Information and Incentives in Online Platforms
by
Emily Meigs

Submitted to the Sloan School of Management
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
September 2022

(© Massachusetts Institute of Technology 2022. All rights reserved.

Sloan School of Management
May 17, 2022

Certified Dy . ..o
Asuman Ozdaglar

Professor of Electrical Engineering and Computer Science

Thesis Supervisor

Accepted Dy . ..o
Patrick Jaillet

Dugald C. Jackson Professor, Department of Electrical Engineering and
Computer Science

Co-director, Operations Research Center






Information and Incentives in Online Platforms
by

Emily Meigs

Submitted to the Sloan School of Management
on May 17, 2022, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract

This thesis studies the impact of information and design of services for online plat-
forms in three settings: traffic routing, network games, and competition between
streaming platforms. In the first part of this thesis, Chapters 2 and 3, we study
game play in routing and network games, where it is reasonable to assume agents do
not originally know their payoff functions. Specifically, in Chapter 2 we examine the
outcome of the learning dynamics in traffic routing where the latency functions are
unknown. We show that the combination of selfish routing and learning dynamics
converges to the full-information Wardrop equilibrium, this supports the study of the
Wardrop equilibrium even in settings where information must be learned over time.
In Chapter 3 we use analogous learning dynamics in a different setting, network games
where the agents’ personal utility functions are not known. This may arise in games
of local public goods provision or firm competition. We show that the combination
of best response and learning dynamics converges to the Nash equilibrium.

In the second part of the thesis, Chapter 4, we study the problem of sharing in-
formation in traffic routing. We investigate whether a routing platform, for example
Google Maps or Waze, should share full information, no information, or partial in-
formation. We characterize the optimal information strategy in a two-stage setting,
where the platform is also learning of the road conditions from the users. We then
extend the intuition to an infinite stage setting and find an information scheme that
achieves a lower cost than full information.

In the final chapter of the thesis, we study bundling and pricing strategies in
streaming platforms, for example Netflix or Hulu. We investigate why there are so
many streaming platforms that are succeeding in the market. We first study the
setting where a market leader creates a new product and has a monopoly on the
market. We show in this case it is optimal in some cases for the platform to bundle
their goods. Once another firm enters the market though we show that unbundling
becomes the unique optimal strategy.

Thesis Supervisor: Asuman Ozdaglar
Title: Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

Every day people, users, all over the world interact with online platforms, e.g. Face-
book, Google Maps, Netflix. Both the users and the platforms have separate aims
of these interactions. For example, Google Maps may aim to manipulate traffic in
order to minimize overall congestion, whereas individual drivers care only about their
own travel times. In these settings users are interacting and learning both about each
other’s strategies and uncertain changing environments. Driven by applications in
traffic routing, network aggregative games, and streaming services, this thesis inves-
tigates the effects of information and incentives on users of these platforms and the
platforms themselves. In particular, the four main chapters are outlined as follows.
Learning Dynamics in Routing Games First, we consider a subclass of congestion
games, traffic routing. Most of the works in the literature assume that the when agents
make decisions they have perfect knowledge of their latency functions and of the other
agents’ strategies. This is however rarely the case and, in practice, agents need to learn
such game primitives from (possibly noisy) observations that they gather over days
of routing through the network. Thus, we study the problem of parametric learning,
where agents know each latency function of the network up to some parameter and
aim at learning these parameters via repeated iterations of routing.

We consider a variant of the repeated nonatomic network routing game where each
agent controls a negligible amount of flow and routes herself selfishly. In our setting

the network has affine stochastic edge latency functions whose slope is unknown
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at the start. We consider a simple process of learning where agents share common
observations of travel times, estimate the unknown edge slope parameters via ordinary
least squares and, at every step, dispatch their flow on the network according to the
Wardrop equilibrium computed with their most recent estimates. We prove that
under these learning dynamics and under minimal assumptions on the users, the flow
in the network converges almost surely to the full information Wardrop equilibrium.
Moreover, the slope parameters of all the edges used in the full information Wardrop

equilibrium are learned almost surely.

Learning Dynamics in Network Games Second, we consider another subclass
of congestion games, network aggregative games. Again, most of the literature in
this area assumes the players have perfect knowledge of their utility functions and of
other agents’ strategies. Since this is not necessarily the case, we consider a repeated

setting, where agents must learn over repeated play of the game.

Specifically, we consider a repeated network aggregative game where agents are
unsure about a parameter that weights their neighbors’ actions in their utility func-
tion. We consider simple learning dynamics where agents iteratively play their best
response, given previous information, and update their estimate of the network weight
parameter according to ordinary least squares. We derive a sufficient condition de-
pendent on the network and on the agents’ utility function to guarantee that, under
these dynamics, the agents’ strategies converge almost surely to the full information
Nash equilibrium. We illustrate our theoretical results on a local public good game
where agents are uncertain about the level of substitutability of their goods.
Optimal Dynamic Information Provision in Traffic Routing In the previ-
ous chapters we consider when information is shared fully between agents. We now
investigate what happens when a central planner can strategically share the infor-
mation. For example, can Google Maps or Waze help mitigate traffic through using
information in the form of route recommendations.

We consider a setting where the central planner aims at minimizing traffic con-
gestion by providing individualized route recommendations to its users. Importantly,

we assume that the planner itself is not informed about the state of the traffic net-
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work but needs to learn through users’ experimentation, and users follow the received
recommendation only if this is in their best interest given their past experiences. We
focus on a two-road dynamic routing game where the state of one of the roads (the
tisky road") is stochastic and may change over time.

Within this framework, we characterize the optimal incentive compatible recom-

mendation system, first in a two-stage game and then in an infinite-horizon setting.
Our analysis uncovers two main insights. First, under the optimal recommendation
scheme the central planner does not provide full information about the state of the
road to all agents. Thus, information design proves effective as a control tool for
traffic regulation. Second, since agents are strategic and long lived, in contrast to
classic exploration-exploitation settings the central planner needs to limit the num-
ber of agents participating in the exploitation phase to generate enough incentives
for experimentation. This aspect becomes particularly relevant in the infinite horizon
setting where agents can learn not only from received recommendations but also from
observations of previous traffic flows.
(Sub)Optimality of Bundling in Streaming Platforms Finally, we turn to
studying bundling in streaming platforms. In recent years, the competition among
streaming platforms such as Netflix, HBO Max, and Hulu is on the rise as even
more streaming platforms are being started. We aim in this chapter to study when
platforms should bundle separate types of goods.

We model the competition among streaming platforms as a two-dimensional Hotelling
model. Each axis is some type of content, potentially original content for each plat-
form or comedies on each platform. Each user has a preference over the platforms
and the two types of content. Each platform can choose whether to bundle these
two types of content, by giving both for one fee, or provide them separately, each
with a fee. We first study the monopoly case and show that in some settings it is
more profitable for the monopoly platform to bundle the goods. We then study the
duopoly setting, where another firm has entered the market, and show that now in
all cases it is now an equilibrium for the platforms to unbundle the goods and sell

them separately.
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Chapter 2

Learning Dynamics in Routing Games

Traffic congestion is a major problem for billions of commuters around the world.
Research in this area has focused on developing traffic equilibrium models in order
to predict how flows get allocated in traffic networks and hence analyze performance
with different traffic management policies. While most of the literature assumes that,
in making their routing decisions, users have all the relevant information (in particular
travel times or delays), in practice a major problem of drivers is to estimate the delays
they are going to incur on different routes in the network. This problem of estimation
is especially true for drivers that must continue to route themselves again and again
in the same road network, which is usually the case for daily commuters.

In this chapter, we consider a model in which a large number of risk-neutral users
are unsure about the edge latency (delay) functions and aim at learning them by
using common observation of past travel experiences. Specifically, we assume that
the users sequentially: i) send their traffic demand over the network, ii) observe the
corresponding (stochastic) travel time and iii) use these observations to update their
estimates of the edge latency functions. Given the most recent estimates, we assume
that at every step of the learning dynamics the users direct their traffic demand
according to a new slightly modified version of the well-known Wardrop equilibrium
(see Wardrop [73]; Beckmann, McGuire, and Winsten [12]) based on mean estimates
of the latency functions. The justification for this notion comes from two assumptions.

The first is that, as mentioned above, users are risk-neutral and thus care only about
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the mean of the stochastic travel times or delays they will be facing. The second is
that the traffic adjustment takes place faster than information updates thus leading
to a Wardrop adjustment at each step of the information update of the users [27].
Given the past observations, we model the estimation problem in point iii) without
specifying tight priors about others knowledge or behavior and instead assume that

users perform a simple least-squares type estimation.

We prove that this completely decentralized stochastic process with our notion of
Wardrop equilibrium leads to convergence of the flow to the full information Wardrop
equilibrium. Moreover, the estimates of the latency functions for all edges that are
used in the full information Wardrop equilibrium converge to the true parameters. To
this end, we build on previous results by Taylor [72] to relate the error terms of the pa-
rameter estimates to a martingale and we consequently prove almost sure convergence
of the errors. We then use Wardrop equilibrium sensitivity results from Dafermos et
al. [29] to prove that, because we have convergence of the errors, the flow under the

estimated parameters converges to the full information Wardrop equilibrium.

Our work is related to the recent papers on stochastic Wardrop equilibrium, which
assumes that the latency functions are stochastic (Chancelier et al. [21I]; Cominetti
[26]; Nikolova and Stier-Moses [64]). This literature focuses on developing a static
description of traffic equilibrium in this stochastic environment with risk-averse users
and provides characterization results. Our work is also related to the literature on
learning dynamics in routing games. This literature studies a variety of dynamics for
routing games including fictitious play (Monderer and Shapley [62]; Marden, Arslan,
and Shamma [57]), adaptive sampling and replicator dynamics (Fischer [34] [33]),
regret-minimizing or no-regret algorithms (Kalai and Vempala [46]; Blum et al. [16];
Krichene et al. [50]). These algorithms assume that users make adaptive routing
decisions in order to minimize regret over time by observing latency values at various
congestion levels, but do not assume any stochasticity related to the latency functions.
Our work instead assumes that latency functions are stochastic and that there is
an additive error term that accounts for the variability due to incidents or other

exogenous factors (weather, time-of-day etc.). We claim this more realistically models
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commuters day to day experience.

The rest of the chapter is organized as follows. In Section we present the
model and the learning dynamics we utilize. In Section we discuss preliminary
results that lead to our main result in Section where we prove convergence to
the full information Wardrop equilibrium in networks with affine stochastic latency
functions through ordinary least squares updating of the parameters. In Section
we illustrate our theoretical results on a Wheatstone network and finally Section
concludes the chapter.

Notation: Given a set of indices &, [x.].ce denotes the column vector with com-

ponents x..

2.1 The model

2.1.1 The full information routing game
The network

We consider a directed graph (i.e. road network) with a finite vertex set V and a finite
edge set £, where each edge (i.e. road) e € £ connects two vertices (i.e. locations)
u,v € V. We denote such a road network by N'(V, £) or N for brevity. In a network
N, a path r (i.e. route) is an alternating sequence of vertices and edges that begins
and ends with vertices (v, eq,v1,...,€e,,v,) such that all vertices are distinct and
each edge in the sequence is such that e; = (vj_1,v;) € £. We denote by R the set
of all paths and we use the notation e € r to state that edge e belongs to the path
r. We denote by W the set of origin-destination pairs considered in the road network
and by R, the set of paths connecting a certain origin-destination pair w € W, that

is, the set of paths with vy equals to the origin and v,, equals to the destination in w.

Feasibility

We assume that for each origin-destination pair w € W there is a traffic demand

d,, > 0 that needs to be allocated using the routes in R,,. We use the symbol x, to
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denote the total flow assigned to route r. A travel assignment {z,},cr is feasible if
z, > 0 for all r € R and ZTERw r, = d, for all w € W, that is, if the traffic demand

is satisfied. We denote the associated total flow on edge e by z, := ) x, and

reR|ecr

the total edge flow vector by x := [z¢]cce.

Travel time

We assume that the travel time on each edge e € £ depends on the congestion level

x. according to the following stochastic latency function.

Assumption 1 (Stochastic latency function). For each edge e € £ and congestion

level x, the experienced travel time of the users is stochastic and is given by

Ye(Te) = le(xe) + €

where l.(x.) is a deterministic, continuous, non-decreasing positive function of x. and

2

e

€. 18 a zero mean random variable with variance o

Note that since €, is a zero mean random variable, the deterministic function [, (z.)
coincides with the expected travel time on edge e when the congestion level is x.. For
this reason we call l.(x.) the expected latency function. The stochastic term €., on the
other hand, models an additive error term that accounts for the variability in travel
time due to incidents or other exogenous factors (weather, time-of-day etc.).

Often, latency functions in traffic networks are modeled through polynomial func-

tions [28]. In this study we focus for simplicity on affine latency functions.

Assumption 2 (Affine expected latency functions). For each edge e € £ we consider
affine expected latency functions l.(x.) := aere+be where b, > 0 is the free flow travel
time and the congestion term is modeled as a.x. where x. is the flow on edge e and

ae > 0 is the congestion coefficient.

We denote the set of expected latency functions for all edges by £ = {l.|e €
&} and we use G(N, L) to denote a routing game with network A/ and expected
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latency functions £. Throughout the chapter we refer to the game G(N, L) as the

full information routing game.

Wardrop equilibrium

Given a routing game G(N, L), we assume that the traffic demand gets allocated
across different routes according to the following slightly modified definition of Wardrop

equilibrium.

Definition 1 (Wardrop equilibrium). A Wardrop equilibrium of a game G(N, L) is a
feasible flow allocation {z,},cr such that for any origin-destination pair w € W and

any route 7 € Ry, with xz > 0 we have that for all r € R,

Elyz(2)] < Ely,(2)]

where the latency of a route r under the total edge flow vector x is defined as the sum

of the latencies of the edges on that route, that is,
yr(z) = Zye<$e)'

In other words, the Wardrop equilibrium detailed in Definition [I| corresponds to
a traffic assignment where any route with positive flow has equal or lower expected
travel time than any other possible route connecting the same origin-destination pair
under the flow x. Definition [1]is a slightly modified version of the standard definition
of Wardrop equilibrium which is formulated for routing games with deterministic la-
tency functions. We note however that, since E[y.(x.)] = l.(x.), Definition 1| coincides
with the standard definition of Wardrop equilibrium for a routing game with deter-
ministic latency functions equal to the expected latency functions le(xe)[] Because
of this equivalence, it is immediate to show that, under Assumption [2| the Wardrop

equilibrium in Definition (I} is unique.

Tt is well known that this notion coincides with the Nash equilibrium of a routing game with
infinitesimal (nonatomic) users (see [38]).
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Lemma 1 (Uniqueness [60]). Under Assumptions || and|g the Wardrop equilibrium

exists and 1s unique.

2.1.2 Partial information, flow allocation and learning dynam-
ics

Contrary to most of the literature on routing games, we assume that the users do not
completely know the latency functions. Specifically, we assume that users know the
free flow travel time b, for each edge e € £, but do not know the congestion coefficient
a.. Our motivation is that while b, depends on fixed parameters, (such as the road
length, the speed limit, etc.) the coefficient a. that models the effect of congestion
is usually difficult to characterize a priori. In our model, the users estimate such
parameters {a.}ece by using past observations of travel time.

Specifically, we assume that at the initial step & = 1 the flow gets allocated
according to an initial feasible edge flow vector z!, such that x! > 0 for all e € &.
Based on the observation of the travel time in each edge, the users build a first
estimate a! of the congestion coefficient for each edge e. Note that since all users
have the same observations they all produce the same estimates.

For each step k& > 1 all users, based on the estimates a*~! obtained with the

previous k — 1 observations,

1. allocate their flow according to a Wardrop equilibrium of the partial information

game G(N, £F1), where

L= {FYx,) = a" e+ b | e € E}

e

is the set of estimated expected latency functions;

k

¢ > 0, observe a realization of the travel

2. for each edge e with positive flow x

time for that edge at the current flow level, i.e. they observe

yf = le(xlj) + elg, (2.1)



k

¢ is a realization of e;

where €

3. use the information on the experienced travel time at step k& to update the

congestion coefficient estimates to a.

There are two assumptions that justify the allocation of the flow in point 1). First,
users are risk neutral and therefore care about the expected travel time. Second,
the traffic flow allocation takes place faster than information updates, leading to a
Wardrop equilibrium at each step [27]. Regarding the observation of travel time in

point 2) we make the following assumption of independence between different steps

Assumption 3. For each edge e € £ and step k € N, € are i.i.d. realizations of e..

In the next subsection we describe in more detail the update that each user per-

forms in point 3). The resulting learning dynamics is then summarized in Table

2.1

2.1.3 Parameter Estimation

We assume users perform ordinary least squares estimation to update the parameters
given the information collected up to step k. This rule avoids the need to specify tight
priors and compute posteriors on unknown parameters and lead to simple calculations

for the users. In particular, given k observations of travel times

{yz = aex’; + b + 62 le (2.2)
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where {x}* |, b, are known and {¢!}*_; are i.i.d samples of the random variable e.,
the least squares estimate of a. at step k is given by

k

0 ({7, yebiny) == argmin > (v — ac;, = be)?
T =1

k
= arg min Z(aexi)2 — 2a,7" (YL — be)
aec€R P
k k

=argmina? » (2')* 2a, Z ' (y: — b,)
Gk O i=1

k

1 L

= . § xé(y; - be)‘
2@21@2)2 i=1

Remark 1. Ordinary least squares is used as an estimator because in many cases it is
consistent, which means that the least squares estimate converges in probability to the
actual parameter. One of the assumptions that gquarantees this consistency property
is that the samples x° are drawn in an i.4.d. fashion. In our case x* is dependent on

the estimates vector a*=!

used to compute the Wardrop equilibrium at step k, which
itself depends on (x°,y%) for all i < k. Thus, the samples {x.}32, are not i.i.d. and

no immediate convergence result for the least squares estimator is available.

Our goal in this chapter is to show that by using the least squares estimate in

(2.3]) the learning dynamics specified in Table converges almost surely to the full

information Wardrop equilibrium.
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Table 2.1: The learning dynamics
Initialize: For each edge e € £ send the initial feasible flow z! € R.(, measure y.

and set al = aXS({x!,y!}). Set k = 2.

Iterate until convergence:

1) Compute the Wardrop equilibrium
L x¥ = Wardrop equilibrium of the game G(N, £F~1) (2.4a)
2) Measurements

for each e € €
if z¥ > 0 measure
F=l.(zF) + €
ye 6( e) e (24b)
else set

y§ = be

end

3) Update the congestion coefficient estimates
for each e € £
ag = ag®({wt ye}iny) (24c)

end

k+k+1

Note that in step 2) if ¥ = 0 the value of y” is actually irrelevant and in any case

k—1
e

leads to a¥ = a¥~! in step 3).

2.2 Preliminary results

In this section, we derive some preliminary results needed in Section to prove
convergence of the learning dynamics in Table 2.1 Note that the formula for the

ordinary least squares estimator derived in (2.3) can be equivalently rewritten, by
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plugging in the values for y’, as

K 1
k

k
i = gy 2 elve — be)
2 i (7)? ;

1 k
- i i i
B Z’? (x2)? Z;me(aexe el
1= e 1=
k
1 o
T
1= e 1=
k . .
= a. + D izt €eTe
PPV ST

Zizl(xé)Q

Hence the error in the estimate of the congestion coefficient at step k is

k i,
o €T
eI'I'l; — ak —a, = Zz_l eve

. 2.5
‘ Zf:l (%) 25

Our main preliminary result is to construct an auxiliary martingale s*, related to

the error term in ([2.5)), and show its almost sure convergence.

Definition 2 (Martingale pg. 474 in [69]). A sequence of random variables s* is a
martingale if for all k > 1,

1. E[s®|s*1) ... sl = s*71 and
2. E[|s*]] < oo.

Lemma 2. For each edge e € £, let {x1}2°, be as defined in Table[2.1 Then under

Assumptions [1] and [d for all i € N, €. is independent of {xl, i, ...zl e, .. €l

e’ Ce g oeey Co

and the stochastic process
k Tie,
‘ ; Zj:1(xj)2

1s a martingale and converges almost surely to a finite value as k — oo.

Proof. We first show that € is independent of {z¢, xi71 ...zl =1 .. ¢!} for alli. By
Assumption [3| € is independent of €., ..., ¢.=*. Moreover, by the learning dynamics in
Table 2.1 zi depends only on the estimates @' and these estimates depend only of

the noise up to step ¢ — 1. Thus, € is independent of z for all j < i.
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To prove the second statement we use a similar argument as in [72, Lemma 3].
Specifically, we first show that s* is a martingale. Then we argue that we can use
martingale convergence theorem and we have that the result follows [69, Chapter 7,

Section 4].

i) To prove that E[s*|s*~1 ..., sl] = s¥~! note that for all k € N

ceey Op e

— k=1 _ k-1
=0+s," =5, .

ii) We now show that E [|s¥|] is bounded. To this end, note that

E[st]] = E V7| <vELE,

where we used Jensen’s inequality [69, pg. 192]. So it suffices to show that E[(s¥)?]
is bounded. Note that

Ellec] =E (Z z<>)
—E 2 <—Z§:1(xi)2> | (2.7)
9 F T ? 2 2
o Zl (Zizl(wi?>2 =

where the second equality comes from the fact that for any i, €’ is independent from

z!, e and 27 for all j < 4. Thus, for any 7 # j, by assuming without loss of generality
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that 7 < i, it holds that

e

—E[¢]E

Zin:l (z)? zn=1 (z7)?

The last inequality in (2.7) comes from [72, Lemma 1|. Note that z! > 0 is a
deterministic quantity, as detailed in Table 2.1} Thus, it holds that

< 0. (2.8)

Now, to utilize martingale convergence theorem we need that sup, E[|s*|] < oo.
This fact follows from (2.8, as we have that for every value of k E[|s¥|]is less than
the deterministic value, /03@. Therefore, we can apply the martingale convergence
theorem [69, Chapter 7, Section 4] and we obtain that {s¥}2° | converges almost surely

to a finite value. §

We now state two lemmas that hold for deterministic sequences and will be useful
in examining the behavior of the deterministic sample paths associated to specific

realizations of the noise.

Lemma 3 (Kronecker’s lemma pg. 390 in [69]). If {hr}32, and {gr}32, are two
real-valued sequences for which {gx}32, is non-negative and non-decreasing to infinity
then the existence of a finite-valued s such that

k h,

lim s, := lim — =35
k—o0 k—o0 4 T g;
1=

implies that
k

1
lim — E h; = 0.
k—o00 gk: i1 !
The next result is similar to the above one, except that it assumes convergence of

gx to a finite value instead of an infinite value. Consequently, one gets convergence

to a finite value instead of zero.
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Lemma 4 (Lemma 2(ii) in [72]). If {hi}32, and {gr}32, are two real-valued sequences
for which {gx}32, is non-negative, non-decreasing, and converges to a value M < oo

then the existence of a finite-valued s such that

k
lim s := lim — =35
=1

implies that
k

.1
Jim 5 2 M

=1

exists and 1s finite.

Proof. This proof is similar to [72, Lemma 2(ii)| with the extended conclusion that
the limit is finite. Let s = 0 and s, = Zle % for all kK € N. Thus, we have

hy, = gk(Sk - Skq) and

k k

1 1 1 =
—Y b > gi(si — sic1) = 55— 0 > (gir1 — gi)si.
i=1 1=1

L — 9k %

Now, by assumption s, — s where s is finite. The result is thus proven if we show

that also the second term gik Zf;ll (gix1 — gi)s; converges to a finite value. Set an

arbitrary value § > 0 and choose ky such that |sy — s| < ¢ for all & > ky. Now, we

have
1 k=t 1 1 k=t
% ;(Qiﬂ — Gi)Si = g_k(gk —g1)s + % ;(gzurl —gi)(s; — s)
] ko—1 =
= g_k(gk —q1)s+ o ;(gi+1 —gi)(si —5) + 7 ;;O(gz‘ﬂ — gi)(si — 5).

Taking the limit as k — oo, we have that the first term converges to 17 (M — g1)s and

ko—1

the second term converges to =7 > ;" (gi+1 — i) (si — s), which are both finite. Now,
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the absolute value of the third term is

k—1 k—1

1 1

— Z(gi-i-l —gi)(si—8)| < — Z(gi—i-l — gi)|si — $|
Ik 1 L/
1=K0 1=FK0
=
< — Z(giJrl — ;)0
9k
1

= —(gk — gry)0 <9,
9k

where we used that {g;};, is non-negative and non-decreasing. Overall, we have

proven that the limit exists and is finite. 1

Finally, in proving our main result we use Theorem 3.1 from Dafermos and Nagur-
ney on sensitivity analysis of the Wardrop equilibrium under a change of (expected)

latency functions [29]. This result is rewritten for our scenario and proven below.

Lemma 5 (Theorem 3.1 in [29]). Suppose that Assumption @ holds. Let z* be a
Wardrop equilibrium of the partial information game G(N, L*) and T be the full in-
formation Wardrop equilibrium, that is, the Wardrop equilibrium of the game G(N', L).
Also, let l(z¢; ae) = aexe + be, where we made explicit the dependence of the expected

latency function on the congestion coefficient. Then

&
1
|2 = 2P < = > (le(alsac) = le(xf;af))?

(0%
e=1

where a ;= min{a,fees > 0.

Proof. Dafermos and Nagurney prove the result for general latency functions. We
apply their result to changes in latency functions from a.z. + b, to afx. + b.. To this
end, we briefly recall that the (unique) Wardrop equilibrium of the game G(N, £) can
be equivalently characterized as the (unique) solution to the variational inequality

(VI) VI(F, X), where the operator F : RI¢l — RI€l is defined as

F(z) = [aeze + be]eeé’
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and X is the feasible set for the total edge flow vector x. For a definition of variational
inequality and a proof of the equivalence mentioned above we refer to [29]. Similarly,
let F*(-) be the operator of the VI associated with the coefficients a*, that is F*(z) :=
[a% 2.+ be)ece. Since T solves the VI in F(+) and z* solves the VI in F*(-) by definition

and by Cauchy-Schwartz

[F(2*) = F*h)] (2% — 2) < |[F(a") = F*(2")] " (" - 7)|

< ||F(a") = F*a")|[|«* - 2.
The last three inequalities give us

1P (") = F*@h)2* — 7] > aflz — 2"
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and thus
1, = _
EHF(xk) — F*(a")|| > ||z — 2"

which concludes the proof.

2.3 Convergence to the full information Wardrop equi-
librium

In this section we combine the previously stated lemmas to show our main result,
which is that the learning dynamics in Table converges to the full information
Wardrop equilibrium almost surely. Additionally, we show that all the congestion
coefficients corresponding to edges that are used in the full information Wardrop
equilibrium are learned almost surely. To this end, let us denote by € a specific noise

realization of {€"}.ce ;>0 and by s¥(e), 2% (e), err¥(¢) the corresponding deterministic

k

k and the error term err® at

realizations of the martingale s*, the total edge flow z

step k, respectively. Lemma [2] guarantees that the set of noise realizations

Y :={e| lim s¥(e) exists and is finite for all e € £} (2.9)

k—o0

has probability one. To prove our main result, we consider each noise realization € € 3
separately and we partition the edges into two sets, S®(e) and Sfhite(¢), according

to a specific property of the sample paths x*(¢). For any edge in S*°(¢) we show the
k

*(e) on the estimator goes to 0 and for any edge in S (¢) we show

error term err
that err®(¢) is bounded. We use these two facts to show that the flow 2% (€) converges
to the full information Wardrop equilibrium under the considered noise realization
€ € Y. Since the set of noise realizations ¥ has probability one we thus have that
the learning dynamics in Table [2.1] converge almost surely to the full information
Wardrop equilibrium.

We start by studying the behaviour of the error term err®(e) in for a fixed

noise realization € € X.
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Lemma 6. Suppose that Assumptions[d}, [4 and[3 hold. Under any realization of the

error € the edges can be split into two sets

1. §%(e) = {e € £| 332, (xt(e)” = oo}

2. Sfnite(e) = fe € £ Y52, (zF(e))? < o0} .
If e € X then

1. For any edge e € S™(€) the error term in the ordinary least squares estimate

—0

> (@i(e)

k: . .
errf(e) B Zz 1629”2(5)2

as k — 0.

2. For any edge e € ST (¢) the error term in the ordinary least squares estimate

> (xi(e)

ko i i
errl;( )_ Z’L 1€€x6(6)2

18 bounded.

Proof. Construct the two deterministic sequences hy, = 25 (e)ek, g = 25 (2 (¢))? s0

that {g}?>, is non-negative and non-decreasing and s¥(e) = 3% | Z— Note that if

€ € ¥ then by definition limy ;. s¥(€) = limy 0 Zle % exists and is finite.

1. By definition of S*(¢), gp — oo. Thus, we can apply Kronecker’s lemma

(Lemma [3)) and we have

k k

1 1 , A
— Y hi= ———— zl(e)el = err¥(e 0.
2 S g 2 e

=1

2. By definition of Sfni*(¢) the sequence g;, converges to a finite value. Thus, we

¢ elxl(e)
) = 1( L(e))? )
Thus, for any 6 > 0 there exists a k > 0 such that for any k£ > k we have

can apply Lemmaand we obtain that = — pe(€) for some finite p,(€).

zlee€>_ € )
|2 Eah
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and the error err®(e) is bounded.

e

Theorem 1. Suppose that Assumptions(1}[3, and[3 hold. Then the learning dynamics
in Table converge almost surely to the unique Wardrop equilibrium x of the full
information game G(N, L), that is,

2 = &, almost surely.

Proof. Let us consider an arbitrary, fixed realization of the error ¢ € ¥ as defined in

(2.9). Now from Lemma |§| we have that
1. if e € S°°(¢) then a*(e) — ay;

2. if e € S™ite(¢) then 2%(e) — 0 and there exists & > 0, M,(e) > 0 such that

e

lak(€) — ae| < M,(e) for all k > k.

These two statements conclude the proof because then by Lemmas [5 and [6] we obtain

that for any k& > 2

I(0) — 7l < 5 S (Ll (e); ) — Lk (); (6)))?

ecf

= 5 D) e~ (0)?
ecf

= 3 D k) et (@)
ecf

=3 Y @Ot P + 5 Y () et
e€S>(e) e Sfinite (¢)

<3 Y Penk@P o Y @HOPOLEP 0,
e€S5>(e) e€Sfinite (¢)

where we used that 2%(e) < d for alle € £ and k € N, where d = 5 d,, is the

wew
total travel demand and the fact that, in the limit as k& — oo, the first term in the

last step goes to 0 since err®(e) — 0 for all e € S*°(¢) and the second term goes to 0
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k
e

since (7%(€))? — 0 for any e € Site(¢). Hence for any realization ¢ € ¥, 2%(e) — 7.

Since, by Lemma [2, ¥ has probability one, ¥ — 7 a.s.

Corollary 1. Suppose that Assumptions[1], [, and [ hold. For any edge e such that

T, > 0, where T is the full information Wardrop equilibrium, a* — a. a.s.

Proof. By Theorem , 2%(e) — T for all € € ¥. Consequently, for any edge e € &
such that 7, > 0 and for any ¢ € ¥ we have that z%(e) — z. > 0. Consequently, it
must be that e € S®(¢). By Lemma 6} we then have that errf(¢) — 0. Since ¥ has
probability one, we have proven that for any edge e € £ such that z, > 0 it holds

err’e'C — 0 as. 1

2.4 Simulation

To illustrate our theoretical results we consider a routing game over the five road
Wheatstone network illustrated in Figure A). For simplicity, we assume that d = 1
unit of traffic needs to be routed from vertex 1 to vertex 4 and that the expected
latency for each edge is lo(x.) = x.. With these settings, the Wardrop equilibrium of
the full information game is Z = [0.5,0.5,0.5,0.5,0]", that is, 0.5 flow is sent in all
edges except for edge 5 which is not used.

Figure 2-11B) shows the evolution of 2* for each edge e € & = {1,2,3,4,5} as a
function of the step & € [1,200] according to the learning dynamics illustrated in Table
(for one realization of the noise). The partial information Wardrop equilibrium
x¥ at each step k was computed by using the projection algorithm [31, Algorithm
12.1.1] applied to the VI(F*, X) (see the proof of Lemma [5). Note that 2 — 7.

Figure C) shows the evolution of the estimates a¥ as a function of the step
k € [1,200]. Note that the estimates of the congestion coefficients of edges 1-4
converge to the true value a, = 1. On the other hand, a¥ does not converge to as = 1.
This is consistent with Corollary [1] since edge 5 is not used in the full information

Wardrop equilibrium.
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Flow in Wardrop at each step
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Step

Cc ion coefficient

Estimate
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Figure 2-1: A) Wheatstone network with one unit of travel demand from node 1 to
node 4, the full information Wardrop equilibrium is # = [0.5,0.5,0.5,0.5,0]". B) Plot
of one realization of z¥ as a function of the step k € [1,200]. C) Plot of one realization
of the estimates a* as a function of the step k € [1,200].
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2.5 Conclusion

In this chapter, we examine the learning dynamics in a nonatomic routing game
on a network with affine stochastic edge latency functions with unknown congestion
coefficients. We show that by using an ordinary least squares estimator to update
the coefficient estimates the learning dynamics converges, in an almost sure sense, to
the Wardrop equilibrium of the full information game and that the coefficients of the
edges used in such an equilibrium are learned.

We view our work as a first step since we here assumed that all users have access
to the same information. A natural but challenging extension is to assume that each
user applies a similar least-squares type estimation to a user-specific information set,
thus leading to a situation of heterogeneous information and routing decisions across

users.
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Chapter 3

Learning Dynamics in Network

(ames

In many strategic environments, agents’ interactions are heterogeneous and an agent
is directly affected by the decisions of its neighbors in a network of interactions. Ex-
amples range from firm competition [20, [4], adoption of innovation [I1] and local
public good provision [I8], [6] to telecommunications [7] or network security [2]. Equi-
librium behavior and dynamics in these settings have been extensively investigated
under the fundamental assumption that each agent has perfect information about its
utility function, see e.g. [42, [19].

In this chapter we aim at extending these results to cases where agents are uncer-
tain about the weight with which their neighbors’ actions are affecting their utility
function and aim at learning this network weight parameter over repetitions of the
game. We give two motivating examples of local public goods and advertising cam-
paigns (see Examples [1] and [2)).

We consider a scenario where the same set of risk-neutral agents take part in se-
quential repetitions of the same game and learn over time. We study simple learning
dynamics whereby at each game repetition every agent: i) selects his strategy to max-
imize his expected utility given his current estimate of his network weight parameter,
ii) observes the actions played by his neighbors and a corresponding realization of

his stochastic utility, iii) uses such observations to update his network weight pa-
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rameter estimate. The main challenge is that the parameter estimation process is
intrinsically coupled with the strategy update process. In fact, on the one hand, the
chosen strategy determines the instantaneous payoff and thus the data used in the
estimation procedure; on the other hand, the next strategy is computed by using the
most current estimate.

Nonetheless, we show that if agents use a simple least squares procedure, then the
strategies converge almost surely to the Nash equilibrium of the full information game
(i.e. the Nash equilibrium that is obtained when each agent knows its network weight
parameter), which under our assumptions is unique. We also prove that agents whose
neighbors have a nonzero aggregate strategy in this equilibrium almost surely learn
their network weight parameter. We start by deriving a sufficient condition in terms of
the network and of the utility function to guarantee that the best response dynamics
(under full information) converge to a unique Nash equilibrium. For the case of partial
information, we build on our previous results in [59] to relate the error term of the
estimate to a martingale and we prove almost sure convergence of the error. We then
use sensitivity results of the best response mapping to prove that, because we have
convergence of the errors, the learning dynamics under the estimated parameters
asymptotically converge towards the full information best response dynamics and

therefore to the full information Nash equilibrium.

Literature review

In contrast to Bayesian games, where agents have incomplete information about pay-
offs and form beliefs about their and other agents’ utility functions and strategies, see
e.g. [42 chapter 5.2], here, we focus on parametric learning dynamics using a simple
least squares estimator.

Similar parametric learning dynamics were considered in the context of routing
games in our previous work [59]. With respect to that work, we here consider a
network game (where the network enters in the utility function instead of the con-
straint set) and we assume that at each repetition agents play a best response, given

their current parameter estimate, instead of allocating flow according to a Wardrop
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equilibrium. Moreover, we consider generic concave utility functions.

Learning for generic games with misspecified parameters has been recently ad-
dressed in [44]. While in the first part of that work agents update strategies through
a gradient method, in the second part the authors consider learning via best response
dynamics, similarly to our work, but focus on Cournot games. Instead, we consider
network games where agents’ payoffs are affected by a subset of the population (i.e.
the neighbors). “Demand function” learning in Cournot games is also discussed in [43]
and [I4], where gradient methods are used to learn a linear demand function where
the intercept or the slope is unknown. We remark that [44] 43, [I4] assume other
agents’ strategies are not observed, but the cost functions and strategy sets are com-
mon knowledge. We instead assume agents observe the aggregate of their neighbors’
strategies, which in network games is a local quantity, but we do not require agents
to be aware of the payoff functions or local settings of their neighbors. Moreover, we
assume that agents update their strategies according to a best response and assume
that the update of the estimates is done through ordinary least squares.

Notation: ||z|| is the 2-norm of z. p(A) is the spectral radius of the matrix A.

diag(a') is a diagonal matrix with entry a' in position (i,4) for each i.

3.1 DMotivating examples

We start by considering two motivating examples.

Example 1 (Local public good). Consider a game where N agents need to decide on
their level of contribution to a public good (e.g. how much effort to devote to team
work) and the payoff received by each player i for contribution x* > 0 is stochastic
and given by
(2 e = f (xl +a’ Z Pjx! + (—:i> — k2,
J#

where v~ = {xj}#i, f is a strictly increasing, concave function representing the
benefit agent © obtains from the local public good, P;; = 1 if agent j contributes to

the local good of agent i and 0 otherwise, k' is agent i’s marginal cost and the noise
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€' models stochasticity in the payoff realization [20]. The network weight parameter
a’ > 0 is the substitutability of the local good: when a* = 1 contributions of other
agents are equivalent to contributions from agent i. Agents do not know a' and need
to learn it from stochastic payoff observations. We denote the weighted contribution
to the public good as perceived by agent i by y'(x~* €) = a’ Z]# 1) + €, so that

the utility function can be rewritten in aggregate form as v'(x®, y'(x ™", €")).

Example 2 (Competition in advertisement). Consider N firms, where each firm i

decides a level x* > 0 of investment in advertising and earns a stochastic payoff

vt € = (bZ +a Z Pyjx? + ) o' — k(2"
J#i
where the cost for the advertising effort is k'(x%)? and the marginal benefit is a function
of other firms’ advertising effort. Specifically, if firm i is the only one advertising its
product the return per unit of advertisement is f(b'+¢*). However, if competing firms
advertise the unit return may increase or decrease depending on whether the other
firms sell goods that are complements or substitutes for firm i’s good. This is captured

in P

s we assume P = —1 if © and j sell competing products, P;; = 1 if i and j

sell complementary products, and P;; = 0 if there is no interaction between the two
firms’ products. The level of interference of advertisements is modeled by the network
weight parameter a', which may be unknown to the firm. We denote the competition
on advertisement as perceived by agent i by y'(x~",€') = a' Y ,; Pya? +-¢'. Again the
utility function is of the aggregate form v'(z, y'(x ™", €')).

The examples above are cases of stochastic network games, which have been stud-
ied under the assumption that agents know their expected utility functions. This is
not always true. In this chapter, we study how agents learn such unknown weight
parameters (a' in our examples) from repeated play. Specifically, we consider a set
of agents that repeat the same game (e.g. employees interacting over sequential job
assignments or firms interacting in different ad campaigns). Each time the agents

observe the aggregate effort of the other players as well as a realization of their payoft
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and use these observations to learn their a.

3.2 The model

Consider a repeated game with N agents that interact over a network with adjacency
matrix P € {—1,0,1}"*"; P; = 1 if agent j positively influences agent i, P; = —1
if agent j negatively influences agent 7 and P;; = 0 if agent j does not affect agent 1.
We assume P; = 0. Each risk neutral player i € N[1, N] aims to select a strategy z*

from its feasible set X* C R to mazimize the expected utility function
Ealv'(«',y'(z 7", €"))] (3.1)

which depends on its own strategy 2° and on other agents’ strategies via a possibly
agent-dependent function y*. In this work we assume %° is a linear function of the
neighbors strategies according to the coefficients of the network and the network

weight parameter a’, that is,
N
Yzt €)= a’ Z Pzl + €. (3.2)
j=1

We define the aggregate of the strategies of the neighbors of agent i as 2 (z ™) := Zjvzl Py’
and the expected weighted aggregate as perceived by agent i as p'(z7%) := a’z*(z7).

We can thus write the expected utility function as

E.[v' (2", y" (27" €))] = Ea[v' (2", p'(27%) + €]

=, pi(a)

(3.3)

We make the following regularity assumptions.
Assumption 4 (Strategy sets). The strategy sets X* are convex and compact.

Assumption 5 (Utility functions). For every agent i, the expected utility function

u'(x?, p') is continuously differentiable and strongly concave in x* uniformly in p* with
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parameter —a, a > 0. Moreover, the gradient V zu'(x', p') is Lipschitz continuous in

pt uniformly in x* with parameter L > 0. The parameters a' are such that

miax(]ai\)gp(P) <1 (3.4)

3.2.1 Nash equilibrium and best response dynamics

The best response of an agent i to the weighted neighbors aggregate p’ is given by

Bi(p") := arg max E[v'(z", p’ + ¢')] = arg max u' (2", p'). (3.5)
TiEX TiEeXi

Under Assumption |5/ the max in (3.5)) is unique. A set of strategies where each player

plays a best response to the other agents’ strategies is a Nash equilibrium.

Definition 3 (Nash equilibrium). A set of strategies {z' € X'} is a Nash equilib-
rium if for all agents i € {1,2,..., N} and for all 2 € X?,

u' (2, p'(z77)) = 't p'(zT)).

Equivalently, a set of strategies is a Nash equilibrium if and only if it is a fized point

of the best response mapping

B(x) == [B'(p' (= ™)Ly, (3.6)

where x = [z']}, € RV,

The following proposition shows in the games we consider such a best response
mapping is a contraction. This implies existence and uniqueness of the Nash equilib-

rium and that the best response dynamics converge to the Nash equilibrium.

Proposition 1. Under Assumptions |4 and @ B :RN - RN defined in (3.6 is a
contraction with constant v := max;(|a’|)£p(P). Consequently, the Nash equilibrium
exists and is unique and the best response dynamics converge to it. That is, for any

To € RY the sequence Ty, = B(Z}) converges to the unique Nash equilibrium .
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The proof of Proposition (1] is an immediate generalization of [20] to games that

are not linear quadratic. We include the proof in the appendix for completeness.

3.3 Learning model

In the previous section we assumed each agent ¢ knows his network weight parame-
ter @’ and the update consisted of responding to other agents’ strategies. We next
investigate what happens if each agent ¢ does not know his parameter a’ and needs

to learn it while playing.

Assumption 6 (Observation model). At each round k each agent i observes the
aggregate strategies played by its neighbors, that is zi ==Y y Pl-jxi and a realization
of its stochastic payoff, that is v, = v'(x}, yl) where yi = yi(z;", €k) = a'zl + €l
The terms €. are independent and identically distributed realizations of the random

variable €. We assume that E[¢'] = 0 and var(e') is finite.

Assumption 7. Each agent i knows the function v* and for each value of x' the

function y* — v'(x%, y") is invertible.

Remark 2. Assumptionlj allows each agent to recover the noisy value y* as defined
in (3.2). This assumption holds in both our examples if f is strictly monotone, e.g.

in Example [1) if utility is increasing in total effort by others.

Assume that each agent 7 has initial estimates 2 and a). At each iteration k each

agent

1. computes his strategy z} through best response to his neighbors’ previous ag-

gregate 2 , and his current parameter estimate @ ,, that is,

T, = arg max u'(z", 4y, _12;,_1);
rteX?
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2. observes neighbors’ aggregate zi and stochastic payoff

v, = v'(@h, a'z, + €);

3. uses the observations of zi and vl to update his parameter estimate through

ordinary least squares.

These dynamics are summarized in Table [3.1]

Table 3.1: The learning dynamics

Initialize: Each agent ¢ has an initial state z{ and initial estimate a). Set k = 1.
Iterate until convergence; each agent:

1) Calculates the best response
x, = arg max u' (2", af_,2._;) (3.7a)
TLEXT
2) Observes
2= ZPij:vi and vl = v'(xl, a2l + €l) (3.7b)
J

3) Updates the parameter estimate
k

1 i i Qi i
m tz_; ziy; where y;, = a'z, + €, (3.7¢)

We assume that agents use ordinary least squares regression to estimate a’. In
particular, given k observations {vi}f_,, by Assumption [7| agent i can recover k ob-

servations of the form
{yi = a2z + e}y (3.8)

where {z{}F_, are known and € are i.i.d. samples. The least squares estimate of a’
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at step k is then

k
ars({2f,y;}ior) = argmin » (y; — a'z;)?
a'eR 1
1 k

= ) A (3.9)

> (2)? T
Note the {2/}, are not i.i.d. as z depends on a;_; which depends on all {z}F].
Standard consistency results of least squares cannot be applied. However the following

holds.

Proposition 2. Under Assumptions[6 and[7, there exists a set of noise realizations
Y that has probability one and is such that for any € € X if we partition the agents

into the two sets

S%(e) :={i € Z[1,N] | Y (z(€))* = o0} (3.10)

Sinte(e) = {i € Z[1, N] [ Y (2i(e))* < oo} (3.11)
then it holds that
1. if i € S%(e) then limy_,o |k () — a'| = 0;

2. if i € Stnite(¢) then there exists M*(e) > 0 such that |at () — a'| < M(e) for all
k.

The proof of this proposition is similar to that of Lemma 6 in [59] and is reported in
the Appendix for completeness. The above proposition states that for almost all noise
realizations agents can be partitioned into two groups based on the sum of neighbors’
aggregate strategies: those that diverge and those that are square summable over the
infinite horizon. Agents in the first group learn a* and agents in the second group

have an estimate of a* with a finite bounded error.
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3.4 Convergence

Using Propositions |1} and [2| we show that the learning dynamics summarized in Table
[3.1] converge almost surely to the unique Nash equilibrium of the full information

game.

Theorem 2. Under Assumptions[4), [3, [0, and[7, the strategy vector xy corresponding
to the dynamics in Table converges to the full information Nash equilibrium T

almost surely.

Proof. To prove this statement we prove convergence for any noise realization in X,
as defined in Proposition ] Fix € € ¥ and let ax(e) be the corresponding learning
dynamics, as detailed in Table 3.1 Moreover, let T), be the best response dynamics
that one obtains under full information starting from the same initial condition. Let

A = diag(a’), Ay(€) = diag(aj(e)) and L = £. Then

N

lei(e) = zll = | Y (Bi(ag_,(€)z_,(e)) — Bi(a'zj_,))"

i=1

(3.12)
= Lp||Ar-1(€)zr-1(€) — Az
< Lp||Ar-1(€)zk-1(e) — Azi—1(€)|| + Lp||Azp—1(e) — Az |
< Lp||Ap-1(€)zr-1(e) — Azi—1(€)|| + Lpl|All[|z6-1(€) — Zu—1]]
< Lpl|Ak-1(€)zi-1(e) — Aze—1(e)[| + LA | P|l[|zr—1(€) — Zp—1]]

where we used that B’ is Lipschitz continuous (shown in proof of Proposition |1)) for

the first inequality. Note that

wi = L Ar(€)z(e) — Azi(e)]]

N

= Loy | Yo (@ (e) - a2 ((e)? - 0 (3.13)

=1

50



by Proposition [2} In fact, if i € S®(e) then |a(e) — a’| — 0 and (z}(¢))? is bounded
(as X is compact). On the other hand, if i € S (¢) then |ai(e) — a| is bounded
but (zi(€))* — 0.

By letting & := ||xk(€) — Zx|| the system in (3.12)) can be written

&k < YEk—1 + Wi

where v := Lg||A||||P|| and 0 < v < 1 by assumption. Note that & and wy are
non-negative by definition. Consequently, all the assumptions of Lemma (in the

Appendix) are satisfied and we conclude that &, = ||xx(€) — Zx|| — 0.

Overall we have proven that for any noise realization € € X, ||zgx(e) — Zx|| — 0.

From Proposition |I| we have that ||z, — z|| — 0, therefore
[k (e) = 2l < [lzre) = 2l + [[2x — 2] = 0.

Since ¥ has measure one, ||zx — Z|| — 0 almost surely. §

A corollary of the above theorem is that any agent who has a non-zero aggregate
of his neighbors strategies in the full information Nash equilibrium learns a’ almost

surely.

Corollary 2. Under Assumptions @ @ and @ any agent i for which 2*(z) # 0
(where T is the full information Nash equilibrium) learns the parameter a' almost

surely.

Proof. For any € € 3 we have that x;(e) — Z and thus z}(¢) — 2. Consequently, if
z' # 0 it must be Y, z}(e)> — oo and i € S(¢) as defined in (3.10). The conclusion

follows by Proposition [2 &
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3.5 Simulations

To illustrate our results we simulate a game in the setting of Example 1 with
f(£) =log(f +b) (3.14)

for a positive constant b > 0. We first derive a sufficient condition to guarantee that

Assumption [j] is met.

Lemma 7. Consider a game with the structure given in Example 1 and suppose that
[ is asin (3.14), @’ > 0 for all i, € ~ U(—¢,€) for some finite € € (0,b), X" = [0,1]
and P € {0, 1}*N with P; = 0. If {a'}Y, and b are such that

(1 +max(] a’ [)N + b)? + 3¢

max(| a' )

i b2

p(P) <1, (3.15)

then Assumption [ is met.

Proof. In this setting
u'(2',p") = Eaflog(a’ + p' + € +b) — k'z'].
By Leibniz’s rule

= Eu[V,ilog(z' +p' + € +b)] — k'

1 .
:E[ 1 ]_kﬂ.
rr4pt+e+b
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1. u'(x%, p") is strongly concave in z*:

o 1
inxiu’ JZZ, ') = inEei - - -
(=7 [x1+pl+el+b]

1
Y P
{ (:1:1+p’+6’+b)2}
1
Bal(r -+ e 1 7]
1
- - — <
(z% + p* 4 b)? + var(e?)

IN

the second equality follows from Leibniz’s rule and the inequality follows from
Jensen’s inequality since —i is concave in s. To obtain the uniform concavity

constant —a note for each agent ¢

1 1

S N2 « = 3.16
(2% 4+ p' + b)% +var(e)) — (1+max (| a’ [) N +b)?+ 3¢ o (3.16)

The last inequality holds as the maximum degree is V.

2. Vu'(z'p') is Lipschitz in p': Taking the derivative with respect to p’

1 -1
V,iEi - - - = [E. - - - .
P L:H—pl—l—el—l—b} [(x’+p’+ez+b)2
For any random variable &,

[E¢]| < E[[¢]] < max [¢].
supp(§)

(i i 1
Hence, |V, yiu' (2, p')| < max T = 7

Plugging the values for L and the lower bound on « in to (3.4)) we recover the sufficient

condition given in (3.15]). B

In our simulations we set N = 5, a' = [%, %, %, }l, %} and b = 1, so that (3.15)
holds. It is immediate that Assumptions 1, 3 and 4 hold as well (in particular the

function v'(z', y") = log(x’ + y* + b) — k'z* is invertible in y). In Figure we show
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A)

B)

Estimate
o
o

Agent 1
Agent 2
Agent 3|
——— Agent 4
——— Agent5

0 100 200 300 400 500 600 700 800 900 1000
Step

Figure 3-1: A) The network: P,; = P;; € {0,1} and a link between agents ¢ and j is
present if and only if P;; = P;; = 1. B) One realization of the estimates aj, over steps
k € [1,1000].

a symmetric network and the learning dynamics starting from af = 2§ = 0 for each

agent ¢ for one noise realization.

3.6 Conclusion

We examined simple learning dynamics in a repeated network aggregative game where
each agent learns an unknown network weight parameter from observations of its
stochastic payoff and neighbors’ actions. We showed that ordinary least squares esti-
mates coupled with best response dynamics converge to the unique Nash equilibrium,
under appropriate assumptions on the network and the utility functions. The exten-
sion of our results to multi-dimensional strategies is immediate. In the future, we
plan to study settings where agents do not observe other agents’ actions or have more

than one unknown parameter.
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Chapter 4

Optimal Dynamic Information

Provision in Traffic Routing

As discussed in Chapter 2, traffic congestion is a major issue for billions of commuters
all around the world. Although in Chapter 2 we saw that if the latency functions
are fixed and unknown the Wardrop equilibrium will be reached. Instead, in this
chapter we consider a setting where the road conditions are unpredictably changing
due to accidents, traffic jams, construction, and weather. In such a setting, users
rely not only on their past experiences, but also on information provided by a central
planner (for example through a realtime routing system) to make optimal routing
decision. The fundamental question that we investigate is whether differentiated
provision of information from the central planner (CP) can be used as an effective
tool to coordinate the traffic demand and reduce overall traffic congestion. This is
a new approach to easing congestion, whereas in the past strategies such as road
tolling ([24], [25], [3], [35]) and reward-based incentive mechanisms ([32], [§]) have
been focused on. Thus, in this chapter, we investigate this alternative approach to
traffic regulation which leverages GPS-based navigation systems and aims to change
user behavior by providing different information about road states.

We consider a repeated routing game, where the CP at each round provides per-
sonalized and private road recommendations to the drivers with the goal of minimizing

overall travel time. We assume drivers are each interested in minimizing their indi-
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vidual travel times. Therefore drivers will follow the recommendation from the CP
only if it is in their best interest given their current belief on the state of the road.
In technical terms, agents’ self interest constrains the feasible set of the CP to rec-
ommendations that are incentive compatible (IC), see [36] or the survey on incentive
design [67].

Crucially, we assume that the CP himself does not know the state of the road
and needs to learn from users’ observations of road conditions. This introduces an
exploration-exploitation trade-off, as the CP needs to send some drivers to roads with

unknown conditions to obtain up-to-date information.

We investigate these issues by developing a repeated two-road dynamic routing
game with a finite number of (atomic) forward-looking agents (drivers). We assume
that one road, the safe road, has a travel time that depends on the flow, that is, the
number of agents on the road, via a known affine function. The second road, the risky
road, has a travel time that is a linear function of the flow with an unknown stochastic
congestion coefficient, §. We assume each agent aims to minimize his total discounted
travel time, while the CP aims to minimize the sum of all discounted travel times.
When there is experimentation, meaning that some agent is using the risky road, the
CP learns the state of the road at that time, and then makes recommendations to all
agents using this information in the next round. Agents themselves learn the state
of the risky road if they take it; otherwise they rely on the recommendations sent by

the CP and their observations of the flows to form beliefs.

We first fully characterize the optimal IC recommendation system in a two-stage
setting where the state of the risky road 6 is low (L) or high (H), and remains
constant over time. This state 6 is unknown to both the CP and all the agents at
the beginning of the first stage. We consider three cases: i) full information where
all drivers are informed of the state of the risky road before the second round, ii)
no information where only drivers that take the risky road in the first round know
the state at the second round, and iii) partial information, where the CP will give
personalized recommendations to agents that did not take the risky road before the

second round. Under full information we show that, since all agents learn the state
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of the risky road, under favorable road conditions significant congestion is induced at
the second stage thus reducing incentives of agents to experiment in the first round.
Private information may, for certain values of priors on 6, perform better than full
information since the experimenter will experience very low congestion in the second
round (thus reaping the entire reward of experimentation), but still leads to high
average travel times as most users will be uninformed and thus restricted to the safe
road. As first main results, we show that the optimal recommendation system is a
compromise between these two scenario. The CP provides information to some of
the uninformed agents if the risky road is low but not all, as a way to minimize
average travel time while maintaining incentives for exploration. We characterize
the optimal number of recommendations as solution to a quadratically constrained

quadratic program.

We then extend our model to an infinite-horizon setting. In this case we assume
the state of the risky road changes according to an underlying Markov chain, where
0, € {L,H} at each time ¢t. This framework could model construction projects that
persist over time or roads that are unfavorable in persistent weather conditions. We
show that our general insights from the two-stage model generalize to this more
complex setting. A new challenge in this case is however that the CP must account
for the information that users receive from observations of other agents’ past actions.
For example, an agent on safe that sees many agents switching to risky can infer
that that risky road was low at the previous round and will therefore likely be low
again if the transition probability from L to H is sufficiently small. The CP must
consider the agents’ ability to infer information with one step delay and mitigate
the possible deviations agents may take to improve their cost. We characterize an
IC recommendation scheme that leads to better social cost than full information
and we study optimality of such scheme under different assumptions. Under the
derived scheme the CP always sends at least one agent to the risky road to have
up-to-date information of the state of the world. If this agent, the experimenter,
observes f change to L, then in the next round the CP sends the myopic optimal

flow, the flow that minimizes overall travel time for that round. If after this first
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round the road remains favorable, then the CP potentially increases the number of
agents sent to the risky road in the next round to maintain incentive compatibility
among all agents. If the CP did not do this, then agents on the safe road would
be incentivized to switch roads after observing the higher flow on the risky road.
Overall, we again find that the CP must balance the amount of information it shares
with agents to account for both decreasing the total travel time and maintaining
incentive compatibility. The major challenge in analyzing this model comes from
both the CP and the agents being forward looking and learning; but with different
and opposing objectives. The CP wants to minimize overall travel time, whereas the
agents are concerned only with their own travel times. We show that such dichotomy
can be solved by carefully including the IC constraints in the derivation of the optimal
recommendation schemes. Our findings show that differentiated information provision
through personalized routing recommendations can be effectively used as a control

tool to minimize traffic congestion.

4.0.1 Related Literature

Classic approaches to congestion control include tools such as charging tolls [24], co-
ordinating of traffic lights [65], or provision of subsidies to drivers for taking certain
routes [32]. More recently, the idea of using information as an additional /alternative
control lever was suggested in [1] and [54]. Therein the authors introduced the con-
cept of informational Braess’ paradox, formalizing the idea that providing certain
subsets of drivers with more information can actually harm such drivers. These pa-
pers considered a static setting, where agents have a fixed set of information and the
state of the roads is constant. In this chapter we take a step further and investigate
how one can exploit this phenomenon for dynamic traffic control under varying road
conditions.

We note that a related question has been investigated by using tools of Bayesian
persuasion, see [47] and [13], for static traffic problems in |30, [71], [55] [75]. The closest
works to ours are [71], [6I], and [76]. [71] consider a two-stage, two-road routing

problem. Therein however the CP has perfect information about the state of the
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risky road and does not need to rely on agents experimentation. As a consequence,
[71] focus on the case of non-atomic agents, while we consider atomic (a finite number
of) agents, which implies that agents take into account the information they generate
for their own and others’ future use. In addition, observations of traffic flow in [71]
are fully revealing, while in our setting there is a one step delay due to the fact that
the CP’s suggestions are based on previous observations and not on the current state
of the risky road (which is unknown to the CP). As already noted, we also extend our
analysis beyond two stages by looking at an infinite horizon model where the state
of the road changes in time. [51] consider a repeated game, again in a non-atomic
setting where the CP does learn from agents’ actions, but agents themselves are not
learning — agents at each time step only use the public message that is sent by the CP
to make a myopic routing decision. [76] also consider a repeated non-atomic routing
game where the CP has perfect information; agents themselves are not learning, but
use an aggregated rating of the CP at each point in time. This trust rating, based on
the CP’s past honesty, is used by the agents to decide whether or not to follow the
given recommendation. [56] study exploration in general repeated Bayesian games,
which include routing games, where the CP is attempting to steer agents to certain
actions to learn, but the agents themselves play the game only once and are not
forward looking or learning, as we instead study here. Lastly, [52] and [70] study the
dynamic setting where the game is repeated and the platform learns from agents, but
with public information sharing and where the agents themselves do not learn. The
key novelty in our work with respect to all the references above is that we consider
a dynamic problem with private information where: i) both the agents and the CP
are forward looking, ii) agents influence others payoff functions, iii) the parameters
change over time, requiring constant experimentation and iv) the CP depends on

agents to gain information through experimentation.

On a more general note, our results contribute to a growing literature on social
learning. For example, [22], [23], [66], and [49] study how a recommender system or
platform may incentivize users to learn collaboratively about a product, [68] study

how correlated preferences between agents may effect learning, [45] study a matching
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problem between heterogeneous jobs and workers, with an aim to learn worker types,
[41] study learning in repeated auctions, and [I5] study product adoption. A survey
of the literature at the interface of learning, experimentation, and information design
can be found in [39]. The main feature distinguishing the routing problem addressed
in our work and the applications considered in the works above is again congestion
effects, which fundamentally modify the results since agents do not only affect others

in their learning process but also in payoffs.

Finally, our work has connections with the classic exploration-exploitation trade
off setting studied using the multi-armed bandit (MAB) problem, see e.g. [37]. A
large literature has been devoted to extend the MAB model to different settings. The
most closely related to ours are [I7] and [48|, where multiple experimenters can learn
from one another. These papers show that because of free riding by agents there will
be less experimentation than in the standard MAB model. Our setting is different
because of three features: first, congestion creates dependent payoffs across agents;
second, we focus on the IC experimentation scheme for a central planner; and third,

information in our setting is neither public (as in [I7] and [48]) nor fully private.

The rest of the chapter is organized as follows. In Section we introduce
the routing model. In Section we consider a two-stage setting, compare three
information schemes and explain how to characterize the optimal recommendation
scheme. Finally, in Section we detail the infinite time horizon setting and study

the optimal, IC recommendation scheme. All proofs are given in the Appendix.

4.1 Model

We consider a dynamic mechanism design problem in which a central planner (CP)
aims to minimize total travel time in a repeated routing game with N (atomic) agents
on two roads. Agents decide their own routing to minimize their own travel time,

and the CP can try to influence their choices by providing information.
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Congestion model

We consider a network with two roads. Omne of the roads, the safe road, has a
congestion-dependent but non-stochastic affine cost Sy 4+ S;(N — xg) where Sy > 0,
S1 > 0 and zp is the number of agents on the risky road. The other road, the
risky road, has a linear cost 6;xr where 0, € {L, H} (where L, H are scalars with
L,H > 0) is an unknown congestion parameter that changes over time according to
an underlying Markov chain with switching probabilities v, := P(6; = H|0;_1 = L)
and vy :=P(6; = L|0;_y = H). (Our analysis can be easily generalized to a risky road
with affine cost 0,2z + Ry for known Ry > 0. We omit this for simplicity of exposition.
The parameter 6, = L represents cases where the congestion parameter is “low” which
means the risky road is favorable, alternatively #; = H means the parameter is “high”

and the safe road is preferable.
Assumption 8 (Frequency of switching).

1
OS/YLufyH S o

[\

Assumption [§] imposes an upper limit on the probability that the road condition
changes. Intuitively this condition suggests that it might be worthwhile for an agent
to experiment, since the road is likely to remain in the same condition for more than

one stage.

Agent actions and stage cost function

At each time ¢, each agent i chooses an action a! € {S, R} corresponding to either
taking the safe (ot = S) or the risky road (o} = R). An agent’s realized stage cost is

then given by the travel time he experiences at stage ¢

o So+ S1(N —zf(ay)) if af =S,
g(Oé;,Odt 27025) = 4
02 (ay) if o} =R,

where xf(ay) 1= Zfil 1{a! = R} is the total flow on the risky road at time ¢.
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Information structure

We assume that if an agent experiments by using the risky road at time ¢, he observes
the true value of ; and this is also directly observed by the CP (because he communi-
cates it truthfully to the CP or because of direct observation of his experience by the
CP via GPS). Consequently the CP knows 6, if and only if at least one agent takes the
risky road at time t. Before t = 0, the CP commits to a signaling scheme to dissemi-
nate information to agents that are on the safe road and are thus uninformed. From
here on we restrict our attention to recommendation schemes, which are a specific
type of signaling scheme where the signal sent to each agent is a recommendation to
take either the safe (rg) or the risky road (rr) and we refer to such a recommendation
scheme as 7 (a formal definition of recommendation schemes for the two stage model

is given in Definition [5{ and for the infinite horizon model is given in Definition @

Cost function

Drivers are homogeneous and risk-neutral. Each minimizes his expected sum of travel
times over T repetitions of the game discounted in time by a factor 6 € [0,1). Let
h!_, be agent ¢’s history after round ¢ — 1 and before time ¢ (based on his observations
and on the signals sent by the CP). This includes the past actions of the agent, the
flows the agent experienced, the recommendations the agent received, and the state
of the risky road for those times the agent took it. An agent’s strategy & (hi ;) maps
any history to an action {S, R}. The agent’s expected cost from time ¢ to time T is

given by
T

up(hy ) =B | > 6 (& (hy 1), & (his), 0x)

k=t
We focus on pure strategies; hence the expectation here is on the state of the risky
road # and on the information received from the CP.

Each agent chooses &!(+) to minimize his total expected cost given the strategies of
others and the recommendation scheme the CP uses. Note that the agent’s strategy
is chosen after the CP has committed to a recommendation scheme.

The CP’s objective is to select a recommendation scheme 7 to minimize the ex-
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pected total discounted travel times of agents over T' stages. Let f,flﬂ be the strategy

agent ¢ uses in equilibrium under the recommendation scheme 7.

Definition 4. A recommendation scheme w is incentive compatible if f’zlﬂ = R for
any agent i that receives a recommendation rgr for stage t and 5:'” =S for any agent

1 that receives a recommendation rg for stage t.

Let IT be the class of incentive compatible recommendation schemes and g(z%, 6)
be the total cost of a stage when there are 2% agents on the risky road and the road

condition is @, i.e.
g(z",0) = 0(z™)? + (Sp + S1(N — z7))(N — ).

If no agent is using the risky road, we define g(0) = (Sp+ S1N)N as the cost does not
depend on 6. Before the game begins the CP and all agents share a common prior
on the state of the risky road which we denote by 5 = P(6y = L). The CP wants to

choose a scheme 7 € Il to minimize

T N
VE(B) =K |3 6" g(zf,0,) | Ploo = L] = 3| , where off = 1{&"(hj_,) = R}.

k=1 =1
(4.1)

4.2 The two-stage model

We start by considering a two-stage model (T = 2) and, for simplicity, we assume
that the road condition does not change between the two stages, that is 6y = 6, =
Oy =: 0 (i.e. vy =y, = 0). We also assume no discounting (6 = 1) to simplify the
derived bounds. Define the expected value of # at the beginning of the first stage as
pp :=E[f] = BL+ (1 — §)H. In this context the objective of the CP is to minimize

Vi (B) :=E[g(x1,0) + g(a5,0) | P(0 = L) = 5] .

We adopt the following assumption.
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Assumption 9 (Two stage model). The parameters are such that

1. L<So+51,

2. So+81N < Ug.

Assumption [9]1 states that if the congestion parameter is L, the risky road is
preferable (i.e. the cost of one agent on risky if § = L is less than the cost of one
agent on safe). Assumption |§].2 states that the expected cost of experimentation
for one agent pps is greater than a fully congested safe road. Note that agents may
nonetheless select the risky road in the first round since, if § = L, they can exploit this

information in the second round. We let 27! be the myopic equilibrium flow on risky

if all agents know that @ = L. (That is ¢ ~min { S‘)L”fgllN N } . The approximation
comes from the fact that z7? must be an integer as we work with an atomic model

(finite number of agents).)

4.2.1 Full and private information

We start with two extreme and simple informational scenarios:

e Full information - if any agent takes the risky road in round one, then all agents

learn 6 before round two.

e Private information - any agent that takes the risky road in round one knows
the value of 8 before round two, but any agent that chose to play safe in the

first round has no new information before the beginning of round two.

We first show that in any pure strategy Nash equilibrium, at most one agent
experiments in the first round. We then use this result to characterize the equilib-
rium under both full and private information. While the result that only one agent
experiments under full information is very general, the fact that only one agent ex-
periments under private information is a consequence of some of the special features
of this example. In particular, in a two-period model, there is only a limited time

during which an experimenter can exploit his information. Since we assume a linear
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cost function, an additional experimenter increases the travel time sufficiently such
that it is not worthwhile for two agents to experiment. This result does not apply,
for example, in our infinite-horizon model, studied in the next section. Nevertheless,
we will see that, in that setting too, in the incentive compatible optimal mechanism,
the CP will induce only one agent to experiment. Note uniqueness here refers to the

total number of agents in each road.

Lemma 8. Under Assumption[9 and any information scheme, in any pure strategy

Nash equilibrium at most one agent experiments in the first round.

Theorem 3. Under Assumption [g the unique pure strategy Nash equilibrium is as

follows:

o [Full information:

— all agents play safe in both rounds, if

b <

H — (Sy+ SiN) .4
) S

H—L+(Sy+ SiN) — 2et)

— otherwise, one agent experiments in the first round, and :UeLq agents use the

risky road in the second round if 0 = L, and all play safe if 6 = H.

The expected cost under equilibrium is

29(0) if B <By

g(l,uﬁ)—f—ﬁg(:)ﬁeLq,L)—l—(l—ﬁ)g(O) Zf /Bf < 6

Vi (8) =

e Private information:

— all agents play safe in both rounds if

H — (So+ SiN)

B<H+(SO+51N)—2L::5p§5f
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— otherwise, one agent experiments in the first round and uses the risky road
if 0 = L and the safe road if 0 = H in the second round. All other agents

play safe in both rounds.

The expected cost under equiltbrium s

2¢(0) if B<B

91, ps) + Bg(L, L) + (1 = B)g(0) 4f By <P

‘/Qprivate<6) —

Corollary 3. If the prior belief B is such that

By < B < B, (4.2)

then in the pure strateqy equilibrium there is experimentation under private informa-

tion, but not under full information. Consequently private information has a lower

expected cost (VI™""(8) < VI"'(B)).

According to the above corollary, there may exist a range of priors where it is
better for the CP to provide no information rather than full information. Intuitively,
this happens because providing the information that § = L to all the agents induces
congestion in the second round, thus reducing the value of information. This decreases
the incentive of an agent to experiment in the first round. In other words, full
information allows more agents to free-ride off one agent’s experimentation, reducing
the payoff of the experimenter due to congestion effects. The next example illustrates

the costs as a function of the prior belief.

Example 3. Suppose N = 40, Sy = 10,51 =1, L = 0.9, and H = 150. The
comparison of the equilibrium cost for all beliefs satisfying Assumption[9 is shown in
Figure . For 8 € [0.50,0.57], there is experimentation under private information,

but no experimentation under full information.

The fact that full information, where the conditions of the risky road are commu-

nicated to all agents, is not socially optimal motivates the rest of our analysis. We
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will show that some amount of information sharing by the CP is preferable to private

information and characterize the optimal recommendation scheme.

4.2.2 Unconstrained social optimum
Define 279, 299 as the social optimum integer myopic flows on the risky road when

it is known that # = L or # = H respectively, that is,

279 ;= argmin g(z, L), a3’ := argmin g(z, H).

z€{0,1,...,N} z€{0,1,...,N}

Theorem 4. Under Assumption[9 the social optimum is given by

o All agents playing safe in both rounds, if

H +g(z30, H) = (So(N +1) = Si((2+ N)N — 1))
H—L+g(23f, H) — g(23°, L)

ﬁ < = BSO < 5]0
e One agent experimenting in the first round and x3° (x3°) agents taking the

risky road in the second round if 0 = L (0 = H ), otherwise.

The expected cost under the social optimum s then

29(0) if B < Bso,

9(1, ug) + Bg(x2°, L)+ (1 = B)g(«3”, H) if B> Bso.

Remark 3. Two remarks are in order. First, note that while when 0 = H it is
never myopically a best response for an agent to take the risky road, the previous
lemma shows that the CP may still want to send some agents to the risky road in
the second round (if x3° > 1) to reduce congestion on safe for all other agents.
Second, note that at least for any belief B € [Bso, By) the social optimum scheme is
not incentive compatible. In fact, since 8 < B3, it is not incentive compatible for an
agent to experiment in the first round (under private information the erperimenter

has the highest possible gain from experimentation hence if experimentation doesn’t
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Figure 4-1: Example . We distinguish four cases based on the prior 8: A) no ex-
perimentation, B) experimentation under social optimum, C) experimentation under
private and optimal information, D) experimentation under all schemes.

Cost

4000

3800+ — Social optimum
Full

3600 Private
—— Optimal Partial

3400

{ : P
0.1 0.2 0.3 0.4 0.5 0.6
o]

happen under private information it cannot happen under any information scheme).
Nonetheless, for B > Bso the CP would like to experiment by sending one agent to
the risky road (because knowing the state of the road is collectively beneficial). In
Example @ Bso = 0.05 s significantly lower than B, = 0.50 suggesting that the social

optimum may not be incentive compatible for a large range of beliefs.

4.2.3 Partial information

The CP can alleviate the problems of full and private information and achieve a cost
that is closer to social optimum by providing recommendations in a coordinated way.

The objective here is to find a balance between

e providing information to a large enough number of agents in the second stage,

so that the total cost is low when 6 = L;

e providing information to a small enough number of agents in the second stage
to avoid a high level of congestion on the risky road when § = L to encourage

experimentation in the first round.

We refine the CP’s recommendation scheme for the two stage model as follows.

Definition 5 (Two stage recommendation scheme). In the two stage model, a de-
terministic recommendation scheme is a pair of mappings (7, m2) where my : {B} —

{0,1,..., N} maps the CP’s belief on the state of the risky road at time t to the number
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m(B) of uninformed agents to whom the CP sends a recommendation of risky before
time t. (We assume that the m(5) agents to which rg is sent are chosen uniformly
at random from the set of uninformed agents.) With a slight abuse of notation we let

m(L) = m(1) and m(H) := m(0).

Note that this definition restricts attention to recommendation systems that are
anonymous, in the sense that the recommendations for all agents with the same beliefs
(i.e. agents that took the safe road) are drawn from the same distribution. (This could
also be replicated with a recommendation system that is fully anonymous, meaning
that all agents receive recommendations from the same distribution, but those with
beliefs determined from their experience of the risky road (the experimenters) will
not follow these recommendations.) Nevertheless, the recommendation system is
potentially “interim asymmetric” — meaning that some of these agents may receive
different recommendations. (An alternative is to impose additionally that the scheme
is interim symmetric, but mixed. In this case, all agents would receive the same
stochastic recommendation. Because we have a finite number of agents, this would

induce additional noise in traffic flows, hence we do not focus on this case.)

Because of Lemma , in any incentive compatible scheme it must be m(5) < 1. We
already argued in Remark [3|that in any incentive compatible scheme there cannot be
experimentation if 5 < ,, hence in this range it must be m(8) = m(8) = 0. If instead
B > B,, we show that the optimal incentive compatible scheme selects m(5) = 1 and
values of mo(L), m(H) obtained by solving the following quadratic integer program

with quadratic constraints (corresponding to the incentive compatibility constraints).

Theorem 5. If B > (3, the optimal incentive compatible recommendation scheme is
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a solution to the following minimization problem

min  g(1, ug) + Bg(xs", L) + (1 - B)g(as™, H) (4.3a)
w2 (L),m2(H)

s.t. Eg[So+ Si1(N — xf‘a) | rec. safe] < E9[9($§|9 + 1) | rec. safe], (4.3b)
follow r;c,. of safe deviate\EO risky

Eo[0251 | rec. risky] < Eo[So + S1(N — 25 4 1) | rec. risky], (4.3¢)

>4

~
follow rec. of risky deviate to safe
E[6 Lay"* So + Sy(N — 25™)) < 2(Sy + S1N
[0] +pB(Lay™) + (1= B)(So+ Si(N —a57)) < 2(S0 + Si1IN)
N s N - 7 N - 7
exp.’s cost experimenter’s cost all playing safe
in round 1 in round 2 in both rounds

(4.3d)
oyt = mo(L) + 1, 23" = mo(H)

mo(L), m(H) € {0,1,..., N}

Equations (4.3b), (4.3c) and (4.3d)) are given in implicit form for readability, the

explicit form is provided within the proof.

Note, that my(L) = m(H) = 0 is a feasible solution when g > , (and corresponds
to private information). Moreover, if 8 > [y, m(L) = 27! — 1,my(H) = 0 is a
feasible solution and has the same social cost as full information. Hence private and
full information have always at least weakly higher cost than the optimal incentive
compatible scheme. We show in Example [3| that the optimal incentive compatible
scheme can be strictly better than private and full information (see region C in Figure

170).

4.3 The infinite-horizon model

We now extend our analysis to an infinite-horizon setting. For simplicity, we restrict
our attention to the case when the safe road has a fixed cost Sy (i.e. we set S; = 0),
so that the cost under full information is simply Sp/(1 — d). (If Sy > 0 a similar
argument can be followed to derive an incentive compatible recommendation scheme.

Proving optimality of such a scheme is more complicated, however. The main tech-
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nical difficulty in that scenario is computing the optimal punishment for deviations.
We show below that, in the case where S; =0, the optimal punishment is providing
full information.) Finally, note that even though the travel time on the safe road
does not depend on congestion levels, we still assume that if an agent takes safe at
time ¢, he observes 7. We first characterize the social optimum scheme and give an
example to illustrate why it may not be incentive compatible. We then introduce an
incentive compatible recommendation system, prove it achieves better cost than full

information and derive conditions for optimality.

4.3.1 Unconstrained social optimum

We first derive the “unconstrained” social optimal, meaning that we ignore the incen-

tive compatibility constraints of the agents.

Suppose that the CP has a belief, 5,1 € [0, 1] about the probability that state
of the road at time t — 1 was L (we use the convention f§,_; = 0 if H was observed
and f;_; = 1 if L was observed). If the CP had complete control of the agents the

myopically optimal flow to send at time ¢ under a generic belief 5, 1 =  would be

ng = argmin Ey, [g(z,0;) | Bi-1 = O] - (4.4)
z€{0,...,N}

Note that the myopic flow does not depend on ¢ given the properties of Markov

processes. With a slight abuse of notation we set x7° := z7° and z3° := z5°.

In the following, we focus on cases where the cost of experimentation is high
from a myopic standpoint. Specifically, we consider cases in which 27° = 0, so that
myopically the CP has no incentive to send agents to the risky road after observing H
in the last period. Our interest is determining conditions under which experimentation

happens when the CP is forward looking.

Assumption 10 (Cost of experimentation). Define the expected value of the conges-
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tion parameter 0y, following an observation of 6,_1 as

[,LL = E[0t|0t—1 = L] = (1 — '7L>L + /YLH,

pr = E[0:0, 1 = H =y L+ (1 —yu)H.
We assume that Sog > 3L and

pr € [L, (1/3)S0)

S
HH € {50750 + 0vH (30 - ML)} :

Intuitively, Assumption[I0]imposes that the expected congestion parameter pi, fol-
lowing an observation of L is small enough such that the CP would myopically send
two or more agents after observing L (that is, 279 > 2). If this were not the case,
then the CP would send the same flow after L and H making the problem uninter-
esting. The assumption also imposes that pugy > Sy, which implies that the CP would
myopically send no agent after seeing H, thus making experimentation beneficial only
because of forward-looking incentives—there would be no experimentation with my-
opic agents. Finally, the upper bound on py ensures that the forward-looking CP
always find experimentation after seeing H beneficial (rather than sending all agents

to safe for one or more rounds).

Proposition 3 (Social optimum). Under Assumptions[§ and[1(, 23° = 0 and 23° >
2. Let us define the social optimum recommendation scheme as a function ™© that
maps the belief B that the CP has about the state of the road at time t — 1 to the
number of agents to send to the risky road at time t to minimize total discounted

travel time, that is,

WSO(ﬁ) = argmin E |g(z,0;) + 25k9 (Wso(ﬁtfuk), 9t+k) | PO,y = L] =p
z€{0,...,N} >1

(4.5)
Then w59 (B) = max{1, 23°}, with 25° as defined in (4.4)).

Under the social optimum recommendation scheme derived above the CP sends
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one agent (the experimenter) if the state of the risky road was H at the previous step
(to explore) and x7° > 2 if it was L (to exploit). Hence, under 7°° the CP always
knows the state of the risky road. The next example, however, shows that this scheme
is not necessarily incentive compatible. In particular, when agents make their own

routing decisions, the CP may not be able to send 279 agents when the state is L.

Example 4. Tuke the extreme case where v, = 0. Then 279 ~ £2 and 27! ~ 5.
(Again, the approximation comes from the integer constraint of our atomic model.)
Suppose that at time t — 1 the risky road state changes from H to L. Since vy, = 0
this will be the state of the risky road from that point forward. According to 7°°, at
time t, the CP sends z3° drivers to risky to exploit the low state. After time t, under
799, agents that were on risky at time t should remain on risky forever and agents
that were on safe at time t should remain on safe forever.

However, consider an agent on safe at time t. After observing the flow x7° at
time t, this agent can infer that 0 has changed to L. Hence at time t + 1 he knows

that

- if he remains on safe, as prescribed by ©°°, he will experience a cost of Sy for

all future times;

- if he switches to risky, he will experience a cost of ~ L(g—g +1) = % + L for all

future times;

Under Assumption L < % < % Hence following m°° is not incentive com-

patible for the agent.

In the next sections, our objective is to derive incentive compatible recommenda-

tion schemes that achieve lower cost than providing full information.

4.3.2 Partial information: Incentive compatibility

SO

Example |4| shows that the social optimum scheme 7°% may not be incentive compat-

ible because it does not take into account the fact that agents that are on the safe
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road can infer the state #;_, from the flow observed at time ¢ — 1. For this reason,
from here on we consider recommendation schemes where the CP conditions his rec-
ommendations not only on ¢;,_; but also on 6, 5. In principle, the CP could even
condition on further past values of the state 8. Though we are not able to rule out
formally that conditioning on (6;_2, 6;_1) is optimal without loss of generality, in what
follows we simplify the analysis of incentive compatible recommendation schemes by
assuming that the CP will condition only on (6;_2,6, 1) and thus the relevant state
can be summarized by equilibrium path beliefs (8;_2, ;—1). Based on Proposition ,
we also restrict attention to schemes which do involve experimentation for all sample

paths (meaning that the CP always prefers to send one agent on the risky road).

Definition 6 (Infinite horizon recommendation scheme). A recommendation scheme
is defined as a map 7 : [0,1] x [0,1] — {1,2,..., N} which maps the belief of the
CP on the state of the risky road at time t — 2 and t — 1 (i.e. Bi_a,Fi—1) to the
number of agents to whom the CP sends a recommendation to take the risky road,
rr. If 0,1 = L, we assume that all agents that were on the risky road at time
t — 1 receiwe a recommendation to remain on the risky road at time t; the remaining
recommendations (i.e. w(-, L) — x® ) are sent to a random subset of the agents on
safe. If instead 0,1 = H then recommendations are sent to a random subset of
all the agents. In both cases agents that do not receive a recommendation of risky
receive a recommendation of safe, rs. Finally, if any agent deviates, the CP provides
full information to all agents from then on. (Intuitively, full information is the worst
incentive compatible punishment, for deviation, that the CP can impose. In fact under
full information, the expected cost per round of each agent is So. No punishment can
lead to higher cost and be incentive compatible because agents can always switch to
play safe and achieve a cost of Sy.) We denote the set of all recommendation schemes

of this form as I1.

We want to stress that the assumption of restricted history applies only to the
CP, not to agents. Consequently, we are in no way restricting the optimal behavior

of the agents, who can condition their actions on all of their past information.
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Any scheme 7 € IT can be parametrized as follows

a if (B2, Bia] = L, H]
b if [Bi-2, Bea] = [H, H]
¢ if [Bi-o, Bi1] = [H, L]
d if [Bi-2, Bea] = [L, L].

W(Bt—za 515—1) = 9

Note that one should also specify the values of 7(5;_o, 5;_1) for values of 51, B2 € (0,1)
but in the schemes we consider this is not relevant in view of the fact that the CP
always sends at least one agent to experiment and thus knows the state of the risky
road in the previous period. For simplicity we denote a generic scheme 7 of this
form as 7,4 and the associated social cost as V,p .4 (We consider costs starting
from 0y = H since this choice induces the lowest possible belief and is thus the most
difficult scenario for experimentation).

Example [4] showed that 7°¢ may not be incentive compatible because if agents
on the safe road see the flow N — 279 they can infer that the road switched to L
at time t — 2 and may have an incentive to deviate. This intuition motivates us to
focus in particular on a subclass of Il consisting of schemes obtained by the following
modification of the social optimum policy (see also Table . If 6,1, = H the
CP sends one agent (to experiment) exactly as in the social optimum (i.e. we set
a=0b=1). If instead 6;_; = L then the CP sends two possibly different flows ¢ and
d depending on whether the road has just switched to L or whether it was L also in
the previous period (in which case the agents on safe can infer the road changed at

time ¢ — 2 from the flow observed at ¢ — 1).

Definition 7. Consider a scheme mgpcq € M witha=b=1and1 < ¢ < d and

denote this for simplicity as T, 4.

Since ¢ > 1, under any scheme 7.4, agents can learn the state of the risky road
at t — 2 by observing the flow at ¢t — 1. Exploiting this fact, we show that agents can

summarize their history h,_; with a smaller state z{, as detailed next.
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Lemma 9. Under ©.q and giwven that other agents follow their recommendations,
an agent can evaluate if a recommendation is incentive compatible using only the

information z! := |x;_1, Bi_,,ri ;] where

o 1, 1 € X :={0,1,...., N} is the flow observed on the risky road at the previous
time (even if an agent is on safe he can infer x;_1 as N minus the flow on safe,

hence this is common information);

e 3 ,€B:={L,H U} encodes the information that agent i has about the state
of the road at t — 1. If the agent was on the risky road at t — 1, then he knows
the true realization (L or H ), while if he was on the safe road we denote the fact
that he does not know the state with the symbol U (Unobserved); (We simply

use the symbol U instead of specifying the belief with a number in (0,1).)

o ri € A := {rg,rg} is the recommendation an agent receives between round

t—1 andt.

Specifically, let hi_, be the entire history of the agent up to and including time
t — 1. For any o} € {S, R} it holds

o

glag, w00 + Y & gl mo gt o) | hi_1]

k=t+1

E

=K

o0
I e ik ik ,
g<a17;77rc,;llt’9t) + Z 5k tg(ﬂtlz,d77rc,; 791€) ‘ Z;]
k=t+1

where Wi’l:l 1s the recommendation sent at time k >t by the CP if agent v takes action
ol at time t and follows the recommendations from there on, while W;;’k denotes the

recommendations sent to all other agents.

Intuitively, the flow x;_; is a summary of all that happened up to 6;_o (this
is common information) and the combination of B ;, and ri_; adds personalized
information about an agent’s knowledge of 6;,_; before time ¢. Note that if road

congestion were unobserved (U), under 7.4 the combination of ;1 and rj_; would
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be enough to provide a unique belief on the state of the risky road. That is any agents
with the same state 2] = 2/ have the same belief on the state of the risky road.
Our first main result is to derive sufficient conditions on ¢, d so that 7. 4 is incentive

compatible.

Proposition 4 (Symmetric equilibrium). Suppose that Assumptions @ cmd hold.
Additionally, assume that c,d are such that

1. 279 <ec<d<a}l

2. gle,pr) < g(2,pr)

3. the pair (¢, d) is such that agents that are on safe and receive a recommendation

of rs after observing flow d on risky will follow the recommendation, that is,

ulld Usrs]) < paspn(d+1) + (1= pas)2in+ 17— (4.6)
g ~~
cost of following expected stage cost of deviating H/_/
to risky continuation cost
of deviating

where pgs = P01 = L | 2z = [d,U,rs]). The constraint (4.6)) is written
implicitly for readability and an explicit formula is provided in (B.20) in the
Appendizx.

Then, the recommendation scheme m. 4 induces the symmetric equilibrium

) ) ) ) . R Zf T;fi—l = TR,
;C’d<zz) = 7Zrc7d([xt71:ﬁ;—177";—1]) = (47>
S otherwise,

and is thus incentive compatible.

The intuition behind the conditions derived in the Proposition [4] are given next:

1. after the road switches to L for the first time the CP sends at least the social
optimum number of agents and he possibly increases the flow after that, but no

more than the myopic equilibrium flow;
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.LH|H..HL...LH|H.. HL...LH|H. HL.. . LH|H. HL. . LH|H...

period period period period
State of the riskyroad |H|H ... H L| L L ... L H
799 (Social optimum) | - | 1 1 1279259 ... 279 239
Te.a (Proposition |Z[) -1 1 1] ¢ d ... d d

SO

Table 4.1: Comparison between the flows on the risky road under schemes 7> and

7,4 for one period.

2. the flow sent by the CP on the risky road after the road switches to L for the

first time leads to a no worse stage cost than sending just two agents;

3. d is large enough so that agents that are on safe and infer 6, o = L follow
the recommendation to remain on safe (thus addressing the issue identified in

Example [4)).

The proof of Proposition [4] is presented in the Appendix. Here we provide some
intuition. The first fundamental observation that we make is that, since the experi-
menter after §;_; = H is chosen at random among all the agents, each agent has the
same continuation cost (which we term v) after he observes the risky road switching
from L to H. Because of this we can divide the infinite horizon into periods (by
defining the beginning of a new period as the time immediately after the risky road
switches from L to H) and study incentive compatibility only until the end of the
current period. The division in periods and the number of agents taking the risky
road under the schemes 7°¢ and 7,4 for each period are illustrated in Table

To prove incentive compatibility of 7,4 we then need to show that no agent can

improve his cost by a unilateral deviation. To this end, we divide the agents into four

types:

1. Agents that took the risky road at time ¢ — 1 and saw L: under 7. 4 these agents

receive a recommendation of risky. Since the probability that the road changes
from L to H in one step is vy, < %, one should expect that following such a rec-

ommendation is incentive compatible. In particular, we show that the stage cost
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obtained by following the recommendation is less than Sy (as proven in Lemma
in the Appendix), hence any deviation will increase both current cost and
also continuation cost (because it leads to lower information than using the

risky road and is thus not profitable).

. Agents that took the risky road at time ¢ — 1 and saw H: there are two cases,

either the agent receives a recommendation to take the safe road (which is
intuitively incentive compatible since the probability that the road changes from
H to L in one step is vy < %) or the agent receives a recommendation to
take the risky road. The only case when the latter happens is if the agent is
selected to be the next experimenter. In this case we show that, even though
experimentation is costly in terms of current payoffs, the continuation cost is
lower from experimenting than from deviating (recall that after any deviation

the CP provides full information in all future periods). This makes being the

experimenter incentive compatible.

. Agents that took the safe road at time ¢t — 1 and received a recommendation

to remain on the safe road: as noted in Example [4] from observing z;_ = ¢ > 1
or x;_1 = d > 1 these agents can infer ;_o = L. Condition guarantees it
is incentive compatible for an agent that observed z; ; = d to follow a recom-
mendation of using the safe road. We show that this condition implies incentive
compatibility also for the case x;_1; = ¢. The only remaining possibility is when
;-1 = 1, in this case the agent can infer 6, 5 = H and incentive compatibility

is immediate.

. Agents that took the safe road at time ¢ — 1 and received a recommendation to

take the risky road: incentive compatibility in this case follows with the same

argument as in cases 1 and 2. Indeed, the agent has either been chosen to bene-
fit from using the risky road when the state is L (which is incentive compatible
by the discussion for case 1) or he has been chosen as an experimenter (which

is incentive compatible by the discussion for case 2).
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4.3.3 Partial information: Optimality

Motivated by Example[d], we consider a specific scheme among those that are incentive
compatible according to Proposition [d] Specifically, for the period immediately after
the road switched from H to L we assume that the CP sends the flow ¢ = 27¢
exactly as in the social optimum (intuitively this is possible, because agents on safe
are unaware that the road condition changed). For all subsequent periods the CP

sends the minimum number of agents to maintain incentive compatibility (i.e. to

satisfy (4.6)) for ¢ = 27°). We denote this flow by .

Definition 8. We define the scheme m* € Il as follows

p

1 Zf 515—1 = H7
T (Bi-2, Bi1) = Q 290 if By = H, i1 = L, (4.8)

\xLL if 5t—2 = L7 @—1 = L7

where g, = maX{x*LqO, Trr} with Tpp being the smallest integer such that d = Zpp

satisfies ([4.6)) for c = x79. In other words, ™ = T (50

ILL)"

Corollary 4. Suppose that Assumptions B and hold. The scheme * € II is

incentive compatible and achieves strictly lower social cost than full information.

This corollary follows immediately from Proposition [d] upon noting that the pair
c =279 and d = x, satisfy the assumptions of that proposition (we prove in Lemma
in the Appendix that z,;, < z7?). The fact that the social cost is strictly less than
full information is proven in point 1 of Lemma (16 (in the Appendix).

We next derive sufficient conditions for the scheme 7* to be not only incentive
compatible, but also optimal. We consider two different regimes depending on the

discount factor ¢ used by the agents to weight future travel times.

Large ¢

We show that as § — 1, 1, — 27°. In other words, the cost under 7* converges to

the cost of the social optimum as 6 — 1. Define the social cost starting from belief
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B = H under the social optimum and 7* as V¢ and V5, respectively.

Proposition 5. Suppose that Assumptions [§ and [1( hold and assume ~yg,~yL > 0.

Then the cost under ™ approaches the social optimum as 6 — 1. Formally,

*

lim Vit

=1.
i—1 V}?O

This full optimality result obtains because for large ¢ the policy 74y = T (50 450)
satisfies ({4.6) hence 7* coincides with 75°. This result is to be expected. In fact
given any time ¢ let t* be the first time the road switches to §# = H after ¢ (this event

happens in finite time since vz > 0). Then under any policy 7(cq), the cost of any

agent is
ta T(c,d)
Vi
—t —t H
E o COStT + 0" HT.
T=t+1

For 6 — 1 the first term is negligible; hence any scheme for which Vj < SoN/(1 —9)
(i.e. the cost under full information) is incentive compatible. Clearly the social

optimum meets this condition and hence it must be incentive compatible.

Small ¢

Before stating our main result we show that for ¢ small, for any scheme 7 € II to be
incentive compatible it must be a = b = 1 (thus justifying our interest in the class of

schemes given in Definition .

Lemma 10. Suppose that § < % and that Assumptions@ and hold. Then if a

scheme 7 € 11 is incentive compatible it must be a =b=1.

The intuition for this result is straightforward. Since, after seeing H, the CP
selects the next experimenter randomly, in any scheme 7 there is a positive probability
that the selected experimenter knows that the risky road was H in the previous period.
If either a or b are greater than one, then the expected cost of the experimenter
would be greater than 2uy (which is the expected stage cost). On the other hand,

if the experimenter deviates, the CP provides full information and can guarantee an
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expected cost of 15705 from then on. Under Assumption , and if § < %,

So
1-9¢

<25y < 2pp.

Hence having more than one experimenter cannot be incentive compatible. (We note

that instead if § > 1

5, a scheme with a or b greater than one, might be incentive

compatible. Although, sending more than one agent to experiment always gives a
higher stage cost for the CP, it is unclear under higher § whether it may benefit the
CP to send a higher flow after H to drive down d either through raising the cost of
deviation in this setting or through obfuscation of information by making the flow
the same after H and L. Overall, when § > % we are unable to rule out that a scheme
sending more than one agent to experiment could be incentive compatible and give a

lower overall cost.) Having fixed a,b we now turn to the optimal choice of ¢, d.

Proposition 6. Suppose that Assumptions[§ and[I0 hold and N > 5. Then

1. for 0 sufficiently small, 7™ achieves the minimum social cost among all the

incentive compatible schemes belonging to I1;

2. for § < %, the scheme that minimizes the social cost among all the incentive

compatible schemes belonging to 11 is either © or 7 = TS0 {1 wpy—1-

To understand the previous result recall that the social optimum choice would be
c = d = x7°. Unfortunately, in most cases this choice is not incentive compatible
because of constraint (guaranteeing that agents that are on safe follow a recom-
mendation of safe). Our first step in the proof of Proposition |§| is to show that the
incentive compatibility constraint can be rewritten as f(c) < g(d) where f(c)
is convex in ¢ and is minimized at a value between 27 and x7° + 1. By the integer
nature of our problem, this immediately implies that at optimality ¢ should take one
of this two values (for having a larger value of ¢ would make the constraint
harder to satisfy (leading to d > xr;) and would thus lead to a scheme with higher
S0

social cost than 7*; recall that ¢ = 7% would be the optimal choice to minimize the

social cost).
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If the minimizer is ¢ = 279, then by definition it must be d > xy.. If, instead,
¢ = 279 +1 is the minimizer then there exist parameters under which d = xy; —1 can
be incentive compatible (but we show that no smaller values of d could be).(In fact,
in some cases increasing the value of ¢ leads to a smaller continuation cost for agents
that follow the recommendation of safe (since they have higher probability to be sent
to the risky road when the road changes to L in the next period). When that happens
7* is incentive compatible by Proposition @) The pair ¢ = 299 + 1 and d = 21 — 1,
defining 7*, may give a lower social cost than 7* for certain parameter values (because
there are more future rounds with flow d in expectation than rounds with ¢, hence
increasing c slightly to decrease d may be beneficial). (While 7* has a higher cost that
7* immediately after the road switches to L (since g(z7° +1, uz) > g(23°, u)), it has
lower stage cost for all the subsequent times (since g(zrpp — 1, 1) < g(xpp, pr)). For
sufficiently large values of ¢ this may reduce the overall cost.) The second statement
of Proposition [f] follows immediately from these observations. The first statement
follows from the observation that, for § small enough, the scheme 7* must have
smaller social cost than 7* (since it leads to smaller cost for the stage immediately
after the state of the road switches to L, and for § small enough, this dominates the

potential future gain of using d = x;, — 1 instead of d = x ).

4.4 Conclusion

New GPS technologies and traffic recommendation systems critically depend on real-
time information about road conditions and delays on a large number of routes. This
information mainly comes from the experiences of drivers. Consequently, enough
drivers have to be induced to experiment with different roads (even if this involves
worse expected travel times for them). This situation creates a classic experimentation-
exploitation trade-off, but critically one in which the party interested in acquiring
new information cannot directly choose to experiment but has to convince selfish, au-
tonomous agents to do it. This is the problem we investigate in the current chapter.

There is by now a large literature on experimentation in economics and operations
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research. The main focus is on the optimal amount of experimentation by trying new
or less well-known options in order to acquire information at the expense of foregoing
current high payoffs. The game theoretic experimentation literature, investigating sit-
uations where there are multiple agents who can generate information for themselves
and others, studies issues of collective learning, free-riding and underexperimentation.
Missing from the previous literature is the main focus of our chapter: a setting in
which exploitation of relevant information creates payoff dependence (for example,
via congestion in the context of our routing model) and the central entity or planner
has the incentives for experimentation, but has to confront the incentive compatibility

of the agents, especially in view of the aforementioned payoff dependence.

We develop a simple model to study these issues, and characterize optimal rec-
ommendation systems first in a two-stage setting and then in an infinite-horizon
environment. Key aspects of our model are congestion externalities on roads (in-
troducing payoff dependence); a finite number of agents (so that agents take into
account their impact on information as well as congestion); forward-looking behavior
by agents (so that they can be incentivized by future rewards); and a central plan-
ner who can observe results from experimentation and can make recommendations
but has to respect incentive compatibility (introducing the feature that this is not a
direct model of experimentation). We simplify our analysis by assuming that there
are only two roads and one of them is “safe”, meaning that the travel time is known,
non-stochastic, and does not depend on the state of nature. This contrasts with the
other, “risky” road, where travel times depend on the state of nature (on which the

central planner is acquiring information).

We first show that full information, whereby the central planner shares all the
information he acquires with all agents, is generally not optimal. The reason is
instructive about the forces in our model: full information will make all agents exploit
information about favorable conditions on the risky road, and this will in turn cause
congestion on this risky road, reducing the rewards the experimenter would need to
reap in order to encourage his experimentation. As a result, full information may

lead to insufficient or no experimentation, which is socially costly.
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We then proceed to characterizing optimal incentive compatible recommendation
schemes. These typically do not induce full information, but still share some of the
information obtained from the experimentation of few experimenters (in our model
only one experimenter is sufficient because there is no uncertainty about the state
conditional on experimentation).

In the case of infinite-horizon, the underlying state of the risky road changes
according to a Markov chain. An additional issue in this case is that the incentive
compatibility of non-informed agents has to be ensured as well, since they may decide
to disregard the recommendation of the central planner and choose the risky road
when they think travel times are lower there. This makes the characterization of the
optimal recommendation scheme more challenging. We propose a relatively simple
incentive compatible dynamic scheme and then establish its optimality when the
discount factor is small (in particular less than 1/2) and large enough (limiting to 1).

This chapter highlights the importance of understanding how modern routing
technologies (and perhaps more generally) need to induce sufficient experimentation
and how they can balance the benefits from exploiting new information and ensuring
incentive compatibility of experimentation as well as incentive compatibility of all
non-experimenters. Investigating how these issues can be navigated in more general
settings (for example, with a more realistic road network and richer dynamic and
stochastic elements or in models of payoff dependence resulting from other consider-

ations) is an important area for future work.
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Chapter 5

(Sub)Optimality of Bundling in

Streaming Platforms

5.1 Introduction

Since Netflix introduced a video on demand service in 2007, many other competing
streaming platforms have been established. Each offers its own set of movies and
television options to users usually as a bundle, for some fixed monthly subscription fee.
In this chapter, we aim to understand when bundling is the most profit maximizing
strategy for a platform and when instead platforms should begin to unbundle their
goods.

In this chapter, we introduce and study a model for the interaction between users
and multiple streaming platforms that provide digital content. We use this to model
streaming services such as Netflix and Hulu. In our model, the platforms compete in
two types of products, we take for example comedies and original content. We view
these products as being on a spectrum and each platform sitting on either end of this
spectrum. For example the original content is different on the two platforms and each
consumer has some a preferred mix of the two contents. For the comedies, we can view
this again as each platform having some set of comedies and users having a preference
over the mix of the two platforms. We model this setting as a 2D Hotelling problem,

wherein each platform must decide whether to bundle the two products together and
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sell them for a single price or separate the two and sell them for individual prices.
The users then must decide which products they would like to purchase. Note each
user has a preference for the mix of the products from the two platforms which is
modeled as their position on the spectrum.

We first study what happens when there is only one platform in the market. This
market leader enters the market with a new product and is able to capture some,
but not all, of the market. Our first result establishes that in this monopoly setting
there exist conditions such that the platform obtains a higher profit from bundling
the goods than from selling them separately. This is the case as consumers can only
buy the goods from one platform and they may have a strong preference for one good
and a weak preference for another, so are willing to purchase the bundle. We then
move to the setting where another platform enters the market. Our second result
establishes that in our model in the duopoly setting, it is always optimal for both
platforms to sell the goods separately, or “unbundle" as we use to refer to this action.
We claim this is in line with what is happening in practice as though one entity may
own multiple streaming services, for example Disney has a majority share of Hulu
they are not combining or bundling these services together. This also supports the
fact that we see more and more of these platforms arising and no merging of the
platforms is occurring. We even continue to see more specialized streaming services
starting, for example Crunchyroll which is for anime and there is a different streaming
service for each individual sport, e.g. NBA League Pass, NHL. TV, WWE Network.
This is in line with the different axis representing different genres or types of content

and unbundling being optimal.

5.1.1 Related Literature

This chapter relates to the works on pricing for bundled services. Many of the works
study settings where a single user wants to purchase either one or multiple products.
These works include [5], [58], [9], and [61], where the authors characterize when
there are two products and a single seller under what conditions bundling is more

profitable than unbundling. The above works all focus on a single seller, whereas
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we study bundling in the monopoly and in the competitive setting. One paper that
also studies competition in bundling is [10], where they consider bundling of a large
number of information goods and show how bundling may be profitable for the seller.
In [10] they are considering bundling a large number of small information goods, where
the customers’ realized values are unknown. Here instead, we consider bundling of
two types of products, where each type is already a bundle in itself. The platforms
also know the values of the users and thus have no uncertainty in demand. Another,
more recent work [53], studies platforms that are connecting sellers and buyers and

how the platform should price and bundle the goods in competition.

Our work also relates to the standard Hotelling model which was introduced in
[40] to study competition among two entities in one dimension. We here extend the
competition to two dimensions which we model as categories or genres, for example
comedies and action films. Another work that considers a two-dimensional Hotelling
model is [74]. Their work only considers two platforms selling single goods, but where
they differ in one direction of taste and one direction of quality, where higher quality
is always preferred by the users. We instead consider two directions of taste for two

goods that can be sold together or separately.

Our work is different from these papers as we compare the optimal strategy under
a single seller to the duopoly case. The users in our setting not only have a value
of the products that they gain from buying, but they have preferences over which
platform they purchase from. This models potentially different tastes in mixtures of

content that is generated by these online platforms.

The rest of the paper is organized as follows. Section presents the model. Sec-
tion studies the pricing and bundling decisions of a single platform in the market.
Section studies pricing and bundling when two platforms are now competing for
customers. Section concludes and the Appendix contains the omitted proofs.
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5.2 Model

We consider two competing media service provider platforms, for example Netflix
and Hulu that offer a selection of television shows and movies to subscribers for one
subscription fee. Users have heterogeneous preferences over the movie types and the
two platforms.

We use a 2D Hotelling model, where each dimension is a type of product, for
example action movies or comedies. One of the platforms sits at location (0,0); the
other sits at location (1,1). We model the users as a unit of demand that is distributed
over the unit square. The (x,y) position of the user in the unit square determines
their tastes for each of the x and y goods. If a user purchases a good, she pays not
only the price that the platform sets, but also a transport cost based on the distance
from the platform’s position. These transport costs represent heterogeneity in users’
valuations for the two goods. The transport costs are ¢, and ¢,. Note the fixed value
of the x good is denoted V, and similarly the value of the y good for is denoted V/,.
We assume agents do not multihome, so each agent wants only one x good and one
y good.

Platform i’s decision involves first choosing whether to offer the two goods as a
bundle and charge one price p; or sell the two goods separately at a price p? for the
x good and p! for the y good.

Customer’s decision involves choosing which goods (if any) to buy from which
platforms. The customer makes this decision based on her taste which is represented

by her location, (z,y), and the platforms’ decisions.

5.3 Monopoly

We start with only one firm in the market; we choose Platform 0 without loss of
generality. This firm is the market leader and enters the market earlier then the
other. An agent either buys from Platform 0 or does not buy. Platform 0 still must

decide whether to bundle the products and offer a single price p, or unbundle the
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products and offer product = at p? and product y at pg.

Throughout Section we adopt the following assumption on the transport costs.
. v,
Assumption 11. ¢, € [%,Vx) by € [é’,‘@)

This assumption guarantees that neither the x nor the y market is entirely covered

by Platform 0. This means there are some customers that choose not to purchase.

5.3.1 Platform’s Problem

If the platform bundles the goods it sets one price pg. If it does not bundle it sets a
price for the x good, pZ, and a price for the y good, p§. The goal of the platform is

to maximize total revenue.

5.3.2 Customer’s Problem

Each user must decide whether to purchase or not. If Platform 0 bundles the goods,
then the utility of an agent at position (z,y) who subscribes to Platform 0 is given

by

up(x,y) = Vo +V, —ty|lz — 0] — t,|ly — 0] — po (5.1)

=V, +V, —t,x —t,y — po.

If the agent does not subscribe, she gets utility 0.

If the Platform 0 does not bundle and sells the x and y goods separately, then the
utility for a single product j € {z,y} from Platform 0 is

up(x,y) = Vi — t;j — pl- (5.2)

When the goods are sold separately each agent can buy both goods, one good, or no

goods at all.

91



5.3.3 When is Bundling Optimal?

In the following proposition we characterize a sufficient setting where the monopoly

platform chooses to bundle the goods.

Proposition 7. Suppose Assumption [11] holds, there exists o« > 0,3 > 0 such that

when |V, — V| < a and |t, — t,] < B, bundling is more profitable than unbundling.

Proposition [7| shows that when the values of the goods are close to one another
and the transport costs are close to one another then bundling is more profitable than
unbundling. If one of the value parameters dominates it becomes better to unbundle
the goods as the platform can extract more profit from separating the goods and
charging higher prices for each good individually, as many people want the good with
the dominating parameter value, but may have little to no value for the other good.
Similarly, if one of the transport costs dominates, then the platform can extract more
by price discriminating and not forcing customers to buy both goods which may not
be optimal if the transport cost for one of the goods is too high.

To illustrate this point, we show in Figure the ratio of profit from bundling
to unbundling in many cases. Specifically, we take V, = 1 and ¢, = 1 and show how
this ratio changes with different values of V}, and ¢,. As shown in Proposition |7 we
see that when V|, and ¢, are also close to 1 the profit from bundling is greater than
the profit from unbundling, but as we move away from this bundling becomes much
more profitable. Note in the figure we plot cases when Assumption [L1] does not hold

and we see how in these cases again unbundling is more profitable.

5.4 Duopoly

In the previous section we considered what happened when only one platform was in
the market, Platform 0. Now, assume that Platform 1 has entered the market. How
does having two platforms change the optimal bundling and pricing strategies of the
platforms?

In the monopoly case we wanted an uncovered market, but we now want the
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Figure 5-1: V;) = 1,t, = 1. Possible V) values are on the y-axis and possible t, values
are on the z-axis. The color represents the ratio of profit from bundling to profit from
unbundling.

market to be covered by the two platforms. Thus, we adopt the following assumption

to guarantee that no agent abstains from purchasing.

Assumption 12. V, > %tx, Vy > %ty.

If Assumption [12] does not hold then there is not necessarily competition between
the two platforms. Basically, each platform is a monopoly on its own side of the
market. We are only interested in when there exist customers that get positive value
from either platform. Otherwise, we are back in the monopoly setting.

Again, platforms must first decide whether or not to bundle. Then they must
decide on their prices. Note that if one platform decides to bundle the other de
facto bundles as the agents that don’t buy from the bundled platform must buy both
products from the unbundled platform, as under Assumption [I2)the market is covered
and all agents buy both goods, and thus pay a fixed fee which is the sum of the prices
of the two separate items. So we just consider the two cases: i) both platforms bundle,
ii) both platforms do not bundle.

In the next Proposition we show that it is the equilibrium for both platforms to
sell the goods separately. This is in contrast to Proposition [7] where we saw that in
the monopoly setting where there exist cases when bundling the goods was superior

for Platform 0.

93



Proposition 8. Suppose Assumption holds, then unbundling is more profitable
than bundling.

The proof of Proposition [§] is straightforward and actually shows that when the
platforms bundle they only extract the profit in a single direction of the competition,
whereas when the platforms unbundle they are able to extract the profit from both
directions of competition. This leads to higher profits under unbundling.

In the monopoly case it was better to bundle the goods in some cases, as it allowed
the platform to get more customers while sacrificing the ability to price discriminate
for the two goods. Here instead as there is competition, the price discrimination
becomes more important and allows the platforms to compete on two axes instead
of a single one. This allows them to split consumers that buy one good from each

platform and charge more overall for these customers.

5.5 Conclusion

We introduced a model to study bundling and pricing decisions in online platforms.
We start by showing that when there is only one platform offering two separate
products, where agents have different payoffs from these products based on their
taste, there exist cases where it is optimal for the single platform to bundle the
goods. We then move to the competition setting, where now the two platforms offer
both goods, but where preferences over the platforms depends again on a users taste.
We see in this setting that unbundling is the unique optimal.

This model supports the fact that many specialized streaming services are arising
and that we do not see companies that own multiple streaming services merging these

into one product.
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Appendix A

Proofs of Learning Dynamics in

Network Games

A) Proof of Proposition . Under Assumptions {4 and , the mapping B*(p') as de-
fined in (3.5)) is Lipschitz continuous with constant § In fact, an agent’s best response
can be characterized as the solution of the variational inequality VI(X*, F(- ;p"))
where F(z%;p') := —Vu'(2’,p’) and by Assumption [5| is strongly monotone with
constant a uniformly in p’. Take any two values p'y, p% it follows by [63, Theorem

1.14] that

| B'(py) — B'(pp)
< — | F(B'(pY):pa) — F(B' (L) ps) |

% %

| P4 — P

S I~e
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Now, take any two vectors x4 and xp then

N

I1B(ra) = Blas)l* = 3 (B0 (i) - Bi(p'(x5))’
(0 (23") = p'(5)

(' (x3") = #'(a5))’

< (Lmas(e)) 1Pa w1

< (% mgx<|ai|>p<P))2 la - 2o

=?llea s’

where we used Lipschitz continuity for the first inequality. Since v < 1 by assumption,
B is a contraction. Since X is closed and convex by Banach fixed point theorem the
Nash equilibrium exists, is unique, and the best response dynamics Zy,1 = B(Zy)

converge to it [31, Theorem 2.1.21].

B) Auziliary results

Lemma 11. Consider two non-negative sequences {x > 0352, {wr > 0}732, satisfy-

ing the system

Skt < Y&k + Wi,

for some 0 <y < 1. Then wy — 0 implies & — 0.

Proof. Let us define the auxiliary sequence

sp :=sup {wg, Wey1, ... .

Note that sﬁ > 0 for all £ and, since w;, — 0, limy_,~ s£ = 0. Fix a step k. Since
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v > 0, for any p > 0 the state in k + p can be written as

k+p—1 p—1
Shin S VP& + D T <APG A+ s A
i=k =0
1—nP
— AP L
Y&k + sk 1—~
1—~A* 1—7?
<AP( A& +sg— |+ st
_’Y<”V§0 g .

<YM + K+ sy Koy

where Ky := 1/(1 — ) and K; := Kysk. Now & — 0 as k — oo by using the
definition of the limit, that is, by proving that for all € > 0, there exists an h > 0
such that &,,, < ¢, for all h > 0. For any fixed ¢ > 0 we can choose a k > 0 such

that v*&, < £ and séKg < 5 and a p > 0 such that 7/7K; < £. Let h =k + p, then

§E+h = §E+p+h < ’Vkéo + 'Yp+hK1 + 51%K2
< 'kao +PKy + 3£K2

€ € €
< —4—4-= Yh > 0.
_3+3+3 € =

C) Proof of Proposition 2. This proof is similar to the proof of Lemma 6 in [59].
We reference the reader to [59] for a more detailed exposition.
Note that the estimator in (3.9) can be rewritten by plugging in the value for yi

as
ko i
" . _1 €%
7 a'L Zt—l t~t

> (21)?

The error of the parameter estimate of a’ at step k is therefore

k i k
, . , z 1
erry i=a, —a' = —lezl “ t2 = — E hy,
D i—1(2t) L —

where by = €zl and g, = Yo ()2 By [59, Lemma 2| the stochastic process

st = Zle % is a martingale. Consequently, by the martingale convergence theorem
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[69, Chapter 7, Section 4| there exists a set 3 of measure one such that for any
noise realization ¢ € ¥ the deterministic sequence st (¢) converges to a finite value
as k — oo. Consider a fixed noise realization € € ¥ and note that {gx(e)}p2, is
non-negative and non-decreasing. Depending on the asymptotic behavior of gi(€) we

can distinguish two cases:

1. if gx(e) — oo (i.e. i € S*(€)) then by Kronecker’s lemma (stated e.g. as Lemma
3 in [59])

err} (e

L0

2. if g (€) converges to a finite value (i.e. i € S™i*(¢)) then we can apply Lemma

4 in [59] and

k
err} (¢ Z “(e)
for some finite Mi(¢). Thus, for any > 0 there exists a k > 0 such that for
any k > k, |erri(e) — Mi(e)
a finite value M*(¢) such that |a}(e) — a’| < M'(e) for all k.

< ¢ and thus err} (¢) is bounded. Thus there exists
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Appendix B

Proofs of Optimal Dynamic
Information Provision in Traffic

Routing

B.1 Proofs of Section 3: Two stage example

Proof. of Lemma [§| Suppose that & > 2 agents experiment. Then the cost of any of

these agents is
[expected cost of risky] = kug +nr > kug > 2ug > 2(Sp + S1N),

where we denoted by nr the expected cost in the second round, which is for sure
non-negative and we used Assumption [9 If instead the agent switches to safe he will

have an expected cost of
[expected cost of safe] = Sy + S1(N —k+1) +ns < So+ S1(N —1)+ Sy + SN,

where we denoted by 7g the expected cost in the second round, which is at most
So+ S1N as the agent can always play safe in the second round and in the worst case

every other agent is also playing safe. Since Syp+S1(N —1)+Sg+ 51N < 2(Sp+S1N),
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it follows that the cost of experimenting is greater than the overall cost of taking safe.
Thus, it is never a pure strategy equilibrium for more than one person to experiment

— under any information scheme. 1

Proof. of Theorem (3| Recall we are considering pure strategy equilibria. Using
Lemma [§] we can characterize when it is an agent’s best response to experiment
under the two different information schemes.

Full information: If no agent experiments the cost for each agent is 2(Sy +
S1N). If any agent experiments all agents learn 6 before round two and there are two

possibilities.
1) If # = H, everyone takes the safe road in the second round as Sy + S1N < H.

2) If 0 = L, the agents play a pure strategy Nash equilibrium and split the flow
across the two roads, i.e. 7" take risky. The expected cost of equilibrium in
the second round when 6 = L is therefore g(z7*, L)/N = (27}/N)(Lz7) + (N —
£59)/N(So + S1(N — a59).

All agents playing safe is an equilibrium if and only if the cost of switching to
experimenting is worse than 2(Sy + S1V). The expected cost of one agent switching
is

pg + Bg(xy!, L)/N + (1 = 8)(So + SiN)

where the first term is the cost of experimenting in the first round, the second term
is the cost in the second round if § = L weighted by P(6 = L), and similarly the last
term is the cost if § = H weighted by P(0 = H).

Overall, if

2(So + S1N) < s + Byl L)/N + (1= B)(So + SiV), (B.1)

no one experiments. Otherwise, one agent experimenting in the first round is the
unique pure strategy Nash equilibrium (recall by Lemma [§] that it is never incentive

compatible for more than one agent to experiment). The total cost of the first round
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under this equilibrium is g(1, ug) and if 6 = H the total cost of the second round is
g(0), while if # = L the total cost of the second round is g(x%?, L). The thresholds §;

can be obtained by imposing equality in (B.1) and solving for f.

Private information: No experimentation is an equilibrium if and only if it is
not individually optimal for an agent to play risky. Similarly to the previous case,
this occurs when the expected cost of switching to playing risky is worse than all

agents playing safe, that is, when
2(S0 + S1N) < pg + BL+ (1 = B)(So + S1N), (B.2)

where we used the fact that, under private information, it is a best response for all
the agents that were on safe at time 1 to remain on safe at time 2, while for the
experimenter it is a best response to take risky at time 2 if he observed L at time 1

and safe otherwise.

If the above does not hold, then there is an incentive to deviate from all playing
safe and there exists an asymmetric pure strategy Nash equilibrium, where one agent
experiments in the first round. By Lemma [§] this is the unique pure strategy Nash
equilibrium. The expected cost of the first round is g(1, ug) and the expected cost
of the second round is Bg(1, L) + (1 — 8)g(0). The thresholds §, can be obtained by

imposing equality in (B.2)) and solving for 3.

Finally, note that 8, < B if and only if @ > L. Note that by Assumption
9] L < So+ 51, thus 23t > 1. If 23 = N then g(27%, L) = LN? and the inequality
holds. Instead, if 1 < z%* < N —1 then

g(ap’, L) = L(x7")? + (So + Si(N — 27)) (N — 7%
= L(27")* + So(N = 27) + Sy(N — 2 ) (N — a)
> Laft + (So + S1)(N — z7)
> La + L(N — a7%)

> LN
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where the first inequality follows x7% N — z7* > 1, while the second follows from

L < So + Sl. [ |
Proof. of Corollary [3]In this interval of beliefs:

e under full information there is no experimentation and the cost is 2¢(0).

e under private information there is experimentation. The experimenter has a
total cost for the two rounds that is less than 2(Sy + S;N), otherwise he would
switch to safe. All the other agents have cost 2(Sy+ S1(N —1)) < 2(Sp+ S1N).
Therefore the total cost is strictly less than 2N (Sy 4+ S1V) = 2¢(0).

Proof. of Theorem [4] The social optimum is the minimum total cost for the two
rounds. If all agents use the safe road in both rounds then the total cost is 2¢(0). If
the CP sends at least one agent on the risky road in the first round the CP learns
f and can make a decision on how many agents to send on the risky road in the
second round based on the value of §. Denote these flows by xfIL and x? = Thus, if
the CP experiments with #f* > 0 agents in the first round, he is facing the following
optimization problem
wmin g pg) + Bg(w;"", L) + (1= Bg(ay"™, H)

R _R|L R|H
15T2 »Tg

s.t. 1§a:f§N
0<azlF <N
0< 2 < N

R _R|IL R|H
Z’I,ZEQ 7:1:2 GZZO.

This minimization can be separated into three optimization problems, one for each

RIL _R|H
of the flows x{%,%l ,:EQ‘ .
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e For the first round 2 can be obtained by solving

Since Sy + S1N < pg, the cost is strictly increasing for zff > 1 and thus the

optimal solution is z = 1.

R|L

e For the second round, the two values z;, " and :c?'H can be found separately

and are just the values that minimize g(x, L) and g(z, H) respectively, which

are 739 and 23° by definition.

The minimum of all agents playing safe and the objective of the above minimiza-
tion problem gives the social optimum cost and the threshold (Sso is the belief under
which the CP is indifferent between experimentation and all agents playing safe. Note
that Bso < [, because if experimentation is an equilibrium under private information
it implies it is optimal for the CP to experiment. Specifically if experimentation is

an equilibrium under private information then f is such that
2(S0 + S1N) = pg + BL+ (1 = B)(So + SiN).
This implies

2(Sp + S1N) +2(Sg + S1N)(N —1)
> pg+ (So+ S1N)(N — 1)+ B(L+ (So + S1N)(N — 1))
+ (1= 58)((So + S1N)N)
> g+ (So+ SU(N = 1))(N = 1) + Bg(a5°, L) + (1 — B)g(x3, H)

= 2(S0+ SIN)N > pg + (So + S1(N = 1))(N — 1) + Bg(27°, L) + (1 — B)g(a3, H)

which is the condition for experimentation to be optimal for the CP. g
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Proof. of Theorem
Recall by Lemma [§| that in any equilibrium there is at most one experimenter in

the first round. Hence we can distinguish two cases:
1. No experimentation: if no agent experiments the social cost is 2¢(0);

2. One experimenter: For a recommendation scheme 7 to be incentive compat-
ible, it must be that m(L), m(H) are such that an agent follows the recommen-
dation he is given. We study incentive compatibility starting from the second

round. In this case there are three type of agents:

e Type 1 (experimenter in round 2): The experimenter knows the value
of # since he observed it in the first round. We next show that without
loss of optimality we can restrict our attention to recommendation schemes
where it is a best response for the experimenter to take risky in the second

round if 0 = L and safe if 0 = H.

— 6 = H: The experimenter’s cost on safe is Sy + S1(N — w(H)), the

cost on risky is H(m(H) + 1). The conclusion follows since,
So+81(N—7T(H)) < S()—f-SlN < H<L H(W(H)—f—l),

where we used the fact that H > Sy + S1N by assumption.

— 60 = L: Let x?lL be the equilibrium flow on the risky road in the
second round (this a priori may or may not include the experimenter).
For incentive compatibility it must be 25 I < z7t. In fact if that was
not the case, consider an agent that was on safe in the first round and
receives a recommendation of risky. This agent doesn’t know 6, but he
knows that in both cases (§ = L or § = H) switching to safe would give

RIL

a better cost. Hence a scheme that leads to ;" > z7 is not incentive

compatible. We then distinguish two cases for the experimenter:

% if the experimenter belongs to the flow x?lL then deviating to safe

) ) RIL
is not convenient because x2| <Pl
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RIL

* if the experimenter is on safe, then either z;" < z7* in which

cases it is convenient for the experimenter to deviate to risky or

RIL  eq
Ty =T

Overall the only case when it might be convenient for the experimenter
to take safe after observing § = L is for recommendation schemes such
that xf‘L = x}!. Note that the social cost of such a scheme is the same
as full information. We are going to show at the end of this proof that

the optimal solution of (4.3]) is weakly less than full information.

Overall, the previous discussion shows that we can assume xf'L =n(L)+1
and :c2R|H = m(H) without loss of optimality. For simplicity we denote these

flows by x; and zg in the rest of this proof.

Type 2 (recommended safe): An agent of this type took safe in the
first round and received a recommendation to take safe, signal rg, before

the second round. His expected cost of following the recommendation is
So + SI(IF’(@ =1L | Ts)(N - JIL) +P(9 =H | Ts)(N — $H)),

as the flow he will experience depends on how many agents are being sent

to risky. Deviating gives an expected cost of
PO@=L|rs)L(xp,+1)+PO=H |rs)H(zxy +1).

By Bayes rule

ﬁ]P’(?“S ’ (9:[/)
PP(rs [0 = L)+ (1 - p)P(rs |0 =H)

P(0=L|rs) =

B
BN—zL 4 (1 - ﬁ)N—:cH—l

BN -
BN —a0) + - AN a1

P(0=H|rs)=1-P@0=L|rs).
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Thus, the full constraint is

BN — )’ (1—B)(N —apg)(N —zy —1)
S0t 5 (B(N—:BL)+(1—5)(N—xH—1) - 5<N—xL>+<1—ﬁ><N—a:H—1>)
(B.3)
B(N — xp)L(xp + 1) (1—8)(N —xg —1)H(zy +1)

“BN—z))+(1=B)(N—-zg—1) B(N—-—xz1)+(1—=B)(N—xy5—1)

e Type 3 (recommended risky) An agent of this type took safe in the
first round and received a recommendation to take risky, signal rg, before

the second round. His expected cost of following the recommendation is

P(@ZL | TR)LZL’L+]P><9:H | T’R)H.TH

and deviating gives an expected cost of

So+Sl(P(9: L | TR)(N—.TL+1) +]P(9: H | TR)(N—.IH+1)>

By Bayes rule

P(rp |0 =L
PO =L1rn) = g5 ezﬁm(f(l —6>P)<rR EY
B SR
AR (=B
5($L—1)

T Bz -1+ (1—Bzy
PO =H|rg)=1-P0O=L|rg).

Thus, the full constraint is

Ble, — 1) (1 —Bzn
B(xr —1) .
< S+ 51 (ﬁ(%:—l)—i-(l—ﬁ)xH(N L +1) (B.5)
(1-B)zn .
+5($L—1)+(1—B)xH(N H+1))
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The constraints above are for the second round, we next consider the first
round. We already know by Lemma[§|that it is not convenient for any agent on
safe to join the experimenter. Hence we only need to ensure that it is incentive
compatible for the experimenter to experiment in the first round. Equivalently,
we need to show that experimenting gives a weakly lower cost than all agents

playing safe for two rounds (2(Sp + S1/V)), which leads to the constraint

BL+ (1—0B)H + SLxy + (1 —B)(So+ S1(N —xg)) <2(So+ S1N). (B.6)

The CP then solves the constrained optimization problem given in (4.3)), where

the objective function is the total travel time summed over the two periods

and the IC constraints (4.3b)), (4.3c) and (4.3d]) can be explicitly rewritten as
detailed in (B.3)), (B.4)), and respectively.

Finally it is easy to show that the choices m2(L) = mo(H) = 0 and, for 8 > Sy,

mo(L) = a7 — 1,m(H) = 0 are feasible (i.e. satisfy (B.3), (B.4), and (B.€))

and lead to the same social cost as private and full information respectively,
thus proving that partial information is weakly better than private and full

information.

B.2 Proofs of Section 4: Infinite horizon

B.2.1 Proof of Proposition

We start by showing that under the given assumptions 2% = 0 and 27° > 2.
e 52 = 0: Note that

Eo, [9(,6;) | Bi—1 = 0] = ppa® + So(N — z) = g(z, pugr).
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We next show that under the given assumptions g(0, ug) < g(1, ug). Together
with the fact that g(z,pug) is strongly convex in z, this proves the desired

statement. Note that
9(0, pm) < g1, pu) © SoN < pg + So(N — 1) & Sy < p,

and the latter inequality holds by Assumption [I0]

° :1:%0 > 2: 250 is the minimizer of g(z, uz), which is strongly convex in z. For
the minimizer to be > 2, the cost at x = 2 must be strictly less than at x = 1,

that is,
9(2,pr) = 4pr + So(N —2) < pp + So(N — 1) = g(1, p)

rearranging gives

pr < 550,

which holds by Assumption [10

Since the CP has full control, (4.5) is an optimal control problem and we can apply
the one-step deviation principle to prove optimality. To this end, we distinguish two

cases

e Consider any S such that a:%o > 1:
Sending a number of agents different from x%o doesn’t lead to a profitable
deviation. In fact, the stage cost would be higher (since x%o is the minimizer of
g(x, ug)) and the continuation cost would be the same (as no more information

can be gained by sending more agents to the risky road).

e Consider any S such that a:ISBO =0:
In this case sending 75°(3) = 1 agent is not myopically optimal and the stage
cost could be reduced by sending no agent. Nonetheless, we show that be-

cause sending one agent provides information about the state of the risky road,

108



759(8) = 1 is the best strategy if the CP is forward looking. There are two

possible deviations:

1. The CP sends more than one agent: similarly to the previous case the stage

cost increases and the continuation cost stays the same. Hence this devi-

ation is not profitable.

2. The CP does not send any agents: to analyze this case, let 8’ be the belief

that 6,,1 = L when an agent has belief 5 that 0; = L (i.e. 5/ = B(1—~r)+
(1 — B)yu). We start by noting that 25° = 0 = 23° < 1 = 7°9(f') =1
(see Lemma (12| below). The cost that the CP encounters by sending one

agent at time ¢ is

V(B) =ps + So(N — 1)}

~
stage cost time t

+6 (8 (e (%) + So(N — 23°)) + (1 = 5') (jur + So(N — 1)) +67...

[ J/

~
stage cost time t+1

while if he deviates and sends no agent at time ¢ the cost is

V)= SoN 48 (ugn°(8)° + So(N — 7°°(8")) +6° ...
stage cost time ¢ stage cost time t41
= SN 40 (B (e + So(N = 1)) + (1= B)(pm + So(N — 1)) +0° ..
stage cost time t stage coszrtime t+1

where we used pg = ' + (1 — ) ug and 75°(3') = 1. Note that we did
not report the stage costs from time ¢ + 2 on as they are equal under both

schemes. Overall, 75°(3) = 1 is optimal if V(8) < V() or equivalently,

pp + So(N —1) + 08 (ur(a7°)? + So(N — 27°)) < SoN + 66" (pr, + So(N — 1))

& pg < So+08'lg(1, pr) — 9277, ) (B.7)

Note that g(1, uz) — g(25°, ) > 0 since 23° = argmin, g(c, yuz). More-

over when [ increases 153 decreases. Hence it suffices to prove that (B.7)
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holds for the smallest possible value of 8 which is 0.

We note that g(1,uz) — g(23°, uz) > So — 3y, since

g(Lpur) — g(23°, ) > g(1, pr) — 9(2, pr)
= ML + So(N — 1) — 4/,LL — So(N — 2) = S() — 3/,LL

Note that Sy — 3ur, > % — pr, > 0 by Assumption |10/ and thus a sufficient
condition for (B.7) to hold when 8 =0 (and g’ = vp) is

S
pr < So+ 0vm {f—m}?

which holds by Assumption [10}

Lemma 12. m%o =0= ZB%/O <1.

Proof. A sufficient condition for ZE%/O <lis

il

9(1, ugr) = pgr + So(N —1) < dpg + So(N = 2) = 9(2, pe) & py > 5

We next show that pg > £2. The conclusion then follows since x%o = 0 implies
9(0, ) = SoN < pg + So(N — 1) = g(1, pg) < ps > So.

To show 3ug > pg recall that pug = Bur + (1 — B)pw > BL + (1 — B)uy and
pg = (1 —~g)H +yygL > %H. Hence

3 3 3 3
g = 36L+3(1 = Blun = 6L+ AL+ 5(1 = B)H = Sug > ps.
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B.2.2 Preliminary statements in support of the proof of Propo-
sition [4]

To prove our main Proposition 4] we start with some additional statements. We first

prove that the agent’s state can be simplified as detailed in Lemma [J]in the main text.

Proof of Lemma [9; If all agents are following the scheme 7.4 then the flow on the
risky road at time ¢ —1 is distinct depending on whether 6, _o = H or 6;_5 = L. Thus,
either an agent was on the risky road at time ¢t — 1 and observed 6;_; or the agent was
on safe and can infer z;_; and (from that) 6; . By the Markov property of 6 and
the stationarity of the recommendation policy no information before 6;_, is useful to
the agents. Thus, the state 2! is a sufficient summary for any agent to determine his
expected ongoing cost, as well as the information that other agents have. If agents do
not follow the scheme, then all agents receive full information and this state is still

sufficient as every agent and the CP will have symmetric information. |

From here on we consider the values of ¢, d fixed (satisfying the assumptions of
Proposition [l) and we denote by u*(z}) the expected cost under 7.4 of an agent
whose state is z{. We note that the expected cost for any agent that knows that the
risky road was high at the previous step (6,1 = H) and before receiving a recom-
mendation for time ¢ is the same, no matter his state. Intuitively, this is true because
according to the recommendation scheme 7 4 if 6,_; = H then at the next step the CP
sends the recommendation rg to one and only one agent (the experimenter) selected

at random among all the agents independent of previous actions or knowledge.

Lemma 13. The expected cost
V= Eﬂ'c,d [U*([ﬂj‘t,b 9;;17 7’;71]) ‘ T—1 = L, 0271 = H]

s the same for all x > 1.

Proof. Whenever 6;_1 = H is observed, a new experimenter is chosen among all
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Table B.1: Expected stage costs if agents follow the recommendation scheme given
in Proposition

State of the risky road HIH ... L L L ... H
Number of agents on risky - | | c d e d
Expected stage cost on risky | - | pg ... wpug | prc | prd ... urd
Expected stage cost onsafe | - | Sy ... Sp | Sp So ... Sy

agents. Thus every agent, no matter which road he was on, has an identical likelihood
of being chosen as the experimenter at time t. Note that v conditions on the knowledge
that 6,_1 = H, hence there is no need for distinguishing states where agents do
not know the state of the road. In other words, the expectation is only over the

recommendation scheme 7.4 and thus

1 N -1
N y*([wt,i,rH,rR])l + N u*([xt,i;H,rs])/

ongoing cost as the experimenter ongoing cost on safe

-1

V=

= %u*([l,H,rR])%— N u*([1, H,7s]).

In the second line we substitute the observed flow with 1 since it is unimportant (i.e.
these costs are the same for any x; 1 > 1); given the state 6;_; = H, the flow in the
previous round will not effect the ongoing cost: as at time ¢ one agent will be on risky

and N — 1 will be on safe. §

Lemma simplifies our analysis because it implies that we can partition the
infinite horizon into consecutive periods by defining the beginning of a new period as
the time immediately after the risky road switches from L to H, see Table in the
main text. Conditioned on the agents knowing that a new period has begun, their
ongoing cost from that point on is the same (i.e. ¥) independent of their history. This
observation simplifies the analysis of incentive compatibility and optimality. Table
in the main text illustrates the flow in the risky road under the social optimum
and the scheme described in Proposition [4] within one period. Table illustrates
the expected stage cost for agents taking the risky road or the safe road under the

scheme described in Proposition [4]
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We start our analysis by deriving closed form expressions and relations for the

cost u*(z) of different states z reached under 7 4.

Lemma 14 (Closed form expression of auxiliary cost).

1. u*([e, L,rgr]) = w*([d, L,rg]) = m (urd + 6yL,0)
2. u*([e, L,rs]) = w*([d, L, 7s]) = 1=5q=5,7(S0 + 6710)

Proof. 1. The first equality follows from the fact that the flow on the risky road
after 6 = L and the flow ¢ or d is d. The second equality follows from
w(|d, L,rg]) = prd +0((1 = yo)u([d, L, 7r]) + 710) (see (B.10)).

2. The first equality follows similarly to the above point and the second follows

from uw*([d, L,rs]) = So + 0((1 — v2)u*([d, L,7s]) + v0) (see (B.10)).
|

Lemma 15. pupc < pupd < Sy and ¢ > 2i_DL — %

Proof. The first chain of inequalities follows immediately from the assumption ¢ <

d < 27 and ppr? < Sy by the equilibrium condition. Finally, since 27° is either the

So 1

closest integer that to 25—0 one gets ¢ > 259 > 5- 1

wr’ — 2upp

Remark 4. According to Definition [6, if any agent deviates the punishment is full

information. Specifically, we assume that the CP sends a recommendation of risky

to each agent with probability S;S

Nupr 50 that the expected cost on risky is exactly equal
to the fized cost Sy of the safe road. The continuation cost after any deviation is
therefore

U26U280+550+(5250+...: So,

1—9
Independent of the belief (5.
Lemma 16. The following statements hold:

1. v < ﬁSO

2. U*([d,L,T‘R]) S ﬁSO
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3. u*(17L> = (C__llu*([laL7rR]) + ]]\\;:;U*(H?LﬂﬂS])) S U*([dv L7TS]) S ﬁso

=

4. u*(c,L) := (d_c u*([e, L,rg]) + %u*([c,L,rg])) <wu*(ld,L,rg]) < 1%65*0

—C

=

Proof. 1.

Sl N-1
VTN TN

N —c¢

NSO

C
So + ) (’}/H (N,MLC +

%ﬁ(w@+ﬂ—y@(%ﬂ%MLJﬂ%+N§dwﬂ¢Lmd0>)+(Ldmw>

where u*([d, L, rg]) and u*(|d, L, rg]) are as defined in Lemma To simplify

exposition recall that

9(1, pr) = pr + (N —1)S
gle,ur) == prc® + (N — ¢)So
g(d, pur) == prd®> + (N — d)Sp

then v can be written as

__ 1—6(1—1) 5(1— 1)
ST a Sy ()¢ (s + 2 )
(B.8)

To show the inequality holds we first multiply both sides by (1 — )N

6(1 — 1)

1—6(1—1z) (g(l’ jimr) + v (g(c, L) + ma(d, m))) < SN

[ TG ———
= (1= 601 =) (g, ) + 6vmg(e, pn)) + 6y (1 = v)g(d, pir)
<(1=0(1 =7z —vu))SoN
= (1 =001 = v))(pm + So(N = 1) + 6ymg(c, ur)) + 6y (1 —y1)g(d, pir)
< (1=08(1 —4L)SoN + 6vgSoN — 8y (1 — L) SoN + 8y (1 — ) SN

= (1= 61 —v2)) (e + 0vug(e, pr)) + 0>y (1 — v1)g(d, pr,)
< (1 — 5(1 — ’YL))(SO + 5’7HSQN) + 52’7H(1 — ’}/L)S()N.
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By Lemma (15} g(d, pur) < SoNN, so it is sufficient to show
p +0vug(c, pur) < So+ 0yuSoN <= puy < So + 0vg(SoN — g(c, ur)).
Note that, by assumption, g(c, ur) < ¢(2, ur) < g(1, por,) hence

S
SoN — g(c,ur) > SoN — (So(N — 1) + pur) = So — pug > 30 .

Thus, it is sufficient if

S,
pg < So+ 0vu (EO —ML>

which holds by Assumption [10

. The cost u*([d, L,7g]) is defined in Lemma [I4] Then

1
e ——— ) < ————

< (1 =) (prd +0vrv) < (1 —0(1 —72))So

uw*([d, L,rRg]) So

< (1 — (S)ILLLd + (1 — 5)(5’)/L?7 < (1 — 5)50 + 5'7LSO

and the result holds by part 1 of this lemma and by Lemma (15|

. Expanding the cost u*(1, L)

c—1 N —c
U*(LL):N_lﬂLC_‘_N_lSO
d—1 , N-—d , _
+0 <(1 — L) (N— U ([d, L,rgr]) + 1Y ([d,L,rS])> —i—fyLv) .

Note that u*([d, L,rs]) = So + 0(1 — yr)u*([d, L,rs]) + 0,0. Then u*(1,L) <
u*([d, L,rs]) holds if

o(1 — 1)
1-— 5(1 — 'YL)

So

c—1 N—c¢ (1 =) <d—1 N —

d
d <
S Ty v LUl w1 pp (v Vo +N—1SO> S So +
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which is true by Lemma

For the second inequality, we need

1 1
- 7) < —— ,

< (1 =6)(So + 6720) < (1 =0+ dv.)S

and the result follows from the first point of the lemma.

4. By using Lemma [14] we can expand u*(c, L) as

d—c 1 N —d 1
* L) = = _
u (C> ) N — ¢ (1 _5(1_7[/) (/’LLd+57LU)> + N — ¢ (1_5(1_7L) (SO+57L,U))
1 d—c N —d B
S 1—-6(1 =) <N—c'uLd+N—cSO+57LU ’

It follows by Lemma [I5] that

1

el S T

(So —+ 5’)/[,17) = u*([d, L, Tg])

and the result follows from part 3 of this lemma.

B.2.3 Proof of Proposition

As in the two stage case, we break the agents into types based on individual’s
information. We detail the possible states agents reach under 7.4 and show that
&r.q 18 an equilibrium by showing that at each state any deviation would lead to
a higher expected cost. Each equilibrium constraint in this setting is dynamic (i.e.

consists of both stage and continuation cost).

Type 1 (Bi_, =L, ri_ | =7g)

Agents of this type took the risky road at time ¢ — 1 and observed L. Under 7.4

these agents receive a recommendation to remain on risky, so ri_; = rg for all cases
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below. We further distinguish different states based on the observed flow on risky at
time t — 1. We present our results in decreasing order of number of other agents that
took risky at t — 1. We show that in each case an agent that observes L follows the

recommendation and stays on risky.

e [x¢_1,8 ;,ri ] =[d,L,rg]: this agent is part of what we call the “incentive
compatible” flow, which is the flow d. If everybody follows the recommendation
then xz; = d. Agent i’s expected costs under 7.4 (if he follows or if he deviates)

are therefore

- Following:

u*([dv LarR]) - &d/ +5(<1_’7L>y*([d£ﬁrR])J—i_ryL]Eﬁc,d[u*([dv H7Ti]>])7

stag)er ctost on{gfoéilg: Czst ongoing cost if 6; = H
= prd + 0 ((1 =) w([d, L, rg]) +700) (B.10)

- Deviating to safe:

S Uy, = S S B.11
0 T 0Uge, 0+ 140 ( )
stage cost for £ ongoing cost
Thus, taking the risky road is an equilibrium if
. _ )
prd+6 (1 —~p) u*([d, L,rg]) +v10) < So + T 650. (B.12)

The inequality holds by Lemmas [15] [I6}1, and [I6}-2.

e [xi 1,8 ;,ri ] =][c,L,rg] this agent is part of the “exploiters" (agents that

are sent to the risky road the first period after the experimenter saw L). If

everybody follows the recommendation the flow on risky will be z; = d.

By Lemma [14] the costs are the same as in state [d, L, rg] (as given in (B.10)
and (B.11])). The equilibrium constraint is therefore identical to (B.12)) and is
satisfied.
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o [x¢ 1,08, ,,ri ] =[1,L,rg| this agent is the current experimenter and just saw
the road change to “low". If everybody follows the recommendation the next

flow on risky would be x; = ¢. His expected costs are

- Following:

u*([1, L,rg]) = prc+ 0((1 —~vp)u*([c, L, rr]) + vL0). (B.13)

- Deviating to safe:

)
1-6

S() + 5u§ev = S() + S()

The agent follows the recommendation if

J

pre+o0((1—~yp)u*([e, L, mr]) +v.0) < Sp+ 5

So-

This inequality holds by Lemmas [14], [15] [I6}1, and [16}-2.

Type 2 (8;_, = H)

These agents took risky and saw H, this means a new experimenter will be chosen.
They each will receive a recommendation of either r or rg. Since the state is H the
flow on risky in the next round is x; = 1 no matter the previous flow and we can

divide the states by recommendations

e 1\ | =rg. He is not the experimenter.

- Following the recommendation and taking safe

u([= Hyrs]) = So+ 00y (LL) + (1= y)0)  (B.14)
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- Deviating

2y + So

1—-9

Thus, the incentive constraint holds by Lemma [16}1, [16}3, and Assumption [10}

ri_, = rp. This agent has been selected to be the experimenter. Recall that if
the agent deviates then full information is provided from then on and the cost

is Sy at every round (see Remark . The agent’s expected costs are

- Following the recommendation and taking risky

w([@e1, H,7g]) = p + 6(yuu™([1, L, 7g]) + (1 — y)0) (B.15)

- Deviating

)
1—-96

So + So

The incentive constraint can be written

prr + 0 (1, L) + (1= 3m)0) < o 3oy + (1= ) =50
and by Lemma [I6}1 it suffices to show
o + 0yuu([1, L, rg]) < So+ Vi f (550-
Note that
w ([1, L,rg]) = pre+ 0((1 = y)u™([e, L, rg]) +y00) < pre + So

1-96
where the upper bound follows from Lemma [14}1, [I6}1 and [I6}2. Thus, it is
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sufficient if

pr < So+ 0vu(So — prc)

S 1
< So + 0vu (SO—ML (—2 0 _ —>)
pr 2

1
=S + 57H§ (So+ 1)

where the second inequality follows by Lemmal[I5 The result holds by Assumption [10]

Type 3 (Bi_, =U,ri_, =rs)

These agents took safe at time ¢ — 1 and received a recommendation to remain on
safe, rs. Note that since these agents took safe at time ¢ — 1 they do not know
;1. Receiving a recommendation of safe either means that ¢,_; = L (and the agent
continues to be part of the flow on the safe road) or that 6, ; = H (a new cycle
has begun but the agent is not the new experimenter). For simplicity we denote the
probability of the first event by p, s = P(6;-y = L | 2,1 = x,7,_; = rg). Note that
this probability depends on the flow = observed at ¢ — 1. The following lemma relates

these probabilities for the cases z;_1 = d and x;_1 = c.

Lemma 17. The following statements hold

1_
1. pgs=—1tm
Pd.s 1=y +v. 52
2 p _ (I_VL)%:i
C eSS T oy )=y, T
N—c
TH =
3 _ N _
Pis (L=vm) M v =5
4. De,s < Das

Proof. 1. Note that the agent can infer 6, 5 = L from the flow being d on the risky
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road at time ¢ — 1. Therefore, by Bayes rule

Pd,s ‘= P(et—l =L | [d, U, TS]) <B16)
(1 =7)P(rs | 041 =L, 2,1 = d)
(1 — ’)/L)]P)(T‘S | 9,5_1 = L, Ti—1 = d) + ’}/LP(TS | Qt—l = H, Ti—1 = d)

L=
- _ (B.17)
1— + 752

2. Note that the agent can infer 6, o = L from the flow being ¢ on the risky road
at time ¢ — 1. By Bayes rule

Des =Py =L|[c,U,rg]) (B.18)
(1 =~)P(rg | O4—1 = L, 21—y = ¢)
(I =79)P(rs [ 01 = Lyvy oy =¢) +7P(rs | 01 = H, 241 = ¢)
(1 —7p) 52

(1- VL)%ZI + 5

3. Note that the agent can infer 6, o = H from the flow being 1 on the risky road
at time t — 1. By Bayes rule

pis =Pl =L|[1,U,rs])
’YH]P)(TS | Op1=L,x; 1 = 1)
(1 —=yg)P(rg | 61 = H,xy—1 =1) +v5gP(rs | 04-1 = Lyx41 = 1)

N—c
YH N—1
N—c

o=+ (=) A

4. For positive «, 3,1
o > n
a+pB " n+p
N—d

Let o :==1— 7y, 8= v, %, and 1 := (1 — y)3=2. Then pys = atp and

Des = 77—_’7@ The fact that d > ¢ implies & > 1 and therefore py g > p. .

— a=>n.

The possible states for agents of Type 2 are
e [xi_1,0. ;,ri_ ;] =[d,U,rs]: these agents were on safe at time ¢ — 1, observed
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flow d and received a recommendation to remain on safe. Their expected costs

are

- Following the recommendation and taking safe

u*([d,U,rs]) = pasu*([d, L,rs]) +(1 — pas) u*([—, H,7s]) .
—_——— —_———

cost if 0,_1=L cost if 0, _1=H

- Deviating to risky

paspr(d+1) + (1 —pas)2pm + 50
This inequality holds by assumption (4.6]).
o [x¢ 1,8 ;,ri ] =[c,U,rg]: The agent’s expected costs are

- Following the recommendation and taking safe

u*([c> U, TS]) = Pe,s U*([d7 L,?“S]) +(1 - pc,S) U*([_> H, TSD :
T T

- Deviating

) )
De,s (,UL(d +1) + 1——(550) +(1 = pe,s) (2,UH + T 550)

J .

' v~

D1 Dy

By inspection, this case is similar to the previous case ([d,U,rg]). The only
difference is the beliefs (pg s for the previous case, and p. g for this case). The
incentive compatibility constraint (4.6)) for the previous case can be written

compactly as

Pastr + (1 —pas)Fo < pasDi + (1 — pas)Ds
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or equivalently
pa,s(F1 — D1) + (1 = pas)(Fo — Da) < 0.

We next show that (F, — Dy) < (F} — D). Since, by Lemmapas < pa.s, by

properties of convex combinations, this suffices to show that
Pe,s(F1 — D1) + (1 = pes)(Fa — Do) < pas(Fr — Di) + (1 — pas)(Fo — Do) <0,

as desired. To show (Fy — Ds) < (Fy — Dy) we equivalently show (Fy 4+ D;) <
(Fl + DQ) Note

Fy = u*([= H,rs]) = So + 6 (yau" (1, L) + (1 = vm)0)

Fy =w*([d,L,rg]) = So 4+ 6((1 — yp)u*([d, L, 7s]) + yL0).

Hence (F; + Dy) < (Fy + D3) can be rewritten as

)
1-9¢

< So+ (o + (1= y)u'([d, L, 7s])) + 24 +

So+0((1 — v)v +ygu*(1, L)) + pr(d+ 1) + So

1—(550

= 01—y =)o+ pr(d+1) <6((1 —yp)u*([d, L, rs]) — yuu'(1, L)) + 2pn-

By Lemma [I5] and by Assumption prd + pp < So+ Sy < 2uy and it is

sufficient to show

(1 — YL — VH)@ < (1 - ’YL)U*([d’ L’ TSD - ’VHU*(L L)

The right hand side can be lower bounded using Lemma [16}3 by

(1 — YL — 'VH)U*([dv L’TSD
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and incentive compatibility holds if

v < So+0
v < 1_5(1_ L)( 0o+ ’)/LU)
— (1-9)v <S5
which holds by Lemma [T6}1.
e [x¢ 1,8 ;,ri ] =[1,U,rg] These agents were on safe at time ¢ — 1 and ob-

served x;_1 = 1, thus they infer that 6, » = H. The agent’s expected costs

are

- Following the recommendation of safe

u*([1,U,rs]) = prsu([1, L,rg]) + (1 — prs)u([—, H,7s]).

- Deviating

prs (pp(c+1)) + (1 —p1s)2pm + So.

1—90

The incentive compatibility constraint can thus be written as

p1s (So +0((1 —yz)u*(e, L) +y20)) + (1 — pr.s)(So + 6(vgu™(1, L) + (1 — yu)v))

<pus(pr(c+1)) + (1 —pis) um) + So-

1—9

where u*(c, L) and u*(1, L) are as defined in Lemma 16| It follows from Lemma

[16}1, [I6}3, and [I6}4 that

6 (prs((1 —)u(c, L) +720) + (1 = prs) (yau™ (L, L) + (1 — yu)0)) <

1—-9

The result is then proven by the following lemma.
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Lemma 18. SO S pl,S(,uL(C + ].)) + (1 — p175)(2,uH)

Proof. Plugging in the expression of p; g derived in Lemma [I7) and rearranging

N -1 N —c N —c N -1
1-— < 1 1-— 200
(0= 422 ) S0 < vl D)+ (=) 2
Since ¢+ 1 > 2‘% (by Lemma the inequality above holds if
N —1 N —c N —c¢ Sy N -1
1-— N < — 1-— 2
(( V) +’VHN_1>SO_7HN_12+( Vi) pn
N -1 N —c¢ S N -1
1— — < (1- 24y .
<:>(( Vi) N )So-i‘WHN_lZ_( Vi) N Hu
By Assumption [10] Sy < g, so the result holds if
N—cl<(1 )N—l
N 12 =V T TN
The last inequality holds since, for all N > 2,
N—cl vz _ (1—7n) N-1
S T o -
My 2<% STz <sU-m—F

where we used ¢ > 1 and vy < (1 — yy) (since vy < 1). 1

Type 4 (8; = U,r; = rg)

These agents took safe at time ¢ — 1 and received a recommendation to take risky,

rr. We show that each of these cases is comparable to one that has already been

detailed. Thus, following the recommendation is optimal. The possible states of an

agent of type 4 are:

e [x; 1,0 ;,ri ] =[d,U,rg]: receiving a recommendation of risky means the
agent is an experimenter. This is equivalent to the case [—, H,rg| as this agent

can infer that 6, = H since, under 7.4, the CP does not send a rp if the flow
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is d and 0§ = L. Specifically, by Bayes rule

P(0i—1 =L | [d,U,rg])

_ (1 =9)P(rr |01 = Lyzy1 = d) —0
(1 — W/L)IED(TR ‘ 9,571 = L, Ti—1 = d) + W/LIP(T'R ‘ 9,571 = H, Ti—1 = d) '

Since it is a best response to take risky when the state is [—, H, rg], it is also a

best response to take risky when the state is [d, U, rg|.

(x¢_1,8! ;,ri ] =[c,U,rg]: receiving a recommendation of risky could mean
an agent is part of d (if ,_; = L) or is the new experimenter (if §; ;1 = H).
Denote by p. r agent’s i belief that 6,_; = L. His expected cost of following the

recommendation is therefore

u*([e, U,rr]) = peru™([d, L,rg]) + (1 — per)u*([1, H,TR]).

The cost of deviating is the convex combination of deviating under the two
possible states to safe. In both of these cases the best response is to take risky
(see the states [d, L,rgr| and [1, H,rg| discussed earlier). Thus, it is a best

response for the agent in this state to take risky.

[x¢_1,81 ;,ri ] =[1,U,rg]: receiving a recommendation of risky means that
the agent is either a part of the exploiter flow ¢ (if 6;_; = L) or has been selected
to be the next experimenter (if #;_; = H). Denote by p; g agent’s i belief that
0;_1 = L. His expected cost of following the recommendation and taking risky

can then be written as

u*([1,U,rg]) = p1ru’([1, L,rg]) + (1 — p1r.r)u*([1, H,7R]).

Similarly, the cost of deviating is a convex combination of deviating to safe from
state [1, L, r| and deviating to safe from state [1, H,rg]. In both of these cases
the best response is to take risky. Thus, it is a best response for the agent in

this state to take risky.
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Type 5 (off the equilibrium path)

Off the equilibrium path the CP provides full information, that is, sends recommen-
dations of risky to each agent with probability %. Note that in the full information
regime every agent has the same belief 8 on the state of the risky road (equal to
the belief of the CP). Moreover the continuation cost for every agent is the same, no
matter his action. Since following the received recommendation is myopically optimal

no agent has an incentive to deviate. At each point every agent’s total expected cost

is 1/(1 — 6)So.

B.2.4 Proof of Corollary

The corollary follows from the following lemma.

Lemma 19. Let Z1;, be the smallest integer d that satisfies (4.6)) when c = 25°, then
Trp < afl (B.19)

Proof. Note that

(U] = pas s 4 (1= pag) (S0 6 (e’ (1,2) + (1= 9m)0)
—as (o4 BROZIIEIIY 4 (1 (504 (a1, 2) + (1= 3)0)

Hence by Lemma

0.5 55 55
u'([d,U,rs]) < pas (So + 1 _05) + (1 = pa,s) (So + 1 —0(5) =S50 + 1 _05.

A sufficient condition for (4.6) to hold is therefore,
S() < pd,g,uL(d%— 1) + (1 — pd,S)QNH-

We next show that d = x}? satisfies this condition and thus (4.6)). To this end, recall
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that up (27 +1) > Sy and py > Sy hence

pasir(d+ 1)+ (1 — pas)2pn > pa,sSo + (1 — pas)So = So,

as desired. g

B.2.5 Proof of Proposition

The proposition follows from the following lemma.

Lemma 20. Asd — 1, x, — :1:%0.

Proof. Recall xyy, is the smallest integer d (weakly greater than z9°) that satisfies
(4.6) for ¢ = 25°. Specifically, plugging in values from Lemma taking the safe

road (i.e. following the recommendation) is the best response if

* S + (5 v * _
(4. Urrs]) = pas o (1= pas) (S 8 (e (L. L) + (1= 3)0)
< paspr(d+1) + (1 = pas)2pn + T 650. (B.20)

We let ¢ = d = 25° in (B.20) and show as § — 1 the constraint holds. By Lemma
163 and Lemma [14] it holds

. 270 —1 1 7 N — 2%° 1 N
u (1,L) = =% (1 = )(#Liﬂio + 5%”)) + 0 (1 =5 (So + 5%71))

- M AN IR (L —
1—5(1—%)(1\[—1““ TN ) TU\T IS — )



Hence (B.20)) becomes

1 OVH v’ =1 g0 N—ap°
Pd,s (mso) + (1= pa,s) (So +t1z 50 —7) ( R AR el

-~

T

_ OVL ( 5271{7/: ))
+0 (pas———F——+(1— — 51—
(pd,sl B Tp— (I =pas) (1= 51— 1) (1 —7n)

J/

-~

T

)
< pas (pr(@i” +1)) + (1= pas) (2um) + 50
Ty —

(B.21)
It follows from (B.8)) with g(c, uz) = g(d, uz) = g(25°, ) that

= 1 1—6(1—11) OVH
T R (P (D gy W ).

J/

T5

Substituting in (B.21]) and multiplying both sides by (1 — 0) yields
Ti(1—0) + TsTy, < T3(1 —0) + 0Sp.

Since T7 and T3 are finite and lims_; 75 = 1, when § — 1 a sufficient condition for

(B.21)) to hold is
. L YL JTH SO .80
(151—I>1}T5 ._(’YH + )N (MH TV =1)5% + L WL( ) T )SO)> <%

< voum +7S0(N = 1) + vg(pr(@7°)? + So(N — 23°)) < (v + 72)SoN

<:>pH<So—|—f;—( pr(27°)? + Sprt©)
L

= So+ 48018y — ppaSO).
L
The inequality holds by Assumption [10] if

S
—7H$%0(50 pLer’) > v (—0 — ML>
YL 3
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this follows from 1/, > 1 and

SO SO SO So o 0 So
v (S0 —ppap’) 2oy So— o =5 | = - (So—pw) = S0 —pe = 5 —
where the first inequality follows from z$° < Zi—OL + % (can be proven similarly as in

Lemma [14)) and the second inequality follows from z7° > 2. 1

B.2.6 Proof of Proposition [6|

*
We have " = 7 80,

*
and V* = VLLISO

50.,,- We denote an arbitrary optimal

incentive compatible scheme (OICS) in IT as 7 := Taped with social cost V. We

proceed in steps.

1. Proof of Lemma : Any OICS 7 must satisfy a,b < 1
For any recommendation in IT the experimenters, i.e. the agents chosen to take
risky at time t when 0;,_; = H are selected at random from all agents. Thus,
with positive probability the agent or agents chosen as part of a or b know
that 6;_; = H. We next show that if a or b is greater than one, then it is not
incentive compatible for an agent to follow this recommendation when § < 1/2.

Specifically, following gives cost of at least

2pg 4 6((1 — vu)0L + YuOm)

where U7, and Uy are some positive continuation costs. Deviating to safe has

cost
1

1—90

So <285y for §<1/2.

Since puy > Sy and the continuation costs v, and vy are positive it is not
incentive compatible for the agent to follow and take risky when a,b > 2. Thus,

for incentive compatibility to hold at most one agent can be sent to risky.

2. Any OICS satisfies ¢ = 239 or ¢ = 259 + 1. In this proof we assume

xrr > 230 (if not 7 coincides with the social optimum and is thus already an
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OICS) hence wp;, is the minimum integer satisfying (B.20]) for ¢ = 25°. The
incentive compatibility constraint (B.20) can be equivalently rewritten as

N B c—1 N —c¢
past (4, Lorsl) 4 (L= pas) (06 (1= 0+ 9w (57— pmwe+ 5=

A TR I SR

So.

So

< paspr(d+1) + (1 — pas)2um + 13

(B.22)
Recall from Lemma [I7 that

-
1_7L+7L%

pd,S = (B23)

does not depend on d, hence within this proof to avoid confusion we denote
this by pgs. By substituting the expressions of u*([d, L,rs]) and u*([d, L, g])
computed in Lemma |14] and the expression of ¥ given in the LHS of the
IC constraint can be rewritten as

. B c—1 N —c¢
po (14, Lrs]) + (1= ps) S0+ (1 =)o+ o (5= pmec+ =

~ (1—71) d—1 N —d ~
—1—5(%@4—1_5(1_%) N_luLd—l—N_lSo—l—(S’yLv

m(so—i-&m@)—l-(l—ps) (50—1—5((1_%{)1—)_1_%[ (]f[—_ll

N—c 5 i d—1 N—d
L R s gy (%Uﬂl_m (N—luLdJrN—lSO)))))

S c—1 N —c¢
P50 +(1—p5) (SO+(5’YH(

So

=Ds Urc

_ S
1—6(1— ) Nt N

5(1—’}/L) d—1 N —d
R (N—l““” N—150)>)

_ 0L 0L
+v psm + (1 p5)5 ((1 VH) + VHm)

-~
T
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i RL) <fé‘ O )))
+ % {g(l, prr) + 0vmg(c, pr) + 52%%9@ “L)} )
for
o 1—0(1— 1)

(=01 =01 =y — 1)

0V ( 0L )
—pg———— + (1 —ps)d | (1 — y) + g —————
[y p— (1= ps)d | (L= ym) +ymy— 50— )

(B.24)

independent of a, b, ¢, d. Note that this is separable in ¢ and d. Specifically, by
bringing all the terms depending on ¢ on the LHS and all the terms depending
on d on the RHS, we can rewrite the IC constraint (B.22) as f(c¢) < g(d) with

fl(e) := M\((c — Dpre+ (N — 0)50)1—1—%67;1 gle, pr) +k
—

N -1 ~
=:f1(c) =if2(0)
S(1-y) (d-1 . N-d

= 1 - 1 -

g(d) pSML(d+ ) (S( pS)fYHl—(s(l—’YL) <N_1/LLd+ N_lSO>
_ ﬁ 2 (1 - 7L)
N(5 T35l —~ 51— )'YHg(deLL)
L PsSo T _ — 0
k.= —1 — 5(1 — F}/L) + ( ps)S() + Ng(l PJH) (1 pS)QIU’H 1— 550
(B.25)

Note that & is a constant independent of ¢ and d. The functions fi(c) and fa(c)
are quadratic, convex and, disregarding the integer constraint, are minimized

when ¢ = “gTJrLSO = SO + and when ¢ = 2i° respectively. This means that, dis-

regarding the integer constraint, f(c) is minimized for some ¢* € [QIS;)L, 2/5;; + ]

Let ¢* be the integer minimizer of f(c) (i.e. the integer closest to ¢*). Recall

that 27© is the integer minimizer of g(c, uz) (i.e. the integer closest to 2?1_(2)

There are two possible cases:

(a) if there exists an integer ¢ in the interval [2‘20 T ] then ¢ = ¢ = x3°.

In fact, |é—2i—0L|§%:>é:x%O and |6 — | < $ = é=c"
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(b) if there is no integer in the interval [ oL + } then either ¢* = 25° or

2u
ct =250 + 1.
In fact, let ¢~ be the largest integer smaller than Zi_OL and ¢* be the smallest
integer larger than 2‘2—1 + % (i.e. ¢~ 4+ 1). Since there is no integer in

S, . Al S Al

[ﬁ, ﬁ + ] it must be |¢7 — 7| < 5 = ¢ =25 On the other hand
c* is equal to either ¢~ or ¢* depending on whether ¢* is smaller or larger
than #

Thus, f(c) is minimized at ¢* = 23° or ¢* = 239 +1 and for any ¢ # {25°, 29° +

1}, we get £(?) > f(2°).

We now prove that if (¢, d) satisfies 0) with ¢ # {25°, 23941} then d > z;.

In fact it must be g(d) > f(¢) > f(23°). Since xy; is the minimum integer

satisfying g(d) > f(25°) it must be d > x .

Hence any IC scheme with ¢ # {27°, 279 + 1} has higher cost then 7* (since
¢ > 259 and d > x7;) and cannot be optimal. (Recall that by (B-8) the cost

is 7| (L, ) + 0y g(c, i) + P 575 vmg(d, NL)] and g(c, p)/g(d, pr) are

minimized for ¢ = 23°/d = 25° and strictly increasing functions for larger

values of ¢/d.)

. Any OICS satisfies d > 2"/ — 1

From the previous point we know, that in any OICS it must be ¢ € {23°, 25° +

).

e If ¢ = 239 then by definition 1 is the minimum value of d to maintain

incentive compatibility.

e If instead & = 2%° + 1 we show that to maintain incentive compatibility it
must be d > w7, — 1. In fact suppose by contradiction that f(z3° + 1) <
g(zrr — 2), then we show that under our assumptions f(23°) < g(xr; —

1), which is absurd since zpy is the minimum integer satisfying the IC
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constraint. To this end it suffices to show
F@30) = f(@3° +1) < glarr — 1) — gz — 2).
Note that

f(@7®) = (@30 +1) < glwpr — 1) — glapr — 2)

(1 — o1 —
— ( pS)WH (80_21‘%0”[/_'_&(50—Q(J}LL—Q),UL))

N -1 1—6(1—11)
+137 S—%%w+lM—%lE;1Q—@—%%x —2)+ pr)
N H 0 L L 1 _ 5(1 — 'YL) 0 LL L
< pspr-
(B.26)

Now, by xp > x%o + 1 (Recall that if zp = x%o then 7* is equivalent to
the social optimum and it is therefore the OICS.) and 257° > 25—0 — 5 (see
KL

Lemma the following two inequalities hold

S() — (Q(ILL — 2) + 1)/JL S So — 2(JILL — 2)/LL S S() — QIML(.T%O — 1)
< So—So+ pr +2pL = 3pr

So — (225° 4+ D, < So — 2pp27° < pu,

and by 6 < 1/2
6(1—r)
1-— 5(1 — ’YL)

Thus, the left hand side of (B.26]) can be upper bounded by

<1

01 —ps)ym 7T
tur (W TN
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So it is sufficient if

01 —ps)ym 7T
g (82— Ps)ymH | TT <
( N-1 < NOMH)=Ps

N -1
7)< (= s

B29) N—1_ 1
46vy ((1 —ps) + T <p31 — Rz +

= 46y ((1 —ps) +

N 6(1 = 1)
(1—ps)o ((1 — i) + VH%)» < (N = 1ps
o (o e (P
e (e ) G

_( 0yl =) N-1 OVL
<~ 46y 7L+T(1—5(1—7L)+7L N d((1 ’yH)—F’YHm

[\ J/
-~

,f.

< =7)N

where the second equivalence comes from plugging in 7 and the third from

plugging in pg and multiplying by (1 — v+ ’VL%)-

Now, we show 7 < 2. By (B.24))

s 1—0(1—) _ 1—6(1—7z) -
(1=0)1 =01 —ym—72) @ —=0601—yu)A =01 —7z)) —*yuyr ~
1=6(1=72) <2((1 =61 —vm))(1 = 6(1 —7z)) — 52”YH”YL)

. 52’YH’YL )

0L
1<211— 1 - — .
= ( “M( 1—5(1—%)))

By 1—_56(’15%@ < 1 the right hand side can be lower bounded by 2(1 — 9).

<~
= 1§2<(1—5(1—7H))
<~
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Then by 6 < 1/2 the inequality holds. Now we bound 7 by 1

oyp(1 - N-1 5
el =) ~ 5((1—7H)+7H—% )

1—6(1—1z) 1—=6(1—=nz)
0y =) + 0 S (1 = ) (1= 0(1 = 1)) + 0yme)
Bl 1—=06(1—nz)

= 1-6(1—-v) 1-61—7z)

Plugging in the bounds for 7 and 7 in (B.27)) leads to the sufficient condition

40y (v +2) < (1 —7)N.

Then by § < 1/2,vg < 1/2,v, < 1/2 it is sufficient if N > 5, which is

true by assumption.

We are now ready to prove the two main statements:

Proof of statement 2: Overall, we know that n* is incentive compatible and
achieves minimum cost among the IC schemes with ¢ = 25°. From the points above,
we know that the only other possibility is ¢ = x%o + 1 in which case d > x;; — 1.
Any choice of d > x;, leads to higher cost than V* hence the only possibility left is
7. If #* is IC and has cost V* lower than V* then that is the OICS otherwise 7* is.
Whether that happens or not depends on the chosen parameters.

Proof of statement 1: We next show that for § — 0, V* > V*. To this end,
recall the expression for v in and 7 in ([B.24)). Then

~ 1_
Ve=7 [Q(L forr) + 57H9($%07 pr) + 52&7&9(11& ML)} )
1—=6(1—1)
- ~ SO s (I—71)
V* =7 g1, pu) + 6vug(ay + 1, pr) + 0" ————vug(xrr — 1, p1) | ,
1—=06(1—=n1)

For § — 0 the terms in §2 are negligible and the conclusion follows by g(23°, ur) <

g<x%0 + 17,uL)'
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B.3 Monopoly

If Platform 0 does not bundle the products and sells them separately then the profit

is given by

1 1
UB ‘/'2 ‘/’2
7 :— —_— R .
0 At, ©  4t, Y

If instead, the platform chooses to bundle, there is a more complicated optimization
problem

If a platform sets the price py then any agent (z,y) such that
Vi+Vy—tex —t,y —po >0 (B.28)
will buy the bundle. This gives us any agent on the line

y(z) = %(V; + Vi — tex — po) (B.29)

Y

is indifferent between purchasing and not purchasing. Thus, anyone below this line
will purchase and anyone above this line will not purchase. Now, there are several
cases of demand based on where the two values y(0) and y(1) fall. Specifically, the
demand could be any of the four forms shown in Figure [B-1]

For ease we define z and Z as follows:

TiyE) =0 7o W (B.30)
Bry(d)=1; &= VHVyt_ by~ P (B.31)
In Case 1 we have the maximization problem
B2 1
TS ehax Py (y(0) +y(1)) (B.32)
= max pO%(QV;CO +2V,) —t, — 2po). (B.33)
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Case 1 Case 2

Figure B-1: The four possible cases of demand in the monopoly setting.

Note, the interior optimal p is p = $(2(V;) +V;) —t,) and the constraints hold if the

parameters are such that

1
y(0) = 5(2(% +Vy) +t:) €10,1] (B.34)
)
1
y(1) = 5-(Va + V) €[0,1] (B.35)
y
The revenue is then given by
1
ot = ——2(Ve+V,) — ) (B.36)
16t,

In Case 2 we have the maximization problem

1
B2 _
Y= max —y(0)x B.37
0T oyl <o’ 039(0) (B:37)

1
— max e (Vat V- ) (B.38)

P01 y(W)<0” 2,1,
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The optimal revenue in this case is given by

e Vet Vy — o) (B.39)
0 2t,

In Case 3 we have the maximization problem

1
B3 _ ~
= - B.A
oS Pog (T ) (B.40)
1
= p0?<2‘/m + 2V, — t, — 2py). (B.41)

In Case 4 we then have the maximization problem

= max po (1 - %(1 _ 8- y(l))) (B.42)

p0,4(0)>1,y(1)€[0,1]

po,y(0)>1,y(1)€[0,1]

1
= max Do (1 BT (ty +t, — Vo =V, +p0)2> , (B.43)
zly

Thus, the overall optimization problem for Platform 0 in the monopoly setting is

78 = max{xf' 7P% 753 nl}. (B.44)

Proof of Proposition[7. If 2VTZ < 1 and QVT?; < 1, which holds under Assumption
then the profit for unbundling is given by

1 1
UB - 2 Y2 B.4
T T (B45)

For Case 1 of bundling we get the profit for the platform is

1
1y = ——(2(Va + V) — t.)*. (B.46)
16t
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Note that the two constraints that must hold to be in Case 1 are that

Y(0) = -(ta +2Va + 1)) € 0,1] (B.A7)
y(1) = %(vx +V,) € [0,1] (B.48)

which both hold if ¢, < Y=,

VoV,
2

If, instead t, > , we can consider Case 2 and a similar argument follows.

If in Case 1, to have 752 > 7 it must be the case that

1 1 1
— Vi Vi< — 02V, +V,)—t,)? B.49
which is equivalent to
t
0<4 (1 — t—y> (Vi)? + 8V, V, — 4t, (Vi + V) + t2. (B.50)

The right hand side can be lower bounded using ¢, € [VT’?, VO}

xT

ty 2 (Va)?
41— . (Vi) + 8V, V, — 4V, (Vo + V,) + 5 (B.51)

which simplifies to

(Va)?
2

4 (1 — i—y) (Va)2 + 4V, (V, = Vi) + (B.52)

xT

There exist positive o and [ such that this is positive. &

B.4 Duopoly

Note in the unbundling case this just becomes two separate standard Hotelling prob-

lems.
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e Unbundling profit:

1 1
7T([)]B = itx + §ty

1 1
W?B: 5t1+§ty

e Bundling profit:

Proof of Proposition[§ We have 7{? > nf always holds, as ¢, > 0. 1
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