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The Prediction of Inlet Flow Stratification
and Its Influence on the Performance of Air-Breathing
Hypersonic Propulsion Systems

by
Mark Joel Lewis

Submitted to the Department of
Aeronautics and Astronautics on June 20, 1938
in partial fulfillinent of the
requirements for the degree of
Doctor of Science in Space Propulsion

A study is presented of the effects of inlet flowfield stratification on the performance of
a supersonic combustion ramjet. Such engines are currently favored as the most practical
means of providing airbreathing propulsion for transatmospheric flight to low earth orbit,
in accordance with the goals of the National Aerospace Plane program. The primary source
of inlet stratification presented in this study is the thick hypersonic boundary layer that is
expected to form on the forebody of a typical transatmospheric vehicle.

The operating environment of a transatmospheric vehicle is described, based on some
simple trajectory approximations using constraints on the airframe and combustor inlet
conditions. It is shown that at high Mach numbers, the forebody boundary layer will be
laminar, and the results of classical laminar hypersonic boundary layer theory are applied
to estimate the inlet boundary layer thickness and properties at various points in a typical
trajectory. The sensitivity of the boundary layer thickness to altitude, angle of attack, Mach
number, and forebody shape are considered. The difficulties of matching the bow shock to
the engine inlet lip are examined in light of the added effects of viscosity.

An analytical model is presented to study the propagation of the forebody boundary
layer inside the engine channel based on a compound compressible streamtube method.
The use of this model is justified by the well-known observation that supersonic stream-
tubes tend not to mix. The model is used to analytically investigate boundary layer effects
inside a constant pressure combustor. The discrete streamtube model is expanded to han-
dle a continuous profile with a no-slip condition at the wall. A means of conveniently
relating the continuous model to the discrete solution is presented. This model is used to
numerically study the effects of nonuniform flow inside an isentropic channel, and the per-
formance of constant pressure and constant temperature combustors designed for uniform
inlet conditions. The behavior of an inlet profile passing through a shock is also considered.



It is shown that even & small boundary layer can produce noticeable changes in free-
stream properties inside the inlet. In the combustor models, it is seen that free-stream
Mach number is generally increased, and so static pressure and temperature are decreased.
These effects are related to estimates of the combustion reaction rate, and therefore to the
total heat release and losses inside the engine. From this, engine performance, as measured
by specific impulse, i8 correlated to the ingested boundary layer thickness. It is suggested
that complete consideration of inlet efficiency must include losses induced in the combustor
by the inlet flow Geld stratification, and that proper evaluation of inlet performance cannot
be accomplished by area averaging flow properties.

Thesis Supervisor: Professor Daniel E. Hastings
Associate Professor of Aeronautics and Astronautics
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Chapter 1

Introduction

1.1 Renewed Interest in Hypersonic Flight

Within recent years, there has been a resurgence of enthusiasm for the use of hypersonic
air-breathing engines as an efficient means of boosting vehicles into earth orbit, and for
high-speed, long-distance travel on earth. Hypersonic research has been airned principally
at the development of supersonic combustion ramjets, or scramjets, ultimately capable of
operating at Mach numbers beyond 24, into the range of orbital velocities. Such engines
could offer advantages in boosting efficiency, since, unlike a conventional rocket, oxidizer

will not be carried up in tankage, but rather obtained from the ambient medium.

The advantages of flying an air-breathing vehicle to orbit are apparent considering that
oxidizer comprises a substantial portion of the gross lift-off weight of existing rocket-powered
boosters. For instance, approximately 1/3 of the lift-off weight of the space shuttle is liquid
oxygen, and that does not even include the oxidizer contained in the solid rocket booster
propellant mixture. The Apollo Saturn V launch vehicle carried a total of 1,734,450 liters
of liquid oxygen in its first three stages, which, with a weight of 2,081,000 kg, represented
nearly 72% of the total lift-off weight of 2,913,000 kg [1]. Clearly, if this weight could be
eliminated, enormous benefits would be realized in vehicle design. It seems almost foolhardy
to carry oxidizer along to orbit through an oxidizing environment. A rocket carrying oxidizer
through the atmosphere has been humorously compared to a fish swimming through the

ocean with a canteen of drinking water on its back.

Because the reaction mass in an air-breathing engine consists mainly of gas ingested
from the ambient reservoir, the specific impulse of such engines is much higher than that

of rocket engines. It is usually assumed that specific impulses of about 2000 seconds are
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achievable at Mach 10, dropping to about 1000 at Mach 20 [2]. This is compared to a
characteristic specific impulse of 460 seconds that is currently the maximum obtainable

with chemical rocket engines such as the space shuttle main engines.

Despite this promise of such savings, the advantages of air-breathing propulsion are not
completely clear-cut. The reduction of weight associated with the removal of on-board oxi-
dizer is partly offset by the increase in weight incurred by the use of an airbreathing engine.
Rocket engines produce extremely high thrust for their own plant mass. For instance, the
thrust-to-weight ratio of a space shuttle main engine (SSME) is 55. This is lower than many
older engines, because much of the SSME’s weight is concerned with reusability. An Apollo
Saturn first stage F-1 engine had a thrust-to-weight ratio of 82; the MA-5 sustainer engine
used by the Atlas booster has thrust-to-weight ratio of 120. By comparison, ramjets have a
typical thrust-to-weight ratio of about 7. We can conclude that an air-breathing propulsion
system will generally be much heavier than a traditional rocket engine for the same thrust

level.

The oxidizer weight savings is also offset by the increase in zirframe mass associated
with building a vehicle for sustained atmospheric flight. In fact, as will be described in the
next chapter, a transatmospheric vehicle will likely fly at dynamic pressures that exceed
current flight vehicle experience. In addition, a hypersonic vehicle that exceeds Mach 12 or
so will likely be actively cooled. The mass of such a cooling system will also subtract from

the weight savings.

The design of a cooling system poses another weight problem; the vehicle surface will not
only be cooled, but it has to be cooled recuperatively in order to supply sufficient enthalpy
to the engine flow. Ablation would not be a viable option for a reusable vehicle. However, a
stoichiometric volume of hydrogen probably has too small a heat capacity to cool the vehicle
surface throughout the trajectory, so up to three or four times the stoichiometric volume of
fuel will have to be carried to accomplish this cooling. This will produce a corresponding

decrease in realizable specific impulse.

As with any vehicle, a hypersonic vehicle must fight drag in its flight through the atmo-
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sphere, and the associated losses increase the total fuel required over that for a traditional
rocket. This issue is trajectory dependent.

In addition to these mass issues, there are a multitude of research problems that are
beyond the range of this present work. For instance, the design of a cryogenic fuel storage
tank that will sit in close proximity to a very hot skin; the problem of maintaining static
control on a vehicle which derives so much of its thrust on its forebody and aftbody; and

the problem of mixing fuel and getting it to burn at high speeds.

This work will concentrate on the single issue of the generation of large-scale nonunifor-
mities on the vehicle surface, and the effect these nonuniformities will have on the engine
operation. Only those nonuniformities that are generated as a result of the steady-flow
external vehicle fluid dynamics will be considered. Such problems as gusting, or unsteady
pitching and yawing will not be examined. The goal will be to determine the importance of
such non- uniformities to the combustion process and general engine design by comparing
the performance of an actual engire with the expected characteristics of an engine designed
for uniform inflow. Throughout, the issue of what would happen if a hypersonic engine

were designed without taking the forebody flow profile into account will be considered.

As will be shown, the design constraints on a transatmospheric vehicle will be such
that the engine will, under certain circumstances, ingest a thick boundary layer at extreme
temperatures and very low density. Also, as will be argued, the ingested profile will not
mix out, which is a general property of supersonic shear flows. This stratification must be
dealt with in the engine design, and it will be of the utmost importance to determine how it
influences engine operation. This work will not consider the details of any one specific engine
design, so much as examine the overall influences of inlet stratification with as qualitative

and fundamental an approach as possible.

1.1.1 Research Approach

In this work, existing classical laminar boundary layer solutions will be used to predict

the boundary layer thickness entering a hypersonic engine along simple trajectory models.
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The effect of these profiles on the forebody bow shock flow will first be examined. The proper

conditions for shock matching will be derived, and the differences between the inviscid and

boundary layer solutions will be highlighted.

The calculated forebody profiles will be used as inputs into a streamtube analysis of the
flow inside a hypersonic engine. The behavior of multi-streamtubes will be explored with
existing streamtube methods. In this document, the streamtube methods will be extended
to 2 continuous profile with a no-slip condition at a wall and heat addition. This streamtube
modei will be coupled with an analytical boundary layer solution with which the behavior
of the inlet flow will be explored. The continuous streamtube model will be used in a simple
numerical procedure for following a profile through a combustor channel. The response of

a profile to passage through an inlet shock will be derived here as well.

In deriving the continuous streamtube model, several simplifying assumptions will be
made. It will be assumed that flow is either laminar or turbulent, and arguments will be
presented for assuming completely laminar flow at high Mach numbers. The problem of
separation and reattachment will not be covered, and it wiil generally be assumed that
separation has little effect on the shape or thickness of a reattached boundary layer profile.
Although the effect of a shock on the profile will be examined, it will generally be assumed
that there are not strong shocks inside the engine channel. Where it is necessary to do so,
vehicle geometries and trajectories will always be modelled with the simplest assumptions

available.

1.2 Engine Selection and Design

1.2.1 The Scramjet Concept

It is obvious that, before the influence of nonuniformities inside hypersonic air-breathing
engine can be analyzed, the general flow path of that engine must be clarified. There are
presently several schemes for hypersonic propulsion which have received some attention. The

most favored method, and the one that will be considered in this work, is the supersonic
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combustion zamjet, or scramjet. A scramjet is similar to the more traditional ramjet in that
the inlet flow is compressed not with turbomachinery, but from the ram effect of decelerating
a high-speed stream. The airflow is then decelerated in a combustor, where fuel is added
and combustion increases the flow enthalpy, to provide net thrust after expansion through
a nozzle. The ramjet can be run up to moderately high Mach numbers, up to about Mach
6, because there are no rotating parts at the combustor exit, as there are in turbine-driven

engines [2].

The upper limit in ramjet Mach number is set by the maximum temperature permitted
in the combustor. Because the stream is decelerated to facilitate the combustion process,
it reaches a static temperature that approaches the free-stream total temperature, which is

given by the familiar isentropic relation

Tiotal ( 7-1 2)
—_— =14 ——M 1.1
Tstltic 2 ( )

At v = 1.3, this ratio is 1.15 at Mach 1, 2.35 at Mach 3, and 6.4 at Mach 6. Thus, as Mach
number increases, the deceleration process eventually raises the combustor temperature to
a value beyond the combustion temperature, so that fuel addition does not yield further
enthalpy increase. At sufficiently high temperatures, added fuel will dissociate and so

remove heat from the mean flow.

One solution to this Mach number limitation is to simply not decelerate the combustor
flow. This is the concept behind the supersonic combustion engine which was first proposed
about 30 years ago [3]. Incoming flow is kept at supersonic speeds throughout the com-
bustor, so it never reaches the high stagnation temperatures associated with a low-speed
combustor. In theory, such an engine could run at nearly any Mach number, so long as
the combustor is capable of accomplishing the heat-addition process at the corresponding

speed. This is why the scramjet is proposed for flying up to orbital velocities.

This present work will focus ezclusively on the scramjet concept, because it is the only
concept currently proposed which holds the promise of accelerating a hypersonic vehicle
to orbital velocities. The scramjet is also about the simplest engine to analyze, since it
essentially consists of a flow channel in which a hypersonic stream is decelerated to a lower

(though supersonic) Mach number, heat is added, and the flow is accelerated out through a
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nozzle. Analysing scramjet flow is simply a problem in analyzing supersonic channel flow,

and that is the approach that will be taken in this work.

The design of such an engine is made difficult by the requirement for accomplishing the
combustion process at supersonic speeds. Because the combustion must proceed quickly
in the high-speed flow if the combustor is to be of practical size, the selected fuel must be
fast-burning, and this leads to the selection of hydrogen as the only practical candidate. It
is not clear that the combustion process can be made to occur even with hydrogen, because
at high-speed, shear layers tend not to mix as they do at low speed [4]. Thus, one of the
critical designs issues being investigated in the field of hypersonic propulsion is a practical
means to induce fuel mixing. Although this particular problem is beyond the scope of this
work, the fact that streams do not mix in high speed flow is actually used here to simplify
much of the analysis. It is a good assumption that prefiles will not mix out, even over long
path lengths, so that forebody velocity profiles can be assumed to retain their shape all the

way into the engine channel.

Adding heat to a high Mach number flow results in a substantial total pressure penalty.
Indeed, any heat addition increases the entropy of a flow and drives it towards unity Mach
number, and so introduces losses [2]. For a given increment of heat to a flow, the logarithmic
derivative of decreasing total pressure is a function of the flow Mach number, as can be seen

from equation (10.10) in reference [2]:

l@l = _Jifz_.d_Q_ (1 2)
prdx  2puC,T: dz )

where dQ/dz is the streamwise heat addition. This is equivalent to the more traditional ex-
pression for total pressure change as a function of total temperature, written in logarithmic

derivative form:
dp, YM? 4T,
to _ 17 o 1.3
2, 2 T, (1.3)

Writing u = M\/ART, C, = 7R/(v — 1), and using the one-dimensional relationships for
total temperature and density [5], the change in total pressure for a given change in heat is
written as a function of the Mach number and total temperature:

dp: _ _(‘7— l)M(l_*.;r__-z-_l‘l\/[g),’_a.'t_lls

0= Ny (1.4)
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At low Mach numbers, the total pressure loss for a given heat increase is proportional to

the Mach number:
dpe |, _(1-OM (1.5)

lim — o~ — =

N 3Q = T 2/ART

At kigh Mach numbers, losses are even more sensitive to Mach number:

_ dpe [ - 1](31—1)/2(1-1) M21/(-1)
l —_— 1.6
z /3T (16)

Moo dQ
Clearly, losses are much larger when heat is added to a given flow at higher Mach number. At
~ = 1.25, characteristic of typical combustor conditions, the total pressure loss scales with
M1%. As a result, the supersonic combustion ramjet suffers higher losses in its combustor

in comparison to the traditional ramjet.

1.2.2 Nonuniformities and Scramjet Operation

From the results of classical hypersonic boundary layer theory, it is known that in certain
cases a thick boundary layer will form on the surface of a hypersonic vehicle, and this will

have the following effects:

e The vehicle skin will be surrounded by a high temperature layer which may represent

;substantial fraction of the shock layer.
o The vehicle bow shock will be displaced outward and be sensitive to angle of attack.

e The flow entering the scramjet will be stratified in temperature, density, and mass

flux

o The inlet flowfield profile thickness will scale inversely with the angle of attack at

large angles.

The latter two effects are especially important in the scramjet because of the sensitivity
of such an engine’s performance to flow losses in the inlet, and the unacceptably high static
thermodynamic conditions that may be encountered with small variations in Mach number.
In comparison to a conventional ramjet, the scramjet suffers a high total pressure loss in the

combustor because heat is added to the flow at supersonic speeds. This can be countered by
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the fact that the inlet experiences relatively small losses because there need not be strong
shocks present. Thus, good scramjet performance will depend in part on keeping inlet flow

losses to a minimum.

The presence of flow nonuniformities in the scramjet will be important because even
small changes in Mach number can produce large changes in thermodynamic properties.
Also, a scramjet combustor which is designed to run near thermal choking at uniform inlét
conditions may be driven to choke with a nonuniform inlet. These effects may not only be
deleterious to engine performance, but generate temperatures and pressures which destroy
the engine. A simple argument for this comes from the one dimensional compressible flow
equations; a fractional change in Mach number produces a fractional change iu the static

pressure and temperature as:

oaq2
8P _ - M (L7)
P 1+ lz_.MZ M

3T _ —(y-1)M?aM
T 1+3iM2 M

(1.8)

In the small Mach number limit, 3P/P and 8T /T are insensitive to fractional changes

in Mach number, but in the hypersonic limit,

aT oM
T o~ —Z-A_/f- (1.10)

so that slight changes in Mach number due to nonuniformities imply large real changes in
pressure and temperature, possibly inhibiting combustion or destroying the engine. For
vy=14,0P/P =17 BM /M . Real chemical effects, as typically encountered in hypersonic
flows, can intensify the pressure variation by reducing v. At y =1.3,dP/P = 8% IM/M;
at y=1.25,9P/P =10 dM/M.
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1.2.3 Sensitivity of Combustion to Thermoedynamic Conditions

One of the major issues in scramjet design is accomplishing combustion at high speeds in
a combustor channel of reasonable length, assuming that fuel can be adequately mixed into
the flow. Any process which delays or inhibits combustion will either reduce the amount
of heet that is added in the engine, or require the design of a longer, heavier engine.
Accordingly, the impact of the ingested boundary layer on the combustion process is an

issue of central concern in this present work.

Figure 1.1is a plot of the hydrogen-air system reaction time as a function of temperature
and pressure [6]. These represent the time required to reach 95% completion, as measured
by temperature. As would be expected, the reaction rate is a strong function of pressure
at any given temperature. Note that for lower temperatures, there is a pressure at which
reaction time is a minimum, and so combustor length is most reasonable. As pressure
rises, secondary reactions within the hydrogen-air system become more important, and
increase the time required for the reaction to go to completion. The addition of combustion
enhancers such as silane or peroxide, as has been proposed to accelerate the combustion

process [6], will alter this plot.

Ferri (7] has calculated the reaction time and has presented the following curve fit for
the reaction time between 1000K and 2000K and .2 and 5 atm. This reaction time should
not be confused with the combustion time presented in Figure 1.1, which is the sum of the

reaction time plus the delay time leading up to the onset of ignition.

W03 o-7/803 (1.11)

t t. = ——

reaction pl_-,
with time in psecs, pressure p in atm., and initial temperature T in degrees K. More recently,
Rogers and Schexnayder (8] have presented an updated curve fit for the reaction time:

325 e—T/1250 (1.12)

reaction =
pl.ﬁ

The differences between these fits are more in the absolute values of reaction time, rather

than the sensitivity to thermodynamic conditions.

This equation neglects the effects of high pressure in limiting the combustion rate. For
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Figure 1.1: Time for completion of hydrogen combustion in air
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ins*ance, referring again to Figure 1.1, at 1000 K, combustion essentially ceases above one
atmosphere due to the influence of secondary reactions. At 900 K, this limit is only about

1/3 of an atmoaphere. In general, the cutoff pressure in atm. can be written as:

Peutoll = e.0!2 T-12 (1'13)

The reaction rate will also fall off at high temperature, and above about 3300 K at 1 atm,
combustion will cease. Beyond this ter.perature, fuel addition will 1esult in dissociation,
and a net loas in total temperature. Figure 1.2 presents the equilibrium rise in temperature
in the hydrogen-air system at 1 atmosphere, at various initial temperatures. This rise is

linear, and can be approximated by
AT = 2350K — 7315 Tinitial (1.14)

in the vicinity of one atmosphere. The rate at which temperature is rising in the reaction
can be approximated by dividing the equilibrium temperature rise in equation 1.14 by the
reaction time of equation 1.12. The result is plotted in Figure 1.3. The heat addition rate

is more sensitive to pressure than temperature.

It is therefore important that the pressure and temperature be kept within a rather
narrow range once the combustor length, and thus the required reaction rate, is selected.
Thie will be an important consideration in later chapters which will examine the influence
of an inlet profile, and analyze the changes it produces in expected values of pressure and

temperature in a combustor channel.

1.2.4 Other Propulsion Schemes

Although the low speed performance of a hypersonic vehicle will not be explored in
this work, it is appropriate to comment briefly on the propulsion plant requirements for
the initial phase of the transatmospheric trajectory. This will establish the appropriate

operating range of the supersonic combustion engine.

Neither a scramjéf;; nor a ramjet can produce thrust at zero Mach number because they

cannot compress without a ram effect. Therefore, a hypersonic vehicle must accelerate up to
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the speeds at which these engines could operate with some other means. Various proposals
exist for engines that could carry a vehicle between Mach O and Mach 6, where scramjets
are practical. These include rockets, traditional turbojet schemes, and assorted hybrids.

One difficulty in selecting appropriate engines is that each type of engine has its own par-
ticular operating range. For instance, traditional turbojets cannot exceed Mach 3, because
the gas temperatures entering the combustor begin to approach the combustor exhaust
temperature restriction imposed by the turbine material temperature limits. Scramjets do
not operate well belew Mach 6 because of the total pressure losses in the combustor, so it
is suggested that, if turbine-powered engines are used for the initial acceleration, ramjets,
or a ramjet mode of operation (i.e. with subsonic combustion) would have to be used to

bridge the gap between Mach 3 and Mach 6.

A goal in hypersonic engine design is to encompass as much of the operating range of
a transatmospheric vehicle without adding additional engine modules for each speed range.
A means of doing this is to design engines which can operate over much wider ranges, or
to extend the operating ranges of existing engines. An existing example of this concept is
the Pratt and Whitney JT11D-20B bleed turbojet engines used on the SR-71, which have

special flaps to bypass the compressor at high Mach number, so the afterburner can act like

a ramjet.

A particularly novel hybrid concept is the air-turboramjet, which uses a compressor that
is powered by a turbine run from a fuel-rich gas generator. The outflow of the turbine then
mixes into the incoming stream, and combustion proceeds as in a ramjet or a scramjet. The
advantage in this concept is that the turbine is not exposed to the incoming air, and so the
only temperature limit is the compressb; inlet temperature, which becomes restrictive in

the vicinity of Mach 6 [9], where scramjets could take over.

It is not clear whether the performance of such an engine is really superior to that of a
traditional after-burning turbojet. Such an engine could be run up to high Mach numbers
by gradually reducing the fuel in the combustor to control the turbine inlet temperature. At

high Mach number, the afterburner begins to work as a ramjet, and the cornpressor/turbine
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path can eventually be bypassed, as is done on the SR-71.

As an aside, it is worth noting that the traditional air-breathing engines are not the
only class of engines being proposed for hypersonic flight. One very different concept is the
liquid air gombustion engine, or LACE. Such an engine would use its store of cryogenic
fuel (i.e. liquid hydrogen) to condense atmospheric air in some inlet/heat exchanger. The
liquid oxygen in this condensed air could then be burned with the fuel in a conventional
chemical rocket engine. The advantages of this concept are that it can be run from sero
Mach number to hypersonic speeds, and the engine technology is well known. The primary
disadvantage is the difficulty in designing an effective heat exchanger.

Another class of engines has been proposed that would use the propagation of expansion
waves inside a channel to produce regions of cold air in the otherwise hot hypersonic flow,
which could be used to power traditional turbomachinery [10]. However, the design of such

engines is so impractical that they will not receive further attention in this work.

At the high Mach number range, it is questionable whether the scramjet will be sufficient
to carry a hypersonic vehicle to orbit. It may be necessary to use rocket engines for the last
phase of flight, for final orbital insertion, or to design a scramjet which could convert to a
rocket mode, using a small reservoir of stored oxidizer. This work will not be concerned

with this last phase of the trajectory.

1.3 Testing Difficulties and Verification

It has been suggested that the new generation of hypersonic vehicles will be designed
entirely with computational techniques because of the difficulty in obtaining experimental
data at the required conditions [11]. Unfortunately, without proper means of validating
computational results, the reliability of such methods is suspect. Analytical methods can
become hopelessly complicated when they are applied to anything beyond simple model

problems.

The current hypersonic propulsion research environment can be divided into two classes
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of hypersonic solutions. The first class consists of “simple® analytical models, generally
one-dimensional, which attempt to determine fundamental physical principles, but which
are difficult to apply to realistic engine and vehicle designs. In fact, the label “simple” is
quite deceiving, for some of these models can become rather complex in their treatment of

chemistry and losses.

A second class of solutions is the “complex® computational results. While these are
more appropriate for determining the response of specific configurations, they are difficult
to validate, and it is hard to extract meaningful physical insight from them. Also, many
of the computational codes require massive run times, and so are inconvenient to use in a

design process.

It is the goal of this research to bridge the gap between the “simple” analytical mod-
elling and the “complex” computational solutions. It is hoped that certain fundamental
physical principles important to the operation of scramjets can be made clear, while at the
same time providing a meaningful basis for validating computational schemes. Simplifying
assumptions have been sought which take advantage of the hypersonic conditions, so that
analytically intractable problems can be reduced to tractable ones. Throughout, the rich

body of hypersonic literature has been drawn upon, and applied as appropriate.

The lack of experimental data is a frustrating limitation in the development of analytical
and computational solutions. The extreme Mach numbers at which scramjets are to oper-
ate exceed present experience with air-breathing engines. Current wind tunnel technology
permits testing to about Mach 8, although actual air-breathing flight experience extends
only somewhat above Mach 3. It is difficult to extrapolate these supersonic results to the
hypersonic regime because of the increasing importance of real gas effects in the strong
gradients and high temperatures encountered at very high Mach number. Thus, until hy-
personic test vehicles can be flown, there will be a substantial gap between the knowledge
required to successfully build and operate such a vehicle and existing hardware experience.
Although it has been suggested that computational techniques will fill that gap, questions

remain about proper and reliable code validation.
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One area in particular which is inaccessible to current experimental techniques is the sub-
ject of this work, namely the study of inlet nonuniformities and their propagation through
the scramjet. The procurement of pertinent experimental results is limited not only by the
need for extreme Mach numbers at specific values of Reynolds number, but also by the
coupling between the engine’s internal flow and the external vehicle flow field. A proper
simulation would therefore include not only the scramjet at high Mach number, but an
appropriate vehicle forebody as well.
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Chapter 2

Operating Environment and Vehicle Design

Fundamentals

2.1 Designated Misions

In the current resurgence of hypersonic research, two vehicle mission profiles are pro-
posed. The first concept is the so-called “Orient Express,” designed to fly commercial
traffic at hypersonic speeds across the globe. Such a vehicle would be a hypersonic cruiser,
accelerating to some hypersonic Mach number (=~ 10) and then rem=iniugz a¢ that speed
until decelerating and landing. It is envisioned that an Orient Express could carry business

passengers between New York and Tokyo in about two hours.

The second, and far more ambitious project receiving attention, is the notion of a hy-
personic air-breathing space shuttle. In the simplest representation, such a vehicle would
be a two-stage craft with a reusable air-breathing first stage, and a rocket-powered second
stage, as is being studied in West Germany under the Sanger II program. The vehicle con-
cept receiving the most attention in the United States is the single-stage-to-orbit, or SSTO
vehicle. An SSTO would fly up to orbital speeds in the atmosphere, using air-breathing

engines in a single reusable craft.

The design of a transatmospheric air-breathing vehicle is strongly dependent on the
environment in which it will operate. Perhaps more than any vehicle yet designed, an
aircraft such as that envisioned in the National Aerospace Plane program will be constrained
to an extremely narrow operating envelope. The performance of the combustor, inlet, and
nozzle will be so sensitive to changes in flow conditions that the vehicle will have to be

designed with the trajectory and flight environment in mind.
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Imbedded in the notion of a transatmospheric vehicles is the concept of vehicle/engine
integration. The weight limits will be such that the outer surfaces of iLese vehicles will
have to perform pnﬁ of the propulsion plant function. For instance, the forebody will also
serve as the engine inlet, and the aftbody will act as half of plug nozzle. In a sense, the
entire undersurface of the vehicle will be the engine, and what would normally be termed
the propulsion plant will instead be merely a combustor. Thus, throughout this work, the
reader should be careful of the distinction between the engine inlet, which actually refers
to the external forebody compression surface, and the engine channel inlet, the opening

leading into what is essentially just a combustor.

Because of the close coupling between the hypersonic vehicle design and its trajectory,
it is difficult to define the trajectory independently of the vehicle configuration. This means
that it is not meaningful to optimize a transatmospheric flight for a so-called “generic”
transatmospheric aircraft, and no attempt will be made herein. However, it is possible
to draw certain general conclusions about transatmospheric flight, and to use these as

guidelines for trajectory selection and environment definition.

2.2 Environment Model and Trends

An air-breathing transatmospheric vehicle must fly through the relatively dense regions
of the atmosphere on its way to orbital speeds. In strong contrast to trajectories for more
traditional classes of rocket boosters, which aim to get above the atmosphere as quickly as
possible to minimize drag, transatmospheric vehicle trajectories must remain low enough
to provide sufficient reaction mass for the propulsion system. Thus, the selection of a
transatmospheric trajectory is based stfongly on the properties of the atmosphere, and on

the aerodynamic performance of the aircraft and the propulsion system.

Before approximations are made of typical hypersonic transatmospheric trajectories,
it is appropriate to describe the nature of the atmospheric profiles of temperature and
density. Throughout this work, the atmosphere model that has been used is the U.S.
Standard Atmosphere, 1976 [12]. The reader is referred to that work for exact values of

36



the thermodynamic properties of the atmosphere in the range of interest here.

Throughout this work, a continuum fluids approach wilil be used to model the flow on the
forebody and in the engine of a hypersonic vehicle. The validity of this approach is based
on the fact that at the altitudes being considered, the atmospheric mean-free-path is very
small. Mean-free-path is inversely proportional to the number density in the atmosphere,
which decreases exponentiaily through the lower portion of the atmosphere. Thus, there is
a considerable increase in mean-free-path as altitude increases. For instance, at sea level,
the mean-free-path Ay, = 6.6 X 10~% m, and at 50 km, A, = 7.9 X 10~°m. Compared to
relevant vehicle dimensions, the flow can be treated as a continuum. Note that there may
be local regions on the vehicle surface where mean-free-path is quite large, and the flow

resembles rarefied, such as at a very sharp leading edge. These regions will not be here.

Some estimates can be made of the sorts of trajectories that would be characteristic of
transatmospheric flight based on the limitation of thermodynamic and aerodynamic param-
eters. A more complete analysis of the trajectory would consider the equations of motion
under assumptions of the vehicle’s thrust/drag and lift /drag. However, it is assumed here
that the thermodynamic considerations, such as combustor temperature and pressure, and
structural limitations due to dynamic pressure will be the most difficult to avoid, while the

thrust and lift can be tailored as required to meet these constraints.

2.3 Trajectory Selection

2.3.1 General Trends

Air-breathing vehicles must fly at relatively low altitudes in order to ingest sufficient air
for engine operation, and to maintain acceptable thermodynamic conditions for combustion
to proceed at a sufficient rate in the engine. so the combustion process is accomplished in
a reasonably-sized combustor channel. An over-long combustion path length will increase

required engine length, and thus mass, and so is undesirable.
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There are two limits on the rate at which fuel can be added in the combustor. The first
is the rate at which-fuel will mix into the engine, and the second is the rate at which fuel
will burn. The mixing problem is of paramount concern in hypersonic research, because at
high-speeds streamtubes tend not to mix. There is a substantial research effort currently

under way to determine if fuel mixing can be enhanced, or if it is even possible to realize.

A second limiting process is the reaction rate inside the engine. Hydrogen is usually
indicated as the fuel of choice because it has such a fast combustion rate. If the combustion
process is too slow, an engine which is designed for complete combustion heat release will
be impractically long. If this reaction rate is slower than the mixing rate, the combustion
must be sized based on the chemical kinetics inside the engine. In this work, the mixing
problem will not be addressed; rather, the effect of varying thermodynamic conditions on
the combustion rate will be explored, subject to the assumption that fuel mixing is possible
and not rate-limiting. It is expected that the combustor will be reaction rate- limited at
low pressure (~< 1/10 atm.) and mixing rate-limited at high pressure (~> 5 atm.) where

combustion proceeds quickly.

Studies have shown that the combustor operation requires pressures in the range of about
one atmosphere. As was shown in chapter 1, at low pressure, the combustion rate is slow
because of the reduction in collision frequency. At higher pressures, three-body reactions

tend to rob the combustion system of hydrogen, and so the reaction rate is reduced.

It is reasonable to assume that inlet air is delivered at temperatures near 1000 K. With
typical stratosphere temperatures of about 220 K up to about 35 kilometers altitude, this
implies a limit of five-fold increase in static temperature across the inlet shock system. For
a three-shock inlet system in which each shock has the same temperature rise, the pressure
rise associated with the total temperature increase would be a factor of approximately 80. In
order to provide one atmosphere combustor pressure, the ambient pressure should therefore

be about .013 atmospheres, which is found at 27 km altitude.

Because pressure falls off roughly exponentially with altitude, increased altitude results

in dramatically decreased combustor pressure. For instance, at 45 kilometers, atmospheric
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pressure is down to less than .002 atmospheres, while ambient temperature has risen to 310
K. In order to keep inlet temperatures at 1000 K, a three-shock inlet system would have an
associated preesure ratio of 35, yielding a combustor inlet pressure of only .07 atmospheres,

too low for effective combustion to occur.

The fundamental result of matching trajectory to combustor performance requirements
is the conclusion that the engine operates best at relatively low altitudes. Conversely,
constraints on the vehicle structure demand the opposite trend. Thermal limitations dictate

trajectories that take the vehicle into higher aititudes where surface heating is reduced.

2.3.2 Constant Dynamic Pressure Trajectories

One indication of trajectory constraints is the dynamic pressure. In hypersonic flight,
dynamic pressure correlates closely with engine inlet conditions, because dynamic pressure
indicates the maximum pressure rise through the shock. The dynamic pressure limitation
is generally less severe than that for the heating limit, especially at the high-speed portions
of the trans- atmospheric trajectory. The dynamic pressure, ¢aynamic = -% ply) Utis a
function of both speed and local density. It is most convenient to plot the trajectory in

terms of the Mach number, so that the known atmospheric temperature profile must be

_ 244 amic
M) = V‘rR-irTw(ly)p(y) @1)
2 gdynamic
V" () (22

The trajectory is then solved by simply calculating M at each altitude, until the desired

included in the trajectory:

orbital velocity is achieved.

It is ultimately of interest to accelerate the transatmospheric vehicle to orbital speeds
and beyond for SSTO flight. Orbital velocity in a low-earth orbit is 7.8 km/sec, so the final
trajectory velocity must be at least that. Below 50 km, that translates to about Mach 26.

The air-breathing trajectory will likely bring a hypersonic shuttle to a final altitude
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which is much lower than the desired orbital altitude. T> get to orbital height, a hypersonic
shuttle could fly beyond orbital speed, then pitch up and climb, losing velocity as it does

The required overspeed can be estimated by equating the excess kinetic energy to the re-
quired gain in potential energy for reaching the desired altitude. Thus, for such a maneuver,
the final flight velocity would be: |

Upp = 7.8 km/sec + \/2 ['] (hoﬂ,ig.] - hﬂn.l) (2.3)

where hqbital is the final desired orbital altitude, and hgna is the actual final altitude at the

end of the constant dynamic pressure trajectory, before the pitch-up maneuver. In fact, for

a typical value of (horbital — hgna) = 150 km.,

\/2 g (horbitnl - hﬂnsl) ~ 1.7 km/ sec (2.4)

The potential energy gain is only 22% of the kinetic energy. The final Mach number to

orbit is shown in the trajectory plot of Figure 2.1. Note that losses due to drag during the
pitch-up maneuver have been neglected. Figure 2.1 shows trajectories for dynamic pressures

of 1/10, 1 and 10 atmospheres.

2.3.3 Constant Equilibrium Temperature Trajectories

At hypersonic speeds, the surface of the aircraft will become quite hot as the work done
by drig on the air is converted to heat. The heating load to the vehicle surface must be
limited or counteracted if the surface materials and the structure are to survive, especially

if the vehicle is to be reusable.

Since the vehicle nose and leading edge sharp points will be the hottest points on the
outer surface, the temperature limiting trajectory can be plotted by assuming some simple
geometry, and then calculating the expected heat load. The heat load can be estimated from
the Fay-Riddel heating law, based on a curve fit of numerical solutions to the compressible
gtagnation-point boundary layer equations [13]:

du

Quneor = T (o) [+ (Lo = 2] he =~ b T2 (25)

z=0
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Figure 2.1: Constant dynamic pressure and constant radiative equilibrium temperature

trajectories. Boxed numbers refer to points in the first column of Table 3.2.
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where Le is the Lewis number, about 1.4 in the conditions of interest, Ap is the dissociation

enthalpy, and du/dzj;=¢ is the streamwise gradient of velocity in the free-stream. This

formula has been shown to match experimental data quite well by Rose and Stark [14].

From the Stefan-Boltzmann radiation law, the equilibzium surface temperature can be

calculated by setting the radiated heat equal to the Fay-Riddel heating rate:

— Qltn .pt. 1/4
Tequilibrium = ——L-w (2:6)
where ¢ is the assumed surface emissivity, about .8 for the most likely materials to be

used [15].

The temperature limit on the nose of the space shuttle is 2500 K. It is assumed that
materials capable of withstanding in excess of 2500 K for sustained periods will not be
available. The constant radiative equilibrium trajectory required to keep a 1 meter diameter
nose at 2500 K is plotted in Figure 2.1, along with trajectories for other nose temperatur-s.
From the Fay-Riddel law, it is apparent that the stagnation point heating rate scales with the
inverse square root of the stagnation point radius, so the radiative equilibrium temperature
scales with the -1/8 power of nose radius. The 1 meter diameter nose quoted above is based
on the space shuttle, and a hypersonic vehicle will likely have much sharper leading edges,
corresponding to increased radiative equilibrium temperature. The 1000 K equilibrium
contour for a 1 meter nose corresponds to 1800 K for a 1 cm nose; the 2500 K contour at 1

meter corresponds to 4500 K at 1 cm.

The trajectory plots in Figure 2.1 show that, below about Mach 10, surface heating is
not a limiting factor, and the constant dynamic pressure trajectory will keep the hottest
points on the vehicle within reasonable materials limits. However, above Mach 10 or sc,
the radiative equilibrium trajectory takes the vehicle to higher altitudes than the one at-
mosphere constant dynamic pressure plot. At Mach 18, the 2500 K heating limit requires

an altitude that is higher than even the 1/10 atmosphere dynamic pressure trajectory.
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2.3.4 Engine Inlet Constraints

The example given for fiight at Mach 10 with 1 atmosphere inlet pressure and 1000
K inlet temperature suggested that, in general, combustion in a hypersonic airbreathing
engine will operate proceed best at altitudes that are below those determired by airframe

structure and heating constraints.

Figure 2.2 shows a set of trajectories plotted for the compression provided by a two
shock inlet, each shock corresponding to & wedge at 5 degrees. Trajectories are shown for
inlet pressures in the vicinity of one atmosphere, where a scramjet will have to operate. Also
on the same plot are lines of constant inlet temperature for the 5 degree, two-shock inlet
geometry. Note that in order to deliver between 1/2 and 1 atmosphere pressure, the vehicle
will have to fly below 15 km at Mach 10, and below 25 km at Mach 25, corresponding
to dynamic pressure of about 6 atmospheres. Inlet temperatures in this trajectory are

reasonable, remaining below 1500 K throughout the flight.

In order to deliver higher inlet pressure, and thus fly at a higher altitude and lower
dynamic pressure, the wedge angle can be increased, or ramps can be added to the inlet
(the effect is the same). Figure 2.3 shows constant inlet pressure trajectories with a wedge
angle of 10 degrees. Notice here that, in order to achieve between 1/2 and 1 atmosphere
inlet pressure, the vehicle is now flying at 20 km at Mach 10, and 30 km. at Mach 25. This
would result in dynamic pressures of about 3 atmospheres, which is still high, though more

acceptable for the airframe than the 5 degree wedge solution.

Higher compression comes with a correspondingly higher inlet temperature. With the
10 degree wedge solution, the inlet temperature is 1000 K at Mach 10, and rises to 3000
K at Mach 25, as shown in Figure 2.3. This latter figure is too high for combustion to

proceed, and is also too high for adding heat from a recuperator.

The requirement to match pressure and temperature along the trajectory suggests that
it may be necessary to design a transatmospheric vehicle with a variable-geome.try inlet,

such that the inlet wedge angle can be modified. If the apparent inlet angle could be set to
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Representative Transatmospheric Trajectories
Engine-limited one-ramp inlet at 5 deg.

T=500 K T=1000 K T=1500 K

Y, in km. $30. 4

10. 1

Figure 2.2: Constant inlet pressure and temperature for a two-shock inlet with 5 degree
wedge angles
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Representative Transatmoipheric Trajectories
Engine-limiter] one-ramp inlet at 10 deg.
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Figure 2.3: Constant inlet pressure and temperature for a two-shock inlet with 10 degree

wedge angles
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any desired value, a unique altitude would be determined for which the specified pressure
and temperature would be delivered to the inlet at all supersonic flight Mach numbers.

The pressure- and temperature-matched altitude is determined by solving for the pres-
sure ratio across an oblique shock as a function of the temperature ratio, without worrying
about the wedge angle or shock angle explicitly. It will be assumed that the inlet will
provide the necessary geometry to produce a shock of any appropriate angle. Starting with

the Hugoniot relationship for the pressure ratio across a shock as a function of the density

ratio [5]: . (3__}) -
;I = -———(?’%) ~ ﬂ (2.7)

The simple equation of state is still valid in spite of dissociation and reactions as long as the
individual species have minimal intermolecular forces. Introducing the temperature ratio

from the equation of state
2 _p2Th :
LA QN o Bk | 2.8
n nh @8)

we can write
(J+_1) 1l _ g

2_2_ - 1-1) nT; (2 9)
+1 T, :
o () -BR

Solving for the pressure ratio in terms of the temperature ratio:

7
Pz _ Va+ 1R +1)+2(2 -6r+ NP + (1 + 1) -1
e 2(y-1)

This is the pressure ratio across a single shock. For an inlet with n shocks, assuming there

(2.10)

is equal temperature ratio across each shock and uniform 7, the overall pressure ratio in

terms of the overall temperature ratio is:

P2 _ (\ﬁ'+ e ([B]™" +1) + 2y - 6y +1) [B] "+ + 0([B] " - 1))
p1 CESL

(2.11)

Thus, by specifying a temperature ratio, the pressure ratio is uniquely determined.
Because there is no explicit dependence on Mach number in equation (2.11), there is a fized

altitude at which pressure and temperature are matched to the desired inlet conditions
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regardless of speed. The variable inlet adjusts the shock angle so that, at any Mach number,

the incident normal Mach number is fixed.

Figure 2.4 is a plot of the matching altitude versus the desired inlet pressure, for various
inlet temperatures, on an inlet with two shocks. The results for inlets with higher numbers
of shocks are about the same, as shown by Figure 2.5, which plots the matching altitude
for a three shock inlet. From these figures, it is seen that, with a fully variable inlet, a
transatmospheric vehicle would have to fly at 27 km altitude to keep its inlet at 1000 K
and one atmosphere, which is consistent with earlier results. In general, for a given inlet
pressure, lower inlet temperature requires lower flight altitude. For instance, to maintain
the same one atmosphere pressure, the inlet temperature air would be 2000 K at 36 km.,
and have the unreasonable value of 3000 K at 40 kin; to get 1/2 atmosphere at 1000 K, the
matching altitude is about 30 km.

Pigure 2.6 shows the wedge angle required to maintain 1000 K temperature at 1 at-
mosphere pressure. At Mach numbers greater than 15, this wedge angle does not change
much with increasing Mach number. Also shown in Figure 2.6 is the difference between
the shock angle and the wedge angle, which indicates how much the engine inlet would have
to be moved in order to keep the shock attached to the engine lip, or how far off the shock

would be on a fixed lip.

2.3.5 Engine-Airframe Trajectory Matching

The above results indicate that the engine will operate best with a low altitude tra-
jectory. This is incompatible with the trend towards higher altitude which is required for
practical airframe design. A constant radiative equilibrium trajectory takes the vehicle
to unacceptably high altitudes at large Mach number. For proper engine operation, the
temperature-limited flight profile is not acceptable. Rather, the vehicle will probably be
~ flown on as low a trajectory as possible for the engine, operating at the highest acceptable
constant dynamic pressure, and almost certainly taking a compromise in engine perfor-

mance. A low trajectory means that the vehicle surface will be heated to intolerably high
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Figure 2.4: Altitude required to match temperature and pressure with a two-shock inlet
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Figure 2.5: Altitude required to match temperature and pressure with a three-shock inlet



Conditions fixed at 1000 K, 1.00 atm. 268 km
Variable 2-Shock Inlet
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Figure 2.6: Inlet wedge angle and resulting difference between wedge and shock angles for
1000 K, 1 atm. variable inlet
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values unless there is some active cooling.

A surface cooling scheme would presumably circulate the onboard cryogenic fuel through
the aircraft skin in some manner, thereby heating the fuel before injecting it into the
combustor. This recuperated heat may represent a substantial portion of the heat energy
being delivered in the combustor at high Mach numbers. Indeed, at Mach numbers greater
than 15, it is unlikely that combustion will proceed at all, and all the heat addition in the
combustor will be derived from recuperated heat off the vehicle surface and the intrinsic

fuel kinetic energy.

The problems in the design of such a cooling system are formidable. Not only must the
system meet the mechanical requirements of reaching all portions of the surface with very
little mass, but the required heat capacity of the cooling agent may increase the volume of
cryogenic fuel that must be carried to several times the amount dictated by stoichiometry.

These difficulties are beyond the scope of this present work.

By assuming the vehicle will have an active cooling system, the solution of the forebody
flow field can be done with a constant, uniform wall temperature. In all of the following
work, the cooling system will be assumed to deliver all of the heat removal required to
maintain the wall at a preset temperature, and the details of the actual wall heat transfer
process will not be explicitly considered. With a fixed wall temperature, the forebody
laminar boundary layer can be solved with a similarity solution. This assumption is clearly

a simplification.

Cooling will reduce the heat loss due to radiation. Because radiation scales with the
fourth power of temperature, it is preszmed that at the controlled wall temperatures pro-
vided by the cooling system, radiation is unimportant. This is shown using the Fay-Riddel
solutiori. in Figure 2.7. The constant dynamic pressure trajectory is plotted against lines
which indicate the fraction of the heat transferred tc a 1 meter vehicle nose that is radiated
away from a surface of constant 2000 K temperature, as provided by the cooling system.
The 100% radiation contour thus correspcnds to the radiative equilibrium trajectery for

the surface temperature chosen, and at this point, no cooling would be necessary. As the



radiation represents a smaller fraction of the heating load, the cooling system must begin
to work at removing: heat from the surface. For smaller nose radius, the fraction of radiated
heat would be smaller, since the equilibrium temperature would be higher. With a 1 cm

nose radius, the contours shown for 1 meter radius would be reduced by a factor of 10.

It can be seen from Figure 2.7 that radiation is a relatively minor fraction of the
convective heat transfer throughout most of a 1 atm. constant dynamic trajectory with
surface cooling. This will be used to justify the neglect of radiation in sclving for the
forebody profile; the only heat transfer mechanisms that will be considered in the forebody

flow will be collisional ones.

2.4 Vehicle Design Approximations

In order to calculate the stratification of flow properties at the inlet of a hypersonic
vehicle, it will be necessary to make some approximations as to the general shape of the
vehicle forebody. As of this writing, there are no finalized plans for the National Aerospace
Plane, and the exact configuration of an air-breathing hypersonic transatmospheric vehicle
ir. unknown. There are, however, certain design criteria that must be met by any of this
class of vehicles, and so it is possible to describe a “generic” hypersonic aircraft. Such a

vehicle is pictured in Figure 2.8.

As described above, one design goal is the construction of an integrated engine/airframe,
in which the forebody undersurface acts as the inlet, providing compression of engine air,
and the aftbody acts as a nozzle, so that the engine system consists of essentially the entire
undersurface. In fact, this concept is not really new; for instance, the F-4 Phantom jet used

the portion of its tail section fuselage behind the engines as a nozzle extension.

With the intention of using the forebody and aftbody as described, the combustor
channel must sit somewhere in the middle of the vehicle undersurface, as shown in Figure
2.8. A strong requirement for the placement of this engine module is the matching of the

aircraft bow shock to the channel lip. If the shock is swallowed inside the channel, reflecting
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Figure 2.7: Constant dynamic pressure and percentage of heat reradiated with surface

temperature of 2000 K on 1 meter radius nose.
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Figure 2.8: Generic hypersonic vehicle
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shocks and enhanced heat transfer at the point of shock contact will be deleterious to engine
operation. Recent work has shown that shock impingement on a leading edge can increase
local heat transfer by 20 times the usual stagnation rate, which will burn through the most
robust of materials [16). On the other hand, if the bow shock falls below the engine cowl,
the flow over the cowl will form another strong shock and introduce more wave diag on
the vehicle. It is therefore assumed that the bow shock must approximately contact the
engine cowl (without exactly contacting), a constraint that leads to many difficult control

questions, some of which will be addressed later.

At hypersonic speeds, the bow shock will be pressed very close to the vehicle surface.
Indeed, this is one of the defining characteristics of a hypersonic flow. The small angle
between shock and surface means that the forebody must be very long in order for the
engine to swallow sufficient mass, as shown in Figure 2.8. Because the flow is hypersonic,
the vehicle must be thin to avoid strong shocks, a feature which is also shown in the picture.
Note that the engine capture area is actually the streamwise-projected area from the bottom
of the cow! to the tip of the nose, since all the flow under the shock is ingested in the engine
when the shock is properly matched. The long forebody offsets the small wedge angle to
provide sufficient capture area. It is assumed throughout this work that the forebody on a

typical transatmospheric vehicle would be between 10 - 30 meters long.

It is this long forebody hat has prompted the current investigation. Normally, it would
be expected that flow over such a long surface would develop a thick boundary layer. In
addition, hypersonic boundary layers tend to be thick in general because the high temper-
atures associated with decelerating high-speed flow produce very low densities and higher
coefficients of viscosity. This effect is amplified at higher altitudes, where the lower ambient
density yields even higher kinematic viscosity. It is also well established that shear profiles
do not mix out in high-speed flow, so that once the boundary layer profile is formed it will

tend not to mix out inside the engine [4].

It is unlikely that there is any way to avoid swallowing this boundary layer into the
engine channel. The boundary layer is too hot to channel off, and the engine cannot be

offset below the vehicle surface, as is commonly done in fighter aircraft, because of the
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resulting blunt-body heating that would occur between the engine and the vehicle. Some
researchers have nevertheless suggested that the boundary layer will be siphoned off before
the flow enters the engine channel [11]. If this is true, the present study of nonuniformities
must be treated as a worst-case scenario, and perhaps as a basis upon which the penalties

and benefits of boundary layer bleeding can be evaluated.

in modelling the forebody fiow, simple two-dimensional assumptions will be made for
the vehicle geometry. It is rather uncertain at this point what the most desirable form of
the forebody geometry is, although substantial research is being conducted in this area [17].
An actual hypersonic aircraft would have highiy three-dimensional flow over its forebody,
and thus entering its engine channel. Without knowing the details of a forebody geometry,
it is difficult to speculate on the full three-dimensional nature of the flow. Therefore, in
this work, the forebody flow has been modelled in only two dimensions. For instance, 2-d
flat plate solutions have been used to model the forebody wall, and transitior. correlations
have »een made with axisymmetric cone data. In fact, the primary nonuniformities being
examined here are essentially two-dimensional in nature, with three-dimensions adding an

extra degree of complexity, but not necessarily more insight.

In specifying even a two-dimensional forebody geometry, there is still some basic un-
certainty as to bow the compression will be accomplished. For instance, we could picture
a single-ramp undersurface, which is essentially a wedge at constant angle, or a forebody
with one or more ramps of increasing wedge angle leading up to the engine inlet. As such,
the forebody models to be used will handle ramps and their associated shocks. Examining
the design advantages and disadvantages of a multi-ramp vehicle is beyond the scope of this

work, but some effects of ramps will be demonstrated in the boundary layer solution.

Another issue in setting the basic geometry is the orientation of the engine channel with
respect to the foreboedy. Traditionally, the engine unit is pictured as being parallel to the
flow direction, s there is no strong shock below the cowl. This means that the flow must
turn to enter the flow, which implies the formation of a shock at the engine inlet, unless
the flow can be turned isentropically. With such an engine placement, the effect of this

entrance shock on the engine profile must be considered. Another scheme would place the
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engine cowl parallel to the forebody wall, and thus avoid the entrance shock. While this
would reduce losses .inside the engine, it will lead to the formation of strong shocks on the

outside of the cowl, and thus increase vehicle drag. Both flow scenarioe will be considered.

As described in chapter 1, only the scramjet. propulsion concept will be studied in this
work. This engine will be modelled as a two-dimensional channel, in which the inlet flow
is decelerated to some combustor Mach number. For baseline comparisons, the combustor
will be designed for constant pressure with unform inflow. Because this work attempts to
deal with general trends in hypersonic flows, no specific engine geometries or flow conditions

will be assumed, except where noted.

The nonuniformity flow path is thus a simple one. A profile will form on a flat plate at
some angle of incidence, possibly with a ramp downstream. This flat plate flow will then
enter a channel, where its effects on the channel properties will be noted in comparison to

expected results for uniform inflow.
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Chapter 3

Hypersonic Boundary Layer Displacement

Thickness On the Vehicle Forebody

The first step in calculating the stratification entering a hypersonic airbreathing engine
is estimating the boundary layer thickness and profile, for that will be the major source
of inlet nonuniformities. In this work, the results of classical hypersonic boundary layer
theory will be applied to the forebody of a hypersonic vehicle. An analytical approach will
be retained throughout to describe the boundary layer properties.

3.1 Transition and the Laminar Model

It is difficult to determine whether the forebody will be laminar or turbulent because
there is little data on hypersonic transition, and the ground test data that does exist conflicts
with flight test data. Available data and trends at moderate hypersonic speeds will be

extended to the range of Mach numbers typical in a transatmospheric trajectory.

Published steady-state wind tunnel transition data extends to Mach 8 [18], with tran-
sient test data to Mach 16 [19] [20]. From this data, certain trends are apparent. As
Mack [18] has justified analytically, transition Reynolds number increases with increasing
Mach number in the hypersonic range. Sheetz [20] found that transition Reynclds number
is independent of wall temperature when plotted as a function of local Mach number.

Using the sharp cone data of Sheetz [20], a curve fit is found for transition Reynolds

. number:

Regransition =~ 6400 (A'{locnl)s.66 (3'1)
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Table 3.1: Transition length from wind tunnel data

titude Transition Point
Nisgh, Alijade Transiiop Poin

6 30 2
25 30 100
6 50 20
25 50 900

Some representative transition points an flat plates are shown in Table 3.1. It is uncertain

how closely this cone data represents transition on a flat plate.

The altitude at which transition occurs as a functicn of Mach number is plotted in
Figure 3.1 against the constant dynamic pressure trajectories. On the one-atmosphere
trajectory, a 30 meter forebody will be fully laminar above Mach 15, based on wind-tunnel
correlations. Actual flight-test data have shown transition Reynolds numbers up to an order
of magnitude greater than wind tunnel results, and studies such as that of Stetson [19] have
also found hypersonic transition points can be pushed back by an order of magnitude due to
leading edge bluntness. Shuttle reentry data has also shown laminar flow on that vehicle’s
underbelly [21]. Thus, we assume that at the top of the trajectory, the entire forebody flow
will be laminar. It will be shown later that the laminar boundary layer produces the most

dramatic results, so this assumption represents a worst case scenario.

3.2 Classical Laminar Boundary Layer Treatment

3.2.1 General Problem Considerations

It is appropriate to review laminar hypersonic boundary layer theory before applying
some of the classical results to a transatmospheric vehicle. To model an aerospace plane
forebody flow, we are considering the oft-solved problem of the formation of a boundary

layer on a flat plate at angle of attack moving at high Mach number through a uniform flow.
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Table 2.2: Boundary Layer Thickness and Shock Height Above Surface

inton M _Alt. C Height
%?g. 2?? in lm’x. @ &ﬂf? at x = gl%'l ’ “iomm 30 m
[(] 10 3 o No 5= 0.029 0.039 0.070
Yehock= 0.491 00992 2895
15 40 0° Y 5°= 0046 0.059 0.098
] ®  ymea= 0370 0720 2077
[3] 20 40 0 Yes 5°= 0062 0.081 0.139
Yshock= 0.304 0.598 1.649
[4] 25 40 0 Yes 6= 0073 0.101 0.173
Yohok= 0.261 0.480 1336
[5] 20 30 0 Yes 6°= 0035 0046 077
Yehox= 0.281 0535 1.555
[6] 20 5 0° Yes 5= 0.119 0.162 0.291
Yshock= 0.348 0.635 1.727
20 60 0° Yes 5= 0211 0208 0.564
Yehok= 0427 0739 1952
[3] 20 40 5  Yes 6= 0024 0930 0.055
Yenook= 0.216 0412 1193
[3] 20 40 10° Yes 5= 0014 0015 0.023
Yehok= 0.251 0.486 1.441
[3] 20 40 o0 No §°= 0094 0.124 0.218
Yehock= 0.330 0.606 1.686

This problem is solved in two dimensions on a flat surface because the detailed geometry of a
hypersonic forebody is 1.0t known, and because the two dimensional problem is the simplest.
Undoubtedly, an actual vehicle forebody will experience three-dimensional effects, but the
fundamental principles governing boundary layer thickness and profile will be outlined in a
2-d picture. A brief review of the classical solutions of this problem is presented in Appendix

A.

The results of the laminar boundary layer model at a variety of conditions are shown in
Table 3.2. The values presented in Table 3.2 are the height of the boundary layer and the
bow shock measured from the surface, along a normal to the surface, at 5 meters, 10 meters,
and 30 meters along the surface. The first column indicates location on the trajectory plot
of Figure 2.1. These solutions all assumed a perfectly sharp plate, Pr = .75, and no angle

of attack, unless otherwise noted. Cooled solutions assumed flat plate wall temperatures of



2000 K. Important observations from these results, which demonstrate the conclusions of

classical hypersonic theory, are

e The boundary layer thickness increases dramatically with altitude (because kinematic

viscoeity v increases nearly exponentially in the atmosphere).

o Large positive angles of attack drastically reduce the boundary layer thickness, an
effect which is linear with angle of attack at large angle of attack.

e The bow shock is displaced from where it would be in an inviscid flow.

e Wall cooling and real-gas effects reduce the boundary layer size.

Figure 3.2 presents contours indicating the percentage of the inlet flow that is repre-
sented by the boundary layer 10 meters along the forebody. The boundary layer is referenced
to the shock layer height H, which is the height of the shock above the surface and equals
the sum of the boundary layer height, § and the inviscid shock layer, A,.These contours are
calculated for vanishingly small forebody wedge angle, and assuming a straight forebody
without compression ramps. As pointed out throughout this chapter, the boundary layer
thickness is strongly dependent on vehicle geometry and attitude, so these contours should
be taken as a rough indication of inlet conditions only. Note that since the boundary layer
scales approximately with /z and the shock layer height scales approximately with z at
large z, the fractional thickness at distances other than 10 meters can be calculated by
transforming the contours of Figure 3.2 into

Z
10

= 1
(77815 — V6 +\/-'1%)
where z is measured in meters. Thus, at 20 meters, what was the 20% contour at 10 meters

becomes 15%, and the 50% contour becomes 41%. At 30 meters, the 20% contour at 10

5
7@ (3.2)

meters represents the 12%% contour, and the 50% contour at 10 meters becomes 37% at 30

meters.
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Representative Transatmospheric Trajectories
Constant Dynamic Pressure

120. 1

100. 1

50% Constant Q= 0.100 atm.

Alt.,in km. 60. -
Constant Q= 1.000 atm
40. 1
Constant Q=10.000 atm.
20. 1
o' v L] L] R v A L L
0. 5. 10. 16. 20. 26. $0. 35. 40.

Mach Number

Figure 3.2: Percent of inlet low occupied by boundary layer at 10 m, wall cooled to 2000 K
with small wedge angles. At large wedge angles, thickness is reduced in inverse proportion

to wedge angle.
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3.3.32 Boundary Layers on Forebodies with Ramps

Some proposals for the design of a forebody/inlet surface on a transatmopsheric vehicle
include the use of one or more compression ramps. The laminar boundary layer treatment
described above has been adapted to account for these ramps as changes of wedge angle
along the forebody surface. The shock that forms on such a ramp and penetrates the
boundary layer produces a sudden increase in pressure, which in turn reduces the boundary
layer thickness. Thus, a discontinuity in wedge angle produces a discontinuity in boundary

layer thickness in this solution.

Above the ramp, the incident Mach number and thermodynamic conditions are no
longer those of the uniform free stream, but rather the conditions present behind the bow
shock. Because the ramp is typically located in the weak interaction range of the surface,
the present code assumes those conditions are uniform and equal to the values in the weak
interaction zone, although the bow shock will be actually be somewhat curved, and the
incident properties on the ramp will be slightly nonuniform. These nonuniformities will be
most pronounced at the leading edge of the ramp, but can be neglected given the far greater
problem that the laminar boundary layer treatment cannot predict the separation that will

occur in that region.

Based on reported experimental observations [22], it is assumed that the boundary layer
separates and reattaches with little change in displacement thickness due to the separation
itself (although increased pressure on the ramp will decrase the thickness). The primary
effect of separation in this model is the formation of a bubble ahead of the ramp, which will
have little effect on the properties or profile of the boundary layer itself, so the boundary

layer heights before and after the ramp are smoothly connected.

Figure 3.3 is a typical boundary layer profile on a flat wall with a 5 degree ramp located
20 m. down the plate, flying at Mach 20 at 50 kilometers altitude. With the addition of
a ramp, the position of the shock can no longer be simply estimated, so a computational
solution has been applied. In this figure, the boundary layer displacement thici:nese has

been calculated with the modified solution described above, then input as a wall boundary
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to an inviscid Euler streamtube solver, which locates the shock [23]. Although it it is
tempting to solve this flow field iteratively, that is, solving for the shock from the boundary
layer solution, then ;abta.ining the pressure distribution and recalculating the corresponding
boundary layer thickness, and recalculating the shock position, such solutions tend not to
converge, and so have not been attempted here [24]. More complicated algorithms exist for
accomplishing an iterative solution, but were not pursued because of the excellent agreement

between the non-iterative solution and approximate analytical methods.

As the ramp solution demonstrates, the increased angle of attack decreases the boundary
layer height. From this point of view, the inlet ramp is desirable in reducing the level of
nonuniformities entering the combustor, although the losses associated with the ramp shock
may prohibit the adopticn of such a forebody shape. It is suggested that there may be some
optimum ramp angle which provides sufficient boundary layer compression while introducing

a tolerable level of losses.

With an actual shock-boundary layer penetration, the boundary layer will depart from
the similarity solution directly behind the point of shock penetration. It will approach the
similarity solution downstream, at a distance which is characteristic of the time required for
viscous effects to cross the boundary layer thickness. In fact, because the boundary layer is
generally squeezed to very small thickness by the ramp shock, it has been assumed that the
profile assumes the similarity immediately behind the shock. The inaccuracies introduced

by this assumption are less significant than the neglect of separation.

3.3 Boundary Layer Profiles

3.3.1 Classical Compressible Boundary Layer Solutions

It is of interest for scramjet modelling to quantify the velocity, temperature, and mass
flux profiles within the boundary layer, as an indication of the flow profile that will be
intercepted by the inlet. In later chapters the forebody boundary layer profiles will be

input to representative engine channels. These profiles will be calculated in accordance
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Figure 3.3: Cooled shock layer with ramp at Mach 20, 50 km



with the previously calculated displacement thicknesses.

Cohen and Reshotko [25] solved for the flat-plate laminar boundary layer temperature
and velocity profiles using a Stewartson-Illingworth transformation from compressible to
incompressible flow, for Prandtl number of 1. They have tabulated the behavior of a
velocity function, f' = 1',’.- and an enthalpy function, S = L‘,.: — 1. From their tabulated
values, the required profiles can be calculated at Pr=1 in terms of a transformed spatial
coordinate, 1.

At a given value of 5, velocity is determined directly from the velocity function:

= U, f'(')) (3'3)
local static temperature is found in terms of f' and S:
T-ntic J_M 2 2

=(1+S) - ——3— 34
Ttree—streamtotal ( ) (l + J—M“ / ( )

and the real position is found by transforming from n coordinates:

Ion(v)

y 8b.l. Io"(s) Td (3.5)

where 7(8) is the value of n at the top of the boundary layer (~ 3.4) and the actual
boundary layer thickness is taken from the calculations of the previous section. Although the
Cohen and Reshotko profiles were solved with the Chapman-Rubesin viscosity /temperature
parameter equal to unity, normalizing to the calculated displacement thickness extends their

validity to non-unity values, as per the transformation of Lees [26].

The integrals in equation (3.5) can be expressed in terms of S and f":

nT n -1 M’
Zdn=n+ f Sdy - f 7 g 3.6
/0 ol S e yye [ dn (3.6)
From the velocity and temperature, and taking pressure constant across the boundary layer,

the density and mass flux can be calculated at each position.

Boundary layer profiles calculated with the above classical solution will be used to input
the forebody flowfield conditions entering a scramjet inlet in chapter 6. We will see there
appropriate boundary layer Mach number and temperature profiles characteristic of flight

transatmospheric flight conditions.
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3.3.2 Calculated Forebody Properties

With the above theory, we can examine some typical forebody profiles. Figure 3.4 is
the calculated Mach number profile 10 meters down a flat plate with a wall temperature
of 2000 K, calculated with the solution of Cohen and Reshotko. The velocity profile is
shown in Figure 3.5. The corresponding temperature profile shows a high peak close to
the wall, as indicated in Figure 3.6. Note that this figure is shown on a magnified scale.
The temperature distribution shown has not included reaction and dissociatioa effects, and
the peak temperature shown is much higher than would be realized with a more complete

chemistry model.

From the temperature and velocity profiles, the mass flux can be calculated, and is
presented in Figure 3.7. Note how little mass flux is carried in the boundary layer, leading
to the hypersonic approximation of negligible boundary layer mass. Another property that
will be of interest in this work is the inverse of the square of the Mach number, which will
be shown to determine the relative influence of each streamtube in the fiow. A plot of this
function is shown in Figure 3.8. Note how quickly this value approaches infinity at the wall.
This will be the subject of considerable development in later chapters.

In later chapters, characteristic profiles will be selected from different portions of the
transatmospheric trajectory. When appropriate, these profiles will be presented.
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Figure 3.4: Mach number profile at Mach 20, 40 km
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Figure 3.5: Velocity profile at Mach 20, 40 km
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Figure 3.6: Static temperature profile at Mach 20, 40 km
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Figure 3.7: Mass flux profile at Mach 20, 40 km
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Chapter 4
Shock Position and Angle of Attack

In this chapter, the consequences of the boundary layer on the bow shock matching will
be considered. Because the bow shock matching is important for proper engine operation,
a change in the matching condition caused by the forebody nonuniformities will have an

influence on engine design and vehicle performance.

The boundary layer adds to the effective thickness of the vehicle, and therefore displaces
the bow shock. Without even worrying yet about the effect of the forebody boundary
layer inside the engine, it is clear the the boundary layer will affect engine operation by
complicating the bow shock/inlet lip matching. We will not be examing the consequences
of a mismatch, so much as the conditions required for accomplishing the match, and how

those conditions change when viscous effects are considered on the forebody.

In discussing the design of a hypersonic vehicle, it was mcntioned that the bow shock
should be located so that it nearly contacts the inlet lip. I the shock is below the lip, away
from the vehicle, shocks will form outside the inlet and increase the drag of the vehicle.
This is also an inefficient scenario for steady-state operation because it suggests that the
scramjet is located too far back on the vehicle, and thus there is more skin friction on the
vehicle surface than is necessary. If the shock is swallowed by the inlet, reflecting shocks

will appear in the scramjet, thus leading to increased internal losses.
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4.1 Steady-State Shock Matching Condition

4.1.1 Inviscid Shock Matching Solution

The presence of the boundary layer makes the shock position more sensitive to changes
in angle of attack. In the inviscid case, the hypersonic shock is essentially fixed relative to
the body, and is insensitive to small perturbations in wedge angle. Combining the vehicle
geometric wedge angle with angle of attack, the relationship for total wedge angle versus

shock angle, 8, in a two-dimensional flow (which was already used in equation (A.14)) is:
(a+ Ovedge) = B — Pretative (4.1)

where
2

(Yy+1)M? nBcos B

If the shock is stationary on the vehicle for small perturbations of wedge aungle (i.e. angle

tan(retative) = [3_;1 tan g + (4.2)

of attack) then
s
Fy 1 (4.3)

Taking the derivative of total apparent wedge angle with respect to the shock angle,

da _ O Prelative
ET; =1 3p (4.4)
where . , 1
1= 1 1
a@nlative — 7+1 cos? p + (7+1)M3 (co-’_ﬂ - lin’ﬁ) (4 5)

- - 2
[ 1+ [g-ﬁ tan g + (-,+1)M"zainﬂ°°lﬁ]

A statically fixed shock (i.e. one with a position relative to the surface that is resistant to

low frequency perturbations) will satisfy

a ¢ra¢;tive — 0 (4.6)
which occurs when N
Baxed = arctan [(1 + L ; le) 2] (4.7)
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Table 4.1: Fixed Shock and Wedge Angles

M Fixed SPock Fixed VYedge Nomal Mach Tenﬁ{i%ture

1.581 39.23° 0.00° 1.000 1.000
2 3e.70° 7.50° 1.195 1.125
3.572 28.01° 14.12° 1.878 1.443
5 22.21° 12.84° 1.890 1.600
10 12.31° 7.94° 2.132 1.798
15 8.39° 5.51° 2.189 1.847
20 6.34° 4.19° 2.209 1.865
25 5.09° 3.38° 2.218 1.873
0o 0° 0° 2.236 1.889

so that at a given Mach number there is a particular shock angle (and thus, angle of attack)
at which the shock is fixed relative to the vehicle. The normal Mach number across the

shock is:
-1

. 2
Miormal = M sin(Baxed) = (2 + 2 Mz) (4‘8)
Which approaches the limit Mpormal = v/2/(7 — 1) 2t large M. For 4 = 1.4 this limiting
normeal Mach number is 2.238.

Table 4.1 presents the fixed-shock wedge angles and shock angle at v = 1.4 for several
Mach numbers. There is no fixed-shock wedge angle for Mach numbers below 1.581 at this
value of 7, and the maximum fixed-shock wedge angle is 14.12° at Mach 3.572. There are
no fixed-shock wedge angles for the strong shock solutions. ! The normal Mach number
across the fixed shock is also shown.

The fixed-shock angle does represent a practical operating point because it provides
reasonable temperatures inside the engine for typical ambient conditions. This can be seen
from the value of the temperature ratio across the fixed shock, which is listed in the last
column of Tabie 4.1. In the hypersonic limit, the temperature ratio across the fixed shock

! strong shock here refers to one in which absolute downstream Mach number is subsonic.



is 1.889 for ¥ = 1.4. On a two-shock inlet, that would raise an ambient temperature of 300
K to 1070 K, which is an acceptable value. With a three-shock inlet, the engine would see
air coming in with static temperature of 2022 K for the same 300 K external temperature,
which is still acceptable for combustion. Note that it would not be possible to fix the shocks
of a multi-ramp inlet to the engine lip, so some compromise design would have to accepted

for more complicated geometries.

4.1.2 Complications From the Viscous Solution

In viscous hypersonic flow, the shock position is no longer set by the shock angle alone,
but also by the boundary layer thickness. The boundary layer thickness is sensitive to angle
of attack, varying roughly in proportion to angle of attack at wedge angles in excess of a
few degrees. Therefore, the boundary layer thickness must be considered in matching thg
shock to the inlet lip, and changes in that boundary layer thickness must be accounted for
if the shock is to remain fixed. At large Mach number and small angle of attack, increasing
angle of attack results in the shock moving away from the surface, but this effect will not

in general be sufficient to cancel the effects of decreasing boundary layer thickness.

With the simplification that boundary layer thickness is inversely proportional to the
wedge angle, the expression for the boundary layer height § as a function of angle of attack
a compared to some initial condition §; at apparent wedge angle (a; + Owedge) is:

6(&) = 6.'2—_—*:—0ﬁ (49)

The angular displacement between the top of the boundary layer and the surface, is

defined here as ¢, is:
tan¢ = Pl . (4.10)

where tan ¢ =~ ¢ in the small angle approximation. The derivative of ¢ with respect to a is
then:
a_é _ 6 a;+ a\vedge

da  z (a+ Owedge)? (4.11)

7



This added angular displacement due to boundary layer thickneis changes the apparent
wedge angle, because the top of the boundary layer, not the vebicle surface, defines the

downstream flow angle. Equation 4.1 is modified to include ¢ in the shock angle relation of

(a + 0wod(o + ¢) = f — ®rative (4'12)

where ®pqiative i8 now the angular displacement between the shock and the top of the bound-

ary layer. The fixed shock solution will be one in which

@_ = 1- aQrelltivo _ _a;é
a8 a8 a8
=1 (4.13)
8o that
aQrelutive 6¢ _
8 + Fr i 0 (4.14)

which is the condition that changes in the angular displacement of the top of the boundary
layer are identically cancelled by changes in the relative angular displacement between the

boundary layer and the shock.

When this condition is satisfied, da/df = 1 , and we can write
9¢ & aitOuedge
3B z(a+Ouedge)? (4.13)

For small displacements, a + Oyedge = B — Prenative — &/, and the derivative of the

angular displacement of the boundary layer with respect to the shock angle is:

¢ _ 5/x
ﬁ B B — Prelative — 51'/3 (4.16)

For a given value of §;/z at Mach number M the fixed shock has angle 8 which satisfies:
v + Gram (E‘ﬁ‘ﬁ"ﬁ) _ bi/z
2 -
1+ [1+1 tan g + (1+1)M”‘inpcoep] ~ tan"1 | Litanf + G+ SWI-_.np_mp] -

(4 17)

In fact, 6;/ H will vary all along the surface, so the fixed shock solution will also vary

down the surface. Thus, even though the shock can be fixed againat changes in « for the
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conditions at the inlet lip, changes in wedge angle upstream of the lip will move the shock,
and the fixed condition cannot be satisfied perfectly.

There is no closed-form solution for equation (4.17), but with a small angle approxima-
tion (shock angles must be small in the hypersonic regime to avoid unreasonable temperature

and pressure rises), considerable simplification is possible:

:{i—{—z—m)‘ﬁm - 5i/z —0 (4.18)
1+ [ 516+ e 8- 318+ Grrfems| - &

Equation (4.18) has been used to solve for the fixed-shock wedge angle and shock angle,
and the results are presented in Figure 4.1. Fixed-shock conditions were determined as a
function of Mach number at 4 = 1.4, for a shock layer without a boundary layer (corre-
sponding to Table 4.1), with 2% relative boundary layer thickness, and with 5% relative
boundary layer thickness, referenced to the height of the shock. Above 5% boundary layer
thickness, the required shock angle is too large for the small angle approximation to be
valid. Above 20% thickness, no fixed shock solution can be found with even the full so-
lution. That is b .cause the inviscid shock motion is no longer of sufficient magnitude to

cancel boundary layer motions, which scale with boundary layer thickness.

The boundary layer tends to raise the value of the fixed shock angle to unreasonable
large values. For instance, with 2% relative boundary layer thickness, the fixed shock angle
at Mach 20 has jumped from 6.34 degrees for the inviscid case to 9.99 degrees. This in
turn will yield a normal Mach number of 3.470, with a tempe;ature ratio acroes the shock
of 3.2T4. This is unacceptable for typical ambient conditions; a two shock inlet would
raise a 300 K ambient flow to 3216 K, which is too high for combustion to occur. It can
be concluded that it is possible to cancel out the effect of angle of attack on boundary
layer thickness on the shock motion by selecting an appropriate wedge angle, for relative
boundary layer thicknesses of less than a few percent. The presence of a thick boundary
layer, in excess of 5% of the shock layer, will mean that it is impossible to keep the shock

fixed on the inlet lip without some active control or variable geometry.

The hypersonic boundary layer also increases the penalty of shock motion on scramjet
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Figure 4.1: Fixed shock wedge angle and shock angle versus Mach number for various
relative boundary layer thicknesses

80



performance because of density stratification. The boundary layer is essentially massless,
so that variations im shock position can have large scale changes in the ingested maas flux
by increasing the relative extent of the boundary layer through the shock region.

Having ascertained that the presence of a thick hypersonic boundary layer makes shock-
inlet matching difficult at varying angle of attack for a fixed Mach number, the dynamic
behavior of the boundary layer/shock system can be compared that with the purely inviscid
solution. In fact, as is shown in Appendix B, even though the boundary layer can dramat-
ically change the shock’s response to gradual changes in angle of attack, it has very little

effect on the dynamic behavior of the shock, subject to unsteady surface motions.
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Chapter 5
Analytical Treatment of the Inlet Stratification

with Discrete Streamtubes

5.1 Inlet Gradients and Multi-streamtube Modelling

5.1.1 General Development

To study the performance of a scramjet under various conditions, including inlet velocity,
temperature, and mass flux gradients, a one-dimensional model has been constructed. The
method of influence coefficients, outlined by Shapiro [27] is used to integrate Mach number
and thermodynamic conditions in a channel of varying area under the influence of heat

addition, mass addition, variable v, and wall shear.

The 1-d logarithmic derivative of Mach number can be expressed in terms of the log-
arithmic derivatives of area (A), heat addition (Q), work (W), total enthalpy change (H),
friction coefficient (f), drag (X), molecular weight (W), added fuel mass (m), velocity (V),

and 4, as:
dM? dA dQ — dW +dH
Mz = g tOlmeTop
dz dX Vinjected dM
af— — e
+ CMi‘r( D+-}7PAM’ Vo m)
dm dw dy
+ Cmm—+ CMWT + CMq S (5.1)

where the coefficients are all functions of local Mach number and ~ only:

1-1p42
o = 207 52
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1+yM?

CMa = T (5.3)
CmMpr = Lich (ll_-{-:zl M1) (5.4)
. = 2(1+1Ml=)_ (;;a;—lM’) 65
Cmy = —ll—+_%4MT’ (5.8)
Cvy = —1 (5.7)

Similarly, the logarithmic derivatives of other properties such as static pressure can be

expressed in terms of the independent variables :

P _ dA dQ — dW + dH
p= mytlTY(F

dz dX Vinjected dM
Cere | 4= — e
+ PFr( D +%1PAM’ Vinain m)

dm aW dy

+ Cpm—"-l- + CPWT + Cqu,- (5.8)
with coefficients

_ M

CPA = 1- M2 (5'9)
I

Cpq = Y (5.10)
_aMP(1+ (1 - )MY)

Crre = 2(1 - M?) (5.11)

-4
2yM? (1+ 32 M?)

_ M

Cew = T (5.13)

Except in special degenerate cases, there is no general closed form solution for these
equations, and they must be solved numerically for a given pattern of channel area change,
fuel mass addition, and heat addition, etc. With one dimension, this method cannot handle
oblique shocks, and normal shocks must be fit, not captured. The influence coefficient
method also has problems of numerical stability near M=1, where many of the ccefficients

become singular.
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In this work, the one-dimensional solution of Hevenor, Bernstein, and Heiser [28] is
extended to model nonuniform channel flow. A general expression for area change of 2
single streamtube in the presence of N tubes, as a function of the total area change, heat
and fuel addition, friction, and mass addition is derived by equating the pressure variaticns

of all streamtubea:

dP dP
(%), = (%), + (5.15)
G can represent a pressure gradieat, shock pressure discontinuity, or uniform pressure (g =
0), and is defined as:
vi(d (dP
Gii(vi, v5) = /" ‘ {d—" (?)}dv (5.18)

The heat and mass addition profiles are known, and friction can be determined from the
relative velocities of the streamtubes. The total area change of the entire flow is also known,
and we can solve for the individual area change in the ith streamtube from these given
parameters by separating the area change from all other effects in the influence coefficient

pressure expression:

(%),- =Cra (dTA)'. + Xy (5.17)

where the fractional changes in heat addition, friction, mass addition, 4 and molecular

weight, in the ith streamtube have been lumped into X;:

¥ = {cp., ("—f-) +Cou (%") +4dz [cpﬂ (%)] + } (5.18)

Solving for area change,

(d_A_) _ dArotaL - (¥)i T, (zﬂ;)’ +X¥, (zﬁ;)’ (¥ = Gij]
A Cra T (c)

In the absence of friction, each streamtube is unconupled from the other stream tubes once

(5.19)

j

its own arca change is known as a function of the total area change, and so it can be treated
as a uniform one-dimensional fiow. In the limit of infinitesimally small stream tubes, we
can write equation (5.12) as a continuous function across the channel (with cross-section

planar coordinates y and 2z):

(ﬁ) (v,2) = darorar = (¥): Jfa, oy + Ja 1 )vs - (g)v"]m (5.20)
yuALR Cray. fla, ET-%:: |
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5.1.2 Two-Streamtube Analytical Model

The multi-streamtube model can be applied to any number of streamtubes. In chapter
6, the model will be extended to a continuous profile, in the limit of an infinite number of
atreamtubes, with corrections to allow for a no-slip condition at a wall. Before doing this, it
will be of value to present some of the results of the simplest compound flow possible, with
anly two distinct streamtubes. The two-streamtube flow will contain all of the compound
compressible flow behavior evident in more sophisticated models. Throughout the rest of
this work, multiple streamtube behavior will be compared to analogous two-streamtube

flows.

With two inviscid streamtubes, in a channel with area change but no heat addition, the
individual area change of a stream tube is found by equating the logarithmic derivatives
of static pressure across the channel. In terms of the total srea change, the Mach number
in both strezms, and the ratio of the stream areas at each point in the channel, the area

change of stream 2 (which will henceforth refer to a hypersonic flow) is:

dA, dA

1
_ __| 4 5.21)
A M3 (1-242 A (
1+ ats4] 4
where 4 = f}: and A = A; + A3, the total channe] area.
If M; is hypersonic (limps—.o), the area derivative becomes
M} 1
dA; = 1 dA 5.22
2 [Mf ~ - MD)A| (5.22)

For smal! values of M;, the hypersonic stream does not experience much area change.
Indeed, for values of M} < 7—Lx the hypersonic stream experiences an area change of the
opposite sign to that of the channel. This is a result that was identified by Bernstein, et.
al. [28] from wave analysis. With uniform v, the influence of each stream is proportional to
A(ﬂq —1)/7, 80 a low velocity stream can drive the behavior of the entire flow if it occupies

a sufficiently large portion of the channel.

85



The low velocity stream experiences area change:

| -(1-M}4
dA; = [M?-(I—Ml’)ﬂ dA (5.23)
so the presence of the boundary layer can either magnify or reduce the inlet deceleration

and nozzle acceleration of the main flow, as found in our three-stream solutions.

A parameter is defined here to compare the behavior of Mach number in one of the

double streams with a single stream in the same channel:

4#]

M= -[—]MN- (5.24)
-A% single

From the influence coefficient expression for Mach number in terms of area change, and
the individual stream area change, the above parameter can be written for stream ¢ in terms

of stream j as:
(1 - MDA, + (1 = MP)A;

Mi= |55 (5.25)
(3 - MPA; +(1- M)A
For atream 2, in the hypersonic limit,
My= |t (5.26)
z — e —— .

IfA> ITMA%: the low velocity stream is most influential in characterizing the behavior
of all the fluid in the channel. This dependence is an expression of the compound flow
behavior outlined by Bernstein et.al., simplified in the hyperéonic limit. If the low velocity
stream is actually subsonic (as part of the boundary layer flow will be) the channel behavior

can be summarized as follows:

oif 4> l—f‘-:z;, the entire flow behaves as if it were subsonic, even though part of the

flow is supersonic.

e if A< -l%ﬁl:, the entire flow behaves as if it were supersonic.
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o if A= i-ﬁ:'i,” the entire flow is choked, even though neither of the individual stream

tubes is sonic.-

Because static pressures are coupled, both stream tubes must accelerate or decelerate

together. This can be demonstrated rigoroualy :

.ﬁ_: - [—(ML,; 1)] (5.27)

uothatﬂ-;<0ifMl<l,md-ﬁ-:>0ifMl>l.

In a converging channel,

dM3} A
ity = ()

so the two-stream flow in a converging channel will move towards compound choking. This
is especially important in a scramjet, where a thick boundary layer may choke the entire

flow in the inlet, even though the hypersonic region has not decelerated much.

5.1.8 Analytical Model With Heat Addition

The effect of heat addition can be added to the two-stream model most simply by
assuming total temperature changes only in the high-speed stream. This is a reasonable
approximation, because the high temperatures and low density of the boundary iayer will
preclude the addition of much heat in the combustor, as will be justified in chapter 11. At
constant specific heat, the influence coefficient of total tempe-ature on static pressure is
M2 (1+ 32 M?)

1- M?

Cpt, = — (5.29)

Introducing this into the static pressure equation for the hypersonic stream, and again

equating static pressure in both streams, we find

dA; = 1 dA

M3 (1-M?
l+ﬁ?‘—§l(,_M )A




+ T (5.30)
i () +4] T
In the hypersonic limit,
dA; = M; . dA
T (M- a-MDA
=1pr201 _ Aq3) ]
e &

Thus, even if the channel area is constant (dA — 0) heat addition will change the relative
areas of the streams. If M, is subsonic, heat addition increases A; and decreases A,; if M,

is supersonic, heat addition increases A; at the expense of A;.

The influence of a boundary layer on the free-stream flow behavior is dependent on
whether that boundary layer is best represented by a subsonic streamtube or a supersonic
streamtube. The resolution of this issue depends on an extension of the multiple streamtube
modei to a continuous profile. Chapter 8 will detail an analytical investigation into the
proper means of characterizing the boundary layer in terms that are anal~rous to this simple
two-streamtube model. It will be seen in chapter 8 that the boundary layer is best typified
by a supersonic streamtube in most of the flow situations relevant to a transatmospheric
vehicle. Therefore, the entire channel flow will typically be compound supersonic when the

channel flow is hypersonic.

5.2 Application to Constant Area Combustor

The two-stream model presented above is only instructive for identifying basic compound
compressible flow trends. For realistic modelling, more streamtubes must be used, and that
will be the subject of subsequent chapters. However, it is instructive to apply the results of
the two-stream model to a simple combustor geometry, with the goal of identifying trends

that will emerge later in more detailed numerical calculations.

The effect of a low-speed region in a channel flow with heat addition can be illustrated

analytically with the example of a combustor designed for constant-pressure operation with
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uniform inflow. In such a channel, the Mach number decreases in response to heat addition,
but the area is selected such that static pressure and velocity remain constant. This same
combustor design will be used in chapter 6 as a convenient baseline for comparing engine

performance.

The uniform-flow constant-pressure area and heating profiles can be found easily from

the influence coefficient expression for pressure:

dP [ aM? |d4 M3 (1+332M?) ] ar, (5:32)
P |1T-M| A 1- M? T, >

where dT = dT, if velccity is constant. Constant pressure dP/P = O is satisfied by the

condition:
dA _ A /3o
= - o e (5.33)
daT T 2/Ap
—_—= — 5.3
dz AD ¢ (5:34)

Overlined values represent initial conditions, and Ap is a design length scale that charac-
terizes the rate at which heat is added to the flow. The corresponding Mach number and

total temperature profiles will be

sz E e_z/AD

= = i (5.35)
a7, _ Ta -1 2)—1 z/Ap
== (1+ M) e (5.36)

The behavior of nonuniform flow with a low-speed streamtube is explored by insert-
ing the above profiles for area and total temperature into the two-stream model of equa-

tion (5.30). For convenience, define:

MZ(1 - M3)
T A—{M (5.37)
1+ 13 M}

T is another expression of the compound choking parameter, and I is the ratio of total

temperature to the uniform flow value, at the same static temperature. In the particular
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case of total arca change being a small fraction of the initial area, the area change for the

high-speed streamtube is then:

dA; _ {1+A(I+I‘/T)}_¢£z_
A 1+ AT Ap (5.39)
The pressure follows:
dP _ M} {l+.d—l‘}£
P - [1-M,=] A+T 3o (5.40)

and the high-speed streamtube Mach number behaves as:

dM? 1 2(1+ 2 M2) 4 201+ 322 ME)T(A+1)) dz
=7 2 _ 2 - 3 oo
M} “[1-5{,’]{(”""’ AT )r T Ap

(5.41)

The static temperature can be related to the total temperature and area profiles as well:

ar | Mj 1+ A0 +T/1)\  (1-vM3) ) d=z
2 [ {o-n (A g} o

The Mach number pressure, and temperature distributions can be written as

dM}  dz
7 B (5.43)
dP dr
S S (5.44)
dT dz
T = gy (5.45)
where, for uniform inflow conditions, Ay = —Ap, Ar = Ap, and Ap = oo, corresponding

to constant; pressure. The values of )\ as characterize the activity length of thermodynamic
changes. For instance, a small Aps means that the Mach number is behaving as if the channel
were shortened, with flow properties changing quickly. Similarly, large Aas corresponds to
a flow with very gradual changes in Mach number. Negative Aps means Mach number is

decreasing, while positive values refer to increasing Mach number.

Because M, is a function of distance along the combustor channel, it is difficult to

examine the behavior of the nonuniform flow at arbitrary x. However, at or near the



combustor entrance, e~*/P ~ 1, and, assuming the high-speed stream Mach number equals
the original design-value uniform-flow Mach number, M; ~ M, so T =~ 1. The characteristic
lengths, in terms of the original design length scale, are then:

Aop [ 1 ] 2(1+ AMP)(A(1+ 1)+ T)

-ﬁ = |73 {l+1M,’- 2 ;+T } (5.46)

Ao _ FM"T{"} (5.47)

Ap l—Mﬂ A+T -
o o

2= | {(""(l+filﬂi/r))+(l »;':M')} (5.49)

In the hypersonic limit, these length scales are independent cf the high-speed Mach number.

If the low-speed streamtube is subsonic, the compound compressible flow can experience
either compound subsonic, compound choked, or compound supersonic behavior. On the
other hand, if both streamtubes are supersonic, only compound supersonic behavior is
possible. Although the properties of the flow with a subsonic streamtube will be considered
in detail, it will be shown in chapters 8 and 11 that the proper representation of the

boundary layer profile is with a supersonic streamtube for most cases.

Figure 5.1 shows the values of the characteristic pressure length and char'acteristic Mach
number length as a function of low-speed to high-speed area ratio, with high-speed stream
tube at M; = 10 and low-speed M; = .5. This channel can be compound supersonic,
subsonic, or choked. In accordance with equation (5.47), the characteristic pressure length
scale approaches co as the area ratio goes to zero. This is the uniform flow limit, and
experiences the consistent constant pressure behavior. The pressure scale \p = 0 when the
low-speed stream tube has thickness such that 4 = —T. This corresponds to the compound
choking condition found earlier. At a given low-speed Mach number, the characteristic pres-
sure length scale is negative between the uniform flow and compound choking limits. The
two-stream flow would therefore experience a favorable streamwise pressure gradient and
corresponding acceleration. For low-speed streamtubes that are thicker than the choking
criterion, the pressure gradient. is finite and positive, acting against the direction of flow.
As stated earlier, this bel.mvior is insensitive to Mach number at high Mach number. In

fact, for My greater than about 4, this plot is essentially independent of M3.
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Two streamtubes in a constant pressure combustor
M; =0.85M3 =100
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Figure 5.1: Characteristic Mach number, temperature, and pressure lengths in a constant

pressure combustor with M; = .5, M; = 10
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As shown in Figure 5.1, the characteristic Mach number length Ay is also zero at the
compound choking point. In the uniform limit, Ap/Ap = —1, as expected. However,
between the uniform limit and the compound choking point, there is a region where Aps —
0o, corresponding to constant Mach number. From equation (5.46), this point corresponds

to an area ratio:
_ M} (M3 - 1)
— M§[(v - 2)Mf + 1] +2M7

With M; = .5, M3 = 10, Ap¢ — oo at A = .2897. At this pcint, the nonuniform flow will

A (5.49)

tend to remain at its initial Mach number, rather than decreasing exponentially as did the

uniform stream. Similarly, the area ratio at which Ay — oo is:

A= N{lz(hfzz _ l)

= Ml - 20 + 1] (5:50)

At the same conditions, A7 — oo at A = .2912. The temperature behaves qualitatively like

the Mach number, with the same choking point and a slightly different constant value area

ratio.

The Mach number has three distinct types of behavior. Between the uniform limit of
A = 0 and the constant Mach number point, Aps is negative and has greater magnitude
than the design value, Ap, and magnitude increases monotonically with area ratio. In this
regime, Mach number is decreasing, and the rate of that decrease is falling with increasing
area ratio. Between the constant Mach number point and compound choking, Aps is positive,
corresponding to an increasing Mach number. The rate of this increase grows with increasing
A, until it becomes singular at the choking point. For low speed streams that are thicker
than the choking criterion, corresponding to compound subsonic flow, Aps < 0, so Mach

number is decreasing at a rate that decreases with increasing area ratio.

The area ratios at which compound choking and constant Mach number occur both
depend on the magnitude of the low speed Mach number. However, the choking conditicn
is more sensitive, so the spacing between these two points increases with ircreasing M;. At
small values of M) (.e., M} < .2), the choking and constant Mach number points coincide,

80 there is no area ratio at which Mach number is increasing down the channel.

Figure 5.2 is a plot of the two streamtube behavior when both streamtubes are super-
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sonic, with M; = 2 and M3z = 10. There is no compound compressible subsonic regime
because there is no.subsonic streamtube, but the low-speed streamtube does still have a

noticeable influence on the net channel behavior.

Figure 5.3 presents the two-streamtube flow with low-speed Mach number M; = .5 and
M; = 20. Comparing this with Figure 5.1, the channel behavior is quite insensitive to the
magnitude of the hypersonic Mach number.

Finally, we can examine losses in the two-stream channel. As is well known, heat addition
to a one-dimensional flow leads to a losa in total pressure, the magnitude of which increases
with increasing Mach number. However, the total pressure is not influenced by changes in
area, as indicated in equation (1.3), so in the nonuniform channel, with the same relative
increase in total temperature, the logarithmic derivative of total pressure is proportional
only to the local Mach number. The change in losses through the combustor channel with
the addition of a low-speed streamtube depends solely on the changes in Mach number.
When nonuniform effects keep Mach number higher than the design conditions, the total
pressure drop will be increased; conversely, if Mach number is decreased, total pressuze
losses are decreased as well. These irends will be seen numerically in chapter 11, but it
will also be shown that actual boundary layer profiles have less dramatic effects on the free-
streamn conditions than is indicated by the two-streamtube model, because the boundary

layer tends to remain at a constant thickness.



Two stream’ubes in a constant pressure combustor
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Figure 5.2: Characteristic Mach number, temperature, and pressure lengths in a constant

pressure combustor with M} = 2, M; =10
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Two streamtubes in a constant pressure combustor
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Figure 5.3: Characteristic Mach number, temperature, and pressure iengths in a constant

pressure combustor with M; = .5, Mz = 20



Chapter 8

Modelling Continuous Profiles with Compound

Compressiblie Flow

6.1 Extension of the Compound Flow Model

6.1.1 Model Assumptions

The behavior of a two-streamntube channel flow has been examined under the influence
of area change and heat addition. In solving for this behavior, it was assumed that the fluid
flows in streamtubes of uniform local Mach number, and without a normal pressure gradient.
In this chapter, he same approach will be taken for a flow consisting of many streamtubes,
and will ultimately be extended to a continuous profile. The advantage of solving for a
pressure-matched flow will be particularly apparent with multiple streamtubes because,
once the matching condition is satisfied, all streamtubes can be treated independently from

the rest of the channel flow.

It is tacitly assumed that viscous effects are unimportant inside the engine channei.
Viscosity = icquired for generating the boundary layer profile on the forebody, but once that
profile is formed, further viscous effects will be neglected. The validity of this assumption
depends on the forebody being much longer than the channel length of the scramjet, so the
residence time of flow inside the engine is much smaller than on the vehicle surface. Also
in this model, formatioa and further growth of boundary layers inside the engine itseif will

be neglected.

This compound flow behavior is best characterized by the compound flow parameter,
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B, vwhich is defined in terms of the local static pressure, P, and channel height, H, as

dH ,dln P

b= dz’ dz (6.1)

where z is the streamwise coordinate.

When 8 ie positive, the channel is “compound subsonic” even though one or more of its
streamtubes may be supersonic, meaning that the entire flow behaves as if it were subsonic,
decelerating in an expanding channel and accelerating in a converging one. Conversely,
when 8 is negatively valued, the entire flow is “compound supersonic,” behaving as if it were
supersonic, so that it accelerates in a diverging channel and decelerates in a converging one.
At values of 8 = 0, the flow is “compound choked,” and will not accept further reductions
in channel area. This is the limit at which information will no longer propagate upstream,
even though a part of the channel flow may be subsonic, because information propagation is
limited by the pressure matching condition across the channel cross-section. This behavior

was seen in the two-streamtube solution of the previous chapter.

Because the compound flow parameter depends on each individual streamtube’s area

and Mach number as
A [
g = E ol by it (6.2)
s
a streamtube with very low Mach number, and thus a very large vaiue of 1/M?, can dominate

the behavior of the entire channel flow, even though its area is small. Similarly, at hypersonic

(Efl'i - 1) ~ -1 (6.3)

so that at high Mach numbers, the compound flow parameter becomes independent of Mach

conditions,

number.

At this point, it is convenient to define another compound choking parameter, a uniform

equivalent Mach number, which will be termed M, and will be selected such that
1 ) A; A; 1
- =1 —_ = — | —= -1 6.4
(M2 Z i ;7.- (M.-2 ) (6.4)
or,
1

M= (6.5)

98



In other words, a streamtube with equivalent uniform Mach number M will have the
same response to channel area change as the non- uniform combination of streamtubes over
the same area. A nonuniform channel flow could be replaced with a uniform flow at M and

have the same 8 at one station.

Although the equivalent uniform streamtube concept is the most straightforward means
of comparing the nonuniform flow to a uniform streamtube, the analogy cannot be carried
beyond a single station in a channel. Changes in the value of ‘M for a given change in channel
area will not in general be equal to the change that would be observed in an actual uniform
streamtube. Therefore, it would not be valid to calculate a channel flow by determining M
at the inlet station, then replacing the entire flow by a uniform streamtube at that Mach

number and following it as a 1-d streamtube.

From the definition of M, it can be shown that the streamwise derivative of M for
a multi-streamtube channel flow tends to be larger than the streamwise derivative of the
Mach number for an actual uniform flow at that same Mach number. As an example,
the streamwise derivative of M in a two-streamtube channel can be compared to a uniform
streamtube by taking the derivative of equation (3.5) and using the area change relationship
of equation (5.21):
() rrub SATH At (2-3) (4% + Ao + (A +1)?
(sﬂ!l)uniform - 345k + (1 -3) (42 + A)ghs + (A +1)?

dz
where the definitions of A and M; are the same as in chapter 5 and the Mach number of

(6.6)

streamtube 2 is taken to be hypersonic (M2 — co). In the limit of small M, this reduces

to .
aM
((;:—;{))Z-tubea — ('42'4': ‘4) (67)
Z / uniform

so the M analogy fails in this respect.

6.1.2 Limitations on Discrete Streamtube Solutions

To treat an actual profile, the above streamtube model will be expanded to account for

a continuous profile, such as that associated with a boundary layer. A primary difficulty of
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approximating a continuous profile with discrete section can be demonstrated by examining
guccessive approxinmations to a simple nonuniform profile. As an example, consider a linear
Mach number profile, ranging from M=0 at y=0 to M = M, at y=A, with uniform 4. For
one streamtube with uniform Mach number M,/2:
Al 4
p=2 (— - 1) (6.8)
with 100 streamtubes, both area-averaged,

A (492 .4803 1)

B= y Mz (6'9)

or, in general, for N streamtubes,

) (.- [(._ )*M*] ‘) (6.10)

In the limit of infinitely many streamtubes, # — oo.

The value of # depends on the number of discrete streamtubes selected. The discrete
approximation is obviously a poor one, since any value of 8 can be obtained, depending
on how small the streamtubes are taken. In this example, we have divided the profile into
streamtubes of equal area; by varying the areas, the indeterminacy in 8 would have been

even greater.

In the limit of infinitely small streamtubes, the 8 parameter can be expressed in integral
form by converting A,, the area of each streamtube at the specific streamwise station being

examined, into a differential area, dA, over which the integration will be carried:

p@)= [ 2 (5o 1) (6.1)

where z is the streamwise coordinate, and y and z are the planar coordinates at the given
station. In two dimensions, this becomes:

SICE

Considering the class of solutions for profiles such that

M(y) = M, (%)" (6.13)
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with constant «,

H)nv(l—ln) v v=H
= — - 6.14
p (1 -2n)M? ~« ,=0 (6.14)
For values of n < 1/2,
H 1 '
o= (e ) (619

For small values of n, (i.e. nearly uniform profiles) the § parameter is only slightly
different from the uniform flow solution, and resembles a uniform flow with a slightly smaller
free stream Mach number. Actual laminar boundary layer profiles are far from uniform,
with nearly linear profiles that are best represented by values of n =~ 1, especially near
the wall. This greatly complicates the above formulation, because the integral diverges
(8 — oo) for values of n > 1/2. This implies that, no matter how small the boundary layer,
the flow is always dominated by the wall.

This result is clearly non-physical, and it arises from the fact that the solution is attempt-

ing to satisfy a no-slip condition on the wall without viscosity. From the 1-d momentum

du 1 (dp Or
dz ~  pu (dz - 8y) (6.16)

accordingly, if there is no shear (i.e. inviscid flow), du/dz -— co in the presence of a finite

equation,

pressure gradient at zero velocity. This is an example of a well-known result of inviscid
flow theory, that we cannot satisfy the no-slip condition without a second derivative viscous

term.

6.1.3 Integral Form of the § parameter

In order to correctly account for the no-slip condition at a wall, while retaining the 1-d
compound compressible flow model without averaging, the 8 parameter will be solved in in-
tegral form with the inclusion of viscous effects. Other less successful means of avoiding this
problem are described in Appendix C. The development of Hevenor, Heiser, and Bernstein
(28] will b= modified with the addition of a shear gradient term which will exécﬂy cancel
the accelerating inﬂﬁénce of a streamwise pressure gradient when the streamwise velocity

equals zero.
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The one-dimensional continuity, momentum, and energy equations in differential form

are:
Continuity : pu A = Constant (6.17)
du dP _Or
Momentum : pu—r + o = 3y (6.18)
2
Energy : CpT + %- = CpT, (6.19)
(6.20)

The continuity equation i written as:

dp du dA

>t et a =0 (6.21)

From the equation of state, the logarithmic derivative of pressure is related to temperature
in the energy equation, and density in the continuity equation:

dP _dp  dT
5=t T (6.22)

Dividing the momentum equation through by P,

dP drdz dp dT
P2y + =—4 =

P P P p T (6:23)

and substituting for the pressure and temperature terms from equations ( 6.22) and (6.19),

_ pu dr dz (_d_p ié) (ﬂ_udu)
Pdu 3y P p +—= )T CrT (6.24)

Rearranging terms,

du u?  pu? dA dT, Odrdz
T(+CPT_?) AT TayP (6.25)
The seemingly complicated term in parentheses simplifies to
uz pu 2
(1 + CoT P ) =1-M (6.26)
so that
u da dT or dz
"“-‘m(,a T +a,,p) (6:27)

This velocity term is then re-introduced in the original momentum equation (6.18), which

is solved for the logarithmic derivative of pressure:

£ pu? (E _ dT,, ar dz) gtiz_

F = Pl - M) Tayp)t oy (6.28)
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The speed of sound is introduced again as a? = 7P/p, and the total temperature is related
to local temperature at any point as T, = T(1 + 3-;—1 M?3?). The pressure expression can

then be simplified as:
dP _ 7M’] dA [7M’(l + M%) dT, [1 + (v - l)M’] drdz

(6.29)

P |[M*-1] A M2-1 T, M2 -1 dy P
This last is nearly identical to Shapiro’s influence coefficient expression for changes in pres-
sure due to area change, heat addition, and friction, with the exception that the shear

gradient has been retained in explicit form.

In order to solve for the pressure-matched streamtube model, we are interested in solving

for the area of each 1-d tube, the above expression is written as:

dA 1 2 dT 1 1 8rdz
= LEGa )T e[ Ge-) 5T 6o
With dT, =0,
dA 1 1 dP 1 dr dz
2w F-lE g (631
Thus,
dA A dlnP 9r/dy ar/dy
dz [M’ ]( dz P ) A—p (6.32)

From the 1-d momentum equation (6.18), u = O at the wall, and the streamwise pressure
gradient is exactly cancelled by the normal shear gradient:

dP _ 0r

% = 3 (6.33)
For convenience, define:
- _ 91/dy
!
™w=1p Tdz (6.34)
Then equation (6.32) can be written in simpler form:
dA _ A1 din P dr/dy
dz 4 M7 1] (l B ) = AP (6.35)

Equation (6.35) reduces to the form used by Hevenor, Heiser, and Bernstein in the

inviscid limit.

At the wall, (1 —7) = 0, which cancels the 1/M? singularity. Similarly, at some height

above the wall, (1 — 7)) ~ 1, and viscous effects become unimportant. At that point, the
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inviscid approximation is valid. In order to cancel the singularity, it is not sufficient to

merely set (1 — 1) = O at the wall. Rather, (1 — 7,) — 0 as fast as M2 — 0 when y — 0.

Following the method of solution applied to the inviscid case, the expression for the area
change in one streamtube is related to the behavior in the entire channel by integrating
equation (6.35) over all streamtubes. Again, the area of each streamtube, A;, is taken to be
the area of some infinitesimally small tube, and integrate over all tubes. In two dimensions,
that means that A becomes a differential length element dy in the normal direction:

d(dy) [ 1 1] (l— )dlnP d dr/dy (6.36)

“dzr _; M2 dz V"p

The integral of the left hand side of the equation represents the streamwise change in the

[ - 40
dH

total channel area, H:

Thus, integrating both sides of equation (6.36):

dlnP B dy /"ar/ay .
dz / [Mz 1] (1 ) oy (6.23)

where the uniform pressure assumption is used to pull the logarithmic derivative of pressure

out of the integral. The last integral can be expressed simply in terms of the wall shear

stress, as will be indicated below.

There are two integral components. The first integral is identical to the inviscid re-
lationship between area change and logarithmic pressure gradient, with a correction for
viscosity. The second derivative represents the total shear on the wall, and is entirely new

in the viscous solution.

In the compound compressible flow solution, the flow properties were evaluated in terms
of the pressure behavior for a given change in channel area. That worked for the inviscid case
because there is a direct and unique relationship between channel area and flow properties
For instance, for 1-d inviscid flow without heat addition, if the flow is choked, it must be

choked at the minimum area point. The compound compressible choking point for multiple
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inviscid streamtubes also occurs at the minimum area point, where # = 0. The compound
flow is then characterized based on the response of the entire channel to changes in area. For
instance, an expanding channel accelerates the compound supersonic flow, and decelerates

a compound subsonic one.

With viscous flow, a direct comparison between area change and flow behavior is not
possible. In 1-d flow, the presence of friction (and heat addition) will move the choking
point ahead of the throat. Indeed, friction or heat addition can choke the flow in a constant
area channel. It is no longer possible to describe the compound flow properties entirely
on the basis of channel area. The more fundamental parameter for characterizing 1-d flow
properties is (1 — M?) dM?. Shapiro [27] stated three rules of choking based on the value

of this parameter:

e If (1 — M?) dM? > 0 no changes are permitted in the flow parameters beyond M=1.
The flow is then choked.

e If initially, (1 - M?) dM? > 0, flow parameters can be changed beyond M=1 if
(1 — M?) dM? becomes < 0.

e If (1 — M?) dM? < 0 no limiting effects are encountered in constructicg the 1-d flow.

Shapiro solves for (1— M?) dM? from the influence coefficient expression for the logarithmic

change in Mach number:

(1 - M¥)dM? = M? (1 + L;—IM’) [—2%‘- +(1+ 1M’)d;" +2(2yM? f)% (6.39)
where f is the friction coefficient, defined so that
Twall
= 6.40
/ % pV2 ( )
and D is the hydraulic diameter, defined as
4dz

Since pV'2 = yPM?, we can see that, in Shapiro’s formulation,

2'7sz _ 4 Twall
D 4 DP (6.42)
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In 2 2-d channel, A = H and 2 dA,. = dz, so

27sz — 27yall
D PH

(6.43)

Shapiro has placed all of the viscous shear at the wall; his flow is envisioned as being
inviscid except at the interface between the fluid and the non-moving wall surface. This

model is comparable to the explicit solution in this work because the wall shear is defined

so that o
(.m’%.ll)smpim ~ "k g;‘j: (644)
The bracketed portion of the right side of equation (6.39),
[ ] (6.45)
is, in the absence of heat addition,
[_2 i g—;d—;] (6.46)

Thus, the parameter which will determine the nature of the compound flow is really

dH 2T‘,a" / [ _ ] dlnPﬂ
i~ 1 -7) o (6.47)

and the compound compressible flow for a continuous profile with shear is best characterized

by a modified § parameter:

g "[__1__1] (l_a)% (6.48)

Note that with the introduction of the viscous term,

_dH/dz

dln P/dz (6.49)

B# b7

as it is for the inviscid solution. The modified § parameter still has the same meaning as

that of Hevenor, Heiser, and Bernstein:

e B > 0 flow is “compound subsonic”

o (B < 0 flow is “compound supersonic”
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o B =0 flow is “compound choked”

The relationship between pressure change and area is written as:

dln P 1 (dH 2Twall)

dz dzr ' P (6.50)

Under the assumption of essentially inviscid flow in the engine, in which viscous effects are

only important to retain the no-slip condition at the wall,

dH/dz

dln P/dz (6.51)

B~
The solution can now be modified to include the effect of heat addition in the flow.
When the one-dimensional area relationship was derived, the total temperature terms were

originally included. Incorporating this into equation( 6.35):

dA_ A o\ dlnP _ 0r/dy yo1 ,)Aﬂ
az [w ](1 ) g 3 +(1+ 2 M) T iz (6.52)

which integrates to a modified version of equation ( 6.38):

dH _ dlnP B dy 27yan "( ¥v-1 z) 1 dT,
= /[M’ 1](1 )7 = +/; 1+1—M T,,dd (6.53)

The temperature addition term serves a very different function in the one-dimensional area

expression. Whereas the viscous term balanced the pressure term at the wall, and so was

required to match the pressure gradient, no such requirement is placed on the heat addition.

With heat addition, the bracketted portion of the right side of equation ( 6.39) will read

[ 2— - 2[H Or dy +/ (1+M?) dT"] (6.54)

By P To
So the value of B defined above is no longer the compound choking parameter, since it

includes only pressure effects.

The streamwise pressure gradient is related to the channel area as:

dinP dH 21 /‘ ( 2) dT,
iz B (d:c = S Ut M T, % (6.55)
where, for most cases of interest here, viscosity can be neglected and
dln P dH H vy-1_.,\dT,
=7 ( - [ (14 m B ) (6.56)
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The B parameter could be redefined to include the total temperature profile, but has not

because that profile cannot be directly related to the one-dimensioral flow, whereas the

change in channel area is the same no matter what the profile.

6.2 Boundary Layer Profile in the Compound Compressible
Flow

8.2.1 Laminar Profile Solution

With a formulation for compound compressible flow which will allow a solution for a
profile without wall slip, the behavior of a stratified compressible flow entering a channel
can be examined, such as the forebody flow on a hypersonic vehicle coming into a scramjet
inlet. To do so, an assumption must be made as to the nature of the Mach number profile,
and the viscous function in the wall region. The former will be input from the forebody
boundary layer profile; the latter will be inferred from the expected properties of a viscous

shear layer.

In Appendix A, the boundary layer profile on the forebody of a hypersonic vehicle is
described using the classical solutions of the compressible laminar boundary layer. It was
argued that the boundary layer will be laminar into the engine at high Mach number. The
laminar profile, from the work of Cohen and Reshotko [25], will be used as an input profile

to the compound compressible flow model.

The laminar boundary layer solution will be compared with the results obtained with
a turbulent boundary layer profile. Because there is no simple method of handling the
turbulent boundary layer growth on the forebody, boundary layer thicknesses were not
calculated for the turbulent case. However, the channel flow model will be presented with
a turbulent profile, corresponding to the effect of tripping the boundary layer as it enters

the engine inlet.

Reviewing the work of Cohen and Reshotko outlined earlier, the boundary layer equa-
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tions are solved in a transformed coordinate plane that converts the problem to an incom-
pressible one. Solving for the Mach number in terms of the stream function, f, where
U = U.f'(n) and the enthalpy function, S:

M =

ef'(") (6.57)

with the similarity relationship for temperature:

T=T. {(1 +5(n)) - (—ﬂ:—) I"(n)} (6.58)
° 14+ 12M? '
and
M= U (n) (6.59)

=1

.. -7 S\ By
1z p2
ot {1+ stan - (558) o0}
The free-stream Mach number is M, = Ue /\/ARTe, so equation (8.59) can be written as:
!
M. f'(n)v Te; T, (8.60)

\ml +S(n)) - (;?{;—f—‘;:q) I"(n)}

The ratio of free stream static to total temperature, which appears in the numerator of

M=

equation (6.60) is the familiar isentropic relaticnship, T./To = 1+ 11 M?)~!. The local
Mach number at any position in the boundary layer is related to the free-stream Mach

number and the functions f' and S, as

M= Mef’('l)(l + :xfll"'fez)_’ll2 (6.61)

st - (2222:) o)

Inverting the square of both sides of equation (6.61):

e (e s - (SEi) 7o)
M MZf'(n)?

(6.62)

This function is integrated with respect to y in the streamtube coordinates. It will be
most convenient to transform the y differential into 5 coordinates, and thus perform the

integration in the transformed incompressible coordinate system:

/0"-" (M(ly)= - 1) {1 -7} % - /:w <_M—(1nV - 1) {1 -7 5’;;1 (6.63)
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To transform dy — dn:

9 _ 9 " T(n)
= (A(z) / . d.,) (6.64)
= T(") (6.65)
Normalizing to the known boundary layer thickness &,
.Y
Az) = —_fo"‘ T e (6.66)

where 5 is the value of the transformed coordinate corresponding to the top of the boundary

layer (= 3.4 for the flat plate solution without pressure gradient). Then,

_ i e
P {0+ sa- (52%) 1} dv o0

1+13-M2

Thus, the transformed integral expression for the inverse square of the Mach number is

b Ga-y-23-

l/:" (1+LM2) {(1"'3(’1)) ( ! )fn('l)} 4

. Y (©.59)
1. {(1+5() - | 75135 ) /() _
RUGIHELE T
Substituting for the temperature profile in terms of f and S
B/ — d
/; (m—l) {1—r:,,}?"=
L e [0+ M0 {04560 - (FRE) o |
T M) -1 6e

e {a+ s - (ff—_’*{,—) 1} )
ns + Jg* S(n)dn — (-;;’,:Mﬁ) * f*(n)dn

This value of 8 represents only the value of the boundary layer

The compound flow
parameter for the free-stream flow will have to be added to this value to represent the
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entire inlet flow field. This is the value of the compound flow parameter at one specific
location, as the boundary layer begins to enter the channel. As the flow moves along the

channel, the profile will change and new values for § must be derived.

For simplicity, the boundary layer compound flow parameter can be evaluated under
the assumption that the free-stream Mach number is hypersonic (M, — c0). Then equa-

tion (6.69) reduces to:

H /1 — d
[ Ga-1) (-7} 3=
ns a=1 — f12
B ([ 61

8pa. {(1+S(n)) = 1"(n)} T
ns + fo S(n)dn - [g* f"('l)dﬂ) {1 '"} a

The transformed integ. . expression for By is independent of Mack number at high
Mach number. This is at first surprising, because it would seem at cursory glance that the
value of # would depend quite strongly on the free-stream Mach number. The boundary
layer velocity is scaled with the free-stream velocity, so it might be suspected that an increase
in free-stream Mach number would increase Mach number throughout the boundary layer by
a fixed proportion, thereby decreasing the value of 1/M? by the square of that proportion.
However, there is another effect which must be considered. Because the boundary layer
is compressible, density is sensitive to local temperature, which is in turn a function of
the free-stream conditions and the local Mach number. Increasing the free-stream Mach
number increases the temperature of the decelerated streamtubes with roughly the square
of the Mach number, and thus decreases the density. This in turn effectively increases the

area occupied by the low-speed streamtubes.

Near a hot wall, this density effect is approximately proportional to the square of the
Mach number, so in the region where Mach number is small, and the inverse square of the

Mach number dominates the value of the 8 parameter:

%§=(%_1)2_1- ~ (6.11)

where y is the streamtube coordinate, proportional to M?; the contribution to the value of

B is therefore insensitive to Mach number.
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Far from the wall, the 8ow density is quite insensitive to the free- stiream Mach number
because there is little deceleration, and thus little temperature rise over the free-stream
value. Therefore, there is no density cancellation of the increasing Mach number in this
region. However, the inverse of the square of the Mach number is a very small value when

M is large, so that

and changes in Mach number have little effect on the value of 2 in this region as well. This
is true in the free-stream as well. Thus, both high- and low-speed regions of the boundary
layer are insensitive to Mach number at hypersonic free-stream conditions, as we found in

the full analytical solution.

6.2.2 Turbulent Profile Solution

All of the above development has been for a laminar similarity profile, because that is
the assumed form of the boundary layer on the forebody. It is possible, however, that the
boundary layer will transition before entering the engine channel. This might occur at the
base of a compression ramp, or it might be deliberately induced to enhance mixing. It is
worth considering the difference between the laminar boundary layer and the turbulent one,

especially for purposes of recommending the more desirable flow state.

In classical incompressible boundary layer theory, it is usually assumed that a turbulent
boundary layer will be thicker than the corresponding laminar one formed under similar
conditions. This generalization is no longer valid in the high-speed regime, where the
laminar boundary layer thickness is greatly increased by the increasing viscosity at the
characteristically high temperatures. The turbulent viscosity is not a molecular property,
so much as a turbulent eddy mixing property, and can actually decrease with increasing
temperature. Thus, the hypersonic turbulent boundary layer will generally be thinner
than its corresponding laminar flow, especially at higher altitudes in a transatmospheric

trajectory [9].

The influence of a laminar boundary layer on the compound compressible flow charac-
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teristics of the entire channel fiow will be much greater than a turbulent boundary layer of
equal thickness because of the steeper velocity gradients in the turbulent profile. It is also
known that a thicker boundary layer will have a more substantial impact on the compound
compressible properties, which scale in proportion to streamtube area. Thus, if the turbu-
lent profile is assumed to be thinner than the !aminar one, an equal thickness comparison
can be considered as a worst case scenario. If the turbulent boundary layer has a smaller
effect than a laminar one of equal area, the actual turbulent boundary layer that would be

formed under the appropriate flow conditions would have even less impact.

The calculation of the properties of a turbulent hypersonic boundary layer, like its low-
speed counterpart, is made difficult by the lack of a complete theoretical understanding of
this problem. There are means available for describing this boundary layer in semi-empirical
form. Particularly noteworthy for their simplicity are attempts at using the known prop-
erties of turbulent incompressible boundary layers, and extrapolating to the compressible
frame in exactly the same manner that the laminar boundary layer was considered, albeit

without benefit of a self-consistent similarity solution.

Perry and East have presented some experimental data for flat plate turbulent boundary
layer profiles at hypersonic conditions [29]. They took data in a range between Mach 8.87
and Mach 11.60, at momentum thickness Reynolds numbers between 6,630 and 16,700.
Within this range, Perry and East found the turbulent boundary layer profile, normalized
to t.e boundary layer 99 % velocity thickness, to be insensitive to Mach number and
Reynolds number. ‘They fit the boundary layer profiles to a modified law of the wall and
law of the wake profile, and showed that it could be accura.ely described in transformed

incompressible coordinates for normal distance § and velocity u. Defining

7t = ”;’ (6.73)

where u, is the classical viscous reference velocity based on skin friction at the wall, ry:

Ty
Uy =/ — 6.74
r ; (6.74)

The law of the wall and law of the wake for the turbulent profile are then, following the
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nomenclature of Perry and East [29]:

t = §' ;0<Ihngt <1064 (.75)

vt = 243In75y" ;1064 <Inyt (6.78)
In transformed coordinates, the profile is approximately linear near the wall.

In fact, for the accuracy required in the calculations at hand, the distinction between
transformed incompressible coordinates and real physical coordinates can be blurred in
describing the profile. At the top of the boundary layer, the incompressible coordinates
are nearly identical with the real coordinates because temperature is approximately the

free-stream value.

Overall, the turbulent boundary layer profile can adequately be modelled in real space
with a 1/7 power law above y/6g9% = .1, and a linear profile below that. Perry znd East
compared the real profile with 1/6 and 1/9 power laws, and suggested that a better fit would
be the 1/6 law. The differences between a 1/6 law and a 1/7 law are not so significant in

evaluating the 8 parameter, however.

The temperature profile is given by an empirical fit as recommended by Bertram, et

al. [30]:

Teotei(y) — Twant _ (_"_)2 (6.77)

Ttotul.oo = Twan Uoo

where the values at co are known free-stream conditions. Given thc assumed form of the
velocity profile, a Mach number profile can be calculated for given values of wall temperature

ratio.

This turbulent profile can then be incorporated into the integral expression for the

compound compressible flow parameter, as was done for the laminar boundary layer.
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6.3 Incorporating the Boundary Layer with Inviscid Flow

6.3.1 Return to a Two-Streamtube Model

All of the above development has been for a boundary layer profile. In fact, the inlet flow
is composed of the boundary layer region, and an inviscid region with essentially uniform
properties. The influence of the inviscid region must be incorporated into the streamtube

flow model, and can be done so with relative ease.

It will be convenient to include the inviscid streamtube with two goals in mind. First,
it is most useful to parameterize the behavior of the entire flow by the ratio of boundary
layer height to channel height. Thus, the entire channel will be considered in terms of the
relative thicknesses of the boundary layer and the inviscid free-stream region. A second goal
is to preserve the essential results of the simple two-stream models introduced in an earlier
chapter. To this end, the boundary layer will be considered as a separate, “low-speed”
streamtube !, while the free-stream is considered as a uniform hypersonic layer. Thus, the
boundary layer profile will be solved and incorporated into a single compound compressible
flow representation, which will in turn be represented as a single streamtube interacting
with the free-stream streamtube. The properties of the boundary layer will be summarized
by comparison to a uniform streamtube. This will permit the complicated results of the
laminar and turbulent profiles to be related to the fundamental behavior identified in the

two- stream models presented in chapter 5.

In the compound compressible model, the effects of streamtubes on the net behavior of
the entire channel flow can be added linearly, because the 8 parameter is a linear function

of streamtube area. Thus, for the entire engine channel,

Bchannel = ﬂboundary layer T Brree—stream (6'78)

The B parameter has dimensions of area, but it is most convenient to work with a non-

dimensionalized form of this parameter. If 8 is normalized to the entire channel height, i,

1#ow-speed” meaning at a lower speed than the free-stream. The boundary layer may very well be

mostly hypersonic
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then, defining
3-8
| =3 (6.79)
where 2 is calculated over a streamtube of area A, the normalized channel parameter is:
1

Bchannel = _pboundlry layer + pﬁu—ltnum (6.80)

With a boundary layer height of &, § is used to write:

Pooundary layer = sﬁboundu'y layer (6.81)
so that
- §\ = 6\
Bchannel = (E) ﬂboundnry layer T (l - E) Blrea—stream (6.82)

The net channel flow can thus be parameterized in terms of the Mach number profile in
the boundary layer, the free-stream uniform flow conditions, and the relative height of the

boundary layer.

With a uniform free-stream,

- 1 1
Btrea—stream = ; (m - l) (6'83)
and the normalized boundary layer parameter is:
— —\ dy'
ﬂboundnry layer = [_ - l] l - T‘:) T (6'84)

where ¢/ is the y coordinate normalized to boundary layer height.

The net Mach number, defined above in equation (6.4), provides a useful means of
comparing the boundary layer profile with the two-stream model. Extending the definition

to the integral form of the 8 parameter, M is once again defined so that

Y- = [[m-1]0-m) % (6.85)

As above, a uniform streamtube with Mach number M will have the same 8 as the nonuni-
form profile at a given streamwise location. The value of 7 selected in defining the uniform
Mach number M is an averaged representation of the variable v through the Boundary

layer.

116



Once the value of £ is known, it can be used to determine the streamwise change in free-
stream Mach number, the streamwise change in the profile, and the streamwise variation
in boundary layer thickness. These three factors will parameterize the entire channel flow
problem, and provide direct comparison to the two-streamtube model. Solving for the

streamwise change in boundary layer area:

_—5/ [-—-1] 1-#)"3’:’"":' (6.86)

where the integral has been solved in a coordinate normalized to the boundary layer height.

It is most convenient to use the relative thickness of boundary layer, §/ H, as the independent

paramter:
d(§/H) 1ds§ &/HdH
" dr Hdzr H dz
The value of dln P/dz in the boundary layer streamtubes is known from the § parameter

(6.87)

across the entire channel. The explicit dependence of d§/dz on the pressure derivative is

removed by substituting with A under the inviscid approximation,

% (G il D gl e

O e

This boundary layer parameter indicates how the relative thickness of the boundary layer

changes with a change in channel area. For instance, if _dLl-nLHl = 0, the relative thickness
of the boundary layer does not change as the area of the channel changes. This is the
case when the boundary layer profile is nearly uniform (i.e. M =~ M,), and thus has little
net effect on the behavior of the channel. On the other hand, when d 5,,” = - (75;), the
boundary layer height is fixed. Regardless of the change in channel area, the boundary
layer remains the same thickness; thus, all changes in the channel area are accomplished
by the free-stream region. This situation is realized when M = 1, so the boundary layer
streamtube behaves as if it were a sonic flow. Following this trend, if M < 1, the boundary

layer will experience variations in thickness in the opposite sense of the changes in channel

height.

It is also of interest to examine the response of Mach number for a given change in
channel area, in both the free-stream and the boundary layer, as a function of the rela-

tive boundary layer thickness. The one-dimensional flow equations can be assembled in a
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form that solves explicitly for Mach number. Noting that 2dIn M/dz = dIn M?/dz, the

streamwise derivative of Mach number in the absence of heat addition is

(1- M’)‘% =-M (1 +— M’) d:;“ (6.90)

Substituting equation (6.35) for dA/A:

av _ (1+38 M) awp ©91)
dz +M dz ’

Once again, the pressure derivative is related to the total channel area change through the

B parameter in the inviscid approximation:

av  (1+7M?) din B/ d ©92)
dz 7M ﬁchunnel ‘

This expression is valid for any inviscid streamtube in the channel. It is independent of the

area of the specific streamtube being examined, and is related to the global properties of

the channel geometry, and total channel 8.

The streamwise change in free-stream Mach number due to channel area changes comes

directly from equation (6.92):

aM,  (1+%MP) din H/ds ©93)
dz 7M¢ Echmnel .

Since B.pannel depends on the relative thickness of the boundary layer, as well as the bound-

ary layer profile, dM,/dz can in turn be parameterized in terms of the relative boundary
layer thickness, §/H. This is true no matter the form of the profile of the boundary layer,
so that any profiles with the same M will produce the same acceleration or deceleration of
the free-stream. Thus, the boundary layer profile will affect the free-stream in exactly the
same manner as a uniform streamtube, once again demonstrating the analogy between the

actual profile solution and the two-streamtube model.

68.3.2 Effects of Heat Addition

When dT, # 0,

- (1 L) (7)o (1 500 G o
(6.24)
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Substituting for dA/A and dT,/T,,

M (. q-1 ,) {1-}dmp ManT,
dz (” 7 M [ M dz 2 dz (6.95)

and the pressure term can be expressed as a function of the known channel area and assumed
heat transfer profile:

dmnP 1 (dH (H(  y-1 ,\dhT,
T‘E(E‘/o (‘*TM’)T“") (6.98)

assuming viscous effects are negligible. At each point, dM/dz depends on the local heat
addition and the total heat addition.

Temperature is most easily related to the known quantity of heat addition, and the local
Mach number, through the total temperature relationship:

Ttohl(!l) = Tytatic (1 + 7_;_1M(y)2) (6°97)

Thus, the local streamwise temperature change can be written as:

detatic = (thotal

dz dz Tetatic(y — 1)M(y) d::) ( 1

1+ 33 M(y)?)

(6.98)

Given the Mach number and total temperature streamwise variations, the streamwise static
temperature variation at any point in the flow is uniquely determined. The streamwise
change in the boundary layer profile Mach number requires that dM/dz be calculated at
each position in the profile.

8.3.3 Deviations From Uniform Stream Model

For purposes of comparing the boundary layer inlet profile to a simple two-stream flow,
a more useful parameter is the streamwise derivative of the net Mach number M. This can
be derived from the expression for streamwise derivative of Mach number wsth the viscous

term included from the modified equation for dA/A:

dz M

i (1+332Mm2) (1-7 dln H/dz
1- 1".,,} _— {699)
ﬁcha.nnel )
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From the definition of M,
1
) -7

where the effect of a gradient in 4 has been ignored. Taking the z-derivative of M:
am___ &k (setep = 1) {1 =P} o (8.101)
=28 Gt 1) fr-Pufar )™

The derivative of the integral in the numerator depends on the streamwise change in Mach

M= (6.100)

number and the viscous function, T'y.

In order to retain an explicit dependence on Mach number, the viscous function in the
above integral is written in terms of the Mach number, not the velocity. This naturally
introduces errors in a nonuniform temperature environment, but it allows for the simplest
solution of the derivative of the integral. With {l - ;7.,} ~ M2 for M < 1 and {1 - 7.,} ~
l1for M > 1:

;z_/on(v(ly_)i_l){l—ﬁw}dy' )
i) B e

1 dM/d:: 1 dM |M<1
= —2/ 3 - M (-)\'I_(y)—z - l) E dy (6.103)
—_ dM/d:l:
—_ _ _ 277
= -2 /0 ({1-7} - M) == 2 F3 (6.104)
_ 1 — 12 dlM/ dz '
= -2 {1-7.) Sy (6.105)

The viscous functivn r'y, has not been replaced completely by the Mach number assurnption

because it goes to zero above M = 1.

Substituting equation (6.91)for dM/dz:

_ 21 pp? n
£ ) -l =2 [ SR P oo
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Thus, the streamwise derivative of the net Mach number is
___ 14+ 1L M2 = \3
dM _ g ) =% ){l-f'w} dy' 1 dnH
(0 (o - 1) {r- T ay 4 1) Penemmat 02

The streamwise derivative of the M will not in general be equal to the value obtained for a

(6.107)

uniform stream.

The value of dM/dz scales with 1/M* at small Mach number. This factor can drive
the value of dM/dz to very different value than that for an actual uniform streamtube. As
a profile encounters a pressure gradient, the low speed streamtubes an either accelerate or
decelerate more readily than the high-speed ones. Since these streamtubes have a dominant
influence on the uniform Mach number, especially when free-stream Mach number is not
too large (i.e. M < 5), the effect of a pressure gradient on the uniform Mach number can

be far more dramatic than for an actual constant-Mach number streamtube.

At larger Mach numbers, the derivative of the uniform Mach number is typically smaller
than the value obtained for an idealized uniform stream. This is consistent with the observa-
tion that M tends to be independent of free-stream Mach number in hypersonic conditions,
which was explained with the effect of increasing Mach number on the near-wall density

profile.

Accordingly, in updating the boundary layer profile, the evolution of the streamtube po-
sitions must be traced. Each streamtube will experience a different area change in response

to the change in chanrel area, and this will tend to distort the original inlet profile.

6.3.4 Following Streamtubes Through a Channel

The y coordinate used in the above formulations is the position of each streamtube that
is being iterated over, and is not fixed in absolute coordinates. The streamtube coordinates
are superposed over a fixed coordinate system, designated here by Y, in which dY/dz =0,

but dy/dz # O.

The increase in height of each streamtube is equal to the change in area of the streamtube
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extending from the the wall to the particular height being examined. From equation (6.35):

dy _ Y([l ] —dnP1 _,_dlnp)
dz_/o i (l—r,,) i e dy (6.108)

in exactly the same manner as equation (C.11) was derived for inviscid flow. Substituting

once more for dln P/dz,

dy 1 dhnH (Y([1 _'1_')
dx--ﬂ-chmml dz Jo ( _l] (l—r‘")., 1o ) dy (6.109)

From this equation, the profile can be properly advanced through the channel. At each
y location, the new y coordinate for the streamtube being examined is calculated, so that

at the next channel position, the profile can be mapped into its new configuration.

With expressions for 8, d(6/H)/dz, dM,/dz, and dM/dz, the multistream model of
hypersonic engine channel flow is complete. There is much information to be gained by
simply applying these parameters at a given station in the channel, for instance at the
channel inlet. However; for a complete picture of the channel flow, an iteration procedure
can be used to follow the progress of the initial nonuniformity through the engine. The
nearly one- dimensional approach, follows a methodology which is essentially identical to

that developed for the two-streamtube system. The solution steps are:

1. Take an assumed engine profile (dH/dz), usually based on uniform flow conditions.

2. Start with inlet profile, free-stream conditions, and relative boundary layer height 2s

inputs.

3. Determine 8 and M for the boundary layer from the assumed form of the boundary

layer profile
4. Calculate g for the free-stream.
5. Calculate 8 for the entire channel from these component values.

6. The net Mach number, M can be computed to provide for a comparison with the

two-stream flow model.

7. Calculate the change in position of each streamtube in the flow profile, dy/dz, and

use this to update the boundary layer height at the next streamwise location.
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8. Calculate the streamwise derivative of free-stream Mach number, dM,/dz, and use
this to update the Mach number at the next streamwise station. This also allows the
updating of thermodynamic properties, which depend only on local Mach number, v,

and initial values.

9. Apply the same technique to calculate dM(y)/dz at each point in the boundary layer
profile, and update Mach number and thus thermodynamic properties at the next

streamwise station.

10. With the new profile and free-stream conditions, begin the process again, iterating to

the next streamwise location, beginning at step 3 above.

The relationship between channel area and streamwise pressure gradient can be modified

to include changes in total temperature:

== 3 ) \z ! (1 rw)7-rw)dy+o (1+ —M?*) —=dy (6.110)

The y coordinate of each streamtube is transformed from station 1 to station 2 as:

dyy dlnP 1 ] -\ 1 -'—) ( y—-1 2) dinT,
i ( 1 (1-7) o)+ (1 M) = (6.111)
where, as before, the channel pressure derivative is
dinP 1 (dH H v-=1,.,\dInT,
- _ﬂ(dz—/o (1+ - M) =2 dy (6.112)

At high Mach numbers, the total temperature is quite high, and heat addition in the
channel will represent a small change in that value. For instance, at Mach 20 and static
temperature of 300 K in the external flow, the total temperature of the flow inside the engine
is 13,000 K, corrected for an average combustor C, ~ 1600 J/Kg K (C; is so high due to
dissociation [6]). The reaction of hydrogen with air generates approximately 108 J/kg. The
stoichiometric ratio of hydrogen to air is 4/139 = .029, taking into account that air is only
21 % oxygen. Thus, the hydrogen reaction is generating about 2.9 x 108 J/kg air. With
an average heat capaciﬁy ‘of 1600 J /kg-K [6], the increase in total temperature due to the
hydrogen reaction is approximately 1800 K, or roughly 13-% % of the total temperature over

the entire engine channel length. Over a 5 meter long engine, if heat addition were uniform
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(which it won’t be), dIn T,/dz ~ .028 per meter. One result of this is that the increment in
exhaust velocity for a hypersonic engine over the inlet velocity is typically a small fraction

of the flight velocity.

6.4 Selecting the Correct Boﬁndary Layer Profile

6.4.1 Applicability of the Similarity Profiles in a Pressure Gradient

The forebody has been solved with a flat plate formulation, which assumes there are
no streamwise pressure gradients. In fact, there will be some streamwise gradients due to
shock curvature, but it can be shown that these have negligible effect on the boundary layer
development (31]. However, once the profile enters the engine channel, it will be subject
to pressure gradients. It is important to consider the impact of a pressure gradient on the
boundary layer growth, and to examine how to correctly apply the zero-pressure gradient

solution as an input to the engine channel flow.

The similarity solutions are defined in terms of an exponential velocity function, and
characterized by the power of the exponent. This exponent is in turn used to establish
the magnitude of the pressure gradient from the 1-d momentum equation applied to the

free-stream region.

The velocity function is assumed to have the form:
U=UJLtm (6.113)

where £ is the streamwise coordinate in transformed incompressible coordinates. In classical
laminar boundary layer theory [32] the pressure gradient is defined by its effect on the free-
stream velocity or Mach number with a value # (not to be confused with the compound

compressible flow §) given by

2m

m+1
_ 2€ dM,
= NE (6.114)

i~
il
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Once insid. the engine channel, the flat plate boundary layer that was originally formed
without a streamwise pressure gradient will experience a pressure gradient. The boundary
layer will therefore behave in some range between that of the fiai piaie boundary layer, and

an equilibrium solution for a boundary layer with given pressure gradient.

In solving for the behavior of a stagnation flow, Lees [26] assumed that the boundary
layer at each point could be characterized by its local pressure gradient. His assumption was
therefore that the boundary layer approached the equilibrium similarity solution at each
station along the surface. However, in the stagnation flow solution, the boundary layer is
always being examined at a position near its starting point. In the problem at hand, the
boundary layer has formed over a very long path length, and then is subject to pressure
variations over a comparatively small path inside the engine. It is most likely that the
flow profile will retain its initial profile, and not approach the equilibrium similarity profile

under the influence of the new pressure gradient.

The justification for this view of the profile’s response to pressure changes is the time
required for viscous effects to diffuse from the wall. This channel flow problem is similar
to the classical starting problem of Rayleigh; a change in channel area perturbs the core
velocity, which looks like an impulsive velocity increment at the wall. The no-slip condition
is enforced at the wall, and the incremental vorticity generated at the wall diffuses into
the flow at some characteristic diffusion rate. The wall-generated diffusion on the forebody
crosees a distance equal to the boundary layer thickness, by definition. Thus, at the free-
stream velocity of the forebody flow, it requires the entire path length of the forebody wall
for viscous effects to diffuse into the flow one boundary layer thickness. Inside the engine,
Mach number is reduced from the free-stream value, but most of that reduction is realized

vhrough an increase in temperature, not a decrease in velocity [6].

It is the engiae channel lengtk scale, in comparison to the forebody length, that deter-
mines the depth of penetration of viscous effects. A transatmospheric vehicle forebody will
be between 20 and 30 meters in length; the characteristic length scale inside the combustor
will be at most a few meters. It is therefore reasonable to assume that the boundary layer

does not approach the equilibrium similarity solution, and the flat plate input conditione
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can be used throughout, with a modification to allow for viscous cancellaiion of the stream-
wise pressure gradiént at the wall. The flat plate boundary layer assumption makes the
prediction of separation quite difficult.

6.4.32 Satisfying Shear Constraints at the Wall

The use of the flat plate boundary layer profile introduces & contradiction into the
assumed multistream solution. The flat plate solution has no wall shear gradient to fight
a pressure gradient, since there is no pressure gradient. However, that same profile must
fight a pressure gradient inside the engine channel, and that means it must have shear at
the wall. This means that the pressure changes experienced in the channel must change
the form of the veiocity profile, so the flat plate profile is no longer valid. However, if the
viscous penetration depth into the flow is small, the profile remains valid with the addition
of a shear component at the wall. The shear component is a second derivative of velocity, so
the addition of this term will not appreciably alter the velocity profile itself, as long as this
penetration region is close to the wall. This shear function is the 77, term that was added
to the compound compressible flow § parameter in order to retain the no-slip condition at

the wall.

In the flat plate solution, velocity scales nearly linearly with the transformed incom-
pressible coordinate n at the wall, so that

{1-%}= (L)z (6.115)

Npenetration

The exponential power should be 2 as a minimum, but it has been found that the value of
the compound compressible parametefis insensitive to this power so long as it is sufficient
to cancel the inverse square of the velocity. In chapter 3, it was shown that the value of
1/M? is large only very close to the wall. As long as that region is adequately cancelled,
the form of the function has relatively little consequence for the rest of the boundary layer

profile.

It is most desirable, however, to determine a penetration height that is independent of

the history of the flow, which can be evaluated at any given position along the channel
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from the local conditions. Since pressure changes in the engine channel will be transmitted

upstream only through the subsonic portion of the boundary layer, the sonsc line of the
local velocity profile will be selected as the viscous penetration height:

]

{1-7} = ("—:n;) (6.116)

This makes the formulation of the viscous compound compressible flow problem straight-

forward; the local profile is scanned, the sonic point is located, and from this, the viscous

function is determined, and used in evaluating the compound compressible flow parameter.

This confines viscous effects to a region very close to the wall in the hypersonic boundary

layer, which corresponds to the assumption made above that the boundary layer flow is

primarily inviscid inside the engine, except in the region very near the wall where pressure

effects must be cancelled.

The viscous function can be defined in both real physical coordinates, or in the trans-
formed incompressible coordinates used in solving the laminar boundary layer. The trans-
formation between y and 7 coordinates is approximately linear for small values of y. As
such, the distinction is not an important one, especially when referenced to the height of

the sonic line, which is a physical condition independent of the coordinate frame.

The chosen form of the viscous function introduces two difficulties in solving the problem
at hand. A practical problem mentioned above comes at free-stream Mach numbers close
to unity, where the sonic point can be very high in the boundary layer profile and selection
of the sonic point as a viscous penetration height implies that wall effects extend instantly
across the boundary layer. For hypersonic free-stream conditions, it is most important that
the wall pressure gradient be cancelled out. Once that is done, the net effect of the low speed
region of the boundary layer profile is rather small, because that represents a very small
portion of the total boundary layer. Thus, as long as the wall is hundled satisfactorily, the
exact form of the viscous function, and the assumed extent of viscous effects, are relatively

unimportant.

A contradiction arises in the assumption of upstream information propagation through

the subsonic portion of the boundary layer. In its simplest form, the multi-streamtube model
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assumes constant pressure across the channel, which in turn constrains the propagation of
information in subsonic regions when the flow is compound supersonic. This assumption
leads to the condition of compound choking and compound supersonic flow, in which no
information can propagate upstream. Even though the subsonic layers could transport
information against the flow velocity, they are constrained from doing so by the supersonic
streamtubes. In fact, on the small scale, there will be upstzeam information propagation
through the subsonic layer, as in shock-boundary layer interactions [33], which cannot be

accounted for correctly in this model.

In selecting a viscous penetration height based on sonic conditions, the assumption of
pressure coupling is being violated. It is unreasonable to assume the channel flow will
be completely coupled, as originally conceived. For instance, in the vicinity of a sudden
pressure, such as at the combustor inlet, or across the shock, it is clear that the presence of
the pressure gradient will be transmitted upstrearn through the boundary layer, as has been
experimentally observed in shock-induced boundary layer separation ([33]. The pressure
matching condition must be taken as a generalization and a simplification which can be

applied globally, but not locally.

The above formulation for the compound compressible # parameter is solved for each
streamwise location. Once f is known, its value is used to evaluate the response of the
profile to a known change in channel area, which allows for the calculation of a new profile.
In general, it is most useful to transiate the similarity solution into physical coordinates
for purposes of such an iteration, especially if it is of interest to track the evolution of
the initial profile. The similarity solution derived above is only useful at the inlet to the
scramjet channel; once the profile is changed in the channel, it is most effective to operate
in the physical coordinate domain. In subsequent chapters, the results of tracing such a

profile through a model channel will be explored.

128



Chapter 7
Analysis of Profile Changes Through a Shock and

Separation

7.1 Analytical Shock Solution with Profile

7.1.1 Inclusion of Inlet Shock

In the previous chapter, it was assumed that the forebody profile enters the engine chan-
nel unchanged, and then experiences changes due to channel contraction or expansion, and
heat addition. This assumption will only be valid if the channel flow is entirely isentropic, or
if the channel itself is mounted in parallel with the forebody surface. An isentropic channel
may require too much turning to decelerate the flow to desired engine Mach numbers, and

an angled engine will experience strong shocks, and thus drag, an its outer surface.

In many scramjet scenarios, the inlet flow will pass through a shock as it enters the
scramjet channel, to turn it parallel to the direction of vehicle motion. In such a case, it can
no longer be assumed that the inlet profile to the engine is the equilibrium boundary layer
solution from the forebody. Rather, the profile will be the result of passing an equilibrium
profile through a shock, and may acquire a strong normal pressure gradient. This is pictured

in Figure 7.1.

To model the effect of shock passage on a profile, a streamtube approach is once again
taken. For a given wedge angle, the shock angle in each supersonic streamtube can be
calculated from oblique shock theory. Then, the Mach number in each streamtube is easily
determined. Because the shock strength will vary through the profile, the pressure ratio

will also vary. To preserve the one-dimensional model, the sireamtube densities and Mach
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Figure 7.1: Velocity profile encountering a shock

numbers must be adjusted to re-equilibrate channel pressure, an assumption which will be
valid some distance from the shock.

7.1.3 Application of Shock Relations to the Profile

One of the primary difficulties in solving for the effect of the shock on a profile is the lack
of a closed form solution for the shack angle as a function of wedge angle. The well-known
relationship between shock angle Juhocx and wedge angle  was used previously to calculate
the “fixed shock” position, and is repeated below for convenience:

L{l2 8in? Behock — 1
M (7 + cos fahoa) + 2] (7.1)

tan § = 2cot Behock [

This shock angle fypocy should not be confused with the compound compressible flow pa-

rameter or the boundary layer pressure gradient parameter.

In certain situations, this shock angle relation can be reduced to a closed form solution
with simplifying assumptions. For instance, if both 8 and Bhoex are small, equation (7.1)
can be solved in closed fo-rr'n. Unfortunately, we can make no such simplifying assumptions
for this profile shock. The small angle assumption would be valid in the high—speedl regions

of the profile, where strong shocks must be avoided. However, at the low-speed regions
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of the profile, such as the streamtubes close to the wall, the Mach number becomes low
supersonic, approaching M = 1 at the sonic point. In the low speed flow, a small angle
approximation for Snock i8 no longer valid because small wedge angles produce shocks with

large angles at small Mach numbers.

Without available simplifying assumptions, the shock angle relation must be solved for
each Mach number with a root finder. Because of this, the behavior of the profile through
the shock cannot be determined with an explicit closed form result for general profile shapes.

Equation (7.1) is used to calcuiate the appropriate shock angle at each position in the profile.

Once the shock angle Byhock is calculated from the wedge angle 6 at upstream Mach

number M, the downstream Mach number M; is found simply from [5]:

M= 1 M, 12 Bin’ ﬂchock + [.'"?_-1‘
2 sin(ﬂlhock - 0) [7—2_‘%] Mlz Sill2 ﬂahock -1

(1.2)

The ratio of downstream density p; to upstream density p; across the shock is also
uniquely determined by the familiar shock relations:

_ [v + 1] M7 sin® Buhock
rr=h (['7 - l] Mlz sin Bshock + 2) (7.3)

The downstream pressure p; is related to the upstream pressure p;:
— 2 2 . 2 _
P2 =p1 (1 + +1 [M1 sin ﬂlhock 1]) (74)

From the pressure and density, the temperature across the shock can be found with the

equation of state.

It has thus far been assumed that the dp/3y = O across the channel. The shock will
introduce a normal pressure gradient. Below Mach 1, there is no shock, so the downstream
pressure equals the upstream pressure. On the other hand, if the free-stream Mach number
is hypersonic, the shock angle will be very close to the wedge angle, so for a 5 degree wedge
angle, at ¥ = 1.3, the upstream to downstream pressure ratio is 1 4 .0086 M2, At free-
stream Mach number 10, this ratio is 1.86; for Mach number 20, the ratio is 4.44. Thus, the

pressure behind the shock in the free-stream region may be up to 4 times greater than the
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pressure at the base of the profile, clearly a substantial gradient that must be accounted
for. Equation (7.4) demonstrates that, once the profile has passed through the shock, the

pressure ml.tching_condition is no longer valid.

There are three ways of handling this pressure gradient. It can be neglected, assuming
that the gradient will be small because the shock angle is small. Another option would be to
carry the gradient through the channel by modifying the pressure matching relationship to
include a pressure gradient. Finally, the pressure can be re-equilibrated downstream of the
shock, adjusting the Mach numbers and thicknesses of the flow streamtubes until dp/dy = 0
and the pressure matching condition can once more be applied. The proper choice from
among these options will depend on the strength of the gradient and the length scale over
equilibration will occur. Appendix D will present a means of estimating the magnitude of

the pressure gradient through a shock at small wedge angle.

7.2 Pressure Re-equilibration Behind the Shock

7.2.1 Estimating the Re-equilibration Length Scale

The one-dimensional model does not provide a mechanism by which the shock-induced
gradient can re-equilibrate because it does not include the normal momentum flux across
the channel. Further, there is no streamwise scale in the one-dimensional model. Because
viscosity is included merely to cancel the pressure gradient at the wall to provide for a
no-slip condition, there is no explicit appearance of pathlength-dependent terms. The only
channel geometry that appears is the change in area, but, so long as that area change is
referenced to some initial value, it does not matter how long the channel length is over

which that change is occurring.

An external mechanism must be invoked to estimate the pressure equilibration length
scale. The simplest view of the channel flow is to assume that the pressure gradient across
the boundary layer will be removed through the action of a pressure wave travelling normal

to the flow direction. It is reasonable to assume that, after a pass of such a compression
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wave, and its associated reflected wave, the cross-wise pressure gradient will disappear. The
streamwise length scale over which this will occur is therefore approximately equal to the
distance travelled along the channel in the time it takes a compression wave to cross the

boundary layer width § at the sonic speed, teroes = §/a:

Zoquilibeation =2 ¥ tcross (7.5)

so the ratio of the equilibration length scale to the boundary layer height is approximately
equal to the Mach number inside the channel:

zﬂuiﬁ;mion ~ M (7.6)

Thus, the equilibration length scale depends on both the channel Mach number, and the
boundary layer width.

Estimates of the required channel width due to fuel injection [9] suggest that engine will
be about two orders of magnitude longer than it is wide at the combustor. For moderate
engine Mach numbers, the pressure gradient imposed by the shock will dissipate very rapidly
through the channel. The shock/boundary layer interaction scenario associated with an
oblique shock penetrating a boundary layer has been shown empirically to dissipate on a
length scale that is on the order of the boundary layer thickness for lower Mach numbers

(«3) [33].

Accordingiy, it is assumed that the shock-indvced pressure gradient dissipates very
rapidly in the channel. The flow will therefore be modelled as an ircoming profile crossing
the shock, developing a pressure gradient, which then is removed by a re-equilibration pro-
cess that adjusts the position of the streamtubes the Mach number, and the thermodynamic
properties, in a constant area section without heat addition. The re-equilibrated profile will
then be followed down the engine channel. The re-equilibration process will not return the
flow profile to its pre-shock condition, because the shock crossing is an entropic process,
while the re-equilibration is assumed to occvi isentropically. Thus, the entire history of the
flow between the upstream of the shock to the re-equilibrated station must be followed in

order to account for the shock’s effect on the profile.
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7.3.3 Pressure Re-equilibration Mechanism

A primary effect of the boundary layer in the re-equilibration process will be to decreases
the pressure in the free-stream region and the pressure in the boundary layer because the
boundary layer is a compressihle region which allows the free-stream to expand and assume
a lower pressure. Since the boundary iayer is being compressed, an inlet shock tends to

reduce the importance of the boundery layer.

The pressure equilibration process is incorporated into the the one-dimensional flow
equations by adjusting the pressure in each streamtube until all pressures are equal. This
process must be solved iteratively, since it is not possible to calculate the final equilibrium

pressure directly.

A result of one-dimensional analysis is that the stream area, referenced to some initial or
sonic area, is a unique function of local Mach number and 4 [34]. The streamtube pressure

can be related to local Mach number and 4, so the area can be related to local pressure.

There is no mechanism to drive the one-dimensional solution to constant pressure on
its own accord because the streamtubes do not interact viscously, except near the wall.
The actual channel will depart from the one-dimensional behavior with a pressure gradient.
Once a strong gradient is established, cross flow will become important, until the gradient
is relieved. This flow can be modelled as a thickening or thinning of the one-dimensional
streamtubes with reasonable accuracy. For instance, the flow in a high pressure streamtube
will develop a cross-wise velocity component under the influence of the normal pressure
gradient. This streamtube fiow will therefore move away from the streamtube center, which
will resemble the thickening of that streamtube. Similarly, a low-pressure streamtube, say
near the wall, will see a net flow into towards its center, thus resembling a thinning. In
order to force this behavior in the 1-d model, the uniform pressure condition must be
imposed as a downstream condition. The process could alternately be medelled as mass
exchange between fixed streamtubes, but that would be more difficult. Centrifugation due

to streamtube turning is ignored.
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The inviscid one-dimensional area relationship is [34]:

= [ () e

where the reference area, A° is the area at sonic conditions, M = 1. From this expression,
two stations in a streamtube are related in terms of their local Mach numbers, assuming
is the same at both stations, by dividing the result of equation (7.7) at etation 2, with area
A3z by the result at station 1, with area A;, since A°® is the same at both stations:

L
A _ M (Lﬁ'ﬂ) -

= 7.8
A M \1+332M2 (7.8)

Pressure is related to local Mach number via the familiar isentropic flow relationship for
static pressure and total pressure, p;, so the ratio of static pressure at station 2 to static

pressure at station 1 is, with constant total pressure:

o \1+33M2 ’

Therefore, the area relationship can be written in terms of pressure by rewriting this equa-

tion as .
1+ 102 oD _(m 2t 710
1+ M2 ~\p2 (7.10)
7 M
so that L4
4 _M (p_l.) n (7.11)
Ay Mz \p; |

The dependence on the downstream Mach number, M, can be removed, and the known

profile of M; used in the solution. From equation (7.9):

1 = 1
1+ 1—M} = (ﬂ’-) ! (1 +1 M,’) (1.12)
2 [0 2

Dividing through by M3,

1 -1 = -1 (M;]?
—+ == (E-’-) T+ ——3] (7.13)

The area ratio depends on M;/M;; solving for this ratio in terms of pressure and initial

Mach number: o
My _ 1

* {{ew®

Pa

—: (7.14)
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where p; has been written as a function of y to emphasize the fact that it is nonuniform,

as opposed the the pressure at station 2, p3, which is assumed to be uniform.

Inserting this relationship back into the area ratio expression,
() =
—_—— e (7.15)

{ (20) 5" -1} e+ (5) ™

A2
Ay

In the following, station 1 will represent the profile directly behind the shock; station
2 will be the re-equilibrated region further downstream. The Mach number profile and
pressure profile at station 1 are known from the calculated change in the initial profile
across the shock. The only unknown in eguation (7.15) is the final uniform pressure, p,

which cannot be calculated directly.

The area ratio can be used to transform the profile geometry by converting the stream-
tube are to a differential element. If y; is the streamtube coordinate at station 1, and y; is

the coordinate at the uniform station 2, the transformation law is, from equation (7.15):

n\ 5
dva _ __ ( B ) (7.16)

™ ) e+ ()™

The coordinate of the streamtube at station 2 which began at y;, imbedded in fixed coor-

dinate system Y, is then:

wn(V)= fom

W\ 5
( L& ) dy (7.17)

aczt
)1

{69 -1} ot (o2

For simplicity of solution, the channel is assumed to have constant area between sta-

tions 1 and 2; the uniform pressure at station 2 is then the value which will satisfy the

H
H=
0

trans‘ormation:
( ) =
£2 dy (7.18)

{(o4) % -1} e+ (38)™
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In the hypersonic limit, the transformation expression becomes:

H= L g (%"—))# dy (7.19)

This is the familiar isentropic, adiabatic relationship between pressure and density, P/p” =
constant, and reflects that fact that, at high Mach number, changes in channel area tend
to affect thermodynamic properties, but do not tend to change the flow velocity.

With the hypersonic assumption, the uniform pressure is:

1
pa =~ (-I-l{- L o pl(y)l/ "dy) (7.20)

which provides a reasonable first guess of the uniform pressure because the flow is predom-

inantly hypersonic.

The low Machk number limit is incompatible with this inviscid assumption, however. In
the limpg_.o, the 1/M} term in the pressure integral approaches co. This term multiples
what will generally be a negative value under the square root of equation ( 7.18), and that
in turn drives the entire expression under the square root to a negative value in the small
Mach number limit. This is clearly a non-physical result, and it is once again due to the

neglect of viscosity in the wall region.

In previous sections, viscosity was added with a functional dependence on height above
the wall. In that case, however, the flow was pressure-equilibrated, and the viscous formu-
lation could be added in the integral form with relative ease because pressure was constant
across the channel. With a pressure gradient, the sireamwise gradient cannot be removed

from an integral formulation.

The simplest way to satisfy the wall condition is to use the viscous, constant area one-
dimensional flow solution. In the absence of heat addition, and with no increase in area,
the change in Mach number for a given change in pressure can be solved with viscous
forces. It is assumed that the low-speed streamtubes do not change area much because
viscous forces tend to counteract the area-changing effect of pressure gradient. This is a

stronger requirement than that used in earlier sections, where viscosity varied throughout
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the subsonic region, because now the entire subsonic region is viewed as being viscous-

dominated.

7.2.83 Separation with Adverse Streamwise Pressure Gradient

In the inviscid flow, a streamtube can be accelerated to zero pressure, but there is a
finite limit to the maximum pressure to which it can be decelerated. Not surprisingly, this
maximum pressure is the local total pressure. It is quite likely the the so-called equilibrium
pressure may be higher than the total pressure for a given streamtube, which means that the
inviscid channel flow cannot reach that equilibrium pressure. The streamtubes with total
pressure below the equilibrium value that the channel is moving towards cannot satisfy
that equilibrium condition in the inviscid solution because the total pressure represents
the maximum pressure that can be derived from an isentropic flow without doing work on
it. This suggests that they zan only reach the equilibrium pressure through some viscous

interactions.

With the assumption of a lower inviscid limit, the problem is solved in closed form.
With a separate, total pressure-deficient viscous layer, the lower limit of the integra! in
equation (7.18) should be the height of the viscous streamtube at the wall, Yviscous, DOt O,

since the area of the viscous stream does not change.

There are two limits of behavior for modelling the wall region, where total pressure is
insufficient for reaching the equilibrium condition. In the first limit, viscous interactions
between the low- and high-speed streamtubes would accelerate the low speed tubes, and
increase the total pressure near the wall, while decreasing the total pressure of the inviscid
flow. This is a convenient assumption, because it yields to relatively simple solution based

on one-dimensional flow with friction.

For one-dimensional constant area flow, the pressure relationship is (5]:

p2_ M |1+ M (7.21)
n M\ 1+ 37 M o
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Unlike the inviscid one-dimensional equation, this cannot be solved explicitly for M3
in terms of the pressure ratio and M;. The final value of the equilibrated pressure is
determined entirely by the inviscid region of the flow; with no area change, the viscous
region has no direct effect on the transformation of free-stream properties between stations
1 and 2. Once the upstream pressure is determined from the inviscid solution, the Mach

number at the wall region can be corrected.

The viscous shear solution derived above can onlyl’cperate if viscous forces are of suffi-
cient importance in the channel. One of the starting assu'nptions in the equilibration process
was that the flow would reach uniform pressure rather quickly in the channel, within a few
channel widths, and it is therefore questionable that frictional forces wili have sufficient
path length over which to act. This implies that equilibration in the low Mach number

region must occur with an inviscid process.

It is postulated here that, for strong shocks, the equilibration will occur through a
separation of the low-s;)eed flow. For weak shocks, the imposed pressure gradient is quite
small, and of little significance to the channel flow problem. Once that flow separates, it can
be treated as a stagnant “bubble” of gas, which will compress uatil the desired equilibriurn
pressure is reached. This stagnant bubble will arise from the flow which has insufficient
total pressure to rise to the desired uniform condition. Once the separation bubble forms,
that flow is lost from the channel; beyond the bubble, the flow reattaches, and continues
down the channel. As such, the new wall region is approximately the old streamline that

corresponded to the total pressure limit.

Separation can be observed in any situation in the channel where pressure rises above
the wall streamtubes’ abilities to equilibrate. For instance, separation has been observed
at the inlet of existing scramjet combustors, usually associated with the pressure increase

brought on by the combustion process [11].

With the separation assumption, the uniform-pressure profile can be modelled as having
been formed from all streamtubes capable of rising to the required equilibrium pressure.

The lower limit on the integral of equation (7.18) is set to the point where total pressure is
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just sufficient to permit the local streamtube to reach the desired static pressure. At that
point, the problem of modelling a no-slip condition in inviscid flow reappears. For purposes
of solution, it is assumed that the lower limit of the integration will be the new sonic point
aiter pressure is equilibrated, allowing the area of the streamtubes below that to remain

constant. From equation (7.12), the lower level of integration is set tc the height at which:

- (2)7 (e -

It is known from experiment that a scparated hypersonic boundary layer reattaches.

Indeed, Curle has demonstrated analytically, and confirmed experimental results, that the
reattached hypersonic boundary layer has essentially the same profile as it had before sep-
aration [35]. Thus, it seems reasonable to ignore the separation as having little net effect

on the shape of the profile downstream.

7.2.4 Calculation of Final Equilibrium Pressure

Returning to the inviscid solution, once the first adiabatic (hypersonic) approximation
is used to estimate the final uniform pressure, the transformation can be calculated with
equation (7.17). Then, this transform can be used to calculate a new downstream uniform
pressure, pz. The integration begins at the sonic line, below which the viscous flow solution
is applied:

1 att
H pa "y (y) 5

H= dy (7.23)

Vvlscous

L 2 a=t
{Pl(!l) T —-py” }m +p1(y) "
Because ps is uniforra across the channel (since it is, by definition, the equilibrated pressure),

p2 is extracted from under the integral:

H o
P2 = %/:” — :ill(y) udy (7.24)
o \/{m(y) T —p }r,,_—,)’mm-; +pi(y) 3

where 7 is some average 4. Once p; is found iteratively, the transformation from the

nonuniform profile to the uniform station is determined, and the new profile can be uniquely
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be corrected in each streamtube because of the area changes. With a known value of P2,

the known profiles for M; and P1, the new profile M; is uniquely determined.

Assembling the above treatment of the shock-generated profile, we can sumrmarize the

steps required to solve for the total effect of the shack on the initjal inlet flow:

1.

geometry.

- From the wedge angle and known Mach number at each point, calculate the shock

angle at each point along the profile. From the shock angle and upstream Mach
number, the downstream Mach number and thermodynamic profiles are uniquely

determined at station 1 behind the shock.

station 2 as outlined above. First, the uniform pressure js calculated with the iteration
scheme of equatjon (7.24) in the Supersonic regions, which ig then used to calculate

the new Mach number and thermodynamic conditions at each point. The iteration

addition, using the methods outlined above,
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Chapter 8
Numerical Study of Profile-Induced Variations at

the Inlet

The developments of the previous chapters can be synthesized into a fundamental un-
derstanding of the propagation of fcrebody profiles through a scramjet channel, and its
effect on the flow parameters. It is not necessary to follow a profile through a channel in
order to examine the influence of the low speed regions. At any given station, the presence
of a profile will affect the local conditions and streamwise derivatives of values such as the
free-stream Mach number, and relative boundary layer thickness, as was derived in the
previous chapter. The local influence of a forebody profile at the entrance to a combustor
channel will be examined as a first indication of the importance of the boundary layer on
the net flow behavior inside a supersonic combustion ramjet. Much information can be
derived about the subsequent channel flow from response at the inlet station. In chapters

9 and 11, profiles will be followed through various channel shapes.

8.1 Streamwise Trends at the Inlet Station

8.1.1 Numerical Procedure

As described in chapter 6, the boundary layer model of Cohen and Reshotko can be
included into the compound compressible model for laminar boundary layers, and a semi-
empirical model can be used for the turbulent solution. In order to relate these results to the
boundary layer thicknesses derived in chapter 3, the effect of the profile will be considered
as a function of the relative thickness of the boundary layer. In each case, recall that the

limit of zero boundary layer thickness will correspond to uniform flow.
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8.1.2 Laminar Boundary Layer Profile

The influence of a laminar boundary layer is first considered at the engine inlet. Figure
8.1 shows the instantaneous value of the rate at which the relative boundary layer thickness
will change with a given change in channel area. This figure is plotted for three values of
the free-stream Mach number: 5, 10, and 20. For all cases, it was assumed that the free
stream temperature is 1000 K, and the wall is cooled to 2000 K. This means that the ratio

of wall temperature to adiabatic temperature is different for each line.

The behavior which was shown analytically is demonstrated in this plot. In the uniform
limit, the boundary layer is always a fixed fraction of the channel height. This means that
the derivative of the relative boundary layer height with respect to the logarithmic change
in channel height is zero. The closer the boundary layer derivative is to zero, the move

nearly uniform the net channel behavior is.

The zero-growth boundary layer solution is indicated on this plot by the “constant-height
boundary layer” line. In this limit, the boundary layer height is fixed, so that any changes
in the channel height are not accompanied by changes in the boundary layer thickness. In
other words, if the channel area decreases, the constant-height boundary layer stays the
same thickness and so the relative boundary layer height increases. Conversely, an increase
in channel area results in a corresponding decrease in relative boundary layer thickness. In
this limit, the boundary layer can be represented by a uniform Mach number, M, of unity,

because a sonic flow cannot change area in response to pressure changes.

Because all of the curves shown lie between the uniform flow solution and the constant-
height line, the uniform Mach numbers in these cases are all supersonic. A subsonic uniform
Mach number would have to fall on the other side of the constant-height boundary layer
line. This means that, for the laminar boundary layer profile, and, as seen in Figure 8.2, for
the turbulent boundary layer as well, the boundary layer can be represented as a uniform
supersonic streamtube at the inlet station. This in turn means that the nonuniform channel

flow is always compound supersonic entering the engine inlet.
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Profile Behavior at Channel Inlet
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Figure 8.1: Relative laminar boundary layer thickness change with channel height
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In Figure 8.1, the flow is uniform in the limit of zero boundary layer thickness. Similarly,
when the relative boundary layer thickness is unity, the boundary layer fills the channel, so
the derivative of relative boundary layer height with respect to he channel height is once

again zero. Between these limits, the profile departs significantly frcm uniform behavior.

At Mach 5, the boundary layer is behaving almost exactly between the constant area
and uniform limits. A change in channel area will result in a corresponding change in
boundary layer height, but not as much as the free-streum area will change. Note that the
vertical scale in Figure 8.1 is negative, so the relative boundary layer thickness varies in a
negative sense to the channel height. If this profile flow is entering a converging channel,
both the free-siream and the boundary layer will be getting smaller, but the free-stream
will be getting smaller faster than the boundary layer, and therefore faster than a uniform
flow would. Accordingly, a converging channel that is designed to reduce Mach number
and increase temperature in a uniform flow will do so more dramatically in the nonuniform

case

In Figure 8.1, the departure from uniform behavior is more pronounced at the lower
Mach number than at the high, and at high Mach number, the difference in boundary layer
behavior is less sensitive to Mach number. The curves for Mach 10 and Mach 20 lie close
together, and if higher Mach numbers were shown, they would lie even closer still. This is

an effect that was explained analytically, and it will be demonstrated again below.

8.1.3 Turbulent Boundary Layer Profile

In comparison to the laminar solution, the turbulent profile has relatively modest effect
on the behavior at the channel inlet. Figure 8.2 is plotted for the same inlet and wall
conditions as Figure 8.2. The vertical scale in Figure 8.2 is expanded by a factor of 150
over that of Figure 8.1. With a turbulent boundary layer, the channel flow behaves more
nearly uniformly. Beyond Mach 10 or so, the bsundary layer remains in perfect proportion
to its original fractional! height in the channel. This is not surprising, considering that the

turbulent profile is much fuller, and so more nearly uniform, than the lamirar boundary
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Profile Behavior at Channel Inlet
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Figure 8.2: Relative turbulent boundary layer thickness change with channel height
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layer.

8.1.4 Net Uniform Equivaient Mach Number

Another means of evaluating the influence of the inlet profile on the fiow at the entrance
station to the engine channel is by calculating the net uniform equivalent Mach number,
M, defined earlier, for the entire channel height. Figure 8.3 shows the net channel Mach

number for various inlet Mach numbers, all with the same thermal conditions as before.

At §/H = 0, the flow is uniform and the net Mach number is the free-stream Mach
number. At even moderate values of boundary layer fraction, there is a marked change
in the net Mach number, particularly in the high Mach number profiles. As is shown, the
Mach 20 free-stream profile has dropped by a factor of four when the boundary layer is only
a fifth of the channel height. With the same boundary layer height, the Mach 10 profile
has dropped to a uniform Mach number of 3. The Mach 5 inlet flow shows a much less

dramatic change in Mach number.

With thicker boundary layers, the net channel Mach number quickly reaches an asymp-
totic limit, which is the uniform Mach number of the boundary layer alone. Recall that the
importance of a streamtube’s influence is proportional to its area, and inversely proportional
to the square of its Mach number, minus one. Thus, with a larger boundary layer, its small
uniform Mach number quickly begins to dominate the free-stream, and so the boundary
layer determines the flow properties in the channel. The value of this asymptotic limit is
quite similar over the range of Mach numbers shown. At free-stream Mach number 5, the
uniform Mach number of the boundary layer is about 2; with free-stream Mach number 20,
the boundary layer is represented by a uniform Mach number of 3. This is another expres-
gion of the result that the uniform Mach number for the boundary layer is insensitive to
free-stream Mach number at hypersonic conditions. As Figure 8.1.4 demonstrates, the net
~ Mach number with a turbulent boundary layer behaves as if the flow were nearly uniform,

and the thermodynamic properties will therefore be similar to those of a uniform flow.
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Profile Behavior at Channel Inlst
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Figure 8.3: “Net” channel Mach number with laminar boundary layer
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Figure 8.4: “Net” channel Mach number with turbulent boundary layer
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8.1.5 Streamwise Derivative of Flow Properties

The ultimate question of interest in this analysis is how the boundary layer affects the
thermodynamic conditions inside the engine, and this is best represented by the influence
it has on the pressure and temperature in the combustor. At the inlet station to the engine
channel, the effect that the boundary layer will have on properties farther downstream
in the channel can be shown by examining the value of the streamwise derivative of the
free-stream Mach number. If the streamwise derivative of Mach number is changed in
comparison to the result for uniform flow, the derivative of thermodynamic conditions
will be changed correspondingly. In turn, if the derivatives are afizcted at the inlet, the
values downstream will be changed. The properties at the inlet can therefore provide much

qualitative information about nonuniform behavior downstream.

Figure 8.5 is a plot of the derivative of the free-stream Mach number with respect to the
logarithmic derivative of channel height, as a function of the boundary layer height relative
to the channel height, for the same three Mach numbers. This derivative indicates how the
free-stream Mach number will change when the channel area changes. At zero boundary

layer height, the value of this derivative is that for a uniform inflow.

In Figure 8.5 the value of the streamwise derivative of free-stream Mach number is
increasing as the boundary layer is increased in thickness. For instance, for free-stream
Mach number of 5, the derivative is increased by about 50% over the uniform solution with
a boundary layer filling half the channel. This means that the rate at which Mach number is
decreasing in a converging channel is increased over that for a uniform flow. This effect is less
dramatic at high Mach numbers because it takes more area change to alter Mach number in
a high Mach number flow. However, the fact that this derivative is less sensitive to channel
area change at high Mach number does not diminish the resulting change in thermodynamic
conditions, because the logarithmic derivative of pressure is proportional to the logarithmic
derivative of Mach number. In fact, as will be shown in a later chapter, the presence of the
boundary layer profile will typically have only a small effect on the magnitude of the free-
stream Mach number, but produce noticeable changes in static pressure and temperature,

a general feature of hypersonic flows.
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Profile Behavior at Channel Inlat
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Figure 8.5: Streamwise derivative of free-stream Mach number with laminar boundary layer
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This result can be understood in terms of the boundary layer growth trends demon-
strated in Figure 8.1. With a laminar nonuniformity, the relative height of the boundary
layer increases in a diverging channel, and increases in a converging channel. This means
that the area change in the free-stream region is proportionately larger, which amplifies the

effect of channel area change on the free-stream, produces larger gradients of Mach number.

In the turbulent case, the boundary layer remains in about the same proportion to the
channel height at high Mach number. Figure 8.6 demonsirates that, for the turbulent
boundary layer profile, there is essentially no change in the derivative of free-stream Mach

number, as we would expect.

The only major difference between the uniform Mach number used to represent the
boundary layer profile and the idealized uniform streamtube at that Mach number is the
value of the streamwise derivative of that uniform Mach number. An analytical solution
was presented for calculating the actual streamwise derivative of uniform Mach number. At
the inlet, the value of this derivative is of little interest; only the trends and properties at
that one station are important. It is of interest to examine the actual streamwise derivative
of uniform Mach number, because that indicates how quickly the original boundary layer
profile is steepening in response to an adverse gradient, or becoming more shallow in a

favorable pressure field.

Figure 8.7 shows the derivative of uniform boundary layer Mach number with respect to
the logarithmic derivative of channel height for inlet Mach numbers of 5, 10, and 20. These
can be compared to the values presented in Figure 8.8 to see that the actual derivative
is changing more slowly than would be calculated for an idealized uniform streamtube.
This emphasizes the result that the uniform boundary layer Mach number is insensitive to
free-stream Mach number, so that changing free-stream conditions have little effect on the
uniform representation of the boundary layer. The smallest value of uniform Mach number
derivative in the profile is found at the smallest free-stream Mach number (except at large
relative profile thicknesses), while for the idealized streamtube, the smallest value is found

with the largest free-stream Mach number.
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Profila Behavior at Channel Inlet
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Profile Behavior st Channel Inlet
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Profile Behavior at Channel Inlet
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Figure 8.8: Streamwise derivative of uniform laminar boundary layer Mach number in an

idealized uniform streamtube
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In Figure 8.9, the actual value of the derivative of uniform Mach number is shown for the
three Mach numbers divided by the value for an idealized uniform streamtube. The actual
value is in every case smaller than the idealized value, and this effect is most pronounced
at lower Mach number. The ratio of these two values is independent of the boundary layer
fraction. This can be explained from the derivation of these derivatives in chapter 5; both
the actual and idealized derivatives are functions of the profile, and proportional to the
streamwise derivative of channel height and the inverse of the compound compressible flow
parameter, Bcpanne- Since these two are the same in both cases, the ratio is constant,

independent of its relative thickness of the profile in the channel.

The turbulent boundary layer profile yields uniform Mach numbers which behave more
closely to their idealized streamtube counterparts, which is once again a result of the full,

nearly uniform nature of the turbulent profile. This is demonstrated in Figures 8.10 through

8.12.
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Proflie Behavior at Channel Inlet
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Figure 8.9: Streamwise derivative of uniform laminar boundary layer Mach number divided

by result for an idealized uniform streamtube
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Figure 8.10: Streamwise derivative of uniform turbulent boundary layer Mach number for

the actual profile
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Profile Behavior at Channel Inlet
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Figure 8.11: Streamwise derivative of uniform turbulent boundary layer Mach number in

an idealized uniform streamtube
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All of these examples have been shown for fixed wall temperatures and free-stream
temperaturss, independent of the selected Mach number. This is an idealized comparison,
and it is of interest to examine the effect of changing the wall temperature or free-stream
temperature. Since the laminar boundary layer solution depends only on the ratio of wall
temperature to the adiabatic wall temperature, the influence of this parameter can be

examined by varying either wall temperature or free-stream temperature.

In Figures 8.13 and 8.14, the values of net Mach number and the derivative of boundary
layer thickneas with respect to the logarithmic derivative of channel height are shown for
inlet conditions at Mach 10, 1000 K, and wall temperatures of 1000 K, 2000 K, and 3000
K. As indicated, these correspond to wall temperature ratios of .0625, .1250, and .1875,
respectively. Higher wall temperatures yield more substantial changes in the flow conditions

at a given boundary layer thickness.
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Figure 8.12: Streamwise derivative of uniform turbulent boundary layer Mach number
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Profile Behavior at Channel Inlet
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Figure 8.13: Net uniform Mach number with varying wall temperatures
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8.2 Shock Effects on the Profile

The analytical solution of chapter 7 and Appendix D indicated that a uniform pressure
profile will come through the shock with a pressure gradient that is of the order of the
upstream pressure, divided by the boundary layer profile thickness. This gradient will
equilibrate to a uniform pressure which is lower than the expected pressure for a uniform

flow.

Figure 8.15 is a laminar boundary layer profile calculated for flight conditions at Mach
10, 30 km altitude, with a forebody wedge angle of 5 degrees, and a wall cooled to 2000
K. It was calculated using the method of Cohen and Reshotko, outlined in chapter 3. This
profile will be used to start a numerical solution which solves for the profile directly behind a

shock, an then determines the equilibrium pressure downstream, with the resulting profile.

In chapter 3, the laminar boundary layer thickness at Mach 10, 30 km altitude was
calculated to be 4 % of the shock layer thickness 10 meters down the forebody, and 2.5% of
the thickness 30 meters down the surface. Figure 8.16 shows the profile of Mach number
at three stations: upstream of the shock (the equilibrium boundary layer), just behind the
shock (with strong pressure gradient), and downstream of the shock, after the gradient has
equilibrated. The presence of the boundary layer has had little effect on the magnitude of
the free-stream Mach number, but there is a noticeable effect on the pressure downstream

of the shock, as shown in Figure 8.17.

A more extreme example is for the flow corresponding to flight at Mach 20, 50 km.
altitude, the profile for which is shown in Figure 8.18. The result of sending this profile
through a shock on a five degree wedge is shown in Figure 8.19. As per calculations in
chapter 3, it has been assumed that the boundary layer is 1/4 the total shock layer thickness
under these flight conditions. The profile has been squeezed down in the equilibration
process, which is what causes the reduced pressure in the free-stream. The pressure drop

in the equilibration process is shown in Figure 8.20.

Passage through f.he shock also effects the temperature profile, as shown in Figure 8.21.
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Figure 8.14: Derivative of relative boundary layer thickness for varying wall temperatures
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Laminar Mach number and temperature profiles
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Profile Passage Through a Shock
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Profile Prssage Through a Shock
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Figure 8.17: Pressure field directly downstream of the shock, and equilibrated normalized
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167



Laminar Mach number and temperature profile
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Profile Passage Through a Shock
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Profile Passage Through a Shock
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to upstream pressure, 5 degree wedge angle, Mach 20
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Not surprisingly, the temperature rise acroes the shock produces an increase in temperature
throughout the profile, except near the wall, where the flow is subsonic and there is no

shock. The equilibration process raises the temperature in the boundary layer profile.

Figure 8.22 is presented as an example of the shape of the calculated shock through
this profile. This was calculated by the method outlined in chapter 7, and is shown here as
an indication of the curvature of this shock through the boundary layer profile. The shock
does not touch the wall, because the wall region is subsonic. The effect of a shock on a
turbulent boundary layer has not been presented because there is essentially no influence

from the turbulent boundary layer.

Recall that in chapter 7, the shock problem had to account for the insufficient total
pressure of the flow near the wall in the equilibration process, and it was postulated that
this low forms a separation bubble. Since none of the solutions presented here include the
separation bubble, the actual flow field will be altered from that shown. This problem wﬂi
be seen again when a profile is followed through a channel with adverse pressure gradient,

and should be kept in mind.
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Profile Passage Through a Shock
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librated, Mach 20
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Profile Passage Through a Shock
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Chapter 9

Profile Changes in a Converging/Diverging
Channel

Having examined the effect of a nonuniformity at the inlet station, and used that to
predict trends farther downstream, and having looked at how an inlet shock changes the
profile, and how that profile affects the flow field, it remains to examine the propagation
of such a profile through channels of given geometry and heat addition which model a
supersonic combustor. Throughout, the calculated nonuniform behavior will be compared

to the analytical solutions for uniform one-dimensionai flow.

This study will focus on the middle cf the transatmospheric trajectory, in the vicinity of
Mach 15, because it is there that thermodynamic changes in the engine can have the most
dramatic effects on combustion. At low Mach numbers, the boundary layer entering the
engine will be thin enough to have little impact on net engine performance. At the highest
Mach numbers, combustion will undoubtedly be irnpossible to achieve inside the combustor,

and enthalpy increase will be derived entirely from the fuel enthalpy and kinetic energy.

9.1 Analytical Development

The simplest channel in which the evolution of a nonuniform profile can be followed is
a convergent or divergent isentropic passage. In such a channel, there is no heat addition,
so that flow properties change only through the acticn of the varying channel area. This
might correspond to a converging section leading into the combustor region, or an expanding

channel behind the combustor, leading into the nozzle.
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Repeating the equation for area ratio between two atations, A; and Az at respective
Mach numbers M; and M in isentropic flow [34]:

1
A M (1+ “M,’)fﬁ-'ﬁ

=2 _ 9.1
A M l+-"-;—lM1z (8-1)

It is not generally possible to solve for Mach number in terms of area in closed form.
However, with some given initial conditions, the area can be determined as a function of

Mach number. The area at any position z as a function of the initial conditions at station

1is:
=1 T 2 ?ﬁ’
A(z) = A Aﬁﬁ) (1 :r:";;fn(q) ) (0.2)

To study a profile propagating through the channel, dA/dz must be specified. This
streamwise derivative of channel area is solved from an assumed Mach number profile. An
exponential profile is convenient and will be used here. The same nomenclature that was
introduced in chapter 5 and Appendix B will be used, though the characteristic length

parameter is not related to heating in the present case, since there is no heat addition:
M(z) = Mye~*/#p (9.-3)

for positive Ap, the Mach number is dropping, and the channel is divergent if supersonic.
If Ap is negative, Mach number is increasing and the channel is converging if supersonic.

The distance required to reach a desired Mach number is:
Tfinal M,
sy ()
Ap Minal (©.4)

The area profile is then a function of the streamwise coordinate:

1
A(z) = Aye*/PP (1 + :'f f}i ;1:/'\" ) e (9.5)
and the streamwise derivative of area is
z/Ap _ A2
d_d‘:—z = % [2e=/i0/-:('1 I—W;)Mf] (9.6)
The throat is located at:
Zowost = 2Ap In My (9.7)

175



Since total temperature is constant, the static temperature between station 1 and station

2 in the channel is simply:
T _ 1+ M}

2 9.8
Ty~ 1+ 3M} 54
so with the exponential profile, the temperature at any z position is
_ 1+ M}
T(z) =T T 1;—'M1’e" s (9.9)
and the pressure is fr1)
_ 1+3:0m2 70!
P(z) =P ( 17 Moo (9.10)

It is more useful to limit temperature at the end of the channel. The non-dimensionalized

length of the channel in terms of temperature is defined with equation (9.9):

el — n Tioa 3 M} (9.11)
Ap T (l + JE—I-MI’) — Thnal

9.2 Numerical Results

The above description of Mach number and temperature can be used as a baseline for
comparison to the behavior of the nonuniform flow. Channels will be designed for uniform
inlet at the free-stream Mach number, then compared to the flow performance with profiles

representative of forebody boundary layers at typical transatmospheric flight conditions.

The profile for Mach 20 flight at 50 km, shown in the previous chapter, has been input
to a channel designed to take uniform flow for the initial static temperature of 673 K (on
the forebody) to a precombustion temperature of 950 K. It was assumed that the boundary
layer comprised 25 % of the inlet flow. With a wedge angle of 5 degrees at the forebody,
the inlet Mach number is 13.3 under the assumed flight conditions.

The boundary layer height is plotted against the channel height in Figure 9.1. The
resulting evolution of the Mach number profile is depicted in Figure 9.2, which shows the
Mach number profile at five stations along the converging channel. Station coordinates are

presented non-dimensionalized to the design length, Ap. The profiles are shown in actual
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non- dimensionalized height, referenced to the initial boundary layer height. The channel

wall that continues the vehicle forebody is always at the zero position.

Figure 9.2 demonstrates that, in the adverse pressure gradient of a converging channel,
the boundary layer profile tends to steepen, meaning that uniform Mach number, M through
the boundary layer, gets smaller. This depends on the fact that the flow is still compound

supersonic, because if it were compound subsonic, the pressure gradient would be favorable.

This steepening boundary layer once again raises the issue of separation, and it is ap-
propriate to deal with that question here. When the flow through a shock was considered,
it was shown that the boundary layer attempts to decelerate and rise to an equilibrated
pressure, but since the total pressure near the wall is insufficient to accomplish this, it must
separate. In fact, there is another scenario, which was ruled out because of the small time
scales involved in reequilibration of the shock-induced pressure gradient in which the flow
near the wall has its total pressure raised from work done on it by streamtubes farther out

in the flow, acting thrcugh viscous transport.

In solving for the channel flow problem with the no-slip wall condition, a viscous function
has been introduced to cancel the streamwise pressure gradient at the wall. This function
assumes that viscous interactions between the wall streamtubes and those adjacent are
always sufficient to fight an adverse pressure gradient. Thus, in making this assumption, it
is tacitly assumed that there will be no separation, because every profile, no matter how

steep, will be carried along by viscous interactions with the rest of the flow.

The calculations presented in this section experienced numerical integration instabilities
that are related to the actual physics of separation. In carrying a profile through the channel,
the analytical code used to generate these figures applies a very simple Euler forward method
to update each streamtube Mach number by its local derivative. If the spacing between
stations is too large, the Mach number derivative in an adverse gradient can become larger
than the local Mach number, so at the next station, Mach number is negative. When the
station spacing is small enough, the viscous assumption is sufficient to always match the

requirement of fighting the adverse gradient, so this instability is not seen.
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Profile Through a Convarging Channel
Boundary layer and channel height
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Figure 9.1: Boundary layer height and channel height for a converging channel for Mach 20
flight at 50 km.
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Profils Through a Converging Channal

Mach number profiles
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Figure 9.2: Mach number profile at various stations in a converging channel, for Mach 20

flight at 50 km.

179



This numerical phenomenon is modelling the separation effect; if the profile steepening
happens gradually enough that there is enough time for work to be done on the near-
wall streamtubes through viscous interactions, the flow will not separate. However, if the
pressure gradient is so large that pressure changes occur faster than viscous interactions
can counteract them, we can expect separation. This is why it was assumed that the flow
behind the shock will separate, but that the flow in an engine channel may not if th= channel
area changes gradually enough. It also suggests that a sudden rise in pressure inside the
combustor will have more likelihood of inducing separation, a phenomenon which will be

approached later in this chapter.

The Mach number plots in Figure 9.2 show the growth of the boundary layer relative to
the channel. The boundary layer height changes very little over the entire channel length, so
almost all of the channel area change is accommodated by the free-stream, not the boundary
layer, and this effectively increases dA/A in the free-stream. This effect was predicted from
the studies of flow at the inlet station, from the derivative of relative boundary layer height

with respect to channel height.

In accordance with this nearly constant boundary layer height, the uniform Mach num-
ber in the boundary layer is rather constant, 2s shown by the bottom line in Figure 9.3.
This is not surprising since it was found analytically in chapter 8, and numerically at the
inlet station, that the boundary layer net Mach number for an actual profile tends to change
more slowly than that for a uniform streamtube. This is in spite of the obvious steepening
of the Mach number profile, because the contribution of the very lowest velocity regions to

the uniform Mach number are cancelled by the no-slip viscous assumption.

Also shown in Figure 9.3 are the actual free-stream Mach number, the predicted uniform
Mach number for this channel design, and the net Mach number that characterizes the entire
channel, boundary layer ard free-stream combined. The effect of the boundary layer has
been to reduce the free-stream Mach number only slightly below that of the predicted
uniform value in this case. This slight effect is important to the thermodynamic conditions,
which are very sensitive functions of Mach number at high Mach number, as was pointed

out in section 1.2. The relative insensitivity of free-stream Mach number to the effect of
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Profile Through a Converging Channel
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Figure 9.3: Uniform Mach numbers for entire channel and boundary layer compared to
free-stream Mach number and expected uniform inlet Mach number for Mach 20 flight at
50 km.
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the boundary layer is easily seen from the influence coefficient expression for the change in

Mach number for a given change in channel area:

dM _ 1+ 11M%dA

M 1= M: A (9.12)
which, in the hypersonic limit, yields:
dM ~v-1dA
o =T (9.13)

The most dramatic effect of a slight drop in Mach number is a 20 % rise in static
pressure, as shown in Figure 9.4. Also in the figure are the static pressure profiles in the
same channel for uniform flow at Mach 3 and Mach 4 at the inlet. These Mach numbers
were chosen because the uniform Mach number for the entire chanael is in the vicinity of
Mach 4, but as seen in the plot, assuming that the flow thermodynamics is that of a Mach
4 flow does not yield the correct result. Indeed, the Mach 3 solution is closer to the profile
solution, suggesting that the net channel behavior is that of an even lower velocity flow
than the prediction of the uniform Mach number at the inlet. The initial area-averaged
Mach number at is 11.4, so that gives a poor indication of the flow behavior. Once again,

it is worth noting that averaging of flow properties is unjustified.

Figure 9.5 presents the static temperature in the free-stream with the profile, and for
uniform flow at the initial free- stream Mach number in the same channel. The small drop
in free-stream Mach number has produced a noticeable change in temperature, though not
nearly as dramatic as that in temperature, as would be expected from the simple analysis

of chapter 2.

Figure 9.6 shows the static temperature profiles at the same non-dimensionalized
streamwise stations as the Mach number profiles of Figure 9.2. The temperature pro-
file of this channel flow steepens, and the peak temperature rises substantially, with the
compression process. This model does not account for dissociation effects, and the high
temperatures shown are likely td be diminished by dissociation reactions, but the trend to-
wards higher temperatures, a steeper profile, and thus more heat transfer in the decelerating

profile are worth noting.
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Profile Through a Converging Channel
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Figure 9.4: Static pressure with Mach 20, 50 km. profile and uniform flow
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Proflle Through a Converging Channel
Fres-stream static temperature
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Figure 9.5: Static temperature with Mach 20, 50 km. profile and uniform flow
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Profile Through a Converging Channel
Static tamperature profiles
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Figure 9.6: Temperature profile at various stations in a converging channel, for Mach 20

flight at 50 km.
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For the same flight conditions with turbulent boundary layer, the profile has much less
dramatic results if the boundary layer is turbulent. Figure 9.7 shows the Mach number and
temperature profiles corresponding to flight at Mach 20, 50 km altitude, with a 5 degree
wedge angle.

Sending this profile into the same channel as that used with a laminar boundary layer,
and assuming the same boundary layer thickness, little change is seen in channel properties
over those expected for uniform inflow. In fact, turbulent boundary layers will tend to be
thinner than their laminar counterparts because turbulent eddy viscosity does not rise with
temperature, so that assumption is a worst-case scenario. Figures 9.8 and 9.9 present
the static pressure and temperature down the channel, which compare very closely to the
expected values for uniform flow. Figure 9.10 presents the Mach number profiles at various

stations along the channel.
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Turbulent Mach number and temperature profile
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Figure 9.7: Mach number and temperature proﬁig for forebody flow at Mach 20, 50 km

altitude, with turbulent boundary layer
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Proflle Through a Converging Channel
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Figure 9.8: Static pressure with Mach 20, 50 km. profile and uniform flow for turbulent
boundary layer
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Profile Through a Converging Channel
Free-stream static tamperature
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Figure 9.9: Static temperature with Mach 20, 50 km. profile and uniform flow with turbulent

boundary layer
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Profile Through a Convarging Channel
Mach number profiles
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Figure 9.10: Mach number profile at various stations in a converging channel, for Mach 20
flight at 50 km., turbulent boundary iayer
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Not surprisingly, the fuller turbulent profile produces much less dramatic changes in the
thermodynamic properties because it is nearly uniform, which is exactly as was predicted
by examining the inlet station at the beginning of this chapter. Figure 9.12 presents
the uniform Mach number for the boundary layer, the entire channel, and the free-stream
Mach number. The expected Mach number for a uniform channel is not shown on this plot
because it is so close to the actual free-stream value. As expected, the net Mach number for
the boundary layer is quite high (much higher than in the laminar case) so the net Mach
number of the entire channel is close to the uniform value. As shown in Figure 9.11, the
turbulent boundary layer remains in almost the same proportion to channel area that it
starts with, 30 the value of the logarithmic derivative of area in the free-stream, dA/A, is

nearly identical to that for the entire channel.

As a further example of flow in a converging channel, the behavior of a profile that is
typical of lower Mach number flight is considered. The profile for Mach 10 flight at 30 km
altitude and laminar boundary layer profile is input to a channel designed to raise it from
the initial 312 K to 950 K, and igncring the consequences of the extremely high pressure
rise associated with this process. It is assumed that the profiie begins as 4% of the shock

layer thickness.

As shown in Figure 9.13, the boundary layer thickness remains nearly constant. Figure
9.14 shows the Mach number contours for this flow. In order to accomplish this temperature
rise, a substantial decrease in area is required. The consequences of this are that the
boundary layer uniform Mach number, which is quite low, quickly dominates the entire
flow, as is apparent in Figure 9.15. The resulting extra compression of the free-stream
results in a final static pressure that is about twice the value obtained with the uniform
flow design conditions, as shown in Figure 9.16, and a static temperature that is about

20% higher than for uniform inflow, presented in Figure 9.17.
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Profile Through a Converging Channel
Boundary layer and channel haight
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Figure 9.11: Boundary layer height and channel height for a converging channel for Mach
20 flight at 50 km., turbulent boundary layer
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Profile Through a Converging Channel
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Figure 9.12: Uniform Mach numbers for entire channel and boundary layer compared to
free-stream Mach number for Mach 20 flight at 50 km., turbulent boundary layer
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Profils Through a Converging Channel
Boundary layer and channel height
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Figure 9.13: Boundary layer height and channel height for a converging channel for Mach
10 flight at 30 km., lJaminar boundary layer
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Profile Through a Converging Channel
Mach numbaer profiles
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Figure 9.14: Mach number profile at various stations in a converging channel, for Mach 10

flight at 30 km., laminar boundary layer
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Profile Through a Converging Channel
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Figure 9.15: Uniform Mach numbers for entire channel and boundary layer compared to

free-stream Mach number for Mach 10 flight at 30 km., laminar boundary layer



Proflle Through a Converging Channel
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Figure 9.16: Static pressure with Mach 10, 30 km. profile and uniform flow for laminar

boundary layer
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As an extreme example of the boundary layer influence in an isentropic channel, the
behavior of flow with a profile in a converging channel that ;.5 been designed to bring the
uniform fre-stream Mach number from 4.2 to 1.3 is examined. This would be characteristic
of a channel designed to raise the static temperature to 1000 K for flight at Mach 6, 20
km. Figure 9.18 shows the free-stream Mach number of the flow with a 5% boundary layer
compared to a uniform inlet. The presence of the boundary layer drops the free-stream

Mach number to unity, choking the flow even though the uniform flow is not choked.
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Profile Through a Converging Channel
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Figure 9.17: Static temperature with Mach 10, 30 km. profile and uniform flow with laminar

boundary layer

199



Profile Through a Converging Channel
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Figure 9.18: Convergent channel flow choked by the boundary layer influence
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Chapter 10

Analytical Models of Combustor Performance

with Uniform Flow

The culmination of this work will be the study of a profile through a combustor channel,
and the resulting effect on thermodynamic properties and the combustion process. Before
this is presented, analytical models of combustor performance for uniform inlet conditions
will be compared. These will serve as a basis of comparison to calculated behavior with the
inlet profile. In addition, the analytical designs will be used to set the basic geometry and

heating profiles of the combustor channels to be used in the numerical solutions

10.1 General Modelling Considerations

The actual design of a high-speed combustor is, as discussed in chapter 1, a difficult, if
not impossible task. Perhaps the inost important question in combustor design is whether
a scheme can be found for adequately mixing the injected fuel into the atmospheric flow.
The issue of fue] injection and mixing will not be explored here, except to say that all of the
combustion processes and heat addition mechanisms discussed here will be dependent on
finding some means of accomplishing complete mixing. It is clearly of little use discussing

a combustive heat addition process if the fuel cannet be mixed into the flow.

As indicated in chapter 1, the rate at which the supersonic combustion process will
proceed will be extremely sensitive to local thermodynamic conditions. A prediction of the
combustion kinetics is beyond the scope of this work. However, it will be pointed out where
inlet nonuniformities lead to variations iun the expected thermodynamic properties, which

will undoubtedly affect combustor design. Some simple combustion rate modelling will be

e
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incorporated using the results of reference |[6].

The combustion process will be modelled as a simple increase in total enthalpy in the
flow. No attempt will be made to include the drag effects of fuel addition, or to include
changes in flow mass flux or average molecular weight into the solutione, except as they
figure into changes in the specific heat. In addition, it will be assumed that mixing can be

accomplished uniformly, and that the heating profile can be tailored as desired.

There are two fundamental limits of combustor operation. The first is designed to ac-
complish combustion at constant static pressure, and therefore constant velocity. The other
limit of operation is a constant temperature combustor, in which heat addition translates
directly into increased velocity. In order to study nonuniformities in an engine, the perfor-
mance of combustors designed to operate in these two limits will be explored for uniform
flow, as a basis of comparison for numerical solutions of flow with an inlet profile. Appendix

E presents analytical solutions for one-dimensional combustors.

10.2 Comparison of Constant Pressure and Constant Tem-

perature Combustor Designs

Since the constant pressure and constant temperature designs described above represent
extreme limits of operation, it is worth comparing their performance for an inlet flow of some
given properties. It will be found that the constant temperature design must be modified
to make it more practical, so the constant pressure combustor will actually be compared to

several different types of designs based on the original constant temperature concept.

For purposes of practical engine design, it is not possible to achieve constant temperature
operation throughout the combustor. This can be seen simply from the fact that the area
ratio of the channel is an exponential function of the inlet Mach number. It is therefore
necessary to reduce the inlet Mach number, and thus raise the static temperature, in order to
keep the expansion ratio to a reasonable limit. This will be discussed below, when two hybrid

constant temperature schemes are introduced. As a comparison, a siinple combustor will
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be considered with constant temperature throughout. Altogether, four combustor schemes
will be considered here for baseline definition: complete constant temperature, constant
temperature after iséntropic compression, constant temperature after rapid heat addition,

and constant pressure.

For all of these combustors, it will be assumed that inlet flow is delivered at Mach 6,
1000 K static temperature. This corresponds to a flight Mach number of about 14 at 30
km, at 4150 m/sec., near the midpoint of a transatmospheric trajectory. This is just at the
limit of transition for a 30 meter forebody. As stated above, it will be most convenient to
work with an average value of C,, in the combustor, so the total temperature entering the
combustor must be corrected accordingly. With C, = 1600 J/Kg-K, v ~ 1.25, the total
temperature of the gas entering the combustor is 5500 K. At the average value of combustor
Cp, it will be raised 1800 K from the available chemical energy of the hydrogen reaction, as

calculated in the previous chapter.

Combustor 1: Constant Temperature Throughout

Following the behavior derived above for a constant temperature combustor, the final
Mach number in a channel that is kept at the inlet temperature 1000 K with equation( E.21)
is 7.1, which corresponds to an expansion ratio of 6850. That is a completely unreasonable
figure, for it suggests that an engine with an initial channel height of 1 meter would have to
expand to about 7 kilometers in order to keep the flow temperature down to 1000 K! This
design defeats the original intention of a constant temperature scheme, that of adding heat
at the highest temperature possible. It is clear that some means must be found to raise the
flow temperature before the constant temperature process begins. Two such options will

be persued below.

Continuing with the analysis of this obviously impractical design, the efficiency can
be determined by calculating the total pressure at the exit. The constant temperatu-e
combustor operating at inlet conditions of 1000 K static temperature, inlet Mach number
6, had an exit flow with Mach number 7.10, and total temperature of 7300 K. The pressure

ratio across the combustor is then given by equation (E.31) as p;/p; = 1.23 x 1074, It
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is questionable whether it is realistic to expect combustion to continue down to such low

pressures. The total pressure at the combustor exit is given by the isentropic formula:

— 1/(1-1)
Piotasl = P (1 + j—z—le) (10.1)

and equals 2.55 atm at the exit, compared to 5.03 x 10° at the inlet; this is a sizable loss,
and & not very surprising one, considering that all the heat was added at such a high Mach

number.

The exhaust velccity is calculated from the equation of enthalpy conservation:

Uerit == Jz (Cp, en(ineTo - Cp, n'.itToxit) (10'2)
where, for a perfectly expanded nozzle,

Ty =T, (22

)(7-1)/1
Po

(10.3)

With varying v, this can only be used as an estimate with some average value of 7.

The total temperature has risen 1800 K from combustion. There is an additional contri-
bution due to the incoming enthalpy of the hydrogen fuel, relative to the engine air stream.
If hydrogen is used to cool the vehicle surface, it will be entering the engine with an ini-
tially high enthalpy. The fuel is also entering with the kinetic energy corresponding to the
vehicle’s velocity, and this is also released as heat when it enters the engine air, which is at
a nearly fixed velocity relative to the ambient environment. These two contributions can

be included in the increase in total temperature in the engine:

mH, (Cp(Tiru'ected — Tengine) + g‘%’-"“) = fair+H,Cp, combustorTo (10.4)
Hj

With an average engine Cp ~ 1600 J/Kg-K, this added heat raises a stcichiometric

mixture 500 K (and lowers total pressure somewhat, which will be ignored here). In fact,

a practical transatmospheric vehicle may require much more fuel for cooling than would

be required by stoichiometry, and the resulting heat addition from this added fuel would

be proportionately higher. Adding the heat from a stoichiometric mixture to the release

from combustion, for perfect expansion at 30 km. altitude, ambient pressure of .0116 atm.,
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and a typical exhaust Cp, ~ 1330 J/kg-K [6], the exhaust velocity is 4216 m/sec. This

engine would have a specific impulse of 230 seconds, although the geometry is completely

unrealistic.

Combustor 2: Constant Temperature after Isentropic Compression

If that same inlet flow is decelerated isentropically to a static temperature of 2800
K bt;fore the combustion process begins, the initial Mach number would then be 2.78 at
constant 4 = 1.25. The channel contraction would be a factor of 1/47 in order to accomplish
thie compression. The final Mach number would then be 3.59 with an expansion ratio of
19.48. This is certainly more reasonable, but still quite large. However, since the flow was
originally decelerated through a channel which contracted 47 times, the final combustor exit
area is actually .41, or about 2/5 of the original inlet area. In essence, the expansion ratio
through the combustor is so large because it is working like a “pre-nozzle” in keeping the
kinetic energy of the flow so high [36]. A nozzle typically converts flow thermal energy into
kinetic energy, but this combustor keeps the energy in directed motion. With such changes
in channel area, the one- dimensional approximations made throughout this work would be

questionable.

In this second constant temperature combustor, the flow is decelerated isentropically
to the constant temperature region. There, it drops from Mach 6 to Mach 2.78. There is
no total pressure loss in the isentropic portion of the channel; the static pressure rises 172
times. Such a large rise in pressure would probably lead to boundary layer separation and
associated problems. In the constant temperature region, the pressure drops by a factor of
3.95 x 10~ 2 for an overall ratio of 6.79. The total pressure would be 8.24 x 10? atm., a sizable
gain over the first constant temperature design. The exhaust velocity is correspondingly

higher at 4800 m/sec, with a specific impulse of 2280 seconds.

Combustor 3: Constant Temperature After Rapid Heating

This above example indicates that the constant temperature combustor is only a prac-
tical device when it is operating at a very high temperature and low initial Mach number.

The flow temperature does not have to be raised with an isentropic converging channel,

205



however. It might just as well be raised with a raptd combustion process, followed by the
constant temperature region, such as heat addition in a constant area duct. From the weli-
known sclution of heat addition in a constant area channel, the final Mach number in the

constant area duct can be calculated from the given initial conditions.

The temperature ratio between stations 1 and 2 in a constant area duct with heat
addition is a function of the corresponding Mach numbers [5]:
2
- (o) ()
With a given inlet temperature, and an assumed value for final outlet temperature, the
outlet Mach number of the constant area duct is found by rearranging the above equation

to solve for M :

M 14 "lez Th (1+ ‘7M12)2 n 1
o e t—— — g\ _— =
? 27M, VT 4(yM1)? T2~

where the lower-valued root of the quadratic has been neglected on physical grounds.

(10.6)

The total temperature ratio between two stations in the constant area duct is defined

in terms of the Mach numbers and static temperature from the definition of the total

temperature: \
2 2 1=1pg2
Tgo“] 2 — 1+ ‘7Mlz (Mz) 1+ —zl 2 (10.7)
Ttotal 1 14+ yM; M 1+ 1M}

As an aside, it can be seen that, given an assumed functional form for the Mach number,
the total temperature profile is determined. For instance, if the Mach number is assumed

to be an exponential function, as usual, then
M(z) = Minitial e—z/ZAc (10.8)

so the total temperature at any point is

2 =1 ag2,-z/A
1+ M} 1+ = Mie */Ac)
T =T 2 =/Ac 10.9

totat(2) = Thotal 1 (1+~,Mfe—=/xc 1+ iz )° (10:9)

and taking the streamwise derivative, the required heating rate is:

dTiotal _ Tiotal (M} — e#/Xc)ez/?c
d = o (@Po-+ M) e o+ M)

(10.10)
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where Ac is a scale length, as before, and the total length of this constant area duct is, as

per equation (E.10):

ol _ 21,,( M, ) (10.11)

Ac N
l+‘7M1 Tl 1 "“1&[’)z Tl _l_
2 A{’ Ml 4(‘1Ml)' T) v

Chemical calculations have shown this zone of rapid heating will typically be a fraction of

I

I

::
ﬂ\

the constant temperature region to follow, say on the order of 20% [6], even though most

of the heat release will occur here.

Returning to the problem at hand, to take the inlet flow from 1000 K at Mach 6 to
2800 K with constant area heat addition, the final flow Mach number is 3.43 at v = 1.25.
This means that the total temperature was raised by a factor of 1.26. With an inlet total
temperature of 5500 K, the initial added heat has increased total temperature by 1418
degrees before the flow reaches 2800 K static temperature. If the completed combustion
process adds 1800 K to the total temperature, the constant temperature region adds 382 K.

With an inlet Mach number to the constant temperature region of 3.43 the final Mach
number would still be 3.59 because the total temperature is the same, and the static tem-
perature is also the same. The corresponding expansion ratio is 1.92. This is even more
reasonable, and suggests that the proper means of operating a constant temperature com-
bustor is indeed to first use a rap:d combustion process to bring the low up to the maximum

permitted temperature.

In this constant temperature combustor, the Mach number at the start of the constant
temperature region is 3.43. Using the well-known formula for pressure change in a constant
area duct with heat addition [5]:

p2 _ 1+9Mi ’1Mi: (10.12)
o 1+9M;

the static pressure ratio is 2.93, then it drops by a factor of .5 in the constant temperature
region. At Mach 3.59, this corresponds to a total pressure of 1.53 x 10% atmospheres, not
quite as good as the design with an isentropic inlet channel. Note that the adverse pressure

gradient at the entrance to the combustor rise is somewhat more reasonable in this design,
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if otill high. The exhaust velocity is then slightly lower than above, 4710 m/sec, and specific
impulse is 1950 secs.

Combustor 4: Constant Pressure

Recall that the supposed advantage of the constant temperature combustor is to provide
increased efficiency by keeping the flow temperature as high as possible. The performance of
this type of combustor can be compared to that of the constant pressure combustor derived
earlier. First, the non-dimensional length of the constant pressure combustor is calculated
for the same heat addition, using equation (E.10), and it is found to equal 1.03, referenced
to the exponential heat addition length scale.

With an inlet temperature of 1000 K, the exit temperature is 2800 K, the same value
selected for the exit temperature of the constant temperature combustor. The Mach number
has dropped from the inlet value of 6 to 3.59, the same exit Mach number as in the constant
temperature combustor with the same exliaust static temperature. At this Mach number,
and with the constant static pressure of 1 atm., the exit total pressure is 1.21 x 10* atm.

The corresponding exhaust velocity is 4690 m/sec, and specific impulse is 1900 secs.

As suspected, the constant pressure combustor takes a higher loss than the constant
temperature design when the constant temperature is very high. However, if the constant
temperature is low, the losses in that design can be higher than in the constant pressure
design. The practical constant temperature designs have adverse pressure gradients, so
it may be desirable to accept the higher losses of the constant pressure design and avoid
flow problems. Since the design with rapid heat addition, then constant temperature did
not have such a large adverse pressure gradient as the one with isentropic compression, it
is probably the most practical constant temperature concept even though its losses were

slightly higher.

From the above examples, it seems clear that the two most reasonable combustor

schemes are:

e Constant pressure throughout. At Mach 6, I,, ~ 1900 sec.
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o Rapid heat addition to high temperature, then constant temperature. At Mach 6,
Ip =2 1950 sec.

These will be used for numerical analysis in chapter 11.
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Chapter 11

Numerical Solutions of Profiles Through

Combustor Channels

Numerical solutions will be presented for nonuniform inlet flow into the constant pressure
and constant temperature combustor geometries derived in the last chapter. In each case
presented, the combustor will be designed to operate at the Mach number, pressure, and
temperature of the inlet free-stream. Deviations observed due to the presence of the ingested
boundary layer can therefore be compared directly to the analytical solutions calculated
above. Once again, it should be noted that the combustor designs presented here have been
selected because they represent opposite limits of operation. In actuality, achieving either
constant pressure or constant temperature operation will depend on the mixing rate and

details of fuel injection and combustion that have not been included in this model.

In the following examples, only the results of laminar boundary layer profiles at the inlet
have been shown. In each case a turbulent boundary layer produces mirimal changes in the
combustor performance, as compared to the laminar solution at the same flight conditions

and relative boundary layer thicknesses.

11.1 Constant Pressure Combustor

11.1.1 Without Changes to the Heating Rate
The calculated behavior of the profile in a combustor designed for constant pressure can

be compared to the analytical solution presented above. The inlet conditions specified for

the above examples, Mach 6 at 1000 degrees, are approximately those encountered in Mach
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16 flight at 30 km altitude, with a 12 degree forebody wedge angle, assuming no inlet shock
at the scramjet entrance. The resulting profile with laminar boundary layer is pictured in
Figure 11.1. At these conditions, the boundary layer will will typically fill 10% of the inlet

area.

This profile can be input to the channel low model developed in chapter 8. First, it will
be assumed that the local thermodynamic conditions have no effect on the pattern of heat
release inside the engine. It will be seen that the resulting engine behavior is quite similar
to the expected uniform inlet performance. Then, the profile will be run in the channel
with suitable approximations to the change in heating rate caused by variations in the local
thermodynamic properties. It will be found that, when heating changes are accounted for,
the profile has a dramatic effect on the combustor performance, as measured in the final

total temperature and total pressure in the free-stream.

Figure 11.2 shows the Mach number profiles at five stations located along a constant
pressure combustor. The combustor has been designed to take a uniform flow from Mach
6 to Mach 3.59, and even with the profile, this is accomplished. The static pressure also
follows the rise from 1000 K to 2800 K that was expected with a uniform profile, as shown

in Figure 11.3.

The corresponding boundary layer profile through the channel, and uniform Mach num-
ber are presented in Figures 11.4 and 11.6, respectively. Note that the boundary layer
grows slightly, as shown in the magnified Figure 11.5, but not in proportion to the channel
area. This means that the relative change in area for the free-stream tube is greater than
that for the entire channel, and the pressure drop is therefore greater than in a uniform flow.
The uniform Mach number that would be used to characterize the boundary layer at each
point is a nearly constant 1.7, which drops the effective Mach number for the entire channel
to somewhat over 4 at the inlet, versus 6 for the free-stream. A good approximation for the

boundary layer would be a constant area streamtube at some constant Mach number.
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Laminar Mach number and temperature profile
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Figure 11.1: Laminar boundary layer profile at flight Mach number 16, altitude 30 km, 12

degree forebody wedge angle
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Figure 11.2: Mach number profiles at various stations through a constant pressure combus-

tor
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Profiie Through a Constant Pressure Channal
Static temperature profiles
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Figure 11.3: Static temperature profiles at various stations through a constant pressure

combustor
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Profile Through a Constant Pressurs Channel
Boundary layer and channe! height
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Figure 11.4: Channel height and boundary layer height in a constant pressure combustor
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Profile Through = Constant Pressure Channel
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Figure 11.5: Magnified view of boundary layer height in a constant pressure combustor
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Although the Mach number does not seem to change much from the values for expected
with a uniform inlet, as shown on the comparison in Figure 11.6, the effect of the profile
on this channel flow is apparent in Figure 11.7, which presents the static pressure along
the channel, compared to the expected uniform pressure profile. The presence of the profile
has dropped the static pressure by about 4% at the end of the channel, which is not very
significant. Along with this drop in static pressure is a decrease in static temperature, but

one that is just barely perceptible, as seen in Figure 11.3.

Because this solution has not included any cl:anges in the heating rate, the total tem-
perature i8 unchanged throughout the combustor, and the total pressure is imperceptibly
altered from the values calculated for a uniform one-dimensional flow. Figures 11.9 and
11.10 present the static temperature and static pressure profiles at the same stations as the
profiles presented above. The total temperature in the free-stream has been raised from an
incoming 6600 K to 8400 K, and the total pressure is 104 atm. Note that these values are
snifted slightly from the analytical example given above, because the incoming free-stream
conditions of Mach 6.044 at 1021 K did not precisely match the analytical example at Mach
6, 1000 K. However, the amount of added heat is identical.

It is easy to see why the profile has little influence on the behavior of the constant
pressure combustor. This combustor has been designed so that the pressure-raising effect
of heat addition exactly counters the pressure-reducing effect of area increase. Once this is
done, there is no change in momentum, which is why the formulation for this combustor

design is so simple.

If the heating rate is not changed, and the logarithmic derivative of channel area is the
same, the profile can have no effect on the combustor behavior. In fact, the area derivative

is balanced by the heating rate referenced to the local static temperature:

da _ dT,

~ = (11.1)

so there is some effect from the profile, but it is a minor one for the particular profile

properties selected here.
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Profile Through a Constant Pressure Channel
Net Mach number
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Figure 11.6: Effective uniform Mach numbers in a constant pressure combustor. Free-stream

is nearly indistinguishable from uniform solution
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Profile Through s Constant Pressure Channel
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Figure 11.7: Free-stream static pressure along a constant pressure combustor
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Profile Through a Constant Pressure Channel
Free-stream static temperature
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Free-stream static temperature along a constant pressure combustor.
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220

1.6



Frofile Through a Constant Pressure Channel
Total temperature profiles
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Figure 11.9: Free-stream total temperature along a constant pressure combustor
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Figure 11.10: Free-stream total pressure along a constant pressure combustor
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11.1.2 With Local Heating Rate Correction

A more intemting solution to the constant pressure combustor performance results
from the inclusion of local thermodynamic effects on the rate of heat addition. Because the
channel behavior is so dependent on matching area changes with heat addition, alterations
in the heat addition rate can produce large scale changes in local thermodynamic properties,

which in turn produce larger changes in heat addition, and there is thus a multiplying effect.

In chapter 1, a curve fit was presented for the time for the hydrogen-air reaction to reach
95% completion. The simplest model of local thermodynamic effects on heat addition is to
assume that the local rate of heat addition is proportional to the equilibrium temperature
rise divided by the reaction time. Thus, at each point in the flow, the temperature rise
and reaction time can be calculated and compared to the uniform flow values at the same
location. The rate at which heat is added is then taken to be equal to the expected rate for
uniform flow, multiplied by the ratio of actual reaction rate to uniform flow reaction rate.
The heating rate is converted to a streamwise derivative of heat addition by dividing by the
local velocity. The streamwise derivative of heat addition is then:

% (n.T) = %unifom (t;:::::n E;:‘;:;' ) (2;(:;02 ) ( Uu.:jfom ) (11.2)

When reaction time is increased, the rate of heat addition has decreased; similarly, when

the flow velocity has increased, the streamwise derivative of heat addition has decreased.

Several limits must be placed on the reaction time calculation. If the local pressure
has risen above the cutoff pressure at a given temperature, combustion will cease and
the reaction will stop. Similarly, above 3200 K, hydrogen addition results in dissociation,
not heat release, so the amount of heat released must drop to zero at that point, and
become negative at higher temperature. This is actually accounted for automatically by
the temperature rise estimate, since AT becomes negative above 3200 K. Also, in the
calculation, it is important to check that the total heat release does not exceed the heat
available from the fuel. Because the channel flow solution simply models heat_addition at
each point, it is necessary to check the total heat added to each streamtube, and cut off
heat addition if the available energy has been reached.
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It must be emphasized that this model is just a simple approximation to the actual
ghangea in finite rate chemistry that would occur under varying thermodynamic conditions,
and the resulting conclusions should be treated as qualitative indications of trenda, rather
than design results. Dynamic effects have been left out of the modelling. In general, the
combustion behavior will also be strongly dependent on the fuel injection profile. These
important effects have not been considered in this model. However, the assumptions of
consiant pressure and constant temperature combustion are themselves idealizations, the

practicality of which is questionable.

The behavior of flow in a constant pressure combustor has been solved with the inclusion
of approximate reaction rate effects described above, for the same flight conditions as before.

The resulting Mach number profiles at the same stations are presented in Figure 11.11.

Note that these profiles are quite similar to those presented without a heating correction,
once again indicating that thermodynamic conditions are much more sensitive than Mach
number. The tempera;:ure profiles do show a noticeable change in the boundary layer,
because combustion is inhibited at high temperatures. Indeed, above 3200 K, there is no
increase in the bounrdary layer temperature, as expected, since heat release has stopped
there. The final free-stream temperature is also lewer, indicating less overall heat release

in the combustor, as we shall find in succeeding figures.

Figures 11.13 and 11.14 present the boundary layer thickness through this heat-corrected
combustor. The boundary layer experiences rapid growth at the entrance to the combustor,
then decreases in reletive thickness farther along the channel. This is an indication that
there is rapid combustion in the boundary layer initially, and reduced combustion down-
stream. This is because the elevated temperatures through most of the boundary layer
result in more rapid combustion, provided the temperature is below the combustion limit.
In addition, the relatively low speed of the boundary 'ayer means that a given heat release

rate results in a higher streamwise gradient of heat addition.

The corresponding uniform Mach numbers of the boundary layer and the entire channel

show these same trends, as seen in Figure 11.15. As the boundary layer is experiencing
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Figure 11.11: Mach number profiles at various stations through a constant pressure com-

bustor with heating correction
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Profile Through a Constant Pressure Channel

Static temperature profiles
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Figure 11.12: Static temperature profiles at various stations through a constant pressure

combustor with heating correction
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Proflle Through a Constant Pressure Channel
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Figure 11.13: Channel height and boundary layer height in a constant pressure combustor

with heating correction
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Proflle Through a Constant Pressure Channel
Boundary layer

2.8

2.0 1

¥ 184

l.0+

0.5 1

0.0 0.2 04 0.6 08 1.0 1.2 14

)

Figure 11.14: Magnified view of boundary layer height in a constant pressure combustor

with heating correction
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rapid heat addition, the Mach number throughout moves towards unity, a trend which is

reflected in the value of the representative uniform Mach number.

Heat release in the constant pressure combustor is tailored to offset the effects of area
increase on pressure. In the period of rapid heat release inside the boundary layer, at the
channel entrance, there is a net rise in static pressure, as the heat addition exceeds the
pressure- reducing effects of area change. As the boundary layer heat addition ceases, the
net heat addition in the channel drops below the point where it can compensate for area
change, and there is a drop in pressure as the flow expands. These trends ae seen in the
static pressure plot of Figure 11.16, which shows a rapid rise and overshoot of the initial
pressure in the first 10% of the channel, followed by a gradual decrease to about 90% of
the initial value. The corresponding static temperature changes are plotted in Figure 11.12,
which also shows a decrease from the expected uniform flow values. The rapid increase in
boundary layer heating at the channel inlet has little effect on the temperature because

temperature is less sensitive to such changes than pressure.
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Profile Through a Constant Pressure Channel
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Figure 11.15: Effective uniform Mach numbers in a constant pressure combustor with heat-

ing correction
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Proflle Through a Constant Pressure Channel
Static pressure
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Figure 11.16: Free-stream static pressure along a constant pressure combustor with heating

correction
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With the heating rate correction, the boundary layer heat addition is greatly reduced
because of the high initial temperature. This will subtract from the total energy addition in
the combustor. Also important are the effects that the deviating thermodynamic conditions
will have on heat addition in the free-stream. With lower free-stream pressure and tempera-
ture, heating rates will be lower than those expected in the uniform flow solution. The total
temperature profiles are shown in Figure 11.18, where it can be seen that free-stream total
temperature has risen only 1684 K of the original 1800 K available from the combustion
reaction, to 8094 K, a loss of nearly 6}%. The corresponding total pressure performance
is pictured in Figure 11.19. The final total pressure is 128 atmospheres, 20% higher than

expected for uniform flow. This is not surprising because the heat addition has been lower.
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Figure 11.17: Free-stream static temperature along a constant pressure combustor with

heating correction

233



Profile Through a Constant Pressure Channel
Total temperature profiles
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Figure 11.18: Free-stream total temperature along a constant pressure combustor with

heating correction
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If combustion does not continue in the nozzle, either because the nozzle is frozen or too
short, the profile hu_ resulted in a loss in total temperature in the free-stream. In addition,
fuel added to the boundary layer has been lost, siace the boundary layer temperature is
limited, and there is little mass in the boundary layer. With the above final conditions
coming out of the combustor, and adding in the energy from incoming fuel enthalpy and
kinetic energy, the exhaust velocity after a perfectly expanded nozzle would be 4624 m/sec.
The specific impulse of this engine would be 1570 secs, correcting for the fuel which is
wasted in the boundary layer. This is a drop of 12% in specific impulse. Notz that thrust
will be reduced in approximate proportion to the thickness of the boundary layer, since the

mass flux and heat addition there are much smaller than in the free-stream.

If the same boundary layer profile shape enters a constant pressure channel filling 25%
of the inlet area, thie resulting loss in heat addition is even more pronnunced. In this case
the thermodynamic changes are qualitatively similar to the above example, but the final
total temperature drops to 7950 K, and the total pressure is 132 atm. The exhaust velocity
without nozzle combustion would be 4595 m/sec, and the specific impulse, again correcting
for lost fuel in the boundary layer, would be 1220 seconds, a dramatic loss. Even without
correcting for lost fuel (i.e. if boundary lzyer fuel injection could be eliminated) specific
impulse would drop to 1625 seconds with this 25% boundary layer. Figure 11.20 presents the
specific impulse for the constant pressure combustor at Mach 6, 1000 K inlet temperature,
at several more values of boundary layer fraction. Values are also shown for the “corrected”
specific impulse, where realizable heat addition in the boundary layer is essentially lost.
Note that the heating losses in the free-stream represent about 1/3 of the losses due to
failed combustion in the boundary layer, so this is a noticeable effect. This boundary layer
loss is a frozen loss, independent of whether the heat addition process is mizing limsted or

reaction rate limsted, and so has more general applicability.

Of course, the static pressure and temperature drop translaies into a reduction of the
rate at which heat is added. This can be countered by making the combustor longer,
with the penalty of a heavier engine. With a boundary layer of 10% initial thickness, 89
% of the available combustion enthalpy was released in the constant pressure combustor

sized for uniform operation. However, the pressure was dropping monotorically, so the the
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Profils Through a Constent Pressure Channel
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Figure 11.19: Free-stream total pressure along a constant pressure combustor with heating

correction
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combustion rate at the exit is only about 50% of the uniform flow design value. In order
to release all combustion energy, the combustor with 10% boundary layer would have to be
about 20% longer than the uniform inlet design. With a 25% boundary layer thickness at
the inlet, the combustor would have to be 50% longer.

11.2 Constant Area/Constant Temperature Combustor

The constant area combustor with rapid heat addition was identified above as preseating
a reasonable design, both in terms of providing efficient performance with limited adverse
pressure gradient. This engine is also subject to the adverse effects of the boundary layer

on free-stream combustion.

11.2.1 Without Changes tc the Heating Rate

Figures 11.21 and 11.22 present the Mach number and temperature profiles through a
constant area/constant temperature combustor without correcting heat addition for local
thermodynamic conditions. These results are presented for the same inlet profile as was
input to the constant pressure combustor, at 10% of the inlet area. As with the constant
pressure combustor, the profiles do not deviate much from the expected values when local
thermodynamic effects on the heating rate are not included. Mach number at the exit of the
constant area region is about 3.6, and it remains fairly constant throughout the constant
temperature region. Figure 11.23 shows that the static pressure also follows the predicted
analytical behavior, rising by a factor of 2.9 when rapidly heated, then dropping back
to about 1.5 times the inlet pressure. Temperature also follows the predicted analytical
uniform solution closely, rising to the expected 2800 K, and falling only slightly in the

constant temperature region, as shown in Figure 11.24.
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Combustor Performance Varsus Boundary Layer Fraction
Mach 6, 1000 K Inlet Conditions
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Figure 11.20: Specific impulse in a constant pressure combustor with heating correction
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Proflle Through a Constant Temperature Channel
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Figure 11.21: Mach number profiles at various stations through a constant temperature

combustor
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Profils Through a Constant Temperature Channel
Static temperature profiles
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Figure 11.22: Static temperature profiles at various stations through a constant temperature

combustor
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Figure 11.23: Free-stream static pressure along a constant temperature combustor
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The free-streamn Mach number falls very close to the analytical expectations, as shown
in Figure 11.25, and the characteristic uniform becundary layer Mach number ranges from
between 1.8 to 1.5, with 2 minimum at the end of the rapid heating. In Figures 11.26 and
11.27 it is once again clear that the boundary layer has nearly constant area. In the constant
area duct, where dA/A = 0, the boundary layer will therefore have no effect on the free-
stream. In the constant temperature region, the boundary layer will raise the magnitude of
dA/A because the free-stream area is smaller than for the entire channel, Lut the change
in area is the same. This is why there is a slight drop in temperature and pressure in the
constant temperature region. However, since so little heat is actually added in this region,

the boundary layer effect is minimal.
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Figure 11.24: Free-stream static temperature along a constant temperature combustor
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Figure 11.25: Effective uniform Mach numbers in a constant temperature combustor
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Figure 11.28: Channel height and boundary layer height in a constant temperature com-

bustor
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Finally, the total temperature and pressure profiles are presented in Figures 11.28 and
11.29. The free-stream values are identical to those expected from the analytical solution,

because no change has been incorporated in the heat addition.

11.2.2 With Local Heating Rate Correction

When corrections are made for the rate of heat addition, the constant temperature
combustor shows noticeable changes in operation, as did the constant pressure combustor.
The above example was recalculated with the same approximation for local thermodynamic
effects on heating rate that was used with the constant pressure case. The resulting Mach
number profiles and temperature profiles are presented in Figures 11.30 and 11.31. Com-
paring these to Figures 11.21 and Figure 11.22, the Mach number at the exit of the constant
area region is higher with heating correction, which indicates less heat has been added. The
temperature coming out of the constant area region is also substantially lower than before.

Note that the maximum boundary layer temperature has been limited.

With less heat addition, static pressure and temperature are noticeably lower than
expected coming out of the region of rapid heating, as demonstrated in Figures 11.32 and
11.33. This corresponds to higher exit Mach number, and once again suggests less heat has
been added. The free-stream Mach number remains above the expected uniform flow value

through the entire engine (Figure 11.34).
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Figure 11.27: Magnified view of boundary layer height in a constant temperature combustor
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Figure 11.28: Free-stream total temperature along a constant temperature combustor
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Figure 11.29: Free-siream total pressure along a constant temperature combustor
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Figure 11.30: Mach number profiles at various stations through a constant temperature

combustor with heating correction
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Figure 11 31: Static temperature profiles at various stations through a constant temperature

combustor with heating correction
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Figure 11.32: Free-stream static pressure along a constant temperature combustor with

heating correction
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Figure 11.33: Free-stream static temperature along a constant temperature combustor with

heating correction
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The mechanism for these changes has been discussed in reference to the constant pressure
combustor. Initially, there is rapid combustion throughout most of the boundary layer,
resulting in a more rapid pressure rise, a thickening of the boundary layer (as seen in
Figures 11.35 and 11.368) and a sudden drop in the characteristic uniform boundary layer
Mach number. After this rapid combustion, the boundary layer is too hot to support
further combustion. Heat addition in the free-stream increases pressure, which compresses
the boundary layer, so the static pressure in the constant area region is lowered, along
with the heating rate. The resulting total temperature and pressure profiles are pictured in

Figures 11.37 and 11.38.
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Figure 11.34: Effective uniform Mach numbers in a constant temperature combustor with

heating correction
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Figure 11.35: Channel height and boundary layer height in a constant temperature com-

bustor with heating correction
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Figure 11.36: Magnified view of boundary layer height in a constant temperature combustor

with heating correction
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With the heating correction, the constant temperature combustor total temperature has
risen to 7,868 K from the initial 6400 K, with a total pressure of 219 atm. This will produce
an exhaust velocit,y.of 4603 m/sec, and a specific impulse of 1654 seconds. Correcting
for lost fuel in the boundary layer, the specific impulse would be 1490 secs. The uniform
flow constant temperature combustor produced an exhaust velocity of 4673 m/sec, and a
specific impulse of 1900 seconds, so it is immediately apparent that the detrimental effects
of the boundary layer have been larger in the constant temperature combustor than in the

constant pressure solution.

Figure 11.39 presents the specific impulse for this combustor as a function of boundary
layer area fraction at the inlet. In general, the constant temperature combustor suffers
substantially lower loss in specific impulse than the constant pressure channel. Beyond a
relative boundary layer thickness of 15%, the uncorrected specific impulse is nearly inde-

pendent of boundary layer height in this design.

11.3 Incorporating Combustor Losses in Inlet Efficiency

Evaluating the ultimate impact of the boundary layer on combustor performance will
depend on the details of the individual combustor design. For instance, the loas of heat
addition in the boundary layer delays the reaction rate in the free-stream if it is reaction
rate-limited. If the combustor has been sized for ideal uniform conditions, this delayed
reaction time will result in reduced enthalpy. On the other hand, the combustor could be
designed with sufficient channel length that the combustion reaction will run to completion,
so there will be no net loss in heat addif.ion. This combustor would be longer, and therefore
heavier, than the uniform inlet design. The loss introduced by the boundary layer would

therefore be increased engine weight, not reduced specific impulse.

Regardless of the loss mechanism, the boundary layer, in changing the performance of an
engine that has not been properly designed to account for an inlet profile, has introduced
inefficiencies. The boundary layer profile is a direct consequence of the forebody shape.

Thus, the inlet design has had a direct impact on the performance of the combustor. To
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Figure 11.37: Free-stream total temperature along a constant temperature combustor with

heating correction
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Figure 11.38: Free-stream total pressure along a constant temperature combustor with

heating correction
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Figure 11.39: Specific impulse in a constant temperature combustor with heating correction
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correctly evaluate the efficiency of a forebody inlet design, particularly for purposes of
comparison with competing designs, it is appropriate to consider the adverse effects on

combustor performance caused by the inlet profile.

The most common measure of hypersonic inlet performance is the kinetic energy effi-
ciency, 14, defined as the ratio of the available kinetic energy after diffusion to the available
kinetic energy before diffusion when the flow is expanded to ambient pressure [2]. Thus,

we can write:
_ ho - h'
"‘ - ho _ h

where h, is the ambient stagnation enthalpy, h is the ambient static enthalpy, and A’ is the

(11.3)

hypothetical enthalpy obtained by isentropic expansion at the end of the inlet to ambient
conditions. This parameter has the desirable properties of being insensitive to flight Mach

number, and being very convenient for use with Mollier data.

The question arises as to how best to incorporate viscous effects into an efficiency pa-
rameter such as the kinetic energy efficiency. It is natural to suggest that some average
kinetic energy efficiency should be defined which includes the boundary layer profile, and
the resulting deficit of kinetic energy. This approach is questionable, because it isn’t clear
that there is an appropriate means of averaging, or weighting an integration. More im-
portantly, it is contradictory to the notion of unmixing streamtubes. If the inlet profile
is not mixed out (which has been the assumption throughout this work) the deficit in the

boundary layer will have no direct bearing on the free-stream.

Attempting to include boundary layer effects in some generalized efficiency parameter
is another means of treating the inlet as a one-dimensional flow, which ignores the fact that
the profile is fundamentally multi-dimensional. In this work, some means of simplifying the
influence of the boundary layer have been presented, but this has always been in the guise of
a modified two- dimensional structure. For instance, the simplest model of the inlet profile
presented above was the notion of the uniform Mach number, in which the profile for the
entire channel was replaced by a uniform streamtube of some appropriate Mach number.
This was seen to be useful in characterizing properties at one given station only, and not

to be a good prediction of property changes downstream. To predict engine properties, the
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profile had to the followed down the channel.

It is not obviously justified to talk about an average kinetic energy efficiency in an
attempt to blend the boundary layer and the free-stream properties when these streamtubes
will not mix, and so will have separate properties. The kinetic energy efficiency of the free-
stream will therefore not be changed by the presence of the boundary layer, except in
variations induced in the strength of the bow shock, and these will be negligible in the weak

interaction region.

Viscosity will introduce wall shear, and this will affect momentum. Swithenbank [37]
has attempted to correct the kinetic energy efficiency for viscous effects by calculating the
coefficient of friction based on inlet capture area and using it to define an effective inlet
velocity. Once again, it is questionable whether this approach is meaningful above the
boundary layer, where the wall shear has not penetrated. The very notion of the boundary
layer approximation allows us to neglect wall shear in the free- stream. If the free-stream
flow does not mix with the boundary layer profile, we must again dismiss the notion of
boundary layer affecting the value of “recoverable” kinetic energy in the free-stream. It
is possible to correlate the calculated viscous effecte with kinetic energy efficiency. This

provides some means of comparing inlets.

The kinetic energy efficiency can be related to the forebody wedge angle because it is a
function of the shock strength. Following Kerrebrock [2], the total pressure ratio across the
bow shock x4 on the inlet diffuser can be written in terms of the kinetic energy efficiency

and the flight Mach number:

-1 -1/(r-1)
g = [1 +1- )25 Mg] (11.4)
The kinetic energy efficiency can therefore be solved in terms of the shock strength:
=(-1)/~ _
z 1 (11.5)

d=1-2
! (- DM}
where the total pressure ratio across the shock is a function of flight Mach number and

wedge angle.

The boundary layer thickness is also related to the flight Mach number and wedge angle,
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so the demonstrated changes in combustor performance can be related to the kinetic energy
efficiency. The added losses in exhaust velocity can be converted to losses in total kinetic
energy. Although thﬁ loss is occurring in the combustor, it can be thought of as originating
from the inlet, because the boundary layer structure is determined by the inlet. If this
loss is then included in the kinetic energy loss of the inlet, a new kinetic energy efficiency
can be derived for the frec-stream based on the total exhaust velocity deficit. Use of this
viscous-corrected parameter is inconvenient, for it assigns combustor losses to the inlet, and
therefore does not permit the ready calculation of inlet properties. However, it does provide

an indication of the impact of viscous inlet effects on the entire engine system.

The exhaust velocity-corrected kinetic energy efficiency is plotted in Figure 11.41. This
viscous-modified efficiency is not averaged, but rather based on the gross properties of the
free-stream. The area- averaged kinetic energy efficiency is also plotted in Figure 11.41 Note
that the specific impulse correction is strongly dependent on the choice of combustor. Here,
values have been calculated for the Mach 6, 1600 K inlet temperature constant pressure

design.

The exhaust velocity-corrected kinetic energy efficiency is higher than area-averaged
| kinetic energy efficiency. This is because the exhaust velocity approach applies only to the
free-stream, and does not consider the changes in thrust and specific impulse that result
from mass flux and combustion losses in the boundary layer. In general, for moderate wedge
angles, the area-average efficiency has viscous losses that are approximately equal to the
shock losses. If the inviscid inlet has ngy = .95, the viscour inlet will have ng4 ~ .90. The
exhaust velocity-corrected efficiency is generally about 1% lower than the inviscid value, and
is therefore much less sensitive to changes in the boundary layer structure of the inlet. At
very low and very high Mach numbers, the corrected kinetic energy efficiency will approach
the inviscid value. At these points, viscous losses will have minimal effect on the free-stream,

since combustion is most sensitive at the middle of the transatmospheric trajectory.

It is possible to include the lost thrust due to the presence of the boundary layer in
another modified kinetic energy efficiency. Once again, averaging across the inlet profile

is an incorrect approach to including these effects. What matters most is final effect on
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Figure 11.40: Correlation of specific impulse versus inlet kinetic energy efficiency
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engine performance. To include thrust lceses in the kinetic energy efficiency, the total
exhaust kinetic energy can be compared to the total inlet kinetic energy in the forebody
capture area. Such an efficiency is presented in Figure 11.42 for the same inlet design, where
it is assumed that there is no increase in capture area to accommodate mass flux losses due

to boundary layer.

This thrust-corrected value ie qualitatively similar to the result of assuming that the
boundary layer provides no contribution to the thrust. This is because the boundary layer
has very little mass flux, and there is little heat addition because of the high temperatures,
assuming the nozzle is frozen. Losses in this efficiency parameter are much greater than

those of the area-averaged value.
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Chapter 12

Conclusions

12.1 Review of Findings

The results of laminar boundary layer calculations ai; hypersonic velocities character-
istic of the maximum Mach numbers and ultimate altitudes of a transatmospheric vehicle
demonstrate that, at small angle of attack, the boundary layer can represent a substantial
portion of the engine inlet flow. On a 1 atm. dynamic pressure trajectory, the laminar
boundary layer will represent a maximum of 5% of the shock layer on a 10 meter long
surface at Mach 12, rising to 25% at orbital velocities. On higher trajectories, the relative
boundary layer thickness will be even larger; 10% of the inlet at Mach 10 and 50% at mach
25 for 1/10 atm. dynamic pressure. Because the shock layer grows linearly with distance,
while the boundary layer grows with the square root of distance, the relative boundary layer
thickness decreases with distance. It was shown that, if the boundary layer occupies 20%

of the shock layer on a 10 meter plate, it will represent only 12-}% of the area at 30 meters.

It has been recalled from classical hypersonic boundary layer theory that such boundary
layers are very sensitive to angle of attack. In general, above 5 degrees wedge angle, the
boundary layer thickness is approximately inversely proportional to angle of attack. This
effect is also apparent on forebody wedges; a boundary layer that forms on a 5 degree wedge
will be reduced to half its original thickness by a 5 degree ramp. As a result, the actual

boundary layer thickness will be a sensitive function of the size and geometry of the inlet.

It was demonstrated that the forebody boundary layer complicates the condition of
matching the bow shock to the engine cowl. For inviscid flow, it was shown that there ie an
unique wedge angle for each Mach number at which the bow shock is fixed against small

changes in wedge angle. This wedge angle generally provides acceptable thermodynamic
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conditions at the inlet. It was determined that for boundary layers in excess of 2% relative
thickness, this fixed condition cannot be realized because the boundary layer thickness
changes with angle of attack.

The continuous profile generated by a laminar boundary layer was compared to a two-
streamtube compound model, which is the simplest one-dimensional flow model. It was
shown that the continuous profile can be compared to a uniform streamtube at a unique
equivalent Mach number which is typically between 1 and 2. This characteristic Mach num-

ber was shown to be insensitive to the free-stream Mach number at hypersonic conditions.

It was found that the profile results in a drop in free-stream pressure after passage
through a shock. The shock induces a normal pressure gradient, which is equilibrated by
compressing the boundary layer and expanding the free-stream. At Mach 20, a 25% relative
boundary layer resulted in a 10% drop in static pressure after passage through a shock on

a 5 degree wedge. This effect will be multiplied if there are more shocks down the channel.

Inside the engine, it was shown that the l]aminar boundary layer will alter the free-stream
properties. For instance, a Mach 13% flow in a convergent channel was found to have the
thermodynamic properties of a Mach 4 flow with 10% relative boundary layer thickness,
as measured by its response to changes in channel area. Turbulent boundary layers were
found to have little effect on the free-stream flow properties. In general, the forebody
profile behaves as a compound supersonic flow, and the boundary layer was found to be
more resistant to changes in thickness than the free-stream. For instance, in a constant
pressure combustor which experiences a three-fold increase in total channel area, a 10%

relative thickness laminar boundary layer grows by only 90%.

It was seen that the presence of a thick laminar forebody boundary layer in the com-
bustor of a supersonic combustion ramjet can result in changes in local thermodynamic
properties that reduce the heating rate, and in turn, the net engine performance. Primar-
ily as a result of static pressure losses, a drop in the rate of combustion was observed in
reaction-rate limited combustors in the free-stream, and in the boundary layer in general.

This can translate into a net loss of available enthalpy if combustion does not continue,
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cither in an expanded combustor channel, or in the nozzle. In the constant pressure com-
bustor designed for Mach 14 flight, a 15% loss of static pressure was cbserved with a 10%
relative thickness boundary layer. Because the dropping static pressure further reduces the
heating rate in the free- stream, which drops the static pressure even more, this effect grows
very quickly. For the above case, specific impulse was observed to drop 16% because of the
presence of the profile; alternately, the engine would have to be lengthened another 20% to

realize the full combustion release.

Although this work has concentrated on changes induced in the combustion process, the
results can be generalized for any heat addition process. At near-orbital Mach numbers, it
has been suggested that the heat added in the combustor will be derived exclusively from
the incoming fuel enthalpy and relative kinetic energy, not by combustion, because of the
difficulty of high Mach number combustion. It was found that the boundary layer tends to
increase the free-stream Mach number in a combustor channel. This means that the Mach
number with heat addition will generally be higher with a boundary layer, regardless of
whether the heat addition process is due to combustion or fuel addition. Heat addition at
higher Mach number incurs higher losses, and so the boundary layer will reduce combustor

performance in this case as well.

The ultimate impact of the boundary layer on combustor performance will be evaluated
based on the details of the individual combustor design. If the combustor has been sized
for ideal uniform coaditions, the profile-induced reaction time delay will result in reduced
enthalpy for reaction rate-limited combustors. Or the other hand, the combustor could be
designed with sufficient channe! length that the combustion reaction will run to completion,
so there will be no net loss in heat addition. This combustor would be longer, and therefore
heavier, than the uniform inlet design. The loss introduced by the boundary layer would

therefore be increased engine weight, not reduced specific impulse.

Regardless of the loss mechanism, it is clear that the boundary layer, in changing the
performance of an engine that has not been properly designed to account for an inlet
profile, has introduced inefficiencies. The boundary layer profile is a direct consequence of

the forebody shape. Thus, the inlet design has had a direct impact on the performance of
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the combustor. To correctly evaluate the efficiency of a forebody inlet design, particularly
for purposes of comparison with competing designs, it is appropriate to consider the adverse
effects on combustor performance caused by the inlet profile.

The kinetic energy efficiency was modified to include profile effects. It was argued that:

e Viscous corrections for the kinetic energy efficiency should not be calculated with

profile averages because there is minimal downstream mixing.

o Inlets are properly evaluated and compared based on the losses they induce in the
combustor and the total engine performance, not just on the loases at the combus-
tor inlet station. A complete analysis must also include a consideration of external

aerodynamics, which has not been covered in this work.

o The net effect of viscous losses depends on the specific combustor and nozzle design,

and inlets must be evaluated with this in mind.

e The free-stream kinetic energy efficiency can be corrected for the drop in exhaust

velocity or thrust due to the inlet boundary layer as a basis of design comparison.

12.2 Hypersonic Vehicle Design Recomendations

The one-dimensional approach suggested in this work should not be viewed as a design
tool, so much as an indication of important effects that must be accounted for in more
detailed evaluations. The general conclusions that are drawn suggest some guidelines for

hypersonic vehicle design.

If the effects of laminar boundary layers are to be avoided, it is suggested that some
act've control of forebody shape or inlet lip will be necessary. It was shown that a com-
pression ramp can be used to reduce the boundary layer thickness, as do increased angle of
attack and body thickness, but the resulting losses associated with the corresponding strong
shocks may not be tolerabie. It is also suggested that the trajectory and angle of attack may

be chosen to minimize the boundary layer thickness, or at least consider the performance
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tradeoffs associated with the losses from thick boundary layers. For instance, since it was
found that the boundary layer thickness grows quickly with altitude, complications due to
the boundary layer broﬁle will be less significant on a lower-altitude trajectory. Boundary
layer control may also put restrictions on the range of vehicle attitude; since the bcundary
layer grows with decreasing angle of attack, a hypersonic vehicle may have to maintain some

minimum angle of attack.

The presence of a thick boundary layer on the forebody of a hypersonic vehicle must
be accounted for in assessing the performance of an air-breathing engine. In addition to
changing the bow shock location and mass ingestion with varying angle of attack, the
boundeary layer will introduce a low-speed region that will change the low Mach number
through the scramjet. Associated with this will be changes in the expected thermodynamic
conditions inside the combustor. The boundary layer may also choke a channel that would
not have choked with uniform flow. Designing an engine for the boundary layer will be
difficult given the changing thickness with altitude and angle of attack. A vehicle which
will maneuver must be able to accept boundary layers of varying dimensions, with resulting
changes in combustion length and total thrust, unless some active boundary layer control

is employed.

The impact of inlet gradients suggests that computational solutions, and experimental
studies, cannot accurately assess the performance of air-breathing hypersonic propulsion
without fully considering the viscous external Aowfield of the vehicle, throughout the ranges
of vehicle attitude and trajectory. An actual scramjet design must take full account of the
inlet flow profiles throughout the likely range of attitude and altitude. Active control of the
forebody boundary layer, bow shock position, scramjet geometry, and fuel addition pattern

may be required if a transatmospheric vehicle is to have flexibility in attitude and trajectory.

While the laminar boundary layer profile had significant effects on the free-stream, the
fuller turbulent profile had relatively small impact. This suggests that it may be desirable
to force the boundary layer to become turbulent, if such is possible. Since the turbulent
boundary layer will introduce higher losses on the forebody, selecting the transition point

may be an important step in engine-airframe integration.
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12.3 Directions for Future Research

A list of important topics for future research can be drawn from the assumptions and

simplifications that were avoided in this work:

® Vehicle Shape: Because the engine flow depends directly on the external flow field,
particularly over the forebody, a better definition of candidate vehicle geometries must
be defined for proper engine analysis, especially if three-dimensional effects are to be
included. This is particularly true to resolve issues of static stability of hypersonic

aircraft.

e Trajectory selection: Because the combustor conditions are set directly by the external

flow field, more exact trajectory specifications and vehicle control parameters must

be determined. The engine design and trajectory analysis are closely coupled.

e Atmosphere modelling: Steady-state atmosphere models were used in this work, but

gusting and unsteady phenomena must be defined to determine whether they must be
incorporated in inlet flowfield studies. In particular, large-scale atmospheric density

variations may impact engine inlet conditions.

o Transition to turbulence: The simple data correlations available currently must be
refined, particularly to resclve the conflict between ground test date and flight vehicles,
and to include more complicated shapes and leading edge bluntness effects. Means of

inducing transition at hypersonic speeds will be of interest.

¢ Separation: The conditions leading to separaticn and its effect on the boundary layer
profile and heating loads is of utmost importance, especially if the forebody will have

ramps and there are adverse pressure gradients in the combustor.

o Finite-rate chemistry: Chemical models in this work were the simplest correlations of

finite-rate calculations. A more complete treatment would include finite-rate consid-

erations directly.

o Inlet design penalties: The losses incurred by bow shock mismatch, as well as the

tradeoffs between various inlet designs (i.e. number of ramps, three-dimensionality,

cowl orientation) must be resolved for inclusion in a more complete analysis.
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e Channel pressure gradients: The streamtube model can be modified to include shocks

and channel curvature. Future work should explore the effect of these phenomena on

the profile structure and the resulting free-stream variations in combustors of known
geometry.

e Supersonic mixing: It has been assumed that fuel mixes as desired in the combustor.

In reality, this will be very difficult to accomplish, if it is even possible, and the
practicality of hypersonic engine design depends on the resolution of this issue. In
this work, the profile effects have been evaluated in terms off induced changes in the
free-stream. If the heat release is mixing-limited, profile-induced combustion delays

will be less important.
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Appendix A
Laminar Hypersonic Boundary Layer Model

A.1 Three-layered model

The viscous hypersonic flow is divided into three regions:

1. The undisturbed free stream above the shock.
2. An inviscid shock layer below and adjacent to the shock.

3. A hypersonic Loundary layer between the inviscid shock layer and the plate.

Li and Nagamatsu [38] originally argued that the shock layer is fully viscous, and solved
for the boundary layer structure with the shock as the upper edge of the boundary layer,
without an inviscid region. Stewartson [39] pointed out that this is an incorrect model; his
argument is based on the fact that the hypersonic boundary layer is very hot, and thus
has low density, and almost no mass flow. In the hypersonic limit, the upper edge of the
boundary layer approaches a streamline, (i.e. almost no mass is entrained into the flow
after the initial growth region) but & shock cannot correspond to a streamline, so the shock
must be above the boundary layer edge.

Dorrance [40] used vorticity considerations to show that a fluid element can be traced
by comparing its position of entry into the boundary layer with its passage through the
shock, and found that a given particle enters the boundary layer far downstream of where

it croased the shock (i.e. the boundary layer and the shock are distinct).

Hayes and Probstein [41] have shown that the viscous boundary layer thickness § can

be related to the density ratio across the bow shock,e = p3/p;, the mean free path at the
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shock, A,, and the shock layer thickness A as

A A~ Jeb? (A.1)

For a highly oblique shock, € ~ O(1), so if A, < A, the boundary layer will be smaller
than the entire shock layer. Recall that the mean free path in atmosphere varies from
6.6 x 10~% m at ses level to 7.9 x 10~* m at 50 km altitude [12]. Thus, for shock layers of
about a meter thickness, the boundary layer/inviscid shock region model will be valid up to
and beyond 50 km altitude, which encompasses the likely range of operation for an aerospace
plane. At higher altitudes, the mean free path becomes so large that the applicability of
this model would be questionable. For instance, at 100 km, A, = 1.42 x 10~! m. Hayes and
Probstein have also demonstrated that the assumption of a fully viscous shock layer would

violate the boundary layer conditions.

There is strong coupling between the boundary layer and the bow shock. The shock
angle will determine the pressure ratio across the shock, which in turn sets the boundary
layer thickness. The boundary layer thickness in turn sets the effective displacement which

determines the shock angle.

Classically, shock-boundary layer interactions of this type are categerized as weak or
strong. Strong interactions refer to those in which the boundary layer drastically modifies
the shape of the shock, and in which the induced pressure ratios across the shock are large.
The simplest example of a strong interaction is the case of an infinitely thin flat plate
parallel to a supersonic flow. In the inviscid case, there will be no shock because the plate
corresponds to a streamline; in the viscous solution, a boundary layer forms on the plate,
and this appears as a normal flow displacement, which in turn produces a shock. Thus, a

shock is generated solely by the presence of a boundary layer.

Strong interactions generally occur at the leading edge of the boundary layer, while the
boundary layer growth is greatest and thus the boundary layer slope is steepest. Weak
interactions, in which the boundary layer simply adds to the body dimension, are typically
encountered when the slope of the boundary layer is small. Bertram and Blackstock [31] have

combined these regimes into a single similarity solution, which was expanded by White (32]
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to include flow over an inclined plane.

Results of detailed analyses of the strong interaction zone have shown that the boundary
layer thickness scales with the three-fourths power of the streamwise coordinate, and that
the inviscid layer is proportional in thickness to the boundary layer [40]. The boundary
layer carries almost none of the mass in the shock layer, because of its low density, so the
shock layer is highly stratified. Also, because very little fluid is entrained into the boundary

layer, the stratification is preserved far downstream, presumably into the engine inlet.

Note that if the leading edge of the body is blunt, its shape may dominate over the
boundary layer in configuring the shock over the strong interaction zone. Directly ahead of
a blunt body, the bow shock will be normal, and therefore experience a mueh larger pressure
rise than farther downstream. This favorable pressure gradient can overwhelm the effect
of the apparent bluntness of the upstream portion of the boundary layer. Throughout this
work, it will be assumed that leading edges are sharp enough that the strong interaction
solution is applicable to the forebody leading edge

A.2 Laminar Boundary Layer Solution

The boundary layer thickness of the forebody flow has been modelled using the classical

flat plate interaction theory, which will be reviewed briefly.

White [32], following Bertram and Blackstock [31], showed from hypersonic similarity

theory that the hypersonic boundary layer displacement thickness could be represented as

I 1 2A
il vty (4.2)

where P = ;&-, the pressure ratio across the shock.

The pressure gradient due to shock curvature is assumed negligible, as Bertram and
Blacketock demonstrated. Note that in the hypersonic limit, the mass flux in the boundary
layer is 8o low that displacement thickness is approximately equal to the actual boundary

layer thickness, and the two concepts can be merged.
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The A function characterizes the gas/wall heat transfer, and is here written for general

Prandtl number, Pr, fitting the results for Pr = 1. and Pr = .73 to a power law form;

A = {4302 Pr134 (%) + .1660 Pr- 3884} (y — 1)¥ (A.3)

where ¥ is the Lees interaction parameter, defined as

M3VC

= Ad
e (A.4)
in which
B\, Teo
C = (—)= A5
(B2 ) (A5)
We use the Sutherland model to calculate u:
3/2 o
B (i) T, + 110°K (A.6)
Bo T, T + 110°K

From classical hypersonic similarity theory, we know that the Lees parameter charac-
terizes the strength of the boundary layer/ shock interaction [40]. T} = strong interaction
limit occurs at X > 1 and the weak interaction range is at ¥ = O(1). At X¥ <« 1 interactions

are negligible.

In general, there is no closed form solution for the shock pressure ratio. At small angles,
the pressure ratio approaches unity, so that v/P = 1 far along the plate, in the so-called

weak interaction region. Thus, for large values of z, corresponding to small values of ¥,

LIS ;—t (A7)
with a slope that approaches zero as z — oo.
At any angle, Shapiro [42] has shown that
P=1+ 3{?—2&: (A.8)
where the pressure coefficient Cp is given by
Cp 4M?*sin?*g -1 (A9)

[1 _ %C'P] = M?*(y+cosf)+2

282



A closed-form solution for shock pressure ratio can be found at large Mach numbers and
small wedge angles such that tan ©yedge ~ Owedge and €08 fyrock =~ 1, Cp € 1:

2
P = 1+"(L4+l)l<' +—,x‘/1+ [Jj—lx] (A.10)

where

K = My (e.,..,,. + d—su) (A.11)

is the hypersonic similarity parameter.

It is assumed that the total wedge angle is positive, or else the forebody flow would have
to be treated as an expansion flow. The second angle term, due to boundary layer slope, is
transformed into a function of the Lees parameter:

dé, A 1 X dpP
2 =1 (5t o ) (A-12)
Note that as ¥ — O, the hypersonic similarity parameter K approaches My, 6 yedq. 88 should

be the case in the weak interaction zone.

For large values of K and small values of A(YX), the pressure parameter P in equa-
tion (A.10) scales with ( Mo, ©yeqge )2. Thus, the wedge angle is dominant in setting the
shock pressure ratio. This is not surprising, since the hypersonic shock position relative
to the wedge is insensitive to wedge angle, but the pressure ratio is not. In this case, the
boundary layer thickness is essentially independent of Mach number directly, as the M

terms in A and P approximately cancel, leaving §* o (O yedge vVZ) ! in equation (A.2).

The effective wedge angle, due to the plate angle of attack and the boundary layer
displacement, is
by,

Ocflective = Owedge + a9z (A.13)

from which the local shock angle 8 can be calculated, assuming a closely- wrapped shock
(where characteristics intersect a region of the shock directly above the surface from which

they emanate)

(A.14)

2 a2
tan Bqfrective = 2cot ML sin*f -1 ]

M2,(7+cos28) + 2
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The inviscid shock layer thickness is estimated from the local sheck angle by integrating
along the top surface of the boundary layer, the path of which we denote as n,

a= " tan A(n')dn’ (A.15)

The shock is fit subject to the condition that, in the weak interaction region, its slope and
strength are identical to the inviscid solution, but it is displaced by the boundary layer.

Because leading edge bluntness may dominate the strong interaction region, we assume

a shock stand-off distance as given by Hayes and Probstein [41]
Alhn.d-oﬂ = €
Rnou 1+ ﬁ

which displaces the start of the boundary layer forward, and thus essentially adds to the

(A.16)

boundary layer thickness down the plate. The resulting strong pressure gradient from the
blunt-edged shock is not inciuded in the model, but it may be assumed that the leading
edge surfaces of an actual hypersonic vehicle would be sharp enough to avoid serious effects

of that sort.

The above model is iterated in %, which is an inverted spatial coordinate:

lim z = o0 (A.17)
X—0
Ellvngo z=0 (A.18)

Thus, the solution begins at the weak interaction limit and proceeds to the strong
limit. In the present implementation, a simple Euler forward iteration scheme is used.
The derivative in equation (A.12) is calculated with a finite difference method between two
closely spaced values of P(X). Care must be taken in incrementing X because the resulting
spatial coordinate, and therefore the Reynolds number, is inversely proportional to 2.
Smaller increment steps are required at large ¥ to adequately resolve the strong interaction

zone.

Thus far, the presented model has ignored real gas effects that might be expected in a

hypersonic flow, such as dissociation and ionization. Dorrance has argued that dissociation
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actually has little effect on transport properties, since it changes the viscosity of air by
at most 5%, so we ignore chemical dissociation effects [40]. lonization would have an
enormous impact oﬁ the flow, particularly since the Prandtl number would fall as free
electrons became the dominant energy transporters. In fact, the flow kinetic energy will
be below the level required to reach ionization temperatures, su for a practical hypersonic
vehicle, ionization can be ignored. This is fortunate, because material considerations limit
the surface temperatures to levels far below ionization temperatures. The model does not
consider effects at the leading edge, where dissociation and ionization temperatures may
be encountered, and the flow may behave 2s a rarefied gas. Also, the distinction between

equilibrium and frozen speed of sound is ignored.

Some real gas effects can be included in the above model by varying the value of the ratio
of specific heats, 4. At high temperatures, v will be reduced as higher-order vibrational
energy modes are excited in the gas molecules. Thus, the value of v will relax as the flow

proceeds from the shock along the plate.

Ideally, the relaxation of 4 would be modelled by considering time-dependent reaction
rates. Unfortunately, the boundary layer model is iterated in the Lees interaction parameter,
X, which is an inverse space coordinate. Thus, for simplicity, the value of v is aliowed to
decay exponentially in space, with a characteristic decay length calculated from the ideal
mean free path. This is a reasonable approximation to the actual change in v, which is
a fundamentally exponential process due to collisional equilibration. Special care must be
taken in selecting the ¥ increment to avoid instabilities in the solution with a variable 7, as
drastic increases in 7 between iteration points can produce unacreptable oscillations in the

inverse transformation to spatial coordinates.
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Appendix B

Shock Position and Surface Oscillations

B.1 Inviscid Dynamic Shock Motion

At high Mach number, if surface motion is approximately normal to the surface, the
unsteady oblique bow shock flow field in the weak interaction zone can be assumed to have
an unsteady normal component, and a steady tangential component, fixed in the frame
of the shock. Thus, the unsteady oblique bow shock behavior can be discerned from &
simpler unsteady normal shock model, just as the classical steady oblique shock properties

are determined entirely from the normal velocity components.

It is useful to recall that the steady solution for the shock ahead of a 1-d piston moving at
constant velocity Upiston, Plotted with distance from the origin versus time, resembles that
for a 2-d oblique wedge shock with incident velocity Uwedge Plotted with shock y distance
versus x,if the wedge has angle 6yeage = Upiston/Uwedge and the piston time axis has units
such that t = Zwedge/Uwedge- The unsteady solution for the oscillating wedge will resemble
that for a 1-d piston which moves at some stzady-state, constant velocity, plus the oscillatory -

component.

In the classical normal shock solution, an upstream normal Mach number is specified,
and from this, a downstream Mach number is calculated. In the unsteady problem at
hand, both an upstreamm Mach number and a downstream Mach number are epecified,
the downstream value being set by the equilibrium, classical fixed shock soluticn plus a
perturbation introduced by surface oscillations. In order to satisfy continuity, momentum
and energy conservation with arbitrary upstream and downstream Mach numbere, the shock
must move so as to change the apparent shock-relative Mach number of both upstrearn and

downstream.
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Because the pressure ratio across the shock changes as the shock-relative upstream Mach
number changes, the shock layer and boundary layer motion cannot be treated with simple
linear oacillator thedry. The behavior of the flow on either side of a low frequency oscillating
shock is developed following the quasisteady approach of Ng and Kerrebrock [43]. First,
the unsteady continuity equation in integral form

_/].gpﬁ.ﬁds=§i‘//-vpdv (B.1)

is evaluated for a control volume around the shock, as so:

pauz — pruy = (p3 — p1)W (B.2)

where region 1 is upstream of the shock, region 2 is downstream, and W represents the speed
of the shock itself. The time derivatives of density have been neglected in the unsteady term
of this equation, as so:

(pv) p?: (B.3)

which results in the right hand side of equation (B.1). This quasi-steady assumption thereby
treats the moving shock as if it were a steady-state solution with constant velocity at each
point in time. As will be shown, this assumption restricts the following development to low
frequency surface motions, since at higher frequencies, the time derivative of thermodynamic
properties will become large. Note that with W = 0 the continuity equation reduces to the

relation for normal, fixed shocks, as expected.

Similarly, the unsteady momentum equation

-[/S(pV-ﬁV + pit) dS = %f[[vpﬁdv (B.4)

(p2u? — p1u}) + (p2 — p1) = (p2uz2 — prun)W (B.5)

becomes

and the unsteady energy equation in the absence of heat addition or work

B ffs” (" M V72) = /f/ (e + —) dv (B.6)

becomes
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-1
(pavaTis — praTey) = (p2Tea — 1 Ten) W - 1';,— (paT3 - nTH)W (B.7)
where we have used h = C,T , h = e+ RT, and R/C, = El and assumed constant specific

heat at constant pressure C,.

Combining equations (B.2) and (B.5) results in'

?1 =1+ 807 "‘("‘ )(u, — u3) (B.8)

or, in terms of Mach numbers,

ﬁ =1+ v{My - M) (Ml - :—:) (B.9)

where M,, = W/a;, the absolute shock Mach number relative to the upstream region.

Defining M3 = u3/a; and P = p3/p;, we can rewrite the momentum expression more

simply as

P =1+~(M; - M) (M1 - M;) (B.IO)

where the pressure ratio acroes the shock is » = p2/p,, as before. It is most convenient to
define all Mach nurnbers in terms of the upstream speed of sound because it is independent

of the downstream perturbation conditions.

The energy equation (B.7) can similarly be written in terms of Mach numbers by sub-
stituting for the total temperature from the isentropic flow relation, which is still valid

upstream and downstream of the shcck under the quasisteady assumption:

I _ ( 7-1 z')
7=(1+5-M (B.11)
so that
2T [(u, —-W) (1 + l;—IM,’) + X ; lM.,] = (B.12)

- -1
nTy [(“l - W) (1 + lé—lMlz) + L o Mw]
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or _ [(m - Ma) (1+352M3) + 352 M, ]

T [ - ma) (14 32 M) + 52 M

(B.13)

Although it is ultimately of interest to solve for the moving shock velocity, and hence its
position relative to the surface, the moving shock Mach number can be removed explicitly
from equation (B.13) by rearranging equation (B.10) as

(1-2)

My = My + —= 2
T a(My - M)

(B.14)
Equation (B.13) depends on both M; = u3/as and M} = usz/a,. These can be related
with the continuity and momentum equations:

2
az
M;z = Mzz (_1)

M2 2221 B.15
2 P1 P2 ( )

into which p2/p; can be substituted from equation (B.10). From continuity, the density

ratio is:
n _ wm-w
P2 “1’- w
- H (B.16)
which we can use to solve for M3, using equation (B.14) to substitute for M,:
M3 =M3P (1 - L’"é{—flﬁ) (B.17)

Equations (B.13), (B.17),and (B.14) cannot be solved in closed form, but they provide
a unique solution for the shock pressure ratio, and hence the shock velocity, as a function of
upstream conditions and the downstream velocity perturbation. In general, the downstream
velocity perturbation is the sum of the effects of relative wall velocity and the rate of change
of boundary layer thickness, primarily due to shock-induced pressure variations. Thus, with
a boundary layer, the downstream Mach number is dependent on the shock velocity, so the

entire field is strongiy'coupled.
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It is important to note that the downstream Mach number is the total Mach number,
the sum of the equilibrium (steady, fixed shock) and oscillatory Mach numbers. Since it
is ultimately of interest to observe the shock motion relative to the equilibrium state, the
downstream Mach number can be separated into its components. From steady oblique
shock theory, the downstream Mach number in terms of upstream Mach number is:

1+ 51 M?
Mi= I L (B.18)
M - 15

It is convenient to transform this into an expression for the equilibrium value of M3}, the

downstream Mach number in terms of the unchanging upstream speed of sound, with the

oblique shock temperature ratio:

_ 2y 2+ (y - 1)M? .
Fl_[1+7+1(M1’ 1)][ G+ M ] (B.19)

2, equilibrium — (,’ + l)M1

This in turn can be substituted into the above formulations for continuity, momentum, and

such that

(B.20)

energy, with
(y=1)M{ +2
(v+1)M;

so that M, can be solved directly in terms of the surface motion.

(B.21)

M; = M‘;.oacillatory +

The quasi-steady shock motion for various incident normal shocks, M,,, normalized to
the surface Mach number M, is shown in Figure B.1, plotted at various incident normal
Mach numbers. Several interesting features are apparent in this plot. Observe that, at each
incident Mach number, there is a minimum surface Mach number at which the quasisteady
flow equations can be solved. Recalling the comparison between the 1-d piston and an
oblique wedge shock, this limit is analogous to the maximum wedge angle criterion for
steady, oblique wedge shocks. For the Mach numbers shown, the shock velocity is generally
close to that of the surface. For instance, at incident Mack number 1.5, the shock Mach
number is typically about 80% of the surface Mach number. As incident Mach number
increases, the shock velocity approaches, then exceeds the surface velocity. Note also that,
at each incident Mach number, the shock velocity becomes a smaller fraction of the surface

velocity as the surface velocity increases.
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Figure B.1: Relative shock motion and pressure ratio versus surface motion. Top set of
lines represents M,, /M, while lower set is the oscillation pressure ratio divided by the

equilibrium value
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When the surface velocity is zero, the shock velocity will also be zero, so it might be
expected that the ratio of shock velocity to surface velocity would approach unity at that
point. In fact, this is not the case. Indeed, the ratio of shock velocity to surface velocity
decreases monotonically with increasing surface velocity. This result is consistent with the
findings of the previous section, in which it was shown that there is only one specific wedge
angle at which a shock will remain statically fixed, relative to the surface, at a given incident
Mach number. Similarly, there is only one incident Mach number in the quasisteady model
at which the shock velocity matches the surface velocity exactly in the limit of small surface
velocities. For 4 = 1.4, that incident Mach number is 2.2, which is approximately equal to
the normal Mach number at each of the fixed-shock wedge angles presented in Table 4.1.

The quasisteady solution is converted to a plot of relative shock motion as a function of
surface oscillation frequency, for fixed values of oscillation amplitude. Figure B.2 is a typical
representation of the extremes of shock motion relative to the surface motion, at conditions
corresponding to a wedge of 5 degrees flying at Mach 20, 50 km, with a 1 cm oscillation
amplitude. In the limit of zero oscillating frequency, the relative shock motion approaches
the oscillation amplitude. This occurs because, at low frequency, the downstream oscillation
velocity approaches zero, and thus the moving surface can have no effect on the shock, so
the relative motion is just the surface motion. Observe that the shock motion matches the
surface motion even at relatively low frequencies, implying that throughout most of the

frequency range, the shcck is approximately fixed relative to the surface.
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Figure B.2: Relative shock motion versus oscillation frequency. Quasisteady soltuion limit

is calculated for a 1 meter thick downstream region between the shock and the surface
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Recall that the quasisteady assumption is only valid at low frequencies. At higher fre-
quencies, the time derivatives of thermodynamic properties will become important. The
quasisteady model can be checked for self-consistency by examining the magnitude of
Vap/at versus pdV /3t by inverting equation (B.16) and differentiating with respect to
time, holding the upstream density constant and assuming some reasonable value for the
control volume height (say, a few meters, corresponding to the width of the shock layer.)
Doing this, we find a cutoff in the applicability of the quasisteady model, in the neighbor-

hood of 1 kHz for the solution presented above.

Although the frequency range above the quasisteady regime must be handled with the
complete unsteady equations, some simplifications can be drawn for extremely high frequen-
cies. In the quasisteady range, continuity is satisfied in the presence of surface motion by
moving the shock, while the instantaneous values of density remain unchanged. The quasis-
teady assumption fails when the downstream region experiences large order density changes
to satisfy continuity requirements. In the limit of high frequency, this density change will

accommodate all of the plate motion, and the shock will remain stationary.

This regime can best be understood with the 1-d piston analogy. An oscillating piston
that generates a finite compression wave as it moves into the gas generates a finite expansion,
or rarefaction wave, as it withdraws. The expansion wave will catch up with the compression
wave and weaken it, eventually cancelling it if the piston motior is symmetrical [44].
The highest frequency surface motion that can drive the shock corresponds to the point
where compression waves generated by the oscillating surface are cancelled by subsequent
rarefaction waves before they reach the shock, so the ~":ock is not affected by the surface
motion. For the conditions of Tigure B.2, cancellation occurs beneath the shock at a
minimum frequency of about 100 kHz, above which the shock will presumably remain fixed
even in the presence of surface motions. Between 1 kHz and 100 kHz, the motion will be

something between these two limits.
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B.2 Dynamic Motion With a Hypersonic Boundary Layer

The above solution has made no consideration of the effect of the thick hypersonic
boundary layer on the surface. The boundary layer will in fact alter the downstream
velocity, and so change the downstream perturbation conditions as perceived by the shock.
The boundary layer is affected by the shock motion because the pressure ratio across the
moving shock can differ substantially from the pressure ratio across the equilibrium shock.
As the surface Mach number increases (moving away from the shock), the pressure ratio
decreases. The converse happens when the wall moves towards the shock. The variation in

shock pressure ratio with surface Mach number is also shown in Figure B.1.

The downstream thermodynamic properties do not vary symmetrically with surface
velocity, as pointed out by Ng [43]. For instance, with upstream normal Mach nurnber
1.5, the static pressure ratio increases 25% over the steady value when the surface moves at
Mach -.19, referenced to the upstream speed of sound, but decreases only 22% at a surface
Mach number of +.19. Thus, the time- averaged shock pressure ratio over one complete
cycle of pure sinuscidal surface motion will be slightly greater than the steady-state value
for the same upstream Mach number, so the average boundary layer thickness should be
correspondingly smaller. In actuality, this effect is very small over the range of conditione

that would be encountered in the sorts of vehicles being considered herein.

As was shown earlier, the laminar boundary layer thickness is inversely proportional to
the square root of the pressure ratio across the shock in the steady state. It is therefore
reasonable to assume that the shock motion, driven by surface motion, will in turn change
the size of the boundary layer, and thus the effective flow displacement surface. The effect
of this boundary layer motion, when added to that of the actual surface motion, may either

amplify or diminish the total net downstieam oscillation velocity in the quasi-steady model.

The time rate of change of the boundary layer thickness is expre “ed in terms of the
time rate of change of the pressure ratio. It is assumed that the boundary layer thickness
will scale with some power of the shock pressure ratio. If the boundary layer expands and

compresses isentropically, its thickness will scale with P~1/7; in the equilibrium boundary
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layer limit, as shown by the work of Bertram and Blackstock [31), it will scale with P~1/2,
If 5; and P, are the equilibrium values of boundary layer displacement thickness and shock
pressure ratio (murhed constant in the weak interaction region), the time varying boundary
layer thickness can be represented as

5°(2) = 6 (-fﬂ-)* (B.22)

° \P(t)

with 4 < n < 2. The time derivative of boundary iayer thickness, and thus, the perceived
velocity of the displacement surface relative to the plate surface, is:

. 1/n
% = ‘% 5 p(t;;m_)/u% (B-23)
The pressure term exponent (n + i)/n typically ranges in value from 1.5 with boundary
layer equilibrium to 1.8 for isentropic compression at high temperature, so the difference
between the isentropic compression assumption and equilibrium boundary layer motion
is relatively insignificant. These assumptions have neglected dynamical changes in the

boundary layer flow due to changing free-stream pressure, which will tend to reduce the

variation in boundary layer thickness.

Thus, with the equilibrium boundary layer-shock pressure ratio, and assuming the sur-
face moves only in the normal direction, we can write the total downstream Mach number
in terms of the equilibrium value, the wall oscillation velocity uyay, the shock angle 8 and

the surface angle @, and the boundary layer thickness:

M(t) = M3 gt + a—ll (umul(t') cos(f - 9) + % b, P(:{?)E 7 %%(z",t")) (B.24)

Observe that in equation (B.24) the Mach number at time t has been expressed in
terms of the wall velocity at time t' and the shock pressure ratio and its derivative at
position z" and time t" because disturbances propagate at a finite velocity. Depending on
the propagation length, this may introduce a phase shift between the peak pressure ratio,
leading to smallest boundary layer, and maximum outward surface velocity. Thus, wall

motion and pressure ratio may either reinforce or counteract each other, depending on the
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propagation path, so the shock motion must be considered in terms of the size of the shock

layer and the local Mach number.

The finite propagation speed of wall and shock disturbances actually simplifies the anal-
ysis of shock motion with the boundary layer. It is reasonable to model the shock motion
by assuming the wall velocity affects the downstream conditions on some portion of the
shock farther along the surface, along a characteristic, causing that region of the shock to
move, changing its pressure ratio, which affects the boundary layer thickness even farther
down the surface. This boundary layer motion, added to the surface oscillation, is the total
displacement seen by some portion of the shock even farther along the surface. We have
found that the moving shock has a speed and amplitude comparable to that of the moving
wall for most frequencies, so the solutions with the boundary iayer that are of the most
interest will be those in which the boundary layer thickness variations overwhelm the actual

plate motion.

The small angle of the characteristics at the Mach numbers of interest here implies that
the boundary layer contribution to shock motion will only be important for large forebodies,
and thus, large vehicles. For instance, for a section of the shock being driven by boundary
layer oscillations 30 meters from the leading edge of a 5 degree wedge travelling at Mach
20, the initial driving wall disturbance originated only 6 meters along the wedge surface.
The same wedge at Mach 10 would experience boundary layer motion effects on the shock
30 meters down the surface from wall motions that occur only 2 meters from the leading

edge.

Figure B.2 also shows the quasisteady solution for shock motion with a 2 meter thick
boundary layer being driven initially by a 1 cm amplitude wall motion. The presence of the
boundary layer greatly increases the amplitude of shock motion at high frequencies, where
shock pressure ratio changes become important. In this case, the shock is still following
the apparent change in downstream velocity, but that downstream perturbation has been
greatly amplified by the thickness variations fo the boundary layer. In other words, the

boundary layer has amplified the apparent motion of the surface, as perceived by the shock.
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At first, this might suggest that the boundary layer will substantially increase the am-
plitude of shock motion. However, for the specific conditions depicted in this figure, the
boundary layer amplification is only significant in the region of frequencies above which the
quasisteady solution is self-consistent. As indicated above, at moderately high frequencies,
the effect of downstream displacements on shock position is diminished, and at very high
frequencies, eliminated, by the time variation of thermodynamic properties. Therefore, we
may conclude that, for most reasonable transatmospheric flight conditions, the forebody
bow shock will remain fixed relative to a moving surface even in the presence of a thick
boundary layer. The influence of the boundary layer on shock-inlet matching need be taken

into account only for steady-state changes in angle of attack.
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Appendix C

Incorrect Attempts at Avoiding Singular

Behavior at the Wall

C.1 Viscous Height and Slip Velocity Solutions

It is first worth investigating whether the wall problem can be avoided while retaining
the inviscid assumption. Two approximations present themselves. One approach might
be to select some effective viscous displacement height ¢ above the wall, from which the
integration can begin, to avoid the singularity. Another solution would be to determine
a slip velocity at the wall, thereby avoiding the zero velocity condition. Both of these
approaches, though seemingly simple, are fundamentally flawed, and it will be seen later
that the complete inviscid assumption must be relaxed to permit the inclusion of some

viscous effects at the wall.

There are two problems with the viscous displacement height approach. First, nc obvious
criteria exist for accurately determining that displacement height. It might be argued that
this length scale could be selected on the basis of some fundamental physical argument. For
instance, it might be set to some multiple of the mean free path, »r to some assumed viscous
penetration height, based on an assumed viscous diffusion rate from the wall. However,
because of the strength of the singularity in the integral, the final solution will be extremely
dependent on the value of ¢ chosen. In effect, selecting ¢ will determine the final value of

B, which will in turn determine the entire compound nature of the channel flow.

With a lower integration limit, the integral solution for 8 in a power-law Mach number

profile becomes:
H-H™e(172")  H—¢

T oq(t-2m)M2 T 4 (C.1)

4

299



In the vicinity of n ~ 1:

H(H 1 H-c¢
| p=3 () €3
For ¢ « H, this becomes
H(H

If H/e » M? the compound flow parameter is inversely proportional to ¢. Order-of-
magnitude arguments are inappropriate for such a sensitive parameter. Furthermore, the
typical hypersonic flow profiles are sonic very close to the wall. Selecting even a moderate

value for ¢ may well eliminate the entire low-speed portion of the flow.

Another difficulty with this approach is that the introduction of an external length scale
will prevent the application of similarity solutions for the laminar boundary layer to this
channel flow. As will be shown later, the retention of the similarity form greatly simplifies
the flow profile solutions in the channel. Indeed, the assignment of some ¢ is essentially
an ad hoc means of including viscosity in this solution. By setting a lower limit on the
integration, it is assumed that pressure gradient effects at the wall are exactly cancelled out

by the normal gradient in shear, thus satisfying the no-slip criterion.

The other means of avoiding the wall singularity mentioned above is to assign a slip
velocity at the wall, so that 1/M? # oo when y = 0. This approach is similar to that taken
by Elfstrom [45] in studying the separation of a compressible turbulent boundary layer
subject to a ramp-induced shock-generated pressure-rise. Indeed, for the case of a turbulent
boundary layer profile, such an approach may be acceptable because of the velocity slope
near the wall. For the turbulent case, selection of a slip velocity would essential skip over
the laminar sub- layer, where it is assumed that viscous effects exactly cancel pressure
gradients. Elfstrom chose a slip velocity by linearly extrapolating the velocity above the
laminar sub-layer to the wall. However, because the so-called wake region above the wall is

not itself linear, such an extrapolation is often difficult.

The slip velocity approach is inadequate fcr the laminar boundary layer. In the lam-
inar boundary layer profile, velocity increases almost linearly with height above the wall
(especially when considered in the transformed incompressible plane.) Thus, there is no

simple way to extrapolate the profile to a finite value at the wall. In fact, there will be a
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slip velocity at the wali which scales in proportion to the mean-free-path, so it is tempting
to select a non-zero wall velocity based on some mean-free-path assumption. Thie solution
is very similar to the viscous displacement height approach, and is invalid for the same
reasons, namely the difficulty of accurately selecting the wall value, and the sensitivity of

the 8 parameter to this choice.

In addition to the difficulties involved, the introduction of a slip velocity or displace-
ment height is objectionable because it would entail bringing rarefied gas assumptions into
a continuous fluid model. One of the principle goals of a continuous fluid model is the elim-
ination of the need to consider individual molecular processes. Once the continuous flow
assumption i8 made, the fluid should be describable entirely in terms of the bulk transport

properties, without recourse to include molecular-scale properties.

The problems encountered at the wall might be eliminated if the entire boundary layer
were averaged in some sense before the net effect on the channel flow is evaluated. Descher
[46] solved for the behavior of continuous profiles by taking an “equivalent” area average
of stagnation properties across the channel, and then observing their evolution. However,
he used area-averaging because it is the most common average used for experimentally
determining engine thrust; there is no obvious physical justification for doing so. Irdeed,
the form of the # parameter suggests that both Mach number and area would have to
be considered for averaging. Descher’s results are somewhat difficult to apply to general
profiles, and their simplest application is to so-called “nearly uniform” profiles in which the

area averaging approach would be most valid.

In experimental evaluation, mass averaging or momentum averaging are often favored,
because they conserve the properties being averaged over [47]. The particular merits of
each averaging scheme is a matter of some debate, especially in the experimental commu-
nity. Both mass averaging and momentum averaging are inappropriate for application to
the hypersonic boundary layer profile, since the mass flux in the boundary layer is very
small (and equal to O in the limit of Mpree gtream — ©0.) As such, a mass-averaged or
momentum- averaged quantity will tend to lose boundary layer influences. Further, there

is no justification for averaging the flow properties in a profile that is not mixing out.
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C.2 The Failure of Weighting Function Methods

It has teen argued that viscosity must be added to the integral formulation in order to
extend the streamtube model to the no-slip condition at the wall. However, in the course
of this investigation, it was originally suggested that the wall boundary condition might
be eliminated while retaining the purely inviscid, pressure-matched model, by suitably
weighting the integral representation of the profile. Because this idea seems promising, it

is worth exploring the reasons for its failure.

In solving for the continuous profile, especially when the streamtube summation is con-
verted to an integral representation, it is tacitly assumed that all streamtubes are of equal
area. In fact, there is no physical reason to make this assumption, and it is done merely as
a mathematical convenience. Indeed, since the notion of the streamtube is an abstraction
used to approximate the non-mixing nature of the flow, it would be equally permissible to

decompose the flow into streamtubes of different areas.

The streamtube nearest the wall is the one that introduces a singularity in the summa-
tion solution. Tha’ is because it is the streamtube that satisfies no-slip, and thus has zero
velocity. The notion of a zero- velocity streamtube is incompatible with the one-dimensional
flow equation development. For instance, in the derivation of the 1-d flow equations, equa-
tion ( 6.24) was divided by u? to obtain equation ( 6.25). This is mathematically invalid
when u = 0. The mathematical difficulties introduced by the zero wall velocity cannot be
avoided by solving in terms of Mach number. In general, a zero Mach number flow is a valid
condition because it can represent a flow with finite velocity, but infinite speed of sound,
as would be the case in an incompressible flow. However, in the profile of interest here, the
M = 0 constraint at the wall corresponds directly to u = 0, so the singular behavior cannot

be avoided by solving for the limit of wall Mach number.

A weighting function might be selected so that the area of the troublesome wall stream-

tube approaches zero and does not drive the 3 integral to divergence. The one-dimensional
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flow equation for streamtube area is weighted on both sides by a function, w(y), as follows

w(y)A ] din P (C.4)

Where w(y) = 0 at y = 0, and w(y) — O as fast as M? — 0. Then, w(y)A is the
streamtube area, with A some constant parameter. Several obvious choices are available
for selecting w(y); for instance, w(y) = y?, since velocity scales linearly with y at the wall,

or w(y) = M?, which would cancel the Mach number singularity anywhere in the flow.

The right side of equation (C.4) can be integrated simply, by changing dA — dy. How-
ever, the left side is difficult to handle, and its meanirg is unclear, since it can no longer be
incorporated directly into a proper integral. If both sides of equation ( C.4) are integrated

over the entire channel height, H, for a 2-d channel:

/;”w(y % =/-le [A;z 1] (d:;;P) w(;;)dy (C5)

where the left side is not a proper integral statement. In the original treatment, the integral

over the streamtube areas was identically equal to the streamwise derivative of the total

channel area:

Hdy 4 (H dH
Z %) =%

0 dz dz 0
made possible because the integral of the derivative equals the derivative of the integral.

(C.6)

This is convenient because d H /dz is a known quantity, specified by the particular geometry
selected for the channel walls. With the weighting function, the left-hand side of equation

(C.4) cannot be related to a simple known quantity.

The integration is accomplished with Leibnitz’s rule:

d [H(z) Hiz) dw(z,y) dH
) wevdy= [0, wz, H) 52 (c.1)
Rearranging equation ( C.7), the streamwise change in channel area is:
dH d ( ) 3w(z, y) '
oo G = [ wle sy - | (C8)

The first term on the right-hand side of equation (C.8) is solved from the weighted expression

for one- dimensional area change, equation (C4):

/w(y)% = / [# - l] dln P@ (C.9)

303



Assuming w(y) has been selected correctly, this integral will not diverge, and so can be

solved with an assumption of completely inviscid fiow. The second term, cannot be handled

because
dw Jdwdy
—_= .10
dr Odyadz (C.10)

At first glance, it might be assumed that dy/dz = 0, because the coordinate frame is fixed.
But, the coordinate y used above ie the streamtube coordinate; thus, dy/dz is rot zero, but
rather is defined as the change in vertical position of the streamtube as it proceeds through
the channel. This is evaluated for an arbitrary streamtube by summing the change in height

of all the streamtubes above or below:
dy d /‘ ¥
= = — d .
dz dz Jo y (C.11)

where the normal coordinate Y must be an absolute position, independent of the streamtub-
position y(Y). The right-hand side of equation ( C.11) is evaluated with the one-dimensional

area change relationship:

dy _[Yr1 din P dy

But this is once again singular at the wall, so the method has failed.
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Appendix D

Estimating the Normal Pressure Gradient

Through a Shock at Small Wedge Angles

The strength of the shock-imposed pressure gradient can be estimated from the equation
for downstream pressure and the shock angle relationship. Since the wedge angle is constant
over the profile, it is most desirable to express the shock angle in terms of the wedge angle,
with a close ‘orm expression that can be used in the pressure equation. As stated above,
however, such is not possible because the usual small shock angle assumption cannot be
made in the lower regions of the boundary layer. Because the free-stream is hypersonic, we
can safely assume small wedge angle, which simplifies the problem considerably, following

the development of Liepmann and Roshko [48].

In the limit of small wedge angle, the shock angle approaches the Mach angle, given by
. .1 L)
ﬂ-hl:::l-'o Bshock = 8in ( i (D.1)
From the familiar shock angle /wedge angle plots (often called §-8-M diagrams) (5], the

shock angle increases fairly linearly with wedge angle for sma!ll wedge angles (say, less than

5°).

In the limit of small wedge angle,
. - 1
Bahock =~ sin™ (E-) (D.2)
where M is the upstream Mach number, as before. For convenience, define
z = (M?sin? Bypock — 1) (D.3)

The small wedge angle assumption means that z ~ 0. Equation ( 7.1) can be wriiten in

terms of z:

2 cot Behock 2 (D.4)

tanfd =
Mlz('f + cos ﬂlhock) +2
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Eliminating Sshoex from the definition of z:

sin? Behock = ('—131) (D.5)
or,
Bunock = 8in~" ( ZJ 1) (D.6)
the value of cot Sshock is then represented by
cot fshock = _Lﬁ;__il_’_l (D.7)
so that
c082Pshock = 1 — 2 f—;f—;; (D.8)

The shock angle is now expressed in terms of z only by substituting for the Pahock terms:

71—
Mi-1-

tanf = ke (D.9)

M} (1+1- 31;—}?11) +2
/Ml’—l—z
2 s+1 z (D 10)

Again, the limit of small wedge angle, 9 — 0 is also the limit of z—0;

Zz\/Mf -1-2z
lim ~

20T T ()M

(D.11)

Care must be taken with the term under the square root, (M 2_-1-z). The small z limit
is not always lims—o(M{ — 1 - z) ~ (M} — 1) , because when My ~1, (M} -1-2)=z

Under the assumption that Mi-1-z= M} -1,

2y M2 — 1

tanf = —3 2 D.12
an (1+1)M§z ( )

This same result is found more rigorously with a binomial expansion of the numerator term,

Ve 2 .\

Mi-1-2z = MI_I(I—M—?-—_I) (D.13)
— y JE i ——
= M;j 1 (l Z(Mf - l)) (D.14)
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The binomial expansion is only valid when M} > 1. Under these conditions,

tand = E.___VMLI e |,
R ICES VY7 ) I (v + 1)M2 /M3 - 1 ’

As long as M} > 1, the z? term can be dropped for small z, which is accomplished by

(D.15)

simply setting M — 1 — z = M} — 1 for small z.

In the limit of M; ~ 1, we can write M7 — 1 — z ~ z and thus
223/2

tan0= m

(D.16)

Both of these limits can be solved for z as a function of the wedge angle. For M; > 1,

2
z= o+ )M; tan @ (D.17)
2\/M? -1
and for My ~ 1, y
2/3
z= (7T+IM,2 tan 0) (D.18)

Once z is known, the pressure ratio across the shock is uniquely determined. Equation

( 7.4) can be written as

P2 2y
—=1+ z D.19
p1 7+1 ( )

Substituting for the two limits of z, and noting that tan8 ~ 8 if § ~ 0,

e M>1:
The shock pressure ratio is:
P2 Mt
— =14+ ——1 (D.20)
P1 VME-1
The pressure gradient generated by the shock is:
d 2] M?
-a—pz = plqﬂa— (—2—;) (D.21)
y y\yM:-1
My(M} - 2)\ oM
= D.22
oM
o~ pnﬂa—y (D.23)
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where changes in 7 across the profile have been neglected.

s M~1:
The shock pressure ratio is:
2 1/3 2/3
:% =1+ (m) (‘1M120) (D.24)

The pressure ratio generated by the shock is

9p2 _ 2 \Y3 s 8 (.48
2y - P (,7—_*_—1) ()™ 5, (M%) (D.25)
4/ 2 \3 M,
= n3 (7—+—1) (v0)*° (Mll/ 8) —ayl (D.26)
~ 5l _27_2. l/3(0)2/3% (D.27)
R ACTS 3y '

With these two limits, the magnitude of the imposed pressure gradient can be =stimated.

For v~ 1.3,
apz _ oM
E = 13p 0 3y M; > 1 (D28)
9p2 _ 2/s OM -
ay = L7 P1 0 a—y Ml ~1 (D29)
(D.30)

In the laminar case, for § ~ 5°, and a Mach number gradient dM/3y ~ M,/§, with
M, =10

dpz _ (Pn)

5 = 18 (F) M»i (D.31)
% _ 415 (ﬂ) M ~1 (D.32)
dy )

(D.33)
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This is a substantial gradient, especially near the wall,and cannot be ignored in the calcu-
lations. Note also that, although the pressure gradient is much greater in the low-speed
regions, the exact clc;taila of this portion of the flow are questionable because separation of
the boundary layer due to the shock may affect this region drastically. In the turbuient
profile, the same magnitude of pressure changes across the profile, but in a much smaller

distance, on the order of 10% of the boundary layer height.
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Appendix E

One-dimensional Combustor Designs

E.1 Analytical Model of the Constant Pressure Combustor

In chapter 5, a simple combustor profile was presented for a two- stream analysis. This
combustor was designed for constant pressure operation, which was achieved by setting
both area and temperature to exponential functions of the streamwise coordinate. As a
result, Mach number and static temperature were exponential as well. Though perhaps
overly-idealized, the constant pressure assumption makes for some very simple analysis,

from which much physical insight can be drawn.

In this chapter the constant pressure combustor will be used as one example to demon-
strate the compound-compressible flow characteristics of an inlet flow with profile. Recall
that such a combustor is designed for one-dimensional flow by setting the logarithmic deriva-

tive of pressure equal to zero in the pressure influence coefficient expression:

apP

7 =0

(E.1)

| M YM? 1 dT
1—M2 1-M2| T

or —; = T (E2)
This is satisfied by exponential functions of the streamwise coordinate, as we found in

chapter 5.

The concept of total temperature is only meaningful in a calorically perfect gas, with
constant specific heat. Although enthalpy is conserved, total temperature can change if

C, changes. Throughout this chapter, heat addition will be referred to in terms of total
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temperature rise rather than enthalpy rise, to be compatible with the results of compressible
fluid mechanica for calorically perfect gases. This requires that the flow total temperature be
corrected as Cp, changes, 80 enthalpy is conserved. One means of simplifying this is to define
some average Cp which is representative of the entire channel. This introduces inaccuracies,
but permits ready solution of the analytical problem. The inlet total temperature can be
defined by dividing total enthalpy by this C,. Combustor heat addition is then handled in
terms of total temperature addition, which must be consistent with this value of C, so that

the final enthalpy is correct.

The constant pressure combustor has the desirable characteristic that it is resistant to
separation, because there is no adverse pressure gradient. For this reason, Swithenbank has
favored it as the design of choice [37]. The total temperature profile also has reasonable
behavior, because we would expect the heating to trail off exponentially, since it is the

product of a collisional process.

Because pressure is constant, and the flov is assumed inviscid, the velocity cannot change
in a constant pressure combustor. Thus, all heat addition appears as thermal energy, with
the flow kinetic energy remaining constant. As a result, we can write dTiota1 = dTgtatic in
such a combustor. An increase in total temperature results directly in an increase in static

temperature.

For purposes of analyzing the channel flow, the area profile, A(z), or rather, the stream-
wise derivative of area, dA/dz, and the heat addition, dT\,, /dz must be specified. These

values come directly out of the constant pressure assumption.

The constant pressure channel area is exponentially increasing, along with the static

tempersature:
= Anitial €°/*? (E.3)
= Tinitia /P (E.4)
As heat is added, the flow is expanded just enough to keep the kinetic energy constant.

The Mach number is decreasing because the velocity is constant, and temperature is rising.

This effect can be seen from the influence coefficient expression for the square of the Mach

311



number:

am?_ [-2(1+ 353 M3) dA 1+9M? dT
"M? 1- M3 1-M? (E5)

where we have used the fact that dTi,ta = dTjaic if velocity is constant. With dA/A =
dT /T, we can see that
dM? _ dT

M ST (E-6)

a result which was stated without proof in chapter 5.

The heating profile along the engine channel is specified directly because any change in

total temperature goes directly to static temperature. This is the basis for setting

dTiotal _ Tiotal ( 2 i 1—2) -1 z/\p
dz AD 1+ 2 M € (E7)

as was done in chapter 5. The term T, is then simply the initial value of total temperature
entering the engine. Knowing this and an initial Mach number M, the heating profile is

fully determined.

One aspect of this combustor is that, with an exponential temperature profile, the flow
will simply get hotter and hotter, unless we limit the amount of heat that is input through
the channel. There is no built-in limit to the heat addition in this channel. Indeed, the only
scale that exists is the length parameter, Ap. To size the engine, the final value of x must
be bounded. This is done by putting a limit on the total heat addition available, ultimately
set the available chemical energy of the reacting svstem.

The static temperature equation is used to calculate the heat input with the isentropic

relation:

Tiowi(z) = T(1+ 1= M(z)?)er/0 (E.8)

Writing the initial static temperature in terms of the initial total temperature and Mach

number, and noting that the Mach number decreases exponentially down t! e the channel:

= e¥ip 4 Jg—lﬁz
Ttotal(z) = Total 1+ J%!Hz (EQ)

If the final total temperature is known, the above expression can be inverted to solve
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for the heat addition length:

-1 —_ 1
Tanal = Ap In Tootal fnal (l + X Mz) -1 - ! z} (E.IO)
Tiotal,initial 2

This provides the limit to combustor length.

In reality, it can be assumed that accomplishing constant pressure combustion would be a
difficult task in a supersonic combustion engine. The vagaries of the high-speed combustion
process, especially since they are so dependent on the mixing process at high Mach number,

introduce uncertainties that make realization of such behavior impractical.

The constant pressure assumption is certainly not the only simple one that can be
made. For instance, the combustor could be designed to operate at a specific, constant
temperature. The specification of this is somewhat more difficult than for the constant

pressure case.

E.2 Analytical Model of the Constant Temperature Com-

bustor

The constant temperature combustor may be thought of as the opposite operating limit
to the constani pressure design. Recall that all the heat energy of the constant pressure
scheme went into thermal energy. In the constant temperature design, all heat energy goes
into kinetic energy of the flow. While this may seem desirable from an energetics standpoint,
there may be large increases in pressure associated with the combustion process, and this
may induce separation. The constant pressure assumption derives its simplicity from the

fact that, without a pressure gradient, momentum remains constant in the channel.

Just as the constant pressure ccmbustor was derived from the influence coefficient ex-
pression for pressure, so the shape of the constant temperature combustor can be solved

from the corresponding influence coefficient expression for temperature:

ar

T =0

(E.11)

313



h_-ni’]d_A__[l-vM’]iT_e
T

= | 1M | A~ |10
. dA _ —‘1M2 thonl
A" [(1-1)M’} T (E.12)

The total temperature can be written in terms of the constant static temperature and
Mach number. Starting with the isentropic flow equation relating total and static temper-
ature,

T,=T(1+ '—’—;—IM’) (E.13)

written in logarithmic form:

dT, _dT IZM? dM?

T =T + " J;_le e (E.14)
and noting once again that 2dIn M = dIn M2, the area relationship becomes:
dA 2 dM
7 = ("]M - 1)7 (El5)
This is readily integrated, so that between station 1 and station 2,
Az M, {'1 2 2 }
A, = M P 2(M2 My) (E.18)
At any position z, the area can be defined in terms of the initial Mach number and area,
Ml and A1:
. M M} (M(z)?
A(z) = Ay M) exp { ) M 1 (E.17)

It is inconvenient to carry the Mach number around, since the Mach number profile is not
specified directly. Instead, the varying Mach number M(z) can be written in terms of the
total temperature, because the static temperature is constant. From equation( E.14):

1,

= = (1- )M dM (E.18)

Integrating both sides between stations 1 and 2:

-1
Tiotal 2 — Thotal1 = T7_2- (M7 - M) (E.19)

Thus, the Mach number at station 2 can be defined by the heat addition and the initial
Mach number: |

_ Tiotai2 — Thotat1 2 2
M, = \/ - M (E.20)
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Removing the Mach number from under the square root sign,

Ttot:l 2~ Ttotal 1
=M, E.21
Mz l\/ Tiotatn - Th t (B.21)

If M, is hypersonic, the total temperature will be much greater than the static temperature,

and the Mach number relaticnship is greatly simplified:

My = My, | Dotai2 (E.22)
Ttotal 1

The area then follows the form:
/Ttonl 1 M} ( Tiotal )
A(z) = Ajy/——exp{ — | m— -1 E.23
( ) ! Ttotnl P { 2 Ttohl 1 ( )

A heating profile can be specified, and plugged into the above equation to solve for area

at any location. A reasonable assumption is an exponential heating process, of the form:
= Total = Tiotal1 + Thotars A(1 - e—zllo) (E.24)

where Ap is the design characteristic heating length, similar (though not equal) to the
length scale defined for the constant pressure scheme, and A is defined as the fractional
increase in total temperature, referenced to the initial total temperature. The ratio of total
temperature at any z to that at station 1 is therefore

Tiotal _ | | A(1 - ¢~2/p) (E.25)
Ttotal 1

so that the streamwise derivative of total temperature is

thotal _ Ttotal 1A -z/AD
Tl = e e (E.26)

Once again, it should be pointed out that total temperature is not a conserved property
if Cp is changing, and care must be taken to keep total temperature consistent with Cp so
that the correct enthalpy change is realized. In talking about total temperature rise here,

we are actually referring to a rise in enthalpy at some assumed average C,.
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Plugging this profile into the area equation, the area at any z position in terms of the

initial conditions is:

£ = — A ex YMEA _ o }
A V1+A0 - em=/o) p{ 2 ( ) (5:21)

The streamwise derivative of area is found by differentiating equation( E.27) with the

assumed heating profile:

(E.28)

dA, . _ A(z) [‘1M,’A (1+A0 - e=2)) - A]
2 @)=

2\p (A +1)ez/2p — A
Once M; and A are specified, the combustor area profile is determined. The constant
pressure combustor required only the specification of a characteristic combustion length
scale, and a total heating limit; the form of the heating profile was determined by the
pressure condition. For constant temperature operation, an assumption must be made

about the heating profile.

For purposes of calculation, the constant temperature combustor has a major practical
advantage. The combustion process is temperature limited, and the engine wall cooling
may be limited as well. By fixing the temperature in the channel, it will never rise above
the combustion limit or exceed the capabilities of the cooling system. This is not, the case
with the constant pressure device, where the temperature riscs exponentially. Since there

is no explicit check on temperature, it may well rise to unreasonable values.

The constant temperature combustor will also be more efficient, presumably, because the
heat addition process will be occurring throughout at a very high temperature. The smaller
the difference in heat reservoir temperature to working fluid temperature, the smaller the
entropy rise. Note however that Mach number is increasing in the constant temperature
combustor, because all energy goes into kinetic, and the speed of sound is constant. As
the Mach number increase, the losses associated with heat addition become greater, as was
pointed out in chapter 1, when the comparison between supersonic and subgonic combustion
was made. On the other hand, the constant pressure combustor has exponentially decreasing
Mach number, and thus the losses are decreasing as well. Since heat addition in the constant

pressure assumption is increasing exponentially with streamwise distance, a greater portion
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is added to the flow at lower Mach number. It is therefore unclear which will deliver lower

overall losses. The decision must be based on inlet conditions and the heat addition profile.

The pressure field is easily determined. The temperature is constant, so the Mach
number is proportional to velocity. Similarly, the pressure is proportional to density. From

equation ( E.16) above, and using the one-dimensional steady-flow continuity equation:
p1UL1A} = paUz A2 (E.29)
an expression for the density can be written directly:

ﬁ = exp {-:éz(Mz2 - Mlz)} (E.30)

The pressure ratio across two stations in the channel is then:

% = exp {_T‘Y(Mz2 - Mlz)} (E.31)
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