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The Transfer of Spectral Energy in Non-Linear Dispersive
Systems

Alan C, Newell

Submitted to the Department of “Mathematics on May 13, 1966,
in partial fulfillment of the reaquirements for the degree
of Doctor of Philosophy,

Abstract

In the first chapter, an analysis is made of the long
time behavior of the spectral cumulants in a conservative
system of random, weakly non-linear, gravity waves, The
system of equations describing this behavior is found to
be' closedsws 1In particuldr it is found ithaty tothefirst
closure, the spectral energy is transferred by means of a
resonance mechanism, The second chapter deals with a con-
servative system of random, weakly non-linear, surface
tension waves on which a forcing mechanism is applied,
Finally in the third chapter, the energy transfer in the
local spectral neighborhood of a travelling wave is dis-
cussed,
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Note:

On account of not being able to obtain a binder clip
with a sufficliently large bite, thls thesis has been
divided into two parts, Volume I pges. 1 - 158 , Volume II
pgs. 159 - 318, As the total thesis will be bound
together by the library at some later date, thls page
will serve as an explanation for the temporary division

and will not be numbered with the rest of the thesis.
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CHAPTER I

Introduction,

It is well known that a transfer of energy occurs
between different wave components in a nonlinear system,
In the case of fully developed turbulence, the expres-
sion for the energy transfer contains third order cumu-
lants. .. This,leads to a closure difficulty, for,the
rate of change of the third order spectral cumulant is
given in terms of fourth order spectral cumulants, and
so on, In order to obtain a finite closure for the
system of equations describing the rates of change of
the spectral cumulants, it is necessary to adopt some
assumption, One such assumption is that of Heisenberg
for the case of isotropic turbulence in which the energy
transfer terms are replaced by an expression containing
only energy densities, Another such assumntion is the
Quasi Gaussian hypothesis, which assumes that the fourth
order spectral cumulant is zero.

In the following work a weakly nonlinear conserva-
tive system of random waves is considered, The model
chosen is that of ocean waves including both surface
tension and gravity forces, Unlike the case of fully
developed turbulence, it is found that, without any
assumptions as to the nature of the statistical distribu-
tions, the system of equations describing the long time
behavior of the spectral cumulants is closed, A physical
interpretation for the mechanism for energy transfer can

also be given,



In a paper in the Journal of Fluid Mechanics [ § ],

0,M, Phillips suggested a mechanism by which weakly inter-
acting gravity waves could exchange energy. !He showed
that this was a resonance mechanism which can be repre-
sented as follows. If (ki, W(K)) , i=1,2,3,4; are
the wave number vectors and corresponding frequencies of
four discrete gravity waves, and if when §.+£1+£1= K 5
for some choice of the sign parameters, +W(k ) *+ w(k,)
+(ky) = +3 (k) , then it is possible for energy to be
transferred between these four wave components, This is

due to the nonlinear terms of the equation describing the
system, as a linear system would allow the four waves to
travel independently, The time scale associated with this
energy exchange is of the order of E_Z , where & 1is the
small parameter describing the relative magnitude of the
nonlinear terms, Phillips examined the initial growth of

a wave produced by this mechanism., Benney [ | ] develoned
equations describing the long time sharing of energy pro-
cess between four such waves,

In [ 4 ], Hasselmann examined the spectral energy
transfer between random gravity waves, in which the velocity
potential and the function describing the surface elevation
were homogeneous random quantities over the ocean surface.
Using a perturbation technique and assuming that the statis-
tical distribution of the random quantities was Gaussian,

he obtained an expression for the spectral energy transfer,
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The expression clearly demonstrated that the mechanism
for energy transfer was identical to that suggested by
Phillips. However the time scale on which the spectral
energy was exchanged for the random problem was found to
be ofpthelorder E‘@.

Using a model equation, Benney and Saffman [ 2 ]
showed that in the case when triad resonances are possible,
the Gaussian assumption was not necessary as long as the
zeroth order term in the asymptotic expansion of the high-
er cumulants remained continuous, and that a closure, at
the Eﬁz time scale, for the spectral energy was indeed
possible., Triad resonances occur when the corresponding

~

frequencies of three wave numbers f,, k., and Es which
are related by E.+E1 = i; , obey the relation

rW(ky) +w(k,) = +wW(k) , for some choice of the sign
parameters, Benney and S@ffman then conjectured that in
the case of gravity waves, their analysis, if continued,
would lead to the same result Hasselmann obtained; namely,
that the equation describing the transfer of spectral
energy would not contain any spectral cumulants other than
energy densities and would therefore be closed,

It was in order to examine such a conjecture that the
following analysis was undertaken., At first, the analysis
included the effects of the surface tension and so, as
shown by Phillips [ § ], it is possible that certain fre-

quency triads (for example, +u (k) +w(k,) *w(ky) )



could vanish somewhere in the spectrum, A perturbation
scheme is adopted and a multiple time scale device in-
serted in order to keep the asymptotic expansions for each
of the spectral cumulants well ordered in time. It is to
be emphasized that the ordering procedure must take place
in physical space, It is found that there are two distinct
types of terms in the asymptotic expansions, The first
type begins with the order £&° terms, and each term in
this series carries as a factor an exponential with an
imaginary exponent (the sum of frequencies)., These terms
describe the first oscillation of the spectral cumulants
arising from the linear balance in the governing equations
for the system,
However, there are also terms in the spectral cumu-

lants higher than the second, which are at least of order

€ and which have the property that they can eliminate the
fast oscillation and thus give rise to a type of quasi
steady behavior for the corresponding cumulant in phvsical
space, This means, if one looks at the long time behavior
of the physical cumulants higher than the second, that one
would find that the quasi steady terms remain; whereas the
Riemann Lebesgue lemma shows that terms of the first tvpe
tend to zero. This implies that an initially Gaussian
state does not remain Gaussian to all orders in £ ., Tt is
found that these terms, described as quasi steady terms,

never appear in a secular manner,
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The first '"t" growth secularities arise when one
investigates the second order ( OUT)) components of
the asymptotic expansions for the spectral cumulants,
In the case of the spectral energy, secular terms arise
because of triad resonances,

In taking the long time limit for the order &
component of the second order spectral cumulant (which
represents the spectral energy) it is assumed that the
zeroth order term in the perturbation expansion for the

fourth order spectral cumulant is continuous. However,

this can be shown a posteriori to be a consistent assump-

tion, For when one removes the secular terms from the
long time behavior of the & component in the perturba-:
tion expansion for the fourth order spectral cumulant,
using the fact that the zeroth order terms in the pertur-
bation expansions for the spectral cumulants are slowly
varying functions of time, it is found that the zeroth
order term for the fourth order spectral cumulant does in
fact change continuously in time., This requires the
assumption that the zeroth order terms in higher order
spectral cumulants were continuous, However it can be
shown that the assumption that the zeroth order term in
the perturbation expansions for any of the spectral cumu-
lants is continuous is also consistent,

Thus keeping the asymptotic expansions for the

*
spectral cumulants well ordered in time to order £ ,
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gives a system of equations describing the rates of
change of the zeroth order terms in the asymptotic ex-
pansions for these spectral cumulants, with respect to
the time scale ¢t , In particular, it is found that,
if one neglects surface tension effects (thereby elimi-
nating the possibility of frequency triads being zero
anywhere in the spectrum), the zeroth order component

of the spectral energy remains constant in time and that
all of the other zeroth order spectral cumulants behave
in an oscillatory manner on the ¢t time scale.

In order to find the effects of gravity wave re-
sonances on the behavior of the cumulants, the analysis
is continued to the &'t time scale, neglecting surface
tension., I!lowever on account of the first closure of the
system at the £t time scale, a modified approach is
necessary in order to avoid spurious higher closures,
This modification will be more fully explained in the
analysis but in essence, it involves choosing free terms,
which can be inserted as arbitrary functions when one
integrates with respect to the fast time t , in order to
ensure that all of the components in the asymptotic ex-
pansions except the first term tend to zero as the fast
time t tends to infinity., However, as will be explained
later, it is not neceSsary, nor indeed possible, to sup-
press the quasi steady terms, It is then possible to con-

tinue the analysis to the &t time scale, where it is
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found that in order to suppress secularities, the rate
of change of the zeroth order spectral energy has to

be chosen. This gives an integro-differential equation
identical to that obtained by Hasselmann, It is fairly
clear to see at this stage, that the rates of change of
the zeroth order components of the other spectral cumu-
lants will be given by equations similar to those de-
veloned at the €0 time scale,

One concludes therefore, that it is possible to
reach a first closure for the spectral energy indepen-
dently of the statistical nature of the svstem, Whether
this would be true for a second closure for the spectral
energy is open to conjecture, For example, if one con-
tinued the problem from the &0 time scale, still per-
mitting resonant triads to occur, could one in fact,
reach a system of closed equations at the 't time
scale? It is possible that when triad resonances exist
that the energy could tend to become localized in the
spectrum before the ¢'C time scale. One might then
expect some sort of sideband mechanism which Brooke
Benjamin proposed and which is examined in Chapter T1I
of this thesis, to become effective along with the re-
sonant quartets, In fact, there are terms which in the
present analysis are zero, which arise as derivatives of
the spectral cumulants across surfaces given by a fre-
quency triad being zero, and these may be the manifesta-

tion of the sidebend mechanism entering the statistical
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problem, The author and Dr., Benney intend to examine

this possibility in a later paper,
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Fguations of Motion,

The equation of motion for an inviscid incompressible

fluid free from vorticity is
2
NV'Q = o, (1)

where (P(x,v,z,t) is the velocity potential, The

boundary conditions are

SRS 0, 7= (2)
97
z=-h, h constant, is the equation of the rigid
bottom,
a(p 4 g é gx_k(ll- 1.) = E%‘l H'g“.) - :\).E)LLQ}L g!j
- - 3 7%
(resi+ 60 )
2 = i 3
pLivel = o, 7 = §ley t), (3)
=0 3 Ny ‘)
SO (R ey s ek (9
dt 32
z = (x,y,t) 1is the equation prescribing the elevation

of the surface above some equilibrium level, 2z = 0 ,
Equation (2) is the condition on the normal velocity at
the rigid horizontal bottom, Equation (3) is Bernoulli's
equation (including the effects of surface tension)

applied at the free surface h g(“ﬂﬁ:t)-
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Equation (4) expresses the kinematic condition that a

fluid element at the interface remains there,

One considers waves of small, but not infinitesimal
amplitude, by setting

S

(5)
S
¢ being a measure of the wave slope.
Substituting (5) into equations (1), (2), (3) and
(4) and expanding the boundary conditions at the sur-
face around the equilibrium position, z = 0 one
obtains
2
Vy = O (6)
v, = O, at 2= -Hh. (7)
LGS e vl 1)
Gt g7 - S (v ) 8 (e 519

o [ Do %+ Tgq T = g By % Do e " F ey

iﬂi’)w"%q;qﬁ)g Lole) =0, 20

(8)
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N = Wa + E(Wnet by~ %) + €000 bas

t '773 u’qz i "1 'Ilu*m) i 0(83) T 1B, | A0 E;f ()

The expansions are taken up to O(?) only, as
the higher order coefficients are not required for
the final result,
The linear equation (6) together with the boundary

condition (7) allow solutions of the form

-—

Cosh [R] (24 R) -(RF
E db\ (‘ln)
(‘nahlglﬁ.

BlRit)
& opL o= P
r)(n.td, t) S A(h:t] ¢ i, (11)

-~

G Ouy 2 t) = J

Since \/ and 7 are spatially random quantities,
their transforms B(?,t) and A(Q,t) must be regarded
as generalized functions of k . The generalized func-
tion approach will be used as it is easier to manipulate
than the Fourier-St integral,

Substituting (10) and (11) into (8) and (9) using

the Fourier Convolution theorem one obtains
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<

s A %‘KIIA a 5_5 [mm kAR A(R)B(R)

b2 {IRIR] Bak IR Ban R = KR B0F) B(MJ (i, vh.-K) o, O,

+ ¢ j‘*‘ {_i.lrlsliﬂ(fi.) A(R) BlRy) + |R, | fanh IRy (lﬁll o b‘s)

%] Fonh [RIR B+ ¢ |

~
=0

(k) dhah €8] [l haklalR

==
-
{

(13 )

To eliminate B, from under the integrals in equation

(12), one solves for B, by successive approximations.

Bt SRt (€8, LRV E Ry &N
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On setting

AR = T @)
A irwt
BlRt) = & MV gwe) e
LR

o
e
i
-‘—
=
e
o
S
5o
=
e
—_—
a
+
2l
=
=0
N

T
Loy

1
o0
+.
™ | wn

one can then write equations (12) and (13) as

T I S 1wl -
— ORIt C

QW 3, %

& % 2y Gy aady I.(LU” S"wl)t
ﬂ Khl R4 Ql al E
3

~
oy 21 Ja )3 T % ‘J,

S(Reho-R) dR dky, + € % j

2%y -

l‘(""w; SRS *’thb)t S(E‘ + E’.z + E} —E) CUE: dc;?v dh?’

(Sl = ¢ S, Wr ) €

;}‘ e ol 7

e \ | e LY v
B T 55 b i —‘r
% SRk, s - +B.-R) db chk



aK

I t'swt
g &t(hlt) ¢
S(R+h-k) ok, clky

I‘(sl\-‘-’l + Sy, + st})t

S
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u

2l ,‘ % St Suwa) €
= [ L Hpn GGe

2o, SNt

&
et Rl
2~ : -
+ E 2 j LHh.n.h3 G.lG-l &‘3
Wny /-

S(F(J.HZL*' ky - F{) clk, dk, cRg

5, oo, - i (Siwn M,w,]t‘
! H R,-- R C\l - Gy e
QJ-F{; % C“\":r t L ”3) .

N -—V."' "V‘_L
K = _'L (N‘l + LJ:' + W, Wy T h". h" ?
a Ry Ry 2!

123 % N
Q K:Z\:):;, i ﬂ ¢ Kh e

123
>y

\ being the cyclic permut

s N 2 73

G 1
'_(vs .
Ry Ry Ry L

.}-.l ‘l/;wf(lﬁs |*- ky-R

Tatay Jy

S/ [Uaxh) (R, X

J

h37

ation over 1, 2, and 3

p) 4 e )

1

J)_L..‘l)_ )] (XY

D _ g R et il

~

L) - LIRER D



qul')l a l 23 };‘f_\q\ 5, )3
H R,y _5 GD ]hthnb :
LI Ry . L e
3 h.m:, E —,Z [')sws {ilhs\ + h;'hs) lel{ lth + ke hs) ;
ML A LJLHL) 7 _VL = V(EL)

Multiplying equation (12) by ‘U{ and adding and sub-

tracting this to equation (I¥) one obtains

A ll(S|U| SR Srh-\r)t
1

< oL A 1,
Qﬁt(E.t\ = g f_hl § S ihh."' Ry C&I. “Gr ¢
r %3y -4

S - -k o i 0

where

Rk, -- Rr 2 b i ¥ BET L
Equation (I+) is the governing equation of the system and
would seem to be typical for all conservative systems of
weakly coupled waves, S

There are certain properties of the iuhht—--hP

which will be needed later in the work, These are,
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r

Do
(i) ihjh.k,hr is symmetric to any interchange
between the numbers (l...r). It is clear that this
can be accomplished as shown in the construction of

the first two terms and from the form of equation (14).
(s W T - 2 I:"

n
(11) 0 kn . is a purely imaginary auantity (the

-

ki being real), This can be seen by inspection.

%
=D st =

L L a ByaTh By
(iii) i = = (et i -
hhq - h i—h_h‘ - —hr' -h_h‘ = . hr °

r

49 =3y ——= =D

To prove this one notes that since 7(fzt) is real,
i Tl
AR.E) = Al-R.E),
which implies

o (R, €)

-2

¥
G (-R.E). (15)

From the governing equation (14), since t is real
o * * X
* =3 A% -, ol

=2 ~ L=t N .
o - Teng OIS

277 3¢ =

20ESE = F 5o £510) B

SR+ --+hy E) dk, - chky

ﬁL ~¥
Setting H'-—» ~ 1™ 1. .s4,T ston the“rieht
L

hand side of the above equation and using eauation (15),

one obtains
o *

=Rpli=y = = 8 "'Dr

"'h"h‘ _h-r-

oh
%= Ay -&

o
|
NG
(_‘_
L
1

3 €S

Ll - - -4 Selor "'S"J)t

0 S(Rr-+i-k) dh- dhr.



Comparing this result with equation (14) one sees that

o
a4 Ay = Oy £")"| ==t g
Aih 3y S h—r Ehe =

¢ wlel
B0y = = e
But &nh. - ky

is an imaginary quantity, and so
A g A= e Bt 33 B f-m—a,---ﬂv
ihhl S B Uf-n ~k, ~- -k, _h i
iv) SR Ay = e,

This notation will be explained in the following proof:

Since all mean values are zero

L Sl
This implies  @'(Rit)7? =0, for all time,
Therefore < GplRE)? = O.
From equation ({.)
&

. [ P 3 = A e v
7 =0 = SE'F | Lan e 6

€ r W Jog

e:thw. + - ot Sw, -Swlt

S(M] * “'l-E," ) d}:"‘d:r.

Also the mean value of r Tourier components can be

decomposed into cumulant transforms of the form

. - oo 3
LB’ e Mg g 2 S(h,f-w”hr)[b“‘“"“*)*" ]

and Sin'ce S(El*- +-i7-:y) S(E\{' e *'Er-v;) = S(EJ S(k\‘“ +-h'f))
it is found that
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(o8}

3
'

_ vl i A2 = );r ‘)l . 5
SR 5 uS(h) Lun-n, <02 €
=k SR dk, -- Clie .

T

L I T
Therefore = 0 when k +,,.,.+k = 0 , Hence
Ohl =R '

> :
f 1[51U|F'i‘huv'5u)f

one uses the notation}

SR) dee o & = O



Statistics.

The primary interest in the following analysis is
the behavior in time of the statistical properties of
the wave motion., One assumes that V}(x,y,z,t) and
7 (X;¥%,E) g-are random functions of the spatial variables
x and y with spatial homogeneity, No further assump-
tion is made as to the nature of the statistical distri-
butions. All that is required is a knowledge that the
cumulants are initially smooth.,

Spatial homogeneity implies that the mean value
(ensemble average) of (i?(E) Q(f+§)? is a function of
s only. The cumulants formed from these mean values
have the necessary behavior at infinity to permit Fourier
transforms. To be quite general let us suppose

b Q)
<j> = R#0, R being a function of t only., Then

<) pta) 2 = Bi-e e ) + Ry R'ee).

In general <ql-- 1» 7 has many possible decompositions;
for example 2 X (r-2) ; 2X 3X(r-5) ; etc, The number

of terms in any particular decomposition

= "Kl#l + gt RS L

wC bp)C, - - (r —;,I(u(.-l)) (e Q—«i.b.)cpx (0 o) S
X Ao
£\ !




o

where p; is the size of the decomposition and A

is the number of particular decompositions of this size

which occur., For example if the mean value of the ran-

dom quantity is zero (namely the order one cumulant) the

possible decompositions of the mean value of six quantities

are
0X6 , 2%x4 , 3%x3 , 2x2x2,
There is 6C, = 1 member in the 0X 6 class; there are
%Ellﬂ% = 15 members in the (2 X4) «class; b 36
B H 2
= 10 members in the (3X3) class; and 60 ke Sl = 15
|
members in the (2x2 X2) class, =
The relation
@)v
<q(r“—)q(i'+‘fl? = RL3),
implies that
=9 QLE‘F-F(:E\-'S __’d_.
= < o 7 cr oS
<H(_h[} H[,h‘l-)7 = —_lg‘(?h—)INS)
@al® L&

1
r—
L
s [
==
o
e
co
-
¢
g2
2%
-
‘-\_‘__3
¢ 3{
o
=
T
¢
g
bty
oy
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Therefore

AR b
where

) — [.1] T \‘ (Stbd.('f S, ) t ~

PR.t) = 2 Qeit) € o ReeR

W, = LJUE‘—) = L\)(_‘EL) = Wy

0(k,t) 1is an ordinary function of bhoth kK and t .

The corresponding spectral cumulant of R(ﬁl,ﬁzj ﬁlq )
bl ~

18 Qe e A Y etand
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The Energy Density.

The energy in a parallelepiped of unit cross section
extending from the bottom of the ocean to the free sur-
face is composed of three parts,

(a) The kinetic energy, the ensemble average of

which, over the horizontal spatial variables
x and y , is denoted by gﬂﬁ :
(b) The potential energy, the ensemble average of

which, over the horizontal spatial variables
x and y , is denoted by -EPﬂ. .

and (c) The work done on the fluid by the restoring
action of the surface tension at the surface,
The ensemble average of this quantity over the
horizontal spatial variables x and y is

dénotedsby | 1B SN,

(a)i i a2 ’;\S p INg[" d,
v

where V is the volume of the parallelepiped described

above, and dtr 1is the elemental volume dxdydz .

| | S VQ(QCQ)Q (1-{, S(nu; \71(?‘_‘0)
i

= .% Sﬂ JD(P VQLR CiSJ
S
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S being the surface circumscribing the above described
volume, a being the unit outward normal to this sur-
face and dS being an elemental area on this surface,
Since Q7.V¢4Q is independent of x and y the only
contributions come from the bottom and the top. At the
bottom

Jp.n = o.

At the top surface

V. n = _—_Cff_.g_m_ 4 hwﬁg“l i P

]n—%h%% H-g‘:,.f.tl [.‘_c"]:t_c]'i—
be

Il+§:+f1‘

1

T gl
Noting that dS = (; + gx + %y dA , where dA 1is the
projection of the perturbed surface onto the horizontal
equilibrium surface z = 0 , one finds the average energy

per unit area is

e

1P @S,

7P v,

‘{(E\"’E\.)'F

= L Fitf <(5(.H|1 At“’;]? E d-":\ Q'UQ'*J
4 -3

* v IRl IR TV, 5 s
SRITEE <etar?

2 -t
N Y- Ay ey

-f.LE.i—‘{._}-F (S +sowa) €

ok, alk,

+ O(Eg) S“¢~ﬂ$~auu? ﬁ-‘lM)



W, e Cans P
- zfﬁg + ’ )

= 1P

"\. [_'{l 1"‘;1» ) " ';(.slwﬂ'hu'v) t i
2 ¢ ol dk,
' 2P3£,i§_ <L ,
2 2) 95, i(sers, Jwl o
= 1l (k) @ clh
Py N

(c) Energy due to surface tension. The energy gained

by the fluid as the surface tension force S acts on the

stretched area (da)' , with (da) as the elemental area

of the unstretched surface,

fos S | ) -ee),

¢ [firsrs)=1]

1



Bk strge 46 J(r;;u;u,‘) ah  +0(e).

Therefore the average energy per unit area is given by

Se* “ F); + '){ 7 g O(Eg) Sl-&tld-\ﬂ&‘*s rE’“*‘5;
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& -
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,'zggj Rl O (%) ¢ ok .

Therefore the average total energy per unit area is
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0 %-2
The spectral cumulant O (k) is thus a measure of the

spectral energy in the system,



Method of Approach,

The governing equation for the system of nonlinear

waves 1is

gt

iy == 3 (51w '+S,Ur'stt’

KR Ry hy G_:,."Q:h { S(,E;"‘ "+Er-f{) dE‘ - di'l

I _ = o)
Celie) = S €7 2 5
r 2- _‘3
4 st =
where the a (k,t) are generalized functions of k .
If 7 (x,y,t) were non-random and possessed a continuous
Fourier decomposition then a’(ﬁ,t) would renresent the

~r

amplitude of a wave with wave number k and with wave

speed te“% ha,

I&]

The perturbation expansion
oDl o B
Bebigbl be @ LRE)  iE iRt b d canast & ar(Rt) +

is applied., Substituting this into the governing equa-
tion and equating powers of £ one obtains expressions
for aL(k) 5 a?(k) , etc. From these quantities the

perturbation expansions for the mean values are obtained
== 3
5 Co . A >, .o %
<C\\"" Q' > <G°‘ - CI-DV7 + G> <Cu\ Gm, Ctov?
+ e @ 5(&: Goy - Gav 7 1 <G Gy God~ Gar 7}

4—M§1) £+ e . )

and the perturbation expansions for the spectral cumu-

lants are obtained in turn from the perturbed mean values,

as
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QL‘)Eji‘zcn) . @o(k‘""’"') +t € Qle-uw.) +- - .
ﬁjﬁi is a permutation operator on [---v giving all

the possible terms, a typical one being { i :' Fot

example,
I 1 2 i N % n,oon M + <a’. Clr:_‘ at??
CP 3 <au Can Gos 7 - (au Cr Goa 7 +<G” Gor g 7 5 ’

(P'])‘-' dpr 2

The long time behavior of @, (K, Kpw ) 5 €m = 1), is

examined with reference to the resulting behavior it
gives to the corresponding cumulant in physical space,
In most cases this will be equivalent to finding the

(_i'\ Jfs B a5
long time behavior for O,M(k”-- k... ) which will then

~

PEnYE ~
be denoted by 6m (k,,-- k., ) and substituted into the

expression

(r) % & = W e -ik:p ""fh\:..-];:_,
RM(EIJ'_ lj'f-a) = a @M(Efl-.h'ﬂ) e
oy J_x
I(Siwy £ S i % v ]t w B
E|($>L.,» Fhy T S S[Eﬁ_. +}1‘) db,-- Uk, .

Gl g3l

However if any ﬁm(k“"k,_l ) should contain functions
with arguments which are not independent of (wi+- + Tk

then the asymptotics must be applied to the total function

oA

» (5ot 13m0 b LRLE L ke

i) € ¢ S(R, + - +hy) G- dk, .
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The latter type terms do not belong to the same ordering
procedure as the former and give rise to a quasi steady
behavior in the physical cumulant. (See Appendix IIT,)

If any "t" growths, or secular behaviors, should
occur in the asvmptotic expansions a device will be used
to remove the troublesome terms so that the remaining
terms form a well ordered asymptotic expansion in physi-
cal snmace for all time, This device will consist of

introducing time scales,

loe= o =B o R ESE R AR

y]
Clg - o

and allowing (h,"ﬁiJ to be a function of these longer

o

time scales., With this multiple time scaling procedure,
3

the operator i is replaced by §t t £ ga';; el s, b0

where T, has been replaced by t for convenience., Any

secularities occurring will be removed by choosing the
lq‘-- ‘l:

long time behavior of 5§(i~" Rictin Tor Tar. D Tn the

nresent problem it will be shown that to the order to

which we are interested only the time scales T, and T,

are reauired,

An equation which will be used frequently is,

(o
%kltk— St XEIEG,
whose solution
it
I
l“-') : S ol
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will be denoted by D(w). On account of the laborious
and lengthy nature of the manipulations the following

notational contractions have been adopted,

/—\113-—\-0 S LV i v e e, <l
1

\AL}_S._ V,o = qiwl"" 2 Wy t+ J3L~‘§ R (F +Jr‘dr '—')\.J)
Sll-- r, o = S(_Eli-r;,'{—- "‘*‘h*—h),
Sll,u. & SU’L.{»— h, = h; 'hHJ)

j —_—
gnu.o I g("‘*"*’»wr’f’sus 'D“).
)
QJ will be taken to mean the zeroth order term in the
jl = 1’ - - -
perturbation expansion for a (k,) . G“j will signify

. : g . ek
the i order term in the perturbation expansion for G-(hﬂ-



Analysis.,
The order one balance of the governing equation (/%)

gives

a&:(g\ltlTlJ )

S

Therefore one has

C\:(R) - CL:'LE? Ty Ty =- ) (16)

r] = d¥

Wty =
Equation (/b) implies that o LR g ) is a function
of the longer time scales only,

The order §& balance in the governing equation (1%)

gives
o A R v e S CA
dilglzne J R by G Goon M 0 &1 OiehRs
Ny -
which may be written
N N o 2 e 2m e eq /\ S ~ dE;
G_u = i ih ke R Goe Gom  Uem,) demy Clbe o, (17)
@ L 14 Lag §

)CJW\ -

One is interested in the long time behavior of the order

¢ spectral cumulants formed from the perturbation ex-
pansion applied to the '"generalized'" amplitudes., In
order to find the long time behavior of the O(E)

component of the second order cumulants one examines

M ST S S A A
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From equation (1!1)

2, 2¢ dwm

G) § i Ry Re Ry <Gu>c Cm..\, &01,

Ve dmn “-

O{,m.r gP-M.J clke clhm .

1

oo b Cunty; 7

12
P means the cyclic permutation over 1 and 2 ,

e LIS L o= . g 3 0e e 2
< CLoe_ (o w G.o:. 7 - g(hf+ R h") o(htlh"‘)]

and one uses the fact that

§ (Rt bon e ) S (e +Rn-R,) = Cpi. ) S praa

N e 0“\'\ @} Je I

P entmy = @8(5&51) = 5 Sttt il bt )

Ye Iny “-B

d(qﬁdt+3nwu’3ﬁq) S(E¢+E;—h.) Clie ClRy .

sl QLDW\. ')1 L

o(ht,h,.\) is independent of 't (it 'will, in'fact,
depend on the higher time scales T,, T,, ...). Thus
taking the limit t -+ , T, fixed, one has a limit

of the type

fim J"" f(w) Aw) cw

E—o Pt

rescfl, prom oK
. R F(D) " i J: £z; d )

o

where P represents the Cauchy principal value of the

integral, This can be written
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r Py (malo) + @ ),

ng) being the Dirac delta function., For a detailed

-

el

proof, see Appendix j , page 15% , Schematically there-

fore,

L P
(i Olo) = R+

b=

Hence one finds

-~

n et ok e AW S)Gt en Oa
G) 5“’*\*’ h’-) E f 'Eh he hm o“"hh“‘)

&

) R » T
{\W\ {P <C\.\|. Cor 7
b= o e Jmn

i P

(T‘ S(ch v 7...\».:.\').1.1,) =+

Je We ¥l = W,
S(E{_i‘l“l‘:\‘gl) Glr( d}:u\;

and is therefore of order one., To obtain this result
the assumption as to the smooth behavior of &)tkt.hu)
has been made, This assumption will be shown to be
consistent in the following analysis, It is then a
matter of uniqueness, Namely if one finds a consistent
continuous solution for the initial value problem with
well behaved initial values, then one can say that the
consistent solution which is reached, is in fact, the
solution,

Examining the order §& component of the third

order cumulant, one has
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11y 123

G) < Cu G.i)?.. C\.oa 7 6) 2 ih. ke Ra (Gu{ CIOM &01 Cloi ?
Je 2 -4
Dem.. Do ARRE olER ol
The mean value <’&01[th ch Qas e decomnoses
into

S (BXDQ‘M\?x"} H(_')N\ (N Q) 71‘-’1» (5)1"\3
Emay o[hh -~ R )'}' SEMSH o(h‘ (I) )4' 18{1 S"\‘:

Again the fourth order cumulant term is an order one

term in long time; the term & (k. +k,) S(k.+k;)

U @-\17] .
C)[bg @ ) vanishes by reason of the mean value

property: namely ¢ (EL+ﬁM) reacts with 8(ﬁ;+ﬁh-k|)
to give S(E}) . The third term is in fact the in-

teresting one, for here the above limiting nrocess does not

apply, Integrating over k, and k, one finds the con-
415

tribution from this term in <Cm GgLil 2 is

3 Se Sw @ . % 7%
QG’SEJ& , § ih hi 1{” O (b) N[ 1¢ W + dmtg —J.w.).

Je I

The corresponding third order cumulant is physical space

is

G) o L S (.3]),3‘7_5 _{El.El_;E‘_F‘ |'(J.u,f~3,w,_+55w1;)tv

R.((Ju n) fh J Dbk ko) & € i, dh,
:l:bjs =

) 1.7
Since G),(K‘“hL) 3@.@w£
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%o e Im @),y @, Bory
13 1 e 3
_E‘—E‘_ D ,"f. LJI + ’w\w; = )‘ LJ‘
= Q@ z ‘ih, e Ou (ht) O&) ( ) t 7 )
Jedm
T E Tl o™ il 30 ST0 e i = one has that the time '"t"

}3 I ‘.l_‘
dependent part of C)‘(m,ht) is, 1 This case,

e @ 9,-5, @) 2y,
‘2%3:?—.__,1 ihl =ik h.:hl O (h ] {J Zba) /J (‘)fwl Faw, + 7% ‘“-‘-:.) :

Im = =Dy ()

The corresponding behavior of Q (F ! ) i%iScLoJuyhﬁhu&,

)

. =% 3] h-h () % - -IE.-];(—l‘E,_-F‘ .
Rik by D\l ( h ] Ou ~k, b) e _/_\(71‘014'7*-'-'-‘14' 33(-*51:.) dEl dh;_}

11

wh

\-
7'}\_

which is zero at t = 0 and tends to a constant value

as t —.«4 , namely,

~

o 13 % =% —% @) ol @) 2y -2, _i'ﬁ’rl';’ ‘IIE:-'Ia\v
E ;A ‘20) I’?L - ke }lu*"'il Ob(hl') 5(—h‘—h") E
h),,?‘ *-;Q

i P

N S(S.w,+stul+ssu,1) - Ak, dky

—

Tad 4 B+ W,y

for times t 2?7 1 but less than that time scale on which
QX(;)(the energy) changes., One finds on eSaTi?aEion of
the remaining spectral cumulants that no : (E.‘"rgl.)
exhibits either a secular term.or a quasi, steady, term,
Therefore there is no need for a T, time scale in the
problem, If the system had a non-zero mean then the spec-

tral cumulants would exhibit a dependence on the T,,

time scale, as has been shown by Benney,.
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The al balance.

At this stage the order & components of the

spectral cumulants are examined Anticipating time

growths one introduces the time scales

2 - - .
whereupon the ¢ balance in the governing equation

becomes

RGN
Iy

bof(Re) + CQ(ELL—),

Or rewriting,

BC\ 2, 71
Gy = - b + Go. (18)
571
2 o ;3 1, 24 dw In Tie Tem e
ﬁ'u - 2 i R, Re hl\q h C‘-Ot CLNM QQV\ D Lewn, g
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2 N Ve Im i"' P K
C—“ _ J ih h( hw\ h h'\ hl-" GDW\ G-LN\ CLOP
7()*\3'\3‘; s
mv\b, = QQW\-( . T

[ Wn ,,' r
The general mean value expression exnanded with the

prescribed perturbation yields
k) V- 7, B ay i
<C\\" 1 G 7 F <Ckol == Cow 7 + £@<t‘” " Gor 7

=y 2 W I " 3
+ EL[@ <C~u"0-ov7 + P(Cm G o Loy ?J“’*O(E )



Lemma,
To find the behavior in time of the spectral

) == v
cumulant Cl[ﬁu--hhl] the following lemmas are used,

Jyn. o0 3 D \: 2518 | o
(3) <a.“ C‘-DL - - CLDV 7 Ar — t < g‘_‘_ G_M_ - Gor 7
Iy
FbCen wry Fa 00D,
(b)
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Soi i Sewey G oty
L
&, is the Kronecker delta function, namely
i ’ LA

Proof of (a).

Consider the mean value,
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QN R f p DO G e
&

Te I ke ke hm Rn

ﬂtvhn,, gtwwx,: elh, clhy, Cliy.
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The only way a '"t" growth can occur is when
Chs Lo T Gus =~ ooy 7 is decomposed into
Je
S(k ol A b tU:: X Any possible decompositions of

(Cw',‘\ Goy - Cor? « A Mt" growth will only occur when

AHE, S e T ARG - L = o

On account of the symmetry in (¢,m,n) one may write

? v e < T3t Im In G“‘-JM
<g:: ao{" Gmr 7 = 3 E J\ Eh Re Pun b g(b({"l }O t)

6 I T =05

1w 607 Doy Sy Rt 0,

¢ o 6l

and the g (k,+k.+...+k,.) , which is a common "factor"
Yex " L . -
in the expansion of <&on Cpispmrice af.,) into its spec-

tral cumulants, becomes § (k K, + etk ) S~ Thus, “in=

tegrating over im and Eﬂ one obtains
< €y ,
1l o (1 N e dw In € 'wm
o R f e

!.."'M ]V\

o027 Moo +0amsus) o

+ Ol1).
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A "t" growth occurs when ) = 2 dm = -2 , and

-

therefore the expression

= N e =0y ()] ]c

(i lo a7 v 3t (W67 3 Ly, O (el 40U,

(:‘ v
‘"—J

Considering the mean value,
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The only way a "t" growth can occur in this expansion

is when

I Wiy + adn JPUP "JlL.Jl =)

From Apnendix]I,

f F /\ tD f\ ].h-\) e
—Hd

= Ko f: J:(u) [Rf(uhi{j] dus  + OU).
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Schematically therefore, one may write

Nlo) = Alw)

— iy

T AN (
A t[(\glw) :_3} {-O().

This can only occur on decompositions of the type

) 1a3p

g(;{w\ + b:p) (D (hw\ <Gon Cto:. = G.on: ?}
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(2) Yo j,‘

(S(EJMF':,\) @ <Goh0.>1_ e C;:?,

v A
g(*ﬂﬂ”n)@ \<c\u 5 = el 7,

The last term gives zero as & (kn+kp) reacts with
S(kn+kp-f;) to give §(ke) , and therefore vanishes
by reason of the zero mean value property. On account

of symmetry in n and p one may write the expression,

3 e Al
e ¢ In p
7 7 e - S S o ﬁ
<C1[C.|>1_" Gor 7 < - S ‘Eh.hg R k¢ ha kp
’J()w\b\'lp -

+ O(l).

AlSO, as gmf\, gr\p,{_ g""‘“hl—_ SM., gp,. geu\.! integrating

over fn and k, , and setting Ja = - Ip =)

] LA
one obtains

N T

Qe - f fn A tfh —kn Ry
X i Alo) ~Bew.
Q‘JU’? J <G.u( V 7 Lﬁ |

~ 1 Wem,

Sewm., Qe dlhw + O(1).
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Taking the Iimit™t*— 0™ with ™ I, fixed;
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Hence one finds that

3 ?v B&k;ll A I
<C‘l\i c\-’;, = Clg)lr 7 el _ht < - a.u*; Clov 7

AT

5
B e g Ty

+ 00y,

Proof of (b),

Consider the expression for the following mean
value,
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Since Vg We # Mmwm - W, 1is never zero identically

the only possible "t" growth occurs when

,](.Lo(. 4’ 'JW\LUIM. - )|UL) 1 = - rJv\(AJn e )P L\Jp 1+ N L\JL

for then (see Appendix I ) one has

Alw) Al-w) ~ 2zt {lw) + 0().

The only decomposition which exhibits this bhehavior

g (-)'JQ_)V\ G)Jmﬁp ; .
en Swmp > (kw) X Any remaining

is of the form
decomposition or decompositions of the mean value(hé--aﬁfz
Therefore when one integrates over in and E} one can
reach the above situation only when s, = -s, , Hence

(since there are two possible terms SEA SMP and gep dmn )

one has the result
i (17 5 ~ 22 p) T
(ﬁ\jl Cu); PR o 7 %9 LI-TLt g(h,fh,_) S_,I <Clo; = e

~hm Elag
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N, e Nm
117% =

J,y\' RIVEY

o (km) SQ‘:U\.J g(w\‘( Ui;c (U::..\ ’f‘D(l)J

which completes the proofs of the above lemmas,
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The second order cumulant,

One first examines the long time behavior of the

second order cumulant

U]‘1L . N
g(E‘HTL) OL’( <Cqu P e e P

Using the lemmas, one has that
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Therefore one obtains
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When t = O(EA) , z(EJ will be the same order as

) 9,1,
,(k] unless
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G . _ S M 5
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The energy density is given by the above cumulant when 3,=-J;,
B(}\ LR @

O, (h) TR, Ay e -5, ) 5\
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By P I g
From the properties of the ikzh.ht, R R h, k.
nreviously mentioned, the principal part terms cancel

-5

)
each other when one adds F Q and F_, . This corres-
J
ponds to the fact that modal interactions between nonre-
sonant waves change only the nhase and not the amplitude

of the waves. Thus one obtains the result,
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o
+ g'j_\ @n](é) )%) J’D_.q ih e R th “he R
Ly =

e e s o e

(20)

This result was obtained by Benney and Saffman
[ & ]. However if triad resonances are forbidden, (sup-
pose one is looking at gravity waves only and neglecting

surface tension), then it is clear that

[_2'] 4-3

0o (n)
3T~

It may be noted that equation (20) leads to a

= O (21)

conservation of energy in the sense that

> G
2 sj R) Q) ok = O,
i)_ 2 e
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v R
where 7/ (k) = g + S?lh[. In order to see this, the

following lemma is proved,

Lemma,
Given that Ryt R = R
and FOTRR ) T e
% b= TR iﬂ %N 2
then bok —hy T 0 s ek AL
Proof: From the formulae on page |9 one has
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Using the facts that Xk, +k, = k and Jwait+nwe =)

and rearranging the above expression, one has
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From equation (20), one has
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In the second integral change B. 9

and in the third integral interchange et
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Using the properties of the coefficients, namely
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The long time behavior of Gk(m:"“w)-

Using the lemmas (a) and (b), one can show that the
(r} 3"-..; = ;:r
elimination of secular terms from @z““"“*') leads
¢) oy o
to the following long time, (T,), behavior of Q%(Nf'h“J

t#\ b ) e D
Cr

~ T~ k! == - 5
B__.(Jzo(h“ kr-‘ ) = QO (E’ll“ Er-l) i F::l ‘- F:L; + "7 + —k'“_’:'-’
o,

In order to obtain this result, some further notations
have been adopted, The §g* coefficient, under the pre-

scribed perturbation on CG'(R) , of the mean value
Tr Lt 2 s I
quantity <CG'-- G/ 7 is W GG, -~ Qe 7
ol W el {8 : 7 S i
+ [P < GA!au.&ﬂ K Gec 7. he mean value expression

2

CGared-eiy = 3 faeteleflal ofl |
FQ fmel fleler-f{ 1

where the curly brackets stand for the cumulants formed
from the mean values, It will, first of all, be shown

that
K] Dyl %y 1
Gtgatl&uao‘S_' aor} = O] F?J"
where G, g% stands for the "t" growth of the quantity

{ E in long time, For example, if one considers the case

when r = 3 , one obtains

3 T o i 5 % mme
G’ac % &:: Cu’; (ios } = S(h,+ 111) S-), le <a°37) fbmm e (6-)

)
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Next one considers the case when r = 4 ,
£ T 2 gl M i Ty
G‘t g CLn CL\'L CL:; aozg = G'L_ (an G.n. GGS Clot, 7
? Ay
- C‘ (C\u CLL?.? a\); Gﬂk 7
E

& C't <G.u ﬂu57<an Gm« 7

B, o] A 7
= C(’: <G-ll CLou?{ G G“SJ >.

One knows G, e, Coos 7 =0, since <Cu fior 200,

Therefore using lemma (b) on the first two terms,
N 7 9 Bit ~
Ge % G_” GL\]_ G«J‘: G.DL‘ E = SU{. ) -, C' <GDI G.OQ

L § % T
~ §(Rek) £, Gp <y Gow 7

Let it be assumed that

5 7% 2 Tim _ = S— _ o e
GE{C\HCML C‘,u;"' Cuow\} = O) m 3, (P'I)

Then consider

Gt <G.17: C\.\:— G.t:; i CL:: 7 = Gb %Gl? Cu:_l G.u:; o Cu:: f
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The last term on the right hand side is zero since

G, Ecﬁ s =~ Q;:g = 0. From hypothesis (c), there is
only one set of terms coming from the second part on the

right hand side which can contribute, and this is

%Q:{ Cut% X ij cdecomposition Dr <Go7; - s 2

Since using the hypothesis,

Gt §C‘t:l Cu:.t C*:;" Ctbxs s R LR

Therefore one has
% N ? 2 _ A S . Je
G{: { Out Ctn_ CLD; r Cl_m- ; - GL‘ <C.|1 G Ctos G—ot 7

= G <Ol Gk 7 bos - Cor 7
L SERRITIL Gl

— §(k, e 5,) §5 G (Goy--Gor
= O.

By induction, this result is true for all r 7 2
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Therefore for r 7 2 , one obtains that

r) e PREE T
-~

Gp SR+~ + &) Q (K, - K.,

Vi
7

= G ¢ {a sy cm;g + P G fcﬂ' Gl Gl = a:i’g
= Gt G) [ ‘<C\:: Clo,‘l.\ - GL:#' 7

o g (C:I' 001; i Co7:7<aor::.l s Pk 7]

RN Ry iy SR RO R (R |
ST

pL

[P et e e o el SRS
Q (Si““ com)(ao..m VA LW

—(§ L )(F*z|*"*’:21)

(.ri 'JI — = :)v-

- —

In order that GE Caz(hu" Ry ) - C)J
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one has
ﬂ W=
a OLEH 1 ';r-;) Q'] 'Jl: : JC 5 = Sv
— = QJ [hln-- hr-;) Fbli—-' + !-’hl"‘E}-,J (22)
Sl

If triad resonances are possible (e.g., one is examining
the high frequency part of the spectrum where surface
tension plavs a major role) then equations (20) and (22)
give a closure for the system of spectral cumulants,
Note that %; depends only on the energy,

However, if there are no triad resonances, then
the energy is independent of the time scale T and

2
equation (1) may be integrated to give

{'\ = (-] 2 G s fe

Ol -5 = Q.- 31.l_—Dexﬁ:gF,’;‘+-+E:_.-.h_,sz- 25)

It is to be stressed, however, that this equation is

only valid for that portion of the time scale where T,

is finite, 'hen there are no triad resonances, only the
principal part type terms remain in Fi and it may be
seen by inspection that Fz is pure imaginary. There-
fore all the spectral cumulants, in this case, excepting
the energy, oscillate on a time scale T, . This term

in reality is producing a modified frequency

S
Sha =% o I FE" el i-",

and is analogous to the Stokes frequency modulation ob-

tained in a discrete analysis when no energy transfer

has taken place.
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The ¢! balance,

If one wishes to look at the resonant mechanism

developed by the gravity wave spectrum, one must con-

4

tinue the analysis to the £ stage, It will be as-

sumed in the following analysis that triads such as
( dw, +%w, + 3w, ) cannot vanish for any part of the
spectrum,

The €® balance of the governing equation gives

Yo
—t )
Ty

3
a;(‘;) = it ﬂ‘gg + C: -+ J{ Jd; ;

The quantities on the right hand side are as follows,

| 68 D2 -"L‘ A 2 % J U iy
6"; = 3 JJ Rk, kthhH G-0| Cu,_&.;f Cto.:. / 12340 §|3](“D d.ﬁ"“ db'"j
o0

FiEatyy Ui

3 § TNy gl 4 (e e Dasesio “Dizsio g
: e LS,
CS 3 kh. Rk "El’{. Ry Ry aﬁlaus oy Yoy l. W
- ')s- = 3 L‘f.l

5113,0 Our, S el

S 4., 24 % 73 Iy iv‘ SE TN T 145
I i @
! d“h ) Z 5 " Kk Ry Ry h\ h‘l ‘2‘4 R, h'f hf. GO] am' T

Dy AL =

= B D 7 + 0[ L) ¥ el
ASQSL,O 023!...0 156,00 2 S.u“; o Qb clh,

Wi, TWsea

3300 A3y % 15

) G_ n G u Gnlf' G %

d3 ’42 5 . ffzhl h, Ak, k3 h, RbsRshy o1 Gogy loy Uoe
L ek
| S l( e p. Do - A“-DK 8503 Gt Siao -l

(Wsi,3

iWyse, W3,

4 — 192, pho g0 )¢ W h A = ﬂ = a = e

- + 3Ly, 2,0 I -

3¢y 23%, F, ifzh.h R,k ki k Gy (oy (o, Gop 4% T giu’.f §n, cll-dbr,
oy gy L Wy g e in{,'

¥l
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Lxamination of the &' components of the spectral
cumulants shows that there is no need for the T; time
scale, Ilowever at a first examination, this is not clear,
In fact, as will be shown, quite the reverse seems to be
the case, But on closer examination and using an example
to illustrate the point, it is found that a modified ap-
proach is necessary in order to continue the problem at
this stage. From the modification, it will then be clear
that the T, scale is, in fact, unnecessary.

@) 2>
One first examines the second order cumulant G%(kh

(2l 4 4t oo!

Slhen) @,Cn) = B (6l ai7+ P aiel”,

where

oo’

P<clay = (W a® + G Gw)7y.

Since Sl RS 4S50+ Sew, - SW is never zero

oo! 3l .
identically, @ S 6,7 v o) for long time., One now
examines

L Obl A AN 3 i By 05 o % 3 e %
at b , 2 LGS S Y ]
<GwQ FCGr7 = 3@ é‘ £hmnh mmmf<mﬁﬂqumk@0>
N--dy &

~

Susi) Sy, Lk, - - -clhe .

Anm‘,o - ﬂrzn S

I Wys,

The fifth order mean value decomposes into products of

second by third order spectral cumulants. The notation
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convention used, is that Swl $3u¢ stands for the

break

@) 4'a, &) s 2w

SU’:‘\" Ez) &(Es{‘ﬁu*‘gs‘) Qu (R') @b(ﬁ:, k. )

The array of cumulants into which the above mean value

decomposes is

) 0) ) @)
80'1 SSI.S 80"; Szug S(;'L‘ %135‘ So‘g 8235.
(3) ) )
813 So'ug gzu So'ss’ st’ SO'SL‘
(&) ()
Sst. go‘zs’ 535 gO'zq
¢)
SL.S So‘zs

Symmetry in (2,3) and (4,5) means that the behavior
of some terms is the same as that for others., The only
terms which can give '"t" growths are S, and S; . This
occurs because in these decompositions, it is possible

that Dldt 4 2wy + Ny = I is identically zero. Then

the time "t" dependent term in < QJZM) G (R) + C:CkJC;f‘q?

takes on the form Appd=lile] t(a§(pn) + EF) + 0(1).
§ I
as shown in Appendix 11 page 238 . TIf o is a triad, and

therefore does not vanish anywhere in the spectrum,

M) = Qo) '
&l___q L8 + 0(1). Therefore, one obtains that

{/L\ f'\
(CAETY ‘ S 2 7220 N (3‘1;th o 'S.S'(ul
l (Dkgoo O U{)G) g f Rk Ry -k, iha.h; ' O (hfh‘) CUZ dhfdht,
-2

5], St
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and
a9 ety 1753, @"1rm' 155,”0
S 3 Soe P § iknn " (b(hld*k EJ ‘fﬂhrh‘. (#s,h) S ol ks Clk;,,
Ty 48, 0
The next term is
oo 294 5 Ty Ty 795 2%
(ao ‘d} + ag ‘d] = @ 2 4 ‘ﬁhhlbx hl h] h‘-( kl k\- J"’L
3=-d, Y-

"- IIWLI.Q’-
<C‘;:Go1; a,’I Go;r&°°&7 £05u-1 03’6'2 { ol

G sty Swo Rl

The time '"'t" dependent term of this expression is

1.wn,or . .
/—\n.: e o af which is a term of the type
j" J Alv) ef‘uf and can only exhibit a "t'" growth when
either (1) = =g ory (2)r WiE —/U\. It is seen from

Appendix 1|  that 5 Alw) B (-p) ¢ Hat = f* [w) Aln) dt

~ ti}j—k + 0(4). This is so as @ and /A being triads,

cannot vanish anywhere in the spectrum, The decomposition
of the above mean value denoted by So's Suse , O S35¢
can allow W = —/,& . The decompositions S$o's Ssu¢ and
501 Sius allow case (1) where V= 5 Since there

is complete symmetry between (3 4) and (5 6) ,

[rt <a;' nd; G, rd;'l7

I

oo' l" )' VI Iy Ay 2 -2 N Oy JL @’ ’f’b'-J‘_

L*-GJ gb(}' g f lﬁ.hh‘ "E.'_ Ih;h_h; hl, hr h{. OD (kr' hb)
N2y, TR

f8a0 ifsn g g i di

Wire  Wren
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GE<7stands for the coefficient of t in the long time

behavior of {( 7 . The term

ov' - % g3
3 7 - Y A gy G
<Co'1ds FGoadp7 = L P2 J vﬁnhlm ke by by A B Re Ry
Wt =R

P fluee: =D o iWiik
A\ 2 g ) ) kSl Ly 1D
<C\°: CL;_\':: CLm. Gos G-D: ? f l ’ l{J cJ.I'
g 1 Wse3

gSL‘B 83[“| S!I(o dhl Bl 'dbb :

The time dependent term of this expression, which is of

ke /_\[wﬁ_a(/d ivi

the form € ot can onlv exhibit a

2

;(L-J-/u.)

"t" growth when S SV whereupon the above quantitv

behaves in long time in a manner shown schematically,

Y'MwFQFVEer,U g2 ia i + O(d.
9 ([L.n-u] W+ Vv

The quantities Wtv , ¥ are triads and cannot vanish

anywhere in the spectrum,

The triad
33(,,.534- Dby =L, = == (7¢L~JJ T tdy T )"“J)
only on the decompositions g&q g:su and Slh Sw;L
when one makes I ) and Iy = =3y in the former
and s T m in the latter, This gives two

"t" growth terms, the former being
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h.t Eﬁ g 63 1 Jiy gl I-h L-ndgd Bl 9
40 0 nhthl h-l.h'. h;_ f =hs hfh QD (hr?bkj
7;7-.)(7(, -3
Pidecan it ok,
Wer B 0 dk, dis Ok,
Wrsez W
and the latter is
(_25 e v ~ (W]
dp =2 Ja 72
> o o © L) Sreo off o,
Suu k kb la, R h =0, o ‘
)171_ o g
5) f ‘g-
1 ¢ )L ¥ 7 3 I St ~ o
x> @(mmJ T by ol
. %R Re kg P ’
Ig, Y -c& w.ﬂ.,o
One now considers the term
X
1t 1 9 2 o V202, U e
(Qhu, tGsdat7 = 202 . “hhih, “hRikgh by

N="dg k.

1Y 7) Ty T¢ I_/]z‘u‘r -
GOI C‘b; aog.( aof =

Nize - -
- trst.r,; S0 clh - cdhy |

lw-”tfll

It is shown in the appendix that a '"t" dependent term of

the type AUJ__QU‘lAJ th s and since neither W,; -,
Ham pe]
nor W, . can be identically zero there are no further

possibilities of '"t" growths,
The next term one considers is
i

£
[ t oD
kl 9 3 J 9 2, .9y 293 dy Ip 3 s
(Cpbrttt,7 = P J e i Lo & a1 it Ouh G Coos 7
D

e

DS“‘;;D ﬂil,o' gihs,o X:l,ol ok, - - - clly
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Secular '"t" growths can only occur when

W3h5, 0 = hWy+%we+ Kls -l = O

)

that is, on the decompositions denoted by 83h ias
in which we set Jy= =0y and 3. = 3 , Sae Sy and
S4s 8,23 . From symmetry in (1,2) and (3,4,5) one

obtains the same result for each term. Hence one has

G, <ale+alely - so’&mEJ Lo o (o) o,

1N ca g 2 3]1§ % ,S
Xa J« ih' ks Ry °(hﬁhlj
159, “-dh
i 8511 1 ) ~
N0 ke dk,
W%.o'

By similar reasoning, ,
, og
2y n o 00 £ARHEC % =i lgu,o
Gt CGi(; +6, 7= LP & < y L TS k.
313“ ‘ﬂ-} "Wyo
Y og 3y, 3 25 3¢ 2
X?g hh, o(k:,’“)
%% I

igsg,u‘ - ~
— Clks dk, -

WSQ&

Loy Blaat
Before adding all these terms to find G%S(R+H) Ostk),

some notational definitions are introduced,
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One defines

AN S =3 il R e 3 PURN e lgn,o
] . 3¢ s e ailee ol L
h\ Iq\ QL—hL h‘t]’t\_“b.._ 2, ) L R R h Wu.o
and
W g — ¥ 33 n-3 & e
th i Z j }hk Ry - ks INEN Lk, .
% -

i
Let 2) 4 4! , gl gl
(R) = {wm  (J (r),
that is, the order one term in the long time behavior of

2»\3'

L(R) which is

b TS N (JJ S e ] - o
(P Sj ih Ry ke O (kihs ) Eik i ychhs

_o

% 12,0
L

WI?.,O

One uses the fact that Z) %
12,0

when JWw, +w, -dW does not vanish anywhere in the

spectrum, One also defines
2 2] ] g 1] 2, -2 -
;hruz  (Ra) ey
Adding terms (6) and (7) gives
00 (_O)S\

A & Wah 3, kS)a 8ot ¥
Pk B g By il

PPN - ke ° \'{\lu;l’
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Adding terms (2) and (5) gives

oo ) E -" — t”']‘ o 3( i£|l,o . y
f(?éw FR < J ikh‘ ey 00 Lok U i tie

’(7-" -y 1{\141;0

Adding these two latter terms one obtains

t Sbu Cj (R) ( E]i t Ft::J.

Adding terms (1), (3), and (4), one obtains

(2) 4 4 an (1)
;tgog'oth)(}‘h'f“ Fh‘),

Therefore one has that

&,
R b@ Ey:) (‘411‘ @) )t @lgq tle
O(h)*- - ) (FtF Lt QLG (F fE
2 fe
1
—I-O(:)_
In particular when Y = -3,
TS 59533
T F o)
0Tz
¢ @) - -
since F'h . I:_h =20 . (= Dyl
AR SO
from the properties of the coefficients i—&h.—- hy *

It would seem therefore that one requires a T,

scale in order to suppress "t'" growth secularities. One



G

would then obtain

a1 3-) \L;I) .
oG, th) QW
i Ee )
aTs éTl
where
-:\ A=) o-0 .;3 39, 2 [},j 2 - o at L
— (I B W S I
bI (h\ = < S :f\*\*z.fh i 1} -§i1—‘0 olk, ol
W2y Sl \f\lnlo

In general, therefore one obtains a closure at the T,

time scale, which is an infinite closure as in general

(Sl';.—-- b IS ) )
B OU:;,'" E*-a 6! (_r]
= = F( b % @7 = =i )’ Forﬁuchl‘.
27T
However it may be noted, that if initially at t = 0,
| 49! .
| (r) = O, A=
and W= 2
Qo (ko h"-l) @,
then a consistent solution at the T1 time scale would
be
LI
Qo(hu" h‘"'l) AL
or Py BNy
b@n (_ﬁ.’. =ia E;q )
= O.
AT,
Since in particular
3] 4, 9, -3
SOk lemnzyols 0
DT
then ~ %
2] y-3
3 MR PR SO a.
3Ta

In fact, continuing the analysis on the assumption that
the system was initially Gaussian leads to the result

obtained by Hasselman, This is rather curious for it
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indicates that the energy transfer mechanism is radically
different depending on whether the initial distribution

is Gaussian or not, It therefore seems that the ternm

~)

Mla-s
AR ey : :
- might be in some sense a spurious one,
AT &
The argument could be used that, since Q}(ﬁ) con-

tains integrals of the zeroth order spectral cumulants of

the third order which have been 5hown to oscillate on the

~
T

liey=a
?
‘i scale, the term -¢&*(C élimj by the Riemann Lebesgue
2 7]
lemma can be at most O(e*x t x # ) = 0(e),

and therefore does not affect the order one term of the
asymptotic expansion, However, the objection raised to

this line of reasoning is that the form of the solution

!’1 . @") - s B
iy lr "l,v ¥ _s‘l v .
C)o (-h\;' h"-'l ) i @D (-h" o h'—l ) j{._. E)L,) ( r"ln ke & F‘E'”h}:'-r )fz
-0
is only valid in ranges of finite T,, as can be demon-

strated by the example of the equation,

g e (1)

X+ L

The first closure of this equation at the T, time scale
is indeed of an oscillatory nature, however this solution
does not persist to times O(id).

The correct resolution of the spurious term is the
fact that it is being produced by allowing free waves to
occur in the solutions for all the perturbation terms in
the original solution, This approach does not maximize the

information which one can extract from a multiple time
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scaling analysis, This will be demonstrated by considera-
tion of the following examnle,

Consider the problem

2

X & s =t (25)

Let us treat this two ways. The first approach will be

to expand

Y= et EX, + €53, ¢+ E50; 7 -
and let T, =t , T, = ¢t , T, = £t , The second will
be to set
— qmt ":3 A
i S v G = G
3
and set o R I CR O
2&&{ = J
A

3
thereby obtaining an equation for &% , which is

) B 23 i 0% l'(,SM-S‘-'S)t_
G, = -8 < G'G e
3 o
One then expands
3 2 ! .
G a0l & EQe £ - f

If one follows the first approach Equation (25)

becomes
3 2 a.‘ aL 1 3
N -2‘5 i I zE’ — ) Aot €, £ E Ny TE J(J)
(QF' 3t T, dEIT;

. 5 |
06+ o g+ eiy) = X+ Wl #E (2o, w /it
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The order one balance gives

L3
%:? AT S = 0.
dt
: E
Therefore e = &oﬁ‘r + s £ .
The order & balance gives
btl . . 211— 2 -'.l_ff-
= L T d Cdeses pde T C U
™

The general solution of this problem is

. ? - t
i = -f * a2tk [ © 2t)
s Ol ; 1+ G € : + leot, + ("é Go € "-‘3-) G € J

where the free wave components are included to satisfy

the initial conditions., However since there are only

two initial conditions to be satisfied, namely X(o),
C.L)((o)
ok
to satisfy these, so (G, 1is not really required. How-

, the complex amplitude G, would be sufficient

ever if one were to treat the problem by the second ap-

proach one obtains as the governing equation

2 (8 + h,-S) E

a, - "'ES ¢S e

ThE

Applying the perturbation

E NN e R

in this equation and equating powers of &£ , one obtains

upon integration that

cl_: = Guﬁ (Tl)J
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and CL: = __1_2_3 5 G:l&? A(S.H,-S).

VI

~

3 v t
The equivalent , XA,  {1s §_Q.C - which equals
b

it G -ut

e - Qop e Jocico)
3 3
+(-’£ Gt —éa;l)e't 4 (1' af—ao*ci—éa.,”)e .
Calling GJ = €, and G = Go , one has that
U = 106 ~Gote *éd:l

which ensures that

)(‘Lb] = B g Oég::{f)) = O .

One can see therefore that if one treats the prob-
lem in the second approach that the free waves are
included in the order § solution, One now continues
the problem with the first approach keeping the free

wave terms,

2 ut / P!

L E 4 { -{' €
Il: C\le- t G ¢ '—ECoe Saae 1L-ZG¢G,3_

The Ofai) balance from equation (25) gives

; 3o
(E.L + |) X, = -—2 + -Z)LOJL,J

ot 3T,



BL ) aao ‘.l_ _ B&t _"t
=, - - ol e o
(WH]KL 2((31'?_ f_'—e)

37,

(N cre J( Gt are R G

Sl ltt)
7 lo € g e .
To remove secularities, one chooses
=) 9% L et G O
o7, S
Therefore
?—E\Q = I él CLEC\O .
oT, 3

Then, integrating the remaining terms, one has

it 2ir -2t

_ct - 2
Xy 2 Ol e G Cr -2 6.0, e —%aoa‘e

% s 2t / o 9L
+2(cocu+c:a‘)+jao€ o R

3
The € balance gives

- 3 s e .
(? +r) Ky =l g=3 - Cilsd i:iﬁ LDy gou.k A X
‘_1

3 T, A AT,

- __2( RIS et L1y E-”’) 2( M"E‘riaf_‘ e"}

ETS BTj a(L

i =i i P 1
+ e+ e ‘f){ WAFNACRE TN

e Ll 'l1r 31(' ’ —Jlt
gﬂoﬁ.e + lC«GC'i’ZCwC.,'*"—a 4 'p G"e



LEd s

To remove secularities in X3 , one suppresses all

coefficients of e'‘ and el by setting

. Mbs , ’ ) .
i 1"' a--:-- L Zl ‘?—E" +_ L‘-C‘O (G.a(&( ""Cw G-I) N —Lf @.uCo CL’
R e .
Jedl o se e b ;%a?a,‘" = 0.

Therefore, by rearranging, one has that

BCLB p) 1 - - v . | ® : X
., EE —& & Z‘Cu(aaca + G» C»l) = z‘t Golo G -(l&"a"‘ G,
ail 371 3 [ 1%
& 4 boa,
1 T * * S-. b
i, .a—-c: -S—-l Coo (GoCu t Go Ct) - '5‘ oo C;, ]

3T, 5

Examining the zeroth order energy one obtains

Wesadturhed sgnetici gl enye
3t %) -

L)a-s
. 2
The right hand side is exactly of the form of the ( (k)
3—(-;_

in the general nroblem, TIf one lets

% *

Ckl"’ C.:-—QOCL:_'}EC@

L
3 )

and uses
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1

BC&. S i ¥
2 = |

3 SO
271, 3

one finds that

2y [hdue vies o [ =0 D

3T,
It would seem therefore from the above equation A
that the zeroth order energy does change, But one
knows that in this problem the energy is conserved,
Therefore in order to keep the zeroth order term in
the energy a meaningful quantity one must take &, = 0 ;
namely one must suppress all the free wave terms in the
solutions for the perturbed quantities and throw all
the initial conditions into (., .

Essentially therefore one must use two devices for
finding the maximum information in the higher closures,
The first is to use the method of multiple time scales
(or some equivalent technique) to remove all t growth
secularities and the second is to add arbitrary functions
of the higher time scales to the solution of the higher
order perturbed quantity in order to suppress free waves,
In the general problem one must have as the solution of
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¢, = § o lrror, Byt oo & S0 Clh, ek,
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This will mean that if one chooses bq%(h”_ )
3Ty,
to eliminate "t" growths, and the free terms to eliminate
r) T
the order one behavior of MLQ _.t‘ ) , that
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The problem is now re-examined, this time adding in
arbitrary functions to the solution of the perturbed

amplitudes, The governing equation to the system was
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Proceeding as before, one has
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The order € balance gives
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and tX?(E,E) is the arbitrary function introduced from
this integration,
Clearly the results are precisely the same to the

T time scale stage as the added cuantities do not pro-

2
duce any long time '"t" growth behavior. The effect of the
added terms are first felt at the T; time scale, The

3 . - .
¢ balance of the governing equation (14) is
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The notational definitions that need to be added are,
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In looking at 8 (k+k"') G% Lh) there are many new terms

which now have to be included; namely
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The "t" growths come from the (2X 2) decompositions

gu‘.l st ’ So‘l g'l and So'; S;Z . The final two
terms give the same result so there are only two distinct

"t" growth terms. One finds that
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"t" growths can occur when 2., + 2wy ¢ Wy TIW = 0,

namely on the decompositions denoted by o'y Sy

and gwq $iq,

Note: There is no contribution from the decomposition

denoted by So'; qu as Siu §3u,) ° 831, S(El)'

The first decomposition above gives a "t" growth
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One next considers the term

00’
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for then the time t dependent terms of the expansion
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are of the form : = *Obhwhen Mo is a triad,

See Appendix [| . This behavior can occur for the de-

compositions denoted by Sy; $1e and S0ty 823

.

From symmetry the second gives the same answer as the
first., The decomposition Sdz $31, reacts with S&gu
to give g(i,) and thus makes the exrkession zero by

the mean value property, One finds that
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One now considers the ternm
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The "t" growths occur on each of the (2 X2) decomposi-

tions, giving
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Clearly, the expressions
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are order one for long time, Adding these extra terms
which contribute to the "t" growth behavior of
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where fQ and

Faoikds =0, . X
Rh k. -5, ATC aSs defined previously,

If one adds these two latter terms one obtains
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where the last equation defines (k) The original
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called iﬁf% , and ng ,df%:} will stand

for its order one behavior for long times, Adding (2),

(3) and (5) one obtains
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One can write the above expression as
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I1f one adds these terms comino from the inclusion of

free waves to the result obtained previously one obtains
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waves ,
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The same procedure can be carried out for the remaining

higher spectral cumulants and with similar choices

o) ot *r@JJ S
201 (ne) - Q) (xin)
LTSI *Ejn.v—zz
1Q1L~L)’"1Q(hﬂwmj

one can show
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The star on lﬂl(h.n) means the continuous (in
BiNEEs o
Fourier space) order one component of Gl (hor')

is chosen to be zero. The cumulants formed from the free
terms cannot eliminate the "live functions which behave

as Dirac delta functions as seen in Fourier space when the
asymptotics are performed in physical space. (See Appendix

I1T). However it is shown that the "live" terms in
B} A

Chz ';)

In the following pages we show that the most dangerous of

R

RN
do not reoccur as secular growths in a%

A D

the live terms (namely, the quasisteady terms) do not give
X £ ﬁl‘)"

a secular hehavior in C%(le)- . These occur in the
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A s W which will be examined in

the following pages.

Consider the term,
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A quasisteady behavior can be exhibited for the decomposi-

tions denoted by
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Therefore the total t growth quasisteady behavior of
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Therefore the choice
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The 5“’ Balance,

Since one is primarily interested in the long time

behavior of the spectral energy, at this stage only
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One is interested in the long time behavior of
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in the particular case when 1>':-) . A little manipula-
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shows that the above expression equals
5 1 2 I
—F ai{_ { Gy (r') Golh]) 2 S -t 3 <G:U€‘) Cov[h) e
(y R

— Ef W ) # el (r) + CIRICIR) 2
&

b Qo) doln) ¢ Gle) 4 Te), + S0 @y ets) A

3 , o
E F () )+ Cole)dal®),
P el i) b el )2,
Jiig #
FCB) 470) + G0l GTe)7, F S CAGE) ¢ 610)G) 7,
o ; = ) 2l
g, Sl 6,3(&’)J-c(39[/a) ALY C/;/é/7zf;-3
JEi

FCO) o)y +<Elot) HIGTD] + S GUIGED
1)

M//%j'(a') 4.(h) pj(fz/a’fé’)lf,:_) ‘ (/3;&'/(1’[@/ ARG )7,



-05-

t W) 68+ 2 r) 47 0) 7, FS@wIC) G )7

7J = -7

%(/5270&) ﬂ,”[fa') i_)% </§;r[fe'] ,'(r) + (k) %, (") oo +(a(f?re'/,<j(¢/?)'___j
F () ) + 4tk 410)y,  # (0 lr) GTe) 4 4 16) 68T T,
==

3
v J§r (qjﬂ(’i')jd‘;(/&} + 0(,7(/2,}/' C{;(’z’/ _?7,: %

AL FAORRA TN AR RO R ORA TV

£ Calte) gte) + 47(e) ) 7.,

H ! ’
P ) ) ale) j5 ) 7,
S

+< 6 INON: ek plte) 2,

&
RG] j8h) + OUe) jue] 7,

J

7 j§ (foﬂ(éfjij?é/ = 607/'@//' Jt{]{(éyég_y -



-96 -

These terms are now examined individually for their

possible secular growths, The first term considered is
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The mean value of six cuantities decomposes into the

spectral cumulants, 2X4 , 0x6 , 3Xx3 . g2%X 2 X2

These decompositions will be shown in the following array,
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where S;Q 85, is the notation for the decomposi-

tion
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From a previous formula it is shown that the number of

independent decompositions of a sixth order mean value
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1

gu fg.u. Sst O30 gt“o')

1]

%2 Sag’ Sso Sso0 Suo.

-~ -

- -~
If one integrates in I over k,, k;,, k, and k., one

obtains
-3 2 < al P @) I
SI i g(_h* "(‘) g 5 qﬂh 12: :1‘ i"h -r kg =ky Q (E O (“J

I )‘9

@) 4

0, (6) A(Gen)witbalo ) Rlownaw el Joos | albli.
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2
There are possibilities of t , t and O0(!) terms

2 ~

here, The t terms arise when one sets the arguments

of both [X functions zero by appropriately choosing

the sign parameters, The second order cumulants connected
1 9-2

with this term are energy densities, namely of the (%)

tvpe, However one may also have the case where the argu-

ment of one of the A functions is zero but the other

is nonzero, At least one of the second order cumulants

L) + +
)

connected with this term is a a(ﬁ type. In fact

neither nf these terms persist, It will be shown that

both the t* and the t growth terms cancel with similar
| p] =) ¢

terms from <IGO(W)3d;(h) + &o(h}3du(h) ;7. One can

represent

D{owdurlo)e ) = 85 8 €+ 8585 Al

g S;Lgii ﬂ(lme + 8:: Sj ﬂ[lhw;23u)7

and

Z}(QH+3LJ +Qf+75)Wg) = 3_3
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2
where 5 is the Kronecker delta,

R 0 o

)

The pnroduct of these two B functions gives

Nt i #o2)e0) Bfuss )+t )05 )
0) ()

RN NI I AL

T
- J\

FE gtk st ) ]

(2) W % %o~h
A RV R S (L I SRR 3y D(MJ

()
e[ 87 67 8 Bl

SR INEAOE W"““““ﬂ
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the final term in the above behaves in

Sls :

like Iat §(w). Since W = 0 implies that
then from the mean value property there can be
bution from this term. Let 3, denote the
tion from the first term in D-[} , then
Al GRS SRR O
qgu‘— QESM&)QP{)% inh hy R
]Or '°°
?1 N G\ 15 5

long time
k=10,
no contri-

contribu-

-7 =2 ?r-]r

"h =h b-r ‘h\“

(), () G5 () ke

Using
2R ek ey

SRR PR

~ 9= g T g

-k -k Re -

we find that

15, -

<

LZ\ =N R

IRt

= Vi

~§E S (

8(.

Let SQ denote the third term in the ﬂ-ﬂ
45, - G SR [T
R -
@] 4,y Gly.,  Clagog

() () @, (&) 0, (re)

AN Iy 3

- Cit gUuh‘) g

RIS =

(G P

L) A

expression,

-3 =3 J.r ‘).’—

i—h - hy “hy

/l ( ZJrU'f) Q'“:‘ U.Er
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=y =3 3¢ Tig (_Uj‘q‘ Q-??‘]
X i“h—h_ hs ~hg Qu(k‘) @u(h)

C o

Q{) ’( hf) 0(17‘ut) (‘,“QJ‘ 0«“:\' 5

ey g > 3
In the second integral change ' ' ’ l
|'L - = h"-] hf— <3
Then O\ 5,3 becomes
- 9 Ay =% 3 =5 =08 e O (] "y
t = =
qt g(,h+ b‘ ) 2 ‘E\k R -k, R i-h - h,— 'h;- G)u (h‘]
TWO¢ -
-

Dy € g et
(b)(h) Ou U“"J /J(l)fur) dhl (’l.h‘_

8}

: (kY .
S ~ A 3 Eai—y @i=J ..Ji
FOEflret) =2 j «fn—a,, o o () (4)

(57(;1 G!Ek;,j ﬁ(’l},uJ ajh:alhr)

= Qe Slhen) 2 Donen ;f N - Q(k

1
B
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Similarly,

X SRR 23 Ir Iy @y
G5, = G Sleek) 2 J_,ih“_h‘ SRy

7L7r

(lgy  CGly 1
[QDMJ OU[:;) ﬂ(l?;wdlm) # CMIG C‘"“j]d’).t{lz,_
=l

Without any manipulation

= A Sl et b
(%glL - qt g(b**f) = j\ £;1:—w.1 f—h-m hy-hy
’J\)‘. 'o.&

G.\"‘-jl {_”14] (1117,1‘_

0 () G, (a) () Altnw) didls

=l e e

o3
) T [ G e

D _
s

b, )

W=

OO““J (MhrJ U _(:;) N{-10) ol olk,
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2) i E
. 9 W4
Note that as ) U{) = Q} (‘RJ;
) QP @ %,

() (» D, () = @) ().

Consider the contribution from the second type of decomposi-

i
1l

tion

gz: gtu g;\; g}(, gll3,o Ekré,u' = gob' Snﬁ gzr S}(, gn},o A

jh%fwv&; Mftc]m[';.\T ol El-l.v b:’rr h: i)
S N1 %y T dr A "'mu (.1);,1; L“:,J‘,
SL - g[_h+h ) )é-"; j« Rk, &by I'R*—h."za'h: "('h‘) (42,['21.] O‘Jlb,)
' L - 08

A{Ytu, FSuldy 5, wy —Su) /M‘S«.wf b, £3, Wy ”“‘)

Sia3,5 ol cthy cli; .
The only way a "t" growth may occur is when
ﬁl‘_l’\-)i + ’)SL‘"L + }‘(“Ji 3 Dot e ")‘L«\JC ")LHJ,_ 'J,UJ + 3{_‘_))

that is, when 2%, = 005, Ankis =5 — . Since

Ny New) v 2& E§lo) + 0(1), (see Appendix I,

nage 15%) one has

_:—)l-l\_—-ij

(S, ~ Mt Slher') T f SRS
7‘)‘-)_\ -3

R hy 2y Ry

zl'r\-), (_l'-)\—}t @},j")_:

7! < e
at’h‘) Oo{b») Qa(kl) fg:u,o Crfn.o dkﬂdh'-dbj;
)

&
whe_\rt gll'slo = g(slb-‘-nf S\_DJ;_“'S‘(AJ_;"SLJ).
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has %?* gé: =

T 15 terms,

Following the preceding notation, these may be laid out

in the array,

0)
Sll S}f_{ S

S

ST

Upon integration over ko, and k,

)

T Y

Aty

¢) @) )
Sy gzﬁg TR fibuns
() A el e
813 Su4gg Slq &srt é¥r Snue SZLSISAY
(2) @) e
SSM Snrg g;rgnug SlLrWuT
@) &)
qu Snsg Iug ﬁzsr
@)
J;—(’ Slz]{_‘ .

| gtﬂq gr:_ ggh-rg Stzs,o gh)’s.u‘

gl‘?_ g&.o SL;.TQO )

e ~
]

- ) Ve I
R O IO S

}L h. —".I.‘ (73 ﬁ—h h\q. "lr k{_

q

7\-(. I le )J

(hu, ks, by )

) My rlo-s )]

~J J = [
ﬂ(']uuq-} '].,-Lu.,..+;uws+3w) gm.w Qih; QUM-LQU‘L‘- Qih(,_
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where

Sh\'b& S(Eu*');r ‘\“"!2\; -}-—f\())_

One obtains a "t" growth when R N [

Therefore
S AN A= 9y GI""’I ~
Si =t gth#—"a‘) [jgj i"lh‘a"hl @o(hl)u}?_r
by Yok h
£
-2 T Iy g Q‘I?u Il )

I g i—h o T 5 @u(h“hfh‘) ﬂqyw Yhi’(,o
T s Ny A 5 A2 o
ke clhy alh,

sy

As vet, no asymptotics have been performed., On per-

forming the asymptotics in t , it is found that

£ Ioan., 1A
36, v 3t Sleer') 35 U k) ok,

'JL ~ Nl h h l'2-\ _h.‘
Z v =D ) (‘.'] s ) S 3
“h hy hy hb OU (n“)h(’ hb) T\ LT60
‘]h)\')l. o

. P ! . "
bLD ] Sure, Ol etk el
whfbt)
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S)_: gn_( gzss'g S'ZLD gkﬂnol

Slu gbo' gnz:,u gliE‘L

Sl in long time, is an order one term,

Ss: gqg Sq;; &zLQ gurmo‘ - 5om Sus g@& Sian0

This term has the same behavior as S with 52,3 =—
4,5,6 and 0 — -0 , Therefore, using the properties
')'1‘7\_3
OF ihhlh\.hsi
3
9 Y- ) (1?,
1 !
RN BV T 1 I B P
vl

e
X —_— 9% e ¢ g 4 ( @Ih\y)b 5] d‘“'ﬂ”‘“ l
_ 0““"+UIM°
Z ihhl{ bf h—b f\ NT’MD ]

7\4_)(15

=P (x = @
| \ Ve dy T o) I L 2 )
* ( P, (hae) - () (b e ko) } fuse,0
w‘tnco
oLk, ke kb FO(1).

S
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The pronerty that
(NRTIRIN
O (h h")

has also been used, The (3X3) decomposition has 10

= W "

I
=
—
=
o
£ '
- o
By
&
- -
- a
[}
~
e
——

terms given by the following array.

¢ @] ) ()
grzg SHYL Slu( S;yL Sll\‘ SSQ(, S!l{., SJQ\_
() e) ¢)
gl}q gm, giss’ brue gfi(, Saur
G\ bl
g“u‘ gzu, gfqe FHS’
G)

Sls‘(, J‘uq 5

Qf gn3 reacts with SHJ,D Rﬁ;g SLhL). Therefore
from the mean value property, this term is zero. L4
and 83 are both order one quantities in long time,

One next examines

{ aj{h‘)w:(n) F G Al (k) 7,

,U'J")‘_)_s W Oy ¢ ’(n

= 3 GD 2 S Rk ko ks ih b, ke kt <C(. C‘Dl Cu;; &oq C\u\ C(O& 7
[—\z%qﬂ,,o _Qtzsto

HAJL,YL, 1

wron Sizg,o e Etke
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The (2X2X2) decomposition gives the array,

¢ () ol
g(}'l SSL{ gSG gb'l g3§ cr‘-l(, SO'?. 83‘, ,g:,_n-
() () ()
80‘3 gzu Ss‘(, EG'S SIS’ gSL gb'% gr,g Sq{
el @) )
go'q g?_'g gb’fs g0'(-1 (r?.{ gﬂs go’u S)z(, <g.‘55—
@)
) &)
gb‘s’ 521 gq() SOE‘ S d3 ‘VD'S' 2 dst
@) 6) (3)

SG;L, gag gu( go'(, S;a (?5( So’;, (Fl.f SSL;-

Recause of symmetry there are only 3 basic terms,
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Sl - S‘)ll 831,‘ SS'G :

Sﬁll Ssu Sﬂ. gl?—B,o S‘—*SG.I

§a.0 Siy ds¢ &y oo’

L

goo' glfo g:l Ou, ! ‘gSL-

-~

~ ~ ~
Integrating over k k k, and k,

1 s Kg oy , one obtains

A
% 2 7 (']-3 % Gl o

S: - 2) G) goo‘ % j ] hh‘a #;_-:2’ ‘En‘ *u'( h;“ks Q) ("?LJ (I)o(_k.)

? AR

sy Qoo rbenla sbrn)- Dl ko)
y L
T ey

Cuzl ('/“0:" i

To obtain a '"t" growth at least one of the arguments of

the A functions must be zero identically, One sees

therefore that S is a necessary condition,

el & 2% B % 1, e % Han
- k
5= 50 bos < J i;z b, R -k, Kb i hs by b Lh)

Ny lo

A3

L’f, % Gl 2 % r{-(ﬂ—f‘&}‘“\'} *A(Q‘*)Jjw')
T A e
(fwn ) + 7;+)6)w5-)

4 0(y).
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There are two possible cases,

Gy =
If (1) Yau = =0y then the permutation on 1 and R
2% -3 el =g 3
changes kR R -k, @V (h) into ‘f-h ey
(P
X DUQ) and leaves everything else unchanged,

Therefore since

=29 =2 =Y

e W
F 4 = 0
ikh. b=y =R R =Ry !

there is ne contribution from this term,

I1£ M2 )nila="2 , then to obtain a "t" growth Iy =~
Ferid alldzmndy = -y is a necessary condition, The
expression then becomes

o0 @ Ao ENg s e Hlaes
?J@ goo' § ikh, R -k, fl'a‘-b_\ e OU[VLJ

-

Ehy =y, OV g g g} - NW,
Oo(“ht) OD Ulr} 4() ﬂ(z )
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G R D

~ 3t SDD 7”( J il’t k, R ht £|’?|"2r ‘?,—‘h( Q)U’:)
1 ) i ) |P ' Y
(78 00 [580m) « | dhai,

Zhwl

-—

£ 0L e g Y Tt =% Biviimte G’-l?‘)
itk 3| oo i

hulls b Rbe g 0
@ y
- Gl ye-an r P i B
O (‘E‘) 0 ) fﬂbu,] F— ol olks .
. ’ QAN
g(l)‘u,) implies kvt = 0 , and therefore makes the
expression zero, If one changes it E, A

]
in the second integral one sees that

T T 1 = 247 I P
‘ihl _h\ h‘ —h\-

i-n By ~k Tk

D
|

=i =Bar 54 Y oy lf“)n“a ¢ T~y _“P
i'h == —k hl -h hl. b _h



-112-

Therefore the two terms add to zero, and there is no

secularity in S, .

ST_? SO'q gu Sss Sm.o &s’e.; - st Sr,u gk.o §ouf gfé-

e

Integrating over k

A -

« » Ky , k, and k_, one obtains

9 W Tu %y N w9y 5 @hu
Ci(”"é‘g, J& il’(h ke —hy R R b -hy (bd G) U’l
@!121;: } 4({‘4’7] }Ul + QH‘J#) Wr "'QwJ}w) - ﬂ(@.—))u {«é‘wb)w,_)
i-((’]t"h Lod et )L‘JT)

AR, dh;
Let
Y, = ), Ro = Ry, 3y =® 35y s =2 %y
ou' TN % % Oy % (Lj‘h(;)&(ji’?;)
i g1 bou! g;u S-éﬁkk h, -k, ﬁh h ke ~hy YO SERGIE

S, A(Qﬂt)wl%(HeJWr+@ ) G(Q 2 +Ql”")w'>

I‘(Q“,,} Jww + Qr*‘ ) Slx )

Using the results proved in the appendix ‘! , namely

E(u:)/\) ~ 0b) )

Elos] v E(aSW) "’)mg)

w
)

% t‘{}[w} + O
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Elop) ¥ E(RSp + D) E

EfO.ob 5| EtJ

one obtains that

N b+ o s Fe)w) = D {fm)w ot )

(b ) + fr o+ ’é)w!’)
a e)

S R R NSRS LN b AT

()
e L ? I8
FEEE 60 N vrer)
()

%t gJJ g,)l S% g,h; ﬂ( 17:'&)\-"2)%»-))

Consider the contribution from the third term,

which we denote hy Su,



LR M (A PP GRS | L
INUNRALY [Q lhy] D{Drws) + Conh ij] olf dld,
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= = -
With similar manipulations
1 I |

3 D= O =3 I 5=

I -R R ke ~hy

351(4’\) C“:g}u-k 2 J f

))r_ i hh—l

4 G 7 ¢ ¥ g
6/7“: !1 KZ&J, ﬁ(]zrwff Z?w)%

G- o] /d/{,m}

e e L
@lva Gl 91
Using 1 =
(e psioli 2. rlgh L]
= Ay T, I Al a2y 2
and SE— I
kb, -k, “R Rk ~he k)
one sees that U)H i @)q = O,
B 9 =2 D 9 =1 1.2 &l

ey

b=k R n -k hy~hy

35, v Gt Slen') 2 r {

e, ., G,

B (T aeen) oo
s m e Sl de Sie @/h-a
RTRICEYY 5/ ufu, h, -k —~uf-hr Q(’Z')

7‘)r

GClay Qg -, . .
D6) () e) Do) db et == bl
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Lquation Q”L cancels with OJA .

3&5 I g(hth [Gl-bu) +-ﬂ[lmﬂ} 5

Yo

ﬁ‘HJr'Jr Cll, ,’ (:}4 _ I7r I o
nnect. Wb (k) O (k) 4], (ke) otk clhr . =~ ble

o

-
Sl =)
fhht_hl R

Since (}[—lho) + Q{Zgw) behaves in long time like

RgtlﬁA . if r Kj(bd + 5f there is no contribution
- i e

from this term as the principal parts cancel and $(w)
imnlies the expression is zero by the mean value nroverty,

; 2 -
Looking at the t term, one obtains

. = -3 (1'?.
36, = 9t Sler') (), (1) J im h; (] i,

\_ -
—0

(uJ, :

In this case the application of therpermutation to the
expression serves to double the result. Again one notes

a cancellation, namely

Ferns ¢ blblog et JE) L5 0,

One now examines 95 « A typical term belonging to this

array 1is

go‘u gzr cgsa L
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SS : So'q SZS gst, gns,u gufé, /

e goo' gq,o gzg‘ J;L gaz;to.

o ~

Integrating over k , k and k

L - . » one obtains

6§, = 1% th‘)

Dl)
il Y O M % (3] 'y
hl
f 'Eihhhihhh_th,LJ

&) niyy ey, /_\( anr)u,.vbs%h]w! +Q..-J)“’) “ﬂnno
(e} Q(00) ——_ -~
((aw +)puy ¥ 2wy - 2w )

A "t" growth may occur when Wiz Bk = ") = T,
whereupon the time t dependent part of the expression

hecomes

&{U)—— Q( Gk e Sy Ly — 8o

— | Wn.x,o

As seen from the Appendix

As) - A [w) 4P) 0(i).
L ~J t‘( nu\-f > + 0( ]

—(w

Therefore taking the 1limit and applying the permutation
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S = R —a—-E) one obtains
@l

S O - B S

(!"’J“'l\ (5] ?J’)f B S l‘l! rP . ~ 3
6Z(h°J v (MJ Ndugy T — &zha Chh, et elly

23,90
. B g g g ek R (‘*v‘“
I lh Y “h*h ) }%L)‘ y ) i—n h he by "fhwh “hy Thy 0" (
o | A7

Q; “") 0 T {T g!l]o r ) Sl?io O“;t dg\d&;

+ O(f).

In the second integral set

1( ""]\
F{- _*? #;L i = ],2,3'
L

e e i
and use the properties of i_h by by Pg . One sees

that the principal part terms add to zero as there are
three sign changes introduced, whereas the resonance terms

add to double the expression, Therefore

ol

Q X =Dy

AR O T N I R AN

)\71_)] “eh

| =\ 7] _;

@o)(h)L {D ,) 5130 1230 dﬁ*dgldgi *—OL')'——
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)
where glzs.o - g(&wlf&uz—r—'isws—g‘*’s'

3! T % 1q ? %
The (2 X4) decomposition of (Cw Gor (oy Goe err Gos 7

gives the array,

02 Sauﬂ., 50'3 gzug 50‘4 823 54 Xo’r da1u g Cg@'é 216
Q (u] (o1 &)

gl% golk N6 gll( gO'SS’L C(IS' &)r!hb ga[’ JO"!(‘)“

) [« 0

83& Jo'zr(, gsr !0‘1_(‘,3 SJL Oto‘zu’
(s) s)

g& v J’U*zu g&é g‘o'z;y
=)

gj’é (fo'zz L
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As a reminder g23 represents

o'usy

(‘1} T Iv % Jl

EL51+E3) O{J (hb) S(E‘fhdw +';2F+Eb) (A),,Ck’-n'hr,k(,),

The term S given by the decompositions gyl S3u 10

and gwlgzuSL can allow "t" growths but they are of

the form

f of;::i :?(;zJ f(ﬁ e b | o ol ol el

From the property that
R T R R B RO
+ i e o
h h, -k, R “h Rk
the two terms of the permutation clearly cancel., Neither

§, nor Su can exhibit any "t" growth,

SJ - g13 gol(_‘ TL 8*2310 gh L |

o (g13 gl,o goo' gh\’(q,o.

NS ]

Integrating over Kk and k

SS: 3g(mh)%°§' J [‘fq“b)j ihau_

hhﬁ h"_Q hs h"’
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[_\(@-HJJL\JL t et 2ews r ACJFJW) B a(@'J)

f(Uqu Ficloy + AW "%mJ)

g['l Thb,0 dg\- dh—a d‘:!‘ C/U'lg

A "t" egrowth is possible if Iy =) and T

Therefore,

< o9 a3 -5 Blas

S, ~ 36 §Ed) 0T ] Laann 0 ok
— N T Ve "'uirla’

s j‘fhhq he ke U’ he ho ) [‘k W(“u =

el 7 -d quso
g&S‘L.o elh. chhy LA,

+ 0li).

If one anplies the permutation and uses the properties

e )3
of R b he in conjunction with the transformation
L - £

in the second integral of



one obtains

21

SIS b gbc”fu—/ll) _gb f igJK:_J; 57;;‘

8

Tudrle

>\ T ! ( G}?‘c L/ . J

ll?k? %
f h he he he A tfm, 0 G) (b ﬁr-’h)* O h:,/e,,r,‘))

|P @l"u’l"b’-‘ ?u_Jr h S
- = ( ) (hu. hy, hg) i O (_k.,“ ke, kd 5‘“5‘”0 djlwd“chlg

4S6,0

FO)- W

Clearly & e 3= g

Ss’; Suf g0'23(, Siz?mo g“r‘”/

= Suf‘ &m[ gll]tg § oo

This makes ALSQTG.U '0413«0 take on at

worst the form m‘*’)" ﬂ[“)

which is shown to be an
( (w-w)

order one term in the appendix., The (3X3) decomposition

of the sixth order mean value into products of third order

spectral cumulants cannot excite any secularities,
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If one now adds (5) and (2), one sees the total "t"

growth contribution from <’6;1h\)ﬁlﬂ2and

CCIR) ) (k) v Glk] ol (k)7 s

P = e e G":.-l,

3
o, g‘},),_JJ f— P
Rt 3 et b e Rl

Gl G

A s T e mad e A

?,]-)L—)_g
s
ok tavme s f it ol e
17‘

(s 1L )
(l? (k) “} J/ t(/z;a c(;zho dé!easdé:.

This is essentially the form of the final result., Since
there is no possibility of a triad, such as AWt wn

F oy g , vanishing anywhere in the spectrum, the terms
= S @
with coefficients in_u.nL do not play any different

Il Ay
roles to the terms with coefficients ﬁ Rk, h by In

fact it As shown that the final result is the same as the

above with

Jes Jj

- = Ji
11 7] IS e ) N i f
V7 (2 3
i [ S dd s e

hhxh-\.h.:l' rlhlh\-h.} :) 2

Ny + gLy + 7 W3
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W}LQK @ S 77{.'6 C—fj'C{CC ﬁCWa./{}H o Uty

Essentially the reason for this is that when one eliminates
the possibility of triad resonances, one is still looking
for the first closure for the energy density, Had one al-
lowed triad resonances to remain, the energy density closure
on the T, time scale would be a second closure and would

be of a different form. In that case the terms with coeffi-

e P
cients ihh.ht could be expected to enter in a stronger
= H I arly
way than the terms with coefficients b e s B . This

possibility will be examined at a later stage,
One now examines

R 51
( 61’ Cz - 6: C?.' 7,1

=-J

]

lu@o g y“i ﬁqmv ) f‘h‘:“’;’ ,Ehu,u i (Cm M&ux Garaat. G.up)

Rk kb
I : S o
05'67.0 ﬂ""Yro {‘ J‘I’ZJ 5 glg\—fol dhr
hdio = UL l
{ LJL'LL‘
The
(2X2X%X2) decomposition is given by the following
array,

0 @) ()
g\z L §i7 Slz & s $a 89 Ssi



q el ¢)
gl'& Sag 557 gig cj‘za gS? 513 gn g';g
G al )

g;g S;; gw gaf 5‘1(, ((37 gfg‘ .7 Jg(

&) (<) €)
git gl'{ gs"} £1(, Sz_s" 537 Sl(, énl? sz

@) () ¢)
gn Sgg ‘fﬂ 5,7 J’zf &31 S:? Jté gsr.

S g{,y reacts with g(,q,,_, to give {UI;J

Therefore the expression is zero by the mean value property,

S'.L: SQ SSL, gS"}—
S\lv;c,g gt?_ SS(, gY? g{,‘l.[, g&i‘.o glzsfd

3 glz 33(, Ss—y SGY,L‘ &ra‘ cfs,o

= 300' e gqro crﬂ,
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~

L At v
Integrating over k, , k, , k, and k, , one obtains that

-

oY h 1oy 3 = au Jr % Tt 2 ¢l 5,
S\L = J— [P Z lf Q) (k.-j
~b

9, Rk -k, h &k b, hy KR R —hf
(?-J',’3 % G"’r )
O(k} 0 Chr) 0/(1,“L)u, +(JI—)}(,J)

ﬂ Irt2 Jws + (% i ﬁ 5 W -
{(J‘ 3w ("-’)W) 450 J;)'u R

filidetn A 2~ u“)
There are three types of secular terms in the above
expression,
1) 0(t") . This occurs when (x)w +(-2)w = 6

0 The cumulants

W

and U:f?r,wr + ot )
for this case are all of the energy type namely
et

(), (k).

2) 0(t) terms, These occur if Q) bo, +;-3) wz 0

and Qr+1,%ur -r@,+3) W= 0 since

Als) - A(r) = ' _ 2
-, el el o

There are no triad resonances, therefore

&[\)\ = ﬂgfo ) _'_f__ i l_ A

—[quo w‘tTO {Ugfo L’)th'a

[
The order one term will be of the form e

(Waso) ™

On application of the permutation the 0(t%)

terms will @add-ahd the order 0(t) terms

will cancel,
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3) 0(t) terms which arise when at least one of the

expressions (042 )w, F03-)w, lst9,Jws + Ok )w,
is zero identically, These occur with the second
Hopy

order cumulants 0(&) . These terms cancel with

. . - 7t 5t
similar terms obtained from (Galcg - C:zdw ng,

and <a {JhJ% QJhJﬂJé}Z in precisely the same

manner as the same type terms cancelled when one

added (6:1h1 {,(r) > and <'G:zk7:dJ(h) T G:(Q)ZUJY”')7

1 " N
The 0(t ) term from the above expression is

G T A S =1 A8 Ve he )N

e flerw) S im. el Sak ety Ykt
}l?\.c)r -
4o, e ] -
Sl 1=1 1y ~l¢ lgi(j'o o v J
O (ed O, (k) ) () 2450 oli etk olkr.
wﬁu’o
The apnlication of the permutation sends 1= =3,
h-a._E . In the second integral, thus obtained, one
puts Jlg —3-3'1 ] h“ =3 ’hk . Vg —2 _)f and ":Jf = "’,E\— .
A0 I M

Using the properties of the N T one finds these

two terms are the same and therefore add.
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65, v WU ¢ flerk') S /5{3 %o 2 ‘f'J % o5

) )LsJJ ’L k -‘2, ,L "Q ,Zn‘ *?_r

Do 423 él, &/, -

Cnn DO Q00 6 e

U0 ok ek ok, + 0[6),

The exact expression for the order t terms of the type
described in Case 3 has been omitted for the sake of
brevity as these are unwieldy expressions, and similar in

structure to those obtained from < ﬁ:(&ﬁ ﬂ;(h) Vi

and <Czlth‘)3d:(hJ + Calk) yddg (0] 7

SL{'- gnﬁce gts gzg Ss} ge?‘q ghs’.o' gn]lo

- SOO‘ Sic & 9 fr0 da3g g

e s

Integration over kS " kL and k7 vields

P

Su z lg(h+h,) é— g j*’@ fth;} =3 By O

. R k. h, hy ~k ku-hy
- o
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e SE R Cloy, €l
Lo Q00 00

/ﬂ 0(’rwr+){,wl +71w5{—7w) = /—\aa‘o

- L N

l'(%wl + by = 7¢_¢£&JL‘)

gllbto f1,  Cle GJEL clk, ﬁU?:

The only way a "t" growth may occur is when
JrW, 4+ Wy +hwp Fiw 3 )W, thwa -yt W

for then
ML) Dlw) | el E0d) " wfold.

This occurs when 1r='3., 6= 2% el dz> i

If one takes the limit and then applies the permutation,

one obtains

)

= < N A9, 3 ol ih"“ s
§ owisgat Ly = Y J B e b hy Kk, ok
L‘ ~t

9 e 'lh., hl.. hs
L )L! — o

I-(’J,_ul+- Ryt Juth

Ll'fl-), @'11 =i @'l 'J's-JJ 1

1) () () 0, () Do Tisio fasy @ <o olk.

~J
Tntegrating over k, and using the properties of the

coefficients, one obtains
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—

QSH ~ AR b goa' J ﬁhh ey Zt‘{

by hj 3 A,
N -3 N e % )
iﬁlh h f j Gl @y, &y
sehy Ry Nhyrhy Bk U ;ZH;J h ] 0 U? ) chm 0
Tlo, + pedy 4+ Jku” gl?ho (‘J.ht dh» dhg-

35 + This gives the same result as above except 1 and
2 have been interchanged, Noting that there are four
terms in SS and that the expression is symmetric in

2 and 3 one may write,

(S, + 235)

&t

TR n3

- <
v lat b 2 cnvn (308
t"")i "ns
lf;;zh:? :LI h—hﬁ ’J;. :’: 7 e Sl (}73 J)
L \ -;"'5 L 3 U b]. {b
| ) ()
T, + Yy + 9wy

gljm (nio Uk, diydb +00). —§).

The (2 X4) decomposition has 15 terms given by the

following array,

(1] (1) () (2| (2)
SI’L Y;ﬂ,? geg gu'u 5;; 5131,7 !;g 52157 &7 IZWC
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gﬁ, gife,? 525' 51367 ({'u £,3§7 527 5135'(9
gs’g gu“ SSL gllf? ffﬂ A’Jz_\’(,
gﬂ, Cgazx? SS’? LZSL

Sé? L23Y,

5 S0 S — SO which implies the

expression is zero from the mean value property,

Sli gtﬂﬁ{ gt1 § 3561 ng‘u fus.o! Slzg.o

= &L Sho &7&« gUN SHYOJ

Integrating over k, and k,k , one obtains
0-0 & A 10y f T W % Blan,
gl : l @&‘Dlg h b‘ "‘7-& j-{ o 3 I'h_‘ "Lf h.q l‘Z‘_ h? Q (k‘}
?l'-.)] —03

4 | ] _g |
bk}:"‘:? ::) 0[@+7 w{ 4‘(] ) dfiﬁ_ir‘o

{Wéy‘a
SRR s o
Juso Sery Ok cegs ot

One obtains a "t'" growth when 3,=--J, , 7 =13 . The

long time behavior of the resulting expression is, after



applying the permutation,

4

o 7 3 -3 @lg, -y
v heb' {
(’t S( H&) >§L kb ~k Rk O U’“’ dk
-
ot N ?
g j i_j Iy j & ? 7 JS'Q?O /0 92 7, 7)
bk hy ky ke ke Ry [ (ko ous b
7‘1]1‘1577 '/z-o‘é i« : ! 674
(jyr 1 I ] ;r)é 72 -)
£ §) (ne 670«,»‘,1? ) Ui
nzo
/ iy ok o
47‘4 ffé?o é(é,‘ (%é,— 0/{45 e /
- 00). - )
13|7|."
One may note that since the coefficient Rk h--

is purely imaginary that the above expression is real.

g; : SSL glzs 7) gGT.q 8&?}0‘ 5123.0

g SSL g?o gn},u geu' Suro.

This decomposition can make the argument Jrwy + 2%

+ Zw, +2w Zp when D=n3, and 7o =~ ¢ . The

resulting "t" growth thus obtained is,
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S ' A% 5 o { b1y, 2.5, -
2 gt {{t gou 7.22133 fh’z\ A I i\ g”_;lo w

0 (-h“hb’bl)

t‘*lg‘)fgs -3 P (’119.?1_13-3 é":hu—)
+ o(fm.h;,n;)) e rﬂ ((1).,(%.,:@1.55) = o(‘?~,‘?;.”1))

\[“'.]:0

X 5 f ; “'JQ ky hy fhl‘ = Okh}f&rd CU{ OUL‘_

We o

t 0(1) "”'(/‘7}.

Essentially the time dependent nature comes from the fact

that

il ~J LT - 0[1)7
_t)k f«
when fk is a triad., The terms .

of the type
Sis Sa349 do not contribute any

""t'" growths,

The (3X 3) decomposition gives the following array

gns 8547 Sivs S;“ 8 it st (S
S'Sf ngy cf(zg ng—; 5137 crzrg
cgiy(, gzjj 57/5_7 [f;_}é

5167 Crzsf.
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The first term is zero as 8[13 reaets with &33,5
- = - -

to give g(k) which makes the expression zero by

reason of the mean value property., None of the other

terms allows an argument of any of the A functions

to become identically zero. Hence there are no secu-

larities exhibited by these particular decompositions,

One now considers

<

3 3! = L T h 1y 2y 7‘1f e 7,-); '.\&
Corp in s Siepes J prip

=y ‘lh:“'l]_ h( h-[ hl—( h[hr A.l. kr h1 }l‘-
e .
l ? ’ A '_ﬂ o
A h 7y (5 1 E lzago (559
<C\01 Clq_\g C‘-u“t G"N’ G—°7 G-OJ 7 e
Wi,
AMh& Moo ~

' ~t
A B S‘m: $3e1 § o Ssp0’ - dhg.

i W'.'G;.\"

One may obtain secular growths,
when NwWe+ K[ + g —IwW = O,
V.=

1 -
or Sbu‘+ Jrwg +opWg =36l RO,

— (’)‘,(,..).fu + Ty + Jp g ""r"‘-").

1y

or YU+ By # ey ~ W

There are no other possibilities since no triad resonances

are possible,

The (2Ax2 £2) decomposition is given by the following

array,

(11 (| )
s " f1¢ gz's S foe S fes 67
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qu S S2¢ SRR Suadiieibo

gié 534 S?& gza G Gk ffzc {35 dur
g” (YBL cr{;g g‘n (g)g(’ ghg gﬂ g“’ g‘»&(,

gl& gBh g(,y Crzs, g“ 7 52& Cr57 ‘(:‘«6-

The terms J,, §, and S¢ are all zero by

the zero mean value property.

S: Sinee gZ'i Su7 See fag.s g‘“‘" L0 Sﬁ'ol
= g?«! &“D 86& 57-0' S\oo‘ grtuo’ §iaco .

) (& " — ~
Tntegrating over k, , k, , k, and kg , one obtains that

g ] & 7 D I Ty 0y -7 Iy g =) )d”
e e ot A e e
k hy hy R, k. R R ke fry, b- -k —R¢

N=D
G, e

bl‘m; Clay, (4 9,0 A @4"3 w;r)u‘l)w) 5 A(&.uwhu.,-.iw)
Ok Q) (k) G, (k) i

{5y, H5 G — Stwl)

Q{Q{ﬂ)y)wg 1—@4])&))— 45[,0

{(),u S AN Irlods )
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For brevity, only the O(tl) terms will be written down,
The 0(t) terms will cancel in a way which has bheen pre-

viously indicated.,

y o G
LS, ~ b E SlReR') () (k)

~ z
thhL ht||ﬂ'_-h\. Q(hv} PR dk‘ahl
\)L "‘06 (i By )

FOU) —

SL!.: gl-ﬂ(‘e_ 825 237 SLES' ST&JS- gl’;ll ‘g‘\l;d gsg;ﬁ‘

= 8(( 816 di7 Sue Ssea S {od,

o s

=J )
Integrating over kg , k k, and k;

o s K , the term con-

taining t wunder the integral for <C;CJ Py hecomes

0(’)“’"" Ny Fwy ")‘-‘J) . 611.0 D(’MJ; APNATIR S PR H‘-U) N a(jfw'”bw; +mJ
: X
](SLUS t 5wy - S‘w‘] l-()lus F lpwy “)rw;)

Since there are no triad resonances the only possible

"t" egrowths occur when A= -2, T, = T G

3%“')H for then

M) o) v dnt §lw) + 0L,

Therefore,
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S g g - 1 LN f dic?y ?" —3 dr “ o Iy
o ¢ Gakdd 1 2
|_\ ﬂ.t- 00 = flh- i [ ky hy 'k‘-'fh ~b, -~y —h; "1,_'
i

)
~%

;(S‘L‘%H‘-“k “‘3'] ‘(%Ugm‘uhu,’w,)

Gl
5 73 1 oy A
o (; 0 ('h“ nﬂl‘ 87231'..10 gl?kﬂl h" k

b O().
Integrating over k, , and changing
=5 s Ot S Ok

one obtains, by using the properties of the coefficients,

that
f P Jy
qu W = SLT\J[ go{)‘ “ll {h 'H(n; h. hothy
)‘7‘-73 _ 7.,u. oy + 2 Wy g
AN % =)= 3
. | (
T N AT

3 g

)
7Lwi. + 73&)3 - ),— (“JLI

”%'%
@,M;J fovy diano Clts dlh e+ O0t).

The terms Sg and §7 complete a permutation,
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2(%* S + 57)

e Lf\.t (COO ?

Ty

J> —jl 2 Ih hythy '«{h rl?,; k ’25

N
o, + iy kg

-l '

th!—k; hy hy Gl [ g

[ &) () ()

-

“’ZIJJ é— f’? f:,,rh_; R,

Mo Fy0y i wy

&y o e
0 J;Zj,ro OCZJ.'D c{é‘ déb 3)

r
) (&
3 13 5
o.a ,23 9 ’J _]H jl £ A 3
d—llﬁt g()()t g J\ d) _E‘ é‘ ih b;"bl h"l ‘?;f’hl h h}
jt?],].s __£ 5 "1 -J‘,LAJLAP ;’j (_JS + )“ul;

bl e 61 feppaiClbss S
& T Ty 1 2
Oo (?33) £zs,o fffzno elh cth, o,

() (), (k) (),
)

SRLL

decomposition of the mean value

The (2X 4)
by the array,

2 5 %
(R0 G oy Gt

is given
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0\ f

gu gub?& Szu g!us- Szc, g;“a— gzv Szuas- g}_g— gzua?
A

gzu qus« g%L gu.:g— g;? Sies rrzs— JMH

gac, f111¢ {m $23¢8 {hi' Iz:c;
@ @l
‘[\67 sza- ‘rék <r211¢7

&
‘r?sf fzmc.

The only possible "t'" growths occur in the term designated

(1) and (2).

5 frwc gn 5&57& g?ﬁts’ SHS’,O' S'““‘ {2100

= glx Su.o g&lﬁu S’li—.\‘ {Oo' slz.o,

~ -
Upon integration over k, and Xk, , and putting
A = -2 1o = 9 the time dependent terms bhecome
YT eI u
&[0]" llmo A(y‘lhat —ﬂﬂ,.u’
B '“?D—:;f . In the long time
o 1Moo 78,

limit, these terms behave as

i L P | [
e I A T s
Wn”, Ws7 ¢ Wepo | 176
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In SL if one relabels 5,6,7,8 by 1,2,3,4 one

obtains the same result as S, with Al

bt v

R - -k . Therefore, adding these two terms, one
obtains

S+ 8) v Ft &o(

25w T ]
i £ h-h - -
j\ by & oo kb o Ou (b dh‘ﬂlh)
N L
e ~([w it =)

2

-

-0

=3 Aeea v 24 g
X ? lf_h ke it fhr by kg J‘TE,_\ 6780

kot g )+ (R, he

"J‘JQJ-,'Jt u s 2rd
i\ &\b?&'ﬂ [b(%,”*l q,,;;)r 7] )—.E /Q“ﬂa.‘hjhj 0;‘2; ):h‘)

e W Weo
Clly - - clhy -
Changing W - e
» —— N ) | = S‘I *I. 7: K)
k¢ ~hy

one obtains, using that

& =) ch T D G\ g 2 W 0
(_ht,.' i \ - Q} (hﬁ’h“ h()
and
=3 =9 2 [f’] R
= 8 hi aes 7
f—& —h h ‘

2(Si¢s,) v §t §lhek)

2 blaeapd dud e o clb
g Ihh h Ih h-, OOL{QL} L dh’l %
ik YRgTe {n bha T

-
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&

Yorle 9 that T

E' 8 & br h1 hr /\ b”’cU ({?b hnﬁi

{(%wr+7ﬂue—1u)

é'r Jf'}) T -2 ‘P @/.70 0 7F = (4/?67 JJ‘ =)
! 7
_l‘- b[bbah?;htj 7/— A ,}9,,/2;} Q(é‘fé irJ

678,0

oo doio olhe-- etk === (8)

It may also be seen from the following array,

glm SG?? 523@, 5&?5— Cg1,37 gue& gn&— cfuw

gzug gsrg gzu cfm CCM’IH?
Aﬂzm Sm— gzb&— Cf3147
e\

that the (3 x3) decomposition does not give a "t"
growth, Note that there is one term which is secular if

triad resonances exist (the term 8}7& Sgga ), which



implies that ks = -k and k& = -k , This would allow

Wﬂuo'

i
!
=
L
o

+1 | _
when Ve =g - Y= = Jpm =00k

Nne now examines

(&J'(k‘)ad:(w - aﬁ(&sz:Ue*Vﬂ:-;

{
00! Yhon N T I 2 T 7

- é 03 e f[’& he hy by he hy by b, k. &, (G:Go:‘au? Go;rao{:‘do:)]
PAEEEE "ag
FU:J grmq g\ur,i ftzscu 0“?\:" -k,
where
F
F(k) - j ﬂm,r iy €fw'“‘°zt
o ihﬁ;‘h
The (2x2X%x2) decomposition gives the array,
¢) ) @)
S S10 g7 S62 $30 §s59 Sos 822 ds¢
UJ @J ('I'J
gO'z Lr crﬂ') {o's crz(, crs'; "rf”s JZ? ‘rﬂ,
@) @) &)
. Ty Ll e g pomci i
6l ¢) a4
fo'é 523 §5) ‘3()0'6 dos d37 OFO'G' {27 dsr

&) ) ¢)
0(;'7 Jzz dre J\o‘v $as {3 b7 du iy
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In S, and 5 SG? Sbmg = S(E;) S(E +E;J_

This makes the expression zero by the zero mean value

property,

QL: gNz gZL gS? §57.q fusu| grzg.o

1l

guo‘ gl,o 513 S\b.t g?f Sqf,(.

This term will give a e growth which cancels when one
- - b =~
applies the permutation M=, R — -k and adds

the two terms.

SY: gu\" SZ‘S 857 gh?.(.. gs’m,l S‘l'z!.o

= goo‘ gllo 521 g(nU 3'77 SQT,O)

~ L =

o
Upon integration over k, , k, , k., and k,

3 , this term

can allow t growths where the second order cumulants
are all energy densities and "t'" growths when at least
:
one of the second order cumulants is of the Cikk
type. These latter terms will cancel in the same manner

-3 i
as shown previously in the case <’€:(hlﬂz(u7and

<C:GLL] sc,{:(h) %Q;(h};dih‘}z The "t'" term occurs when
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WoEpd, Tes D Jpe cdopn g =dn

whereupon F(t) becomes

yf e

e
0 "’\.\J\J&T;o
Let W,;, = /u_, and this term takes the form
- {' }- It
Sl ﬂlo\—ﬂ(p} oAb = f _Jr' A f-j\ ﬂif b,
) - 0 ﬂ?‘ Iy
- AR
21‘/‘/\ f"' -—f,{"

Now, one considers

f }(m{}; Pl %:\f“"r*

) fi s Lﬁw g e ] i),

i
e
=%

Integration by parts gives

g

-
o

J? Fupn 5; fie o “ff’,u B € i)

Sy &

s

K A . Q*T
J“F Pl it "o
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]
|Q\—_3
&1
L5
Sy
&
~
i ¥
—
& &
et
e
=
=
[
%
I“‘—.
S
3
R
DR
Co
S

1)
X
=
R
%_.
| =
\H“‘R—
e
r
'-1"_
i\
i} 5
T
A
—
=
S
Lo
o=
—

If )z is a triad and cammot be zero anywhere in the

spectrum, the above is equal to, tn (ke [k € -

-

Aflr | o -0t f§ I odu 0 ()
R JF']A/"‘ : ’éf'/«/u /-

The 0(t) terms can be written _Jw g_tq u/u\
3 o

Since yfh)’; d/u\ 2 j F_/i.b (J\/.AJ

when /L\ # 0 anywhere in the spectrum . The application
of the permutation 3--3, R - - cancels the 0(t) terms

and doubles the 0(t*) terms. Therefore,
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5 ks : Fhe ek = PRI Whd E
255}~ wf_f x /

Ri h, - R ko ki he h -k

oy M Claae o
(& (i | 0o Cee) 245 U6 otk elhy

40

+ O1). )

If one changes Fe =m0 g 12{- —s -k : = by 'S

one sees (14) = - (7) .

SR: So‘s Suo gl'i g‘L?rh gki“i gtu[o

gs.t) gu) ggj gng‘o g”h goo'-

- ~

S
One integrates over ks , k, and k A Yt" oryowth¥is

7 .

nossible when Py 2 A% T TRy E o, for then

E

f ﬂ(fu “Saws - fylg - fsw‘:) - ﬂ("‘ Wo +0rw o= 20, l-([t"‘\”“"b”*“’"""')f’
art,

L ( Ry + Wy T Jl-uu)

0
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I,
= Wie ¢ r—
B a(hUlrhuL‘PS‘suZ—SQJ _)(_ ﬂ{)qu‘rlrwf" :LUL)E W
D e -
o (e 50 f-fu“‘f) (St S0+ Seeon)
b : P
N o [
— [f\ g)l?.iro g B t O(')
== w;:“_' wl?},o
The permuataion 3 —-J R - —k will make the principal

part terms cancel because of an odd number of sign changes,
whereas the resonance terms add, After integration over

k_, one obtains

) 4.4 2 _ R
b el G0 T ] e B
;j“i: 121 i L e
hy Q)““} (1‘7.: U’:} (ﬂ”ta gl?i.o clie, Uk, el -
—(S..wll'fgwj ‘S,..Luu) T—O(‘).

SL behaves in a similar fashion.

28, + 65

('lf']’) N N 21

ke SLKt Sgo' 0‘,“{) ? ihhl hy :5

h2, %
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2 -4 o %
h ‘f_hn.'ﬁs —hRy —bj

) —y
O=l=3 | 1
X (P [ = %1 g h, ~t,-k; ™

-_SLW;_S-‘KJ} + Skw-,,'s

PUDST K- ] § o/ b olk O)U:
QO (h?—) CDU (k"&) g[zzlo (23[0 { L b
()
F 0(4),
0-1-3
where 6) is a cyclic permutation over (0,-2,-3)
sending 0 — -2 — -3 —> (0 . The (2X4) decomposi-
tion gives the following array,
Ul () (2) ) @)
go'l gsn? 50'3 gm,? éo’r §2107 St §.1v7 S0-7 S137¢
Szg gdﬂj g).{ Jo'gn J@L Jb"js‘? 5\27 gﬂ'H’G
() ) ¢)
SSS go‘zm 36 90257 cr37 JO'ZSC
(7) (7/
‘gfc, Jo’zn !sv <r°'z=£
)

J“ﬁ 7 JvD'?. T
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S‘: This term gives a "t'" growth which cancels on

application of the permutation. The terms §  §,.

Ss wnel S~ OL).

SH: Sz; §0‘§L7 gszq ngA ywz,o

- szg g:,o go;ﬁ SBTLQ grsTfoc

~t

Upon integration over k; and k, , and setting )=}
and 3y = -3 , -one obtains that W,,,, = O.
Therefore
I -1
AN T --QS'.O
SR A R PR
v T Wea,
and
§ 'J‘ e S
F(H) v — Tdsene T 0(t)
l U‘7t (i 67,0 w‘t‘)—ro

Therefore, one obtains

& o, v
SH i (ét:g;5 E; i.hh hk_h C} 2, | Ckk‘ )

'00
o I"L\ LS
; § ;Ehh g TF 5:,74

-J\.(")T —,{, L Ué?f{-{
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3 G g a0, %
F (S s g =
: [r\ Poo (G fn) e G2z2y)

' ‘ 4l by *
4}— _l_P_ _ _J__ ('Tfih?r‘J éJ75—1¢, 7 =3

9 (b-",hbf{?!) B ° (.kf-hﬂb? [S;'ET‘O
Wrizo  Wiso
Setting S0 — - and Eg-ﬂ -Ec (i = 4,5,6,7) one
obtains the expression (§) with three sign changes,
Therefore (16) = -(9) .
ST; gS'(n gotlj—] gg’?(u glis_lf ng}tO
- Cgs(, g‘{,( SOD‘ gqfu g‘I?.LD.
Integrating over ﬁé and k7 , and setting 9,=7, and
Jg‘: ‘3Y7
FOAL) - A ik
o 4 '
FLES -,f \ { o,
0 “/‘*—
Let  fa = luwy ¥ vy - faned  GX & BB Aiae 0y Sl i

and consider

th’(w'f“) FlE) Qo UM

(P f W
"y g p[“afftj (‘n&@lr‘j{) LH Ut e g
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when one takes the 1limit t — & over the wm

integration., There is no "t" growth in this term since

F .
E }‘Q'“kd¢ [l

The (3X3) decomposition gives the array,

go%; Sgg7 gdz§‘5357 gobe 53:7 JQ17 Jsré
So'zz, § 267 Jo'zs § 269 Cro’xv J2v¢

So‘re §217 !0'5'7 JIIL

80'57 rgzsr.

Each of these terms gives an 0(1) behavior in long time,

. T AN 7 ¥
Consider Ca,(k') e (k) + ao(k),eg(k')~aL_j
00’ b
" 1705 W2 6 N I LRV R T
= 2@ ;) j’ ihb\b‘ by ke kg hy ke Ry ke <Clu! Gz Loy Goy Gog Goy /
vy Jog |
i (Waos F v X
J‘ ﬂsq.t 054.7,26 of 5344 Isa,y oo b i
b}

The (2Xx242) decomposition gives the following array.
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¢ ¢) U )

03 &5— &7 go‘g SL{Q 557 &;'3 &7 J’gg
uf (1) (r}

gdﬁ sz 597 5&% g}ﬁ J}? J;Qf 537 J&l

¢) 3) G)
g""’ n &7 go'r $20 dur ‘rdr $27 di ¢
¢ 6) ()
S‘Oft” JM J57 Ja‘(, SS’Y gu? go*g, 537 S(,_\"
e () ()
50'7 fon W Ju‘; crsr G C(o",' Sae dus .
o R S, ) E(EQLEL) which implies that the

expression is zero by the zero mean value property,

g(: go‘g gl‘f 5’6'{.

VT R LT e L

i SO"S SQL gm gg,L £ ‘r‘“"-



Integration over k3 » Ky o ks and k) makes

I-(Szbut t Jiewy —jw)t

F(e) - fkﬂ (330 # 2000, -200) Do) € el t

when 9, = §w deioel Only the t  term will be re-

tained., This occurs when R T whereupon

((Siot 5~“’L_5W\ r

Jﬁ% G Mlaeal 200 e 5

0

t,_
= y 1L A[Lul-{— s‘_b\JL—'.SL,J) Q'LJ'
J

!_1

R
LM

|

AT 00) whist > Lorrines, =10,

The 0(t*) terms add on application of the permutation,

whereas the 0(t) terms cancel

;_g f (IJQ.) 3% ;: || {’;: i i:; :1——)" oI 75')¢.
Lg{ i flf‘ 00 00 (h) 2 A ) - f;h;bh"!g

-

N2 b

No + 2cL0, -0

@lo ¢

() (o) U0o) oo oh b oty . -7

The O0(t) terms remaining occur with at least one of the
Lt
second order spectral cumulants of the il type. These

' ? )
terms cancel with similar terms occurring in <Gl&U]ﬂXkJFGJhL&h%7

noou 1rEh
which term also supplies the t term to cancel the above
Ll i

t term, in exactly the same manner, This is illustrated

with (e;(h1a;’(h'J; and Q7R 0l (k) F el () qd (k') 7.



-154-

SS k gob‘ SSL SQ’?.

Sm_q So‘g 53(, &m g,'&'(“i gzsuto glzuof

5 goo' gao 53(, gk? SS‘QLI fz?q(o,

] = ~4

Integrating over k. , kL and k, , the time dependent

. . -1 3 B -3
term in the expression for {a, (k') e (k) + a,(k) e (k*) 2

hecomes

Wiy o E

F
FLH _/f\ ﬂ(?gwﬁhwq-)tw,) /l(?erwa_; Tyl J‘wa( L.
§

A "t" growth occurs when Ve 23, Bp= 21 Guael W52 a e

If one calls

Vvsy + Wy F T T oW

Dby pb et ain il 58! /"t



i
-
| =
“
—
I~
I
E-
-
I
e
i
| S g
—_— D
&
-

In S} when the permutation is applied, the princinal

part terms cancel, whereas the quartet resonance terms add,

<
12 71 )\ ;; Jl|
I ! _JS ')L,

é SS 2 e C goo' ZS- R ke b, ke by hy
£k R —ky “ke

Wiz
Tl W
\ ol

b -~ elhe

iy

’I)
W O8] 05 b b Bino

Integrating over k, and setting

2 ) A =
_:1 e . — - J y Y T Tk
bh ]?5 hl, kl

one obtains
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(H,’,J - 2N IR R
Gg} e K()'Rt goo' OU (h) 2 f —_%"é‘ ﬂthb‘m R, (fh\rh,hlb_;

Wy ) /8

T 23003 4+ kg

By A =t = Gjpt—:t (2135_Jj A A
ih. W= he i5h @o (h‘“J Ou qu) gizho gll;,g dh‘db»ﬂhj

3

----- It
AN {6
The (2 X4) decomposition gives the following arrav,

e ) o) ¢ )
0'3 gus’(,? gﬂ'h glsu gc’srgmm cﬁ)’(, §3¢57 Io'? fit‘ﬂ,

S @) Y (o] al
3 SO‘JU g?s'cgo'&s? SJL ofn‘aﬂ Crh JO’M’L

Y g )
J&f Xorm c('“; J.O'II? JZ'T XO'ZY(

&) ¢/
Jﬂ ffo's:.? Jﬁ yc’s&é

&)
J}; Jﬂ'ih ¥ .
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SS: SIQ reacts with QMI‘ to give § (k, ) and thus
makes the expression zero by reason of the zero mean value

property,

Ss" gb's gussj g?m.l gsu,z Slzmo
= &0' §3.0 Su. §5072.2 Sia o -
If one integrates over E} and El and sets 2 =2,

and % =2 the time dependent term becomes

F i lw,-i-?,,uut'fm)r
j‘ A(ﬂw—mw,"hUL) ﬂsvhz C ) dT7

0

F(e)

\!

f—
A(qu(”jLuL’)\A) [\_(7{“1{‘]‘ 7&“,"‘{"77“7 ‘-?Lul)d}—j

- P
v A0 -~ I g;ﬂ,l o T } gt

VIR IS e [V el L
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Thus
s B A,y
QS o {P Le §( Vu—h)@ (r) Z TR AT
2‘7"7'_)6")7 "05 71L~Jg+7zt.dz—3u
3 I B3y H‘u”b?;‘k 1 R
_ |
ih; he hbh? b\: (b.\-i I?blb'l) f /\ &51’7,)_ 1L o
§67,2

SS'(,?,z g\lz‘o CJE.; OJJ:L C’jzr (‘,U;:a dlz7 4‘0(,!).

One applies the permutation, and sets

A 1 _
iy S ) i=1,2,5,6,7
fl( =k

in the second integral, and one obtains
@'l-)F) . 3) T i =
28, v Lt b O)(n) S Jf R

N, o T+ 2es, -0

Vi Ve T g

1 (5’ 1iside fy e (] I ::-1, -1 )
fh.‘, h\"' h‘b h7 /\ gﬁfshz ( u(hr'hblh*[) + Q(hl_lktlh7)

A
+ IP “qu)b T =k LL"”r’b h —h

u
- (Ou(hr'h"‘h]) = @o("?r. hy, b?)

Ssiy §u sl clh ol clhyolty #001).
- s).

There are no further '"t" growth terms in 31, S% or S&

Neither do any "t" growths ensue from the following array
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giving the (3 X3) decomposition,

gdau 5557 gdzg §uer gokg Lur &y37 Sus

go%s’ 534,7 Cro’aé cf;” J;J’w f_m

g&rg §347 J;%7 J;ag
‘?0((;7 Fﬂt&-.

Nne now examines

<( ﬁ, ) T+ eu(h)'}fq(h J 772_]

) , 1 L 1 N ‘Sl & )1 o] &0
L ")7 —0 T &
= ) dlz? »

FLE) gssh3 SIL” gn,o Glh(- - -

The (2X2X2) decomposition gives the following array.
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_ (1) 1l ()
50‘1 qu &7 A’o’z XQ(, rg)g-, (Fo‘z g!ﬂ X.S'L

S () (x) &)
o' Szg SL? !o’q crzt, 557 JD"L; fﬁ? ‘fS'L

() 4) ()
go'g JZQ S” J‘Uff,’ gl(, frf.:? Cg;'b' fl"? J\Lf(’

@) ) ¢)
5\0'6 fflq 557 !(')’(,J tgjzf Cr&? (()0'(0 ‘cl? Sh\:’

@)
6] )
&17 O CFO‘? §os S Cro’7 b dus -

iné gou Sus Sw §5¢7.3 Sen gta.o

< gb‘z Sao g(";) cgu\’ g(,’i g§-3 ‘5’3"‘°

N~
g(}\") makes the expression zero,
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% Squ_ So‘q g?s g(,',' gS‘(,?,j 5\31.“; $iz, 0

= goo' gt—“u gi.r 331 557 gmo;

Upon integration over ks s kK, » ks and k., F(t) becomes

t A(mu sy M) G ~7.wl) = (7305 + It ~>Lw|J i (fwirsow, -l

| ol

' 1(@:-')3) Wy + Qs*”wJ“s)
There will be 0(t") terms with pure energy density cumu-

lants and 0(t) terms with at least one second order

et
cumulant of the type ¢l . The latter terms will not

be written on account of their cumbersome nature, but will
2
cancel in exactly the manner illustrated earlier, The "t"

term occurs when

})77--)(;] ’)L""l, 37’:—31] ,)3:-)?—)
whereupon
B

v e L rol) (e e T
?93(258’}.

Applying the permutation and adding, one obtains
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95, ~ ol Gl [hep'] E f L hiun, i‘zt S ey

(2 “h~h, hg -
(O v T

T (L]’h,‘g u > v
DO O Lk, - o)

T j)_ L ".)‘_ “Fe =2 75 = )‘,

Since ek L LA + i_hL A = 0,
Qo) + (7) = o.

The term SS ogives a similar structure for the time depen-

dent terms,

h"l ht'hi

- i'] = =3 ‘f—-};t 3 Ip = (A
SS N lllﬂ S b_{-h) = Jﬂ { R -k -hy “hy hy hy i
Jn.‘), %

SIS PYWEE S [V
24-) @lg-5 061, -1 " _ o B
0ty Gy B f o i - )
It is clear that GU) = —ll (7) 9
A =y T | e
Since ih_ ~hy -he Tl f£-h he hr )

"‘)L‘ ’} 3‘5" ')l.(
and i = ﬁ
_‘7_;4_ h hf h —h. —kr '
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SH'- go's N §4,7 gsw,s g}u.: gmo

= dej Szg gg7 Juo' J}Lu yzsulo .

-t F )

)
Upon integration over ks , k, and k?

b

F I/\ (@nm,) W 4+ Tslo + At -’hu-)— ﬂ(ozul L NP ““} ,l(s,u.u.uh-:w]r

N . ! dr

0 'f,(j\'bu' iy Ry % UJ3>

The only possibility of a "t" growth, see Appendix

is when 11 =, =) = Corned )“ = -2, .

)

)
FU,‘) A/ —“L { ﬂ g(mwtn‘wgi—?&w.‘-rw) = —f—j—- 'f'O[l).
Wy

2340

On account of an odd number of sign changes when one applies
the permutation, the principal part terms cancel, whereas

the resonance terms add,

ig 98 ial 2y 7.1
CDSL, % [{S,ﬂt S(h,i'hlJ g J' ok by ho hy hq
RIS I -—45 {(le . 7I-s|-4|.,_"¢0-31)

5 -9, =y 0l 4, -3,
in;h e Q‘j Hoh )]0 (b} gmuo Stviees, o

- - dh, + Ol

s

When the integration over k, 1is performed,one sets

%23 —> § i: G d e % o 3, = -y,
}25 '21 Eq h.!
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whereupon one obtains, using symmetry properties in 2

and 3 -
(L, 2 2 = e
(DS o 3&& Sh{-‘lJ LD('Z y _Et‘ézgikh’f-hzb 'flm,h ks
%y “eb fj U by + Jiujl'?k‘-d;}
ST R (l))L Iy ("-I’J;‘JJ
!i}?th o = ky @u U?"J OU(hJJ (Fn} o gll}o dh !“ CU?
Foly. - @)

The (2 X4) decomposition gives the arrav

(1) ¢) 6) e ¢)
30*2 Stﬂ"b? go’g prS'(,? {DI‘JZQ({] (foc gu‘n IO? ffl‘l!&-

() ) G) G)
Igu, fgo’rw J;s- Jo'am JZA Jo’c.m "rn jo'tdé.

¢) ¢)

gln‘ Jofj? Grdé 0257 Ju doase
) @)

S5 douey dsr douuc
a)

5(;.7 fo'u; 57
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The only terms which exhibit a "t" growth are S

and S‘l .

St Sinee goﬂ4 82557 85&7,3 gqu gtz.o

=)

- goo' foo £z Ssu7z Siiu),

&t -~

Integration over k3 and k,_ and setting X=3,%3=-),

makes

: N(rw + r5ug + 2w +71u;~nw:) ‘ﬂ(’*“”‘“ﬁ’““*J l'(}ru\”ub'»"“")r
F(E) f AR { dt,
0

r()ILJf t Wy + 71"-')? +"'L‘Jl)

which behaves in the long time limit,
i P
Wses2

it
wll. b

+ 0(1).

NS

A
% T\gsmz t

j&'\{w_gm& )

il A )

@lq-) SO = 3 i 2y >
SL v L€ S(kf@ﬂ)@%{k) @}fi j fﬂh.m’ikL—nuh

"-i. C Sito, 5. —S"‘J)

=% W % )." (‘) I+ 2 77 o 1 .‘ P
i é) (hfl huh7) TI 85-672 +
i} hf ht’ lQ? . wSi':.Tl

Csimy oo db. b dlic otk ol

+ 0(d).
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The permutation gives the same integral with -~ -4

- it
and k — =<k ., In the second integral, one sets

e -
E( N L )

and one obtains

i=1,2,5,6,7

s B e R © L::Lf:;—:l
L VLt §(Rer') G%[Q) S

T h )y

o

s f(SLuni-Svul— Ses)
i-% 5 3 T r, R jr 3
~. he by kR, 5671 ‘Zrk,lh T &)(tz,« k.,é,)

X ) 7 (y] *
,() Teled T s 7% 7 R
+ === ( ()0 (t?fr h-tsr !’“J - @J [‘2{, fes, ,27)) Jfé,'jz gl'l,.o
kjf&?l
elh, elh, Udlr ohiy, dlp, + O(1).

- (23).

If one sets 51; y_g;

one sees G?J Gcr

Similarly,

1T % =73

— ' Gy -a,
Su vt il S, 02 5 Hfdua.m bEh R - ke OU(L) gmdhdk

7|7L

Be

S.w, + Sz -Sw
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%
19 % h 4 | ) @[‘F )
* E- i [__ ) [ o N oD ?r?o?h.J)
R ke by k, N (fbe?.o o Che, hy hy) + Q,(‘fr,‘%,h,)

1{3],'}-’ -0

P
{{ Gl W1y =2 ‘f/p,. 28 50=]
{_ S /Gja(ér. koah:) ] éﬂ?f’/&rér}) fs‘g;v,g
W70
elby ahy etk ¢ O1).

= e

If one sets

one sees @h) = —QO).

The (3 X3) decomposition given by the array,

go'u{ Sm gb‘zr éuu J‘O'ZL Shf? 50‘27 545‘1’.
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go'uf ‘gm SO'M, 52‘:7 f}ro'w ste

Sdgg 5147 J;%7 <fzag

Dﬁ)‘” crz,m'.

does not contribute any secular growth.

One next examines

Centr) yeor) + C(R) cente) 7,

~

oS
h g 5 1 2 2 h 33 1y P i‘)f 74 7&
-4

h”){\’ Rh.: k']_ hl h] h.q h‘- hr l"1(- ’2)‘ b? f?d—

(Ll

o 66 02 62 67 FLE) Frus Bren s funo Aol

) = | p o Baes lsa i

1T e U L
0 H“/?S’..S'

¥
=

The (2x2x2) decomposition is given by the following
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(1) () (2)

30‘3 gqg g?{s tg‘o'; &,7 g‘,g JD.:‘ rgqg $o7
() @) @)

So'u gs{, §7% SO'&« 531 gsg go‘g §3¢ §os
b) &) @

gﬁ'&. &L, S7S’ ED'L (;37 gus— fgo'& &5— Sy
) @) ¢

gb'? &341 &,g !0‘7 cgg( Jr.‘g JD'? JS& Jus
sl ¢) ¢)

Jdr S b fo'& d30 dur J;‘& &7 fue

The terms & ’ & and SS are zero,

S0 Sel el o implies & (k) which makes the

expression zero by the zero mean value pronerty.

Similarly for §3 and gg.

glf ggl‘s Sln gk& g?&.s‘ 55’(,,;_ gﬂ“[ giz.o

i éob' 8];0 S?tl S&Q SS-LJ‘Z SL{Z é.l?,,[)’
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-~ ad

£ ~
Integrating over ks . ku . kT and k&

F ﬂ(@s”f}“b t (77’%)%) ‘ﬁrc,,z (g, of
_[](JIU 4 g~y

ELfis , e,
' (%, F g0 “err)

To obtain a secular growth at all, one must have at least
¥
%22 and 7, = -), . A"t " growth occurs if in

addition 13, ~ -3 1 a0 vy

) F F

The cumulants connected with the "t’'" orowth are all of the

Goies
energy density type Gl(n) ¢ A "t" 'prowth occurs for

any other combination with at least one of the cumulants of

@iy
the type Gllk} « Only the "t'" terms will be retained,

The 0(t) terms will vanish with the same term with which

the O0(t ) terms cancel in a manner analogous to the illus-

trated case <’b:(k) H? (k') 7 and
Cal (k) &, (K) + al(k) 4 (K')7 . When 2,29, )

Yy == and 1,= 7,

Fe) = [F ﬂ@u) - Al eLt

where /4_, = T + hew, —Jdw ,

Uz Arwsg+ by =~ Sy,
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2

f 1
e - ()(t) +00).

g

When one adds the term arising from the permutation to

5

Flk) ~

the original term, the above 0(t) terms cancel, giving

the result,

2 &1y o 19 % o al=
Lﬁgl i “—“3(: Soo' @o(b) g J\ Rl h, ky b =hy

2 i
g ), oo T G o

e P R 71" 7;_ ")Q
i ¢ &f

h+ Ry hy hﬂ’ ky '—’?.b -l -l
Q(h‘} 00(‘3&) 062.0 fﬂ,z

1fh)r+ hidy, - 7 L2

Ok b, uk. olh

# O(:). 5 5 (?5)

SL{: gb'c g37 SL{{;’ Spglq SSL,Z gsg,l JIZ;O

- gg,u g37 Sh& g?: ggo' g;g,l g\l‘o-

~ s ~

Upon integration over kg g kb r k7 and k[r ,

f /}7&]!-},1..) ;0 -—),_LJLJ—()(?J’L‘JI ”aQ)'%“zJ
}'“,’)T' ﬂ(ﬁ“]”hw,(-),u,) _(5 Il

‘{‘();LJ3+7§L.J¢(" };J;J
Wi, e
o ALY

A "t" growth may occur (see Appendix [l ) when %:=-%

o= 2 and G&zJJH) whereupon



Fle) ~ v |

{ (7*%'33“‘1 ')u‘-*-’a) { (2 w; + nwe -FT\—LQ,}

—

: {T\glzzm - L—ID“ 14 O(l)‘

L3y (o

The principal part terms cancel when one applies the

permutation 4 — -3 and k — -k and the result is,

@H-J & T I B
2, ~lbrt o ()0} 3 f o Laon a
—d

W20 )y

—t' (71""3 + et — hul)

e =7 =l
()

hg—h_[ h "h_.'hj F’""-I 93‘?,] @-IZM-"’ q v —
Ou (‘”:J (Ja (["uJ crzmb Lsm 53&.1 k- clh, .

I-(hu; +lay by l-dr)

P

Integrating over k, and letting

Eq\‘% —> u E }‘ ?-?: =2 ¢ 7 Gl Sy=l =Ty WP ~Ss
iR ; ;5

one obtains,

I 14 g \ T f"‘t Py
15, v Hak fu éo(h) < J * s Soble e R b4

i #2503 + 2. Wy

RS S b e it
X R g-f é" ikl ~-ky TR Iik'-"'} k. Sh; @'/?"—)"
5 '7r S i 0 (kl')
o

(‘" Ay =2y el ?rwzgj

!

?1";){ 1 » N P
U (‘EEJ !;ZLD ff?—],o d/Z, déu dbj IL 0/(/.
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Sg behaves in a similar way and applies a permutation
0 - -2 — -3 — 0 1in the second part of the integral,
Therefore

{ o LR S f'?“ L
L v LS v Jlat S(hek') ¢01(Jh) 2 J '}jfg Lkt vy Ak, Tt

}t)l )5 2y

hwr by uy p dtang

=224

e
){6) - A 5 E};:_h\.'; R i-h_,,j s e
T

= = 2 —}j

(—-‘),,.'_,_\,_— Loy 4 ?r‘&\-‘z\;)

(21 . Gly ., v - -
Q) ?‘(ZLJ G)D !(};;) A‘;:?fo J’lljfo UIZ‘ d‘l\. a{l?j /'O(l’j @é)

The (2X 4) decomposition gives the following array.

U @ () 6l ¢)
g(\‘} ghaza— &J‘q Xsug. go‘{, 53(,?& 50‘7 g:as& fo'& §3,¢7
() ) ¢) 6)

gJ(v ‘Yo'é-?&' J?L go'a 7§ 4‘37 Jo'ac& J‘“, JO'Q‘?

6) 6) &)
Jké ffo’sn— J;;? Jo‘sg& ﬂ‘f J;'IU
¢) ()
Cr‘7 J;j’gad_ 0[:45'- C{-D"IQ?

tr;;- fz’).mé.



-174-

The only terms which exhibit a secular behavior are

Sl and Sl.

I.' g&'s gha?& g?hg’ gb‘(,.z g!(..,r glz.o

= gb'; Sru,-(g gql Suo' Sll.u g‘)t.)’

7 gbbl gS.o Suz g(,'a‘frnl 5‘5'(,,1_ giz.a.

~J ~
When one integrates over k and k, , F(t) becomes

T ol .

9 l. LU'?E:T

J Nozez = Brz (oo nwe-sslt
Q(G}U + ) UL":L—M)

After applying the permutation and adding, one obtains

X = G I =11 =% 15 ) e 1 %
15,V -feblere) J ks ke B [_Mrh‘ (b ol
B e ——

hhoed 0, T¢

Py En i -(1r{,.,r.}l._u‘f_nu\_J

A v Wy LS
Ou“‘) fkgsm /Q(h.‘z:f:) ), Zé'hﬁ‘hr))

iP emgy 4] %00 25 00 gacon s
e {bu[kuknhrJ S bu(_ils' ht‘h-r) Sﬂu &'Ll gn.o ?EKCUHV @7)
Woe o ok - - cthy .
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SLT SI.V'LC—& QO'b grma’ §7&,5‘ gs‘g,z JS(,.I J“r“

= gg,o SS'/ SSL?& JJ&! Joa' rfu.oJ

~

Integrating over Kk, and kg and setting 1,= 2

- -— -

ﬂ[?u o, a-‘,u) Jh]”g"

}‘ Wty by
.. /03“ ﬁ/ruﬁ, 0 ) _______df alt
J

’f.CJJwy £ e Ug 4'?:!‘--1;)

v _!E A £ 0l).

w.“‘.f fw’/&;[ wr:,o

Hence,
1 -’ ) ? -}S )L‘ 7 ’)| :l i-)‘ ;] )f'
Lk L
S N [{{" gbo g £Q h, ha ih.: 1‘?; ikx -h, h -k h?kr
')37 71]r —

~ (3
X _:_Eﬁ @Eé ) Cr?f,ltflt,.l 12,0 dé dfu,

WSLJ Wig Wiz o Q“ﬂ; dhl’

(5)43 7L¢ ) Tf

—

T, = == T

e W Ny  hn o f
t zlk({uo[ i ) £—n he hy AR, By kg fhl kR Nh, b e
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= Iy W o oL
AN Ou(h Q sbz)h ];; ) KY?E[ frﬂ,l flzo C“Q < ol Clh;d/lf

- O{e). "“(l?)

In the second integral, change

The second intepral becomes
2 N )'-1‘

it oo 2 J - thh ; “E-:a:z ::., fh —h h Lk B ke

)17;1‘1K)1)T ’*a

o by ("‘JJ,}k :7r
I Q(‘ZJ 0 ) J\m Jse do
\Um Ugt‘it—)wllld

dEl- - d‘:lt QU:‘J Q[hd'-

This is the negative of the first integral and therefore

o
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The (34X 3) decomposition gives the array,

SO'M gﬁ?& {0‘3.{. bt gb'sr §ues Jo’s& 5%7
c?of% 537& cg‘o'm c(jgg— Cfo’“ J!;?

Jt;%? tffc.sr fo’e& cf;a)
fo'r& c(zae.

The last term JWS' 5“‘" gives “a "t'"" growth.

Sf go‘;g gﬁt.g g?'&,s st 55;.2 g”-*D

= 550' Se S?&,D gsu.f cgoo' £'2‘0-

L el
Integrating over k¢ and k; and setting 15=13, Je=-72

one obtains

S 0(“Lwl iy o Teelp ’J.,u.n) = No-rse =) iWhol
HiE f s ¢ dt,
)

A(nuy 4 g —10d)
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lfence, applying the permutation and adding,

~

S o L&t Soo' g J £1 Tuh (f’* 1 IJL =9 3 T, o

Wy 397 Rhihy Nl ey by, o k- k, k ky hy

@,""“"J t)y e = 1 J ) f*;l. )
Cz [b?'kt) G] W:.hk Q] (Pvrh (11 k«J

—‘{ g?f.l) SSL.I SIZ.,D w - o - < M /
LRk bl i otk etk 00), (1)

w?f‘b \'Jil‘..{ Wlho

This term meets its negative mate in the long time behavior

of M) usle) + 4h) gk v

Consider </G§lhﬂ g@i(”) + G;(h)ée;kbv;ak-)

Wdh ph % % o, e N
= 8 ? ﬁ‘h hl ht bS b,.,( Ih_s h," h‘t kf h‘! h—“

-

<CA:‘[ ao’:. &01: CL;: Cta? &o?: ) F&) ‘LM’JFC,S JE&.I !mo

v

dk\‘e""" dl’Lr-

r - i
F&)Zf — 0ME_{ _ ﬂm’s.(unn" Fw Oilf.

l‘ .
o e L il W3
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The (2A2x71) decomposition gives the following

() () ()

gu‘w_ Sut, g?& 50'1 Sw X(,g CF0'1 gk& gé?
() (5 6)

EO(‘* by o go‘u §19 gg& SOL fl& %
8) () A3,

A R PR (O A P (7
() ) (t]

S{)'«, cgu‘ 5(,% Jo’y gz@, di i fo’v JZE Sue
0) ) (4)

(g;'g« gla &7 Iﬂ’& S qu cfo'g 327 SL,(, '

1 Sy Syp Gl Se are identically zero because of

the zero mean value propertyv,

Sg'— go'L. §29 geg- Sv&,s- 35(,.3 st giho

% gbo' gtuo SZ? gst gSP_ SSBL gnl.O-

~ =3 - =/
Integrating over k., , ka, » k, and k; , one obtains
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F(ﬁ) _ f}' .‘__J___ _/](}uu +(75Hr) Wi £ szz—J.w.) ‘d("s“u‘h”‘]‘“l)
ot(%usz%~kwq) ;
L ((erre) b+ Qﬂ:)wlj

e ——

18 _/_\(‘!uw iUy + )0 - 7“*-") ”‘ﬂ (J"‘Ji L '7"‘“‘) I-sz o }"

fviy siiil.

{ews +nwy —);ul)

There are three types of possible secular terms,
(1) 0(t") , with the second order cumulants all of

the energy density type.

[

(

) 0(t) terms with the second order cumulants all
of the energy density type. These cancel on
application of the permutation as they contain
an odd number of quantities which change sign.

(3) 0(t) terms with at least one of the second order

cumulants of the &fﬂ type. These will cancel

with the same term which cancels the O(tl) term

in the manner illustrated previously in the case of

(R b (k)Y and < ag(k) 4, (K)

+ a (k') 3ff(k)? .

v}

The "t*" term occurs when 1,2 72, Jp=-2, 73=-3 Gnth =)

G [
ELE SOl R S S OB
L W Wy, Wijn )
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The order t terms cancel as stated previously on appli-

. 3 2
cation of the permutation, whereas the "t " terms add.

@-'I N Py 18 7 Ty ¥ ™3
185 N {H'lgou' (Da%(’h-) < J) £“l Ry ih‘ R -hy
'J“J\)r')h o

A & ey — D

e Tl g = -

(2] [t
TRy g Ry hf'h\. “he 7" 1‘ e
et 0 J;{szc[l?o 0“1 U‘? u}lr (L[h

1)‘“&""" N W + 71“-}1,.

+ 0. -~ 6o)

It may be seen

(o) = - (s).

In a similar way it may be seen that

-,
lg & LF i cx k) X

W . f‘) ?‘ 71-- 1‘ 3— jL (;,)1 L l
g 5 (K kh ok, hkn:fu Smo Q( ) oih, uh, --(3rJ
-3

w'-?.lb

Again, it is seen that
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S‘Ll' gO(L §27 g’-{& g?&-.y gs'(,,g S’_;w glhc

SOQ‘ S6.0 527 SQE $aue du 15,

=

) ~
Upon integration over k, , k, and kg s L F(x) checomes

F | ﬂ(?,u)_ 4-(7‘,1.?,,)&)‘, £t ~ ngfJ - ﬁ:h.t

!{‘JTN)_'I'.'J"‘JH’)rL‘Jr) .
‘{,(h,w Rk, 4+ gy ~ ng‘f)

- A ( Wy + Ipldy + W - Lw{) 3 ﬂ_u“ ] lh)uz‘o]-

Pt

F Wy, 3

A "t" growth occurs from the first part of the integral
when g0 o= - I Glwell B9 =598

It is shown in Appendix that

_ ' ; P (
F[t) v _ig; ! [ 5‘5259(0 7 - 7 O[’[
WQY)_ [d:z,o WZI(,(J

The principal part terms cancel on anplication of the

permutation and the resonance terms add,
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Gy, £ o

IZSB v 3Rt g{ml Oﬂ (k) > J\
weoe g

ERE I =& = by
ibi hy k he ~hy —hy (

e

= ( 71‘~‘;f‘ e + h’"""TJ

ts” v
Since fF ho, + w, + Xwy T2 20
Ty £ dwside - Moy g1 Wt

~ -
Cne integrates over k, and kg and

S,
,

Using also the fact that part of the

metric in 2 and 3 , one obtains

R) S

7‘ 7y )l

lgt, u 3()/\6— tr()u

V3 o AR

'lh.t Ry

{

‘C‘(’—’;wj $ hiy - hw,j

k. 3 kq

’u 4

ihje

(z =
0 (v &

- dkr k00,

EP S

sets

S‘ —'3"'S|_‘. -

expression is sym-

%

R ‘f_”""s ~h, - b,

)| = }r
Ry -y

_g:(' g
3 %
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Iy R Ruthy i k, Pﬁiﬁ_f_‘ﬁ——#i‘_ é“(é (5 ,Zh’JJ

(/)\bdl‘f" )Swa s Jl«wf_])

A
LPE

5’.;;,b Siny.e Clhidl, el + O(4). ---(%1>

S& and Sc’ exhibit similar character;
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zg% i j(wtt goo' Qufh) 2 O) [ ju s ih hothg ha fkm.,k.k,
hy ]J' e Ty /}HAJ. F ?j Wy + e Wy
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4 ’;‘ é— [k lz/,, fk-k, = éh{[{’

(jw”’);w; + wau-s)

J?d 'ffl]r() dé;d‘:dé; 1‘0/(}, "(33)

13,0

-

@4 ® fﬂ Uy Zp .

=/ t }21 é h h

zg v ¥z (gfooéj UQTI jé k otk s b by
Wy }I - & 7y 7(.’.;)1' + J5 LJJ + el

O (2? o (;/ -
E(A‘(klzé;- fk_;,?_& Q(UV(@
3
(16 -ren Firw,,)
i fro ClE uh, ity +0l). - (34
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The (2X4) decomnosition is given by the following array,

() (&) G (&) &)
So'z Suus pb'& fu2g for §2u16 by by fg'& free
(g\u{ So‘na— gu, So'q;(— rfn SO'&(:& Cri& g"'fd?
[ () l5) (4)
kb So'zr& J“ Jr;'zw ‘Yaé' Jo'za)
(t0) o)
(&7 (ro‘zq[» ff(:ﬁ’ ‘fﬂ'“« /
&)

cr?&- cC:s'zci €.

and SS‘ are the only "t" growths,
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Sl: .Cllf\(.ﬂ go‘u gzu{g g?&—;&’ 85(“3 {.%.t Srl.o

= gl’-ﬂb SIYL 831 goo' cf?&ls‘ 512,07

v v
Ipon integration over k& and k, and setting % =-2
and 0y =9 one obtains

FU:) ) /"’ i [,(JL\)% Sutog # S0y 1"!}(.-)5.‘)::‘),} “G(J"J'th;‘)n.u,_)
¢

ILU?&.T '(‘(J(,u,. F o Palo; Fle e 4 7.(,_},_)

ﬂ (?w flp byl )‘u‘) - [] (1("'- J‘u"_hw"'j fuzfoz{f

“f~(7rﬁdr+ J;.(_.‘_)‘ + 1\‘“‘"]‘,)

It is shown in the Appendix _u that for leng time,

; - J ;
HLL) v —.{.—___ (ﬁ J},;H 7 —/—/-D %0/‘}.
w{m WW Mzu

3hewgm¢)

¢

(J-Ij‘ * T W T ‘3

(v ~ft oo Q) S {ene fhn

}‘7")("5‘ - 7Ll.ul+)‘_u.._--)(_._\
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(P B 1

—ds e D
: Ji"hx ke i by ha J"l ) 92, 9, "{15 RIS
o b L s el ﬂ t)?{’z utkuh?l"’fJ + (bé h?rh&

1(\;){ + ]“L‘Jb ¥ 7‘,‘«01,

*

M?El
F OL),

sg) ~ -@)

Similarly,

ANy Gt =oh 1Tr e , % 1 0
SS_U gt’é | ‘g f b ohohy ﬂ[blxz_ “hy kh\-lz‘ik,—iﬁhr
00

Rl
e A _(’J‘w‘ + oy - 1‘-*-‘) 1ty + Iy LWy — T

¢ x
1 hok 1 blggn 12 Wl
(‘/(!‘ (k).) 2\{_( ‘L'ftﬂl) ( (} L?? ‘?:r hr) '}' QO(‘}::' l’:—:, hr J)

+ {.P (‘fl % h g -2 ('t'] i hsrgi=) 3 (r
ek / (‘)D (bb- Ry o hi) = (4)0 (f?;,, b?lhd) 61F 0 g?i,S‘
w&?& d

fine Uk db, olhp -- olby + OL4).

Again one may note,

Bhy - lal

The (3A3) decomposition given by the array,

)

Iy I dnie Ry
 — / L) bh ;hki 5 Z hhdf')// ({;?&Z ‘(‘“"S_JH,O dk‘dht dhr(‘.“ll-
- (36)
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gdzu §b7& ngg §47 ¢ goﬁ7 Suee JWae fuer

50'45 527& Cgo'w c(ze& (Sa'és« {2169
0(0%7 {2, ¢ CCO'sfr §2¢,7

J}z& S

None of these terms exhibit any secular growth,

One now considers

¢ Qlr) B2R) + G2(R) 84 (R) 7,

N2y 3% Yy Iy

= | § N ] b L'g s
: El ] L 3
P £hh hh ke ‘1 < lcﬂ $ [u“ [ i""7 /\--[1.'5 50
U y Ry T &
J.'-}‘, o

-

freco Okl -- - cthy.

The only way a "t" growth can occur in this term is
when

Tt wy v 723 oLy Fpwy = W,

This can occur only for a (2X2 x2) decomposition of the

typne &1 §“+ 5o . When the integrationiis performed
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-~ ~d

~/
over k k, and k one sees that a '"t" growth is
C R s 9

possible when

However on application of the permutation 33— -2

~F ~
k —= -k

, the "t" growth vanishes because

Ry W 2 =0y RN - ol =T
ik Ry~k, ly ~ly R t f—b\ R,k Ry ~hy ~h

Similar reasoning and the fact that there are no triad

resonances implies that

(Y@ + ar) Cle) 7~ 0L

-)I

(oY (k) 4 Col) et (') 7,

==
00 &

- 36)2 Rk fj‘j“‘)" VRRNRE
-3

! N A ‘i‘_ "b %
Rk h, g Ry he hy [21 ke by <G.o‘ Goy Gut, Gas‘ aOG Qu?)

g i-ulu.ut-
. /JHY,l /—\5713 € (‘Jt’ glzzto

(]

guv,z 5(:7:3 dh"’ —..dh?‘
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The only "t" growths in this term come from the decompositions
) 1)
- o - S O (R ) B Al
~ | b 7
g(h\{-h’"’l + h\’) g‘(h + hb t h7) D[h‘ilhf) b)(k(,lk")
and

” ' . L 316 29 @ 4o
[lE b &) D06 e i) (000 600,

The reason a "t" growth is possible is that

O

)

Yinck DLwgne i wh S

N

after integration over k, and k, and when J5 =71
and % =-3 . On account of symmetry of the ahove expres-
sion in 2 and 3 , these terms both give the same result,

Therefore,

(O () ol (h) + (k) vda(R) 7,

= 2, = N0 - g Ny i
m}étgm'@ EE— i;h k f -, ikh%h{

D dm XYy N

¢l @3) 4 - ;
N ] Mg %= ISLYI ’ S 5 . .
Oo(m. by ) @u{hu,nfj L | [ Y 1

7,0 We.

b ob). =ealeil

The negative mate for this term comes from

SICORACREHCRNCS DAY
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{ Wer,s
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= ey 8 - )Tl Ny ’hrf %
The decompositions S(htrhlfhg] {(hrrh‘+b [M hJ p (s @)

L

LR L e @y s
aid Al P e (6 vy 5O[b:,;i) éufhb,b:)

can make

3}“5* Wby, F Wy W0 2,

with certain choices of l. and Il . Thus

(@ﬂ T t {,{ ) J71‘-—-J

et e O&‘ =55 2 L r Tekh
/\)ugoc'({)i J\iakm[kbhh; Py ke ke
Wy 075 /-

@\ ) J) )
NIRRT %) " o el SO
(;)(h.,bb) é{hb,b,;) 1&33 'g'_*@ ok, e, (b, kg clh,

v v
g Vs

f O(t) p G?)

T1f one sets

g% =2 i ) ! — k &wd-jﬁf —é)!_j;J
IZJ —Ea R, —-2:‘1 b,_ ST
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one obtains < B:]U,s_‘) (k) + N "2] C? )71- 3

0~ "3 il N P, -1 7 7,
A 1 e X ek ol et f :
L’ t- (P SOD' % Rhe hy AR b, k-h -k, Ry Ry
Wit Lox

@);7 @}’J ? X :
w Iy — % =y 29 4 |&)” fcg - o 3
Q} U{z“'h‘) Cr‘jo(hbfbij il ‘ Uk, k- - clh,

w(‘).’l ‘UJL. \Wie)

F oL . o @ﬂ

Adding (3) and (%), one obtains

-~

e g 6l 4 -2 T LT olk.cl
(’t ‘g\%‘ @ é J R he by Y (Qo (h“.h"} OU (hu.hd} WkTD kf
Ty

-

; - 0l 7 J’
ARSI =Ny b, [ T ‘ ”,
! § [ (), Lheter ) Cliey s cl,

Rhch- i, %k ke b
Wl = ' b2l
0L).
0-0
A ~r
The permutation @ puts 4§ — -3 and k — -k

-
In the, permuted term deth Fi 02 (23 o Kook k0
j,). — =3¢ , }\:15_ — =-ksg , whereupon one sees that be-
cause of two sign changes the first integral above stays

the same, However the second integral changes sign
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because

e I TR T I
i-h b\“'hw'h + fQ Ry —hy R e O'

Therefore

(35) * (31) ~ o0

It can be seen that both </Q;(hq h\ +-C Lh)gﬁq hﬁ 7

<)

and <G;‘(m)“e:(h) t Gﬂ’(k) Ae:(h‘J 711‘“) ‘ hehave

like order one quantities in long time,.

Now consider

<’&Mu;ks+eﬂh)muWWJ7,

ti==3

= fj‘ a7 1 ?3 7{1 ) 7‘ f‘l )7 JJ.
2 ihh h, R b by R, he ny hk by <0(03 Ot‘

U=

}_
) sl
Gu; Ctob G-O? C{.or > A?& o' [ | 056 2 r d,'
)

S‘SN gﬂ.z Srua “g'??,a' Cl\h: & aiay e ElB e

A "t" growth arises from the decompositions

) g 0 oe 81 B 2

g[ﬁgﬂr:_.. 4—*?;) S(E‘si—f;,fﬁ‘. ) @u(”vbu) Q}(izﬂk,),

@]/}}1"‘-)L Gl ‘}.’.J' ‘lf

Clhwhoe b)) § Lt rotbr) Q,(hon) Qs (orike),
J 1 ) Tl (el b i % b o
§ (0 ek ¢ By ) § (Rt Ry by ) (), (k) fl,wum

(bt bk &) S5 +5 ¢ &) O,lhnd O, (nne).
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Fach of these after certain integrations and choices of

the sign parameters make the time t dependent part of

the integrand of the form,

Moy [ ) ) e ae,

d

= NWw) ) /M/A) v

when u3ff& Gl ey are-allytriads,,  Therefore

A el lh) ok {l’(h)'ug'(h‘J ot
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This term meets its negative mate in

(Gl W) s (n) + () se2w) 7,

9 3 2 1| 73 )(_' ’J w1, 3y )J,

06’
F QPE J ikb hy h by ke ARy ke kg bu ny kg
3.+

o e s Wit ©
(&uf cﬂ? 6.&5‘606 Gb': &b&' 7 J‘ 5“1‘ S‘{, 1 ﬂ?&' 4 i f

l‘.wlz‘ok 9
C b A}LS J}Lg &Qd &La Bl s el

The "t" growths arise from the decompoqltlonq
@)oo

S e 8c) S(E e 6 #e) O Toni) G Cartd,

o 2 - . = 3)9, 94 o @l o,
S ¢ it he ) Skt ks r fe:.) 0(#2,,*&;) Wy (v ke )

From symmetry between (5,6) and (7,8) these terms
give the same result, Upon certain choices of the sign
narameters (after the integrations have heen performed),

the time t dependent term in the integrand takes on the

form

k”jama(ﬁm“” [t

Ay O S
Lufa‘v

0
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where W;/‘* bl Y are triads, Therefore,

(Go?'({’ll)b’ﬁq)(’l) b oGo () 5{;’(13‘) 77‘=->
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4 v WD —>'L I )L
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5 P ? Cond {j’ e g 5 ?
o 5 k = kg
]?f ? :

one obtains
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Using the pronerty that

3 ‘7
i“h_-h.* - —Fffmh s
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one sees
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<€|ﬂ("ltj uiqua) % 6(1(‘2) ZQ;;'UQl) 711__-)
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A "t" orowth occurs from the decomposition

3) 35 s Gl 7 2g 2
S(ky + By + k3 ) 450 e he ) QD[»A,,&:)

After integration over e

4 and

and

Ty = ] one ohtains that
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It is . cilear that

@1) - 1°l) +O(1).
Tf one considers

) alte) + 200 ') 7y

e o e Tiids g i 3 5 A 3 »
{ X 3Tl e
DZ(? J‘ k h, hz R, hy he he k' h, ke <aul G.oj aug GQT a07 (eo &

-

Azsuno_:ﬁuto 4”,'0' gmo' Jiqn( J\n.o d‘{r' o b,

= s s

PWsi g,
The only "t" growths which can occur would come from a
(2x 2 x2) decomposition of the tvpe gzj fsf Sk?
é,)\ i G il @) e 3r .
O (kJJ C) ) After integration the above

integrand contains a time "t'" dependent term of the form

Abﬁ 0 b ﬁ(wJ b _-é‘

iy 7
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with [J = Ao +ow, -rw ., See Appendix o
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Tf triad resonances were allowed there would also be a
"tl" term, The fact that Dl e Al = is never
zero in the spectrum allows one to write

! S g e _1 -
S;wzu(‘lw jgw”aw

- -

-5 =

However on application of the permutation 4 —> —j

-~ =
and k — -k and adding the two terms the "t" growths
cancel,

Nne now examines the contributions which arise from

the inclusion of the free terms,

(P) ) ¢ R )7,

Rk, s by h' ko hy
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=dp =2 j\ 3 ( Cor lionr lhog Gol 057
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The fifth order mean value decomposes into products of
(2 X3) zeroth order spectral cumulants., Clearly the only

"t" growths which occur come from the breaks which make

Vw4 hwe + By — W 2 O,
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These decompositions are
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Let G gf'g denote the coefficient of t in the long

behavior of §Ff.
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The only "t" growths which occur arise from the breaks which
can mako(with suitable choices of the sign parameters) the
expression

T, + nty + pud; -8 = O-

Hence

G < (R 8(R) + ol (v) 8 (k) 7.1,

Similarly,

Lo () lr) + alle) ¢ (R') 7
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Adding the two latter contributions, one obtains
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e bty T3 ihnn “h, +A§J’£thih 1T;d“-
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-'\

l) 3.0
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There are two types of "t" growths which are possible.
(i) The decompositions S(h&b )S(hrhnﬁr)ﬁ (h)ﬁjh;fs
and  §(R'y by) § (k¢ hornr) Q (r') }(’ZJ’::}
(ii) The decomposition Sb r-b}{(fzf-/&.f/?rjpf"’) 4 (:: i)z)/

Both these decompositions, after integration and suitable

choice of the sign parameters, reduce the time "t" depen-

dent terms to a form

when (> 1s a triad and therefore cannot vanish anywhere

in the spectrum. Hence



-206-

o
C‘_
T

05 5 o e USNGE LR g g
= G AT [T (o B B ok

Top | (Y]

N dzamay Lol g 5 ) =) )y S:
Sbo@zf Ihhh hl(p(;gjdfe 5} fm”_ M{cf‘zh)_&j olhs el
Pl QF:D

— (G e (L)
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The time "t" denendent term in the integrand is of the form
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This gives a "'t'" growth only when /u.t—~y « This) oEcurs

on the decompositions
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The '"t" growth contribution of the first decomposition is
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The term in the integrand which is a function of the
fast time "t" is of the form J Nw) Dip) e ™" at,
and only gives a '"t" growth when either w o Mz -V
This occurs for the decomposition

By des, 0, ¢)

gb'l bust Q;Zsh‘) Qo ( e n.) Sute b5y HMJHJ @(1"1:-6'?:3)

LR D )5-

Cr{)lg’ 53&6 lqj Z)Iz 6) (qzl,hlz:(- Gndd J:)é JMF ﬂ ék) O {’?:

Since there is symmetry between (3,4) and (5,6) , the

four terms give the same result,
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h‘) < RhoR, NROR-R.



-209-

T ('517;‘ S =7 |g S
ih1 hs- hf. U [.n"l h") i , e th dh d‘lr dh.b
wﬂnl Wn..a

- fO).

o] sste) + U gt} 7 v 00,

s Flw,w) ™ 0(:) -

Nexti» one censiders

<4 w) ale) + 6r) Bo(e') 7,

oo’ 5 By 3 N Sl s %oy B ) a Ve
& 36) 2 5 £hb W, h ih' he k¢ <0(l|, C'-\)\ ao; Cu:t« CLDT 7
LA

A[LZ,O ﬂgylo' SJL?(O ghT.o‘ dbl---dhr.

A '"t" growth can occur only when

/](wl thwet Jw; —lw = 0

This happens on the decompositions
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The first two terms give a '"t"

growth contribution which
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The second gives a contribution
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as there are no triad resonances
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"t" growths can only occur when

N v 2wy ¢ 2wy 2w = O.

This arises on the decompositions
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The first term leads to a "t" growth contribution
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A similar analysis shows that
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as no triad resonances exist,
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one obtains
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This occurs on the cumulant decompositions,
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which as shown in Appendix I has no "t" orowth.

Consider next the term

Coltnt) 820 + Clk) 50 (k') 7,

==

» 2 % W« E ™ s
- 23 J el [Teral ) fuo didi,
—-l \J

RIS

o S

o' 7 ok 71 o
:L\[P Z ihhh h;hg’!q £k3h7h { duao{‘ Qog&ub?
e

ﬂhﬂ,.l 5 ﬂsu. lwmo

3 ' Weey

SLY} 2 834 2

&Lo UQ ==k

The time t dependent terms of this expression are
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Now consider terms @5) + @2) % (73)
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Since SM[ Q;: <C (h) a, ('2 <°(| (k C-)(h)
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putting E and using the nroperties
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= 0 , from similar reasoning as above,
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Next consider (5‘1) + (7(,} + @3)
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However there is a difference in the result for the case of
finite depth. In the case of infinite depth, the resulting
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One now considers the behavior of the general cumulant
(F) % ¥4 O

~— A 1
C%(hu "hp,) on the T, time scale, One chooses the

cumulants formed from the free terms,
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which one may denote as &u'lﬂl(hJ ] &00 z(Lh
etc, in order to eliminate the order one continuous be-
&

havior of the £ comnonents of the spectral cumulants,

Tt is shown in Appendix III, that the "live" terms belonging
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as secular growths in ” [thﬂh” : because of the

choices made for the zeroth order spectral cumulant change
on the T, time scale, and therefore these "live'" terms do
not have to be supnressed by the cumulants formed from the
free terms,

Using similar manipulations to those employed at the

T, time sa@le, and using equations ( 2JQ), one may readily

obtain
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Conclusion,

It has been found that the long time behavior of the
spectral energy for any statistical distribution is ex-
actly the same as the behavior which would be obtained
assuming the system were Gaussian, The equation describing
this long time hehavior, equation ( 27), shows that energy
can be fed into a wave vector k by the resonance action
of these other wave vectors, while simultaneously the wave
vector k can lose (gain) energy by itself interacting
with two other wave vectors,

It has also been shown that the higher spectral cumu-
lants change in a continuous fashion as given by equations
(22) and (28). In the case of gravity waves the higher
spectral cumulants change on a shorter time scale (T, ) than

the energy density (T, ).
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Appendix T
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This expression is not zero, However for the case when

h = & the two expressions agree, as sech®@ = 0 ,
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APPENDIX II
In this section the long time behavior of the Zl
functions is examined., Consider

o F L) D) etes.

L2

It will be assumed that f(#) is a continuously differen-

tiable function of W which vanishes sufficiently rapidly
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The order one contributions in an asymptotic expansion in

1 . .

L come from the third, fourth, and sixth terms. The

: Gaw . . :
first two cancel as — is an odd function., The fifth

30
€ term as G"ii‘ - O(x) for small

term gives an order
‘ A

X ., Using the result

P
f b
Yo L
and taking the limit ‘ , one obtains

=D

= o

lin f [l Qo) o= x (o) + "Pﬁ flo) L dlw.

We can therefore write schematically,
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If f(&) is continuously differentiable it may be

shown

a[w} g Kg(w\ ¥ (P + O(P'“\) § o

I SRR S o

Consider the function F(t) where

Fle) - erw)c“#"ar AN BT

LW

When () and /,s. are nonzero and indepnendent

Fie) ~ o).

"hen either = or sm is identically zero
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The final integral is zero as f(w) vanishes at the end
points of the interval,
Hence, schematically
Al - B6) g 0} (f“\g(“) v >( = "fd)+"'
Yo
If W 1is never zero in the spectrum

e | = o,
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Similarly,
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The following are a set of relevant properties of the

A (w) and E(hh/M) functions,
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A relation which is frequently used, is

) et‘f"“t = E_(/,\,eu)_
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Appendix III

The Ordering Procedure,

Pl e

If one considers LAY and looks for its long
time behavior, one finds that one cannot do all of the

asymptotics in Fourier space,

v0'0" .
kR 1" LT RERAS 2 ,\ clk, dh
\ < ¥ [t a Sy o ' o
S“*h*h)én P 2{ (hhmm ( °a“ Gor G 7 B
I’\. -
N it A 5
The mean value (a, .ni.a& a°17 decomposes into

[.1" ["-]1"1

th’“’. - (l“l,ﬂ! ‘]"h
gw@n éﬂwmﬂm) + Lo 8ia O ]b Rt 16&‘5WIC)(I}QJM"J

The first term gives the following behavior in long time

00'0" 19 95 A @4\ ot 9, L a |. P e A
P J b 1 LR, h h, (—[-\ 811;0 = [‘ll.o el Ry (,U?q.,
000 1‘2; ) ih R Ry Q wn'o

which is a continuous function in Fourier space. One

may therefore choose the corresponding cumulant formed
from the free terms in such a wav that it removes this
0(1) term.

The second term in the above decomposition is zero
identically as 3. reacts with Sn,o to give S(E)
and thus the expression is zero due to the zero mean value
property,

L ad

However, when one integrates over k, and k, the

oo0'o"
29, 9, 1t ‘. @y oty

third term becomes G l oo.o.tg ih-h’-ﬂ-" [n O.,Ul", 0 Sufsbwu_gu)
LI

In this term the asvmptotics must be performed in nhysical



space, and in general one cannot choose the cumulants
formed from the free terms in order to suppress this

expression, The resulting behavior in physical space is

3] = gey Th R (1)'\ %y (7']1"3,_ -(E-‘S\‘—{k"./:'
h“’l )- 0= R Lo D) B (1) €

uatatt gl s Ty,

f(Swrs'u'-t-l"h:"“'

Dpasosi'-su) ((henen”] cheth 'k’

l(Su t§'w :"f”wI/{-

i
The time '"'t" dependent terms Gfﬁw'fkw ~fui | €

mav be written
e i) -t I r'((s'fs.)w‘ F5re ) |t
mﬂw s P

which is .
f—f“)“‘")t

[ ( Q’lfsr)wr F(&
/J{ Ty - W' - JLw”) ¢

Since the arguments of both the ﬂ function and the

exponential are now independent for all choices of the

sign parameters, one may perform the asymptotics in physi-
. ( th -

cal space msing 1w-lw'-2%w as one variable and

f+r)w'4s)w"  as the other. Performing the asymptotics

over W - ' - aw" first, one obtains
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One sees now that there are a special class of these '"live"

functions which can remove the fast oscillation, namely

S = ~g‘} 4= _3”’ whereupon one obhtains that
Lt ds \ ol (t:l 1'...;' C"—\ ‘l'l-!l'
00'0 4 =1 =)
P — (' (R
hl(btp*) iy @ 21 2 ifL—h' R ¢L J 61 )
-J-'G?N —96
Y
'lhlJ —Lh'b k- g ol Suwﬂ)
e I\ s o L o
i P 3 - =~ S ‘?,“
bl ) i) i
fust Fwt ¢ 5w
FO (!
o8 O
As, when ﬁlﬁ‘jl. Vet oy does not occur simultaneously,

the Riemann Lebesgue lemma gives that the remaining terms

. 2 . |
behave in physical space like — at the very most,

&.

Since these live terms if viewed from Fourier space have

a cusn like behavior the cumulants found from the free terms
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cannot be used to suppress them, It is shown that in fact
it is not necessary to suppress them as they never reoccur

as secular growths, This was demonstrated for the case of

@lqqrqn )

}
the quasisteady terms in L (k. . The following analvsis

Gl i
shows that they do not reoccur as "t'" growths in él{{h.hﬂ”‘l

It is clear from the preceding analvsis that the same

ke A TV
results would be found if one had replaced hh*h»%
i e 1 v )y )
by a R b by and neglected the 0(¢) terms in the

governing equation, This 1s valid for the case when triads
cannot vanish anywhere in the spectrum., Thus, one considers

the follewing governing equation

o . f— &
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Bv setting T, =t , T, = ¢t and matching powers of

in the above expression, one ohtains
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-’ -
where 6;, df , Ethf Ounichk Lh: are as defined
IR N T S
previously with hh‘MhJ replaced by ‘%iah.m Rt

One now examines the occurence and possible reoccurence

as '"t" growths of the live time dependent terms in Fourier

"‘J Al at s
space, .lhese first occur IR Z(h.kﬁh") . One con-
siders therefore
1 1\ J\_ 75 =

ER e 1 o 1! il oy % (= Y
(Cmt b ok ‘617 v 2 (J R b by hy (ﬁo-ﬁo" (o™ Gest Gon G-”J )
Wiy, %

ﬂ{lgio gguto CUtu Uk?, @UZJ

The "live'" terms occur on the decompositions J;:&w;&ﬂj

and are typified by the term

e e R R g
S ?:‘hh: Oo?:;lJ Q,T(M @oq(’?"l) ﬂ/ﬂw’rw ”‘lwdxw)'

i

In order to suppress '"'t'" growths in the remaining

continuous terms in Fourier space the familiar choices

given on page have been made, These are
el qos
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The cumulants formed from the free terms which one may
3 o gl o
denote as Ry Qi Cognn == j have been chosen to suppress
(_l‘)jl ;' = Iy

. 5 h-'\'}
the order one continuous behavior of Cl( T ket [,
and do not include the '"live" terms. Tt is therefore re-
quired to show that these live terms do not reoccur as

"t" orowths, These terms can reoccur from the following

el 1 1t 2" 5
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(el 929"
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The live terms which are possible "t'" growths from these

three expressions can be shown to he respectively
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One multiplies each of these terms by the fast oscillation

‘. (Sw + S'rf_,‘_)f-f—.suw” +Sulwu|) t :
and writes,
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Adding the secular contributions from these three '"live"

terms one obtains

1ogn W
yrey 1% % Cly, G ke,
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t l? gou'o"o”' g h_hl_,h“_}.il"' QD“L‘J O\; “‘HJ ({2) [-‘:MJ

W %
t(@+ﬂ}u’+(ﬁ+$"}w“ +@3+5m/w“j(‘

[Mfu = = g = o

" el IS ) 5, ©iJ;
@S' @) § & ‘ i pi =
[— }—R_‘ == an = ‘L 2"’ . F;kj F_hll /—_’Erll
@iy blrgn bt g el (] 1 /gw:; j
'#" /—. Qr j- F’L“ - /:kue f{— F.-.k.r 'IL F"‘l" t —p

= O
Therefore it is shown that the live terms do not return
as secular growths, and that the ordering procedure re-

mains valid in physical space with the preceding choices
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CHAPTER T1I

Introduction,

Many efforts have been made in recent years to
explain the generation of surface waves on the sea by
a movement of air across the water, Jeffries [1925 ]
proposed a sheltering mechanism which took account of
the fact that if waves were already present on the sea,
the pressure varies around the contour of the wave,
Miles [ 7 ] proposed that instabilities (caused by
Reynolds stress phase shifts) occurred because of vis-
cous lavers associated with the shear,

Tn 1957 Phillips [ 9 ], suggested the mechanism
of direct resonance as a possible way of exciting free
waves, This phenomenon is readily explained by the fact
that the frequency generated by taking the Fourier trans-
form of a convecting pressure distribution can be the
same, for a certain class of wave vectors ; as the
frequencies exhibited by the free wave problem, Phillips
considered the excitation of these waves from an initially
tranacuil sea and showed that the ensemble average of the
mean square elevation grew linearly with time,

Here we present a preliminary analysis extending the
mechanism suggested by Phillips to the state where nonlinear
terms in the inviscid model become important, It has al-

ready bheen shown in Chapter T that these nonlinear terms



-280-

can introduce an internal resonance mechanism by which
energy density can be transferred between different wave
components,

The model used is that of random (spatially homo-
geneous) sea over which a random (and again, spatially
homogeneous) normal pressure distribution is moving with
constant velocity G . The analysis is carried to a
stage where a balance exists hetween the energy being fed
into the sea by the external pressure distribution and the
energy being shared by different wave components in the
sea due to the surface tension resonance mechanism, Eaua-
tions are found which illustrate the way in which external

energy can be redistributed throughout the spectrum by

means of the latter mechanism,
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Analysis.

The equations describing the motion of an irrotational,
incomnressible fluid, over whose surface a convected random
pressure distribution is moving, are the same as those equa=

tions derived in Chapter T, with the exception of Bernoulli's

equation at the free surface, Thus,

'BQ o, £ = -RA. ‘-@)

( Guosg) # Sy (] 2 B
f (1 +6esy)”

7 = E(“L%lt) s G)

)0 2 - fluqt). el
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is a spatially homogeneous random function

p( F-Ut)
over the surface of the sea.
One sets
5 > e
> Cakhl@+ﬁ) -(hr
(Pl g, 2, B aj B(Rit) ——— ¢ dR
- (ke K] B

7

2 (Br
qe AR E) & dir,

= § (R R0 E)
i)(F‘ Jf} = 81 - P(h) ¢ thj

in equations (3) and (4) The external pressure term

has been taken to be 0(g*) as this choice provides a

physical balance of interest, 1If, in addition, one writes

A(RE) - T LR gL

R (sl Al Sk
] 3 (Bt e e

\l

and
)

B(R t

3

and uses similar manipulations to those employed in

Chapter T, the following governing equation is obtained,
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The coefficients L.h kR, n, and k k. k. Ry} are the

1 5L
same as previously defined in Chapter T, and i@‘ vt

Before proceeding with the perturbation analysis, some

relevant properties of the generalized function p(k) are

discussed, P( *-Ut ) 1is a spatially homogeneous random

function over the surface of the sea., One can therefore

show, in a similar manner as was used to show

CRGE) AW = §(5k) (R, that < i) plb) 7 = SE+#) Rl
where <’P(§) piiE) Y - gji; F(E) e—[h.rdh‘

UL
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Since P( ?’Gt) is real, K[ﬁ) =?C(—€)- ""@)

However, if one also considers

PE) PEEFE)T = (P(sY) PUS'eF)? s ¢ PLE-TIIBES) >

one sees that 'K[ﬁj = 'KL-E). ""(7)-

Equations (&) and (7) imply that K (k) 1is real. In
3

this proh]evdi%ﬁ(ﬂ) will be taken to be Z&ro,

Mne now introduces the perturbation expansion
GOk = GIRE) +ealRE) +ealtie) v, 1)

on a’(k,t) into equation (5), and anticipating secular
behavior, one uses the multiple time scale technique,
satting To =t . T, = £t

The order one balance of the governing equation (3)

gives
3
&Olf 0 O)
which implies
ol i) = Gl ) - ()

The order § Dbalance gives

hhh

Ll 6]3 % \)' i1 i au? G-o?: An(o Sll.o dhi ok, .
)13':.

As seen previously in Chapter I, there are no secular

terms arising from the long time behavior of {6 &oGo ’ g'
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As no "t" growths occur in the long time behavior (with
L P
asymptotics performed in physical space) of Q[kxi—mg) £R
~ LS b
OV NS

there is no need for a
scale.

T, time

The order gl balance of the governing equation gives
3 el > ) ) fj ==
Ql = - t' _jo + 62 + CZ 1" d}_ + 5 5] ( )
S

e

2 9 % 4 (’/U?: U-h“u dbl
Cot Cor Goj (230 Siare !
- R hl h—:. hs
)17.)_\‘ -l

~

o
\ vy e py % Ny ﬂwn
Cv_ £ '7\ E J fﬁhh . he iy kR CL“ Cos G.u:, ‘USL..{
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g3k‘l o Clk, - - ek,
3 v
=3 V) \ — (ﬁ f
e R IL [k.] (&) Con s, # Riov ) e
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A 3 :

UE[ d}{l 1

LS
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2 ] - 130 % X l 8 E,-U'SM* c ah
5:1 23% oﬁhhmi a ﬁh) (
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One now examines the long time behavior (with the
asymptotics being performed in physical space, if neces-
sary) of the second order cumulant

1
del(r) Glr) + Gk C(R) + CJ(k) Gr (rt) 74y 0
which represents the Order £ component in the prescribed
perturbation on the energy density, The only secular

3t 2 2 i
growths come from the terms <:'tG¢ §9° = tGu é9° ,L,’
aT,_ DTI—

0 e, > W ppt) 7 440 Ali0) 0850 o
md ) ) + e () 6T 2y

One first considers the term
- ) b 1 ht 7
i:a\ S\h‘ Gth»U-Ju) ﬁ(h,u-mw) { P(h]/)( )

=)

i) B L Rl DlET-sw) Al -0

-R

This behaves in the long time limit as
2 1% oA
1Rk¢ihz 'R(h) g(hlJ‘Jkd . Thus it is seen that secular
crowths occur over a "discrete'" continuum of wave vectors
.Y B ~J
k , given by the relation k- U = 4 (3(k) . This class of
2
wave vectors k will be denoted by K . One therefore must

write the zeroth order energy of the sea as the sum of two

integrals



-287-

3

which can also be written

2 ‘ H“(&} SR ) gp"o‘(rh(wz, - (]

3 J-d

-K

Tt is only in the zeroth order energy density, and not in
the zeroth order components of the higher spectral cumu-
lants, that this breakdown must be used.

One now considers the term < 6"({) f,.j!(E') 71\___3

0‘(‘) 4 N )‘ =)\ 73 7,_[ ,), i 7J ?H
) g jA vﬁhn h (fh' Sy <CL0« Ceoy loy Goy 7
i v 3 y
Dy —®

- clb,
A[Lw‘\-hw‘-)u} Q[sz‘ F S Wy f’fu') Slho clh, :

) By i)
IR = iy e H,‘H{‘ ;, }—EL‘ o“‘“h“ !
= S J/ ih.h. i"ll WS e gg(h G

| 3| . @l oo,
+ S(EH:L\ S ) O (%) @ Uls)

9 () 2. 13 Lﬂj‘g(\&
b g S(Ray) fth+R) O R) 0 (B



-288-

A(’lwﬂkut”b—’) Qh]lﬁ]] +l Wy ‘|'SL.J‘) gtl.o gh.uo‘ di& uh:— dhu! [\J’E‘t :

“‘1.%1,x
Since 0(%.@;&) is a smooth function, the

behavior in long time of the first term on the right hand
side is order one. The second term is identically zero by
the mean value property. In the third term, it is seen
that after integrating over E; and Eq , secular growths
can only arise when 1,=-3 , 3¢ = ") . This term then

hecomes

R el (R o
1

Q~S(QLEW z? ) i'Zth i-n»n\—nh CL(EJ Ql (Kd

G(S‘wwsbm 'Sw) ﬂ(—S‘U.-Sw; +—Sw) cru.o

ok, ARy .

Before any asymptotics are performed, one must replace
1[,") 4.3 - 1)
) (&) by %(n) + §(K5-w) ;5 (k).
0
The above expression then becomes the sum of three integrals,

5 T

L i) f )

) Stl.o d‘{td‘;“

=)
Ay
T
~
-‘-...
~
S=E
o el
o
~ o
T
5> ¥
& &
\
i~
|
~
|
A
o
<
—
Ll

ﬂ(stw 1t Seld, -§LJ) D(—S‘;w, A
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) % e i 7 it

| ﬂg(hatfd') EL fiud{h'z, R, N-r -4, -4 }Z?h: _@(

= e
i) i b, dlt,

({(f? U'JLJ {.ﬂu,f—r.u,_-.ﬁt.d)A(—S.u,-f,u,_

—— Jt"’-..

=g = = —-—'h’.r )
ugfm)?/ P TR

S R S Je
Q6.0 ) E(BG-50) e hussmcishalblot i R

(g‘ez.u bU;—, c‘”:" i

e
Since %’o (k) 1is a smooth function, the asymptotics

may be performed on the first integral, and one obtains

=y = — N

Lnt f{h‘lﬁ’)’{f_ s ZLM(?[(,,)J:MLMM

The asymptotics can also be performed on the second

term as there is one integration remaining when one inte-

grates over ki +k,-k = 0 , and k,-U - 2wy =0, One
ocbtains that this term behaves in long time as

=1 - ]l-.‘l. -

fat Sl 3 j T SN ST AR RN

Sk b -5 ) cdr, dR; -



-290-

The asyvmptotics cannot be performed on the third
term since g(%-d‘ﬂnu.)’ S(fi-J~wax), S(E,+EI"{)
imply that the argument of the A function

Nlor + 2wy = becomes k-U - 3w ,

One obtains therefore that the third term is

- 22 1 73 =1 =3 =
D8tk r) MEGw) DEGee) S [ L Lnnon
53 ol‘a;‘-J 5Y€J;MW)51&5'“%)LLodEdQ.

he long time behavior of this term (the asymptotics being

done in physical space) can be written

- 4 20 % —-J =70 =2
Lk S (i REtG i 2 ;f“ e ol et

e -

%=

$, () P, By S G se) d (B0 e

[lor o) ot

A similar analysis on

< G.:Ull) Cz’(’l) + ao?UZ) Cz}r(/ar) 77':-_} yields that ,

(ER)E(R) + 6JlR) GG 7, Y
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1us, one obtain:
Thus, e obtains

ey

By o el Eb(ge

Ao

\l
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Fguations (%) and (I4) can be readily interpreted

with the aid of the following lemmas,

gVl

Lemma 1. TIf k ky EX 5 ki +tk, = k

] y

Gt Nl Setda S5 then k ¢ K ,
s 5 o o ~ ~ v—
Proof, he, By € K =50 RipUaiesy 4 RobE 2B
N~ ~ g
Therefore th+h1>‘u = Doy + Wi,
and thus R.G = Nk
Therefore h\ e K.
Lemma 2. oJLf Xk . k. . ki & K , and .k +k.i =k

then

- — = il E G = NLw
Proof, l'(’ o R, & K = h‘-U': W, 9 i = hhw,

and  -R.0 = -)w.

GRS B T

Hence Yo dutuy ie g = LG
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Equation (13) represents the long time change of the
o0 v
energy density yr (&) 3 R & K », . The Tixrstiterm repre-
o
sents a feeding of energy to k by two other wave vectors

~

f, , k, when k , k, and k., form a resonant triad. Only

U -~
one of the wave vectors k and k, can belong to K .

|
Ntherwise Lemma 1 would be violated., The second term on
the right hand side of equation (13 ) represents the loss

~J

(cain) of energy density from the wave vector k , by its
forming a resonant triad with two other wave vectors ﬁ.
and ii only one of which can belong to K ,

Equation (I/4) represents the long time change of the
energy density of a wave vector K e K. The first term
represents a feeding of energy from two other wave vectors
ﬁl and E;, both bolonging to X ., The second term re-
presents a loss (gain) of energy from g by its forming
a resonant triad with two wave vectors E, and ;1 neither
of which belongs to K ., The third term represents a loss
(gain) of energy due to k forming a resonant triad with

two wave vectors ﬁ, , k., each belonging to K , The

1
fourth term represents the feeding of the wave components
belonging to K by the external pressure distribution,

It is clear that a consistent solution of equations
(13) and (I4) is 012%) =0 , if it was so initially,
However this would provide a very unstable state as there
is no way that the wave components E € K can lose energy

unless one included viscosity to damp out the energy fed

into the system by the external pressure distribution.
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It can also be seen from equation (i) that if no
internal resonance mechanism exists that the energy den-
sity would grow linearly with time which is consistent

with the results Phillips obtained,
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Conclusion,

Tt is stressed that the preceding analysis is only
valid for the particular model which was chosen, In a
more realistic treatment of air moving over water, or
the effects of free stream turbulence on boundary laver
stability, the models would have to include the effects

of the vertical structure.
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CHAPTER ITI

The Sideband Mechanism,

Recently, it has been pointed out by Brooke-Benjamin
[ 3 ] that energy can be interchanged in a weakly non-
linear system between a primary travelling wave, with
wave number k , and corresponding frequency w(k) , and
its neighboring wave components, with wave numbers edts
and corresponding frequencies () (kt€e) , where & is
the small parameter describing the relative magnitude of
the non-linear terms, The basic reason for this is that

the frequencies generated by the three wave components

obey the relation

Wk rhe) + w(k-Ae) = Au(r) = O(€),

which is the order at which the non-linear terms first
affect the motion, Brooke-Benjamin found that the initial
growth of the sidebands, in the case where their amplitudes
were initially small, could be exponential,

In the following analysis, this nhenomenon is examined
using a model equation, One looks for a solution in the
form of a travelling wave whose amplitude is a slowly vary-
ing function of space and time, When this form of solution
is substituted into the model equation, a fully non-linear
partial differential equation for the slowly varying ampli-
tude is obtained, It is clear therefore, that if one looks

for a solution of this equation in the form of a Fourier
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series, that all harmonics will be generated and that their
amplitudes will be all of the same order after a short
period of time has elapsed,

However, one could pose the question that if one had
initially small sidebands, under what conditions would these
sidebands become unstable? Tt is found that it is indeed
possible for the energy in the sidebands initially to grow
in an exponential fashion, Clearly the exponential growth
cannot exist for all time as the emergy required for the
initial unstable growth must come from the primary wave,

Tf one assumes that the truncated Fourier series solution
(see page 30| ) is a good approximation for the slowly vary-
ing amplitude, then one can see that it is possible for

the energy in the sidebands to take on a periodic structure
when it becomes comparable with the energy in the primary

wave,
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Analvsis.

The following model equation is typical of a conser-

vative system of weakly non-linear dispersive waves,

Ue, & Ly = g5 (Wihe), : ()

where L, 1is an even differential operator in X such
I R a ik
that L)g e = W U{} BE

One compensates for the fact that there are two length
scales in the problem by looking for a travelling wave
solution whose amplitude is a slowly varying function of

both x and € . Let

i(hu—-wt') X

_{(h)g—l«)t)
wlnt) = u(xT) @ v U(xT)e

Reiih

where X = f*’“; T = fAt r g < bl . One substitutes
the assumed form (2) into equation (1), and obtains the

following equation,
2
3 cl'w ol W Ju
} v Clw Qv e i i I el e
" —+_.—+(_5=()E&
llwf& ( 3T dR X ) /u' R ki AR

o) - ey, -0

where f} is now a constant depending on the wave number

: ck ; . : p
of the primary and i: is the group velocity, which will

henceforth be denoted as W' 1

If = O(Eﬂ , the first balance in the above equa-

tion (3), occurs between the nondispersive and nonlinear
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terms.,

SR L TR - )
31 OX

By a change of variables, g = X -7 and ?= i = |

the above equation assumes the form,

gomn fFU}Vf -- 6)
*
This has the solution, see Benney [ 15

sin)- 5] ¢ e f'(ﬁ)?(S.)'] Y

If there were no nonlinear term, B=¢ , then this
solution shows that the amplitude is a function of X-w'T
only, Thus the locus of points at which the amplitude

is constant moves with the group velocity, which locus
describes the envelope. The nonlinear term serves to
apply a Stokes type frequency modulation to the envelope,
[fowever the above solution is only valid for ranges of
time in which Ezt is finite,

A more interesting balance occurs when M= o(e)
for then the dispersive term is important, If one now

sets

g-: X—LJ'—I7

and ? & }A'I ]
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one obtains the following fully nonlinear eauation,

il e IK B—L'rl +' [F’ UIU*J K-: :Iiw”. T (.7)

For convenience, one replaces d| by t and § by

x and obtains the equivalent equation

3

L P -~ &),

3t 3w
Clearly a Fourier series approach in x would allow
all the harmonics to be generated to potentially the same
order, as the nonlinear term is now of order one., However,
it is natural to first consider the stability of the non-
linear Stokes wave., One therefore looks for the behavior

in time of a solution,

snt) = Gle) + ealt) e ™M reae)e ™+ o(er). --6)

The small parameter § 1is now the order of magnitude
describing the relative size of the harmonics and is unre-
lated to the § described previously, Substituting the
assumed form (9) into equation (%), one obtains the fol-

lowing equations for a,(t) , a,(t) and a,(t) .

Ol i{s&:a: + 1{(53‘ (6 avt, +Go6i6" ¢ c:ucuaf) e0(e), - )
ke

AL v e o i(g(a:af+ leerc,) + 0(€) v
My

L J¢ (Gier + 20005 a,) F o(e!), e

e
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It is important that the order £° term be retained in
equation (10), as otherwise, to a first closure, the

energy in the mean would remain constant, This clearly
cannot be the case if one expects a transfer of energy

to occur, Setting
: £
ip " 865 ot

O; = & ¢ ;T ong,

equations (), (1) and (12) bhecome

(1_{:0 _ Q{PE_?- (%: 0.4, + bbb+ &D%Lgl*)J ; --(H)
At

Ql_gn _ L(}},‘zo'ﬂ:—h’/\l) 6'1 t l-ﬁ 6: e}.)
ok

TR N AT L R
oLk

where the higher order terms have now been dropped. Multi-
) X . .
plying (13) by 6, and taking the complex conjugate and

adding, one obtains

R T e
id
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By similar manipulations, it can be found,

g s {0 - 800 ) o)
ehE

: s Lt % - "CD

uﬁet . f{;(ﬁabt&z‘{m {’,LBL), ()
ok

b e (bt b, ¢ wleae)). )
ot

Multiplying (/4) by b and () by b, , and adding,

2
gives
O,L*Pn'en.
ot

"

2i(ptats-¥K) bt + 1B 6 (bd7 0 t). - bo)

When one adds (!7) and (1¢), one obtains

6. l‘ t &Ig:- J s . x 1 - -- l‘)
Ql__f = 21(& (’66 Flt 1)-." 6;; '6t él) (_
Ak
If one sets hc h: =X h‘ h: + b1 h:: =y , ]): = 11

and b, b, =W , equations (i), (), (16) and (20)

respectively become

Olw Lipe" lu)-p w St
2 & pet 1) ,
q} 5 HP (ww” - Www) - @)

e
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e Qjﬁgz(ufus—uuf)] -- (2u)
ok
elw , 2 . it @5)
= Ac(px-wA )uﬁ Flpuy .
(g i
Equations (13) and (2¢) imply that x + gly = E = constant,

which means that the total energy is conserved, Since

x = L *E1j -~ b)

equations (12), (23) and (25) become

i —l(/; (u“w*‘*\w‘)a

ot

w et [ E-2q) t
F ipe (€ o ruy)

o .
0hls = %'(ﬂw,gﬂ—ak)w+—wuj.
oLk

With a little manipulation on equations (27), (2%) and

(129), the following equations can be found,

A (we-ued) Zdﬁﬁ-rﬁ>3p€j)0ﬂu+wﬁ)+ dipudy

ct
o)

_'&FEL(E-Eﬁ) W,
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Ww + uuf) : - 3 * v
d!—ﬂzfg— = 1[(@5-&&‘3ﬁ£j)(&£d—upj),v6”

S —lc[g(u‘wfw‘). - (2)
el

SLRP-H s hs‘/ltile-e‘:j)(u‘w—w‘)- - 63)

ol ww” | _([‘j [u‘w~uw*). - §u)

ot

rom equation ( 31),
{ y "@5’}

- o -
AL — . =

If one substitutes equation (3) into (33), one obtains

M uwu® ip oL
€50 e e e ] el
cLe okC
which integrates to give
Q= Ehjz-lﬁlﬁg e
Since uu" = (boh:)z = x = (E - a‘y)z s 1t is clear

that C, = EY Therefore,

=

TR ()
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If one substitutes (3§) into (3,), one obtains

Uwow™
oLt T

which integrates to give

L\)m‘: j/z‘ + Cp . —‘”@7)
"

. * - - -
Since WW = h‘b: b, b, , equation (37) imnlies

61{“' {11'61,‘. 2 (e‘u‘e}j {. Cl g

2
% ¥ »
If one calls bbby = b.b, = E, , b;b = E, ,.and
L ~
b,b, = E, , one sees that

If b b =b b,

z T

at t =0 , then C, = 0, If one now

substitutes (35) into (3/) and integrates, obe obtains
GRSt LR [k Ypey )y + o b

One now substitutes (3 ), (37) and (39) into equation
(30), and obtains the equation
Oll 2 ] ol b 3 -0
& = (E+ Elqt)j + £ d;j “)P £ 7 ; ko)
CE®

where

«, = _f1F1C3 i /Lﬂlitcz 7
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and

By choosing C,,C,= 0 , the equation (k0) becomes
2 L 2 H =
j = ﬂj + Ty ——lDﬁi“g 5 (1)

where y is the energy in the sidebands, There are two

cases to consider,

Case (1). ﬂ'? 0 . This leads to an initial exponential
growth of the energy in the sidebands, If the truncated
series v = a,+ ae " + ae" " were a reasonable
approximation to the total solution one can see from the
sign of coefficient of y3 in equation (4f), that a peri-
odic structure for the energy is reached after a time scale
¢° . However, it is clear when v = 0O(g*) that the
higher harmonies have already been generated and in some
way would have affected the system at this stage. In order
to properly describe the motion, one would require a solution
to the fully nonlinear initial value problem, TIn the next

section permanent envelope solutions are found which would

include all harmonics to potentially the same order, It is
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possible that the above solution, when one includes the
effects of all the harmonics could indeed tend to the
permanent envelope solution if this were compatible with

the initial conditions.

Case (2). f < 0., 1In this case, the energy in the
sidebands stays the same order as it was initially. If
the energy in the sidebands was initially very small, then

the system would essentially be governed by the equation

OL'C'O + %5 Fd . - -
i@ = 1B Cs G , which simply shows that the primary
wave undergoes a Stokes frequency modulation. Ilowever if

the energy in the sidebands was initially of the same order
as the energy in the primary, then there still is an energy
transfer mechanism, which also might lead to a permanent

envelope solution,
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Permanent LEnvelope Solution,

For a certain class of initial conditions, a permanent

wave solution of equation (fﬂ),

ou YU

s TS Y caee (k)

rememher is possible,

Let £ = x - vt , v constant, and let v = v (§).

Equation ( 41) becomes,

X

- B 3 x
YL, ipry - W)
9§ 3§
%S
Let v = u e in equation (L3), which then
becomes
W' v By ws o, o)
L Vo :B(i]
where A& = o JihSettingarus wﬁg) e in

equation (44) and equating real and imaginary parts, one
obtains

2rg'y v9" = 0, ----@S)

(R kY -—-—"Ll.fb 5
and v'- 0 +ou+f‘/xr‘= 0. ( )
Equation ( 45) implies that

- 8‘ = 2\, G Com Font, et Q“?)-

Substituting equation (47) in (4(), one obtains the

differential equation
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Multiplying (48) by r' and integrating, one obtains
o ]

Setting r' =y, and r” = x , one can draw the phase

nlane diagram, given by the equation,

B 2
= JE - o, = B oo = ﬁ ) @b)
E ly I
75
Let y, = - ) and y = B x" + o«"x - 2E ., It is
' X & 2%

nossible for the solution to exist for repions in the
(x,y) plane where x 7 0 and v, > v, . The different
nossibilities are shown in Figs, 1, 2, and 3, In Fig, 3,
one has perhaps the case of most interest, for it is when
é&_? 0 that the exponential growth arises in the
previous harmonic analysis. One can see that there are

permanent envelope solutions, (which in general are ellip-

tic functions) which are periodic, In Fig, 1, there is

v

the possibility of a solitary wave, when & = ¥

is chosen such that the curves y, and vy, share a com-
mon tangent, This occurs when the right hand side of equa-
tion (50) has a double root, which implies (after some
manipulation) that

{° - Bt g .Zi BE & 4 Qﬁl[ﬂt El‘gfj:@

E‘?_
T L7
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which can be written as

3 2
LD(L) PC‘\("(L) _QL(QLJ t G = 0, Aoy Cuy G5 7 O,

since A%,E < O for this case, This equation has two

Fs
or no real positive roots for depending on whether

2

< QG Z 3 x 3
25O S [Tt b,
Me can find the form of the solitarv wave scolution by

noting that equation (49) can be written in the form,

,VL: Yl (""V\’L)L(*’L"’ﬁtJ R Ve _.gzr
}_1-

The solution of this equation is

=~ K= (-n) Wi f Y [ﬂ]

™ 22 T T

Therefore for g =40 St et =, , and for E = 0
L5 L

I

One notes that these solutions are really permanent

envelones. Tt is the envelope of the wave train

hat can move without change of share.
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E < 0 Jeb < O I{//// = legion o{ exig fence oF 0t 7.
A3
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E 7 0, AE A0 il = *fﬁ“"\ Ogﬁxi‘sféfme u{so@'—‘.
2
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Similarity Solutions.

Similarity solutions can also be found for the

equation
LR LT iRy = o)
T 1

llere we indicate one such solution which is readily
The above equation

- X n=¢t .

found by letting

then becomes

Let v = u(j) e , and this equation becomes

= " %
LT S ipww,

9 Y
which has as solution

wg) s g teb fR T f

Therefore one obtains

-

V(‘F.v)) =

Ly

e N * e
?‘3 bep § 15 -3k . 6).
This solution is possibly valid when the energy is

initially smeared over a continuous band of frequencies

in the local neighborhood of the wave number of the pri-

It is certainly true that if

mary travelling wave k .,
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no nonlinearity was present ( P = 0), that one would expect

a time decay — of the envelope due to dispersion,
=
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Summary and Conclusions,

From the preceding analysis it can be seen that there
is a mechanism present which is capable of transferring
energy between local sidebands and a primary travelling
wave, his is clear from equation (8§ ), which demonstrates
that if there is any energy initially in a discrete side-
band, that this sideband along with its higher harmonics
potentially becomes of the same order as the primary
travelling wave, in long time, It is not quite as strong
a mechanism as the quartet resonance mechanism in the sense
that in the resonance mechanism a discrete wave can he
cenerated from an initially zero state by three other dis-
crete waves,

It is then purely a matter of conjecture as to what
the final state of the system is in long time, It has
been shown that there is the possibility of permanent en-
velope solutions and in particular a solution which describes
a solitewy permanent envelope, As to whether these states
are reached depends on the initial conditions.

It seems plausible however that if initially the energy
was distributed in a continuous bhand of wave numbers around
a primary travelling wave, that one could expect a solution
which behaved in long time 1like the similarity solution
which is given on page (3IS). For if one had a system with
no nonlinearity then the method of stationary phase would
certainly indicate that the solution ( 53 ), with A =0

is valid in long time,
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