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Abstract

Input from and interaction with humans is quickly becoming an inseparable part of
designing critical systems: electrical power grids are evolving into smart grids that al-
low for two-way communication between utilities and their users, and the demand for
seamless human-robot collaboration in warehouses and urban rescue missions is ever-
increasing. As such, proper understanding and modeling of human decision making
behavior should be an integral part of designing critical systems. Unfortunately, in
the traditional engineering context, humans have been assumed to be rational agents
that behave in the way they ought to, rather than the way that they actually do.

This thesis lays the groundwork for incorporating a more general model of hu-
man decision making in engineered systems to improve the quality of interaction be-
tween a system and its users, and as a result, its overall performance and reliability.
We investigate three computational principles known to influence human behavior:
noisy utility maximization, discounting, and the probability weighting principle from
Prospect Theory. We evaluate their individual and combined effects in the context
of a naturalistic spatial planning task that required sequential decision-making. This
task presents challenges that will occur across general contexts. All model selection
analyses used show that a significant majority of human subjects’ trajectories are
best explained by models with discounting and, in particular, probability weighting.

We conclude with a simulation of a simplified 2D urban rescue mission, which
demonstrates that these more realistic assumptions about human behavior reduce
the cost to complete the collaborative mission by ∼ 13%. The results reinforce the
hypothesis that a more nuanced model of human behavior is critical for systems that
heavily interact with humans. Better models better complement real human behavior
and therefore enhance the overall efficiency and performance of a given system.

Thesis Supervisor: Joshua B. Tenenbaum
Title: Professor, Department of Brain and Cognitive Sciences
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Chapter 1

Introduction

1.1 Motivation and Related Work

Critical, mechanical, and electrical systems have traditionally been designed maxi-

mize to reliability and minimize cost with respect to the normative trend or average

demand without taking in much feedback from its individual users. In recent decades,

however, there has been a surge in automated systems wherein human input and in-

teraction are an integral part [16, 30]. Large-scale electrical grids are now evolving

into smart grids that allow for two-way communication between utilities and their

users; demand for seamless human-robot collaboration is rapidly diversifying, from

warehouse management to urban rescue missions; private ride-sharing companies are

faced with challenging planning problems while accounting for both the supply of

drivers and demand of passengers. As such, establishing quantitative models to ex-

plain and predict choices made by humans has increasingly become an integral part

in systems that heavily interact with people.

Unfortunately, human tendencies and decision-making behavior have usually been

overlooked in the context of engineering; human agents were assumed to behave

rationally, making decisions that they ought to rather than what they actually do.

Even within the field of psychology or behavioral economics, expected utility theory

reigned as the normative descriptive model for decision-making under uncertainty

[13, 20]. In the recent decades, however, researchers observed from empirical studies
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that the assumption that people make decisions by maximizing expected utility has

its limitations [6, 7, 33, 18]. This has led to the development of new models such as

prospect theory [18, 38].

Still, it is not clear if it is appropriate to blindly apply those principles to any

context or application. As Kahneman and Tversky pointed out, traditional experi-

ments conducted by behavioral economics are typically "contrived gambles for small

stakes", and that there is usually a "large number of repetitions of very similar prob-

lems". The gambles they refer to are usually of the form (𝑝, 𝑥; 𝑞, 𝑦), where outcomes

𝑥 and 𝑦 can be earned with probability 𝑝 and 𝑞, respectively. See Tables B.1 ∼ B.3 for

examples of such gambles used by Kahneman and Tversky in their original paper on

prospect theory. They acknowledged that this paradigm could raise obvious questions

regarding the "validity of the method and the generalizability of the results."

Prospect theory is widely accepted to this day, and there has been much effort to

replicate the results on larger scale data and modern standards in the recent decade.

In 2020, a large group of researchers conducted a multinational study—involving

4,098 participants, 19 countries, 13 languages—to validate that this theory is still

relevant across different cultures [32]. In 2021, another group substantially increased

the size of the experiment and designed a family of machine learning models based on

this theory [28]. While the successful replication of the original work in these recent

studies is reassuring, they still use the same experimental paradigm. Therefore, it is

still unclear if the principles of prospect theory, or any descriptive behavioral models

developed by psychologists and behavioral economists, is applicable in other fields.

1.2 Contribution

While theorists agree that human decision-making is usually an approximation of

what we think ought to be done [12, 17], studies of its algorithmic principles in the

laboratory have been confined to simple games or gambles, unlike the dilemmas,

humans encounter in daily life [14, 40]. Here we investigate human planning in a new

experiment paradigm named the Maze Search Task (MST) that involves spatial task
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resembling natural search and navigation, and ask which computational principles

underlie human decision-making in this task.

Computational Principles

We hypothesized that human decision-making may exhibit three computational cog-

nitive principles, previously described in the literature, although not yet evaluated

together, nor tested in a naturalistic context. First, even with known utilities, people

do not always make the best choice, especially when the differences between utilities

are small. Instead, the choice may be approximately rational, with action probability

proportional to its utility. This principle of noisy utility maximization is widely used,

for example, as Luce’s choice in economics [25], as Boltzmann response mapping in

neural networks, and as divisive normalization in neurosceince [24].

Second, humans may limit the planning horizon of multi-step choices [14], usually

modeled by a discount factor [4], so that the value of future utilities is inversely

proportional to time. Utility discounting is often used in Reinforcement Learning [35],

as well as in economics when modeling the values of delayed monetary rewards [17, 38].

Third, humans could perceive probabilities in a non-uniform way, by over- or

under-weighting them [23]. This principle has been introduced as probability weighing

in prospect theory [17, 38]. A brief proof in support of this principle presented by

Kahneman and Tversky is in Appendix B. On the sensory level, probability weighting

is related to the Weber-Fechner law of just noticeable difference [8], which states that

humans tend to perceive measurable quantities on a logarithmic scale, distorting

the perception of extremes. The principles of prospect theory have been recently

applied to scale reward in Reinforcement Learning [31, 29, 11] for system controls,

and validated in a large-scale modern replication of classic gamble experiments [32],

although to our knowledge has not been formally evaluated in humans on non-gamble

tasks.

In this work, we tested the combined effect of these three principles using be-

havioural experiments and computational modelling. To our best knowledge, this

work is the first to test the cognitive effects of probability warping in the context of
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a spatial task. We found that the aggregate human behaviour was predicted reason-

ably well by the optimal planner with noisy utility maximization. However, analysis

of individual differences revealed that individual humans seamlessly combined noisy

utility maximization, discounting, and probability warping, with a significant increase

in the prediction accuracy of individual behaviours when the three principles were

combined. Finally, probability warping explained more of the individual differences

in human behavior than discounting.

Maze Search Task (MST)

To study human decision-making in the context of intuitive and abstract environ-

ments, we developed a series of Maze Search Tasks (MST) [22]. In an MST, a human

subject is presented with a two-dimensional, partially observable maze with the task

to locate the unique exit. This exit is initially hidden, so the subject has to explore

and uncover the hidden spaces. The goal for the subject is to find the exit in the

maze in as few steps as possible. The subject is informed that the exit may be hid-

den under any hidden tile with uniform probability. Effectively, this means that the

player’s objective in MST is to find a route that minimizes the expected steps to the

exit, given its possible locations.

Each maze in the MST is comprised of four types of cells; wall, open, hidden, and

exit cells. An open cell (illustrated as a white square) is a cell that the avatar has

full view of and may walk on. A collection or a string of such open cells creates a

room or a corridor. Each room is sectioned off by a wall cell (illustrated with brick

patterns) that the avatar cannot see through or walk on. A hidden cell (illustrated as

a black square) is a cell that the avatar has not explored yet and has no information

on whether it could be an open or an exit cell. An exit cell (illustrated as a red

square) is initially hidden under one of the hidden cells, and it is to be revealed when

it enters the avatar’s vision. In each maze, there is one unique exit cell, and it may

be placed anywhere in one of the hidden cells with uniform probability. An example

maze can be found in Figure (1-1).

While 3D virtual structures are the more popular choice for environments in stud-
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Figure 1-1: An example of a maze. (Left) Initial configuration of the maze that a
subject sees at the start of the trial. The avatar to move is placed at position (row,
column) = (4,0). This avatar could be moved to any open (white) adjacent cell.
(Right) When the avatar moves all the way down to position (8, 0), it can open up
unobserved (black) cells and convert them into open cells. The avatar must explore
the maze by making new observations to locate the exit (red) cell that could be hidden
under any black cell with uniform probability.

ies that involve human spatial navigation and orienteering [41], [2], [27], there are

clear benefits to using simple 2D mazes. First of all, previous work has shown that

this task is intuitive to human decision makers [22]. It also poses non-trivial chal-

lenges typical of sequential decision-making, such as trading off costs against rewards,

and considering the opportunity costs that result from choosing one direction over

the others.

Moreover, we can remove any factor that may inadvertently take up subjects’

cognitive load during the experiment and affect their decision-making behavior by

using 2D mazes. One such factor is visual attention, a cognitive process responsible

for selecting partial information from the environment [1]. In other words, humans

selectively take in information on the screen and may overlook details, so the more

complicated the visual queue, the harder it is to analyze their behavior. Another

cognitive load may come from the fact that humans need to build cognitive maps when

navigating [36], [34], and constantly need to orient themselves when the structure of

the environment is not fully visible at all times. The proposed 2D partially observable

environment eliminates the concern of visual attention by simplifying the components
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of the maze and unburdens subjects with the task of building and memorizing the

structure by allowing for a full bird’s-eye view of the structure at all times.

We designed MST stimuli likely to bring out their behavioural correlates to test

the three computational principles. For example, we expected that discounting may

cause a preference for nearby smaller rooms rather than larger rooms that are further

away, even when the larger rooms should be preferred according to expected utility

theory. Noisy utility maximization could lead to choosing longer expected paths,

especially when the differences between the optimal values of alternatives are small.

Nonlinear approximation of probability is expected to cause a combination of these

effects and should be especially sensitive to the risk of incurring an unlikely but highly

negative outcome, such as backtracking to a single remote unobserved cell, if it turns

out to contain the exit despite the initial odds. In summary, we designed stimuli rich

in trade-off decisions that often combined many of these features at once.

Structure of the Thesis

The remainder of the thesis is structured as follows. We present the formal defi-

nitions of the models in Chapter 2. Recursive models that take into account the

aforementioned three computational principles are referred to as the planning mod-

els, as opposed to heuristic models that only consider one step ahead. Along with the

definitions, we also provide examples to illustrate how each model behaves.

In Chapter 3, we describe the procedure and interface of the two experiments

we conducted in this work. The first experiment investigates if humans tend to

favor moving in a particular direction, namely left or right. This step was crucial

for designing the mazes for the second experiment. The second experiment studies

the individual and combined effects of the three computational principles. With

the result, we assess how well a model fits aggregate subject behavior by plotting

the distribution of bootstrapped correlation coefficients, and how well a model fits

individual subjects via k -fold and Monte Carlo cross-validation.

Finally, we conclude the thesis by demonstrating the importance of correct mod-

elling of human decision-making in engineering with a simulation of a human-robot
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collaboration task. In Chapter 4, we identify the increasing demand for robot as-

sistance in urban rescue missions and describe a simplified environment wherein a

human and artificial agent cooperate to save a victim. We model the human agent’s

decision-making behavior based on the conclusion drawn from chapter 3 and measure

the improvement in the collaborative performance when the robot correctly under-

stands the human partner’s behavioral model.

27



28



Chapter 2

Models

2.1 Decision Tree

Before we introduce the models, we need to first define a decision tree. We formally

represent a maze as a decision tree to support mapping of a subject’s trajectory to a

sequence of decisions. A node in this decision tree is defined by the sequences of ob-

servations made by the avatar and the position at which it made the last observation.

The rationale for using this decision tree is three folds. One, a human doesn’t make a

decision at each cell in the maze, but rather after gaining new information. Second,

since the decision tree only considers the sequence of observations made rather than

the actual path, we can reduce potential noise created as a result of a subject changing

its mind during a path or accidentally moving back and forth. Third, we can reduce

computational cost by not having to consider each cell in the maze. Formally, we

can solve a MST problem by representing observations as the nodes in the planning

process, and computing a policy for how to navigate between them.

We also define a decision node as a node in the decision tree with two or more

children nodes. Consider the example illustrated in Figure 2-1. Node (A), or the root

node, is the initial configuration of the maze where the avatar hasn’t moved nor made

any observations yet. There are three different observations that the avatar can make

from the initial position; hence the root node has three children nodes, namely (B),

(C) and (D). By definition, the root node in this example is a decision node, and any
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leaf node is not a decision node. When the avatar takes the path [(4,0), (3,0), (2,0),

(1,0), (0,0)] and observes the room at the top, then it reaches node (B). Note that

even if the avatar takes the path [(4,0), (3,0), (2,0), (3,0), (2,0), (1,0), (0,0)], the only

observation it makes is the room at the top, so we still consider that the avatar has

reached node (B). The definition of our node also implies that the first child node of

(B) and the first child node of (C) are also different nodes because the sequence of

observations made by the two nodes are reversed.

2.2 Model Definitions

We will present two types of models: heuristic and planning. A heuristic value

function is only capable of looking one step ahead, i.e. it only takes into account

the information of immediate children nodes. A planning value function, on the

other hand, is capable of planning ahead and can look ahead into all future steps.

Each planning value function is formulated to reflect one of the four aforementioned

principles in human planning: utility maximization; discounting of future cost and

reward; and re-weighing of probabilities.

A value function can be interpreted as a model to estimate the expected number of

steps to reach the exit from a given node, so the smaller the value the more preferable

the node. All value functions depend on the same state space representation described

in the previous section. To convert a node value into some probability of selecting it,

we pass it through the softmax function defined below:

𝜎(𝑣𝑣𝑣)𝑘 =
exp(−𝑣𝑘⇑𝜏)
∑𝑗 exp(−𝑣𝑗⇑𝜏)

(2.1)

Here 𝜎 denotes the softmax function that converts a list of real-numbered node

values to a probability distribution, such that the probabilities are proportional to

the values. Value 𝑣𝑘 denotes the value of the considered node, and 𝑣𝑗 denotes the

alternatives to choosing 𝑣𝑘. Parameter 𝜏 controls the noise of this mapping, so that

smaller values of 𝜏 lead to a less noisy preference for higher values, and large 𝜏 yield

a more uniform probability distribution over which node to visit next. The negative
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Figure 2-1: Visual example of a decision tree. This example only illustrates up to
the second layer of the tree. (A) The subject sees this configuration at the start of
the trial in this maze. Because the avatar hasn’t made any observations yet, this
configuration is referred to as the root node. Since this root node has three children
nodes, namely (B), (C), and (D), it is also a decision node. Node (B) is reached by
observing the top room; node (C) is reached by observing the middle room; and node
(D) is reached by observing the bottom room.
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sign in front of node values ensures that shorter paths result in higher probabilities.

For the remainder of this section, we define the following notations. 𝑉 (𝑁𝑖) denotes

the value of node 𝑁𝑖; 𝐶(𝑁𝑖) is the set of all children nodes of 𝑁𝑖; 𝑝𝑖 is the probability

of finding an exit at node 𝑁𝑖; 𝑠𝑖 is the total steps taken to reach node 𝑁𝑖 from its

parent node; and 𝑒𝑖 is the expected number of steps to the exit from node 𝑁𝑖 in the

event that the exit becomes visible in node 𝑁𝑖.

2.2.1 Heuristic Models

We present four types of heuristic models; Random, Heuristic Steps (HS), Heuristic

Cells (HC), and Heuristic Steps Cells (HSC). As the name suggests, the Random

model chooses a child node with uniform probability at any given node. HS only

aims to minimize the number of steps to get to a node from its parent node. HC

always goes to the node with the highest probability of finding the exit, i.e. the node

with the most black cells. HSC takes the linear combinations of steps from parent

node, and chance of finding an exit in a node. Formally, we can write HSC as follows:

𝑉 (𝑁𝑖) = 𝜆 ⋅ 𝑠𝑖 + (1 − 𝜆) ⋅ 𝑐𝑖. (2.2)

Here, 𝜆 ∈ (︀0,1⌋︀ is some scalar that determine the model’s dependence on number

of steps from parent node versus immediate probability of finding an exit. Note that

we get the HS model when 𝜆 = 1, and we get the HC model when 𝜆 = 0.

2.2.2 Planning Models

Expected Utility (EU) Model

The EU model defines the value function as the sum of utilities weighted by its

probability of occurring. In theory, this value function should outperform any model

in any environment.

𝑉 (𝑁𝑖) = 𝑠𝑖 + 𝑝𝑖 ⋅ 𝑒𝑖 + (1 − 𝑝𝑖) min
𝑐𝑗∈𝐶(𝑁𝑖)

𝑉 (𝑐𝑗) (2.3)
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This definition of the value function is analogous to recursively computing expected

utility of a path; the value of the next state is equal to the sum of immediate expected

path to the exit from a state (if found) and the expected path to the exit from the

remainder of the maze, assuming that subsequent states are chosen optimally.

Consider the value comparison of two paths in Figure (2-3). The corresponding

paths are illustrated in Figure (2-2a). From the starting position at (0,0), going to

the right (blue path) will allow an agent to illuminate black cells as it moves down

the maze. Indeed, the EU model plans ahead and evaluates that the value of taking

the blue path is better if one plans ahead. While going down (orange path) can reveal

more squares with the same number of steps, the agent must go out of its way to

observe the black cells it left out at the top if the exit was not found at the first guess.

But since the HSC model is only capable of looking one step ahead, it can only prefer

the orange path.

Discounted Utility (DU) Model

The DU model is constructed by adding a discount factor 𝛾 ∈ (︀0,1⌋︀ to the recursive

term in the EU model. Note that the DU model converges to the EU model when

𝛾 = 1, and converges to the HS model when 𝛾 = 0.

𝑉 (𝑁𝑖) = 𝑠𝑖 + 𝑝𝑖 ⋅ 𝑒𝑖 + 𝛾(1 − 𝑝𝑖) min
𝑐𝑗∈𝐶(𝑁𝑖)

𝑉 (𝑐𝑗) (2.4)

A small 𝛾 implies steeper discounting of future values, representing a more myopic

agent. Figure 2-1 (d) shows an example of how the probabilities of choosing the next

state under this model may change with 𝛾, after applying Equation 2.1 to obtain

probabilities. In this example smaller 𝛾 increase the probability that the closer, but

less likely exit location will be prioritized over the further, but more likely location.

Probability Weighted Utility (PWU) Model

The PWU model is constructed by replacing each probability 𝑝𝑖 term with weighted

probability 𝜔(𝑝𝑖). According to prospect theory, humans tend to overestimate small
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(a) Illustration of path for node values in Figure 2-3

(b) Illustration of path for node values in Figure 2-5.

Figure 2-2: Illustration of paths for node values in Figures 2-3 and 2-5. These exam-
ples are used to demonstrate how different models behave.

34



Figure 2-3: Comparison of the behavior of EU and HSC models. From the starting
position at (0,0), going to the right (blue path) will allow an agent to illuminate black
cells as it moves down the maze. Indeed, the EU model plans ahead and evaluates
that the value of taking the blue path is better if one plans ahead. While going down
(orange path) can reveal more squares with the same number of steps, the agent must
go out of its way to observe the black cells it left out at the top if the exit was not
found at the first guess. But since the HSC model is only capable of looking one step
ahead, it can only prefer the orange path.

probabilities and underestimate large probabilities. To represent this re-weighting of

probabilities, we define the following weighting function 𝜔 ∶ (︀0,1⌋︀ → (︀0,1⌋︀:

𝜔(𝑝) = 𝑒𝑥𝑝(−𝛼⋃︀ ln(𝑝)⋃︀1⇑𝛽) (2.5)

𝑉 (𝑁𝑖) = 𝑠𝑖 + 𝜔(𝑝𝑖)(𝑒𝑖) + (1 − 𝜔(𝑝𝑖)) min
𝐶𝑗∈𝐶(𝑁𝑖)

𝑉 (𝐶𝑗) (2.6)

This definition of the weighting function satisfies the boundary conditions 𝜋(0) = 0

and 𝜋(1) = 1. The parameter 𝛼 determines where the weighting function intercepts

with the 𝜋(𝑝) = 𝑝 line; larger 𝛼 lower the intercept position. The parameter 𝛽

controls probability warping, so larger 𝛽 values yield sharper overestimation on lower

probabilities and underestimation on larger probabilities, and smaller 𝛽 results in

closer approximations of the optimal choice. For simplicity, we fix 𝛼 = 1 and only

consider the effect of 𝛽. See Figure (2-4) for how the behavior of this weighing function

changes for different values of 𝛽.
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Figure 2-4: Probability weighting function for various 𝛽 values. The behavior of
underestimating large probabilities and overestimating small probabilities can be ob-
served when 𝛽 < 1. The behavior is reversed for 𝛽 > 1.

Comparison of behavior of the EU model against the other two computation mod-

els on paths illustrated in Figure (2-2b). Note that the softmax function (Eq. 2.1) is

incapable of reversing the order of values, so the EU model will always yield the same

ranking of the children nodes given a node. But the DU and PWU models have the

ability to reverse the order of preference by reweighing the value of future decisions.

In this case, going left to take the orange path may be the optimal decision under

expected utility theory, but it is likely that a human subject would want to check the

small room that is much closer since the cost is not too high.

The Combined Model

The Combined model considers both discounting and probability warping in its node

value definition, and it is defined by all three parameters, 𝜏 , 𝛾 and 𝛽.

𝑉 (𝑁𝑖) = 𝑠𝑖 + 𝜋(𝑝𝑖)(𝑒𝑖) + 𝛾(1 − 𝜋(𝑝𝑖)) min
𝐶𝑗∈𝐶(𝑁𝑖)

𝑉 (𝐶𝑗) (2.7)
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Figure 2-5: Node values for paths illustrated in Figure (2-2b) under three different
planning models, namely EU, DU and PWU. Note that the softmax function (Eq.
2.1) is incapable of reversing the order of values, so the EU model will always yield
the same ranking of the children nodes given a node. But the DU and PWU models
have the ability to reverse the order of preference by reweighing the value of future
decisions. In this case, going left to take the orange path may be the optimal decision
under the expected utility theory, but it is likely that a human subject would want
to check the small room that is much closer since the cost is not too high.
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Chapter 3

Experiment with Maze Search Task

3.1 Experiment Procedure

The experiment was conducted online via a web interface hosted on MIT XVM. To

enter the experiment, a subject first sees the survey page on Amazon Mechanical

Turk with quick instructions and a link to the actual experiment. A screenshot of

this survey page is in Figure 3-1. Upon completing the experiment, a subject is

provided with a unique ID that starts with the letter "S", followed by six to nine

digits. They are asked to go back to the survey page and enter this ID in the box

provided.

The first page in the link in the consent page with a short introduction to MSTs

(Figure 3-2). Following the consent, subjects were provided with a specific description

of their task, which is to locate the exit in the maze in as few steps as possible (Figure

3-3). To check their understanding of the task and familiarize subjects with the MST

environment, we provided seven practice mazes. Note that these practice trials were

not used in the analysis. Following the practice trials, subjects were presented with

three questions related to their tasks(Figure 3-4). They were required to answer

correctly to all three questions in order to move on to the actual experiment. In

case they answered incorrectly to at least one question, a popup notification appears

on the screen instructing them to go through the practice trails again. This process

repeats until they correctly answered all three questions.
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At each experiment trial, the subjects see four items on the display screen: counter

for the number of mazes they have seen so far, a one line reiteration of the task, a

colored steps bar to visually indicate the number of steps taken so far in a given maze,

and finally the maze itself. The steps bar is initially fully colored in dark green, but

its length shrinks and the color slowly transitions from green to yellow, to orange,

and finally to red as the subject takes more steps. An example of the experiment

screen is illustrated in Figure 3-8. The bar is to visually remind the number of steps

that the subject has taken so far, and unburden the subjects from having to mentally

keep track of their steps. This way, we allow them to focus on deciding their next

best moves.

At the beginning of each trial, a subject is placed at the starting position marked

by the blue circular avatar. At any given position, the subject can move the avatar

by clicking any adjacent cell that is not a wall. Note that the avatar can only be

moved one cell at a time; clicking a wall or a non-adjacent cell won’t move the avatar.

Once the exit is located, the subject must exit the maze by placing the avatar in the

exit (red) cell to move on to the next trail. The next trial will appear automatically

as soon as the subject places its avatar on the exit cell.

After completing all trials, subjects answered a version of a Cognitive Reflection

Test (CRT) [10]. They were then asked to provide their age, gender, and a free-form

description of any strategies they used in the experiment. On the last page, subjects

were shown how well they did with respect to other subjects on a scale of 1 to 10,

with 10 being the 100th percentile, and 1 being the 10th percentile (Figure 3-6).

3.2 Experiment 1 — Inspect Left Right Bias in MST

We considered for a potential behavioral bias in navigating through the maze envi-

ronment. In particular, we were concerned that perhaps subjects will be more biased

towards favoring a particular direction, namely left or right. An eye-tracking study

shows that people tend to spend disproportionately more time staring at the left side

a web [9]. Another study that included a navigation task in a virtual environment
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Figure 3-1: A subject first sees this screen on Amazon Mechanical Turk when they
enter the experiment. They are instructed that the experiment is estimated to take at
most 20 minutes, and that their responses will be used for research. When they enter
the experiment by clicking on the link provided, the subject will be assigned a unique
ID on the server side. After they go through all trials and answer the questions on
the last page, they are asked to provide that unique subject ID in the box to exit the
Mturk task.

concluded that people tend to turn left or right depending on their age or gender [42].

To investigate whether we should consider this factor for our experiment, we ran an

experiment prior to the main one.

The same interface and format were used for this experiment; subjects went

through a series of instruction pages and practice trials and moved on to the main

trials. When subjects completed all trials, they were asked the same set of demo-

graphic and CRT questions. The difference between this and the main experiment

is the set of mazes used. This experiment was aimed at investigating potential bias

toward a particular direction when navigating in a 2D grid world.

3.2.1 Data Collection

To serve this purpose, this experiment is comprised of 40 mazes, where the first 20

mazes were designed uniquely, and the remaining 20 mazes were created by taking

the mirror reflection of the original 20 mazes. Most mazes used in this experiment
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Figure 3-2: Screenshot of the consent page that a subject sees when they click the
link to the experiment. They are once again informed that the experiment is expected
to take at most 20 minutes, and that their responses will be used for research. They
need to hit the green "I agree" button at the bottom to move on to the next page.
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Figure 3-3: The instruction page provides a more detailed description of the struc-
ture and goal of MSTs. This explanation is accompanied with an example maze to
illustrate the different cells that it is composed of, and how the avatar can move onto
adjacent cells. The instruction also highlights that the goal is to locate and reach the
exit in a maze in as few steps as possible, and that the exit is equally likely to be
hidden under any of the black squares. The subject is also informed that they may
earn up to $3 of bonus based on their performance. This bonus was stated explicitly
to incentivize subjects to plan ahead when they make decisions.
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Figure 3-4: After 4 practice trials, a subject is presented with 3 questions about the
experiment. They must answer correctly to all 3 questions in order to move on to
the actual experiment. If they answer incorrectly to at least on of the questions, a
pop-up screen appears to notify them that they must go through the practice trials
again. This process is repeated until the subject submits the correct answer for every
item. The correct answers to questions one, two, and three are the third, second, and
second options, respectively.
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Figure 3-5: A subjects sees this screen as soon as they are done with the 23 MST
trials. In the box provided, the subject is asked to explain the strategy they were
using. There was no constraint on the number of words they may submit.

Figure 3-6: Final page of the experiment. A subject is given a brief summary of
its performance in the experiment in terms of the number of steps. They are also
informed of their relative performance compared to the other subjects from a scale of
1 to 10. Scale 1 indicates that the subject’s performance was in the 90th percentile,
while scale 10 indicate that the subject’s performance was in the 10th percentile. In
this page, they are also provided a unique subject ID that they are instructed to
submit in the box on the Mturk screen.
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are small, meaning that there are usually two options to choose from at the root

node. We collected 104 subjects through Amazon Mechanical Turk. Among the 104

subjects, we rejected 4 subjects for going through the practice trials more than twice

and used responses from 100 subjects to investigate any left-right bias in direction.

3.2.2 Statistical Test Result

We conclude that there is no statistically significant bias toward a direction, both on

an individual subject level (Table 3.1) and a maze level (Table 3.2). In Table 3.1,

we summarize the number of times a subject chose the node on the left or right with

respect to the center of the maze. If the subject does not favor a particular direction,

and instead chooses a node based on its features—such as the chance of finding an

exit, or the number of steps required to take to get to the node—, then the two

numbers should be comparable because for each uniquely designed maze there is a

mirrored version of itself.

Indeed, the histogram summaries of the same result in Figure 3-7 visually show

that no clear favor in direction exists. On the left is the distribution of the number

of times a subject chose the node on the left subtracted by the number of times

they chose the node on the right (𝑀 = −0.44, 𝑆𝐷 = 3.94). The distribution peaks

around 0 and is tightly concentrated in the [-5, 5] range. On the right, we have

two overlapping histograms, one for the distribution of subjects on the number of

left decisions, and the other for the distribution of subjects on the number of right

decisions. The distribution is almost identical, and a Kolmogorov test yielded that

there is no statically significant difference in the distributions.

In Table (3.2), we summarize the distribution of subjects on the nodes in a maze

and their counterparts in the mirrored version. For instance, in the first row of the

first column of the table, we see that in Maze 1, 53 and 47 subjects chose 1 and 2,

respectively. In the mirrored version of Maze 1, 56 subjects chose the counterpart of

node 1 in the mirror-reflected version Maze 1, and 44 subjects chose the counterpart

of node 2 in the mirror-reflected version Maze 1. From the summary, we can observe

that the distribution of subjects is almost identical, and therefore conclude that there
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Figure 3-7: Visual summary of Table (3.1). (Left) Histogram of number of left deci-
sions subtracted by right decisions (𝑀 = −0.44, 𝑆𝐷 = 3.94). (Right) Two overlapping
histograms: one is the distribution of number of left decisions made by subjects, and
the other is the distribution of number of right decisions made by subjects.

is no bias towards any direction.

3.3 Experiment 2 — Investigate Computational Prin-

ciples

3.3.1 Stimuli

There are a total of 30 MST mazes used in the experiment: 7 were used as practice

mazes, and 23 were used in the actual experiment. Each maze was first designed with

a predetermined starting location. The exit position was assigned after the maze

structure was set, for it had to be randomly selected among one of the hidden cells

with uniform probability. All subjects saw the same set of mazes with the identical

starting and exit locations, but the order in which they saw these mazes were randomly

shuffled. The full list of 30 mazes is available in the Chapter 5.

3.3.2 Data Collection

We collected data from a total of 115 subjects (35 female, 80 male, 𝑀(𝑎𝑔𝑒) = 33,

𝑆𝐷(𝑎𝑔𝑒) = 9) via Amazon Mechanical Turk. If a subject incorrectly answered the

instruction questions more than twice, then we assumed that the subject did not
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Subj No. Left Right Subj No. Left Right Subj No. Left Right

1 17 23 34 18 24 67 17 23
2 17 23 35 19 21 68 21 19
3 23 17 36 21 19 69 23 17
4 17 23 37 18 22 70 17 23
5 17 23 38 17 23 71 17 23
6 19 21 39 20 20 72 18 22
7 18 22 40 20 20 73 19 21
8 20 20 41 23 17 74 20 20
9 21 19 42 19 21 75 19 21
10 17 23 43 22 18 76 20 20
11 21 19 44 18 22 77 20 20
12 23 17 45 20 20 78 20 20
13 22 18 46 21 19 79 23 17
14 22 18 47 18 22 80 20 20
15 22 18 48 18 22 81 20 20
16 21 19 49 15 25 82 18 22
17 22 20 50 17 23 83 20 20
18 16 24 51 20 20 84 17 23
19 18 22 52 22 18 85 20 20
20 22 18 53 20 20 86 16 24
21 19 21 54 21 19 87 22 18
22 21 19 55 20 20 88 18 22
23 20 20 56 20 20 89 21 19
24 17 23 57 20 20 90 22 18
25 19 21 58 21 19 91 22 18
26 19 21 59 21 19 92 22 18
27 21 19 60 20 20 93 21 19
28 19 21 61 21 19 94 18 22
29 17 23 62 21 19 95 19 21
30 21 19 63 20 20 96 23 17
31 20 20 64 23 17 97 20 20
32 22 18 65 21 19 98 18 22
33 20 20 66 23 17 99 24 16

100 21 19

Table 3.1: Column "Left" lists the number of times a given subject first chose a node
that is on the left of the maze. Column "Right" lists the number of times a given
subject first chose a node that is on the right of the maze. We hypothesize that a
subject chooses a node based on its features, such as the chance of finding an exit.
The result summarized in this table shows that the values in the two columns named
Left and Right are mostly comparable, therefore supports that people are in fact not
biased towards taking a particular direction.
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(a) (b)

(c) (d)

(e)

Figure 3-8: Example of what a subject sees on its screen during experiment trials.
(a) At the very start of the trial, a subject starts from the top left corner and has
accumulated 0 steps. (b) The subject decides to first visit the column of 4 black
squares on the right. It travels to the right and accumulates 7 steps. Notice that the
bar at the top shrinks and changes to a lighter color. As illustrated in (c)-(e), the
color of the bar also gradually changes to red. (c) The subject has located the exit
(red) cell.
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Maze No. Original Mirrored Maze No. Original Mirrored

1 (53, 47) (56, 44) 10 (39, 61) (48, 52)
2 (68, 32) (70, 30) 11 (30, 22, 48) (29, 24, 46)
3 (29, 71) (32, 68) 12 (67, 25, 8) (67, 25, 08)
4 (71, 29) (69, 31) 13 (65, 29, 6) (64, 30, 6)
5 (60, 40) (68, 32) 14 (37, 63) (34, 66)
6 (39, 61) (42, 58) 15 (51, 40, 8) (51, 40, 9)
7 (52, 48) (53, 47) 16 (67, 33) (67, 33)
8 (47, 53) (48, 52) 17 (30, 36, 34) (42, 26, 32)
9 (60, 40) (58, 42) 18 (42, 58) (38, 62)
10 (51, 21, 24, 4) (51, 21, 27, 2) 20 (46, 4, 13) (45, 42, 13)

Table 3.2: Table summary of subject distribution on node choices in a maze and its
mirrored counterpart. For example, starting from the root node of maze 1, 53 subjects
chose node 1 and 47 subjects chose node 2. In the mirrored version of maze 1, 56
subjects chose the counterpart of node 1, and 44 subjects chose the counterpart of
node 2. Overall, the distribution is comparable, implying that the aggregate human
behavior was based on the structure of a maze rather than its orientation.

understand the task or was not invested enough in this experiment and excluded that

subject’s data for the analysis. We excluded 8 of such subjects and used data provided

by 107 subjects in the analysis. Key statistics on subjects’ experiment performances

are summarized in Figure 3-9.

Parameter Fit

We would first like to comment on model parameter fits. Histogram summaries of

parameter fits for the EU, PWU, DU and HSC models are presented in Figure 3-

10. The median parameters fitted to the subject population were as follows: EU(

𝜏 = 1.936), DU (𝜏 = 0.826, 𝛾 = 0.462), PWU (𝜏 = 1.098, 𝛽 = 0.317), and HSC

(𝜏 = 0.826, 𝜅 = 0.95).

We omit the fit for the Combined model to first focus on the effects of discounting

and probability weighting individually. We also omit the fits for the other heuristic

models because they are special cases of HSC. First, we can see that the distribution

of fitted 𝜏 for EU is concentrated around a higher median when compared to the other

two computational models and HSC. Recall that the value of 𝜏 is, to some extent,
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Figure 3-9: Summary of key statistics on subjects. Bar plot on the number of practice
trials (upper right) that subjects went through shows that almost all subjects only
needed on round of practice trials. Those who needed more than two trials of practice
rounds were not considered for the final analysis. Histogram on total time spent in
minutes (lower left) indicates that most subjects finished well under the expected
time we stated in the instructions, and the distribution of the number of total steps
(lower right) has a nice bell-shaped curve concentrated around 380 ∼ 460 steps.

an indication of noise in the model—when 𝜏 →∞, the model converges to a random

model. This observation implies that the EU model is not flexible enough to explain

human decision-making, and that at least one other parameter is needed to capture

a missing component. That said, it is difficult to draw any conclusions just by the

fit of 𝜏 values because the values of nodes are at slightly different scales for different

models.

Total Steps Simulation

Before comparing model fits to subject data, we would also like to demonstrate that

EU is indeed theoretically the best performing model for minimizing the expected
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(a) 𝜏 = 1.936 (b) 𝜏 = 0.826, 𝛾 = 0.462

(c) 𝜏 = 1.098, 𝛽 = 0.317 (d) 𝜏 = 0.826, 𝜅̃ = 0.95

Figure 3-10: Parameter fits for four models: EU, DU, PWU and HSC. Median of
parameter values are specified in the caption of each subfigure. (a) The distribution
of 𝜏 is generally lower for DU, PWU and HSC models, implying that noise tends to
be lower for these four models. It is difficult to conclude that EU is not an adequately
descriptive model for human decision-making from parameter fit result alone. But
considering that the node values from four models are comparable, we can observe that
the second parameter probably contributes to reducing the noise in model behavior.
(c) One other interesting observation to make is that the median 𝛽 value is very close
to the proposed value in [38]. (d) Recall that when 𝜅 = 1, then the HSC model is
equivalent to the HS model, and when 𝜅 = 0, then the HSC model is equivalent to
the HC model. The distribution of fitted 𝜅 values imply that human subjects tend
to put more weight on the cost to get to a node than the chance of finding an exit.
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Figure 3-11: (Left) Box plot summary of total steps simulation of all models. The
EU model in theory should be the best performing model because it minimizes the
expected cost. This simulation verifies that the EU model is indeed the best per-
forming model. (Right) Closeup of the result excluding the HC and random models.
Heuristic models don’t plan ahead, so it is reassuring to see that all planning models
outperform the heuristic models in this simulation.

total steps to locate exits in MSTs. To show this, we simulate the total steps of

each model with the median of parameters fitted to subjects. For a given maze, we

randomly draw 100 exit positions, and we simulate the model to locate the exit for

each randomly drawn position. The average of number of steps taken to locate the

exits is the total steps for that maze. To get the overall total steps for a model, we

sum up the total steps from all 23 mazes by repeating this process for each maze.

Since all models presented in this work yield stochastic policies, we repeat the entire

process for another 100 times to get a distribution of total steps. A box plot summary

of total steps simulations in Figure 3-11 clearly shows that the distribution for EU is

the lowest among all models. Other computational models also perform better than

the heuristic models, as they should, but they do not outperform EU.

3.3.3 Model Comparison

Correlation on Aggregate Data

We assessed how well a model fits aggregate human behavior by studying the corre-

lation between the model and human node values. Model node value was computed

with the median of the fitted parameters. Meanwhile, we define human node value

53



of a node as the fraction of humans that chose that node from its parent node. For

example, suppose that a decision node 𝑁 has two children nodes, 𝐶1 and 𝐶2. If 100

subjects reached node 𝑁 , and 20 and 80 subjects chose 𝐶1 and 𝐶2, respectively, then

the human node values for 𝐶1 is 0.2, and the human node value for 𝐶2 is 0.8.

The bootstrap approach was used to find a distribution of correlation coefficients

for each model. We first collected all 107 decision nodes that were encountered

by at least 20 subjects during the experiment. At each iteration, we sampled a

subsample of size 107 with replacement. The correlation coefficient between a model

and human node values were found on that subsample. We repeated this process for

100 iterations. The distribution of correlation coefficient for each model is summarized

as a box plot as shown in Figure 3-12.

This fit on aggregate subject behavior shows that the three planning models,

Combined, DU and PWU are best at capturing the general human decision-making

behavior. It is worth noting that the PWU and DU models are close to the Com-

bined model even though they have one less parameter, implying that discounting or

probability weighting alone is sufficient to capture human decision-making. A two-

tailed t-test shows that the distributions of DU and HSC is significantly different,

𝑡(108) = −0.396, 𝑝 < 0.001, and that the distributions of HS and EU are significantly

different, 𝑡(108) = −21.459, 𝑝 < 0.001. The fact that the distribution from the EU

model is significantly lower than the other three computation models strongly implies

that humans do not plan or behave based on the theoretically optimal policy. In

fact, the two heuristic models, HSC and HS display much more accurate fits to the

aggregate data than the EU model.

k-fold cross-validation for Individual Preference

Next, we evaluated the relative performances of the models using 𝑘-fold cross-validation.

Note that by design, 𝑘-fold cross-validation implicitly takes over-fitting into account—

a model that over-fits to training data will perform poorly on testing data. The models

presented have different number of parameters, and when we assess the performance

on one static data set, the model with the most number of parameters will always be
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Figure 3-12: Box plot summary of the distribution of correlation coefficients between
model and human node values for each model. Bootstrap approach was used to sample
a random subsample of decision nodes at each iteration, and correlation coefficient was
computed for that subsample. This subsampling of decision nodes with replacement
was repeated for 100 iterations.

the best fitting model. This model selection method was chosen to make sure that

the models are compared on a more equal footing.

To begin, we list out all decision nodes chosen by the subject, and randomly shuffle

the order. The collection of decision nodes is then split into 𝑘 roughly equal folds.

At the 𝑘th iteration, the 𝑘th fold is set aside as the test set, and the rest of the folds

are concatenated into a single training set. For each subject, we do parameter fitting

to all models via maximum likelihood estimation. With the parameters fitted to the

training set, we compute the average log-likelihood on the test set for each subject,

and sum them over to get a single value for each model. The smaller this sum of

average log-likelihoods, the better the model describes the decision-making behavior

of human subjects.

To demonstrate the consistency of the result, we performed 3-, 4-, 5-fold and

Monte Carlo cross-validations (Figures 3-13, 3-14). For Monte Carlo cross-validation,

an 80%-20% split was used for sampling training and testing sets. The performance

of a model was determined by the log-likelihood averaged over 50 iterations. In

every case, the Random model consistently shows very low performance as expected,
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implying that human decision-making is far from random. Planning models as a

whole account for 73% ∼ 79% of subjects. The fact that three planning models,

PWU, DU, and Combined models outperform all heuristic models in all three cases

implies that humans do take future consequences into account, i.e. humans do plan

ahead. Meanwhile, the performance of EU is not as good as the other planning

models; its value is either very close to or worse than HS or HSC, and it accounts

for only 8% ∼ 14% of all subject behavior. From this observation, we can infer that

EU is not flexible enough to model human decision-making and that humans do not

behave in the theoretically optimal way. On the other hand, simply increasing the

number of parameters does not improve a model’s performance. The Combined model

is also consistently underperforming when compared to the DU and PWU models,

conveying that discounting or probability weighting alone is sufficient to capture key

characteristics of human decision-making.

3.3.4 Model Extension: Utility Transformation

Another key principle of prospect theory states that humans subjectively transform

utility via some value function that is concave for gains, convex for losses, and steeper

for losses than for gains [18]. In this section, we present two additional models that

take utility transformation into account to further investigate the generalizability of

principles of prospect theory.

The full form of a utility transformation function for relative gains used in prospect

theory is 𝑈(𝑣) = 𝜆 ⋅ 𝑣𝛼, where parameter 𝜆 controls the steepness, 𝛼 controls the

concavity of the expression, and input 𝑣 denotes the relative gain with respect to the

worst value within a maze. Recall that all node values are passed through a softmax

function parameterized by 𝜏 . Here, 𝜏 also dictates the steepness or shallowness of

the gradient between values. Since the roles of 𝜆 and 𝜏 overlap, we only consider one

parameter, 𝛼, and use the expression 𝑈(𝑣) = 𝑣𝛼 as the utility transformation function.

We define two additional models to investigate utility transformation in the con-

text of an MST. One is Compressed Utility (CU) which only transforms utility, and

second is Full Prospect Theory (FPT) which takes into account both utility transfor-
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Figure 3-13: Plots of 𝑘-fold cross-validation. The three plots on the left column
summarizes the relative performances of all models by displaying the number of best
fitted subjects. The three plots on the right column displays summarizes the relative
performances of all models by plotting the sum of average log-likelihood of all subjects.
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Figure 3-14: Results of Monte Carlo cross-validation with 80%-20% split and 50
iterations. The plot on the left summarizes the number of subjects best fitted to a
given model, and the plot on the right summarizes the log-likelihood averaged over
each iteration.

mation and probability weighting. The formal definitions are defined below:

Compressed Utility 𝑉 (𝑁𝑖) = 𝑈(𝑠𝑖) + 𝑝𝑖𝑈(𝑒𝑖) + (1 − 𝑝𝑖) min
𝐶𝑗∈𝐶(𝑁𝑖)

𝑉 (𝐶𝑗)

Full Prospect Theory 𝑉 (𝑁𝑖) = 𝑈(𝑠𝑖) + 𝜋(𝑝𝑖)𝑈(𝑒𝑖) + (1 − 𝜋(𝑝𝑖)) min
𝐶𝑗∈𝐶(𝑁𝑖)

𝑉 (𝐶𝑗).

Model Analysis

In Figure 3-16 is the histogram summary of fitted parameters for CU and FPT. The

medians of fitted parameters for CU are 𝜏 = 3.415, 𝛼̃ = 1.5, and the medians of fitted

parameters for FPT are 𝜏 = 1.936, 𝛽 = 0.399, 𝛼̃ = 1.1. In both cases, we observe

that fitted 𝛼 values are mostly above 1, indicating that the utility transformation

functions are concave, consistent with the principle for relative gains in prospect

theory. However, most fitted 𝛼 values are concentrated around 1, and the medians

of 𝛼 values are close to 1 for both models, implying that the utility transformation

functions are approximately linear.

Bar plot in Figure 3-16(a) summarizes the number of subjects best fitted by a given

model. PWU is the best model for almost 30% of all subjects, and it is still the most

popular model. CU is the next most popular model, and combined with FPT, the two

models best describe 24% of all subjects. In Figure 3-16(b), however, the performance
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of CU and FPT significantly dwindles. The difference in the sum of log-likelihoods

between EU and FPT is ∆𝐿𝐿(EU - FPT) = 26.985, and the difference between EU

and CU is ∆𝐿𝐿(EU - FPT) = 77.349. This cross-validation result suggests that

parameter 𝛼 is fitting noise and causes the two models to overfit.

(a) 𝜏 = 3.415, 𝛼̃ = 1.5

(b) 𝜏 = 1.936, 𝛽 = 0.399, 𝛼̃ = 1.1

Figure 3-15
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(a) (b)

Figure 3-16: Plots of 5-fold cross-validation. (a)(a)(a) Number of subjects that was best
fitted by a given model. PWU still the most popular model that best fits more than
30 subjects. CU is the next popular model. Performance of FPT is not as good as
the other planning models, but it fits more subjects than heuristic models or EU.
(b)(b)(b) Sum of log-likelihoods, averaged over each fold. CU and FPT combined best
describes 24% of the subjects,

3.4 Conclusion

Contribution

We first recognized the demand for descriptive human behavioral models in engi-

neering applications. As such, we formalized three cognitive principles—noisy utility

maximization, discounting, and probability weighting—, and examined their general-

izability in MSTs, a sequential spatial decision-making task. We ruled out a potential

behavioral bias in subjects when interacting with experiments conducted on screens,

namely the left-right bias. We verified that there is not statistically significant bias

in choosing the left or right action, but rather chose their moves based on their as-

sessment of the associated utility.

We observed that a combination of noisy utility maximization, discounting, and

probability weighting achieved best prediction of aggregate human behavior. EU was

not the best at describing aggregate human behavior, even when compared to heuris-

tic models. Moreover, k -fold cross-validation analysis shows that PWU significantly
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outperformed all suggested models, implying that probability weighting is a key fac-

tor in human decision-making model. Our work is the first to evaluate probability

weighting, a central principle of prospect theory, in the context of spatial search. We

demonstrate that probability weighting is a fundamental to human decision-making,

and generalize beyond gambles scenarios for which it was originally proposed [17].

After observing the importance of probability weighting in modeling human decision-

making, we further extended the models to include utility transformation. We pro-

ceeded with the understanding that an MST may not have the correct structure for

properly studying utility transformation because there is neither an explicit reward

nor a clear reference point to which the values should be anchored to define relative

losses and gains. Indeed, the results of parameter fit indicated that utility transfor-

mation functions are approximately linear, and the performances of the two newly

introduced models were significantly worse than EU. As part of our future work, we

could modify the current structure of MSTs to have explicit losses and gains to study

utility transformation in human decision-making.

Individual Differences

Informally inspecting subjects’ responses to the free-form decision-making questions

revealed three popular answers. First, about a half of the subjects reported pri-

oritizing the closest room, consistent with our Heuristic Model. Second, a smaller

group reported preferring larger rooms, but made no reference to distance. The third

most popular answer referred to minimizing steps while maximizing the sizes of vis-

ited rooms, suggesting approximately optimal planning. Lastly, a few individuals

reported guessing, or using intuition. Our computational models predict some of

these observations. For example, discounting could make future backtracking seem

negligible, and probability weighting could exacerbate this effect by overestimating

the value of smaller rooms. However, it is unclear whether, and how much, humans

are aware of their cognitive strategies.
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Limitations

The MST takes a step toward measuring planning in natural behaviors, however

it is impossible to do justice to the complexity of human planning with just one

task. The use of two-dimensional grid-worlds with only one goal is convenient for

developing a rigorous modeling methodology, and evaluating the core computational

principles. However, these principles should be further evaluated in street networks,

environments with multiple goals, and multi-dimensional topologies. Our analysis also

leave open the possibility that the planning strategies evolve over time, for example,

due to people optimizing over the set of alternative heuristics [15], due to fatigue, or

as a result of learning efficient state-space representations [37]. Further, we derive

the state-space representation by observing the distribution of human decision times,

without specifying how the state-space representations should be defined in a general

case, which is an active area of research in robotics. These limitations need to be

addressed in future work.

3.5 Future Work

Future studies will also investigate how human planning computations may evolve

over the time course of the experiment. For instance, individuals may shift towards

more elaborate planning with experience, or shift toward a simpler heuristic with

fatigue. It is significant that most human deviations from the optimal planner in

the experiment were observed in smaller but closer observations. Very infrequently

such "mistakes" involved moving toward a larger room, despite this decision being

not optimal. We intend to investigate this relationship further in future work.

Our study attempts to discover the probability weighting effect of prospect theory

from a sequential decision-making task and aims to explain irregularities in human

decision-making. Indeed, the analysis of the experiment result reveals that the PWU

model outperforms EU and also appears to do better than the Discount model. How-

ever, it is clear that the discount effect and probability weighting have overlapping

effects, and we cannot determine the precise impact of each phenomenon on decision-
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making. Future work will focus on designing and analyzing a richer set of experiments

that involves higher decision space. There, we aim to investigate how probability

weighting loads differently from discounting effect.

Another direction of future research is to investigate whether the computational

principles proposed in this work generalize to other tasks. While many studies from

behavioral economics focus on one-shot decisions in the context of monetary gam-

bles, our experiments introduced sequential decision-making tasks that involve time

and space. We are exploring to expand our experiment set to more complex struc-

tures that closely resemble real-life scenarios. We also hope to apply our findings in

more specific and realistic applications to demonstrate the generalizability of these

descriptive models.
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Chapter 4

Simulation of Human-Robot

Collaboration in Urban Rescue

Mission

4.1 Background and Motivation

With the recent, several groundbreaking developments in robotics and artificial agents,

combined with the concern with disasters in urban areas, the demand for autonomous

robots in rescue missions is increasing. Indeed, there are platforms such as RoboCup-

Rescue competitions that promote and gather researchers in this field [21], and simpli-

fied simulation tools are being developed to help people focus on high-level solutions

[5]. With the right help from these agents, the human rescuers should be able to work

more safely and efficiently, and consequently, increase the survival rate of victims. For

seamless cooperation from robots in such dire and hazardous situations, establishing

the right model for human decision-making should be an integral part in designing

our robot rescuers.

Here, we consider a hypothetical environment wherein a human and an artificial

agent cooperate to save a victim in an MST. The human and robot agents are placed in

a partially observable gridworld that is identical to MSTs in structure. The human’s
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task is to locate and save the victim placed somewhere in this environment. The

robot’s goal is to make the search more efficient as a team by predicting the human’s

next move and taking an action that is complementary to that of the human. There

is no doubt that the robot agent’s ability to make accurate predictions on its fellow

human agent’s move is critical in increasing victim survival rate and saving cost.

4.2 Simulation Setup and Example

The robot-assisted rescue mission works as follows. To begin, the human agent makes

a decision based on its assessment of the environment and situation. Note that the

human agent does not take the robot agent’s intention or behavior into account when

making this decision. The robot agent simultaneously makes an autonomous decision

on where it should go to save the victim. To make this decision, the robot agent

tries to predict what its human partner would do in the given situation, and make

the next best decision based on that prediction. For this human-robot collaboration

to work effectively, it would be best if the robot agent’s decision complements the

human agent’s decision, i.e. the paths taken by the two do not overlap. That is why

the robot agent’s understanding of its human partner is crucial. With the correct

descriptive model for human decision-making, the robot partner will be able to make

more accurate predictions of the human agent’s decision, and therefore become a more

reliable partner to collaborate with.

Here, we will walk through an example of how the human-robot cooperation

changes based on the robot’s assumption of the model for human decision-making.

Consider the maze illustrated in Figure (4-1). The victim is placed at position (row,

column) = (1, 0), and both the human and robot agents start at position (5, 4).

The interaction between the two agents at each iteration is illustrated in Figure (4-4)

and Figure (4-5). In both cases, the human agent behaves based on the PWU model

with the median of the fitted parameters from the experiment. The robot agent is

the rational cooperator to the human, thus making complementary decisions based

on the EU model with 𝜏 = 1. In Figure (4-4), the robot incorrectly assumes that the
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Figure 4-1: Maze used for the demonstration of human-robot collaboration in a rescue
mission in MST style.

human agent behaves based on the EU model. The parameter used is once again

the median of the fitted parameters from the experiment. in Figure (4-5), the robot

correctly assumes that the human agent behaves based on the PWU model.

At the initial position, each agent has a choice between two nodes; one is to go up

to position (1,4) and reach node 1, and the other is to go left to position (5,0) and

reach node 2. The values of these two decisions for each model are summarized in

Figure (4-2). According to the EU model, choosing node 1 is preferable to choosing

node 2; however, the experiment shows that only 22 subjects chose node 1 while 85

subjects chose node 2. Indeed, the PWU model puts more weight on node 2 for

𝛽 ∼ 0.35, thus correctly predicting the aggregate human behavior. In Figure (4-5),

we can see in the left plot that the human chose to first go up, and that the robot

was able to correctly predict this decision. As a result, it was able to first go left and

explore part of the maze that the human will not have reached yet. Since the robot

is able to find the subject at the first iteration, no further search by the human-robot

team is needed.

When the robot incorrectly predicts the human’s move due to an incorrect as-

sumption, it ends up taking the same action as the human agent as shown in Figure

(4-4 (a)). The benefit of having two agents searching a maze is so to make the search

more efficient by splitting the work. But if the two agents end up moving in the same

direction, the benefit that comes from having two agents is lost. Since the victim was

not located in the first iteration, this human-robot team must go through a second

one. Once again, the preferred decision by most subjects was to take a left; while
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Figure 4-2: The upper left plot shows that node 0 (root node) has two children nodes:
nodes 1 and 2. Node 1 is reached by going left (blue path) to reach position (row,
column) = (5,0) and observing cells at positions {(1,0), (2,0), (3,0), (4,0)}. Node 2
is reached by going up (orange path) to reach position (1,4) and observing cells as
positions {(1,2), (1,3), (1,5), (1,6)}. From the plot on the upper right, we can see
that the EU model will always prefer node 1 over node 2. However, 22 subjects chose
node 1 while 85 subjects chose node 2 in the experiment. Indeed, the PWU model
(lower left plot) puts more value on node 2 for 𝛽 ∼ 0.35. Note that the HSC model
(lower right plot) is incapable of distinguishing the two nodes because they both take
equal number of steps to reach and observe the same number of hidden cells.

only 26 subjects went right to position (1, 6) to reach node 4, 56 subjects went left to

position (1, 2) to reach node 5. The PWU model captures this behavior correctly for

𝛽 0.35, while the EU model can only prefer node 4. As a result, the robot ends up

going in the same direction as the human in this iteration as well. To sum, the human

was able to locate the victim in the maze in only 4 steps when its robot collaborator

correctly predicted the human’s next move, compared to 10 steps when it did not.
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Figure 4-3: The upper left plot shows that node 2 has three children nodes: nodes
4, 5 and 6. Node 4 (blue path) is reached by going right to reach position (1, 6)
and observing cell at position (4, 6). Node 5 (orange path) is reached by going left
to reach position (1,2) and observing cells at position (0, 1). Node 6 is reached by
moving down, then left to reach position (5, 0) and observing cells at positions {(1,0),
(2,0), (3,0), (4,0)}. From the plot on the upper right, we can see that the EU model
will always prefer node 4 over all other nodes. But only 29 subjects chose node 4,
while 56 subjects node 5. No subject chose node 6. Once again, the PWU model
(lower left plot) slightly prefers node 5 over node 4 for 𝛽 ∼ 0.35.
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(a) The human agent first decides to go up. But the robot agent incorrectly predicts that
the human will first go left. Based on this incorrect prediction, the robot agent tries to take
the best complementary action, which is to go up. The robot is not able to help the human
at this iteration because both ends up taking the same action.

(b) The human agent then decides to visit the single black square on the left. The robot
makes the same mistake as it did in the previous iteration, and again ends up taking the
same action as the human.

Figure 4-4: Each row of plots illustrate the human’s decision (left), robot’s prediction
on the human’s decision (middle), and the robot’s decision based on its prediction
(right) in a single iteration. The purple square indicates the position at which an
agent makes the decision, and the blue dotted line is the path taken by the agent.
The human agent makes decisions based on the PWU model, but the robot agent
incorrectly assumes the human agent makes decisions based on the EU model. As a
result, the human-robot team takes three iterations to locate the victim, and it costs
the human agent 10 steps.
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Figure 4-5: The robot agent correctly assumes that the human agent behaves based
on the PWU model. Unlike the case in Figure (4-4), the robot agent is able to
predict that the human will first go up and decides that going left would be the best
complementary action to take. As a result, the human-robot team is able to find the
victim in one iteration.

4.3 Simulation Result

To demonstrate the importance and effectiveness of the correct understanding of

human decision-making in this rescue mission scenario, we compare the total steps

taken by the human agent in the mission. The mission consists of the same 23 mazes

used in the experiment. In each maze, we count the number of steps taken by the

human until the victim is located, and we sum those steps across all 23 mazes to

get a single total steps to count for a single mission. If the robot agent often makes

correct predictions of the human’s decision, then the human-robot team should not

need many iterations to find the victim, thus reducing the number of steps that the

human must take. On the other hand, a consistent prediction mistake by the robot

would increase the number of times when the decisions overlap, thus increasing the

number of iterations and total steps taken by the human.

We repeat this simulation for 100 times to get a distribution of total steps. Note

that the stochasticity comes from the fact that decisions are not deterministic. When

an agent is presented with a list of nodes to choose from, the agent makes a weighted

random selection, where the weights are the values of nodes. The expectation is for

the mean of the distribution of total steps to be much lower when the robot has the

correct assumption about the human decision-making behavior than that of the case

when it does not.

Indeed, the histogram in Figure (4-6) precisely illustrates this expectation. The
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Figure 4-6: Histogram summary of total steps simulation for the two cases: one
wherein the robot correctly assumes that the human agent bases its decision on the
PWU model, and the other wherein the robot incorrectly assumes that the human
agent behaves based on the EU model. We can visually see that the distribution of
total steps for the correct assumption is much lower than for the case of the incorrect
assumption. A two-sided t test rejects the null hypothesis that the means of the two
populations are equal (𝑡(99) = 60.80, 𝑝 < 0.01).

peak of the distribution when the robot has the correct assumption (𝑀 = 210 steps,

𝑆𝐷 = 2.9 steps) is about 30 steps lower than the peak when the robot does not have

the correct assumption (𝑀 = 238 steps, 𝑆𝐷 = 4.7 steps), and the two distributions do

not overlap. A two-sided t test rejects the null hypothesis that the means of the two

populations are equal (𝑡(99) = 60.80, 𝑝 < 0.01). Therefore, there is enough evidence

to support that the average total steps taken by the human are much less when the

robot collaborator makes the correct assumption about the human’s decision-making

behavior than when it makes an incorrect assumption.

Next, we verify that the total steps trend upwards as the assumed model for human

decision-making gets further away from the actual model used. We do the same 100

simulations to get a distribution of total steps for ten different 𝛽 values: {0.1, 0.2,

0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}. The result of this simulation is summarized as a

box plot in Figure (4-7). As expected, the distribution of total steps is similar to the
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Figure 4-7: Box plot summary of total steps comparison for various 𝛽 values. In all
cases, the human made decisions based on the PWU model with median of the fitted
parameters, and the robot agent made rational decisions based on the EU model with
𝜏 = 1. For cases when the 𝛽 value is close to the median, we can observe that the
total steps tend to be at its lowest, mostly ranging from 208 ∼ 215 steps. Note that
𝛽 = 1 is equivalent to the EU model, and we indeed see that the distribution of the
total steps for the two cases becomes closer as 𝛽 → 1.

one shown in Figure (4-6) when 𝛽 is close to the actual value used by the human.

However, we see that the distribution trends upwards as the 𝛽 value diverges from

the actual value, and finally converges to the one when the robot assumes the EU

model for human decision-making. Recall that the PWU model is precisely the EU

model when 𝛽 = 1.

4.4 Conclusion

A simplified urban rescue mission simulation was set up to demonstrate the im-

portance of understanding descriptive human behavioral model in the context of

human-robot collaboration. We demonstrated that the robot’s correct understanding
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of human decision-making significantly improved the performance of the collaborative

task.

4.4.1 Comments on Computational Cost

The definition of the models presented in this work are based on the environments’

decision trees, so their computational complexities mostly depend on the size of the

tree. Note that the branching factor for a node is determined by the structure of the

given environment rather than its physical size. More formally, let 𝑘 be the number

of children nodes at the root decision node. Then the size of this environment’s

decision tree is bounded below by ∑𝑘
𝑖=0 𝑘!⇑(𝑘 − 𝑖)!. But this lower bound is defined

based on the assumption that the branching factor strictly decreases at each time a

new observation is made, and characterizing the upper bound without knowing the

structure is impossible. Consider the mazes illustrated in Figure (4-8) as examples.

Both mazes have branching factors of 2 at their root nodes, but the maze on the

left has a total of 5 nodes in its decision tree, while the maze on the right has a

total of 4928 nodes in its decision tree. The cause of this large difference lies in the

structures of the two mazes; on the left, the branching factor decreases as the avatar

makes new observations, but on the right, the branching factor is non-decreasing for

some iterations as the avatar makes new observations. With all that said, using a

decision tree allows us to convert continuous space into discrete space, and it is still

significantly more economical than using belief states, which are commonly used for

partially observable environments. With belief states, the number of nodes required

increases roughly by a factor of 𝑚 × 𝑛, where 𝑚 and 𝑛 are the numbers of rows and

columns of the maze grid. Therefore, models that take in decision nodes as states

can substantially decrease the computational complexity when computing for policies,

and can be used as a more feasible solution for practical use in real-life scenarios.
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Figure 4-8: (Left) Total number of nodes in the corresponding decision tree is 5.
(Right) Total number of nodes in the corresponding decision tree is 4928.

4.4.2 Future Work

The current simulation assumes that the robot and human agents decide on their

actions simultaneously. This simplification was made under the assumption that

there should be no delay in making decisions in a hazardous environment, but it

also implies that the robot cannot receive any information about the human agent’s

behavior before making its prediction. In a real-world setting, it may be that the

robot may delay its decision by a short amount of time to take in some information

about the human’s next action in order to make a more accurate prediction and

improve the long-term collaborative performance.

Throughout the simulation, we also assume that the robot agent has a fixed behav-

ioral models for humans. A human may not learn or significantly update its strategy

when it is under time pressure in risky, unpredictable environments, but developing

a more flexible robot agent that can dynamically adapt to its human partner opens

up new potentials for the two to work on complex tasks that take longer to complete

[39], [19].
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Appendix A

List of Mazes in Experiment 2

In this section, we list all 7 practice mazes and 23 main mazes used in the experiment.

The design object of practice mazes is to get subjects accustomed to MSTs, so these

practice mazes are small in size, and there are at most two options to choose from at

any decision node. These mazes are also designed to help subjects build intuition on

how black squares are uncovered. The 23 main mazes are much larger in size, and the

branching factor at decision nodes is usually three to four. Model selection analysis

is performed on subject data on these 23 main mazes.
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Figure A-1: 7 practice mazes. Each practice maze is small in size, and there are at
most 2 options to choose from at any node. The purpose pf practice mazes is the
get subjects accustomed with MSTs and build intuition on how black squares are
uncovered. All subjects saw the same set of practice mazes, and unlike the main
trials, these mazes were not randomly shuffled.
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Figure A-5: 23 mazes that were used in the actual experiment. Model selection
analysis was done on subject data from these mazes. These are generally larger in
size, and there could be up to 4 options to choose from at a node.
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Appendix B

Brief Proof of Probability Weighting

in Prospect Theory

Expected utility is a weighted average of utilities of all possible outcomes, where

the weight of an outcome is its probability of occurring. This model has been the

dominant descriptive model used for understanding decision-making under uncer-

tainty; however, empirical studies have shown that the expected utility theory is

inadequate to model individual preferences and decision-making behavior ([18], [3],

[26]). Prospect theory, developed by Kahneman and Tversky, is an alternative to

expected utility theory that gained much traction in the late 20th century. One of the

conclusions that the authors reached from their empirical study is that people weigh

an outcome by its decision weight rather than its probability of occurrence.

Decision weight is a nonlinear transformation of a probability, and it does not obey

many of the usual probability axioms or properties. For instance, they violate the

second probability axiom that states that the probability of the set of all outcomes is

1. Prospect theory asserts that this nonlinear transformation of probabilities made by

people overweight small probabilities and underweight moderate to large probabilities.

To support their claims, the authors designed a series of gambles roughly of the form

(𝑝, 𝑥; 𝑞, 𝑦), which denotes a prospect of earning 𝑥 with probability 𝑝 and a prospect

of earning 𝑦 with probability 𝑞. See Tables (B.1 - B.3) for examples that were used

in the original work by Kahneman and Tversky. In the experiment, subjects were
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presented with a series of these two-choice gambles, and they were asked to choose

the one they would prefer to play. The expectation is that a subject will choose a

gamble that seems to return a higher utility and that this utility is not expected

utility.

Let 𝜔 ∶ (︀0,1⌋︀ → (︀0,1⌋︀ be the weighting function that maps probabilities to decision

weights. To first show that 𝜔(𝑝) > 𝑝 for small 𝑝, consider the two choices presented in

Table (B.1). According to expected utility, a subject should not have any preference

for one gamble over the other. However, 72 subjects indicated that they would choose

gamble A over gamble B. Somehow, earning $5,000 with a probability of 0.001 is more

favorable than receiving $5 with certainty. This subject preference behavior implies

that:

𝜔(0.001) ⋅ 𝑣(5,000) > 𝑣(5), or

𝜔(0.001) > 𝑣(5)⇑𝑣(5,000) > 0.001 (∵ concavitiy of 𝑣, and 𝑣(0) = 0).

A: 5,000 with probability 0.001 B: 5 with probability 1

Table B.1: Corresponds to Problem 14 in [18]. Gamble A was preferred by 72 subjects,
and gamble B was preferred by 28 subjects.

More generally, we can show that the weighting function 𝜔 is concave for small

values of 𝑝. Consider another two-choice problem from the original paper presented

in Table (B.2). As with the previous case, expected utility theory would conclude

that both choices are equally good. However, gamble A was the favorite of subjects;

out of 100 subjects, 73 subjects responded that they would choose gamble A over

gamble B for the higher prospect despite the chance of winning this higher reward
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being halved. This subject behavior implies that:

𝜔(0.001) ⋅ 𝑣(6,000) > 𝜔(0.002) ⋅ 𝑣(3,000), or

𝜔(0.001)⇑𝜔(0.002) > 𝑣(3,000)⇑𝑣(6,000).

Here, 𝑣 is the value function that maps the absolute reward value to some subject

value that an individual feels. We will omit the details about 𝑣 since it is not relevant

to this thesis, but it is important to note that 𝑣 is a concave function for non-negative

inputs. For simplicity, we will only consider positive prospects in this section. Since

𝑣 is concave, and 𝑣(0) = 0, we can make the following observation:

𝜔(0.001)⇑𝜔(0.002) > 𝑣(3,000)⇑𝑣(6,000) > 0.5, or

𝜔(0.002 ⋅ 0.5 + 0 ⋅ 0.5) > 𝜔(0.002) ⋅ 0.5 + 𝜔(0) ⋅ 0.5.

By definition of concavity and using the boundary condition 𝜔(0) = 0, we can

conclude that 𝜔 is a concave function for small values of 𝑝. Similar questions and

arguments can be used to demonstrate that 𝜔(𝑝) < 𝑝 and that 𝜔 is convex for moderate

to large values of 𝑝.

A: 6,000 with probability 0.001 B: 3,000 with probability 0.002

Table B.2: Corresponds to Problem 8 in [18]. Gamble A was preferred by 73 subjects,
and gamble B was preferred by 27 subjects.

Finally, the authors also demonstrate that decision weights don’t sum to unity,

or more specifically that 𝜔(𝑝) + 𝜔(𝑞) < 1 for 𝑝 + 𝑞 = 1. This conclusion is drawn from

two pairs of gambles shows in Table (B.3). According to experiment, 82 out of 100

subjects preferred gamble A. Subject responses imply that:

𝜔(0.66) ⋅ 𝑣(2,400) + 𝜔(0.33) ⋅ 𝑣(2,500) + 𝜔(0.01) ⋅ 𝑣(0) < 𝑣(2,400), or

(1 − 𝜔(0.66)) ⋅ 𝑣(2,400) > 𝜔(0.33) ⋅ 𝑣(2,500)
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At the same time, gamble C was preferred by gamble D, implying that 𝜔(0.33) ⋅
𝑣(2,500) > 𝜔(0.34) ⋅𝑣(2,400). Putting the two inequalities, we get that (1−𝜔(0.66)) ⋅
𝑣(2,400) > 𝜔(0.34) ⋅ 𝑣(2,400), or 1 > 𝜔(0.66) + 𝜔(0.34).

A: 2,500 with probability 0.33 B: 2,400 with probability 1
2,400 with probability 0.66
0 with probability 0.01

C: 2,500 with probability 0.33 D: 2,400 with probability 0.34
0 with probability 0.67 0 with probability 0.66

Table B.3: The first and second pairs corresponds to problems 1 and 2 in [18]. Gamble
A was chosen by 18 subjects, and gamble B was chosen by 82 subjects. Gamble C
was chosen by 83 subjects, and gamble D was chosen by 17 subjects.
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