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Autrad The tbea - or reversible co pnting is based on invertible 
primitives and composition ru]ee that pffllerve mvertibillty ~ With these con 
etrainte, one can tm. satisfactorily d~ . th: beth rund1onal and tructural 

pects of computing processes; at the same time, one aH&ins a closer cor­
respondence between the behavior or abst:raet computing syatems and the 
mi copic physica] laws (which arc presumed to be trictl7 revers"ble) &bat. 
underly· an_y con.crete implemgntation of ch ~tema. 

Here, we integr.ate into1 a compmienl!liw picture a v.ariet1 or concept■ 
and results. According to a phyaical interpret_ t on, the central ftlU t of thm 
paper la tit t it is ideaIJ.y ihlc fa build equeaiial ci.N:ud1 with 11ero internal 
power dHJBipat1on. Even w en these circuit are mter(aced with conveutional 
ones powe dillBipation al the Interface ul be at IDDBI prapor&" onal lo 
the number or mput/1output lines rather than to the number or Josic ates 
as ia conventional computen 

Kqwotda Reveraib·e mmpuli:n , com talion un.ivetBali&y, 
automa~a, eomputin nelworka. p1Qaical mmp ting. 

L lnbodudlon 

Mathematical models of mmputatiou are a tract conatructiona, b7 their 
nature nrettered by physical la •· However, it these models ue to give ln­
d1eat·0ns th t ue ~elev t to ,concrete computing, they mu t somehow captun, 
albeit in a elective and etyhzed way, certain general phymcal restrictions to 
whic all concrete computing proees re subjected. For in tanceJ the Turin1 
machmc, h1ch embodies in beuri1t1e form the moms of computability lbeory, 

;\'QWCdly accounts in ii dnign(24) For tb.e fact that the speed of propqat1on 
of information • bounded, and that the amount of inlormatm,n which. can be 
encoded ia the state or a fhli\e flknl is bounded However, olher phyaical 

•TLn RSeUCb was supported by Gran& lQi D 1.US:C:UB8l, Office of Naval 
Research, tunded by DARPA 
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principles of comparable importance, such as, tb.e reveraibilit,y at a micl'OBCOpic: 
level of the dynamical laws (which unposes severe eonst.ram.ta on the operation of 
concrete computin1 primitives(12,23l) nd \he ract that the topology or ,spacet1me 
is locally Eucb.dean (which ,seve,ely limits the raag,e of interconnection pattern 
for concrete computing etructures(l9]J, are nol yet adequately .repreaeo:hd in 
the theaey of computing. Conceivably, better match between the a tracl 
conetru.cta or the theory and its &J>plicationa wauld be a"ained if a uitable 
,counterpart of these princip]ee were incorporated in the lheory. 

Here, e shaH be concerned with the 1SSu.e of re,ienihiJUy. Intuitively,, a 
dynamical system. is rcve.rsible if t10m any point of its etate set one can uni,quely 
trace • trajectory backward as well as forward in time~ For a time-discrete 
eyetem s1ic::h u an auk,ma~n, this is equivalent to saying th.at Ha tranJtion 
runctlon is invertible, that is, bijec.tive. The concept or reversibility baa its 
ori&ina in p,bysics, and, in particular, m the tudy or .continuous syatems, ,auch 
u thoac characterized by a differential equation, rather than discnte 1yate , 
which are charaderized by a tramition rundion. In. the continuous case, a more 
technical definition ie neceuar ; D ely, a d1oamical a71tem. is reversi,ble if 
ite dynami.eal semigroup can be iexpandt!d to a 1Jaup(l4]. The connection be­
t een these two definitions is immediate, 11lnee in the discrete case the tr&DS1tioa 
functio,n coincides with the gener tor or the system'- scmigroup. 

It should be noted that revenibillty does not imply· invariance under time 
reversal, the latter is a more specialized notion. which is definable in a non~riv1&I 
wa7 only for dynamic&] systems having additioaal slructun 

In the past, eome misgivings were apreued mncerning the computing 
capabilities of reversible ank,mat . Such misgiving• wen cleared by the work of 
Bennett (:reversible Turing machi.nes{4J), Priese (revenible computers embedded 
in Thue ptems'[17]), Fredkia (conservative logic(7J), and Tol'ali (reve ible cel­
lula.r autom ta(20)). Today, the concept of reversible computing ,appears to be 
not only productive lrom a theoretical viewpoioi bui also pl'Ollli.-in . in ierma 
of technological pp]ications(8). 

In lact, one of the :ebongeat motivations ror the tudy of reversible r.ompul­
m comes f101D the desire to !ieduce heat dissipation in computing machinery, 
and thus achieve higher deneity an.d epeed. Brietly, while the laws of physics 
arc presumed to be strictly reversible, abstract computing is. usually thought of 
as an irreversible p,JOCeS&, since it may involve the 1tvaluaf.ion or many-to-one 
ruoctions. Thus, ,as one proceeds down rrom u abs,trad mmputiq taalc k> 
fonnal tealizat"on by meana of a digital network and llnaU, tio an implemenlalion 
m a physieal Q"Btem, at aame level or this mocldin,1 hier:udl7 6bere must take 
place the ttan1Uion rrom the irrevenibili~f or the gma ·c:omputmg plOCellS to 
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the reversibility of the physical lawa. In the customary approach, this transiti.on 
oecn_ · at a -nry ow level and. is hiddco--llO to spmk-in the "physics" or \he 
individual dig"i I g te; • - a conaequeoce ,of &h • pproacb, the de&ails ar tbe 
work-to-heat coovers10n p · are pul beyond the teaeb af the can.oep\ual 
model or computation lhat is used. 

On the other hand, U m poasible to formu te a more ,eneral conceptual 
odel or computation uch that the gap bdween the B"revereibility of the dmired 

heh :via nd the reversibilit or given underlying mechanism is bridg~ man 
explicit way within the odcl itaell. Thia we shall do in the present paper .. 

An important advantage of our approach ·a that ny operations (such ,as 
the clearmg of a .. iater) that in convention og1c ead to &he destruct on or 
macroscopic inlormation, and thus entail eneru d~ ·paron, here can be plann.ed 
at the whole-eircuit level rather than .at &he ate evel, d mos~ ar &he ,ime 
can be replaced by an mlormation-1 lea varian\. As a caaaequenee, at appqn 
possible to design cif'cuits whOBe internal power diuipation, under Ideal pJvsical 
cireumriances, · zero The power d· . ·paron th \ uld arise at lhe interface 
be ween such circuits and the o l · d.e world wa Id be a\ moei proport· . nal to 
t•e number ol input/outpul lines, ralber than to I en mber of logic 1ates. 

I. Tumlnoloc, ti notation 

A function f/,: X -t Y ·. tini'te if X 11nd Y are 6.nile ta. A finite aulomaton is 
a dyn- mica system ehuactemed b1 a transit' fund"on of lhe form r: XX 
Q ~ Q X Y, where .,. is finite. 

Without or eneralit7, one may B.Blume lbat ,such set u X, Y, and 
Q above be explicitly given u mdaed Cart 1an pmduds o sels We ahall 
occasionaU caH Uoes lhe ind1vid al variables aaodated wi h the individual 
factors of such product"!. By con¥eution, the Cartesian product or zero radars 
•. identified "th the dumm,-set {A} consisting of the empty rd A. In what 
follows, we shall assume once and for aU that all facto of the aforemenf ned 
C rtesian product be ident :cal copi . of the Boo.lean set B = {0, 1}. This 
assumption en . ·1s little los;s of geoer.ality, and-al uy rate-the theory of 
reversible co · put "ng cau d be developed along asntially the same lines ii such 
assumption were dropped 

•Typically, the comput t ·on is logically o anized. a10und computing priml,ivea 
t at &Pe no inve tible, such as the NAND gate; in turn, lhe8e are realised by physical 
devices wbic while b7 their nature obeyin ,eve 'ble miCJ'OICOp· e n, are made 
macrosmpicallJr mevenible b7 ·. 1 them &o eanveri mme wo to h L 
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The concept. of 'function camJ)DBltion" ls a fundamental one m the theory of 
computsng. Aeeo,rding to the ordinar, rula, for lundio.n c::ompositioa, ,&D output 
variable or one rundion ·may be substituted for any number or input variables of 
other funeiiona, i re., arbitrary"Ju-oul' ol lines ii allowed. Howew:r, the procaa, 
or generating mulliple copies oF ,a 1iven signal mus., be ll'eated with particular 

· care when revcr.e1bilit:, is an issue (moM:Wer, [rom a phyaical viewpoint thi1 
process is rar r10m triYJa]) Fo.r this reuon, in all lhat lollowa we shall restrict the 
meaning of the tflrm "rundion mmpositioo" to on~to,.;one composition, where 
aQY substitution of output variables for input vuiables is one-to-one (in other 
wards, no Ian-out or lines is allowed) • .Any fan-out node in a given runction­
co.mpo ition scheme will have to be heated u an nplicil occurrence of a Ian-out 
function of' the l01m (z) ,..... (e, • • 1 s) ln\uitively, the te1pon1ibi1Hy for providing 
fan-oul ia shifted rrom the 1comp:,ait on rules to t.he com.P ting primitiva. 

We ab.all be dealing "'tb various classes of abstraeicomputen ( uch as com• 
b1national networks, finite automata, Turing machines, ,and. ce -ulu automata) 
which can titute the mam paradigms ot the ibeory or coinpuliog An abstract 
computer 1e, in ,essence, a fonction•mmp:, itwn scheme• and ,a co,mputation ii 
a particular solulion (wh.ich may be teq11ired to satisfy certain boundary condi­
tions or o,ther eonatraints) of 11oeh a scheme. While finale compoaition l!liChemee 
are dequate .ror dealin1 with the most elementary aspects of computing, many 
computing processes or interest require au unbounded amount or resources and 
ue mo,e conveaiently represented u , taking place in inlinite schemes. 

It 1J cuatomary to ex.preas & funttion-composit • an aeheme in 1.rapb1cal lorm 
a causality network (or fundional-d'epenrfence network). This ie basically an 

acyclic directed graph whoae nodes are labeled by anociating with each or them 
a particular 8.nite: fundion and whose arc:a are colored by associating with each 
af them a partie11lar variable. (Here, we can aafe]y ignore cer,ain slil,ht technical 
differences between a causalit7 network and• diRew:d graph~) 

By ,conetruction., musalit1 networb are "loo~rree," i.e., the7 contain no 
cyclic path■. A combioafional nelwork 11, a causality network that contain no 
in8nite patha. Note that a ftnile ca aaut,. aelwork ii alwayei a eombinat· oal 
one. 

With certain addUional mnvenf ous, caueali\y networks havin a particular 
iterati~ etructure can be represented more compadly as squenli.al netwo"Pka 
(cf .. Section '1). 

·we shall assume ra.miliari,J' wii,h the concept. of "realizat"on" of finite funo-

'Iii wbal tallows, we shall tatrid our aUell&ian to fundion..compoeitioa he.mN 
based ·OD Bnite primitives. 
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Hons and automata bf means of, respect.inly,, combinatioaal and sequential 
net -rka. In what fo lows, ''realization" will always mean a componentwl6e 
one, th· t , to each mput (or output) line or a finite function there ·will. cor­
respond _ mput (cu output) line in ihe combmation · network ihat realins it, 
and imil rly for the reali~11t1on of autom.at by seqn1mtial network& 

A causality network is reRJ"Sible ir it is obtained by composition ,or inver­
tible primitives Note that a reversible combinal" onal netwark al .,a ,defines an 
mvertible function. Thua, in the case o[ combm tional networks the 1tructural 

pect or "reve: 1bllH1" ud the functional upeci ot "iavertibilll,-" coiDcid.e. 
A sequential net.work is reve "ble ii at, mmhinat • nal pan (Le.. the comhina­
t10nal network obmned b.J de et-m ~he dita,- elemm&a and lhua bieakmg th.e 
corresponding area) is revenible. 

3. lnbotludo17 eon.apta 

As explained in S~tlon 1, aur GRrall goal i to develop an ap · cit realiza­
t" on ar computing pft:ICeS8e8 within tbe conhn or· revenible systems. For the 
moment, the processes we shall deal with will be th.oae described by finite runc­
tions, and the systems used for lheir realizat"on will be- revenible combmaHonal 
networks. Later on,. we ahaU. consider nquenlial processes, charaderiled bf" ~he 
presence ar internal states in addition to input, and o tpu6 sb:lea, and we shall 
stud theu realization bJ mea or revemb e nquotial network& 

As an introduction., el I co ·der iwu, simpler ndiou, namely, PAN-OUT 

(3.la) nd XOR (3.lh): 

~,q, II 
s 111.JIJ 0 

t•l • -+ (&), 0 l -+ 1 
1 11 11 1 ., 

11 • (3.1) 

FAN-OUT 
Yl =x 

Neitber ol these fuaet· s ii ioveri"hle.. (Indeed, PAN-OUT II not, rjedift, IIDce_ 

fo,· imtance, ihe a tp t (t, l) ,cann be obabaed fi u, iDput, ft.I e; and xoa 
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is not mjedive, since, for wtance, the outpul can be obtained ttom l,wo dis­
tinct inpul valua, (O,O) and (111)). Yet, both funet" adm1t a.fan mvertible 
reallza,io . 

To see thm, comider lhe innl'fi.b e runcf XOR/PAN-OUT de&necl b,- ,he 
table 

0 0 
11-+ 11, (3.2) 
11 1 

hich we h ve copied over with ciilrerent headmgs in (3.31), (3 31>}, and (3.8h). 
Then, FAN.OtJT can be realized by means ol tbil function• as in (3.3a) (where 
we have outliued \he Mlevaut table en\ries), by aasigning a value or D to the 
auiliary mput component c; ,and XOR can be realized by means or ll1e same 
function u in (3.3b), by aim.ply di regarding &he udiu, output mmponea, 
g Io more technical 6ehlll, (3.la) :· oblained lrom (3 3a) Iv camp,neatwise 
restriction, and (3.lb) from (3.31,) by p,oJecfoa. 

C% fh!IJ 

00 0000 
(a) 00 ...... [i]II] 

11 l 
11 0 1 

c=O 
• 
' z--[): Ym=x 

I yi=z 

SIS2 ,,, 
[l]IIIJ [g]O 

(b) [i][I] -+ [l]l 
[D[i] (llO 
[Dll] 11)1 (3.3) 

In wh t, followa, we shall collectively call the source ~be auDliary input 
components that h ~e been used in nalilatian, uch u component c in (3.3a), 
and tlte sink the aurili 7 output mmp:,nenta sueh as g in (3.3b). The remaining 
input components will be collectively called 111e argument, ud the remain1 
outpu~ comp,n~nle, :lhe nsull 

In general, both source and sink lines will have ta be introduced in order 

'brdmari]y, one apeab or a realiafon "b1 a network." Note, though, that,• 
linHe runctian by HseU cauti,utes &nvial cue of comhinalional netwo k 
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to mutrud an invutible realization of a .1iftn function 

:C1S2 
10 

(a) 0 1 ➔ 1. I 
11 

II 

I (&) 
1 

s y 

0...., l 
1 • 

NOT 

:c ---e- y=i 

For isample, from ihe mftriih ~ e lundion ANDfNAND de&u.ed by lhe t.ble 

0 0 0 
001 0 1 
DlO 01·0 

1.1-+ 011 
1 ,o 181' 
101 101 
111 111 
111 Ill 

(3.4) 

(3.5) 

tbe_ AND function (3.4a) can ·1,e realized u . in (3.6a) with n.e •uce lin.e and ho 
sink liaes. 

(a) 

cq~ 
O[q][o.] 
OII][l] 
o[Il[i] 
O[!)[I) ➔ 
1 D 
10 1 
11 I 
11 1 

1J 911.J 
[i] I 
00 1 
[i]IO 
00111 
1 0 
1 1 
111 
I 11 

c=O 

(b) 

T 

~c 

• [[11 
10 
[Dl 

g,! 

-+ 001 1 ,, 
11]1 

c=l 
I 
I 

X --[J]- t, = Z 
* ., 
I 

c'(= .c) 

(3.8) 



Obaerve lhat in order to ob\ain lhe desired nsuli lhe aouce lines mu \ be 
fed with apeciBed constao& valuee, i.e , with V1alua that do not depend on the 
argumen,. Aa ror the sink linea, !Om~ may yieM values th.al do depend on the 
,a,gument--u m (3.8a)-and tbut cannot be used u iopu6 con1tani1 far a new 
computation, thne· will be called rar 1e linee On the other han.d, aome nk 
lines may return coo,stant valuea,; indeed, this bappena whenever the fund onal 
relationship between arglUDent and result is itself an invertible one. To ive 
trivi I Qample, suppose that ~he .NOT lunct1on (3'.4b), which· invertible, were 
nat available as a primitive. In t,h" case one could still realize it smting ftom 
another invertible runcfon, e.,g., from the XOR/FAN-OUT function as in (3.8h); 
note that here the ,sink, r!, r.eturna in an cue the value present at ihe source,,;. 
In ,general, ir there exists between a set of source Un.es and a. ad or sink lines an 
invertible functional :relation.ship that is independent af lbe value or all o\he? 
input lines, then this pair 1of ea win be called 1(for reasons that will be made 
c ear in Section S) a temporary: 1iorage channel 

Uamg the hrminolo17 just established, we ahall say that the above rc:aliza,. 
t1on of ·the PAN.OUT function by mean.a of an invertible ,cambmational rundion 
i1 ,■ realization with con.tuts, tba\ of the XOR function, with garbage, that or 
the AND function, with cout1ne1 nd ga,base, ud thal of Ille NDT funct1on, 
with temporarr storage (for the . ke of nomene ature, the souriee lines Iha\ are 
par' or a tempnary•atorage channel will not be ·counted as lines or constants) 
In refening to, a rmliiation, featu.n:s that arc no a:plictlb' mentioned will be 
assumed not, to, have been used; thua, a rmlizaf on "with temporary atora . e'" 
· one Mlllou1 eonelaot or ar e. A reallaf n &bai does no require &DJ' 
muree or 1ink Ima will be called an lsomorplde realintiaa. 

4.. The fundamental theorem 

In the light or the particular examples discuMed In the previou aeciion. this 
11ect10n establi1he1 a gener.at method Far realizin1 an ·rbierarr lnite runctio,n #/, 
by means of an invedible finite runction /. 

Here, we are ,concerned with realizationa 1n the sense de&aed i.o Seetion 2. 
In more general mathematical parlance, a rea&atioa or a l'unet1on , comistl!I of 
a new function / together with lwo mappings p and 11 (reapectively, the encoder 
and the decoder) BU.c.b that~ 11/p. In this mn&m, our plan ii to obtain 
a realization 11/ p. or t; auch that / is mvertiblc and the mappings µ and u are 
essentially independent of ef, and contam as little ~mpating power" as po88ible 

. Mme p.reciaeq, though the rorm o . I' and II must obrioual,- reBec& lhe number 
of input and output components of ;, a d thua lbe lorma& of ql1, milh tab a, 
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we want them to be otherwiae independent ol the parl,1cular moienta or ucb 
truth table u tJ, is made to range ewer ibe set or all mmbi.natorial functions. 

In gcner.al, given o, finite runction one obtains a new one b,1 assigi0in 
specified values to certain diatinpi.ahed inpol Ima (source) .nd dmregardiq 
certain distmguuhcd. ou&put lines (sin.I:). Aco:11ding lo the rolowiq theorem, 
8117 finite fu11tctmn can be reali1ed in this W,BJ ltutiq rtom ■ suihble ianrii.bJe 
one. 

TBEoREM •4.1 For· ever1 ftnite tundion ~ • B"'-+ B" there uiril an inn.,. 
&Ible llaite function /: B' >< B"'-+ B111 X er+m--n, with r S n, ndi Iha& 

r 

t(C.1,si, · ·• ,S'm} .. Pi(st, •.• ,Sm),, 

Proof. Let fj, be deftned b7 a blllUJ table of Uie Followin farm 

when: X denotes a listing or aU •2m m-luplea aYer B and Y denoH:B a u.,m 
af the corresponding values of ~ which are n-\.uplea over B. We shall delne a 
function /: an+m ➔ Bn-f-"' b1 mean.II of ihe fallowing table 

n m ft m 
~ 

_.,. 
II\.--

..... 
~ --. 

0 X y X 
I X r+1 X 
• iii <ii •• .. ~ 

-

2:n- I. I X r+2"-I X 

where each ·block ar lhe lorm k (I S k < 2") mnmta. ar 2'" identical n-iu.pl.es 
each represent.mg the integer k written. ht base 2, while each block of the fo·rm 
Y + k (0 S le < 2n) COD.BISI or the 2m entries er Y each trealed a bue-
2 integer andl mcremeoted by kmod2n. {So the sequence et uy + I!' block 
dill'cra rrom the "'Ii' sequence only b1 a circular permulalioa.) B7 canatruction., 
each -ide or this table mntahm each elemmi or an+m uactly once. Thu, / bl 
invertible. Mormftr, ,equation (4.1), with r- n, h d1 bJ co1111trucHon.1 
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The meaning or Theorem 4.1 is illuabated m Figure 4.1 below. The opera­
tions of mtrief on and p.roJecf o.ni mentioned in Section 3 are ft:lpeetiwly per­
formed b7 an input encoder p and an output decoder &1, While letting tbtoagh 
the arg,oment, (si, •. , s,n) uncban ed, the encoder llU,ppliea the r sourm line1 
W1'11 manant v;aJue1, i.e., with va UM, •hat do no,\ depend on the ara;t1tnen\ iuelf. 

&he o\her haad, while letting t_ gh the nsu1' (111, ,. •• , v,,) uncbaa1ed, lhe 
decocler at.o,ba whateY:er yaluea com o 1, ar I e the m + r- n, uk Un-. 

,,, ' 

~----~------r ...... 

0 --Jiii,,,o--
0 -->-

argume.nt,i _ 
~+--.........-;~--4 

I 

.resnlt 

FIG. 4.1 Aar Baile luadian , can he wrl1t1.a u t6e product of• trmal . 
enmde, #', an laYffHble IJnife Ii ndJon /, and a trmal clemder' 11. 

Intuitively, inch a :reaUntion oft; by meana or an invertible func~ion / la "lair," 
in 1ib lell9e .lhal ue·11ier II am II co bibute to the .. c:ompuli!lg power"' or /. 

S.mce µ does not interact with the input .signal&,. it will be :mote convenient 
la vi ualize it as a separate souroc of constant input values, as in Figure 4.2b 
rather than u an input encoder, u in Figure 4 I;, likeWIBe,. via more conveniently 
visualized a1 ,a separate shit or outp t values n.lher than u an output d,ecode,. 
To sum up, whatever can be co:mpnkd b1 an arbH:ruy littite funei,ion. acc:arding 
to the 11ehema olFi ure 4.'2a can alao be computed b7 an lnwriihlefillile fiandlOD 
acca.Nliag lo the· schema of Figure _ .. 2h. 
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(a) 

argument 
arbitrary 

finite 
function 

(b) 

result argumeuf 

source 

' invertible 
finite 

fundion 

' • 5ink 

F1<:. 4..2 AQ" finite tuction (i ) ca.n he rwiHd as an f.nftrijl,Je lni6e· 
fu.nction (b) l.taving a number ot auiliar1 mp t llnea wllidJ are fed wilh 
mnstanh and a numbe1 of au.rilia,7 output Imes whose valu are di. 
regarded. 

Remark. The construet10n in the p100,r of Theorem 4.1 does not neceuarily 
lead to a rninmial rcalizat·ol!l, 111, often the number of soura: lints can be made 
trictly Ins tbu n nd, ,correspondin11:Y, the number af ■ink lines 1tridly leas 

th m. IntuitlftlJ", in m ny cuee, the given function. 9 · such tba\ much or 
the inlol'm tion contained in the ument rdained in the result, 110, that in 
aNler ta 1uarao6eee inverlibili,7 / need only praave in lhe ubqe ipala a 
fraction or the total mro,rmalion 

lavutlble prlmitlvu aad revenible aetwo,b 

In the previous section, each gmn fl was realized b1 a revera~ble combina­
tion.al n:etwor cons.istmg of a Bingle OCCIU'rence or an ad hoc primitive /. In thiB 
section, we ehall atudy the reahation of arbitrary finite ruuction1 by mean■ 
or reversible mmbinational networks construe.led fNm g;avco primitives; iD par­
ticular, from a certain lnite sei U of vel'Y simple primitives. 

If the given function ,; m defined by mean or an arbHrarr combmat10Dal 
network (in wb t f0llows1 we shall assume for simplidty that 'th" network be 
based on the NA.ND clement), a reversible reali1 t" o of ♦ based an the set U can 
be obtained 111 a very Rimple way by ubjecting the iven nelwork 6o ~rai11'htro1-
ward translation rules. However, the reversible realization that, m oblamed in 
th." way in general requires many more mk lines (&ad, consequently• many man 

arce lines) than the realization ,or Section 4. On the other hand, tarting from 
tbe s me set U of' prhmtiVl!S buii using mrne phisli \ed synthesis techniques ii 
U1J poss"b c to obtain a reven1ible reak&iion or q, lhal does not require an,.- mo:n: 
ar e lim:s &ban when rali11q ; bJ meaoa ol' an ad IIOC" pr11111tive /. In facl,, 

/ itaell----or, to . that malkr,, auy invutible finik function-an be Q"D&hemed. 
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from U wiH1oui gar.bage, though possibly with temporary etorage 
In th.is syntha11, the peculiar CODsbain.ts die ated by the :reversibility eon­

ten force one to pay attention to . nomber or issues, such as fan-out., temp,rary 
etorq:e, an.d the handling or· cona\anh and garbage, whieh do not arise-or", at 
any rate, are no£ criUcal-when these mmtraiot are not pres:eut As a counter­
part, the structure of the nietworb that are thua obtained pnmdes more rear lie 
indicationa of' w.hat ao ellk.ient ph11ical implementation of lhe corresponding 
computing pl'OCeSBes would have &a be lik~ 

n ia well known that, under the ordinary rules or runetion composilion, 
the two-input NAND element constitutes a universal primiun for the a.et or all 
combination I tunctiona. 

In the theoey or revgraible computing, a similar role is played by the AND/NAND 

element, delned by (3.5) and graphically represented ,u in Figure 5. lc.. Refening 
to (3.6a), observe th.at 11 --st~ (AND fu.action,) when c 01 and 'II s1SJ2 (NANO 
function) when c == l. Thus,. as long _ enc supplies a value of 1 to input c: d 
disregard output-a 91 and :IJ, the ANDJNAND element can be substituted ror an7 
occurenoe or a NAND, gate in an ,ordinary combinational network. 

In spite of h _:ving ·ruled out fan-oul u a:n mtriasic tmdure provided by t.he 
composition rules, one can stm achieve ii as a function 'Mliz.ed by means of 
an inviedib e primitive, such as the XORfPAN•DVT element defined by (3 .. 2) and 
grapbically represented as in Figure 5.1&. In (3.3a}, observe that th - i,.z - s 
when c = 0 (FAN-OUT lunct"ao); and in (3.,3&), that y e:::: ~l EB~ c~aR rund on). 

Fin lly. recall that 6.nite compo1it"on al ays yiefd1 anve~Uble runctio1111 when 
applied to invertible funcfone (cl. Section 2). 

Therefo:re1, uaiog the et o.r invertible primitives eonsistin1 or the AND/NAND 

element and the xoa/ PAN-OUT element, ny combinational networ can be im­
mediately translated into a reversible one which, when provided with appropriat-e 

· input coo8tant1,, will reproduce the behavi r or £he original network. Indeed, 
even the set V consisting af the single element AND/NAND1 11 uOieient for thia 
plll'p)Se, since xoRJPAN•ODT can be ,obtained from ANDJNAND, with one lme or 
temporady torage, by takin1 advaata e of the mapping (l, p, q) ....,.. (1, p, p(Bq).) 

The element-by.element substitution procedure outlin,ed above forconst.ruct­
mg a reversible-network realization o.f a gi.ven combinational function is wasteful, 
in the sense that the number or source and 11i.nk lines that ,are introduced by th.is 
construction is rough]J' propodional to ihe number of compuiing element-11 tha, 
m• up the net'Wllrk, and therefon: in general much llarger lhan the minimum 
required to compen11&te for the naumftriibili&7 of the &wen func.tioa (cf. Section 
4). 
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From the viewpoint of a p~1ical implementation, wb.ere aig,nall ue encoded 
in BOme form or energy, each coo t nt input entails the upply of eueru or 
predictable Form, or wort:, and each garbage oulpul entails the :removal or eneru 
of unpredict ble form, or heat. In this ccmteu, a realization with fewer urce 
and sink lines migh~ point, the way to physical imptementalion that d" ssipahs 
I energy. 

Our plan to achieve a leu . utdul rcaliz&lioa w.U be hued on the fol owing 
concept. While 1t is true thai each garbqe · :nal is "random," in the ,seoae 
that 1t is not prcdidahle ithoui b~g the value ol lhe argume11.t, yet it wiU 
be corre ated wUh other eigoala m ~he network. Taking adv•ntage or this1 one 
can aug,ment the network in mcb a wa7 as to make correlated signals inteirere 
with one another and produce a number or ,coasianl signals w~ead or garbage. 
These mas ants C&D be used as - ~ urce 11gnale in at.her pula of the n,etvmrk., In 
thm way, the averaH number or both source and , ink lines cu be reduc.ed.. This 
proceas is analogous to the destructive interrerenec of, , sound wana It ia, 
well kn.own that by superposing :two correlated random signals one may obtain 
an overall i nal which ia Leu "noist" that either component. 

In the remainder or this section we shall show how. in the a tract contm 
or revcnub1e computhl.g, destructive mterlerence of carrel ted signals can he 
achieved in a aysHmatic wa1. For a hnilat pJOCeaB or desbu.dm: inte feren.ce 
to take plac::e io concrete computers (tb.u leadmg to grealb" reduced power 
di ipation), one would have to match the abstract i.ondib e primttiva with. 
digita gales &ah& are mac!OKOpica)b'---u well a microacopicaffJ:-revemble. 
The arguments lb fT.,8123) tmn11J· 1uaes, Iha, eh 1•• are indeed phyalealb' 
realizable 

Retmning to our nu.themalical e:rpoailiou, we m . In · ■haw thai any in­
vertible finite function can be realized isomorphicaDy from certain generalised 
AND/NAND primitJVeL Then, we ahaU flow ~hat 8DJ or these primilives can be 
realized from the AND/NA.ND element poasibl1 with ampmary Blorqe bulr wi~ 
no garbage.. 

For convenience,, we &hall NJ It.at 11D invertible finite lund"cn1 is al a.rdcr n 
ii it has n iopo6 lines and n outpul Una. 

D»FJMT10N 5. i Con.1Jider 6he sel D - { 1} with the usual structure or 
Boolean r· , with. "$" (exclein,,.oa) denotmg the addtlion ope:ralor, "6" 
the dditive.mverse o~ to, (which m this cue come! des wi\:h ,be idnti,7 
operator), and juna ition 1(AND) the mul~lplicat" n uperalor. For DJ' n >· 10, 
lhe ,generalised AND/NANO !uactioD, ol OMff n, denoted by a(•J:, a• -t, B11, ii 
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defl.n.ed by 

t-+ I. (5.1) 
Sn-1 

e~ E9 :t::1~· • •z,,_1 

Remark: (a) Thee aigu in (5 .. 1), which HI red ndaot (since 9Sn = s,,)1
, hu 

been introduced for eue o1 comparison with the argumenY or (23) (b) For uy 
n > 0, &'(n) i1 invertible and coincides witll its inverse. ( c) For i 1, 2, ••. , n-1, 
the i-th compon.ent or s(n), i.e., •inJ. c:aincides wi.th the projedion operator for 
the c:orreap:m.din aigument, i.e , ~n:)(si, •.. , ~ = Si• 1( d) The last com.ponent. 
or 1(11), i.e., ~n), coincides wilh the NOT runclion for n = 1 (note that, by 
conven.tion, s1 • • •Si =-= 1 w&ea i - · 0), and with the uclusive-oR or ila ha 
arguments for n ~ 2. (e) For all other values of n, OC,.n> is still linear m then-• 
th argument,, but is nonlinear in the first n - 1 arguments. 

We b,ave already- enco ntered (1) under the name of the NOT element, · (2) 

under the name or the xoatpAN-OUT elemeui, and ,taJ under the name of the 
AND/NAND elemen&~ The -meralmd AND/NAND funcr DI are 1raphic&Uy npre­
aenhd • Ii Fqare 5.ld. 

(a) (b)
1 

(c) (d) ----~--==-~----
1----
: 11 ! . 
I I 

I I 

* L __ ..J 

NOT 

-----1 
,----, 

-
I 

I ._ _ _:-_..J 

AND/NAND gene alfaed AND/NA ND 

Fla. 51 Graphic nprerentation al the gen,eralised AND/NANO tuodion • 
W ARNJNG: Thm tepreaentatio _ ia aB'erm oat, _ a mnemonic a.id in recaDin 

funct~on'a trulh table, and is uot meant to imply any uinlernal 1tructure" 
ror &he function, or euggest any puticular implementation mechau.ism 
(a) fJ(1>, which coiacides with tile NOT element; (h) 10<2>, which coiaeidar 
with f,lle XOR/PAN-ot1T eleme~t; (cJ f.3), wlncb ~incides wffll ·the AND/NAND 

element; and, m pneral, (d) ,<.n), llie geJJeramed AND/NAND lunct OJI ol 
order 11. Tile bilateral a;ymmet.-.r of t.hme ivmf,oJ, .recall, tlae fact tllal eadJ 
or· i.he ml'ft!8POJl!ding fuadiurae coincide, with lfl verse. 
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An iavertible (unction ac:ts as a permutation on the elem.cats ar ii- domain, 
ad it is weD kn.own that any permutation can be written as a product al elanca­

tarr permutations, i.e .. , or permutations that exchaage end)J" tvm r:IMDenu. 
In o1lr attempt lo eyn.theaize arbitrary invertible lnnct· 1 of order n we mall 
consider, as building b ockt, elementary permul fem on D" and even moJe 

basic penn11itations on B" called atom pennutaliana. 

DEPINITION 5.2 In the truth table ror lhe ANDINAND ,element (3.SJ, observe 
tb I, the only dill'erence between the left. and the righ hand aide· of the table 
is that enctly two1 l'OWI 1(namely, ( , 1, .1) and (1, 1, 1)) which ban a Hammier 
dist:aar:eor 1 (i.e., dill'er in esac~Jy one position) have been nchan1ed. An atomk 
pe,muter is aoy Function haviq llli1 propm,y 

Any tomic pe,mutcr or order n cu be mutru:cted tram t:he pneralized 
AND/NAND element or ordet n by appendin1 NOT elmncota to &Oille of the inpul 
lioes and. ta each of the correapondingou,put linta, u in Fi1un 5.2&, Graphicalb", 
~ pemmler 'will be repnsu.ad as in Fq:me 5.2b, where 1a1111, of ihe in u 
la ,he AND-I h symbol are necaled (11 dmo&ed Iv a lit . cirde)1 

.. 

... - .--, r,-•- - ., 

(a) ! "I : ~ 1 1. 

I I --
1 

I 
I ..._ ___ - __ __. 

(b) 
r-------1 

I I 

~ - -- -- - - · _j 

Fra. 5.2 (a) Con,trudion and (b) papldc np,ea.n&atioa of a pariiealar 
atomic permoter. 

TimoRB:M 5.1 A.or mwrlible fiaile fudion of 1order n can be obtained hy 
composition of' atomic permulen ol ,order n, aad H1uef'ore by eomposilion of 
generalised A.ND/NANO fuodiou ol order :S n. 

Proor.. n will be .uflcient-to ahow &hat one can obtain &DJ elementaQ' 
permutation DD en. 

In a table of all elemeni of B"', a tflll!De& or table entries a1, 4:1, • ~ , a. (these 
are all n-tuples) an aaid tGi rorm a Gra.r-code patll if anJ b.v entries &hal an 
adjacent in this aeque,nce me related by an atomic permu&at" a. Ooaaider \be 
pair or en.trims and 11 •hat we wish to acha.qe, and mnaider ■ Gr117-code palb 
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From s lo1 r, (such a path mats rar any pair s, 11) II is ea&J" to verif7 tha\ by 
mama or ICq en.cc er atolDlC permutation& item ' 1CIIU be moved to the end or 
the path, whHe lhe remainder or 6be path ii I ifted one poaif n to, the ell but 
is otherwise unchanged., In a similar w-,, y can be b10up\. lo lbe beginnhlg 
of the path Thus s and r, can be exchanged by means ol a sequence or atomic 
pennutat·oos without decting ihe reel or the table.I 

Remark. Nate that the realbatioo refened. lo b1 Theorem 5.1 is an immor­
phic one (unlike that or Secfon 4, hicb makes use of source anid link lines). 

THEOREM 5.2 There uiat invenihJe Baife lundion:1 of ordern wlliell canaol 
be obtained by compmiCion of pae.ralaed AND/NA.ND f1111dion1 of 1order dr.iclt, 
lea tllan n. 

Proof. In. the contut ar tlie proof or Theorem 5.1, when e(•1 is applied lo 
any , componen.ts of B" tbie set ia divided into 211-'i dujoint collections or 2' 
n-tuples, amd each collection is permu.ted by o(•l in an identical fashioa. Tbu1, 
only even ·permulat· ona can be ah~amed when , < n. Smee the product or even 
permutation, ie even, only- even permuation11 can be obtained by one-to-one 
earn.position of any number of AND/NAND runct1ona or order leas than n.1 

Remark. Acmrding to this theorem, the AND/NAND1 primitive is not sufficient 
for the isomorphic: reversible realization of · rbitrary invertible ·finite runcf ooa 
or larger order. This rcsoli can be _ eneralized to any linite set or invertible 
prinutiVl!B, as implicit in the proor argument Thus, one mual turn to a leas 
restrictive raliza\ • on schema inwlving source and eink lines. 

THEORaM 5.3 Any iDffriible B.n.1te fuacl1on can be realmed, possibly with 
temporary storage, [bul with no arbagel) by means of a n,ve ibfe combin. 
iioaal network' uamf u primilivm ihe pneraliaed AND/NAND elemen&s ar o.n:ler 
sa. 

Proof. In view or Theorem 5.1, it wiU be eufflcieot to r,ealize (possibly with 
empor ry torage), for each n, all tomic permu.ters of order n. Since these can 

be 11ealized immorphically from eCO and f(") {cf. Figure 5.2'), it will be sufficient 
to realize (n) itaell. We ehall proceed by m:uH 000.; namely, giffu 9{n-lJ, fl..0 )

1 

can be realized wUh one line ar temporary storage as tol owe 
Construct the -network ,of Figure 5.3, wbich contains two occu.rrenccs ol 

n-l) and one occur!llence of 6(3). Observe tbai d = c, since pery generalized 
AND/NANE element coin.eides with its inverse (and thus the second. ,oecurren,ce or 
,C:11-l) cancels the elect ar the 6nl). Tb.ere.fore, the pair ({c}, {,!}) conatilu&el 
a temp:.tary•ator~~ re chan11.el When c I, I e remain1ing Yanablm behave • 
lhe eonespondin1 ones of fC"l.1 
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Xl --.-------,---- Yl 
~ m 
~ ~ 

F1a .. 5.3 Re&H.atioa wdll temporary 1torage ot,Ctt) from ff. I) (and 1l1JJ. 
In this network, when ,c; I, also t! =- I, ud the .remaiaing ,mmpoaeau 
behave u the mr,espond.DII ODefl orf<.n). 

In the hove construction, it is clear thal o e line of lempc,-~ tot'B\p ii, 
added every tmte that one realizes ~he AND/NAND fundiao of the nm higher 
order. Thence the lollowin theorem .. 

THEOREM 5.4. Ia Theorem 5.3, lei n be 11te orde, of the giftD mwrtibJe 
lundion, and m the numbeiof sontte (as well u 1.in:kJ Imes required requited for 
temporar.,..dor ge channels 01 Cbe realira&ion. TJren m need not exceed n - 3. 
B onb" ~) · given ,N • p,muiive, lfien m need not aceed 3n - 3 

.Remark The econd part or· this tbmrem reflects the fad th t additional 
temporar)'"-storage lines are needed to realise NOT [rom AND/NAND (d. (3.8)). 

The proof or Theorem 5,.3 a'8bliehes a 1eoeral mechanism ror bringing 
about destructive interFereoce or garbage~ With reference \o, F~-un: 5.3,, which 
can f'Yl!: as an outline for the general case, observe that the lefi portion or 
the network is accompanied by its "mirrol' image" on the right. The eft por­
tion eompuies an intermediate m1ull (on the tine running fmm c to ,!) lhu is 
needed as an input to the lower porli n and ia rd rned b1 ii uncban, ed. Ha'ria1 
performed its ruoction, lhu mtermediate resul& • - then "undone" by the righl 
portion, so that no garba · le[I. 

Tbe reader m-, refer ta (3, 1) fo1· more , peci8c u:11mp)es of dntruc\lve in• 
terlerence of garb ge. 

Taken togdher, TheoreBl.l 5.3 and 5.4 have an mtetalio io.ler-pretation 
ftom the viewp:iot of mmplm67 tbmr:y. The7 irnpl.J a trade-off between the 
number or available primi.tivea and the availab* ,"ly or u appropriate amo nt of 
a rescn1.rce lbat, u we ehall pNRn&ly aplain, can be inlllitln]y demi&ed wi.th 
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Cempora,,. dora,e (hence tbe term '4tempor1r, torage ehunel" introduced in. 
Section 3.) 

Followin1 the lines of l 1he proof or Theorem 5.3) •DJ inver&lb e function / 
(F•11re 5.4•)1 can be ,.H,ed by • ne wa k ol lhe k d WutraW la Flaan 1.4,l, 
(whue mly mme relwaat cleWII a.a been indlcaled). 

(a) (b) 

a I b .I b • 
<p 

-++--1-+--.......,_ Yn. 

+-+-+~t-+--+++-,i..__ ~ ( = c1) 
• • -

-~t--......+-- c'r(= c,.) 1--__;;;. ______ .._,;;:;;._----1 

Fm. 5.4 It Jude.ad ol au ad oc revenihle mselta11'" m (a) to, the lavenibJe 
lundlon / one aee:b a mecll i,m bued on1 tfle AND/NAND J)llmitm, u hi 
(b), auiliary cond nt m,put -,nal, ,e, required. Suc.h a,raal! an retuned 
uoehaqed ,at t.l1e ou&put. · 

Let us consider th~ process or &raftl'Slng the box c,f Figure 5.4b from left to 
right Eack line running lhrough the box represents the evolution of a binary 
storage element. In general, all the cons~ant- en\ering the bas wiH be repeatedly 
written over u they traverse the bm iteeU, yei, ,hey will emerge from the box 
with the original values. In this conlen, a t-empor,1117 storage channel (such as 
the p ir ( {c1 ~ , .. , Cr}, { q, ... , d,,})) represents a uscrat·cbpad" regish.r which is 
initialized to an assigned state (say, ,all G's) and is invariably restored kJ t,he 
ori inal atate beFore the end of the computation. (T'hough more general, ihia 
behavior is analogous to that or the reve ·bte Turing machines dacribed bJ' 
Bennett{4) and briefl.7 discussed m Section 7) 

In this context, Theorem 5.2 cu be interpreted u aayin1 that, ror s iven 
choice of reversible primitives, it may be impossible to eany oul the computation 
or given invertible ftnite tundi . o it one • r trictcd to worku.g on a rq:mter of 
size ju-t enough lo contain the argument (d. the llmitations of :linmr-bounded 
automala). On the other hud, Theorem 5.3 8SJB that this diffl.cult7 diaappean 
as soon as one permits the use of an "udliar, lempora11-storage regi11hr of 
ap,propriate · e. 

The .lo win1 liBI (cf. Figme 5.5) ums up in a scbema,ic wa7 the 
mp t/ou,pui N!SOurces of which a reversble ne&WDrk mllfl avail ihelf in o:rder 
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to be able lo compute a lnHe luaclion ~ 

(a) argument result 
(b) constants _.,.. .,._ garbagie 

(c) . ...,_ temporary storage channels -►-

(d) consta.nls --l ~~- garbage 

Fia. !5.5 Cl iflcation of lapue and output Imm m a Nffnible mmbiaa­
tlo.nal network, according to tl1elr luadion. (aJ Argumenl aad nl'Ulf al ihe 
intended computation.. (:bJ Co.nriaaC and ga,bap lia:es to a.ccoa1d tor tlie 
noniovedibilil.,- of tbe given lunctioo. (c} "Temporary toragen rcgis:tffl! 
required whe,n onJ.y a redrided ,set of prim:it.ava is availahJe. (dJ Addilioaal 
constant and garbage Una· required wlum m desjg.uinr the network one 
cllDDBes aoi to tab luJJ advant1ge 1of l~e mrreJatioa belnen internal 
streams ol data,. and thus loom, oppcrnunitiea to bring a,bout· deslnrdive 
1nterleiren.c:e ol garbage. 

(a) H ' is invertible, and the use or ad lwc primilms ia . owed, ihen DO 

murce ,or einl Jin.es arc nccessar7·. 
(b) H ti u not invertible, it ii necessary to provide source lines kl he fed wilh 

e.peci.6ed ,canetants and/or aiok Una which will produce garbage. 
( c) Independently of the :inver&ibi!it7 of •• if onlr a ,eatrickd set of primi­

tives is allowed it may be neceasaey ta 11upplf trmpor ey--atorage cbaanela (i.e, 
addit.ional 90Uree Ones to be rect with mnat ta and an equal number of 1ink 
lines which will return constants). 

(d) II, in order to aimpHJy the mtchaniam, one ehooaes to · _ n.ore that cer,. 
ta.in st.ream.a of garbage wilhm the mechanism are mrrelated and lh:a1 could be 
eubjected to destructive interrennce, Ihm rurtber aource and • k tines .W be 
required,, . in (h). 

I. Comenathe loaic 

In view of the mnaidcrablc amtiona. that were n~ m the previous 
section in order lo obtain bona Bde realization or mech •num. , havin u:O:iftraal 
logic capab"lities and al the same time sat" lJing 6he reversibility conetrahtt, 
one might. wonder whether nontrivial mmputalion wuul.d be possible at all if 
nbatantial [udber caostraiDts were .impoeed. 

Aclualb', i• urns o & &hat universal logic capabilillea can 1tiD be ablained. 
even ii one restrict.a one'■ Hmlfo to mmbinaiional nehrork■ ihal, In addiilon 
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to being reversible, con11erve ID lhe outpu\ the n.umber of O'a and 1 a that a.re 
present ,at the input The l!ltudy or uch networks ia pad or duclpline called 

. mnaervative logic• (7] (also cf (11]). As a matter of fact, moa& or the reaulls 
ar Seetlon1 4 and 5 "re origin..U,. derived b7 Fteclkio and a&IOClatee in the 
eon.lat of' conservative logic. 

In eonservative logic, aU dais processing ls ultimately reduced lo conditional 
routing or signals. Roug:bly speaking, sigoala are treated as unalterahJe objects 
that can be moved atound in the course of a oompu&at n but newr created or 
desliroyed. The pbyeical 1ignifica ce ar ,his prineip~e will be discussed ahonly. 

The basic primHr,eal conservative Jogie ia the Fredon gate (d. (16)), delined 
b,- the ·lable 

C SJ ~ 'flJ. tJ 
0 0 • 0 D 
0 a 1 .l u • 1 0 1 

1 1 -+ 1 1 (8.l) 1 • 1 0 • 

1 1 l 0 1 
1 1 1 1 • 1 1 1 1 1 1 

This computing e' emenl can be vimalized u a d.evice lhat perlarma cancfflion&l 
Cl'OS80ftt of two data eignals a ,and I aec:ordiq to &he value of a mnt,ol qui 
c (Figure 8.la). Wh.en ,c - 1 lhe two data qnu lollaw parallel patba, while 
when c - I ~er C1Cl8I Gft1' (Fipre 6.lb). 

(a) (b) 
C l - 1 0 

4 a a a - ~._:--;; ....... 
b 

.,,.>-, 
b b f, · ... , .. ~~ 

Flo. 8 1 (aJi S,mbol ad (bJ operation of the Fndtfa ,.de. 

In order to, pn,ve the u.niverullt1 or this gate u a I _ le prbnitl~ ror reversible 
computing, it is l!lufticieal to c erve that AND can be obtained fro·m lhe map,ping 

'Bes'dea a combinational primi\ive (tTie Fredlrin gate aiscuued below), conecrva.­
tive l~1c also posits a communiea.Uon/memory primitiw: (the unit wire). Together, 
these two primitiVt:S are auftlcient to accounl for aequntial computation. Moreovv, 
they provide a buia far a theo11 or computation mmplml?" which incorporates 
cenain impJrianli ph,aicat-:like mu hamh th. t ue aauan, nealeded. 

20 



(,,, q, ) 1-+ ,(p, pq, pq), and NOT ud · ~ovr .fNJm the: mapping (p, 1, ~ 1

,.... (p, p, p). 

There ensts only one other 3-mpul,. 3-outpul couervative-k,g'c element &hal 
can be u&ed u a 11nivenal primitive; thil ii the s.,mmetric m.Joritr/fJUffT 1•te 
(&MP) debed. by 

s II z s v I 
0 0 D 

D 0 J 1 0 0 
0 l 0 l 

l 1 ..... 1 l 0 (6.2) 1 0 J 0 • 

1 0 1 1 .1 
1 1 0 1 1 
1 1 J 1 l 1 

Intuitively, in the BMP g te the three mgoals are rotated in one direction ii tllm 
overal parity is even, , , d in the cilber direction ii ii is 1odd: While tbe BMP gate 
can be ~lized isomorphically b7 meana 1or Fred.kin g.ates, a realizat' on of the 
latter h,- the former' requires a. temporary, ,star , e channel. In Ibis semre, the 
Fred 1n -ale is the most elementarr ,coaservaiwe- ie primith&---llnce no 2-
input, 2--output inw,rtible .fu:ct· n is u1v:enaL • 

Finally, Ike FrecWn ate can be ,allud 1-mo pldcal:IJ' by mean• of 
AND/NAND Ruts.. hown hl FiaUJe 6.2 .. 

C 

Fis. B 2 Isomorphic nahttmn ,of tie Fredtin.1a&e br me&n• ol AND/NAND ,..,.,... 
It is important to malie that, far from .repreaentin merely u elqaa.l tou,­

do-foroe in the theory or reversible computing, conservative logic pnwidea an ea­
aent111I connect· on between that thmry and lhe phpic:a or c:omputmg circuiu. In 

· •An eft.D more elemtary CODeeJV&th••loiic pr"mitive, namely, t6e mleracfion 
gate(TJ, can be obtained if one mnsiclen inftliible fund~ n whme domain and 
mdomam come· de with a p,oper nbeet a a set ol &be form B•. 

21 



ract, while in any revenib]e aystem w&atBDeVer there ate a number ar conserved 
quanlitia, in pb'&iical system many or theAe quantities are required to have a 
special elructute. For instance, energy, momemlum, and angular mamentu:m 
are additin (this reflects certain SJ'Dlmetries of space and time). lntuitivelJ', 
reve ibility b7 itself is nol ufflcie I to give enough physical "fta?1H•" to a theory 
of computing. 

In a conservative, logic cBcuit, the number of l's, which is moservcd iD the 
oper,ation ~r the cireui.t, is the awn of the number of l's in dilffea, parts ol 
the cmuJt,. T.hus, thia quantity is additive, and can be ahown to play a rormal. 
rote ana ogou,s, ta that or energy m physical systems , O&b.er monectiou between 
mue,rvaiive logic and phylica will diatttued in more detail in [7] 

In concluaion, conRl'Vative logic reprcuata a au.baianlial atep in &he deve p­
ment of a model of computation ~hat adequately teflecll lhe 'bu" claws or pbJaics. 

T. Rnenlble Htp1entlal IO!llputiq 

In Sections 4 and 5, we started from a eertam computing object (VIZ , a 
bite funcfon), and we discuBBed the conditions [or its reversible tealizafon 
Int (a) as an object ol the same nature (viz., an invertible finite funct.ion) 
treated u a "lumped" 1,stem, ~bu dreui.Q_ functional u~ts, and theo (,b) as 
a "dietrib1lted" system (viz., a revereible combinational netv,urk), ihua tressin 
n-ructaral upede and paving the way for • na~aral pll;ysical implementation. 

By and large, we shall faHow a aimi.lar pl io. dealing with the mare com• 
plez compulin1 ob1ect that ccuti\ute the paradigms or eequeotial compntin , 
namely, tiaite automata (in the present section), Turing machines (Sect·on 8), 
and ,cellular autama.ta (Section 9). 

First, we eball make a re commemt , on sequential computing in general 
In Section 2, we defined an ,abstract computer u a ruuction .. compoaition 

acheme Some of these schemes possess regular structure or a certain kiad, 
n,amely, they are Cune-i1eratm; • and with approp iate conventions can be ,ep­
reaented much more compaetl1 m terms ol · -equenUal .net- rk1 (,cf. (9]). 

•tt the partial-order reJalioo between arcs th t is induced by the f undion­
composition operation is interpreted as causal ,elationship between signals then 
certain other rela·~iou between atca are natur By mterpreted as referr.ing to spatial 
and temporal relationships. Io ibis conlm, a causal ueh.vrk may poasesa certain 
aulom01phiams that may be interpreted u time 11lifte, ud. in &h · _ cue the network 
ii Hme,.iteratin; aimilarly, it ma, possemi automorpbilms mmaponclma lio •patfal 
_hilts, and ia ,hia case it ia spac:e-i&erative. 
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Co id.er, for definiteness, lbe iterative runction-composition 

{
9i+l ·~EB,,. 

(-oo < i < +m), 
1/l+I -qeqi 

nplici,17 rep,aenled by ihe iD&nHe cau nelwurl: of Fip,e 7 .. 1. 

Ya 

heme 

(7.1) 

Fla. T .1 A luaction-mmporJtioa echeme llavmg a &ime-1&eratin drudun. 

The same scheme can Ix: represented by the finite :sequenlial net,work of Fi ure 
7 .2. By comparing thia 6gure with Figure 7.1, it ia clear tliat &he role or &be .,_ 
called "delaJ e emenw" in uquen&ial oelwu k. lo mul: o-I tllale pluel tba, 
mfflllpo d to t.be boundU7 bdween one 1 - • and the: aal ID I e eqainleal 
,lme-ltaa\m: eombln tlonal ne&wa k~ 

::r y 

Fro .. 7.2 Tlleaame fun,dion-composjtion Kheme .a, repreRDted bra finite 
sequential networt. 

In the previam eect10ne, ro, the Ake of realizaf on arguments we have treated 
a finite ruad·on u ammbinuiooaloel'WOJ'kcon • Un -of a11D1lenod.e. Similarly, 
we hall treat. a lnde uwmaton u a sequenlial ne~. rk whoee ·combmal•ioDal 
part conaiat of a single node, 11epresentin1 the aulom ton'• traneiiicm fundlon. 
Thus, for aamp e, the ne~wu I: or Fisure 7 2 can be lden.tfflecl with the ftnlte 
automaton (s, q) t-+ (.- EB f, s ~ q). 
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Fin lly ,, recalliD1 that a compulatron u a solution of a ru.nction-eomposition 
acheme (ct Sect on 2), Id us note that one is u11ually not inhreated in arbitrar,-
10lut,ion11,; rather., ,on,e 1eelk1 mlution11 co,reaponding to particular boundar,- con• 
ditioaa (defined, for 1n1tanee, by usigning specified values f.o th.~ mput liaes) .. 
Moreover, in lhe cue or a time-iterative scheme. one i1 uauaUy interaled only 
in that port on of' the scheme whose etement1 are 01.dend by i ~ io (for an 
arbittal'J' io) The auignmeol or peciliecl valuea &o ~be new input, lines thal 
are creahd in ihia W&J (i.e., by "cutting" \he network in half) caneaponda lo 
lnltialisi.QC the dei.1 elmnenta in &be aequential-nem ,k repNRDlalkm. 

By de&nition,. a Bnit-e automaton is reR1Bible ii its transition function • 
inver,ible. Thus, in ,order lo realize a llaite automaton by means or a 11evers1ble 
sequential network,, it, will be suffictent to take its transition function, construe\ 
a revenible realilatlan of it, and use this u the cambina\iooal pan ol 6be c.tairecl 
sequential net.wart The pNblem of teYenihly realizia1 u a,bltr&17 &nite lonc­
tlon hu been 10hed. m SedlGD 4. Thu, we haft the f0Uawin1 theo,em. 

TsoREM 7.1. For enry Jiaite automaton,-: XX Q-+Q X Y, wllereX 
B"', Y B•, and Q B", there e.xista: a rew:mble ftnife automaton t: (B" X 
B"'} )(Bu~ B11 X (B• X sr+--i, walla r Sn+ u, aum IIJat 

, ' 

&,( ~ 1 st, ••• , Sim 'II.• ••• , fa) - ,.,(si, ... , Sm, 'll, ••• , qu), (i - 1, u • , u+n). 

In. othe1' .:,Jlds, whatever can be computed by an arbitrary &nile automaton 
according to the scheme of .F.igure T .3a can also he compuHCI by a renNibJe 
Bnih automaton ac:mrdmg lo lhe schema of Figure 7 .3.b. 
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(a) (b} source 

- . 
iop td arbitrary output input invertible 

linite 
fuodion 

output 

old s tate finite 
function 

sinfc 

delays 

Fie. 1 3 Any finite automaton (a)' can h n.ahHd u a revemble fiaite 
automamn (bJ flaring a number of auxiliarr input liuC9 (sou,ceJ wllkll a,e 

fed Mth mnstao& and a number al auxiliary o tput liam (1intJ wltoa 
values .ue dmq. rded. 

The .lo1 owing thm,rem, which from a mat.hem tica1 viewpo·in• is 1,rivial, is 
a 1eatatement of the BeCOnd law of thermodynamia. Rec.a that an aulomaton 
m closed il X {1'} (i.e .• there are no inpul linea); open, otherwise. 

T REDmi · 7.2 Ha dosed, 6111ie automaton is oo& reRnibJr, H1.e11 ii dam 
not admil o.r a 11eversible realiution tbt · bolf1 eloeed and flmte. 

Proof. Given a no:nrevenible automaloo f' • Q-+ Q, me thal e : P -+ P 
be a reversible realization or .,. . Thai, is, wr; asaume the atdena: al an invert-Ible 
Anite runct,· t and ar hm maps p ud 11 (respectivet,1 tile encod~r and lhe 
decodel') such hat, For all i ~ O, 

(1.2) 

Since automaton t is tnit-e ud reversible, Fo-r any p E P thens: uiats, an tp > 0 
· such: that tli(.p) - p. Thus, for an,- q rE Q. ut"{tJp(q) 11µ(9) But, in view of 

{1'.2), vµ(q) I;;;;! q and vt'-Ct>p(q) : ,-f.(tJ(q). A a mnsequence, .,~Ctl(q) q for 
all q On the other hand, ainee aulomaton t: • Bnite and aonrcversible, &here 
moat be at least one q E Q such lhat ,.,(W ,', , ror al i > 0. Thua, lhe original 
assumption leads f.o, .a an:.tradiction.l 

Remark. Acoordm1 ·~ Theorem ~I, noninvertible .IUDctiou can be com­
puted bJ a l"eVl,Mble 1,atem pmrided that 1upplf of can.tu .made avail,. 
able. In an open vstem, lh , 11 pplf ma, mme rmm mme lnpul lines la • 
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c:loaed .~y,atem1 in order to perform a r.omputation in on.e pad of the 111lem one 
may draw mnetant1 l,om another put, for in11tanee, &he ind.e&n1tet,- mended 
blank tape of a Turm.g machine (er.. Section 8). ~. if lhe IJJ8\em ia also 
Bnlte, Ibis supply will eventu Uy run 0111. 

Thus, the inter.pretation tha& a 6mle, dosed,, and reversible system "is 
modeling n irreversible plOCa&" can oat, be lll&Ulwned ro, particular iniHal 
eauditions and on II space-time scale that ii limited wi,h reaped to that al 6be 
en'&ire sy,atem. 

Having d.iseuescd the realization or &nite automala by means or reversible 
8ni~e automata, we tura now to tbe realizaf on of llnite automata by mean of 
revenible finite sequential networka based ,on 11ven primitives. 

It ia 1clear that all the argumen or Sect· n 5 and 15 concerning finite func­
t · ana, unmediately apply to the transit·oo ruadion of an.1 given ftnite a lomaton. 
In ~rticular,. m analogy with Fiawe 5.5, evu, Bnile a -tomato& eaa be realized 
by finite, rennlhle aequential netMJrk hued on, AY, the 4NDJNAND primitne 
and havlq lhe followins fmm (Flanre T.t) 

source . 

input .......----i 

old state 

reviersible 
finite 

network 

---- temp stor. channelt:---

sink 

L--_.,..._ __ , delays 

L------------i delays 

.~-output 

new6fate 

ti 1s. 7 .4 .Re.aJgatmn. of a linite • mmatoa br meaas of a finite, .revenihle 
sequential network. 

In order to meure the desired behavio,r, the state eomponenta represented by the 
_ empo ary-storage channels must be initialized ,o.nce ud for aU wilh approp tale 
values (typ1cally, all '.s), while the source mu.st be red with apprap,iale conataate 
(1.ypfoally, all 's) at every sequeotiaJ step. 

In a. mnveat·onal compner, power diYipation ii p10ponional ta the number 
or 1c aw. On the other aud. lhe number o coo1\uu/1arbaae liuea m 
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Figure 7 .4 • t wo t pmportional lo tbe number or inpul/oulput lmee (cf. 
Theorems 4.1 and 5.3) From the viewpoint of a ph.yeical unp]eme.ntation, where 
signals are ,encoded m some form or energy, the above schema can be mterpreted 

foUowa: Using inveriibl'e logic gales, it is idea.U,- possible to build sequent:· J 
a>mputer with le1'0 internal po~r dissipation. The onl, : urce or p:,wer dis­
eipat1on a IRS outside the c1rcui\, typieally at the mput/outpat mterlace, it th.e 
user chooses to connect input or output lines to non.reversible dig1lal cIKnilry. 
Even in this case, power d" . 'ipation ii , at mcm proportional to the number of 

rgumentJ'result lines,• rather than lo tbe number of _ ·e gates (um ,ordinary 
compoten), and • thu indepen.dent ar the ~mmplezH," o the fuadkm. beba1 
computed. Tb11 canatdutea the cealr felUII of & ' e present. per. 

8. Revenll J·. Turlq macblna 

We shall ume the reade:r to be Familiar wi~h the concept or Turing machine. 
From our viewpoint, a Turing machine i , closed, time-discrete dynamical 
syetem ha.viu= three state campone ,, i.e., (a) an m&ni\e tape, (b) the mternal 
state of a Bnite utomaton called head, aud ( c) a m,uoier whose contl!nt indIC&tes 
on which tape 1squarc the head will operaie nm. Let T, H, and O he the Bet■ 
cf tape,, head, and counter stales, respectively . A Tviog machme is ,eve ble 
1[ ·ta transifon function f' ~ T X H X C--+ T X H )( 0 is invertib e. 

It IB well kliown that For every recursive fund" there eDSU a Tuna 
machme that computes it, and., iD particular, tha\ lllere mt, computa\loa­
unive al Turi.Qi machinea. Are lhae capabilHiea preserved it one rest.rid, one' 
attention to be c]us of reversible Tur"ng macbinaT 

The answer to the above ,question lB posit·:ve. In fact, in (4) Beune,H emibil1 a 
procedure ror con.strudmg, rm •DJ"Turing maehhle and for.certain quite eneral 
comp11tat ·on formats, a, reversible Turing machine that pedorms, essentially' the 
same compumtiona (The conce,pt or "tewnibill~ used b7 Bennet,\, ii weater 
th,an ours, insofar as t e transition fnnctian and ats inverse are de&ned ,onI,- on 
distinguished u _ et or tape/head/counter atates, and even. amoa lbese slatu 
there are eome with no, predcces&0n and iothe.rs WJ.tb no ncca.so.n1; however, ihe 
tr oeition rules or Beout!U'a machme cu eaai1y be u, mealed ao &o ,tiafr 

'In fact, the free energy diat must be upplied ia at m .. ~ ilia~ in w-&icb t5.e inpuli 
conat&nta are encoded• an.d the thermal eneru that muat be removed •. at mod 
that of the garbage output AccoNlin to Theorem 4~1, lhe number ar mnnant 
lines need not be .reater than t,ha& or 're&ult lines, nd t. e number of 1ubqe Ines 
need nol be 1ruler than lhal or 1111umenl linlL 
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011r stronger de8nition. We shall· uaume this augmenting proced.u.re to have 
been carried ont,.) 

In order' to obtain the desired behavior, Bennett's machine ia, initialized so 
th.at aU of t.he- tape bl blank except for one connected portion. repiesentmg the 
computat1ont1 ,argument, and the head is set to a d~stinguirshed "i.niti ~ stat"e 
and pcndlioned by the argument'■ Int aymbol. Al the end or the computation, 
t~, when the bead enters a di1tin1u bed '1e1miaal 1tate; the muH will ppear 
on the tape alon1•ide with the u ument, and the reat or the tape will be bl1111k. 

Thus, a number of tape quares that are initiall,J blank will eventually 
contain the result,. These squares fulfill a 10le imi1ar to that played by tbe 
constants/gar&.g.e Imes in Section 5, in 'the sense that the7 provide a sufflcienl 
supply of "p~ictable" input values (blank ) at the beginning ,or the camputa­
ttoD, nd coUeci the :required amo ni of "'random" output va ua (in this cue, a 
eopy of the argument-er. '1le lint ,ow of (4.2)) at \he en.d af the computat·on. 

Moreover,. ,dmia the. comp11tallon a number of originally blank tape uarea 
may be writ~n ewer and eventually erased .. These squares rul&U a role 1JimiJa• 
lo that, played by the temporM7-storage bes in Section 5 (cl. the d1BCl1B8ion 
een.tered on Figure 5.4). 

It ia, c_ear that, like the mns\anls in the reve , lble combinational net'\W>rb 
of Section 5, the blanks .in BenncU's machine p aJ an essential. role in the com­
puta.tion, e·nce without their presence one could no\ achieve univenalily and 
revenib1li'tr at lhe same time,. lntuiti elf I computalion in reven.ib e 9Jlltema 
requires a higlter degree of 'predidability" aboul t.he enriroament'a ia1Hal mn­
d1&iom than com_putation in nonrevenible ones. 

Owing to the .. hybrid" natoie or a Turing machine, which invalves eeve al 
kind■ of computing primitives (an active device, m,1 the head, a passive device, 
nz., the t pe, and. mechan.isms :ror head tape interaction and for head move­
ment), His difficult. to, dueuss the realizability or a Tu.ring: machine bJ" mean 
of revenible, d"'atributed eomputmg mechanism bdare haviq rap1eR111M. tile 

. above primitives in terms, of rewer ud mme e emen'8ry onea F01 tbil reuan, 
- shall deal Mlh this problem t lhe end or the am Rdiau, when nitable 
looll will have been introdncat. 

9 .. Revvalble cellular automata 

We ehaU assume the reader lo liave some familiari~y with the cancep\ of eel­
Jular automaton (cf. (21)1 tor det - and referenca). From a phyaical viewpoinl, 
c:ellular au&oma1'8 are in ma01 ,apecb more 111\ &dory rnodela of CGmpuliq 

28 



proceases than Tunn1 machines; in p riicular, they .allow one ta represent by 
means or the _ e mathematical machlnery and ,at the same level of abstraction 
not only a compu~r proper but also ii environment, t e interface with. ita 
"users," and the· "'usen"' tbcmseives(22). A cellular automaton ii in aaenee a k,. 
dimeo.s"onal (k ~ 1) array-of identical, unitormlyinterconnected fioileautomala, 
and constitutes a closed, time-discrete dynaaucal system hose ataie set la a 
co11ntab e Cartesian ptoducl or &nite aeh and wh011C lr-anmf n r cfon hi, ,can. 
tin ou · (in the topo ogical seue} ancl ,eommutea with lhe trans· at , (i.e., with 
the elements of the array' , 1ym.me6r, _ -up). A ee ulu automaton III reveniltle 
if it tr D,sit" 011 fund10,n 18 mnrtible .. 

It is weH known that lbcre mat cellular automal that aR- mmputa~·on­
, nd. con t udion-nniversal. Are these capabilities, preserved if one tealrieta one's 
attention io the class or ,eve ible cellular ,auioma,ta.!' Tile am1wer to the above 
question is po _itive. In. ract, in [2Gj Tololi e%bibits a procedure for conatrucl­
mg, rar &J:IJ" cellular _ utom ton (presented as, an infinite, apace-iterative sequen­
tial network), a rcvenible cellular automaton lb i realizes it. (Note that until 
then t e existence of computati D• and mnslruction-nnivenal reveralb e cet~ 
lular utomat -which is lhu established-bad beea doubted or, by erraneou1 
arguments, outrighi denied.) 

A umiog the original cellular automaton M to be one,,dimens·oaa1 and with 
the van Ne mann neighborhood (Figure 9.la}, wt& Toll'aH1

1 co:utruclio one 
ohtala tM:,.dime111io11al cell utomato M · which the ow of inlorma. 
,ion bei1'elm lhe em111'8 llie urQ' (or NH,) can be YUuallad Flpre 
I lb. 

(aj (~ 

F,ca. 9.l -~onaaf flow (aJ m a cma a e-dlma..,.tl cellular 
automaton 14, and (b) in Ille car,mpondla, lwu-dime11rfoul, nnNIWe 
Namalion M. 

Each row ar M con11lilutee a tenraible (in6n1te) automaton wh eb · _ o eoune.t 
open. Let con1ider padlcu ·r ICIW ,. ID analoa, wllb Flaure 7.3, le& u1 

interprel lhe Bl'l'IJW• mleria1 a, row fro• al,c:sni (In. F are 8.1) u mu,ce llnea, 
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and the ones leavm1 i& lrom below as ainl: lines 81 construct" on, when the 
murce linea, ue led wi.th putieul , mutmt values (all Oi'a) and the values on 
the sink Imes ue ignored, the ~ automaton will behave as M. Jn order 
lor M to constitute a nvenmle tealization of ti, one muat 1uuanlee tlud p'a 
BOUrce lhles are fed with O's al aU lhne atq,s t ~ 0. But, bJ' con1buclion, if a 
row is initialized to, a distingni&h.ed blank state and 1h , urce lines are fed with. 
O'a, &;hen the row will remain m ibe bhm.k late and ita ainlc Imes will produce 
01

11~ Thna, if all of the rows that lie brJve, p are initialized to the blank stale 
(Fi Ute 9.2), an incmaumble upp o[ 01

1 will "rain down" intiO p. Ai tile Mme 

lime, p's sink lines will produce e.rbqe lhal will pread down aacl aidewaJW 
• ilm>u1b tbe ·l'GWi below A while p iueU wHI ~IOCI ce M''1 Nb-~. 

. ~-- ,~ :iM'.~;, . 
~.,;;;,..,~~~~ 

p 

F1&. 9.2 With proper mit.iaJintion, tile renni e hm-dimeuionaJ cellu r 
automa'ion M JUJms tlle one-dimeairioul automata M, wlaicll mar he 
irrevenible. 

In Section 5, we saw that,, s\aniq from a find, finit-e set or invertible logic 
primitives, one cannot obtain an 1SOmorphic invertible rcalizatfon for ew:17 in­
vertible 11.nite tundian;; rather, in general one mnal b£ allowed to use ad-hoc 
primitives (possibly aa _.compler' u the ruodion itself) or .inlroduce hmporary-­
atoraae channels (tliu1 giviu1 up 110 orphLm). Similar cooelderation apply lo 
Bnite automata 

Consld'er now a revem.ble cellular a.ulomaiion Al.14 can always be realized 
as a reversible sequential network witll temporary do.rage. le U . /ble to con­
atrud! an isomorphic reversible realization of Al if one is gi~n a free hand in 
the choice or prlmHivmT Surprisin 11, the answer kJ thil question • , negatiYI!' 
(Theorem 9.1 below). 

LmMMA. 9.1~ Lei m be the number al binary dale nriablm associated witll 
eacla cell of a ceHul r automaton 14, ,and n lhc me ,of itl .aeigldxnllaod., A necm-
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• : 

' l 

I 

SIUY condit·on lor the isomorphic n,alirabifity of Mu ,enmble aqoeatial 
network ia illat m > n. 

• 
Proof. We _ hall ketch lhe proof for ,a one-dimemmnll ce ular automaton 

M with m - 1, n - 2, and ne· ,hborbaod mcla: (0, - .I) (i.e.1 lhe am state of 
cell i will depend on tbe currant date or cell i ileelf d of eeU i - l, ,hali ia, 
1h "left" neighbor • A wne that the required realbalkm M exi.de; •• will haft 
the form or Fi1ure 8.3 

(a) (b) 

{d) ,, 
' I J 

combinaCionaJ network ~ 
a--1 , i -.+1. 

(c) 

ii-ll i i+l 

i-l i i+·. 

FIG. 9.3 (a) Overall drud11tt of &lie (. _ med) • , rplaic ,ever,JbJe 
reamatma of M. Details or the combination pm ot • ell realia&·· n: (bJ 
paths Imm each celJ to iis:efli (c) patm from each 1cell to its r· ht nefilrbor, 
and (dJ nodes implied by the mstence of 1Ucll paths, 

Smee each ceU 1s "afl'ected" by itself, there will be paths in _ he mm.hinalional 
pari ol Mas, m F11ure 9.3'1x simila!fy, ain.ce each a:U m "all'ededlt b1 ih len 
neighbor, there wiH be pathB as in Figure 9.3c. Thus, &here will be nodes in 
Figure 9.3d~ These nodes cannot taad ror lDftriihle ·primitives (note fan-in at, p 
and fan-out at q) unlea further ,arcs mt (namebt, an additional uc enletin1 p 
and one leaving q). In turn, these ucs imp]y the eD1tence of aew nodes and m 
on ad mfinitum--4f nee counediQg these uc:s lo one anothe, would mlate tbe 
partial ordcrmg ( .. causality"') aaociaud wtlb r d 0

011 campoed_ n). Clearly, ii 
· impossible to complete the COD truction wii t inboduct. _• 1ilher ~- or 
palhe or in&nite le th.I 

TIIEO .1. T.hen exist: rennible ceH11w u~mata thl do not admJt 
ol an isomo,phlc nwnible reamatioa. 

Proof~ ID (2), AmoJmD and Patl exhibit revenib-e ceUalar a lomaa (mme 
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amply diacuuecl in (21)) with m - 1 and n -=- 4. The them follcrwa lram Lemma 
9.1 I 

Finally, it bl well known lb t aoy Turin1 machine can. be embedded in a 
1ullable cellular automaton Tbu1,, accordiq la the tmeplq dllcallion, any 
Tu.rl111 machine can be reaUled b7 u ln6.aih tenraH:, • aequeailal aewatk. 

11. Oo rlu.dom and penpedlva 

What properUes ol D abstract computing system are critical in determining 
whether or not ii can carry aul a ·ven task? To we an e::nmple, it isbown that 
linearity ie incompattble with computation uniwnalit.,i[l5], Many other .i1&uea, 
dealing,. for inatance, wilh ·monotonicity, lni\eoess or storage, av,ailability of 
constants, etc., 'have been d1scuaaed extensively in the pul and are essentially 
settled On the other hand,. ooly ·reeenily has m:me light been thrown on th.e 

. queetion of to what enen.t tbe imposition of the revenibifffy comtramt all'ec\s 
,he compulang capabilities of a 1yatem. The 11ue\ained debate oath" imle bu 
been fueled an.d at times co.ofued b1 obvious connedlon1 wi&h certam ph,Bical 
queefon1. 

In thil paper, we have laid. down the ro11udalion1, tor the tlaeorr of revenible 
eomputiag, i e..,, a theory 101 comp- ting hued on iovertlble p.rimUives and r.om­
position rules that presern inverl1bllity, and we h ve shown that ihi.a theof7 en 
deal aatisfactoril7 with both the rudionaJ and the atrudural upec of mm• 
p11tm1 processes. In particular, those atr duns that constitute tbe tradit. nal 
paradigms of the theory of computing, such as combmalional ancl sequeniial net­
works, 6n1te automata, Turing machines, and ceDulu automata, have been as­
certained to have reversible counterpar~s or equal computiug power (Anal ,ou■ 
conaiderationa apply ~ ayetema of dilerence equations, u will be. shown m later 
paper_) Tbna, the choke to e reftr8"b)e mechaol!Dll in ,descrihin mmpuUq 
processes i.s a viable one. What can be gained from ibis choice? 

In the ,synthesis ar u batract compuUog system tor a given task, lhe re­
quir,ement th.al the 1y1tem be reversible can in general be met only a\ the cost 
or greater e6ruetnral comp,laUy In other -words, one may need ma11e (but not, 
many more) g tea and wires. However, the ayatem' very revenlibili~y prom.ilea 
to be a key facto, m eadlng to a more efflcien& physical realization1 since,. ,at 
the microscopic level, the "primi~ives' and the 44composition rules~ available 
in the physical world resemble much more closely those ueed in lhe theory of 
reven·b e computin1 than Ibale uHd in tracllfon&I •·c daqn •. Far aam,ple, 
tt appean ibal conaervatm ogle might be comp •kif modeled by pl'OCellll!9 of 
elutlc col · n, between idenlical particleafT]. 
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Besid questions or efficient implemenlat" D of compulm te -, lhere 
are several other resea:rch lines k, which the mnceph of reYi£rsible computing 
may 1ve substantia] contribution. Here, we l!lhall limi& ourselves ta1 naming 
a rew on which some preliminary invatigaticms b.ave been carried oul, 1ach 
as error detection, numerical aualysil!I and, m particular, the intearation of 
di.lFerential equations; numbe . ~beory nd the .factoring ar larae inteaen:, second• 
order automata an.d t te-nductiou. tuhniqu. ; 1QDC roniz tion of computing 
proceues; and 0Cllular automal, and lbe modeling or fund me11lal phymcal lawe .. 

The mam reason. why the mocept of nm:raibilily II pervasive ii, the fol• 
lowing. In every reversible aystem the,e are a n mber or quantitia (tunct • n1 or 
the system's tatc) which are co · el'ftd, i.e., which are con1lanl along each 101 the 
eyatem'a tr • ectoriea (ct. the "in,earala of &be motion" of thmret1cal mechanics). 
Both: 1n mathematical and in physical :research, experience hu 1hown that many 
interesting properties, ol a ~Jtltem can usuaU, be u:preased in terms of cauaerved 
quantities and on thi11. 1 one can often make nonvivial .11lahment aboul lhe 
behavior or a. system or a class or systems ·without a ~,, to, a into .a delai ed, 
~by--case analysis or thm operation. 

Tbua, in the more abstraet c:onlm ,of mmputing, lhe lawa of .. mnaervaliaa 
or mformat •. n" ma,- p ay a tole ana1otau1 to th of amsern.lio:n of eDel'IJ' 
and momentum in phys· es. 

11 .. llbtoneal. and biblopaphlr.al 

The computing element known u the "Fred.kin 1ate" wu ppuently Int 
described by Q11ine as an tract primitive, and wu known lo Pet,·[tO]. Some 
conservative (but not reversible) CJrC11it1 uain _ complemenlaq 1111oal 1t1UDJ11 

were discussed by von Neumann(25] as ,earl, u 1952. Mo,e recentl71 Kinoshita 
and associates[ll] rked out a claui&caf n of logic element1. that uconsel'ft" •• 
and ra; their work, motiv,ated by meareb iD magnetic-bubble eircuitr,, men• 
tiona the possibility of more e1u,1·17 eflicient compumt1on, bui hu apparently 
little concern for revera1bility. 

The AND/NAND element. · as known to Pdri(lO), ae.d was meat" oned en pas­
- ot, m tb.e context or revenibility arguments, by Ludauer(l2]. The generalized 
AND/NANO f11ndion1 we11e introduced b1 Toffali(2D) ror provin1 lhe univenality 
or .reversible ce ular au.tomata.. 

Doubts about the computat" onal capabilities. of reve ble cellular automata 
were: Ont ezpressed by Moore(16J, and more rormally , lated conJecluN 
by- Burk (5) O&her parties ia the debate were Smil · 1(18), AmolDID d PaHl2), 
Alacb'ff(l], 1111d DI Grep a ,and T.r 11tte r'[B] 
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Di1tribu.ted 1pteuu which are nol reversible per e, bu\ in which 
camputation•11Di'Yfflllt revertible 1tructuns can be embedded by proper In• 
itlalization, were d rlbed bf Pr ese[l?] , 

The idea that universal comp- tin_ capabWtia con d be obtained l:tobl re­
vemble, diu·patioaleu (an.d1 of caune, noalmear) physical circuits appareu.tly 
&rat oc:corredl Ila von Neumann., u reported in poathumau1 paperf28). This 
idea wu • ,ao ahed by Benutt(4), with BOme ,11 pport fn,m hi1 conat,uct.· on or 
nvenible Turiq machines_ A mon: formal proo of the pbyaical nalubWty of' 
uch circuit■ w• ,given b1 ·Tololi(23), and 10tne concrete 'b.o gb not ,et ,entirely 

pracl-ical appJOaChea are outlined In (8) . . A much mme promising approach. hued. 
on the iDleracUon 1ate, hu bee~ recently suggested by Fredkin(T] 

Owing to the interdiKiplinarJ' nature or the 111bjecl, i, is quite dillicult to 
ocate, ~ua.te, ud credit all teRareh resulb I t may aomebow be relevant 
to revenible mmputing. We shall appreciate any COJllributlont to the ba¥e 
bibliopapb1cal otea. 
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