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philosophers algori hm of Chand and N.I:isra 

i de cribed and prov d co r n odular , Tay. using th I/O au o a o. mode 

of Lynch and Tu e . ' h algori hm of Chand· and ~Iisra is based on a par i ulai· 

dining phi osophe algorithm. and reli 011 :r ai proper i of i implementa­

tion. The drinkin philosophers aJP"ori hm pr en ed in hi paper i able o e 

an arbitrar ~ dinin" pl ilo ophei-~ algori hm a rue subroutine· no · hi g a.bou 
he implemen ation needs to be known. only r.ha i solve the dininn- philosophers 

p ob]em.. • n impor ant advan a e of h" modulari ·v is ha by ub i uting a 

mor ime-effic' n d ining philosopher algo ·i hm 1an · h hand 
and lvlisra, a. drinking phl o oph al ori hm '-,j h 0 (1 ) wors - as waiting . im is 
ob ·ain d l hereas he drinkin or philosopl L lgori hm of Chandy and Iisra has 

O(n wo · t-c e 'I ai in ime (for n philo o 1 r ). Formal defini ion are i ·en o 

d istinguish he drinkin and dining pl ilo t)ph r problem and o speci · pre · , ly 

of concurrenc •. 

I ey ords: di ing philo o hei . dis dbu l aJgo i hms drinking philosophers, 

mod1.1lari ': resow· e allo a ion. ime compl 

1. Introd uct · on 

V,le presen a. modulru: de crip ion and proo of cwre n for an algori hm o 

olv he drinking philosopher problem in a m age-pa ing di 1ibuted em. 

Our algorithm u es an arbi rary lu ion to · he dini g philoso h.er prob em a a 

ub ·ou ine· b-· usin a time--efficien brou in • o e au b ain a dri ~ing philoso-
phers algori hm \\ i th 0( 1) ,vo ~ -c wa.i in ,. t' me. Fo mal definition are g \ren to 

distinguish he drinkinu and dininO" philosop1 ·s p ·oblei and to specify p cisely 
var ying degrees of concurren y. 

The drinking philosophel"" probl m i a dy11ami variant due o Chandy a.:nd 

isl"a (19 ~) of .he dining philo op ers prob! m much-s udied 1-e ourc alloca-

tion problem. In h ,original dining phil opheI problem of Dijk ·ra (1971), :fi 

philosophers (process ) re arrang d in a ring ith on fo k • r olU'ce) betw n 

each pai r of neigh ors and in order o ea. (do work ) a philosopher mus bav x­

clu ive ace o bo h of its adja en fotks. _ n ore rr n ral version of h p oblem 

. allows any n unber of proces . and pu no l.' .· c 10 on which proce es har 

resow·ce . In he drinkjn philosopher pro1 lem. for ea 1 p ·o ess here is a maxi­

mum -o.f resources · ha i can reques . and ea ·h · ime a process wishe o do some 

work .it ma • reques · an arbi ary ub e of it a.x um se . 
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Our rinkino- philosopher algor:· hm is a varian of he one of Chand,. and lVlisra 
(19 ). Their al orithm is b ed on a pa;r icular dining philo ophers al ori hm, and 

r lies on cer ain proper 1 s of i s implemen a i 11. ur drinking philosophet algo­

ri hm · s able to se an rbj ra ·y di i g philosopher algo i hm as a true ubro ine; 

. o hln"'· abou he implemen a ion n d o be kn w • only tha i ' sol,_ he diin"n,:y 

philosophers problem. vV. low ha in a en: of n pl ilo phers he maximum 
waitin time for a drinking prulosophei- o enter i , cri ical region is ·oughly equal to 

the ma.'lcim un wai ing time fo a dining philosopher to en er i cri iC<:1.l region in h 

ubrou ine. T t , by replacin he dining philosophers al ·ori hm of Chandy and 

Mi ra (1984) which has wai i ig im O(n ). , -ith a dining philo ophers algorithm 
su h as the one •of Lvn h (19 1) which has ·wai ing ime 0 (1) w obtain a more 

d ficien drinki g phi o ophers a gori hm. 

r provid definitions ha di ingt i h he drink.in and dh:ring phi osophe:rs 

problem and bat sped£; precisely var inn· def!rees of con urrency. ,~ e use he 

model o 1v c and Tuttle ( 9 ~ ), ,, hich is u ef l for s atin · pmper ies ha con ern 

he in:6nit behavior of a s • tern, h a no-deadlock and no-loc.ko · , and which 
supports modular alg ri hm design and verifica io . Thi model, oge her , •ith he 

par icu1ai· defini j,on dev loped i hi paper for expre ing h afe and 1i enes 

proper ies for resour e allo a io1 problems make possible a cl ar an pr i e proof 
of correc · nes for our co- rue 10 • 

In ec ion 2. he dining philo ophers and drink.in,... philosophers problems are 

defined. ln Se ion 3 we de cribe our al ·ori hm. as ll a toma on. ection 4 

ontains he proof of corre tness of o u- algori l m and Sec ion 5 analyz 

formance of our algorithm "ith pe t variou comple.x.i y meas 
con ain ou conclusio . 

2. Problem Staten1en 

hep ·­

S ion 6 

There are n user p oc 1 he sys m bein mod I d, and a vario ' imes 

each on , eed om of h em resour e . 0 y one 1.t r a im may hav 

acce o an · on re ource.. Each user are parti ioned in o four .regjons. ' n 

i tr-ying region h u r i o i requited r ur . On. e h 

resour es ar ob ained h e may en e1~ it crit ·cal region. '\.\Then the user i 
hrough wi ,h he re our es, 1 en et· xit region. which usually in •olves some 
cleaning up a, ivi i . 0 h rwi e. he user i in its rema.inder region. The user 

c cles bro , h he e four region . 
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A resource allota ion algorithm decides ,,·hich user ,i,e s which re ources at 

which time; hus. i upplies he code for the i·yin and exi region . A dis ribu ed 

resource alloca ion algorithm consists of on con ponen for each userj he oom.po­

nen s communicate ,~,,-i h each o"her by me sa e pa sin . 

We define two r .source alloca ion problems, dining philosophers and drinking 

philosophers, as external schedule module . ha. i , s of allowable in eractions 

between. inputs and ou puts. (See Appendix A for a~ uni.mary of he I/O automa on 
model of L nch and Tut le (19 "").) \i\ imag,ine an au omaton ha , given input 

from some numhel" of use informing h au omaton of heir desire to gain or 

give up a se U of resources (wi h inpu a ions i(U) and Ei( ) for each u r i) 
decide , hi h ers are allowed o en er heir criti al a1.1d rem "nd regions at which 

times (wi h ou pu actions C1(U) and Ri(U )). The automa on thei1 1· presents the 

algorithm used to allo ate he resources. 

In the runing philo opher problem. a h r (or phi.lo opher) alway reque ts 

he same se· of resource . In · he drinking philosophers problem each user an 

request differe , et f esourc s eacl time i enters i s ryill''>' region 

Vile consider several versions of · he din.in"'" and drinking philosophers problems 

ach sa i:sfying sucoes!lively s ronger liven• s p1·opertie.s. First w define he basi 

dining and drinking philosophers problems which onl_ • sa isfy sa:fet · condi ion . 

Then the no-deacHock Ye:r.sions are defined in .vhich. as long as some user is in 
i s trying region eventuall some user enters its cri ical region. In the no~lockou 

versions. any user that enters i s rying region eventual!_ enters it critical region. 

Th no-d adloc · and no-lockou condi ions assume that no user keeps resources 

for ver. 

A dining philosophel' algori hm can b used to solve · he drinking philosophers 

problem by reating each esource equest as a reque.s or he en ire se of resources 

;.\rhich ha' us.er will ever need. However, users may be blocked unnecessarily in 

such a scheme. A prefern ble oh1 ion woul I no r ii ou · wo uset ha. sh are a 

resource from en · ·ing ·hei'I:· ci-i ical regions simul aneously, if heir urren resource 

requirements are disjoint. \ capture par of· bis in ui ion by defi:ning he :'more­

concw-ren condition for the drinking philosopher problem - if a. us r eques s a. 
of 1-esouroes: none of which is cw.Ten ly eing sough or used by a.no he user 

then the first user e entuaUy enters its critical reg10 1 even if some o her resource 

are never relinqui hed. (h1 our conclusions ,,;,re discuss even stronger fonns of he 

drinking philosophers problem.) 



Le· S be a. finite non-emp : et of resour es. Define n fla-u..ser resa1.,rc n:quire­

ment to be a oil ction of n se s Si. 1 < i < 11 uch tha each Si i a non-empty 

subset of S. a d no reso rce is in mo "than ,•o Si . The la hie ion mak 

he algori hm much impler o ribe and reaso abou but i o · bs· an ial. 

If a resource i hared by k u er hen i can be represen ed by k choose 2 virtual 

resourc , one hare behteen each pair of h origi al k u e:i:s· to a.in th reaP 

:resour e a user mus gain he k - 1 1,·ir · ual reso rces shared 'w'1 th :it. 

In 'the con ex ,of the dining philosophe1 · problem resources will be referred 

o as fork3; in c.ontex of ' l e ddnkin philosopher problemI r o r will be 

referred to as bottle . 

2.1 D in·ug Philosoph e s 

Fix an n- er fork equiremen :F = { Fi : 1 $ i < n}. The foll.ow· ~ defini ions 

are all made relative .o hi fork requirement. 

For each i. le he se {T,, Ci,Ei Ri} b denoted F-TCERi. ( h I ter 

s ands for 'fork. ) T; is he ac ion b,· which user i er i s trying r gion~ desiring 

· he resources Fi and analogously for h other ac ion and regions. ince each user 

i m t reques he am e Fi of fork ach ime. ,ve do not e>..-plid ly include the 

se of forks in he ac ion name . Le F-TCER = LJ~1 F-TCERz. 

In order to specify the external ch dul module fo · he dining philosophers 

problem. wed fine h follow:i.n(.I' pr d"ca on an equeuce °'· (Throughou hi 

paper. Greek le er taud for sequenc . from s and Roman. le ter for ingl 
elem n s.) ff a i a seq ence om a s · &nd T i, a subset of S he o: IT is defined 
o be the subsequen, of a consisting of elem s i T. 

• a is dini-n5vwell-formed if for all i.. he ub qu nee of a r nc d to F-TCERi 
conforms o he pa t m TiC,EiR, .. -· 

• a sa isfie (REL~F) if for all i, if a lF-TCER~ i finite, then a:lF&TCERi does 
not end in Ci. REL-F) s a es h even ually l" 1 ases he resouro 
l i 

• ai satisfies (EX-F) if for all i and j, i-# j. if o· = /J1C1f31 Ci{:J3 and if F;nFi #- 01

, 

then ff., on a.in Ei. (E_ -F) s a es ha ea.ch u er ha: axclusive access to a 

needed resource when. i i in i t.s critical region. 
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• atisfies ( D-F) if for all i if Cl lF-TCER i fini e h n · IF-TCERi ends 
in Hi or i emp y. ( 1 ·D-F) ' ates ha h S) s em i no deadlock d i.e., ha 

us r top ·talcing teps only i · hey a1·e l in their remainder r gions. 

• a: satisfies ( 7L-F) if for all i, if o. lF- TCER, i fini e. h n adF-TCERi ends in 

Ri or i emp .. (1 L-F) a e · ha h has no-lo kout~ i .. e., · ha any 

individual u er ops taking teps only if i i in it r mainder re!rion. 

he dining philo opliers problem for :F i h ex ernal chedule module DiPh 

such hat: 

• i11.(DiPh) = {Ti. Bi ~ 1 $ i $ n}, 
• out(DiPh) = {Ci,Ri: 1 5 i ~ n}. 
• DiPh preserve dining-well-form d . Appendix A for he defini ion of 

upresent, ). and 

• • ch, ed (Di.Ph) 1 h of all sequ nc a, of act ions satisfy in . he follm\riu er 

implica io 

Exclusion: Ha: i dining-well-form d t.h no. a isfie (EX-F). 

The :xc1usion impli a ion :s a e tha if the chedule i dining-w I-formed, th 1 

110 wo user: ar,e in heir critical region a the am 1m with h a.me resoure . 

The no-deadlock dining philo opher problem for :F ·s the e,."{ternal schedule 

module .ha· i he same as the dini g philosophe: p oblem excep ha in addi ion 

to he exclusio "mplication, chedu s mus sa i y the follo .vino- implica ion: 

~ o-deadlock: · a is dining-w 11-formed an l 

( D-F). 
es ( REL-F) . hen a.: atisfie 

The no-deadlo k implica ion sta e l at if the chedule is dining-well 5 form d and no 
user keep resources forevet (by vin in i c1·i i ,~a} region forev i-). hen even ually 

some user will enter i cri ical r Pion. 

The no-locko11, dining phil'o opher prob] n fo1· :Fis he external chedule mod-
ule ha i the rune he din.mo- philosophers problem e.'-:cep ha in addition o 
he x lusion implic. ti n chedules m ~ t ~a. isf , h following impli ation: 

_Jo-lockou : If a is dining-well-formed an I o a , i fies (REL-F). h o atisfie 

(. L-F). 

he no~lockou impli a 10n a tha if he ch dule is din:i t1·-w 11-formed and no 

user keep resourc for ve (by t.ayingin i. cd ical r io1 for ver)~ then e,·en ually 
very user that wish ,\•ill ent r its critical ren-ion. 
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2.2 Di-inking Philosopher 

Fjx a n- er ho l requiremen B = { Bi : 1 < i < n}. The folio rvin<~ 

d finitions are made relative to his bottle req ire e · mos · are analoaous o 

those in Sec ion 3.1. Two n w oondi ions. ( S-B i and (NOV-B); bo h indexed by 

us · id i ai:e used .o create implica ions to di in ish he drinking philosophers 

problem from the dining phjlo oph r probl m, a ,, ill be discussed. 

For each i. le b se {Ti(B ), Gi(B), Ei(B ). Ri(B) : B C Bi d B :/: 0} be 

deno ed B-TCERi, (The le er B ands for · bo les. ) Let B-TCER ::::: LJ~:_1 B­
TCER1. The following pr ·ca e ai·, defined for any sequenc o-. 

• o i drinking-wdl-Jormed i£ fo all i. he subsequence of a restricted to B-TCERi 
conforms o the pa tern Ti(B)C'i(B)Ei(B)~(B 71 B 1)Ci(B')Ei(B')R,(B 1 

•••• 

• o satisfies (REL~B) if for all i. i IB-TCER, is finite, hen a lB-TCERi doe 
no end ·n C*(B) for an B. (RE ha v ry user event 1ally rele e 
all resources h i i gran ed. b T leavino- i 

• a satisfi (EX~B) if for all~ and j . i j j . i ,[II= 1Ci(B} 2C1(B 1 )/33 and 
if B n B' # 0. then /3 . con 'n Ei(B). (EX-B 
exclusive ace o needed resourc when i j i it critical region 

• a sa. i fie , ( N D~IJ) if for all i, if a. IB-TCER is £ni , hen o: IB~ TCER.i ends in 

Ra(B) fo ome Boris emp .v. (ND-B) st.a es ha h s em i.- no deadlock d 

er op tak:_ g ep on.I: if all u regions . 

• a satisfi ( L-B) if' for all i, if oiB~ TCERi is fu ite. hen a-lF-TCERi ends i 
Ri(B) for ome B or i emp y. (N -B) a e ha he ~ s em has no-lockout~ 

i. .. ha an p i ular use:r op akh1g ep o } if i 1 m 1 remainder 
reg1on. 

The d1'ir1J.,-ing philo~oph r" problem for Bi he exte~ al sch dule module Dr Ph 
h ha.' : 

• in(DrPh) = {T,(B ): E1(B): 1 Sr ~ n . B ~ Bi and B # 0} 
• out{DrP'h) = { C;(B) 1 Ri(B' ): 1:::; i < 11, B s; Bi and B # 0} 
• Dr Ph preserves drinking-,vell-formedn . an l 

• .sched (DrPh) is the :s of all sequenc s factions a i f ing the following 
implica. ion: 

xclusion: If O' i d.rinki1 -v.· ll-formed. hen a sa i e (EX-B ). 



The no•deadlock drinking phi.lcsophe,·s pmblem fol' l3 is the ex emal chedule 

module ha i he a.me as the di-inkinor philosophers pwblem except tha in ad.di ion 

to · h Xo lusion impli a ion chedule nus 

No-deadlock: Hai drinking-well-formed and a atisfies (REL-B) hen a. ati fies 

( D-B). 

The no-lockout drinking philosopher problem for B i th ex ernal schedule 

module that i the same as the dtinkin phllo ophers problem except that in addition 

to he exclusion unplic.ation. schedules must satisf, the following implication: 

.!To-lock.out~ H a is drinkin -well-formed and a: satisfies (REL-B) hen a. a isfies 

(NL-B ). 

The next ·wo predicate are u rodu d o rea · e an impli a io ha ,; ·ill dis­

tinguish bet ·een he drinking and dining philosophers. problem . 

• (NO -B)i l < i < n For all j and any B and B' ith B n B' ;fo 10: 
(1) if a = 1Ti(B)02TJ(B')/3s: hen /Ji con ains Ci(B); and 2) if a: = 
/31Tj(B1)/12Ti(B)/33~ hen 62 con run E,-(B'). (N O\ -B)i (NO for no over­

lap') s a es ha whenever user i 1·e ue s a resource (1) no u her user requ ts 
tha, resource un il af er u r i en er it critical 1-egion and ( 2) an) oth r us 

tha. has previou 1y requ ed ha. resourc has already r as d i . 

• ( S-B )i 1 < i < n} If a-lB-TCER,. i finite. then alB-TCERi does no end in 
Ti(B) or Ei(B for any B. (~S-B)r (. ·s fol' ·not stuck ) s ates tha u.s · i is 
never stuck in its rying or e:d regions . 

Th n.e::ct problem s atem.en requir a gree of con w"I"ency in he drinl,­

ing philo ophe problem concemin" use being . imul aneously in heir cri ical 

regions · hat cannot be ob ainoo, ri ha. dining philosopher~ algori run. 

The more-con.cuTrientdri11kin philosophers probl or Bi he ex emal sched-

ule module tha i h same as he drinking philosophers p. ·oblem exc:ep tha in 

addition o he exclusion impLica ion. chedules must satisfy h following n hnpli­
cat.ions: 

Mor concurren for it 1 ::S i S n: If a i drinldn -well-foITI1ed and s.a is£ (NOV­
B ), , hen a sa isfies ( NS-B )i. 

For each i he implication ·· ore concurren for i states that as long as the 

no-oveda.p condi ion is true fol" i. i will en uaUy en. er its . :riti al region etum if 



ome u er j . with Bi n B j #- 0, .s ay in its critical region fonrn~:r ( of course, j m 1st 

have only reso rces no needed b. i). Thus, simply using a dinin philosopher 

algori hm for .B would 110 sa.ti ~r this implica ion: ince 1ser i would b uck in 

1 s 1.·ying re ion fore ·er. 

he no-lockout and mme-ooncui--ren lri11kin D' philo ophers problem ar in­

comparable i h sens ha th i-e i an algorithm. or he fu·s tha does no s_olve 

these ond and ·vice-ve.r a.. 

3. Drinking Philo opher .Automaton 

In his sect ion we descri.be an au oma on Drink(, B) o olve he drinking philoso­

phers p oblem for he n-user bo le r quiremen B = {B, : 1 < i ::5 n} in a 

message-passing distrib11ted ~ystem. I is created by composing several au omata.1 

to he described, and then hid.in most of the ad.ions. in order for the external actions 
to b consistent wi h the definition of the probl m. The component au om ta. are 

D(i) for l s; i <: n~ and an· au oma: on Dine{B) ha olve th dininr philosopher 

problem for B. D( ') represen s the par of he clrinkinir philosopher algorithm for 

us& i; Dine(B) i h ubrouti e. Fi. w de c "be he algori hm informally hen 
we present · he D(i) automata and hen Vile define Drink(_B). 

'\¥hen drinker i enters its ryi region needi · g a certain set of resources, :i 
sends 1:eques ·s. for hose hat it ueed but lacks. Recipient j of a reques at isfies 

the reques · m:tless j unen ly al o wan h reso tree or i already u ing i . In the 

lat er two cases j defer tb.e reques and ·a i.,fies i once } is :finished usin the 
resource. 

In OI"der o prevent drink :s from deacllocking a dini g philo opber algori hm 
is used as a. subrou ine. The ··1:e o u- , manipulated b the dinin subrou in 

are p riorities for he ureal" resources ( here is one dining resom·ce for each drinking 

resmrrce). As soon as drinkei i is able t do so in i .s drhtlci - trying reo·ion (·without 

viola ing dining-,," ll-formedness), it en ers its dining j i:ng region~ ha is. i nes 

to gain priori Y for all i s a:djacen ources. li i e ·er en e its dining cd · cal region 

~ hile s ill in i drinking rying region. i send demands fru· needed bo 1 ha a.re 

s ill missing. A recipien j of a demand mt satis 1 ev 
unless- j is using he resour e. In · he la · er case. j defer 

it when j is hrough using the resource. 

if j wan · s he resource 

he r 1ue and sa i fie 

Once drinker ·i is in its di ing cri i al rn!Tion. ·we can shm tl at i ev n ua!ly 

receive all its needed resources and nevel' gi res 1 e up. Then i ma.y enter its 
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drinkjng critical region. ''7h i enters it drinking cr:i icaJ re~on i relinqujshes 
l d" ing cri ical re ·on. Th benefi s of having h p·'ori ' ies are no longer needed. 

Doing so allmvs some~..._. ra oncurrency:. v n if i ays in i cb:inki g ~i ical region 

forever o her drinkers needing o her resource cru ontinue to make progress. 

A co ple of points abou h cod deserve xplana ion. We can how ha when 

a reques i received her ource i alway a he e "pient· · h-11 i i no necessary 

for the recipien o check that i h h · ource befor a i y:ing or deferring he 

request. However i is po sible for old ] ftovcr derna d to b in the · em, so 

b or satisf Ill" or deferring a demand, he re ipi nt mus check that it has the 
resource. 

Another poin o . erns when the ac ion of he dinin..,. subro · ine should be 

pedormed. Drinker iis dinino· output ac ions ar T; and Et and are en.abl d {usin.g 
Boolean flag ) in ch a. ,vay as o prese1-v dini11D"-well-fo1med e , Some drinker 

could b oc ed ou if drinker · 11 v relinquishe he dini g cr.i ical region. To 

avoid hi · a ioni i an.no e di-inking cri ical or r mainder regions a lon" 

as Ei is enabled. The fain'l . · mp ' ion abou he underlying model ensw-es hat 
once Ei is abled ev ntuallj, i en er it dirun exj rel"ion. af er\ hich i may enter 

the appropriate drinkin, re ion. 

e now presen the au oma on D ( i), 

These of pos ible me .s.age is {1·eq(b) .sat(b) dem(b): b E SJ. 

The a e of D( i) 1 1 $ i < n. co ·i of values for th followi g variables: 
drink~region(i) dine~region(i) de.ferred(i) bottles(·t) req-bot-U li) bujj{_i j) for aJl 

j ::/: i do-T(i), and do-E(i) . Tb region(i) variabl ake on h valu T, C E and 
R and indica e hich region ·- h iih clirun and ·th drinki g philosophers are in. The 

deferred(i) ·a11abl i a t of pa'r (b j). indica in,g .ha, · j s r quest for bot le 

b has been defeu d a . us r i. Tre bottle (i) and req-bottle$(i) variables are se ,of 

bottles. and indica e \vhich bottle user ~: ha and whi h i r quires, re pectively. 

Fo1· each j -,-- i. the vaJ·iable bu_f!f.itj) is a FIFO 1 eue of m ages from D(i) 

o send o D (j), and i ma.nipula eel wi h opera io enqueue and d qu.eue. The 

clo-T(i) and do-E(i) variable ar Boolean and con rol ,'ihen "he ou pu ac io 

Ti and Ei respec iv y are enabled. In h u riqu art ta e the region( i) ar 

R· tl.eferred('l)~ r:eq ~botile.(i), and all h b1t.fJ{f 1,i) are empty· do-T(i) and do--E(i) 
are false; and bottle ( i) i an arbi rary u o Bi. ("V, e have ac ually d fined a. 

clas of automa a D( i) ,vi• h different tart a e . depending on he ini ial value of 

bottle ( i). La er, we ,Yill r quire co sistency be ween he D( i) s.) 



The acfons of D(i) are Lis ecl below, to ·e her w·. h heir preconditions and 

effects. (There are no in ernal action . ) First we define two macros SAT and 
DEFER. SAT sati fies a reques or demand fi:o D(j) for bottle b b' _ding th 

message at(b) o D(j) and r mov·ng b from bottle (i) an (b j) from deferred(i). 
DEFER defers a requ tor demand rom D(j) for bo le b, if bi uTTen 1 · required 

by D(i b adding (b j) o deferred(.;)· if b i no· cU1Tently r quired, then he 
r ques or demand i satisfied. 

SAT(i b j) == enqueue(b·uffii,j).sa b)), 

bott.le (i) - bottle i) - {b} 
de/err d( i - deferr d( i) - {( b. j)} 

DEFER(i b,j) == if b E req-bottfo~(i) h n deferred(i) ~ de/erred{i) U {(b j } 
else SAT(i. b. j) 

Inpu a ions: 

• Ti(B) B ~ B:i 
Effec,: 

d'l"i.nk-region( i) +- T 
-req-bott1 eJJ( i ) B 
for all j Ii a d h E req-boUlej( ") n Bj: 

if b ¢ bottle ( · hen enqueue( bu.ffl i j ), Teq(b)) 
if dine-region(i) = R then do-T(i) +- ·ue 

• E·(B) B CB· 
* - ' 

Effec ~ 

drint-region( i) - E 

for all (b j) E deferred(i): SA T(i b j 

• deliver( at(b) j i) for all j # i b E Bin Bi 
Eitec s: 

bottl .$(i 1 .- bottle (i) U { b} 

• deliver{r·eq(b),j, i for all j # i b E B 1 n B; 
Effec : 

if drink-rt:gion{i) =Tor drinlc-r~gion(i) = C 
hen DEFER(i b j) 

else SAT(i,b,j) 

• deli.ver(dem(b - j i) for all j =f:. i. b EB; n Bj 

11 



Effect: 
if b E bottles( i) hen 

if drink-region(i) = C or ( drink.region(i) = T & dine~region(i) = C) 

hen DEFER(i b j) 
else SAT(i, b~i) 

Effec ; 
dineTregion(i) - C 

·f dr-ink-tegion(i = T hen [ 

for all j # i and b E. req-bottles( ') nBj : if b rJ. botiles(i) hen 

enqueue{ buffi i j) , dern b)) ] 
else do-E( i) - true 

Effect: 

din.e-region(i) +- R 
if drink-region(i) = T then do-T(i) ~ rue 

Out pu a-e ions: 

• 0-(B ) B CB· I _ l 

Precondi ion: 

drink-re9ion('i) = T 

B = reqTbottle ( i) C botiles,(i) 
d'o-E(i) = false 

Effect: 

drink-region( i - C 

if dine-region(i) = C · hen do-E(i) .;- true 

• R1(B)~ B s;; B 1 

Precond1 t.ion: 

drink-region( i) = E 

B = req~bottle ( i) 
do-E( i) = false 

Effec : 
dri tUM·egion( i) .- R 

• deliver(rn i j) for a.11 j f:- i rn E {1et1(b) .rnt(b),dem(b): b EB, nBj} 
Preoondi ion~ 

12 



• Tz 

m. lS a hew of bu~i~j) 

Effe ; 
dequeue( bu.Jj( i, j)) 

P1econdi ion: 

do-T(i) = tru 

Effect: 

dine-region( i) ~ T 

dorT( i) - false 

Precondition: 

do-E(i) = true 
Effect: 

din-t:~region(_ i) - E 
do-E( i) ~ fal e 

The outpu actions of D(i) are partitioned into n classes, one for 'he deliv­

ery of mess a. es in each but}{ i. j ). and one for all h o her actions. Formally th 

s bse s of the outp a io s a.r {CdB) RdB) Ti. E; : B ~ B·J and for each 
j ;I: i {deliver(m. i j): m =req(b) dem(b), or ·a (b) b E BinB1}. This parti ion 

guaran·' ee · hat me ages ar even ually cl Ever l in fair exec ·ions si ce th mes-

age q eue e FIFO. en e, he buff vatiabl are modeling separa e pieces of 

hardware he communi ation links. 

A set of automata {D( i) : l :S: i :::;; n} is re oure.e-compatiblc if for all i and all 
bin B 1: bis in bottles(j) in the art st.a e of D(j) for exaietly one j. Let Dine(B) 

b all au oma. on whose inpu ac ion, are {Ti Ei : 1 < i $ n} and whose ou pu. 

ac ions are { Ci ~ : 1 $ i < n}. The automa on Drink(l3) is form.ed b composing 

a resourc - o 1.pa ible e {D(i) : 1 < i < n}. and Dine{B). and hen hiding all 

actions excep U?=i B· TGER.i, See Fin-ur 1. 

4. P :r o of of Correc ne 

In Sec ion .::1. 1~ ,ve sho,v ha D-rin~~B) ~ Ive the d:dnkin philosopbe1 problem. 

ha. · is , he afe y properties are rue . regardles of he behavio,r of · he Dine(B) 

subroutine. Section 4.2 consi _ of he proof ha Drink(/3) solve h no-deadlo k 
-resp. no-lockout) di1nking philosophers problem if he Di.ne(B) :ubrnu ine solves 

the n0-dea.dlock (r p ., no-lockou ) din.in"' philosophei·s problem. In Sec .ion 4.3 

13 
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wo drin.k".n pbilosoph 

we show hat Dine B) solves t e ore-concurren drinking philosophe:rs problem if 
the Dine(B' ) broutine preserves clini g-wel -formedne :s. The proofs relv h.ea Jly 

on invarian s about he a e of he au omata .. T 1e proof of the in arian s are 

relegated o Appendix B . 

. 1 Drinking Philosophers 

"' e show · hat Drink(J3) solves he d:rinkin p. ilosophers prob em regardless of 
he beha:i..·ior of Dine(B). Tha. is, we show ha correct exclusion is ·· ai ain.ed by 

he algori hm al bough no live' e proper ies are guaranteed. Three lemmas are 

used in he proof of the main re · ul , heorem .. Lemma 1 ta es some simple re­

lation hip between sta es and ac · ·on in an exec ion1 for exam.ple, drink-region(i) 

and dine-re:gion('i ) reflec the mos recent dr" king and dining ac ion a node i. 

Lemma •J: asserts that Drin/..-fG) preserves dri k"ng-well-formednes . Lemma 3 con­

sists of several invariants .needed o s .ow· t e exc s· on property. 

Let buff{ i j ) I b be be subse uence of bu fl(. z'. j) co is ing exact • of sat( b) 
req(b) and dem(b). 

Lemma 1: Le e = .s0 a 1s1 • . • be an execu ion of Drink(B ). Choose any i and m 

with 1 < i S n and m in e. 

(a) Le k be 'he large i:n•euer such ·that k ~ m and ak is in B~ TCERi- (Let 

k = 0 if th.ere i no ucl1 ak .) H k = 0 or ak = Rt(B ) hen drink-region(i ) = R 
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in m• If a1; = Ti(B) then drink -region(") =Tin m• If ak = Ci(B), .h:en drin.k~ 

region(") = C in m• H ak = E1(B) r.1Jen drink-region(i) = E in ·m· 

(b) Let k be e larQ-es inceaer uch that k '5 m and a,: - r(B) for any B. (Le 

k = 0 if there ·s no sucb ar..) If k = 0 then req-bo il (i) = 0 m m • o hel"ll,~i e 

req-bottle ( i ' = B in m. 

(c) L t k be be larn-e " integ sud1 that k $ m and a.1, i~ i11 F~TGERl. (L . k = 0 

jf her is no uch "k.) If k = 0 or a1,, = Ri th · dine-r,egion(i) = R in ~m- If 

«k = Ti, tben dine-r gioti(i) =Tin ' m• 1f a1,: = Ci t.he:n dine-region(i) = C in " m· 

If ak = Ei .hen dine-region( i) = E in m. 

(d) For aJ1 j i=- i, buf}f..i i)lb j empty u le s bis in B, n Bi. in m.· 

(e) If (b j) is in deferred(i), then j #, i a db i in B, n B; for all band j, in m• 

□ 

Lemma 2: Drink(_ B) preserves drinking-tvell-fonnedne . 

P1•0 ,of: Suppo e o is a chedule of Drink(B)i and a i~ a p fix of a such 'ha /3 
i dr"nking-, ell fanned and a i a lo ally-co . rol ed ac io £ Driu1.."(B). i\e ~how 

ha: a. is drinking- ·ell-formed. 

L be , ex ution of Drink(B) "ith che ule a· let .s be the s a. e of , 

be ween 8 and a . . here are ·o cas . 

Case 1: a.= C;(B) for some i and B. \:\ e must how ha IB-TCER.r ends in 
b = Ti(B). By precondition of C1(B), drink-rcgion(i) = T and B = req-bottl~(i in 
s. By Lemma l(a), b = Ti{B 1

) fo -o 1 B 1
, and by Lemma l(b) B' = B'. 

Ca e 2: a= R;(B) for some i and B. \i\ mu · how ha. .B[B-TCER.i end 

b = Ei(B). Bv p . condi ion of R,(B ). drink -re9ion(i ) = E and B = req-bottle (i) 

in . By L mma. l(a) b - Ei(B' ) for ome B'. Sine i drinkin,t-\ ell-formed, 

/3IB-TCERi end in Ti(B')Ci B')E1(B'). By Lemma l(b):. B' = B . □ 

Th follo, ·ing lemma sta ome invarian of · he algorithm hat is predica 

rue J ev ry reachable s a e of Dr "nk(B). Recall ha ea h bottl is in a most wo 

Bis. 

Lem1na 3 ; Let e be an execu io of Drink(B) whose sch.edule j drinlcing-well­

formed. Then in evezy state of e, the following are true. fo1· aJJ i j and b. 
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(A) Hb i .:in BrnB; i -=p j, tben exadJJr one ofthefollowin.-ri true: bj in boUle:i(i), 
orb is in bottle~ j • or sat( b) i~ jn buff{i j), 01· "ai(b) is in inJ.ffi.ji i). H bi in Bi 

only, the.11 b is in bottles ii). 

(B ) If ( b j) is in deferred( i), then 

( a) b is in bottle5( i)_, 
(b) ari.nk•region(j) = T and 
(c) bis :in n:q-bottle.s(j). 

(C) If req(b) i at the JJead of bu.ffli,jJlb hen b · in bottle j). 

(D) If req(b) i in bu.jj(i j). tbeu 

(a) a.t mos one n::q(b) i in biiffi.i j) 
(b) no .sat( b) follows .i fa buffi i, j) 
(c) (b i) is not .in d.e/erred(j). 

( d) drink-region( i) = T ~ 
(e) bis in req-bottle.•t{i), and 

(f) b is no :in bottle ( i . 

(E) If . at( b) . in b1iffi. i j }. then 

(a) at most one at(b) is in b-u..i{i .. j), 
(b) no de.m(b) immedia ely follows it in bu..ffl.i,J) lb, 
(, . ) drink;-regio n(j) = T, and 

(d) bi in req-bottle (j). 

(F) If d m(b) i at h bead of buff(i j)lb and b j in bottle.(j), then (b i) i m 

de/erred(j ). 

(G) H drink-region( i) = T and b is m r~-bottles( i) and b is 111 B'i j # i then exactly 
one of be foflowing fa rue: r q( b) i · lmjjf i, j), or ( b. i) ism deferred(j). or sat(b 

is in ln.1.if(j, i). or b is in bottle { i). 

(H) Hb is in req-bottle.s(i) and d.rink-region(i) = C, then bi in bottles(i). 

Proof: In Appendix B. □ 

Her is he .main heorem. 

Theo1·em: 4~ Dtink(.B) al es the drinkin!J philo ophers problem fo1· B. 

Proof: Drink(, B) has the oonect inpu· and ou pu acf ons by ins pee ion and pre~ 

serves drinking- r..•ell-fonnedne s b_, Lem~ :2. 
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Le e be a. fair execu ion of Drink( B) "' ith schedule a. We verify the exclusion 

imp li ation. 

Suppose a i drinking-well-for :i.ed. \1\ emus shmv er satisfies (EX-B). Suppo 
in con radiction tha· o- = a: 1C1(B)a2 Cj(B')o-3 foi- ome i and j ·wi. h B n B 1 -::fi © 
ye a:2 on am no E i( B). By drinking-well-fotn'.l.ednes i j=. j. L b he firs 

a e of 0:3. 

Since a: i drinking-well-for: . ed, dB-TCER, nds jn T1(B) and a:_ IB~TCERi 
emp y. By Le :nma l (a) a d (b). drink-region(i) = C, and B = req-bottles(i) in 

Thus by Lemma 3 (H). B ~ bottles i) in . 

A a.in by dri:nkin -well-formednes , a 1Ci(B) 2.IB-TUER1 ds in Ti (B' ). By 
Lemma l (a) a.nd (b) 1 drinkTregion(j) = C. and B 1 = req~bottle.(j) in . Thus by 

Lemma 3 ( H) B' ~ boitle5 ( j) in . 

But since B n B' =/:, 0 tliere is some bin B n B' and nus in Bin Bi~ uch 

that b rn in bo le.!!(i) and bis in batt.le (j) in~, contrarlict.ing Lemma 3 (A). Thus a, 

"tisfies (EX-B) . 

.'e conclude tha Drink(B) solves the drinking philosophers problem. □ 

4.2 -o Deadloc and · o Lockou 

Iu thi ub ec ion we "'bow · ha D'l'i"I k{B) solv he no-deadlock (resp,. no-

lockout) drinking philosophe problem if Dine( B) sol •es the no-deadlock (resp., 

no-lockou ) dining philosophers problem. 

Lem.ma 5 con is of ome invru:ian s tha are useful in domg he liveness proofs. 

Lenuna 6 is a technical lemma relating o dining-well-formedness. Lemma 7 stat 

that Din~(B) behav s propedy in he omposition, which means ha the appro­
priate implica. ions are rue ( .. g. xcl . sion and no-deadlock for dining if Dine(B) 
solves the no-deadlock dining philosopher problem). Lem.ma 8 s a ha if all 

bo ties are e ·en ually released, .hen all forks ar ventuall · released. The heart 

of Lenuna 8 i hm ing ha once a proces iu · s drinking rying r gion en e its 

dining critical region. it ubsequen lr en er i drinking cri ical 1·egion and releases 

its forks. Showing thi depends on he dining exclusion implication ( nm1a 7). 

Lemma 9 is the key lem a and s a ha he o-deadloc.k implica· ion for 
di.rung philosophers implie '· he no-deadlock implication for drinking philosopl ers 

(if all bot le ate even ually released) and similarly or no-lockou . Lemma 9 i 
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pr:o,.-red as follow . Sin all bot lcs ai·e rele · d, Le rnma implies ha all fork 

are released. Then L mma 7 implies · ha (KD-F) (or _ "L-F appropria. e) is rue. 
, hich in um implies hat eventually h " dining critical region i n red and he 

drinking cri ical rerrion i en ered. Theorem. IO and 11 put he pi c og her. 

Lemma 5: Let be an executio11 of Drink(B) who e ch d 1 i drinkina--well 

formed. Tben in e, erJ ta e of e, lie followincr are n1e, for all i. 

(A) H do-T(i) · true. then dine~region{i) = R. 

(B) If do-E( i) j~ me then dine-region( i) = C. 

Proof: I Append.ix B. D 

Lemma 6: Let b an ·e u .ion of Drink( '"') ·ho e chedule a j drink:inir-well-

formed. If Dine(B) pre~ dinmg-well-fo1medn . . ' ]Jen 

(a) a, i dinin -well-formed and 

(b) for any i H IB-TCERi ·s Jini e: ben a·IF-TGERi i finite. 

Proof: ( a.) , e shm a is dining-w 11-forn d by i duction on the leng' h of i 
prefixes. The empty prefix i~ obviou ly dining-w - ormed. Le a be a prefix of a 

such that is dinin -well-formed. Let be any xecu io of Drinf...{ B), "th chedul 

a; let be -r.he s ate of e between 8 and a. 

C&r:. 1: a = T, fo,r some i. B~• prec ndi io, of T; do.T(i) is true in . By 

L mma 5 (A), dine.region(i) = R in ... B " Lemma (c) . IF-TCER; either ends in 
R, or is empt . 

Ca e .2: a = C; for om 2. me Dinc(B) p eserve dinin.,._, ell-formedn 

IF-TCERi ends in Ti. 

(Jase 9: a = E1 for some i. B: pre-c ncli io1 of Ei " do-E(i) is rue m .s. By 
Lemma 5 (B) dine -r-egion(i) = C in Sc . By Lemma, l{c) , IF-TGERt ends in Ci-

C e 4: a = Ri for some i. Sine Dine 13) p · erve dining-1 ·ell-formedne , 

PIF-TCERi ends i E1. 

(b) A me in con radi 10 ha ' or me t, alB-TCER; fini e bu a.lF-
TCER; is in£.ni e. 
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Ca e 1: a[B-TGER1 ends wi h Ti(B) for som B. By Lemma 1. dTink­

region(i) = T for h remainder o e. By dini a-well- onnedness some Ci action 
o cur :i:n e after he final T,{B). By dining-,v ll-fmmedne sand Lemmas 1 and 5 

(B), do~E(i) is false when his C, occur . By the ode, ,lo~E(i) never becomes true 

a£ er _hi poin ince drinJM·egion(i) = T when t e C. occurs and no Cm(B) ac-

ion o, curs u.bseq uen ly. Th 

dining-·,..vell-formed11ess. 
here i no su bseq uen E.i act.ion m con ·Ia.die ing 

Get e 2: alB-TCERi end with Ci(B), Ei(B or .Rr(B) for some B. By 
Lem.ma l drink-region(i) is ne ·er equal to T in he remainde1· of e. By dining­

well-form dness~ ome Ri a ion occurs in after he final ac ion in B-TCERt. By 
dining-well-formednes and Lemm l and 5 {A). do-It") i fa.ls when. hi R 1 oc­

cm-s. By the code, do-T(i) neve becom ' 1.1. af er hi poi11 ince drink-region(i) 

i no T when the Ri oocUl and no T1(B) ac .ion occur subsequently. Thus here 

is 110 subsequen T; adion in e. contra.die i11g dining-well-formeduess. □ 

Lemma 7 shmvs tha Dine{B) behave propedy in he oompo·:ition. 

Le 11ma 7: Le e be a fair execution of Drink(B ) who e cheduJ. j drmkin:a---w:eJJ­
formed. 

(a) Suppose Din (8 ) solves he ,Iinin..,. philosophers problem. TheJJ o: sa · fies (E t"_ 

F). 

(b) Suppose D "ne( B ) olv-es rhe no-deadlock dining pmlosophers problem. Ha, 
irtLiie (REL-F) then atisnes (EX-F) and (1 D-F). 

( c) Suppose Dine{ B) olve be no-lockout dining plillosopbei·s problem. H rr sa.ti fies 
(REL-F)~ then a satisifo (EX-F) and ( L-F). 

Proofi In al1 · lrree cases Lemma. 6(a) impli ha a is dining-well-formed .. Le 

e' = el Dine(B) and a/ = ched{e'). Tht '-' 1 i also dining-well-formed and if 
a i £e (REL-F) th.en ro do er.'. By a resul in [LT] r/ fa a fair e:i.ecu io11 of 

Dine(B ). Thus a_' satisfies (E -F) and ei her {ND-F) or (NL-F) (as appropriate) 

and so does o. □ 

- ext we show hai if all bot le ar even ualbt released, then all forks ar 
eve11tuall :releas d. 

Leu 1na : Le e be a fair e.xecu iDll of Drink(B) hose cbedule a, is drinkiJw-wefl­

formed and sa. isfie.s (REL-B). H Di11.e(B) solve the din.in" phllosopb,e problem 

fo1· 13, then a: satisfies (REL-F). 
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Proof: V,,le mus show tha for all i , a lF-TCERi doe-s no end in Ct. Lemma 6(a) 

implies hat ~ is dining-well-fom,1.ed. By Lemimi - a), a sa, isfies (EX-F). uppos 

in contra.diction hat for some i! e = e1 Ct&l wher no ac fon from F -TCER:i occurs 

in e2 • By Lemma l(c) dine-ngion(i ) = C hroughou e2 • Le: , be the hist s at of 

e 1, 

Case. 1: drink-region{ i ) = C E or R in .s. B) · he code tfo-E(i ) = true 

throughout e2. Thus Ci(B) and Rs(B ) are disabled for all B throughou e2 and 

hence never occur in ez. By assumpt ion Ti and E 1 never occur in e,. Ye E, is 

enabled throughout e2, con a.dieting e being fair. 

C(U,e 2: drinl;:;Tregi.on{ i") = T in -. Let req-hottl.es( i) = B in . If dll-E{ i) ever 

becomes · rue in ~~ hen he same argmu 1 as in Ca.s 1 giv a con· ra.dic ion. 

Th.us d.o -E(i ) ne er becomes true in~- By the code then Ci(B') nev occurs in 
e2 for any B 1

, and bf Lem.ma l (a.) and (b) and d:rinkin -,:,,e 1-formeru'less, no Ei(B 1
) 

occurs, drink-region(i ) = T, a.nd req-boitles(i ) = B hroughou e2., 

At th beginning of e2 D(i) encl dem(b) for all bin B ha i is ill mi sing. 

'\ ·e now how ,ha even uallv e,r ry missing bo "l will be in bottle (i). By fairnes 

of ei each dem( b is even ·uallv I"e ived. Cot ider recipien · D(j). 

Ca:se 2.1 · b 'i. bottles(j) ·hen dem(b) i recei ed by D(j). Throughou ~,. 

D(i) never adds at(b) to bujj{i.j ) 111~ reques and demands are deferred and 

no Ei(B1
) occurs. Sine the queue-S are FIFO Lemn1a 3 (A) implies hat the onlv 

possibilities when dem(b) i x-ecei · dare hat bis irn botile.s(i) or .sa (b) is in bujj(j, i . 

Case 2.!J: b E bottles(j) ,\hen dem(b) i ceived by D(j). By he code · here 

an~ onlv two situation in which at( b) is not immediately added to bu.jj(j i). 

Ca e 2.2.1: drink-regi.on(,j ) = C and b E rcq-hottles(j) when dem(b ) i received 

by D(j). By (REL-B), eventuall~ some Ej(B' ) oc bseq_u n ly in e2 and hus 
by · he code at( b) is .;tdd o bufJU, i ) · hen. 

Case. 2.B.!: drink~regfon(j) = T and dinc-region(j) = C and b E req-bottle3(j} 

"vhen dem(b ) is rece.ive<l by D (j). Since a: satisfies ( T --F) dine-region(j ) can never 

be C in e2 by dining-well-fonnednes and Lemma l (c ), .and this case canno occur. 

In ho h Cases 2 .1 and 2 . 2, b: fairness of the at( b) mess.a.ge even uall auh es 
at D(i in f..i. 

Sinc.e e2 contains no Ci(B ) action by drinking-well-formedness no Ri(B') or 

Ci(B1
) occurs in e2 fo1: any B 1

• Ye once any bo tle in B is in botUes(i ) in e 1 

20 



s ays here for the res · of 2. Thus aftei: ·ome point in . Ci ( B) is on in uousl 

enabled, yet no ac .ion in tha.t class of he partition occurs, contradicting 

fair. 

being 

□ 

The next lemmas ates tha · no-d~adlock fm fo ks implies no-deadfock for bo -

les and similarly for no-lockou · . 

Lemma 9: Le · e be a fair execution of Dnnk(B) nlmse cbedule a· is drinking-well­

formed and at.i fie {REL-B). .H Di.n.e(E ) sol e rhe no-deadlock (i<esp .. : no-lockout) 
dining philosophe:1 problem, then a. sa ·i ." ( D-B) (resp. ( TL-BJ). 

Pro.of: By Lemma 6(a), er is dining-w ll-f01"D.1ed. If Dine(B) solv ei hel" he no­

deadlock or .he no-lockout dining philo oph problem, · hen Dine(,B bviously 

solves h dining philo opher problem, and by Lemma a, satisfies (REL-F). 

S ppose in con 1:adicbon ha a: does no sa iEfy (ND-B) (resp .• (N L-B)), i .. , 

here exists an i ch hat a,IB- TCEil {resp .. a lB-TCERi) is fin.rte and a [B- TCER1 

ends in Ei(B) or Ti B) for some B. (Ending in C;(B ) is ruled out by (REL-B).) 

"\iVe now show ha a. lF-TCERj ends in R;. 

No-deadlock: Since alB-TCER. i fini • ·JF-TCER is also fini e b Lemma 
6{b). By Lemma 7(b), a satisfies ( "D-F) implving ha o lF-TCERE ends in~-

N o~lockout: Since ajB-TGER; is finjte o, I F-TCERi is also finite by Lemma 

G(b). By Lemma 7(c), ac satisfies NL-F) implying ha alF-TCER1 ends in Ri-

\· · e now show · ha both possibili ies fo1, he final action in Q' IB - TCERi lead to 
a con radic ion. 

Case 1: GIB-TCJERi ends in T.; B) for soix1e B. By Le:in1na. l{a) drink­
region(i) = T for .he res of . mce IF-TGER1 ends in Ri, dine.n:gion(i) = R 

for he res of f by Lemma l. If he final R i occurs before h · final Ti( B). hen 

clo • T( i) i e o me when 1}( B ) oc cw· ·. If he final Ri occu af er he final 

Ti(B), · hen do -T(i) i s t o 11.1 when be Ri occurs. bo h cases af er some 

poi 1 , do- T( i) is true for the res of . Thu af r ome point in Ti is cont w uously 

enabled,~ et no a.ction from at• las of 'he part:i ion occurs contradictinCJ" e being 
fair. 

Ca e J!: alE-TCER1 nds in Ei(B) for son e B. _ fter this poin . drink-region(i) 
remains E and req•hottle (i) remain B. by L mma L Sine alF-TCE.Ra end in 
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Ri aft r some poin in dine-region(i) remain R by Leanna I. Thus by Lemma 5 

(B), do• i) r emains alse. So af er ome poin m R1(B) is on inum: ly enabled. 
y t no act ion in ha class of he partition oc con radic ing e being fair. □ 

The main heore.ms follow. 

Theo ·em 1 0: H Dine(B) olve he no-deadlock diniwr philo op.hers problem foi· 

B hen Drink{B ) olt e he no-deadlock d.iinkinO' plJ 'lo ophe problem for 13. 

Proof: Drink( 13) 1 as he cor:rec i put an l ou p ac ion by inspection and pre­

erves drinkin - ell-formednes by Lemma 2. 

Le b a air ex u. ion of Dr'nk(B). "\ t xdusion and n~de.adlock 

impli a ' ions. The ex lusiou implica ion is rue by be ame argumen as in the 

proof of Theorem 4. Th o-deadlock implica ion i ti by Lemma 9. □ 

Theorem. 11: H Dine(8) solv-e th no-lockou clining pbilosopher. problem for l3, 

then D,ink{B) olves the no-lockout drinld1l" pbilosophe1 problem foi· 13. 

Proof:: Ana.lo0 ous to he I roof of Theorem IO. □ 

4.3 Concurr,en Drinld 

I thl ubsection we hov,r ha Drink{ B ) olv e more-concun· n drinking 

philosopher prob em r gardle o behavior of Dine(.5) (as long as it preset.· es 
di:cing-well-formedne ). In es nee, 'he co.nd 'tion (- iQ\ -B)1 i so• s ron that the 

dining subroutine is not needed o arbi rat disputes. Lemma 12 proves se eral 

invadan s abo de.m(b) messaae and is u ed in hep oof of the nex: l mma (as 

, -ell a in he complexity anala i J. Lemma 13 is he main onet s a ing ha. th 
no-overlap condi ion implie he- never- uck co di · on. Theorem 14 put he piec 
ogether. 

A dem(b) message 111 bu.fK.i j) i -wrr nt if o e of h followin .i true: 
~at(b) me ag precedes i in b·u,ffti,j); r bi in bo le (j), r a sat(b) messarre i in 

buff(j i). 

Lemm.a 12: Suppo e Dine(B ) p1 - e.rve di.ning-w 11-formednes . Let e be an execu­

ion of Drink(B) - rho e checlule i drlnking-r.vell-formed. The following predicates 

are true in e ery staf;e of e for any i j and b. 

(A) If t.be1-e i a. current dem(b) m~ a..,.e in bttif{.i,j). tben 
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( a) d:rinJ;-re!}'ion{ i) = T . 
(b) dine-region(i) = C. 
( c) b i jn req-boWes( i). and 

(d) do-E(i) is fal e. 

(B) There j a most· one curren d m(b) mes ag in b-u.ffi.i,j). 

(C) There is a most. one xwn-curren dem(b) messaue in buff(i.j). 

Proof: In Appendix B. □ 

Lemm.a 13: Let e b a fair BXecution of Drink(/$) whose :heduie a: i dJ:inking­

urell-fonned and satis:fi.es ( ro, -B)1 for some fixed i. H Dine(B) preser1re dining-

well-formedne .hen a satis.i.e ( S-B )i. 

Pro,ofi Recall ha (NO\ -B)i ta. ha for 11 j and any B and B' with B n B' ;I:. 0 
h following two conditions hold: ( 1) if a = /3 i Tr ( B ) /32 T1 ( B ) /33 hen P2 con ai11s 

C,( B )· and (2) if~= /31T;(B 1)/i,iT;(B )l% t.hen 2 cou a.ins EJ(B'). 

Suppose in contradiction o ( S-B)i hat alB-TGERi ends in Ti(B) or Ei(B) 
fo some B. 

C.(J,..se 1: alB-TCERi ends in Ti B). Bv (NOV-B )i, drinking-well-formed.ness 

and Lemma l(a) fo1· all j # iT drink region}) = E ol' R for the rest of e after the 

final Ti(B). \iVhen he final Ti(B) occurs. a request messa.'1"e for each bo le bin .B 
ha.t is no · bottl ( i) i placed in he appmpria e buff{ i j). Since e is fair, j is 

entuall delivered By Lemma 3( ): bi in bottle (j when he request i received 

and by th code D j) inunedia ely a isfies he reques . Since e is fair, he atisfy 

message is e en t ually delivered o D( i . 

\Ne now show t.ha o.nce bi in bo tles(i) after he final T;(B). it remains there. 

Since drink-region()) . j #- i, is never equal to T af er the final T,(B ), Lemma. 3 (Dmd) 
implies that D(') ne er recei,es req(b) after he final T1{B). Similarly Lennna 11 
(A-a) implies ha D{i) never receives ad m(b) message for bin botiles(i) after the 

final TlB). Thu here i a pom m after which ev ry bo tle in B i in bo iles(i) 
and reniains here. 

By Lemma 6(h) ajF-TCERi i fini e. Con. ide he poin in e af er he la ter 

of(l) hela:s ac ion in F-TCER~ and (2) h· pain after he final Tr(B) when B ~ 
boitfo ( i), H do-E( i) i rue a his poii t, he . Ei is continuously nabled for he 
re of ye no action in ha class of h pa itio1 occur . contradicti a e being 



fair. If do.E( i) is false at his point. hen Cir B') is n im: ously enabled for he re,St 

of e vet no action in that class of he pal't-ition occur , con radictin · e beina fair . 

Ca ·e. 2: ajB-TCERi ends in Ei(B). B:i Lemma 6(b), alF-TCERi is finite. 
Af er he ]a · ffi'. of 'h fin.al ac ion in F-TCERi and the final Ei(B), do -E(i) i 
ei the.r true or false. H do~E(i) 1 .me at h is point. hen E 1 i continuous.l)t enabled 

for the res of e, yet no a hon. in tha 

e being fair. If do-E{i) is false a hi 

for the rest of e y no ion in tha. 

b,eing fair. 

class of the partition oc urs, con radicting 

poi1 heu C,(B) is con.ti uousl• , a.bled 

la of I par i ion occurs: contradicting e 

□ 

Theo•1~em 14: If Dine( B) pr erve din.ing-well-formedne tl1en D-rink(B) olve 

b.e m.ore-concun-ezr · drinking philosophez• pToblem for B. 

Proof: Drink(B) has the correc input and outpu actions by inspection and pr e­

serve-S drinking-v.ell-formedne b: Lemma 2. 

L t b fafr e • cu ion of Drink(B) with. schedule a:. ~ e veri(· he exclusion, 

and more-cancurren f01· i ( l :Si ~ n) implica ·ion . Tae ex lusi n implieation is 

true by t.he same argum as in h pr of of Theor m 4. The more-concun'ell for 
i implica -1ons 1 $ i Sn are ru by Lemma 13. (Lemma 13 i applicable because 

Lemma 6(a) impli s ha a is dining-well-formed.) □ 

5. Complexity Analy. i 

fu. his sec ion. we analyze he wars -case wai ing i ie of our algorithm a well 

as eva.lua. ing i u ing the crit ·ia li d in [C..CJ. The analysi of the worst-case 

,va.i ing ime sho • ha · th funi mg fac or i~ he no-lockou dining philosophers 

brou ine. By replacing he 0(11) time ubroutine of (CM] ,-ith an 0(1) ime 

ubrou ine (for instance. ha of[Ly]J. w o1 a.in an. 0(1) time drfo.k.ing phllosophe , 
algori hin. 

·e would like to bound 110\' long a. user must wai after req1-testin o enter 

it.s critical .region un ii i does . The :following defini ions provide a measure of 

tim. comple .. .i v for our model t.ha. is analoa-ous o ha in [PF], in which an upper 
bound on pro,ce tei::> time bu no lower bound i um d. (Thus, all inter1eavings 

of syst n ven s are still poss1bl . ) Our iming de£:nitio pro ide dis inc upp r 
bounds on proces tep ime a11d on messac·e delivery time. 

Given an execution e of au oma on A where = ·0a1 1a:2 .•• , a timing function 
for e is an increa i 1g func' ion t mappm pos1 we m g-ers to nonnegative .real 
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numbers such tha for each :real nwnher t. onl· a. fini e number of in egers i sa., isfy 

t (i) < t . In uitively t~ i) is the real · ime a. whidl Oi oc ur: ; wcnme ou an infinite 

num.ber of ac ions occurrin before a fini r-ea!. une. 

Let / be a function mapping each ela s of he par-ti ion part ( A. o a posi 1 • • 

real numb r. E &ecutio.n e i / &bo u.n.ded if the followin condi ion is true for each 

clas G of the par i ion part(A.). For each i ~ 0 ei her 

(1 there exi s j > i such hat Clj is in C and t~ j) - e(i) < J(C) or 

(2) there e:-..-i t j ~ i uch ha o action of Ci enabled in i and te(i) - te(i) :5 
f(C). 

That is, starting a ~ny po'nt in the execution, within ime / C) either some output 

ac ion in C occurs, or else the au omaton passes hrot gri a state in which no ou put 

action in C is na.bled. Each class of 'the partition is consider d epara ely, mce 

each class corresponds in some en · o a disti c i y in a larger s -s ·em. 

Now \Ye an aly~ he worst~ case ime b eh a ior of he no-1ockou drinking 

philosophers allf'orithm. automaton Drink(B) which ses any no-lockout dining 

philosophers subroutine Dine(B) for B. Le / map each lass { G'z B), R1(B). i E~ : 

B ,;;;; Bi} to some posi iv real c and each class { deli~e11. m. ·~ j) : m = reg( b) ~ dem( b) 

or -,at(b)} to some posi iv real d. Thus. c is he upper bound on proce ep time 

and dis the upper bound on h me sage delay. let f; be he set of all fair /-bounded 

execu ions of Drink(J3) v,.rb.ose chedules ar dI"inking-well-formed and satisfy (REL­
B). 

Let tryDrtnk be the maximum time, over all i and all B ~ B,. between any 

Ti(B) action and the ubsequent C1(B) action in any execu ion in e. Let critnrink 

be he maxim.um ime over all i and all B ~ B i; be ween any Ci(B) ac ion and h 

ubsequen E1( B) a.c ion in any ex cut ion in e. 

Le tryvin~ be 'he maximum ime over all i betwe any Ti adion and h 
ubsequen Ci act.ion, in an · execu• ion in C. Let c.ritDzne be the maximum tim 

over all i between any Ct ac ion and he subsequen Ei ac ion in any execution 

in£. Let exitmnt1 be he maximum irne oYer all i between any Ei action and he 
subsequen Ri ac ion, in any ex cu ion in .e. 

We as ume th.a critm-i~k and ezitmne ai: cons an . 

Theorem 16 gi es an upper bo nd on irYDnnk ,he ma..ximum nne a user 

process mu wai after reques ing to en et it critical rerion until it is alknvecl o 



do so. I is prov d using Lemma. 5 , ·hir:h bounds the number of mes a e m any 

but!(i j). The pmof of Lemma 15 in urn us Lemma 12. 

Fir we show hat , er i bounded number of messages in any buff. Le r 

be the maximum - umber of bo tle ha.red h\ any wo drinkers. 

L-e1nma 15,: Suppose Dine( B preserT dinino--well-form dn . L t be any 

execu ion of Drink(/3) whose chedule j drinkfrig-well-form d. Then in an~v .ate 

of e, there are a mo 4r mes ag in bu.fl{_ i j) for any i and .i. 

Proof: C oose any i and j i #- j. Le ' be any ta e in e. By Lemma l(d) 

bu.i{i,j)Jb i e p y unles b j in B 1 n Bj. Th re are at mo r bo ties in Bin Bj. 
Choose an uch b. B- (D-a) oi Lemma. 3 there i at mos one req(b) message 

in b-u.ffi.i ,j) iI . By (E-a) of Lemm.a 3 her i at most on sat(b) me aa- in 
buJJ( i j) in . By (B) of L mma 12. her is at mos on cmrent dem( b) message 

1 huff{ i j) in . By ( C) of Le a. os one non-curren dem( b) 
message in bv.fff.i j) in . Thu :-e are a mo fo1.u- me sages in bu..i{i\j)lb. Tr 
esul follow . D 

Themai eorem foll w _ 

Proof; Choose in .e and Suppo Ti(B) occurs a time t .. for some B. In 
the wars case, dine region(i = C a im t. B tme la er, E;. occur·, by im 

ezitvine la er Ri occw·s b, ime c a. er Ti occur . and by time tr"JIOine la.ter. T. 
occurs. 

V. he hi Ti occurs D (i) e d a dem(b) mes age fo· all re.quired and mi ing 

bot les. By Lemma 5 the demand i e1v by ime 41·d [a et". . s in he proof 

of L-emma (C e 2.2.2) either h l"ecipi n immediately send at(b) to D (i) or 

e se he 11ecipieu i in i drinki.nrr cri i al r gion and sends sa (b) by fme critv,-in:k 
lat.er .. By Lemma lb, t 1e at(b) :is -ceiv d by time 4rd la e:r. By time c late.r Ci(B) 
DC.CUTS. □ 

me we a sume tha critvnnk· exitD ·n,e t·. d and c a.re con tan. , h worst-

ase waitinu im of this olu ion depend on tnJDfoe, the wor -case wai i rr tim of 

the dinina- philosoph rs broutine. For a.1.w dinin phllo pher alg,ori run tryDine 

depends on cTitnint:• '\- · now oive an informal argument for an i.; pper bound on 

aritnint:· Once C, occm·s Ei wi no ocew· un il af D(i) has en demands for 
needed b o les, hese demanc ha ·e b cen s.a i sfied. and D ( i) h n ered it . drinking 
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cri ical egion. he upper bound hen i 2c + 8rd+ critnrink· Thu critn,ne is al o 

a cons an un.der our as ump ions. 

The dining phi osopbe ub outine u d b · Chandy and Mi ra (19 4) ha 

trynine of O(n . By repla.cin i with, fo1· ·ns anc , he dining philosopher: algo­

rithm of L nch (19 1 ), which has wors -ca- "ai ing ime of 0(1) ,ve ob a.in a. more 

efficient ··nkinrr philosophe al ori hrn. The aJgo i .run of Lyn h (19 1) has time 

0 (1) in he ser ha the wors -cas waiting ime is a nu1.c ion of local informa ion~ 

indudin he maximum number of u :t: for ea h r our e and. the ax1m cm num­
ber of re ow-ces for each er, and i not ne e saril .: function of he o al numb r 

of user . 

0 r drinlcing philosophers al...,.011 hm ·o Id be modified o r place r wi h a 

mall constan if 1 req es . demand, and sa i : m age o k a se of bo 1 

as a.rgum nts instead of a sin(Tl ho le. 

Fi e cri ria for va1ua ing r om·c alloca ion algori · hm are gi e by Chandy 

and Mi a (1984) - faime ymmetr_r conomy. concw:rency and boundedne s. 

'\i\ disc 

Fairne corresponds to om· definition of no-_ ockou . Our drinking phllo opher: 

olution has be no-lo kout ptoperty as long as he dining philosoph rs ubrou i.ne 

has i. 

Symmetry means tha. each proces run he iden i · al program. This proper y 

·rue of ow· solution as long as i · i rue of the subroutine. 

Economy ean ha processes send d receive a finite nun:i.ber of me ·· ages 
between bsequen e ries o heir c1dtical reo>·on , and a proce 'ha entet i 

critical re ion a finit · number of imes does no se cl or :r ceiv au infini e - umber 

of messages. Our solution has hi proper y: R call ha when. Ti(B) occur , D(i) 
sends r q(b) mes ag . for' all mi i g re ur . I defer any 1·eq(b) mes- ar.r it 

r Y•hen drin.k-region(i ) = T, but yields o dem(b) messages. iVhen dine­

region{i) becom C it send d m.(b) m ages or any missina resow"'Ces. Thu at 

most four mes ag s (ni:q(b) ai(b). dem(b)i ·at(b) are sen on behalf of an~ bo le 
for any one trying attemp . F\u-th.ermote, one a di-ink ~ s ops wan ·ng · o ent r its 
cd ' ical rem.on. i mav receive a 1·eq es for each of i s b I , bu af e a isfyin 

· he reque ts, i never send or eceive any m re me ag . 

Concurrency mean ha •· he den:v he po sibilit , of simul-

taneous drinking from diffi r,en bo le hv differen pl Jo opher . ·, Thi i cer ainly 
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rue of our algorithm~ inc i 
formula. ions o 'concunency 

he more-concurr n · condi ion. More preds 

riven in our defi1 itions ( se Sections 3 and 6). 

Boundedness m ans tha h n.uml · of m ages ·n any b·u.ffi..i j) variable is 

bounded and the ize of ach me sag is bounded. Thi i cer ainl,. rue of our 

solution bv Lemma 1 

6. Conclu 10n · 

Vi/ ha.ve give preci d fini ion of veral v rsion of he dining phi osophe ·s 

and drinkin philosophe1 problems ach vet ion a isfyina differen livene nd 

concurr cy condi ion . V',/e described a modular drinkin philosopher algori hm 

tha used as a rue subrou ine any dininu phil soph rs algori hro. VVe proved · he 

correctness of o r alo-orith111 and analyzed i im complexi y. One advanta e of 

our modular approach is ha an lgo j hm wi h impro ed wor: -case time perfoi-­

mance can be ob ained by 1 ing a hne-efficient dininO' philo ophe subrou ine. \~ e 

los wi h a di c ion of oth 1· ver ion: of h dri :iki g philo ophers problem. 

The version of he drinkino- ph' osopher problem specifying he mos concur­

renc.t would require tha if a drink r II ques ' B ofbo l · sho d even uall. · 

enter · · s critical region as long no o her drinker u any of he bot les in B 
forever. (Some bottle i B could be kei:> fore er after: this reques is sa isfied.) 

Un.for m1a ely nei her the algori hm in his paper nor hat of Oha.n~y and Misra 
(1984) sa isfies his condi io s. An i r s ing problem would be o devise one ha 
do 

Th fol owing i ua ion how · ha our algorithm does not solve , he ·"most 
concun:en ' drinkin philo opher probl m. (Essen hilly the same see ario shows 

tha h a.lgori hm of Chandy and Mi Ht ( 19 ) also doe no .) Suppose here are 
hree drinkers. 1. 2 and 3; 1 and 2 h bot le a, 2 and 3 share bo tle b. Fi 

1 gets bo tle at nters is drinking cri tical r gio and t.ay ere foreve . hen ~l 

reque s a and b, obta.h b, and enter i dimn[T c1i i al region. Since 2 can never 

ob ain a. i av m r dining cri ical regio for , r. Finally, 3 reques b. Drinker 

2 does not re i qui h b upo a. mere 1·equ , and 3 can never d mand b. because 

i can nev enter it dining cri ical re9·ion. Thus~ e\'en though 3 s bo tle reques 

includes no bo · le that i e · in use i can . ever ter its di-inking critical region. 

There is a version of he dri11Hng phi o: op e problem pe ify:ing a degre of 

con urr nc" in ermedia e be w 11 rong and mor -concurren ha he al0 o-
rithm of Chandy and & 

1Ii ra (1'9 4) olv d ou does no . Th informal d c11p-

ion i hat if a dri1 · r reque~ a B of bot le • i 1011ld e entuaUy en · it 
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cri ica.l region as long as no o her d:ink r use:s or want any of he bo les in B 

forever. 

The follow· g scenario shmvs tha ow· al roi-ithm does no solve this problem. 

Suppose here ate five d11nke ·s, 1 hrnugh 5. Drinlsers 1 and 2 share bo tle a. 2 

and 3 share b. 3 and share c, and 3 and 5 . hare d. First., 1 get a_ en er i s 

drinking cri ical region and stay here forev ·. Then 2 reque s a and b ob a.ins b 
and en ers i dining critical region .. As in e previous c 1ario 2 remains in. i s 

dining cri ic.al region forever. ·e:x 3 requ c and d. I obtains c from 4. Then 

4 requesh1 c from 3 he :requ i deferred, 4 demand c from 3 and the :r-eques 

is s a isfied. _ ow 3 ob ai d from 5. But 3 will ne;,· . ge c from 4 because i can 

never dem d it. Thus al hough none of he bot le required by 3 are ever wanted 

forever b~· a o h r drinker 3 cannot en e1· its drinking cri ical region. 

co ras ,he algorithm of Chandy and i\1IiS1·a (1984) will allow 3 to enter 

its ch.inking critical region. The forks in the dinino- philosophe algoii hm provide 
a priori y for the use of the corresponding bo le by h drinke . The priori ) 
al ernates be ween he "\'i.'O pro had 1g he resource. Thus, once 3 ob a.ins c it 
wm not relinquish i until i has got ten o use ! t. In general priori y i bro ·en down 
on a link-by-link ba.si . whereas in oui· (mot mod lar} algori hm the priority comes 

only with enteri1 the dinin critical region. In o her 'words one can op imiz t 
gain extra concurr,enc. · a the expense of violatin..., modulari Y. 
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Appendix A 

In hi Appendix ·we re ie-....- he pees of he model of Lynch and Tu tle 

( 198 7) that are relevant to ·his paper. 

An input-outpu.t automaton A is defu1,ed by the foUm: ing four components. (l) 

There is a (possibly in.fi. ite) e of iate wi h a s se of tart • tate • (2) There i 
a set of actions. associated wi h he state transi ions. The action are <livid d into 

hree da.sses, input, outp·ut. and internal Iapu ac ions are preswned o originate 
in h automa on environme · · consequent! · he a. om.a on must be abl r,ea 

to hem no ma: 'ter wha a i is in. Ou pu and in ernal ac ions ( o , locally-
con.troUed a.c: ion ) ar u_nder the local control of · he automaton; int al ac ion 
ino 1 · n no observable b • the envir nment. The in.pu and ou put ac ions are 

the external a tions of , denoted ext(A). (3) The ransition relation is a set of 

(state, a.c ion s ·ate) triples, such ha for any ate ·' and inpu action .r, here is 

a transition ( 1
• r. .s) for some st ate . ( 4) Th r is an equivalence relation part( A) 

partitioning · he ou pu and in emal ac im of~ . The pru· i ion i meant to reflec · 

eprua e piec of he y em being modeled b; he automa on •. c ion;; .it enabled 

m tate 'if 1 ·e is a ·an it.ion { · 'ir. ) for some · a e ~. 

execution e of A i a finite or :infini e sequence 0r.1s 1 ... of alte1nating 

states and actions such hat O i a arts a e ( i-t, i,si) i a t ran ition of .. 4 for 

all i and if e is finite then e end wi ha ate. The chedule of an execu ion e i 
he su bseq uenee of ac ion a pp earing i u . 

V\~e f en wan · o peci y a d su·ed be.ha -ior using a .et of chedules. Thus 
w de n an external .scltedu.le modv.Je to consis of a se of inpu actions, a set 

of ou pu ac ions. and a set of schedules. Ea.cl schedul of Sis a £ni e or i.nfinit 
s q c of h actions of . In ernal ac ions are excluded in or er o fo u on he 
b havio · ·,·i ible o h ou side world. 

L A. b an au omaton or ch du.le module and P be a predica eon equence 
of ac: ions of . A preserve P if for vel·y sd dule a of A. such tha P · rue of 

and a. is a locall •-controlled action of A.. hen P .i also rue of •a. 
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Automata cal: b composed o form ano l r omaton presmnabt modeling 

a system mad of small r com pone: . Au oma a connnunic.ate by s ~n h onizin.g on 
hared ac ions· th only allowed i ua ion for the out u from ,one au oma on 

-0 be he input to o .hers and for Yeral automata to har an inpu . Thu 

automa a o be composed us ha ·e no ou pu . actions in common. and he in ernal 

ac · ions of each m be disjoin from all he a.c ion of he o 1 ers. A ate of the 
composite au oma on is a tuple of a · on for each con11 onen . A ar · s a e 

of the cornpo i ion ha a art a e in each compo ent of he a . An• outpu 

action of a componen becomes an ou pu action of 1 e compo ition. and simi arly 
fo:r an in ' em.al act.ion. An inpu ac ion of he composi ion i an ac ion tha i inpu 

for every componen for ,'i hi h it i an a tion. In a transi ion -of he compo if on 

on action 1r, each componen of 'he ta chanrre as i 'ii'ould in · he compo11 n 

automaton if w- oc urred· if il' is no an a.ction of s.ome componen aatomaton 
then he correspond.in at componen do not hange. Th _pa.rti 10 of he 
composi ion i h nion. of he par i ions of h componen au omata. 

Giv an au omaton A _ d a sub e II of i ac ions, w define he au oma on 

Hiden(A) to be he automa on A.1 differing from A only in hat each ac io in II 

becomes an in· ernal action. Thi op ration i useful for hiding ac io ha model 

interprocess communica ion in a compo it.e au oma on! -so h l ey are no longer 

visible o he envir mnen of he compo i ion. 

An execu ·on of a s-y em is fair if ah compon . ti iv n a. chance o mak 

progress infinitely often. Of course, a pro ss mi .h no be a.bl o take a ep every 

im it is given a cha.n e. Formally sta ed . ex:ecu ' ion of automa on A. i fa.ir if for 

a.ch da C of part(A), h following ,vo concli ion hold. (1) If e i finite. hen no 

ac ion of C i e a.bled in he final sta e of . (2) He is infinite · h n ei. her ac fo-ns 

from C appear infini, ly of e in e. or sta e in which no action , f C is enabled 

appear infinitely often in . - o e ha a.ny fini xecu io of .. 4 is a prefix of some 
fair execution of A. 

Th following resul · from [LT] · s very t ·eful: If e i., a fair execu ion of a compo­

sition o au oma a, and A is one of h ompo ents. hen elA is a fair execution of 

A. (If = o • 1 1 . . . w define e l~-1 o be h r: ob ain d from e by deleting 

rr, ; if 'iii i no an action of A. and replacin he remaini ~:1 with A s oompon t.) 

problem i ( pecified by) ex ernal ch dul module. Au omato .. 4. olve8 

the problem P' if.-! and P ha,•e h aroe inp 1 and ou put a .ions. and if { al ext( A) : 
a: 1 schedule of a fair e:·ecu ion of ~4} L a bse of he et of schedul s of P. 
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In other words, he behavior of A •i ibl o h ou side wodd · consisten wi h th 

b ebav ior required .in h probl s e ifi a ion. 

Appendix B 

This appendix: contain th proof of L mmas 3 5 and 12 all of \Vhich state 

tha eer a.in predica es are invariant . 

Lemma 3: Let be an e.;..--ecution of Drink(B) whose chedu.le i drinkina--well-

formed.. Tben in every s ate of e, the following ru·e roe, for all i ~ j and b. 

{A) Hb i in B,nB; i ~ j hen ·actl one of t11e following i tru : bis 1n boitle~(i), 

orb i in bottle (j). or sat(b) is in buf!( ·,j ). or at(b) :i in buff{j i). If bi in B1 

only ben b i in bottles( i). 

(B) If (b j) j in deferrcd(i) · ben 

(a) bi m ~ottle (i) . 
(b) d.rink~region(j) = T. and 
(c) bi in req-bottleJ{j). 

(C) If r q(b) is at l1e l1ead of bufl(i J)lb, he.n bi in bottles.(j). 

(D) If nq(b) i in buff(i j), tfam 
(a) a mo t one req(b) ·s ·n btitfiJ j). 
(b) no ~at(b) follow i in buff(i:j), 

( c) ( b i) js no in deferred(j), 
(d) drink-region( i) - T 
(e) b j in reqTbottle (i) and 
(f) bi no in bottle~(?). 

(E) If at(b) ·~ in bufft.i~j). the 
(a)atmos one at(b j inb11,fl{i,j. 

(b) i10 dem(b) immt.--dfa ely follow it in b-u._O{i,j) lb 
( c) drink-,egion(j) = T. and 

( d) b js in req-bottl'e Li). 

(F) H d m(b) i~ at the llead o_ lrull(i ))lb and b is in bottl .s(j) then (b i 1 m 
tlefe rred( i). 

(G) If drink-region(i):::; T and bis in req.bottle.s(O and b . in B;, j -/: i~ then ·actl.v 
one of th follm intr i .me: req( b) is in bti.ffi i, j) or (b1 i) j in dcjeN"ed(j ), or a ( b) 
i in l,'11,ff(j i) or b is in ho tile. ( i). 
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(H) 1f b i in req-bottles( 1'. and drink-region{, i) = C tl1en b .is in bottle ( i . 

Pro,of: Le e = 0a 1 1 .•. am rn. •••• \~ e proc d b. induction on m, ,vhich indexes 

hes a es of e. 

(A) through (H) are obvi usly ru of 'o sine i i a art at of a composi ion 
of compa "bl,e au omata.. A "tuning (A) hrougl (H) a e true of "m-1 . Fe show hey 

are ru of 'm. '\i\ consider ,every po i ble v alu of am -

Claims about -m.-1: 

1. drink-region(i) = R,, by drinki g-,ve11-fonnednes and Lemma. l (a). 
2. ( b i) i no in defe·rred(j ) for all b and j, b · Claim 1 and (B~b ). 
3. sat(b) i no in bufjfj i)~ for all b and j. by Claim 1 and (E-c) . 

. req(b) is not ·n buff(i j). for all L, and j by laim 1 and (D-d . 
5. If .sat(b) i no in bufj{i j) and bi not in botile (i) hen bi i bottles(j) where 

bis in Bj j -f i for . ll b. by Claim 3 and (A). 
6. If buff(, i j) is emp y and b i · o in bottle { i), · h n b is in bottle.,(j) where b is 

in B j j #, i for all b by lai m . 

Claim·· about m: 

7. r q(b) i · bv.fff.i,j) iff b i 1101. in bottles(i) . d b is in req&boUles(i) and bis in 

B n Bi for all b and. j by Claim · and cod . 

. If rcq( b) is a he head of buff( i j) and b is ot in bottles( i) hen bi in bottle (j) 
for all b and j, by Claim 6 and co e. 
9. If r q(b) i a he head of bujJ{i.j), l1en b i in bottles(j) for all b a.n.d j by 
Claims 7 and . 

(-. ) • o releva.n chan ere. 

(B) Only (B-c is affected. for (b, i). B · laim 2 and cod no (b! i i.s in 

deferred(j) in m so th pr dica e i ,•a uousl~,r e. 

(C) Onl changes affect req(b) in int.i1{ :,j); by Claim 9. 

(D) Onlv change ai£ ct req(b) in bu(Ki,j). (a) and (b) ·v Claim 4 and ode. 

( c) by Claim 2 and code. ( d) by code. ( e} and (f) by Claim 7. 

(E) Onl. (E-d is a.ff. ct.eel, for . at(b) in bujJ(j i). ·one by Claim 3 and code, 

so acuously rue. 
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(F) No rel va.nt changes. 

(G) Only chang s involve i. S ppo e b i in req-bottle (i) in Sm. By laim.s 

2, and 3 and code, e only need o ho,v tha r q( b) i · . b1.tff( i j) iff b 1s not in 

bottle ( i ), which i ru by Claim 7. 

(H) Only changes involve i. By code, drink-region{·i) = Tin m. so aic ously 
,rue. 

Gq,se 2: am= E,(B). 

Claim aboid m.-I: 

l. drink--region(i) = C by drinkin -well-formedn s and Lemma l(a). 
2. (b. i) is not ·u dcferred(j). for all b and j, by Claim 1 and (B-b). 

3. r·eq(b) i ot in b11.Jj{i j}. for all band j, by Claim land {D- ) . 

. .sat(b) is not in b-uf](j, i), for all band j by Claiin 1 and (E-c}. 

o. If ( b j) is in deferred( i) the b is in bottle ( i). for all b a d j bJ (B a). 
6. If (b j) is in deferred(i) then j ;f ,, by L nma l(e). 
7. If (b j) i in deferred(i), then bi not in bottle (j) sat(b) is not in buJJ(i j) and 
at( b) is not in buil(j i) for all b and j; by Claims 5 and 6 and {A) . 

. If (b,j) is i deferred(i) then req(b) is not in b 1.f!(.j i , for all band j, by Claim. 

(D-c) . 
9. If ( b, j) i in deferred( i), then drink:-region(j) = T and b is in req.botiles{j) for 

all band j by (B-b) and (B-c) .. 

0. If (bij) i in deferred(i) ' hen r· q(b) i no i buf/U i) for aJl band j, by Claim 

9 and (G). 

(A) Only aifec b su h ha (b,j) i in deferred(i) in .sm-:i By Claim ,.. and 

cod . 

(B) Only affoc s defer-r d(i) and deferred(}). By Claim 2 and code. no (b i) 
1 de/erred(j): o vacuou ly rue. B_ code, no (b,j) i in defe'N'eJ(i) in .Sm., so 
va,cuouslj · rue. 

(C) Only affec s buff(j,i ~ where (b~j) is i deferred(i) in m-t• By Claim 8 

and ode no req( b) is in bui!(j, n in rn t so vacuously rue. 

(D) Only affec bujJ(i j). Bv Claim 3 and code, no req(b) i in bu.tl{i j) in 

m o vacuou ly rue. 
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(E) Onl. affec buj]{i j) ~ ch ha (b,j) is in deferred(i) in Sm-1 and buif(j i) 
for all j. By Claim 4 and code, no at(b) is in b·u..ff(J.i) in m o 1a uously true. 
Supp OJ a· ( b) is added to buJJ(. i, j) in m. Then ( b. j) i in deferred(i) in m-1 · ( a) 
By Claim 7 and code. b) By code. ( c) and ( d) By Claim 9 and code. 

(F) Onh' affects i. Since F i rue in m-1 and by code b is removed from 
bottles(i if and only jf bis remm·ed from deferred.(i) ·u m, ill true. 

(G) Only affec s j, where (b,j) i in deferr,ed( ·i) in m-I· .By Claim 10 and 
code r·eq(b) i not in bu.fj{j., ') in ·m. By Claim 7 and code, bi no in boi.tles(j) in 

rn. By code ( b j) is not in deferred( i) and sat( b) i in buff(j. i) in m . 

(H) Only affects i. By code, drink~region(i) = E in ~m, so vacuously true. 

Case 9: am = deliver(sa (b),j, i) .. 

Claim.s about m - 1: 

I. ~at( b) is a he head of bufjf,f i) by precondition. 

2. bi in Bs n B; by Claim 1 and Lemma l(d). 
3. bis no in bottle (i)i by Claims and 2 and (A). 

4. bis not in bottle (j) by Claims l and 2 and (A). 
5. at(b) i no in buffti j) bv Clairns 1 and 2 and (A). 
6. A most one sat(b) i in b·v.if(j, i), by Claim 1 and (E-a). 

7. No dem(b) immediately follow a (b) in bu.fj(j i) by Claim l a:nd (E-b). 

8 . drink-region(i) = T hy Claim 1 and E-c). 
9. b i in Teq-bo tle ( i) by Claim 1 and (E-d). 

10. req(b)i no il1bujj[.i,j) b:Claim 1 8and9and(G). 
11. (bi) :i no in deferred(j) b. Claims 1, and g and (G). 
12. bis no in bottle (i), bv Claims 1, "'and 9 and (G). 

(A) Only af£ects b. B Claim 4. 5 aud 6 and code. 

(B) No rele, ant chang . 

(C) Only affec bu.itj. i)lb. 8¥ code~ inc bis added to bottle (i). 

(D) Onl. - a.ffects b. By Claim 10 and code. no req(b) i in b1,JJ{i j) o vacuo , ly 
true. 

(E) No relevan. change. 
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(F Only affects bu.Jj{j i). By Claim 7 and ode, dem(b) is no a head of 

b~LJJ(j ,, i) so vacuously true. 

(G) Only affect band i. By Claims 6. 10 and 11 and code. 

(H) "!\"o relevant change. 

Case 4: am = deliver(req( b) j. i). 

Cla.im abo1£t. m-1: 

1. req(b) is a he head of bu.JJ{j i) b~· precondi ion. 

2. bis in Bi n Bj b - Claim 1 and Lemma 1( d). 

3. b is in bottle {i) by Claim 1 and ( ). 
4. b i ot i bottles()) by Claim 2 and 3 a. d (A . 

5. 5at(b) is not in b•u,ffi.i j), by Claims 2 and 3 and (A). 
6. sa.t( b) is .no in buff(j i) b Claims 2 and 3 and (A). 

7. Exac ly oner q(b) is in bu.ff.}! i) by Claim 1 and D-a). 
8. drink --region{j) = T b · Claim 1 and (D-d). 

9. b is in req-b.ottl e (j), b Claim 1 and (D-e). 

10. -req(b) is no · in bui!(i j). by Claim 3 and (D-f ). 

A ) Only affects b. By Claims 4, and 6 and code. 

(BJ Only affects (b.j) . (a by code. (b) by Claim . (c) by Claim 9. 

( ) Onl affects bu.JJ(j 1). By Claim and code, no req b) is in b"IJ,jj(j.i). so 
a.cuously 1·ue. 

D) Only affec s hJJ(i j) and h.ffU i). By Claims 7 and 10 and code, no 
req( b) i in ei her bu.ff, o vacuously true. 

(E) Only affects bu.ffi.i,j) if ot(b) i add d. (a) by Claim 5 and code. (b) by 

code. c) by Claim 8 and code. ( d) b · Claim 9 and code. 

(F) Only affect buJJ(.i j)lb. By cod bi r mo"-ed from bottk(i) if and only if 

(b j) i removed "rom deferred(i , 

(G) Onl affect band j. By Claim 7 and code o req(b) is in buiJ{j i) in ~m · 

Bv Claim ~. and code bi no in bottle (j) in Sm. By Claim 5 and oode1 nt(b) i in 

bu.ff{i j i .. and only if (b j) i no in rleferred(i) in .Sm· 
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(H) Only affe b and i. By Claim 3. and code. 

Ca e 5: am = deliver{ dem( b j i ). If b i not in bottle ( i) in ~ m- , hen no, 

rel van chan are mad . As me b i in bottle ( i) i m-1. 

Claims abou. m=l : 

l. b is in bottles( i) b , assumption. 

2. dem(b) is a he heasd of h.ffi..j i) by precondi ion. 

3. bis in B z n B j by Claim 2 and L mma l(d). 

4. bi ot in bottle (j) b Claims 1 and 3 and. ( A.). 
5. at( b) i no in bu.ff( i j), by Claim · and 3 and { A . 

6. at(b) i 110' in b tf}{j i), b • Claims 1 d 3 and (A). 

7. (b j) i i deferred(i.) 1 by Claims 1 and 2 and (F). 

. drink •-region(j) = T by Claim 7 and (B-1 ). 
9. bi in req-botiles(j) . by Claim - and (B-c). 

10. req(b) is no in bu.lJU i), by Claim 7 nd (D-c). 

11. r q( b) is no in buff( i, j)1 by Claim 1 and (D-f). 

(A) Onl affects b. By Claim 4, 5 and 6 and code. 

1 B ) Only affec s b,,j). By lairn l 8 and 9 an code. 

(C) Onl.- affec bu.tl{j.i) lb. By Claim 10 and code vacuously ru,. 

(D) Only affect buff(Ji i) and bu.f){i j). By Claims 10 and 11, vacuously n.1 . 

(E) Suppo at(b) is add d o buffi.i j). (Nothing else i affe ed.) (a) By 

Claim 5 and, od . (b) by code. (c) by Claim and code. (cl) b · C aim 9 and , od . 

(F) Only affect . buf/{.i j)lb. By cod if b remain in bottles(i) hen (b j) is in 
deferred(i) in ~m-

(G) Only aff j and b. By Claim 10, uo req(b) · in buf}f.j ") in rn· B 

Claim 4 bis no in bottles(j) i ~rn· By code. (b j) is in deferred(i) if and only if 
-at(b) i no in buJJ(i j) in ~' m• 

H) By Claim 1 and code. 
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Ca..se 6: Um = Ci. 

Claim about m - i: Ii drink-region(i ./-Tin 'm-l he no relevan chan e occur. 

Suppos otherwise. Onl bi req.bottle (-i) and o in bottle.s(i) is affec eel. 

L drink•region(i) = T, by mnp io . 
2. bi in req-boi le (i)nBj,j#-i, by as ump ion. 

3. bi no in bottle C) by a, umption . 
. req(b) i in bu..i{i j) or (b,i) is in deferred(i) or sat(b) is in buff(j i) by Claims 

1 2 and 3. d ( G). 
5 .. If at(b) is in buiJ(i j), then no a (b) is in b,u.fj{j,i) and bi not i bottle (j) by 

(A). 
6 .. I£ at(b) is in bufJ{i j), then {b i) is no, i . d.eferred(j by Claim 5 and (B-a . 

7. If at{b) is in buffi.i,j) en req(b) i in bujj{i, j), b · Claims 4. band 6 . 

• If sat(b) i in buDf.i j), hen req(b) oU ws it in buff(i j), by Cl ·m 7 and (D-b) . 

9. li bufj{i j)lb i ·mptv and bi in bottle (j} hen o "at(b) is in buf/{j i): by 

Claim 2 and(. ). 
10. .f b-u.ffi.i J)lb i emp · d bis i· bottle (j) . then (b,i) i in d.eferrf!d(j): by 

Clail115 4 and 9. 

(E-b) by C~aim 8. 

(F) by Claim 10. 

Res ar no affoct. d. 

Case 7: am = C;(B). By Lemma 2 ched(e) i d.rinking-\vell-formed·· h.u 

m 'ched(e)IB-TGERi am is lmmedia ely p · ceded by Ti(B). B,_ Lemma l(b 
req~bottles(i) = B i m-1• 

Claims aboui m - 1; 

1. rlrink-region(.i) = T by precondi ion. 

2. If b i in req.bottle~( i) he b is in bottle. ( i ). for all b: by precondi ion. 

3. If bis in req-bo tles(i). h 11 b i o in bottle ·(j) ,,here b is in Bi j # i, for ail 
b, by Claim 2 a d (A). 

4. If (b i) i in deferre.d(j) h n i -/:- j and bis in Bin B5, for an band j. b, Lemma. 

l(e). 
5. (b i) j~ no in deferred()). for all band j by Claims 3 and 4 and (B-a) and (B- ) 

6. req( b) . · o in bu.Jj( i j). for all b and j by Clai 2 and ( D- ) and (D-f). 
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t. If bi in req-bottle (i),, then .sat(b) i no in buiJ{j, i). ""h e bi in Bi j # i, for 

all b, by C aim 2 and (A). 
8. H bis not in req-bottles(i).1 hen at(b) i no in lmff(:i i) where bis in Bj, j # i, 
for all b, by (E-d). 
9. buff(j i)i at(b) is empty for all b no in B 1, by Lemma l(d • 

(B-b) ,ra.cuously rue by Claim 5. 

(D-d) ,acuousl._r ru by Clain 6. 

(E-c) acuousl ru b_ Claims 7 and 9. 

The re t are unaffec ed. 

C(l,Se 8.: am ;; Ri B ). The only change i , ha drink-region(i) becom s R in 

Sm. By Lemn a 2, ched( e) is drinkin -well-form d· t.hu in ched( e )jB- TCER1 am 
i immediately preceded by E1(B). By Lemma l(a) drink-region(i = E in Sm-1 · 

Thus (B-b), (D-d) and (E- ) are ill .ru in ' m . 

Cll.Se 9: am = ~ T, or Ei. _ one of th change aff'ec any of th predi-
ca es. D 

Lenuu a 5: Le be an execution of Drink{B) wbo e schedule i drfaJcing-well-

formed. Tben in ever state of e. the follov,,-ing are true, for all i. 

(A) If do-TC) is rue then dine-regiort{i) = R. 

(B) If do-E('i) i true, hen din -reg·on(i) = C. 

Proof: Let. e = oa1 1 . .. am m •••• "\, e proceed b.,· · due ion on m which inde.."{e 

the: ates of e. 

(A) and (B) ru:e bvim l_ rue of O 'n e i is a tar tate. A suming (A) 

and (B) are rue of Sm-:1 ,ve show hey are ru of 111 • "\i\ n ed only consider 1 e 
-following value for am, 
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( ) If dine-region( i) = R in m-l. l en b) de. If dine-region( i =/ R in sm-1, 

then by induction h:pothe i or (A), do-T, i~ false i · m -l ~ ince b r cod i i ill 

false in m, we are done. 

(B) By he induc ion hypo h is smce there is 110 relevan change. 

CfJ.Je 2: am= C,. Fir · no e hat a1 .• . am-I IF-TCERi nds in Ti by dining­

well -forn1.edn 

Claim about m-l: 

L dine-tegion(i) = T by above note and Lemma l(c). 

2. do-T(i) = fal e by Claim l and (A). 

( A.. ) by Claim 2 and code vac ou . 

(B) by code. 

Case S: am. = R*. Firs no e ha · a 1 ••. am- 1IF-TCERi nds in E 1 by din.ing­
well-formedness. 

Cla.im aboui .m-1: 

1. dine-regfon(,·i) = E by bove no e and Lemma l(c). 

2. do-E( i) = fal e by Claim 1 and (B). 

(. ) by code. 

{B) by Claim 2 and code, vacuous. 

(A) and (B) by lnduc ion hypothesis and code. 

(A) by code. 

(B) By (A.) and precondition. drink-region(i) = R in .Sm-l • By (B). do-E{i) = 
false in 'm-1 and s ill in 'm. 

(A) By (B) and pre ondition drink~region(i) = C in m-l• By (A) d.o-T(i);;;;; 
false in m-1, and ill in m· 
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(B) by ode. □ 

Le1nma 12: Suppo e Dine(B) olv · · he diniwr pllilo ophers problem. Le e b 

an execu ion of DrinL-(8 ) who e chedule is drinking- ell-formed. The following 

predi ca e are true in e ezy tat of e, for a,ny i, j and b. 

(A,) If there i a cur;ren dem(b) m age in buffi:r, j), the 

(a) drink~region(i) = T, 

(b) dfo,e-region(i) = C, 
(c) bi in req-bottfo (i) ru1d 

(d) do-E(i ) is false. 

(B ) There i at most ,one c~en dem( b) me sa ,.,.e in b-u.ilf. i j). 

(C) There i a. mo one non- wrent dem(b) me ·age in lmffr.i.j). 

Proof- L e = ~0 a1 · 1 ••• am m •••• ,,-e pr c d by indu ion on m~ which ind xes 

the a e of e. 

(A) hrough ( C) are obviously e of O• ince i · i a tart s a e. • uming 
(A) hroug (C) are rue of ·,.,._1 , we how that h y are true of m · v'\e consider 
every po sible value of am, By Lemma 6(a) ched(e is dininir-w 1 -formed. 

CaJ1e 1: a.m = Ti(B). Only me a.ges in buff{i i), for all j are affected. 

Remark; By drinkin well-fonnedne a 1 .•. Clm-ilB-i TCERi ends in ~(B') 
for some B', or i empty. 

Claims abov.t ·m- 1: 

1. drfo,k.region(i) = R by Re ark and Lemma l(a), 
2. o cu.rren d m(b) is in buff{ ·. j for any b a d j. by Claim 1 and (A-a.). 

3. At. mo t one uon-cur:ren dem( b) i: in b·u.f/( i~ j) for any b and j . by ( C). 

Cla.im a.bout ·m: 

4. No curren d m(b) is in b•uil{ ·. j) for any band j b, Claim ·2 and code. 

5. A most one non-cunent dem(b) i in bujj{' . j) fo any band j b Claim 3 and 
:od . 

(A) By Claim , vacuou ly rue for b-itfKi j) for all j. 

(B) By Claim 4 for buff(. i, j) or all j. 



(C) By Claim 5 for bv.tfl..i j) for all j. 

Case !: a.m = Ea( B ). D ly dem.(b) me sages h bulJli j) and bu.ff{ji i) ar 

affe ed where (b1 j) i in deferred(i) in Sm-1· Fix such ab and j. 

Remark: Bv dri tldn - ~·ell- ormed.ness. al ... am-l IB-TCER. ends in Ci B). 

Claim a.bout m -1: 

1. drinJ.>regiQn(i) = C by Rema:r · and L 1ma, l(a). 
2. _·o urrent dem(b) is in b·u.fj{i j . by Claim 1 and (A 5 a). 
3. A most one non-cnrren dem(b) i in bufj('i j), bv (C) . 

. b i in bottles i . by choic of b and L mrrra 3 (B-a). 
5. If dern(b) i in bufj{j i): t en dem(b) is curr,ent by Claim 4. 
6. At mo one dem(b) is in buff(), i), by C aim 5 and (B). 

Claim . about m: 

7. _ o curren d m(b) · in buff{i j)~ by Claim 2 and code . 

. A mos one non-cw:r n dem(b) · in bu,Jj(i . . i). by Claim 3 and code. 

9. A mo one dem(b) • in b·uf/(j . i) by Claim 6 and code. 

(A) By Claim 7 for buffiJ,j). No relevan cha:nge for buff(j i). 

(BJ By ClaiDJ 7 for bui!{i j). By Claim 9 for buff(j i). 

(C) By Claim for ln.1.Jjfi,j). By C aim 9 for bv,JJU: i). 

Ca.se S: Gm = delciver( a (b) j, n. The only me~ e affi C ed are dem(b) in 
bt,,Jj(i j) 01" buffiJ i). 

Claim 4bou.t Sm - 1: 

. at(b) i a. he head of bv..ff(j, "i) by pr cond.i ion. 

2. If dem( b) i in bujjf.j i) . hen i is curren b Claim 1. 
3. A most one dem(b) is in b1itl{j. i) by Claim 2 and (B). 

4. If den~(b) is in buift.i j), hen i i curren , by Claim 1. 

5. At mos one dem{b) is in lraff{.i j). by Claim ~ and B). 

Claim~ abo·ut m: 

6. most one dem(b) is in buif(j i), by Claim 3 and code. 
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7. A mo one dem( b) i in buffi. i j ~ by Claim 5 a d code. 

(A) No relevan chang ar made. 

(B) By Claims 6 and 7. 

(C) By Claims 6 and 7. 

Gase 4: am = defrue-r(re,q(b) j, ·, ). li he request is deferred. there i o rele a.m 

clumg . Su.ppo e he reque i sa is£ed, i.e. Lat( b) is added o bu.t!{ i j ). The only 

me ages affec dare dem(b) in bu1l{i,j) o· lmlf(j.i). 

Cla.im about m-t; 

1. req(b) is a he head of buiJ(j i) , by preco di ion. 
2. bis in bottle (i) by Claim 1 and Lemma 3 (C . 
3- If de.m(b) is in buff(.), i)~ then i is current, by Claim 2. 
4. A mos one d m(b) is in buil{j, i) by Claim 3 m1d (B). 

5. b is in B. n Bi, by Claim 1 and Lemma l(d). 
6. H dem(b) i in buff(i j) hen i is not • WTent by Claims 2 and 5 d Lemm 3 
( ). 

7. A mo o e d m(b) 'sin bufKi j)r by Claim 6 and (C). 

Claims about -m: 

. A most on dem(b) is in b1ifl(j, i), by Claim 4 and ,code. 

9. At ost one dem(b) i in b1iffi.i,j), b' Claim 7 and code. 

(A) No relevant change. 

(B) B Claims and 9. 

(C) By Claim and 9. 

CtUe 5: am - deli1;er{dem(b),j.i). If bis o· in bottle~(i) in m-l· then hr 
1 no relevan change. uppose bi in bottle ( i) in m-l · The only 1nes age affec ,eel 
ar dem(b) in b-uff(i j) o:r bu.JJ{j i). 

Claim about m-J : 

1. dem(b) i a he head of bujj{j. i) by precondi · io 
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2. b is in bottle ( i) by assumption. 

3 . If dem(b) is in bufJ(.i i)~ the i is current~ by Clai1 1. 

4. Th is e:xac lv o,ne dem (b) in buff(j, i). bv Claims 1 and 3. 

5. bis in Bi n Bi by Claim 1 and L mma l (d). 
6. H dem(b) is in bu.ffli,j} hen it i on-e:urren by Claim 3 and. Lemma 3 (A). 

-. There is a mos on d m(b) in b1ifj(i j ), b - Claim B and. (C). 

Cla.ims about Sm; 

. There is no dem(b) in buff(j, i) . b .. Claim 4 and code. 

9 .. The i at mos on dem(b) in b ff(i j) by Claim 7 and code. 
10. If dem(b) i jn bufJC j), h nit i 1 on-curr 1 by Claim 6 and code (i.e .. sat(b) 
is added to the end of b·u.ff'(i.j) if i is added a all). 

A ) By Claims 8 and 10. 

(B) By Claim 9 and 10. 

( C) By Claims 9 and 10. 

Case (J: tlm = C,. Firs, suppose drink-re.gion(i) -:p. Tin .Sm-1 · Then bJ (A-d), 

no curren. · d m( b) m ssag is in bufJ(.i j), for any b and j in Sm-l · Thus. s Uin · 
dQ-E(i) o ;rne in Sm does no falsify (A-d). There is no relevant chanll"e for he 

res of he invarian s., 

Now suppose drink -region(i) = T in ni-l · 'i\'e need only consider a dem(b) 

add d o som bu!J{i j) iu m• Fix u ha h and j. 

Remark: B.• clining-well-formednes 1 a1 ... am. - 1 IF-TCERi ends in Ti. 

Cla,ims abo'!Lt ~~m-1: 

l. dine-Tegion(i) = T by Remark and Lemm.a l(c). 
2. If dem(b) is· buff(i j) hen i i uon~curren b_~ Claim 1 and (A-b . 

3. A mos one dem(b is in bujjfi.j) b' Claim 2 and (C). 
4. b is no i11 bottle ( i) bv code and choi e of b. 
5. ai(b) i; in b1Lffii .,j), orb ism ho tles(j), or a.t(b) is in hujj(.j i) by Claim 4 and 
Lemma 3 (A). 

6. drink-region(")= T b · as ump ion. 
7. bi:- i req&boW ( i), bv choice of b. 

8. do-E(i) i false b - Claim 1 a.ncl L mma 5 (B). 
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Cla.i m. a bout s m: 

9. The dem(b) message add d to b'UJJ(i j) is current, b' Claim 5 and cod.e 

10. drink-region( i) = T rline•region( i) = C. b is in reg-bottles( i) and do~E( i) is 

false. by Claim·s 6. 7 and 8 and code. 

11. One current dem(b) messa!Te is in buJJf,i j) by Clahns 2 and 9 and code. 

(A) By Claim 10.. 

(B) By Claim 11. 

(C) _ o relevan chan!fe. 

C(l,Je 1: O:m. = Ri The only • elevant change is o dine-region(i affec ing (A-b) 
for -i. By dining-well-formedn.e a1 •• , O.m-l jF-TCER1 1ds in E1. By Lemma l (c), 

dine ~-region(i) = E in m-l so by (A-b) here is o urren dem(b) in b-11.ff(i _ j) for 

any band j in. m-I• B code. he same is true m m• so (A-b) for i is vacuously 

rue m m• 

Ca..se 8: an, = Ci(B). h o ly relevant hano-e is to do-E(i). affec ing (A~d) 
for ·. By precondi ion ( req-bo ttle ( i) a sub t of bo ttlesC)) and ( A- ) 1 h.er 1 n 

cunen dem.(b) m bufj{i j), for any b and j. By • ode, h rue m m so 

(A-d) for ii vacuously rue 1n ~m-

C a.s e 9: am = R; ( B). The on!. chan ~e i to d rink-Tegio n{ "): affecting (A-a) for 

2.. By precondition drink-region(i) = E in m-l: so b - A-a there is no current 

dem( b) in bufft i j) for any b and j .. By code, th same i true in =, so (A-a) for · 
is vacuously rue in m. 

Ca.se 1(): am = T;. The only rdevan change i o dine~region(i), affec ing 

(. -b) for i. By precondi ion and Lemma - (~ ) dirr.e--re9ian(i) = R in m-lt ob 
(A-b) there js no cu.r:rei1 dem(b) in bu.!J{i j) . for au· b and j. By ame 

is ,rue in m so {A-bJ fo1· i is vacuou ly true in =· 
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Ca e 11: a:,,; = Ei. The only h 1ges are o dine-region('.i) and do-E(i) alfe t­
ing (A-b) and (A-d) for i. .. By pr ondition and ( A-b), h re i o curr n dem(b) 

in bu/J{i,,j) for an· band j. B; ode he sam i rue in ~m. o (_ ·-b) and (A-d) 
for i are vacuousl ? tru m m • D 
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