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Abstract

In this thesis we study two separate problems: (1) What is the sample complexity
of testing the class of Determinantal Point Processes? and (2) Introducing a new
analysis for optimization and generalization of deep neural networks beyond their
linear approximation. For the first problem, we characterize the optimal sample
complexity up to logarithmic factors by proposing almost matching upper and lower
bounds. For the second problem, we propose a new regime for the parameters and the
algorithm of a three layer network model which goes beyond the Neural tangent kernel
(NTK) approximation; as a result, we introduce a new data dependent complexity
measure which generalizes the NTK complexity measure introduced by |Arora et al.)
2019a]. We show that despite nonconvexity, a variant of Stochastic gradient descent
(SGD) converges to a good solution for which we prove a novel generalization bound
that is proportional to our complexity measure.
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Chapter 1

Introduction

In this modern era of data science, we have observed a dramatic increase in the
computation power and resources; consequently, more and more sophisticated models
are being used among various inference tasks. Moreover, given the inherent complexity
of lots of datasets today, one often requires considering a rich enough family of models;
Particularly, this family should be able to describe the underlying data distribution to
an acceptable level. In fact, the right choice of modeling is critical in the success of the
prediction task later on; it is worthy to mention that picking a good model is usually
tied up with having a good domain knowledge in the related field. As an example
of a modeling choice, the family of Determinantal point processes has been empoyed
successfully in machine learning tasks in which one requires to model diversity and
repulsion in the sampled subsets of a ground set. We will elaborate more on this
parameteric family shortly.

On the other hand, this rise of complexity in statistical models is in spite of the
fact that often times we can only have access to a limited number of samples from
the underlying generative process; while in many cases, the parameter count of the
model, i.e. the number of “degrees of freedom” exceeds the number of samples. This
phenomenon is known as overparameterization, and is regarded as one of the major
reasons for the success of deep learning. As a result, acquiring a more refined view of
the sample complexity in various inference tasks has become vital. In this regard, the

computational overhead of the related algorithm and its tradeoff with the statistical



aspects is of both theoretical and practical interest, as ultimately we would have to

run the algorithm on a computer.

In this thesis, we study the complexity of inference tasks in two important settings:
(1) Testing the family of Determinantal Point processes, and (2) Learning a predictor
using overparameterized neural networks. In the following, we first focus on the topic
of distribution testing, then move on to optimization and generalization for deep

learning.

1.1 Testing Determinantal point processes

The general framework of distribution testing is, that given a class of distributions C
and observing samples from an underlying distribution ¢, one asks whether ¢ is in C
or it is e-far from it in some distance d between probability measures. The question of
interest here is how many samples one needs to observe to be able to solve this decision
problem with at least a constant chance of success. Distribution testing has obtained
decent amount of attention in the community recently |[Paninski, 2008, Batu et al.,
2001}, /Acharya et al.| 2015 |Diakonikolas et al., 2018|, |(Chan et al.; 2014} [Diakonikolas
and Kane, 2016|, Batu et al., 2004}, |Aliakbarpour et al., [2019]. In this thesis, we ask
this question for the class of Determinantal Point Processes which we introduce next.

Determinantal point processes (DPP) are an important parametric family of
distributions over subsets of a finite or infinite ground set that have recently been
popularized in the machine learning community due to their ability to model diversity
and repulsion [Macchi, (1975, Hough et al., 2006, Kulesza and Taskar, 2012, Li et al.,
2016b|, Kulesza and Taskar, [2012]. A DPP over subsets of a ground set of cardinality
n can be characterized by an n by n matrix K, where the marginal probabilities can

be computed as
P(AC J) = det(Ka4).

Above, K4 is the principal submatrix of K corresponding to subset A. What makes
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DPPs particularly attractive for various ML tasks is their ability to model what is
called negative dependence between the elements of the ground set, i.e. given that a
fixed element is in the sampled subset, the chance of another element being in the

subset decreases.

In particular, given the vast popularity of deploying DPPs in different machine
learning tasks these days, it is important to study mechanisms by which we can
test the hypothesis that a given dataset has been generated by an underlying DPP
distribution, or is at least close to one. In this thesis, we settle the question of sample
complexity in testing DPPs and prove that it almost scales as v/N /€2, where N is
the size of the support and is exponentially large in the cardinality of the ground set,
and e is the target accuracy that we require in ¢; distance. Next, we move on to the

second topic, i.e. optimization and generalization in neural networks.

1.2 Optimization and Generalization in Deep Learn-
ing

Over the past decades, deep learning has been quite successful in many learning and
prediction tasks [Krizhevsky et al., [2012} |Silver et al., 2016, [Hinton et al., 2012]; this
has triggered a vast interest in trying to mathematically understand the surprising
generalization behavior of neural nets [Neyshabur et al., [2015, Bartlett et al., [2017,
Dziugaite and Roy, [2017]. Although many approaches have been proposed ignoring
the computational properties of the optimization algorithm, it has become clear
that in order to understand the generalization phenomenon in deep learning, the
training algorithm indeed plays an important role and introduces some kind of implicit

regularization |[Chizat and Bach) 2018, |[Mei et al., 2018|.

In this regard, many researchers have stepped in to study the landscape of the
loss [Nguyen and Hein, 2017, [Soltanolkotabi et al., [2018, Kawaguchi, [2016b|. Since
the introduction of the concept of Neural Tangent Kernel (NTK) in the work of |Jacot

et al., 2018|, there has been a line of work in understanding the generalization of
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neural networks in an algorithmic way by relating the learned network to the RKHS
space of the NTK. Later on, Arora et al. [2019a] showed a non-asymptotic analysis by
introducing a data dependent complexity measure that captures the generalization
behavior of two layer neural networks, all through the lens of NTK. Moreover, there
has been an interest in the community in going beyond the NTK, which is the result of
a linear approximation, and taking alternative, potentially more powerful viewpoints
toward understanding the optimization and generalization properties |[Allen-Zhu et al.)
20194, [Sirignano and Spiliopoulos|, 2020, Javanmard et al., [2020].

In this thesis, we introduce a different point of view on how one can go beyond the
NTK analysis by considering a specialized variant of Stochastic gradient descent (SGD)
for training a deliberately chosen three-layer network architecture. As a result of going
to this new regime that we introduce, we show a generalization of the data-dependent
complexity introduced by authors in |[Arora et al., 2019a], which also makes it robust
when having noise in the labels. To achieve this, we study the nonconvex landscape
of the regularized loss function with the ¢5 norm of the weights and show a novel
convergence phenomenon. Our techniques root in the fact that SGD can in general
escape saddle points of the objective |Ge et al., 2015a].

The work in this thesis regarding the DPP testing problem has been published in
the following;:

[1] Gatmiry, Khashayar, Maryam Aliakbarpour, and Stefanie Jegelka. "Testing
Determinantal Point Processes." Advances in Neural Information Processing Systems
33 (2020): 12779-12791.

[2] Gatmiry, Khashayar, Stefanie Jegelka, and Jonathan Kelner. "Optimization and
Adaptive Generalization of Three layer Neural Networks." International Conference

on Learning Representations. 2021
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Chapter 2

Testing DPPs

Abstract

Determinantal point processes (DPPs) are popular probabilistic models of diversity.
In this thesis, we investigate DPPs from a new perspective: property testing of
distributions. Given sample access to an unknown distribution ¢ over the subsets of
a ground set, we aim to distinguish whether ¢ is a DPP distribution, or e-far from
all DPP distributions in ¢;-distance. In this work, we propose the first algorithm
for testing DPPs. Furthermore, we establish a matching lower bound on the sample
complexity of DPP testing, up to logarithmic factors. This lower bound also implies a
new hardness result for the problem of testing the more general class of log-submodular
distributions.

2.1 Introduction

Determinantal point processes (DPPs) are a rich class of discrete probability dis-
tributions that were first studied in the context of quantum physics [Macchi|, 1975|
and random matrix theory [Dyson, |1962|. Initiated by the seminal work of [Kulesza
and Taskar, 2012|, DPPs have gained a lot of attention in machine learning, due to
their ability to naturally capture notions of diversity and repulsion. Moreover, they
are easy to define via a similarity (kernel) matrix, and, as opposed to many other
probabilistic models, offer tractable exact algorithms for marginalization, conditioning
and sampling |Anari et al., 2016, [Hough et al.| 2006, Kulesza and Taskar} 2012| [Li et al.)

2016b|. Therefore, DPPs have been explored in a wide range of applications, including
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video summarization |Gong et al., [2014bllal, image search [Kulesza and Taskar|, 2011b)|
Affandi et al. 2014], document and timeline summarization Lin and Bilmes| [2012],
recommendation |Wilhelm et al., 2018], feature selection in bioinformatics [Batmanghe-
lich et al., [2014], modeling neurons [Snoek et al., [2013|, and matrix approximation

[Dereziniski and Mahoney, 2020, [Deshpande et al., 2006|, Li et al., 2016a].

A Determinantal Point Process is a distribution over the subsets of a ground set
[n] = {1,2,...n}, and parameterized by a marginal kernel matrix K € R™" with
eigenvalues in [0, 1], whose (7, j)th entry expresses the similarity of items ¢ and j.
Specifically, the marginal probability that a set A C [n] is observed in a random
J ~ Prg|] is P(A C J) = det(K4), where K, is the principal submatrix of K
indexed by A. This implies P({,j} C J) = det(Ky; ;) = Ki;K;; — K7 for items i
and j, which means similar items are less likely to co-occur in 7.

Despite the wide theoretical and applied literature on DPPs, one question has not
yet been addressed: Given a sample of subsets, can we test whether it was generated by
a DPP? This question arises, for example, when trying to decide whether a DPP may
be a suitable mathematical model for a dataset at hand. To answer this question, we
study DPPs from the perspective of property testing. Property testing aims to decide
whether a given distribution has a property of interest, by observing as few samples
as possible. In the past two decades, property testing has received a lot of attention,
and questions such as testing uniformity, independence, identity to a known or an

unknown given distribution, and monotonicity have been studied in this framework

Canonne| [2015], Rubinfeld| [2012].

More precisely, we ask How many samples from an unknown distribution are
required to distinguish, with high probability, whether it is a DPP or e-far from the
class of DPPs in (1-distance? Given the rich mathematical structure of DPPs, one
may hope for a tester that is exceptionally efficient. Yet, we show that testing is still
not easy, and establish a lower bound of Q(v/N/e?) for the sample size of any valid
tester, where N = 2" is the size of the domain. In fact, this lower bound applies to the
broader class of log-submodular measures, and may hence be of wider interest given

the popularity of submodular set functions in machine learning. Even more generally,
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the lower bound holds for testing any subset of log-submodular distributions that
include the uniform measure.

We note that the v/ N dependence on the domain size is not uncommon in distri-
bution testing, since it is required even for testing simple structures such as uniform
distributions [Paninski, 2008|. However, achieving the optimal sample complexity
is nontrivial. We provide the first algorithm for testing DPPs; it uses O(vV/N/€?)
samples. This algorithm achieves the lower bound and hence settles the complexity of
testing DPPs. Moreover, we show how prior knowledge on bounds of the spectrum
of K or its entries K;; can improve logarithmic factors in the sample complexity.
Our approach relies on testing via learning. As a byproduct, our algorithm is the
first to provably learn a DPP in ¢;-distance, while previous learning approaches only
considered parameter recovery in K |Urschel et al., [2017, Brunel et al., |2017], which
does not imply recovery in ¢;-distance.

In short, we make the following contributions:

e We show a lower bound of Q(v/N/e?) for the sample complexity of testing
any subset of the class of log-submodular measures which includes the uniform
measure, implying the same lower bound for testing DPP distributions and

strongly Rayleigh |[Borcea et al., [2009] measures.

e We provide the first tester for the family of DPP distributions using O(v/N/€?)
samples. The sample complexity is optimal with respect to € and the domain
size N, up to logarithmic factors, and does not depend on other parameters.

Additional assumptions on K can improve the algorithm’s complexity.

e As a byproduct of our algorithm, we give the first algorithm to learn DPP

distributions in ¢; distance.

2.2 Related work

Distribution testing. Hypothesis testing is a classical tool in statistics for inference

about the data and model |[Neyman and Pearson| 1933, |[Lehmann and Romano, 2005].
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About two decades ago, the framework of distribution testing was introduced, to view

such statistical problems from a computational perspective |Goldreich and Ron, 2011}

Batu et al., 2013]. This framework is a branch of property testing [Rubinfeld and Sudan),

1996|, and focuses mostly on discrete distributions. Property testing analyzes the non-

asymptotic performance of algorithms, i.e., for finite sample sizes. By now, distribution

testing has been studied extensively for properties such as uniformity [Paninski, |2008],

identity to a known [Batu et al. 2001, |Acharya et al. 2015 Diakonikolas et al.|

2018| or unknown distribution |[Chan et al. [2014, |Diakonikolas and Kane, 2016,

independence [Batu et al., 2001, monotonicity |[Batu et al., 2004, Aliakbarpour et al.,
2019|, k-modality [Daskalakis et al. [2014], entropy estimation [Batu et al.l 2005, [Wul

and Yang|, |2016|, and support size estimation |[Raskhodnikova et al., 2009, Valiant and|
Valiant|, 2017, [Wu et al., [2019]. The surveys |[Canonne, 2015, Rubinfeld} |2012] provide
further details.

Testing submodularity and real stability. Property testing also includes
testing properties of functions. As opposed to distribution testing, where observed
samples are given, testing functions allows an active query model: given query access
to a function f: X — ), the algorithm picks points x € X and obtains values f(x).
The goal is to determine, with as few queries as possible, whether f has a given

property or is e-far from it. Closest to our work in this different model is the question

of testing submodularity, in Hamming distance and ¢,-distance (Chakrabarty and|
Huang [2012], [Seshadhri and Vondrak [2014], Feldman and Vondrak| [2016], Blais and|
Bommireddi [2016], since any DPP-distribution is log-submodular. In particular,

and Bommireddi| [2016] show that testing submodularity with respect to any ¢, norm

is feasible with a constant number of queries, independent of the function’s domain
size. The vast difference between this result and our lower bound for log-submodular
distributions lies in the query model — given samples versus active queries — and

demonstrates the large impact of the query model. DPPs also belong to the family of

strongly Rayleigh measures [Borcea et al., 2009, whose generating functions are real

stable polynomials. Raghavendra et al.|[2017] develop an algorithm for testing real

stability of bivariate polynomials, which, if nonnegative, correspond to distributions
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over two items.

Learning DPPs. The problem of learning DPPs has been of great interest
in machine learning. Unlike testing, in learning one commonly assumes that the
underlying distribution is indeed a DPP, and aims to estimate the marginal kernel K.
It is well-known that maximum likelihood estimation for DPPs is a highly non-concave
optimization problem, conjectured to be NP-hard |[Brunel et al., 2017, Kulesza, 2012].
To circumvent this difficulty, previous work imposes additional assumptions, e.g., a
parametric family for K [Kulesza and Taskar, [2011bla, |Affandi et al.,|2014, |Kulesza and
Taskar| [2012, Bardenet and AUEB| 2015, Lavancier et al., 2015|, or low-rank structure
[Gartrell et al., [2016, 2017, Dupuy and Bach| 2018|. A variety of optimization and
sampling techniques have been used, e.g., variational methods |Djolonga and Krause,
2014} Gillenwater et al.,[2014, Bardenet and AUEB], 2015|, MCMC |Affandi et al.,|[2014],
first order methods [Kulesza and Taskar], 2012|, and fixed point algorithms [Mariet
and Sraj, 2015|. Brunel et al.| [2017] analyze the asymptotic convergence rate of the
Maximum likelihood estimator. To avoid likelihood maximization, [Urschel et al. [2017]
propose an algorithm based on the method of moments, with statistical guarantees.
Its complexity is determined by the cycle sparsity property of the DPP. We further
discuss the implications of their result in our context in Section 2.4 Using similar
techniques, |Brunel [2018| considers learning the class of signed DPPs; i.e., DPPs that
allow skew-symmetry, K; ; = £Kj;.

2.3 Notation and definitions

Throughout the thesis, we consider discrete probability distributions over subsets of a
ground set [n] = {1,2,...,n}, i.e., over the power set 2[" of size N := 2". We refer
to such distributions via their probability mass function p : 2/ — R satisfying
ng[n} p(S) = 1. For two distributions p and ¢, we use ¢,(¢,p) = 3 ng[n} 1q(S)—p(9)]
to indicate their ¢; (total variation) distance, and x%(q,p) = > 5Cn] %

indicate their y2?-distance. Unlike the ¢;-distance, the y2-distance is a pseudo-distance,

to

and can be lower bounded as x%(q,p) > 4¢1(q,p)* by a simple application of the
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Cauchy-Schwarz inequality.

Determinantal Point Processes (DPPs). A DPP is a discrete probability dis-
tribution parameterized by a positive semidefinite kernel matrix K € R™ ", with
eigenvalues in [0, 1]. More precisely, the marginal probability for any set S C [n]
to occur in a sampled set J is given by the principal submatrix indexed by rows
and columns in S: Pry.g[S C J] = det(Kg). We refer to the probability mass
function of the DPP by Prg[J] = Prys.x[J = J]. A simple application of the

inclusion-exclusion principle reveals an expression in terms of the complement J of J:
Pry[J] = |det(K — Ij)|. (2.1)

Distribution testing. We mathematically define a property P to be a set of
distributions. A distribution ¢ has the property P if ¢ € P. We say two distributions
p and q are e-far from (e-close to) each other, if and only their /;-distance is at least
(at most) €. Also, ¢ is e-far from P if and only if it is e-far from any distribution in P.
We define the e-far set of P to be the set of all distributions that are e-far from P.
We say an algorithm is an (e, 0)-tester for property P if, upon receiving samples from

an unknown distribution ¢, the following is true with probability at least 1 — d:

e If ¢ has the property P, then the algorithm outputs accept.

e If g is e-far from P, then the algorithm outputs reject.

We refer to € and § as proximity parameter and confidence parameter, respectively.
Note that if we have an (e, §)-tester for a property with a confidence parameter § < 0.5,
then we can achieve an (¢, ¢’)-tester for an arbitrarily small ¢’ by multiplying the
sample size by an extra factor of ©(log(d/d")). This amplification technique |Dubhashi
and Panconesi| [1998] is a direct implication of the Chernoff bound when we run the

initial tester O(log(d/d")) times and take the majority output as the answer.
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2.4 Main results

We begin by summarizing our main results, and explain more proof details in Sec-

tions 2.5l and 2.6l
Upper bound. Our first result is the first upper bound on the sample complexity

of testing DPPs.

Theorem 1 (Upper Bound). Given samples from an unknown distribution q over ol
there exists a deterministic (e,0.01)-tester for determining whether q is a DPP or it is

e-far from all DPP distributions. The tester uses
O(Cn VN /%) (2.2)

samples with logarithmic factors Cy . = log?(N)(log(N) + log(1/¢)).
p g [ « = log g g

Importantly, the sample complexity of our upper bound grows as O(\/ N /e?), which
is optimal up to a logarithmic factor (Theorem [2). With additional assumptions on
the spectrum and entries of K, expressed as («, ()-normal DPPs; we obtain a refined

analysis.
Definition 1. For ¢ € [0,0.5] and o € [0,1], a DPP with marginal kernel K is
(cv, ¢)-normal if:

1. the eigenvalues of K are in the range [(,1 — (]; and

2. fori,jen]: K;; #0=|K;;| > .

The notion of a-normal DPPs was also used in [Urschel et al. [2017]. Since K

has eigenvalues in [0, 1], its entries K, ; are at most one. Hence, we always assume

0<(¢<05and0<a<l.

Lemma 1. For (a,()-normal DPPs, with knowledge of o and ¢, the factor in Theo-
rem becomes Cly .o = log®(N)(1 +log(1/¢) 4+ min{log(1/¢),log(1/a)}).

Even more, if at least one of € or a is not too small, i.e., if e = Q(C"2N~14) or

o = Q(C'N~Y4) hold, then CN ..o Teduces to log?(N). With a minor change in the
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algorithm, the bound in Lemma (1] also holds for the problem of testing whether ¢ is
an («, ¢)-normal DPP, or e-far only from just the class of («, ()-normal DPPs, instead
of all DPPs (Section [2.13).

Our approach tests DPP distributions via learning: At a high-level, we learn a
DPP model from the data as if the data were generated from a DPP distribution.
Then, we use a new batch of data and test whether the DPP we learnt seems to have
generated the new batch of the data. More accurately, given samples from ¢, we
pretend ¢ is a DPP with kernel K*, and use a proper learning algorithm to estimate a
kernel matrix K.

But, |Urschel et al. [2017] derive a lower bound on the complexity of learning K*
which, in the worst case, may lead to a sub-optimal sample complexity for testing.
To reduce the sample complexity of learning, we do not work with a single accurate
estimate K , but construct a set M of candidate DPPs as potential estimates for q.
We show that, with only @(\/N /€?) samples, we can obtain a set M such that, with
high probability, we can determine if ¢ is a DPP by testing if ¢ is close to any DPP in
M. We prove that ©(log(]M|)v/'N/e?) samples suffice for this algorithm to succeed
with high probability.

Small-scale experiments in Section validate the algorithm empirically.

Lower Bound. Our second main result is an information-theoretic lower bound,
which shows that the sample complexity of our tester in Theorem [1|is optimal up to

logarithmic factors.

Theorem 2 (Lower Bound). Given ¢ < 0.0005 and n > 22, any (¢, 0.01)-tester needs
at least Q(V/'N /€?) samples to distinguish if q is a DPP or it is e-far from the class of
DPPs.

Given « € [0,0.5], the same bound holds for distinguishing if q is an («, ¢)-normal
DPP or it is e-far from the class of DPPs (or e-far from the class of («, ()-normal
DPPs).

In fact, we prove a more general result (Theorem : testing whether ¢ is in any

subclass T of the family of log-submodular distributions that includes the uniform
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distribution requires Q(v/N/€?) samples. DPPs are such a subclass |[Kulesza and
Taskar|, 2012]. A distribution f over 2I"l is log-submodular if for every S S’ C [n] and
i ¢ 5, it holds that log(f(S"U{i})) —log(f(S")) <log(f(SU{i}))—log(f(S)). Given
the interest in log-submodular distributions [Djolonga and Krausel 2014, |Tschiatschek
et al., 2016| Djolonga et al.; 2018, |(Gotovos et al., [2015, 2018, this result may be of
wider interest. Moreover, our lower bound applies to another important subclass T,
strongly Rayleigh measures |Borcea et al., [2009], which underlie recent progress in
algorithms and mathematics |[Gharan et al., |2011] [Frieze et al. 2014} |Spielman and
Srivastava, 2011} |Anari and Gharan| 2015|, and sampling in machine learning |Anari
et al., 2016, Li et al., 2017, [2016b].

Our lower bound stands in stark contrast to the constant sample complexity of
testing whether a given function is submodular Blais and Bommireddi| [2016|, implying
a wide complexity gap between access to given samples and access to an evaluation
oracle (see Section [2.2)). We prove our lower bounds by a reduction from a randomized

instance of uniformity testing.

2.5 An Algorithm for Testing DPPs

We first construct an algorithm for testing the smaller class of («, ()-normal DPPs,
and then show how to extend this result to all DPPs via a coupling argument.

Our testing algorithm relies on learning: given samples from ¢, we estimate a
kernel K from the data, and then test whether the estimated DPP has generated
the observed samples. The magnitude of any entry KH can be estimated from the
marginals for S = {i,j} and i, j, since Prg[S] = K, ;K; ; — K}; = Prg[i|Prg[j] — K7;.
But, determining the signs is more challenging. [Urschel et al. [2017] estimate signs
via higher order moments that are harder to estimate, but it is not clear whether
the resulting K yields a sufficiently accurate estimate of the distribution to obtain
an optimal sample complexity for testing. Hence, instead, we construct a set M of
candidate DPPs such that, with high probability, there is a p € M that is close to ¢ if
and only if ¢ is a DPP. Our tester, Algorithm [I] tests closeness to M by individually
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Algorithm 1 DPP-TESTER
1: procedure DPP-TESTER(e, d, sample access to )
2 M <« construct the set of DPP distributions as described in Theorem [3
3 for each p in M do
4: Use robust x? — ¢; testing to check if x*(q, p) < €2/500, or £1(q,p) > e.
5
6
7

if the tester outputs accept then
Return accept.

Return reject

testing closeness of each candidate in M.

Constructing M. The DPPs in M arise from variations of an estimate for
K*, obtained with ©(v/N/e?) samples. Via the above strategy, we first estimate the
magnitude | K| of each matrix entry. Separating the case K}; = 0, one can compute
confidence intervals for this estimation around +|K;;| and —|K;j|. We then pick
candidate entries from these confidence intervals, such that at least one is close to
the true K7;. The candidate matrices K are obtained by all possible combinations of
candidate entries Since these are not necessarily valid marginal kernels, we project
them onto the positive semidefinite matrices with eigenvalues in [0,1]. Then, M
is the set of all DPPs parameterized by these projected candidate matrices T1(K).

Its cardinality is given in Theorem [3| and, as an explicit function of N and e, in
Section 215

If ¢ is a DPP with kernel K*, then, by construction, our candidates contain a K
close to K*. The projection of K remains close to K* in Frobenius distance. We show
that this closeness of the matrices implies closeness of the corresponding distributions
q and p = Prn(f()[-] in ¢1-distance: ¢1(q,p) = O(e). Conversely, if g is e-far from being
a DPP, then it is, by definition, e-far from M, which is a subset of all DPPs.

Testing M. To test whether ¢ is close to M, a first idea is to do robust ¢; identity
testing, i.e., for every p € M, test whether ¢,(q,p) > € or ¢1(q,p) = O(e). But, M
can contain the uniform distribution, and it is known that robust ¢; uniformity testing
needs 2(N/log N) samples [Valiant and Valiant, 2017], as opposed to the optimal
dependence v/N.

Hence, instead, we use a combination of x? and ¢; distances for testing, and test
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x*(q,p) = O(€®) versus £1(q,p) > €. This is possible with fewer samples |Acharya et al.,
2015|. To apply this robust x?-¢; identity testing (described in Section , we must
prove that, with high probability, there is a p in M with x?(g, p) = O(€?) if and only if
¢ is a DPP. Theorem [3| proved in Section [2.8] asserts this result if ¢ is an («, ¢)-normal
DPP. This is stronger than its ¢; correspondent, since 4¢2(q,p) < x*(q, p).

To prove Theorem 3] we need to control the distance between the atom probabilities
of ¢ and p. We analyze these atom probabilities, which are given by determinants, via
a lower bound on the smallest singular values o,, of the family of matrices {K — I :

J C [n]}.

Lemma 2. If the kernel matriz K has all eigenvalues in [(,1 — (], then, for every
J C[n]:
ou(K —15) 2 ¢(1-)/V2.

Lemma [2] is proved in Section [2.9] In Theorem [3| we observe m = [(In(1/§) +
1)v/N /€*] samples from ¢, and use the parameter ¢ :== [200n2¢ " min{2¢ /o, \/€/€}],
with & .= N~1,/log(n) + 1.

Theorem 3. Let ¢ be an («, ()-normal DPP distribution with marginal kernel K*.
Given the parameters defined above, suppose we have m samples from q. Then, one
can generate a set M of DPP distributions of cardinality |M| = (2¢ + 1)”2, with ¢
defined as above, such that, with probability at least 1 — ¢, there is a distribution p € M
with x*(q,p) < €/500.

2.5.1 Correctness of the Testing Algorithm for (¢, ()-normal
DPPs

Next, we show that with high probability, our resulting testing algorithm succeeds
with high probability. This finishes the proof of Lemma [I] For simplicity, we set the
confidence parameter in Algorithm |1 to 6 = 0.01. In this case, DPP-TESTER aims to
output accept if ¢ is a («a, ()-normal DPP, and reject if ¢ is e-far from all DPPs, in
both cases with probability at least 0.99.
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To finish the proof for the adaptive sample complexity, we need to argue that our
DPP-TESTER succeeds with high probability, i.e., that with high probability all of the
identity tests, with each p € M, succeed. The algorithm uses robust x2-¢; identity
testing |Acharya et al., 2015], to test x?(q,p) < €2/500 versus ¢,(q,p) > €. In our
framework, the y2-¢, identity tester works as follows. It uses a Poissonization trick
that simplifies the analysis. Given the average sample size m, the y2-f; tester first
samples m’ ~ Poisson(m), then obtains m’ samples from ¢. For each p € M, it then

computes the statistic

JCn): p(J)>¢/50N

where N(.J) is the number of samples that are equal to set .J, and compares Z™) with

the threshold C' = me?/10.

Acharya et al. [2015] show that for m = ©(v/N/e?), Z™ concentrates around its
mean, which is strictly below C' if p satisfies x%(¢,p) < €2/500, and strictly above
C if ¢1(q,p) > €. Let & be the event that all these robust tests, for every p € M,
simultaneously answer correctly. To make sure that & happens with high probability,
we use amplification (Section 2.3)): while we use the same set of samples to test against
every p € M, we multiply the sample size by ©(log(|]M])) to be confident that each
test answers correctly with probability at least 1 — O(|M|™!). A union bound then
implies that & happens with arbitrarily large constant probability.

Theorem |3 states that, indeed, with ©(v/N/e?) samples, if ¢ is an (a, ¢)-normal
DPP, then M contains a distribution p such that x*(q,p) < €?/500, with high
probability. We call this event &. DPP-TESTER succeeds in the case & N &: If ¢ is
an (o, ¢)-normal DPP, then at least one y?-¢; test accepts p and consequently the
algorithm accepts ¢ as a DPP. Conversely, if ¢ is e-far from all DPPs, then ¢;(q,p) > €
for every p € M, so all the y2-/; tests reject simultaneously and DPP-TESTER rejects ¢
as well. With a union bound on the events £ and &5, it follows that & N & happens
with arbitrarily large constant probability too, independent of whether ¢ is a DPP or

not.
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Adding the sample complexities for generating M and for the x?-¢; tests and
observing log(|M]) = O(1 + log(1/¢) + min{log(1/¢),log(1/a)}) completes the proof

of Lemma [1l

2.5.2 Extension to general DPPs

Next, we generalize our testing result from («, {)-normal DPPs to general DPPs to
prove the general sample complexity in Theorem [I} The key idea is that, if some
eigenvalue of K* is very close to zero or one, we couple the process of sampling from
K* with sampling from another kernel I, (K™*) whose eigenvalues are bounded away
from zero and one, i.e., parameterizing a (0, z)-normal DPP. This coupling enables
us to test (0, z)-normal DPPs instead, by tolerating an extra failure probability, and
transfer the above analysis for («, ()-normal DPPs. We state our coupling argument

in the following Lemma, proved in Section [2.11]

Lemma 3. For a value z € [0, 1], we denote the projection of a marginal kernel K
onto the convex set {A € S| 21 < A < (1 —2)I} by I1,(K), where S;7 is the set
of positive semidefinite matrices. For z = §/2mn, consider the following stochastic

processes:
1. derive m i.i.d samples {j[(;)}?ll from Prg[.];
2. derive m i.i.d samples {jé?(K)}?Ll from Pry_g)[.].

There exists a coupling between (1) and (2) such that
T coupling| WK Si=1 (k) Ji=1| = .

We can use this coupling argument as follows. Suppose the constant ¢ is such that
using ¢1Cy c.a.cV' N /€ samples suffice for DPP-TESTER to output the correct answer
for testing (v, ¢)-normal DPPs; with probability at least 0.995. Such a constant exists
as we just proved. Now, we show that with m* = CQCN’E\/N /e? samples for large

enough constant co, we obtain a tester for the set of all DPPs. To this end, we use the
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parameter setting of our algorithm for (0, Z) normal DPPs, where z = 0.005/(2m*n)
is a function of ¢y, €, and N. One can readily see that ¢y can be picked large enough,
such that m* > chN,E,Oj\/N /€2, with ¢, being just a function of ¢;. This way, by the
definition of ¢y, the algorithm can test for (0, Z)-normal DPPs with success probability
0.995. So, if ¢ is a (0, Z)-normal DPP, or if it is e-far from all DPPs; then the algorithm
outputs correctly with probability at least 0.995.

It remains to check what happens when ¢ is a DPP with kernel K*, but not (0, z)-
normal. Indeed, DPP-TESTER successfully decides this case too: due to our coupling,
the product distributions Pr%":)[,] and Prg':(;()[] over the space of data sets have
(1-distance at most 0.005, so we have
Pr.” [Acceptance Region] > Pri}" )., [Acceptance Region|—0.005 > 0.995—0.005 =
0.99, where the last inequality follows from the fact that I1;(K™*) is an (0, Z)-normal
DPP. Hence, for such ¢y, DPP-TESTER succeeds with CQC’MG\/N / €2 samples to test all
DPPs with probability 0.99, which completes the proof of Theorem [I}

Learning DPPs. Our tester implicitly provides a method to learn a DPP ¢ in
¢,-distance: the y? — ¢, tester can only accept candidate DPPs p € M for which we
either have x?(g,p) < €2/500 or £1(q,p) < e. Since ¢1(q,p) < 1/2v/X%(¢,p) < ¢, any
such p is a DPP with distance ¢1(q, p) < € to the underlying distribution ¢. If ¢ is a
DPP, we will find such a p with high probability.

2.6 Lower bound

Next, we establish the lower bound in Theorem [2] for testing DPPs, which implies
that the sample complexity of DPP-TESTER is tight up to logarithmic factors. In fact,
our lower bound is more general: it applies to the problem of testing any subset T
of the larger class of log-submodular distributions, whenever T includes the uniform

measure:

Theorem 4. Let T be any subset of log-submodular distributions that contains the
uniform measure. For e < 0.0005 and n > 22, given sample access to a distribution g

over subsets of [n], any (€,0.01)-tester that checks whether ¢ € T or q is e-far from all
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log-submodular distributions requires Q(v/N /€?) samples.

One may also wish to test if ¢ is e-far only from the distributions in Y. A tester
for this question, however, would correctly return reject for any g that is e-far from
the set of all log-submodular distributions, and can hence distinguish the cases in
Theorem {4| too. Hence, the lower bound extends to this question.

Theorem [2]is simply a consequence of Theorem {4} we may set T to be the set of all
DPPs, or all (a, ¢)-normal DPPs. Both classes include the uniform distribution over
2" which is an («, ¢)-normal DPP with marginal kernel 7/2, where I is the n x n
identity matrix. By the same argument, the lower bound applies to distinguishing
(cr, ¢)-normal DPPs from the e-far set of all DPPs for a € [0, 0.5].

Proof of Theorem [ To prove Theorem [d] we construct a hard uniformity
testing problem that can be decided by our desired tester for Y. In particular, we
construct a family JF, such that it is hard to distinguish between the uniform measure
and a randomly selected distribution h from F. While the uniform measure is in
T, we will show that A is far from the set of log-submodular distributions with high
probability. Hence, a tester for T can, with high probability, correctly decide between
F and the uniform measure.

We obtain F by randomly perturbing the atom probabilities of the uniform measure
over 2" by +¢/ /N, with € = c - ¢ for a sufficiently large constant ¢ (specified in the
later sections). More concretely, for every vector r € {£1}" whose entries are indexed

by the subsets S C [n], we define the distribution h, € F as

WS Clnl: h(S) o hu(S) = H%
where h, is the corresponding unnormalized measure.

We assume that h, is selected from F uniformly at random, i.e., each entry rg
is a Rademacher random variable independent from the others. In particular, it is
known that distinguishing such a random h,. from the uniform distribution requires
Q(V/N /") samples [Diakonikolas and Kane, 2016, [Paninski, [2008].

To reduce this uniformity testing problem to our testing problem for T and obtain
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the lower bound Q(v/N/€?) = Q(v/N/€?) for the sample complexity of our problem,
it remains to prove that h, is e-far from the class of log-submodular distributions with

high probability. Hence, Lemma [4] finishes the proof.

Lemma 4. For e < 0.0005, n > 22 and ¢ = 1024, a distribution h, drawn uniformly

from F is e-far from all log-submodular distributions with probability at least 0.99.

Proof sketch for Lemma [4. We fix an arbitrary log-submodular distribution
f and first show that (1) the ¢;-distance ¢;(f, h,) between f and the unnormalized
measure h, is large with high probability, independent of f (we define the ¢;-distance
of general measures the same as for probability measures). Then, (2) we show that if
01(f, h,) is large, £,(f, h,) is also large.

To address (1), we define a family S, of subsets that, as we prove, satisfies:
(P1) With high probability, S, has cardinality at least N/64.

(P2) For every S € S,, there is a contribution of at least ¢ /8N to £1(f, h,) from the

term Vg defined as

Vs =3[ (S) = f(S)| + 5lhe(SU{1}) = F(SU {1+
slhe(SU{2}) = F(SU{2P] + 5lh (S U{L,2}) = F(SU{L,2})].

Together, the above properties imply that ¢;(h,., f) > (N/64) x (¢ /8N) = ¢ /512.
We define the important family S, as

Sy ={S C [n]\{L, 2} [rsuqiey = 1, rsupen = —1, rsupy = —1}

Property (P1) follows from a Chernoff bound for the random variables 1{S €
S}, VS C[n]\ {1,2}, where 1{.} is the indicator function. For proving Property P2,
we distinguish two cases, depending on the ratio f((SU{1,2})/f(SU{2}). One of
these cases relies on the definition of log-submodularity.

Finally, to show that (2) a large ¢,(f, h,) implies a large ¢,(f, h,), we control the
normalization constant g, h,.(S). The full proof may be found in Section m

28



2.7 Discussion

In this thesis, we initiate the study of distribution testing for DPPs. Our lower bound
of Q(v/N /€?), where N is the domain size 2", shows that, despite the rich mathematical
structure of DPPs;, testing whether ¢ is a DPP or e-far from it has a sample complexity
similar to uniformity testing. This bound extends to related distributions that have
gained interest in machine learning, namely log-submodular distributions and strongly
Rayleigh measures. Our algorithm DPP-TESTER demonstrates that this lower bound is
tight for DPPs, via an almost matching upper bound of O(v/N/€?).

One may wonder what changes when using the moment-based learning algorithm
from |Urschel et al., 2017] instead of the learner from Section which yields optimal
testing sample complexity. With [Urschel et al.| 2017], we obtain a single estimate
K™ for K *, apply a single robust x?-¢; test against Prgue.[.], and return its output.
The resulting algorithm DPP-TESTER2 shows a statistical-computational tradeoff: since
it performs only one test, it gains in running time, but its sample complexity could be
larger: Theorem 5] proved in Section [2.14], states upper bounds that are is no longer
logarithmic in o and ¢, and larger than O(v/N/e?).

Theorem 5. To test against the class of («, ()-normal DPPs, DPP- TESTER2 needs
O<n4 log(n)/e?aC? + £(4/a)* log(n) + \/N/EQ) samples, and runs in time O(Nn? +
n® +mn?), where m is the number of input samples and ¢ is the cycle sparsit‘vﬂ of the

graph corresponding to the non-zero entries of K*.

Assuming a constant cycle sparsity may improve the sample complexity, but our
lower bound still applies even with assumptions on cycle sparsity.

While the results in this thesis focus on sample complexity for general DPPs,
it is an interesting avenue of future work to study whether additional structural
assumptions, or a widening to strongly log-concave measures |Anari et al., | 2018 2019|,

can lead to further statistical and computational benefits or tradeoffs.

!The cycle sparsity of a graph is the smallest ¢/ such that the cycles with length at most ¢
constitute a basis for the cycle space of the graph.
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2.8 Proof of the Learning Guarantee

In this section, we prove Theorem [3| First, recall the definition of (o, ¢)-normal DPPs
(Definition [1)) below.

Definition 1. For ( € [0,0.5] and a € [0,1], a DPP with marginal kernel K is

(e, ¢)-normal if:

1. The eigenvalues of K are in the range [(,1 — (]; and

2. Fori,jen]: K;i; #0=|K, | >a.

We assume that n is the size of the ground set with N = 2". We set m =
[(In(1/6) + 1)v/N/€*] to be the number of samples, and use the parameter ¢ =
[200n2¢ "  min{2¢ /v, \/E/€}], with & .= N~1./log(n) + 1. Below, we restate Theo-

rem B] for convenience.

Theorem 3. Let ¢ be an («, ()-normal DPP distribution with marginal kernel K*.
Given the parameters defined above, suppose we have m samples from q. Then, one can
generate a set M of DPP distributions with cardinality |M| = (2¢ + 1), such that,
with probability at least 1 — &, there is a distribution p € M with x*(q,p) < €2/500.

Proof of Theorem|[3. To prove Theorem [3] first we estimate each entry of the marginal
kernel K* and generate the set M of our candidate DPPs, which contains a DPP
p € M whose marginal kernel is close to K* in the Frobenius distance. Then, we show
that that the closeness between the marginal kernels of p and ¢ implies the desired
upper bound in y2-distance and ¢;-distance of the two distributions. We start by
introducing the initial estimate K which is obtained by estimating the entries of K*

from our samples.

Estimating entries of K*: Note that one can write the entries of the matrix
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K* in terms of the marginal probabilities of subsets of size one and two as follows:

Pry g-[i € J] = det ([K;ji]) = K, (2.4)
K, K

Pry g [{i,j} € J] = det o = KIS, — K77 (2.5)
K Kjj

Given the sampled subsets {7 ®}™, we can estimate the above marginal probabilities
using the number of appearances of every single element and every pair of elements
among JW, 7® .. J™ We use 1E to denote the indicator variable of the event
E. For each i € [n], we estimate K7; by the average of the 1{{i} C J®"}s:

. 1 —
Kii=—>Y 1{{i}c J"}.
m
t=1
We also denote the averages of the 1{{i,j} C J®}’s by ;.

. 1 — .
Ui j = EZ 1{{i,j} € TV}.
t=1

A A

Using the estimates ;;, K;;, and K;;, we can also estimate Ki*’j2 by the term
KZ,K j.i—U; ;, based on Equation . To derive confidence intervals for our estimates,
we use the Hoeffding bound and a union bound, which implies that with probability
at least 1 — ¢:

Vi € [n] : [A{i,i < [PI‘jNK*[i - j] — 56 , PI‘jNK*[i - j] —|—€€], (26)

V{i,j} Cnli#j: tij € [Proux-[{i,j} € T] —E&e, Proor-[{i,j} C T]+&e,
(2.7)

where ¢ .= N~1,/log(n) + 1. Note that Equation 1) does not reveal any information

about the sign of K7;. However, we can estimate its magnitude |K7;|. Thus, we
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consider the following two estimates for K;:

[A(—z(j) = \/maX{Ki7ikj7j - ai,j ) 0}7
Vit Shli#j: (28)

Ki(;) = —\/max{f(i,ikj,j — Uiy, 0},

Now, let IA(” be whichever of IA(ZA(;-F) or Ki(;-) that has the same sign as K. Then,

according to Equations (2.6)), (2.7)), and (2.8)), we achieve:

&2 - K7 +[Prye- {7} € T — i

* * > >
< ‘Kz‘,z'Kj,j — K, K

< maXﬂ(Ki*,i + €€)<Kj*,j + &e) — KZ;‘K;,]‘L |(Kz*z - 56)([(;,]‘ — e) — KZ*ZK]*]”’ + &e

< 3Ce + (€e)* < 4,

where we used e < 1 and that Vi, j € [n] : [K};| < 1. Moreover, using the fact that

K, and K}, have the same sign,
2 2 2 2 22 2
|Kij — sz| <|Kij— KZ]‘HKLJ + KZH = |Ki,j - K*i,j‘ < 4e,
which gives

|Kij — K35 < 2v/¢e. (2.9)

On the other hand, we have the lower bound « on the absolute value of the non-zero

entries of K* from the a-normality condition , so for non-zero K;; we have:

4€e . Ae < Ace
Kig+ Kl Kl + K|

Ry = B < (2.10)

Combining Equation (2.10) and Equation (2.9), we obtain:

- 2
Ko — K5| < 26min{§,\/§}. (2.11)

Note that by dropping the a-normality condition, we still have the bound |K,J —
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K; j| < 2v/€e. Hence, the upper bound in Equation lb holds even by setting a = 0,

which is equivalent to having no a-normality for K*.

Generating candidate matrices and DPPs for M: Our goal is to eventually
bound the y2-distance between ¢ and our estimated distribution. To achieve this goal
(as we see shortly), it is enough that one estimates each entry of K* up to an additive
error of

€C
o

= — 2.12
100n2 ( )

In some natural parameter regimes, i.e. when € = Q(C*QN_E) or o = Q(C”N_i), ©
is larger than the upper bound that we already have in Equation and so we can
return the distribution of K as our estimate for g. However, if this is not the case, we
need more candidates to make sure at least one of them is close to K7';. Note that K7 is
already in the range [KZ] — 2emin {25/04, \/f_/e} ,f(m + 2e min {25/@, \/5_/6}] with
high probability. Therefore, we divide this range into ¢ := [2¢ min {25 /a, \/f_/e } /o] =
[200n2¢ " min{2¢/a, \/€/e}] intervals of equal length. This way, it is guaranteed that
the true K7, is p-close to one of the midpoints of these intervals (except when K} is
zero which we handle separately). As discussed, this partitioning (is called bracketing
technique in the literature of learning theory) allows the algorithm to achieve the

optimal sample complexity.

Now, we claim that there are 2¢ + 1 candidates for K;. This number comes from
(

the fact that we do not know whether f(” is equal to < J) or K i(;-) a priori. Thus, each
option provides ¢ candidates. Also, we have to consider the case K}; = 0 separately
because the lower bound « only holds for non-zero entries K;;. By considering all the
combinations of candidates for each entry, we obtain a set M of matrices. Since each
entry has a p-close candidate, there exists a matrix & € M such that all of its entries
are p-close to the true kernel matrix K*. Therefore, this matrix is (ng)-close to K*
in the Frobenius distance. As we discussed in section [2.5, we project each K € M
onto the set of valid marginal kernels and consider the set of candidate distributions

M = {Prpo[.]| K € M}. The projection, II(K), is with respect to the Frobenius
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distance between matrices, and it is easy to see that computing it is equivalent to
rounding up the eigenvalues of K that are negative to zero, and rounding down the ones
that are greater than one to one. Now for the DPP distribution p = Pryz[.] € M,

we prove the following claims:

(C1) The kernels II(K') and K* are close in operator norm:

- GC
II(K) — K*||; < .
IN(R) = Kl < <02

(C2) The singular values of II(K') are in the range [99¢/100,1 — 99¢/100].
For the first claim |(C1)] it is enough to write

o * I * I * % * EC
ITI(K) = K72 < ITI(K) = K*|[p = [I(E) - I(E)|[F < |K = K¥|lF < np = 70—

(2.13)

where ||.||2 and ||.||F refer to matrix operator norm and Frobenius norm respectively.
The first inequality holds because the spectral norm is bounded by the Frobenius
norm, the first equality follows from the fact that K* is a valid marginal kernel, and
the second inequality is because of the contraction property of projection.

Next, we prove the second claim |(C2)l Using the variational characterization of
the Operator norm and noting the fact that ITI(K) — K* is symmetric (thus its singular
values are the absolute values of its eigenvalues), we have

IT(R) — Kl = max o7 (1) — Kl
v,||v]|2=
Combining this with Equation (2.13)) then implies the following for every normalized

vector ||v]|e = 1:

< < VT(I(K) — K*)v < €

- < < . (2.14)
100n 100n
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Since Pry«[.] is (-normal due to our assumption, we also have
(<v'K'v<1-¢(. (2.15)

Combining Inequalities (2.14)) and (2.15)) yields

- 99
UTH(K)UZC—LZC—LZ—C,
100n 100 100
and similarly
. 99¢
TRy <1+ -2 <1-2%
v Ky < 1= CH+ 3500 <1~ 150

for any arbitrary normalized vector v. Finally, using the variational characterization

of the smallest and largest eigenvalues, we obtain that all eigenvalues of II(K) are

in the range [99¢/100,1 — 99¢/100]. Note that the singular values of II(K) are the

absolute values of its eigenvalues, simply because IT1(K') is symmetric, which completes

the proof of the second claim |(C2)l We use these claims |(C1) in the next part.

Closeness in parameter space implies closeness of the distributions: In this
part of the proof, we show that closeness between K* and H(_f( ) in operator norm
ensures the closeness of the distributions ¢ and p with respect to the y2-distance and
(1-distance. This result is based on the following Lemma, whose proof we defer to the

end of this section.

Lemma 5. For arbitrary symmetric matrices B and E, we have

|det(B + E)| — | det(B)|| < |det(B)|Z|7|l(E£g)2 (Jﬂ;) +1) -

where o,(B) is the smallest singular value of B.

Now consider an arbitrary set J C [n] and its complement J. Recall that Equa-

tion (2.1)) gives:

p(J) = |det(II(K) = I5)], q(J) = | det(K" — I5)].
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Therefore, setting B := II(K) — I and E = K* — II(K) in Lemma , we can upper
bound |¢(J) — p(J)| as

) - ) < e (L) (2.16)

Furthermore, from the second claim |(C2)| of the previous part, the singular values of

TI(K) are in the range [99¢/100, 1 — 99¢/100], which means the kernel matrix TI(K)

satisfies the condition of Lemma [2 Therefore, from Lemma [2] the smallest singular

99¢/100(1-99¢/100) ~, _99¢
V2 = 200V2’

1 —99¢/100 > 1/2. Combining this with the first claim |[(C1)| of the previous part

where we used

value of B is lower bounded as o,(B) >

implies
IEll2 _ 2v2¢
o.(B) = 99n

Hence, Equation (2.16)) gives:

< 527l (217)

07) = 57 < 7(7) 22 (29*96 + 1)

where the last inequality follows from

n—1 n—1
<2\/§6+1> < (2\/§+1> < —99 Vn € N.

99n, 99n 50v/2

Note that J C [n] is arbitrary, so Equation (2.17) finally yields the desired bound on

the ¢;-distance and y?-distance between ¢ and p:

blap) =5 Y la) ~ I < 3 =il =
JC[n] JC[n]
Clap) = 3 MBI < S ) =
<] <]

Proof of Lemmal[3 Let oy > --+ > 0, be the singular values of B. For every 0 < k < n,
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we denote s; the kth elementary symmetric function on the singular values of B, i.e.
so=1,V1<k<n:s = Z Oiy - Oiys
1<i1 <...<ip<n

Note that since B is symmetric, the singular values are the absolute values of the

eigenvalues, which implies the relation |det(B)| = oy - - op.

Now Corollary 2.7 of |Ipsen and Rehman, [2008]| states the following determinant’s

perturbation inequality:

det(B + E) — det(B)) <3 sl Bl
i=1

From this, we can derive

|det(B + E)| — | det(B)|) < ) det(B + E) — det(B)( <3 sullEl;

=1

= Sn—i 4
= |det(B)| Y —"=—|| B},
i=1 n

01...

where in the last equality, we multiplied and divided the sum by |det(B)|. Moving

forward, we bound s,,_; by (’Z) 01" Op_y:

n\ oy .On—i i
jder(s+ )] - den(B)| < |aer(5)] L () 21,
—~\i) o1...04
1 i
) 11
On—i+1---0n

< |det(B)| i 7;) (%)

(170 (1)

— |det(B)|@ ni (n Z_ 1) (%)

=0

E. E n—1

On On

A
a
a
pay
=
3
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2.9 Uniform Lower Bound on the Smallest Singular

Value of K — I5

In this section, we prove Lemma [2} given a marginal kernel K whose eigenvalues are
in the range [¢,1 — (], we prove the uniform lower bound ¢(1 — ¢)/+/2 on the singular
values of the family of matrices {K — I5}c,. This Lemma is used in the proof of
Theorem |3 and enables us to control the distances between the atom probabilities of

Pry[.] and Pry g [.]-

Proof of Lemma[g Let Ay > ... > A, be the eigenvalues of K and vy, ..., v, be an
orthonormal set of their corresponding eigenvectors. We fix a subset J C [n] and lower

bound the smallest singular value of K — I5 based on its variational characterization:

on(K — I7) = min /o7 (K — I5)?v. (2.18)

vlla=1

Given a normalized vector v: ||v|lz = 1, we represent v in the basis {v;}!, as

— n noo
v=>_, 0;v;. Because {v;}_; is orthonormal, we have

n n
L=pl? =) aflul’>=)_af
i=1 i=1

Now we can express v! (K — I7)?v as:

UT(K —I;)%* = (Z aivi> (K — Ij)? (Z aivi>

= Y o] (K = I;)*y

1<i,j<n
= E aajv] Ko; + E ooy (v] Ty — o] KTjv; — o] I;Kv;).
1<i,j<n 1<i,j<n

Observe that v;T K?v; = X2|v;||> = A and v, K?v; = M\juTv; = 0 for i # j.
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We define some additional notation here: For any subset J C [n], let (v;); be the
restriction of v; into support J. We also denote the inner product of the vectors v; and
v; restricted to J by <vi, Uj> ;- Using these notations, we can further simplify the terms

v;"12v;, v;" KIv; and v;" I;Kv; to (v;, U]>J, <vi,vj>j, and \;(v;, vj>j respectively.

Substituting them above results in

K [J U—ZO&2>\2+ Z (1—)\i—)\j)aiaj<vi,vj>j

1<i,j<n

= ZO[2)\2 Z OéiOéj)\i)\j<Ui, Uj>] + Z OéiOéj(l - >\2)(1 - /\j)<vi7 Uj>j

1<i,j<n 1<ij<n

where the last equality simply follows from the Equation (1 —X\;)(1 —X;) =1—X; —
Aj + AiAj. Now substituting <’Ui, vj>j by <Ui, ’Uj> - <v,~, vj>J in the second term above,

we obtain
v (K — I5)%
_ZOéQ)\2 Z OéiOéj)\i/\j<’Ui,Uj>
1<ij<n
+ Z QOGN <vz,vj>J+ Z a;a;(1—N)(1 — j)<vi,vj>j
1<1,]<n 1<4,j<n
_Za2A2 Za2A2 Z i AN (i, v5) | + Z e (1= ) (1= X)) (i, v5) 5

1<i,5<n 1<i,5<n

s DO RN D REREN § 219

2
Hence, it suffices to derive a lower bound on H Yoy ozi)\i(vi)JH + H Yo ai(l —

2
Ai)(vi)5|| independent from J. To this end, we define the column vectors wy =
<o¢i)\i>n , Wy = (ai(l—)\i)>n ) Furthermore, define R := (vl

] 1=1

i=1

) vn> as the matrix

with v; as its ith column, and let v} " be the rows of R. Because {v;}7, is an

7‘7n

orthonormal set, R is a unitary matrix, so {v}}7_, is also an orthonormal set. Next, let
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V and V7 be the subspaces spanned by the set of vectors {v}};c7 and {v}};c; respec-
tively. Because {v}}7_, is an orthonormal set, the subspaces V" and V+ are orthogonal
to each other. Let v; = ZJEJ(UITwl)U; and 1t = ZJEJ(U’Twl)U;- be the projec-
tions of w, onto V' and V* respectively. Similarly, define vy = 37 7(v] ng)% and

Uyt = Z] e (V) ng)U; as the projections of wy onto V and V+. Now by decomposing

w; on V and V+, we can write
wy =V + V.

Similarly, we have

1
Wo = Vg + Vo™ .

Moreover, from the orthonormality of v}, ..., v],, we obtain

:Z(U wy) :ZZRﬂwl )2

a2 = S o

jeJ jeJ jes =1
= S0 (w0 = [ S aen ), ||
jeJ i=1 =1

Similarly, one obtains

MWJD:UM

2

= Za-ne

Combining the last two equations with Equation , we obtain
VIE = 1) = [l + ]2 (2.20)
Now, it suffices to bound ||»]|? + ||v11]|?. Note that
Juon | = ZMV<Z@:L
lwa|* = Zar—mgzﬁzy
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which implies [|v1]|, ||zl |1t |, et || < 1. Moreover, the condition ¢ < \; <1 —¢

implies A\;(1 — A;) > ((1 — ¢). Therefore, on one hand, we get
{(wy,wy) = ZA Joi > ((1=¢)) af =((1-). (2.21)

=1

On the other hand,

<w1, w2> = <V1 + i, v+ V2L> = <V1, 7/2> + <V1L, V2L>

< llvalllwall + o= [Hlva Il < llvall + [l |

< V2([[ell? + [l [?) = V20T (K = 15)%. (2.22)

where the last equality follows from Equation . Combining Equations
and (2.22), we conclude vT (K — I7)%v > ¢?(1 — ¢)?/2. Recall that v is an arbitrary
normalized vector, and J is an arbitrary subset of [n], so the variational characterization
of 0, in Equation yields the desired lower bound o, (K — I7) > ¢(1 —¢)/v/2 for
every J C [n]. O

2.10 Lower Bound for Testing Log-submodular Dis-

tributions

In this section, we rigorously prove Lemma [ which in turn completes the proof of

Theorem . We assume that ¢, F, h, and h, are defined as in Section

Detailed Proof of Lemmalf Given ¢ < % and a log-submodular distribution f, we
first show that the ¢;-distance between f and the unnormalized measure h, is large
with high probability independent of f (we define the ¢;-distance of general measures
the same as for probability measures.) To this end, we define the following family of

subsets based on h,, that is random:

S ={S C M\ {L.2}| rsup2y = 1, rsuep = —1, reupy = -1} (2.23)
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We prove that S, has the following properties:
(P1) With high probability, the cardinality of S, is at least N/64.

(P2) For every S € S,, there is a contribution of at least ¢ /8N to the ¢;-distance

between h, and f from the term Vg defined as

Vs i=3le(S) ~ F(S)] + 5lRi(SULIH) ~ F(5U LN+

S (S UA2Y) — F(S U 2] + 3 lAn(S U{1,21) — F(S U {1, 2))]

Note that based on these two properties, one can simply derive

_ N ¢ €
G )z Nx £ =
e 1) 2 650X 38 = 512

(2.24)

with high probability.

To show that the event Q; = {|S,| > N/64} happens with high probability for the
first property , we use a Chernoff bound for the random variables 1{S € S,}, V.S C
[n] \ {1,2}, where 1{.} is the indicator function. Clearly, for each S C [n]\ {1, 2}, we
have E[1{S € S,}] = Pr[S € S,] = 1/8, and E|[|S,|] = N/32. Therefore,

1 N 1 N
¢ = —_ = < —VU.Jd—\—T 2 — - .
Pr[Qj] = Pr o E]\{l : {sSesS }< (1 2) E[|S ]| <exp ( 0 532(2) ) exp ( 256)

We conclude for n > n; = 11, Q1 happens with probability at least 0.995.
We now prove the second property Fix a set S € S, and define the constant

6/

8N’

14€

P = T3 To prove Vg > we consider two cases:

. f(su{1.2})
Case 1: feuE)) <P

Here, we formalize a helper inequality in the following Lemma, and prove it at the

end of this section.

Lemma 6. For a,b > 0, the condition § < p implies |1 +¢€ —a| +[1 —¢ —b| > %.
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Now from S € S, we get h,(SU{1,2}) = %< and h,(SU{2}) =

Vs > ol (5U{1,2)) - (SU{l2})|+1|ﬁr(SU{2})—f(SU{2})|
— S rsuLan|+ g (U] > o

where the last inequality follows from Lemma |§|, by setting a = Nf(SU{1,2}), b=
Nf(SU{2}).

. fsu{12h)
Case 2: feup > P

In this case, the log-submodularity property allows us to write

log(f(SU{1})) —log(f(5)) = log(f(S U{1,2})) —log(f(S U{2})) > log(p),

or equivalently

f(Su{1}) 1+¢€
75) VT 1304 (2.25)

Note that from S € S,., we have h,(SU{1}) = 5
then

1 1-3¢'/4
(SU{1}) is larger than —5—=,

/

Ve RS UL~ fSU ) > L (P Ly -

1-3¢ /4
N

and we are done. Otherwise, we have f(S U {1}) <

Equation ({2.25)) gives:

. Combining this with

1—36’/4X1—3€’/4<1—6’ €
1+¢€ N - N AN’

f(S) <p tf(SU{1}) <

where the last inequality follows from the condition ¢’ < % Finally, we obtain

() - 1) 2 5 (55 - (5 - ) = o

[\]

which completes the proof for the second property |(P2) . Therefore, under the oc-
currence of @1, we conclude from Equation (|2 that 41 (h,, f) > To show the

— 512

¢1-distance between h, and f is also large, we control the normalization constant
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Ly =3 s h.(S). Define the event Qy = {1 — <L <1+ i{} . A simple
Hoeftding bound for the random variables 1+’"SE VS C [n], implies that Qs happens

with probability at least 0.995. Now under the occurrence of Q; N Qs and assuming

n > ny = 22, we can write:

201 (hy, f) =) |he(S

SC[n] SC[n
, N
zme%ﬂM—Zm@‘
SC[n] SCln
¢ 1 4 1 1 ce
o )2 ) = ——
"6 1 \/_S%:] 2 ¢(555 77 2556 " 52! T

A union bound for the events Q) and () implies that Q; N Qy happens with probability
at least 0.99. Note that Q; and Qs does not depend on f. Setting ¢ = 1024, we
conclude that with probability at least 0.99, ¢,(h,, f) > € for any log-submodular

distribution f, given that ¢ = €' /¢ < and n > max{n;,ny} = 22, which

_2
3x1024

completes the proof of Lemma [4] O

Proof of Lemma @ Here, we prove Lemma [6] which we used above. First note that if

b > a, then clearly [b— (1 —€)|+ |a — (1 +€)| > 2¢' > EZ,. So we assume b < a.

Now define ¢t := a — (1 4+ €¢'), so that a = 1 + ¢ + . Then, we can write

b= (=) o= (1+E) =20+ +1) — (1 =€)+ ]
> 2(14¢) — (1 =€) = |24+ I
=20+ (=) + (1 - Dl

The condition ¢ < p implies 2(1+¢/) > 1 — 376/. Therefore

\
[}
~

b= =€) +la—(1+e) > +(1——)|t|2

> |

where the last inequality follows from the fact that 1 — g > 0. O
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2.11 Coupling DPPs

In this section, we fully introduce and prove the coupling argument of Lemma [3]
Given a value 0 < z < 0.5 and a DPP whose marginal kernel has eigenvalues that are
outside the range [z, 1 — z], the goal is to couple it with another DPP, which has a
marginal kernel with all eigenvalues in [z, 1 — 2|, such that the data sets generated

from these two DPPs are equal with high probability.

Proof of Lemmal[3. Let V be an orthonormal set of the eigenvectors of K. For each
v €V, let A\, be its corresponding eigenvalue. To introduce our coupling, we need
to define the class of elementary DPPs |Kulesza and Taskar, 2012|. A DPP is called
elementary if the eigenvalues of its marginal kernel are either zero or one. For each
subset V' C V of the eigenvectors of K, we consider the elementary DPP Pr.v/[.]
with marginal kernel K" := " _,, vo”. It is well-known that any DPP can be viewed

as a mixture of its corresponding elementary DPPs [Kulesza and Taskar| 2012|, i.e.
Pr[]= Y (HUGV/)\UHUW/(l - )\v)>PrKv/[.]. (2.26)

VICV

Using this mixture formulation, we can sample a set from Prg][.] as follows: For each
eigenvector v € V', we sub-sample v with probability A, to obtain the random subset
V' of V, then we sample Jx from the elementary DPP with marginal kernel K. We

call this sampling scheme “elementary sampling:”
e (1) For each v € V, sample y, ~ Bernoulli()\,), add v € V" if y, = 1.
e (2) sample Jx ~ Pryv/[.]

According to the mixture formulation in Equation ([2.26]), the elementary sampling

scheme samples Jx according to Prgl.].

One can readily see that the projected matrix II,(K) has the same eigenvectors as
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K but with corresponding eigenvalues {\, },cv, where

Ay if A, € [2,1— 2]
Ay =4 2 if A, <z (2.27)
1—z if A, >1—=2

This fact follows from applying the 2- Weilandt-Hoffman inequality [Tao|, [2012] for
the projection operator IL.(.). We can similarly sample Ju, (k) ~ Pru,x)[.] with
the above elementary sampling scheme. Next, we define a coupling between Jx and

J. k) as follows:

e (1) For each v € V, sample z, ~ Uniform|0, 1]. Then add v to V{ if z, € [0, \,],
and add v to Vj if z,, € [0, \,].

e (2)if V{ = Vj, then sample J ~ Pr,;[.] and set Jx = Ji.(x) = J. Otherwise,
independently sample Jx ~ Pr v[.], Jm.x) ~ Pr v[.].

By looking at the marginal distributions of the sets Jx and Ji, (k) sampled above, we
observe that Jx ~ Prg[.], Ju.(x) ~ Pru.o[.], i-e. the marginals of the coupling
are as one would expect. Furthermore, if the sampled sets V/ and Vi in the first
step of the sampling are equal, then Jx = Ju, (k). Therefore, to lower bound
Prcouphng[jK = jHZ(K)], it is enough to upper bound Prupling[ W] for the event
W = {V] # VJ}. But we can expand W as

w=J (veViveuveiog viy).

veV

Note that for each v € V, {v € V], v ¢ V]}U{v € VJ,v ¢ V]} happens with probability
Ay — Ay|. From Equation (2.27), we observe that |\, — A,| < z for every v € V.
Therefore, using a union bound, we obtain

Prcoupling[W] S nz.
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Using the definition z = d/2mn, we conclude that

)
Prcoupling[jK = jHZ(K)] >1- Prcoupling[W] >1l—nz=1- % (228)

Using this coupling to generate the samples {j[(f)};’;l and {.71_(12)(1()}211, we can

write

Prcoupling[{j}(j)}ﬁl - {\7(?([{)}?;1] - (Prcoupling[jK - sz(K)]>

(- 5)"

v

For a real number u, we have the inequality

1
1__u< -1
(1-Ly<en

and for u > 2, we have

1 “
1— ) >e w1 >e 2
(- rzewize

Applying these inequalities, we finally obtain

)
m m 5 5 —
Preouping | {74 Yt = {780 Vi | = <(1 --) > >e?>1-0

2m

2.12 A More Detailed Proof of Theorem [1I

In this section, we take a more elaborate look at the proof of Theorem [Il The proof is

mentioned in Section 2.5.2]

Detailed proof of Theorem[]. Lemma [I] tells us there exists a constant ¢; such that
c1CN cacV N /€ samples suffice for DPP-TESTER to successfully test against (o, ()-
normal DPPs, with probability at least 0.995. For the general problem of testing

against any DPP (i.e. without having the normality conditions), we prove that
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m* = c2CN7€\/N /e? samples suffice to succeed with probability at least 0.99, as long
as co > c;max{23,2log(c;) + 23}. To test against all DPPs, we use the parameter
setting of DPP-TESTER for (0, Z)-normal DPPs, where we define z := 0.005/2m*n. The
key idea is that via the coupling argument of Lemma [3| we can reduce the analysis for
testing against all DPPs to the analysis for testing against only (0, Z)-normal DPPs.
To this end, we use the following Lemma. The derivation of the inequality in Lemma
is based on elementary algebraic operations, and we differ its proof to the end of this

section.

Lemma 7. For constant cy picked as large as co > ¢y max{23,2log(cy) + 23}, we have
m* > OncozV N/ (2.29)

Therefore, we pick ¢y > ¢; max{23,2log(c;) + 23} to satisfy the inequality m* >
CN,QW\/N /€2. This means that given m* samples, according to the definition of ¢y,
our tester can test against (0, Z)-normal DPPs with success probability at least 0.995.
Therefore, if the underlying distribution ¢ is an (0, zZ)-normal DPP, or if it is e-far
from all DPPs, then DPP-TESTER outputs correctly with probability at least 0.995. It
remains to show that the algorithm can also handle a DPP with kernel K*, which is not
(0, z)-normal. To see this, note that because of the particular choice of Z, our coupling
argument in Lemma [3| implies that the product distributions Pr%*) [.] and Prg’:g{)[]
over the space of data sets have /;-distance at most 0.005. This follows from the fact
that for two arbitrary random variables X and Y over the same underlying space,
with probability distributions Py and Py, we have the following characterization of

their ¢;-distance:

El(PXa PY) — inf )Prcoupling[X 7& Y]

coupling(X,Y

Therefore, we have ¢, <Pr§?1*)[.], Pr%”:(;()[D < 0.005. From this, we can relate the
(m*)

probability of the tester’s acceptance region under Pry. ’[.], to the same probability
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under Prgza(*) []:

prim) Acceptance Region] > pr™) Acceptance Region]—0.005 > 0.995—0.005 = 0.99,
K = (K*)

where the last inequality follows from the fact that Prp,x+[.] is an (0, z)-normal
DPP, according to the definition of II;(K*). Hence, for ¢, > max{23,2log(c;) + 23},
DPP-TESTER, with the particular choice of its parameter ¢ with respect to (0, Z)-normal
DPPs, succeeds given CQCN}G\/N /e? samples to test all DPPs with probability at least
0.99. This completes the proof of Theorem [I] n

Proof of Lemma[7 As usual, log(.) denotes the natural logarithm. Inequality ([2.29)
boils down to

c2Cne 2> c1CN ez,

or equivalently

calog®(N)(log(N) + log(1/€)) > c;log®(N)(1 + log(1/2) + log(1/€))

< co(log(N) +1og(1/€)) > e1(1 4 1log(1/0.0025) + log(m™) + log(n) + log(1/¢€)).
(2.30)

Using the inequality log(z) <z — 1 for = > 0, we get:

log(m*) = log(coCn.cVVN /€%)
= log(cz) + 2log(log(N)) + log(log(N) + log(1/€)) + % log(NV) + 2log(1/e)
< log(cz) + 2(log(N) — 1) +log(N) + log(1/e) — 1 + %log(N) + 2log(1/e)

= log(c2) — 2+ ;log(N) + 3log(1/e). (2.31)

Substituting Inequality (2.31) in Inequality (2.30)), it is enough to satisfy

I log(ca) — 1+ 1og(1/0.0025) + 7/21og(N) + 41log(1/€) + log(n)
¢ log(N) + log(1/e)
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We further upper bound g using the inequalities log(n) < 3 log(N) + 1 and log(N) >
0.69:

log(ca) 4+ 6 + 8log(N) + 4log(1/e)
log(NV) + log(1/e)
~ log(co) +6 8log(N) + 4log(1/e)
~ log(N) + log(1/e) log(N) + log(1/€)
8(log(N) + log(1/€))
log(N) + log(1/e)

o<

< 1.5log(cy) +9 +

= 1.5log(cy) + 17.

Therefore, it is enough to satisfy co/c; > 1.5log(ce) + 17. But setting c¢o /¢y = ¢3, this
means we should choose c¢3 large enough so that ¢3 > 1.5log(es) + 1.5log(cy) + 17.
One can readily check that c; > max{23,2log(c;) + 23} satisfies this inequality.
Consequently, it is enough to pick ¢ as large as ¢y > ¢; max{23, 2log(c1) + 23}, which
completes the proof of Lemma [/} Note that ¢; max{23,2log(c;) + 23} is almost a

linear function of ¢;. O

2.13 Modification of DPP-Tester for distinguishing
(a, ()-normal DPPs from the e-far set of just the
(a, ¢)-normal DPPs

Here, we explain how to manipulate the tester to work when we want to distinguish if
q is an (a, ()-normal DPP, or e-far only from the class of (o, {)-normal DPPs. We
suggest that the reader first read the proof of Theorem [3]

The only part we change in the algorithm is the way we generate the set of
candidate DPPs M we build the set of candidate marginal kernels M the same way as
in the proof of Theorem [3] Given a candidate kernel matrix K € M and an arbitrary
entry K ;, depending on whether K; ; is zero, or picked from the confidence interval
around f(l(j) or f(i(;), we define the value o j(K) to be zero, +a, or —a respectively.

Now when we are in the case where the underlying distribution is DPP, according to
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the way we generate M, with high probability there exists a K € M, such that f(”
is p-close to K, for every i,j € [n], and furthermore, a;;(K) is zero if K}!;=0,or
has the same sign as K, if K; # 0 (p is defined in Equation (2.12))). Our goal is to
exploit this property of ozl-’j(f( )’s to redefine M, so that the candidate DPPs in M
are (a, ¢)-normal. To this end, for each matrix K € M, instead of projecting K onto

the set of PSD matrices with eigenvalues in [0, 1], we project onto the following convex

body with respect to the Frobenius distance, which is a subset of («, ()-normal DPPs:

Dg={Ae S cI=A=(1~-IVijeln:
A,L’j/Oél,J(K) 2 1 lfC(Z’J(K) 7£ O, or Al»] =0 lfCY,LJ(K) = O},

and generate M as

M = {Prn,, o ]| K € M},

where we denote by IIp, the projection map onto Dg. Particularly, it is clear that
Dy is a subset of (a, ¢)-normal DPPs, and as the intersection of convex sets, D is

also convex, so projection on Dy is well-defined.

Now when ¢ is a DPP with marginal kernel K*, we know it is («, ()-normal, so
for every i,j € [n] : |K};| > a. Combining this with the property that a;;(K) is
zero if K7, =0, or it has the same sign as K, if K; # 0, we obtain that K* € Dy.
This means IIp_(K*) = K*. Using this relation with the contraction property of

projection, we obtain

1M, (K) = K*|lr = [Tp (K) — o (K*)|r < | K — K|

Therefore, by substituting the projection II(K') in our algorithm by IIp, (K) for
every K € M, the inequality in Equation in the proof of Theorem |3 remains
to hold, and the rest of the proof for the y2-distance bound follows accordingly. On
the other hand, with the new projection Ilp, (K) instead of II(K'), the DPPs that
are generated in M are all (o, ¢)-normal, so if we are in the case that ¢ is e-far from

a, ¢)-normal DPPs, it is also e-far from M. Consequently, our x?-¢; tests are able
) q Y X

51



to distinguish the two cases as before, and we obtain an (e, 0.99)-tester with sample
complexity O(v/N /e?) for this modified version of our testing problem.

We should note that computing I1p, (K) is trickier than II(K); for II(K), comput-
ing the Singular value decomposition (SVD) of K is enough (or we can use iterative
algorithms to get an approximate solution faster), but computing IIp, (K) is a general

convex problem and is solvable via convex programming approaches.

2.14 Analysis of DPP-Tester2

In this section, we show the argument in Theorem [5] which is a direct consequence of
the sample and time complexities for the moment-based learning algorithm in |Urschel

et al., 2017].

Proof of Theorem [3. Recall from the proof of Theorem [3] that estimating each entry
of K* up to accuracy g, defined in Equation , is enough to prove the desired
bound x?(q, p) < €2/500, which in turn enables the final y*-¢; tester to work correctly.

Now let D,, be the set of n x n diagonal matrices with +1 or —1 on their diagonal.
For any D € D, the marginal kernel DK*D induces the same DPP distribution
as K* does. In other words, K* is identifiable only up to the multiplication of its
rows and columns by £1. With this in mind, to get the final guarantee for closeness
of the DPP distributions when we use the moment-based learning algorithm, i.e.
x> (q, PrKnew[.]) < €2/500, it is enough that for some D € D,,, we estimate the matrix
DK*D entrywise with accuracy . In fact, the moment-based learning algorithm
gives us such a guarantee; according to |Urschel et al. 2017], in order to compute a
p-accurate estimate of K* in pseudo-distance, the moment-based algorithm requires
O< ( s+ £(§)25> log(n)) samples, where the pseudo-distance of matrices K; and

QQQQ

K5 is defined as

p(K1, Kz) = min

DK,D — Kz‘ = min max ‘(DKlD)i,j - (K2)i,j"

oo DeDy, i,j€[n]
Now substituting o from Equation (2.12), the sample complexity of the moment-based
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algorithm as a subroutine in DPP-TESTER2 becomes

ntlog(n) = 4.,
where / is the cycle sparsityﬂ of the graph with vertices [n], whose edges correspond
to the non-zero entries of K*.

Adding the complexity of the final y2-¢; test to the learning complexity in Equa-
tion ([2.32)), the overall sample complexity of DPP-TESTER2 is:

ntlog(n) 4 o, VN

For the time complexity, the run-time of the moment-based algorithm is O(n® + mn?)
in the worst-case due to [Urschel et all [2017], and the run-time of the x?-¢; test is
O(Nn? +m), as we have to compute Prguew[J] for each J C [n], requiring an SVD

in time O(n?®). Adding them up results in an overall run time of
O(Nn® 4+ n® + mn?) = O(e*m?n® + n® + mn?) = Poly(m, n)

for DPP-TESTER2, where the above equality follows from our sample complexity lower

bound m = Q(vVN/e?). O

2.15 Time complexity of DPP-Tester

In this section, we analyze the time complexity of DPP-TESTER.

For each p € M, to apply the robust x2-/; test of Acharya et al.[2015], one has to
compute the statistic Z(™ defined in Equation . To compute Z(™), one should
compute p(J) for every J C [n], which requires a determinant calculation in time
O(n?®). Therefore, each robust x? — /; testing takes time O(Nn?®). There is another

O(m) pre-processing time for computing N(.J)’s. Moreover, computing the projection

2The cycle sparsity of a graph is the smallest £ such that the cycles with length at most ¢
constitute a basis for the cycle space of the graph.
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matrix [I(K) for every K € M requires the Singular value decomposition (SVD) of
K, which takes time O(n?). This is because we project with respect to the Frobenius
distance, and it follows from the 2-Weilandt-Hoffman inequality |Tao|, 2012| that
computing IT(K) can equivalently be done by rounding down the eigenvalues of K
that are larger than one to one, and rounding up the eigenvalues that are negative
to zero. Computing the initial estimate of the marginal kernel, i.e. K in the proof
of Theorem [3] also takes time at most O(min{N, m}n?). Therefore, the overall time

complexity becomes

O(M|Nn® + m).

To have a time complexity upper bound only in terms of the main variables n, ¢,
note that based on what was discussed in section [2.5.2] for the general DPPs without
the knowledge of ( and «, we set the normality parameters in our algorithm as
(o, ¢) = (0,%), where z is 0.005/(2m*n), for m* = O(CyV/N/€e?). Substituting
Cn. = log®(N)(log(N) + log(1/€)), we get that 27! = O((n4 +n3 log(l/e))\/N/GQ).
Substituting ¢ = z in Theorem [3] in the definition of ¢ and ignoring « in the min

term, we obtain the following worst-case scenario upper bound on ¢:

¢ =0((n*¢'/¢fe) = O(n2(n4 +n?log(1/€))VN /)N~ & logi(n)e_o'g‘) (2.33)

=0 (6_2'5(716 +nP log(l/e))N% log (n)) . (2.34)

Therefore,

M| = O<6_2‘5(n6 +n log(l/e))N% IOgi(n)yL

But notice that our matrices are symmetric, hence, we only have to consider different

candidates for at most n(n + 1)/2 entries, which reduces the size of | M| to

L\ n(nt1)/2
M| = O(e_2'5(n6 +nP log(l/e))N% logi(n)> :
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2.16 Lower bound on the Sample Complexity of Dis-
tinguishing the Uniform distribution from F

In this section, we give a high-level sketch of the approach that [Diakonikolas and
Kane| [2016] use, to argue a lower bound of Q(v/N/e?) on the sample complexity of

the problem of testing the uniform distribution against h,., randomly selected from F.

Proof. Suppose that we observe samples from the underlying distribution g, where g
can either be h, or the uniform distribution. We flip a random coin X, and based on
that set ¢ to the uniform distribution, or to h,., a distribution randomly selected from
F. For every S C [n], let N(S) be the number of samples that are equal to S. We
aim to show that given the number of samples satisfy m = o(v/N /€?), the information
in the collection of random variables A = {N(S)| S C [n]} is not enough to guess the
value of X strictly better than random guessing, say with success probability greater
than 0.51.

To begin, we use the following Lemma without proof, which is exactly Lemma 3.2.
in page 19 of |Diakonikolas and Kane, |2016|. This is a classical result in Information

theory:

Lemma 8. For random variables X and A, if there exist a function mapping A to X
such that f(A) = X with probability at least 0.51, then we have the following bound

on their mutual information:
I(X;A) > 210"

Based on Lemma [§ it is enough to show that I(X;.A) = o(1). To continue, we
use the Poissonization trick; instead of directly deriving m samples from g, we sample
m’ from the Poisson distribution with parameter m, namely m’ ~ Poisson(m), then
derive m’ samples from g. Using this trick, we still have m’ = ©(m) samples with
high probability, so it is enough to bound I(X,.A) for A with respect to the new
sampling scheme with Poissonization. Based on properties of the Poisson distribution,

the new scheme is equivalent to deriving N(S) ~ Poisson(mg(S)) for each set S C [n]
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independent from the others. Furthermore, we showed in the proof of Theorem
that L, = ©(1) with high probability, so by using mL, instead of m samples, the
order of sample size does not change. But now, in the case g = h,, N(S) is sampled
according to N(S) ~ Poisson(mL,h,(S)) = Poisson(mh,(S)). Thus, one can readily
see that again, we can substitute A, by its unnormalized counterpart h, in our Poisson
sampling.

Finally, assuming the sampling scheme N(S) ~ Poisson(mh,.(S)), ¥S C [n], we
bound I(X,.A). Note that given the value of X, the random variables {N(S)} are

independent, so we have the following bound on the mutual information:

I(X;A) < > I(X;N(S)). (2.35)

SC[n]

It is enough to bound each of the terms I(X; N(S)). For that, we bring without proof

Lemma 3.3. from |Diakonikolas and Kanel 2016|, page 20:

Lemma 9. If N(S) ~ Poisson(mh(S)) for X = 0 and N(S) ~ Poisson(m/N) for
X =1, then:

I(X;N(S)) = O(m?*/N?).

From this Lemma and Equation (2.35), we get I(X;.A) = o(m?*/N) = o(1).
Combining this with Lemma , we conclude that we need at least Q(v/N/€?) samples
to non-trivially guess X from the observed samples. This completes the proof of the
promised lower bound on the sample complexity of the problem of testing uniform
distribution against F. For more details and the proof of Lemmas [§ and [, we refer

the reader to |[Diakonikolas and Kane, [2016]. O

2.17 Experiments

Finally, we perform small-scale synthetic experiments as a proof of concept.

We generate random DPPs for n = 4 by randomly generating kernel matrices

56



K. We draw the eigenvalues of each K uniformly from [0, 1], and use eigenvectors of
random matrices with entries uniformly sampled from [0, 1]. To generate a O(e¢)-far
distribution from the class of DPPs, we use our lower bound approach in section 2.6} we
add a random perturbation of £+ to each atom probability of the uniform distribution
over 2". Lemma[d]implies that for sufficiently large n and small €, with high probability,
we are O(e) far from the class of DPPs, where the constant in ©(e€) is in the range
[1/1024, 1]. Since we do not know the exact value of this constant, we use the constant
1/2 to compute the algorithm’s acceptance threshold: C' = m(%)?/10.

We simplified the algorithm slightly in two ways: (1) instead of projecting the
candidate matrices, we just ignore the ones that have an eigenvalue outside the range
0,1]; (2) Instead of checking multiple candidate entries in the confidence intervals for
each K7;, we only consider the two signed values +|l/€z~j| and _|[A(m| The results are

obtained by averaging the empirical probabilities over 20 runs.

Detection and False alarm

I Detection
I False alarm

0.75

0.50 A

0.25 A

3 32 3% 3% 35 36 37 3% 39
Sample size in K

Figure 2-1: Detection and False Alarm rates of the testing algorithm for various
numbers of samples and ¢ = 0.02.

Figure [2-1] shows the performance of our tester for various number of samples:
detection rate when the underlying distribution is a DPP (blue bars), and False Alarm
rate when it is O(e) far from the class of DPPs (orange bars). For € = 0.02, and the C'
we picked here, the algorithm correctly accepts most DPPs, but needs more samples
to correctly reject non-DPPs.

Our adaptive sample complexity has a weak logarithmic dependence on (7!; as a

reminder, { measures how close the eigenvalues of K are to zero or one. The coupling
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Figure 2-2: Detection errors of the testing algorithm for DPP kernel matrices with
eigenvalues sampled from a conditional normal distribution, with different means,
variances, and over multiple choices of the algorithm’s threshold C'.

argument in Lemma |3| got rid of this dependence, for ( below some threshold. This
theory motivates the question how much the accuracy of our tester depends on the
spectrum of K, in particular, on the distribution of its eigenvalues. To investigate this
for n = 4, we sample the eigenvalues of K from a normal distribution with mean on
one of the equidistant points 0.05,0.1,...,0.9,0.95 and standard deviations 0.1 or 0.2,
conditioned on the interval [0, 1].

Figure shows the results for a variety of parameters. The x-axis is the mean of
the normal distribution, while the y-axis is the empirical value of the error probability
in Detection (i.e. recovering the underlying DPP), averaged over 100 runs for each
setting of the parameters. The sample size is 10000 here. The results suggest that the
detection accuracy is only very weakly affected by the mean of the eigenvalues of K

and, in particular, the error does not increase a lot at the boundaries.
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Chapter 3

Optimization and Adaptive
(Generalization of three layer Neural

Networks

Abstract

While there has been substantial recent work studying generalization of neural networks,
the ability of deep networks in automating the process of feature extraction still evades
a thorough mathematical understanding. As a step toward this goal, we analyze
learning and generalization of a three-layer neural network with ReLLU activations in
a regime that goes beyond the linear approximation of the network and is hence not
captured by the common Neural Tangent Kernel. We show that despite nonconvexity
of the empirical loss, a variant of SGD converges in polynomially many iterations to a
good solution that generalizes. In particular, our generalization bounds are adaptive:
they automatically optimize over a family of kernels that includes the Neural Tangent
Kernel to provide the tightest bound.

3.1 Introduction

The ability of overparameterized neural networks trained by (stochastic) gradient
descent to generalize well on test data [Krizhevsky et al.,[2012, Silver et al.| 2016, [Hinton
et al.| |2012|, even if they perfectly fit the the training data, has intrigued theoretical

researchers and led to many approaches for generalization bounds [Neyshabur et al.|
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2015, Bartlett et al.l 2017, Neyshabur et al., |2018, Dziugaite and Roy, 2017, 'Wei
et al., 2019, |Golowich et al.| 2018, |/Arora et al., [2018b, |Zhou et al., [2018, [Konstantinos
et al., 2017]. This generalization ability is tied to the optimization procedure, i.e., the
trajectory of the training algorithm in a non-convex loss landscape, and the structure

of the data.

Hence, several recent works study the training of neural networks. For instance,
Safran and Shamir| [2018] address the role of overparametrization in avoiding bad local
minima, and Zhang et al|[2016] empirically show that overparametrized networks
trained by SGD can even perfectly fit to random labels. Within the popular frame-
work of the Neural Tangent Kernel (NTK) |Jacot et al., 2018|, which uses a linear
approximation of the network at initialization, several works analyze the optimization
trajectory and show global convergence of (S)GD to a global optimum of the empirical
loss |Allen-Zhu et all 2019b, |Li and Liang, [2018, |Zou et al., [2018, |Du et al., 2018].
Extending the viewpoint to generalization, Arora et al. [2019alb| exploit the kernel-like
behaviour of two-layer networks close to their initialization to prove generalization for
the final network, showing that two-layer neural networks generalize as well as Kernel
Ridgeless Regression (KRLR) with the NTK. |Cao and Gu|[2019] show a tighter bound
with a Neural Tangent Random Feature Model. The kernel approach, however, has two
main limitations: First, while KRLR can generalize well in specific high dimensional
regimes [Liang et al., [2020], there is theoretical and empirical evidence that it can be
inconsistent with noise [Rakhlin and Zhai, 2019]. Is there an approach for analyzing
neural networks that shows they perform at least as well as KRLR, but is also robust

to noise?

Second, importantly, neural networks are known to outperform traditional statis-
tical methods in many regimes as they are able to automate the process of feature
extraction from data, as opposed to kernel methods that work with a fixed feature
representation. This poses the question of other, adaptive, regimes beyond the linear
network approximation. In this realm, Wu et al.|[2018| show generalization bounds
that, instead of the NTK norm, scale with respect to another functional norm. This

norm corresponds to the minimum RKHS norm of the function among a family of
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kernels, i.e., their method in a sense picks the best kernel in this family. However,
this result ignores the computational aspect of the problem. Are there particular
nonlinear regimes beyond NTK for which a gradient-type polynomial-time algorithm,
in a way, adaptively chooses a suitable kernel?

Going beyond the NTK view, a line of work convexifies the optimization problem
via an approximation of SGD dynamics with a continuous time gradient flow in the
space of probability measures on the hidden units of the network, equipped with the
Wasserstein metric [Mei et al., 2018| |Chizat and Bach, 2018, Mei et al., 2019, Wei
et al., 2018, Sirignano and Spiliopoulos, |2020, |Javanmard et al., 2019, Lu et al., [2020].
Taking another perspective, Allen-Zhu et al. [2018| consider a three-layer network
model that is not captured by the NTK approximation, and learn an underlying
concept class by exploiting saddle-point escape theory for nonconvex SGD [Ge et al.|
2015a]. However, evaluating the complexity measure of |Allen-Zhu et al. [2018] is
rather involved, and only aligns well with functions that are described by a particular
network. Whether one can recover the NTK bound (e.g. the NTK norm) from these
results is not clear. For the NTK setting, in contrast, |Arora et al. [2019a] develop a
purely data dependent generalization bound. Going beyond two layers, is it possible
to prove a data-dependent complexity measure beyond the NTK regime that recovers
the NTK result [Arora et all |2019d] as a special case?

In this work, we address the above questions:

e We consider a regime for 3-layer neural networks that is not captured by the NTK
approximation and show that, despite nonconvexity, a variant of projected SGD
finds a good solution, as measured by the regularized empirical loss, importantly,

after polynomially many iterations.

e We introduce a new function norm ||.||¢ as the minimum RKHS norm with respect
to a family of kernels KC, which is upper bounded by the NTK norm up to constants.
We show that for an arbitrary function f, the generalization gap of the trained
network scales by || f||¢c. This makes our generalization bound adaptive, in the sense
that it scales with the best kernel in IC. As a byproduct, our bounds are comparable

with kernel regression bounds simultaneously with all kernels in K. We hope that
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our techniques motivate researchers to prove such adaptive generalization bounds

for deeper networks, which can potentially result in stronger depth separation.

e We show generalization bounds with a new data-dependent complexity measure that
generalizes the NTK-based complexity in |Arora et al., 2019a]. Up to logarithmic
factors, our bounds are upper bounded by those NTK-based bounds and hence
improve over them (if one substitutes their Lipschitz loss with a smooth one) — see
Section for a simple explicit example. Importantly, our bound can also handle

noisy distributions as opposed to |Arora et al., 2019a].

Further Related work. While the idea of a learning algorithm that combines
multiple kernels has been employed for a while in the community |[Sonnenburg et al.
2006, Rakotomamonjy et al., 2007, Duan et al. 2012|, our understanding of the
connections between deep learning and multiple kernel learning is yet in its infancy.
Recently, Dou and Liang| [2020| define a time-varying kernel based on the network
weights and show that the limit of the gradient flow converges to a suitable dynamic
kernel, in the sense that the residual of the link function onto its RKHS could be in a
smaller ranked space compared to the orthogonal complement of the RKHS. |(Ghorbani
et al.|[2019] analyze the difference between training a two layer ReLLU network and its
NTK or random feature simplifications, for a mixture of Gaussians input distribution
and quadratic target functions. Ignoring the computational hardness imposed by
nonconvexity, Bachl [2017] prove a dimension dependent generalization bound beyond
NTK. In another line of work, |Chizat and Bach [2020] study gradient flow on losses
with exponential tail and its relation to the max margin solution. Wei et al.| [2019|
show an interesting separation between the learning power of two layer ReLLU networks
and their NTK approximation, by showing a sample complexity gap for an artificially
constructed distribution.

With a different approach, |Allen-Zhu and Li [2020] analyze multi-layer networks
with quadratic activations, and prove generalization bounds polynomial in the di-
mension and precision by assuming an underlying teacher network, which shows a

remarkable algorithmic depth separation. The problem of depth separation for neural
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networks and more generally their expressive power has been investigated by several

researchers before [Raghu et al., 2017, Daniely, 2017, Barron, 1994) Funahashi 1989,

Safran and Shamir} 2016| [Safran et al.,[2019]. The assumption of an underlying teacher

network that one seeks to recover is common, too |Li and Yuan, 2017, Zhong et al.,

2017, Brutzkus and Globerson| |2017]. Other works focus mainly on the algorithm and

use other techniques, such as tensor factorization, to find a global optimum [Tian,

2016, Bakshi et al., 2019, lJanzamin et al., [2015, |Zhong et al. 2017|. Finally, many

authors study the loss landscape under various assumptions |Freeman and Bruna, [2016)
Nguyen and Hein|, 2017, [Soudry and Carmon, [2016], [Soltanolkotabi et al., 2018, |Ge|
, some of them consider the simplified case of deep linear networks |Arora
et al. 20184, Saxe et al) 2013, Bartlett et al., 2018, Kawaguchi, 2016a).

3.2 Setup and approximation by kernels

We analyze a 3-layer ReLu neural network from inputs z € R? to outputs y € R of
the form

fV’,W’ (ZL’) = f;mzaT0'<(V(0) + V/)WS\FLmIO'((W(O) + W/)ZL')>, (31)

where a € R™ is a vector of random signs, V(0 € R™2*™3 and W) ¢ R™x*4 are
random weight initializations with i.i.d Gaussian entries ijg) ~ N(0,K3), Wj(,?c) ~
N(0,k%), and W* € R™*™ ig a random sign matrix, which is roughly a random

projection and change of coordinates into a lower dimensional space. We refer to

st#mlcr((W(o) + W")x) as the first layer and f#mQaTa((V(o) + V’)(.)) as the second
layer. The algorithm trains weight matrices V' and W', and W*, a are fixed. We
assume that the outputs are a.s. bounded by a constant, |y;| < B, and ||z;|| = 1.
As loss £(.,.), we use the squared loss. We denote the training (empirical) loss of a

function f on our data {x;}! ,, {y;}, and the expected loss with respect to the data
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distribution (population loss) by

R(f) =53 U(f(x),y:), and  R(f) =El(f(x),y),

respectively. Sometimes, we refer to the vector of labels (y;)"_; by y. Finally, Hx is
the space of functions with bounded RKHS-norm of kernel K, and the notation O

hides log factors.

3.2.1 Kernel approximations, decomposition and adaptivity

Kernel approximations of neural networks play an important role in our analysis.
First, a common approximation is the NTK. The Neural Tangent kernel for a 2-layer

ReLu network is

H*(x1,29) = (x1,X2) - F2<<x1,x2>/(|\x1|||]x2||)>, for Fy(x) = § + arcsin(z)/(2m).

(3.2)
To introduce adaptivity, a key part of our analysis is to approximate the second layer in
the 3-layer network by a product kernel K*°®G that decomposes into a “fixed” part K
and an “adaptive” part G. To define these kernels, for every i € [n], let ¢°)(x;) be the
output of the first layer of the network at initialization, ¢(©(z;) = fLmlea(W(O)xi),
and ¢ (z;) + ¢'(x;) be that output for weights W + W’. The adaptive kernel G

captures the dot product between the learned weights:

Glai, x;) = (¢ (22), ¢/ (x5)). (3.3)

This form of G motivates the complexity measure we define in the next section,
if one thinks of the entries of ¢’ as bounded NTK-norm functions of the input.
Next, we consider the second layer, where the part K arises from roughly stable
activations. To formalize this stability, let Sgn(Vz) be the diagonal matrix whose
diagonal contains the coordinate-wise signs of the vector Vx. If we assume that

Sen (VO +V") (¢ (2;)+ ¢/ (2;))) =~ Sgn(V ¢ (z;)) — we prove a rigorous statement
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in Section B.6.12] — then

furyi(i) = 7 (VO + V(60 () + ¢ () (3.4)

T
~ <v<°> +V ﬁaTSgn(V(o)gb(o) (acz-)> (¢<0>(xi) + qﬁ'(x,;)) > (3.5)

Focusing on the adaptive part ¢/(x) of the first layer, we write
<v<0> + V', A aTSgn (VO (xi))¢/(xi)T> = <v<°> +V T(xi)> (3.6)

and can then view the second layer as a function in the RKHS of the product kernel
(Y(z;), T(x;)) =2 K=(2;,2;)G(2;,2;). This defines the new kernel K, which we
simplify into the kernel K> that is independent of initialization (K is defined in

Equation (3.8)). To do so, we first observe that K® concentrates around

(601a0) 602,y

Bunsongn 11070 @) {80} = P ([ iiam ]

Moreover, the Gaussian initialization and assumption ||z;]| = 1 imply that (¢ (z;), 99 (z;))
concentrates around mzFs((z;, z;)), for Fy : [=1,1] — [0, 1] defined as
F3(z) = V1 — 2 + 1z + s~z arcsin(z), (3.7)
so K (x;,x;) = Fy(2F3 (i, 7)) = K™ (4, 2;). (3.8)

For general z1, x2 not necessarily unit norm, we define K (1, x9) = K> (x1/||z1]], x2/||z2]|).

It is easy to check that the coefficients in the Taylor series of Fy and Fj3 are
nonnegative. Combining this with Schur’s Product Theorem implies K*° is PSD
(Section [3.6.4). We also denote the data kernel matrix on (z;)7; by K> and H*.
Like Arora et al.| [2019a], we assume the data distribution is (Ag, d, n)-non-degenerate
with respect to H> and K, i.e., with probability at least 1—4¢, the smallest eigenvalues
of H* and K*° are at least \y > 0.
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3.3 Data dependent complexity measure and gener-

alization

The emergence of GO K> above gives rise to an adaptive kernel-like complexity measure
that will determine generalization bounds. Intuitively, this complexity measure reflects
the two layers. Here, we view G as the Gram matrix of some “ideal” first-layer feature
functions g,. We measure the complexity of the prediction function via the RKHS of
A:=G ® K, and allow a flexible choice of the features gy. The g, may be viewed
as feature representation of ¢ in Equation (B.3): G (2, ;) = Y ge(zi)gr(x;). To
regularize this choice, we penalize the complexity of the features g, via the NTK norm.

Alternatively, the features g, are flexible but have bounded NTK norm.

For a labeling f* € R™ of the n data points and fixed GG, this leads to the complexity

@) = frAT LG = AT gl A= GO K™,
(3.9)

where ms is the number of intermediate features. The choice of ms is discussed in
Section 3.6.13] Our data-dependent complexity measure implicitly selects the G (or
equivalently the feature vectors g) that leads to the tightest bound, trading off data

fit and function complexity:

S = S((@)s (i) = min {20R(F) + @min (£, G) }, (3.10)

where we use a log factor @ = O(log(n)? + log(1/\)).

To make the relation to adaptive kernel spaces even more explicit, assume that
the g;, are bounded as ), ||gx||3 < 1. Then we define a family K of corresponding

kernels of the form

Ky (z1,20) = Km($1,$2)(z g(z1)g(z2)), (3.11)

9&{g}
Le.,, K= {Kg| {g} finite, > ., llgll%+ < 1}. With this notation, the complexity
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measure 1s

(@), () = min {20R(f*) + @ min /7K (3.12)

f* GRW‘
Hence, this measure may be understood as searching for the most efficient and effective
feature representation within a family of RKHSs.

We may also relate this complexity measure to the NTK-based complexity measure
yTH>"1y |Arora et al., 2019a]. For any labeling f*, let f* € Hy= be the function
with minimum NTK norm that maps z;’s to fi’s, so || f*||ge = f*TH® f*. If we

set {g} = {f*/Hf*H}, then one can show (Section [3.6.5])
FUE G g SAPT DT 1P = 4lf 1P =47 B> (3.3)
which implies

S < min {2an(f*) + (4w)f*TH°°_1f*}.

- f* cRn

One can further set f* = y above and obtain

S < (4o )yTH® 1y (3.14)

3.3.1 Generalization

With the complexity & in hand, we can now state our generalization result. It assumes
optimization by a Projected Stochastic Gradient Descent (PSGD), described in detail
in Section [3.4l

Theorem 6. Suppose we run Projected Stochastic Gradient Descent (PSGD) on the
reqularized empirical risk with parameters as in Section and |y;| < B a.s.. Then,
with high probability (e.g. 0.99) over the randomness of data, initialization and noise

of the gradient steps, PSGD converges in poly(BV 1/B,1/\g,n) iterations to a solution
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(Wpsap, Vesap) with population risk bounded as

%((-Ti)?;a (yi)iz1) n B;w' (3.15)

R(fWPSGvaPSGD) <

As a side remark, the factor 2 in front of R, (f*) in the definition of & in (3.12))
is not special and a similar generalization bound can be obtained for any v > 1.
Substituting the upper bound on the complexity in Equation , one recovers
an NTK-based generalization bound that scales with y” H> 'y /n up to log factors,
which is roughly the square of the generalization bound presented in [Arora et al.
2019a]. The reason for the faster squared rate here is that we are considering smooth
losses, while they work with a bounded Lipschitz loss. Indeed, it is not hard to apply
a more rigorous uniform convergence analysis from [Srebro et al., 2010] to also obtain

a faster squared rate for the approach used in [Arora et al., [2019a].

Since Equation is an upper bound on our complexity, our result generalizes
and tightens the NTK bound [Arora et al., [2019a]. To illustrate the flexibility of our
complexity measure, we show in Section [3.6.1] a simple explicit example of functions
represented as polynomial series where our bound improves upon the NTK bound.
Notably, we only substitute low-rank matrices GG in our complexity measure for this
construction. We leave further investigation of our complexity measure for arbitrary

G’s to future work.

3.3.2 Underlying Concept class

Instead of data dependent generalization bounds, one may study the generalization
gap with respect to some concept class. The complexity measure & implicitly uses
the following adaptive norm on the space of functions from R?, the infimum of the

RKHS norms for the family of kernels K:
£l = it (17l (3.16)
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It is not hard to check that ||.||¢ is in fact a norm, and that the inf is achieved by a
particular set {g}. Similar to the derivation of the upper bound on the complexity
measure in Equation (3.14), by setting {g} = {f*/||f*||z~}, we obtain the following
NTK upper bound:

1flle < 4l f 1o (3.17)

This leads to a function-dependent generalization bound which bounds the risk of the

learned network against an arbitrary function f with ||f||; < oco.

Theorem 7. For any measurable function f : R? — R, in the same setting as

Theorem [0}, the population risk of the trained network can be bounded as

||f||z+32)

R(fWPSGD7VPSGD) < 2R(f) + O(w (3'18)

As in the data-dependent case, the factor 2 on R(f) can be reduced to any constant

v > 1.

3.3.3 Interaction of layers beyond the linear approximation

Here, we give a high level intuition on how the adaptivity is achieved in our regime
compared to NTK. In the NTK approach, for every input x, the neural net fy,v (z)
is approximated by its linear approximation at (W©® V() (the initialized network),
fwy (@) = (Vwy fwo vo (@), W =WV — VO)) The NTK approximation works
as long as (W, V) are close enough to their initialization that the linear approxi-
mation remains accurate and the interaction of weights between layers is negligible.
Specifically, the features ¢'(z;) behave almost linearly with respect to W — W
as ||[W — WO is taken to be small and the sign pattern Sgn((W© + W’)z;) is
proven not to change much compared to Sgn(W(O)xi). Additionally, the NTK-type
analysis needs the following two conditions to be satisfied: (1) the sign pattern of
O (z;) + ¢/ (x;) with respect to V() + V' remains almost the same as the sign pattern
of ¢ (x) with respect to V(© and (2) the weight changes W’ and V' should not

69



interact, which means the “interaction” term, f#mQaTSgn<V(0)¢(0)(xi))V’¢’ (1) ~
0, should be negligible. Therefore, the non-negligible terms for the NTK are:
(1) \ﬁ#mQaTSgn <V(0)¢(0) (xi)>V(O)¢’(:pi), which is almost linear in W' (recall that ¢'(x;)
depends on W), and (2)—A~a”Sgn <V(O)¢(O) (.rz)) V'3 (x;) which is linear in V’. This

N
approach has two important implications: (1) it convexifies the optimization (for
convex loss), as the approximation is now linear in W; and (2) it simplifies proving
generalization, as it works with the class of functions in the RKHS space of some
fixed kernel. However, this simplification leaves no room for the ability of the neural
network to learn intermediate feature representations.

In our regime, in contrast, we enforce the condition Vj,i: V L #©(z;) (), which
implies the second (2) above is zero, while the interaction term is not negligible any
more and the network behaves similar to a quadratic function with respect to (W’ V')
(for fixed ;). Condition (x) is critical both in proving the convergence of the algorithm
as well as bounding the Rademacher complexity of the class of networks with bounded
weights. Rather than working with a fixed kernel, the interaction term enables us to
use the first layer for representing the input in a suitable feature space, which can
be interpreted as picking a suitable kernel, then use the second layer to describe the
output based on those features. This is also indirectly encoded in our complexity
measure. In addition to enforcing the orthogonality condition (x) (in the SGD variant),
conditions for entering our regime are that the overparameterization my, mo, ms and

K1, ke are within a specific range with respect to each other. We listed these relations

in Section 3.6.3

To illustrate the benefit of going to this more involved regime, denote the class
of neural networks with bounded Frobenius norms ||[W'|| < v, ||V’|| < 72 by G4, 1,
(and a bit more structure which we elaborate upon in the proofs); it turns out that
G-y ~, roughly includes H (O(7172)) for every kernel K € K, in the sense that each
f € Hk(O(m172)) is well-approximated within G.,, ,, to arbitrarily small error on fixed
input (the error goes down with the size of the network). On the other hand, we

show that the Rademacher Complexity (RC) of G,, ,, behaves similar to the RC of

the NTK class Hpys(O(7172))! As our algorithm guarantees finding a network with

70



sufficiently small empirical risk within G, -,, this phenomenon underlies our adaptive

generalization bounds.

Compared to previous work that provides an adaptive kernel analysis still for a
two layer model |[Dou and Liang), |2020] (although their analysis is for the gradient
flow and non-algorithmic), our model requires an additional layer so it can, in a sense,

“simulate” the process of feature extraction in one layer to be used in the next layer.

3.3.4 Comparison with Kernel fitting

We compare our generalization bounds with some kernel fitting rates. Given a kernel
K with K(z,z) <1 for every x : ||z]| < 1, suppose we want to fit a function from
Hri(B'), i.e. having K-RKHS norm bounded by B’. In the realizable setting, when
there is an underlying f** € Hy(B') with zero risk, Empirical Risk Minimization
(ERM) enjoys a fast rate using the smoothness of the loss [Srebro et al., [2010]|. The
Rademacher Complexity bound R(H g (B')) < O(%) then implies

R(fERM) < O(B"?/n) (3.19)

for the squared loss, which is minimax optimal up to log factors. To compare to the
neural network, we substitute f** into Theorem [2| To relate the B in our bound to B,
assume for simplicity of exposition that ||f||c = || f||x+ for some K* € K (otherwise
we can use a convergent sequence). Observing that Ky (z,2) < 1 for every kernel
Ky € K, we obtain that |f*(x)| < [|f**[|x- = ||f**[¢ (Section [3.6.6). Combining
this fact with the realizability assumption, we can then upper bound the parameter B

in Theorem 2| by || f**||¢, and obtain

R(fWPSGDVPSGD) = O~(||f**||C2/n) (3'20)
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If we further take K to be in K, then Equation ([3.20) combined with | f**||; <

|/l x < B’ implies:

R(fWPSGD7VPSGD) = 0(3/2/71),

that is, for every kernel K € K, our deep learning approach almost achieves the

conventional kernel bound in Equation (3.19).

Repeating the uniform risk bound stated in Theorem 1 in [Srebro et al., 2010|
for Hy (B') where B’ is set to all powers of two, followed by a union bound, one can
easily obtain a fast rate of

TK—I B2
Ky B

R(fERLR) < O( . —

(3.21)

for the solution of KRLR in the general case (not realizable) for the squared loss. On
the other hand, for a B-bounded Lipschitz loss, we instead get a slow rate for KRLR:

R(fKRLR) < O( ?JT_;T(L—ly 2)7

where B is an a.s. bound on |y| as before. This bound is similar to|Arora et al. [2019a].
Note that our data dependent generalization bound in Theorem [6] already achieves the
fast rate for KRLR in for any K € K. Finally, in the non-realizable case, we still
have the following fast rate for ERM regarding the hypothesis class Hy (B’) |Srebro
et al., [2010):

R(fERMY < O(R(f*) + B=E2),

where now f** = argmin 4, () R(f), while Theorem [2| also implies (again for every
K e K):

R fitpsantoscn) < O(R(F™) + LY = O(R(f) + 2282,

n
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3.4 Algorithm: Projected Stochastic Gradient De-

scent

In this section, we describe our algorithm PSGD, presented as pseudocode in Figure [2]
which is roughly Stochastic Gradient Descent modified to project out a low-dimensional
random subspace from the second-layer weights. PSGD approximately runs SGD on a

smoothed version of the following loss function (¢, 9 are defined in Section [3.6.2)
Li(W' V') = Ry(fwrvr) + n|[[W[J* + o2V

Compared to standard SGD, our algorithm makes two modifications: (1) it uses
randomized smoothing to alleviate the non-smoothness of the ReLLUs, (2) it ensures
that the weights in the second layer are orthogonal to the data features ¢ (x)
computed by the first layer at initialization. This helps to control layer interactions as
pointed out in Section For smoothing, we add Gaussian smoothing matrices W*
and V? to the weights with i.i.d. entries drawn from N (0, 32 /m;) and N(0, 2 /ms)
respectively, for By = Op((k1v/my) L (kay/m2)™23), B1 = O, (m3ka\/Mia(k1y/my)h).
To simplify the exposition, O,(.) is hiding the dependencies on the basic parameters
B,n,1/\ and log factors. Our convergence proof uses the loss with respect to this

smoothed network.

For the projection, let ®+ C R™2*™3 he the subspace of weights of the second layer
whose rows are orthogonal to the first-layer data representations ¢(®(x;)’s Vi € [n] at

initialization:
V'edt Ve mo], Viehn]: V¢ (x;)=0. (3.22)

In summary, at point (W’ V"), the algorithm samples a random (z;, y;) from the data,
as well as smoothing matrices W» VAL WWr2 Ve2 Tt then computes an unbiased

estimate for the gradient (@W,@V), adds additional normalized Gaussian noise
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matrices =1, = and moves in this direction with step size n = 1/poly(n, BV1/B,1/)):
(W' V) = (W) 0V 4+ 21/ Ei]), Proge: (Vv +Za/I20)). (3:23)

Parameters. Our results apply to the overparameterized regime, when the size of
the network, i.e. parameters my, my, mg are polynomially large in n, BV 1/B,1/X,.
This guarantees that the network has suitable function representation capacity, and
PSGD is able to find a good local direction at every iteration. The regularization
coefficients 11,15 can be set with respect to any candidate (f*, G) for our complexity
measure (3.9). In Section [3.6.2] we introduce a simple doubling trick that handles
the case when we do not have access to an optimal candidate solution. With such
an f*, as we describe in Remark [I} define v := max{R,(f*)/2, B*/n}, and set
U1 = v/4, Py = v/(4¢(f*,G)), where f* is the projection of f* along the span of
eigenvectors of A with eigenvalue as large as (1/n?). We list the suitable regime for

overparameterization in Section [3.6.3

Algorithm 2 PSGD(Projected Stochastic Gradient Descent)

Input: network architecture my, mo, mg, initialization parameters xi, k2, smoothing
parameters 1, f2, training set (z;,y;)!,, label parameter B, (f*, G) from the
complexity measure

1: Gaussian initialization I/Vj(f,)g) — N(0, K1), ijz) — N(0, k)
Define parameters 1,5, v, 1, subspace ®*, and objective L; as described in

Section [3.4]

N

3: while Ly (W', V') > R, (f*) + 2v do
2 2
4: Gaussian matrices I/ij}cli, Wf}f +— N(0, %)’ ij),;l, Vf,f + N(0, %)
5: Sample data (x;,y;) uniformly at random
6: Compute gradient estimates
- Vi = f(fw%wwl,v%vml(%)? yi)vaW’—&-WPv?,V’-i-VP»? (Jh) + 2¢1W/,

@V = é(fW’+WP’1,V’+VP71 (23), Y)) Vv fwrgwe2 vigvez () + 20V

8: Move as (W', V') «+ (W' V') + n(ﬁw + Z1/(vmy||Z1]]), Projge.(Vy +
%/|1%0)

9: Return (W', V’)
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3.5 High Level Idea of the PSGD Analysis

The reason for considering a Frobenius norm regularizer in PSGD is that we want the
weights to remain close to their initialization so the final network is in the class G, 5,
for suitably chosen 71, 72; while still reducing the nonconvex empirical loss R,,(fw v/).
We prove convergence for PSGD by building on ideas from Allen-Zhu et al. [2018],
with a framework based on the classic result that SGD can escape saddle points for
nonconvex functions. Compared to them, we take a different approach driven by our
purely data-dependent complexity measure. We augment this by a careful Rademacher

complexity analysis of the class G,, ,, in Section [3.6.11

Construction of a good Network To study the loss landscape, similar to |Alleny
Zhu et al.; 2018|, we show the existence of a good local update at reasonable points
(W', V"), using the ideal pair (WW*, V*) that we carefully construct from our complexity
measure. Here, we sketch our proof for constructing (W*, V*). Let (W', V') be the
current weights of the algorithm. Fix a sample i € [n]. In Section [3.6.12 we use G
to construct W* for the first layer weights with decomposition W* = >"7"*, W;* and
O(1) bounded norm, such that ¢*(z;)x = f#mlWSSgn«W(o) + W’)x,) W*z,;. This
decomposition ensures for every k,k’ € [ms)], negating W;* only negates ¢*(x;), when
k' = k and has no effect on ¢*(z;)r for k' # k. This way, we can easily generate any
arbitrary sign flip of the entries of ¢*(z;). We use this property to generate a suitable
random descent direction.

Next, we construct a suitable weight matrix V* for the second layer which maps
the features ¢*(z;) into f (recall the definition of the complexity measure). The
key here is that we consider a regime where the norm of ¢(©) (x;) is typically larger
than that of ¢'(x;) and ¢*(z;), so it is very likely that the sign pattern in the second
layer is determined by ¢ (x;) in most rows. In such a scenario, the condition
V! L ¢!9(x;) becomes vital as the interaction of V' with ¢(®)(z;) is problematic for
both generalization and optimization. From the standpoint of generalization, without
excluding this interaction, one can exploit the large size of ¢(®)(x;) and build a network

within the class G,, , corresponding to a complex function that overfits the data.
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Indeed, we utilize the large magnitude of ¢(®) and its orthogonality to the rows of V'
in the RC bound. On the other hand, since the weights of the first layer does not
affect ¢ (x;), the interaction of V’ and ¢(*)(z;) is problematic for the algorithm’s
convergence, particularly in proving the existence of a local descent direction. This is
the rationale behind our orthogonality constraint .

Finally, the ¢*(x;)’s, the above control on the signs, and the fact that (¢ (2;,), ¢ (24,))
concentrates around maE,, (.., 1) [o(wTz;, )o(wT'z;,)] which recovers the structure
of the kernel K> (Section [3.2)), give rise to the kernel G ® K* in the second layer.
Using this structure, we construct V* that maps ¢*(x;)’s to f’s, which has additional
good properties, including O(f** (G ® K*)~! f*)-bounded norm, and rows that are
orthogonal to ¢(©) (x;)’s. For more details, see Section .

Nonexistence of Bad Saddle Points Next, we want to exploit (W*, V*) to prove
the existence of a good direction along which the objective decreases locally. Moving
along (W* V*) is the first idea, which fails as the cross terms created between W', V*
and V', W* cannot be bounded effectively. Instead, we randomly perturb W* and
V* in a coupled way and prove a reduction in expectation. We elaborate more on
this suitable random direction. Multiplying random signs X, onto W}, we define
the sum Wy = > 7" S, W . We also multiply the same signs to the columns of V*
and project it back onto ®* to obtain V5. Then, we move in the random direction
(vViWs —nW/2,,/nVs; — nV/2); this update creates additional cross terms in the
objective that we must bound to prove a local reduction argument. A key point here
is that we prove with high probability the norm of the weights is always bounded.
This norm restriction enables us to substitute terms that we do not have control over

by their worst-case supremum. We refer to Section [3.6.13| for similar techniques.

Convergence of PSGD Finally, we use the fact that SGD escapes good saddle
points |Ge et al| [2015b|. For proving the existence of a good random direction to
escape saddle points above, we use that the norm of weights is uniformly bounded

along all iterations; this bound, in fact, is looser than the bound that we show for

76



the final weights of the network. Yet, this additional restriction cannot be addressed
by the classical nonconvex theory of SGD. Consequently, we refine and adapt the
proof of |Ge et al., 2015b| to incorporate this additional constraint. At a high level,
Ge et al. [2015b] work with a supermartingale based on the loss value. To guarantee
the additional norm restriction, it is initially tempting to apply Azuma-Hoeffding
concentration to bound the upward deviations of this process. However, this fails
as the process has a two-fold behavior, depending on how large the gradient is. At
the core of our refinement proof here, we instead directly bound the MGF of the
martingale using Doob’s maximal inequality. We refer to Section for more
details.

7



3.6 Detailed proofs

The following contains different main sections of the proof. Lower-level lemmas may

be found in Section

B.6.1

B.6.2

[3.6.3

B.6.4

[3.6.5

B.6.6

B.6.10

Optimization| . . . . . . . . . . . . . . ... ...

[3.6.11

Rademacher Complexity| . . . . . .. ... .. ... ... ...

[3.6.12

Constructing W* V*|. . . ... ... ... ... ...,

[3.6.13

Existence of a good direction| . . . . .. .. ... ... ..

B.6.14

kxistence of a good direction Helper Lemmas| . . . . . . . ..

B6.15

Bounding the worst-case Senario] . . . . . . . ... ... ...

[3.6.16

Convergence| . . . . . . . . . . ...

B.6.17

Process from a higher view: definition of the (X) sequence| . .

[3.6.18

Bounding the MGF of X,’sf. . . . . ... ... ... ... ...
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3.6.1 Stronger Generalization bounds for polynomials

In this section, we prove an explicit generalization bound for functions represented
as a polynomial sum. Note that the bounds in |Arora et al. [2019a] for polynomials
assume the monomials with degree larger than one to have even powers, while here
we do not impose this restriction. In addition, different from |Arora et al.| [2019a], our
bounds remain meaningful in the noisy case (recall our Theorem [2)).

More specifically, we bound the ¢ norm of such functions. Consider the target

function s with the following power series formula:
y=s(zx) = Z ap(w] )P, (3.24)
p=1

where a, € R and w, € R?. We can write

d
s(x) = qi(x) + ) wags (@), (3.25)
k=1
where x; denotes the kth entry of vector x here and

g1(x) = > ay(w, )",

pEA1:={p=1 or p even}

and for all k € [d]:

g5 (x) = Z Wpyp (ng)p_l-

p€A2={p>2, p odd}

Then, using the Taylor series of z(; + %;(I)) = > ooy pr? for |z] <1, the RKHS
H(H™>) of the NTK can be identified by square-summable sequences of reals (a,)2_,

with dot product

)y (B)pes) = D @by,
p'=1

where A(p') : Zso — Z>o such that it maps zero to zero, the first d positive integers

are mapped to one, the next d? ones are mapped to 2, etc. Moreover, the RKHS
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mapping ¥ : R? — H(H*>) from the Euclidean space is:

() = ol (o, o 2 (b el - (@ 2 ettt )

where 2’ = x/||z|| and in the notation above we are presenting a sequence of sequences,
by which we mean the inner sequences simply unfold. Using this identification, one

can see using the linear representations of g, g5 in H:

2
o113 = > a2l |3, (3.26)
pEA]
2(p—1
g5 13 =D wpia2|lw, |37, (3.27)
pEAs

Summing above and noting the linear representation of g:

d oo

2 2 2

lgullzr + D gsle = > waplwplls” + Y waplwplly” =D wapllwpls” = llglz-
k=1 peA; pEA2 p=1

(3.28)

Now for {g} = {g,}{£1 = {91} U{g5}¢_,, we consider the kernel K{,). Expanding the
Tailor series of Fy»(2F3)(z) = Z;O:o P, we find the identification (hg,)ke[dﬂ]’plzowoo

with dot product
d+1

D by,
p'=0 k=1

with RKHS map
(@) = (1), Gha (@), 24912, 2 (@), 2t (),

TyG1 (), (T, Ty 93 () D knld) helda]s - - -5 (Thy Ty« + - T G1(T) by kpeld) eldtn]s - - - )

Now, we compute the norm of function s with respect to K4, combining the above

representation and dot product with Equation (3.25)) and the fact that we work with
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unit norm xz, so =’ = x:
Isll%,,, = o+ (d+ L. (3.29)

Plugging the above and Equation (3.28) into the definition of ||.||¢ in (3.16), we

conclude

d 00
Isl1Z < sl (lgilzre + D N95117=) < (o + (d+ D) Yz w57 (3.30)

k=1 p=1

Note that if the odd exponents (except possibly one) in the definition of s in (3.24])
are zero, then we could consider only the function g; and kernel K, which would

have implied a bound of 119 )37, Vpaf;prng-

3.6.2 The Doubling Trick

For the SGD optimization, we set the regularization coefficients in the loss L; as

U1 =v/4, Y =v/(4C(f",G)), (3.31)

with v == max{R,(f*)/2, B*/n}. This assumes we know the f* and G that minimize
the adaptation within the complexity measure . To achieve generalization bound
in Theorem [6] here, we explain how to use a simple doubling trick to get over the fact
that we might not know these optimal solutions f* and G. The proof here is based on

the generalization result in Theorem [3]

Theorem 1. Without explicitly knowing the exact value of the complexity measure,
i.e., the optimal solution of Equation , one can still achieve the generalization

bound in Theorem [@.

Proof of Theorem [1]

Our core generalization result is in Theorem [3] The proof of Theorem [I] is sim-

ply adding a doubling trick on top of the argument of Theorem [3] We also prove

81



Theorem [2] as a consequence of Theorem [I] in Section [2} In the rest of the proofs,
for simplicity, we refer to (Wpsap, Vesap) by (W', V’). Let f**,G* be the optimal
solution to (3.10). With a simple rescaling of G*, we can assume (H>"' G*) = 1.
(Note that the complexity does not change by such rescaling). Now one can exploit
the condition ||y;|l.c < B, and consider the setting f* = 0 to get the following trivial

upper bound on the complexity measure:
S((4), (w:)) < 2nB*
Therefore,

2nR,(f*) + f* AT (dw) < 2nB?. (3.32)

Using Equation (3.32)) and the optimality of (f**, G*):

R, (f*) < B?,

¢ =C(f™,G") < 2nB2. (3.33)

Combining the first equation above with the definition of v in Equation (3.41]), we
get

B*/n<v < B (3.34)

To initialize 1, and v, we use Equations for any f* and GG, and as a result
we get a generalization bound as in Equation (3.45)). However, to achieve the best
possible rate characterized by our complexity measure in Theorem [6] without explicitly
computing the answer of (3.12), we use a simple doubling trick; for every pair (¢, /)
such that (' is a power of 2 between B? and 2nB?, and v/ is a power of two between
B?/n and B?, we initialize vy, as in Equation and run the algorithm, then
return the network which minimizes the empirical loss after the required polynomial

number of steps. This is to make sure that the value of the loss will go at some point
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below the PSGDstopping threshold on the loss, since the stopping threshold depends
on R,(f**) which we are not aware of. Another way to resolve this issue, to have an
early stop when the value of the loss pass the threshold is to again run a doubling
trick on the value of R, (f**) for every fixed value of v and ¢, and run PSGD with stop
threshold R, (f**) + 2v (here, R, (f**) is set using the doubling trick variable). This
approach works because our final upper bound on the risk ignores the constants (note
that the doubling trick introduce additional constants). Moreover, since v > B?/n by
definition, we don’t need to run R, (f**) over values smaller than Q(B?/n), since it
does not change the order of R, (f**)+ 2v. Particularly, combining this with the upper
bound on R, (f**), we only need to run the doubling trick for R, (f**) in the interval
(Q(B?/n),0(B?)). Now let v/ be the power of 2 within v(G*, f**)/2 < v/ < v(G*, f**).

If we are in the case

frrAT P < B2 (3.35)
then for ¢’ equal to the smallest power of two larger than B2, when we run PSGD with
pair (v, ("), by Theorem :

s 2B B S ) | B

R(fwrr) < 2Ru(f*) + N CE )

n

Because we return the minimum upper bound on the risk (the tighter lower bound
of Equation (3.44])) among all such powers of two, we certainly achieve the above
rate in . Otherwise, if f*TA~1f* > B2 let (' be the power of two within
fTA- - < ¢ < 2f*TA-1f* then again it is easy to check that conditions of

Theorem [3] are satisfied, hence we get the following generalization bound:

C(f**7G*) + B2

n

R(fwrv) <2R,(f™) + c”w@ < 2R, (f*) + c”w2

() An 2
< ‘y((xz)z:p (?ﬁ)z:l) + C/B w7 (3.38)
n n

(3.37)

which proves the bound of Theorem [6]
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3.6.3 Amount of Overparameterization

In this section, to provide high-level insight, we indicate the right order of magnitude
that our overparameterization should be in, with respect to one another. Note that
the exact coefficients in these inequalities would depend on the basic parameters

B, 1/X,n, which we have avoided here for sake of simplicity. We refer the reader to

our main proof (mostly Sections [3.6.12} [3.6.13)) for more details.

Kikomg << 1,
Kav/my >> 1,
K1y >> Kay/my,
myp >> mg,

kiv/my >>my?,
Ry << 1/y/ms
Vimgks << 1/y/my
\/EQ >> mg/2/<o1/<52
ms(Koms) << Kimy

my, Mo, M3, 1/,‘{1, 1//62 = poly(n, BV 1/B, 1/)\0)
In addition, we set the smoothing parameters as

Ba = @p((Kl\/E3)_l(\/E2K2)_%>>
B 1= Oy (mav/ima/(mivm)).

where ©,, only shows polynomial dependencies on the overparameterization.

3.6.4 PSD property of K*

The Schur product theorem states that for PSD matrices A and B, A ® B is also PSD.

Now given an analytic function F' whose Tailor series coefficients are all nonnegative,
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Suppose we apply F' on some PSD matrix A entrywise, denoted by F'(A), under the
condition that the entries of A are in the radius of convergence of F', then using Schur
product theorem, it is straightforward that F'(A) is also PSD.

Using the above property, one can then check that the Tailor series of the defined
functions F» and F3 are nonnegative, hence, the application of the function Fy(2F3(x))

< 1 is in the

on the gram matrix of (z;)}, is a PSD matrix, ( note that ‘(xi,xj>

convergence radius of Fy(2F5(z)).) thus K is indeed a kernel.

3.6.5 Complexity upper bound

First we mention a simple fact that hadamard product respects matrix orderings.
Given PSD matrices A, B, C such that A < B, the fact that A C < B® C'is an
easy consequence of the Schur Product Theorem; indeed, B — A is PSD by definition,
so(B—A)©C=Bo6C—-A06C isalso PSD.

Next, it is easy to check that the Tailor series of arcsin(x) has all nonnegative
coefficients. Therefore, for a PSD matrix X, as we discussed in Section [3.6.4] ap-
plying arcsin entrywise on X, namely arcsin X, is also PSD. Setting X equal to the
entrywise application of 2F3 to the gram matrix of datapoints (x;)",, we realize the
matrix arcsin <2F3<<<xi, xj>>1§i7j§n>> is also PSD. Noting the definition of K> in
Equation , we conclude that for the data kernel matrix K> we have

where 1 is the all ones n-dimensional vector.
Combining the two mentioned facts, we can lower bound the matrix K = K* © G

for any matrix G as
] 1 T 1
K=K @GZZILIL QG:ZG'

Substituting the rank one matrix f*f** for the n-dimensional vector f* in Equa-

tion (3.13):
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K o0 =K2o /P>

/1713 R (3.39)

1
4

The inequality used in (3.13)) then follows from Equation (3.39).

3.6.6 Complexity measure and the (-norm

This is a brief section regarding some basic properties of I and ||.|.

First, note that the two versions of the complexity measure in Equations
and are equivalent, as for any finite set of functions {g}, we can define the
gram matrix with respect to the feature vectors of these functions on data, and for an
arbitrary nonzero PSD G we can consider a Cholesky factorization for G as G = X7 X,
then define the functions {gx} as the minimum-NTK norm functions which map the
input to the features corresponding to X. This observation further implies we can
suppose the factor matrix X is in R**”, and there is a set of at most n functions
{9k }7—, which corresponds to this G.

Next, we show that for an arbitrary function f, its sup norm over the unit ball is

bounded by its ¢ norm:
swp |f(@)] < [1£le- (3.40)

Note that for a kernel K which satisfies K (x,z) < 1, using Cauchy Schwarz we simply

obtain

f(@) < ([ flle v/ E (2, 2) <[ fllk,

where recall that ||.||x is the norm corresponding to the RKHS space of K. Hence, to
show ((3.40]), it suffice to show that for all kernels K € K and unit norm = we have
K(x,7) < 1. To see this fact, note that the norm of each x € R? in the NTK-space is

H>(x,z) = % Therefore, for each function g with bounded-NTK norm, again using
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Cauchy Schwarz:

1
l9(2)] < S llgll =

As a result, for a family of functions {g} with de{g} l9]|%+ < 1, we have on every

unit norm z:

> gl <1

g€{g}

On the other hand, it is easy to check that for every unit norm z, we have K*°(x, z) < %,

so for every such {g}, we have by definition
K{g}(l’) S 1,

which completes the proof of Equation (3.40)).

87



3.6.7 Core Generalization Result

In this section, we prove our core generalization result for the trained network,
Theorem [3, which underlies our generalization bounds in Theorems [ and 2] Recall

that in the rest of the proofs, we refer to the solution (Wpsgp, Vesgp) returned by

PSGD simply by (W', V).

Theorem 3. Suppose we have a good candidate pair (f*, G) regarding our complexity
measure in that satisfies (H®* 1, G) < 1, ffTA f* < (¢ (recall A = G ®
H®>), and that f* has zero projection onto the directions of eigenvectors of A whose
eigenvalues are smaller than O(1/n?) (the last condition can be relazed, see the next

remark). Then, for
v = max{R,(f*)/4, B*/n}, (3.41)
if we are given v/2 <v' < v, and we set

Y1 = (3.42)

by = (3.43)

V/

Z?
V/

Ea
then for the solution (W', V') returned by PSGD we have the following generalization
bound:

¢+ B?)

R(fwiv) < ~Ru(fwryvr) + '@

Ro(f*) + c"w“%Bz), (3.45)

(3.44)

| U | Ot

IN

for constants ¢, " and log factor w = log(n)? + log(1/ ).

Remark 1. Given a pair (f*,G) satisfying (H*™', G) <1, f*TA 1 f* < ¢, one can
project out the directions that are along the eigenvectors of A with eigenvalues smaller
than Q(1/n?) to obtain f*, then use the pair (f*,G) in Theorem @ This way, the third

condition mentioned in Theorem [3 also becomes true. As we show in Lemma |51, by
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switching f* to f* the quantity f*T A=' f* does not increase, and the quantity R,(f*)
is multiplied by a constant ¢ > 1 arbitrarily close to one, then adds up with O(B?/n).
This means that the bounds in Theorem @ for the pair (f*,G) translates into similar
bounds for (f*,G) albeit with a bit worse contants. It is straightforward to see that
with small enough choice of ¢ and careful AM-GM inequality that we apply inthe proof
of Theorem@ one can end up with the same constants regarding the pair (f*,G) as

declared in Theorem[3. For a more careful discussion on this, we refer the reader to

the proof of Lemma[I9.

Proof of Theorem [3

Almost all of our proofs in the rest are in the aim of proving Theorem [3 Cru-

cially, to prove this Theorem, we need to establish two big results:

1. We need to show that the final network has small training loss, and is within
the class G, -, for some suitable 7;,7,. This is handled by Theorem [ in
Section [3.6.10, We define the class G, ., roughly as the class of networks
with norm bounds ||[W — WO || < 4, ||V — VO < 4, where the rows of
V — V' are orthogonal to the subspace ®, plus an additional structure defined

in Section [3.6.11] This task, on its own, has three main steps in our proof:

(a) we construct a “good” underlying network, Section |3.6.12

(b) we find a “good” random direction and study the landscape of the objective,

Section [3.6.13

(c) we prove the convergence, Section [3.6.16

2. The Rademacher Complexity of the class G,, ., needs to be suitably bounded.
This is handled by Theorem [9| in Section [3.6.11}

With access to these results, here we show how Theorem [3| follows by a simple
application of the generalization bound in [Srebro et al., 2010|. Specifically, for fixed
constants 21, z3 and every integer i > 0, we use Theorem 1 of [Srebro et al., 2010]

for the class G., -, Vi = 2! x B/z3 with confidence probability 1 — 27%03, which,
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with a union bound, implies that with probability at least 1 — d3, for every i and

fW’,V’ = gzh%‘:

blog(1/(27"03))

n

)
(3.46)

R(fwryr) < Bu(fwryr) + K( Rn(fwxv')(\/10g(n)1'573(gzm) + \/

2, blog(l/TEQ_iég))

+ IOg(n)gn(QZ1,Vi) ), (3.47)

where (( fy v/(x),y) is a.s. bounded by b for function within the class G., -,, and K
is a universal constant. In the following, we aim to further bound the Rademacher
complexity R and parameter b.

Applying the AM-GM inequality with respect to ratio z, > 0 for the second term:

blog(l/(Z—iég))>2

n

R(fwv) < (1 + z4) Ru(fwvrvr) + K2/24<10g(n)1'573(gzlm) + \/
blog(1/(27"3))

< (14 z) Ru(fwrvr) + K2/24<10g(n)1’572(gmm) + \/

2, Dlog(1/(276y)

< (1+ 20) Ru(fwryr) + (2K2 /20 + 1) log(n)* R(Gz, ,)? + (2K7 /24 + 1)

blog(l/(2—i63))>2

n

+10g(n)*R(G, 1,

blog(1/(2"'61))

(3.48)

Now let v* be the smallest number of the form 2°B/z; (for some i) which is not

smaller than z+/C. This definition implies

v* < max{22/C, B/z3}. (3.49)

Now Theorem [f] in Section bounds the Rademacher complexity:

221"

R<gz1,’7*) < \/ﬁ :

(3.50)

On the other hand, from Theorem {4| by setting 21, zo = V40, we get fyr v € G, 4+
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Moreover, from Lemma , for fw: v+ € G,, o+, we have for every |z| < 1:

| fwr v ()] < 22177, (3.51)

so the loss ¢(fw: v/(z),y) can be bounded by (B + 2217*)? using the 1 smoothness
property. Therefore, for the class G., .~ we can set b = (B + 2z;7*)%. Combining this
with Equation (3.50) and plugging into Equation (3.48]):

2 342%7*2
R(fwrv) < (1 + 20)Ra(fwvrvr) + (2K /24 + 1) log(n) B

e

Furthermore, by definition of v*, we have 2° < 225231/C/B:

2 %2

R(fwrv) < (14 2) Ro(fwrvr) + (2K /24 + 1)422(log(n)® + 2log (22525 \/Z/B))4ZITZ
(3.52)
K2+ 12 log(Q;QZ?’\/Z/ B) (3.53)

Now applying the upper bound on ~*:
R(fwrv) < (1+ 21) R fwryr) + (2K2 /24 + 1)427 (log(n)’? (3.54)
+2log(222231/C/B)) 4’2%(222‘/5; 2B/ z)" (3.55)
@Kz, + 1) 22108222V B) (3.56)

n

If ¢ > B2, in the third term above we substitute B by /(. Finally, similar to the
bound we stated in Equation (3.14]), note that we have the following trivial bound for

&
C<yTH>® 1y < 4nB? /X, (3.57)
i.e. there is no point in considering larger (’s, which implies log(2z9231/(/B) =
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O(log(n) + log(1/X\g)). Plugging this above and picking z4 = 1/3 show the proof
of Equation ({3.44). Furthermore, applying Equation (3.69) in Theorem {4| to the
R, (fwv’) term in Equation (3.44) further gives the second Equation (3.45]).

Remark 2. In the same setting of Theorem@ if we have v/2 < V' but not generally

upper bounded by v, then PSGD leads to the following generalization bound:

R(fW’,V’) < Rn(f*) +V’+C/IIIW(C+TB2)7

using a similar argument as we did for Theorem (3,

3.6.8 Structure of the proof, setting ms, and further definitions

Throughout the proof, (W', V') represents the pair of matrices of the current iteration
of PSGD, (W*, V*) are the “ideal” matrices that we construct in Section[3.6.12 (W#,V*)
and refers to the gaussian smoothing matrices. Importantly, note that our squared loss
((f,y) is zero at f = y. We have tried to make the lower level proofs into sub-lemmas
and create a manageable hierarchy as much as we could, to make the document more
clear and readable.

Similar to the conditions in Theorem [3, through out most of the proofs we assume

that we are given a pair (f*, G) with a slightly more general setting of Theorem

FTAT N <G, for A= GO K™,
<G7 HOO> S Cl-

Particularly, ¢;, (> appear in Section [3.6.13] Because we are allowed to rescale G, we
do not really gain much by assuming this more general setting, though we pick to
work with the general setting as the abstraction makes the proof more straightforward
to understand.

We refer to the parameters B, 1/)g, n as the “basic parameters”, mq, mo, mg, 1 /K1, ko
as the “overparameterization”, and (3, 35 as the “smoothing parameters.” By the phrase

“having enough overparameterization” we mean it suffices to pick the overparameteri-
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zation my, mg, m3, 1/Kk1,1/ke only polynomially large in the basic parameters.

Throughout the proof, we denote the change in the output of the first layer at
WO + W'+ W* compared to the initialization value by ¢ (z;), i.e.
1

6 (w) = W (WO W W) = 00 (1),
1

while recall that ¢'(z;) has a similar definition except without the smoothing matrix
W?. Although our model is a three layer network, throughout the proof, we refer to
the parts stLmla((W(O) +W")z) and \FLmzaTo((V(o) + V’)()> as the “first layer” and
“second layer,” respectively.

Also, we sometimes refer to the binary sign pattern of vector x multiplied to matrix
W by D, (Dw, = Sgn(W=z)), i.e. the jth diagonal entry of Dy, is one if W]?x >0,
and is zero otherwise. To refer to the jth row of W as a vector, we sometimes drop
the comma in W; and write it as W.

For brevity, we denote the Frobenius norm ||W||r of matrix by ||W||, and the
Euclidean norm of a vector = by ||z||. For matrices Wy, W5 we denote their natural dot
product by (Wy, Wy) == tr(WIW,). We refer to the smallest eigenvalue of a matrix by
Amin(.). We write R(.) for the Rademacher complexity of a function class. We refer to

the smoothed version of the network by fy 1. (z), defined by
S vi(@) = Ewe vo fwrrwe vrgve ().
In the proof, we mainly work with the loss over the smoothed network f’, defined as
LW', V") = Ru(fiyrar) + 1 [WI1 + o[V (3.58)

Our algorithm, PSGD can be regarded roughly as an SGD over L.

Similar to what we discussed in section , let the functions {gx};2*, be some
feature representation whose gram matrix is equal to G and (H*, G) = >0, ||gk|/3 -
In such setting, it is not hard to check that we can assume each gj is the minimum

norm NTK function which maps (z;)"; to (gx(z;))",’s. Indeed, if this is not the
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case for some g, we can project the RKHS representation of g, onto the span of the
representations of (z;)"_,, which can only decrease the complexity measure. Hence we
can represent g € Hpy as a linear combination of basic functions H*(z;,.) on data

points:
Vk € [ms], Z Vi H® (24, (3.59)
Here, the sum of squared-H° norms of V), is bounded as
STVl = Y llgrlfe = (H®,G) < G (3.60)
k k

For each i € [n], we refer to the feature representation vector (gx(z;));, on x; as ;.

Note that we have the relationship
= (H; V)21, (3.61)

where H;* is the ith row of H*. In the analysis, we work with a bound £ on the
quantity maxy ||Vg| which should be bounded polynomially by other basic parame-
ters; in particular, it is defined in Lemma [I9 and is used to bound a cross term in
Lemma 23] However, maxy, ||Vi|| might not be effectively bounded for an arbitrary
feature representation. Fortunately, we can remedy this by a simple trick; for every
natural number s, one can substitute every gi by s copies of gx/+/s, without changing
the gram matrix G. Therefore, for any 9, one can increase the multiset of functions
(gx) to a bigger set (gx), by adding at most O((;/d) functions, making sure of the

following for the new functions:
Vk: VEH™V, = ||| 5 < 0. (3.62)

(This is because Y, [|Gk||F= < 1). Furthermore, observe that for each gram matrix G,
we have an n-dimensional feature representation (gx)y_, for G according to the Cholesky

factorization. Combining these facts, we conclude, to guarantee Equation (3.62)), in
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the worst case, we need ms to be as large as n 4+ O((1/9).

Finally, observing the following inequality
IVell® < [Villzre /20 < 113Gkl /Xo- (3.63)

in order to guarantee max;, | Vi|| < € we need to take mjy as large as n + O(¢1/(£2)\o)),
which is indeed bounded polynomially by the basic parameters because of the same

condition for 1/¢. This computation also brings into sight an important point:

“Although each gram matrix G is representable by n features, in order for the

algorithm to be able to find a suitable network, mg might need to be larger than n.”

Moreover, for every 1 < k,i < n, we define the matrices ZF € R™ as

Zi =1/ i (W]jﬂ {V[/jgo>Txi}xi)Tl : (3.64)

Jj=1

where in the above notation, j is enumerating the columns of the matrix. We also

define the following matrices which we use in our construction later:
T n
W =W =Y vz (3.65)
i=1

and W as
m3
W => Wk
k=1

Finally, to avoid unnecessary complication, we often argue high probability
bounds without an explicit representation of their dependency on the chance of failure
(which is a negligible logarithmic factor). We also ignore all constants and log factors,
and mainly work with the notation < which ignores constants; we write a < b+ ¢
as a short form for b — O(c) < a < b+ O(c). As there are several hierarchies of new
parameters that are defined based on lower-level ones, we rename the new parameters
and continue viewing them as black-box. This makes the proofs more readable, since
we also do not care about the exact dependency of the underlying parameters most of

the time, rather we are interested in their orders of magnitude, for example that a given
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parameter goes to zero polynomially fast with respect to the overparameterization,
etc. Due to the large number of symbols that we have to work with, we might use a
symbol more than once, of course when it is clear from the context which one we are

refering to.

3.6.9 Proof of Theorem [2I

In this section, we prove Theorem [2] stated below.

Theorem 2. For any function f : R? — R, in the same setting as Theorem @ the

population risk of the trained network (W', V') can be bounded as

U112+ % -

n

R(fivr) < 2R(f) + O (0w

Proof of Theorem [2]

Theorem [2]is a simple consequence of Theorem [6} for the given function f, we apply
Theorem [2[ with the smaller coefficient v = % for R,(f*), regarding the complexity
upper bound, by setting f* = (f(z;))r:

*TKfl * B2
R,(f*) + (aw) min / / Ml
Kek n n

_ fTK'fr Blaw
Rn(f)%—(ozw)?é% " +—

R(fwvr) <

W= Wl

On the other hand, because f*7K~!f* is the minimum-RKHS norm of a function
with respect to kernel K which maps z;’s to f*; and f is one such function, we have

KL <||f|lx. This inequality implies

. *T 7.-—1 rx
<
min [ K f < I fll¢,

so we obtain

A2 + B2
—.

Wl

R(fwyv) < Ry (f) + (aw) (3.67)
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Therefore, it remains to bound R, (f) by R(f).

As we showed in Section , for every input x we have f(z) < ||f|l¢, so for
every data (z,y), by the fact that |y| < B a.s. and « smoothness of the loss, we have
((f(z),y) < a(||fllc + B)%. Moreover, note that the random variable ¢(f(z),y) has
mean R(f). It is easy to check that in this setting, the variance of ¢(f(x),y) is at
most R(f)a(||f|lc + B)*. Therefore, an application of the Bernstein inequality, we
have with high probability over the dataset

R.(f) < RUf)+ 0 (\/R(f)a(llf\lc £B2 _ allflc+ B>2> <2ripy+o <a<|| Tl B)2> |

n n

Plugging this back to Equation (3.67) completes the proof. As a result, the learned

network can compete with any function that has reasonably small || f||.:

2—|—B2
I+ 5y

R(fwy7) < min {21—2( 1)+ Ofam=—=
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3.6.10 Optimization
In this section, we glue together

e the existence of a good random direction that we prove in Section [3.6.13

e the convergence analysis of PSGD that we do based on the work Ge et al.|[2015Db|
in Section [3.6.16]

Theorem 4. In the same setting of Theorem[d, assume the network (W', V') returned
by PSGD, has sufficient polynomially large “overparameterization” Then, for the

solution (W' V') returned by PSGD we have

LW V") < R,.(f*) + v, (3.68)
which further implies

R (fwrvr) < Ru(f7) + 2v, (3.69)

W' <40, [[V'[|* < 40C. (3.70)

Moreover, for every i € [n],j € [m4],j ¢ P for P defined m we have that
T
sign((Wj(O) + Wi)'z;) and sign(Wj(O) x;) are the same.

Proof of Theorem [4]

Let T € Rm2(ms—n)xmams he o matrix whose rows are an orthonormal basis for
the space of matrices whose rows are orthogonal to span({¢® (z;)},), i.e. ®*, as
defined in . Then, we consider a linear change of coordinates for the subspace
L, regarding the second layer weights, as v = Tvec(V’) where vec(.) splits out the
vectorized version of a matrix. For consistent notation, we also denote w’ = W', so
we now have a new coordinate system (w’,v’) € R™2(ms=n)xmd for pairs of weights

(W', V') such that V' € ®+. We also define the loss function

L w = (w',v')) = LW, V"),
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with respect to the change of coordinate.

Now it is easy to see that running PSGD on L in the normal coordinates is equivalent
to running stochastic gradient descent on L with respect to (w’,v’). Moreover,
because multiplying to matrix Y is an orthonormal change of coordinates for ®* and
because V' is already in ¢+ at each step of PSGD, then ||| = ||V’||, so the conditions
W] < Cy, ||V < Cy are equivalent to ||w'|| < C, ||| < Cy. Furthermore, by
our construction, the random matrix V5 is in the subspace ®*, so the norm bounds
Wl < G, ||[VF]] < (o are equivalent to ||w*|| < (i, ||[v*]] < (& for w* = W and
v* = Tvec(V*).

Now we apply the result of Theorem |§| on L' with parameter v set as v/ (recall
the definition of v/ from Theorem [3)), {; == ¢ and ¢; = 1, and A = R,(f*), as
defined in Theorem [3] More specifically, based on our arguments above regarding
the natural isometry in the change of coordinate, any pair (w’,v) in the domain
|w'|| < Oy, ||V]| < Cy, LY (w',v") > R,(f*) + v/ translates into a pair (W', V') in the
domain |[W'|| < Cy, ||[V'|| < Co, LW', V') > R,(f*) + v/, for which by Theorem [0
there exists (W, V) such that

Ex L(W' = n/2W' + W&V —n/2V + V) < LW, V') —n/' /4. (3.71)
Translating back to the change of coordinates:

Ex L™ (w' — n/2w' + /nws, v — /20" + ivs) < L(w',v') —nv' /4. (3.72)

Now we apply Lemma [53| to translate this into an argument about the landscape

of L. As a result, applying the bounds in Equations (3.107)) and (3.127)), we obtain
that for (w',v’) such that



we should either have

v/4
A/l =+ [lorff?
B v/4

/WP + (V7P
v

164/C2 + C2’

IVLE (W', o) >

or

4
)\min <V2LH wlvvl ) S - : I//
( ) 2 ming (||w*]|?2 + [|v*]|?)
B v
2ming (||[W5[12 + [[V5]]?)

c__ v
— 16(G+ G)
v

S 16(1+C)
Next, we want to apply Theorem [7] by setting

o 1%
TTA6(1+ Q)

Nl = Rn(f*) + Vlv

and Lipschitz parameters py, pa, p3 = poly(B, C1, Cy, my, ma, m3) set as described in

Section [3.7.1], Theorem [9] Also, note that as prescribed by Theorem [7], we set

N+ 4]
C = ,
P
N+ 4l
0, = 22 (3.73)
(o>

where [ = O(1) depends on our desired chance of success for the algorithm, specified
in Theorem [7} Finally, note that Theorem [7] needs to work with a bounded noise on
the gradient whose covariance matrix is bounded between two multipliers of identity.

The point of injecting extra noise to SGD in PSGD is in fact because of this covariance
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condition that we need in Theorem [7] On the other hand, note that in general, because
of the gaussian smoothing that we use, the noise vector is not supported on a bounded
domain, which makes it a bit harder to apply Hoeffding type concentration. To remedy
this, we introduce a coupling between our unbounded noise vector for L(W’ V') and
another noise random variable whose support is bounded, which with high probability
is equal to the real noise, along all iterations. In Corollary, we further translate this
coupling for the objective L after change of cooridnates, and write down the exact
dependencies of the parameters (), o1 and o5, which are all polynomial in the basic

parameters and the overparameterization.

Hence, the conditions of Theorem [7| are satisfied, so we conclude that after at most

pOly(m, P2, P3, Qa N? C’17 027 1/77 10g(01/02)> = pOly(‘87 my, M2, ms, Clv 027 Cl? CQ) = pOlg(”? BV
1/B,1/7) number of iterations, PSGD reach a point w; in some iteration ¢ with

LH (wt) S NZ.

Translating back this w; = (w},v;) by multiplying the v, part to T7, we get a pair
(W[, V) with objective value bounded as

LW/, V) < Ru(f") + V. (3.74)

But note that we obviously have the condition |[|[W'|| < Cy,||[V’|| < Cy through
the whole iterations, for the choice of C},Cy in Equation (3.73)). Therefore, using
Lemma [43] for every i € [n]:

| fivs v ()| = O(Ch, Cy), (3.75)
| fwr v (@)] = O(Ch, Ca) (3.76)

From Equations (3.76)), as also stated in Theorem [0} we know that for all i € [n], (., y;)
is O(CCq)+B?-Lipschitz at points fy v+ (x;) and fivs v (), so we can bound the differ-
ence [€( fiyr v (i), yi) = E(fwr v (2i), y2)| by (O(C1C2) +B2)| fiyr v (i), yi) = fwr v (i),
which in turn can become arbitrarily small having enough overparameterization using

Lemma [44] in particular, we force it to be smaller than O(//(B? + C1Cy)) (recall
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V' >wv/2> B?/(2n)). As a result, we get [€(fy (i), y:) — L(fwr v (i), )| = O(v)
for every ¢ € [n], which in turn implies |L(W', V') — Ly(W’',V")| < v by picking
small constants, where recall that the objective L; is the same as L but without the

smoothing. Now applying this bound to Equation (3.74)), we get
LW, V) < Ra(f7) + 2.

Therefore, as PSGD check the values of L; in the loop, it terminates at such pair
(W4, V;). From this point onward, we refer to the returned (W}, VY) as just (W', V).

Opening the definition of Li (W', V'), we clearly get
R, (fwv) < Li(W' V') <R, (f") +2v < R.(f*) + 2v. (3.77)
Furthermore, noting the setting of 11,1, in Theorem |3 and the fact that v > v/2 >
R.(f*)/8, we get
AR, (f*)+2)

V/

4C(RL(f*) +20)

|W'])? < < 40, (3.78)

VI < < 40¢, (3.79)

which completes the proof. The fact that for every i € [n],j € [m4],j ¢ P we have
T
that sign((VVj(O) + W) ;) and sign(Wj(O) z;) are the same follows from Lemma
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3.6.11 Rademacher Complexity

In this section we show the proof for our Rademacher Complexity bound, which is

used in Theorem [l

Theorem 5. Let G, ., be the class of neural nets with weights (W, V') in our three layer
setting, such that [|[W —WO|| < ~;, ||V =VO| < 5, where for every j € [my),i € [n]:
V! L ¢Ox;), and for every i € [n],j € [mu],j & P for P C [my] defined in
Lemma it satisfies sign((Wj(O) + Wi)z;) = sign(W©® ;). Then, for large enough

overparameterization, we have the following bound on the Rademacher complexity:

2712
R(g’h,’m) < \/ﬁ :

Proof of Theorem [5]

Here, we do not have the smoothing matrices W*, V? anymore. In this section,
unlike the optimization section that we used {2/} ; to denote the output of the first

layer by incorporating also the smoothing matrices, here we define it without them:

1

bovmy

Wea (WO +W)x;).
Now define the matrices

7, =1/\/my (aj]l{‘/j(’o)x; > O}xé) ‘ 21,
‘]:

2" =1/ vima(a;(1{Viat = 0} = 1{V0) = 0})a))

ma2

j=1

To bound the Z/" part, note that substituting C; by ~; in lemma and assuming

conditions



(we can use this result because we do not have the smoothing matrix W* here), we

get with high probability over the initialization for every i € [n]:

16/ (o)l = ll2f — ¢ (i) S ™. (3.80)

Therefore, we can write

|t1race(VZz'Jr A {sign(Vj x}) # sign(‘/j(,o)x;)}‘/jwﬂ
J
< jm 3 Hsign(V;ai) # signlV; ) V)
< jm Z 1V < 1V, = VOl (10, = VO)all + 1V,
<= A A VOl (21, - Vi),
<o SVl = v < /o) min(, )} (219, — Vi")ai)
o IRILARARLE ) min(n, )} (21(V, — Vi™)ail).

Now using the fact that V; — Vj(o) is orthogonal to ¢® (x;)’s:

293/ (52 )13, )
LHS < ma 1|V < A28 1/3
< NG ;{Mfc\ (m) [EAlN;

2 0) 2/3 (0)
2 N1 = v () > ~2/ 30 LV — V! " 6Oz,
7 IV = Vi = 60l 2 23 IV -Vl = 6 )
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Next, using the upper bound on ||z} — ¢ (x;)]|:

9~2/3 1/3
LHS <2 (”” 25 g 7| <75 sl

J

0 2/3, K2 0
Z L1V, = VOl 2252 v, - v

71
+
VM2
2/3
72/ (m2>1/3

e Al <23 P

J
Y K
+ L \/Z LIV, - VO 2 23 (2 ) \/Z 10, = V)2
J J
_ )

2
1
:H_ v / < 2/3 1/3 / ) 7271 % me 1/3 .
< (S < )+ T

Then, applying the first argument of Lemma [38], we have with high probability

over the randomness of V(-

2/3 K2 \1/3 9
1
s < 2 G0 M Rayus gy B0 ma s

V12 Ko T2 ? v/ M2 /-1_2 W

2
4/3 4/3

< T2 M1 4 Yo N

T (Ka/my)V3 T (Ray/my)t/B
4/3

Yo N

S ——.
~ (Ray/my)
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Therefore, we can write:

1
2:).(yi) = —Ee sup E e fvw (x;)
(@) () = ) vves 4 v.w

R(Gy172)

= l]E6 sup ZE’G o(1//mVWeo(1/\/miWx,))

n  vwes

1
= —E,. sup Zela o(1/y/maVal)

n V.Wes’

1
= —E. sup su etrace(V(Z, + 21"
n We% Veg Z ( ))
< 1IEI sup Ze trace(V Z!) + 72/ n
n €WVES ‘ (’12\/_2)1/3
1 - 74/371
< —E. sup sup trace(V 67))) + —2
Wes Ves ( <ZZ1 ) (Ray/my)t/3
1 n
— ZE. sup sup trace((V — V© A
e sup sup (( (O aZi)

S

i=1

1 (0) - 74/371
+ —E, sup trace(V° 67))) + — 2. 3.81
E s (VO eZ)) ¢ B )

For the first term, for every j € [my], define H; to be the set of i’s in [n] where

the jth column of Z! is non-zero, i.e.

={ien: V" >0}

T¢(0) (x;) = 0, so we can drop the

Here, we use the crucial assumption that (V — V),
#©(z;) term when 2/, is multiplied to V — V(). Using this trick and applying Cauchy

Schwarz, we bound the first term as:

n

l]EE sup trace((V — V(O))(Z €7))

n wyves i1
< IEHV v<0|sup ZHZQ(/) (z:)]|2.
] 1 di€H;
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Further using Jensen’s inequality:

n

1
—E. sup trace((V — V(O))(Z YA))

n  wyves el
||V—V

<4 - su @) ()| 3.82

<t — mZZ p||z§€Hj 0 ()| (3.82)

Using Equation (3.111)) of Lemma (15[ (note that we do not have the smoothing

matrix W7 here, so we are allowed to use this result), we obtain
(W = WO, ZE) — ¢ (2:)]|

where Z!’s are defined in Equation ((3.299).
Plugging this back in (3.82)):

Eesup || Y e (z;)]|?
WeS  icH,

20%% n3m3 2
<Eeswp (| 3 el =W, 28+ ()
1

M
wes N 120

C3 n3m3
< Ec su § a(W —wO ZH|? + 3)1/2
We% H >|| K1 <m1)\o)
2 3% nPm3
_ (0) 7k 1 311/2
= E, sup E (trace (W —-Ww )(g eZZZ))> +_/<al <—m1/\o) : (3.83)

WGS i€H;

Now for every fixed dataset, with high probability over the randomness of W*#, for
every ki # ko:
‘(Z GZ Y Gz < Y ’<Zz'k11» Z32)
i€ H; 1€H; 11,i2€H;

Z ’ZWM JW/C2J<$117*T12>]1{W Ti = 0}]1{W Ty > O}

zl ig€H; j=1

But note that because (x;,,7;,) < 1, the variables W Wy, (xil,xiQ)IL{Wj(,O):Bil >
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0}]1{I/Vj(’0):1:i2 > 0} are subgaussian with parameter one with respect to the randomness

of W#. Hence, with high probability over the randomness of W?*, we get
n2

ez Yz s 3 vim < o (3.84)

iGH]' ’iEHj 7:1,7:2€Hj

Therefore, with high probability over the randomness of W(® and W’ and the dataset,
we get Equation . In order to get rid of the high probability argument on the
dataset, we use the stronger Equation in Lemma [55| which uniformly bounds
(Zk, (), Zy,(2")) by log(my)d/my for any x,2’, which in turn gives

’<Z€iZikl=Z€iszQ> < Z ‘<Zik11’Zfz2> <

~ Y
vm
icH; iCH; i1,i2€H; 1

n%dlog(m)

with high probability, independent of the choice of dataset. This bounds is slightly
worse comapred to (3.84)), but still efficient for our purpose.

Furthermore, a similar bound to Equation (3.84]) can be obtained in a more

adversarial situation when we also take maximum against the choice of the dataset.

Note that the entries of Zz‘EH]- ez-ZfC for 1 < k < mg can differ only in a sign.
Therefore, their norms are all equal. Now suppose that C; is the random variable of

the norm of these variables:

=1 ezl

1€H;

Then, by substituting r, = cL ZieHj €ZF in Lemma , we get
J

ms3 2 2 1
3 (trace(( — WYY e25)’ < (1 + md0( By o
1 icH, \/m1cj
(3.85)
n*midlog(m;)

: w2
: N )W =W (3.86)
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Now recall from Equation (3.80), we have

16/ (z:)]| < . (3.87)

Hence, we can apply Corollary with ¢ (x;) and C) substituted by ¢'(z;) and v,
respectively, to argue with high probability over the initialization, there exists a set
. . T

P; such that for every i € [n] and j ¢ P, sign of V;7 2/ is the same as Vj(o) o0 (),

and moreover,

C]? )1/3

Pl <

mao.
Now let

H = {ien: V6O, >0}.

J

Note that for j ¢ P = J, P;, we have H; = H;. Now note that the norm of each
Zie H, eZ-Zf is at most one. for each index 1 < ¢ < myd, as the random variables
> e, €i(ZF), are D e, (ZF)2 < Zie[n](Zik)? subgaussian, we have with probability at

least 1 — % over the randomness of ¢;’s, for every 1 < ¢ < myd and every 1 < j < mg:

’ Z Ei(Zik)g’ < Z(Zf)?log(mldmgn),

’iEHj i€[n]

which implies for every j € [my]:

I3 aZHP < 37 30 (252 log(mid) < nlog(midman)

iEHj 4 ze[n]
Name this event B, so

P(B) <

S

Note that although H; might depend on the randomness of ¢;’s, H; does not, and
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if j ¢ P, we obtain

C;i =l Z 6 ZF|| < \/nlog(midman).

Z'EHJ'
Moreover, note that we also have the following worse case bound:

Ci=1> aZfl <> 1ZF| <n.

i€H; icH;

Applying the last two inequalities into Equations (3.279)) and (3.86)):

Ec— » sup ¢ (z;)|I”
mzjz:;WESll Z (@)

3 3,3
<Cl n-ms /2 4

<o m) Z]E sup Z <trace (W — W(O))(Z EiZf))>2

=1 WesSy icH,
C7 n’mg /2 4 L0 *midlog(m,)
S IE 1{B W — w2
~ K1 ml)\O) { }jEZP \/ml )H HF
an dlog(my)
+—E 1{B} ) (C? : =)W — WO

m
o Vim,

1 n*midlog(my)
LR 2 3 w2
b LB Y (€ + Ty o
P n*m3idlog(m;) n*m3idlog(m;)
1/2 W—W | 3 2 3
o ”F{m( T, )+2(n+ i, )]
C? |13 C? \13nPmidlog(my) _n*midlog(m)
+ 71 [0 (— + (— : +2—2 +2n/.
) ) v o
(3.88)

c} (n?’mg

- K1 ml)\o

3 3,3
<ﬁ “m3)1/2

- K1 ml)\o

Next, we analyze the term 1 E, supy, g trace(V©O (37| €;2!)). Noting that [|¢© (z;)| <
Kk1y/mg with high probability and using Equation (3.87)):

1Y eaZille < 120 <D 125 <Y U @)l + 169 @) S n(v/mgry + ).
i=1 i=1 =1 [
(3.89)
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Hence

n

1 1
—E, sup trace(V(O)(Z €7;)) = —E. sup Z etrace(V 2!

n o wes — no wes‘
nE ‘?VUE%ZGZ< Za] v 'IL{V T >0})
IE EVLE;ZEZ VO < SVUG% \/1_ alo(VOzl).
But using Lemma |39;
LHS S rg/my|| 2]l
Applying a similar bound as we did in Equation (3.89) on ||z}||:
251 < Nl (@)l + 16 (@)l S Kiv/ms + .
Substituting above, we get
lIEe sup trace(V(O)(zn: 621) < kav'ms(k1v/ms + 7). (3.90)

n  wes i1

Finally, Substituting Equations (3.88]) into - then combining it with -

into (3.81)), we obtain a bound on Rademacher complexity which holds w.h.p over

both the randomness of the initialization and the dataset:

3 3,03
G nimy (3.91)

)1/2
K1 M )\0

RAGy o)y S

C? )1/3n3m§d10g(m1) N 2n2m§dlog(m1) +9m
Vi, Vi,
(3.92)

+ n (m3k?)

172 C? |13
1Y ( )/+((

mzk?)

4/3
72/ 71

+ Kov/ms(k1vVms +71) + W

Having enough overparameterization, we have for every dataset (z,y) (i.e. worst-case
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Rademacher complexity):

R(g717“/2)|$7y < 2'71'72/\/5- (3-93)

Note that for the bound (3.93) to hold, the overparameterization should be

picked poly large in 71,72, as well as in other basic parameters. However, noting

Equations (3.49) and (3.57) in the proof of Theorem[3} we set v, = 1,72 > Q(B, n,1/70)
in Theorem [3], so 7172 is at most poly in the basic parameters. Therefore, again the
overparameterization can be picked polynomially large in the basic only parameters

(i.e. independent of 7,y or ().
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3.6.12 Constructing W*, V*

This section consists of two subsections; First, we prove a structural result for the first
layer weights (W', V) that the algorithm visits, then construct a weight matrix W* for
the first layer with some good properties. Second, we do the same thing for the second
layer (however, the structure of the first and second layers are completely different).
Through out this section, we assume we have the norm bounds |W’|| < Cy, ||[V'|| < Cs.

Notably, we rely on a number of basic Lemmas more related to the representation
power of the network, which we defer their proof into a later Section and refer

to them here as needed.

First Layer, Construction of W*

Lemma 10. Suppose m; > 16n*m32/\2. Let P, = {j € [m4]| ]V[/j(o)a:i| < co//m,}
and P = UP;. During SGD iterations, suppose we have ||W'||p < Cy. Then, for a

value ¢y satisfying

201\/7’”77,3/&(] S Co S /il)\owml/(QnQ),
with high probability Yi:
|Pz'\ f, Cz\/ﬁ1/ﬁ1>

and for j & P, during the whole algorithm we have

Wil < S cfavim) < of(2vim),

ca/\/my < |I/Vj :1:1|

So the signs of neurons outside P never changes. In particular, we can set cy as
small as cy = C’h/nmg/\/xo. In the rest of the proof (i.e. other sections), we set ¢y

to this value.

Proof of Lemma [10]
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Define the matrix

= 1 s . n
Zy = WI(Wk,jxi]l{vz : WJ'(O)Txi > e2/vm}jz

Let P; be the set of indices j such that E{VI/J»(O)T:UZ- > ¢o/y/my} is zero. First of all,

note that by Bernstein inequality:

|R| S 02\/m1/1<a1 + O(\/ng/ml/lil + ].) 5 CQ\/El/Iil.

Now suppose that until the current iteration of the algorithm the assumption has
been true, i.e. the signs of the neurons outside of P have never changed. As a result,
due to the specific update of the SGD for both of the terms Ez¢(fy w(z),y) and
|W'||2., if we define W’|p to be the restriction of W’ to indices that are not in P (i.e.

the columns in P are equal to zero), then we can write

m3

Wip' =33 aniZ;. (3.94)
k=1 i=1

An issue here is that we also have some injected noise by PSGD into W’ which violates
Equation (3.94)). To handle the injected noise as well, we define the subspace @ of
R™ >4 matrices to be the set of vectors with arbitrary rows for j € [m;] with j € P,
while restricted to the other rows j ¢ P in should be in the span of (Z%); . Then, we
decompose W’ into subspaces ® and ®'* respectively as W/ = W’ D 4+ w® where
W' e o W' ¢ ¢t Here, we want to prove ||W’§1)H < ¢y/(44/m;). We handle
the ||W’§-2)|| part in Section . So instead of W’|p in Equation (3.94)) we consider
W/(1)| b

T &< .
WY =38 iz (3.95)

k=1 i=1

We handle the other part W’ @) in Section Now exactly similar to the drivation in
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Lemma [47], we can state with high probability

C2 > |[W'|)2 > w2

ms3 n
> W12 23 aniZilR — O(nms/v/imy) > o] (3.96)
k=1 =1 k

Note that we are exploiting the fact that the norm [[W’|| remains bounded by Cj.

Now using a Hoeffding bound for matrix H*" defined below, we write:

Hoogl,zg = ]Ew:/\f(o,IRd)]l{W : |wTIi| > 02/\/E1}$£I12<1{WT%1 > O}]l{waiz > 0})
= Ew:N(Ode)(IL{wT:L’Z-l > O}Il{wTa:i2 > O})xz;xiz
+ O(E1{3i : |w'z| < co/v/my H(1{w"z;, > 0}1{w" z;, > 0}))a] i,
= H7;, £ O(nez/ (Vmyka) ||z ||| 2i,]])

= H;;, + O(nez/(Vimyk1)). (3.97)

Now opening Equation (3.96)) and using the property ca < kyAgy/m, /(2n?), we get

LHS = Z Z%,ilak,m@?a Z}f) — O(nms/v/my Z 1)
k

k12

=D > s (H), 4, £ O(1/vmy) = O(nma/Vimy Y llewl®)

k1,12
> Z Zak,il@k,igH;fiQ T ||04k:||30(nc2/\/ﬁ151) - O(nm3/\/m1 Z HO%||2)
k1,02 k
>3 af H®ay — O(nca/v/mykn) Y o} — O(nms/v/my Y [|axl)
k k k
>3 af H®ax = O(can®/Vima) 3 Il = Onms/vimy Y [low][?)
k k k
= (Ao — O(nms/v/my) — O(can?/v/m k1)) Z [l ||
k

> 20/2) lleul®.
k
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For the last line to hold, we need enough overparameterization. This implies

D llawll® S CF /.
k

Now again, exactly similar to the derivation in Lemma for j ¢ P we have
“W/E'UH < Vnms/y/m Z ok l* S /msnCi/v/mid,
k

which completes most of the proof. For the rest, we are left to show that for the other

part W@ we have ||W’§2)|| < ¢9/(4+/my), which we do in Section .

Lemma 11. Under condition mgn//m; < Xo/4, there exist matrices {W;}2, €
R™*d s.t. for every k # k' € [m3] and i € [n]:

<Wl;k> Zli:’> =0,

< ny/my .

W*,Zi _ W+,Zi < n\/ﬁ?) v .

Furthermore, for ki # ks:

3

| 3
E
ER

m

(Wi, Wil < 21+ 2 Vel Vi s (3.98)

my

Proof of Lemma [11]

Let

Wi =Y ViZi.

we want to compute the norm of the projection P(W,") of W, onto the subspace

116



spanned by all Z!, for k' # k and ¢ € [n]:

. -1 )
IPOVOIE = (W3, Zi e (20 22)) (Wi Zi) et

(k1,31),(k2,i2)€[ma]—{k} x[n]

(3.99)

where the first and third terms are vectors and the middle term is a matrix. Now note

that for each k', k1, ko # k, by Hoeffding inequality:

(<ZI?7 Z;%) = H>™ + (£1/v/m1)i, isen)s

’il,iQE['rL]

—_

> Vil

%

!VkH

§

Wi Zi) = () ViaZin Zin) S

IN

\/_

Therefore,

W ZNE < g | —22 D, e
W ZiD il < my o Vel

Now Equation (3.100)) implies for small enough m;

Mo (25 2) )2 D)2

i1,i2€[n]
as long as \g > 2n/m;. Moreover, define A to be the block version of

-1

A = (2. 2))

(k1,i1),(k,i2)Elms] —{k} x ]
i.e. for k; = ky they are the same but for k; # ks A is zero. Then

)\mzn(A) Z )\O/Qa

because the eigenvalues of each block is at least \g/2 using Equation (3.103]).
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note that
|4 = Alls < |4 = Al < mgn/ /.

So as long as mgn/y/m; < \o/4, we have A\,in(A) > Ao/4. Combining this fact
with Equation (3.102) and plugging it into Equation (3.99)), we obtain

nmg

IPWOI* 5 — HVkHHOO

Now define Wy = W, — P(W,"). Then

. ny/m
Wi = Wil = IPWOI < £ \/—3||Vk||H°<>

(W =W 2l < IPOVOIIZEN S \/—3||Vk||H°°

Furthermore, note that Wy is orthogonal to W,;t for ky # ko, so

(W, W)l = (W, = POW,)), W)
= [(P(W), Wy, = POV))
< [PWOINWE, = PV
< [PWONAWE I+ IPWID. (3.104)

But note that
W =1 Ve Zill <> il Zill <D 1Vkal < VallVele- < TOIIVk!\Hw-

Therefore, we can bound Equation (3.104]) as:

"\/_3 \/_3
[(We, Wil < X2 \/—( \/—)||Vk1HH°°HVk2HH°°-

Lemma 12. There exists a matrix W,:FQ such that for every j € P, W;Qj =0, and

|tmce(WJQZz-k) — jz‘,k| S C’lwmgnQ/()\O/{lvml)||Vk||Hoo.
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Proof of Lemma [12]

Define W," 2 to be equal to W, for j ¢ P and equal to zero vector otherwise. Then,

by Lemma : (note that |P;| < C1\/nimz/mi /(v Aok1))

[trace(W,F Zf') — trace(W,2ZF)| < 1/v/my > [Wy i
jeP

1P|
< =Wl
my K

< Vi (miv/Xo) [Pl|[ Vel
< Crmyn®/(Aomry/imn) [ Vil

Combining this with Lemma [46] the desired result follows.

Lemma 13. Under condition msn//m; < \o/4, there exist matriz W} ’s exactly
satisfying the same conditions in Lemma |11| but with respect to W,jQ instead of W,F,

and moreover, for j € P we have Wy ; = 0.

Proof of Lemma [13

We can repeat the exact same procedure of Lemma [11] for W, 2 Using the bound in

Equation (3.97)), we have

(2. 2i)) = H™ + O(+1/\/T)isinei

i1,i26[n]

= H*™ + (£nca//mik1)iyisen) + O(E£1/v/M1)i inefnl
= H™ + (£nes/ /mik1 )i, e,

so as long as

HQCQ/\/EIKQ = n201\/nm3/(/£1 \ ml)\o) S )\0/2,

with similar argument as in Lemma we get

Mo (23, 232)) )2 Mo/2.

i1,i2€[n]
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Moreover,

~. o 1
<Wl:_27ZIZc’> = <Z Vk,ZZIanZIZf’> 5 \/ml Z |V/w|

Thus, using the same argument as before the proof is complete.

Lemma 14. Suppose

my > n7m3/)\0.

During SGD, suppose we are currently at (V',W') with W' < Cy. For any matriz
Wi, we denote the signs of the first layer imposed by Wy by Dw, »,. Then with high
probability, there exists W* = Zke[m] Wi such that Wy '’s is orthogonal to all other
Zi’s for k' # k, and for every i € [n], we have:

nms

NS

. nC'
W Do e W5 = Filloo S L+ Vel = RV

|
i

Moreover, we have

. n m
W31 s/ o), 57 IVl + Vi T (S Vil = 2. 6105

Particularly, for any diagonal sign matriz X € R"™>™3  we have

W3l < (SR 1 YT (1 o) (g + ) DS Vil

N Vi
(3.106)

which, by having enough overparameterization, implies

IWalle < 2> IVl= = V26, (3.107)
k
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where

ma
We = LWy, (3.108)
k=1
Moreover, we have

1
Vi,

WSDw(O)+W/7ziW§fL‘Z‘ = WSDw(O)+W/7ziW*£L'Z‘. (3109)

1
) S
Vi,
Proof of Lemma [14]

From Lemma [I2], we have
|~fi,k — trace(W,jQZ,iﬂ S C1m3n2/()\0f£1\/m1) ||Vk||H°°

Combining this with the result of Lemma [I3] we get:

B , ny/m Cymsn?
T, — trace(W; Z,)| S [ S+
| k ( k k)’ )\0\/m_1 )\0/11\/771_1

nm nC'
3 Vi, (3.110)

= 1
m1>\0[ + K1

|1Vl

On the other hand, based on the property that Wy, =0 for j € P and its orthogonal
property from Lemma for j € P we get

1 1
WDy, Wi =
Vi EEwOwa R
= trace(W*Zli) = trace(W,:Z,i)
1

N

WISDW@),xi W*xi

*
WI;SDW<O>,$1 Wk; :L'Z‘,

which combined with Equation (3.110)) completes the proof. From the above, Equa-

121



tion (3.109)) is also clear. Finally, note that by Lemma 47| we have

W2l < /ams/ (v/mado) ‘/Z Vel 2o

which Combined with Lemma [13| implies

* n
IW; 1< s /o, 57 il + 32 Ty (3 ) = 2

while the other claims follows from Lemma 4§ and Lemma [I3] combined with Equa-

tion (i3.98)):

W3[5 < Z IWEIP+ ) (Wi, W)
k1 ks

< YU e+ F DS,

< SN ¢ Y+ V(S IVl
< S IWEI S g

n\/_\/_s \/_3 +2)12 4 nm3
< T chznw I+ Sy 2 Vil

”\/_\/_3 \/_3 12 1 nm3
< T Fuan 2+ Zuvknmo

S \/\/1)C+(1+0(”/(>\0\/_ )+ )

Next, we move on to construct V* for the second layer.

Second Layer, Construction of V*

In this section, we present a couple of lemmas that step by step lead to the construction
of V*. we remind the reader that ¢(°)(z;) is the output of the first layer at initialization
weights, ¢'(z;) and ¢?)(z;) are the changes in the output of the first layer when W’
and W'+ W? are added, respectively, and finally ¢*(x;) is the optimal features that
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are generated by the matrix W* but with the sign pattern of W© + W’ i.e.

1
gb*(l'z) = \/m WSDW(O)J,-W’,%W**IZ’-
1

We also define z, as

1 S
= 0w + 60(w) = T WV £ W W)

To begin, we state a lemma to bound the magnitude of ||¢/(z;)]|, given that the
norm of W’ is bounded by C; and the sign pattern Sgn((W(O) + W’)x,) satisfies
condition stated for the set of indices P in Lemma Later on, we exploit this
Lemma in Lemma 42| to state bounds for ||¢® (z;)]|.

Lemma 15. Let the matriz W' with norm bound ||W'|| < Cy, such that the signs of
(0) (0) . : :

(W7 + Wix; and W7 x; can be different only for j € P, for P defined in Lemma .

(Note that for W' at every step of the algorithm, this is automatically satisfied by

Lemma@) Then

203/
Vi,

3,3
noms

16/ () || < YW 4 (1+0(m2/v/m,))Ch.

(

mq )\()

Particularly for large enough my compared to n,ms, Ao, k1, C1, we have

1" ()|l S Ch.
Proof of Lemma [15]

We write

(61 (2:) — (W', Zi)| < 2/v/mi Y [Wizi| < 2/y/mi ) [[W]]

JjePr JeEPr

203/
< 2/|P|//mi|[W'||F <

NG <”3m3)”47 (3.111)

m1/\0
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where the last line follows from the bound on |P| from Lemma

On the other hand, because by Hoeffding we know that (Z;, Zi,) < 1/y/m, by
Lemma 49, we get

m3

YW Z4)? < (L+ O(m3/vm)) W[ < (1+ O(m3/Vim,))CF.

k=1

Combining this with Equation (3.111)), we get

19" ()]

< \/Z 60 (20) — (W7, Z{) 2 + \/ch z)?

< N (m)”‘* + (1+O(m2//m)))Ch. (3.112)

Next, we prove a structural lemma regarding the sign pattern in the second layer

when we feed in 2 to it, with the important message that the dominance of sign

patterns are specified by ¢ (z;).

Lemma 16. Suppose we have mzri = C3, kor/m., > Cy, and my satisfies the condition
on Lemma . If we have the condition ||¢® (z;)|| < C1, which happens under the high
probability event E° defined in Lemma then for every i € [n], there exist a subset
P; which might depend on WO VO W' V' such that

_ 02 1/3 02 02
Pl < 1 1 2 \1/3 .
21 S () 57+ ) (o) Yo

Moreover, for every i € [n], for j & P,,:

2

V60 @) 2 (V792 )] + V] (60 () + 6 ()],
KR

V700 @)l 2 (20 el |60 )l

0 Ko 2/3
V700wl 2 () P el

Proof of Lemma [16
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By assumption, we know that during the algorithm, we have ||[V’|| < Cs. Also,
we know by Lemma 2] that under E°:

lo® ()| < 2C.

Define the set
PL= G V260 0] < (520860 o)} 3.113
and P’ = UP!. We have
P(V;76 ()] < o2 ) PO 6 @) < esl 2O

so by Bernstein, with high probability:

K K K
rm§mw?m£¥Wm+¢m@%wiwwwug@mﬁﬂinw
Mo mo mo

so with high prob.

Pl S esCyl3(2)23, (3.114)
K2
On the other hand, Note that
mi
on) (x:) = > 1/ m Wi o (W) (3.115)
j=1

is subGaussian with parameter o> = O(1/my ) (T(WJ-(O)ZEZ')Z). Furthermore, note that

if we compute the variance of gb,(co) (x;) with respect to the randomness of W*:

mi
E¢,(€O)(xi)2 =1/my ZJ(VV;O)%V =N
j=1
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|? = 1/2k? by another Bernstein, i.e.

which itself concentrates around 1/2x%| x;
N = 1/2k%(1 + O(1/y/m;)). Therefore, by concentration of subexponential vari-
ables (Bernstein), it is not hard to see that the squared norm of the vector ¢© (z;) is

(mskt, ko)-subexponential and concentrates around msR, i.e.

||¢(0)($z‘)||2 = m3N & O("f%\/%:a) = m3’f§/2 + O(m?ﬂ‘i%/\/ﬁﬁ + O(’f%\/ﬁ:s)a (3.116)

with high probability. Combining this with the fact that ||¢(z;)| < C; implies
with high probability:

[0 @)l -, vimgra

6@ ()| ~ G (3.117)

Now define P = {j| |Vjz}| > |V}(O)qz5(0)(xi)|/3}. If j € P — P/, then by Equa-
tion (3.117)), with high probability

IV 162 @)ll = (Ve ()] = [V/(6O () + 62 (@) = |V/a]

K
> V00 (:)]/3 2 es(—2) 2|6 (@)

> 1V ,
or
2
V2 > 222 pt/s sy
V1P 2 G2 eyt

But note that ||[V’||% < C2% by our assumption, which implies

2/3
2)2/3051/37”3“%] — 022/ 012(@)2/3, (3.118)

P — P <O/ —
| 7 7,| ~ 2/[63(m2 012 C3m3/€% Ko

Now combining Equations (3.114]) and (3.118]), we finally obtain

PV = P = P+ |P| S (s + - yc23 (M2
1 1 1 1 ~J C§m3l{/% /{/2
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Now define the set
P = {j] |Vj(0)¢(2)($z‘)| > |Vj(0)¢(0)($z‘)|/3}- (3.119)

Note that for every j € [my), V;-(O)gb(o)(mi) is gaussian with variance ||¢®)(z;)|| over the

0
randomness of Vj( ), SO

P00 () < amal| 0@ (@)]]) < o

Therefore, if we define the set

Qi = {5 € [ma]] [V, (2:)] < aral|® ()]},

then for large enough ms, by Bernstein with high prob.:
Qi S ams. (3.120)

Now note that ¢© (x;) is fixed during the algorithm. On the other hand, by random

matrix theory, we know that with high probability, the eigenvalues of the matrix V' (©)

are in (ko(y/My — /M), Ka(y/My + /my)). Therefore, even if the vector ¢ (x;) is
picked adversarialy (because it keeps changing during the algorithm), we get that with
high probability over the randomness of V(©:

VO (2)|* < K3(Vimg + vVms)? [0 ()| S wimall¢™ (x| (3.121)

Moreover, because ||¢? (x;)|| < C; and from Equation (3.116)), with high probabil-

ity over the randomness of W (©):

16 (@)l Vimgtn
le® ()l = Cv

This means that for j € P/ — @);, combining these inequalities we conclude with high
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probability
K
VOGO ()] > VOO (@)]/3 > arall6® ()| = ars ﬂ VI 4 )

which combined with (3.121)) implies

P e
CY mgkia?

Balancing this term with the one in Equation (3.120]), we set

c®

a=——
1/3 2/3°
mg Ry

which implies

[P S|P —Qil +1Qil < (
Defining P, = P/ U P!, we finally get

- C? oh 1
P15 () + (e 5 ) (=) ).

(m3k7) Amak?’ 2 KImy

Clearly by the definition of P and P!” the proof is complete.

Corollary 5.1. Under the condition ||¢? (z;)|| < Cy (which happens under the event

2/3 2
E¢ defined in Lemma , setting c3 == %(520732)1/3 in the previous Lemma, we
m3 K’l 2
obtain Vi € [n]:
~ C? 13
P < 1 ms.
IS ((msﬁ%)) :

Also for j ¢ P;, the conditions in and becomes the same as

2/3

0

W00 (@) <m0 )
m3 K/l
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Hence, for every i € [n] and for j ¢ P;, with high probability:

2
W00 @) 2 (W76 ()] + W6 ) + 6 ()], (3.122)
02/3
W60 @l 2 o 6wl 2 malvmma O, (3.123)
3 1
/3
W60 ()] 2 — a7 7. (3.124)

~ T1/3 2/3
Mg Ky

Next, we state concentration result for the gram matrix of ¢(¥)(x;)’s.

Lemma 17. For every iy, iy € [n], with high probability over the randomness of W)

and V© we have

(0O (2i,), 6 (w3,)) = maBo (W V2, ) o (W " s,) £ O(mak /vy + v/migk?).

Proof of Lemma

First, we compute the expectation:

E(6 (z:,), 6O (21,)) = 1/ma Z Z EW; ;Wi 0 (W(O)x“) (Wj(f)m>

J1,52€[m1] k€[mas]

=1/m1 Y E Y Wi Wi, oW e )o(Ww,) +mafmi Y o(W ;) (W "z,

J1#£j2  k€[ms] j€[m1]

But J(W](P)xil)a(ﬂ/g)xh) is (m1kf, K1)-sub-exponential, so

S oW 2,)o (W 2,) = mBo(W 2, )o (W z;,) £ O(Vmyk?),

J€ma]

which means with high probability:

E(p©(z;,), 6O (2s,)) = nga(VVj(O)xil)a(W;O)xm) + O(mski/v/m,).

On the other side, we know that gb,(co)(xil) is subgaussian with parameters o? =

1/mq 3 (W ©2.)2 ==X, and 0% = 1/m, > (W ©2.,)2 == R, respectively. On the
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other hand, we know that by Bernstein w.h.p

Ny = 1/2r1(1 £ O(1/v/my)),
Ny = 1/2’%(1 + O<1/\/E1>>‘

Hence, ¢\ (1, )0 (z1,) is (RiRy, v/R1Ry)-subexponential, and so (¢ (z;,), 6 (z;,))
is (ms® Ny, /N Ny )-subexponential. Therefore, applying another Bernstein on the
top, we get

<¢(O)(xi1)’ d)(O)(xiz)) = E<¢(O) ($i1)> ¢(0) ($l2)> + O(\/EB V NlN?)
= B (W, oW ,) & Ofma /i) £ Y24 (1 1 01/ iy )

= ngU(Wj(O)SL'Z’l)O'(Wj(o)ﬂfi2) + O(m3r?/v/my + V/msk?).

Now we define the matrix L; € R™**™2 with its jth column L;; equal to

\/—2 H{V O(2;) > 0} ().

First, we state the following lemma which characterize a concentration result for the

gram matrix of (L;)™ .

Lemma 18. With high probability, we have the following approrimation:

(Liss Lia) = (0" (@), 0" () | (2Bl ) ) £ Oy my M omg ).

Proof of Lemma [I8
By Hoeffding:

<L21>L12 = 1/m2 Z ¢*(x21 ('rlz)ﬂ{v (xll) > O}H{V (m22> > O}

= ¢ (2:)" 6" (@) (BL{V, "6 (1)) > 014V, <:cm>>0}i0<1/¢—2>)
= 6" (@3,)76" (i) (B2 (40" (i), 0 (i)} (16 (i) 16 (i) 1)) = O(1/v/13) ).
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where recall

Fy(xz) = 1/4 + arcsin(z) /27,

measures the angle between two unit vectors based on their dot product. Now notice

that according to Lemma [I7], with high probability:

<Li1> L12>/<¢* (xi1)7 ¢* (ng»
myBo (W, i, )o (W} "as,) £ O((ms/v/m, + v/my)#?)
V 3B (W 2,)2 £ O((ma/ /iy + /0y )i3)) (B (W, 0,)2 £ O .)

o Falls, ) & OV, + 1))
= P L O £ 1y OYm),

— I,

+O(1/v/my) )

where recall Fy: [—1,+1] — [—1/2,1/2] is defined as:

vV1—22 x xarcsinz
o

F: =
3(96) 27 2T

= |

It is easy to see F3 has the property that for unit vectors zy, x5 and w sampled as

standard normal:

Fy((z,29)) = Eo(w2))o(w’ zy).

But because |F5(.)| = O(1), we have

(Livs Lia) /(0" (21), 6" (21)) = Fa (2F5 (s, @) £ O(1/V/my + 1/¥/my + 1/v/ms) ).

Now notice that the derivative of Fy, i.e. 1/2my/1 — 22 is increasing in the interval
(0,1), so for a fixed 4, the maximum of |Fy(x) — Fy(x — 0)| happens at x = 1. On the
other hand, by writing the first order approximation of arcsin(1 — ¢?) around ¢ = 0

and upper bounding its derivative in the interval [0, 1], we get that for 0 < § < 1:

arcsin(1 — &) > arcsin(1) — 2V/4.
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Therefore, Fy(x + 0) = Fy(z) £ O(v/9). Hence:

(L, i) /40" (), 6 (20,)) = F (2F5((a 2,)) ) £ O 1y + 1/, + 1//my)

— B (2Fs((m,2)) ) £ O(m; " 4 my 4y 1),

which completes the proof.

Finally, we are ready to construct the weights VV* for the second layer.

Construction of V*

Lemma 19. Let

mzjgso[l+%}.

Suppose we have the condition that for every k € [ms):
max [[Vell <&, (3.125)

where recall the definition of Vy, in Equation . We assume enough overparame-

terization to make sure ® < 1. Recall for the matriz A defined by

A= (@0, ) B2Fs((@,,2)) ) (3.126)

bl
1<iy,12<n

we have

(f*(@a))is " AT ()i < G

Then, there exists weight matriz V* which only depends on the random initializations
WO VO (e.g. not on V' and W') for the second layer, such that having enough

overparameterization,

e (3.127)
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and for every j € [mo]:

Vil < TG, (3.128)
2
2
[Vl < —n(1 + m\/ 2l Dl gy, a2)
2

and further under the high probability event E¢ defined in Lemma [[2

1 ‘s . C 1/3 /
|\/m CLTDV(O)—l-V’,IiV gb ([L’Z) — f (.%‘,L)| g (\/ﬁl/{l) / 1 + ?R <2 Z ||Vk||Hoo =R
2 3

(3.130)

Proof of Lemma 19

Let .
=> VL,
=1

be the minimum norm vector which maps L;’s to f*(z;)’s. As a result, for the matrix

e (1n),,

it is easy to see

IVAE = (FF (@a)ie "L ()i

Now combining Lemmas [I4] and [50, we get

[¢"(zi)lloe < (14 RS, (3.131)

16" ()] < (1+R) ,/vakHHoo, (3.132)

(16" (20), 6" (22)) — (Tir, )| < @R +AR) D [ VillFree.

and
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Now by Lemma |18}

|<Li17 Li2> - Ai1,i2| 5 (23% + §R2>(Z HVkH?{‘X’)‘FQ <2F3(<xi1’ zlz))) ‘ + <fi17ji2>(m1_1/4 + m2_1/4 +m
k

-+ other cross term.

By applying (i, Zi,) < [|Z [[[|Z3,]] we get

LHS < (3 [Vill) (2R + 89)| B (25 (s, 22) )|+ m gV 4 1)
k

—1/4 —1/4 —1/4
S O IVallize) (R4 my g i)
k
Therefore,

I

11,12

14— (L L))l < N4 = ((La. L))

< (3 IVelldi) (R g g ) o=
k

Note that R, naturally goes to zero (with poly dependence) as B — 0 and
my, ma, my are large enough. Now if all of the eigenvalues of the matrix A are Q(1/n?),
then if we overparameterize enough such that R, = O(1/n?) with small enough
constant so that Ry is less than half of the smallest eigenvalue of A, then for the ith

eigenvalue \; of A and L we can write
ANi(L) > N(A) — Ry > Ni(A)/2,

SO

which implies the property

V% < 26, (3.133)
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However, A might have very small eigenvalues. To remedie this, we use Lemma [51}

we can substitute f* with some f* such that

_ 2

RulF) < 2Ru(7) + (3.134)

Fra < praty, (3.135)

where f* is on the subspace of eigenvectors of A whose eigenvalues are larger than
Q(1/n?). But it is easy to check that in the context of Theorem |3 such substitution
results in a f*TA- f* < fTA-Lf* < ¢ and o(f*) parameter (as defined in )
with respect to f* which satisfies 7/2 < v. Note that the algorithm is with respect
to the setting v, however we want to exploit generalization bound with respect to f*
whose parameter is v as it enables us to use our analysis in this Lemma. Furthermore,
note that using Equation (3.134]) we can further upper bound the empirical risk of
f* with that of f*, which makes it straightforward to derive a similar generalization
bound as in (3.45]) with respect to f*, of course with a change of constants. Note
that f* is just the sum of A-eigenbasis directions in f* whose eigenvalues are larger
than (1/n?). Hence, given a pair (f*, &), as we also point out in remark [1} we can
construct the suitable pair (f*, G) algorithmically and then use that pair to initialize
the parameters of the algorithm (namely ¢ and v). Otherwise, if we are not explicitly
given a pair (f*, G) and instead want to run the doubling trick described in Theorem ,
we do not even have any additional computation; since using Theorem [1, within the
framework of the doubling trick, the risk of the final network is competitive with
respect to any choice of (f*,G). Note that as we mentioned in Lemma |51} the constant
2 is arbitrary and can be reduced to any number less than 2, and it is easy to see that
one can pick choice of constants along the way such that we end up with a factor two

behind the risk (first) term in the definition of our complexity measure.

Therefore, without loss of generality we can use substitute f* by f* and still obtain

Equation (3.133]).
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On the other hand, the definition of V* implies

1 T
D 0 V* * i) — * i)
\/EQG V() z; ¢ (‘T) f (I)

But note that by Corollary [5.1] under the high probability event E° defined in
Lemma , Dy o) ., and Dy o),y ,, can only be different in the index set R and

012 )1/3

(msn?)

Bl S (

ma,

Therefore, for all i € [n]:

CLTDV(OMV',%V*W(%) - aTDV(O),xiV*¢* ($1)|

<1/Vmy Y Vg ()

jep

<1/vmy Y Vi lll¢" (i)

jep

Jie
<V VI3, 57 Vet
() G0+ R) > vl
~ \/m3’f1 e

which proves the first claim. On the other hand, we get:

1 1
Vi, Vg

26 2 |Vl = VLY.
But because \,in(L) 2 1/n?, we get
VILY 2 |VIz/n?,
which implies

Vll2 S 1/,
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But now using Equation (3.131]), we can write

5 < Wil < ¢_ 19"l SV
< “j_—mmz VI < (14 R)eyalVil/vim,

(1 + R)nvnls
Vi,

£,

AN

which proves the other part. Moreover,

V72 < IV (3 167 (@1 < —n(L + ?R>\/<2Z Vel /o
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3.6.13 Existence of a good direction

Our aim in this section is to show that if the objective value is above certain threshold,
there exists a good random direction which reduces the objective in expectation.

Particularly our aim is to prove the following theorem (informal):

Theorem 6. For a given pair (f*,G) with

(H™,G) < ¢,
f*T(Koo ® G)—lf* S CZ,
Ra(f7) <A,

recall the ideal random matrices (W, Vi) constructed in Section where X is a
random diagonal sign matriz. Specifically, W is defined in Equation , and V3

is the projection of the rows of matriz V* onto the orthogonal subspace spanned by

(6 ()i

Using the parameter setting for 1 =1,2
vy = — (3.137)

with respect to an arbitrary parameter v > 0, then for every pair (W', V') such that

W] < O [|[V'|| £ Cy and
LW, V') > A+, (3.138)

for parameters my, mg, m3, 1/Kk1,1/ke polynomially large enough in B,1/\g,n,Cy, Cy

and small enough step size 1, we have
ExL(W' —n/2W' + /W, V' —n/2V" + V) < LW, V') —nqv/4.  (3.139)

In order to prove the above theorem, we first state and prove the following lemma

which is the core of Theorem [6l
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Lemma 20. For matrices (W*,V*) constructed in Section specifically for their

random coupling (W5, V) as denoted above, we have:

Ezf(f(,1_n/2)W’+\/ﬁW§,(1—n/2)v’+ﬁvg(xi)a yi) < (1— n)ﬁ(féw,w (i), yi) +nl(f*(2), yi) £ ng,

where g goes to zero with polynomially large overparameterization (the exact dependence

is revealed via the proof).

Proof of Lemma

For brevity, we use the notation D, here to refer to the diagonal binary sign matrix
when the input is multiplied by the sum of weight and smoothing matrices. It will be
clear in the context of the equation that what the “input” and the “weight” matrices are.
This notation is also defined and used in Lemma . Here, we bound multiple cross
terms that are created as a result of moving in the random direction. To simplify the
presentation and avoid confusing recursions in the proof, we have made a sublemma
for each of these cross terms and has deferred its proof to Section [3.6.14 We use
difference sub-indices of the symbol R to illustrate terms that go to zero by growing

the overparameterization in our architecture.

We start by using Lemma

Esl(fli—noywrr yawea-nj2)vrsvivg (Ti)s Yi)
=EslEwr ve fan2w s awetwe /v v +ve (Ti), Yi)

=Esl(Ewoyea’ D (VO + (1 —n/2)V + VP 4 /aV)W*

D1y (WO 4 (1= /)W + WP 4 TV + R, ;)
—Exl (EWW [aTD,,p(v“)) (1= /2V + VYWD, (WO 1 (1 —n/2)W' + W?)z;
+naTD,,pV§W5D,,pW§xi} + /B vs [aTD,,p(V“’) + (1= n/2V' + VOYW*D, Wi,
+aT D VEWE D (WO 4 (1 — n/2)W' + W”)mi]
+Rgn, y,;).
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Now using the notation introduced in Lemma [27] we have
WD, (W) 4 (1= /2" + WP)z; = 60 () + (1 = /2092 () + 262 (z,)

By Lemma , we have the following bound for ¢ (z;):

aTDV(0)+VP+V',:ci(V(O) + VP + (1 - U/Q)V/)¢(2)/(xi)

1
Ewpyp \/m

2
< (Key/mamg + v/mg By + Co)Rs.

Therefore, Combining this with Lemma [29] we get

= Bt (B [a" Dy (VO 4 (1= /2)V + VAW (602 + (1 - /20 (2)

10" Dr VEW D Wit | + /By |[a7 Dr (VO 4 (1= 2V + Vo)W D, Wik,
+aT D VEWEDr (WO + (1 - n/2)W' + Wp)xi}

£ O(a/maits + Vs + Co)Rs) + O(Rsn), i)

= Ext (Bave o [ (1= m)a™ Dy (VO + V7 4 VO (60 () + 6 (2)

+ naTD,,pvg*WSD,,pngi} + /iEwe v [aTD,,,,(V“” + (1= )2V + VYWD, , W,
+aT D VEWE D (WO + (1 — n/2)W' + Wp)a:i}

£ O(n(RG + Ra + (Vmgrz + 52)(C1 + vVmsfh)))

= O(a/izims + v/mafh + Ca)Ram) + O(Ren), i ).

= Ext((1 = 0)fiyr o (w5) + nBwevoa” Do VW Dr Wi

VB [@7 D (VO 4 (1= 0/2)V' 4 VWD, Wi,

+aT D VEWSDr (WO + (1 — n/2)W' + Wp)xz}

+ O(n(RG + R4 + (Vimgka + 82)(Cr +Vms 1))

£ O(2/mais + /iy + Co)Rsm) + O(Re) y: )

Moreover, using the notation ¢*'(z;) introduced in Lemma [24| and the bound in
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Lemma 26 we can rewrite the second term as:

LHS = Bxt((1 = 1) frp () + 1B yoa” Do V(6 () + 67 (2,))

+ /By [aTD,,p(V@) + (1= /2 V' + VOYW* D, Wiz,

+ D VEWE D, (WO 4+ (1 — n/2)W' + W")xl}

+ O(n(RG + Ry + (Vmgka + B2)(C1 + Vmyp1)))

£ O((ka/mam + /gy + Co) Ra) £ O(Ra) y:)

= Ext((1 =) fjpvo(w:) + nBwevea” D Vig" (z:)

VB [@7 Dy (VO (1= 0/2)V' + VAW D, Wi,

+aT D VEWED (WO 4 (1 —n/2)W" + Wp)xz}

+ O (o) £ O(n(RG + R + (Vmgka + 2)(Cr + Vmzb1))) £ O((kay/mams + v/myfs + Co)Rsn)
+ O(Ren), y) (3.140)

Now we write the gradient-lipshitz inequality for ¢ at point
1 * Lk
p(g) = (1— 77)ft//[//,vf (x;) + UEWP,VPGTD’,;)V2¢ (i) & ng,

and regarding the following vector, where @ is the sum of all the noise terms above

and goes to zero by over parameterization:

P = By ve a7 D (VO + (1 —n/2)V' + VAW D, Wi

+a" D VEWeDs (WO (1 — /)W + WF)a .
Hence, using the 1 smoothness of ¢(.,y;):

. 1
LHS < Esf(py)) +Esl(p) v/ + 5nEs (). (3.141)
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But note that

Exl(p)y/ips = {(p)y/MExplY = 0. (3.142)
On the other hand, using the notation of Lemma [24] and the result of Lemma

Es, (Ewp,vpaTDlyp(V(O) +(1—n/2)V' + V”)WSDgpngi)Q

= Ex (B vea” D (VO + (1= n/2V' + V(26" () + 6°5(x.)) )
< 4Bx (Bwo voa" Dy (VO + (1= n/2)V' + V)5 (2))

+ 4Fy (EW,,,WaTD/,p(V(O) +(1—=n/2)V' + V”)gb*'z(a:i))Q

SR, + R (3.143)

Moreover, using again the result on ¢®(z;) from Lemma [27/and the fact that ¢(©(x;)

is orthogonal to the rows of Vi3:

Eweyea Di VWD, ,(WO + (1 — n/2)W' + W*)z;
= a"Di V5 (6O () + (1 = n/2)9? (z:))
+ 20" Di Vi ()

2
7 .

= (1= DD, V6D )

+ 04D VaW D6 (x)

< (1= Dal D VoD (2;) + Rs.

2

Combining the last Equation with Lemma [23}

2
Es, (EW,),V,,@T D VEWSD (WO 1 (1 — 5/2)W" + Wp)xl-)

< (1= DPa" D VW D6 ) + 2
<R R (3.144)

142



Combining Equations (3.143]) and ( m

Ex(p$)* S R, + RE, + RE + R = o, (3.145)

Combining Equations (3.142)) and ((3.145)), plugging into (3.141)), and reopening the
definition of p(z1 );

LHS S Eze((l — ) five v (i) + nBwe vea® Di Vie* (2) £ npn, yz‘) + Npi2ga.
(3.146)

Now note that we can easily bound the magnitude of the term nEyy» voa’ D ,V5id*(x;)

as:

Evvnyea? D pVid* (@)] < Enpnyola” D, Vi (@)

< IVEllellg (@)l < 1V llo* ()l < V2G(1+R) /Z”VkHHOOa

while using Lemma

| fivr e (@i)] < (Kav/mg + Ba) (\/ESHI +C1 + \/E351> + Co(Cy + Vms ),

which is O(C1Cs) for enough overparameterization and smoothing parameters 1, 52

as defined in |3.6.20, Furthermore, from Equations (3.132)) and (3.127)), we easily see

that
Eyyovea? Di V36" () < /26(1 + R) /ZIIVkHHoo

Now taking 1 small enough so that the bound 7v/2G (1 4+ R)\/Y_, Vi3~ and ne;
both also be bounded of order O(C;C%3), we observe that the term inside the argument

of ¢(.,y;) Equation in (3.146) is O(C1C3). Hence, we can use the Lipschitz parameter
of ¢ in the interval [—~O(CCs), O(C1Cy)], given by Lemma [J] to take out the noise
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term:

LHS < Eg€<(1 =) fiyr v (23) + NEwo vea® Di V™ (;), yz> + np1 +nO(C1Cy + B)po.

(3.147)

Now by applying Lemma and writing the Lipchitz property of ¢ at point (1 —
) fivr (@) = O(C1Co):

LHS 5 Ezf<(1 — ) fiyr o () +nf* () £ 0y, y) + o1 +nO(C1C + B)ps
= Ezﬁ((l =) fivr v (@) + 0 f* (@), y) £ 7Ry £ np1 +10(C1C2 + B)po

= g((1 — "7)f1//V/,V' (z5) +nf"(zs), yz) +np,

where the last line is just definition. Now Convexity of ¢ finishes the proof.

Next, using Lemma [20] we prove Theorem [6]

Restating Theorem [6] In the same setting as Theorem [6] and having enough
overparameterization such that p < ¥ (o defined in Lemma and polynomially

small enough step size 7, we have
ExL(W' —qW' + /W, V' — V' + /nV55) < LW, V') — nqv /4.

Proof of Theorem

First, note that taking expectation w.r.t X:
ms m3
Ex||(1—n/2)W' + /aWs|* = Es(1 — n/2%|W'|* + 2(1 = 0/2)ya(W’, Y SuWi) +nll Y ScWi|)”
k=1 k=1
= (L=n/22 W' +0 ) IWEI%,
k
which by orthogonality of W;"s:

LHS = (1—n/2*[W'|I* +n[W*|[* = (1 = ) [[W|I* + nl[W*||* + n* W] %,
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Similarly for V"
Es|(1-n/2)V'+/aVs]l = (L=n/2)*|V'[*+nEx|[[VZE[? = (L=n)[V'[P+nl[V* ||+ [V]].
Now using Lemma |20}

ExL(W' —n/2W' + /W&, V' —n/2V" + /nV5)
< (L =nEzl(fiyr v (x), y) + nEzL(f*(2), y)
(=) (W12 + 0l V) + (W02 + allVE2) + (0 + (W72 + V7))

< LW V) =LV, V') = A = inG = s ) + (o + n(IW1F + V'),
which by the choice of 9;’s is equal to

LHS < L(W' V') — n(L(W’, V) —A - v/2) + n(p +n([W')* + HV/||2)>

LHS < LW, V") = /2 + 1+ (W2 + V'),

Moreover, using the condition

o <v/8,

and picking n as small as
(W2 +[V'[*) < 0(Ct + C3) < v/8,

we finally get
LHS < L(W" V') —nv/4.

145



3.6.14 Existence of a good direction Helper Lemmas

In this section, we state and prove the core lemmas that are used in the proof
of Lemma [20l Notably, through all of this section, we assume the norm bounds
|W'| < Cy, ||V']| < Cy and that as our usual assumption, the rows of V' are orthogonal
to ¢ (x;)’s for all 4 € [n]. A notation that we use throughout the proofs is V5 which
refers to the projectiono of V*¥ onto the orthogonal subspace to (¢*(z;))%;.

Lemma 21. Let P(.) be the projection operator onto the subspace spanned by (¢ (z;))r;.
Also, we denote the projection of rows of V*¥ onto the orthogonal subspace to

(0O (x:)), by Vs, Then
Es|Vs; — ViD)II® < 03¢n/mo,

with high probability

< 1935\/ﬁ
~ T m, )

Vs, = VXl

Proof of Lemma 211

By Equation (3.129), we have [|[V}||c < 03§/y/m2. Now suppose that uy,...,u,

are an orthonormal basis for the subspace span(¢® (x;))?_,. Then
Es||Vs; — ViO)II* = Ex[|P(VyE)]* = ZZV*ZUzk < Vi l3en < 05870/ mo.
Also, by Hoeffding, with high probability:

m3
IPOVEE)P = O Viuase)® S nll Vil

i k=1

which implies the second part.

Lemma 22. The first cross term goes away because of the definition of V. (inside

the expectations is zero almost surely)
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1
Vim,

Es. (EW,WP [

Lemma 23. Second cross term:

2
Es(Evewel—=a" Dyo oy, Vi6® (@)

1
Vmy

S E((1+R)*nGe + 03n) (CF + msf7) = Ry
Proof of Lemma [23]

This time we use Equation (3.129) in Lemma |19 and Lemma

1 . 2
Ex (EVPWP [WGTDV@-&-VH—VCM Vsigl? (931')]>
2

< Esy (EVP,WP 1/y/my Z V50 (x2)|>2

J
1

< =

2

2
* 2
- Ez,vnwn( Ej V35 59" )(éﬂi)o

< EvoweBs Y Va0 ()

J

S BvoweBe Y (Ve = VD)o@ (@) + Y [V 5e® ()2
j J

J

SEvowe B Y IV, = VISP 10 (@)lIP + Y I1VF 116 (@) 13

J J

S (14 R)*nG€? + 63 0)Evawe [0 (27)][3-
Now according to Lemma 2], we have
By wel0® ()] S i + mafBi®,

which completes the proof.

2
aTDV(0>+VP+V’,zi V§¢(O) (ﬂfz)]> =0.

(3.148)

(3.149)

Lemma 24. We get an additional term ¢*'(z;) as a result of smoothing which we
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define as

* 1 s * *
¢ /(l’z) = \/m w DW(0)+W/+WP,$iWExi - ¢ Z(:El) (3150)
1

Then
P(¢* (2;) # 0) < myexp{—c3/(867)}.

Moreover, we have the following inequality almost surely (over the randomness of W?):

16" @) lloe <[> Vil
k

Proof of Lemma [24]

According to Lemma [10] for j ¢ P, for every i € [n] we have
‘(W](O) + WJI)LCz‘ > 02/2\/ﬁl'

Now note that as long as the sign patterns for j ¢ P does not change, ¢*'(x;) will be

zero. Therefore by union bound

P(¢*(x;) #0) < Y _ P(sign change in j) < m P(|(W” + W))z;| < [W/zy|)

j=1

< miP([Wia| > ea/(2¢/my)).

But (W/)x; is Gaussian with variance 37 /m;. Hence

LHS < myexp{—c3/(867)},
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which proves the first part. For the second part, according to Equation (3.106|) in
Lemma [14] for every k € [my]:

|67 (i )|<\\/—WkDW<o>+W/+sz1W il + 0% (:)] (3.151)
1

<2/Vmy Y WS <20W e D IVl (3.152)
J k

which implies the second part.

Lemma 25. Fourth Extra term:

1
va,w[\/ﬁ a" Dy yyoyyr e, (VO + VP + (1= n/2)V')¢" ()]
2

S (Kay/mams + Cy + /myfs) my exp {_Cg/<8512)}‘ D IVl = Ru.
k

Proof of Lemma 25

Note that with high probability over the randomness of V() we have |V |z <
Vmamgks. Now according to Lemma [24] and using the fact that [|[V'||r < Cy:

< Ewoye—=lall[V® +V? + (1 = )V'[l2[l¢6” ()]

\/_2
=Eweve[VO + V2 + (1= n/2)V'|[pll¢” (x3)]]

< \EveIVO + (1= nf2V |2+ [VI2) ma exp {~3/(882), [ Vel
k
S VIVOZ + V2 + mas myexp {~3/868)}, |3 [Vill3
k

S (Rav/mams + Cy + V/myfs) myexp {=/(861)} D [IVill3m-
k

Lemma 26. Fifth extra term:

1
]EWP,VP[ m a Dv(0>+vp+vl V2¢*/
V1o

< VCmuexp {~c3/(867) }‘/Z”V’fHH‘” =R
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Proof of Lemma 26

Similar to the previous Lemma, the inner expectation can be bounded as:

\/—2HaHHVzHFW'(wz)H < EIV*rllo" (2)]| € v/ Comuexp {=c3/(8BD)}, [ D Vil
k

Lemma 27. We have another extra term as a product of the movement —n/2W' in

the first layer:

2
6 () =~ [W* Dy s (WO (1 2) )6 )~ (126 2]
U\/ml
Then
’EW”V” 1 a" Dy vopyr g Ve o®' (2:)
) \/ﬁg +Ve+Vix;
51 C202 2
+myexp {—c2/(88)YC?) = Rs. 3.153
\/@mg( e e (G0 = (315)
1
Ewpyvp a’'D (0)L1p ,Ii(V(O) + VP + (1 — n/?)vl)gbm)/(ﬂji)
\/ﬁz VO 4ve4V7,
S (HQ\/m2m3 + \/%362 + 02)%5. (3154)
Proof of Lemma

First we prove the following approximation argument (for all k € [m3]):

512 + 6202

T +my exp {—c3/(832)}CZ. (3.155)

By 6@ (2:)x]? <

We have
L ) p s 0, |
LHS = Ew» WkaDW(O)JrWPJrW/,mi(W + WPz, — WkaDW(O),:mW ;
1 2
S Ewe \/—1 Wi Dy s e, (WO + WPz, ~ T —— Wi Dy ,,W O
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2
By, WDy o o, (WO + W")xi‘

1 1
—— WSD (WO e .-

m, k W(O)—i-WP,a:Z( + )z m,
By the independence of Wf ’s, the first term can be upper bounded as

1

2
= S 3 (0 WO W > 0) — W1 (0, > 0} =
1
7j=1

- P ; 7 —_— - - — .

oy = et my my My

For the second term, note that for every j ¢ P, the jth entries of Dy, s, and
Dy ) ywepw 2, are different only if VV](J can make a sign change in the jth row, i.e.
|(I/Vj(0) + Wi)a;| < [W7x;] should happen. We denote this event for every j ¢ P by E;
Furthermore, if this happens for some j, then the value of (W + W?),z; is upper
bounded by |[Wz;|. Now similar to our discussion in Lemma [24] and using the result

of Lemma [10

]P’(UjngN]j) = P(sign change in some j ¢ P) < ZP(sign change in 7)
j¢p

< mP(|(W + Wha| < [Woa|) < mP(WEai| > e/ (2v/m)).

But note that (W7)xz; is Gaussian with variance 57 /m;. Hence
LHS < myexp{—c3/(851)},
So finally we can write

+Ewp Z|W’$Z )+ Bwo— (]l{U]¢pE}Z|W'arz )2
JjEP
ﬁf |P| 1112 I 1112
< = 4+ —||W P(U..pES)||W
S 2L WP + (s ) W
61 020

t +my exp {—c3/(867)}CY.
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which completes the proof for Equation (3.155)). This immediately implies

CQC
\/_11

Ewe[ 6 ()] < y/Ewe 6 <xl>u2<\/m3<51 Ty exp {~c3/(852)}C2).

Now we first prove Equation (3.153)):

< Ew»

1 *
— lallll Dy ve s, Vil El6® ()]l
2

1 *
EWP,V”[\/E aTDV(O)—i-VP—&-V’,:JciVE¢(2),(Ii)]
2

< VallEwal| ¢ @)l < 11V [l rEwe ¢ (z2)]]]

\/@mg(@l fc T my exp {~2/(852)}C2).

To prove Equation ((3.154)):

1

Ewe,ve WGTDV(O)-&-VP-&-V’M{V(O) + VP (1= n/2)V)e? ()

2

1
S Eweve NG lalll Dyorsveraonvra (VO + V2 4+ (1 =n0/2)V) £ ]|6® ()]

2

1

S Ewe,ve o lall [V + V2 + (1= n/2)V'|[p]|6® (x,)]

HGH\/EVP (VO + VellE + 11 = n/2)VI3)Ewell6®" (x3)]]

N \/_2
N \/ (k3mams + m3fs + C3)Rs S (key/mams + vVmyfBa + Co)Rs

Lemma 28. Closeness condition:

1
EE‘EWP,VP[WGTDV(O)+VP+V’,Q:¢V£¢*E($i)] — [ ()| S Ry,
2

where

Ry = 0s&v/n(1 + R) /ZHVkHHNM%g (3.156)
o+ s (exp {—(mardCH) /(2B3)} + my exp{—C3/(8mafD)} ) V(1 + R) /ZHVkHHw-

(3.157)
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Proof of Lemma 28

Note that by Corollary [5.1] and according to the proof of Equation [3.130]in Lemma[I9]

if for every j ¢ P we don’t have a sign change in Dy o veyvr e,V 0" (), then get

1
Vi,

| a" Dy pyory o, Vo () — [ ()] < Rs.

Also, note that we need the event E¢ (defined in Lemma to happen in order to be
able to use Corrolary Hence, given a W? for which E° happens, we upper bound
the probability of sign change with respect to the randomness of V*. We define the
following event with respect to the randomness of V* when conditioned on a W* for

which E° happens (P;’s are defined in Lemma [16)):
SC = (3 ¢ st lV]al] 2 (2253 o]

Now from the result in Corollary [5.1| we have < 1{sign change in j ¢ P;} < 1{SC}.

Therefore,

B1{sign change} < 1{SC} < >~ P(Vfal| 2 (-2)C37at])
2

JEr

K
< maP(|VFai| 2 (S5 C ).
mgy
But note that (V/)z; is Gaussian with variance 53|z}||*/ms. Hence
LHS < mayexp {—(mar3Cy)'?/(263)}. (3.158)

Now let D be a sign matrix random variable such that if £ and SC*° both happens,
then it is equal to the valid sign matrix Dy o) ye v ,,, and otherwise it is equal to an

arbitrary valid sign matrix in the case when both E¢ and SC*° happen. Now using

153



Equation (3.117) we have with high probability over the initialization:
_1 T * [k %
Ex b 0 Dyoriyesy e, Vod s(@i)] — f*(zi)
2

1
< EE‘EW”,V”[WCLTDV(O)+V9+V’,:W(V£ — V)¢ s (2i)]
2

1
+ EE‘EWP,VP[\/— GTDV<0)+VP+V/,1,~V*E¢*z<xi)] — (@)
my

< Ew»,voEs]| a" Dy yoyyr e, (Ve — V)0 g (a;)]

\/_2
1
vm,

1 * * *
< EWP,VP]EEE2 S OIVE, = Vs (6t (@)
j

a Dv<0)+w+v',xiV*¢* (z:)] = £ ()

+Es (EWP,W[

+ Ex[Bwe (o’ DV'6 () — (1))

1
vm,
1
vm,

1 * * *
< EWP,VP]EZK2 S OIVE; = VrSllllets (@)
i

+1{scu E}( a” Dy s 0, V0" (25) — D)]’

+ EE‘EWP,VP [(\/1_% aTDV*gb*(xi) - f*(l’z)> ‘
1{scu E}(

* 1 * Ik
4 ExEoys 0" Dyor o0, V6" (1) — o= aTDV*¢ (xi))H
2

1
Vi,

1 *
<Bwn 7 3 VEsIVE, = Vi [Ee (@)
+ 3 + 2P(SC' U E) max ‘ al D'V*¢* (z;)|.

D’ my

Now note that for any sign matrix D’, we have the following bound:

\/—2||aHl|V"‘|IFch5 (@) S VG +R) ‘/ZHVICHHOO

Also, applying a union bound and using Lemmas [42]

CLTD/V*¢*( )

1
Vi,

P(SC U E) < P(SC) + P(E)
< exp {—(mar3C3)"?/(265)} + ma exp{—CF/(8maf37)}.
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Hence, also applying Lemma 9] we further write

LHS S os6v/n(1+R) ‘/ZIIV;@II o+ Ry
s (exp {—(mardCH) /(283)} + mu exp{—CY/(8ms )} ) Vel +®), 3 Ml

Lemma 29. Suppose we have mzr3 > C?. Then, for the following basic term we

have:

Eye,vel \/7%2 " Dy o) v ryra, (VO + VO (L=1/2)V)(0 (@3) + (1 = n/2)6? (2,))

1
a
Vmy

in(@% + Ry + (Vmgr + 2)(Cr + ﬁgﬁl)),

S (A =n)Eweyve[—= Dv<0>+w+v' (V(O) + VP + V) (0O () + ¢ (x))

where

1/3
Ry = Co(Cy + v/myB)ma exp{—Cy"* (/myro)?? 1852} + Cymwﬁf%>

(V/m,
Ry = ma exp{—CF/(8msf7) }v/mar1(vmy + B2) + R,

and Rg is defined in Lemma |31

Proof of Lemma [29]
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First, note that by orthogonality of ¢(*)(z;) to the rows of V'

LHS —1/2Eyws ol a" Dy yvosyr o (VO + V)00 (z;)

1
Vim,
1
=LHS — TI/ZEWﬂ,VP[
a

— (1= 1/2) ] jﬁ 0" Dy syoar e (VO + VP 4 (1= 0/2V) (0O (@) + 62 (@)

aTDV(O)JrVPJrV’,zi(V(O) + VP4 (1 - 77/2)V’)¢(0) (:)

— (1= /2By wl% 0" Dy sy (VO + V24 V(6O (a:) + 62 (2,)]
2

+(1- 77/2)(77/2)EVP[ﬁaTDkuva,xi(V(o) + V) (0O (x) + 0P ()] (3.159)

But note that for the second term:

1
EW&VP[WaTDvw)wpngi(V(o) + V) (0O ;) + ¢ (2))]
2

1
5 EW&VP[\/E aTDv<0>+VP,zi(V(O) + Vp)(¢(0) (%) + ¢5<2) (%))]
2

}2 S V6O @) + 6 (5)|

j: sign change

jﬁ 0" Dyor sy (VO + VP)(6O(2,) + 62 (2,))]
2

j_Q S Ve (3.160)

j: sign change

= Ey,|

Now conditioned on z, by the result of Lemma {40 we know there exists a set of indices

O C [mg], s.t. |O] < (f )2/3m2 and for j ¢ O we have

2/3
V(O) "> 02/ (Vm2ﬁ2)1/3 /
2

and 23
Vil < &2 (Vimyha) ?
ST T,

B8

Now for j € [ms], define the event

02/3\/m/€2 1/3
By = (W) 2 S,
my
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and R = U;R;. First, note that using Gaussian tail bound, R is a rare event:

) < ZIP ) < myexp{—Ci*(V/myr2)*? /852

Now for j ¢ O and under R°, clearly we have that the signs of (V + V) and
(V] + V}p + V] )z are the same. Therefore, applying Lemma , we can argue under
R¢:

> Ve ()] < EWP Z V6

j: sign change ]EO

EWp Ve \/_
2

ol "

||V,||EWP||¢ )(z; )”SW 5(Ch + Vmsfh).

Hence, overall, using Cauchy-Shwartz

! : : &y
I*—‘WVP,WWQ > !Vj¢(2)($i)\SHVHEWﬂ||¢(2)(33i)HP(R)+(\/EZ—>1/3 H(Cr+vmgB)

j: sign change

1/3
< Co(Ch + Vmgfy)ma eXp{—C§/3(\/_ ko)?/3/8B2) + G UE Co(Ch + vVmsfr) =R

(Vmyk
(3.161)

On the other hand, using Lemma[39] we have with high probability over the randomness

of initialization

T (0) 4(2) (2)
D Vv i) < i)ll-
mza v 2, VO (1) < vmgha||¢H ()
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Hence:

Eve[——a" Dy ye 0, (VO + VPP ()]

\m
1 1
< Bwevol et Dyt VOO (0 + o 37 V9% (1)
2

2 j

< Ew»

=0 D0, VO w) + B 6|
< (Vmgks + Bo) Byl |6) () |
S (Vmgha 4 B2)(Ch + V/my ). (3.162)

Combining Equations (3.161]) and (3.162]) into Equation (3.160)):

]EVP[ aTDV((])-l—VP—&-V’,zi (V(O) + Vp)¢(2) (93@)]

SRy + (Vmgka + B2)(Cr + VmgBy).

(3.163)

1
Vim,

Moreover, for the first term in (3.159)), using Equation (3.162) and Lemmas |42 and
Lemma [39 we have

1

Evr[ 0" Dy veyra (VO + V£ V)0 @)
2

S ‘]EWP,VP

J_l a7 Dy VOISO (2)] + Enyo.yo \/_ Z\V% xJHTZW;d)@(%)\

J
< RavVmy(Cr + Biv/m) + (Co + ) B [0 () |
S RQ\/E;’,(CI + 51@3) + (Cy + B2)(Cy + \/Egﬂl)- (3.164)
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Substituting Equations (3.163]) and ((3.164]) into Equation (3.159), we finally get

1
LHS — 77/2EW”,V/’[WGTDV(O)+VP+V’,LE¢(V(O) + V) (z;)
2

< (1=n/2)Eye[——=0a" Dy yyosvra, (VO + VP + V)P (2))]

1
vy

+ g(%zx + (Vmgka + 32)(C1 + \/E:aﬁl))
1 /
S(1- U)EVP[\/E aTDVm)JrVPJrV/,mi(V(O) + VP + VP (x;)]
2
2
1
nZ ]EVP[\/_QG Dy yvosyra, (VO + VP + V) (a))]
g(%zx + (vVmgka + B2)(C1 + \/_351)>
1 /
S(1- n)EV’)[WGTDVW)JrVPJrV/,zi(V(O) +VP+V )¢(2)(1'i)]
2

+ 0 (kav/ms(C1 + Biv/my) + (Ca + 52)(Cr + vVmsB1))
+ n(m + (Vi + B2)(Ch + mgﬁl)). (3.165)

Now by picking n small enough so that the second term is dominated by the third

term we get:

1
LHS —1/2Ewo o] NG a" Dy vy o (VO + V)00 (z;) (3.166)
2

S (L=nEve[—a" Dy yesrr o, VO + VP + V)P (2;)] (3.167)

1
v,
+ 77(3?4 + (Vmgka + 32)(C1 + \/%351)) (3.168)

Now we aim to bound the term ]Ewpyp[ﬁaTDV(o)JerJrv/’xi(V(O) + V)0 (z).
First assume that we are in the event E° defined in Lemma , i.e. we have ||¢® (z;)]| <
(. Conditioned on such W7, we now work with the randomness of the initialization
and V7. Note that the random matrix V(©) 4+ V? jointly over the randomness of V*

and the initialization is also Gaussian, and its variance is

Ky < K ﬂz < 2K3, (3.169)
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where the inequality follows from the fact that ko > \/7;7”2 and [y < 1. Therefore,
applying Lemma [31| for the random matrix V() in the Lemma as V() + V7 here, the
bound does not change up to constants because of the inequality . Hence, with
high probability, lets say with prob. 1 — ¢; this time over both the randomness of

initialization and V7*:

L= ) a/TDV(O)_)'_Vp_)'_V/,xi(V(O) + V’D)QS(O)(ZL‘J S §R6 (3170)

1
Vi,
This means that with probability at least 1 — v/d; over the random initialization, then
we have (3.170) with prob. at least 1 — v/0; over the randomenss of V”. We name
the latter high probability statement as (x). Moreover, note that by Lemma |41 and

assuming mg log(ms) < ma, we have the following almost surely bound (also note that

VI ¢ (z;) is Gaussian with std \/BT%Q 16O (z)|):

1
By m aTDV(O)+VP+V/,ZEi(V(O) + Vp)¢(0) (@) (3.171)
1
= Ey» TaTDVw)WpW,m(v(O) + VP)¢<0>(:(:Z»)) (3.172)
2

m2

;)| + Eyo \/_2 Z VPO (x;)] (3.173)

5||¢<°><xi>|| sup. fzw 2|+ fz 116 (@)l (3.174)

fl2']=1

S 160 (@) (Vmy + B2). (3.175)

Furthermore, note because each variable |V/¢© (z;)| is %Hgb(o) (z;)|| subGaussian.
Therefore, £ is subGaussian with parameter ||¢®) (;)||3, with respect to the random-
ness of V. Now the point is that the high probability argument in () is much stronger
than what one can get from the subGaussian ineqaulity with parameter ||¢® (z;)||3.
(with the corresponding expectation term ||¢(® (z;)|/(v/m, + B2)). However, the disad-
vantage of () is that it only works for a fixed ¢;. In other words, at least it is not
obvious from this argument that why for a fixed W(® in a high probaiblity region of

the random initialization, whether we can send d; to zero by growing the constant
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behind R with logarithmic rate log(1/d). This makes our job hard for bounding the
expectation with respect to V* if we only wish to rely on (x). Therefore, we combine
it with the inequality that we get from the subGaussian parameter that we introudced

above. More rigorously, we define the thresholding parameter
O = ([0 (@) [|(Vmy + o) + ([0 ()| 52 Log (1|6 () || (Vi + Ba) /Re)

= 010 ) [(v/my + 82 o160 ) [ (Vi + 52)/Re)) ).

for which we have

Ma0§4MU§m§%@

we divide the range of values for £ into three parts:

E[L] :E[cy L< %]P(/l < Re)
+E[£| R gﬁgU}P(éRﬁ gcgw)
+E[L| USE}P(USQ
gE[a ﬁgmﬁ} FP(Rs < L <U) + R

< R + V6,0,

Now by choosing ¢; < 1/0, we conclude with high probability over initialization and

conditioned on W*’s such that E° happens we have

1

Ey,
Vi,

a" Dy syopyra, (VO + V)00 (z;)| = E[L] S Re.

~J

Finally, we integrate also with respect to W”. To control the random variable when
E happens, we use the bound in (3.175)) and the fact that E is a rare event due to
Lemma [42}

" Dy oy v ryra,(VOHV)OO (@) | S PIE)| @ () [|(Vimy+B2) +P(E) R

Ewp,vp

1
Vim,
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< my exp{—C}/(8msf}) }v/myr1 (Vimy + B2) + Re = Ry

Substituting this into (3.168|) the proof is finally complete.

Lemma 30. Third cross term: with high probability over initialization, we have

1
a
Vi,

2
Es, (EW,J,W[ "Dy sysyre (VO + VP 4 (1 —n)V')Se" (acz-)]>

< & (my exp{—C7/(8msf37) }(5mams + ims) + R2C3) = R,
Proof of Lemma

Note that the way we defined the matrix W* and as a result ¢*(z;) only depends on the
randomness of W not on W’ or the randomness of V(). Now using Equation (3.131])
and Jensen inequality we can write (for vector v, the notation v*® is another vector

with each entry as the second power of the corresponding entry in v):

1 2
— Es (EWP,W[WaTDV<O)+W+M<v<U> FVE 4 (L= V)56 ()]
2

1 2
< EsEiwove (WaTDVm)WW,M(V(O) +VP+(1— n)V’)Z¢*(:vi)>
2

2
= Ewe voEs << aTDv<0)+VP+v',xi(V(O) +VP+ (1 =n)V'), Eqﬁ*(x%)})

1
Vmy

1 20
= Ewve( (0" Dy v (VO + VO (L=mV)) T, 6" (2:)*)

\/m2 +Ve+Vi,

1 2, 2
< Eweve NG " Dy o) pvosyr o, (VO + VP + (1 =nV') ) ¢ (x;) .

1 2
< EEwo e ﬁaTDV(O)JrVPJrV/,xi(V(O) + VPt (1 =)V )
1

< 2§2EWP,VP

2
) + QSQEWpyp

1
WQGTD v svervrg, (VO +V7) N " Dy vepya, (1

2
< EEywo e ) +E1—n)? V|7

1
EQT‘DV(O)-FVP-FV’,%(V(O) + Vp)

2
< EBywove ) +&4(1—n)*C3.

1
Vi,
Now under the event E° defined in Lemma 42| we get that ||¢) (z;)|| < Oy, so we can
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bound the above as

1 2
< CEvs g | VP VO + o) 2 0V 4 V)
IV/I<C2,V/ Lo O) (), [lar|<Cr T2 155
(3.176)
+E4(1—n)*C3. (3.177)

Now defining

2
)

1
L= || S an {0 + 17+ V)60 @) +) 2 00+ V)
J

to bound the first term, we want to apply Lemma [32] using the same trick that we
did in the proof of Lemma Note that L, is the same term as I'}, ,, in Lemma
except that it is defined with respect to V(© + V7 instead of V(. On the other
hand, note that V(®) + V» has Gaussian entries with variance x3 i—% and we know
K2 < K3+ i—% < 2r3, which means the argument of Lemma |32 holds true here up to

constants:

sup Lo SR
[V/I<C2, V7 L0 (x:),]|2'[| <Ch

This holds with probability say 1 — d, over the randomness of both V(© and V7.
Therefore, with probability 1 — v/, over the initialization, then with probability at
least 1 — v/d5 over the randomness of V? we have the above. Moreover, with a simple

Cauchy-Swuartz we get the following almost surely bound:
Ly SIVOUR + 1V (3.178)

Now the variable ||[V*?||? is subexponential with parameter (3{m3, 52m3). Furthermore,

with high probability we have ||V |2, < mymsr3. Therefore, taking

U, =0 </<a§m2m3 + f?mslog ((H§m2m3 + 5%7”3)/%7))7

163




then one can easily see by the subexponential tail:

E[Cs] £ > 5] = 0(0s),

P(Ly > Uy) < R3/0s.
Hence, we can apply the same trick as Lemma [29| as

E[L,] = IE[£2| Ly < 9%%} P(Ly < R2)
+E[L‘2\ R2< L, < 641@(?}% <L, < 62)
+E[£2\ U, < ,52]19(02 < L)
S B[L] L2 < R + PO < £, < Ty) + R

< R2 4+ V6,0,.

Now taking d, < R1/02, we finally get that conditioned on W*’s where E happens,
then
EveLy < %g

On the other hand, to handle the case when E happens, we can use the bound

in (3.178]) as it does not depend on the occurrence of E as well:

EweveLs < P(E)Ey,(|VO)? +||V?)?) + P(E)R2

< my exp{—C?/(8msfB?)}(kamams + Bims) + R2.
Plugging this back into (3.177)) we finally get

LHS < 52(m1 exp{—Cf/(8mgﬁf)}(/<agm2m3 + 5%m3) + %?) + 526’22.
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3.6.15 Bounding the worst-case Senario

Lemma 31. Suppose mg > log(ms) and /mgry 2, Ci. We define the sign matrices

Df/./(o)JrV, L. and Df/,(o) L. with respect to the multiplications
(VO + V)" (@) + o),
and

V(O)(¢(0) (z;) + ).

Then, with high probability:

L D (0) 4(0)
e @ Do)y o, V5 0 (2)
(| SCLIV [ <Cov7 Lo VT V0 HVmi
(C1Cy)*8 (CLCo) 2 (y5) V3 flog(12) TS
S ( 1/3 73 T 1/3 > (1 +log(ma)— 7 , >
) m, 23 (1) 13

3/2
ms RiRka

T, V1og(ms)(log(ms) + log(log(ms))) + Kk1k2+/m3log(ms) == R

+

Proof of Lemma [31]

Consider a cover for the euclidean ball of radius C; in R™ with precision e, i.e.
B, (€). So for every ' € R™3, there exists an x € B, (€) such that ||z — /|| <€, and

|Be,(6)| S (£)™. Now fix 2 and x. We have

1

1
. 0) (0 _ (0) 0 0) (0
Loy = N v e, V0 (x;) = T ;%1{(‘/} +V))(00 () +a") > 0}V V0O (xy).

Now by a union bound, because each variable Vj(0)<b(0) (x;) is Gaussian with parameter
Ka||@® (z;)|| and using Equation (3.116]), with high probability we have for every

Jj € [ma]:

V000 (@) < a6 ()| log(ma) < misay/ms log(ma). (3.179)
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Therefore, by Hoeffding over the randomness of the Bernoulli variables a;, for a fixed

a2’ with high probability:

1 &
Lo i= 3V, (00 ) + ) 2 0V 090 (@) S /s Tog(ima),
2 j=1

On the other hand, We know that the VC-dimension of the class of binary functions

with respect to halfspaces in R™3 is mg+ 1. Therefore, the set of different sign patterns

m3+1

. . ! . .
in matrices DY is bounded by m5*"", i.e. for

V() x;

D ={D{«, |2 € R™},

we have

D < my=t

Therefore, by taking a union bound over all sign matrices in D, we get with high

probability

sup Ly < kikgy/mslog(my)y/log(my™s+1) = kykgmslog(ms). (3.180)
Now for a threshold » which satisfies
r > 2v/mgkae, (3.181)

we define

Ter = {j € [ma]| V(O (z;) + 2)| < 7).

Now by Equation (3.116)and the assumption of the Lemma /mgk; 2 Cy, we have

160 @) + 2l < 169 @)l + |2l S vmgkr + Cr. (3.182)

169 @) +all > [0 @) = 2l Z Vimgs — Cr 2 vimgs. (3.183)
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Hence, Vj(o)(¢(0) (z;) + ) is Gaussian with standard deviation at least Q(ka\/mk1).
Therefore,

PV (6 (z; <r<-——r
(V6 w) + ) <) § o

This implies

E(|Torl] S (3.184)

~ 31‘11/@2
On the other hand, note that |7, | is the sum of ms Bernoulli random variables, so it

is subGaussian with parameter msy. Therefore, with high probability

|x7x7" m2+\/_2

Now taking maximum over all = € B¢, (€) and exploiting the subGaussian tail of the

random variables, we get with high probability

my + /malog(|Be, (¢)]) < my + \/mams log(1/e).

r
~ \/mglillig

max |7,

z€Bg, (¢) |N\/_312
(3.185)

Moreover, consider a threshold 1 < 6, such that e /8 < m, /mg, and define the

following set of indices
TEy = 1{j € [ma)] [VVd| > 0rsC1}.

Then, using Lemma |38 and noting the fact that the standard deviation of Gaussians
in V© is ky and that [|¢® (z;)|| < Cy, with high probability:

3ﬁ|¢%smﬂm%wmw%mm» (3.186)
' ||z’ ||=1

Now note that for each j € [ms], ||Vj(0) |? is subexponential with parameters (mzr3, £3),

which means that with high probability:
max [V * S maid + Vingi v/log(m) + w3 log(ms).
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But with condition mg > log(ms), we can further upper bound it as

max | V;V[* S a3,

Now for fixed z, 2/, for j € J,, we have

V20 @) + )] < V60w + )| + 1V, o' = )]

J

< VO (¢ (@) + )| + [V, |2 - 2|
<4 Vmgkae.
On the other hand, for j ¢ ‘-7:(:(’2,)0:
V7| < 0kaCy. (3.187)
Therefore, for j € J,, — J, (,27 Z,:

T

V280 ()] < VIO (0O () + 2)| + [V V| S v+ Vmghoe + 0raCr. (3.188)

In a similar fashion, if j ¢ J.,, then using assumption (3.181)):

©) ¢ 1 (0)(,.. / 0) ¢ 4(0) (.. O, _
j ? - j ) ; = 2€ ~ .
(Vi (@ (i) +2")] > V7 (9 (w3) + )| — [V (2 — o) 2 7 — V/mghaoe > 1/2
(3.189)
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Hence, using the fact that ¢(*)(z;) is orthogonal to Vi

{(V; + V) (6O (i) + 2') > 0} — 1{V," (¢ () + ') > 0}
< 1{V}(¢O (i) +2)] 2 VO (6O (i) + )]}

< 1{|Vj'| 2 V(6 () + 2]}

<1Vl 2 V(6 (i) + 2]}

<I{IVIIC) 2 [V, (6O (i) + 2)[}

V>0 (z) + )| r

< {7 = -2 )
<HIV/I 2 e t e

(3.190)

Now by triangle inequality and Equations (3.190)), (3.188]), (3.187)) and the fact that
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V'l < Cy, we can write:

|Fa:’ - F:L",V’|

< ﬁ > [HE V)@ @) + ) 2 0} = V(0O w) + ') 2 0} V"6 @)
2 jer,r—Jﬁfg
+ % S UV V)@ @) + @) 2 0} = VO (6 @) + ') = 0}V (w)]

i#(Te 0T D)

> O+ V)0 @) +2') 2 0} = 1V (00 @) + 1) = 0} [V,6 ()

ej(z)

\/ 2
< L7 =9 max V260 ()|

V 2 7]6;717'_‘7(/9

1 v A<0><¢<0><xi>+x'>|

- o>
= > HIViz 2 SRR

2
i#(Te 0T D)

f rJ,e|yégx\v O (ay)

< —F T,r / V(O) © 7

jEjz,r_Jz(?)g

1 V2 (6O () + l")l
- N> 1J
r— Y vz

2
i#(Ter0T )

40 HIV" (00 () + 2)] + 0raCh)

\/—2|J/e|§ggXW ) (a)

< Ux,r _ jgffz)| max ’V'(0)¢(0)(xi),
\/E2 76 jejz,rfjagi)g ’

1 ) r
to= X HIVIZ G HGIV +0mCy)

i#(TerUTF,)

\/— IJ/elmaX\V O (@)

S zr_ ! 0 O V, V’z
S ST = TR+ Vi + 00 + 2 [ (5 IV 2 ) VI
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1 : / r L e 0)

- v s> L (0) 4(0)(,.

+\/— (]- ||V;||N01)9n'201+m2|Jx1,e|ggg§IV] o\ (x;)]
C2C2

—g%@ OksC L
| T Jx,,9|(r+\/ﬁ3mge+ Ko 1)+m2r

S fz
C’3C'2
T g \/_ 7

,efmaX|V 0)(371')‘-

3.179), and (3.181)), and the bound on |J;?()9

3.186)),

Now using Equations ([3.197)),

from Lemma we write
1 2) CiC? C3C2
| T | (r 4+ O0K2C1) + ‘735, k1Ko malog(ms) +
‘( 1) \/mQ’ ,0’ ( ) \/—27, \/_27,,2

9/12

< 1
AL
< L < r m2+\/mgmglog(l/e)>(r—l—9ﬁ201)
My N\ Mgk1Ka
1 CiC3 C3C3
+ M(mgaog(mg)+1og<log<m2>>>)m2 maTog(ma) + Lk 4+ L0

1 T
< log(1 0
- \/52 <\/m3/€1/ﬁ)2 e + \/m2m3 Og( /E)> (7" + K2Cl)

3/2 22 3,12
ms' “KiKa CyCs Cy05
—— ~\/1 | log(l 191

+ T log(ima)(og(ms) +log(log(ma))) + it ZEt . (3191

Now setting

1/6 1/3

* mg' (k1K)
ro o= (0102>2/33—1/3.
my
By this choice, from (3.191]) we obtain
(C1Cy) Y3 +(C’102)2/3m§/3(/<;1,<;2)1/3 log(l/e)) <1+QC11/3</€2\/EQ>2/3)
;’ 3 (/) V3

Fm/_Fx’ ! S(
For Lol < (s ma) B g 172 -

m3/2f<&1/€2
+3\/_—m2 V1og(ms)(log(ms) + log(log(ms))).

Now we set
0" == 3log(ma),

which also satisfies the condition of Lemma [38 and combining with Equation (3.180)),
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we get that with high probability

Toryrl < |Parr = Tl 4 T
< (Gl | (GG Pmi ) 12 log1/4)
(Vimgia) (s fmgin ) 2 my/?
ci/3<mm2>2/3>
03/3(“1\/%3)1/3

m3/2/<a1/<52
+ i/_—mQ\/log(mg)(log(mg) + log(log(ms))) 4+ K1k2+/mglog(ms),

X (1 + log(ms)

where ||| S Cp and [|V'||p < Oy, Vi : V/¢!D(x;) = 0. We also need to satisfy
condition (3.181)), which regarding this choice for # = 6* becomes

M G
r* = (010) /3—1/3 > 2v/mykae, (3.192)
my
for which it suffices to set
K1/3
E* — (0102)2/3 1 ’
2(mams) /33"

Substituting this choice of € above and picking the overparameterization large
enough to dominate the magnitude of Cy, Cy so that log(1/e*) < log(ms), the proof is

complete.
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Lemma 32. Under the following condition

(Vmgkia) 3 (/g ) > log ™% (my) (C1Co) Y3,

with high probability we have

1" a1 {(vV? + V) (6O (@) + 2') > 031,

J

1
sup
2 | SCL IV | p<C2,V/ L@ VTl

1/3
5 \/Egl@ log(mg) + %(0102)2/3 10g1/6(m2) — %7.
3

Proof of Lemma [32]

Similar to Lemma [31], define the helper functions I'ys and T'pr v+ as

1 (0) (0)
Fxf,v'—\/%HZajﬂ{(Vj + V(6O (x,) + ') > 03V, (3.193)
J
_ ! (0)( 4(0) : ©)
Fx/——%HZaﬂ{vg (6O (z:) +2') = 0}V, (3.194)
J

First we bound sup,, I',». To this end, note that because Vj(o) € R™ and the VC-

dimension of half-planes is ms + 1, then by Sauer’s Lemma, the set
D= {Dfu, |« €R™ || < C1}
of all sign pattern matrices has cardinality at most
ID| < mpstt.

Now note that with high probability, the entries of the matrix V(© are all less than
O(kgy/log(mamg)). On the other hand, for each fixed sign pattern D;’j’(o)’xi, we have
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for the sum with respect to this sign pattern:

”% > a1 {2 (6O (i) + ') = 03V (3.195)
2

is (mskdlog?(mams), k3 log(mams)) sub-exponential with respect to the randomness
of a, because each entry of the vector f;mz Zj aj]l{l/j(o)(gb(o)(a:i) +a) > O}Vj(o)

(k24/log(mams))-subGaussian. Therefore, with high probability we have

1 (0) 1 4(0) / ©0) 12
mQZaﬂl{Vj (6 (;) +2') > 0}V,
J

1
< Ea[uﬁ >0 1{V (6O () + 2) > 0}V, |?] + deviation
2

< maks log(mams) + v/mgks log(mams) + k3 log(mams).

Similarly, if we take a union bound over all sign matrices in D and using the fact that

mo > M3

supF , = sup

1
= w7

< maks log(mams) + v/mgks log(mams)y/log

>t (V00 (w) + 2') 2 0}y
J

( m3+1> ( m3+1)

+ k3 log(maoms) log

< makalog?®(my),
which implies
sup Ty < V/mgko log(ms). (3.196)

Moreover, defining 7, , similar to Lemma [31| and using the similar approach we get

with high probability

————my + /malog(|Be, (6)]) < my + /mamslog(1/e).

r
~ \/m3/€1,‘£2

max \Jm r

z€Bc, (€) | ~ \/_3H1Ii
(3.197)
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Now for simplifying the analysis, we assume that for indices j € J,, we can change
the sign pattern with no cost on V', i.e. we can pick any subset of them. Therefore,

we first compute a high probability upper bound on the following quantity:

1 (0)
w34,
Vm i jes

9 SCJz,r,Esigns

If we form the matrix V(*)(7,,.) be the matrix which only keeps the rows with indices

in J,,, then the above quantity can be computed as

(0) T1,/(0)
sup [ ) Vil == sup U V(T
VvV My SCTa, Z 2v€{0

r,Esigns 1}\Jz,r\

(V(O)(jx,r)) sup [[v|| < —= % (0)(~7m,r))|~7m,r|a

S Wz)\max \/—2 max

where A4, is the maximum singular value of the matrix. Now by random matrix

theory, we know for a fixed = and arbitrary ¢ > 0, the following argument holds:

P (VO (o)) 2 2 v/ + 1| Tur| +1) < 2677 (3.198)

Therefore, as |D| < mj»*, we get with high probability

max )\maX(V(O)(ja: ) S ke(v/mg + \/lj:c e+ \/log )

:EGBCl (E)
Koy/1log(ma)ms + Ko/ [Te.rl-

Therefore, with high probability

1 2
v 1 Tl + | Tr)- 3.199
up —m sup | SV <y loglmayl Turl + 1) (3199

{L‘EBcl( Cjz T jes

On the other hand, as in Equation (3.189)) in the proof of Lemma , for j & J., we

have:

V700 ) + )] 2 VO (60 @) + @) = [V @ = 2] 2 7 = Vimgae. (3:200)

J
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Picking

r
o 2\/ﬁ3/€2 ’

€

we get for j ¢ T,
VO (@O () + ') 2.

Now similar to the derivation in (3.190)) we have

1{(‘/}(0) + V;-,)(Qb(o)(%‘) + l‘,) > 0} _ ]1{‘/;-(0)(¢(0)(xi) + m’) > 0}
<1{IV/1C1 2 VO (6O ;) + 2)}
<z &)

Hence, because ||V'||r < Cy, the number of indices for which Il{(Vj(O) + V) (0O (a;) +
') >0} # ]l{Vj(O)(qb(O)(xi) +2') > 0} is at most [ = (017,#)2 Therefore, we bound the

following quantity to use in the analysis:

sup 1> =V (3.201)
SC[ma] & |S|<l,%signs jes
But if we define for my < j < 2meo,
0) _ (0)

V; o _V;—mw

then
0 0
sup IS =< s VL

SClma] & |S|<l,+signs Scl2ms] & |S|<I

jes jes

Now note that each entry of > jes Vj(o) is VIks subGaussian. Hence, the quantity
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13" es V}(O) |? is (msl?k3, [k3) subexponential. Therefore, we have with high probability

2m
aup | SV SEIY VO + vimiy g (7)) + s (7))
JES JES

2 2
< malks + /mglisy [log < 772) + IK3 log ( 72)
< mglk2 + mal? 2624/ log(ms) + 12K2 log(ms).

Hence

sup I ZV | < \/_3\/%;2 + lkor/log(my).

| | ]GS

Now using Equation , we can write

e =Ty
UV + V)00 @) +a) 2 0} = V(60 ) +a) 2 0)V,)|

JE€ETz,r
fQ H%;T (V" + V)6 () + ') 2 0} = V(¢ (i) + 2') = 0HV,7|

(0)
£Vl

< sup ||
\/mg SCJz,r,tsigns jes

1 (0)
+ sup 1y £V
Vi, SClma] & |8 Z ’

cyc .
|<(FL72)2,signs  jes

o)+ \/—2 (\/_3\/_%&2 —i—lﬁm/log(mg))

ﬁrm \/m2m310g<¢_ﬁ2>>1/2< log(ma)ms + /| T )

<
o (e o )

\/_’KQ))

N\/m2(\/ﬁ3lim2 \/QOglOg
4 (V(CiCafrns + (CiCafr oy Foglina) ).
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Combining this with (3.196)):

Tarv| S Vmgkia log(my) (3.202)
N 1
;\i_/j + Fdz\/ms log( 2) Jm (\/E:;(CHCQ/’F)FLQ + (C1Cs /1)Ky log(mg)).
mghki 2
(3.203)
Now setting
1/6 1/3
my
we get
K
LS s log(m) + (YR80 (oo ) (3.201)
3
1/3 2/3 1/3
ms'"ky " (CLCy)Y
+ wamy log!/? (my) + 1?;6 12/3 l<og1 /6<) S (3.205)
< Vimykg log(mg) + E\/‘/%Zj; 7= (C1Cp)*° log'/%(my) (3.206)
3
i a(CrCa) (3.207)

(\/_2@)1/ (v/myk) /3 1og" % (ms)

Now under the condition

(Vmgkia) 3 (/g )23 > log ™5 (ma) (C1Co) Y3,

The final term is dominated by the first term, which finally completes the proof.
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3.6.16 Convergence

The goal of this section is to prove Theorem [7]

Theorem 7. Letting X = 4B2, by Corollary [S.1, we have L(0) < R. We define

the domain D, = {||v'|| < C; = N;“;u, ||| < Cy = %} For a large enough

constant | = O(1) and function L™ (w = (w',v")) : RN — R. Moreover, suppose

LY is py Lipschitz, ps gradient Lipschitz, and ps hessian Lipschitz in the domain D,
(p1, p2, p3 > 1), in the sense that their first, second, and third directional derivatives
n an arbitrary unit direction is bounded by the corresponding parameters. Suppose we
have access to the gradient of L' at each point in D; plus a zero mean noise vector
£ such that 0?1 < ELLT < 021 and || £|| < Q almost surely. Also, suppose for a
threshold X, < R, if L' (w) > N, and w € Dy, then we have at least one of the following

conditions holds:

v

(1) VL (w)|| = m, (3.208)
(2) Amin( V2L (w)) < —. (3.209)

Then starting from wy = 0, with probability at least 0.999 after at most
poly(p1, p2, p3, Q, R, C1, Co, 1/7,log(01/02)) number of iterations, we reach a point wy
such that LM (w;) < N,.

Our proof here is a refined version of that in Ge et al.|[2015a]. As we mentioned in
section [3.5] the key fact that we are using in the other parts of our proof is a uniform
upper bound ||v’'|| < C4, ||[v'|| < Cy which is unjustified by only naively using |Ge
et al. [2015a]. Here, first we restate a refined version of Lemmas 14 and 16 in |Ge
et al|[2015a] in Lemmas 33| and [35] respectively, and then use them to also bound the
upward deviations of L. Moreover, to avoid writing repeated proofs and overwhelm
the reader, we mostly treat the arguments in Lemma 16 of (Ge et al.|[2015a] as blackbox
and use them for our purpose here. A point to mention before we start, unlike Lemma
14 of |Ge et al.| [2015a] where the dependency on other parameters than the step size 7

is more explicit, Lemma 16 hides the dependencies on all the other parameters (which

179



is polynomial). Here, we follow the same style.

We refer to the trajectory of the steps of algorithm by (w¢);>o. In Lemmas of this
section, To avoid introducing new notation and complicating things, we refer to the
current point of the algorithm by wg, while for the next point of the algorithm we
use w; (in Lemma , and wr (in Lemma respectively. Also, similar to (Ge et al.

[2015a], O and Q below means we are looking at the dependency on 1.

Lemma 33. Suppose L™ (wg) < N+ 2l, and consider a parameter x > 1 which can
be set arbitrarily. For every point wy such that L'™(wy) < N+ 21, [[VL(wy)|| >
2\/17(622 + 03N)p2p3(2X + 3), then for wy = wy — (VL™ (wo) + £) and random

variable Ry (depending on wy) defined as
EL"(wy) — LM (wy) = —n*R3, (3.210)
we have By = Q(1) a.s., and almost surely:

L8 (wy) — L) | < 0%/ /X

(the expectation is over the randomness of £).

This lemma is a tuned version of Lemma 14 in Ge et al|[2015a]. First, note that
the condition L"(wg) < W+ 2[ assures the smoothness coefficients p;, p» and ps3 for
LY by Corollary ??. We follow similar to Ge et al.|[2015a] (picking n < 1/(2p2)):

n*opa N

EL"(wy) — L™(wo) < =2 [ VL (wo)|* + 22

n 1. n*ospeN
< —ZHVLH(UJO)H2 —? (03N + Q%) p2pi (2x + 5) + QT
n
< —ZHVLH(w())II2 — 20°Q%p2pix. (3.211)

where we used the fact that p; > 1. On ther other hand, L is p; Lipcshitz, so we
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have almost surely

L (wr) = L (wo)| < pun(IV L (wo) + £]]) < pun(IVL  (wo) || + || £]1)

< pn(IV L™ (wo)l| + Q). (3.212)

(To be completely precise, we should justify that we can write the Lipschitz inequality
at point wy, we also need to make sure that w; remains in the domain that we have

the Lipschitz parameter in, i.e. D;. To see why this is true, see the next Corollary).

Therefore
(o) |7 wn) = L%(wo)| < 20203 pox IV L ) 2 + 220020 (3.213)
Taking
n < (8pip2x) ", (3.214)
we get from Equation :
EL" (wy) — LM (wo) < =20°p7 pax |V LM (wo) || — 2p2x7° . p7 Q7. (3.215)

Combining Equations (3.213)) and (3.215[), we see that

2

(p2) | L (w1) = L ()| < —(BL" (wy) — L™ (ug)).

Hence, if we define

EL"(w,) — L™ (wg) = —n*R3,
we get
LM (wy) = L (wo)| < 191 /v/P2X, (3.216)
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and from Equation (3.215)), that
RE > 201 pax|[V L (wo) | + 2p2x01Q% = 2paxp1Q% = Q1)

Moreover, because the function is p;-Lipshitz at the domain point wy, we get from

Equation ((3.212)):

1
PR = EL" (1) — L (w) 2 —npr(IVL ()| +Q) = —npr(pn + Q) =~

by taking

n < (pr(pr+ Q)p2x) ",

which implies

1
R < -
P2X

This, combined with Equation (3.216)) and triangle inequality implies:

L™ (wy) — EL" (wy)

<R/ Vpax + PR < 2R/ /pax. (3.217)

Lemma 34. As long as the value of the function at some w is bounded by N + 2[
(L' (w) < R+21), then n can be picked small enough (polynomially in other parameters),
namely n < U/(||VLY (wo)||+Q), so that the change of the function by a step is bounded
by L.

Let ¢» = min{¢, 1 }. First, note that as the function is bounded by N 4 2[, we
have the Lipschitz parameter p;, hence ||VLY(w)|| < p;. Therefore, the change in w
in a step is bounded as

IVLY(w) + £]] < Q + p1.

n< (\/ij’l —\/szl)/@m),

we guarantee that the value of w after a step remains in the ball of radius /32

So by picking
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hence we still have the smoothing parameters even after one step. Therefore, now we
can use the Lipcshitz parameter p; to bound the value of the function after one step
as it is written in Equation Equation (3.212). Using this Equation, it is enough to

pick n as small as:
n < (VLY (wo)|l + Q). (3.218)

so that the change in the function would be at most [ as desired.

Lemma 35. For a fized point wo s.t. LM (wy) < N + 21, suppose we pick n small
enough such that

v

1
§(n) = 2\/77(622 + 03N )p2p?(2x + 5) < m

Then, note that for ||V LY (w)| < §(n), condition implies:
A (V2L“(w0)) <.

Then, using the notation & for the high probability event corresponding to Equations
(36) and (44) in|Ge et al.| [2015af, for small enough n (polynomially small w.r.t other

parameters), for Rs defined as
E[L™(wr) — LM (wo)]1{&r} = —R3n?, (3.219)
we have almost surely

(L% (wr) — L (wo)| 1{&r}| < Ron/+/pax. (3.220)

Note that in the expectations above wy is assumed fized. Furthermore, we can assume

P(€r) > 1-0(n).

This Lemma is a tuned version of Lemma 16 in |Ge et al. [2015a]. We change

a couple of things here. First, we consider an implicit coupling that if w; exits D,
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we do not move it anymore, i.e. wy = wy, Vt' > t, which means the noise vectors
also becomes zero, i.e. £y = 0,Vt' > t. This way, the sequence of noise vectors
remain bounded by @, because if w; is inside D;, then by assumption ||£;|| < @, while
otherwise £; = 0. We denote the event that the sequence wy, ... wr remain in D; by

Er, where T is defined in Lemma 16 of (Ge et al.| [2015a].

Note that we also have the smoothing parameters p, pa, p3 for all (w;) because of
this coupling. In fact, we will use a more strict coupling; we consider the event €
to be the high probability event corresponding to the bounds in Equations (44) and
(36) of |Ge et al.| [2015a] holding for all ¢ < T'; We will see that € C Er at the end of
this proof, but for now we assume it is true. An important point to note here is that
in Ge et al. [2015a], P(€r) is bounded by O(n?). However, the exponent dependency
of 1 in this bound comes from Azuma-Hoeffding type inequalities, particularly used in
Equations (60) and (42) in |Ge et al.| [2015a], in which by considering larger constants
one can easily get higher exponents. For our analysis, a bit stronger dependence of n°

is required.

Also, because the distribution of our noise depends on the point w, our sequence of
noise vectors (£,) is a martingale instead of being i.i.d, so we apply Azuma-Hoeffding
inequality instead of the simple Hoeffdings in Lemma 16 of Ge et al|[2015a]. (because
we are also sampling a random (z;,y;) to compute the estimate of the gradient, this
could be simplified to the case where we compute the actual gradient and then inject
an i.i.d noise vector in each step, but it is an overhead to compute the actual gradient,

so here we choose to analyze the more complicated case.)

Next, notice the definition of A and A right after Equation (66) in|Ge et al.|[2015a],

which in our notation translates to

- [ DU 1 - -
A= VL (wo)"5 + S0THE, A = VLM (we)"6 + J8THI + 5THI + %Ha + 52,
(3.221)

where

T — Wp, 0 = wp — Wr,

S
Il
=
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for (w;) which is a coupled sequence with (w;) as defined in |Ge et al.|[2015a]. Note
that we apply the coupling for the sequence w; as well, i.e. if w11 = wy, we also set

Wiy = We.

To show Equation (3.219)), we want to use Equation (67) in |Ge et al. [2015a],

though we only use the expansion for the first term which is under 1{&r}, i.e.

E[L™(wy) — L™(wo)]le, = EAle, + EAL,. (3.222)

First of all, as it is mentioned in Lemma 16 of |Ge et al., 2015a], in the case where
the noise vector 0,2 < E£L£LT < 092] instead of having E£L LT = o021 for a fixed o,
in order to still get a negative term of order 1 in Equation (68) of |Ge et al., 2015a],
we just need the size of T},.x to be as large as O( (logd +log 22)), and it does not
change the order of 1 in any other part of Lemma 16. Now similar to Equation (68)

of |Ge et all 2015a], if w.l.o.g we assume the smallest eigenvalue 7, corresponds to

1= 1:
~ 1 N T—

EAle, <3 z_j Z% <oy (1= nAe) o P(Er)+ (3.223)

1 N T-1
5 D oAD Tpea(l—nx) o3 (3.224)

i=1 7=0
SN FLEE woBEn S0 Lomg] <20 aa)

=0

where in the last line we use the fact that P(€r) < 1/2 plus the additional
log(oa/01) factor. Second, note that our threshold §(n) for the size of gradient in
Lemmas [33] and [35] has the same order of 1 compared to that of Lemmas 14 and 16
in |Ge et al,| [2015a]. Therefore, the arguments in Lemma 16 that considers the order
of n and treat the other parameters as constants is true here as well. Hence, we still
have Equation (69) of \Ge et al.| [2015a] which is under the event 7. Applying it to
Equation ((3.222]),
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Hence, finally by a similar derivation of Equation (67) in Ge et al.|[2015a]:

E[L"(wr) — L™ (wo)]1{€r} < —Q(n). (3.226)

Next, we turn to prove the second bound . Combining Equations (36)
and (44) in |Ge et al., [2015a], we get with high probability (we use the final high
probability parameter of Lemma 16 which is the result of a union bound over all the
high probability arguments which is equivalent to the occurrence of &7), i.e. when Er

happens,
~ 1 1
|lwr —wol|| < O(n2 log 5) (3.227)

Picking n small enough such that for the bound above we have

L1 IN+31 N+
OMmzlog—) <y |——— — [ ——,
(n gn)_ ? m

we get for every w in the line connecting wy to wy :

which implies that L' has the smoothing parameters p;, po, p3 along wy to wy. There-

fore, by the p,-gradient smoothness property of L:

- _ 1 1
IV LY (@) — VL (wo)|| < paljwo — @] < O(pan log;)-

[N

Combining the assumption of the Lemma ||V L™ (w,)|| < O(n2), we get
IVL™(@)]| = O(n'/* log(1/n)).

(The last O also hides the dependency on p2). Now integrating over the derivative
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along the direction from wy to wr:
1
LH(U}T) = LH(UJ()) + / VLH(tw() + (1 - t)wT)T(wT — wo)dt
t=0
Therefore, using ([3.227)) one more time, under the event &r:

|L™ (wp) — LM (wp)| < / VLM (tw + (1 — t)wr) " (wr — wo)|dt

1
< / HVLH(two + (1 — t)wr||||wr — wo|dt
0

< O(n'*log 1/n)|wr — wol| = O(nlog®1/n).
Hence
(L7 (wr) — L™ (wo)]1{€r}| < O(nlog®1/n), (3.228)

which

Now comparing Equations (3.226) and (3.228]), it is clear that one can pick 7 small

enough (again polynomially small in the other parameters) such that for some random

variable Ry, which also depends on 7, so that equations (3.219) and (3.220]) hold.

It remains to show & C Ep. This is desirable as up until now we have only

proved ({3.219)) and (3.220)) for the coupled sequence (which does not move outside the

ball D), but we know that under the event &, the coupled sequence and the original
sequence are the same, which automatically implies the conclusion for the original
sequence. Notice that the bound in is an a.s. upper bound on the change of
the function value under the event &r for every 1 <t < T. Therefore, by picking
n small enough (polynomially) s.t. the quantity O(nlog(1/1)?) in Equation (3.228))
is bounded by [, we again make sure that the value of function during these steps

changes by at most [ compared to wy, i.e. for every 1 <t < T~
(LM (wy) — LM (wo)]1{ &} < 1, (3.229)
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hence, remains bounded by X + 3[. This implies & C Er as promised.

3.6.17 Process from a higher view: definition of the (X) se-

quence

The goal here is to find a w* with L'(w*) < R, using Lemmas 33| and 35| (recall the
definition of N, from Theorem . The main result of this section is Lemma . For
this purpose we define a useful coupling: to begin, as done in |Ge et al.| [2015a], define
a sequence of times 7; inductively in the following way: To define 7;,; based on 7;, if

the condition
Ny < LM(w,,,,) <N +21 (3.230)

does not hold, then just set 7,.1 = 7; *(1). Otherwise, using the conditions ,
we are either in the situation of Lemma [33] or Lemma [35 by setting the value of wy in
these Lemmas as wy = w,,. In the first case, define 7,11 = 7, + 1 x(2). In the latter
case, Let €7 be the same high probability event that we consider in Lemma ,
which happens when the aggregate behavior of the noise vectors is normal, as a result
of which w remains close to the starting point wy. Note that from Lemma [35 we
know P(€7) > 1 — O(n®). Now if the event &7 happens, define 7,1 == 7, + T %(3),
for T" also from Lemma 35/ and defined originally in Lemma 16 of (Ge et al.| [2015a],
while otherwise, define 7,41 = 7; x(4). Moreover, if & does not happen, define the
rest of 7;/’s equal to 7;: 74 = 7; for every i > i. At the same time, we define the
monotone increasing events {G; }, where G; happens in the case x(4), and G;,; happens
in case x(4). Also, G; happens if any of the previous G;’s happen for ¢ < i; in other
words, G; is included in G;, ;1. We use these events to bound the probability that the
process remains above X,. Moreover, define the sequence of random variables (X;) as
X; = L"(w,,). Note that by Lemma [34| and Equation in Lemma , we have
N, — 1 < X; <N+ 3l. The key idea behind defining X;’s is that we want to bound the
MGF of LY (wy), without worrying about falling out of the assumptions of Lemmas
and 35 With the definition of (X;) and g;, we are ready to state the theorem which
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roughly says the sequence 7; will most likely stop after a number of steps.

Lemma 36. Let Qp =, ({ 7 <R} N Q_Z> Then, for some

_ O(log(1/d1)) (W + 31)

R
On? ’

(3.231)

we have P(Qg) < 61. In other words, after R iterations of PSGD, the defined sequence
(X;) above has either been in situation x(1) or x(4). Here, 0 depends polynomially in

the other parameters.

Proof of Lemma [36

By Equations (3.210) and (3.226]) in Lemmas and , there exist a constant

6 depending polynomially on all parameters except 1 such that

E[Xi—i—l - X7,| (jz] S _‘9(7_1'—1—1 - 7'7;)772. (3232)

Now for some constant C' that we specify later, define the random time 2 as the

largest ¢ where 7; < C'/n?. Using the fact that G;_; C G;, for every i we have a.s.:

Xin{G:} — Xi1{Gi1} = H{Gi — Gi 1 }(—Xi) + (Xiy1 — X;)1{G:}.
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Now summing this for ¢ = 1 to ¢, taking expectation from both sides and using ((3.232)):

EX,111{G.} — Xo = iEﬂ{gi — G} (=X) 1 2 4}
+ i(){i+1 - X){Gin{v>i}}
< ZE(H{@} — 1{Gi1})(—= X))

I iE(Xm —Xi | Gin{e>iHP(GiN {1 >i})

< supsup | X;|
+ O E(~(ria — 7 | G0 {12 RGN {1 2 })
=1

= supsup | X;| — nQHZ]E(TZ-H —7)1{G; N {1 >i}}).
! i=1

Now using Lemma , we know that in except when € happens (in which we stop
the time sequence 7;), the increments of X; are at most [. Therefore, the value of X;’s

always remain bounded by R\ + 3/, hence:

=1

Also, by restricting the integration of the second term to the part |J;-, (g} Nn{r >
20/ n2}> of the sample space, we know that under the event {s > i}, G; automatically
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happens when 7,,1 # 7; (it is easy to check). Therefore:

I\/

LHS <X +3]— HnQEIL{U ( n{n

=1

=R+3l - WEJL{U G N {r = C/i*}

1=

1
=N+3] — HnQIE]l{U
=1

1

(
(6:0 {m = /)
(Gin i > O/} ) e

=N+3] — Oan]l{U

1=

Now by the definition of 2, 7,,1 > C/n*. Hence, we can write

LHS <N +3l— en2m{0 (g N{r > C/nQ})}(O/nz)

i=1

8+t cop(|J (60 (n = € ).

=1

But note that X;’s are a.s. bounded between 0 and N + 3[, which implies the LHS
above is at least —(X 4 3[). Therefore, we finally get:

P (G0 = o)) < 5

Picking C' = C* == 2(2X + 61)/6:

(3.233)

DO | —

P (61 (> €/ <

1=

—

Note that the differences between 7;’s is at most Tay = O(1/1) Ge et al, [2015a).
Hence, again for n polynomially small in other parameters, implies that for
R = 2C* /n?, there exists R = poly(.) such that after R iterations on the main sequence
(wy), the corresponding sequence (7;) has either been in x(1) or x(4) with chance at

least 1/2. Repeating this argument log(1/4;) times (using the markov property of the
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process) we conclude the proof.

3.6.18 Bounding the MGF of X;’s

Next, we want to exploit X;’s to bound the upward deviation of L"(w;). For a fix 6
the goal here is to bound E[exp{0X;}] (this is a different 8!). More precisely, let F} be
the sub-sigma field generated by variables w; from time zero to t, and F; := F}, be
the sigma field of the stop time 7;. Then, obviously, X; is measurable w.r.t F;. We

prove the following theorem:

Theorem 8. For any 6 > 0, the sequence (Eee(Xi_Xo));’il 18 a supermartingale with

respect to the filteration (F;),

We proceed inductively by jointly conditioning on the previous X; and whether G;

has happened or not, and whether we are in situation x(2) or x(3). We have

Elexp{0(Xi11 — Xo)}| Fil

= Elexp{0(Xi+1 — X; + X; — Xo)}1{G:}| ]

+ Elexp{0(Xis1 — Xi + X; — Xo)}1{G;: N x(2)}| F]
+ Elexp{0(Xis1 — Xi + X; — Xo)}1{G; N %(3)}| Fi].

Now by the a.s. bounds of Lemmas [33] and
]E[XiJrl — Xz’ g_i, U)TiS.t. * (2)] = —9{% 2,
]E[XiJrl — Xz’ g_i, U)TiS.t. * (3)] = —fﬁg 2,

Where R; and R, are r.v. defined in Lemmas [33] and [35] and are clearly F; measurable.
This implies

E[(Xiy1 — Xo)1{Gi, wys.t. % (2)} F] = —RIn*1{G;, wy,s.t. % (2)},
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E[(Xiv1 — Xo)1{Gi, wy,s.t. % (3)} Fi] = —Ron*1{G;, wy,s.t. % (3)}.

Now we mention the following fact:
Fact For a o subGaussian random variable X we have E[exp{0X}] < exp{#*c?}.

Using the a.s. bounds of Lemmas |33| and , we get that conditioned on {G;, w,, s.t.*
(2)}, Xiy1 —EX;,, is a.s. bounded by 2000, /(p2x), and conditioned on {G;, w,, s.t.*
(3)}, Xiv1 — EXi4q is bounded by 2n0Rs/(p2x). Therefore, using the above fact

E[exp{9(X¢+1 —E(Xin| Gi, wy, sit.x (2)))}‘ Gi, wr, s.t.% (2)] < exp{4n*0*N}/ (p2x)},
(3.234)

E[exp{Q(Xm —E(Xip1| Giy wy, st * (3)))‘ G wr, s.t.x (3)}] < exp{47°6°R3/ (p2X) },
(3.235)

which implies in the notation of conditional expectation on sigma field:

E| exp{f(Xis1 — B(X;11|F))}{Gi, #(2))

Fi| < exp{an6*/ (20} 1{G:. +(2)},
(3.236)
Fi| < {09/ (020} 1{Ge, %(3)}.
(3.237)

E| exp{0(Xin1 — E(XeaF))}1{Gs, #(3))
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Now we write:

LHS < Elexp{0(X;11 — Xo)} 1{G:}| Fi]

FE[exp{0(Xit1 — E[Xi1| Fi))} exp{0(E[Xiy| Fi] — Xi)}exp{0(Xi — Xo)}1{Gi N x(2)}| Fi]

FE[exp{0(Xip1 — E[Xsn| Fi))} exp{0(E[Xis| Fi] — Xi)}exp{0(X; — Xo) }1{G: N x(3) }| 7]
< exp{f(X; — Xo)}1{G;}
+ exp{0(X; — Xo)YE[exp{0*R1*/(p2x)} exp{—0(RIn*)} 1{G; N x(2)}| Fi]
+exp{0(X; — Xo)}E[exp{0*R3n*/(p2x) } exp{—0(9R51°) }1{G: N x(3)}| Fi]

< exp{O(X; — XO)}]E[(H{QZ-}

+exp{0°Rin*/(p2x) — O(RT°)}1{G; N x(2)}

+ exp {0/ (p2x) — 0502 }1L{G: N +(3)}) | ]

Now setting 6 := 1 and picking x > 1/ps:

LHS < exp{(X; — Xo)}E[1{G;} + 1{G, N *(2)} + 1{G, N *(3)}] f]

= exp{Xi — Xo}.
Now by hypothesis of Induction we have
Elexp{Xit1 — Xo}] = E[Elexp{Xiy1 — Xo}| Fi]] < Elexp{X; — Xo}] <1,

which finishes the proof of step of induction.

Now using Doob’s Maximal inequality for positive supermartingales and R defined

in (3.231)):

P( sup (X; — Xo) > 2)

1<i<R

= P( sup exp{X; — Xo} > exp{z}) < Elexp{Xr — Xo}|/exp{z} <e *. (3.238)

1<i<R
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3.6.19 Proof of Theorem 7

Finally with the developed tools, we are ready to prove Theorem 7.

of Theorem 7 Starting from wy = 0 with L™ (wj) < X, we use Equation to get
P(sup;<;<r exp{X; — Xo} > Q(log(1/61))) < 61. Therefore, setting I = ©(log(1/61))
and a union bound implies with probability at least 1 — 26; we should have gotten
into situation x(1) or x(4) without the value of X; exceeding N + 2[. On the other
hand, using Lemma [35 we know that &, happens with probability at least 1 — O(n5)
for every 1 <t < R which is equal to 7; for some ¢ and when we are in the situation of
Lemma As a result, the chance that even one of &r’s happen along R iterations is

at most

~ O(log(1/d1))(N + 31
RO(?f) _ 773 ( Og( / ;))( + )
But picking 7 small enough with respect to log(d;) and other parameters, we conclude
that with probability at least 1 — 34, after R rounds, we should have gotten into
situation %(1) and not x(4) and not exceeding X + 2[, which means that X; = L'(w,,)
has gotten under the threshold N,. Note that as soon as that happens, we terminate

the algorithm. We elaborate on this more in Section [3.6.10]

3.6.20 Gaussian Smoothing

In this section, we describe our smoothing scheme and the approximation that it
provides which enables us to keep the signs from the case n = 0. Recall that we use
Gaussian smoothing matrices V/, ~ N(0, 57 /my) and W¥, ~ N(0, 83 /my). Here, we
will particularly specify lower bounds for 8, and (3, in order for our sign approximation
to be precise. On the other hand, we normally prefer the smoothing noise to be as low
as possible so the primary and smoothed functions are close, so we set 3, 52 equal to
their lower bounds, and use this setting in the other parts.

To begin fix one of the inputs x;. In order to reduce and simplify the amount of nota-
tions, we refer to the sign pattern matrix (diagonal sign matrix) of both the first and sec-
ond layers by D with the appropriate indices. More specifically, for the first layer, we re-
fer to Sgn(W© + W' + W), by D , and Sgn(W© + (1 — n/2)W' + WP + /aW*)z;
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by D:,. Similarly, for the second layer, of course depending on the input vec-
tor, we refer to the sign matrix with respect to the matrices V© + V' 4+ V? and
VO 4+ (1—n/2)V'+VP+ /mV* by by Di, and D ,,, respectively. We introduce two
new notations as well for the output of the first layer with respect to different matrix

and sign patterns:

D= WD (WO (1 — )W + WP+ V"), (3.239)
@ =WweD,, (WO + (1 —n)W +W°+ V). (3.240)

For further brevity, we sometimes refer to 2/?) by 2’.

Now we are ready to mention our approximation theorem regarding the smoothing

and the sign changes.

Lemma 37. Under the conditions k1v/my 2 C1 + f1/my and ma > mglog(ms), then

for every i € [n]:

)Ewpyp A" Dy (VO + (1 =)V + VP VYWD (WO (1= )W + WP gV )
—d" D, (VO + (1= )V + VP + VWD (WO 4 (1 — )W + WP+ /nV ")z

< 38" [(Cr + VimgB1)? (rav/ms) + |V + O | exp{=C2/(8ms 57}

o2/
< | (= O (Vi (35} + |
(e + 1) (expl-c3/ (32800} + ) T (3:241)

Proof of Lemma
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We can bound the Left hand side above as
LHS <

B, o Dy (VO 4 (1= )V VO e (VYWD (WO (1= )W+ WP 4 /W)

—d" D, (VO 4 (1 =)V + VP VW Ds (WO 4 (1 = )W + WP + /W )z

+ ’]Ewpyp a"Di (VO + (1 =)V + VP + /VIW D, (WO + (1 =)W + WP + W)z,

—ad"D,(VO + (1 =)V + VP + VYWD, , (WO + (1 =)W' + WP + /W)
= Al + AQ.

(3.242)

We bound A; and A, separately. First, we start with A;.

Let P, be the set of indices j for which Il{\(Vj(O) + Vi)a'| < R*kyl|2'||} happens.
Then, from Lemma {40, we have | P,| < R*my. Now for j € [ms], we write

1{sign change in thejth neuron} x |amount of change|

(3.243)

1
< Ve € (Ve = Vol Vel — Vvl VPl = Ve x o (Vi + [V
2
(3.244)
Moreover, note that
— 0
Via'| = [V](a" = ¢! ()],

V7] = [V (o’ = 6@ (a:)].

Also, because ||V < ||V'|| < 2C; plus using Equation (3.129)), we can further upper
bound the above indicator as:

< 1{V7a' € (V% Via =V} |+ val v ) mind o', 2= (201}, =V, ~Via')}

X

j@ @IV + VAV 2 — 69 ()]

< V2’ € (~VV2' ~V/a'—(2nCot /Mo /v/my) min{ || 2’|, &' —¢© (z,) ||}, =V V2’ ~V/a')}
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\/—2(2?702+\/_92/\/_2)H$— O ().

Taking /1 < 0/(2C5y/m,), we can further upper bound as
S UV € (V2 = Via' =2y/fea min{ o’ 6O ()|, |2/} /vy, —VVa' = V]a')}

% (vioz/ma) |l — ¢ (xy)]].

Therefore, conditioned on z':

Ey»[1{sign change in thejth neuron} X |amount of change| | 2] <

P(V/2' € (V"% — V2’ — 2y/mos min{[|2’ — ¢ (z,)|, |'|}}/ /g, =V V2’ — Via'))

X (viz/ma) |l — ¢ (x7)]].

Now notice that for j ¢ P;, we have
O * !
| = V72" = Via'| > Rkqo|2|.

Also, note that the variable V' is gaussian with variance [|2'[|3y/+/m, Therefore,

conditioned on 2/, for j ¢ P,, we have (note that 2’ does not depend on the randomness

of Vp):
P(V/2' € (V"% — V2’ — 2y/os min{[|a’ — ¢ (z,)|, |'|}/ v/, =V V2’ — Via'))

S exp {min{| = V' — V/a' = 2y/0s || /o, | = V! = Vil |V (V2] || B2/ V) Y
*([l"]| B2/ v/ma) ™t x (Voo min{fla’” — ¢ (i), '}/ v/ms).

This equation follows from the fact that

— b o
Pla <N <b) < 9= bl i (001 (3.245)
g
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2/3 1/3
On the other hand, note that for \/n < % we have:

) Oy (yfmghia)/?
R o'l /2 = =2 mi |2'|| > 2/T0all2’ || /v/m

which implies

< exp { R |||/ (2V2)|2'[| B2/ v/ ) Y2 (/1102 o)
< exp {—Cy*(Vmyk2)?? /(862)} (V/02/ o).

On the other side, for j € P;, we can write

P(VI2' € (~V V2 — V2’ — 2\/mo, min{||z’ — ¢ (z,)|, |||} /v/my . —V,V2' — Vi)
< (ll2']|B2/v/my) " (e min{ |2’ — ¢ (2)||, [|2]|} /v/my) = min{||z’ — ¢ (a;)||/[l']], L}y/To2/ 5o

Therefore, overall using the fact that ||[V}"|| < 02/y/m,, we can write

A1 S Y exp {=Cy" (Vimars) '/ (883) (/o Bo) min{ |2’ — 6O () |/ [12/||, |’ — ¢ (i)}

igP
+ S ies/ )y min{la’ = 6O/ 12113 x (s o)’ = 60 )
< [ma x exp (=% (Vimyms)?* (852)} (Ve 52) x (/e mo)
ey I minga? = 60 ) /1), e = 60 )1}
< ne3fy min o’ — 60 (@) /2], " — 60 (.}
4/3 2/3 2 022/3
X [GXP{—Cz/ (Vmara)*? /(863)} + W} (3.246)

Next, we bound Ay. First we bound Ey»||z'® — 2/®)||. Recalling the setting
¢y = 2¢/nm3C1/+/ Ao and the definition of in P from Lemma , we obtain that for
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j & P, we have for all i € [n]:

WOz, > eaf /iy,
(Wixi| < o/ (2v/my),

which means for j ¢ P:
(W 4+ Whai| > o/ (2v/my). (3.247)
Also, we have
|P| < cov/my /K. (3.248)
Now using Equation in Lemma [14] we can write for every i € [n]:

val; = 1{sign change in thejth neuron} x ‘amount of change

< IL{Wf’xi e (W% — Wiay + qWiw; — /aWias, ~W V2, — Wiz;)}

\/—1 (IVnWia; + nWizi)).

Using the fact that [[W}[| < [[W’||r < C1, and Equation (3.105) ([[W7|| < o,/72) and

picking /7 < é’%’l, we obtain

< n{wm € (=W = Wi = [ Wil| = v/l Wl =W,z — Wiz}

(VW I+ nllWlD

\/_1

< ]l{V[/]f’xi € (—W VV’xZ — 2\/_9\/\/:3 Wj(o)xi — V[/]/xz)}
my
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Now for j ¢ P, because W/z; is Gaussian with std %:
1

Ewe[val;] <P(W/z; € (—W( — Wiz, — 2\/_g\/\/:3 —VVJ( — Wix;)) x \/1_ \/_Qgs

< exp —{min{| — Wj(o)xi — Wiz; — Qﬁgﬂl, | — Wj(o)x’ — W;m'\}/(ﬁﬂl/\/ﬁl)}z

N
) m”ﬁ

x (Br/v/my) ™ x (v/no

Now from Equation (3 and by picking /7 < < so that
2 < ol (4.
then
LHS 5 exp{~c3/(328))} ;Z?’ (3.249)

On the other hand, for j € P we have

(0) Vm © 1
Eval; <P(W/z; € (=W, z; — I/V’:cZ — 2\/_9\/_:; , W w; — W]’:cl)) X T V1o
Vg

S (B1/vimy)~ 1f@\/—1 x\/_g\/_ = ng (3.250)

5m1

Now define the following random variable with respect to the randomness of W?:

my
Val = Z 1{sign change in thejth neuron} x |amount of change|
j=1

then for every k € [ms], we have
|x;€(1) - x;@)] <Val,

which implies

|2/ — /@ < /msVal.
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But Combining Equations ((3.249) and m

p 2
EVal < (exp{ ca/(326%)} + | |>77@;:3
< (e{-a/@28D)} + = Jn" sy
my
which implies
() (2) 2 2 C2 0 m3\/_
Buolla® — '@ < (exp{=3/(320D)} + = Jntm s (3251)

Now we can write

)aTD/,p(V(O) + (1 =)V' + VP V)P —a" D (VO + (1 =)V + VP + V")’V

1 & *
R Z V% — D)+ (L= V(@' = ) 4 [V = )+ V(@

m2

Now by Equation (3.127) in Lemma (i.e. ||[V*|lr S V(,) and the fact that
I[V'|lr < Cs, and by taking

we have

(A=l + valV*ie) $ €, (3.252)

so we can bound the above as

1 &

Z <|V;-(O)(x/(2) . x/(1))| + |‘/;p(l,/(2) N x'(l))|) + C'l||x/(2) _ x'(l)“-

LHS <
Vg 4
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ZW(O( ® zf<1>>|+|vjﬂ<x<2>—x<”>|+f Do =DV + Vv Dl
2

Z |Vj(0)(x’(2) _ x’(l))| + |Vjp(x’(2) _ x’(l))| + ((1 _ 77)||V,||F + \/ﬁ”V*HF) ||xl(2) _

— /W)
/(1)”

(1)||'



Furthermore, using Lemma [41) and noting the fact that the entries of V(°) are normal
with standard deviation ko, we get with high probability over the randomness of V(0):

1 &

m, Z |Vjp(x/(2)_x/(1))]+(m\/ngr@\/mg(log(mg,) + 10g(10g(m2)))+01> |2/ —2' D).

j=1

S

Now note that V/(2/® — 2/(V)) is normal with standard deviation %]\x’@) —2'M.

Hence, taking expectation with respect to V7:

Evela'Dr (VO + (1 =)V + VP + /pV*)2'® —a"Di,, (VO 4 (1 =)V + VP 4 V)2’V

5 (RZ\/ Mo + Ko \/mg(log(m3) —+ 1Og(10g(m2>>) + Cl) ||l’,(2) _ l’l(l) ||

(3.253)

Finally, Combining Equation (|3.246)) and (3.253]) and applying it to Equation ([3.242)

implies with high probability over the random initialization:

Eweye a’ Di (VO + (1 =)V + VP + VW'

—d" D ,(VO + (1 =) V' + VP + VW'D

<A+ A

< Ewengsfy ' min{la” — ' (@) |/ [|2']], 12" — ¢ (x:)]}

ca®
(\/EQ’%Q)Q/B']
o+ Bue (213 + 3/ mg(log(ms) + log(log(m2))) + C1 ) ' — /D)

X [exp{—C’;L/S(\/Eg@)z/g/@ﬁ%)} +

Now notice that under E¢, using the assumption k1v/m; 2 C1+4+/msyf; and Lemma
we have

12/l > 110 ()| = ll2" — 6 ()]
> /‘il\/ﬁg - (Cl + \/Egﬁl)
2, /{1\/%37
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and

2" = ¢ (z:)|I* < (C1 + Vimsf)?, (3.254)

which implies:

By min{[l2’ — 6 (@)|*/[la'], 2’ = 6 (@)}

< Eno L{E Y0’ = 6O @)/ 12| + L{E} 2’ — 6Oz

< (G + VimgB)? (k1v/img) + Ewo H{EY 2/ = 60|

S (O + Vim0 (s1vimg) + |Vimgma B + Cy | exp{=C3/ (Smy )},

Substituting this above and further applying the result of Lemma [42f and Equa-
tion (3.251]) and the assumption that my > mglog(ms):

A+ Ay SnoyBy [(01 +Vma )2/ (k1v/mg) + [\/E?,mlﬁl + Cl} eXP{—Of/@m&@f)}]

4/3 2/3 2 022/3
 [oxp (=8 g B8} + (|

ey + 1) (expl-c3/ (32000} 4 2 ) I,

which completes the proof.

Setting 3; and [,

As we mentioned, to minimize the amount of deviation of the smoothed function
compared to the original one, we prefer to choose (1, 5> as small as possible. (The

benefit of such choice, indeed, can be observed more explicitly in other parts of the

proof, e.g. Section [3.6.14]) Observing the bound in Equation (3.241]) and noting that

we can easily make the exponential terms orders of magnitude smaller than the poly

204



terms, it is easy to find the following optimal setting for the smoothing parameters:

Bo = Gp((/ﬁ\/ms)_l(\/mﬂ@)_%),
B 1= 0y (ma/ma/ (k1v/m) ).

Using this setting, we still can make Ry arbitrarily small. Here, we remind the reader
that O, only cares about the non-logarithmic dependencies on the overparameterization,

1.e. M1, Mo, M3, K1, Ka.
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3.6.21 Basic Tools

In this section, we introduce and prove some lemmas that we use in our analysis as

basic tools.

Lemma 38. Suppose VO € R™2*™3 has standard normal entries and a is a random

sign vector. Suppose theta > 1, R < 1 are given thresholds, such that

moR 2 m3(log(1/R) + log(ms) + log(log(ms)),

e="/% < my/m.
Then, for the following quantities:

Nh(@) = #(j € m]: [v,"2| < R)

Ni(@) = #(5 € [m]: V"] > 0),
with high probability we have

sup N}z(a:') < msR,
[lz"[|=1

e Nj (2') < ma(log(ms) + log(log(my))).

Proof of Lemma [38

Suppose Bj(¢) is a cover for the Euclidean ball in R™3 with precision e. We know
[Bi(e)] < (1/e)™.

Now for a fixed ||z|| = 1, we have



Therefore, using Bernstein, with high probability we have

#(j € fma]: V| < 2R> < maR + \/maR + 1.

Hence, using union bound, we have with high probability

sup #(j € m]: V%l < 2R) S myR+ /log[Bile)[v/mzR + log | Bi(e)

z€Bj (€)

= myR + /myRmslog(1/e) + mslog(1/e).

By picking
€ S R/(v/mslog(mams)),

The assumption implies my R > mglog(1/€), which implies
LHS < msR.

On the other hand, note that with high probability we have

sup |VJ(Z)| < /log(mams). (3.255)

j€[m2),kE€[m3]

Now for [|z/|| = 1 which is not in the cover, if z is the closest point to it in the

cover, i.e. x € By(€) and ||z — 2'|| < ¢, then for every j € [ms] we have
V%] = V%'l < IV llle = 2| < v/mglog(mams)e < R,
by picking a small enough constant. Therefore, for a j that |Vj(0) x| > 2R, then

V72| > 2R~ R=R.
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Therefore, we get that with high probability, for every ||2/|| = 1:

sup #(j € [mo] : |Vj(0)x’| < R> < meR.

ll="ll=1
For the second part, note that for ||z|| = 1, by the tail bound for normal vars:
(0) —602/8
P(W;7z >0/2) Se .
Hence, again using Bernstein, we have with high probability

sup #(j € [my] : |Vj(0)$| > 9/2> < mae™ "7 4 \/log [By(€)[v/mae /8 + log | By (e)|

z€B; (E)

< mae /8 4+ \/mslog(1/€) v/ mae= /8 + ms log(1/e).

By picking

e < 1/(y/mglog(mams)),

and using the assumption mqe /8 < mg, all terms are dominated by the third term

so we can bound the above as

sup #(J € mal : |V}"el 2 0/2) S malog(my) + log(log(ms))).

Now for ||z’|| = 1 not in the cover, for the new e we can write

V%] = (V|| < VOl = 2/|| < v/mslog(mams)e < 1/2 < 6/2.

Hence, with high prob.

sup #(j € [ma) ¢ [V,"2] > 9) < my(log(ms) + log(log(ms))).

ll="ll=1
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Lemma 39. For v € R? and W© € R™*? which has standard normal entries (and a

is a random sign vector), we have with high probability:
sup f(z) = ——a
=1 vm
Proof of Lemma [39

For the first part, we first compute an upper bound on

E sup —a To(WOy).
lef=1 Vi
To do so, we use Dudley’s chaining. Note that the for z;,2, € R? the variable
O'(VVj(O)Il) - U(I/Vj(o)mg) is subGaussian with parameter ||z; — x2||, so the variable

f(x1) — f(z2) is also subGaussian with parameter ||z; — z»||. Hence, by Dudley’s

integral:

1
E sup ——a’o(W© </ log(N (B2, €)) < Vd.
Hil”lpl \/_a o(WWz) < ; og(N (B, €))

Now for a fixed z, note that

1 1 =
ok To(Wyz) — \/—ma o(Waz) < —= 22: Wy — Way|| < |[Wh — Wal|p.
Hence, the function f(x) is 1-lipchitz with respect to W and (2 norm, so is the function

sup f(x). Hence, by Gaussian concentration, sup f(x) is 1-subGaussian around its

mean, so we finally get with high probability

sup f(z) SVd+1< V.

Lemma 40. For
23
2

(V/myha) 5
209

R =



we have with high probability over the randomness of V(O

swp (i € lmal 100 + V) < Bralla]) S B
= V' |[VI|<C2

Proof of Lemma

Note that obviously the condition of Lemma [38]is satisfied with this choice of R = R*.

Therefore, with high probability we have for an arbitrary a’:
#(1VO| < 2R ka@'|]) < moR".
On the other hand, note that for j € [my] such that [V/z'| > Rksl|2'||, we have
IVl = [Viz'| = Rrall2'|],

which implies

IVill = Res.

2 2
Therefore, there are at most RS—%. Therefore, setting aside moR + Rg—ig of j’s, for the

rest we have
(VO + V| > V0| — |Via'| > 2Rks||a|| — Res|l’|| = Res 2]

2
Setting R* as defined above balances the terms myR and Rcﬂz, which completes the
2

proof.

Lemma 41. If VO € R™>*™s js q matriz with standard normal entries, then with

high probability

1 =
sup S WV | S i + /mg(log(ms) + log(log(ms))).
Ja'l=1 V17 4

Proof of Lemma [41]
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Let Bj(e) be a cover for the unit Euclidean ball with precision €, for which we
have | Bi(e)| < (1)™s. Now for a fixed € Bi(e), note that because V;-(O):B is a standard
normal variable, the random variable |Vj(0)x’ | — EH/;»(O)J:’ | is O(1)-subGaussian, which
means \/7;"”2 Z;’fl(ﬂ/j(o)xﬂ - E|Vj(0)a:’|) is also O(1)—subGaussian. Now from the tail
of maximum of subGaussian variables:

ma2

Z(|vj<°)a;| ~E|V”z]) < log(|Bi(e)[) = v/mslog(1/e).

sup

1
z€B; (e \/—2

On the other hand, note that E\Vj(o)x’]) = O(1), which implies w.h.p:

sup \/_ Z|V(0 x| < v/ma + v/mslog(1/e).

:ﬂGBl

Moreover, note that again by the tail of subGaussian variables, we have w.h.p:

(0)
max VY| < /log(mams),
J‘E[mz],ke[mg}l ik | S g(mams)

which implies with high prob for every j € [ms]:

VO < V/mslog(mams).

Now by picking
-1
€= ( ms 10g(m2m3)> :

we get with high probability

sup

o ¢—2 Z V2| S /s + \/ms(log(ms) + log(log(my))). (3.256)

On the other hand, for an arbitrary 2’ with ||2'|| = 1, if z € By (€) is the representative
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of ', we have by definition ||z’ — z|| < ¢, which combined with (3.6.21)) implies

0 0 0 0
VO = vl < VO - )] < IV’ = 2l

S Vms log(m2m3)(\/m3 10g(m2m3)>_1 < 1.

Therefore
L 0 1= 0
N WO - ST xy‘g\/m. (3.257)
T 2 2

Combining Equations (3.256|) and (3.257)), we conclude the result.
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Defining the rare events F;

Lemma 42. For /@ defined in Equation (3.240) we have

Evwsla"® — ¢ (@)l Ews |6 (2:) | < C1+ Vimsfy,
Ewollo® (2)|* £ CF + ms .

Moreover, for the events
= {IW}zi| =2 Cv/msma}, E = U;E;
we have under E°:
12" = @ ()|, [ (@:)]| S Ch.
Furthermore, E happens rarely:

P(E) $ my exp{—C}/(8ms )},
Ens L{EH|6® (@) < [vimgmiBy + C1] exp{=C3/(8mqf7)}.

Ewe Lo — 6O ()| < [Vimgm by + C1 ] exp{~C2/(8ms50)).

Finally, we have the following almost surely bound:

1 ()] <C’1+\/_32 ).
Proof of Lemma [42]
We start by writing
) — \/_IW,CU(W( + (1 =)W' + /W)zy| < Z ¢_ ——|Whx|.  (3.258)
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Now notice that by Lemma , we know for every j ¢ P:

W] 2 ca/ /iy, (3.259)

(L= )Wl < eaf (2/my). (3.260)

In addition, by Equations in (3.105]) from Lemma , for every j € [my]:
* mg
IWFI < 014/ —,
mq

N < c2/(40v/my)

so by picking

we obtain

Wiz, < —2. (3.261)

Combining this with Equations in (3.260]), we see that the signs of (I/Vj(o) + (1 =)W+
VIW?)z; and V[/j(o)xi are the same for j ¢ P.

Moreover, the matrix (1 —n)W’ + \/nW* satisfies

(1 =)W' + W™ < (1 —n)C1 + i7V/2G < C,

by picking /f < C1/4/C,. Hence, the conditions of Lemma |15] are satisfied and we
get:

1
Vi,

Combining Equations (3.258)) and (|3.262)):

I Weo(WO + (1 =)W + /W — ()] < C. (3.262)

my 1
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In exactly similar fashion, one can derive

l6@ ()l < €y +\/_32

21y, (3.264)

Now first of all, note
mi 1
E 4 —Wp 7 < )
v 2 Wi S

which proves the first part of the claims. For the second part, note that by the

Gaussian tail bound

P(|W/z;| > C1//mamy) S exp{—C}/(8msf7)}.

Therefore,

P(E) < Y P(E;) < myexp{—CH/(8my2)}

J

Moreover

EM{E}Z S Wi < Ewe f 523 HENWSa) + e 3 B L{EHWY .

Jo  j#j2

ZZEW!W il + jn S By [Wei]
Vi, j
= [m@ + Cu/v/imy | exp{=C3/(sm3D)}.

Ej]|P(E))

J2 J#j2

Plugging this into (3.263]) finishes the proof. Also, under E¢ by Equation (3.263])

we have

12" = @ ()|, 6 ()| < Ch.
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Finally, exploiting Equation (|3.264]):

Eve || (a:) |

1
S Oy B (3 W/ < CF B 3 W)
j .

J
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Bounding the value of [’

The following Lemma provides a reasonable bound on the value of the smoothed

function.

Lemma 43. We have the following general bound on the values of the smoothed
function: With high probability over the initialization, for |W'|| < Cy, ||V’|| < Cy and
Vi € [n] (having small enough choices of By, By described in Section :

| fivr v (i)

S (k2v/myz + Ba) (\/E:ﬂﬁ + C1 + \/E?ﬁl) + Co(Cy + Vmy ),

which is O(C1Cy) for large enough overparameterization as described in Sectio.
Moreover, we have the following almost surely bound (with respect to the randomness

of WP and V?):

| fwrswe vipve (7;)]

< (o + VAN (Vimgis + G+ Vi S IWEa)) + Co(Ch 4+ vima(—— 3 (W]
Vi, & Vi, &

Notably, with slightly higher overparameterization, the high probability bound in

holds even if we take supremum over x.

Proof of Lemma 43|

Using Lemmas and and using the fact that ¢ (z;) is orthogonal to the
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rows of V' (recall 2} = ¢ (z;) + ¢ (z;)):

|fW’+WP,V’+VP ($z)|

1 1
< alo(VOul) + — Y |(VF + V)|
Vmy Vmy ; J J

< (rav/my)llai]l +

1 /
T 2oVl + CalloP @)
2

< (kev/mg + V2] 2|25 + Callo® (3)]]

S G/ + V2 e) (Vs + Co o Vi 37 W) + Co(C o+ V(o
(3.265)

Note that above, if we apply the stronger worst-case norm bound of the first layer’s
output presented in Lemma , we would get sup, =1 [fw+wevrive ()| is bounded

by the RHS, which in turn proves a stronger uniform bound on f’.

Similarly, this time by taking expectation with respect to W and V*:

By @i)| = [Buove for (o)
< Eweveol fwrvr (@)
= Ews(kav/ms + )2} + Calle; — (x|
< (hav/mg + 8) (Vimgmn + Cr o+ Vimay) + Co(Cr+ Vimay).

Corollary 8.1. If we set C; = Cy = 0 above, we get

|fo,0(:)

< (rav/ms + ) (Vg + Vims )

the point being these terms go to zero by an order of O((\/EQ@)_%). Therefore, taking
(ﬁy@)‘g << B, we make sure that |fg,| < B, so by the 1 smoothness of { and B
boundedness of the labels we get £(f (i), y;) < 4B2.
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Bounding the difference between Original and Smoothed Functions

The following Lemma bounds the difference between the smoothed function and

original function of the network.

Lemma 44. Bound on the smoothing change under the assumption mg > mslog(ms):
with high probability over the initialization, for any (W', V') with |[W'| < Cy,||V']] <
CQ J

| fwr v (i) = fiyr v ()]
< Ba(k1v/mg + C1 + VmgBh) + (02 + fizx/m_2> VmsBi.

Proof of Lemma [44]
We write
| fwr v () — f{/t//,v'(%” = | fwr v (@) — Ewe ve frgwe vipve (23)]
= ’EWﬂ,w (fW',V'(xi) — fW’+WP,V’+VP<xi))
< Ewove|fwr v (w:) = fwriwe vipve(2i)|-

In the following, o means we apply Relu activation to the vector in front of it

(entrywise):

LHS < Eyoyo ——Woo(WO + W + WP,

1
To(VO + V' 4+ VP)—
\/_2 vy

1 1
- alo(VO +V\—Wsc(WO + W + WP)z;
Vi, Vimy

1 1
aTo(VO £ V)\—W3o(WO + W + WPz,
vm, vy

1 1
ato(V ©) 4 V)—
Vmy, \/_1

+Ewp7vp

Weg(WO + W)z,
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Now for the first term above, using the previous notation of x} representing the output

of the first layer and using Lemma

1 1
Evyo,ve NG afo(VO + V' +VP) N Weo(WO + W' + Wr)a,
2 1

1 1
aFo(VO 4+ V—Woa(WO + W + WPz,
vm, vm,
1
S ]EW",VP \/m Z |V]px;,|
2

J

S BoEwol| 2]
< BaBwe v (6 (i)l + |62 (1))
< Ba(wiv/my 4+ C1 + VmyBh). (3.266)

For the second term, by starting off with a simple triangle inequality:

1 1
Bivevs| —a o (VO 4V = o (VO 4 V(00 ) + 620
2 2

m2

< Bunyo 7= 3OV + V) (el = 60(a) = 62(a)
2 j=1
1 . / 1( !
< By D[V = 00m) = 6|+ 11— ) = 6P|

1
< CyEwol|z} — ¢\ (z;) — ¢P(2:)|| + Ewe
>

Now using Lemma [41}

S (Co + rav/ims ) Ewe 2} = 60(w) = 64z |
1
<CQ + :‘igs/m2> \/E3EW/J Z W'ijlﬂ
j 1

AN

S <02 + HQ\/m_2> Vms . (3.267)

Combining Equations (3.266|) and (3.267)) we conclude the proof.
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3.7 Appendix

3.7.1 Smoothness coefficients

Recall that for a function f € C3 on R?, we say it is p; Lipschitz, jy gradient Lipschitz,
and p3 hessian Lipschitz at point z if for every unit direction v, \% flz+ )| < p,

|25 f (@4 A0)| < pro, and |25 f(z + )| < ps.

The aim of this section is to bound the Lipschitz coefficients of the loss ¢(,y) and
objective L(W’, V") in a bounded domain |[W’| < Cy, ||V']] < Cy. The following is

our main Theorem in this regard:

Theorem 9. For given values Cy,Cy > 0, in the domain ||W'|| < Cy, ||V'|| < Cy, for
any label ly| < B, the loss function ((.,y) is O((C1Cy + B?))-Lipschitz (having enough
overparameterization) and 1 gradient-Lipschitz x = fy, . Moreover, the loss function
LW, V') is (O(C1Cy) + B)Wy + 2(Cy + Cy) Lipschitz, V2 + (O(C,Cy) + B)U, + 4
gradient Lipschitz, and 3VyW, + (O(C1Cy) + B)V3 hessian Lipschitz, where Uy, Vo, U3
are defined in Lemma [{J.

Proof of Lemma [9]

As in the proof of Lemma 45| let (W, V) be a unit direction, i.e. |[W|? + ||[V|* = 1.
Then, using Lemma , we know that for every i € [n]: [ fiy: v/ (7:)| = O(C1Cy),
so by l-smoothness of the loss and B-boundedness of the labels, we get that £(.,y)
is (O(C1Cy) + B) lipsheitz at point fiy 1. The gradient smoothness parameter
of the square loss ¢ is bounded by 1 and its third derivative is zero. Now using

these coefficients, we can easily compute the coefficients for L as well by simple
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differentiation:

d . d
|_E(fII/V’+/\W,V’+)\\~/(:Ei):yi)| = |€(f/ayi)afl| < (O(C1Cy) + B) ;.
. d : 2
|d)\2 (féV/+AW,V/+,\V<$z‘)>?Ji)| = [(f, yi)(af/)Q + z(f',wd_qu < U3 4 (O(C1Cy) + B) W,

d d ..
g @00 = ) o ) 4+ 807 ) L i)

< U 4+ 30,0, + (O(C,Cy) + B)Us.

Moreover, note that

d - . -

—HW’ FAW2 = 2(W + AW, W) T W' W) < 2|[W'|| = 20y,
d)\2||W’+>\W||2 (W, W) =

dAg —||[W 4+ AW |2 =0,

and similarly for ||V’ + AV||?>. Combining these results finishes the proof.
Above, we used parameters WV, Uy, W3, the Lipschitz coefficients of f’ in domain

W < Cy, ||[V'|| £ Cs, which we bound in Lemma [45] below.
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Computing the Lipschitz Coefficients of fy, .

In this section, we bound the Lipschitz coefficients of fi}, 1, in the domain |[W'[| <

C, ||[V']] < Cy by poly(my, ma, m3, 31, f) functions.

Lemma 45. For every point (W', V") in the domain |[W'|| < Cy,||V'|| < Cs, we have
the following bounds on the Lipschitz coefficients of fiy v ((W, ‘7) s a unit direction
with |W[? + |V|? = 1):

A=0 ‘

S 7;_222 (%\/m_:a(/ﬁ + C1 + 1) </‘€2\/E3 + 02)
# (vms (e

d2
d)\2 fW’—&-AW V’—i—)\V( )

‘afW'-F)\W,V'-F)\V(Ii)

\/—2\/_3</11 + O +51>)

m+01) 52\/_3+CQ>+ﬁ2\/_3( /<a1+01>+

vl v

A=0
5QﬁMW+—QW@¢WQMW%+@P+@Mm+cw+@y=%

d3
d)\3 fW/Jr/\W V’+AV( )

o
A=0
S (I + Z2071P) ™ oo (G, + o+ 58) [+ €2 4 5] = 04
(3.268)

Proof of Lemma [45]

Let

1 exp{— el vel® )
(V2m)mematmd(By [/ )md(By /iy )mems 267 /my 265 /my

p(WP, V) =

be the density function of the law of W* and V? which is a joint Gaussian. Then to
compute the derivative and second derivative of the function in the unit direction

(W, V), st. |[W|% + |V||%, we can write the value of the smoothed function as an
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integration with density p, change variable, and then take derivatives:

d
afW’+>\W,V/+)\f/(mi)

d
= JEWP,V" Swriawswe vravve (%)

d
= a / fW/+)\W+WP,V/+)\\7+VP (%)P(Wp, Vp)d(Wpa Vp)

— %/fw+,v+($i)P(W+ — (W' + )\W)’VJF — (V' + )\f/))d(Wﬂer)_

A=0

But one can easily sce that for fixed V/ and V| the set of functions fyy+ v+ (x;)p(W+ —
(W' 4+ XW),V* — (V' + AV)) for a small neighborhood of A can simultaneously be
upper bounded by an integrable function. Hence, the Leibnitz rule holds here because
of dominated convergence theorem, and we can change the order of integration and

derivation:

= /fw+,v+ (xi)d%p(vw — (W' XW), VT — (V' 4+ AV))d(WH, V)
B

my

)L (W+ (W' + AW)), (ﬁ—g)—l (v+ (V' 4 W)))>

mo

—/fw+,v+($i)<(W> f/), ((

p(W — (W' + XW), VT — (V4 AV )d(WT, V)

/ fwre s @) (W, V), (W, Z2vey) p(we, veyd(we, v)
51 "B}
= Ewe V”(ﬁl <W we > 52 <V7 Vp>>fW’+)\W+WP,V’+)\\7+Vp(Ii)(a:i) \—0
— Eye Vp< e <W WP> 7;222<V vp>) Fovrawoyrsvoion (@0): (3.269)
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Similarly we can compute the second derivative:

d‘ifw st @ >\A 0
/fW+ v (o 2) (- (W’+AW)>,(£—222)‘1<V+ — (V7))
(W + /\W) VE (V! AV, V)
/fW+ v (X Py (e — v+ i), (i—i)—l(w — WAy -
Qva>«5w <@> >>]<W+ (W4 XIV),V* = (V74 V) V)

— [ fwe o] (W Ve ) (7.9, (i 2

-mwmeWMW+va®—(Eww FIVI) | s sworagvnie ()

:Emy[gﬁmfww+gjvvw)—(%HWW+%§VHHMMWWMMM@»

17)>] p(WP, VPYA(W?, V)

A=0

(3.270)
Similarly for the third derivative:

d3
dAst mew >\A 0

2

5 [t )yt (w = i), (o (v - )Y -
«WW«@> <@

— [ fwe (e &)OW—MWN%MET%ﬁ—W+Wmf

ma

YD oW = (W4 AW), V= (V! AV))d(WH, V)

~3((., 1), ((%) (W+ — (W4 A, (Ti—i)l(w ~ (V7))

B

X <<vm> (( )L (ﬂi)—lvm p(WF — (W' £ AW, VE — (V! 4 AV )W, V)

— Ewoys [<Bl (W, ey + 22y, V”)) —3(51 (W, W) +

AV (2 e TR 2
E T Vv (G I+ V)

5

Jwiswe viive(a) (%)] :
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Now for first derivative, exactly similar to the derivation in (3.265)), we can write

>> fW’+WP V/I4+Ve(x;) (l’z)

V)

[y (7;—%1<W W”> <

)fWuer V’+Vp(x1)(xz)

v
(v.v

< P VP p —2
el g (W W7) +
1
< Bwveve| o (W, W2 )+ 5 (V.2 ) (mav/mallaf® I+ IV + B vyei)
o 51< > E5 v " v \/mzzj: !

1 "2)
< B (| (W 07)| + |5 (7 V7)) (mav/mmallal® 17 1)+ vea®))
PVP 61 2 3 \/m2; j

|/ 1 v 1(2)
2 (B A V) (707 07
" 1

e e R i
ﬁf(Ew <‘7, Vp> EWPII:EE(Z)H(W/@ +02> +EwrEvo <V V"> Z|V" ’(2)|)
T 5 \/_2
+ 2 @)W i )
a0 ) B0 o i)

where the last line follows because ||V'|| < Cy. But notice that because |V ||p < 1,
|W||p < 1, then <\7, Vp> and <W,W”> are Gaussian variables with variances at

most 35 /mgy and 57/m;. Hence

S Ba/vm, (3.271)
< Bi/vmy. (3.272)

)

Evo
Ews <W W”>

Similarly, using the same derivation as in , one can also get the following a.s.

bound (over the randomness of W?):

1
"(2)
20 Vi (m + G+ > Wy, (3:273)
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therefore

1
Ewol|lz/®|| < v/ Cy + Ews > Wl 3.274
wellz; 7|l S ms(’”vﬁr 1+ W\/ﬁl j | g$|> ( )
S vmg (Hl +Ch + 51>. (3.275)

Moreover, for every j € [my):

~ ~ 2
B[ (V,V7) [ IvF i) < \/Evp <v, Vo) Bv VPP
2
=2 ey o B e
\/_2 \/_2 m
B <W, W”> Wz, < m—l (3.276)
1

Similarly, using Equation (3.273) we bound

Evpo |2 ® H‘<W W S v (Bwe [(W, W7 (51 + 1) e Z ‘<W )
< fg(fl (s1+Ci) + \;%) (3.277)
Now applying these bounds (272), (B275). (B:270), and (B277) to (B271) and using
the fact that
By S < el
we get
LHS £ (\/5%2 Vims(k1 + Cy + B) (kav/imy + G ) + Eayo— 2 \/—2 =11)
%(mg(\/% (k1+C1)+ fél) (kav/ims + G ) + By | (W, W) | Bl
S (e s+ G 1) (a4 o) iy (14 461
(s (e €1) ) (st + ) 4 o (s + 1) + ).

To make it easier for handling the second and third derivatives, we first bound the
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expectations of f3, LWy +Vp(xi)(mi) which enables us to use Cauchy-schwartz. Again

using similar derivation as in (3.265)) and Equation (3.273):

2
Eweo ve fW’-}—WP,V’—f—VP(zi) (i)

1 2
< Bwo s (mav/msll ) + Coll )] + _m > V7))

S (kav/my + Co) B [ + B Byro— (ZIV” @)

<m2f3+cz>EWp||x'<2u2+Ep ZEVPIV” \2+Ewo =D By Vel | By VLl

% ji#i
32 m(m — 1
S (/i + Co Bl + B 22 |2 + By P )
2

S ((rav/ms + C2)? + B2 ) Bay |22

< ((@ﬁ3+02 )2 + 32 Emeg(m+ol+LmZ|foi|)2

S ((rav/ims + Co)? + B3 Y (1 + C1)? + — ZEWWW 4o 3 By (W By (W
b ji#do

61 m(m 1)}

< ((kav/mg + Ca)* + 53)7”3 _(fﬁ +C1)* + + B3

= ma((kav/imy + Co)* + 83) | (k1 + C1)* + /31]. (3.278)
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Now for the second derivative, we can proceed by applying Cauchy-Swartz:

d2
WfW'HW v () \—o
m ~ m ~
< Bwveve| (T OF, 107) 4+ (7 V) - (G IWIZ + GV ) || v ()
1 2 2
2 N ~ 2mim ~
< Ewoe| g (W, W7)* = 2HW||2+5—<V v - 2|7+ g WOV
1 1 2 2 1~2
’fW’—i—WP,V’—',-VP(zi)(xi)
2
my, .~ mo .~ 2m1m2 2
< /Ewr e WW — —||W|]? + V, Ve — 2 V]2 + WWPVVP
_\/W,v ﬁﬁ 2 = G W G2V, Ve)2 = SRV =g (1, W), V)

2

\/Ewpyp

Now note that the cross terms have expectation zero, so we get

fW/"er,V/"rVP(CCi) (zi)

P LI ’ |/ ? 2 1 P |/ P
=\/EWP,W( o (W woy= 2y W) (52 (v = T2 p) Giar Ewee IV, We)2(V, Vo)2

\/]EWP,VP

2

m ~

W+ —4 27+
1

2

fW’-i—WP,V’-i-VP(:Bi) (%’z)

4m1m2

e
S (G Wi+ 2 171)  Euvee
2

Now applying Cauchy-shwartz and Equation (3.278)) to above and combining it with

Equations (3.270)):

d2
WfW’-J—)\VV,V’—H\V(‘Ti)

Jwrgwe V’+Vp(m1)<xz)

W2 IIVIIQ\/EWP ve

2

fW’—i—WP,V’—i-VP(xl-) (ﬂcz)

A=0

S (GIme %W)Wg((@m + G2+ B3) (1 + €2 + 7).
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Similarly for the third derivative:

@,

d)\?)fW’Jr/\W,V’Jr)\f/(xi) /\:0‘

_ i ey 4 200 v Y s (M e o 20 ven) (e o e
Euwoe| (T W, W9) + 0.V ) = 3(Gg (0, W)+ (Vv ) (G IV + VP

’fW’—i—WP,V’—i-VP (xz)

my .~ mo  ~ 3 my .~ mo  ~ my, .= ma , 2
< PP -5 -5 - 50 5o 5ho 2 o 2
_\/EW v (G 0wy SV vy ) =3 (T () S v ve) ) (G I+ 5 V) |

2
\/EWp’Vp fW/+Wp’V/+Vp(I7:) (3279)
But note that
m~p@~p3_ﬂ~p@~pﬂ~2@~22

Buvoe | (g (0. 7) 4+ S5 (0, V) )= 3( 00 W9+ 17,0 ) (G WP+ 2517 |

my .~ mo , ~ 6
< 2Ewove| — (W, WP) + —=(V VP

my

7 o, wey + 20, V”)>2

My, -~ Mo ~ 2
+18( S IW I + 22V ) B 7
1 2 2

Now note that 'g—%l(VNV, we) + ’g-g(V, VP) is a normal variable with variance Tg—%lHWHZ +

%HV\P Therefore, by the bound on the moments of normal random variables:
2
my, .~ My | ~ 3
LHS 5 (WP + VI (3.280)
1 2
Plugging this into Equation (3.279) and also using Equation (3.278|):

3,
WfW’-‘r)\W,V/-i-/\f/(mi)

A=0

< (B + 2 R) " s (G + o + 38) [ + o2+ 2]
1 2
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3.7.2 Representation Lemmas

In this section, we prove lemmas mostly related to the representation power of the

network, which we mainly use in Section |3.6.12

Representation Toolbox

Lemma 46. Recall the definitions of W,!, and T, from Equations , and .
For all k,i € [n]:

|Zi g — tmce(W;Z,i)\ < v/ (mao) | Vil mree-

Proof of Lemma [46]

trace(W," Z;) = trace(Z], Z Ve Z1) = Z Ve (20, Z2). (3.281)
—

j=1

But note

mi
(23, Z0) = 1/ Y W PHW O ey LW e o, )
j=1

7=1

Now note that (z;,x;) <1, and IL{W]-(O)Txi}IL{Wj(O)Txi/} is a Bernoulli with
EIL{W]-(O)Txi}IL{Wj(O)Txi/} = 1/4 + arcsin((z, y)) /2.
Therefore, by Hoeffding inequality we get

(Zi Zi0) — Hg) = O(1/)yma).
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Hence, because obviously ||[H*||s < 1, we get

trace(Wy Z}) = ka,,H;g,w 1/V/my) va—mw (1/v/my) va,

i'=1

which implies

ltrace(W,;" Zy) — Ziw| < O(1/v/my)v/n|| Vil
< O/ (Vmy Vo)) | Vel =
< v/ (mido)|[ Vil e

Lemma 47. (Bounding the rows norm) For every 1 < j < my, we have

Wl < y/mmg/ (v/mado) ‘/Z Vel

Furthermore, for every k € [ms], we have

WA < v/ v/ Aama| Vil . (3.282)

For the ease of notation, because here we want to work with row sub indices of

the matrix W,", we refer to it by W**. Proof of Lemma

For a fixed 1 < 5 < m; we have with high probability over the randomness of
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the sign matrix W*:

m3 ms n
W = 1YW = 1)W1/ Y Vel {W,Vz; > 0}
k=1 k=1 =1

< rmg/\rmIJ SIS Ve (W%, > 0}

< M/m\/z (3" w)

< mg/ymi [0y |[Vell?

< man/(v/mid) Z Vil e -

Furthermore, for every k € [mg], we have

IIW’“+I|<1/\/_Z|VM< (Vn/vm)[Vell2 < (Vi/ v/ Aoma) Vil e

Lemma 48. With high probability over the initialization, we have

IWEIE < (1 £ O/ ov/m)) [ Vall-

Proof of Lemma

Recall from the definition of W** in Equation (3.65):

W15 = |l vazknF = szmvm (Zi.Z}))

=1 /=1

S S Ve S % O(1/ i) € VEH=Vs £ O(([Vill)/ )

=1 /=1

= [Vellzzee £ [IVillz O(n/ (Noy/mn)) = (1 £ O(n/(Aoy/mn)) [ Vil
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Some Linear Algebra

Lemma 49. Forn < s, let ry,...,r, be s-dimensional vectors that are approximately
normalized and orthogonal to one another, i.e. given some 6 > 0, for every 1 <i #
Jj<mn:

—(5 S <7”Z‘,Tj> S (5, ||T2||2 S 1 -+ 5
Then, for any vector v we have

D (v,r)? < (1464 n(n = 1)5(1+6)*)|lo]>

i=1

Proof of Lemma
Define
v = Z<U7T¢>H, Vg =V — V.
i=1
First, note that
D (o) < (1+68) ) (o,r0)|Irill”
i=1 i=1
=1+ )Y _(wrarll? =200+06) > (wr){v,ra){ri,r;)
i 1<izj<n
= (L)l =2(14+0) > (v,ra)(v,ra)(riry)
1<i#j<n
Next, we write
(vi,v—w1) = (v, ) {v,r)ri) — <Z<U7Ti>7“z'> (v,73)7s)
i=1 i=1 i=1
= Z(Ua ri)? — Z<U’ ri)? =2 Z(Ua ri) (v, r)(ri, ;)
i i i#j
=-2 Z(v,ri><v,rj><ri,rj>.

i#]
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Therefore

n

Y () < @+ a) P+ o= o) =201 +8) Y (o) (o,ri){ri,rs).

i=1 1<i£j<n

< (14 0)(lull* + flv = vil|* + 2(v1, v — vy))

+2(1 +9) Z (v, i) (v, ) (13, 75)

1<i#j<n

<@+O)IP+20+8) > olPlrllirle
1<i#j<n

<A+0)vIP+201+0) Y [P +0)
1<i#j<n

= (L+0)|[v]|* + n(n — )31 + 6)||v]*

=(1+6+nn—1)05(1+9)%|v|?

which completes the proof.

In the following lemma, we state a trivial bound on the norm of Z; based on (j.

Bound on the norm of z;’s

Lemma 50. For every i € [n|, we have

Izl <[> IVl = Ve
k

Proof of Lemma [50!

By definition:

il = ()

’ k=1
Now consider the Cholskey factorization H* = KK*. Because of the assumption
|z;|| = 1, we know that the diagonal of H* is all 1/2. Hence, for the ith row of K we

have | K;|| = 1/2. Now by Cauchy-Swartz, we have

w3 = O Vil Ki) < DY VeGP 1P = 172 Vil e
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Summing over ¢ and noting Equation (3.60|) completes the proof.

Lemma 51. In the context of Lemma for & < 2nB?, one can substitute f* by f*
such that

_ 2

Ru(F) < 2Ru(f") + o

f_*TA_lf* S f*TA_lf*,

and furthermore, f* is in the subspace of eigenvectors of A with eigenvaue larger than
Q(#) Moreover, the constant 2 is arbitrary and can be changed to any constant more

than one, with the cost of an additional constant behind the second term.

Proof of Lemma [51]

For an arbitrary i € [n] and some given vector f* (we will specify later), we de-

fine

and suppose the slope of £(.,y;) at point f is equal to ¢. Then, using the convexity,
the fact that ¢(y;,y;) = 0, and the 1-smoothness of ¢(.,y;), it is not hard to see the

following poincare inequality between the value and derivative of £(.,y;) at point f;:

¢ < N2U(f,yi) = 2. (3.283)

where from now on, for brevity, we refer to ¢(fF,y;) by ¢. Also, from the definition of

0 and again using 1 smoothness property, it is easy to see that

C(fF i) < (e+0)0 + L(fF i) = (¢ +0)0 + £, (3.284)
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Plugging Equation (3.283]) into (3.284]) and using AM-GM inequality:

Ofry) <6+ 6+ 0 <2+ V2U5+(
<G H0+6%2+0

< 20+ 35%)2.
Summing above for ¢ € [n|, we obtain
Ra(f7) < 2Ra(f7) +3Ilf" = F7l2/2. (3.285)

Now we write an eigendecomposition for A as A =>"" , A\ju;ul for orthonormal
basis {u;}, and let f* =" ~u; be the representation of f* in this basis. Then, from

our assumption, for arbitrary w > 0
DN = AT < B,

which implies

or equivalently

% < 4nBw, (3.286)

i )\ZSUJ
where notice that N 72 is the squared norm of the projection of f* onto the
directions whose eigenvalue is at most w. Now taking w = ﬁ and defining f* by

keeping only the directions in the expansion of f* in the eigenbasis of A, for which

A; > w, completes the proof.
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3.7.3 Coupling for @W, ﬁv

In general, because the gaussian smoothing matrices (WW?, V?) can become unbounded,
the gradient estimates (@W, @V) = Vwvl(fwiweviive(:),y;) also become un-
bounded. However, in analyzing the stochastic behavior of SGD and showing that it
can escape saddle points, it is convenient to assume the gradient’s noise vector is almost
surely bounded. The goal of this section is to introduce a coupling between (W7 V)
and another random variable that is a.s. bounded polynomially in other parameters.
As that the coupled random variables take different values is exponentially small while
the number of iterations in our algorithm is only polynomially large, without any
concern we instead work with this new random varaible, and with an overload of

notation we also denote it by (W7, V7).

Lemma 52. For an arbitrary parameter x >> 1, On any pair for (W', V') with
W] < Cy, ||V'|| < Cy, there exist a mean zero random vector A with respect to the
randomness of the uniformly picked data point (z;,y;) and the smoothing matrices
wel Wwe2 Vel and VP2 which define ﬁwxv' (meaning it is a function of those

variables), such that with probability at least
1—2exp{—(x* = 1)dmy/4} — 2exp{—(x* — D)mgmy/4} =1 - 41,
we have
Vi = Vi LW, V') + A, (3.287)
and finally A is a.s. polynomially bounded, i.e. almost surely we have
IA|| < poly(my, ma, ms, C1, Ca, B, X).

Proof of Lemma [52]

Remember that x} was the output of the first layer (by considering the smooth-
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ing matrix W?). Now with high probability over the initialization,

D(x)

7

IV w fwrewevreve (@) le = [ Vay fwrewe vreve (z:)" aw’ |

D(x})
Vot fivrsaweyrsve (@) || =7 |

1 1
H aTDV/+Vﬂ<V(O) + V/ + Vp) H H dlag Wk)DW/+Wp z; L5 ”F
. ﬁ;

< (VO + 1Vl + V7)) (= 37 Idiag (W) Duar o 1

N
< (/s + Cs + V1) (S 3 Idins(W) D)
Lok

S (HQ\/mgmg + 02 + ||Vﬂ||F) (3288)

On the other hand, using the final bound in Lemma

1
Vv fwrswe vrpve(z:)][F = || diag(a) Dyryveai || < ||z
Vg
< kg + Cr+V/mg y ! Wl
;v
S K1y Mg + Cl + vV m3||WP||F (3289)

Denoting é(fW/+Wp,l7V/+Vp,l R yi)vW/7V/»€(fW/+Wp,2,V/+Vp,2 (IZ), yz) by ®W’,V’7 then com-
bining Equations (3.288) and (13.289) and using the 1 gradient lipschitzness property

of the square loss,

Vvl
d(e(f, i)
e P [ P (T TR P
< (Ifwrswnrsvn (@) +1B1) (miv/ms + Co 4 Vg WP2l 5 + kav/igimg + Ca + V22 ).

(3.290)
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Finally, applying Cauchy-Swartz to the second a.s. bound in Lemma 43| we have:

fW’+WP,V/+Vﬂ (lEz)

< (kevms + V7| F) (\/53“1 +C1 + \/m3||Wp||> + Co(Cr + /ms|[W?)).

Combining this with ((3.290)):

IV vl

< [B+ (rav/imy + V7

F) <\/m3111 + Cl + \/m3||Wp’1||> + 02(01 + \/m3||Wp’1||)]

X (lﬁ\/ﬁg + C1 + Vms |WP?|| p + koy/mams + Co + ||Vp’2||F>-

Therefore, using the Lipschitz bound in Theorem [9}

IVwrv = Vwr v B, yomzlFv v (@), y:) | o
< Vv e+ 1Begoymz Vv b fwrswe vrve (2:), 4i) | ¢
< [B+ (kav/my + VP 9) (Vimaa + C1 + gl WP ) + Co(Cy + /sl [

X </-;1\/E3 + C1 4+ Vmg||WP2 || p + koy/mams + Cy + ||VP’2||F> + (0O(C1Cs) + B) ;.
(3.291)

Now we define the following events

E1 = {|[WP [ > xVdB VWP || p > xVdpi ),

Eo = {IV”llr = xv/msfe V [[V7|r = xv/msbat,

where recall we assume y >> 1. Then, as we know the variable ||1¥”||%. has mean

dB? and is subexponential with parameters (d3}/mi,3?/m;). Hence, by a union
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bound and Bernstein (Note that W', W#? are independent):

P(Z1)

< 2P(|W?||p > xBiVd)

= 2P(|W*||% = x*A1d)

< 4max (exp{—(x2 —1)°B1d?/(4dB{ /ma)}, exp{—(x* — 1)Bid/ (46%/m1)})

— 4max (exp{—(X2 — 1)2dmy /4}, 2exp{—(x* — 1)dm, /4}) < 2exp{—(x* — 1)dm, /4}.

Similarly for ||V :
P(Z2) = P(|[V7]lr = xB2v/ms) < dexp{—(x" — 1)mama/4}.
Moreover, because of the subexponential tails of ||IW*]|% and ||[V?]|%, for each of
Wel or We2, Ver or Ve

E(|W?||r| 1) S xVdBy, E([W?|7 1) S x*dB;.

E(IV?[lr Z2) S xvmsBa, (VA5 Z2) S x*mafs.

Now Defining = = Z; U =5 and combining the above equations:

E(|WPII{Z}) < E[WP[[(L{E1} + 1{Z2}) = E(|W*[|| Z1)P(Z1) + E(|W?])P(Z2)
< X\/Eﬂﬂ exp{—(x* — 1)dm,/4} + \/EﬁIQ exp{—(x? — 1)mamy/4}

= 2VdBi (x exp{—(x* — 1)dm1/4} + exp{—(x* — 1)mama/4}),
and

E[W?|*1{Z:} = E(|W*|*] 21)P(Z1)

< 2dBx* exp{—(x* — 1)dm /4}.
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Similarly
E(|[V?|11{E}) < 2v/msBa(exp{—(x* — 1)dmi/4} + x exp{—(x* — L)mgma/4}),

and

E([[V?[IP1{Z2}) < 2maBix° exp{—(x* — 1)mama/4}.

Applying these equations to (3.291)) with Cauchy-Schwartz to get the upper bounds
EL{E HWPHWP2| < EL{EH|W?[* and (Ewe|[WP[)* < Ewe|[W?|* (for terms

with only one W#* or V7 we simply write them as W* and V?):

Ewovo Vv = Vs B, yomzl(fiv v (2:), 40) |7 1{E}
< Bwveve o | B+ (iav/img + IV ) (Vimis + Cr g | WP))) + Co(Cr + /s | W)
x (/s + C1 VIl WPl + ay/mams + Ca + [Vl ) + a(O(C1Ca) + B)W,
B + (kov/m3)(v/mgk1 + C1) + CICQ}
WV + Cr + a7 + G + VT Ews {EHW? |+ Evo L{EHV| 5 )
B+ (Vmgky + Cr)v/my + (kamg + Cov/my) + V/my(k1v/mg + Ci + kay/mams + CQ))
X (Ewo I{E HWP|| FEvo V|| p + Ewe [WP|| pEve {2}V )
+ (B + Vmgr1 + C)(Eve L{Z} V7> + P(E)E[V?]1?)
+ Coma(Ew, 1{E1 }[|W*||* + P(Z)E[|W”|]?)
+ mg(Ew, H{EH WP IPEye [V + Ewe [WPEv, 1{Z}|V*])
+ Vg (By e I{E VP PEwe [ WP + By | VPP By 1{Z1 H[W?|)

+ (O(C1Cy) + B)YP(2)

X

+

—

< (exp{—(x* — 1)dm1/4} + x exp{—(x* — 1)m3my/4})poly(my, my, ms) = negligible.
(3.292)

242



But note that

Vv = Vs + Vv (@ [W])2 4 || V']2),
Vv LW V') = Vi v B, g~z iy v (@2), yi) + Ve (W1 [[W ]2 4 s |[V']?).

Applying this to Equation (3.292)), we get that if we define

A= Vwryr — Vi LW, V'),

then
EJAL{E}] < (exp{—(x* — 1)dmy/4} + x exp{—(x* — 1)mgma/4})poly(my, ma, ms).

On the other hand, note that using again Equation (3.291f), we have the following a.s.
bound:

HAE{EC}H = pOIY<m17 mo, M3, Clu 027 X)
Defining

A = AT{E°},
As = I{E}E(A[Z),
A=A+ Ay,

we get that with probability at least 1 — P(Z):
Vv = Vi LV, V') 4+ A
and also note that
EA = EA = 0.
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Finally by the a.s. bound for A;, we have a.s.:

Al < Eweve @i

AL{E}] + |AL{=}]]
< (exp{—(x* — 1)dm1/4} + x exp{—(x* — 1)msmy/4})poly(my, my, ms) + poly(mi, ma, ms)

= p01Y(m17 mo,ms, Cla 027 B7 X)7
which completes the proof.

Corollary 9.1. [t is easy to check that running PSGD with unbiased gradient estimate
@W/,V/ s equivalent to running SGD after our change of coordinates, with unbiased
gradient estimate @wgv/ = YV, where Y is the matrix for our change of coordinate,
which is equal to T defined in Section for the coordinates in V' and simply
identity for the coordinates in W'. Therefore, projecting both sides in Equation
of Lemma onto ®+ by multiplying T implies that with high probability for all

iterations of the algorithm

Vo = TV v LYW, V') + TA
= Vo LT (W', 0') + TA, (3.293)

where £ = YA (using the properties of A in Lemma 1S @ mean zero noise vector with
almost surely bounded norm, i.e. ||£| < Q' for some Q' = poly(my, ma, ms, C1, Cy).
(we dropped the x parameters by considering constant high probability argument).
Finally, note that injecting noise (Z1/(|Z1]|, Z2/(v/m1l|Z2]|)) by PSGD results in
adding an extra zero mean noise (Z,Zs) = (TZ,/||Z1], Y=o/ (v/mi||Z2]))) to the
gradient Vo LN (w',v"). Therefore, overall running SGD on L' (which is equivalent
to PSGD on L) observe an unbiased noise vector defined as £ = £ + (21,Z5). Now it

is easy to check that the moment matriz of =1 and =5 are o'2I and 21 for

1
R .294
ol2 = W (3.295)
2 3
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which implies the moment matrixz of £ is upper bounded by
o2l = (Q'/(myms + mid) + max{c;?, o5’ I,

and lower bounded by

o3 == min{c}? 04} 1,

1.€.

olIELLT < o3l

(Note that we look at the new coordinates (w',v'") as a vectors, so the term ELLT
makes sense.)
Moreover, ||Z1|| = 1/v/my, |22l < 1 almost surely, which implies the following

almost surely bound for £:

I£]] < Q =Q +1+1/vVm,.
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Lemma 53. Let g(x) be a second order differentiable function over RN such that
at point x, there exist a random direction y and deterministic direction z and fixed

positive real r with:

E,g(z +nz+/ny) < g(x) —nr.

Then, for the gradient and Hessian at point x, we have either

IVg(@)l| =

or

Amin (Vzg(x)) < —

Proof of Lemma [53

We write the second order tailor approximation of ¢ around z:
1
9(w + w) = g(z) + Vg(2)'w + ZwVg(z)w + o |w][*).

Now substituting w with nz + /7y and taking expectation with respect to y, as we
send n — 0 and using the fact that Ey = 0:

Eyg(x +nz +/ny) = g(x) + E,Vg(x)" (nz + /ny) + %(772’ +viy) " V2g(x) (nz + /ny)
+ olllnz + vnyll*)

1 1
=E,g(z) + nVg(z)"z + §n22TV29($)Z + ngyTVQQ(rr)y + o(n|ly[|*)

1
=E,g(z) +nVg(x) 2 + 77§?JTV29(95)?J + o(n).

Combining the assumption with the above Equation, we get that for small enough 7,

we have

1
an(x)Tz + nﬁEnyV2g(x)y < —nr/2,
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1.e.

1
Vy(z)"z + §EnyV29(:v)y < —r/2,

which means we should either have
Vy(z)'z < —r/4,

which implies

or

which implies
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3.7.4 Handling the Injected Noise by PSGD

In this section, we prove that having SGD injecting noise into our gradient estimates
mostly does not change the sign pattern of the first layer, namely among the set of

rows in P defined in Lemma 10l

Lemma 54. Having enough overparameterization, with high probability, at every
iteration of the PSGD for w'® defined in the proof of Lemma we have for every
J € [my]:

WP < e/ (4/imy).

Proof of Lemma [54]

Let & be the subspace of the first layer weight matrices which is zero in rows
j € P (P is defined in Lemma, while in other rows it is the span of Z¥’s, i.e. using
our notation Z; introduced in the proof of Lemma |10} we can write ®' is span(Z¥); .

Recall from Lemmathat we decompose the first layer weight W’ as W’ + w3,
namely the parts in the subspace ®' and subspace &’ + respectively. Moreover, let
Z1/(vmy||Z1]) = EW + =@ be the decomposition of the injected noise at some
iteration of PSGD into subspaces ® and @' respectively.

Now recall that the current W' is the value of the previous iteration moved by the

gradient plus the injected noise:

W =W —n(Vyr + 20 +23)

=W = (Vi + 20 2w 4 20 4 2@,

where W’ is the weight of the previous iteration and W'~ W' ™® are again its
decomposition to ® and ®'*, where @W/,V/ is defined in Lemma . Applying
Lemma (33| for the previous iteration of the algorithm, we get Vy» € @ since the bad
events F defined in Lemma 42| occurs only with probability exponentially small (hence

union bound across all the iterations rules it out). Hence, the decomposition for the
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current iteration becomes

W/(l) — Wlf’(l) _ n(@W’ _|_ 2¢1W,77(1) + E(l))7 (3296)

WI(Z) _ (1 . 27],([}1)W/77(2) + 7]5(2) (3297)

We handle the W™ part in Lemma and prove that as long as ||[W'® |2 < |72
remains bounded by C%, then the sign pattern of the first layer, when only considering
the W' part, is specified by the initialization except within set P; here we handle
the W’® part as well.

Note that for every row j € [m,], the variable
I(=: /(mnan))jn? is (O(1/(m*d)), O(1/(m3d)))-subexponential with mean 1/m;.
Therefore, with probability that is exponentially small in my, || (El /(v/m1||Z1 ||)> 1| is
bounded by O(1/my). It is not hard to see the same argument holds for the projegtion
of Z1/(y/m1||Z1]]) onto &+, i.e. =®. Applying a union bound for all iterations,
again using the fact that we run PSGD for poly iterations while the chance of error
is exponentially small in my, we can then argue that with high probability over the

noise of gradients, at every iteration and for every j € [my]:

IZ] = O(1/m). (3.298)

But applying trinagle inequality to Equation ((3.297)) and writing it in a telescope
form, particularly for the jth row, and further using the assumption in [3.298] we get
that HW’;Q)H grows at most to O(1/(myv1)); as we set 1/11 = O(poly(n)), assuming

polynomially large enough m; concludes the claim.

Bounding the Norm of the first Layer’s Output in the Worst Case

Lemma 55. Suppose W' satisfies the assumption of Lemmal10, i.e. |W’| < C4, and
Wil < ca/(2y/my) except possible for indices in P, also defined in . Then, with
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high probability over initialization

32 n3ms 1/4

(

sup ¢ (2)|| S (1+ O(m3d*log(my)?/m1))Cy 4 v/ms—
zllel|=1 VK,

)

my Ao

which is O(CY) for large enough overparameterization.

Proof of Lemma [55

Note the because the VC-dimension of the class of binary functions with respect
to halfspaces in R? is d 4 1, the number of different sign patterns Dy , for different

z can be at most m¢™. Now similar to Equation (3.299)), for k € [ms] define

Zy(w) = 1)y (Wi W O Tak) (3.299)

J=1

Then, for ky # ko, as ||z|| = 1:

1 &
(2 (@), Zia()) = =) Wi Wi, W )
7j=1

my 4

1 Zml
S S
S _Sup DW(O),CE]JWk‘l,_]WkQ,_]
i=1

my ¢

But for each fixed Dy ,, using Hoeffding bound, we have with probability 1 — ¢:

1
vy

mi

s s log(1/9)
ZDthxjijkl,jsz,ij —m1 :
j=1

Applying the above for all possible sign patterns with § < O(1/m;%*!) and a union
bound, we have with high probability

1 —
sup (Zy, (), Ziy () < — sup Y Dy Wi, ;Wi 5 S dlog(my)//ma.
j=1

z,le]=1 mi o«

We can even state the following stronger bound with respect to two adversarially
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picked vectors z, '

1 -
el Squ | <Z/€1 (l’), Zk2(x/)> < E Supz DW(O),J:J'JDW(O),a:’jijljhjwlé,j 5 dlog(ml)/\/ mi,
z||=1,||2'||=1 z

kl ]:1

(3.300)

because each Dy (o) ,5,; has at most md*! cases as we discussed above, then Dyy©) 45 i Dw©) 44,

has at most mf“ possible cases, and applying a similar Hoeffding bound for each of
them and a union bound as we did will imply (3.300). We will use this generalized

version in another section.

Now combining Equation (3.300) with the fact that ||W’|| < C; and applying
Lemma [0t

sup > (W', Zi(x))* < (14 O(m3d” log(ms)*/my))CY. (3.301)
957”90“:1 k=1

On the other hand, setting ms = mq, m3 = d, and R = ¢/(2y/m, ;) in Lemma 3§
we get with high probability

#(jeml: V0 < eo/@yim)) < mica/yim) = vimica/(2m).

Noting that ||[W}|| < ca/(2/m,) for j ¢ P, we conclude that with high probability,
for any 2, 1{(W©® + W")Tz > 0} and ]l{Wj(O)Tx > 0} can be different in at most
Vmica/(2k1) of the j’s outside of [m] \ P. Therefore, as we have also |P| <
negy/my /Ky from Lemma , we conclude that with high probability, for any x, there
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are at most O(ncgy/m, /K1) sign changes by adding W’ to W(©. This further implies:

|6 () = (W', Zi(2))] < 2//ma > |Wix]

3+ Sen(W 0T 2)#Sen (WO + W) Ta)
< HW’H2\/ |1 Sen(W"72) # Sgn((WO + W) Ta)} /v

< 01\/n02ml/51/m1

3/2 3
Cy'" nmg. g4

~ VR M

Combining this with (3.301)), we conclude with high probability:

(%)1/4

sup ¢/(2) | S (1+ O(mid? log(my )2 /ma))Ci + iy = (-2
110

o lal=1 Vi,

Y

which completes the proof.
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Chapter 4

Conclusion

In this thesis we studied two closely related problems under a high dimensional setting:
testing and learning.

For testing, we settled the sample complexity of testing the important class of DPP
distributions; we showed that the exponential dependence in the sample complexity,
which is due to the exponential size of the support, is unavoidable. However, this
does not rule out the opportunity of adding further constaints to the class of DPPs
in the hope of breaking the exponential barrier in the compelxity. As an example, a
natural assumption to investigate is if one assumes a low rank structure in the kernel
of the DPP distribution. In this regard, an interesting question is also designing
computationally efficient algorithms for the task of testing.

For learning with a deep network, we investigated a particular regime regarding a
three-layer network model which goes beyond the NTK approximation of the network,
and show (1) convergence of a deliberately-chosen variant of SGD in training, and (2)
generalization of the trained network with respect to a new data-dependent complexity
measure which gneneralizes the NTK-based compelxity measure proposed in |Arora
et al.| [2018a]. An interesting question for future is to try to generalize and strengthen
these ideas for multi-layer networks to achieve algorithmic depth-separation results, in
regimes that go beyond NTK regarding function classes that are hard to learn with

shallower networks.
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