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1 

Qualitative s:imu.Jation is a key mference process in qu.a itati:ve ca:usal 
reasoning·. However the precise meaning of he different proposals and 
their relation with d.ift"erential equations is often undea.r. fu this pa.per, 
we pre.sen a precise definition of qualitative siruc me and behavior de,. 
scriptions as ahstraetfons of diffe1ential equation: a.nd continuou ly differ
en iabJe fame ions. We present a ne, algorithm for qualita.t"ve im.ula.tion 
ha generalfaes th,e best !ea.tu.res of existing algori hm , and allows -direct 

comparisons among alterna e approaches. tarting with a structural de
scdpt· on abst-rac ed from a differential equa.tioll1, we prove that the Q IM 
nlgori hm is guaran eed to produce a q11alita:tive behavior corresponding 
to any solution to, the original equation. We also show tha.e any q alita
tive simulation a.lgori hm. 1 because of its focal point of' view, wilJ sometimes 
produce spurious qualitative behaviors: ones wfoch do not correspond o 
.any mechanism satisfying the structural description. These observations 
suggest sper.'fic. types of care hat must be tak,en in designing applications 
of qnalitati-ve cau.sa.l reasoning Sj1stems1 and in construe.tin"' and validating 
a know]edge base of mechanism descriptions .. 

Keywords: qualitative simula ion. qualita. ive ma.them.a · cs 1 naive physics. 

1Tl1.i · r, -~t'.Udt WI\S supported in p,trt by th . Mionru Library of f dicinc thmngh NIH 
Gz:an lJ\/1 D3003 LM 04125, anJ. Il..01U,..104374 ::wd b,- the National cicnce Found- ion 
th.rough grants MC -8303640 and DCR.-8417934. 
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4 Jn,troduction 

1 Introduction 

An expert system i oftcu a "shallow model' , fit ..I\P]>1kati.on domain, 
in he scusc hat conclusions are drawn directly from I hserv,th foa u.rcs 
or lh pT , ·cnt d :'l 11.i. io . Research rs h:~v loug foll Lhat g m1in ly x
pcir pcrfoy1m1.rlcc must also res on kumvl dge or I deep m d ls,1 in which 
a underlyiug mechanism, ho. si.a . vririablcs may be n t b, dircdly 
obscr a.ble 1 accmmts for the h:. rva ] h.c s [ c lJ er and ,,ens 1983] . 

One major line of rese, rd1 to~ a.rd U1 • r prescnta ion of d cp models is 
· h stud or qu.a]iLutive nnsal ruod Js [d • K]et. ·• UJ,77,. 79· de J(]e r and 
Dobro\ 19 i de J{I er and Br wn 19 3 19 1· Forbu 19 - ·, 1982, 1983, 
U ; Hay ·, 1979; l{uipers, tt 2 19 - Kuipers and Kas irer, J083 1984; 
Willian - J98'1 i I!) '1 l. R ~ ·n .h on rtualita 'iv caus, I mo I~] dHJ"'ts from 
more general ork on d ep mo<lels in r cussing on qualilafve descriptions 
r I.he deep mccbani m • pn.b.1 of r pr sen ing inc:o upl knowledge of 
be s rue nre and ehavior of he med1ani m. y.n bolic manipul. ion of 

qu:i]i a iv• 1 criptions al. o ar,p ar to be a plausible modd ,of human 
expertise [l<ujper. and l{assirer 1983, 98 ']. 

Qualitative <:ausa) reasoning consists of nwnber ,or different op ra-
tion i :ranging from he initial form 1fa1 i n f the pro. J m, to prcdic ion of 
po sib le behaviors to explanations of ot> erva i ns. These operation vary 
cousid rnMy rrom ,o,n pro bl m dom"1in to an other, ranging fro1 1 ngincered 
elec ron'c d vi, es with a ar ful] design c corr po cl nee ,e. ween p 1ys

ical c mp 11enL and fonctiu•n,d bdia ior [de[{] er tl77; \. i!Han.1s 19 -tb]) 
to c mmonsensc pr ·dictions of the beha i r f physkal objed under he 
inllu n e of tiv processes [P rb 19 2i 19 4)i tot e behavior of physi-

logkal mechani m ~. h · rda ion to h phy:sku.l: o:rgan i nly pa. ·tially 
under ,o,od !Kuipers and 1 ~ sher l'9 3 l ' ]- Forb 1s (.1.982 1' · 1), in 
p,i.r kular, ha.s deve] pe a sophistic ed Quali a ivc Process Theory which 
propose that commo.nsens .re• -oning faou mechanisn :. i based on dcter-
1:1 ming th processes that are adiv in a gi en physical si , uation at a pa.I"

LicuJar time. rr he proce then yield th · a e variab]es ,and con train.ts, 

from v hich , h.e e 1aYior of the mecha.nisni iJ derivc,d. 

ccn ra.l inf rence ·thin aU of thes approaches is qua itative simu
]ation: cri ation of a ,e cTiption of t:h behavior of a mechilllism from 
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• igu.re 1: QuaJitativ imula.tion 
srnctions of act al behaviot. 

d diffcrcn ia] qu 10ns are both ab-

a qualita iv ,descrip ·ion of it structure. Differ n 1.\) equations pro:vid.e a 
us fol anal.ogy (figure ) . A clirfercn · ar qua i d scrjbes a pl . skat ys~ 
tem in tern f a se of t.:i. c ariable d con raints . The solu ion to llie 
eq11a. ion may be ., I-unction r presenting I. e bcha:vior or the stem over 
ime. Tb qu., li aLjve s rue ural descrip i,011 .is a furth r b · ract1on of he 

saJ11c system a cl qualita. iv . simulation is in nded to yi ld a correspond
ing abs raction of jts behavio:r. Thi pape1· formalize and i:nves ig.. es ha..t 
rda io.ns ip,. 

A hoary an ., lgor i h:1 1 for g · al itatiYe reasoning mus address: several 
issues~ which pTovide a. frarnewo k for comparing e proposals of difreren: 
res,carcher and the contr"bu ioo of this paper .. 

• ho,;i.1 quantities ara described qualita ,ively 
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. , how sta. ·c l,rnnsitions are selected 

o wh 1,her r1m- nLi i s correspond o standard math rna ical analysis, 

• hcthcr qu litative i1nulal1on produces all and only valid b h· vio s. 

All qnali a.liv sinmla i · n . y L m des rihc q urn it~ s ·n t rm 
orcfin:\l r lati.ons wi · b a snrn:U s t ~r la du ;i;rk Villu s. c !Geer: obrnwt 
ah t Brown [c:I Kl r awl Ur wn, 19 · i • [Heer an(] Bobr w, J9 1] an 
'Williain 11'98 .~, 19 1lbj akc th only lanclm, rk to be zero and thus define 
h re qualita.live valuesJ { + 0 - } = and d fi n,e adcli in a.nd I u I iplication 

as operattoJls over lhe qmlli < j,jve a.lues. 1orbns (19 2 HJ. 1) and Knipers 
( 198 ) define a quantity space as a partiaUy order d -or I, du rk val
ue o tha.t a quanlity is de.s,cribcc:l in crm · of i s ordinal relalions with 
the Jandrn.ark .. ''he l ipcrs (rn 4) approac js. , ·rrer n, frorn lie othcr:s 
in IJow·ng ew 1.inclmarks ta be tlis ov cc] urit: g I1c gu.iH a. j - c simufa-

jon, and used to de line ne qurui ath c distinctions. The Q Th1 alg rithm 
pr,c. 11 t d here de.scribes q 1:1 · i i in rn of a linearly ordered sc of 
lanchnarks bu still alJowing new landmarks to be disco cred and inserted. 
\V demo s r.i.Lc b low tl at wi hout liscoverfag and using nm landn1a.Ik 

a.lucs importa111 qnar a i c distinctions can h mi ml ch a th,c dfa-
tim:ti n b tween increasing:: d r.r asiug ,Uld :stable osci.llatio:n. 

Differ 11 qua]ila.tive simula: ion sy tem take diffcrcrr positions o wl e her 
quanti ies sho d h an .1bs rac ion -of th standard rn.11 1e11atical notion of 
real n nnbers - iu •Nhich case fil · d crib as an a]tematmg, sequence 
of points an.d open inte ·al - or \\rhetber a non-st.and.:l d model should 
be u "d allowing wo point o be .in.fi.nj esima.Uy separn ed. orbus (1982, 
198 ) and. de Klecr [ile l le r and BTo'i\rn _ g ] .aclop • uon- tandard model 
in lr1ich 1'mythica] Lime» epnrat qualita ive sta e tha -co r pond to 
the ame ,physi• , J poin in n:ne. 11ch my hkal time poin s appear to be 
r quir,ed when a propaga ion step must Tun more han once o generate 
a state corr sp ndiug , o the :next phys·ca] a e. De I leer and Bobrow 

(198·1) adop l<:l s, andard mode for qu::1:D i ies bu ; pp car fess committed 
o al rnat.ing poi, ts and int rval in lhe ti.me domain. Kuipers (19 ,4) and 

illiams (1984a 19 4b) follow ' he an.danl model. As WiUia.ms' wor-k 
a:nd this paper detnonstra e: he standard mode] makes it possib]e to state 
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an,l prov u ·cfo.l hcorems ab uL I.he vaJidi y of lhc predictions made by 
Q1inl itat.ivc sima1a ion. 

All q11alit,._ i • sirnula ion syst rm, produce 1.h s - of possible behaviors 
by gcncr ing then l1Hering1 p !:i il.J 1c Lransiti, n: hct ~ r p.;i.ir of {111< fi a
Li vc s· . c dcscrip ions. o::. sy!. cw · simulate forward. hy ge11c .~l.i.ng all 
possibI suc.c s uf lu: cu rr • t s t.at ; d • I{ h.i,c [tl Kl er II l Brow n 1 1984j 

d T'Jccr an Bohmw, JO l gcnc1·ate all µossibJc quali alive s a es 1 • hen 
de ' rn,in s lhc valid . rn.nsi ion . .uuoug hem. I e J{lecr s approa l c:u.1 only 
s 1c • ·d if there is a fixed set of qualila ive a.Ines s Lhat lhc cL f p s iblc 
s ,Liles c. b g J1cra 1 ed. in advance. ln hotli cases I.he lil cr·ng criteria are 

ocal: they d pend on the qmm i ics in U e at s riptions , and 011 

the st.rue Ul'i 1 consLr , ints in tli sys 'Cm. 

n impor an dass of filtering cti eria a.re transition ordering rn1es (de 
Klccr and Bobro 19 1· 1 ip rs 1984· \ illiams 981a.]. For example if 
A B = C , jlh > 0 .i-nd B , nd arc approach"r g zero , Lhen B 
mus reach z r r. r he TUl can bt form uh-\, ed, 
corresponding o different signs , rHr •c ion of approach and corn.hinations 
of qua.uti ie . pprna hing nm1ts . ln d,- igning a · • cm 1 it is ,difflcuJt to be 
ur lb eL n.11 pos ih I such rules hn c he n cap ured · in jmpl •m n ing i I i 

is dim tl o chcc.k -hat 11 h, :,,.,• be n writ en correc ly. . tlescribcd in 
al] or h transition ordering rule. n be recogniied ~ pecial 

as s of a. imp Jc e t of .1.]id rnla ion hips between the c: · rcn , -values of a 
se · of · u.::lnti ic aml c or corn~ ponding v.-ifoc..,. Th se st , a1 plying to 
l'l ADD iVI LT !vf-t, and M cons rain ts, captur an singfo•constraint 

I.ran jtion-ord ring aHcria. of th i yp can be implcmen ed cUici nlly, and 
mos importantly can be slraigh -forwardly-proven couec . 

All quaH at·ve ·mu a.tion sys mus pre(fo: n ultiple possibl,e behaviors 
given r • in st.rudural desc.r·pti ,n and i.ni ial conditions. Re arche:rs in. 

this area. (myself ind tded) ha eh ped o prove ha the predi ed bebaviors 
in dude aU and onJy the po. sible behaviors of real mechanisms sa isfying th.e 
given dcscripti ,, ,. Hall of this is correct: w pro below lha quali r, ive 
sil ntla.lion cannot mi s any actual b havior. Ho e er because of the ]oca 
na • c of i s clecisio riteria, qualita ive sh ula i n can predict behaviors 
,hat are o.t pos ibie fot auy real m. 1 cha.11i m satisfying he giv n desctip
. ion, and we o strnd a counterexample. "\ e i cuss the jroplica ions of 
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lhcsc results fo,r the consL:ruc io 1 of; qual ita: ·ve causa re._ -oni_]}g system. 
Q1 a l1LaLive simu1 ti 11 syst.imi'l vary v•i.d l.y in speed Id I{ ecr personal 

conun rnka ioni Forlms p r. onal communi , tion]. In rd r o be useful 
as part or :u1 c. p c_rl pm blcn -solver .ii q i,1li ta.ti ve simuh · ion system mnst 
be c I i nl .. Tlw Q. IM .. g :rit m1 is ve y fos L [i'ur 11 ·rmotc experiments 

wi 11 s 1w1.-nt.i variants ( •-g. Ju~ {+ 1 0 - } · 111, nlics) c:an l made c. ~Hy 
hy 1anging t.h II rie in Table :3. H has L en it11plc;1 1.cnLcd in Lisp on the 
• yml , fo:. 3600 · nd II x. u pfos in bi:i paper have b cJ run as .\1cl1 as 
n 1m crons oLh •rs i:J1 elementary physics au<l in. m:_phroiogy. 

1.1 Overview 

TJ1i ec ion provides an er i-cw of quali a.tive imulation and. the 
Q IM a.1go~i hu . The concepts pr cnled here ar ,efin d ·nore formally 
below. 

Qu. lita ·iv imul, ion of a sys em ar :s with a description of he kno,wn 
s rue ure o( the sys em 1, and an iui ia.1 :s ale and pro ' c,e • rec consis ing 
of he possib]e ru urc taLes of he s UL The possibI b liaviors of the 
s stNn ar he pa h fro 1 he r. ot ,of thls e, · i ~ leaves .. Tab1e l gives 
an informal descrip · n •of the structure and rnbra.uc.hing behavior a snnple 
sys em. 

The structural description consi t of a ct of symbol r presenting 
th , phy i · l parameters of he system ( con inuot ]y dilf crcntiab e real 
val cd funcLions) and a set. f constrain .· on how ·ho p ramcters may 
be related to each oth r. The constraints are t o- or three- la e refations 
on physic.al pa.ram crs. ome specify fa11i.iHar n.1athemati al r , la. ionships: 
DERTV(ve.l ace), ADD(net o-ut in) 
M LT(ma iacc force) l\4L (Jwd,r,~v). 0 hers ass l' ,quali atively 
tha there i a functiona r.eJa ion ship heh e n wo physical parameters, b t 
only specify l,h, . 11 rdati.onship is monotonkaHy incre ing ot decreasing: 
M -(pr·ice power) an IM (mph mpg). The constraiJJts ar d ~igned to er
mi~ a large ciass of difforen ial equations to be mapped s ·rnjght-fon ardly 
into rndurnl descriptions. 

Ea.ch physica] p.trruneter · a contin ously · iffe.r nrable real- ah1od 
rune ion of time. Its ralue a: any given point in · · n i specified qua.I~ 
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Tal>l l: Informal s ru tun. an ] behavior f t.he ctBall" :y tem. 
bal1 is thro n II pwanJ and fa Us Lo I.he around 1.rnd r consLtlnt gra: i y. 
n in I us quan ili"s arc cscri1 ed in qualil:t iv " lcrrns wi h no in.ore 

omn i· men n nun .c:rical •L. il than absolu cly u c,es ary. 
Structure 

• There is n constant dm nward accclcra ion from gra: ity. 

• celcrn · ion is 11 d,eriva.tive of velocity. 

• docity i the dc:ri u ivc of height. 

•• lnit.ia.l]y we have zero heigh and J ositi c upward velod y.. 

Behavior 

• The ball i init.!i lly a zero h ighL and positive upw. rd velocity.. 

• The ball i at posi··ive he"gh a.nd risjng; ve odty is positive bu de
c-reasing. 

• he haU s V· lodty become zero while he baU 
heigh. 

at some positive 

• Th, ball js s ill a.t posi ivc bu decrea ing heigh I while veloci-;y is. 
negati-..Te an ! (]ecrcasing away from zero. 

• TJrn ball re u.rns lo zero - igh .vhHe at a nega. ive velocity. 

• nle s w have included an a.rbi -ra.:ry ra ge restriction, height and 
velocity both become negative and decreasing .a.\va f om z.ero, forevez . 

Quall a ive im fa ion. d tern1ine th.e essen iaUy difforen regions of the 
~stem's b havior. I need not be u·v n the accele:ra ·on d e o gravity nor 
the initial up, ru-d velocity. l docs no · det rmin the height t ,o, hkh the 
baU rises nor its ve1oci y ,111hen it re urn · o · he ground. I does guarantee 
th t the ball rises b,en falls back to th.c ground wi h non-zero velocity. 
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i at,ivcl.y, in rms of i R, r falionship w it.h a o ;~lly ord red set o( land
mark alu •s. Th hrn .n rk values 11ay h ci her n11111cri · 1 (r..g. zero) 
or y nlH>lic; heh· or<linal rela.tio_11ships arc heir cs cntia . prnperti s. 
t-he q m.l ibt ive in tJ]., lion proc eds, i c;, n , liscover a.nd add nm lan 
values to the s II nc . ,.I he . .uaJitative state or a pa.rn.111etcl' coosist-s of 
its ordinaJ tcla ions wil h lh.c landmark v,il11e · and 11Ls dircclion or ch nge. 

T n, e si m ·t: ly, is rcp:rescnt.ccl as a otatt on r , set of ~yrn boHc d" s-
inguish d time-pol 1ts. " h cu rrcnL Lim i lll lier at or bcL vccn clistin• 

guish"'d imc-poinis. AU of tl e I.it te- p lnls ,u·c generated as a result of h ,e 
qu,1ULa ivc simu latioo process. 

a. disLinguish,cd thne•· it:tt, ir several physical param 'r linked by 
a singl c.ons rain arci eq al to ]andmark ah1 ·~, the arc said to have co.r
respondi g al ues w hid , , he di covered and us -d by he 1u~ Ulativc 
simula ion. Tl1e ·pecia.1 case or a mo11otonic function cons rain wi cor
r ponding value (0 0) · suffi.c'cuUy co:nrn 01 th .. t i i igui cd by the 
cons rafot 1vJ;.' and ilt/0- . 

A set of cons , raint on 11 physi,ca.l parameter of the ystem is only 
va1id in som opera ing region, iclined by Lhe legal ranges of values that 
omc 11a.ramcters ma • ake on. The legaJ range of a parame er is a do ed 

in erva1 wh - e endpoint are ]anclu ark alu s of tba.t par:i..u • er. These 
endpoints may be associa ed with rarrsiLions to o h•er o cr:Lti_ng regions 
whcr · a difr r n t of co.nsl,rain :.ipply. The operating region are do
_,igued , ' an interface to Forbus ( 19 2i I 9 4) con c.p of p1·ocesscs, bn ha.t 

pie is beyond le scop or t 1is pa.per. 

The initial stat<! of he ystem is defined by the opua i.ng region and 
a se of qua]ita.tivc va]ues for be pli sical paran1e s. he qualitative 
simulation pr ceed by de crn:iining all o[ · · e possib],e chanaes .in quali
t ti ~al 1c permi ,ed ea h pa.nun ter then fi1 er'· g the combma ions 
b applying progressivc]y broader conshaints. f more than one q_uaUta-
ive ngc is possib] , he currcu ate has Inul i1 le successors, a.nd the 

simufation produces a. ree. 

wo qua itative sta c in he same operatinP reb-ion are identical if all 
parruneters . ,•e equ 1 t the same landmark ,i1.foe.s1 and all the directions. 
of change a.re th.e sa1ne. f one of th,e successors to a. given s a.Le is iden , ical 
· ·:0 a direc redeces or, a cy lie behavior can be ,created. 
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Tab 1 2 pre c · s h rt rIDa] strudu.r · antl behavior dcscriplions of the 
BaU y. c-111 1 for c mparis:on ,; i h Table 1. ]n the ncx sec ions ,.,,c fofine 
lhe formal no a.Lion ncc.essary to sta.Lc he Q 1 ._ lgorilhm and prove its 
validity. 
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Table 2: Forma.l s uc \UC and b havj, r f th,e Dall system. 
The all ystcm is formally described in terms of thr c phy ica1 parameters, 
Y V, and A. 

Ll."uctu r e 

havior 

tu 
( tl l tJ) 
t1 
(ti; la) 
l2 
( l2 oo) 

DERlV(Y, V) 
DERIV(V1 A) 
Y(to) =:: 0 
V(to) = V > 0 
'ltt.A(t) = tJ < 0. 

y 

(0 inc) 
{(O 00) 1 in ) 
(Yr-mu td} 
((0 Y mmi:}) dee) 
(0 dee} 
((- 0) dee) 

V 

(V" , dee) 
((0 v•), dee } 
(O, dee) 
{(- , 0), dee) 
((- 0), dee} 
{(- 0) dee) 

A 

(g, std) 
{g, std) 
(g, std) 
(g 1 std) 
{9, td) 
(g., sld) 

Q I also produces 1qua]itativ graplis' to tepre en the be n.vior-al de
scr iption. 

I F 

Yi 
V 

INF 

Y1 

0 - - -·-----=- -------- - -v--- -- 0 
V 

MilfF MINF 
y 
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2 Qualitative Behavior 

In Lhc fol1owing sec ,ions we present a. more ri1goroi r1 fl II i lion or qua.1-
it.a iv simulaLion fo;uliug up o a ddini i n of Lhe Q,IM ~\I ,o it.hm and 
h pr of r cvcral Lhcorcms c]1arac, rizing ii. sl rcng· h • mad limi a.Lion . 

'l he validi y pro rs for scvcra. sl.cp or I.he algor.i1Lho are contain d in he 

nppcndices . 

phy ic ] -t rn is charac erized by a :nun b r or r al- , h1, d pan.mc-
crs, which vary conLinuou ly over Lime. \ 1 c consid ·r each physical param

eter o b a func ion f : [a, bJ , wh llr = [- ], lh extended 
real nunbe.r Jine. he 'on_a·r1 and range of a function f a:re bot c os,ed 
i.nt · rv Is in t •ten led reals, · e 11se [R· in· cal of fil trca: ing oo as a 
genuine landmark valiue bee E it is useful (tho11gh oL essential) o ha; e 
th ·nv, ri.111L that t an.cl / (t) a.re ahva l nundcd b) ,explicitly sated ).a__nd
mark values · n th,e -domaii-1 • nd range of /. h j' .1.nc, ion / : [O} oo] -t - is 

defined o b · cont' nuous a:t oo exadiy i[ lhnt .. f(t) cxjsts. For example, 
h h e and ,:/ are continuousl diITc:rcn'Liable on [O ]) but sin t i not. 

2.1 B havior of a Singl Funct·on 

We will clin,e · he quali ,ativ beh :vior de crip ion firs for a single 
cont.inuously differenti, h] func ion / : [a, b] !R . 

Definition 1 For [a, bJ ~ m , define f : [a . b] 
fum;tion if 

• f is c.ontinuous on (a, b], 

• f is continuously differentiable on ( a, b), 

• f has only finitely many critical points on (a b), 

m·· to be a .r asonaMe 

• fun 4 .f'(t) and limt ti /'(t) exist in ~\ Define J'(a) and f (b) to be 
equal to lhese limits. 
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rl h res rid.ion to fini c]y many critical p i ut excludes exa.ntp)es Jike 
/(t) = (3 s in l / l ha.ta.re con-inuously d1ff rcn iable1 l,u wbose behaviot 
c.haugc inli11itcly quickly arnurid l = 0. With uL h fourU r s riciion, 
/'(l) an :i HJ behave pa h logically arou id t 11dpoints or the interv .. i.l, 
even wli 1ou , c.ros ing zero. 

I criodic b ha io:r like an oscillating spring can be ace n odated wi h 
on] fi11i L ly n any cri , ica.l points by xplici ly • le c ing th rep ated s a 
and crca. ing a ydic .. I heha.vi r d scrip1,ion. T'be he domain of f need 
on y n a.in one p riod. 

Definition 2 Every reasonable fimction f : [a) b] ----+ ffi' has associated with 
it a finite .set of Ian mark · alu s including, but not limited to 0, /(a), 
f (b), and the 1:Jalue of f(t) ,at each of its crilfr.al points. 

D finHion 3 Where f i8 a. reasonable func:tioni t E [a b) is a dist'n
guis I ime- poh1 _ off if t 1·.s a. boundary dement .of th ael {t E atb] I 
f (t) = x where x is a l'andmark ualue of J}. 

That i. the d.isLinguishell · imc~point a: bo,se points where / passes 
i s I~ ndmarks; even lf its der:va.tive is not z,ero aL the Lime. 1'he restric 'ion 
l boundary elem •nt handles th,e , a:: e , here / bee • nes cons ant over an 
wt,ervaJ: only iJie endpoi s f he interval are di · inguished time-points. 
De l{)eer aud Bobrow (19 ) diminat his ca.sc by assuming at param
,et r have deriva i cs of aJ ord rs, in whl cas ruiy func ion which is 
cons an, over an inter al i ,onstan eve where. 

AH f unct.ions m ntioncd b I w ~&ou ld be presumed reas•onah)e unless 
specHi d o herwise. A re onable function / : [a. b] m has the fut.ite set 
of disti gu·~hed time-po·:nt : 

and the finite set of landmark va]u,es:: 

,ve can now define he quali ·ative· s ate o · .1 a t in crms of i s ordinal 
I ]a :·,on with its ]andmar:ks and its direc ion ,of change. 



J. 

Qualit.'l jve Beha.vio.r 15 

We reludan] c n ribulc to U e p olil'crati011 of :notnl ions for qualita.
t,i c de-s ript · n of con in 1ou func jons. The ;uhra.n ag s of th • t10 aHon 
il8cd here are I at it ( 1) natnraU r allows for an a.rbiLrary antl han.ging 

•L of landu ark value 1 (2 ) use a single cnn for the quaHLative 1lescrip
t.i.on f :1. fu-nction ·s 11agni ui1e a d r· :iU c, and (. ) n1ph. i~, s Lha . lie 
1111.li a ive d rip ion of th ,eri ·c~t i c i or low .nnc] fixed :resol11tio11 while 
q 1aliLa . .ivc d script.ion of magnitud is of high r and l · l<S ibly changing res
olution. 

Definition 4- Let l1 < · · · < l1: be the landmcirk values of f : [a b] - m . 
Ji'or any t E [a 1 b), Q (I, t) the qua ita ive sitate of / at t, is a pair 
(qval I qdir) . defined as follows: 

qdir = { 
inc 
std 
dee 

if f'(t) > 0 
if f'(t) = 0 
if f'(t) < 0. 

Propositio Where a = t0, < • • • < ln = b an: the di tinguished time
points of JJ consider t E (a b) s-uch that ti < < t < l; 1 }or some i. 
Then Q (f ) = QS(J t). 

Pr,oof: By h,e Intcrmedia e ruue T11eorem since / is continuously 
differcn i._1ble f (t) cann t pass a la.ndn ark val e, . , d f'(t) ca . ot change 
signs het\veen adjace dis ingufahed ti1 e-points. 0 

Thi, j tilic:is our b - ic in~uition I.hat the quar a i e s a e of be function 
is ,constant over int.erva.1s be we,en landmark . Hence we may 111ake the 
fa Uo mg defi, "t.ions. 
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D fini ion 5 For adjacent disling-ui:i f ed time-pofots t, ,and ti I b define 
q .. (I, li LI 11L the qu~nt ti e. S ate of / on (ti,t. I l)r lo be Q (/ t) 
for any t E (t,, ti 1). 

D .l'L i ion 6 Th ua li ··a ive behavior o/ f on [a.J>l is the .i q1.1:ence of 
qua lit alive slates of f: 

Q (f, t,1L Q U tfJ, ti) Q U1 t1) ... Q2(f, tn i. t,1) Q (I t") 

alternating bidwce.n gu ilitative stales at distinguished time-points ,an,d qual
itative states on interval belween d.i"stinguished lime-paints. 

2.2 Systerns of Functions 

Definition 7 A y , em is a sel F = {11 •. - frn} of reasonable functions 
J, : {a b] - JR' each w.ith it own sel of la dmark~ and distinguished time
pofot;s. The dis t'nguishecl Ume-poin s of a system F are the union 
of lhe di tinguished tim -points of the individual /imclions fi E F. The 
qualita. ive st .t of a system F ofm functions is the m-luple: of individual 
qualilatitJe tates: 

Q {Fit,) = [Q (Ji I t.) .. • Q Um, ti)] 

Q. ( • t, t,.i) = [QS(/1, t.- ti a) ... Q (!,,,., t1, t, l)] 
// li and/or L1 - t are riot disti1iguisheti time~points of a parlic for /;, then 
t.- and the interval (t1 ~ 1 _i) must bt1. between two distinguished time-points 
of /JJ ay tk and t1r; i 1 • Th n Q (!;- ti) and Q ~(!J t,) t.- , 1) are defined to be 
the ;same as the eontaining Q (f; (.., l1t t d· Tfte: qualit~ tive behavi,or of 
F is th equ.en.ce of qu,dilafive .states of F: 

T e e d finiLions give us a precise seman ic for the qua.Ii ..i.ti e dcscr·p~ 
tion of con inuous functions, and clarifies th concep of the "n x s atc .. 71 

very ate has a ua.li a 1v d s r·p ion Q· ( i t) b11 hat descripti,on 
changes n]y at discr,e c distinguis ed time-points, ar d ren runs constant 
on he op,,en in crva]s betwe ·11 11, m. T.hus l1e 1~nex. sta " of a mechanism 
is more propetly ca11ed the: next dis inct qualit;a :iv•e state descdp jon of the 
mecha:ni ·m. 
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2.3 QuaHt · tive - tate· Transit ions 

· i.ucu a tC.uionablc func io f bi c n i11uou. ]y cliffcrm1.ti.,1.l·,lc 1 1 e ntor
rncdia.Ll' Value 'I hcorcm nd he Mt' n V.ilue • h o.rcm rus l'ic Lh ,i,ray it 
can ch·~ngc frorn on q t1 ,11il,. I i1vc ta c ' o Lhe next. Th re .m: l.wu ypcs of 
qualitaLivc t· c lransiLi ms: P-tran i l i.ons, moving from (IL point lo, au 
inh!J-,,ral • nd 1- Lransi , i,o , moving from a1 inf,, rv,LI u a. point. 

D.eflnitlon Where t1 is a tii."ltinguished time-point, a P -tran ltion of f 
is a pair of actja enl qualitative stales of f , 

whose first state £s the qualitative .5la.te at a distingui_shed time-point. An 
I-transl ion is a pair of a.djfi cent qualitative ta.tes of J, 

whose. fir6l state is the· qu,alila.tiiie state on the intervaf betwewr1 distinguished 
time-points . 

"l'ab]c 3 specifies h e ct of possible transit ions Lha can tak pl., ce in 
Lhe q11 al i ive b hn. io or • ingle frmc ion. Th "·ali<li -,y of th is table i 
pro cd by the propositions in App,endix 
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Tab! 3: Th po~sibl tr .. nsi.tions 
reasonal]. fun ion / : [a bl - ► m is restric Cfl Lo }ie following set o! 

po ib]e l.ransi ion: rr m one ru litativ stat to th n ·xL. The ontcnt,s of 
hi , able arc justified by Propo it.io11 31 1 1 6, and ui pp ndbc 

P-Transit.ions 

J ame Q (J, ti) 

Pl (li std) 
P2 {lj td) 
P3 (l; std) 
P4 (l1 inc} 
P {(l3 l,~J) inc} 
PG (l; dee) 
P7 (( l, lin ) dee) 

I-Tran itions 

11 (l:f 1 std) 
12 ((l; ,li. 1),inc) 
13 {( li ti 1) 1 inc) 
I ((i_;, l3 1),inc) 
r ((li l1T1) dee ) 
l6 ((l;, l.i i) dee ) 
!7 ( ( l:1> l; t-1) dee) 
/8 (( li, l,·, i) inc) 
[9 ({l3 l;+1),dec} 

iQ (/ tit ti 1) 

(.lj std} 
((l,,lJ.i),inc) 
(((,- i, l;) dee) 
{(l.; , l; 1 .), inc) 
( ( l; l; 1 i), inc) 
((l;-h (; ),, dee) 
((l; 1 l;+t), dee) 

Q (f , t. i) 

(l; std) 
{l;t1 1 std) 
(l1 1 i·nc) 
((l;, lf i), inc) 
(ti td) 
(l,, dee) 
((l; 1 l; 1), d-ec) 
(l std) 
(l" 1, td) 

In cases [8 und [9, / becomes 6td a l" a new landnuuk value such tha 
l; < l" < lJ° 1• In hcse cases, a pr .· io ly nnlmow. landmark alue is, 
discovered because o her constraints forc•e f'(t) , o becoine zero. 
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3 Qualitative Structure 

The q, an a i c sLI·ucLu ral d,escripLi consists of a set oi parametezs. 
J re CJ .Ling Lhe st.ate vari:lbfo of he mcch .1.sm. inmla,' io l .assigns a 

qu ljtaLive ~1 avior 'Lo each para.m tcr. owtr,Lin holding between two 
or th:ree paramc r iu the s rudura1 d scription ::; v t > rmit lhc possfble 
0 011 bin, ions oJ qua1 i ati v' IJ •h.: ior. Th constrain L no · Uo us •d h re 
ha-S he advantage like de le r s con flu •· ·e · or ha ing a clear corrnspon
<lcncc with di.Fr. r ·n ial q ]., tions by making explicit all the fonc :iou and 
opera ors in the equation. 

3.1 Arithn1 Uc Constraints 

onstJ;ailll s corresponding to h ba-ic ar1 11melic and dilf rentia] oper~ 
a , ors are fundameit • aJ to a sl,ructura] , cscription. 

DefiniUo g JlDD(f, g, h) is a three-place predicate on reasonable func
tions f: g h .: [a ,b,) -+· m· which holds iff J( t) g( t) = h( t) for etJery t E (a, b]. 

Defin.:it'ion 10 MU LT (I, g, h i.s a three-place predicale on reasonable func
tions f g1 h : [a b) ._ ~?· which holds ilf f(t) * g(t) = h(t) .for every t E [a, b]. 

Definitio,n 11 MI U (I g) is a two -plaee predicate on reason.able func-

tions f, g : [a . b] ~ which holds i.ff f(t) = - g(t) for every t E [a b]. 

ince addi ion and mttl ipf ca ion arc commutative,. 

ADD(/,g. h) .ADD(g.,f1 h), 
lvf f.,T(I g h) LT(g, l h) 
l'W I (I, g) <F} M INU S(g, I). 

Definition 12 DERIV(J g) i a two-place predicate on reastmable func~ 
Uons f g: [a. b] _, m which hold iJ! f(t) = g'(t) for every t E [a b]. 
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3.2· Qualita ·v Function Constra·nts 

Tl q11alitalivc struc ur d s rip i u r a mechanism migl L sLa tba 
one physicnl pr, r nctcr is a fnoct.io of a.no her without specifying the 
fonc ion compfo •1.. Ra:.U1 r, i car h cl crib d cpmli <- ivcly in crrus 
of regions of monol.oitic incren. e or I ere .. ·c and landmark values passed 
th.rough. 

Th . mo con 110n and in1por: :tut case ar fun ·tional rel;i ionships lb.at 
a.re strk I 1uoaoloni every\ h re. Th m no onic fonctio11 constraint M i· 
applies irt h · 11 tinn when the fu 11c jon i strict]y mono on ically inc:reas~ 
:ingl and M when i is d cr,easing .. 

Defini· .i:on 13 M is a two-place. predicate on reasonable Ju.nct1·0,u; f, g : 
[a b] -. rrt. M (I g) is true if! f(t) = Jf (g(t)) for nll t E [11 b)i where Fl is 
a Junction with domain g([a b) and rcm'}e f( [a b]) , differentiable and with 
If (:t) > 0 /or all x i the interior of the domain . . A1 is de.fined similarly, 
except th cit } ' ( x) < O. 

Th r trktion op H ar 1 i.vatcd by wo r quir m nts. Fir.st, the 
cri ka.l points off ancl g must match ac:ros a M ' (I g) conslrain . ec.ond 
i mus · he s ible to break a function such as sin x i•at th j ints11 in o, 

regions of monotonic incre e and decrea so fl'{:t) = 0 mus be aUowed 
he bmrndar of he domain. 
CJearl I M ~ (f,g) # M ' (gJ) and 1-u g) M (g,J). 

o. e that M (Jg) does not imply hat/ an.d gar m no· onic ftmcUons 
fa:b. For exa:n Ie! 1 --'- (2.sinl,si.nt) hold 11 [O 2wL where H(x) = 2.x. 

As a nota ional vari.ant of M (I g) we may wri e f = M · (.g) or g = 
M ... (l). 

Pro po 1, ion 2 ons "der two contfriu,ously differentiable f'Unctiom f, g 
!a., b] -~ R•, where M (/ g). Then for all t E (a1 b), 

/'(t) > o if J g'(t) > o 
f'(t) = 0 if f g'(t) = 0 
f'(t) < o if f g'(t) < o 
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Proof: 1 1 (f g) ueans .b~ /(t) = H(g(t)) o /'(l) = ll'(g{t)) * g1(t). 
inc fl'(~) > 0 !J'(t) = 0 if and only ff/'(t) = 0. The · wo s ric· in qua.Jitic 

fo l low fr u It m 1101,cm id ;y of ff . 0 
Thus the •ts uf clisti:nguished Limc~poin n a.y nol correspond p d : cly 

a, ross / n11c g bu th •ir ritka] p inL , an luuu: heir r gions of constant 
dircclious-uf- l,a.ngc, ,uc 1clcnlicaL 

A qualitativ run tional Id ionship ne d 10L be slric 1 mono onic ff 
it can he divided inlo sections ha.t ar, alt rnatcly incte. ing or decreasing 
111 n onic , wit crifo:. i.1t , in s at t.he join s h• ·ween sections. An exan ple 
may Le dearr.r tl1a.n Lh d •fini j. n. oppose i,ha , = co O for z E (-1, ] 
and () E lO, 21'i l, We uny s· y Lhat FC(O, xJ desctip) 1 where 

(0 I) 
{(0171"),(- l)1JW") 

descrip = (11: - 1) 
{('ii", 21r),(- l; l)i.M -) 
(211' l 1) 

Tba is ,r O = 0, x = li when O E (0 'If), then x E (-1, 1) and lw (0 x); 
and so on. 

D finiHon 14 A q _ an ta ive func lonal , onstra mt is ,a thr e-place pred

icate FC(f y, de ·cripL where f and g ar reQ...s nable Junctions / 1 g; [a, b] --4 

~. and de.scrip i.s a li~t of descriptors.. 'Hu: predicate is tr11e iff J and g sat
isfy ,lhe q·11.abtatiue descrip~ion descrip. A d criptor is e.ither a pair of 

corresponding l ndmark values / or f 11nd g I or a trip/ consisting of two 
in.tervals d fined by landmark values for f and g~ and the symbol M or 
M indicating the relationship b tween J and g when their v,alues lie in the 
intervals. 

h, joints b we n monotonic sections the :restriction on pcrroiss.ible 
combina ion of dircc iom of ch ng arc weak r. In parl.icular, it is possible 
for mie parameter to h., e direction of change sld whi] the o her is inc or 
dee. Otherwise, for 1uali a h ,e simulntioni these more comple.' functional 
constrain co.n be trca d x. c.1.1 like the m o onic constrain s hey imply 
at the currcn time~ poin . Only h~ s ric.t n\onoton.ic constraints M and 
A,f- a.re used m the r main<leT of this paper. 
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3.3 Qualitative Structure Description 
I' 

The cl<>fini'l.ions of th s i:onsf.raints noi, aHow us o define qualitative 
ruclu.rnI dcscri.ptions as a:n abs raction of differ- n ia1 q11al.ion . If a mech

anism c. fl described by certain diJforcnLi I equa.li011 1 her is a corre
sponding, but strictly, ca.kcr c11nlj .:il'vc h I ural dc:s rjplion for it.. L.at 
is ;u y b havi r \- hi ·h sa.l is lies he difforenLi.i.l cqual.jon mu ncccssn.:riJy 

saL.isfy the qualitative s rndural <l,escription. 

Theore n 1 Let 
(1) 

be an ordinary differential e,1ua.lion of order n to be sati4i.ed by a function 
u ~ [a., ] -+ 1 where: F is defined only in erm.s of th ariUi.m tic operations 
addition, mulliplic.alion and neqation- along with funclions of continuous 

and trictly . non-zero derivative. Then a set a/ parameters a d constraints 
can be defined, corre.s7)llnding ·wz"th equation (1) such tlial any reaso-nable 
function u : m fil which satisfies equafoan (1) also ~at·i4i.es the set of 
constraints. 

Proof. De.fine para.n eter f 1 ••• J; cor:rcsponding to the a:rgu.men·ts 
u{t) u'(t) . .. i/••) to F and Lo each subcxprcs ion app a.ring in. cqna. ion 
(1) - Equa ion ( ) c· n then be tran for ,ned in o a syst m of imp er equa
tion derjve r ·om th su bexp,rcssions of F eaich inv lving • in glc f mc
tion or operator applied t p<1.ramc ors as arguments, and v,•jfl1 the result 
ass·gn d to anotl er paratn,c ,cr. For example, if on subexpre ion of Fis 
(exp1 + exp2) and the ar met rs corresponding o exp1, ezp2, and e 
entire subcxpr ion are / i, '1-, and /1ci respectiv 1y1 hen he ·ub pressfon 
correspond o 'the cqua s:.ion J. J, ;;;;; J,,.. hi in , urn ,c:1n be ransformed 
, o the cons rai 1 ADD(fi /11 ii,.). II Ji corresponds to a. subexpression -of 
th f rm g(exp), where/; corresp,ond t,o exp, and rl is stric. )y posTve hen 
the con train ge erated is -r- (/s Ji). in ']ariy if /J and J,i correspond to 
t.h - argumen, s u( t) an ti {t), the constrain genera d i D ERlV (11 , 12). 

"uppose som fonction u: [a b) - ffi: ."lalis:fies equation (1). 0 her real
a:lu d func ions corr,esponding to each parameter /; are defined by the 

subexpression equ~tions of F. The ADD, M LT I U j an DERIV 
cons raints are equivalen, to the corresponding •equa.ti.ons,, by definition 
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~ tu.I so are satisfied by u anc he ftm Lions rlcriv •cl from it. The M {illd 
1\.f conslr.i.in ·s are . trklly ea.kor 1 an th pec:ib · fun ·lion appearing i.n 
F\ so if ti and its derivf1d fond ions satisfy cquaLior ( [) they must, sa.1 isfy 

lhc M a1 d M c.ons raiuLs as wcH. ll 
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4 Qualitative s·,mulation 

This c tion des rihes the Q IM quali.ta.tive sin111!.a ion alg rithm and 
ref r o b J ro f of the , rious st ps, appearing in the appendices. 

4~ 1 11 ,pu and Output 

Th qnali < 1.ivc sjrnu]aLion a lgori h 1 

descripti n of a. n cha.n · m. 
g1 ve he fo11ow in g rue mi 

1. s ~t { / 1 .. - Im} of symbols r, presenting he fonc ·ions in the syst·em .. 

2. A set. of constraints applied to · lie foncLion ymbo s: M ' (f I g), M - (f,. g) 1 

DD(!, g h): ,J LT(! g, h), 1 1 J (!., g) or 
DER IV(/, g). Each cons raint may have associated corresponding 
values for i s f rnctions . 

3. Each fundjon is associated wiL · n o c Uy ordered c of syrnbols rep-
re .ntiug landmark values. EacJ Fnnctio J a a · le. he b sic se · 
of landmarks { - 1 0, }. 

4. ➔ ach func ion may nave ·upp r ;ind lower range Ji 1)j s., 'Ii hich a:r·e 
land m. ·k values beyond which the current set of constrain no !onger 
app y. rn.ng limi may be ocia ·tl \ i h a frC opera.Ling :region 
which bas it own onstrainL-s and range limits. 

• 1-\n ini ial im,e. pojnl, syn1bo], lu) _ ti ,qu< 1 itative al11es for eac'h of the 
f, a lo. 

The r•esu] of I.he qualitativ siinula. i n :is one 01 more quaHtalive behav
ior descrip ions for th f nc ion s mbols given. Each quallt.a ·ve b ha.vi:or 
desciipt"o consists of the following: 

1. A sequence {tr, ... tn} of symbo]s rnpresen , i , g he di 
points of the :system's behavior . 

gui 1 e, time-

. 2. - or each func ·on Ji, a Lo ally ordered set of]._ n mark a.lu . , po sibly 
extending the originally given set. 
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3. for each runcUon ,. a ac lis ,inguishcd tin e-poi nt or in erval be
t w n adjacenL 'l.im -point I a quali a. ivc taL d :;cripwon c:xpressed 
in tcmts of he land ma ·k va ucs of 1.luit. fnnc ion. 

4~ 2 The Algori thin Q SIM. 

The qmtli tat iv . irn llla.tion algori t _ rn Q "'TM rcp•cated ly lake. au ac ive 
st.a an ] g<m r cs all J)lll> ihlc sncc sor sl;1 , • fi]t. ring out sta. es tl at 

i fate som con i tci1 cri erion. B" ~::i.usc it may not Li ab lei o deter~ 
11 in · ne n • a.I. unique 1y Q IM builds a r e 'f · ;:\ es r presenting: he 
possible behaviors of Lhe mec.hanjsm. 

Place Lhe initial ate on lhe Jis 
need to b d,e ermm.cd. epea.t the following 
emp or a resource limit is cxcee ed. 

.; ~ of s ates whose s tcccssors 
ep trnt,11 TI E become 

1. elect a qua.Ii a. · c st te fron AC VE. 

2. For each fu.oc i -n in I.lies rue ura.l lcscrip ion e rminc (from Tab1e 
1) h · sc or transi ions possibJe gi e the current quali ati e sLa e .. 

3. For each constraint generate the set of 1ples of tnmsi ions an filter 
for con i c:n.cy with that cons: rain'L. 

erform pair-\ ise consi ency 6] erina on the ets of up] associated 
w.ii h the c n train ts 'n U e l m applying he cousis' ncy c ·j erion 
that adjacen constraints must agree u the transition as jgµcd o the, 
hared par:uneter. 

5. Genera · e .iH possihle gfobal interpretatioru from the re1 ~aining uples. 
Ir there are one, mark he ,-c:ba.vioI as · ccnsis cnt. Cx,ea.te new 
quali a i estates resulting .from ea.ch interpreta;tio ) and make L]1em 

suceessol's of he current state. 

6. pp] g]oba. filtering ru~es to the fllew qualita· i c sta.tesi mid place 
any rem~ ining states o.n ACTIVE. 

ft r .an example the indiv.i:dua] s eps ,of he algorithm a.re discus ed m 
de-tail. 
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4. 3 E a1nple from he Ball Sys t m 

1 his · ct1uu i1111 m c on• cydr: of he: Q 1 l ·11gori bm hy sho, ing 

how the I. drd sLale (t = td of h • 11 .·y -~ m (Ta.bl 2) i rfor'ved rom its 
pre ece r. 

\\1 sla L wi h an ac iv t. c whose a. "scrip i . 
IS: 

Q. · ( to l1) = (g, std) 
Q .. (V, to,t1 ) = ((0, ),cue) 
Q (Y, luJd = ((o, ooLinc) 

Fir , wed· nnine th pol; ible am,iLions for th ir dividu.i.] r n tions: 
A 

I1 (g, std) => (g std) 

V 
/5 ((O,oo) dee) (O td) 
16 ((0 oo) dee) => (0 dee) 
11 {(O ), dee) ((0, oo), dee) 
Jg ((0 ),dee) -=> (L std) 

y 
);inc ) - ((O,co),inc) 
). inc) (L ·, titd) 

ext ea, h con traint r rms a set of rnnsi fon tuples .. Tho e n arke,d 
\ ith c be 1\ a ·c elimfoa ed hy cons rain consis, ency filt ring. hen those 
maYked wi h w ~ue eliminated by pairwise . onsis ency filtering. 

DERIV(Y,V) 

(14 I) c 
(I ·,16) c 

(l .17) 
(14 /9) w 
(/8 /5) w 
(I 16) 
{/8tl7) c 
(/8l/9) C 

DERIV(V, A) 

(r, 1 ) c 
{I16.1 ll} 
(17,11) 
(/9 Jl) C 
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The.s tuples can be formed ini.o the fol] wmg vo glob, l in terp ·cta.tions: 

Y V A 

14 I7 ll 
f8 16 ll 

The. firs of these intcrprelati ns yield~ a. q .di .1.tive tnt.e de crjp ion 
id n ic:.a o llm preceding sia. e so, it is consfr1ered reclundan • The only 
r m, i1:1ing p ssibili Ly then Lccomcs the tmiq:,..1c successor: 

Q (A 1 ti)= (g 1 std) 
Q (V t1) = (0, dee) 

Q (Yr ti) = (Y1ruu, std) . 

The fo]]m,ving sections explain the slieps of h, Q: IM algori hm in detail 
and l1isc1w he prooE of their .. !iclity. 

4. 4 Function Con isten cy 

Tl e possjhle tr nsiti n h n ingle para.me er can take from one qual
ita ivc stat Lo the next are given in Table 3. In te1 2·, the current e 
of each fuuct· n is used , o retrieve the set of applicable transition pa ten1.s 
fro1 1 Table 3. Consl.rai.nt be ween n ighborin.g functions arc no co:nsid~ 
ered until tep 3. 1. ·an jtions are also du:cked against invariant assertions 
at tlli st.age 1 to iimi na.te j :nposs"ble r.lJlsitions fo.r f , nc ions ha · arc (e .g.) 
always finite or never negative. 

For ·u1y pat icula.r qualitative sta: ei Table 3 provides a.t most 4 possible 
l"ansiLions. Thus ff there ate n [ ncl.ions m he sten: 1 e po.ss i le next 

states are to be found wi hin a product spa.ce or at mos 4., points. At 
th" s age, howev~r, we do not cxp]ki ]y generat, ,his product space, so we 
nc,ed create at most 4n inrlividu ] transit.ions . 

. ppendix A })feRen.ts the proof~ Urn.t justify the possible transitions 
g.i en in Table 3. I als discusse he handling of divergence o oo and 
a.syn . totic approach to limiting values. 
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4. 5 Constrain , Consistl:!ncy 

tcp ~ or l..hc Q IM algori hrn aggregates he ~nd ividn,d tr.:i.nsiLions iTito 

2at.uplcs an :~- l.1iples corresponding Lo Lh ;u-gurnen s of individual con

Lraint~. Th ·sc tuples ill.fl Lhcn be hccketl hr comiis ency .i.c or cling to t.wo 
cr.iteria loc;;i,l to in<li vid n aJ c;on:s1irai t::i ( ec pp ,di B.) 

• Th uple of cHrec i bs -r ,lia.ngc mu L be comds en~ with the c n-
slrafot m I.he state r su I ting from the transi ion. 

• The resnl of be t.ransilion-l.up]e can lui compared wiLh correspond ing 

vaJnes of t! argnmen l,o l1at constrain:t. 

Definition • 5 faindmark values p and q are correspo 1d·ng values off 
nd g if the_re is some t E [a 1 b) such. that f(t) = p and g(t) = q. 

i'vf.t(f, g) and M"0-{/,g) are abbreviation for i\1 (f,g) and M - (f~g), 
respectively wi h con ponding values (Oi 0). 

DeaniHon 16 uppo.se QS (!,ti, ti I d = ((l,1=, lit 1), in-e} .. Then lk 1 is the 
Umi of/ during (ti ti 1). If /(l1 1) = lk l we say that f has moved to 
its limit. Otherwiae, J(t1 1) < l1c I iJ and we say that f has moved toward; 
but not reached, its limit. imilariy if J is de.crea(Jing during Q (11 ti, ti. i}. 

Inforrually if f is between Jamhnark values b11 moving toward a ljmit, 
it may or ma n t reach ha . ]imil by the next dis inguished time-point. If 

vcraJ func ion:s are moving toward llnfr s . on train · et., een f c1 n Uons 
limit h,e s ace of possibilities. •or exampJe 1 if .M (f I g) is tme 1 and / and. 
g are moving toward conEisponding limi alue i then ither bo h wm re~ch 
their Iimi.t.s or neither will. .. imiJarly, if f + g = h and two functions are 
moving toward corresponding linlis whi],e one is bounded away from . he 
third cone ponding value, he po s.ib]c ransition can · e Ii] ered. 

Thes constraint-based consis ency criteria generalize the TI-11.nsition 
Ord ring ml.es of iJHa.ms (1984:a.). he proposj ions in ppendix B efi.n.e 
and justify 11e co1uparison or the proposed transiwon~tuple wi h a partic
ular set of known corresponding alues. 
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4 .. 6 airwi e Consist n y Filtering· 

fwo cons rai ;lfe adja~rnl ii' · hey sh,m.• in argument. this poin 
ac.h cn11 rainL has an a. ocia d c of Lra.nsi ion upl , con isten wi h 

lhat individual constrnint. A uplc is a propo ·cd signmcuL or Lransi i ,us 
lo Lhc function in U conslraiJ L. To 1u: p,iirwi. consis tcn1 , Luples on 
:l!crijac:ent const.aint.s urnsL a ig.1 Lhe s,m e · a.11sitim t I h' ruurf h,e 
sJmrc. For c rfai upl s, 'here may be no nppo ile numbc1'.' to make su,ch 
· con is l n· pair. H so, hal lu.plc may be deleted. 

'\IValLi ( 975) developed Lhis I cal co1 si t ·ncy i h.cring algorithm to co, ·
V· rg" qui k]y on · ~nr n se or possib1 la.1 ling f r ~ gr. ph rcprcscn ing 
the edgesr •e.rtkcs and regim:1. ,of n isual scene. (The lgoriUnn is • lso d,e
sc:rib in detail in VVin Lon {l9 ).) key cp i_n h developu1ent or t e 
Q IM tJgorithm was Li ohs rvation that ir i rtm i lions, rnlbcr ban q-ual
itntitie state:; ar le k n as the analog of c(lgc la.bels 1 the vVa.ltz .algori Jim 
could be <''l1J plic, dir,cc ]y. 

Filtering 011 ran ·i ions rather thnn states simplifies several st,eps of 
the a]gorithn • Th possibil" ty or er a mg nc\\' andma.rk C:'lll b consid
ered wi ho lt ac. nally creating .landmaJks I hat migh ha"\•e to h retracted. 
The pairwise an gioba] con i ncy lilt ring , au rn h a omk ransition. 
n, u c rallier th.an t udt more expe si tru tu:r -ma ching th pre
dicted n XL s a .. Fina.Uy, som o he global lilter ( cction 4.8) depend 

n the sequence of tr. nsitions I a<ling p, lo , proposed sta an l . ou.ld 
b more diifkH] to express in t •nns of state descrip ions. 

The al z aig ri h.u1 \: i its ead con · train in he mer.h , i n1 descrip
ion looking a d] th adjacen constraint..,; a.nd he foncLi.on joining the 

pair. I appJ" s Lh [1 llowi.ng ru e t-0 c.ach hansition tu.p]e a, so dated wi h 
·he constra"n c it is visiting. 

if; hat uple as ign . a transition o , , e fllllc ion hich 's not assigned 
by any t ple associa ed with the other cons raint 

then: dc]e e ha tuple. 

he aJgo:ri hm then visits , ach constrain adja. cn.t to a constraint a which 
a. , upfo was deleted and enninate .· v hen no more 6 .cring is possib e. 1 his 
proc ·ss i imp or tan · o the cHkiency of 1c Q - I a1gorithm 1 ince deleting 
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a sing} • t"1.lph:: 'liminatc an cntir' r gion oi lhe ross-product space of global 
interprc a, io s. 

4 -7 G ue ~at·ug Glob· I Int rpr tations 

g]oba.l inlcrprcln jon is an a sii;rnnen or a rail i i n Lo each funcl,io1 

m t.he sys Lem. 1 h · rc ·nlL of atl.z IHlcrmg is a reduce l s c of Lupi s 
a..'isoci.lLed wi h cii ·}1 e<rn:s r.linl. 1oL -JI cornbin;i 1ons of he.se tup]es are 
possible global ju rpreta ions. , u ppo e~ for cxmnple 1 lrn \ c h., e the 

f Jlowi:ng co 1s , rnh1ls and as odo.tcd tra.nsi i,)n t 1p]es: 

(12 /2) 
(/3) /3) 

{l21 /2) 
([3) /3) 

]earJy a1thoug}1 no fur her loca.1 consiste cy fih ring is pos.siblei there are 
only two possible assignm nLs of L.ransi ·ions to (J,a h), nam ly (12, 12, 12) 
an (13, n [3). Tl is pnming ·.l.kes plac · 1 c gl ba] i rprcta. io s a:re 
crca c<l. 

~loba) interprc a io s a built. ne at a time, by . 
of Lbe spa.cc of aBsigmnents of tuples to constraints. An a temptecl :in.ter
p-reta ion fajls if h nex b1p]e c~urn Le as igned wil110u conUicting wit 1 

ra..'1si ionR assigned to functions by p:revious · ·uples. In case ail possible 
next sta~e:; a1e elimina ed, the cu.rren l ta e mus be h ndpoint of he 
domain. 

• global in ·erpre ation is the sed · o cons ruct a new qualitative s ate 
description, wbich is added to h.e tree of st.at descriptions as a successor 

o the curr 1t sta. e. t this po',nt if an ft nctfons in a constraint are eq al 
o Jamima.rk valuesi h constrain records them as a. set of corresponding 

values. 

4. 8 Global Fdten1 

The cmnp'leted qualitative state descriptions are mathematical y plau
ib,]e succ ors · o the cune:n state. There are, howe er, se eral global 

filters that can be applied cfore a new s a.te is added to ACTIVE. 



Qu, litn.Uv:e imuk,tion 31 

The mathema.l.ically vali 1 a.JlpHccl at this stage are ~he following. 

• (& Change.) Del t the 11ew st.:i. ~ if .iU ran i ions are iu the set 
{l l , 11}, because · he new state d crip ion would be identical to 
ils in ,11e Ji. c 1ncd c M 'Or whic.h Llrnr fo:re alr mly a.pL ire it · qual
itative beluwior. fo o her words, something· must reach., lhni point 
for I~tr,uts1tjou to tn.ke place. 

• { ye .) If be new sla.l.e i.s iclentica. to one of l ~ predecessors (alJ 
fut,c ions hav id n ical fo.ndmark Inc and all direci.i.ons of c:h,ange: 
are f e san ~) then 11mrk Lhc bcbavi.or as cydic inst.JI a pobl er to 
lhc iden ical predec s or and do n.ol add he ne,v s a.t l.o CTIVE. 

• {Divergence.) If any fun.c ion akes the valu CXJ or - , th,e cunent 
time-point must be th · endpoint of the domain, o he n · ·' s ate does 
not go onto ACTIVE. 

'I ha firs lilter does w reduce he nw11be:r of behaviors descr'bcd 1 but 
only liminale a. rcdunda.n de criptioIL. • he ccond detects when aU he 
co11scqucnccs of a particu] r a c have alrnady h en delermiucd and need. 
no t.1 explored anew. The third d ermine when a. state must be a the 
endpoint of he domain and hus CM have no successor . 

' 7e Tefer o the quaJitalirn simulation algorithm described here as the 
pure Q llvl algorithm:. _•or a par ic:ula:r appJica ion~ cl iiionaJ heuristic 
fil l·ers may be a Ued. 2 

4. 9 Complexity 

" he process of fotmal:iiing quali a ive simulatiou Jed o the improved 

2 oi11 poosibl heuristics, include: 

• (Qui ('IlCP-.) If all r,111 tin11.- have clci:ivn.tive 1.ero roncli1de that he system is 
qui cent. Hie nr.w timc-poin i.<1 tJ1c ·t1Jpoinl of he doJUain (possibly t = oo) , and 
t1 1rnt place he new tstu • on TIVE. 

,. 0 o Divcrg~tlx .) In physical y t<'m. • li1n·11 tc t ransitions, fo wl1kh any sta ·e goes 
to oo or - . Amor , ;)C -ornt d ~cripi ion of th sy t II would indmlc an operating 
rc~fon iu.mge corresJ>0n1lin;;: o some c:om1loncnt breaking. 
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Q IM n.lg )ri Jun, which lt1m •d out to b 30 lo 60 times fas r h. n its 
preclcc sor !., (J{uip, rs 1982, 1. 4) on a a:riciy of xnmples ranging 
from 3 pnram t rs and 2 cou. mi 11 ( h nJI} up l.o L6 para.meters and 4 
cuns r.du s ( he Lrn'H11g quilihriuu I· uip r , and 1: assircr 19 3, H)8 I) 
We. an ,~ ~tiui,itc lb algori hmir. compl~xiLy f Q J 1 a."l C LI ws. nppose 
there arc n pmra.m rs in h,e s !'l c n m con tr. int , and Lh longest be-. 
havior has lr.ugt.h . (l is thco og of , he otc l mn1 b r or qt a.Ii ·;i.tive sta. cs.} 
'incc a constrain can ]1av I more tJmn ~h.r, c paramclers, = o(m}. 

• set of os ·ibl s a. e t.ransilions .is assig J •d to •~lch par. 01 er fron1 

a ri d-fongL able . and no 11 re h a 4 transi ions ca.n b assign cl 
to any 1rnr~l1Hc r. Thi d,efines a. seri.rch spac ol' 4" st.i c .ransi ·ions 
but onJy 4n lran ·i ion t cd ac ually be created, requiri, g o(n) in e. 

• A constraint can. ha.v no more ban 3 = ('j,1 trans"ti u up es. Fil er
ing a. npl :tg.11n he iredio1ci-of- h.u g L hles ( ppcndix A) takes 
constant ime bu tl e nnn hLr of cones pm di g values ·ow Jin ear y 
( tboug] 1 wly) with th ieng, h ,t of h behavior. Thu constraint 
_fi( ering requires o(mt) time. 

•• Wal ·z fi1 cring visits ea<l . nsln'tin a leas once, but beyond hat 
visit.s only n, igl hoi: of cons raints hi~r, i . abl lo d,elete a tupfo . 
Thus, th numb.er oJ constnfots vjsitcd is propo:r 'onal o the lo al 
number of upl •~., '\ hlch is linear in 11 • un bcr .of con t.raints. Ead 
VI ·1 akes bound d iin .. e. . hns WalLz fi.I ering takes o( m) im.e. 

• G ncnt ing lh gl ba.1 in crp:rc .ations e:xplici, Jy c n cruet the re-
111.\m rng pa.r s f the produc spa,ce. Typk. 11 , the :rnn1aining space is 
u .lU bu unforhma.te]y h re are pathologicn] cases \Vhich yield 2n 

possib]e succ s or sLa es. 

• , lie mo t cxpensiv of th g] bal 61 ers is he check for previo 1s 
identical s ate::! 1 which requires o(nt) tirue. 

A pa hological. case where th• number of global intcrprc ations gener
a ed i exponentia] in · he mm her of function in · he system can be ,easily 
co s rucicd.. onsider a system with three para.me ers / g, and h and two• 
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co11 tuint DEJ IV(! g) and DERll (g,h), in ,L state where/, g1 and h 
arc aU posiliv m d ·ncrnasing. Then I.be possible tuples are.; 

DEllfV(f, 9) D ~RIV(g 1 h) 

(13 13) 
(13 I'1) 
(f 4, 13) 
(14,14) 

{131 /3,) 
(13,/4) 
(I4J3) 
{I1,H) 

ei her l a.I con istcncy filLu.rio o- r l1e forrna.Lio· of glo al intcrpreta~ 
tio:ms eiim tnate a · of he possible assignmen s., so for n ])aram ;,,ters Link d 
by chain of DERfll con trai 1 , h r ar · 2n interpretations. 

I g h 

13 13 13, 
13 13 H 
13 l4 /3, 
13 /.i /4 
14 13 /3, 
I4. f3, [4 
14 14 13 
l •l H f4: 

In p ac ic , er a ion of the global interpre a ions signific;:mUy ·educes · he 
nun her of con pa.t.ihle. ·signment ·. Tbe algorithm ne d not balt, howev,e:t, 
and c n continu for v r _ roducing longer and longer (but aJ a.y fini. · e) 
bchaviors 1 • nch of which sa isfies the qualil.a. ive constrain s. 

l h ugh Lhe Q IM algori hm j exponential in he wors, casc 1 in pra.c
ticc genel·ating the succ sms of a giveu t t r. ,pp • r to be app1:oximately 
o(mt). The pring e 'ample (3 parameters 3 con ·· raint ) t kes about 
0.4 second , and the · arli:ng rnechan.ism (16 param,eter i 14 cons mint ) 
[ {ui1,crs and 1 assire 1 9 3 1984] takes abou .0 second on the ymbolics 
3600. 
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5 Questions and Answers 

t..hal w , ha~• e6ned h · Q IM algori hm \ iLh a Icar lructm· 
and n a h ma. icaUy .:11ccessil le prop rt" · we can examine i to ans1 r smne 
four qucs, i-ons l,0111 }1 uLility or qna.lHat.i itnula.t.ion as a reasoning 

met11od. \ c can .Jso cou pate cliffi rent, approad s o ,q1u.li a ivc simt1lation 
by changing Lh · :I.able of pcri rii:ssihle transi ions. 

5 .. 1 l :ould Sinnilation Crea e Land mar ks? 

The most impor ant cman ic difference be en Q I . and other ap-
proac e O· qnali ntive: si.J rnlation is hat. Q r f can er ne l.llldma.rk 
va]ues duri g tli simu]ation wl i]e the other algori hms require al[ land
mark Lo be specified wh n 'c trudure is defined. Ju Lhis sec ion we 
show t1rn l'tc · LiJity Lo create new la dm.irJlc valucij makes it in poss~ble 
to e, 1:ir.ess ce:r ain impor an gualita ive d1 · in ions such as hat be ween 
increasing, deer, a.sing, an sta ]. o cilia ion. 

The 6.xed land mark as sump ion is particu]arly deep ly mbedded in de 
Kl. · er a.ppr ac.h which depend on arithmetic operator' deilned ov,er a 
fixed se of qualitative. -values { + 0 - }. • chang ·n landma.rks would 
cfomg he q ali Lative vain ·· a11d bus require the operators to be r-ede,
fincd. uch a, redefinj ,ion is not always pos ible. 

The struct uc or Q., · f 1akcs i possible ·to experin1cnt \ 'th { +i O~ - } 
scnHm ics or qu·ilita ivc sirnula ·ion 'mply by rep]acing T. ble 3 with an 
a! tern a e tab]c of legal transi ions (Ta.h]e ) . 

Ta.bl 5, -h w the b,eha.vior of the pring system under he { +, O., - } 
seman ·c . Tl:d b ha ior c. '· ; c considered a yd only if two functions 
are allowed o match betwee l. d1nark values. That is ,on] if we may 
c d 1 c. frou1 Lbis able tha V(~ 4) = V(t0). A matcl bctwce the tates t, 
and t0 in this behavior suppress the distinction bet, een increasing, stable, 
or decreasing ronplitu:dc (see Table 6). D KJe,er a..nd Bobro,v (1984) prescn 
an example of a spring wi h frictj. nal damping, whose ac nal behavior is 
a d, creasing oscilfa io . 'l'he behavioral desci-:iption they present is cydic, 
and sim~la.r o ha given m Ta ' le 5 above wi h he .d · ion of terms for h,e 
fric iona.l force. Their descrip io occuratcl captures the repetitive series 
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TabJc osrsihl rans1 10n nnd r { 0, } cmantic 
P-Tr ansitions 

I-1:ran 1 ions 

arne 

Pl 
P2 
P3 
p 

P5 
P6 
P7 
Q 
Q9 
Q10 

(l;, std) 
(li std) 
(l1, td} 
(l; inc} 

((ti,l;,i) inc) 
(l; dee} 
((l;, l1 1), dee} 
((l,,l, , i) td) 
( ( l i I l i !- l.) . std) 
((l; h l3 ) td) 

£ (l; std) 
12 {(l;, li ;) inc) 
/3 ((l,- t, i) inc) 
14 ((li i; d inc) 
15 ((l,. 13 i) dee ) 
l6 ((l,- l,-_ 1) dee) 
11 ((li l;~1) dee} 
J ((l,-,l, , i) inc} 
J9 ((l, (, ... 1) dee) 
.J 10 ((l,- li1-1), std) 

(l1 , .~td) 
((l; l,- 11) inc) 
((l, i,l3 ),dec) 
((l, l; 1 i), inc} 
((l; l; t d,ir1c) 
((L, _1 , l;) dee) 
{(l; l,- r L dee) 
(,(l; l, l L std) 
((l,· l;u),inc) 
((l, _ 1 i·,-L d,ec) 

{lj, std} 
{lj 1, td) 
(l,- inc) 
(( l; l; -1 t); inc) 
(li std) 
{,l,-, dee) 
((l,, li 1-1), dee) 
{(l; l;+1), std) 
((l;, l1 1 ) td) 
{( l;, li 1.) 1 std) 

35 

The landmark {- , 0, }. T e ran itions · ·· at create new 
andmarks (I ·rnd Jg, from able 3) .ire efoninated, and new t •a j ions 
are · dded (wi ·h Q and J names) to permi direction of change td be ween 
landmark. 
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Tabl,. 5: he pring b } a.Yior wi h { + 0, - } scman ics 
D J{l er's hrnc quali at.ive values +, 01 ,u ( - ar given b re in the Q 'IM 
nota ion: (Q_ 01 and (- i 1

). 

X V 

tu ( , inc) ((0 co), std) (0 dee} 
{{ , co) in,:) ((o, ), dee) ((- , O)i dee} 

ti {(O, ) , std) (O dee) ((- , 0), std} 
((O~ ) .dee) ((- 1 0) dee) {(- o),inc) 

b (0, dee ) ((- j 0) td} {O, it~c) 
({ - oo, 0), dee) ({- 1 0) inc) {(0,. )i ·i-nc) 

t3 ({-oo ), td) (0 inc) ((0, ), td} 
((- oo, o) ittc) ((0, co), inc} ((0, oo) j dee} 

t (0, inc} ({O ), ··td} (o dee) 

of increase and decrease ·n he differcn pa.rruneters but since it does not 
c>.']).ress a distm _ion between increasing d reasing and s cady amp]it de, 

c.anno even ask which q11alita ive bcha-vio:r is correct. 
TJrn heart of he problem is 11e ina i1i • o create new ln.udma:rks. 

ithol t repre en ing the imitiaJ value (or ubsequent cTitica[ values) of 
a pa.r .. -u:ne er in a way that penni u ordinal comparison i is no po sible o 
ask w •~ her th next Tepetition of .; cycle l,eavc:s that parameter increasedt 

ccreased or sLable. If I in addition, states can be m,itd1cd between ]and
n ar vnl.ues, three very di tin types of behavior can be c Uapsed into a 
smgle 1 apparentJy cyclic behavior. 

In order ta express impoT t quali ative distill ions be een possible 
beha: iors it appears imp oTtant to be abfo o identify a nm .. v :ritica point 
of a changing para.meter ( .g. a urning point or new equilib ·ium alue), 
and :represent it so ha he subsequent imuJation treats it as a first-clas 
landmark value. 
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5. 2 Is he Re l Behavior Found?' 

ln this section1 we show tha aU actual I, h:wiors f a n e,chanh.un ar•e 
I rcdic by i s qw:i.li tiv ·inula ion. We Lake as our '4gold s .~dardi, the 
solution. · · he ordinary difl" fCll ial cqna ion d ·c.ri ,1ng lhc IU ch:i ism. 

We say tllat. a r, ·,ll-va[ued func iou sati.'fjies a. ~ivcn qua.lit.ativc hehavior 
desc.ript" n if 1 e quali La.t.ive le rripli n of the func. ion m ches he gi-v n 
q uali ativ•e l:,cha ior. We Lhcn prove h~ • ny soJut.io Lo a diITcr n ial 

qua. ion sa is6e so11 lt. Hta i- c b havior produced by th corresponding 
s me r:.ll dcsc.ription. T · e J1tnof i · s raigh -fo wa:rd, iu the b 1lk of h,e 
work has al'. cady be n don- in validating th,e fodividual steps oft e Q IM 
alg rithm. ·rb.e a.lgoxiUrn g,c. 1erat s a sp,1,.ce i 1ducling all pos ibl.e behaviors 
of a given q tali a jve descrip ion a ' ti en discards only llch.w·,01:· which 
are in.t ma.Uy inconsistent. Thu , he rcmai ·ng heha i rs ec,essa:dly in~ 
dude aU of the ac Hal beha.viors of he m echanism. 

Defin'ition 17 ·u:ppose we have a rea:wnable functi,on u: (a, b] 
qualilo.tive behavior description of the function-symbol f 1 

and a 

w2'th dist£ngu."shed time -points {t0 , .•. tn} and landmarks {/1 , ... lk}- We say 
that u satisfies th. behavior de8cription ~/ .there is an order-pr s r-ving map~ 
ping rn of {le, . . . tit} into [a b] with m( t0 ) = a and m( t,,.) = b, and an order
preserving mapping of {l1 ... l.1J into ~t such that~ for all distingui.shed 
time-points l1, Q (uim(t1)) matches Q (/i ti) and Q (u m(ti:) m(t, 1)) 
matches Q' (11 ti , ti . 1). 

Theorem 2: Let 
{2) 

be an ord£nary diff erentiai equation of order n, and let { u( t0) = Y·O, u'( to) = 
y , . • . u(T,) (to) = y11 } be the initial co-nditio~ on the solution to (BJ. uppo~e 

tho.-t equalion {2} and its initial conditions are sati4i,ed by a reason~b,le 
Junction u : [a, b] ~- Let C be the $et of functions and con traints derived 
from (2) by the methods of Theorem 1, and let Q' (F, t0) be ~he qua.litative 
6tate description derived from the given .set of initial conditions. Let T be 
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the free of qttalilalive state descriptions dcrivedfrom C cinrl Q (F lu) by the 
pure Q IM ulgurithm. Then he fun lion u and lhe subexpression /'unction 
derived from it :Julisfy some behcwioral description in T. 

Proof. Q TM works ll progtc ivcly .re ricting the region of a space 
r r1rmli a.I.iv• behavior ha , j is con irl ring: .. B showiJ1g that any ac ual 

solution u i • n i ,i. Uy in he pctcc ;mJ Lhat no filtering op ra i, n ca dim
inat ; genuine sol.11tio· W<;: on 1ndc b., t u and j s dcri cd functions niu:st 

Sc~Lis f. 111 ' behavior in r. 
The fun ion u sa. isfie he initia,I ta •e llescrip ion Q (F t0 ) because it 

i! a CJ Ii ~ ivc ah rnction of 11c initial on liti n equation (2). ep 2 in 
' l. I g ncrates all po ib1e qu.i.lit.alivc sLalc tran itions for the function 

in from a. gi n quali ·ativ Lal. , 11 ·ing abJe 3 which is justified by 
Propos itions 3, 1 6 and 7. Thu , .any change in quali a ·v sta e of I.he 

sys cm must be inclllded in he po sibiJi ic generated. tep 3 of Q IM 
lit' er_ out cou bin· i n - of 1nm i ion whose resuJ i a ·t. wh.idt fai1s o 
satis [y btd i id 11al onstra.ints. Inconsis ent . e "S or directions of change are 

dcLccLed by c mf}ari n j1 h tab1cs in Appen ix . The JJ ·opcr imp1ica.tion 
o - s or corresponding valu a.re checked again Proposili ns 10,t · 12, 
and 1 . The p irwis . c II i t u 6Jt ring of p 4 simply elimina from 
c.ons ider;t ion ran iUon tuples which are inc 1 j ~nt wilh all neighboring 

h1ples 1 and thus · ould rio con rib 1te o a global interpreta ion. tep 5, 
sin il rl , liminal cs combi atfon of plc ,; hich do not 11 ake consis e , 
a.ssignnum s of s ate a.n -j, io11 · to particular fum: jons . FinaJ1y he global 
fi1 er indud d. in Uie pur- Q "'1 • lgori hm arc di usscd in sec ion .8 and 
shown no o Jhnina c possibl behavior of hes cm. hus a.t each stage 
of U • imulaLion all possible succes or o th current quali · ative s · a e lie 
in the spac g n rated and no g nuine]y po i le sue c or is elimina ed. 

ince a re· onab] r-u.n ion u has a qualitative behavior f fLni e lcng h, if 
l:i tre of s ate i generated in breadth-fir or r it mu be generated 

he Q I algodt n wi hin. fiujtc time. 0 
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5. 3 Are All t h e Behaviors R eal? 

In his sec ion, we show ha. he Q rM algorithm, and ]ocil! quama ive 
:sh ml.tti t a]godllllns in gen rali cannoL be guaranl.ced ,igainsl producing 
spurious behaviors: behaviors which a.re nol a.c ual b ha: ior · for any phys
ic ·il sys en sal.i , rying he rue ura.1 riescr·ption. 

A w ,\.k qualitative s rnctnrc Jescri1) · ion pro ~d. s few constrain s, and 
rns is con i Len wi h many possibl b haviors. However, it js also con

sis cnL wi h many possible mechanilims, nnd w u ight hope Ll1 a:t each ~he 
qua.lital:.j e bc.havior always concspomls to some. n echa.nism ha satisfies 
h s rue ur l de c iption. Al h 1gh ·bis is of en the case, and has been 

conj ccl.nred ·o be uni crs lly true thcr are ca-Ses where spurious behaviors 
are g n r.a · d. Thus~ iF severa1 behaviors am generatedr some of them may 
not be possible belrn.vior.s of the mechanism. 

Onrc of it.he att.rac ivc ap1>1ications of qualita ive simulation is ·, o pre~ 
die p ib fo foLur s aLus, par icuJlarJy to warn of surprising or disastrous 
events. Theorem 2 21.h vc guarantees that here can be no fals negatives: 
ev TY adual behavior is prcdkte.d. l owever iJ a valid des rip ion of the 
mechanism can produce in aHd predic ions (f. lse pos"Live ) its usefulness 
is limited. As we discuss below, he problem is 11ot fa · a li bu requires 
substantial care in the construdio:n and use of a. probiem~solvcr. 

Theorem 3 Let O be a set of function-symbols and qualitative cmistra.int.sJ 
and let Q (F, t ) be the. initial qualitative state descn·ption. Let T be the 
tree of qualitative stat descriptions derived from O and Q (F, to) by the 
pure QSI\f algorithm. For some C and Q (F~ tn) there are behaviors in T 
which do not correspond to a.ny solution. u : [a, b] ---t lli' to any differential 
eq,uation and initial c.o·ndition corresponding to C and Q ( Fi to)-

P1~oof. onsider a mass on a sprfa1gi osciJla·ting on a frk ionless surface. 
The qualita ive structural description of this sys em is 

DERIV(XtV) 
DERIV(V,A) 
M0- (AJX), 

(3) 
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which migllt nl. o l wri l.en in · he form of a !l ond-ord r dirrcrcn i.i] quw 

on: 
cPX 
-, 2 = -M: (X). 
d 

( ) 

Ni h inUaJ sate (t,1) = 0 1 V{t 11) = Vi,d, A(ln) = 0 this .yst, mis pcrio lie 
for any fun tion A = -Afc ( ) 1,ec;tuse if, t efine totai en rgy as 

th r equation (4) implies tl:ia ;kTE = 0. 
Th l.ocaJ infer nee me l10ds of Q IM a.re llO able to determine at 

th.e end of one cycle,, wbc h ·r U e o cillati.on or I.he system is perio :ic, Oli 

r decre es in magnitude. It can, h wcver, branch o ,express an 
three b eh a.vio:rs. 

Table 6 slimvs th beha¥:iornl cl cription produced by quali ative siun
ula.tion of he . pr"ng yst m. The sin n1ation proc ed withou brar c.hing 
hrougl1 h cycl pr dieting and crca ing h • ncv ]anclmarks ma X,,lin, 

V rrut 1'111tl, and Am,u un il Vi and A are approa lung O v.nit am: 0, 
respec ively. X ancl .tl mus rea h their Jin i ' og ther1 l ut t.he simulation 

ra I es ace rding lo whe her V reaches i s Jinri at I.I e ame ime ( t ), 
la er (t~J), or arHer (t:). In the first case, the state al t 4 m ches he ta;te 
a t 111 s th• behavior ii a.bl and period1c. In ,h econd: h oscillation 
is dccreasin~ with a .new cri ic.:i.l point V~:i: < V.riit• nd in the bird case, 
mo ion continues pas Vi it to a different nc,,• cri icttl poin Vma;;: > Vinit· 

Fur hermoTe. having akm1 his branch there is no way to :represen , the 
de · ion as a perman 11 Jee, jon of dive:rgeuc I converg nee, or table os
ciUation. The same choke r c-ur- at approac.he o o her landn1a.rks. 

Only , hes able periodic belrnvior is an a.dua] beha.,•ior possible for this 
r-u ural d scrip ion, bu t1 e focal i ference methods .or Q ™ cannot 

p ·ov,e this fad. Thus there are behaviors produced by he qualitative 
simul , ion aigorithn which do correspond t-0 the behavior of any ystern 
satisfying he quali tive structure description. □ 

The problem aiso occurs wi 'h he algorithms of de Kie r and iorb1:. s, 
ven withou cre.lting new Iandmarks. If we ad,d a. single structural and~ 

mark corresponding to the ini ial velocity by defining a. translate,d var"able 
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Tal l ,6: he ]>ring imul.ation 
In Q (F1 3, t1), we have ___,,, .,1,, , hie X O and A 0. Q oc.al rule 
can de e:rnfrn, wh er V re;:i,che i s lirn it h for.:: · r e:r I or al the :sa.n c ·ime 
as X a.nd A reach l1cirs. 'J'he simulat~on branch three wa. en th,ough 
only one b havior i. a.Hd. 
The first behavior is rccog ize ' as a. cy J inc · Lhe st te a t,1 matches 
he s a e a t0 . The las o cases a.r not c.yc.les sine n ith r t~ nor fJ 

matches to, so he simul< ti n on inuc onward f:rom that point.. 

X V A 

to {O, inc) (Vi.,.1 std) (o, dee) 
((0 co) inc} {(01 Vini ),, dee) ((- 0), dee) 

t.1 (Xmnz. td) (0 dee} {Anm1 td)} 
( ( 0, X m,:t ) , dee) (( - 0), dee) (( mi" O}i inc) 

tz {O, dee) (Vmitl td) {O, inc) 
((-oo 0) dee) {(Vmin O) ,irn:) ((0 ), inc) 

ls {Xrrnin, td) (0, inc} (Arna" ·td) 
((Xmiti 0) inc) ((0, ½nit) inc) ((0, Ar,14;i;) dee) 

t4 (01 ·nc) (~nit ld) (0,, dee) 

t' (0 inc) (V.~t%) td} (0, dee) 

t" ((Xrm :· O)i inc) (½ ,c, inc) ({O, Ama:t), df:c} 
({Xm1,1 0) inc) ((v;,.,ic v~a:),inc) ((0, Arna%), dee) 

t: (01 inc} (V,ml;I;~ std) (0, dee) 
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11/(t) = V(t) - wtt [cl Kl.ccr '] rown 19 -1 w ob· ain precisely L, e same 
Lhrce-wa branching behavior. i hou he r · sla.tcd va.ria.b!e, he de 
I le r approach does no di Lin· i n b Lw en incr , ing1 s ea y, 
and <l crc,1Sing amplitudes. 

Th flmcl m •nta] problem i · lw. simula. ion qualitative or quan r a.tive, 
i inb r nl y loc, l: the successor to lhe • urr n • t .. t • • r omp1 t d give 
on[y he inr. n 1a ion in tlu: cuncu state. Like Q lM the Forbus (1982, 
1-9 4) and \ ilfoun ,( 9 19 1lb) nlg ritbms ru-c genuine sin ulaLion:s, ex
arninina hulividual stat.es lo d tcrmin their su ce. ors. ' h le Klccr and 

.rown ( 19 ) algorithm i ITec i cly a simulation· even hough the states 

arc no nccessaril · genera d in chronolagi a.1 rd r, .h cx.i cnce of as ate 
tran ition i a. lnca1 led ion bn.scd only on he wo sta cs i.n olv d Give 
a dcscrip i c fra.ro w rk consi ting of the fun ti ns nd 011 train describ
ing the mcchan·sn, and 1t s ates to be l"nked here is simply not eno, gh 
information available o elirnin- le n I putious bc]lil fors. 

The e observations yiel<l some impoc , al warnings aho it e proper u:s,e 
of qu.aliLativ descriptions of m cbanistus d the re ul of heir simulation. 

• Th tructural escrip i n mu t be ho n to be consistent, preferably 
b demonstrating ha i j an abs raction of an accur tc <1uan itat.ive 
d ri.p ion, to guaran ce (Th orem 2) that the qualitati.vc simulation 
wi l inchule a. g nu.inc behavior. 

• If the qua.litative simulation of a. consistent s rudnie y"elds a srngle 
behavior, ·hen th., t behavi.ora] descripti n must represent he ac ual 

behavior of h,e mechanism. 

• If q a.lita ive simulatio yield several possible behaviors fn.rf e1 

analysis is require before concluding tha they r pre n possible 
futm,es. 

Qua. itativc s·m . ation is a · sof · tool for cansa.1 reasoning about the 
bch ior of mechanisms and Q IM i a par icular y compl e, fficient 
implementa ion of it. However, like all tools i has io por ant 1-imitation:s 
hat any u er should be famrnar with. The formal analysis we ha e used 

his paper is va1uab1e bo h for he design of he Q IM algori hm and 
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for de term in ing tlLe sLr •ngtl1s ,, nd 1imi ation:s of qualit.:i. ivc simula.ti.on in 
general. 

5.4 VVhat Next? 

Two <lircdion for fnrth r r ·:carch app ,:if pronu. rng for more a.ccu~ 

rat )ll aiit i c J re.cl ict.i ns f behavior. Fir , U dynamical systems ap~ 
proar.h ta r1uali tativ analysis of rl i ff erential equal.ions ( e.g:. Arnold, 1973) 
has gr ,1Lc1· xpre i c <lll i11f r,e ial ow r han local uali a.liv simu
lal.iou methods. By describing the bcha.viors of the , pring as trajectories 

l,hrough plmse spa.cc :rat.her than Lctnporn.1 sequcnc s of qua]i~n.tiv sta, es 
it is possible to take a single br, uch between increasing, d •ere., ing and 

stable osdJ1alion, rather 'han rep ating lhe d1oice at ea h m vc oward 
lin ~ s. The h ory r dy:nan ical yst ms a] o inclndcs g1oba1 classification 
theorems d limil.ing the possible qua]itatively dist inc behaviors. 1 nrthcr 
study i need d Lo dct, n 1in how pract'cal prob] ms can b s nted and 
so]vcd and how th solul.ions can be applied. 

ec nd, if one s, ruct 1ral d crip ion of a m clmttism has spurious be
haviors a diJfe:rcnt descripl.ion might n.ot. By haug1ag the problem to 
ak. ii o cc mm ll e conser vaL ion ,of tu L;.i] en rgy1 an cxpa nd d view of the 

~pdng mechanism a.llm,\'S Q ™ to Jctermine that th re is a single periodic 
behavior. A physicis c.an look at ,equa , ion ( 4) and recognize or derive the 

fact I.hat i represents an. energy conserving sysLum 1 and therefore lha the 
behavior mu t be periodic. Par of thi knowle .ge is tl1e abiJi y to rec.og
niz, the ph~ ic.a] syslcm described by a strndure1 and to know hat there 
is a bet er trur.l.tua] d crip ·on fol' i ; one whl h ad ,, para.me ers and 
constraints (e.g. energy) I.ha. · ilhll:nina.te th.e actual behavfor. 

This a:1,proach takes us out ide he r alm oi quali a.tive simulation, 
and in o the realm of problem fonnu1ation. Chi 1 Fcltovic.h 1 a.nd Glaser 
( 1982) hav sho1\;•m that an il:nportan di::,tinction be een novice and exp er 
problem~solving in physk.s is , hat he expe:r s are able to selec a desc , ip
tion of ·. b ,e physkaJ siL a.lion that yi Jds Lh answer direc ly; no ices search 
a space of alternate ru.odds . Thus, expert ca.usa reasoning uses domain
specific knowledge o selec he correc formu]ation of a problem leading 
to i · s direct so I u.tion. 
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A The Qualitative State Transitions 

This app ndix. ppli the THL - rmcrliale-Valu illld ~can-V3.lue Theo
rem o prove he V.: licli y of h ran itiun ·ufo iu Ta.bl, 3 n page 18 Lita. 

rc:::;tric the pos iblc quali alive behavior. of , singl fun ion. 

Let / : (a b) - ) m b a re; sllna!Jlc fundi•on , ith distiuguishcd t.ime
p•orn. s 

and landmark values 

D finition: \ here l, is a di ingui hcd iu1c-poin a P-transition of 
/ is a pair of :.uJj.:i.cent qualHa. ·ive s ates of /, 

whos firsl. state i • th quali a.live s a e a a distingui Jed time-point. An 
I- r ansition is a pair of adjacent qual1tativ states of / 

whos first sta.te is the quaHt.-i ive state on. Lhe il1 erva) b • ·we n distin
guished ime-poi .t • 

P:roposl11 i,o J 3 Let Q · (J, ti) and Q (I ti r 1 1 t) be adja,cent qualilalive .state$ 
of l. Then there is some lan.dmark value li such that J(ti) = l1, and the 
only possible P- nin.sition.s of f a.re gioen by the table below: 

Q (!, ti) Q (J, ti ~ 1) 

(li, std) (l; std) 
2. (l;' sld) ((l1, ti , 1 J, inc) 
3. {ti std) {(l;- 1, l,-) dee) 
4. (l; in~) (( t1, l i r), inc} 
5. {li dee) ((li- J,l;) dee) 
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Proof: [ft, is a )istingui heel time-point tltc.n b, ddfoi ion there must 
be a la11dm.lfk value (; such th · l ](ti) = t, . ht cases 1~3, here a.re r-ea.

sona.ht fun ions / wit) Q (/ tr) = (ii , ld) 1 and iLh dime.lion of change 
std t N • or de(; in Q (f .t, t1 i), so no ubscquenl clirccliou of ,d1i\ngc can 
h xclnded. hi l,hc c c;_se , hy Lli •· foaa Value 'hcorcm. J(t) musL be 
cqt1;1] 0 1 gr1-::1t. r LI an or les lha,n J(t,·) = l1 respcc:.tiv ly on the inter-val 
( t 1 , t i 1). Ily Pro1>0si ion J and · he lu crmed i;-1. e Val II Theo.rem, / ( t) must 
be with.in (l,, i·; 11 ) if it · s · r •asing1 or (l, i 1 ( 1 ) if i i~ de, reasing. n case 
4 if I.he direction of change is inc 1 lien J'(t 1 ) > 0. iuce he d riva ive 
is conLinuous 1 tlicre i an .in er a] around t = t; i.n \ J1ich f'(t) > O. Ily 
P.ropo ition 1, ::;u1cc th r are points wi. hin (l, t,~ J) wl er U1e diredion of 
c ang is inc, it must b inc · hroughout (lL, tt 1 .) 1 o /(t) mu t b witl1in 
((,,li i)- ase 5 is imila.r. 0 

The three • ransHons fron h. state ((; std) handle he c e wh.ere 
a higher order dcri alive, 1l1i h is I t expli illy repres,en c . by iQ IM 1 de
tem.i11es he dir cf on of motion. ln such a situ·L i u, all three ransitions 
ar _ g, nera ed, and o ber con raint fiJ er ou 1e impossible cases. De 
I le r .1.nd Bobrow (19' 4) determine and use higher-order derivativ,es ex-

li.cjtly t , n::iake Lhat decision, a le for ]inear eq11.1ations. Their approach 
dct tmiue h r, 1er uf he st uc ural description and hns knows .how 
many higher-order d rivati es to coJ.hpute. TJ1e var1 ages of the current 
approach ar · ha i place much weaker conditions on the diITcrential)ilil;y 
of , he para.me ers and tha · it is no re ric ·cd to ]in a.r equations .. 

Proposi ion 4 Let Q (f ti I t0 1) and Q (I ti .1) be adiacent qualitative 
states off. Then there are landmark values l, and lj 11 such th.at the only 
possible I-tra1i.sition are given by the table b~low: 

Q. (I ti! ti+l) Q (I, 4+1) 

1. (l; 1 std) (l3 std) 
2. ((l; lj+i) ,inc) {l; 11 std) 
3. ((li lJ+l),inc) (l, +.l, inc) 

((lJ, ii 1),dec) (l11, 6td} 
5. ((l,·, lJ+d, de-c} (li, dee} 
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Proof: i.mifa.r IJ1 }lrn f oJ Proposit" on J. C<J 1 - 5 h re corre-
spoml lo cases l 1 3 i 2 and ,1, respec ·ive]y in Proposi , ion 3. ~ 

When considering f in the con ext of a system Fi we need transitions 
appropri,. e to a tim point. t hid1 is is ir guish d for he syst m bn not 
for the individual rnnction. In o h r words 1 t rnigh reach a d"stingu"shed. 
hnc-poin b fore J(t) reaches i s naxL Jan,dma:rk value. 

Proposi ion 5, uppose that a.n additional time-p,oint' t • E [a, bJ is intrn
duc d into the set of distingui.shed time-points of f: 

a ;;;: to < • • • < t.1: < t < tk 1 < • • • < tt:I. = b. 

Then 

Proof: ince, for all t E ( ,1:J h I), Q (!, t) = QS(fi t1i tk 1) by dcfi
nitio11, we c ndnde lial, Q (f, t" t.h t) is idenli.ca] to each of QS(f t.1a t"), 
Q (fit )iand Q (/Jt tk 1). U 

Proposition 6 Let f : [a b] -~ tR be "' re,asonabie function, a-nd let a = 
to < · · · < tn = b b a set of time-points including uU the distinguiihed 
time-points of f 1 but po.ssibty addition.al points in [a bJ. 'l'hen the possible 
trans-ition,s of f consist of those listed in Propositi.om 9 and 4, plus the 
following I-transitions and P~fransitions: 

{(l;1 l; 1)] inc) 
((l;, l.:i+1), dee} 

((lb lH !), inc) 
((l;r l; 1)i dee:} 

{(li, l3• 1),inc) 
((l1 1 li+1), de,c) 
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Proof: Consic1cr an. 1- ransitio bcgim ing wi h Q (! l1 t1 t 1 ). H ti+ 
js • distingui bed im -poin of f, he I.Tansil ion is pcdfi cd by Pr >pasi · o 
1. If tl I J is not a di i11 gnished tlmc~po,in or / ] ropositi,on r.: shows that 
he qnaliLalivc s a c Tcmai:ns -011 ·ta.ut a ross ti~e LransH.ion, 1uoviding tl1e 

ab v al crna iv •s < h only ~d cliti nal possibili ·ies. if Lhe ta ti:/ i n is 
a P- ransition beginning wiLh Q (!1 t;) be: prool" jl:l s in Har depending- on 

w bet.her ti is a cl is inguLhcd in c-poin of /. U 

A.1 Discovering a ew Landmark 

upp se thaJ Q (!, t1- 1 ti , 1) = ((li~ lj 1 1), int). Sir c h re is no land
mark m (li l, i), we can exchu] he rnnsition to 

because that would imply U:m.a.t /'{ti+d = 0, making !(ti I t) a land.ma1:k 
value by d.efiniLion. However, if l1 < .... < l1,: is on]:y c par ial set o[ 
he farndma:rks of / then the above i.ransi · on is possib 1e bu only when 

f(t ,t i) = l i a lau<lma.rk va1u of/ s□ch na l; < l < l; 1 . 

In this case t.h f, Uowing: pa tiaJ behaviOJ is possible: 

qualita ive state 

Q (l t1·) tt .1) = Wi~ l1 1)1inc) 
Q (/,, tL 1) = (l'", std} 

known landmarks 

li < li J. 

t,- < r < t} H 

,Q (/i t i ~ t i ~J) is now seen to be syntactically incorrccl, giv n sub equent ·n
forma.tion acquirci about the true set of laud1 1a1:ks. IL should be revised o 
b Q (f, t;, ti+i) = ((tj, l ), inc ). •n.rtbermore, i~ is possible for / to move 
acros l v ral h:n.es before encountc.ring U e cri i al point tlui. reveals its 
existence as a landJnark. l] owever th c modjfica. ions needed o correct the 
bcha iora.l description arc rtdght-fo ·ward and }oc Uy co npu abie . . · n the 
BaU sy em exa pie discussed above th mn.ximum height of the baU .is 
such a new 1andinark1 discovered when (t) , and herefore Y1(t) 1 become 
zero. c summa.r1ie Lhfa cliscus:sion in: 

Pro po ition 7 Suppose that l < ... < lr.: a.re all the known lan.dmarks of 
a rea onabie function J, which may have other landmat"ka as yet unknown. 
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Then, in ,ri1ltlitinri, to the transilions ii ted in Pro,positioru; 9 4, and 6 the 
following I-transitions are po~sible: 

{(l,, l11- i) inc) 
( (l; 1 l 3 i) , dee) 

(l" td} 
(l , std) 

ln ca.-.e on of' hese. tmns£tions is followed, the set of latulmark valu s m 

Q (I, ti 1} is augmented by t, < l < li 1 . ote that the total ordering on 
the et of landmarks is preserved. 

T ·i.ble 3 on page 18 col c s a d names he ra.nsition permit ed by 
Pro})O ition 3, 6, and 7, for use in h · QSIM .a]g ri hm. 

A.2 Infinity and Asymp,totic Approach 

J-tran-i ions exprcs- the po ib&, • c n equcnce of a hanging parameter 
rea. hin imi ing la. d.mark value. But wha if a parameter approaches 
it 1imi rmpt.oti ·~ Uy? By rulo, ing b I domain and ra.ng o i 1cl de 
+ an as endpoin, s we can express asymp •O ic pproach as rccllch.ing 

the foni point a: t = . Th s me m _hod al)ows 11s o Ltea div rgen.ce 
o i:nfini e all· as a possible behavior. Thu er time-interval has an 

,end point bu some dis~i.ngui h · d ime-p, ints (e.g. t = 1 or t - u 1 hat 
/(t) = ) u1ay hav o successor s ates. Th -re a.re Lwo cons rain ,o 
hese types of be•havior. 

Firs a t = , every ftuic ion in he s cm m t be equal to some 
Jandmark value and mus if tlrn: 1a.nd11ark i,s finite have dedva ive zero 
(Le. direction of clumge td). Recall Lhat osdlla ory systems are han
d] d with a fi .·te domain and repeated states rather than with an infinite 
domain. 

Proposition 8 Let f : [a, ] ---4 IR b.e a reasonable function. If t:he limit cf 
f(t) aa t co is finite then limi f'(t) = 0. 

Pro«of. If limt---.oo f'(t) > O, hen for some interval (c1 ), J1(,t) 111Ust be 
bmmdc o.way from z,ero. In this interval 1 J(t) = f(c) + f'{t ) "'(t - c) for 



52 ta c 'J}a.nsitions 

son c ·• E (c 1 )J · >y 1e Mean Va1uc Theorem. Thus, lim1 ,c,;, /(t) = oo. 
in ilarly in case lim , f'(t.) < 0 so h, limit must be zero. [] 

, cond, if J(t) = , IJ1,e:11 t = b1 he rigli -hancl cndpoinl of the domain, 
since a fun cl ion c.ann L b c.on Li:nu usly diff ·rcn i:iiblc acrnss oo .. U: b < oo, 
h n h dir c ion of change must be inc. 

Propo i • io,n 9 lel f : [a. b] -, D1 be a reasonable function such that 
limt -,b /(t) = 1 ?11here b is finite. Then imi ,& P(t) = oo. 

Proof. "'nppo c that Hint .~ f'(t) has a fini.te limit M > 0. 1he . for 
s,on c in crval (b - 61 b), f'(t) E ( \1 - f, + ) whl h implies hat 

which co ra.d ids / {b) = oo. [] 
sing these prop l ion · 1 w can tes wh ther a , i tingo· hed time

poin can tna,tch t = 1 and test moves to oo for consjstency. \ ith these 
obseTVa ions, e ex e · led reals [- ] ca:n b trea ed Uke any o h,er 
dosed interval and asym.p otic approach · l andle,d. 
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B Constraint, Consistency 

This app,cndi:x specifics lhe ml s Ly which c. ch type of constraint t,ests 
a t,1ple of qnaJj aLive slate lra.nsi ions for consist ncy. 1.'lrnre re s p.:1.r . .1.te 
tests for consistency of Lhc quaJitn.Li • 1nagniLudes and I.he dircctjons of 
cl a.nge. 

B .1 Qualitative Magni ud@ Consistency 

Thi appc di:x defines and. jus iri,m; ,he evalua ion of J 1 1
, \ti ~ 1-tDDi 

or M LT constra.iD , when appUcd Lo par icul~r qnalita ive values. 
The magnitude of a quan til.y is described qualitat.ive]y in terms of i s 

ordi.n l r l io s wi h a set of lao cb:nark values .. Th vaBd i ty r a par icular 
ap_plication of an lvl .1 1 ADD, or MT. lT predicate js est~d 11sing not 
on]y · sign of he argumentst but also heir relations wi h other se s of 
cox.responding va.1u s. l:i'or example if we kno, 1 at ADD{p, q, r) is true, 

then (p, q! r) i:s as t of corresponding values for his AD m; rain i mid 
if rl < p a.ml r' > r, e can de nn in.e · ha D D(p' i g, r') must be false. 
In he Q ~ algorithm, these predicates arc ev,,i.l ua.ted lu order ·o ttst the 
v ]i ity or a po ·ibl uple f transitions at a particular consl.rnint. 

The criteria below generalize he Transition Ordering rules or Wi11ia.ms 
( 198 ar 198 b L and sho, how p s ib le ra.nsi ion-tuples ar,e compared wi r h 
known ets [ corresponding values. The quaii Lal.i ve state before the tran
si ion is prcsmned to b on •i:; en . • ach ui t rian asks wh ther the ordinal 
refa.tio s b tween th curren values and the corresponding valnes will re~ 
main GOllsistent with the constramt after the propo ed ra. sition. 

B . .. 1 , onotonk FuneUon Constrahrts 

If two ftmc· ion / and g related hy Af+(I, g) are appTOticM:ng corre
pondin.g ]units, we know that. ei l1er both reach their Lim.its , ogether, or 

neither does. 

Proposition 10 Suppoae M (/~ g), with corre.spcmding values (p, q), .and 

Q'.S(J, t1 1 t-:i) = ( (p p') dee) 
QS(g I t1 ~ t'.!) = (( g, g'), dee) 
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Then one of the f ollawing two possibilities mu.st be trne at t2: 

f g 

(!) /(t2) = V g(l2) = q 
(2) I(h) > p g(t2) > q. 

Pr-oaf: me M 1 (J,g) is Lrnc here is a. str"c.!Jy mono onic function 
H such Lhal f(t) = 1:-1 (g(t)) for nil l E [<1 1 bJ. In par kular, since p ;_ .d 
q .;\te corresponding vaJues ) p = T-T ( q). Thusi if g( t,,i) = q, we know that 
/(t2) = p 1 and convcrsel_ b he ·ynnne ry of JlJ (ii g). [) 

f J and g ar ap 1noaching Jim· s1 bu only on of he lkni · points belongs 
to a corresponding value pair 1 then on y he other llmit point is possibly 
reachable in he n xt ,l e. 

Pr-oposi ion 11 Suppose M (I g), with corresponding values (Pi q), and 

Q (/, lb t2) = ((p,p), dee} 
Q (gJt1,l2) = ((q'l,if))dec) 

wht::re q1
j =j:. q. Then one of the Joli owing two po.ssibilities m-usl b-e true at 

I g 

(1) f (t2) > p g(h) = if' 
( ) /(t2) > p g(t:i) > q/l. 

P 'Toof: · ince (p, q) is a corresponding value pair I th.ere nms be some 
t E fo, b] such that f(t ) = p ancl g(t ) = q. otic h. i is not possible 
for q' ~ q because then g(t) < g(C) while f(t) > J(t ) fort E (ti t 2), wMch 
con Iad.icts M (/1 g). lhns q < r/1 < q. 

f caru1ol. reach p wi hout. g simu.i.ta.ncously reaching qi as shown in Hie 
previous prop osi ion. Thus the only possibili ies are that g rnaches qu, or 

thai nei her reaches its limit. □ 
By symme ry i is clear that analogous p1·opositlons ]1o]d whether tli.e 

cons rain , is , 1+ or M - or whether he corresponding .limi s are ap
proached from above be]ow 01 one from each side. 
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B.1.2 AddiUon Co · stl'aint 

We c.a.n use exactly he same tech niquc to pro ,e sin: Har col sistency 

cril.c~ria for .AD D(f i g, h) .uul J\;ff LT Ui g, h) in as s wh r • Lhre \VO or 
old one of I.I c Jirni t poin 1,cl ngs Lo a known s,cf uf corresponding values. 
' he curnplextL of tlde:rmin.jng, imp] ment.ing and v rifying aU su h ests 
is fora 1i ah] . • r un t, ly th r is il. g:(}nera.1 relati uship ·hat c.apLW"c:s all 
possible such ·riteria. 

P r o p osition 12 Let p q J and r be corresponding values of J,j !J 1 (md h, 
where lDD(f, g h). Then, for any t E [u., b J lhe folfowi.ng lwlds: 

(f(t) - p) + (g(t) - q) = (h(t) - r). (5) 

Proof. J(t) + g(t) = h(t) an · p + q = r. □ 
'fhe signs of the hrce terms in cqmi.tion (5) can be d · ermined di

r ] · fr 1n he rdin, l r , b · o among urren values and hmdmark:s, and 
ch ckec for consistency wi h Urn ADD J"clation by Lable lookup. 'Ihc qual
i al.ive state of th.e tl1n~c term in. qua.I.ion (5) can only change if a:t least 
o:uc off, g ;ui.d h reach s p q and i- a limit. A propo ed 1, 11]e ·s rejected 
if ·he resulling lat w 11ld fail Losa isf-y e p1a. io (5). 

The fol] wing proposi~'ou. demonstrate the effect of th.is filter on cases 
wl1ere he li111Hs of /, g, and h share th:ree1 two, or only on value wi h a. 
par icul corrc:s-pondonce. 

P opo ition 3 Suppose J\DD(J, g hL with corresponding vulite p q = 
r~ and 

Q (!, ti t2) = ((p, if), dee) 
QS(g, h t-:i) = ~(q 1 i),dec) 
Q (h: tbt?) -- ((r,r'),dec) 

Then exactly one of the following four possibilitie/; must be true a-t t2 : 

f g h 

(1) f(t2) := p g(t:i) = q h(t2) = T 

(2) f(t2) = p g(t2) > q h(t2) > r 
(3) !(ti) > p g(t::i) = q h(t2) > r 
(4) /(h) > P 9(t2) > q h(t2) > r 
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Proof. Fort E [tl t:], /(t) - p ~ 0, g(t) - q ~ 0, and h(t) -r ~ 0. The 
hree Lerms of cquat.iou (5) must have comp,~ ibl· ign 1 a d cannot c.hange 

di conlinuou ·ly from their al in (tJ I l-;i) so c es 1-4 above a.re the only 
possibilities. □ 

lo case w a:re no so f odunate as 'Lo have / IJ i and h appron.ching 
con spomHng lfouLs we m;~y bctvc L u of the hmctions approaching coI

rcspou ling limit.s, a.nd knmv wht:rc he con p nding va1u • of · he hird 
rune , ion is wil..h r SJHlc ko · L. limit. Thi aJlows us for .l er constrain t.he 

set of possible next states. 

Proposition 4 Suppose ADD(J,g h) with. corresponding values p -1- q = 

Q · (J, !t h) = ((p, p'), dee) 
Q (gi t11 l2) = ((q 1 ¢),dee} 
Q ""'(h l1 t2) = ( ( r\ ri) 1 clec) 

where r11 
J. r. 'l.'hen it is not possible to haue: both /(t 2) = p and g(t9) = q. 

Proof. Consider cqu a. ion (5). If ·r ;:: r1
, thon the tcnn h(,t) - r is 

nega ive for t E (h, t:,d whil he o he \VO terms a.r pot(tive, which is a 
c: nt.ra.dic, ion. 'Th\, .. s r < r:'. 

U t rrns of equatio (5) ar 1,osi .iv (t1, t:.i), and h(t) - r must be 
s detl positive at t = t2 so at most one of the other terms can be :zero at 
t2,. □ 

P'ro·posii 1 iion 15 Suppose ADD(fi Yi h), with corrt!.sponding vafoe.s p 
r, and 

Q (I, t1 j t2) = {(vdJ') dee) 
Q (g.i t l ~ i2) = (( tl, cf), dee) 
Q (hilhh) = ((r,r') ,dec) 

·-q- -

where qr, #- q. The.n it is not poss·i·bie to have both J(l:i) = p and h(t2) = r. 
If q < q11

; it is impossible to have h(ta) = r. lf q > q'\ it is impossible .for 

/(t2) = p. 

Proof. If q < qrr, the middle e1m of equa io (5) is tric , ]y posi , .iive 
on [t1, t ], so only he fusL term can possibly become zero at t 2 so only 
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/ and g can possibly rea h 1,, ir limits. H q > q" hen the sec nd term 
of cqua ion (5 ) i strictly nega ivc on (t1 t':.! so only th third m can 
possibly bccom zero at L-;ii o onl g a.ntl h car p sib1y rcaeb ' h ir limits. 

n 
The ·cn11c echni'1t1e can be used in ca.1c only one or a. set of cone pon -

i11g alu · appears i Lh currcn c f limi s. 

P ·opo i ion 6, 'li.ppose .ADD(Ji g h) with car -sponding values p+ q = 
r, and 

Q (J t!, t2) = ((TJ,p1),dec) 
Q (g,t.1 t2) = ((q'\q'),deic) 
,Q (h l 11 i2) = ((r1' r') ,d'cc) 

where <i' =/:- q and r" # r. Then if q11 > q and ru < r, or if q11 < q and 
r11 > r 1-l is impassible /or J(t~) = p. 

P r oof. Examinatio of cq a· io,n (5) s]1ows ha these cases wou d. resul 
i1 · he flr t~rm b ing z roi w] ·1.e he oth,- r t\ o hav· ppo ite signsi bkh 
is i1 possib]e. U 

Pt·oposition 17 uppose ADD(/, g, h) with corresponcli'ng valuea p q = 
r, and 

Q (I, t 1, t 2) = ((p1\p'), dee) 
Q (g , l.1 t2) = ((¢\ q'), dee) 
Q (hi i 1i f2) == {(r,r'), dee} 

wfiere p" ¥, p and q" #- q. 1'hen if ,,I' > p and ,t' > q or if p11 < p and 
q" < q, "t i.s impossible for h(h) = r. 

Proof~ Examina. ion of equation (5) shows hat the c cases wo, ]d result 
in the last l•erm b, ing z•ero l He t11e o her two have the ame signs which 
is impossible. D 

By symmc ry, similar pr posi ion ho]d in the case here f, g, and. h 
are approachi g heir lim"ts from various combinatio s of directions not 
onJy when all arc decre. ing,. For unately quatjon (5) makes it unneces
sary to impl.e.mcn checks based directly on Propositions 13 - 17. 
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B.1.3 ulti pli ca ion Constraint 

H h,e 1.h rec fond ions in a MU LT en h L rn..in J.r approaching re lated 
Jim i ·s 1 we can constr. in Uic p ssiblc rcsu lts simi larly Lo wha.l we <lid wLl 

DD onsiraiuLs in ·h previous section. As P< rat . c1 n ·is nr.y csL dtecks 
for Jcgal combinations of sign (+ 0 -) at rn !tii Fc:.,Hon constraint. 

Pro o ition 18 Let p q and r be non-zero corresponding values of the 
J 11.ncf:i oru; f, 'h and h, re sped ively, where 1 ULT (f. g h). 'l'hen, for any 
t E [a, b), the following holds: 

(6) 

Proof. J(t) * g(t) = h(t) and 'P ·* q = 1·. □ 
, s, i Ji Lh"' addi ion cons mi 11, Q uses qualion (6) direc ]y to t -cst 

Lhe consistency or various cornhina ions of f g and h tt,1.Ghing their limit 
~ luc:::, in con ru:ison i h a.. couesponding se of values, p * q = r. When 

f(l) and p ha.ve he same sign we can re li ve lheir ordina] rnla. i•ons to 
lassif y he term f(t) /p as gn.::ai cl' han, le U a.II, ur eq1w] o • With 

respect ,o Lhis classi(ica ion, he Jegal combina ions of A 1 B, and 0 1 l he:re 

lv.f ULT ( , B C) a g1 er h the folJowi g table: 

C B 
<1 = l >1 

<1 <1 <1 ia.ny 
A = l <1 = l > 

>1 any > 1 >1 

'ote that it is not neces!'iary for th value J to be a ]andrnark value of 
.wy of he flt c ion i.nv l eel. The table is a guid to the i np]ementation of 

consi. t ncy t s for M LT(J, g, h) a her ban repre en ing an inference 
I.ha rQ lM maims cxp]kitly. The con.sis ency est a.pp]ics when he ordinal 
rela ion between /(t) and p changes as f reaches its limit. 

Proposit" ons ,can be prover] to de non r e he degree of 6lte:ri:ng pos
sible with diITerent. sets of corresponding values~ similar to Propositions 13 
through 17 for a.tldilio:n, bnt lhey ate om.i. t-ed he:re. 
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B. 2 Du'.'e tion-of-Change Consist,ency 

An lmpor an di.Iler nc betwe n Q IM and Lhe a]goritbm:s used by de 
l leer and l! orbns is tha qua.nlities are rep.r,e-sen · eel by qua.li a · nra descrip
tions :rather ha qnn.H · ~ ive vafoes. ' hus 1 ra. her han being a pa:rtiiil.l 
fondion thal sn n t"1ues f, ·1. to c.omp11te :t resul DD is a three-place re~ 
laUon vahrn. ing Lo Lnt or fob,c accord ing Lo ·w}1e her ils arguments satisry 
, he .uhfr ion cons ra.iut.. ' bis ~ ppcn lix specifies th!! ables of a ccptab]e di
rec io s or change for D and , LT. Th corr · spo ding tables for M 
and JW arc obvious. 

The following tab Jc summa..rizes he corubimi.. ions of dlrectio oJ change 
Lha : sa isry the ADD(!, !h h) cons • rain:t. 

Il.2.2 1 LT(/,g,h) 

h 

tnc 
I std 

dee 

. 
U'l(! 

ine. 
nu: 

any 

g 

std dee 

inc any 
std dee 

dee dee 

Th c.ombina ions oI 1.Hrec i ns f change ha · :.mli fy be MULT con
• train dcp end on Lhe signs of f g i and h, as shown in e fallowing ta.Mes, 
Jeriv,ed from 11 identity h1 =pg+ fg'. 

1. Hf> o, g > o, h > D, 

h g 
inc std dee 

inc inc inc .any 

J si.d . 
6td dee inc 

dee any dee dee 



60 Con::i r.-iint Consjslcncy 

h g 
inc sld. dee 

tnc dee dee any 

I td dee std lTI.C 

dee any inc me 

3. Ir f > o, g < 0 h < o, 

h !1 
inc std d:ee 

't,?1-<! any dee dee 
f std i1l.c std dee 

dee inc inc any 

In case / < 0 and g > 0 the tab]e is transposed. 

. H f > 01 g = 0, h = 0, 

h g 

inc std dee 

inc inc -std de.c 

I std inc std dee 
dee inc std dee 

In case l < 01 the able remains he sa.me l,ut wi h Urn signs reversed. 
If J = 0 and g -I, 0 the table is transposed. 
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h g 
inc std dee 

inc std std std 

J std std std std 
dee std td sld 
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C The QSIM Program and its Output 

Tl1is a.ppcndix ptrl ides , he strnct urc•dcfiuitiont Lhc ir1_i i .. 1]iZE'I. ion I nnd 
a c0111plete <lte of t.be 1Lpu of Q I on he pring meclu1inisn. 

(d,ef1ne-structure spring 
(functions a. v :d 
(landmarks (v (mini O v* inf))) 

(const aints (d//dt · a) (d//dt x '!I) {mO-· a x)) 
(in.variants 

(a ((minf inf) n · l]) 
(v ((minf inf) n.i1)) 
(x ((m: nf inf) nil.))}) 

(de un initializ.e-sp:dng 0 
(ma.ke-initiali~ation spring (gene-rate-time-point) 

'' ( (x (0 inc)) 

{v (v* std)) 

(a (0 dee))))) 

The cip,u-agraphsi of U e following trace ou ·put each predict the succes
sors of a. given s a e. The sections of a paragraph describe: 

• The initia] qua.Ii ta ive state descrip · ion; 

• The numher of quaHtatiive stet; e tra_nsj ions a.ssig ed o each individ
ual func ion.· 

• The dee 1ensc in mun her of tra.nsilion tuples as eac. · const aint appli,es 
its filters; 

• The eliec. of Wal z filtering hen coruidcra ion of an adjacent c,on
suain decreases , h number of uples; 

• The eITect or globa1 filters; 
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• 11l1r: assib'Ilmllllt(s) of transition rules tha. will crea, c t.be successor 
sta• e{s). 

Completing S1. 
Completed Sl in 1 ito:rations. 

Predicting su.cc: ess.ors of Si in region SP.RrnG, 

0 = X [INC] 

V* - V [STD] 

0 - A [DEC] 
Function A .has 1 t:ransi tions. 
Function V has 3 transitions. 
Function X has 1 transitions. 
Constraint M-(A X) has (I} -> (1) tuples. 
Constraint D//DT(X V) has (3) -> (3) tuples. 

Constraint D//DT(V A) has (.3) - > (1) tuples. 
W lt~ filter of D//DT(X f); (3) -> (2). 
Walt~ filter of D//DT(X V): (2) -> (1) . 
Global interpretations· (!) - > (1). 
Predicting: 

V: P3 (Li STD)=> ((LO LI) CEC) 
X; P4 (Ll INC) => ( (L:1!. L2) ,NC ) 

A: P6 (11 DEC)=> ((LO Ll) DEC) 
~> 1 sue cessors. 

Predicting successors of 82 in reg·on SPRING. 
0 < V[DEC] < V* 
0 < X[INC] < INF 
MINF < A[DEC] < 0 

Function A has 2 transitions. 
Fu.ncti ,on V has 4 tra.nsi tions . 
Function X has 2 transitions. 
Constraint M-(A X) has (4) -> t:0 tuples. 
Constraint D//DT(X \) has (8) -> (4) tuples. 
Constraint D//DT(\f A) has (8) -> (4) tuples. 
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'Waltz filter of D//DT(X V): (4) -> (3) . 
. al tz filter o D/ /D"f (X V): (3) -> (2). 

Global interpretations: (2) -> (1). 

Predicting: 
V: 6 (( 1 .• 2) DEC) c> (M1 DEC) 

X: 18 ((Ml ~2) IUC) ~> (,1 - STD) 

A: 19 ((~ 1 ~ 2) DEC) ==> ( f* STD,) 

"'> 1 su.c c,essors. 

Predicting succ,essors of S3 in region SPRl rn. 
0 = V [DEC] 

X1 = X [STD] 

Al ;: A [STD] 

Function A has 3 tra.nsi tions. 
Function II has 1 transitions. 
Function X has 3 transit.ions. 

Constraint M- (A X) has (9) -> (3) tuples. 
Constra nt D//DT(X V) has (3) -> ( ) tuples. 
Constraint D//DT(V A) as (3) -> (3) tuples. 
Waltz filter of ~-(A X): (3) - > (2). 
al tz filter of M- (A X) : (2) -> (1) . 

.. al:.z filter of D//DT(V A)! (3,) -> (2). 

Waltz filter of D//DT(V A): (2) -> (1). 

Global interpretations: (1) -> (1). 
Predicting: 

V: P6 (Li DEC)=> ((LO Lt) DEC) 
X: P3 (Ll STD)"'> ((LO Ll) DEC) 
A: P2 (Ll STD)--> ((Li L2) IC) 

""> 1 successors. 

Pr,edicting successors of' S4 in regi,on SPlUN,G. 
~INF< V[DEC] < 0 
0 < X[DEC] < Xi 
Al < A[INC] < 0 

Function A has 4 transit·ons. 

TJJ Q. IM Program 
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Fnnc i on V has 2 -transitions. 

Fun• i n X has 4 transitions. 
Con~vr ain M-(A X) has (16) - > (4) tuples. 
Con t a.int D//DT(X V) has (8) - > (4) tuples. 
Constraint D//DT(V A) has. (8) -> (4) tu.ples . 
Walz fi l ter of M-(A I): (4) - > (3). 
altz filter of 1- (A X): (3.) -> (2) . 

Waltz f i lter of D//DT(V A) : (4) -> (3) . 
Waltz filter of D//DT(V A): (3) - > (2) . 

G obal int erp etat~ons · (2) -> (1). 
P:redi ct iug: 

V: I9 ((Ml M2) 

X: , 6 ( (t 1 M2) 

A: I3 ( (Ml M2) 

==> l successors. 

DEC) 

DEC) 

INC) 

-> (M* STD) 

"'> (M1 DEC) 

=> (M2 INC) 

Pred·cting succe8sors of S5 in reg·on SPRl G. 
VI = V [STD] 

,0 = X [DEC] 
0 = A [INC] 

, unction A has tr.a.nsi tions. 
Function V has 3 transitions. 

Function X has 1 transitions. 
Constraint M- (A X) has (1) - > (1) tuples. 

Constraint D//DT(X V) has (3) -> (3} tuples. 
Constraint D//DT(V A) has (3) -::, (1) tuples. 

Wa tz filter of D//DT(l V): {3) - > (2). 
Waltz filter of D//DT(X V) : (2) -> (1). 
Global interpretations: (1) -> (1), 

Predicting: 
V: P2 (Li S'fD) :..> ( (I..1 L2) INC) 

I: P6 (L1 DEC)=> ((LO Ll) DEC) 
A: P4 (Ll INC)-> ((L1 L2) INC) 

=> 1 successors. 

65 
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P edicting successors ,o S6 in region SPRIN•G. 
V < V [II C] < O 
IlF < X[DEC] < 0 

0 < A [I C] < I fF 

function A has 2 transitions. 
Fun ct ion V has 4 tran.si t · ons. 
Function X has 2 transitions. 
Constraint M-(A X) has (4) -> (2) tuples. 
Constrai t 0//DT(X V) has (8) -> (4) tuples. 
Cons·trai"nt 0/ /DT(V A) has (8) -> {4) tu.pl•es. 
faltz filter of D//DT(X V): (4) -> (3). 
Waltz filter of D//DT(X V): (3) -> (2). 
Global interpretations: (2) - > (1). 
Predict·ng; 

V: I3 ( ( 1 M2) r C) -> ("12 INC)• 
X: I9 (C 1 M2) DEC) ""> ( ~* STD) 

A: 18 ( ( U M:2) I C) .:a> ( f* STD) 

""> 1 sue cessor.s . 

Predicting successors of S7 in r•gion SPRING. 
,0 - V (INC] 

X2 -- X [STD] 

A2 = A [S'rD] 

Function A has 3 tra.nsitiona. 
Function V has 1 transit'ons. 
Function X has 3 transitions. 
Const:taiut M-(A X) has (9) -> (3.) tuples. 
Constraint D//DT(X V) has (3) -> (1) tuples 
Constraint D//DT(V A) has (3) - > (3) tuples. 
Waltz filter o M~(A I): (3) -> (2). 
Waltz filter ,of M-(A X): (2) -> (0. 
altz filter of D//IDT(V l): (3) -> (2). 
altz filter of D//DT(V A): (2) > (1). 

Glo•ba.l interpretations: (1) -> (1). 
Pudicting: 

Tlrn Q IM Pragram. 
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V: P4 (Li INC) => ( (Ll L2) INC) 
X:: P2 (Li STD) ""> ( (L1 ' 2} INC) 
A: P3 (Ll STD) :..> ((LO Li) DEC) 

"'> 1 successors. 

Predicting s c cess o:rs of SB in region SPRING. 
0 < V[IHC) < Vt 

X2 < X[I C] < 0 
0 < A [DEC] < A 2 

Funct·on A has 4 transitions. 
filllction V has 4 transitions. 
Fu.net on X has 4 transitions. 
Constraint 1-(A X) has (16) -> (4) tuples. 
Const ai:nt D//DT(X IJ') ha.s (16) -> (8) tuples. 

Constraint D//DT(V A) has (16) -> (8) tuples. 
Waltz , ilte:r of M-(A X) ~ (4) -> (S). 

Waltz :filter of M-( A X) ! (3) -> (2) . 

Waltz filter of D//DT(V A): (8) -> (6). 
Waltz ::fii-ter of D/ /DT(V A): (6) - > (4). 
Cloba interpretat ions: (4) -> (3). 
Predicting: 

V: I3 (01 M2) 

X: I4 ((M1 M:2) 
II.: I7 {(Ml M2) 

Predicting: 
V: I8 ( ( 1 M2) 

X: 13 ( (M :1l M2) 

A: !6 (( 1 M2) 

Predicting: 

rue) => 
INC) -=> 
DEC) => 

INC) ::::,), 

nc) => 
DE,C) ""> 

(M2 INC) 
({ 1 M2) 

((·1 ,2) 

(M* STD) 
(M2 rnc) 
( 1 DE:C) 

V: 12 ( ( t1 ~2) IHC) ""> n 2 STD) 
X: 13 ((~1 M2) INC)=> (~INC) 
A: 16 ( (t, 1 ~2) DEC) ""> ( !1 DEC) 

Found a cycle from Sl. to 811 . 
=> 3 successors 

No active states. 

INC) 

DEC) 
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RuJlt·me: 0.4 seconds . 
Total number of states 1·0. 

The Q l f P1·ogram 

Th sirnula.Liun concl11d,es h re , en hrcc pos iblc states me generated 

for 'I h final st,i c of the c cle clue to a I r irisli :ml ha tccogaizcs the 
exist.mi e of a • ·y · le a: ul d a.di vn: es i s COll p Lj or ran -h~. The al ·ern,a..te 
l ranches cau h rcac ivi\.ted h lia n,l for fort.her exploration. 
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The foUO\ ing tqualitaLive gra1>h n n'la:y a lso be au ma ica.Uy generate t 

and pro,vi:de a con n.icnl way to insp c h ou put of QSI!vt. Tlie graph. 
b •low shows only le main , pcrio 1c, behavior or lhe pring :ystcm .. 

INF INF 

2 A2 
V 

0 ----v---- ---------- - - -·--- - --------------v 0 
V 

At A.1 

MINF 
Acceleration 

V* 
V 

0 0 

V 

Vl = Vi 

MI?JF 

Velocity 

INF IMF 

Xi = X1 

V 

0 ---- ------ -- --------v--- ----------------· 0 
V 

X2 X2 

_!INF UNF 

Position 
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C.1 Availabiili y of the QSIM Program 

Th, Q IM prouram is av.:dlablc to resca c er ln crested in qualita ivc 
simufa io . We r, making b cod avail. hle in or 1er to ncomage detailed. 
exp lora ion a <l cvaJuation of Lh r. e i<l a.s and tl eir po i ] applications 

eyo d what is ros ibl j11 a publis11ed paper. The current tmpfomcn a ion 
rUJts in ZetaLisp on he y11bo]ics 36,0,0 and he · Df , a.nd wi ha reduced. 
gra hical inLedace on he AX in NIL. 

1 is of en din1cul o c,~ lua c id,eas in a.r ifJd~ I in cllig nc i hou' ' ex-
pcrjmcnl.ing j ]1 he s rcngtlts ~nd Limitations of a rogram implemon · ing 
hose idc.,u;. p p, r making a pa.rticuJar s f hcorcLical points can ot 

folly describe th · cap.ibiliti s an l 1itnila ions of a co11p]ex !gorit.l.tm, par
ticularly ., , hey :relate t applica ion are:' s of intcres to par ici ktr readers . 

E, p,erim nts are not often reproduced in I bccaus >f h , nbs· ant:al 
overheaid in wriling and debug ring a so1>l1isticated program. Dis ribufo1g 
he code :n ake ii. possible for the sden ific communi y lo evahmte the 

program and th,e nethod f, :r cases beyond tho e p.r cnted in pub ica.tions. 
. uch dis ributing · he cod fun ti,on - as a form of s·_ c ntlat-y publication. 

The Q IM program is n: a.de available o researcher· in t i · pi.rit, in 
re urn rflr commcn s, cri icism, coun, ercxamples and bug reports .. It is no 
adve:rtisicd or Narra.nted as a of ware product and aU co1mnercia[ ·igh 
o h prograi:n are .re a.inc.cl. Please contac me if yon a.re interested. 


