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ABSTRACT
Shock-Tike transitions in area, similar to gas-dynamic shocks and
free-surface hydraulic jumps may be formed during fluid flow within com-
pliant elastic tubes when the mean speed of flow exceeds the speed of
propagation of small amplitude area waves. Such transitions are believed
to occur in the human body and are of physiological importance.

Area and pressure distributions were measured within standing shock
waves and the associated precursor wave train by means of a translatable,
catheter-mounted pressure-area probe. An approximate theoretical model was
developed to interpret the experimental data. The theorefica1 predictions
are in satisfactory agreement with the experimental results.

A subsequent objective was the application of the flow limitation
behavior of compliant tubes to the design of a novel flow regulator em-
ploying a collapsible tube as its active element. Criteria for the design
of a collapsible tube flow regulator were established and a comparison of
cost and performance between such a regulator and a standard diaphragm

type flow regulator was made.

Thesis Supervisor: A.H. Shapiro
Title: Institute Professor, M.I.T.
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NOMENCLATURE

A Cross-sectional area of the collapsible tube at the
area probe location

Ao Resting area,or initial area,or area of the collapsible
tube at zero transmural pressure. Also, area of exit
pipe of standard flow regulator

AI’AZ or A1’A2 Tube area at inlet and exit to shock (Fig. 14)

AD Effective diaphragm area ( Standard Flow Regulator )
AL Tube cross-sectional area at line contact initiation
AR Known cross-sectional area of rigid reference section in
the experimental apparatus
Av Area at valve throat for standard flow regulator
A Throat area when valve fully open for standard flow regu-
lator. Also, area at base point of perturbation analysis
a, b Major and minor semiaxes of elliptical tube
a,b,r,e Definitions given by Egs. 4.74 in section 4.5
a Amplitude of precursor wave
p,'- |
C Pressure recovery coefficient; C_= 2 1 ( See Fig.5 )
P ;épul
Cp' Pressure recovery coefficient; Cp'E Pr = Pq ( See Fig.5 )
%DUiZ
Cp Carnot pressure recovery ( Egq. 4.41; Fig.14 )
c
o o
G.* Carnot pressure recovery; C ' =2 —— (1 - —— )
Pe Pc %o %
Cp Oates pressure recovery ( Egs. 4.49 and 4.50 ; Fig.14 )
0
c.' Oates pressure recovery with ag and o, in Egqs. 4.49 and 4.50
Po replaced by ul' and 02' respectively

c Speed of propagation of small-amplitude inviscid waves
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Diameter corresponding to resting area A,
Hydraulic diameter for tube ; Dh = 4A/P
Distance travelled by area probe

Young's Modulus

A £t

Bending stiffness for tube ; EI = P—
12(1-v%)
Friction factor (T = %puzf). Also, frequency of A.C.
carrier voltage '
Gain of pilot valve in standard flow regulator

Height of fluid in free-surface open-channel flow

E t

Extensional stiffness of tube wall; Kg = (
2(1+v) Ro
t 3

Bending stiffness of tube wall ; KB = 5 (
. 12(1-v")  Ro

Also, equivalent diaphragm stiffness in standard flow regu-
lator; K, = kA/A

B D
Contraction loss coefficient
Expansion loss coefficient
Loss coefficient related to K, by Eq. (7.10)

Loss coefficient due to existence of valve ( standard flow -
regulator )

Spring constant ( standard flow regulator )

Length between two electrodes in reference section of experiment

Length between - two electrodes mounted on the pressure-area
catheter probe

Travel of valve ( standard flow regulator )
Bending moment

Normalized bending moment ( Eg. 2.13 )
Normal shear

Normalized shear force ( Eq. 2.13 )
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External pressure
Effective external pressure

Pressure inside the collapsible tube

PsP, OF p ,p Upstream and downstream pressures at the two ends of the

2flexible tube ( experiments done on the so called " Starling
resistors " )

Transmural pressure
Atmospheric pressure

Effective contribution to (p-pe) from the wall stresses due
to longitudinal deformations of-the tube wall

Inlet pressure to flow regulator
Outlet pressure to flow regulator

Pressure at constriction

Value of outlet transmural pressure at which the tube buckles
and the flow starts to oscillate

Value of the outlet transmural pressure at which the shock
is located at the exit to the constriction

Orifice pressure differential (standard flow regulator )
Differential pressure delivered by pilot valve

Length of wetted perimeter

Stagnation pressure

Stagnation pressure at inlet to flow regulator
Flow rate

A Q
Normalized flow rate; Q =
Aov 2K

BD
Current radius of tube ( positive transmural pressure). Also,

radius of curvature of tube wall in the longitudinal direction
(Fig.9)
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Initial radius of tube ( positive transmural pressures ).
Also, tube circumference divided by ZW for negative and
zero transmural pressures

In-plane radius of curvature of tube wall ( i.e., radius of
curva?ure of the wall in the plane of the cross-sectional
area

Reynolds Number based on hydraulic diameter for the tube

Specific resistivity of the ionic solution

Speed index ( Mean flow speed/ speed of propagation of small-
amplitude inviscid area waves )

Arclength referred to the tube circumference (Figs. 6 and 7 ).

Also, length of wall element in the longitudinal direction
( Fig. 9)

Normalized arclength ( Eq. 2.13 )

Definitions given by Eq.(4.77)3 (perturbation analysis section)

Hoop tension per unit length (positive transmural pressure)
In-plane tension (Fig. 6)

Normalized in-plane tension

Thickness of collapsible tube. Also, time.

Fluid flow velocity

Mean fluid flow velocity

Voltage measured across area probe. Also, speed of translation

of probe
Voltage measured across two electrodes in the reference section

Speed of propagation of finite amplitude waves
Tube wall coordinates

Distance along tube ( Fig. 9)

Normalized tube wall coordinates ( Eg. 2.13 )

Location about which the perturbation analysis is performed
with@ , S, f, c, Tw, T as the base guantities



14

1 *x sl _ *%k
(xl xl) Futhest stable shock position when ( PyPe ) = ( PoPe)
() Perturbation quantity

Script Symbols
a Area of catheter probe
P Normalized transmural pressure (P = (p-pe)/KB )
Pg Normalized buckling transmural pressure
PP Normalized transmural pressure at point contact initiation
PL Normalized transmural pressure at line contact initiation
M Parameter that determines the nonlinear steepening or

broadening of the propagating waves of finite amplitude
(M=3+ odPdd )
dP/da

Greek Symbols
a Area ratio; a = A/A,
o ' Area ratio at initiation of buckling
Oc Area ratio at constriction
Op Area ratio at initiation of point contact
o Area ratio at initiation of Tline contact
a Mean component of area prturbation quantity
o Oscillatory component of area perturbation quantity
o4y or o Area ratio at exit to constriction
al' or ai' Minimum area ratio at inlet to shock proper
al" or a;'' Hypothetical shock inlet area obtained by projecting the mean

area curve on the shock proper ( See Fig. 16 )
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Area ratio at maximum pressure location at exit of shock
Area ratio far downstream of shock |
Area ratio at inlet to flow regulator

Area ratio at outlet to flow regulator
Definitions given in section 4.5, Eq.(4.82)
Definition given by Eq.(4.67)2

Difference symbol. Also, initial compression of spring for
standard flow regulator

Total stagnation pressure loss due to fluid friction Eq.(4.101).

(A Pe: Eq.(4.107); Aﬁf: Eq.(4.106) )

Longitudinal strain

Nondimensional Tongitudinal distance ( % = x/D, )

Height of tube wall for idealized cross-sectional shape of
Fig. 8 for collapsed tube

Angle; see Fig.6 and Fig.7
Wavelength of precursor waves
Poisson's Ratio

Fluid density
Q

dp/dx
Hydraulic conductance at inception of line contact

Hydraulic conductance of tube (o =-

Wall shear stress or fluid friction force per unit wall
area ( Fig. 9)
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CHAPTER 1I:
INTRODUCT ION

1.1 Fluid Flow in Collapsible Tubes

The flow of fluids in thin-walled highly compliant tubes is very
strongly coupled to the structural mechanics of the tube, especially
when the tube is partially collapsed by reason of an internal pressure
less than that acting externally. This strong coupling is the central
feature underlying many diverse phenomena observed in flows through col-
lapsible tubes. They include a wide variety of steady and unsteady flows
of both incompressible and compressible fluids. They span the whole
range from friction-dominated, low Reynolds number flows to inertia-
dominated, high Reynolds number flows which may be either stable or
unstable.

Collapsible tube flows exhibit many phenomena analogous to those
found in gas-dynamics and free-surface gravity flows such as wave pro-
pagation, flow limitation, transition from subcritical to supercritical
flow, frictional choking, and shock-1ike transitions. Unlike gas-
dynamic and free-surface flows, collapsible tube flows exhibit wall
flutter and negative resistance 1Timit cycle oscillations.

Collapsible tube flows are of great importance in physiology, in
medical diagnostic practice, and in the design of therapeutic procedures
and devices. A wide variety of physiological, diagnostic, and therapeu-

tic applications as examples of flow in collapsible tubes have been
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identified and described by Shapiro.?*? Physiological applications in
the venous, arterial, pulmonary and urinary systems, and the vocal cords
are among those cited. The existing physiologic and medical literature
on these phenomena is extensive but lacks coherence and often seems to
be contradictory. Consequently, there is a need to gain a better fun-
damental understanding of collapsible tube flow phenomena from a unified
point of view supported by well-organized and controlled experiments.

Collapsibie tube flow behavior may also be exploited for engineer-
ing applications such as fluidic switching, logic operations, amplifi-
cation,®:** and flow regulation. One of the objectives of this thesis
is to investigate the flow limitation characteristics of uniform col-
lapsible tubes with a view to designing a relatively uncomplicated and
reliable fluid flow regulator.

Thin-walled, highly compliant tubes collapse very easily under
small negative transmural pressures (transmural pressure = internal
pressure minus external pressure) of the order of a few centimeters of
water. The static pressure-area relationship for uniformly deformed
tubes is highly nonlinear and for negative transmural pressures, small
changes in transmural pressure result in large changes in cross-
sectional area (see Fig. 1). Consequently, the speed of propagation
of small-amplitude area waves based on the jnviscid, one-dimensional
fluid flow equations is very small in the collapsed state and rises
abruptly to much larger values for positive transmural pressures (Fig.

2). As a result, in many physiological situations and in experiments
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on thin-walled latex tubes, the mean speed of fluid flow may reach and
even exceed the speed of propagation of small-amplitude area waves.

As in gas-dynamic flows and in free-surface open-channel flows, no
disturbances can travel upstream beyond the critical point at which mean
flow speed and the wave speed are equal. As a result, conditions down-
stream of this point can have no influence on the flow rate. Further,
the flow rate cannot exceed the maximum flow rate which is equal to the
product of the cross-sectional area and the local wave speed at the cri-
tical point,and thus flow 1imitation occurs.

In a steady flow within a collapsible tube, when the mean flow speed
is greater than the speed of propagation of area waves, the tubes may
suffer a sharp change in cross-sectional area and other flow varijables.
This sharp change can be explained on the basis of propagation and steep-
ening of area waves. As the area gradients become steeper, wall curva-
ture effects not accounted for in the uniform collapse static tube law,
and fluid mechanical effects such as flow separation not accounted for
in the one-dimensional inviscid fluid flow equations, come into play.
These effects prevent further steepening leading to a stable flow at a
different and larger cross-sectional area downstream of the shock. The
occurrence of such rapid changes in flow variables over relatively short
distances is analogous to the formation of gas-dynamic shocks in super-
sonic flows when the Mach number is greater than unity, and to the for-
mation of hydraulic jumps in free-surface channel flows when the Froude

number is greater than unity. The corresponding dimensionless speed
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parameter in collapsible tube flows is the speed index, S = (mean flow
speed)/(speed of propagation of small-amplitude area waves). Due to
the complex nature of the coupling between the mechanics of the flow
and the mechanics of the tube wall, the problem of shock-1ike transi-
tions in collapsible tubes can, in principle, exhibit a "wider" range

of phenomena.

1.2 Previous Work on Fluid Flow Through Collapsible Tubes

In this section a brief survey of the Titerature on fluid flow
through collapsible tubes is presented. The first part deals primarily
with fluid mechanica1.studies of collapsible tube flow phenomena. The
second and third parts deal with physiological phenomena and therapeu-

tic applications of collapsible tube flows.

A. Fluid Mechanical Studies

The earliest investigations of flow in compliant tubes were the
experiments performed by Knowlton and Starling® for the purpose of
simulating the resistance of the vascular system. Since then, many
physio]ogicgl phenomena, such as the occurrence of Korotkoff sounds,
have been studied on similar experimental configurations. Experiments
on these so-called "Starling resistors" have subsequently been per-
formed by Holt,®:7:% Brecher,!® Rodbard and Saiki,® Rodbard,!®»11s12
Rodbard and Takacs,!® and Bradley.'" In these experiments, a segment
of flexible tube is supported between two lengths of rigid tube and is

mounted within a chamber as shown in Fig.3 . The chamber pressure Pe
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can be varied independently of the upstream and downstream pressures

p. and p. at the two ends of the flexible tube. Typical experimentai
curves of pi, P2, (p1-p2) vs. the flow rate Q that are obtained from
such an experiment are given in Fig.4 and they exhibit the following
salient features.

(a) When (p1-pe) is maintained constant and (p. - pe) is progres-
sively reduced, the flow rate Q increases with increasing (p: - p2) as
long as (p: - pe) is positive and the tube is distended at the exit.
However, if (pz-pe) becomes negative and the tube collapses at the
exit end, the flow rate Q becomes virtually independent of the driving
pressure difference (p;-pz2).'” The reason for this behavior is the
fact that for negative (ps - pe), progressive decrease of (pz-pe) results
in reduced cross-sectional areé’at the exit and higher frictional resis-
tance to flow. This in turn affects any increase in flow due to the in-
creased driving pressure difference (p;-p2). This "flow limitation" phe-
nomenon has been proposed as the mechanism of flow regulation in many
physiological situations.

(b) In a certain range of negative values of (pz-pe), with the
' tube at the exit partially collapsed, the (p; -p2) vs. Q curve has a
negative slope. This negative resistance promotes the growth of flow
disturbances, leading to 1imit cycle relaxation oscillations at a char-
acteristic frequency.!®>%®* Such oscillations of the arterial wall have
been accepted in the recent years as the source of Korotkoff sounds,

which are detected during the measurement of blood pressure using a
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pressurizing cuff.

Although the Starling resistor concept has been extensively studied,
the failure to consider its essential features from a fluid mechanical
point of view has made fhe interpretation of its behavior difficult and
unnecessarily confusing. Brower and Noordergraaf!® were the first to
realize that although three distinct pressures were present, only the
pressure differences (p; - p,) and (p, -pe) controiled the tube-flow
behavior. Further, the inclusion of the resistances due to the flow
control valves at the inlet and the exit in the models, and the failure
to perceive the dominance of end effects at large negative pressures
(p2 - pe), has hindered interpretation. More recently, Wild, Pedley,
and Riley'? have considered viscous dominated flows in collapsible
tubes. In such flows, due to the absence of inertia, no self-excited
oscillations can develop.

Many theoretical and experimental studies of a fundamental nature
have been undertaken in the past on the propagation of small and finite
amplitude waves in compliant tubes under positive transmural pressures,
especially with regard to arterial hemodynamics (Olsen and Shapiro;?2°
Lambert;?! Streeter, Keitzer, and Bohr;?? Anliker, Rockwell, and Ogden;?2®
Maxwell and Anliker;2* Rudinger;?® Kivity and Collins;28s27 King;2® and
Beam??). However, for partially collapsed, compliant tubes under nega-
tive transmural pressures, very Tew fundamental studies have been re-
ported in the literature.

Griffiths®® %% was the first to identify the speed index S as the
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controlling parameter of steady, one-dimensional flows. Griffiths dis-
covered that, analogous to gas-dynamic flows, friction has thé effect
of decreasing area and pressure in the direction of flow when S<I1
and that it has the opposite effect for S>1 . He also demonstrated,
by means of a simple experiment, the transition from supercritical to
subcritical flow and the occurrence of flow limitation. Oates®? ex-
tended the work of Griffiths by showing how the changes in flow var-
iables depend on the simultaneous effects of wall friction, wall pro-
perties, resting area, and elevation in the gravity field. Oates also
considered shock-1ike transitions and the propagation of finite ampli-
tude waves. He identified the property of the tube law that governs
the steepening or broadening of compression waves. This parameter was
also identified by Shapiro? as M, the determinant of nonlinear steepen-
ing or broadening of propagating waves of finite amplitude. It also
appears quite naturally in the equation developed by him to describe
the change of speed index S in the direction of fluid flow.

Rubinow and Keller®® formulated a theory for inertia-free, locally
Poiseuille flow within a collapsible tube which exhibits flow 1imitation
quite independent of the wave speed type flow limitation mentioned pre-

viously.

B. Physiological Flows in Collapsible Tubes

Many phenomena associated with fluid flow through collapsible tubes
are of importance in physiology, in medical diagnostics, and in therapeu-

tic procedures and devices. In particular, in physiological flows it may
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be expected that whenever flow limitation occurs, the flow downstream
of the flow-1imiting Tocation will be supercritical. Consequently,
" transition to subcritical flow and the formation of shocks can be

expected downstream of such locations.

Pulmonary Airways. An important feature of lung structure is its

extreme mechanical compliance. The airways are easily collapsed by a
negative transmural pressure and the resulting decreased cross-sectional
area leads to increased airflow speeds. The expiratory flow reaches a
maximum at some value of the driving pleural pressure. Hyatt et «Z.
showed that MEFR (maximum expiratory flow rate) at any point in the
vital capacity was independent of effort, once flows reached their
maximum value. The MEFR was uninfluenced by the addition of external
resistances and it was highly reproducible from day to day. This in-
sensitivity of the MEFR to either effort or exit conditions may be
explained in terms of flow limitation due to the creation of super-
critical flow and/or shocks in coilapsed airways. Experimental obser-
vations indicate that people with lung disease have Tower MEFR's than
people in good health. This may be explained in terms of the increased

stiffness of the Tung structure.

The Male Urethra. In males, the urethra behaves 1ike a thin-walled

elastic tube; the urine flow rate is controlled by a "sonic" constric-
tion near the bladder, while the diameter and the speed of the external

urine stream are controlled by a second "sonic" constriction near the
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external meatus with a "hydraulic jump" between the two sonic sites..
It has been shown experimentally by Griffiths®%:%!s33% that the
existence of shocks in the male urethra is an indication of normal mic-
turition function. It is conjectured that the shock formation is a
natural way of autoregulation according to which, when the bladder
. pressure is high, the sphincter allows for the creation of a shock,
thus creating a loss in stagnation pressure. Hence, the flow rate
through the urethra decreases compared to the flow rate in the absence
of a sphincter, thus preventing possible damage by effectively decreas-

ing the wall shear.

Cervical Venous Hums. The cervical venous hum may be explained

by the existence of shock in the internal jugulars, the hum being due
to the vibrations that are inherent in a shock occurring within a col-
lapsible tube (Danahy et al.®°® Groom et «Z.3%). This hum is a prominent
finding in hyperdynamic circulatory states such as thyrotoxicosis and
anemia. People suffering from these conditions have higher rates of
blood flow and the 1ikelihood of supercritical flow and shock formation
is correspondingly greater.

A quarter to one half of the normal adult population has venous
hums. The murmurs become of higher intensity when the chin is raised

or the head is rotated leftward.

Extrathoracic Venous Flow. Shock wave formation can be the cause

for flow limitation due to inspiratory collapse of the inferior vena
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cava below the diaphragm and above the renal veins.

Extrathoracic veins collapse at their entry into the chest and ex-
cept for abnormal and pathological conditions, "the negative pressure
in the thorax and its variations are incapable of influencing venous
return directly" (Brecher!®). Flow studies in physical models and in
direct evidence from mean venous pressure measurements support the view
that resistance to flow increases in the collapsed portion of the veins
and the volume flow cannot inérease with greater suction (flow Timita-

tion).

C. Diagnostic and Therapeutic Devices

A variety of procedures used clinically for diagnosis and therapy
involve flow in collapsible tubes. The understanding of phenomena
observed in fluid flow through compliant tubes contributes to the de-
sign, improvement, and the most effective application of these proce-

dures.

Intermittent Compression as Prophylaxis Against Deep Vein Thrombo-

sis (EPC). In patients who have undergone surgery and were confined

to bed for an extended period of time, thrombus formation most commonly
originated in the deep veins of the leg. Angiographic studies have shown
that blood will remain stationary in the veins of the lower extremities
for minutes and even hours while the patient is in the recumbent posi-
tion. When the veins are compressed externally blood flows preferably

through the heart due to the relatively high resistance of the arterioles
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and the capillary bed.

"Venous stasis" is thought to be a major cause of deep vein throm-
bosis in patients confined to bed. External physical means to overcome
stasis have been used as a prophylaxis for recumbent patients against
venous thromboembotlism.

Currently the most promising physical approach to proﬁhy]axis
against deep veinous thrombosis is intermittent external pneumatic com-
pression. This is accomplished with a cuff around the leg. Ajr pres-
sure in the range of 20-50 mm Hg is applied intermittently and then
relieved. The typical cycle period is one minute.

Experiments in our Taboratory on a hydraulic model of vein collapse
by external pressure show that the tube tends to collapse first near its
exit end. This establishes a reduced area which acts as a flow-limiting
mechanism (supercritical flow is established). The discharge flow rate,
after reaching a maximum, quickly diminishes with time and the maximum
flow rate no longer increases with applied pressure after the latter
reaches certain values.

Severe pressurization of the cuff can result in the creation of
supercritical flow and the formation of a shock downstream of the exit
from the pressurizing boot. Under these conditions, in addition to the
flow Timitation, there is also a loss in stagnation pressure across the
shock. Both of these effects lead to reduction in the blood volume that
can be displaced in a given time and they result in impairment of the

effectiveness of the EPC procedure.
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External Counterpulsation for Temporary Cardiac Assistance (ECA).

'.A cohnterpulsation scheme requires that the impedance against which the
heart pumps during natural systole (the period during which the left
ventricle ejects blood) be reduced, thus reducing the aortic pressure
against which the heart works; and that during natural diastole (left
ventricle relaxed, and refilling), the aortic pressure be increased by
some external energy source, thus providing the necessary pressure

for perfusing the various organs in the circulatory system, including
the heart itself via the coronary arteries.

In external counterpulsation, boots are put around the-Tegs and
pressurized with high enough pressures so that the blood volume in the
veins and arteries of the legs is displaced in the proper time sequence
to achieve the above-mentioned goal.

In both EPC and EPA, the formation of shocks and flow limitation
will impair the effectiveness of the procedures. Therefore, knowledge
of the structure of shock waves and conditions under which they may be

created is highly deéirab]e.

1.3 Objectives and Scope of This Investigation

A. Introduction

The formation of shock waves in collapsible tubes has been experi-
mentally observed (Griffiths®!»39) and thecretically partially explained
on the basis of propagation and steepening of area waves (Oates,3%:%7

Shapiro?). However, no quantitative measurements have been made to
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adequately characteriie either the trans-shock jump conditions or the
detailed structure of such waves. In the experiments conducted in this
investigation, certain hitherto unobserved new features, such as the
existence of a standing wave—tfain preceding a steady shock, have come
to light.

By analogy to gas-dynamic shock waves and open-channel hydraulic
jumps, and also by undertaking a heavy experimental program, certain
conclusions have been drawn about the prominent features of standing
shock waves in collapsible tubes. These features are listed below:
(1) The wave speed that is relevant to the problem is the speed of

small-amplitude inviscid waves, c. The controlling parameter

of the one-dimensional flow problem js the speed index, S :

d(p-p.)

A

C2 = "5" dA E (]-])
_ Mean Flow Speed _ u

5 = Wave Speed e (1.2)

(2) The inlet flow is supercritical (S>1) (this is also confirmed
experimentally).

(3) A large change in cross-sectional area is achieved in a relatively
short distance (e.g., exit area/inlet area = 5 over a distance of
three tube diameters).

(4) Large longitudinal wall curvatures are prevalent.

(5) Large losses in stagnation pressure across the shock have been mea-

sured. This is probably due to flow separation and conversion of
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mean flow energy into turbulent eddy energy (current experimental
finding).

(6) Standing precursor area and pressure waves of substantial ampli-
tudes are observed to precede the shock; see Figs. (30) - (48s)
(current experimental finding).

(7) Once a shock is established in the tube, the upstream conditions,
including flow rate, become independent of changes in downstream
conditions (current experimental finding consistent with the flow
limitation behavior observed in gas dynamic shocks and hydraulic
jumps in free-surface channel flows).

(8) Vibrations originating at the shock propagate both upstream and
downstream of the shock, along the tube wall (current experimental

finding).

B. Objectives and Scope

The research reported in this thesis has two distinct objectives
and the work leading to these is reported in Parts A and B.

The first objective was the measurement and interpretation of the
trans-shock or jump conditions as well as the determination of the de-
tailed structure of standing shock waves in collapsible tubes. Speci-
fically, the cross-sectional area and fluid pressure distributions
within the collapsible tube over a range of upstream speed indices were
measured. The principal instrumentation was in the form of a translat-

able catheter which was connected to a pressure transducer and which
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also supported two electrodes. With these electrodes, the local cross-
sectional area was determined by means of electrical impedance measure-
ments. The catheter was drawn through the test section at a uniform
rate and provided curves of pressure and area as a function of axial
distance.

Since computation of the speed index requires knowledge of the
speed of propagation of small-amplitude area waves, it was also neces-
sary to experimentally determine to a high degree of accuracy the trans-
mural pressure/cross-sectional area relationship (i.e., the tube Taw)
for the static, uniformly-collapsed tube. The cross-sectional area in
this experiment was also measured by the electrical impedance technique.

The principal thrust of the work reported in Part A of this thesis
was to accumulate a body of experimental data which would give insight,
guidance, and a firm basis for comparison for detailed analytical model-
ing in the future.

The second objective of this research was the experimental determi-
nation of the flow limitation behavior of collapsible tubes and the appli-
cation of this knowledge to the design of a novel flow regulator employing
a collapsible tube as its active element. The flow regulator envisaged
is one which, when connected to an upstream constant head reservoir,
would provide a constant flow rate of fluid irrespective of downstream
pressure variations. In such a design, it is necessary to be able to
specify the regulation characteristic of flow rate as a function of

downstream pressure.
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CHAPTER II:
STRUCTURAL MECHANICS OF UNIFORM COLLAPSIBLE TUBES

2.1 The Tube Law for Uniformly Collapsed Tubes

In the one-dimensional treatment of collapsible tube flows, the
coupling between the deformation of the tube wall and the mechanics of
the fluid flow take place through a constitutive relationship or "tube
law." The tube law is a property of the tube alone and is an expression
which relates the transmural pressure across the tube wall to the cross-
sectional area of the tube. For a uniformly-collapsed tube with constant,
non-retarded wall properties, the tube Taw provides a unique relationship
between the two variables. In this sense, it is analogous to the equa-
tion of state for gases in gas-dynamics and to the relationship between
fluid pressure and the depth below the surface in open-channel flows.

The manner in which a thin-walled compliant tube resists deforma-
tion in the distended state under positive transmural pressures is very
different from that in the collapsed state under negative transmural
pressures. When distended, the cross-sectional area of the tube is
circular, and its size is determined by a balance between the membrane
hoop stresses and the 1n-p1ane‘extensiona1 stiffness of the tube wall.
When collapsed, the shape of the cross-section is usually oval or twin-
lobed, depending upon the degree of collapse. Its shape and size is
then determined primarily by a balance between the bending moment

exerted on each wall element by the negative transmural pressure and
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the bending stiffness 6f the tube wall. Since the bending stiffness is
much smaller than the extensional stiffness of the tube wall, the tube
suffers very large changes in cross-sectional area under relatively
small negative transmural pressures as indicated in Fig. 1 . As the
degree of collapse increases, the opposite sides of the tube wall first
come into point contact and subsequently make line contact.

A comparison of the accuracy of pressure-radius relationships for
thin-walled, long elastic tubes under positive transmural pressures has
been made by Taylor and Gerrard.*® A relationship for the hoop tension
per unit length Te by Treloar“® which has been experimentally shown

by him to valid for both large and small deformations is

Wty @) e

where R and Re are the current and initial radii, respectively, and
t is the thickness of the wall. The Young's modulus E and Poisson's
ratio v characterize the elastic properties of the wall. The balance
between the hoop tension and the positive transmural pressure (p-pe)
yields

Tg = (p-pJR . (2.2)
If A and A, are the current and initial areas the area ratio a is
defined by

- A
a = g . | (2.3)

Equations (2.1), (2.2), and the above definition yield expression (2.4)

Y
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for the pressure-area relationship for a uniformly distended, thin elas-

tic tube, where KE is the extensional stiffness of the tube wall:

(p-pg) = KE( -‘—2) (2.4)
o
. _E (t ‘
KE B 2(1 +'U) (RO) ) (2.5)

The speed of propagation of small area waves as given by Eq. (1.1) is

c = V—B-E- (;—) for a>1 . ' (2.6)

As the transmural pressure is progressively reduced and becomes

therefore equal to

negative, a critical value is reached at which the tube begins to buckle.
The buckling pressure for an initially circular tube for the oval mode
has been calculated by Tadjbakhsh and Odeh*° to be equal to

[ (p-p,)
Pa| = ——]—<—§—I- = 3 (2.7)

Ky = ﬁ(%) . (2.8)

where KB is the bending stiffness of the tube wall.

The post-buckling deformation of compliant tubes has been consi-
dered by many authors*®™*3 with various degrees of success. All of
these analyses employ the constraint of inextensionality of the tube

wall. This is a valid assumption as the in-plane strains are small
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in the collapsed state and the deformation of the cross-section is pri-
marily due to rotations. However, fhis assumption would break down at
the very smallest area ratios when curvatures are large and the in-plane
stresses may again become significant. The analysis of Flaherty, Keller,
and Rubinow"! is the most complete. They consider the effect of normal
forces created when the opposing walls come in contact. The work of
Kresh and Noordergraaf neglects these forces and is thus incorrect for
this configuration.

The equations governing the deformation of the tube are obtained
by considering the equilibrium of a small element of the tube wall under
the action of the transmural pressure (p-pe5, in-plane tension T,
normal shear N, and the bending moments M as shown in Fig.6 . The

equilibrium equations are

Normal force equj]ibrium:

d*
%-T*é—e* +p = g . (2.9)

Tangential force equilibrium: .

dT* de

ds* + N*a-g; = 0 . (2.]0)
Moment equilibrium:
*
L (2.11)

The bending moment M* dis related to the change in curvature do/ds*

by
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dé dé do
M* = (ds_*) -0- ds* 'l-d—s*- . (2.12)

In the above expressions, the variables have been normalized according

to
p = 2P me = M
Kg Re Ky
T N
* = * = . [
T* = Rk N¢ = ok (2.13)
g M m B -y
s* = 7 X* = 7 Y OE R

The coordinates x and y in Fig.7 are related to the arc length s by

S

S
X = fcos 6(s) ds y = fsin 6(s) ds . (2.14)
0 0

The inextensionality condition is imposed by requiring that
6(s + 2mRy) = o(s) + 27 . (2.15)

The boundary conditions of the problem vary depending on whether the
walls are in contact and on the manner in which they make contact at

various transmural pressures P.

(1) Tube walls not in contact: Pgl < Pl < Ippl

1
o

8(0) °(3) = 3

0 N*(IZT-)= 0.

Conditions (2.16)3,, are obtained from symmetry considerations.

(2.16)

N*(0)
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(2) Tube walls in point contact: [Ppl < |P] < |PL[

© =0 off) -
(2.17)
N*(0) = 0 *(3) = o

The condition (2.17), is now different from (2.16),, and is
obtained by considering the equilibrium of the tube cross-
section at 6 = /2 . Point contact first begins at |P|= | Pol
and continues until |P| = |PL| when the curvature at the point

of contact becomes zero and line contact beings.

(3) Tube walls in line contact: |P| < |P|

L
8(0) = 0 o(s) = %

(2.18)
N*(0) = 0 T*(s,) = 0

For all negative transmural pressures larger than [PL[ the govern-
ing equations and the boundary conditions remain the same while S and
|PL|'vary. Consequently, the solutions of the problem for any |P| > |PL|
can be found from that for |p|==|PL] by a similarity transformation."“?

Thus, the cross-section A can be expressed in terms of AL by

.P 2/3 ’
A = A (L
= L ?'_ s (2.]9)
or, equivalently,
P -3/2
FL- = (“‘O?T) . (2.20)
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From the calculations of Flaherty et al.,

P

b = -5.247 ﬁ_ = -10.34
ap = 0.27 o = 0.21

Using these values, the similarity tube law becomes

P = -0.995 ¢™3/%2 = _g73/2 | (2.21)

The functional relationship in (2.21) can also be obtained through
dimensional arguments and from the fact that there is no characteristic
length for the problem in the similarity range.*?’ The length of the
contacting region will adjust itself to accommodate the balance between
bending moments and bending stiffness. As |P| is increased, the suc-
cessive configurations assume self-similar shapes as long as the radius
of the wall curvature is large compared to the wall thickness.

The radius of curvature Rc at any typical Tocation is a function

of only the bending stiffness Et®/12(1-v?) and (p-—pe) . Thus,

R, = Rc[Et3/12(1—\)2),‘(p—pe)] : (2.22)

For dimensional homogeneity,

Re (p-p,)
[Et3/12(1-v?)]

= numerical constant. (2.23)

Further, the cross-sectional area AC must vary as R: . Thus,

3/2
AT (p-py)

[Et3/12(1-v2)]

= numerical constant. (2.24)
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Equivalently, using the previous definitions,
P = (numerical constant) o™3/% (2.25)

This result is the same as (2.21) if the numerical constant is taken to
be equal to (-1).

No simple closed-form expressions exist for the range 1 <« <o
and the solution must be obtained by numerical solution of Eqs. (2.9)
through (2.18) as it was done by Flaherty et al.*' Another method would
be to curve-fit the experimentally obtained pressure-area relationship.
Since the character of the solution changes between o Jog s op Lo <op
and a < 0p s it may be necessary to use three separate functional approxi-
mations.

In the similarity range o < 0.21 , the wave speed can be obtained

from (2.21) using the definition of Eq. (1.1):

| K
g o V%—pﬁ a3 (2.26)

Within the range 0.21 < o < 1, the wave speed would have to be obtained
either by numerical solution of the governing equations or by numerical
differentiation of the experimentally determined pressure-area relation-
ship. The wave speed at various degrees of collapse has been directly
determined experimentally by Brower and Scholten.®® However, those mea-
surements were obtained for a collapsible tube 1ying on a rigid surface
and the transmural pressure was not uniform around the periphery of the

tube.
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2.2 Influence of Longitudinal Curvature

The tube Taw discussed in the preceding section is strictly valid
only if the following ;ssumptions are satisfied. The elastic properties
of the wall must be isotropic and the elastic properties, wall thick-
ness, resting area, and the applied transmural pressure must be constant
along the tube wall at any given cross-section and also along its length.
Under these conditions, the tube will collapse uniformly and without
twist, when subjected to a negative transmural pressure. However, whenl
these quantities do vary along its length, the uniform collapse tube law
will be approximately valid if their gradients in the longitudinal direc-
tion are small. For example, in the case of a uniform tube along which
an area wave is propagating, this tube law is valid only if the ratio
of the wave amplitude to the wavelength is small.

In this section the necessary modifications to the uniform collapse
tube law, for a tube of uniform properties that suffers significant longi-
tudinal area gradients, will be considered. The pressure-area relation-
ship at a pafticu]ar section will then not be a unique function of the
area alone but will also reflect its variations in the longitudinal
direction through its longitudinal derivatives.

Such modifications to the tube law w%11 play a crucial role in the
establishment of the structure of shock waves in collapsible tubes.

Consider a partially-collapsed uniform tube which is subject to
Tongitudinal transmural pressure variations. For the approximate analy-

sis that is attempted here, the cross-section will be assumed to be
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relatively flat and symmetrical about the centerline as indicated in
Fig. 8 . The height n(x) of the tube wall will be taken to represent
the overall deformation of the cross-section. The gradients in n(x)
will be considered to be sufficiently small so that nonlinearities in
the derivatives of n can be neglected. The conditions described here
would be approximately satisfied in the collapsed region upstream of a
standing shock wave of the type experimentally observed. However, these
assumptions will break down within the shock itself, where large longi-
tudinal gradients in area have been observed.

If the cross-section has the idealized geometry shown in Fig. 8,

the cross-sectional area is given by

A = 2m [Re - %n] , (2.27)
or, equivalently,
o= 5= (2-R)R . (2.28)
where
ﬁ“: = 1-/MT-a

It will now be assumed that the transmural fluid pressure (p-pe)
is supported in part by the circumferential bending stresses as reflected
in the uniform collapse tube law and in part by the stresses induced in

the tube wall due to longitudinal curvature. Thus,

(p-pg) = KgPla) + (p-p,), (2.29)

where (p-—pe)x is the part of the transmural pressure supported by

stresses due to the longitudinal deformations of the tube wall. Consider
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the equilibrium of a wall element of Tength ds as shown in Fig. 9 .
Balance of forces in the normal and tangential directions and balance

of bending moments yield

T _
ds " R ~ (p'pe)x =0
dar , N -
'a?'!'ﬁ‘!' Tw = 0 (2.30)
dM _
s N =0

where N, T, M, and T, are the normal shear force per unit length,
Tongitudinal in-plane tension per unit length, bending moment per unit
Tength, and fluid friction stress per unit wall area, respectively.

In addition, if the gradients in n(x) are sufficiently small,

the following approximations hold:

d

N ——

2
a‘is— x . -4n (2.31)

dx?

20| —

Further, an approximate constitutive relation can be written for the

bending moment as

= = =fI — | (2.32)
R dxz

where the bending stiffness EI s given by

P 3
f1 = —EE° (2.33)
12(1 - v2)

Before proceeding beyond this point, three Timiting cases of these

equations will be considered.
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Case 1: Negligible longitudinal area gradients. For negligible
gradients in n(x) , Eqs. (2.30) reduce to

X
(P=pPgly =0 5 T =T - [¢ d , (2.34)
0

where T; is the wall tension at x=0: N=0 . Thus, the uniform
collapse tube law is recovered. Equation (2.34), reflects the reduction -

in initial wall tension due to frictional drag of the fluid.

Case 2: Normal shear forces dominate longitudinal in-plane ten-
sions. Neglecting the terms involving longitudinal in-plane tensions in
comparison to bending terms and also neglecting nonlinear terms in the

gradients of n(x)} yield

A d"’n
(p-p.), = EI =
ex dx*
X
T =T - [r, (2.35)
0
A 3
N o= ErdD
dx*

Substituting (2.35); in expression (2.29) gives the following expression

for the modified tube law:

~ d’-l-.n
(p-p.) = KyPla) + EI — . (2.36)
& ¢ det
Recasting (2.36),
A d"'n _
P-pPg - EI — = KgP(a) . (2.37)
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Thus the effect of bending deformation is to alter the effective trans-

~ 4
mural pressure by the term EI Qﬂ: .
dx

Case 3: Longitudinal in-plane tensions dominate normal shear forces.

Neglecting the terms involving normal shear forces yields

X
_ d*n
(P"De)x = -;—2 (Tl = f’rwdx)
. 0
(2.38)
X
T =T, - f"l.'w dx .
0
Thus the modified tube law becomes
X
d?n
(p-p,) = KgPla) - " T = f’tw dx ) . (2.39)
X
0
Alternatively,
X
P-pg * (T1 - f’t‘w dx) = KB Pla) . (2.40)
0

Hence, the effect of positive wall curvature is to increase the effec-
tive transmural pressure when the Tocal longitudinal in-plane force T
is positive. This clearly shows how the initial tension can affect the

tube law.

When both normal shear (i.e., bending) and longitudinal in-plane

tensions are important, Eqs. (2.30)-(2.33) yield

X
~ dlt- dzn
(p-p,) = KPla) + EI =1 -—(Tl- T dx),
€ B dx* dx? Ofw
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where again a nonlinear term equal to
~ 82 =
(22
ox?
has been neglected in (2.41);. In the modified tube law given by (2.41),,
the bending effects in the longitudinal direction will be small compared

to the effects of longitudinal in-plane tension forces if

A y
<< 1 . (2.42)
r &n
dx2

If the characteristic distance over which longitudinal variations occur

is A, then (2.42) yields

B e g, (2.43)
T

If Exx is the axial strain corresponding to T, then
T = Eg,t . (2.44)

Thus, using definition (2.33) in (2.43) gives the condition for longi-
tudinal in-plane tension forces to be small in comparison to bending

forces as

] t\
= << 1 . (2.45)
12(1 - v?)e, (")

It is stressed at this point that this formulation is only approxi-‘
mately valid for cross-sections approximating the shape given in Fig.
and when the gradients of n are sufficiently small. A more exact
analysis of the problem would be a very difficult task which is not

justified at the present time.



45

[pS]

.3 Experimental Determination of the Tube Law

For the purpose of determining the pressure-area relationship for

[o}]

uniformly collapsed latex rubber tube (I.D. = 2.54 cm, wall thickness

1]

0.083 cm, length = 70 cm, Young's modulus = 1.6x 107 dynes/cm?), the
apparatus shown in Fig. 10 was constructed. In this apparatus, the
latex tube was mounted horizontally between two rigid tubes and placed
under the same longitudinal strain (6%) as in the shock experiments.
This was done by observing the displacement between two Tines drawn

15 cm apart on the tube.

Thg inside of the tube was filled with salt-water and the outside
~chamber was filled with glycerine-water solution. The densities of the
two solutions were matched to better than 1% in order to eliminate buoy-
ancy effects. The inside and outside chambers were connected to glass
manometers mounted on a vertical scale. Thus, the transmural pressure
could be read directly by means of a cathetometer. The eﬁterna] chamber
was also connected to a large movable reservoir full of glycerine-water
solution. Thus, the external pressure could be varied, .if reqqired, by
altering the height of the reservoir. The internal pressure was varied
by withdrawing small amounts of salt water using a syringe. The area
in the relatively uniformly-collapsed region in the center of the tube
was measured by means of the electrical impedance method described below.

In the electrical impedance method of area measurement, an A.C.
voltage is app1iedracross a column of salt-water located inside a com-

pliant tube and a rigid tube section which is arranged in series with
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the collapsible tube. Thus, the current which passes through the cross-
section where the area has to be measured passes also through this rigid
reference section of known cross-section area AR . Figure shows the
basic configuration. In the reference section, the voltage VR across
two electrodes, which are placed in contact with the salt solution and
which are spaced a fixed distance LR apart, is measured. An area

probe consisting of two electrodes mounted on a small-diameter catheter
at a known distance apart LP is arranged parallel to the tube axis in
the salt solution inside the tube. If the area of the tube cross-section
at the position of the area probe is A, the catheter c%oss-sectiona1

area is a, and the voltage measured across the area probe is V

P 3
then the following relations hold:
Lp
L
VR = r EE I , (2.47) -

where r 1is the specific resistivity of the ionic solution.
The basic assumption here is that the same current I passes through
both the reference and probe positions. Thus, from (2.46) and (2.47),
A = g + (::—::—AR) (;g) " (2.48)
By means of relation (2.48) the area A at any cross-section can be
determined. In fact, the quantity [(LP/LR)AR] was determined as an
area-measurement constant by pulling the probe into the reference

section.
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2.4 Sources of Error

In the determination of the static pressure-area relationship,
there are many potential sources of error. One of these sources is the
presence of edge effects. When the tube is collapsing and the deviation
of its cross-sectional area from that at the rigid ends becomes large,
the errors due to non-uniform collapse could be significant. For this
reason, the tube length has to be sufficiently long so that there is
always a section of the tube located at the center which collapses uni-
formly. Another source of error is the change in pressure due t6 any
air bubbles that may be trapped in the inner and outer chambers. Pro-
visions were made in this‘apparatus to eliminate all air bubbles from
these spaces.

Some additional potential sources of error are related to the mea-
surement of area by the electrical impedance method. These are 1isted

below.

A. D.C. Electrode Po1arizét10n Potentials

When a D.C. voltage is applied to an ionic solution, electrode
polarization potentials develop in boundary layers around the electrodes.
Thus, the D.C. voltage drop across the electrodes is no longer directly
proportional to the distance between them. To avoid such errors, an
A.C. excitation voltage was employed. This, however, introduced cer-

tain other sources of error not encountered with D.C. excitation.
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B. Leakage Currents

The existence of leakage paths shunting off current across the tube
wall would reduce the current passing through the probe area position
with respect to that passing through the reference section. This would
result in a larger apparent probe area as calculated from Eq. (2.48).
The leakage currents are due to the finite electrical resistance of the
tube wall and due to the capacitive current across it. The first of
these is independent of frequency but is proportional to the tube length.
The capacitive current is directly proportional to the frequency and
the tube length. The electrical behavior of this system is complex
and can be treated in a manner similar to that employed in the study
of electrical transmission lines. Instead, in this experiment, two
precautions were taken to 1imit and place bounds on these errors.

First, the conductivity of the external solution was kept at the
minimum possible value by using distilled water for making the glycerine-
water solution. Next, to determine the extent of such errors and the
range of acceptable frequencies that may be employed for excitation, an
experiment was performed on a latex tube with a perfectly conducting
external medium. The experiment is described in Appendix A. From this
experiment, it was concluded that even at 500 Hz, the errors due to the

leakage currents in this very unfavorable sét-up would be less than 6%.

C. Amplification of Small Probe Signals in the Presence of Noise

The signal obtained from the area probe was of the order of a few

millivolts when the tube was nearly inflated and increased about tenfold
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when the tube was highly collapsed. Thus, it was necessary that the
signal be amplified. Electrical noise was also present in the signal,
induced in the salt-water column by electrical equipment and power lines
present in the laboratory. Fortunately, the noise was of the common-
mode type and several precautions were taken in the design of the mea-
surement system to eliminate these errors. First, all signal cables
were shielded and connected to a stable, low-noise ground. Second, a
high-quality differential amplifier of very high common-mode rejection

ratio (CMRR) was used to amplify the signal.
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CHAPTER III:
FRICTION FACTORS FOR COLLAPSIBLE TUBE FLOW

In the one-dimensional analysis of fluid flow within a collapsible
tube, it is often necessary to include the effect of viscous fluid drag.
Since the cross-sectional shape and wetted perimeter of a compliant tube
varies significantly with the degree of collapse, it is necessary to
modify the standard formulations or to develop new expressions for vis-
cous drag. In this section, approximate expressions are derived for
this purpose subject to the following assumptions:

(1) The flow is one-dimensionéi in the sense that area gradients
are sufficiently small so that the flow may be considered
locally fully developed.

(2) The flow is steady.

(3) The flowing fluid is essentially incompressible.

3.1 Laminar Flows

If the preceding assumptions are valid and the flow is laminar,
then the flow is locally a Poiseuille flow and must satisfy the follow-

ing equations:

2 20

Momentum: g—)‘% = u(_@_u - E3——Li'-) in A ; (3.1}
ay? 3z?

Boundary Condition: i=0 on?P;

Flow Rate: Q = ffﬁ(x,y,z) dy dz = Au
A



. TP dp
Wall Friction: A T "I

where P 1is the length of wetted perﬁmeter, A is the area of the flow

region within the collapsed tube, and u 1is the average velocity of flow.
Flaherty, Keller, and Rubinow*' have solved this problem numeri-

cally for the two-lobed mode of collapse. For the similarity region

of collapse (a < 0.21) they have given a similarity relationship for

the hydraulic conductance o of the tube. This is given as

8' (P )—4/3
e = E (3-2)
e T
where
I
= B_Q__A ) _.....____Q
o = Sa o = .y . (3.3)

and the subscript L refers to the conditions at the inception of line
contact of the opposing walls. Using the similarity relation between

Pand o [Eq. (2.2)] in (3.2) gives

Gﬁ[ = (O—f‘L—)2 , (3.4)

where o, = 0.008 and o =0.21 . Thus for o <0.21 ,

~

o

0.1814 o? . (3.5)

Using (3.5), (3.3), and (3.1)s in (3.1), yields

T, P
W _ (8muu) 2.165
A ( Ay ) o ' (3.6)

If the constant 2.165 is changed to 2.785, then Kamm*® reports that
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the result is a reasonable approximation up to o = 0.36 . Thus for

a <0.36 ,

T P
W _ (8muu\ 2.785
; (-——-A0 ) ! . (3.7)

For the region 0.36 < a <1 , the cross-section of the tube is
approximately elliptical and the Poiseuille flow relationship for flow
through elliptical tubes®? can be used to develop an approximate expres-
sion for the wall friction. \

Now, for an elliptical tube of major and minor semi-axes a and b,

A = qab (3.8)
P =~ q[2(a?+b2)]"? (3.9)
qQ = = _a’b® (- QE) (3.10)
4u a2+ b2 dx ’
. 1 A% dp
Q= 3 p2 (' dx) ' (3.11)

As the wetted perimeter is constant in length during deformation in this

area range (0.36 < a < 1.0) ,

P = varhA, . (3.12)
Hence, for 0.36 <a < 1.0,
o = ga (3.13)
T P
W (8muwu) 1
A ( A )az ) (3.14)

For area ratio o > 1 , the cross-section is circular and by setting
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a=b=R-=yAwx/r in (3.10) and using (3.1), it is possible to .obtain

the wall friction. Thus, for o >1,

G = %o&z (3.15)
T P
w_o_ (8muu\1 .
A ( Ao )C!. ' (3.16)

The influence of mild area gradients on the laminar Poiseuille
flow relationship for an elliptical tube has been considered by Wild,
(19)
Pedley, and Riley by means of a perturbation analysis. Their solu-

tion, recast in dimensional variables, is

_dp | 4 g_+b_) _ 431 (Y
dx T ( a®h? Q A 3x 2 D(A) 2 (3']7)
where the cross-sectional area is given by

A = ma(x) b(x) . (3.18)

This expression shows three things. First, the first term is the Poise-
uille flow relationship (3.10) for fully developed flow. Second, it
shows that the first-order correction to the basic solution is inertial
in nature and is related to the acceleration or deceleration of the
fluid. Third, it shows that this correction is directly proportional

to the area gradient. Using (3.9) and estimating the ratio of inertial
to viscous terms in (3.17), the inertial term can be shown to be small,

if the modified Reynolds number given below is much less than unity:



54

1 23A
S Bpe <« 1, (3.19)

where

RGD =

s —sae h S - (3.20)

3.2 Turbulent Flows

As in the previous section, the turbulent flow is considered to be
fully developed. If the Reyﬁolds number based on the hydraulic diameter
is sufficiently high (for transition from laminar to turbulent flow to
have occurred), then the viscous effects are confined to a very narrow
region adjacent to the wall, and they are independent of the exact shape
of the tube cross-section (Schlichting®!). As a result, it is possible
to use the correlation for the friction factor given by Schlichting for

turbulent flow in smooth pipes, provided the Reynolds number 1is based

on the appropriate hydraulic diameter. Thus,

Re 0.25

- (_szl_)%puz | (3.21)
Dy

For tubes with the whole wall perimeter exposed to the flow, the wetted

perimeter, hydraulic diameter, and Reynolds number are

P = JithA,
-4_A=‘/E‘:£o_
Dh = 5 el (3.22)
e o (WA,
Dh v v ¥V 7TAg
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Thus,
W 00191 A1, e o
A ReDO.ZS AO o4 P ’ )
h

For tubes with cross-sections in the dumbbell shape with two fluid
channels and with only part of the perimeter exposed to the flow, each
channel can approximately be assumed to be circular in the computation

of the wetted perimeter. Thus,

P = /8rAyo
- 4A _ 2Aqc

p, = & . e (3.24)
= Q4 2

ReDh v ¥ 1A

Therefore, for dumbbell-shaped cross-sections,

T P
w_ _ 0.0791 8 Lou? . (3.25)
A Re 0+25 AUOL

.Dh

These results can be conveniently summarized in the following single
alternative form:
1}2 . %li;ipuz, (3.26)
where D, 1is the diameter corresponding to the resting area A, and f
is a friction factor tabulated in Table 1 for the various flow regimes.
The wall friction relation given for both Taminar and turbulent

flows can be expected to be valid only when area gradients are small.

Consequently, these relations can be applied both upstream and downstream



56

of the shock in a collapsible tube, but they cannot be applied within
the shock itself. Within the shock, the flow would be similar to that
in a stalled diffuser with flow separation from the walls, the formation
of eddies, and re-entrainment taking place further downstream. This

will be more fully discussed in the next chapter.
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CHAPTER 1IV:
THEORETICAL ANALYSIS OF THE SHOCK WAVE

This chapter is composed of three sections. In the first section,
the analogy between gas dynamic, open-channel, and collapsible tube flows
is developed. Next, the propagation of area waves in collapsible tubes
and their steepening are briefly considered.

In the second section, the equations governing steady flow in a
collapsible tube with constant wall properties and constant external
pressure, including frictional effects, are derived and the phenomenon
of flow limitation is described.

In the third and last section of this chapter, an approximate analy-
sis of the shock wave is presented first. Subsequently, approximate ex-
pressions are developed for analyzing the experimental data. A detailed
theoretical analysis of shock structure and precursor waves would involve
complex modeling of the tube mechanics and the separated flow within the
shock. This work is beyond the scope of this thesis and is not attempted

here.

4.1 Analogs: Gas Dynamics, Open-Channel, and Collapsible Tube Flows

The analogy between gas-dynamic, open-channel, and incompressible
collapsible tube flows is most clearly seen by considering unsteady,
one-dimensional, frictionless flows in horizontal passages. Subject
to these assumptions, the momentum equation for all three types of flow

is
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Moy ud - o220 (4.1)

it X X

where u, p, p, X, and t are, respectively, the flow velocity, fluid
pressure, mass density, distance along the passage, and time.

The equation of continuity in each of these three cases involves
a mass conservation variable [density p(x,t), height of free surface
above the bottom h(x,t), or the cross-sectional area A(x,t)] and the

-~ velocity of f]ow /E

_ : . 3 a(pu) _
Gas-Dynamic Flow: 5t + OX 0
Open-Channel Flow: %%— agg? = 0 (4.2)
Collapsible Tube Flow: %% + -El(g‘fl = 0

To achieve closure of each of these problems, it is necessary to
relate the force variable p to the mass conservation variable p, h,
or A through a physical "constitutive Taw" or "equation of state."

These are:

Gas-Dynamic Flow (isentropic pressure-density relation

for adiabatic, frictionless flow):

o = o(p) 3
Open-Channel Flow (hydrostatic law for pressure variation):
P-P :
= - ____atm
h = h(p'patm) 0g 3

Collapsible Tube Flow (tube law for compliant tube);

A = Alp-p,)
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It is thus seen that the mass conservation variables p, h, and A bear

an analogous relationship to each other and can be expected to display

similar physical phenomena. For example, by analogy the speed of pro-

pagation of small amplitude waves can be written as

Gas-Dynamic Flow: g2 = 9-32 = %R
P dp P |constant entropy
. 2 . hd -
Open-Channel Flow: c =+ (P-Pygy) = 9h (4.4)
. , _ A dp-p,)
Collapsible Tube Flow: c¢* = s Tk .

Carrying this analogy further, Shapiro? has Tisted the following features

to be characteristic of such collapsible tube flows:

(1)
(2)

(3)

(4)

(5)

(6)

wave propagation as the prime mechanism of steady flow;

speed index S = u/c analogous in significance to the Mach number
and Froude number;

in steady flow, opposite effects in subcritical (S<1) and super-
critical (S>1) flows (example: friction causes a pressure drop in
subcritical flow but a pressure rise in supercritical flow);
choking and flow Timitation when S reaches unity, as at the throat
of a convergent-divergent nozzle or at the overflow of a dam;

the possibility of continuous transitions from subcritical to super-
critical flow as in a convergent-divergent nozzle.

rapid transitions from supercritical to subcritical flow, as in

gas-dynamic shock waves and hydraulic jumps.
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A. Propagation of Area Waves

For compressible adiabatic fluid flow in a compliant tube, the
governing equations are the momentum equation (4.1), the continuity
equation with the mass conservation variable taken to be pA , and both
constitutive relations (4.3); and (4.3)3. For this system of equations,
a small perturbétion analysis about a given steady flow condition gives

the wave speed as

Ao m ede 4

(4.5)

where e and Cp are equal to the wave speeds given by Eqs. (4.4),
and (4.4)s, respectively. It reflects the combined influence of the
two sources of compliance, namely, the gas compressibility and the tube
compliance acting in parallel. It also yields the correct limiting
behavior given by Eqs. (4.4):,and (4.4)2 individually.

Such a perturbation analysis about a given steady flow condition
leads to the classical wave equation, if viewed from a coordinate frame
moving with the flow (Shapiro®2?). The solution for the area perturba-
tion in a collapsible tube flow would have the following form when

referred to the fixed coordinate frame:

A = A[x-(u+c)t] + Mo[x-(u=-c)t] , (4.6)

where u and c are the fluid velocity and small amplitude wave speed,
respectively. Here the term AA; represents a wave propagating down-
stream at a velocity of (u+c). If u >c , then the wave AA; would

also propagate downstream. Under these conditions, there would be no



61

mechanism whereby an alteration in downstream conditions could affect
conditions upstream of the point at which the speed index S = u/c
becomes equal to unity (i.e., becomes critical). This feature has been

observed in the experiments on collapsible tubes reported here.

B. Steepening of Finite Amplitude Waves

The formation of a steady shock may be viewed as the long time
1imit of a transient process of steepening of a finite amplitude wave.
For this reason, it is important to consider the conditions under which
a finite amplitude wave could steepen. This has been considered by
Nicholson,*® Qates,®’ and Shapiro.?

Consider, then, a flat-topped finite amplitude wave propagating
in the downstream direction. In such a wave, the additional fluid
velocity induced by the wave must itself be considered. As a result,
each wavelet into which the finite amplitude wave can be divided travels
at a speed of Vw = y+c at its front and at a speed of Vwi—de =
(u+du) +(c+dc) at its rear. This increased wave speed is due to
the fact that the rear of the wavelet is at a pressure higher than the

front by an amount dp . Thus,

d—p-=-—+'—'—. (4.7)
The change in momentum of the wavelet is given by

dp = pc du . (4.8)

Thus,



dv
w1 dc
dp 2pc (2 + 2pc dp) ’ (4.9)
The definition of wave speed,
K
2 . B dP
c* = > % 4 ° (4.10)
_y'iE]dS dzp
dc % daZ
2pc = = 1 + .
pc dp - (4.11)
do
Substituting from Eq. (4.11) into (4.9),
dv
w o M
o = Toe ® (4.12)
where | o d2P
- daZ
M =z 3 + (4.13)
dp
da

Equation (4.12) giQes the rate of change of wave speed with pres-
sure, so that if M 1is positive a compressive wave would steepen and a
rarefaction wave would flatten. The converse is true if M is negatfve.
As seen from the static tube law in Fig. 1 , dP/de > 0 always and the
curvature 3%P/3a® 1is negative over the major portion of the collapsed
region and becomes positive near the region of distension. Consequently,
compressive waves may steepen or flatten in collapsible tubes depending”
on the value taken by M, a parameter which will later be seen to play
an important role in steady flows as well. The basic assumption of this
analysis is that the uniform collapse tube law P(a) remains unchanged

at the front and the rear of the finite amplitude wave. There is, then,
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an implied restriction that the steepness of the wave front must be suf-
ficiently small.

It is'interesting to derive the form of the tube law for which a
finite amplitude wave would propagate unchanged. Setting M=0 in

Eq. (4.13) gives

. (4.14)

Solving for P and imposing the condition for unity area ratio at zero

transmural pressure,
p(1) = 0 , (4.15)
gives

Pla) = C (1 - JL-) : (4.16)

az

where C is an arbitrary constant. This result is seen to be identical
to the tube law of Eq. (2.4) derived by Treloar*® from kinetic theory

for a thin rubber tube under positive transmural pressure.

4.2 Steady Flow in Collapsible Tubes

In this section, the equations governing the steady flow of incom-
pressible fluids in collapsible tubes under certain simplifying assump-
tions are derived. For a more compréhensive treatment including varia-
tions in wall properties, the resting area A, , and the e]evation of
the tube, the reader is referred to the work of Shapiro.2

The underlying assumptions of this theory are:

(1) The flow is one-dimensional and is characterized by the mean flow

speed u and the mean pressure p at any cross-section along the
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tube.

a8
at

(3) The fluid is incompressible and all the compliance of the system

(2) The flow is steady, i.e., =0 .

is due to the compliance of the tube. .

(4) The external pressure P, 1s constant along the tube.

(5) The resting cross-sectional area A, (for zero transmural pressure)
is uniform along the tube.

(6) The wall friction stress is given in terms of the formulas derived
in Chapter III. They have the form

T P
w__ 4f 2
A D, pou . (4.17)

The friction factor f is a function of the area ratio o and the

Reynolds number ReD based on the hydraulic diameter, and is tabu-
h

lated in Table 1.

(7) The tube law can be expressed as in Eq. (2.29) as

P-Pe = KgPla) + (p-p), (4.18)

e

where (p - pe)x is the effective contribution to (p- pe) from the

wall stresses due to longitudinal deformations of the tube wall.

The first term in Eq. (4.18), KBFTa) , is the contribution from
the circumferential stresses. In the case of small area gradients, the
tube law can be expressed as in Eq. (2.41) as the sum of bending and
membrane effects. For the pfesent purpose, it is convenient to define

an effective external pressure Pe 2S
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P = Pa * (P-p)y (4.19)
so that the tube law (4.18) becomes

(p-p.) = KgPla) . (4.20)

e

The equations governing the fluid flow subject to the preceding

assumptions are the following.

Conservation of Mass: Q = Au = Ajuo (4.21)
thus,
1 da 1 du _
3 dx + wdx - 0 . (4.22)
Conservation of Momentum: -A dp - TWP dx = pAu du . (4.23)
therefore, T P
_dp . w du
5 U (4.24)

where T is given by Eq. (4.17).

In addition, there is the tube law expressed by (4.20). The speed of

propagation of small amplitude waves c is given by

K
¢ = FBOL ddf) . (4.25)
The speed index S is defined by
$ 52 - (4.26)
From Egs. (4.25) and (4.26),
) g $2P(a)
Lo -1+ —2_|ld (4.27)
c? dP(a) o dx
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& - 4L (4.28)

By routine manipulation of Eqs. (4.20), (4.22), (4.24), (4.26),
(4.27), and (4.28), the following equations governing the spatial growth
of area ratio o, fluid velocity u, pressure p, and speed index S can

be obtained:

(-82)da _ _(1-52) du __ 2
o o 7 I Ti%s5%) (4.29)
_c2 2
(Q-S)d5° . aix,52) = iolx,$2) (4.30)
52 .
]-SZQE’.= " l.&.ﬁ+_1_£) (4.31)
puz dx 2 Dy pC2 dx °
where
dp
- 5% 4f 1 “e
2 — e m— —_——
L(x,8%) = +(2 5, t dx) (4.32)
pC
2
o $Ea)
M = 3 + —— = Ma) . . (4.33)
dP(a)
da

The solution to the above equations is obtained by solving (4.29),
and (4.30) as two coupled highly nonlinear ordinary differential equa-
tions for the area ratio o and the speed index S. The most striking
feature about these equations is the occurrence of the factor (1 -5%)
on the left-hand side of each equation. As a result, the flow behavior
for subcritical (S <1) and supercritical (S>1) flow are fundamentally

different.
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For example, when the effects due to longitudinal wall deformations
represented by dﬁe/dx are neglected, (4.29), and (4.31) predict de-
creasing cross-sectional area ratio o and fluid pressure p when the
flow is subcritical. When the flow is supercritical, it predicts that
they will increase. Thus the flow exhibits the opposite phenomena depend-'
ing on whether the flow is supercritical or subcritical.

Now consider the case of supercritical flow in a highly collapsed
tube as‘in the upstream region of the tubes in which shocks were experi-
mentally formed. The parameter M is essentially positive except for a
small range in the collapsed region (which could be due to errors in
differentiating experimental data twice) as shown in Fig.15 . Thus,
if dﬁe/dx is again neglected, the function # in Eq. (4.20) is posi-
tive. Therefore, for supercritical flow, the speed index would decrease
in the flow direction, whereas it would increase if theAf1ow were sub-
critical. As a result, the speed index is always driven towards unity
by frictional effects irrespective of whether the flow is subcritical
or supercritical. This is similar to the phenomenon of frictional
choking observed in gas-dynamics.

If the speed index became equal to unity, Eq. (4.29) would predict
an infinite area gradient in the absence of the term dﬁe/dx . However,
it is precisely for large area gradients that this term, which contains
higher derivatives of the area [see Egs. (4.19) and (2.41)], becomes
important. As a result, a smooth transition, perhaps over a small axial

distance, would replace the discontinuities that would otherwise have
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occurred in the variables o, p, and S. Furthermore, if the area gra-
dients are very large, such as those encountered within a shock, neither
the tube law nor the one-dimensional fluid flow equations would be valid.
Thus, these equations are valid only well upstream and well downstream

of the shock.

4.3 Wave Speed Flow Limitation

As a simple illustration of flow limitation in a collapsible tube,

consider flow with a local stagnation pressure P, defined by

Py = p + %pu? . (4.34)

The flow rate Q 1is given by

Q

= AYE(o-p) = AYED(Po-p) - (p-p)T . (4.35)

Now, Q + O both when A - 0 due to (p- pe) + - and when (p-pe) -
(Py -pe). Thus a turning point in Q must exist for (p- pe) between -

and (Pg - pe)' We compute this by setting
40 - Aszq) = o . (4.36)

dp-p,) - ™

This yields the maximum flow rate at S =1 as

Quax = Ac , (4.37)

where A and c refer to the point at which S=1 . Thus, for a fixed
value of P, and Pe » there is a certain value of p for which the
flow Q is a maximum. A similar phenomenon of flow limitation occurs

in gas-dynamics and in open-channel flow over a weir.
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4.4 Simplified Analysis of Steady Shock Wave

As mentioned previously, when a steady shock wave is formed in a
collapsible tube, two mechanisms not usually accounted for in the model
based on one-dimensional fluid flow and the tube law for uniform col-
Tapse come into play. They are:

(1) The modification of the tube law due to (a) longitudinal wall cur-
vature in combination with longitudinal tension; (b) bending moments
induced in the wall. These effects are equivalent to a radially-
directed pressure which can be interpreted as an additional trans-
mural pressure.

(2) The rapidly increasing area and decreasing fluid velocity leads to
flow separation from the wall. This results in a three-dimensional
jet-1ike flow with eddies and subsequent re-entrainment further down-
stream of the area expansion. This would result in large stagnation

pressure losses by the conversion of mean flow energy into rotational

energy of the eddies.

A. Model 1

A simplified analysis which embodies the essential features of such
a shock-like transition was put forward by Shapiro.? As shown in Fig.
14, the flow is assumed to be essentially one-dimensional at cross-
sections (1) and (2) sufficiently upstream and downstream of the shock,
respectively. It is assumed that the jet separation is so sharp that

the pressure acting on the area (A, - A;) is the inlet pressure p; .
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For the control volume shown, conservation of mass yields

A]_Ul = Ap_le . (4.38)
Thus,

|
I
gt

= %
s ; (4.39)

Conservation of momentum yields

Az(Pl"Pz) = pAyuy(uz -uy) . (4.40)

Using (4.39) in (4.40) gives for the pressure recovery coefficient

Cp = BmBL o plify ) (4.41)
cC  Hpux ¢
The actual recovery can be expected to be greater than this value, which
was obtained for very sharp separation.
The pressure recovery given by (4.41) will therefore be referred
to as Carnot recovery. The loss in stagnation pressure Py 1S deter-

mined by

Por=Pg2z = p1 - pz +Npul - %DU: s (4.42)

Using Eqs. (4.39) and (4.41) in (4.42) gives

2
(—"*LP;’;'PZZ) - (1 2—;) >0, (4.43)
pu;

which shows that a severe shock leads to a head loss. Using thermo-
dynamic principles, Oates®’ showed that all shocks (strong or weak)
are accompanied by head losses.

If the tube Taw for the uniform tube is given by
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(p-py) = Kg Pla) , (4.44)
then
2
c, = B2=BL - —KBi[P(Oﬂz) - Plaa)] . (4.45)
c  Hpup U1

From Eqs. (4.41) and (4.45), a, can be found if the inlet conditions
(up,0;) are known. For certain simplified forms of the tube Taw,

Shapiro? has shown the possibility of critical or supercritical flow
at the exit to the shock. However, in the experiments reported here,

only subcritical flows at the exit were observed.

B. Model 2

In this approximate analysis, the essential difference from Model
1 is that we do not make the assumption that the wall pressure acting
on the area (A; -A;) is equal to the inlet pressure p; . Instead, we
assume that the tube law for uniform collapse is valid throughout the
shock region. Hence, this is also a very apbroximate analysis.

The principle of conservation of momentum applied to the control

volume with friction neglected gives J
2
P1A;1- p2As + jﬂp dA = pAyui(uz-u;) . (4.46)
1

Using the continuity equation (4.39), this can be written as

2
(PI'PE)GI - (Pz'Pe)Of-z + f(P'Pe) da = pCH.UlZ(%;' - 1) . (4.47)
1
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Now, ( ) - ( )
- Pz2-p,/-\P1-P
C, = P2=B . & = . (4.48)
%pu;[ Spup

Using (4.47) and the tube law (4.44) in (4.48) yields, after some mani-

pulation,

p ¥ ACP , (4.49)

where

2
2
A, = —K%[O}— JP@) da - Pla)(1 -9&)] . (4.50)
1

o
ol | ¢

where C, 1s the Carnot efficiency given by (4.41). The first term of
c
ACP is negative and P(a;) < 0 for shocks experimentally observed. Thus

the possibility exists that
ACP > 0 , (4.51)

so that Model 2 predicts a higher pressure recovery than Model 1.

Further,
(—l——P“ 'P“) = (—JJ-——P ‘P“) - 4C (4.52)
- 2 2 P - .
Yoy % pu;

so that the Oates stagnation pressure loss is smaller than Carnot's.

Aside from the simplified analysis such as the preceding ones, it
is not possible to theoretically model the detailed structure of a shock
wave without resorting to very complex numerical procedures for analyz-
ing the fluid mechanics and the tube mechanics in the shock region.

Very few analytical models exist for separated turbulent flows, which
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is one of the most difficult and outstanding problems in fluid mechanics.
Recently Woolley and Kline®* have been successful in developing a numeri-
cal procedure for predicting the boundary layer development and perfor-
mance in a fu11& stalled diffuser flow. Numerical solutions for two-
dimensional stall have been reported by Fromm.®® However, solution of
the stalled diffuser problem, in combination with the structural mecha-
nics of the tube, would be a formidable task, well beyond the scope of

this work.
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4.5 The Structure of Precursor Waves

An important finding in the present experimental work on standing
shock waves is that the shock wave is preceded by a train of standing
area and pressure waves. These are found to increase in amplitude and
wavelength as one prbceeds downstream towards the shock as shown in
" Figs. (30) - (48). No such waves have been observed downstream of
the shock.

An analysis of the structure of these precursor waves, unlike that
of the shock itself, is possible withiﬁ the context of the one-dimensional
steady flow equations developed in Section 4.2, if the first-order
corrections to the uniform collapse tube law is taken into account.
Accordingly, in this section, an approximate analysis of the precursor
waves, valid for the conditions of the experiments reported here, is
presented.

It is assumed in this analysis that the shape of the collapsible
tube cross-section in the region sufficiently upstream of the shock,
can be approximated by the shape shown in Fig. 8. Thus, the defor-
mation of the wall is represented by the variable n which is related

to the area ratio o by Eq.‘(2.28)2:

% = 1-/T-a (4.53)

If the area gradients are small, then

2 Ro dza
2

2vV1-0  dx

(4.54)

%
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It is further assumed that, for small area gradients the steady flow of
fluid can still be described by the one-dimensional continuity (4.21)
and momentum (4.24) equations. The combined effects of longitudinal
wall curvature and wall tension on the tube law is accounted for by means
of an effective external pressure Se as defined by (4.19). Thus,
. Egqs. (4.29) to (4.33) together describe the spatial growth or decay of
the flow quantities in the longitudinal direction.

A modified tube law accounting for wall curvature, wall tension,
and bending effects was derived in Chapter II and is given by Eq. (2.41).
This equation can be considerably simplified by estimating the orders of
magnitude of the various terms appearing in it. In partjcular, it was
shown that (Eq. (2.45)) bending effects would be small if

2
1 (LY« (4.55)
12(1 - v¥)e. . A
XX

In the above inequality, A 1is characteristic of the distance over which
the area changes significantly; t and v are the thickness and Poisson
ratio of the tube wall respectively.

In the experiments reported here, the smallest wavelengths are of
the order of 4.0 cm; t = 0.083 cm and v ~ 0.5. The longitudinal strain
£ can be taken to be approximately equal to the prestrain (0.06) on

XX

the tube wall. Then, the left-hand side of (4.55) is equal to 7.9 x 1074

and therefore bending effects in the Tongitudinal direction can be safely

neglected.
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Replacing the lower Tlimit of the integral in (2.41), by X and T

by T, where X 1is any arbitrary point along the tube axis, yields

2 X
(5 - pe) = K Pla) - 3 (T - [ ) (4.56)
x -
X

Definition (4.19) together with (4.18) and (4.56) give the effective

external pressure as
aA dn =
By = By = ——?-(T - T, dX) (4.57)

Using the approximation (4.54) in (4.57) gives

X
Pe = Pg- Ro QE%.(T' - J T,dx) (4.58)
2/T-0  dx 2

Substituting for p, in (4.29) yields

(1-s%) do _ _S°4F , 1 d [ o (T - Jx t,dx)]  (4.59)
a dx 2 D, pc2 dx ~ 5 1= E;?' < W
Also, from (4.29) and (4.30)
dS _ MS do
H = = ?'0'2' a')? (4.60)

Equations (4.59) and (4.60) represent two coupled, nonlinear,
ordinary differential equations for the speed index S and the area
ratio a . The solution to these equations, subject to appropriate

boundary conditions, can be computed using a suitable numerical scheme.
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However, the character of the solutions to these equations can be
approximately examined by means of a perturbation analysis about an
arbitrary location x = x . The perturbation quantities (a', S', etc.)
are taken to be much smaller than the values (a, S, etc.) at the point

at which the perturbation analysis is performed.

Accordingly,
X = )-(+Do§
a = a+a
— T ]
f = F+f
c = c+c'
5 = 1
TW = Tw + Tw
with
a'/o << 13 S'/S << 1; etc. (4.62)
Further,
do _ 1 do' | dgﬂ: 1 d%! (4.63)
dx Dy dz de D% dc?

Consistent with the one-dimensional formulation, it is assumed that

Aj‘go ) << 1 (4.64)

where Ao 1is the-change in area occuring over the distance X which

characterizes the longitudinal gradients. This condition is satisfied
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by the precursor waves observed. The variation of wall tension due to
fluid drag over distances of the order of A car be neglected if

X

T, dX

T o,
x

— ..w<<1
T

. (4.65)
=

For the present experimental conditions, estimation of wall tension

by (2.44) and wall friction by (3.21) shows the above quantity to be

from one to two orders of magnitude smaller than unity. Consequently,
this quantity will be neglected.

With the foregoing approximation, Eq. (4.53) and (4.60) can be

linearized about x = X as follows.

From Eq. (4.60)

o . = - (MS/23)a (4.66)
o

Also,

f' = % a' = —(-—_—t) & (4.67)
o

where

Y = égf.
T do

Then, from Table I



Y 0.375 5 o < 0,36

. 0.36<a<1.0

=<1
n
ol
e
o

Moreover,
1 -5 do _ 1-5° da'
dx Doa dz
2 =2  pz
S™ 4f ST 4f s .
-2--—0- -Z—D—o-[]+2g——-+

2 "y e
S 4f 5° 4F — - o
TE-TTU"(M*‘Y);]
R 2 X - 3
1 d B d%a = 1 T d a’
— [ (T - f T dx)] = —
p?' dx 2/T-a (—i;? ;( " 4DC2 D%\/T-—OT dC3
Thus, Eq. (4.59) for o' becomes
T & a3 < do.!
3 + (S - ]) -CE— +
4@52 DoVi-& ot
+ 252 B+ ot = 25° 75

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

The above equation is a third order, linear differential equation

to which a solution can be readily found. If Tongitudinal bending terms
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had been retained, a fifth order, linear differential equation would have
been obtained. In the above equation, the first term represents the
combined effects of wall tension and longitudinal wall curvature. The
second term is derived from the inertia of the fluid and the circumfer-
ential elastic forces of the tube wall. The third and fourth terms
reﬁresent the effects of wall friction.

The most important feature of this equation is that due to the
presence of the wall curvature term area gradients no longer become
singular when the speed index approaches unity. Moreover, there now
exists the possibility of oscillatory growth of area with longitudinal

distance. To examine this behavior, equation (4.72) is recast as

dsa' do' .
5—3—— + 3a HC_ + 2ba = r (4,73)
[
where
-1 (5°-1)
a = 3 =
S2H@+ 9) |
B = —-———E-—L (4,74)
e
o = 2S°F a
€
. __Ta
e = 2
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The solution of equation (4.73) has the form
C1 exp(m1c) + G exp(mzc) + 03 exp(msc) + %%— (4.75)

where C1, CZ’ C3 are arbitrary constants, and mys My, My are the

roots of the cubic equation

m> + 3am + 2 = 0O (4.76)

I (a3 + b2) >0 , then (4.76) has one real root and a pair of

complex conjugate roots given by

_ . _ =1 . V3
moo= sy +s5) 3 my = = (sy+5s,) +1=5(sy-5,)

(4.77)

my = “1?(51‘“52)"'“‘/'2?'(51'52)

where S1s S, are real quantities defined by

143

- 1/3
[-b + /a + b7 ] 3 Sy = [-b-/A¥F5%]

"

51

If (a3 + b2) =0 , all roots are real and at least two are equal.
If (a3 + bz) < 0 , the roots are real and unequal, and they are given

by
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/2

m; = 2|a] cos[¢/3]
m, = -2la]'/? cos[(¢ + m)/3] (4.78)
my = -2lal'/? cosL(s - m)/3]
where
cos ¢ = = b|a|'3/2

Precursor waves of increasing amplitude can occur only if two roots
are complex, and if their real parts are positive. Thus, it is necessary
that the following conditions be simultaneously satisfied.

3

. 2
Wave existence: a“ + b” >0

(4.79)
Wave growth: S1 * s, < 0 i.ecyo b>0 .

These conditions are equivalent to

2
(821 + 27 8% F 2+ 3] es0

(4.80)
§21'=(AT+ v)/ €>0

For supercritical flow a > 0 and expression (4.80) is satisfied. 1In
Appendix B the values of a, b,y, and € are calculated for one
Tocation (a = 0.4) in an experimentally obtained shock-wave area and

pressure distribution. These values are typical for the experimental
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data-reported here. The variation of M with a , as obtained by direct
numerical differentiation of tube law data is shown in Fig. (13). It
shows M to be a positive function of a except in the range 0.27 < a <
0.33 when it becomes significantly negative. In this region, however,
the tube Taw shows sharp variations and the numerical differentiation
should not be considered too accurate. The quantity (M + v) in (4.80)2

is thus positive over most of the range of a 1in which precursor waves
are observed, in agreement with requirement (4.80)2.

Equation (4.75) for the area perturbation o' can also be written

as

a' = r/2b + C; exp(-28;z) + Cj exp(Byz) sin(Byz) +

(4.81)
+ C5 exp(Byz) cos(Byz)

where

B, = - (s; +5,0/2 3 B, = B (s -5,) (4.82)

1 ~ 1 2 > 2T 27 2 .
In the present experiments, the magnitudes of a and b are such

that b a"3/2 is always a small quantity compared to unity. It is then

possible to approximate S1s S by

+ /a (4.83)

provided
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Hence,
1b .
BT ~ FF 4 32 ~v/ 3 a (4.84)
Further
| % = (—2—) (4.85)
M+ y

The area perturbation o' is the total growth in area about the
mean area o . It is useful to consider separately the mean (3) and

oscillatory (a) components of this growth as indicated in Fib. (62).

Thus,
o = ata' = ata+ta (4.86)
where
& = (=2—) + C; exp(-2 g,z)
1 1
M+ Y
(4.87)
a = C, exp(Byz) sin(B,z) + C3 exp(Byz) cos(B,z)

With the above definitions, (a + &) represents the area in the absence
of precursor waves. Also, « satisfies equation (4.72) neglecting the

effects of longitudinal tension. That is, it satisfies the equation

(3. 1) g% +23%F (W +9)6 = 252 %34 (4.88)

Setting o'(0) = a(0) = 0 gives
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C = = H C = 0 . (4'89)
M™Yy

-+

The positions X are now chosen to be inflection points in the area curve
(see Fig. (62)). This also facilitates the interpretation of the experi-

mental data. Thus,

2

dOL - d&l = 0 (
ol = 4.90)
E z=0 dz~ 'z=0
This is satisfied by the choice
- 28
Cp, = —S— (4.91)
M +y) P2
Hence,
e = —L (1 - expl-28,0))
o (M+ v
’ (4.92)
2 .
@.. = _-l _ B8 ] exP(B](’;) S'in(BzC)
- (M +y) P2
o
Using equations (4.84) and (4.74)
8 -3/2 - :
1 b a S - g s “
o = — ve fly +v)<<1 (4.93)
Bo T B (52 _ 1)3/2
and
—2-
a 2 /= .
= e fg/z’ EXP(B1C) S1n(825) (4.94)
o (52 .1)
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The wavelength X of the precursor waves is. given by

| 2m
Do ~

By /32

(4.95)

Over a distance of one wavelength in the neighborhood of x = x ,

the amplitude of each term of (4.94) increases by a multiplicative factor

equal to
exp(, &) = exp( =L-ba"¥?) (4.96)
. 3/3
Assuming that 52551 , it can be shown from (4.95) that
i 2,2 12 = 32
%0 &P -3
Alternatively,
-3/2
. 2 = 1/2 —
L. (mQ T u (4.98)
Do Ao p Do [1 Q ]]/4
Ap U
Similarly, from (4.96)
= - 1/2
" . H = T
(2pa¥2) = (F+3) % (A =) (4.99)
3/3° u PP TR

The above expression can be expressed entirely in terms of o by using
the equation of continuity and the appropriate friction factor from

Table I. Thus,
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2n -3/2 y . 0.079] « Kt F = 1/2
( 3/§_b a ) E;OJTZS-( M+ vy ) 0 ( o D, r ) (4.100)
0 - o

It is useful at this point to estimate the relative contributions
of the mean and oscillatory flow components to the total stagnation
pressure loss due to fluid friction. The total stagnation pressure drop

over one wavelength centered about a mean position x = X is given by

X+ % X
= 4 f 1 2
Ape = f -—DO— 7 pu- dx | (4.101)
X - %A
Hence, employing the definitions (4.61)
+ % X Do
- ' u' (2
we = 47 | 1+ + D)% -
-%XDO f u
(4.102)
+% XD, ' .
= 4F J (1+—+2 Ly
<5 XD f u

This can be expressed in terms of area ratio components using the following

relations
1 1 1 ~ e
i = 1 f = -%-=-(“f“) (4.103)
u y f a o
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As a result, (4.102) can be expressed as follows

Ap; = by + AP+ Apg (4.104)

where

| Fx 1 - ¢

Apge = b~ 7 PUY (4.105)
A +;EX DO
p _ D ~
L - s 2+7)— [ 2 qz (4.106)
Apf l _%X D0 Q.
AP = - (2+%) = & g (4.107)
Aps Moo © -

The integrals in (4.106) and (4.107) can be evaluated by using

~

expressions (4.92) for 4 and & . This yields

AP - sinh(2wR,/8,)
L = - (20 - (4.108)
Epf _ ( 2 4+ '{, )( 25? )( 51“"'(“31/82)

-Since 81/82 << 1 relations (4.108) can be approximated by
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Ap - B 2

::f:'%r'r"(z—t%)('él

Apf M+ vy 2 £ 0
P . B 2

I

Ape M+ vy 2

The above relations show that frictional stagnation pressure losses
due to mean area growth and oscillatory area growth are very nearly equal.
They also show that they are much smaller than the loss EE;' which
corresponds to the loss at a fixed area ratio o over a distance equal to
one wavelength.

In an attempt to determine the dispersion relationship that governs
the behavior of the waves in the precursor wavetrain we combine Egs.
(4.95), (4.74)1,4, and (2.44). The obtained relationship is given as

follows.

2 2 E.. O i
B -8 = XX TELP : (4.110)

\2A-a °

where ¢ 1is the speed of propagation of small amplitude waves corresponding
to the base area ratio a , Fig. (2), E.x 15 the Tongitudinal prestrain

of the tube, E is the Young's modulus of the tube, t 1is the thickness

of the tube, P is the perimeter of the cross-sectional area of the tube,
and p s the density of the fluid flowing through the tube. In Eq.

(4.110), A dis the wavelength of .the precursor wave located at X , and

u 1is equivalent to the speed of propagation of the precursor wave as seen
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by one moving with the mean speed of the fluid inside the collapsible
tube.

2 2

From Eq. (4.110), if e, aneAE s plotted against (u - c ),

X
it can be seen that the data points should fall on a straight line the

slope of which, Miheo ° is given by the equation

—b
Mtheo TELP - (4.110a)

Summarizing, it is seen that this approximate one-dimensional model
incorporating fluid friction and inertia, and a modified tube law,
accounting for longitudinal wall curvature and wall tension, is capable
of predicting the formation and behavior of precursor waves. For the
uniform tube considered, wall curvature and wall tension are necessary
for wave formation and frictional effects are essential for their growth.

The conditions under which precursor waves can exist and grow, with-
in the assumptions of this analysis, are given by (4.80)1’2 . For the
experimental conditions reported here, simplified expressions for the
wavelength and rate of growth.of the precursor waves are given by (4.87)
and (4.89) respectively. In Appendix B, this simplification is justified
and the theoretical wavelength is computed from (4.87) for a single
location in an experimentally determined area and pressure distribution.
The agreement between experimental and theoretical values for the wave-

length is found to be satisfactory.
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CHAPTER V
EXPERIMENTAL DETERMINATION OF SHOCK STRUCTURE

In the preceding theory, the essential features of a steady shock
wave in fluid flow through a collapsible tube were outlined.

The purpose of this experimental investigation is to confirm the
basic features predicted by the approximate analyses and to provide a
body of experimental data regarding the detailed structure of such
shock waves. Specifically, the cross-sectional area and fluid
pressure within a steady shock formed in a long, thin-walled rubber
latex tube was determined as a function of distance along the tube.
This information is éxpected to provide insight and to form a basis
of comparison for detailed theoretical analyses in the future.

In Section 5.1 of this chapter, the design of the experimental
apparatus and the criteria established for its overall design are
discussed. The instrumentation used in the measurements, the potential
sources of error, and the minimization of these errors are presented
in Section 5.2. Lastly, the experimental procedure adopted in making
the measurements and a Tisting of the experiments that were performed
are given in Section 5.3.

5.1 Design of the Experiment

"In order to design the experiment in a physically meaningful way
it is first necessary to determine the governing non-dimensional group-
ings. This can be done either by dimensional arguments or more directly

by non-dimensionalizing the governing equations presented in Section 4.2.
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Further, the modified tube law of Eq. (2.39) which includes the
effect of wall curvature and longitudinal tension is employed in these
equations. The dimensionless groupings are obtained by scaling the
physical quantities appearing in these equations in the following way:
(1) Transmural pressure (p - pe) ~ Kp » where Kg is the
bending stiffness.
(2) Longitudinal distance x ~ A , where A 1is a distance
characterizing the wall curvature.
(3) Changes in cross-sectional area A .~ AA where AA is
characteristic of the change in cross-sectional area
along the tube.
(4) Flow velocity u - up s where u, is the flow speedlat
the inlet to the section upstream of the shock.
(5) Cross-sectional area A ~ p? , where D is the equiva-

lent diameter /4A/w .

The transmural pressure at any point in the tube must have the

functional dependence given by the expression
(p - pg) = fnluy, 2R, Dy Ay Tqs Kgs 15 05 Py - P] o (5.1)

As mentioned previously the governing non-dimensional parameters were
obtained by non-dimensionalizing the governing equations. This gives

2
P - Pe iy WD b oaa m
R —fn["l‘g""\)—’i—’m’i—m’_?_] . (5.2)
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In this expression the first group is proportional to the speed
index S which characterizes the relative importance of inertia and
elastic forces. The second group is the Reynolds number which
characterizes the relative importance of inertia and viscous forces.
The third dimensionless parameter is representative of the change in
hydraulic diameter with distance. The fourth group represents the
effects of wall curvature in general. The sixth group combines the
effect of wall curvature with the effect of wall tension and represents
the resulting radially directed effective pressure.

It is more convenient if the groups in (5.2) are replaced by t?e

equivalent set given by

P - P Ap =B H=MTy P2~ Pe 1 (5.3)
*T T KK '

= fn[S;, Rep » 2
50U h
This expresses the pressure recovery coefficient as a function of the
| inlet speed index and the Reynolds number based on the hydraulic dia-
meter at the inlet. The area AA has been replaced by the difference
between the exit and inlet areas.

In the above expression, S], ReDh , and (p2 - pe)/KB can be
continuously controlled by suitable design of the apparatus. The wall
tension group can only be controlled in a step-wise manner between experi-
ments by adjusting the pretension on the tube. The range of variation of
various parameters in the experiments performed is given in Table 2.

The general criteria that were established for the design of the

~experiment are Tisted below:
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(1) The collapsible tube should be sufficiently long to
avoid edge effects.

(2) The inlet speed index S; should be capable of being
varied over a wide range. Thus it should be possible
to form strong as well as weak shocks.

(3) The upstream and downstream pressures should be in-
dependently adjustable.

(4) The wall tension should be adjustable at the beginning
of an experiment.

(5) No gradients in density should be present.

(6) The measurement of area and pressure distributions should
be possible in a continuous manner in a short time. This
is necessary as initial experiments indicated that the
shock tends to drift in position.

(7) The measurement system should be sufficiently accurate
* and should not unduly disturb the fluid flow.

(8) The tube should collapse uniformly along its length.

A. The Apparatus

The apparatus that was designed to satisfy the preceding
design criteria is shown in Fig. (17). It consists of a tube of latex
rubber (I.D. = 2.54 cm; wall thickness = 0.083 cm; length = 106.5 cm;
Young's modulus E = 1.6 x 107 dynes/cmz) mounted on rigid cylindrical
end tubes (0.D. = 3.22 cm; I.D. = 2.50 cm) passing through the opposite
sides of an open tank. The collapsible tube was immersed in a glycerine-
water solution contained in the tank. The density of the glycerine-water
solution was matched to better than 1/2% to the density of the salt solu-
tion (concentration 20% by weight) within the flow system, thereby eli-
minating buoyancy effects. The salt solution was supplied to the test

sectijon by a recirculating centrifugal pump and was discharged from the
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test section into a constant-head sump tank. The recirculating pump
was provided with a bypass connection leading to the discharge tank

so that its output flow could be more easily controlled. The trans-
mural pressure at the exit of the collapsible tube aﬁd the flowrate
through it were controlled by adjustment of valves in the rigid supply
and discharge lines. The external surface of the rigid support pipe
at the downstream end was tapered so that flow disturbances at the
exit could be minimized.

Supercritical flow (S > 1) was established by an adjustable
sphincter formed by a pair of external "fingers" which compressed the
tube, Thus, they served the function of a sluice gate in a free-
surface flow or a convergent-divergent nozzle in a gas-dynamic flow.
This sphincter or constriction shown in Fig. (18) was designed so
that it would make the tube collapse symmetrically in its twin-lobed
mode. The setting of the constriction also established the area ratio
(e = A/A,) of the tube at the beginning of the zone of supercritical
flow. By appropriate adjustment of the downstream valve, a shock-1ike
transition of the order of 10 cm in length could be made to stand in
the test section. In these experiments, the tube downstream of the
transition was always inflated, i.e., a > 1.

In arriving at the dimensions and material of the tﬁbe to be used,
a compromise was made between conflicting requirements of size, avail-
ability, and measurement. In selecting the diameter of the tube the
major consideration was that its dimensions, even in the collapsed

state, with an area ratio of about 0.15, be much larger than that of
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the catheters that would have to be inserted inside the tube in order
to make the area and pressure measurements. This aspect of the problem
is more fully discussed in Section 5.2.
In this particular experiment the edge effects due to differences
in cross-sectional area between the test section of the collapsed tube
and its supports were not important. The reason was that, at the up-
stream end, the rigid supply pipe was followed by the constriction which
established the proper tube shape downstream of it. At the downstream
end of the tube, the tube was always inflated with its area ratio slightly
above unity whenever a shock was formed in the test section. Thus, there
was a smooth match in area between the tube and the rigid pipe. Since
the shock was essentially steady (discounting small amplitude wall
flutter that was observed to propagate both upstream and downstream of
the shock), no problems were anticipated with reflections at the ends.
The tube length was in fact chosen so that it would be possible to locate
the shock at several different positions downstream of the constriction
and to study the influence of its position with respect to the constriction.
Once the internal diameter of the tube was chosen, the selection
of the wall thickness represented a compromise between the required range
of speed index and the problem of measurement of small transmural pressures.
Since the bending stiffness of the wall is very sensitive to the wall
thickness, the wave speed in the collapsed states would be lowered by
reduction in wall thickness. Thus, for a given flowrate, a larger inlet
speed index and, in general, a stronger shock could be obtained. This is

advantageous, as lower flow rates result in a smaller level of turbulence
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and wall flutter with the result that cleaner, noise-free mea;ured
éigna1s would be obtained.. Unfortunately, smaller wall thickness
poses problems in the measurement of transmural pressure which would
also scale like the bending stiffness and would accordingly be smaller.
The negative transmural pressures measured upstream of the shock were
no larger than about 4 cm of water. If the tube wall thickness had
been halved,the pressures to be measured at the same inlet speed index
would be about eight times smaller.

The rigid support pipe at the downstream end of the tube was
capable of rotational movement about its axis and of longitudinal
movement along its axis. Thus, any twist in the collapsible tube
could be corrected by rotating the downstream end. Further, the tube
could also be put in tension by moving the downstream end longitudinally.
The prestrain was determined by measuring the displacement between two
fixed circumferential lines marked on the compliant tube. This pre-
strain was set at 6% in all the experiments reported here.

5.2 The Instrumentation

The quantities to be measured in this experiment were the cross-
sectional area and the fluid pressufe at a given location, the position
along the tube of these measurements, and the volume flow rate through
the tube.

In addition to these measurements, the transmural pressures at
two points along the tube, one just downstream of the constriction and
one just upstream of the rigid support pipe at the downstream end, were

measured by means of manometers. The manometers were connected to the
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opposite ends of a teflon catheter tube (0.D. = 0.275 cm, I.D. = 0.180
cm) located Tongitudinally inside the collapsible tube and held stretched
between its ends. This plastic catheter carried a hole exposed to the
flow at each end where the pressure measurements were to be made. Also,
the inside of the catheter near the center was filled with a short
column of epoxy to allow for the individual pressure measurements at the
two ends. These measurements were for the purpose of converting the
gauge pressure measured by the moving probe to transmural pressures.
Apart from a calibrated rotameter used in the flow measurement, the
principal instrumentation was in the form of a translatable catheter
(0.D. = 0.275 cm, I.D. = 0.180 cm). A sub-miniature pressure transducer,
which communicated with the flow through a hole in the catheter tube
wall, was mounted inside this translatable probe (see Fig. (19)). On
the two sides of the hole, the catheter also carried two electrodes
exposed to the flow and placed approximately 0.4 cm apart. The Tocal
cross-sectional area was determined by means of electrical impedance
measurements as described in Section 2.3 on the experimental determina-
tion of the tube law. The signal leads from the area electrodes and
the pressure transducer were led to the outside in opposite directions
through the catheter. The volume of fluid inside the catheter was
restricted by sealing the probe with epoxy as shown in Fig. (19). This
pressure transducer configuration had excellent response. Unfortunately,
however, it proved to be extremely delicate and was damaged beyond

repair after only a few experiments had been performed.
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At this point, the miniature presﬁure transducer was replaced by
an external pressure transducer connected through a rigid stainless
steel capillary tube (see Fig. (20)). The steel capillary tube was
inserted within the p]%stic catheter tube up to the point where the
hole in the wall of the plastic catheter was located. It was necessary
that this capillary tube be rigid as it had to pass through sealing
0-rings located at the end of the rigid support pipe and distortion
of the pressuré signal due to squeezing at the 0-ring had to be avoided.
No leakage path was established for the current in the flow system due
to the presence of the steel tube as the pressure transducer used was a
physiological pressure transducer with an insulation resistance between
the pressure~sensitive diaphragm and its internal electronics of the
order of tens of megaohms. However, in spite of the extremely low
compliance of this pressure transducer, the fluid friction in the
capillary tube was sufficiently high for its time response to be
lTowered much below that of the transducer alone.

Step tests were conducted both with and without the capillary tube
to determine the time response of the transducer-capillary tube system.
Since the pressure transducer by itself was known to have a time response
much faster than that of the applied step pressure, the time delay in
the step test without the tube was taken to be the time of application
of the pressure step. The pressure step was applied by the bursting
balloon technique. The result of these tests showed the time constant
of the transducer-capillary tube system to be less than 0.05 seconds.

Since the pressure transducer signal was sent through a filter with a
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cut-off frequency (-3 dB) of 3 Hz to exclude noise due to flow dis-
turbances, and since the range of translation of the probe was only
3 cm/sec, this time response was considered to be satisfactory for
our purposes.

The combined area-pressure probe was drawn through the test
section at a uniform rate of about 3 cm/sec and provided curves of
pressure and area as a function of axial distance. The translation
of the probe was accomplished by means of a 1ight chain connected to
the catheter at its two ends and driven by a variable speed motor.

The distance moved by the probe was measured by means of a potentio-
meter connected to the spindle of the sprocket driving the chain.

The purpose of employing a chain was to ensure that the catheter did
not slip relative to the potentiometer. The potentiometer was supplied
with a constant D.C. voltage and provided a voltage output directly
proportional to the motion of the probe. Its output was calibrated

by measuring the probe movement with a meter ruler.

The measurement of area using the electrical impedance method in
this experiment was subject to the same kind of errors described in the
tube law experiment in Section 2.3. In addition, the shock has regions
of rapidly diverging area where the electrical equipotential surfaces
are curved. Thus, there exists the possibility that the voltage measured
by the area probe would not correspond to the cross-sectional area at
that particular location. For area gradients of the kind encountered
in shock experiments these errors were studied by other investigators

in this laboratory and were found not to be significant.

' *
* : page 99 inserted between pages 99 and 100.
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The outputs of the probe area, reference area electrodes, and the
pressure transducer were fed via high-quality differential amplifiers
with high common mode rejection ratio (CMRR) to three channels of a
multi-channel visicorder Tight-beam oscillograph which provides a
permanent record on photosensitive paper. The displacement potentiometer
signal, being of sufficient signal amplitude, was fed directly to another
channel of the visicorder. This provided four traces representing these
signals on the visicorder paper. As the prbbe and reference areas are
supplied with a 500 Hz A.C. voltage, these traces appear as broad bands
on the paper. In the case of the probe area trace, the envelope of this
band is modulated in inverse proportion to the variation in cross-
sectional area as the probe moves through the shock. As in the tube law
experiment, a correction is made for the cross-sectional area occupied
by the two catheters, one fixed anq the other moving, that are located
71ongitudina11y inside the tube.

The speed of translation of the probe Vp and the frequency f of
the A.C. carrier voltage supplied to the area electrodes were also con-
strained by another requirement. The minimum spatial resolution of the
aréa gradients is determined by the distance d between the area probe
electrodes. For a smooth envelope to be obtained, the carrier frequency
must be such that, in the time taken by the probe to traverse the distance
d, the carrier wave must undergo many oscillations. Thus, it was necessary

that

d 1
K>>? . (5.1)



101

Equivalently,

df
s 1 . (5.2)

In the present experimental design (d = 0.4 cm, Vp_g 3 cm/sec,
f = 500 Hz), this group was larger than 60 and a smooth envelope was
obtained.

The presence of the two catheters inside the collapsible tube
could cause deviations from the behavior in their absence in four
different ways. They are:

(1) The reduction in flow area by an amount equal to the
cross-sectional area of the catheters. The ratio of the
area of the two catheters 2a to the cross-sectional area
at zero transmural pressure A, was equal to 0.026. The
reduction in flow area would be most severe in the
collapsed region upstream of the shock. At the minimum
area point within the constriction this ratio was of the
order of 10%.

(2) The increased frictional drag on the flow due‘to increase
in wetted perimeter. The ratio of thé combined perimeter
of the two catheters 2/%ma to the undistended perimeter
of the compliant tube J4wA, was equal to 0.229. The
fractional increase in effective wetted perimeter would
be more significant in regions where the opposing walls
are in contact, At the minimum area Tocation within the

constriction this was of the order of 35%.
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(3) The motion of the probe may alter the frictional drag. In
the turbulent flows that were obtained within the compliant
tube, viscous effects are confined to narrow boundary layers
and are relatively independent of the shape of the flow

5]). Under these conditions, the

channel (Schlichting
effect of slow translation of the probe catheter can be
estimated by replacing the flow velocity in the frictional
drag expressions by the relative velocity between the flow
and the surface of the catheter. The ratio of the speed
of translation of the probe catheter to the mean flow speed
did not exceed 0.05 anywhere within the tube for the flow
rates employed. Thus, the effect of catheter motion on
the flow was not significant.
(4) The catheters may interfere with the collapse of the tube.
For this reason, the two catheters were located opposite to
each other, so that they would occupy symmetrical positions
in each of the two lobes of the collapsed region of the tube.
In the experiments performed, the presence of the catheters
did not interfere with the collapse of the tube.
The formulations for the frictional drag coefficient and wave speed
of Sections 3.2 and 2.1 can be suitably modified to take into account the
effects due to the reduction in flow area and the increase in wetted peri-

meter.
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5.3 Experimental Procedure

In this section, the procedures adopted for setting up the experi-
ment and for checking and calibrating the instrumentation are first
described. Next, the conditions under which the experiments were
performed and the organization of data acquisition are presented.

A. Setting Up the Experiment

As the first step in setting up the experiment two circum-
ferential lines were drawn on the latex rubber tube (I.D. = 2.54 cm,
wall thickness = 0.083 cm, length = 106.5 cm, Young's modulus
E = 1,6 % 107 dynes/cmz, Poisson's ratio = 0.5) exactly 15 cm apart
at its center. The probe and manometer catheters were then passéd
through the tube, the end pipes, the sealing O-rings, and the plates
which retained the 0-rings in place (see Fig. (17)). The constriction
at the upstream end was dismantled and the rubber tube was mounted on
the rigid end pipes. At each end a rubber strip‘was wrapped around
the latex tube and the rigid mounting. Then, the tube end was securely
held in place with a hose clamp. In addition, a piece of stiff large-
diameter polyethylene tubing was clamped around the short stretch of
latex tubing (approximately 4 cm) between the rigid pipe end and the con-
striction. This prevented bursting of the latex tube under the high
pressures encountered at this point. The distance between the Tines
marked on the tube was next adjusted for 6% longitudinal strain by
adjusting the longitudinal position of the downstream rigid support pipe.
The constriction was then re-installed.

The open tank was next filled with glycerine-water solution and the
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downstream sump tank was filled with salt solution of 20% by weight
NaC% concentration. The densities of these two solutions were matched
to within 1/2% to prevent buoyancy effects. The recirculating pump was
then started and the flow Toop was allowed to fill up with salt water.
Using the strategically located venting ports, all the trapped air
bubbles in the system were eliminated. The constriction was then ad-
justed for minimum area and a shock was made to stand in the test
section by altering the downstream pressure. The collapsed region up-
stream of the shock was then checked for twist and if any twist was
present it was eliminated by suitably rotating the downstream end support
pipe. Salt-water was then injected using a syringe at the pressure
transducer and into the manometer connectors, and air bubbles were
eliminated from the pressure measurement systems.

B. Instrument Checks and Calibrations

At the outset of each experiment, each differential amplifier
used for signal émpTification was trimmed for maximum common mode noise
rejection. The fluid circuit was supplied with a 500 Hz sinusoidal A.C.
voltage from a signal generator as shown in Fig. (17). The signals from
the probe area and reference area electrodes were routed through the
differential amplifiers to the visicorder oscillograph. The pressure
transducer was supplied with 10 V D.C. from a well-stabilized, noise-
free D.C. power suﬁpiy. Its output was first amplified by a differential
amplifier and then fed to the visicorder via a Tow-pass filter whose
cut-off frequency was set at 3, 10, and 30 Hz. The filter was used to

exclude high frequency signal components derived from flow-induced dis-
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turbances. The displacement potentiometer was supplied with a
stabilized D.C. voltage and its output-was directly fed to the visi-
corder. Shielded cables were used for all connections and their shields
were connected at one point to a stable ground to which no other elec-
trical equipment was connected. The downstream supply electrode of

the flow loop was connected to a similar but separate ground.

Before running an experiment, the constriction was adjusted for
minimum area and the flow rate was adjusted to its maximum value. The
gains of the amplifiers, filter, and visicorder were then adjusted so
that they would not saturate during all subsequent experiments when
signal levels would be generally Tower.

Several checks were then made to make sure that the measurement
systems were in good order. There was the possibility that the steel
capillary tube may be producing noise as a result of shaking when it
was in motjon. To check this, the flow was stopped and measurements
were made when the probe was stationary and when it was moving. Except
for a transient at the start of the catheter motion, there was no differ-
ence in the signals. With the flow taking place however, there were
pressure fluctuations both downstream and upstream of the shock. The
same type of fluctuations were recorded previously, using a probe in-
corporating the sub-miniature pressure transducer. At the end and the
beginning of each set of runs, the flow was stopped with upstream and
downstream valves fully closed and the pressure transducer was calibrated

statjcally 4n Aitu against one of the manometers over a range of pressures.
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The area probe was checked by withdrawing the probe into the
rigid support pipe at the upstream end. The cross-sectional areas of
this pipe and the rigid reference section were identical. Thus, with
the probe in this position, the calibration constant for the probe
area in terms of the ratio of probe area and reference area visicorder
traces could be directly obtained. When the signal generator supply
voltage was varied while the area probe was in the rigid support pipe,
this calibration constant should remain fixed. This served as a spot
check on the probe area measurement and was performed after each set
of runs..

At the end of each experiment, a tube law experiment was performed
An s4itu with the flow stopped and the upstream and downstream valves
fully closed. The probe was Tocated at the center of the test section
and the area was varied by withdrawing fluid in small amounts from the
test section. In doing this, fewer data points were taken in the tube
Taw experiments already described. These measurements served as a check
on the tube Taws obtained previously. No significant differences were
found between fhese different tube-law measurements.

C. Measurements Performed

The quantities measured during each experimental run were the
flow rate, the longitudinal position, the cross-sectional a}ea, and the-
fluid pressure at each position. The conditions under which these
measurements were carried out were the following:

(1) The initial longitudinal wall prestrain was kept at 6%.
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(2) “The position of the shock was kept approximately constant
since there was no way of keeping the shock position
exactly fixed. This was done by adjusting the downstream
pressure and locating the sharp dip in the shock profile
(see Fig. (16)) at approximately the same position marked
on a meter ruler fixed to the tank. Once the area,
pressure, and distance traces were obtained on the visi-
corder paper, the position could be accurately determined.

(3) The minimum area at the constriction was varied in stéps.

(4) For each constriction area, runs were made for a range of
flow rates. At the largest constriction area, it was
difficult to keep the shock stable at the same longitudinal
position and measurements could be made only for a few flow
rates. Tables 4, 5, and 6 summarize the measurements that
were made in this experiment.

Measurement of the pressure distribution only and the pressures
at the inlet and exit of the apparatus were made for a variety of flow
rates, constriction sizes, and shock positions for the purpose of
determining the overall flow regulation behavior of the apparatus. This

work is discussed in Section 7.2 of this thesis.
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CHAPTER VI
INTERPRETATION AND DISCUSSION OF RESULTS

In this chapter, the results of the experiments described in
Chapters II and V (and also some supporting results from Chapter VII)
will be presented and explained on the basis of the approximate theory
developed in this thesis. In Section 6.1 the experimental tube law
data will be presented and discussed. 1In Section 6.2, attention will
be focused primarily on the change in flow properties across the shock
proper. In Section 6.3, the precursor wave measurements will be pre-
sented and discussed in the Tight of the perturbation theory developed
in Section 4.5 and the approximate theory for mean flow properties
developed in Part B, Section 7.2.

6.1 Tube Law Measurements

The experimentally determined tube law is shown as a plot of trans-
mural pressure normalized with respect to the bending stiffness KB as
a function of the area ratio. The resting area A, was taken to be equal
to that for zero transmural pressure. The bending stiffness KB is the
experimentally determined value obtained from the plot of Toglo(p - De)
VS. 10910 a, in the simjlarity region. This plot was Tinear with a
gradient very nearly equal to - 3/2 as predicted by the similarity tube
law of equation (2.21). In the positive pressure region for o >0 ,
the plot of (p - p)/Kg against (1 - a'z) was also linear, in accordance
with Equation (2.4). The buckling pressure given by (2.7) is in close

agreement with the knee of the plot of the tube law (Fig. (1) beyond which
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the cross-sectional area decreases rapidly with increasing negative
transmural pressure. Thus, the mechanics of the tube Taw agrees closely
with the observed behavior.

The speed of propagation of small amplitude waves in the uniformly
collapsed tube is given by Equation (1.1). The wavespeed was obtained
by numerical differentiation (Eq. (1.1)) of the tube law data of Fig. (1)
and is plotted as a function of the area ratio in Fig. (2). The theo-
retical predictions of Equation (2.6) for o > 1 and of Eq. (2.26) for
a < 0.21, are shown for comparison. As expected, the wavespeed is rela-
tively independent of the area ratio in the range 0.3 < a < 0.9 within
the tube law is very nearly linear. It rises abruptly to a much Targer .
value beyond the buckling point, for increasing area ratio, and subse-
quently it decreases slowly for increasing area ratio in the positive
transmural pressure region.

The property M (a) of the tube defined by Equation (4.33) was
obtained by differéntiating twice the smoothed data of the experimental
tube law. The resulting plot of M(a) vs. a 1is shown in Fig. (13).
Since it is a function of the second derivative of the tube law, it is
very sensitive to changes in curvature which occur near the buckling point,
just before o« =1 , and in the region where the opposite sides of the
tube wall come into contact. However, within the range (0.3 < o < 0.8),
it is also a weak function of o . Except in the narrow range (0.27 < o
< 0.33; approximately), the value of M(a) is positive. Over the range
(0.37 < o < 0.7; approximately) it is approximately equal to 3 and for

this value the tube law is linear.
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6.2 Transshock Measurements

The experimentally obtained plots of area ratio and pressure
coefficient as a function of the distance x along the standing shock
wave are given in Figs. (30 - 48) for nineteen different runs. Figures
(30s - 48s) are smoothed curves obtained from Figs. (30 - 48) with the
mean curves having been drawn in. The manner in which the mean curves
were drawn, and the meaning of the various quantities measured off these
distributions are indicated in Fig. (16). The positions corresponding
to those indicated in Fig. (16) are labelled in Fig. (5a) of the flow
configuration which shows the constriction, the exit measurement location,
the minimum area location etc.

Table 4 gives the flow rate Q , the area ratios at locations such
as i) the constriction (ac), ii) the constriction exit (u1), iii) the
minimum area at the inlet to the shock (ui), iv) the hypothetical shock
inlet area (a?) obtained as in Fig. (16) by projecting the mean area
curve beyond the minimum area location, v) the area ratio at the maximum
pressure location at the exit of the shock (aé), and vi) the area ratio
far downstream of the shock (ag). The position of each of these locations
from the inlet position X and the shock Tength measured as shown in
Fig. (16) are also tabulated. In Table 5, the speed indices computed
from the measured flow area and from the corresponding wave speed for a
uniformiy collapsed tube (Fig. (2)), are given for each run. Also tabu-
lated are the pressure recovery coefficients Cp " CB (See Table 4),
and the Carnot (66 ) and Oates (C' ) pressure coeff1¢1ents which are
" computed from Equat1ons (4.41) and (4 49). In computing Cé the experi-

0
mental tube Taw was utilized for given (ai, aé).

A\
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In obtaining this data, the position of the shock with respect to
the constriction (x{ - x1) was held approximately fixed by adjustment
of the downstream pressure. In all these runs, the wall prestrain was
also kept fixed at 6% as described in Section 5.3. In Fig. (56), the
inlet area ratio o is plotted against the constriction area ratio
O s and a linear least squares fit to the data has been obtained. It
seems reasonable to assume that Ol fixes o and Fig. (56) shows that
o increases approximately linearly with o though not exactly equal
to it. In making the measurements, a. was kept fixed for a given set
of flow rates.

The pressure recovery coefficients Cp and Cé are shown plotted
against o, and ai respectively in Fig. (49). The area ratio a at
the exit was practically unity for all runs as can be seen in Table 4.
The plot of Cé VS. ai does not seem to indicate any particular
trend either with ai or Si . The plot of Cp vS. oy shows C
values to be Tower than Cé . This is to be expected as the upstream
frictional loss "is included in the definition of Cp . The Carnot
pressure recovery Cé -is also plotted in Fig. (49) and seen to be Tower

c
than the actual pressure recovery C' across the shock. This indicates

that the flow separation is not as siarp as assumed in the derivation
of Equation (4.41) for the Carnot pressure recovery. To investigate the
coefficient further the actual stagnation head loss coefficient across
the shock is plotted in Fig. (58) against the Carnot stagnation head
loss coefficient given by Eq. (4.43). The Tinear least squares fit to

the data is also shown. The slope of this Tine corresponds to the loss
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coefficient KL defined for a divergent duct in Equation (7.26) and its
value is equal to 0.586. In the Timiting case of extremely large area
change and infinite Reynolds Number corresponding to Carnot loss condi-
tions, KL is approximately unity. More generally, in divergent ducts,
KL is found to be a strong function of the inlet momentum boundary
1ayer‘thickness, the shape of the diffuser, and the area gradient
represented by (a; - a]')Do/LS . It is seen from Table 5 that the Oates
pressure recovery CBO is always slightly larger than the Carnot
recovery Céc as predicted by the theory.

The speed index S , calculated from the uniform collapse tube Taw
and the measured area distribution is plotted for Run No. 3 in Fig. (55)
as a function of distance along the tube. It shows that the sbeed index
is heavily supercritical in the whole upstream region, and that it
oscillates with oscillations in the cross-sectional area. It also shows
that it remains supercritical well into the shock region almost until
the exit position x) . Since S is interpreted as the speed of propaga-
tion of small disturbances of large wavelength, it is probably more
appropriate to compute it from the mean area rather than from the true area.
This would probably reflect the fact that the oscillatory component of area
is due to the longitudinal tension and is not derived from the circumfer-

ential stresses accounted for in the static tube law.

6.3 Precursor Wave Measurements ;

A. Mean Flow Quantities

It is appropriate to first discuss the particular form of the mean
area and pressure curves in Figs. (30s) - (48s). It is seen from

these figures that the mean area curves grow almost linearly with
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distance x 1in every distribution, while the mean pressure increase is
extremely small even though the area has significantly increased in

value. The reason for the latter is evident from the following expression

Eﬂﬂ i BP(am) . 8o

X B aam ax

In the range of mean area ratios encountered in the upstream region
aP(um)/aam is a very small quantity as seen from Fig. (1). As a result,
apm/ax remains small in spite of the fact that aam/ax is very signifi-
cant. However, the oscillatory component of pressure is large and is
coupled to the oscillatory area terms and the mean area terms.

The relations (7.27) to (7.29) governing the mean area growth are
given in Section 7.2 of Part B. Their solution, assuming M(a) = constant
= 3 in the upstream region is given by (7.30) to (7.33). From these
solutions, it at once becomes evident that (i) The mean speed index decays
with increase in area approximately according to a -3/2 power law. This
qualitatively agrees with experimental observations (See Fig. (55)).

(i) If M>2 and S? >> 1 , then the mean pressure increase

is indeed very small. This is also consistent with experimental observa-
tions Figs. (30s - 48s). (iij) If S? >> 1 , then the mean area ratio
o, grows lTinearly with distance (x - x1)/Do and the gradient is equal
to 2f, . The guantity fo 1is a friction factor defined by (7.25) and
is a weak function of the Nominal Reynolds Number ReD‘B only. To verify
this finding, the-s1ope of the mean area curves in the upstream region

has been measured from Figs. (30s - 48s) and are tabulated in Table 9.
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Also tabulated are the theoretical values of 2f, . The average error
for the runs (1 - 19) is 26%. Further? from the same relation, the
shock position was calculated by employing the experimental values of
ai . The average error is again of the same order.

B. Oscillatory Flow Properties

In Section 4.5, a perturbation ana1y$is of the growth of flow
quantities about a base condition chosen to coincide with a point of
intersection of the mean and total area distributions (See Fig. (62))
has been performed. This choice of base point is especially convenient
in the measurement of oscillatory components and has been employed as
shown in Fig. (16). Table 6 gives the wavelengths A, » the amplitudes

a_ , and the corresponding mean values of position x

u the pressure

mn °

recovery coefficient Cp » the area ratio G 2 and the flow velocity
mn
u for each of the runs (1-19). The total perturbation in area o'

mn

about the base value o has been further split up into the mean area
growth component @ and the oscillatory component & as shown in Fig.
(62).

The solutions to the components & and & are given in Section
4.5 by Equation (4.92). The perturbation analysis yields the following
implications:

(i) Fluid friction is necessary for growth of mean and oscillatory
area components (Eg. (4.80)2), and wall tension and wall curvature lead
to oscillatory growth in area, provided the condition (4.80)] is satisfied.
Thus, supercritical flow (S > 1) is sufficient but not necessary for

oscillatory growth of area.
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(ii) For a given flowrate the wavelength of the oscillatory components
depends on the mean flow velocity approximately according to a - 3/2
power law as given by Eq. (4.98). To verify this finding, the wavelength
X has been plotted against u in Figs. (50 - 54). These plots show the
predicted trends. To confirm the power law behavior better, Log10 A vs.
Logqg u was plotted and straight 1ines were fitted in a least squares
sense. These results are given in Table 7. The correlation coefficient
in each case is 80% or better. The éverage slope of -1.375 is close to

the predicted approximate value of ~1.5.

(iii) The dispersion relationship that governs the waves in the
precursor Qavetrain is given by Equation (4.110). To verify this
relationship the data in Table 6 have been plotted in Fig. (65). This
plot shows the predicted behavior. The theoretical line appears to
represent the data adequately.

C. Flow Rate Requlation Behavior

In Section 4.3, it was shown that conditions upstream of a
location of supercritical flow in a collapsible tube become independent
of downstream conditions. In particular, this led to the flowrate being
independent of downstream pressure variations.

In Fig. (27), the flowrate normalized with respect to the constriction
area Ac , and the stagnation pressure difference at the inlet is plotted
against the normalized downstream pressure difference. This normaliza-
tion makes the plots approximately the same for a wide range of inlet
conditions. It is seen from this figure that there eiists a plateau

region within which the flowrate is unaffected by downstream pressure
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variations. The manner in which the flowrate is dependent on inlet
pressure and constriction area is given by Fﬁg. (57) which shows the
experimental data and the theoretical prediction of Eq. (7.21). The
value of downstream pressure, at which the shock is on the verge of
entering the constriction, corresponds to the knee of Fig. (27). The
experimental and theoretically computed (Eq. (7.24)) values of this
downstream pressure are given in Table 8 and they show satisfactory
agreement.

This independence of flowrate of the downstream pressure forms
the basis of the design of the flow regulator of Part B in this thesis.
The reader is referred to this part for a more detailed analysis of
the regulation behavior and comparison with experimental results.

6.4 Conclusions and Recommendations

The objective of this work was the measurement and interpretation
of the structure of standing shock waves in collapsible tubes. Among
the questions that needed to be answered were the conditions under which
such shocks could be created.

Certain features of the shocks, such as supercritical inlet flow,
large area changes, large stagnation pressure losses, and independence
of inlet conditions of downstream pressure were qualitatively anticipated.
However, certain unanticipated and hijtherto unobserved new features were
encountered during the course of this investigation. These new features
include the existence of a train of area and pressure waves preceding the
shock, the surprising but now interpretable Tack of upstream mean

pressure increase, as discussed in Sections 6.3 and 7.2, the sharpness
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(
of the pressure change at the inlet to the shock, and the occurrence

of vibrations emanating at the shock and propagating away from it.

The measurements reported in this thesis have established the
flow regulation behavior, the magnitude of the trans-shock stagnation
pressure losses, the manner of growth of mean upstream area and pressure.
Further, the perturbation analysis has extracted the principal features
of precursor wave growth and the conditions governing‘their existence.
The experimental results presented in this respect are convincing.
However, much less success was had in characterizing the trans-shock
pressure recovery. The experimental data did not show any observable
trends due to data scatter. It is believed by the author that this
was due to severe vibrations experienced by the pressure probe when
it was traversing the shock proper. Furthermore, in Fig. (55) the
oscillations in the value of the speed index downstream of the shock are
believed to be due to experimental error in the measurement of the tube
area ratio and in the determination of the corresponding speed of propaga-
tion of small amplitude waves.

It is recommended by this author that further experiments be con-
ducted to measure trans-shock losses with thinner tubes, lower flowrates,
and smaller constriction area ratios. This would ensure adequately
strong shocks with a reduced level of flow induced disturbances. Further,
even for the approximate analytical model presented here, numerical com-
putation of the full equations should be performed to determine the

effect of reduction in wall tension due to fluid drag.



118

More importantly, theoretical work should be undertaken to better
model the tube mechanics accounting for longitudinal curvature effects.
Flow visualization studies by laser-fluorescence or dye-injection methods
should be conducted on rigid transparent models of shocks to better
characterize the separation phenomena in the shock region. Further,
the pressure profiles should be measured. The sharp dip at the shock
inlet in the pressure profiles presented in this thesis are quite similar

(54)

to those predicted by Wooley and Kline in their computational model

for stalled diffusers. Thé latter may be a feasible approach to the

analytical solution of the flow problem.
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CHAPTER VII
THE COLLAPSIBLE TUBE FLOW REGULATOR

In the preceding chapters of this thesis it was shown that the
highly nonlinear pressure-area relationship of a collapsible tube leads
to strong coupling between the mechanics of the tube wall and the
mechanics of the fluid flow through it. In particular, when the fluid
inertia in a uniformly collapsed compliant tube is important, wave-
speed-induced flow limitation can occur. Moreover, if a region of
supercritical f]éw is present, then conditions upstream of it, including
the flow rate, are independent of the downstream flow conditions. If,
however, a shock wave forms downstream of the supercritical region, the
position of the shock depends on the downstream pressure, while upstream
conditions remain independent of it. At this point, it should be
mentioned that when the fluid flow is primarily dominated by viscous
forces, the highly nonlinear flow conductivity-transmural pressure
relationship of a collapsible tube again results in the flow rate being
relatively unaffected by the downstream pressure when the tube is partially
collapsed at its downstream end.

The purpose of this chapter is to investigate the possibility of
taking advantage of this characteristic of fluid flow through collapsible
tubes for the design of an uncomplicated, yet reliable, flow regulator.
The specific function of the proposed flow regulator is to maintain the
flow rate constant, independent of downstream pressure variations, when

it is connected to a fluid supply at fixed pressure. This is indicated

in Fig. 22.
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In Section 7.1 the behavior of a collapsible tube flow regulator
in the inertia-dominated regime is first analyzed. Expressions are
developed for predicting its fiow rate vs. downstream pressure curve,
which will be called the regulation characteristic curve. Subsequently,
the behavior of a collapsible tube flow regulator in the viscous-
dominated regime is considered.

In Section 7.2 the experimental determination of the regulation
characteristic is described, and the results are compared with the
theoretical expressions of the previous section.

In Section 7.3, the design criteria for a collapsible tube flow
regulator are developed and a design pfocedure is presented.

7.1 The Principle of Operation

A. Wave Speed Flow Regulator

The flow regulator configuration that is considered here is
shown in Fig. 5a. The inlet pressure P; and the outlet pressure Py
are measured at stations (i) and (o), respectively. The constriction
(c) creates a supercritical flow immediately downstream of it at station
(1). The shock transition occurs between stations (1)' and (2)', where
(1)' corresponds to the minimum point in the pressure and area distribu-
tions and (2)' corresponds to the maximum in the pressure downstream of
the shock. The constriction exerts a non-uniform external pressure on

the outside of the tube so that the tube Taw is valid only outside the

constriction,
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The equation of continuity is

Q = Ajou . (7.1)

Neglecting frictional losses over the short distance between (i) and
(c) and neglecting losses at the entrance to the constriction gives
. .2
Pﬁi = pC # 2 puC s (7-2)
where P, 1is the stagnation pressure at the inlet. Using (7.1) in

i
(7.2) gives

2 ~ A
Q = Ag. 3 (Pui' Be) - (p. - B) (7.3)

where Be is the effective external pressure on the tube within the

constriction. Since the tube Taw for the tube within the constriction

is unknown, it can be approximately represented by

Fa

(po - Bo) = Flag) . (7.4)

We note that Q- 0as (pc - ﬁe) (Pn_ - ﬁe), and also when
i

(pc - Be) > - o (i.e., a.~0)., Thus, the flow rate Q possesses a

C

maximum with respect to o. and as shown in Section 4.3, this maximum

(o
occurs when the mean flow speed is equal to the wave speed computed from
the effective tube law (7.4). If the effective tube law is not very
different from that of the tube itself, then it follows that whenever the
flow is significantly supercritical at the exit of the constriction [i.e.,

Station (1)] there is some location inside the constriction at which the
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flow is critical. Thus, the flow is limited at that point. However,

since the effective tube law (7.4) is unknown, the flow rate can be

evaluated by considering the flow at the exit of the constriction.
Now, if the Tosses at the entrance to fﬁe constriction are taken

into account, (7.2) becomes

S 1.2 12
. f BT ogRdy * Rpry . (7.5}
The tube Taw for station (1) is given by
(P] = Pe) = KBP(G1) . (7.6)
Hence, using (7.1) and (7.6) in (7.5) gives
[~ -3 1/2
- KBP(a1) :
Po - Pa
Q - i (7.7)
2 %e i ]
XEYORER (2 +x,

In this expression, the cross-sectional area Ac at the constriction has
been introduced as a known parameter depending only on the undeformed
dimensions of the tube and the adjustment of the constriction.

It has been experimentally found that 0l is only slightly larger

than the value of o, . Also, the loss coefficient KC is small since

c
the entrance region is smooth and has a large radius of curvature. Thus,

K. may be neglected.
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If the flow at Station (1) is supercritical (i.e., S1 > 1), then
the flow rate given by Eq. (7.7) is unaffected by changes in the down-
stream pressure p, . Also, if the flow at Station (1) is supercritical,
a shock wave usually forms downstream of it. The poéition of the shock
wave depends on the pressure difference ~(p0 - pe). When this is made
increasingly positive, the shock moves toward the constriction and at
a certain value (p0 - pe)*, the shock vanishes into the constriction
(see Fig. 5b). Then, the flow rate begins to fall. This is due to the
fact that the region of supercritical flow no longer exists and the
flow inside the constriction becomes subcritical. As a result, down-
stream pressure variations can now travel upstream and decrease the flow
rate. Consequently, the flow regulation curve has the form given in
Fig. 24. It has a plateau region when a supercritical flow is present
and a fall-off curve when the flow is subcritical everywhere. This
situation is analogous to supercritical flow in a convergent-divergent
nozzle when the back pressure is gradually increased from below its
"design" value (ShapiroSz). The flow rate corresponding to the plateau
region is given by Eq. (7.7). This expression shows how the plateau in-
creases with increasing tube stiffness.

In order to specify the range of downstream pressures over which
the flow rate is effectively consfant, it is necessary to determine the
value (p0 ~ pg)* characterizing the knee of the regulation characteristic.

This can be obtained by applying the modified Bernoulli equation to the

flow when the shock is at the constriction, as shown in Fig. 5b.
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Allowing for contraction and expansion Tosses at the constriction
and for frictional losses downstream of it, the Bernoulli equation
yields

. L
P
_ L1 2 1 2. [ Tw
Po, = Pptoou, # (Ke + KC) 5 pu, * J — dx . (7.8)
! 0
Since conditions downstream are approximately uniform, (TWP/A) can be
considered to be constant. It is given by Eq. (3.26) with the friction

factor chosen from Table 1. Thus, using the continuity equation gives

* *2
(o) -1 d :
e, De »/2
i A =(Py -p.)
LE e Ty F (7.9)
o, 2 a 2
C 4fL c
. (%)+(Ke+Kc)+Tg(a—‘)

In the above expression the (*) signifies that the values are those at
the knee of the regulation characteristic and a, and a, are the
downstream area ratio and the rigid exit pipe area ratio, resmectively.
The value of the flow rate in (7.9) is equal to that of the plateau
region and is thus given by Eq. (7.7).

The expansion loss coefficient Ke can be expressed as

2

uC
Ke = KL(1 - aE) . (7.]0)
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For a sudden expansion, KL is only a weak function of the Reynolds
number at the constriction. At very high Reynolds numbers, KL tends
to unity. It should be noted, however, that for the diffuser-1ike
geometry of the tube expansion region, KL would be a function not only
of the Reynolds number but also of the shape of the cross-sections and,
in particular, of the area gradient in the flow direction. Loss
coefficients for conical diffusers as a function of area gradients have

57

been experimentally obtained by Henry. His results indicate that, -

indeed, KL is strongly dependent on the area gradient. Another com-
plication is that if the diverging region is followed by a Tong length

of pipe, there is recovery of pressure beyond it as a result of vé]ocity
distribution changes due to turbulent mixing.58 Therefore, any values
obtained for KL from published Titerature for different geometries must
be regarded as very approximate.

In the present investigation, the loss coefficient KL was experi-
mentally determined from measurement of pressure within the tube with
the shock located at the constriction.

When the downstream transmural pressure (p0 - pe) is decreased from
positive values towards zero, the shock moves downstream and remains
stable at a new location. When (p0 - pe) is further decreased to
(p0 - pe)** (a negative value), the tube begins to buckle inwards near
the constriction to the downstream rigid pipe and forms a pinch as shown
in Fig. 5c. When this occurs, the position of the shock becomes unstable

and it begins to oscillate along the tube. During this oscillatory motion,

the shock stops short of the constriction, so that there is always a
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region of supercritical flow downstream of the constriction. Accordingly,
the flow rate at the inlet remains unaffected, but both downstream flow
. rate and pressure oscillate with a characteristic frequency. The oscilla-
tions consist of periods of relatively high outflow, when the region
downstream from the shock is approximately uniform, separated by momen-
tary slowing as the downstream end is pinched in and then re-opened.

When the downstream pressure is still further reduced and is
equal to (p0 - pe)***, the tube folds in on itself and moves into the
downstream rigid pipe as shown in Fig. 5d. Once this happens the
flow again becomes stable with é shock standing in the test section.
However, contrary to the case whgn the tube is. not sucked into the pipe,
initial reduction in downstream pressure moves the shock upstream to
a new position and increase in downstream pressure moves the shock down-
stream. On jncreasing the downstream pressure further, the shock
reverses itself, moves upstream, and suddenly the downstream end of the
tube moves out of the rigid end-pipe without any oscillations.

Similar oscillatory behavior in the outflow of collapsible tubes

has been observed by Griffiths34

and has been explained by him on the
basis of wave propagation. For the present purpose of designing a flow
requlator, however, it is only important to determine the value of

(p0 - pe)** below which the flow rate at the exit would begin to oscillate.
This value can be approximately determined from the fact that the down-
stream end must first buckle before oscillations can begin. The buckling

pressure for a collapsible tube is given by Eq. (2.7) and is equal to

(_F3KB) . ThUS 3
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*% 3K
Py = P
9B P B
( Po = Pe ) = Pui : (7.11)

The buckling pressure given by (7.11) may also increase or decrease
depending on whether the wall tension at the exit Station (2) is positive
or negative. Further, oscillations begin at a transmural pressure
(p0 - pe) somewhat Tower than that at which the tube first begins to
buckle. However, experimental results given in the next section indicate
that this is a good approximation.

B. Low Reynolds Number Flow Regulator

When the inertia forces are much smaller than the viscous forces
and the Reynolds number based on the hydraulic diameter is much smaller
than unity, a collapsible tube can still exhibit insensitivity to down-
stream pressure variations provided the tube is partially collapsed at
jts downstream end. This is due to the marked reduction in flow con-
ductivity of the tube at negative transmural pressures.

For-small longitudinal gradients, the flow is Tocally a Poiseuille
flow and satisfies Eq. (3.1) derived in Chapter 3. The flow conductivity

W

is given by
Q = o | (7.12)

For constant external pressure this can be expressed as

d(p - p,) .
Q = =-olp - Pe) ——d"rg— 5 {7.13)

where o is obtained as a function of (p - pe) using expressions (3.5),
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(3.13), and (3.15). A plot of o vs. (p - pe) for a uniformly
collapsed tube has been given by Flaherty, Rubinow, and Ke]1er41. This
is given in Fig. 25, replotted and extended to positive transmural
pressures.

Consider now a flow regulator consisting of a collapsible tube of
length L mounted between two rigid pipes. If the flow rate is Q and
the inlet, exit, and external pressures are Pi 2 Py s and Pe »

respectively, integration of Eq. (7.13) between the inlet and the exit

yields, for constant Q,

Rﬂ Pi~Pe .
Q= [ 8-y dlr - py) (7.14)
Po~Pe
where
A _  UO
G = =& "
Ry

From Fig. 25 it is seen that o decreases sharply below the
buckling pressure p - p, = - 3KB and that beyond p - P ® = SKB it
is approximately 1/40 as large as it is when the tube is under zero
transmural pressure. In the simi]arify region of the tube law (i.e.,

o < 0.21),
-4/3
) % (7.15)

Fad

g = 0.1814(

e
Kg

As a result, below approximately -~ SKB (i.e., o = 0.27), the downstream

pressure difference (p0 - pe) has very little influence on the flow rate
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given by the integral in Eq. (7.14). From (7.14), for (p0 - p,) < - 5K,

(p;-pa)/Kg -5

ﬁf = J s(P)dp + I g(p) dd . (7.16)
B -5 PoPe
Kg

Using (7.15) in (7.16), this is approximately given by

-1/3
; Po -

wQ - g (p, -p.)-0.5443 (& 2y | (7.17)

4 1% e K
KpRo B

B

where Q] is a function of the material parameters and (pi - pe) and
is independent of (pO - pe)._ From (7.17), for a tube with the exit
end in the similarity collapse range, the flow rate is seen to be a
weak function of (p0 - pe).

When (p1 - po) is small and (po - p.) >0, then (7.14) can be

e
approximated by

)JII?,?_ = a(p; = p)py = ) - (7.18)
0

Thus, in this region, the flow rate is directly proportional to the
driving pressure difference (pi - po). The value of 8(pi - pe) is
obtained from Egs. (2.4) and (3.15) and is equal to

1

P~ Pe ) ; (7.19)

N ji
& s BT -
8 KE

where KE is the extensional stiffness of the tube wall defined by (2.5).
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The regulation characteristic of the collapsible tube is conveniently
represented by the plot of uLQ/[Rﬂ(pi—pe)] Vs. (po-pe)/(pi-pe). It has
the shape shown in Fig. 26. The knee of the curve corresponds to the
knee of the conductivity-transmural pressure relationship, beyond which
the conductivity is small. The initial slope of the characteristic when
(pi-po) is small and the tube is inflated is given by (7.18). The small
negative slope for negative transmural pressures (po-pe) is given by
(7.17).

7.2 Experimental Determination of the Flow Regulator Characteristic

In this section, the experimental determination of the regulation
characteristic curve of a high Réynolds Number, wave-speed type flow
regulator is described. In this experiment, attention is focused on
the determination of the overall behavior of the flow regulator as a
unit and not on the details of the flow within it. Theoretical
expressions are developed from this point of view and are compared, as
much as possible, with the measured experimental data.

Experimental Procedure

The apparatus used in this experiment is the same as that
employed in the determination of the shock structure in Chapter V. The
measurement technique is identical except that, in addition, the pressures
P; and Po at the inlet and outlet of the apparatus were also measﬁred
by means of manometers. For each constriction size, the flow rate was
varied in steps. For each flow rate, the position of the shock aleng
the tube was altered in steps by adjustment of the downstream pressure.

In particular, measurements were made with the shock at its farthest stable
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stable position (FSP) from the constriction, towards the downstream end.
It was not always possible to obtain a stable shock. This was especially
difficult, as it is to be expected, at lTow flow rates and large con-
striction area ratios (ac). The instability of the shock at positions
near the downstream end was preceded by pinching of the tube at this end
as shown in Fig. (5¢c). Subsequently, the shock oscillated along the
tube.

Results and Comparison with Theory

A Tot of data were obtained during the experiment described
above. The most important result that is borne out by this data is
that the flow rate is independent of downstream pressure variations,

provided upstream conditions (p.

4 =Py s ac) are fixed. This result is

best presented by a plot of normalized flow rate Q/AC /2/p(Pui - pe)
against the normalized outlet pressure (pO - pe)/(Poi - pe) as in
Fig. (27). Hence, the data dbtained under different inlet and outlet
conditions can be presented on a single graph.

The expression for the normalized flow rate when a shock exists
downstream of the constriction was earlier derived (Eq. (7.7)) and is

restated below.

B wi 1
Ko Pla
B 1
1 - — ™ — — (7.7)
Q _ Po; = Pg
o. 2
AC\/Z/ (Po.i - Pe) ( __C_) + K
Ot.-l C

In the above expression, the cross~sectional area AC at the

constriction has been introduced as a design parameter rather than the
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area F\.l immediately downstream of it. The plot of ay against R
obtained from Table 4 is shown in Fig. (56) together with the straight
line representing the least squares fit to the experimental data. The
correlation coefficient of this least squares fit is 0.94. The straight

line is given by

ay = 1.019 a, + 0.049 (7.20)

It is thus seen that o is only slightly larger than o for o,

values approximately between 0.2 and 0.4. Hence, for design purposes,

o may be taken to be approximately equal to o. . Further, the loss

c
coefficient Kc at the constriction entrance is also small and may be
neglected. (The quantity P°i is the stagnation pressure at the inlet.)

For design purposes, equation (7.7) is more conveniently expressed

by
~ —1/2
P; _ Pg
_'K' - P(Cﬁ])
Q _ B
ey, = : R . ‘ (7.21)
0 B p + C -

The areas of the rigid inlet and outlet tubing of the experimental
apparatus were equal to the resting area of the latex tube so that
o T oo 1 . This geometry is convenient and will also be assumed in
the subsequent design calculations. Equation (7.21) together with

(7.20) yields a relationship between Q/AOV?KB/D as a function of
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(p_i - pe)/KB with @, as an independent parameter. That is

P; = P
SN P Ho, » ) (7.22)
AV2Kg/0 B

The theoretical prediction (7.22) and the corresponding experimental
data are plotted in Fig. (57) and they show reasonably good agreement.

The above relationship is valid only as long as a stable shock
exists downstream of the constriction. Two necessary conditions for
shock formation are that the Reynolds number of the flow is large and
that the flow downstream of {he constriction is supercritical. In
addition, the transmural pressure difference (p0 - pe) must not be
so high as to force the shock inside the constriction, nor should it be
so low that the tube buckles at its exit end precursory to oscillation
of the shock along the tube.

It is therefore necessary to establish the upper and Tower limits
(p0 - pe)* and (p0 - pe)** between which the downstream pressure
difference can be allowed to vary while still maintaining a constant
exit flowrate. As discussed in Section 7.1, the lower 1imit can be
approximated by equation (7.11). The validity of this expression is
verified by the plot of Fig. (28). For design calculations, (7.11) is

better written as

P, - P

( K_B_e._ Ye* o~ o3 (7.23)
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The upper 1imit can be approximately found as described in Section
7.1 from equations (7.9) and (7.7). For design purposes however, it

is more convenient to write (7.9) as

o * -
po pe pi pe . Kc + K

(22) = (2-2)-(—L—) (L-L+e e
B B Ao@——KB/p or.o oc1. or.c
(7.24)
4f0L -I ’
* 5 3)
&g
where
fo = —-07—0‘0?9; (7.25)
ReDo

The flowrate in (7.24) is taken to be the value on the plateau

region of the regulation characteristic as given by (7.21). Thus
Py = Pp ¥
( —£L7?—11 corresponds to the knee of the regulation characteristic
B

as indicated in Fig. (24). The loss coefficient Ko can be expressed
in the form
o, 2
ke = K (1 - a-;-) (7.26)
In Fig. (58), the stagnation pressure loss across the shock is

plotted against (1 - ai/ué)z for the shock distributions in Table 4,

The slope of the least squares straight line fit to this data may be
taken to represent KL in (7.26) in the absence of be;ter info:mation.

-p
Thus, with K =0.586 and o =a; =1, 0 =1, ( 22— ) can be
L ) i 2 KB
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computed from equation'(7.24) for given a. and (pi - pe)/KB .

The experimental and theoretical values of (p0 - pe/KB)* for

a. = 0.213 and a range of values of (p_i - pe/KB) are tabulated

in Table 8. ‘The agreement between experiment and theory is good in

view of the very approximate nature of the theoretical computation.
Lastly, it is necessary to predict both the stagnation pressure

loss upstream of the shock and the position of the shock. Thgse values

will be needed in Section 7.3 in order to determine the required length

of collapsible tube in the regulator design. This however, is a diffi-

cult undertaking as the area increases in an oscillatory fashion between

the constriction and the shock. As a result, it is necessary to make

some radical assumptions. It is first assumed that the stagnation

pressure loss is primarily due to the change in mean area and that the

effect of the oscillatory component of area growth on the frictional

drop integrated over the entire upstream length is negligible. Secondly,

it is assumed that the parameter M 1is approximately constant. This

is approximately valid over most of the range of interest (0.35 < a < 0.8).

Thus, neglecting the-wa11 tension terms in (4.29), (4.30), and (4.31)

the governing equations are

2 1 dS _ T da _ 1 du

T3~ "8 8% 0 o (7.27)

(1-5° _ M af (7.28)
I :
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(1-5 = - s %—pu2 (7.29)
where f=fo/a and f, is defined by equation (7.25).
Integrating (7.27), (7.28), and (7.29) for specified inlet

conditions yields

-M/2
S o
2 o= [ ) (7.30)
S-I 0y
a M+1
o X=X o %
5 = {(Bus s 5 ) (7.31)
™ 0 % sy (M+1)
M-2
p-p ( g_' -1
TP 2 1
T = Z = (7.32)
7 Ay 1
2
Apf 5 P o= p'| ‘
T = 1- (=) - ( ™) (7.33)
z ™ 7 P4

From the above it can be seen that for the cdmputed values of M given

% >> 1 , the mean pressure increase given by

in Fig. (13) and for S
(7.32) is very small. This is consistent with the small mean upstream
pressure increase measured in the shock experiments. Further, under
the same conditions, equation (7.31) predicts that the mean area dis-

tribution will be relatively independent of the inlet speed index, and



137

will be a weak function of the flow rate through the friction factor

fo . Thus, equation (7.31) reduces to the simple result

a = o+ 2f( —p—) ‘ (7.34)

The area distributions in Figs. (30s - 48s) show that the mean
area growth is relatively linear as predicted by equation (7.34). The
average slope of the mean area curve in these measured distributions
and the slope (2f,) predicted by equation (7.34) are tabulated in Table
9. The average error between the experimental and theoretical values
is of the order of 30%. Further, it is possible to compute the shock
position by substituting (xi, ai ) in (7.31). The theoretical and
experimental values of the shock position are also tabulated in Table 9.
The maximum error is again of the order of 30%. This agreement is not
unsatisfactory in view of the fact that oscillations have been entirely
neglected in the theoretical computation and that the measurements are
subject to experimental errors.

It is now possible to develop an approximate expression for the
length of tube required for the flow regulator. The shock is at its
furthest stable position (FSP) from the constriction, when the outlet
end of the tube is about to buckle inwards. The tube length then must
exceed this distance by several diameters. Thus, the tube length is

arbitrarily taken to be equal to

*%
L = (xi - x1) + 6Dg (7.35)
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*%
The furthest stable position (xi - x]) of the shock is
found by writing the modified Bernoulli relation between the inlet and

the outlet. Thus,

N —

1 2 2 ‘
Pi 7 PU; = Py Tz opuy tAp.F Apf1 + Apg + Apf2 (7.36)
where Ap_., Ap. ., Ap. , Ap. , are the stagnation head losses across
o f1 S fz
the constriction, across the tube section upstream of the shock, across
the shock, and across the tube section downstream of the shock respective-

ly. Each of these losses can be expressed approximately by the following

relations.
Ap. = Kt %— pui (7.37)
'
%
o 2 (51_) "1 3
bpg. —(1-(5{-) " TR ) 5 puj (7.38)
1
al 2
- 1 1 2
Aps = KL(] -azr) -Z-pU-i (7.39)
*%*
4F, L = (x3 - x,)
- 1 1 1 2
e, Dy ( o) ) 7 ou; (7.40)

Equation (7.38) has been obtained from equations (7.31) and (7.33). As

before, it will be assumed that a; =, = 1, aé s 1, KC =~ 0 . Further,

it can be estimated that the last term of (7.38) is negligible and that
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Apfz << Apf] . Hence, equation (7.36) can be written as

P;: = P P, = Py ** 2
(—2) = (2—2) +(—2—) (-l
1 )
1
Using equations (7.23) and (7.21) in (7.41) gives
Pi~Pey . _ 3, Pi P T
(—KB—) I "'(—K—B—'- P(aﬂ)( -(a{') +

2
* KL G-'!( "'%.T" ])2)

p-i-pe

(7.41)

(7.42)

For given (ac : "—K""_"')’ ui can be found by using (7.20) and
B

the above equation. Having found ai , the distance (xi - x])

be found from the approximate relation

\

S Do

(xi - x]) = 7 (ai - a])

can

(7.43)

and the tube Tength can be computed from the ad hoc relation (7.35).

In summary, in this section, the flow regulator experimental
data and some features of the distributions obtained in the shock

experiments were explained with reasonable agreement by means of an
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approximate analysis. Next, on the basis of this analysis, approximate
expressions have been developed for the selection of &esign parameters
in the subsequent flow regulator design. In particular, for large
Reynolds Number and large inlet speed index, the required Tength of
collapsible tube for the minimum possible downstream pressure and
specified inlet conditions is given by (7.20), (7.42), (7.43), and
(7.35). Further, equations (7.24) and (7.26) lead to the determination
of the maximum possible downstream pressure for continuous f1ow
regulation.

7.3 Design Criteria for a Collapsible Tube Flow Regulator

In the first part of this section, an approximate procedure for
the design of a collapsible tube flow regulator will be developed on
the basis of the approximate relations derived in Section 7.2. In
the second part, the design procedure will be illustrated by means of
a design example. In the third and last part, this design will be
compared with a flow regulator of a type that is usually employed for
such flow regulation in industry.

A. Design Procedure

The function of the proposed flow regulator is indicated in
Fig. (22). The objective is to maintain the flow rate at the outlet
fixed within a narrow specified range independent of downstream pressure
which varies by a predetermined finite amount. The upstream pressuré
is held fixed at a specified value. The basic configuration of the
flow regulator is shown in Fig. (5a) while two possible design realiza-

tions are shown in Figs. (23a) and (23b). Two external control variables
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are ai]owed, namely, the constriction area ratio o and the external
pressure p, . For instance, the area ratio o, may be varied by
means of a mechanical constriction as in Fig. (23b). The external
pressure p, may be kept fixed either by connection to the atmosphere
or may be made adjustable by connection to a reéu]ated, external air
supply.

The variables that need to be considered in the design of the
flow regulator fall into two separate categories, namely, specified
variables, and design variables. The latter group can be divided into
primary design variables and secondary design variables depending on
the degree of their importance in the design. This categorization of
variables is given in Table 10. Neglecting for the moment the secondary
design variables, the flow rate Q can be expressed as a function of

all the remaining specified and design variables. Thus,

Q = f(AOS L’ KB’ u! p97AC9 p-i = pe H] po - pe 2 TO) (7‘44)

In the above expression, on the basis of prior knowledge, only the
inlet and outlet transmural pressure differences have been included.
By dimensional analysis, this can be alternatively compressed as a

relation between non-dimensional groups as given below.

—& - f(Re, , L/Do , o, (ps - p)/Ke s (p. - p.)/K
AO‘/?K—B/—E— DO . C 1 e B 0 e B

(7.45)
TO/DQKB)
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The functional relationship indicated above reduces to a simpler
form when the specified variables and the design variables fall within
the design range of the flow regulator. As shown in Section 7.2, it
then assumes the form

- p: - P
—L = e s ) (7.46)

K
provided the following conditions, which specify its range of validity,
are satisfied.

1) The flow is inertia dominated

Rep >> 1 (7.47)
0

2) The flow immediately downstream of the constriction is supercriticaI

2

51

> 1 (7.48)

3) The range of variation of the pressure difference at the outlet

is such that

P p Po = Po
(22 < ( H—=) (7.49)
B B
Po min = P By = By
(_0_@3___9.)>(_9___e) & - 08 (7.50)
K3 K

At the first limit given above, the shock vanishes into the constriction

and the flow is no longer regulated. Beyond the second 1imit, the shock
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begins to oscillate along the tube and the outlet flow alsop oscillates

in time.

4) The length of the collapsible tube must be greater than the
maximum distance from the constriction at which a stable shock

can be formed. That is,

L> (x] - x])** (7.51)
A performance index (P.I.) for the flow regulator can be defined

as

P.I. = é%—-x 100% (7.52)

where Q s the specified flow rate and AQ 1is the maximum deviation
of flow rate from its specified value when the downstream pressure Po
varies over its full specified range of variation. Unfortunately, the
value of AQ cannot be predicted with reasonable accuracy by means of
the present approximate analysis and must be experimentally measured.
However, by making the specified range 1ie well within the limits
(p0 - pe)* and (p0 - pe)** , the perforﬁance index can be made to
satisfy the specifications.

The procedure for the design of the flow regulator for a given set

of specified variables (Q, p, u) is shown in Fig.

> Po max® Po min® °:
(60) and is described below,
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1) Selection of Ay, Kg, Pt

The resting area A, (or equivalently Dg), the bending stiffness
KB » and the external pressure pe are selected to satisfy conditions
(7.47), (7.48), and (7.50).

In making this selection, the designer should also be guided by
other practical considerations in the choice of materials and dimensions.
For example, the structural strength, resistance to corrosion and wear,
fabrication constraints, cost etc. should be considered. If the critical
Reynolds Number for turbulence is not exceeded, then the appropriate
friction factors should be employed in the subsequent calculations. In
employing (7.48), the area ratio aq can be apﬁroximated by the con-
striction area ratio o , and its useful practical range of variation
should be taken as 0.15 < a. < 0.45 . The wavespeed for a given a.
in computing (7.48) can be obtained from the non-dimensional plot in
Fig. (2). A convenient estimate of the flow rate Q* at which S1 =]
for the selected parameters can be obtained from Fig. (59). It is

also suggested that (p - pe) be selected to be a positive quantity

o min
and that S1 be chosen to be greater than about 3.

2) Selection of 0

Once (Aq, KB’ pe) have been chosen, the values of the normalized

flow rate (Q/Ao/ZKB7p and the normalized inlet pressure difference:

P: = P
( —J?T——fi ) are computed next. The corresponding value of the con-
B

striction area ratio o_ is then calculated from equation (7.21) or is

obtained from the plot of Fig. (57).
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If the same flow regulator is required to function over a range

of flow rates (Qmin'< Q<Q__) and a range of inlet pressures

max
(pi min < Pi < p; max), the corresponding values of the constriction

area ratio a. can be located in the plot of Fig. (57) within a

design region as shown in Fig. (61). Once again the practical lower

and upper limits of a, have been taken as 0.15 and 0.45 respectively.
3) Selection of L:

The length of the collapsible tube is found from relation (7.35)
which expresses the fact that the tube Tength must be several diameters
greater than the distance (x{ - x])** of the shock from the constriction
when it is at its furthest stable position (FSP). The value of the area
ratid ai at the entry to the shock in this position is first calculated
from (7.20) and (7.42). Then relation (7.43) is used to compute the

*%
distance (xi - x1)

4) Check on p, ..*

Finally, one must make sure that the maximum downstream
pressure is not so high as to force the shock inside the constriction
since this would cause the flow rate to fall below its specified value
for fixed inlet pressure. Thus, it must be checked that (7.49) is
satisfied by computing (p0 - pe)*/KB from (7.24) and (7.25).

If step (4) is satisfied, allowing for a suitable margin of error,
then the basic design is complete. If it is not satisfied, then the
design values of (Ag, KB’ Pes L) have to be suitably altered until all

the conditions are satisfied. For this purpose, it is useful to know how
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sensitive the design is to changes in the values of variables. A sensi-
tivity analysis of this type is given next. The actual performance index
(P.I.) defined by (7.52) can be estimated approximately using the experi-
mental correlation of Fig.(27). For more accurate values of the perfor-
mance index measurements must be made on the prototype design.
The sensitivity of the regulated flowrate to changes in design

variables can be found from equation (7.21) with o = 1 and KC= 0. The
fractional change in flow rate Q due to fractional changes in the design

variables is obtained by differentiating (7.21).

dAo dK d(p; - p.) do
Q% =, —= 4 Q(p- -p.) : = Q, -
Y B Ky i el (p; - p) c o
(7.53)
where QA =1
’ 1
Q = -
g 208 - 1)
N
Q B gy (7.54)
(P = Pe)  2(8-1) d
o P
QDL = ( 1 ~ - 1 C )
c 1 - o 2(B - 1) P(occ) da o
P. - P
B = 1 e
KB P(a )

The sensitivity coefficients are calculated for a typical design

example in the following section.

B. A Typical Flow Regulator Design

The design example that will be presented here applies to
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a situation in wﬁich a relatively large flow rate of water is to be deli-
vered from a constant low pressure source to a vessel in which the pressure
varies by as much as 100% of its average value.
The specified variables are:
Flow rate Q = 17.5 %/min (to be maintained fixed)
Source pressure p; = 35 cm H20 (fixed) .

Vessel pressure p =5 cm H20 * 1 = 15 cm H,0

o min 0 max 2

u = 0.01 gn/cm sec; p = 1.0 gm/cm3
The design procedure developed in part A gives the following results.

1) Selection of A,, KB’ Po'

s Do = 2.54 cm ; Ag = 5.067 cm®

K 400 dynes/cm2 s P T 5 cm H,0

B 2
The value KB selected corresponds to a latex rubber tube of approximately

1 mm wall thickness. This is satisfactory from the point of view of strength

and durability. These values yield

Re, = 14,620 >> 1

Do

$;° = 13.4 > 1 ( taking o ~0.2 )
( Po min = P
K

s ) =0.

B

2) Selection of a.:

Assuming a =oq KC = 0, the values obtained are:

Q/AUJ'ZKB/Q =2.035 ; ( P; = Pq )/KB = 73.58

Hence, 7ut ~0.217.
3) Selection of L:

This step yields:
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1 = 22 i **_
a' = 0.722 , ( X1 - xl) = 89.2 cmt
Hence, L =104.4 cm.

4) Check on Py max”

*
This calculation gives (p0 - pe) / Kg = 37.1 , and po* = 20.1 cm

= 15 cm H,0 so that the shock will not be driven to

H20, whereas po p— 2

the constriction at the highest vessel pressure, Hence, this design meets

all the requirements.

The sensitivity analysis yields

dQ  dA, dKg d(p; - p,) da
— = — + 0.061 + 0.439 ———— + 0.958 (7.55)
Q AO . KB (p‘i = pe) Of'c

As a result of (7.55), 1in the neighborhood of the design values

employed, an increase in each of the variables ( A, KB’ Pi = Pas O )

leads to an increase in flow rate. If A, and Kg are considered to be
fixed for this design, then the flow rate is more sensitive to changes in

constriction area ratio than to changes in inlet pressure difference.

C. Comparison Between a Collapsible Tube Flow Regulator and a

Standard Diaphragm Type Flow Regulator.

It is the purpose of this part to compare the collapsible
tube flow regulator designed in part A of this section with a typical flow
regulator design of a type used in industry for the same function. Such a
comparison serves to identify and establish the performance and cost standards

the proposed flow regulator must meet in order to be feasible.
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A flow rate control system usually consists of three key components.

1. A flow measuring device which is sometimes made up of two units, a
primary element such as an orifice plate, venturi tube, or pilot float,
and a differential pressure transmitter.

2 A controller which amplifies and/or transmits, 1in suitable form,
the differential pressure signal to the final control element."

3. A control valve which is the final control element that directly

influences the flow.

Generally, such control systems require an external source of power
such as electricity or a pressurized air line. The term regulator is |
reserved for a self-contained control system with a built in controller
and which does not require an external source of power for its operation.

It usually derives the power from the flow itself.

Regulators usually cost less than the combination controller,
transmitting device, and control valve. They are generé11y smaller,
cheaper to buy, to install, and to maintain in service. However, they
have relatively narrow ranges of operation, lack the flexibility of a
control system and have poorer performance " droop " inherent in propor-
tional controllers. When the size gets bigger, and performance demands are
also stringent, the economics begin to shift in favor of control systems.
In general, 1if either a control system or a regulator is suitéb1e, a

lower cost regulator is preferred.

A type of flow regulator usually employed in industry for flow rate
regulation, and the one considered here as typical of its class, is

shown in Fig.(63). The final control element is a valve which may be one
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of several different types. Here, it is considered to be a globe valve.
The flow rate is measured by means of an orifice plate included in the exit
pipe. It is proportional to the differential pressure developed across
the orifice plate. The controller is the diaphragm arrangement which
transmitts the differential pressure signal to the control valve. If the
size of the diaphragm required to directly operate the valve at the diffe-
rential pressure developed across the orifice plate is excessive, then a
pilot valve may be employed as in Fig.(63). It derives its source power
from the pressure at the inlet and provides an amplified differential
pressure to activate the diaphragm. The system is arranged in such a way
that an increase in flow rate causes the control valve to close thus
tending to nullify the initial flow rate increase. The base or set point

flow rate is set by means of the initial spring compression.

The design of a flow regulator of the type described above, and
meeting the specifications used for the collapsible tube flow regulator
design in section (7.3) is given in Appendix C. Table 11 summarizes the

performance predictions and cost estimates for the regulators.

The design of Appendix € was used to determine the rough sizes of
the various components of the standard flow regulator. The costs for this
regulator were in part established by consulting with a representative of
the Foxboro Company, Foxboro, Massachusetts which manufactures a wide

variety of flow control equipment.

The cost of the collapsible tube flow regulator is based on the
dimensions established in Section (7.3) and is for the configuration of

Fig.(23a). It employs a collapsible tube immersed in a tank of water,
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the surface of the water being exposed to the atmosphere. Thus, it does
not require an external, regulated air supply. The cost is based on
current material, 1labor, and overhead costs for a typical large manu-
facturing outfit. The cost thus estimated is very approximate since no
previously established cost figures exist, as this is a radically new

design for a flow rate regulator.

The performance figures for the two regulators are listed in

Table 11. The first quantity Tisted is the performance index (P.I) (also
called regulator droop) which is fhe percentage change in flow rate as
the outlet pressure varies beyond its full specified range, while the
inlet pressure is held constant. The calculation of this index for the
standard regulator was given in Appendix C. As the specified maximum
outlet pressure is only 75% of the value at the knee of the regulation
curve, the droop over this pressure range is expected to be very small.

This is substantiated by the expefimenta] plot of Fig.(27).

The next quantity of importance in characterizing the regulator
performance is termed rangeability. Rangeability is defined as the ratio
of the maximum to the minimum regulated flow rate of the regulator while
inlet and outlet pressures are kept fixed. In the standard flow regulator,
this is achieved by changing the initial spring compression A . Assuming
that A can be varied by as much as + 50%, the maximum and minimum flow rates
can be obtained from Fig.(64), for a specified regulator droop. In the

collapsible tube regulator, the rangeability was obtained by the following

way. Qmax was computed as the value for which B = O pax - 0.45 and
P. - P * p - P 2
0 e - 0 _max e . -
( —e S y - ). Q 4, was computed by setting o= o .
B B
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Po - Pe *k S e e o . .
and ( —————— ) = - 3. This is indicated in Fig.(57) which defines
K
the design Brange subject to the additional requirements that 312 >> 1, and
ReD0 >> 1,

In conclusion, it is seen from Table 11 that the performance of
the collapsible tube flow regulator is superior to that of the standard
regulator. The cost of the former is only about a third of the latter. The
collapsible tube regulator has the advantage of not having’any movable
parts but suffers from the relatively long length of tube required. The
standard regulator would require regular maintenance to eliminate friction
at the valve stem, valve seat wear, and blockage of the differential
pressure tubing. If the inlet pressure exceeds the bursting pressure of
the tube, then additional devices such as relief valves have to be
installed to ensure safety. Thus, the collapsible tube flow regulator
should be considered useful primarily at inlet pressures lower than the
tube bursting pressure. However, the use of a pressurized external chamber
or a protective cuff around the collapsible tube just before the constriction

could eliminate this requirement.
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APPENDIX A:

EXPERIMENTAL DETERMINATION OF ERRORS DUE TO
LEAKAGE CURRENTS IN PROBE AREA MEASUREMENT

In this experiment, a latex tube of the same dimensions and proper-
ties as the ones used in the tube law and shock experiments was inflated
against the walls of a rigid plexiglas cylinder of known cross-sectional
area. The inside of the cylinder was lined with aluminum foil and wetted
with salt-water. The intention was to perform the area measurement under
the most adverse conditions of external chamber conductivity and contact
resistance. The internal area of the tube could be calculated knowing
the wall thickness of the tube and the internal diameter of the rigid
tube. A rigid reference section was also arranged in series with this
tube section as shown in Fig.12 . Since all areas and lengths of the
probe and reference section are known, the value that the ratio of the
probe voltage to the reference voltage should take was also known.

During the experiment, the ratio of these voltages was measured for
different frequencies, varying from D.C. to 800 kHz. It was observed
that the deviation of this ratio from that calculated increased with
increasing frequency. The cumulative error was of the order of 6% at
approximately 500 Hz. When the same experiment was performed without
the metal foil or salt-water on the outside, the deviation was negli-
gible. Thus, it was concluded that under the conditions prevailing in
the actual tube law and shock experiments, when the external conducti-
vity is much smaller, the error in area measurement due to leakage cur-

rents would be well within the self-imposed 4% 1imit.
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APPENDIX B:
ESTIMATION OF CONSTANTS APPEARING IN THE
PERTURBATION ANALYSIS OF PRECURSOR WAVES

In this appendix, constants a and b appearing in the pertur-
bation analysis of section (4.5) and defined by expressions (4.74) are
estimated. These values are calculated for the location x = 31.6 cm in
the experimentally obtained area and pressure distribution given in Figs. (31)
and (31s). At this point, the mean curves intersect the distributions
and the wavelength is measured as indicated in Fig.(16). The measured
values of area ratio, flow rate, and wavelength are 0.40, 21.0 % /min,
and 43.0 cm respectively. Once a and b are calculated and approximation
(4.81) is justified, expression (4.86) can be used to compute the appro-
ximate theoretical value of the wavelength in the neighborhood of this
location.

Constants a and b can be defined by

=2
(§°-1)
2z — (B.1)
=
S F (M+7)
b= (B.2)
€
where
. L= (8.3)
4022D0 V1 - o
= . 0.0791 1 (B.4)
" Re 0.25 e
Do
Rey - o [ (B.5)
D —_—
Vv
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The data obtained from the distributions are

0.40 ; X=4.30 cm

)

2

Q=21.0 %min ; Ao=4.53 cm

The value of wave speed ¢ and parameter M corresponding to

are obtained from Figs.(2) and (13) respectively.

C =31.54 cm/fsec ; M = 2,91.

Also, ¥ = 1.0
u = = 193.16 cm/sec
Ao
s= - -g.125.
c
Hence,

32 = 37.52 >>1.

Taking v= 0.01 cm’/sec, from (B.5) and (B.4)

Rep = 18,560 ; T = 0.0169

= 0.40

The wall tension T 1is approximated as before from the initial strain,

TaEte, = (1.6 x 107 dynes/cn?)(0.083 cm)(0.06) = 7.97 x 10° dynes/cm

Therefore, from (B.3)

e = 4,072

From (B.1) and (B.2)
a = 2.989
b = 0.609
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Hence,

-3/

ba = 0.11 <1

Thus, approximation (4.81) would be valid and the wavelength X
is given by (4.86)
2

N = 2.008
B ¥ 3a

Hence, A = 5.33 cm while the experimentally obtained value for

X is 4.30 cm.
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APPENDIX C
DESIGN OF A STANDARD TYPE DIAPHRAGM ACTUATED
FLOW RATE REGULATOR

In this appendix, the equations governing the steady state operation
of a diaphragm operated flow rate regulator will be derived. Subsequently,
they will be used to design a flow regulator satisfying the operating
conditions specified for the collapsible tube flow regulator in Section
T+3:

The basic configuration of this flow rate regulator is shown in
Fig. (63). The control element is a valve which may be one of many
different types. Here, it will be considered to be a globe valve.

The valve is opened or closed by the diaphragm driven valve stem. The
pressure applied across the diaphragm is the differential pressure
developed across the orifice plate placed at the exit of the valve. This
differential pressure jis proportional to the kinetic energy of the fluid
at the exit. The system is arranged in such a way that an increase in
differential pressure leads to the closing of the valve which in turn
decreases the flow rate. Thus, it acts as a feedback mechanism tending
to maintain a steady flow rate preset by means of the initial compression
of the spring. The size of the.diaphragm required to operate the valve,
especially for low flow rates, can be reduced by using a pilot valve
connected as shown. It employs the inlet line pressure as a power source

and acts as a fluid amplifier producing an output pressure difference
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equal to a multiple of the value of the input pressure difference. 1In

the following analysis, nonlinearities such as those due to friction
experienced by the valve stem, change in effective area of the diaphragm,
and spring nonlinearities will be neglected. Further, only incompressiblie
fluids will be considered.

The flow rate at any location is given by,

Q = Au = (aAu (c.1)

where A, 1is the pipe area at the exit and the area ratio is defined
as o = A/A; . The position of the diaphragm at which the valve is
fully closed is designated x = 0 . In this position the spring has
an initial compression equal to A . The variation of flow area AV

at the valve throat is assumed to be linear with x so that

a, = o X/% (C.2)

where A = Aja is the throat area when the valve is fully open and ¢
is the 'travel of the valve.

Balance of forces on the valve stem gives:
(py - PP)E - (py = p) Ap+k(a-x) = 0 . (C.3)

where AD is the effective diaphragm area, k 1is the spring constant,
(pé ~ p;) is the differential pressure delivered by the pilot valve in
response to the orifice pressure differential (p2 - pr). If the pilot
valve gain is G(= 1 1if directly connected in the absence of the pilot

valve), then
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(p5 = pp) = G(py - p,) (C.4)
Thus, (C.3) can be recast as

Py =P, 3 Py = P
| St G = [=p=Sle®liagl = 0 (c.5)

where the equivalent diaphragm stiffness KB is defined by
= ka
K = A (Ccﬁ)

The variation of pressure at selected locations along the flow path are
obtained by the modified Bernoulli relation accounting for the flow

losses. Thus,

2
p; * %— oU§ = pp+ (1 +K) %—puv (c.7)
By = bt oo = R (1K) 3 ey (c.8)
2 2
Pp = Py * %—puo + (K, + K) ;—pur (C.9)

In writing (C.8), the pressure p, measured at the upstream orifice
tap is taken to be equal to the stagnation pressure and the pressure
Pp is taken to be equal to the pressure within the orifice jet flow.

The coefficients K , K., K. are the loss coefficients at the valve

v? ¢’ e
throat, at the orifice entry, and at the orifice exit respectively. An
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assumption implied in (C.7) - (C.9) is that
ReDD = Q/VEATRy, >> 1 (c.10)

From (C.1) and (C.7) - (C.9) one obtains

p "P (]+K) ~ A
(_j%?__ﬁ,) = "“"E—E—' Q2 s O = — N (C.11)
B OLY‘ Ao)fZKB/p
P: - P K A
(—1K;—])=(lg~%+—‘2’-)0 (C.12)
O'.-I CL.I G.V
P, - p A 1 K+ K K
i 0 c e v
(S = B0 -t e ) (c.13)
oy oy Chy
Substituting from (C.2), (C.11) and (C.12) in (C.5) we obtain
T
Qz = ( ('H.K) _A = K ) (C..M-)
G Cc _L(l__'l + V)
A N A )
% . i v

By elimination of o, between equations (C.13) and (C.14) it is
possible to obtain the flow regulation characteristic for the regulator

as
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p ap
—x— = f(Q") (C.15)
B

In this design it will be assumed that a; = ap = 1 . Then

(C.13) and (C.15) become

p'-p ~ K+K K
(L—2) = * (52 + ) - (C.16)
B o, o,
122 N
A -
g
G c & Vv
az % a2
r v

The design specifications employed here are the same as those

specified for the collapsible tube flow regulator. They are

Q = 17.5 g¢/min

P; = 35 cm H20

Po min = 2 cm HO

By s = 15 cm Hy0
u = 0.01 gm/cm-sec
o = 1.0 gm/cm3

The regulator can be designed without the assistance of a pilot
valve so that G =1 . The other chosen variables are

o, = 0.25, /A = 0.25, Ke = 0.5, KV = 0.8, K, =0.28 .
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Equations (C.16) and (C.17) yield the plot of Fig. (64) for the

variation of Q vs. (p.

g @ PO)/KB . As yet, however, A, and KB

have not been specified. An operating point is selected on the

relatively flat and linear portion of the curve as
Q = Q/Ag/2K87p = 0.125
(p'i = pO)/KB = 0.9

Selecting Po equal to the mean exit pressure for the operating

point gives

Kg = 21,800 dynes/cn’
Ay = 11.2 cm®
Thus,
Dg = 1.5 inches .
Hence,
Ay = aDAo = 44.8 cm2
DD ~ 3 inches .

The values of k , %, A can be chosen to give the value of KB
calculated above and the relation £ = 0.25 A used in the design.
From the plot of Fig. (64), in the linear region of regulation,

the "droop" inherent in this design is given by
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0.129 - 0.121

0.125

) x 100

6.4%
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APPENDIX D:

TECHNICAL SPECIFICATIONS OF INSTRUMENTS USED

The relevant specifications are given below:

(1) Bell and Howell Physiological Pressure Transducer 4-327-I.
Specifications: Range -50 to 300 mm Hg; sensitiVity 50 uV/V/cm Hg;
compliance 0.04 mm3/100 mm Hg; input and output impedance 600 and 300
respectively; frequency responsé 10 kHz; nonlinearity and hysteresis
+0.5% of F.S.; zero temperature shift < 0.14 mm Hg/°F.

(2) Teledyne Philbrick FET Instrdmentation Amplifiers Model 4253.
Specifications: Gain 1-6000; input impedance 103 Q; output impedance 1q
CMRR 110 dB min up to 100 Hz; 1 wV/°C maximum drift; 2 uY p-p noise;
differential configuration.

(3) Honeywell Test Div. Visicorder Oscillograph 1508A.

Specifications: M1650 galvanometers; frequency response +5% flat up to
1000 Hz; time markers 0.01 to 100 sec in factors of 10; wide range of
paper speeds.

(4) Hewlett-Packard Function Generator 3311A.

Specifications: Frequency range 0.1-100 kHz; maximum output 10 VDC;
D.C. output offset capability.

(5) Fluke Digital Voltmeter Model 8600 A.

(6) Twin Channel Stabilized DC Power Supply.

Specifications: 2-30 VDC output volts; 1 A output current; can be operated
in constant voltage or constant current modes; 0.1% line and output

voltage regulation; 0.1 mV output ripple.
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TABLE 1.
Area Ratio Friction Factor f
Flow Regime and Re. = Q\/__"f_
Shape DO_ v TFAU
o < 0.36 ¢ = 0.0791 \/z
Re 0.25 o
Dy
. _ ReDD
By = =
= h Yo
Ll
—_
=
&
= 0.36 <a<1.0 | o _ 0.0791 1
ReDo.zs oL
h
ReDh = ReD0
% R0 f o= o x 1.969
B D
h
. Rep
eD -
h V20,
=
= 16 1
= 0.36 <a<1.0 £ = 10 1
z:: - - ReD o
-
ReDh = ReDo
a>1.0 16
B Po= Rey)
h
ReD = ReDg




Quantity

Reynolds Number
based on resting
diameter

Inlet Reynolds
Number based on
hydraulic diameter

Inlet Speed Index

Constriction Area
Ratio

Flow Rate
Longitudinal Prestrain

Shock position from
Constriction

Tab

170

le 2

Symbol

Range

12,000

18,000

2l

0.17 -

13.5 -

0.06

10 -

- 20,000

33,000

- 11

23 /min

(fixed)

15



TABLE 3.

ANALOGOUS PHYSICAL QUANTITY

COLLAPSIBLE TUBE FLOW

GAS DYNAMIC FLOW

OPEN CHANNEL FLOW

FLOW  SPEED

FLUID PRESSURE

MASS STORAGE VARIABLE

EQUATION OF STATE

WAVE  SPEED

SPEED INDEX

u

p

A
A=A(p—p)
2 A d(P RPs)

pd

'SPEED
S=U/C INDEX

u

MACH
M=u /C numBER

u

FROUDE
F=u/c NMBER

L1



TABLE 4.

RN 1 Fia]l  Q 1 - o o a2 2 T T L /D
no. | no.furt/min] © ! 1 1 2 2 low lyl] s o
T 130 | 23.0 |0.195 |0.227 |0.421 | 0.542 | 0.960 | 1.024 | 28.1 | 30:0 | 1.949
> 13| 210 lo19s o223 |oaz1 |oo538 |o0.9s0 | 1.018 | 3006 | 31.5 | 2.047
S 131 1880105 {0217 |oa00 |o.582 |o0.985 | 1.008 | 3a.1 | 35.2 | 2.007
1 1331 1755 Lo1es o218 | o042z |o.so1 |o0.995 | 1.008 | 35.1 | 37.0 | 1.969
s 3| 22070213 | 0242 |o0a20 |o.530 |o0.965 | 1.018 | 32.0 | 32.7 | 0.98a
e 135 | 215 | 0213 |o.289 | 0423 |o0.521 |o0.983 | 1.019 | 27.6 | 28.5 | 1.161
7 13 | 200010213 0317 o480 |o570 |o0.987 | 1009 | 2805 | 29.7 | 1.772
s 130] 179910213 | o276 |o0.a52 |o0.581 |o0.960 | 1.004 | 36.1 | 37.5 | 2.520
o la | 1500 10213 0202 |o0.a57 | o570 |o0.972 | 1.001 | 34.4 | 37.1 | 3.050
10 a1l 1305|0213 |o.28a |o0.382 |o0.600 |o0.965 | 0,996 | 37.1 | 39.7 | 3.110
11 laz | 2221 | o279 | o318 | o500 |o0.657 |o0.082 | 1.007 | 34.3 | 36.5 | 1.575
12 a3l 1579|0279 |o0.383 |0a70 |o0.607 |o0.980 | 1.003 | 34.7 | 36.2 | 1.673
13 laa ! 170 | 0279 | o0.320 |o0.a87 |o.550 | o0.047 | 1.000 | 33.2 | 35.6 | 2.224
14 45 15.0 0.279 0.364 0.520 0.640 0.960 0.991 34.3 36.8 2.264
e 1371 200010332 0397 |o587 |oes0 |1.001 | 1,001 | 3101 | 33.7 | 2.559
1o 138l T2 o332 | 0377 o597 |o678 |o0.995 | 1.000 | 32.7 | 35.3 | 3.150
17 lae | 2208 10332 o375 |os20 |o678 |o0.980 | 1.002 | 37.1 | 380 | 2.283
18 laz | 2270 10378 o427 |ose7 {0710 |o0.930 | 1.000 | 36.2 | 2.6 | 3.346
19 las | %000 | 0378 | 0/432 | o597 |o0728 |o0.008 | 0.996 | 39.2 | a1.3 | 3.622

FLOW RATE = Q , AREA RATIO = A/A0 =0, Do = 2.54 CM.,

REFER TO FIGURES (5) & (16)

FOR EXPLANATION.OF .NOTATION.

el



TABLE 5.

REFER TO FIGURES (5) & (16) FOR EXPLANATION_OF NOTATION.

RUN |FIG | S 5! 3, s C c c C
NO. |NO. 1 1 1 & P P B po
1 |30 | 5.978 | 8.739 | 6.491 | 0.113 | 0.140 | 0.830 | 0.488 | 0.498
2 (31 | 5.957 | 7.979 | 5.829 | 0.099 | 0.130 | 0.905 | 0.485 | 0.497
3 |32 | 5.200 | 7.685 | 5.306 | 0.096 | 0.155 | 0.702 | 0.476 | 0.491
4 |33 | 4.820 | 7.661 | 5.445 | 0.089 | 0.185 | 0.670 | 0.465 | 0.483
5 [3a | 5.239 | 9,721 | 6.572 | 0.107 | 0.110 | 0.639 | 0.473 | 0.483
6 [35 | 6.732 | 8,789 | 6.350 | 0.102 | 0.210 | 0.779 | 0.476 | 0.4s8
7 |36 |10.028 | 7.581 | 5.344 | 0.100 | 0.220 | 0.674 | 0.485 | 0.498
8 (39 | 3.340 | 6.817 | 4.686 | 0.115 | 0.150 | 0.601 | 0.488 | 0.504
9 [a0 | 2.873 | 5.673 | 3.941 | 0.128 | 0.180 | 0.772 | 0.487 | 0.510
10 |41 | 2.743 | 4.224 | 3.412 | 0.186 | 0.160 | 0.737 | 0.500 | 0.529
11 |42 [11.001 | 7.527 | 4.983 | 0.116 | 0.155 | 0.622 | 0.494 | 0.506
12 |43 |10.837 | 6.675 | 4.969 | 0.139 | 0.190 | 0.521 | 0.495 | 0.509
13 (44 |'8.734 | 7.442 | 4.638 | 0.161 | 0.160 | 0.450 | 0.474 | 0.490
14 a5 | 7.524 | 4.415 | 3.505 [ 0.331 | 0.190 | 0.600 | 0.500 | 0.523
15 |37 |8.834 |6.432 | 4.578 | 0.171 |0.270 | 0.630 | 0.496 | 0.512
16 |38 | 8183 | 5.261 | 3.699 | 0.163 | 0.240 | 0.587 | 0.499 | 0.521
17 [46 |10.924 | 6.409 | 4.904 | 0.175 | 0.190 | o0.591 | 0.499 | 0.510
18 |47 |'8.472 | 5.450 | 4.388 | 0.208 | 0.230 | o0.689 |0.471 | 0.479
19 a8 | 7.840 | 4.860 | 3.819 | 0.276 | 0.167 | 0.580 | o0.485 | 0.500
SPEED INDEX = S = u/c , PRESSURE RECOVERY COEFFICIENT = C (INLET AT x),EXIT AT x
= ¢ (INLET AT x],EXIT AT x;

)
)

€LL



TABLE 6.

RUN cM , . j i
NO. C 2an xmn@M Cpmn %mn umnﬂg 2an Cpmn %mn umn-C-%
1 0.129 | 39.50 | 0.022 | 0.512 | 174,1 0.097 0.008 | 0.460 | 195.0
2 0.066 | 34.10 | 0.021 | 0.428 | 210.5 0.060 0.018 | 0.390 | 232.5
1 3 0.061 | 29.20 | 0.016 | 0.377 | 241.1 0.048 0.013 | 0.348 | 262.8
4 0.067 | 25.20 | 0.007 | 0.341 | 268.6 0.050 0.002 | 0.310 | 298.0
5 0.032 | 21.50 | 0.005 | 0.301 }| 307.7 0.033 0.005 | 0.292 | 318.1
6 0.036 | 18.20 | 0.004 | 0.275 | 339.8
1 6.85 0.116 | 40.20 | 0.028 | 0.509 | 160.0 0.096 0.028 | 0.435 | 188.9
2 5.25 0.081 | 34.20 | 0.033 | 0.425 | 193.6 0.062 0.025 | 0.401 | 206.0
2 3 4,00 0.066 | 29.50 | 0.023 | 0.382 | 217.0 0.050 0.016 | 0.359 | 232.0
4 4,70 0.046 | 25.10 | 0.017 | 0.341 | 245.3 0.017 0.003 | 0.326 | 257.5
5 3.30 0.025 | 21.20 | 0,001 | 0.312 | 270.1 0,033 0.003 | 0.299 | 283.0
6 3.00 0.040 | 18.00 | 0.000 | 0.285 | 298.3
1 6.50 0.114 | 40.70 | 0.039 | 0.530 | 137.2 0.095 0.034 | 0.455 | 161.2
2 5.40 0.090 | 34.80 | 0.035 | 0.430 | 171.2 0.070 0.025 | 0.399 | 185.4
3 3 5.15 0.066 | 29.50 | 0,028 | 0.391 | 189.5 0.045 0.018 | 0.379 | 196.0
4 5.50 0.050 | 24.40 | 0.015 | 0.362 | 205.9 0.025 0.005 | 0.335 | 223.8
5 4,00 0.030 | 19.45 | 0.003 | 0.320 | 235.3 0.026 -0.001 | 0.299 | 253.4
6 3.00 0.023 | 16.00 }-0.002 | 0.283 { 269.1 0.020 -0.003 | 0.263 | 291.8
REFER TO FIGURE (16) FOR EXPLANATION OF NOTATION.

SUBSCRIPT 'm* DENOTES MEAN QUANTITIES MEASURED FROM MEAN CURVE.

174}




TABLE 6,

(Continued)

RUN M1 4 ' . ' : M
no.| " An CM 2an Xmn CM Cpmn %mn | Ymn S N1 CM 2an Xon CM Cpmn %mn | Ymn S
1 6.15 | 0.120 | 38.00 | 0.038 | 0.483 | 140.9 5.50 | 0.104 | 34.60 § 0.034 | 0.433 | 158.2

2 5.85 | 0,090 | 32.15 | 0.039 | 0.428 | 160.2 5.25 | 0.061 | 29,20 | 0.026 | 0.383 | 180.4

3 4,10 | 0.061 | 27.15 | 0.026 | 0.372 | 186.1 3.45 | 0.048 | 25.00 | 0.017 | 0.360 | 192.8

41 4 4.20 | 0.060 | 23.00 | 0.011 | 0.348 | 200.0 4.20 | 0.032 | 21.00 | 0.002 | 0.330 | 211.8
5.] 4.00 | 0.030 | 18.85 | 0.002 | 0.319 | 219.7 3.15 | 0.018 | 17.20 {-0.005 | 0.301 | 234.1

6 2,55 | 0.024 | 15.80 [-0.009 | 0.292 | 242.1 3.60 | 0.035 | 13.80 [-0.003 | 0.274 | 259.6

7 4,60 | 0.026 | 12.00 | 0,001 | 0.255 | 281.2 4.80 | 0.025 | 9.60 0.000 | 0.233 | 311.0

1 9.00 | 0.151 } 37.40 | 0.000 | 0,503 | 175.1 6.00 | 0.129 | 33.10 {-0.004 | 0.449 | 197.4

2 5.40 | 0.105 | 30.10 | 0.007 | 0.440 | 201.7 4,45 | 0.095 | 27.80 | 0.002 | 0.403 | 221.5
513 3.65 | 0.067 | 25.60 | 0.006 | 0.392 | 228.2 3.60 | 0.065 | 23.80 | -0.004 | 0.378 | 237.3
4 3.35 | 0.065 { 22.20 |-0.005 | 0.360 | 250.1 3.50 | 0.057 | 20.20 | -0.008 | 0.348 | 259.4

5 3.50 { 0.036 | 18.80 | 0.000 | 0.338 | 267.7 3.00 | 0.045 | 16.90 | 0.006 | 0.321 | 283.1

6 3.65 | 0,025 | 15.20 | 0.014 | 0.307 | 297.2 4.80 | 0.031 | 13.20 | 0.014 | 0,280 | 328.8

1 6.90 | 0.200 | 38.20 | 0.044 | 0.495 | 168.7 5.75 | 0.176 | 34,90 | 0.039 | 0.450 | 186.6

6 2 5.50 | 0.156 | 31.90 | 0.050 | 0.428 | 196.8 5.50 | 0.135 | 29.30 | 0.041 | 0.407 | 207.6
3 4,80 | 0.117 | 26.60 | 0.045 | 0.407 | 207.6 5.00 | 0.075 | 24.00 | 0.023 | 0.379 | 224.1

4 5.20 | 0.007 | 21.80 | 0.025 | 0.343 | 249.5 5.40 | 0,061 [ 18.80 | 0.019 | 0.325 | 264.6

1 7.25 | 0.233 | 39.20 | 0.060 | 0.522 | 148.4 7.40 | 0.200 | 34.60{ 0.053 | 0.501 | 154.9

7 2 6.90 | 0.184 | 32.20 | 0.058 | 0.502 | 154.6 4,70 | 0.157 | 28.50 | 0.044 | 0.432 | 181.2
3 5.60 | 0.146 | 25.80 | 0.046 | 0.413 | 190.1 5.30 | 0.093 | 23.50| 0.030 | 0.381 | 207.3

4 4,40 | 0.098 | 20.75 | 0.023 | 0.362 | 219.0 5.20 | 0.092 | 18.20| 0.016 | 0.352 | 225.7

74N



TABLE 6. (Continued)

A rocm | o2 x oMl ¢ o o o] 2 [x o c ot | M
no. | " % mn pmn mn mn S| 'n N mn pmn mn mn S
1 8.05 | 0.157 | 39.60 { 0.028 | 0.540 | 128.1 7.25 | 0.156 | 34.80 | 0.034 | 0.470 | 148.3

2 8.05 | 0.125 | 31.60 | 0.044 | 0.453 | 154.2 6.50 | 0.102 | 28.00 | 0.037 | 0.401 | 175.6
8|3 5.55 | 0.116 | 24.70 | 0.027 | 0.400 | 176.1 5.25 1 0.077 | 22.15 | 0.009 | 0.380 | 186.0
4 4,85 | 0.080 | 19.50 | 0.006 | 0.360 | 197.2 5.35 | 0.063 | 16.90 {-0.002 | 0.342 | 208.4

5 5.25 | 0.054 | 14,50 | 0.002 | 0.322 | 222.5 5.05 | 0.070 | 11.80 | 0.010 | 0.308 | 233.5

1 9,75 | 0.172 | 37.50 | 0.038 | 0.530 | 109.5 8.00 | 0.162 | 32.20 | 0.041 | 0.482 | 121.0

9 2 7.60 | 0.145 | 28.80 | 0.048 | 0.440 | 133.3 6.50 | 0.107 | 25.00 | 0.030 | 0.385 | 153.7
3 6.60 | 0.120 | 21.75 | 0.025 | 0.372 | 159.5 6.75 | 0.095 | 18.40 | 0.012 | 0.353 | 168.8

4 6.00 |{ 0.090 | 15.50 { 0.014 | 0.340 | 175.8 5.50 | 0.123 { 10.25 | 0.029 | 0.310 | 194.3

1 11.25 | 0.160 | 39.00 | 0.065 | 0,540 96.6 8.50 | 0.132 | 34.30 | 0.052 | 0.483 | 108.7

10 2 6.55 | 0,125 | 30,00 | 0.052 | 0.440 | 120.0 8.10 | 0.080 | 25.90 | 0.029 | 0.400 | 132.8
3 7.80 | 0.083 | 22.80 | 0.028 | 0.394 | 135.0 6.25 | 0.080 | 18.75 | 0.027 | 0.375 | 142.3

4 6.20 | 0.100 | 15.80 | 0.019 | 0.350 | 153.3 6.30 | 0.080 | 12.50 | 0.010 | 0.315 | 171.9

1 7.90 | 0.208 | 37.80 | 0.012 | 0.590 | 144.2 7.30 | 0.169 | 33.70 |-0.004 | 0.520 | 164.6

2 6.60 | 0.147 | 30.60 | 0.006 | 0,500 | 171.5 6.00 | 0.146 | 27.00 | 0.007 | 0.441 | 195.9

11 3 5.35 | 0.133 | 24.50 | 0.013 | 0.433 | 199.8 4,60 | 0,109 | 21.70 | 0.002 | 0.422 | 205.3
4 5.00 | 0.118 | 19.40 {-0.001 | 0.422 | 205.3 4.30 | 0.106 { 17.30 |-0.005 | 0.379 | 230.3

5 4,05 | 0.092 | 14.80 | 0.000 | 0.352 | 249.4 4,70 | 0.090 | 12.80 | 0.000 | 0.340 | 258.9

i 8.20 | 0,205 | 37.60 | 0.015 | 0.572 | 134.1 7.60 | 0.192 | 33.00 | 0.018 | 0.530 | 145.3

2 7.65 | 0.182 | 29.70 | 0.020 | 0.512 | 150.7 6.50 | 0.160 | 25.80 | 0.011 | 0.468 | 165.6

124 3 .| 5.45.] 0.165.f 23.20.| 0.007.| 0.461 | 168.3 | 5.70 | 0.126 | 19.70 |-0.012 | 0.422 | 184.9
4 5.05 | 0.126 | 17.80 |-0.013 | 0.419 | 186.3 3.80 | 0.110 | 14.80 |-0.015 | 0.392 | 200.0°

5 4,05 { 0.065 | 13.40 |-0.003 | 0.385 | 203.9 4,60 | 0,096 | 10,70 | 0.012 | 0.372 | 211.6

9/1



TABLE 6. (Continued)
RUN CM 1 1 1 1 1 1 _(_:_M
No. | P A CM Ean xmn CM Cpmn an | Y S An CM 2an Xan CM Cpmn a | Yon TS
1 8.00 | 0.234 | 33.70 | 0.017 | 0.560 | 117.1 7.70 | 0.207 | 29.20 | 0.008 | 0.480 | 137.8
15 | 2 8.00 | 0.202 | 25.80 | 0.010 | 0.474 | 139.6 6.50 | 0.157 | 22.20 [-0.012 | 0.438 | 151.8
3 5.75 | 0.146 | 18.80 |-0.007 | 0.432 | 154.1 5.10 | 0.130 | 16.30 |-0.015 | 0.400 | 167.2
4 5.25 | 0.098 | 13.50 | 0.002 { 0.382 | 175.7 6.20 | 0.115 | 10.50 | 0.012 | 0.358 | 188.4
1 1 12.25 | 0.287 | 37.20 | 0.031 | 0.572 | 101.1 9.40 | 0.260 | 30.30 | 0.017 | 0.482 | 121.0
12 8.65 | 0.228 | 26.60 | 0.029 | 0.481 | 121.3 7.35 |1 0.175 | 21.90 | 0.005 | 0.421 | 139.7
3 6.80 | 0.162 | 18,80 | 0.011 | 0.400 | 147.6 6.10 | 0.122 | 15,30 [-0.011 | 0.381 | 155.5
1 8.35 | 0.372 | 34.60 | 0.025 0.621 | 123.7 5.45 | 0.334 | 30.25 | 0.006 | 0.600 | 128.2
15 | 2 6.40 | 0.258 | 27.30 | 0.042 | 0.580 | 132.8 6.70 | 0.226 | 24.30 | 0.029 | 0.542 | 142.6
3 6.00 | 0.233 | 21.10 | 0.026 | 0.505 | 153.6 5.00 | 0.209 | 18.40 | 0.013 | 0.472 | 165.0
4 4,50 | 0.180 | 15.75 | 0.023 | 0.461 | 169.2 6.30 | 0.156 | 12.80 } 0.009 | 0.439 | 178.2
16 1 10.80 | 0.240 | 36.20 | 0.059 | 0.640 | 103.1 9,70 | 0.208 | 30.70 | 0.044 | 0.550 | 120.8
2 7.45 | 0.200 | 27.00 | 0.047 | 0.535 | 124.3 7.15 | 0.170 | 22.20 | 0.031 | 0.510 | 130.7
3 9.00 | 0.212 | 18.70 | 0.015 | 0.481 | 139.1 8.10 | 0.212 | 14.60 | 0.014 | 0.431 | 156.3
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TABLE 6. (Continued)

RUN CM . ' ' ' ' CM
No. | ! An CM 2an Xan CM Cpmn el Yo 51 An CM Zan Xon CM Cpmn %N S
I 7.00 | 0.220 | 40.65 | 0.036 | 0.635 | 137.7 7.65 | 0.187 | 35.75 | 0.022 | 0.580 A
2 7.80 | 0.192 | 33.35 | 0.020 { 0.572 | 153.6 6.50 | 0.164 | 28.65 | 0.010 | 0.530 4
17 | 3 6.33 | 0.140 | 26.20 | 0.018 | 0.520 | 169.8 5.55 | 0.120 | 22.60 | 0.010 | 0.491 A
4 5.45 | 0,120 | 20.00 | 0.011 | 0.480 | 184.8 5.30 | 0.113 | 17.20 | 0.005 | 0.452 9
5 4.88 | 0.113 | 14.90 | 0.005 | 0.442 | 201.6 5.60 | 0.130 | 11.70 | 0.013 | 0.413 .8
1 10.75 | 0.290 | 36.90 | 0.040 | 0.650 | 129.7 7.90 | 0.235 | 31.70 | 0.019 | 0.588 .0
18 2 7.00 | 0.225 | 28.00 | 0.025 | 0.575 | 147.4 5.50 | 0.185 | 24.90 | 0.008 | 0.548 1
3 6.70 | 0.168 | 21.20 | 0.010 | 0.534 | 159.3 7.50 | 0.132 | 18.40 |-0.003 | 0.498 5
4 6.10 | 0.110 | 15.20 | 0.004 | 0.475 | 180.3 5.80 | 0.142 | 11.80 | 0.015 | 0.458 A4
1 12.40 | 0.215 | 41.70 | 0.014 | 0.680 | 112.5 | 10.05 | 0.205 | 37.00 | 0.012 | 0.620 .9
19 2 | 7.60 | 0.206 | 31.60 | 0.010 | 0.591 | 130.2 7.90 | 0.184 | 28.00 | 0.000 | 0.572 ¥
3 7.10 | 0.154 | 24.50 | 0.012 | 0.549 | 140.7 5.70 | 0.145 | 21.20 | 0.008 | 0.514
4 6.40 | 0.145 | 17.70 | 0.007 | 0.489 | 158.9 8.00 | 0.143 | 14.40 | 0.006 | 0.465

8LL
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TABLE 7.

RUN [FIG C1 C2 CORR.
NO. |NO. COEFF.
1 30 | 3.153 -1.056 | 0.903
2 31 | 3.658 -1.284 | 0.920
3 32 | 3.155 -1.079 | 0.866
4 33 | 3.461 -1.238 | 0.870
5 34 | 5.959 -2.253 | 0.916
6 35 | 3.437 -1.174 | 0.909
7 36 | 3.086 -1.029 | 0.856
8 39 | 2.863 -0.924 | 0.890
g 40 | 2.776 -0.888 | 0.970
10 41 | 3,200 -1.100 | 0.835
11 42 | 3.839 -1.354 | 0.969
12 43 | 4.775 -1.800 | 0.952
13 44 | 3.658 -1.311 | 0.898
14 45 1 4,241 -1.575 | 0.994
15 37 }3.523- | -1.273 | 0.770
16 38 | 4.611 -1.769 | 0.890
17 46 | 3.466 -1.199 | 0.911
18 47 | 4.518 -1.669 | 0.917
19 48 | 5.462 -2.142 | 0.943

LINEAR LEAST SQUARES FIT T0 Log;, A Vs
= L+ Gy logyg uy

Log10 A

Log10 U



Table 8

FLOW REGULATOR DATA FOR ( x; - x,) = 0, a_ = 0.213
Q 4/MIN | p cm Hy0{p, cm Ha0|p, cm Hy0 pi;pe p”;pe * pOépe)*
i B g exp|  Kp 'mn
11.0 36.08 | 26.30 | 14.41 | 54.46 | 29.88 27.17
13.0 39.87 | 26.83 | 14.41 | 63.98 | 31.21 32.83
15.0 39.77 20.72 14.41 63.73 15.86 32.78
17.7 47.87 | 34.93 | 14.41 | 84.01 | 51.57 44.70
20.0 59.23 | 38.40 | 14.41 | 112.63 | 60.29 61.52
Note: K, = 406 dylnes/cm2

B
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Table 9.

RUN No. SLOPE Repy 2, % ERROR | xi- x1 X1= X1 % ERROR
Do |EXP| Do |TH
1 0.0226 20323 0.0133 41.2 | 11.06 14.64 -32.4
2 0.0222 18556 0.0136 38.7 | 12.05 14.61 -21.2
3 0.0203 16662 0.0139 31.5 | 13.43 13.14 2.2
4 0.0203 15463 0.0142 30.1 | 13.82 14.38 - 4.1
5 0.0205 20058 0.0133 35.1 | 12.68 13.24 - 5.1
6 0.0141 18997 0.0135 4.3 | 10.87 9.94 8.6
7 0.0222 17672 0.0137 38.3 | 11.22 11.88 - 5.9
8 0.0179 15816 0.0141 21.2 | 14.21 12.48 12.2
9 0.0203 13254 0.0147 27:6 | 13.54 11.06 18.3
10 0.0179 11929 0.0151 15.6 | 14.61 10.47 28.4
11 0.0230 19528 0.0134 41.7 | 13.50 13.60 - 0.7
12 0.0188 17584 0.0137 27.1 | 13.66 9.24 32.4
13 0.0189 15021 0.0143 24.3 | 13.07 11.69 10.6
14 0.0190 13254 0.0147 22.6 | 13.50 10.58 21.6
15 0.0222 17672 0.0137 38.3 | 12.24 13.85 -13.2
16 0.0216 15198 0.0143 33.4 | 12.87 15.44 ~20.0
17 0.0180 20146 0.0133 26.1 | 14.61 10.92 25.3
18 0.0180 19439 0.0134 25.6 | 14.25 11.94 16.2
19 0.0178 17672 0.0137 23.0 | 15.43 12.03 22.0
EXP - THEO
% ERROR = 100

EXP

18l
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Table 10

LIST OF FLOW REGULATOR VARIABLES

SPECIFIED VARIABLES

Flow Rate Q ( Quax > > Qipy )

Inlet Pressure p; ( Pi max > Pi > Pi min )

Outlet Pressure Po ( Py max > Py > Po min )

Fluid Viscosity n

Fluid Density o

.DESIGN VARIABLES

Primary Design Varijables:

Resting Area Ag = %nDy? ]

Tube Bending Stiffness KB & T -

Tube Length L -

External Pressure Pa

Constriction Area Ratio o« = AR

Control__Variables

Wall Pretension Tj

Secondary Design Variables:

Rigid Inlet Area Ai
Rigid Outlet Area Ae

Loss Coefficients Kc’Ke
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TABLE 11.

Collapsible Tube Flow

Standard Flow Regulator

Regulator

Specifti-
cations Fluid: Water; Flow Rate: 17.5 2/min

Inlet Pressure: 35 cm H,0

Outlet Pressure: ( 5-- 15 ) cm H,0

Tube: Latex Rubber Globe Valve, Diaphragm
Mate- Tank body, End pipes, Actuator, Orifice Plate,
rials Constriction,and and Flanges: Bronze

Hand-wheel: Hard Alumi-

num Alloy
Nominal Tube Diameter: 1 in. InTet and Outlet
Dimen- Tube Thickness: 1 mm Pipes : 1.5 in. I.D.
sions Tube Length: 41 iin. Globe Valve: 1.5 1in.

Tank Body: 4 in. I.D. Diaphragm: 3 in. I.D.

End Pipes: 1 in. I.D. ( Orifice Area/ Qutlet

Area ): 0.25

Regulator Droop : Negli- Regulator Droop: 6.4% over
Perfor- gible over specified specified inlet pressure
mance outlet pressure range. range.

Max. Exit Pressure: 20 cm H,0

Min. Exit Pressure:3.75cm H,0

Rangeability: 10 (Approxi- Rangeability: 2 (Approxi-

mately) Also see Figs.27,57,61| mately) Also see Fig.64
Cost (Pro- Globe Valve & Diaphragm
duction, Actuator: $1000.0
Sales, $300.0. Orifice Plate: $50.0
Over- Orifice Plate Flanges:$100.0
head)

TOTAL COST: $ 1150.0
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(p-pg)/Kg

-850 co—=

- d | 1 ] 1 L

FIG (1): Experimentally Determined Tube Law for a Uniformly Collapsed
Thin Walled Rubber Latex Tube. ( K, obtained,from logarithmic

plot in the Similarity Region = 40% dynes/cm’ ).
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FIG (2): SPEED OF PROPAGATION OF SMALL AMPLITUDE WAVES OBTAINED BY DIFFERENTIATION OF SMOOTHED

TUBE LAW DATA OF FIG (1).
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FIG (3): THE STARLING RESISTOR
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FIG (4):

L
PRESSURE s » P, » Py

TYPICAL STEADY FLOW RESULTS OF STARLING RESISTOR EXPERIMENTS
IN WHICH ONLY ONE OF PRESSURES Pi» Pgs Py WERE VARIED.

CURVE A: p, varied from less than Pe to greater than Pe p
hé1d less than or equal to®p . S

CURVE B: p. varied greater than or eqﬁal to Pa> Py -constant at
g%eater than or equal to p_.

CURVE C: p_ varied from greater thaﬁ to less than P> Pj constant
a? greater than or equal to p

CURVE D: . and p_ are constant, Pe $1ed from less than p
ta greatgr than P;
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FIG (5 a): Top and Side Views of PrecursoL Waves and Shock Transition in

a Collapsible Tube.
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Shock Tocated at the Exit of the Constriction at positive Downstream
Transmural Pressure.
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\\\\ de = ds/R

FIG (6): Forces and Moments acting on a Tube Wall

Element.
CL
y
S
Y
- X
s= 0

FIG (7): Tube Wall Coordinates.
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FIG.(8): Idealized Cross-sectional Shape for Collapsed Tube.
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e | i dSi P
w | % | X
I dx | - -
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(a): Id=alized Two-pimensiona1 Wall Deformation.
de =ds/R
P
' R T +dT

(b): Forces and Moments acting on the Tube Wall Element.

FIG (9): Idealized Two-Dimensional Deformation of the Collapsible
Tube possessing the cross-sectional shape of FIG (8).
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FIG (10): THE APPARATUS FOR THE DETERMINATION OF THE UNIFORM COLLAPSE TUBE LAW.
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LUMPED PARAMETER MODEL OF THE AREA MEASUREMENT ELECTRICAL CIRCUIT.
Resistance and Capacitance elements:

Tube Wall (r,,c,);External liquid
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FIG (12):

APPARATUS FOR THE DETERMINATION OF FREQUENCY DEPENDENCE OF THE AREA MEASUREMENT.
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FIG (13): PARAMETER M VS. AREA RATIO; OBTAINED BY DIFFERENTIATION
OF SMOOTHED DATA OF FIG(1)
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FIG (15): The Top and Side Views of a Shock Wave formed in a Collapsible Tube
showing the Precursor Area Waves.
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FIG (16): MEASUREMENTS FROM EXPERIMENTALLY OBTAINED AREA AND PRESSURE DATA.
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FIG (17): APPARATUS FOR THE MEASUREMENT OF AREA AND PRESSURE DISTRIBUTIONS WITHIN A
STANDING SHOCK WAVE IN A COLLAPSIBLE TUBE.
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FIG (19): Details of Area and Pressure Probe; Model (1)
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Three Way

Tube
Pressure Sensitive

Diaphragm of Pressure
Transducer ( High Electrical
Insulation Resistance)

FIG (20):

Valve
: Approx: 100 cm 1 cm
- o - Probe Area
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AR RN Open Port \ i ! / Electrodes
\ ] s SSLETTOSRNYY I I
1 ] i S—-
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Stainless Steel -Plastic Catheter Epoxy 0.275 cm Dia.

Details of Area and Pressure Probe; Model (2).
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FIG (21): MEASUREMENT SYSTEM ELECTRICAL CONNECTIONS,
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FIG(22): THE COLLAPSIBLE TUBE FLOW REGULATOR.,
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FIG (23b): ALTERNATIVE FLOW REGULATOR CONFIGURATION.



Downstream
Flow Rate Q
Oscillations A [2 _
| |
| l !
| | |
I | |
| |
| |
|
l I |
| | |
- |
I
! 0.0 :
: ! : E
e %%
(p-p.)  (p-p)  -3K S _ (p.-p) 1.0
0 e 0o e’ B (po pe) = ‘o Ve
(Poi7Pe)  (Poi=Pe) (P 57p,) Tﬁ;}zﬁg) (Poi_pej

FIG (24): Flow Regulator Characteristic for a Wave Speed Type Collapsible Tube
Flow Regulator. ( Normalized Flow Rate Vs Normalized Downstream Pressure)
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FIG (25): Flow Conductivity o Vs. Transmural Pressure (p-p )/K
for a Uniformly Collapsed Tube in the Viscous Flo%
Regime.
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FIG (28): Normalized Downstream Pressure at Furthest Downstream
Stable Position Vs. Normalized Buckling Pressure.
( Parameter: Constriction Area Ratio uc)
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FIG (30): AREA RATIO o AND PRESSURE COEFFICIENT (p-p,)/ -%-pu"i) VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 23.0 Lit/Min;Constriction Area Ratio 0.1%5; Inlet Speed Index = 5,98;
Outlet Speed Index = 0.113; Resting Area A, = 4.530 cm™.
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FIG (30s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)ﬁ%pug VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 23.0 Lit/Min;Constriction Area Ratio = 0.195; Inlet Speed Index = 5.98;
Outlet Speed Index = 0.113; Resting Area A = 4.530 cn’.
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FIG (31): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/% puf VS DISTANCE X ALONG

THE SHOCK WAVE.
Flow Rate = 21.0 Lit/Min;Constriction Area Ratio =20.195; Inlet Speed Index = 5.96;
OQutlet Speed Index = 0.099; Resting Area = 4.530 cm .
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FIG (31s): AREA RATIO o AND PRESSURE COEFFICIENT (p-p,)/5 puy VS DISTAMCE ALONG THE SHOCK WAVE
Flow Rate = 21.0 Lit/Min;Constriction Area Ratio = 6.195; Inlet Speed Index = 5.96;

Outlet Speed Index = 0.099; Resting Area = 4.53 cm°.
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FIG (32 ): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/%pul VS DISTANCE X ALONG

THE SHOCK WAVE.
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Flow Rate = 18.8 Lit/Min;Constriction Area Ratio = 0.1%5; Inlet Speed Index = 5.21;

Outlet Speed Index = 0.096; Resting Area AO = 4,530 cm™.
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FIG (32s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pi)/2p u® VS DISTANCE ALONG THE SHOCK WAVE.
Flow Rate = 18.8 Lit/Min;Constriction Area R&tig = 6.}95; Inlet Speed Index = 5.21;
Outlet Speed Index = ).096; Resting Area A0= 4,530 cm",
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FIG (33): AREA RATIO o AND PRESSURE COEFFICIENT (p- pl)/%pu VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 17.5 Lit/Min;Constriction Area Ratio = 0. 195; }n1et Speed Index = 4.82;
Outlet Speed Index = 0.089; Resting Area Ao 4.53 cm
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FIG (33s): AREA RATIO o AND PRESSURE CUEFFICIENT(p-pl)/%Dui VS DISTANCE ALONG THE SHOCK WAVE

Flow Rate = 17.5 Lit/Min;Constriction Area Ratio = 02195; Inlet Speed Index = 4.82;
Outlet Speed Index = 0.089; Resting Area = 4.530 cm".
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FIG (34): AREA RATIO o AND PRESSURE COEFFICIENT(p~p1)/%pu§ VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate =

22.7 Lit/Min;Constriction Area Ratio = 0.213;21n1et Speed Index = 5.24;
Outlet Speed Index = 0.107; Resting Area A0 = 4,530 cm-,
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FIG (34s): AREA RATIO o AND PRESSURE COEFFICIENT (p—pl)/%puf VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 22.7 Lit/Min;Constriction Area Ratio = 0.213;21n1et Speed Index = 5.24;

Outlet Speed Index = 0.107; Resting Area A, = 4.530 cm",
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AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)fgpul VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 21.5 Lit/Min;Constriction Area Ratio = 02213; Inlet Speed Index = 6.73;
Outlet Speed Index = 0.,102; Resting Area = 4.530 cm".
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FIG (35s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/%pui VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 21.5 Lit/Min;Constriction Area Ratio =0 .21%; Inlet Speed Index = 6.73;
Outlet Speed Index = 0.102; Resting Area Ao = 4,530 cm .
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Flow Rate =

20.0 Lit/Min;Constriction Area Ratijo = 0.213é Inlet Speed Index =
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0.100; Resting Area Ao = 4,530 cm”,
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FIG (37): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)f% pu% VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 20,0 Lit/Min;Constriction Area Ratio = 9.332; Inlet Speed Index = 8.83;
Outlet Speed Index = 0.171; Resting Area = 4.530 cm”.
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FIG (37s): AREA RATIO o AND PRESSURE COEFFICIENT (p- -Pq )/ —pu1 VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 20.0 Lit/Min;Constriction Area Rat1o = %2 Inlet Speed Index = 8.83;
Outlet Speed Index = 0.171; Resting Area A =4, 530 cm
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FIG (38): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/%pui VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 17.2 Lit/Min;Constriction Area Ratio = 0.332; Inlet Speed Index = 8.18;
Outlet Speed Index = 0.163; Resting Area AO = 4,530 cm™.
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FIG (38s): AREA RATIO o AND PRESSURE COEFFICIENT (p—pl)}% DUE VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 17.2 Lit/Min;Constriction Area Ratio = 9.332; Inlet Speed Index = 8.18;
Outlet Speed Index = 0.163; Resting Area = 4.530 cm",
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FIG (39): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/ %pU§ VS DISTANCE X ALONG THE SHOCK WAVE

3.34;

Flow Rate = 17.9 Lit/Min; Constriction Area Ratio = 0.21%; Inlet Speed Index
Outlet Speed Index = 0.115; Resting Area AO = 4,530 cm™.
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FIG (39s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/ %— pui VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 17.9 Lit/Min;Constriction Area Ratio = 0.213; Inlet Speed Index = 3.34;
Qutlet Speed Index = 0.115; Resting Area Ao = 4,530 cm",
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FIG (40): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/ -21— pui VS DISTANCE X ALONG THE SHOCK WAVE
Fiow Rate = 15,0 Lit/Min;Constriction Area Ratio = 0.213; Inlet Speed Index = 2.87;

Outlet Speed Index = 0.128; Resting Area Ao = 4,530 cm2 ,
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FIG (40s): AREA RATIO o AND PRESSURE COEFFICIENT (p—pl)/% pu% VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 15.0 Lit/Min; Constriction Area Ratio = 0.213; Inlet Speed Index = 2.87;
Outlet Speed Index = 0.128; Resting Area AO = 4,530 cmz.
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FIG (41):
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Flow Rate =

VS DISTANCE X ALONG THE SHOCK WAVE

13.5 Lit/Min;Constriction Area Ratio = 0.213; Inlet Speed Index = 2.74;

Outlet Speed Index = 0.186; Resting Area AO = 4,530 cmz.
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FIG (41s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/%- 5 u% VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 13.5 Lit/Min;Constriction Area Ratio = 0,213; Inlet Speed Index
Outlet Speed Index = 0.186; Resting Area AO = 4,530 cm2.
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FIG (42s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/%— p ui VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 22.1 Lit/Min;Constriction Area Ratio = 0.279; Inlet Speed Index = 11.00;

Outlet Speed Index = 0.116; Resting Area A_ = 4.530 cme.
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FIG (43): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/% puf VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 19.9 Lit/Min; Constriction -Area Ratio = 0.279;InTlet Speed Index = 10.84;

Outlet Speed Index = 0.139; Resting Area AO = 4,530 cmz.
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Flow Rate = 19.9 Lit/Min;Constriction Area Ratio = 0.279; Inlet Speed Index = 10.84;

Outlet Speed Index = 0.139; Resting Area A = 4.530 cnC.
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FIG (44): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/% pug VS DISTANCE X ALONG THE SHOCK WAVE

17.0 Lit/Min;Constriction Area Ratio = 0,279; Inlet Speed Index = 8.73;

Flow Rate
0.161; Resting Area AO = 4,530 cmz.
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FIG (44s): AREA RATIO o AND PRESSURE COEFFICIENT (p—pl)/% pui VS DISTANCE X ALONG THE SHOCK WAVE
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1 VS DISTANCE X ALONG THE SHOCK WAVE
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FIG (45s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)f% Du% VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 15.0 Lit/Min; Constriction Area Ratio = 0.279; Inlet Speed Index = 7.52;
Outlet Speed Index = 0.331; Resting Area Ao = 4,530 cm2.
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FIG (46): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)f% pu VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 22.8 Lit/MinjConstriction Area Ratio = 0.332; Inlet Speed Index = 10.92;
Outlet Speed Index = 0.175; Resting Area Ao = 4,530 cmz.
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FIG (46s): AREA RATIO o AND PRESSURE COEFFICIENT (p—pl)/% Du% VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 22.8 Lit/Min;Constriction Area Ratio = 0.332; Inlet Speed Index = 10,92;
Outlet Speed Index = 0.175; Resting Area A_ = 4.530 cnif. ‘
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VS DISTANCE X ALONG THE SHOCK WAVE

Flow Rate = 22.0 Lit/Min; Constriction Area Ratio = 0.378; Inlet Speed Index = 8.47;

Qutlet Speed Index =

0.208; Resting Area AO = 4,530 cm™.
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FIG (47s): AREA RATIO o AND PRESSURE COEFFICIENT (p-pl)/% pug VS DISTANCE X ALONG THE SHOCK WAVE
Flow Rate = 22,0 Lit/Min; Constriction Area Ratio = 0.378; Inlet Speed Index 8.47;
Outlet Speed Index = 0.208; Resting Area AO = 4,530 cmz.
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FIG.(56): AREA RATIO oj vs CONSTRICTION AREA RATIO a, -
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FIG.(57): NORMALIZED FLOWRATE vs NORMALIZED INLET TRANSMURAL PRESSURE.

NOTE : 5 (uc) is the tube law.evaluated at a-
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FIG (60): BLOCK DIAGRAM FOR COLLAPSIBLE TUBE FLOW REGULATOR DESIGN.
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