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j b. trnct 

The termination ·1ssc ion p< ')q means Lhal whenever th fomm1~ p is true. 
there is ·m execution of the po ibly nondeterministic program S which 
terminates in a strite in which q is true. A r cursive program S may dednre and 
use local variables and nondeterministic rccm i e pmccdu res with call~by
addrcss and cal'l-by-vnlue parnmcters. in addiLion to nee ssing :um.l.cclared 
', riablcs and global procedures. Assertions p and q nbout calls to global 

procedures .1n: fl rst order fomnrl" s extend d o express hypothe es ,ibout the 
tcm1ination of c'1Us to und Jar d global procedures. complete. effective 
axiom ystem v. i h ilXioms corrcspo 1ding to the syntax ol the progrnmmjng 

nng age is given for the termination assertions va?id o er all interpretations. 
Termination assertions define th semantics of recursive programs in the 
fo lowing ~ense: if two programs hav,e differ nt inpu -oulput sem _11tics. U1en 
there js a termination assertion that is vaHd for on program but not for the 
other. 11 us t.h c mplete a:domntiza.tion oft m,in tion assertions constitutes an 
axfomntic definition of Lhe emanLics of r cu1 ive programs. 

1. 1 ntroduction 

11 any fonnal systems for roving pr-operties of progr ms c nsisL cf m s for deri \'ing 

pmtia1 correctness assertions (cf. [21). lihough the e a se'l1ions expr ss many interesting 

· nd . sef tl rop rtie of programs. th assertions ', lid O\'er all in rprctations are 

echnicaJly mor. · iffi u I to d riv than nssertions which s nt tcrmina ioa e'\p!ldlly. The 

first ord r partial correctness ossenion p{S}q means thnt if the first order fommla p holds 

initial ·, and if the po ibly nondeterministic program S halts. then the flf'St order fonnula 

q holds af er ch possible halting computation o . For even a very restrict d se of p, S 

and q the set of \'alid partial correc ness assertions is not r cursively enumerable [121 15]. 

]n contrast, U1e set of valid tennination assenions about 'rhile programs hn a simple 

axiomatization [16]. 1l1e tenninmion assenio11 p(S)q m ans tha if p is true. initialJy then 

h re is a possible computation of S whi h ~rminates ·n a stat in which q is true.1 Since 

1ir S .is dcrcnninistic then the tem1ina:tion a. c~on p(S>q is equivalent to lhc partial com:ctoess assertion 
p{S}q along llh Lhc assurance lhat hal~ whcnc ·er pis true initially. 



the volt l rrnination assertion "re tffocti ely enumerable nnd t.he valid partial correctness 

tissertions ·e not. it i s ible ihal axiom s stems for tcrrnirtation ns rtions may be 1 tore 

useful for pro · ng prope1ties of pro rrun l.hm1 pa,tbl corre tn s ru l . 

ln ord,,,r to integrate. correctness proofs into program developm n , a i roof system ~ hould 

allov Lhe structures of proofi to correspond to the structures of pmgrams. For r-i 

11mgrnmming language wlms b~1 ic stmclural unit i tht! procedure, a natural approach to 

software d~ 101mcn i to ·p di th input-output b hnvior o all p cedure_. he 

correctness of a proc d Lll"C P slmu Id then foil ow from Lhe ~issumptton that the procedures 

an d y P meet their specificntion : it should not depend on how lhcsc procedures rn ight 

be rillen. Furthermore, nee pr cedur irnpleme11lntion · h v been J1uv n to sali J tbeir 

.., p cilkulion the proof rules hould allow one to merge lhe proofs.: bout procedures into a 

proof aboul the n ompossing program. We con id r recursive programs \. ilh call to 

unde lared global (ace ;sible every~ here) procedures. Since the meanings of global 

procedures are not determined b the cn1l'ing program • our pr·t:Wndition mu t be able to 

express hypothe e:s Etbou global procedures. To accomplish thi , wee tend the usunl Jass 

of nst order formukl.s to ·nclude te rmination a. ertions nbont global pr cc:dure can . The 

re:su1ling language first-order asseriion.s about global procedw,es. provides a con nient 

me tho -1 for p dfyi11g the behavjor of procedure and share, many e ntial properties\. ith 

stan ,ard first ord r logic. In addition, our proof mies show xplkiU how to com ine a 

proof ab ut a de fared proc dure P \ itb o pr of about a calling program S m obtain a 

proof about the progr.a.m \ hkh declares P and xccutes S. 

Vle present a. compl t axiomatization of termination assenions about programs which 

include 1oca1 a fable declarations caUs to undcdared global procedures, and 

nondelcrn infacic recursive procedures with cal 1-b -address and call-by- aiue para.meters. 

The axioms and rules of inferenc arc sufficient to pm e all termination assertion which 

are alid over all interpretations. In tMs respect; our completeness theorem contrasts with 

the usual ''refative completenes ," U1eorcms fi r partia] correctness assertion (e.g. [6 ),. -n,a 
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i:, we do not nee to restrict ur el es to pedal struclmes and don t huve to Jssun1.c that 

· h Jirsl order lhcory f any trucLure is gi n as a. ioms. s a ri...:Su]l. our c mplctene 

1cor m naeorem 1) d monslrnl that Lhe vo.lid lc1111i11 · lion assc11im1 tor recursive 

rogrmns are recu rsi ely c1rn merable. his theorem ext nd the im ila.r om p]ctcn:c s 

th orem h or m 6.4) of !Vleyer un · Halp rn [16] fon,hil programs without rnJcedur . 

· ·11c fa t h l Lhc valid t rminulions assertion are so canslructiv suggests lhnt Lhey may 

snrrer Jjmitation.s in providing information about program . he foUowing e. ample 

ii I u trates the u es ·md hortcorn i ngs of first order termination a ·crti n . · t ,,X d note 

th conjunction of,. i m lbr ud i ion rop r ubtrncLion · nd order for natural numbers 

using on slants O and l. L t H denot lhe nu n,i.;:rnJ lbr n i.e. n =I+ l + ... + l 'Ir hcr,e l 

ppears n time . for any n turai numb r n. the assertion 

( 1tx A x = n) <Ssq uarc> ( y = u 2) 

i.s provable from the axioms ofTheot=ern 1 where Ssquarc. is the recursive p ·ogram 

decl P = (val u. :i1dtlr ): ff u = U th n v: :::; 0 eJse (L1 L v); v: = v + u + u~ I fi 
do 

P(x. ) 
end. 

Ho !lever th more gener~ Lermination assertion staling that Ss:quare oomputes lhe :squaring 

Function cannot be derived from these ~ ioms and ind d is not valid under any set of fll"St 

ord r h poth se about n turnl number . That is, I t p be lhe formula 

(sq(O)=l) /\ vx[sq(x+ l)=sq(;x)+ + + 1]. 

Th eu the te nn i nation assertion 

(AXAp) <Ssquare> (y =sq(. ) 

1 va1id henev r tbe va.riab]e are interpr . ted as ranging o er naturn1 number and tbe 

arilhmetic operations are given their usual meaning as is asil r ved by induction. But 

this assertion is not ta.lid o r arbitrary i □terpretation v n if AX is allowed to be any 

infini e et of · 1rst order formulas true about natural numbers. In particular. there is a 
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onstandnrd interpr tation tll::1.t sat.is Ii.cs al] fi rst order formulas lrue of natural numbers 

"'Ut jn which x may be an "inlinit ' i.nteg r. r 1 Lhis interprctaljon. tht: program Ssquarc win 

1ml tcm1inate since il cannot produce Oby ubtra ing 1 from x any rmjL number of limes. 

I-lenc (A Ap) <S qu:ir > (y =sq( )) cannot be proved usi11g inference rnles thnt are sound 

for all interpretations. 1ts inh =-rent limit Lion of uninterprded [i st order assertions js 

cmpht1 ·iz d iu lhe well- now11 Jap ~r of Hitchcock and Park [13]. 2 

111e fact hat first or ler Lerminntion a~ crtion are en ily a; iomriliz d d pends heavi]y on 

th compa~lne of [trst order logic. Compactne s e□sur s that whenever a first order 

as ·ertion p imp lies Urnt a program halts. i1. is been use p imp Lies a fixed bound on the 

dcplh or the execution of pmcedure cans in a n~cquem:e. there ru·,e many 

term im1Lion ·1 se1tion. p(S)q whkh al'C valid over specific intcrpr ta lions stJch as the 

integers. but , hich c.annpt be prove from n, t order prop rtie f the in rp l!'t.ati n sine 

Smay not al~ ( s terminm,e \ i hin a bound d aum.bcr of call (c[ [14]). 

DespiLe d1 ir shortcomings alid uninterpreted termination asse1tions exprc many userul 

properties of programs. ln , arricukir 1l1eor· m 2 hows that termination assc1tions suffice 

to dclJne the semantics of r cursi c program in the sense of Meyer ,md Halpern [16}. 111is 

theorem ext nd Theorem 5.1 of [16] to programs wilh can to glob, 1 procedures and ]ends 

suppmt lo the the f th t practical programming languages may be defined ru iomaticaHy. 

u rtherm re the relatjve simplicity of our proofr when com par d with proofs of analogous 

theorems for partia] corre<:tness assertion ugge t! Lhat em1 ination assertions are mme 

2tt follows from this exrunplc thal althoubh induction over tcnninadon assertions is valid for the standard 
imegers, it is not sound \', hc-n the usua.1 nolim'I f tenninat1on is applied m nonstandard models. When a 
difforent i w oft rmim1tion i. taken, howev1;:r inductlcm is \•,did fo nonstand;:ird model . In this al{emative 
cuing, in<ltl.C'tion is a cmcl, I nile of inference. For the 1irst order language f arithmetic with tennim1tion 
sscrtions. the axiom y tern u,ac is obtained from the Peano axioms with induction over arbilrary assertions 

in the language is adequate lo prove tcrrnin.'.llio11 of typical ~xample programs Pl In fact thi 'Y em can bC" 
proved oornpler~ for all formula which re, lid for a natural notion of nonstandard computation [1 7]. In 
lhe pres m paper, howe er, w~ restrict our anen~on to lhe u ual di:-finition of t.erminaliun and c-0n ider 
validity over ~rbimi • imcrprcl tions. 
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1th:able Ll1a.n panial corrcctnc s as.'iertions for axiornalic delinilions of scnumtics. 

1. As crtion About Globa·1 Pro edure Calls 

First order logic 11W1 global procedures will be ·een to b a syntactic v, riant of tanunrd first 

order logic. firs! order signalure is a . l oJ fo nctiou symbols f1• f 2... nnd relation s mbols 

R 1,R2, ... with nssodnted ariLi s. . ignmure for first order logic with global procedures or 

more . imply igrwwre, i i . nrst order signature augrn nted with a di j int set P1,,i 2, ... of 

procedure variables. Each P has an associated numb r of value paramct.ers \'p and address 

parnm rs ap. First order a ·sertions about global procedure calls q ar defim::d by the 

gmmmar 

q :: = firsl-order-awmic-formufa I ql Vqz I ., I Vx[q1l I <P(t x)>q 

where P is a procedure variable. t =t1 .... tvp are first ord{;!r tcn11s, and .= 1 .... ,X;ip are 

riubie~ The conslrnct < '(l., · )q is intended to ex.pre ~ that formula. q is true after calling 

global procedure P with value parameters and address parameters x. ddiLionril symbols 

:<uch as A :J ::::: and 3l are consid red abbre 1iotions for the appropt iate combinations of V 

...., and v. To demon □11te the axiomatizability of termination asserlions abou programs 

with recursive procedures ith parrunetet • we have chosen to cm1sider recursive 

procedure ith aU-b -value and caH-by-addrcs parnmct rs.. To be con 1 tent in the 

~ design of our programming language we also consider call-by-value and call-by-address 

paru11t!ters in undeclared global procedures. 

A few ,vords of motivation are in order before presenting the ormal . em antics of assertions 

about procedure calls. The possible meanings of undeclared proc.--edures should be as 

gen ... ral .as pos ibl so as to jndude procedures wri en i □ any reasonable language. 

However in or er · o prove common properties of procedures with aJue and address 

parameters, it is necessary to re Lrict the\ ay in whi h pmc ures may d pend upon their 

parameters. It might be possible for a procedure in some 1 nguage tot· st the 1eagth of an 

identifier passed as a pararn. ter or to detem1ine the le: 1kographical ordering between a pair 
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of actual parameter mum: . ff a pro :cduri.! cun reco1)niLc Lhe n·uncs of its pammcters1 then 

• im pie propertie su h ~ ~ 

V '((I (, )>true) :J V (< ( )>true) 

may fail. Since cnpabilitic such as t sling th names of a tunl parn.met rs go beyond U1e 

i:itentions of cal1-by-rt1ue and calt-by-::iddrcss, ,v1: prohib1t th 111. For imp1icity, we also 

insist that undccln cl global procedures be explicitly pnr:ameterized i.e. the menning of.rut 

undecbrcd procedure ran ]s independent of the alues of any .1tfables other tlmn the 

nctunJ p~rmnclers. 

he bell"lvior of a ro edur d end~ n its nddr · pa.ram t ;-rs q ti l di ffercnl1y fium the 

\ ay th procedure d. pend on it: \'aluc parameters. For example suppose thnt procedure 

P ha· i.,;,vo call-by-value pa ram ters an that lhe cont ms or x 1 and x are equal to the 

contents of y1 nnd y2, r spcctively. Then the cult P(x1 x2 should have the sa m:: effect as 

1 (y1 y2). To see that call-by-ad ires· is diITerent, consider a program which declares. the 

following pro cdu e 

~lee P = ~uldr u v): (if u = v them v: = O· v: = u) d ... end 

win r, o addrc pa.ram l rs. Suppose that x and y are a:-i· I s wilh qual valu prior to 

a call P(x.y . . Because b Lh p ram t r ar passed by address, the calJ P( ,y) returns with x 

and y ct to ze o iff x and y hare the same location; oth rwise L11 procedure has no effecl. 

This exampl shm sh w a proc dire may d tect and hence may depend arbitrarily upon 

whi h of it~ call-by-address actual pnrmneters sh r Joe( tion . Th refore. w assume that 

th behavi r or a procedure call depends onl on th ralues of' the actual caf!·bJ value 

pa ram te1 and depends on]y on the values and shari1Jg of addresses of the actua] call-by

address p,aram cers. 

' 1 poss'bic ehavior of .'I pTocedure w·th address parameters may be characterized u ·ing 

equival nee relation on Anil sets of mtcgers. For any ector of :.uiables, = 1, .. . xk {not 

nece arih,1 di ti net}. we de [jne th address sharing relmiou E., on {l .. .le} by 

i Ex j iff i and xj are tbe sam va • iab]e. 
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111e number of di tinct ·ariribI . in . is the number of equivalence classes of E. , i.e. lhc 

i dtx uf Ex- Ir proc 'dun~ P h~ s k ad lrt; s l arnrnc e1 und x nnd y are both ectors of 

Hirrnbk:s oflenglh k U1en P(:) n t a1i1 produces lhc same result a y HT Ex= E1. and 

xi bas Lhe sam valu a . Yi. for l<i<k. When = x. 1, ... ,xap is a Vt."Clor r di Linet ariuble 

nd l = t1 .... .t\'p a ectm of term . the possible re ulls of a call P(t ) to a n n eterminisLic 

proc dur P may be chornct riz • by an ''input-ou put'' r-lalion. ln fbrmnBy. a tuple 

<t. .y>. where :::=: •• i. in th input-output relation of P iff tb can P(t,.·) can return with the 

uddrc ram met i; eq uul Lo y. Since a procedure P cnn di ingu ish bctw "en any pair of 

possible address sharing patterns we use a set of input-output relations to describe the 

b ha . ior of P, one for each possible addrn haring rela ion ~ mong th · ad ,re parn.m t rs. 

~In prncis semantics of fir t order logic \ ith g,1 ba] proc mes is mo t ~ sil. defined by 

assodnting a fi l order i0 natur ,.i/tn ach sign Lure L1 at contains proc dur n, me . Let P 

be a proce ure name. e associated set oflnpul-OUiput relalwns 

~P = {PE I i fill equivalcnc relation on {l, ... ap}} 

is a s t of first ord r relation syrnbo1 · one for co.ch address sharing relation. The ·trity of 

each P1::. is Vp + ap. If P1 and P2 are procedure nmnes in signature I.., then '!1,p
1 

and ~p
2 

are 

assumed to be djsjoint. FurthemmFe. each is di Joint from the set of first ord r refotion 

ymboJs ia L. If .l is a sjgnature then the associated first order sfguature lp consists: of aU 

function and relation symbols of L 1 together with all relac.ion s}rmbols in ~P For each in L. 

_ote that Lp contains no procedure names. 

A first order state a1 for a first ord r signature i a domain D01 with f1 ncti.ons f°l and 

relations R O'J of appropriate arities on Dul corre ponding to the function and r fation 

symbo]s of the signature and will e1 m nt «1 for each variab]e symbol x. A s1me with 

procedure em1ironment (or more simpl.1 slate) O' for a signature L with proct:dure names is a 
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r rst order stak for the associated first order sign at m: Lp, with th ad 'd re triction that 

P {t x.y) is fal e unless the valu of x and y are con i ti.;:nt wiU1 E. lore pr ci cly, tbr all b 

( 
0 )'°P, and c d E (D0°)3P, 

if (b c,d)EPi-:o: then, for l<i,jsap, i Ej implies di=dj and ci=cj. 

, 1 e a{d/x} to dcnolc th sLale u· tll, tis identical to rr xccp possibly tu · and uch 

Li1at x 0 • = d. Salisfacti n of a 11 rsl ord r us crtion q ab ut global proc du re caU by o. state 

u: is defined inducti ely exnctl!l as n r thsl ord r rmu1a • \ 1th one . tra cose lbr 

proc dur cnlls. 1 amely. 

al=(P t,x))q iff 3d € Dcr 11 P such tlrnl ( _er xu d)EP1: .0 and a-{ d/ } t= q, . . 
W inlerpret < P(t .. x))q to mean that q is true after calling P with t and x. TI1e definition 

above forces the results of P(it, ·) to depend only n th values of xplidt parameters t, and 

·1ddrcss shadng pnLtern E .. Furthermore, a cull P(t . may onl u1ler Lhe values or addre 

p.1rn:m ters x. 

A· u ual. \V writ r 1= p for a. set of formulas r to mean Lhai if er I== q for very qEf1 then 

rJ ~ p. 

A for ordinary predicate cal ulns the ax iomatiz.ation of assertions about globa'I procedure 

all includes a. uni versa] i11stanti tion a · iom which invoL es substitution of t m1s for 

V< riables. rI11e substitution of terms in first order assertions about global procedure calls 

mises a. few extra complications. Sine ithe con truct <P(t •. ))q i weU-formed only if . is a 

vector of vari, ble .. il f impossib] to substitute tenns for uddre par nn t rs direclly. In 

ad ition1 ubstituting some address panimeter xi for another addrnss parameter xj may 

change the udd'li sharing relation. As a con equence replaccmem of one address 

parameter by another has a dir erent s mantic ffect from first order ubsti1urion. For 

ampt 

V yR( ,y) ::J 'rl R(x.x) 

a valid first order entence. But ince a procedure P ma detect sharing. 
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v .. y<P( . • y)> rrue:; vx<P(' ,x)> rwe 

nm not be true if both pnmmetcrs are c 11-by-uddre . We drcumv1~nt thi problem by 

defining ~1 sub titulion o a. s niom wilh global procedure caH which dHT~1 rrom sLrict 

yntaclic r plncement but which ha the mne scmmnic as r gufar nrst ord r snbslitution. 

\Ve us Frec{q,) lo denote the set , r □ riable· which occur free in an ~Lo;;scrrion q abou 

global proccdur can· and q{t/ ] t1l dcnot · I.he re u1t of bstiluting the term t for free 

occurrcnc s of lhe variable z jn q. ormally, Frec(q and q[th:] are delined by induction on 

th 3 tructure f ass r ion . These d liniti ns nre tundord for aH cas ther th.au <P(s •. )> . 

Wed "fine Free(<P( •• x)>q) :: .::: Fre (q) U F're,'(s) U {x}. 111 dcJinilion of substiLution for 

<P( ,x))q l traightforwnrd if t i u irnpl uriob c n L run ng ===x 1 ••. ,xk or if z is not 

mnong x 1,, ... x k• namely 

(S ) <P(s,,x)>q)[t/z] :: = <P(.s[tlz] x[t/z])> q[t/zJ). 

Otherwi -, we define 

(S2) (<P( }x)>q)[tlz] :; = Vw(t= :J {<P(s,:))q)[w/z]) 

where ~ j a fresh variable which does not o cur in tor <P(~ x))q. By choice of w. lhe 

recursive substih1tion in (S .. ) may done according to nd ( 1). ate that in general 

q[t/zJ may have more connectives and quantifiers than q. How vcr, if vis a variable which 

does not appear in q. lhcn the a rtion q[v/ l is th same leng has he ·1tion q. TI1is is 

critka] Lo proofs by induction on the length of assertions. Furthermore, if v does not occur 

m q then q[ /z][zlv] = q. A strnightfon ard consequence of the definition of ubstitution 

is 

Lemma l: ( ubsLituLion) Let q be a first order assertion about globaJ procedures. 
ta tcnn and z a variable. Th n for any sune a at=q[Vz] i f a{tu /x}l=q .. 

This lemma is critical in establish·ng the soundness of the instan ·ation and substitution 

axioms presented in lemma 2 as, ell as he assignment axiom in beor,em 1. 

1l1e axioms or first ord r logic or Enderton [9] for example may be augmented to a 

complete sy t m for first order logic \"ilh g]oba1 procedures. 
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Lemnrn 2: All gen rnlizaiions of Lhc follocwing axioms together \ 1th the 
infer ·nee mle modus poucns, fom1 a deductively com pkt{: proof system for nrst 
ordt:rlotlic with glob.it procedures. · flrnL is, . 1= p iff r r- p for any set p} ur of 
.first rder 35 ~rt ions aboul glob::il procedure call . 

P2. v'XQ :l q[l/ ], 

P3. V. (p ~ q :l ('dxp ::i Vxq), 

P4. q :l vxq for x not rree in q, 

PS. x=x, 

P6. x = y :J (r :J, s) 't here r i a fir t rdcr alomic Formula and s j.s the 
tbnnu1· r \ ith zero or more occurrences of some 
"variable x r placed by rmother variable y 

P7. ( :::; t A · = y Au= /\ <P( x)> = u) ·:::J <P t. )>y = where x:::::y 

PS. <P t,, )>q:::: 3~'(<P{t. ·)>x=y A q[y/ j)) 
where y is a vector of variab]es which 
are not free in t. or q and · ~ x. 

The proof of lemma 2, gi en in the ppendix, foJJow Lhe u ual H nkjn- l k construction 

of a slate atisfying a given set of fi rmulas. 

3. Recur ive Programs 

Recursive programs have abstracts ntax 

x : = l I p? 1 P(l,v) I 
w h re dedara tion D is gi en by 

D ~: = x init t i P <= B 

and procedure abstract B has form 

B :: == ( ,1al x addry) : ). 
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111 stnt ml!nts are ns:si ~ mncn4 u: t procedure call. con cat naLion, union and dedar, tio . 

Jnion d nules nondet"rn1inislic ch~icc ol · 1 or S2• i,c_, execu e S1 or S2• TI1c test p? aHow 

c~cc11tion to oontinuc iff p is tme. ln practloe, onl.! would rcqLtirc thnt p be ff clivdy 

dccidabk, c. g. quanlificr free, but this r triction 1s unnecessnry for the results pre ·ented 

here. Huwever, we do rcql1irc that p be free ol, calls to proccdurcs.3 lnformaUy. Lile 

declaration tied do entl: dcdur s n loc·1l variable or recur ive proc dure with scope 

S. 771c V'1riablc dcda ·ation x init t fin s a n w ]ocal \'arjnb]e x wj(I initfal value t 1l1e 

·rncedur . declaration P = (fml . ; addr ) : S) dccklres a possibly rncrn h·c procedure P 

,niLh fon nl value rm.rnm~tcr" . = ·1, ... x,,P form,11 addrcs parnmct rs y=y1 ... )ap and body 

S. A pr ·edur~ d damLion P=B i o nsidcrcd synLaclically •, 1 ]I-formed only if B has 

xnctly "P nlue p rameters and ap ud lre · p~ rnm L rs. In rder lo tJ global roe dure 

varfobles t reason ~ rnH1lly "bout d cbred procedures. we also r~quir that di.:darcd 

proct:dmes, lik" global I roccdures, c •xpHcitly parnmeLerized. ·n1 is requires tlml aJ:l 

vt.1riables which occur free in th body S of n r rocedur, _ abstra L B also up pear in the 

~,arameter Lisl (val x nddr y) of B. 

. any s '1lcmcnts common to · lgoHike language~ m y be con ·der d yntactic 

abbreviations for recu1 i c program • n, is w 11 known (cf. [8]. [181).. For examp1 , the 

tatemen · if .. t I u .. eJ'se .. fi may be\: ritten 

if p then '1 el e S2 Ji = (p?;S1) u (-ip?;Sz) 

Thu the axiom: of Theorem l may b consider d complete for recursive p ograms with 

if..then .. el e . .ri i11 addition to the ·tal mt!nts Jist d in he grammar above. lnc , hile 

statement m(; y be xprcsscd using recursion by 

3
Withuut this requirement, ic is p ;S i le to 1,.vritc programs without scnsibJc semantics. Con ider the 

following program ¾bi h declare- .1 paramct rl ss procedure P. 

d •c] P = {(<P>true}?: P U ((P)false)'?} do Pend 

llC' effect of P. pp<: rs Eo b "ke p cal~:ng Pas long as i£ 1ill Im.It, but halt without side effects otherwise." 
This pr i;edure h Its iff it docs nm halt! 
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while p tJo S ml = 
ded P i=: {(addr :): p?:S; P( ) U , p?) <lo P( ) end 

, here . jncludcs al1 Ir c var.ia.bl s in . OU1er iterative constructs such as rcpe:1t S unfl p, 

may also be cornidered abbreviations for simil r recu ive progrnrns. ln addition 

<l c oration ma. b nc ted os de ·ply as desir"'d so that any num bcr of local variable~ and 

pr dure may be d"'fined. -rn mcnl declaring vo.ri.ables x 1, ... xll 'Wilh inilia.1 values 

t1, ... Ln m y be oonsidere9 an abbr \ iation for a sequence of nested dccbrmion • Le. 

decl x1, ... X11 init t1 ...• t11 d . end _ 

dccl z1 ·ui I t1 do 
decl z2 iid t2 do 

ded. z11 init t11 do 
[z/x] 

end 

end 
end 

where z=z1 ..• ,.z.0 ar fresh variables not occurring in t1 ... • t11 and S[z/.] is the result of the 

simuita□eous replacement of z for in S (cf. [2]}. Jn addWon mulua11y recursive 

procedures ma also be declared as nested procedures. For example the program \l ith 

mutuaUy recursi e proce ures 

decl P1=B1 P =B2 do Send 

may be written as 

4
'tllis definition i cons.is.tent. with initiatiz.alion in many /\lgol-Jikc languages in tlrnE. il uses the values .of 

terms t1 .... ,11 . t block entry lime for the variables xr .... x{I rather than the leas£ ftxed-pohus o the set of 
poss1bly rnttUHi.1h' r<ru.rsivc equations (xi== i I l :$ i<n1. Other definitions of imulraneous variable 
declaration and initia.tiuuion may a1so be wriuen as recur ive program.s. 



dcd P 1 = (dccl P2 = B o B1) do 
ded P2 = B2 do 

s 
end 

end. 

13 

As n r su]t Theorem 1 nd a ply to r cursive programs with mutually recu l e 

p raced u res. 

TI1e state semantics we d fine below are equivalent to the mor,e usual environment and 

lmt:: scma:iltics presented. e.g. 1n d :Bakker I8] and pl 1-l Howev r, th proof ofTI1 orem 

und ~p chllly, the tmem nt mld proof of TI,eorem 2 are simplified by combining llle 

notions of environm . nLs and stores into states. 5 The meaning m( of a nondeterministic 

progrrim S i formally a mapping fr m '1initiai" rote to et of 11 final" te as in Hare] 

'[ll]. We 'c me the meaning f rogram inducti e?y. Assigning _tot in tate a produce-s 

a tatc hose alue of x is the va]ue of in <J, i.,e. 

(i) m( · :=t)a ::= { a{l0/x}}. 

e t p? aborts unlc s p is true, so lhat 

(r) m{p?)e1 : : ::;; { er} if crFp nnd 0 ott erwise. 

and hoosmg S1 or 2 ~n state ff gives the union of th meamngs of S1 and S2 in«. i.e .. 

(iii) m( 1 U S2)u :: == m( 1)a U m(S2)0". 

Sequencing(;) beha es Iike relationaJ oomposition: 

(iv) m( 1; )u ~= = ua-
1 

€ m{ i)u m(S2)111, 

1.e meaning of a call to procedure P depends on the input-output relalion PE, where is 

the address sharing relation of the actual address parameters. FonnaHy the meaning of a 

procedure call is 

(v) m{P(L, ))er::= {a{a/. } (t(I" • 0 .a)EP ,er} 

5 
r precisel · lhc mc-ani11i)' rn( ) we as ign ~o program S is the l'i tri lion of the en imnm. nt·store 

meaning to the ca! when lhere is no 5h.i.ring, vi1.. th c1n-iro11mem is an injection rmn ,,:ariablcs 10 locations. 
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11le meaning of a s '1lemcnt \ ith nriuble ded:irnlion js defined to b'! 

( i) m(ded x hit l tlo S cnd)a :~ = {er · a- Ix} I a· Em S}(u{to- /x})}. 

I ntuitiv ly, the ffect or ( eel . init t t1o eml i to et x t, do th n reset lo jts origirml 

value. 

Our ap pr u h to the dcfi nilion of the meaning of a proc durc dcclarn ion wil be to use a 

formal version of an LGOL 60 "c >PY rule'\ In ffecl, tl1e 1111 rcr face call · to declared 

pr ccdmc by a p1 of th procedure body. Tll c meaning of a program dccl P= B llo 1 

nd where B = (('mt x mJJr y) : S0) will be opproximated by progr ms wilhout pro dure 

cl darntion . '\ c first rccursiv ly find approximations l 1 and s1li] to O and s1• Both s0li] 

and sl1 ma contain cr.iU to P but neither win contaln procedure declarations. We replace 

.: all calls to Pin i 1 by S~[i]- 1n· produce:s a pmgrnm in\ hich e.ach call to the recursive 

procedure P js appro imut d u. in~ 'inmline code" for a sing] procedure caJl. To 

approximate recur iv calls to depth 2. we again replac all rolJ to P by l1. 711is process 

is iterated i cim s to approximate recursive calls lo P up to depth i. Finally, aU remaining 

cal.ls to P me replaced by the diverg nl program false?. n each rep lnccm , n of a proced ffe 

-

call a simple parameter ub titmion op ration is performed. Th rules for parameter 

ubstituti n will be in kccpi.ng w1lh the con cntion for . lgoHike langt1agc • so that 

recursive programs wiU b d fined t h v s atk-llly scoped varlables. We ,emark d1at 

dynamic sco , i ng as wen as a!Lernali e pnram ter 1x1ssing m ch ni m such as caU-by

value/result and caJl- y~name may al be treat d usinn variations of the definition of 

'Yntactk ~ pp1ication aud call replacemetH given below. 

We require th routin d finition of fr e variables .and substitution of variables in 

program (ct~ [2] and [8]). An 9CCt1rrence of a simple variable ~ or procedure vruiable P in a 

program S ma be free or bound, according to whe her or not it i vithi11 the scope of a 

declaration · init tor Pi-=B, 1l1e de£inition of program v itb ariable y sub titmetl for free 

occurrence ofx wntten [y/x] is rnutin (see deBakker [8]), as is simultaneous substitution 

of a vector f variab] for x. wri en [y/ j. We ol o use IQ/Pl to denote the program S 
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v Hh procedure ri· ble Q su . stitut I for free occurn-~nccs or P. w11er Vp= vQ and np = a0. 

To define d cb..rntim1-frcc appro:drr-ntions, we f,r.:,t dLcus. decl, mtirnL d cl P==B do S cntJ 

thnt do not conrnin nesL d d "clnrntions. Let s0 ~md be statement without procedure 

dccl.irutions and kt B denut a pm edun: abstract ( ,·nl . addr y): :o). We d fine Lhe 

replacement of calls to global procc lure P In S using procedure abstract B \ dtten S[B/P]. by 

i11duction on th structure of Sas follm~'s: 

(x : = L)[B/P] : : = (x : = t , 

p?{B/P] ~: = p? 

P{t.,·)[B/1] :: = decl z init t do S0{z/xm•/y] end 
wh re z1, ... ,zvp arc distinct variabJes which. do not a pear ·in. • Y or B.6 

P1{t.v)[B/ P] : : = P1 (t.-.i) 
when P1 is a procedure name .difli renl fr m P, 

dcd x ·nit t do end[B/P] :: = de ·L z inlt t do [z/x][B/P] end 
vhere z do s no occur in Sor B. 

\Ve remar'k tl1a remuning of bound variables tn the fin a[ ]ause give , our programs tatk 

scopjng. 

The ith ifemted replacement of calls to P in S using procedure abs1rac1 B is defined 

inductive]y by 

6.l11is is the definition of the symactic applicalion of B to paramerc1 - t and \>' gi ·en in [2] and [8]. The 
declaration of a ,·ecmr :t of new ari.ib!es \,1,11.h initial value tr cc lhc standard · chavior of c.all-by-v.a]ue 
parnmclc1 . Value/result. for example, ma. b obuiined by resetting the actual parameters (wl1ich must then 
be \'ariablc.s) to before bJock exit Ot er mCGhani.sms may also be handled by . ..:lceriDg this definiti n (see 
Apt[2D. 
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[OIP]0 
:: = S 

S[B/l ]1 + 1 ;: = (S[ I P]1)[B/Pj. 

Finall , w defin the i-1h approximalion. li1, or an arbitrary l rogram S by induction on 

Lne trucwri.:: of S. In g nt:ral 1 S may nt::1in pr ceclure declarations but sli1 will all 1ays be 

ec of proc durc dcdnnllions. For S atomic, i.e., an as ignm 'nt, k ·t. or global proced re 

all P(t 1 , we let [i] : : = . . he rcm::iiif ng cu~c are 

( . . s- ) Ii] .. - s. [i] . [i] 
l 2 .• - l '2 

[i1 u DJ 
l · 2 

(dcd x nit t do ml)n] : : = (d ~t in it l do liJ end) 

(decl P <·\',~I x addr }: -· o) do S ~ml)fi] . : : = 
sb] [ ((t'31 ~ addr y): ofi1) / P]') lfa/se?!Pl, 

Tl1e meaning or a dedored program i defined to be the union of the m auings of its 

opproxi.ma ·on : 

(\1ii) m(derl P~B do Send a · · u1 m(decl P=B do S ndlil)O". 

111i concludes he inductive dcfinitton of the meanings of recursive p ograrns. 

lt follow from ur defmition that every · rogram is equi al nt to a nondecr asing union of 

tr grams without procedure decl ration·. 

Lemma : et ~e .:my re~u ive program. Th n m(S) = ui>O , rl.(S[i]) and. 
whene er i~. m( l1l) ~ m(Sm). -

T n addition, the me:-ming of u pmgrnm does not depead on the names of its bound 

variables. 

Lemnm 4: 
(a) m(decl x init t do '"' end), = m d cl y ini't t d S[y l ] end) 
whee y docs not occur in or t 
(b) m de t . --B do Sm d) = m(de I Q=B[Q/ ] Lio S[QIP'] end)t 
where v0 ;:;-:vp. 3Q=Up1 ond Q does m?t occur in B or . 
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\Ne note also thnl U11; semantic chusc a ove ckfmc input-outrut relations whkh urc 

identicnl to thos d riv d from Lh purcl opcralionai s man tics of Gamer i}.O].. 7 

4. Com etene s 

1be t rminalion assertion p( >q means Lhat if som stale r, s:nfr;lie p then some 

c-::>mputation of S f"rom er hnh.s in a talc lha . ali n~ . i or I r"cisel . □ tate fJ' sa1isfies 

p<S>q. written crl=p(S)q, if crl=p implies 3cr'Em(S)u such Lha rr'l=q. Th termimition 

. ertion < >q is wAid \ ritten l=p<S>q if 1.::very stat u st1tisfi s p(S>q. ~n1e asse1tion 

< >q abbrc\'iates rrue<S>q.8 

Tlurnrer11 I: l11e ronowing axmms ur s und and complete lbr pro ing 

teFmination a~ sertions p<S>q wh re p. q rme fl rst order nssertions abm t globnl 
pro edure calls ond Sis a recursi e program. 

Axioms 

Al. q[t/x] <x : = t> q 

Al. (r Aq) <r?) q. 

· 3. (<P(t. v )>q <P(r. v)) q. 

Rules ofltiference 

7 
fore spcdfically. Gallier detioc the I crationai scman le of recm ive nowcllarts u ing exec:mion lf,ees. 

lbe input·uu{pm semantics defined by cnns:itlcring rJ~c set of "ompm" s{alcs at the leaves uf an execution tree 
lo be a funcliori of the "'inpul" tate at the root is the sam as the, cma.nlics we define aibovc, As a 
consequence. our semantlcs arc equivalent m u,e standard opcraLional semantics. 

8Jt i a straightforward cunsoquence of Lile definition lhat a stac u ~ isncs the termination assert.ton 
<P(t,Y))q iff r, smi ti lhe !ir::lt order asscniori a.bm1t global procedure calls.<I (t,t))q. s .a result L'1erc is no 
Jiann in failing to pcdfy whclh'!r t, te ,:.::ms of Utis form are 2! enion al ut pr cdure c:.ills r termination 
assertions. 
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6. (p A y=t) <S[y/x]>q 1- p(ded inh ldo S cmd)q 

wlit!r y docs not occur in p.t or , 

7. p<dcc1 P=B do P(l,v)[ IP] eml)q ~ p<Lle ·I P= B do P{t,11
) rnd>q 

8. ([1\<n 'ltW(ri :J <P(u(i).,..Ji~>ti)] A p) ( -) q 

r1 <derl P=B do P(u(i),v i)} · nd> ~ (i<n) 

1- p (de J P=B do Send) q 

\ h re, , uO) an /i) are vcc f:i or vadablcs: 
in ea h sublb~mu~a v, (ri ::> <P(um,,,O>)>.~). 
, ind udes uf1l vl 11 nnd an free variabl - in ri ~md ti · 

and does not appear in p or q . 

. 
A9. p <dccl Q=B[Q/P] do S(Q/P] end> q 1- p < led P=B do S •end> q, 

"'vhere vQ == p. a0 = ap and Q docs not appear in B or . 

0. p<S>q I- r<S>q \ h never t- r:Jp by thti! rules of Lemma 2. 

rost of lhc m ~ rc1 ce ruJcs t1bo e are straightforward and rire similar to many found in the 

literature [2 8. 16}. 111e mo t on plkatcd rule is AS. !nuuth•dy, th rule stat · hat if 

p<S>q holds und r som finite set of hypotheses about cnlJs rn procedure P m1d if each 

hypothesis can be _proved for the declaration P=B then conclude p<d d P=B do cnd)q.9 

An important special case of 8 is when the conjunction or fi.r t~order rn;sertions about calls 

to Pi empty Le. n=O. amely ifwe can pro e p<S>q and P doe not appear in p, thell 

A8 ield p(ded P=B do S en( q. This instance of 8 pm ides lhe bas . of an induction 

(u ing 7) showing tbe provabruty of asse1tions bout d d mtion . Th I roof of 

9 
A con. equenoc of lhc com pl etcn css proof " ill b an upper b ou 11d 011 th c number of h)•porhescs, i.e. 

conjuncrs rj :J <P{u,r >4. needed to prove all valid assertions bout program ~.tiling a proo;:dure P. The 
bound is an exponcmtill function ohhe number ofaddrcss paramc crs. ap. 
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:iundn ss of ea ~h mJ is kll to the 1eader. 

olc ha Thcor m l is I ot a rehui?I.! compl lLm:s theorem of th sort typical for parlinl 

corrcClncs asse11ions (cf. [6], [5]. [111). lf n t nninntion nssertion is va]id, th I iL i provable 

from th axioms Pl 8 ot Lcrnnrn 2 :md 1-10 above \.\'ithout appeal to further a;dorns. 1 .1 

_ar icular. the valid termination ass 1tions arc recursively enumcrable. 10 [-[nrel, eyer. 

and Prnu (I ] pr viou ·ly ob ·c:rv d 1hm the valid t~rmination n ·sertion lor a very general 

cl.ls or prog nm s heme \ i hout LI bal proccdur call· arc re urs·v ly t.::numcmbtc. 

complet .i .. iom tizution or icnninnLion assertions about nhile-progrnm wi hou proc dure 

cal1 w·, pr s ntcd in Theorem 6. of [ 6]. 'fht: proof: in [12], [ 6 rcsL hcavil_ on 

corn pactn s i rope1tie · of lirst rdcr pn.:dic. Le cnlcu lus. but Lemma 2 pro\'ides 

c rrc pond i nri properti s for the logic of glo ' a1 pr c dm 

generalization ~ provide i t1 Th "Orem 1. 

alls leading to the 

The proof of TI1 ~orem 1 1 es the foct that termination asse11ion ~ about progrnm · wilhout 

roe dure declarations can be I Lrn.n lnted" into ust-order assertions ~bout g1o al 

proc dure. 

Lemma S.: (a) If i a recurs.I e program ~,ith ut procedm d darations and q is 
a first~order asserti n • bout g obal proe dure caH lh n Lh re is a first :ord r 
asscrUon r n ou gin al procedure caJl.s such that rs < )q. 
(b) For every re ur ive rograrn and first-order assertion aboul g]oba] 
procedure caU q,. th r i a. t {qi} of first order as ertion about proc dme ca.Us 
such lrnt <S>q~viqi. 

101 n conu·:isl th valid partial corrccl11c:;- a crtion arc not rccursi\'ely cnumcrnbk. This ronow:s from lhe 
ob crvation that I.he ct of nowhere rerm inati11g whilc·pr()gr.un hemes is nol recursively enumerable (15], 

ccausc the partial corrc-ctness as enion lrue{S}false cxprc sc-~ the facL that fails to Lermiirnle. o the set of 
valid partial c rr cmc ~ en.ions of lhis t.rh ial form about only dctcm1i11h,tic ,\hi, c-pmgrams without 
proc-cdure calls is nm even rrt)ursi eiy enumcrnblc. The validity problem for all flnH order panial correctnc 
assertions i shown to b TI 2 complete in [11]. ·111is continu to be true whether the pr grams in the 
assertions re r ·trict~d to a single Jlilc·pr ram_ wilhout procedure call or are allowoo co ,1ary over aU 
r1Xursive pro rams wilh glob 1 proc.cdme call . 
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Part (a) is easily proved by induction on progrnms [ 8]. Port (b), ibllo ·s from (a) and U1e 

fact that an},' program , ith procedL re declarations is eqmvalent to Lhe union of iLs finite 

approxmrntion :i.vithm1t procedure ded r Li w (L mma ). We omil the details. lL is 

conveni nt to wrile vi<slil>q for the disjnnclion Viqi with Qi= < [t])q. 

econd 1m pomrnL property for the the proof of Theorem 1 is a compactness lh orem for 

first order logk wilh glob~l [} ocedure a1Is. More s cifica11y. if p implic some in l'in1te 

disjunct..ion viqi or fit L-order ~ '. rlion o ouL global proc dur s lhen Lh re is ome integer 

j ·u h that p :J Vi:gqi is v;.Hd. TI1is foilm s dir,ectly from Lemma 2 and the proof is 

milled. a con cquence of compnctne s \Vhene\'er • tc:rmin tion se1tion about a 

reci.:n ive program i valid. the s~ rn assertion is also vaHd tbr some nppm. imation ta S. 

Lcmn a 6: Jf p< >qi v, lid. th n for som · j, p<Sm>q i ·al' alid. 

Proof: Tf 1=== p<S>q then by Lemma 5 1= p ::i v f srn>q. By the compactn s of 
first-order logic with global procedure cans, th r is , me integer j such that 
1= p :J v 1~_r< fi1>q. Bnt b Lemma l m [i]) c m( rn) for i:5.j:. herefore 
t=p<SUl>q . . 

111 i • km ma is crit kn.I to the com plc Len ess of nx iom A 1-10 for recu rsi vc programs. 

Proof of ·1 heore1tl l: Suppos" l=p(S)q. We show that p<S>q j pro ab]e from 
' -11 by induction on he stmctrure of . 

(a) If p<x : = t>q is valid th n aFp implies c, t0 
f •} J.=.:q by de m ition of m( : -

t). By th Substitution Lemma l 1=p:::iq[I/,'\], and therefore t-p::iq[t/ ] by the 
ru]es of Lemma 2. By 1, Wt: ha . 1-q[,"<lt]<x : = t>q and so ._p< : = uq by 
AID. 

b) f i""=p(r?>q. th n t=p:>(r Aq) and henc 1-p::,(r /\q) by the rule of L mma 2. 
inc I- rAq)<r?)q by 2 ~•le ha e t-p<r?)q by AlO.. 

(c) Assume ~p<P(t ))q. The□ the fust order assertion about global procedure 
call p:J(P(t,. ))q is valid and hence pro abl by he rules of Lemma 2. 
Th refore 1--p<P t, ))q b A3 and 10. 

(d) uppose l=p( 1 ;S2>q. TI1en by Lemm" 6 d1ere is some j such that 
p<s1m· · [j])q i valid. B_ l.mma 5, there exist first-order assertion r1 and r2 
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about gJ ba] pr cdti res $UCh l hat 

r2 = <S2Lil>q and r1 = <S1rn>r2 : <s1Li1; Lil)q. 

B}· th indL ctive hy othcsis, oth rcrm inali n ass rt ion 

r2< 2>q and rl< L>r2 

ar · provable. llH!rcfore. r1<S 1-, )tt may be pro -d wing A4. , ince p :J r1 is 
alid, an hence provabk by the mk , of Lemm(. 2. tll t m1inatim1 asselti.on 

p<. J :S )q is provable by 10. 

( ) .·umc 1=p<S1 U' 2><-t- By Lemma 6, \ c 1, \ 'C 1=p< 1mu 2m>q for ~ome 
posith•e inLeger j. By Lt:rnmo 5 here ore lirst-ord r uss ,ti n r1 und r2 ubout 
glol al proccdur c, n \ 1ith 

r1 ~ < iDl>q .md r2 - <S2m>q. 
B the im.Juclive hyp Jthesi , botl1 

r1< )q and r2<S2>q 

urc prov·ibl . Th rel'ore (r1 V r2) < 1u 2>q m:i be prove by AS. Sine I= p:, 
(r1 V r2). iL tb1 O\ thnt r- p<S1 uS2>q by A 0. 

(t) S1.1ppose Fp(dccl! x init t do S end)g and 1 t be any Driabl I.hat doc not 
occur in p, t, or q. We how tha /\ y~t) < [y/x])q is valid. By Lemma , if 
p(ded x init t do I cl)q · a]id th n p(dccl y int 1 do [y/x} cnd)q must be 
v1lid L , elL mv su1 pos <Y I= (p A y = t). Then th re 1 some a E 
m S[y/, ]){u{ta /fl) st1ch that u'{y""/y J t= . But because O"t,,,,;( = L) \\' h, e 

a{tcr /y} = a and u· E rn(S y/xDcr. Funhermore. incc y doc not occur in ,q, 
er ·1=q. 11111 (p A y = t) ( y J , ]>q i a.lid. By the induction h pothesis, this 
t rminmion assertion is rovab] . Th re for I- p(dcd x ini.t t do S end> by 6. 

(g) uppo i ofthe form d d P~B do S1 ml and suppos - I= p<S>q. By mle 
A9. we ma um that th procedure variab) P · o s not npp nr in the 
asse~ion p and . By Lemma 6. there i some po itiv intctier .· sue 1 that 
p<Sm>q i va id. 

W· fix j and define a global procedure call 
rk El \ l "r - k is an integer and · an u dre 1aring relation. The 

pr ntation is irnplHied b adopting two bbrcviation . irsti for, .ch addr~ 
haring relation Eon { ... ap} 1 1 E d not a vector of ariabl chosen from 

\r::::;v1, ... "ap with addr sharing relation E. Second if B ·s ( _a .. addr ):S0) 
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Lhen \V define 

Bk(u,v1~ :: = (lied P =<(val : ,1 ~lr :s001) do P u 'r'E) endik]_ 

hlluiLi cly, B\u.,ti;) i , pro0 rmn 1whi.ch beha es like an ex cution of P(u1'1E,)1 

within the cope of the dcdumlion Pc=.B \ hen ·ecursive ca tis to Pare limit d to 

depth k ~md recursive C' 11s to other 11r c du res arc limited to depth j. n 
particular, not that 

Bj(u 'F) = (dcd P= B lo P u. 0 c1 d) OJ _ 

:1 i · is □ strnigh Ubnvard cons quence of the dcti 1ition or program 
ripproxi mation. 

For ch k le rk.E de not " a. nr. t-ord r as~ertion with 
·~ 

rk.E = { <B · (u,vE)> E = wli). 

Since Bk(u rii) does not contain nny catls to P we may assume lhat P do not 

appear in rk,E· Let Ci,;, denote the conjunction over all addr ss sharing · lntions E 
for P of the un ive1. al closures of the of first-order scrtions 

rj, E :Ji < P( lU' E)) VE==: \VE· 

By construction o-l=Ck forces 

m(Bk(u,vr,) fJ ~ m(P(u, ·E))a 

for Y ry addres sharing~ lation E. Jn particular. if al=Cj for j , ,, bove, lhen 

m(dccl P==B do P u.,·i;1 end [i])a ~ rn(P(u ,•iJ).e1 

for each E. l11us whene er er 1= Cj, w ha e rn, sm a ~ m(S 1)a. Since p<Sm>q 
is valid. it foUows that (p A Cj)<S1>q is vaLid. llrnrefore, by the inductive 
assumption, (p /\ S)<S1>q is pro ab le from A 1 ~ 10 [ n order to use in f'erence 
rule A8 to prove p<S>q. it now suffices to show that the tcrn1ination as cttfons 

rt. ~ (de 1 P=Il do P(u ,rFJ 1.md) vE= WE 

are pro abl from Al-AlO for al.I k arid all E \ e sbow this by induction on k. 

To b gh1. aote that r0. ~ false since B0(u · i) = fals ?. Henc,e the termination 
as erHon 

ro.E <P(U,\1 ~)[B/P]> \t =WE 

is vacuousl valid. B lhe main inductive h poth sis. it is also provable. ince P 
do not occur in r0 & e can prove ro,E <dcd P=B do P(u,,,EJ[B/P] end> · = u·6 
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by A8 . h u • by A 7 

1- ro, .:; (ded P=l3 do P(u \'0 eml) ' 'E='"1E. 

This conclud , Lhe in ltia1 step of lhc. induction. 

· or the induclive tep tis ume thal all 

are pro nble tor ·lit E. Let Eo be any nddres sharing r btion for P. We wish to 
condud *) for Eo irnd k + l Le. w must show that 

r k + l,l:c, <decl p,c_a B do P t1,,1 I: ) end:> v1~0 
=, 91 

is provabl . By the construction of Ck, we know Lh t 

(Ck A rk+Ll3,o) <P(u,vEo)[B/P]> vEo~w91 
is valid. TI1i is b cause crl=Ck n urcs m(P(u,\\:))u ;J m(Bk(u, L))IT for all E and 
crl=rk+ l,E implies that som state u' sati fying 1~ = wE

0 
ma. b reached by 

running Bk+ 1 u.vJ. Therefore a may b reached b running the progr·:un 

B u vF ) wjth globa] calls to P. By the main induction hypotl1esi • this 
t rmi nition usscnio11 is provable. From this and Lhc su binduclion hypotheses (*) 
for a1I E we may use AS to derive 

..- r + u~ <dccl P=B do P(u,,1F,
0

J{B/P] end> F.o =, Eo· 

llms byA7, 

t- rk+ l,Eo <clecl P=B do P{u,,,._{I end> "Eo =w%. 
This concludes th subinduction. 

\Ve now h, ve 

1- (Cj A p) <S1> q 

and. for ach conjunctrj,E :J <P(u, p)> E=l E of Cj 

.._ rj,E {decl P=B do P(u E)1 end>\' = w . 

Thu . by · 8. I- p<S>q. T is condude:s case (g) of the main induction and show 
that Al-10 ar-- oompl . e for all recursi programs. 
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5. A, iomt ti Seman ic 

De pi c LI c limitation. noted in the introduction, man_' u ful properti • of program· may 

b pro 1.:d using u1 int rprcted tenn1notion assertion ·. In p rtkular tl!m1i11ntim assertions 

det rminc Lhc ~ :n· nt·cs of programs in the s ns di ·cu ed in Mey r rind ·fop rn [16]. i.e. 

th rmination .t.~er ion a lid for a pr gr·1111 · i Lingui hit from all in quivalent program . 

o be more pr cis . w define the t rmination theory of a program S ivrittcn -r(S) to. be 

lh et of all pairs (p q),of first order a ertion . about procedure calls uch thnt p< >q is 

valid. Two progr m hm·c he same krmination theory preci "'I \ hen h y arc quivnlcnt, 

te. 

Theorem 2: ma11tical D LerminaLion) F{ r any progr ms nnd T, ~( ) = ir(T) 

if m(S) = m r). 

111 orem 2 gen rnlizc · TI1c r .m 5.1 of [16] to pro0 r. m \ •ith c II L glo , I procedures an 

lh proof i a raighlfon ard r onnuhilion ,f hat in [ 6]. The th mem hod , in factl for 

any programs and ~, which are cqui a.lenL to arbilrary Ltnion of ch m , provided Lha 

for ea h sch m Si in lhi.: union and e ry :fir·t rdcr as ertion aboul pm ure can q. the 

tt.:rmination asse11ion < ?q · cqui\'al 'nt to some fi t order as erti n obout global 

procedu~ , 11 . In parlicul r, Th or m 2 hold for anJ pair S and T of ar iLrar;1i not 

arily even recursi ly numerable infinite flo charts (s [ 6]). 

Pro or or The or, m : We n ay assume ithot1t loss o generality that m(S)
m(TI1.c 0. L t a Em( )a- m( r)a and kt . = x 1 •••• xn include uU fr e nriables of 

UT. Since S is cqui alenL o a union of programs ithoul pr ccdure 
declaration Ui i there i some uch r gram S . with cr'Em( k)u. Let 
· =x1•, ... , 0 • b a vector of di ·ti net ariables not free in u . By _emma 5, 
th re i a ftr t order formula p qui val nt t < k>- =. ·. Since m( k) ~ m( we 
h t=p<S>x=x·. 

lt r1:mu.ins to b hmvn that p<D. - · i not valid. First note tha for any 
program T. lh behavior ofT d ~p nd only on_ its free variable·. ormnllr. · x = 
x 1 ... 11 are ariab1 that are not fr e in T, then 

a· € m(Ocr HT cr'{a/ ·· E m(T)(cr{a/x'}) 

for all tntes a <1' and a E DO'. 
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1ot\' let a 0 and a0• be icknLictll to u and ,er· 011 x, but let th nlucs _of x· in both 
cr0 and an' e the same .:15 Lhc val es of in a·. That is, o0 = a{ ·0 

/. "} and ao 
= er'{ . o: I . ·1. ll1cn 1Jo· E m(. k)a0 incc rr· E m(Sk)cr, bu «0' dilTcrs from each 
tat in m ncro on , m ... variable in . . That is, croF< k)x = · but «oFP CT')x :=: . • 

here for cr0t#p(l)x ==- . . I 

h seems \: orl1n hiie to mention ri rcasormbl objection to our tnking m(S) = rn(T) as 

ynon mous \1r·ith the equi,1a/e11 ·e of S and T. The problem with this not.ion of equi v .. d nee 

i· thnt rcplaci1 g one subprogram b nn qL i alcnt subprogram ma_ not yield an cqu·vnlent 

program. ;,or xt1mp1c, 1 t S b Lhc b d I r Lhc l roe durc di cuss d i.n Section 2, i.e. 

r u = lh n : = O· : = U; 

nd 1eL be th program u:-u. Then m(S) = m(T), but tbe program 

tlcc[ P = ((.ulth· u,v): ) do P{z l) end 

has t.h same effect as z: =0 whereas if S is replaced by T, the resu I Ling program lrn no 

ffcc . ,he dffllculty i thiJt rn(S) and m(l1 onty give Lh meanings of rmd T when all 

varinbles are unsh,u =-cl but tl1eir chavior as suhprograms may depend on their bchavio' 

when haring occurs. Thi probl:em does n t arise with nvimnment-store rogram 

semantics since the meanings of and T differ in an n ironment thal map both u an v 

t Lhe &1me loca ion. 

nfortun~ tely. ordin~ ry first ord r Jo. ic c nnot provid a uitrtbie semanlical 

dcrcrmination theorem for en ironment-store meanings of programs. In the usual 

semantics of first~order formula the satisfbbility of a fomrnl , p depends only upon first

order states hkh correspond to the composition of an environment and store. Therefore~ 

our choice of :i first-ord r assertion language that cannot detect sharing for e pressjng pre

and po t-condition leads naturany to the corrcspondin~ choke of unshar d program 

manti . 

One Lraightfonvard way to extend llrnorem 2 so that t11e nvironm nt-store meanings of 

pro0 rams match th ir termination tl1eories is to extend the nsse ion language. A two-typed 
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first md r langu· ::::e \Vtlh a for_·til ion ty e and a contenls lype , s in [20] is nnturnJ choice. 

"f""IL compl lcn pomling Lemm . 2 and Theorem l should ,kn without 

difficulty to lhis two typed fiTht order logic although we have not chcckl:d Lhc d tni Is. 

A noLI er v· rialion on ~ll1corem 2 may b obtained by adopting n di rTercn definition or 

termjnation lflcory. Deline a declam1tcm body camexl e to be ri program fragment of Lhc 

form 

lied P = ((1r·:1I addr 1
: ••• ) d P(u,v) nd 

whl!re a1i variable in y arc as: umcd to be: di tinct but Lhe variabh,; · ol ,, need not be. Let 

~[s] denote U1c rcsu It uf inserting S for lhc ellipsis ... in e. 111 n d m the colllexrual 

tcr:mlnation theor or S L b the set f triples (C p,q} ~uch that and cfS] is a , ell-formed 

program (a l fr ·irinbks in S ccur in x r y} , 11d p(C[S]>q i ali.d. TI1en it is coronary 

of Theor m 2 that two programs a.re equivalent O\'Cr nil addre hurino- patterns al their 

free arinbles iff they hav tJ1e nme contextual t rminution meories. u ,then mre, if S l i:s a 

·ubprogrnm o. rmd S2 has Lhe same contextua1 cm1ination U1 ry as . 1, then S wi h l 

t"ep laced by S2 remains eq LI i nlent to S. 

6 Conclu ion 

Our oomplelenes theorem hov11·s that all val id t rmirmtion tl ertion are pro able. 

~ .. rong r w: emeat, ould be a deductive comp/ tene!iS theorem i.e .• if any set of tem1ination 

asse,tions r semantically implie p(S)q. then p< >q i provable from r. This hoJds if f 

contains only first order assc11ions by Lemma 2. However, even if we con ider only e r 

hich ar singletons deducti e con plet ness is net pos.sible. 1l1is is because the assertion 

1rue<.S>1rue semantically implies/a/ e iff the program Sn er halts. i ce h s t of tota ly 

divergent programs is not recur&i ely enumerabl [I ]. the set of tennination assenions 

uue<S>1rue such that , true<.S>tme}t=Jalse is not recursively enum rnble (cf.. footnote 

p.19). 

T\ o projects for further in - igation are to enrich the progrn.mming Janguage and. to 
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pru1d the assertion language. Programs wjlh procedures as pnramcl rs , nd with more 

cornplicated data obj cts are wo p1JssibiHties. Our i:ISsum tion thaL all und Jared global 

rocedures are e p liciH pa.ram teri z.cd might nlso be I axed by addi g pn.:dicat s to lhc 

asserti n bnguagc \ hich allo Lh global V:ldablcs used by t procedure to I id · n ti fled. 

For xamplt:, - zero-ary p dicute I DEPp, mi 0 11t be used to Lal thuL the belm ior of 

procedure P is independent of Lhe variable x. his i:s rm ndaptation of the "j nterferen1;c11 

one p discussed by Rc;moids [ l 9]. , noth r possibi1ity noted in the rcvious section is lo 

use a t_ pcd language whicll altm s sharing of addresses to b treated c:i:p1iciLly lbll wing 

·rncht nbr t r20]. '\ c do nol foresee any fundmn ntal difficullk in t nding ur results 

to handl, variable dependence and haring. llowing pmct:dure parameters. howc ert 

seem t I nd to higher-order a ettion langu. ges. Insofar ns our resul dcp nd cruciall 

on the comp3ctncss propcrl-y of first order ]ogk they win not. 1:;,en ra.lize easily to progrnms 

with unrestricted prnc du re parameters. Howevi:r, by considedng the Hcnki n 

interpretation r type Lh1..: ry (cf. [l D i.::n this obstacl nmy b· surmountable. 

7. Appemli Comp letene for G lobaJ Procedure Call -

We show that axiom Pl -8 are mplcte by sh wing that dllY con isknt set of assertion· is 

sati fiabk. Two import:mt pr ]iminari,es are 

and 

Lemma 7: (Genernliznfon) Let r b - a 'ct of asserlion o.nd q an ,l ertion. If 
1-q and z i noL free in r then fl- Vzq. 

Lemma 8: (Deduction) rru{p} ~ q, then n - (p :J q). 

Both are pro ed by induction on proofs (c[ Endmton [9 ). 

L tr be a set. of first or ler as ertion about global procedure cans such that x;t is not 

pro able from r using Pl-8 and modus po□ens. Let L denote the signature of · and le Lp 

denote the associate ·. frrst order ignature. We construct a ate ati fying r fr m constan 

foHowing tl1e usual Henkin-slyle procedure for first order logic (see Endeiton [9] or 01ang 

,nd Keeler [41). The construction consists of the lollm ing fl 'e teps. 
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(1) S lcct an infinilc set '""of fre h arinbks. Th state us. lisrying r \ ii.I hav uivaknce 

cl~ s. cs of ,,udabl • from V ,L5 its dmnain. · sualty constants are used, bul since constants 

may not occur as address parnm tcrs in prncedL1re c .. I ls. variable work better ~ r ~ crlions 

about global procedures caHs. 

(2) Crn1.truct a set of formulas r· ;J r such that for each formula q of the expmdcd 

lm1gun0 e { w·ith variabJes from • r' contains r onnu.lns 

(a) -, Vxq :) -iq[ v / ] 
(b) <P(t,:)>q :J (<P(t . )>x= ,,) /\ ql /.] 

where v and .,, = v1, ... ,vk are new YariabJcs (from St p 1) :md ~ . As each v ria I vE'Yis 

add d to f', ,m in finjte set or formulas { v = vj }j>O for fresh V/:'ris also dded. 1 1Is i done 

i 1 such a wny that ' i not c, Jnju tcd by any fin it mm, ber of. dditions. 'Hie purpose or the 

fl rmula {v= vj}j>O are to provide ·11n1,i1c cquivokncc dasst: of variable from -r. i.e. 

ach equivat "nee cla will hn e in finitely many rep res ri tt1tiv in Lhe model ,, e construct. 

1 e construction proceeds in stages, starting from O = r. Let ri be Lh result of the i~th 

stag • and let q . P t and x be ihe i-th formu1a1 vnri bl procedure ariabie. eclor o.f 

t.cnns and vector of variables in some e uun ration in ·hich all n ccssn combinations 

appear. Then to construct fi +l pick variable and'\'= 1 ... ,vk (with _ ) from ·which 

do not. occur in ri, q Port. or each variable wE{ v1 ... '.tit aiso form a set of formulas 

~w = {w = wjlj>O .sLich that g:w hns infinitel many fre b ariables , jE,.-and no \ j occu in 

ri, p, t x q oran pr viou Sw. L 1 g = uw s,,.,,. and let 

ri+i = ri u (o.),(b)} u @. 

Assum1ng that ' i 1 con isten e prove that rH 1 is consi tent as foUows. Stlppose 

fiU{(b)} is incon istent. TI1en by the Dedmtion Lemma and propositional re-asouing1 

r it--<P(t,. )>q 

and 



ut ·ince , .. i a \'ector or variables \' hich do not appear in i· it follows by G n ralization 

( _emma 7) that 

f jl---,3,(<P( ,x))x = v /\ q[ / , j). 

l l1erefi r~ by P8, 

ri1--, < (t, · >q), 

, .. hich c nlrn ic • Lhc ~ umption that r1 i. con ist nt B; a imi lnr nrrrument (s e [4]). the 

consist ncy of iU{(a),( )} may be :-educed to ti at orriu{(b)}. Clearl adding ~e fll,e 

lorn, {w=wj} docs mt c Lroy c 11si~ ,ency ince none of h,.; wj·s app ar in l'iu{(a),,,(b)}. 
,. 

([f some t U{w= \''k} is b consist nl, t 1en r 1--,{t = w ) □nd ' b_ G "?' ruliza ion 
$ ~ r ..,_v, k '(w= \iv'l) i.e. r is 'incon istent.) nus if i con i t nt. so arc r 1, r 2,.. . and 

th r fore ' = Ui i mu t b1,; con istent 

') Extend I o a maximally consist nt set 8. ~.c. for a.n ' forn:rnta q e~ther qE or -,qEL\. 

Th is is done in lh usuaJ manner {4):. 

( ) Defin a t te <1 whos domain D17 is the set of equivalence classes of variables from . 

Dclin - func ion r1 and rdntions Ru PE0 according to the formu l in . 

For an terms Landt' d line t= = f iIT (t== t E und t [L] d note{£' I t= = t'}. Let oa 

== {[ ] I vErj- . Defiue v0 = [v] nd r, =[t]. ote that t0 €D11 sine _ 3 (t= y} i pro able from 

I -6 and (3y(t= :J t= v)EA for some E by construction of Ii. for runction and 

relation , de11n 

(a) -uUv1l ... rvnD = ff 1 .. , nt" 
(b}<[ 11 .... [ 11]> E Ru iffRv1 ... v11 E for ach Rm. L 

(c} <h.c d> E PE11 ·r th r it vector of variables u, tmd ,, from rwith 
Ev= Ew = E, b=[ul c=[•,I and d = [w] . uch 1hac (<P(u, )>1r· =w)E . H re {u) 
d notes [u1] ... [uv~l. 

It i straightforward to eri . that f' and RO are w _ n defined b (a) and (b) as u ua1 (see 

[ ]). o se that c) me l the r suiction posed in S ction 1. not that if <h, • )EP 11 then 
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(5) ShO\ lhal <1Fq iff q€A by 'nduction on th ·1.,ngth of fommlas. 

For l'irst order atomic fom1ul hi i immediate from lhc d finition or a. The conncclive 

cases arc also Lrai&htforword. F r exam1 1 • CT,- ·-;q i ff o-1,;6 q i ff q ¢ i f ,q E 6.. 

nsi r V:xq.. otc ' 1at there · some formufo -,v, q :) -iq( qlx] in \ '"ith vq r not 

appearing in q. ] f crl=Vxq then certainJy u{[ q]/x · t=q. By the ubsLi tttion .emm , 

al=q(vq/x]. ince . q doc not app ar in q, U1 formu]a q[ q/x] I a. Lh · an l ngth a q 

and by th inducliv hypoth sis q[ ·qi ]El~. If \fxq i . not in . th n ~vxq must be in Ii 

anu hence -,q[ /x] E: A by m dus ponens. But inc _ q[ q,lx] ( it foll w · that vxq E . 

F r th on rse suppo~ ale# vxq.-171en for son e vE'r, ,(T{[v]/ . F# q. Therefore, by the 

SubstiLuti.on L mma ul=I q[v/ ]. me v r~ equivnlc 1cc class vl is ilfin]te by 

constmction of r (Step 2) i may b um I that v does not occur in q · d hence c {v/x] 

has the ame lcnglh as q. 1lrn q[v/x] (£: by the inducti e h pot.he i • 1er fore 

,q[v/x]E6. and Vxq cannot be iu /J. by P2. 

Th linol cas is <P(t x))q: 1/ first consider q of the fonn . :::.y with .-..:!'.'.::: . lt fonm from 

th d flniLion of atisr◄ c1lon tl1at 

u1=<P(t x > ' =y iff (t" x" y0)€PE u. 
X 

By definition of u. (t11
,. 

0 
, •

0) EP • a iff 
"X 

( ) ere xis ec ors of •aiiabJes u v and w from f" wi h [u]=[t], [ r]=[. ]. 
[l .: = [yJ and = Ew ~ Ex sue 1 ~at (<P(u.v)>v~w) E !J. 

tr mni□s to b shown that(*) is quivalent to 

(**) (<P(t x)> = ) E /l 

If(*) ho1d then by definition of the equivalence dasses [] ft -rm • 
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1ltu~ from P7 

A <P(t ·)> =y). 

which i11plie ( *). 

lo see that (* ) impli s . *). as. um thJt (**) h k . i1 ce 31..(z = l) is pro nble fron P · ~6 

f:Jr any terrn t. 1..he constructi n of . HSur Urnt for each t rm t h re i a proof from A 

h·1l t i qua.I to some ark1ble in r. Hcnc lher exi vectors of ·ariab u, and w \it"tJ 

::::::: . std1 that 

6r- u= t /\ l' =. A \<V=y. 

~n, r, fora , from P7. e con lud (*). Thus 

cr1=(< C, · >.x=y) iIT (<P t~x ,). = ) E !J.. 

111 get rat. i al=<P(t,. )> th n by d finit.ion of ·atisfoction th re is some '€ vitr \1~x 

such that 

(to:.~.O'. e1 € E/ and a{v0/xJl=q. 

ince each eq ui ru nee c o' of variables in r js jn fi 1ite each vi may c chosen so ns not to 

o cur in q. By the ubstitution L mma, <Tl=q[l·/, ] and so b I Lh inducti e hypoth is. 

q[v/ ·]El\.. in e a1=(<P(L )>. = ), we hav (< (t,x >. ="t')E~ and tl1 ~refore tJ. · < (l x)>q 

b P8. 'incc is deductiv ly lo d (<P(t,. ))q) E .. TI1is hows tha . ·r crl=(P{t,. ),) .,. then 

(<f (t,, ))q),E - . 

For he com•et a ume <P(t .')>q E . lien by Lhc construction of Ii, 

<P(t x)>. · = /\ q[•r'I ] E . 

fi r som E'fno occurring int., · or q and with v--- ·. 171 refor a1=<P(t, )> = 1· and so 

(te1. u, o)EPE o. 

" B the inductiv h potl esi. al=q,[·dx] aud so by the ubsti ution L mma a{{v]/ }t=q. 

Thus al=< ' (t .·)>q. Thj . conctud the proof of claim (5}, i .. for any tiIS ord r asse1t'on 

about global procedures q, at=q jff .qE:d .. · 
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From (5) ,md r ~ it ronow tha ::rl=f. Thus every consi:-.tcnL sel j ~ ~·1ti ·(fable and Lhe 

axiomatization is cornplele. 
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