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ARSTRACT

51N and SOLDIER are heuristic programs written im LISPF which salwve
symbolic integration problems. SIK (Symbolic INtegrator) solves inde-
finite incegration problems at the difficulty approaching those in the
larger integral tables. SIN contains several more mothods cthan are used
in the previous symbolic integration program SATHNT, and solves most of
the problems attempted by SAINT in less chan one second, SOLDIER (SOLu=
tion of Opdinary DIffsrential Equations Routine) solves firat order,
fleat degree ordinary diffcorential equationsg at the level of o good col-
leges sophomore and at an average of about five ssconds per problem attespted.
The differonces in philosophy and operacien between SAINT and SIN arc

described, and suggestions for excending the work presented are made.
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Chapter 1
Intreduction

tn the last few years there has been a surge of activiey on
the design of algebraic manipulation systems*. Algebraic manipu-
lation systems are computer baped systems which facilitace the
handling of algebraiec and analytic expressions. One of the oft
stated capabilicies desired of such systems ia an ability to per=
form symbolic intogration. Besides the obvicus value of such a
capability in symbolic caleulacions there is the possibility of em-
ploying it as an adjunct to numerical Llntegration programs for
functions which invelve parameters. In such cases a single accur-
ate symbollie integration is likely to be preferable tfo numesical
integrations taken over the range of values of the parameters. An-
other reason for the interest in symbolic integration programs L8
the facc that the case with which such a program could be wricten
In a proposed language for algebraic manipulation has Become an in-
formal test of the power of that language. Yet the only previcusly
announced eymboelic integration program with any claim to generality
is SAINT (Symbolic Autematic INTegrator), written as a doctoral
diasercation by Slagle in 1961 [58]. Slagle described SAINT as ba-
ing #s powerful as a good freshman caleulus student. Thus the wn-

modificd SATNT program does net appear powerful enough te warrantc

*For & survey of the field of algebraic manipulacion see Sammec [55].
For a bibliography of work in the field up to L966 see Sammet [B56].




irs wse in & practical algebraic manipulation BYSCEm. In 1964 g

program which Integractes rational funcetiona was written for the

HATHLABR project by Manove, Bloom, and E gelman of che MITRE Corpor-
&

ation [36]. This program filled an imporcant gap che capabili-

of BAINT. By using such a program it appeared possible to

write a more powerful inte

aclon program than SAINT. Furchermora

i1t secomed that programs which solwve ordinary differencial equations

at least as wall eophomore eollege students (and a good deal

faster than such students) could also boe wriccen. " programs

research.

(=

bacame the goala o

We used the ratlonsl function package of MATHLAB in writing a

second symbolle incegration program called SIN (Svmbolic INtegrator) .

SIN, in turn; we used Fo wrice & Program whiich 2olwves firvst order,

first degree ovdinary differentinl cquations. This program is

called SOLDIER (S0Lucion of DIfferoential Equationa Routine). 51N

and S0LDIER are both written in LISP [34] + [20] for the CTSS SYaLHE

st Project MAC [11]. These exporiments in symbolic in egration are

the principal subjects of this thesis, We be

eve phese programs to

possegs sulficient power and efficiency that they could be offectively

used in a practical on-line algebrailc manipu sysbem.
In order to clarify the domain of applicabilicy of cur pro=

grams and in order to indicate the power of the present versions

of

SULDIER, we prosent bolew two o3 les of problems

solved by each prograsm. The solutions that th programs obtain

to the four problems can be found in Chapters 4 and 6.




Prokb

ard

Alchough the capabilities of SAINT are quite improssive,
we found compelling reasons for taking, in
nE approach. The most fundamental
and SAINT is in the organization of the
a troe search as 1ca arganizational device. COmMpATEs
L g avior of SAINT ¢ chat af fr La? Ral = Jents. e

sought an organizational model which behawved like our concepcion
o behavior of an expert hus - Thisz model was sup-=
posed to determine the methods needed to solwve a problem guite
quickly. A d Lan the approach T in SIN is given in
Chapter Z.
SAINT uctilizea a mactching program fox braic
called Elinst {(Elementcacy INSTance). We ired a program which
more closely organized as an incerprecer for a patcern matching
+ Thia prog Led SCHATCHEM, is a sepvice routine em=
Ehroughout SIN and SOLDIER. The power of SCHATCHEN greatcly
plified the problem of wricing an alg ie simplificacion pro-=
« called SCH and SCHVUOS are « cribed inm Chap-
ter 3.



Chapter & contail

a dutalled description of SIN and its

methods. A comparison methods used in SAINT and S5IN (=

mode. IE ig noted that SIN contains several mochods not ineluded

SAINT. Among thes

8 declsion proci

te for a set of ifince-
| -

gration problems. Thua SIN able to determine that o™ dx and

dx are not [fategrable in closed form.

In Chapter » we introduce the Edge (EDucational Gu

288} heur=

iatie. The Edge heuristic is based on cthe Lios

fille theory of in-

tegration. In this the it La shown that if o funccion isg inte-

BTE

# In closed form, thenm the form of the ifocegral can be deducod
up to certaln coefficlents. A program which employs the BEdge heur-
istic, called Edge, uses a simple analysis e guess at the form of

th

integral amd then it attempta to ocbtain the coe

fielents. Edge
iz a poncradicional (ncegration methoed and one Ehat we beliove ig
the firzt in a line of vary powerful mechods.

The eethods and organizacion ©f SOLDIER are incroduced im

apter 6. The area of nonlinear first opdoer

{fferentinl equatct

is much more difficulec than just integration. Thus we were hard

surpriged at not being able to find a concept ar

alogous to the Edge

heurlstic of SIN. HNom

heless che powsr of the current version
of SOLDIER is comparable to that of a sophomore student in an ar-

dis

ary differential equacions course.
The appendices contain results of experisents performed with

5IN and SOLDIER and a ceport on some other

not directly con=

cerned with theass programs.



Hany people probably believe that the cheape

sk way to abtain

an integracion capabilicy

wild ba Lo degign

intoagral cable

look=up program. While we do mot espouse this course action,
wo did exporiment with such a program (called ITALU). Appendix A
describes this program.

Richardson has recently obtained a recursive unsclwvabilicy re-

gsult in integration wich has arcused great Interesc [52]. Wa dea-

cribe this theorem and present some of our own related resules

invelve nonlinear differencial ogquart

in Appendix B.

SAINT was asked to solve 86 problems. Of these ic solved B4&

in an average mimnucy SIN salved

1 B& probler

with =ols

wers [requently sore than twe arders of

magnitude faster than SAINT. S1IN

aolved the other two prohlems
by using Lntegration methods not avallable in SAINT. The fsacr ehac

SIN was compiled and chat SAINT was run | accounted

for most of the gain

apoad ., Eeaults

of this experiment are given in Appendix C.

[ 2T |

A phyaicisc, Harold McIncoash, used an integral cabl

eleven Lairly di

inte

racion probleme. SIN: alcear somw
prodding, solved these problems and found some minor errors in

Professor McIntosh's angwe

This experisent iz deseribed in Ap-

In ordar to

it tha effcctiveness of SOLDIER we agkad It £o
golve 76 problems taken out of a differential equactions Cext SOL-

DIER solved &7 of these problems cleanly with an average cime of



&print

sH T bad

With the exception of Chapter 7 which p

bly ignore Chapter

ilation can

wish to ignore th




CHAFTER. 2

HOW SIN DIFFERS FROM SALINT

Introduscdon

In this chaptet we discuss in broad terms the organizacional dif-
ferences between SIN and SAINT. SAINT cmploys rather loose progress
consEraints inm generating subproblems, and cbtafns a solution through
s tree search. SIN relies on a mugh tighter analysis of the problem
domatin {L.e., integratiom} and strict constralntz on progress in order
o obtaln a relatively straightforward solution.

Houriscic Search

In “"The Search for Generalicy™ [ &5 ], Newell £inda chat the most
froquent organizational sacructure uscd in Artificial Intelligence pro-
grams is one he calls heuristic scarch. We shall call programs which
employ this organlization as the gole or central organizacional device
HE programs. SAINT is an example of an HS program. HE programs can
be congidercd to be programs which attempt to generate a path from a
starting nede A (usually the statement of the problem to be solved,
given in the intcrnal representation) fo a torminal node B {usually the
last litnk noceossary to find a solution te A}. The path from A to B com=
aists of one or more nodes which are (again, uwsually) in the same problem
domain a8 A and B, Thus in a theorem proviag program the nodes would
represent statemencs of possible theorems and in BAINT the nodes repre-
sont exprezsions to bae {ntegrated. From each node the program is able
£o generate Oone Or more successor nodes. All of these successor nodes
could be examined to determine if they lesd to o solution (o "B node),

but it lw in the nature of AL problems that Lf this were to ocour the

11




program would consume coo much time and space. Hence heuristics are used

to select a set {(possibly n mull gec) of succe

ggor nodes for exa

in proferance to others. The use of much heuristics leads te the "heuris-

tic™ term in "heuristic secarch.” The process

of examining nodes in the

Exge which is gene

ly produced leasds to the "search" term in "heuristic
sasarch."

Tk
E

herec are many scrategies for guilding the scarch of rhe tree. How-

ever several stand out and deserve te be mentlopned., One strategy is

called "depcth fix the last node generated as tho

one Eo be examined nexe. cratepy has the effect of forcing an

examination of a single path until it efither leads to & solution or the

rogram decides that 4t will not wield a Such a strategy is
g ¥ 3

cha ocher

employed in most game playing programs. A ExE rEme

&

tegy called "breadth first" which selects the node which was generaced

earliest. Such a strategy was used in the gic Theorisc [44]. SAINT

ehos

5 the node which

Lt dear

one of che simplest aubp to be inteprated.

We wish to clarify the sense in which we e

ED a program as an

HS program. The facet that a subroutine in a s heuristie geareh

progrom 16 an HS program. Foy example Lf

does not always fmply chac

BAINT 's simplifier had used sgarch in order to simplify expres-

slons,; then this fact does not

ly that SAINT is for
example SAINT could have boon Just a tab ig i
the case that any program which iw

guided by heuristic

an HS program. Eo reserve chis
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pame to programs which Tely on conductimg a search in the same deomain
in which tha problem is posed. Thus programs which search for a plan
in a different space from the one in which the problem is posed and
thercafter find the solutien immediately are nob HS ﬁrﬂgrnmn.*
The Igend townrd Geperal Lty

One of Hewsll's other conelusions in "“Tha Sesrch for Generality™
is that AL programs have tonded in the recent past to shy away from
dealing with complex problem domains such as chess, geometry, or intes
gration, and have inereasingly concerned themsalwves with generality.
By programs which emphasize generality we shall mean programs which
are concerned with an examination of mechanisms (€.g., beuriscic search)
which are useful in many preblem domains. By pregrams which emphasize
exportise we shall mean programs which concencrate on a particular
{complox) problem domain. Examples of the trend toward generalicy are
the advice taking programs (e.g., Black [ 3 ], Slagle's DEDpUCOMI 59 ],
and even Morton's ADEPT [ &7 |3. These programs solve toy problems
whiech have been posed from time to time by McCarthy. One of the seriking
feacures of cthese programs is how little knowledge they require in order
to obtain a solution. Im fact Perssen, in his recoent thesis[ 49 ] which
deals with "sequence prediction'" scems to feel that placing a great
deal of context dependant information im a program would be “oheaving.”™

This emphasis scems o be useful when one desives to study certain

Our cmphasls regarding the space toe be searched may differ from Hewall's.
In fact our pepd to use intuicive definitions amd rely on analogies and
examples points out the Lack of a £irm theoreticsl foundation in computa<
cion, and in Artificial Intelligence,




problem solving m nisms in as pure a manner as posgible.

#ired to use SAINT as a vehic ;

Blagle, tao,

studying cortaln

ilem solving mechanisms sech os "charae Coar=mal d cablea" (Ffor sxample .

thod A is probab when thae £ eypo 1 or type

sloen of chi

sky [ 41] for a "inherlced re=

BEOUTCR

(Mineky [ &1 [). We, sn the ether hand, intended no such

study of specific probl lving mechanlams, mainly desired a

m which behaved close

powerful Integratic

pro to Our cOncepti

of expert human integrators (it should be note

red

of SAIN

to that aof

callege gz

Honetheless our experiment with STH may be used to

general proble polving mechanisms .

SIN, we hope, wla B return Eo &8n exa

nation of complex problem

Greenblatt"s cheass program [ 22 ] 1 another example of a

program which deals with a mplex probles domaln which has boen

in che last few year

dorably neglecced

Ihe Emphagis on Analyvs

Ehe analysis of the problem domsin.

r emphasis in SIN Ls «

analysis is both an analyvsis that we performed and buile into the pro-
¥ i

analyeie which the program mnkes while

pram, but more impertantly

i ig solving a problem. In order to achieve high performance in svm-

bolis iration we did mee require that the program sake a v PPV OO
Plex & of che sicuation. Nonetheless the analveis thact ST=

Wi

affects the parformance

PEORTS

onae lfficult amd Che most nocic ference betwoen
L= and SALN is mot in the locreased efflciency of the



3 PR q
golution, but in hew quic

v BIN usually

ranages co decide which pl

follow and the straightforward manner with which it obtainm the

solucion thereafter.
As we ghall see in Chapter & SIN'a methods are quite similar te
those used by SAINT. However SAINT doem not commit Ltself to a parti-

cular méchod, b

will fregquencly explere several paths €& a

until it finds mome path which zucceeds in obrtaining che anawer. Heour-

istic seaarch s used to find this solution path. Frequently such un-

certalnky i necessary in SAINT bocause it lacks the powerful machine

that S5IM pomscsses and relies om (e.g., the ratlonal function pachkage

of MATHLABY. Thus SAINT ig forced to gearch until ic finds a path

which leads to subproblems that € can solve. For example, im

BATHT cannot obtain o solution by using the substigution y = ta

leads ko iineer {€ saAnnot is

the ragional BeEd o .

Thise SAINT iIs

a further = gtion ¥ = gobt x which

Ik can ea

to ignore. In other cases the large numbeér

subproblems proposed by SAINT arises vhon SAINT emplovs mechods which

clencly Eight

do not perform a sufficlent analysis or possess suff

progross conatralinte. For example En._i

dx, SAINT will consider

L 4+ w
o

transforming the guadratic in the nmumerstor, though this transformation

iz not ressonable when one comglders the square-root in the denominator

In this problem SIN would note the square-root and would make a subsci-

sgh S8IN solwves BAINT's problems about tws orders of magnicude
than SATINT's published figures, th statiatic is decept If
were to be run under optimum condic S5IK would only be about
Eimez as fast on the aver The principal reason for this fact

| at most of che procesaling Elme in SIN 1ls spent in algebraic
pu on e.g.,; slmplification), @hd the coat for thd operatlo is
fairly constant in SIN and SAINT (ses Appendix C}.
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or which would rationalize the denominacar.

We feel that SAINT €8 not che only HS program in which greater

analysis would yield lmproved roasults. In o MATER program of Simen

and Baylor [ 2 ], heuristic ssarch i# used to find a macing combinati

When MATER consi

era the of replies that Black might be

able to make in ponses Lo A given move of White, it atoves Chese re-

s Chat moves which have

plive in a "etry lisc." The btry 1

ofiged are considered firsc. The met of moves which haove the

same tumber of Teplies are normally considerad a firsgc~in, firsc-ourc

leads to a breadth-firgt search. MHad

manner (| * ], p. 435). This

a depch-£firsc

the moves been stored a last-in, first=out

search would have resulted.

fech would mean that the program

would explore a path until it became worse tl #ome ocher path in con=

trast to MATER's cricerion chat a path iz abandoned it L8 no better

than some ether path. This slight change in the strategy of the program

would lead MATER to find golutions to some problems on which Lt ran out

of space, and uld not materially affect its porformance otherwlse.
This analysils of MATER is due to Henneman [ 26 .

While we do not wish to suggest that a radically improved perfor=

mance con be hod in all HS programs through greater analysis, we cor-

tainly want to emphasize the effect that such analysis can have on ATy

HS programs. Sinee any nentrivial onalysis requires g good dgal of

context deopondent information, we alsoe wish to wsize the need Ffor

ch information in problem solving programs, In the long Tun, of

course, complex analyses and strategles will have o be represcnted in



ad languages. We would lTike t

ev this development occur

spociali

the Greonblatt prog for sxample.

81N ig a thres stage program. In this respect already the organi-

ich are composed of a

zation most AL progrs

gaarch

al erganization.

gingle stage with a

effore

The muled the programs to devote incres

in lator atages.

Stage 1 of SIN uses a oethod (Derivative-divides) which solves m

The experiment in Appendix € indicac

only ogccurring probls

this met s h the problems attespoed SAIMT. Some probl
w2 z T
v 2 coR M, Xo  Eam % sec %, x+ 1 4+ x".,

£ that In

too few AL programs empley the Ea

chaeds which

arge number of prut

e IMSLN (IMmediate SoLucicoW)

SAINT did employ tk idea in

not as powerful as 3

first

{see Chapter ). Howswver IMSLR

SCART - Evana " AMNALOGY pr ram [L7] whieh Ls one of the few AL pro-

h does not rely on heuristie search alsc eould have profited

ometry analogles.

a first stage method. program deals with

von to humans taking & test based on analogies aro

e by which Figure A has been changed to

"Find the ru

st the

Eigure B. MApply the rule co Figure C. Sl

i S Evans' perfor: v 1E Le re following the im-
scructliona: '"Find the rule by which A has been changed to

a8 which Eransform [i

- = e f{ig=
re C to sach of the fig

figurae B. Also £

ures 1-5. Select the answer {igure which corresponds £o a cransformacion



which most closely fits a transformation from A to B." The test makeora

are vasentiaglly suggesting chat one ghould the answer

icheme , we have found, iz elfective in almost all tche problems attempred

by ANALOGY. Consider che figurea A, B. © boelow:

i
/ I
AN

Py ) T B =

A roasonable guess of the anewer uzing the cest makers' andvice i

TRIAL ANSWER

then one should

Lf much a flgure is present among the

that ansawer. All that would be requilred

chooso this step is that

one test the guesa for an Identity with the a

ehould fail to find an answer, then one uld snter a second

cage in the program in vhich one wouwld the previsus guess or

to Evans'. Yot once onme is forced ta enter

employ an analyais =

a seocond] scage, one has a plece of informotion rhat one d4d o

3 prewvi-

ously possess--thact the problem is relatively difficulc. Such Iinfor-

tion may be wsed to gulde further processing, A further use of

will be indicated belosw

discussing the Ed

The sccond staga of SIN Lls the stago in we spent sost of the

programming effortc. In this

age the program is able to apply e

iple feature of this scage s that

highly spocific methods. prir



Lf any, is applicable to a

program dac

quite quickl

opoerates hypothesis

FORM chec

ln order Lo penecate an hypothe

toe be applicable. Currently FORM can

ef all buc th

decico o Che .'ll‘B'.'.‘il Lo

zal elus 2, LE FORM n

chen FORM will call which handles

The

e methods in

hegis that fc

make is £o werify

ation whic solve the proble

routine which handles uncti

» Ehen Lt will Péturn

lue FALSE to FY

a sccond

Othoerwine etchod will

on £ he probie

vthiss

goneral ly

as a thres

at one

o

B

an hy

r the solucic

rified

prior to attempcing a = Final

thod appea

sroblem.

Eha §

¥ applicable, a new hypothesis

formation as a

for

planning

yuld strive co

orporate Lnte the

thie capabllities of the rest




of eEhe pro 1. One agpect of the understan

1) that FOBRM has of SIN's

roucinoe is Iincorporacted in fcs ability to

the

& By thias phrase w

cthat FORM i3 able to eliminate cer

biguicties in the p Thewe smbigultiecs grise when certain =

the recogniltion

pressions In the =tca of the problem

Erui nacture «

the p For example, the analyvais char FORM =

of a4 problem alleowa (et o suspect that an @

sion is a quadrac

» even though SCHATC

¥ (see Chaprer 3) did not s

nEtch the expression Eo

a quadratic. This cccura FORM 1

ExAmining o square-roock of a

rational [upnction. Lot us suppose Chat nong of the meéthods thet FPORM

in this case deécide chat they are applicabl

has availab FORM wi

now ot

vt a furthe

such 1

ropresents 8 block te a solution, FOBM considezs two excuses for the

Eact that the ma & hod did moE aec

to be appliceble. Borh relate e

SCHATCHEMN"s matching capabilities. The firast is that the rational func=

tion inzide the sgquare-Ttoot was not expanded {(e.g..: (1l + x)}; che second

that the ratbtidnal FfuncEtion wam not complete

fe-8:, % + L(.'l

FORM

ne L1f these Ctwo Eransformations are applicable

to the rational reannalyze the prabl

determine IF its

analysis enabl

it £& localize the diffieq = im, and fts underatanding of
the reat of SIN allews 1t to find excuses for certain events and helps

it Eo overcome Ehe difficulties In a probl of the o

ered SAINT would have perforsed the same cransformation (only expan-

gh)l. 7Yor chese cransformations would be applind to che whole

and not Eo selected portlons of
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& command-oriented language is desirable for man-machine
interacclion because the human (s able to perform the desired pattern
ragognition by himaelf most of the time (see Martin [37], Engel-
man [15]). It is also useful in those situations in which the
algorichms belng coded are stralght-forward, that is, nothing
unusual iz likely £o happen. An example of such a situacion is a
program which solves a system of linear eguations with variable
copefficiente (seu ALFAK [61).

When the algorithms being coded become increasingly complex,
the pactern recognition requirements of the algebraic manipulation
language are increased. Te moet these requirements, highly cossmand-
oriented languages, such as FORMAC [5]. include some pattern recog-
nition facilicles (e.g., the PART command). MHowever, these facilicies
are wonfully L(madeguate for many purposes (e.g., slmplification, in-
tegraction) and the need for a pattern-directed subset of an al-
gebraic manipulation language has become clearly esctablished.

In this chapter we shall be concerned solely with the patters-
directed approach, At firsc, we shall rely principally on the
reader's intuicion and understanding of algebraic expressions. Our
discussion wlll become more and more préecise as we proceed.

We shall first examine the requirements of the pattern-
match. The requirements of the replacement parc, which are simpler,
are examined later. An application to simplificavion of cthe SCHATCHEN

program which fulfills these requirements will then be discussed. The
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assigning & valum to € since no term in cthe express fon corresponds
to the & cterm in thae pacttern. Obviously € sheuld be macched with 0.

We generalize the exasple to conclude that Eoxms Lo a sum ip che

pattern which are missing in the oxpression acre to be macched with 0.

Likewise, foctors lo a product in the pattern which are missing In

the expression are to he marched with 1. We should nocs though

that extra arguments in the cxpresslon mighc lead to failure as In

expression E3S

(E3) L‘»x] + 3;:2 + Zx + 5§

Expraas lon B4 presents us with & degencrate inatanca of
pactern Fl. Note that the operators PLUOS and TIMES which are ex-

plicicly predeant in Pl

CES Y acz
are missing i E4. We can Intreduce thess operators by reowriting

E&4 as E&'.

(Eat) 1-%® 4+ 0

Let us proceed now with matching PL and Ei'., The value 1 for A Is
assily obtained. The 0 term in BE4' will match Bx and will result in
T, (This process will be clarified below.) Finally, due to the
requirement stated above regarding missing terms ln a sum, Cc will

be matched with 0. Then ln ordar teo match PL with B3 we vequired that

the match must Fecpgnize missing or implicir oporotocs.
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In some cases such an expresslon could pass fer a gquadratie. In
other cases (for example, in applying the gquadratic formula) such
an oxpression is not sdmissible as & quadratic. MNote thar the
match as described above will resulc in cthe value 0 for &; 1 for B,
and 0 for C for expression E5. We need to be able to describe to
the match that the value 0 for A is proseribed. In facc, we would
like a more general facillty allowing one to delimit the range of
walues that the wariables in the match may have. We shall require

that the varifable must be sllowed to satisfy a predicate. We

shall indicate such a facility with a slash () an in pactern F2.

In F2 wo requive A to sacisfy cthe predicate NONZERD:

F2Y A rnoNZERD w4+ Bx 40O

In examining expression Ef we sece that we will need more
priditltuﬂ e Limitc the values of A, B, C, since Eb6 i ﬁ&f‘ﬂiﬂly

not & guadratic in x:
{ EGY ‘E + sinfx) = + 1

Let us consider pattern P3 which takes care of the difficulcy

in E&.
A !2 +B N
(B3} SHOKZERD-AND-NUMBER SHUTMBER JSRUMBER

Pactearn Fl, however, may be a too restric¢cive condicion., It reguires
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(coesfficient
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In P&
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Eaans

A
SCOEFFT , HORZERD - AND - FREEQOFX

usced the

thae C

=

involving = , the product of all che other
To show this we shall use the indicator
in TIMESY as a modifier for A as is shown im

biss FOOEFFP, FREEDFX

indicator DOEFFP (coefficlent

will Ehe sum of the remaining

miEtch

tarms

factors is a

COEFFT

Fh:

)
sl
/COEFFT, FREEOFK *

in PLUS)Y co modify C

in the

ERD EE The result of maceh 1 b & 5 AmSy
expreasions . The résult of macching P6 with ELD is : A=y, Bey Cwml.
In expression Ell we see another phenomenon which will necessi-
tate the addition of a new mods In ELI
2
Zx" + 3
2
ocour Ctwo bterms involwing x . If we a that sach term in
the ttern should muceh exacely one term in the expression, then
z N
the single torm Ax® in the patcern will fail o account for the two
tesms Lo ELO. We a facllicty for s to the mateh chat
A papcicular yariable Che pattorn 1s o be consldersd a co=

efficient in both a ct and a sum. This is done In
by usaing tha Llndicacor COEFFPT (coslfici im PLUS and
A and B.

Pr)

hn che

2 FCOEFFPT . HONZERD

machinoey

=

P 2B, P
REEQFX JCOEFFPT . FREEOFX

wo ha developed we can now match

pattern

r7

pACCH N

TIMES) to

¥+ JCOEFFP , FREECFX

wWith
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the expression E12:

(EL12) y3 - 3:::21; + &xz + 5y + 1

The result of this mateh should be Asdiny + &, B=d, Clr}-j 5y +1.

In the above sxamples we were attempting to determine whether
the sxpressaion was & guadracic In x. Suppose we wanted o genervalize
the problem in order to determine whether the expresslion was a
quadracic Iin some atom, buf where the atom was not fixed, but may

itself change- HMore precisely, we desire a function JUADRATIC of

two arguments EXP and ARG. This function is expected to detormine
whecher EXP was a qu.a‘d.r.n'l::l.-_« in ARG PE can ba used as a pattarn In
QUADHATIC.

(PR} A FCOBFFEPT , NONZERO-AND- PREECPARG [”""‘R;gquﬁum"jnz +

rVﬁ.R

%
HICQEFF’E‘T : FREEQFARG IEQUAMRG} +

5 fCOEFFP, FREEOFARG

In P8 we introduced cthe predicate FREEOFARG which has the
obvious relaced funccion to FREEQFX in pactern P7. The predicacs
EJUALARG tests the valuse that the match assigned to VAR [or esgquallicy
o ARG-

Let us now conalder the problem of extracting a perfoct sguare
Erom a sum. HMore preciszely ler us consider che sicuacion in which a

2

sum has three Eerma which are individually of the [arm f\*V;\R' s B*VAR

¥
and €, and whose raelation is defined by B =GACwD, Thizs diffeara from




the situacion described in pattern P53 in t the expression may

now have more ¢ in that the value of VAR Lis

eriginally unknown and depends on che expression baing macchad. Dur

firsc actcempr la co describe this situvation with P9r

vAR2 I8 :
9 Auonzeeo-axo-sosaer 0 P aamerr YA nameer-anp- (8% -cac=0)

0 scorrrp

P9 does nmot m:

It tuins out Ek tisfy our requiremencs
bacause Chare 1s some ambiguity regarding VAR. In predicace P8,

VAR was determined uniquely by the predicace EQUALARG. In che
current situation no such a priori predicate exists. The first

wvalue of VAR can be essentially anyching. To indicace chis we can

which is

write YAR/Tpu® instead of VAR, where TRUE is & predi

true on any Loput However, thes second occurrence of VAR in th
patcern (L.e., in B/muMBER YAR) ila intended to be fimed. That

ocgurrence of VAR musct be the same as the previocus valus attached

to VAR. To make this point clear, let us consider expression E1] :

(EL3) ¥y 2% + 1 #+ S5z # 2w

This expression will match pattern P9 with Awl, B=2, Cwl, D=Sz+2y,
and with the Eirst value of VAR cqual to y and the second egqual to x.

-

o avoid this situazion we could wro urrence of VAR

s Ehoa

as YARL ppoparyap: This is a fairly clumsy mechanism (e

similar device was wsed in FB). What we shall do instead is co
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o new mode called

VAR wi

tly ralated

PAY (pattern varlab

A OMZERD - AND-NUMB JHuMBER TRE Y

L

2 " « E
HEEE=AND= (B -4AC=0) JCOERFP

Pat PO will mateh EL3 with A=l, B=2,6 C=] DeZu+5x, and WAR=Y.
Lat us expreasion ELLC
: 5
{El&) ¥ o4 ¥ o+ om + L

The Eirat will be ce match VAR s
f L and Ethe howill fail even though a

search =

of course, that Che (E1:B=

Lre L]
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is then used te generate the right-hand-side expressions by va-
placing the wvarlable names by the values which were sasigned to them
during the mateh. 1If we consider the expression nz+21+1, the match
should resule fn A=1, B=2, O=l and the rule should yield the ex-
pross ion l.yz&la Z%-il i Since this exprossion Ls unsightly we shall

roguire that the replacement Step shou ld simplify the expression.

Thu# ., Bl would resule in the expression }';- {%ote cthat Rl performs
the cperation of completing & sguare.)}

Suppose we were given rule RE:

(R2) CoE tn:u:}-lcmi“ (=)= gﬂ}cm“'z (= ym lnz (x)-r(:}:nsn_;" (=)= t.nt' Cx)

R? computes the flrat 3 terms in the expanszion of cos(nx} in Cerms
of vosx and sliax. 1f{ we had matched the eoxpression cos(4x) with
rule Rl, we would resulc in an expression involving the combina-
tarial cerms (g} and E:’:}. in order to have an expression amenabls
to further computacion ;;j and Czj should be evaluated to yield &

and 1, respectively. Thus. we require a facilicty for evaluating

s@locced portions of the expression. With this facilley B2 can be

written as RI.

(B3  con(ax) = cos” (x)-EVAL(G)eos ) pymin® Gor+EVALLG))

e {n-:'}ﬂ inﬁ (&
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The requirements given above for a matching and a replacement
program are satisfied by the SCHATCHEN* and REPLACE routlines [T
in SIN. We would like te place these programs in thelr historical
context. SCHATCHEN has been most influenced by ELINST (Elomentary
INSTance), a set of routines included in Slagle’s SAINT fer cthe
purpose of matching algebrale expressions to forms. ELINST
sacisfics many of the algebraic propercices of SCHATCHEN such as
variable srguments to PLUS and TIMES, missing operators. and
commutative oparators. It differs in that it does not give Ehe
user explicit control mechanisms of the scan of the expresslon.
ELINST will gencrate all possible secs of valuss for the
variable and only then will Lz apply the silde relations t£o
determinge those which satisfy the patcarn. Besides this weakness,
ELINST suffers meat by being essentially undescribed. I suspect
chae had Slagle described ELINST in 1961, then some of the
proposals for algebraic manipulation languages which were made
since 1961 would hawe had a different chavscter. ELINST had to
he as general as it 42 because the problem thar Slagle was trying
toe solve required such generallicy. Furthermore Slagle encountored
grave problems Ln fitting his program inte the memory (32K} of the
7094 and thus chose to make use of the economy of calls to ELINST
in many situactions in which it would othervise have beon wiser to
write speciasl purpose matches. Thus he claimed chac one half of

the time that was spent usefully by SAINT (i.e., excluding

*match-maker in Yiddish
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tesm mabkching steps. The canonical order scheme requires only on
the order of n steps. MHowever, some time must be spent in deter-
mining the cancnical description and keeping Lts value arcund.
Purthermore, the routimes that gonerate the canonical order are
vsunlly very space consuming. Thus, the use of a canenical order
is only worthwhile if the expressions are to be heavily manipu-
taced.

As has been lmplied Lo the above, much of the program effore
and execution time in a standard simpliflcation program is spent
in colleccing terms in suma. Related sffort Ls spent in collecting
exponents in products, In SCHVIOS the collecticn of terms in a
sum I8 handled by calling SCHATCHER and asking io te decermine the
cogificient of the filrsc ferm in the sum.

Suppose we had the expression ELS,

3

{E1l8} 2u+3xy+g.*i¢+jr)¢2

thién SCAVUOS will setrip the first term of the sum of its coefficient

and gensrote the pactern Plb:

(P15} A rcoeerer, musmer” * Prcorrre

SCHATCHEN will wield Aw=d, B-S.azy-l-:-ryxz. Rext che patcern PL6 L=
genacaced on the expresslon B. Now SCHATCHEN will resule in A=d,

B=x .

b
(Ple) A rooprFRT  simer” T Broogrre
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Artitudes ‘Zﬂ"! Slmplification

Thete seemd £ be a wide range of attitudes of people in the
field of algebraic manipulastion regarding the role that an alge-
braic manipulacies syvscem should play ia simplificaclon. One wiew,
lee me call Lt the conservative view (held by Fepichal, for example
mainctains that the seystas should not efmplify expresslons uneil
specifically told to do so. In this point of view there is to be n
tixed systom's simpliflieor and no fixed cenonical order of expressio
The conservative view nogaces the viow of thoss whom we shall call
che liberals (exemplified by the PFOHMAC design) whe believe in a
canonical order, in a fixed pimplifier anmd In tmplicic mismplifi-
catien. One might even define o third viewpoint, a radical one, in
which cthe sysces will represent expresslons incternally in & form
guite different from their external form. Rational functlon progra
(ALPAK [ 6], PHM[l2]. and MATHLAB s rational function package [3g]1)
adeopt this approach. A radical system ia prone to use che disgri=-
butive law indiscriminantly and to transform trigonometric function
fnto chelr exponential form in order to cake advantoge of the powsr
ful eimplification algorichms which are then available.

Two considerations should gulde one in designing am approach
to simplification within a given system, The firse is the genaral-
icy of the system, that is the range of problems which could be
ceasonably solved by it. The second ik the effdiclency of the svate

in the solution of its problem. It appears to be an axiom that the
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CHAPTER 4

SIK - THE SYMBOLIC INTEGRATOR

L oduckion
I £ElE

chapter we

ribe the oper

of SIN. At first SIN's

flow of control f2 analvzed. Then cach of the methods used is
in detoll. Finally. the pefarmance of SIN o cwe cxamples is

T 51N

cughout this chapter the NErast between SIN's and SAINT's approach

and metho will be made clear.

sf Contgol and Subproblems in SIN and SAINT

A problem given to SIK may be sald to pass through the threes stagos

o

Figuzra L.

Scage 1

Yer Rat

t integral
3
Problem can bes Eicher
crans formed or

—— Yes L. Apply S5IN to

golved by spa=
ciml

E el preoblaos
return value

Lo o

olve proble b
nternal mechand
eturn result as

E

Problem can b

salved by more e Yes

me b hedn T

integral

a1
Mo
Recurn notice of fallure

Figure 1 = The 3 Stages of 5IN




(7%

s, The [lrst stage

gimple integratiom

T one

ut tan

This determinatcion L=

[f a method ia found

sthod wil

In thig ehapter x

Incegraci

heuristic

et will be ¢

Lk : f mEagoe 2 call SIX to golve B

flow of

proble

ibprobloe

vy Figure

- i - rol
and Su and thprn
1

hen Problem

Three Terms
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If a subproblem i a gum, then each term in the sum will be inte=
grated separately, and the flow is glven by Figura 3.

It should be noted that 1if o method in stage 2 can tranaform a
preblem, the probles is nok passed te another method in stage 2 or stage
3. aven though the transformed problem cannot be integrated by SIN. For
exanple ,

r

Jeinta™ddx is cransformed te ,I‘“_ﬂvd.y afrer substituting y=g™

W

Fain
|min_y dy cannet be integrated by S8IM. Thus; SIN concludes

in stage 2.
r £
chat ginfe Jdx is not Integrable by It and will not pass it to scage 3

In stricely enforcing such a decisien wa are depending upon the

methods o employ tight pregress requirements. If the progress rogquire-
ments are made too tight, then few problems would be integracted by che
methods of 8IK's scecond stage. If, however, they are made toe loose,

then the mecthods of stage 2 would verify the hypothesis that they are
applicable in problems in which they, in fact, are nec appropriate, and
thug SIN would fall to golve these problems. The experiments with SIN
which are described {n Appendices C; D; nnd E indicate the dogroe to
whiich we succeeded in finding good progress requirements. We wish to
peint out that once such & discipline 18 successfully imposed om tha

methods , one i in a position to relax the requirement against backtrack

and chereby obtain somewhat greagor powar. We have not yet done so iIn
SYIN's mcecond stage.

SAINT, in contrast to SIN's stages 1l and 2, will alleow a problem to
generate more thanm one subproblem. However, only one of the subprobless

goenerated from any given problem must be solwved in order o integrate Ethe

given problem. In general, the subproblems gonerated by SAINT during the




ceourdse of solution will £orm a Eree SEfucture. Fim

degoription of the flow of control and subproblems im SAINT.

Leop - Subproblem Tree

A (]
Y tl[.i’ DTS
!

Is heurstic transbrmalion
| applicable fo subproblern 7

irarsfarrn  Subproblern

| Enter transformed probles
| | Mo subproblem bes

i'?ﬂ fLirry PArswer

- Bimplificd Flow
{single arrow) and sub-
{double arrow) in SAINT

If a problem in SAINT

nerates more than ofie subproblem, the nodo

in the cres correspondling to 1t is considered £o be an OB node. Thus

only one of the subproblems must be solved., TIf cthe problem is a sum,

ilar complicacion to che one

In SIN is made. The node geteracted

ch of the terms in the

for such a preblem is called an AND nodo. E

aum becomes a subproblem, and sust bo integrated. AND nodes are indi-



L=

cated by an arc across the branches Erom cthat node., Thus, Iin general,

a goal tree inm BAINT has the form of Figure 5.

in

Among

- A Subprobl
X e SUmS AF® pr
the subproblems

includes ©h

All subproblema Ln SAINT are given to IMSLN.

original problem and this fact iz not shown in F is . IMSLKE thus

acts 1ike SIN's Firsc stage. IMSLY has its own méthods of solution.

If i faile to solve the subproblem or some simple craneformacion of it,

g

the subproblem will be put on the subproblem tree.

The routine LOOP (seo Figure 4) has accoss to a lisce of subprabl

£e be tried called PLH. This Llist is order that tha firs: momb

of tha list reprosentcs &4 subproblem which has lowest depth of nes

operators (e.g.; PLUS, TIMES, COS) ia the internal represontation

problem. LODOF will select the firsc subproblem on the list. It will




et ask sach of the methods of SAINT oo

heuristic transforms

Slagle to detesmine 1if chey can transforr = Th

the subproble

ided by Informa

len about the sub

problem called the ch
Eha subproblem. Thae character €ontaline informat ion auch an wvhether the

subproblem represents a

al function, y elemencary functiom of ex-

ponentials or trigonemeteic funct

» #fc. This information is used Eo

limit the number of heuar

ie transformacions applicable to a problem. Yet

aven with the wae of charactor mechanism ag many as 11l out of the 17

E

heurisctic transformations may be applied to

le subproblem.
o

The flow of control and information

SIN is called hieraschical.

In a hierarchical organization, subproblemg vhich are comsunicated between
one foutine and a second are private to these routines and are not known

to the rost of the program. SAINT's org:

zation can be called data bage

£ L _

arjented. In such an zacion the' goal is to transform the data hase

fi.e., the goal troe in SAINT) to a desired state, In SAINT the desired

state is a tree which hos a path from the top node {(the oeriginal problem)

to a bottom node in which sach node represents a solved problem. In a

data base oriconted organization control is relinguished ko routines which

nipulate the data base. In SAINT, all the heuristic cransformations
rolinquish control te the IMSLN program.

SAINT's datn bass oriented approach allows and, in fact, may be sald

o encourage the program to backtrack, that {s cto leave one path af che
tree and start on another. SIN's approach is to discourage backtracks
at the first Ewo stages. Backtracking is allowed in gtage 3. Howewer,

in sctage 3 backtracking is only of a limited nacure.
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Conventions
In describing SIN we shall use the usual convention that the

variable of integracion is %. SIN is actually a f

ccion of Cwo argu-

ments. The firat (s the expression to be integrated and che socond is

¢ variable of integracio

Below when we use the "ig A& constant” we

ran

11l moan that
the expression contains no occurrence of che

- o 2
Thus, =zin x 4+ coa ®x is not @ conastant when x

ble of integration.

iz the variable of Ea=

gracion.

We shall not concern ouw

gelvaes hore wich

fficulties which m

ma

arise due Lo che unsolvability of the conscant or

he elementary functions. For a discussion of these

E £

Appendix B.

By the slementacy cxpressions of x we

gel of gRxpressions

composed of

1) constanta, 2Z) ¥, 3) trigonomstric funct

coe(X}): &) logarithmic and ctrigonometric functions of = (G.g..

of

leg », arcsin =)}, and closcd under the operatio addicion, sulti-
&

plication, expongntiation, and subscictution.

in f{x) (abbreviasced elem{f{x)}), we

an @ NEtatyY EXp

in!

i

mean an expression obtained in che manner above, but wvhere £{x)

& i n = - ES
x in the definition. Thus, for sxample, (e “+
. " : x
tary exprogslon of « The expression xe™ , on is an
" - b
el oXpre of x, bur aet of &”.

By a problem jintegrable in finite tex

wi mean o problem whosc

i# representab by an elementary exXpr
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£ Stape of 3IH

Tha [irst atm of BIN uses the [ollowing three meChods i
If the integrand le & sum, ecach Cerm is incegrated separvately
by calling SIN iterativaly and the tresults are added.
If che integrand L& of the form

u[(:-c]-ln. where N is a small posicive integer, expand the

cupression ond apply Meched T.

yd LII If the Derivative-divides routine is applicable, return ics
resulbs.

The first twe transformations ate made so that che rest of cthe

program can assume that the integrand is a product
{ - a =
Erivial rluct aa in 2 oF In & ). The chi
cthe method which has led wus te call this
simple problems.
We shall sow de ese methods in
LY Hethod I ia an used method in pr
one avolds the difficulty of integrating

{though possib

mothod

chia

in atage 1Is

actice . Isd is mechod

Llar expresslions

gsin x =+ & . Integral tables, ic will be poted, shun entries wit
However , ¢ im not a safe rule to follow, im pencral. For
" 2
example, leC us consider _""{'-"K + % Heicher of the Cearms in
this sum is complecely in v funccions.

Ehis

AT, Ham

of

Ty

breaking up the terms

in the sum and integrat them geparately can di ise the ine ity
of thu wak kRnown coutse of o
#*

search, and a heuristic overcoming ie in some cases was de >
o % =

The hewegistic that ha ven considesod he following masure.
Supposs we have a product of terms of the form £{x)g(x)h(x). The deri-
vative is fregquently m 'O h(x)+ (g’ (xih(x)+L(x}g(xlh .
hus if finds an egrand which is a such that Ewo Eorr in the




i)

However, mo extension te this method has as yer been (mplemented.

considered this method to be sufficlently safs so that he

invariably followed it alaso.

considering Ehe probles

IT} The reason for method II can be soen

x. 2, . ;
J = ) dx. SIH has no mechinery which deals with this problem in iEs
™
prassnt form. Howes « X + problem is given as | (x"+ 2xe + P T

chen che problem iag

II1} The Derivacfivo-d - i 1 of cthis stage {in SIN.

s T 1 Sis @ %
shall see ma guickly.

an ilmpc

of cthis

b

yECom

mex Eh e a

weurring problems

will

a problems

AT

tem will bo

with in short order. Thus; the problem solwing

nery in [Ls

routine cheo

The

related by
ely , and

ori
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I“- op(ulxddu’ (x)d=,
where ¢ is m constant, u(x) is an elemencary expression im 2, u'(x) is
ite derivative, and gp is an elementary operator. Op may be one of the
following operators: a) i{dentity b) sin <) coce d) tan e) cot f£) sec
g) csc h) arsinm i) artan |) arsec k) log. Three more pogsibilities
for op involve the exponentiation operation. These presume that the ex-
ponential functfion has only one nonconstant argument. Thus, we get the
cases 1) vGO™Y my wet. a1, w) @40V Jhere @ is a conmtanz. The
final case is when the integvand ils a constant and then w(x) s crivial.
In that case the {ntegral Is simply ex.
The mechod of solution, once the problem has been determined to
posses the form above, is to look up 2p In a table and substitute wx)
for ecach occurrence of x in che expression given in the :-hlc.* In
other words, the method performs an implicitc substitution y = u(x), and
obtains the integral |c op(y)dy by a table loek up.
Using this methoed the following examples can be integrated.
1) Jun % coa % dx = %-anx. op = ildentity, u(x} = sin{x), u'(x) = cos(x),
c =1
2) Ix-a =2 dx é%‘e‘z. op = d“(“), wix) = xz, u'fx) = 2x, ¢ -%
3) jw"-l-l-_x" dx -%(l + xz}yz. op = u:x)d. ufx) = 1 + %2, u'{x) = 2x,
c-1
4 I—‘Hl _:‘. dx = log(l + %), op =u@) l, uG) =1 +e", u'lx) ="

e=1

See Appendix A for a description of integral cable look-up methods.



53 = dax "‘%-“’- v Op = "thlls ufxy = %, k) =1, e =1

A fTew more exdamples will indi

6} Jeos(2x 4+ IF)dx =

aspects of this metheod,

2 4+ 3}, op = con, ulx) = ¥y 4 3, u'(x) = 2

The Derivative-divides method pecforms an

linear subsci=

tution Lo

=  SAINT would have performed an explicic lincar

substictution and would have required two calls to IMELM to solve the

probl

m -

b 2x 2x us ¥ :
(] 2yEe dix = yrxe e op = g4 ¢ }, ufx) = Fwm u'{x) = 3, a = 3y

This method handles constants casily. Constants can bs generpted

or can be present in the integrand. SAINT would awe removed the con-
scants explicltly.

5 Z, x, * =
By cos” (e Jsinle ) .

Yo op o= utxd¥, wlx) = casle™y

- i

<

This example domomstrates that the ints gral may be fair comp lox

and the method will sc apply.

One of the exporiments which was made wich SIN was to atten

86 problems attempted by SAINT (see Appendix C). Incerescingly enocughs

this method of Derivative-divides was able to sol

fully &5 out of 86

robleme. The average Clme on the 7004 wasg 0.8 sceonds.

It is hoped that the above examples conwincingly demonstrate

vgsfulness of this method a4 an

arly stage in an integration program.

The mechod is to be recommended Ffor Chose who desire an

capabilicty, but who are unable or unwilling to avall tche

mare genoral program.

Ag was moent

carllier, SAINT'a IMSLN rou

ine p;.-riomn SO
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functions which are similar to SIN's firar scage. IMSLN employs a
table similar £ that in che Derivative-divides routine but somowhat

larger. It also performs eight transformastions called algorithmic

trangformations by Slagle. These cransforsacions are attempted oneg at
a Clime. If one of them is successful the transformed problem is used
and the original problem is not consideéred again. Twoe of these trans-
formacions are the same o method I and LI in chis stage of S5IN. The
others factor a constant orf a negation operater foom the integral;

empléoy half angle ldenticies; make a linear substicucion; and perfors

certain aimplificact

g on the integrand. Az has been poinCed ouc

above , TMSLM alse tends to the troe of pubproblems and can deter

if the original problem has been solved. THMSLH esn't actually solve

many problems so much as ic iz able cranaform n great number of
problems Iinto a form which is more easily solved by the rest of SAINT.

It would appear that SIN'z Derivative-divides method sclves more problems

tmmediately than does IMSLM. SAINT's Derivative-divides houriscic Crans-

formacion, which is quice powerful, is nor applied co a problem until

much Later In the cousse of the selution.

Ihe Second Stame of STH

If a problem fa ce be solved by SIN's firstc scage, then 1t (=

B

etermined whether one of eoloven additional methods i1is applicable to

le. In order to determine which method is to be applied clues are ob=

tained from the Wo have called the co

hnique by which these

clues are used

pis formation (8ea Chapter 2). The routine that
obtains chese cluos snd conduccs the formarion of aon hypothesis is called

FORM. Assoclated with most of the methods are patterns in SCHATCHENM




which serve to differentiate the problems which are solwvable by easch

methed from thco

r solvable by scther methods . It turnes our chat few

problema have more than one method applicable to them. In Ehe cames
whete a conflict does exisc (e.g., in solvipng problems with algebraic
integrands) the actual method chosen appears to have licele effect on
the cost of obraining a soelution.

In thias stage of S8IN, a single mechod (Muthod &) handies problems

involve Erigonometrlic expressions. When FPOEM soes & auboxpres=
sion of an integrand which (s & trigonometrice funccionm of a linear

argumsnt in the variable of integracion, this subexpression will ace

e, and PORM will eall Method & to

idace the hypothes

A subsrituclon can be made for the crigonometric functdions. If Merhod

. x
stitution is noc applicable (e.g. . Ia‘ln ® e dx),

decides that such a

chen it will rocturn the wvalue WIL (FALSE). In such a case, FORM might

ertain another hypothesis bur since there are none for crigonometric
functions, FORM will alse return che value NIL. ILf Method & finds chat
a cransformation is applicable, 1t will hand SIN the transformed pro-
blem. The value of SIN, wich a proper substitution to account for che
transformation that wess made will be returned as the valus of Method &
and of FORM.

Examples of problems integrated by thisz aca of SIM:

{It is probable that none of Chess could be integrated by SAINT.)

[AT & migint=

L) sin x ix
a . 5l
23 JCL 4+ 2x%)e™ dx

L]




bae

arel




hxxﬂ:: (b x+c Jlog a,

Hethed - a, is tranaformed inte a, 5 = al &

to convert All Pases EO a ay - Here a4, s the £1
pncounteraed In the Iintegrvand.

gt g
'.s.! where ¢ § 0 is

tranaformatf{on co be made.

The substitution y =

b
¥ and the resultbting

Hotes - What 1is concroversial

bases to a single base which

the increduction

SAINT's method in this case

nat handle different bases, nog

weTe prasent im che exponenc. Lt

divigor of che I:-Lu E; say, and ms

be handled

by

aftor y = Eade

by

wos

substitu

ar an extension

Substituci

eonverted

about this
in not
ef unnecessarily
wam

F oall

e
algorithm

the

This facilitates

Eha

o Thua , =ach

replaced by

L id e o Ao
divided by v log

mechod ia

nak all

in comvearts

necessaril Thia

may le

e lumsy (#.5.., log, 3},

S0 ifferont. SAINT did

(L.e., c

wherTe

caRes conscants

did, cheugh, find the greatest o ommon

¥ B
the substictution y = :ljg. In SIN

2 which will make tho substitution

current ethod . method that

it in SAINT althoug

nog

pro

eEEal power.

This saechod is

applicable whenever

Eha

of the fo

integrand is

*a Elem(x" where c, k, are integers and whuare
L:=Hmui'..:—-l.lr.l.n?, R TR R O
Elus = obtaining a4 clue which determines whether this
transformation Lz applicable, FORM obtains a clue which determines
er this Eranafor tion (s oot possible. FORM will note that this
transformation Is not applicable when it mees a subexpression of che
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form e e or sin(x). If none of the other mechods is applicable, and

no such elue has been found, this transformation will be colled.

Exgmples =
]-:!:3 uu{ua}dx B w5 réy ain y dy, y = ,;2
I_Iik-_ dw b omn s ri‘ HEL dy, ¥ = x*
® + 1 ¥ o+ 1

Meghod - Substitute y = xk

Botes - This method was suggested but noc implemenced by Slagle
who embedded it in a larger method which was (mplemented (o S8IN in two
soparates mecthods (2 and 3).

Thie method i currencly restricced te integer exponents. It

should bes axtended to handle exponents such as 3a, Za in
Ixh nm{xi‘)dx

This method is applicable when the integrand is of the form

Elam(x.(ﬁ%s}?*. (M‘%%. & woad

T
where the n, and @, are relacively prime Integers with some i“il #1,
and with a, b, ¢, 4 constants and ad - be # 0.
Elus = A subexpression of the form
{EE—:—E}% a; b, ¢, d constants; n, m, relacively prime intogers, |wl ¥l
Exampleg - :
_rsﬁn % dx bocomes Izy cos ¥ dy, ¥ =%



L dx

111 1 t
HERE ultipl

t lom
el =

v Ehen === I
i3

amd 3 a 18 el ring

x egral . 3 f an 4
rabla the prosanc: lon formalas.
T = Ch r 5) ¥ eEion formulas ,
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buUt AOE many AL presenl. {0r course, an instance of a variable gxponent
should result (n & solutlon in SIKI)

Mechod &) Bino=mianl = Chebyachey

This method is applicable whenever the incegrand is not A racional
functiom and poEsessce the Eorm

R, Gy P | . T g ¥
A 'f"l +oegx ¥y where A, €1+ Ty AT CONBLANCE, P, g, T are ratlo-
nal numbers and l:ll-"zn:p PO,

Clue - A subsxpression which is a noalntegral power of a cational
funceion. This is followed in PORM by o match of the integrand and the

form abowve.

Examples
& 1= 2}_5!2d boee r%- d po- ——
J i * x eeOEE S _A? (1 + v) Y. ¥ w
-
1 " )
J‘x.fz{L = x}J:'rzdx becomes 5—2—5-:}! =13 dy, % = = ‘;

Method - Binomial conversion Eo Chebwschev form (substitute » = =73,
-
Thus A“Afg, and r, * p. 7, & " q L

Maks the first applicable tranasformation
al rl integer, :2 > O

Bubscicucte = = Gy *Ey ¥

- 3] rz integer, rl; a rvational number with denominator

Subscicute &£ = vljd[

c¥ r.l inceger, T, oy r, Tational number with denominntor dZ
1
Substicute =z = “."l + n:zy}l Idz
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d) =, + ¢, is an integer
1 2 3
# 5 1/d
[T ! 1
Substicute p = [=l—ldi]
¥
Dcherwise, return notice of fallure to integrate problem.

Hot

es = This method was slse suggested but not Lleplemented by Slagl

It h

2 the advantage of being a decision procedure. That is, if an Iinte-

grand has the form given above, then either the method sislds che integral

or the problem cannot be integrated in finfcte terma. Th

wils proved by

Chebyschev (see Ritg [ 34 . p. 27).

The argusment used i Foughly as follows: Fys Ty OF By + v, is an

integer, then the substicutions sbove resulr in raticonal funcelions

can be integraced. Octheswise we know from Abel's Theorem (aews Chapter 5)

that the integral, if it L8 expressible in finite terms, ls & sum of an

algobraiec funcbion and logarithmic terms. The sidue of a Cb

w L e R
function is everywhere 0. Hence the integral cannot contain logarich=ic

Ee rms . Further analysis shows that the sssumption that the integral is

algebraic lends te a comtradicrion.

In cthis case also the integral tables contain many entries which

are reduction formaulas

the cascs when p, 4§ ¥ are parameters.

ald b presont in SIN also.

guch capability sha

HMeghod 53 AXcErigonometric gsubstitutions

This mochod fg applicable wvhanever the 1

sgral s of the form

———
Rix, £x* 4+ bx + a) where a; b, ¢ are conatants and R

function of







that all parameters are real valued and by u

done by assuming

fact Ehat sums of squarecs o real numbers posictive. Thus
& -
2d” + 3e 4+ 5

s Whieroas

ig determined to be

-
-d® = 2fe +

SCHATCHER

determined to bo

cermination.

It im possible co

where the coefficiente are parametor

i and apswer ntly cach time.

run the program sover:

SAINT had Ewe ET tlione which unction

all quad

aEad

mie Ehod . One method eli

ratics with

of gquadratics as woe have done and

it Eempied to do. SAINT alag lepliciely

+ The kind

vabic be number

che g

rod wh

A which is

becames practical when ¢lme aring sSysber

cbion of

Mothod &3

This ¢ when Che an e

ction af the tions applicd lincsae
cthe variable of
= TRL +- whers TRIG € & Lol !




Exasples
13 Iunzx dx bogomss I{‘% - é!u.- Zw)d=m

SAE T Bl - wAy
o [LEEFETE o vemes [EEERECT 4y, ) s o s

Eln

L~y
| .
3) | il L] Idy.y“nnéx
Hezhod

I) In problems whers the arguments of the trigonometric funetiona
are nor the sgse throughout the Lategrand. the Cfollowing emses are

examinod.

a) -Lnuxeolng#-%g- 2(-:1;:’
- a)x _ -
2{m - n) 2= + n)

&) Ieﬂuxcn:nxu-w - l::n+n1

Otherwiss , the meEhod returns notlee of [allure to integrate the problem.

b) sin m % #in n x dx =

my Ny CoRAtants @ f =n

I1) If the srguswnts ate the same but are not identically x, a
linear substitution ¥y = a + bx in performed and the procedure continues
with tho revised probles.

IIL} If the problem (s of the forms

I-luﬂ(y:lclun(y)dy; m, n lotegecs
a) = . n, tranaform ce (—;‘itn ly)n{é + éuol Zy)n?ﬂ dy

B) = = n, transform to !t%ﬂn Zy)“(% - éﬁ‘ﬂi 2y¥) 3 dy

IV} All trigonometric functlicms aro Cfansformed into sines and

comines (8.g., tan ¥y '““HJ in owder to tear Lf the resultdng oxpres=

oo
slon is of the Fform a oF &,
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I¥ and V are three

The initial stage

This o

ons led to ct

cCraneous

iztic transformations

int and woere

not aware of sach others actions, nor , inn fack, of their own actions.

For example , the i

parforas

steps IV

Hore work 1is in this arcao

Erie

have been de

programs

Chay have nob st arel -




not Integrablae

method onoe again ie a deels

whether a preblem c

oF nek. The

ia an isprovement of

the case 1

in Rice [ 2% Jip. 48BY whie

ay

the Liocuville

equationk. The proced

 Ils on application

more wlill bBa

in Chapter 5.

flaver Eo His ¥ 3 | recent theoretlical

of reaults in the uvlille cheory.

Lec Rix) = whore 5 , @ are polvnomialg

is a =

degroe

ul is & conacant, C, #

Lle thoory chat chs

¥

I is represented by

3} e r chan

ar of P'b, + b, is a palynomial

Ehe la




How conti

cur =L

Let @ oo i chen w L the relat
{mg L
] T .V. -
S B B
F o + a'o He
T B :L;D
* P
. Ra dx
Fr CED ; W ar Lo 5 » the disc T
Ch r "
ATNT ve Che first two of the cxan i

parts method of

ppli s E
£ BATIT wma & . ok ’
t SAINT was [ | ) problem does

that ths

finire ce

due Eo the

rasm re
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&

an imcegral then we know that the problem (s integrable. When swch a

program does not yileld an integral then ope sctill dogs not know whether

tha problem can be integrated or net. A semi=-docizion progodure for

integration would,; inm finite time, wvosulc i

an integral or In the state-
ment that che problem cannot be integrated in finite terme. Richardson's
result {soe Appendix B) shows that for the integration problem as he
defines it, nmo docision proccedure exists. Y¥Yet decision procedurcs sxist
for many interesting subcases and sapecially when one avoids congidering
the matching problems that Richardson shows are inherent Lln his charas-
cerization of the slemontary functions. SIN embodics some decision pro-
codiures. Future programs are likely te centain more (see Chapter 5).

One must be quite caroful about the computational methods involwved In

order to avold the coxplosion which i appatuntly inhesfent in many decision

procedures in algebraic manipulation (see Ho: e[ &2 13, Wo would prefor

L)

o see expensive decision methods to be avtempted as o last rosert, such

as stage 3 Ilpn SIN. & final consideration regarding methods for integration
is that they should net be too vadical or else the result will becoms less
peaningful te the human user.

This method was implemented using che rational functicon package of

™ . 346 - BINM communicates with Ehe rational funcelon paelage by
{ATHLAR

a process called chaining. Hore will be said asbout chainieg when we dis-

cuss the integration of 1 functions.

funcElons

Method B) ®ar

This method fz appllicable whonever the integrand is a rational function.

Clue - FORM generatos no local clue for ratlanal functlons. The

applicabiliey of chis method is determined separately. Sometbimes this
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been made
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Elagle realized that the unavailabili of a racional Funetieon

integration program was 4 basie defeet in SAITNT. However his proposal
for the manner in which such a routine aheuld be written was not the
baat . He proposed molving linear equations Lo obtaln a parcfial faction
expangion of the racional function. The method in MATHLAB is superior
computationally,

As was mentdioned carlicer che experimental work (e.g.. debugging
and tescing) was done using Project MAC's time sharing system CT85. One

valunble Ffeature of this is the power to use programs written by

others. In our ca e was valuable to have acccas to the rational func-

tien package of the MATHLAE system. To be sure, in csonventional “"bacch™

progesgaing one can employ lacge packages deslgned by othees by using

incoermediate Capaes- Inn CTEE onme can convenlently make use of a program

concurrently under dewveloppmes by another group, providing one is pre=

ﬂ-
pared to spond some time for the process involwved,

L

The ratior v program which S5IN uses is available in CTSS

as FULMAN SAVED. It i a separate core image from SIN and s zal lod

using the chaining process given below.

a) SIN writes tha problem Bo be inteprated on file MANOVE

b} SIN saves ltself an MOSES SAVED.

ke The widespread avallabilicy of time sharing consoles has allowed STH
to be uwsed by several people othor than the auther, "Bugs" in the pro-
gram have been pointed out by Michael Levin of Information International,
Inc., Carl Hewitr and Pecer Samson of Project MAC, md Russol Eirsch 4
the Hational Bureau of Stondards. We would hereby like to express o
appreciation of thelr effores.
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€) S5IN directs CTSS to execute FULMAN SAVED.

d) FULMAN reads MANOVE LISP.

e) FULMAN generates a solution te the problem.

£} FULMAN writes the solution on file HANOVE ANS.

g) FULMAN directs CT55 to resume MOSES SAVED.

h} MOBES (i.o., SIN) reads MANOVE ANS.

Exporimontally the minimum time for this process has been determined
to be about 4.5 secends of machine time. Most of the time is spent in
eteps £ and g in which 32k programs are loaded into core.

Thers ave, at present, certain differences in the internal Topro-
sentation used in SIN and FULMAN. These differences are oliminaced,
whenever pogsible, by two interface routines present in SIN., The dif-
ferences consisc of the following:

a) log has twe argumentcs in SIN, one in FULMAN.

b} PLUS, TIMES have variable number or arguments in SIN and only
two in FULMAN.

€} No floating point numbers are allowed in FULMAN. Whenover
pessible these are converted to rational numbers (i.e., {a*b) whore a,b
are integers). Otherwise an error indication is given in SIN.

Mot hod

8 _Tatiopa ek .
This method is sapplicable whenever cthe integrand is of the form
R{x)P(5(x}) where F is log, arcsin, or arctan
R{x} and S{x) are rational functions

and whete _Tn(x}dx is also raciemal.




Clues = F{5{x)) where F iz log, arcsin or arctan and S(x) s a
rational functiom.

Exomples

1} J= TQEP:-L dx becomos -b-zc——

2} Jx arcsin x dx becomes

1 = -
3) = logix™ + 2x) become

x* o+ 2x + 1

o

Hethod = Let Tix) = JR{x)dx

al F = lag
Solution iz T(x)logl(S{x) - JT{xJ i _[:}' d
b} P = arcten

I o
Solution is T{x)larctanS{x)- JT(x) %{‘ff}m s

) F = arcain

Solution i T(x)arcsinS{x)

Motes = This routine handles chree gpecinl cases of the methed of

Integration-by-parta. The ugilicy of these special caoses Le Chat they

direct the solucion process guite clearly, whereas the sore general sol-

re more extonded analysis.

ubtion mechods may maoke [alse scavrts or Dogy

SAINT would have attempted to solve most of the problems that fall

arts method. If we pres

undar this category with fts Integration-by-p

1 funceclen capabilley of SAINT, then this

hat SIN had only the racio

method would allow SIN to be more powerful on these problems to which

thig method applies. This is due to the fact £t SAINT gould not tell

how much effort it could reasonably expend on its Integratis
method and it chose to spend lesa effort of (e than would be required £o

integrate che third problem aveve, for oxample.
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pplicable whenever the integrand is of tl

function and a, b, o,

{a + bx). This method i

dx b gones e

By
Ly 4 LJ*

I 3

dx becomns J_I ~
1 4

lem to the exponen-

method 7 method 7

be applicable.

iz not applicable, cransfoemed pre m ptands as much a chance of

urrent methods

did che original

on_of fograr

lcable whenevar Chi and can be expands




Exomples

J x{cos X 4+ sin x)dx becomes _| {x sin x + x con x)dx
- L = s
= P S dx becomes | {xe + 13dx
&
= i ]
4 x(l = ex}‘dx bec oo n % + 2xe™ 4 s-mzx)d;q

Bobtes - SAINT had twe houristie transformations which together poT=

ibuted nonconstant ausms o

formed the job of chis method. The first disc
producte, the second expanded poaicive integer powers of nonconstant sums.
In both cases, where Slagle conmidered the methods inappropriate, SIN
winsld hawve already applied one of the previous methods and selved the
problem. As a matter of fact, that is also true of the two problems

for which he considered tha mechods te boe appropriate.

The Third Stage of SIK

This stage, the last stage of 5IN, i the appropriate place for
mothods of a rather genecal nature.

Two methods which properly belong in this stage have been programmed.
The first ie cthoe Incegration-by=-parts method. This method im used in

the experiment in Appendix € in which BIN was asked to solve the 86 problems

attemptod by SAINT. Only two of those problems {(f.o., !x cos x dx and

cos % dx} required this method. The second method Ls based on ohe
heuristic described in Chapter 5. A third mochod, a powerful Derivaciwve-

vides method, has not been implemented, but will be discusscd here.

will

In the leng rum it i® expected that only one of these methed

be used here--thac ig the method basmed on the Edge heuriscic or some wari-
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The Integration=-by=Fagt

Examples -

jx cos x dx becomes % sin X = J(8in x dx

> -
rd .

¥ ¥ log x dx becomos = L = |% log x dx
[~ - t

Meehod - Let Maxparts be twuice the maximem of the wvalus of a
xpant cxponent of any ponconstont factor inm the integrand. Thus
ig 2 for x cos(x) and & for X cos x=.
Congider of the integrand inte a product of nonconsCant

factors g and h, where H{x)} = "h dx can be obtained by SIMN without calling
the Integration=by-parts method.
oW o der |g'Hdx. We requirve that this integral be found by

S5IN by calling the Integration-by-parts method fewer c©

If borh integrals are obtained, the solucion im

dx = gH JB'H dx.

j‘h;ll

- of

The this

Hotes cerucial aspéect method :]

"eongider any particiom.” his method s thus willing
partitions of the integrand. It is thus se
searching very blindly indeecd.
In order B¢ avold scarching tee large a space, wo
Be found without using thiszs methoed, BAINT, which

cthat

Hi{x found by

goronger roacricelc the Maxparcs device

|

noE

han Maxparts cimes-

odiod phrase

B seversl

atLompt

a solugion, and

roquire ch

also had

an.

IMSLN

which

avolds an infinite

uge #uch a device




appears vulnerable to difficulties such as in the problem |ALlOx

- dlat .
i ®
1 %
h = gin x, g = %, Thiis |- dyx = -gcoa »x and _jj‘, H de =
- . X
cos ¥ sin
subprobloeos | eTated by | 5 dx i | 3 9x. This proe:
® =

can continue Indefinitely unless moasure

ken to curtall fe.

Bin x te : A
" S dx is not integrable in

Cerma. )

Zhe Derivative-Divi M

Ebicl

The method

Integration=by-parts and ¢k

o=divid me Ehod

are the two poneral methods that a freshman cal udent {m likely eo

learn. Let us recall that SIN's firsc sts employed a Derivative=di
ma T e . Hotwever, Ehat matbhod not ns general as ie might be.

Derivative=divides mechod attempts to date Lae whether the integra o
be put into the form #}Iu'x}. TIf this is Ehen the i=
= u{x) cransforms the problem into « Inm stage 1, g was

ator. Howewver, in a more goeneral method

net be so

cthe following problems would be cransformed

mer & haed .

et ug note again that cthis thod is not available in

SIN at prescnt.)

. .
1} Jeos ={l + sin“x)dx become : ¥ = gin .x
s] [ "
2 el e T T ¢ | = log ¥
2 J% 1 ¥ leg'= e
1 L
3 3 { ! 1
i —y % bocomes T dy y =
3) d ST = =2 1k ol B g ovme 1 = gk » i *®

The fir

twns of theso probloms

n particular by methode & and L0Y¥. The thi

problem is one of

rst examples of a proble

which cannot be solved by SIN'g

Wi



87

stages along with the Integration-by-parts

ivistic will correetly the iat

EEE

SAINT had a Derivacivesdivideos met

EIM'm.

- 34

Howewer, Lt sugge ad many

Tha scarch

method egsentially ad a8

the of

number faccors

gquotiene ©F

tive of the subexpressl wayg smaller than
original integrand. This is too sErong a

A Derivative=divides svthod wan de

SIN.

The kind of anals we considered

integrand is F{x)
Lixn)
u'{x)

and a nonlinear subexpre

ba reprossnted s plufxd); th

y o= uix) and

attompiing |giyid

E that we would gllow. For o

sh disallow the substicuci = gos

Ea

braic Eorm

denominator.

sufficle

¥ Testri

gral

bad crar

e E e
We ahould,

mp Lo

Tac

xEhod . Howewver, Che Edge

arccanfarcsin %) -

Ehi

re powariul

fome CRAIEE .

or 8 subexproession such that
:gadlon and the
cthe numbey of factors im the
somel imea .
never implemonted

Bk » testriet the kind of
gin x
in Wi
x 4+ com X

incroduces the alge-

f wo make the conditions

ional , algebraic) chen che

ber of batitutions per prekbl that this method would propose w d be
amall , and more cach of the ubgticutions would be guice
reasonable .
Hecusaion of FORM
We would 1iks some of the asp related te the
FOBM routine in gre: We nobte that of the sleoven me
avallable in scage I of SIN, sight possess local clues which immediacely

idencify them to FORM. 2, subsc

n for an intager power,



posscsses elues wvhich allow FOBRM to reject the method in some cases.

Methods B (Rational) and 11 (Expansion) do noc currently posd local

clues in POBM and are

whenever FORM fails co find an dpplicable
method .
As may be recalled from Chapter 2, one of the advantages of hypo-

thesis formation Ls rhat one can abttempt ¢

fic the problem to the method

at homd. Since FORM is quite aware of the méchods which are available to

it, some such "ficcing" could be attompred. This was dene in the caae of

H
on expression is of the form YR({x), where R

algebraic integrands .

rational Iin x, then FOBM will attempt ta f matheds 3, 4, or % are

applicable. IE€ they are net, then this probles

o

difficuley since Lo wa

ld appear that noching elae exeept stage 3 methods
will be available to solve the problem. On the other hand it is possible
cthat Metheds 3, &, or 5 are applicable, but cthat SCHATCHEY was unable Eo

make the match. Two excuses can be made Ffor SCHATCHEM in this svent. One

is thar SCHATCHEN failed because the rational f tion R{x}) wis nob ex=

panded (e.g.s «'1L + x{l = %)}, or that the ratiocnal function was not com-

B 1
e

£ ¥ FORM will cthus determine Lf

pPletely racionalized (o.g. .. =

these two Cransformations are applicable to B (not the whole integrand) .
If they are, the problem is cransformed to account for these changes and

an attempt will be made to consider Methods 3, &, and 5 again. Hypothosi

]

formation is thus shewn £o be able to lecalize the difficuley in a pr

An Example of STH's Perforgpance

Ho sball now consider in some decaill how SIR performs on the problem




99

This problem strotches the capabilities of S5IN a good deal. Thus

it can be used Co dicate some of che ascren

and particulariy the

weaknesses in the proge:s

anda . Dut description will son-

centrate on tho ro

that FORM plays in obtaining a solutlion.

T 5 roblem iz nor a simple one. -
P i

i will pa e stage 2, whare

FORM will cxamine fit. It furne out Ehat FORM wil

arrive at the same

hypothe rardless of whethes it examines th

= pnumesrator orf denosln

irst, but it will be more instructive co seec how {c operates on the numer=

ator., Firast, PORM will note the square-root {more precisely, ©

a¥xpongnt

1
sf ke Since iz mot rational, would indicats that Mathods
2

3, &, or 5 mighe be applicable, the root

d and actentci

igad on the base A + B

EA Ifi chis sum, the constant term A

encountered, and it vields no clue. The facter B is likewl; a constant

no clue. This leaves the factor sin"x. The exponent of 2 is

not intecesting. Howewver, L

base sin{x) does yield a clue gince it ia

n crigonomotric functictm with & lingar argument. FORM will, therafd

gall Method & in order to test the hpyothesis thac the express

glementary function of trigonometric functions of x. Method 6 determines

that the hypothosis 1

314d ond will call SIN after making the substitucion

v = ¢o8 ¥X. Tha subprobl

thus fge
n
I

a simple problem a

enerated for SIN 1

A5 before, this is

FORM 1ls called in

order to generate an hypothesis. Interest will quickly focus on the Bq
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root in the numerator. Though the base is a rational function, none of

the clues in FORH appear to apply. As described in the discussicn abova ,
FORM will attempt to determine whether an expansion of the base ism poaaible
Expansion is, of couree, possible and ylelds the base A2 + 3-2 = Bzyz which
matches the pattern used as a eluer for Method 5. HMethod 5 is now called

in erder to determine whother an arctrigonomecric substitution is posaible
in the revised problem which ia

[ /BT 5 B - may?

dz
I

Hothod 5 firat validates the hypothesis. In order to determine which
substicuction i appropriate, the routine decides that ﬂz + EE is positcive
and that —B‘z is negative in the manner deseribed im the discussion of
this mechod above. Method 5 will now make the subseitucion

By
il o 7

which is followed by & call to S8IN with the subproblem

r 2 2 2
[4 S50

BE Ein E

noe again the subproblem is not simple and FORM ip asked to examine
ic. In the integrand only two factors are interesting, cﬂgzg and
2 .82 3 -y .
{1 = E—Ez*——sln =) » Whichever FORM will be asked to examine firar,
cthe conclusion will Be the same==on hiypothesis that che inctegrand fs an
elementary function of trigonometric funccions.
Hethod & will wverify the hypothesis that only Erigonometric functions

are present and will moke the substitution w = tan{z). This will result

in yet anocther call to SIN with the subproblem

o S T L e
daaeh o AR v,
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This is a rational functlion and POBM will find no clue in this case.
Sined FORM also did noc find any clue to rejecr the possibilicy that
Method 2 (substitution for an integer power) is applicable, that method
is called next. Method 2 cannot make o subscitucion, bur will eall
HMoathod B (rational) te salve this problem.

The rational funccion package will obtain this subproblem through
the chaining process described above under Method B. First, 1f will

cransform it by ratiomalization into a problem of the form given be

R TV i

- 2. ol -
(1 +~ w 3B = A"w)

Then factorizacion and partial fraction decomposition will result in

) B 4 gy -
J e e N Bde

Scralght forward integ

ration will now yleld the integral

1 . .
=B arctan w 4+ A Ll;tgﬂ{.ﬂmw - B} =

log, (Aw + B)

This result will be sent back to S5IN £

the arducus backward sub-

gcitution: The firat substicution i w = tan =z which yields

-Bx !—_;‘;. log (A tan = - By - can = <+ B)

titution i =z = arcein ¥. This reaules in

L 3
?*. log

L 4 T ,.ll
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[=
Hore char tan arcesin € is transformed into Vo

The final substitution i ¥ = com x: this in turn yields

F 3
. - e
B arcein 'm' cos x| o+ 'E'A. ,lﬁE‘;E T E'.\
" B cos = " jj
1,4 ||I A AT 5 5d Y
i gl )T y= +2 |
'.\J& - m#as b4 '

Thiz ia the result that 5IN returna for the original problem. SIN
does not simplify its resulcs by rationalizing them or by combining log-
arithmic terms. This I8 certainly a drawvback In this problem. Such

slmplifying transformaticons would resmult fn the answer

A T Y T P
B aresia # Gare t’; e ,ﬂ'r,, coE 3 s A + B P k'
= n T ’ - = e g g&‘.ﬁ_
v AS 4+ B= a Ba A cog X - AL + BE minsx

This result is to be compared with the answer in the cable (Peric

Bois, p. 138). Tha:t result is

iy _Ei —— . F LY
B arceos L A% # e J - A log (A oot % + AL cgcx + B)
(=3

In more familiar terms, the table's answer is
B

5
h _m cos ) - & log

—
:’.l"‘ cos ¥ + A% 4 BL mintk
sin x

=B arcain

This answer differs by a constant from the answer derived by SIN.

Although we can only guoss at the method chat the table's cospiler
used, we con arrive at some conclusions regarding wonknosses in SIM's
method of solucion.

Lot us consider the firet subproblem after the modification made to
it by FORM.

:- .”a‘.z + 1
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Rowerite thi

T dy

The transformation made above 41m a

in dealing wi

algcbraic

inta

n, becomes

mmpLicaben

rabional function

one  of

in dealing wicth algebraic integrands.

SAINT and

of tho aasme probls

As a further comparisen of SAINT and S5IN, weo hall {ndicate how

both operate on

vallidates the orhe

Blie. This methed generate

after making the

icucion ¥y = arcsin x.

Again,

plo problem and this time sin{y)
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as a olue for the hypothesis that only eri

functions are present.

6 validates

and generates the subproblem

er making the substituction z = tan ¥.

1L clue. Method 2

This subproblem iz rational and FORM £ir

foctive. Method B (racionall

is called and is called and tha raci

function package g the expression

= = -+ arctan =z

as the integral.

kward subst

finally we obbtain th

aArcEin x

In SAINT, £l

proceeds roughly as Eollews.

In chis problem ¥ arcegin x ia aubscicuted yielding

as i
Subproblesm I s tx slormed into
r L
[ A

II) Jtam y dy

and inco

I11) ja‘.q‘.‘:l’; ¥

both of which will now be added to the subprob Finally, = = can

1,
2



more Eransformations are possible on subproblem I, so ctransfor=

mation will be attempted on bprobloms II, IXIT, and V.

Subproblem II is transformed by z = tan ¥ into

V) '#z dz
IMSIH chen per the igion and obraine
VIiI) _If-] + ¥+ T——7F) dx

Frem VII we abtain

VIII)} |=d=,

2
LX) g d=; and

yblems VIIT and IX are solvad by the table leook wup in IMSIN.

III can by yrmed by z = cobt ¥, into

=]
I~f—l——or d=z
2t {l 4+ = :

XI)

and IMISLN will e

x | L iz
- ——— . A
XI1} =) L + 223 4
By now only subproble Ve to be considered. Thi

naformacion w = arctan = on

XITT) Jm;




which TMSIN solves by the table look up. Now

nliges that sub-

problem VII has been complecoly solved and by

cbtain cthe Linal

cHifn X - Can arcsin x +

Tl

should nete in the molurion methods how SAIRT koups several

optiong to the particular path to be Ffollowsd in obraining the answer.

This is particularly nocticoable in s

ubproblom I

ich germrates IT, IIT,

and IV. Only one

those thres subproblems need be gsolved. SIH will

generate only one

problem, and will comstit itself to using Lle. OF

subproblems only IV can cruly be fauleed. The tan L

Ehe
2

&5 generally to be eschowed if any other transformacion ie possible. How-

aver, the lack of commmication between SAINT s heuristice makeo s

principle diffieuls o lement .

Furthermore, it appears that subproblem XIII zhould logically fo

X. Howewver 3 Ehe cost of obtaining the char

of subproblem X in SATNT

remits to be ad. A mechaniasm

forced the particular order of «

FORM would have aise

ified this siltuacion tremendousl

srmat lon



CHAPTER 5

THE EDGE HEURISTIC

In this chapter wa present the concepts underlying the Bdge
heuriscic., The heuriscic gucsses the Form of the integral and then
atcempte to obtain values for undetermined coefficients In that
form. A program called Edge, which ilmplesents some of the ideas
behind the Edge heuristic is described. The theorecical resulcs
rolaced to chia approach o ilntegratlon are discussed.

Let us suppose that we are given an incegrand which Ea in
the form of a proeduct. Then we can usually determine quite easily

which factor in che producc ls a singular or outscanding factor

in thoe sense that it la not contained in the other fackors or their
derivatives, nor can it be derived {rom the othar factors or thelr
daerivacives chrough racional operaticna. In xu"n. the factor '&2

is pucstanding since = is contained fn che derivacive of this factor.
The outstanding factor En 2 /=32 is the factor JA-we. Heneever,
there may be several such cutstanding factors as in sinxe™ where
both sinx and o" are not derivable from one another. In such a

case we shall say that the first factor in & right to left scan of
the expression is the outstanding factor. Moreover, in cases of
functions such as sin(x)cos(x) no Eactor {s outstanding. Mers we

shall cheose the first factor on the right.

1a7
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The first of the two problems above Ls usually solved by In-
tegration-by-parts. However, that method requlires an Integration
sacep (l.=., Iq"dx] which we did not perferm. Purthermore, the
integraction by parts method is inapplicable in the second problem
above. The latter problem is handled by the Derivative-divides
method such as is used in SIN's first scage. So the analysis per-
formad by the Bdge heuristic and in particular the anolysis of
Edge that we have bean presenting is different from either of theae
two general mechods of incegracion.

&n anmlysis which is similar, but more complex than the one
made by Edge fa employed by Mathod 7 of SIN's sccond stage. Let
us consider the manner in which the method proceeds in light of che
discuss lon above.

We recall that Method 7 deals with integrands of the form

Pix)

Ri{x}e where R Ls raclonal and P Lls a polynomial in =.

An example solved by this method is
2z
Eix) = @xt4iye™
Edge would in this case guess
2
agx)e™ +bx) = [Eix)dx

and

2 2
ay = 203 2







Finally, the result i=

x"+2:;+ix2+x+§ o

{xz—rljz

aor
ihg 2% 41 i

[ ]
2 (413

Thus, wi see that although the hewrletic of guessing the form
of the incegral Lls correct in the two examples above, the parcicu-
lar mechanism for guessing the values of the undetermined coeefficlentcs
whilch is employed in Edge [a net aulfleiently powerful. We shall
pow indicate two other difficulties with the analysis of Bdge
degcribed above.
Let us recall that Method 1 of SIN's second stage handles Lnce-
grands of cthe form Eim(n“). This methed subscicutes y=s™. 1In
the case of rationnl functions of axponentials this subatitution yields
a rational functiem. Thus, for example,
£{x) = (e 413"
become s
Lywlyy
after making the substitwtion. The ratlonal function package will
expand this integrand and integrate the resulcing quadratic in y.
Edgae would guess che form of the integral wichout making a corres-

ponding expanaion, This leads to an dincorrect gueas of the form
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In erder to contrast heuristic approach with that

in Scage 2 of SIN, let us

funcris the Form

Elx) =

An educated he Form of the integ

T —_—! + b = J:'Q':.'_Jd-,‘;, unlessg n = +]

wi Ehall also consider the

E{x}) cerm, whete ¢ is a constant.

An example we¢ considered in Chapter & is

i subproblem.
g

2. 312

(T = g=ydie

1 1
3
a - " -
1 ® o
a, = =]
1
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B _4—_}_
s £l - :cz),‘ 2

In this case we shall guess

ay(l - ::.23”2 + ¢ srcein x = I{l - xE}'Lndm

lztlfz)ﬁ'}:ﬂ o - " 1

(1= x5 8 T IRy AR

—xa, + & =1

c =1

.2 = )

The final result is
& =y
J'-EI 7,372 =5 a- yle: *(1 -~ %2372 4 aresin x
- %

We should like to mention how Edge handles trigonometric funecions.
For outstanding factors of the form sin(g(x)) it guecsses coa(g(x}) and
it guesses cos{g(x})} for cutstanding factors of the Fform sinfgl{x)).
Howower, this manner of dealing with trigonometric functions is not
necessarily the best one. Edge should in some cases consider the com-
pPlex exponential form of the crigonomeEriec functions. Tn this Wy
-
J;Lnnx dx can be found easily for integral values of n after cxpanding
the complex exponential form of the integrand. By keeping the Erigo-
nometric form Edge is forced to deal with methods such as "solution by
transposirion" which occurs in |sin x e™dx when one of the subproblems
is _[-:in ® o d,

We have indicated above some examples in which Edge fails ro
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of the integranl. Hecently, and independently of our work on Edge,
Rigch [ 53] has strengthened the Licuville theorem by showing that
the conacancs e noosd only be algebralc over che field of conatanca
generated by the constancs in fix) with the ground {field of the
rational numbers. Risch has also given a decislon procedure for
choss funcclons obcained withewt using any algebralc operations
other than rational operations. His method is similar to the
one amploysd in Edge in that it relies on knowing the possible form
of the integral. However, it is superior co Edge in cho mannear in
which [t obtainsg the undetéermined coefficients and in 1its use of
partial fraction decomposition with respect co the principal
function Iln the integrand. When algebraic operations are allowed
in the integral, Risch belisves that the integration problem may
in general be recursively unsolvable. (See Appendix B where the
integratlion problem is shown to be unsolwvable using a different
formulation than Risch®s.) Howevor, he is optimistic about integrands
which are algebraic fupcrions of level O in our hierarchy.

We believe that methods which rely on guessing the form of
the Lntegral such as Edge or ones based on Risch's algorithm will im
the near future provide us with very powerful integration programs.
However, the amount of machinery that they call into play and their
use of radical traneformatlons such as the complex exponential form
of the crigonomecrle funcclons indicate that chose sechods are not
te be applied when more specific and presumably more efficlent

mpthods are available.




SOLUTION OF ORDINARY DIFFERENTIAL EQU!

T IONS

A5 & firac approximacion one might attempt to treat the pro-

blem of solving ordinary differentinl equations By using a similar
strategy to tho one used in SIN lor integration problems. Let us
recall that SIH used a three stage approach. First it acttempted

co golve the problem using simple mechods. Woxt the FORM routine

ecific

actempted to use local clues teo determine which one of & =mp
set of mecthods was applicable o the problem:. Finally the Edge
routine employed a more gencral method of selutien. In thia
chapter we shall consider how such a strategy would fare In che
problem domain of first order; firstc degree erdinary differencial
equations (l.e. Plx.¥)y "+Q(x.¥)=0). Wa shall indicate the approach
that was Finally Eaken and describe the mechods of solution which
were prograsmed.

There appears to be general agreement in the texts of ordin-
ary differential equations regarding che elementary forms of dif-
ferential equations. Linear, exact and meparable cquations soom
to constituce the universal choice asz elementary forms. They are,

tespecbivaely, of the form i[x]y‘*ﬁ(ﬁjy*hﬂxj' 0y Pix,v)du+dix,y)dy=0,

By ox

ly easy to recognize, and immediately reduce to integration problema.

where 2P B30, and A{x}B(y)de+C(x)D{y)dy=0. Thosa forms are relative=-
=

We shall adopt the usual convention chat & reduccion of a differ-
ential equation to one of more integratiom problems constitutes a
solution of the eguation even 1if cthe expreasions to be incegrated

cannot be Iinteagrated in finite Eorma. Functlons which can be ex-
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pressed in terms of elementary functions and integrals of elemen~-
tary function are called Liocuville functions. Due o the above-
stated properties of linear, exact, and separable equations, the
set of methods which determine whether the equation matches cne
of the forms constltute a reasonable analogue to SIK's first scage.

When we consider finding an analegue to the FORM routine of
SIiN, we immediacely arrive at difficulicies. It im rare that one
can make n mlight change to a differencinl cquation and scill be
able to use the same method of solution, let alone obtain a sim-
ilar solution. Let us consider how tha mechod of solution changes
ag we modify the five equactions below. The methods of solution
vsed (l.e., linear, exact, homogpeneous, Bermoulli, and linear co-
efficienta) will be described lacer.

Zxy' + y+utl=0
linear

2y ' Hy (¥l )=0
Bernoulll

(24 )y ' 4y 4otl=0
linear coefficiencs

® (4w )y 'y (y+2x) =0
hosogoncous

2 {x+Zy )y "4y (y+Ix}+1l=0
axact

It should be noted that none of the methods mentioned above

is applicable te any of the other four problems. The situntion is
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exact differoncial oguation and thus an imoediate solution. That
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then uPdE+uldy=0 sacisgfies & {uP}=
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is, howewver, & slight catch in che muleipl
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cases. In fact, seweral texts cauvtion their readers against crying
to consider finding muleipllers toe differential equations. The
Liowville theory (see Chapter 5) yields a form that an elemencary
solutlion to a firs: order differential ecquation must sacisfy. How
ever it does not appear likely that one could write a method like
Edge which would exploi: chiz information, except in special cases.
Hegative vesults such as those in Appendix B appear to dampen the
hope that one could find a general methed for solving differoncial
equations.

We thus conclude that finding an analogue to S1IH's strategy
in the domain of differential equations is quite difficolt if not
impospible. We can, however, docrease our oxpoctacions and follow
the traditional technique given in texts on differential equactions.
That is we can determine Lf the problem Ls solvable by one of o
sct of speclal methods by examining the applicability of the mathods
one 4t a time. Ie is this approsch which was implemented. We were
Teduced co n asarch for a mechod because of ocur (nabilicty to elther
localizme the problem of to find a simple model for it. The cTu=-
cial rele of conscants in decermining a scluclicn frustrates aven
the most primicive simplifying comsiderations. There s one con-
solacion in cthe approach caken, and cthact {is chac once we [ind a
method which im applicable it is either immediately reducible to
integration probloma or reduces to simple problems (i.e., linecar,
exact, of separable) in one or at most two steps. Furthermore,
these steps are knowm in adveance In most cases.

Eight methods of golution for first order, first degres

differencial equations were coded. These include most of the
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methods for solving first order equations taught in an introduccory
course on ordinary differentcial equactions. As stated above, the

methods are examined in turn in order to determine if they are

applicable. sleple mochods are attempred firsc. Theae will

all call SIN whenever they apply in order £o solve some integra=

tion problems. The five other methods will generate subproblems

i are usudlly either linear, exact or separable.
The comventions for #rating the problem o the machine are

the ones used in the text books or the tables. When t

depindent

variable I8 x, and the independent wvariable is y, the proble

be stated in sicher form I or Il:

Pz, v)y " +Q (=, v)

Fix,;yidxed{x, vidy

Lc is agsumed that the expression given ls te be equated to
O. The result, 1if found, will be srarved in the form

[{x;v)=wlo =
where Co is 4 constant of integration. As will be spen, no o
L= rrantly made o aalve for ¥y or to par = other simplifications
such &8s eliminati in the resulting expre ion.

Top level combrol resides in a rTout called SOLDIER (SOLutcion
of ferential Eguation x})» SOLDIER will translace the pro-
blem stétement into the form (either I or II) desired by the
ticul sthod o It will be moted that books tend to state a problem
applicable to a :Ehioy in (G.B.,
linear egquations are usually in in form 1I).

Mo tompt was de o wusa this 1t as o clue to a ution.

Wi now shall proceed 4

desceribing the
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The mecthod is applicable whenever

The snewer is

T _)(de,#-)lr[ - A :J'rdsj] dy=Co

oy
Since this method is closely rvelated in fors Tequiramencs
and solution method to cortain speclal cases of the multiplier
miethed, thess cases are consldered here.

AP - 4
2} e h&z g = hi{x), i.e. the guetient ls just a Function of

[ -
®, then the muleiplier is chﬂix)dx

Procedurs Let P {x, %)= Pilx;¥)*"multiplier, at‘x,y]— Qi{x;y)i*mileciplier

i’ and a are guaranteed to satisfy

The solucien i obtnineod using the procedurs of equation I
above with P, replaced by F and Q, respactively.

{E%] IE 23 P AP , that is the gquotient is & function of ¥ omly,
—p—= = kl¥)
then

ejk{y}dﬁ' is a multiplier. Proceed as in step a).

e} If 2 .88 g BE _ o8

ay B ay
1
then the meleiplier iz —— . Procood az in stop a)
P 0

Botes
SCHATCHEK is used co perform the satching required in testing

to decermine Lf aP equals 30, Olearly a matching program such as

ax ay

Martin's [37] would be preferable in this case since po pattern

matching is necessary, but only a match for equivalence.




The division steps employ only SCHVUOS's

imited simpli-

tion methods r quoctients. Thus no foctorizscion is

s o glmplification prog

AL present there exd T

£y quatientz well, For

=
is not simplificd ta « +1 by any reported

program,

of the fir

Another approach to determinine the

mulbiplier cases is to diffcrentisce the guotient with reaspect

in the £

st case and wicth resgpect to x in the second case.

reduces the itlon problem to a macch for squivalence to

Faints on

In this mamnmer we aveoid placing com ¢ slmplifica-

tion program for dete mothod .

wield cthe desired value of cha

thie technique does

There exist apos for the ouleipli

many other special

origin of Liec Groups was motivacted by ¢ gideracions

the familics of fersntial equations lch are solved

] 4 g =

Z = 2.2 . 3 .
v hSa )y "hhx Ty - Bxy T+ Ly Iy 0

Solution is

Mo cthod & Bernoull



133

FOBM E(x)y'+g{xiy + h{x}‘;u-n, where n ie & constant, n o 1
Bubstitute ulx)=y R in order te obtain the linear egua-
tion
fix) uw'+{l=-n) gixiuwd (l-nm)h{x)=0
Looes
The form of the equation is tesced by SCHATCHEN. As in the
linear case expansion will be attempted to aid the pattern macch,

but only when there are sxsctly twoe occurrences of y in the equation.

laa
z - 2 )
1y ¥ (e=1dr" = ¥ - m{x-T)y=0
transformed into the linear equation
yrh¢ -2} vy 1 g
x Ce=1} ® (x=13
ES Ixy = ﬂxyé‘l@g&x -~y =0

is cransiormed inte

¥ +_Y_+3lpg!xn ]
x

Mothod 5 Homogeneous
FORH P (®m.y)d= + Qlx,y)dy = O
vhere P and § arce homogensous functions in x and ¥ of some

degree, n, say.

Procedure The substitution ulzx) = i is made. After factorimng

x" from the equation, ome obtains an equation with the variablea

separable (Mecthod 2).

HGFEI

This is a common form for a differential squation., It is




a subcasne of

T T
ipecia t

ratment here be

raquency and case of recognition olf

The factori

the eque

t, in genaral,

bo porformed in o have che regult zed as separable.

The recognition of homog

=ity and factor xra poriormed by

SCHATCHEN and SCHVDOS and thus are not unusually po

2
examp le x -

rful, Fe¢

i hosagenec

mized

i) Ix v = 7 - « i}
solution
log x - ¥ o
arctan o 7 Co

leg { ]

FORM
'n-|'|l.‘nrl,‘

hix,¥) 3} Ly 4m{=x)
el

L’ sly)
Procadirs
Substitute wx) L{y) resmultiong in eguation

El=) wimix)=0

iz 8 method which is rarely inod in the Eexts.




Exfmp les

1y

substictution is
vielad Lng
‘lluu' + Zaurt1

23 xCcosy ¥

substitution u

yields

HMoched 7 Linear coe

7
L

Procedure
Substitute

ok ®x =

Recognlicion is

2
wyy' + Zxy Hl=0

C:Lwﬂﬁr‘hr \'I o

atwtbybe S

L35

u(x)=y

a
1
+* o
Bany
o R

leients.
where agb,c - R A
arc comstants and
ab* = a'b o O
' < P 1
be - wt aAc a .

- @mb' , " a'bh = ab'

problem (moethod 5).

bascd on matching

n 1 =f1
& (axtbytc) fa'xtb " yec') repeatod 1y
where a,b ' are as d to remalin

in Fix,%),

answer 1

log (X =
-

(1 lw= 113w "~ 25v= But62a 0

Eixed

in



Cytu=13 5"

=¥t

Enswer Ls

l-;vj:-‘u[x-r-% J -

+ 1f2 log_ (&
e

Substitution
+L(x ¥ =0
where L{x;yli= i H {x“:;}.

Hera H is & functiom

for
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ik Je O

T Fyad ™
arctan -*—E ¥ [} HI
rs k {»_E‘
e = )
-i—,'l Ca

of a gingle argu .
mryd n is a ¢ atant to be determined.
Procedure Subs t ()= % i
rocadure substitote u{x) * % rosulcing separab lée egquatlion
___du dx
uln=H{u) ) x
The method caployed to recognize this form uses tha licie
coion theorem to yvield an sguation in mn.
Consider
G{x,¥)
w i 1 i r- G E
We wish to LE Glx,¥) Hix w) Hiu{=,%)).

The impl

L and

au % o
Dy e

L this sqgquntion

iviable case. Since o=

elationships

states that thisz relac will hold
inn kn the
» we obtain che following



% By
or
n m nﬁ-ri
w2
ay

1f n is known, we can determine whether the above roelationships
holds. However we can also use this relationship to generate a
value for n. Lf the right hand side of the last wquation is a
constant than & substitution with m as that value is possible. If
ir is not a eonstant, the method iz Lnapplicable.
Hotes

This method i & genervalization of the homogeneous cage
(Method 5). The method is rarely deoseribsd although it accounts
for many of the substitutions in the Eirst 367 equations in

Kamke [X}. In some of these cases Kamke profers to glwe other

methods of sclucien. For example, in (I quin{yzélx}y'+2y1-5xynﬁ.
Kamke suggeats dividing by xz? ylﬁ instead of substituting

- 1/2
ufx,y) = = ¥a

in this method we regorted to a special purpose matching
rule instead of deing SCHATCHEM. The use of the Lmplicit function
theorem was suggested by Engelman. In this case the theorem
fics the situation beautifully. However one will probably have

to make some essunptions to recognize forms such ag

i a b
E(x"y) (bxy'=a) « x'y (xy' + c¥)
In order te perform the integration, y im G(x,¥) is replaced

[T}

by =5+ It is then hoped that SCHVIOS can rid the resulting

x




fion of all oceurrencea of x.

CNPITS

Examp les {sco appondix E for ion of chese exa
2
1) {x-x %) v'=v =
bacomes
g = 1 dx= 0
=
u fld =
l—l.yl
o ¥ 1
2) xy' + v log = ¥ - %
becomea
i - dax

w (-1 - (log u-13) "

In Appoandix E we descri an exporimeant in

ked to solve 76 differential equations seled a college

fext, SOLDIER was able to lotely solve 67 of chese problems

with an average time on arder of 5

An analyals of

the problems Lt Eail to solve and steps caken to improve SOLDTE

erformance on s

f these problem

is also given Ln Appendix E.

He would also like to an the exists
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which solves linsar differe
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[36]).

felionts Bae

for the MATHLAN

i

lizea cCha

for molving such equations. The makes use of the rational

netion package of che MATHLAR 5

Some mothods which were

uld be poinced

out, Thers are many special cases of ctors which

can » consideored, In particular, ome smaithod guesses the form
; - = a b

of the intagracing factor to be x ¥ " that form

ples)
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is pointed ocut in Af

iix A, a4 preat deaal

=E

ntial intlions could be

scarched by computers.

Wwill be made Eo

roemils
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coals for ing these probleoms
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CONCLUSIONS AND SUGGESTIONS FU
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We beliewve chat SIN is capable of solving integration problem
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difficult as ones Foun
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cases where the Derivative-divides routine Lis successful in sclving a
problem (about half the time),. the ratio should be sueh higher. The
average will be lowored by the increased effore apent on algebraic mani-
pulation on the other problems. SIiN's simplifier SCHVUOS, is probably
a good deal slower (but more powerful) than SAINT's hand-coded aimpli-
fier. This factor affects the eoat of moat of the other processes such
as differentiacion and macching.

o [+ zation of !

Instead of deseribing the organizatlion of SIN at this point, we
would like to indicate certaim aspects of this organization which arise
out of the discussion in Chapter &. The reader is refsryed back to
Chapter 2 for an outline of SIN's organization.

one of the difficulcies thac AI programs will increasingly faceo
involven communication (see Newsll [ 46 ]1). If a subroutine performs
an analysls of o problem then its analysis must be communicated to ics
parent routine in such a manner that the parent routine can gaslly
understand the information. If two subroutines are working in parallel,
cpe may need to kpow what the other one 1s deing in order to perform
cfficiently. An example of the umefulness of the latter type of commi=
nication wae pointed cut in Chapoer & in the sectiom in which we described
SAINT's solution of ﬁ%ﬂ!‘ dx. Here it was noted that in one of
the subproblems SAINT ahould not have performed the substitution
y o= l:rm'%x #since another trigonomecrie substcitution om che problem had
already been made which was undoubtodly superior. In this case SATNT

did not seak out the neccssary information. A similar difficulty avose
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linegs indicated in Chaptar 3 = A# L8 clear from Chapter ©

and Appendix E this simplificr should have factoring and division capabi-

ities not currently avallable in general purpose simplifiera. The Cask

by a program s

atching exps enticy should be

rifog

as Martin'e matching program rathe than by SCHATCHEN [ 37].
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integrands. This is clear from Appendix D. Ancother las
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limize perforsed by Fenichel Il 12 J. Ho work has beon dones to our know=
ledge, on finding sums of inlfinite series. Jolley provides a table of
such serios [ 29 |. XNor has any significant work been done on definice
integration, Bierens de Haan'sa monumental work on this areca can b
consulted [ 24 ]. In both of these cases one might ac Flree utilicse a
cable look up as described in Appondix A

Leaving aside the area of onalysis we nots ctheac Hourer | 39 | and
McIncosh | 37 | reporced onm syscems which deal with findte groups. Som
routines have alse been writfem for aolving speciallised Casks Ln Copology.
In f[pct a new theorem In Copology was proved as a vesult of oxperiments
performed by such programs | 50 ]. Likowise specinlized programs in com-
binatorics have baen weltten [ L6 ]. Buch programs should be expanded
upon, gyscematized, and made available as part of a larger symbolic moni-
pulacion system in pure mathomacics.

Along with the noed for practical work in algebraic manipulatcion
chere ia a need [or parallel work on thecretical resules. Collins' study

of the Greatust Commen Diviesor algoerithm lod to @ s

Jjor imporvement of

tha Euclidean GCD methed | 13 }. Similar studies are needed of mechods

for factoring polvnomials, especinlly over oxbEcmaions of the ring of In=
tegors. We neod a study of the degree of growth of the seasules of certain
algebraie transformations. We shoeld have examples of very bad problems.
In L #2 | we proesent such a problem fin the domain of polynomial ofguations.
Recursively unsolvabla resulcs such as chose in Appendix B point outr cerp-
tain diff{culties Lln algebralc manipulation. Proofs of the decidabllicy

of cortain subcases guch a8 in Richardson [ 52], Cavinesg [ ? |, Brownm [T].

Bigch | 53], and Tabey | 53] are useful alszo amd thess may In Eurn lead to
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I1f scage 1 is not effective but Lf che program knows the method of
solution (a linesr oquation), then it should soelve the cquation. This
would be done at stage 2 of the program.

If meithor of these stages is appropriate, then the prograsm maet
abtain an analyels of this sitwvation. Sush an analysis L5 presently
beyond the capabilicies of AI programs, but not grossly beyond these
capabilicies.

Pregumably ome of the methods available to this program is a rate
problem solver. The statement of the problem does not {mmediately imply
a rate problem but the knowledge that the minuete hand and the hour hand
travel at different rates could lend wedight to such an hvﬂathhulu. Lat
% ba the cime In minutes past & o'clock at which the gwvant occurs. Then
the minute hand travelled X minutes between 4 o'clock and the scecurrence
of the egwvent. The hour hand tcrawvelloed T? minutes during that time. How=
aver the hour hand started with a 20 minute advantage and ended thirty
minutes (one half a cevolucion) behind. Thus

xnzf.l_-m+fzi

L00 b
11 - 5&{1 minuCen

The solution above regquired the use of information about clocks
and the relationship betwoen clocks and circloas. It also required a
sophiscicated word problem solver that was able co utilise this infor-
matieon to 26t up the linear spgquation. Anccher method of solving this
problem relies somewhat more heavily on moking inferences abour diagzams.
In cicther case Lt appoars that a good deal of machinery is required for
the analysis of this probleom. Besides cthe word problem solver a pregram
which makes inferences based on diagrams of plane figures is also useful.

While such programs may not be sufficient in order to perform cthe analy=
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Besides belng relatively slow these approachos Are not
ew the fact that an table wusuanlly presents general
of dintogrands (m.g., \ll “#bxde) and net just particular LAtegrands.
L CR This la due to the presence of o etermined oo
integrand. These sonstants are as cocfificients as Ln

a8 In _l‘gﬂdx €

ax+bldx or exponc £ The example
n . : : 4
o = 8inxdx polnts owr a further feature of table, thag
» the presence of iterated integrals in A good integral
table look-up should be & uired to maks of these feacus

tables.

inceg look=up, called ITALU, wae programmed o
for the features of the table juat ationed. It had el
ldefonal property of being relatcively Fase by making usa of the
of hash-coding.
careful ly the sxpression to be integrated 14
(4] which would = respond to o
Furth« Ehe h i=cade can be
incinctive 2f Ehe table. iha

implemented = cants La
and products. gln {ax+b) ecoded the sa: as "
siox, and ain(3d . The hash=code, a floacing=
point numbor and the of & wa the sum of the codes of the
& Ehe sum,; wich & eulae [
nfe ities for
i Im A MR the nmeed for




a canonical form of an expreasion. One further feacture of this
coding scheme was that terms o a sum which had codes identical
with those of previous terms were ignored. Thus sin (x+yx)

2 P
coded like sinx and x™+2xy+3x coded like (2yv+3) = + kz el

@g‘zi-hx-h:‘

The coding scheme was oboained recursively. The wariable of
intoegration had a fixed code of 0,95532. Any trigonometric,
arccrigenomecriec or logarichmic funccion had associaced with fc
a fixed floating=point constant which generally was exponentiated
by the coda ol its argument in order Co obrain cthe code of che
expression. Sums and products were treated as described above.
Expononciscion was a relacively complex operacor for che coding
scheme. This is due to the frequent occurrence of exponents
=2, =1, —%. %l 2 in the tablea. When these exponents eccurved the
code for the base was raised to the exponent and the result was fhe
codie of the expression. Any other constant exponent was coded as
L3762 and Ehe walue of the subsegquent exponentiation became Ethe
code . Thus xn iz coded like MJ oE x‘ oF x@#-ﬂ_ Fimed bases were
all coded alike. Thus o coded 1ike Zx or yx.

An advantage of this coding scheme was that SCHATCHEN patterns
could be coded camily as If they were expressions.: This was duc to
the fact that che variables in the pattern were considercd constants
with respect to the variable of integracion (assumed o be =

thro

hout the cable), and hence were ignored in sums and produces

and had a fixed value in exponents. Entries in cthe tables had
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possesses real-valued solutions for an integer wvalue of ¥y, then the
®, musE be integers, and if § possesses inreger soluticna, eguacion I
certainly has real sclutions.

Mote that since sach term in 1 Ls real-valued, the "Susm of the
squareda’ device forces sach term to be zero. Since sinn x, =0~ ox,

iw an integes, the Xy WUSE all be integers. This iLlluscrates a con-

cept we shall call forcing. Forcing will be frequently used in this

n .
appendix. The term E !1ngft = forces @ to possess integer solu-

f=1
tiens, The use of 7 ard 840 % in chis manner was foreshadowed by
Tarski [ 61].
The next step s e show that there exiscs and R-elemoncary
function [y, L a“) such chat £(v, Hyw sasg m“]l-.: 1 for a glven

integer ¥ and for some real =, Lf and only Lf Qiv, !‘i’-‘, xi‘, e 2*’)-—&

i
for some integer wvalues of the x%, and for the samp Inctegoer value of y.

T
Richardson ahows that <o can take (¥, Hyw nrus x"} to be of
tha form
= 2 e " ¥ #i
Adn LEI. sin ey Kiw, Bis vied x“} + O (%, Hiw weae B 2 }]

where A ls o large B-elementary functlon @f o and each Kl. is a
suitably chosen lacrge R-elementary funcbien of i argusents. In this

form § is an R=olemencary functlon. The proof that F hos the deslired
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] = ul"sl"} thus the absolute value function is B-eolementary.

xiy = !;Xi;_";ﬂ., this subetraction has value O Lf y=x.

Min(y,.x) = y>(¥-x), the minimum function restricted to non-
negative values.

Kow Lf G(y.,x) = 1 for some real x and integer ¥, then
Gi{y.x} < & for some real x by the ¢ case above, and for this x,
2:20(y.x) > L . Thus, min(l, 222a8(y.x)) = 1 for some real x. If
G{y.x) > 1| for all real x, then for all reasl x,mia{l,222¢(y,x)) = 0.
By the continuity of & which in preserved either min(l, 232G(y,x))™1
for some interval of values on the real axis for x and for 4
fixed Lnteger value of y, or minfl, Z*2G{y.x)) = D for all real =.

Now if we let M{y,x) = min{l, 2:2G(y.x)), then the guestion of
deciding whether M(y.x) Ls ldentically 0 is equivalent te deciding
whether Q¥. %34 tov0 % 0 2%1) = 0 has integer solutfons and is thus
recursively unsolvable. Miy,%), we note, is Re-clementary.

The above is & sketch of the proof of the recursive unsolvabilicy
of the matching problem. The resursive unsolvabllity of the lntegra-
tion problem is obtained as follows:

Conuider

2
I My.x)e® dx

If M= 0 for some integer value of ¥, then the integrand is O

and poascsses a solution (e.g., 0). If M= 1 o5 seme Llnterval then
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In order te fully account for the sffece of garbage collection che
problems wore run in large batches. Thus garbage collection Eime was
distributed over the set of problems. Garbage collection cime probably
accounts for less than 20F of the total cims in SIN.

We should note some of the reasonsg for the time difference in cha
results of SAINT and SIN. SAINT was run on the 7090 and STK en the 7094,
This accounts For about 40% of the galn (2.18 va. 2.00 microscconds in
the cyele time and overlapped (nstruction execution in the 7oLy, The
single major difference in the time 1is due to che fact that BATINT ran
mostly interprected (a major exception being the simplifier), and SIN was
run mestly compiled. Compilation is usually considercd to gain a fackor
of 20-30 in the spoed of the program. We testod some problems wich SIN
being executed completely interpretively., We noted an averags speed loss
of a facror of 15. Howover none of Che problems which were runm fncer-
precively included problems which requived chaining. Thus we wers unable
ta run some of the more complex problems in the sot intorpretively.

By caking these [actors into acocount we note that STH would only
tun about three times faster than SAINT on the average when both are
exocuted under optimal conditions. The reason for the relatively small
ratio in STN's favor we beliesve fs bechuse most of the timse spent in SIN
in solving the harder problema im the mec is spenc in algebrale manipu-
lations (e.g., stmplificationa). Algebraic manipulation In SIN (s not
materially faster than it 4§ in SAINT. Though the analysis porformed in
S5IN yields a very direct selution, the total time spent to obbaim the
solution is s£ill significant. Hence the contrast wich SAINT in regard

to foral solution cime 18 not wery great,
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AFPENDIX F
LISTINGS

The listings of SIN and SOLDIER given below were produced by a LISE
program written by Diffie of che HATHLAB project and modificd by us.
Listings of LISF progroms are frequantly printed by using the incernal
repreagentation of the program, The listings of programs written in most
other languages usually bear a close correspondenca to the input form of
the program. This need not be the case for LISF programs. The routine
Edge which was net listed using Diffie’s progras ls presonted laac., The
listing of chis routine may be used co guage the effect of Diffie's pro-
Bram.

The listings of two recent LISP programs (i.e., Mortin [ 37 ], Nor=
ton [ 471} are alao available. One can uze these liscings to compare
difforent styles of LISF programming. Norten ascentuates the use of che
PROG feacure and his programs thus have a FORTRAN-Like sppearance. HMar-
tin's style Lla richer and laans toward greater uso of “pures” LISP. Our

sryle is intermediate co chese two scyles.

193
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SIN and SOLDIER are heuristic programs written im LISP which solve sysbolic

S (Syabolic INtogrator) solves indefinite integration prob-
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