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Abstract

Mixtures of Gaussians (GMMs) are one of the most commonly used statistical models.
They are typically used to model data coming from two or more heterogenous sources
and have applications in a wide variety of fields including statistics, biology, physics and
computer science. A fundamental task at the core of many of these applications is to
learn the parameters of a mixture of Gaussians from samples. Starting with the seminal
work of Karl Pearson in 1894 [81], there has been a long line of work on this problem
132, 6, 93], 48], 63, [78] [59], 49}, 46, [39, 13, 65].

Despite extensive work, several important questions have remained open for decades.
We address two of those here. First, we study the problem of clustering in polynomial
time, in terms of both the dimension d and number of components k. While an exponential
dependence on k is necessary for learning in the worst case, it is possible to achieve a better
dependence if one assumes that the components are clusterable. More precisely, for a mixture
of k isotropic Gaussians in R?, as long as the means are separated by Q(y/logk), then it is
information-theoretically possible to cluster and learn the parameters in polynomial time.
Despite recent advances [67, [55] [46], existing polynomial time algorithms all require a larger
separation of Q(k°) for some § > 0. In this work, we give an algorithm that has runtime and
sample complexity poly(k,d) and provably works with essentially minimal separation.

Second, we seek to address robustness. In particular, real data generally does not come
from a distribution that is exactly a mixture of Gaussians, but rather a distribution that is
close to a mixture of Gaussians. To address this, we consider a more challenging setting,
that is now ubiquitous in the field of robust statistics, where an e-fraction of the datapoints
may be arbitrarily altered, potentially adversarially. There has been a flurry of recent work
towards developing robust algorithms for learning mixtures of Gaussians [39, [13| [65], but
these results all require restrictions on the class of mixtures considered. In this work, we
give an algorithm that attains provable robustness guarantees and works in full generality.
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Chapter 1

Introduction

1.1 Background

Mixtures of Gaussians (GMMs) are one of the most enduring, well-weathered models of ap-
plied statistics. First introduced by Karl Pearson in his seminal work in 1894 [82], since then,
GMDMs have found a wide variety of applications spanning statistics, biology, physics and
computer science. Formally, a mixture of Gaussians M with k& components (abbreviated k-
GMM) in d dimensions is a distribution specified by k non-negative mixing weights wy, . . ., wy
which sum to 1, and k& component d-dimensional Gaussians N (i1, 1), ..., N(ug, Xx) where
N (i, ;) denotes a Gaussian with mean p; and covariance ¥;. The probability density

function of the mixture M is given by

k
=1

In other words, to draw a sample from M, we select the i-th component with probability w;,
and then draw an independent sample from N (p;, 3;). Henceforth, we will use k to denote

the number of components and d to denote the dimension of the space.

Typically, GMMs are used to model data that may come from several possible sources,

e.g. subpopulations within a population. The data from each source is modeled by a single
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Gaussian, corresponding to a component in the mixture. Usually, the data we receive is
unlabelled and mixed between the various sources. Given this unlabelled data, a question
that often arises is what can we learn about the components of the original mixture? There
are myriad of possible approaches to this problem. However, many early approaches were
heuristic or only asymptotic in nature i.e. it is not clear how many samples they require to
learn the components up to some desired accuracy or whether the estimates can be computed
efficiently. In a seminal work, Sanjoy Dasgupta [32] introduced the problem to theoretical

computer science and asked:

Is there an efficient algorithm for provably learning the parameters of the mixture?

1.2 The Method of Moments

Over the past few decades, there has been extensive work on learning GMMs. The method of
moments is a general framework for learning latent variable models, dating back to Pearson’s
work in 1894 [82], that has been at the heart of many advances [64] [79] 211, 53], 67, 55 [46],
39, [44]. At a high-level, the method of moments proceeds as follows. Given samples from
an unknown distribution M, we can estimate the moments E,.[2f] empirically, using
the samples. We refer to ¢ as the degree of the moment; note that ¢ = 1 corresponds to
the mean and ¢t = 2 is related to the variance, while higher degree moments contain more
precise information about the tails of the distribution. On the other hand, if we knew the
true parameters of the distribution M = Zle w; N (13, 3;), we could write the moments as

explicit polynomials in terms of the parameters. We could write

JEM[l’t] = Qu{wi}, {mi}, {%i})

T~

for some polynomial ;. In fact, we can explicitly compute these polynomials );. Thus, to
learn the parameters, it suffices to empirically estimate some number of moments and then
set up and solve a polynomial system of equations for the unknowns {w;}, {x;}, {%:}. Of

course, there are still many complications to deal with. It is necessary to analyze the stability
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of this system as we only have polynomially many samples and thus can only estimate the
moments of M to a certain accuracy. Also, it is necessary to give an efficient algorithm for
solving this polynomial system as generic methods would require exponential time. Most
importantly, to learn the true parameters, we need to argue about the uniqueness of solutions
to this polynomial system — we need to prove that any valid solution for the unknowns must
be close to the true parameters. In other words, we need to prove identifiability — that any
two mixtures M, M’ that are close on a certain number of moments must actually be close
in their parameters. It turns out that a proof of identifiability is at the heart of virtually all

parameter learning algorithms.

Over the decades, progress on learning GMMs has generally relied on gaining a better
understanding of a few fundamental questions concerning identifiability. Firstly, how many
moments are necessary for identifiability? Since we only have polynomially many samples
and runtime, we can only afford to estimate a finite number of moments. Furthermore, high-
degree moments also require more samples to estimate to good accuracy. Thus, it is crucial
that learning algorithms and their associated proofs of identifiability only require a bounded
number of moments. Understanding the trade-offs between the number of moments being
used and the sample complexity and computational efficiency is at the core of improving

algorithms for learning GMMs.

Secondly, how strong is the quantitative relationship in the identifiability? To get an
algorithm with polynomial sample complexity, it is necessary to prove a polynomial relation-
ship for the distance between the moments of two mixtures M, M’ and the distance between
their parameters. This polynomial relationship may depend on € (the accuracy), k and d.
On the other hand, we can view this relationship as the “robustness" of the algorithm. It
roughly governs how much the moment estimates can be perturbed while still guaranteeing
to learn the parameters. If one hopes to develop robust algorithms (in a sense that will be
more precisely specified in Section , it is important to prove quantitatively stronger
forms of identifiability where the quantitative relationship does not depend on the dimension

d.
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With these overarching questions in mind, we now delve into more concrete learning goals

and discuss our contributions.

1.3 Clustering

Many early works on learning GMMs were based on clustering i.e. grouping the samples
into which component generated them [34 [6, 93] [3, 26], 68]. Formally, given n independent
samples {X7,..., X, } drawn from an unknown k-GMM, the goal of clustering is to recover
a partition of the data into k£ parts Si,..., S so that each part corresponds to exactly one
component of the original mixture and contains essentially all of the samples generated from
that component.

Of course, clustering is only possible if one assumes that there is some separation be-
tween the components. An overarching theme in clustering is to understand what separation
assumptions are necessary and how these assumptions affect the sample complexity and ef-
ficiency of clustering algorithms. We focus on an important special class of GMMs, namely
isotropic GMMs (also sometimes called spherical), where all of the covariances are equal
to the identity matrix i.e. >q,...,%; = I. In this case, separation between components
amounts to separation between their means. In other words, we assume ||; — p15/|, > A for
all i # j for some parameter A. The question now becomes how small can we take A so

that we can still cluster?

1.3.1 Separation Assumptions

Even isotropic GMMs have proven to be remarkably complex and there is a rich literature
on clustering algorithms for this case. Information-theoretically, it is known (see e.g. [84])
that A = ©(y/log k) is both necessary and sufficient (as long as the mixing weights are lower
bounded by say w; > 1/poly(k)). However, the landscape becomes more complicated if we
ask for efficient algorithms i.e. sample complexity and runtime poly(k,d). The first note-

worthy algorithmic result by Dasgupta in 1999 [32] gives a polynomial time algorithm when
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the separation is at least Q(\/E) Follow-up works [0, 93] improve the required separation
to Q(k'/*). These works can be viewed as using only degree-2 moment information — the
algorithms use only very simple low-degree tests to cluster the data.

Recent advances [67, 55, [46], based on the sum-of-squares hierarchy, make further im-
provements. Their algorithms have sample complexity and runtime poly(dl/ 7 k) when the
separation is A = Q(k7) for some 7 > 0. These works can be viewed as using degree-
1/ moment information to cluster down to separation ~ k7. Unfortunately, if we wish
to achieve the optimal separation of Q(y/log k)—or indeed, any polylogarithmic amount of

separation—these algorithms would require quasipolynomial runtime and sample complexity.

The barrier at quasipolynomial time The previously mentioned algorithms all get
stuck at quasipolynomial time when A = O(poly(log k)) for the same reason. Fundamentally,

they all rely on the following geometric identifiability fact:

Given enough samples from an isotropic k-GMM with separation A = Q(kY), then
any sufficiently large subset of samples whose empirical moments of degree up to
t = ©(1/7) approximately match those of a standard Gaussian must essentially

recover one of the true clusters.

Algorithmically, this amounts to finding a subset of points whose empirical t-th moment
tensor is close to that of a standard Gaussian (i.e. N(0,)) in the appropriate norm. Since
this results in a computationally hard optimization problem whenever ¢ > 2, these algorithms
often solve some suitable relaxation of this using e.g. the sum-of-squares hierarchy. Crucially
though, as the separation decreases, the number of moments that must be matched grows. In
particular, to achieve A = ©(poly log k), one must set t = poly log k, that is, one must match
polylogarithmically many moments. However, even writing down the degree ¢t = poly log k&
moment tensor requires quasipolynomial time, and guaranteeing that the empirical moment
tensor is a reasonable approximation to the truth requires quasipolynomially many samples.

As a result, the aforementioned algorithms all require quasipolynomial time and sample
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complexity, as they need to not only write down the moment tensor, but perform some fairly
complex optimization tasks on top of it.

On the flip side, there is no concrete reason for pessimism either. While there are lower
bounds against large classes of efficient algorithms for clustering mixtures of arbitrary Gaus-
sians, see e.g. [45] 25], none of these apply when the components are isotropic. In particular,
this leaves open the appealing possibility that one could even cluster down to separation

A = O(y/log k) in polynomial time. Stated another way:

Can we cluster any clusterable mizture of isotropic Gaussians in polynomial time?

Our Results In this work, we (almost) resolve this question in the affirmative. Namely,
for any constant ¢ > 0, we give an algorithm which takes polynomially many samples
and time, and which can cluster with high probability, so long as the separation satis-
fies A = Q(logl/ **¢L). In other words, our algorithm can almost match the information
theoretically optimal separation, up to sub-polylogarithmic factors. The main conceptual
contribution of our work that allows us to circumvent the quasipolynomial barrier for pre-
vious algorithms is a novel way to implicitly access degree t = O(log k/loglog k) moment
information with polynomially many samples and time. We do so by carefully constructing
an implicitly maintained projection that maps moment tensors living in a d’-dimensional
space (which are too large to store naively) down to a k-dimensional subspace, while still
preserving all of the necessary information about the components. In other words, we still
need to use moment information of degree ~ log k but develop a novel way to process this
information that requires only polynomial sample complexity and runtime. More broadly,
we believe that our techniques for implicitly representing and manipulating moment tensors
may have further applications in speeding up other moment-based algorithms such as for
tensor decomposition [57, [75, 85 [56] and refuting random CSPs [83]. Our main result for
clustering GMMs is stated below.

Theorem 1.3.1 (Informal). Let ¢ > 0 be fized but arbitrary. Let M be a mizture of k

isotropic Gaussians in R with minimum mizing weight lower bounded by 1/poly(k), and
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minimum mean separation at least A = Q(logl/%rc k). Then, there is an algorithm which,
given samples X1, ..., X, ~ M forn = poly(k,d), outputs a clustering which is correct for
all of the points, with high probability. Moreover, this algorithm runs in time poly(d, k).

We briefly remark that we can handle arbitrary mixing weights as well, but for simplicity
we only state the theorem here in the more natural regime where all the mixing weights are
not too small. Our results and proofs are discussed in more detail in Chapter 2l Our main
theorem for clustering is stated formally in Theorem [2.2.5] We also generalize our result
beyond GMMs to mixtures of translates of a distribution satisfying the Poincaré inequality

under a mild additional condition (see Theorem [2.2.3)).

1.4 Learning without Clustering

Given samples from an unknown GMM, clustering is a natural goal. Unfortunately, clustering
may be asking for too much — when the components of a GMM overlap with each other,
clustering is no longer possible. Nevertheless, we may still hope to learn the parameters of the
mixture, namely the weights wy, ..., w; and means and covariances i1, ..., flg, 21, - - -, 2k,
even when the components overlap. In this vein, Kalai, Moitra and Valiant [63] gave an
algorithm for learning the parameters of a mixture of two Gaussians that works even if the
components are almost entirely overlapping. Their approach was based on reducing the high-
dimensional problem to a series of one-dimensional problems and exploiting the structure
of the moments in one dimension. In particular, they proved that every one-dimensional
mixture of two Gaussians is uniquely determined by its first six moments. Subsequently;,
Moitra and Valiant [78| and Belkin and Sinha [20] were able to give an algorithm for learning
the parameters of a mixture of any constant number of Gaussians in high dimensions. These
algorithms crucially make use of even higher moments along with several new ingredients
like methods for recursively separating out submixtures that are difficult to directly learn
via one-dimensional projections. Compared to clustering, a crucial difference is that these

results assume that the number of components is a constant. In other words, the runtime and
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sample complexity may grow with say d* in contrast to the previous section where we ask
for runtime and sample complexity poly(k,d). Actually, an exponential dependence on k is
information-theoretically necessary for learning when the components may overlap [53] and
thus throughout this section, we will treat k£ as a constant and only worry about dependence

on d.

1.4.1 Robustness

The aforementioned algorithms have a key shortcoming — they break down when the data
does not exactly come from a mixture of Gaussians. In fact in Karl Pearson’s original
application [81], and in many others, mixtures of Gaussians are only intended as an approx-
imation to the true data generating process. The field of robust statistics was launched by
the seminal works of John Tukey [00, OI] and Peter Huber [60] and seeks to address this
kind of shortcoming by designing estimators that are provably robust to some e-fraction of
their data being altered, potentially even adversarially. The field of robust statistics had
many successes and explicated some of the general principles behind what makes estimators
robust [61, 5I]. Provably robust estimators were discovered for fundamental tasks such as
estimating the mean and covariance of a distribution and for linear regression. There are a
variety of types of robustness guarantees but the crucial point is that these estimators can
all tolerate a constant fraction of corruptions that is independent of the dimension. However
all of these estimators turn out to be hard to compute in high-dimensions [62], 22, [52].
Recently Diakonikolas et al. [40] and Lai et al. [70] designed the first provably robust
and computationally efficient estimators for the mean and covariance. They operate under
some kind of assumption on the uncorrupted data — either that they come from a simple
generative model like a single Gaussian or that they have bounded moments. To put this
in perspective, without corruptions this is a trivial learning task because it is possible to
learn the mean and covariance of any distribution with bounded moments by simply using
the empirical mean and empirical covariance respectively. Algorithmic robust statistics has

transformed into a highly active area [42, 29, 15| [66], 41}, 55, 67, [73], [86], [43], 14) B0] with many
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successes. Since then, a much sought-after goal has been to answer the following challenge:

Is there a provably robust and computationally efficient algorithm for learning

miztures of Gaussians? Can we robustify the existing learning results?

There has been steady progress on this problem. Diakonikolas et al. [40] gave a robust
algorithm for learning mixtures of spherical Gaussians. In recent breakthroughs Bakshi and
Kothari [13] and Diakonikolas et al. [39] gave a robust algorithm for learning clusterable
mixtures of Gaussians using the powerful sum-of-squares hierarchy [80]. Building on this,
Kane [65] gave a robust algorithm for learning mixtures of two Gaussians. We note that these
works do place some mild restrictions on the mixing weights and the component covariance

madtrices.

1.4.2 Key Challenges

Robust Identifiability As mentioned before, behind every polynomial time algorithm for
learning the parameters of a mixture model is a proof of identifiability. It needs to be proven
that if two mixtures are € close on some family of test functions (usually moments), then
they must be poly(d,€) close in their parameters. This is called polynomial identifiability
[89, [77]. Because this relationship allows a polynomial dependence on d, the precise choices
for how to measure distance between moments and distance between parameters generally
do not matter.

However we need much stronger bounds when it comes to robust learning problems
where we want to be able to tolerate a constant fraction of corruptions that is dimension-
independent. In particular, we need to prove that for a certain measure of distance, whenever
we have two mixtures that are e-close on their moments with respect to this distance, then
their parameters must be poly(e)-close. Crucially, this relationship cannot involve depen-
dence on the dimension d. We will call this robust identifiability. Recall that the non-robust
learning algorithms for mixtures of Gaussians reduce to a series of one-dimensional problems.
Unfortunately this strategy inherently introduces polynomial factors in d and it cannot give

what we are after. For the special case of clusterable mixtures of Gaussians, Bakshi and
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Kothari [I3] and Diakonikolas et al. [39] proved robust identifiability and their approach
was based on classifying the ways in which two single Gaussians can be very separated (i.e.
have total variation distance close to one). When it comes to the more general problem of
handling mixtures where the components can overlap non-trivially it seems difficult to follow
the same route because we can no longer match components from the two mixtures to each

other and peel them off.

Reasoning About the Sum-of-Squares Relaxation FEven if we had proved robust
identifiability in the general case, we would still need to devise an efficient algorithm for
learning the parameters. Recall that at a high-level, we can measure the moments of the
distribution empirically and then set up a polynomial system in the parameters that we are
trying to solve for. To solve this system, we rely on the sum-of-squares (SoS) hierarchy [80]
which is a general framework for relaxing and solving polynomial systems via semidefinite
programming and has been at the heart of recent progress on robustly learning GMMs
[13, 39] and many other problems [I7, [I8, 58], 19]. Of course, solving polynomial systems in
general requires exponential time so instead SoS solves a relaxation. One view is that the
SoS hierarchy treats each low-degree monomial in the variables as an independent unknown
and then computes a pseudo-expectation which assigns values to these monomials while
enforcing certain consistency constraints. Roughly, the consistency constraints force these
assigned values to, in some vague sense, behave like a real solution i.e. as if we had actually
assigned values to the original variables and simply evaluated the corresponding monomials.
The SoS hierarchy gives a natural way to incorporate systems of polynomial constraints into
a relaxation which can model complex primitives. It can often be used to turn proofs (e.g.
of identifiability) into algorithms. In particular, if we prove some property about the actual
solution to a polynomial system and the proof only uses certain types of allowable steps,
then the proof can be translated into the SoS framework and the same properties must hold
for the pseudo-expectation obtained by solving the SoS relaxation of the polynomial system.
Furthermore, the pseudo-expectation can be efficiently computed. Thus at a high-level, we

can hope to translate our proof of robust identifiability into the SoS framework to deduce a
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sort of robust identifiability of the pseudo-expectation obtained from the SoS relaxation. We
can then extract information about the components of the original mixture from this pseudo-
expectation. Of course, it is often quite challenging to set up the polynomial system in a
way that all of the necessary constraints are enforced and so that the proof of identifiability
can actually be translated into the SoS framework [57, 54]. Previous works [13], 9] have a
comparatively easier task because they can set up the system to find individual components
of the mixture. However, in our setting this is no longer possible and our system must involve
all of the components of the mixture simultaneously. It is clear that we need to exploit the
structure of the moments of a mixture of Gaussians but we cannot reduce to low dimensions
as in |79, 64]. The structure of moments in high dimensions is very complex so how exactly

do we leverage them in our analysis?

Our Results In this work, we solve the question of robustly learning mixtures of Gaussians
in full generality modulo mild assumptions on the mixing weights. We overcome both of the
aforementioned obstacles using the same approach. We store the relevant moments and
variables we would like to solve for in certain generating functions. We use the structure of
the moments of a mixture of Gaussians to write a concise generating function that stores
all of the necessary moment information. Then by manipulating the generating functions
using differential operators to algebraically isolate the parameters of individual components,
we are able to prove robust identifiability. Furthermore, these manipulations are all formal
algebraic manipulations that can be translated into the SoS framework and thus we can
reason about the SoS relaxation of the polynomial system that encodes the parameters that
we want to learn. In particular, we show that from the solution to this SoS relaxation,
we can still extract the parameters of the original mixture. More broadly, learning GMMs
may just be a first step. We believe that our technique of using generating functions and
differential operators to leverage structure in the moments is quite general and could have
further applications for learning other types of latent variable models. Our main result is

stated below.

Theorem 1.4.1. [Informall Let k be a constant. Let M = wiG1 + -+ - + wip Gy, be a mizture
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of Gaussians in R whose components are non-degenerate and such that the mizing weights
and TV distances between different components are lower bounded. Given n = poly(d/e)

samples from M of which an e-fraction may be arbitrarily corrupted, there is an algorithm

that runs in time poly(n) and with high probability outputs a set of mizing weights wy, . .., Wy
and components évl, e ,a;; that are poly(e)-close to the true components (up to some per-
mutation,).

Our results and proofs are discussed in more detail in Chapter [, Our main theorem for
robustly learning mixtures of Gaussians is stated formally in Theorem In Section [3.1.1],
we include a more detailed discussion of the mixing weight assumptions and concurrent work

[11] which obtains similar results and subsequent improvements in [74] and [12].

1.5 Other Related Work

The literature on learning GMMs is vast and here we briefly survey some other lines of work.
There are several lines of work that seek to circumvent the exponential in k lower bound of
[53] for learning general mixtures of Gaussians by weakening the learning goal. Firstly, there
are approaches based on tensor decompositions [59, 23] 49] that get poly(k,d) runtime and
sample complexity and use only moments up to degree 3 or 4 but need to assume that the
parameters are non-degenerate and subject to some kind of random smoothing.

There are also lines of work that consider easier learning goals such as proper or semi-
proper learning, where the goal is to output a mixture of Gaussians which is close to the
unknown mixture in statistical distance (but not necessarily with the same components). A
learning algorithm is said to be proper if its output is a mixture of k£ Gaussians, where k
is the number of components in the true mixture, and semi-proper if it outputs a mixture
of k' > k Gaussians. While the sample complexity of proper learning is polynomial in all
parameters, all known algorithms still incur a runtime which is exponential in k&, even in the
univariate setting [47, B36], 2] [72], 8]. When the hypothesis is only constrained to be semi-

proper, polynomial time algorithms are known in the univariate setting [38, 24} [7T], but these
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do not extend to high dimensional settings. In the more challenging high dimensional regime,
a remarkable recent result of [44] demonstrate that for a mixture of isotropic Gaussians,
one can achieve semi-proper learning with quasipolynomial sample complexity and runtime.
They do this by explicitly constructing a small cover for the candidate means, by techniques
inspired by algebraic geometry.

An even weaker goal that has been commonly considered is that of density estimation,
where the objective is to output any hypothesis which is close to the unknown mixture in
statistical distance. Efficient (in fact, nearly optimal) algorithms are again known for this
problem in low dimensions, see e.g. [38] 28] 27, [I], but as was the case with proper learning,
these techniques do not extend nicely to high dimensional settings. In high dimensions, there
has been a line of work [I0, 9] that focuses on achieving optimal sample complexity even
with robustness. However, these works do not give efficient algorithms as they are based on
discretization and brute-force search, requiring exponential time.

We also mention a line of work studying the theoretical behavior of the popular expectation-
mazimization (EM) algorithm for learning mixtures of Gaussians [35] 37, 06]. However, while
the above works can prove that the dynamics of EM converge in limited settings, it is known

that EM fails to converge in general, even for mixtures of three Gaussians [95], [37].
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Chapter 2

Clustering Mixtures of Gaussians

2.1 Overview

In this chapter, we focus on clustering isotropic GMMs. Recall that this means we receive

samples say X1, ..., X, from an unknown mixture of k isotropic Gaussians in R?
M =wiN(pr, I) + -+ wiN (g, I)

with some mean separation ||; — 5], > A and our goal is to group the samples into clusters
corresponding to the component that generated them. Here, we give a polynomial time
algorithm that can cluster with separation that nearly matches the information-theoretic
optimum of ©(y/logk). In particular, for any constant ¢ > 0, we give an algorithm that
takes polynomially many samples and time, and which can cluster with high probability, so
long as the separation satisfies A = Q(logl/ >¥¢ k). This is the first polynomial time algorithm

that works with any poly-logarithmic separation. Our main theorem is:

Theorem 2.1.1. [Informal, see Theorem Corollary Let ¢ > 0 be fixed but
arbitrary. Let M be a mixture of k isotropic Gaussians with minimum mixing weight lower
bounded by 1/poly(k), and minimum mean separation at least A = Q(log1/2+c k). Then,
there is an algorithm which, given samples Xi,..., X, ~ M for n = poly(d, k), outputs a
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clustering which is correct for all of the points, with high probability. Moreover, this algorithm
runs in time poly(d, k).

We briefly remark that we can handle arbitrary mixing weights as well, but for simplicity we
only state the theorem here in the more natural regime where all the mixing weights are not
too small. We also remark that a simple corollary of this is that we can also estimate the
parameters of M to good accuracy in polynomial time. In fact, by using our algorithm as
a warm start for the method proposed in [84], we can achieve arbitrarily good accuracy for
parameter estimation, in polynomial time. It is known that A = Q(v/log k) is also necessary
to achieve nontrivial parameter estimation with polynomially many samples [84], so our
results for parameter estimation are also almost-optimal, in terms of the separation that
they handle. We note that our formal theorems are actually stated for parameter estimation,
rather than clustering, however, in light of [84], these two problems are equivalent in the
regime we consider.

Our main technique (as we will discuss in more detail later) extends to beyond Gaussians,
and in fact also allows us to cluster any mixture of translations of a distribution D, so long
as this distribution satisfies the Poincaré inequality, under a mild technical condition. Recall
that a distribution D over R? is said to be o-Poincaré if for all differentiable functions
f:R* = R, we have

Var [f(X)] <o

Var 2 E VO] -
This condition is widely studied in probability theory, and is satisfied by many natural
distribution classes. For instance, isotropic Gaussians are 1-Poincaré, and any isotropic
logconcave distribution is ¢-Poincaré, where ) is the value of the KLS constant (see e.g. [8§]
for an overview of the KLS conjecture).

In fact, the family of Poincaré distributions is the most general family of distributions
for which the SoS-based methods for clustering [67) [55, 46] discussed in the introduction are
known to work. For a mixture of 1-Poincaré distributions, [67] shows that if the minimum

mean separation is A = Q(k7), then their algorithm successfully clusters the points in time

O(dP°¥(1/7)). " As before, when the separation is polylogarithmic, the runtime and sample
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complexity of their method is once again quasipolynomial.

We show that one can improve the runtime and sample complexity to polynomial time,
under two additional assumptions: first, the mixture must consist of translated versions of
the same Poincaré distribution which we can get samples from, and second, the maximum
and minimum separations between any two components must be polynomially related. More

concretely, we show:

Theorem 2.1.2 (informal, see Theorem Corollary [2.2.4). Let ¢ > 0 be fixed but
arbitrary. Let D be a fized distribution with mean zero over R which is 1-Poincaré. Let M
be a mizture of k distributions where each component is of the form p; +D. Assume that

the minimum mizing weight in this distribution is at least 1/poly(k), and moreover, assume

that
min [l = pyll, = Q(log™ k)
i#j
max || 1; — p1jl, < poly (min 4 = uj!|2> :
1#] i#]
Then, there is an algorithm which, given samples X1, ..., X,, ~ M and samples zy, ..., 2z, ~

D for n = poly(k,d), outputs a clustering of X1, ..., X, which is correct for all of the points,
with high probability. Moreover, this algorithm runs in time poly(d, k).

Remark. Note that we only need the samples from D. We do not need to actually know the

distribution or access the p.d.f.

We note that separation 2(log k) is optimal for general Poincaré distributions, as Poincaré
distributions include some distributions with exponential tails, for which Q(log k) separation
is necessary to cluster. Thus, the separation that we require is almost optimal for gen-
eral Poincaré distributions. We also note that one immediate consequence of this theorem,
alongside Chen’s recent breakthrough result [31] for KLS that ¢ < exp(C+/logdloglogd)
for some universal constant C', and a simple application of PCA, is that we can cluster a

mixture of translates of an isotropic logconcave distribution in polynomial time, as long as

the separation is (exp(C'y/log kloglog k)).
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2.1.1 Our Techniques

In this section, we describe how our techniques work at a high level. Our goal will be to
devise a method which can, given samples X, X’ ~ M, detect whether or not X and X’ are
from the same components or from different ones.

We first make the following reduction. Notice that if M is a mixture with separation A,
then (X — X’)/v/2 can be thought of as a sample from the difference mizture M’. This is a
mixture with (g) + 1 components, each with covariance I. It has one component with mean
zero, and the means of the remaining components all have norm at least A/v/2. Moreover,
given X, X’ ~ M, we have that X — X’ is drawn from the mean zero component of the
difference mixture if and only if X, X’ were drawn from the same component in the original
mixture. Thus, to check if two samples from the original mixture X, X’ are from the same
component, it suffices to be able to detect, given a sample from the difference mixture,
whether or not this sample comes from the mean zero component or not.

In the remainder of this section, in a slight abuse of notation, we will let M denote the
difference mixture, we will assume it has k& components with nonzero mean, and we will
assume that all nonzero means of the difference mixture have norm at least A. We will
henceforth refer to the components with nonzero mean as the nonzero components of the
mixture. This reparameterization of the problem only changes things by polynomial factors,

which do not impact our qualitative results.

Rough clustering via implicit moment tensors

The main conceptual contribution of our work is a novel way to implicitly access degree
t = O(log k/loglog k) moment information with polynomially many samples and time. We
do so by carefully constructing an implicitly maintained projection map from R* down to
a subspace of dimension k, which still preserves meaningful information about the nonzero
components. For now, let us first focus on the case where the maximum norm of any
mean in the difference mixture is upper bounded by poly(A), or equivalently, the maximum

separation between any two components in the original mixture is at most polynomially
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larger than the minimum separation.

Low rank estimators for Hermite polynomials Central to our methods is the t¢-
th Hermite polynomial tensor, a classical object in probability theory, which we denote
hy : R — RY. These are explicit polynomials, and are the natural analog of the univariate
Hermite polynomials to high dimensions. A well-known fact about the Hermite polynomial

tensor is that

E  [h(X)]=p®". (2.1)

Throughout the introduction, we will treat all tensors as flattened into vectors in R (in
a canonical way) e.g. we view the RHS of the above as a vector in R%. One simple but

important implication of (2.1]) is that

B 0] =3 (2:2)

This fact will be crucial for us going forward.

However, a major bottleneck for algorithmically using the Hermite polynomial tensors
is that we cannot write down h;(X) in polynomial time when ¢ gets large, e.g. when ¢t =
Q(log k/loglog k), which is the regime we will require.

To get around this, we will use a modification of the Hermite polynomial tensors that
can still be used to estimate the RHS of but can also be easily manipulated implicitly.
In particular, we will construct a random polynomial R, : R* — R% i.e. we can imagine R,

is actually a polynomial in = whose coefficients are randomly chosen. The polynomial R;

(constructed in Corollary [2.9.11)) satisfies two key properties.

1. Ry(x) is an unbiased estimator for h;(z) with bounded variance i.e. for a fixed z,

E[R:(x)] = hi(x) where the expectation is over the random coefficients of R;.

2. For any choice of the randomness in the coefficients, the polynomial R;(x) can be
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written as a sum of polynomially many rank-1 tensors i.e. tensors of the form

v=0®...0uv , where v, e Réforalli =1,...,¢t.

Note that the first property implies that

k
E  [R(X)]=p®,and E [R(X)] =) wy". (23)
Rt,X~N(u,I) Ry, X ~M —

The second property is the main motivation behind the definition of R;, as it implies that we
can have efficient, but restricted access to it. The key point is that if our algorithm can be
implemented with techniques that only require accesses to rank-1 tensors, we can implicitly

access R; in polynomial time.

Implicitly finding the span of the tensorized means Motivated by the above discus-

sion, our goal will be to find a projection matrix II : R* — R* with the following properties:

(i) Efficient application If v € R? is a rank-1 tensor, then ITv can be evaluated in

polynomial time.

(ii) Zero component is small If X ~ N(0, ), then ||IIR;(X)]||, < k% with high proba-
bility.

(iii) Nonzero components are large If X ~ M is a sample from a nonzero component

of the difference mixture, then ||[IIR,(X)]||, > k'* with high probability.

Given such a projection map, our clustering procedure is straightforward: given two samples
X, X' from the original mixture, we apply the projection map to many copies of R;((X —
X")/+/2), and cluster them in the same component if and only if their projected norm is small
on average. We show that the above properties, as well as some facts about the concentration
of R;, imply that this clustering algorithm succeeds with high probability, assuming we have

access to II.

30



It thus remains how to construct II. In fact, there is a natural candidate for such a map.

Let pq, ..., ux denote the means of the nonzero components, and let

S; = span ({u‘?t}le) .

If we could find the projection Ty : R¥ — R¥ onto the subspace Sy, it can be verified that
this projection map would satisfy Conditions and D
Moreover, there is a natural estimator for this subspace. In particular (2.3) implies that

E[R2:(X)] rearranged as a d* x d' matrix in a canonical way is exactly

zw (1) (1) " .

Notice that this matrix is rank k, and moreover, the span of its nonzero eigenvectors is
exactly S;. Consequently, if we could estimate this quantity, then find the projection onto

the span of the top k eigenvectors, we would be done.

As alluded to earlier, the difficulty is that doing this naively would not be efficient;
writing down any of these objects would take quasipolynomial time. Instead, we seek to
find an implicit representation of I'; with the key property that it can be applied to rank-1

tensors in polynomial time.

We will do so by iteratively building an approximation to this subspace. Namely, we give
a method which, given a good approximation to I's_; : RY ™" — R* which can be efficiently
applied to flattenings of rank-1 tensors, constructs a good approximation to I'y with the

same property. We do so by obtaining a good approximation to the dk x dk sized matrix

k
T
Ms = sz (Mz 0%y Fs_l,U/Z@(S_l)) (MZ X FS_LUJZ@(S_I)> . (24)

=1

'Here and throughout the introduction, we will assume for simplicity of exposition that the vectors
u‘?s, e ,u%s are linearly independent, for all s =1,...,¢, so that S, is always a k-dimensional subspace, for
all s = 1,...,t. In general, our algorithms work even if they are not linearly independent, and will always
find a subspace which contains Sy, which will suffice for our purposes.
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Notice that M, has rank k£, and moreover, the span of its k largest eigenvectors is equal to
k

the span of {ui ® Fs_lu?(sfl)} . Therefore, if we let II, : R% — R* denote the projection
i=1

onto the span of the k largest eigenvectors of M, then one can easily verify that
Li=T,(I®Ts ) . (2.5)

Moreover, if I';_; can be efficiently applied to flattenings of rank-1 tensors in R then
the form of immediately implies that 'y can also be applied efficiently to flattenings of
rank-1 tensors in R?.

It remains to demonstrate how to efficiently approximate M, given I';_;. There is again
a fairly natural estimator for this matrix. Namely, each component of the sum in can

be formed by rearranging the length-(dk)? vector

(T @)™ i = E (I @ Ts 1) Ray(X)]
Ros,X~N(ps,1)

into a dk x dk sized matrix in the canonical way. In particular, this implies that the overall

matrix is the rearrangement of the length-(dk)? vector

k
Y w(Iol)?pf* = E [ @D )% Roy(X)] (2.6)
— Ros,X~M

into a dk x dk sized matrix in the canonical way. Since R4 is a sum of polynomially many
rank-1 tensors, and by our inductive hypothesis, I'_; can be efficiently applied to rank-1
tensors, we can efficiently estimate the right hand side of , given samples from M.
Putting it all together, this allows us to approximate M, efficiently given I's_;, which,
by , gives us the desired expression for I',. Iterating this procedure gives us a way to

estimate I'; as a sequence of nested projection maps, i.e.
il (I, (I®...),

where we can compute Ily, ..., II; efficiently, given samples from M. This form allows us
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to evaluate I'; efficiently on any flattening of a rank-1 tensor, thus satisfying Condition ,
and we previously argued that I'; satisfies Conditions and . Combining all of these
ingredients gives us our clustering algorithm, when the minimum and maximum separations

are at most polynomially separated.

Implicit moment tensors for Poincaré distributions So far, we have only discussed
how to do this implicit moment estimation for isotropic Gaussians. It turns out that all of the
quantities discussed above have very natural analogues for any Poincaré distribution. For
instance, given any Poincaré distribution D with zero mean, there is an explicit polynomial
tensor we call the D-adjusted polynomial P,p (see Section that essentially satisfies all
the same properties that we needed above. If we use these polynomials instead of the
Hermite polynomial tensor, it turns out that all of these proofs directly lift to any Poincaré
distribution. In fact, in the actual technical sections, we directly work with arbitrary Poincaré
distributions, as everything is stated very naturally there. The resulting clustering algorithm

immediately gives us Theorem [2.2.3]

Sample complexity Previous approaches always needed to estimate high degree moment
tensors, and as a result, their sample complexity was quasipolynomial. While we may also
need to estimate fairly high degree polynomials, notice that all quantities that we will deal
with will be polynomially bounded. This is because we can terminate our procedure at any
t which satisfies Conditions and . Therefore, all the quantities that we need are
polynomially large. As a result, one can verify that the polynomials we construct will also
only ever have polynomially large range, with high probability. Therefore, all quantities we
need to estimate can be estimated using polynomially many samples. We defer the detailed
proofs outlined in this discussion to Sections[2.4] [2.5] [2.6/and 2.7 Note that in those sections,

we work with a general Poincaré distribution but the outline follows the description here.
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Fine-grained clustering for Gaussians

We now discuss how to handle general mixtures of isotropic Gaussians, without any as-
sumption on the maximum separation. The problem with applying the implicit moment
estimation method outlined above to this general setting is that the signal from the compo-
nents in the difference mixture with relatively small mean will be drowned out by the signal
from the components with much larger norm. Consequently, we can reliably cluster points
from the components with large mean, but we could obtain an imperfect clustering for some
components with somewhat smaller mean, and we will be unable to detect components with

very small mean.

To overcome this, we devise a recursive clustering strategy. One somewhat simple ap-
proach is as follows. We first use our rough clustering algorithm described above to find a
“signal direction” v € R?. This direction will have the property that there is a pair of well-
separated means along this direction. Thus, if we project the data points on this direction,
and take only points which lie within a randomly chosen small interval on this interval, we
can guarantee that with reasonable probability, we only accept points from at most half of
the components of the mixture. Of course, after restricting to this interval, the resulting
distribution is no longer a mixture of Gaussians. However, if we consider the projection of
these accepted points to the subspace orthogonal to v, the resulting distribution will again
be a mixture of fewer isotropic Gaussians. We can then recurse on this mixture with fewer
components. Here, we are crucially using the fact that isotropic Gaussians remain isotropic

Gaussians after slicing and projecting orthogonally.

While this strategy described above, when implemented carefully, would work down to
A = poly(log k), it would not be able to achieve the nearly optimal separation in Theorem
[2.2.5] To achieve the nearly optimal separation, there are several more technical details that
need to be dealt with and thus there will be several additional steps in the algorithm. We

defer the details of this to Sections [2.9] and [2.11]
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2.1.2 Related Work

The literature on mixture models—and Gaussian mixture models in particular—is incredibly
vast and has already been discussed in Chapter [I] so we will focus only on the most related
papers here and discuss those in more detail. Our results are most closely related to the
line of work on studying efficient algorithms for clustering and parameter estimation under
mean-separation conditions [33, B35 [7, 94], 46l 55, 84 [67, 44]. There are also a number of
papers also generalize from mixtures of Gaussians to mixtures of more general classes of
distributions [4, 69] [76l, 55, 67]. These algorithms fall into two classes: either they require
separation which is at least Q(k'/2) or even larger, but they can handle general subgaussian
distributions, or they require more structure on the higher moments of the distribution, but

they can tolerate much less separation.

The most general condition under which the latter is known to work is the condition
commonly referred to as certifiable hypercontractivity, which roughly states that the Sum-
of-Squares hierarchy can certify that the distribution has bounded tails. While there is no
complete characterization of what distributions satisfy this condition, the most general class
of distributions for which it is known to hold is the class of Poincaré distributions [67], which

is also the class of distributions we consider here.

We note that our work bears some vague resemblance to the general line of work that uses
spectral-based methods to speed up Sum-of-Squares (SoS) algorithms. Spectral techniques
have been used to demonstrate to speed up SoS-based algorithms in various settings such
as tensor decomposition [57, [75, 85, 56| and refuting random CSPs [83]. Similarly, it has
been observed that in some settings, SoS-based algorithms can be sped up, when the SoS
proofs are much smaller than the overall size of the program [50, 87]. Our algorithm shares
some qualitative similarities with some of these approaches—for instance, it is based on a
(fairly complicated) spectral algorithm. However, we do not know of a concrete connection
between our algorithm and this line of work. It is possible, for instance, that our algorithm
could be interpreted as extracting a specific randomized polynomially-sized SoS proof of

identifiability, but we leave further investigations of this to future work.
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2.2 Formal Problem Setup and Results

In this section, we formally define the problems we consider, and state our formal results.

For the remainder of this paper, we will always let ||-|| denote the 5 norm.

2.2.1 Clustering Mixtures of Poincare Distributions

The general problem that we study involves clustering mixtures of Poincare distributions.

We begin with a few definitions.

Definition 2.2.1 (Poincare Distribution). For a parameter o, we say a distribution D on
R? is o-Poincare if for all differentiable functions f : R? — R,

Varlf()] < o® E [IVS(2)]].

z~D

Definition 2.2.2. Let D be a distribution on RY. We use D(uy) for pp € R? to denote the

distribution obtained by shifting D by the vector p;.

We assume that there is some o-Poincare distribution D on R? that we have sample
access to. Since everything will be scale invariant, it will suffice to focus on the case ¢ = 1.
For simplicity we assume that D has mean 0 (it is easy to reduce to this case since we can
simply estimate the mean of D and subtract it out). We also assume that we have sample

access to a mixture

M =wiD(p) + -+ - + wyD ()

where the mixing weights wq, ..., w, and means pq, ..., are unknown. We will assume
that we are given a lower bound on the mixing weights wy,;,. We consider the setting where
there is some minimum separation between all pairs of means p;, t; so that the mixture is
clusterable. In the proceeding sections, when we say an event happens with high probability,
we mean that the failure probability is smaller than any inverse polynomial in &, 1/wpy,.

Our main theorem is stated below.
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Theorem 2.2.3. Let D be a 1-Poincare distribution on R%. Let
M =wD(u) + - + weD (k)

be a mizture of translated copies of D. Let win, s be parameters such that w; > Wy, for all
i and ||p; — ]| > s for all i # j. Let a = (wmin/k)°Y be some desired accuracy ( that is

inverse polynomial) E| Assume that

s > (log(k/wmin))"**
for some 0 < ¢ < 1. Also assume that

max s — ] < s

for some C. There is an algorithm that takes n = poly((kd/(wmima))¢/¢) samples from M
and D and runs in poly(n) time and with high probability, outputs estimates

Wy woy WEy U1y -+ -5 Pk

such that for some permutation ™ on [k],

wi — wa)| < o, || — pap)]| < @

for all v.

Remark. If we could remove the assumption ||p; — p;|| < s, then we would get a complete
polynomial time learning result. Still, our learning algorithm works in polynomial time for
mixtures where the maximum separation is polynomially bounded in terms of the minimum

separation.

2If d is much larger than k and we wanted inverse polynomial accuracy like 1/d then we can simply
decrease the parameter wp;, (and then we would need separation log(dk) instead of log k)
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An immediate consequence of Theorem [2.2.3] is that we can cluster samples from the

mixture with accuracy better than any inverse polynomial.

Corollary 2.2.4. Under the same assumptions as Theorem|2.2.5, we can recover the ground-
truth clustering of the samples with high probability i.e. we output k clusters Si,...S) such
that for some permutation m on [k], the set Sy consists precisely of the samples from the

component D(p;) for all i.

2.2.2 Clustering Mixtures of Gaussians

In the case where the distribution D in the setup in Section [2.2.1] is a Gaussian, we can
obtain a stronger result that works in full generality, without any assumption about the
maximum separation. The result for Gaussians also works with a smaller separation of

(log(k /wmin))/?*¢ which, as mentioned before, is essentially optimal for Gaussians.

Theorem 2.2.5. Let M = wyN(py, 1)+ -+ wpN(pg, I) be an unknown mizture of Gaus-
sians in R? such that w; > Wy for all i and || — pil] > (log(k/wmm))/?T¢ for some
constant ¢ > 0. Then for any desired (inverse polynomial) accuracy o > (Wyin/k)°V, given
n = poly((dk/(wmina))/¢) samples and poly(n) runtime, there is an algorithm that with high
probability outputs estimates {fi, ..., ux} and {wy,...,wr} such that for some permutation

7 on [k], we have

w; — W, |11 — fimge) || < @

for all i € [K].

Again, once we have estimated the parameters of M, it is easy to cluster samples from

M into each of the components with accuracy better than any inverse polynomial.

Corollary 2.2.6. Under the same assumptions as Theorem [2.2.5, with high probability, we
can recover the ground-truth clustering of the samples i.e. we output k clusters Sy, ... Sy
such that for some permutation m on [k|, the set Sx; consists precisely of the samples from

the component N (u;, I) for all 1.
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Note that throughout this paper, we do not actually need to know the true number of
components k. All of the algorithms that we write will work if instead of the number of
components being k, the number of components is upper bounded by k i.e. we only need to
be told an upper bound on the number of components. In fact, we can simply use 1/wy;, as

the upper bound on the number of components.

2.2.3 Organization

In Section 2.3 we introduce basic notation and prove a few basic facts that will be used later

on.

Clustering Test: In Sections - 2.7, we develop our key clustering test i.e. we show
how to test if two samples are from the same component or not. Note that throughout these

sections, when we work with a mixture
M =wD(p) + -+ + wyD (1) ,

this will correspond to the “difference mixture" of the mixture that we are trying to learn
and thus our goal will be to test whether a sample came from a component with p; = 0 or
w; far from 0.

In Section [2.4] we discuss how to construct estimators for the moments of a Poincare dis-
tribution that can be manipulated implicitly. In the end, we construct a random polynomial
R, such that

E [Ri(z)] = p™

x~D(p)
and such that R, can be written as the sum of polynomially many rank-1 tensors (see
Corollary . In Section , we describe our iterative projection technique and explain
how it can be used to implicitly store and apply a projection map I' : RY — R* in polynomial

time to rank-1 tensors. In Section [2.6], we combine the techniques in Section [2.4] and Section
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to achieve the following: given samples from
M =wD(u) + -+ weD (k)

we can find a k x d' projection matrix I'; (where t ~ logk/loglogk) whose row span es-
sentially contains all of p$,... ui" (see Lemma [2.6.5)). Finally, in Section , we use the
projection map computed in the previous step and argue that if x ~ D(0) then ||I';R;(z)]|
is small and if x ~ D(u;) for p; far from 0, then ||I';R.(z)|| is large with high probability.
Thus, to test a sample z, it suffices to measure the length of ||I';R:(x)||.

Main Result for Mixtures of Poincare Distributions: In Section [2.8 we prove The-
orem [2.2.3] our main result for mixtures of Poincare distributions. It will follow fairly easily

from the guarantees of the clustering test in Section [2.7]

Main Result for Mixtures of Gaussians: Proving our main result for mixtures of
Gaussians requires some additional work although all of the machinery from Sections [2.4] -
can still be used. In particular, we will need a few quantitatively stronger versions of the
bounds in Sections - that exploit special properties of Gaussians in order to get down
from log' ™ k to logl/ >*¢ I separation. We prove these stronger bounds in Section 2.9, Then
in Sections and [2.11], we show how to do recursive clustering to eliminate the assumption
that the maximum separation is polynomially bounded in terms of the minimum separation.
In Section [2.10] we introduce a few basic building blocks in our recursive clustering algorithm

and we put them together in Section [2.11]

2.3 Preliminaries

We now introduce some notation that will be used throughout the paper. We use I,, to
denote the n x n identity matrix. For matrices A, B we define A ®, B to be their Kronecker

product. This is to avoid confusion with our notation for tensor products. For a tensor T,
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we use flatten(T) to denote the flattening of 7" into a vector. We assume that this is done in

a canonical way throughout this paper.

2.3.1 Manipulating Tensors

We will need to do many manipulations with tensors later on so we first introduce some

notation for working with tensors.

Definition 2.3.1 (Tensor Notation). For an order-t tensor, we index its dimensions {1,2,...,t}.
For a partition of [t] into subsets Si,...,S, and tensors Ty,...,T, of orders |Si|,...,|S4|
respectively we write

Tl(sl) R ® T(Sa)

a

to denote the tensor obtained by taking the tensor product of T} in the dimensions indexed

by S1, Ts in the dimensions indexed by Sy, and so on for Ts,...,T,.

Definition 2.3.2. For a vector x (viewed as an order-1 tensor), we will use the shorthand
2®% to denote (x®5)5) (i.e. the product of copies x in dimensions indexed by elements of
S). For example,

23 g 80 — p ey ey,

Definition 2.3.3 (Tensor Slicing). For an order-t tensor T, we can imagine indexing its
entries with indices (ny,...,m) € [dq] x -+ X [dy] where dy,...,d; are the dimensions of T.

We use the notation

to denote the slice of T' of entries whose indices satisfy the constraints 1., = by, ..., N, = b;.

Definition 2.3.4 (Unordered Partitions). We use Z;(S) to denote all partitions of S into t

unordered, possibly empty, parts.
Remark. Note the partitions are not ordered so {{1},{2}} is the same as {{2},{1}}.

Definition 2.3.5. For a collection of sets Si,...,S;, we define C({Si,...,Si}) to be the

number of sets among S, ..., S; that are nonempty.
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Definition 2.3.6 (Symmetrization). Let Ay, ..., A, be tensors such that A; is an order a;

tensor having dimensions d X --- x d for some integers ay,...,a,. We define
A®---®A,)= AP @ g ASH)
1 n
sym S1U-USn=[a1+++an]

SiﬂSjZQ)

[Si|=ai
In other words, we sum over all ways to tensor Ay, ..., A, together to form a tensor of order
ap+ -+ ay,.

2.3.2 Properties of Poincare Distributions

Here we state a few standard facts about Poincare distributions that will be used later on.
Fact 2.3.7. Poincare distributions satisfy the following properties:
e Direct Products: If Dy and Dy are o-Poincare distributions then their product Dy XDy

18 o-Poincare

e Linear Mappings: If D is o-Poincare and A is a linear mapping then the distribution

Ax for x ~D is o ||All,,-Poincare

e Concentration: If D is o-Poincare then for any L-Lipchitz function f and any pa-

rameter t > 0, we have

Pr[|f(z) —ELf(2)] > 1] < 6e~*/1).

z~D

The following concentration inequality for samples from a Poincare distribution is also

standard.

Claim 2.3.8. Let D be a distribution in R?® that is 1-Poincare. Let 0 < ¢ < 0.1 be some

parameter. Given n > (d/€)® independent samples z1,. .., 2z, ~ D, with probability at least
1 —2-Y¢ we have
214t 2
- — E[Z]|| <e
n z~D




2.3.3 Basic Observations

Before we begin with the main proofs of Theorem [2.2.3| and Theorem [2.2.5] it will be useful

to make a few simple reductions that allow us to make the following simplifying assumptions:
e Means Polynomially Bounded: For all i, we have ||u; — ;] < O((k/wmm)?), and
e Dimension Not Too High: We have d < k.

Since reducing to the case when the above assumptions hold is straight-forward, we defer the
details to Section [2.12] The reductions work in both settings (general Poincare distributions
and Gaussians) so in all future sections, we will be able to work assuming that the above

properties hold.

2.4 Moment Estimation

We will now work towards proving our result for Poincare distributions. A key ingredient
in our algorithm will be estimating the moment tensor of a mixture M i.e. for an unknown

mixture

M =wiD(p) + -+ - + wyD ()

we would like to estimate the tensor
wi s+ wgg

for various values of ¢ using samples from M. Naturally, it suffices to consider the case
where we are given samples from D(u) for some unknown g and our goal is to estimate the
tensor pu®*. For our full algorithm, we will need to go up to ¢ ~ log k/loglog k but of course
for such t, our estimate has to be implicit because we cannot write down the full tensor in
polynomial time. In this section, we address this task by constructing an unbiased estimator

with bounded variance that can be easily manipulated implicitly.
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We make the following definition to simplify notation later on.

Definition 2.4.1. For integers t and a distribution D, we define the tensor

Dt,'D = ]E [Z®t] .
z~D

We will drop the subscript D when it is clear from context.

2.4.1 Adjusted Polynomials

First, we just construct an unbiased estimator for p®' (without worrying about making it

implicit). This estimator is given in the definition below.

Definition 2.4.2. Let D be a distribution on R?. For x € R, define the polynomials P, p(x)

for positive integers t as follows. Pop(z) =1 and fort > 1,

Pop(x) =2 =Y Dip®Pip) =Y Dap®Prop(x) — -+~ Dyp. (2.7)

sym sym
We call P,p the D-adjusted polynomials and will sometimes drop the subscript D when it is

clear from context.

We now prove that the D-adjusted polynomials give an unbiased estimator for ;! when

given samples from D(u).

Claim 2.4.3. For any pu € R?,

E [Pp(2)] =p.
z~D ()

Proof. To simplify notation, we will drop all of the D from the subscripts as there will be

no ambiguity. We prove the claim by induction on ¢. The base case for t = 1 is clear. Now

44



for the inductive step, note that

E [Pt(z>]: ZD1®P151 ZDQ(X)PtQ — Dy
D) ZND W) sym sym
— ED[(1'+[L D) ZD1®]D751 )—|—ZD2®Pt_2(Z)+_|_Dt
o e sym sym
= x@p ,u®t _ Z<D1 _ x@l) ® ,ut—l _ Z<D2 _ x®2) ®’ut—2 — o — (D — x@t)]
sym sym
= M®t

where we used the induction hypothesis and then the definition of D, in the last two steps. W

2.4.2 Variance Bounds for Poincare Distributions

In the previous section, we showed that the D-adjusted polynomials give an unbiased es-
timator for u®'. We now show that they also have bounded variance when D is Poincare.
This will rely on the following claim which shows that the D-adjusted polynomials recurse

under differentiation.

Claim 2.4.4. Let D be a distribution on R%. Then

(9]3,5 D(l’) Z
— = e; @ Pr_1p(7)
83,"1- sym
where we imagine x = (x4, ...,Tq) S0 x; is the i™ coordinate of x and

denotes the i coordinate basis vector.

Proof. We will prove this by induction on t. The base case for ¢t = 1 is clear. In the

proceeding computations, we drop the D from all subscripts as there will be no ambiguity.
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Differentiating the definition of P, p and using the induction hypothesis, we get

0P (z
at(' ) — Zei ® ¥ — ZDI X €; ®Pt_2(l') — = ZDt—Q X e; ®P1(:E) — ZDt_l ® €;
xz sym sym sym sym
= Zei X <$®t1 — ZDl & Pt,2(33) — = Dt1>
sym sym

=> €@ Py(x)

sym

where in the last step we again used (2.7)), the recursive definition of P,_;. This completes
the proof. ]

Now, by using the Poincare property, we can prove a bound on the variance of the

estimator P p(x).

Claim 2.4.5. Let D be a distribution on R? that is 1-Poincare. Let v € R? be a vector.
Then

B (v flatten(P,o(=)))") < (lull +17)' o]
2~D(p

Proof. We will prove the claim by induction on ¢. The base case for t = 1 follows because

E [(v-flatten(Pip(2)))*] = (v-p)?+ Var (v-flatten(Pyp(2))) < (v- )+ ||v))?

2~D(p) z~D()

2 2
< (lell™ + 1) ol
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where we used the fact that D is 1-Poincare. Now for the inductive step, we have

E [(v-flatten(P,p()))’] = (v-flatten(u))* + Var (v-flatten(P;p(2)))

z~D(u) 2~D(p

op, ?
S|m||2t||v||2+zgg()2(v o )]

Li=1

t 2
< Unj—z : t 1D(2>>
1 =1

(Unjzi : Ptl,D(Z>)2]

M&

2 2
= [ll® ol + E
D) |

i

k)

2 2
<l ol + E
z~D

~~
-.
Il Q
—_

2 e
t d

<l foll® +¢ 3> el + ¢ = D2 o=
j=1 i=1

2 2 2 — 2
= [l Noll® + (llell® + (€ = 1)) o]

2 2
< (lell” + )" ol

where in the above manipulations, we first used Claim [2.4.3] then the fact that D is 1-
Poincare, then Claim [2.4.4] then Cauchy Schwarz, then the inductive hypothesis, and finally

some direct manipulation. This completes the inductive step and we are done. [ |

2.4.3 Efficient Implicit Representation

In the previous section, we showed that for x ~ D(u) for unknown p, P, p(x) gives us an
unbiased estimator of ;%" with bounded variance. Still, it is not feasible to actually compute
P, p(z) in polynomial time because we cannot write down all of its entries and there is no
nice way to implicitly work with terms such as D; p that appear in P, p(x). In this section,
we construct a modified estimator that is closely related to P p(z) but is also easy to work
with implicitly because all of the terms will be rank-1 i.e. of the form v; ® - - - ® v, for some
vectors vy, ...,v; € R? Throughout this section, we will assume that the distribution D
that we are working with is fixed and we will drop it from all subscripts as there will be no

ambiguity.
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Roughly, the way that we construct this modified estimator is that we take multiple

variables 1, ..., z; € R%. We start with P;(x1). We then add various products
Foy (1) @ -+ @ By, (1)

to it in a way that when expanded as monomials, only the leading terms, which are rank-
1 since they are a direct product of the form 29 ® -+ ® P, remain. If we then take
x1 ~ D(u) and xs,..., 2, ~ D, then Claim will immediately imply that the expecta-
tion is u®'. The key properties are stated formally in Corollary , Corollary and

Corollary [2.4.12

First, we write out an explicit formula for P(z).

Claim 2.4.6. We have

Fi(z) =
> (@)@ Yo (FpESsEie(sy, . S HUDs) S @ - @ (D, )
SoC|t] {81,...,St}€Z¢([t]\So)

Proof. We use induction. The base case is trivial. Now, it suffices to compute the coefficient
of some “monomial" in P,. Note that the coefficient of the monomial ®' is clearly 1 which

matches the desired formula. Otherwise, consider a monomial
A— (1‘®SO) ® (D|Sl\)(sl) R ® (D|Sa|)(8a)

where Sy, ..., S, are nonempty for some 1 < a < t. Recall the recursive definition of P; in
(2.7). There are exactly a terms on the RHS of (2.7) that can produce the monomial A.

These terms are

—D(§) @ Py, (2) N —DIF) @ Pjg, ()15

48



However, by the inductive hypothesis, the coefficient of A produced by each of these terms is
exactly (—1)*(a — 1)!. Thus, combining over all a terms, the resulting coefficient is (—1)%a!

which matches the desired formula. This completes the proof. |

Now, we are ready to write out our estimator that can be written as a sum of few rank-1

terms. The key identity is below.
Definition 2.4.7. For zi,...,z, € R%, define the polynomial

(—1)C{S15t} g

Qu(zr,... 1) = (Po(e))™ @+ @ (Bgy(x)™ . (2.8)

(egs1msiy1)
SlUUSt:[t} C{Slz“'7st}_1
|SiﬂSj‘:0

Lemma 2.4.8. All nonzero monomials in QQ; either have total degree t in the variables

T1,...,Ts O are constant.

Proof. Consider substituting the formula in Claim [2.4.6|into the RHS for all occurrences of

P. Consider a monomial

A= (x%@Ul) QR ® (x®Ua) ® (Dw)(vl) Q- ® (Dlvbl)(vb)

(2

where Uy, ..., U,, Vi,...,V, are nonempty. Note that when we expand out the RHS, all
monomials are of this form. It now suffices to compute the coefficient of this monomial A in

the expansion of the RHS.

The terms in the sum on the RHS are of the form

ey

(1)

where S;,, ..., S5, are nonempty. We now consider summing over all such terms that can pro-

(le)(Sjl) R ® P\sjc\(xjc)(SjC)

1

duce the monomial A and sum the corresponding coefficient to get the overall coefficient of A.

In order for the monomial A to appear in the expansion of this term, we need {iy,...,i,} C
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{j1,---,Jc}- Once the indices ji, ..., j. are fixed, it remains to assign each of the terms
(D|V1‘)(V1)7 ceey (D‘Vb‘)(vb)
to one of the variables z;,,...,2;,. This will correspond to which of the polynomials

B, ()0, P|Sjc|(xjc)(5j6)

1l

that the term came from. Specifically, for each integer f with 1 < f < ¢, let By C [b] be
the indices of the terms that are assigned to the variable z;,. The sets By, ..., B, uniquely
determine the sets S;,,...,.S;, but also need to satisfy the constraint that if j; ¢ {i1,...,7,}
then By # ). Once these sets are all fixed, by Claim , the desired coefficient is simply

—1)¢ —1)¢
L Cqymbesin gt = S B,

(1) (1)

Now overall, the desired coefficient is

B T e o

c=a \c—1 B1U--UB.=[b]
BiﬁBjZQ)
Buat1,Be
This is because there are ({%) to choose the set {ji, ..., jo} (since it must contain {i1, ..., %}

). Once we have chosen this set, WLOG we can label j; = iy,...,J, = i, so that joi1,...,Jc
are the elements that are not contained in {iy,...,4,} and thus the constraint on By, ..., B,

is simply that B,,1,..., B, are nonempty.

To evaluate (2.9), we will evaluate the inner sum differently. Imagine first choosing the

sizes s; = |Bi|,...,S. = |B.| and then choosing the sets By,..., B. to satisfy these size
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constraints. The inner sum can then be rewritten as

b b+a—1
)R (R BRI SREE (i

S1+-+8c=b S1+-+8c=b
Sat1eee5Sc>0 Sat1yeee3Sc>0

where the last equality follows from counting using stars and bars. Now we can plug back

into (2.9). Assuming that a,b > 1, the coefficient of the monomial A is

(1) ft—a b (bra—1y & (1)t —a)l(b+a—1)
Z(t_—l)(c—a)(_l) b!( c—1 >_<_1) b!Z(c—a)!(t—l)!(b—i-a—c)'

y(t—a)l(b+a—1)! an A
= (=1 (t—1)! ;(_1) (c - a)
=0.

Thus, the only monomials that have nonzero coefficient either have a = 0 (meaning they are

constant) or b = 0 (meaning they have degree ¢). This completes the proof. |
Now, we can easily eliminate the constant term by subtracting off Q(z;.1,...,zy) for
some additional variables x;.1, ...,z and we will be left with only degree-t terms. It will

be immediate that the degree-t terms are all rank-1 and this will give us an estimator that

can be efficiently manipulated implicitly.

Definition 2.4.9. For zi,..., x5 € R?, define the polynomial

Ri(xq,...,x9) = —Qux1, ..., 20) + Qe(Tes1, ..., Tor) .

Corollary 2.4.10. We have the identity

(_1)6’{51,...,&}—1

®51 RSt ®S1 RSt
(277 @ @2 — i ® - @ ug)

Rt(fﬁl,...,l‘gt) = Z

(cgsi57-1)
S1U--US=[t] C{S1,...,5¢}—1
|S;NS;|=0

Proof. This follows immediately from Lemma and the definition of R;(x1,..., %) be-
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cause the constant terms cancel out and the degree-t terms clearly match the RHS of the

desired expression. [ |

Corollary gives us a convenient representation for working implicitly with R;(xq, ..., o).
We now show why this polynomial is actually useful. In particular, we show that for
x1 ~ D(u) and @y, ..., 29 ~ D, Ry(x1,...,xe) is an unbiased estimator of u® and further-
more that its variance is bounded. These properties will follow directly from the definitions

of R, Q); combined with Claim and Claim [2.4.5]

Corollary 2.4.11. We have

E [Ri(21,...,2)] = M®t

z1~D(p),22,...,22¢~D

and for fized z1, we have

E  [Ri(z1,...,22)] = Pi(z1) -

22,522t~ D

Proof. Using the definition of Q); in (2.8) and Claim the expectations of all of the terms
are 0 except for the leading term P;(z;). Thus,

E  [Ri(z1,...,22)] = Pi(z1) -

29,..,22t~D

Also by Claim [2.4.3],

E [Pi(z)] =p*
z1~D(p)

and this gives us the two desired identities. [

Corollary 2.4.12. Let D be a distribution that is 1-Poincare. We have

E [flatten(Ry(z1, . .., z2))%%] =< (200) (|| pul|** + 1)1t -

z1~D(1),22,...,22¢~D
where recall I denotes the d'-dimensional identity matriz.
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Proof. Using the definition of R; and (); and Cauchy Schwarz, we have

E [flatten(Ry (21, - . . , 22)) 7]
z1~D(p),22,...,22¢~D
<2 E [flatten (Q(z1,...,2))*] +2  E [flatten (Qs(2141, .- -, 220)) %] -
z1~D(u),22,...,2¢~D Zt41,..,22t~D

Now by Cauchy Schwarz again,

E [flatten (Qt(zl,...,zt))@} = Z S|l |S,]!
21~D(u),22,...,2¢~D sio T
‘SiﬂSﬂ:O
fl (51) (Se)\ ©2
Z ]Ezle(#)7Z2_,,7thD atten (Hsl‘(zl)) ® e ® (]D|St|(zt))
l... |
S1U--USy=[t] |Sl|- |St|-
|SiﬂSj‘:0

Let the first term above be 4 and the second term be Cs. We can rearrange the sum
over partitions of [t] as follows. We can first choose the sizes s; = [S1],...,s; = |S;| and

then choose the partition according to these constraints. We get

t 2t — 1
_ .. — ¢! < t
C, Z (81,-'-75})81 Sy t< ; ) < (2t)

S1+-tst=t
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and similarly (and also using Claim [2.4.5])

2
S, 12)15111 6, (21921 . . . | S, |21
o< 3 WSS s
|Sq|le - [S]!
Slu---USt:[t}
|SiﬂSj‘:0
B PERS (Il + 13117) (el - G|
= o T |S1]!- - |Sy! d
|SiNS;|=0
t

=< | 20° 1 ( >s!s!---s! I

2 ([[ ] )51+;%t S1a sy 1:52 t d

=< (400" ([lll™ + ) e
Note that in the first step above, we also used the fact that 2, ..., z; are drawn independently.
Thus, overall we have shown

E [flatten (Qi(21, - - ,zt))®2] = (1Ot)2t(||u||2t + 1)1 .

z1~D(p),22,...,2¢~D
Similarly, we have
E [flatten (Qi(z1,- - -, zt))®2] =< (10t)* 1
and putting everything together, we conclude
E [ﬂatten(Rt(zl, - 72%))@2} =< (20t)2t(||,u||2t + 1)1
z1~D(1),22,...,22e~D

and we are done. [ |

o4



2.5 Iterative Projection

In this section, we explain our technique for implicitly working with tensors that have too

many entries to write down. Recall that we would like to estimate the moment tensor
wi s+ wgg

for
log(k/wmin)
log log(k /W)

However doing this directly requires quasipolynomial time (because there are quasipolyno-

mially many entries). Roughly, the way we get around this issue is by, iteratively for each ¢,
computing a k-dimensional subspace that contains the span of u$*, ..., ue*. We then only
need to compute the projection of wyu$* + - -+ + wrpi’ onto this subspace. Of course, the
subspace and projection need to be computed implicitly because we cannot explicitly write

out these expressions in polynomial time.

2.5.1 Nested Projection Maps

At a high level, to implicitly estimate the span of x5, ..., u7", we will first estimate the span
of u$=1, ..., uP" ! and then bootstrap this estimate to estimate the span of u$*, ... uy".

Since we cannot actually write down the span even though it is k-dimensional (because the
vectors have super-polynomial length), we will store the span implicitly through a sequence

of projections. We explain the details below.

Definition 2.5.1 (Nested Projection). Let co = 1 and cq,..., ¢ be positive integers. Let
I, € Rexdeo T[, € Re2xder I, € R¥9e—1 pe matrices. Define the ¢, x d* nested projection
matrix

P,y = (I @ (T (Lg @pr--+))) -

It is not hard to verify (see below) that when II;,...,II; are projection matrices then

I'm, ..m is as well.
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Claim 2.5.2. Let ¢ = 1 and ci,...,c be positive integers. Let II; € Rexd0 ], €
Rezxder T, € Re*de—1 be matrices whose rows are orthonormal. Then I'nm,,..m, has

orthonormal rows.

Proof. We prove the claim by induction on t. The base case is clear. Next, by the induction

hypothesis, the matrix

FHf*lv-nHl - Ht—l (Id ®kr (Ht_Q ([d ®k|’ . )))

has orthonormal rows. Thus, the matrix

I, (]d Okr Fnt,l,u.,nl)

has orthonormal rows as well, completing the induction. [ |

Note that in our paper, II;, ..., II; will always have orthonormal rows so I'yy,, 11, always
does as well. This fact will often be used without explicitly stating it. The key point about
the construction of I'yy, _p, is that instead of storing a full ¢; x d'-sized matrix, it suffices to
store the individual matrices Iy, . .., II; which are all polynomially sized. The next important
observation is that for certain vectors v € R? that are “rank-1" i.e. those that can be written
in the form

v = flatten(v; ® - - - @ vy) ,

the expression I'ry, ., v can be computed efficiently. This is shown in the following claim.

Claim 2.5.3. Let ¢ = 1 and c1,...,c be positive integers. Let II; € Rexde0 ], &
Re2xder T1, € Re*9—1 be matrices. Let v € RY satisfy v = flatten(v, ® --- ® v;) for

some vy, ...,v; € RE Then in poly(d, t, max(c;)) time, we can compute U, m,v.

Proof. We will prove the claim by induction on t. For each ¢/ =1,2,...,t, we compute

[my,,..mflatten(vy @ - - @ o).
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The base case of the induction is clear. To do the induction step, note that
Fnt,+1,,__7nlf|atten(vt/H R R Ul) = Ht/+1f|atten (Ut’—l—l & (Fnt,’.__7nlf|at(?jt/ KRR Ul))) .

It is clear that this computation can be done in poly(d,t, max(c;)) time so iterating this

operation completes the proof. [ |

As a trivial consequence of the above, we can also compute direct products of nested

projections applied to a “rank-1" vector v.

Corollary 2.5.4. Let co = 1 and ci,...,c; be positive integers. Let II; € R*d0 I, €
Re2xder - T1, € R**¥4e-1 be matrices. Let v € RY satisfy v = flatten(v; ® - - - @uy) for some
v1,...,v € R Then for any integers 1 < sy < 83 < -+ < 8, < t, in poly(d,t, max(c;))

time, we can compute the expression
(Fnt,‘..,nsﬁl Qkr - Qkr FHSI,...,HI) v.

Throughout our paper, we will only compute nested projections of the above form so it

will be easy to verify that all steps can be implemented in polynomial time.

2.6 Implicitly Estimating the Moment Tensor

In this section, we combine the iterative projection techniques from Section with the
estimators from Section to show how to implicitly estimate the moment tensor given

sample access to the distribution D and the mixture

By implicitly estimate, we mean that we will compute projection matrices II;, ..., II; such

that the row-span of I'y, _m, essentially contains all of the flattenings of u$*, ..., ut".
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Remark. Once we have these matrices, we will also be able to estimate expressions such as
FHt,.._,nlf/atten (ww?t 4+ wkﬂgt) .

It will be convenient to make the following definitions.

Definition 2.6.1. For a mizture M = w1 D(p1) + - - - +wiD(ug), we use Ty pq to denote the
tensor wipt + - - +wppy’. We may drop the subscript M and just write Ty when it is clear

from context.

Definition 2.6.2. For a mizture M = wyD(u1) + - - - + wpD (), we define Mag pq to be the
tensor Tos pq rearranged (in a canonical way) as a d® x d* square matriz. Again, we may

drop the subscript M when it is clear from context.

We define pimax = max(1, [[p]] ..., ||zx]]). We do not assume that we know piy.y in ad-
vance. However, the reduction in Section [2.3.3| means that it suffices to consider when fip,.y
is polynomially bounded. Also we can assume d = k i.e. the dimension of the underlying
space is equal to the number of components. This is because we can use the reduction in
Section and if d < k, then we can simply add independent standard Gaussian entries

in the remaining & — d dimensions.

We now describe our algorithm for implicitly estimating the moment tensor. For the re-
mainder of this section, we will only work with a fixed mixture M so we will drop it from

all subscripts e.g. in Definitions [2.6.1]and 2.6.2] At a high level, we will recursively compute

a sequence of projection matrices IT; € R¥*4 Tl,, ... II, € R**% Qur goal will be to ensure
that T, g1, (which is a k X d® matrix) essentially contains the flattenings of u$*, ..., up*
in its row span.
To see how to do this, assume that we have computed II,_q,...,II; so far. By the
inductive hypothesis, I'r;, , _m, tells us a k-dimensional subspace that essentially contains
®s—1 ®s—1

the flattenings of py”" ", ..., pu.° . Thus, we trivially have a dk dimensional subspace,

given by the rows of (Id Ry Fnsfl,m,Hl) that must essentially contain all of the flattenings of
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ps, o . It remains to reduce from this dk-dimensional space back to a k-dimensional
space. However, we can now write everything out in this dk-dimensional space and simply

run PCA and take the top-k singular subspace. Formally, we estimate the dk x dk matrix

k
T s\ ®2
Ags = ([d Rkr FHs_l,.‘.,Hl) My ([d Rkr FHs_l,.‘.,Hl) = Z w (([d Rkr Fns_l,...,nl) flatten(u;)® )
i=1
using techniques from Section and then simply set II; to have rows given by the top k
singular vectors of Ag,. To gain some intuition for why this works, imagine that the subspace
spanned by the rows of I';, ,  m, exactly contains the flattenings of ,u?s_l, . ,y?‘s_l. Also

assume that our estimate of Ay, is exact. Then A,, has rank at most k and the top-k singular

subspace must contain all of the vectors
(Ia @k Tr,_y,..mn, ) flatten(p;)®* = flatten (p; @ I, _, .., flatten(p;) ") .

The above then immediately implies that the subspace spanned by the rows of I'ny, 11,
exactly contains the flattenings of u$*, ..., up*. Of course, the actual analysis will need to

be much more precise quantitatively in tracking the errors in each step.

Our algorithm is described in full below. The main algorithm, Algorithm [, computes
the projection matrices 11y, ...II, following the outline above. As a subroutine, it needs to

estimate the matrix As,. This is done in Algorithm [2| which relies on the results in Section

2.4 namely Corollary [2.4.11) and Corollary [2.4.12]
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Algorithm 1 ITERATIVE PROJECTION STEP

Input: Samples zq, ..., 2, from unknown mixture
M = wiD(pr) + -+ - + wiD ()

Input: integer ¢ > 0

Split samples into ¢ sets Si,...,S; of equal size

Let IT; = I, (recall k = d)

fors=2,...,t do -
Run ESTIMATE MOMENT TENSOR using samples S, to get approximation A, €

dexdk to

Ags = ([d Qkr Fns_l,...,nl) My, ([d Rkr Fns_l,...,nl)T

Let II, € R¥** have rows forming an orthonormal basis of the top k singular subspace
of AQS
Output: (IL;,...,II;)

Algorithm 2 ESTIMATE MOMENT TENSOR

Input: Samples zq, ..., 2, from unknown mixture
M = wiD(pr) + -+ - + wpD ()

Input: Integer s > 0
Input: Matrices II,_; € R¥*% T, € RF*% TI, ¢ RF*4
fori=12, ..., ndo

Independently draw samples zy, ..., 2451 from D

Compute the (kd)?-dimensional vector (recall Definition [2.4.9)
Xi=((1a®aTn,_y,.m) @ (la @ T,y ) )flatten (Rog (26, 71, -, Tas1)) -

Let K; be the rearrangement of X; into a square dk x dk-dimensional matrix

Output: A= (K, + -+ K,)/n

60



2.6.1 Efficient Implementation

A naive implementation of Algorithm (1| requires d’ time, which is too large. However, in
this section, we show that we can implement all of the steps more efficiently using only

poly(ndk, t') time.

Remark. We will later show that it suffices to consider

0 (102){%)(;(/,;}3:1))

so this runtime is actually polynomial in all parameters that we need.

Claim 2.6.3. Algom'thm can be implemented to run in poly(n,d, k,t*) time.

Proof. First we analyze the runtime of Algorithm [2l Note that by Corollary [2.4.10] we can
write

Rs(zi,xl,...,l'4s_1) :‘/1+.,,+‘/l

where Vi, ..., V; are all rank-1 tensors and [ = s°®). Now by Corollary this means

that computing

Xi=(Ii @, . m) R (li®w o, m))flatten (Qas(zi, 1, . . ., Tas—1))

= (14 @ ', yny) @t (Lg @i T, 11y ) (flatten (Vi) + - - - + flatten(V]))

can be done in poly(d, k,s®) time by expanding out the RHS and computing each term
separately. It is then immediate that all of Algorithm [2| runs in poly(n, d, k, s*) time. Now in
Algorithm (1}, the only additional steps involve computing an SVD of the matrices Z;S (which
are polynomially sized) so we conclude that the entire algorithm runs in poly(n,d, k, ')

time. u
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2.6.2 Accuracy Analysis

Now, we analyze the correctness of Algorithm [I] namely that the span of the rows of the
matrix I'r, . m, indeed essentially contain all of ,u‘?t, cee p%t. To simplify notation, we make

the following definition.

Definition 2.6.4. For all s, we define the matrix

Ags = (I @k Tri_ymny) Mo (I ke Fns_ly,,,7H1)T .

Remark. Note that in the execution of Algorithm ;1\2; 1s intended to be an estimate of
Asgs.

The main result that we will prove is stated below. Note that this lemma does not require
any assumptions about minimum mixing weights or means in the mixture. Instead, it simply
says that the subspace spanned by the rows of ', 11, essentially contains flatten(u$®) for

all components D(p;) with mean and mixing weight bounded away from 0.

Lemma 2.6.5. Let D be a distribution on RY that is 1-Poincare and let M = w;D(uy) +

-+ wpD(ug) be a mizture of translations of D. Let w*, e > 0 be parameters. Assume that

t ot C
> (t umaxk’d>

w*e

the number of samples satisfies

or some sufficiently large universal constant C'. Then with probability at least 1 — n=%2, in
f ffi y larg p Y ,

the ezecution of Algorithm[d], the following condition holds: for alli € [k] such that ||p|| > 1
and w; > w*, we have

| Tn,....m flatten(p$®)]| > (1 — se) ||’
foralls=1,2,...t.

Remark. The parameter € represents the desired accuracy and the parameter w* is a weight
cutoff threshold where we quarantee to recover “significant” components whose mizing weight

15 at least w*.
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Roughly, the proof of Lemma [2.6.5| will involve following the outline at the beginning of
this section but quantitatively tracking the errors more precisely. Before we prove Lemma

A2s_:4?2_;

2.6.5, we first prove a preliminary claim that our estimation error is small.

Claim 2.6.6. Assume that for a fized integer s, Algorithm[9is run with a number of samples

S ,,8 C

w*e

for some sufficiently large universal constant C'. Then with probability at least 1 — n=04

, its
output ;1\2; satisfies

“:4\2-;_1423

< 0.5w*e?.
F

Proof. Recall that we are trying to estimate A, which is a dk x dk matrix. It will suffice
for us to obtain a concentration bound for our estimate of each entry and then union bound.
Recall that in Algorithm 2] we estimate A by averaging Kj, ..., K,. By Corollary [2.4.11]
we have that

E[K;] = Ass (2.10)

so our estimator is unbiased. Next, observe that each entry of K;, say K;[a,b] where 1 <

a,b < dk can be written as
Ki[a, b] =v- flatten(RQS(zi, L1y .- ,1'45_1))

where v € R is some unit vector (this is by Claim [2.5.2). By Corollary [2.4.12] we have
E [(Kila, b] — Az[a, b])*] < E[Ki[a, b°] < (205)* (ptgma + 1)

where the first inequality above is true by (2.10)). Since our final estimate is obtained by

averaging over n independent samples, we have

E | (Azs[a,b] — Az,[a,b))?] < (208>25(Z?§ax+ o)
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Thus, with probability at least 1 — n=%%, we must have

(20s)%(p2s .+ 1) < 0.5w*e?

vn = dk

Asgla,b] — Asgla,b]| <

where the last inequality holds as long as we choose n sufficiently large. Union bounding the
above over all entries (there are only (dk)? entries to union bound over) and ensuring that

n is sufficiently large, we get the desired bound. [

Now we are ready to prove Lemma [2.6.5]

Proof of Lemma[2.6.5. We will prove the claim by induction on s. The base case for s =0

is clear. Now let i € [k] be such that ||g;|| > 1 and w; > w*. Define the vector v; s € R% as
v; s = flatten (y; ® T, m, flatten(i ™)) .

Note that this allows us to rewrite the matrix A, as
Ags = wi(v1,s @ V15) + -+ + Wi (Vk,s @ Vps) -

Let u; s be the projection of v; ; onto the orthogonal complement of II,. Note that

I”

Ui s Vis = Hui,s

Thus, we must have

uj JAssui s > w; [

On the other hand, note that Ay, has rank at most k. Assuming that the hypothesis of
Claim holds, the k + 1st singular value of :4\2/3 has size at most w*e. Thus,
ufsjél\glsum < 0.5w*e ||uzs||2 )
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Finally, using the hypothesis of Claim again, we must have
UZS(AQS — Z;S)u” < 0.5w*e? ||uls||2 )
Putting the previous three inequalities together, we deduce that we must have
w; [Juis||* < w*e? [l
which implies |lu; s|| < e. Also, the induction hypothesis implies that

T, _...om flatten (=) || = (1= (s — 1)e) [lpuil ™

and thus
Jvisll > (1= (s = 1)e) il -

Finally, note that

ITn,.....m flatten(uf) | = [Jvis — wisll = (1= (s = De) luall” — € = (1 = se) flual|” -

This completes the inductive step. Finally, it remains to note that the overall failure proba-

bility can be bounded by union bounding over all applications of Claim [2.6.6] and is clearly

at most n~%? as long as we choose n sufficiently large. This completes the proof.

2.7 Testing Samples Using Implicit Moments

Now we show how to use the projection maps Il;, ..., II; computed by Algorithm [I] to test

whether a sample came from a component with mean close to 0 or mean far away from

0. Roughly, given a sample z, the test simply works by computing Ry(z, 21, ..

21y ..., 2001 ~ D and computing

|Tn,...m, flatten( Ry (2, 21, . . ., z2e-1))|| -
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We output FAR if the above is larger than some threshold and otherwise we output CLOSE.

For technical reasons, we will actually average over multiple independent draws for z, ..., 29;_1 ~

D.

Roughly, the intuition for why this test works is as follows. Note that if z ~ D then by

Corollary [2.4.11
E [Fnh,..,nlflatten(Rt(z, Zlye-- 72215—1))] =0

and if we control the variance using Corollary [2.4.12] then we can upper bound the length
with reasonable probability. On the other hand if z ~ D(u;) for some p; with large norm,
then

E [[m,...mflatten(Ri(2, 21, . . ., 22¢-1))] = ;... m, flatten (1)

and since the algorithm in the previous section can ensure that u$" is essentially contained
in the row span of 'y, 11,, the RHS above has large norm. The details of our algorithm for

testing samples are described below.

Algorithm 3 TEST SAMPLES
Input: Projection matrices I, . .., II, € RF*4F T[;, € RF*d

Input: Sample z € R? to test
Input: Threshold 7, desired accuracy
Set n = ((10%¢)*/§)3
fori=1,2,...,ndo
Draw samples z1,...,29;1 ~ D
Let A; = ', m,flatten(R: (2, 21, . .., 22t-1))
Set A= (A1 +---+A,)/n
if ||A|| > 7 then
Output: FAR
else

Output: CLOSE
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2.7.1 Analysis of TEST SAMPLES

Now we analyze the behavior of Algorithm [3] The key properties that the test satisfies are
summarized in the following two lemmas. Lemma say that with 1 — § probability the
test will successfully output FAR for samples from a component with mean far from 0 and
Lemma [2.7.1] says that with 1 — § probability, the test will successfully output CLOSE for
samples from a component with mean 0.
Note that Lemmarequires that the row span of I'yy, 11, essentially contains flatten (")

(which can be guaranteed by Algorithm [I|and Lemma . Lemma actually does not
require anything about II;, ..., II; (other than the fact that they are actually projections).

Lemma 2.7.1. Let D be a distribution that is 1-Poincare. Lett € N and 0 < § < 0.01
be some parameters. Let II,,... Tl € R¥*% TI, € R**4 be any matrices whose rows are
orthonormal. Let T be some parameter satisfying 7 > (20t)'k/5. Let z ~ D. Then with
probability at least 1 — &, Algorithm [3 run with these parameters outputs CLOSE where the

randomness is over z and the random choices within Algorithm[3,

Lemma 2.7.2. Let D be a distribution that is 1-Poincare. Let t € N and 0 < 6 < 0.01 be
some parameters. Let z ~ D(u;) where ||| > 10*(log1/§ +t). Let T be some parameter
satisfying T < (0.4 ||ui]])t. Assume that the matrices 11, ... I, € R 11, € R¥*? sqtisfy
that

| Tr,,....m flatten(u) || > (1 — te) || -

where
- )
€< ——— .
(108 [| i })*
Then with probability at least 1 — &, Algorithm [3 run with these parameters outputs FAR

(where the randomness is over z and the random choices within Algorithm [3).

Remark. Note that we will want to run the test with some inverse polynomial failure prob-

ability i.e. 0 = poly(k/w*) for some weight threshold w*. In order to be able to combine
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Lemma and Lemma meaningfully, we need
(A fml)t > (200)'k/5

If |||l > (log(k/w*))*¢ for some constant ¢ > 0 then settingt ~ O (¢~ log(k/w*)/loglog(k/w*))
ensures that the above inequality is true. Note that for this setting, t' = poly(k/w*) (where
we treat ¢ as a constant) and thus we will be able to ensure that our overall runtime is

polynomial.

We will first prove Lemma (which is much easier to prove than Lemma [2.7.2)). In
fact, a direct variance bound using Corollary will suffice.

Proof of Lemma|[2.7.1 Note that the matrix I'f,

,,,,, i, has (up to) k orthonormal rows, say
v1, ..., 0. Let R be the average of Ry(z,21,...,2_1) over n = ((103¢)!/§)? trials where z is
drawn once and zi,..., 29 1 are sampled independently in each trial. By Cauchy Schwarz,

for any vector v,

E[(v - flatten(R))?] < E [(v-flatten(Ry(z, 21, . .., 220-1)))*] .

2~D(3),21,.. 22— 1~D

In other words, the covariance matrix of R is smaller than the covariance of Ry(z, z1, . .., 22:1)

(in the semidefinite ordering). Now fix ¢ € [k]. By Corollary [2.4.12[ and Markov’s inequality,
we have with probability at least 1 — d/k

k
|v; - flatten(R)| < \/;(QOt)t.
Union bounding over all ¢, with probability at least 1 — §, we have

m, flatten(R)|| < = (20t)".

SO

.....

Note that the expression I'ry, ., flatten(R) is exactly equivalent to the vector A that is tested

.....

by Algorithm (3| so with probability at least 1 — ¢, the final output is CLOSE. [ |
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A direct variance bound will not work for Lemma 2.7.20 This is because we want the norm
to be large with 1 — ¢ probability but the variance is comparable to the squared length of the
mean so we cannot get strong enough concentration with just a variance bound. Instead, we
need a more precise argument. We will first, in the next claim, prove a bound on evaluations
of the polynomial P, p (recall Definition . Essentially, we will argue that under the
conditions of Lemma , for z ~ D(u;), with high probability, the tensor P, p(z) has large
inner product with 4. Since flatten(u$") is essentially contained in the row span of I'ry, . 11,,
this implies that

I'n,,. mflatten(Pp(2))

must have large norm. By Corollary [2.4.11],

E [Ri(z, 21, ..., 22-1)] = Pip(2)

21,..,22¢—1~D

so if we average over enough independent samples for zi,..., 291 then the estimator A
computed in Algorithm |3| will concentrate around its mean and also have large norm which
is exactly what we want. From now on, we will drop the subscript D as the adjusted

polynomial will always be defined with respect to D.

Claim 2.7.3. Let z € R%. Let v € R? be a vector such that v -z > 200t ||v||. Then

(Py(z),v®") > (0.9v - x)".

Proof. WLOG we may assume v is a unit vector. Let a = v - z. We will use Claim [2.4.6] to
rewrite P;(x). Note that for any integer s, (Ds, v®*) = E,p|[(z - v)?]. Combining with Fact

2.3.7 we have
|(Dg,v®*)| < 6-sl.
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Now by Claim [2.4.6|, we have

3 (—1)CSeSH e sy, . SN Ds, ) @ - @ (D, )5 >

> qf — Z al %ol Z 615 St}(C{Sl,...,St})!|51|!""St“

SoClt],So#]t] {51,.-,5¢}€Z¢([t]\So)
t—1So|
> af — Z alSol gt=ISol Z Z ENIEERACAL
Soc[t],SO;ﬁ[ﬂ c=1 SlU“‘USCZ[t]\SO

SiﬂSj =0,5;#0

t—|So|

=a'— ) allgI%l [y S - 1S

SoCl[t],So#[t] e=1 sy+-tsc=t—|So|

s$;>0

>t — Z a|50|6t—|50|(t _ |SO|)!2L‘—\SO|

Soclt],So#[t]

Lot ! LL/12t\¢

> gt — < )c!lant_c >l — 12t)a" “=a" | 1— <—> > 0.9a" .

2\ 21 2\

This completes the proof. [ |

Now we are ready to prove Lemma [2.7.2]

Proof of Lemma[2.7.2. Let v = p;/ ||il|. By Fact [2.3.7, with probability at least 1 — 6/10,

we have

vz > 09wl . (2.11)

Now by Claim [2.7.3] we have

(Pi(2),v%) = (0.8 ]lmill)"- (2.12)
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Now by assumption (and the fact that v is a scalar multiple of y;), we have

,,,,,,,,,

where u is a vector with

lull < /1= (1 —te)? < V2te.

By Claim and Markov’s inequality, we have that with probability at least 1 —09/10 over

the choice of z,

[u - flatten(Py(2))] < /10/8 - (¢ + (|l [lull < v/20te/3(2t [|pal])* < 1

where the last step follows from our condition on €. Now we can combine this with (2.12)) to
get that

(flatten(P;(2)), Ty, 1, T, m flatten(v®)) > (0.8 || ps]])* — 1 > (0.5 || ps])" - (2.13)

.........

Now let

1, flatten (v®") .

,,,,,,,,,,

Note that ||w] < 1 because it is the projection of a unit vector flatten(v®") onto some
subspace. By Corollary [2.4.12] and Markov’s inequality, with probability at least 1 — ¢/10

over the randomness in z, we have
E[(w-flatten(R(z, 21, z1)))*] < (10/8)(200 ([l +1)

Assuming that the above holds, we now treat z as fixed. Note that the mean of R(z, 21, ..., 29:-1)
is P,(z) by Corollary 2.4.11} Let R be obtained by averaging R(z,z1,...,29_1) over n =
((103t)!/6)? independent trials for 21, ..., z9; ;. Of course the mean of R is also P;(z). Using
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the above, we have that

E [(w - (flatten(R) — flatten(B(z))))Q]

E [(w - (flatten(R(z, 21, . . ., 221-1) — Pt(z))))2]

IA
I
2 (=

[(w - flatten(R(z, 21, . .. ,z%,l)))Q]

< (6/(10°0)")?(208)* (||l ™ + 1)

2t

0 (el

— 10 \ 20
Thus, with probability at least 1 — §/10, we have

|w - (flatten(R) — flatten(P;(2)))| < (0.05 ||i]])" .

If this holds, then combining with (2.13) implies

w - flatten(R) > (0.4 ||wi]])*

but since v®? is a unit vector and w is its projection onto the subspace spanned by the rows

m,, the above implies

,,,,,

m flatten(R)[| > (0.4 [|pil|)*-

,,,,,

Note that the expression I'ry, p,flatten(R) is exactly equivalent to the vector A that is

.....

tested by Algorithm [3| so combining all of the failure probabilities, we conclude that with
probability at least 1 — ¢, the output of Algorithm (3| will be FAR. [ |

2.8 Learning Mixtures of Poincare Distributions

We are now ready to prove Theorem [2.2.3] our full result for mixtures of Poincare dis-

tributions. Let D' = (D — D)/v/2 i.e. D' is the distribution of the difference between
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two independent samples from D scaled down by V2. The /2 scaling ensures that D’ is
1-Poincare by Fact 2.3.7, Note that we can take pairwise differences between samples to

simulate access to the mixture
M = (Wi + -+ wd)D + Y wiwy D (i = 1)/ V2).
i#£j

We will run Algorithm [1)and Algorithm [3|for the distribution D’ and mixture M’. Note that
the test in Algorithm |3{will test for a pair of samples say z, 2/, from components D(y;), D (1)
of the original mixture, whether ||z; — p;]| is large or zero. Running this test between all pairs
of samples will let us form clusters of samples that correspond to each of the components.

We begin with a lemma that more precisely specifies the guarantees of this test and then

Theorem [2.2.3] will follow easily from it.

Lemma 2.8.1. Let D be a 1-Poincare distribution on R?®. Let

be a mixture of translated copies of D. Let w*,s,0 be parameters and assume that s >

(log k/(w*8))'*¢ for some 0 < ¢ < 1. Also assume that
max [|; — pi;]| < min((k/(w*0))*, s)

for some C. There is an algorithm that takes n = poly((kd/(w*5))¢/¢) samples from M
and D and runs in poly(n) time and achieves the following testing guarantees: for a pair of

(independent) samples z ~ D(y;), 2" ~ D(p;),
o [fi=j and w; > w* then with probability 1 — 0 the output is accept
o Ifw;,w; > w* and ||p; — pjl| > s then with probability 1 — § the output is reject

where the randomness is over the samples z,z' and the random choices in the algorithm.
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Remark. Note that Lemma actually does not require a minimum separation or mini-
mum mixing weight but instead just guarantees to detect when two samples come from com-
ponents that have nontrivial mizing weights and whose means are far apart. We will focus
on achieving inverse polynomial accuracy i.e. § = (w*/k)°Y so the required separation will

be (log k/w*)'*¢ and the runtime will be polynomial in k,d, 1/w*.

Proof. Let t be the minimum integer such that

(m) > (h/ (w'6))1°.

Note that we clearly must have that

S cue * £1120C /¢
i) S )

maXH:uZ /’LJH =S — 10g<k/

20 log(k/(w*d))
~ cloglog(k/(w*d))

Now we run Algorithm [1| with distribution D’ and mixture M’ and parameter ¢ to obtain

projection matrices Il;, ..., II;. Set

5
(10£s0)3t -

Note that by the above, the runtime and sample complexity of n = poly((kd/(w*d))¢’¢)
suffices for us to apply Lemma with accuracy parameter ¢ and weight threshold (w*)?2.
This implies that for all i # j such that ||p; — p;]| > v/2 and w;, w; > w*, we have

|Tr,....m flatten((r; — 1)) || = (1 — se) |l — pyl° (2.14)
forall s =1,2,...,¢t. Now we run Algorithm |3| with projection matrices II;, ..., Il;, accuracy
0 and threshold

= (0.25)".

We use Algorithm 3] to test (z — 2/)/v/2 and we output ACCEPT if Algorithm [3| returns
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CLOSE and we output REJECT if Algorithm [3| returns FAR. Note that runtime and sample
complexity of n = poly((kd/(w*§))¢/¢) suffice. Also (z — 2')/v/2 is equivalent to a sample
from D’ (s — p;)/v/2). We now apply Lemmam to verify the first guarantee of our test.

Note that it suffices to verify that
(20¢)'k

>
TETS

but this clearly holds because

(2(;)7: = (Ozgf )t = <104 log(clj/(w*5))>t = %

Thus, we conclude that if z, 2’ are drawn from the same component then the output is

ACCEPT with probability at least 1 — §. Now we use Lemma to verify the second

guarantee of our test. Note that

I = 51l 5 25 S 101008 1/5 4 1)

V2 T V2

Also note that the threshold clearly satisfies 7 < (0.4 || — ;]| /v/2)! (note that the /2
comes from the fact that we scale the difference down by v/2). Combined with the guarantee
in , we conclude that the output is REJECT with probability at least 1 — ¢ and we are
done. |

Using Lemma 2.8.] it is not difficult to prove Theorem [2.2.3]

Proof of Theorem[2.2.3. Recall by the reduction in Section that we may assume d < k
and that [|u; — 5] < O((k/wmin)?) for all i,5. Now we will do the following process to

estimate the means of the components.
1. Draw a sample z ~ M
2. Take m = (k/(wmm))'?" samples 2z, ..., zm ~ M

3. Use Lemma with parameters w* = Wy and § = (wmina/k)'" to test the pair of

samples z, z; for all for all i € [m)]
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4. Let S C [m] be the set of all ¢ that are ACCEPTED and compute pu = ‘—é' Y ies %

We first argue that if z is a sample from D(y;) for some i, then with 1 — (wpnma/k)'"
probability, the procedure returns g such that ||u — ;]| < 0.1ce. This is because by the
guarantees of Lemma with probability at least 1 — (wmyinct/ k)lOS the test will accept
all samples from among zi,...,z, that are from the component D(p;) and reject all of
the others. Also, with high probability, there will be at least (k/(wmpma))? samples from
the component D(yu;) so by Claim and union bounding all of the failure probabilities,
we have that if z is a sample from D(u;) then || — u;|| < 0.1a with probability at least
1 — (wmima/ k).

Now it suffices to repeat the procedure in steps 1 — 4 for I = (k/(wmna))'?” independent
samples z ~ M. This gives us a list of means say S = {ji1,...,}. The previous argument
implies that most of these estimates will be close to one of the true means and that all of
the true means will be represented. To ensure that with high probability we output exactly
one estimate corresponding to each true mean and no extraneous estimates, we do a sort of
majority voting.

We will inspect the estimates in S one at a time and decide whether to output them or
not. Let T be the set of estimates that we will output. Note that T is initially empty. Now
for each i, let S; be the subset of {f1,. .., i} consisting of all means with ||z; — ;|| < 0.2a.
If |S;| > 0.9wmin! and fi; is not within « of any element of 7" then add f; to 7. Otherwise
do nothing.

We claim that with high probability, this procedure returns one estimate corresponding
to each true means and nothing extraneous. First, with high probability there will be no
extraneous outputs because if say y; is at least 0.5« away from all of the true means, then with
high probability we will have |S;| < 0.9wpynl. Now it is also clear that with high probability
we output exactly one estimate corresponding to each true mean (since [ is sufficiently large
that with high probability we get enough samples from each component). Thus, with high
probability, the final output will be a set of means that are within « of the true means up

to some permutation. Once we have learned the means, we can learn the mixing weights
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by simply taking fresh samples from M and clustering since with high probability, we can

uniquely identify which component a sample came from. This completes the proof. [ |

The clustering guarantee in Corollary [2.2.4] follows as an immediate consequence of The-

orem [2.2.3]

Proof of Corollary[2.2.4). Let the estimated means computed by Theorem for a =
(Wmin/K)'° be [y, ..., . Now for all ji, jo € [k] with j; # jo, let

I ey
e ||/’Lj1 - sz”

Now given a sample z from M, we compute the index j such that for all j1, jo, we have

1055 - (5 — 2)| < (log(k/wmin)) 5.

Note that by the guarantees of Theorem , there is a permutation 7 such that H [or(i) — i || <
a for all 7. If 2z is a sample from D(y;), then by the tail bound in Fact with high prob-
ability the unique index j that satisfies the above is exactly j = m(¢) and thus, we recover

the ground truth clustering with high probability. [

2.9 Sharper Bounds for (Gaussians

For spherical Gaussians, i.e. when D = N(0, ), we can obtain stronger results. Our results
are stronger in two ways. First, we can improve the minimum separation to (log(k /wmin))"/?**
instead of (log(k/wmm)' ™. Secondly, we can remove the assumption about the maximum
separation by using a recursive clustering routine. We first focus on improving the mini-
mum separation. To get this improvement, we will prove sharper quantitative bounds in our

implicit moment tensor and testing subroutines.
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2.9.1 Hermite Polynomials

Naturally, for the standard Gaussian N(0, ), the adjusted polynomials P; (o, are exactly
the Hermite polynomials. In this section, we define and go over a few basic properties of
the Hermite polynomials. Many of these are from [65]. In the next subsection, we will show

how to exploit specific properties of the Hermite polynomials to get sharper versions of the

results in Sections 2.6 and 2.7

Definition 2.9.1. We will use P(S) to denote the set of partitions of a set S. We use P?(S)
to denote the set of partitions of S into subsets of size 2. We use PY2(S) to denote the set

of partitions of S into subsets of size 1 and 2.

Definition 2.9.2 (Hermite Polynomial Tensor (see [65])). Let X = (Xi,..., Xy) be a vector

of d formal variables. We define the Hermite polynomial tensor

X = Y QD e @ x©

PePL2([t]) {a,b}eP {c}eP
where I denotes the d x d identity matriz.

Below we summarize several well-known properties that the Hermite polynomials satisfy.

Claim 2.9.3 (See [69]). Let G = N(u,I). Then

E [hu()] = .

Claim 2.9.4 (See [65]). We have the identity

Z ® ]ab

0 I) PeP2([t]) {a,b}eP

We also have that the Hermite polynomials are exactly the adjusted polynomials (recall

Definition [2.4.2)) for the standard Gaussian.
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Claim 2.9.5. For any x € R? and integer t, we have
Pinon(z) = ().

Proof. We can verify the desired statement by induction. The base cases for t = 1,2 are
clear. To finish, we can simply plug Claim into the recursion in (2.7)) to verify the

inductive step. [ |

We could get a bound on the variance of the Hermite polynomials using Claim [2.4.5 How-
ever, since our goal for Gaussians will be to get separation (log(k/wmi))/?*¢ instead of
separation (log(k/wmiy)) ¢, we will obtain a stronger bound by hand. Fortunately, we will
only need the stronger bound for when the mean is 0 and can get away with using the general

bounds from Section [2.4] for when the mean y is nonzero.

Claim 2.9.6 (From [65]). We have

E [(z) @ (2)] = Z Z ® J(at+b) ® 1© ® L)

~N (p,I
z~N (1) S1,82CJt],|S1|=|S2] Maz}fccgmgs P {ab}cP c¢ St cgSs

0f O1,02

Flattening the above expression for E,.q[h:(2) ® hi(z)] into a d' X d* matrix in the natural

way, we immediately get a bound on the covariance of hy(z) for z ~ G

Corollary 2.9.7. Let
M(z) = flat(h(2)) @ flat(hi(2)) .

Then

E[M(z)] < 1]
z~N(0,])

where I is the d* x d' identity matriz.

Proof. This follows immediately from the formula in Claim since there are t! terms that
are a tensor product of ¢ copies of the identity matrix and each of these has spectral norm

1. |
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We will also need the following property, that the Hermite polynomials are an orthogonal
family. Again, this property was not true for general Poincare distributions but will be used

in getting stronger quantitative bounds that will let us deal with smaller separation.

Claim 2.9.8. For integers t #t', we have

E,  [fat(hu(2)) @ fla(hu ()] = 0.

Proof. WLOG t' < t. We first prove

E  [h(z)® 28] =0.

z~N(0,I)

Substitute the expression in Definition [2.9.2] into the LHS and then use Claim [2.9.4] The
above then follows from direct computation. Next, since the above holds for all ' < t and

hi(z) is a sum of monomials of degree at most ¢', we immediately get that

ZNJ%OJ)U“(Z) ® hy(2)]

as desired. ]

2.9.2 Implicit Representations of Hermite Polynomials

Similar to Section we will need implicit representations of the Hermite polynomial
tensors. While technically the representation in Definition [2.9.2] is already implicit, the
identity matrices I** do not behave well when we try to apply our iterative projection map
in Section [2.5]and thus we will again, similar to Section[2.4.3] need to obtain a representation

as a sum of a polynomial number of “rank-1" tensors.

The next set of definitions exactly parallel those in Section [2.4.3]
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Definition 2.9.9. For zi,...,z; € RY, define the polynomial

Qi(T1,. .. 1) = (2.15)

(ersi57-1)
S1U--US=[t] C{S1,...,5¢t}—1
|SiNS;|=0

Definition 2.9.10. For x1,...,zo € R%, define the polynomial
Ri(xq,...,29) = —Qu(x1, ..., 20) + Qe(Tes1, ..., Top) -
Remark. Note we will use the same letters Qy, Ry as in the general case. All of the proceeding

sections deal specifically with GMMs and we will only consider the corresponding Q:, Ry so

there will be no ambiguity.

By Claim [2.9.5, we have the following (which is the exact same as Corollary [2.4.10)).

Corollary 2.9.11. We have the identity

Rt(ZEl,...,ZEQt) = Z

(cgsi5y-1)
S1U--US:=[t] C{S1,...,S¢}—1
|SiNS;|=0

®51 RSt ®S1 RSt
(277 ® - @2 —rf @ @ ay™) .

Claim also implies that Corollary and Corollary still hold and can be

used in the analysis. We now prove the one strengthened bound that we will need.

Lemma 2.9.12. We have

E  [flatten(Ry(z1,. .., 20))%%] < (20)' L
Z1,..,22¢~N(0,1)
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Proof. Note that by Claim and Corollary 2.9.7]

E  [flatten(Ri(z1, . . ., 200))%]

le'~~7z2t"‘N(071)

:22

( t—1
S1U--USi=[t] \c{S1,...,S:}—1

5flatten ((hwl'(xl))(sl) Q- ® (h|St|<xt))(St)>®2

|SiﬂSj‘=0
<2 Y [S[]Sa] - |G
S1U---USy=[t]
\SiﬁSj|:0
t
= 2Ig Z ( )81!~~5t!
S1y...,S5¢
s1+-+se=t
$;>0
=< (2t) e
where as before we use the trick of reindexing the sum so that si,...,s; are the sizes of
St, ..., S respectively. This completes the proof. [ |

Note that the key difference of the above compared to Corollary [2.4.12] is that the RHS

is ¢ instead of #*'. This is the key to improving the separation.

2.9.3 Testing Samples

All of the algorithms and results in Section still hold (with the distribution D set to
N(0,1)). We also run the testing algorithm in Section 2.7} It remains to prove that the
distinguishing power of the test is stronger when specialized to Gaussians. Recall that the

key lemmas were Lemma and Lemma [2.7.2] The strengthened versions are stated

below.

Lemma 2.9.13. Lett € N and 0 < 6 < 0.01 be some parameters. Let Il;,... Il €
R¥>dk TT, € R¥*4 be any matrices with orthonormal rows. Let T be some parameter satisfying
T > (2t)2k/S. Let z ~ N(0,I). Then with probability at least 1 — &, Algorithm @ run with
these parameters outputs CLOSE where the randomness is over z and the random choices

within Algorithm[3,
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Lemma 2.9.14. Lett € N and 0 < § < 0.01 be some parameters. Let z ~ N(u;,I) where

|2s]] > 10*(\/log 1/5 + /t). Let 7 be some parameter satisfying 7 < (0.4 ||pus]|)*. Assume
that the matrices 11, ... Iy € R¥*9 1, € R**? satisfy that

.....

where

0
(102 [lall)*

Then with probability at least 1 — &, Algorithm [3 run with these parameters outputs FAR

e <

(where the randomness is over z and the random choices within Algorithm [3).

There are two key difference compared to Lemma [2.7.1] and Lemma [2.7.2] First, in
Lemma [2.9.13] the bound on 7 involves /2 instead of t!. Second, in Lemma [2.9.14] we
require separation O(+/log1/8 + /t) instead of O(log1/d 4 t). When we combine the two,

the inequality that we need for our test to be meaningful is
(0.4 il = (20)%k/5 .

All of the settings of parameters will be the same as before i.e. t ~ O (¢! log(k/w*)/loglog(k/w*))
and & = poly(w* /k) except now we can get away with ||us]| > (log(k/w*))*/?*¢ for some con-

stant ¢ > 0 which allows us to improve the minimum separation.

The proof of Lemma [2.9.13is essentially exactly the same as the proof of Lemma [2.7.1]

Proof of Lemma[2.9.13. Exactly the same as the proof of Lemma except use Lemma
2.9.12] instead of Corollary [2.4.12] to bound the variance of R;. |

The proof of Lemma [2.9.14] requires one additional modification. In particular, we will

use a stronger version of Claim that we now prove.
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Claim 2.9.15. Let v € R Let v € R? be a vector such that v -z > 20v/t ||v||. Then
(he(z),v®") > (0.9v - z)".

Proof. WLOG v is a unit vector. Let a = v - x. Using Definition and elementary

counting, we have
[t/2]

(hu(a), v™) = 3 (~1)a’>

Jj=0

!
2751(t — 25)!

The RHS is a polynomial in a and is exactly the standard univariate Hermite polynomial,
which we denote H;(a). Note it can be easily verified that the univariate Hermite polynomials

satisfy the recurrence

Hi(a) = aH;_1(a) — (t — 1)Hy—5(a).

Thus, we can write

a
Hi(a) = det V2 a

where the blank entries are 0. Let the matrix on the RHS be M. M is a t x t matrix that has
a on the diagonal and adjacent to the diagonal the entries are M;(1) = M(i41) = Vi and 0
everywhere else. Note that this implies that H; has ¢ real roots (since it is the characteristic
polynomial of a symmetric matrix). Also, all roots have magnitude at most 2+/¢ since if
la| > 24/t then the matrix is diagonally dominant and cannot have determinant 0. Thus, we
can write Hy(a) = (a —r1)---(a — 1) where —2v/t < ry,...,7, < 2y/t. For a > 20/t, we
clearly have Hy(a) > (0.9a)" and this completes the proof. |

Proof of Lemma[2.9.1). Exactly the same as the proof of Lemma except using Claim
2.9.15 instead of Claim 2.7.3| [ |
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2.10 Clustering Part 1: Building Blocks

In order to prove our full result for GMMs, we need to be able to deal with mixtures for which
the maximum separation is much larger (superpolynomial) than the minimum separation. To
do this, we will have a recursive clustering procedure where we are able to remove half of the
components each time. Roughly, we find a direction v for which there are two components
whose separation along direction v is large (say at least (log(k/wmin))/?*¢). We call this a
signal direction.

Next, imagine projecting all of our samples onto the direction v. For each component,
essentially all of its samples will be in an interval of width O(y/log(k/wmin)). Thus, since
there are two components that are sufficiently separated, we can find an interval of width

O(y/1og(k/wmi,)) for which
e For at least one component, essentially all of its samples are in this interval
e At most half of the components ever generate samples in this interval

We then imagine going back to R? but only keeping the samples whose projection onto v
lies in this interval. Of course, after this restriction, the distribution is no longer a mixture
of Gaussians because there could be a component that is cut in half by the boundary of the
interval. The key observation is that we can project all of the remaining samples (after the
restriction) onto the orthogonal complement of v. This new distribution will be a mixture of
Gaussians in d — 1 dimensions with at most half as many components. Furthermore, because
we restricted to an interval of width O(y/log(k/wmin)), we can argue that this projection
onto the orthogonal complement of v does not reduce separations by too much.

The actual clustering algorithm will be more complicated than the outline above for
technical reasons. There are several additional details that we need to deal with such as
the fact that we may create components with very small mixing weights when we restrict to
samples in an interval. Also, the procedure for halving the number of remaining components
only works when there is some pair of means whose separation is at least poly(log(k/wmin))

(which is larger, but polynomially related to the minimum separation). Thus, after running
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the halving procedure sufficiently many times, we then have to run a full clustering routine

that has guarantees similar to Theorem [2.2.3

Remark. Note that for general Poincare distributions, this type of approach seems infeasible
because after restricting to an interval in direction v, projecting onto the orthogonal com-
plement still may not “fix" all of the components of the mixture be translations of the same

distribution again.

In this section, we introduce the building blocks for our complete clustering algorithm.
The two main components in this section are Lemma which roughly allows us to,
in an arbitrary mixture, find a signal direction along which some two components have
separation comparable to the maximum separation and Lemma which allows us to

do full clustering when the maximum separation is at most poly(log(k/wmyin)).

2.10.1 Notation and Terminology

Throughout the proceeding sections, we will use 0 < ¢ < 1 do denote an arbitrary (small)

positive constant that does not change with the other problem parameters.

Definition 2.10.1. For a subspace V. C R? and a point x € R, we use Proji,(z) to denote

the projection of x onto V.
Definition 2.10.2. For a subspace V C R? we use V* to denote its orthogonal complement.

Definition 2.10.3. For a Gaussian with mean pu and covariance %, we use Ny (u, %) to

denote its projection onto a subspace V.

We will now introduce terminology for describing mixtures and how well-behaved they

are.

Definition 2.10.4. We say a GMM M = w;N(uy,I) + - + wpN(ug, I) is s-separated if

for alli # j, i — sl = s.

86



Definition 2.10.5. For a GMM M = wiN(uy, I)+---+wiN(ug, I) and parameter w* > 0,
we say that M is w*-reasonable if the following holds:

max || — g5 > \/max s — i) -
1,7 2y}

wi,w;Zw*
We also use the convention that a trivial mixture consisting of one component is reasonable.

Remark. Note the choice that the RHS is a square root is arbitrary. Any constant power

would suffice.

Roughly, the inequality in the definition says that there are two components whose mixing
weights are at least w* such that the separation between their means is comparable to the
maximum separation between any two means. Note that the notion of comparable is very

loose (the two quantities can be off by a square).

Definition 2.10.6. For a distribution M and parameters p, A, we say that a direction, given
by a unit vector v € RY, is a (p, A)-signal direction for M if there is a real number 6 such

that
Prv-z<6—A]>p

z~M

> >n.
ZE’}:A[U z2>0+A]>p

Roughly, a direction is a signal direction if the distribution M is nontrivially spread
out along that direction. It will be important to note that we can easily check whether a

direction is a signal direction.

Claim 2.10.7. Let M be a distribution on R? and let v € R? be a unit vector. For parameters
p, A, given poly(d, 1/p) samples from M, we can distinguish with high probability when v is

a (p, A)-signal direction and when v is not a (0.9p, A)-signal direction.

Proof. We can simply take sufficiently many samples and check if v is a (0.95p, A)-signal

direction for the empirical distribution on the samples. [ |
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We will also need the following concentration inequalities about tails of a Gaussian. The

first one is standard.

Claim 2.10.8. Consider a Gaussian N(u,I) in R%. For any parameter B, we have

Pr ||z —pll < V/2d+ 8] >1—-279%.

z~N(p,I)

The next inequality is closely connected to the notion of stability (see [43]) that has

recently proved very useful in the field of robust statistics.

Claim 2.10.9 (See [43]). Consider the standard Gaussian N(0,I) in RY. Let ¢ > 0 be
some parameter. Given n > (d/€)® samples zy, ..., 2z, from N(0,I), with probability at least

1 — 27 the following property holds: for any subset S C [n] with |S| > en, we have

< 104/log1/e.

1
5] 2= "

€S

2.10.2 Clustering Test

Recall that for arbitrary Poincare distributions, one of the key ingredients was Lemma [2.8.1],
an algorithm for testing whether two samples from a mixture M are from the same com-

ponent or not. The analog (with strengthened quantitative bounds) that we will need for

GMDMs is stated below.

Lemma 2.10.10. Let

be a GMM inRY. Let w*, s, 8 be parameters and assume that s > (log k/(w*8))"/?*¢ for some

0<c< 1. Also assume that
max 4 — pgll < min((k/(w*6))?, s)

for some C. There is an algorithm that takes n = poly((kd/(w*8))¢/¢) samples from M and
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runs in poly(n) time and achieves the following testing guarantees: for a pair of (indepen-

dent) samples z ~ N(p;, I), 2" ~ N(u;, 1),

o [fi=j and w; > w* then with probability 1 — 0 the output is accept

o Ifw,w; >w" and ||p; — pj|| > s then with probability 1 — 0 the output is reject

where the randomness is over the samples z,z' and the random choices in the algorithm.

Proof. The proof is exactly the same as the proof of Lemma [2.8.1| except we use Lemma

2.9.14) and Lemma [2.9.13]in place of Lemma and Lemma [2.7.1] respectively. [

2.10.3 Finding a Signal Direction

As mentioned before, to remove the constraint on the maximum separation, we will need
to do recursive clustering. The key ingredient in the recursive clustering is finding a signal
direction. In the next lemma, we show how to find a signal direction in a reasonable mixture.
Note that if a mixture is not reasonable, then we have no guarantees. Roughly this is because
if there are some components with means fi;, f1; such that ||z; — g is very large but whose
mixing weights are very small then the few samples from these components will drastically
affect all of our estimators. Fortunately, in the next section (see Claim , we show how
to ensure that we always work with a reasonable mixture.

The main algorithm for finding a signal direction is summarized below. Roughly, we
just randomly take two samples z, 2’ from M. We then take the mean p of samples z; such
that (z, z;) passes the test in Lemma and the mean y' of samples z; such that (z, 2})
passes the test in Lemma We then test whether the direction p — p' is indeed a

good enough signal direction and otherwise just try again with new samples.
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Algorithm 4 FINDING A SIGNAL DIRECTION
Input: Sample access to GMM M

Input: Parameters k, w*, positive constant ¢ > 0
Input: Desired separation A
Take two samples z, 2’ ~ M
Take samples 21, ..., zm, 2}, . . ., 2. from M where m = (k/w*)'""
fori=1,2, ..., mdo

Test pairs z, z; and 2/, 2/ using Lemma with parameters w*,§ = (w*/k‘)w4, s =
0.01A
Let S be the set of i such that the pair z, z; is accepted.
Let S’ be the set of ¢ such that the pair 2/, 2} is accepted.
Compute p = I_él Y icgziand pf = ﬁ Y ies %
Set v = (u— )/ |l — 1|
Test if v is a (0.8w*,0.8A) signal direction using Claim
Output v if test passes

Lemma 2.10.11. Let M = wy;N(u1,I) + -+ + wpeN(px, 1) be a GMM. Let w* be a pa-
rameter and assume that M is w*-reasonable and ||p; — p || < O((k/w*)?) for all i,j. Also
assume that there are i,j such that w;,w; > w* and |p; — ;]| > (log(k/w*))Y/2¢ for some
positive constant c. There is an algorithm that takes n = poly((dk/w*)'/¢) samples from

M and poly(n) runtime and with high probability outputs a unit vector v such that v is a

(w* /2, maXe, w; >0~ ||t — 1] /2)-signal direction.

Proof. Let

A = max
Wi, W5 >w*

i — ]| -

It suffices now to find a (w*/2, A/2)-signal direction. While we technically do not know A,
we can guess A within a factor of 1.1 by using a multiplicative grid. We then try to find
a (0.8w*,0.8A) signal direction for various guesses of A and test them using Claim [2.10.7

and output the one for the largest A that succeeds. Thus, we can essentially assume that
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we know A up to a factor of 1.1.

Now we can just run Algorithm [ repeatedly. It suffices to prove that with some inverse
polynomial probability, the output v is a (0.8w*, 0.8A)-signal direction. We can then just re-
peat polynomially many times and test each output using Claim to guarantee success
with high probability. Let 7,7’ be indices such that ||u; — pi|| = A. With at least (1/w*)?
probability, z is drawn from N (u;, I') and 2’ is drawn from N (u}, I'). Now using the guarantee
of Lemma and union bounding (note this is valid because M is w*-reasonable), with
at least 1 — (w*/k)'® probability, we have the following properties

e Foralli € S, z is a sample from N(u;, ) where ||p; — p;|| < 0.01A
e Foralli € S, z; is a sample from N (u;, I) where ||p; — p|| < 0.01A
e |S], 5] > 0.9w*m

However, combining these properties with Claim implies that with high probability
e — il 5 | — par|| < 0.02A. This then implies that v has correlation 0.9 with the unit
vector in the direction p; — p;y which clearly implies that it is a (0.8w*, 0.8 A)-signal direction.
Overall, the success probability of a single trial is at least 0.9 - (1/w*)? so repeating over

polynomially many trials guarantees that we succeed with high probability. [ |

2.10.4 Full Clustering with Bounded Maximum Separation

Similar to Theorem[2.2.3] we can do full clustering if the maximum separation is polynomially
bounded in terms of the minimum separation. We have a slightly more technical requirement
here that there may be some components with very small mixing weights but we only need
to recover the means of the components with substantial mixing weights. This result will
be used as the final step in our complete clustering algorithm when we have reduced to a
submixture where the maximum separation is sufficiently small and then we can just fully

cluster the remaining components.
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Lemma 2.10.12. Let M = wyN (1, [)+- - -+wiN(ug, I) be a GMM. Let ¢ > 0 be a positive
constant and let w* be a parameter that we are given. Assume that M is s-separated where
s = (log(k/w*))Y/?*¢ for some positive constant c. Also assume that max; || — pil| <
(log(k/w*))*. Given n = poly((dk/w*)'/¢) samples from M and poly(n) runtime, there is
an algorithm that with high probability outputs a set of means {j,..., i} such that the
following properties hold:

e r <k
o For alli € [k]| such that w; > w*, there is some j € [r] such that ||p; — ;]| < 0.1
o We have || — f1;|| > s/2 for alli# j

Proof. The proof will be very similar to the proof of Theorem [2.2.3] except using the test
in Lemma Now we will do the following process to estimate the means of the

components.
1. Draw a sample z ~ M
2. Take m = (k/w*)'"* samples z, ..., 2, ~ M

3. Use Lemma [2.10.10| with parameters w* = (w*/k)'0, 8 = (w*/k)'", s to test the pair

of samples z, z; for all for all i € [m)]
4. Let S C [m] be the set of all ¢ that are ACCEPTED and compute p = I_;I Y ics %

Note that if z is a sample from N (p;, I) for some ¢ with w; > (w*/k)?, then with 1— (w*/k)'*
probability, the procedure returns p such that || — u;|| < 0.01. This is because by the
guarantees of Lemma , with probability at least 1 — (w*/k)'°" the test will accept all
samples from among 2, ..., z, that are from the component N(u;, ). Also, the only other
samples that are accepted must be from components N (uj, I) with w; < (w*/k)!°. With
high probability, among zi,..., 2, there will be at least 0.9w;m > 0.9(w*/k)>m samples
from the component N (ju;, ) and at most 2k(w*/k)"*m < (w*/k)?m from other components

N (p;, I) with mixing weight smaller than (w*/k)™. Since we have a bound on the maximum
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separation ||u; — p;l| < (log(k/w*))*, with high probability, the mean p of all of these samples
satisfies || — ;|| < 0.01.

Now we repeat the procedure in steps 1—4 for [ = (k/ w"‘)w2 independent samples z ~ M.
This gives us a list of means say S = {/1,...,4}. The previous argument implies that
most of these estimates will be close to p; for some ¢ with w; > (w*/k)® and furthermore
that all such components will be represented. As in Theorem to ensure that with
high probability we output exactly one estimate corresponding to each true mean and no

extraneous estimates, we do a sort of majority voting.

We will inspect the estimates in S one at a time and decide whether to output them or
not. Let T be the set of estimates that we will output. Note that T is initially empty. Now
for each i, let S; be the subset of {/i1,..., [} consisting of all means with ||; — ] < 0.02.
If [S;| > 0.9w*l and f; is not within 0.1 of any element of 7" then add ji; to T'. Otherwise do

nothing. At the end we output everything in 7.

We now argue that with high probability, the set T" satisfies the desired properties. First,
note that with high probability, all elements of T" must be within 0.05 of one of the true
means /i; since otherwise, there would not be enough elements in the set S;. Also it is clear
that there can be at most one element fi; € T corresponding to each true mean 4. It remains
to argue that with high probability, for all i € [k] such that w; > w*, there must be some
element in 7" within 0.05 of p;. This is because for such an ¢, with high probability there
will be at least 0.9w;l elements f1; in S such that ||z; — ]| < 0.01. Thus, if there are no
elements already in 7" that are close to f;, then one of these f; will be added to T'. Overall,
we have shown that with high probability, the set T satisfies the desired properties and we

are done. ]

2.11 Clustering Part 2: Recursive Clustering

In this section, we put together the building blocks from Section in our complete clus-
tering algorithm and complete the proof of Theorem [2.2.5]
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2.11.1 Clustering Checkers

First, we introduce the concept of a checker. This will ease notation for later on when
we need to consider various restrictions of a mixture involving restricting to samples whose

projection onto a subspace V is close to a certain point p € V.

Definition 2.11.1 (Checker). A checker, denoted (V,p,r) consists of a subspace V C R?, a

point p € V and a positive real number r.

Definition 2.11.2. We say that a checker (V,p,r) contains a point x if ||Proj,(x) — p|| < r.

We write chky,,,(x) = 1 if the checker contains the point x and chky,,,(z) = 0 otherwise.

Definition 2.11.3. Given a distribution M and a checker (V,p,r), we may take samples
from M, delete all of them that do not lie inside the checker (V,p,r), and then project the
remaining samples onto V. We call the resulting distribution the reduction of M by the

checker (V,p,r) and denote it redy,, . (M).

2.11.2 Basic Properties

The key observation is that reducing a mixture of Gaussians by a checker (V,p,r) results
in a new mixture with the same components (projected onto V*) but with different mixing

weights.

Claim 2.11.4. Assume that we have a checker (V,p,r) and let a be the dimension of V.
Given a GMM M = wiN(py, I) + -+ +wiN (g, 1), the reduction of M is

Zle w; Prsz(Mi,I) [Cth,p,r (Z) = 1] ‘Z\[VL (“17 I)
S Wi Pran . [chkypr(2) = 1]

redv,m (M) =

Proof. This follows immediately from the fact that for a sample z from a standard Gaussian
N(0, 1), for any subspace V', the projections Proj, (z) and Proj, . (z) are independent and

distributed as standard Gaussians in the respective subspaces. [ |

In light of Claim [2.10.8, reducing a GMM by a checker (V,p,r) where V has dimen-

sion a essentially removes all components whose means p; satisfy ||Projy (u;) —p| > r +
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w(v/a +log k). We now make this notion more formal by defining a truncation of a reduced
mixture that involves deleting such components. We then argue that the truncation only

affects the overall distribution by a negligible amount.

Definition 2.11.5. Let M = wiN(u1,I) + -+ + wpeN(px, I) be a GMM and 0 be some

parameter. For a checker (V,p,r), define the truncated reduction of M as

2 ies Wi Praan(u,nchkvp,r(2) = 1Nyo (i, 1)
> ies Wi Proonu, nlchkvy, (2) = 1]

rec%vezw (M) =

where S is defined as the set of i € [k| such that p; is in the checker (V,p,r + 0). We say

that the set S is the set of relevant components in the truncation redgi)’r(/\/l).

Combining Claim [2.10.8 and Claim [2.11.4] we deduce that we can truncate after reducing
by a checker while changing the distribution by only a negligible amount.

Corollary 2.11.6. Let M = w1 N(p, ) + -+ + wpeN (g, I) be a GMM. Let w*,§ be some
parameters and let 0 > (log(k/(w*0)))**9/2 for some positive constant ¢ > 0. Let (V,p,r) be

a checker where V' has dimension at most (0/10)2. Assume that for some i, we have w; > w*

and chky,p,—g(pi) = 1. Then

Vip,r

drv <red<9) (M), I’ed\/’pm(/\/{)> < 2_(10g(k/(w*6)))1+01c .

Proof. Note that by Claim [2.10.8] for any ;2 € R? we have

Pr Proj,(z — > 0.50] < 2-0-016%
P [IProjy( — )] > 050] <

In particular, for any p; that is not in the checker (V,p,r+6), the probability that a sample
from N(u;, 1) lands in (V, p,r) is at most 27019, Also we assume that there is some i such
that p; is in (V,p,r — 0) and for this component N(u;, I), the probability that a sample

2—0.0102

lands in (V,p,r) is at least 1 — Combining these observations gives the desired

inequality. |
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Note that we can simulate samples from redy, (M) (using samples from M) and the

above implies that this is essentially equivalent to simulating samples from red§27r (M) since

their TV distance is negligible. One more important claim that we will need is that if a
checker contains the mean of one of the components, then by adjusting the radius slightly,

we can find a truncation for which the resulting mixture is reasonable (recall Definition

2.10.5)). This will allow us to apply Lemma [2.10.12| to find a new signal direction in V+.

Claim 2.11.7. Let M = wiN(p1, I)+- - -+wp N (g, I) be a GMM. Let w* be some parameter

and let 0 > (log(k/w*))1+9/2 for some positive constant ¢ > 0. Assume that
o max [ — p;]| < O((k/w*)?)
o The mizture M is 6 - (log(k/w*))*'*/2-separated
o w; > w* for alli

Let V' be a subspace of dimension at most (0/10)* and p be a point in V. Assume that for
some i, the checker (V,p,0) contains p;. Then for a random integer v chosen from among

{1,...,[10* loglog(k/w*)]}, with probability at least 1/2, the mixture
o
n eCﬁV,;we (M)

15 0.9w*-reasonable.

Proof. For any real number [, define «; as follows.

- Proj —u)l
U= it [Proive (= )l
chkv,p,i(py)=1

Now for any +, the only way that
red%)’w(/\/l)
is not reasonable is if
02, 19 < 0. (2.16)
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This is because by Claim [2.10.8| for all means p; that are in (V,p, (v — 1)), essentially
all of the samples from N(u;, I) are contained in (V,p,~v0). However, we now consider the
sequence

Qg, Aog, ... .

We can lower bound the first nonzero element of the sequence as follows. If there are two

distinct means p;, 1; both contained in (V,p,~6) for v < [10* loglog(k/w*)], we must have
o > [l = sl = IProjy (ki — py)l| = 0 - (log(k/w*))*¢/* — 270 > 2.

Thus, since o is upper bounded by O((k/w*)?), the condition in (2.16) can fail for at most

half of the choices of v and we are done. |

We will need one more preliminary result. It simply states that we can correctly cluster
any sample with high probability if we are given a candidate set of means S = {/,..., 1}

that are all separated and such that there is one that is close to each true mean.

Claim 2.11.8. Let N(yuq,I),..., N(w.I) be some unknown Gaussians such that ||p; — pj]] >
s for all i # j where s = (logl)(Hc)/2 and ¢ > 0 is some constant. Assume we are given a

candidate set of means S = {1, ..., [} such that
o r </
e For alli € [l], there is some f(i) € [r] such that ||fpa) — pal| < 0.1
e For all distinct j1, 42 € [r], ||z, — iyl > 0.5s

_ 2—0.0152

Then there is an efficient algorithm that with probability at least 1 , given a sample

from N(p;, I) for any i € [k], returns f(7).
Proof. For all jy, jo € [r] with j; # jo, define

||/“le - szH

Vjijo =
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Given a sample z, we find a j such that for all ji, jo € [r], we have
[V - (2 — f1;)] < 0.1s.

If 2z ~ N(u;, I), then with probability at least 1 — 270025 " setting j = f(@) clearly satisfies
the above. Also, by the assumption that ||z, — pj,| > 0.5s for all distinct ji, ja, it is clear
that with probability at least 1 — 27092 that no other j/ € [r] will satisfy the above. This

completes the proof. [ |

2.11.3 Putting Everything Together

We can now put everything together and describe our complete clustering algorithm. At a
high level there will be two phases.

In the first phase, we will keep track of a subspace V' and point p € V' and keep refining
it. In particular, in each step we will add a dimension to V' to get a higher dimensional
subspace V’ and we will compute a new point p’ € V’'. Our goal in each step will be to

maintain (roughly) the following properties

e For a certain radius r = O((log(k/w*))(*+9/2), the checker (V, p,r) always contains one

of the true means p;

e If there are two means j;, y1; in (V, p,r) with separation at least 0.1log*(k/wmin), then
with at least 0.1 probability, the refinement V', p’ satisfies that (V’,p/,r") contains at

most half as many means pu; as (V,p,r’) for some larger radius r’.

The first guarantee is not difficult to achieve as we simply need to check that there are
enough samples in the checker. To achieve the second guarantee, we rely on Lemma [2.10.11
to find a signal direction and add this direction to V' to get V’. We then argue that because
this new direction is a signal direction, the set of true means in (V, p,r) can be split into two
parts along this new direction and one of these parts will have at most half as many. The

guarantees are stated formally in Lemma [2.11.9]
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We will run the first phase sufficiently many times that with high probability, at some
point, we must have V, p such that all means in (V, p, ) have separation at most log*(k /twmi,)-
We can actually test this condition (with some slack) using Lemma[2.11.10] If the test passes,
in the second phase, we can simply use Lemma to fully cluster the remaining sub-
mixture obtained by reducing M by (V, p,r). This allows us to learn one of the components
of the mixture. In fact, we can obtain a stronger guarantee and actually identify all of the
samples from this component. See Lemma for more details. Once we have done this,
we can remove these samples and recurse on the remaining mixture. This completes the

entire clustering algorithm. Below is an outline that summarizes our algorithm.

Algorithm 5 COMPLETE CLUSTERING ALGORITHM (OUTLINE)

Initialize V = 0 (i.e. 0-dimensional subspace), p =0
Set r = O((log(k/wmin) ) 9/2)
for j =1,2,..., (log(k/wmm)) T do

Refine (V,p) < (V’,p') using Lemma [2.11.9]

Test if means in (V,p,r) have max-separation at most log*(k/wpy,) using Lemma
2. 11.10

Break if above test passes

Fully cluster samples in (V,p,r) and identify samples from one component N (u;, ) (see

Lemma [2.11.11))

Remove samples from N (yu;, I) and recurse on remaining

The next lemma formalizes the guarantees of the refinement step.

Lemma 2.11.9. Let M = wyN(uy,I) + -+ + weN(pg, I) be a GMM. Let w* > 0 be a
parameter and ¢ > 0 be a positive constant. Assume that M is s-separated where s =
(log(k/w*))/2*¢ and satisfies w; > w* for alli. Also assume that max ||u; — p;]] < O((k/w*)?).

Assume that we are given a subspace V and a point p € V where the dimension of V

is a < (log(k/w*))'*%1¢. Assume that the checker (V,p,10(log(k/w*))+9/2) contains some
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wi. Also let C' be the number of indices i such that p; is contained in the checker

(V.p, (log(k/w"))*((log(k/w*))**' — a)) .

Then there exists an algorithm that takes n = poly((dk/w*)'/¢) samples and poly(n) runtime

and returns a subspace V' and a point p' € V' with the following properties
e V' has dimension a + 1 and is obtained by adding one orthogonal direction to V/

e The checker
(V" 9, (log(k/w*))?((log(k/w*)) ¢ —a — 1))

contains at most C' of the p;.
e With high probability, the checker (V' p', 10(log(k/w*))1+9/2) contains some p;

o If there are two i, , i, contained in the checker (V,p, (log(k/w*))3+119/2) sych that

|43, — pa || = 0.1(log(k/w*))*
then with probability at least 0.1, the checker
(V. (log(k/w*))((log(k/w*))+01 — a — 1))

contains at most C'/2 of the p;.

Proof. We first focus on the last guarantee as it will not be difficult to maintain the first
three guarantees. Let 0 = (log(k/w*))1+9/2 and 8 = (log(k/w*))}*119/2_ Choose some ~
randomly from {1,..., [10%loglog(k/w*)]}. Now by Claim , with probability at least
1/2, the mixture

red g?o,ﬂMG (M)

is 0.9w*-reasonable. Also note that the two components p;, and p;, promised in the last
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condition must satisfy

IProjy+ (i,) — Projys (i, )| > 0.09(log(k/w))*.

and furthermore, their respective mixing weights in red%)m 51,0(M) are at least 0.9w*. Now
by Corollary [2.11.6] we can, with high probability, simulate a polynomial number of samples
from red(f;ﬂ +,9(M) by taking samples from redy,, s4,6(M) (which we can simulate using

samples from M). Also note that since the checker
(V. p, 10(log(k/w")) " +7%)

contains some ji;, samples from M are contained in the checker (V| p, 8+~0) with probability
at least 0.9w*. Thus we can apply Lemma [2.10.11] and with high probability we can find
a signal direction. Note this signal direction is a unit vector v € V* such that it is a
(0.4w*,0.04(log(k/w*))*)-signal direction for the distribution red@)ﬁﬂe(/\/l). Note that we
can check this last condition so if we repeat the above polynomially many times (for random

choices of 7y), we can guarantee that we have found such a signal direction.

We let V' =V + v (i.e. V' is obtained by adding v to the span of V'). Note that by the
assumption that v is a signal direction, we can find a real number ¢ such that there must be

two components p; and p; that are relevant in redgfj,’ 51-6(M) such that

t—v-p; > 0.01(log(k/w*))*

vy —t > 0.01(log(k/w*))*.

Now to find the new center p’, we do the following. Draw a fresh set of poly(dk/w*) samples
from M. For each sample, we keep it if and only if it is contained in the checker (V,p, 8 +
(v 4+ 2)0). We say a sample z is good if at least 0.9w*-fraction of other samples 2’ satisfy

IProjy (2') — Projy. (2)|| < (log(k/w*))t+9/2
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Note that with high probability, we will be able to find two samples 21, z5 that are both good
and such that |v-z; —v- 23] > 0.01(log(k/w*))?* (this will happen as long as we take a sample
from p; and a sample from p; for the two separated components promised in the previous
paragraph). Now with 1/2 probability take p’ = z; and with 1/2 probability take p’ = z,.
Note that the checkers

(V', 21, (log(k/w"))*((log(k/w")) %1€ — a — 1))
(V', 22, (log(k/w"))*((log(k/w")) ¢ — a — 1))

are disjoint since z1, 2o are sufficiently separated along direction v. Also,

IProjy (21) = plI, [IProjy (22) — pll < 6+ (v +2)0

and thus both of the above checkers are contained in the checker

(V.p, (log(k/w"))*((log(k/w")) "' — a)) .

Thus, with 1/2 probability, the number of means contained in the new checker is at most
C'/2. It remains to verify the first three conditions. The first is trivial. The second is also
trivial. To see why the third is true, note that since z; is good, with high probability, there
must be some y;, such that ||Projy(11;,) — Projy(21)]| < 2(log(k/w*))+)/2 by Claim

and similar for z,. This immediately implies the third condition. [ |

Next, we show that we can actually check the termination condition (with some slack),

that the maximum separation of any two means in (V,p,r) is at most O(log*(k/w*)) where

r = O((log(k/w"))+972),

Lemma 2.11.10. Let M = wyN(u1,I) + -+ + weN(ug, I) be a GMM. Let w* > 0 be
a parameter and ¢ > 0 be a positive constant. Assume that M is s-separated where s =
(log(k/w*))V/**¢ and satisfies w; > w* for alli. Also assume that ||u; — ;]| < O((k/w*)?)

for alli,j. Say that we are given a subspace V' and a point p € V where the dimension of V.
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is a < (log(k/w*))'*%1¢. Assume that the checker (V,p,10(log(k/w*))1+9/2) contains some
pi. Then there is an algorithm that takes n = poly((dk/w*)Y/¢) samples and runs in poly(n)
time, and with high probability,

o Qutputs REJECT if there are i,j such that p1; and p; are both contained in the checker
(V. p, 20(log(k/w"))"*972)
and that ||p; — pyll > (log(k/w*))".
o Outputs ACCEPT if for alli,j such that p; and p; are both contained in the checker
(V. p, (log(k/w*))HH19/2)

we have that ||p; — ;| < 0.1(log(k/w*))*.

Proof. Let 0 = (log(k/w*))*9)/2. We consider redgf) (304)0(M) for all

e

v={1,...,[10*1loglog(k/w*)]} .

()
V,p,(30+7)0

be simulated using samples from M), which by Corollary [2.11.6 is equivalent with high

We simulate samples from red (M) using samples from redy,, 304-)9(M) (Which can
probability for polynomially many samples. We attempt to find a signal direction in this
reduced mixture for each 7 using Lemma [2.10.11] If for any +, we find a direction that we
can check is a (0.4w*,0.4(log(k/w*))*)-signal direction using Claim then we output
REJECT. Otherwise we output ACCEPT. To see why this works, first note that clearly we
will always output ACCEPT when we are supposed to accept. Now to see that we reject

when we are supposed to reject, consider the choice of v guaranteed by Claim for

(9)
V,p,(30+7)6

Lemma [2.10.11] we will find a (0.4w*, 0.4(log(k/w*))*)-signal direction with high probability

which the mixture red (M) is reasonable. For this choice of 7, by the guarantees of

and thus we will REJECT. [ ]
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Finally, we show how to do the final step where we do full clustering and isolate samples

from a single component.

Lemma 2.11.11. Let M = wyN(u1,I) + -+ + wpN(ug, I) be a GMM. Let w* > 0 be
a parameter and ¢ > 0 be a positive constant. Assume that M is s-separated where s =
(log(k/w*))Y/?*¢ and satisfies w; > w* for all i. Assume that we are given a subspace
V' and a point p € V where the dimension of V is a < (log(k/w*))'*%1. Assume that
the checker (V,p, 10(log(k/w*))1+9)/2) contains some p;. Also assume that for all i,j such
that y; and p; are both contained in the checker (V,p,20(log(k/w*))1*+9)/2) we have that
lii — pil] < (log(k/w*))%.  Then there is an algorithm that takes n = poly((dk/w*)'/*)
samples and runs in poly(n) time, and with high probability, returns a test (which we denote

test) that can be computed in poly(dk) time and has the following properties

e There is some i such that for a random sample z ~ N(u;, 1), with high probability

test(z) = accept

o [or all other i’ # i, for a random sample z ~ N(u;, I), with high probability test(z) =

reject

Proof. Let 0 = (log(k/w*))*9)/2. Consider the truncated reduced mixture
0
red%/,;,we(M) :

By Corollary [2.11.6] we can simulate a polynomial number of samples from this mixture by
instead taking samples from redy,199(M) (which we can simulate using samples from M).

Now, by assumption, all relevant components y;, pt; in redggg’lga(/\/l) must have
0.9(log(k/w*))"/**¢ < [|Projys (1) — Projy. ()| < (log(k/w"))*.

Thus, we can apply Lemma [2.10.12| to this mixture with parameter w* = (w*/k)°. With
high probability, we obtain a list of candidate means {7, ..., @} such that r < k, all of
the candidate means are 0.4(log(k/w*))!/?**-separated and for all i € [k] such that p; is

104



contained in the checker (V,p, 180), there is some f(i) € [r] such that

|Projy o (ft7)) — Projyo (1:)]| < 0.1.

Note the last condition is because any component whose mean p; is contained in the checker
(V,p, 180) must be almost entirely contained in the checker (V,p,190) and thus will have

significant mixing weight in red@%lge(/\/l).

Now we draw poly(k/w*) fresh samples from M and restrict to those that are contained
in the checker (V,p, 176). With high probability, this is equivalent to drawing samples from

the mixture

0
red&;”a(/\/l) :

All of the relevant components in this mixture have mean p; that is contained in the checker
(V,p,180). Thus, we can apply Claim to fully cluster these samples with high prob-
ability. Recall that by assumption, there is some true mean p; contained in the checker
(V,p,100). Thus, we can find one of the clusters with weight at least 0.5w* and such that
at least half of the points in the cluster are contained in the checker (V,p,116). Say that
this cluster corresponds to y; and estimated mean jiy;y. This cluster must be almost en-
tirely contained in the checker (V,p,176). To isolate exactly the points from N(u;, I) with
high probability, we can first restrict to points contained in the checker (V,p, 176) and then
apply Claim and restrict to points for which the output is f(j). Thus, we have an
efficiently computable test that, with high probability, isolates exactly the points from the
cluster N(u;,I) and we are done. |

Now can complete the proof of our main theorem, Theorem [2.2.5] for learning clusterable

mixtures of Gaussians.

Proof of Theorem [2.2.5. First we apply the reductions in Section to ensure that d < k
and || — |l < O((k/wmin)?) for all i, j. Now we apply the algorithm in Lemma [2.11.9

for (log(k/wmin)) %1€ times (where we set w* = wy). Note that the lemma works with
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a trivial initialization where V is O-dimensional and p is just 0. Using the guarantees of
Lemma [2.11.9) with high probability at some point, we will get V| p (where V' has dimension
(log(k /wmin)) T91¢) which satisfy that

e The checker (V,p, 10(log(k/wmin))*T9/?) contains at least one of the

e For any i, 1; contained in the checker (V,p, (log(k/wmin))*T119/2), we have
i = a5l < 0.1(10g (k/wimin))* -

Thus, when we run Lemma [2.11.10] to check this pair V, p, we will ACCEPT this pair of V. p
and move to the final step. Note that Lemma [2.11.10also implies that for any pair V| p that

we ACCEPT and move to the final step, we have the slightly weaker guarantees that
e The checker (V,p, 10(log(k/wmin))*T9/?) contains at least one of the ;

e For any i, 1; contained in the checker (V,p, 20(log(k/wmin))*+9/2), we have
i = p5ll < (log(k/wmin))*

These weaker guarantees still suffice to apply the algorithm in Lemma to isolate
one of the components of M (again with w* = wy;,). With high probability, we can
take poly(k/wmin) samples from this component and estimate its mean and mixing weight
to within o (since a = (k/wmin)?"). We can also remove all of the samples from this
component from the mixture and recurse on a mixture of £k —1 Gaussians. Note that we can
do this because our test for checking whether a sample belongs to the removed component
succeeds with high probability (meaning its failure probability is smaller than any inverse
polynomial) and the recursive call only takes polynomially many samples. Thus overall the

algorithm succeeds with high probability and we are done. |

The clustering guarantee in Corollary follows as an immediate consequence of The-
orem [2.2.9)
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Proof of Corollary[2.2.6. Let the estimated means computed by Theorem for a =
(Wiin/k)'° be fiy, . .., . Now for all ji, j» € [k] with j; # jo, let

H/le - sz”

Ujija =
Now given a sample z from M, we compute the index j such that for all ji, jo, we have
0500 - (155 = 2)| < (10g(k/wnin)) 172

Note that by the guarantees of Theorem m, there is a permutation 7 such that H (i) — Mi || <
« for all 7. If z is a sample from N (p;, I), then with high probability the unique index j that

satisfies the above is exactly j = (i) and thus, we recover the ground truth clustering with

high probability. [

2.12 Omitted Proofs from Section 2.3.3

Here we explain the reductions for Section [2.3.3] When explaining the reductions, we will

work with a mixture of Poincare distributions

but it will be obvious that these reductions also work for Gaussians.

Reducing to all Means Polynomially Bounded
By Fact [2.3.7, with 1 — 2710d+k)/wmin probability, a sample z ~ D(u;) satisfies

Iz = pill <10+ (d + k) /winin
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Now, we look for a pair of samples z, 2’ such that
= = ) > 109((d + k) /1)
Note that with high probability, such a pair exists if
s = 1l = 1.1+ 10°((d + k) /w0imin)*

for some 4, j. Let v be the unit vector in the direction z— 2’ and let y;, ;t; be the components

that z, 2z’ were drawn from. We must have that
(v, i — 143)] > 0.99 - 10°((d + k) /wimin)?

Now imagine projecting all of the samples onto the direction v. Note that by Fact [2.3.7]
with high probability all of the samples from a given component will lie in an interval of
width at most 10%(d + k) /wmin after projecting onto the direction v. Thus, there must be an
empty interval of width at least 10*(d + k) /wmi, between the projections of z and 2’. This
means that no y; has projection in this interval and we can subdivide the mixture into two
submixtures with strictly fewer components by cutting via a hyperplane normal to v through
the middle of this interval. Note that for each of the two submixtures, a sample will be on
the wrong side of this cut with exponentially small probability but our algorithm will only
use polynomially many samples. Thus, we can simply run our learning algorithm on each

submixture.

We have reduced to ||p; — p;]] < O(((d + k)/wmin)?). Now we can simply estimate the
mean of the distribution M and subtract it out. Note that we have proved the reduction
with a bound of O(((d + k) /wmin)?). To reduce to O((k/wmin)?), we can apply the reduction

in the next section, which will ensure that d < k and then we can apply this reduction again.
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Reducing the Dimension

Next, we show that we can reduce to the case when d < k. We can estimate the empricial

covariance of D, say Yp. We can also estimate the empirical covariance of M, which is
Y = wi(pn @ py) + -+ wp(pr @ pr) + Xp .

Note that since all means ||| are polynomially bounded by the previous reduction, we can
obtain estimates for ¥, and ¥p that are accurate to within € in Frobenius norm for any

inverse polynomial €. Thus, we have an estimate M such that

HM_ (w1 (g1 @ pr) + -+ + wi(pr ® uk))HF < 2¢

for any desired inverse polynomial e. We can then take V to be the subspace spanned by
the top k principal components of M. Using the above, we can ensure that all of the p;
are within distance 0.18 - (wyin/k)"° of the subspace V. Let Dp,o; 1 be the projection of the
distribution D onto the subspace V. If we project all of our samples onto the subspace V/,
we would have a mixture of translated copies of Dpyoj v Where the separations are decreased

by at most 0.28 - (wpin/k)*°. Thus, we have reduced to a k-dimensional problem.
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Chapter 3

Robustly Learning Mixtures of

(zaussians

3.1 Overview

In this chapter, we consider the problem of robustly learning a mixture of Gaussians. For-

mally, there is some unknown GMM in d dimensions
M = wlN(,ul, 21) + -+ wkN(,LLk, Ek) .

We receive samples from M except an e-fraction of them may be corrupted, possibly ad-
versarially. Our goal is to learn the parameters wy, ..., wk, f1, ..., fk, 21, - - -, 2. We treat
k as a constant and focus on the dependence on d and e. In particular, we ask for sample

complexity and runtime poly(d/e) and accuracy poly(e) and independent of d.
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3.1.1 Key Techniques

We now give an overview of our techniques. For simplicity, assume that the mixture is in

isotropic position. First, we have the unknown parameters of the mixture. Let
M =wiN(puy, I +3) + -+ weN(pg, I + i)

where w; are the mixing weights and p; and I +32; denote the mean and covariance of the ith
component — note that we have re-parametrized the covariances in a way that will be useful
later on. Second, we have the indeterminates we would like to solve for. These will be denoted
1; and 3.; and our intention is for these to be the means and covariances of a hypothetical
mixture of Gaussians [} We will also guess the mixing weights of the hypothetical mixture
w;. Finally, we have a d-dimensional vector X = (Xj,..., X) of formal variables and one
auxiliary formal variable y. These will mostly be used to help us organize everything in
a convenient way. Roughly, we would like to solve for j; and f, so that the hypothetical

mixture

M =GN (i, I +50) + - + 0eN (i, I+ %)

is close to M on the family of test functions (which will be low-degree multivariate Hermite
polynomials). It turns out that this amounts to solving a polynomial system for the inde-

terminates.

Now we explain in more detail how to actually reason about and solve the polynomial

system. It will be useful to work with the following generating functions. First let

k
F(y) — Zwieﬂi(X)y"r%Ei(X)yQ
=1

!Technically our setup is slightly different in that we solve for vectors Up,...,up and vy,...,v; that are
supposed to form an orthonormal basis for the span of the {f;} and {X,;} respectively. Regardless, the
argument is conceptually the same.
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Here we have used the notation that p;(X) denotes the inner product of u; with the d-
dimensional vector X and that ¥;(X) denotes the quadratic form of X on ;. Second let

k
Fly)=Y_ ;e Xt 55 (Xw?
i=1

As is familiar from elementary combinatorics we can tease out important properties of the
generating function by applying carefully chosen operators that involve differentiation. This
requires a lot more bookkeeping than usual because there are unknown parameters of the
mixture, indeterminates and formal variables. But it turns out that there are simple differen-
tial operators we can apply which can isolate components. To gain some intuition, consider

the operator

D, = 3, — (u(X) + (X))

Note that

Y

D, <€ui(X)y+%Ei(X)y2) —0

in other words, this operator annihilates the i*" component. Thus, by composing such
operators, we can annihilate all but one of the components in F’ ﬂ On the other hand, note
that applying differential operators is just a rearrangement of the polynomials that show up
in the infinite sum representation of the generating function but using differential operators
and generating functions in exponential form gives a particularly convenient way to derive

useful expressions that would otherwise be extremely complex to write down.

Ultimately we derive a symbolic identity

k—1 m

k
ai [ () = ()7 [T = S0P = 3 RXO)(u(X) = (X)) (3.1)

=1 i=1

where m is a function of k. In the above, the h;(X)’s are the expectations of the multivariate

Hermite polynomials for the true mixture M and the f?i’s are the expectations of the multi-

2There are some additional details because applying D; to a different component creates an extra poly-
nomial factor in front. Section [3.4.3 shows how to deal with this complication.
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variate Hermite polynomials for the hypothetical mixture M. A more detailed explanation
of Hermite polynomials is given in Section but for now we may simply think of them
as modified moments. The reason that we use Hermite polynomials instead of standard
moments is that they can be robustly estimated without losing dimension-dependent factors

(see e.g. [69]).

The above identity (when combined with a few others of a similar form) allows us to
deduce robust identifiability. Roughly, this is because if we have a mixture M with means
i; and covariances [ + 3 that don’t match those of M, then the LHS of will be
bounded away from 0, implying that some term on the RHS must also be bounded away
from 0. This means that there must be some i < m = Og(1) such that h;(X) and IZ(B(/)

are substantially different — i.e. there is some test function that is a low-degree multivariate

Hermite polynomial that distinguishes the two mixtures.

Robust identifiability alone does not give us a polynomial time learning algorithm. How-
ever, it turns out that we can use SOS to obtain a polynomial time learning algorithm from
the argument for robust identifiability i.e. we essentially get the learning algorithm “for free".
The key point is that the h;(X) can be estimated using our samples and the coefficients of
the h; are explicit polynomials in the indeterminates that we can write down. Also the P;’s
are polynomials in everything: the unknown parameters, the indeterminates and the formal
variables (except for y). To set up an SOS system, we obtain robust estimates h; for the
expectations of the Hermite polynomials h;(X) for the true mixture that we can compute
from existing techniques in the literature. We then enforce that the expectations of the
Hermite polynomials for the hypothetical mixture f?,(X ) are close to these robust estimates

where closeness is defined in terms of the distance between their coeflicient vectors.

It is not immediately clear why the expression in ought to be useful for solving the
SOS system that we set up. After all, we cannot explicitly compute it because it depends on
things we do not have, like the true parameters, the p;’s and 3J;’s. However the sum-of-squares
relaxation enforces that the pseudo-expectation operator assigns values to polynomials in the

indeterminates in a way that behaves like an actual distribution on solutions when we are
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evaluating certain types of low degree expressions that contain the one above. So even though
we do not know the actual polynomials in the identity, they exist and the fact that they are
enforced is enough to ensure that we can estimate the covariance of the kth component We
stress that this is just the high-level picture and many more details are needed to fill it in.
Using these techniques, we come to the main result of our paper, which is a polynomial-
time algorithm for robustly learning the parameters of a high-dimensional mixture of a
constant number of Gaussians. Our main theorem is (informally) stated below. A formal

statement can be found in Theorem [3.8.3]

Theorem 3.1.1. Let k be a constant. Let M = wG1+- - -+wip Gy, be a mizture of Gaussians
in R? whose components are non-degenerate and such that the mizing weights have bounded
fractionality and TV distances between different components are lower bounded. (Both of
these bounds can be any function of k). Given n = poly(d/e) samples from M that are
e-corrupted, there is an algorithm that runs in time poly(n) and with high probability outputs
a set of mizing weights wy, ..., wy and components E;Vl, e ,a; that are poly(e)-close to the

true components (up to some permutation).

Discussion of Assumptions and Later Improvements

Bounded Fractionality of Mixing Weights:  The assumption of bounded fractionality
stems from an issue in previous work [39] about learning clusterable mixtures of Gaussians
i.e. when the components have essentially no overlap. We use some of their subroutines
in our algorithm for clustering the mixture into submixtures where the components are not
too far apart from each other (see Section [3.6). While [39] claims to handle general mixing
weights, the analysis of the algorithm in [39] is only done in detail for the case of uniform
mixing weights and the argument in Appendix C for reducing from general mixing weights
to uniform mixing weights does not work. The authors of [39] along with the authors of
[14] were able to fix these arguments to handle general mixing weights in [IT]. The modified
proof uses essentially the same techniques. Plugging this improved clustering result into our

analysis, instead of using the weaker guarantees for uniform mixing weights, we are able
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to straightforwardly remove the bounded fractionality assumption. See Section for a

formal statement and explanation.

Separation Assumption: While our original proof required constant separation be-
tween components, we show in a follow-up paper, [74], that this assumption can be replaced
with a separation of ¢ (which is a necessary assumption for parameter learning) using
standard tricks (see Theorem 9.2 in [74]). This argument works independently of the im-
provement for the mixing weight assumption. See Section for a more formal statement

and explanation.

Non-degeneracy of Components: This assumption was included so there are no bit
complexity issues. In fact, dealing with potentially degenerate covariance matrices requires

a formal specification of the model of computation.

To make the timeline of events clear, we stated our original result above. However,
plugging in these improvements (for removing the bounded fractionality and separation as-
sumption), we obtain an improved result, stated below. The formal statement can be found
in Theorem |3.8.6| We emphasize that these modifications are completely independent of our
main contributions, but are rather tools that we employ to reduce to the case where the
components are not too far from each other. We reduce to this case by running a preprocess-
ing step where we cluster the mixture into such submixtures. All of the assumptions stem
from the clustering step, which is done via modifications to the techniques for learning fully

clusterable mixtures in [39, [13].

Theorem 3.1.2. Let k be a constant. Let M = wG1+- - -+wip Gy, be a mizture of Gaussians
in R? whose components are non-degenerate and such that the mizing weights are lower
bounded by some function of k. Also assume that the TV distances between components are
at least €%, Then given n = poly(d/e) samples from M that are e-corrupted, there is an
algorithm that runs in time poly(n) and with high probability outputs a set of mizing weights

wy, ..., w, and components @vl, . ,/Gvk that are poly(e)-close to the true components (up to
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some permutation).

Remark. The improved clustering arguments of [11] are able to get polynomial dependence
on the minimum mixing weight instead of exponential dependence so they are actually able
to deal with mizing weights that are €W This improvement also plugs into our result as

well.

3.1.2 Proof Overview

The proof of our main theorem can be broken down into several steps. We first present
our main contribution, an algorithm for learning mixtures of Gaussians when no pair of
components are too far apart. We introduce the necessary generating function machinery in
Section|3.3|and then present our algorithm in Sections and[3.5] Specifically, in Section [3.4]
we show how to learn the parameters once we have estimates for the Hermite polynomials
of the true mixture. And in Section [3.5, we show how to robustly estimate the Hermite
polynomials, using similar techniques to [65].

To complete our full algorithm for learning general mixtures of Gaussians, we combine
our aforementioned results with a clustering algorithm similar to [39]. Combining these
algorithms, we prove that our algorithm outputs a mixture that is close to the true mixture
in TV distance. This is done in Sections[3.6 and [3.7. We then prove identifiability in Section
3.8 implying that our algorithm actually learns the true parameters.

3.1.3 Concurrent and Subsequent Work

There are three main pieces of work that we discuss. The first by Bakshi et. al [I1], was
independent and concurrent to this one. The next is a subsequent work by Bakshi et. al
[12] that improves their earlier result but also borrows techniques from our paper. We also
discuss our follow-up work [74] that was after [I1] but before [12] (and the contributions are
essentially disjoint).

Bakshi et. al in [II] obtain a result that is similar to our main result Theorem [3.1.1]

but using rather different techniques. There are a few key differences, which we discuss

117



below. We learn the mixture to accuracy () while their result only achieves accuracy
(1/1log(1/€))?*(M)  an exponentially worse guarantee. Also, our result solves parameter learn-
ing — i.e. we estimate the parameters of the true mixture — while their algorithm solves
proper density estimation — i.e. it outputs a mixture of £ Gaussians that is close to the true
density. Their algorithm does not need any lower bound on the mixing weights or on the
pairwise separation of the components. In fact lower bounds on these quantities are neces-
sary for parameter learning. However, our original result makes an even stronger assumption
about the bounded fractionality of the mixing weights and pairwise separation.

Subsequently in [I2], Bakshi et. al improve their earlier result to achieve parameter
learning and accuracy €. In fact the analysis of their new parameter learning algorithm
relies crucially on the robust identifiability result from our paper (see Section 9 in [12]).
Thus, all known algorithms for robust parameter learning go through our machinery and
robust identifiability. Compared to our result, the main improvement in [12] is an improved,
polynomial dependence on the minimum mixing weight.

Our follow-up work [74] improves the results here in a different direction. We are able to
obtain an algorithm that solves density estimation to accuracy O(e) (instead of €%(1)). Note
that parameter learning to this accuracy is information-theoretically impossible. The work
in [74] does need a stronger assumption that the components have variances in all directions
lower and upper bounded by a constant and the learning algorithm is improper, outputting
a mixture of polynomials times Gaussians, instead of just a mixture of Gaussians. The main
relevance of [74] to this paper is that as a first step, [74] shows how to improve the separation

assumption in Theorem from some constant to e+,

3.2 Preliminaries

3.2.1 The Model

We use N(p, ) to denote a Gaussian with mean p and covariance X. We use dtv (D, D’) to

denote the total variation distance between two distributions D, D’. We begin by formally
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defining the problem that we will study. First we define the contamination model. This is a

standard definition from robust learning (see e.g. [39]).

Definition 3.2.1 (Strong Contamination Model). We say that a set of vectors Yi,...,Y,
is an e-corrupted sample from a distribution D over R? if it is generated as follows. First
Xi,..., X, are sampled i.i.d. from D. Then a (malicious, computationally unbounded)
adversary observes Xi,...,X, and replaces up to en of them with any vectors it chooses.

The adversary may then reorder the vectors arbitrarily and output them as Yi,...,Y,

In this paper, we study the following problem. There is an unknown mixture of Gaussians
M:w1G1+"'+kak

where G; = N(u;, ;). We receive an e-corrupted sample Yy, ... Y, from M where n =
poly(d/e). The goal is to output a set of parameters wy, ..., w; and ([Zl,i), N 7 ivk)
that are poly(¢) close to the true parameters in the sense that there exists a permutation 7

on [k] such that for all i

—_~—

|wi —wrl, drv (N(Mzw D) N (T Ew(i))) < poly(e).

Throughout our paper, we will assume that all of the Gaussians that we consider have
variance at least poly(e/d) and at most poly(d/e€) in all directions i.e. they are not too flat.
This implies that their covariance matrices are invertible so we may write expressions such

as ¥; . We will also make the following assumptions about the mixture:

e The w; are rational with denominator at most A
e For all ¢ 7’é 7, dTV(Gia GJ) > b

for some positive constants A, b. Note that a lower bound on the minimum mixing weight and
a lower bound on the TV distance between components is necessary for parameter learning.

Throughout this paper, we treat k, A, b as constants — i.e. A and b could be any function of
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k — and when we say polynomial, the exponent may depend on these parameters. We are

primarily interested in dependence on € and d (the dimension of the space).

3.2.2 Sum of Squares Proofs

We will make repeated use of the sum-of-squares (SOS) proof system. We review a few basic

facts here (see [L6] for a more extensive treatment). Our exposition here closely mirrors [39].

Definition 3.2.2 (Symbolic Polynomials). A degree-t symbolic polynomial P is a collection
of indeterminates ﬁ(a), one for each multiset o C [n] of size at most t. We think of it as

representing a polynomial P : R™ — R in the sense that

aCln],|a|<t

Definition 3.2.3 (SOS proof). Let x4, ...,x, be indeterminates and let A be a set of poly-

nomial inequalities

{p1(z) >0,...,pn(x) > 0}

An SOS proof of an inequality r(x) > 0 from constraints A is a set of polynomials {rs(x)}scim)

such that each rs is a sum of squares of polynomials and
(@)=Y rs(@) ][ pia)
SClm] ics

The degree of this proof is the mavimum of the degrees of vs(x) [[;cqpi(x) over all S. We
write

Abgr(z) >0

to denote that the constraints A give an SOS proof of degree k for the inequality r(x) > 0.

Note that we can represent equality constraints in A by including p(z) > 0 and —p(x) > 0.

The dual objects to SOS proofs are pseudoexpectations. We will repeatedly make use of

pseudoexpectations later on.
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Definition 3.2.4. Let x1,...,z, be indeterminates. A degree-k pseudoexpectation E is a
linear map

E:R[ml,...,xn]gk%R

from degree-k polynomials to R such that E[p(z)?] > 0 for any p of degree at most k/2 and
E[l] = 1. For a set of polynomial constraints A = {py(z) > 0,... ,pm(x) > 0}, we say that
E satisfies A if

E[s*(2)pi(x)] = 0
for all polynomials s(x) and i € [m] such that s(x)*p;(z) has degree at most k.

The key fact is that given a set of polynomial constraints, we can solve for a constant-
degree pseudoexpectation that satisfies those constraints (or determine that none exist) in

polynomial time as it reduces to solving a polynomially sized SDP.

Theorem 3.2.5 (SOS Algorithm [16]). There is an algorithm that takes a natural number k
and a satisfiable system of polynomial inequalities A in varibles x1, ..., x, with coefficients
at most 2" containing an inequality of the form H.ZEH2 < M for some real number M and

returns in time n°%®) a degree-k pseudoexpectation E which satisfies A up to error 27",

Note that there are a few technical details with regards to only being able to compute
a pseudoexpectation that nearly satisfies the constraints. These technicalities do not affect
our proof (as 27" errors will be negligible) so we will simply assume that we can compute
a pseudoexpectation that exactly satisfies the constraints. See [I6] for more details about
these technicalities.

Finally, we state a few simple inequalities for pseudoexpectations that will be used re-

peatedly later on.

Claim 3.2.6 (Cauchy Schwarz for Pseudo-distributions). Let f,g be polynomials of degree

at most k in indeterminates x = (x1,...,x,). Then for any degree k pseudoexpectation,

E[fg] < \/E[f*]\/Elg?].
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Corollary 3.2.7. Let f1,91,. .., fm, gm be polynomials of degree at most k in indeterminates

x = (x1,...,2,). Then for any degree k pseudoezpectation,

Elfigr + -+ Fug) < VELE 4+ + 2IVElG +-- + g2,

Proof. Note

Blfigi - + fumgm] < VEURWVEIGH + -+ + E2IVElG2]

< \VELR+-+ 2IVEG -+ g2

where the first inequality follows from Cauchy Schwarz for pseudoexpectations and the second

follows from standard Cauchy Schwarz. |

3.3 Fun with Generating Functions

We now introduce the generating function machinery that we will use in our learning algo-

rithm. We begin with a standard definition.

Definition 3.3.1. Let H,,(x) be the univariate Hermite polynomials Ho = 1, Hy = x, Hay =

2% —1--- defined by the recurrence

Ho(2) = 2Hp1(x) — (m — 1) Hpo(x)

Note that in H,,(x), the degree of each nonzero monomials has the same parity as m. In

light of this, we can write the following:

Definition 3.3.2. Let H,,(z,y?) be the homogenized Hermite polynomials e.g. Hs(z,y?) =

v =y Hy(w,y?) = 2° = 3wy?,

It will be important to note the following fact:
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Claim 3.3.3. We have
1
xz—fy 22
E —m"Hm z

m=0

where the RHS is viewed as a formal power series in z whose coefficients are polynomials in

z,y.

Now we define a multivariate version of the Hermite polynomials. This is similar to the
definition in Section [2.9.1] except instead of representing these objects using a tensor, we will
represent them as a polynomial as this will be more useful for the modes of analysis that we

use here.

Definition 3.3.4. Let H,,(X, z) be a formal polynomial in variables X = X1, ..., X4 whose

coefficients are polynomials in d variables zq, ..., zq that is given by
Hoy(X,2) = Hp(21 X1 + -+ + 2aXa, X7+ -+ X7)

Note that H,, is homogeneous of degree m as a polynomial in X1, ..., Xy

Definition 3.3.5. For a distribution D on R?, we let

hmp(X)= E  [Hu(X,2)]

(21,.,2a)~D

where we take the expectation of H,, over (z1,...,zq) drawn from D. Note that hy, p(X)
is a polynomial in (Xq,...,X4). We will omit the D in the subscript when it is clear from

context. Moreover for a mizture of Gaussians
M = wiN(u1,%1) + . we N (g, 2k)

we will refer to the Hermite polynomials h,, pq as the Hermite polynomials of the mizture.

We remark that if there is a mixture M = w; N (u1,%1) + ... wip N (g, 2x) where instead

of real numbers, the w;, u;, 2; are given in terms of indeterminates, the Hermite polynomials
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will be polynomials in those indeterminates. We will repeatedly make use of this abstraction
later on.
The first important observation is that the Hermite polynomials for Gaussians can be

written in a simple closed form via generating functions.

Claim 3.3.6. Let D = N(u, I +X). Let a(X) = p- X and b(X) = XTXX . Then

. ) ) =1 m
e (X)y+2b(X)y — Z % * hm7D(X)y

m=0

as formal power series in y.

Proof. By Claim we have
=1
R = N 9y (a(X), —b(X))y™
It now suffices to verify that

E [Hm(lel + - 29Xy, X12 +oeet Xg)} = Hum(a(X), —b(X))

(z1,...zd)~D

This can be verified through straight-forward computations using the moment tensors of a

Gaussian (see Lemma 2.7 in [65]). |
We now have two simple corollaries to the above.

Corollary 3.3.7. Let M = wiN(pu1, I +%1) + ... weN(ug, [ +3x). Let a;(X) = p; - X and

bi(X) = XTY,X. Then

2. - Pt (X )™ = wy e w3000 gy 0ok (Xy+30(X)y?
m! ’

m=0

Corollary 3.3.8. Let M = wyN(p1, I + 1) + ... weN (g, I + Xg). Let a;(X) = p; - X
and b;(X) = XT3, X. Then the Hermite polynomials hp pm(X) can be written as a linear
combination of products of the a;(X),b;(X) such that the number of terms in the sum, the
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number of terms in each product, and the coefficients in the linear combination are all bounded

as functions of m, k.

The next important insight is that the generating functions for the Hermite polynomials
behave nicely under certain differential operators. We can use these differential operators
to derive identities that the Hermite polynomials must satisfy and these identities will be a

crucial ingredient in our learning algorithm.

The proceeding claims all follow from direct computation.

Claim 3.3.9. Let 0 denote the differential operator with respect to y. If
F(3) = Ply, X)ee0w 100w
where P is a polynomial in y of degree k (whose coefficients are polynomials in X ) then
(0 = (a(X) + (X)) f (y) = Qy. X)ex 20"

where Q) is a polynomial in y with degree exactly k — 1 whose leading coefficient is k times

the leading coefficient of P.

Corollary 3.3.10. Let O denote the differential operator with respect to y. If
f(y) = P(y, X)er w2000
where P is a polynomial in y of degree k then
(0 = (a(X) + yb(X))**' f(y) = 0.
Claim 3.3.11. Let O denote the differential operator with respect to y. Let

Fly) = P(y, X)erXmtabw”
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where P is a polynomial in y of degree k. Let the leading coefficient of P (viewed as a
polynomial in y) be L(X). Let ¢(X),d(X) be a linear and quadratic polynomial in the X
variables respectively such that {a(X),b(X)} # {c(X),d(X)}. If b(X) # d(X) then

2

(9 = (e(X) +yd(X)¥ f(y) = Qy, X)e w3
where Q is a polynomial of degree k + k' in y with leading coefficient
L(x)(b(X) — d(X))"

and if b(X) = d(X) then

2

(9 = (e(X) +yd(X))¥ f(y) = Qy, X)e w2
where Q) is a polynomial of degree k in y with leading coefficient

L(X)(a(X) = e(X))*

3.3.1 Polynomial Factorizations

The analysis of our SOS-based learning algorithm will rely on manipulations of Hermite
polynomials. An important piece of our analysis is understanding how the coefficients of
polynomials behave under addition and (polynomial) multiplication. Specifically, if we have
two polynomials f(X), g(X) and we have bounds on the coefficients of f and g, we now want
to give bounds on the coefficients of the polynomials f(X) + ¢g(X) and f(X)g(X). Most of
these bounds are easy to obtain. The one that is somewhat nontrivial is lower bounding the
coefficients of f(X)g(X) i.e. if the coefficients of f and g are not all small, then the product
f(X)g(X) cannot have all of its coefficients be too small.

Definition 3.3.12. For a polynomial f(X) in the d variables Xy, ..., Xq with real coeffi-

cients define v(f) to be the vectorization of the coefficients. (We will assume this is done in
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a consistent manner so that the same coordinate of vectorizations of two polynomials corre-
sponds to the coefficient of the same monomial.) We will frequently consider expressions of

the form |[v(f)|| i-e. the L* norm of the coefficient vector.

Definition 3.3.13. For a polynomial A(X) of degree k in d wvariables Xi,...,Xq and a
vector v € R? with nonnegative integer entries summing to at most k, we use A, to denote

the corresponding coefficient of A.

First, we prove a simple result about the norm of the vectorization of a sum of polyno-

mials.

Claim 3.3.14. Let fi,..., fm be polynomials in X1, ..., Xq whose coefficients are polynomi-

als in formal variables uy, . .., u, of degree O(1). Then

[o(fi 4+ Fu)ll” < m(lo(IF + - + o))
Furthermore, the difference can be written as a sum of squares of polynomials of degree O (1)
M UL, -y Up.

Proof. Note

(ay + -+ am)? <mad+---+d2)

and the difference between the two sides can be written as a sum of squares

> (4 —a;)?
i#]
The desired inequality can now be obtained by summing expressions of the above form over

all coefficients. [ |
Next, we upper bound the norm of the vectorization of a product of polynomials.

Claim 3.3.15. Let f,q,hq,...,hg be polynomials in Xy,..., X, of degree at most k with

coefficients that are polynomials in formal variables uy, ..., u, of degree Ox(1) Then for any
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pseudoexpectation E of degree Cy, for some sufficiently large constant Cy, depending only on

k,

Elllo(h)ll” - . Jot)ll* le(£9)I") < Ou(ELu ) - o) II* o (A Ilo(g) ]

where the pseudoexpectation operates on polynomials in uy, . .., Uy.

Proof. Note that each monomial in the product fg has degree at most 2k and thus can only
be split in Ok(1) ways. Specifically, each entry of v(fg) can be written as a sum of O(1)
entries of v(f) ® v(g) so

lo(£)II* < Ou(D) o (NI Ilo(g) I

where the difference between the two sides can be written as a sum of squares. This implies

the desired inequality. [ |
Before we prove the final result in this section, we introduce a few definitions.

Definition 3.3.16. For a vector v € R? with integer coordinates, we define T(v) to be the

multiset formed by the coordinates of v. We call T the type of v.

Definition 3.3.17. For a monomial say X{*... X5, we call (ay,...,aq) € R? its degree

vector.

Now we can prove a lower bound on the norm of the vectorization of the product of

polynomials.

Claim 3.3.18. Let f,qg,hy,...,hg be polynomials in Xy,..., Xy of degree at most k with
coefficients that are polynomials in formal variables uy, ..., u, of degree Oy(1). Then for any

pseudoezpectation E of degree Cy, for some sufficiently large constant Cy depending only on

k,

Elllo(h)l” - - ot)ll* lo(fo)I*) = QuELo(h) I o) I o (I o(g) 1]

where the pseudoexpectation operates on polynomials in uy, . .., Uy.
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Proof. We will first prove the statement for h; = --- = h; = 1.

Let S be the set of all types that can be obtained by taking the sum of two degree vec-
tors for monomials of degree at most k and let T" be the set of all types that can be obtained
by taking the difference of two degree vectors for monomials of degree at most k. Note that

S|, || = O(1). Now

E Z(Z fugv>2 =K

a u+v=a

IE[”U(JCQ)HZ] Z Ju1 9oy Jus Gos

u1+v1=uz+vs

=E Y ( > fugv>2-

b u—v=>b

E Z Jur 9oy fus G

LUl —V2=U2—01

I
=

where the sums in the above expression are over all @ and all b that are vectors in Z¢ for
which the inner summands are nonempty. Let T' = {t1,...,t¢,} where the types t1,...,t,
are sorted in non-increasing order of their L? norm. Recall that T consists of all types that
can be obtained by taking the difference of two degree vectors corresponding to monomials

of degree at most k. Now first note

(o)l 28| 3 (Z fugv> By (Z<fugv>2>

b,7(b)=t1 \u—v=b b,7(b)=t1 \u—v=b

since t; corresponds to the type (k, —k) and each of the inner summands only contains one

term. Now consider ¢; for ¢ > 1.

El > (Z fugv>2 —E| ), (Z(fugv)2>

br(b)=t; \u—v=b br(b)=t; \u—v=b

+2E | Y > fufusgnge

b,7(b)=t; | {u1,v1}#{u1,v2}
U1 —v1=ug9—v2=>b

Note that in the second sum, either u; — vy € t; for j < ¢ or ug — vy € t; for j <i. To see

129



this, let @ = v1 — v9. Then u; — vy = b+ a and us — vy = b — a. Now
b= all3 + 116+ all; > [1b]l;
since a # 0 so one of the differences must be of an earlier type.

Next, note that for a fixed wuy, vy, there are at most O(1) possible values for u}, v} such
that the term fo, fu; gu gv, appears. This is because we must have u; + vy = uy + v} and

there are only Oy (1) ways to achieve this. Thus, by Cauchy Schwarz

E Z(Zh%)g > E Zi<2(fugv)2>

b,7(b)=t; \u—v=b b,7(b)=t; \u—v=b

o EIS Y (beugv ) AEI A I lo@)P)

J<i b,7(b)=t;

Now combining the above with the fact that |T| = n = Og(1) and that

Bl @I = |3 > ( 5 fugv)2>

=1 b,7(b u—v=>b

we can complete the proof. To see this, for each i, let

Qi=E| > | ( > (fugn?)

b,7(b)=t; \u—v=b

R =E Z(Z fugv>2

b,7(b)=t; \u—v=b

Also normalize so that

Elllo(N)I* lo(a)II"] =

Let 0 be some suitably chosen constant depending only on k. If (); > 0 then we are done.
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Otherwise, we have an upper bound on the square root terms that are subtracted in the
expression for Ry. If Q5 > Q;(k)V/d then we are again done (since we have now reduced to
the case where 7 < 4). Iteratively repeating this procedure, we are done whenever one of
the @); is sufficiently large compared to @1, ...,Q;_1. However, not all of @1, ...,Q, can be
small since their sum is 1. Choosing ¢ to be a sufficiently small constant but depending only

on k we conclude that

Elllv(f9)I”] = OEllv(H)I lo(g)II’

as desired.

For the general case when not all of the h; are 1, we can multiply the insides of all of the

pseudoexpectations above by [[v(hy)||”. .. ||v(hs)||* and the same argument will work. [

3.4 Components Are Not Far Apart

Now we are ready to present our main contribution: an algorithm that learns the parameters
of a mixture of Gaussians M = wG1 + - -+ + wip G}, from an e-corrupted sample when the
components are not too far apart. In this section, we will assume that the mixture is in
nearly isotropic position and that we have estimates for the Hermite polynomials. We will
show how to learn the parameters from these estimates. In the next section, Section [3.5], we
show how to actually place the mixture in isotropic position and obtain estimates for the

Hermite polynomials.
We use the following conventions:
e The true means and covariances are given by (u1, I + 1), ..., (ug, I + Xg)

e The true mixing weights are wy, ..., w; and are all bounded below by some value wy;,

e A is an upper bound that we have on ||| and ||;|| i.e. the components are not too
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far separated.
o i — pjlly + 112 — X, > ¢ for all i # j i.e. no pair of components is too close

e We should think of wp;,, c as being at least ¢" and A being at most ¢ " for some

sufficiently small value of r» > 0.

e Let the Hermite polynomials for the true mixture be given by hy = hy aq, ha = hopm, - -

where

M =wi Ny, I +3) + - +wN(pg, I + i)

In this section we assume that we have the following:

e Estimates /;(X) for the Hermite polynomials such that ||v(h;(X) — hi(X))H2 <€ =

poly(e)

and our only interaction with the actual samples is through these estimates. We will show

how to obtain these estimates in Section [3.5| (closely mirroring the method in [65]).

The main theorem that we prove in this section is as follows.

Theorem 3.4.1. Let € be a parameter that is sufficiently small in terms of k. There is a

sufficiently small function f(k) and a sufficiently large function F(k) such that if
M =wiN(uy, I +%7) 4+ -+ weN (g, I + Xx)
18 a mizture of Gaussians with
o [[uilly s 1%y < A foralli

o || — :ujHQ + 1|2 — Ej”z >c foralli# j

L4 wlu---awkzwmin
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for parameters Wy, ¢ > €7 and A < €~ and we are given estimates h;(X) for the

Hermite polynomials for all i < F(k) such that

() — h(0)|* < ¢

I

where h; are the Hermite polynomials for the true mixture M, then there is an algorithm

that returns poly(1/¢)91*) candidate miztures, at least one of which satisfies

s = @il + s = filly + || i —

< (1K)
)

for all i.

Informally, assuming that the parameters of the components of the mixture are bounded
by poly(1/€') and that their separation is at least poly(¢’), given €-accurate estimates for
the Hermite polynomials, we can learn the parameters of the mixture to within Frobenius

error poly(¢').

3.4.1 Reducing to all pairs of parameters equal or separated

We claim that it suffices to work under the following assumption. All pairs of parameters
are either separated of equal. More specifically, for each pair of parameters f;, f1; (and same
for ¥;,%;), either p; = p; or

l12i — pill, > ¢

We now prove that it suffices to work with the above simplification. For any function
0 < f(k) < 1 depending only on k, there is some C' > (f(k:))’€2 such that there is no pair of
parameters ji;, p1; or 2;, 3, whose distance is in the interval [¢'C, €' (k)c]. Now consider the

graph on the k£ nodes where ¢, j are connected if and only if
i = ps) < 7€

We now construct a new mixture N(u, X}). For each connected component say {i1,...,i;}
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, pick a representative and set y; = pj, = --- = ;. = p;;. Do this for all connected

components and similar in the graph on covariance matrices. For all i, we have
s = gl S 1127 = il < On(1)e

because there is a path of length at most k connecting ¢ to the representative in its component

that it is rounded to, and all edges correspond to pairs within distance of €.

The Hermite polynomials of this new mixture satisfy
[0, — )| < OL(1)ACHD D

as long as m is bounded as a function of k. If we pretend that the new mixture is the true

mixture, we have estimates h;(X) such that
Hv(h; _ h_z)H2 < Ok(l)Aok(l)elm(l)c

and all pairs of parameters in the new mixture are either equal or ¢/*)¢ separated. If we
prove Theorem [3.4.1 with the assumption that the pairs of parameters are separated or
equal, then we can choose f(k) accordingly and then we deduce that the theorem holds in
the general case (with worse, but still polynomial, bounds on A, ¢, wy,, and the accuracy of

our output as a function of ¢').

From now on we will work with the assumption that each pair of parameters is either equal

or separated by c.

3.4.2 SOS Program Setup

Our algorithm for learning the parameters when given estimates of the Hermite polynomials

involves solving an SOS program. Here we set up the SOS program that we will solve.
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We will let D = (g) + d. We think of mapping between symmetric d x d matrices and
RP as
a1 ... Qi
< (a11,2a12,2a13, . . ., G4q)

aqr ... Qgq

Definition 3.4.2 (Parameter Solving Program S). We will have the following variables

o up = (Urt,. .., Uid), .- Uk = (UgL, - .., Uka)
o U1 = (V1,(1,1): V1,1,2)s - - - UL, () - - - s Uk = (U, (1,1)5 VR (1,2)5 - - - 5 Uk, (d,d))
In the above uy, ..., u;, € R and vy, ...v; € RP. Our goal will be to solve for these variables

i a way so that the solutions form orthonormal bases for the span of the u; and the span of
the ¥;. Note vy, ..., vy live in RP because the ¥; must be symmetric.

We guess coefficients a;;,b;; where i, j € [k] expressing the means and covariances in this
orthonormal basis. We ensure that the guesses satisfy the property that for every pair of

vectors A; = (a1, ..., aix), Aj = (a1, ..., a;) either A; = Aj or
c
4= 4yl 2 2
and similarly for B;, B;. We ensure that
[Ail[, < 2A

Ensure similar conditions for the {B;}. We also guess the mixing weights wy,...,wy and
ensure that our guesses are all at least Wy, /2.

Now we set up the constraints. Let C be a sufficiently large integer depending only on k.
Define [i; = a;yuq + -+ - + ajpug and define iz similarly. These are linear expressions in the
variables that we are solving for. Now consider the hypothetical mizture with mixing weights
w;, means fi;, and covariances I + iz The Hermite polynomials for this hypothetical mizture

hi(X) can be written as formal polynomials in X = (X1,..., Xq) with coefficients that are
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polynomials in u,v. Note that we can explicitly write down these Hermite polynomials. The

set of constraints for our SOS system is as follows:

lusl|3 =1 for all 1 <i <k

[ ]
° Hvngzlforalllgigk
o u-u; =0 foralli#j

v;-v; =0 foralli # j

Forallp=1,2,...,C
2
< 100€¢

Note that we can explicitly write down the last set of constraints because we have esti-

mates E

It is important to note that the w;, A;, B; are real numbers. We will attempt to solve the
system for each of our guesses and show that for some set of guesses, we obtain a solution
from which we can recover the parameters. We can brute-force search over an ¢-net because

there are only Oy (1) parameters to guess. We call the SOS program that we set up S.

3.4.3 Analysis

We now prove a set of properties that must be satisfied by any pseudoexpectation of degree
C) satisfying & where ()} is a sufficiently large constant depending only on k. What we

would ideally want to show is that
e The span of the fz is close to the span of the X;

e The span of the ; is close to the span of the p;
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However, it appears to be difficult to prove a statement of the above form within an SOS

framework. Instead, we will look at the pseudoexpectations of the matrices

M; = E[S:%; |

~ ~~T
(where ¥; is viewed as a length-D vector so 3;3; is a D x D matrix.) The two key properties

that we will prove about these matrices are in Lemmas [3.4.11] and [3.4.12]

Roughly Lemma [3.4.11] says that any singular vector that corresponds to a large singu-
lar value of M; must be close to the span of the {3;}. Lemma says that any vector
v that has large projection onto the subspace spanned by the {¥;} must have the property
that v M;v is large for some i. Putting these together, we can take the the top-k principal
components of each of My, ..., M} and show that the span of these essentially contains the
span of the {¥;} (this last step is done outside the SOS framework). We can now brute-force
over an €'-net and guess the ¥; (since we have narrowed them down to an O (1)-dimensional
subspace). We can then plug in real values for the covariances and solve for the means using

a similar method.

Algebraic Identities

First we will prove several purely algebraic identities. We will slightly abuse notation and
for p € RY we use u(X) to denote the inner product of p with the formal variables
(X1,...,Xy) and for ¥ € RP we will use X(X) to denote the quadratic form in formal
variables (X1, ..., Xy) given by XTY X (when X is converted to a symmetric d X d matrix).

It will be useful to consider the following two formal power series (in y)
k
F(y) = Zwieuxxmﬁzxxw
i=1

k
F(y) = Z e X+ 350y
i=1
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We view these objects in the following way: the coefficients of 1,y,%?, -+ are formal
polynomials in (X7,...,Xy). In the first expression, the coefficients of these polynomials
are (unknown) constants. In the second, the coefficients are polynomials in the variables
Uy, ..., U, V1, ...,V In fact, the coefficients in the first power series are precisely hq, ho, . ..
while the coefficients in the second power series are precisely f:l, f?g, .... The key insight is

the following:

After taking derivatives and polynomial combinations of either of the above formal
power series, the coefficients can still be expressed as polynomial combinations of

their respective Hermite polynomials.

Definition 3.4.3. Let D; denote the differential operator (0 — (1:(X) + X;(X)y)) and D,
denote the differential operator (8 — (;(X) +35(X)y)). As usual, the partial derivatives are
taken with respect to vy.

To simplify the exposition, we make the following definition:

Definition 3.4.4. Consider a polynomial P(X) that is a formal polynomial in Xy, ..., Xy
whose coefficients are polynomials in the indeterminates wuy, ..., ug, vy,...,v0x. We say P is

m-simple if P can be written as a linear combination of a constant number of terms that are

a product of some of {i(X)}, {£:(X)}, {m (X))}, {Ei(X)} where

1. The coefficients in the linear combination are bounded by a constant depending only on

m, k
2. The number of terms in the sum depends only on m and k
3. The number of terms in each product depends only on m and k

Claim 3.4.5. Consider the power series

—~——22k—2 k=1

—~ 92k 17
Dy ...D, DY .. .DNF)
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For any m, the coefficient of y™ when the above is written as a formal power series can be

written in the form
Po(X) + P(X)ha(X) + -+ + P (X) e (X)
where
e m’' depends only on m and k
e Fach of the P; is m-simple

e We have
Py(X)+ P(X)h(X)+ -+ P (X)hpw(X) =0

as an algebraic identity over formal variables Xy, ..., Xq,{u;}, {v:}.

Proof. Note the coefficients of F (as a formal power series in y) are exactly given by the fz
Now the number of differential operators we apply is O (1). The first two statements can be
verified through straightforward computations since when applying each of the differential op-
erators, we are simply multiplying the coefficients by some of {;(X)}, {Z:(X)}, {7 (X))}, {Z:(X)}
and taking a linear combination. Next, note that by Corollary

ok—1

DY ...Di(F)=0.
To see this, we prove by induction that the differential operator
j—1
DY ...Di(F)

annihilates the components of F' corresponding to Gaussians N (pq, I+%1),. .., N(pj, I+%;).
The base case is clear. To complete the induction step, note that by Corollary [3.3.10, the

above operator puts polynomials of degree at most 142+ ---+2/=1 = 27 — 1 in front of the
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other components. Thus the operator
Dy, ... Di(F)

annhiliates the first 7 + 1 components, completing the induction. We now conclude that

—~——22k—2 gk—1

—~ 2k
D1 ...Dy DY ..Di(F)=0

implying that if the coefficients of F were hi,...,hy,, then the result would be identically

Zero. [ |

Claim 3.4.6. Consider the power series

For any m, the coefficient of y™ when the above is written as a formal power series can be

written in the form
Po(X) + Pi(X)hi(X) + -+ + P (X ) hyr (X))

where
e m/' depends only on m and k

e Fach of the P; is m-simple

o We have
Po(X) + Pi(X)hi(X) + -+ + P (X)h (X) = 0
as an algebraic identity over formal variables X1, ..., Xq,{u;}, {v:}.
Proof. The proof is identicial to the proof of Claim [3.4.5] [ |

Note that the polynomials P; in Claim [3.4.5 and Claim [3.4.6]are not necessarily the same.
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Warm-up: All Pairs of Parameters are Separated

As a warm-up, we first analyze the case where all pairs of true parameters p;, 1; and ¥;, %;
satisfy ||p; — pjll, > c and ||X; — X;[|, > ¢. We will show how to deal with the general case

where parameters may be separated or equal in Section [3.4.3]

We can assume that our guesses satisfy ||4; — A;j||, > ¢/2 and ||B; — Bj||, > ¢/2 for all

1, 7. The key expressions to consider are applying the following differential operators

~22k—1_1/_\_/22k—2 N2k’ 2]@*1 1

D =Dy D1 ...D; DX ... D!
~ 92k—1_1 - 92k—2 219/\/2'“*1 —~1
D=D""'p2 " D¥D, .. .D

to F and F respectively. The reason these differential operators are so useful is that D zeros
out the generating function for the true mixture and also zeros out all but one component of
the generating function for the hypothetical mixture with parameters w;, ji;, I + Z: For the
one component that is not zeroed out, only the leading coefficient remains and we can use
Claim to explicitly compute the leading coefficient. Thus, we can compare the results
of applying these operators on the generating functions for the true and hypothetical mixtures
and, using the fact that the Hermite polynomials for these mixtures must be close, we obtain

algebraic relations that allow us to extract information about individual components.

We begin by explicitly computing the relevant leading coefficients.

Claim 3.4.7. Write

~22k—1_1/_\_/22k—2 2k71

—~ 2k ~
Dy D1 ...Dy DY ... Di(F)

as a formal power series in y. Its evaluation at y =0 s

k—1

k
Gt [TE(0) =20 [TE00 = S0y

=1



where Cy 1s a constant depending only on k.

Proof. Write

k
F(y) = > e O+ (X)y?
i=1

When applying the differential operator, by Corollary [3.3.10, all of the terms become 0

except for

Drel+ Xw+35(X)y*

We now use Claim [3.3.11] and Claim to analyze what happens when applying the

differential operator to this term. We know that

—~——22k—2

—~2% _r1 ~ _ =
Dy ...Dy DY .. DIF) = Py)e*w+s=(0y

where P has leading coefficient

k k—1
@ ] TS = 2 T(S(X) = Si(x))* ™
i=1 i=1
and degree 22*=' — 1. Thus,
—92k—1_1 _—~_ _92k-2 __9k _ ~
D, D ...D, D ... DNF)
k k—1 —
— o i — g i1 o 1
_ (22k—1 . 1)'wk H(Ek(X) . ZZ(X))2 1 H(Ek(X) . EZ<X))2k+ 1€Mk(X)y+§Ei(X)y2
i=1 =1
and plugging in y = 0, we are done. |
Claim 3.4.8. Write
B
pPioip?  p?p” D, (F)

as a formal power series in y. Its evaluation at y =0 s

b k-1
Crwy H(Ek(X) - ii(X))?il H(Ek(X) — Ei(X>>2k+ifl
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where Cy 1s a constant depending only on k.
Proof. This can be proved using the same method as Claim (3.4. [ |

Combining the previous two claims with Claim and Claim [3.4.6] we can write the
expressions for the leading coefficients as polynomial combinations of the Hermite polyno-

mials.

Lemma 3.4.9. Consider the polynomial

k k—1

wy, H(Ek(X) — Ei(X))T_l H(Ek(X) _ ii(X))zk-H_l

i=1 i=1
It can be written in the form

Po(X) + Pi(X)h(X) + -+ 4 Pr(X)hyn(X)

where
e m s a function of k
e Fach of the P; is m-simple

o We have
Po(X) + Pu(X)hi(X) + -+ Pp(X)hy(X) =0

as an algebraic identity over formal variables X1, ..., Xq,{u;}, {v:}.

Proof. Consider the power series

~—92k—1_1 _—~ - 92k=2 —~ ok _ ~
Dy Die1 ...D; DX ... DNF)
Now using Claim [3.4.7 and repeating the proof of Claim [3.4.5 we get the desired. [

Similarly, we have:
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Lemma 3.4.10. Consider the polynomial

k k—1

Wy, H<Ek(X) — fi(X))Qi—l H(Ek(X) B Ei(X)>2k+i—l

i=1 =1

It can be written in the form
Po(X)+ Pi(X)h(X)+ -+ Pp(X)hn(X)

where
e m s a function of k
e Fach of the P; is m-simple

o We have

Py(X) + Pu(X)hi(X) + -+ Pu(X)hm(X) =0
as an algebraic identity over formal variables X1, ..., Xq,{u;}, {v:}.

Everything we’ve done so far has been symbolic manipulations and the claims in this
section are all true as algebraic identities. We are now ready to analyze the SOS program.
Note the polynomials Fy, ..., P, in Lemma are unknown because they depend on the
true parameters. This is fine because we will simply use their existence to deduce properties
of pseudoexpectations that solve the SOS-system S.

Let U be the subspace spanned by the true pg,...,ur and let V' denote the subspace
spanned by the true (flattened) Xy, ..., X;. We will use I'y, I'y,1 to denote projections onto
V and the orthogonal complement of V' (and similar for U, U'). Note that these are linear
maps.

Our goal now will be to show that V is essentially contained within the span of the union

of the top k principal components of the matrices
~ ~—~T ~ ~ —~T
IE3[2121 ]7 s 7E[2k2k ]
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This gives us a k?-dimensional space that essentially contains V' and then we can guess the
true covariance matrices via brute force search. In the first key lemma, we prove that the

~aaT
matrix E[2;%; | lives almost entirely within the subspace V.

Lemma 3.4.11. Let E be a pseudoexpectation of degree Cy for some sufficiently large con-

stant Cy depending only on k that solves S. Consider the matriz
~ T
M =E[>X:E; ]

~~T
where by this we mean we construct the D x D matrix X33,  whose entries are quadratic in

the variables {u},{v} and then take the entry-wise pseudoexpectation. Then

. A O (1)
Try. (M) < 0, (1) ( )

Wmin€

where Try. (M) denotes the trace of M on the subspace V*.

Proof. Using Lemma we may write

where m = O(1)

Now we bound

B [Hv (PO (X) = ha(X)) 4+ -+ Pa(X) (o (X) = b (X)) ) m
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Using Claim [3.3.15| and Claim (3.3.14],

g

<O B [WX))HQ 2 (Hv@m =)+ lox) - hz-<X>>II2)]

i=1

Where the last step is true because Claim allows us to write the difference between

the two sides as a sum of squares.

Now |[v(Ri(X) — hi(X ))H2 is just a real number and is bounded above by ¢ by assump-

tion. We also have the constraint that

SO

Now we use the properties from Lemma that each of the P; can be written as a linear

combination of a constant number of terms that are a product of some of

{1 (O} A} Am (0O} {Z:(X)}

where

e The coefficients in the linear combination are bounded by a constant depending only

on k
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e The number of terms in the sum depends only on k
e The number of terms in each product depends only on &

Note for each fi;(X), since we ensured that our guesses for the coefficients that go with the
orthonormal basis uy, . . . , ux are at most A and we have the constraints |Ju;||5 = 1,u;-u; = 0,

we have

[o(E(X))|I* Zsos Ow(1)A?

where <g0s means the difference can be written as a sum of squares. We can make similar

arguments for 3;(X), ps(X), 5;(X). Now using Claim 3.3.14]and Claim [3.3.15 we can deduce
E [[o(P(X))IIF] < Ox(1)AD

Overall, we have shown

B o (ROOURCO) = M)+ 4 Pl () = (X))

Now we examine the expression

E

v (ar [T =20 TS0 - i(x»?’“*”)

i=1

By Claim [3.3.18| (recall wy, is a constant that we guess),

2

=l (‘7’“ ﬁ@“ )= B0 Iﬁ@w - z?-(x))”“*“)
> s [T (o0 -zeof!) T (oo -seof) |
Note that



(recall that T'y,1 is a projection map with unknown but constant coefficients). Next, since we
ensure that the coefficients B; that we guess for the orthonormal basis satisfy || B; — B;||, > §,

we have
__ ~ 2 2
v(SR(X) — EZ(X»H =505 i

where we use the constraints in S that ||v;||2 = 1,v; - v; = 0. Overall, we conclude

2

E

v (af [T =z [[Ex) - i(x»?““)

i=1

> (1 E {HFVL<Zk)

k+1_
2 2} (@C)Ok(l)

Note

2

v (fv“ TR0 = =) TSax) - zi<X>>2’”“>

i=1 i=1

B [ (PO 1C0) 4+ a0 00 D) ]

because the inner expressions are equal symbolically. Thus

" 1 12k+1_9 A Ox(1)
sl o ()

Thus o)
~ = 2 /27k A k
2 |- ] = o (2

It remains to note that

T (04) = 8 [ [ €0

and we are done. [ |

In the next key lemma, we prove that any vector that has nontrivial projection onto V'

~aaT
must also have nontrivial projection onto E[>;3; ] for some i.
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Lemma 3.4.12. Let E be a pseudoezpectation of degree Cy, for some sufficiently large con-

stant Cy depending only on k that solves S. Consider the matrix

where by this we mean we construct the D x D matriz whose entries are quadratic in the

variables {u},{v} and then take the entry-wise pseudoexpectation. Then for any unit vector

2 € RP,

SNz > (wmm<z D) 0k<1>e'A0k<l>)2

Ok(l)AOk(l)
as long as

wmin(z . Ek)ok(l) > Ok(1>€/AOk(l)

Proof. Using Lemma |3.4.10] we may write

W, H(Ek(X) — Z]Ni(X))QF1 H(Ek(X) _ Ei(X>)2k+i71

= Pi(X)(In(X) = h(X)) + -+ Pu(X) (7 (X) = (X))

where m = Oy(1).

Using the same method as the proof in Lemma 3.4.11], we have

B {0 (ROOGCO = 1aC0) + - PaX) () — 1o (D) ] < Out1)¢290)
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Now by Claim |[3.3.18

2

v (wk H<Ek(X) - ii(X))T—l ]j<2k(X> B 2i<X>>2k+i—l>

i=1 =1

> i | TT ([|o () )HZ)QHH (1(5(x) - &(X))HQVWI

- k - 21'—1
> wiE H ((z Y — 2 Ei)2> cok(l)]

where the second inequality is true because

Hv <Ek(X) - Zi(X)> H2 ~s0s (2 Sp — 2 - i@)z

Now we claim

k

~ ~ 2t1 ~
BT (5 2-5002) ]z(z.zk)ok(”—okumf’k(l) E

=1

EE j@,)z]

i

To see this, first recall that z - 3, is just a constant. Next, we can expand the LHS into a

sum of monomials in the z - ¥;. In particular, we can write the expansion in the form
(z - Xg) O’“(l)—i-z (z- 21,...,z-§]vk)

wjhere P is some polynomial in k& variables. We can upper bound the coefficients of the

polynomial in terms of A, k and we also know that
(2 55)? <s0s Ok(1)A%D

due to the constraints in our system. Thus, we can bound the pseudoexpectation

i

< Op(HA%D R

PR ii)zl

i
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via Cauchy Schwarz. Putting everything together the same way as in Lemma [3.4.11] we

- (2 S0 — 0y (1)e A% DN ?
ISRV > wmm(z k k
Z(z %) ] ( Or(1)AOD

deduce

E

7

and now we are done. [ |

Putting Lemmas (3.4.11} and [3.4.12| together, we now prove that V' is essentially contained

~ =T
within the span of the union of the top principal components of E[3;%; | over all i.

Lemma 3.4.13. For each i, let M; be the D x D matriz given by
Assume that for a sufficiently small function f depending only on k,

A< = f k)

c> el

Wmin,

Let V; be the subspace spanned by the top k singular vectors of M;. Then for all i, the
projection of the true covariance matriz ; onto the orthogonal complement of spn(Vy, ..., Vi)

has length at most %),

Proof. Assume for the sake of contradiction that the desired statement is false for ;. Let

z be the projection of ¥; onto the orthogonal complement of spn(Vy,..., V). By Lemma

B.4.12

2
T Winin (2 + ) %) — Oy (1)’ A%D)
> Mz > ( Or (1) A0 (3.2)

J

so there is some j for which

1
zTsz > — (

Winin (2 - 54) kW — Oy (1) A% 2
k k(1 )

Or(1)A9x(1)
On the other hand, Lemma [3.4.11] implies that the sum of the singular values of M; outside

151



the top k is at most

WminC

Ox(1)
6/2_k0k(1>( A )

Since z is orthogonal to the span of the top-k singular vectors of M;, we get

. A Op(1)

S0 (L) I 33)
WminC

Note z - ¥; = ||z||§ since z is a projection of ¥; onto a subspace. Now combining {D and

(3.3)) we get a contradiction unless

Izl < €V

Finishing Up: Finding the Covariances and then the Means

Now we can brute-force search over the subspace spanned by the union of the top k singular
vectors of My, ..., M. Note that the SOS system S is clearly feasible as it is solved when
the u;, v; form orthonormal bases for the true subspaces and the w;, A;, B; are within ¢+
of the true values (i.e. the values needed to express the true means and covariances in the
orthonormal basis given by the u;, v;).

"Ox(1)_net for the w;, A;, B;, we will find a feasible solution.

Thus, brute forcing over an e
By Lemma |3.4.12| and Lemma |3.4.13] once we find any feasible solution, we will be able to

obtain a set of (1/¢/)9*(1) estimates at least one of which, say %1, ..., Xy, satisfies
- S < eme

for all 7. With these estimates we will now solve for the means. Note we can assume that
our covariance estimates are exactly correct because we can pretend that the true mixture
is actually N(ju1,%1),. .., N(ux, Xx) and our estimates for the Hermite polynomials of this
mixture will be off by at most O(1)¢*(). Thus, making this assumption will only affect

the dependence on € that we get at the end. From now on we can write 3; to denote the
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true covariances and treat these as known quantities.

Now we set up the same system as in Section [3.4.2] except we no longer have the vari-
ables vy, ...,v, and no longer have the EN]Z These will instead be replaced by real values

from ;. Formally:
Definition 3.4.14 (SOS program for learning means). We will have the following variables
® U = (un,...,uld),...,uk = (ukla---7ukd)

In the above uy, ... ,u; € R We guess coefficients a;; where i,j € k] expressing the means
in this orthonormal basis. We ensure that the guesses satisfy the property that for every pair

of vectors A; = (a1, ..., aix), A; = (aj1,...,aj;) either A; = A; or
c
14— Al >

We ensure that

14:ll; < 24

We also guess the mixing weights wy, ..., w, and ensure that our guesses are all at least
Wnin/2-

Now we set up the constraints. Let C' be a sufficiently large integer depending only on
k. Define j; = ajjuy + -+ + agui. These are linear expressions in the variables that we
are solving for. Now consider the hypothetical mixture with mizing weights w;, means i;,
and covariances I + ;. The Hermite polynomials for this hypothetical mizture fAL;(X ) can be
written as formal polynomials in X = (Xy,..., Xy) with coefficients that are polynomials in
u. Note that we can explicitly write down these Hermite polynomials. The set of constraints

for our SOS system is as follows:
o ||ull3 =1 forall1 <i<k

o u-u; =0 foralli#j
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o forallp=1,2,...,C

Now we can repeat the same arguments from Section to prove that once we find a

feasible solution, we can recover the span of the p;. The important generating functions are
k
F(y) = Zwieui(X)er%Ei(X)yz
i=1

k
f(y) = Z [gieﬁi(X)er%Ei(X)yQ
i=1
Define the differential operators as before except with E: replaced with ¥;. Let D; denote
the differential operator (0 — (u;(X) + ¥;(X)y)) and D; denote the differential operator
(0— (1:(X) +X;(X)y)). All derivatives are taken with respect to y. The two key differential

operators to consider are

N22k—1_2k—1_1/_\_/22k—2 Nzk 2k71 1

Dy Di: ...D; DI ... D!
k—1

92k—1_ok—1_1 92k—2 2k~2 —~1

D? P> .. D¥D, ...D;

Note the change to 22¢~1 — 2k=1 1 from 2%~! — 1 in the exponent of the first term. This
is because when operating on P(y)eﬂk(x w3 E(X)Y for some polynomial P, the operator Dy
reduces the degree of P by 1 while the operator lA?; does not change the degree of P (whereas

before this operator increased the degree of the formal polynomial P). Similar to Claim m
and Claim [3.4.8 in Section [3.4.3] we have

Claim 3.4.15. Write

—92k—1_ok—1_7 _—__92k—2 pho1

—~ 9k 15
Dy Dwy  ...D, DX ... DNF)
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as a formal power series in y. Its evaluation at y =0 s

k—1 k—1
Crtmi(i(X) = (X)) [T (0 = 20> [I(B(X) = 2(x)™

where Cy 1s a constant depending only on k.

Claim 3.4.16. Write

92k—2 o2kt

Di%il—?k*l_lpk—l .. .'D% Dy, - Ibvll(F)

as a formal power series in y. Its evaluation at y =0 s
k-1 k—1
—_— k—1 i—1 k4+i—1
Crwp(ir(X) = (X)) TTER(X) = Zi(X0))* 7 T (S0(X) = 5i(X))?

i=1 i=1

where Cy 1s a constant depending only on k.

Now repeating the arguments in Lemmas|3.4.9} |3.4.10} (3.4.11}3.4.12] [3.4.13| we can prove

that for any feasible solution, the subspace spanned by the top k singular vectors of each

of El@i’), .., Elixis ]

approximately contains all of uq,..., ux. We can now brute force
search over this subspace (and since we are already brute-force searching over the mixing
weights), we will output some set of candidate components that are close to the true com-

ponents.

All Pairs of Parameters are Equal or Separated

In the case where some pairs of parameters may be equal (but pairs (u;, ;) and (p;, ;)
cannot be too close), we can repeat essentially the same arguments from the previous section
but with minor adjustments in the number of times we are applying each differential operator.

We can assume that our guesses for the coefficients A;, B; satisfy the correct equality
pattern in the sense that A, = A; if and only if p; = p; and otherwise ||A; — A;|| > ¢/2
and similar for the parameters B;. This is because there are only O (1) different equality

patterns.
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Now without loss of generality let {¥;,...,%;} (j < k) be the set of covariance matrices

that are equal to ;. The key differential operators to consider are

~—92k=1_q_ok_..._ok+j —~_-92k—-2 —~— 9k

2k—1 1

Dy, Di_1 ...Dy Dy ...D
k—1

92k—1_1_90_..._9j ~92k—2 ok 72 —~1

D? p2'* .p¥D,  ...D;

Similar to Claim [3.4.7] and Claim [3.4.8 we get

Claim 3.4.17. Let {34,...,%;} (j < k) be the set of covariance matrices that are equal to
Y. Note this also implies {g, o ,i;} are precisely the subset of {f,} that are equal to X,

Write
as a formal power series in y. Its evaluation at y =0 is
k j k—1
Crae [ [(Er(30) = 20> [ (X)) = (x> I (Se0) = Si(x0)*
=1 =1 i=j+1

where Cy is a constant depending only on k.

Claim 3.4.18. Let {¥;,...,%;} (j < k) be the set of covariance matrices that are equal to
Y. Note this also implies {i]vl, - /Zvj} are precisely the subset of {fl} that are equal to k.
Write
D22k71_1_2k_.,__2k+jflpz2k72 D2ka Dll(F)
k -1 o e 1 P

as a formal power series in y. Its evaluation at y =0 s

k j k-1
o ~ i—1 k+i—1 k+i—1
Oyt TL200) = S0 T0me(X) — ()™ T (200) = 207

=1 i=1 i=j+1

where Cy 1s a constant depending only on k.

Now we can repeat the arguments in Lemmas [3.4.9] [3.4.10], 3.4.11][3.4.12] [3.4.13] The key
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point is that the constraints in our SOS program give explicit values for

lo((X) — 3 (X))

in terms of A;, B; (which are explicit real numbers). We can then repeat the arguments in
Section [3.4.3] (with appropriate modifications to the number of times we apply each differ-

ential operator) to find the means.

3.5 Robust Moment Estimation

In Section we showed how to learn the parameters of a mixture of Gaussians M with
components that are not too far apart when we are given estimates for the Hermite polyno-
mials. In this section, we show how to estimate the Hermite polynomials from an e-corrupted
sample. Putting the results together, we will get a robust learning algorithm in the case when
the components are not too far apart.

While the closeness of components in Section [3.4]is defined in terms of parameter distance,
we will need to reason about TV-distance between components in order to integrate our

results into our full learning algorithm. We begin with a definition.

Definition 3.5.1. We say a mizture of Gaussians w1G1 + - - - + wi Gy, is §-well-conditioned
if

1. Let G be the graph on [k| obtained by connecting two nodes i,j if dry(G;, G;) <1 —46.

Then G is connected
2. drv(Gi, G4) >0 for alli # j
3. Wynin 2 5

The main theorem that we will prove in this section is as follows.
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Theorem 3.5.2. There is a function f(k) > 0 depending only on k such that given an

e-corrupted sample from a d-well-conditioned mixture of Gaussians
M = wi N (1, X1) + - 4+ wpN (pig, Xie)

where § > /¥ there is a polynomial time algorithm that outputs a set of (1/€)°*M) candidate
miztures {wiN (s, $1) + - - - + WpN (1, S} and with high probability, at least one of them
satisfies that for all v:

|wi — w;| + drv(N(p, 3i), N (i, £:)) < poly(e)

3.5.1 Distance between Gaussians

As mentioned earlier, we will first introduce a few tools for relating parameter distance and
TV distance between Gaussians.

The following is a standard fact.

Claim 3.5.3. For two Gaussians N(u1, 1), N(pz, 22)

Ar(N (i, 210, N ) = O (1 = )57 g = ) 57 P55 — 1 )

Proof. See e.g. Fact 2.1 in [65]. |

Next, we will prove a bound in the opposite direction, that when Gaussians are not too

far apart in TV distance, then their parameters also cannot be too far apart.

Lemma 3.5.4. Let M be a mixture of k Gaussians that is d-well conditioned. Let >3 be the

covariance matriz of the mixture. Then
1. 3 < poly(8)~Y for all components of the mizture
2. %; > poly(8)X for all components of the mixture
1

3. For any two components i,j, we have ||S™Y2(p; — ;)| < poly(8)~
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4. For any two components i, j, we have HZ*UQ(EZ- - Ej)Efl/QH2 < poly(d)~*
where the coefficients and degrees of the polynomials may depend only on k.

Proof. The statements are invariant under linear transformations so without loss of generality
let > = I. Assume for the sake of contradiction that the first condition is failed. Then there
is some direction v such that say

There must be some i € [k] such that v7%;v < 1 since otherwise the variance of the mixture
in direction v would be bigger than 1. Now we claim that 7 and 1 cannot be connected in G,
the graph defined in Definition [3.5.1] To see this, if they were connected, then there must
be two vertices j1, jo that are consecutive along the path between 1 and ¢ such that

T

v ;v
TY .
v Yj,v

But then dyv(Gj,,Gj,) > 1 — 0. To see this, let /vT2;,v = c. We can project both Gaus-
sians onto the direction v and note that the Gaussian G, is spread over width §~°c whereas

the Gaussian G, is essentially contained in a strip of width O(log1/d)c.

Now we may assume that the first condition is satisfied. Now we consider when the third

condition is failed. Assume that

(i = )| = k6"

Now let v be the unit vector in direction p; — p;. Projecting the Gaussians G;, G; onto
direction v and considering the path between them, we must find j;, jo that are connected
such that

Chay = o)l = 672

Now, using the fact that the first condition must be satisfied (i.e. v7X; v, vT3;,0 < §~1F)

we get that dtv(Gj,,Gj,) > 1 — 9, a contradiction.
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Now we may assume that the first and third conditions are satisfied. Assume now that
the second condition is not satisfied. Without loss of generality, there is some vector v such
that

oIS < (8/k)1OF

If there is some component ¢ such that
v S0 > (6/k)5

then comparing the Gaussians along the path between ¢ and 1 in the graph G, we get a

contradiction. Thus, we now have
v 8w < (6/k)%°

for all components. Note that the covariance of the entire mixture is the identity. Thus,

there must be two components with

1
Ve — U | 2
Taking the path between ¢ and j, we must be able to find two consecutive vertices ji, jo such

that
1
vy — v | 2 BTER

However, we then get dtv(Gj,,Gj,) > 1 — 6, a contradiction.

Now we consider when the first three conditions are all satisfied. Using the first two con-
1/2¢—1/2
Ej

ditions, we have bounds on the smallest and largest singular value of ¥, for all i, j.
Thus,

15 = 51l < poly(8) || T = =755 |
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for all 7, 7. However if for some 7, 7 that are connected in G, we have

1S = S5)l, = (k/0)
then we would have
H[ L o WH > (k/8)1"

and this would contradict the assumption that drv(G;, Gj) < 1 — 4§ (this follows from the
same argument as in Lemma 3.2 of [65]). Now using triangle inequality along each path, we

deduce that for all 7, 5
102 = Sl < (k/6)'

completing the proof. [ |

As a corollary to the previous lemma, in a §-well conditioned mixture, all component

means and covariances are close to the mean and covariance of the overall mixture.

Corollary 3.5.5. Let M be a mizture of k Gaussians that is d-well conditioned. Let p, %

be the mean and covariance matriz of the mixture. Then we have for all 1
o ||=7V2 (1 — )|, < poly(6)~
o ||ZV3(E - Ei)2*1/2||2 < poly(§)~*

Proof. The statement is invariant under linear transformation so we may assume > = [ and

1 = 0. Then noting

pi = po+ wi (i = pa) + -+ we (s — p)

and using Lemma [3.5.4] we have proved the first part. Now for the second part, note
Y= Zle w;(X; + i) and hence we have

E:Ei+w1(21—2i)+ -+ Wi Ek— —l—ZwZ,ul,ul

and using Lemma [3.5.4 and the first part, we are done.
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3.5.2 Hermite Polynomial Estimation

Now we show how to estimate the Hermite polynomials of a d-well-conditioned mixture M
if we are given an e-corrupted sample (where § > e/(*) for some sufficiently small function
f(k) > 0 depending only on k). Our algorithm will closely mirror the algorithm in [65].
The first step will be to show that we can robustly estimate the mean and covariance of
the mixture M and then we will use these estimates to compute a linear transformation to

place the mixture in isotropic position.

Lemma 3.5.6. There is a sufficiently small function f(k) depending only on k such that
gwen a e-corrupted sample from a d-well-conditioned mixture of Gaussians M with true
mean and covariance pi,Y respectively, where § > /) then with high probability we can

output estimates 11 and S such that

< (1)

1 Hz—lﬂ(i _n)se
2

2 [[542  , <

Proof. This can be proven using a similar argument to Proposition 4.1 in [65]. First we will
estimate the covariance of the mixture. Note that the statement is invariant under linear
transformation (and the robust estimation algorithtm that we will use, Theorem 2.4 in [65],
is also invariant under linear transformation), so it suffices to consider when ¥ = I. Let the
components of the mixture be G1,...,G,. Note that by pairing up our samples, we have
access to a 2e-corrupted sample from the distribution M — M’ (i.e. the difference of two
independent samples from M). For each such sample say Y ~ M — M’ ¥ = 0.5E[YY7].
We will now show that Z = Y'Y where Z is flattened into a vector, has bounded covariance.
Note that we can view Y as being sampled from a mixture of O(k?) Gaussians G; —G; (where

we may have i = 7). We now prove that
e For Y ~G;,—Gjand Z =YY" E[Z® Z] — E[Z] ® E[Z] < poly(d) 1
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e ForY ~G;—G;,Y' ~Gy—Gyand Z=YYT 72/ =Y'Y'T, |E[Z — Z']||5 = poly(§) "

Using Lemma and Corollary [3.5.5, we have poly(d)~" bounds on ||pll,, [|%il,, and
13; — 3], for all 4,j. We can now follow the same argument as Proposition 4.1 in [65] to
bound the above two quantities. With these bounds, by Theorem 2.4 in [65], we can robustly
estimate the covariance. Once we have an estimate for the covariance EA], we can apply the

1/2

linear transformation $~1/2 and robustly estimate the mean (which now has covariance close

to identity). [ ]

Using the above, we can place our mixture in isotropic position. This mirrors Proposition

4.2 in [65).

Corollary 3.5.7. There is a sufficiently small function f(k) depending only on k such that
given a e-corrupted sample from a §-well-conditioned mizture of Gaussians M = w;G1+- - -+
wi Gy with mean and covariance p,Y where 6 > €/F) there is a polynomial time algorithm

that with high probability outputs an invertible linear transformation L so that

L[ L(p)ly < poly(e)
2. 1 = L(E)[l, < poly(e)

Proof. We can first obtain estimates iz and 5 using Lemma . We can then apply the
linear transformation

Liz) =Sz~ )

It follows from direct computation that this transformation satisfies the desired properties.

Once our mixture is placed in isotropic position, we will estimate the Hermite polynomials
and then we will be able to use Theorem [3.4.1] The following lemma can be easily derived

from the results in [65] (see Lemmas 2.7,2.8 and 5.2 there).
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Lemma 3.5.8. Let M be a mizture of Gaussians wiN (p1, I +%1) + -+ +wiN (g, I +Xg).
Then

E (vx(Hn(X.2)) ® vx(Hn(X.2)))]

M = O (1 + max [| ], + max[| )"

2

where H,,(X, z) is defined as in definition and vx (H,,(X.z)) denotes vectorizing as a

polynomial in X so that the entries of the vector are polynomials in z.

Kane [65] works with Hermite polynomial tensors, which are tensorized versions of the
Hermite polynomials we are using. It is clear that these two notions are equivalent up to
Oy (1) factors as long as m is Og(1) (writing them as formal polynomials instead of tensors
simply collapses symmetric entries of the tensor but this collapses at most O,,(1) entries
together at once).

We can now combine everything in this section with Theorem [3.4.1]to complete the proof
of Theorem [3.5.2

Proof of Theorem[3.5.2 We can split the samples into O(1) parts that are each O(1)e cor-
rupted samples. First, we use Corollary to compute a transformation L that places the
mixture in nearly isotropic position. Now Lemma [3.5.4] and Corollary gives us bounds
on how far each of the means is from 0 and how far each of the covariances is from I. We
can apply Lemma [3.5.8| and standard results from robust estimation of bounded covariance
distributions (see e.g. Theorem 2.2 in [65]) to obtain estimates f, v (X) for the Hermite
polynomials of the mixture L(M) such that

|0 (R, (X) = B4 (X)) ||, < poly(e)

where m is bounded as a function of k. Now we must verify that the remaining hypotheses

of Theorem are satisfied with ¢ = poly(e) for the transformed mixture L(M).

e Corollary gives the required upper bound on || L(x;)|| and || L(%;) — ||
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e The first two conditions of Lemma |3.5.4] combined with Claim [3.5.3] imply the condi-

tion that no pair of components has essentially the same mean and covariance

e Finally, the mixing weights are unchanged by the linear transformation so the third

condition is easily verified (since the original mixture is §-well-conditioned)

Thus, by Theorem we can obtain a list of (1/¢)?*(!) candidate mixtures at least one

of which satisfies

s = @il + L) = il + || L(S0) - S

< poly(e)
2

for all 4. By Claim [3.5.3] we know that the components we compute are close in TV to the
true components. Now applying the inverse transformation L~! to all of the components,

we are done.

3.6 Rough Clustering

As mentioned earlier in the proof overview, the first step in our full algorithm will be to
cluster the points. We present our clustering algorithm in this section. This section closely
mirrors the work in [39]. We first define a measure of closeness between Gaussians that we

will use throughout the paper.

Definition 3.6.1. We say that two Gaussians N(u,%) and N(u/',>") are C-close if all of

the following conditions hold

1. (mean condition) For all unit vectors v € R, we have (v-p—v-p')? < CoT(X + X )

2. (variance condition) For all unit vectors v € R, we have
max(v? Y, vT ¥'v) < C min(v! Lo, v ¥'v)

3. (covariance condition) Finally, we have ||I — Z’_l/ZEE’_l/QHz <C
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The main theorem that we aim to prove in this section is the following, which implies
that if the true mixture can be well-clustered into submixtures, then we can recover this

clustering with constant-accuracy.

Theorem 3.6.2. Let k, D, be parameters. Assume we are given e-corrupted samples from
a mizture of Gaussians w1 Gy + --- + wipGy where the mixing weights w; are all rational
numbers with denominator bounded by a constant A. Let Ay,..., A; be a partition of the

components such that
1. For any ji, j2 in the same piece of the partition G, G, are D-close
2. For any ji, jo in different pieces of the partition, Gj,,G;, are not D'-close

where D" > F(k, A, D,~) for some sufficiently large function F'. Assume thatt > F(k, A, D,~)
and n,€,0 < f(k, A, D,v) for some sufficiently small function f. Then with probability at
least 1 —~, if Xq1,..., X, 1s an e-corrupted sample from the mizxture wiG1 + - - - + wi Gy with
n > poly(1/e,1/n,1/8,d)°%4) | then one of the clusterings returned by ROUGH CLUSTERING

(see Algom'thm@ gives a y-corrupted sample of each of the submixtures given by Ay, ..., A;.

Remark. Note that the last statement is well defined because the assumption about the
partition essentially implies that all pairs of components in different submixtures are separated
so y-corrupted sample simply means correctly recovering a 1—-~y-fraction of the original points

that were drawn from the corresponding submixture.

In this section, it will suffice to consider when the mixing weights are equal as we can
subdivide one component into many identical ones so from now on we assume w; = --- =
wg = 1/k and all dependencies on A become dependencies on k.

We begin with a few preliminaries. The following claim is a simple consequence of the

definition.

Claim 3.6.3. Let G1, Gy, G5 be Gaussians such that G1 and Gy are C-close and G5 and G
are C-close. Then Gy and G3 are poly(C)-close.
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Proof. The second condition follows immediately from the fact that G; and G4 are C-close
and Gy and G5 are C-close. Now we know that for all vectors v, v 3 v, vT 3Nov, vT Y30 are

all within a poly(C) factor of each other. This means that the singular values of E;/ 2251/ 2
are all bounded above and below by poly(C). From this and the triangle inequality, we get

the first and third conditions. [ |

The next claim follows immediately from Lemma 3.6 in [39).

Claim 3.6.4. There is a decreasing function f such that f(C) > 0 for all C' > 0 such that

if two Gaussians Gy, Gy are C'-close then

drv(G1,G2) <1 — f(C)

We will now show that either all pairs in the mixture are not too far apart, or there
exists a nontrivial partition of the mixture into two parts that are separated in either mean,
variance in some direction, or covariance. This parallels Corollary 3.7 in [39]. However, we
require a slightly different statement because their paper specializes to the case where all
pairs of components are separated. We use pu, > to denote the mean and covariance of the

overall mixture.

Claim 3.6.5. Let C' > 100 be a constant. Let Cy be a sufficiently large constant depending
only on C and k. Assume that there are i,j € [k] such that N(u;, ;) and N(p;,%;) are not
Cy-close. Then there exists a partition of [k] into two disjoint sets S,T such that for any
a€S,beT, N(a,Xa) is not k®-close to N(juy, ) and at least one of the following holds:

1. There is a direction v such that for alla € S,b €T,

Y
(o = ) ) 2 max (KT, + So), 15 )
2. There is a direction v such that for alla € S;b €T,

vI'S,v c vT'S,v 1
v — vI¥y — Ek2Ck




3. We have

|1 = =223 2 >k max (|| 2 Ay |51 Ay

7H21/2Aab21/2H>

9

where Ay = Y52 (1 _ zgl/zzbzgm) no1/2

Proof. We break into a few cases:

Case 1: Suppose that there is a v such that for some a,b
((fta — 1) - ©)? > 10k? - k€ max(v” L)
then we claim we are done. To see this, first observe that

1 1
Ts, 2 T
quv—kQE ((,ui—uj)m)—l—EE v’ Y

so then choosing a, b such that ((, — ) -v)? is maximal, we have ((pq — 1) - v)? > 0.107 Lo,
Now we can partition the components based on the value of u; - v. We can ensure that the

gap between the clusters has size at least % This will imply for all a € S;b € T
((ta = o) - 0)* > K0T (Zq + Tp)0)

i.e. the corresponding components are not k®-close. Since we can choose C} sufficiently

large, the first condition is also satisfied and we are done in this case.

Case 2: Alternatively suppose there is a v such that

m‘axl-(vtEiv) S pACK
min; (vT¥;0) —
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In this case, we can partition the components based on the value of v ¥;v. Without loss of

generality we have

IS > > 0TS

. . T T
Note that since we are not in the first case v’ Xv > 2&%. Next, because ”UTEE’“U” < k21Ck

there must be some consecutive ¢,7 + 1 such that

v > O I8 d IEDINY S 1
vIT¥e ) — vT¥v at vIT¥v ) — k2Ck

partitioning into S = {1,2,...,i} and T' = {i + 1,...,k}, we immediately verify that the

desired conditions (second condition) are satisfied.

Case 3: Finally, it remains to consider the situation where neither the condition in Case
1 nor the condition in Case 2 holds. Note that by assumption, there is some pair a,b € [k]

for which N (1,%,), N (1, Xp) are not Cy-close. Since we can choose
Ck > (kc)IOkC

this pair cannot fail the variance condition in any direction (second condition of Definition
3.6.1)). This pair also cannot fail the mean condition in any direction (first condition of
Definition |3.6.1]) because then we would have

C
((Ma — /~Lb) . ’U>2 2 Ck'UTZa'U 2 k4Ckk‘ Hl?X(’UTEZ"U)

and we would be in the first case. Thus, we must actually have

|1 =52Pm 2, = ¢
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1/2w—1/2
b Zj

Next, we claim that for all 7,7, ¥, has smallest and largest singular value in the

interval

1
T2 A |:k40k;k40k:|

If this were not true, without loss of generality we can find a unit vector v such that

HZ;-L/QZ]-_UQUH > k“% But this implies
2

(=20 TS, (27 %0)

meaning we are actually in case 2. Similarly, we can show that Eil /25-1/2 has smallest and

largest singular value in the interval Z or else we would be in Case 1.

To complete the proof, let ag,by be indices corresponding to a pair of components that
are not C-close and construct the following graph. Two nodes 7, j are connected if and only
if
~1/2 ~1/2 ~1/2 1/2
[Sa2s e — SR < 2 =
This graph must not be connected since otherwise there would be a path of length at most &
between ag and by and summing the above inequalities along this path, this would contradict

the fact that
|1 = 228 202, > G

We claim that it suffices to take S and T to be two connected components of the graph.

Indeed, for any a € S,b € T, we have

C
2>_k

”2501/22112501/2 B 2;01/22172;01/2“2 = k2

Now observe

—1/2 —1/2 —1/2y01/2 —1/2 —1/2 —1/2 —1/2 1/2—1/2
I_Za / Ebza /2= (Ea /Eaé ) (an/ Eazao/ _an/ Eban/ ) (za(/) Ea / )
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and combining with the singular value bounds we showed for 23/ 22;1/ ? and 23 2y-1/ 2 we
have

|17 = 27255, 2|3 > max (K, K€ || Au)

for any a,b on different sides of the partition. The other quantities in the third condition

can be bounded similarly as long as C} is chosen to be sufficiently large. [

3.6.1 SOS Program

To solve the clustering problem, we set up the same polynomial constraints as in Diakonikolas

et al. [39]. Recall that Definition [3.2.4] gives a recipe for turning this into an SDP relaxation.

Definition 3.6.6 (Clustering Program A, restated from [39)]). Let X1,..., X,, € R? represent
the samples. Let wi, ..., wp, 21, ..., 2n, X,,..., X! and X, XY2 3712 ¢ R4 (we think of
the 3 as d X d matrices whose entries are variables) be indeterminates that we will solve for
in the system. We think of the w variables as weights on the points and the z variables as
representing whether points are outliers. We will enforce that the subset of points weighted by
w has moments that are approximately Gaussian. The full system of polynomial constraints

18 given below:
1. We have parameters t € N that is even and §,¢ > 0.
2. Let Acormuptions = {77 = ZiYiepn) {2:(Xi — X]) = 0}iep)y {Diepy 2 = (1 — e)n/k}
3. Let Asupser = {w? = w; }icn), {Zie[n] w; = n/k}
4. Let p(w) = %35,y wiX]
5. Let ¥(w) = %Zie[n] wi (X — p(w))(X] — p(w))"

6. Let Amarices = {(2Y2)? = S(w)}, {(Z7V281V2)2 = n-1251/2) IS-1251 2y, (X! —
p(w)) = wi(X; — p(w)) tiem)
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7. Let Amoments be the following set of polynomial inequalities for all s <t

2

k § wi[STVAHX! — p(w))]® — M,|| < dd~*
n
1€[n]

where My = Egen(o,1) [g®%] is the moment tensor of a standard Gaussian.

We will work with the same set of deterministic conditions on the samples as in Di-

akonikolas et al. [39]. These conditions hold with high probability for the uncorrupted

points.

Definition 3.6.7 (Deterministic conditions, restated from [39]). Fiz Gaussians Gy, ...,Gy

on R For 6,9 > 0 and t € N. The (6,v,t)-deterministic conditions with respect to
Gy, ...,Gy on a set of samples X4,...,X, € R? are

1. There is a partition of { Xy, ..., X,} into k pieces Sy, ..., Sy each of size n/k such that
for alli € [k] and s <t

k _
SNTETG - - M| < d s
n

JES;

F

where ¥; and Ti; denote the empirical mean and covariance of the uniform distribu-

tion over elements of S; and My = Egen(o,n)[9%°] is the moment tensor of a standard

Gaussian.

2. Fora € [k],v € R A € R we define
(6) Bal) = {X, € Sul((X — ) - 0)* < O(1) log(1/6)07 5,0}
(b) Fo(v) = {(X;, X;) € S{((Xi = Xj) - 0)* = Q(1) - ypv" Bev}

(¢) Go(A) = {(Xi, X;) € SN — X))TAX; — Xj) = 2(5,, 4) £ O(1) log(1/¥) -
[EaAllp}-

Then for every v € RY, A € R4 we have
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o [Eo(v)] = (1 =) (n/k)

o [Fu(v)].|Ga(A)] = (1 = )(n/k)?

Claim 3.6.8 (Restated from [39]). For all even t, if
n > 1Og(1/7)0td10kt/52

for some sufficiently large constant C' and ) > 6, then X4, ..., X, drawn i.i.d from % Zle G

satisfy Definition [3.6.7 with probability at least 1 — 7.

We will use the following key lemmas from [39]. The setup is exactly the same. Let
X1,..., X, € R satisfy the (4,1, t)-deterministic conditions (Definition with respect
to Gaussians Gy, ...,Gg. Let Si,..., Sk be the partition guaranteed in the definition. Let
Yi,...,Y, be an e-corruption of X, ..., X, and let A be the clustering program (Definition
for Yi,...,Y,. For indeterminates wy, ..., w,, define

a;(w) = ij.

JES;

Below we will assume v, 7 are smaller than some universal constants 1y, 79 > 0.

Recall in Claim that there are essentially three different ways that two Gaussians
can be separated in TV distance. We call these mean separation, variance separation, and
covariance separation. The lemmas below roughly assert that if two Gaussians are sepa-
rated in one of these ways, then a valid solution to the clustering program A cannot assign

significant weight to both of them.

Lemma 3.6.9 (Mean Separation, restated from [39]). For every r > 0, there is s = O(1/72)
such that if €,6 < s OOk~ then for all a,b € [k], all v € R? and all sufficiently small
p >0, if

<,ua - /,Lb,U>2 Z P E <X - X,7U>27
X, X'~E 3Gy
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then

0 (7)o (04 O) Oy, 029))

Lemma 3.6.10 (Variance Separation, restated from [39]). For every T > 0, there is s =
O(1/72) such that if €,6 < s7O©k=20 then for all a,b € [k], all v € R and all sufficiently
small p > 0, if

(v, 5p0) > p E (X — X' v)?%,
X, X'~E 3Gy

+p0) )

Lemma 3.6.11 (Covariance Separation, restated from [39]). Let ¥ be the covariance of the

mizture + > G;. If €, < k=9W  then for all a,b € [k] and A € R™,

8 8
H21/2A21/2”§7 + ‘ E}I/ZAZ}/QH + HE;/QAZ;/QH

F F
(3, — XpA)8

+0(*) + O(e°k™)

ag(w)ay

(“’>) < Olog 1/v)" -

A |_O(1) (

n2

3.6.2 Clustering Algorithm

We use essentially the same clustering algorithm as [39].

Proof of Theorem[3.6.3 We can use Claim to ensure that with 1 —~/2 probability, the
deterministic conditions in Definition are satisfied for all submixtures and the various
values of 9,1, t that we will need.

First, if all pairs of components are D’ close, then returning the entire sample as one
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Algorithm 6 ROUuGH CLUSTERING

Input: e-corrupted samples X,..., X,, and parameters t,9, €, k, 7
Initialize a list of subsets L = {}
for count =0,1,...,100klog1/n do

Let A be the clustering program (Definition for Xy,..., X,

Compute the pseudoexpectation £ that satisfies the constraints A (Definition [3.6.6])

and maximizes

i¢UgeL R
Choose a random i ~ [n] with probability p; = gg{j_}
Create set R by adding each element j € [n| independently with probability %
Add R to the list L
Let L= {Ri,..., Rn}
for all subsets S C L do
Recurse on U;esR; for each of k — 1,2,...,k — 1 and t, 6, ¢, » unchanged
Return {X7,..., X,,} (as one cluster) and all unions of some combination of the clusters

returned in each computation branch

cluster suffices. Now, we may assume that there is some pair that is not D’-close. We apply
Claim and let U,V be the partition of the components given by the claim. Let C be
a sufficiently large function of k, D,~ that we will set later. We can do this as long as we
ensure that D’ is a sufficiently large function of k,C. We ensure that k¢ > D. Note that
each of the pieces Ay, ..., A;, must be entirely in U or in V' because of our assumption about

closeness between the components. We claim that
E Z wW; Z (% < 7’”2 (3-4)
iGUjeUSj iGU]‘Eij

where we can make 7/ sufficiently small in terms of v, D, k by choosing D’ and the functions

f, F' suitably.

Below we will let a, b be indices such that a € U and b € V. If the first clause of Claim
is satisfied, then we can take p = poly(1/k) and for 7 sufficiently small in terms of v, k, D, C,
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we have

n2

& (aa(w)ab(w))s < O/

Summing over all a € U,b € V, this gives (3.4)).

If the second clause of Claim [3.6.5]is satisfied, then we can take

EDINY S 1
p= 21161(1]1 vITYo — k2Ck
We choose 7 sufficiently small in terms of v,k,C, D and combining with the fact that
(v'8,v) > k€ (vTSyv) for all @ € U, b € V we get

Finally, when the third clause of Claim is satisfied follows similarly after setting A =
Agp. In all cases, we now have (3.4). The next step will be to analyze our random sampling
to select the subset R. First note

~ > j E[wiwj] n

B = S R w)

Next we analyze the intersections with the two sides of the partition U, V. We will slightly
abuse notation and use ¢ € U when i € UjcyS; and it is clear from context that we are
indexing the samples. Conditioned on the first index that is randomly chosen satisfying

1 € U then N
Zil €UineV E[w;, w;,] v'n?

ZieU E[wl] B ZieU E[wZ]

repeating the same argument for when i € V, we have Emin(|R N U|,|R N V)] < ~v'kn.

E[|[RNV]] =

Finally, we lower bound the expected number of new elements that R adds to the list L.

This quantity is

E[Z €ln] Jngle
n/k _ZEU}J

JEL
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where by j ¢ L we mean j is not in the union of all previous subsets in the list L. Note that
indicator functions of the components Si, ..., Sy are all valid pseudoexpectations and since
we are picking the pseudoexpectation that maximizes » | ¢l INE[wj], the expected number of

new elements added to L is at least

n — | Uger R
k
Now we analyze the recombination step once we finalize L = {Ry,..., R,,}. For any suf-

ficiently small function h(k,v, D), we claim that by choosing D’ and the functions f, F
appropriately, we can ensure with 1 — h(k, D,~) probability, there is some recombination
that gives a 1 — h(k, D, )-corrupted sample of the submixture corresponding to U. To see
this, it suffices to set n < h(k, D,~) and then look at the first m’ = 100klog1/h(k, D,~)

100)

subsets in L. Their union has expected size (1 — h(k, D,~v)'"")n. Next, among Ry,..., Ry,

E | min(|[R;NUJ, |R;NV])| < ykm'n
i=1
If we ensure that ~/ is sufficiently small in terms of «, D, k, then using Markov’s inequality,
with 1 — h(k, D,y) probability, there is some recombination that gives a 1 — h(k, D,~)-
corrupted sample of the submixture corresponding to U. We can make the same argument
for V. Now we can recurse and repeat the argument because each of these submixtures only

contains at most £ — 1 true components. [

3.6.3 Improved Clustering Result from [11]

In [II], the authors obtain a rough clustering result similar to Theorem but are able
to remove the bounded fractionality assumption. Their result is restated using our notation

below.

Theorem 3.6.12 ([11]). Let k, D,~ be parameters. Assume we are given e-corrupted samples

from a mizture of Gaussians w Gy + - - - + wi Gy, where the mizing weights w; are all at least

177



1/A for some constant A. Let Ay, ..., A; be a partition of the components such that
1. For any ji,j2 in the same piece of the partition G;,,Gj, are D-close
2. For any ji, jo in different pieces of the partition, Gj,,G;, are not D'-close

where D' > F(k, A, D,~) for some sufficiently large function F'. Assume thatt > F(k, A, D,~)
and n,¢,6 < f(k,A,D,v) for some sufficiently small function f. Then with probability at
least 1 —~, if Xq1,..., X, 1s an e-corrupted sample from the mixture wiG1 + - - - + wi Gy with
n > poly(1/e,1/n,1/6,d)°%A)  then there is an algorithm that runs in poly(n) time and
returns Oy (1) candidate clusterings, at least one of which gives a y-corrupted sample of each

of the submiztures given by Ay, ..., A;.

Observe that Theorem is the same as Theorem but with the bounded frac-
tionality assumption removed. Theorem is the only source of the bounded fractionality
assumption in our paper. In the subsequent sections, replacing all uses of Theorem [3.6.2
with Theorem [3.6.12] allows us to remove the bounded fractionality assumption from our

main result.

3.7 Putting Everything Together

We can now combine our clustering results and our results for learning mixtures of Gaussians
that are not too separated to get a learning algorithm in the fully general case. Our main

theorem 1is stated below.

Theorem 3.7.1. Let k, A,b > 0 be constants. There is a sufficiently large function G and
a sufficiently small function g depending only on k, A, b (with G(k, A,b), g(k, A,b) > 0) such
that given an e-corrupted sample X1,...,X, from a mizture of Gaussians M = w,G1 +
o+ wp Gy, € RY where the Gy have variance at least poly(e/d) and at most poly(d/e) in all

directions and

o The w; are all rational with denominator at most A
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o dry(Gi,Gj) >b

and n > (d/e)G®AY then there is an algorithm that runs in time poly(n) and with 0.99

probability outputs a mixture

M =G+ + GGy

such that dTV(M,M) < 9k AD),

3.7.1 Distance Between Gaussians

We will need to prove a few preliminary results. The main lemma we prove in this section
is the following, which gives a stronger bound than the triangle inequality for TV distance

between Gaussians.

Lemma 3.7.2. Let A\ be a constant. Let A, B,C' be Gaussian distributions. Assume that
drv(A,B) <1—= M\ Ifdr(A,C) > 1—€ and € is sufficiently small then

dTv(B, C) 2 1-— poly(e)

(where the RHS may depend on \).

Note that this result is not true for arbitrary distributions A, B, C'. We actually need to
exploit the fact that A, B, C' are Gaussian.

Our proof will parallel results in Section 8 of [39]. First, a definition:

Definition 3.7.3. For two distributions P, Q) let

h(P7 Q) - - log(l - dTV(PaQ))

The key ingredient is the following result from [39]:

Lemma 3.7.4 (Restated from [39]). Let A and B be two Gaussians with h(A, B) = O(1).
If D € {A, B} then

NN

P.op {e < BE? < ﬂ > 1 — poly(e)

~—
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Proof of Lemma[3.7.3 Note that

P, [60.5 < Az) < _] < 05

1
(z) = 05

Q

If this weren’t the case, then A and C' would have more than e overlap, contradicting our

assumption. Next, by Lemma [3.7.4)

< i | 2 1 poly(@ (35)

Combining the above two inequalities, we deduce

Pros {60'4 < < —] < poly(e) (3.6)

1
B(z) = 0

Let 0 < ¢ < 0.1 be a constant such that the RHS of (3.6) is at most €. By Lemma m

A(x) 1
c/2 _
P..p {e < B) < 60/2] > 1 —poly(e)
and combining with ({3.6]), we deduce
C(x) 1
0.4
which implies drv(B,C) > 1 — poly(e). [ |

3.7.2 Full Algorithm

We are now ready to prove Theorem [3.7.1] We begin by describing the algorithm. Our full

algorithm consists of several phases.
1. Cluster with constant accuracy into constant-separated submixtures
2. Learn parameters of submixtures to constant accuracy

3. Recluster all points and form new poly(e)-separated submixtures
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4. Learn parameters of submixtures to poly(€) accuracy

The algorithm LEARN PARAMETERS (WELL-CONDITIONED) for learning the parameters

of a well-conditioned mixture of Gaussians (see Theorem [3.5.2)) is summarized in Algorithm

[

Algorithm 7 LEARN PARAMETERS (WELL-CONDITIONED)

Input: e-corrupted sample X1, ..., X, from J-well-conditioned mixture of Gaussians M =
w1G1 + -+ kak

Estimate Hermite polynomials of M

Solve for parameters using SOS (see Section [3.4)

Our full algorithm is described in the next block Algorithm [§]

Algorithm 8 FULL ALGORITHM

Input: e-corrupted sample X1, ..., X, from mixture of Gaussians M = w;G1+- - -+ wp Gy,
Run ROUGH CLUSTERING Algorithm to split sample into subsamples for submixtures
where all pairs are D-close for constant D
for each candidate clustering do
Run LEARN PARAMETERS (WELL-CONDITIONED) for each submixture
Output candidate components
for each set of candidate components @I, o é‘vk do
__Assign samples to components according to maximum likelihood to form sets of samples
{S1,...,Sk}
for all partitions of [k] into sets Ry,..., R, do
Run LEARN PARAMETERS (WELL-CONDITIONED) on each of Ui, S; for all j € [i]
Output candidate components

Hypothesis test over all candidate components to find a mixture M that is poly(e)-close

to M

3.

7.3 Analysis of FULL ALGORITHM

The first step will be to show that among the first set of candidate components that we

output, there are some that are within constant distance (say < c(k) for some sufficiently

small function ¢) of the true components.
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Lemma 3.7.5. Let k, A,b > 0 be constants and 6 be a desired accuracy. There is a suffi-
ciently large function G and a sufficiently small function g depending only on k, A, b, 0 such
that given an e-corrupted sample X1, ..., X, from a mixture of Gaussians M = w,G1+---+

w Gy, € R where
o The w; are all rational with denominator at most A
o dr(G;,G;) > b
and
o ¢ <g(k,Ab,0)
o n> (d/e)G(k,A,b,H)

then there is an algorithm that runs in time poly(n) and with 0.999 probability outputs a set

of (1/0)C*AM) candidate miztures at least one of which satisfies

IN

max <dTV(év1, G1), - 7dTV(am Gk)) 0

max (|w; —wil, ..., |wp —wg|) <6

Proof. We will use Theorem to argue that the clustering algorithm finds some set of
candidate clusters that can then be used to learn the parameters via Theorem [3.5.2 The
main thing we need to prove is that we can find the D, D’ satisfying the hypotheses of
Theorem In the argument below, all functions may depend on k, A, b, 6 but we may
omit writing some of these variables in order to highlight the important dependences.

Note that Claim combined with Theorem imply that if we have a v-corrupted
sample of a submixture of M where all pairs are D-close and v < f(D,#) for some suffi-
ciently small function f then we can learn the components of the submixture to the desired
accuracy. Now if the separation condition of Theorem were satisfied with v = f(D, 0)
and D' > F(k, D,~) then we would be done.
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We now show that there is some constant D depending only on k, A,b,60 for which this
is true. Assume that the condition does not hold for some value of Dy. Then construct a
graph Gp, on nodes 1,2, ..., k where two nodes are connected if and only if they are D-close.
Take the connected components in this graph. Note that by Claim [3.6.3] all pairs in the
same connected component are poly(Dy)-close. Thus, there must be an edge between two

components such that G; and G; are D;-close for

DO < Dl < F<k7pOIY(DO)7f(pOIY(DO)ae))

Now the graph Gp, has one less connected component than Gp,. Starting from say Dy = 2,
we can iterate this argument and deduce that the entire graph will be connected for some
constant value of D depending only on k, A, b, 6. Now by Claim it suffices to treat the
entire mixture as one mixture and we can apply Claim and Theorem to complete
the proof. [ |

Our next step is to show that if our algorithm starts with component estimates that
are accurate within some constant and guesses a good set of clusters, then the resulting
subsamples (after assigning according to maximum likelihood) are equivalent to poly(e)-
corrupted samples from the corresponding submixtures. First, we prove a preliminary claim

which implies that a good set of clusters exists.

Claim 3.7.6. Let M = w G+ - -+wi Gy be a mixture of Gaussians. For any constant ¢ > 0
and parameter €, there exists a function f(c,k) such that there exists a partition (possibly

trivial) of [k] into sets Ry, ..., Ry such that

o If we draw edges between all i,j such that dry(G;, G;) < 1 — € then each piece of the

partition 1s connected
e For any i,j in different pieces of the partition drv(G;, G;) > 1 — €*

and f(c, k) <k < 1.
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Proof. For a real number f, let G be the graph on [k]| obtained by connecting two nodes i, j
if and only if dtv(G;, Gj) < 1— f. Consider G_x. Consider the partition formed by taking all
connected components in this graph. If this partition does not satisfy the desired condition,

then there are some two G;, G in different components such that

1

dTV(Gz’7 G]) S 1-— ECk_

Thus, the graph G_.x—1 has strictly fewer connected components than G .. We can now
repeat this argument on G_x-1. However, the number of connected components in G _.» is at
most k so we conclude that there must be some ¢* < k < 1 for which the desired condition

is satisfied. [ |

We will also need the following results about the VC-dimension of hypotheses obtained by
comparing the density functions of two mixtures of Gaussians. The reason we need these VC
dimension bounds is that we will need to argue that given any constant-accuracy estimates,
we can obtain a clustering that is poly(e) accurate. While naively this would require union
bounding over infinitely many possibilities for the initial estimates, the VC dimension bound
allows to get around this and obtain uniform convergence over all possible initial estimates.

Technically for our clustering result, we only need the VC dimension bound for single
Gaussians (instead of mixtures of k& Gaussians). However, we will need the VC dimension
bound for mixtures of Gaussians later when we do hypothesis testing so we state the full

result below. First we need a definition.
Definition 3.7.7. Let F be a family of distributions on some domain X. Let Hr, be the

set of functions of the form fa, mo,.. . m, wWhere My, Mo, ..., M, € F and

B 1if Mi(z) > May(z), ..., Mu(x)

Iy Mo, M, (T) =
0 otherwise

where M;(x) denotes the pdf of the corresponding distribution at x.
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Lemma 3.7.8 (Theorem 8.14 in [5]). Let Fy. be the family of distributions that are a mizture
of at most k Gaussians in RY. Then the VC dimension of Hz, 4 is poly(d, a, k).

It is a standard result in learning theory that for a hypothesis class with bounded VC
dimension, taking a polynomial number of samples suffices to get a good approximation for

all hypotheses in the class.

Lemma 3.7.9 (|92]). Let H be a hypothesis class of functions from some domain X to {0,1}
with VC dimension V. Let D be a distribution on X. Let €,0 > 0 be parameters. Let S be
a set of n = poly(V,1/e,log1/d) i.i.d samples from D. Then with 1 — § probability, for all
feH

E [f(z)] - E [f(z)]] <e.

z~S z~D
Now we can prove our lemma about obtaining a poly(€)-accurate clustering into submix-
tures when given constant-accuracy estimates for the components.

Lemma 3.7.10. Let M = w Gy + - - - + w, Gy, € R? be a mizture of Gaussians where

o The w; are all rational with denominator at most A
o drv(G;,Gj) >

There exists a sufficiently small function g(k, A,b) > 0 depending only on k, A,b such that
the following holds. Let X1,...,X, be an e-corrupted sample from the mizture M where
e < g(k,A,b) and n = poly(d/e) for some sufficiently large polynomial. Let Si,...,Sy C
{X1,..., X, } denote the sets of samples from each of the components Gy, . .., Gy, respectively.
Let Ry, ..., R; be a partition such that for iy € R;,,i2 € Rj, with j; # ja,

dTV<Gi17 Glz) 2 1 - 6/

where e < € < g(k, A,b). Let a, o ,CTk be any Gaussians such that dr(G;, a) < g(k,Ab)

for alli. Let §1, e ,:gvk C {Xy,..., X} be the subsets of samples obtained by assigning each
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sample to the component @j that gives it the mazimum likelihood. Then with probability at
least 0.999,

’(UieRj Si) N (Uz‘eRjgi) > (1- pOl}’(E/)) |(UieR]-Sz‘)|

for all j.

Proof. First, we will upper bound the expected number of uncorrupted points that are mis-
classified for each j € [l] when the Gaussians CTl, e ,évk are fixed. This quantity can be

upper bounded by

P RTINS
J17#j2 1€R,
12€R;,
Clearly we can ensure drv (G, a) < 1/2. Thus, by Lemma m and the assumption

about Ry, ..., Ry, drv(Gy,,Gy,) > 1 —poly(€) for all G;, where 75 is not in the same piece of
the partition as ;. Let ¢ be such that

dTV(é\;l7 Glz) >1- €

By Lemma [3.7.4]

CEEGZ‘Q

P /C/2 <
r [6 ~ G

and combining the above two inequalities, we deduce

/ L&, ()58 (0 4Gia (¥) < POy (€)

Since we are only summing over Oy (1) pairs of components, as long as € is sufficiently small

compared to k, A, b, the expected fraction of misclassified points is poly(€').

Next, note that the clustering depends only on the comparisons between the values of the
pdfs of the Gaussians E;Vl, . ,é\; at each of the samples X1, ..., X,. Since n = poly(d/e) for
some sufficiently large polynomial, applying Lemma [3.7.8 and Lemma |[3.7.9 completes the

proof (note that the fraction of corrupted points is at most € so it does not matter how they
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are clustered). |

Combining Lemma [3.7.5] Claim [3.7.6, Lemma and Theorem [3.5.2] we can show

that at least one of the sets of candidate parameters that our algorithm outputs is close to

the true parameters.

Lemma 3.7.11. Let k, A,b > 0 be constants. There is a sufficiently large function G and a
sufficiently small function g depending only on k, A, b such that given an e-corrupted sample

Xi1,..., X, from a mizture of Gaussians M = w Gy + - - - + w,G), € R? where
e The w; are all rational with denominator at most A
o dry(G;,Gj) > b

and n > (d/e)C®AY) with 0.999 probability, among the set of candidates output by FULL

ALGORITHM, there is some {wr, E;Vl, L, Wy, a;} such that for all i we have
[ — @] + dr(Gs, Gi) < poly(e)

Proof. This follows from combining Lemma [3.7.5, Claim [3.7.6), Lemma [3.7.10] and finally
applying Theorem Note we can choose ¢ in Claim [.7.6] so that when combined with
Lemma[3.7.10] the resulting accuracy that we get on each submixture is high enough that we
can then apply Theorem m (we can treat the subsample corresponding to each submixture
as a poly(€')-corrupted sample). We apply Lemma [3.7.10]with € = €* where the « is obtained
from Claim B.7.61 [

We have shown that our algorithm recovers a list of candidate mixtures, at least one of
which is close to the true mixture. The last result that we need is a hypothesis testing routine.
This is similar to the hypothesis testing result in [65]. However, there is a subtle difference
that the samples we use to hypothesis test may not be independent of the hypotheses. This is
because the adversary sees all of the data points and may corrupt the data in a way to affect

the list of hypotheses that we output. Thus, we must prove that given an e-corrupted sample
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and any list of hypotheses with the promise that at least one of the hypotheses is close to

the true distribution, we must output a hypothesis that is close to the true distribution.

Lemma 3.7.12. Let F be a family of distributions on some domain X with explicitly com-
putable density functions that can be efficiently sampled from. Let V' be the VC dimension of
Hro (recall Deﬁm’tz’on. Let D be an unknown distribution in F. Let m be a parameter.
Let X, ..., X, be an e-corrupted sample from D with n > poly(m, e, V') for some sufficiently
large polynomial. Let Hq, ..., H,, be distributions in F given to us by an adversary with the

promise that

min(dry(D, H;)) < €.

Then there exists an algorithm that runs in time poly(n,€) and outputs an i with 1 <i <m
such that with 0.999 probability
drv(D, H;) < O(e).

Proof. The proof will be very similar to the proof in [65] except we will use the VC dimension
bound and Lemma to obtain a bound over all possible hypothesis distributions given
to us by the adversary.

For each i, j, define A;; to be the subset of X where H;(z) > H;(x) (where we abuse
notation and use H;, H; to denote their respective probability density functions). Note
drv(H;, H;) = |H;(Ai;) — Hj(A;;)|. By Lemma we can ensure that with high proba-
bility, for all 4, j, the empirical estimates of A; ; are close to their true values, i.e.

ID(Aij) — X (Aig)] < 2e.

Now, since the distributions H, ..., H,, can be efficiently sampled from, we can obtain

estimates E(A”) that are within € of H;(A4, ;) for all 4, j,{. Now, it suffices to return any I

such that for all 7, 7,
1X(A;;) — Hi(A;)| < de.

Note that any [ such that drv(D, H;) < € must satisfy the above by the triangle inequality.
Next, we argue that any such [ must be sufficient. To see this, let I’ be such that d+v(D, Hy) <
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€. Then

drv(D,H)) < e+dry(H, Hy) = e+ |H(Ay) — Hi(Ay)| <2e+ [Hi(Ay) —D(A)|
S 26 + ’X(Al’l/) — D(Al,l/” + |X(Al7l/) — E(Al,l’)’ + |E(Al,l’) — Hl(Al,l’>| = O(E) .

We can now complete the proof of our main theorem.

Proof of Theorem (5.7.1. Combining Lemma Lemma and Lemma [3.7.8], we im-
mediately get the desired bound. [

3.8 Identifiability

Theorem [3.7.1] implies that we can learn a mixture that is close to the true mixture in TV
distance. In order to prove that we recover the individual components, it suffices to prove

identifiability. In this section we prove the following.

Theorem 3.8.1. Let M = w,Gy+ - - +wy, G, and M' = w G +- - - +w,, G}, be miztures
of Gaussians such that TV (M, M') < e and the G;, G, have variance at least poly(e/d) and

at most poly(d/e€) in all directions. Further assume,
® dT\/(GZ', GJ) Z b, dT\/(Gg, G;) Z b fO’I“ all 7éj
® Ws, U); 2 Wmin

where Wyin > f(k), b > /%) where k = max(ki, ko) and f(k) > 0 is sufficiently small

function depending only on k. Then ki = ko and there exists a permutation m such that
[wi — wy | + dr(Gi, Gr;y) < poly(e)

While technically, we do not need to prove identifiability in an algorithmic manner, our
proof will mirror our main algorithm. We will first prove identifiability in the case where the

two mixtures are d-well conditioned for 6 = poly(e).
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Lemma 3.8.2. Let M = wiGy + -+ + wy,, Gy, and M’ = w (G} + --- + w;, G}, be two
§-well conditioned miztures of Gaussians such that dry(M, M') < € and § > e/ where
k = max(ky, ko) and f(k) > 0 is sufficiently small function depending only on k. Then

ki1 = ko and there exists a permutation w such that

lw; — w;(i)| + drv(G;, G;m) < poly(e)

Proof. Let u,>, 1/, be the means and covariances of the mixtures M and M'. Let
iy X4y i, 27 be the means and covariances of the respective components. Without loss of
generality we may assume p = 0, ¥ = I. The results in Section [3.5] namely Corollary [3.5.7]
imply that

|1 — X'|| = poly(e)
11| = poly(e)
This is because we can simulate an e-corrupted sample from M’ by just sampling from M

(since drv(M, M’) <€) and then robustly estimate the mean and covariance of this sample.

Thus, by Corollary [3.5.5, we have for all i,

lall s 14311 < poly(8)~

15 = 11, 153 = I1I < poly(d) ™"

Now, we can use Lemma to estimate the Hermite polynomials of the mixtures M, M’.
Since we can robustly estimate the means of bounded-covariance distributions (see Theorem

2.2 in [65], Lemma [3.5.8)), we must have

[0 (At (X) = hin pa (X)) |, < poly(e)

Also note that since each of the mixtures is §-well conditioned, using Claim [3.5.3|and Lemma
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implies that
[l = pilly + 113 — X5, = poly(0)

and similar for the components of the mixture M’. Repeating the argument in Section [3.4.1]
it suffices to prove the lemma in the case when all pairs of parameters are separated or equal
i.e. among the sets {p;} U {p} and {X;} U {2}, each pair of parameters is either equal or
separated by at least poly(d). If we prove this. we can then deduce the statement of the

lemma in the general case with worse, but still polynomial dependencies on €.

Now we consider the generating functions

k1 00
. 1y 2 1 n
F = E wieuz(X)y+221(X)y — E mhm,M(X)y
=1 m=0
ko 00 1
/ 1sv 2 n
F/ = E w;eui(X)er?El(X)y = E %hm,M/(X)y
i=1 m=0

where similar to in Section , 1i(X) = p- X, 55(X) = XT3, X. Consider the pair (4,3}, ).

We claim that there must be some ¢ such that

(M'NZZ) = (Iu;€27 2}2)

Assume for the sake of contradiction that this is not the case. Let S} be the subset of [k1]
such that ¥; = ¥, and let Sy be the subset of [k; — 1] such that ¥} = ¥ . Define the

differential operators

D =0 — (X)) = Ei(X)y

D; =0 — pi(X) = Zi(X)y
where as before, partial derivatives are taken with respect to y. Now consider the differential
operator

ok +ko—2

D= (D) (@) DY D)
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Note by Claim [3.3.9] D(F') = 0. Using Claim [3.3.11}

2

D(F/) _ P(y,X)eM;“2(X)y+%E;“2(X)y
where P is a polynomial of degree

deg(P) — 2k1+/€2—1 —1— Z 2i—1 o Z 2/€1+i—2

IS 1€ES2

and has leading coefficient

i1 i—1 kqti—2
Co = wy, H (S, — %) H (My — )° H (Zh, —%5)° H (Hhy — 11

ie[k1]\51 1€S] ie[k‘g—l}\SQ

If there is no i such that (u;, X;) = (uy,,, Xp,) then
Cy > §9r0)
We can now compare

(D1,)"*" D(F)

(D4,) "= D(F)

1€S2

/
i

)2k1+i72

evaluated at y = 0. The first quantitiy is 0 because D(F) is identically 0 as a formal power

series. The second expression is equal to Q4(1)Cy. However, the coefficients of the formal

power series F, F" are the Hermite polynomials A, p(X) and Ay, a(X). We assumed that

[0 (At (X) = hin par (X)) |, < poly(€)

so this is a contradiction as long as e is smaller than 67'*) for some sufficiently large function

F' depending only on k. Thus, there must be some component of the mixture M that

matches each component of M’. We can then repeat the argument in reverse to conclude
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that M and M’ have the same components. Finally, assume that we have two mixtures
M = w Gy + -+ + wpGy, and M’ = w|Gy + - -+ + w;, Gy on the same set of components.
WLOG

w —wy < <w—w <0 <wyg —wpyy <--- < wgp — w,

Then we can consider

(wy] —w1)G1 + -+ -+ (w; — w;) G, and

(wig1 — wyy1)Gryr + -+ + (w, — wy,) G

each treated as a mixture. If .
Z lw; — w)| > €
i=1

for some sufficiently small ( depending only on k, we can then normalize each of the above
into a mixture (i.e. make the mixing weights sum to 1) and repeat the same argument,
using the fact that pairs of components cannot be too close, to obtain a contradiction. Thus,
actually the components and mixing weights of the two mixtures must be poly(e)-close and

this completes the proof. [ |

To complete the proof of Theorem we will prove a sort of cluster identifiability that

mirrors our algorithm and then combine with Lemma [3.8.2]

Proof of Theorem |5.8.1. Let ¢ be a sufficiently small constant that we will set later. We

apply Claim on the mixture M with parameter ¢ to find a partition Rq,...,R;. Let

k be the parameter obtained from the statement of Claim [3.7.6|i.e. s depends on k and
/

c. First, we claim that each of the components G, ..., G}, must be essentially contained

within one of the clusters. To see this, for each j € [ky] there must be some ¢ such that

(G, G) < 1 — w;;;n <1-0(1)
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without loss of generality i € R;. Then by Lemma [3.7.2 for all a ¢ Ry,
drv(Ga, G%) > 1 — poly(e”)

where the polynomial may depend on k but does not depend on c. The above implies that
we can match each of the components G, . .., G}, uniquely to one of the clusters Ry,..., R;

where it has constant overlap with U;cr,G;. Let Sy be the subset of [k2] corresponding to

the components among G, ..., G}, that are matched to R;. Consider the mixtures
M - ZiGRl leZ
| = SLER T
ZiERl Wy
Z'GS w; G}
M/1 — 7 1 KA (A

Zie& w;

The above (combined with our assumed lower bound on the minimum mixing weight) implies

that
drv(Mi, M}) < poly(e¥)

where again the polynomial may depend on k but not c¢. Now if we choose ¢ sufficiently
small, we can apply Lemma to deduce that the components and mixing weights of
My, M must be close. We can then repeat this argument for all of the clusters Ry,..., R,
to complete the proof. |

Combing Theorem [3.7.1] and Theorem [3.8.1] we have

Theorem 3.8.3. Let k, A,b > 0 be constants. There is a sufficiently large function G and
a sufficiently small function g depending only on k, A,b (with G(k, A,b), g(k, A,b) > 0) such
that given an e-corrupted sample X1,...,X, from a mizture of Gaussians M = w Gy +
-+ wpGy, € RY where the G; have variance at least poly(e/d) and at most poly(d/e) in all

directions and
o The w; are all rational with denominator at most A
o dry(G;,Gj) > b
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and n > (d/e)¢®AY then there is an algorithm that runs in time poly(n) and with 0.99
probability outputs a set of components évl, e ,@; and mixing weights wy, ..., wy such that

there exists a permutation w on [k] with
i — Wai)| + drv(Gi, Grgy) < 740

for all i.

3.8.1 Improving the Separation Assumption

With simple modifications to the analysis, we obtain the following improvement of Theorem
in [74].

Theorem 3.8.4 ([74]). Let k, A > 0 be constants. There is a sufficiently large function G
and a sufficiently small function g depending only on k, A such that given an e-corrupted
sample X1,...,X, from a mizture of Gaussians M = w,G; + --- + w,G, € R? where
e < g(k, A), the w; are all rational with denominator at most A, and n > (d/e)*®4 | there is
an algorithm that runs in time poly(n) and with 0.999 probability, outputs a set of (1/€)Oxa(L)
candidate miztures such that for at least one of these candidates, {wy, E;Vl, . ,@,é\;}, we

have

[wi — @] + dr(Gi, Gy) < ?Y

for all i € [K].

To go from Theorem [3.7.1] to Theorem [3.8.4] the main idea to remove the constant
separation assumption is just that we can find a scale § such that all pairs of components
either have dyv(G;,G;) < 6 or drv(G;,G;) > ¢ for o' > §. This is possible because the
number of components k is a constant. We can then merge components whose TV distance
is less than ¢, treating them as the same component and the remaining components will be
sufficiently separated. See [74] for more details.

The results of [74] were obtained using the previous clustering subroutine of [39]. If

we instead plug in the updated clustering results of [II] (see Theorem [3.6.12] vs Theorem
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3.6.2), we can remove the bounded fractionality assumption on the mixing weights. Also,
we can ensure that the algorithm outputs a unique mixture instead of a list by running the

hypothesis testing routine in Lemma [3.7.12]

Theorem 3.8.5. Let k, A > 0 be constants. There is a sufficiently large function G and a
sufficiently small function g depending only on k, A such that given an e-corrupted sample
Xi,..., X, from a mizture of Gaussians M = wGy + - - + wp Gy, € R? where € < g(k, A),
the w; are all at least 1/A, and n > (d/e)¢*4) | there is an algorithm that runs in time

poly(n) and with 0.999 probability, outputs a mizture M=wGy+ -+ Wy, a;, such that
drv(M, M) < D
Finally, combining the above with identifiability (Theorem [3.8.1]), we immediately get an

improved version of our main theorem for parameter learning.

Theorem 3.8.6. Let k, A > 0 be constants. There is a sufficiently large function G and
a sufficiently small function g depending only on k, A (with G(k, A), g(k, A) > 0) such that
gwen an e-corrupted sample X, ..., X, from a mizture of Gaussians M = w,Gy + -+ +
wrGy € RY where the G; have variance at least poly(e/d) and at most poly(d/e) in all

directions and
e The w; are all at least 1/A
o dry(Gy, Gy) > e

and n > (d/e)*A) | then there is an algorithm that runs in time poly(n) and with 0.99
probability outputs a set of components a;, e ,CT;c and mixing weights wy, ..., wy such that

there exists a permutation w on [k] with
|w; — Wy + drv(Gy, éw(i)) < 9k
for all i.
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