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Abstract

In a previous paper we constructed all polynomial tau-functions of the
1-component KP hierarchy, namely, we showed that any such tau-function is
obtained from a Schur polynomial sy(t) by certain shifts of arguments. In the
present paper we give a simpler proof of this result, using the (1-component)
boson-fermion correspondence. Moreover, we show that this approach can
be applied to the s-component KP hierarchy, using the s-component boson-
fermion correspondence, finding thereby all its polynomial tau-functions. We
also find all polynomial tau-functions for the reduction of the s-component
KP hierarchy, associated to any partition consisting of s positive parts.
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1 Introduction

In his paper [6] M. Sato introduced the (1-component) KP hierarchy of evolution
equations of Lax type on the pseudo-differential operator

L=0+u(t)07" +ua(t)072 + -, (1)

where t = (t1,12,...) and 0 = a%> and the corresponding tau-function 7(t). More-
over for any positive integer s, he also introduced the s-component KP hierarchy

on the s X s- matrix pseudo-differential operator L of the form (II), where u;(t) are

. k .
s X s-matrices andt:(tg»)\j:1,2,...;1{;21,2,...,5) and@zat?1)+~-~+ﬁgs),

along with certain subsidiary equations (which are absent for s = 1).
In the subsequent paper [2] the tau-function was introduced for the s-component
KP hierarchy, generalizing the one by Sato for s = 1. The theory was further
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developed in [3]. Since any solution of the s-component KP hierarchy is explicitly
expressed in terms of the tau-function, it is important to construct the latter.

In our paper [4] we constructed all polynomial tau-functions of the 1-component
KP hierarchy, namely, we showed that any such tau-function is obtained from a
Schur polynomial s, (t) by certain shifts of arguments. In the present paper we give
a simpler proof of this result (Theorem [2]), using the (1-component) boson-fermion
correspondence. Moreover, we show that this approach can be applied to the s-
component KP hierarchy, using the s-component boson-fermion correspondence,
finding thereby all its polynomial tau-functions (Theorem [).

In paper [3] we studied the reduction of the s-component KP hierarchy associated
to any s-part partition A = {n; > ny > --- > n, > 0}. A special case is the Gelfand-
Dickey n-th KdV, associated to the 1-part partition A = {n}, for which we found in
[4] all polynomial tau-functions. In the present paper we reprove this result, using
boson-fermion correspondence (Theorem [6). We use the same method to find all
polynomial tau-functions for the A-reduced s-component KP hierarchy (Theorem
[[). In conclusion of the paper we consider, as the simplest example beyond the
1-part partition, the 2-part partition 1+ 1. This produces the AKNS (= non-linear
Schrodinger hierarchy) see [3], and we find all its polynomial tau-functions.

2 The fermionic formulation of the KP hierarchy

The group G L, consisting of all complex matrices G = (g;;)i jez which are invertible
and all but a finite number of ¢;; —d;; are 0, acts on the vector space C* = ®jeZ Ce;,
via the formula E;;(ex) = d;e;.

The semi-infinite wedge space (see e.g. [5], [3]) F = Az°C™ is the vector space
with a basis consisting of all semi-infinite monomials of the form e;, Ae;, Aes ...,
where 11 > iy > i3 > ... and iy;1 = iy — 1 for £ >> 0. One defines the representation
R of GL,, on F by

R(G)(e,l /\€Z’2 /\6,'3 /\) = G€i1 /\G€Z’2 /\G623 AR s

and apply linearity and anticommutativity of the wedge product A.

The corresponding representation r of the Lie algebra gl of GL,, can be de-
scribed in terms wedging and contracting operators w;f and ¥y (j € Z+ %) on
E

lpj—(eil/\6i2/\"'):€_j+%/\€i1/\€i2"',

{0 ifj—%%isforalls

- e /\e /\... —
,lvbj ( i1 19 ) (—1)S+16i1 A--- A €i.y A ez’5+1 A lfj — Z'S — %

These operators satisfy the relations of a Clifford algebra, which we denote by C¢:
(7’7] € Z_‘_%a)\a,u: +>_):

PAPE + Q) = Ox i



Let (k€ Z)
|k’>:6k/\6k_1/\6k_2/\'-', (2)

then F is an irreducible C/-module, such that
¢77]0) = 0 for j > 0.

The representation r of gl in F, corresponding to the representation R of G L,
is given by the formula r(E;;) = ¢~ LS Define the charge decomposition
2 2
F = @ F®_ where charge(|k)) = k and Charge(wf) =+1.

kEZ

The space F'®) is an irreducible highest weight ¢f.-module, with highest weight
vector |k):

r(Eij)|k) =0fori<j, r(Ey)lk)=0 (resp. = |k))ifi >k (resp. if i <k).

Let
O = R(GL)|k) c F®)

be the G Lu-orbit of the highest weight vector |k).

Theorem 1 ([5], Theorem 5.1) Let 0 # g, € F¥). Then g € Oy if and only if

> g @Yo =0. (3)

i€Z+1

Equation (3)) is called the KP hierarchy in the fermionic picture.

Now recall that the orbit O of C|k) € F® of the group GL,, for a fixed
k € Z can be decomposed as follows. Let P be the stabilizer of C|k), let W be
the subgroup of permutations of basis vectors of C* and let W} be its subgroup,
consisting of permutations, permuting vectors with indices less or equal to k between
themselves. Then one has the Bruhat decomposition:

GLy = U UwP (disjoint union).

wEW/Wk

Applying this to C|k), we obtain that the projectivised orbit POy, is a disjoint union
of Schubert cells C,, = Uw- |k), w € W/Wj. It is well known (see, e.g. [0]) that each
w - |k) corresponds to a partition A = A(w), and the corresponding Schubert cell
C\ = Uw(A) - |k), where U is the subgroup of G L, consisting of upper triangular
matrices with 1’s on the diagonal, is an affine algebraic variety isomorphic to CIV.



3 The bosonic formulation of KP

Define the fermionic fields by ¥*(z) = ZZEZJF% ¢Fz7"2 and the bosonic field

oa(z) = Y ,ep 0z "t = T (2)1h(2) :. Then there exists a unique vector space
isomorphism, called the boson-fermion correspondence, o : F — B = Clq,¢7!] ®
Clt1,t2,...] such that o(|k)) = ¢*, ca,o™! = %, oca_,o~t = nt,, for n > 0 and

1= ¢2. Moreover, one has
dq )

o o —k
o (2)o7! = qilziqf’% exp (j: Z tkzk> exp (:F Z %%) . (4)
k=1

k=1

oago~

Note that Q = 0~ 1qo is the following operator on F:

Qlk) = [k +1) and Qv =¥i,Q. (5)

For g, € O U {0} we write: o(gy) = 7(t)¢", where t = (t1,t2,...). Such a 7
is called a tau-function. It is well known see e.g. [5] that 74(¢) is equal to the
coefficient of |k) in exp (D -, tiv;) gx. Under the isomorphism o we can rewrite (3,

using (@), to obtain a Hirota bilinear identity for tau-functions, see e.g. [2] or [5].
3

Let [z] = (z, %, = . ),y=(y1,y2...), and Res Y, fiz'dz = f_y, then

o

Res 73, (t — [z ) 7(y + [271]) exp <Z(t, - y,)z’) dz=0. (6)

i=1

4 Polynomial solutions of KP

Introduce the elementary Schur polynomials by

exp (Z tizi> = Z sj(t)27, (7)

then in [4] we proved the following :

Theorem 2 All polynomial tau-functions of the KP hierarchy are, up to a constant
factor, of the form

TA1, A, )\m(t; C1,Co, ... ,Cm) = det (S)\j+i_j(t1 + CLj, t2 + ng, t3 + ng, .. '))lgi,jgm s
)
where X = (A1, Aa, ..., Am) s a partition and c; = (cyj, ¢4, ...) € CNT™I are arbi-
trary.

Here we will give a simpler proof of this theorem.



Proof. Fix an integer k. Then the element w(A)|k) in the Schubert cell C of
Oy, corresponding to the partition A = (A, Ag, ..., Ayp), is the element

exp+k N exgtki—1 Ao N expth—m+1 N €k—m N €g—m—1 N -+ . 9)

If we let an element u € U, an upper triangular matrix with 1’s on the diagonal, act
on this element we obtain the element

JiINfa N NS AChem A Ch—m1 A+, (10)
where
Ajt+k—j
fj = €xj+k—j+1 T Z A;j€; - (11)
i=k—m-+1

Note that we can use Gauss elimination with which we can eliminate certain a;;,
viz., we may assume that ay,yr—;41,; = 0 for all 4 > j. This means that we can put
142+---+m—1= 3(m—1)m constants to zero, all others are arbitrary. Counting
all coefficients which are arbitrary, we find

m

—%(m—l)m+2()\j+k—j)—(k—m) _ %(m—l)m—l—z A m=) = DA

j=1 7j=1

Hence, we find indeed that the dimension of the Schubert cell C) is equal to |A|.

Assume from now on that all a;; of (II) are again arbitrary, then we want to calculate

the image T;\k)(t) of the element (I0) under the isomorphism o. Recall from e.g. [5]

that T)(\k) (t) is the coefficient of |k) in

exp <Z tiozi> Fin A fmAeg—mNeg—m_1 A+ = fr(O)A A S () Aek—mNer—m_1/\- -
i—1

(12)
where, since «; is a derivation of the exterior product, such that a;(e;) = e;_;, we

have
fi(t) =exp <Z ti%’) fi
i=1
Aj—j+k

:Zs@(t) Exj—j+1+k—t T+ Z Aij€i—g (13)
=0

i=k—m+1
oo p
=3 s + D an—jrrer—igSp—i(t) | ex,—jr1er—p-
p=0 i=1

Since €x_m, €x—m—1, ... appear in (I0), we can replace f;(t) by the element (L3
where all e, with s < k — m are removed. In other words we may assume that

Aj—j+m P
fit)y=> (Sp(t) + Z@Aj—j+1+k—i,jsp—i(t)> €Xj—j+1+h—p- (14)

p=0 i=1



Since, by (), asa‘f = 5,_1(t), equation (I4]) can be rewritten as

i—j+m Ar j+m
S0 (sn,gemlt) + T 0 gerinigsgemei(t))
fj(t> = ot Ck—m+1+r -
1

= (15)

Next, it follows from (7)) that

t"—C ZSJ i Sz . (16)

Note also that the map (s1,...,s,) : C* — C" is surjective. Hence there exist
constants ¢; = (¢4, 2, . .. ), such that

A —pt1j = Sx;—j+p(C5) - (17)
It follows from (I6]) that
Aj+m—j—1
Sxamg(E+¢) = sxamg(B)+ Y sxemeje(c;)silt)
=0

Thus, using ([IT), we obtain from (I5])

Aj—j+m Aj—j+m
8TS)\._ +m(t + C')
fj(t) = Z - ]8t71’ 4 Ck—m4r+1 — Z S)\j—j—i-m—r(t_'_cj)ek—m—i-r—l—l-
r=0 r=0
(18)
Hence the coefficient of |k) in ([I2]) is equal to (cf. [5])
det (5)\j+i—j(tl + C1,5, tg + C2j, t3 + C3j,y - - '))1§i,j§m s
which is the desired result. O

Remark 3 Different c;j’s can give the same polynomial solutions in Cy. From
the proof of Theorem [, it is clear how to obtain a one to one correspondence in
terms of the constants a;;, viz. one has to assume that all ay,yx—i+1; = 0, for all
1 <j <i<m. Using (17) this means that sx,_j_x+i(c;) =0, forall1 < j <i <m,
or stated differently,

C)\j—j—)\i"ri,j = _SAj—j—)\i—i-i(Clja Cojy e vy C>\j—j—>\i+i—17j7 0) fOT’ all 1 S j <1 S m.
(19)
This means that for fixed j we find constants c;;’s for 1 < i < X\j —j +m, of
which we can eliminate all cx,_j_x4ij, with j < i < m, by using formula (19)
recursively. Note that for fized j there are \; — j + m constants c;;’s of which
m — j can be eliminated. Thus we have \; constants c;j. Hence in total, we have
I\l = A+ Ao+ -+ -+ A\, constants. This agrees with the fact that dim C = |A|.

6



5 The multicomponent KP

In this section we introduce the s-component KP, where s is a positive integer. In [3]
we introduced a relabeling of the e; to obtain the multicomponent KP. One approach
would be to use this relabeling and describe all vectors (III) of the semi-infinite
wedges ([I0) in terms of these new relabeled e;’s and determine its corresponding
tau-functions, using the multicomponent bosonization. But in that case the solution
depends on the relabeling and one does not obtain all possible solutions, but one
obtains all solutions related to that relabeling. To obtain all solutions one has to
calculate all solutions corresponding to all possible relabelings. Instead, we will
introduce a new basis of C*, viz., e§“) where 1 < a < s and 7 € Z. We assume that
|0) is the semi-infinite wedge vector consisting of all e§“’ with 1 <a < s and i <O0.
We introduce creation (4) and annihilation (-) operators, wii (a), with, as before,
i € 5+ Z, such that (A, =+ or —)

Ala b b) ;1 Xa
¢i( )w;%( ) + ¢5( )¢i( ) — 5A,—u5ab5i,—j-

and
@10y =0, fori>0and ¢ @|0) = L1 A10).

We have the same charge decomposition, where now the charge of |0) is again 0
and the charge of @bii @) is +1. The disadvantage of this approach is that we cannot
describe o(|k)), for k # 0, explicitly.

The KP hierarchy (B]), thus turns into the s-component KP in the fermionic
picture:

Z Z b g0 gy = gr € F® (20)

a=1 ZEZ—l—l

Define the fermionic fields by ¢v*@(2) = Y., ! ¢ 2==2 and the bosonic
fields a@(z) = >, _, Al =1 = @ ()@ (2) :, where a = 1,2,...,s. As in

the 1-component case we need additional operators Q),, a = 1,2, ..., s, to define the
boson-fermion correspondence. They are uniquely defined by
+(b gy (b
Qal0) =41 10) and - Qu? = (—1)"u) Qu. (21)

It is straightforward to check that @, and @, anti-commute if a # b and that
Q“ay)) - agb)Qa —dapdjola, 1<a,b<s.

Then as before there exists a unique vector space isomorphism o : F — B =
Clga, ;1 <a<s|@CH” ¢, .. ;1< a<s such that o(|0)) = 1 calo! =

9 ool =nt'® forn > 0and oal¥o ! = ¢,-2. Then Q.0 = €,q,, Where
ot n 0 3

€y = (—1)1 7% e, and €,]|0) = |0). Moreover, one has (cf. [3])

a¢i(a)(2)a 1 _ an[:ltl( )iQa% exp (:l: Zt](:)zk> exp (ZF Z 5 (a ) (22)
(73

k=1

7



For gy € Oy U {0}, where Oy = R(GLs)|0) € F© we write:

olge) = D Tmmeem gy g and o(]0) =

mMy,..., ms€EZL
mq+...+ms=0

where t = (tl(f))a:lws’ k=12... Then as before

T(ml’mQ""’mS)(t) = coefficient of Q7" Q5 --- QT

0) in exp (iitﬁ‘”@‘”) g -

a=1 i=1
(23)
Under the isomorphism o we can rewrite ([20) for & = 0 using (22]), to obtain a
Hirota bilinear identity for these tau-functions

Res dzZ(_1)m1+...+ma,1+q1+...—|—qa71zma—qa—2 exp (Z(t(a) . yl(a)) ) "

a=1 =1

0 0
exp Z 8y§a) . 8tz(-a) Z—i T(ml,...,ma,lma—l,maJrl,...,ms)(t)T(ql,...,qa,l,qa+1,qa+1,...,qs)(y) = 0.
i=1 L

(24)
Note that this equation also holds for £ # 0. As in the 1-component case we want
to describe all polynomial tau-functions of this hierarchy. Of course in this case
this is a collection of tau-functions. The approach is similar. First of all, we let in
@20) £ = m, a positive integer, and, as in the one-component case, we would like

to consider g, instead of gy, where m is a positive integer such that a polynomial
tau-function corresponds to an element

fiNfaN- o A frn AO) (25)

where

(a)
ZZ% e, j=1,...,m, with M\” > 1, 0% € C. (26)

a=1 (=1

Note that we may assume this without loss of generality. Indeed, instead of
calculating (28), one could also calculate

JuNfa N N NQYQ3 - QY

0).

This gives the same polynomial tau-function but translated over the lattice

(m17m27--.,ms) = (m1—|—7‘1,m2—|—r2,,,,,ms—|—r5),
i.e., now
s M(a)
Z Z bg eéir ,  with M;“) > 1, bégﬁ) cC.
a=1 (=1



The first step is to determine (cf. (I3))

£i(t) =exp <ZZt(“ (“>

a=1 i=1

(27)

(a)
) DI

a=1 ¢=1 =0

Note that we can remove all ega) with ¢ < 0 in the above expression, since these
elements already appear in |0). Thus

(a) prla)
s Mj Mj —L

=305 N b st @)el®. (28)

a=1 (=1 =0

As before, the coefﬁcient of €/, which is equal to 3, ’b bﬁ,‘il S

J(t), is the (-th

derivative of ZZ b b(a (1) with respect to t§“). As in the one component case,

we can find constants cga) = (ci‘;),cg;), ...) such that a sum of elementary Schur

functions can be expressed as one elementary Schur function with shifted ¢. Thus,

and »
s M 9l o (H@ 4 1)
Ml
£i(t) = Z (a)(a) ' Z j . ega)
p i B 8(t( )>
Next, define
hi(t) = bppto) 5o (¢ D), (29)
a=1
then
M

Now, 7(mmi-ms)(¢) is the coefficient of
105" QY

in (25) where f;(t) is given by (30). It follows from (25 and(26]) that all m, > 0 and
mi1 4+ mg + - - -+ mg = m. Hence, all the labels of non-zero tau-functions lie in the
convex polyhedron:

0)=eDA-neAe@ A ne® Ae® A A0y (31)

{(my,ma,...,my) € Z°|m; > 0 and my +mg + - -+ mz =m}.

9



It is straightforward to calculate the coefficient of (31]) in (25]). Asin the 1-component
case it is the determinant of a matrix, whose (m; +ms+---+m,_1+1, j)-the entry,

with 1 < i < my,, is the coefficient of eifb) of f;(t). By (B0) this coefficient is

a—i+1
oma —i+1 hj (t)

equal to Sy ra e More explicitly , since the group orbit in the one and multi-
1 a=t

component case is the same, we only have another realization of the module and
hence the orbit, the calculations prove the following:

Theorem 4 All polynomial tau-functions of the s-component KP hierarchy (24)
are, up to a shift over the lattice, of the form

Tm(q, t) — Z T(m17m17...,ms)(t>q17'llqgl2 . _q;ns’

m; >0,
m1+.4.+m5:m

where m is a positive integer, and 7™ ™) (1) s given by

O™ 1hy(t) O™ 1 ho(t) . O™ 1 han (t)
aym a)m aym
8m171h1(t) 67”171h2(t) L 8m171hm(t)
a(tgl))mlfl a(tgl))mlfl a(tgl))mlfl
oh1 (t) 6h2(t) L 8hm(t)
ott! ottt ottt
™2 h(t) O™M2ha(t) . OM2h, (t)
8(t§2))m2 8(t§2))7”2 8(t;2))m2
T(ml’ml""’ms)(t) = det . . : . (32)

Oh1(t) Oha(t) Ohm (t)
ot ot ot
o™s hy (t) oms hz(t) L s hm(t)
o s oIyme o(ty7) )
oh1 (t) 6h2(t) L 8hm(t)
ot'®) ot'®) ot'®)

Here .
() — E (a) (a)
hj(t) = — bM](a)’jSM](a) (t + Cj ) s

(a) _ (C(a) (a) (a)

(a) : o
where M;™ are arbitrary positive integers , ¢ 1j 1 Caj » C3; ,...) and bMJ(a)J for

J
1<j<mand1 <a < s are arbitrary constants.
6 The n-KdV

Let n be an integer, n > 2. The n-th Gelfand-Dickey hierarchy, or n-KdV, describes
in the 1-component case the group orbit in a projective representation of the loop
group of SL,. This is not a subgroup of Gl,, one has to take a bigger group,

10



('L containing it, as, e.g in [5]. Then the representation R of GL. extends to
a projective representation, denoted by R, of GL.. We obtain the loop algebra
gl (Clz,271) of gl, as follows, see [5]. Let C[z,z7'] be the algebra of Laurent
polynomials L and denote by uq,us, ..., u, a basis of C". Identifying

-k
U = ek,

we can identify

k
"B = E Eonvi (e41)yn+j -
ez

As explained in [5], Lemma 9.1, the centralizer in G Lo of all operators N =
> ven Erprin, § € Z, is the central extension of the loop group of SL,, times the scalar
operators. Furthermore, the orbit in F*) of the vacuum vector |k) under the action
of the latter group is the intersection of G Ly |k) with the kernels of all operators A
j=1,2,.... Hence all polynomial tau-functions of the n-KdV hierarchy correpond
to the vectors (I0) in F'®), satisfying the following condition

FAD(FLA fa N A fm N erm A egma A-o) =0, j=1,2,.... (33)

Since, #(AJ) = a;,, we find that the corresponding polynomial tau-function 7, € O,
satisfies gt—zkl = 0 for j > 1. Using this, we can differentiate the KP hierarchy (@] by
tjn, which gives the n-KdV hierarchy of Hirota bilinear equations on tau-functions:

[e.e]

Res 277, (t — [z ]) e (y 4+ [271]) exp (Z(tZ - yz)z’) dz=0, j=0,1,2,.... (34)

1=1

Let G be the central extension of the loop group of SL, times the scalar oper-
ators. Then equation (34) indeed describes the G-group orbit of |k) for non-zero
tau-functions. Note that o(R(A)|k + jn)) = 7)™ = ¢/"o(R(A)|k)), j € Z,
and A € G, since A = (a;;) has the property that a;iy j+n = a;;. Thus, see e.g. [5],
Theorem 5.1, 7 indeed satisfies (34)).

Next, ([34) implies that

g o0 ,
Res %ﬁf])ﬂf(y + [Z_l]) exp <;(tz - yz)zl> dz = 07 ] = Oa ]-7 2a T (35)
Now divide this equation by %%f?fk(y) and let
1 Ot —[=71)) m(t — [271])
Q(t, Z) EIN0) atjn ) (t7 Z) Tk(t)

6tjn

Then, using pseudo-differential operators, see e.g. [3] or [4], equation (B3] implies
(Q(t,0) o P(t,0)~')_ = 0, which gives that Q(t,0) o P(t,0)"' = 1. Thus P(t,0) =
Q(t,0), from which one can deduce that %%j(? is proportional to 74(f). Since we

assume that 73, is a polynomial, this scalar must be 0. Hence, o= (74(t)¢") is in the

11



intersection of G'Lo.|k) with the kernels of all operators A j=1,2,.... Therefore
o~ (1(t)g") is in the G-orbit of |k).

Now equation (B4]) for j = 1 is the n-th modified KP equation. We assume that
7k (y), the second tau-function in (B4]), lies to the k-th charge sector and corresponds
to

Fo=fNfaN N ANegm N Ch—me1 N+,

where we may assume that the f;’s are a linear combination of e;’s with i > k£ —m.
Then 74(t), the first tau-function in (B4]), lies in the (k 4+ n)-th charge sector (recall
j = 1) and thus corresponds to

Fk+n :Ar_zl.fl /\Ar_zl.f2 A '"/\Ar_zl.fm/\ek—m—i-n/\ek—m—i-n—l JANCIEEN

Moreover, in the Grassmannian picture, this n-modified KP equation, means that
the linear span of the factors in F}, is a linear subspace, of codimension n, of the
span of the factors in Fyy, [5]. Thus every f; is a linear combination of A 'f;,

Aoy oo A oy €k—meny €k—man—1 --.. Thus A, f; is a linear combination of fi,
fose ooy s €h—ms €k—m—1, - -y €k—m—_n+1. Hence, one can choose ¢g;, 1 <1 <r < s of
the form
Hj—1
G=ey Y G (36)
i=k—m+1
such that
JinNfa N Nf A Chem N et AN+ =
’—u17k+m7n-| |—,u,27k+m7n-|
cqr ANNygi N NN, GAGA- AN, ™ g NgsN...  (37)
[,u,rfkﬁ»mfn-l
AN, Gr N ek_m Nep_m 1 N+,

for certain 0 # ¢ € C. Here [x] stands for the ceiling of x, i.e. the smallest integer
greater or equal to x. One finds these g; as follows. In this construction we assume
that m is minimal. Choose g; = fi, then all ALgy, p > 0, are in the span of the

p1—k+m-—n
factors in Fy. Moreover AL o gy still contains vectors e; with ¢ > m — k,
p1—k+m—n
but AL o 1g1 is expressed in the e; with ¢ < m — k, hence it lies in the
[lekﬂrmfn—l

span of the factors in |m — k) and A, " g1 does not. Next, choose from the
vectors fo, f3,..., fi, the first one, say f;» that is not in the span of APg¢;, with
0<p< [L:m_"}, and set go = fio. Again all APgy, p > 0, are in the span

po—k+m—n
of the factors in Fj, and AT ngg is in the span of the factors in |m — k).

Then choose g3 = fi,, where f;, is the first f that is not in the span of APg,, with
0<p< (W%L and a = 1,2, and continue in this way. After r < n choices
this stops.

This makes it possible to obtain all polynomial tau-functions for the n-KdV hier-
archy. To be more precise, in [4] we introduced to each partition A = (A1, Ag, ..., A\p)
the set

W={\, =1L A3=2....,—m+1,—-m—m—1,—-m—2,...},

and gave the following
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Definition 5 A partition X is called n-periodic if the corresponding infinite sequence
V\ is mapped to itself when subtracting n from each term.

This reflects the condition (B3]). Thus we obtained the following [4]:

Theorem 6 All polynomial tau-functions of the n-KdV hierarchy are, up to a con-
stant factor, of the form

(38)
where i = ¢ mod n and X\ = (A1, Ay, ..., \p) is an n-periodic partition. Here the

c; = (cp3,Co5,...) fori = 1,2,...n (where at most n — 1 of such i’s appear) are

arbitrary constants.

7 The (ny,n9,...,ns)-KdV

In this section we want to consider a reduction of the s-component KP hierarchy,
which describes again the loop group orbit of SL,, where n = ny + ngy + - - - + n,
with ny > ng > ... > ny, > 1. The case s = 1 is the n-th Gelfand-Dickey hierarchy.
The case n = s = 2, i.e. n; = ny = 1, is the AKNS (or non-linear Schrédinger)
hierarchy.

From now on let

n=mny+ng+---+ng, wheren; >no>...>ns>1
The identification with gl,,(Clx, z7']) is via

—k, (@) _ (a)
Tty = Cgkey

Here the ug-a), with 1 < a < sand 1 < j < ng, is a basis of C". In this case, it
is convenient to relabel the one-component basis in a periodic way to obtain the
s-component one, i.e., if ega) = e;, then e;y,, = eg.‘i)na. As explained in Section [6, an
element of the central extension of the loop group of SL, commutes with all the

elements

No= N =) AW,
a=1

where | |
Agi)yeéb) - 6“beéci)j"a and f(Ag?J) = a§(:L)a7 for j > 1.
Note that
oMot =D, ::Zﬁ’ j=1,2,.... (39)
a=1 atjna

This means that the collection of tau-functions 7(™™17s) of the s-component KP
hierarchy satisfies the conditions

s

D) = 3

a=1

Prlmismasma) (1)
(a)
atjna

=0, forj=1,2,.... (40)

13



Thus, letting D, (only in ¢ not in y) act on equation (24) gives zero on the tau-
functions, but acting on the exponetial it produces in every component a power of

2/ Hence the (ny,n,...,n,)-KdV hierarchy is given by the following equations:
Resdz Z(_1)m1+~n+ma71+q1+~~~+Qa71Zma_Qa+jna_2 exp (Z(t(a) _ yz(a)) Z) %

a=1 i=1

o O D
exp Z 8%@) : mz('a) Z—i 7_(77'7»17---,77’7,0,71777»11_1,ma+17---,ms)(t)T(ql7---7‘1(1717Qa+17Qa+17---7q.5‘)(y) — O,

i=1 L

j=0,1,2,....
(41)

In a similar way as in the l-component case, see Section [0l one can deduce from
equation (41l), for j # 0, that (40) holds for polynomial tau-functions.

It is now straightforward to construct all polynomial solutions of this hierarchy.
Without loss of generality we may assume again that m = k in (37). As the g; in
[B8), we choose r < n linearly independent functions g; (1 < j < r) of the form

[26). Let
M

kj = max{| 1-11<a<s}, j=1,2,...,m (42)

a

These k; are determined by the property
A*gi NJ0) #0, and ARTlg; A0) =0.
Then a polynomial tau-function corresponds to (cf. the right-hand side of (37]))
GUANGLA - AN gL A ga A ANRgy Ags Ao A NG A 10) (43)

Note that r + Y7, k; = m. Define h;(t) (related to such a g;) again by (29), then
rlmimi.ms) (t) is still given by (B2), but with hy(t), ha(t), ha(t),. .., hm(t) replaced
by (cf. (B7) and (39))

ha(£), Dihi(t), Doha(2), . .., Dy, ha(t), ha(t), Diha(t), . .. Diha(t), ha(t), - . ., Dy, ho(t).

T

More specifically, an element in the S L,-loop group orbit, where n = ni;+ns+- - -+ny
corresponds to a semi-infinte wedge (43). Then (cf. (27)

S o S M(a)
exp (Z Z 9} ) (APg;) Z Z Z bg‘; (@) APe”)

a=1 i=1 a=1 /=1 =0

(a)
_Zzzb t(a e@zpn

a=1 /(=1 i=0
(a)
SMa

_Z Z Z bgjl 5@+pna(t(a)))ega)z —png

a=1 (=1 i=—pn,

=DP(hy(1)) .
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Note that in the above calculations we may replace D, by DP, where D = Dy,
but this is only because this operator acts on linear combinations of elementary
Schur functions in one set of variables #), with a fixed. Thus, 7(mtmms)(¢) is the
coefficient of (B1) in

€xXp (ZZtga)aga)> a1 /\Agl VAN /\Aklgl ANgo/N--- /\Akr-gr A |0> _

a=1 i=1

(44)
hi(t) A Dhy(t) A ... A D*hy(t) A ho(t) A--- A D" h.(t) A|O).

Again, as in the s-component KP case, 7(m1m1-m)(¢) is the coefficient of
QU @y - Qe

of expression ([44]). In the same way as in the standard s-component KP case, one
can calculate this coefficient, which is the determinant of a certain matrix. We thus
obtain:

0)

Theorem 7 All polynomial tau-functions of the (ny,na, ..., ns)-KdV hierarchy (1)
are, up to a shift over the lattice, of the form

T(q, t) — Z T(m1,m1,...,ms)(t)q;n1q;n2 . _qgﬂs’

m; >0,
mi+...+mg=r+ki+--+kpr

where TMMms) (1) =

O™ b (t) oM Dhy(t) 8™1 DF1hy (1) ™1 ha(t) O™ Dho(t) d™1 DFr h,. (1)
aym at{ym atym at{ym aym a{ym
oM ~thi(t) 9™ 'Dhi(t) . 9™MiT!DFini(H) 9™ lhe(t) 9™ "'Dho(t) . 9™1!DErh.(b)
8(t§1))7”171 8(t51))m1*1 8(t§1))7”1*1 8(t51))7”1*1 8(t§1))m1*1 8(t§1))7”1*1
Oh1(t) ODh1 (t) L dDF1h (1) Oha(t) ODha(t) L dDPr h,(t)
o) o' o) o'V o) o'V
0™2hy (t) 9™2 Dhy (t) o 9™2 DF1hy (1) 0™2ha(t) dm2Dho(t) 9™m2 Dk, (1)
o@Pyme Py a?)m2 aeyme  oaY)me oty
Oh1(t) 9Dh1(t) dDF1hy (1) Oha(t) ODha(t) dDPr (1)
ot ot'? ot ot'? ot ot'?
™ hy (1) 8msDhi(t)  9msDM() ™S ho(t) 8msDha(t) 8 DFT (1)
a(tgs))ms a(tgs))'ms a(tgs))ms a(tgs))ms a(tgs))'ms a(t;‘5))(ms)
Ohi(t) ODh (t) o OD*1 1y (t) Oha(t) ODha(t) o OD*r h..(t)
ol ot otl?) ol ol ol

where D = Dy is given by (39) and

h;(t) = ZbM;a>7jsM;a)(t<a> +d), =1,

a=1
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Here MJ@ are arbitrary positive integers, cg»a) = (c%),cg?,cé?, ) 5 by for 1 <
g

Jj <randl <a<s arearbitrary constants and k; are non-negative integers defined

by (42).

8 The AKNS hierarchy

The (1,1)-KdV hierarchy is the famous AKNS hierarchy. Making the change of
variables

1 a 9 1 a 9
$i=§(§)_t§))> yi=§(t§)+t§))>

then the tau-functions are independent of all y;. Setting

7_(—1,1)

700)

T = Tr = 21’1, t= —4’éZL'2

one obtains the Ablowitz—Kaup-Newel-Segur (AKNS) system [I],
.0q 10%¢ ,  Or 10%

ot 2o 1T e T 2o T

as one of the simplest equations in the hierarchy (see e.g. [3] for more details). In
this case there is only one function (29)), viz.

*DIR(t
h(t) = hi(t) = bysp, BV 4+ +byspy, (1P 4+c?)  and 8(9((7:1))(1@) = bysar, ki (t @ +c@).
ty
Expressing this in the variables z;, one has
OFDIh(t)
. = bes ki —(=1)% 4+ D))
a(tga))k Ma—k J( ( ) ))

Now let K = k; + 1, where ky is as in Theorem [7, then all non-zero tau-functions
7P K=P)(g), where p is an integer, 0 < p < K, and

TP E=P) (1) = PpE P

sy —1(x 4+ M) sy —2(x + W) sy —r¢ (@ + V)
sy -2z + V) si—g(z V) sy g (oY)
sa—p(z + V) si—p-1(z + V) suty—p—re+1(2 + W)
Sary1(—1 + @) Sapo(—x+c®) o sy (x4 )
SM2_2(—SL’ + 0(2)) 8M2_3(—SL’ + 0(2)) cee SMQ_K_l(—LL’ + 0(2))
si—k+p(—2 + ) supyogipaa(—r + ) sy acapn (—a 4 )

Here z stands for x = (71, 7o, ...). Note that 7®X=P)(z) = 0, if K > max(M;, M,).
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