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Abstract

We study naturally occurring genera (i.e. cobordism invariants) from the deformation theory in-
spired by supersymmetric quantum mechanics. First, we construct a canonical deformation quan-
tization for symplectic supermanifolds. This gives a novel proof of the super-analogue of Fedosov
quantization. Our proof uses the formalism of Gelfand-Kazhdan descent, whose foundations we
establish in the super-symplectic setting.

In the second part of this thesis, we prove a super-version of Nest-Tsygan’s algebraic index
theorem, generalizing work of Engeli. This work is inspired by the appearance of the same genera
in three related stories: index theory, trace methods in deformation theory, and partition functions
in quantum field theory. Using the trace methodology, we compute the genus appearing in the story
for supersymmetric quantum mechanics. This involves investigating supertraces on Weyl-Clifford
algebras and deformations of symplectic supermanifolds.
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Introduction

This thesis explores the interplay between quantum field theories, algebra, and topology. The
algebra that will appear is deformation theory. Topologically, we will see cobordism invariants of
manifolds. The quantum field theory we will be focused on is supersymmetric quantum mechanics.

Chapter 1 discusses the deformation problem for supersymmetric quantum mechanics and Chap-
ter 2 produces the related genera. Here, we give a brief overview of the history of ideas surrounding
this thesis. Each chapter has its own, more detailed, introduction.

The main theorem of Chapter 1 is Theorem[I.5.12] The main theorems of Chapter 2 are Theorem
2.5.6] and Theorem 2.8.38

0.1 From Physics to Algebra

We begin by discussing the physical situation we would like to model. Before getting to quantum
field theory, we address classical field theories.

Consider a particle moving around in a confined space X. For I C R a time interval, the space of
maps Map(/, X) consists of all paths the particle could, theoretically, take. In a real world physical
system, there are constrains on how particles can move. For example, particles may only travel on
paths of least energy. That is, if X is given a metric, we may be only concerned with the subspace

of geodesic paths.

Remark 0.1.1. Some field theories are indiscriminate of distances. Such theories are called topolog-

1cal.

The physical constrains on what paths a particle can take are called the equations of motion or
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the Fuler-Lagrange equations. They are often presented as PDEs, and determine a map
S: Map(l,X)—R

called the action functional.

We can make the following preliminary definition.
Definition 0.1.2. A classical field theory is the data of

e the space of fields Map(I, X), and

e the action functional S.

Depending on the ambient situation, the mapping space of field may be equipped with additional
geometric structure (such as a symplectic form).

We let EL C Map(/, X) denote the critical locus of S,
EL={f:1— X :(ds)(f) =0}.

Remark 0.1.3. So far, we have considered paths over an interval I C R. More generally, one would
like to allow for field theories where I is replaced by a more complicated spacetime manifold. For
example, I may be replaced by S!, or I x Y for another manifold Y. The dimension of the field

theory is the dimension of the spacetime.

Example 0.1.4 (Classical Mechanics - massless free theory). Let I be the interval [a, b]. Classical
mechanics is the classical field theory with fields Map(Z,R"™) and action functional S defined by

b 2
S() = [ (). arends

The space EL consists of straight line paths. See |31} §1.1] for more details.
The field theory we will study in this thesis (supersymmetric mechanics) will be an analogue

of the above example with R” replaced by a symplectic supermanifold. It is a 1d topological field
theory.
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Example 0.1.5 (Gauge Theory). Let G be a Lie group and Y be a manifold. From this data, one
can form a gauge theory with fields given by the space of principal G-bundle on Y with connection,
and Euler-Lagrange equations cutting out those bundles with flat connection. In an appropriate

setting, one can form a stack By G so that the gauge theory fields are a mapping space
Map(Y, ByG).

See [32, §3.3] for more details.

There are two styles of mathematical formulations of quantum field theories. One is the Schro-
denger approach that focuses on the states of the theory. In this style, after Atiyah [3] and Segal [79],
one defines a quantum field theory to be a type of symmetric monoidal functor out of a bordism
category. The second approach is using the Heisenberg perspective and focuses instead on the ob-
servables of the theory. This is the formulation we will use below, following Costello-Gwilliam [31].

Given a classical field theory, the observables are the measurements one can make on the system.
For example, one might ask what position the particle is in, or what its momentum is. In theory,
one can perform all of these measurements simultaneously on a classical field theory. This changes

in quantum field theory.

Principle (Heisenberg’s Uncertainty Principle). In quantum field theory, one cannot precisely know

both the position and the momentum of a particle at the same time.

To formulate this uncertainty mathematically, let us first investigate further the properties of
observables of a classical field theory. Following [31, Ch. 1 §1.2], we make the following preliminary

definition.

Definition 0.1.6. Given a classical field theory
EL C Map(/, X),

the ring of classical observables is

Obs® = C*°(EL, R).

An observable EL. — R corresponds to sending an allowable path to the value of the chosen

measurement on that path.
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Note that the classical observables form a commutative algebra. Physically this multiplica-
tion corresponds to performing two measurements at the same time. By Heisenberg’s Uncertainty

Principle, we can no longer do this in quantum mechanics.

Question 1. What replaces the commutative algebra structure on observables in quantum field

theory?

Although we cannot take measurements simultaneously, we can take them at disjoint times. Say

I =a,b] and f, g € Obs® are measurements. Given disjoint subintervals (¢,,%,) and (ts,t,) with
a <t <ty <tz <ty<b,

then even in quantum field theory, we should be able to the measurement f on (t1,%3) and g on
(t3,t4).
More generally, on a spacetime M = I XY, we could perform different measurements on disjoint

disks in M. This leads to the following notion, see [31, Ch. 6 §1].
Definition 0.1.7. A factorization algebra A on a manifold M is the following data:

e for every inclusion of disjoint disks

k
[[D: = M,

=1

a vector space A <]_[f:1 Di) and an isomorphism

A (]_[ Di) ~ ) A(D;),

e and for every inclusion ]_[le D; — D — M, a partial multiplication map
k k
X A(D;) ~ A <]_[ DZ») — A(D)
i=1 i=1
satisfying compatibility conditions and a sheaf condition.

The following is contained in [31}32].
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Theorem 0.1.8 (Costello-Gwilliam). The local observables of a quantum field theory form a fac-

torization algebra Obs.

These are called local observables as they consisted of measurements we could perform on some
subspace of spacetime. The global observables -measurements we can perform on all of M- can be
obtained by taking the factorization homology of M with coefficients in Obs?, see |31].

Since the field theory we will be interested in is topological, we would like a condition on the

observables that detects the metric invariance.

Definition 0.1.9. A factorization algebra A on M is locally constant if given an inclusion of disks
D, C Dy C M, the resulting map

is an isomorphism.

In particular a locally constant factorization algebra does not care about the diameter of disks.
It turns out that the observables of a topological field theory form a locally constant factorization

algebra.

Theorem 0.1.10 (Lurie). Locally constant factorization algebras on R™ are equivalent to &,-

algebras.

This is |63, Thm. 5.4.5.9].
For example, since supersymmetric quantum mechanics is a 1d topological field theory, its local

quantum observables form an associative algebra.

Remark 0.1.11. Inspired by [6], in [31, Ch. 5], they show that over a C, certain factorization algebras

are related to vertex algebras. See [44] for an overview of vertex algebras.

Remark 0.1.12. The factorization algebra of an associative algebra A over S! is its Hochschild

complex,
/ A = Hoch,(A).
S1
See |4, Thm. 3.19]. We will use this observation when forming manifold invariants in Chapter 2.

A quantization of a 1d classical field theory into a quantum field theory therefore corresponds

to a deformation of the commutative algebra Obs® into an associative algebra Obs?.
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Here, by a deformation we mean the following.

Definition 0.1.13. Let T be a commutative algebra. A deformation of T is an associative algebra

structure on T'[[A]] and an isomorphism of algebras
T[[A]]/h ~T.

Remark 0.1.14. If the field theory comes equipped with extra structure, such as a symplectic form

or a group of symmetries, we will need to consider deformations that respect that structure.

The first part of this thesis, Chapter 1, is a study of the deformation problem corresponding to

supersymmetric mechanics, using modern techniques.

0.2 Getting Manifold Invariants

Using the Costello-Gwilliam approach of studying quantum field theories by their algebras of ob-
servables, one gets a dictionary between physical questions and algebraic questions.
One interesting quantity one can sometimes extract from a quantum field theory is its partition

function.

Example 0.2.1. In the Atiyah-Segal approach to quantum field theories, given an 2-dimensional
QFT

Z: Bordy — Vectc,

the partition function of Z is the value of Z on a torus 7. Since T is a closed 2-manifold, Z(T") € C
is a number. Removing a circle from T', we obtain a cylinder C'. The value Z(T') is the same as the

trace of the linear map

2(0): Z(8Y) — Z(SY).

Usually this is considered for manifolds with a metric. The cylinder C' will then have a length, say

t. In practice, the map Z(C') looks something like exp(—tH) for some operator H.

The interpretation of a partition function in the Costello-Gwilliam formalism is more compli-

cated. If one sees a QFT as coming from formal elliptic moduli problem BL, the partition function
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should be the volume of BL with respect to some volume form, see |32, §9.3]. In practice, computing
the partition function in this formalism involves Feynman diagram manipulations.

Often times, one has a family of field theories, one for each manifold X.

Example 0.2.2. Given a Riemannian manifold X, one can consider a type of classical mechanics
where the particle moves in X. That is, the classical field theory with fields Map(/, X') and action

functional cutting out the space of geodesics.

In several of these examples, the partition function of the theory assigned to X is some genus
evaluated at X.

The following example is considered in [55].

Example 0.2.3 (1d Chern-Simons Theory). Let X be a manifold. There is a field theory, called 1d
Chern-Simons theory, with fields Maps(S!, 7*X). The partition function of this 1d Chern-Simons
theory is A(X).

In |9, §4], Berwick-Evans shows that the A-genus appears in the study of 1|1-dimensional su-
persymmetric quantum mechanics. This is done using a Atiyah-Segal formulation of quantum field

theory.

Example 0.2.4. Let X be a Riemann surface and Y a complex manifold. The curved (v system
is a 2d field theory with fields Maps(X,Y") with allowable paths given by holomorphic maps. If ¥ is
an elliptic curve and Y is Kéhler, then this field theory has a quantization whose partition function
is the Witten genus of Y with respect to the elliptic curve ¥. This was shown by Costello in [30]

and reproven in [51].

In the Atiyah-Segal style approach, Berwick-Evans has shown that the Witten genus appears in
the study of a 2|1-dimensional super Euclidean field theory, [9].

Example 0.2.5. In |11], Berwick-Evans shows that the L-genus appears in a 1|2-dimensional su-
persymmetric quantum mechanics. Ignoring the supersymmetry, this field theory has dimension

1.

Remark 0.2.6. One might note that the in the above examples, the genera coming form a d-
dimensional field theory have natural homes in cohomology theories of chromatic height d. Part of

the Stolz-Teichner program is the philosophy that this phenomenon should always be true, [82,183].
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One might ask if there is a way of extracting these manifold invariants algebraically. That is,
is there an analogous operation to “taking the partition function" that one can perform on the

associated algebras of observables.

Expectation 1. The expectation is that partition functions should correspond to a type of trace

nwvariant on Obs?.

Remark 0.2.7. For an ordinary associative R-algebra A, a trace on A is a map

Since HH,(A) is the factorization homology of A over S, we might expect that for a factorization

algebra A on a manifold M, a trace on A is something like a map

/A—>R.
M

The algebra of classical observables of the 1d Chern-Simons theory from Example is Op-x.
The algebra of local quantum observables is the Rees algebra of differential operators on X. Note
that this matches our observation that quantization corresponds to deformation, as Rees(Diff x) is
the canonical deformation of Op«x.

The Atiyah-Singer index theorem [2] says that one can recover A(X) by looking at the index of

elliptic differential operators on X,

~

Index(D) :/ A(X)ch(D).

There is therefore hope that the algebra Rees(Diff x) would know about A.

More generally, functions on a symplectic manifold (M, w) has a canonical deformation, called
the Fedosov quantization [41].

Equipping the Fedosov deformation quantization with a trace, Bressler, Nest, and Tsygan have

proven an algebraic version of the Atiyah-Singer index theorem, [18}42,70].

Theorem 0.2.8 (Algebraic Index Theorem). Let (M,w) be a compact symplectic manifold. Let

Q be the Fedosov connection for M. There exists a unique normalized trace ty; on the Fedosov
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deformation quantization of Oy so that

1 «

ta(l) = W/MA(TM) exp(—£2/h).

In this Example [0.2.3] one can justify Expectation [} In [53,54], they show that the partition
function computations of |55 match with the trace computations in the algebraic index theorem.

There is also evidence of Expectation [If in dimension 2.

Example 0.2.9. The field theory from Example has dimension 2, and therefore its algebra
of local quantum observables Obs? should be a factorization algebra over the manifold . In [51],
they show that Obs? is given by the vertex algebra of chiral differential operators CDO(Y') on Y,
see [64]. In |51], it is also shown that the Witten genus appears in the graded character of CDO(Y).

Chapter 2 of this thesis is proving a version of the algebraic index theorem for the algebra of

local quantum observables for supersymmetric quantum mechanics.

0.3 Supersymmetric Quantum Mechanics

We highlight what changes in the super version of the quantum mechanics story.

In quantum mechanics, one considers deformations of functions on a symplectic manifold. Lo-
cally, symplectic manifolds are modeled by T*R™. The canonical deformation is the Weyl algebra
Weyl,,,.

In supersymmetric quantum mechanics, one instead deforms a symplectic supermanifold. By
Batchelor’s theorem [5], supermanifolds are noncanonically isomorphic to ones of the form FE[1]
where F — X is a vector bundle on X. Similarly, symplectic supermanifolds come from quadratic
vector bundles on symplectic manifolds, [76]. Locally, these are modeled by a quadratic vector
space (V,Q) and T*R"™. The canonical deformation is the tensor product of the Weyl algebra and
the Clifford algebra,

Weyl,,, ® Cliff(V, Q).

The quadratic vector bundle provides an extra direction of freedom that appears throughout

this thesis.
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Motivated by Example and a special case computation by Engeli [38|, we expect the super
version of the algebraic index theorem to reveal the L-genus.

The L-genus on an oriented 4k-dimensional manifold N is given by the signature sign(N). L-
theory and the signature are built from the study of quadratic forms on vector spaces.

We thus see an interesting dynamic between the quadratic vector space (V, Q) appearing in the
structure of the symplectic supermanifold, and the L-genus expected to appear in the partition
function. This relationship incarnates in unexpected ways. For example, the L-genus only appears
when the quadratic form @ has signature (a,a). The main theorem (Theorem of Chapter 2

is to compute what replaces the L-genus in general signature.
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Chapter 1

Deformation Quantization for
Supermanifolds via Gelfand-Kazhdan

Descent

1.1 Introduction

Given a symplectic manifold (M,w), it is a classic question to ask whether there exists a defor-
mation of the algebra of functions O, compatible with the symplectic form w. The space of such
deformations was first described independently by De Wilde-Lecomte [35] and Fedosov [41]. This
result was extended by Kontsevich to apply to all Poisson manifolds, [60].

Here, we give a new proof of the super-analogue of Fedosov’s quantization result, showing that
for symplectic supermanifolds there exists a deformation quantization. A symplectic supermanifold
is a supermanifold M together with an even, closed, nondegenerate 2-form w on M, (Definition .
In particular, we work with even symplectic supermanifolds.

Fedosov’s quantization of a (non-super) symplectic manifold (M, w) requires the data of a sym-

plectic connection on M. In our formulation, for a symplectic supermanifold (M, w), the connection

data is replaced with an h-formal exponential (Definitions[1.3.27| and [1.5.7)).

Theorem 1.1.1. Let (M,w, o) be a symplectic supermanifold with an h-formal exponential o. Then

there ezists a canonical deformation quantization A, (M) of the Poisson superalgebra Oy.
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This is Theorem [1.5.12|below. For (M, w) a non-super symplectic manifold, a symplectic connection
on M determines an h-formal exponential. In this case, our theorem recovers Fedosov’s canonical
deformation. We discuss the relationship between the deformation quantization in Theorem [I.1.]]

and the space of all deformation quantizations in Remark [[.1.2]

A deformation quantization of a Poisson K-algebra (A, {—,—}) (such as k-valued functions on

a symplectic manifold) is an associative k||[Ah]|-algebra (Aj,x) with a K|[[A]]-module isomorphism
ymp g P

A, ~ A[[h]] such that

e for all f,g € A;, we have

frg=fg+hBi(fg)+hBa(fg)+-

for bidifferential operators B;(—, —), and

o if f,g€ A, then £[f,g] ={f, 9} mod h.

The simplest example of a symplectic manifold is the cotangent bundle 7*R™. The cotangent
bundle has a canonical quantization given by the Weyl algebra (Definition [1.5.17). By Darboux’s
Lemma, symplectic manifolds all locally look like T*R™ for some n. Production of a deformation
quantization on a general symplectic manifold usually proceeds by trying to globalize from the
Weyl algebra on a Darboux chart. For example, given a manifold X, the canonical deformation
quantization of T*X given by the Rees algebra of differential operators on X can be produced

locally using the Weyl algebra.

There is a similar story for symplectic supermanifolds, but the local structure in the odd direction
has additional freedom. Locally, a symplectic supermanifold is specified by what we call it’s type:
a triple of numbers (2n|a,b) where there are 2n even dimensions, a + b odd dimensions, and the
symplectic structure in the odd direction comes from a quadratic form @ of signature (a,b). The

canonical local quantization is then a tensor product of Weyl and Clifford algebras,

A(R¥™") = Weyl(T*R™) ® Cliff(R", Q).
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1.1.0.1 Comparison to other Deformation Quantizations

There have been many approaches to globalizing the canonical choice of local deformation quan-
tization [12}[23}|36]41},42,88]. In the super-case Bordemann [15,/16| constructed a deformation
quantization for symplectic supermanifolds using Fedosov’s approach. A similar result also appears
in [38] using the methods of [42]. Our method of proof is similar, and inspired by, the methods used
by Bezrukavnikov and Kaledin in the non-super case [12]. The formalism in 12| that we mimic

here also works in the algebraic setting, and has even been extended to positive characteristic [13].

Here, we globalize the local quantization and prove Theorem using techniques in formal
geometry, first described by Gelfand-Kazhdan in [45], called Gelfand-Kazhdan descent. This is a
special case of Harish-Chandra descent. Roughly speaking, this is a fancy version of the Borel
construction that takes into account the connection data on the formal coordinate bundle ( |12,
§3.1], |57, §4.2|, or in the super-symplectic case below). We develop Gelfand-Kazhdan
descent for symplectic supermanifolds in §1.3.3] Gelfand-Kazhdan descent is also used in a more
modern computation of the Witten genus coming from the factorization algebra of chiral differential
operators [51]. One benefit of using Gelfand-Kazhdan descent here is to make connections to

Feynmann diagram computations in the BV formalism (as in [51]) more accessible, see §1.1.1.3

Remark 1.1.2. Essentially, we construct deformation quantizations locally on a formal disk and
use gluing data Glue to descend to a deformation quantization on the whole manifold. In [12],
they classify the set Q(M,w) of deformation quantizations of a (non-super) symplectic 2n-manifold
(M,w) up to isomorphism using these techniques, [12, Lem. 3.4]. This is done by describing the
set of all possible gluing datum, which involves considering the unwieldy pro-group Aut(Weyl,, ) of

automorphisms of the Weyl algebra,
GlueAut(WeyIQn) 1> Q(Ma w)

Here, we instead restrict the gluing datum to be linear. In the purely even case, this corresponds to

requiring the data to come from the symplectic group Sp(2n). We get a factoring of the equivalence
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from [12],

GlueAut(WeyIQn) —— Q(M7 w)

|

G|uesp(2n)

The space Gluegp(2n) is equivalent to the space of h-formal exponentials (Remark (1.3.34]), which
is contractible, Lemmas [1.3.28| and [1.5.8, In summary, the added rigidity produces a contractible

space of gluing data, and hence an essentially unique deformation quantization. See also Remark

Lo lol

1.1.1 Motivation and Broader Perspective

Our present work is motivated by a larger program to relate genera to partition functions of field
theories. In §I.T.1.T} we give a zoomed-out look at how this paper relates to manifold invariants
of interest. The relationship between Fedosov quantizations and algebraic index theorems is dis-
cussed in §1.1.1.2] Lastly, in §1.1.1.3] we discuss the physical interpretation of this broader picture.

Studying the questions raised here is ongoing joint work with Owen Gwilliam and Brian Williams.

1.1.1.1 Motivation: Manifold Invariants

Let sMfld® denote the category of symplectic supermanifolds, see Definition below. There is a
category sGK™ (Variation|1.3.31)), fibered over sMfld*?, of pairs (M, o) of a symplectic supermanifold
and an A-formal exponential; that is, the necessary input data for Theorem [I.1.1} Roughly speaking,

Theorem [1.1.1| provides a lift to the functor of R-valued smooth functions,

A_
(SGK:)op I S > Modge (SAIgR[[hH)

| -

(sMfld®P) Modg- (sAlgg)

=)
As mentioned above, given a manifold X and a quadratic vector bundle £ — X with compatible
connection, one can produce an even symplectic structure on the supermanifold (7*FE)[1], where

m: T*X — X is the projection map. We obtain a functor
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Lx: VBIYHY — (sMfid*)™,

where VB?;?d’v (Example |1.2.14)) is the category with

e objects: triples (F,g,V) of vector bundles over X, equipped with a quadratic form and a

compatible connection, and

e morphisms: a morphism (F,g,V) — (E’,¢’, V') is a map of vector bundles f: £ — E’ that

is a fiberwise isomorphism, intertwines the quadratic forms, and so that f*V’' = V.

Just as the cotangent bundle of an ordinary manifold has a canonical quantization, we will

construct a deformation quantization for symplectic supermanifolds coming from VB?E?d’V, see

Remark and Lemma [1.5.14. This is done by constructing a lift of Ly to sGK™,

(sGK=)?
E/X//1 L

uad,V Sp\°P
VB(;X e (stId p)
Composing the lift Ly with the deformation quantization functor A over T*X, we obtain a
functor (Remark [1.5.13)
e uad,V
AX: VB(/]X — MOdQ%*X(SAlgR[[ﬁ}])
Further post-composing with the Hochschild cohomology functor HHgg;(—; —"), we obtain a
functor
Ix: VB(}E(ad’V — MOdQ%*X(ChR[[h]])
Question 2. What invariant of quadratic vector bundles on X does Ix produce?

One well-studied invariant of quadratic vector bundles is the Witt group, [90]. It is natural to ask
how Iy and Witt(X) are related. In particular, the Witt group is obtained by quotienting by the

hyperbolic quadratic forms. Since Hochschild (co)homology is invariant under Morita equivalence,
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one might expect that A x sends vector bundles with hyperbolic quadratic forms to Morita trivial

algebras.

Question 3. How does Ix behave under stabilization by vector bundles with hyperbolic quadratic

forms? In particular, does Ax send hyperbolic vector bundles to Morita trivial superalgebras?

Example 1.1.3. The answer to this question is “yes" when X is a point. In this case, we are
considering the functor from vector spaces equipped with a quadratic form to superalgebras. The
functor Zpt sends a quadratic vector space (V, @) to the Clifford algebra Cliff(V, Q). When @Q is
hyperbolic, the Clifford algebra is equivalent to a matrix algebra via the spinor representation, and

hence is Morita trivial.

The Witt group Witt(X) is closely related to the (quadratic) L-groups, L(X)s, [74]. The L-
groups are the natural home for the signature of X. As noted below (§1.1.1.2)), we expect a
super-version of the algebraic index theorem ( [38|) applied to certain oriented vector bundles over
X to recover the L-genus. There are also indications in the literature |11] that the 1d AKSZ theory
relevant to Ay has partition function related to the L-genus ( The invariant Iy constructed
here should therefore lead to interesting connections between super deformation quantization and

the L-genus.

1.1.1.2 Motivation: Index Theory

An essential invariant of a differential operator is its index. One can ask how much the deformation
Rees(Diff x) of 7" X knows about the topology of X. Famously, Atiyah and Singer |2| proved that
the (analytic) index of an elliptic differential operator D on X is equivalent to its topological index.
Bressler, Nest, and Tsygan have proven an algebraic index theorem [42}/70] using deformation theory.
The algebraic index theorem, equips the Fedosov quantization of (M,w, V) (a symplectic manifold
with symplectic connection V) with an interesting trace map Try,, and then gives a description of

the trace evaluated at 1 involving known topological invariants,

Trys(1) = /M A(TM)exp(—char(V)/h)

!There is a scalar term here, which depends on a normalization condition. Here char(V) is the characteristic class
of the deformation. See |42}, §4].
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In [38], Engeli proves a generalization of the algebraic index theorem of Bressler-Nest-Tsygan
[42,[70] for certain symplectic supermanifolds of type (2n|n,n). In Engeli’s result |38, Thm. 2.26],
one sees an invariant closely related to the multiplicative sequence for the L-genus replacing the
fl—genus in the non-super version. Our techniques of super-Gelfand-Kazhdan descent could be used
to reproduce and generalize Engeli’s super algebraic index result. See for more discussion
along these lines.

We prove generalization of Engeli’s result in Chapter [2|

1.1.1.3 Motivation: Quantum Field Theory

The deformation quantization of T*R™ is the Weyl algebra. In quantum mechanics, this is the algebra
of observables of a free bosonic system. The super-version, Theorem [I.1.1] corresponds to adding
fermions. The resulting Weyl-Clifford algebra is the algebra of local observables of suspersymmetric
quantum mechanics.

One can think of globalizing as going from the AKSZ theory for the formal super-disk to the
theory for the symplectic supermanifold M. On BV fields this is a process

Maps(S*, D?I") ~ Maps(S*, M).

In [55], Gwilliam and Grady construct 1d Chern-Simons theory in the BV formalism following
Costello-Gwilliam [31},/33]. This 1d theory has quantum observables that agree with the Fedosov
quantization of T*X. We expect a super-analogue to [55] to show that the super-Fedosov quan-
tization from Theorem [1.1.1] appears as the observables of supersymmetric quantum mechanics.
Gelfand-Kazhdan descent for factorization algebras of observables has been developed in [51]. As-
suming one uses these descent techniques to describe supersymmetric quantum mechanics in the BV
formalism, our proofs of Theorem below make one well-positioned to compare the algebraic

and physical constructions. Such a comparison for 1d Chern-Simons theory is made in [53},54].

1.1.2 Linear Overview

We give a brief overview of the structure of this paper.

In , we review the basics of symplectic supermanifold, including Rothstein’s analogue 76|
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of Batchelor’s structure theorem for supermanifolds |5]. We define super-Harish-Chandra pairs and
construct the particular example of such that we will use for our descent in §1.3.1] Our descent
functor is defined in §1.3.3] where we also give a few first examples of how descent works. In
§1.3.3, we also prove several monoidal properties of our super-Gelfand-Kazhdan descent functor.
The formalism developed in is used in and to show that Gelfand-Kazhdan descent
takes deformation quantizations to deformation quantizations. In §I.5, we prove Theorem [I.1.1]
giving a deformation quantization of a symplectic supermanifold. We then describe the deformation

quantization in terms of Weyl and Clifford algebras in §1.5.1]

1.1.3 Conventions

We set the following conventions for the paper.

Algebra Conventions.
e Let k be either R or C
e K will be a Lie supergroup
e g is a Lie superalgebra

Manifold Conventions.
All manifolds are real (i.e., not complex), smooth and without boundary. A manifold with
boundary is a manifold with, possibly empty, boundary. We use the phrase “ordinary manifold" to

distinguish from a supermanifold.

e X will denote an ordinary manifold

X will denote a supermanifold

(M,w) will denote a ordinary symplectic manifold

(M,w) will denote a symplectic supermanifold

Oy denotes smooth k-valued functions on Y
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e D?I" is the formal super-disk of dimension 2n|r whose ring of functions is
Oﬁgn‘r = k[[pl, ey Pnsq1, .- -5 Qn, 917 e ,HTH.

e Given a k-vector space V, the trivial vector bundle on X with fiber V' is denoted V.

Further conventions are explained later, see Convention [1.3.38|

1.2 Review of Symplectic Supermanifolds
We review the basics of symplectic supermanifolds that we will use below. For more comprehensive
discussions of supermanifolds, see [5,/62,|75].

Definition 1.2.1. A supermanifold is a Z/2-graded ringed space X whose underlying space X is

an n-manifold and such that the ring of smooth functions Oy is locally isomorphic to
Orn @ AlB1, ..., 06,]

for some r. A morphism of supermanifolds X — Y is a graded map Oy — Ox living over a smooth

map X — Y.

We will let sMfld,,, denote the category of supermanifolds with n even dimensions and r odd

dimensions.

Example 1.2.2 (Ordinary manifolds as supermanifolds). Let X be an ordinary (i.e., not super)

n-manifold. We can regard X as a supermanifold with 0 odd directions.

Example 1.2.3. We let R”" denote the supermanifold with underlying manifold R™ and functions

Or\v = R[§OO, ce §\] (%9 *[(900, o ,HV].

Example 1.2.4 (Batchelor’s theorem). Let X be an ordinary n-manifold and £ — X a rank k
vector bundle on X. One can form a supermanifold E[1] with underlying ordinary manifold X and

functions

OS[oo] = _(Xv *og\/).
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For the tangent bundle 7X — X, we use the notation T[1]X, which has Orpgx = ®ﬁ, the
underlying Z/2-graded vector space of the de Rham complex. The notation IIE is sometimes used
for E[1]. By Batchelor’s theorem |5} §3|, every supermanifold is noncanonically isomorphic to one

of the form E[1].

Definition 1.2.5. Given a supermanifold X, vector fields on X is the Lie superalgebra
Vect(X): = Der(Ox)

of graded derivations.

Forms of degree k on X is the space
QF . = A¥(Vect(X)Y).

The de Rham complex of X is % with differential defined to be the derivation of bidegree
(1,even) which locally on generators w;, 8;, dx;, df; is given by d(z;) = dxz;, d(0;) = db;, d(dx;) = 0,
and d(df;) = 0.

Note that Q% inherits a Z/2-grading, so we can speak of even and odd forms on X.

Definition 1.2.6. A symplectic supermanifold is a pair (M,w) where M is a supermanifold and w
is an even, closed, non-degenerate 2-form on M.
A symplectomorphism : (M,w) — (M, w’) is a morphism of supermanifolds M — M’ that is a

diffeomorphism on underlying manifolds and so that ¢*(w') = w.

We let stId:ﬂ denote the category of symplectic supermanifolds with n even dimensions and r

odd dimensions.

Example 1.2.7 (Ordinary symplectic manifolds as symplectic supermanifolds). Let (M, w) be an
ordinary symplectic manifold. Viewing M as a supermanifold with 0 odd directions, w becomes an
even 2-form. Thus (M, w) can be seen as a symplectic supermanifold.

Example 1.2.8. By Darboux’s theorem, |19, Thm. 8.1|, every (ordinary) symplectic manifold
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(M, w) is locally isomorphic to (R*",wy) where, in coordinates pi,...,pn,q1, - -, Gn, the form wy is

We can similarly give R?"I" a symplectic structure but we need to make a choice of Q = (€1,...,€)

where ¢; € {1, —1}. Given such a @, we can define a symplectic form on R*"I" by

wg = ;dpi Adg; + ;%d@f

where 04, ...,0, are the odd coordinates. Note that wg is equivalent to the date of its signature,

that is the number a of positive ¢; and the number b of negative ¢;. We have a + b = r.
Notation 1.2.9. We denote the symplectic supermanifold described in Example by (R, wg)-

Definition 1.2.10. A symplectic super vector space is a super vector space V together with a
nondegenerate bilinear form b: V' x V' — Kk that is skew-symmetric in the even directions and

symmetric in the odd directions,

b(Z'? y) = (_1)\xlly\b<y’ l’)

Let (V,b) be a symplectic super vector space of dimension 2n|r. Let @) be the quadratic form
associated to the nondegenerate bilinear form b. Analogously to the purely even case |19, Thm.

1.1], there is an isomorphism between (V,b) and (R*I", wg) from Example

Definition 1.2.11. The (2n|a,b)-symplectic group, denoted Sp(2n|a,b), is the group of linear

symplectomorphisms of (R*",wg) where @ has signature (a, b).

When (a,b) = (r,0), this is sometimes called the symplectic-orthogonal group.

Remark 1.2.12. Define the super-transpose of a block matrix

A B
C D
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to be
AT —CT

BT DT

MST —

Let G denote the diagonal matrix G' = diag(ey, ..., €,) where @ = (ey, ..., ¢€.). If GL(2n|r) denotes
the general linear supergroup, then Sp(2n|a,b) C GL(2n|r) consists of those matrices M so that

MTHM = H
where
Q0
0 G
and
0 Id,,
) =
-Id, O

Note that when there are no odd dimensions we have Sp(2n/0,0) = Sp(2n).

Remark 1.2.13. If we replace G with a conjugate matrix, we obtain an isomorphic Lie group.

Example 1.2.14. Let (M,w) be an ordinary symplectic manifold, E — M a vector bundle, and
(g, V) a metric and compatible connection on E. The data (w, g, V) defines a super-symplectic form
on the supermanifold E[1], see |76, Def. 1]. Let VB?mid’SVp be the category of quadruples (M, E, g, V)
and morphisms respecting this data. Explicitly, a morphism (M, E, g, V) — (M', E', ¢', V') is a map

of vector bundles f: E — E’ that is a fiberwise isomorphism, lives over a local symplectomorphism

M — M’ intertwines the quadratic forms, and so that f*V' = V.
There is a symplectic analogue of Batchelor’s theorem |[5], due to Rothstein, [76].

Theorem 1.2.15 (Rothstein). Every symplectic supermanifold is non-canonically isomorphic to

one of the form in Example [1.2.1]]

Corollary 1.2.16. Let (M,w) be a symplectic supermanifold. Then the underlying manifold M
inherits the structure of an ordinary symplectic manifold. In particular, M must have an even

number of even directions.
We also have a super-analogue of the Darboux theorem [61, Thm. 5.3]
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Theorem 1.2.17 (Kostant). Let (M,w) € sl\/lfld;s'r. Then there exists Q = (€1,...,€.) so that for

every x € M, there exists an open neighborhood U of x that is symplectomorphic to (R2"|7",wQ).

Here wg is as in Example [1.2.8 See also [86, §3] and the references therein.

Notation 1.2.18. Let (M,w) be a symplectic supermanifold so that locally w is of the form w¢g with
signature (a,b). We refer to (M, w) as having type (2n|a,b).

Definition 1.2.19. Let sMfldy,,,, denote the category of symplectic supermanifolds of type (2n|a, b)

and local symplectomorphisms.

Next, we would like to discuss symplectic vector fields on a symplectic supermanifold. For
motivation and to review, we first recall the notions on ordinary symplectic manifolds.
1.2.0.1 Symplectic Vector Fields: Ordinary Manifolds

Let (M,w) be a symplectic manifold. The nondegenerate 2-form w determines an isomorphism

TM = T*M, and thus an equivalence
¢, Vect(M) = Q' (M).

Definition 1.2.20. Let (M,w) be a symplectic manifold. The Lie algebra of symplectic vector
fields is the sub-Lie algebra of Vect(M) consisting of those vector fields v such that ¢, (v) is closed.
Denote by Vect™™P (M) the Lie algebra of symplectic vector fields.

Say v is a Hamiltonian vector field if ¢, (v) is exact. In this case, we refer to a function h such

that dh = ¢, (v) as a Hamiltonian of v.

We will describe a characterization of symplectic vector fields in terms of the ring of functions

Oy To do this, we need to understand the structure the symplectic form w induces on Q.

Definition 1.2.21. A Poisson algebra is an commutative algebra P equipped with a Lie bracket

{—, —} satisfying the Leibnitz rule

{f,gh} ={f,gth+g{f h}

for any f,g,h € P.
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A Poisson derivation of P is a linear map d: P — P so that for all z,y € P we have
o d(zy) = d(z)y + zd(y), and

o d({z,y}) = {d(x), y} + {z,d(y)}.

The following is |65, Lem. 1.1.18].

Lemma 1.2.22. Let (M,w) be a symplectic manifold. Then Oy is a Poisson algebra with bracket

{f, 9} = 65" (df)(9)-

Here, ¢ ' (df) is the Hamiltonian vector field with Hamiltonian f.

Notation 1.2.23. Let (M, w) be a symplectic manifold. We let Der,,(Oy) denote the Lie algebra of

Poisson derivations of the Poisson algebra (Opr, {—, —}w)-

The following is [19, Def. 18.2].

Lemma 1.2.24. Let (M,w) be a symplectic manifold. There is an equivalence of Lie algebras
Vect™™P (M, w) ~ Der,,(Oy).

1.2.0.2 Symplectic Vector Fields: Supermanifolds

For the super case, we mimic the description of symplectic vector fields as derivations of a Poisson

algebra.

Definition 1.2.25. A Poisson superalgebra is a supercommutative superalgebra R equipped with

a Lie superbracket {—, —} such that

{f.gh} = {f, gth+ (=1)"V9g{ f, h}

for all f,g,h € R.

The following is in [86, Pg. 244].

36



Lemma 1.2.26. Let (M,w) be a symplectic supermanifold. Then w induces an equivalence
b, : Vect(M) =2 QH(M),
and Oy is a Poisson superalgebra under the superbracket

{1, 9}e = 65" (df)(9).

Example 1.2.27. Since we will be using formal geometry, we will often be interested in the formal
super-disk D2I" . If we give R¥™" a symplectic form of type (2n|a,b), then functions on the formal
disk inherits a Poisson algebra structure from the completion of functions on R*"" at the point 0.

In coordinates, the Poisson bracket on

OﬁQn\r - k[[pl;--'apn7q1a"'7qn7017‘"’H(Z?e/l?"'?gl/)“

is given by
{0:,0;} =1
.0y =1

and the rest zero. We denote this Poisson algebra by (/’)\2n|a7b.

Notation 1.2.28. Let Der,,(Oy) denote the Lie superalgebra of Poisson derivations of the Poisson
superalgebra (Om, {—, —}u)-

Definition 1.2.29. Let (M,w) be a symplectic supermanifold. The Lie superalgebra of symplectic

vector fields on M is the Lie superalgebra of derivations

Vect™ ™ (M, w) = Der,(Oy).
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1.2.0.3 Bundles

For an overview of vector bundles and principal bundles on supermanifolds, see |77 or [20]. For a
construction of the frame bundle of a supermanifold, see 86, §2]. Just as the structure group of the
frame bundle of an ordinary symplectic manifold can be reduced to the symplectic group, we have

the following,

Lemma 1.2.30. Let (M,w) be a symplectic supermanifold of type 2n|a,b. Then the structure group
of the frame bundle Fry — M can be reduced to Sp(2n|a,b).

The fiber over x € M will be
FrEAP(Qn\a,b)|x = Symp ((TIM, W|z), (RZn\r’ UJQ)) ’

the group of linear symplectomorphisms.

1.3 Gelfand-Kazhdan Descent for Symplectic Supermanifolds

We would like to construct a descent functor that allows us to study symplectic supermanifolds
locally. The notion of descent we will consider is a variant of the Borel construction. For K a Lie
group, the Borel construction takes a principal K-bundle P — X and a K-module V' to the vector
bundle P xx V' — X. Harish-Chandra descent is a generalization of this construction from K to a
Harish-Chandra pair (g, K'). We will need a slightly more complicated version of Harish-Chandra
descent, known as Gelfand-Kazhdan descent, |51, Def. 2.17].

Remark 1.3.1. The Gelfand-Kazhdan descent considered here generalizes that in [51, §2.4] in two
ways. First, we work with supermanifolds. Second, our descent allows for general symplectic

manifolds rather than just cotangent bundles. The symplectic case is also studied in |12].

1.3.1 Harish-Chandra Pair

We define the Harish-Chandra pair we will use for our super-Gelfand-Kazhdan descent.

Definition 1.3.2. A super-Harish-Chandra pair (sHC pair) is a pair (g, K') where g is a Lie super-
algebra and K is a Lie supergroup together with
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e an injective Lie superalgebra map i: Lie(K) — g
e an action of K on g, px: K — Aut(g)

such that the action of Lie(K) on g induced by pg,
Lie(pk): Lie(K) — Der(g),

is the adjoint action induced from the embedding i.

In the purely even case, when g is an ordinary Lie algebra and K is an ordinary Lie group, this

recovers the usual (non-super) definition of an HC pair.

Definition 1.3.3. A morphism of super-Harish-Chandra pairs (f, f): (g, K) — (¢, K') is

e a map of Lie superalgebras f: g — ¢’ and

e a map of Lie supergroups f: K — K’

such that the diagram of Lie superalgebras

commutes.

Example 1.3.4. The category of sHC pairs has an initial object (0, €), where 0 is the 0-dimensional

Lie superalgebra and e is the 0-dimensional Lie supergroup consisting of the identity point.
Example 1.3.5. Let K be a Lie supergroup. Then (Lie(K), K) is sHC pair, see |61, Thm. 3.5|.

Example 1.3.6. Let G and K be Lie supergroups. Let ¢: K’ C K be a closed sub-supergroup.
There is a unique sHC pair structure on (Lie(G), K’) so that

(Idpie(c. 0): (Lie(G), K') — (Lie(G), K)
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is a morphism of super-Harish-Chandra pairs. This is |51, Ex. 1.2].
More generally, if (g, K) is an sHC pair and K’ C K is a closed sub-supergroup, then there is a
unique sHC pairs structure on (g, K') so that (Idg,¢) is a morphism of sHC pairs.

Example 1.3.7. Let (g, K) be an HC pair. Given a central extension g of g that is split over
Lie(K), the pair (g, K) is an HC pair. This is in |7, §2.1.1].

The following lemmas allows us to produce more examples of sHC pairs.

Lemma 1.3.8. Let (g, K) be an sHC pair. Let j: ¢’ C g be a sub-Lie superalgebra. If the injective
map Lie(K) — g factors through a map j': Lie(K) — ¢, then there is a unique sHC pair structure
on (¢, K) so that (j',1dg) is a morphism of sHC pairs.

Proof. Since Lie(K) — g is injective, so is the factored map j': Lie(K) — g’. To produce an
action pf : K — Aut(g’) of K on g’, note that the adjoint action of Lie(K') on g (via the embedding
i: Lie(K) — g) may be restricted to the adjoint action of Lie(K) on g’ (via the embedding j). Since
(g, K) is an sHC pair, the adjoint action of Lie(K') on g is given by Lie(pg). Thus, for x € Lie(K)

and g € ¢g’, the adjoint action of x on g is given by the formula

d
z(g) = E\tzo exp(tx) - g.
This is exactly the formula for the derivative of an action p): K — Aut(g’). Thus (¢’, K) is an

sHC pair. The pair (j',Id) is a morphism of sHC pairs by construction. ]

The following geometric incarnation of Example will be the motivation from which we will

construct our sHC pair of interest.

Example 1.3.9. Let X be a supermanifold. Then (Vect(X), Diff(X)) is almost an sHC pair. As
Diff (X) is infinite-dimensional, this is not technically an example of an sHC pair. However, there is
an injective map

and one can think of the Lie algebra of Aut(Ox) as being vector fields on X

Vect(X) = Der(Ox) “ ~ " Lie(Aut(Ox)).
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If X is an affine space, we can make a related precise statement. The linear diffeomorphisms
GL(X) of X form a sub-supergroup of Aut(Ox). Now, GL(X) is a Lie supergroup, and (Vect(X), GL(X))

is an sHC pair.

Example 1.3.10. Let M = R*"I" be the symplectic supermanifold with symplectic form wg, as in
Example [1.2.8] Then Sp(2n|a,b) is a closed sub-supergroup of GL(M), where (a, b) is the signature

of @), see Remark [1.2.12] By Example [1.3.6] we get an sHC pair
(Vect(R*), Sp(2n]a, b)).

Recall the Lie sub-superalgebra of symplectic vector fields j: Vect™™ (M, w) C Vect(M) from
Definition [1.2.200

Corollary 1.3.11. There is a unique sHC pair structure on (Vect®™P(M,w), Sp(2n|a,b)) so that

(7,1d) is a morphism of sHC pairs.
Proof. This follows from Lemma [1.3.8] O]

We would like to mimic the above story for R?*" replaced with the formal super-disk.

Definition 1.3.12. Let X be a supermanifold and z € X. Let Ox, denote the superalgebra of
germs of functions at x. Let m, be the ideal of functions vanishing at z. The ring of functions of

the formal neighborhood of X at x is the limit

Ox@ = hgn Ox@/m;.

The Lie superalgebra of formal vector fields of X at x is the Lie superalgebra of derivations

Vect, (X) = Der(Ox., ).

Remark 1.3.13. One can consider a subgroup Aut™(Ox,) of Aut(Ox,) of filtration preserving
automorphisms. This subgroup can be considered as a pro-Lie supergroup. Its Lie superalgebra

consists of those vector fields that vanish at x. We have a non-canonical equivalence
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Lie(Aut™(Ox ,)) @ R*"" ~ Vect, (X), (1.1)

where X has dimension 2n|r. This equivalence is given informally by taking a pair (vg,y) of a
vector field that vanishes at = and a vector y € R*" to the vector field that looks like vy translated

by y. See |51} §2.1.1] for the non-super analogue.
Lemma 1.3.14. The pair (@tz(X),Autﬁlt(@x,w)) has the structure of a pro-sHC' pair.

Proof. This follows from the pro-version of Example m Indeed, Vect, (X) = Der((/’)\x,x) is the Lie

algebra of Aut(@xﬁw), and filtration preserving automorphisms are a sub-pro-Lie group. O

As in the non-formal case, we would like to restrict to symplectic vector fields and linear sym-

plectomorphisms.

Lemma 1.3.15. Let (M,w) be a symplectic manifold and x € M a point. The Poisson superalgebra

structure on Oy induces a Poisson superalgebra structure on @M@.
Proof. This follows from [39, §1.2]. ]
In analogy with Lemma [1.2.24] we make the following definition.

Definition 1.3.16. Let (M,w) be a symplectic supermanifold and z € M a point. The Lie superal-
gebra of symplectic formal vector fields on M at x is the Lie superalgebra of Poisson derivations of

the Poisson superalgebra (@M@, {—,—}u)s

——— symp

Vect, (M,w): :Derw(@M7x).

Consider the case when M is affine. That is, take a symplectic supermanifold of the form

(R*" wg) from Example We have a formal version of Corollary [1.3.11{

Lemma 1.3.17. There is a unique sHC' pair structure on

(Vecty  (R*V".wq), Sp(2na, b))
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so that the inclusion of symplectic vector fields and the inclusion of linear symplectic automorphisms

induce morphisms of sHC pairs

( —— symp

Vect,  (R*" wy), Sp(2n]a, b)) — (@tO(R2”"",wQ),Sp(2n|a, b))

= (v’éao(RW,wQ), Autﬁ“(@RWO)) .

Proof. This follows from the pro-version of Lemma [1.3.8] and Example[1.3.6 O]

Convention 1.3.18. For the symplectic supermanifold (R>"I", wg) with @ having signature (a, b),

we set the following notation:

e Autgyqp is the pro-supergroup of filtration preserving automorphisms of Poisson superalgebras

ilt /A
AUtPoiS(OR%“‘,O? WQ)a

° (5271‘%1, is the Poisson superalgebra (@Rzn\r,o, {— —}ug), and
. . ST SYmP o
® gonjap is the Lie superalgebra Vect, —(R*", wq).

The pair (gonja,p, SP(2n|a, b)) will be the main sHC pair of interest to us.

1.3.2 Category of Manifolds

In the Borel construction, one considers the category of principal bundles. Analogously, we will
make use of a category of principal (g, K')-bundles.

Following [51, Def. 1.5], we define principal bundles for Harish-Chandra pairs as follows.

Definition 1.3.19. Let X be a supermanifold. Let (g, K) be a super-Harish-Chandra pair. A
(g, K)-principal bundle over X is a principal K-bundle P — X together with a K-invariant g-valued
1-form v € Q'(P; g) such that

e for all a € Lie(K), we have v((,) = a where (, denotes the induced vector field on P, and

e v satisfies the Maurer-Cartan equation

1
darw + 5[1/, v] = 0.
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We let Bun?;tK) denote the category of (g, K)-principal bundles and morphisms (P,w) — (P, w’)
bundle maps F': P — P’ so that F*w' = w.

Example 1.3.20. For the sHC pair (Lie(K), K'), the notion of a principal (Lie(K), K)-bundle

recovers the notion of a principal K-bundle with connection.

Example 1.3.21. If g is the Lie algebra of a Lie group G, and K C G is a closed subgroup, then
a principal (g, K)-bundle is the same as a principal G-bundle with connection, together with a

reduction of structure group from G to K. See [51, Pg. §|.

As noted in Convention |1.3.18, the sHC pair of interest to us is (gonje,p, SP(2n|a, b)). Let (M, w)
be a symplectic supermanifold of type (2n|a,b). Recall from Lemma [1.2.30, that there is a prin-

cipal Sp(2n|a, b)-bundle Fri?®"" on M. We will construct a (82005, SP(211|a, b))-principal bundle

structure on Frf,lp(%la’b). We will do this in two steps:

Step 1. first we construct a principal Auty,|,,-bundle M°" on M, and give it a gop|q,5-valued connection;

Step 2. second we move this structure from M®°" to Frf,lp (2n]a.b) using a “formal exponential."

The results of this section are summarized in the following theorem.

Theorem 1.3.22. There is a category with objects symplectic supermanifolds (M, w) of type (2n|a, b)

equipped with a (Ganjas, SP(2n|a, b))-bundle structure on Fry?*"*?  which we denote SGKZjap- A

choice of formal exponential defines a lift of an object in sMfldayj2p o an object of sGKy,, -

Moreover, there is a functor

= flat
SGK2n‘a’b — Bun(QQn\a,b»Sp(Zn"a:b))

lwing above sMflda; 4 p-

1.3.2.1 Formal Symplectic Coordinate Bundles

Given a symplectic supermanifold (M,w) of type (2n|a,b), we will construct a Auty,,;-bundle
M on M with a gopjep-valued connection. Since Auty,,p is a pro-supergroup, M will be a

pro-supermanifold.
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For z € M, by Lemma [1.3.15 @va has the structure of a Poisson superalgebra. In analogy
with |51}, §2.2.1], we define the formal symplectic coordinate bundle of (M,w) to be the bundle with

fiber over x € M given by the group of isomorphisms of Poisson superalgebras,

coor %) %)
M7 = Isompis (OM,I, Ozn\a,b> :

Since M is of type (2n|a,b), we have an isomorphism of Poisson algebras @M,x — @2n|a7b, so that

MEe°r is nonempty. Moreover, this implies that MS°" is non-canonically isomorphic to
Isompyig <02n\a,b7 OQn\a,b) = Aut2n|a,b-

See Convention [[.3.18

As in [12, §3.1], one can construct M®°" by the functor Fyeoor it represents. For T another
supermanifold with a map n: T'— M, let T, C T' x M be the submanifold of pairs (¢,7(t)). Let (’A)MJ7
be the ring of formal germs of functions on 7" x M near 7;. The functor M®°" represents sends an

affine space T to the set of pairs
choor(T) — {(77, ¢ . 77 T — M, ¢ @M’n g OT®A\2TL|G,I)}

Define an action of Autgy|,, on M by post-composition. Under this action, M®" — M becomes
a principal Autay|q-bundle.

Analogous to how a smooth map induces a map on frame bundles, we have the following.

Lemma 1.3.23. Let f: My — My be a morphism in sMfldy,, .. There is a morphism

fCOOI‘ . MEiOOr _> M;OOI‘

of Autopqp-bundles.

Proof. We produce a map f°": M{°*" — M°°" from a natural transformation between the functors
Fugoor and Fygoor that these spaces represent. Fix a supermanifold T'. Let (1, ¢) € Fygoor (T'). Set '

to be the composite
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T2 My LM,
Then f*: Om, — Owm, descends to an equivalence on completions
]E*Z OMg,n/ — OML??

since (Idy x f)(T,,) = T,y. Thus, (,¢ o f*) defines an element of Fugoor (T'). This assignment
on objects extends to a natural transformation, resulting in a morphism on representing spaces

fCOOI': Mioor % M%OOI" D
As in |12, Lem. 3.2] and |51} Def. 2.2], we have the following.

Lemma 1.3.24. Let (M,w) be a symplectic supermanifold of type (2nla,b). There is a connection

I-form v € QM gopiap).

Proof. The principal Auty,|q-bundle 7: M — M determines a short exact sequence of pro-vector

bundles on the pro-supermanifold M°r,

0 — ker(dm) — TM®" — TM — 0.

The kernel ker(dr) is isomorphic to the trivial Lie(Autopep)-bundle on M°". Hence, at each

point (z,¢) € M we get a short exact sequence

0— Lie(AutgnM,b) — T(mp)Mcoor — T.M — 0.

The isomorphism ¢ determines an equivalence T,M =2 R?"/". This gives us an equivalence

Lie(Autgpqs) @ R =~ T(, oM@,

Using the symplectic analogue of (|1.1]), we get an equivalence

COOr , coor "
Vi * Ta)M™ = Gonjap-
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Sending a point (x,p) € M to the map ;%" defines a one-form
pcoor c Ql(Mcoor792n|a7b)- N

Corollary 1.3.25. The connection v°°°" is flat.

COor

Proof. By construction, v°°°" is the inverse of a Lie superalgebra map

92njab —7 Vect (Mcoor) ,

and hence satisfies the Maurer-Cartan equation. O]
This completes Step 1 of our proof of Theorem [1.3.22

Corollary 1.3.26. The formal symplectic coordinate bundle M — M is a (ggn|a,b,Aut2n|a,b)—

principal bundle.

One can compare this to |12, Lem. 3.2| for the non-super version.

1.3.2.2 Formal Exponentials

We define the notion of a “formal exponential" which will allow us to move the structure defined in
Corollary [1.3.26| from the formal symplectic coordinate bundle, to the symplectic frame bundle.

As in |51} Def. 2.4], we define a formal exponential as follows.
Definition 1.3.27. Let (M, w) be a symplectic supermanifold of type (2n|a,b). A formal exponential
on M is a section of the Autyyqs/Sp(2n|a, b)-bundle
Exp(M) := M“°"/Sp(2n|a, b) — M.

Lemma 1.3.28. The space Autay,qs/Sp(2n|a, b) is contractible, and thus formal exponentials always

exist.

Proof. Note that @gn‘&b/mQ consists of linear functions on R?™®**. The image of Auty,,y in

Autpois(@gn‘a,b/mZ) is thus Sp(2nla,b). Let Aut;n|a7b be the kernel of the projection
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1 — Autl

2nla

s Autopjqp — Sp(2n]a,b) — 1.

Since Aut;n‘a , is pro-nilpotent, it is contractible. In fact, Aut;ma , is & pro-vector space. The result

follows. [

We will use the following to define a morphism between formal exponentials. Let f: M; — My
be a morphism in sMfldy, .. The map [ from Lemma [1.3.23] respects the action of Autgyqp
on both sides by post-composition, and therefore descends to a map Exp(M;) — Exp(Ms) of pro-

supermanifolds, and a commuting diagram

EXP(Ml) f—> EXP(Mz)
M, M.

We obtain the following diagram involving the pullback bundle f*Exp(M,),

Exp(M;)

Given a formal exponential o; on M;, we obtain a section of f®P(My) by g o ¢;. On the other

hand, given a formal exponential o5 on My, we get a section of f*Exp(Ms) from the diagram

Ml )\
~N
N
coor

o2
~N N f
f*EXp(M2) - EXP(M2)
Id j

|

M ——— M.

f

Definition 1.3.29. Let sGKj,,;, denote the category with
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e objects are pairs ((M,w), o) where (M,w) is a symplectic supermanifold of type (2n|a,b) and

o is a formal exponential on M, and

e a morphism (My,01) = (Mg, 02) is a morphism f: M; — My in sMfldy,|q5, and a homotopy

class of paths in the space I'(My, f*Exp(Mz)) between the sections defined by o and o,.

One should compare the following with the discussion around [51, Def. 2.11].
Lemma 1.3.30. The forgetful functor sGKay,jqp — sMflday,qp s an equivalence of categories.

Proof. By our definition of morphism spaces in sGKg, 4, it suffices to show that for f: M; — M,
a morphism in sMfldy, 4, the space I'(My, f*Exp(M;)) is contractible. The bundle Exp(M;), and
hence f*Exp(M,), have fiber Auty,jq5/Sp(2n]a,b). By Lemma (1.3.28] this fiber is contractible. The

space of sections of a bundle with contractible fiber is contractible. This completes the proof. [J
We introduce a stricter variation on sGKayjqp-
Variation 1.3.31. Let sGK,,,,, be the category with

e objects: pairs ((M,w), o) where (M, w) is a symplectic supermanifold of type (2n|a,b) and o is

a formal exponential on M, and

e morphisms: a map (M, 01) = (My, 02) is a morphism f: M; — My in sMfldy,, |, such that the

diagram
Exp(M;) == Exp(Ms)
al] T@
M, M
commutes.

Note that the condition on morphisms is equivalent to asking that f: M; — My be such that the
sections in I'(My, f*Exp(M,)) defined by o7 and oy are equal, as opposed to having a path between
them.

Remark 1.3.32. There is an evident functor sGK3,, , — sGKy, 4, that is the identity on objects and

2n|a,

the inclusion of constant paths on morphisms, but this functor is not fully faithful.
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The main use of a formal exponential is to put the structure of a (ganja, SP(2n|a, b))-bundle

structure on the symplectic frame bundle. The following is analogous to |51, Prop. 2.6].

Proposition 1.3.33. Let o € I'(M, Exp(M)) be a formal exponential. Then

e o lifts to a Sp(2nla, b)-equivariant map &: FryPme?) _y peoor
Frap(%la,b) G Moor
.
M —"— Exp(M),
o and ¢*(v°°) is a flat gonjep-valued connection on Frfﬂp(gn‘a’b). With this connection, Frap(zn‘a’b)

is @ (Ganjab, SP(2n]a, b))-bundle.

o Any two choices of a formal exponential determine (ganjap, SP(212|a, b))-bundle structures on

Frslp(%\wb) that are gauge-equivalent.

Proof. The first claim follows from the the definition of Exp(M) as M /Sp(2n|a, b) and the equiv-
alence M ~ Fr{,\s/,p(%‘a’b) /Sp(2n|a,b). The second claim is just the statement that flat connections
pullback, but in the context of pro-supermanifolds. The gauge-equivalence in the third claim can

be produced using the contractibility of the space of formal exponentials. O

Remark 1.3.34. In the language of [12, §2.4|, Proposition shows that one can think of a
formal exponential on M as determining a “lift" (similar to a reduction of structure group) of the
(92nja,b, Altop|ep)-bundle (M°", ") from Corollary to the sHC pair (ganjas, SP(2n]a, b)).
Suppose M is purely even so that M = M is an ordinary symplectic manifold. In |12, Lem. 3.4],
Bezrukavnikov-Kaledin describe an HC pair they call (Der(D), Aut(D)) (where D is the Weyl
algebra) and show that the set of lifts of M to a (Der(D), Aut(D))-bundle is in bijective cor-
respondence with isomorphism classes of deformation quantizations Q(M,w). See Remark

below and Remark [[.1.2 above for further discussion in this direction.

Corollary 1.3.35. There is a functor

) — flat
Fr. SGK b — Bun(gznla!b,Sp(Qanb))

2n|a,
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sending a pair (M, w), ) to the symplectic frame bundle Fry?®"“" with (ganjas, Sp(2nla, b))-bundle

structure induced from o.

Proof. This functor is defined on objects by Proposition [1.3.33, We need to define Fr on morphisms.
Let (My,01) and (Mg, 02) be two objects in sGK3,,, ,, and f: My — My a morphism between them.

The map f induces a map of Sp(2n|a, b)-bundles

df - Frpp e 5 prppCried),

For df to be a map of (gonjap, SP(2n|a, b))-bundles, we need the gopjqp-valued connection on

Frf,lz (2nlab) t5 pullback to the one on Frf,ﬁ(%'a’b). By definition of the functor Fr on objects, the
connection on Frf,l}z@"la’b) is a7 ("), for @ = 1,2. Thus it suffices to show that there is an equality

(df) a5 (™) = a1 (mn™)-

This follows from the commutativity of the cube

Frsl;i@n\a,b) &1 N M(ltoor
~
df/ ‘ fCOOr
'
Fr'\SA[;(2n|a,b) & N Mgoor
M, o1 » Exp(My)

f fCOOI‘/
— ‘
M, o2 » Exp(Mz)

1.3.2.3 Cotangent Bundle Example

We discuss formal exponentials on symplectic supermanifolds of the form in Example[1.2.14. Recall
from Theorem [1.2.15| that symplectic supermanifolds non-canonically look like (E[1], ) where £ —
M is a vector bundle on an ordinary symplectic manifold (M, w), and @ is defined using a metric g

on F and a compatible connection V.
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Recall that a symplectic connection on an ordinary symplectic manifold (M, w) is a torsion-free
connection so that w is constant with respect to the covariant derivative, see for example [14, Def.

2.1] or |46, Def. 2.1].

Lemma 1.3.36. If M = E[1] is the symplectic supermanifold defined in Example |1.2.14) from the

data (M,w, E,g,V), then a symplectic connection on M determines a formal exponential on M.
See |38, Pg. 3-4] for a description of the resulting differential on descu,»)(—).

Proof. Willwacher in [88, §2.5] has shown that a torsion-free connection on an ordinary manifold
X gives a section of X", So a torsion-free connection produces a compatible choice of, for each

x € X, an isomorphism

K[[z1,...,20] = On ~ Ox..

Similarly, a symplectic connection on an ordinary symplectic manifold M gives a section of M °".
So a symplectic connection produces a compatible choice of, for each x € M, an isomorphism of
Poisson algebras @gn ~ @MJ.

In the purely odd case, a connection on a vector bundle £ — X produces a compatible choice

of, for each z € X, an isomorphism of algebras
A*[[61,...,0,]] 2T(X,A°E),.

Combining these, a symplectic connection on M and a metric connection on a quadratic vector
bundle £ — M produces a compatible choice of, for each x € X, an isomorphism of Poisson

super-algebras

Osma = (Opp)e = T(M, A*EY,.
This data is a formal exponential on E[1]. O

Remark 1.3.37. Given an ordinary manifold X, the symplectic manifold 7% X has a canonical sym-
plectic connection.
Let m: T*X — X be the projection. Consider the functor
* uad,V uad,V
T VB(}X — VB‘}T*X
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sending a £ — X to 7*F — T*X and the metric and connection on £ to the pullback metric and
connection, respectively. Using the canonical symplectic connection on the cotangent bundle [17],

Lemma [1.3.36] allows one to define a lift

_sGK
VBquad v~ VBquad \Y% . SMﬂdSp

/X /T*X
where the categories of manifolds here are not restricted to a particular type (2n|a,b).
Just as the cotangent bundle 7*X has a canonical deformation quantization by differential

operators on X, the lift L will allow us to construct deformation quantizations for symplectic

supermanifolds built from vector bundles over the cotangent bundle.

1.3.3 Descent Functor

We will discuss Harish-Chandra descent for the sHC pair (gonjq,p, Sp(2n]a, b)). After studying some
monoidal properties of this descent functor, we will construct the super-Gelfand-Kazhdan descent

functor that will be used in later sections.

Convention 1.3.38. Throughout this section, let

(g, K) be an sHC pair,

e Mod, ) denote the category of (g, K)-modules,

. Mod?& ) denote the category of finite-dimensional (g, K')-modules,

. VBSZ‘G » denote the category, fibered over sMfldy,, |4, of flat finite-dimensional vector bundles,

) VBﬂat denote the category of flat finite-dimensional vector bundles over a symplectic super-

manifold M,
e Pro(VB /M)ﬂat denote the category of pro-objects in VB y together with a flat connection, and

e Modg. denote the category, fibered over sMflday|qp, of symplectic supermanifolds (M,w) to-

gether with a module over the superalgebra €y,.
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Given a flat (g, K)-bundle P — M with connection 1-form v € Q'(P; g) and a finite-dimensional
(g, K)-module V', we obtain a vector bundle on M using the Borel construction, P xx V. We can
equip P x g V with a flat connection using w and the action pg/ of g on V as follows. The action of

g on V induces a map

py (V): Q(P;V) = QP V) (1.2)

defined by py (v)(=) = py (v A =). Now, VPV = dgrp + py (v) defines a differential on the
subalgebra of basic forms, and hence a flat connection on P xx V. See |51, Lem. 1.12] for the
non-super case.

As in [51, Def. 1.14|, given an sHC-pair (g, K'), Harish-Chandra descent is the resulting functor

desc: Bun?;tK) X Mod?;K) — VBgﬁTa’b

sending (P — M, V) to (P xx V — M, V2V).

Taking the de Rham complex of the flat vector bundle produces a functor

desc: (Bun?;tK))Op X Mod?;K) — Modge.

Example 1.3.39. Take (g, K) to be the sHC pair (ganja,p, SP(212|a, b)). Restricting along the functor
Fr of Corollary |1.3.35] we obtain a descent functor

= fin flat
SGKzn‘aﬂb X MOd(Q?n\a,bvsp(Q’rL'avb)) - VBinavb

1.3.3.1 Monoidal Properties of Descent

Let (g, K) be an sHC pair. Restricting to a fixed (g, K')-bundle (P — M, v), we have a functor

descp,, : Mod?grtK) — VB?,?;.

flat

The category Mod?; k) has a symmetric monoidal structure given by ®x. The category VB y has

a symmetric monoidal structure by taking tensor product of vector bundles and flat connections.
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The following foundational observation allows us to deduce several nice properties of Harish-

Chandra, and in particular super-Gelfand-Kazhdan, descent.
Proposition 1.3.40. The functor descp, is symmetric monoidal.

Proof. Let V.W € Mod?; k)- The Borel construction is symmetric monoidal,
Pxg (VW)= (PxgV)® (P xgW),

as one can check on fibers. It therefore suffices to show that the connection on descp,(V ® W) is
the tensor product of the connection on desc(p,) (V') and on desc(p,)(W). From the construction of

the connection, Equation (1.2) or [51, §1.3.2], we have V/VOW = dyg p + py'®", where py®W (v) is

defined using the action of g on V' ® W. Since the tensor product V @ W is taken in Mod 4 ), we
have py "V (v) = py (v) ® py (v). =
From this proposition, we will be able to deduce several corollaries of how the descent functors

interact with algebraic structures.

Corollary 1.3.41. The de Rham complex functor descp,): Mod?;K) — MOdQKA 1S symmetric

monotdal.
Proof. The functor VB?,?,,t — Modg,, is symmetric monoidal. O]

Corollary 1.3.42. Let k € Mod(q k) be the unit module. Then desc(p,)(K) is the trivial line bundle

on M with connection given by the de Rham differential and desc(p,)(K) is Q.

Proof. Symmetric monoidal functors take units to units. The units of VB?&t and Modgqe are as

described. []
Example 1.3.43. In particular, the space of horizontal sections of desc(p,)(k) is Ow.

For a symmetric monoidal K-linear category V, let Alg()) denote the category of algebra objects

in V.

Corollary 1.3.44. The descent functors lifts to symmetric monoidal functors on the level of algebra

objects,
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Alg(Mody ) — Alg(VBJi)

and

Alg(Mod( .\) — Alg(Modgqs ).
Note that an algebra object in {2}y-modules is just a (2}-algebra.

Proof. Symmetric monoidal functors induce symmetric monoidal functors on categories of algebra

objects. O]

Example 1.3.45. Take (g, K') to be the sHC pair (gonjq,, Sp(2n]a, b)). Then (/9\2n|a7b is an object in

Alg(Mod(g,, .. ,.Sp(2nlab)));

but the underlying (g2,a,5, SP(2n|a, b))-module of @Qn‘(hb is not finite-dimensional. However, (/9\271‘@’1)

is a limit of finite-dimensional modules, Definition [1.3.12

To include the above example, we extend the descent functors to pro-objects. For C a category,
let Pro(C) denote the category of pro-objects in C. Note that if C is a symmetric monoidal category,
then so is Pro(C), with tensor product given levelwise, see [34, §4.2]. Since Pro(—) is a functor

between categories of categories, we obtain functors

Pro (Alg(Mod(y ) — Pro (Alg(VBUi))

and

Pro (Alg(Mod(y ) — Pro (Algg, ).

fin

By definition, 62n\a,b = lim; Ogenir o /My is a pro-object in algebras in MOd(gwa »,Sp(2n]ab))-

Example 1.3.46 (Jet Bundles). Given a vector bundle E — M, the infinite jet bundle J*(E) is a
pro-object in VB y, see [52, §A.2|. Moreover, given a flat connection on £, J*(E) has a canonical

flat connection |52, Prop. A.8] so that J>*(E) € Pro (VB/M)ﬂat. See also |24} §2].
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Lemma 1.3.47. Let (M,w),0) € sGK3,,,. Then descending Oanjan along FryP>Y) produces the

jet bundle of the trivial line bundle ky with its canonical flat connection,

deSC(F\r’\SAp(anL,b)’U) (02n|a,b) - JOO<KM)

and thus

) .
deSC(Frfﬂp(ina’b),a) (OZn\a,b) = QM .

In particular, using [52, Prop. A.8|, taking zero sections we see that @2n|a,b descends to Oy.

One should compare this Lemma to [51, Prop. 2.20] or |12, Pg. 20].

Proof. The second claim follows from the first, so it suffices to produce an isomorphism of flat
pro-bundles.
The bundle obtained by descending @Qnm,b is

A Sp(2n|a,b) A
deSC(HaP(Qn\aﬂb)ﬁ)(OQn\a,b) = FrM X Sp(2na,b) OZn\a,Ir

A point in the right-hand side is an equivalence class of a point (z, ¢) in the frame bundle and
a function f' on the formal disk. The frame ¢ determines an isomorphism between a neighborhood
U, of z in M and the space R?**?  Composing f and ¢, we obtain a germ of a function on U, at
x; that is, an element qu of the completion (@\Ux)m Up to reparameterizations of U, by elements of
the group Sp(2n|a, b), the completed ring ((/’)\Uz)x is the stalk of the infinite jet bundle J>°(ky,).

The assignment ((J:, ?), f) — f¢ therefore determines a map of bundles
Frf/lp@n‘a’b) XSp(Qn\a,b) OQn\a,b — JOO(KM)

One constructs an inverse to this map by sending a germ of a function g at x € M to a neighborhood
V. on which g is defined.
O

Definition 1.3.48. Let V be a symmetric monoidal category. Let A be a pro-object in Alg()). An
A-module is an object N € Pro(V) together with a map A® N — N of pro-objects. A morphism of
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A-modules is a morphism of pro-objects respecting the action map. We let Mod4(Pro(V)) denote
the category of A-modules in V.

One can define free, and finitely-generated modules over a pro-object in Alg()) as in the ordinary

case. Note that the underlying object of A is in Pro(V).

Corollary 1.3.49. Let A € Pro (Alg(Modf(i;K))). The descent functors induce symmetric monoidal

functors

ModA(Pro(Mod?;K))) — Moddesc(PM(A)(Pro(VB)ﬁat)

and

Mod 4(Pro(Mod(y xy)) = Moddesc ., (4)(Pro(Modas )).

We can forget down
Modesc,j,,, (4) (Pro(Modag, ) — Pro(Moday ).
However, the resulting functor
Mod 4(Pro(Mod(} xy)) — Pro(Modgqs )

is only lax-symmetric monoidal. The reader should compare this with [51, Lem. 2.18 and 2.19|.

Example 1.3.50. Take (g, K') to be the sHC pair (ganjas, SP(212]a, b)) and A to be (@Ma’b. Then

we have lax-monoidal functors

Mods  (Mod(g,, . ,spenjab)) — Pro(VB u)™*

OQn\a,b

and

Mod(’j (MOd(QQ'n\a,b’Sp(anavb))) — MOdQKA

2n|a,b
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Definition 1.3.51. The super-Gelfand-Kazhdan descent functors are the functors obtained from
Example [1.3.50 by varying (P, v) over sGK5,, ,,

desc™™ 1 sGK3, 1,5 X Modg, ~ (Mod,,,,sp(2nlat)) = Pro(VB)fat
and

desc™“K: (sGK31a,6)™" X Modg

O2nla,b (MOd(QQn\a,b,Sp(ana,b))) — MOdQKA .

For (M,w), o) € sGKapjap, let descy, denote the resulting functor between module categories.

1.4 Deformation Quantization Descends

We would like to produce a deformation quantization for symplectic supermanifolds using super-
Gelfand-Kazhdan descent. In this section, we explain what we mean by deformation quantization,

and then show how the functor desc®®¥ of Definition interacts with this process.

Definition 1.4.1. Let A be a supercommutative K-superalgebra. A deformation of A is an asso-

ciative K[[h]]-superalgebra A; together with an isomorphism Ay /h ~ A.

The commutative algebra we would like to deform is Oy for M a symplectic supermanifold. By
Lemma [1.2.26] Oy has a Poisson superalgebra structure. We would like to consider deformations
of Oy that take into account this structure; that is, deformations of Oy as a Poisson superalgebra.

Historically this is done by asking for a deformation A; of Oy, whose associative product looks like

f*g:fg+hB1(f,g)+thQ(f’g)+

where the B;(—, —) are bilinear differential operators. Since the descent functor desc*“¥ lands in
modules over a dg algebra, we would like a way to consider Poisson superalgebra in the differential
graded setting. To do this, and to study deformations quantizations of Poisson dg superalgebras,

we will use the language of operads.

Remark 1.4.2. We describe a rather general version of deformation of Poisson dg superalgebras

below. We will only use the special case of £ = 1 to prove our main result Theorem The
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shifted cases when k # 1 are of interest for field theories over manifolds of dimension k£ # 1. The
interaction between super-Gelfand-Kazhdan descent and deformation quantization holds in this

larger generality, see Lemma [1.4.9]

The following is the super-version of |31, Def. 2.2.1] which can also be found in |25, Def. 1.1].

Definition 1.4.3. A Pj-algebra in Chy is a cochain complex A of super vector spaces with
e a supercommutative product A ® A — A of degree 0 and

e a Lie bracket

{—,—}: Ak —-1]® Alk — 1] — Alk — 1]
so that, for every a € A, the map {a,—} is a graded superderivation.

See 80, Def. 2.9] for a construction of the operad Py in terms of trees.

Example 1.4.4. When k = 1, a Pj-algebra in Chy is what one might call a Poisson dg algebra. In

particular, there is no shift in the bracket.

Remark 1.4.5. For k > 2, there is an equivalence of operads Py, ~ H,(&), between the k-shifted
Poisson operad and the homology of the little k-disks operad. By formality of the operad & [29],
we have that Pg-algebras in chain complexes over a field of characteristic zero are equivalent to

algebras over the little k-disks operad &. See for example |80, Thm. 4.9].

Next we describe the type of structure a deformation quantization of a Py-algebra should have.

The following is |67, Def. 5.3].

Definition 1.4.6. A BD;-algebra in Chyy) is a cochain complex R with
e an associative multiplication on R, and

e a Lie bracket on R,

{-—.—} R®R—R
so that, for every a € A, the map {a,—} is a graded superderivation, and
Mz, y} = [z,y] (1.3)
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where [x,y] is the graded supercommutator.

The structure of a BD;-algebra on a cochain complex R induces a P;-algebra structure on R/h.

This follows from Equation (1.3)). One can use this to define an equivalence of operads BD; /h ~ P;.

Remark 1.4.7. More generally, one can define an operad BDy for k > 2 to be the graded operad
obtained from the Rees construction with respect to the Postnikov filtration on &, see |67, §5.1].

One then has an equivalence of operads
This follows, for example, from [67, Thm. 5.5].

Definition 1.4.8. Let A be a Py-algebra in Chx. A BD;-deformation of A is a BDy-algebra Ay,
together with an equivalence of Py-algebras A,/h ~ A.

Lemma 1.4.9. Let F': C — D be a lax symmetric monoidal functor between symmetric monoidal
categories tensored over K[[h]]. Let Ch—g and Dy—o denote the corresponding categories tensored over

K. Then F induces functors on algebra categories commuting with the quotient map K[[h]] — K,

AlgBDk (€) d AlgB’Dk (D)

T

AIng (Ch:O> _F) AIng (tho) .

Proof. Lax symmetric monoidal functors induce maps on algebra objects, given, for example, by
F(R)® F(R) — F(R® R) 2% F(R)

where the first arrow is the lax monoidal structure, and m: R ® R — R is a multiplication.
More generally, given an operation R®? — R, the lax structure gives a corresponding operation
F(R)® — F(R). Thus, lax symmetric monoidal functors induce functors between categories of

algebras over operads. O
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1.4.0.1 Star Products

When k£ = 1 and our Poisson algebra comes to us as functions on a symplectic supermanifold
(Owm, {—, —}w»), we would like our deformations to have an additional property involving the smooth

structure on M.

Definition 1.4.10. Let (M,w) be a symplectic supermanifold. A deformation quantization of M is
a BD;-deformation Aj; of (Ow,{—, —}.) with a K[[A]]-module isomorphism Ay ~ A[[A]] so that the

associative product x on f, g € Ay is of the form

fxg=fg+hBi(f,g)+ R Bs(f,g)+

where the B;(—, —) are bilinear differential operators on M.

Such a product on Ay ~ Ow[[R]] is called a star product.
Since the super-Gelfand-Kazhdan descent functor starts from information over the formal disk,
which is not a manifold, it does not make sense to ask if star products descend. The BD;-deformation

we construct locally will have an obvious form that descends to differential operators globally, see

the proof of Theorem [1.5.12]

1.5 Super-Fedosov Quantization

We would like to prove a super-analogue of Fedosov quantization. Recall that Fedosov quantiza-
tion is the production of a canonical deformation quantization Ap(M) of O given a symplectic
manifold M together with a sympelctic connection D. In this section, we will show that given a
formal exponential o € I'(M, Exp(M)), one can construct a canonical deformation A, (M) of Oy using
super-Gelfand-Kazhdan descent. See Lemma for the relation between a formal exponential
on M and the data of a super-symplectic connection.

In other words, for o a formal exponential on M, we have an associative algebra 4,(M) with an

isomorphism of Poisson algebras

Ay (M)/h = Op.
We will construct A, (M) locally over the formal disk, and then use the descent construction from
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Definition 2.2.1] By Lemma the descent of a BD;-deformation is a BD;-deformation of the

descended algebra.

Remark 1.5.1. By Lemma |1.3.28] the space I'(M, Exp(M)) is contractible. We therefore obtain an

essentially unique deformation quantization of (M,w).

For motivation, we remind the reader of how this works in the non-super case.

Construction 1.5.2 (Local Fedosov Quantization). We would like to deform

@Zn = R[[pla <o Pnyqry - 7qn]]

using the local symplectic manifold (R*",wy) where wy is

Wy = zn:dpi N dg;.
i=1

In matrix form,

wO(Ca C/) = _<Q§7 CI> = CTQCI

where

The Poisson bracket on (’32n is

of o0 af o
{9y ==V AV Z o T T

From the Poisson bracket, we can abstract a bivector

0 0 0
‘- Z,Zlﬁp,- ? 0 - 0y ? Ip;i-
The deformation of @Qn has underlying vector space

A\Qn - R[[ph ce oy Pny 41y - -5 An, h“
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with product given by

frxg=m (eXp (ga) (f®g)> :

Here, m is multiplication of power series .»zl\zn ® /Tgn — .Zgn. On generators, the product is given by

h
Dixqj = 55@'

and
h
qi*Ppi = _§5ij

with the rest of the products being zero. The algebra ./Zl\gn is sometimes called the Weyl algebra.

Construction 1.5.3 (Local Super-Fedosov Quantization). We would like to replicate the above
construction in the super context. Thus, we want to deform the Poisson superalgebra @2n|a7b, whose

underlying superalgebra is

Sym(pb"'7pn7q17---aQna917"'797‘)

where |p;| = |¢;| = 0 and |6;] = 1. Our deformation will be constructed using the local picture of
the symplectic supermanifold (R?"I", w) from Example where @ has signature (a,b). Here, @

is a symmetric, nondegenerate bilinear form, with corresponding matrix (¢/), and wg is
n T
i=1 ij=1

In matrix form,

wa(&,€) = (Ho, &) = —¢" Hot’

where

Q0
0 G

and G = (¢g). The Poisson bracket on @2n|a’b is given by

{fag} = _(vf)STHQ(Vg)7
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we get an associated bivector

"0 0 0 0 ~ (0 0
- P o
=2 o 0 e 2! (aei%@j)'

Using the same idea as in the ordinary case, we make the following definition:

Definition 1.5.4. Let ﬁgnm,b be the superalgebra with underlying super vector space

AQn\a,b = Sym<p17 <o Pnsqls - 7QTL7917 s 797“7 h)

where p;, g;, h are even and 6; are odd, and with product

frxg=m (exp (géz) (f®g)> :

On generators, the product is given by

h
Dixqj = §5ij
h
Sx D= ——0y;
qi * Pj 5

91' *(9]- = 910J — gg”

Proposition 1.5.5. The superalgebra A\%Ia,b 1s a BD1-deformation of the Poisson superalgebra (/9\2n‘a’b.

Proof. By construction, there is an equivalence of K[[A]]-modules

Jz{2n|a,b - @2n|a,b[[h]]‘

Quotienting by A, the product on A\2n|a7b becomes the multiplication m(f ® g) on 62n|a,b. Lastly,

the super-commutator bracket on generators is given by
h h
i, @i] = §5z‘j + 55@' = hdy; = {pi, i}
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This is the Poisson bracket on @Qn‘aqb form Example [1.2.27]

1.5.0.1 Deformation Quantization and Super-Gelfand-Kazhdan Descent

For the super-Gelfand-Kazhdan descent functor of Definition [2.2.1) we would like to apply Lemma
.49 in the case

C=Modg,  (Modg,,,,sp@nlat)) (Vectim),

D = Modog 11

and F' is descent desc?ﬁf,) on the level of K[[A]]-modules. In this case, given an algebra A € C,
we would like to consider deformation quantizations Ay of A that live in C. We will only use the
deformations A that are isomorphic to Ap[[A]] as K[[]]-modules.

By Lemma there is a Poisson superalgebra structure on formal functions @Qnm,b, making

it an object

OQTL‘(l,b e Alg/Pl(MOdé\in (MOd(g2n\a,bvsp(2n‘a7b))))'

a,b

Let (M, 0) € sGKyyjqp. By Lemma [1.3.47, we have an equivalence

r (M, descﬁf’f (@Qnm,b)) = Om.

By Construction , we have a deformation quantization As,|q of @gnm,b. We would like to
apply Lemma to say that

I (M, descip (Aznjap))

is a BD;-deformation of Oy. The one hiccup here is that Xw%b is not a gay|q,-module. We can

fix this by replacing go,q» With a Lie superalgebra involving h.
Notation 1.5.6. Let ggmab be the Lie superalgebra of derivations Der(./zl\wmb) of A\2n|a’b as a graded
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module over the graded algebra K.

h - . - . o~ . . .
Now Bop)a ACES OD Asnjap. Moreover, since Agpjqp/h is Oonjap, We get an action by derivations

5 ~
of an\a,b on 02n|a,ba

rad; g —)®k rad / /A T A
AUE (M) 2 AWtE (Ognian) 225 Auty(Oonjas)- (1.4)

This action factors through the action by Poisson derivations. In other words, since the Lie
superalgebra go,q is given by derivations of (/9\2”|a7b that respect the Poisson structure coming from

the symplectic form wg, there is a Lie superalgebra map

h
9onja,p — Y2njab-

See |12, §3.2] for similar statements in the purely even case. Note that, asin |12, §3.2], Autﬁrad (j2n|a7b)
is a pro-algebraic super group.

We would like to apply a variant of super-Gelfand-Kazhdan descent for the sHC pair

(gg’n\a,lﬁ Sp(2n|a, b))

instead of (ganjas, SP(212|a,b)). To do so, we need an analogue of the functor

. = flat
Fr: sGKy, a0 — Bungg,  sp@njap)

from Corollary [1.3.35. That is, we need a way of equipping the symplectic frame bundle
Frfﬂp (2nlab) with the structure of a (ggn‘a’b, Sp(2n|a,b))-bundle. This is done by replacing the prin-
cipal Autg,|,p-bundle M®*" — M with the principal Autﬁlt(jl\%m,b)—bundle Mgeor whose fiber over a

point x € M is

Tsom™ (O, [[1], Aznjap)-

See also |42, Pg. 18] in the purely even case.
We obtain a map M — M®°" over M given by the map (|1.4) fiberwise.
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Just as in Lemma Mi°°" has a flat connection v;°°", which now takes values in
. rad ;1
Lie(Autg™ (Aznjas)) = Sonjas-

As before, we use a type of formal exponential to pullback this connection to a connection on

Sp(2n]a,b)
Fryy .

Definition 1.5.7. Let (M,w) be a symplectic supermanifold of type (2n|a,b). An h-formal expo-

nential on M is a section of the bundle
Exp' (M) = M /Sp(2n]a. b).

See also |42, Pg. 18|.

In the super case, we have the following analogue of Lemma [1.3.28]

Lemma 1.5.8. The space AutE™ (Ayjas)/Sp(2n]a,b) is contractible, and thus fi-formal exponen-

tials always exist.

Proof. As in |12, Pg. 24], we have a short exact sequence

1 — ker(P) — Autd™ (Aynas) = Sp(2nfa,b) — 1

and ker(P) is pro-unipotent, hence pro-nilpotent and contractible. As in Lemma [1.3.28] ker(P)
is a pro-vector space. O

As in Proposition [1.3.33| given an h-formal exponential o, on M, we get a (ggnwb, Sp(2n]a,b))-

bundle structure on Frf,lp(%la’b).

Lemma 1.5.9. An h-formal exponential o, on M induces a formal exponential o on M. Moreover,
the induced connection 1-form &5 (vg°°)) on Fr,%,lp(%la’b) hits the induced connection 1-form &*(v°°°"))

under the map

QL (EL I gh o) — QUERP Y g0 ).

Proof. The map M — Me°" induces a map Exp”"(M) — Exp(M). Composing with this map takes
an h-formal exponential to a formal exponential. The second claim follows from the fact that these

bundle maps and the map ggn‘a’b — @2nla,p are both defined by the map 1} O
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We can now consider super-Gelfand-Kazhdan descent for (ggn‘mb, Sp(2n|a, b))-modules,

sGK

desciy,): Mod(gn g onjap)) — Modag -

h
an\a,b’

Using the same notation for this variant is somewhat justified by the following lemma.

Lemma 1.5.10. Let oy, be an h-formal exponential on M with induced formal exponential o. Then

there 1s a commutative diagram

desc3GK

(M,o)
Modg: . sp(njab)) Modag,
MOd@Qn‘%b (MOd(gzma,baSP(Q”‘avb))) W- MOdQK/I

where the left vertical arrow is given by restricting the module structure along ggnm’b — Ponjab

and the right vertical arrow is given by restriction along the map setting h = 0.

Proof. Let V be in MOdézn‘a,b(MOd(ggn\a,b,Sp(%la,b)))- Then both desc?ﬁ}i)(‘/) and desc?ﬁfgﬁ)(r(‘/))
are given by taking horizontal forms of the vector bundle Frap(znm’b) X sp(2njap) V, but with respect
to possibly different flat connections. By the discussion around Equation (|1.2)), in the first case, the

differential induced by the flat connection is
V (~x%(_ coor
Py (G (v°)) + dar

and in the latter case by

P (G W) + dag.

g2’n\a,b

By Lemma the action of &} (v£°°")) on (V') is the same as the action of 6*(v°°°")) on V.

Thus, the flat connections are the same and therefore the diagram commutes. O]

One consequence of this result is that Lemma [1.3.47] still holds when viewing @gn‘mb as a
(ggma’b, Sp(2nla,b))-module. Now ./Zl\gn|a’b is a deformation of @gnwb in (g§n|a,b’ Sp(2n|a,b))-modules,
and by Lemma [1.4.9| should descend to a deformation of Oy.

In summary, we have the following,
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Corollary 1.5.11. Given a h-formal exponential o on M super-Gelfand-Kazhdan descent for
(g§n|a7b,8p(2n|a, b))-modules takes a BD;-deformation .//4\2”‘&71) of (52n|a,b to a BD;-deformation of
Ow.

1.5.0.2 Main Theorem

Theorem 1.5.12. Let (M,w) be a symplectic supermanifold. The assignment
o— T'(M, desc?ﬁiﬁ) (Aznjap))

defines a map

Ay(M): T(M, Exp"(M)) = Q(M,w)

from the set of h-formal exponentials of M to the set of equivalence classes of deformation quanti-

zations of (M,w).

Proof. Let (M, o) be a symplectic supermanifold and Ai-formal exponential. By Lemma [1.3.47], the

degree zero piece of desc?ﬁ};)(@zmmb) is Oy. By Lemma|1.4.9, Oy is a Poisson superalgebra. Let

A, (M) be the degree zero piece of descﬁﬁ’};) (ﬂgmmb). By Lemma|1.4.9, A, (M) is a BD;-deformation

of the Poisson superalgebra Oy.
It remains to check that the product on A,(M) is a star product. One can check this locally,

where M looks like R?%**. Here, the A terms in the product on A, (M) are given in terms of the

0 0 0

o7’ Da;’ 907 which are differential operators. ]
3 K3 K3

partial derivatives

Example 1.5.13. By Remark [1.3.37, we have a functor

L: VB — sGK,

so that every symplectic supermanifold of the form (7*E)[1] from Example [1.2.14] has a natural

choice of formal exponential oz. We can upgrade this choice to an A-formal exponential.

Lemma 1.5.14. If M = E[1] is the symplectic supermanifold defined in Exzample |1.2.14) from the

data (M,w, E,g,V), then a symplectic connection on M determines an h-formal exponential on M.
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Proof. The argument is the same as in the proof of Lemma [1.3.36| after noting that a symplectic

connection on M defines not just a compatible choice of isomorphisms of Poisson algebras
Oan = Onr e,

but isomorphisms of K-modules

Weyl,,, ~ (/Q\M,x [[R]]-

Similarly, the metric connection V on E induces a compatible family of isomorphisms
-/42n|a,b = OM,x-
of an h-formal exponential. O

The assignment £ — A, ((7*E)[1]) defines a functor

AX: VB(};ad’v — SA|g(Chk[[hH),

as discussed in §1.1.1.1}

Remark 1.5.15. If, following |12, Lem. 3.4], one wishes to construct all deformation quantizations,
one would apply the same process but using descent for a much larger sHC pair. The descent

functor we use (from Definition [2.2.1) uses the sHC pair (g§n|a7b,Sp(2n|a,b)). As explained in

Remarks|1.1.2land|1.3.34] this corresponds to only allowing our gluing data to come from linear maps

Sp(2nla,b). To surject onto Q(M, w), one would like to consider lifts of M®°" from a (gon|q,p, Atton|ap)-
bundle to a (ggnlavb,Aut(./zl\gn‘&b))—bundle instead of choosing M§°*" and pulling back along an h-
formal exponential. Here, (ggnla,b, Aut(./zl\Qn‘mb) is a super-version of the HC pair (Der(D), Aut(D))

in [12, Lem. 3.4]; that is, derivations and automorphism of the algebra ./Zl\gn‘mb.

1.5.1 Description in terms of Weyl and Clifford Algebras

We review the basic definitions of Weyl and Clifford algebras as a means of establishing notation.

Then, we give a description of the super-Fedosov quantization in terms of these algebras.
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Definition 1.5.16. Fix n. The Heisenberg Lie superalgebra over K[[h]], denoted ba,, is the Lie
superalgebra with even generators py,...,pn,q1,-..,q, and Lie brackets given by [p;, ¢;] = h, and

zero otherwise.

Definition 1.5.17. The Weyl algebra of a symplectic vector space (V,w) is the quotient

Weyl(V,w): =T(V[h,h')/L,

where T'(V'), the tensor algebra, is taken over k[ii, h7!], and I, is the ideal generated by the set

{lu@v—v®u—wu,v)h:uveV}

Example 1.5.18. With notation as in Example [1.2.8, the Weyl algebra of the symplectic vector

space (T§R™, wp) is the enveloping algebra of the Heisenberg Lie algebra,

Weyl(TGR", wy) = U(bay,).

Definition 1.5.19. For fixed a, b, the Clifford Lie superalgebra over K|[[h]], denoted ¢l , is the Lie

algebra with odd generators v, ...,7,, %1, ..., %Y, and brackets zero except

[%’7 %‘] =h

and

Definition 1.5.20. The Clifford algebra of a super vector space equipped with a quadratic function
(V, Q) is the quotient

Clff(V,Q): =T (V[h,h™"])/Iq

where I is the ideal generated by the set

{vev—-Qh:veV}.
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Example 1.5.21. With notation as in Example [1.2.8] let a +b = r and ) be a quadratic function
on R" with signature (a, b). Then the Clifford algebra of the symplectic super vector space (R wg)
is the enveloping algebra of the Clifford Lie algebra,

CLiff (RY™? Q) = U(cl, ).

The deformation of @gn‘mb that we are interested in is a mixture of Weyl and Clifford algebras.
Since we are working with formal functions, we are interested in power series rings. Replacing
the tensor algebra with the completed tensor algebra in the definitions of the Weyl, Clifford, and
enveloping algebras, we obtain notations of a completed Weyl algebra V/Ve\yl, a completed Weyl
algebra Clift , and a completed enveloping algebra U. Since the generators of the Clifford algebra,

which are odd, square to zero, completing does not change the algebra.

Lemma 1.5.22. Let Q) be a quadratic function on R™ with signature (a,b). There is an equivalence

of superalgebras

Weyl(R?"°, wy) @ CLfE(R", wg) = Aspjas

One can make further (notational) identifications,

A\2n\a,b = a(an) ®k[[h}] U(C[a,b)'

Proof. The underlying super vector spaces are both

Sym(pla e Pnyqay - 7(]n7017 s 79rah)~

By the proof of Proposition , the super-commutator bracket in ./Zl\gn|a,b agrees with the Lie
bracket of s, and cl,;. By the universal property of enveloping algebras, we obtain a map of

algebras

fj(h?n) Qury U(clap) — /2(2n|a,b

which is an isomorphism on underlying super vector spaces, and hence an isomorphism of alge-

bras. OJ
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One should compare this to [38, §1.4].
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Chapter 2

(Genera from an algebraic index theorem for

Supermanifolds

2.1 Introduction

The Atiyah-Singer index theorem [2] states that the analytic index of an elliptic differential operator
agrees with its topological index. Since its announcement in the early 1960s, various proofs and
generalizations of the index theorem have been given, [1,/47,/48] 68|, 72]. See [43] for a nice overview.
An algebraic analogue of the index theorem [40,42,|70] was given in the early 1990s, replacing the
analytic index with a trace on the algebra of differential operators. In 1996, Nest and Tsygan |71]
showed that the algebraic index theorem implies Atiyah-Singer’s result.

Here, we prove a super-version of the algebraic index theorem. A superalgebraic index theorem
was proven for a specific class of symplectic supermanifolds (those of type (2n|a,a)) by Engeli
in [38]. In the super-case, deformation theory of symplectic manifolds is replaced with deformation
theory of symplectic supermanifolds, which was first studied by Bordemann [15]16]. We studied
this theory in Chapter [1] using Gelfand-Kazhdan descent.

Let X be a manifold. The Rees algebra of differential operators on X is a deformation of the
symplectic manifold 7% X. More generally, De Wilde-Lecomte [35] and Fedosov [41]. described the
space of deformations of any symplectic manifold. This was generalized to all Poisson manifolds by
Kontsevich, [60]. The Fedosov deformation is a global version of the Weyl algebra. In his original

paper, Fedosov also defines an interesting (derived) trace on the Weyl algebra [41, Def. 5.1|. This
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trace is essentially the trace appearing in the algebraic index theorem.

Theorem 2.1.1 (Algebraic Index Theorem). Let (M,w) be a compact symplectic manifold. Let
Q be the Fedosov connection for M. There exists a unique normalized trace ty; on the Fedosov

deformation quantization of Oy so that

1
(2mi)n

ta(1) = /MA(TM) exp(—Q/h).

Remark 2.1.2. Other proofs of the algebraic index theorem can be found in [26}73]. In |73], they
also prove a version of the algebraic index theorem for orbifolds. In [87], an algebraic index theorem

for Cherednik algebras is shown.

Comparing the algebraic index theorem to the Atiyah-Singer index theorem, we have a bridge
between deformation theory and index theory.

Deformation theory is also fundamentally related to the problem of quantizing field theories.
For example, the quantum observables of a quantum field theory form a deformation of the classical
observables of the associated classical field theory, [31]. The relationship between Fedosov and
Kontsevich’s deformation theory and perturbative methods in field theory go back further, see for
example [22].

Using this translation between field theory and deformation theory, Grady-Li-Li and Gui-Li-
Xu [53}/54] reproved the algebraic index theorem by computing the partition function of 1d Chern
Simons theory using the BV formalism. See [55] for an analysis of 1d Chern Simons theory in
the BV formalism. This provides an exciting new interplay between trace methods in deformation
theory and partition function results in quantum field theory.

We thus see three interconnected stories: the index theorem, the trace methods in deformation
theory, and the partition functions of quantum field theories. The goal of this paper is to study the
super-analogue of the algebraic index theorem part of these stories. Just as [53,54] showed that the
algebraic index theorem was related to quantum mechanics, the super-version should be related to

supersymmetric quantum mechanics.

Remark 2.1.3. An important class of theories one can study in the BV formalism is given by those
equipped with a Z/2-grading: supersymmetric theories. The possible applications to supersym-

metry is in large part our motivation to study a super analogue of the algebraic index theorem.
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Additionally, there are interesting relationships between supersymmetric field theories and chro-
matic homotopy theory, following Stolz-Teichner [10,27,[82,83]. Here and in Chapter , symplectic
supermanifolds have even symplectic form. Odd symplectic supermanifolds also have interesting

connections to the BV formalism, see for example [49).

2.1.0.1 Manifold Invariants

In the Atiyah-Singer index theorem, the algebraic index theorem, and the partition function of 1d
Chern-Simons theory, we see the same cobordism invariant of manifolds appearing: the A-genus.

For example, the topological index of an elliptic differential operator D on a compact manifold

X is

/ Td(X)ch(D),

the integral of the Todd class and the Chern character. Viewed as an invariant of real, rather
than complex bundles, the E—genus of a spin manifold Y is e=*(")/2Td(Y"), see [56, Pg . 165].
From the relationships explained above, the fAl—genus can also be extracted from the trace on

the Fedosov deformation and from the partition function of 1d Chern-Simons theory.

Remark 2.1.4. One dimension higher, the 2d 7 holomorphic sigma model (also called holomorphic
Chern-Simons theory) has partition function related to the Witten genus, see [30,51]. In this 2d
story, the algebra of differential operators is replaced with the vertex algebra of chiral differential

operators [64]. See 28| for a discussion of how this story relates to supermanifolds.

One of the main goals of this paper is to discover what genus replaces Ain the super-version of the
algebraic index theorem. In [11], Berwick-Evans shows that the partition function of supersymmetric
quantum mechanics is related to Hirzebruch’s L-genus. The L-genus assigns to a 4m-dimensional

manifold its signature, [56, §4.1]. It has associated characteristic series

_VE
tanh(y/z)

A very similar formal power series also appears in Engeli’s special case of the superalgebraic
index theorem [38, Lem. 2.25]. See also |89, Appendix E|. We therefore expect the L-genus to

replace the A-genus in some cases.
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Remark 2.1.5. Note that the L-genus and the /Al—genus, which appeared in partition functions of field
theories of dimension 1, naturally land in cohomology theories of chromatic height 1. Analogously,
the Witten genus, coming from a 2d theory, naturally lands in a cohomology theory of height
2, [37]. This paradigm of chromatic height relating to field theory dimension is expected by the
Stolz-Teichner program, [83].

The L-genus is closely related to the theory of quadratic forms and their signatures, [74]. Given a
quadratic vector space, one has an associated Clifford algebra. These Clifford algebras appear in the
odd part of the deformations of symplectic supermanifolds. One also has a parameterized analogue
for quadratic vector bundles, see §1.1.1.1] The case considered in [38, Lem. 2.25] is when the Clifford
algebra comes from a quadratic vector space of signature (a,a). The superalgebraic index theorem
of Engeli thus relates quadratic forms of a fized signature to the L-genus. A natural question to
ask is what happens for quadratic forms of other signatures, which is exactly the generalization of

Engeli’s result that we prove here.

Remark 2.1.6. While our motivation comes from a variety of areas, we hope this paper is relatively
accessible. In particular, no knowledge of chromatic homotopy theory or physics is necessary to

understand the content of this paper.

2.1.0.2 Overview of Results

Let (M,w) be a symplectic supermanifold of type (2n|a, b), see[1.2.18] In Chapter [1] we construct a
version of Gelfand-Kazhdan descent for M that depends on an A-formal exponential o, This
descent functor sends a deformation “Zl\2n|a,b of functions on the formal disk to a deformation A, (M)
of M. The superalgebra A\2n|a,b looks like a Weyl algebra tensored with a Clifford algebra. The goal
of this paper is to study supertraces on the deformed superalgebra A, (M).

Corollary shows that a trace on the Weyl-Clifford algebra induces a trace on the deforma-
tion A,(M). By a straightforward Hochschild cohomology computation, a trace on ﬁgn\mb is unique
up to a scalar. We discuss this computation and a unique normalization condition of traces on
As(M) in §2.4

The algebraic index theorem computes the value of the normalized trace on the unit. Analo-
gously, we define an invariant Ev of normalized traces given by evaluating on a volume form. There

is a local version of this invariant Ev,. for supertraces on As;jq.
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The underpinnings of algebraic index type theorems is the ability to compute Ev of a descended
supertrace in terms of Chern-Weil style characteristic classes using Ev),. of the trace. In the purely
even case, this style of result is proven in |42, Thm. 4.3|, by appealing to uniqueness results.

Below, in Theorem [2.5.6] we give an alternative proof of a more general result.

Theorem 2.1.7. Let to,)qy be a 2n-derived relative supertrace on ./Zl\Qn|a7b. For (M, o) a symplectic
supermanifold of type (2n|a,b) and an h-formal exponential, let ty denote the supertrace on A, (M)

induced from topqp using Corollary . Then

EVM(tM> _/Char(MJ)(K)(EV10C<t2n|a,b)).
M

Here, char(u ) is the characteristic map from [51, Def. 1.18] which provides characteristic classes
for flat principal bundles over the relevant Harish-Chandra pair. This map is related to the classical
Chern-Weil map as well as the Chern-Weil map studied in [42, §5.1|, a new observation that we
record in Lemma below.

The computational heart of this paper is an explicit description of the invariant Evy,. on our
chosen supertrace on ngmaJ,. This local superalgebraic index theorem appears as Theorem
below. Our proof of this more general result follows ideas in [42| and [38]. In the special case
considered in [38|, we obtain a slightly different computation, see Remark We also include
as many details as possible in our proof so the reader may follow along with the computation.

Relying on the local computations and Theorem [2.5.6 we are able to compute Ev on the unique
normalized supertrace on the deformed superalgebra A,(M).

Lett = L”’T‘IJ Given a connection on the symplectic frame bundle Fr,?,lp(%'a’b), write its curvature
as a sum Ry + S+ 53 so that Ry is a sp,,-valued form, S; is a so,-valued form, and S5 is a so;-valued

form.

Theorem 2.1.8 (Superalgebraic Index Theorem). The evaluation of the unique normalized super-

trace Try on the volume form 1 ® Oy is

Evu(Try) = (—1)" %+ he / A(R))B(81)C(S,)

~ . o _ . )
where A, B, and C have characteristic power series —%—, cosh(z)=1, and —%— cot(z) cos(z)
1 sinh z’ z sinh(z) ’
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respectively.

This is Theorem [2.8.38| below.

2.1.1 Linear Overview

This paper is broken into two parts. The first part establishes the conceptual framework we use,
proving the general results we will use in the second part. The second part contains all of the
computations and constructions.

We begin in §2.2] by reviewing the main results of Chapter [l In §2.2.1] we recall the super
version of Gelfand-Kazhdan descent (sGK descent) that will be our main tool for globalizing local
results. Subsequently, in Theorem [2.2.2| we introduce the deformation of functions on a symplectic
supermanifold and then record some basic results on integration over supermanifolds in §2.2.1.3]

In §2.3] we prove that sGK descent takes supertraces to supertraces. We then introduce nor-
malization conditions in that uniquely determine the traces we will construct in Part 2. The
supertrace invariants we will be interested in are defined in §2.5] Therein, we also prove that the
local version of this invariant determines the global invariant of the descended trace, see Theorem
2.0.0l

Part 2 begins in §2.6] with a review of quadratic forms, including useful results about their
corresponding Clifford algebras. In §2.7, we give a formula for the supertrace on the Weyl-Clifford
algebra following [38]. We justify how this rather complicated formula comes from a more obviously
canonical one in §2.7.1 The bulk of computational content of this paper is contained in §2.8
Therein, we compute the invariants defined in §2.5 The superalgebraic index theorem is proven in

32.8.3]

2.1.2 Conventions

Notation 2.1.9. We set the following notation

e We let HH,(A) denote Hochschild homology with coefficients in A, and Hoch,(A) the Hochschild

chains.
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We let HH®*(A) denote Hochschild cohomology with coefficients in A*, and Hoch®(A) the

Hochschild cochains.

Let Kk be either K or C.

h is a free variable we use as our deformation parameter.
Let K = K[[A]]

Given an object R with a Z/2-grading, we let [IR denote the parity shift of R with opposite
grading. In particular, IIK = K°'[[R]].

We let (M,w) denote a symplectic supermanifold of type (2n|a, b).

The coordinates of R?%* are given by p1,...,Pnsq1s-- -1 qn, 01, ..., 0,1 Where p;, ¢; are even

and 6; are odd.
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Part 1

Formal Theory
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2.2 Background

We recall the results of Chapter (1| that we will use below. For a review of symplectic supermanifolds,
see In §2.2.1] we review the super version of Gelfand-Kazhdan descent, which allows us to
globalize results from the formal disk to an entire supermanifold. We then review the algebras
whose supertraces we will be interested in, §2.2.1.1 We end this section by discussing how to

integrate over a symplectic supermanifold and defining an odd volume form.

2.2.1 Super-Gelfand-Kazhdan Descent

All symplectic supermanifolds (M, w) will be assumed to be of type (2n|a,b), see That is, M
has 2n even dimensions, a + b odd dimensions, and the symplectic structure in the odd direction
comes from a quadratic form of signature (a, b).

Recall the super-Harish-Chandra (sHC) pair (ggnm’b, Sp(2n|a,b)) from Convention and
Notation where Sp(2nla,b) is the Lie supergroup of linear automorphisms of a symplectic
super vector space, and ggn‘mb is the Lie superalgebra of derivations of the Weyl-Clifford algebra.

Super-Gelfand-Kazhdan descent is a fancy version of the Borel construction for modules over

the sHC pair (g;‘n‘mb, Sp(2n|a,b)). By Theorem [1.3.22| and §1.5.0.1| there is a category SGK;ﬁ?a,b of

=,h

symplectic supermanifolds equipped with an A-formal exponential and a functor from 5GK2ﬁ|a , to
principal <ggn|a,b7 Sp(2n|a, b))-bundles,
=,h flat
SGKanlap > BUNGE  Sp(znlasy)- (2.1)

Given a pair ((M,w),0) € SGK;{TL@,Z) of a symplectic supermanifold (M,w) and A-formal exponen-

tial o, one assigns the symplectic frame bundle Fr,\s,lp(%'a’b) and a flat connection

Ac QEGEg ) 22)

determined by o.
Composing the functor (2.1) with a version of the Borel construction, we obtain our desired

functor.

83



Definition 2.2.1. The super-Gelfand-Kazhdan descent functors are the functors obtained from
Example |1.3.50[ and §1.5.0.1| by varying (P, v) over sGK"

2nla,b?

sGK ., =,h R
desc®™ ™ : sGK2n|a7b x Mod 5

(MOd( Sp(2n|a,b))) — PI’O(VB)ﬂat

h
2nla,b g2n|a,b’

and

S = o
desc®®®: (sGKL! )" x Mod

2na,b (MOd(gh Sp(2n|a,b))) — Modgg, .

2nla,b 2nla,b’

For (M,w),0) € sGKyyap, let descyy ») denote the resulting functor between module categories.

This is the version of Definition considered in §1.5.0.1]
More concretely, descq,») sends a @gnm,b—module V in (ggnlaﬁb,Sp(2n\a,b))—m0dules to the de

Rham forms with differential induced from the connection V,

desciuo (V) = (Q°(M, FriP @ g ontan V), dy), (2.3)

where V is a connection on the Borel construction induced via A from the A-formal exponential o.

2.2.1.1 Weyl and Clifford Algebras

The main application in Chapter [I] of super-Gelfand-Kazhdan descent was to produce a deformation
of Oy using a deformation of functions on the formal disk. Here, we will produce supertraces on
these formally local and global deformations. Fix an object (M, o) in sGK"

2n|a,b”

The deformation of @an,b that is studied in Chapter [1|is

Annjap = Weyl(T*R™, wy) ® CLff (RV*, Q).

Here, \ﬁe\yl is the completed Weyl algebra and Cliff is the Clifford algebra, see Definition m
and §subsec-WeylClifford.
The following is Theorem [I.5.12
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Theorem 2.2.2. The algebra

AU(M) = Fv <M, deSC(Mp)(./zl\Qnm,b))

1s a deformation of the super Poisson algebra Oy.

Note that the algebra A,(M) is the zeroth cohomology of the Qy[[h]]-algebra descw,q) (ﬁgn‘a,b).

2.2.1.2 Connections

The Lie superalgebra ggnla , 1s defined to be derivations of ./Zl\gn‘mb,

gg,n\a,b = Del"(.A2n\a,b) )

As in general, we have a central extension of Lie superalgebras
0= Z — Aspjap — Der(Agpjap) — 0

where Z is the center of ./zl\gma’b, viewed as an abelian Lie algebra. The connection 1-form A from
1} can be lifted to a connection 1-form A with values in fTQn‘a,b. The curvature F'; of A is then a
closed 2-form with values in the center Z of ﬁgn‘a,b. Moreover, F; is a Sp(2n|a, b)-basic form. We

can therefore view F'; as an element
Sp(2nla,b
F;e H2(M§ FrMp( e Xsp(nlab) Z)-

This class is independent of the choice of lift A of A. Since Z =~ K, then F; becomes a class in
H?(M;K). This K-valued de Rham form is what is called the characteristic class of the deformation
Asaja s

One should compare the above to [42, Pg. 18] and |12, §4].

2.2.1.3 Integration and Orientations

Ordinary symplectic manifolds (M,w) are orientable. If M has dimension 2n, then w™ is a common

choice of orientation. The underlying manifold of a symplectic supermanifold is symplectic, and

85



hence orientable; let [M] denote the fundamental class. The main use of an orientation for us will
be to integrate over the manifold. See [7§| for an introduction to integrating over supermanifolds.
One can integrate along symplectic supermanifolds using a combination of integration along the

underlying manifold and a Berezin integral. We define this locally in coordinates.

Locally, M is modeled on the symplectic supermanifold R+ Let 6;,...,6,. be local odd

coordinates. Given a compactly supported function f on R*®*? we take

/ FdM = / i [ fde
R2n\a,b R2n Aa+b

where [ ra+o AO 1s the Berezin integral on a + b Grassmann variables such that

/ 0y---6,d0 =1,
Aa+b
See [8, Part 1. Ch. 2. §2].

To check that this globalizes to define an integration on M, we need to check that it is invariant
under coordinate changes coming from local super symplectomorphisms ¢. The change of variables
formula for the Berezin integral can be found in |8, Thm. 2.1, Part 2. Ch. 2. §2|. The Berezin
transforms under ¢ by the Berezinian ( [8, 2.2.11]) of the Jacobian of ¢. It therefore suffices to check
that the Berezinian of the Jacobian matrix of ¢ is 1, and that 6, - - - 6, globalizes to a function on

M.

The Jacobian of a super symplectomorphism ¢ is a super symplectic matrix My, analogously
to the even case. Just as the determinant of a symplectic matrix is 1, the Berezinian of a super

symplectic matrix is 1. Indeed, since My, is a super symplectic matrix, we have
T
M3 HoMy = Hq

where Hg is as in §2.6] See also Remark [I.2.12] Since the Berezinian of a product is the product of
the Berezinians, we may reduce to computing Ber(Hg). Then Berezinian of the block matrix H

maybe computed by the formula [8] §2]
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A B| det(A—BD'C)

ber) ol =7 ded)

We defer the following computation to §2.6]

Lemma 2.2.3. One can choose an ordering of local odd coordinates 01, ...,0,., on the symplectic

supermanifold R so that the function
O: R - R

gwen by © = 01 -- -0, is tnvariant under local symplectomorphisms of M and therefore defines a
global function on M,

Oum € Ow.

The term volume form is sometimes used to mean the data needed to integrate against. As

A;(M) is a deformation of Oy, we have an equivalence of modules
Az (M) =~ Owl[[A]].

We may therefore view Oy as an element of A, (M).
Definition 2.2.4. The volume form on M is Oy € A, (M).

We can see the volume form in terms of the Weyl-Clifford algebra as well.

Remark 2.2.5. Recall that A,(M) is the result of applying super-Gelfand-Kazhdan descent to the
tensor product
A}n\a,b = \ﬁe\yl(T*Rn’ wO) ® CliH(RO|a+b’ Q)

After possibly scaling, the element ©y locally looks like the unit in the completed Weyl algebra

tensored with

in the Clifford algebra.
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Example 2.2.6. Identify M as E[1] for E — M a quadratic vector bundle on a symplectic manifold
as in Rothstein’s theorem [76]. Then functions on M are given by sections of the exterior product
bundle, Oy = I'(M, A*E). If E is oriented, we can take Oy to be given by the corresponding section
of A™k(E)E sending a point of M to the top dimensional form on E from the orientation. This is

also explained in, for example, |38, Pg. 26].

Definition 2.2.7. Let M be a symplectic supermanifold with reduced manifold M. Let d[M] denote

the volume form on M induced from the symplectic structure. Integration over M is given by the

map [,,: Q22 (M) = K defined by
[ (Jemme)on

2.3 Descending Supertraces

The goal of this section is to show how the notion of supertraces interacts with the super-Gelfand-
Kazhdan descent functor. In particular, we would like a way of procuring supertraces on the
deformed superalgebra A, (M) of Theorem By definition, the superalgebra A, (M) is obtained
by applying super-Gelfand-Kazhdan descent to the superalgebra ./Zl\gnm’b. We will show that a derived
supertrace on A\Qnm’b descends to a supertrace on A, (M).

We begin by defining the types of maps we want.
Note that for a superalgebra A over K, the Hochschild homology groups HHX(A; A) are Z/2-graded

as well.

Definition 2.3.1. Let (g, i) be an super-Harish-Chandra pair and let A € Alg(Mod x)). A (i-
derived) supertrace on A is a morphism ¢: A®<*1 — K in Modq k) such that the composition of ¢

with the differential 0 of the Hochschild complex,
A®i+2 g A®iHL L Kk
is zero.

We allow ¢ to be either an even or odd map.
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Example 2.3.2. The superalgebra ﬁ2n|a7b is an algebra object in Mod(gg wpsSP(2nlab)) We construct

a 2n-derived supertrace (ﬁgma,b)@%“ — K in Theorem .

We will eventually restrict to supertraces satisfying an additional property.

Definition 2.3.3. Let ¢ be an i-derived supertrace on A € Alg(Mody k)). Let p: g — End(A)
denote the action of g. Say t is a relative supertrace if for every x € Lie(K) and ao,...,a;.1 € A

we have .
1

Z(—l)jt(%@al®~~~®ai71®a®ai®'“®ai—1):0

J=1

where a = p(x) - 1.

We will see later (Lemma [2.5.3]) that relative supertraces correspond to relative Lie algebra

cohomology classes.

Definition 2.3.4. Let R be a K-superalgebra. Let B € Alg(Modg). An (i-derived) supertrace on
B is a morphism ¢t: B®?*! — R in Modp such that the composition of ¢ with the differential 9 of
the Hochschild complex,

; a y t
B@H—Z \ B®7,+1 K,
1S zero.

Example 2.3.5. Take R = Q33 (M;K). Then
desco) (Aznjas) = O (M; Frif Y s 0010 Azajas)
is an algebra in Modg. Note that we have an isomorphism
descu,o) (ﬁ%\a,b) ®r descw,q) ("Z%lavb) = <M; Fr'\sﬂp(znm’b) X Sp(2n]a,b) (“Zl\%la,b @k A\2n|a7b)) '

Example 2.3.6. Take R = K. Then A,(M) = 'y (M, desc(M,g)(ﬁgnm,b)) is an algebra in Modk.

Lemma 2.3.7. The functor

desc(u,o): Alg(MOd(an,a,b,Sp(%la,b))) — Alg(Modge )
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from Equation sends derived supertraces to derived supertraces.

Proof. Let A € Alg(Mod, Sp(2njap))) and t: A — K be a supertrace on A. Applying desc,y)

h
g2n|a,b7

to t, we obtain a map

desc(u,»)(t): desc,)(A) — descu o (K).

By Corollary |1.3.47| and Lemma [1.5.10, descv ) (K) = Q3 (M;K). Thus desc(t) has the right
domain and codomain to be a supertrace on desc)(A), as in Definition Since t is a

supertrace, we have a commutative diagram

A A— A

N

swap K

VA

where m is the multiplication map for A. Since the functor desc(u, is symmetric monoidal,
it takes the swap map to the swap map, and m to the multiplication map m' for desci, ) (A).

Therefore, applying desc(v,») to this commutative diagram, we obtain a new commutative diagram

desc .0 (A) @ desc,y) (A) > desci,)(A)

W)(U

(1]

/J(M;(t)

desc(M,U)(A) ® descw,q) (A) — descy,q) (A)

which implies that descu () is a supertrace.
For a derived supertrace T': A®*'rtaK, the functoriality of descgv,) implies that the face and

degeneracy maps in the Hochschild complex of A map to those in Hoch,(descu,)(A4)). Thus, the

composition
®i+1y 9 ®i+1 deSC(M,a)(T)
(descm,o)(A))*"") = (desco)(A)) ————— descyy ) (K).
Which shows that desc,»)(7') is a derived supertrace on descu,q)(A). O
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Example 2.3.8. Let t5,,, be a 2n-derived supertrace on A\Qn‘a,b. Then descu,q)(tanjap), @S @ map
desciv,o) (tanjap) : desciv o) (A2n|a7b)®2”+1 — Q3r(M; K)

is a 2n-derived trace on descy,s) (./Zt\gn|a7b).

We would like t,,5 to determine an underived trace on A,(M). For this, we will need the

internal and external product maps on Hochschild homology. First, note that
N . Sp(2n|a,b -
deSC(M,a) (AQn\aJ)) = (Mu FI‘Mp(2 o) X Sp(2na,b) AZn\a,b)

is graded by degree of forms. Its Hochschild complex is therefore bigraded: one grading from degree

of forms and one grading from the Hochschild complex.

Let dgr denote the de Rham differential on Q35 (M; K), and dy the differential on
descu ) (A\Qn‘a7b)®2n+1
induced from the covariant derivative. By the proof of [38, Thms. 2.14 and 2.15], we have
dar o desciv o) (tanjap) = desc, o) (tanjap) © dv.
Thus, descu,q)(tonjap) descends to a map on cohomology
Hy (M; Fffﬂp(%‘a’b) X Sp(2n|a,b) (ﬁzn\a,b)@wl) — Hig(M;K)

which does not preserve degree, as we have moved the ®2n + 1 inside.

We would like to create an underived trace on A, (M) from descw,q(tanjap). To do this, we will
use the product structure on forms on M valued in Fr,%,lp(%la’b) X Sp(2na,b) (./2‘.\2”|a7b).
Let

Ae Ql(M7 Frap(2n|a,b) ><Sp(2n|a,b) A\2n|a,b> = Ql<Fr|§/|p(2nla’b); A\Qn\a,b)basic
denote the connection 1-form on the flat pro-bundle deSC(M,U)(A\Qnm’b), see §2.2.1.2]
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Wedging with the form A"2" determines a degree 2n map
Bi: Q0 (M; Frap(%'a’b) X Sp(2n)a,b) A2n|a7b> — Q™ (M; Frap(%'a’b) X Sp(2na,b) <A2n|a7b)®2n+1>

of superalgebras. Here, the algebra structure on both sides is induced from the algebra structure
on A\2n|a,b. One should compare [; to part of what is denoted xo in |38 §§2.5.1-2.5.2|. Taking

cohomology, the domain of 5; becomes A,(M). We can then form the composite

deSC(M,a)(th\a,b)
1

Bi ° nla, N n .
A (M) =5 HE, (M;Frff@ 199) s spantan) (Aznan)=> “) H2 (M: K).

The next proposition follows from |38, Thm. 2.14].

Proposition 2.3.9. Let 3,4 be a 2n-deried supertrace on ﬁgnm’b. The map on cohomology
As(M) — Hiz (M; K),

induced from desc o) (tanjap) © B3, is linear and factors through HHy(Az(M)).

To obtain a K-valued supertrace on A, (M), we need to get from H3%(M;K) to K. We will do this
by integrating out the odd directions with a Berezin integral, and then using the orientation on the

underlying manifold My of M. See Definition [2.2.7]

Corollary 2.3.10. The composite

tw = / (descu,o)(tanjas) © Ba) = As(M) = K
M
1s a supertrace of K-algebras.

Proof. The map fM is K-linear. By Proposition m, the composite ty is linear and factors through
HHp (A, (M). O

2.4 Uniqueness of supertraces

We discuss reasonable properties we would like our supertraces (locally on A\2n|a,b and globally on

A,(M)) to satisfy, and show that these properties uniquely determine such a supertrace.
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2.4.1 Local Uniqueness

Here, we show that there is a unique derived supertrace on ﬁgnm,b up to scalar multiple.

We can reinterpret a supertrace as an element of the Hochschild cohomology using the following
lemma. For A € Algy(Modg k), let A* denote the dual, A* = Hom(A,K). The following can be
found after Theorem 2.1 in [42].

Lemma 2.4.1. Let A € Algy(Modg k). There is an equivalence

Hom (Hoch{(A; A),K) = Hochg (A; A¥).

To show that there is a unique derived supertrace on ./Zl\gmayb up to scalar multiple, it suffices to

prove that HHf(ﬁmmb) is one-dimensional.

By §1.5.1] we have an equivalence
Asnjap = Weyl(T*R", wo) @k CLff (R7™, Q).

Hochschild homology satisfies a Kiinneth formula. That is, as the Hochschild complex of a tensor

product is the tenors product of the Hochschild complexes, we have
HH5<A\2n|a,b) = HHP} <@(T*Rnaw0)> Xk HH.K (Chﬂ‘(R‘H'b’ Q)) :

The Hochschild homology of the Weyl algebra is computed in [42, Thm. 2.1|, where Weyl(T*R", wy)

is denoted A%°'. We have an isomorphism
HHS (Weyl(T*R"™, wp)) = K[2n].

A computation of the Hochschild homology of the Clifford algebra can be found in 58| §6 Proof
of Prop. 1| where it is shown that

K[0 a+ b is even
HHX (Cliff (R, Q) = o

IIK[0] a+bis odd
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See also [38, Thm. 2.10].

Putting this together, we have the following computation.

Corollary 2.4.2. Let ./2‘.\2”|a7b be the super Fedosov quantization as in Theorem . There are
1somorphisms

o K[2n]  a+b is even

HH. (A2n|a,b> = .
IIK[2n] a+ b is odd
See also |38, §2.3].

In particular, this means that for a+b even, there is a unique (up to scalar) supertrace on jgn\mb

that is an even map, and for a + b odd, there is a unique (up to scalar) odd supertrace on A\Qn|a7b.

2.4.2 Normalization Condition

We would like to put conditions on the type of supertraces A, (M) — K that will uniquely determine
it. Note that A,(M) is a deformation of Oy in sheaves of algebras on M. We will specify what our
supertrace should look like locally over M.

Let p1,. . Pnsq1s - -y Qs 01, - - ., Ba1p be local coordinates for M as in Lemma [2.2.3]

Definition 2.4.3. Let A be a deformation of Oy in sheaves of algebras on M. A supertrace
tw: A — K on A is normalized if on sufficiently small neighborhoods R?*%+* M, the map is given

) (tm) | (f) = ((—U"*“tﬁn /Rzn (/ fd@) dqy Ndpy A -+ dgy N dpn) :

By |38, §2.6] and [42, Thm. 4.2|, a normalized supertrace on A, (M) is unique. Below, in Theorem
2.7.9] we show the existence of such a normalized supertrace.

2.5 Evaluation on a Volume Form

In this section, we will define and study an invariant of symplectic supermanifolds using their
normalized supertraces. In §2.8.1 we will compute this invariant.
Recall from §2.2.1.3|that we have chosen a volume form Oy € A, (M).
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Definition 2.5.1. Let ty be a supertrace on A,(M). The evaluation of ty on the volume form Oy
is

EVM(tM) = tM<@M) € K.

Note that the definition of Evy depends on a choice of volume form, though we suppress this
from the notation.
Although Evy may be defined for any supertrace on A,(M), we will only show that it is an

invariant for normalized supertraces.

Lemma 2.5.2. Let o: (M,w,0) — (M',’,0) be a morphism in sGK;?a y- IfT and T are normalized

supertraces on M and M, respectively, then Evy(T) = Evw (T").

Proof. The local symplectomorphism ¢ induces a pullback map ¢*: Oy — Opy. By the functoriality

of desc(u,q), the pullback extends to a map
o Ay (M) — A, (M).

We can check that the diagram

commutes by examining it locally in M and M’. Over sufficiently small open subsets, the nor-
malization condition guarantees that supertraces 1" and T" agree.

Since ¢ is a local symplectomorphism, ¢*(Oy) = Oy. Thus, we have
EVM/(T/> = T/(@M’) = TQO*<@M/) = T(@M) = EVM(T>

[]

We will show that, for normalized supertraces, Evy(ty) can be, in a way, computed locally. In
, we define an analogue of Evy for supertraces on A\gn‘&b. One should think of this as making
sense of Evganjas. Then, in §2.5.2) we show how this local analogue descends to Evy.
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2.5.1 Formally Local Invariant

Consider a derived supertrace ta,,) on .nga,b as in Definition m If we think of ./Zt\gn|a7b as a
deformation of the formal disk /D\Q”‘“’b, then a formally local analogue of Definition would be

to evaluate 3,45 on a volume form for D2nla+b | If we write
O/D\Qn‘a+b - OBQn ® AI:917 P 70(Z+b]7

then our volume form will be 1 ® 6, ---0,45 =1 ® 6.

If t is an underived supertrace, then we may take to,,4(1 ® ©) to obtain an element of K.
Taking in to consideration that ts,)q is morphism of (ggn‘a p: Sp(2n|a, b))-modules, we will see that,

in general, evaluation of ty,,, on 1 ® © naturally lives in C7,, (ggn|ab§5p2n\a,b§ K)-

To interpolate between derived supertraces and Lie algebra cochains, we need the following

observation. Given an algebra A, we have an anti-symmetrization map
(—)™€: Hoch®(A4; A*) = Cf,.(A; AY)

where on the right-hand side, we are viewing A as a Lie algebra under the commutator. See, for

example, [42, Pg. 11|. The map (—)"° is given by

(bLie)<a1 Q- ak>(a0) — Z sign(s)b(ao & Qs(1) & - as(k)).

seEk

We would like to use this map to view a derived trace tapjap € HH.(A\QH‘QJ;) as a Lie algebra

cocycle. To do so, we need a Hochschild cocycle representative ,{Qnm’b of ta50ap. The Lie algebra
cocycle %ﬁa , Will, in fact, live in a relative Lie algebra group. For an introduction to relative Lie
algebra (co)homology, see 81} §2.3] or |38, §2.8.1].

In particular, for a Lie subalgebra h — g, we have a map

iie(g’ h) - Cﬁie(g)'
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For a g-module M, the group C7,.(g,h; M) is

CTie(9,b; M) = Homy (A"(g/h), M)

consisting of those cochains ¢ € Cf,.(g; M) so that

o c(xyN---Nxp) =0ifx; e hforany i=1,...,p, and

e ¢ is an h invariant map.

See |81 Def. 2.17] for the definition of relative Lie algebra cohomology with coefficients.

Recall the notion of relative supertraces from Definition [2.3.3]

Lemma 2.5.3. Let Z denote the center of j%\a,b- If tonjap s a derived relative supertrace on

Ajap, then the element toap € Ctio(Asnian; (Asnjap)®) is in the image of the map

[ ]
C(Lie

n

<A\2n\a,b75p2n|a,b ® Z, (-/Zl\2n|a,b)*> — CTie <-/Zl\2n|a,b; («Zl\zma,b)*) .

For the purely even case, see [42, §4.2 (ii)-(iii)].

Proof. The invariance under sp,,,,, follows from the fact that ta,. is (gg’nm’b, Sp(2nla, b))-module

ELie

map, see [38, Thm. 2.11(ii)|]. The condition that ts,; is a relative supertrace translates to onja.b

vanishing on sp,,,, , after noting that one can reduce from the sum over all elements of the symmetric

group to just transpositions.

Reduction to a cocycle relative to Z follows from the fact that Z C A is an abelian Lie subalgebra.

By Notation

O

1.5.6

i ggn‘a , is the Lie algebra of derivations of ./zl\gn‘@b. Using the more general fact

that Der(A) = A/Z, we see that the pair (Der(A), h) is equivalent to (A4, @ Z). We may therefore

't\Lio

view 150,

as an element in

—~ *
. h .
C’Lie <92n|a,b75p2n\a,b7 (AQn\a,b> ) .
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Given an element u € Agp|qp, We have an evaluation map

el h . an * o h . .
CVy - C’Lie <92n|a,b’5p2n\a,b7 (A2n|a,b) ) - CLie (g2n|a,b75p2n\a,b’ K) :

TLie
t2n\a,b

We will be interested in ev,( ) foru=1®6.

Definition 2.5.4. Given a k-derived relative supertrace ta, 4, on .,éAlznm,b with cocycle representative

%n‘a7b, the evaluation of tonjap on the formal volume form 1 ® © is

EV100<¥/2n|a,b) - eV1®@(t§TiL(e|a,b) S C’I]jie (ggn|a,b;5p2n|a,b; K) .

Example 2.5.5. If t5,)q: ./Zl\gn|a7b — K is underived, then Evloc(tgn‘%b lives in the zeroth cocycle

group
C1&6 (ggn|a,b;5p2n\a,b; K) = HOHI(K, K) = K:

see [81, Prop. 2.16(1)]. We can identify Evioc(tonjap) With tonjep(1 ® ©). Indeed, the map (—)He is

the identity in degree zero.

2.5.2 Globalizing the Invariant

Let topjqp be a derived supertrace on A\2n|a7b. By Corollary , tonja,p must be in degree 2n,
t2n|a,b S HHQH(AQH\a,ba (AZn\a,b)*)-

By Corollary [2.3.10 topjqp determines a supertrace ty on A,(M). The goal of this section is to
recover Evy(tw) from Evige(tonjqp). This will be done using a variation of the Chern-Weil map.
Let (g, K) be an HC pair. Let P be a (g, K)-bundle. As in [51, Def. 1.18], we have a natural

transformation

charp: CT,.(g, Lie(K); —) = descp(—)

between functors Mod, ) — Chk.

Consider now the case of the sHC pair (ggn|a7b,Sp(2n|a,b)). Let char(v,) denote the natural
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transformation coming from the principal (g5, ,, Sp(2n|a, b))-bundle structure on FriPmied) - gee

Corollary |1.3.35( and §1.5.0.10 Then chargy . is given as follows. Let A € Ql(FrSp(wa b, g2n|a ;) be

the flat connection 1-form so that
A/\Z € QZ(FI.SP sl AZ Qn\a b)
View an element r € Cﬂie(ggnw’b, SDonjap; V) @8 @ map

r. Ai(ggn\a,b/gp%ﬂa,b) - V.

Then r induces a map on Sp(2n|a, b)-basic forms
1 QU (EP P Al basic — QUF N V) e = descqng (V).

By definition, charg,,(r) = r.(A").

Theorem 2.5.6. Let to,, be a 2n-derwed relative supertrace on ﬁm(l,b. For (M, o) and object in

sGK2n|a ,» let tu denote the supertrace on A, (M) induced from topap using Corollary|2.4.2. Then

EVM(tM) :/Char(MJ)(K)(EVlOC(thm,b)).
M

Proof. By naturality, we get a commutative diagram

Cha‘r(M o) (AQn\a b

Pie (83010 SP2nja,0s ((A2njap)”) L desc Moy (Aznjap)”)
leﬁ@(—) jcharw’g)(evl@@)

descy,)(K)

Cﬂie(ggn‘mb? 5p2n|a,b; K)

Char(M’J) (K)

We can construct a morphism of 35 (M; K)-modules

B: desc,q) <(“12n|a,b)*> — Homgs i) (desc(Mp) (ﬁwa,b), desc(Mp)(K)))

as follows.

99



By Construction ({2.3)), the descent functor is given by
desc(Mjo)(—) = Q'(M; Frap(gn‘a’b) XSp(?n\a,b) (—))

Since the bundle of homomorphisms is formed fiberwise, we have an identification

F Sp(2n|a,b) (2n|a,b)

Y Sp Sp(2nfa.b)
I'y X Sp(2n|a,b) (A2n|a,b) — HomBun(FrM FrM

X Sp(2na,b) A2n\a,b> X Sp(2na,b) K)

Letting E' denote the bundle Frap(%'a’b) X Sp(2nla,b) ./Zt\gn|a7b and EY the bundle dual, we are therefore

looking for a map

B: Q*(M; EV) — Homge k) (2°(M; E), Q*(M; K))..

By adjunction, this is the same as a map
Q.(IVL EV> ®Q'(M;K) Q.(M7 E) — Q.(M, K)

Such a map is given by the product of forms together with the evaluation map EY ® F — K,,. Note

that this map sends a degree i form and a degree j form to a degree i + j form.

We can therefore view (B o char,») ((A\Qn‘mb)*)) (t3niap) as @ map

O (M; Fry? 1™ s omjay Azatan) — Q2" (M; K),

Lie

where the degree shift is since tonla

, 1s a coycle of degree 2n.

In degree 0, this map is given by sending a € QD(M;Frap(Q"‘a’b) X S$p(2nfa,b) ﬁgn\&b) to the 2n

Lie

thie ).(A")(a). Note that fiberwise we are evaluating the antisymmetrization boplap O

form ( ol

class A"?" in the diagonal,

(thaias)= (A" (@) = ) sign(s)tanap(@ @ AR @ A) = tapap(a @ A -+ © A).

SEXap

Since A4 is a lift of A (see §2.2.1.2), the map defined fiberwise by topup(a ® A® -+ ® A) is exactly

desc(u,»)(tanjap) 0B 5 Where 3 is as in Proposition m Thus, in degree zero we have an equivalence
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of maps

(B (@) char (M,o) <(.A2n|a b) )) (t;‘ljﬁa’b) = desc(Mﬁ) (th\a,b) o 5;1.

Lastly, we claim that the diagram

descw,o) ((./Zl\gn‘ayb)*) —B>HomgaR(M;K) <desc(M,g) (ﬁ2n|a7b),desc(M,g)(K))>

char(M,a)(ev1®@)L /
OMm

Q:iR<M; K)

commutes. Indeed, charg »)(evige) is given by fiberwise evaluating on 1 ® ©. The composition

eve, © B is likewise given fiberwise over x € M by evaluating on Oy restricted to . The volume

form Oy was defined to restrict to 1 ® © over each point, see Definition [2.2.4]

By definition (Corollary [2.4.2)), the supertrace ty is given by the formula

ty = /M (descquo) (tanjap) © Bx) -

Putting this all together, we have

Evm(tm) = evey (tw)
= eve, (/M (deSC(M,a) (th\a,b) © ﬂfl))
/MeV@M (descqu,o) (tanjap) © Bi)
_ / (evew o B o chargu) (Aaiun)”) ) (1550)

char(v,s)(evige) (Chafw,a) ((v@ma,b)*) (téiﬁa,b)>

char o) (K) (evige (t3na,))

char,q) (K) (Eviee (tanjap))-

I
z\z\z\

]

Below, in §2.8.3] we will see that the characteristic functor char(y,) relates to the classical
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Chern-Weil map [69, Appendix C]|.
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Part 11

Computations and Constructions
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In this part, we will construct a normalized supertrace on A, (M) and compute its evaluation on
the volume form. The purely even portion of these computations can be found in [42]. We begin
with preliminaries on Clifford algebras that we will need in our computations.

Given a quadratic vector space (V, @), we can form several different structures

e the special orthogonal group SO(V, @) and its Lie algebra so(V, @),
e the Clifford algebra Cliff(V, @), and

e a symplectic structure wg on the supermanifold ROl dim(V),

These objects are related. For example, the Lie algebra so(V, Q) embeds in the Clifford algebra.
The following can be found, for example, in [59, Pg. 61].

Lemma 2.5.7. Consider the Lie subalgebra
V,V]_ ={vw —wv :v,w e Cliff (V,Q)}

in Cliff(V, Q). There is an isomorphism of Lie algebras

®: [V,V] = s0(V, Q)
given by sending w € [V, V]_ to the endomorphism [—,w|_: V — V.

Note that ¢ allows us to view so(V, Q) as an even subspace of Cliff(V, Q).

Just as the Weyl algebra is a deformation of a polynomial algebra, the Clifford algebra is a
deformation of an exterior algebra. The local results in Chapter[l| (and [38]) show that the symplectic
supermanifold (R4m(V) (;5) has a canonical deformation by Cliff(V, @), as SO(V, Q)-modules.

2.6 Quadratic Forms of Signature (a,b)

Over R, a quadratic form @ on a vector space V is determined by its signature (a,b). In this
section, we will analyze the various constructions (orthogonal groups, Clifford algebras, symplectic

superspaces) for signature (a, b).
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Notation 2.6.1. Unless otherwise noted, Q will denote a quadratic form on R**® of signature (a, b).
A quadratic form @ on a vector space V' has associated matrix Hg with Q(v) = v" Hgv, and bilinear

form Bg with Q(v) = Bg(v,v).

We will use the following shorthands:

Cliff(V, Q) = Ciff,
SO(V, Q) = SO(a, b)

s50(V, Q) = $0,,.
Without loss of generality, we may assume a < b. Indeed, there are equivalences of Lie groups
SO(a,b) ~ SO(b, a)

and of superalgebras

Cliff,, ~ Cliffy ..

An explicit isomorphism can be found right above [50, Def. 1.1.1].

Let t = |%5%]. Note that if b— a is odd, then 2a + 2t +1 = a+b is the dimension of V. We will

fix a basis

{Clﬂ'"7Ctl77]17'"77](17517"'75157:“17"'7,”’1571}}

of RVt (where v is only included if b — a is odd) with

Bo(G,m) =1foralli=1,...,a

Sy

0(&,&)=—1foralli=1,...,¢

Sy

(
(

o(pis ;) =—1foralli=1,...,¢
(

Bg(v,v)=—1foralli=1,... ¢t

In our chosen basis, the matrix Hg associated to () is
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Hq = (hQ)

0 Id,

Id,

0

C

_Idb—a

As noted in Definition [2.4.3] the supertraces we will define will depend on an orientation.

Notation 2.6.2. We will give R%%*? the orientation

We will sometimes also use the notation 64, ...

© = Cmr - CaMabipn - - e ptgv.

© =0, ---0,.. Note that this is the same choice as was made in

Proof of Lemma[2.2.3. Take 6y, ...

2.6.0.1 Cartan Subalgebra

, 0415 as in Notation [2.6.2]

, 0415 so that 6; = (3, 0 = 1, and so on giving

We describe a Cartan subalgebra of s0,;. We will use this later in the proof of Theorem [2.8.13

Lemma 2.6.3. A Cartan subalgebra of so, is given by the subset

diag(hy, ... 0 0 0
0 —diag(hy, ... ha 0 0
{h= 8l ) i1, 8 € K}
0 0 0 —diag(uq, ..., ut)
0 0 diag(uq, ..., us) 0

if b—a is even. If b— a is odd, there is an additional row and column of zeroes, corresponding

to the v basis element.

See [84, Pg. 402].
Let E;; denote the matrix with a 1 in the ¢jth entry and zeroes elsewhere. A basis for our

chosen Cartan subalgebra is given by
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_ Jj=1
B = {Ez,z - Ea—l—i,a—i—ia E2a+j,2a+t+j - E2a+t+j,2a+j}i:1

We would like to view these basis elements in the Clifford algebra under the isomorphism
from Lemma [2.5.7. In other words, given a basis element U € B, we would like find an element
v € Cliff,; so that the morphisms ®(v) = [—,v]- and U: V — V agree.

By direct computation, one obtains the following.
Lemma 2.6.4. For each 1 =1,...,a we have
P(1:¢) = Eiji — Eaviati

and for each j =1,...,t we have

D(—=&1j) = Earayjratiri — Eoratirizati-

2.6.0.2 Symplectic Form

The symplectic form on R%%+? determined by @ is given by

9
0; 00,

1 ..

2y

for entries (hg) of the matrix Hg, see Example m

Using our naming convention (Notation [2.6.2]), we can rewrite wg as

w0=33 (Fom+ao )_U( __i®i>_(£)®2
¢ 24\0G O 0G 8771 2 =\ 0§ (%} O — Ou;j ov '

J

2.7 Constructing the supertrace

The goal of this section is to construct a supertrace on ./Zl\gn‘a . This construction will depend on
a choice of orientation of R?"%*t see §2.2.1.3] By Corollary |2 m this supertrace will descend to
define a supertrace on (M,w). Recall that A2n|a,b is the tensor product of a Weyl and a Clifford
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algebra. By Lemma [2.4.1] we would like to construct an element of
HH"(Weyl,, ® Cliff,,) = HH"(Weyl,,,) ® HH°(Cliff, ;)

In fact, we would like a cocycle representative of the cohomology class so we may apply Definition
254

In the purely even case, an appropriate element of 7, € Hoch™(Weyl,,,) was constructed in [42].
We review the definition of 7, below. The element is constructed using Kontsevich formality,
see |42, Rmk. Pg. 7.

In the purely odd case, the Clifford algebra Cliff,;, has a canonical underived supertrace.

Lemma 2.7.1. Let (V,Q) be a quadratic real vector space. View V as an even space. Given an

orientation det(V') ~ K, the quotient map

Cliff (V, Q) — CIiff(V, Q)/Cliffu_1)(V, Q) = det(V) = K
defines a supertrace on Cliff(V, Q).

For a proof, see |66, Prop. 2.10].
Remark 2.7.2. If we use © € det(V) to identify det(V') with K, then the supertrace of Lemma [2.7.1]

is the same map as the Berezin integral [(—)d®©.

Remark 2.7.3. When a = b, and we choose the orientation (17 - - - (.7, (as in Notation [2.6.2)) this
supertrace can also be described using the spinor representation, [36]. We can identify the quadratic
space (V,Q) with (W @ W* ev). The spinor representation of the Clifford algebra Cliff(V, Q) is

then a map

pspin - ClLff(V, Q) — End(Sym(W[1])).

This map (of algebras) is an isomorphism. As W1] is odd, we can identify End(Sym(W{1])) with

finite dimensional matrices. Taking the supertrace of matrices, we obtain a supertrace
to: Cliff(V, Q) — K.

Note that t5 is the map inducing the Morita equivalence between the Clifford algebra and K.

108



We claim that ¢ agrees with the supertrace in Lemma [2.7.1] up to a scalar. As

Cliff, , = (Cliff, )®°,

it suffices to prove this when a = 1. When a = 1, the map

Pspin - Clift,; — M2><2(R)

given by
01
Pspin (Cl ) =
10
0 1
Pspin (771 ) =
-1 0
-1 0
Pspin (Cl T ) =
0 1

Thus, t2(¢im1) = t2(0) = —2, which is —2 times the Berezin integral [(0)dO = 1.

This supertrace determines an element 7g|q, € HochO(Cliffa7b). Together, 7, and 7|, determine

a cohomology class

[TQn] & [TO\a,b] - HH”(Weylgn (024 Cliﬂ‘a’b)

In §2.7.1 we produce a cocycle representative of this class. That is, a map
(A\Qn\a,b)®2n+1 K

that has a corresponding Hochschild cocycle [72,] ® [Tojap]. As Tojap Was defined from a map out of
Cliff, 5, we need a way of lifting this map to a map out of the (2n + 1)-fold tensor product of the
Clifford algebra.
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2.7.1 Lifting to Degree 2n

We have a class in HH*"(Weyl,,, ® Cliff, ;). We would like a class in Hoch®"(Weyl,, ® Cliff, ;).

2.7.1.1 General Argument

In general, one has an external product map in Hochschild cohomology
v: HHY(A, B) @ HH/(I', B') - HH"V(A®T,B® B')

which is constructed in |21, Ch. XI §6] and defined by what they call g on |21, Pg. 219 (3)].

We are interested in the case
HH?"(Weyly,,; (Weyly,)*) @ HH?(Cliff, 5; (Cliff, 4)*) — HH*"(Weyl,,, ® Cliff, 4; (Weyl,, @ Cliff,;)*).
In this case, the product is given by

(f Vg)(wo @ col -+ - |wan @ can) = flwo] -+ |wan) @ glco- -+ can)

where w; € Weyl,,,, ¢; € Cliff,;, and the bars denote the tensor product in the bar complex defining
Hochschild cohomology.
Completing the Weyl algebra, we obtain a class [Ton]| V [Toja,) in HH2n<uzl\2n|a7b; (ﬁzma,b)*) which

involves evaluating 7y, on a product cg---cz,. The product in Ayy,jqp, as defined in Definition

or |38, §1.4], is given by

x*y=m(<exp (g(oHrg))) (x®y)>

where a + ¢ is the bivector

"9 9 9 _ 0 R0 0
— A : — . 2.4
@t ; op; ? dq;  Oqg; ? op; ; hQ (aei ? 8‘91') 24

Here, for x = p;, q;, 0;, the endomorphism % of .ZQ,LW, is given by identifying the underlying
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module of ./Zl\gnm’b with @2n|a,b[[h]] using the standard Poincaré-Birkhoff-Witt isomorphism in char-
acteristic zero given by (super)-symmetrization, then taking partial derivatives of polynomials as

usual.

Remark 2.7.4. Note that ‘Z

00;
important for our calculations in

is an odd map on A\Qn‘mb since #; is an odd coordinate. This will be

Manipulating the exponential power series appearing in cq* - - - x ¢z, Will result in a complicated
formula that appears in woy)q, below, §2.7.1.2)

Remark 2.7.5. One could use this same argument to reduce from type (2n|a,b) to type (2|1,1) and
type (2]0,2) since Weyl,, = Weyly" and similarly for Cliff,;. Applying this process to the Weyl

algebra gives some explanation for the complicated formula for 7, given below and in [42].

2.7.1.2 Description in Our Case

We now describe our desired cocycle, which we will denote 7,45 € HochQ"(\@Qn ® Cliff . 5).

The supertrace cocycle is a map
. A\ ®2n+1 K
TQn\a,b . ( 2n\a,b> — K.

This map should look like 75, on the Weyl algebra pieces, and applying 79|, to the product of the
Clifford algebra pieces. Recall from Remark that 7o|a is a Berezin integral [(—)d®.

We will construct 7o, as the composite of three maps:

1. the counit of the Hopf algebra \ﬁe\yIQn ® Cliff,, = U(ha,) ®k U(clyp) which is a Berezin

integral (which depends on a choice of orientation ©)

(A ®@2n+1
T2n|a,b- (AQn\a,b) = Ka

2. a complicated combination of the bidifferential operators coming from wg, mixed with config-

uration space integrals (which appear from Kontsevich formality. See [42, Rmk. Pg. 7].)

/ w2n\a,b: (“Z{Qn\a,b)®2n+l — (-/Zl\2n|a,b)®2n+17
A277,
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3. and a map

Tonjab (A2n|a,b)®2”+1 _ (A%m’b)@znﬂ_

Spelled out, we will consider the composite

-~ ®2n41 T2n|a,b -~ ®2n+1 IAQ Wanla,b -~ ®2n+1 T2n\a,b
(A2n|a,b) " >(A2n|a,b) " n4><¢42n|a,b) " — K

which we denote 7ayjq,-

We will construct and study each of these three maps individually and then show that 7a,|q 5 sat-
isfies the necessary properties. In particular, we will show that there is an equivalence of cohomology
classes

[T2njab] = [T2n] @ [T0lab]-

Berezin Integral. Define the map Topjas: (Aznjas) 2" — K by

Tonjap(ao @ -+ @ agy,) = /(ao o) (Y, w) [y=0dby - - - dbqps.

The notation fig,qp is used for Yop,jqp in [38]. We avoid this notation to prevent conflicts with the
elements p; in .,Zl\gma,b.

The notation a(y,u)|,—o means the following. Assume a € A\2n|a7b is the tensor product w ® ¢ of
w € \ﬁe\ylgn and c € Cliff,;,. Then w can be viewed as a power series in 2n even variables y and c
can be viewed as a polynomial in a + b odd variables u. Then a(y, u)|,—o means w(0) ® ¢, where we

evaluated the power series w at 0.
Then Yoy)q4s is the counit for the Hopf superalgebra .Zgnw, = U(han) @k Ul(clyp).
Bidifferential Operators and Configuration Space Integrals. For fixed k and 1 < ¢ < j <k, let oy

)®k+1

be the endomorphism of <A\2n‘a’b sending ap ® - - - ® a; to

1ia@ ®ia‘® ®£a-® Rap — ag R ®£a-® ®ia-® X a
23 ’ opr dq e dq op -

For i < j, we let oj; = —a;. Essentially, ; acts by applying the two-form « from ({2.4) to the ijth

factor a; ® a;. Similarly, we define g;; € End (A%ﬁ) by
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1 0 0
gij(a0®"'®ak):§Zh8lao®”'ﬁai®"'®8_9lCLJ®"'®ak'

m,l
For © < j, we let g;; = gi;.
Let Ay, be the space

Agy = {(v1,...,v2,) € [0,1]*": § < k implies v; < vy }.

Let wapjqp be the endomorphism of (ﬁgn‘mb)%“ given by

Wanjah = €XP ( D (v — o) (e + g@-j)>

1<i<j<2n
where 1 is the 1-periodic function so that ¢ (v) = 2v+1 for —1 < v < 0. That is, ¥ (v) = 2B (v)

for By(v) the 1st Bernoulli polynomial.

Third Map. Let mo, € End((ﬁgnm,b)%ﬂ) be the map given by

n
1
Top = E ( Z Oél]d/l)] A d’l)k) .

1<j<k<2n

Definition 2.7.6. Let 7y,,, denote the Hochschild cocycle corresponding to the map

T2nla,b — T2n|a,b/ W2nla,b © T2n|a,b-
A2'n,

The map 72,4 is an even map if a + b is even and an odd map if a + b is odd, see Corollary [2.4.2]

We now need to check that the cocycle 75,4, is a representative of our chosen cohomology class.
Lemma 2.7.7. The cocycle Topjap has cohomology class [Ton| @ [Tojab)-

Proof. Setting a = b = 0, we obtain the formula for 7, given in [42, §2.3 (2)]. Taking n = 0,
the terms wo,, and 7y become the identity map. We are left with the Berezin integral f (—)dO =

T0la,b- ]

Proposition 2.7.8. The cocycle Tap|qp corresponds to a derived relative supertrace on Agpjqp as an

object of Alg(Mod( h Sp(2n|a,b)))'

an\a,b’
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Proof. This is [38, Thm. 2.11 (ii) and (iii)]. O

Theorem 2.7.9. The cocycle Tonjap determines a 2n-derived supertrace on ﬁgma,b. Descending

Tonjap t0 M gives a normalized supertrace Try on Az (M).

Proof. By Corollary [2.3.10} Topjqs determines a supertrace on A, (M) by the map on cohomology

deSC(M,U) (7—271|a,b) o 6/{

The normalization condition is shown in [38, Thm. 2.11(i)]. O

2.8 Computation of Evaluation on a Volume Form

The goal of this section is to compute Try(Oy) for the supertrace Try as in Theorem|2.7.9, Motivated
by Theorem , we will first compute eV@(B&iTQ,b)' We view this as the local computation, which is
stated below as Theorem [2.8.13] We end this section by proving the superalgebraic index theorem,

generalizing Engeli’s results |38, Thm. 2.26].

2.8.1 Local Superalgebraic Index Theorem: Set Up

By Proposition the class
T2n|a,b € HOChQn(AQnm,b)

defines a sp,,,,, equivariant class. Using Definition 2.5.4, we get a class

Eviee (TZn\a,b) € Chi (ggn\a,ba sp 2n|a,b) .

As our eventual goal is to compute the global invariant Evy(Try), we only need to know the
cohomology class of Eviee(Tanjap) = eve(7yaf, ;). Indeed, by Theorem the value of Evy(Try) is
given by integrating over a term determined by Evige(72p105). By Stoke’s theorem, the integral only
depends on the cohomology class.

We will show that the class [Evioe(Tonjap)] € Hﬁg(ggnwb,spwa?b) comes from an invariant poly-

nomial on sy, -

114



The following can be found in [42, §5.1] or [38, §2.8.1 (2.3)].

Definition 2.8.1. Let h C g an inclusion of Lie superalgebras. Let pr: g — b be a projection map

on underlying super vector spaces). The curvature of pr is the map C' € Hom(A?g, ) given by
g

C(v Aw) = [pr(v), pr(w)] — pr([v, w]).

Let x: Sym™(h*)" — H™(g, ) denote the map sending an ad-invariant polynomial P to the cocycle
defined by

1 .
X(P)(or Ao Avom) = — Y sign($)P (Clua) o) - s ClUsem-1): Voam))) -
) $EXom /(X2)X™

The curvature C' measures how far pr is from being a Lie superalgebra map. Just as the usual
Chern-Weil map is independent of the choice of connection, the map x is independent of the choice

of projection pr, [38, §2.8.1].

Remark 2.8.2. We have encountered three Chern-Weil style maps: the map x, the functor
char(MJ)(K)

from §2.5.2] and the classical Chern-Weil map [69, Appendix C|. In Lemma [2.8.36| below, we will

describe how these three maps are related.

Example 2.8.3. In our case, we take the projection pr: ggn‘ab — 5Pay4p DY Projecting onto the

homogeneous degree 2 piece. One should compare this with Lemma [2.5.7]

We will describe this cohomology class by giving an explicit description of a polynomial P, so

that
(—=1)"[x(Pn)] = [Evioe(T2n/ap)]-

Let @ denote the map §py, (4, — .,Zl\gn‘a,b extending the map from Lemma [2.5.7| from the Clifford

algebra to the Weyl algebra tensor the Clifford algebra. For u € ./zl\gn‘%b, consider the ad-invariant

function P, on sp,,|,, of degree n defined by the formula
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Pu(ar, ... an) = Toppap 0 / Wanlap(© ® @(a1) @ -+ @ P(ay))dv; - - - duy,. (2.5)
[0,1]"
foray,...,an € 8Py, s, and vy, . .., v, the coordinates for [0, 1]". Note here that the bidifferential

operators a;; and g;; in Wy, are acting on (Agpypp) ™.

By [38, Lem. 2.24|, we have the following.

Lemma 2.8.4. There is an equality in Lie cohomology

(_1)n[X(PH>] = [EVIOC(TQNIGJ))]'

Note that we are not using any bijectivity of y, just the computation of x(P,).
We would like a nice description of the ad-invariant function P,. This will be done in terms of

characteristic series of genera. For an overview of genera and their characteristic series, see [56].

2.8.1.1 Characteristic Series
We define the characteristic series of interest.
Convention 2.8.5. For the remainder of this section, we let € = sp,,,, ;.

An ad-invariant function on the Lie algebra € is determined by its value on a Cartan subalgebra.
It therefore suffices to show that a Cartan subalgebra of € = sp,,,, is as described. Note that
SPonjap = SPa, X 504 A Cartan subalgebra of sp,, is given by the diagonal matrices. These
matrices correspond to the elements ¢p; of .Zgn‘mb for I = 1,...,n. By Lemmas and ,
there is a basis for a Cartan subalgebra of s0,;, whose image under ® is {n,(;, =&;u;} fori=1,...,a
and j=1,...,t
Notation 2.8.6. Let t; € £ denote the element corresponding to ¢;p;. Let s; € £ denote the element

corresponding to 7;(;. Let r; € £ denote the element corresponding to —&; ;.
Example 2.8.7. Consider the ad-invariant function E(—) on £ determined by the polynomial

)2
H sinh(t;/2)

i=1

116



This is the characteristic series for the /Al—genus.
Example 2.8.8. Let B (—) denote the ad-invariant function on € determined by the polynomial

H cosh(s;/2)

=1

1

e’

Si

Remark 2.8.9. The characteristic series of the Todd genus is As the Todd class is multiplicative,

e*—1"

Td(E & E') = Td(E)Td(E'), the power series <= in Example looks like the characteristic

es—1
s

series of the Todd genus of —F. For example, the power series on the tangent bundle determines

the Todd genus of the stable normal bundle.

Remark 2.8.10. The characteristic series for the L-genus is

tanh(z)  sinh(z) cosh(z).

We see this power series in the product of the power series in A and B.

Example 2.8.11. We get an ad-invariant function C (—) on ¢ from the polynomial
! Ti/2

H m(m/m cot(r;/2) cos(r;).

=1

Example 2.8.12. We get an ad-invariant function BC (—) on £ from the polynomial

) e -1y ri/2
gcosh(Si/Q) . E Sinh(r,/2) (r:i/2) cot(r;/2) cos(r;.

2.8.1.2 Theorem Statement

By Lemma [2.8.4] the evaluation of 7y,|4, on the volume form © is given by the formula

[EVioe(Tanjan)] = (=1)" [x(F0)]-

To give an explicit description of Evige(Tanja), We need to compute the power series P, from
(2.5). In the case of type (2n|0,0), one should compare the following with [42, Pg. 28|. In the case
of type (2n|a, a), one should compare the following with [38, Lem. 2.25].
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Theorem 2.8.13 (Local Superalgebraic Index Theorem). The ad invariant power series P, from

satisfies the equation

Pu(z,....x) = (~1)"e {det (Al B )C(hye)) 1/2}

where x = x1 + Y1 + Yy with 1 € 8p,y,, Y1 € §0, and yz € s0,. The notation [—|, denotes the

degree n piece.

This is proven in §2.8.2 below.
In the notation of §2.8.1.1) Theorem [2.8.13[says that P,(z,...,z) is equal to

T ehyl _ 9 2 1/2
(—1)a+te [det (% COSh(ﬁyl/Q) ( o 1) Slflzléh/gz)/Q) cot(hyg/Q) COS(hy2)> ]n

It suffices to compute P, on a Cartan subalgebra of p,, |, Let « be in this Cartan subalgebra
and X = ®(x). We will prove some preliminary lemmas that will be useful in the proof of Theorem

2.8.13| Before we do this, we need the general set-up for the proof.

2.8.1.3 Proof Set-Up

Note that the generators qp;, n;¢;, —§;t; of the Cartan subalgebra are of degree at most two in the
variables g, p, 1;.G;.&;.pt5. Thus, only derivatives of order at most two from the a;; and g;; appearing
in the exponential wyy|q; contribute, and cross terms o;;g;;» vanish. The remaining piece of wayq

that may not vanish is

. 1
w2§n2\c't,b = H (1 + hQ/J(Uz — ’Uj)(Oéij -+ gz]) + 57121#(@1 — Uj)2<0512j + gfj)) .

0<i<j<n
We would like a workable description of the expanded product of wﬁa’b(@®X ®m). Following |42,
Pg. 26] and [38, Lem. 2.25|, we associate each summand in the expanded product to a labeled
graph on n + 1 vertices. For notational consistency, we refer to these vertices as the Oth through
nth. The zeroth vertex will be labeled by ©. The remaining n vertices are labeled by the n copies

of X. A summand of the product expansion of w2§n2|a ,(© ® X®™) is obtained by, for each ij with
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0 <i < j < 2n, choosing either 1, fp(v; —v;)(cij+gq;) or the quadratic term 5% (v;—v;)? (a2 +93).
One then adds edges to the n + 1 vertex graph according to the following rules:

For ¢ > 0, if for the 7j term,
e one chose the constant term 1, add no edges.

e one chose the linear term hiy)(v; — v;)(au; + gij), add an edge between the ¢ and jth vertices

(which are labeled by X).

e one chose the quadratic term 37%)(v; — v;)*(aZ; + ¢7,), add two edges between the 7 and jth

vertices (which are labeled by X).
If for the 0j term,
e one chose the constant term 1, add no edges.

e one chose the linear term hi)(vy — v;)(ao; + go;), add an edge between the 0 vertex (labeled

by ©) and the jth vertex (labeled by X).

e one chose the quadratic term $h*)(vo — v;)*(af; + g5;), add two edges between the 0 vertex

(labeled by ©) and the jth vertex (labeled by X).

Example 2.8.14. The graph that is a disjoint union of two cycles, one between the Oth and 1st

vertices, and one between the 2nd, 3rd, and 4th vertices corresponds to the summand

%hQ@D(Uo —v)*(ao + 901)25¢(U2 — v3) (a3 + go3) P (v — vy)(a3a + g3a)Pap (Vo — va) (s + gou).

Figure 2-1: Example Graph

Note that a single graph consisting of a disjoint union of subgraphs corresponds to a product in

<2
w2n|a,b'

119



2.8.1.4 Graphs with Vanishing Terms

We can rule out the following types of graphs.

Lemma 2.8.15. Graphs containing a loop on a single vertexr as a connected component correspond

to a vanishing summand of wiﬁa (O ® X)),

Proof. Say the loop is on the ith vertex. Then the loop subgraph corresponds to the term

1
§h2¢(vi —v;) (o + gii)Q-

As the disjoint union of subgraphs correspond to a product in Wzsnzm »» it suffices to show that

(%h%(m — ;) (v + gii)Q) (O ® X&) =0,

Since partial derivatives commute, the bidifferential operator «;; applies

i 0
Op; an an op:

to the ith term in the tensor product, and hence vanishes.

Similarly, using the fact that % is an odd degree operator, we see that the bidifferential operator

gii applies

0
Z o, am anz a@ Z o anz acz o =0

to the ¢th term in the tensor product, and hence vanishes. O

Lemma 2.8.16. Graphs containing an X labeled vertex of valence strictly more than two correspond

to a vanishing summand of wiﬁa (O ® X)),

Proof. The vertex of valence more than two corresponds to applying more than two partial deriva-

tives to X. These vanish as each summand of X has degree at most two in the basis elements. [

Recall that ¥ (t) = 2B;(v). We will need the following identities for the Bernoulli polynomials
B, (t) which can be found in [?].
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By, * B, (v) = /0 B, (u)B,(v — u)du = —%Bnm(v). (2.6)

In particular, for v = 0 we have

nlm!

/0 Bn(u)Bm(—u)du = —m3n+m,

where B, 1., is the (n + m)th Bernoulli number.

Moreover, we have

/x T B (w)du = (2.7)

Lemma 2.8.17. Graphs containing a connected component that is a linear subgraph correspond to

a vanishing summand of w2§n2|a , (O ® X&),

Proof. Say the linear subgraph has length j. Either the © labeled vertex is in the linear subgraph
or not.
In the first case, when all vertices of the linear subgraph are labeled by X, after possibly

reordering vertices, we may assume we are dealing with the graph corresponding to the summand

T omjamb Y(vr —vg) - Y(vj1 — vj)dvy -+ dvj (B(arz — g12) -+ a1 — gj-15))
[0,1]

evaluated on (O®@ X ® --- ®@ X).
Following [38], we can use the convolution identity (2.6 and see that the integral

@D(”Ul — ’U2> R w(?}j,1 — Uj)d?]l cee de

[0,1)7
is proportional to the zeroth Fourier coefficient of the 1-periodic Bernoulli polynomial B, _;(—),
which vanishes.

Now assume that the © labeled vertex is a part of the linear subgraph. Say there are ¢ X
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labeled vertices to one side of © and j — i to the other side. This subgraph then corresponds to the

summand with integral

w(vg — Ul) cee 1/}(Ui_1 — ’UZ‘)@Z)(UO — Ui+1) s 77Z)(Uj—1 - ’Uj)d?]l tee de

[0,1)7

== (/ . .1/)(—1)1)"'77&(’01'_1 —Uz‘)dUH_l"'de) ( _@D(—viﬂ)---@b(vj_l _Uj)dvl"'
(0,177 [0,1]¢

Using the convolution identity ({2.6]), this integral is proportional to

( /0 1 Bj_i@j)dvj) ( /0 1 Bi(vi)dvi) |

By the identity (2.7)), both these integrals vanish.

Thus, contributions from all linear subgraphs, containing © or not, vanish.

d’UZ‘> .

The remaining types of graphs are disjoint unions of cycles on the X labeled vertices or flowers

whose center is the © labeled vertex and whose petals are cycles from the © vertex to X labeled

vertices.

\_ /
\\ I
f
|
1
\ \ S
T -~ T
* ~
\\ __\___/ \ \‘.
/,.' \

Figure 2-2: ©-flower

Below, we will simply refer to this second type of graph as a ©-flower.

Our next step is to compute the non-vanishing contributions of cycles and ©-flowers on © ® X®*,

For this, it will be useful to break X into a sum of three types of terms.
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Notation 2.8.18. Say X = X; +Y; + Y, with

X1 =) vigipi
i=1

Y = Z AiniGi
=1
t

Y, = Z —Ri&ifi

=1

for some scalars ~;, \;, k; € K. In sections §2.8.1.5] §2.8.1.6] §2.8.1.7] we compute the contributions

of the Xy, Y7, and Y, pieces respectively in terms corresponding to cycle and ©-flower graphs.

2.8.1.5 Computations for X; Terms
The following appears in |38, Pg. 34|

Lemma 2.8.19. In A%Z}w we have

1 ‘ iy
oz aj1j0n(0 @ XPF) = 55 3O @1% @ X7)
i=1

if j is even. This term vanishes if j is odd.

Lemma 2.8.20. In K we have
T2n|a,b(@ ® 1®j ® X1®k7j) = Ojk

Proof. We have
Yonjap(© ® 197 @ XPH7) = / (@X{H‘) ly=0

where y represents the even variables. If £ — j is nonzero, then Xj|,—o = 0 and this term vanishes.

When k — j =0, we have [© = 1. O

Corollary 2.8.21. If k is even, the X contribution of a cycle of length k is

1 n
Yonjap(z -+ 1601 (O ® XPF) = k-1 Z%k
i=1
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This term vanishes if k is odd.

For example, if k = 6 graph corresponding to such a cycle looks like the following.

Figure 2-3: X; cycle

2.8.1.6 Computations for Y; Terms

Lemma 2.8.22. In A%:é, for j=2,... k, we have

1 | »
giz-- 9m9n (O @ Y) = 55 ) N(O@ 1% 0 Y,™)
r=1

and

911(6 (%9 1/1®k) =0.

Proof. Since Y] does not involve any p; or &; terms, 8%_5/1 and a%yl vanish. Thus, we can replace

the bidifferential operators g;; by the map sending (ap ® --- ® ay) to

lza:a@) aa-® ®aa-® ®ar +ag ® aa@ ®aa-® ®a
2T:1 0 agrz 377r] k 0 anrz agr] k

for this computation.

We have

0 0 -
5C7~Y1 = 8_4} (; Ainini) = =\

0 (Z )\mz'Ci) = AGp
i=1

on,

1:

0
ony
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For 7 = 2, using g21 = ¢g12, we have
12921(0© ®@ Vi)
1 < 0 0 0 9]
= Y OV ——YVRYF T+ VI ® Y, @Y
912<ZZ @105 oY r0e g e gYiey
—912< Z@@ M) @ MG @ YEEF2 4 0 @ MG @ (—Aigy) ® ViR )
——EZAQ ©ene e ?+0a¢en @Y ?)
- 9 r912 M r 1 r 73 1

1 a
:—ZZAf(@@)@l@1®3ﬂ®k‘2+@®1®1®iﬁ®k‘2)
r=1

1 a
=52 NOe1Pe )
r=1

For j = 3 we have

912923931 (0 @ V%) = 23Z@® DOAMON O ® () & (—A,) =0.

This parity continues in general, with the end term either canceling or doubling depending on
a sign. For general j, only the first j copies of Y] in © ® Y;** are acted upon by the bidifferential
operators g2 - - gj—1;951- Bach such copy of Y] is acted on twice: the ¢th copy for¢=2,...,7 -1
is acted on by g;_1; and g;; 41, the first copy is acted on by gi2 and g;;, and the jth copy is acted on
by gj-1; and gj1.

We therefore have

g g] ljg]1<@ ® Y®k 2 Z @ ® )\@] ® Y®k J + ( )j*l@ ® )\?] ® }/’1®k‘*]

" NO 1% Y T) j even

2]1

7 odd.
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Lastly, we compute g;1(0 ® Y;*%):

1 o o)
m©ex =33 (00 5¢ 5,

r=1
a

Oy 9,

(@ ® (=\) ® Y1®k’1) + (@ DN\ & Yfgk*l)

r=1

Il
e

o 0
R Y'1®k—1 +O® — Y'l ® Y'1®k—1>

Recall that © = (111 -+ - Canu&apir - - - & v (where the v only appears if b — a is odd).

Lemma 2.8.23. In Agﬁ;}), for 7 =1,... k odd, we have

S)
gor +++ 95-13950(0 ® V) = Z/\J (C ® 1% @ Y~ J) .

This term vanishes if j is even. Moreover goo(© ® Y;2%) = 0.

Proof. The proof is the similar to that of Lemma [2.8.22, after noting that %@ =—

9
G
For example, we have

1 ‘e C)
901910(O ®Y)) = 5901 (Z C_ ® ArGr + (‘77_) ® (—Arm)>
—1 OT r

1 «— O @)
22 r=1 anr CTTIT
e ©

) Zl Gy @A

In general, we have

o 0
G Oy

o+ 05 1300(0 © Vi) = i Z o ¢ T 0@ @Y (1)
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Asaa_aa

3690 = T 3C the right hand side vanishes if j is even and becomes

1< /6 . ,
D N[ —@1¥ Y
27 " (m@ @ ©h

r=1

if 7 is odd.
For ggg, the bidifferential operators are only acting on ©. As © contains all basis elements
Wi, Mis &, Ciy U5, we would apriori need to consider the full form of ggg. However, the p; and &; terms

vanish here:

2 & Q 94,, 06,
IRES J 0 or O 0 o
2;(8@6%6 ! +a77r8Cr®® !
I~/ 0 0 o O 0 19 9
_ _ Y®k - Y®k.
2;(a§ra€r@® ! +alflr8,ur@® ! ) 28’1)81)@@ 1

Now %a%a%@’ %8%%@, and %a%%@ all vanish, and we are left with

1 a
go(O Y = =% —
00( ! ) 2 ; C’/‘ T T]"‘C”"

O ©
Y+ — Y =0
U

as desired.

]

Note that the computation of goo(© ® Y;) holds for Y] replaced with any element of the Cartan
subalgebra, in particular for X; or Y.

The term computed in Lemma [2.8.23] corresponds to a single petal of length j on a ©-flower.
Say we have a ©-flower with [ petals of length ji, jo, ..., j; on a total of j X-labeled vertices. This

graph corresponds to the following computation.

Corollary 2.8.24. Consider a partition j, +--- 5, = 7. Then

(901 9j1-1j19520) (Goju+1 " * * Gjstia—11+52T1+520) -~ (Goj—iy * * * Gj—1k950) (O @ YF)
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vanishes unless ji, ..., J; are odd in which case it is equal to

1 ) . C) i ]
- AL\ <— ® 1% ® Yk_J)
21 ... Q0 |RZ:Z 1 t Crlnrl e Cmnrl '

where R = (ry,...,r;) ranges over ordered subsets of {1,...,a} of sizel.
In particular, we may have R = (i,7) and R = (j,1).

Lemma 2.8.25. In K for j =0,...,k, we have
TQn\a,b<@ ® 1®j ® }/1®k_j) = 05k

vanishes unless j = k.

Proof. Since ¢? = 0 = n? we have

GiminiGi =0 (2.8)
Now since © = (111 - - - (unuéiptr - - - v, for any ¢ we have
On¢; = 0,

as we can commute the 7;¢; past the n;(; for i # j, and then use the above observation ([2.8]).
We have

a k—j
Yonjap(© ® 1% @ V) = /@ (Z Aﬂ%«(r)
r=1
= Z AI/@(nilCil“'Uikakj)
[|=k—j

=0.
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Lemma 2.8.26. Consider a subset R = (r1,...,r)of {1,...,a}. In K, if j # k, we have

© oy (k — j)!
Tonla —®1®]®Y ]> = - (-1 lhk J l/\il.../\il
2ot (Cﬁnﬁ o 'C?"lnrl ! Zszz:k—j 81! .. 'Sl!( ) 1 l

where S = (s1,...,8;) is a partition of k — j. This term vanishes if j = k.

In particular, for | =1 we have

—hFITINT =0, k=1

T2n|a7b (C@ ® 1®] ® }/1®k]> —
i 0 j=k

Proof. Let O = —2—— We have

Crl Tirq "'Crl Mry
Tonjas(Or ® 1% @ V2F7) = /GRYlk_j = Z )\I/GR(nilgil i G-
Ty

If there is a term ' € I with v’ ¢ R, then we see a (.1,m(» = 0 in the product

@R<77i1 CZ& C Mg C’L'Icfj)‘

These summands therefore vanish, and so we may assume [ consists only of terms in R. Note
that [¢,,n,] = h so that n,.¢, = h — (.n,. We therefore have
) S}

©
_TT:_h_TT’:h -
T Qmﬁ G ) o

S)

and

S} ¢)
I — 0| () =hr — hoe.
( Crnr ) (77 ¢ ) Cﬁ?r

Thus inductively we see that,

) S
7 TCT I _ hl— o hl*l@.
C;nr(n ) Gl

If j =k, or R ¢ I, then there is some r € R that is not in I. We would then be taking the

Berezin integral of , which is zero.

S
C’r Mr
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Thus, for |R| = 1, we must have I = (r,r,...,r). We get

T2n|a,b (C@ﬁ (%9 1®j X Y’l®k_]') — )\f—] / hk—]% _ hk—j—l@ _ —hk_j_l)\f_j.

More generally, given a partition S = (s1,...,s;) with s; + -5, = k — j, we have

@R(nm <r1)81 T (777’1 <Tz)81 = (ﬁSl@R - hSl_l@R\{h}) (77r2C7’2>52 T (%Cn)sl-

The term Op on the right-hand side will vanish under the Berezin integral as it contains no ¢,,7;,.
We can therefore ignore it. Replacing R with R\ {r;}, we are reiterating the same computation,

but with a negative sign. Continuing through ¢ = 2,...,[, we obtain

T2n|a,b@R(7]r1 Gr )% (%Cn)sl = <_1)ZT2n|a,bhslil o RTle = <_1)lhk*jfl.
We therefore obtain

©
T2n a,b (—
| (T177T1 U Crﬂ]m

spleees!

‘ ‘ k— ) .
® 1% ®Y1kj) _ Z (k—J) (_1)[ﬁk*j*l}\ii AL

as

Lo (k— )
o —J): s s

In summary, we have shown the following:

Corollary 2.8.27. For j = 2,...,k, the Y| contribution from a cycle of length j is

a

. 1 .
Tonjap (12 95-1971(O @ YY) = 2 Z A

r=1
if § 1s even and vanishes if 7 is odd.

Moreover, for j = 1,...,k — 1, a O-flower with | petals of length ji,jo,...,J1 on a total of j

X -labeled vertices has Y] contribution
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Yontas (901~ G1-1719510) (Goju41 " * * Gjra—tja+52Gi1+320) * * * (Goj—iv * * * Gj—16G50) (© @ Y1)

which is equal to

k—j—1 +s j1+s
e D D DI TR

|R| lzsz k— ]
Here R = (r1,...,m) is a subset of {1,...,a} and S = (s1,...,s;) is a partition of k —j. This term

vanishes if j = k.

For example, if | =5, j; =3, jo =1, js =2, j4 =1, j5 = 2 and k = 14, the O-flower considered
here looks like

Figure 2-4: Y; ©-flower

where all the vertices are labeled Y7, except the center of the flower which is labeled ©. The
partition S of the £ — 7 = 5 spare vertices corresponds graphically to assigning spare vertices to the

petals.

2.8.1.7 Computations for Y, Terms

Lemma 2.8.28. In A;@rﬁ:}), for 7 =2,... k even we have

t
1 | | B
g2+ 1590 (0 @ V5™) = o= > mO 1% @Y, ).
r=1

This term vanishes if j is odd. Moreover, gi1(0 ® Y, £F) = 0.

Proof. Since Y, does not involve any 7;, (;, or v terms, -2-Ys, -2 oG 2y, and 2 55 Y2 vanish. Thus, we can

7677

replace the bidifferential operators g;; by the map sending (ap ® - -+ ® ak) 0
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Ly & 0 Q- 0 Q- Qap+ay® 0 QK- 0 PSRNy
—_— a e —— az DY — a . DRI a a[ D —— an DR — a . DY a
2 = ’ agr 85’” ’ * ’ alur aﬂ'r ! g

for this computation.

In the expression for g, (0 ® Y;*%), the bidifferential operators f@ and _a_ act on the first
t

copy of Y. Since Y3 = > —k;£p only has one copy of each &; and p;, these operators are zero. This
i=1
proves the second claim that g;1(0 ® Y;%) vanishes.

We have C%Yg = —K, 4 and %Yg = k&
For 7 = 2, using go1 = —g12, we have
912921 (0 ® Y;2)
0 0 0
= S Y, @Y+ 6 Y; YR
gm(Z Cog Y ag O TP g O g

oo ( Z O ® (—Rppty) @ (—Fpfir) @ Y2®ki2 + 0 ® (k&) ® (k&) ® Y2®k2>
1
) Z Frg12 (O e @y Y2+ 00 & @& @ Y2
r=1
1 t
=2 messleley; P roelele )
=1

t
1
- Y wH(O®1TR Y.
r=1

In general, we have
1 < ‘ .
Giae - Gi-1;9:1(0 ® YIF) = 5 Z(—l)ﬂ@ QI QYT L O @Y @ Y,

r=1

which vanishes if j is odd and gives the desired computation when j is even.
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Lemma 2.8.29. In A?'T’}), we have, for j=1,...,k odd

_NE2 L /9
go1 -+ 95-15950(0 © Y37F) = ( >2j > (5 0 1% @V J) '

r=1

This term vanishes if j is even. Moreover goo(© ® Y52%) = 0.

The claim for gg follows from the proof of Lemma [2.8.23]

Proof. Note that 81&@ = g and 8;;@ = —%. For j =1 we have
1 8 0 0 0 _
nou(® &1 = 500 ( 8&« 9, og ROV o o2 " 1)
1 e S _
= _901 (E : 5 ( /{rp“r) ® Y®k 1 (__> & (’irfr) & YV2®]€ 1)
r=1 >" Hor
t
1 © S}
- __ ® Ky ® Y®k*1 + ® Ky ® Y®k*l
Z Erir 2 Sy 2

:__Zﬁrg ®1®Y®k h.

When j = 2, we have

0 g 0
O @ rr @ (=hr) Ot Oy

¢

1 0

901912920(0 @ Y52?) = » Z O® (—kKy) ® K, = 0.
r=1

&, &,

This parity pattern continues. If j is even, then we have

0 0

0k =0.
Optr Opy ®

1 « 8 0
®j _1\i/2_ Y ®j Jir2_=
gor - 9500 ®Yy”) = ooy E_l:( 1) A a&@@m +(-1)

If 5 is odd, then we have
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) 1 . o 0 : . o 0 »
go1--- 90O ® Y27) = ST Z(_1>(J+1)/2__@ Q k& + (_1)(]—1)/2__@ ®Q k&

— Opr O, " 9% Opur "
t
1 © ‘ © .
= — ) | )(J+1)/2_ ® K2 — (_1)(%1)/2_ ® K
27+1 ; Erfbr Sty
i+1)/2 _t
(o O o
21 = Srblr
[
Corollary 2.8.30. Consider a partition j, +---5, = 7. If j1,..., 7 are odd, then
(gor -+ G115 (9510905141 ** Gjnti—13147291120) = - (Goj iz =~ - Gj-16950) (O @ Y5*F)
15 equal to
i+1 i1
(_1>ﬂ12 ”,(_1)7 i p ( e ) e
. . R R ®R1¥ Y, ™
201 ... 20 ;l ! : £r1/~L7’1 "'érllu""l ’
where R = (rq,...,r) ranges over subsets of {1,...,t} of size l. This term vanishes if any j; is
even.

Lemma 2.8.31. In K we have

=) <i>s k2 k—i=2s1is even
Tzn‘%b(@ ® 197 Q Y2®k—j) _ |J\§s ! 4 J J
0 k — 7 is odd.

Proof. We have

t k—j
vy = (Z _“rfrﬂr) = (D" Rty - & iy

r=1 |I|=k—j

where I ranges over all ordered subsets I = (iy,...,i—;) of {1,...,t} and k; = Ky, - - - Ky,

Since &2 = —1h = p2 and &, = —p1,&,, We have

2

é.r/irghur = _Z
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Hence,

Thus, for each r =1,...

for

h? e
Oty = —— = 0.
/ St 4 ) &pr

,t, we must have an even number of copies of &y, in the term

filluil e gik—jﬂik—j

/@éilluil e fik,j,uik,j

to be nonzero. In particular, if k£ — j is odd, we get

T2n|a,b(@ ® ]-®j ® }/é@k_j) = 0

If k — j is even and we set s = $(k — j), we have

where J =

a set I.

Tonjas(© © 199 @ Y;477) = / oY,

(i',. ..,

= Z (_1)kj/ﬁ[/@é-i’lﬂi1"'£i;€_jﬂikj
=k~
k—j)!
= Z ( 95! ) H%/@(&gm;--fiwigf
N K=, —h*\’
- Y 5 e

_Z 251 <h2) w2

i) and (k—7)!/2s! is the number of ways of ordering the 2s elements J L J into

O

Lemma 2.8.32. Consider a subset R = (ry,...,r)of {1,...,t}. InK, if k —j —1 = 25" is even,
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we have

e
T2n a,b (
| 67"1”7‘1 o 'grzlu?”l
k—j—1

1\ 2 (k=g -=D! i
Dk - Ry _ RE—J Ur L 2
U 22(4) Gul-- )l T

. ki
®1®]®Y'2 ]) —

where the sum is taken over all partitions k—j —1 = 2uy + - - - +2uy. This term vanishes if k—j—1

15 odd.

Proof. Let I = (iy,...,44—;) with ¢, € {1,...,t}. If r appears in I, say r = ij_;, then

©
ﬁél&ﬂh o .gik—jl’l’ik—j = 9&1/“1 o .é-ikfjfll’bik—jfl

and we are in the situation of Lemma 2.8.31]

If » does not appear in I, then %xiilml -+ &iy_; My, contains no &,u, term, and its Berezin
integral therefore vanishes.

We therefore must have R C I for the term to not vanish.

Thus if £k — j — 1 = 25’ is even, then

R —R*\"
TQn\a,b € 7 R 1% ® }/2 = —KRp Z T K

=

and if k — j — 1 is odd, then

e , .
T2n|a,b <g /L & 1%7 & Yv2®k ]) =0

- __ e
and similarly for €y tiryErtiny N

Lemma 2.8.33. In K, for j =0,...,k, we have

0 . ,
T2n|a,b << " & 1®J X Yv2®k]) =0.

Proof. We have

() . . ® .
Tanins (Cn ©1¥ oY J) :/Cn B
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Since Y5 contains no 7, or ¢, terms, we will be taking the Berezin integral of something with no 7,

or (., which vanishes. O]

In summary, we have shown the following:

Corollary 2.8.34. For j =2,...,k, a cycle of length j has Yy contribution

t

ok 1 j (k—5)! —h*\’ 2
T2n|a,b (912 T ‘gj—ljgjl(@ ®Y, )) - 9j—1 Z“r Z 24! 4 N

r=1 ‘Jl:s

if k — j = 2s 1s even, and vanishes if k or j is odd.

Moreover,

Tonjap(911(O ® Y EF)) = 0.

Consider a partition j1 + ---j; = 7. Then a O-flower with | petals of length ji,...,5 has Ys

contribution

T2n|a,b ((901 s gjl—ljl)(9j1090j1+1 e 9j1+j2—1j1+j29j1+j20) T (ng—jl e 'gj—lkgjo)(@ ® Y2®k)) .

If k — 5 — 1 is even, this is equal to

T L e ey
1 Ut 2
|RZ|:ZZ P @ulal e (s, (2.9)

where R = (ry,...,m) ranges over subsets of {1,...,t} of size | and the second sum is over all
partitions k — j —l = 2uy + - - - + 2uy. This vanishes if k — 7 — [ is odd.

Moreover,

T2n|a,b(g()0(@ ® Y2®k)) = 0.

2.8.2 Proof of Theorem 2.8.13

We now combine the preliminary lemmas summarized in Corollaries 2.8.21] and to
prove Theorem [2.8.13]
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Recall that we are trying to compute

P.(x,...;z) = T2n|a,b/ w2Sn2|a,b(@ ® XM dvy - - - duy,. (2.10)

[071]n

Proof of Theorem [2.5.15. We need to classify all possible graph types and piece together the cor-

responding contributions from X.

By §2.8.1.4] the only terms that do not vanish after applying w;ja , are disjoint unions of cycles

on X labeled vertices and possibly a ©-flower. We must also consider vertices with no edges. Each
of the n vertices labeled X belongs to one of these three types: a cycle, a flower, or a vertex with no
edges. Correspondingly, to each graph we have a partition of n into three numbers, n = n; +nqs+ns

where

ny is the number of X-labeled vertices in cycles,
ng is the number of X-labeled vertices in the ©-flower, and

ns is the number of solo X-labeled vertices.

Note that if ny = 0 then the ©-labeled vertex has no edges.

The cycles part of the graph is determined by a partition of the n; vertices
ni
ny = Zjl]
j=2

where [; denotes the number of cycles of length j. Note that this sum starts at j = 2 since a cycle

of length 1 is a vertex with no edges. Let P(n;) denote the set of such partitions of n;.
The ©-flower part of the graph is determined by a partition of the ny X-labeled vertices
n2

i=1

where [; denotes the number of petals with ¢ X-labeled vertices. This sum starts at ¢ = 1 since a

petal with one X-labeled vertex is allowed. Let P(ny) denote the set of such partitions of 7.
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The data of a partition of n into n; + ny + nz along with the further partitions of n; and no

determine the graph. We will therefore be taking the sum over all such choices.

By §2.8.1.3 each graph corresponds to a summand in the expanded product of wiﬁa p We

would like to compute ([2.10). Since Yy,jq, and integration are linear, we can pull out the sum over
all graphs. Given a graph G, let Cs denote the contribution from the corresponding summand of

(2.10). Let Gaut be the automorphism group of G. We then have

e Y Yy

n=ni+n2+n3 P(n1) P(n2) aut|

To compute |G| and Cg, let us fix some notation. Say G corresponds to the graph n = ny+ny+ns

and the partitions
ni
=) jl;
=2

and
na

=1

Then we have
Z Zl
|Gaut| = (n3)!2= H] H]

The (n3)! comes from permuting the vertices with no edges. We get a factor of j from permuting the
vertices within a cycle of length j. As there are [; of these cycles, we get a factor of j%. Similarly,
the term jzf comes from permuting the vertices within petals of length j. Lastly, the powers of 2
come from the reflection (or mirror) symmetry of cycles and petals of length > 3. One can compare

this computation with [42, Pg. 27| and [38] Pg. 35].

The term Cg is the product of the contributions of the connected subgraphs of G,

Cq = (H (length j cycle contribution)lj> (©-flower contribution) .
=2
We first analyze the length j cycle contribution. Recall that X = X; +Y; + Y, and let le,

and yg denote the contribution to a length 5 cycle from the X;,Y;, and Y5 pieces, respectively.
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Expanding the product of the sum of these terms, we get the following

ni ni
H(lengthj cycle contribution)lj = Z HOj (Xf)lj(XI) (yf)ljm) (J/é)lj%)
j=2 L=l (X1)+ (Y1) +1;(Yz) 5=2

where

1
(LX) (V) (T5(Ye))!

accounts for the additional graph automorphisms.

Cj:

In each of the terms X7, )7, and YJ we see the same integral

I; = vy = v) -+ Plvj — v3)Y (v — vr)duy - - - duj.

[0,1)/

By [42, Lem. 5.4] or |38, Pg. 34|, we have

) B; jeven

I = 7 (2.11)
0 7 odd

where B; is the jth Bernoulli number. Thus, for j > 2 odd, the term I; vanishes. Assume j is

even.

By Corollary [2.8.21] we have

. , iy R L
A = WL Tonap(anz - @15 (0 © X17) = 5ol >
1=1

By Corollary [2.8.27, we have

a

y ’ ®j —w ]
N =W Yonap (G127 9j-191(O @ YY) = 51 i 2N
r=1

By Corollary 2.8.34] we have

. . ®j hj : j
Vi = W1 Yonap (12 9;1971(0 ® Vy™)) = 5= >
s=1
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Since I; vanishes for j odd, we may assume j is even and the (—2)’~! contribution in V! and )

may be replaced with a —2/71.

Ignoring the ©-flowers for a moment, we can write the cycles piece of P, as
Nl n 1 (X1) I 1 (Y1) J 1;(Yz2)
cycle __ -4 j 15 i
Pt = Z I H (21] S (b ) <2jj ;(mr) ) <2jj S () )

where P(n) ranges over partitions of n as

n—Zg (X1) + (V) + 1;(Y2)) + ng

and we brought in the copies of % and powers of 2 from |Gy|.

Setting P = 1, let
cycle __ cycle
P Z — P,

Then, we have
a _[ t
Pcyde = exp (1 + Z 2] Z ’Y@ (ﬁ)\T)J + ﬁ Z(hﬁs>]> .
i>2 r=1 =
Using the identity
L ; z/2
Z Qajx 08 (sinh(x/Q))

found in [42, Pg. 27| and [38, Pg. 36|, we have

o= i )T (57 (i)

For the ©-flower contribution, only Y; and Y5 parts contribute. Let )N)l and 372 denote their contri-

butions so that

(©-flower contribution) = <§1> (?2) )
To describe the ©-flower contribution term, we need to reorganize the data of our partition of ns.
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Let

denote the number of petals of the ©-flower. Order the petals from smallest length to largest and
let j; denote the length of the ith petal. For example, we have j; = 1 for i« = 1, ... [; corresponding
to the [; petals of length 1. Note that j; + --- + j; = no, the total number of X-labeled vertices in

the flower.

Rewriting the Y; contribution from Corollary we have

The term 7; - - - j; appears because each petal in the ©-flower could be connected to © at any one

of its j; X-labeled vertices, see the top of |38, Pg. 34].

Here, I ; is the integral

]j - 1/’(“0 - Ul)l/)(vl - Uz) ce ¢(Uj_1 — Uj)ib(ﬂj — Uo)dU1 cee dvj.

[0,1]9

By [42, Lem. 5.4] or 38, Pg. 34], we have I[; = —I,,,.

Ignoring the cycle and Y, contributions for a moment, let

l l ~
! D —1;,7; -
E) :”!Z ( s»)! E H#(h/\ _)gﬂrsl
" l l . g ol T
Ay \ "2 <Zi:1 Sz’)ll—L-:l i ] \3 L1 2iig;!

where P(n) ranges over all partitions
l
n= ij’ + 5
i=1

where j; and s; are all nonzero. We can view ﬁ(n) as the set of all decorated O-flower graphs.
Indeed, given such a partition, we have a corresponding ©-flower with [ petals of length ji,..., 7

and s; + --- + s; disjoint vertices, with s; spare vertices assigned to “decorate" the ith petal. The
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combinatorial term z l
i=1 i=1
is the automorphism group of such a decorated ©-flower.

Set PP' =1 and let

Now,

>3 ST -TT(X X ).

m=0m=j+s

Thus we have

- Z 7 2 I S,

n=0 By, |R\lzl

- Z Z N Z H Qazﬂr; l )

I

IS)
—_
+
(N}

th
++
il e
Dt‘
>
Q
t
N~
N
a

=t
m)’
>

—_
~

Since the contribution vanishes for j+1 odd and we have set Py’ = 1, after substituting Equation

(2.11)), this expression becomes

i=1 \m=0

a (i _Bgm<?2>\;);;n) (eﬁ;;\z ) ag (hA:/2) coth(hA;/2) (6“7;)\: 1) |
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Lastly, we compute the ), contribution. Using the description (2.9 we have

n2+n3)/2 t
Z Z 2n2+n3 7 <H Izjz hky, Jz+1> < 2us) _

> 2u; |R|=1 i=1 s:l

Note that this term only appears when ny 4+ ng is even.

Let

P®2 | Z s 1 2“3 ' ( ;i nl/2> Z H h ] +1
=n! i(hk,, )
' 12t (32 ( _ 2u) Ty i &

Pa(n) |R|=l

n/2 T 7 ji+1 t 1 2u
Z l|2" Z (H _]'i(h’fm)ﬁ—’_ ) (H <2us)!(ﬁ1€$) S)

|R|=l s=1

g (e ()7 (I (5)7)

(%
,& ~+
o

S| =
NI

=

=N

»

~

[§

5
N——

where P,(n) ranges over all partitions

l t
= Z Ji+ 1)+ ZQUS
i=1 s=1

where j; and s; are all nonzero.

Set P? = 1 and let
SR
n "
We have
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t
(—1)* H(hn /2) cot(fir; /2) cos(hk;)
Putting the contributions from cycles and ©-flowers together, let

P = f: nP,.
n=0

Then P is equal to

t

th(hA,/2) (e — H%mt(hmsﬂ) cos(hks)

ver T B/2 oy sinh(A,/2) 1
el G L2

s=1

— (—1)a+teH % Hcosh (hA /2) e : ! g 81517}11/?;1225)/2) cot(hrs/2) cos(fiks).

]

Remark 2.8.35. In type (2n|a,a), Theorem [2.8.13| differs from Engeli’s computation [38, Lem. 2.25|

by the sign (—1)* and the term
e — 1

R,

in Theorem [2.8.13] This difference is traceable to Lemma [2.8.26] Engeli’s result only takes into
account the computation of Lemma[2.8.26when k& = j+1. Graphically, this corresponds to decorated

O-flowers with exactly one spare vertex assigned to each petal. Here, we see contributions from
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decorated ©-flowers with multiple spare vertices assigned to each petal.

2.8.3 Global Superalgebraic Index Theorem

Consider the supertrace Try on A, (M) from Theorem 2.7.9) We would like to compute Evy(Try),

the evaluation of Try on the volume form from Definition [2.5.1]

For this, we need a way of relating the characteristic class homomorphism chary, ,) from §2.5.2}
the map x from Definition [2.8.1} and the classical Chern-Weil map [69, Appendix C|.

Let pr: ggn‘a’b — §Popjep De the map used to define x and A € 91(Frap(2nla,b);ggma7b) the con-
nection 1-form on FryP®"*" used to define charg,y). Then A is a flat connection by [51, Def. 1.7].

Since A is Sp(2n|a,b) invariant and satisfies [51, Def. 1.7(1)], the 1-form pr(A) is a connection
1-form on Frap(%'a’b) valued in sp,,,|q -
Since A is flat, its curvature F)y is zero. However, since pr is not a Lie algebra map, the

connection pr, may not be flat. Let Fj,4) € Q? denote the curvature of this connection. We use

the notation CWy for the map
CWy s (Sym (sp3 )21 = Hih (M; K)

given by evaluating an invariant polynomial on F,,(4). Note that, as we are viewing CWy as a map
landing in cohomology, it is independent of the choice of connection whose curvature on which we

evaluate polynomials.

Lemma 2.8.36. The diagram

char(y,»(K)

Hgfe<ggn|a,b75p2n\a,b; K) Hgl:{(M? K)

d
CWwm
(Sym- (sp3,1,p)) P21

commutes.

Remark 2.8.37. Lemma [2.8.36| holds for any super Harish-Chandra pair (g, K') and principal (g, K)-
bundle P, with the same proof.
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Proof. Let P € Sym™(sp3,,,)*2e0. Let C € Hom(AQQZn‘mb,spwmb) be the curvature of the
projection pr used to define y, see Definition m Then, charg,q)(K)(x(P)) is the cohomology
class of the 2m-form x(P).(A"*™) where x(P), is the map

m Sp(2n|a,b m m Sp(2n|a,b
X(P)* Q2 (FrMp(2 | )7A2 ggn\a,b/sp%z\a,b) — QQ (FrMp(2 0, K)

Y

Using the definition of x(P), we have

X(P)*(A/\Zm):% S sign(s)P(C(A, A), ..., C(A, 4)).
SEXom [(X2)X™

The permutation has no effect on the term, so we may rewrite this as

L pe(a, A),--- . ca, A)).

X(P).(A%m) = —

This is the definition of the Chern-Weil map CWy, assuming that the 2-form Fj,.4) on Frs,lp@n‘a’b)

is given by C(A, A).

To see this, note that the curvature Fj,;(4) measures the failure of pr(A) to satisfy the Maurer-

Cartan equation. Now pr(A) is a Maurer-Cartan element exactly when the corresponding morphism
pI‘(A) : C]:ie(ggn|a7b> - Q.<M7 K)
is an algebra map. The map pr induces a map

pr*: Cﬁie(ggn\a,b) — Cﬁie(5p2n|a,b)

which is an algebra map if and only if pr is a map of Lie algebras. The failure of pr to be a Lie

algebra map is measured by C(A, A). Since the diagram

Cﬂie(ggn\a,b) Aﬁ. Q.(M7 K)

pr*] -
C'I.,ie (5p2n\a,b)
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commutes, pr(A) is an algebra map if and only if pr* is; that is, Fj,,4) and C(A, A) are the same

measurement. ]

Write Fi,.a) = Ri + 52 + 53 so that R, is a spy,-valued form, S; is a so,-valued form, and S; is

a s0;-valued form.

Theorem 2.8.38 (Superalgebraic Index Theorem). The evaluation of the unique normalized su-

pertrace Try on the volume form 1 ® Oy is

Evy(Try) = (— 1)+ / A(R)B(S)E(S,).

Note that the A appearing in Theorem [2.8.38| is not the A—genus of the supermanifold M as
in 85, Def. 3.1(6)], but rather closer to the A genus of the reduced manifold M of M, see Example
2.8.40

Proof. Since Try is defined by descending the supertrace Tapq, by Theorem [2.5.6, we have

Evm(Trum) = / char(M,U)(K)(EleC(TQnm,b)).
M
We saw in Lemma 2.8.4] that
EVloc(TQn|a,b) = (_1)nX(Pn)

By Lemma [2.8.36] we can relate char(x) to the Chern-Weil map and obtain the following

/M chat o) (K)(Evioe (Tanjas)) = / chargn (K) ((~1)"X(P.))
— (1 / CW(P).

The Chern-Weil map CWy evaluates an ad invariant polynomial on the curvature F,;4). Using the

description in Theorem [2.8.13] of the polynomial P,, we have

Evn(Tr) = (~1)"4*"c [

[ﬁ(an)é(hsl)é(hSQ)

n
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The degree n homogeneous part is

E(th)B(hsl)é(hsg)] — [E(Rl)§(51)6(52>

n n

In the purely even case, Theorem [2.8.38| recovers the algebraic index theorem of [42].

2.8.4 Examples

We can rephrase Theorem [2.8.38|in terms of the reduced (non-super) manifold M of M. Note that
the (gh,,> SP(2n]a, b))-bundle FriP1%0) qetermines a (85,50 SP(2n]a, b))-bundle Fiy on M given

Sp(2n|a, b) Sp(2n|a,b) .

(as a space) by the reduced manifold of Fry, The connection 1-form A on Fry, is sent

to the connection 1-form A,.q on F); by the Berezin integral

/ (2)dO: QUEPCUD gh ) s O (Fyys ghores):

Since the characteristic map charp from is defined in terms of the connection 1-form on the

principal bundle P, we have a commutative diagram

char(y )

Ciie(ggn‘a,lﬂ Sp2n|a,b) Q.(M7 K)
—)de

m l’f( )

Q°(M;K).

Corollary 2.8.39. There is an equivalence of maps Cﬁie(gg‘nla’b, Sp%‘mb) — K by

/char(M,g) :/ charp,,.
M M

We can therefore interpret Theorem [2.8.38] in terms of characteristic classes for the bundle
Fy — M. A particularly nice expression is obtained when the symplectic supermanifold M is
“split."

A Theorem of Rothstein [76] says that all symplectic supermanifolds are non-canonically isomor-

phic to one of the form E[1] where E — M is a quadratic vector bundle on a symplectic manifold
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M. Call M split if we have chosen an identification M = E[1].

Example 2.8.40. Let M = E[1] be a split symplectic supermanifold. Then Theorem [2.8.38] gives

the following computation:

Evm(Toy) = (—1)"t*+n"e /M A(M)BC(E)

in terms of the characteristic series for th ﬁ—genus of M and the characteristic series BC from

Example [2.8.12] of the vector bundle F.

Example 2.8.41 (L-genus). As a special case of the above example, consider the vector bundle
m: TM — M. Since M is a symplectic manifold, we get an identification T*M = T'M. Using this

identification, we can consider the evaluation pairing
TM®TM=T*M®TM = R.

With this pairing, 7'M becomes a quadratic vector bundle on M. We use the notation 7%[1]M
for the associated symplectic supermanifold. Note that T*[1]M has type (2n|n,n). Moreover, the
tangent bundle of T'M restricted to M is

7 (TTM) = TM & TM.
Example [2.8.40] then becomes

EVT*[I]M(TI‘T*[l]M) = <—1)n€hn/ A\(M)E(M)
M

The characteristic series for AB 1is

which is the characteristic series for the L-genus times the Todd genus of the stable normal bundle,
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see Remarks [2.8.9 and [2.8.10, Thus,

Evren (Trpe ) = eﬁ"/ L(M)Td(—TM).
M
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