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Abstract

Across the sciences, social sciences and engineering, applied statisticians seek to
build understandings of complex relationships from increasingly large datasets. In
statistical genetics, for example, we observe up to millions of genetic variations in
each of thousands of individuals, and wish to associate these variations with the
development of disease. For ‘high dimensional’ problems like this, the languages of
linear modeling and Bayesian statistics appeal because they provide interpretability,
coherent uncertainty, and the capacity for information sharing across related datasets.
But at the same time, high dimensionality introduces several challenges not solved by
existing methodology.

This thesis addresses three challenges that arise when applying the Bayesian
methodology in high dimensions. A first challenge is how to apply hierarchical modeling,
a mainstay of Bayesian inference, to share information between multiple linear models
with many covariates (for example, genetic studies of multiple related diseases). The
first part of the thesis demonstrates that the default approach to hierarchical linear
modeling fails in high dimensions, and presents a new, effective model for this regime.
The second part of the thesis addresses the computational challenge presented by
Bayesian inference in high dimensions — existing methods demand time that scales
super-linearly with the number of covariates. We present two algorithms that permit
fast, accurate inferences by leveraging (i) low rank approximations of data or (ii)
parallelism across a certain class of Markov chain Monte Carlo algorithms. The final
part of the thesis addresses the challenge of evaluation. Modern statistics provides an
expansive toolkit for estimating unknown parameters, and a typical Bayesian analysis
justifies its estimates through belief in subjective a priori assumptions. We address
this by introducing a measure of confidence in the new estimate (the ‘c-value’), that
can diagnose the accuracy of a Bayesian estimate without requiring this subjectivism.

Thesis Supervisor: Tamara Broderick
Title: Associate Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

Scientists, social scientists and engineers often seek to understand how an outcome
of interest relates to a set of covariates. For example, a geneticist may wish to
understand the effects of natural genetic variation on the presence of disease, or a
medical practitioner may wish to understand the effect of a patient’s history on their
future health. In countless settings like this, the ease of modern data collection often
yields large sets of covariates for data analysts to parse. While these data should
ultimately aid understanding, this “high-dimensionality” adds complication. Because
they offer simplicity and interpretability, linear models are extremely widely used
across the sciences and social sciences. Unfortunately, when (as in genetics) the number
of data points is not substantially larger than the number of covariates, non-trivial
inferential uncertainty persists.

Bayesian statistical approaches naturally confront the challenge of inferential uncer-
tainty in high-dimensional linear models in principle, by offering coherent uncertainty
and the ability to incorporate expert information and share power across datasets.
But realizing these advantages in practice requires methodological choices at three
stages an analysis: (1) modeling, (2) inference and (3) evaluation. While effective sta-
tistical methods developed for low dimensional problems abound, high-dimensionality
introduces challenges across each of these stages not addressed by the established
toolkit.

In this thesis, we characterize methodological gaps in the Bayesian toolkit across

17



modeling, inference and evaluation, and develop new approaches to address them.
For modeling, in Chapter 2 we describe how the dominant modeling paradigm for
sharing information across related datasets fails for high-dimensional linear models,
and introduce a complementary approach suited to high-dimensions. For inference, we
argue that existing algorithms are either computationally expensive or inaccurate, and
in Chapters 3 and 4 we introduce new ones that are provably fast and accurate. For
evaluation, because many complex models do not provide more accurate inferences
than simpler baseline approaches, in Chapter 5 we introduce computable criteria for
validating the relative accuracy of the outcomes of sophisticated analyses. To ensure
that these methods are accurate and reliable, we develop theoretical guarantees to
guide their usage.

The contribution of Chapter 2 was completed in collaboration with Hilary Fin-
ucane and Tamara Broderick [Trippe et al., 2021b|. The contribution of Chapter 3
was completed in collaboration with Jonathan Huggins, Raj Agrawal, and Tamara
Broderick |Trippe et al., 2019]. The contribution of Chapter 4 was completed in equal
collaboration with Tin (Stan) Nguyen and is as much his as is mine, as well as with
Tamara Broderick [Trippe et al., 2021c|. The contribution of Chapter 5 was completed
in collaboration with Sameer Deshpande and Tamara Broderick |Trippe et al., 2021a].

The remainder of this chapter summarizes these contributions.

1.1 New Bayesian models for high-dimensional hier-
archical regression

Hierarchical modeling is a mainstay of Bayesian inference that enables information
sharing across regression problems on multiple groups of data. Often covariates are
shared across multiple related groups, but the effects are typically allowed to vary
both by group and by covariate. While standard practice is to model regression
parameters (effects) as (1) exchangeable across the groups and (2) correlated to

differing degrees across covariates, in Chapter 2, we show that this approach exhibits
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poor statistical performance when the number of covariates exceeds the number of
groups. For instance, in statistical genetics, one might regress dozens of traits (defining
groups) for thousands of individuals (responses) on up to millions of genetic variants
(covariates). We argue that when an analyst has more covariates than groups it
preferable to instead model effects as (1) exchangeable across covariates and (2)
correlated to differing degrees across groups. To this end, we propose a hierarchical
model expressing this alternative perspective. We develop theory that demonstrates
that this model produces estimates that are more accurate than the classic approach
when the number of covariates dominates the number of groups, and corroborate this
result empirically on several high-dimensional multiple regression and classification

problems.

1.2 Fast inference with theoretical guarantees

In Bayesian analyses, inference is the computational and algorithmic step of combining
the chosen model with observed data to obtain conclusions about unobserved parame-
ters. The computational challenge of inference remains a barrier to wider adoption
of many Bayesian methods, especially in high dimensions. A variety of inference
methods, such as variational Bayes, can provide fast approximations. However, these
approaches can have pathological behaviour that leads to poor accuracy [MacKay,
2003, Turner and Sahani, 2011, Trippe and Turner, 2018, Huggins et al., 2020|. In this
work, we develop practical approximate inference methods with provable guarantees

on runtime and approximation error.

Low rank approximation for fast inference in generalized linear models:
Generalized linear models (GLMs) are widely used across the sciences and social
sciences to relate covariates of interest to not only real-valued but also binary and
count-valued responses. Unfortunately, existing methods for Bayesian inference in
GLMs require running times roughly cubic in parameter dimension, and so are limited

to settings with at most tens of thousand parameters. In Chapter 3, we propose
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to reduce time and memory costs with a low-rank approximation of the data in an
approach we call LR-GLM. When used with the Laplace approximation or Markov
chain Monte Carlo, LR-GLM provides a full Bayesian posterior approximation and
admits running times reduced by a full factor of the parameter dimension. We
rigorously establish the quality of our approximation and show how the choice of rank
allows a tunable computational-statistical trade-off. Experiments support our theory
and demonstrate the efficacy of LR-GLM on real large-scale datasets.

Recently, [Hauzenberger et al., 2021| extended our approach in an econometrics
application to perform efficient inference in time-varying parameter regressions and
stochastic volatility models. By leveraging our technical advances, these authors were
able to fit models of price inflation in the United States with thousands of parameters

for which traditional methods are impractically slow.

Improving accuracy with embarrassingly parallel computation: Computa-
tional couplings of Markov chains provide a practical route to unbiased Monte Carlo
estimation that can utilize parallel computation [Jacob et al., 2020]. However, these
approaches depend crucially on chains meeting after a small number of transitions.
For models that assign data into groups, e.g. mixture models, the obvious approaches
to couple Gibbs samplers fail to meet quickly. In Chapter 4, we trace this failure to
the so-called “label-switching” problem [Jasra et al., 2005]; semantically equivalent
relabelings of the groups contribute well-separated posterior modes that impede fast
mixing and cause large meeting times. We then demonstrate how to avoid label switch-
ing by considering chains as exploring the space of partitions rather than labelings.
Using a metric on this space, we employ an optimal transport coupling of the Gibbs
conditionals. This coupling outperforms alternative couplings that rely on labelings
and, on a real dataset, provides estimates more precise than usual ergodic averages in

the limited time regime.

Fast and accurate inference in hierarchical modeling: Scalable inference

algorithms are also central to the contributions of Chapter 2. In particular, for our
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approach to inference in the hierarchical models we consider relies on an expectation
maximization algorithm, we de, which enables efficiently solving an empirical Bayes
problem. In that work, we additionally document how to use the conjugate gradient
method for solving up to million dimensional linear systems by taking advantage of

sparsity, Kronecker structure and good initializations for provably fast convergence.

1.3 Evaluation and model selection

A third challenge in high-dimensional Bayesian analyses is model evaluation. Modern
statistics provides an expansive toolkit of methods applicable to high-dimensional
problems. However, this abundance often presents practitioners already familiar with
one mode of analysis with a difficult challenge: choosing between the output of a
familiar method and that of a more complicated method, for example, one that shares
information across related datasets. In Chapter 5 we introduce a statistical tool, the
“c-value”, for computing a measure of confidence that a new estimate is more accurate
than a baseline approach. In analogy to how a small p-value provides evidence to
reject a null hypothesis, a large c-value provides evidence to replace an old estimate
with a new one. For a wide class of problems and estimators, we show how to compute
a c-value by first constructing a data-dependent high-probability lower bound on the
difference in loss. The c-value is frequentist in nature, but we show that it can provide
a validation of Bayesian estimates in real data applications involving hierarchical

models and Gaussian processes.
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Chapter 2

For high-dimensional hierarchical
models, consider exchangeability of
effects across covariates instead of

across datasets

Abstract

Hierarchical Bayesian methods enable information sharing across regression problems
on multiple groups of data. While standard practice is to model regression parameters
(effects) as (1) exchangeable across the groups and (2) correlated to differing degrees
across covariates, we show that this approach exhibits poor statistical performance
when the number of covariates exceeds the number of groups. For instance, in
statistical genetics, we might regress dozens of traits (defining groups) for thousands
of individuals (responses) on up to millions of genetic variants (covariates). When an
analyst has more covariates than groups, we argue that it is often preferable to instead
model effects as (1) exchangeable across covariates and (2) correlated to differing
degrees across groups. To this end, we propose a hierarchical model expressing our

alternative perspective. We devise an empirical Bayes estimator for learning the degree
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of correlation between groups. We develop theory that demonstrates that our method
outperforms the classic approach when the number of covariates dominates the number
of groups, and corroborate this result empirically on several high-dimensional multiple

regression and classification problems.

2.1 Introduction

Hierarchical modeling is a mainstay of Bayesian inference. For instance, in (generalized)
linear models, the unknown parameters are effects, each of which describes the
association of a particular covariate with a response of interest. Often covariates
are shared across multiple related groups, but the effects are typically allowed to
vary both by group and by covariate. A classic methodology, dating back to Lindley
and Smith (1972) |Lindley and Smith, 1972], models the effects as conditionally
independent across groups, with a latent (and learnable) degree of relatedness across
covariates. From a practical standpoint, the model is motivated by the understanding
that it “borrows strength” across different groups [Gelman et al., 2013, Chapter 5.6].
Mathematically, the model is motivated by assuming effects are exchangeable across
groups and applying a de Finetti theorem [Lindley and Smith, 1972, Jordan, 2010].
The methodology of Lindley and Smith is ubiquitous when the number of groups
is larger than the number of covariates. It is a standard component of Bayesian
pedagogy [|Gelman and Hill, 2006, Chapter 13.3]; [Gelman et al., 2013, Chapter 15.4]]
and software; e.g. it is used in the mixed modeling package 1me4 [Bates et al., 2015b],
which has over 16 million downloads at the time of writing.

Despite its resounding success when there are more groups than covariates, we
show in the present work that this standard methodology performs poorly when
there are more covariates than groups. To address the many-covariates case, we turn
for inspiration to statistical genetics, where scientists commonly learn linear models
relating genetic variants (covariates) to traits (corresponding to different groups) across
individuals (which each exhibit a response). These applications may exhibit millions

of covariates, thousands of responses, and just a handful of groups. In these cases,
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[Lee et al., 2012, Bulik-Sullivan et al., 2015, Stephens, 2013, Zhou and Stephens, 2014,
Maier et al., 2015, Runcie et al., 2020] use a multivariate Gaussian prior akin to that
of Lindley and Smith, but assume conditional independence across covariates and
prior parameters that encode correlations across groups, rather than than the other
way around.

As we will see, this alternative modeling approach may be motivated from a
Bayesian perspective when one begins from an assumption of a priori exchangeability
of the effects across covariates (rather than across groups). This exchangeability
assumption is reasonable in statistical genetics, where we have little knowledge to
distinguish our expectations about the effects of different genetic variants; we argue this
modeling approach can be effective other modern high-dimensional analyses of multiple
groups of data (beyond statistical genetics) in which large collections of covariates
are frequently treated monolithically, e.g. by applying ridge regression. Namely, when
there are more covariates than groups, we propose to model the effects as exchangeable
across covariates (rather than groups) and learn the degree of relatedness of effects
across groups (rather than covariates). In what follows, we refer to this framework as
ECov, for exchangeable effects across covariates, and distinguish it from exchangeable
effects across groups or EGroup.

While the existing methods in statistical genetics for modeling multiple traits
obtain as a special case of ECov, to the best of our knowledge this approach is absent
from existing literature on hierarchical Bayesian regression. Brown and Zidek (1980)
[Brown and Zidek, 1980| and Haitovsky (1987) [Haitovsky, 1987 form two exceptions,
but these two papers (1) consider only the situation in which a single covariate matrix
is shared across all groups (or equivalently, for each data point all responses are
observed) and (2) include only theory and no empirics. While Lindley and Smith (and
others) discuss a priori exchangeability across covariates in the context of analysis of
a single group, to our knowledge no other work has pushed this idea forward to share
strength across multiple groups.

We suspect that the historical origins of the methodology in statistical genetics

may have hindered earlier expansion of this class of models to a wider audience. In
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particular, this literature traces back to mixed effects modeling for cattle breeding
[Thompson, 1973]; here, an even-earlier notion of the genetic contribution of trait
correlation (i.e. “genetic correlation;” see Hazel (1943) [Hazel, 1943|) informs the
covariance structure of random effects. Although genetic correlation is now commonly
understood to describe the correlation of effects of DNA sequence changes on different
traits [Bulik-Sullivan et al., 2015], its provenance predates even the first identification of
DNA as the genetic material in 1944 [Avery et al., 1944]. As such, this older motivation
obviated the need for a more general justification grounded in exchangeability. See
Appendix A.1 for further discussion of related work, including more recent works from
within the machine learning community on sharing strength across multiple groups of
data.

In the present work, we propose ECov as a general framework for hierarchical
regression when the number of covariates exceeds the number of groups. We show
that the classic model structure from statistical genetics can be seen as an instance
of this framework, much as Lindley and Smith give a (complementary) instance of
an EGroup framework. To make the ECov approach generally practical, we devise
an accurate and efficient algorithm for learning the matrix of correlations between
groups. We demonstrate with theory and empirics that ECov is preferred when the
number of covariates exceeds the number of groups, while EGroup is preferred when
the number of groups exceeds the number of covariates. Our experiments analyze
three real, non-genetic groups in regression and classification, including an application
to transfer learning with pre-trained neural network embeddings. We provide proofs

of theoretical results in the appendix.

2.2 Exchangeability and its applications to hierarchi-
cal linear modeling

We start by establishing the data and model, motivating exchangeability among

covariate effects (ECov), and motivating our Bayesian generative model.
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Setup and notation. Consider () groups with D covariates. Let N? be the
number of data points in group ¢. For the gth group, the N? x D real design
matrix X7 collects the covariates, and Y7 is the N%vector of responses. The nth
datapoint in group ¢ consists of covariate D-vector X and scalar response Y. We
let D:= {(X9,Y? )}22:1 denote the collection of data from all () groups. We consider

indep (- XgTﬁq) with unknown D-vector of

the generalized linear model Y| X4, 39
real effects 59. We collect all effects in a D x @ matrix § with (d,q) entry 3. The
linear form of the likelihood allows interpretation of 53 as the association between
the dth covariate and the response in group ¢. In linear regression, the responses are
real-valued and the conditional distribution is Gaussian. In logistic regression, the
responses are binary, and we use the logit link. The independence assumption conflicts
with some models that one might use, for example in some cases when the different
groups partially overlap.

Example. As a motivating non-genetics example, consider a study of the efficacy
of microcredit. There are seven famous randomized controlled trials of microcredit,
each in a different country [Meager, 2019]. We might be interested in the association
between various aspects of small businesses (covariates), including whether or not they
received microcredit, and their business profit (response). In this case, the dth element
of X1 would be the dth characteristic of the nth small business in the gth country,
and Y7 is the profit of this business. See the experiments for additional examples in
rates of policing, web analytics, and transfer learning.

Exchangeable effects across groups (EGroup). To fully specify a Bayesian
model, we need to choose a prior over the parameters 3. Lindley and Smith assume
the effects are exchangeable across groups. Namely, for every @-permutation o,
p(BY, B%,...,59) = p(B°W,Bo@ .. po@). Assuming exchangeability holds for an
imagined growing () and applying de Finetti’s theorem motivates a conditionally
independent prior. Concretely, Lindley and Smith take g9 N (&, 1), for D-vector
¢ and D x D covariance matrix I'. The (d,d’) entry of I' captures the degree of

relatedness between the effects for covariates d and d’. Both £ and I may be learned

in an empirical Bayes procedure. However, when D is large relative to @), learning
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these parameters can present both computational and inferential challenges, as the
O(D?) degrees of freedom in T’ outnumber the O(DQ) effects.

Exchangeable effects across covariates (ECov). We here argue for a com-
plementary approach in settings where D > (). In the microcredit example, notice
that D > @) will arise whenever the experimenter records more characteristics of a
small business than there are locations with microcredit experiments; that is, D > 7
in this particular case. Concretely, let 84 be the Q-vector of effects for covariate d
across groups. Then, in the ECov approach, we will assume that effects are exchange-
able across covariates instead of across groups. Namely, for every D-permutation o,
(b1, B2, - -, Bp) = p(Boqr), Bo2), - - - Bo(py)- We will see theoretical and empirical ben-
efits to ECov in later sections, but note that the ECov assumption is often consistent
with prior beliefs in high dimensional settings. For instance, regarding microcredit,
we may have no prior knowledge about how effects differ for distinct small-business
characteristics. And we may a priori believe that different countries could exhibit more
similar effects — and wish to learn the degree of relatedness across those countries.

We may apply a similar rationale as Lindley and Smith to motivate a conditionally
independent model. Analogous to Lindley and Smith, we propose a Gaussian prior:
Ba Sh (0,%). ¥ is now a @ x @ covariance matrix whose (¢, q’) entry captures
the similarity between the effects in the ¢ and ¢’ groups. For simplicity, we restrict
to E[B4] = 0; see Appendix A.5.3 for discussion. Another potential benefit to ECov
relative to EGroup is that we might expect a statistically easier problem, with O(Q?)
rather than O(D?) values to learn in the relatedness matrix. We provide a rigorous

theoretical analysis in Sections 2.4 and 2.5.

2.3 Our method

We next describe our inference method for specific instances of the exchangeable
covariate effects model of Section 2.2. We compute the [ posterior and take an
empirical Bayes approach to estimate ¥. We find that an expectation maximization

(EM) algorithm estimates ¥ effectively; Appendix A.1.2 compares our approach to
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existing methods for the related problem of estimating I' for EGroup.

Notation. We identify estimates of 3 and ¥ with hats. For instance, fig is
the least squares estimate, with Bﬁs = (X1 X9)71X9TY4. We will sometimes find it
useful to stack the columns of 8 or its estimates into a length D@ vector; we denote
such vectors with an arrow; for example, 5 =[BT, 52T, ...,B9T]T. For a natural
number N, we use Iy, 1y, and ey to denote the N x N identity matrix, N-vector of

ones, and Nth basis vector, respectively. We use ® to denote the Kronecker product.

2.3.1 Posterior inference with a Gaussian likelihood

We first consider a Gaussian likelihood: for each group ¢ and observation n, we
take V4| X1 34 KN (X279, 02) where o} is a group-specific variance. When the
relatedness matrix ¥ is known, a natural estimate of [ is its posterior mean. We
obtain the full posterior, including its mean, via a standard conjugacy argument; see

Appendix A.2.1:

Proposition 2.3.1. For each covariate d, let By i N(0,%) a priori. For each group

q and data point n, let V7| X4, 32 nder N (X474, 03). Then E|D, Y~ N, V) for i =
Ve 2YITXE . ,aéQYQTXQ]T and V! = Y@ lp+diag(o ? X T X .. ,aéZXQTXQ),
where diag(o; 2 X' T X1, ... ,Ué2XQTXQ) denotes a DQ x DQ block-diagonal matriz.

At first glance, the posterior mean i for this model might seem to introduce a
computational challenge because exact computation of V' involves an O(D3*@Q3)-time
matrix inversion. Our experiments (Section 2.6), however, involve on the order of
D@ ~ 1,000 parameters, so direct inversion of V' demands less than a single second.
Moreover, in much larger problems ji may still be computed very efficiently using the
conjugate gradient algorithm [Nocedal and Wright, 2006, Chapter 5|, with convergence
in a small number of O(D?(Q) time iterations; see Appendix A.2.2.
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Algorithm 1 Expectation Maximization for Exchangeability Among Covariate Effects

1: // Initialize covariance
2: 1O IQ

3: // Run EM algorithm
4: fort=0,1,... do

5: // Expectation step

6: 1y fip, Vi, ..., Vp < E_Step(X®)
7

8: // Maximization step

9: SN DS (papg + Va)

10:

11: Return L(¢+1

2.3.2 Empirical Bayes estimation of > by expectation maxi-

mization

The posterior mean of g in Proposition 2.3.1 requires ¥, which is typically unknown.
Accordingly, we propose an empirical Bayes approach of estimating > by maximum

marginal likelihood:

Becoy := E[8 | D, Y] where 3 := argmax p(D | ). (2.1)
>0

Eq. (2.1) defines a two step procedure. In the first step, we learn the similarity
between groups via estimation of Y. In the second step, we use this similarity to
compute an estimate, BECOV, that correspondingly shares strength. Though we have
been unable to identify a general analytic form for 2, we can compute it with an
expectation maximization (EM) algorithm [McLachlan and Krishnan, 2007, Chapter
1.5]. Algorithm 1 summarizes this procedure; see Appendix A.2.3 for details.

2.3.3 Classification with logistic regression

We can extend the approach above to inference for multiple related classification
problems. We assume a logistic likelihood; for each ¢ and n, Y,9| X4, 51 np Bern|[(1 +

exp{—X4737})71]. In the classification case, we cannot use Gaussian conjugacy directly,
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Algorithm 2 E-Step: Linear Regression
1. i,V « E[3|D, ], Var[5|D, %]
2: ford=1,...,D do
3: M < (ed X ]Q)Tﬂ
4
5

Vg +— (€d®IQ)TV(€d®[Q)
: Return pq, ..., up, Vi,...,Vp

Algorithm 3 E-Step: Logistic Regression

1: fi* < arg maXEIng(ﬂD, Y)
2: V + —[V21ogp(5|D,3)|
3: ford=1,...,D do

4 g (ea@Io) fi*

5

6

L

=ji*

Vg (6d®IQ)TV(€d®]Q)
: Return pq, ..., up, Vi,...,Vp

so we apply an approximation. Specifically, we adapt the original E-step in Algorithm 3
by using a Laplace approximation to the posterior [Bishop, 2006, Chapter 4.4]. We
approximate the posterior mean of 5 by the maximum a posteriori value. We leave

extensions to other generalized linear models to future work.

2.4 Theoretical comparison of frequentist risk

In this section, we prove theory that suggests ECov has better frequentist risk than
EGroup when D is large relative to (. Analyzing BECOV directly is challenging due to
its non-differentiability as a function of the data, so we take a multipart approach.
First, in Theorem 2.4.2, we show that an ECov estimate based on moment-matching
(MM), B%%\gv, dominates least squares, BLS, when D is large relative to @; BLS in turn
dominates B]I%/Ié\foup (a similar estimator for EGroup). Second, in Theorem 2.4.3, we
show that Bgcey uniformly improves on Bg@gv

Setup. Take a fixed value of § and an estimator B . We use squared error risk,
R(3,5) :=E [||B — B|I% | B, as our measure of performance. || - || is the Frobenius

norm of a matrix, and the expectation is over all observations Y, ..., Y% jointly. We
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require the following orthogonal design condition.
Condition 2.4.1. For each group ¢, 0,2X?" X% = ¢2Ip for some shared variance o>.

Though restrictive, this condition is useful for theory, as other authors have found;
see Appendix A.3.1. We empirically demonstrate that our theoretical conclusions
apply more broadly in Section 2.6.

ECov vs. EGroup when using moment matching in high dimensions.
For ECov, the following estimate for > is unbiased under correct prior specification:
SMM = DB Brs— D diag (a2 || X ||, ..., 03| X?1|%), where T denotes the Moore-
Penrose pseudoinverse of a matrix and BLS is the least squares estimate. We define
MM .— E[B]D, SMM] to be the resulting parameter estimate, and define /BEGroup
analogously for EGroup; see Appendix A.3.2 for details. While MM and BEGroup re
naturally defined only when D > @ and D < @, respectively, we find it informative

to compare how their performances depend on D and () nonetheless.

Before our theorem, a lemma provides concise expressions for the risks of S

and ﬁEGroup

Lemma 2.4.1. Under Condition 2.4.1 and when D > @, R(f, BECOV) = 0?DQ —
o'D(D — 2 - 2Q)E[||Als|1% | B]. Additionally, when D < Q, R(8, B¥2L..) = 02DQ —
'Q(Q — 2 — 2D)E[| 3 | 5.

Lemma 2.4.1 reveals forms for the risks of BECOV and BEGroup that are surprisingly
simple. The symmetry between the forms and risks of these estimators, however, is
intuitive; under Condition 2.4.1, BECOV and ﬁEGroup can be seen as respectively arising
from the same procedure applied to BLS and its transpose.

With Lemma 2.4.1 in hand, we can now compare the risk of MM fig, and B%%\foup.

Theorem 2.4.2. Let Condition 2.4.1 hold. Then (1) if D > 2Q + 2, S¥M  dominates
BLS with respect to squared error risk. In particular, for any B, R(B, BECOV)

R(5, BLS). Additionally, (2) if D > Q/2 — 1, B%%\foup is dominated by Bis.

Since fArg is minimax [Lehmann and Casella, 2006, Chapter 5|, Theorem 2.4.2

implies that Bg%\gv has minimax risk in the high-dimensional setting. It follows that,
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regardless of how well the ECov prior assumptions hold, A%%\gv will not perform very

poorly.

Further improvement with maximum marginal likelihood. The moment
based approach analyzed above has a limitation: with positive probability, MM is not
positive semi-definite (PSD). Though our expression for S¥M  remains well-defined in
this case, this non-positive definiteness obscures the interpretation of Bﬁﬂé\gv as a Bayes
estimate. We next show that performance further improves if ¥ is instead estimated
by maximum marginal likelihood (Eq. (2.1)) and is thereby constrained to be PSD.

Our next lemma characterizes the form of the resulting estimator, BECOV, and

establishes a connection to the positive part James-Stein estimator [Baranchik, 1964].

Lemma 2.4.2. Assume D > () and consider the singular value decomposition
Brs = Vdiag()\%)UT where V. and U satisfy V'V = UTU = Ig, and X is a Q-
vector of non-negative reals. Under Condition 2.4.1, Eq. (2.1) reduces to 3 =
Udiag [(D7'A\ — 0210) 1] UT and frcoy = Vdiag (A2 © (1g — 02D | UT, where
(1)1 is shorthand for max(-,0) element-wise, ® is the Hadamard (i.e. element-wise)

product, and the powers in A2 and AL are applied element-wise.

Lemma 2.4.2 allows us to see BECOV as shrinking BLS toward 0 in the direction of
each singular vector to an extent proportional to the inverse of the associated singular
value. The transition from ,@%Aé\gv to ,@ECOV is then analogous to the taking the “positive
part” of the James-Stein estimator in vector estimation, which provides a uniform
improvement in risk [Baranchik, 1964]. Though R(/, BECOV) is not easily available

analytically, we nevertheless find that it dominates its moment-based counterpart.

Theorem 2.4.3. Assume D > Q) + 1. Under Condition 2.4.1 BECOV dominates Bg%\gv

with respect to squared error loss, achieving strictly lower risk for every value of 3.

We establish Theorem 2.4.3 using a proof technique adapted from Baranchik [1964];
see also Lehmann and Casella [2006]|Thm. 5.5.4|. The standard approach we build
upon is complicated by the fact that the directions in which we apply shrinkage are

themselves random.
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Theorem 2.4.3 provides a strong line of support for using BECOV over 5ECOV that
does not rely on any assumption of “correct” prior specification; in particular the risk
improves without any subjective assumptions on 5. We discuss related earlier work in

Appendix A.1.4.

2.5 Gains from ECov in the high-dimensional limit

The results of Section 2.4 give a promising endorsement of ECov but face two important
limitations. First, the domination results relative to least squares do not directly
demonstrate that @Ecov attains improvements by leveraging similarities across groups
in a meaningful way; indeed for a single group (i.e. @ = 1) BECOV can be understood as
a ridge regression estimate [Hoerl and Kennard, 1970, and Theorems 2.4.2 and 2.4.3
provide that BECOV dominates BLS for D > 3. Second, domination results reveal nothing
about the size of the improvement or how it depends on any structure of J; intuitively,
we should expect better performance when [ is in some way representative of the
assumed prior. To address these limitations, we analyze the size of the gap between
the risk of (1) Bgcoy and (2) our method applied to each group independently (ID),
which we denote by BID.I We will characterize the dependence of this gap on .
Reasoning quantitatively about the dependence of the risk on the unknown pa-
rameter poses significant analytical challenges. In particular, Lemma 2.4.1 shows that
R(5, B¥A ) depends on 8 through E[||3]||%|5]; however, ||3lq[|% is the sum of the
eigenvalues of a non-central inverse Wishart matrix, a notoriously challenging quantity
to work with; see e.g. |Letac and Massam, 2004, Hillier and Kan, 2019|. To regain
tractability, we (1) develop an analysis asymptotic in the number of covariates D
and (2) shift to a Bayesian analysis in order to sensibly consider a growing collection
of covariate effects. In particular, we consider a sequence of regression problems,
with parameters {£,}52, distributed as (4 M for some distribution 7. Accordingly,

instead of using the frequentist risk as in Section 2.4, we now use the Bayes risk to

LOur approach ﬁECOV is well defined in the Q = 1 single group case; for each group ¢, we obtain
B by computing Brcey on the group D = {(X9,Y9)}.
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measure performance. Specifically, for a group with D covariates and an estimator
3, the Bayes risk is RP(8) := E.[R(8, 8)] where R(8, ) is the usual frequentist risk.
In the following, we describe the results of this analysis with proofs and additional
details left to Appendix A.4.

For a single metric characterizing the benefits of joint modeling, we will define the

asymptotic gain as the relative performance between our two estimators of interest

here, ﬂECov and 6ID-

Definition 2.5.1. Consider a sequence of datasets of () regression problems with an
increasing number of covariates D,{Dp}%_;. Assume that for each group Condi-
tion 2.4.1 is satisfied with variance o2 and that each 34 "5 The asymptotic gain of

joint modeling is Gain(r, 02) := limp_,00 (62DQ) [RL (Bin) — R2 (Becoy)]-

The factor of 02DQ in Definition 2.5.1 puts Gain(m, 0?) on a scale that is roughly
invariant to the size and noise level of the problem; for example, (¢2DQ)~'RP (BLS) =1
for any m, D, and (). In Appendix A.4.5 we discuss how this asymptotic formulation
may allow relaxation of Condition 2.4.1 if one considers certain random design matrices;
for simplicity, the present analysis considers only fixed designs.

Our next lemma gives an analytic expression for Gain(m,c?) that provides a

starting point for understanding its problem dependence.

Lemma 2.5.1. Assume % := Var, (1] is finite and has eigenvalues Ay, ..., Ag. If
Condition 2.4.1 satisfied asymptotically, Gain(m,o?) = 02Q_1[E§:1()\q + o)t —
Z?ﬂ(i%q +0*)71.

Lemma 2.5.1 reveals that the diagonals and eigenvalues and 3 are key determinants
of Gain(m, ¢?), but does not directly provide an interpretation of when BECOV offers
benefits over BID. Our next theorem demonstrates when an improvement can be

achieved from joint modeling.
Theorem 2.5.2. Gain(r,02) > 0, with equality only when ¥ = Var, [81] is diagonal.

Proof. From Lemma 2.5.1 we see Gain(m, 0?) is the difference between a strictly Schur-

convex function applied to the eigenvalues of ¥ and to its diagonals (since (z + o)~
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is convex on R,). By the Schur-Horn theorem, the eigenvalues of > majorize its

diagonals, providing the result. n

Theorem 2.5.2 tells us that BECOV succeeds at adaptively learning and leveraging
similarities among groups in the high-dimensional limit. In particular, Gain(7, %)
reduces to zero only when the eigenvalues of ¥ are arbitrarily close to the entries of its
diagonal, which occurs only when the covariate effects are uncorrelated across groups.
However, when covariate effects are correlated, we obtain an improvement.

Our next theorem quantifies this relationship through upper and lower bounds.

Theorem 2.5.3. Let A\ and 0+ denote the eigenvalues and diagonals of ©, respectively,
sorted in descending order. Then Gain(m, 0?) < 202Q Y| N|2[[6* — A2/ Amin + 02)?
and Gain(r, 02) > o2Q [0+ — M2/ (Amax + 02)3, where Amax and Amin are the largest

and smallest, respectively, eigenvalues of 3.

Theorem 2.5.3 allows us to see several aspects of when our method will and will
not perform well. First, the presence of ||+ — A*||2 in both the upper and lower bounds
demonstrates that Gain(m, %) will be small when the eigenvalues are close to the
diagonal entries, with Euclidean distance as an informative metric.

As we find in our next corollary, Theorem 2.5.3 additionally allows us to see that
nontrivial gains may be obtained only in an intermediate signal-to-noise regime, where
signal is given by the size of the covariate effects and noise is the variance level 2.
Notably, under Condition 2.4.1, o2 relates directly to the variance of BLS, and is
influenced by both the residual variances and the group sizes; see Appendix A.3.1.
In particular we interpret \.;, as a proxy for signal strength since it captures the

magnitude of typical §;’s along their direction of least variation.

Corollary 2.5.4. Gain(m, 0?) < 4k*Auin/0? and Gain(r, 0?) < 4k%(Amin/0?) ™1, where

K = Amax/Amin 1S the condition number of .

Corollary 2.5.4 formalizes the intuitive result that with enough noise, the little
recoverable signal is insufficient to effectively share strength. And furthermore, in the

low-noise and high-signal regime BID is very accurate on its own and there is little
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need for joint modeling. However, when there is a large gap between the largest and
smallest eigenvalues of 3, leading k to be large, the gain could be larger. x will be

large, for example, when the covariate effects are very correlated across groups.

2.6 Experiments

2.6.1 Simulated data

We first conduct simulations, where we can directly control the relatedness among
groups and where we know the ground truth values of the parameters. We show that
ECov is more accurate than EGroup when covariates outnumber groups, whether
effects are correlated across groups or not.

In particular, we simulated covariates, parameters, and responses for ) = 10
groups across a range of covariate dimensions. We generated covariate effects as
By (0,%). We chose ¥ so that effects were either correlated (Figure 2-1 Left)
or independent (Figure 2-1 Right) across groups; see Appendix A.5 for details. We
compare performance of six estimates on these groups. These are estimates assuming
EGroup/ECov using moment matching and maximum marginal likelihood to choose
/T (Bgﬁé\foup /MM and Bearoup/ BEcers Tespectively), as well as least squares (frs),
and ECov applied to each group independently (BID).

Figure 2-1 reinforces our theoretical conclusions that (1) Brcoy is more accurate
when covariates outnumber groups and (2) BEGroup is more accurate when groups
outnumber covariates. Our simulated X matrices are somewhat relaxed from a strict
orthogonal design (Appendix A.5), so these experiments suggest that our conclusions
hold beyond Condition 2.4.1. Additionally, BECOV and BEGroup both outperform their
moment based counterparts, Bg%\gv and Bg@ﬁoup.

Even for the simulations with independent effects, Theorem 2.4.2 suggests BECOV
should still outperform BLS and BEGmup in the higher dimensional regime, and we
see this behavior in the right panel of Figure 2-1. Additionally, in agreement with

Theorem 2.5.2, BECOV does not improve over BID in the presence of independent effects,
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Figure 2-1: Dimension dependence of parameter estimation error in simulation. Co-
variate effects are either [Left] correlated or [Right| independent across the @ = 10
groups. Each point is the mean +1SEM across 20 replicates.

and the performances of these two estimators converge as D grows.

2.6.2 Real data

We find that ECov beats EGroup, as well as least squares and independent estima-
tion, across three real groups. We describe the datasets (with additional details in
Appendix A.5.4) and then our results.

Community level law enforcement in the United States. Policing rates
vary dramatically across different communities, mediating disparate impacts of crimi-
nal law enforcement across racial and socioeconomic groups [Weisburd et al., 2019,
Slocum et al., 2020]. Understanding how demographic and socioeconomic attributes of
communities relate to variation in rates of law enforcement is crucial to understanding
these impacts. Linear models provide the desired interpretability. We use a dataset
[Redmond and Baveja, 2002] consisting of D = 117 community characteristics and
their rates of law enforcement (per capita) for different crimes. We consider ) = 4
group subsets corresponding to distinct (region, crime) pairs: (Midwest, Robbery),
(South, Assault), (Northeast, Larceny), and (West, Auto-theft). This data setup
illustrates a small () and accords with the independent residuals assumption in the

likelihood shared by ECov and EGroup (Section 2.2). Across ¢, N7 represents between
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400 and 600 communities.

Blog post popularity. We regress reader engagement (responses) on D = 279
characteristics of blog posts (covariates) [Buza, 2014]. We divided the corpus based
on an included length attribute into @) = 3 groups, corresponding to (1) long posts,
(2) short posts, and (3) posts from an earlier corpus with missing length attribute.
We hypothesized that the relationships between the characteristics of posts and
engagement would differ across these three groups. We randomly downsampled to
N? = 500 posts in each group to mimic a low sample-size regime, in which sharing
strength is crucial.

Blog Popularity Law Enforcement CIFAR10
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Figure 2-2: Prediction performance on held out data in three applications (mean
+1SEM across 5-fold cross-validation splits).
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Multiple binary classifications using pre-trained neural network embed-
dings on CIFAR10. Modern machine learning methods have proved very successful
on large datasets. Translating this success to smaller datasets is one of the most
actively pursued algorithmic challenges in machine learning. It has spurred the devel-
opment of frameworks from transfer learning [Weiss et al., 2016] to one-shot learning
[Vinyals et al., 2016] to meta-learning [Finn et al., 2017]. One common and simple
strategy starts with a learned representation (or “embedding”) from an expressive
neural network fit to a large group. Then one can use this embedding as a covariate
vector for classification tasks with few labeled data points.

We take a D = 128 dimensional embedding of the CIFAR10 image group [Krizhevsky,
2009, Van Looveren et al., 2019]. We create () = 8 different binary classification tasks
using the classes in CIFAR10 (Appendix A.5.4). We downsampled to N? varying from

100 to 1000 to mimic a setting in which we hope to share strength from large groups
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to improve performance on smaller datasets.

Discussion of evaluation and results. In previous sections we have focused
on parameter estimation. Here we instead evaluate with prediction error on held-
out data since the true parameters are not observed. Specifically we perform 5-fold
cross-validation and report the mean squared errors and classification errors on test
splits. To reduce variance of out-of-sample error estimates on the applications in
which we downsampled, we also evaluate on the additional held-out data. Because
the residual variances were unknown, we estimated these for each application and
group as 62 := | P£,Y|?/(N, — D), where Pg, = Iy, — X9(X9TX%) 71X (see e.g.
[Gelman and Hill, 2006, Chapter 18.1]). All methods ran quickly on a 36 CPU machine;
computation of BECOV, including the EM algorithm, required 2.04 + 0.64, 6.89 + 3.19
and 37.14 £ 3.39 seconds (mean £ st-dev across splits) on the law enforcement, blog,
and CIFARI10 tasks, respectively.

Our results further reinforce the main aspects of our theory. BECOV outperformed
BEGroup, independent Bayes estimates (BID), and least squares (BLS) in all applications
(at > 95% nominal confidence with a paired t-test).? Additionally, Brooy outperformed
the baseline of ignoring heterogeneity, pooling groups together, and using the same
effect estimates for every group (“Least Sqrs./MLE Pool”).

Appendix A.5 includes additional results and comparisons. In particular, we provide
the performance of the estimators on each component group for each application.
Additionally, we report the performances of (1) stable and computationally efficient
moment based alternatives to BECOV and BEGroup and (2) variants of BECOV and BEGroup
that include a learned (rather than zero) prior mean. Appendix A.5.5 reports the

licenses of software we used.

2We did not develop an extension akin to Algorithm 3 for EGroup, and so do not report BEGroup

for CIFAR10. Additionally, we report a maximum likelihood estimate (MLE) instead of BLS for
CIFARI10.
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2.7 Discussion

The Bayesian community has long used hierarchical modeling with priors encoding
exchangeability of effects across groups of data (EGroup). In the present work, we
have made a case for instead using priors that encode exchangeability across covariates
(ECov) — in particular, when the number of covariates exceeds the number of groups.
We have presented a corresponding concrete model and inference method. We have
shown that ECov outperforms EGroup in theory and practice when the number of
covariates exceeds the number of groups.

Our approach is, of course, not a panacea. In some settings, a priori exchangeability
among covariate effects will be inconsistent with prior beliefs. For example, imagine
in the CIFAR10 application if meta-data covariates (such as geo-location and date)
were available, in addition to embeddings. Then we might achieve better performance
by treating meta-data covariates as distinct from embedding covariates. Additionally,
we focused on a Gaussian prior for convenience. In cases where practitioners have
more specific prior beliefs about effects, alternative priors and likelihoods may be
warranted, though they may be more computationally challenging. Moreover, while
relatively interpretable, linear models have their downsides. The linear assumption
can be overly simplistic in many applications. It is common to misinterpret effects
as causal rather than associative. Both the linear model and squared error loss lend
themselves naturally to reporting means, but in many applications a median or other
summary is more appropriate; so using a mean for convenience can be misleading.

Many exciting directions for further investigation remain. For example, the
covariance X may provide an informative measure of task similarity; this similarity
measure can be useful in, e.g., meta learning |Jerfel et al., 2019] and statistical genetics
[Bulik-Sullivan et al., 2015|. Additionally, we here explored two approaches to choosing
the covariance matrices in the empirical Bayes step; more sophisticated approaches to
covariance estimation may provided improved performance. It also remains to extend

our methodology to other generalized linear models.
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Chapter 3

LR-GLM: High-Dimensional Bayesian
Inference Using Low-Rank Data

Approximations

Abstract

Due to the ease of modern data collection, applied statisticians often have access
to a large set of covariates that they wish to relate to some observed outcome.
Generalized linear models (GLMs) offer a particularly interpretable framework for
such an analysis. In these high-dimensional problems, the number of covariates is
often large relative to the number of observations, so we face non-trivial inferential
uncertainty; a Bayesian approach allows coherent quantification of this uncertainty.
Unfortunately, existing methods for Bayesian inference in GLMs require running times
roughly cubic in parameter dimension, and so are limited to settings with at most
tens of thousand parameters. We propose to reduce time and memory costs with a
low-rank approximation of the data in an approach we call LR-GLM. When used with
the Laplace approximation or Markov chain Monte Carlo, LR-GLM provides a full
Bayesian posterior approximation and admits running times reduced by a full factor

of the parameter dimension. We rigorously establish the quality of our approximation
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and show how the choice of rank allows a tunable computational-statistical trade-off.
Experiments support our theory and demonstrate the efficacy of LR-GLM on real

large-scale datasets.

3.1 Introduction

Scientists, engineers, and social scientists are often interested in characterizing the
relationship between an outcome and a set of covariates, rather than purely optimizing
predictive accuracy. For example, a biologist may wish to understand the effect
of natural genetic variation on the presence of a disease or a medical practitioner
may wish to understand the effect of a patient’s history on their future health. In
these applications and countless others, the relative ease of modern data collection
methods often yields particularly large sets of covariates for data analysts to study.
While these rich data should ultimately aid understanding, they pose a number of
practical challenges for data analysis. One challenge is how to discover interpretable
relationships between the covariates and the outcome. Generalized linear models
(GLMs) are widely used in part because they provide such interpretability — as well as
the flexibility to accommodate a variety of different outcome types (including binary,
count, and heavy-tailed responses). A second challenge is that, unless the number of
data points is substantially larger than the number of covariates, there is likely to be
non-trivial uncertainty about these relationships.

A Bayesian approach to GLM inference provides the desired coherent uncertainty
quantification as well as favorable calibration properties [Dawid, 1982, Theorem 1].
Bayesian methods additionally provide the ability to improve inference by incorporating
expert information and sharing power across experiments. Using Bayesian GLMs
leads to computational challenges, however. Even when the Bayesian posterior can
be computed exactly, conjugate inference costs O(N2D) in the case of D > N. And
most models are sufficiently complex as to require expensive approximations.

In this work, we propose to reduce the effective dimensionality of the feature set as

a pre-processing step to speed up Bayesian inference, while still performing inference
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in the original parameter space; in particular, we show that low-rank descriptions
of the data permit fast Markov chain Monte Carlo (MCMC) samplers and Laplace
approximations of the Bayesian posterior for the full feature set. We motivate our
proposal with a conjugate linear regression analysis in the case where the data are
exactly low-rank. When the data are merely approximately low-rank, our proposal
is an approximation. Through both theory and experiments, we demonstrate that
low-rank data approximations provide a number of properties that are desirable in
an efficient posterior approximation method: (1) soundness: our approximations
admit error bounds directly on the quantities that practitioners report as well as
practical interpretations of those bounds; (2) tunability: the choice of the rank of
the approximation defines a tunable trade-off between the computational demands of
inference and statistical precision; and (3) conservativeness: our approximation never
reports less uncertainty than the exact posterior, where uncertainty is quantified via
either posterior variance or information entropy. Together, these properties allow a
practitioner to choose how much information to extract from the data on the basis of
computational resources while being able to confidently trust the conclusions of their

analysis.

3.2 Bayesian inference in GLMs

N
n=1"

Suppose we have N data points {(x,, y) We collect our covariates, where z,,
has dimension D, in the design matrix X € RV*? and our responses in the column
vector Y € RY. Let 8 € RP be an unknown parameter characterizing the relationship
between the covariates and the response for each data point. In particular, we take
$ to parameterize a GLM likelihood p(Y | X, 8) = p(Y | X3). That is, 8, describes
the effect size of the dth covariate (e.g., the influence of a non-reference allele on an
individual’s height in a genomic association study). Completing our Bayesian model
specification, we assume a prior p(f), which describes our knowledge of S before
seeing data. Bayes’ theorem gives the Bayesian posterior p(f | Y, X) = p(8)p(Y |

XB)/ [p(B)p(Y | XB')dp', which captures the updated state of our knowledge after
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Table 3.1: Time complexities of naive inference and LR-GLM with a rank M approxi-
mation when D > N.

METHOD NAIVE LR-GLM SPEEDUP

LAPLACE O(N2D) O(NDM) N/M
MCMC (1TER.) O(ND) O(NM + DM) N/M

observing data. We often summarize the 3 posterior via its mean and covariance. In all
but the simplest settings, though, computing these posterior summaries is analytically
intractable, and these quantities must be approximated.

Related work. In the setting of large D and large NN, existing Bayesian inference
methods for GLMs may lead to unfavorable trade-offs between accuracy and compu-
tation; see Appendix B.2 for further discussion. While Markov chain Monte Carlo
(MCMC) can approximate Bayesian GLM posteriors arbitrarily well given enough
time, standard methods can be slow, with O(DN) time per likelihood evaluation.
Moreover, in practice, mixing time may scale poorly with dimension and sample
size; algorithms thus require many iterations and hence many likelihood evaluations.
Subsampling MCMC methods can speed up inference, but they are effective only with
tall data [D < N; Bardenet et al., 2017].

An alternative to MCMC is to use a deterministic approximation such as the Laplace
approximation [Bishop, 2006, Chap. 4.4], integrated nested Laplace approximation
[Rue et al., 2009], variational Bayes [VB; Blei et al., 2017|, or an alternative likelihood
approximation [Huggins et al., 2017, Campbell and Broderick, 2019, Huggins et al.,
2016]. However these methods are computationally efficient only when D < N (and
in some cases also when N < D). For example, the Laplace approximation requires
inverting the Hessian, which uses O(min(N, D)N D) time (Appendix B.3). Improving
computational tractability by, for example, using a mean field approximation with VB
or a factorized Laplace approximation can produce substantial bias and uncertainty
underestimation [MacKay, 2003, Turner and Sahani, 2011].

A number of papers have explored using random projections and low-rank approx-
imations in both Bayesian [Lee and Oh, 2013, Spantini et al., 2015, Guhaniyogi and
Dunson, 2015, Geppert et al., 2017| and non-Bayesian [Zhang et al., 2014, Wang et al.,
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Figure 3-1: LR-Laplace with a rank-1 data approximation closely matches the Bayesian
posterior of a toy logistic regression model. In each pair of plots, the left panel depicts
the same 2-dimensional dataset with points in two classes (black and white dots) and
decision boundaries (black lines) separating the two classes, which are sampled from
the given posterior approximation (see title for each pair). In the right panel, the red
contours represent the marginal posterior approximation of the parameter 5 (a bias
parameter is integrated out).

2017] settings. The Bayesian approaches have a variety of limitations. E.g., Lee and
Oh [2013], Geppert et al. [2017]|, Spantini et al. [2015] give results only for certain
conjugate Gaussian models. And Guhaniyogi and Dunson [2015] provide asymptotic
guarantees for prediction but do not address parameter estimation.

See Section 3.6 for a demonstration of the empirical disadvantages of mean field

VB, factored Laplace, and random projections in posterior inference.

3.3 LR-GLM

The intuition for our low-rank GLM (LR-GLM) approach is as follows. Supervised
learning problems in high-dimensional settings often exhibit strongly correlated co-
variates [Udell and Townsend, 2019]. In these cases, the data may provide little
information about the parameter along certain directions of parameter space. This ob-

servation suggests the following procedure: first identify a relatively lower-dimensional
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subspace within which the data most directly inform the posterior, and then perform
the data-dependent computations of posterior inference (only) within this subspace,
at lower computational expense. In the context of GLMs with Gaussian priors, the
singular value decomposition (SVD) of the design matrix X provides a natural and
effective mechanism for identifying a subspace. We will see that this perspective
gives rise to simple, efficient, and accurate approximate inference procedures. In
models with non-Gaussian priors the approximation enables more efficient inference
by facilitating faster likelihood evaluations.

Formally, the first step of LR-GLM is to choose an integer M such that 0 < M < D.

For any real design matrix X, its SVD exists and may be written as

X" = Udiag\)V" 4 Udiag(\)V' T,
where U € RP*M [J ¢ RP*(D=M) 7 ¢ RNXM and V e RVX(P=M) are matrices of
orthonormal rows, and A € RM™ and A € RP~™ are vectors of non-increasing singular
values A\j > -+ > Ay > A > -+ > Ap_wm > 0. We replace X with the low-rank

approximation XUU . Note that the resulting posterior approximation p(3 | X,Y)

is still a distribution over the full D-dimensional S vector:

p(B)p(Y | XUU'B)
p(B)p(Y | XUUTB)d5

pBIX,Y) = T (3.1)

In this way, we cast low-rank data approximations for approximate Bayesian
inference as a likelihood approximation. This perspective facilitates our analysis of
posterior approximation quality and provides the flexibility either to use the likelihood
approximation in an otherwise exact MCMC algorithm or to make additional fast
approximations such as the Laplace approximation.

We let LR-Laplace denote the combination of LR-GLM and the Laplace approxi-
mation. Figure 3-1 illustrates LR-Laplace on a toy problem and compares it to full
Laplace, the prior, and diagonal Laplace. Diagonal Laplace refers to a factorized
Laplace approximation in which the Hessian of the log posterior is approximated

with only its diagonal. While this example captures some of the essence of our pro-
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posed approach, we emphasize that our focus in this paper is on problems that are

high-dimensional.

3.4 Low-rank data approximations for conjugate Gaus-
sian regression

We now consider the quality of approximate Bayesian inference using our LR-GLM
approach in the case of conjugate Gaussian regression. We start by assuming that the
data is exactly low rank since it most cleanly illustrates the computational gains from
LR-GLM. We then move on to the case of conjugate regression with approximately low-
rank data and rigorously characterize the quality of our approximation via interpretable
error bounds. We consider non-conjugate GLMs in Section 3.5. We defer all proofs to

the Appendix.

3.4.1 Conjugate regression with exactly low-rank data

Classic linear regression fits into our GLM likelihood framework with p(Y|X, ) =
N(Y|XB,(tIy)""), where 7 > 0 is the precision and Iy is the identity matrix of size N.
For the conjugate prior p(58) = N(5|0,%3), we can write the posterior in closed form:
p(BY, X) = N(Blun, En), where Ly := (85" +7X7X) ™" and py 1= 785X Y.

While conjugacy avoids the cost of approximating Bayesian inference, it does
not avoid the often prohibitive O(N D? + D?) cost of calculating Xy (which requires
computing and then inverting ¥') and the O(D?) memory demands of storing it. In
the N < D setting, these costs can be mitigated by using the Woodbury formula to
obtain py and Xy in O(N2D) time with O(N D) memory (Appendix B.3). But this
alternative becomes computationally prohibitive as well when both N and D are large
(e.g., D~ N > 20,000).

Now suppose that X is rank M < min(D, N) and can therefore be written as
X = XUUT exactly, where U € RP*M denotes the top M right singular vectors of

X. Then, if X3 = agID and 1, is the ones vector of length M, we can write (see
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Appendix B.4.1 for details)

. TAOA
EN:UE I — Udiag <0_21 +7’)\@/\> U’
B M

(3.2)

TA
d uy = Udi VY
andt by lag<gg21M+rA®A> :

where multiplication (®) and division in the diag input are component-wise across
the vector \. Eq. (3.2) provides a more computationally efficient route to inference.
The singular vectors in U may be obtained in O(N D log M) time via a randomized
SVD [Halko et al., 2011] or in O(NDM) time using more standard deterministic
methods Press et al. [2007]. The bottleneck step is finding A via diag(A ® \) =
UTXTXU, which can be computed in O(NDM) time. As for storage, this approach
requires keeping only U, A, and V'Y, which takes just O(M D) space. In sum, utilizing
low-rank structure via Eq. (3.2) provides an order min(N, D)/M-fold improvement in

both time and memory over more naive inference.

3.4.2 Conjugate regression with low-rank approximations

While the case with exactly low-rank data is illustrative, real data are rarely exactly
low rank. So, more generally, LR-GLM will yield an approximation A (3|fiy, ~x) to
the posterior N (5|, Xn), rather than the exact posterior as in Section 3.4.1. We
next provide upper bounds on the error from our approximation. Since practitioners
typically report posterior means and covariances, we focus on how well LR-GLM

approximates these functionals.

Theorem 3.4.1. For conjugate Bayesian linear regression, the LR-GLM approxima-

tion Eq. (3.1) satisfies

MANT s + [[VTY])2)
178605 " + A%y

HﬂN - ,UN“2 <

and Y-Sy =7(XTX -UUTXTXUU"). (3.4)
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In particular, |S3 — X3l = 7A2.

The major driver of the approximation error of the posterior mean and covariance
is \; = || X — XUUT||y, the largest truncated singular value of X. This result accords
with the intuition that if the data are “approximately low-rank” then LR-GLM should
perform well.

The following corollary shows that the posterior mean estimate is not, in general,
consistent for the true parameter. But it does exhibit reasonable asymptotic behavior.
In particular, fiy is consistent within the span of U and converges to the a priori most

probable vector with this characteristic (see the toy example in Figure B.5.1).

Corollary 3.4.2. Suppose z, '~ p., for some distribution p*, and y, |z, v

N(z) pe, 77Y), for some p, € RP. Assume E, [v,,] is nonsingular. Let the columns
of U, € RP*M e the top eigenvectors of B, [w,x1]. Then fiy converges weakly to the

n

maximum a priori vector i satisfying Ui = U ..

In the special case that Yz is diagonal this result implies that fiy 5 UU .
(Appendices B.5.3 and B.6.2). Thus Corollary 3.4.2 reflects the intuition that we
are not learning anything about the relation between response and covariates in the
data directions that we truncate away with our approach. If the response has little
dependence on these directions, U*U*T My = limpy o0 iy — s Will be small and the
error in our approximation will be low (Appendix B.5.3). If the response depends
heavily on these directions, our error will be higher. This challenge is ubiquitous
in dealing with projections of high-dimensional data. Indeed, we often see explicit
assumptions encoding the notion that high-variance directions in X are also highly
predictive of the response [see, e.g., Zhang et al., 2014, Theorem 2|.

Our next corollary captures that LR-GLM never underestimates posterior uncer-

tainty (the conservativeness property).

Corollary 3.4.3. LR-GLM approximate posterior uncertainty in any linear combi-
nation of parameters is no less than the exact posterior uncertainty. Equivalently,

SN — S is positive semi-definite.

!This manipulation is purely symbolic. See Appendix B.6.1 for details.
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Algorithm 4 LR-Laplace for Bayesian inference in GLMs with low-rank data approx-
imations and zero-mean prior — with computation costs. See Appendix B.8 for the
general algorithm.

1: Input: prior p(8) = N(0,%3), data X € RN:P, rank M < D, GLM mapping ¢ with " (see Eq. (3.5)
and Section 8.5.1)

2: Pseudo-Code 3: Time Complexity 4: Mem. Complexity
5: Data preprocessing — M-Truncated SVD
6: U,diag(\),V := truncated-SVD(XT, M) O(NDM) O(NM + DM)
7: Optimize in projected space, find approzimate MAP
8 vy = arg max., g Zf\;l o(yi, z:Uy) — %WTUTZBUW O(NM + DM?) O(N + M?)
9: p=Uru +UUTSgUUTE5U) L O(DM) O(DM)

10: Compute approzimate posterior covariance

11: W=1:=UTSU — (UT X T diag(¢" (Y, XUU T 4))XU) 1 O(NM? 4+ DM) O(NM)

12: =35 - 2UWU g 0 (see notel) O(DM)

13: Compute variances and covariances
14: Vars(8;) = e;riei
15: COVﬁ(Bi, 6]) = ejﬁ]ej

(M?) O(DM)
(M?) O(DM)

See Figure 3-1 for an illustration of this result. From an approximation perspective,
overestimating uncertainty can be seen as preferable to underestimation as it leads
to more conservative decision-making. An alternative perspective is that we actually
engender additional uncertainty simply by making an approximation, with more
uncertainty for coarser approximations, and we should express that in reporting our
inferences. This behavior stands in sharp contrast to alternative fast approximate
inference methods, such as diagonal Laplace approximations (Appendix B.6.8) and
variational Bayes [MacKay, 2003|, which can dramatically underestimate uncertainty.
We further characterize the conservativeness of LR-GLM in Corollary B.5.1, which
shows that the LR-GLM posterior never has lower entropy than the exact posterior

and quantifies the bits of information lost due to approximation.

3.5 Non-conjugate GLMs with approximately low-
rank data

While the conjugate linear setting facilitates intuition and theory, GLMs are a larger
and more broadly useful class of models for which efficient and reliable Bayesian

inference is of significant practical concern. Assuming conditional independence of the
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observations given the covariates and parameter, the posterior for a GLM likelihood

can be written

N
logp(B | X,Y) =logp(B) + > ¢(yn,z)B) + Z (3.5)

n=1

for some real-valued mapping function ¢ and log normalizing constant Z. For priors and
mapping functions that do not form a conjugate pair, accessing posterior functionals of
interest is analytically intractable and requires posterior approximation. One possibility
is to use a Monte Carlo method such as MCMC, which has theoretical guarantees
asymptotic in running time but is relatively slow in practice. The usual alternative is a
deterministic approximation such as VB or Laplace. These approximations are typically
faster but do not become arbitrarily accurate in the limit of infinite computation.
We next show how LR-GLM can be applied to facilitate faster MCMC samplers and
Laplace approximations for Bayesian GLMs. We also characterize the additional error

introduced to Laplace approximations by low-rank data approximations.

3.5.1 LR-GLM for fast Laplace approximations

The Laplace approximation refers to a Gaussian approximation obtained via a second-
order Taylor approximation of the log density. In the Bayesian setting, the Laplace
approximation p(5 | X,Y) is typically formed at the maximum a posteriori (MAP)
parameter: p(8 | X,Y) := N(8 | i, X), where i := argmaxzlogp(f | X,Y) and
o= —V% logp(B | X,Y)|p=z- When computing and analyzing Laplace ap-
proximations for GLMs, we will often refer to vectorized first, second, and third
derivatives ¢, ¢",¢" € RN of the mapping function ¢. For Y, A € RV, we define
P, A), = L2 ¢(Yp,a)|a=a,- The higher-order derivative definitions are analogous,
with the derivative order of % increased commensurately.

Laplace approximations are typically much faster than MCMC for moderate/large
N and small D, but they become expensive or intractable for large D. In particular,

they require inverting a D x D Hessian matrix, which is in general an O(D?) time
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operation, and storing the resulting covariance matrix, which requires O(D?) memory.>

As in the conjugate case, LR-GLM permits a faster and more memory-efficient route
to inference. Here, we say that the LR-Laplace approzimation, p(8 | X,Y) =N (G |
it f]), denotes the Laplace approximation to the LR-GLM approximate posterior. The
special case of LR-Laplace with zero-mean prior is given in Algorithm 4 as it allows
us to easily analyze time and memory complexity. For the more general LR-Laplace

algorithm, see Appendix B.8.

Theorem 3.5.1. In a GLM with a zero-mean, structured-Gaussian prior® and a
log-concave likelihood,* the rank-M LR-Laplace approzimation may be computed via
Algorithm 4 in O(NDM) time with O(DM + NM) memory. Furthermore, any

posterior covariance entry can be computed in O(M?) time.

Algorithm 4 consists of three phases: (1) computation of the M-truncated SVD of
XT; (2) MAP optimization to find /i; and (3) estimation of 3. In the second phase we
are able to efficiently compute ji by first solving a lower-dimensional optimization for
the quantity v, € R™ (Line 8), from which /i is available analytically. Notably, in the
common case that p(/3) is isotropic Gaussian, the expression for i reduces to U~, and
the full time complexity of MAP estimation is O(NM + DM). Though computing
the covariance for each pair of parameters and storing )y explicitly would of course
require a potentially unacceptable O(D?) storage, the output of Algorithm 4 is smaller
and enables arbitrary parameter variances and covariances to be computed in O(M?)

time. See Appendix B.6.1 for additional details.

3.5.2 Accuracy of the LR-Laplace approximation

We now consider the quality of the LR-Laplace approximate posterior relative to the
usual Laplace approximation. Our first result concerns the difference of the posterior

means

2Notably, as in the conjugate setting, an alternative matrix inversion using the Woodbury identity
reduces this cost when N < D to O(N2D) time and O(N D) memory (Appendix B.3).

3For example (banded) diagonal or diagonal plus low-rank, such that matrix vector multiplies
may be computed in O(D) time.

4This property is standard for common GLMs such as logistic and Poisson regression.
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Theorem 3.5.2 (Non-asymptotic). In a generalized linear model with an a—strongly
log concave posterior, the exact and approvimate MAP values, ji = argmaxgzp(5 | X,Y)
and fi = argmaxz p(B | X,Y), satisfy

o M (16 (Y, X ) o+ MO ]| 6" (Y, A) |l )
i —ffl2 <

«

for some vector A € RY such that A, € [z, UU i,z i].

This bound reveals several characteristics of the regimes in which LR-Laplace
performs well. As in conjugate regression, we see that the bound tightens to 0 as the
rank of the approximation increases to capture all of the variance in the covariates

and /_\1 — 0.

Remark 3.5.3. For many common GLMs, [|¢/|l2, [|¢”||sc, and [|¢"||s are well controlled;

see Appendix B.6.4. ||$m||oo appears in an upcoming corollary.

Remark 3.5.4. The a—strong log concavity of the posterior is satisfied for any strongly
log concave prior (e.g., a Gaussian, in which case we have a > ||Xs]|;") and ¢(y, -) is
concave for all y. In this common case, Theorem 3.5.2 provides a computable upper

bound on the posterior mean error.

Remark 3.5.5. In contrast to the conjugate case (Corollary 3.4.2), general LR-GLM
parameter estimates are not necessarily consistent within the span of the projection.

That is, U iy may not converge to U' 3 (see Appendix B.6.5).

We next consider the distance between our approximation and target posterior
under a Wasserstein metric [Villani, 2008]. Let I'(p, p) be the set of all couplings of
distributions p and p, i.e. joint distributions (-, -) satisfying p(8) = [ (3, 3')dS" and
p(B) = [~(B,B8)dp for all 3. Then the 2-Wasserstein distance between p and p is
defined

Wa(p,p) = inf E[|6— B3, (3.6)

YEL(H,p)

Wasserstein bounds provide tight control of many functionals of interest, such as

means, variances, and standard deviations Huggins et al. [2018]. For example, if
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& ~ ¢ for any distribution ¢; (i = 1,2), then |E[&] — E[&]] < Wa(qi,¢2) and
Var[é,]2 — Var[&)z| < 2Wa(q1, gs)-

We provide a finite-sample upper bound on the 2-Wasserstein distance between
the Laplace and LR-Laplace approximations. In particular, the 2-Wasserstein will
decrease to 0 as the rank of the LR-Laplace approximation increases since the largest

truncated singular value \; will approach zero.

Corollary 3.5.6. Assume the prior p(8) is Gaussian with covariance Xg and the
mapping function ¢(y,a) has bounded 2nd and 3rd derivatives with respect to a. Take
A and o as in Theorem 3.5.2. Then p(B8) and p(B) satisfy

Wa(5,5) <V2AIE{e[IZ5 2 + (o + 20?16 1)

(R (20019 oy (D) |, (3.7)

where ¢ = (|¢'(Y. X@)ll2 + MNUTllol|¢" (Y. A)loo) /o and v = U flloc| 6" | +
el ¢" -

When combined with Huggins et al. [2018, Prop. 6.1], this result guarantees
closeness in 2-Wasserstein of LR-Laplace to the exact posterior.
We conclude with a result showing that the error due to the LR-GLM approximation

cannot grow without bound as the sample size increases.

Theorem 3.5.7 (Asymptotic). Under mild regularity conditions, the error in the
posterior means, ||fi, — fin|l2, converges as n — oo, and the limit is finite almost

surely.

For the formal statement see Theorem B.6.2 in Appendix B.6.7.

3.5.3 LR-MCMC for faster MCMC in GLMs

LR-Laplace is inappropriate when the posterior is poorly approximated by a Gaussian.
This may be the case, for example, when the posterior is multi-modal, a common

characteristic of GLMs with sparse priors. To remedy this limitation of LR-Laplace, we
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introduce LR-MCMC, a wrapper around the Metropolis—Hastings algorithm using the
LR-GLM approximation. For a GLM, each full likelihood and gradient computation
takes O(ND) time but only O(NM + DM) time with the LR-GLM approxima-
tion, resulting in the same min(N, D)/M-fold speedup obtained by LR-Laplace. See
Appendix B.7 for further details on LR-MCMC.

3.6 Experiments

We empirically evaluated LR-GLM on real and synthetic datasets. For synthetic data
experiments, we considered logistic regression with covariates of dimension D = 250
and D = 500. In each replicate, we generated the latent parameter from an isotropic
Gaussian prior, 5 ~ N(0, Ip), correlated covariates from a multivariate Gaussian, and
responses from the logistic regression likelihood (see Appendix B.1.1 for details). We
compared to the standard Laplace approximation, the diagonal Laplace approximation,
the Laplace approximation with a low-rank data approximation obtained via random
projections rather than the SVD (“Random-Laplace”), and mean-field automatic

differentiation variational inference in Stan (ADVI-MF).?

AL A2. B, C.
- 173 Diagonal Laplace
S15 5 * n1.00 LR-Laplace (M=20) /] ,1.00
in] =075 Random Laplace o s a (
58] D - Prior w
_ . LR-Laplace 507 ADVI MF 10.75 B AV ME e
@10 £0.50 Prior E Laplace I a Prior i
o 0.5 Diagonal Laplace -E 0.50 — o ol
c - Laplace 0 0.5 a0.50 o LR-Laplace (M=5)
b5 a g R o LR-Laplace (M=20)
S0.5 .25 50.25 5. i 8 LR-Laplace (M=50)
X - o 5025 s LR-Laplace (M=100)
i % o | o m LR-Laplace (M=250)
<} ° <
L a ©0.00 0.00
0 1 . 2 3 0 1 . 2 3 v 0.00 0.25 0.50 0.75 1.00 0.65 0.70 0.75 0.80
Time (s) Time (s) Cred. set percentile Exact Post. SDs

Figure 3-2: Left: Error of the approximate posterior (Al.) mean and (A2.) variances
relative to ground truth (running NUTS with Stan). Lower and further left is better.
Right (B.): Credible set calibration across all parameters and repeated experiments.
(C.): Approximate posterior standard deviations for a subset of parameters. The grey
line reflects zero error.

Computational—statistical trade-offs. Figure 3-2A shows empirically the

tunable computational-statistical trade-off offered by varying M in our low-rank data

5We also tested ADVI using a full rank Gaussian approximation but found it to provide near
uniformly worse performance compared to ADVI-MF. So we exclude full-rank ADVI from the
presented results.
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approximation. This plot depicts the error in posterior mean and variance estimates
relative to results from the No-U-Turn Sampler (NUTS) in Stan [Hoffman and Gelman,
2014, Carpenter et al., 2017], which we treat as ground truth. As expected, LR-Laplace
with larger M takes longer to run but yields lower errors. Random-Laplace was usually
faster but provided a poor posterior approximation. Interestingly, the error of the
Random-Laplace approximate posterior mean actually increased with the dimension of
the projection. We conjecture this behavior may be due to Random-Laplace prioritizing
covariate directions that are correlated with directions where the parameter, 3, is
large.

We also consider predictive performance via the classification error rate and the
average negative log likelihood. In particular, we generated a test dataset with
covariates drawn from the same distribution as the observed dataset and an out-of-
sample dataset with covariates drawn from a different distribution (see Appendix B.1.1).
The computation time vs. performance trade-offs, presented in Figure B.1.1 on the
test and out-of-sample datasets, mirror the results for approximating the posterior
mean and variances. In this evaluation, correctly accounting for posterior uncertainty
appears less important for in-sample prediction. But in the out-of-sample case, we
see a dramatic difference in negative log likelihood. Notably, ADVI-MF and diagonal
Laplace exhibit much worse performance. These results support the utility of correctly
estimating Bayesian uncertainty when making out-of-sample predictions.

Conservativeness. A benefit of LR-GLM is that the posterior approximation
never underestimates the posterior uncertainty (see Corollary 3.4.3). Figure 3-2C
illustrates this property for LR-Laplace applied to logistic regression. When LR-Laplace
misestimates posterior variances, it always overestimates. Also, when LR-Laplace
misestimates means (Figure B.1.2), the estimates shrink closer to the prior mean,
zero in this case. These results suggest that LR-GLM interpolates between the exact
posterior and the prior. Notably, this property is not true of all methods. The diagonal
Laplace approximation, by contrast, dramatically underestimates posterior marginal
variances (see Appendix B.6.8).

Reliability and calibration. Bayesian methods enjoy desirable calibration
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properties under correct model specification. But since LR-Laplace serves as a
likelihood approximation, it does not retain this theoretical guarantee. Therefore, we
assessed its calibration properties empirically by examining the credible sets of both
parameters and predictions. We found that the parameter credible sets of LR-Laplace
are extremely well calibrated for all values of M between 20 and 400 (Figure 3-2B and
Figure B.1.4). The prediction credible sets were well calibrated for all but the smallest
value of M tested (M = 20); in the M = 20 case, LR-Laplace yielded under-confident
predictions (Figure B.1.5). The good calibration of LR-Laplace stood in sharp contrast
to the diagonal Laplace approximation and ADVI-MF. Random-Laplace also provided
inferior calibration (Figures B.1.4 and B.1.5).

LR-GLM with MCMC and non-Gaussian priors. In Section 3.5.3 we argued
that LR-GLM speeds up MCMC for GLMs by decreasing the cost of likelihood and
gradient evaluations in black-box MCMC routines. We first examined LR-MCMC
with NUTS using Stan on the same synthetic datasets as we did for LR-Laplace.
In Figures B.1.3 and B.1.6, we see a similar conservativeness and computational—-
statistical trade-off as for LR-Laplace, and superior performance relative to alternative
methods.

We expect MCMC to yield high-quality posterior approximations across a wider
range of models than Laplace approximations. For example, for multimodal posteriors
and other posteriors that deviate substantially from Gaussianity. We next demonstrate
that LR-MCMC is useful in these more general cases. In high-dimensional settings,
practitioners are often interested in identifying a sparse subset of parameters that
significantly influence responses. This belief may be incorporated in a Bayesian setting
through a sparsity-inducing prior such as the spike and slab prior or the horseshoe
George and McCulloch [1993], Carvalho et al. [2009]. However, posteriors in these cases
may be multimodal, and scalable Bayesian inference with such priors is a challenging,
active area of research Guan and Stephens [2011], Yang et al. [2016], Johndrow et al.
[2017]. To demonstrate the applicability of low-rank data approximations to this
setting, we ran NUTS using Stan on a logistic regression model with a regularized

horseshoe prior [Carvalho et al., 2009, Piironen and Vehtari, 2017]. In Figure B.1.7,
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we see an attractive trade-off between computational investment and approximation
error. For example, we obtained relative mean and standard deviation errors of only
about 1072 while reducing computation time by a factor of three.

We also applied LR-MCMC to linear regression with the regularized horseshoe
prior on a dataset with very correlated covariates and D = 6,238. However, this
sampler exhibited severe mixing problems, both with and without the approximation,
as diagnosed by large R values in pyStan. These issues reflect the innate challenges of
high-dimensional Bayesian inference with the horseshoe prior and correlated covariates.

Scalability to large-scale real datasets. Finally, we explored the applicability
of LR-Laplace to two real, large-scale logistic regression tasks (Figure 3-3). The first
is the UCI Farm-Ads dataset, which consists of N = 4,143 online advertisements
for animal-related topics together with binary labels indicating whether the content
provider approved of the ad; there are D = 54,877 bag-of-words features per ad
[Dheeru and Karra Taniskidou, 2017]. As with the synthetic datasets, we evaluated
the error in the approximations of posterior means and variances. As a baseline to
evaluate this error, we use the usual Laplace approximation because the computational
demands of MCMC preclude the possibility of using it as a baseline.

As a second real dataset we evaluated our approach on the Reuters RCV1 text
categorization test collection Amini et al. [2009], Chang and Lin [2011]. RCV1 consists
of D = 47,236 bag-of-words features for N = 20,241 English documents grouped into
two different categories. We were unable to compare to the full Laplace approximation
due to the high-dimensionality, so we used LR-Laplace with M = 20,000 as a baseline.
For both datasets, we find that as we increase the rank of the data approximation,
we incur longer running times but reduced errors in posterior means and variances.
Laplace and Diagonal Laplace do not provide the same computation—accuracy trade-off.

Choosing M. Applying LR-GLM requires choosing the rank M of the low
rank approximation. As we have shown, this choice characterizes a computational—
statistical trade-off whereby larger M leads to linearly larger computational demands,
but increases the precision of the approximation. As a practical rule of thumb, we

recommend setting M to be as large as is allowable for the given application without
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Figure 3-3: LR-Laplace approximation quality on Farm-Ads (top) and RCV-1 (bottom)
datasets with varying M. (A.) Farm-Ads error in the posterior mean and (B.) Farm-
Ads error in posterior variances (C.) RCV-1 error in posterior mean and (D.) RCV-1
error in posterior variances.

the resulting inference becoming too slow. For our experiments with LR-Laplace, this
limit was M ~ 20,000. For LR-MCMC, the largest manageable choice of M will be
problem dependent but will typically be much smaller than 20,000.

3.7 Conclusion

We have shown through theory and experiments that low-rank data approximations can
enable efficient, high-quality approximate posterior inference in large scale generalized

linear models. Our approximation is transparent; we provide interpretable error bounds
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for conjugate Gaussian regression as well as for Bayesian GLMs. We demonstrate an
attractive computational-statistical trade-off: increasing the rank of our approximation
allows us to achieve higher quality approximations by investing more running time;
moreover, we recover the exact likelihood in the limit of a full rank approximation.
Lastly, we demonstrated that the error introduced by our approximation errs on
the side of conservativeness; that is, we provide approximations that are never less
uncertain than the exact posterior. This conservativeness applies to both parameters
and predictions. We believe these properties of our low-rank data approximations
make them a valuable and practical tool for approximate inference in large-scale

Bayesian GLMs.
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Chapter 4

Optimal Transport Couplings of Gibbs
Samplers on Partitions for Unbiased

Estimation

Abstract

Computational couplings of Markov chains provide a practical route to unbiased Monte
Carlo estimation that can utilize parallel computation. However, these approaches
depend crucially on chains meeting after a small number of transitions. For models
that assign data into groups, e.g. mixture models, the obvious approaches to couple
Gibbs samplers fail to meet quickly. This failure owes to the so-called ‘label-switching’
problem; semantically equivalent relabelings of the groups contribute well-separated
posterior modes that impede fast mixing and cause large meeting times. We here
demonstrate how to avoid label switching by considering chains as exploring the
space of partitions rather than labelings. Using a metric on this space, we employ
an optimal transport coupling of the Gibbs conditionals. This coupling outperforms
alternative couplings that rely on labelings and, on a real dataset, provides estimates
more precise than usual ergodic averages in the limited time regime. Code is available

at github.com /tinnguyen96/coupling-Gibbs-partition.
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4.1 Introduction

Couplings for unbiased Markov chain Monte Carlo. Consider estimating an
analytically intractable expectation of a function h of a random variable X distributed
according to p, H* = [ h(X)p(X)dX. Given a Markov chain {X,}°, with initial
distribution X, ~ py and evolving according to a transition kernel X; ~ T'(X;_1,-)
stationary with respect to p, one option is to approximate H* with the empirical
average of samples {h(X;)}. However, while ergodic averages are asymptotically
consistent, they are in general biased when computed from finite simulations. As such,
one cannot effectively utilize parallelism to reduce error to any desired tolerance.
Computational couplings provide a route to unbiased estimation in finite simulation
[Glynn and Rhee, 2014[; in this work we build on the framework of Jacob et al. [2020].
One designs an additional Markov chain {Y;} with two properties. First, Y;|Y;_;
also evolves using the transition T'(+,-), so that {Y;} is equal in distribution to {X;}.
Secondly, there exists a random meeting time 7 < oo such that the two chains meet
exactly at some time 7, X, = Y,_;, and remain faithful afterwards: for all t > T,

X; =Y;_1. Then, one can compute an unbiased estimate of H* as

m T—1
1 . t—/
Hpm(X,Y) = m—i11 Z h(X:) + Z min (1, m) {P(X:) = h(Yi1)}
. t={ | £=£+1 |
Usual MCT\ZC average Bias cc:rrrection

(4.1)

where /¢ is the burn-in length, and m sets a minimum number of iterations [Jacob
et al., 2020, Equation 2|. One interpretation of this estimator is as the usual MCMC
estimate plus a bias correction. Since Hy., is unbiased, we can make the squared error
(for estimating H*) arbitrarily small by simply averaging many estimates computed
in parallel. However, the practicality of Eq. (4.1) relies on a coupling that provides
sufficiently small meeting times. Large meeting times are doubly problematic: they

lead to greater computational cost and higher variance due to the additional terms.
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Gibbs samplers over discrete structures and their couplings. Gibbs sampling
is a standard inference method for models with discrete structures and tractable
conditional distributions. Numerous applications include Bayesian nonparametric
clustering using Dirichlet process mixture models [Antoniak, 1974, Neal, 2000|, graph
coloring for randomized approximation algorithms [Jerrum, 1998|, community detection
using stochastic block models [Holland et al., 1983, Geng et al., 2019] and computational
redistricting [DeFord et al., 2021]. In these cases, the discrete structure is the partition
of data into components.

While some earlier works have described couplings of Gibbs samplers, they have
not sought to address computational approaches applicable in these settings. For
example, Jerrum [1998| uses maximal couplings on labelings to prove convergence
rates for graph coloring, and Gibbs [2004] uses a common random number coupling
for two-state Ising models. Notably, these approaches rely on explicit labelings and,
in our experiments, suffer from large meeting times. We attribute this issue to the
label-switching problem [Jasra et al., 2005|; heuristically, many different labelings
imply the same partition, and two chains may nearly agree on the partition but require

many iterations to change label assignments.

Our contribution. We view the Gibbs sampler as exploring a state-space of parti-
tions rather than labelings (as, for example, in Tosh and Dasgupta [2014]), and define
an optimal transport (OT) coupling in this space. We show that our algorithm has a
fast run time and empirically validate it in the context of Dirichlet process mixture
models [Antoniak, 1974, Prabhakaran et al., 2016| and graph coloring [Jerrum, 1998|,
where it provides smaller meeting times than the label-based couplings of Jerrum
[1998|, Gibbs [2004]. We demonstrate the benefits of unbiasedness by reporting esti-
mates of the posterior predictive density and cluster proportions. Our implementation

is publicly available at github.com /tinnguyen96/coupling-Gibbs-partition.

4.2 Our Method
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4.2.1 Gibbs samplers over partitions

For a natural number N, a partition of [N] := {1,2,..., N} is a collection of non-empty
disjoint sets {Aj, As, ..., Ax}, whose union is [N] [Pitman, 2006, Section 1.2]. We
use Py to denote the set of all partitions of [N]. Throughout, we use 7 to denote
elements of Py and II for a random partition (i.e. a Py-valued random variable) with
probability mass function (PMF) pp. Finally 7_,, and I1_,, denote these partitions
with data-point n removed. For example, if 7 = {{1,3},{2}}, then 7_; = {{3},{2}}.

Drawing direct Monte Carlo samples II ~ py is often impossible. However, the
conditional distributions pr_, are supported on at most N partitions. Hence, when
pr is available up to a proportionality constant, computing and sampling from pryr_,
are tractable operations. A Gibbs sampler exploiting this tractability proceeds as
follows. First, a partition 7 is drawn from an initial distribution py on Py. For each
iteration, we sweep through each data-point n € [N], temporarily remove it from T,
and then randomly reassign it to one of the sets within 7_,, or add it as singleton

(that is, as a new group) according the conditional PMF prr_, (-|7—5).

4.2.2 Our approach: optimal coupling of Gibbs conditionals

Algorithm 5 Gibbs Sweep with Optimal Transport Coupling

1: Input: Target probability mass function (PMF) py. Current partitions 7 and v.
2: forn=1,2,...,N do

3: // Compute Gibbs marginals (PMFs over partitions)

4: ¢ <= pup, (7—n), P, (+[v-n)

5:

6: // Compute and sample from optimal transport coupling
7: (7t 72, wR] [t V2, L R < support(q), support (r)
8: Y = arg min,epeg S 25;1 y(mk R d (7R, R

9: TV~ yt

10: Return 7, v
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Our coupling encourages the chains to become ‘closer’ while maintaining the correct
marginal evolution. To quantify closeness we use a metric on Py. While a number
of metrics exist [Meild, 2007, Section 2|, for simplicity we chose a classical metric

introduced by Mirkin and Chernyi [1970], Rand [1971],

d(mv) =Y |AP+> B -2 Y  |AnBP, (4.2)
Aem Bev Aerm,Bev

which is equivalent to Hamming distance on the adjacency matrices implied by
partitions [Mirkin and Chernyi, 1970, Theorems 2-3|. We leave investigation of the

impact of metric choice on meeting time distribution to future work.
With the metric in Eq. (4.2), we can formalize an optimal transport coupling of two
Gibbs conditionals, i.e. the coupling that minimizes the expected distances between
the updates. In particular, we let ¢ := pyn_, (-|7—») and 7 := pumu_, (-|v—n) with

2 K]

!
supports [r!, 72, ... 7 2 K

:= support(q) and ', %, ... vE'] ;= support(r) and define

the OT coupling as

K K
v = arg minz Z y (k) d (xR, U, (4.3)
v€l(g,r) k=1 k'=1
where I'(q,r) is the set of all couplings of ¢ and r. Algorithm 5 summarizes this

approach.

4.2.3 Efficient computation of optimal couplings

The practicality of our OT coupling depends both on successfully encouraging chains
to meet in a small number of steps and on an implementation with computational
cost comparable to running single chains. If Algorithm 5 required orders of magnitude
more time than the Gibbs sweep of single chains, the extent of parallelism required to
place the unbiased estimates from coupled chains on an even footing with standard
MCMC could be prohibitive.

In many applications, including those in our experiments, for partitions of size

K, the Gibbs conditionals may be computed in O(K) time, and a full sweep through
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the N data-points takes O(NK) time for a single chain. At first consideration, an
implementation of Algorithm 5 with comparable efficiency might seem infeasible.
In particular, when 7 and v are of size O(K), Eq. (4.3) requires computing O(K?)
pairwise distances, each of which naively might seem to require at least O(KN)
operations — let alone the OT problem.

The following result shows that we can in fact compute this coupling efficiently.

Theorem 4.2.1 (Gibbs Sweep Time Complexity). Let py be the law of a random
N-partition. If for any m € Py, pnm_, (:|m—y) is computed in constant time, the Gibbs
sweep in Algorithm 5 has O(Nl??’ log l~() run time, where K is the maz partition size

encountered.

As a proof of Theorem 4.2.1, we detail an O(N K3 log K ) implementation in
Appendix C.1.

Theorem 4.2.1 guarantees that the run time of a coupled-sweep is no more than a
O(I? 2log K ) factor slower than a single-sweep. The relative magnitude of K versus
N depends on the target distribution. For the graph coloring distribution, K is upper
bounded by the numbers of available colors. Under the Dirichlet process mixture
model (DPMM) prior, with high probability, the size of partition of N data points is
within multiplicative factors of In N [Arratia et al., 2003, Section 5.2]. We conjecture
that under most initializations of the Gibbs sampler (such as from the DPMM prior),
K = O(In N) with high probability.

Remark 4.2.2. The worst-case run time of Theorem 4.2.1 is attained with Orlin’s
algorithm [Orlin, 1993] to solve Eq. (4.3) in O(K?log K) time. However, our imple-
mentation uses the simpler network simplex algorithm [Kelly and O’Neill, 1991] as
implemented by Flamary et al. [2021]|. Although Kelly and O’Neill [1991, Section
3.6] upper bound the worst-case complexity of the network simplex as O([? %), the
algorithm’s average-case performance may be as good as O(IN( %) |Bonneel et al., 2011,

Figure 6].

Although Orlin’s algorithm [Orlin, 1993] has a better worst-case runtime, convenient

public implementations are not available. In addition, our main contribution is the
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formulation of the coupling as an OT problem — in principle, the dependence on K

of the runtime in Theorem 4.2.1 inherits from the best OT solver used.

4.3 Empirical Results

In Section 4.3.2, we compare the distribution of meeting times between our partition-
based coupling and two label-based couplings: under our coupling, chains meet earlier.
In Section 4.3.3, we report unbiased estimates of two estimands of common interest:
posterior predictive densities and the posterior mean proportion of data assigned to
the largest clusters. But first, we describe the applications and the target distributions

under consideration in Section 4.3.1.

4.3.1 Applications

Dirichlet process mixture models. Clustering is a core task for understanding
structure in data and density estimation. When the number of latent clusters is a priori
unknown, DPMMs [Antoniak, 1974] are a useful tool. The cluster assignments of data

points in a DPMM can be described with a Chinese restaurant process, or CRP(a, N),

o TTaer (1AI=1)!
a(a+1)...(a+N-1)

which is a probability distribution over Py with mass Pr(Il = 7) =
where K is the number of clusters in 7, and [] ., iterates through the clusters. We

consider a fully conjugate DPMM [MacEachern, 1994],

IT ~ CRP(a, N), pa '~ N(po,Xo) for A€ T, Dj|pa '~ N(ua, %) for j € A
(4.4)
The hyper-parameters of Eq. (4.4) are concentration «, cluster prior mean pg, observa-
tional covariance ¥; and cluster covariance 4. For this application, the distribution is
the Bayesian posterior, pr(m) := Pr(Il = 7| D). The Gibbs conditionals of the poste-
rior prr_, can be computed in closed form, using simple formulas for conditioning of
jointly Gaussian random variables and the well-known Polya urn scheme [Neal, 2000,

Equation 3.7].
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Figure 4-1: Reduced meeting times are achieved by OT couplings of Gibbs conditionals
relative to maximal and common random number couplings in applications to (A)
DPMM and (B) graph coloring. (A) Left and (B) left show two representative traces
of the distance between coupled chains by iteration. (A) Right and (B) right show
histograms of meeting times 250 replicate coupled chains.

Graph coloring. Uniform sampling of graph colorings is a problem of fundamental
interest in theoretical computer science for its role as a subroutine within fully
polynomial randomized approximation algorithms, where samples from the uniform
distribution on graph colorings are used to estimate the number of unique colorings
[Jerrum, 1998|.

Notably, this sampling problem reduces to sampling from the induced distribution
on partitions, by choosing an ordering of the sets in the partition and associating it
with a random permutation of the set of colors. Accordingly, estimates are just as
easily constructed for a Markov chain defined on partitions. See Appendix C.2 for

additional details.

4.3.2 Reduced meeting times with OT couplings

Figure 4-1 demonstrates that our approach yields faster couplings than the classical
maximal coupling approach [Jerrum, 1998, Section 5|, or an analogous coupling
using shared common random numbers (see e.g. Gibbs [2004]). In applications to
both Bayesian clustering and graph coloring, the distance between coupled chains
stochastically decreases to 0 (Figure 4-1 left panels), with our approach leading to

meetings after fewer sweeps. Despite the larger per-sweep computational cost, our
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OT coupled chains typically meet after a shorter wall-clock time as well. We suspect
this improvement comes from avoiding label-switching, which hinders mixing of the
maximal and common-RNG coupled chains.

The tightest bounds for mixing time for Gibbs samplers on graph colorings to
date [Chen et al., 2019]| rely on couplings on labeled representations. Our results
suggest better bounds may be attainable by considering convergence of partitions
rather than labelings. Reducing the mixing time for Gibbs samplers of DPMM has
been a motivation behind collapsed samplers [MacEachern, 1994|, but the literature

lacks upper bounds on the mixing time.

4.3.3 Unbiased estimation with parallel computation

We adapt the setup from Jacob et al. [2020, Section 3.3|. Fixing a time budget, we
run a single chain until time runs out and report the ergodic average. For coupled
chains, we attempt as many meetings as possible in this time, and report the average

across attempts.

Posterior mean predictive density. The posterior predictive is a key quantity
used in model selection [Géoriir and Rasmussen, 2010|, and is of particular interest for
DPMNMs as it is known to be consistent for the underlying data distribution in total
variation distance [Ghosal et al., 1999]. As a proof of concept, we computed unbiased
estimates of the posterior predictive distribution of a DPMM (Figure 4-2 A).

We generated N = 100 data points from a 10-component Gaussian mixture model
in one dimension, with the variance around cluster means equal to 4. We used a
DPMM with a« = 1, pg = 0, X7 = 4.0, Xy = 9.0 to analyze the N observations. The
solid blue curve is an unbiased estimate of the posterior predictive density. The black
dashed curve is the true density of the population. The grey histogram bins the
observed data. Because of the finite sample size, the predictive density is not equal
to the true density. In Appendix C.3, the difference between the model’s predictive

density and the true density decreases as sample size N increases.
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Figure 4-2: Unbiased estimates for Dirichlet process mixture model are obtained using
OT coupled chains. (A) Unbiased estimate of the posterior predictive density for a toy
problem. (B) Parallelism/accuracy trade-off for single and coupled chain estimators
of the posterior mean portion of cells in the largest cluster. Each process is allocated
250 seconds, error bars indicate £2SEM. Ground truth denotes estimates from very
long MCMC chains.

Posterior mean component proportions. A second key quantity of interest in
DPMMs is the posterior mean of the proportion of data-points in the largest cluster(s)
(e.g. as reported by Liverani et al. [2015]). We lastly explored parallel computation
for unbiased estimation of this quantity on a real dataset (Figure 4-2 B). Specifically,
we use a subset of the data used by Prabhakaran et al. [2016], who used a DPMM
to analyse single-cell RNA-sequencing data obtained from Zeisel et al. [2015] (see
Appendix C.2 for details).

Figure 4-2 B presents a series of estimates of the proportion of cells in the largest
component, and approximate frequentist confidence intervals. For each number of
processes M, we aggregated M independent single and coupled chain estimates, each
from a single processor with a 250 second limit. We compare to the ‘ground-truth’
proportion obtained by MCMC run for 10,000 sweeps. Our results demonstrate the
advantage of unbiased estimates in the high-parallelism, time-limited regime; while
single-chain estimates have lower variance, coupled chains yield smaller error when
aggregated across many processes. In addition, as result of unbiasedness, standard
frequentist intervals may be expected to have good coverage. By contrast, we cannot
expect such intervals from single chains to be calibrated; indeed, the true value is

many standard errors from the single chain estimates (Figure 4-2 B).
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However, due to the variance of the unbiased estimates we require a degree of
parallelism that may be impractical for most practitioners (=~ 5,000 pairs of chains to
attain error comparable to that of as many single chains). Indeed, in our experiments,
we simulated this high parallelism by sequentially running batches of 100 processes in
parallel. Additionally, the estimation strategy can be finicky: unbiasedness requires
coupled chains to meet exactly, and for some models and experiments not shown,
we found that some pairs of coupled chains failed to meet quickly. This difficulty
is expected for problems where single chains mix slowly, as slow mixing precludes
the existence of fast couplings [Jacob, 2020, Chapter 3]. Looking forward, we expect
that our work will naturally benefit from advances in parallel-computation software
and hardware, such as GPU implementations. Reducing the variance of the unbiased

estimates is an open question, and is the target of ongoing work.
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Chapter 5

Confidently Comparing Estimators

with the c-value

Abstract

Modern statistics provides an ever-expanding toolkit for estimating unknown param-
eters. Consequently, applied statisticians frequently face a difficult decision: retain
a parameter estimate from a familiar method or replace it with an estimate from a
newer or more complex one. While it is traditional to compare estimators using risk,
such comparisons are rarely conclusive in realistic settings.

In response, we propose the “c-value” as a measure of confidence that a new
estimate achieves smaller loss than an old estimate on a given dataset. We show that
it is unlikely that a large c-value coincides with a larger loss for the new estimate.
Therefore, just as a small p-value provides evidence to reject a null hypothesis, a large
c-value provides evidence to use a new estimate in place of the old. For a wide class
of problems and estimators, we show how to compute a c-value by first constructing a
data-dependent high-probability lower bound on the difference in loss. The c-value
is frequentist in nature, but we show that it can provide a validation of shrinkage
estimates derived from Bayesian models in real data applications involving hierarchical

models and Gaussian processes.

72



5.1 Introduction

Modern statistics provides an expansive toolkit of sophisticated methodology for
estimating unknown parameters. However, the abundance of different estimators often
presents practitioners with a difficult challenge: choosing between the output of a
familiar method (e.g. a maximum likelihood estimate (MLE)) and that of a more
complicated method (e.g. the posterior mean of a hierarchical Bayesian model). From
a practical perspective, abandoning a familiar approach in favor of a newer alternative
is unreasonable without some assurance that the latter provides a more accurate
estimate. Our goal is to determine whether it is safe to abandon a default estimate in
favor of an alternative, and to provide an assessment of the degree of confidence we
should have in this decision.

Traditionally decisions between estimators are based on risk, the loss averaged
over all possible realizations of the data with respect to a likelihood model [Lehmann
and Casella, 2006, Chapters 4-5]. We note two limitations of using risk. First, it is
rare that one estimator within a given pair will have smaller risk across all possible
parameter values. Instead, it is more often the case that one estimator will have
smaller risk for some unknown parameter values but larger risk for other parameter
values. Second, one estimator may have lower risk than another but incur higher loss
on a majority of datasets; see Appendix D.2 for an example in which an estimator
with smaller risk has larger loss on nearly 70% of simulated datasets.

In this work we propose a framework for choosing between estimators based on
their performance on the observed dataset rather than their average performance.
Specifically, we introduce the “c-value” (“c” for confidence in the new estimate), which
we construct using a data-dependent high-probability lower bound on the difference
in loss. We show that it is unlikely that simultaneously the c-value is large and the
alternative estimate has larger loss than the default. We then demonstrate how to use
the c-value to select between two estimates in a principled, data-driven way. Critically,
the c-value requires no assumptions on the unknown parameter; our guarantees hold

uniformly across the parameter space. Before presenting our general methodology, we
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discuss three motivating examples.

5.1.1 Shrinkage estimates on educational testing data

We revisit Hoff [2021]’s estimates of average student reading ability at several schools
in the 2002 Educational Longitudinal Study. These estimates are obtained from a
hierarchical Bayesian model intended to “share strength” by partially pooling data
across related schools. However, the analysis relied on a simplifying and subjectively
chosen prior, and so it was unclear whether the resulting estimates of school-specific
parameters were more accurate simpler MLE obtained by considering each school
separately. Our analysis is quite confident that Hoff [2021]’s estimates yield smaller
square error than the MLE. We additionally consider a more clearly misspecified
prior and verify that our methodology does not always favor more complex alternate
estimators. Although these estimates have a Bayesian provenance, the use of the c-
value to validate them requires neither subjective belief in the prior nor the assumption

that it is correctly specified.

5.1.2 Estimating violent crime density at the neighborhood

level

Considerable empirical evidence links a community’s exposure to violent crime and
adverse behavioral, mental, and physical health outcomes among its residents [Buka
et al., 2001, Kondo et al., 2018|. Although overall violent crimes rates in the U.S.
have decreased over the last two decades, there is considerable variation in time
trends at the neighborhood level [Balocchi and Jensen, 2019, Balocchi et al., 2019]. A
critical first step in understanding what drives neighborhood-level variation is accurate
estimation of the actual amount of violent crime that occurs in each neighborhood.
Typically, researchers rely on the reported counts of violent crime aggregated at
small spatial resolutions (e.g. at the census tract level). However, in light of sampling
variability due to the relative infrequency of certain crime types in small areas, it is

natural to wonder if auxiliary data can be used to improve estimates of violent crime
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incidence.

As a second application of our framework, we analyze the number of violent crimes
reported per square mile in several neighborhoods in the city of Philadelphia. Our
analysis suggests that one can obtain improved estimates of this violent crime density
by using a shrinkage estimate that incorporates information about non-violent crime
incidence. Further c-value analysis reveals that leveraging spatial information on top

of non-violent incidence does not provide additional improvement.

5.1.3 Gaussian process kernel choice: modeling ocean currents

Accurate estimation of ocean current dynamics is critical for forecasting the dispersion
of oceanic contaminations [Poje et al., 2014]. While it is commonplace to model ocean
flow dynamics at or above the mesoscale (roughly 10 km), Lodise et al. [2020] have
recently advocated modeling dynamics at both the mesoscale and the submesoscale
(roughly 0.1-10 km). They specifically proposed a Gaussian process model that
accounts for variation across multiple resolutions to estimate ocean currents from
positional data taken from hundreds of free-floating buoys.

In a third application of our framework, we find that the multi-resolution procedure
produces a large c-value, indicating that accounting for variation across multiple scales
enables more accurate estimates than are obtained when accounting only for mesoscale

variation.

5.1.4 Organization of the article & contributions

We formally present our general framework and define the c-value in Section 5.2. In
Section 5.2.1 we highlight similarities and differences between our framework and
existing work on preliminary testing and post-selection inference. Our approach to
computing c-values depends on the availability of high-confidence lower bounds on the
difference in the losses of the two estimates that holds uniformly across the parameter
space. Sections 5.3 to 5.5 provide these bounds for several models and classes of

estimators for squared error loss. In Section 5.3, we illustrate our general strategy in
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the canonical normal means problem. Then, in Section 5.4, we generalize this strategy
to compare affine estimates of normal means with correlated observations. Section 5.5
shows how to extend the framework to cover two nonlinear cases: a nonlinear shrinkage
estimator and regularized logistic regression. We provide simulations validating our
approach in these settings. We apply our framework to the aforementioned motivating

examples in Section 5.6.

5.2 Introducing the c-value

We now describe our approach for quantifying confidence in the statement that one
estimate of an unknown parameter is superior to another. We begin by introducing
some notation and building up to a definition of the c-value, before stating our main
results. This development is very general, and we defer practical considerations to the
subsequent sections. We include proofs of the results of this section in Appendix D.1.

Suppose that we observe data y drawn from some distribution that depends on an
unknown parameter 6. We consider deciding between two estimates, 6(y) and 6*(y), of
6 on the basis of a loss function L(#, -). Our focus is on asymmetric situations in which
0(-) is a standard or more familiar estimator while 6*(-) is a less familiar estimator.
For simplicity, we will refer to 0(-) as the default estimator and 6*(-) as the alternative
estimator.

We next define the “win” obtained by using 6*(y) rather than (1) as the difference
in loss, W(0,y) := L(0,0(y)) — L(0, 6*(y)). While a typical comparison based on risk
would proceed by taking the expectation of W (#,y) over all possible datasets drawn
for fixed #, we maintain focus on the single observed dataset. Notably, the win is
positive whenever the alternative estimate achieves a smaller loss than the default
estimate. As such, if we knew that W (6,y) > 0 for the given dataset y and unknown
parameter 6, then we would prefer to use the alternative 6*(y) instead of the default
0(y).

Since 6 is unknown, determining whether W (6, y) > 0 is impossible. Nevertheless,

for a broad class of estimators, we can determine whether the win is positive with
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high probability. To start, we construct a lower bound, b(y, ), depending only on the
data and a pre-specified level a € [0, 1], that satisfies for all 6

Py [W(0,y) > b(y, a)] > cv. (5.1)

For values of « close to 1, b(y, «) is a high-probability lower bound on the win that holds
uniformly across all possible values of the unknown parameter 6. Loosely speaking,
if b(y, ) > 0 for some « close to 1, then we can be confident that the alternative
estimate has smaller loss than the default estimate.

The lower bound b(y, ) allows us to define a precise measure of confidence that
0*(y) is superior to 0(y), that we call the c-value,

c(y) == inf } {a|bly,a) <0}, (5.2)

a€(0,1

The c-value marks a meaningful boundary in the space of confidence levels; it is the
largest value such that for every a < c¢(y), we have confidence « that the win is

positive.

Remark 5.2.1. An alternative definition for the c-value is ¢ (y) = sup,e{a/b(y, a) >
0}. Although ¢*(y) = ¢(y) when b(y,-) is continuous and strictly decreasing in a,
¢ (-) may be overconfident otherwise. We detail a particularly pathological example

in Appendix D.3.

Our first main result formalizes the interpretation of ¢(y) as a measure of confidence.

Theorem 5.2.2. Let b(-,-) be any function satisfying the condition in Eq. (5.1). Then
for any 0 and o € [0,1] and c(y) as defined in Eq. (5.2),

Py [W(0,y) <0 and c(y) > o] <1 - o (5.3)

The result follows directly from the definition of ¢(-) and the condition on b(-, ).
Informally, Theorem 5.2.2 assures us that it is unlikely that simultaneously (A) the
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c-value is large and (B) 6*(y) does not provide smaller loss than 0(y). Just as a small
p-value provides evidence to reject a null hypothesis, a large c-value provides evidence
to abandon the default estimate in favor of the alternative.

The strategy described above necessarily uses the data twice, once to compute
the two estimates and once more to compute the c-value to choose between them.
Accordingly, one might justly ask if this “double-dipping” into the dataset is likely to
damage the quality of the resulting estimate. To address this question, we formalize

this two-step procedure with a single estimator

0'(y, ) := Lle(y) < alf(y) + Lle(y) > al6*(y), (5.4)

which picks between the two estimates 0(y) and 6*(y) based on the value ¢(y) and a
pre-specified level a € [0, 1]. We can characterize the possible outcomes when using
07(-, o) with a contingency table (Table 5.1), where rows correspond to the estimate
with smaller loss, and the columns correspond to the reported estimate.

Table 5.1: Contingency tables with possible outcomes when using the two-staged

estimator 0'(-,a). By construction, (-, a) controls the probability of the shaded
event.

Default reported Alternative reported
Default has lower loss | Correctly Incorrect
Alternative has lower | Incorrect Correct
loss

Recalling again that we are interested in an asymmetric situation, we focus on the
upper right entry. This entry corresponds to the event that 87(-, «) incurs greater loss
than (-). Our second main result formalizes that when we use 6% (-, a) with a close to

1, the probability of this event is small.

Theorem 5.2.3. Let b(-,-) be any function that satisfies the condition in Fq. (5.1).
Then for any 0 and o € [0, 1],

Py [L (G,HT(y,a)) > L (9,9(3;))} <1l-—oa. (5.5)
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When the alternative estimator is less familiar than the default estimator, such

reassurance is highly desirable.

Overview of the remainder of the paper. The c-value is useful insofar as the
lower bound b(y, «) is sufficiently tight and readily computable. It remains to show
that such practical bounds exist. A primary contribution of this work is the explicit
construction of these bounds in settings of practical interest. In what follows, we
(A) illustrate one approach for constructing and computing b(y, «), (B) explore our
proposed bounds’ empirical properties on simulated data, and (C) demonstrate their

practical utility on real-world data.

5.2.1 Related work

Hypothesis testing, p-values, and pre-test estimation. Our proposed c-value
bears a resemblance to the p-value in hypothesis testing, but with a few key differences.
Indeed, just as a small p-value can provide support to reject a simple null hypothesis in
favor of a more complex alternative, a large c-value can provide support for a rejecting
a familiar default estimate in favor of a more unfamiliar alternative. Furthermore both
tools provide a frequentist notion of confidence based on the idea of repeated sampling.
From this perspective, the two-step estimator 67(-, &) resembles a preliminary testing
estimator. Preliminary testing links the choice between estimators to the outcome
of a hypothesis test for the null hypothesis that 6 lies in some pre-specified subspace
[Wallace, 1977].

The similarities to hypothesis testing go only so far. Notably, we consider decisions
made about a random quantity, W (6,y). Hypothesis tests, in contrast, concern
only fixed statements about parameters, with nulls and alternatives corresponding to
disjoint subsets of an underlying parameter space [Casella and Berger, 2002, Definition
8.1.3]. Our approach does not admit an interpretation as testing a fixed hypothesis.

Nevertheless, the connection to p-values can help us understand some limitations
of the c-value. First, just as hypothesis tests may incur Type II errors (i.e. failures

to reject a false null), for certain models and estimators there may be no b(-, -) that
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consistently detects improvements by the alternative estimate. Accordingly, the two
stage estimator 7(-, a) does not control the probability that we report the default
estimate when the alternative in fact has smaller loss. In such situations, our approach
may consistently report the default estimate even though it has larger loss. Second,
even if good choices of b(-, ) exist, it could be challenging to derive them analytically.
This analytical challenge is reminiscent of difficulties for hypothesis testing in many
models, wherein conservative p-values that are stochastically larger than uniform
under the null are used when analytic quantile functions are unavailable. Third, we
note that it may be tempting to interpret c-values as the conditional probability that
the alternative estimate is superior to the default; however, just as it is incorrect
to interpret a p-value as a probability that the null hypothesis is true, such an

interpretation for a c-value is also incorrect.

Post-selection inference. In recent years, there has been considerable progress
on understanding the behavior of inferential procedures that, like 67(-, o), use the
data twice, first to select amongst different models and then again to fit the selected
model. Important recent work has focused on computing p-values and confidence
intervals for linear regression parameters that are valid after selection with the lasso
[Lockhart et al., 2014, Lee et al., 2016, Taylor and Tibshirani, 2018| and arbitrary
selection procedures [Berk et al., 2013]. Somewhat more closely related to our focus
on estimation are Tibshirani and Rosset [2019] and Tian [2020], which both bound
prediction error after model selection. Unlike these papers, which study the effects of
selection on downstream inference, we effectively perform inference on the selection

itself.

5.3 Special case: c-values for estimating normal means

In this section, we derive a bound b(y, @) and compute the c-value a certain class
of shrinkage estimators to maximum likelihood estimates (MLE) of the mean of a

multivariate normal from a single vector observation (i.e. the normal means problem).
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Our goal is to illustrate a simple instance of a general strategy for lower bounding
the win that we will later generalize to more complex estimators and models. In
Section 5.3.1, we define the model and the estimators that we consider. In Section 5.3.2,
we introduce our lower bound b(, -) and present a theorem that guarantees this bound
satisfies Eq. (5.1). Then, in Section 5.3.3, we examine the resulting c-value empirically
and study the performance of the estimator 67(-, ) that chooses between the default
and alternative estimators based on the c-value (Eq. (5.4)). Several details, including

the proof of Theorem 5.3.1, are left to Appendix D.5.

5.3.1 Normal means: notation and estimates

Let # € RY be an unknown vector and consider estimating @ from a noisy vector
observation y = 6 + ¢ where € ~ N(0, Iy) under squared error loss L(6, 6) := ||6 — 0|2
For simplicity, we focus on the case of isotropic noise with variance one; we remove
this restriction in Section 5.4. For our demonstration, we take the MLE é(y) =y to be
the default estimate. As the alternative estimator, we consider a shrinkage estimator
that was first studied extensively by Lindley and Smith [1972],

_ y+ 7 %yly

7 () 1+ 772

where 1y is the vector of all ones, 7 > 0 is a fixed positive constant, and § := N~11}y
is the mean of the observed y,’s. Operationally, 8*(y) shrinks each coordinate of the

MLE towards the grand mean j.

5.3.2 Construction of the lower bound

To lower bound the win, we first rewrite 6*(y) = 6(y) — Gy where G := (1 + 72)" ' P{:
and PlL =1y — N‘llle is the projection onto the subspace orthogonal to 1. The

win in squared error loss may then be written as

W (0, y) = [16(y) — 01> = 16" (y) — 0I* = 2¢" Gy — || Gyl|*. (5.6)
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Observe that we can compute ||Gy|| directly from our data. As a result, in
order to lower bound the win W(#,y), it suffices to lower bound 2¢"Gy. As we
detail in Appendix D.5.1, 2¢" Gy follows a scaled and shifted non-central chi-squared
distribution,

1 1
2 Gy ~ = |G (IR — IR0

1472
where x%_;()\) denotes the non-central chi-squared distribution with N — 1 degrees of

freedom and non-centrality parameter A. Thus for any a € (0,1) and any fixed value

of || Pi-6]|?,

[Pindls

21+ 1Gy|)? (5.7)

W(0,9) 2 T Fis (1= a5 7 PH0) -
with probability a, where F ]ﬁl(l — a; ) denotes the inverse cumulative distribution
function of % _,(\) evaluated at 1 — . Were || Pi-6]|? known, the right hand side of
Eq. (5.7) would immediately provide a valid bound. However since ||P{0||* is not
typically known, we use the data to address our uncertainty in this quantity. We
obtain our bound by forming a one-sided confidence interval for || P{-60||* that holds

simultaneously with Eq. (5.7).

Bound 5.3.1 (Normal means: Lindley and Smith estimate v.s. MLE). Observe y = 0+¢
with e ~ N(0, Iy) and consider 0(y) = y vs. 0*(y) = (y + 7 251n)/(1 + 772). We

propose

: 2 _ l—a A A | Pityl|?
by, @) = f YTl —5—7) - S 5.8
) AU (152 { 1472 N1 ( 2 4) 21 +72)  (1+72)2 (58)

as an a-confidence lower bound on the win, where

1 -« ) 1 w2 4 [(1—-«
— | = < —_—; .
v (015°) g;g{élua P < By (P (59)

is a high-confidence upper bound on || P8|2.

Bound 5.3.1 relies on a high-confidence upper bound on ||Pj-6]|?, but a two-sided

interval could in principle provide a valid bound as well. In Appendix D.5.3 we provide
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an intuitive justification for the choice of an upper bound. Theorem 5.3.1 justifies the

use of Bound 5.3.1 for computing c-values.

Theorem 5.3.1. Define c(y) = infaco{c|b(y,a) < 0} for b(-,-) in Bound 5.3.1.
Then c(y) is a valid c-value, satisfying the guarantees of Theorems 5.2.2 and 5.2.3.

Remark 5.3.2 (Computability of the bound). Eq. (5.8) in Bound 5.3.1 can be readily
computed. Notably, many standard statistical software packages provide numerical
approximation to non-central y? quantiles. Further, the one-dimensional optimization
problems in Egs. (5.8) and (5.9) can be solved numerically.

Remark 5.3.3 (When the variance is unknown). For cases when the noise variance o2

is unknown but a confidence interval is available, one can adapt the procedure above
by replacing b(y, ) with its infimum with respect to o2 over the confidence interval

and reducing the confidence level a accordingly.

Remark 5.3.4. The alternative estimator 8*(y) considered in this section is the posterior
mean of § corresponding to the hierarchical prior 0|u ~ N (uly, 72Iy) with further
improper hyper-prior on p. This prior encodes a belief that 6 lies close to the one-
dimensional subspace spanned by 1. Using a similar approach to the one above,
we can derive lower bounds on the win for a more general class of estimators that
shrink the MLE towards a pre-specified D-dimensional subspace. See Appendix D.5.4
for details and an application to a real dataset on which a large computed c-value

indicates an improved estimate.

5.3.3 Empirical verification

To explore the empirical properties of Bound 5.3.1, we simulated 500 datasets with
N =50 as y ~N(0,Iy) for each of several values of 0. For each simulated dataset v,
we computed the win W (0, y), the proposed lower bound b(y, ), and the c-value c(y).
Conveniently, for this likelihood, the distributions of W (6, y) and b(y, a) depend on 6
only through N—2 | Pi-0]|. Consequently, we can exhaustively assess how our procedure

behaves for different § by varying this norm. Throughout our simulation study, we

83



fixed 7 = 1. With larger 7, the alternative 8* behaves more similarly to the default é,
but the qualitative properties of the c-value and estimators remain similar.

We first checked that the empirical probability that the win W (y, «) exceeded
the bound b(y, «) in Bound 5.3.1 was at least as large as the nominal probability «
(Figure 5-1a). Across various choices of N~2||PL6]|, we see that b(-, ) is conservative,
typically providing higher than nominal coverage. Surprisingly, the gap between the
actual and nominal coverages does not seem to depend heavily on 6, suggesting we
could potentially obtain a tighter bound by calibrating b(y, «) to its actual coverage.

We next examined the probability that that alternative estimate is selected on the
basis of a large c-value but obtains higher loss than the default estimate, Theorem 5.2.3
upper bounds this probability and in Figure 5-1b we confirm it holds in practice across
different thresholds «. Figure 5-1b additionally compares our proposed approach to
using Stein’s unbiased estimate of the risk [Stein, 1981]) of 6*(-) to select between the
estimates. This approach, which we label “SURE”, returns 6*(-) if the risk estimate
exceeds N and returns é() otherwise, and is akin to the focused information criterion
[Claeskens and Hjort, 2003]. However, in contrast to the two stage estimate 07(-, ),
SURE does not provide tunable control over the probability that the alternative

estimate 6*(-) is mistakenly returned.

Table 5.2: Contingency tables of simulation outcomes with ||P{6]||/v/N = 1.7 when
using Stein’s unbiased risk estimate (SURE), 07(-, « = 0.95), or 87(-, a = 0.5) to choose
between the default and alternative estimates. DLL: default has lower loss, ALL:
alternative has lower loss, DR: default reported, AR: alternative reported.

SURE c-values w/ o = 0.95 c-values w/ o = 0.5

DR AR DR AR DR AR
DLL 2% 44% 46% 0% 37% 9%
ALL 36% 18% 54% 0% 54% 0.1%

In the case that ||Pj-0]|/v/N = 1.7, choosing based on SURE gives the wrong
estimate 80% of the time. Moreover, in the majority of these cases it is the alternative
that is incorrectly returned (Table 5.2a, Figure 5-1b). By contrast, the estimator

that chooses based on the c-value (with a threshold a = 0.95) conservatively returns
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the default estimate in every replicate for this ||Pl-6||/v/N (Figure 5-1c). While this
approach provides the estimate with greater loss in 54% of cases, it incorrectly reports
the alternative in 0% of cases (Table 5.2 b). This behavior is expected as Theorem 5.2.3
provides an upper bound of 100 * (1 — )% = 5%. An estimator using the unbiased
risk estimate satisfies no such guarantee.

We next checked that our computed c-values successfully detected improvements
by the alternative estimate. Recall that the alternative estimate 6*(y) shrinks all
components of y towards the global mean 7. Further, recall that by construction
0T (y, ) = 6*(y) if and only if ¢(y) > «. Intuitively, then, we would expect the
alternative estimator to improve over the MLE and for the two-staged 67(-, ) to
select 6*(-) when 6 is close to the subspace spanned by 1y and N~z || P{6]| is small.
Figure 5-1c, which plots the probability that 67(-, o) selects *(+) across different values
of § and «, confirms this intuition; when N~z | Pi6| is small, we very often obtain
large c-values and select the alternative estimator.

For completeness, we also considered the risk profile of the two-stage estimator
07(-, ) (Figure 5-1d). Specifically, for different choices of § we computed a Monte
Carlo estimate of the expected squared error loss. For the most part, the risk of
01(-, ) lies between the risks of A(-) and 6*(-). However, the risk of the two-stage
estimator appears to exceed the risks of the default and alternative estimators for a
narrow range of values of || Pj0||. While it is tempting to characterize this excess risk
as the price we must pay for “double-dipping” into our data, we note that the bump
in risk appears to be non-trivial only for very small values of a. Recall again that we
recommend choosing 0*(y) in place of é(y) only when c¢(y) is close to 1. As such, we
do not expect this type of risk increase to be much of a concern in practice.

Interpreted together, Figures 5-1c and 5-1d illustrate the conservatism of the two
stage approach with o = 0.95. For ||Pi*6|| between 1 and 1.5, 67(-, ) only rarely
evaluates to 6*(-) even though this estimator has lower risk and typically has smaller
loss.

Unlike conventional p-values under a null hypothesis, we should not expect the

distribution of informative c-values to be uniform; indeed for parameters such that
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Figure 5-1: Bound calibration and the two-stage estimator for a hierarchical normal
model in simulation. (a) Empirical coverage of the lower bound b(-, &) across different
levels a. Coverage is nearly identical across the parameter space. (b) Probability that
the default has smaller loss but the alternative estimate is selected across the parameter
space. (c) Probability of selecting the alternative estimate. Selection probability is
higher for lower thresholds a. (d) Risk profiles of the two-stage estimators for different
choices of a, as well as the MLE é() and the shrinkage estimator 6*(-). Each data
point is computed from 500 replicates with N = 50.

the win is consistently positive or negative, c-values can concentrate near 1 or 0,

respectively.

5.4 Comparing affine estimates with correlated noise

We now generalize the situation described in the previous section in two ways. First, we

consider correlated Gaussian noise with covariance Y, where Y is any N x N positive
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definite covariance matrix rather than restricting to > = Iy. Second, we let our
default and alternative estimates, 6(y) and 6*(y), be arbitrary affine transformations
of the data y. Though these two estimates take similar functional forms in this section,
we remain concerned with asymmetric comparisons wherein 60*(y) is less familiar than
0(y)-

This situation introduces analytical challenges beyond those encountered in Sec-
tion 5.3, but we nevertheless obtain an approximate bound that works well in practice.
Specifically, for Bound 5.3.1, we used the tractable quantile function of the non-central
x? to guarantee exact coverage in Theorem 5.3.1. In the present case, we encounter
sums of differently scaled non-central x? random variables, which do not admit analyt-
ically tractable quantiles. However, by approximating these sums with Gaussians with
matched means and variances, we can proceed in essentially the same manner as in
Section 5.3 to derive an approximate lower bound on the win. After introducing the
bound, we comment on the key steps in its derivation to highlight the approximations
involved, but leave details of intermediate steps to Appendix D.6. We conclude with
a non-asymptotic bound on the error introduced by these approximations on the

coverage of the proposed bound on the win.

Approzimate Bound 5.4.1 (Correlated Gaussian likelihood: arbitrary affine estimates).
Observe y = 0 + ¢ with € ~ A'(0,%) and consider 0(y) = Ay + k vs. 0*(y) = Cy + £,

where A, C € RY*N are matrices and k, ¢ € RV are N-vectors. We propose

by, @) = 10— yl* = 116" — yl|* + 26e[(A — O)%] +

T T 1 (5.10)
2ei UG, ) + S A+ AT~ C = O

as an approximate high-probability lower bound for the win. In this expression, tr[]

denotes the trace of a matrix, G(y) := (A — C)y + (k — ¢), || - ||s denotes the ¥
quadratic norm of a vector (||v||s :== Vv Xv), || - || denotes the Frobenius norm of a
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matrix, and z, denotes the a-quantile of the standard normal.

U(IGW)I31 — o) = ;gg{(s] IGWIE < (6 + 22 (A - OS2 ) +
(5.11)

1oy 2IZHA - )54 - OTE I + 4t (4 - )z 20

is an approximate high-confidence upper bound on ||G(6)||% where || - ||op denotes the

L2 operator norm of a matrix.

To derive Approximate Bound 5.4.1 we again start by rewriting the alternative
estimate as 0*(y) = 6(y) — G(y), where now G(-) is an affine transformation of y,
G(y) = (A—C)y + (k — £). We next write the squared error win of using 6*(y) in
place of 0(y) as

W(0,y) =27 G) + (110) — oll* = 10"(v) - y1*) (5.12)

and observe that it suffices to obtain a high-probability lower bound for this first term.
For tractability, we approximate the distribution of €' G(y) by a normal with matched
mean and variance. As we will soon see, this approximation is accurate when N is
large and A — C'is well conditioned; in this case €' G(y) may be written as the sum of
many of uncorrelated terms of similar size. The mean and variance may be expressed

as

IZ3(A+ AT —C —CT)S3 |2

Ele’ G(y)] = 1r[(A = C)¥] , Varle'G(y)] = IGO)5 + 5

(5.13)

With these moments in hand, we form a probability a lower bound approximately as

W (6, y) = 116(y) = ylI> = 16"(y) — ylI* +2tr[(A — C)%] +

1 (5.14)
2 JIGOE + SIshA+ 47— 0 - s,

However, as before, in order to use this approximate bound we require a simulta-

neous upper bound on a norm of a transformation of the unknown parameter, in this
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case ||G(6)||%. We compute one by considering the test statistic |G(y)||% and again
appealing to approximate normality. In particular we characterize the dependence of
the distribution of this statistic on ||G()||% through its mean and variance. We find

its mean as
E[|GW)s] = 1GOOI + 122 (A - C)Z2 |7 (5.15)
and upper bound its variance by

Var[|G(y)[|2] < 2|22 (A - C)S(A — O)TS2||% + 4|22 (A — C)S2||20]|G(0) |12
(5.16)

Using the two quantities above and an appeal to approximate normality, we propose
the approximate high-confidence upper bound, U(||G(y)||%,1 — ), in Eq. (5.11). As
before, by splitting our « across these two bounds we obtain the desired expression,

Eq. (5.10) in Approximate Bound 5.4.1.

Approximation Quality. Due to the two Gaussian approximations, Approximate
Bound 5.4.1 does not provide nominal coverage by construction. Our next result
shows that little error is introduced when NV is large enough and the problem is well

conditioned.

Theorem 5.4.1 (Berry—Esseen bound). Let o € (0,1) and consider b(-, o) in Approz-
imate Bound 5.4.1. If both A and C' are symmetric, then

102

~ Cy-k(X2(A—-0)22)? (5.17)

(S

Py [W(Q,y) > b(y,a)} > a—

where k(+) denotes the condition number of its matrix argument (i.e. the ratio of its
largest to smallest singular values) and Cy < 1.88 is a universal constant [Berry, 1941,

Theorem 1].

Remark 5.4.2. Theorem 5.4.1 is a special case of a more general result that we provide

in Appendix D.6.4, which does not require A and C' to be symmetric. We highlight this
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special case here because the bound takes a simpler form from which the dependence
on the conditioning of A — C' is clearer, and because this condition is satisfied for many
important estimates. Notably A and C' are symmetric in all applications discussed in

this paper.

Though Theorem 5.4.1 provides an expected O(N _%) drop in approximation error,
the bound itself may be too loose to be useful in practice. In Section 5.6.1 we show in
simulation that Approximate Bound 5.4.1 provides sufficient coverage even without
this correction. This conservatism likely owes to slack from (A) the operator norm
bound in Eq. (5.16) and (B) the union bound ensuring that the confidence interval for
|G()]|% and the quantile in Eq. (5.14) hold simultaneously.

We conclude this section with a remark about computation of Approximate

Bound 5.4.1.

Remark 5.4.3 (Fast computation of b(y, «)). A naive approach to computing b(y, «)
in Eq. (5.10) involves finding U(||G(y)||%, 52) with a binary search. For more rapid

computation, we can recognize U(||G(y)||%, 15%) as the root of a quadratic. Specifically,
define v := |[G(y)|[3 — B2 (A— C)X2 |2, 1= za, p = 2||S3(A— C)S(A—-C)Tx2 |3,
and v = 4|22 (A — )2 ||2p; then from Eq. (5.11) we have that the & that achieves
the supremum satisfies v = § + 1v/p + vd. Rearranging, we find that U(||G(y)|%, 52)

is the larger root of 2% — (2v + n?v)z + (v* — n?p) = 0.

5.5 Extending the reach of the c-value

Up to this point, we focused on estimating normal means with fixed affine estimators.
Now we extend our c-value framework in two important directions, which we support
with both theoretical and empirical results. In Section 5.5.1, we derive c-values for
a nonlinear shrinkage estimator of normal means. We then move beyond Gaussian
likelihoods in Section 5.5.2 and derive c-values for regularized logistic regression. In
contrast to the earlier cases, these introduce nonlinear estimates and non-Gaussian
models. To gain analytical tractability, we approximate the estimates by linear

transformations of a statistic that is asymptotically Gaussian. This allows us to derive
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bounds b(y, a) that we show have the correct coverage in an asymptotic regime. Our
approach provides a template that can be followed for other nonlinear estimates and
models for which the MLE is asymptotically Gaussian. We defer all proofs and details
of synthetic data experiments to Appendices D.7 and D.8.

5.5.1 Empirical Bayes shrinkage estimates

While many Bayesian estimates are affine in the data for fixed settings of prior pa-
rameters, when prior parameters are chosen using the data, the resulting empirical
Bayesian estimates are not affine in general. In this subsection we explore computa-
tion of approximate high-confidence lower bounds on the win of empirical Bayesian
estimators. In particular, we consider an approach that essentially amounts to ignoring
the randomness in estimated prior parameters and computing the bound as if the
prior were fixed. For simplicity, we focus on a particularly simple empirical Bayesian
estimator for the normal means problem that coincides with the James—Stein estimator
[Efron and Morris, 1973|. We find that, in the high-dimensional limit, bounds obtained
with this naive approach achieve at least the desired nominal coverage. Finally, we
show in simulation that the approximate bound has favorable finite sample coverage

properties.

Empirical Bayes for estimation of normal means. Consider a sequence of
real-valued parameters 6,0, ..., and corresponding observations vy, nr A (0, 1).
For each N € N, let Oy := [01,0s,...,0x]" and Yy := [y1,%2,...,yn]" denote the
first N parameters and observations, respectively.

We consider the MLE for © y (i.e. Yy) as our default, which we denote by Oy (Yy) =
Yy, and we take the James—Stein estimate as our alternative; we compare on the
basis of squared error loss. We write the James—Stein estimate on the first N data
points as Oy (Yy) := (1 — (1 + 73 (Yn)) ™) Yy, where 73(Yy) := ||Yn|?/(N —2) — 1.
O (Yy) corresponds to the Bayes estimate under the prior 6, "N (0,7%) |[Efron and
Morris, 1973]. For this comparison, the win is Wy (Yy,Ox) = [|On(Yy) — On |2 —
10%(Yn) — On||?, and Appendix D.7 details the associated bound by (Yy, @) obtained

91



with Bound D.5.1. In the following theorem, we lower bound the win by applying our
earlier machinery for Bayes rules with fixed priors. We find that the desired coverage

is obtained in the high-dimensional limit.

Theorem 5.5.1. For each N € N, let 72 := N SN 02, If the sequence 1,7y, . ..

n=1"n"

is bounded, then for any o € [0,1], limy_00 P [WN(YN, On) > by (Y, a)} > a.

The key step in the proof of Theorem 5.5.1 is establishing an O,(N ’%) rate of
convergence of 7% — 7% to zero; under this condition the empirical Bayes estimate
and bound converge to the analogous estimates and bounds computed with the prior
variance fixed to 7%. Accordingly, we expect similar results to hold for other models
and empirical Bayes estimates when the standard deviations of the empirical Bayes

estimates of the prior parameters drop as O, (N _%).

Remark 5.5.2. Theorem 5.5.1 easily extends to cover the case in which we consider a

sequence of random (rather than fixed) parameters drawn i.i.d. from a Bayesian prior,

which is a more classical setup for guarantees of empirical Bayesian methods; see e.g.

Robbins [1964]. Specifically, our proof goes through in this Bayesian setting so long
2 2

as the sequence 77,75, ... is bounded in probability. This condition is satisfied, for

example, when the 6, are i.i.d. from any prior with a finite second moment.

To check finite sample coverage, we performed a simulation and evaluated calibra-
tion of the associated c-values (Figure D.7.1). Despite the empirical Bayes step, the
c-values appear to be similarly conservative to those computed with the exact bound
in Figure 5-1a. Furthermore, this calibration profile does not appear to be sensitive to

the magnitude of the unknown parameter.

5.5.2 Logistic regression

In this subsection we illustrate how to compute an approximate high-confidence lower
bound on the win in squared error loss with a logistic regression likelihood. Our key
insight is that by appealing to limiting behavior, this non-Gaussian problem may be

approached with the same machinery developed in Section 5.4.
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Notation and estimates. Consider a collection of M data points with random
covariates Xys := [z1, 29, ..., 23] € RM*Y and responses Yas := [y1, 92, ..., yn] ' €

{1,—1}*. For the mth data point, assume
Y, i p( | 2m; 0) := (1 +exp{—x,0}) 6 + (1 +exp{z,) 0}) 104, (5.18)

where 6 € RY is an unknown parameter of covariate effects and §; and J_; denote
Dirac masses on 1 and —1, respectively.

In this section, we choose the MLE as our default, 6( Xy, Ya) := arg max, log p(Yay |
Xur;0). And we choose our alternative to be a Bayesian maximum a posteriori (MAP)

estimate under a standard normal prior (6 ~ N(0, Iy)):
* 1 2
0" (X, Yur) = arg max log p(Yar | Xar; 0) — §||9|| :

While a first choice for a Bayesian estimate might be the posterior mean, the MAP is
an effective and widely used alternative to the MLE in practice. Notably, the MAP
estimate is easier to compute and is often close to the posterior mean; see Huggins
et al. [2018, Proposition 6.2] and Schervish [1995, Theorem 7.116]. In particular, the
distance between the posterior mean and the MAP estimate decays at an O(M 1)
rate with the number of observations M. Furthermore, 0*( Xy, Yys) is also of interest

as an L2 regularized logistic regression estimate.

Approximating 0* by an affine transformation. In moving away from a Gaussian
likelihood we forfeit prior-to-likelihood conjugacy. In previous sections, conjugacy
provided analytically convenient expressions for Bayes estimates. In order to regain
analytical tractability, we appeal to a Gaussian approximation of the likelihood,
defined with a second order Taylor approximation of the log likelihood about the
MLE. This approximation is equivalent to approximating the distribution of the

MLE as 0(Xy, Yas) ~ N(0,3), where £y := —V2log p(Yy | XM;H)‘Q:@(XM,YM)‘ As

such, we regain conjugacy, and we obtain an approximate Bayes estimate as an affine
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transformation of the MLE,

~

G*(Xor, Yar) = []N + iM} (X, Yar). (5.19)

As we show in Appendix D.8, 6*( X, Ys) is a very close approximation of 6* (X, Yas),

with distance decreasing at an O,(M ~?) rate.

An approximate bound and an asymptotic guarantee. We leverage the form
in Eq. (5.19) to compute Approximate Bound 5.4.1 as a lower bound on the win in
squared error of using the MAP estimate in place of the MLE. In particular, we take
Y= é(XM, Yyr) as the data in Approximate Bound 5.4.1 (this corresponds to A = Iy
and k = 0) and approximate the distribution of € := 6(X,;,Yy) — 0 as N(0,2y;).
Further, to compute the bound, we approximate 6*( Xy, ) by é*(XM, Yy) as in
Eq. (5.19), corresponding to C' = [IN + iM] - and ¢ = 0.

While the precise coverage of this bound is difficult to analyze, our next result

reveals favorable properties in the large sample limit.

Theorem 5.5.3. Consider a sequence of random covariates xq,xs,... and responses
Y1, Yo, . .. distributed as in Eq. (5.18). For each M € N, let Wy := [|0(X s, Yar) =02 —
10* (X s, Yar) — 0||* be the win of using the MAP estimate in place of the MLE. Finally,
let by () be the level-a approzimate bound on Wy, described above. If x1,xs,... are
1.1.d. with finite third moment and with positive definite covariance, then for any

o€ (O, 1), lim s o0 Po [WM > bM(Oé)] > a.

Theorem 5.5.3 guarantees that in the large sample limit, by, () has at least nominal
coverage. We provide a proof of the theorem and demonstrate its favorable empirical

properties in simulation in Appendix D.8.

5.6 Applications

We now demonstrate our approach on the three applications introduced in Section 5.1.

Our goal in this section is to demonstrate how one can compute and interpret c-values
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in realistic workflows. In analogy to hypothesis testing, where a p-value cutoff of 0.05
is standard for rejecting a null, we require a c-value of at least 0.95 to accept the
alternative estimate; with this threshold, we expect to incorrectly reject the default
estimate in at most 5% of our decisions. This choice, instead of 0.5 for example,
reflects the presumed asymmetry of the comparisons; we require strong evidence to
adopt the alternative over the default. For all applications, we provide substantial

additional details in Appendix D.9.

5.6.1 Estimation from educational testing data and empirical
Bayes

In this section we apply our methodology to a model and dataset considered by Hoff
[2021, Section 3.2|, in which the goal is to estimate the average student reading ability
at different schools in the 2002 Educational Longitudinal Study. At each of N = 676
schools, between 5 and 50 tenth grade students were given a standardized test of reading
ability. We let y = [y1,¥2,...,yn]" denote the average scores, and for each school,
indexed by n, model v, e N(0,,02), where 0 = [0;,0,,...,0x]" denotes the school-
level means and each o, is the school-level standard error; specifically o, := o/v/N,
where o denotes a student-level standard deviation and N,, is the number of students
tested at school N,,. For convenience, we let 3 := diag([o?,03,...,0%]) so that we
may write y ~ N (6, X). The goal is to estimate the school-level performances 6.
Following Hoff [2021], we perform small area inference with the Fay-Herriot model
[Fay and Herriot, 1979] to estimate 6 under the assumption that similar schools
may have similar student performances. Specifically, we consider a vector of D = 8
attributes of each school X = [z, s, ...,2x]"; these include participation levels in a
free lunch program, enrollment, and other characteristics such as region and school
type. We model the school-level mean as a priori distributed as 0 ~ N (X3, 7%1y)
where 3 is an unknown D-vector of fixed effects and 72 is an unknown scalar that
describes variation in 6 not captured by the covariates. Following Hoff [2021], we

take an empirical Bayesian approach and estimate 3,7, and o with 1me4 [Bates et al.,
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2015a]. We then compare the posterior mean — which is affine in y for fixed S, 7,
and o — as an alternative to the MLE as a default; we use Approximate Bound 5.4.1.
Specifically, we take 0*(y) := E[0 | y; 8,7,0] = [Iy + 7722ty + [Ixy + 7257171 X3
and 0(y) = y. We compute a large c-value (¢ = 0.9926); its closeness to one strongly
suggests that 6*(y) is more accurate than (y).

We should not always expect to obtain a large c-value for any alternative estimate,
however. We next describe a case where we expect the alternative estimate to be less
accurate than the default, and we check that we obtain a small c-value. In particular,
we now let our alternative estimate be the posterior mean under the same model as
above but with the covariates, X, randomly permuted across schools. In this situation,
the responses y have no relation to the covariates, and we should not expect an
improvement. Indeed, on this dataset we compute a c-value of exactly zero. However,
we recall that just as a large p-value in hypothesis testing does not provide evidence
that a null hypothesis is true, a small c-value does not provide direct evidence that
the alternative estimate is less accurate than the default.

We provide additional details for all parts of this application in Appendix D.9.1.
There, we demonstrate in a simulation study that our bounds remain substantially

conservative for these estimators and model even with an empirical Bayes step.

5.6.2 Estimating violent crime density in Philadelphia

As a second application, we consider estimating the areal density of violent crimes
(i.e. counts per square mile) reported in each of Philadelphia’s N = 384 census tracts.
Following Balocchi et al. [2019], we work with the inverse hyperbolic sine transformed
density. Letting 1, be the observed transformed density of reported violent crimes
in census tract n, we model vy, PN (0, 0;) where 6, represents the underlying
transformed density and 02 is the noise variance. While one might interpret 6,, as the
true density of violent crime in census tract n, we note that the implicit assumption
of zero-mean error in each tract may not be realistic. Namely, systematic biases may
impact the rates at which police receive and respond to calls and file incident reports

in different parts of the city. Unfortunately, we are unable to probe this possibility
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with the available data. Nevertheless, our goal is to estimate the vector of unknown
rates, 0 = [01,0,...,0Nn]" from y = [y1, s, ...,yn] . The observations y are a simple
proxy of transformed violent crime density, but they are noisy. So it is natural to
wonder if we might obtain a more accurate estimate of 6.

Figure 5-2 plots the transformed densities of both violent and non-violent crimes
reported in October 2018 in each census tract. Immediately, we see that, for any
particular census tract, the observed densities of the two types of crime are similar.
Further, we observe considerable spatial correlation in each plot. It is tempting to
use a Bayesian hierarchical model that exploits this structure in order to produce
more accurate estimates of 6. In this application, we consider iteratively refining an
estimate of # by (A) incorporating the observed non-violent crime data and then
by (B) carefully accounting for the observed spatial correlation. At each step of our
refinement, we use a c-value to decide whether to continue. Before proceeding, we

make a remark about our sequential approach.

Transformed violent crime density Transformed non-violent crime density

AyIsua(] yuoAr

(a) (b)

Figure 5-2: Transformed densities of reported (a) violent and (b) non-violent crimes
in each census tract in Philadelphia in October 2018.

Remark 5.6.1. Consider using c-values and a chosen level a to choose one of three

~

estimates (say 0(y), 0*(y), and 0°(y)) in two stages. Suppose we first choose 6*(y) over

~

(y) only if the associated c-value is greater than a.. Second, only if we chose 6*(y), we
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next choose 6°(y) over 0*(y) only if the new c-value associated with those estimates
exceeds a. Then a union bound guarantees that 6°(y) will be incorrectly chosen with

probability at most 2(1 — «).

We begin by seeing if we can improve upon the MLE, é(y) =y, by leveraging the
auxiliary dataset of transformed non-violent crimes in each tract, zy, 29,...,2y5. To
this end, we model these auxiliary data analogously to y; in each tract n, we let n,
be the unknown transformed density and independently model z, nder N (1, 0%). We
next introduce a hierarchical prior that captures the apparent similarity between 6
and 7 within each tract. Specifically, for each tract n we decompose 6, = p,, + 6¢
and 7, = p, + 0., where (i, is a shared mean for the transformed densities of violent
and non-violent reports and 0Y and o] represent deviations from the shared mean
specific to each crime type. Rather than encode explicit prior beliefs about u,, we
express ignorance in these quantities with an improper uniform prior. Additionally,
we model 6¢, 67 ESNg (0,0%). We fix the values of 0,, 0, and o5 using historical data.
We then compute the posterior mean of 6 as an alternative estimate, 0*(y). Thanks
to the Gaussian conjugacy of this model, 6*(y) is affine in the data y, and a closed
form expression is available. See Appendix D.9.2 for additional details. The resulting
c-value exceeded 0.999, suggesting that we should be highly confident that 6*(y) is a
more accurate estimate of 6 than é(y)

We next consider additionally sharing strength amongst spatially adjacent census
tracts. To this end, consider a second model with spatially correlated variance
components: 6, = p, + 02 + k¥ and n, = p, + 6. + 2. The additional terms
kY = [KY, K5, ..., k%] and k* = [K%, K3, ..., K%  capture a priori spatial correlations;
we model kY, K* N (0, K), where K is an N x N covariance matrix determined by
a squared exponential covariance function [Rasmussen and Williams, 2006, Chapter
4] that depends on the distance between the centroids of the census tracts. Once
again, we exploit conjugacy in this second hierarchical model to derive the posterior
mean 0°(y) in closed form. As 6°(y) is also an affine transformation of y, we can
use Approximate Bound 5.4.1 to compute the c-value for comparing 6°(y) to 0*(y).

The c-value for this comparison is only 0.843, providing much weaker support for
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using 6°(y) over 0*(y). Because this c-value is less than 0.95, we conclude our analysis

content with 6*(y) as our final estimate.

5.6.3 Gaussian process kernel choice: modeling ocean currents

Accurate understanding of ocean current dynamics is important for forecasting the
dispersion of oceanic contaminations, such as after the Deepwater Horizon oil spill [Poje
et al., 2014]. Lodise et al. [2020] have recently advocated for a statistical approach
to inferring ocean currents from observations of free-floating, GPS-trackable buoys.
Their approach seeks to provide improved estimates by incorporating variation at the
submesoscale (roughly 0.1-10 km) in addition to more commonly considered mesoscale
variation (roughly 10 km and above). In this section we apply our methodology to
assess if this approach provides improved estimates relative to a baseline including
only mesoscale variation.

In our analysis, we consider a segment of the Carthe Grand Lagrangian Drifter
(GLAD) deployment dataset [Ozgokmen, 2013]. Specifically, we model a set of 50 buoys
with velocities estimated at 3 hour intervals over one day (N = 400 observations total).
Each observation n consists of latitudinal and longitudinal ocean current velocity

measurements y, = [yle),yr(zQ)]T

€ R? and associated spatio-temporal coordinates
lat,, lon,, t,]. Following Lodise et al. [2020], we model each measurement as a noisy
observation of an underlying time varying vector-field distributed independently as
Un mder A (F (latn,lonn,tn),aflg), where F' : R?> — R? denotes the time evolving
vector-field of ocean currents and o2 is the error variance. Our goal is to estimate F
at the observation points 0 := [01,0s,...,0x]", where for each n, 0, = [0,(11), 97(12)]T =
F(lat,,lon,, t,).

Following Lodise et al. [2020], we place a Gaussian process prior on F' to encode
expected spatio-temporal structure while allowing for variation at multiple scales.
Specifically, we model ' ~ GP (0,k(-,-)) , where
@ 09)) + ky(09,01)), i e {1,2}. (5.20)

n n n o n/

k(09,0 = k(0

n o Un/
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Here k; and ks are squared exponential kernels with spatial and temporal length-scales
that reflect mesoscale and submesoscale variations, respectively; see Appendix D.9.3
for details. For simplicity, we model the latitudinal and longitudinal components of F'
independently. We take the posterior mean of # under this model as the alternative
estimate, 0*(y).

As a baseline, we consider an analogous estimate with covariance function k(@,(f ), QS,))
kl(Gg), 97(1%)) + kg(ﬁg ), Gfli,))ﬂ[n = n/], which maintains the same marginal variance but
excludes submesoscale covariances. We take the posterior mean under this model as
the default estimate 0(y). Both 6*(y) and 6(y) may be written as affine transformations
of y.

Using Approximate Bound 5.4.1, we compute a c-value of 0.99981. This large c-
value allows us to confidently conclude that modeling both mesoscale and submesocale

variation can yield more accurate estimates of ocean currents than mesocale modeling

alone.

5.7 Discussion

We have provided a simple method for quantifying confidence in improvements provided
by a wide class shrinkage estimates without relying on subjective assumptions about
the parameter of interest. Our approach has compelling theoretical properties, and
we have demonstrated its utility on several data analyses of recent interest. However,
the scope of the current work has several limitations. The present paper has explored
the use of the c-value only for problems of moderate dimensionality (N between 20
and 700). Loosely speaking, we suspect c-values may be underpowered to robustly
identify substantial improvements provided by estimates in lower dimensional problems.
Further investigation into such dimension dependence is an important direction for
future work. In addition, our approach depends crucially on a high-probability lower
bound that is inherently specific to the underlying model of the data, a loss function,
and the pair of estimators. In the present work, we have shown how to derive and

compute this bound for models with general Gaussian likelihoods, when accuracy
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may be measured in terms of squared error loss, and when both estimates are affine
transformations of the data. We have provided a first step to extending beyond simple
Gaussian models with the application to logistic regression; while we have not yet
explored the efficacy of this extension on real data, we view our work as an important
starting point for generalizing to broader model classes and estimation problems. We
believe that further extensions to the classes of models, estimates, and losses for which
c-values can be computed provide fertile ground for future work.

It may be possible to construct the bound b(y, @) in a model and loss agnostic
approach, using, for example, the parametric bootstrap. Constructing an informative
c-value is possible only because in some cases the distribution of the win depends on
the unknown parameter only through some low dimensional projection (or at least
approximately so). We suspect that this may be the case for some more complex models
and estimates too. When this is the case and if these low dimension characteristics
are estimated well enough, a parametric bootstrap may present a powerful solution.
In particular, one would begin by forming an initial estimate of the parameter, and
simulate a collection of bootstrap datasets by sampling data from the likelihood
parameterized by the initial estimate, compute the win for each simulated dataset,
and return for each b(y, ) the 1 — o quantile of this distribution. We expect that this
method may work in many important settings — indeed, much of modern statistics and
nonlinear methods are predicated on the assumption that low dimensional structure
(e.g. sparsity) exists and may be inferred. We leave further development of this more
flexible approach, including an investigation of the theoretical properties, to follow-up

work.
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Appendix A

Exchangeability Supplementary
Material

A.1 Additional Related Work

A.1.1 Brown and Zidek details

As discussed in Section 2.1, the papers of Brown and Zidek [1980| and Haitovsky
[1987| carry the only references of which we are aware of the idea of exchangeability
of effects across covariates for sharing strength among multiple groups of data. We
here provide additional discussion on this related prior work. To aid our comparison,
we slightly modify their notation to match ours.

In their paper, “Adaptive Multivariate Ridge Regression”, Brown and Zidek [1980]
consider multiple related regression regression problems with a shared design (i.e.
X = X! = X? = ... = X9) and seek to extend the univariate ridge regression
estimator of Hoerl and Kennard [1970] to the multivariate setting. Specifically, the

authors propose a class of estimators of the form

~

B=Io@ X X+KaIp) (Iyo XY,

where YV = (YIT V2T ... 'YQTT ® denotes the Kronecker product, and K is a
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@ x @ ridge matrix which they suggest be chosen by some “adaptive rule” (i.e. that
K be a function of the observed data). Notably, this functional form closely resembles
our expression for E[5|D, Y] in Proposition 2.3.1, if we take K = %71

The authors do not explicitly discuss the interpretation of K~—! as the covariance
of a Gaussian prior, nor any interpretation for this quantity as capturing any notion
of a priori similarity of the regression problems. However, they do point to Bayesian
motivations at the outset of the paper. In particular, Brown and Zidek [1980] narrow
their consideration of possible methods for choosing K to those which satisfy two

criteria:
1. For any K, 5 correspond to a Bayes estimate.

2. In the case that XX = Ip, § correspond to the Efron and Morris [1972D)]

extension of the James and Stein [1961] estimator to vector observations.!

They present four such estimators (derived from existing estimators of a multivariate
normal means that dominate the sample mean) and demonstrate conditions under
which each of these estimators dominates the least squares estimator for 5.

As a further point of connection, the authors claim in the their abstract that their
“result is implicitly in the work of Lindley and Smith [1972] although not actually
developed there.” However, the authors give little support for, or clarification of
this claim. In particular, their analysis is entirely frequentist and they provide no
explanation for how their proposed estimators for K might be interpreted as reasonable
empirical Bayes estimates.

In their short follow-up paper, Haitovsky [1987] elaborates on this Bayesian
motivation. The primary focus of Haitovsky [1987] is a matrix normal prior [Dawid,
1981] that captures structure in effects across both groups and covariates. Though
this prior is not exchangeable across covariates in general, they note that the special
case of where effects are uncorrelated across different covariates satisfies the notion of

exchangeability for which we have advocated in this paper.

1See Appendix A.1.4 for further discussion of connections to Efron and Morris [1972b].
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A.1.2 Methods of inference for I' in existing work assuming

exchangeability of effects across groups.

We here describe several existing approaches for estimating the covariance matrix
I' in the exchangeability of effects among groups model. These existing methods
do not translate directly to the exchangeability of effects among covariates model
proposed in this paper. However, in principle, one could likely adapt any of them to
our setting. We have chosen to use the EM algorithm described in Section 2.3 for its
simplicity, efficiency, and stability. We leave the investigation of alternative estimation
approaches to future work.

In their initial paper, Lindley and Smith (1972) [Lindley and Smith, 1972| suggest
that a fully Bayesian approach would be ideal. They advocate for placing a subjectively
specified, conjugate Wishart prior on I', and remark that one should ideally consider
the posterior of I' rather than relying on a point estimate. However, in the face
of analytic intractability, they propose returning MAP estimates for I' and 5 and
provide an iterative optimization scheme that they show is stationary at f, B =
arg max log p(T', B|D).

Advances in computational methods since 1972 have given rise to other ways of
estimating I" in this model. Gelfand et al. [1990] describe a Gibbs sampling algorithm
for posterior inference. Gelman et al. [2013, Chapter 15 sections 4-5| describe an
EM algorithm which returns a maximum a posteriori estimate marginalizing over
B, I = argmaxp (T|D) = [ p(T, B|D)dp; notably, though the updates in our EM
algorithm for the case of exchangeability in effects across covariates differ from those
in the case of exchangeability among groups, one can see the two algorithms as closely
related through their shared dependence on Gaussian conjugacy. Finally, in the
software package 1me4, Bates et al. [2015b] use the maximum marginal likelihood

estimate, I’ = arg max p(D|I"), which they compute using gradient based optimization.

104



A.1.3 Details on connections to 1lme4

In the notation of 1me4 |Bates et al., 2015b], our paper considers only random effects
and no fixed effects. In that work, each vector of random effects, denoted B, corresponds
to a length D (g in their notation) column of 5 (in our notation). Bates et al. [2015b,
Equation 3] states the prior derived from Lindley and Smith [1972| that reflects the
assumption of exchangeability across groups and captures correlation structure across
covariates. This correlation structure is modeled whenever two or more random effects
are specified and allowed to vary across groups. In the high dimensional setting (when
D > @), however, 1me4 fails to run because the optimization problem associated with

empirical Bayes step is ill-conditioned.

A.1.4 Related work on estimation of normal means

As we discuss in Appendix A.3.1, under Condition 2.4.1 and when o2 = 1, we have
that

A inde

LS N”N(ﬁq’ [D)

As such, inference reduces to the “normal means problem”, with a matrix valued

parameter. Specifically, we can equivalently write

BLSZB—i_Ga

for a random D x () matrix € with i.i.d. standard normal entries.
This problem has been studied closely outside of the context of regression. Notably,
Efron and Morris [1972a] approach the problem from an empirical Bayesian perspective

and recommend an approach analogous to estimating > by
ZA)Ef = (D — Q — 1)713]_TSBLS — [Q.

Efron and Morris [1972a] argue for this estimate because it is unbiased for a transfor-

mation of the parameter. In particular, " satisfies E[(Io + %) "] = (I5+%)~" when
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each [y N (0,%). They show that, among all estimates of the form @BEsBLS — Iy

with real valued «, this factor a = (D — @Q — 1)~! is optimal in terms of squared error
risk. Notably, this includes the moment estimate SMM we describe in Section 2.4,
which corresponds to o = D~!. However, this optimality result does not translate
to the associated positive part estimators. In fact, in experiments not shown, we
have found that BECOV reliably outperforms an analogous positive part variant that

estimates X by SEf

Remark A.1.1. Efron and Morris [1972a, Theorem 5| prove that an analogous positive
part estimator is superior to their original estimator in term of ‘“relative savings loss”
(RSL). Our domination result in Theorem 2.4.2 is strictly stronger and implies an
improvement in RSL as well. Furthermore our proof technique immediately applies to

their estimator.

Several other works have noted the dependence of the risk of estimators for the
matrix variate normal means problem on the expectations of the eigenvalues of inverse
non-central Wishart matrices [Efron and Morris, 1972a, Zidek, 1978, Van Der Merwe
and Zidek, 1980|. In all of these cases, the authors did not document attempts to
interpret or approximate these difficult expectations.

More recently, Tsukuma [2008] explores a large class of estimators for the matrix
variate normal means problems that shrink Brs along the directions of its singular
vectors in different ways. For subclass of these estimators, Tsukuma [2008][Corollary
3.1] proves a domination result for associated positive part estimators. In the orthogo-
nal design case, BECOV can be shown to be a member of this subclass of estimators,

providing an alternative route to proving Theorem 2.4.3.

A.1.5 Additional related work on multiple related regressions

Methods for simultaneously estimating the parameters of multiple related regression
problems have a long history in statistics and machine learning, with different assump-
tions and analysis goals leading to a diversity of inferential approaches. Perhaps the

most famous is Zellner’s landmark paper on seemingly unrelated regressions (SUR)
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[Zellner, 1962]. Zellner [1962]| addresses the situation where apparent independence of
regression problems is confounded by covariance in the errors across ) problems (i.e.
‘groups’ in our language). In the presence of such correlation in residuals, the parame-
ter may be identified with greater asymptotic statistical efficiency by considering all ()
problems together [Zellner, 1962, Zellner and Huang, 1962]. While most work on SUR
has taken a purely frequentist perspective in which 3 is assumed fixed, some more
recent works on SUR have considered Bayesian approaches to inference [Blattberg
and George, 1991, Chib and Greenberg, 1995, Smith and Kohn, 2000, Griffiths, 2003,
Ando and Zellner, 2010]. However these do not address the scenario of interest here,
in which we believe a priori that there may be some covariance structure in the effects
of covariates across the regressions, or that some regression problems are more related
than others. The setting of the present paper further differs from SUR in that we
do not consider correlation in residuals as a possible mechanism for sharing strength
between groups, but instead explicitly assume independence in the noise.

Breiman and Friedman [1997] present a distinct, largely heuristic approach to
multiple related regression problems where all ) responses are observed for each
group, or equivalently each group has the same design. The authors focus entirely
on prediction and obviate the need share information across regression problems
when forming an initial estimate of 5 by proposing to predict new responses in each
regression with a linear combination of the predictions of linear models defined by the
independently computed least squares estimate of each regression problem. However
this approach does not consider the problem of estimating parameters, which is a
primary concern of the present work.

Reinsel [1985]’s paper, “Mean Squared Error Properties of Empirical Bayes Estima-
tors in a Multivariate Random Effects General Linear Model”, considers a mixed effects
model in which a linear model for regression coefficients is specified 3¢ = Ba, + A,
where a 1= [a, ag, ..., ag] is a K x @ known design matrix associated with the regres-

sion problems,? B is a D x K matrix of unknown parameters and [A;, Aa, ..., Ag] is

ZNotably, though Reinsel [1985] refers to a as a design matrix, it has little relation of the design
matrices X? to which we frequently refer in the present work.
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a D x () matrix of error terms. These error terms are assumed exchangeable across
groups. In contrast to the present work, Reinsel [1985| requires the relatedness between
groups to be known a priori through the known design matrix a.

Laird and Ware [1982] consider a random effects model for longitudinal data in
which different individuals correspond to different regression problems with distinct
parameters. In their construction, covariance structure in the noise is allowed across
the observations for each individual, but not across individuals. Additionally, as in
Lindley and Smith [1972], the authors model the covariance in effects of different
covariates a priori within each regression, but not covariance across regressions.

Brown et al. [1998| propose to use sparse prior for § which encourages a shared
sparsity pattern. Conditioned on a binary D—vector v € {0,1}”, 3 is supposed to
follow a multivariate normal prior as

G N(0, T © H)

where H, is a D x D covariance matrix which expresses that for d such that 74 =0
we expect each 33, to be close to zero. Notably, this is equivalent to the assumption
that 3 follows a matrix-variate multivariate normal distributed as § ~ MN (0, H,, ¥)
[Dawid, 1981|. Curiously, and without stated justification, the same ¥ is also taken
to parameterize the covariance of the residual errors, as well as of an additional bias
term. We suspect this restriction is made for the sake of computational tractability.
Indeed, [Stephens, 2013 makes similar modeling assumptions for tractability in the
context of statistical genetics. In contrast to the present work, the premise of Brown
et al. [1998] is sharing strength through similar sparsity patterns and covariance in
the residuals, rather than learning and leveraging patterns of similarity in effects of
covariates across groups.

Other more recent papers have considered alternative approaches for multiple
regression with sparse priors [Bhadra and Mallick, 2013, Lewin et al., 2015, Deshpande
et al., 2019]. As one example, Obozinski et al. [2006] estimate parameters across

multiple groups with a mixed ¢; /{5 regularized objective that induces sparsity. Yang
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et al. [2009], Lee et al. [2010] build on this work by Obozinski et al. [2006] with a focus
on applications in genetics. These latter methods may be understood as returning the
maximum a posteriori estimate under a Bayesian model. However, in contrast to our
approach, the corresponding prior distributions implicit in such perspectives do not
capture a priori correlation of effects across groups. Moreover, these methods are of

course inappropriate when we do not expect sparsity a priori.

Meta-Learning The popular “Model Agnostic Meta-Learning” (MAML) approach
[Finn et al., 2017| can be understood as a hierarchical Bayesian method that treats
tasks / groups exchangeably [Grant et al., 2018]. As such, MAML and its variations
do not allow tasks to be related to different extents (as our approach does). A few
recent works on meta-learning are exceptions; for example, Jerfel et al. [2019] model
tasks as grouped into clusters by using a Dirichlet process prior, and Cai et al. [2020]
consider a weighted variant of MAML that allows, for a given task of interest, the
contribution of data from other tasks to vary. However these works differ from the
present paper in their focus on prediction with flexible black-box models, whereas the

primary concern of the present is parameter estimation in linear models.

Exchangeability of effects across covariates in the single group context. In
the context of regression problems consisting of only a single group (i.e. corresponding
to the special case of @ = 1) Lindley and Smith [1972] suggest modeling the D scalar
covariate effects exchangeable. In particular, they suggest modeling scalar covariate
effects as i.i.d. from a univariate Gaussian prior when this exchangeability assumption
is appropriate. However, because this development is restricted to analyses of data in
a single group, it does not relate to the problem of sharing strength across multiple

groups, which is the subject of the present work.

A.2 Section 2.3 supplementary proofs and discussion
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A.2.1 Proof of Proposition 2.3.1

Proof. First note that the least squares estimate
Brs = [(XTTXHTIXITTY! L (XQTXQ)1XQTy €]

is a sufficient statistic of D for 3, and so 8|D, % ~ f| BLS, 3. As such, it is sufficient to
consider the likelihood of Brg. Let E’LS = (VI XHXITTX )= YeTXQ(XQT X))
be the D@Q-vector defined by stacking the least squares estimates for each group.
Since for each ¢, we have |43 indop N(B,02(X9TX9)7"), we can write 5L3|6 ~
N [ﬁ, diag (Jf(XlTXl)_l, o ,aé(XQTXQ)_l)l . Next, that each 83 "% M(0,%) a
priori implies that we may write ﬁ ~ N (0,2 ® Ip) a priori, where ® is the Kronecker
product. Then, by Gaussian conjugacy (see e.g. Bishop [2006, Chapter 2.3|), we have
that 3D ~ N (i, V), where

,1:}
ﬁzlfkZ@Im_m+wmg<ﬁ@¥”Xﬂ_ﬂ“waa}@TX%‘ﬁ /%4

-1
ﬁnb”l:(E@JDrl+dmgQﬁCY”XﬂfﬁnwoaﬂﬁTXQY*) . Due to the block

structure of the matrices above, these simplify to g =V %, e YQ(:TXQ] and
1 Q
V3l=Y"1®Ip+ diag(Xl;Xl, ce XQUTQXQ), as desired. ]
1 Q

A.2.2 Efficient computation with the conjugate gradient algo-

rithm

As mentioned in Section 2.3.1, ji = ]E[gﬂ?, Y] in Proposition 2.3.1 may be computed
efficiently using the conjugate gradient algorithm (CG) for solving linear systems. We
here describe several properties of CG that make it surprisingly well-suited to this
application.

We first note that Proposition 2.3.1 allows us to frame computation of /i as the

solution to the linear system

Afi = b



.
for b= [YITX! /o2, ... YT X /ag} and
A=Y"1® I, + diag <a;2X1TX1, o ,ongQTXQ) .

A naive approach to computing /i could then be to explicitly compute A~ and report
the matrix vector product, A~'b. However, as mentioned in Section 2.3.1, since A is a
D@ x DQ matrix, explicitly computing its inverse would require roughly O(D3@Q?)
time. This operation becomes very cumbersome when D and @) are too large; for
instance if D and () are in the hundreds the, D(Q) is is the tens of thousands.

CG provides an exact solution to linear systems in at most D() iterations, with
each iteration requiring only a small constant number of matrix vector multiplications
by A. This characteristic does not provide a complexity improvement for solving
general linear systems because for dense, unstructured D@ x D@ matrices, matrix
vector multiplies require O(D?*Q?) time, and CG still demands O(D3@Q?) time overall.
However this property provides a substantial benefit in our setting. In particular, the
special form of A allows computation of matrix vector multiplications in O(D?Q) rather
than O(D?Q?) time, and storage of this matrix with O(D?Q) rather than O(D?Q?)
memory. Specifically, if v = [vy, va,...,vg] is a D x @ matrix with D-vector columns

vy, for the DQ-vector ¥ = [v], v, ,... ,vg

]" we can compute A7 as vec (vE7!) +
o2 X T X oy, 052XQTXQUQ]T, where vec(-) represents the operation of reshaping
an D x () matrix into a DQ@Q-vector by stacking its columns. When D > @, this
operation is dominated by the @ O(D?) matrix-vector multiplications to compute
the second term. As such, CG provides an order () improvement in both time and
memory.

Next, CG may be viewed as an iterative optimization method. At each step it
provides an iterate which is the closest to the i on a Krylov subspace of expanding
dimension. As such, the algorithm may be terminated after fewer than D() steps to
provide an approximation of the solution. Moreover, the algorithm may be provided

with an initial estimate, and improves upon that estimate in each successive iteration.

In our case we may readily compute a good initialization. For example, we can
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initialize with the posterior mean of the parameter for each group when conditioning
on that group alone, i.e. 7© := [E[g'Y]T,... ,E[5Q|YQ]T}T.
Finally, the convergence properties of the conjugate gradient algorithm are well

understood. Notably the ith iterate of conjugate gradient 7 when initialized at 7

satisfies .
. —1\*
20D g o<o (P22 170
12 filla < (m+1) 172 = fill
where k = i\‘m‘?—"((ﬁ)) is the square root of the condition number of A, and || - ||4

is the A—quadratic norm [Nocedal and Wright, 2006, Chapter 5.1|, [Luenberger,
1973]. Since A will often be reasonably well conditioned (note, for example, that
Amin(A) > Anin(X)), convergence can be rapid. Notably, in an unpublished application
the authors encountered (not described in this work) involving D = 20,000 covariates
and ) = 50 groups, the approximately million dimensional estimate ji was computed

in roughly 10 minutes on a 16 core machine.

A.2.3 Expectation maximization algorithm further details

In Sections 2.3.2 and 2.3.3 we introduced EM algorithms for estimating > for both
linear and logistic regression models. In this subsection we provide a derivation of the

updates in Algorithm 1 and discuss computational details of our fast implementation.

Derivations of EM updates for linear regression. Our notation inherits directly
from [McLachlan and Krishnan, 2007, Chapter 1.5], to which we refer the reader for

context. In our application of the EM algorithm, we take the collection of all covariate
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effects 0 as the ‘missing data.” For the expectation (E) step, we therefore require
Q(%,5Y) : = Ellog p(8])|D, 2]

D
D -1 1 Ty—1 (%)
= c+ - log|2 |—§;E[ﬁd2 84D, 2]

D Al)
_ D -1 1 -1 T (i) (
= o+ 5 log|S |—2d§:1:tr (z E[3,8] D, ¥ })

D 1&
_ —1 —1 T
=ct o log |27 — 3 dgl tr <E (papy + Vd)> :

where c is a constant that does not depend on ¥, yt = [y ..., up]" = E[3|D, X"]
and for each d V, := (Ip ® eg) T Var[3|D, £0] (I, ® eg). From the last line of Bq. (A.1)
we may see that g and {V;}2_ |, comprise the required posterior expectations.

The solution to the maximization step may then be found by considering a first
order condition for maximizing over X~! rather than X. Observe that %Q(E, »®) =
Dy — 15D (mapy + V). Setting this to zero we obtain S0H) = D=1 S (uapu] + Vi)
This is the desired update for the M-step provided in Algorithm 2.

Logistic regression EM updates. The updates for the approximate EM algorithm
described in Section 2.3 are derived from a Gaussian approximation to the posterior

under which the expectation of log prior is taken. In particular we approximate the

first line of Eq. (A.1) as

Q(X,5") : = Eflog p(8]%)|D, 2]

— [ (61D, =) g p(512)d5 (A.2)

~
~

q"(8) log p(B|X)dB

where ¢ denotes the Laplace approximation to p(3|D,X®). Specifically, as we
summarized in Algorithm 3, we approximate the posterior mean by the maximum
a posteriori estimate, /i := arg maxzlog p(g D, x®), and the posterior variance by

V= —[V} log p(3|D, E(i))‘gz ]=1. We the let ¢) be the Gaussian density with these

[l:*
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moments. This renders the integral in the last line of Eq. (A.2) tractable, and updates
are derived in the same way as in the linear case.

Naively, the approximate EM algorithm for logistic regression could be much more
demanding than its counterpart in the linear case. In particular, at each iteration we
need to solve a convex optimization problem, rather than linear system. However, in
practice the algorithm is only little more demanding because, by using the maximum
a posteriori estimate from the previous iteration to initialize the optimization, we
can solve the optimization problem very easily. In particular, after the first few EM
iterations, only one or two additional Newton steps from this initialization are required.

To simplify our implementation, we used automatic differentiation in Tensorflow
to compute gradients and Hessians when computing the maximum a posteriori values

and Laplace approximations.

Computational efficiency. We have employed several tricks to provide a fast
implementation of our EM algorithms. The M-Steps for both linear and logistic
regression involve a series of expensive matrix operations. To accelerate this, we used
Tensorflow|Abadi et al., 2016| to optimize these steps by way of a computational graph
representation generated using the @tf.function decorator in python. Additionally,

we initialize EM with a moment based estimate (see Appendix A.5.2).

A.3 Frequentist properties of exchangeability among
covariate effects — supplementary proofs and dis-

cussion

A.3.1 Discussion of Condition 2.4.1

The restriction on the design matrices in Condition 2.4.1 places strong limits the
immediate scope of our theoretical results. However, as with many statistical assump-
tions such as Gaussianity of residuals, this condition lends considerable tractability to

the problem that enables us to build insights that we can see hold in more relaxed
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settings in experiments (see Section 2.6).
Under Condition 2.4.1 estimation of the parameter $ may be reduced to a spe-

cial matrix valued case of the normal means problem with each Bgs,d ~ N (B, c%).

2
q

2 as a reflection of both the residual variances o

Accordingly, we may recognize o
and sample sizes N,. In particular, if within each group ¢ the covariates have sample
second moment N - ! Zgil X4X9" = Ip, and the residual variances and sample sizes
are equal (ie. 0} = 05 = --- = 05 and N' = N? = ... = N¢), then ¢ = o7/N".
Additionally, because BLS is a sufficient statistic of D for [, it suffices to consider BLS
alone, without needing to consider other aspects of D. For these reasons, conditions
of this sort are commonly assumed by other authors in related settings (e.g. van
Wieringen [2015, Chapters 1.4 and 6.2] and Fan and Li [2001], Golan and Perloff
[2002]).

That the trends predicted by our theoretical results persist beyond the limits of
Condition 2.4.1 should not be surprising. The likelihood, our estimators and their
risks are all continuous in the X7, and so domination results may be seen to extends
via continuity to settings with well-conditioned designs. On the other hand, problems
with design matrices that are more poorly conditioned are more challenging for both

theory and estimation in practice (see e.g. Brown and Zidek [1980|[Example 4.2]).

A.3.2 A proposition on analytic forms of the risks of moment

estimators

The following proposition characterizes analytic expressions for the moment based

estimators. These expressions provide a starting point for the theory in Section 2.4

Proposition A.3.1. Assume each Y3 X, 37 ~ N (XI5, 02) and define M :=
D~ Blsfus — D' diag(o? | X[}, ..., 03| XT|}). Then

1. if each By "% N(0,S), E[SMM] = 3,
Furthermore, under Condition 2.4.1
2. when D > Q, Bﬁ%ﬁv = fBrs — 02D31§ and
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3. when D < @, ,BEGroup B 2Q5Ls>

where 1 denotes the Moore-Penrose pseudoinverse of a matrix.

Proof. We begin with statement (1), that under Condition 2.4.1 and correct prior
specification, E[XMM] = 52,

Recall that MM .= D131 3 ¢ — D diag(c?|| X T||2, ... oo X€%). For any
fixed B, we have E[SMM|8] = D'E[B]frs| 8] — D~ diag(o?| X3, ..., o3| X912,
and so seek to characterize E[f3fLs|5]. Note that we may write i 2 B+ ¢ for aran-
dom D x () matrix € with each column ¢ distributed as €? i N [0, US(X D¢ q)_l] )
As such, for each ¢ we have E[AEgBESW] = BT84 + E[e?T¢d]. Next observe that
Ele1Te?] = tr[oa(X?TX)"!] = 02| X9}, where { denotes the pseudo-inverse of
a matrix and || - ||f is the Frobenius norm. Additionally, for ¢ # ¢, we have
E[ AEQ@E/SW] = 397 87, Putting these together into matrix form, we see E[BESBLSW] =
BT B+ diag(o?| X3, ..., 03[|X?!||%), and so E[XMM|3] = D~13T 8. Under the addi-
tional assumption that for each d, S5y s N(0,%), we have that E[D~!3Tf] = ¥, and
(1) obtains from the law of iterated expectation.

We next prove statement (2), that SMM = E[3|D, 2MM] = BLS_O'QDB{;—- Consider
the singular value decomposition (SVD), s = Vdiag()\%)U T, Under Condition 2.4.1
substituting this expression into MM provides MM = D-'Udiag(\)UT — 02I5.

Therefore, Lemma A.3.1 provides that we may write

ECov := E[B|D, EMM]
= Bus — frs [0_22A3MM + [Q}
~1

= Bis — Vdiag\3)UT [0‘2(D‘1Udiag(/\)UT o) +1g| UT

-1

= fis — Vdiag [A% © (a—2D—1A)—1} Ut
= Brs — o2DVdiag(A\ 2)U "

= ﬁLS - U2D/3L87

where ® is the Hadamard (i.e. elementwise) product, as desired.

We lastly prove (3), that the analogous moment based estimator constructed under
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the assumption of a priori exchangeability among groups is BEGroup BLS — 02@3&
We begin by making explicit the assumed model and estimate. Specifically we assume
each (1 N (0,T') a priori, where I is a D x D covariance matrix.

In this case, we obtain an unbiased moment based estimate of T' as [™MM .=
QilﬁALsﬁALs Q Z =1 q( X4TX4)~1. Following an argument exactly parallel to the
one in the proof of (1), we find that under the prior 34 ES() I'), we have E[[MM] =
I'. Furthermore, following an argument exactly parallel to the one in the proof of

(2), we find that under Condition 2.4.1 the corresponding empirical Bayes estimate

5EGmup = E[B|TMM] = fis — 02Qp . We omit, full details to spare repetition. [

Lemma A.3.1. Under Condition 2.4.1 E[B|D, %] = Brs — Prs [0*22 + Ier

Proof. By Proposition 2.3.1, we have

. YlTXl YQTXQ
E[p|D, X =V e 5 ] where
XXt XQTxe
V=% ® Ip + diag( s )
o1 )

Under Condition 2.4.1, we can simplify this as

YT X! yerxe

2 yoe ey

X1Tx! XQTXQ) -
o 0’%

S @ Ip + di
® D+ lag( 0_% 0629

-1 _ ~ ~
? |:ﬁ11487 ce 761?Sj|

= [02271 ®[D+[DQ]_1 [BIIJSw--vBIC?S] :

E[E’D’ E] =

= [S7'®Ip+ 0 Ipg]

As a result, for each d, E[5,;|D, ¥] = [022_1 + IQ} - Brs.a and so, in matrix form, we
may write
-1

E[8|D, 3] = Bis [0*S7" + Ig]

= Bis — Bus [Io + 072%] -
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A.3.3 Proof of Lemma 2.4.1

Proof. We prove the lemma in two parts; first for the case that D > () + 1, and then
for the case that Q < D < Q + 1.

Our proof for the case that D > () + 1 relies on an expression for the squared error
risk for estimators of the form B = Bis — ozcﬁg for real c. In particular, Lemma A.3.2

provides that when D > @) + 1 and under Condition 2.4.1,

E[lI5 — (Brs — cBis)I7 | 8] = DQ + o*elc + 2 +2Q — 2D)E[|5{s 1% | 5]-

Notably, since under Condition 2.4.1, by Proposition A.3.1 we have that BECOV =
5LS—02D5 we obtain E[[|3— /BECOVHF | 8] = 0*DQ—0*D(D— _Q)E[HBLSHF | B,
as desired.
We next consider Q < D < Q + 1. In this case, both R(ﬁ,ﬁg@gv) and 02DQ —
AD(D — 2Q — 2)E[||B4]|% | 8] are positive infinity. In particular, observe that
||BES||% — tr[(fgfLs) Y] is the trace of the inverse of a non-central Wishart matrix,
which is known to have infinite expectation for Q@ < D < @ + 1 (see e.g. Hillier and
Kan [2019]). Likewise, Lemma A.3.5 reveals that R(3, A3 ) = 0o as well.
The second assertion of Lemma 2.4.1, that when D < @) and under Condition 2.4.1
E[I6 — AL I3 | 6] = 0®DQ — 0*Q(Q — 2D — 2)E[||Bl5]3 | £, obtains simi-
larly. Specifically, under these conditions an identical argument to that provided in

Lemma A.3.2 provides that

E[lI5 — (Bus — o*eBis)|7 | 8] = DQ + o*el(c + 2 +2D — 2Q)E[| 5517 | ]

when D < @) — 1. The desired expression is then obtained by taking ¢ = @ to reflect
@@ﬁwp = BLS -0 2Q5}g, again as specified by Proposition A.3.1. O]

Lemma A.3.2. Let D > Q+1 and let B = BLS — azcﬁg. Then under Condition 2.4.1
E[|8 — I} | 8] = 0*DQ + oclc + 2 +2Q — 2D)E[| 5% | 5.

Proof. The results follows by considering Stein’s unbiased risk estimate (SURE)
[Lehmann and Casella, 2006, Chapter 4, Corollary 7.2] (restated as Lemma A.3.3)
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and making several algebraic simplifications. In order to apply the lemma, we note
that under Condition 2.4.1 ELS ~ N (B, 0?Ipg) and 52 ELS - g(ELS) for g(ELS) =
—0%c-vec(fl4), where vec(-) represents the operation of reshaping an D x @ matrix
into a D(@Q)-vector by stacking its columns.

We first simplify the sum of partial derivatives in Eq. (A.3) of Lemma A.3.3.
Observe that

DQ >
Z 99n(Brs) _ —O'QCXD: Z Itgd
n=1 86}437” d=1 g=1 aﬁLSd

where ﬁLS 4 denotes the entry in the gth row and dth column of BES

Next, letting e, be the gth basis vector in R?, for each ¢ and d we may write

a5Ls 40 4 AT A \—1
aﬂLS,d 86387d BLS,d(BLSBLS) eq
= eg(BITSBLS) €q T+ ﬁLs Ao (5L55Ls) €q
aBLS d
= GZ(ﬁLTsBLS)_leq - BITS,d(BITSBLS)_I ———(Blshis) | (BisbPrs) e,

aﬁLSd
= 18112 = B3 |eabils.a + Busaer | (Blshis) e,
= ||B£sq||2 [BLS dquE—S,d(BITSBLS) 6q“‘ﬂLs dﬁLS d€q (5LSBLS) €q
= 181112 = (B¢ ) — BIE aBrs.all I,

where in the fourth and last lines we have used that e, T(BlsBrs)eq = |1514]1%, as can
be seen by observing that (BLSBLS)_ = BLSBLS
Adding these terms together we find

D Q D Q
>3 = DS {1~ (Blg)? - AiRabrsal A7)
||5LS||F ||ﬁLSHF ”ﬁLSHFZﬁLSdﬂLSd

= DHﬂLSHF - HBLSHF - ”5LsHFtr<5LsﬂLs)
= (D - Q—1)|IBsll3-
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We next note that the regularity condition required by Lemma A.3.3 is satisfied,

as demonstrated in Lemma A.3.4, and so we may write

D
E[|8 - 8I% | 8] = 02DQ +Elllg(Fs)II? | 8] - MZZE Lde

d=1 gq=1 85LSd
= 02DQ + o' E[||Bfs]1? | B] — 20"¢(D — Q — DE[||fs||% | 8]
= 02DQ + o'c(c+ 2+ 2Q — 2D)E[||Bls|1* | A]-

as desired. O

Lemma A.3.3 (Stein’s Unbiased Risk Estimate — Lehmann and Casella Corollary
7.2). Let X ~ N(0,0%Iy), and let the estimator 0 be of the form 6 = X — g(X) where
9(X) = [1(X),92(X), ..., gn(X)] is differentiable. If EH%gn(X)H < oo for each
n=1,...,N, then

(A.3)

|/3] < 00

R(6,0) = o> N + E[||g(X)|*] — 202 Z aX

3t
8?qu,d
OBLs.q

Lemma A.3.4. Let D > ) + 1. Then under Condition 2.4.1 E

for each d and q.

T
LSd
66LSd

Proof. From our derivation of in Lemma A.3.2 we have that

of.q

LS,d
=8 = ||BLEIP — (B, — LS aBrsall B
q
aBL&d

= 18217 — (BIE0)* — IBIE1P6el(BisPus) ™ Bus.abis.al-

As such we have that

atha
WSl < ||5£§||2+|( LSd) |+||5£§|| |tr[(/3LsﬂLS) IBLSdBLSd]l
6)5Lsaz
D D
< ot 2 t,q \2 atha AT A \—1 T
1Bes 1 + Z( 18a)? |+ 1BLE117 tr[(Brs Brs) ZﬁLS,d’ﬁLS,d’}
d'=1 d=1
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= 1817 + BTN + BT 1Perl( s o) ™ Bils s
< 2+ Q)IBEIP

< 2+ Q)lI6]sII

= 2+ Q)trl(Bisbrs) .

We next recognize that under Condition 2.4.1, (BITSBLS)_l is the inverse of a non-
central Wishart matrix with non-centrality parameter 3. Therefore, from Hillier and

Kan [2019, Theorem 1], we have that for D > Q + 1, E {tr <(BESBLS)*1> | ﬁ} < 00.

BLSd

Accordingly, we may conclude that E

EYCR
aLSd

| ﬁ] < oo as desired. [

Lemma A.3.5. Assume Q < D < @ + 1. For any 3, R(5, 5Ecov) =

Proof. First observe that we may lower bound L(3, BMM ) as

L(B, Bpen) = |155ce, — BII%
= |o*DBls + 6 — busl
= U4D2“BIJESH%’ + 18— BLSH% — 20°Dtr —Bﬁs(ﬁ - BLS)
> o' D?||Blsl% + 18 — sl — 20° DI BLs | r 1|8 — sl
= (@ D||Blsllr — 118 = Buslr)?

where the inequality follows from Cauchy-Schwarz. We next consider any constant

¢ < 0%D and write

R(B, bicer) = E[L(B, B, 15

P(clBisllr = 15is = Bllr)EIL(B, Bitron) | B: cllBlslle = 115Ls — Bll]
P(c|Bisllr < l6us — Bl 2)EIL(B, Biow) | B clBisllr < llBus — Bl #]
P(cl|Bfsllr = 1|Brs — Bllr)EIL(B, BiGroup) | B cllBisllr = 115is — Bl ]
> P(cl|Bsllp > [1Bs — Bllr)

E[(0”D|B{sllr — 18 = Buslle)* | B, ellBfslle = 115us — Bll#]

AV o
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> P(cl|Bisllr = l15us — BIr)(0°D — o EllB{sl% | 8, clBisllr = l15us — Bl #]
> (0”D — ¢)’P(c|| Bfsllr > [|Bus — Bllr)Eltr((Blsbus) ™ | 8] =

where the last line comes from recognizing (3{sBrs) ' as the inverse of a non-central

Wishart matrix, the trace of which has infinite expectation for @ < D < @Q +1. [

A.3.4 Proof of Theorem 2.4.2 and additional details

Proof. The first domination result of Theorem 2.4.2 follows closely from Lemma 2.4.1.
Under Condition 2.4.1, BLS £ B + oe for a random matrix ¢ with i.i.d. standard
normal entries, and so we can see R(3, frs) = S, 222:1 E[(o€e?)?] = DQo?. Next,
D > 2Q + 2 implies that D — 2 — 2Q > 0 so that D(D — 2 — 2Q)o>|| 5l 4||% is almost
surely positive, and therefore positive in expectation. We therefore obtain the result
from Lemma 2.4.1.

We next consider the second domination result. The performance of ﬁ%ﬂé\foup may
be seen to degrade in stages as we transition from a few covariates and many groups
regime to a many covariates and few groups regime. When D < @)/2 — 1, we can
see that ﬁEGroup has good performance. In fact, by an argument analogous to our
proof of the first part of Theorem 2.4.2 above, we can see that ﬁEGmup dominates
Brs; Specifically, from Lemma 2.4.1 we can recognize R(B, 6LS) — R(B, ﬁEGmup) as the
expectation of an almost surely positive quantity.

When D = Q/2 — 1 we have Q(Q — 2 — 2D) = 0, and so regardless of g, the
estimators Bﬁ%\foup and fis have equal risk, and neither dominates.

Relative performance degrades further in the intermediate regime of /2 — 1 <
D < Q- 1. In this regime, R(3, B.s) — R(8, BYL.p) = 0'Q(Q — 2= 2D)E[|| {513 | 5]
may be written as the expectation of an almost surely negative quantity, and so
BEGmup is dominated by fLs.

The situation is even worse when (Q — 1 < D < (; appealing again the they
symmetry between BEGroup and BMM we can see that by Lemma A.3.5 R(f, ﬁEGroup) =

Q.
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~ ~ ~ -1 .
Finally, when D > @ the expression S5, = frs— [U_ZFMM — Ip| g involves

the inverse of a low rank matrix since under Condition 2.4.1, MM — Q! BLS @ES —o?1p.
Accordingly we take as our convention HB%@foupH = 00, analogously to defining + = oo;
as a result ﬁ%%‘foup has infinite risk in this second regime as well, and we see that this

estimator is dominated by fs whenever D < Q /2 — 1.
[

With the strong parallels established by Proposition A.3.1 and Lemma 2.4.1 under
Condition 2.4.1, we can see that this is not a result of Bg{é\foup being singularly bad.
Indeed, if we consider the many groups regime with ) > D, we can obtain analogous

results to demonstrate the superiority of an exchangeability among groups approach.

A.3.5 Proof of Lemma 2.4.2

Proof. We first show that under Condition 2.4.1, & = Udiag (DA —0%1g)4 ] UT is
the maximum marginal likelihood estimate of ¥ in Eq. (2.1). Our approach is to first
derive a lower bound on the negative log likelihood, and then show that this bound is
met with equality by the proposed expression.

For convenience, we consider a scaling of the negative log likelihood,
2D Inp(Bis|T) = n | + 0% Ig| + D Mtr [(2 + aQIQ)—l/@{SBLS] ,
and are interested in deriving a lower bound on
1%1;{)1 In|X + o?Ig| + D 'tr [(E + UQIQ)_IBITsBLS] :

where the notation ¥ > 0 reflects that the minimum is taken over the space of positive
semidefinite matrices.

The problem simplifies if we parameterize the minimization with the eigende-
composition ¥ = V'diag(r)V, where V is a  x @ matrix satisfying V'V = I
and v is a @Q-vector of non-negative reals. In particular, if we define £(V,v) =

—2D ' Inp(frs|T = VT diag(r)V) then, leaving the constraints on V and v implicit,
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we have

H‘}ln L(V,v)= n‘}in In |V diag(v)V + o?Ig| + D 'tr [(VTdiag(V)V + JQIQ)_IBITS@LS]

— minn [V diag(v)V + 0*Io| + D™ 'tx [(diag(y) + JQIQ)_1VBLTSBLSVT]

Q Q
1 N
-1 TAT

_H‘}lglq 1ln(l/q+a )+ D Z’/ +02Vq BrsPrsVe

9 DV,! Va
=min Y minln(y, + o?) —l— isihs

Vo020 Vg + 02
.

Next, Lemma A.3.6 provides that we may solve the inner optimization problems
over v in the line above analytically to get v* := argmin, £(V,v) with entries v} =

max (o2, D*1%TBESBLS%) — 2. Substituting these values in, we obtain

Q -1y TAT A
A A D=V |
min L(V,v) = minZln [maX(UQ,D’l‘/qTﬁESBLs‘/'q)] + . ﬁLSﬂ}TS 7
Vv Vo= max(o?, DV, B{sBsVy)
Q
= m‘}nz In [maX(JQ, D_I%TﬂgsﬁLsVZ])] + o ?min(o?, D'V, BlsBLsVy).

g=1

We can now further simplify the problem by considering the eigendecomposition of
Blsfrs = Udiag(\)UT, and recognizing that because VU satisfies (VU)TVU = Ig we
may write

Q ~ A~ A~ ~
H‘}iyn L(V,v) = mvin Z In |:HlaX(O'2, D_l‘/;;ﬂgsﬁLSV:;)] + o ?min(o?, D'V, BsBLsVy)

g=1

= mvl_nz In {max <02, Vquiag(D_l)\)an + o~? min [02, V;leiag(D_l)\)Vq] :

Finally, we obtain a lower bound by recognizing {Vquiag(Dfl/\)Vq}f]g:1 as the diagonals
of D71V diag(A\)VT and applying Lemma A.3.7 to obtain that

Q
—2D ' Inp(Bs|T) > Z max (o, D"'Ay)] + o *min(c*, D~'A))
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for every X > 0.

We next show that this bound is met with equality by & = Udiag (DA —0%1)4 ] UT,
the form given in the statement of Lemma 2.4.2. Recognize first that 3 + 021, =
Udiag [max(ole, D‘l)\)] U'T. Substituting this expression in, we find

—2D_1 lnp(BLS|f]) =1In |§AJ + 0'2IQ| + D_ltI‘ |:(2A3 + O'ZIQ)_IBITSBLs]
=1In ‘diag [max(c1g, D™'\)] ’

+ D7t [diag [max(ale, D_l)\)} - UTBE—SBLSU}

Q
= Z In [max(c”, D~'\,)] + D™'A,/ max(c?, D7'\,)
q=1
Q
= Zln [max(o®, D~'A,)] + ¢ ?min(c®, D' A,),
q=1

which meets our lower bound. This establishes that the maximum marginal likelihood
estimate is X = U [(D™'A — 0%1)1] U, as desired.

It now remains to show that, under Condition 2.4.1,

Brcoy = Vdiag [)\% © (1 — JQD/\_I)JF} U'.

By Lemma A.3.1, we have that BECOV = BLS — BLS [IQ + o f]} . Substituting in the
analytic expression for 5, recalling the SVD BLS leag()\%)U , and rearranging,

we obtain

R . -1
Brces = Vdiag(AH)UT — Vdiag(A3)UT {IQ +o 20 [(D7IA = 0%1),] UT}
— Vdiag { M — M [1g+072(D7'A — 0%1q)4] '} UT
= Vdiag { AF O [1Q —(1g+(e7>D"'A— 1Q)+)‘1] } ol

— Vdiag [A% ® (1g — 02DA7Y) }UT,

as desired. O
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Lemma A.3.6. For any c > 0,

c
. inl 2
v ar%zrgun n(u+a)—|—y+02
= max(o?,c) — o°
Proof. Define g(z) := In(z+0?)+c/(x+0?) and f(z) := g(o?z) = In(z+1)+2 +lna

to lighten notation. Now v* = argmax,-, g() = o argmax,, f(z). Denote by f’
and f” the first two derivatives of f. Notably, f/(z) = (z 4+ 1)7' [1 — 07 %¢/(z + 1)]
and f"(z) = (x + 1)72 [207%¢/(x 4+ 1) — 1] . The result may be seen by separately
considering the cases of 07 2c < 1 and 07 2%¢ > 1.

If 07%c < 1, then f’ is positive on Ry, and so argmin,cp, f(z) = 0. On the
other hand, if 072¢ > 1, then f has a local minimum at x = o~?c — 1 (note that
f'(c72¢—1) =0, and f"(672c—1) > 0)). Since this is the only local minimum on R,
and with the positive second derivative at the this minimum, we can conclude that in
this case arg min, g, f(r) = 0~ *c— 1. In either case, we can write arg min, g, f(r) =
max(1,07%c) — 1. Therefore, as desired, we see that argmin,cp  g(z) = max(o?, ¢) —

2. O

Lemma A.3.7. Let A be a Q x Q Hermitian matriz with eigenvalues A1, Aa, ..., \g.
Then

zQ:hl [max(0®, Agg)] + 0 min(c?, Agy) > ZQ: [max(c®,\g)] + 0" min(a?, A,).
q=1 g=1

Proof. First note that f(z) = Inmax(c?, z) + min(c?, ) is concave on R, and so
the vector valued function, g(z1,2z9,...,2y5) = Ziv:l f(z,) is Schur concave. By
the Schur-Horn theorem (Theorem A.4.1) the diagonals of A are majorized by its
eigenvalues, when each are sorted in descending order. As such g (diag(A4)) > g (\),
as desired. O
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A.3.6 Proof of Theorem 2.4.3

Our approach to showing dominance of BECOV over Bg@gv parallels the classical approach
of Baranchik [1964], to showing that the positive part James-Stein estimator dominates
the original James-Stein estimator. In this case, however, our parameter and estimates
are matrix-valued, rather than vector-valued. Additionally, we contend with the added

complication that the directions along which we apply shrinkage are random.

Proof. To begin, consider again the SVD of the matrix of least squares estimates,
BLs = Vdiag(Az)UT. Recall from Proposition A.3.1 that AMM = Fig — o’Dfl g
under Condition 2.4.1. Because the pseudo-inverse of BLS may be written as BAES =
Udiag(A\~2)V T, we rewrite pMM Vdiag(A\z —o2DA"2)U . Comparing this estimate
to the expression for BECOV in Lemma 2.4.2, BECOV = Vdiag [)\% O —-a?DX\ Y, |UT,
we see that the two estimates differ only when Bﬁ%‘gv “flips the direction” of one or
more of the singular values of BLS. Our strategy to proving the theorem is to show
that analogously to the “over-shrinking” of the James-Stein estimator relative to the
positive part James-Stein estimator, this “over-shrinking” of singular values increases
the loss of AMM in expectation.

For convenience, we define p := A2 ® (1 — 02DA™1) and py = A2 ® (1 — 02DA71),
so that AMM = Vdiag(p)UT and Bgcer = Vdiag(py)UT.

To show the desired uniform risk improvement we must show that for any g,

L(B, Bica) — L(B, Becov)| > 0, (A4)

where L(8, 8) = ||3 — B||% is squared error loss. We can rewrite this difference in loss

as

(6 /BECOV) - L(ﬂa BECOV) H/BECOV 6”?’ - ||BECOV - BH%
= Hdiag( ) = V'BU|% — ||diag(py) — V' BUI[G

=Z — V' BUY)” — (p4q — V' BU,)”
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Q
=D ri = Pig =2V BU)(pg = paa).
q=1
where we here (and in the proof of this theorem only) write V, and U, to denotes
columns of V' and U, rather than rows. Since pg ag piq, it suffices to show that for

any [ and each ¢,
E (VZITBUqXPq — P+q)| <0

To show this, we again find an even narrower but easier to prove condition will
imply the one above; since p, and p,, differ only when A\, < 02D, it is enough to show

that for each 0 < ¢ < 02D
E | (v, 8U ) pal Ay = | < 0. (A.5)

If we establish Eq. (A.5), then Eq. (A.4) obtains from the law of iterated expectation.
Next, observe that since p, fixed and negative when \, = ¢ < 02D, Eq. (A.4) is

equivalent to

E [V}fﬁUqu - c] > 0.
Letting U_, and V_, denote the remaining columns of U and V, respectively, we
may write

E |V, 8U, A, = ¢| =E {E Vi BUA = .Uy, V_qH

and, again through the law of iterated expectation, see that it will be sufficient to
show for every U_, and V_, that E [VqTﬁUq])\q =c,U_, V,q} > 0.

With all but one column of each of U and V fixed, U, and V are determined up
to signs, as unit vectors in the one dimensional subspaces orthogonal to [{U } 4]

and [{V?}4z,]. As such, we need only to show

PVIBU, > 0|U Vg Ay = c] >P [VqTﬁUq <O[U_ g Vogs Ay = c] . (A6)
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since

E [V, BU, A0, Uy, Voo

= |V, 8T, {IP (Vi BUG > 010, Uy, Vg | = B[V BU, < 010, Uy, V- } ,

where, in an abuse of notation, we have moved |VqT pU,| outside the expectation since
it is deterministic once we have observed V_, and U_,.

That Eq. (A.6) holds may be seen from considering the conditional probability
densities for U, and V;, and noting that the density is larger for V, and U, such that

VqTBUq is positive. In particular, we have that

N 1 o
lnp(ﬁLS’ﬁa U*Qa fob )‘) = _iHﬂ - 6”%’ +h

1 . 1
= 2 IVTBU — diagW) 3+
1 1
= SO = VTBUR + I
where h and h' are constants that do not depend on the signs of U, and V. Since A\Z
is positive with probability one, the conditional probability that VqT BU, is positive is
greater than that it is negative. Accordingly, we see that Eq. (A.5) does in fact hold,
and the result obtains. O

A.4 Gains from ECov in the high-dimensional limit —

supplementary proofs

A.4.1 Proof of Lemma 2.5.1

From the sequence of datasets, {Dp}%5_,, we obtain sequences of estimates. To make
explicit the dimension dependence, we denote these as explicit functions of the data,
e.g. {BECOV(DD)}%Ozl where BECOV(DD) denotes BECOV in Eq. (2.1) applied to Dp.
Furthermore, we consider the entire sequence of datasets and estimates as existing in

a single probability space.
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We note that Lemma A.4.1 establishes that Sgcoy(Dp) and SYM (Dp) coincide
almost surely in the high-dimensional limit. As such, the squared error loss of these

two estimates coincide almost surely in the limit, and we may write

lim D™'R2 (Bgcor (Dp))

D—oo

= lim D' [E[| Buce(Dp) — I | 6]
= lim DE[E[| AL (Db) — A3 + | Becor(Pn) — AL (Do) |3+

2t1((Beco(Dp) — Bhem (D)) T (Bree, (Dp) — B)) | A1)
= Jim E [ DE[|I 385, (Do) — Bll3 | A1)
= Jim E [0°Q — o*(D — 2Q — 2)E{| fus(Dp)'[315]

D—oo

= 0?Q — o* Jim E[(D —2Q — 2)||5us(Dp)'|I7]

= 0°Q — o* lim E[tr[(X + 0%15) 7] + o(1)]

D—oo

= 0’Q — o*Mtr[(Z + 0%1p) Y.

The third line comes from linearity of expectation and that || Secer — M. || 43 0. The
fourth line comes from Lemma 2.4.1. The second to last line comes from Lemma A.4.2.
We next recognize that tr[(X + 02lg) 1] = EqQ:l()\q +02)71, where A\, ..., \g are

the eigenvalues of 3. Accordingly we may write,

Q
lim D™'R2(Becov(Dp)) = 0°Q — o* > (A + 7).

D—oo
q=1

Furthermore since we obtain S (Dp) by applying BECOV(DD) independently to

the data in each group, we analogously obtain

Q
Ai_r}r;o D™'R2(Bip(Dp)) = 0*Q — o* Zl Ygq + 02
q:
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Putting these expressions together, we obtain

D—oo

Q Q
tim D" [R2(Bip(Dp)) = R (Bcor(Dp))] = 0" | 300 + 07 = 3 (Sgq +0%)
q=1 q=1
Finally, including the additional scaling by o=2Q~! we obtain
Q Q
Gain(r,0?) = 0?Q! Z A + 02 Z Ygq + 0
q=1 q=1

as desired.

Lemma A.4.1. Under the conditions of Lemma 2.5.1,

lim HBECOV(DD) - ECOV(DD)”F =0
D—oo

almost surely.

Proof. Note that under the conditions of Lemma 2.5.1, Lemma 2.4.2 provides that
Brcoy(Dp) and BA%%%V(DD) differ only when MM is not positive definite; otherwise
YMM — 31 Since SMM = D*IBLS(DD)TBLS(DD) — 0%Ig, by Lemma A.4.3 SMM il
be positive definite for all D above some D’ almost surely, and so BECOV(DD) and

ECOV(DD) become equal for all D large enough, implying strong convergence. O

Lemma A.4.2. Under the conditions of Lemma 2.5.1, limp_ee D||Brs(Dp)t||% =
tr[(X + 021g) Y] almost surely.

Proof. Recall that ||Bus(Dp)t||% = tr[(fs(Dp) T Brs(Dp)) ™). As such, we may write
D||BLs(Dp)!||% = tx[(D~BLs(DPp) " BLs(Pp))~]. By Lemma A.4.3

D™ Bus(Dp) Brs(Dp) 3 X + o?Ig,

and so we can see that D||Sus(Dp)T||% =3 tr[(X + 021y) "] as desired. O

Lemma A.4.3. Under the conditions of Lemma 2.5.1 limp_, o DilﬁALS(DD)TBLS(DD) =

>+ o?lg almost surely.
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Proof. It suffices to show strong convergence element wise, as this implies strong conver-
gence in all other relevant norms. For convenience, let C?) := D='315(Dp)T frs(Dp).
Note that we may write each entry Cég,) =7 D‘lﬁLs(DD)ZBLS(DD)ZI as a sum of
D ii.d. terms. Notably, each term fis(Dp)? - BLS(DD)Z/ is a product of two Gaussian
random variables and is therefore sub-exponential with some non-negative parameters
(v,a) (see e.g. Wainwright [2019, Definition 2.7]). As a result, CP) is then sub-
exponential with parameters (D_%V, D~1a). Therefore, for any constant b satisfying

0 < b < v?/a, by Wainwright [2019, Proposition 2.9] we have that

fot-we

D
> b} < 26Xp{—5b2/v2}.

This rapid, exponential decay in tail probability with D implies that for small b,

ZP“ C’(D]IZb}goo

Therefore, by the Borel-Cantelli lemma we see that ]C’;Z/) — E[C’é?” %% 0. Since
E[CP)] = % + 021, for each D, this implies that limp_,e D~ frs(Dp) T frs(Dp) =

> 4 021 almost surely. O

A.4.2 Further discussion of Theorem 2.5.2

We here give further detail related to the proof of Theorem 2.5.2 and introduce
additional notation used in the remainder of the section. Recall from Lemma 2.5.1
that Gain(7,0?) = JQQfl[Zqul()\q +0?)7t — ZqQ:l(im + 02)~!]. For convenience,
we will use £ := diag(2)* to denote the Q-vector of diagonal entries of ¥ sorted in
descending order. Similarly, we take A to be the Q-vector of eigenvalues of 3, again

sorted in descending order. Next, it is useful to rewrite

Gain(r, 0?) = 02Q " [ F\) — *(e)]

where f(x) := 23:1 f(z,) = ZqQ:l(az + x,)"" (where f(x) = (6*+2)71).
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The key theoretical tool used in establishing Theorem 2.5.2 is the Schur-Horn
theorem. We state this result below, adapted from Horn [1954, Theorem 5|. The
Schur-Horn theorem guarantees that A majorizes £. In particular, an N-vector a is

said to majorize a second N-vector b if Zf:[:l ap = 25:1 b, and for all N < N,

N’ N’
Z a,ﬁ > Z bi,
n=1 n=1

where for a vector v, we use v* to denote the vector with the same components as v,
sorted in descending order. As captured by Theorem 2.5.2, we can therefore see that
Gain(m, 02) is non-negative for any ¥ by observing that f is Schur-convex (since f is

convex).

Theorem A.4.1 (Schur-Horn). A wvector ¢ can be the diagonal of a Hermitian matric

with (repeated) eigenvalues A if and only if X\ majorizes (.

A.4.3 Proof of Theorem 2.5.3

We here show that Gain(m,o?) is upper bounded as

Gain(r, o) < o Q™" f" (Aumiw ) [ All2[|A = £]]2

= 207Q 7| Ml2[A = €ll2/ (0% + Amin)?,
and lower bounded as

1
Gain(, ‘72) > 502Q_lf//()‘maX>H>‘ - €H2
= U2Q_1H)‘ - £H2/(02 + )‘maX)3>
where f"(z) = %f(x) where f is as defined in Appendix A.4.2.

We obtain both bounds with quadratic approximations to f. In particular, we

define g, as the 2°¢ order Taylor approximation of f expanded at «,

gol) 1= fle) + () — @) + 3f"(@)(x — )",
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and note that by Lemma A.4.4

— —

Prmax (A) = Drnas (0) < F(A) = F0) < Grin(A) = G (0), (A7)
where g, (x) == 222:1 Ga(z4).

Proof of upper bound. We obtain the desired upper bound as follows.
Eq. (A.7) and Lemma A.4.5 allow us to see

Gain(m,0%) < 0?Q ™" [Grin(N) = Gapin (0)]
| (A.8)

= 5aQQ‘lf”(/\mm)(H/\H2 = [1e11%).

Since f” is positive on R, the problem reduces to upper bounding || A||* — [|¢||?.

In particular, we find

IAF® = 11€1* = A+ 6,2 = 6) (A.9)

< |IA+ A= 2| // by Cauchy-Schwarz  (A.10)

= VIR + 21, ) + (142 A — 2] (A.11)

< VI + 214+ Jlel [1x = €l // by Cauchy-Schwarz — (A.12)

< 2[[A[[[[A = 2] // Since [[A]l = [[€]], (A.13)

where we can see that ||A|| > ||¢|| by noting that || - [|* is Schur convex, and again

appealing to the Schur-Horn Theorem. The desired upper bound obtains by combining
Egs. (A.8) and (A.9).

Proof of lower bound. We begin as we did for the upper bound. Eq. (A.7) and

Lemma A.4.5 allow us to see

Gain(, 02) > g2Q7! [g}max (A) = G (E)}

Lo 2 2 (A.14)
250' Q f (Amax)(H)‘H - WH )
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Since, again, f” is positive on R, the problem reduces to lower bounding ||A[|? — ||¢||*.
In particular, we would like to show |[A]|* — ||€]|> > ||\ — £||>. We can arrive at this
bound with a particular expansion of ||\ — £||* and using Lemma A.4.6, which again

leverages the fact that A\ majorizes ¢. Specifically, we write

IN=LP =N =6,0) — (A —£,0)
= [AIP = [\ 0 + (A = £,0)]
= AP = 111" = [(X 6) = (6, 0) + (A = £,0)] (A.15)
= A7 = 141" = 2(A = £,¢)
< [IAII* = [1e]®

where the last line follows from Lemma A.4.6, which provides that (A — ¢, ¢) > 0
since, from the Schur-Horn theorem for any Q' < @ 22?;1 Ay — ¢y > 0, and ¢ has

non-negative, non-increasing entries. We obtain the desired lower bound by combining

Egs. (A.14) and (A.15).

Lemma A.4.4. Let A and { be Q-vectors of non-negative reals with non-increasing
entries, and let A\ majorize (. Consider f : R? — R,z s ZqQ:l flzy) = ZQQZI(OQ +
z,)"! (where f(v) == (6% +v)7!) for any 6% > 0, and define g, to be the 2" order

Taylor approrimation of f expanded at «,

ga(@) = fla) + f(a)(x — a) + 5 f"(a)(z — a)*.
Then
Prinax(A) = Pornar () < FA) = [(0) < Grin(A) — G (0),

where §o(z) = Zqul 9a(4) and Amax = A1 and Apin = Ag are the largest and smallest

entries of \, respectively.

Proof. If there are indices ¢ for which A\, = /,, remove them (they do not affect
F0) = f(\). If all are equal, A = d and so the result is trivial, otherwise we have
@ > 2 entries with A\, # /.
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We begin with the lower bound; the upper bound follows similarly. For this, it
suffices to show f()\) — f(é) — (Prmar A) = G () > 0.

We first express this difference as an inner product

—

FO) = £ = (FrneN) = Frane (0))

M@

[(f = Grunns) Ag) = (f = ) ()]

i
I

=) | L= gxmw;) (70

[Me

// defining each h, (f gAmdx)(A)‘l\z : éqf )

where h = [hy, ha, ..., ho|".

We will complete our proof by leveraging Lemma A.4.6, which provides that
(a,b)y > 0 for any Q-vector a satisfying Zqul a, = 0 and ZqQ:II a, > 0 for every
Q' < @, and Q-vector b with non-increasing entries.

It therefore remains only to show that A\ — ¢ and h satisfy the conditions of
Lemma A.4.6. Since the entries of A and ¢ are taken to be in descending order,
the condition that ZqQ:,I(/\ —{0), > 0 for any Q) < @, follows from the Schur-Horn
theorem. Likewise, this theorem provides that 222:1 Ay = ZQ {4, and therefore that
Zqul()\ — ), =0, so that A — ¢ meets condition (2) of the lemma.

We next confirm that h has non-increasing entries by considering an expansion of

the expressions for each h,. In particular, observe that

B = = 9 Ae) = (f = Grna) (la)
! >‘q - Eq
= (=) {fw = Fla) = [ Pa) = Grme )] }
(024 4,) — (62 + \))
(02 + € (02 +Ay)

My — £
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B ()‘q - gq)f,O‘maX) + %(()‘q - )‘maX)z - (gq - )\max)2>f//()‘max)} }

0% 4+ Amax) 2= (0% + L) (o2 + N

—~

(g = £0) 7 0% + M) [ A2 = £2 = 2y — )|

DN | —

1
0% + Amax) 2 — (02 +4,) 0P+ A) T — 5(02 + Amax) " [Ag + lg — 2Amax] -

—~

Next define ¢(a, b) = (07 +Amax) 2—(02+a) " (07+b) ' =3 (07 +Amax) ™ [+ @ — 2Amax] ,

so that for each ¢, hy = ¢(¢,, \,). Now, for ¢’ > ¢, we may write

hy —hg = Qb(éq’v )‘q’) - ¢(£q7 /\q)

fq/ a )‘q/ a <A16>
- /K & ofa A+ /A & (0 by

Next note that

ﬁ ) —2/ 2 R _3

8a¢(a, b) = (0" +a) “(c°+b) 2(0 + Amax)
and

2 (a,b) = (6* +a) *(oc* +b)* — 1(02—1-)\ )3

ab ) 2 max

from which we can see that %(b(a, b) and %(b(a, b) are positive for a,b € [Amin, Amax)-
Accordingly, Eq. (A.16) provides that hy — hy, < 0, since ¢y < {, and Ay < A,
for ¢’ > ¢, because the entries of £ and A\ are non-increasing. Therefore h, < hy,
completing the proof. O
Lemma A.4.5. Consider the quadratic function h(z) = Zqul(amg +bxy+c). Let
A L€ RY satisfy S0 Ay =S ly. Then

R(6) = h(A) = a([l¢]” = [AI1).

Proof. The result follows from the simple algebraic rearrangement below,

Q
h(0) = h(A) =) (al2 +bly + c) — (a2 + bA, + c)

q=1
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Q
_ 2 2
= g aly — aX;
g=1

= a([[¢|* = IMI*)-

]

Lemma A.4.6. Let x be a Q-vector satisfying for each Q' < Q, ZqQ:/l g >0, and let y
be a Q-vector with non-increasing entries. If additionally either (1) y has non-negative

entries or (2) 23:1 x, =0 then (x,y) > yo 222:1 xq > 0.

Proof. We first prove the lemma under condition (1) by induction. The base case of
Q =1 is trivial; (x,y) = 21y, and under (1) z; and y; are non-negative and under (2)
I = 0.

Assume the result holds for () — 1. Then

(z,y) = Yorq + (T1:0-1, Y1:0-1) (A.17)
Q-1
> YT + Yo-1 Z xr, // by the inductive hypothesis (A.18)
q=1
Q-1 Q-1
> Yoxg + Yo Z Tq // since yg—1 > yg and qu >0 (A.19)
q=1 q=1
Q Q
= Yo Z zy >0 // since yg and Z r, are non-negative.  (A.20)
qg=1 q=1

This provides the desired inductive step, completing the proof under condition (1).

Under condition (2), consider ¥’ = y — min, y,1¢. Then

(x,y) = <[L’,y/> + mqinyCI<x7 1Q>

= <;1:,y'>.

Since 3y’ now has non-negative entries, condition (1) is satisfied and the result follows.

]
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A.4.4 Proof of Corollary 2.5.4

We establish the corollary with a brief sequence of upper bounds following from our

initial upper bound in Theorem 2.5.2. In particular, the theorem provides
Gain(m, %) < 20°Q 7 AM[[16 — M| /(0% + Ain)®.
We begin by simplifying this upper bound. As a first step, note that

165 = XM = 11001 + AI* = 2, A

DY
As such, we can simplify our upper bound as

Gain(r, 02) < 202Q A1 = X|/(02 + Anin)®
< 4a2Q Y2/ (02 + Ain)? (A.21)

< 4N, 0%/ (0% + Amin)?

min

where £ 1= Apax/Amin 18 the condition number of .

We then obtain the first bound by noting that

A2000% /(0% 4 Ain)® < A2007 /(692 /Amin

min

S )\min/U2
and the second by noting that

M 02 /(0% 4 Anin)® < A2007 (A min)®

min min

S 02/)\min-

Substituting these expressions into Eq. (A.21) provides the desired expressions in

Corollary 2.5.4.
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A.4.5 Extensions to random design matrices

The asymptotic formulation in Section 2.5 may allow us to relax Condition 2.4.1. In
particular, Theorem 2.5.2 and Theorem 2.5.3 depend on this condition only through
Lemma 2.5.1, which provides an analytic expression for the asymptotic gain. We
conjecture that this condition may be satisfied for certain sequences of datasets with
random design matrices of increasing dimension. For example if for each group
g, the number of data points N}, grows as w(D?) and if each of the covariates

.. ii.d.
are each distributed as XZ g~

Condition 2.4.1 will be satisfied in the sense that [|o;2X 7" X9—¢2Ip||5 will be 0(1/v/D)

(0,02/(0%13)), then an asymptotic analogue of

(see e.g. Wainwright [2019, Theorem 6.5]). As a result, we can expect the sequence of
estimates BECOV to converge to estimates with the simplified form utilized in the proof
of Lemma 2.5.1 fast enough that the asymptotic gains are equal in these two cases.
Making this argument rigorous, however, requires contending with convergence of
sequences of random variables of changing dimension (recall that we consider D — o).
This technical aspect complicates the required theoretical analysis because common
tools (e.g. continuous mapping theorems) do not apply in this setting. We leave further

analysis of BECOV with random design matrices to future work.

A.5 Experiments Supplementary Results and Details

A.5.1 Simulations additional details

We here describe the details of the simulated datasets discussed in Section 2.6. For each
of the dimensions D and each of the 20 replicates we first generated covariate effects for
all @ = 10 groups. To do this, we began by setting ¥; for the correlated covariate effects
experiments (Figure 2-1 Left) we generating a random () x ) matrix of orthonormal
vectors U and set ¥ = Udiag([2°,271,...,297T)UT, and for independent effects
(Figure 2-1 Right) we set ¥ = I. We then simulated covariate effects as 3, RS N(0,%).

We next simulated the design matrices. For each group ¢, we chose a random

number of data points N? ~ Pois(\A = 1000), and for each data point n =1,..., N¢
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sampled X7 ~ N(0,(1/1000)Ip) so that for each group E[X?" X9] = Ip. Finally, we
generated each response as Y7 nder N(XITp9,1).

For BEGroup, we estimated the D x D covariance I' by maximum marginal likelihood.
We did this with an EM algorithm closely related to Algorithm 1. See e.g. Gelman
et al. [2013, Chapter 15 sections 4-5| for an explanation of the relevant conjugacy

calculations in a more general case that includes a hyper-prior on I'.

A.5.2 Practical moment estimation for poorly conditioned

problems

The moment based estimator (using ™™ in Section 2.4) is unstable in the two real
data applications discussed in Section 2.6 due to poor conditioning of the design
matrices leading Brs to have high variance. To overcome this limitation, we instead
used an adapted moment estimation procedure which is less sensitive to this poor
conditioning. While, in agreement with Theorem 2.4.3, this approach performs worse
than BECOV (see Figure A-1) we report it nonetheless because it has lower computational
cost and may be appealing for larger scale applications. We describe this approach
here. We note however that moment based estimates of the sort we consider here do
not naturally extend to logistic regression and so are not reported for our application
to CIFAR10.

We first introduce some additional notation. For each group ¢ consider the reduced
singular value decomposition X? = Sidiag(w?)R?", where S¢ and R? are N9 x D
and D x D matrices with orthonormal columns and w? is a D-vector of non-negative
singular values. Next define for each group W7 := S9" X7 and Z9 := S97Y9, which we
may interpret as a D x D matrix of pseudo-covariates and D-vector of pseudo-responses,
respectively. Next define €2 to be the ) x () matrix with entries {1, , := tr(WaTwe)-1
and ¢ = [0%, 03, . .. ,aé]T. Lastly, let Z = [Z1, Z2,..., Z9] be the D x Q matrix of

all pseudo-responses. Our new moment estimator is

SMM.— (7T Z — Ddiag(d%)] © Q.
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We next show hat E[EA]MM] = X under correct prior and likelihood specification.

Note first that if § is a D x ) matrix with i.i.d. standard normal entries we may write
Z LWt W28, ... WOB9 + sdiag(d?).
As such, for each ¢ and ¢/, we have that

E(Z'2)eq) = E[Z77 Z1]
=E[BTWITWY B +1q = |0, D

q

= te(WITWIE[78]) +I[g = ¢Jo2D

q

= QY +1g = ¢ogD.

Accordingly, we can see that each entry of SIMM pag expectation E[ig’ly] = Y4, Which
establishes unbiasedness.

However, this moment estimate still has the limitation that it evaluates to a non
positive semidefinite matrix with positive probability. Under the expectation that,
in line with Theorem 2.4.2 the very small and negative eigenvalues of yMM might
lead to over-shrinking, we performed an additional step of clipping these eigenvalues
to force the resulting estimate to be reasonably well conditioned. In particular, if
our initial estimate had eigendecomposition SMM = U diag(\)UT, we instead used
SMM — /diag(A)UT, where for each ¢, we have A\, = max(\,;, Amax/100) so that the
condition number of the modified estimate was at most 100. Though we did not find
the performance of the resulting estimates to be very sensitive to this cutoff, we view
requirement for these partly subjective implementation choices required to make the
A%@g‘, effective in practice to be a downside of the approach as compared to BECOV,
which avoids such choices by estimating > by maximum marginal likelihood.

Compared to the iterative EM algorithms, which rely on matrix inversions at each

iteration, computation of ™M is much faster. In each of our experiments, computing

it requires less than one second.
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Law Enforcement Blogs

Y Least Sqrs./MLE
wog i) A Least Sqrs./MLE Pool
n Y %)
=, =10 M Indep. Bayes.

S 054 S t Exch. Group MM

iy w * ‘|’ 4  Exch. Group w/t mean

c c 0.8 A

2 0.4 - 2 4 Exch. Group

—% ' A + -% ® Exch. Cov. MM

£ ¢ P L 0.6 [ ] ) o @ Exch. Cov. w/ mean
0.3 ¥ Exch. Cov.

Figure A-1: Performances of additional methods on the law enforcement and blog
datasets. Uncertainty intervals are £1SEM.

A.5.3 Allowing for non-zero means a priori in hierarchical

Bayesian estimates

In the development of our approach in Section 2.2 we imposed the restriction that
E[B4] = 0 a priori. Though in general one might prefer to let 5 have some nontrivial
mean (as Lindley and Smith [1972] do in the context of exchangeability of effects across
groups) this assumption simplifies the resulting estimators, theory, and notation. When
[ is permitted to have a non-zero mean, conjugacy maintains and the methodology
presented in Section 2.3 may be updated to accommodate the change. While we omit
a full explanation of the tedious details of this variation, we include its implementation
in our code and the performance of the resulting empirical Bayesian estimators in
Figures A-1 to A-3. From these empirical results we see that removing this restriction
has little impact on the performance of the resulting estimators. Notably, our results
in these figures reveal that the same is true for choosing to include or exclude a prior

mean for the exchangeability of effects across groups prior.

A.5.4 Additional details on datasets

In each of the two regression applications, for each component dataset, we mean
centered and variance-normalized the responses. Additionally, we Winsorized the
responses by group; in particular, we clipped values more than 2 standard deviations

from the mean.
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Blogs (Short)

- uesw 1/m dnoug "yox3
- dnoug "yoxg
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Blogs (Long)
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Figure A-2: Performances of methods on the blog dataset, segmented by post type.

Uncertainty intervals are +1SEM.
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region and recorded offense categorization. Uncertainty intervals are +1SEM.



BlogFeedback Data Set details Given the nature of the features included in the
blog dataset used in the main text (which are summarizing characteristics rather than
readable text), we believe it may be possible to find the blog post that corresponds
to a particular data point. But we believe it is unlikely that the dataset directly
contains any personally identifiable information. The blog information was obtained
by web-crawling on publicly posted pages, so it is unlikely that consent for inclusion

of the content into this dataset was obtained.

Communities and Crime Dataset details All data in this dataset was obtained
through official channels. This dataset is composed of statistics aggregated at the
community level, so it is less likely (though not impossible) to contain personally
identifiable information. Since it contains demographic, census, and crime data, it is

unlikely to contain offensive content.

CIFARI10 details. For the tasks car vs. cat, car vs. dog, truck vs. cat, and
truck vs. dog we used N? = 100 data points. For the tasks car vs. deer, car vs.
horse, truck vs. deer, and truck vs. horse we used N? = 1000 data points.

We generated the pre-trained neural network embeddings using a variational auto-
encoder (VAE) |Kingma and Welling, 2013]. We adapted our VAE implementation from
ALIBI DETECT [Van Looveren et al., 2019], here. See  also
notebooks/2021_05_12_CIFAR10_VAE_embeddings.ipynb for details.

CIFARI10 is composed from a subset of the 80 million tiny images dataset. As
is currently acknowledged on the 80 million tiny images website, this larger dataset
is known to contain offensive images and images obtained without consent (https:
//groups.csail.mit.edu/vision/TinyImages/). However, given the benign nature
of the 10 image classes in CIFARI10, we expect it does not contain offensive or
personally identifiable content. These data were also obtained by web-crawling, so it

is unlikely that consent for inclusion of the content into this dataset was obtained.
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Figure A-4: Performances of methods on CIFARI10 segmented by binary classification

task. Uncertainty intervals are £1SEM.
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A.5.5 Software Licenses

We here report the software used to generate our results and their associated licenses.
All of our experiments were implemented in python, which is licensed under the

PSF license. For ease of reproducibility, ran our experiments and generated our plots

[Python in Jupyter notebooks; this software is covered by a modified BSD license.

For our application to transfer learning using CIFAR10, we used a variational
auto-encoder implementation adapted from ALIBI DETECT [Van Looveren et al., 2019],
which uses the Apache licence. Our implementation of our EM algorithm uses
TensorFlow [Abadi et al., 2016], which is licensed under the MIT license.

We made frequent use of python packages numpy and scipy and matplotlib. These
are large libraries with components covered different licenses. See
github.com /scipy/scipy /blob/master /LICENSES bundled.txt for scipy, github.com/numpy/numpy /bl
for numpy, and github.com /matplotlib/matplotlib/tree /master /LICENSE for matplotlib.
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Appendix B

LR-GLM Supplementary Material

B.1 Additional Experimental Details and Empirical

Results

B.1.1 Experimental Details

For all experiments we sampled S from an isotropic Gaussian prior with unit variance.
For all synthetic data results we first generated a design matrix by sampling from
a zero-mean Gaussian with diagonal covariance X with each ¥;; = 5 1.057% We
then used a scikit-learn [Pedregosa et al., 2011] implementation of a randomized SVD
algorithm due to Halko et al. [2011], computed from two iterations (i.e., passes through
X).

To assess robustness, in all experiments we used three or more replicate experiments,
defined by independently generated synthetic datasets or train/test splits as well as
re-rerunning the randomized truncated SVD.

The performance of the Diagonal Laplace approximation is dependent upon the
shape the exact posterior at SMAP. In particular, using a dataset with axis aligned
covariance structure gives Diagonal Laplace an unrealistic advantage given that in
most real applications we do not believe that low-rank structure will be axis aligned.

As such, for all synthetic data experiments presented, we randomly generated a basis
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of orthonormal vectors and used this basis to rotate our the design matrix. This
rotation preserves the spectral decay of the data but eliminates the axis alignment of
the synthetic data.

In all experiments we consider N = 2,500 training examples. We obtained results on
“Out of Sample Data” (in Figures B.1.1 and B.1.5) by sampling X from an alternative
distribution over covariates. Specifically, we generated these out-of-sample covariates
in the manner described above, but with a different random rotation matrix.

We found MAP estimation using L-BFBS-B to be the most efficient of several
available options in the scipy optimize library, and used this method in all MAP
estimation and Laplace approximation experiments.

For all Bayesian predictions, we use the probit approximation to the logistic

function to enable fast approximation [Bishop, 2006, Chap. 4.5].

B.1.2 Additional Figures

In Figure B.1.1 we present results on prediction performance, in term of classification
error, as well as negative log likelihood, reported for “Training”, “Test”, and “Out
of Sample Data”. In Figure B.1.2 we report the error of LR-Laplace and Random-
Laplace relative to NUTS for estimation of posterior means and variances. We see
here that the estimates exhibit behavior increasingly similar to that of the prior as
the rank of the approximation, M, decreases. Next, Figure B.1.3 depicts the same
error trends for LR-MCMC using NUTS in Stan. We report calibration performance
of the approximations of interest for credible sets of parameters (Figure B.1.4) as well
as for prediction (Figure B.1.5).

We additionally include results analogous to those in the main text for Laplace
approximations using low-rank data approximations to perform faster MCMC using
NUTS with Stan [Carpenter et al., 2017], in Figure B.1.6. Finally, we also here provide
the relative error of posterior mean and standard deviation estimation for logistic
regression with a regularized horseshoe prior using the LR-MCMC approximation in

Figure B.1.7. This experiment uses Stan for inference as well.

149



Train Test Out of Sample
Y —k=Diagonal Laplace

N * Q
/_\'0 « —#—LR-Laplace loQ
< —i—Random Laplace
~ ADVI MF
5 0 Laplace
o &
= v v Prior
i
K| d "DQ
10~1 10° 10t 10~1 100 10t 10~1 100 10t
~ o &
% N o
E o ~
S 8 $
1 Q N
=2
= 5 | b
§ 3 S N
Q N
10-t  10° 10t & 1wt 10 10t P 107t 10° 10t
Time (s) Time (s) Time (s)

Figure B.1.1: Predictive performance of posterior approximations in Bayesian logistic
regression in terms of (Top) classification error and (Bottom) average negative log
likelihood (NLL) of responses under approximate posterior predictive distributions on
(Left) train, (Center) test and (Right) out of sample datasets. Lower is better.
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Figure B.1.2: Approximate posterior mean and standard deviation across a parameter
subset as M varies. Horizontal axis represents ground truth from running NUTS using
Stan without the LR-GLM approximation. D = 250.

Horseshoe logistic regression experiment

For the logistic regression experiment using a regularized horseshoe prior we used
N = 1,000 data points of dimension D = 200. We used ten non-zero effects, each
of size 10. Our implementation of the regularized horseshoe and inference in Stan
closely followed M. Betancourt’s “Bayes Sparse Regression” case study.! We generated

covariates as described in the previous section.

'https://betanalpha.github.io/assets/case_studies/bayes_sparse_regression.html
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Figure B.1.3: This figure is analogous to Figure B.1.2 but examines the trade-off
between computation and accuracy of LR-MCMC using NUTS in Stan. D = 250.
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Figure B.1.4: Credible set calibration. The fraction of parameters in the credible sets
defined by different lower tail intervals as a function of the approximate posterior
probability of parameters taking values in that interval. The black dotted line (on the
diagonal) reflects perfect calibration.

B.1.3 Stan Model Code

First we show Stan code for Bayesian logistic regression.

data {
int<lower=1> N; // # of data
int<lower=1> D; // # of covariates
matrix [N, D] X; // Design matrix
int<lower=0> y[N]; // labels

real<lower=0> sigma;
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Figure B.1.5: Prediction calibration.

}

parameters {
vector [D] beta;

+
model {

beta ~ normal(0, sigma);

y ~ bernoulli_logit(X * beta);
+

Second, we show Stan code for logistic regression with our low-rank approximation.

data {

int<lower=1> N; // # of data
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Figure B.1.6: This figure is analogous to Figure 3-2A but assesses LR-MCMC using
NUTS in Stan rather than LR-Laplace. D = 250.
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Figure B.1.7: Bayesian logistic regression with a regularized Horseshoe prior using
NUTS in Stan. The red vertical line indicates the runtime of inference with Stan

using the exact likelihood.

int<lower=1> D; // # of covariates
int<lower=1> M; // Projected dimension
matrix[D, M] U; // Projection matrix

matrix [N, M] barX; // Projected design matrix
int<lower=0> y[N]; // labels

real<lower=0> sigma;
}

parameters {

vector [D] beta;
+
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transformed parameters {
vector[M] bar_beta = U’ * beta;
}
model {
beta ~ normal(0, sigma);
y = bernoulli_logit(barX * bar_beta);
}

B.2 Related Work on Scalable Bayesian Inference

Developing scalable approximate Bayesian inference for models with many parameters
(large D) and many data points (large N) has been active area of research for
decades, and researchers have developed a large variety of methods applicable to
GLMs. Historically, Markov chain Monte Carlo (MCMC) methods based on the
Metropolis-Hastings algorithm Metropolis et al. [1953|, Hastings [1970] have been
dominant. However MCMC is computationally expensive on large-scale problems in
which both D and N are very large. In particular, each likelihood evaluation requires
O(DN) time, due to the matrix vector product X 3. Further, estimating posterior
covariances uniformly well requires O(log D) samples [Cai et al., 2010]. Therefore,
the total cost of collecting those samples is O(N D log D) time in the case of perfect,
independent Monte Carlo samples. In practice, though, mixing times may also have
unfavorable scaling with dimensionality and sample size; these issues can lead to
even worse scaling in N and D. Several lines of research have explored the use of
subsampling methods to reduce the dependence on N. But these methods either
lose the asymptotic guarantees of exact MCMC or fail to provide faster inference in
practice due to poor mixing behavior [Bardenet et al., 2017].

Other work has pursued deterministic approximations to the Bayesian posterior.
Some of the most widely used of these approximations include (1) the Laplace approx-
imation, which is a Gaussian approximation of the posterior defined locally at the

posterior mode, (2) extensions of the Laplace approximation such as the integrated
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nested Laplace approximation (INLA) [Rue et al., 2009], and (3) variational Bayes; see,
e.g., |Bishop, 2006, Chap. 10] and [Blei et al., 2017|. However, these approaches also
scale poorly with dimension in general. The Laplace approximation requires computing
and inverting the Hessian of the log posterior which demand O(N D?) and O(D?) time
respectively, in order to compute approximate posterior means and variances. In the
N < D setting, this cost can be reduced to O(N?D) time (Appendix B.3). However,
in large- N settings of interest, the O(N2D) cost can be prohibitive as well. The cost
of inference is further compounded when we give a fully Bayesian treatment to model
hyperparameters as well as parameters; e.g., INLA requires this heavy computation
for each nested approximation. In the face of difficulties posed by high dimensionality,
practitioners frequently turn to factorized (or “mean-field”) approximations. In the case
of VB, the mean-field approach can yield biased approximations that underestimate
uncertainty MacKay [2003], Turner and Sahani [2011]. Likewise, factorized Laplace
approximations, which approximate the Hessian with only its diagonal elements,
similarly underestimate uncertainty (Appendix B.6.8).

Some more recent work has approached scalable approximate inference in gen-
eralized linear models with theoretical guarantees on quality in the large-N regime
by using likelihood approximations that are cheap to evaluate Huggins et al. [2017],
Campbell and Broderick {2019, 2018|, Huggins et al. [2016]. But these methods fail to
scale well to the large-D case.

More closely related to the present work, Geppert et al. [2017] and Lee and Oh
[2013] focus on conjugate Bayesian regression, respectively using random projections
and principle component analysis to define low-rank descriptions of the design. Lee
and Oh [2013] restrict their consideration to the exactly low-rank case and primarily
discuss the asymptotic consistency of the resulting posterior mean without discussing
computational considerations. Spantini et al. [2015| use conjugate Bayesian regres-
sion as stepping-off point to derive a point estimator for Bayesian inverse problems.
Guhaniyogi and Dunson [2015] use random projections for Bayesian GLMs but focus
on predictive performance rather than parameter estimation. Outside the Bayesian

context, Zhang et al. [2014]|, Wang et al. [2017], and many others have analyzed ran-
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dom projections for regression and classification using, for example, an M-estimation

framework.

B.3 Fast matrix inversions in the N < D setting

In this section we focus on Gaussian conjugate linear regression with N < D. In this
case, we can detail formulas for more efficient computation of the posterior mean and
covariance. We start from the standard expressions for the posterior mean py and
covariance Xy when the prior is mean zero with covariance Xg; see Section 3.3 and

Section 3.4.1 for further notation and setup of the model. These expressions are:

Sy = XX (B.3.1)

py =TSN XY, (B.3.2)

Using these formulas naively in the D > N setting is computationally expensive due
to the O(D?) time cost of matrix inversion and O(D?) storage cost.

Using the Woodbury matrix identity, (A1 +UCV)™' = A-AU(C~'+V AU)"'V A,
allows us to write Xy = (S5 + X (7Iy)X) ! as

YN =35 — S X (7 Iy + X8 X )X S (B.3.3)

Computing Xy via Eq. (B.3.3) requires only O(DN?) cost for the matrix multiplications
and an O(N?) cost for the matrix inversion. The posterior mean py may then be
computed in O(N D) time by multiplying through by X Y. These time costs can be
significant reductions over the naive O(D?) cost when N < D.
Fast inversions for the Laplace approximation to the GLM posterior
We here show that the same approach described above may be used for the Laplace
approximation in the context of Bayesian GLMs. We say that we have a GLM
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likelihood if we can write

N

p(Y | B,X) = ¢(Yn,z, )

n=1
for some mapping function ¢ : R x R — R. The Bayesian posterior then becomes

N
logp(B | X,Y) =logp(B) + > ¢(yn,x,8) + Z, (B.3.4)

n=1

where Z is a typically-intractable log normalizing constant.
Due to the analytic intractability of posterior inference in many common GLMs,
approximations are necessary; the Laplace approximation is a particularly widely used

approximation and takes the form

p(B) =N(B| i %), (B.3.5)

where fi := arg maxzlogp(f | X,Y) and ¥ := <—V% log p(B| X, Y)|5:ﬂ> . However,
as in the conjugate case, computing this matrix inverse naively can be expensive in
the high-dimensional setting, and we are motivated to consider more computationally
efficient routes to evaluate it. In settings when N < D and when we have a Gaussian
prior p(B8) = N(B | ug, X5), we may take an approach similar to our approach in the

conjugate case. We first note
Vilogp(B | X,Y)|s=p = =55" + X diag(¢" (Y, X11)) X, (B.3.6)

where (E”(Y, A) is a vector in RY defined such that for any nin 1,2,..., N, 5”(Y, A), =

d%gb(yi, @)|a=a, - Applying the same trick to this expression as before, we obtain
_ -1
Sy = (-3 logp(8 | X,Y)|s=s ) (B.3.7)
= Y5 — N X | (diag[—¢" (Y, X)] 7' + XTpX ) T X2, (B.3.8)

which again can yield computational gains.
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It is worth noting however that this route is more computationally efficient only
when the prior covariance matrix is structured in some way that allows for fast matrix-
vector and matrix-matrix multiplications. This will be the case, for example, if ¥3 is

diagonal, block-diagonal, banded diagonal, or diagonal plus a low-rank matrix.

B.4 Conjugate Gaussian regression with exactly low

rank design

B.4.1 Derivation of Eq. (3.2)

Here we consider the setting of conjugate Bayesian linear regression, with X exactly
low rank and ¥g = cr%] D, as detailed in Section 3.4.1. We now derive the expressions
(Eq. (3.2)) for the mean and covariance of the Gaussian posterior for 8 in this case.
We suppose X = Vdiag(A\)U" for U,V matrices of orthonormal rows and \ a vector.
The preceding equation for X will capture low rank structure when U € RP?*M for
some M with M < min(D, N).

For the covariance, we start from Eq. (B.3.1). Then we can rewrite Xy as follows.

YN = (ngfD + TXTX)_I
= (052p + TUdiag(\)V T Vdiag(\NUT)
= (052p + Udiag(rA o \)UT) ™'
where ® denotes component-wise multiplication across a vector
=031 — o3U(diag(TA ® X) ™' + 051y) U 0}

by the Woodbury matrix identity and U'U = I,

. 1 !
= gé]—aéUdlag{(T)\Q/\ —|—a§1M) U?—;} U’

where division within ‘diag’ is component-wise and 1,; is the M —vector of ones

TAO A T
= U
Uﬁ 1M—|—7')\®)\

:az Ip —Udiag{
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Starting from Eq. (B.3.2), we can rewrite the posterior mean as follows.

py = TENXTY

TAO N
05l +TAO X

=703 | Ip — Udiag { } U | Udiag MVTY

from the derivation above and substituting for X

TAO A
052l +TAO N

=705 | U — Udiag { } diag(M)VTY

since U'U = Iy

TAG® A
‘7,5721M+7'/\®/\

= 703U | I — diag { } diag \M)V'Y

A
— Udiag { —5—— VY.
os 1y +7A0 N

B.5 Proofs and further results for conjugate Bayesian
linear regression with low-rank data approxima-

tions

B.5.1 Proof of Theorem 3.4.1

Recall that for conjugate Gaussian Bayesian linear regression, the exact posterior is
p(B| X,Y)=N(B | pn,En), where uy and Xy are given in Egs. (B.3.1) and (B.3.2).

Using an orthonormal projection U yields a Gaussian approximate posterior
(B X,Y)=N(B] fin,En). Recall from Section 3.3 that we obtain this approximate
posterior by replacing X with XUU . Thus, we can find jiy and Yy by consulting
Egs. (B.3.1) and (B.3.2):

Sy =3+ rUUTXTXUUT (B.5.1)

fiy =FXNUUTXTY. (B.5.2)
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Upper bound on the posterior mean approximation error

We will obtain our upper bound on the error of the approximate posterior mean
relative to the exact posterior mean by upper bounding the norm of the difference
between the gradient of the log posterior with respect to 5 at the approximate posterior
mean, /iy, and the exact posterior mean, py. Together with the strong convexity
of the negative log posterior, this bound will allow us to arrive at the desired upper
bound on [|ux — fin]|a-

First, we bound the norm of the gradient difference. To that end, the gradients of
the exact log likelihood and the approximate log likelihood are given by

VslogplY | X,8) = Vs | ~3(X6 - 1) (X5 - V)

= 7(X'XB-X"Y)
and

Valog (Y | X. ) = Vi |5 (XUUTS — ¥)T(XUUTS - )
= 7(UU'X'XUUTB-UUTXTY).

We can thus upper bound the norm of the difference between the two log posteriors

as follows.

|Vslog (8 | X,Y) = Vslogp(3 | X,Y)|,
= ||Vslogp(Y | X, 8) = Vglogp(Y | X, B)|,
since the prior is the same in both the exact and approximate model

and since the normalizing constant has no § dependence

‘—T (UUTXTXUUTﬂ _ UUTXTY) . (XTXB _ XTY>

2

(XTX - UUTXTXUUT) B+UUTXTY —XTY

=T

2
—r|ooTx xU0T 8- 00X TY

2
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where U (above) as well as A and V' (below) are defined in Section 3.3
=T HUdiag(X ONU'B - (_]diag(j\)f/TYH2

<7 (HUdiag(A O NI Bl + HUdiag()\)VTYHQ)

by the triangle inequality

-(]

since ||v]|3 = v"v for a vector v and U'U = Iy,

diag(A ® \)U " B||2 + |]diag(5\)‘7TYH )
2

<7 (Hdiag(A O N, |77 1l + r|diag<A>HopWTYH2)

by definition of the operator norm in this space

= (BITT Bl + M VTV ) (B.5.3)

Second, we need a result that will let us use the strong convexity of the negative

log posterior. We prove the following result in Appendix B.5.2.

Lemma B.5.1. Let f, g be twice differentiable functions mapping RP? — R and attain-
ing minima at By = argming f(3) and B3, = argming g(f3), respectively. Additionally,
assume that f is a—strongly convex for some a > 0 on the set {t3;+(1—1t)5,|t € [0,1]}
and that [ V3£ (8,) = Vsg(B,)ll2 = [V £(8,)l2 < c. Then

H@—%Még. (B.5.4)

To use the preceding result, we need a lower bound on the strong convexity
constant of the negative log posterior; we now calculate such a bound. We have
that uy and jiy are the maximum a posteriori values of § under p(f|X,Y, «) and
p(B| X, Y, a), respectively; equivalently they minimize the respective negative log of
these distributions. For a matrix A, let A\yin(A) denote its minimum eigenvalue. The

Hessian of the negative log posterior with respect to 3 is precisely 251 +7XTX
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everywhere. So the negative log posterior is a—strongly convex, where
o= Anin(S5" +7X X)) > Ain (55 + TAuin(X T X) = [Ssl2" + 725y (B5.5)

In the first part of the final equality above, we use that the spectral norm of a matrix
inverse is equal to the reciprocal of the minimum eigenvalue of the matrix.

Now we have an upper bound on the norm of the difference in gradients of the
negative log posteriors (the same as for the log posteriors, in Eq. (B.5.3)) and a lower
bound on the strong convexity constant from Eq. (B.5.5). So we can apply these
together with Lemma B.5.1 to find

T(AIU  anllz + M[[VTYl2)
«
by Lemma B.5.1 taking logp(8|X,Y) and logp(8|X,Y)

iy = fivll2 <

as f and g respectively, with ¢ given by Eq. (B.5.3)
< (AN w2 + §1||‘7TY||2)

B IZsllz" +7AL

by Eq. (B.5.5)

MU awle + VY [l2)

Sl Ay

Notably, in the common special case that ¥z is diagonal, as we saw in Section 3.4.1,
fiy will be in the span of U, and we will have that ||U" fix]||2 = 0.

Error in Posterior Precision

The error in the precision matrices for the approximate and exact posteriors in
linear regression are particularly straightforward since they do not depend on the

responses, Y. In particular, we have

Sy =Sy = (S T X TX) = (S5 +TUUTXTXUUT) (B.5.6)
=7X'X -7UU'XTXUU" (B.5.7)
=rUU'XTXUU" (B.5.8)
= rUdiag A © N U, (B.5.9)
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Figure B.5.1: Example of posterior approximations with different projections (char-
acterized by U) for increasing sample sizes. Fach plot shows the contours of three
densities: the prior, likelihood, and posterior (or approximations thereof). The top
row shows the exact posterior. The middle row shows the approximations found by
using the best rank-1 approximation to X. The bottom row shows the approximations
found using the orthogonal rank-1 approximation. The star is at the parameter value

used to generate simulated data for these plots.

Thus, since it is equal to the maximum eigenvalue, the spectral norm of the error in

the precisions is precisely |3 — X3l = 7A2.

B.5.2 Proof of Lemma B.5.1

By the fundamental theorem of calculus, we may write

1
=0

1 | | |
WM R S e M W os
!

T T T T T T T
-3 -z -1 0 1 2 3

B

Vs f(8) = Vaf(5,) + / (8= 8,) VL5 + (1 — 1)5,)dt.
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Considering the norm of Vg f (/) and applying the triangle inequality provides
that for any 5 in {t8; + (1 — )5, | t € [0, 1]},

1
Ve f(B)ll2 = /t_o(/@ — By) 'VEI(tB+ (1= t)By)dt|| —1IVsf(By)llz (B.5.10)
X 2
> (16 = Byl / VafB+ (1 —t)B)dt| —Vsf(By)ll: (B5.11)
t=0 9
> |18 = Byl = [V 5f (Bg) ll2- (B.5.12)

We consider this bound at 3. Recall we assume that ||[Vgf(5,)]l2 < ¢. And
IVaf(Bs)ll2 = 0 since f is twice differentiable. Therefore, we have that 0 > ||y —

Bgll2cx — ¢, and the result follows.

B.5.3 Proof of Corollary 3.4.2

Our approach is to show that
fin 2 SaU (U] SU,) U] B. (B.5.13)

We then appeal to the following result, which we prove in Appendix B.5.4:

Lemma B.5.2. i := SzU((U'S5U)'UT B is the vector of minimum Zgl-norm
satisfying Ui = U .

Finally, for any closed S C R”, i = arg min, .4 ||U||2[;1 = arg maxX,.g —%UTZEH} =
arg max, g N (0, X3). Therefore, the fi in Lemma B.5.2 is the maximum a priori vector
satisfying the constraint in Lemma B.5.2.

We first turn to proving Eq. (B.5.13). Let Uydiag(AY))V{ denote the M-truncated
SVD of the design matrix consisting of N samples X = (x1,xo, ..., xy) where z; £ Dy
When the low rank approximation is defined by this SVD, from Eq. (B.5.1) we have
that iy = ToyUnULXTY. Noting that ¥V = X8 + Le for some e € RY with
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¢ iid. N(O’ 1)) we may expand this out and write:

1
iy =7(55" + UnUR X Tr XUNUR) ' UNURX (X3 + ;e)
—1
— 7 {2/;1 + Uy [Tdiag(w) ® A<N>)} U;} Undiag AV
1
[deiag(MN))U;ﬁ + —e} (B.5.14)
T
-1
_ {zﬂl + Uy [Tdiag(A(N) ® A<N>)} U;} U [Tdiag(w) ® )\(N))]
1
[UM + diag A1V —e] (B.5.15)
T
—1 1
= S3UN [U;ZBUN + T—ldiag(MN))—?} [U;B + diag A1V —e}
T
5 DU (U] S5U.) U] B,
where in the fourth line we use the matrix identity, (R~* + W' QW) 'WTQ =

RWT(WRWT 4+ Q~1)~! [Petersen and Pedersen, 2008|. Convergence in probability
in the last line follows since diag(AY )_2) 5o [Vershynin, 2012] and Uy Lu.

B.5.4 Proof of Lemma B.5.2

We show that 3, = S3U(UX5U)"'U "B is the vector of minimum norm satisfying
the above constraints in the Hilbert space R with inner product (vi, vy) = v Eglvg

for vectors vy, v € RP.

Define 3, as
f. = arg min Hv||251 subjectto U'v =U'f (B.5.16)

veERD

First note that the condition U' 3, = U may be expressed as a set the M linear

constraints

(SaUL i1, B) = UL T8 (B.5.17)
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fort=1,2,..., M. We thereby see that the constraint restricts (. to the linear variety
B+ [{ZBU [ z]}j\il] L, where [A] denotes the subspace generated by the vectors of the
set A and [A]L denotes the set of all vectors orthogonal to [A] (i.e. the orthogonal
complement of [A]) By the projection theorem |Luenberger, 1969, g, is orthogonal
to [{EgU[:,z']}?iJL, or B, € [{ZBU[:,Z']}ZJlL = [{EBU[:,Z']}ZJ. We can therefore
write 3, as a linear combination of the vectors {Z3U[:, z]}j\il, that is, for some c in

RM
B, = SsUc. (B.5.18)

Our constraints in Eq. (B.5.17) then demand that (S5U[:,i], XsUc) = U[:,i]" 3 for each
1, or equivalently that UTEBEEIZBUC = U 3. This implies that ¢ = (U"X3U) U f.
Plugging this into Eq. (B.5.18) yields 3, = Z5U(UTX5U)"'UT B, as desired.

B.5.5 Proof of Corollary 3.4.3

Recall that we wish to show that, for conjugate Bayesian regression, under p the uncer-
tainty (i.e., posterior variance) for any linear combination of parameters, Varz[v' 3], is
no smaller than the exact posterior variance. First, we note that this statement is for-
mally equivalent to stating that UTENU > v Yyv, or that B = EN — Xy = 0 (where
> denotes positive definiteness). By Theorem 3.4.1, ¥} — X3! = Udiag(\2)U " > 0.
Since this implies that the inverse of the difference of these matrices is positive
definite, we can then see that (X3! — X)) = Sny(Ex — Zn) 'Sy = 0. Because,
as valid covariance matrices, Xy and Xy are both positive definite, and because
inverses and product of positive definite matrices are positive definite, this implies
that f]]_vlf]N(f]N — YN)TIENEY = (iN — Yy)! = 0. Finally, this implies that

iN — Yy = 0 as desired.

B.5.6 Information loss due the LR-GLM approximation

We see similar behavior to that demonstrated in Corollary 3.4.3 in the following

corollary, which shows that our approximate posterior never has lower entropy than
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the exact posterior. Concretely, we look at the reduction of entropy in the approximate

posterior relative to the exact posterior [MacKay, 2003|, where entropy is defined as:

Hp(B)] := Ey[—log, p(8)]

Corollary B.5.1. The entropy H[ﬁ(B|X, Y)} is no less than H[p(mX, Y)} Further-
more, when using an isotropic Gaussian prior g = a%], the information loss relative
to the exact posterior (in nats) is upper bounded as H [p(B|X,Y)] — H[p(8|X,Y)] <
S5 Y

This result formalizes the intuition that the LR-GLM approximation reduces
the information about the parameter that we are able to extract from the data.
Additionally, the upper bound tells us that when U is obtained via an M truncated

SVD, at most TJ%S\% /2 additional nats of information would have been provided by

using the M + 1-truncated SVD.

Proof. The entropy of the exact and approximate posteriors are given as:

D
1 _ 1 _
H(p) = —§log 2meX N | = ~3 [Dlog 2me + E log(aﬁ2 +7A7)]
i=1

and
1 - 1 M D
H(p) = —5 log 12meX ] = -3 [Dlog2me + > log(oz” + A7) — > logoy?.
i=1 i=M+1
Therefore, we conclude that
=y =y )
H[p(31X)] = H[p(B|X)] = =5 D logog®+ 5 Y log(o;” + A7)
i=1 i=1
D— 2 2
1 05"+ TA;
=3 log A —
i=1 Ip
| DM
=3 log(1 + FA?)
=1 B



N)I»—t
[\
mw

i=1 i=1
That H [p(8|X)]—H [p(8|X)] > 0 follows from the monotonicity of log, that log(1) = 0,
and that 703A? > 0fori=1,...,D— M. O

B.6 Proofs and further results for LR-Laplace in non-
conjugate models

In the main text we introduced LR-Laplace as a method which takes advantage of
low-rank approximations to provide computational gains when computing a Laplace
approximation to the Bayesian posterior. In what follows we verify the theoretical jus-
tifications for this approach. Appendix B.6.1 provides a derivation of Algorithm 4 and
demonstrates the time complexities of each step, serving as a proof of Theorem 3.5.1.
The remainder of the section is devoted to the proofs and discussion of the theoretical

properties of LR-Laplace.

B.6.1 Proof of Theorem 3.5.1

Proof of Theorem 3.5.1. The LR-Laplace approximation is defined by mean and covari-
ance parameters, {1 and 3. We prove Theorem 3.5.1 in two parts. First, we show that /i
and 3 do in fact define the Laplace approximation of 5(3|X,Y), i.e. the construction of
ft in Line 9 satisfies fi = argmax, p(5|X,Y’) and that > = (—V3logp(B|X, Y)|5:ﬂ)_1
Second, we show that each step of Algorithm 4 may be computed in O(NDM) time
with O(DM + N M) storage.

Correctness of /i and ¥

In Line 8, the definition of v, implies that v, = argmax_ cpw pyaxy (71X, Y)

since

log pupx,y (7| X,Y) = log pura(y) +log by xurs(Y|X,v) +C
= log pur5(7) + log pyix (Y| X,Uv) + C
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N
=log N(Y|U " 115, UTSpU) + Y log pyjap(yilas, Uv) + C

i=1

N
_ 1 TrrT T l
=-37'U Eww;ab(yi,xi Uy)+',

where line 1 uses Bayes’ rule, line 2 uses the definition of p in Eq. (3.1), line 3 uses the
normality the prior, and the assumed conditional independence of the responses given
B, and line 4 follows from the definition of ¢(-,-) and the assumption that uz = 0. C
and C" are constants which do not depend on 7. This together with the following
result (proved in Appendix B.6.2) implies that as defined in Line 9 of Algorithm 4,
i = argmaxz p(B|X,Y).

Lemma B.6.1. Suppose a Gaussian prior p(8) = N(ug,Xg), and let

Vi i= arg max 10g}5UTﬂ|X,Y(’Y|X7 Y)
,YGR]W

. Then i := arg maxgepo log p(B|X,Y) may be written as i = U, +UU "S3U(UT85U0) .
We now show that as defined in Line 12 of Algorithm 4, S is inverse of the Hessian

of the negative log posterior, H. We see this by writing

H: =V —logp(B|X.Y)|s=p

N
= V5 — log N (Blug, Sp)lo=p + V3 > —6(ys, 2] UU T B)|s=p
=1

N
= EEI + Z —¢" (ys, 2] UU T ), UU T
=1

)

=35+ UU X "diag(— ¢"(Y, XUU ")) XUU ",

where ¢?” is the second derivative of ¢. The Woodbury matrix lemma then provides

that we may compute Xy := H ! as

N
Sy =%y — 55U (UTzﬁU . {UTXTdiag [&’(Y, XUUT[L)] XU} ) UTS,,
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which we have written as 3 := X5 — EIDBUWUTEg in Line 12 with W= = U330 —
{UTXTdiag [5”(Y,XUUT/1)} XU} .

Time complexity of Algorithm 4

We now prove the asserted time and memory complexities for each line of Algo-
rithm 4.

Algorithm 4 begins with the computation of the M-truncated SVD of X =~
Udiag(A\)V. As discussed in Section 3.4.1, U may be found in O(ND log M) time.
At the end of this step we must store the projected data XU € RMM and the left
singular vectors, U € RP"M. Which demands O(NM + DM) memory, and the matrix
multiply for XU requires O(N DM) time and is the bottleneck step of the algorithm.
The matrix V need not be explicitly computed or stored.

The next stage of the algorithm is solving for i = argmaxglogp(5|X,Y). This
is done in two stages: in Line 8 find 7. = argmax_ g log pyrxy (7/X,Y) as the
solution to a convex optimization problem, and in Line 9 find i as g = U~, +

UUTYsU(UTS5U) " .. Beginning with Line 8, we note that the function

N
log (U B1X,Y) = log p(B8)+log p(Y|X, B)+c £ log N (U BIU " g, U S5U)+ D _log plyilz; UUT B)
i=1
is a finite sum of functions concave in 3 and therefore also in U 3. ~, may therefore
be solved to a fixed precision in O(NM) time under the assumptions of our theorem
using stochastic optimization algorithms such as stochastic average gradient Schmidt
et al. [2017]. In our experiments we use more standard batch convex optimization
algorithm (L-BFGS-B Zhu et al. [1997]) which takes at most O(N?M) time. This
latter upper bound on complexity may be seen from observing each gradient evaluation
takes O(NM) time (the cost for the likelihood evaluation, since computing the log
prior and its gradient is O(M?) after computing U'¥3U once, which takes O(DM?)
time by assumption) and the number of iterations required can grow up to linearly
in the maximum eigenvalue of Hessian, which in turn grows linearly in N Boyd and
Vandenberghe [2004].
The second step is computing fi = Uy, + UU TS3U(UTS3U) .. Given 1, this
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may be computed in O(DM) time, which one may see by noting that UU " (which
we never explicitly compute) may be written as UUT = (I — UU"), and finding /i as
fo= U+ 3S5U(UTS3U) 1y, —UUTS3U(UTS5U) "1, By assumption, the structure
of X5 allows us to compute U ' ¥3U in O(DM?) time and matrix vector products with
Y5 in O(D) time.

We now turn to the third stage of the algorithm, solving for the posterior covariance
32, which is represented as an expression of U, Y3 and W, defined in Line 11. Computing
W requires O(DM) and O(N M?) matrix multiplications (since we have precomputed
XU), and two O(M?) matrix inversions which comes to O(NM? + DM) time. The
memory complexity of this step is O(N M) since it involves handling XU. Once W has
been computed we may use the representation 3= Yp— 2gUWU Y5 as presented in
Line 12. This representation does not entail performing any additional computation
(which is why we have written O(0)), but as this expression includes U, storing )
requires O(DM) memory.

Lastly, we may immediately see that computing posterior variances and covariances
takes only O(M?) time as it involves only indexing into X3 and U and O(M?) matrix-

vector multiplies. O

B.6.2 Proof of Lemma B.6.1

We prove the lemma by constructing a rotation of the parameter space by the matrix

of singular vectors [U, U], in which we have the prior

( U'p >—N( U'B ‘ Ulug| |UTSgU, U0 )
07p U760 s | (0TS0, UTSs0 |7

We have that

i+ = arg maxlog p(5|X,Y)
BERP
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_ s
=[UU] arg max logp( _ |X,Y)
UTBERM T BeRD—M U'p

= U arg max (logﬁ(UTmX, Y)+ U argmax logp(U'BIU' S, X, Y))
UT BeRM UTBerRP-M

= Uargmaxlog p(U" B|X,Y)+

UTﬁERM

U argmax log N (UTBIUTSsU (U S5U) ' UTB,ULU — USsU (U TE5U)U TE50)

UTBGRD—M

= Uy, + UUTSgU(UTEU) ..

In the second line we simply move to the rotated parameter space. In the third
line, we use the chain rule of probability to separate out two terms. To produce
the fourth line, we note that since p(Y|X,8) = p(Y|XUU'B) = p(Y|X,U " B3), that
Y and U'Tf are conditionally independent given U' 3. We next note that though
arg Maxgr gego-M logp(UTBIUTB) depends on U, maxgrsegn-um logp(UT BIUT )
does not depend U 3. This allows us to use the definition of v, to arrive at the fifth
line, as desired.

In the special case that ¥z is diagonal, this expression reduces to U~,. This can

be seen by recognizing that U X 3U is then diag(0).

B.6.3 Proof of Theorem 3.5.2

Our approach to proving Theorem 3.5.2 follows a similar approach to that taken to
prove Theorem 3.4.1. In particular, we begin by upper bounding the norm of the error
of the gradients at the approximate MAP. Noting that the strong log concavity of the
exact posterior, which having been assumed to hold globally, must then also hold on
{tin+ (1 —t)ult € [0,1]}, we obtain an upper-bound on || — fi||z by again applying
Lemma B.5.1.

To begin, we first recall that the exact and LR-GLM posteriors may be written as

N

log p(BIX,Y) = logp(B) + Y _ d(ynlz, ) —log Z

n=1

172



and
N

log p(BIX,Y) = logp(B) + Y ¢(yn,z, UUTB) —log Z

n=1
where ¢(-, -) is such that ¢(y,a) = logp(y|z' B = a), and Z and Z are the normalizing
constants of the exact and approximate posteriors. As a result, the gradients of these

log densities are given as

Vislogp(B|X,Y) = Vglogp(B) + XT¢7’(Y, XP)

and
Vslog p(B1X,Y) = Vlogp(8) + UU X "¢ (Y, XUU ),
where q;’(Y, X B3) € RY is such that for each n € [N], oY, XB)n = Ld(yn, a)|azuts-

And the difference in the gradients is

Vslogp(B|X,Y) = Vslog p(B1X,Y) = X ¢ (Y, X8) —UU X ¢ (Y, XUU ).
(B.6.1)

Appealing to Taylor’s theorem, we may write for any 3 that
¢’ (Yn, x;erUTﬁ) = ¢ (Yn; :L’Zﬁ) + ('T;LFUUT/B - x;zrﬁ>¢”(yna an)

for some a,, € [z, UUT B,z B8], where ¢"(y,a) = %Qﬁ(y, a).
Using this and introducing vectorized notation for ¢” to match that used for gg’ ,

we may rewrite the difference in the gradients as

Vslogp(B1X,Y) — Vslogp(B|X,Y)
=X"¢(YV,XB) - UU'X"¢(V,XB) —UU X [(XUU'B—X"B)od"(Y,A)]
=UUTX"@ (Y, XB) +UUT X [(XUU'B) 0 ¢"(Y, A)],

where A € RY is such that for each n € [N], A, € [z, UU"S3, 2} B], and o denotes

element-wise scalar multiplication.
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We can use this to derive an upper bound on the norm of the difference of the

gradients as

1B

IVslogp(B|1X,Y) — Vglog 581X, Y)ls = 00T XT¢ + UUTXT[(XUUTB) 0 ¢"
TUTB) 0 ¢"] |2

<|UUTXT@ ||l + |UUTXT[(XUUT B
< M @ll2 + MI(XTTTB) 0 |2

< Al @ll2 + MM NTT B2 016" |oc
M1z + MU B2 l1s0),

where we have written ¢ and ¢” in place of ¢’ (Y, X3) and @ (Y, A), respectively, for
brevity despite their dependence on f3.

Next, let « be the strong log-concavity parameter of p(8|X,Y’). Lemma B.5.1 then
implies that

NP X ) s + MO, A) )

i — ff]2 <
«

as desired, where for each n € [N], A, € [z, UUT i1,z fi].

B.6.4 Bounds on derivatives of higher order for the log-likelihood

in logistic regression and other GLMs

We here provide some additional support for the claim that in Remark 3.5.3 that
the higher order derivatives of the log-likelihood function, ¢, are well-behaved. For
logistic regression (which we explore in detail below), for any y in {—1,1} and a in
R, it holds that ]%qb(y,a)\ < 1 and \%ﬂy,a)\ < g
¢(y, a) = log Pois(y|A = log(1+exp{a})), both | (y,a)| and |8872¢(y, a)| are bounded

For Poisson regression with

by a small constant factor of y. Additionally, in these cases |8%33gb(y, a)| is also well
behaved, a fact relevant to Corollary 3.5.6. However, for alternative mapping functions
for Poisson regression, e.g. defining E[y;|z;, 8] = exp{z, 8}, these derivatives will

grow exponentially quickly with z, 3, which illustrates that our provided bounds are
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sensitive to the particular form chosen for the GLM likelihood.

We now move to compute explicit upper bounds on the derivatives of the log
likelihood in logistic regression. This produces the constants mentioned above, and
permits easy computation of upper bounds on the bounds on the approximation error
of LR-Laplace provided in Theorem 3.5.2 and Corollary 3.5.6. In particular the logistic

regression mapping function [Huggins et al., 2017| is given as

G (Yn, z,) B) = —log (1 + exp{—ynleﬁ}), (B.6.2)

where each y, € {—1,1}.
The first three derivatives of this mapping function and bounds on their absolute

values are as follows:

I ~ exp{—yz, 5}
@ gy 0 ) = %gb(yn, a)‘“:xm Ty exp{—ynz, £} (B6.3)

Notably, Va € R,y € {—1,1}, |¢'(y,a)| < 1 and

2
o aTB) = 3 0(s0)| g, = ~(1+ el S (1 + epl—a] B

(B.6.4)

Furthermore, for any @ in R and y in {—1, 1}, —i < ¢"(y,a) < 0. This implies
that the Hessian of the negative log likelihood will be positive semi-definite everywhere.

We additionally have

L ota.a) = 6"(a) = |

expla} (exp(—a) - 1)
(14 exp{a})? (B.6.5)

which for any a in R satisfies, _ﬁg < ¢"(a) < ﬁg.
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B.6.5 Asymptotic inconsistency of the approximate posterior

mean within the span of the projections

Consider a Bayesian logistic regression, in which

0 10 10
i~ N( L] )R - v~ Bem((1+ exp{a 1)),
0 0 0.99 1000

In this setting, a rank 1 approximation of the design will capture only the first

dimension of data (i.e. Uy — U, = [1,0]). However the second dimension explains
d

almost all of the variance in the responses. As such y;|U, z;, 8 ~ Bern(1/2) and we

will get UJB|X,Y = 3,|X,Y ~ 0.0 under p.

B.6.6 Proof of Corollary 3.5.6

Our proof proceeds via an upper bound on the (2, p)-Fisher distance between p and p

[Huggins et al., 2018|. Specifically, the (2, p)-Fisher distance given by

o (5,5) = ( [ 19s1085(5) - 9 logmn%dpw)) y (B.6.6)

Given the strong log-concavity of p, our upper bound on this Fisher distance
immediately provides an upper-bound on the 2-Wasserstein distance [Huggins et al.,
2018].

We first recall that p and p are defined by Laplace approximations of p(3|X,Y)
and p(5|X,Y) respectively. As such we have that

log p(8) = —%(ﬁ — i) (S5 — UUTX Tdiag(é"(V, XUUT ) XUUT) (B — )

where ¢ (Y, XUUT ft) is defined as in Algorithm 1 such that

2

- d
¢"(Y, XB)i = T2 log p(yilz "B = a)ly—ys
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, and
log p(5) £ —5 (5 — )T (55" — X ding(d"(V, X)) X) (5 — ).
Accordingly,
Vslogp(B) = —(B— 1) (S5 — UUTX "diag(¢"(Y, XUU ))XUUT)
and
Vslogp(B) = —(8 — i) [£5! — X" diag(¢" (Y, X)) X]

To define an upper bound on dy ;(p, p), we must consider the difference between

the gradients,

Vs log p(8) — Vslogp(B) = — (8 — @) {Z;" — UUT X diagld" (Y, XUU T p)]XUU T}
{5

'
+ (B — )" {25 — X diagl¢"(V, X)X }
(i — @S5 + (8 — ) UUT X Tdiag[¢" (Y, XUU )] XUU "
(8 — ) X" diag[¢"(Y, X)) X.

Appealing to Taylor’s theorem, we can rewrite ¢ (Y, XUU i) as

&'V, XUUT ) = ¢"(Y, X ) + (XUU = Xpi) 0 ¢" (Y, A)
="V, Xp) + (XUU i — Xjr + X(ft — ) 0 " (Y, A)
= (Y. Xf1) — XUUT 0 §"(Y, A) + X (ju — i) o §" (Y, A)
=¢"(Y,Xp) + R,

where the first line follows from Taylor’s theorem by appropriately choosing each
A; € [x]JUUT i, 2] i], and in the fourth line we substitute in R := —XUU T 0¢"” (Y, A)+
X(jr— ) o @"(Y, A).

177



We now can rewrite the difference in the gradients as

Vslogi(8) — Vs logp(8) = (i — 1)%5"
+ (8- ) UUT X diag[¢" (Y, X )| XUU T
(8- 2)TUUT X T diag(R)XUUT
— (B — )" X " diag(d"(Y, X 1)) X
= (i — ) (Z5" — UUT X diag[¢" (v, Xp)| XUUT)
+ (8 — ) UUT X T diag(R)XUUT
— (8- @) UUTX Tdiag(¢" (Y, X)) XOU T
—(B— ) U0 X "diag(¢"(Y, X)) XUUT
— (8- ) UUT X diag(¢" (Y, Xp))XUU .

Which is obtained by first writing X Tdiag[gz_ﬁ’” (Y, X)]X in the fourth line as
(UUTXT + UUTXT)diag[g”(Y, X (XUUT + XUUT), multiplying through and re-
arranging the resulting terms.

Given this form of the difference in the gradients, we may upper bound its norm as

IVlogp(B) — Vg log p(B)ll2
< |l = all2| 25" = UUTX T diag[¢" (Y, X p)| XUU | (B.6.7)
+ 18 = llo|UUT X T diag(R)XUU T
+ 18 = AlLIlUUT X T diag[¢" (Y, Xp)| XUT "+
U0 X Tdiag[¢" (Y, Xp)|XUUT +UU " X Tdiag|¢” (Y, X )| XUU ||,
< || — plol|T5" = UUTX T diaglg” (Y, Xp)| XUU ||,
+ 18 = llo|UUT X T diag(R)XUU T
+[18 = Al {100 "X Tdiagl¢" (Y, X )] XUT ||+
2| U0 X T diaglg” (Y, Xp)| XUU ||}
by the triangle inequality.

<l = llo {1155 s + | Uding()V [ |diag[ " (v; X )l |V diag(\)U .}
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118 — llo[UdiagN) VTl diag(R) ][V diag N U
+ 118 = allo{ [T diag(N)V T diagld” (v, X ))la]|V diag(R)T T |12+
2|0 diag (N V||| diag (8" (V; X )] ||V diag(\U T}

by again using the triangle inequality, and decomposing X " into Udiag(A\)V'" + Udiag(A\)V .

<l = alla (125 2 + A1 o) + A8 = Allall Rlloo + (A3 + 22 A0 18 = fll2]1 6" l2,

where in the last line we have shortened ¢” (Y, X @) to ¢" for convenience.

Next IlOtil’lg that Hla _ ﬂl|2 < 5\10 for ¢ := “¢I(Y7Xﬂ)||2+)\1||UTﬂH2H¢"(Y7A)Hoo’ where « is

«

the strong log concavity parameter of p(3|X,Y") (which follows from Theorem 3.5.2),
we can see that |R|ls < M7 where r := (|UT 2l|so||¢” (Y, A)||lc + Aic]|d” (Y, A)|lo)-
That r is bounded follows from the assumption that log p(y|z, 5) has bounded third
derivatives, an equivalent to a Lipschitz condition on ¢”. We can next simplify this

upper bound to

IVglogp(B) — Vg log p(B)]l

< Me[[55 |+ AN lloe] + N Mr(18 = il + M (Aa + 22018 = fll2|6” oo (B.6.8)

= X [e(1Z5 12 + AN [lo0) + ArllB = All2 + (A1 + 22018 = fill2]1 6"l

< M [e(lIZ5 12 + AN lloo) + ATrlIB = fills + O + 2X0) (| = filla + 118 = ill2) 16”1
by the triangle inequality.

< M[e(IZ5 o + A o) + A7I8 = 2 + A+ 220) ac + 18 = f1ll2) 16”1

=M [e(1Z5 |2 + A6 ]o) + (X3 + 22 A 16" |oo + (A + (A1 + 2X0) (10" [lo0) 118 — fill2]
= M [e(1Z5 M2 + O+ A)?[16"[|oo) + AT + (A + 220167 o018 — 2]

Thus, taking the expectation of this upper bound on the norm squared over

with respect to p we get

~

d3 (b, p)
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2
<Ey <A% e =3+ O A1)+ 3+ G+ 20001c] 15 - s )
(B.6.9)
32 2 -1 N N2\ 2 2 3 o 2 ~ 112
< 2By 4 ¢ (15572 + O + 228 o]+ [ 23+ O+ 22016 o] 18 - 23
since Va,b € R, (a + b)* < 2(a® + b*)
_ _ o 2 _ N 2
— 2% { 12500 + Qa4+ A28 o]+ [N+ (o + 22016 o] B8 - un%]}
N2 ) 2 -1 N N2 2 2 3 T 2 ¢
=2 {2 15 e+ O MP1F 1]+ [+ Ot 2] i) |

Next noting that p is strongly ||3||;* log-concave, we may apply Theorem B.6.1,
stated below, to obtain that

Wa(p.7) < ||zr|2\/2X% {e 123+ 4 A1)+ [+ Gt 20010 )}
< VERISEe {e [IZ3 e + O+ A1 ] + [+ G+ 2001871 )

which is our desired upper bound.

Theorem B.6.1. Suppose that p(B) and q(B) are twice continuously differentiable

and that q is a-strongly log concave. Then

W2<p7 CI) é a_ldQ,p(pa Q)a

where Wy denotes the 2-Wasserstein distance between p and q.

Proof. This follows from Huggins et al. [2018] Theorem 5.2, or similarly from Bolley
et al. [2012] Lemma 3.3 and Proposition 3.10. O

B.6.7 Proof of bounded asymptotic error

We here provide a formal statement and proof of Theorem 3.5.7, detailing the required

regularity conditions.
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Theorem B.6.2 (Asymptotic). Assume x; Y D« for some distribution p, such that
E,. [z:z]] exists and is non-singular with diagonalization E, [z;x]] = U] diag(A\)U, +
U diag(\)U, such that min(\) > max()\). Additionally, for a strictly concave (in its
second argument), twice differentiable log-likelihood function ¢ with bounded second
derivatives (in both arguments) and some 3 € RP | let y;|x; ~ exp{é(y;, 2T B)}. Also,
suppose that E|y;||3 < oo. Then if p(B) is log-concave and positive on RP | the
asymptotic error (in N) of the exact relative to approximate maximum a posteriori
parameters, i = imy_ o iy and i = limy_,o iy s finite (where fixy and iy are
the approximate and exact MAP estimates, respectively, after N data-points), i.e.,

lim,, o ||fin — fin|| exists and is finite.

Proof. Before beginning, let P denote a Borel probability measure on the sample space
on which our random variables, {z;} and {y;}, are defined such that these random
variables are distributed as assumed according to P. In what follows we demonstrate
the asymptotic error is finite P-almost surely. To this end, it suffices to show that
fn &3 fand iy 3 i for some ji, i in RP.

a.s. _

Strong convergence of the exact MAP (iy — 1)

This follows from Doob’s consistency theorem [Van der Vaart, 2000, Theorem 10.10].
The only nuance required in the application of this theorem here is that we must
accommodate the regression setting. However by constructing a single measure P
governing both the covariates and responses, this simply becomes a special case of the

usual theorem for unconditional models.

Strong convergence of the approximate MAP (jiy “¥ i)

In contrast to the strong consistency of fiy, showing convergence of /iy requires more
work. This is because we cannot rely on standard results such as Bernstein—Von Mises
or Doob’s consistency theorem, which require correct model specification. Since we
have introduced the likelihood approximation p(y|x, 8) # p(y|z, ), the vector iy is

the MAP estimate under a misspecified model.
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We demonstrate almost sure convergence in two steps; first we show that U, jiy
converges almost surely to some v* € RM; then we show that iy = U U, in+UnUp fin
must converge as a result. Since UyUy %% U, U] (as follows from entry-wise almost
sure convergence of ~X ' X — E, [z;2]] and the Davis-Kahan Theorem [Davis and
Kahan, 1970]), this guarantees strong convergence of jiy = UNU;[LN + UNU;[LN.

Part I: strong convergence of the projected approximate MAP, U, /iy %3

Let U, € RP”M be the top M eigenvectors of E, [z;z]], and recall that by as-
sumption for any y, ¢(y, 27 3) is a strictly concave function of x; 3, in the sense
that for any y and any b, in R and ¢ in (0,1) with b # ¥, ¢é(y,tb+ (1 — t)b') >
té(y,b) + (1 — t)o(y,0’). Then by Lemma B.6.2 we have that there is a unique
maximizer v* = arg max. pu E[¢(y, 2" Uy)]

We next note that the Hessian of the expected approximate negative log likelihood

with respect to v is positive definite everywhere,

vi_EyNP(ylmﬁ)@Np* [(b(y? xTU*'Y)]

= —E[(V,¢'(y, 2" Uy))x U] = U E[z¢" (y, 2" Uy)z" U, = 0
since the strict log concavity and twice differentiability of ¢ ensure that

—Elz¢"(y, 2" Uy)z ] = 0

Now consider any compact neighborhood K C RM containing +* as an interior point.
Then, by Lemma B.6.3 the set F = {f, : X XY = R, (z,y) — ¢(y,z'Uy)|y € K} is
P-Glivenko-Cantelli. As such sup; c» I~ SN @) —ELf (2, 1)) Z30, that is to
say, the empirical average log-likelihood converges uniformly to its expectation across
all v € K. As a result, we have that for yy := argmax , logp(U.f = 7[X,Y) =
argmax, ¢ + [logp(UTB =) + 30, 6(yi, z] Uy)], v =3 7~

It remains in this part only to show that convergence of the approximate MAP
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parameter within this subset K implies convergence of U, ji, the approximate MAP
parameter (across all of RM). However, this follows immediately from the strict log
concavity of the posterior; because v* € K°, for N large enough each vy € K° and we
may construct a sub-level set such that vy € Cy C K such that Vy ¢ Cy,logp(U, 3 =
V) Y by, ] Uny) <logp(US B =) + iy by, 2 Usyw).-

Part II: convergence of U.U] iy + U,y

Using the result of Part I, we can write that gy = U U] jin + UU iy —
U~ + UU] iy. However, since U.U/B L X,Y|U]B under P, convergence of
Ulin — ~* implies convergence of argmaxgr,p(U)BIUB = Uljin, X,Y) =
arg maxgr, p(U,] BIU, B = U,") to some U, fiy since continuity of p(8) and p(Y|X, 3)
imply continuity of the arg-max. Thus both jiy and iy converge, guaranteeing

convergence of the asymptotic error. O

Lemma B.6.2. For any ¢(-,-) which is strictly concave in its second argument, if
there is a global mazimizer 3* = argmaxgegp V(8) = Eonp, yop(ylz,8) [0V, x' )], then

there is a unique global maximizer,

~v* = argmax V (U,y)
’yGRJ\J
Proof. We first note that V(-) must have bounded sub-level sets. Thus W (-) := V(Us,-)
must also have bounded sub-level sets since V~1([a, 00]) = {B|V(B) > a} D {B|F7 €
RM st. 8 = Uyy and V(Uyy) > a} = U.WY([a,0]). Thus, since W is strictly

concave and has bounded sub-level sets, it has a unique maximizer. O]

Lemma B.6.3. Let K C RM be compact and denote by X and Y the domains of the
covariates and responses, respectively. Then under the assumptions of Theorem B.6.2,

the set F ={f,: X xY = R, (z,y) — ¢(y, 2" U7)|y € K} is P-Glivenko—Cantelli.

Proof. This result follows from Theorem 19.4 in Van der Vaart [2000]|, and builds
from example 19.7 of the same reference; in particular, the condition of bounded
second derivatives of ¢ implies that for any f,, f,» in F and z in X, y in Y, we have

|fy(x,y) = fy(z,y)| < Cllz]|3. The previous condition is sufficient to ensure finite
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bracketing numbers, and the result follows. Notably, in keeping with example 19.7 we
have that for all z,y and for all v and 7/ in K,

z U~y

Hf'y(xay) - f’Y’('xayﬂ = ‘ ¢/(y7a)da”

xTU~!
x T U~y a
I dwaTu) [ b dal

zTU~ zTUY

1
<|2"U(y =g (y, " UY)|2 + §||17TU(7 -3 sup ¢"(y,a)
ae

< lz"Ull2(llyll2 + =" Ull217 ll2) Sraaslly = 7112

1
+ 5l ULl = M35

max

3 .
< [Gll=" Ulldiam (K) ¢ + 12" Ullafylloghac] 1Y =72
< Ol U5+ =" Ullallyll2) Iy = +'ll2:
(B.6.10)

where in the first and second lines we use the fundamental theorem of calculus, and in
the fourth and fifth lines we rely on the boundedness of the second derivatives of ¢
and that the compactness subsets of RM implies boundedness. In the final line C' is
an absolute constant.

Finally, we note that Ep||z"U||3 < oo since Ep||z"U||3 = Epx'UU "2 < Epz'z =

Tr(E,,zz") < oo, and by Cauchy Schwartz, Ep||z"U|2||yllz < /EpllzTU|2Es|y[|} <
oo. This confirms (as in example 19.7 Van der Vaart [2000]) that for all € > 0, the
e-bracketing number of F is finite. By Theorem 19.4 of Van der Vaart [2000], this
proves that F is P-Glivenko-Cantelli. O]
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B.6.8 Factorized Laplace approximations underestimate marginal

variances

We here illustrate that the factorized Laplace approximation underestimates marginal

variances. Consider for simplicity the case of a bivariate Gaussian with

for which the Hessian evaluated anywhere is

sl _ 1 ¢ —b
ac— b2 b

a

Ignoring off diagonal terms and inverting to approximate X, as is done by a diagonal

Laplace approximation, yields:

This approximation reports marginal variances which are lower than the exact marginal
variances.

That this approximation underestimates marginal variances in the more general
D > 2 dimensional case may be easily seen from considering the block matrix inversion
of X, with blocks of dimension 1 x 1, (D —1)x 1,1 x (D —1)and (D —1) x (D —1),
and noting that the Schur complement of a positive definite covariance matrix will

always be positive definite.

B.7 LR-MCMC

We provide the LR-MCMC algorithm for performing fast MCMC in generalized linear

models with low-rank data approximations.
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Algorithm 6 LR-MCMC for Bayesian inference in GLMs with low-rank data approx-
imations.

1: Input: prior p(B), data X € RVP rank M < D, GLM mapping ¢, MCMC transition kernel
q(+, ), number of MCMC iterations T. Time and memory complexities that are not included
depend on the specific choice of MCMC transition kernel.

2: Pseudo-Code 3: Time Complexity 4: Memory Com-
plexity

5: Data preprocessing — M -Truncated SVD

6: U,diag()\),V := truncated-SVD(X ", M) O(NDM) ONM +
DM)

7 Xy =XU O(NM) O(NDM)

8: Propose ) € RP, compute likelihood
9: BB ~ q(g(t)”g(t—l)) _ .

10: Ly =0, ¢y, a] UUT D) + log p(BD) o(1) O(NM  +
MD)

11: Accept or Reject

12: Acceptance probability p4 := min (1, Lf;) o(1) o(1)

13: Accept BV with probability pa O(1) 0O(1)

14: Repeat steps 3-6 for T iterations

The transition in Line 9 may additionally benefit from the LR-GLM approximation.
In particular, widely used algorithms such as Hamiltonian Monte Carlo and the No-U-
Turn Sampler rely on many O(N D)-time likelihood and gradient evaluations, the cost
of which can be reduced to O(NM + DM) with LR-GLM. An implementation of this
approximation is given in the Stan model in Appendix B.1.3 with performance results

in Figures B.1.3 and B.1.6.

B.8 LR-Laplace with non-Gaussian priors

As discussed in the main text, we can maintain computational advantages of LR-GLM
even when we have non-Gaussian priors. This admits the procedure provided in
Algorithm 7.

In order for this more general LR-Laplace algorithm to be computationally efficient,
we still require that the prior have some properties which can accommodate efficiency.

In particular Line 11 demands that the Hessian of the prior is computed and inverted,

2To keep notation concise we use q;Z to denote (E"(Y, XUUT i)
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Algorithm 7 LR-Laplace for Bayesian inference in GLMs with low-rank data ap-
proximations and twice differentiable prior. Time and memory complexities which are
not included depend on the choice of prior and optimisation method, which can be
problem specific.

1:

Input: twice differentiable prior p(3), data X € RNP rank M < D, GLM mapping ¢ with ¢"
(see Eq. (3.5) and Section 3.5.1)

: Pseudo-Code 3: Time Complexity 4: Memory Com-
plexity
Data preprocessing — M -Truncated SVD
U,diag()\), V := truncated-SVD(XT, M) O(NDM) ONM +
DM)

7: Optimize to find approximate MAP estimate (in D-dimensional space)

8: fi:= argmax, cgp vazl B (yi, z;UU T p)+log p(B =

10:
11:
12:

13:

14:
15:

1) — —

Compute approzimate posterior covariance?

S0 i= —V3logps(t) — UUT X T diag(¢) XUUT — —
K = [V3logp(B)|p=p] " . — —
¥ = —K + KU([UTXTdiag(¢7)XU]™" +

UTKU) 'UTK — —

Compute variances and covariances of parameters
_ Ty, - -
Var(8;) = e; Xe;

COV;,}(BZ', ﬁj) = e;rZej - -

as will true even in the high-dimensional setting when, for example, the prior factorizes

across dimensions. Additionally, properties of the prior such as log concavity will

facilitate efficient optimisation in Line 8.
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Appendix C

Coupling Supplementary Materials

C.1 Proof of Gibbs Sweep Time Complexity

We here detail our O(NK?log K) implementation of Algorithm 5. This serves as
proof of Theorem 4.2.1.

Note that work in Algorithm 5 may be separated into 2 computationally demanding
stages for each of the N data-points, n € [N]; computing the distances between each
pair of partitions in the Cartesian product of supports of the Gibbs conditionals
prjn_,, (+|7—») and pum_, (/|v—») and solving the optimal transport problem in line
7. As discussed in Remark 4.2.2; the optimal transport problem may be solved in
O(K3?log K) time, and is the bottleneck step. As such it remains only to show that
for each n € [N], the pairwise distances may also be computed in O(K?log K') time.

Recall that for two partitions m, v € Py the metric of interest is

dimv)=>_|AP+> B -2 >  |AnBP (C.1.1)

Aer Bev (A,B)emxv
However, it is not obvious from this expression alone that fast computation of
pairwise distances should be possible. We make this explicit in the following remark.

Remark C.1.1. Given constant O(1) time for querying set membership (e.g. as provided
by a standard hash-table set implementation), for 7,v € Py, d(7,v) in Eq. (4.2) may
be computed in O (N min(|z|, |v])) time. If we let K be the number of groups, so
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that K ~ min(|7|,|v|), this gives O(NK) time.

While this is certainly faster than a naive approach relying on the formulation
of this metric based on adjacency matrices, it is still not sufficient, as it is a factor
of NK? slower than the original (recall that we will need to do this for K? pairs of
clusters assignments).

However we can do better for the Gibbs update by making two observations. First,
if we use A, and B, to denote the elements of m and v, respectively, containing

data-point n, then for any n we may write

d(m,v) = d(m_p,v-) + (|4l = (A =0)°] + (B = (1Bu| =n)*]  (C.1.2)
=2 [|A, N B,)? = (JA, N By| — 1)?] (C.1.3)
= d(T_p,v—p) + 2 [|An] + | Ba| — 2|4, N B, ] . (C.1.4)

Second, the solution to the optimisation problem in Eq. (4.3) is unchanged when we
add a constant value to every distance: Using again the notation of Algorithm 5 we let
q = pH|H,n('|7T—n) and r := pH|H,n('|V—n) with supports (my, 7o, ..., 7Tx) = support(q)

and (v, v, ..., vk ) = support(r). and rewrite

~* :=arg min Z Z d(z,y)y(z,y) (C.1.5)

vel(gr EPN yEPN
= arg HF11n Z Z )v(x,y) (C.1.6)
vellar z€PN yEPN

for any constant ¢; taking ¢ = d(7w_,,v_,) reveals that we need only compute the
second term in Eq. (C.1.2).

At first it may seem that this still does not solve the problem, as directly computing
the size of the set intersections is O(N) (if cluster sizes scale as O(N)). However,
Eq. (C.1.5) is just our final stepping stone. If we additionally keep track of sizes of
intersections at every step, updating them as we adapt the partitions will take constant
time for each update. As such, we are able to form the matrix of pairwise distances

in O(IN( %) time. Regardless of N, this moves the bottleneck step to solving the OT
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problem which, as discussed in Remark 4.2.2, may be computed in O(}N( 3log K ) time
with Orlin’s algorithm |Orlin, 1993]. We provide a practical implementation of this

approach in our code; see pairwise_dists() in modules/utils.py.

C.2 Additional Experimental Details

C.2.1 Meeting time distributions

DP mixtures. For each replicate, we simulated N = 150 data-points from a K = 4
component, 2 dimensional Gaussian mixture model. The target distribution was the
posterior of the probabilistic model Eq. (4.4), with ¥y = 2.515, ¥; = 2, and a = 0.2.
For each replicate true means for the finite mixture were sampled as j; ~ N(0, %),
mixing proportions as # ~ Dir(alk), and each of the n € [N] observations as
zn ~ Cat(0), D, ~ N(u,,,%1). See notebooks/Coupled_CRP_sampler.ipynb for
complete implementation and details. This code is adapted from

github.com /tbroderick /mlss2015 bnp tutorial/blob/master/ex5 dpmm.R

Graph coloring Let G be an undirected graph with vertices V' = [N] and edges
E CV®YV, and let Q = [g] be set of g colors. A graph coloring is an assignment of
a color in () to each vertex satisfying that the endpoints of each edge have different
colors. We here demonstrate an application of our method to a Gibbs sampler which
explores the uniform distribution over valid g—colorings of G, i.e. the distribution
which places equal mass on ever proper coloring of G.

To employ Algorithm 5, for this problem we need only to characterise the PMF on
partitions of the vertices implied by the uniform distribution on its colorings.

A partition corresponds to a proper coloring only if no two adjacent vertices are in
the element of the partition. As such, we can write

prvy () o L{|m] < g and A(n)o, = 1 = (i,J) & E, Vi #j}( ¢ ) |1,

||

where the indicator term checks that m can correspond to a proper coloring and the
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second term accounts for the number of unique colorings which induce the partition 7.
In particular it is the product of the number of ways to choose || unique colors from
Q ( (\ZI) = Wilﬂ)!) and the number of ways to assign those colors to the groups of
vertices in 7.

For the experiments in Figure 4-1, we simulated Erd&s-Rényi random graphs with
N = 25 vertices, and including each possible edge with probability 0.2. We chose a
maximum number of colors () by first initializing a coloring greedily and setting () as the
number of colors used in this initial coloring plus two. See notebooks/coloring_0T.ipynb
for complete implementation and results. This code is adapted from:

github.com /pierrejacob /couplingsmontecarlo/inst /chapter3 /3graphcolourings.R

C.2.2 Unbiased estimation

Predictive density in Gaussian mixture data. The true density is a 10-
component Gaussian mixture model with known observational noise variance o = 2.0.
The cluster proportions were generated from a symmetric Dirichlet distribution with
mass 1 for all 10-coordinates. The cluster means were randomly generated from
N(0,10%). The target DP mixture model had o = 1, standard deviation over cluster
means 3.0 and standard deviation over observations 2.0. The function of interest is

the posterior predictive density

PT(DN+1 € dx ’ Dl:N) = Z PY(DN+1 € dx ’ HNJrl, Dl:N) Pr(HNJrl ‘ Dl:N)- (C21)
My

In Eq. (C.2.1), Iy 41 denotes the partition of the data Dy.(y1). To translate Eq. (C.2.1)

into an integral over just the posterior over Ily, the partition of D;.5, we break up

[y into (I, Z) where Z is the cluster indicator specifying the cluster of Iy (or a

new cluster) to which Dy, belongs. Then

Pr(Dyy1 € do|Driy) = Y | Pr(Dys € da, Z |y, Dry) | Pr(Ily [ Dyy)

1IN Z
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Each Pr(Dyy1 € dx, Z |1y, D1.y) is computed using the prediction rule for the CRP

and Gaussian conditioning. Namely

PI‘(DN+1 S dl’, Z | HNaplzN) = PI'(D]\H_l € dr ’ Z, HN>D1:N) X PI'(Z ’ HN)

TV
Posterior predictive of Gaussian CRP prediction rule

The first term is computed with the function used during Gibbs sampling to reassign
data points to clusters. In the second term, we ignore the conditioning on D;.y, since
Z and D;.y are conditionally independent given IIy.

We ran 10,000 replicates of the time-budgeted estimator using coupled chains, each
replicate given a sufficient time budget so that all 10,000 replicates had at least one

successful meeting in the allotted time.

Top component proportion in single-cell RNAseq. We extracted D = 50 genes
with the most variation of N = 200 cells. We then take the log of the features, and
normalize so that each feature has mean 0 and variance 1. We as our target the posterior
of the probabilistic model in Eq. (4.4) with a = 1.0, po = 0, o = 0.5, ¥y = 1.3Ip.
Notably, this is a simplification of the set-up considered by Prabhakaran et al. [2016],
who work with a larger dataset and additionally perform fully Bayesian inference over
these hyper-parameters. In our experiments, the function of interest is the posterior

expected of the proportion of cells in the largest cluster i.e. E[max e |A|/N | D].

C.3 More plots of predictive density

C.3.1 Posterior concentration implies convergence in total vari-

ation of predictive density
Some references on posterior concentration are Ghosal et al. [1999], Lijoi et al. [2005].
The true data generating process is that there exists some density fy, w.r.t. Lebesgue

measure that generates the data in an iid manner X7, X, ..., X,;. We use the notation

Py, to denote the probability measure with density fo. The probabilistic model is that
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we have a prior Il over densities f, and observations X; are conditionally iid given f.
Let F be the set of all densities on R. For any measurable subset A of F, the posterior
of A given the observations X; is denoted II(A|X;.x). A strong neighborhood around
fo is any subset of F containing a set of the form V = {f € F: [|f — fo| < €}
according to Ghosal et al. [1999]. The prior II is strongly consistent at f if for any
strong neighborhood U,

lim I[I(U|X1.,) =1, (C.3.1)

n—oo
holds almost surely for Xj.,, distributed according to P}’;.
Theorem C.3.1 (Ghosh and Ramamoorthi [2003, Proposition 4.2.1|). If a prior II is
strongly consistent at fo then the predictive distribution, defined as
Po(A] Xim) = / Pr(AI(f | Xim) (C.3.2)
f
also converges to fo in total variation in a.s. P

dTV (ﬁn, Pf0> — 0.

The definition of posterior predictive density in Eq. (C.3.2) can equivalently be
rewritten as

ﬁn(A | Xl:n) = Pr(Xn—l—l €A | Xl:n)a
since Pf(A) = P¢(X,+1 € A) and all the X’s are conditionally iid given f.

Theorem C.3.2 (DP mixtures prior is consistent for finite mixture models). Let
the true density be a finite mizture model fo(x) == > " piN(x]0;,01). Consider the

following probabilistic model

P ~ DP(a, N'(0,52))

0, | P¥ P i=1,2,....n
XZ\szfiep./\/'(Hz,of) @':1,2,...,71
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Let ID\” be the posterior predictive distribution of this generative process. Then with
a.s. Pfo
dTV<ﬁz,Ph) oo ),

Proof of Theorem C.3.2. First, we can rewrite the DP mixture model as a generative

model over continuous densities f

P ~ DP(a, N(0,03))
f=N(,0%) P (C.3.3)
X | fXf i=1,2,....n
where N(0,02) P is a convolution, with density f(z) := Jy N (x — 610, o2)dP(h).

The main idea is showing that the posterior I1( f|X7.,) is strongly consistent and
then leveraging Theorem C.3.1. For the former, we verify the conditions of Lijoi et al.
[2005, Theorem 1].

The first condition of Lijoi et al. [2005, Theorem 1] is that fj is in the K-L support
of the prior over f in Eq. (C.3.3). We use Ghosal et al. [1999, Theorem 3]. Clearly fj is
the convolution of the normal density A (0, o7) with the distribution P(.) =" | p;ds,.
P(.) is compactly supported since m is finite. Since the support of P(.) is the set
{6;}, which belongs in R, the support of N'(0,52), by Ghosh and Ramamoorthi
[2003, Theorem 3.2.4], the conditions on P are satisfied. The condition that the
prior over bandwidths cover the true bandwidth is trivially satisfied since we perfectly
specified o;.

The second condition of Lijoi et al. [2005, Theorem 1] is simple: because the prior

over P is a DP, it reduces to checking that

/|9|N(0 10,02) < 00
R

which is true.
The final condition trivial holds because we have perfectly specified o: there is

actually zero probability that o; becomes too small, and we never need to worry about
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Figure C.3.1: Posterior predictive density for different N. The time budget for each

replicate when N = 100, 200, 300 is respectively 100, 300, 800 seconds. We average the
results from 400 replicates.

setting v or the sequence oy. L]

C.3.2 Predictive density plots for varying N

In Figure C.3.1, the distance between the posterior predictive density and the under-
lying density decreases as N increases. We sampled a grid {u;} of 150 evenly-spaced
points in the domain [—20, 30], and evaluated both the true density and the posterior
predictive density on this grid. The distance in question sums over the absolute

differences between the evaluations over the grid
dist := Z ‘fN(’U,j> — fo(lb])‘
J

where fy(u;) is the posterior predictive density of the N observations under the
DPMM at u;. The distance is meant to illustrate pointwise rather than total variation
convergence. Although the predictive density converges in total variation to the
underlying density, it is only guaranteed that a subsequence of the predictive density
converges pointwise to the underlying density.

In Figure C.3.1, each N has a different time budget because for larger N, in

general per-sweep time increases and number of sweeps until coupled chains meet also

increase.
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Appendix D

C-value Supplementary Material

D.1 Appendix

Proof of Theorem 5.2.2

Proof. The result follows directly from the definition of ¢(y) and the conditions on
b(+,-). More explicitly,

Py [W(0,y) <0 and c(y) > a] <Py [W(f,y) <0 and b(y, ) > 0]
<Py [W(@,y) < b(y, a)]

<1l-aq,

where the first line follows from the definition of the c-value and the final line follows

from Eq. (5.1). O
Proof of Theorem 5.2.3

Proof. The condition L(0,0t(y, o)) > L(0,0(y)) can occur only when both (A) 0 >
W (6,y) and (B) 01(-, o) evaluates to 6*(-) rather than 6(-). Event (B) implies ¢(y) > o
and therefore b(y, @) > 0. By transitivity, b(y,«a) > 0 and 0 > W(6,y) = b(y,a) >
W (6, y). By assumption, the event b(y, ) > W (6, y) occurs with probability at most
1—a. [l
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D.2 Pitfalls of risk when choosing between estimators

Before proceeding, we require some additional notation and definitions. We denote
the risk of an arbitrary estimator 0'(-) by R(6,0") = E, [L («9,0/(y))] . Given two
estimators ¢'(-) and 0'(-) we say that 0'(-) dominates 01(-) if, for all values of 6,
R(0,0') < R(6,07) and R(#,0') < R(0,07) for at least one value of 6.

If we were able to show that one of 6(-) or 6*(-) dominates the other, it would be
tempting to always select the dominating estimator. Unfortunately, it is very often
the case that neither estimator dominates the other. In other words, it may be the
case that R(6,0%) < R(0,0) for all values of 0 in some non-trivial subset of the space
O but R(6,60%) > R(0,0) for some 0 ¢ Oy. Lindley and Smith [1972] provide a simple
illustration of this dilemma in the following normal means problem: suppose that we
observe an N-vector normally distributed about its mean and with identity covariance,
In, as y ~ N(6,Iy), and wish to compare the default estimate 6(y) =y of 6 and the

alternative estimate
. y+yly/7
b (y) = LT
1+1/7
for a fixed value of 7 > 0, where 7 := N~! ZnNzl yn and 1y is the N-vector of ones.

Lindley and Smith [1972] showed that R(6,6*) < R(0,0) if and only if

10 — 01 x|l < V(N —1)(2+ 72), (D.2.1)

where § := N~! ZnN:1 0,,. Without strong assumptions about the value of #, which we
may be unable or unwilling to make, a simple comparison of risk functions can prove
inconclusive. Interestingly, in the setting considered by Lindley and Smith [1972],
it is possible to construct @ so that (A) R(6,6*) < R(6,0) but (B) Py[L(6,6*(y)) >
L(0,0(y))] > 0.5. In particular, for N = 2,7 =1, and || — 812 = 2.999, 6*(-) has
slightly smaller risk than the MLE, but the MLE has smaller loss in 3397 out of
5000 simulated datasets, or about 68% of the time. In other words, even if we were
to assume that 6 satisfied Eq. (D.2.1), for the majority of datasets y that we might

observe, the alternative estimator incurs higher loss than the default. The situation
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above highlights an important, but in our mind under-discussed, limitation of risk:
the loss averaged over all possible unrealized datasets may not be close to the loss
incurred on an observed dataset.

This disagreement between risk and the probability of having smaller loss can be
especially pronounced when the distribution of the loss of one of the estimators is
heavy-tailed. For example, consider a scalar parameter § = 0, a deterministic default
estimate § = 1, and an alternative estimate distributed as 6* ~ 15 Nz + (1= 1)éo,
where J, denotes a Dirac mass on x and € > 0. Then 6*(-) has larger risk than 6(-)
(1 + e rather than 1), but has smaller loss with probability 1 — é By taking o — oo,
we see that 6*(-) may have smaller loss than () with arbitrarily high probability.
This example is particularly extreme; our intent is merely to illustrate that large

disagreements could, at least in principal, arise in practical settings.

D.3 Defining c-values as a supremum vs. infimum

In this section we describe a pathological model and construction of a lower bound
function for which the two possible definitions of the c-value described in Remark 5.2.1
lead to notably different behaviours.

Consider a variant of the normal means problem. Let # € R be an unknown mean

and observe
0+e
Y= )
u
where € ~ N (0,1) and u ~ U([0, 1]) is a uniform random variable on [0, 1]. Note that
u is ancillary to 6 (i.e. its distribution does not depend on ¢). We will construct a
pathological b(y, «) that depends on y only through u and will therefore be ancillary
to 6 as well. We begin by constructing a countably infinite collection of independent
uniform random variables from u, indexed by the rationals Q, S(u) := {u, },eq. Such

a countably infinite collection may be obtained by segmenting the decimal expansion

of u; for example, if we let d; denote the i*" digit of u, we could obtain this sequence
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by defining uniform random variables with decimal expansions

ul L= [d17d27d47d77d11 .. -]7
U2 L= [d3,d5,d8,d12...],

'LL3 L= [dG,dg,dlg...],
U4 L= [dlo,d14, .. .],
U,5 L= [d15,...],

and so on, and then mapping from {u'};cy to S(u).

Next, define

(—1)te<elog  if o € Q
by, ) :=

—00 otherwise.

For any bounded default and alternative estimators, the win will be finite and the
bound b(y, «) holds if an only if it evaluates to —oo. Because b(y,a) = —oo with
probability at least «, even though b(y, ) is ancillary to 6, it still satisfies the condition
in Eq. (5.1) for every § and « € [0, 1]. However, consider two possible definitions of

the c-value,

c"(y) == sup {alb(y,a) >0} vs. ¢ (y) := inf {a|b(y,a) <0},
a€l0,1] a€l0,1]

where ¢ (y) = c(y) is the definition we have chosen in Section 5.2. Note that
¢ (y) < c"(y), and that if b(y, «) is continuous and strictly decreasing in « for every
y, then ¢ (y) = ¢ (y). In this almost surely discontinuous case, however, we have that
ct(y) 2 1. and ¢ (y) 2 0. Since estimators exist for which W (6,y) < 0 with positive
probability, the guarantees of Theorems 5.2.2 and 5.2.3 are not met by ¢ (y).

In the present paper, ¢~ (y) = ¢ (y) for all bounds considered. Our preference for
defining the c-value as ¢~ (y) derives from simplicity; we may disregard edge cases like

the one above, which would complicate our proofs. However for the reason described
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in this section, we emphasize that using ¢~ (y) rather than ¢*(y) may have practical

implications when these quantities differ.

D.4 Additional related work

Bayesian model checking. Working in a Bayesian context, Box and Hunter [1962]
and Box [1980] advocate a dynamic, iterative approach to modeling and inference
(“Box’s loop” |Blei, 2014]), in which models for an observed dataset are successively
proposed, evaluated, and refined. Specifically, one first assesses the suitability of a
given Bayesian model with the prior predictive probability of an observed statistic.
A sufficiently small prior predictive p-value indicates that the observed data is an
atypical realization from the proposed model; in this case, one then refines and re-
assesses the model. Through this lens, our proposed estimation procedure resembles a
single iteration through Box’s loop: we discard the default estimator in favor of an
alternative if the c-value is sufficiently extreme. However, prior predictive p-values
are limited by the requirement for a “good” choice of prior — namely a prior that
provides an adequate description of the data. Indeed, one might lack such a prior,
but the associated Bayes estimate could still be superior to a given alternative. For
example, our approach can choose a Bayes rule with an improper prior over a default
estimator, while the prior predictive p-value is undefined. Or our approach can also
be used to choose an estimator that is not Bayesian in origin. We emphasize as well
that our contribution in the present work is a direct quantification of confidence in

the relative performance of estimates that is absent from earlier work.

Non-asymptotic frequentist guarantees for “Bayesian” procedures. As we
will demonstrate, our procedure allows a practitioner to benefit from a Bayesian
model while still providing frequentist guarantees that do not depend on validity of a
Bayesian prior. This flavor is not unique to our proposal.

Most notably, empirical Bayesian methods [Morris, 1983| avoid dependence on

certain subjective choices in the specification of the prior by selecting a prior from
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the same data used to estimate the parameter. While many frequentist properties of
these estimators are typically unavailable due to the difficulty of analysis, in some
cases authors have established favorable properties. For example, Efron and Morris
[1973] famously show that an empirical Bayesian estimator dominates the maximum
likelihood estimate.

Outside of decision theory, Bayesian models have played a role in the construction
of smaller confidence intervals with exact frequentist coverage, initially by Pratt [1963]
and more recently in the context of empirical Bayes inference by Hoff and Yu [2019]
and post-selection inference by Woody et al. [2020]. In the context of hypothesis
testing, Hoff [2021] leveraged a similar approach to increase power across multiple
hypotheses while maintaining exact coverage. The objectives of these papers are
distinct from our own; we do not consider hypothesis testing or forming confidence
intervals. But these works are thematically related nonetheless; in particular, their
methods can utilize a Bayesian model to provide improved statistical procedures that
maintain frequentist guarantees, and they do not rely on subjective assumptions about

unknown parameters.

D.5 Additional details related to Section 5.3

D.5.1 Distribution of win term

We here provide a derivation of the distributional form of 2¢" Gy given in Section 5.3.2.

In Section 5.3.2 we found that

2

QETGy ~ m

1 1
X (G I1PEOIP) = S 1PEo)7 |

4 4
where x4 _;(\) denotes the non-central chi-squared distribution with N — 1 degrees of
freedom and non-centrality parameter .

Recall that Gy = (1 + 72)7'P(0 + ¢). As such we can rewrite

2
2 Gy = —— [Jplie + JP#@]

147
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2

(PLe)T(PEe) + (L) (P0)

T 1472
// since P = P-Pj-

2 Tt Lpige  Lioi0]
= T |IPEe+ RO - IPLOP

// by completing the square
2 o Lioigoy L]
= 1+ 72 _XNA(ZHPl 0[%) — ZHPl | &

as desired, where in the last line the degrees of freedom parameter is N — 1 because

Pj- projects into an N — 1 dimensional subspace of R,

D.5.2 Proof of Theorem 5.3.1

We here provide a proof of Theorem 5.3.1.

Proof. The proof amounts to showing that b(-, ) achieves at least nominal coverage,
i.e. for any 6 and a € [0,1], P [W(y,@) > b(y,a)} > «. By construction, W(0,y) >
b(y, a) may be violated only if either (A) ||P-0||* & [0,U(y, 5%)] or (B) W(8,y) <

_ _ PlLo|? PLo|? Ply|? . .
T Pty (5% TE0) — S0y — (s Noticing that || Py|2 ~ X3, (| PE6IJ?), we

can recognize [0, U(5%)] as valid confidence interval for |[P{-0|? and see that (A)
occurs with probability at most 15%. Next, comparing to Eq. (5.7), we see that (B)
represents 2¢' Gy falling below its I_Ta quantile and thus occurs with probability at
most 1_70‘ Therefore the union bound guarantees that b(y, o) obtains at least nominal

coverage. ]

D.5.3 Why an upper bound on || P0|*?

We here provide justification for the use of a high-confidence upper bound on || P{-0||?
in Bound 5.3.1. Recall that Eq. (5.7) provides a lower bound on W (#,y) if we can
control ||Pi-6||?>. However, it is not immediately obvious what sort of control on
| PL6)|? will yield the tightest bound; should we have derived a two-sided interval or a
lower bound instead of an upper bound? We answer this question by appealing to a

normal approximation of the non-central x? for intuition. This approximation will be
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close when the degrees of freedom parameter is large. Specifically, by replacing the
non-central y? quantile with that of a normal with matched first and second moments

we may approximate the lower bound as

2
1+ 72

1Pyl
(14 72)2’

Wb, y) > [N—l — (IIPL6)]? + 2N — 2)3 2, (D.5.1)
where z, is the a quantile of the standard normal.

Eq. (D.5.1) is monotone decreasing in || P{-||* for any o > 3. As such, we can
expect this quantile to be smallest for large values of ||P{0|?, and for this reason
seek to find a high-confidence upper bound on || P{-6]|?. Indeed, in agreement with

Eq. (D.5.1) we have found empirically that the infimum in Eq. (5.8) is always achieved

at this upper bound, and conjecture that this is true in general.

D.5.4 Shrinking towards an arbitrary subspace

We now show how the approach developed in Section 5.3 immediately extends to a
broader class of models in the spirit of those considered by Morris [1983]. In particular,
let # again be an unknown N-vector and X € RY*P be a design matrix where for each
n, X, is a D-vector of covariates associated with 6,,. If we believe that the parameters
can be roughly described as scattered around a linear function of these covariates
with variance 72, we might consider trying to improve our estimates by estimating the
linear dependence and interpolating between the sample estimate and the associated
linear approximation. Following Morris [1983|, we obtain this type of shrinkage with

the estimate

Y + T*QX(XTX)*IXTy

o* :
(y) =

)

which is the posterior mean of the Bayesian model that assumes for each n, 6, ~
N(X,'3,7%) a priori. Here 3 is an unknown D-vector of coefficients that is given an
improper uniform prior.

For this setting, we propose the following bound.

Bound D.5.1 (Normal Means: Flexible shrinkage estimate vs. MLE). Observe y = 0 +¢
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with € ~ N(0, Iy) and consider estimates

YT X (XTX) X Ty

O(y) =y and 6*(y): =

bl

where 7 is a scalar and X is an NV by D matrix of covariates. We propose

, 2 1—a A A | Py||?
by, ) = inf —F o ——,5) - - X D.5.2
0:0) = iy T2 N-D( 2 4) 2+ (teop D5

as a high-probability lower bound on the win. In this expression, F' ]ﬁ p(1—a, A) denotes
the inverse cumulative distribution function of the non-central x? with N — D degrees of

freedom and non-centrality parameter \ evaluated at 1 —a. Py = Iy — X (X X)) !XT

is the projection onto the subspace orthogonal to the column-space of X.

U1 = )= {3l Pl? < £t (1 - 0.0) (D.53)
>

is a high-confidence upper bound on || P50]|>.

This bound is identical to Bound 5.3.1 except that it projects to a different subspace,
and loses D degrees of freedom in the x? random variables, rather than 1. Indeed,
this is a strict generalization, as we obtain our earlier example when we take X = 1.
Bound D.5.1 is also computable (for the same reasons discussed in Remark 5.3.2) and

valid, as we see in the next proposition.

Proposition D.5.1. Eq. (D.5.2) in Bound D.5.1 satisfies the conditions of Theo-
rem 5.2.2. In particular, for any 6 and a € [0, 1], Py [W(y,G) > b(y,a)] > a.

Proof. Proposition D.5.1 follows from an argument very closely analogous to the proof
of Theorem 5.3.1. We first rewrite 0*(y) as 0*(y) = y — Gy for G := (1 + 72)"1P¢.
Eq. (5.6) then holds exactly as before (i.e. W(0,y) = 2¢" Gy — ||Gy||*). The two
terms are treated as in Theorem 5.3.1; the only differences are that the norm under
consideration is || Ps0|| rather than || P-6||, and the change in degrees of freedom from

N —-1to N —-D. [l
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Figure D.5.1: The estimate shrinking towards a quadratic fit provides a significant
improvement (¢ = 0.953). The noise and prior standard deviations were set as
o = 0.025 and 7 = 0.025, respectively.

Figure D.5.1 demonstrates an application to Ty Cobb’s season batting averages,
an example adapted from Morris [1983|. In this analysis, our approach indicates that
we should be highly confident (¢ = 0.953) that the alternative estimate, which shrinks
the observations towards a quadratic fit of the data, outperforms the MLE . While
Morris [1983] provides an argument for estimators of this style based on risk, the
present analysis goes a step further by providing a measure of confidence that the
estimator improves on this particular dataset. Even though the risk of the estimator
0*(-) may be greater than that of 6(-) for many possible 0, this analysis supports the

conclusion that for the true unknown € and observed y, 6*(y) is superior.

D.5.5 Distribution of c-values

As mentioned in Section 5.3.3, we do not in general expect to see a uniform distribution
of c-values. Figure D.5.2 illustrates the dependence of the distribution of c-values on

the parameter, in the same simulations detailed in Figures 5-1a, 5-1c¢ and 5-1d.
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Figure D.5.2: Distribution of c-values across several choices of N~z || P{6)|.

D.6 Affine estimators supplementary information

D.6.1 Step by step derivation of Eq. (5.12)

The win of using 0*(y) in place of f(y) may be expressed as

W (0, y) = 16(y) — 61 — 116" () — 011
= (HOwIE + 10112 = 2670() ) — (10" W) + 0] — 2676 (1))
= =20"G(y) + (16 - 11" W)
// where G(y) == 0(y) — 6"(y)
= 2¢"G(y) — 29" Gy) + (10011 = 110" (v) )

=2¢' G(y) + (llé(y) —ylI* = 16"(y) - y”2> ‘

(D.6.1)

D.6.2 Derivation of Eq. (5.13)

Observe that

Ele'G(y)] =E[e'G(0) + € (A — O)e]
=E[e]"G(0) +E[tr[(A — C)ee']]
= tr[(4A — C)]
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and

Var[e"G(y)] = Var[e' G ()] + Var[e' (A — C)¢]

// since €' G(6) and €' (A — O)e are uncorrelated
A—l—AT—C—C’TzAJrAT—C—CT
2 2

1
=GO+ Ftl((A+ AT —C = CT)n)]

— (G(6))TZ(G(9)) + 20e] )

1 1 1
= [|GO)|% + SlEz(A+ AT —C-Chx2|,

where || - ||z and || - || r denote the ¥ quadratic norm and Frobenius norm, respectively.
The third line of the derivation above obtains from recognizing Varfe' (A — C)e] as a

quadratic form [Mathai and Provost, 1992, Chapter 2.

D.6.3 Derivations of Egs. (5.15) and (5.16)

Egs. (5.15) and (5.16) characterize the dependence of the distribution of ||G(y)||% on
|G(6)|% through its mean and variance. Recognizing |G (y)||% as a quadratic form
[Mathai and Provost, 1992, Chapter 2|, with G(y) ~ N (G(6), (4 - C)S(A—C)7),

we find its mean as

E[|G(y)[|2] = G(O)TSG() + tr[S((A - O)2(A - C)T)]
= [|GO)[% + tr[23 (A — O)2(A - C)Tx3]
= GO} + |23 (A - )32
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For the variance, we similarly rely on the known variance of a quadratic form. Starting

from that expression, we upper bound the variance as

Var[[|G(y)|[2] = 2tr [z (A=C)ma-O)T) = ((A-C)n(a - C)T>] +
4GOS ((A _O)R(A - C’)T> $G(9)
— 2234 - O)5(4 - O)TSH |} + 4] (54 - O)TsE) TG (O)13
< 2|£2(A - O)2(A - O) TSz} +4]25(A - )8z B | G(O)3,

(D.6.2)

where || - ||op denotes the L2 operator norm.

D.6.4 The Berry—Esseen bound: Theorem 5.4.1

We here prove Theorem 5.4.1, a non-asymptotic upper bound on the error introduced
by the two Gaussian approximations in Approximate Bound 5.4.1. We begin by
restating key notation for convenience. We then state a more general variant of the
bound that removes the restriction that the operators A and C' be symmetric, and
we show how it reduces to the simpler quantity stated in Theorem 5.4.1. Finally, we

present a proof of the theorem as well as several supporting lemmas.

Notation and statement of the theorem its more general form. Recall that

we are concerned with the coverage of Approximate Bound 5.4.1

by.a) = (16— y|* — 16" — yl* + 26[(A - C)%] +

1— 1, o1 1
e UG 15 %) + ISHA+ AT — 0 - s,

In this equation, G(y) := (A—C)y+ (k—{), z, denotes the a-quantile of the standard
normal, and

1

U(le0IRA52) =t {5 160 < 6+ 1254 - )5t +
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Z1a \/21\2%(A — O)%(A—C)TS3|[} + 4|52 (A - )22 H%pé}

is a high-confidence upper bound on ||G(6)||%.

For convenience, we introduce

— 1 1
HIGO)S, a) = 2tr[(A = C)%] + 22@\/HG(9)H§: +5IE(A+ AT == T2,

(D.6.3)

to denote the inverse CDF of our normal approximation to the distribution of 2¢" G(y)

evaluated at «. As such, we may write

N . L l—a, 1—a
by, @) = 18— y|* = 6" = ylI* + P! (U<I\G(y>\|%, ] ) |

Finally, recall that to prove the theorem we desire to show

10v/2

\/NC K(X2(A - C)52)°

w\»—t

]Pg [W(G,y) Z b(y,Oé):| -

for any 6 and « € [0, 1], where C; < 1.88 is a universal constant, in the case when
both A and C' are symmetric. We accomplish this by first proving a more general

bound holds even in the non-symmetric case,

Py [IW(6,4) > bly, )] > a—¥cl K(EHA - O)BEY 4 a(SHA T AT —C - OT)sh].

(D.6.4)

The special case obtains by replacing AT and C'7 with A and O, respectively, and
noting that x(M)? > k(M) for any matrix, M.

A key tool in this proof is the classic result of Berry [1941], which we restate below.

Theorem D.6.1 (Berry, 1941, Theorem 1). Let X, Xs,..., Xn be random variables.
For each n € {1,2,...,N}, let 02 and p, denote the variance and third central
moment of X, respectively. Define \, := 25 if 02 >0 and A\, = 0 otherwise. Define
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o2 = 25:1 o2 and X == N1 25:1 X,,. Then

max, A
< iy
o

o)

o

Fx(z) _cp(

sup
x

where Cy < 1.88 is a universal constant and Fx(-) is the cumulative distribution

function of X.

Proof of Theorem 5.4.1 The desired bound may be stated equivalently as, for

any a € [0, 1],
5v2 1 19 1 T Tyl
Py [W(0,y) < b(y, )] <(1—0z)+ﬁ01 K(ZZ(A-O)2) +k(22(A+ A" —C-C )22)].

(D.6.5)

-«

We first rewrite the condition W (6, y) < b(y, o) as 2¢' G(y) < F~* (U(IGy)]3, 5%), 5%)
(recall Eq. (D.6.1)). Since F~1 is monotonically decreasing in its first argument, this
condition may occur only if either 2¢"G(y) < F~! (|G(0)[j%,52) or [|G(O)|% >
UG 52).

Therefore, by the union bound, we have that

Py [W(0,y) < by, )] <Py |26 G(y) < F~* (IIG(9>II%7 1_Ta)]

(D.6.6)
+ 20 GO > UIGWIE 5|

Lemmas D.6.1 and D.6.2 provide that Py [QETG(y) < F! (1G(9)] 13, PTO‘)} < 5%+
PROR(SH(A+ AT = 0 = 01)S%) and By [|GO)[% > U(IGW)IE, 152)] < 5 +
%EC’U@(E%(A — C)%2)2, respectively. Substituting these two bounds into Eq. (D.6.6)
we obtain Eq. (D.6.5) as desired.

Lemma D.6.1. Let y = 0 + ¢ be a random N-vector with ¢ ~ N'(0,%). Let F~' be
the mormal approzimation to the inverse CDF of 2¢'G(y) in Eq. (D.6.3). Then for
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any a € [0,1],

N|=

P, [QJG(y) < F7L(|GO0)|12, a)] <a+ %CW(E (A+ AT — 0 —CT)zh).

VN

Proof. Note first that for any a we may rewrite

By [27G(y) < F(IGO)]120)| = F [F(1GO) . 0)]

—a+ {F[F (l6@)R )] - F[F (601},

where F and F are the exact and approximate CDFs of 2¢TG (y), respectively. Recalling
that the normal approximation comes from matching moments to 2¢' G(y), we have

that for any v, F(v) = @(M) Therefore, it will suffice to obtain that for
Var[2eT G(y)]

every v,

F(v)— F(v)| = F(v)—@(

ol

).

2 1
Cir(X2(A+AT—C—CT)D
Var[2e" G (y)]

v —E[2¢"G(y)] < 5v/2
VN

We will obtain this result by writing 2¢" G(y) a sum of independent random
variables and using a Berry—Esseen Theorem (Theorem D.6.1) to bound the error of
this normal approximation.

Lemma D.6.3 allows us to write 2¢" G(y) = 2e " (A—C)e+2 [(A — C)0 + (k — 0)] Te
as a shifted sum of N differently-scaled, independent non-central x? random variables.
We denote these N random variables by Xi, X5, ..., Xy. Lemma D.6.3 additionally
tells us that the scaling parameters of these non-central y? random variables will be the
eigenvalues of Z%(A—FAT —CT — C)E%, which we denote by \{ > Ay > --- > Ay > 0.

To use Theorem D.6.1 we require the ratios of the third to second central moments

of these random variables, as well as the variance of the sum. Specifically,

_ T max,, LXn)
sup (I)(U E[QE G(y)] ) _ F(’U)) <C Var[X ]

veR Var[2¢ "G (y)] ' VVar2eTG(y)]

where for each index n, p(X,,) := E[(X,, — E[X,,])?] is the third central moment of X,
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and C] < 1.88 is a universal constant.

Conveniently, as we show in Lemma D.6.4, for each n, (;[(;)] < 10\,. Further,
since /Var[2¢TG(y)] > Do 1 A2 > /2N Ay (recall that Eq. (5.13) provides that
Var[2¢G(y)] = 4|G(0)||2 + 2|22 (A + AT — C — CT)¥2|%) we may additionally see

that

—E)2¢'G 10 nAn
sup @ ( LEECCWL) )| < g0 e A
veER Var[?eTG(y)] 2N min, )‘n
_ 022, (s ( BA+AT—C— CT)Z%)
VN
where k(-) denotes the condition number of its matrix argument, as desired. O

Lemma D.6.2. Let y = 6 + € be a random N-vector with € ~ N(0,%). Let
U(||G(y)||%, @) be the approximate high-confidence upper bound on ||G(0)||%. Then for
any a € [5,1], Po [|GO)E > U(|GW)|E 1 - a)] < 1—a+2RCi(Z:(A - CO)%2)?.

Proof. Our proof of the lemma follows roughly the same approach taken to prove
Lemma D.6.1. First note that the condition that ||G(0)||% > U(||G(v)||%, 1 —«) implies
that

IGW)|% < (IGO)|% + [£2 (A~ O)E2|)%) +

f1a2IHA - O)S(A - C) TS+ 4ISHA - O)SHRRIG0) 2
E[G(y)|3] + 21—/ Var[G(y)]

for any o € [1, 1], where the first line follows from the definition of U(]|G(y)[|%, 1 — ).
The second line follows from the observations that (A) z;_, < 0 and (B) the second
term in the first line uses an upper bound on the variance of |G(y)||% (Eq. (5.16)).
We now proceed to upper bound the probability of the event in the display equation
above. First consider a normal approximation to the distribution of ||G(y)|s with

matched moments, and denote its inverse CDF by F1~1(0, o). We may then write the
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probability of the event above as

PIGW)IE < EIGW)IE] + 20/ VarlGW)l| = F [F1(6,0)]

Cat {F [F4(0,0)] — F1 [F1(6.0)] } |

where F(-) and F(-) denote the exact and approximate CDFs of |G (y)[|Z. Tt will

suffice to show that for any v,

5v/2
|F(v) — F'(v)] < ﬁﬁ(ﬁ

[NIES

(A—C)x2)2

Asin Lemma D.6.1 we obtain this result through the Berry—Esseen theorem. In this
case, the variable of interest is || G(y)||% = € (A—C)TE(A—-C)e+2e" [(A—C)0 + (k—0)] .
As in this previous lemma, we use Lemma D.6.3 to write this variable as a shifted
sum of independent, scaled non-central x? random variables, this time with scaling
parameters equal to the eigenvalues $2 (A — C) TS (A — C)Xz2. Recognizing that the
eigenvalues of the matrix M "M are the squares of the singular values of M for any

matrix M, we obtain the desired result. ]

Lemma D.6.3. Let X be a random N -vector distributed as X ~ 2¢' Ae +b'e where
A e RVN b e RN and e ~ N(0,%). Then X is distributed as a shifted sum of
differently scaled, independent non-central x* random variables. In particular, if

we let Udiag(\)U T be the eigen-decomposition of $2(A + AT)S2, then we can write

indep

XLy Y, —Y||diag(A) " U T B2b]|9, where each Y, "~ N3 (AN e UTE3b), where

n

e, 1s the nt" basis vector.

Proof. The proof of the lemma proceeds through a long algebraic rearrangement. In

particular we rewrite X as

X =2"Ac+be
=5T82(A+ AT)X25+b'x26
// defining 6 := ¥~ 7€ so that & ~ N(0, Iy).
= 6T Udiag(\)U "8 + bT$2Udiag(N)~2diag(A)2U T 6
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// Letting Udiag(\)U " := Z%(A + AT)E% be an eigen-decomposition,
// with UTU = Iy and A € RY

L 5 diag(\)d + bTE%Udiag()\)_%diag()\)%é
N 1 1 _1 1 1 1 1
= (Mid, + 3 2e, UTY20)? — L—leZEUdiag()\)*lUTEib
n=1
—bT<A—|—AT)_1
4

Il

N
b 1 1
A Xi(GA e, UTE2h
+ ; X1(2 n En )7
where each e, denotes the n'® basis vector and each of the scaled non-central y?
random variables in the last line are independent. O

Lemma D.6.4. Consider a scaled non-central chi-squared random variable, X ~

sx3(\), where s and \ are scaling and non-centrality parameters, respectively. Denote
the second and third central moments of X by o* = Var[X] and p = E [(X — E[X])*].
Then ;7% < 10s.

Proof. Recall that the second and third central moments of the scaled non-central y?

have known forms, 0% = 2s?(1 + 2)) and p = 8s3(1 + 3)). Therefore we may write

as desired. O

D.7 Empirical Bayes supplementary details
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D.7.1 Additional figure

Figure D.7.1 shows the calibration in the simulation experiment described in Sec-

tion 5.5.1.

-_Empirical Bayes Calibration

T 7
d
//
[e0)
o R4
Y
7
//
©
S o1 7
o y
g it
(@]
O §- /,
d
4
//
o . — lel/+N =0.0
o I
7 — lel/4N =2.0
A IS Nominal
o
o T T T T
0.0 0.2 0.4 0.6 0.8 1.0
o

Figure D.7.1: Calibration of approximate high-confidence bounds on the win of an
empirical Bayes estimate over the MLE in simulation. Each series depicts calibration
for a different choice of the parameter 6 (N = 50).

D.7.2 Asymptotic coverage of the empirical Bayes estimate

Theorem 5.5.1 shows that we can apply the machinery developed for Bayes rules with
fixed priors to lower bound the win with at least the desired coverage asymptotically.

We here consider a scaling of win,

1 *
Wn(On, Yn) = i [IIYy — x> — |05 (Yn) — On|*].

We use a special case of Bound D.5.1 in Appendix D.5.4 with no covariates (i.e. D = 0),
and we treat the estimate 7% (Yy) as if it were fixed rather than estimated from the

data. For each N, this bound is

bN(YNa&) :

1 . 2 A l-a A [V |?
= T = inf ~9 ! X?V(_)a - 2N <9
VN repu(vy, 550 1+ 73 4772 21 +72) (1 +7%)2
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where F~1 [X?V(/\), 1— a} denotes the inverse cumulative distribution function of the
non-central x? with IV degrees of freedom and non-centrality parameter ), evaluated at
l—aand U(Yy,1—a) := infs> {6‘ YN[ < F7H [X4(6),1 - a] } is a high-confidence
upper bound on ||6]|?.

For our theorem and its proof, a key quantity is, for each N, the sample second
moment for the first N parameters, which we denote by 73 := N"' 2N 62, We

emphasize, however, that while it may be convenient to describe 7% as a sample

moment, 6 is fixed in Theorem 5.5.1 and throughout this analysis.

Proof of Theorem 5.5.1. We prove the theorem by showing that for any «, the gap
between the win Wy (©y,Yy) and the bound by (Yy, a) computed for the empirical
Bayes estimate converges in distribution to the gap between the analogous win and
bound computed for the same estimates but with prior variance fixed as 7% = 73,. We
denote these latter quantities by W3 (O, Yy) and b4 (Yy, ), and note that since 7%
is fixed P[W}(On,Yy) > 0*(Yn,@)] > « by construction (Proposition D.5.1). For
convenience, we denote Wy (Oy, Yy) by Wi, by(Yn, ) by by, Wi (On, Yn) by Wi,
and by (Y, ) by by.

Observe that we can write

Wy — by
WN—bN: ﬁ(W* —b* )
WN_bN N N

By Lemma D.7.4, W, — by is asymptotically Gaussian, and by Lemma D.7.2 % N

1. As a result, the distribution of Wy — by approaches the distribution of W3 — b} in
supremum norm. Since b}, obtains the desired coverage by construction, the result

follows.

Supporting lemmas.

Lemma D.7.1. If the sequence 7% is bounded, then 7% — 7% is Op(N_%), where O,(+)

denotes stochastic convergence in probability.
Proof. Note that for each N, [|[Yy||? ~ x4 (N7%). Therefore we have that E[||Yx|?] =
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N + N72 and Var[|Yx|?] = 2(N + 2N72). So, recalling that 72 := Dx* 1 —

N—2
YN[~ (N—2)

~N—5 we may write

22 _ Y[ =B[N, (V4 N7y) = (N~ 2)

N N -2 N -2
_ Iva? —N@E[IIYN|I2] +TJQV+O(%).
And so
P22 < [V |? —;E[IIYNH?] +0(%)
2+ 472\ 1 ||Yn]2 = E[||Yn? 1
_<J£;§”Nkmiﬁu+mﬁy

IYnl2—EllYnl2]
Var[|| Y |[2]
1

that |75 — 75| is O,(N"2). O

By Chebyshev’s inequality, is bounded in probability and we can see

Lemma D.7.2. Let W}, and by denote the win and its bound evaluated for 7% = 7%,

rather than the empirical Bayes estimate. Then

Wy =10 272 1
e S L = 14 O,
Proof. Recall that we may decompose Wy as
WO, V) = — | m ek Y; vl
= — €
MM TN T N ety
and that our bound is
1 2 _ A 1l—« A Y ||?
by(Yv,a) = — in — 7 (5, }— o =
V) ¢Nmewmn+ﬁ D50 e

where U(Yy, @) does not depend on 7.

217



As such,

2 T
eV — inf  FU (5,
VN1 +7%) { NN Ao 150) {XN(ZI) 2

Wy — by =

and we can see that

WN—bN_ 1—|—7']%7
Wi —by  1+7%

— 1 _'_ 2 T]%[
1 +7
By Lemma D.7.1 the second term is Op(N_%), as desired. O

Lemma D.7.3. Let \i, Ao, ... be a sequence of reals satisfying, for each N, N~*Ay < K
for some constant k. Let F ()\N, a) denote the inverse CDF of a non-central x* with

N degrees of freedom and non—centmlity parameter \y. Then for any o € (0,1),

1

)\
-1 . o

T>

where z, 1s the a-quantile of the standard normal.

Proof. Note that a x4 (A\y) random variable is equal in distribution to a sum of N
i.i.d. x?(N~'\y) random variables. Let 0% := Var[x3(N'A\y)] = 2+ 4N"'\y and
note that each O'N > 2. Let py := 8 + 24N ' \y be third central moment of these
variates and note that each py < 8 4 24k.

Let Fl2 (xy) (z) denote the CDF of a non-central x? random variable with N degrees
of freedom and non-centrality parameter Ay evaluated at x. By the Berry—Esseen

theorem [Berry, 1941, Theorem 1], for all z

xTr — (N+)\N):| C'lp
F — @ <
o) (@) [ SN T D ‘— YN
- 23VN
1
= 0(—),
<\/N>
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where C; < 1.88 is a universal constant. Since ®(-) is continuously differentiable and

invertible, we obtain the same convergence rate for the inverse CDFs. That is, for any

ae(0,1),
F%()\N, a) — (N + Ay) 1

V2N + 4\
Rescaling these terms by N ~24/2N + 4\y and rearranging, we find

P Owa0) = (V)] = 2445520+ O(=)

as desired. [

2=

Lemma D.7.4. Let b} and W5 again denote the win and bounds evaluated for the

variance T2 = 7% rather than the empirical Bayes estimate. If the sequence T3 is

bounded, then
(Wx —by) —cn
dn

— N(0,1)
for some sequences of constants cy,cy,... and dy,ds, . ...

Proof. Let k be such that for all N, 73 < k.

Recall that we may write

2 A 1l—« A
Wi —bhy = ————enYy — inf F‘1{2—, :|+— :
N VN(1+7%) { NEN AE[0,U (Y, 259)] XN(4) 2 4

(D.7.1)

To prove the lemma, we build off of the normal approximation described in
Appendix D.5.1. Note first that an application of Chebyshev’s inequality provides
that N7'U(Yy, 52) — 73 is O,(N~ 2), so that N~ 'U(Yy, 35%) < k with probability
approaching 1. Next, by Lemma D.7.3,

— {F—l [Xﬁv(%v), - 0‘] - [%N " N] } V2t e +0(=),

for any sequence \i, Ao, ... that satisfies, for each N, N~t\y < k.
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Notably, since any sequence of Ay’s achieving the infima in Eq. (D.7.1) will satisfy

this condition, we may substitute this expression in and rewrite W3 — b} as

% 2 EJTVYN . 1 — >\N
Wy —by = - VN inf F X —|—+N|—-VN
1+7v | VN ANEOU (YN, 152 4

2 [elvn—N » ofas
= - in —
1+ 7y VN AN e[V (Y, 152) \/_

2 1Yy —N U(Yy, 52
_ Yy _ZMHMWP

2

1
Troy | N N il
2 [elyy-—N — 1
:1+TN N\J/VN —Z1—Ta 2+TJ%+OP(\/—N)]
UYL 1
// Since T3 — % is Op(ﬁ).

Finally, note that €'Yy is approximately normal with mean N and variance
N(2+ 7%). Furthermore, the distribution of this quantity approaches that of a normal
at the same O(N~2) rate in the supremum norm (one may make this precise with a

Berry—Esseen bound). This allows us to write

* * 2 / / 1

N
2¢/2+ 7% 1

~————(T — Zi-a O,(—=
2R o s) + O )

for z ~ N(0,1). The result obtains by taking dy = (24/2+7%)/(1 + 7%) and
cy = —dyz La, and noting that the lower order term does not influence the limiting

distribution of dyy' [(W3 — by) — en] - O

D.8 Logistic regression supplementary material

This section provides supplementary information related to Section 5.5.2. We begin
by reviewing notation for convenience in Appendix D.8.1. In Appendix D.8.2 we

then provide a proposition demonstrating the asymptotic rate of convergence of the
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approximation of the MAP estimate to the exact MAP estimate, as well a proof
and supporting lemmas. Appendix D.8.3 then provides a proof of Theorem 5.5.3.

Appendix D.8.4 gives additional details on the simulation experiments.

D.8.1 Preliminaries and notation

Consider logistic regression with random N-vector covariates x1, xs,... and responses

Y1,Y2, - - ., where for each data point m, 4, | T, 0 ~ (1 + exp{—=z,)0})716; + (1 +

exp{x,} 0})710_, for some unknown parameter § € RY. We use Xy, = [z, 22, ..., 20|

and Yy = [y1, 2, ..., 9um]" to denote the first M data points.

One choice of an estimate for # after observing M observations is the MLE,
Or = argmaxlog p(Yas | Xur, 6).
0
Another possibility is the MAP estimate under a standard normal prior
* 1 2
O = arg;naﬂOgP(YM | X, 0) — §||0|| :

The approach in Section 5.5.2 involves an approximation to this estimate involving a
Gaussian approximation to the likelihood, defined by a 2nd order Taylor approximation
of the log posterior formed at 0y. In particular, by Bayes’ rule, the log posterior is,

up to an additive constant,
Lo
log par(0) = logp(Yar | X, 0) — §||9||
and we use the approximation
. - 1,9 1 AT . .
log par(0) :=log p(Yar | Xar, Onr) — 5“9” - 5(9 —On) Hu(0w)(0 — 0ar), (D.8.1)

where Hy(0n) = V2 — logp(Ya | XM,Q)’():(;M is the Hessian of the negative log
likelihood, computed at the MLE.

The approximation we use for computing our proposed bound is then the maximizer
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of this approximation

)%, = arg maxlog pas(6).
0
In Section 5.5.2 we found that we could express 6%, as

_ . oq-1.
O = [Iv+Su| B,
where ¥ v =H M(é ar) "t is an approximation to the covariance of 0 - This solution

may be seen by considering the first order optimality condition (i.e. setting the

gradient of log pys(6) to zero).

D.8.2 Asymptotic approximation quality

We here show that, in the large sample limit, 6* provides a very close approximation

of the MAP estimate, 6*.

Proposition D.8.1 (Asymptotic approximation quality). Consider Bayesian logistic
regression with a Gaussian prior 0 ~ N (0, Iy). Let x1, 25, ... be a sequence of random

i.i.d. covariates satisfying Elx,x)] = 0 and with bounded third moment, and let

Y1,Ys, ... be responses distributed as in Eq. (5.18). Denote by Xy := [x1, T2, ..., 20|
and Yy = [y1,Y2,...,yn] ' the covariates and labels of the first M data points.

Consider the MAP estimate of 0 after observing M data points,

~ ~ -1 .
0y = argmax p(0|Yar, Xyr) and the approzimation 03, := [IN + EM] O,
0

(D.8.2)

R . 1
where 0y = arg max, p(Yas| Xar; 0) and Xy = [—Vg logp(YM|XM;9)|9:éM} . Then

165, — 041 € O,(M~2), where O, denotes stochastic convergence in probability.

The O,(M~2) convergence rate established in Proposition D.8.1 is very fast in
comparison to the O,(M~2) convergence rate of the MLE, as well as to the O, (M)
rate of convergence of the MAP to the posterior mean. Notably, this asymptotic rate

is consistent with rates observed in simulation (Figure D.8.1a).
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Proof. We here show that [|8%, — 0%,]| is O,(M~2). Our route to proving this relies
on Lemma D.8.1 [Trippe et al., 2019, Lemma E.1|, which will provide a sequence
of bounds on ||#%, — 6%, that depend on the norms of the gradients of log pas(-) at
0%, cur = ||Volog par(%,)]|, and a sequence of strong log-concavity constants oy
for log pas(+) which hold on the interval {t6%, + (1 — t)8%,|t € [0,1]}. In particular,
Lemma D.8.1 provides that [|6%, — 6%,]| < AL and we obtain the result by showing
that ays grows as Q,(M) and ¢y drops as O,(M ™).

We first use Lemma D.8.3 to show that the strong log-concavity constants of
log pps in a neighborhood of radius € of 6, B.(6) grow as €,(M). This allows us to
establish that ||0%, — 0| is O,(M ') (Lemma D.8.4). Since both ), and 6%, converge
strongly to 6 under these conditions (see e.g. Van der Vaart [2000, Theorem 10.10]),
the interval {t6%, + (1 —1)8%,|t € [0,1]} is then contained within B.(#) with probability
approaching 1. Consequently, the constants of strong log concavity of log py; on this
interval, which we take as aq, ag, ..., must grow as Q,(M) as well.

Now all that remains is to show that ¢y drops as O,(M~1). Recall from above
that [|0%5, — Oy is O(M~'). This fact and the boundedness of the higher derivatives
of Vlog pys will allow us to use Taylor’s theorem to obtain the desired rate.

However, before proceeding to a more detailed derivation of this rate, we introduce

some additional notation. Let ¢(y,a) denote the GLM mapping function, such that

d(y,a=2x"0) =logp(y|z,0)

= —log(1 + exp{—yz"6})

and note that all higher derivatives with respect to a are bounded. In particular, third
derivative satisfies
5@ = L og.0) <
T da3 y? — 6\/37
where we have dropped y as an argument, because these higher derivatives do not

depend on y.

We now proceed to derive a stochastic rate of convergence of ||Vglog par(6%,)]|.
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We obtain this through a long derivation involving a series of upper bounds.

IVolog par(03,)| = | Vo(log par — log far) (03|
= |V (log par — 1og far) (Oar) + (03 — Oar) " V5 (log par — log far) (0|
// By Taylor’s theorem, for some 0}, € {t0y + (1 — t)0%,|t € [0,1]}
= 1|83 — 0a1) T V5 (log par (63) — log Has (63) |
// Since Vg log par(0) = Vg log pas(0)
= (@ — 0an)" | V310g (Yar| Xar, 041) — V3 log p(Yar | Xar, Oa)| |

// Since logpy is a second degree approximation defined at Ors

M
<103 = Oull | D 1IV3108 p(ymlm, 03) = V5108 p(ym |, 1) [lop

m—l

A Zue' Ol | / O 3108k o, 0w

// By the fundamental theorem of calculus

< B3, = O ZH [ G808l 1 o

M
<103 = Oarll | D laml* (maxag™ ()

m=1

1 M
= —[|6%, — Oy]2 T ll?
3 = Ol | 3 el

1 1
< OP(W)O,,(M) = Op(37);
where the final line requires that the covariates have bounded third moment. O

Supporting Lemmas

Lemma D.8.1 (Trippe et al., 2019, Lemma E.1). Let f, g be twice differentiable
functions mapping RN — R and attaining minima at 0; = argmin, f(0) and 6, =

argming g(0), respectively. Additionally, assume that f is a—strongly convex for
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some a > 0 on the set {t0; + (1 — t)8,|t € [0,1]} and that ||Vof(8,) — Vag(b,)|l2 =
IVof(0,)]l2 < c. Then

C
167 = 6,2 < <. (D.8.3)

Lemma D.8.2 (uniform law of large numbers). Let Hy(0) be as defined in Eq. (D.8.1)
and define H(0) := E[V3log p(yi|z1;0)], where the expectation is taken under the true

0. If E[x,z]] exists and is positive definite then

1 a.s.
sup | Har(6') = H()l|> = 0.
0'€B.(0)

according to p, where B.(0) is a closed neighborhood of 0 of radius €, for any € > 0.

Proof. Since the each of the M data points {(x.,, ym)}>°_, are i.i.d. by assumption,
M~'H,; converges point-wise by the law of large numbers. However, we are addition-
ally interested in uniform convergence; a number of different uniform laws of large
numbers suffice for this. Because H is continuously differentiable in 6 (recall that
for any x,,, %”3 log p(Ym|Tm, @) is bounded) it is therefore Lipschitz continuous on the
bounded set B.(6). As such one can construct a bounded envelope for H on this set,
which amounts to a sufficient condition for uniform convergence on B,, see Van der
Vaart [2000, Theorem 19.4 - Glivenko-Cantelli]. We refer the reader to Van der Vaart
[2000, Chapter 19| for technical background, and in particular to Van der Vaart [2000,

Example 19.8] which walks through an example closely related to the present case. [J

Lemma D.8.3. Consider logistic regression with random covariates, x1,xs,.... Let

B.(0) be a closed neighborhood of radius € > 0 around 6 and for each M define

s , 2 '
= elgf(g) Amin [V 1og par(6')]

to be the constant of strong log-concavity constant of logpy(+) on Be(0), where \pin(+)
denotes the smallest eigenvalue of its matrixz argument. If the covariates are i.i.d. and

satisfy Elxix{] = 0, then ayr is Q,(M).
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Proof. Consider the scaled Hessians of logpy(-), M~'Hy(-). By Lemma D.8.2,
M~'Hy; () converges uniformly to its expectation, H () := E[V2log p(y: |71, 0)] on
B(0). Since H(#) > 0 on B.(#), we have that

1 as. .
inf m(—H f in(H .
pdbi min A T O) = Bl Amin (e (0)) > 0

Therefore oy = infy e 9) Amin [V§ logpM(Q’)] is ,(M). O

Lemma D.8.4. Let 6 and 0* be the MLE and the approximation to the MAP defined in
Eq. (5.19), respectively. If the covariates, x1, Ty, ... are i.i.d. and satisfy B[z z]] = 0,
then |0y — 03| is Op(M™1).

Proof. Recall that
- . 11 .
g:, = [IN + EM] Orr,
where 3, = HM(éM)_l. Lemma D.8.3 provides that the constants of strong log-

concavity for logpy grow as €,(M) in a neighborhood of #. Therefore, since Orr

converges strongly to 6, we can see that Amin(Hps(61r)) is Q,(M). Next, we rewrite

~ ~ r ~ -1 . ~
183 = Oaall = 1| [ + s Oas = O]

- R _1 N
= || [Iv + Hy(Br)] O]

- R —1 N
< || [1x + Hu(@s)] llow 18]
6l

which one can see is O,(M ") since ||Ay|| is bounded in probability. O

D.8.3 Proof of Theorem 5.5.3

Before proving the theorem we begin by explicitly writing out the win and our proposed
bound defined in Section 5.5.2. For clarity, we introduce a subscript M to index the
size of the dataset on which these quantities are computed. Specifically, recalling

that in this case we have A = Iy and C' = (Iy + X5;)~", and noting that therefore
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A—C=(Iy+3%;)7, we have

bM(Oé) = 2tI‘[<1N + EX;)_ISM] +

~ ~ 1 ~ ~ 1
e UG )12, 5 ) 4 20y + 53 S — 105, — Bl
where Gar(0y) = (In + %37) ) and

UG Oun), 1 - )=t {5 G @I, < 6o+ I8k + 330y Sh12) +
(D.84)

~ 1 ~ ~ ~ ~ 1 ~ 1 ~ 1
e V2ISE Iy + S5 Sar (I + S5 EL |2 + 4182 (I + £5)1 ;@[HOP}
(D.8.5)

is an approximate high-confidence upper bound on ||G M(éM)HQEM For convenience,

we abbreviate UM(HGM(HAM)H%M, 1 —a) by Uy

Next, we recall that we may decompose the win in squared error loss for using 673,

in place of 8, as
W (0) = 23, (In + 33/) 710 — 163 — O,

where e, = 0y, — 0.

Proof. Proving the theorem amounts to showing that for any 6 and « € (0, 1),

M —oc0

Lemma D.8.6 provides that M5 (Wj;(0)—bys(«)) converges in distribution to 24/ " H(6)~30(5—
ZkTa), for 6 ~ N(0,1). Thus for any 6, Py [Wa(6) — by(a) > 0] — (1 — (13(21%&)) =
1-— 1’70‘ > «. This establishes that by/(-) has above nominal coverage asymptotically,

as desired. O

Lemma D.8.5. |Uy — ’|2M0H22M| is O, (M~35).
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Proof. Recall that we can rearrange Eq. (D.8.4) to see that Uy, satisfies

1T+ 33 03, = Unr + 2185 (v + Za) 713 +

VIS U+ S22+ 412, (Iy + Sa)~1BpUn

.~ 1 - 1 . .
where we have simplified X3, (Iy + ZX;)_IZ& to X2, (In + X)L
We next further simplify the condition above by replacing two quantities with

simplifying approximations plus lower order terms. First note that we may write

I+ 3307 0mll3,, = 12000 — S35, (In + S0) 7 O3,
= 1Su0rl3, + 153, (In + )" Ou 13— 200,53, (Iy + Sar) 0
= [Em 0+ em)llz,, + Op(M™)
= 1Zum0l},, + IS menlly,, + 2e2,53,0 + Op (M)

= [SabllZ,, + Op(M~3?).

Second, we write

\/Hif‘w(bv + )2l + 4153, (In + Sa0) 7 BpUne = \/Op(M‘g) + 4|23, (I + San) 7 [3pUnt

=222, (In + 2a) Mop VU + Op(M™4).
As such, we may see that Uy, satisfies

1200013, — Unr = 20155, Iy + Za0) 7% + 2155 Uy + Za0) " Hlop v/ Uns + Op(M27)
= 2|53, (In + £a1) Mlop v/ Unr + Op (M)
(D.8.6)

where we have dropped 2|33, (Ix + Xa) 1|3 since it is O, (M ~%).
We next observe that Uy, must be O, (M ~3). Otherwise, the event that || 60, 15, —
U < 0 must occur infinitely often (since ||2M9||2§M is O,(M~2)); in turn, this condi-

tion would imply that ||32,(Ix 4+ ) "opv/ U < 0 occurs infinitely often, which
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provides a contradiction.
Finally, in tangent with Eq. (D.8.6), that Uy is O,(M~?) allows us to see that
Uy — HZGH%M is O,(M™3%), as desired. O

Lemma D.8.6. Let a € (0,1) and 0 € RY. Consider the sequence of wins, Wy (6),

and bounds, by (), computed for logistic regression. Then

MY (War(0) — bas(@)) 5 24/0TH(0)30(6 — 21-0),

2

where 6 ~ N(0,1).

Proof. We prove the lemma by first writing Wy, and b,; using simplifying approxima-
tions and lower order terms. The result is obtained by manipulating a scaling of the
difference between the two expressions and considering the limit in M.

Note first that we may write

W () : = 2" (63, — éM) — 1603 — éMHQ
= 2¢" (03 — Oar) — 1103, — Ous 1> + Op (M)
= 2¢"(In + 23/) "0 — 1|03, — Ona > + Op(M2)
= 2¢ S — (|63 — Oue|)” + Op(M2)

= 2" S0 — |05, — Our]? + O, (M72).

Next we write

by (a) = 2tr [(JN + i;j)‘liM] +221a \/UM + 222, (Iy + Za) Y% = 1165, — Oas]?

= 2210 \[ISMOIZ, + Op(M—3%) = |03, — Ouill? + Op(M~2)

— 220 [Suibls,, — 183 — urll? + O, (M),

where the second line uses Lemma D.8.5.

By considering a scaled difference between these two terms we find,

M (Wiag(0) = bar(@) = 2M* P Ep — 2M 21 e [ S5, + 0,(M~2)
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5 2MM0 S5, (0 — 21-0)

for 6 ~ N(0,1), by recognizing that €, is asymptotically normal with mean zero and
covariance X7, and therefore that 2¢73,,60 is asymptotically normal with variance
3 2
1S06]12 .
Finally, the result obtains by noting that Lemma D.8.2 implies that

MY Sy0lls,, = /07 (Hag(8)/M) =20 =5 \/GTH(8) 0.

D.8.4 Empirical validation of logistic regression bound in sim-

ulation
9 Approximation Errors Histogram of c-values ° Calibration
s - e
2 04 e
@] /,
- o 7z
E- \ <+ //,
3 % = % = 7
g8 2 ™1 &
0 - [ > ’
a | — - \ A o 8 < -
(o2} A 7
gl IE[6IX, Y] - 6l ‘
* o 7
| — e -E[BIX,Y]I — s1 —— Observed
ol — 15 -0 A RS Nominal
e T T [=X p= T T T T
1e+00 1e+02 1e+04 16406 00 02 04 06 08 1.0 00 02 04 06 08 10
Sample size (M) c-value o
(a) (b) (c)

Figure D.8.1: c-values for logistic regression in simulation. (a) Empirical rates of
convergence of distances amongst various estimates and the true parameter with
N = 2. In simulation with N = 25 and M = 1000 (b) c-values are able to detect
improvements, sometimes with high confidence (c) the approximate bound has greater
than nominal coverage. See Appendix D.8.4 for details.

We here explore the behaviour of our proposed approximation, bound and the associ-
ated c-values empirically on simulated data. Figure D.8.1a shows the distance between
various estimates and the true parameter for a range of sample sizes in simulation.

Due to the log-log scale, the slopes of the series in this plot reflect the polynomial
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rates of convergence. Notably we see the fast O,(M~?) rate of convergence of our
approximation to the MAP estimate, é}k\/n to the exact MAP estimate, 6},.

Figure D.8.1b demonstrates that our approach is able to detect improvements
(i.e. we can obtain high c-values). Furthermore, our proposed bound has similar
coverage properties as in the Gaussian case (Figure D.8.1¢). In the experiments for
Figures D.8.1b and D.8.1c, we simulated the parameter as 6 ~ N(0, 31y) and, in each
replicate, simulated the covariates for each data point, m, as z,, "< N (0, N2Iy).

Two of the series in Figure D.8.1a are distances between the posterior mean of ¢
and other estimates, E[0|X,Y]| = [ p(A|X,Y)0df. Because this model is non-conjugate,
the estimate does not have an analytic form. As such approximated these quantities
with Gauss-Hermite quadrature. For each sample size M, we performed 25 replicate
simulations.

In the experiments that went into Figures D.8.1b and D.8.1c, we used N = 25 and
M = 1000. See 1logistic_regression_approximations.ipynb and
logistic_regression_c_values_and_operating_characteristics.ipynb for de-

tails.

D.9 Additional details on applications

In this section, we provide additional details associated with the applications in ?7.

D.9.1 Estimation from educational testing data

Conservatism of c-values with the empirical Bayes step. The application
in Section 5.6.1 diverges from the scenarios covered by our theory in Sections 5.3
and 5.4 in its use of the empirical Bayes step to estimate 5,7, and 0. As a result, our
theory does provide that c¢(y) satisfies the guarantee of Theorem 5.2.2. However, given
the favorable asymptotic and empirical properties of the empirical Bayes procedure
established in Section 5.5.1, we conjectured that the looseness in the lower bound
b(y, a) would be sufficiently large to compensate for any error introduced by these

departures from the assumptions of our theory. To investigate this, we performed
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Figure D.9.1: Calibration of the lower bounds b(y, ) in small area inference with an
empirical Bayes step (5000 replicates). The coverage on the y-axis is a Monte Carlo
estimate of Py [W(6,y) > b(y, a)] . Each series corresponds to a set of simulations
within which we excluded a different subset of schools based on a minimum number
of students tested.

a simulation study in which we used this empirical Bayes step and confirmed that
the c-values retained at least nominal coverage (Figure D.9.1). To ensure that the
simulated data had similar characteristics to the real data, we simulated 5000 datasets
by drawing hypothetical school level means according the assumed generative model
with the parameters (8,7 and o) fit on the real dataset. In each simulation, we
re-estimated the fixed effects and variances (again using lme4), and computed the
associated MLE, Bayes estimates, and bounds across a range of confidence levels.
We then computed the empirical coverage of these bounds and found them to be

conservative across all tested levels.

Additional preprocessing and calibration details. Hoff [2021] considered only
schools at which 2 or more students took the reading test. We excluded an additional
8 schools with fewer than 5 students tested because we expected that the high variance
in these observations could introduce too much slack into our bound as result of the
poor conditioning of $2(A — €)Xz (recall the operator norm bound in Eq. (5.11),
derived in Eq. (D.6.2)). Consistent with this hypothesis we computed a c-value of

0.88 when we included these additional schools, and when we further restricted to
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the 657 schools with at least 10 students tested we computed a c-value 0.999992. To
further validate this hypothesis of increased conservatism we simulated additional
datasets with these different thresholds on school size and evaluated the calibration of
computed bounds (Figure D.9.1). We observed the coverage for the simulations with

smallest threshold was noticeably higher at large «, in agreement with this hypothesis.

D.9.2 Estimation of violent crime rates in Philadelphia

Dependence on the order in which estimates are compared. In Section 5.6.2
we chose to report one among three estimates as described in Remark 5.6.1. We note
however that this paradigm is sensitive to the order in which the different estimates
are considered. For this set of three models, if we had first compared 6°(y) as the
alternative to A(y) as the default we would have rejected A(y) (with ¢ = 0.99942),
and then again sided against updating our estimate a second time with a low c-value
(¢ = 0.0) for comparing 0*(y) as the alternative against 6°(y) as the default. The
potential cost of ending up with a worse estimate as a result of considering these
estimates in sequence may be understood as a cost of looking at the data an additional

time.

Selection of prior parameters from historical data. The parameters 03,07, 0,

were selected based on historical data. Specifically, we estimated 05 and o2 as the
averages of the sample variances of the violent and non-violent report rates, respectively,
computed within each census block in the preceding years. For the first model described
in Section 5.6.2, we then estimated o using these same historical data to reflect the
prior belief that half of the variability across the unknown rates is common across the
two response types.

For the second model considered, we selected the signal variance and length scale
of this covariance function by drawing hypothetical datasets of crime levels from the
prior predictive distributions and selecting those which produced the most reasonable
looking patterns. In particular, we chose the length scale to be one sixth of the

maximum distance between the centroids of census blocks, and the signal variance
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to reflect the prior belief that one third of the variability in the unknown rates was
explained by the spatial component. In addition, we choose a smaller value for o3
in this second model, so that the total implied variance would be the same. See
supplementary code in Philly_reported_crime_estimation.ipynb for additional

details.

Derivation of 0* (posterior mean in the first model). As mentioned in the
main text, since the prior and likelihoods for this model are independent across each
census block we can compute the posterior mean for each block independently.

Let m(-) denote the joint density of all variables. Then, since z, 1l y,|0,, we have

that

T(On|Yn, 2n) o< T(On| 20) T (Yn|Ons 2n)
= (On|20) 7 (Yn|On)-

Next observe that by construction, z, — 6, = €% + 62 — 6% ~ N(0,20% + 02) and so
Op)2n ~ N (25,202 + 02). Since again by construction we have that y,|0, ~ N (0,,02),

ns Yy

Gaussian conjugacy provides that

en’yn; Zp N(E[en‘yna Zn]7 Var[en‘yna Zn])y

where
Var{fn g, 2] .
ar\Un|Yn, Zn| =
Y ay_2 + (202 + 02)!
_ 05(203 +0?)
024205 + 02
and

B[00 |Yn, 2n] = Var(bn|yn, 20](Var(f,|z,] " Elbn]2,] + Var(y,|6n] " yn)
05(2(7? +0?)

= = (203 +02) 2, + 0 %Y,
02+ 203 + o2 (205 + o) i
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2 2 2
205 + o o,

= —|— ZTL
205 + 02 + ngn 205 + o2+ o?

as desired.
Analogously, for the second model considered in Section 5.6.2 we find the posterior

mean as

-1
6°(y) = [[N + 022K + 20Ty + asz)*l] y+ [[N + 022K + 202Dy + 02Iy)| =

Additional dataset details. The data considered in this application are counts
of police responses categorized as associated with violent crimes and violent crimes
in October 2018. These were obtained from opendataphilly.org. The observed data
we model are the inverse hyperbolic sine transform of the number of recorded police
responses per square mile. For all practical purposes, these values can be interpreted

as log densities (see, e.g., Burbidge et al. [1988]).

D.9.3 Gaussian process kernel selection for estimation of ocean

currents

We here provide additional details of the Gaussian process covariance functions used in
Section 5.6.3. The first covariance function described, which incorporated covariation
at two scale is defined, for both the longitudinal and latitudinal components (i in

{1,2}) and for each pair of buoys n and n’, as

N 1 lat,, — lat,/)>  (lon, — lon, )%  (t, — t. 2]
k(eg)’efﬂ)) :O'% exp{ —= ( 5 ) + ( 5 ) + ( > )
2 L 7,l,lat Tl,lon Tl,t ]
il lat,, — lat,/)>  (lon, — lon, )%  (t, — t. 2]
potoxp ] 1 [Uata =) flon, —ton? =] |
2 L 7’2,lat 7ﬁ2,lon r2,t ]

where o2, T1lat; T1,lon a0d 71 parameterize the mesoscale variation in currents whereas
o3, T2lats T21on a0d 72, parameterize the submesoscale variation. As in Lodise et al.

[2020], the latitudinal and longitudinal components of F' are modeled as a priori
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independent. We choose these parameters by maximal marginal likelihood [Rasmussen
and Williams, 2006, Chapter 5| on an independent subset of the GLAD dataset.
Estimates of the underlying currents are obtained as the posterior mean of F' under
this model, which we take as the alternative, 0*(y).
The second covariance function captures covariation among observations only at
the mesoscale. In this case, the Gaussian process prior has covariance function
1 | (lat, —lat,)?  (lon, —lon,)?  (t, — tw)?

k(6D HS,)) =olexp{ —= - - +o2ln =n],
' 2 71%,13‘t T%,lon T%,t ?

which maintains the same marginal variance but excludes submesoscale covariances.
We take the posterior mean under this model as the default estimate 6(y). See

submesoscale_GP_c_value.ipynb for further implementation details.
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