | Hy = Hi |y -
pE2N,p>k
The result follows by taking C} to be the larger of Cyy1 and > oy 5, PR pE. O

3.9 Appendix 2: Explicit Formula for the Spherical Algorithmic
Threshold

In this section, we will prove Proposition 3.1.6, which gives an explicit formula for ALGé h-

We first remark that the ¢ defined in the second case of Proposition 3.1.6 exists and is unique. Define
fl@) = ¢€"(q) = &'(a) = >, conp(p — 2)y2¢P~ . If we are in the second case of the proposition, then
h? +¢&'(1) < £"(1), so f(1) > h2. Since f(0) = 0 < h?, existence of ¢ follows from the Intermediate Value
Theorem. Moreover, f(1) > h? > 0 implies 7, > 0 for some p > 2, so f(q) is strictly increasing for ¢ € [0, 1].
This implies uniqueness.

Recall that the spherical Parisi functional PSP (3.1.2) is defined in terms of a function B¢(t) = B —

f . £"(q)C(q) dg. As (B, () ranges over # (), B¢(t) ranges over all continuous, nondecreasing functions from
[0,1] to ]R>O We can thus reparametrize the minimizaton (3.1.5) as one over continuous and nondecreasing
B :[0,1] — Rs¢. By slight abuse of notation, for continuous and nondecreasing B : [0,1] — R~ define

N0
PSP(B) = PSP (B) = / B dg.
B =5 =3 |5+ | (50 +5@) a
Proof of Proposition 3.1.6. We first handle the case h = 0. By AM-GM,

Sp _1 ! §"(q) ! 1y N1/2
P = [ (G B@) doz [ € o

Equality holds when B(q) = £"(q)'/? for all ¢ € [0,1]. However, this requires B(0) = 0, so this objective is
not attained, though approximations to this B get arbitrarily close. Thus ALGSP = fol & (q)"/? dg. We will
show this ALG®P equals the value claimed. If vp > 0 for some p > 2, then £'(1) < £”(1), so we are in the
second case of the proposition. Since § = 0, we are done. Otherwise, 7, = 0 for all p > 2, and &'(1) = £"(1).
Then £ (g) is constant, so ALG™P = £(1)1/2 = ¢/(1)1/2 as claimed.

Otherwise, h > 0. We extend the definition of § to

g=sup{qe[0,1]:h*+(q) > qt"(q)} .

This gives ¢ = 1 in the first case of the proposition, and matches the definition of ¢ in the second case. Note

that ¢ > 0. Define
N 2 1y 1/2
B (h +¢ (q)) _
q

We will prove both cases simultaneously by showing that for any continuous and nondecreasing B : [0,1] —
R~ o, we have

1
PSP(B) 261/2 (h2+€l(21\))1/2+/; é-ll(q)l/2 dq,
q

with equality if and only if

B q<4q,
B(q) = by
{5”((1)1/2 q>7.
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It is easy to check that this B is continuous and nondecreasing (i.e. if § < 1, then B= ¢”(@)"/?) and that it
corresponds to the equality cases claimed in the proposition. By AM-GM,

;/; <é;((;])) +B(Q)> dg > /; ¢"(a)'"? dg, (3.9.1)

with equality if and only if B(q) = £”(¢q)'/? on (g, 1]. Define the truncated Parisi operator
B2 N /5 (51/((]) +B(q)> 4
B(0) Jo \ Blg)

Let B : [0,4] — Rsg be given by B(q) = B, and note that PSP1(B) = g/2 (h? —|—§’(§))1/2. We will show
that for continuous and nondecreasing B : [0,3] — Rsg, we have PSP4(B) > PSP4(B), with equality if and
only if B = B on [0,q]. Along with (3.9.1), this implies the conclusion. We consider two cases.

PSPa(B) =

1
2

Case 1: B(0) < B. Define
(stup{qe[o,qA]:B( )gB}.

q
It is possible that ¢ = g. For ¢ € [q, q], we have B(q) > B, so

/; (2((3)) - B(q)) N /; (5%’) + E) = ; (é - é,)) (B(Q)§ - §"(q)) dq.

e BB =B > " L0 0@z

o /; (%((3)) + B(q)) > /; (gﬂéq) v §> . (3.9.2)

Moreover, for g € [0,3], we have B(q) < B, so

2 (Por() - PP (B)) =2 (g - =) - [ (BB - @) (55 - 5)
oy 2) L@ty 3)
= (am5) [ (570 <0) (5 5) @
S

(g 3) e 1)
(o L )
> (20)—;) w- [ a(hg *qf/(‘?) £ (q) dq]
—0.

Thus PSP4(B) > PSpﬁ(E), with equality only if ¢ = ¢ and B(q) = B for all q € [0,g]. Combining this with
(3.9.2) gives that PSP4(B) > PSP4(B), with equality only if B = B on [0,q].
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2 (Pora() - PPA(E)) =1 (== i)+ [ (BB - @) (5 - 5 )
> (5= 5) + [, (B-¢0) (5-55) @
= (5 5w) < (70 e@) (5 ) @
> (5 gg) [ (70 0) (5 5m)
_ (é _ % —h2—|—/0q <h2 +qf @ €”(q)> dq]
=0.

For equality to hold, we must have B(q) = B for all q€10,q],s0 B= B on [0, q].
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Chapter 4

Open Problems and Conclusion

We close with a discussion of related OGP work, future directions, and some open problems that remain.

Branching OGP, the constant factor gap, and other CSPs. An important open problem is to
close the remaining constant factor gap between algorithms for random A-SAT and our hardness result.
As discussed in Section 2.9, the ladder OGP stalls at a clause density lower bounded by 1.716 - 2% log k/k.
One natural approach is to apply the branching OGP to random k-SAT. However, the analog of Guerra’s
interpolation for an overlap constrained system of k-SAT assignments fails, and new ideas are needed to
establish the branching OGP in this setting.

More speculatively, we expect the limiting clause density for efficient algorithms to coincide with the
clustering threshold, even in lower order terms. [KMRTT07, Equation 6] gives the more precise expression

2% <logk +loglogk + 1 + O(%)) for the clustering threshold. On the algorithmic side, we expect this

clause density to be attained (in the large-radius limit) by suitable refinements of Fix, where the radius of
the neighborhood used to make each decision grows from 3 to a large constant.

It would also be interesting to show hardness results for other random CSPs. [ACOO08], the seminal paper
linking clustering to algorithmic hardness, predicted that the connection between computational hardness
and solution geometry holds in substantial generality for random CSPs. We believe that recent developments
in multi-OGP methodology make possible similar hardness results in other CSPs. Showing a general hardness
result for random CSPs would be a significant advancement of the field.

When clustering does not imply hardness. Recent work on the symmetric Ising perceptron [ALS21b,
PX21] showed that clustering (in the sense that is linked to hardness in random CSPs) does not always
imply hardness. In particular, at any positive constraint density in the symmetric Ising perceptron, all but
an exponentially small fraction of solutions are isolated, forming clusters of size one, even though efficient
algorithms that find a solution exist at some positive constraint densities [BS19]. The popular wisdom
regarding this apparent paradox is that in the Ising perceptron, although most solutions are isolated, there
is a distinguished well-connected cluster of solutions that is accessible to algorithms. This picture was
confirmed at some constraint densities in [ALS21a].

Forthcoming work [GK21c] shows that at a constraint density only slightly above where efficient algo-
rithms exist, a multi-OGP rules out stable algorithms. It is plausible that a refinement of this multi-OGP
will match the best algorithms. Thus, while the rigorous connection between multi-OGP and the failure
of stable algorithms still holds, the heuristic that clustering implies hardness breaks down. It would be
enlightening to clarify this heuristic and identify a refined notion of clustering that does match the limits of
algorithms.

Limitations of OGP for low degree hardness. Current OGP techniques to show low degree hardness
only rule out quite large success probabilities. This limitation arises because these arguments use that
low degree polynomials are stable, which occurs with small but nontrivial probability. In contrast, OGP
techniques to show hardness for (for example) local algorithms leverage these algorithms’ concentration
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properties, which occur with high probability; this allows us to show these algorithms cannot succeed with
even small probability. To see this difference, compare Proposition 2.3.7(a) with Proposition 2.6.4(b). It
would be nice to lower the success probability that low degree hardness results rule out, perhaps by leveraging
a property stronger than stability. Concentration style OGPs also allow the construction of more complex
forbidden structures such as the branching OGP, which appears difficult to replicate by stability style OGPs.
Allowing the use of these structures is another potential benefit of leveraging a property stronger than
stability.

It would also be interesting to prove a low degree hardness result that does not exclude the interval
(=1,1) in the rounding scheme (and thus, does not reference the normalization parameter 7). Such a
hardness result would be based on the inherent stability of polynomial threshold functions, rather than the
stability imposed by a variance condition in . Note that a generalization of the Gotsman-Linial conjecture
[GL92] to non-binary product spaces, plugged in modularly in place of Proposition 2.5.3, would yield a
version of Theorem 2.1.6 in this setting at § = exp(—CD+v/N log N). One could hope to devise a different
OGP argument that improves this probability.

Planted problems. Another variant of OGP has been used to study the computational hardness of
estimation problems and problems with planted structure [GZ17, GZ19, GJS19, BAWZ20], see also [CM19].
This notion of OGP tracks the overlap between a single solution and the planted truth, instead of between
two or more solutions. OGP occurs if the best loss attained by a solution at some overlap with the planted
truth, as a function of the overlap, is nonmonotone with one minimum at high overlap and another at low
overlap. If this OGP occurs, gradient descent or any local Markov chain with worst-case initialization will be
unable to efficiently find the planted truth. An open problem is to extend these hardness results for planted
problems from local Markov chains to arbitrary stable algorithms.
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