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A. Proof of Proposition 1

With regard to the mixture parameters, 7, we use Proposition 1 of Teicher (1963) that states
that a finite mixture of Gaussians is identifiable besides index relabeling, which in our case is
a mixture of log-Gaussians. Thus, the only identifiability we have left to show is with respect
to the parameter 6. Consider any mixture 7 for the download distribution and 6' # #%. Assume
by contradiction that for every possible instance, it holds that li(7,0') = ll(7,6%). Let us denote
I(0) the last term to the right of Equation (1) (we omit its dependence on 7 as it does not
play any relevant role for our purpose). Note it must hold that I(#') = I(6?); otherwise, both
likelihoods, 1I(7,0") and li(7,0?), would not equate. Consider the infinite set of download samples
parametrized by y > 0, where {d”}Y, such that d*) =y, and d" = d'* for all i > 1 and for
all z # y. Equating the log-likelihoods for #' and 6* for any fixed values of y,z >0 (y # 2) leads
to SN In (1 - (lo(dl(-y))|'y(01,dz(-y))>) =S I (1 - (10(d§y>)\7(92, d;y)))), and similarly for z.
We proceed by subtracting the LHS of the likelihoods (with #') of y and z, and equating with
the subtraction of the RHS of the likelihood (with %) which leads to In(1—® (I°(y)|y(6%,y))) —
In(1—®(°2)|y(0%,2))) =In(1 =2 (1°(y)|v(6%y))) —In (1 — P (1°(2)|y(0? 2))). Since this holds for
any y,z > 0, then we have that = (In (1 —® (I°(2)|y(6",2)))) = £ (In (1 — ® (I°(2)|y(6?,2)))). Note
that [°(z) is differentiable almost everywhere (as there are some finite points in which there is no
derivative), so it must be the case that In(1 — ® (1°(z)|y(6',2))) =In (1 — ® (1°(z)|y(6%,x))) + C for
some constant C' € R. Take by Assumption 1 some dy > 0 such that v(6',dy) > v(6?,dy) (wlog. due
to relabeling 6! and 6?). Since In (1 — ® (1°(x)])) is a strictly increasing function of v (this will be
shown in the end of the proof), then In (1 —® (1°(dy)|v(6",dp))) > In (1 — P (1°(do)|v(6?,dp))) which
implies C' > 0, then In (1 —® (I°(z)|y(0*,2))) =In(1 — ® (I°(z)|y(6?,2))) + C for all x > 0. This last
leads to ll(7,0') > li(7,0%), which results in a contradiction. Let us show the strictly increasing
behavior of In (1 — @ (I°|v)) as a function of v. Note that ® (1°y) =® (I° x (ky)~' —k71[0,1), that
is, a standard normal. Since functions, In(+), 1 —®(:|0,1), and I x (ky) ™' — k™', are so that only the
first function is strictly increasing and the last two are strictly decreasing (where v is the argument

of the last function), then In (1 — ® (1°)7)) is strictly increasing in 7, which concludes the proof.

B. Constant expressions in bounding the log-likelihood

The expressions for terms C; and C, are

D In (1@ (1°(di)v(6,dy))) — > In(dy)

€L, ZEIO

Oy, = _ZZPL )In (p; (7 +m/ Zp(j,x)ln (é(l();é)}z)(z@))) dx.

i€Z, j=1

G




Perakis and Thraves: On a Variation of Two-part Tariff Pricing of Services: A Data-Driven Approach

2

C. Derivation of Expressions (3) and (4) of the EM algorithm

We provide step by step the details on the computation of the expressions for p;(j) and p( J,x). As

{( (k) (k)

mentioned in the main body of the paper, consider a fixed parameter 7% = B j ,77] ) i1

where k represents a particular iteration. Then

pi(j) = P(Z;=j|D; = d;, W; > 1°(D;), 7))
_ P(Di=d;, W, 2 1°(D))|Zi = §, 7 W)P(Z; = j|7V)
_zjﬂpa%:¢wv>ym-nzzhfk)(-:hhk)
_ P(Wizlo( )|Di=d;, Z; = (k))]P’( =d;|Z; = (k))]P’(Zi:j’T(k))
_ZjﬂP@%ZW(JU%:d”Z:hJ )(i:dﬁa:mﬂwmuzzmﬂm
_ PWi21°(D)|D; =di, T)P(D; = di| Z; = 5, 7W)P(Z; = 4|7
O P(W, > 10(D,)|D; = dy, T 8)P(D; = di| Z; = hy 7W)P(Z; = h|7(#)

n=1 P
¢((H@Qj)(wm()
(
n(d

Sy d(n(d)|py”, o ni / In(d;)
(k) (B)y, (k)

_ o(n(d)lp 05 ),

Sy (n(d)|p”, o

p(j,z) = P(Z=j,D =z|W <I1°(D),7™)
P(W <19D)|D=x,Z = j,7*P(D = 2| Z = j,7*)P(Z = j|=®)

fo Eh ) P(W <I°(D)|D=vy,Z=h,7")P(D =y|Z =h,7®)P(Z = h|7(")dy
_ P(W <1°(D)|D =z,7"P(D =z|Z = j,7*P(Z = j|®)

fow Z};l P(W <19(D)|D =y, 7®)P(D =y|Z = h,7™)P(Z = h|7®)dy
_ (I (2) |y (6, 2))¢(In(@) ", o )niH !

52 oy @) (0, 1) () s, o)y dy

the first equality is the definition of p;(j). The second equality is Bayes’ rule and Total Law of

Probability in the denominator. In the fourth equality, we drop the conditioning events (Z; = j)
from P(D; = d;, W; > 1°(D;)|Z; = j,7®) since it does not provide any additional information as
we already have the precise download value in the conditioning terms, similarly in the analogous
expression in the denominator. In the fifth inequality, the term P(W; > 1°(D,)|D; = d;, ™) is

simplified since it appears in the numerator and denominator as well.

D. Integrals computed in Algorithm 3.1

Algorithm 3.1 requires the computation of several integrals. These are fooo p(j,x)dx,
I p(G,2) In(z)de, [ p(j,z)(In(z) — p)?dz for all j € {1,...,J}, the integrals in Equation (2), and
those in Equatlon (12). The arguments of the integrals are complex terms in the sense of computing
the integrals in closed form. Note that p(j,z) is the CDF of a Normal distribution, where its
argument, mean, and standard deviation are nonlinear functions of the integration variable z.

Standardizing to a 0—1 Normal distribution does not make things better, since the argument of
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the CDF (which would be (Io(x) — (0, z))/(k - (0, 2))) would still be a nontrivial function of the
integration variable x. In practice, we compute these integrals in Julia programming language
using the function “quadgk” of the package “QuadGK”. The latter function uses the adaptive
Gauss-Kronrod quadrature method. This is used in an adaptive way to compute estimates of the
integral over intervals, so that the interval with the most error is subdivided into two halves. The
Gauss-Kronrod method is of particular interest since it reuses the points used for the Gaussian
quadrature, thereby reducing the number of computations. In spite of the difficulties of finding
closed form expressions, the numerical integration is computed reasonably quickly, because of
the fact that it is a one-dimensional integral (although there are CDF's in the integral arguments
which, by definition, are also integrals). The CDFs, are computed using the built-in functions of

the package “StatsFun” (also in Julia), such as the function “normcdf” of the “StatsFun” package.

E. Relation between Prices and Downloads

We consider x a vector of downloads defined as z = {d € R|3s € {0,1,...,|S|},I € ZN[1,10],d =
[(bs—bs_1)/10} with by = 0, namely, x is a set of download values so that for each pair of plans with
consecutive index, we take ten download values even-spaced. Denote y = I(x), where [(+) is defined
as (z,f% v®) = mingcs fs + vs X max{z — b,,0}. The following linear regressions are performed
between: y ~ z, In(y) ~ z, y ~In(z), and In(y) ~ In(z). All regressions have constant term. The R?
obtained from each regression, in the same order as they are presented, are: 0.713, 0.922, 0.376,
and 0.966. The log-log relationship between customers’ payments and download is the one that has
the highest coefficient of determination, thus we decided to choose a log-log relationship between
the willingness to pay (actually a statistic of the willingness to pay since this is a random variable

such as the mean), and the download amount.

F. Log-likelihood for Gaussian WTP Different Mean Reservation
Price Functions

See Tables 1 and 2.

G. Log-likelihood for Uniform and Exponential WTP Distributions
for different Mean Reservation Price Functions

For the uniform distribution, we consider that the WTP follows a distribution in which the mean
follows a function (6, d) of a vector of parameters § and download value d, and, similarly as the
Gaussian case, we consider different coefficients of variations x € {1/4,1/3,1/2}. As before, for
each functional form -, we run Algorithm 3.1 to estimate distribution parameters 7 and 6 on a
training set, and evaluate the log-likelihood attained in the testing set. This is done using 5-fold

cross-validation. Results are shown in Tables 3, 4, and 5.
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In(~(0,d)) v=1/3 v=2/3 v=1 v=4/3 v=5/3
01+ 02 In(d) —39914.55 —42164.97 —43768.99 —45025.97 —46067.02
01 +6;In(d+1) —39905.48 —42157.15 —43762.88 —45020.69 —46058.43
01+ 62 1In(d +03) —39905.78 —42157.21 —43762.05 —45018.78 —46055.48
0, + 05 In(d) + 05 In(d)? 3990622 —42161.52 —43767.01 —45024.12 —46064.11
014+ 60:In(d+1)+03In(d+1)? | —39904.19 —42154.93 —43759.26 —45014.74 —46049.64
0y + 0> In(d+0,) + 03In(d +0,)* | —39903.44 —42151.07 —43753.16 —45008.30 —46043.34
0, +0;In(d+1)+63In(d+1)*° | —39904.49 —42155.65 —43761.23 —45018.99 —46056.84
0, +0,In(d+0,) + 05 In(d +6,)°% | —39904.74 —42153.53 —43756.29 —45012.09 —46048.33

Table 1

functions of the mean reservation price after running Algorithm 3.1.

Average log-likelihood among the 5-fold cross-validation set for x = 1/4 for different parametric

In(~(0,d)) v=1/3 v=2/3 v=1 v=4/3 v=5/3
01+ 02 In(d) —39904.88 —42149.30 —43753.81 —45010.68 —46077.65
01 +6;In(d+1) —39903.24 —42143.54 —43740.24 —44991.74 —46024.15
01+ 02 1In(d + 03) —39900.70 —42141.79 —43739.60 —44991.37 —46024.23
0, + 6;1n(d) + 65 1n(d)? —39899.41 —42141.08 —43740.12 —44992.65 —46027.10
0, +0;In(d+1)+63In(d+1)? | —39899.97 —42138.30 —43734.69 —44984.71 —46015.22
0, +0,1n(d+0,) + 05 In(d+6,)° | —30898.59 —42138.32 —43734.19 —44984.41 —46015.75
0, +0,In(d+ 1)+ 05 In(d+1)%5 | —30901.14 —42140.91 —43737.58 —44980.28 —46021.62
01+ 0, In(d +0,) + 05 In(d + 6,)0° | —39899.82 —42130.75 —43736.70 —44988.50 —46020.69

Table 2

functions of the mean reservation price after running Algorithm 3.1.

Average log-likelihood among the 5-fold cross-validation set for x = 1/2 for different parametric

In(y(6,d)) v=1/3 v=2/3 v=1 v=4/3 v=>5/3
01 + 6> 1n(d) —39914.85 —42468.31 —44827.25 —45319.49 —46468.50
01+ 0:In(d+1) —39904.25 —42145.56 —43752.68 —45011.85 —46056.83
01+ 02 In(d+03) —39904.38 —42144.83 —43741.25 —44998.26 —46033.11
0, + 621n(d) + 65 1n(d)? —39910.59 —42160.24 —43790.58 —45049.64 —46106.43
0, +0,In(d+1)+0;In(d+1)> | —39903.01 —42149.68 —43756.46 —45019.53 —46062.70
014+ 60:In(d+0,) +05In(d+64)* | —39901.85 —42150.96 —43757.40 —45019.38 —46065.74
0, +0xIn(d+1) +0sIn(d+1)° | —39904.66 —42157.45 —43773.71 —45047.52 —46108.38
By + 6y In(d + 0,) + By In(d + 0,)°° | —39903.47 —42148.90 —43761.88 —45020.52 —46072.19

Table 3

Average log-likelihood among the 5-fold cross-validation set with Uniform WTP for x =1/4 for

different parametric functions of the mean reservation price after running Algorithm 3.1.

H. Generation of Missing Data
For an observed customer 7, her willingness to pay is generated according to the fitted distribution
for WTP W but conditioned on the event that this customer is an observed one, i.e., she purchases,
therefore W; > 1°(d;). The density of this random variable can be computed as:

PW; > 1°(d) Wi =w) fw(w) —_ Lgwsiog)y¢(wlv(9,d:))
SO B(Wi > 10(di) | Wi = 5) fiv (s)ds = D(I%(dy)|v(0,ds))

The first equality is due to Bayes’ rule and the Total Probability Law.

fw (w|W; >1°(d;)) =

For unobserved customers, their download is sampled according to the fitted download distri-

bution but conditioned on the event that this customer does not purchases. The density of this
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In(~(0,d)) v=1/3 v=2/3 v=1 v=4/3 v=5/3
01+ 02 In(d) —39907.70 —42155.99 —44136.23 —45396.29 —46534.42
01 +6;In(d+1) —39903.08 —42139.73 —43738.73 —44995.01 —46036.19
01+ 62 1In(d +03) —39903.25 —42140.98 —43735.65 —44989.98 —46022.90
0, + 05 In(d) + 05 In(d)? 3990711 —42141.39 —43745.06 —45005.88 —46048.80
0, +0:In(d+1)+63In(d+1)* | —39902.19 —42141.02 —43739.69 —44993.86 —46032.81
0y + 0> In(d+6,) +03In(d +0,)? | —39902.56 —42140.15 —43739.45 —44995.39 —46036.55
0, +0;In(d+1)+631In(d+1)°° | —39902.30 —42139.91 —43739.17 —44994.85 —46036.56
0, +0,In(d+0,) + 05 In(d +6,)°° | —39903.81 —42142.84 —43739.02 —44991.41 —46025.83

Table 4 Average log-likelihood among the 5-fold cross-validation set with Uniform WTP for x =1/3 for

different parametric functions of the mean reservation price after running Algorithm 3.1.

In(y(6,d)) v=1/3 v=2/3 v=1 v=4/3 v=>5/3
01 + 6> 1n(d) —39903.69 —42146.68 —43857.30 —45375.20 —46356.66
01+ 0:In(d+1) —39903.16 —42139.91 —43732.67 —44982.87 —46016.83
01+ 02 In(d+03) —39903.21 —42138.25 —43732.55 —44982.05 —46013.25
0, + 621n(d) + 05 1n(d)? —39901.31 —42137.35 —43735.72 —44984.95 —46021.09
01+ 0:In(d+1)+03In(d+1)* | —39901.37 —42138.65 —43732.77 —44983.92 —46018.85
0, +0,In(d+0,) + s In(d+6,)° | —39902.18 —42139.14 —43732.87 —44982.90 —46015.50
0, +0,In(d+ 1)+ 0, In(d +1)%5 | —30902.07 —42139.51 —43732.66 —44982.81 —46016.80
01+ 6x1In(d+0,) 4+ 0s1n(d + 6,)°° | —39901.33 —42138.70 —43733.90 —44984.99 —46019.82

Table 5 Average log-likelihood among the 5-fold cross-validation set with Uniform WTP for x =1/2 for

different parametric functions of the mean reservation price after running Algorithm 3.1.

probability distribution function can be computed as follows:
P(W <I°(D)|D ==)fp(x)
Jo B(W <1°(D)|D =y) fo(y)dy
(@ 0,2) X 600 g, o)
I @)y (0,9) Sy ¢y, o)my~"dy
The first equality is due to Bayes’ rule and the Total Probability Law.

fo(@|W <1°(D)) =

Finally, the way we generate the WTP for unobserved customers is analogous to the case of
observed ones, except that we condition in the event that the customers does not purchase. The

probability density function can be computed as:

PW; <1(d)[Wi =w) fw(w) _ Lwaoayd(wlr(6,di))
[P P(W, < 1(d;)|W; = ) fu (s)ds D(19(d,)[7(0,d;))

As a side note, it is worth noticing that for the case of observed customers, we sample their download

fw (w|W; <1°(d;)) =

values from the empirical distribution, i.e., from the empirical values we observe. Alternatively, we

could also sample these values by using D|W >°(D), which would also be technically correct.

I. Proof of Proposition 4

Let (f*,v*) be the optimal solution of (11). Define (f*,¥*) such that f, = [fi/esley and 0 =
[vf/e,]€,. Note that this solution (f*,¥*) is feasible on the UBDP (of course, it might not be the
optimal one of UBDP). Then
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Z D“f v ]1{W >U(D; £,v)}
i€EN

S
= fz {wifo}JrZZmin{ft*_1+vt*_lei.,tfufZ‘}]1{min{WiZf:_ﬁv;_lei,t_l,f:}}
i€NY t=2 iENt
<A Low,> s - ef>+}+Zme{ft L+ J) H W sming(Fr_y —e )07y —eo)Fess—1,(Fre ) 1)
i€ENT t=2 i€Ny
< ( ) UBDP

where the first inequality is because (f; — e T <fr< f* and (67 —e,)* < vy <o*. Indeed, (f; —
er)T < fF is equivalent to ([z] —1)T <z for > 0. Since this last condition is clearly true for
x €[0,1], for x > 1 this is equivalent to [2] — 1 <z, which always holds. With respect to f; < f,
this follows immediately by the definition of f *. Similarly is the case for the inequalities of v;. The
second inequality is because the revenue attained on the UBDP by the path solution followed by

(f*,9%) as a' = (f7,0;_,) for t > 1 and a' = f7 is, at most, equal to the optimal revenue zV5P%.

J. Proof of Lemma 1
For any N, it holds that E[zy] > 2* (see Proposition 5.6 of Shapiro et al. (2009)), so it follows

naturally that E[z{5PF] > 2* since 2{PP* > 2y for any random variable realization. Then, a one-

sided confidence interval can be built on z{2PF to give an upper bound with 1 — « confidence on
E[z{PPF], which by transitivity also applies to z*. This interval can be simply given by the sample

average plus a multiple (depending on the confidence level 1 — ) of an unbiased estimate of the stan-

dard deviation. More precisely, given that there are M samples of the optimization problem in which

UBDP,m <UBDP

is computed for each sample m, the upper bound is given by z5 /" +

UBDP UBDP,m ~ 1 1 M UBDPm —UBDP
tanr—16% 3, where Z85P7 = LS o0 , ON = gy (m >t (2n —Znar ) ) and

aipha,M—1 1S the CDF at 1 — « of a t-distribution with M — 1 degrees of freedom.

the upper bound zy

K. Expectation over the Assumed Parameters

An alternative approach would be to consider a distribution over the distributions parameters. For
example, we can assume that with probability 1/3 customers’ WTP coefficient of variation () is
either 1/4, 1/3, or 1/2, and similarly with the ratio of unobserved customers v’. In other words,
the expectation of Optimization Problems (10) and (11) can also be taken over a distribution
of the assumed problem parameters. We consider a discrete uniform distribution for ' (v’) on
{1/4,1/3,1/2} ({1/3,2/3,1,4/3,5/3}). Figure 1 shows the percentage revenue difference of the
optimal DPP prices versus the current ones for different cases, when considering the expectation on
the SAA with respect to either customers’ WTP coefficient of variation ('), the ratio of unobserved

customers (v), or both. Although there are cases with revenue losses, these are not as big as
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Figure 1 Revenue difference is computed as —=xliprl) 5% - Agsumed parameters (x',v') are in rows. “E”

F(row

indicate the cases where the assumed parameter (s’ or v’) follow a discrete uniform distribution. Real

parameters (x,v) are in columns. Cases where the revenue difference is negative are marked with “x”.

in the worst cases depicted in Section 5.3. On the one hand, if the expectation is taken just on
customers’ WTP coefficient of variation, under- and overestimation of unobserved customers is the
main driver whether or not revenues increase. Indeed, in the case when assuming v’ =1/3, and
thus few unobserved customers, revenues tend to decrease in almost every case (see the fifth row
of Figure 1) due to overpricing. On the other hand, if the expectation is taken only on the ratio of
unobserved customers, revenues are increased in almost all cases, with few exceptions when there
are few unobserved customers in reality (lower values of v), and therefore under-pricing occurs.
Interestingly, the particular case when considering x" = 1/2 (and the expectation for v’) appears
to be a robust strategy where there are no revenue losses in any scenario (i.e., a column).

From the analysis of Sections 5.3 and K, taking expectation over the parameters’ distributions
helps to reduce the risk in revenue losses. Although there can be some adverse cases in reality,
there are several in which revenues can be significantly improved. Finally, it is worth noting that
the previous analysis highlights the importance of getting unknown information. For instance, if
we know through a market study that consumers’ WTP is low, then taking expectation over the

considered scenarios of the number of unobserved customers seems to be a good way to go.

L. Price-dependent consumption

The way to model consumption dependent on price is going to be captured by a utility function
that depends on the download as well as on the payment. Similar to Lambrecht et al. (2007), we
consider that a customer has a reference download amount that represents the ideal consumption
at a null price. Let us denote as r; > 0 this amount for each customer ¢, which is unobserved, yet

it is known by the user. Then the utility of customer ¢ is expressed as:
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wi(d) = w; — %C(ln(d) Cin(r))? — U(d, £, V). (1)

The first term, w; represents the consumer individual valuations which they know but are not
observable to us. Let W be the random variable of the latter amount. The parameters of the
distribution of W depend on the reference download, and a vector of parameters #. The second
term represents a disutility for deviating from the reference download amount. ¢ > 0 captures the
sensitivity of the utility with respect to deviations of the reference download. Note that the previous
model, which was introduced without consumption being dependent on price, can be represented if
(i) c— 0 and r; =d,, i.e., the only feasible consumption of a consumer is the one that matches her
reference value. The third term corresponds to the payment of the cheapest plan. If we consider a
single plan, i.e., [(d) = f +vmax{d — b,0}, the maximizer of problem (1) results in (i) r; if r; <b,
(ii) 7 —veif b<r; —wve, and (iii) b if 7, —ve <b < ;. In reality, we do not observe download values
equal to the bundle amount b, therefore we introduce a noise uncertainty into the consumption.
More precisely, we consider inducing uncertainty in the download, d;, such that the actual values
distribute according to d;Y;, where Y; is a log-Normal distribution with standard deviation of a > 0
and mean —a?/2 so that E[Y;] = 1. Wlog, for ease of handling the mathematical expressions, we
add the term —a?/(2¢) to the consumer utility. Then, the expected consumer utility of purchasing

plan s can be expressed as:

eis(d)

_ % — fs — v E [max{dY; — b,,0}]

A(d,s,r;,a,c)
In the second equality we have used the fact that if X ~ Lognormal(u,c?), then for any f > 0,
fX ~ Lognormal(p + In(f),0?), and thus log(fX) ~ Normal(x + In(f),0?). Then E[ln(fX)? =
o2 +E[X]?* =02+ 1. Replacing f =d/r; and Y; = X, leads to E[In(dY;/r;)*] = a® + (In(£) — “2—2)

In the fourth equality we have used the fact that for a random variable X ~ Lognormal(u,o?)
2
and a scalar = > 0, E[X?2] = 242" and E[max{X,z}] = x@(%) + et TP (@) It
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is worth mentioning that for the plan with unlimited bundle data, the expression A(d,s,r;,a,c)
consists only of the first term above the brace shown in Equation (2). Unless stated otherwise, the
expressions shown are for plans that have finite bundle data, i.e., by < co. The first order condition

of Equation (2) can also be computed as:

a;; :%; (m (f) _a22> +UQZS¢(‘§+?(’?§)> _0® (W) -t (—;w) 3

Let us call d}, the maximizer of Equation (2). This clearly exists since (i) the function is continuous

n (0,400), (ii) A goes to 400 when d — 07, and (iii) A goes to 400 when d — +o0. (i) is direct.
For (ii), note that the first of X goes to infinity when d — 0%, the second term is constant, the third
term is bounded below by —uv,bs, and the fourth term goes to 0. For (iii), note that the first term
of X\ goes to oo, the second term is constant, the third term is bounded above by —uv,b,, and the
last term is non-negative.

We assume a customer prefers the plan that reports the highest expected utility, namely, s} =
argmaxges €;5(dl,). Also, let us define the corresponding utility of purchasing this plan as v; =
Cis (dz, ) For ease of notation we, denote the optimal download value as df = d* . Then, the
consumer is observed if and only if ¢; > 0. Note that the maximizer download of Equation (2)
among all possible plan options can be written as d*(x) as a function of the reference download z.
Similarly, we define

A (x)= min \(d,s,z,a,c). (4)

d>0,seS

For ease of notation, we omit the dependence for a given pair of parameters (a,c).

Let R; be the random variable to denote the reference download which will be distributed
according to a mixture of Gaussians with parameters 7= {(4;,0;,7;)}7_,. The random variable
that represents the actual download of an observed customer is denoted as Di. Given the value of
R;, we can obtain the download value df from solving Problem (2), and thus D; =d!Y; . Then,
we denote the PDF of D|R as fpjr. As before, we assume that the set of observed (unobserved)
customers is denoted by Z, (Z,) and |Z,| =n (|Z,| =m) Then, the log-likelihood can be written as

1(r,0,a,c)

= In(Eg, [P(t; > 0,D; = di|R)]) + > In(Eg, [P(t; <O|R;)])
1€Zo 1€y,

= In(Eg, [P(t: > 0|D; =d;, Ri) foir(d;)]) +mIn (Ex [P(t < 0|R)))
1€ZLy

=Y In(Eg, [P(t: > 0|R:) foir(d:)]) +mn (Ex [P(t <O|R)])

1€Zo
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J
- #(1
1’1(/ P t >0‘R —x)fD‘R m Z n( )L?J’O'J)n.]d )
’Mj?o-]
X

=Y (/‘X’ (1— (O (2)y(6.2))) ¢(1n(di/d;(/d)3(\_)a2/z o Z¢1n )fj,g])njd )

j=1

+mln </0 ( ( )|’7 9 ZL‘ Z¢ ln )‘;«Jv(fj)njdl) (5)

j=1

Optimization on 7: A key idea of the EM algorithm is to lower bound the log-likelihood func-
tion. Denote Z; as the random variable that represents the mixture where the reference download
of observed customer i belongs, and Z as the analogous random variable for an unobserved cus-
tomer. Unlike observed customers, unobserved customers are indistinguishable. Thus, we define a
single representative random variable for them. Also consider p;(j,x) as the probability that an
observed customer ¢ belongs to mixture j and has a reference downloads of z, and that p(j,z)
is the probability density function that an unobserved customer belongs to mixture j, and has a

reference download of x. Then, the log-likelihood, as a function of 7, can be expressed as follows:

I1(r)
= Z.EZIDID /000 (1—3 (M (2)|7(0,2))) ¢(ln(d¢/d;(/d)2(\—)a2/2 a? Z o(In(x \,uj,gj) )

< [ eo@heay: W@'“”)dm)

=3 | ;pi(j,m (1= 2 (v (@) 0,0))) LALL N/ E) ‘b(lz;fz;f‘;saj)dx)
+mln ( ~ ;pu,x)@ (@) (0,2) de)

=3 jépiu,x) i (1= @ (@) 0,2)y) LTS 2 S0 4, )
am [ ;p(m:) In <<I> (X (@) 7(0.)) W%)

= Z/ sz (G, %) In (¢(In(z)|ps5,05)m;) dw + Ch

i€Zo

am [ Zm In (6 (In(z) |1y, );) e+ C (6)
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Where

C, = Z/ z;pi(j,x)ln <(1_(I)()‘*(x)"7(9,$))) ¢(ln(di/d*(x))’_a2/2’a2) 1‘ )dx>

i€, d;/d*(z) xp;(j, v

Co=m [ ;pmmm( N @h(6.0) o)

The inequality follows from Jensen’s inequality.

e E-Step: We compute the expressions for p;(j,z) and p(j,z) so that they match the posterior
probability of the unobserved data given the observed and assumed information for a fixed param-
eter, 7(F) = {(u "), J(k),nj )}/_1, where k represents a particular iteration. In order to reduce the

notation, we omit the parameter dependence on 7%,

= pi(j,x) =P(Z; = j, Ry = x|v; >0, D; = d;)

B P(t;>0,D;=d;|R;=x,Z; = j)P(R; =z, Z; = j)

S Pt > 0,D; = di|Ri =y, Zi = h)P(R; = y, Zi = h)dy

_ P(t; >0|D; =d;, Ri=2,Z; = j)P(D; =d;|R; =x,Z; = j)P(R; = x| Z; = j)P(Z; = j)
Iy 22:1 P(t;>0|D; =di, Ri =y, Z; = h)P(D; = di|R; =y, Z; = j)P(R; = y|Z; = h)P(Z; = h)dy

_ P(t; > 0|R; = 2)P(D; = d;| R; = 2)P(R; = x| Z; = j)P(Z; = j)

N fooo Zi:l P(t; > 0|R; =y)P(D; =d;|R; =y)P(R; = y|Z; = h)P(Z; = h)dy

_ (1—® (\(2)[1(0,2))) ¢(in(d; /d* (x))| — &, a2)d" (2)d;* p(In(2) |, o217
I (=@ (A ()7 (6,9))) d(In(ds/d* ()| — %, a*)d (y)d; * (n(y) |y, of )y =10, dy

(7)

P(t<O0|R=x,Z=5)P(R=x,7Z =j)
fo Zh 1 t<O|R:y,Z:h)P(R:y,Z:h)dy
_ P(t<0|R=1,Z =j)P(R=2|Z = j)P(Z = j)

oS S P(t<O|R=y,Z = h)P(R=y|Z = h)P(Z = h)dy
_ P(t<0|R=2)P(R=1|Z =j)P(Z = j)
Y B(t<O0|R=y)P(R=y|Z = h)P(Z = h)dy
_ ® (X" (2)]7(0, 7)) p(In(z)|ul", ;‘“>>x—1n§’“>

S @ (N ()| (0,)) d(n(y) s o Yy dy

e M-Step: Setting the FOC to zero with respect to p;, 0;, and n; on the Lagrangian of Equa-

(8)

tion (6) (namely Equation (6) plus the term A <Z;’=1 n; — 1) due to the constraint Z;’zl n; =1),

leads to:
= > ez, fooopl 7, ) (ac)d:r—i—mfo 7, )1 (x) dz (©)
’ ZzEIo fo pz ]7 )dl‘—i—mﬁ) 7, d
o2 = ez, Jy P 2)(In(@) - ua>2dw+mfo 2)(in(z) — p;)? da (10)

7 ZMngm )dz+m [ p 7>W
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ZieIo fooo pi(J,z)dr +m fooo p(j,z)dx
n-+m ’

(11)

ny =

Optimization on 6: We consider the gradient ascent method with respect to 6 while keeping
7 fixed. Taking the FOC of Equation (5) with respect to 6, gives rise to:
aaekll(T,H,a,c)
_ g do SN, 0)) 2y Cae L R S G(n(@) 0y @ e
€T, ® (A*(2)[v(0,))) 2 (n(d; /((i;%)*)(‘x a?/2.a%) EJ Lo(In(2)|py,05)nx~tde
mfo D)7 (0,2)) 255 205 S ()|, ) & da
foooq)( “(z)|v(0, ))ZJ Lo(In(z)|py, 05)nx~tde '

In the case of the derivative of the log-likelihood with respect to parameter a, we have

(12)

agll(T, 0,a,c)

Z ( )|(0, ) P ) Slnldel - %(‘m 2 /2] ZJ y (I () |y, 05)n; v~ dx
<x>w<9,x>>> S 2) z] 1 ()|, 05 na daw
+Zf0 )|v(9 ) & l“““f /‘gl L /2 S b(n(a) g, 05)m; 2 da
ez, Jo (2)|(0, 2))) LRBLEEDEERD 570 (In () |y, 05)mje da
¢ |fy C x))f” ) S b(n(x) |y, 05)n; 2 de

fo"" ( “(@)(0,2) X7 ¢(n(x) |y, 0)mztde

For ease of notation we will omit the integration variable z on the following. Let w; =

* a2
In(d)=In@)*S - Also, we use ®() to denote the PDF of a standard Gaussian. We need to com-

a

pute 2 2w anq ‘9’\ . Then 2 (iqﬁ(wi)) = 0d” #(wi) _ dw(wi) — wid ol awl . Also, we have that

da  ad; d;a da ad; d;a
% = mli* %d; — a—gln (d—i) + 5. In order to obtain 2 8—, let us define y =1 ln( ) + 3 and z:=
—%1n (bs*) + 5. Note that @ =——= % + Z and gi = acli* od” | 4. Taking the derivative of Equa-

tion (3) with respect to a equating to zero, replacing dy and £ 82 , leads to

= s ‘ : § 13
Oa Fr %W + acvgD(2) + 2cvp(2) — ar 2¢(2) (13)

a

For the case of the unlimited plan, i.e., by« = 00, the only term of Equation (3) that remains is the

first one, namely we would have —(ln(g) - “2—2) /(cd) =0, and equivalently d* = ze%. Taking the

derivative of the latter expression at both sides with respect to a leads to % =azre”
To obtain BA;(E”), we can use the Envelope Theorem and get % =—%(In %) - ﬁ) +

Verbgr @ (y) 2 + d* v (2) 2. For the unlimited plan, i.e., by = oo, A(d*,s*,z,a,c) = (In(%) —

2

%)2/(20), the partial derivative with respect to a equals —% (ln (%) - %)
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Now we look for the log-likelihood derivative with respect to parameter c.

aall(v',e,a,c)
( )y (0, 2)) 2L LD /200) 570 51 () | g, 0y 2
Z < (6, x))) AL LD 2D 57 §(In () g, 05y da
> fo )h(e 7)) g o /:lz*%l)(lx)GQ/Qa S o(In(@)|py,05)m;  tda
i€Zo Jo ()|y(6,x))) L0t /Z*ﬁdl(‘z 2 /2,0%) ZJ L o(In(z)|p;, 05)n;z de
mfy o w (0,2) 252 527 p(in(w) sy, 05)m; & de

f;" < <x>|v<e,m>>zj:1¢<1n<x>|uj,oj>wldx

* 2 2 * " )
Where ac ¢(In(d; /cclli;\d*a /2,a%) _ gc (ia¢(wi)) — 8(3%%@;;) wlddqba(wz) 9w  We also have that 8[;1)1 _

—= d* 5o+ Lo obtain ai:, recall the definitions of the auxiliary variables y and z, we have that

SIS

= _a}i* €2 and acli* %—d:. Taking the derivatives at both sides of Equation (3) with respect to c,

(’

and replacing the derivatives of y and z, we obtain

od* Ve b= p(y) — ad* v P (2) — d* v+ P(2)
a = a cvgxboxyd(y) cv x 2P(2) (14)
¢ - TR b acves (2) + 2cu9(2) — T

For the unlimited plan, i.e., b= = 00, the only term of Equation (3) that remains is the first one,
namely we would have —(In(%) — %) /(cd) =0, and equivalently d* = e . Taking the derivatives
of the latter expression at both sides with respect to ¢ leads to % =0.

To obtain BAB(”:) we can use the Envelope Theorem and get 2 C(x) = ﬁ (ln (%) — “2—2)2 where

in this case, we are deriving only partially with respect to ¢ (because of the Envelope Theorem).

The full log-likelihood maximization algorithm is summarized below:
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Algorithm L.1: Estimate parameters of the probability distributions of customers’ download
and willingness to pay

Input : v, k, v(0,d):R* xR, R, € €., €

OUtPUt: T= {(/'Ljao-janj)}}]:lv 0) a, ¢

Initialize 0, a(® ¢© and 7. h=1, lI®) = —oc0, UM =[I(7? 0O ¢ ),

while [[") — I~V > ¢ do
/* Optimization on T x/
3 1O = —oo, UM =1IM (§,a,c) = 0%V =D cF-D) k=1
while 1I(®) — [[*~1) > ¢ do

N =

/* E-Step */
5 k=k+1;
6 Compute p;(j,x) from Equation (7), for all i € {1,...,n};
7 Use p(j,x) from Equation (8) to compute fooop(j,w)dac, fooop(j,:r)ln(:r)dac, and
I p(G,x)(In(z) — pj)?dz, for all j € {1,...,J};
/* M-Step */
Compute 7" (uﬁk), algk), and nj(-k)) from Equations (9), (10), and (11);
HE =10(t™ 6, a,c);

/* Optimization on 6, a, and c x/
10 | U =—oc0, I =W, =70 k=1;
11 | while II{" — 11! "V > ¢, do

13 (g(k)’a(k), C(k)) =9k-D 1 3. Vioa c)”(T’ e(k—l)’a(k—l)’c(k—l));
14 10 =(r,0®,a®, ),
15 h=h+1;

w6 | UM =1l

M. Generation of missing data
The procedure for generating the missing data in the case of price-dependent consumption is
analogous to that presented in Section 3.5, except that in this case instead of sampling downloads,
we have to sample customers’ reference downloads from which we obtain the optimal download
value for each of them. Then, we apply the noise component by multiplying the lognormal random
variable to this download amount, obtaining the actual download consumption of the customer.
We proceed by bootrstrapping on a set of 1,000 scenarios by running Algorithm L.1, obtaining
estimates of the parameters 7, 6, a, and ¢ for each scenario. As before, let N be the total number
of customers for which we want to sample data. N represents the size of the sampled instance; it
can take any arbitrary positive integer value. Each customer is considered to be an observed one
with probability 1/(1+v) and an unobserved one with probability v/(1+ v). Then the generation
of missing data is as follows:
For the observed customers

I Sample their downloads according to their empirical distribution obtained from the bootstrap.
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Then, sample their reference downloads considering the information we obtain of their observed
download amount. The PDF of this distribution to sample is:

P(t; > 0|R; =7r)P(D; =d;|R; =7) fr,(r)
fooo P(t; > 0|R; = x)P(D; = d;|R; = ) fr,(x) dx

(1 - ‘1’( “()[(0,7))) (In(ds/d* ()] = %5, a2)d* (r)d; 357, (In(r) |, ),
fo A (2)|7(0,2))) ¢(In(d; /d*(x))| — ﬁ sa?)d(x)d; " Y1 d(n(x) s, 05) 1 da

II Sample their willingness to pay from the distribution with PDF

fw,(w|D; =d;,t; >0) = /00 P(W; =w|R; =x,t; >0)P(R; =z|D; =d;,t; >0) dx
_ /OO P(t; > 0|W, =w, R; = x) fw, | r;=2 (W)
0 P(t; > 0|R; =)
_ /"O Liwsax @)y fwiri=a(w) P(t; >0|D; =d;, R; = 2)P(D; = d;|R; = x) fr, () dz
0 P(t; > 0|R; = x) fOOO]P)(ti>O’Di:di>Ri:y)P(Di:di‘Ri:y)fRi(y) dy
_ f Lwsre @)y | ry=a (W)P(D; = d;| Ry = ) fg, (x) dx
Iy B(ti > O|R; = y)P(D; = di| R, = y) fr, (y) dy
_ b ]l{w>x*(a: }¢()\*( ) V(8. 2)) p(In(d;/d* ()| — &, a®)d* (x)d; " fr, (x) da
Jo ( W)V (0,9))) d(In(d;/d*(y))| — %, a*)d* (y)d; * fr, (y) dy

where fr,(z) = ijl o(In(x)|p;, 05)x~ " n;.

For the unobserved customers

IIT Sample their downloads from the distribution with PDF

P(t <O[R=1)fr(r) ( ( )V (0,7)) 57y In(r) |y, 05)r~"n
JZP(t<0|R=1)fp(x) dz oo @ (X (@) (0,2)) 327, ¢(In(@) |y, )z da
IV Sample their willingness to pay from the distribution with PDF

o] oo < — — = =
f(w]t < 0) = / POW = w, R = 1|t < 0) dx:/ Pt<0|W=w,R=x)P(W=w,R=1x)
0 0 IP’(tS 0)

_ I L wers @ A (@) 7(0,2)) 327, d(In(2) |y, 05)a~ 1y, da
Jo @ (X (W) (0, y) Sy dn(y) s, o)y~ n; dy

N. Sample Average Approximation

fr(r[t <0)=

dx

We describe how to perform SAA with the pricing problem faced by the seller. Consider the same
definition for A\* that was defined in Equation (4), but making the dependency on the fixed and
variable prices explicit, namely, \*(r,f,v) where r > 0 is a reference download value. Then, for
an observed customer i (under the current prices (f°,v°)), it holds that w; > A\*(r;,f°,v®). The
fraction of observed and unobserved customers is 1/(1+v) and v/(1 + v) respectively. Then, the
seller objective function can be written as

Z EWZ-’RI- []EYi [fs;* + Usy HlaX{Y;-d: - bs;‘,OHWz‘ > A*(Rn anVO)v D; = di] ]l{Wi>)\*(Ri,f,v)}] +

1€Z,
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Z H-EW,',RZ' [EY |:fs:‘ + vs:.‘ maX{Kd: - bsz‘yo}‘Wz S )\*(R’L7 f07 VO)} ]1{Wi>A*(Ri,f,v)}]

1€Ly,
1
== n(l + V) <]EW,R,D |:1—+—7/EY |:fs* + Vg maX{Yd* - bs* ) 0}|W > )‘*(sz f07 VO), D} ]1{W>/\* (R,f,v)}:| +
IEW,R |:1 _T_ VEY [fs* + Vgx max{Yd* - bs* ) 0}|W < )\*(R7 foa VO)] ]l{W>)\*(R,f,v)}:| )

where D is the rv that represents the observed download from an observed customer, which is
distributed according to the empirical distribution of downloads. Then, considering that a customer
is observed with probability 1/(1 4+ v) (i.e., W > A*(R,f°,v?)), and unobserved with probability
v/(1+v) (ie, W <X (R,£% v?)), the pricing optimization problem can be expressed as

Fl%)éEW’R’D [EY [fs* + Vg maX{Yd* — by, 0}] ]1.{W>)\*(R7f7v)}j| . (15)

Then, we solve sampled instances of (15) with the procedure described in Section M. Unlike
when consumption is independent of the price, we cannot formulate this problem with dynamic
programming. Instead, we use a heuristic solving approach to find a good solution. We describe how

we solve sampled instances with a nearest-neighbor heuristic in the next section in the appendix.

O. Nearest-Neighbor

Consider the set ) as the grid of fixed and variable prices in the set €2, such that fixed and

€f1€v)
variable prices are a multiple of €; and ¢, respectively. Given that we are at a fixed and variable

price (£°,v®) in 1.e0)» We define the neighboring solutions as the fixed and variable prices in which
all components are equal to (f°,v®) except for one price component. This price component that
is different can be for either a fixed price, or a variable price. Namely, the neighbors of the prices
(f°,v®) are defined as N((f°,v®)) ={(f,v) € Q(E.f,év)‘fs =2+ Aps€5,0s =0+ Ay, Ay, Ay €
{=1L11522(JAx] + [Aus]) = 1,(f,v) € Q}. Then, at each iteration where we are at the current
solution (£°,v°) € Q(, ,), we evaluate the objective function in all the neighboring solutions of the
set N((f°,v®)). If the neighbor point with the highest revenue achieves a higher revenue than the
current point, we move to the neighboring point and iterate again. If otherwise, i.e., there is no
revenue improvement in any of the neighbors, we stop. Note that the procedure ends in a finite

number of steps, since the set Q(, ,) is finite.
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