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SubmLCCeo ~o ch ~~lll'Cffl nt: ~, M,,thc ... cfcs on SDpCcmb~~ l 196~ ln 

P"J"t: al fuI l.l lmcnc of t:hl! ~i!qui.rem,m,~m !"r che dl!!!'!l'O o! Dcctor o 

Phltosophy 

a.JI.ST-'Y\,G! 

SUi iul SO~lEJ;I. ace h ui::-it1t:~c Pl'"l!:r,111:lls 11i-:!t.1:om Lo LlSI! which ~olv;, 

sy,nl,olic. int:.,gr<1;c.ion pcoblc~. SIN (Sy,,,b<llic ·Ole ~,111;0~) olv-i."' :l.12.di!• 

ftni"° 1~~ B~~tiDo problQms ~~ t:he diff~~uit:y opproachi.ng ~hos4 o Che 

lar~i!,:- LnCc.lJ-1:'ilil ~abiea. SW con1:a£na 81tv•~•l mora l!'athods ch•n 41 '1:'"41 1,141ad 

~n ~hit pr0v£01+~ •~b-ollc in~Qsrac on pTag.a~ $,1,.nl'l:, and •olvus _,.c. of 

che p~obl"= .li.~'-"11Fll~•ul by S.,._'tl-'l: in l,u,15 cl:i>!ln ono ai,co,w. SOI.!lll:fl. (SOLu-

on ot OnUi;ml'y !ltfl•rw,nt:ial E<i.•111t:lan5 D,aut!.ru,) sDlve.s <' ,(r5C Ot'de.:, 

(l~,s~ a &c-cu ordlru;,cy 1:U.t(10ren~lal equqtlo1u 111:. th" 1¢"~ ~ cf o g,oo<i ~ol.• 

-'-"&" ilophom."r" and .JJC an av .. raj!<1 of ll~~c flve aec:.,,1\d,. per l•~obl.&a '" OJ""P~"d. 

'1'.ho dLff<l\'.'1tncas 1.l'l philo6<>Ph)' and <>?[?"l'O ion. bot...,~~ SAntt mnd S:~ nra 

d.,,.c:ribcd, and liug:g<1111:J.on• to~ ")(~i!C\dl.r,11 ~h~ ..crl< pr,;a,.J\t ,;I ~-e• mm.I• -

ThaBL5 Supar..-i8o~. M.~r,,,ln ~- Mlnsky 

T:l,:clie:.; P;cOft:5.ilOr af El •CIC l'i,c.ml 'En:R;i.n ~:r:lng 
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'I'o Un, d<! acend:anc.m " ~ In, Hnha .,41 

1.4h<;> ~ n;;I avor i'lll ~o bl.Ji ld a Co lc;c, . 



l.11~ -!.iDn !l)"SIC rra11 I" i: o~p uc er ba,. ad sy !:i! C:am.Ji uih 1ch f a 1 t E t: t: lf:ba 

fLmc t:iomli which i.n.vai.Lv• p-a.T P11Ct:C['.ifl .. ID ■uch c:a11 • 11 11'..gl 1.1,,c:c:ur:-

1.n t::c,giC'a:C i.On■ !C kien ov L" h ii! nga of v11.lu.e~ of 'Cih pal'!'A~t:,crl["111,., An• 

■ b • 

~ ft;"iel!lihmci.n 1!:Di licul.ua ac1.nt~ni~... T hu:11 t:bc un-

"'F'O ~ 11 ,rnrv y c ch f i" l d of 11 tg .. b"l'a le mJ.nipulai: 1c., e.,. 5.,......, 1: C,SJ • 
pa..- a b~bliogt' ph)' ol ,.-,:, .~ ifl th '.I. hi up t:o L9il6 si,i, !>a.mm,, c i,.ti,I. 



ic ■ ~• L~ Pr•~~~ca alaab..-afc 1Nnl.p~lot1Q~ •y•c m_ ~~ 1 64 ~ 

pro111:.m ld,i<1h ln~ , K1"ll • 'l"ll'C;Li;, 1 UIJ.C~ l on. "'· 9 =1t~ n o the 

Wlnn..u! p~o-j cc by ~nave; Bl.D<Jf:I, 11nd ~i:,lm., n of' h.., Nn'RE l;.orp..,,. ­

ai;lcm [3&]. ~i• p~µ""' Eillad nn impor~11i; gap ln ~h "'"P.ll!bl.ii-

~i.q• o.C SIi.mi'. l'i!i' U-"~f!B such pcag f .t "'PP""O'I' <I po.~1.-f.bl, ~" 

'-'r1co, " mer" po ,c£ul l.i1Cc,11r11c;£i'>n p..-cgr1:m1 hat\ SA:n-lT. $'>1 hcrin.or 

f.~ "" 1 d ch.tl progrftlllA ~ic:h .&olvc <>l:'dim>TY diff I"cnCl<1 l 'l:U i:i.ollD 

•~ l~Ds~ ~swell•~ •~vhemor eoll~ se~dcnC• (and~ good al 

.nunc.- tha1> aueh ,.ac;udcnc") .,Qul,i olJJo b 'lotl"i l1~8ft. s ... ch p _ gTa"I& 

b1tc:.nue tha goc lJ1 -01" ;:,,u r ,:-~ so,,u:ch. 

Wo, u.&;,d clu< .r-,q t lo...., l tun"-tion p4ckage .,.c Md:I'IU.AH Ln wrl c 1QIJ 11 

S<><:o-nd ■ )'lllbo 'l:l,e 1.nCC.,lj.\'.' l:i<>D (>l'.'Dl!Ult" 111.lcd S:tl.: (S~bolio !l'l~ &r<11Co.-). 

sm .I in t:urn U!E~d Co ~ c~ iii prog:r ffl \ith ch olv :a: !LT"-. OiCde!r I 

l'h::-•c .t~s~C!-6 OTd ·n•~ d:if Teat I <>qu ... ~ion.s. Th • pro11rw11 :l• 

cal ied SOLD.IER (SOI.uc lon of b a,; ntial E:qu.:.~ioot R.out:lut,) . SL'l 

nnd SOUi~ ·- b<>t:h writt;; tt fa, LI;S:P [~I• [20] fo~ ~" crs:i: syscctm 

It Pr<>Ject MAC [ 11]. Th.t!-5a X!' j., }"Dlh<>lic 1.nt.,g,:- l:.i<>n ~"'" 

~he pr.l.nc:l.l' 1 "ubJ c,l:.s a hf. ■ ch o;L,; . Wo lh1Y<? ch&sct i>=s;i,:- l'jS ~0 

po~'"'88 su :lc:ti.n~ p<>=r llnJ .,f.fiei ncy ~h•C cho,:,, ""' · d b ".ff' "t: valy 

u d 1..n ,PT1C111ciCf.~a1 o:n ... lt.n~ i?ll.geb!C'11f.c. man:l.'JjJ'lllla:t:icn a.;:,-.5CeCJ .. 

ra or.:!"-.: co .::1.a?."tfy ~ho;, ,i :j,;n of '!lppHc~b:i li.cy aC oui, pro-

El?." t:1111 and 1n DEd r ~" tndl~"~" ~h" p<l\oi' r of t:bl! pr ~en " n•f.a"'• 

of SIN nd SOLD-:u:rt , we p ;:q,tao 1:k:i low two X.lll'IJl' l ,:,~ a£. p ~.,1, l • 

80lved b~ ench pron\'.'-. Th~ ~olu~ion111 ~h~~ ~he~c Pn>Rr ~s ~b~a ~ 

~o ~ fo u p~abl """-" can b .i:.nmJ :l.1:1 Cha%) c•" m r. nd ,f, • 



~ 

(2"-J'+.:ix+l)~ '+y-•O 

(y't'X•l)Y 1 •y~2x+3•0 

7 

ill "l" " :11 a~,:1, & l~a m.ln C)f' ;,.n lZ3t1¢NI l d v1.: • Sl g le C¢mp411're-a 

h t, h "l.o ,.( SAUi:! ~" ~h t: or I" .,.,hm.,n e lculua 9~ude:n~ ■- w., 

en c.h b 1 .... ,, o"' o 

pos-ie:d t:a deit.e-t:mJ.n~ C:bc mi!l:hodl ■ ne:ed cd l:D Dl,ve. J . pri;ii!bla:m qu t10 

01..apt:ec :Z .. 

~1."l!'ll.fiad ~"" p~obl!;lffl .. , vrt~ing .. n •lgeb·rJliC 8U'.!pl1tie Cl.otl pt'oa 

B"?;lll'!, c l L!i!d SCHVlIOS • SCHATCll£S .ilmd SCMVUOS m n, d "5 ~r l bed t.a Chal" -



■:ll.<11 :il::5 

ffl t:hod. . A C :I. ■ 

1~1::1 e., Cfl l d ua I u11-a-il: • Simple .mn□.l:.r.aj ill ICCI £lh1tc1E1 llC: Ebo .fUDD o!IE 

..., bdli V• ts 

Th 111)1' - nd t,::., • ~on a.in c-e■ u1<:." o~ =P rf.ca n~• p., ..-f"o,;,n:a<I ,,.:i t:'1 

$W •nd SOl.Dti!:R and a ~~pore on som other >Nr~ noc di~e~t:ty eDD• 



1:1!1.n,y t>i!OI' h~ proc,a\>l:, belil!IVe ·t:hat. t.he ch"•P""~ "'"l' 'f.g cbl: in, 

ion ific 8T 1:Lon 1: p•bi1i y wo~la bo co~ Bi&fi an lnc s 1 ~a~l• 

lQOk•up p.l'o-gram... Wlbi.lt! vi!! dCJ1 n,c~ ii!l11!1rpCJu.11t!! 1:hi.!J! ieour11,e Df aie:cf.cin. 

<11.cl ioe.;,or:t.lllQ,u; ,..it.~ 9 u ch 11 p-roglO"A'II (call d ITAt.tr) . j\pp<>ml ,. A 

del!lc 'C' be !9 IC:h.:£. s p, IC'Dli r au:::.1 ■ 

E.lcru>1'cl~on ~• r"'.r;:"ll~ly ol>t.at.n.-d a recu:1::~tvo UD..11101.vAb;l.lt.t.y ..,., _ 

Sulc in inc.,g.cat.icn wi<ah ha~ t:<>uJ<ed 11,1::~&l:. 11:J.C \'.'HBC ['52} . W' <l s-

c.i;-;1.b-1! c.~ .■ t:b~i,i:rc.~ and p?:'C11'1tC1II: ;11u:;uerc of our o,,;m ir~l.mc:e.cl :rc.sulc.s. 

~~!>IT va.s a.11ud ~D molv~ 86 p1::Db1~.ma. Of ch~~~ i~ •o1ved B.t:o 

n ,a~ n.v 'r FJP.: r;:£.~ Qi 2 _.::,. 1111tnu c t•u1 .,. S::I if A,.;til1i10"d all 186 pTob1cm■ 

m;ign. ,t:ud f .mt.c<: chan SAll'IT • SI.H ,.., vcd t:J,., o~h"r two p-.:oblcm,, 

t,y ,al.l]Jl: .1n .1u·a1:.l.on ,,,.,cho,h i:\o~ v ilabl 1.n SAJ: :T. Tho u<:c ~h"c 

Sl~ .,... ~o"'l'il~~ •,.,d ~ha SAl.Ni' "'"• ~uq ~n~~~p~ct ~~ly n~cc,mt.ed 

for mos o h in 1n 9~0- 4 . R 8Yl~~ •nd ru hr in r;,r t Iona 

of ~h~~ cxp .. r.1.mo,n~ «re &iv~n n App"'°dix C. 

I\ ~hy11 ct11c lln"C"old M"In~o•h, tti,('d an tn"C .S"BI ".bl ~o ol1'o 

<J!CN~" !1!11" y dl! .J.cul~ 1 m;~ ..-a:~J.011 pl:'o~htr .. a. sui. £~ r soa:i 

pLaddins;.1 ■iClv-cd it.bie!lft pra'bl,cm• illnd fO'll!Ild .11iec,c m:f.na Y" c:,:e·rior.llil i.t:11 

Pro e9~0~ M¢IJ,c-0• h"• 118"' · "•· Th1~ -0xpcr[ 

p.co,di"' El. 

h D t('C iv n 88 0 SOLDIER ~c Bk di co 

•olv '6 p~obli!i;,■ c ken ouc c,f Ill dLf.fer.,nl:tal o,quac .ion. t.cxl: . SCI!,, -

Dl!:R .11iol11Jt!d 67 of 'thieii;c problem■ □ 1.l!n.nly 11it:.'h an illVllll;'iDlgc it.1:ma of 



HJ 

~DI.L UJ, •"""°'I". One o! 1;.luu• A"lucion" Lndie ._.,d ,. m.l.&p..-i.n 

fn ~h. •olut!O<\ ¥ ., <\ Ln ~"" Cl!J<C. Thta xpo .. t oont Ls d~~"~H•-Od 

in ,'q>p<mdt.-; 6. 

WJ.r.h ~h =c p~lon gf Cho~ e r 7 Mhtcb ?T ■anC• cencl~gt • 

for £~rch"~ '"'°rk ~h o11o~in.,. ~!q,p1;. ~• ar lairly 

e tf aon ained. ~hu■ ~ho~ Im~ ar~ =ly ~~er ~~•d [n alitebratc 

maDipul ,:. <l<\ =n r,., ,a■on..al:.ly LgnDTQ ~I, 9t: .., 2. Tho• inter"•" d In 

AI may ,...[ h Co g,no,:o, n::h kishei:." tiUmh"r ,I "h p~ ~ • 



CBAL'Tf!ll 2 

H0',1 S 1 ' Dl.FlIBF.S F!lCIH SJ, 1'N'l1 

nt:-r-oduecioTI 

:In thf ■ c,h pC r 

dOCUJ.il'l (t. 

co ulbcaln 

tnt~gL~~icm} &nd s~~ic~ coa•~r•ln~~ ~n pTQg~~~s ~fl ~~dct' 

r i ~£~ ·lt ~LI:" LgbtfDT~l!lrd scluCiDn. 

l:t.Dl.lT .1. :1 ct~. Sen "C'cb 

In "Th S.,,>Nh <><" G"n -.:alit:)'" [ ll5- ] , No,-...,U l~l'ld11 IHIC the lll""t 

f:- qu.,n.t o..-g ai.a;.a~~o,.nal. &~r-ui,tuT II~ d 1n A-rt;-!.llc, 1 l.ft~o,lli n,:c, pro-• 

grnms :I.• Dme b c 1111 Jll:.~<'A~t tc "-.. ~.,1,. We ,ahtll call pe'OQ.J:'i!IIIU' ,.,h ch 

ploy t:h l.11 org.ini&::l.itiiun ,a., tha"i d:O:L or:c C!~IJC?'i"l l oc .. -:an.1.z:a~.LOnill. di;1.v:Lit.ia 

,Jl,Lp;r;ontlmf • 

T\ <In 1l. (u.,w,L.l:, t, 

la.t: lln.k ace II ry ~c Uflc! " sDlut: Lon ~ .. ;,,) . Th 13.ath ran, A. ~o I! con--

• l st:s c,f on" l:>'c -1:' tieod 11 wLch , r (,:i11illii11' u.auall:,) tn !!.h" 11.,11111 p,:c,bl 

dOlalll~n A. i,,l A. Thu le d. beer~ p'I".ov ni. prOB"?!'iilimi ~h r,,;,d.r," -...,ul.d 

.ccpr-lr •r.~ ISC:iiJC l'i n~• of po-■■ ibl., t:hil!'DiTC m :n:nd tn SIi n,~de• 'r'LIP'Z' -

111.cc SD r node 11 

~ OCC!U.r 'C:b.e-

l.L 

"' 



l2 

it.fc.H C:ce11 i ~1h IJ illll-'C:ic ti'¢ T~tl ~• 1:hu prOc~!ii'S of o,c:a i :ori!!lg noda:.s in t::ibc 

~ WII ic h .1,1 .s ~a:=: ra 11 r p-rodui::cd 1 ~ ad-8 CQ h~ •• .,. 1:11:eh•1 C!Tlll In ~Fhc u.r lli c i..: 

•iei.a;:e-c.ll . 11 

Thee.., T"' =ny ~~t' ~r~1as for guldt~g Lb~ ■c r~h o ~h Ct'a~. lto...­

llt'ISll!il!!' 11 v :r I sCafl.d. 01JC J:1.nd dc~c:rvct co b ment: ion d. Ohe: IIIJ'tl;'at:C!gy 111 

call d ndepit.h ir11c_•1 De UiU.ulll),' ll!il l,ei:.t:fL ch la:lliC nDdle ge,o~l".IIC~d Dl:11 ic.k 

Doe cob ~am.i.P d n~xt . Thl ■ 8~Y Ceil,)I' h~9 ~~ 1! e~ ! faT~:1ns n 

cl!C 11>11:1_.11~fc,p o · 11,l,nij;ta, plid, ""~~ I cha,r 1., els co m aolu~lon o.- ~h 

!!'ploy,,.! i.D mo~c Ii!"'°"' pla1:,, ng pr..gn=.s. Ac ~h,., o~h. ~ .,,.i:_ r"'"" !11 11 se..-..-

118,y ~lil.l d ••1,., 4th fi.r•C"' vhiclt II l ~c:• ~he nod Yh!.eh wa~ ~nuc c d 

~~1.L"•~, Such ~er"~"'~ v"~ I.I ed .ln ~hoe Lai;;J:.~ rh or1.11~ [4-4]. SAn.'i' 

~h ,..,.,,. JI 1:.h.- n.oil ~ l'h:1ch rep re""" ■ "rt. ""I' re 11 ;1.l 'Ii 1<h1 <1h i ,;J ""'1;s co b.~ 

on.c D- tJl ~ a.i.mp lim m;t:: :11 ubp itO'b l i;tm.11 t,c b .in t.Cgrc t'ed . 

doe• ~~c a!w~~~ mply ~M ~ ~h, p~og~~m 1• ~n US p£Qg~am~ Fa~ ex :m.pl~ ~£ 

&Li.INT' ■ si.~l I. te'C' had um~d h UTl.8tic a llcch !n ord,or co mimpU.fy ;1('])1'.'"8~ 

si.<nu • Chen ~ h.l• c: d0i,~ nae !"'Ph' !:b.11:t SA.Do"T L,. •n HS ~ Qi!;'C'A"' ( .for-

c:,;:..,mpf SAIN"l: could h ""' bcQ[J J .. ,.c " cabl" 1,;,,;,k-up pr-ogrDm)· . Na;r 1.a i~ 

h • Oll:'C:h 1.. 



J:h.a ::r&9Dd town E"d r--sasr111lt'S:Y 

'["e conf;! e med w ch n l}:;K:ami.11.11 C.1.cn a r mare t'\Jlnl.am:a (e ,,I; ii ■ • heurl ■ !Ci c m ae,il rch) 

3 1 • S1.,gtc ' ., ll!!DUOO'I : ~9 I • 

nnd cv n Ne-1'.' c,n' ll ADF.Pr I f;,1 I). Th,;>5<' pn,;e,r-.ms soh• ~oy pToblcm• 

w!"!i~h h '-'" b""D roselll f.,.,,,. t.i'""" t D ~1111 by HcCt!rt:hy_ C ~ of ht, 5Cr1.~ing 

n Grdcr-

d~al1111- wl11;;h 11 -ii qu 11.4iii-'.:; p c-d cit..ion11 a.e~mil c, .f ~1 ch.1111~ pl-11ciPB a gl."eaf: 

du 1 <> f cOl'I ,-:t d" p ndan~ inform.a~ U>r,, :l.n • p ragrnm vou l d b "c hea c lng • •· 

Th.Lo 

• o~n:: cmptl 
1n .fi.ll!C!!C Dlif 

Nga~d.L"~ ct.• ~fl ,c~ to bi:, """rch ·J "':I" d :fer from • I.' l l 
1 
•. 

lrt~uiciv dd inlt:ions D~ c:'ff1y Q TI ~naloBi" ■ nd 
xmmpl~s po ~c 01~ ~h~ 

~lo~, A"J tn Arcifi~inl 
1 .. ~1c i:,f a U.an t:h.,c,~uc.l.c · 1 o.,i,_d-l]tlan ia coenput:a -
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Pl"Oll1,em cl vf"'l!J: '111 ch.ani.!IDHI Jll,!Ch a5 "chat:"" i! it-m.1Hh0cl ~.11:>l a" (fo-i, <elo<Ampl.c • 

""'t:hD, A 1d probQbl)' 1J8'c..ful '.loolhen ch p ·rob1 1~ o.f t:YP'(I l o:r ~Yl'~ , - - ■ 

M:Ln•ky [ I J :fo,c"' d!~cu9,alon c,C t:hia ~echnJ.q...,) "d "inh,nU: ,:t ~e~ 

!IOU?:'C ■ ' ' {M.iw,ky [ i. l D. ,,,., • n t!I .. th .. -r- hand r iat nd cl no ■ 1,1,:,.h 

"'tudy of lipuc11':Lc p"'9blr.ffl s,H,oing 111~e!um_1,.ma, but m-11lnl:,, demi.Ted ti 

i,o ~f.ul Lntcg:,;-.,.t:1011 l'=-i\r"'m <JI,, L~h l>,_,t, ...,d e !a 1:,r ~o auT can,: pt:lan 

at ">(p ct. ""'""" in~ 81'11~01"11- (Lt 11bo1,1ld b nat1>d t:h d:. Sl,._gl<1 comprtu'.cd 

i:he beh" i..oT " SJLINT ~o t:had:. of' ,eollo,gc (r-., 11 n caleuh, ■ udcnd:.,t) . 

~,:,n..,~J., ;i.,_._. Ou-c exp ~!. n wJ.1:.h sm m.,y l!>o ll.5Cd ~o l!'O<li:fy CIC i1Dp-cvc 

3cneral probl ffl ~olving echaniamB. 

SD .11 ~ bOp!!, 4i.lt L • rct:urn 1:o ~ ;c,x,,am.i.naC:.i.Ofl o:f c;umplex probl1:m 

d=inll'. Gt' .. enblntl:' 1 eh ;is prog 111 l :22 ] i ■ not:ho-i, ~x,11mp:L~ ot 

r~c-.,nt: p•-oa 111 .,J,lch dcnl.~ vith ,ii C'1m['l!i!ex p~o~l i;a """"'ill oo!ch hu.■ b • ., 

con•~ r~bly n~glcec~d in ch l □ AI: few y at'~-

ao lys1~ i ■ bo n n a .. ly5ts ch.■ t p~F onnud •"~ buil~ la~ ~he p~D~ 

g>'zt.111,, but "'"'°" imporca11~iy n, n L:,, .. 1.■ "'hteh the pr1>grmn ..._~i. 11 wh.n .. 

le i• ~olvlng " p-,,obl on. l.u o~dai:, ~" acbla,o,., hlgl, ~.,~f<:orm,n.t-c irt ~:,m-

1,., ,: lo.c il; ClDn """ did ""'~ :N,"lllice h<1~ h pr<>!r<'ollm, _ k " v ~)' e=~ 

pl<->< <m ly<11~ <>t che 111tc 1:.1.on. Ci,,., h~le• ■ the a t~~l8 ~hat: $IN d-~ 

=ik.<> ,:le ~1)' at'l!cct~ 'C:ho, per~O'=>dho:e f c.h rogr111:1. 1J11 sm R JI.Qlvlns 

on c;f: SAW 1 s di.fiicuL!:. pr-obl 11>8 ch rao•t no~iceabl~ di~f• uc~ bc~~a 



u 

lu, ,. •h LI. Ln c.lJ.a>p~"T 4 ·s • 8 C<Cbadr. DT" qui I: ■ i111f.LDT 0 

ho~~ IJ:3-!C'd by S,11,l)lT. l'loWlfvar SADl'I' doc-■ n.o C,..ltllillC ,~e lf '"' par~i-

cul r .. ch . bin "' l.1 l~ 'Ila 11tly "~ or .S~VC'"['~l P,-"Ch• .. ., !liDlU. i<>n 

\fflCil c inch ■<>= pach ,,!:iicb a:ucccmd.s LD Ob lli::lnJ. CIJl; ..... .Jl~-~i='~ lieu.I["' -

c .. qo fl"l:; muah un-

".f MA'l'Hl.lW). l:hua Si\.tliT l,a .Cq,i:-cclil 'C:o 8 ,e~h unc'il c £ind ,; P" h 

vhich leads 11:.o subp"['11Jblc-m.11 t"hialt :[~ can :aol~•:11. For cxm:upl ., i.n CiD~il!i.K ,3) 

SAn,-r c.antl.O i>b ...in olui:ion by u ■ t..r. I, .-ub• t 1 c utt an y - c11n "' .ih.Ic1 
f I. 

1,nct'I- 1 il'\l!lnnot 1:1"\IC'.~3,.'ttliC 1:1,.. it'111C:lon:. J. unc:'t:1 

al;'e d 113 c,cnl:.l:l.l!l.1 11 111irth.c!C' •ab11c::ttut.loa. y • col: :,c W-tc'h 

5:J;ti IC! o. ih"'IIBl. ly .::1:.f.ford t:o :i,.:gooic'e. n ti C:he r c:: ■ A II it.he l.a rg.1?' nui;;nb@-r 0£ 

do n.Dc. p 'r" O'J;"ffl .m 111.1:t 1.-=: t'lnt. an.a! :!,1-1.11 ■ Or pi;:iulll!il!lfl•s .auf'f:l.c ic'["lt::1)1' .I8i~t: 

pros~•~ ~on.ci:ain~s. Far x rnpl ,~ Jx
2
7~ ~ dx. SAINT ~ill c¢naider 

~ron!i.£orm.1ug ~he qu.adr.a~i~ fu ~he num T&Cor 1 ~hg h Ch~m t~ OBfOTI1U1eiefl 

"' Though Sl:t,l •olv1>5 SAD:r 1 .■ pc>ol>l .. s abCl<jO: cw" crd.,rR " ., cn.1.~,,.i .. 
f•n~ r ~b,in &ADff •., 1ml>i.Ld1cd fl. "' a, c.his 3~.ati:.sttc -~ d , CP-pc:l.v1>. I.f 
!ScAU.--:C .., r~ ~" bo rufi und'o,r op~i:m "I e"ndici""", Si =uld only <1bou~ 
IC.hr~c ~Im 1J .1111 (.m111C on h 11.Vil':CIIIS .. Th -pr:t.ncipal '1:(":Ju1an Eoll;' t:ht.m :Ea.CIC 
1 cl, C """ I>[ cl1 P"''"'""' ins Chm• ln SIN I. SJ?'"'t: In .. Ft 'bC'ai~ r.,.,n;l.­
pula~icn (c.s . , ~impl'i£ioat1un), fl~ ch co~~ o~ h ■c ~pe~at1an. LI 
£ r 1 y c:Cnil ~an c. in SD .afld SADn {11,00, App<>nd'ix. C) -
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Cg,:,J;.em ..to eh "ould Tl:il:..iona LL., ch dam,.,,in.ticor. 

W £eel Chae SA= ■ no~ ch , ,;,nL1 HS p~ogrnffl {fi ~hich g~ ace~ 

■nal:,,-" 1 & "'ou1d )'111-ld 1fflE"'""'¢<l t:D11ul1:rr. lfl ch M.J\'l'Ek p:.-ogrtim 0£ St n 

mtd Baylor- l ':l: I, h"u.-1~~1., • ciu:h fm U-"OJ ~" U . .nd " IIIJICl~I! co,,,b:1.n4c1'•n 

in ch u,. lll.iua M,o,.T~ ee,1,ai,h,o:• t:h ~ t .,f =pit"" ~I,.,~ lllat,k m ghc b., 

11 bl~ t::o k 1.'HI rc-:p CJnsei t:: a given mt,v of W'lll~ , U: '.II. o-re• Che~ r -

p11, s in" "cry li•~. 11 h I: cy U c • • o t'clar"d $D Ch.tic mOYcs ..,1,1_,=,I, h.-v.! 

£a,...,st r ■pon.tioa Te conaida~ed £ird~. Tli• ■•to[ mo~ m "'1J ~h h~,,-., 1:.h~ 

"'°" nUmlJe-.:- .,f r,zp\;{ ~ m,r111aHy ao.nsLdca::ail .in £1..-ac•ln, fi~•c•ou. 

""'-D""" (l 2 J , p. 435). 'l'hl.ie litJ..18 ~o a 1>r,,,Adl:h-£ir t .,..,,.-,,-,,_h. JL:,d 

th ffl~Ve~ b~en utor G ln u l~•t - f.n 1 ff~•t•gut:: CJ.anncr d~p hmf1~~~ 

alh,.,nih vou.ld h~v cc•ulted. Thim a reh .,,;,uld "'" -n Chet the pr" rmn 

.,-ould "xplo " path unl:11 l ~ b<,,::.,..., wo-.-.,. ~h OI m m:c ach T path .in con-

~T~■ co MA=R'• c~1c Ti,;,n cha~~ path l -~~done~..., n 1~ LI no b,o~t ~ 

ch.o.n ~ o ll r pach _ Th ls ■ lli;h~ <>IL.,nge in dt cra~""II-Y of ch progte;:im 

~f" ~PDC • ol!lnd 'W'()Uld noc 111<1Cc-.-lal L:,, r,t.,.,1; 

Th 1& .. n., 1:,, • l• o HATER la Jue I:" 1:1,,,rm= 11 

'C'Rfl OU 

WI, u.,. ""' do n DI: .,f •h co ~ "SS"lli ~ ch" I:. .ti radic.n l l y f.,,p....,vad p rlor-­

'"'" ""'" ' bc h.a.d in &11 tl:51 prog"mn"' ch~<iRh r"accr "-Nil;,,~ 1, we ""r-

h,11 ·~ ■uc!i -.,. 1:,,B-i~ cao, h!>VQ on =ny 

HS prov. r.mm.111 ~ n ly Ls rll!~air~• ~~oil J l" 

c:cint:~t: d r-.. od n~ :111:fo:cma.tion. ~ also wi;t.11.t,i ca t,Sf!.Phlli13:iz:o. t::hc:i nc cl fol" 

iu.ich i.nf:on,i,,~:ion 1-n pn-blcnn ■olv n.g p ·•"'ll"r.im.,r; . 
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t:hc GTci~nb1U ' 

Ib,i Dn::tHi §CJJii(L.:111 ot S.IN 

Ul'Cf.ont of Sil< Jt l ~- rDlll CJDSL 111 t> <>tu·a .... >,A,-ich ......... cO<DpOS 1 ,,t a. 

sc. .. g 1. o!. S 

~.,utln c,., .. ., Chapc.cr ) - HD•.10'-' r IMSJ;t; 1111 n ~ -Ill" pi;,,:., rful a8 sm• .. ff,::-,.,c 

s &•· • Ev Q 6 1 ANA.ID~ progrd:Di L l 7 ] -..h :I.ch 1 one ~! h j'., ol A p..-o-

11,S,1.lr 5 1-5 · " l!vz,fi■ ' PT"OJl;-r.l!.11i p<!rfo- l'ID LE it: .rc,r., r~Ll<> .... 1tLii; ~h n-

ac=c:cta!l•: "'£:l.nd ~he ru1.~ b,- wh ch Eigu-r.,, A h. iii b,c.,n chn<!\i,ed ~,;, 1-. 

ch c ~h" fis-

c,:, n•fo=at.i01l 



l>y A.NA~. Consid,•r- ~I\ fL;;;ure• A, a. C b.clow, 

~ I 6 I 0 
A s c;: 

IJ. ..... ~1101\hllbl< ue.il~ a( t:h rut::W-«! r w,:l..ng 1:t, ~ SIC it!A"'C'I"" 1 dvlc • J.s, 

0 
'U-lAt. ANSWER 

employ .an ,1r[l...iil\y:11.t11 :iJ mil.ar It.~ Evart@~ • "!tilllC nncl!' on~ 1.:liil toTc,cd C;o cnt:. 

a s<Jeotld &cage, om, h • ,11 pt eo o.f .tnfon:111: Jon ctuu: one oll.d n<>t r ·~e.,.t -

cu .. 1y po~, sa-- w " ch pT"c,hlmn is I t veil' ,u CU~L Such tn or--

'ffl,llt:iOJI 't be 1.18~.:l ~a gutd" t\l h ... prictc:n.sslng r J\ 1,.1.r~h" .. ... "r a:;uess ing 

"'J. I ~ Lndic,c.C~d b l 11'1 ,H cu.s;1oi-ns r;I,,. E:dgo h 1.1.ri•~lc .. 

Tt, JIC<:!Dl'\'C !ISC:ilJg o· s 1. .. Che a;taga Sn ..t.leh """ l!l-1 n 11'1<}8 of d._.-
p.:-OM,t'llillllDline; ., for • In tch'i.5 Bl:.otg th, prog.:n:111, J. ■ abl co a:ppl:, cl ''"" 

I, .e,h1y po,c1.t'ic ...,chc,,h. Tho, I' ~im:Lpl., 1· acu" af 1:hJ.111 ac.ip; 1a ch t 
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ClirJn FORM vi.11.1 c _ l l it.he 1r. IChod which handles cl?'igonoJ!:1 rill:' Uit\C .&-o-n11. 

i;: p 1: h t; ny ot th m ho<l11 n th 

""c ion whl ch wil 1 tt:h r ~olv th l!'Tob\ or !!ln,pl if)' it:. Thu• if i;h., 

au UL ·..,t,:icl, handles tc-ii;:.onomcitd" Euncl: I.on a do " no~ bell ha 1: i~ 

l: a pplf.,.,bl" L<> ~~ p-rablom, "~ in J..rn ,c oll,b., ch ., ,~ or.ill r curn 

ch~ m.ichod all)I' ros a pp lie bl~ ~h,rn i ~ 1,. u•,•J l" n atc .. mpc co ilOlv~ 

CltM p ~ .. t. 1 =. If I>h.:, Ill" thod cloa ~ no •PP 'C" "PP l J.c ill le • "' .,.,,. h}l'pO Ch. • 111 
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eiu n 1:hn 'FOlUfi 131 .abl,ci co cl.lm-1..n.al:c C?1tr.c: 1n 

q,u.md c- C.ic... Th .ii oc::cu.1r■ 1,ii1~1un PORH :II. ■ ,.xnm:tniog a 11.quni'riC" -1:"i:::IDlt. o 11 

hns av ilabl" in his c II- d c:t.de ~c k • .,T., "l'lill1cc,bl;: _ FORM -n. 

nov .mt:C.mlfllt !Eu.rt: h r nnnJ.:ww:1.1 i II b,,,,.;::11u11 sa uch 

bl.,c\r. ~e> 

ion 1.nsS.do th~ .ll'l,._...'r.,.aT.,Cf. WC ■ aoc. ~xpan.d.t>c! (c, . g., ll:.(1 • ic)), c.h"' ,.1,,:zyl'l-4 

c.hal: 1:.h., rnf.iannl func,c.iW'I w,u nol: o,umplci: .. ly Tac.ion.-, I 1.11':!'"d (e .. s - • jo_ ,.. ..\c). 
loC 

FO~ w .11 11 - !o;cc d.eltliilic- lo if ~h If.I:! twu C:11;".ct1.d-fCin.111.1t..l1C1nm .11£1! ,.'Jppl cabll! 

t;o c.h..- ,:at;i<Jnlll .f:uncc-l.or,. I£ ~t, '!I nTc, • ii: t.d.l 1 

d •I:. n.iin i.f L~• 

ilt. 'C:O loc.11liz..e t.he di..ffiCIJlC-i.reis in a ;prc,bl-am 1 ■rn.d :Llt.s und0:-rs,Cand ng: af 

i.nc:csrn,,d nd nDt: t:o 11elrcccd f"Or ia..i ~is QI.[ L~ ~ 



't'h 1.51 IC=,, place t.hat ~ E"CJilC?'V1 d or IG~fl f'&1 

.Inv.:,lve oru.cb ""' ly 1• a"'d Ill-lie 'it'le~'.!,' - P. ne._ ,., fe l cl',a~ th y """"1d 

be C!Dn.li{(l Tll!'d a ■ ..11 to c re5o.rlt.. "Cit! ll!iM.pnrimcnC:. d~llliii:i Li bed in Ar,ip~adix C: 

lndicacea c~t 0<11)' t"'D prob le-= r,:,'lui red ~ ml!Cb,•d i.n ch.Ia ,.~., ". :n, .. 

mo•t: lnC"T •~tniu; """~""d of li,li.<1E" 3 L Edg whic::h ls balk.i QP ,h Ed ~ 

h u"t•,1e 11d ls. diotC"-"""d i.n 011,p~cx 5. ~dg" i.i!I " nc,vo,l in~cg;T.11ci.on 

mt0t:had ,d.a.c il'-'-"'•" a ch . Qtl"T l fo?'III ,:,£' ch i-nt R,r~ 1. On,:, u""" 

1'1- :11 b-\! :n · -..co-, .ni- ••w,c .. ?:"cn~.1.n.g,11 i:e,!!hn:lqua- l!l!i.1111-ll.a.r t::o O.l:1'S 1 Jlii J 

~ppli~d t o ob~ ih ch 

is c::l~a~ly T lac d 

1:h'IJ i.nt:.ce;-rL nd ■ 



C!IAl''.rE it 3 

SCIIATC.Hl!:~ - A W.TCliING l'kl:JCF.A.'I R::I R AUH:!!R,A C 

t:.U'~5IONS 

ln l:Fodu E: 1 l"lrt 

Our • lm 1.n ~ii!li ch.mp Li!r •• r:;. o da"Vi;rlc,p 

tut" iii l ri,1--;uage: \.n 11.lhLc-h 11111 can d :.St?: r- ,1) C'1nc:i.•~ly a,iid pt.'1tci~ l:,," 

i111l,goE"Lt:~::1 O:t" t.1,a m.a □ ipul..Jic.i"r, Cit L-1:ebr; ~ x,:ra e ■ 111i1C1n.a. ~4'",.1 r'&l 

-dllC C.rmpl:.s, ll i:; ::11.11,11:h la1.ngu..11g.:r■ h.11v(!" b~.en [&h:i.de IUl h• i::iil l. \riT '!.ilO'Lt lid 

C:OO'll"Gtl11d - 1i1r1c nta.d J. rtt;tiJ x ■ Aa :x;alfflt) l 1 I& comma.n.d! W.IJ\J b 4•~c 

h~, he " me oL cl\ ""~ tt-"' li.,n w-htl!h "' 1,1 Lt fn:,m dl-Ub.Eiii t J. C:ut lllj; lh~ 

cxprin.1111. l.an " Ill d " fol' t:hac n m .JJ :r ~n CIXlJ'C~IIIS ICll"I " -d ~. .. J;t: L 

Uf; C-111~)" ~(I bbr:r:!:v Lnt: ~ht-, [<" Oml!Chins liko " w Bulbs L (", Y, ~ ) . 

'th i'.WVC"C.iOid 11pproach "-'"' b~ ,; _11 J.,4 Lha :eac:c~ ... (!J.. ii.!!IC !,;11tJ (oc-

- :z..-,c,u which mcn.-n; Ir , tf c:aie a-->.pireJ.$1 on c:U~l'~nl:l 

i, 1 ~ ,I b Lh • "I'""""' toi:, z.,.. Such ~ t. t.,ll1Qfl ~M wL 1 l be hc,ni,a t<>l'~h 

,, 

c..a tl1td n.i h JI ... A t"!.11 ls c10mpo ■ ie-d £i E". c-1..:1 0 p..1-C: C. 1o • p cc.arn-111 tc: 11 p r f. 

(an fi,c,,.den t ) nd ~p l .. c!l:s]cn t paE"~ ea:rt ,au t1 c). 

22 
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A o:onw,,mJ •a-.clo:n~od l.an.i;u•i. i ■ II ■ 1..rab le £a.- nw,1\-11> ;,I; In 

LnCcC".JCt.lon bee: use lihe h.,..im.11" •• nbl to p •r.Conn c;_]'I d-:,slr d p.mtc.ern 

1'•1~osnH:.lotL b)· him If !Int.> c t>l tJ," LlTl14' (M.,,, !-\Ar Cit\ [ 31 I, &g., 1-

man r s I>. Ic l~ al■ <> UJ,<,tul in hOI> ~LCUAtlOtL■- u, whlcll " 

I itOT' l ~hra■ being, cod.,cl ■ r s i: r ■ izkt~f o..,..anl, th.,,: 1 ■ • not!, ing 

unu■u•l l• lllc.,ly r;:;a h ppa-a. An ,. .. Jli mp\, of eua;h & JLLt:ua.11::liOn l A 

cooffici nu (11. l). 

WJ)~n cha ..._lv;orLthmll b'l! h~ ,c.;;o,de;d bcC!DCe !ncr"•A:Atnsl.y complex, 

ch pa c.c:~rn Llr.!CUft,11 j Ui'\ •i.t;1111.11 L !['Cmil:nt:• ol. ckr \ge'br-ai~ m,1 11 lpY. La:c.101;1 

t n11,iJ E,0 r Lnc!C1.Hut:ed. To m. r.:: ch~ ■ e raqLlll"ir.n ,,c,s , htghly c~r-=rruu1d-

~ LL (lC d h1n:R,UlilR 1 1i11;11:II t1'li FORM.AC i :. l. lnc luda some p t'. fi'I reiC!a-,g-

p.l cloD f,-cJ ll L (1t,g •• the i'AR'.r co,:,,,nnnd 

~ ~r cion) and [h n~~d for o p~l~ rn-d,~ cce-d ■ ubse~ O[ an ol­

·1tbl[""ai.c m nlpLLL~ clon l.al'J 'l[[J ~,a h • b -ucoa111, cl arly t:1 ■ p'bl Jibed. 

~11?-adcC"• ■ lnt:ui-cton nnd underH- 1111,J ·ns or al..J,eb-r ic ,,~r,reas:Lon11,., Ot.51" 

dl'lcu A Ion 'W L l l bccom11 -:;:io, .111pd mora Pt'4..~~ s.• .a ■ \,i'lc_ pC'OliJlfCKii a 

we ha 11 l li.•" .. ;,u,mLn.e: 'the T'e"q,Y i.rr-~me-nb ol t.hld p ·it:tte-rn-

milltc,,. T1l. 'f"Q:qu t '["'eIJcn"t.9 v [ h rep lc.ctmJl!ln r~ ~ic;. which m r' ID~ Lai:-. 

,;'t'<> "xamlnetl l..i ~ ~. jl,i, "PP Licat'. ,lOn ~e • Lmp liflc'1~iOII .:,f chc SCl!ATCUEN 

pro~ra!al .,1, Leh Cu lf i. l l■ 1:.11 a rnqui ~emc.ni::a ..,l \ L ~h<>n be d I CY • d - n,., 



lfi.hapC:.C!C . nd11 .... ie:n •n i!:•11 y' On ■ [mpl !' C' ~lo.n~ 

Be Low ~
1
1tU5i

11
• "'"l'IMM., ._. . L l rJ.ie lu;nni.::ci ~t, t1•u I .!!II!".{ i:.hmat!t.lc 

<ipcl'II t Lons "( oddJ.U.an JJC\cl ""u l~ip lJ.~a,~1"'11. Th" lo=e-r wtl l "-1.11 bl! 

1: .111 l.;na t:~d by 
11 11

1 a.hd. .t.lu: I C r 'l-iy cc:rie ~ n.- c:.icin.. uHXP"I" 4 wilt 

r p~• ent ~xp~n n~lacioa. 

Lat LnJ cona Ider ch J r,.~l.Jl c.iviei 'Jlil.CC r-n fo~ a quat.L~illl't c: t.a x ... 

Mli ly. PJJ ~~ I'll Ii' l: 

(l'l) C 

Jt. l l 11.1cu ld. r.11n e: c:ha I:!: ch 

:Pl wtcQ, ~h Vnl'IJII?:■ tor 

TTl.,ll'CC?h ln p~,;;i rmn .s L,ic rt, re 

lomcn ln a;:1,,, ltxpccs!!l,1on and 

t.hm ci l~cnu .in h p.a t t::ern - 'lb .. .u, • a , er :ia;h~ ... l'Lll:"WaE°d 111..: fc- r;n-.rl .,h t. 

•c:a'°' ;a.hould y 1. ld hlf! .corre.51'P~na.1 Lny. ._._.'Ju d for .}f.. Di. C .and. reillU,l c 1:-11 

.:i m.:.ccb. C:on11ililuir 1 l:ul'"JL'IV"°r• hlfl li!xpE'e5!1ii1.Dn &Z l ■ .-1 ■ D .a 

quadr-11~ ,:: 1rt :.:. Ye~ ~ f11I l 

~n1gy d . A la c-~~•ri.µi~ s~an 

h. Ve oa:~ o ithl!! pr~perl:.f !I -=~• 
or •ill yl~ld th• 

v11 lu ) ro .. A md 2 or ll. HO>oevc ~. WC ,..L l I t, " d lfficull:y ln 

EL 
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a.s!i l~.ln, .rt v · 11.:1 ~ui C s1neae no fet:"m 111. chitr ill':Xf' ~c:11 ■ .tan corrczs.-pond8 

~o che C Cann it'I ~h ~ c C'I?"" . Qbv .Lciu_. l:,r C ~ i:11::,i., 14 Ile "'" ~,:h i,,l vi ~h (J. 

lb'.! ..it ra - ~llli::i:c t.he ~le T'l!I cnn.e,h.1d chai!t. com:l--1'tl a :a. 'IG]i lo 5hir 

e,aclea-rn '-lhlch r C"!! 1!111- tn;e; • ~ chc, 11.xprea:s:lon oilJ~ie! -c;o b fft,Jl'Cchcd 1,jllif::h 0. 

t.ike.1,,'11!1 M 10.C tOf',it Ln .11 2 coducL i.n l.11,ei pill C ~o-:-r,i wbi.sh ,lliC'I! mit:F• lng Jin 

~hd ~xpr~•~ion ar~ ~o ~ "'A~~h~d ~Leh 1. M~ ■ hQul~ no~ ~hguyo 

~ha~ ~~~rft ~~ I.L~~nc ■ la the ~xp~6•slon ml~~c lad cc fmilu~a 49 ~n 

ex.pT c. ■ ■ i.oa IK.]-: 

IE1tpir -818 1,~n ~ p r-c:!lciL'lt.s. U!!I w ,l.CL'II • d s:~nl}r.m te inn t.11t1~ iO l 

paa:ccr-n Pl. ~O't.(! lh IC c.hi!I iepcr-'lt.iDIT• .PL.US: ,..nJ TIRES vhi.ch o1.t'r.: ~x-

piLcictr p~e~~~c ~n ~l 

2 
:<: 

~ciJ 1111.:sw ll:\g 111 if.l., ~ r!il~ c.a.ni Ln ~c-oi.i.11e , ~h,p;s'lil op-i!raiCo.r!I by ,.. .-wr-1 c Ing 

JY,,i .... E I 

t..v~ :J:li p~c,ctu!.d no'-1 wic.h ~.- [Ch ~Ilg p L 11nd IE:4 ~. Tl1 Viii Lue fot' A la 

•" ily obt:<1iTiud. Tl\ U t: no La £4 1 .,1.1.1 "'"•"h 15>< .-ml "'ill J:'ql:lc.11 L lrt 

(Tl,~ ii'roc.,s'{ v111 b., c: 1 ~I.IL d be lov.) l'"ln Lt:,, du" to t:he 

.r'l!q_U i Qfflll':!Jlt s C'lllit:cid Jfbov~ -;-(• ID.Y"ding m:l'.:1-tSi.ng Lun!i• l-rt ■ !ILml ~ c; wi i l 

be mo ~..-h d w tl1 O. 'th= ln Cl...SUt ~c, .,....t:ch ~I. wlch EJ ._,,, n1quln,d ~n.a~ 
c.bn mat.ch mu• i;; reca,sr; i•t! mil.i;llll 1ru;. Cit' 'ir:"rf11 lc l c. epei::.a C.D['ltl. 



•, ri b la.s •u h am A, II. C , 

X ffW '!'Ji icc.:l1 l~sc lf El !I[Ulll,11;; mu lich Dlt DCh 

c0mp lamt:!.n.c E"'y 

'"'"''"=~"'"'-"h'-""'-'d'---'""':l," ,.,:;~,eh~l.:..., ....,µ,='":::":...:=="'--'r,..,."'c"-"~"O;.:'E"...,:m:::u::."="-=""'-=C:.:C::.:h:.:__.L r Tb.ls rcqu 'E' tfil(tr'l-t. ls 

ired U"CI dan t ■ 1.n,c t. c. fa 1 lcn.rs f' E"Clfff. 0y ~ u.J...rcmcm1 t Co!" rnt.1'1 ill l f\~ ie ir ~IJ.n.an t:JIII 

n fl r'Cduc t.. 

c.huugb thai ~ cb ~ 

t;Bo 81Pi • ;r.:t;Cn 

.,/• (l/2) 

~e h .11 n u:a.dars c11nd! Ln Q ur 

~c-h illllllililm~li Urn t: Ith ct e,-:pi=' t1• Lon h-drS been s !l.l!'ipl r: !i:tU. 

~ 
Thi.u.. i;l-.111: &:a 'C ~11:!!t-n Jut vi l L not ma eel'! rh.ie 11!!:Xprea■ II 11C1n 

b cgn•~•n~ ~xpr~•~LQ~ ~l ~ 551..UJJ d com Cch o~ty 

Hew v I lnlo:r.:ma.t.iDe ..a.bout 0-1 ldi~ Qll" 1n.su t f1'11 n ~ Ill C'-'lln. be 

(l!.5) -.: 



m.m C:E!h n!li de■ cribe11d illlhcrv, wl. l I re ■ U: le; itn c.h111: vn !lu iO or ;,. ~ l ltor B, 

a;nd 0 lor- C. i-oil"' e:~pre:!1-5.i.On t.5. W'e n.ecd t:D lb .mbla c,c de■ er.Lbe t:a 

it,ol!n rul facil ~y AllDWing ona ~o delimit tha ~ong of 

Ji /SOHZ.l!RO 1«2 + !h, + C 

~2 + • .in (x) x + l 

(1!3) ER 

it T1c11:1u.1re11 



2EI 

th~t ~. B, C, b n~mb~~s. 

/,<>r @ll-""'1' i~, i'l .. ll ~ jl!c~ "><!P ,1>■■ ton ■ f:7 .a.ncl -~ 

:il ,. 

'I 

• nca ii\ dlalc ■ nDC .n:pponr 1.t.k"' ll n.'Wll ¥ii"' .an:cJ 1111 oe y is ,co-rt".::a.l.e y 

noc. ■ nl.lllLbe:r. 

W ■hllll ~m•um ~h~t tb~ ~r~d cat~ f~EOOli'X d~,oreinca who~~ r 

•n cxpl'es11 lli:lln C!ontain• a accurr111:t1cie o ,e IAlll'I h iii t.h, v LI.I T Clli.1''1-i J 

.l !I. le dgiiLS nae C"(ln c Lin •~tie'-- 1111 OCC'~l':t' -ni;o ... 

w~ ~hu~ caTI •e~ ~h~~ ~ha pred1c~t.e ac_li~y l• bath n bl■ ~A ~~ 

.and hE?.nd-1ichie ■ i.nec 1 t. fiDl':'CL Ii CH\ ~o 111;:0!Q.A dri:r- qu: tic iC'fl~I(; u l \:, "4Hll'C 

Le [8 ~he ~ h d•~irf1A C.0 b~ I;; cch d. 

Pl,l.rt;her. i:;:Dmpl ,e.11ci.orais ■ l!'il ■ IA'l,ctl'li We' C'CT.1;11iiidie-1r" ti, 

Wo ~~cogni~a ~9 ~D ba, R gundrmcic. 

How~~er, ~n dolnK ao ~ ti.llld u• ol ~h• !a~c ~ ~ dd~~icn ~ a a 

i:ormm,J ·r.■ r; ,-, op ~illlic:1.oQ _ 'il~J.• L.~a.d.Ri u11 t:D r.equi !:'~ clla t:: chc !!ID.t.cib l!IU.!11 t:-

c.a~ L~~a a~~oun~ ch~ commut::atLvlty of additicn and multlplico~lon. 

o:ion~o:-U~LVol .ali;l'.~~~ .. n rtd mu l ip 11,:;11~ L n C"u ld b ~ ~ • n~ d 

or'.Lt.11 dLffou;mn~ ope~ ~De• 1:'hcn :PI..VJ;; crnd '.ltl.NES.) /,. ■ i~ Cuen~ ouc rli 1 



r~qu.s!LT~n t. inc.:rc.a ■ ll!'ill s::;hu cost ol t:ba mat.c.b grl!c t:ly. It. 1.s aDW 

n•uff1.C! i~t. l:,c pe:lt'(CJIClDl • !i lag:l~ li!:!!I c.- C;o- ci;th.c. :,,co111111 D.l ic:he ie::Kp, ·t"-e1-,. i.on~ 

'&ISllffl • hD'lio,le'l,i!,c c • ch.al: c.ba p.m t.~EHTI tm coi b-c ■ cDinned Da.ce f E'OU1 k.e f~- c.u -

v.11.!' oble:li. 

" ><2+~ x,K: 
/NONZ"f:iW•AITTl•i'R.EiWfl! /Fll~EOFJ( /f1un;DD1 -

ANY! - (B.
2- AC - 0) 

fllli:' l.,y h, t: iffl ..,._ 11n.euun 1!'11:' C:~ chi!- valu ,. foa:- JI, and 1!i llihau ld 

1. ~ondy ba lr..nDVJJi or 1!-lma tbE?- ma:tC!h hn .a lc-l!ady f.o.i lad. 

ac]iar f,11,ei !LI.let ..11 m.nd ax.amp le.- in vhiC!h t'.h~ Y 

OCJC!l.1 E'['W,Cl " V [ 

.1110:d B ,■ i;.c .m• Tb.L• means c.hait 
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1,:, t:ba term ~~olv n~ z, the p~oduQ~ Df •ll ~h• cch~r facto~~ •~ a 

can d lda ~" fa,~ -" • "I" ""°"' h 18 W11 iit1■ l l un., du, h,d i ea ~CH' C:O:lr.FPr 

.,gr.-.,•mlDna. .:hr ~~sL>l a "'4 chi!' l',I; w-lc.h !HO -~ , l\•3)'. B-'2, C•l . 

:i;~ :XI' ea lcn l!l L "'" ~" 1u1oth1>T ph,rnom.;no:n ._,!;\ tell ,;l t l n.,c.,~~f.-

~nce eh~ addttton of in v ~od•. D'.I &~1 

(IHI) 3 

C:.heE"c occ.ul." lfwo t::ccms lnva lvia,s; x
2 ·;r c;h- C ea-eh C:Orc::a in 

~h ;_,.-:c.i;; "" 111t,0L•td mfllr::et, x..a c:: c:i:, Oil"'! C;iernl. :Ln c:be a.:icp-Te.11..sil.an. ct11Jfl 

tha .,1.,gla t: ......, 11.x
2 

1n c:h p c:~ m wl l l ia1 l ~c accou11~ .fo~ tho, e"" 

'C.r~ .ln :&10~ W need .:::i .r,1:uJ lllt:y for !tpcc:ifv lns,_,-co t.h IMIC~h ch ~ 

f PIETltSlll orb::::,-y T..iCJ1bl tD cti.9 p.ai'C.c:c;rn j.;; to ~II! cu;m (de~d II cP• 

~ f.fl.ic l e.n~ n boUI II producit a:n.d 1111 sum . 'th1.• 1.• do-r, 

~y u~in~ Lh lndl~aco OOEF'FVI {c .f.fi~l~n~ ln PLUS nnd T t.i'l:£$) t o 

=d y A r,d Jl . 



.n 

chi!! cx,;iE"csi11 l ,c:a 51.2 ~ 

Tht::: ['QJ(U t t: q 

~e pE"obl~ L a ll!E"dcir tD clet:eTil!llnc vhe:t:hcll'" th~ !l':l(JS r- ■■ Lan vm.■ ,11 

t.i.re .a r- g umcn t■ Ex~ mn.d ARC ■ 'fh i:a (Ujn,c t: k,on i ■ axip l!:C: t.cd to d'~ t:,c cm iru~ 

quadr ~ ic !." ARG - H. 'b• U!Slltd ,II~ 

ii[UADRATIC. 

(P8J A 100m-~. :io~~.l!RO -A)o'II-F!til!!O. :.. RO C""' s. 1 ~J\u. RO) 
2 

!I. /C.QJ,:FFI'T , F'IIBEQ"FARG ( VAR f .EQUAL!\RG) • 

0 ,co~!"F'P,l"'ltl!iYO ARC 

p1111t:1C'l!tl"n l!'I 

~~v:t.r;Jii.1:1; r..::;1\111crd tul'llccl.c:n co FREEOn. ln pnc t:an, ·j:17... -:rha pr-cdic.al:C 

Let. u 1:1ov con. LdeE" ch~ pE"ob liSD o:E cxcrai:: t.l □ K, 

■um ha!i ~hl'ce ~"mu "hi.ch at'" ind l._,.1.-du" l l)" of ~he fe>l."m ll"VAll,_2, B"\'All 

nd C 1 nnd ~lDlllll:!I -r1Jl.dlit.l.11Jn l ■ dill!! incd by a.2 - AC:IIIIIO ■ Th.l!ii dif[ar• !E"om 



,u• t,,j.l.ll.a l.ly 1J.niu:Jovn and depend.Iii on ..:he 11 ~P?.'C•:a.1.0:1!'1 b :lnK 11'111.!Cchll!d. Our 

iY• ~ II c~~E l8 " do; .c=r b ~hU ~ icu.- ~1on o,i.t.h. pg, 

+o/OOKFFP 

1~ t.u:l'"lit5 Ou C ~half. pm.t.t:ccn pg do~i!ll not. 11.aiit: l ■ _ y au!I"" ~eqll,ll r!it!lfl!IC9 

Gi.il•"t- HiE. L un!Cl,1,111 ng llili.lh a pL"ivr:l p['iad l~.::a.t:c cx:t.. t: ■ ■ i!b.lll: J.r ■ 

v.a l.ullf! uf VAIR, cnn b1t l!:l!lsen ·t.!l.al l)I ■nyching:. "to l:rid t.c-111~• e-'h • ..,. c n 

\J"r l C 'MR/Till/:! i.n ■ t."nd <> f VAR, wl, 1m TIIU"lll I! 11 rp r~ c:a v wh lch i• 

~ru.~ gn ■ny .LDpu~. H~wev.~£, ~hm •Bcond occuTrllllc~ ot VA~ ln th 

e~~u~~cn~~ o VA~ m~•~ b t:ho ••~c ~• t.h p~evlo~• ~-,~ st~•~ od 

Ito VAR.. T1iii11 11liillke chi■ poln C c:l!l!.ar I lei=: u.■ con5fder e:kp:rie■ •iaD 13 : 

1 2y 

Th.!.■ axpr'i!t.■■ L.on ui l l 11U1 't.c'h pattern 1?'51 111 c.h A•l .. 'B•2. C•l,. IO•.S.~+:i!!!yR 

and l,ill.ith c:h~ fi.r!I C: v lu~ c.f !/all ,a;q,1.u11 I !Cu y nnd -c:h~ 111c:4;::aa.d cqU11 t It(] x. 

a VAR /il!QUALVA.R• 'l'hb u • f■ h:1:,, c lu"'"')' m.,ch.■ n~■'lll (""""' ch1>u1Jh • 

.. 11.adl•~ dev:l.ce ""a ""ed 1n PS). ~• .,., lllhnll do ln1t~_,.,,1 i10 ~c; 



.]:J 

do,£1.n 

YJ1riable (c - /!,• 1 VAR) ! l l " ~i!!I [y ct\j prcd 1c ~" {o,. i' • , TKIJE) and 

c:.he t. cc_B.Y' Dcc;u r-t'On.e 

(:!'LO) 

f'Ul w 1' 

y 
.1 

X 

mu11 it a.ti ~~hi t.h~ ie:xpl' •• 113ig matchei1 th1!'U'll/i 1th1:1 

due~ llilt.1:~h fJtet ll c:y wl l.h '11Ul<l<1 wh ell 1.nlil lco1 r. ■ laflr 13v0: ["' th111 

cx:1:.1.'t.s @ • :e c,f 

1 un I l:,r 1.nlC 



Lti .s: v n 1n P"ttacn l' l l , 

d •c t"i'bi.r1,5 pa IC t• n• foE quadra c L.c-,1. 1 our in l:.iDnC o.n h II b.ci:!.ni l:o 

d.c:11 ~r-~ b 1ie, of requ r- q n " Cac- .m 1 .n:i,:u I:! hicb Clillf'II h 11J!L .u 

f t' ll"Li:!hCI' IHtC QJ •~• ■ 'To Lr.id 1.C Ce '1: lut pci'-lltr ot ll'.h rn.och iln.e-ry 1.1 

Lv I, lov 

..l:IUDI ■ 

tP12) <\ . . 11:I. 4 C /C(Jh'V ,TIWE) + /COilFFi'I', LOOP (I,. , C ) , NONZl'lil10 

D/(:DP.FFl' 

n,., imp 1 i cL~ re 1 c lon~h h• b-e 1< en A .ilDd C ln pac cerr} l."l2 

T'1' ~ (4 r Ly cd.v L.a l. - - ~hat b, b.o~ A 'Ind C =• ~ be "<m;<cn>. 



UO\.lc~• ~, c,q:,1'e~• •oa l~ "h.""' ~h ~ ~h lo<>p £,11c 1 li~y ho,lp~ to g.,c u~ 

ouc o>f d, r to ..,J' '"• (.ch ln~ Ii ~" x Ln t.h. .. ~" ui
2 

(X) ~ na. 

c.u Ll:.lot1 gu ldl" HA ch l"'OU h rhe c:.ait~s "1i1d:fliei're. expQccm t::.l.ollt'LD-n d d DC-Ci,.111' 

A!II bafo!C'e. 

,n.:z (:Ki} IZILlili C TIUI e,,ch l.C.51! Lit ... c:tt.11111:~t.a if 

11 c: 1-11 C':,4 and ui.t.lc 1.cnt: tor r, t.o 'flUIC<=hi 0. 

~ d;.~.,.., Lf 13 bl< w1~., "' r ~o 1:'-<11 ~~h o 1~ l.!!nored.) 

l:~ i!.
111 

i m.a ~E!ho,d •sn,in.s t, ell n ~l~her J:I ""'" fflAC,~h O "~ A 

m.u.o t ~•c~ ll ~- Noc, ch.a c, c;h l• t.an L .11d ~" " di flcul~y L bot:h A ,,.ml 

E!I .are v,11rlJ111hle.fl, ■ ini • n.L cin~ li/.J.llii'! vlll be d~te1C111i.ned. 1.f A.a. ii! 

~ 
m..>t:ch.ed "8,11 lnst: ·•=, • ~h,tr1 II !'>U& c -~,;,h ~ n<i A Ima c, -~"" E1 01:' 

el fflUil!IC. fft.llCC:11 ~ iJ!f'id A (;ru,!IC. m 'Cch E.1E2 

ln :p cc:el'n fl 

.ind re.nu Lt. l.n Ith.:. voh.1. ill N-l 1 -Cl r 

(,t''lJ) 

ln.c lude-d b.l!!llirfl f;g .1..nd l.C!Aca .1.oaH! o tile ambt.sui.c.y ch.ac 
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11'1 c:crrirespiond CD r..b~ .1:nt:ui t1v 1•6 

fT<ll t"llad agr.1 Lm,t: (x
2 

l)l l w11.t :,la ld A•l. B-l, l\l.Q, ~-~. Wl'lotll 1 ~ 

-" ~,:h ,! aic.aln.11 ~ x
6 

tr vi 11 y1 - L A•l, EJ.-0. !l•L, M-o, "Ll:houii:h 

E.Jl!u:::an• ich.a c Wfl h ltfO ·lvu:n: t:b pragram L.rl!ll-iu [ ~ic: iienlf. Ln Oi!r;'lll.il i;. Oti r -

l r <Id b.,Oln 

Dlil!!nti1H11ed o,ceur "'h Hi iit i11- 1Il.iill:Cched •sa~ c Ln !th.la CB.Ilia DU..-

t:11 r qulr ~nLli ccsnTding 

n ~e,;ViCIIC':11!!d, !N ic.heE" .s.ic.Lii.1c on L 'i,11',aJ-Lt.!at 

The le11 ■ e1n ith11 t. i• 1.i3.a r:-n~d r~ae'i p 'C vr-n Pl l!!!i ithac it: i.11 up 

11 i p,11 t.L!:c-n11 JFuf lfi.c:i.c:in c. \ 'I ~,es c ~ c i-v 1(10 ia.e noe. 

Tbc lmp:c~sm ion t:hnc: ls Lik..., ly c.o t.a " h lnd■ of ..i!Drnc 

'LILl!['ld t:CJ dD t.h1!i,. 
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bn11 ld :1o.11:cl•f~ t:ht ■ C!' r ll:ariDn 

cxpE"c ts.ion . Yd L~ th. 

t:r.mn!I fanil t.iDn8 ■ 

l.i:I~ l.ly ffk fl. 41 1• t:hls exp-re.JiSio a aqulv l n ICO q11tJdirniti.c Ln x?u 

ra the I' c.h n •tnioe tofilr t l 1.:: il:ac:i+Bx-J,,C ?'~... IJb.u~ c;q:i.r-1!:~!f Ji.-t.n1• E l 1111nd 

2 
X 

(x♦ l) (x+2) 
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c-cind dair '11,1'.fl ~ lv • IL ■ 

d I. L r"" ~ (~om tL ~ ore~ic., I T • -8,; l ~ii by ~i~h~"•t1•an (s " h p,peruli~ .I!) 

ind 1~ IC cJ1at. t.h r"ID' !JI t, 'bei prob Lo1,13 lifcn 1 t.h 1.!it:h ■ s:pile ~,u rpo• 

m.11t:ch ti.ihiicb ..L c cou 1.d 1110r; diu c~nnln~ co ;:r-cc; ~ L.y 1J t Lnt; rl'.i t.~ ■ Sp ,c y l 

'PlLq)ci.all cl~v ie iii pL"(fb.11b Ly co-.11rJ. bci da• ;L n ad l0E" 11!.a.~.t, p• CE!Tn 1th~ i:: 

eou lr,J ,b vril.1:1:cfn !o:r- Ou c- mn:cch . SOmll Df Ith 110 •.ri1~'Y ld hnv t:g b ~Ult: 

c.h n our 'JJl.11 .eh. D-111!.sic dit.:: 15 

uih:-ies mJ.,;i:hl: b nee 11si.1ry .1n Ca.1" i11t. n s.it:u.ac.fon.a . HDW"UV4!rp c 1,.,,,. rwn 

counc~~ ~ ~ur de■ lr Cor ~ 1 ~sunga ~ w~lch ana c ft ~rL~~ con~1 

,-u l~s-

ah.i111 i,.,v,. 1110 c"° ,;y "b""' t,,., p•ttci,-n .:h wh n w c, d I• -

Ci.i•ili lf:htf cxi.■ t:Jn, ,111 l!'bE".n:lc eiAH. :pMlJial.lcm Lan.JS,U! H;•·" b lo-w .. 

U vi.ng d i lfleu!l:1:1 di i:.he nwit:chi.ns p .111-r· 1 wt!! .sb~.Ll r,t)t,,,ll di er lbci t::h1111 

procc.sli by .,,th l h new 1t.Xp!" si on• m -:, be g:c,n1111:r-.11 i;11tJ, i;,,lr8 lDlg t:hc T lftt.il I 11 

o( 1:hc lllll~ch.. Th :I pt'O-ce:.a.;9: 'l,ilirt, .. ! 1 1 call t:hei r t11. ~1-ffi.l!r!C: part. DI 

t..-la. 

L a;; U.tt: c:c:in!lid E" 

[11.l) 

A u cca.sis f ul m..ati,;;:h or t:lie le fi:-h !'Jd• ■ ~ 4e o.r Rl .nahould r- ·•LIi lie. 

Ln d L.- !'1tt, ~y ~on~"ieins t:J:1 ., -,, lu • u( t,. , B n<I C. 'i'h.im u j ,;,~~<>1".acy 



1-.JI -che:n ,._.~d c.o 

ln A•t. 11""2, O•l c0 □ d. c, ru ~boa ld )'l I .I 11 ex.~ 

2Z 
• .1;'i , Sine .. ~h ;,11 ,q,no. ■ ion l■ UDaiw l}' "'" ■h<> L 1 

Q';lkll LE'ia t.h1111: c:h~ t"cp la-c~:nt:. • t.ep 11hDu l,;J ~imp L );Y c.he exp~~81!1 i,er:,.. 

:cu l1e1 Rl. 1 -w• ~JJ. lod ~ Aulc: in 11a "J(p c.1:1J11 t1i::;1n i.a.va LV"L.n · ~h cC1111bla.a-

~ot"i.o l ~ ff>!II (
2

) and (~ . I.n ordn~ co 1,.,.vQ <11n "x;>r"'"~ lc.n ,a=Tl"b L,:i 

l, 
~c url:h~ ~ """'PIJ c Oil (i' .,.,d ) •11-o" Ld ba ,,,,,., lu■ c ti ~o yu,ld 6 
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Th~ E"ep l.11cfJ'ffl fl!'!c .o-Ut.iae. '-!Ii l l ul:n.,it.lt:uc.r- or tria.i:h .a C:.Dm -which 

f AIIJI ,., ch v.ai lun e,c Iii e.111 • l:.he at.crm. vl LL bn cp l..mcll!d 

O{ a l'u La '15 Lng 9Ll.!h " .Cmc i l ty ta R!'., • Dll-1' (,A.•!\} ■ ... lmled to 

'b liiiJ•.le • l t :1 hcu ld b - lit! - [' l:h.aC: Ii.Ill 

r,-r.i1c C.ilca1 • t.tuait.L,cin ■ ~II 



Eli l 1: !i: t:n g pq._c; c,tu:n· dl { r PF t :Ed 1 A r-1:nnW___.!i 

Thr Teq1.1t.li:'cl=!{H'\1ta. &'lvi.rn bQVI' (Dr -11 DU1't.chlng AirJd a riep'la-e:lll'nu;,:nc 

P"<"<> •ram OT<i a.~~t~L :l"d b)' ~h" SCIL'!.'.i'C}IEII* !Ind lilt~CI!:: 1::ou~f □.,_,. .,.,..,,1 
1.fl St!'I. w~ would 1 i:ti, o J>l"'e ho~., Pll'"g.-,11ms i □ ~ha.I..- his co·~,.,.,l 

conr.e,xt. SCIIATCH~ 11m~ b "-" ma,s~ i.nflu.,rtc~d by ~t.lN.s"l'. (EIAlll!• nt ey 

D,'STanc,;,,, " • .,~ af ·~~"~J:.,..~a l~ctu<!le,d :a.a $1.,.i,:111'11 SAHCJ: ,ol:' cho 

aii istl~• '""ny of ~h" alg1!b1'.1il.,:; prop r~i.1u11 of SCHATC:lllli'l ■=h 11! 

-v Tl.ablt! aLkui;::: · n~• CCI 1:-LUS .and "'!"tti'(ES:J m1Hi ■ ln: c . t'ill oc-•1 nd 

um~'C' cxp11cic .c;.r.:uv~.rol ~ch111Qil:1::111.11 of C:brt:1 ll(;lftn ct h4 a"l:p'!"e.Sli.slon ., 

ELTh'ST w ll 11cru;i~,aea .!!.l.1 ra••ibll! a.a~ ■ " .,.,lu.,-. fc.c r.ho, 

"&1:'t•bl ,11nd only C'hC!n 1 l l c apply cha "id r.,l,.~ial"11 co 

EL1NS~ s~ffer• '1'<)SC •~y betng ~s5ontL:i.ll~ undaac ib d. t au•?~~t 

chnc h.nd 5tae;lot desaribed EL1NSY in. 1 .Sl. ch n sDlllll!! of ~he 

?r<Jpo .. al111 [o~ 111,~t,~ tc !IIAntp'lll ■ t.i.on l11ngu ~w• wt,tch ..,.i-r m.:idc 

"i r, c" 1 'l6 I -.rou 1d harvc h,i d " di f [., t' IU chlH".■ 1' to;,?;' • ELIN.ST had ~o 

b11 ■-" l!a"'""'" •l ~• ~~ 1.* b c■ u~ t:hD ?roblo,111 ~h•r Si111,r,:I vati, tryt.ng 

co a.olv 'C''0'4U.i.re:d .s1Jch 3o1.?1nic-t:'ll li Y - F"i;Jl:'1;hl;'!ll'!'m;c~c- Sl.n In· anit.it11JH.'C&T,lfJd 

gr .. ,..., ?t:0bhrn18 Ln r l cc L "II. ~, .. pr-ogram l .ac.o C.hl:!. --ry Cl:l: iO ol" 1::b .. 

10~.t. And ch,_,w cbo■ a t:o l!Ulk" use of cl\~ ecan.o,ny <>f cal 1.■ Lo ELiri'51'1" 

.ln many sl!CuiiliCi.O-n.li 111 vh:t.e.h lit '-'-auJtd c,t::hcF\lll!le b v.re. blll!iJl"i ,.d :(lle-r- il:o 

•.tel e, aiper;::1,.ol pL11r-p1C1!1e m.:1 t.c..l11t11, Il1uii h e:lai rnied ch.ic (] CU:!: bUJllf: Oif 

~h" t: Lm t.h.uL "'"-" Jipom~ ia8 fully I>}' sAI~~ (i • ., • , .,,;,:-l,,.,1:1.nl! 

*'""'ceh~"'""~c~ im ~iddiwh 
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rih rec CJ D c Lon .. 

La"JIU"!J B ~t,11~ "'"'" i1n:i:o;!...,.,d in ~h I' IJ •l.:l< yota~,1o ( . It., 

Mm 1 T f1ai , FO"RMUUt. A I.GOL ►,'iB] , F,m l.c h.~ l '" FAMOUS [19 I , i'AlfON-

lli, ( l >"' Pl' Dr 'C." tu,,..., g~ d ... L in COifflJIIOn - Pl.US ..:md ;rnms arct!I 

,r:1,,1l.'l!l.. Tha ndvi':ln ~ c:hac. 

:11uc.h i.:;hill"l)"m !C'DUC'.1,-n :&, I, Ye DV!f!![" il lnll:U' 

1.s, 'C.h.iit.. !!IIIC?h " 

of rula-.. wh1.c'1 to equiv 1~ n 

SCHA'ICTiEN lh.11 t.t ,r. EL - Th . rxecucion Llllll!: i;:.i;;[ ,11 sec: o trulell 1s .m ll(llo 

lflng11.u:11gl!::a ~" oi:,h,~ ~ .. 'E'C!!CO nlo, ..., 'dn,tlc ln ,;: 

~ l! 
~ mo, 

2 l! 
b,;: ,. ,,,._ 

" + 
,..i 

" 
2. 

(RS) X "-
2 2 

X + bi. C: a>< + h,t C 

r.:z 
" ~c " 

2 bx + C 

,/• . " >(2 
C 



4:) 

,Kp itNID:•Jii1..c:Jas W li:!U ld iindiliii i= • 

'-I tH.L.r,i..ia ,a .M,~ iA rl!~CJ ntz.nd 111!1 .a d l It.lac op .r car on mtght: E"eq!.li r -E 

pav ru .-:i:.. ht: "C l!:-rn P7 beci111Jfrl!' -DC'h r~ &ni t:,1 pi0it:t:11irn w 11. bll!I 

11: ■ Pl' 11 • ~hac 

appllc,n 1 n (If ti 'l'Ul ~. 1n r i:,t:, t:ha, l'"A.MOUS !O,Y i: Ill r 1 l. ,. o n t:he. 

-=~ c_hat:: chn TU ll!: tS~t: is p-p l L di IC' PO-ii:~ (I Ly c:o • ~.:l:v.me11 eK]:'IE' 'HII i.ir.in 

1.fl'.'milliCioa. 

•xpl ic it:ly be, prcis:eni::.,, In ~~ r1Jl b l °" ...+, lch 111 umcd for 

T.a't l.riln.al lz.ln ~ 

·-·'" 
ln rr..~t:,"n't. thtt!lliLS by I.t:ur.ri& a L:ilSl 

(RS) A s /c 1,.;iC+II 

t: 

t .!I p,011..11, lbll! c a ■ irnul ~e c;.h rll!'qu .- 11!¥11t ~h c. t:h :11 opera C:.OTII n:u ■( 



bi, prcso,C1.I:. by l'.4!<:[11:l~lnlc t:.b.at A c,an ~~ b.,. 0 nnd c h .. .- C ~ nno~ =~eh 

1 - Hc~~~T~ such a~ ~t,.HI~ on Ls clum.s~ -~ bo•~. ■ nd a -+En~ 1tcy foe 
exeltsJ..kz- 9P:il'E' c,c,.:;ei ;r!l8V ls' b:0 DE'."''ll ~"" -1,1., Wir:h sueh a ,a;c.L.l :tc.:,, fo't' 

.... pllc:L'C: api,,.-11to1r~ Cpri!!•,;n~ in ~he = ly " rsionm Df :SCU,,.l'Ctrfil,i! 

pu •~Lon 8f9~~m ll bi, capab1~ of PT~ rQm:n(n 1n u w d V• r i ~y 

D~ ■ cyl •· The~c vill ~n~~ f~Om cb~ £~ly ri~id ~nd Intl ~:Lbl~ 

'l'.'"L"s of -c:he ,eul ••~ RS ~o u,., ~YP" c>f' rule t.-x1>i:opll:tiecl by pa.~~"= 

t-11. 

■ t:ruet:ur ei( -1:ln ll!I.K~b:raic m.11:1.l.p1.1l c. Q 111:ya:lf.em . ., .S'-01111;ti p op 

l.O b~llctv~ t:b.niL 

quoc:tanc, IUI d lf(.,cmncc im ci .~oo<I ~cl .11. &xp~rianca h • &!'i-,..-n, 

how1tven~· ■ it-h ·c 11ueh ay11 ~ • ~xpec1o.l l:y lli'h n C'CHrtbined v!l,t:1, .an 

inf'l~.x.Lbl,n p C:C1tl['"n-rn.a,;;e~. ro.q,ui~~ 11.11 :Lncr-1J:at1~ l~ t:tl u e ·r 1 11 11waY-Qn.-:11:11illr 

which t:c<1d• l:D d,;n.mara-:l him prabl "' "olvir, b:Lll~ n,., l ~~ " 

U•er muise: biD: ii!1t:1nca- n d ..... 1C.f1 ""ha~ l!I t1c.~u.11l l-y h.mp,pon:tn~~ cha mCil'E'<:I 

1ll!: ty h• &.ii ~c •Ol,;., l:Hird pn>ble""•• 0-[ co"~'"'• Lf ~t, do,~ntle 

wb.l.c-h ara bldc:h~:n L.n t.h,t• ■ Y c. 111 involve cxpoa.iD-nc: JI l N'°'c;iwliih oc lthc 

U..e;e. h:Ld 1n. lluCh d .. ~af.15 t;?lln b ..!:l.•1u ~<>uJI. Th:!. ■ l" coc. hm.re.v .. f". 

-.ii • A~..-.arc.ne.li ■ n i.§' 111 :t.enn 'IJ11ad by t.ie ~ flb 1;.1n1 c o 1Lnd1Ci41'1.~ cha Ch?gc~e 

af •~C~n~ic~ a de~•f.l ~h:l.cb • us~r l ■ ~equt~eJ ~P ffll11Ln~•1~ in 

;] g!.v .._ • c;LU1itJ.on. 



ol c.h , 12lge1 b1t· e ft>< i b1.l1 t y wich 

.ct 1 ll!bt'"aic o11.tpr11satona luu ~o n ~o h11;v i;hL• loxtbLli 'C-Y 

( ■ cl'" Mar~-ln [:31]). 
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Imp,.lm;; t'IC.DHC>Q ,:,f SCl!JITCHEN 

SCHA"'ICRE:fr ..ai cu -rren~l y .1c:.ap le:µ, nc ,, d 11111 a. sc t:. o.f Ll.S e fi!T.O:S r,arn;& • 

mu<Jl:i 111.11cl:,11u,ry or ~h0> ,T'ln•tcn111c.fon of 1.l.• ■ t-~c1;1,;i; •. :en f,11c~. , 

~- med•~ in C<ll!WE!tr "'hill:h wen> tn roduc <I in ~c past ~ ar ( 

BIN • buckel: vno::-i bl. - ""d UNO • 1.<ncu:ch,rcd ■, . ~ch) ,_,, •>:"~ in.tr.,ch;.: d 

by Cu_,""" 11.:I 1n <J ■h, h <'h, .. ignar~ o I!. co~. Leh 1che in!< nt1on 

cf such ""'boddins+ 1~t~~~•t' ~iy nou h, the B'IN med fe AU fic~eot:l~ 

ti · 1wl'.'■ l chat l h.a-. rcplnc"d ot:hor co:14\1£lil.'li:' ,i.o.l,u. ':!:ho dv""~"!I" o 

such "n .,.,,b,cddins J. 11 ch.at le YOuhl l lo;; ~h" Wl.,T ~o ,,ipt<>y otch,H 

f~cllic.f.eli e,f C~JO!. rhes • e I tic ■ <iro <11" C imp-.:c•1dvc. 'th, 

c:,lljc<e dt,9ad"""~"8"II ,arc du" t<> :I.no 1-c:1.~=1.,,. in a •t:r ght:-f;orv.il".S 

mp! ,,n c o... Ia ord i;c; d.lS1.<eu.1u; ~h"~ tnr!!!e l<'l'.ud.ea wi 1.1 ll vc 

~c; dumcrib~ ~ 11111nnor la ~bich SCHl\~CIIBN pnrfc=s e ~c~n. 

i;,,.ppo;, .., I av II paci; .-n of form l: ,. 

C } i'l P2 • P3 

E2 E3 -1,. El, 

rh ~cnn p:,,:,oa~d• by ttc~ti"R to -~~h ~I "'1.~b El. ll tha~ '~l ■ 

an ~~~mnp w~ll be mo.de wf.~~ ~I nd E~ . ~h ft Pl ~~~b ~l- ~f ~l 
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by i,iacci,& PZ + i'3 v:1.th El + E2 + 8.li. This dalc~lDTI i~ doaa by 

LI~ i,, ~n .. Ri'U<Cl) ... 1,rQUI: i.ne c,f ISl'. .In gie:ni:tY '1 l• llfl [)j un. te 

mot.hod. I c ··n• th111.c f':l'Y prlo.r ca !l'!I" r1.,:e::,. co .I.I: ...,,fl.l !r4l: ~ lf.ru chr. 

.exprei~:!11 Lon ..., c.t=i. E3 d !I! le ted 1 wh Lt::ih c..:i:n b-c d L:111 a• rou• ■ Hcwi0v '[' • tJ irt!!-11 C 

C l!! re U u ■ <>d in~ 14e SCfU..TCH!;N ~o 11111i:J.i ~"kt poi" ~s ~" ~h" exr;, LI' d 

t"X;'lll" ••1(:l;n and to e- ,:; re: it. f.o le.a O.f".lB.i:a.al. l!lhap r,,1nit:i! c.h~ m.illt:ch 

hlii.a b~e.n pc1 Oin11ud. 

c.1111ra: have: t.ci 1 □ l:drm_ rJ :l cc ri'J'11u 111:11 ·~I!.! c.a..ceful 19;1 e.ap .J. _ Th~ • C.ciez--

n.m t::;l,...,c,, i, li:hc dl!lc~1on 1Ap11,1ri':il c-h l.a co ,e-Qmp 1•11:• :l.t Tep:codue :li!'pr11 a..s: lon 

II wi~hcuc T1i ai~u.-n.mcivc ~ ~ulc co■ l:ly "~P "' ail)' omen cf-I 

nUDibar cit :I, .L LU.t'm:ai ln 11.h:-nt. l I ii: 1Ctt.1n i■ 1t.ak11rn £.n .u lil:C"C01lll t- ... !i:upp,e1• 

[1 c rn1> Pl ml ~2 • l'.' £ i .. ced vi· n 1 oop, r,.,n Pl may h-111v c.o bu 

i::mnu,1:chill"d I "° or111lrta t ,-u ,: sa Cul amt; 1"1 • M .. r L tloc ty .La ch 

C ~r, .. ~ l i..■ 111111 ~.:h ,:,I \oil t.h EJ, buc i'l f LMI~ DD m.■ c~h -~ ,OJ l k 111ml 

tt,u <h 1M u-1, f., i b. '!:ti 1<1vchod oC rc1u•oduc .n,i; iLn ,u,pr"s Loi:i n~ 

111-= t:ch. C1f .11 ■ ubpa ~ill v:L.t:11 a utJ >rpr !J• lr;."!Jn i■ 

cJ'l.u::1- 11: ~en J:.o bes q-.:a t t .:-::p &nin: l •rF ~ ,t1. t,O ~ · • • c T ln g t. c-un.a .to.rt11 t I, n 

l.::ta;g,u.mge- Dr v•n ti11.t: t :r..1.n•.to;rr,:1 ~luu l.Dn •u.nga- ■ u h :R COJlfl\flUt.T 

C•>":e~•p .foe ~h<> llt,10 10L>d ) """" oo~ Lac cil~ ;l UJ:lcu 1 L)' b<,c11.L1■" d1 

can al<>EI& i,.,, k ~h'" ,...P~"~•ta11 •md th p,.u,c.-n -1.■ l E~- .. -~~~~. l"hu■, 

i£ Pl m.at:~hc:i.- EJ,. i"2 can cinly m IIC,t.ll ~Ubt!xp.c"IO-■ s{oz,~ ta ic.ft l'iic,h~ ~! ~]~ 

■ .l~u.-cia.n, b COl'n DE.'c cc,mp l ! ,: 
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imlllcclh~11 E:ll. we llM!ll!lit ■ t:111rc. ;j,31;! i.rLich R l , P2 1,,11..c::h 

l11- e:h~ ccrn:.m1.1,C: l'i L,., l'C..)F ["'Cqul Lan:.im r. wh.lcl, a.ec-1n:i: ■ i Cll~e~ t.hl? i['l!!tliC'na o.f 

~h :,,pro,a~J.on. 

lr!n lt:ie:irn.nt1vc 'f.o t;hie: SC~IAT.CH.t::N' ■ can .l~ t:o :11,cg_lJI lc:ft.- 'C:o--Lf.ghlf: 

aloag ~ha pot:~cra ~iUJ ench •ubexpr.c5~ion. Thua 1 lf Bl doc~ n~t 

•i::.n QTI 

p~o ~~s•.i..rJg aL d,~ ~nd ot che sea~ l" aTdrr CD d~L cmi~ vhech r che 

Yarl bL s ol Cil ~ch a ~lltt;/ ~h lr p~ dL<: u,-e ~~ r pl'.'c.rcrl)I' 

i:: •1 ~ <1. l'lli , tc rn iv ...,,u ~ J ~• 'ti ~ b in ~"" 11'1'1"'1 hl)'. 

AnDl:har m.• ·pect: of t:biei Lmplea::1.ll!ac.filjctoa of SCtLA"'l"C::UDI ic:urns i:'Pul 

o h 'V ~pl{'II' 

SCHIITCHJ;;!'I "~c ■ l:oE"~d i.n a spec 1..11 l. li!I ~ C!a lle:d ~\ '.NS . tln ~hll• 1 '-• ~ ,.., 

al•o i nd ~he e1tt:ial~n i~roe.n ~ ~n men le.~ a above a• w Ll ~~ mn~k~~A 

u.ia!l'.ld t.D ind 1c.nt:e ll<fVo la .of ■ cop1J Di- Viillt' :Lab le b:l.nd in 1111 ■ A t1L,c1.:ialf• f1..11l 

~., ~hrt iq UQ la u• i.alol, S CIIJI.TCKEl-: y C-0 ... i> r•d ~" ~·-- .,,-, ,;, h a.-~ ~hemw 

,. 1 v"• c.- l ui ~e SCHJ,:rC:HEN and vh i ch Ln ~ o<I._, ,:,, fl .., v ~ L.~I> 1 hind l.n B• 

o ~h ANS L t- T~~~. d v~ru,bla A ma~ oo r~quL~e-d ~a ba of Che 

l:aTII!. RC. ,..heel! ll nnd C nru ~ ,cch ~ ~ " t, er "'•" Sy ~ t l l"~ 

SCHIITCHEl'l d l ,- 'i' cl"' at1 che p rc,cl.ic" t.lt fa.- A, ~horn ~t:, ~• ,■ hn, of II nJ 

.llrid C: 1.n ~h ln 1 reJiu 1 t "s '"""11 .._.. ob t.11 ln !:ha full pc,w, ,: ,. ( SCHATCHKN 
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J I O.f int.or.a c.1cn ~ Non Ch• le!tt:u: ~ha adv nc.as olE ;1.1.11cb a.n im'P lillill.en• 

ta t:.ion d vE.c , 

r pro,Jl~tl.~~ anot.h. r JI f i ''""""' bcc.,~ ,,,o COXVEK.1'. nJ SC!IATCH!!;N. QO!i\l:ER.T 

dca ■ l"lOIIC l lie~ di.ccc'C er: • CQ .L IJ: d c:t:lon;:i r-y .. ;Hil..r,.y o,f t;l\e m;o,dn11 n 

CO)t\!E'M" ■ hiO'l,.I vu.r I r foirm. .SClml:: ch Pii,•1 ~1,11 Ji I Ji Le t.1Dn:111ry. tn 

cht• .:d lt: ~hou ld b~ "" 1:1 ~ha~ FLll' [&2 J, anoci\•r p , ~ rn ­

di.-.,c~ed l o n11u •hl"h .I.a •1 1lnc o OONVl!RT HI '""'l'h" ~ing Lh 

t.r.an.a.liarm.y i~q, ,u [ \ .Ls'.t.11, ,1:1n.c-oriic:reic • i:,n chr::: c1;M111t~o l D!L h lfila: n ~)I' 

ichc u11~c-. l-'1,,..1.E". !:low 'Y"&, Lack■ 1111.u::::h o ~h t:"iltC"Y:t'ilil"-'ea milchlne.r~ o.f 

t:0 VEltT l>l'ld hu "PP"•r~ ~" b 1 ¥~ L lk., Cy a c c,d,tdm co, Qr .11 \ ... ngY 8• 

.1.n which to =bed S Cl'II\TCHE~. 

The•a will b~ deno~ad ~and~• r~mp ~ ~iv Ly . V4Ti•~1 • i~ ~ha 

pat t ~= a r e ... .-1 t. ~"'I ln the ! .,,.,,. (Vil R l'l ., I'\" J a" 1 • , • a~ 1>:,n) 

-;,!, I" 

p,riti!d p i[' e,d i ca~e ll!HJC la e;edl i;,,ril c.h chc v.11.?".tab Lo 

a cgi a r., .,rgumcm t ■ 2. th-.-e,u gh (n+ ) c ;,red. 

'ih ( lrti 

c..eh .m III tiP;ll:tia c.o c.hc '.ru.E"ia.b la: .. 



If" • va ~ L.. b 1., h= " mod , th fMld • wr 1 ~"h 1., ?~.itlx f.,rn,,, 

Th:u■ , A / COR l'FPT, IIMl!I Ell" becom"-• (COFJP (Ill, A. :.BER) '°'), 4i.nJ 

(COEYFP {VII R A &QIUI\L 5) ) • ~-n,:t,, I'" cce<en 

":11::h 5,) 



SOIA.TctH; .. ~ ( p ) 

u: " "'I"" Ls p , l\11 ,.. ~c:h Ii lu:,cccd s . 

I 1) l8 cf ~1,., t"orm (YAK naffie P~"'d .- cg I. . .. , r;in) , 

c:hen ,._...,..a ( , ,il ar1~"2, •••• .1~gn) ,;v;, lo.111 c.,d. 

('.Noc ct-lat' .-r-gl ~ _ ... - 1 41 :M;n 111E" E"l!'p laca-d uttf~ .t!iNS, , 

SCi!AT'CHKN ' ■ L<1~" """ 1 push d,:,WTI 1 l■ ~. l.! t.hey c<>n in 

a•m~• o v~r~ bl • on Ag he r::KJsC raee~ ~ar asp~ndlng 

va h o•~ II! fl "'m"d. Ot.ho,~.., . • • EVJIL (ct,,. LISI' inl:erl' roc.,i"') 

,.. 1 L 1 obt..,:1. n t.h<> v11 h,eo of t:b o, va r1,.11b ioa)- l.l cha v ,11 lu" 0£ 

prot,I L• TRIJJ!!;, t.h mat h h•cc <J~ ■ •nd U n ,..., • , )) i.• 

•pp.-nde,el ~Cl A~S. Cll:Jrn?:Wior" I) ,, <II- ~-,h f11 lb. 

!f p lil _,[ Cho, !<1ni1 (op ,_,1 •• . ;,n) n,,l "'P I.JI not Pl.US, 

'IIMES Dr' E!Xn , U'l•n 111u:n.'l. ba of c.ha tiDr-rn (-op• e ~ iil!!I D J 

1.'lnd ,1 - c:h pl l'niu ■ t. m.11ti=h el .and eip 1tt11-11ic. m.ac.~h op~.. 0 h r-.-

.,lso, ~h" "'" =h ! I~ -

U tka p11 ~~"rn l■ <>t ~1, ,. om, { l!XP"l' pl p:!), c:I) fl 1) " 1 ■ 

(EXPT cl i) ~nd ~1 mAt:~b~• el an~ p2 l"-d ,Ma 2 

Dl' 2) O •nd pl ,ruu:cli • 0 

pl mntch"■ 0 or· b) p I 

rH' p:2 .m.m.t:ch,1u1 l 11"d pl ftHi C-ch~ e. 



i;,i,p • IP.LI.l5 ID!['" TIMES, Chun I I!. i ■ n of ~h@c f,:,an 

em). i ■ ~~amdonncd ~o (<>p }- ln chis 

., M ll~t. 1.!i lllllidil! r;o JC.aiLch each pi 1.,r 11 ll@ffl.l fi!-j. 

■ c.in s~rc• ~il.h pt m.a E:chitcl wlt:h • L ... 

lll-'I <:t, ~ vlc.h o,2 . I ;•1 ,ch ■ om" 

U ~h.- f fo L t.. fl L 

j. ,.. J t.~ J I ~,,d 

t,pr •~ pi 110- ej c.11n b~ (iOU['ILl IC:P ,ch lt I t.han 'P !L :a. 

ffi ~,:,hall wla:h D 1 f "'I:' • l'J.US Cl{ l l£ op • l:Ml.."S - 1.1 c.h:, L 

l:t.i0 la ,1,lri:, line m.._t.ch f' t la. I( 11 rhc pi h ■vn b ~n 

~ch d ■ bu c so:mlll:! ii! I hrlv h.:i • c.h mi.a tc:h l.1.kei,..1■ r.u I l 

l!)c""'I' c.1on.& c.o ~ho, t""'"cnuoi, bc,v ~" due ~" ..ad<>•. tr "P -l'l.lJS, 

.. 

, nd !'I t~ of i:.h., form {1,:0i.rt?t (\/'AR Ill r,r .i r,gl, ~~gn) pl ••• • , 

p } • t.hcn t.lL r~ in l" ..,.r hm 1• t:r11v.,rs.-d "i.c.h h p ~, i-n 

■ 1c,p ll Eu, cl '"''" of d, .- •" I • 

va~I.Ablu nd 1.v appended t<J 11,i;!,. 

'""' c.~-. d • c.h 11 1' r J (0 , !IC I , 

th<> ma!'.oli (., l la. 

h lllc:illn b CDm~II t.b,c. ...... Lu i) f E.htr 

[t 'fHJ U'bi•~f' 8. I\ c<>u td ~hu.9 b" 

ac-;;a) UI ..accampc d- I.I. hl ICa.)c ( 11 lil • 

ch a l f ~ LIB- cuit' c-rn t:ly o! t.h tD!"!11 (P'Lt!S 01 1 n), lhcn prad 

{e rgl ~ ~ ~ ~ 1 iilf"'Ki:"t) "v 1..uac~d.. 1 the. value ea.I pr Li .1., u 



( ~"""'~. ")) l~ appo,:ml ol llffli. if ~o sul., ,qi<' 8•:!.oni, n-ill l'tl " 

chm-a pruJ (Q II ii L, • • • a,rgn) l• JI~ cm,pted. f L~ 111.iCC d~, 

( (n i,, • 0)) ls nppl!'t1d1Pd ~<> >\liS. i;:t.c the m.a,~i,h f.11 t L~. 

I~ r • ~LUS and pl ls ot ~h lo.-m 

(CQ!i:rPT {\fLT,il. na- p.-etd "q;l, ••• , ,;r:,,;r.)pl, - - • , pk), ~h 

t""Nria.l n■ c,f lt.111l 1Ci£c:i ("rlHES a: L.. 

■ uccccds ( { :l"P !!'I .. l) i-" app1tn<l . 
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SCHVUOS ~ ~TC.Hm-1 'S ~ERs10.,~ OF AN .!!_tM . .SS1.Jf'(iNG 

.Q_l'ilWJ<'t WNAL ~IM.l'L I Ii' El'. 

coded 11ubrouc. n irl t.t.llln 

.ln !lr1 cc c l~n, h CJ11,,hD:ve r ~ ii:: l r.n ir ~ co 

mnieDunlt.l r- l•r -e a:xprc..a ■ llDJ"'i - The llllip1t:,t;1d g tn. d by a c.annnl("al OIE'dcr: 

c:an b" :sc,1m ln cho {O 1 lowini; >< "'I" l.,. Supp<>s", eve, J..mp 111 i .. d 

ically ord t't.1.d.~ t.ha.n th i11dd:1f' 011 proocs.li !111, bil•i.cDlly c mare;i't af 

id fl!l::tC"ili\ f91;C'Cpt foT .a i:i;.111?1 •ne: factor:-. 

ICerm 1.n it:ha ! L?"'tl 't. KpE"a!F.s !LCJ1n '-lh l h .1 ldent:: cal ~ 

c:ie-p c iie1· 1 1:ei1111 E:Mnt: :fac c;Dr w lb ma-:, c-cquJ.r 



L-n icu l..L.ac c. ins t:el."llllli • n ••J!'l'li:a . 

ll'! S.::HW<IS ch c"l lee 1:1cm ct: """""5 ln 

.:.out iJ cl11:nl o ! t:h,ei ! t?'ll.t. !:II!'~ :ln c.h~ i!Ulll ■ 

u:1s) 

~ 

A f ,COE FFi"T , ~llMllllR"'- y + 9 / 0 0 flFIFP 



(ll l 9) 

2 
)'X •r 

::lx 
2. 

>: y 

QYIL."-' h.1.nt.~ 

TJ1 bu11Lc ■ implific.mtion projilYl'lffl lt.'ie!q'U Lt' 

ThLLII h th.a 

o C.lSf' o::ool 11 C:QiflJ;;r-.i1111L C.i> .i t..:,-pu:nl LI:S:l!i !iL.mplilt1r;.aclan prDJ!r.om. 

5CttVUOS conic n• aortt 1,,1 ,1 1._;t:1,aa J. a lm,:, 11[ Lea !la1i ru 11!! ■ bec-11L1!lr1 of 

th~ t.ntim-5,;r.at.iletn env.l-rc,nm-l!nc.. 1.n 11.thtr.::.hi t. o~ J t •.. T11~11 • li'c• lnlf..K n 14i) 

■ impilt :LeJI to x a.-.d ■ i.n(i111r~ii;:~• ~, h11,.•eo111.L·• .,,-::-;=. M'11r-a-t11Vl!lr ■ 

The allllpll[tc t.{gn olf 1u1 exprc:ttmlon ts dun.L"' rei::::!ur ,,.,, ~~.. ~1 •tl 

LL 'Cli! 'l' lt'llll"!lllnL , 'J.'hu 

l'l..rar[ln'11 Jmpllfic. ~l<rn pr<1,c,rM1. l.11 SC:HWO.S .1U C;'Lra ~,fTI ltm. -• t'hl ve: 

C.L ft k v .L iaip r- t.u • Pt.J.JS. •Y •~ _. L.r dy JI LJTl.p li( L d ■ 1 t.hcus,11 c h ! r 

,01Jlll, 

I( f: i n 5' 0Pi,f".i1.ffl kl:lil d tn Slt,:', 



Thor~ ~t!!Cma C:iD b-i! 11 w-tdi:1. -rain,sc Df t: t:i t.udca Df pciap le ln thiQ 

fl ld of ls,cbr.uic- mDnipula'Llon ras,m"f'di'-S c..hc- f".:ll~ s;.h.ai~ OJI !lll!gc---

b..-a ,., 111•n '""' h ~i,m •Y~ tl!-11' ~1,.-,1, to:I tJ lay .1.n 9 imp ll [J.1e,alot1. Of:ie v1.,.,, 

let rr-c call le: t:he con■ ll"ir'V ■ ti-vr vicv (hit::l.d by Pin·nL.ch~l. tor rkArt:tr-il 

m.o.1.')CJll .lLu tl'4'l ~ t'1 sy8 ( 1111 •Hao ... Ld rh>L ,amp 11 Ci "F n,ss hm" un ~i l 

llpcci .fic:allv c:old f.o do .ao~ 

'rhie!! ~on:Si'l!l rv t.lve '-' lft~ niae,A C• s. d,, ii, L1.·v.r o~ ~ lto•I-• wf1Qei "w 11.11 L • C!-0 L l 

ch I, ,or.id• (<J><<m,plifie,d c.,· ~h" FOHf'IJ/,c; de.11,tga) who 1,.,11.,,..-., JI.a a 

c nn,itcnl Qrcto". Lr1 the.:,~ 1,U,1plt(ler and Ln. Lmplkl~ al!:iplill­

cat19n~ One m~~ht: cv'1.n d~tl□~ ~ Ul~"C"d vLcW'point. ~ r~di~~L one~ 1n 

1,,1!, t~h ~"• ":.'B ~~"' wll l rep~•••"~ ei.;i, r-e-~e ,:,n.~ h,1'_. r-,,11 L h 11, e f,:,r.11 

qu l t:11.!" d i ·ffe.:--ea t. fl'iCm t.h~ir ~:111:cc-rna l fann. ~t lciri.tll Eunc:i t. L:.an p .:-ag~• 

(l',L.l'AK [ & J, l'M(.12 J, .,,ul MJ>.r~11•• r"~ hm-11 l func ~ion p11clwgc 136 l) 

adop~ chi~ "IJ'l'r"'l~li. A r d ic& l •~• ~"""' i ■ l>~"n ~"' "~ii ~h,1 d U ~r l• 

bu~iva la~ ~nd~•cc-1.minantlv and to ~~an~foc-m t~!gonom~~.:-ic functio□ 

l'llit.O t.h• r IT~pei:f'I fl c. L@ l r i>~ 111 o~P!r t;L-1' c. le~ .11i.iv1.1rn,:r113- ,o t c:.hu P°",. ~ 

flil l ■ :&..rr:pl l.fiic•lt hut al:J,!ori c:. 1rru,. v'h i.ch .aiC'~ t:hei □ -11,.'.n.l I 11bte. 

t\.lo ~D"':8-td r .a.t: Lc:u~" 1111h11JiU l.d ~1,.1Idii1..1 cn:11i;"! .l" d1;1:a lga.i.J.1.g an .a.pp,r:01Jcb 

~ .. II i.m;p11..£ic-41~ loh w~ i.hitt Ii 11,l'fen s)'8 ~"""' Th" ti~■~ JI ch I>'"" ra l· 

i c.~ Df cho :lli)".11 c.~. a::hn c l1J ~r, rane.-1.1 of p t"'oblif;"m..llii vhf.ch could bn-

11.n Chi;' ■ alu t -10n. cf" ic.11 p:r:ob lie-m. It appat1r• t:o ba .an li1X1om thn.c tht 
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mo-ra g,o n1t!" l 41 i!!iii:,-S C.am ls~ ch tie:a:s: eI:l:ic.1a.1:1 t. 

cnl t:r-l 't'.iJ1te Cov.:s.rdl .liiimpl &Le• Ll!O n u11u lly b LQ11~ t.lCI •y•c;; :{II whilc h 

E )"i.lU i;;:4 11 11 k -u.l!utump c.io.n ■ h-01.11t. he: s.lmJ!i l .L.-

1 u.- ~hl!ni )li[J1J n d th Link t:::rlJch 1.1ts ■ aib,ou t,; th pr-ob lcCJ l.i,lh L lf"I you • :c11 

. LIC,um.1tni. ti01· CiOn.s, irV t..l.M• u CO-Qi 

.s Erc-ng_ to be p t. ra: l 11. :111 011 h... ~icrm t.h.ic ic:i-111 

{ 1.91) ro : 

c- n b h rd c l:a 1.ni;a-gr,111 i;: ch-111n 

~" m..kt.ng c.h ~ !=ii> LL ·l"II ,iubm cil:u cl Q'1 

y-;,:; .. The fi01C1D.c E:' dllligu!l.11,, ~t1 .I, 11-ub■ t.i!tu'C.i.on bu-c L- ■ 

t:o be a !"1?1'11111 u l ic el n I s c .1inda 1r d II lm.p l i l .l r - L:t.1,;;ai.t1 ■ IC' 1 

l+co-m ,,. 

CD :l e. . Th !1;;111:ffliOt' :I e sl r Ito g['nph, r d. , rf'l4 bl~lt:e~ 'Iha. l t:c111J::r 



t n ~1: fl d i=a llh 11 C.lla'C c•,.~ean t:he: mer.st obvl.(]u.a 

c.aa bu h.11 C"m.fa.11 l l a ■ ome s i c.u.o.c ~on• - 5 if~po:a. 

C-Cl'ld 2xi+ I n fl [ 

1n-ll i1"1 c. in hDIC .1.f t.hese t.ll!nns .,...1tT1111 p 't"c li1tnca-d 11• )l:•1-x, ~'); X1-l - ~2. 1 

:x.J+ K'1: + 3!-!;+ l-~ ~ d\it"ll"I [h r 1n..1lt. would c-rJlnt.al n m .CJT h1f1Ci nn t-i.on 'th ~ 

TIDlil:JllOT'i b ~ 11,vuith 1. d, 

YC'f. Dn~ of t:h £:1.. [' ii:1 c ~ l tt..:li lf,l.t a.fly 111:~.llJ c; Lng 

On r;ia.wmmnl: t:h..ai C con bD. givan ag;;:i.J!.ni!L c c:hc r.md i.co l mppro.m~'h 

=~ ali~Ly •x9 t'88ai.0<1. Row~" t', "b"' ""'Pt'es•ion oar, 1,., <1,t•1l)I l.a t.u ­

•rn~cd tu ~t.,ld ~ (><+l) lOOl by 1., "t""il ~,; ln icti o., f,11 ~" l 

t.1.on lrtd.1. iea t: iUi t: h It fu c.ur- A ~A'.K '!{8 m 1i11i l- l 

""' ""xpr ,.... i-il ■ lt"Jr'II& ~ r'II ""'"· d,. r e it:l(!'l,'rO •, form: 1.r. ord r c-o rie11c,tvc 

d J..If icu1t:1et1 c-r111a c:.e,d b:r problem.Jli ■ u~h ,11.s: ch.is ■ 

fica t.i1.1n• t A ['ie,a ■on nblc on1t 'W'Cu Lei be t:o u■ e: .11ieh eif t.h ■ e: 1111t.t.it:.udic;n; 



0 

;g:ir.l! I: d~al of E"L'lt:L.Dru1l fune!l::!on m.mnl'frlul clQ1'1 11"d !"l"l, ,f" v 1y liiCflllf 

Mh~~e h~ ~mnput::a~toaal effore 1& llght. ~uc Yh~~~ ~~ ~cc~c~n 

l["'ICCOa,:;niC:l,ft,n I.a: hDI. crucID1 1 C-flen you. id.opt. n. ltbeit:"c.1 .i:lt.t:lt:ud~. 

you jus't. mu•:t 1ri11 ■ t:r-ict .it.I ef':fiacit. 

s p " tn. •h C" 1HeJ1l . ~t oil;, w 1111> 

co bl!! ~eq u l rld'd t..Jf 

d~c~~o~•~ Wi ~h ~hr■~ .lnp~C~ gn~ ~owld cont~ot ~he aLf~c~ g{ ~h~ 

a rq,l!fier~ IC vould be ~n~~r~■ c ns CD •e~ if Qna could ormut.ac~ 

~h~ s mp ttf~<>r. 

be.fare C.C.i.!m;p ln 

p'Clr nxn.mp 111 1 ii: cou L.d chack.. ccr C:nin Lnd icnt:or■ 

<ah cl<lne; ~eu Ld I> q ·uLco, l!>ini.ma 1. 

An ~X.-lllDlp11C' -..,£ che -m• nr •II h l.ll~pt t ~ L t" r!"C:fil nt.Pd ndl 

i;1ll.ov■: A CDfltlftD:t'I •in::ap1Lf.1.c.ait-l0n E"ul ,a 111- {.ab)m - m
111

bm •. Howcv~r 1 

11 ~""~" l ~hl" i:'u 1., I.a in,u:-c1J ~ c• ( . •· • wh~rL -1, b- l , m'i:. t.h 

c-haad-~ide yi~ld~ I. ~h Ligh~-hand• d , - l, ~~~-~a~ ~daL-.l 
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indtcr11 coC" .fo'E' t:h.i.....111 ru LC! wh lch .... 111 w erJ 0:1.,1 1Ch0!011· CA:A..is Lm-t wh.lch 

~he ~uault l~ r ~n~ouar 



C HAi.'T!! It 4 

SIN • Im; ~YMBOLIC ~Tt::GRIITO!! 

l,p! ,:-oouc t•'TI 

In thl!i- i:.hnptm.- vo, d<" c.-lb~ th <,p.,ca~lon o SIN. At fJ...-•t SDi"" 

fl.,,., Df ccn~ "" l 1 • 61141 h•;r.t,d. Tl'l"n "'·• ctl ol. ~!, ""'~ hod• u m,d 9 d i,c r-lhi;d 

i.n da~Dl.l. Ffn<1 ly, t.he ~1,~fonll.l>nea o SIN on ~W(> ~l .,. '• aQa,.,.,, _ 

hr,.,,,~hc:, .. c bu ch.mp'f.c.: ~h• con~ r1uc b;,t.....,cn SDl • ~ n.i SAINI' · • "PPr=~n 

A~ rthad9 ,.,lll I,.., mndc cl•ai:-. 

F' I Q'tf 2 f COD Fa 1 ffl1.d S,µbproh 1.11.'tffli ■ in :!;: W hd 5An.T 

it. p r ob.l ,,, f!~V I'\ 0 SIN mmy t,., ,a1i,;L 1;a ;,-,.5._ ~h-.0<>5h h t.hl"'<, "t"&<' 

,;, l'igu~ l. 

P'!;al:il, "' " i, ti. 
c~ n5£or.med ~L I-- _,~ 
eol.v<!d by .sp~-
ci;il a,h? 

No 

& ci.ii:-1> I\Q~l~ o~· I tlurl! 

!' sun, l • Th 

&i ch1>r 

l. A,pply SIN ~,. .d c n,n• ­
fa-c-i:,r.d probln"I nd 
f'\1. ti.Im v:iluc c:,f SIN 

""' 
2. Solv ~roblc u~l~ 

1n~en, Im chnn1~~m n~ 
~ urn ~cau1 ~ ~~ val~~-



11apo,:'l 11 .. J -~hods 1.s ilil'!'l ic.1ble ~o ch~ p,:-oblo,m. TI. le d"t:"ani" 1;1on ~~ 

ru;;,d b;; .a t'Olll:1u~ cnll d FORM n:ad 1.8 qui~"' rnmc. If ~ nwCh1>d i ■ faund 

a!!ik-ed c:c, lnccigrnc.e t.hc t::t"an.,.fon:nc:i,d problam. D'C' rh _p"t'ablae!I 1i,1ill b~ i.SJ 

h<1d i ■ i<Hln,I 

wbic-tl s r,plicabl cor,. ~ n rnl mcchod wi.11 ba ca 11..,.i in .sCtt,gt, 3 '" 

n ChapC:11::'l" 

,g,,! 111ie-thDJ,:a,. lilfll J n thl• 11l...1,(l;O' tli c:.he .fu1C..1J1rc. 

Sln~e ~OGC prob1"'~• Ar~ expac~ 4 co be solv d by ~Cn6 at nd 2, 

...... LI <I • ..,~u, ti,,, Or"F;11nl !o.llCi.m> of ch "" stall." h"T<". Th ,:onczeol 

f' rob 1 f.>S • M:L~ fl hi~ occur" ~b" fl.,,., o.f e:,:m t: 'l:'a l [1.d •u l>J>rnb L naa l II i;i ""n 

b)" Fl.&"•" 2. 

FiguTI> i - Usunl FlQ~ of 
c= rPl ~c.i Subp~oblc~• 
in SDI 

FI..gurc ~ - <,l<ni of Cont~ol 
nd Sub~roble~ tn S:D: 

W'h •n P~cbiem t.• "SWll cf 
:X.-hrce T r.ins 



64 

2 or 'lilt:ilil~ 

cx3:mplc. 

in stage 2: . 

npplicabl., I n pn:,bl""'-• :1.n "'1:1.eh tE-1 y, in 

POilU o .. c h o c -.ucli .Jt.sciplit • '1.a ■uc:c,,ss.Eul'l;:,i l.m;:n::,~cd r;:in i:;;ho 

gcne:'C".at:e muTe t:hc.n ,cnmi -.ubpr11Jbl~ ~ lkiwevi,,!'.., only ana 0 t::hc :A.e'b-prob c~ 

gtu1eir'al:ed! f':rOCJ 11.D)' givr1n p.ro!bl.,r:1m mulilC. k al.vc-d in o"C"dC:S!' C:o 1,n't:cgy tie- t:ha, 



co~~a a£ s~lu~L~n vf.11 Eonn ~ crce ~~=~cur~. Figur ~ i..a • ~implif1~4 

dtea.::r.1pClim o,.[ ~h" £lo,,., ol'. oimc:rol <\nd nubp~ob1.., .. 11 ~ .. SAI!ff . 

~I __ N:J=-.i;:::=:.=------------, 

0 

igu:1:c 4 - SlQ!plilt,,J .flo., a 
GOn~rnl {•ingle ~~o~) ~nd ■ ub­
prnblem~ (d~uble ~~=) in SA 



C IC'~d by ill11 'l'C a.crC!S:il !Chi::!. br.qp.~hc..dl f"E"Dffl ~h11c "ad .. '111\:JIII I f.D e:c-ner11.l 1 

ci !5°" l t.rcc :Ln S'iU'/l' h.11 ■ it.h f~,:,m <> Fl.gu · ) • 

Ff.sure S - A Subprobl~m T.-.,., In 
S•UN'I: .,,, n suno~ "!.'.'e P"~s "~ llm"ng 
~h ubp.obU11JLS 

/; "1J.bpn>bl ma Ln JS;\;u;T r glv ~ t:a Il!SU,. Thi~ incluch.ta ~h 

ori 1..,.,1. problecn and chi~ .fact. l..s 001: •h~ ln F R;Ul't, ~. DISLN t:hu ■ 

~~t• like SIN' ■ {\'.'a~ ~~B"• IMSt.li haa ie~ o~~ ~~~had■ oE Bolu L~n-

1.i: i:. f.aildi ICO ■ol.v i::hc li<ubp>robl.cm or of!i,-. A1mpl ~iC"4..0B- "•'rffln!Ci.01n o:f L 111 



61 

to do~c:"'l!ltno ~ c~~y can Yansform chc subp~oblom. Th~~ m thad• 

l,;lJLd d by i.nfann.11~lvn nbcu~ ~h~ ~ubp~blcm e•ll~~ h~ ehJIEiilsttt of 

t;h aUl)pz:-ob - o... Tb · .:hiaraoter con~ .. i.,_. :ln.focm.1c 1D>1 """lt " ~ h -.- t .h 

•ubp~oblum Tcp~~-~n~ ~ ~clon•l un~t~o~. •~ lemi:!ncaey £un~ 1on ol ~­

pop pl;i.aila DP tr.l:goT'I ~ r-ic funcr; ' i;:11n:a: m ae!ICC'.. Th.J.s !Ln:fDl["'DJCIICic:ia :t:11 u.m.ed t::o 

11"1:i'I: ChE nuo:,b ..- of hituris~.i.c c:.:anslO'ft>llc1cm• pp~ic.a.bl C('I "- pl'Ol.'H.,,,,. y.,_ 

CV~II wit:h it.~in u iC'i h ,chDracc..: '01.C'C:ih.anl.•~ a.el 111.Bny .1!1!11 1.1. ou-c: o( C:be 17 

,aul'i8~1.: tl'ans£omiD.~1onm m.ay be ppl~.d ~o slngl ~ubprobl 

'n,,;, "lo'W of eo~t'l:'<>l •ml in o-.., ~ in srn :i.11 Gall d t,f.,r c:c-,ht,.,l. 

n C'7.111111Un~eac d bee~ n 

on~ .rcuc~m~ ~ud a mecDM ~~ priv• a t::o ~h~ ■ rcuC \'1.-Ca ind r ~o~ llrnio-wn 

~a chc ~ • of ch4 PT03r-lllDT 5ADl'i'~• 0~8 nt~a~tan cau be~• lad~~ 

w, nt: <I. It\ ~u~h &In org..cn:i;;;ac:1.Dn ch., a;oal ., co cr"n"' onn th d, a M;;• 

Ci.,.,.• ~hQ g,o<>l t:-;,a<> ~, SAlln:) cc II d-"Sl~od ,i~t:e. l:n S,A.DIIT ch,; cl<, iNd 

,.-ca i.11 " tr,c- · vl-iLc,.h h-'ll'- <> pat:.h h: th t:~ nod,: (thee orig:inal prob!=) 

t:.a " oot:.t:QQ nad.- n ~i.cl'I "•ll~h h.,dc t,op't';,.,.,n~,r " 1101vcd pt'Qblam. 'l 

d-aUII t..,,.., ori11nt:cd ""Pf'i"' t:f.on ~on~~,;,1 ~~ r 1 . .im;t>iahcd t:." rouciiu;,1 ..,h:ich 

111Anipu 1.11, t: ch ~" c \,,a~". tn SAIN'r , .,,11 ch" h~u .-u i.:ic: t:."'I:' "" o= t: ona 

r 1 in,;iui~I c.Oi>C=l co t:.h D(SLN prog:r:am. 

co n~our.ctg~ ch;, p'rogr""' ·co bc.clocr ck, t:hac te co 1.,.,., on pa.tl, of cbe 

'f:l'cc D.nd s , -r ot1 t'li>Chl!'~.. SIN"' Ji apprc::11ch is co di.•cau~1 s b ck:t:ir-,oc~• 

i:. cb .. f.ir,it: cwo "t:"l!i"''• l!l-ack1:rael(.t1>11 1.~ 11110• J i 'I' se .. ge 3. He,..,,..,.,... 



Below when t: l'I phr,111 ' 'Ls clC!n11r:.a.aic.~• "" .1-hnl.l il'i'I an 'C.h.nc 

h- Kprc ■sion con~i11Ln~ DO D~c~•~~n~c o cha va~i ~l~ 0£ in~egraClDlfl ■ 

Thu•1 sin
2

~ + eos
2

~ 1• noc c~n a n wfien x L~ ch~ v riab l~ D Lnc~­

:raic.:li:in . 

By e:he ::,,,lli;im n c,11 q ,s:,;:,; p TC":s.- i.olili,11; B.f ~ ._,. ~•n c.h - !S c o 

composcd D£ 

By !Il r-i I ' WJSljl, (,IJ 

m,,an •n li:!'l(.p re~ !I ion abt. :I.nee! {I'\ i;.h !ft-!11"-" r mbov . "'" whe:r~ 

2 lC 
X: fa, ~,, .. d" f 'l nL 'C; 1cn _ Thuli, Eor >1:-:Impl" • C • ) + " 

t 1.1xp ;."~:8.&1.on of 
1( n-,a u xprl!'•i!li:l:.r;;.,n. "'" 

X 
on t.he "~hu>'. ry " . 

By t:1, p.:-obl.1!!111 J,nt<"gr,11bl j,n_ t. n.lcc. ~ w , rn,UI 

in~ 1trJ1 l i8 ~cp rG1'0fl - iH m by jlfrl "l em,,,n~ -.:')' mcp re:,"" ion, 

2x 

h 

.C(x) n,i;,I 

1. ... an 

i,d, 1. .. "" 

C0>./11 

m,rn~ 



M,e ,.. .. 1 l. 

by c~Llfng ~l.~ ~co~~t v ly nd ti>~ 

Mctli?<I IJ: I..C ~he 1.nCo'.!i;..-.,.,d la cf ~h" i:oaa 

~~ul.lC:11 .. 

tl'lod5 r 

T addod . 

h" 

~'.hie' 1?J1!11thod 'W.hl.cb b.as lc-d 11.!I r::i..i c:a.t.1 b.l!I s.c.111,s.c !Chit! 51:ll.Glll: ~.alt Jliolvi!':(11 

■ i,npl p=bLmrua. 

01'1 ... ohls ~h dl {£1~ 1.1,l!,.)' .. , ln i:r11c.i.ntt dl1SSl.m.J. 1 r ""'F""'II" 1 - .. uch IL 

~u~~~ Uo~eqcr• cht~ j~ no~ a e 
'2 

e:;,;,a,npl~, i ~Q ~~n5~d• {c~ 

o ~l ~o .f,:,l l=, in gen,r l"oi: 
2. 

2i<: 2 )dx. N ch•~ of ~.Ii c rm.11 ia. 

IJ.C.mn:h • and Cl hcur:t. t:ic ·for OYiltl'l'Comlng :5,.c 1n ,111om~ e.na 

... 
:tl:\<. la u .L t::tc th c h• ■ 'b vn c(lltw•.:Lde~cJ III o.t ·c:hc tol lowin .. T1dil u~ .. 

Suppge h.av~ a prad=e of c TIUS of ~be foTlll £(x)g(x)h(K) • Th~ deri-
vDtive {5 ETftq\LQn~ly cf chc fc= £'{~)gCx)h(x)+f(~) '(x)h{x) I(x)&(~)h'(x). 
Th-ulll U 'I\ £Um~ 11 1 .. c S" nd ,.,t,i.<:h i.a o sum ~uc.h cl:i ..., Cere,a in th" 
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St 111., ~on.111dar.,d i:his =~h"d ~o I> 111.1!!;ic lcnc.l:, ■ f so h.- h" 

l.nv~r -~bl~ ollg-d I~ also, 

i§iqlmple 

{dn x + l!i:)dx • Jil!1fi x die 

lI) The ~casa-n fo~ m ~hod ii ~~a l>4 soen by co=idcrtng th ~rDb1 ~ 

(,,: .,")
2
dx. SDI h ,. no "'4Chcin;;ry ,..1,.ich cl~ ls W'it,h chi-a p blco, b, i~a 

shall ,...., 

.t.ncl,.n1!on o 

c:hc ore,: 

:IIIIJ.liiil nca !C'~.Lo.1:cid by h ving c""'o, .j,C:m;Drl!II in each gi{ c.J,L: 0~111 £ ~8 nd :fR;• • 
-r S;l! (: c;I.v1!1:,' • 1:n1d. wl.1:h t:ht: -ra 11t of t:h~ f C' o a id!ll"'n~ical 1 ~'h n ainr- e n 
g~o$a ch ortgt i produc~ ally. 



7l 

poa-unt:.i.a I Culf\Ct:'t.Qn l,a.• only Of'I nonconn:t: nt .a'!"'gWILCnt_ 'r'hu&, wa got: Che 

ochor word s, cha mcch0d por~u1:m■ ftn !mJ'llci~ •ub~ticu~lon y 

t)bi:;llin 1:1'!11 flt<rgr.,l j., ap(y)dy by 4 C:abl.c look "P• 

U•-l.ng thu ,..,~J,o-4 h (ollOtJ"ing c~ mp cs can be tnt:eg~ar.ud. 

J l 2 
l) ai.n IC "o" "' o!x - ?in IC• op • ldemt:-l.t:y, u(x) - sin(x) , I.I' (x.) • ea•(x), 

2) 

3) 

4) 

" 1 

f ,g2 
:KO dx 

s~ 
I 

C - 2 

J~ 
" - L 

, 
l :.,--~ 

dx • !.(1. 
.J 

Op - clu("), 

+ x:l:)3/2' 

dx • los(l + o p 

u(x), • )? , 
op .,.(:x;)d • 

- 1 
l.l(X) • 

,. ... 

l 
C • 'i 

• 2x, 

u • (x) • >< ., 



op • u(x) 4 , u(x) • x, u' (It) • 1. c 

"''11JDrle• vi 11 1.nd c. a, c r, o.1n n•pcc c. ~ ,;, f ch~• ru chod. 

C 

eo {2x: + 3)d>< 

l. 
2 

p-.:-obl _ _ 

1) J :2.y~.,2xdx 

] 

2 ..-tn{2x + 3); op • ,:c,.,, u(x) 2x 3, u' (x) • :1., 

,;,p - du(x), u(x) 2, C 

ar c.;an be ['°t:" :11ie-nc in ch~ irLl::1Jg1: nd ... SA :'I' -woul.d har.re !a!llflQ!V d ch c:Dn""' 

~ nl: ■ c:oi: i,liic;J. l-)'. 

8) [co 2 ( x)5in(cx) xoh: • 7ca3 (.,x}, op• 

,I!(, V>:'Ol, lem.,, "C C =ip Cc cl by S/i:!NT ( Ii-"'" AJH'"l\d b C.} • In c,u: .,i:; i<'i -1 y nDugh , 

1:.hi ~ 111 chod Df Dl:1:'1~••t.f.ve-dtv.1d,,;s. waa 41.ble c.o n,lve u I '!I 4!i ov. of S6 

l!IBI• lUl'DCII O( 1tl1I.■ .. ~hod I: an ea.Tly lllllit..ago .!n an :!n 1!13,;r.a1tlDn _p'C'cigr.amm 

coi,ab:Lli~y, buc who ,u :'c u t,1., o r umrll l ng ~"' "" 1 c.h B.., lu 8 <>£ a 
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.Ct1<1c: r .t0n& ,,.hich &l:' si:nt. l,u· ~ o 5 Ill' -Ii f ~"ti~ • ~ · S" • ~ ~ mp 1.,.y5 11 

1,:.,i.1 slmi.l.n~ 1:-0 ~ha~ l.l'i d1 Dal:'1.V l:.i,vc- 1v-l a ,:ouc,in but. a~wtu,!; 

laTg r. tt al~D p TfD1:Jl>.I' cighc ~T~D~fo>;,n,at ans c;,l1~d ~lso~tch:md.c. 

Fi'FIDilfo;gn.at i,;i,JiUI by Sl ■:Ji:.110 ... Th BIi! r.aina.fcn;;.;i.icio:ii• en,• tu:t:~ptad on. a 

J.-.. l an" o h a:, la •=~ 11•r-,..1 't:h., <:T l'l-llfonn.cd prablcm l.!11 ,..~.,,i 
and Ch<> o <"igi.na .I. problem 18 tJ.ot con• 1 d~ ~., i1 ag;, 111. :Iwa of ch ae ~ 1:' n& • 

fo H•n■ T<' th ■al!II' • method nd J.n t 1." •t:"EI" ol -S !'I . Tk 

o t hc~g ~~~or~ ~a~ ■ ~mnc or a ne,ga.~10fi crpc~a~~~ lR!m ~he 1n~ gr~l~ 

n:~.ar 1!!111J.b:1oit: c:uc:i.on i 4ed fi~r.f r= 

f ch OTigt.n::,l pi:-ob1""' ha"' b,,.,., .-c,lvcd. :!MSU. lie, ■n•~ IICC'-lllll.ly ""1~• 

mn.-ny pr<>bloms ■{'), much ti :I,~ is ab tc ~r~n1111'c-,,ni r&o numbc o! 

l'~<>bl ':mli! l-nto " on,:, wich J."' ...,,,.., "'"'" ly ■olv.,d J;,y i:.h,c ~ A of SAINT. 

l=dt tlO ly ~crn doi," IMSLN. &'I.Ila' di D rlvat:iv •tllv:l.de hou t'.'1.,.~ic: i;r r.9 -

form.tcioll, ,-!11,:h la q~i~ po..;i-rfl,L]. • ch 1'1-Q't: ppU.a-d o ,i probl,:,111 unt;i1 

m.uch ln~or In he cc;,~s o ~h sql~!;i ~n. 

I.f ,. pTobl- [alls ~o b SDlv"d l:>1• Snl' 11, £~rll~ • llgie , i::,hom h ; l.s 

dcC.,TII>i.ruocl ..t.e~ho,r ,m., of \I n d.,tt::1.ollQ~ ma~hods ts appl t.,_.i,tc ~" 

it:. In. oi,dcr tD do, r,,rln -..m-1,c!-i -Lhod 1.- cc, be ppil <I c:1.U<l!l r" ob­

~" Uled .f-.:om cho, ><p ~"" 11'.:l ;;m • ~c lmvc. " l lc<l ~hr c c bn lque by ,;;hi ch th"~ 

rl.io,,1 .,., u!I Iii h)'i"'~"9i c.1= Ca• Cha.p~ot-r 2.) . rh., ~!: n !:ch ~ 

obtain• ch~Ge ~tuoa a~d conCh .. 1.c 8 che ~Dit15D-~ l an of na ~ypa~hea1~ • ~nllcd 
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ill t fl of u 1:n!Ccg;r.and ..._.1, 1.~h t e II C:.rigun~,ltlll!'t:rie- :tu't\i:ic..ion o.f iiJ I:ui.11ta'f" 

as a c! u" • 111'1'1 i"CBl'I Vill ;: l l t,1.,,;hod El to ,..., L hlac ~he hypc,t.hc~t11, ~h~~ 

JI -.11,b-!111;:;L ucl.ot'II r:at\ ba: m.ild1t £o r 1th t::!l;' fgDn t: r:ic '.C1\!'nc'l::Lon~ .. ll!C.hod C. 

l;lu~J..11 ~ c.hn~ au"h a ~u1>111:.ll:ul::L<>l'I ;{JI 11 C nppl Le.a.bl" C• • ,. • [1111'.1 >< .,xJx), 

tlum i c will 

nic 1 T c:a 111 11.m>ch~ r hypathc sis b!U 

ic wl l l l,cnd S :S th" t~ n.mfot'.ID - d i;,ro-· 

blo,m. Tiu· v 1u • " !illN, w ch 

r1..,z + Bll,d.~" 
dx L) 

si.n ;x. 

2) (l 2';<2), 
1 

X dx: 
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) Jx /7+"T dx 

ll!"'chod m.lgh1:. b"' pplhrnbl". ,\ 1IM> 

•c.anl:11. 

l!x~Lo-2, -
lit 

,,; t ~JP dX b ~om-c~ l 
3y~ dx • y - ,. 

t 2>C 

J~ e- .:,i,t bi.;c.0~111 oly, - ,.. 
+ n.,fix y " 

I~ d:it b Ii:. '!I d:,>, 
X 

nd 
,.. 1 X 

1 .,x COIIIC" }I' 

J10"- X lc,11 HI 
1n:Cia!=li;ll • dy, - X 

dx y )' "' 



1G 

bx.1~L CbL><+e 1 )to 
~ - af i• ~TW111foon d fn~o a 1 al 1 1 □ DTilar 

t:o "'"''"' re 1.i t,.,,.c~ 1:.0 " "'ll1llllN'l'.I b se a 1 • l:k r-.- "l s ~h Et r .. -c b s 

ltD.COU"t: 

~ -"O cbx a 1 whe~u c r l~ eonvcr~ ~ C n
1

a
1 

-

~Tons antn~ton ~~ bn .E.111.de. 

n~ :i-'9 ~d-c... Th.u• 1 1u1ch 
b 

Y liifid c.h e C'il!l!H.1:Lt:ing ~:xprer11.R~ 

Th1s my lo d ~a 

1:.i. in t:od:!.K ion a unnnccss ily ~hu,a,;y "m:L!llt:..lnt:~ ( • g. • lot1!>.l). 

SAJN:r' ~ ""'thod in l:.h:i ■ "-Iii.a " " "°'"'"'"'h'"c ,;Ulferlrr!~ . SA:tN'r dcid 

uai;. h.a.ndl~ dJ£ferunt b 9:es ~ n r .. 11 -11!11e11 vbere cliln11ic- n :i:::;a1 1,.. . , c:_
1

) 

J,J.,,.l•-ar o.C 1:~11a bi. .1 lir.i 1 11.&y, and ffl.Jldc l:h. 

'fh:l.i< m c;h~d i.s appit<:: ■blc "'hcm,ver 

x~ Zl~m(xki), we~ c, k
1 

n 

k • ~cd(fc + 1. k1 , ki, • .}), k l 

a ■ut.exprcm!lian of ~hr 
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'b-ecomas 

1 
+- <I)', 
:f l 

wht!! mb~~dcd ilC .In a l.a-rsl!c melChiod 1io1hi.ch wns t!!!pl~nicadl lD S,'IM in t::uo 

,ih.,uld b ~t~ndc dl C:o hi nd le ~xp Dn flt: ■ 11:ruC?.h 11, 3 • '? 

Jx:!,a S1.d(,c·2 ")dx 

Th15 .,.,~h~d im applic~bl~ ~hen tile ic~~s-•ntl Ls ol ~ho ODD 

(~ n fa~+ b ,:~ 
&l.cm(x.~,., + .:I , \,.~ ; .z •••• ) 

,..h.,ro, chr "1. nd 1:111. arc E<Ol clv l.y prl- Lf\~egcr11 1.ri~ll """"' imi. I 1, 

nd "'1th a, b r C. <I G<tn~ ji(\t:8 and .o..i - bs:: . .,. D. 

~•A Dub=presa[-O'l'I 0£ ~he fo 

(SL±...!1.r·" 
~ .. ..f,," 

9;llmtll$..i, • 

J., .... rx cb: ba-e:omu,Js 



J .. ~ &I J 2 2 ~(y - l)y d~, y 

M::il)r>-d - Le~ k - lqas~ <=<>lllm"'n rmJi,l1>l .,, ~he "!l. 

(,,~ -,. b~l/1<. 
C2.i + d 

~ c.r.tc'f.1.CD ad ·- l--;c'O ~ 0 Ma.-surc-m- t.hat: it:h • :1,ub:Aic t;LL"ion 

1£ ~d - be - 0, ~h•~ ~ • 0 • 

.:J:n xt: ne ;Lon oi Sl gl ~ !I u x:c ■ 't: :I.on 11lnc.r ~ cOVl"!.'C'lfl. :Linei~11r rurtc.t::lot:\:11. 

c:.a.se 

E"' r, th ill lj>;<>r. th.Ill .,hould b ■ I' 11 c; -""~" ~vo ~"~~~. 

,./m 
th c::ia , r,,,a~rtcccd ~" (,i,-:; + b) , ~h., i:.h• ~ Che 

.,,. + b a/"' 
~I 

Mu.ct, of t:hm 'C lt:JiJ only 'the for"'tn r 1.si nil -tJLf d I bu.l. Che 1n.ru:::ihi ,., ry !'OI." 

1 

l?Xpc,nc-nt:11 ~ Thie!RL .. va11 ld UAi1J l.i ;c- ll!,IL11 C. lu t.lte g~n.c.!' Lwn Li .l ~ ~duc-~l n 
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func~icrn ~nd rQ~H •c ■ ~he f cm 

A,," (e 1 + c 2 xq)p ,.+,.,~• A, c 
1

• ~~ ""' ~c,n~~.11n1:a, t,,, q, 

nal m1111be~,i ,11nd c
1 

~
2

•ip , O. 

,CU!.E, • A •ub xpnr!i!>L Di, "'hich l" a rwillo,~.,~~~ 1 powt, -c: of ., ~Dl'.ion,111 

0?"1111 abov , ~ 

!§i:ri:PUJrJl1•. 

J,/'(1 - ><2, - s / 2.ax 
•l ~ 

bacOlll'!l~ 7c• + y2} dy. ~ X 

.f - 2y 
E, 

J,.1 /2( + x)S/2d,c ; x; I bitcom■ • (y2 - 1} d,· • 'I 

c) c
1 

lnce,ge L ~ ~
1 

S:ub5ci.1;.u11:r:1 z: -

< () • ";i, ~ t10tli11 H.LJ:llb r wil'.h <lufit>mlru:itDr dz 

l/d2 (cl + "2:.') 



d) o'.'. ,c2 13 

Sub,.~t"Ut" 

80 

a,i .laceg~r.-

~ - £• t b.X)l/d1 

Th it. i..s -, i lnt-ll -

grand h•~ che fo=i s1v n bov , ~hen ~~h.,r them chod yi ld chr _at:.,g~~l 

o. h ?~c:tbl m "llfincat: b., 1nt:agI" ~.,,d in ~ {1'1.l~e ~•=•. This "'"" ?Z'oV<J<! by 

E".2 irs arn 

\ml .,f Jil'l 

l.&1Jl>raic H1hC i<m and lo11;.,:d t.runfc 1:.rrm11. Tl,~ """'ic!IIJ~ ot n i::h ~Y•"h ,., 

.fum::, ~ t Q'll t ,r, .,,,,., <:yl'olh c O. ljc,n.,., ~ h tn co I!! n, l c.i'Ono c ~an t:ni,,:, Ln&a ~1 cl'!~ & c 

Mssbed 5_) Al.",,:;Ui!JIClnaDCt: E'"iC!__filJlbJ1t:iC.ul:iDT.'I§ 

~ - A !lu.'bexpre::aaiDn 0£ c.-. orm 

( C':1/ + bK + ) "'~ , lo'h.,.,., n 1 • .an odd Ln i:;o,.ger. 



PIAmPilr,1, 

f 
2 !!,/if ,Ill 

.. ., • J(I - " ) 

I Ji~ ] - :C!~T 
1/1 

,ly ... ,. 
I -

~ 

(r ~ C 

ii C o, JI =· o, ■ u.b.11 Cl CJJ.t. 

1 1 C -. II , JI-<: o, ::IUbilllL!..UJte "' ~ 

1!11 

J-.bt4 !1. d~1 Y - a~.1:U'I ~ 
GQW 

r~'LJID [f ~ 
~~ ai.n ~ 1 

~£ C :::i- a . A • 0,. Ei::"1[ai,c:-.i: [..h.:z qUU1d r .:1t:U! b:, ./'E-:, 

l:L C' < 0 r ~ ► 0• ■ u'b,.~{CUIC.C- ■ - .a.f(:!lt11e .,.~ y 

■ • IIICC!I Ln 'Py 
~ 

J:!! A .1111.d C aria buc.l, ~umtMir. , cl.man th •ig:h.JII! •~ d t.1 nr1:lt1 .:I E.c-i'\o'i.n I ;I,)' .. 

L'.!> e POS ITIVE 

.-.,Tl ![' QI ••~a,n LJI c-xpe,ct:('d If ,.. 1.a l. n l l!JIC ,P~Jl!'Ci'l"II ■ HEnl 'Iii r~ rlLci 



1!2 

facic; ~h.11r: t1um• D.f •qun ·:-es o,f r .ail n~'bt!rS1 Y pa,111:lv ... Thus 

2d:! + J.,.(, + !> 

.__. ,;l &~=lo<>d ~o b p<>si iv , 1-!h~r,., ,i; 

•• /'· - 2( .. + £)2 

J:"IJIJ t:hi!!: p D ~-r-,11 

m thod. Orn "' tho,l , 11m1ru,~ d ~he midd~e 



:C~L!!,111 

1) J.,~2~ .i., i...~- J,½ - ½eu• z~)J.w. 

2) J ri°l ~ __!1..2:• Lf'll:c 
.a;;ln ll 

J n,~ + B2o - r7 i 
l - )'2 

l) 

~ 

l lee..n r a;1.1.lJ,,s c.L~uc..J.utt 'I • 

vtliih th retir a,:,d probh:--.c.,. 

s~ ... l' - "_,," +. 

tit) 1! chn !"rabl•., u oI ell• fa..,,, 

f■ iam(y)~o •"(~)d~i m. ~ ~DC g~~• 

.o.) a..:: n • l:T.Pn~ f:oZ'B co j€½,-ln l)' )" c½ + ½,,o■ 

!>) .. ':' ,.._ l..T'1tn•f1:1na . ., <½-ta Zy)" t½ - ½e<>• 
IV) 1,1 1 r- l11a~Oime;: ~le fllfl,C: Cl ·utLII .,,.., Lr.nn• 0 

.a.Lon .l.11 o.[ t l11a ~o 

1l...,;;.__9 
!!)') : 

~ 
:Z~) 2' 

., llllit;O 

00■ :Mi 

,I~ 

<I)' 

.al.n.t!A a'l.ll d 



,1 l.nc:. m, c,u:i c,. .,n.J 

:i.11 ecdc .. 

J:!<>~• • I n ~t, .,,. • ., ,-h.,rc, he ln~ •'IU'n1i,d i.11 ~ lc> ,m l t T\e c.l " 

~al.lil t. Ill. F orir;un t _ ly 1 ..t ruDnb r ni'. 111 L p l IC n,11 0T:1T1.1t on, ~uch II! 

.and :.:1ire \Uu.mlly 

ppBc .. b l c,. 



!IS 

a.Dt .:ll'liil,.a-rn of D::u:~.h ol:hie-1:s rli:IC!tiC1n1J, ■ n.O!C • ln t cc: ■ o ~ th iT owt;11 qct £ on!I .. 

.&.fl.u). 
ll!IIC 

t"1l l:!I D.r:cia if\ handl in:g a -•l.llllcnt:m lt:iO 

~- llnoMi~. buc di[r T nc (a . ~., JGin( 7~,d~)­
c.o ■ (f>x) 

ha,_..,, been d a1~n~d b~ Ed~Lmd Iu,rk i y, bu~ 

~h y hav . p,;, bm n u l~ Cmpl.,=nt d. 

l::,ea5l:lai11 

l. ){ l<dK -X•• 
),: ,. 

J(,. .: " 2. ~~dx. ------+ l.)t X 1 

~- CI .;. 2Xl) " dx --" 
:,cZ 

,. - ;,::2 
e dx: nt111: lp.t:c Tillbl~ 



~- J:~ dx~ nD~ la~o3r~bl 

Mstbod • ~hia me~hod on~~ 

J. ■ 11 che 

ciern!I■ or- ia,i;.,ic::. 'lbe ml!: ~hB\! i tL 't1 ll!ipl;'DV-e:lllfl nc: 0£ c b d'1Jc .£ 11!-on "'""C du'I:• 

tn Kt~~ [ ~r, J (11. 48) ,.h ch h,mdlad ~h~ '"'" b:,, li<>1vi"!I " ;;y ~= ~f 

m:I 

\I 

l.o~ ll{x) • 

In ~be L1ouv111• r;buocy. 
C

1
o.,.,l T Sj.(:,C) 

Cl(><) 

know ifl"'Om che: l.i.0Ui1i,,~1.11 c.fl Qcy c.ha e.h.i!i 

l pl• <>f .,Ii'(><}. (S ~ !U.1a ~ I, i,,'>a,,, 

SuppQ6~ ~hn {n~gy~( ~~ C'lll~TI!l ■encc~ ht 

( l {,o) + bl (x))•PC,.), t•~ n 

(U "h'.Y) vUl 

.a.he numc-ri111111: ir r.:>t: ir
1 'b 1 b~ .i ■ r1 p11lyneim.£.11l I l (:ii:;), fi::t11:)', EJ.d .11 ral:.ll[] lill 

£1.rnctJ..oJJ ..,,.,..l.,~P.-. Ul_Cl<l, ■•}'• Loe ~h lNding E~.-... .,, T
1 

(><) ba c
2

x"'2 nd 



t:1 Toa~ of T 1. (K) t>c s 2 (x). No., concinu.e cb., p~O~fljU lnclie c.,d .abav, 

until. s.,. , Tt ('rn" ~a~·) ~ 0. Tb ~ 1. 11"""111-ncacd cc Q.Ce:u~ ain.c: ch .. 

d"P.l'.' t, of ch" T 1 la dect' a•i.n.g. l 01c ~h • ~ ~J.- ~h., corr,np.,niliog u
1 

(i. . l! . • 11 .. ) r,.,, :,.]..:,,o C' eh·" tll eKr;'cl d8J:G:n rl:(>t.),,I'(:x:) J.,o i.ntce8~<lb'l. ,wnd 

h 

not: :i.nt:cgl;'nb l,c i.e lni.c en~. 

n 

u 
n 

L~t 4 • ~ (~); ~h~n 
i•l 

Ch pt: ·r 

.,bov. 'IID h 

SAINT. 

SA.llfr un11 111'1.1Jble1 t:o lnt'• &~11-iC'. J ~x d:tt 'b-ec •ll.Ql4 

f.C 

of cornput: ..1. t.ion,. 

s-tat:cmcnt:: 18 a ;JO t.r-iYa of SIN 1 1n g ne:c-.al - 7h1 ■ la du ~o 1:h~ f.all - .11nf 



11"1 ln ag\." t t:h~n "" ~c,w ~hat tlrn pr0blwn ls ln~•8r1>blc. Whc:1'1 n1ch a 

p,tag:r- clc~.11 <1.1> :;-leld .an ln g;r l t:hcn c,n ct tl dc,1, ,11, not knov ~ ~h"r 

c .na(]t b tat:Clg-cDt:ci·d :!Ln fl.ni.'Cc, t:ienn • 'Ricih.ard?JIDf'l 11!1-

d fi.ne ■ .l~, TIO .-~ci.slon pr~~ -i;Jurei ~lit u '!tclC dcci~1Dn p cdUI:cs ,aX.iil-t: 

o,: 11>:n,y 1_.,~.,rc .. t-J.ne: sub.:.aa., .. nd ~•I' .:.tally ,..h,m <>n 01vof-d" constdc~tng 

the =tchi~ prohl=s ~h• lt.i.:.h.aJ:"dmon ho= .irr inh.,=-cnl: Ln 111.s charnr::­

tclll<lnt ry f1..mc:'Cicms . SDI embodJ.c.a E 

e dur-

<>r<l r ~o "-""id tl)c oxpiDml.,11 wi 1, iii pp:. r,tty 1n1,., .,.,c jn n~• d <>.1•-Lon 

proc.adurc.a t 1gobl:' ic """'" pula,.tiun '""" Mo" al 42 l). \J,;i ,,.,,ul.d I'~ fc,r 

~~ •~~ ~pcnK. v ddc1siun r.re~h~d8 ltO be ac~vntpt d 8 m 1~~~ ~ B~~ti cucb 

a,. ~ t D gc j ln :S rn . A I l.n.o l ~ on~ idar" t:..1 on re JP> -.:-di. n g m.ct:ho-d • for lnc g 'I' c .I.on 

■ cha~ thy shauld no ~ ~- r4dLcal or •~ ~h To•u.lt ~ill bcco lc• 

1:X!aai:n,g:{ul. o Che 1'1>1,111-'>ll' u~ ·r-. 

rhl• 111Cl:hod .., " i."',PlltDK!a!:o>d usS t>S ch 1'-!llt LDnn\ !1.JRc'l:.iOTI pac\c.ag" of 

MATIIL'IJI 'I 3u J. S:tN ~-.>ffl!Ml.nlcrc.t:c ■ wJ.t:h ~h., ,cr,I: iorn"l1 func~.iot1 pack.a c by 

l'l:OC s• c llcd chaJ.n1ng. Ho~ wilt b sald Jb1:>u~ ~~•in rtS ..-'ncn w di•• 

eu■ ~ ~n in~ca~ ~ OD cc ~n~1on..t'.ll ~nc~tonma 

Ms£h5?!1 §.} R.1-11:1.Dn.111 funstl en 

Thi.m mc&h.:u! ii; appUcabl .. ..,., p<>va,; Chi, !nc.,g-~all'l<l i ., ~ 1: <>r>al func,;iori. 

elue or ~n~lGn.al un.c.tlon■ • Th 



l. 
:........JI,.._ 

J<J +, 1 
- ! ti'> - l 

K.rone11..k r 1 

69 

t (~ 
l) 7j .o.Tc~ .. '1:n ~~E'J. 

l;l<>I!,. ,x2 - ,c + n . 

c lona Ls, ~ "J!II.Ll.1i , " by ),'.llll.,YD , Bl l>Dm ai'!d En:i,:e 1...... [ Jf, I • 

~ - 'Fl:t.e p ..,,_,c, ot 1:..hL ■ ...,1:.hod mak..; ch<t codin:g a:f ~l,e ~•C <)f 

IN~ ~n::iat deai ■ ilnpL•~- Sli.Ili"'.l: d d ~o~ h-av • pa,,,t,c i~J ~acian l uncLiPn 

in~~gc~tLon pc~KT■m (i~ ~o~iu In~ 8~BC poiyri~ial..!I a~d ~nt1o ■ ot ~aly­

nam:t ■ l ■ wit:h 1 ne-a:r .and t;jil.tg•ch•.ac:ic c !C't.lllt""I:.) nd Lt: ■ 1,.1f II_'! ,.,'it tl:I ~c-lb~: !!'ll.c:b 

J111t::t:r.lb-ut.1"i! to 
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l!'IIJCfOfm l func im, 

:1.n~Cg\'.' 1!:l.c-rt rrog~a wa• ~ b~ ■ lc d~ cc :I.TIS,\ ;or. Hb.,.,v~r h,1. ■ p~opom~1 

£or ~b~ l!L],nn ~ in ~h:1.ch ~~ch• rou~ina ah<>uld b@ v~l~cuh w 8 not ~he 

b a 

xp" na on of I: he t" ~ 1 on l 1::i.mc c J en. The m -c:bad i <\ MATIIL'1JI :I. m aup;, r:1.0,r 

As w.:is mi,.nt,f,o, ,I va .. ti"T" c.1,,o i,cp.,run,en~.ql ""'l:'1< (o ·& · , d 1:,,uggins 

and ~ · s~ing) .,.,.,. d•;mc u'51n-' P=Jcc,I: ~c•" u... ~hn\"I ni: a:,,ac.c,m CTSS. Om, 

v lunbl~ :fic..i:l.:t:llt"- gf !Chi.is: f'.iy:tt.til'Cil s. icl1e polilC?" co 1.11.llie pn>j;![",(1~11 wrf.t:t:110 by 

t: m .ti k ge at J.,, Nll.'1:'IILliJ!I ■}l'&it.c.:m... Tg boa ■uT11t, In 11iiii-On;i.rtH1t: on 

b) S 

'th ..,;1.4 acpc-c d av.mll-Oll>:1.i:l. 'C'Y <:>f: 'CLIIM> ,i.h ~Lnz t'<>n ol " h'l!a allawud SIN 
-c:c bo u.od b)' • veral p cpl och.ic ha'! t:ho ,.,.,~hor . 11llus•" Ln cl,., pro­
!l"."~'11 h1:1,vo l><.:i.,11 poi.n~cd <>Y by Mtch .,i ~,,. n " i:nfcrcnl:.f.OJJ d ernm::1.onut, 
l111c . , c .. ~1 H ,ri.cc and p.,~ r s ,cao, Df I;'t;oj"~ ~ MAC. d Jiu~~ l 1.:1 f<C: of 
!!h■ l4■ 'C::l.oru,.1 Bill IIY 0£ Stcmdai,:-d,.. W@ "'°'1.tld nc,~ "~ l k '" .,,.pr,;,,-.~ DUt' 

ppL'l!c:l.a~i= Df th ir f~or~ • 



d) ~ r !Jd • ~ t.r.il'. 

:El!liC'Cnce.s !COlllli r,ic o ch f o ll01,r,'il.nji;,i!' 

b) nus,,: 

~..., 1n FUUtAN. 

~thod '2) &i:I is,nnl f L1~c:r; i9n E:tfflftl t tg;,r,,_g.;: .:1rc1t:rlgaopm~t:ric fu.n:5r5[ph 

wl c,h rllttonnl tmum 'lll:-

~ ~ on<> h-"'<I l ,1ppH.c.abL., vlum.,,vor cl,. t.nc gr.1t1d f.s "~ ~h<l o= 

R(le),!'(S h•)) ,_'h l'.'o, F t111 OJ':, <1rcsf.n, .,., 't'Cton 

R(x) and S (x.) l'.'" ~-~ 1 °''" l I 1,1-nc 'I:. ton& 

no,,d ,du, JR.tx)d.,,; J." "1 "" rac ion , l • 
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rc-ac :lOt'l,:li 1 Lmc c i,11::;1n • 

l) 

.o 

1;l>«un2lc~ 

Jic 1a,g.,x dx IM,_c, "
2 

lo~ i; - Ji dK 2 ,;, 

2 ~ 
" aC'c~in ls ~ bcccm:ic:11 

J 
z:'CS1.ft ,. ·-

--::,--=----lo Cx2 
,.2+2X + l 

~ - Lt!~ T(x) • jii,(1!:)<lx 

n) l' • ll: 

5olut:.Lcm L" 

b) F • re n 

.,> "I? • '!'~111t?1 

L 

5n ulcion 1.~ T(x)arca.inS(>=) - JT(x) 

~ - 'ih:1.s 'C'Qutf.ru, handl.,s · hi:-

Ji 

~ 
dx 

SAIN'I would l:uiv~ •~tCIDptcd co sbl,,., =~~ or th problems l:.h~t flt 

ufid.,r ,ch.is c.pt:o,gi;,.-y w1.~h !.~s Intq;;1:at:ion-by-~O'C't9 a,i,~l:lo~ - I "'c prc,;umu 

"'"thod .,.,1.11 d a.l. l,;:,,,; 5 

;int.,gr11ic.1, cl\ ·~h :I. rd p ,,.ob h:m vov • o:ie e'XJlll!p lo, • 



fYDS F lon lnm11 ID ctc;E pt•rY t11,,5t:ian Df 

r e ~n:a ant:.s . 

Chi - Th .11 111.CChod ~" 

2) !. l d~ b,,,., ~ !-l ~ r dy, - loa
0

x. 
1C l + ~C) ~~ y 

3) J.....1......... dx 
<>g X 

b "°'" .. 'Y 
:,<!y. :, -., ,i: 

r su.l.t:Ea= iu 

J~(c.yb_ )E1.,111(:,-~l .," d:( 

.,..~hod 1~ ~ound by FORM. 



9i X)dx 

dx bcC!OIDei:11 

er po11;;;;er!I D r,,uru:, lfln ■ t nc. 111JJD.s .. 

would b.~ve h,•,;,.,dy appU.e4 on o.f '!:he prmvicu11 '" chod~ and ~c,1.,cd ~h 

Th Th r.t S\; g,s "[ SI.1'1 

at~"111P~ db~ SAllff. (mly ~v~ Df ho• 

r .co~ .t;; dx) .-.,,1u t r"d ch•·• =ti:! odi • Tl 

h~ u■edl h 



9.S 

~ffl!!,l •ur -

1) l< c."~ ;,. dx bec~a. :,c_ • n X - ai.n ;, ec 

2) J.olx dx be-come~ 
x . .i 2 - .f.: los,.x d,o: ..: 2 1 "i1:;i>< 

" 

con:si;~'lnc o-~Dni ~c Df a11ey pQncoru,t:ant: i:1.cC:O.1: 1.n C:hc .LnCt:1 •rnlld. "1'.hu• 

M.a'l<p re.~ is 2 foe x coa(x} a n d 4 ro x 2eoa x . 

CO~s dn~ any p~rt1~ian of ~c ~n~cg~and {n~g a p~odu~t f non~~~•~ n 

f".>t:Co'I:'" s nd h, wbo,<'ll- ll(ic.) • Ji, J:i,; C<Dn b obc•ine,;l by sm wl.t:hou.t cn11 in 

If bt>ch i.nc: gral" r obc.11111r,o<l, t:h aol> t;to" i ■ 

11h dx - gH - Jll'll dx . 

lt01'c~ - TIL cru.c Al ,aep GC ,:,f hh •Ch!.> ts CjOjl:,o.J:i, d in t.ho phrn" 

■ iei ~c.h D?;" t:he !lil:!ICDnd 1.n1Ce:p;;ral.. S AIN'i' 1 vhf.ch di.ill I\OC. 'US 



~ppca~• uy nPT ~l~ t~ d£fficul lu• aueh ~- 1~ ch p~ob o,m r~ 
. IC 

C<in,sldu. h - •in ><, 11 • ~- Thu• J., <J;x • -coa >< and Js'l'I (I;,{ 

$,JUI z,. ~. 

x On .-ubprobl ~ aonorA~ed by J~c~~~ dx i.~ J~ dx. Thi~ pro,;, •s 
,. "-

=c com;. ni+ tn.lo,.fia.lt.o,ly u:nloas m eu;,~,. 11~• t. lee, t.o cuo:,t.u{l 1.~. 

(Accu~lly •~n ~ dx i~ nat: £n~cgr~bl n £inl~ ~~=■.) 
" 

O..r:l.vd~ive•dl~~d " ...,u,ad -~~"'11,;1)~!1 toil t;o>naLt'l.i! ~.,t:hi,r t:1, :lnc ... ~ .,_ n 

tu, put. int<> b., fO,:m •(u(i<.))LL I (1<) • If ~hi.• is hi! c.a."ll' 111:!n ~h 'l;Ul>S 1-

ICuC.f.OCII y - .... , .. , l:;r"Cl~:W or.ms ch.a pr;;bl ~nt:i:, Jg(y}dy. :In ■ ta.:j;ir. 1, ...... 
~ qu.ir.::d t:o b ..i !1-1.h;e:1-o oper~t:or. Ho V ~ 1 ill 

SIN oc r~!llenll:: . ) 

n Jc.OR :,:(1 ... .,3 ,.)d;i,. MC07Illll .. Jo + y3)d!' • l' - sin .. 
J; I IB dy, 2) ~ ·2- dx ':J le :, L 1.og"'x 

1 

l} I ~ I + -~Ai-Tlrx dlil: b,a<:,cmu,9 
I 

""i'"+"y1 l'. y • llll!re:llft " 
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;,~al'; 8 1Hon1;1 1th 1:1, :i:nc g1:a~~"11- bi,:, • pal'.'r:• "' t.hod. oi:;...,vor , chc Edge 

li 1..IT'ia, le wt.ll co1:--,,.,et;ly gue,u u,., f..n~ 8<'..lil ,n:ccanC ~c~h• x) -

IC!ICO'l!S R IC.he 

:,u nr'I' z- tmp1 ~nl; d 

~h lei.no! ol an11 lya t ~ ...., con_sid =i<l ' <Iii s oJ l 0.,9 ~ Suppo~ d• 

i'.nt"S:"'"-"Yld i ■ £(·x} ~nd n nonlinte T 5ul:, ><p=~•i.an of: I.c i.~ u(K), t.hon :l.f 

~,:n 

y • u(k) 1111. 

...-c,p a nt:,;«l "" e: ( u (x:) ) • th~ m~ hod .,ou1.d ».t"opo so:; 31,,1'1,.,.~ l tu d.ll,I! 

ll~Ccmp~inij J~(t}dy . W ■hguld, thoup, l'.' cr1ct c~ ~ind a 

funci;J.<>n• El t:ha - ,..ould &1 h>w. l'o.- ci,: ;mp l c,, in sh, x 
1

: :.,._ x we mighic 

•.tL.llh ·i::o •ll-llo" ch ■,n,u::Lcuc l.<>n :,, • c,n K 11incc r. :l.n ro.Juce• 

b~n l.C C<n:m ~ :l.n~O tr," dcoOm.1nat<>"• ll "" "' kc, ~I, "Oru:i:l.t:iOl:'l~ Ot.i 

-ce.alllUTiabl ... 

r.-,J ;:sb" r Pi mciu~111-J.,,._IL'tfl;,,,,,8.f v.oRJ:1 

W llleu ld l.UCei na-1,,o~ l:.D di.:se,J11l;s mc,me: a.£ Che asrpac:'C::• ra:l.a t:: a d 11:iO l:ba 

FORM rout.in in g:re:nt::e-r d'-!C::11111 ... ._. t:HJC.il!I ith t; af :t.h~ 1 v ,,_ me-'C.hod. 



Ai, mny 1xt n,-=:o1l"d fr.,.. Cl1,J!i' r 2, ""• ol h., .o.clv nt g 

l ~, 8-0mc much "fl~ Lng" ~ould be "'~t 'll!P~cd. '.l'.hi.,a " • den in th" c 18<:' <>£ 

alg.,bl" i,c:: 1nt g~ancla. Yf ,,., ~xp~ a,U.on a oC ell £<,...,,, l'li!(x) , .,!',ere B. i'I 

!C'.c-=ta-ri IL .i.n x,. th u :F()l(M 'Wi 11 .at:.il:.~pt: ittti .st!le l..f :m.tu:t,,eiJm 3 
1 

.t. , o::r: :i ill'CIC 

~c M ~hc,:16 .J, 4, <>r !i a~ a;pp1i.cable, b~~ ~hill~ SCHAltCH!!N ., a uiCU]b1a co 

1,111\"L-d"d (CJ •El., ✓ 1 + K(l • K}}, 

pl ~ l)· ~ CLOh.llllz d (o •II- ./;,:.r. --X-!.,.· -,,-I ) • Wm-I ,..U l cl'i,u" de~ermf.c 1.£ 



n,,"Z + JJ.:: ,.t112,. dis:. 
•l.fl '?I( 

on ~ r-ol 1:.h.111:. FO~ pl Yli 1.n obU.i.l.'I 11e; a. o,1u.ti.on. 

c:b.e DUl!!le !:' c.o,~ o:r de-nOCli.TU'J it.or 

1:11:~ ... 

1 of 2). ~iru;,g c:h h"-"" i.,. a DI:. cacion.al. , wh ch """"-ld p.df<>Dl!c thac M 'Cht,d.!i 

J, 4, or S m:1.S,,c b ,applt.:: ~l , !:.he 'l:'"at: f,. .ig;noT1,d ~1\d .,c,an ion !" 

OCIJ.S. d o:ri cha ha"" ;,.2 B2•i '12~. ln cb.1.• Jalll!I, th ~1>n.!IC.ilil'C. t:c,rm l',1· l" 

encoueCen,d, and ~c ~ielaa ~ ~lue. ~ ~ .. c,or B2 15 ltkq~is. o .,qo•c~nL 
~ 

aetor ~in_x_ Th~ gpoa~nc of 2 io 



1,00 

- .u,.2 + Iii - B°Z;i'2 
l. - l 

H b"1! 5 fLral:. ~al~ eA ~h hypD~hc5ls. ~~ o~d• c~ dc~erm~n which 

.,ubst::hu Ull.'I I .as epprupriac", !:h raut: n dec:l.dc,. ~hmt: A:l. + ~2 :ii.~ P"" cive 

and ~h ■ !: -a-2 l.• n g.,uivo In u,., am.nm, r d 6C.-1 d in chi,, d~mc,..,,9ton o,f 

1:h11, m tl'i,cd 11'1:>°"o. Mott.l'l<>.:! S, .,:1.11 "o"' 11111\r; I, •1.1b,.1:i1:u1:.Lon 
h 

:1~. 1t'1 t.he inc.,,g,:-and oely 1:.,., f°',:~o,rs 11.r., o~e-.-e. t: ln.t: , co1<2 ,., and 

to,2 + "B2 2 -l 
(1 • j2 ■ i~ ~) • Whl~b~.,~ FORM ~ill be ■ •k d CD ~Am n~ Ir•~• 

ch, i::onolu,.:il.on wU.1 bo t.ha ~--,. t,:,pochc e! a !:hel: ~h~ :1oC<!P:J'.' nd la an 

t:r:lc fu._ct:iom:5 

ln 



Sioc FORM Isa dl.d u:o~ .f:l.1,d •ny ch; l;o ~11Jec 1;;.h" po11 .. :l.b½H.~)' ch4t; 

~ ttiod 2 (aub5~&u~i= fa~ an inc~ger pm<ar) fa apfl cabi , ~ha~ ~~~hod 

M t~od 8 (~ c:l.~m11) c~ 50lve chis ~~Qbl~m. 

"The, ,:-ac.1onJ1l uni,c on p,ack.ag<> wl.U. o~t.&I.a chill ~ubp~oblem hi=ougl, 

SCT~ gt,, fOi:<,ml'd Ln~<'!g1" c .Lcn w.ll1 no .. ~1L<3hl ch ·nt:cgral 

•B x~~~n w ~ loge(A~ - m - ½a lcg~(A~ + B) 

'ih18 rduou9. b. e.k'-.J rd s1Lb-

Th ~eeco1td ,mb•~ tt:uc cm :I.Ii ., • a..-c,r;J.n ✓"'i.T + 1!'2. y. Thi.11, reeauli:. !.n 

B)" 

llz '~ ·) 



lk>:1.5 ! p • LJS) • Thmc ~c,h.1l ~ f.s 
B 

tn P>O~~ f~m:1.~~ar ~e..,.,,., 

-a n~c~lfi ( .;-;;;, B B2 

c it) 
~ A 

hu ~ .. lo 1 s 

"""' x) -
Th:Ls an~we~ diff ~•by~ cen~can ! 

H by F'O!i:M. 

C 

log,.(A co ,. + /J,2 ,;,.s·c 2 ,., + ll) 

n~w 'I' i~ 

;, loi;., (A <10" ,._ + ,;,;r + 11!! sinZx: 
~111 ,,: 

ct;., n,.,.., , .- 11 r-:1.v"d by S 



l 03 

,, 
~:zy.,+z d,c 

t.hc-:111.11. 

peos:•1.bt . 'rhi• m 1:.h<>d gene.- ~"- th ~ubpT<1b!ctn1 

4 
.!.!_,,_____:,,d 
~y 

sLmp1 p"l'oblonn .,,"\<I Chu l:.im lllin(y) w:iiL ac.~ 



l04 

"-" " clue for t:hc hypo h a1s th 

Ma,~h...S I> ',1.ill.Ld" o,m ~hi.11 h:,,potli.,_,,1_.,. nftol go n ,<rT.,Ces 'C.1:,e subp=bl 111 

Mcchoo 2 

ia ~all d. and I.a :ln.,f ect::l.ve. ~ hoo 1,1 (,e■ ~i 

fu_n:c ti.on p11,:lu:ig ·"o c.urna th" oxpTe,n 10111 

l) i c<Ll l,cd 11.nd ch, .-<1~ ,;,n11l 

3 r .- :! + QJ:"C!l::All Z. 

Bacl<wc.rd sub .. C:l.b,Jil:1.an yiel<la 

J 

nJ .1:1.Hll'llly 

.£lZl!...:f • tan y • y 

¼( .!....;;,L. 
3 2 

><; 

~oh,c11Ht. of 
4 

(l ~ ~2p)2 dx 

n cht111 p,c,ob •c, y • ~ i:,,ea1n ;c II mu1>.,.c:!.cu1::o,d )"ieltl.it>S 

r :t. " 
:I) J!o~dy, 

"" 1.1' :!lnl -

Sul,,pT<lb III I 1~ r11nafon11i,cl fn~o 

1;1) J 'f:nn '\, dy 

AM l.l~CO 

tl) Jeot4
y ,Jy 

bo~h of .,hi<1b wi11 "''"' be 11.ddcd ca cl.'Jc su~'l:'obl ti! roa • 17£ 11:,, " • can~ 



rana£oz:m11 •~?,pr~blc,m I ui~o 

J l,, 

l.V) l:Z Cl + :/8 (l - -<)" d:. 

«f'li.cb ,I,~ ~ra...,.;fc,~4 by 7$ into 

V) 

Subproblam ~Ii• ~t4n~£= d by~ 

\rl.) Jl ~4, :z.2 d:ii; 

IHSUI cb,ca p.,rfo-=m Che, po~yl'l-Q"' 

V'I.]J;) J (-.l ... ,,:! l 
+~) Ch; 

:~- llll ... o,,bt11.in 

VI:ll) -a ... 

l.'() f g:.ldo,:, and 

X} J1 +° ,ii.2 dz 

hi• 1 11\0 B , l 1, V :nd X. 

"l dL.,,isi.or, 

llI Cl.llr.'I. ~ l:~crll.15fOrm~ d by Z lllli cia Y' 11 :l.n'CO 

J -L 

IC :r na f0rr1::5a Ci.On w • r11 r:c lt:.a.n ::: on iiiu'bp~ab la!!! X ~ i e 1.tt:o 

l( ) J d" 
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p~cbiitm 1'J.! 00J1 b<i,,., e<>l'l'Pl'-"c ly 5olv di '1nd b)' back...,,n·a "ubJiCit.u~ on ~= 
ob ~<1 In ch., £:i.na l ro,■u l ~ 

t~"~l~~e~Lft K - ~4n =~tp ~ ~ re5in ~ 

w., ~hoYld n~cc in ~he ■atu~[OTI -.thod ■ hD~ SADl'I' k~ • ev ral 

o1 Il: lll, 

1 
".Iha it~n 2 x t~ nsfo~IC.i&a 



C!U!.I'Tl!!ll ~ 

di~ ti~IC''S cc, Obt:tl :Ln Va 1u1?:11 .tol!: undc t.armin..md ~..:,cf (!Lr:: li!a, t.t1 lr, 1t;.h.:a.c 

'heh huJi ith!:3. Edge hc:uE" i11 t.ic I.a dc:su;i1r.lbe:d .. Tbl!' t.hiQoreclt: 1 "f"i1J1Alll \.1;.11 

d1 lli.lnDI or -ll P-'~d!iJc: C!.~ Thun we c.an Ufllu .. 11 l.Iy cli~ l:acmine quiit,c a-aa l l:," 

li.lblch :ti11c CDT in ch11t: p t~a-due c l• .m II ingu tar or 1C11.J ~• r; -:,id lri,g ,E.Qi;; c,.r:ii~ 

l 
ln 51:ciK I Ch1t fac EoE' 

:C il'OCiia u-n~ al'lli1i~h :r ■ 1rl Jl,u"h 

Ci!l ■ t! we ■ ha l I ■ ay c.hei c 11:hli!- ttrs c ael:o!!' 1.n 11 ~i.gkc c.ai l IC ■ e,en or. 

t:11 I.:! cxl' rl!':s-18 l o,o 1 '!f. t'h I?: au t..11 LJ'I nd .ln g: fac 11:or , M or1?:ovc I[' • in c il.111!:l!I- of 

11;17 



l 

iltKJII' •• .,,1 In fj.nH:a CCXJ!lJlj .. 

SUP,P,Ci5'L"": t,h,; t,, fir.GI\ n~, I, ~ n l'.1-IJ.t:1:1 =::and lln:s -.DIC t.air 0 ~, 
l"<),:-m ~i\ (K) • !li3:,r. {x) • ~ Ci-.) 

II(,<.) t. h " ,:-· n u ... ttl.lJ t 

Cc~f. lnly J f (><.)dx nru.■ t con~al.n .,sO-.) 

h,u 

b.uc th Ls p.Dql !Lt11ta.r o c11,11rr-1ui~ w 11 TICC C•t:tt;; 

Clven chm mbo~., choic~ fo~ [fCx)dx. then by dlfeera~clacion 

~ obr;a lh 

~ba~ cru,, f'.l.rst ct,cffi.cient Df .,l':(x) on thm loft. be <!qu.a\ ~o th" 
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Hop '" l ly , u, 

(.,,:) 
:,: 

+ • ,-~· >< .. ' (,.) i; 
~ 

"" 
X 

& (><) -7- - " " 
n I(>< - I 

h(;,e) • J-l •ei~d~ - -.ie1xdx 

11,a it..u'b·p'FDb Liem DE" b (~) :11 Qe:rca inly ~ imp le-T ch.an the DE"igt.ncl. 

- t> 



b 

F l"I t l:,,, 

1'111'" IDli r:i11 f' ndi.n11: .f.ac t.DE" .ti, 

X 

... 0 

bi R .. 0 ~ b - c,;:,n.11, t.ELa t. 

r {x 
11ln 'l<l 

dx • '§'-I!: 

UC 

. " ln " 

2 
X 



1U 

'C.e:R;r.a c.1.cin- b;y- ·palrt.l!I ~ H,O'lii'l!.velt' 1 t.hAI: lIH!it:.'hodl ri::iqui::ccs 11n r.t t::c:15r.ai tio~ 

Abov~. D,~ 1,.,c~c~ p~,abh,:m U n,mdle.d b:,- dole De~.l.v:.~i.vc-d..lvld"-" 

l!!r,,l:~Dd mu~!, "" I• '-'~ d Bl SI~'~ ~ l~A C. 8 ~l!-4 • So ~I,~ '°'"" l)"41 i• r1u•-

An .0111.11 lyit is vh.ilch l. ■ !11.:Lmi.lnr. b1,.1;c 1D1C11re cc,mpll!x t:b.ma. t:b~ ona: 

YI!! ~-e ~ 21 l L tll a~ H.e th1;:n'.I 7 dt!a ll.iS w:I. t:h ln ~e.g ca n.d s ic f th~ fo:r. 



l ll 

;Heicho-d 7 ll ■upcrlor in ch • ea.Jliu- in h.a.c. !.c C1l!n .LJ ~ 11 r~1 

.F~(x) .i c to[' t::cnDi b)' l:cn::1. 'Tbua -1 tit. would SIi 

I c tu-rn11 out: t::h.a :t. t:h i■ t.■ ~he coT E"ec t Va lu:c [or a (:,t) ■ :L.nc El 

h • J..n 

On 11. m.oco c0111:1plcx pll"iObl~ •uch cul 

2x.6 + s./• ... ,.3 + 
(.x2 1)2 

CC -



F".in.a 11 ~ Ii Cihie t:'c!.11-u l t:. 1• 

or 

,..2 
0 

llJ 

t,.,nt. u■ E'ii:!11-C!Al L th.JI t: ,M.eithDd 1 D.f .5 :t~ • s. .1111ic.ond II c:n,ge 1111.c.rJ le.Ill inC.d­

• .,~i'lllii ., f ~hu E,nm 111-e,a ( "'), TIHI! 'Oech<>d ~ub~ c1,cucea y-". 1;n 

't.1,i11 e11A1r1;1 "'t rnci.einnl t'unct;liMHi of' nxp(]n~n~i.ntll!li th.1.tS autn,c.lCU.ICi.0iCI yi.~'ld ■ 

,11 rnt.to:niu.1 func; e;; liY"iil ■ Thu• t fo;. IJitru.1Hp l • 

bll!.COliiiallli 

{y♦ L)y 



fcinn. Df a.1[1 int: gr.n l tr ,11hi:,1.i1n .Lo 

__ L __ _ ,. 
X ., 

U4 

M c.hod 1 Ct f' sm I •cc11nd .. t.11ge woulil y1.ie ld iD TJII iBniRil lu.nlllii." li,., 11 

m:.1.1.de b)' £dg.ei .ind it.ha re:s:u.1 t.lpg ;15uc;1•i!• o.E i:.h cui! LC: L l'lat. 'I~ t..t 

qui ~"d l f ch l.nt,;ig,. fld " 

Uhi.lc kL':l!pin:g 1t.bc11 wc..aknca.!s:c.11 o F.:d g:a in ~.ind I v 

't nrJie co cOndli.d111L hov t.h~ gu11.mes ing he:u!C'ifii t.i.c. opa.::t:11t.c• on out:.NI t,,d n 



us 

.coetll~icnt l■ on llt .a ce1ns t:._c.nt.. OLh r-wl11a Cob d!l!'r:f..V■ C iv■ iliii-l cJ,e 

fr- abo,;., wo ... 1..i ~0,n ,B " 41 h,,g
2 

c ...,. ,_,., leh <.,Q .. ld L'LO~ C-""""l Ln 

Dt r~r nc .11ti.ng ~ Db~.niln 

tor " ><) b)' u.- ing th" TC 1.a C:.iQnship 

1 • h (l<) • 2e ~ 
11(x) 

1 ln:a t.r~d of CL. W t! clin m:,o.l-v~ 

vo l .ving -log B (x) • c.h c .iii Ch('lll:0.1:1 t1i0 9.,1 c;a c11:ne l ic'l:ul t. t::crm. 

r.a Lt t:ian ■hi.p 



11.6 

'Let. u• con■ ld !" n X;;lr:JP 1~. 

b - • (x+ l / x)lug ~ dx 

(2 c/x + a') log x -1,, /:,,. 

" 
l . ,:, 1h: • .,. 

b' -•/,,,; • al/.l' ,. 

b •. /'• ..._2 

l/2 :z .. 
la• "- - 2 c lo 

2 
" 

l~ •hou ld b~ no~"d t.h.- t. J (x + l / x'd"' ~ ", .,f ~Dur.11c, .. 1. • ., 'I' 

abt~ined by n g,.,~•~ of cho !~c sr•l. 

wh n £(x} u, 

In 11::h U c••ci we CAD gue.A .. 



1.1.1 

h fo 

llll¢t:or. 

£ etcr --~
1
--

+ s:2(1<) 

.. 
"l 1. .. su , !:c>) 

~) .,a,~11.n. g(l<). 

tn :l.th;,r i: Ch(" eo-e..f.fi.ci~nc;:-111 !!!IUtLt. ~ cO'tu,c nt.• ■ t,,.c.e if !Chey """' "C'IC' 

t.h, it>t.,11,r,,.,d. Thu• ~he. g.;ufl•D 

" r <>g{l + 
2c='-----

2 l + g 

lei,;)> 
~ 
1 s2 

-~ 
l + Kl;; 

(21<
2

c + <1):Z>': • a< 

i,lc+ .. - .1 
1 2 

o, d • i C: -

J£(:-c) ,l,,.; • j-'"'c~an :,:2 

d 

• 
.0"1:'1:1:Rl'I s;(g) 

.....!!.{.tl 
l + 2 

II-

'I-' 91,ould liOI:" ~h11!. au.- S9-'"89 .1;,.1.·L 

~ 

- f(..:)dx 

,tn '!.iih e1.1 di.v1•1 o EMl.H!!ilt- bll'J .a.1:11:!'empt:-cd, :E:L ■ c; 1 Cir' Ln IC.he cnn~ o 

1 
2 

..hich 1• quival~n~ co ~Qs2x.. 
+ C:an :11, 



f(x) 
I - gl (x) )"7i" • "I 

An i>ducn~.,d g.,.,~,. for ch fo= of; ch inCcii:r"l "f f(><) i.,. 

Lf n 

Cl - l;2 (xH"11 -· l + 

+l, ~h~n w~ ■h~ll al$o eon91d r ch~ po••lbilicy o 

£(:,;:) C1 - ,,;2,sn. 

---~-:::.:-,;::" + b - J--""""'"..,,.4-....,,... 
( L - x.~ )3/2. ( - ,,,_2)[jff dx 

<~n-z .. ) 
(I •x2/S /2 

,,,_4 .IC 
.Ill - .3:,,;: .3 

.,, 
2 b~ • ___ ._.,..._ __ 

0 _ x2)3r 

Noy v~ shall &eR TACr ,rubp1.'0b1em. 

a _J + bl 
(1 _ ,,2-,112 

- r "~ 
(l _ 1(2 )3/2 

dx 

11~ (-l/2 H-2x.J. + ., J 

Cl _ ,.:l:)3/2 (l _ x2)l/:a 

2 
,ul - 7" • -:-: 
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l 

"2 - 0 

Fo:- <:>U~.scamlL"g ( .::ca"" o! ~hit Eorm af~(!l(IO) 1 gu"""""" ~""(g(x)} and 

1.1; &'"'8 ■ ,; """(g(x)) Eor .. .,c.,1:.zi.ndins fnc~D:&"~ of ~ha form 1'1.n(g(it)). 

p l,ex; x-poncni::i..Ji.L [~Tm 0£ C:hc ic:rfg:oncrllliillt:r:S,_,: fu:nret:l.an■ _ In. t:h.Ls 'I.I.JIii':! 
~ 

., in",. di< en" h., .fcLOnd •· t ly [ O\" l.n,ugr.a 1 vii 1,.,~,. of n .,ri;.;,r "JC[>IH'lding 

ruHl!ltC~i,~ .£Orm Edg.o 1'11 for~o,d I:"' d.,.,1 s,1.Ch m.et:bod" iSuch .,_. ""ulutton by 

IC.!"a11a-p~alit.:1oD•~ '!iJhi.c:h accuJr■ 1n J$.i,n :!)(, xdx wha-n ot1 it;,:[ it.h• 911,.1.bgcubloftfflp 

JS J-~!n X "dx. 
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lallki! .. !JOOd su.,,n [OT ch foDD Q[ ~1, ., in~"il" ~ OT t'hc ..... 1u .... 0 "'" 

~ffdeCcDD n.,4 ~~eE!lc19nc l~ c.h• :onn . Tbu• l~ is ncces ■acy ~D 

the 

au~~c-~d~ng ~e:I:l!I i~~olv~m n expun~n ~nd the ~b~alu t a valu~ o the 

ICJ'On nc. £a doer;, ·11!ng, c'h rou~tn c~ nk d QC ~c ta mak1n~ progr~5s • 

.a aubpTobl m ""h ch :111 ,:,x,,..,_~ y 1:h ~Dm<" • S(llfll" P~"vtou ■ ubp~ot>L :m, 

though 4 ■olution b~ ~T□ ruspo5!tlon i5 ac~"lll!l~Dd if a subpr~bLem ! ■ 

.II c•-n.•~Ant mu1.c:1p t a h l' Cb.ga oti • 

1n ~ho aboll'~ h ve ind,e4cod sOm 

gu~.5 

• = (u~u.ill;;- ch 

1.:,a ~o )'i<,ld c.h 

un" 

ln 

ho, OTI!! whil" cl:l.mbu,tlnil, n"c.hc r 

fDTIJ'lm ~ d~p~h f~~4~ sc~rc~. 

f 1!11.?!:l!lllt pre:vfo"-'11 11,1,b-1~obL mi. 

eased in .. hte'h ch• .fol"!n h s co• 

n,n,,., C:ecm la 

na.. In c.hi 

18aloljJ' ~ 11 .. 11.1uld 1.ikc itr..11 lntli.ic:ac; ch i:.he'11::1i:' c ...:~1 l ~ nullC wi11.t.ct-a 

underlie 1:he ~.11,l h~url•~ic -

filat:or ca>l ly, th <1U<="L E<>·<e rosulcs ""'8" ru 1ng h~ form o ftt'I 

in"t.ep·r l. ;r:; ti:tt- b..a --k c.u tf'ailll?' c.c"C'l y nlnieC.ccnlt.b e11Jnt.u.l')" ■ L...-Jplllc~ IClun-

J e~~~ •d th J:: ~1,.,_ i"~"!!~•l o.f an cil.li; 1:o-1'.' .. :tc fun~ ~101'1 {)' is lg.,hr•lc 



I:l.l 

lnt:..,g.-11-nil. T'hJ." co,,jcc~uT11 was prov.id bl' Ab l. Llouvil l .,,.,,mined thc, 

OY'lll of t:.hc lntcgr l. cf .in cl<!m<mt:4 'JI wu,C 1on in 

,,.,., _,ahal.l n d ,ar,mo, pr; U.m:1.n.ary c,;,n1!ld.,raCL<>1>■- An :1..,,p-art r;,t: £.,aCu?:" • ol 

I.n lavel O uf chis hiP~ rch~ ar lo., al& br ic funcCJ.c,n • Tb., mJOn.oml, 

o( 1 val O ts x. A moaoorlnl ~ l~ve1 

I nl ■o 

cont:Dins Gill funct. iolll.ti 'Which 111-r1;1 lgcbiTnf.c eC!flflabf,n.111:f.ona o ~on£1mi.al 111, o 

hl. ... rarclo)' :1.rtc: .l.udc~ 11 c r-1.gom>fll r:rlc "nd rct:rtg,mom rlc £unet:1on11; L>y 

11.t·fy t.h,;-o, . 

lr,;i wh:liC:h WC"TC 

comb.in d ~r,, onn 1-, 



22 

c:i~U.irulli l . £ur:actioc, w ~ ,;; tun l IClOmbinat lon ci f c:h l c,c ipal 

it:hc t. cine r:ncouJ1 t:err.s .J.n. 'ffl kin 

tk ., l~ th l.'-1111:: Loli lu, U. n,.., "n~=r prov1dcd by Li<>uv IL" ' • 

n.r,in r Llitiuvl.t.1~ 1.a c.heor~:.:n iS c.m te:11 h.11t 

wh ~,c 1C.h11 c L. 1 
• .11 l"e complex c CJrn1 l:ae t.a iCUld t.h v .l .I" l"JII r;; 1,0!"J.ft 

hmc 1:lOIJ" In c1,.., whl<lh 

"'"" .: c:;E"cin 'C' t.iaaa le t:o t.ha E.d~ 

hC1Jria1tlc 11-:lncc t.r m.ak,o,s r.'Cl!'CiO r-011cr CICl.O~UI on ho 111C111Ji-iibt (O.rliiillf 



Zl 

Ri.11ch l S3] hnlll- .s~rllng~h"-n"d 1:hiO .L ioL11.villc t.h1tonom by ab"""ing t-L,a.l: 

r:1-,.., o-nAcn"r:1111 e
1 

nt1ad Ofl L,t t1 1e,11.:h.r.i1•~ av .,. ~k, r~ td "" lr.lf.lft fill~ 

ganc ,at:cd b)' cl,., ~<>n1'c.-nc■ Ln I (:i,;) 111 t:h i;h il~a,.md ( { ld oi i;}i;, 

E"~d:. ona l numlbe1['.t1 ■ !KUch h 11, fl lse ,slvr:n a die-c 1.!I lol'I pt"cie:ed·uE'~ rar-

ut.her ~an rnl:ioaJ:L l opPr-at:lc;in■.. Hi.a m.al:.hod .is. • IC!li.la!r' t D t;hc 

,an mp l<>y~,I .Lil Edg" ln ~hat:. 1~ re l..l"-11 "" kngwln ~h., p<>lilll-1.b'I.-, f"orm 

at ch" fnc~s~nl . Ho~ v.,~, 1c ls•~~ ~~"'I' CQ E<IBO in •h~ mA~~ 'I' n 

wh ~h lt. ob bl in.a t.h~ undet:erm1.ned. co~lfflc iE!.nt: nd in 1E■ u~e af 

.1.n c.he .ixi c.e:gE"a l, R:u c:i.h be l !L.i!tVID:l!I ch.nc t:bie ll1 cegra.c.ioQ prDb 1cm !ID.aY 

tlfl tcg1:"11t io,n pll:'ob h,m L■ 11hc._.a co b.::r uni5o ~vab la::i 11■ in& .Ill d.l l:Eora:nt: 

formu ID c Lon ~hi, r, RI~ eh ' a • ) l'!Di:.mvc, r, hi! i :11 or, fo1i.s e::i~ bo uc l n~l!ll{r,11 nd" 

whi,:h ar •lH b'l'AL<: ti..no:~t."" et l ■ vtoL O ii;,, o,ui- htar:11~cky. 

i;" bcll"v .. chac '"ochods "h lch ~o ly ,m gu s., lng ~h f<>= of 

~h n~~~raL sutth •~ &I • gr ones b~~~d ~n Rlm~h's •l~~rL~h,;a wlll ln 

i::'tt rll<l ■ Y' ifutu?" (ITOV;l..li ~!'ii ""11,IC'h V E'!J il,)D'i.i" f',t.ti,111. Lntegra t:1. iDn pY'IDSl["'Jjltr.1111 .. 

ltCP1.a1ic!VeI". t:ha .nnrount: Df m.m.chLncr:, t::hat: th~y call .Lnto pl.a)" a.nd th!!iT 

Ubl~ 11.:.•f rod h:a11. ICl'anlf.(!01111 e:..lc.in:n ■ • .. u:h am e:.kll!' codplex uKpa111c:n ~.lot rei:nn 

o b • .tlppll •ti wht:'a, m"1LCI ■ (H!cillc nnd 'tJ:E'l!' ■ um.ably l:ilDiC'ai ~Efic:L.i!n't. 



Chcipta-r 6 

50:1.U'ILON OF ORDINA.ltY DI l!ll{l!lt,r :AL, !:Ql.1!1.Tl0~:S: 

bl 'Ol " <>lviat' ord.lmlry diff,.,T=l:J.£1 t cq'-'-"~ i,ona by ~einf~ o;i.m.i la.: 

.ae,-c.~c.e:d ft:f!I u■ ~ loc:a.1 c ~u.l!' t.o J crc::iln \oi'hlc:l, 011 o.C ■p~c.i.ftc 

£Cl!:a:" 1'\!C-:l l. q....alCiiot\19:., L :l~ 1." 1 nxg,cc nd 11cp11r.11bl,c i:tq.Wllt: LQDIJ ~ m 

,;;,hei:e ~l"-¾2• ad A(><)ll,t:,,)clx;i.c{><)D(y)dy•(). Thoe 
'/ X 

1y c.a,r,-y ~o " "cogn:tz", and l=a,d "~"lY "'°"d~cc- to ln~C-8T"~ion 1n·ob .a111~. 

d:t.f.fte~~ 

124 



pre&a!Cld t.n ~ r1.1a of e-l11m.tl'n~41"')" l unc t:1.CD:9 and tnrcos~.mt11 of e-1~:nwn-­

E;ary fu:n CIC.i.on :rr. cal let.I Ltouvil l .Cu:o,c;{ ons. Due ICO h AbOYD­

~t ~t,d pTOP ~t~o• of lin~AT, =~t, •nd •~~aT~bl cqua~io~, chr 

a co m chod• yh-leh dec.ermjne 'WTI•t:h r c.htt equation :IICC,,.C'!• oae 

of t .bc form• c,::ml't: lcu~e " i-11 ~on.ab lo aru,.log,u.~ 'l:.a SDI'• f u: ■ c: ■ 1:-& I!. 

-i.lhen .,.,_ conJSlcl,n lndtng a.n analoi.Y • IC-0 c.ha f'OK1'1 roui:.tn of 

abt 1:0 l:l~e ic.hr ,..mo, ...,fho(I ~, "ol ut ian, lei:, •lono ob ta.1n ■ s1-m• 

{,\acr i,olut:lon . L ua con■ id"r hO\ol CM -,c.hod of ■,oiu Ion ~hongeo; 

a wet ffl&o.lif:y 1:1,c f!.ve .,,;-~lon" belo.,. Th - ho<!• of sol.uc ion 

y: !U!1d ( i. e ■ Ii 'l i.nc -r·. O:M! cc • homo:t;'-?lll 1!.!0U.s , B-o-rnou.l. l 1- , 111nd l.in~a r c.e -

effieienc~J vtll be deacrlbed laceT . 

1) 2xy' + y-+><+l•CI 

1111.,it.r 

2) 2xy 1 -t-:f()·+x:+l)•CI 

aerno ,.n l 

3) (2X+y)y'~+~ l•D 

linn~r co~!fici~~ • 

4) ·,q,.~)y'..,. (y,1,2x) •O 

hOCJOe;on~,g-u:11, 

5) x(~+Zy)y'+y(y+2~) l•O 

·1 8l1ould b" not:o,,d th.II.I: aor. of t:hr. method& =n~ion.cd above 

l• appli,c-41:,l • Cl ny ef the ot:h"r f<,.,r p1:oblems . Tho, ~icw,,tJ..OC\ i• 



126 

van [IIOC,e :aiiic-rh._,..,,. wh n ln"t!I 'llOCl!I i:b IC. ~qu.mcion LIii n11;11: :i.n1 

D t:ernu It> Llcll;Vi ll. :t YilllC: J.(Ht■ ., bu~ o:qua.icf.oa 7 11 11,1h,[ch va.ri,i:1.11 

p0~8~-m ~ Llo~vlll~ ~oluc ~h (•ce ~ltt t,4J p . 73) . 

6) xzy•-2
{y

2 -1)-l O 

7) x
2

y•....:; ~yz-1,-1-0 

CfllLlch a11 h n.wnbcc of giecuiC'":r ll'Eil,!l!.I of x l!ld y fg t::hiei ~u•:t:Ci.c iienc: 

of y") co Cl[ilo:c:ludn C"h.m~ 

mulc:ipliai:- Ill• ~hod. 

can be UG ,J ~u mul.~ ply 1,., h ai.de• ,;,£ chJO qu ~ ion and ob 'I! fi n 



c"•"•. In fa~t:~ 11ev=c ·1 t:c,><;C:• 1:tllutlon l:h&1r read1trs .113 il'lSt c:ry1ng 

~" can,d.do,r £1.mH.n mulcipL.l,;re ~o di..t.l: ;c- n~~•!. .,q,..tl.o,u,. Yn" 

Lio.avL~l ~h.,ory (s., Cb"pter S) yJ..,.ld11 " · forni ~at: :n cl,l;mMll:.ilT)' 

•olutlon t;<> a .Ei.t'8C o.t'dcr- d l.f[ NmC.L 1 "Cl' .11~,- !ll!! •t; ■ acf.■ fy. 1-l<N,,. 

ov Ti~ 4008 noc .11~~0 r l~~nly chnc on., aoald v~ice n ,.,.,n,od li.ka 

l!:d.g" wh1.ch w-oul.d: (!'xploi~. chig ln.fonn.1~.ioa, "xe<1pt in sp ei L ""'""'~­

r;a-g.11it..lvD: T'!CilJ\'l lt:s ■uch .a.a t:.ho.so- :in .Appa-n:41.x .ll mppca."C' 'C.o damp~n it.ha 

bope i:h~~ on .:oul.t (11'1d ,a, I! " n '" ~o.d to~ aoivlng dt CJ:1>.:cnt:ia.l 

~qu.11~ian.11 ... 

W~ ~hua conc.lu~o ~oc £&n~~ng 41' ~nDL"SYO to siN'~ 5c4ategy 

in r.h~ dall>"-i..,:i. o! di.ffc.-..nt:i.a l o,qua.ti<mo" La qu:lto, di.ffical.~ i.£ aoc 

IJ;upos&tbl • ~~ ~ n 1 how ~,r. d eT ~v OUT q xp L•~ioa• nu follow 

th t:rnd!i.tt.onn l t::echuique gi.Vl!n l .n Ccx1C11 On dl.E£ie't:-.!"n1C .L6l e,q,u11C.i.0n• a 

Th" 't J.s ,.,~ coo, Ji,~ercain lf ct,,a, p?"obl. • J.1- aol v . bl.• ~· C>l'"u of 

""'~ D( "l'~cial "'"r:hod ■ by e-mf.Dlni; ~ha .applic b.ili.fy .,[ the mal:.h<>d,; 

co., at. '" !:.im:e. l.~ 1..1< ~him &ppro,11.,h 1'1hicl:i wai:i .lmpl llll n .,J . W ,,..,r• 

r~•h•c ed c"' n ~ lll!Tct, ta" a "ch oo ):u,,:au~ "f Dt>T t,.,..,i. 11. I. cy t:<i .. . 1:hr-r 

loc&l[-.,o, t.ho, prtlbl""" "" to 1:.irul a sl.m;pl." mo•htl. !:or i.~. '.the cn,­

C.i.8~ ~ole or e-0n•~"c• J.n d•u:•= Lo {leg • aol~c~on l':'uac-z-a~ 1- <)Vcm 

tlie moJ!i E prlmicivc 1>impll.fyi.ng. cun,.fdar !!l.orui. -n,., " U, .,.,., =n-

■ ola,c.1011 "'"' ic.h " :pToo..:h ~al.. ", nd ch"~ J.1- .ti ~ one w 1.nd 

'""r:hod wh ich H, app Li.c.abl.c i~ J.11 l!i.l:hnr 1.l!!!!laclf.,~11.ly rcducibla ta 

tncogr t1on pt:ohlc,..,. or ~,nhl,. ~ o 1mpio probl=s (t • . . , Lin ilT. 

Xlllc IC • 0 i'" ll,eip,11 l'd!b l El) in DDi! O:E' 111 I: [11018 C ~WO ti C:ep s.... 'P'Ult che:cmoi:'I!' 1 

tbes ■ t:cp.11 are k :nQlinl '-" ,Jlc'I,..,, c:r- 11.'II me t: ca• 

E~ffbC m wo..ia gf aolu~icm [o~ fi~a~ DrdMr, fl.rs!:. des~~~ 

dl r r1mt.lal l!q_u,at:i,an-li ·we= cooecl, 'ibes!3 .1ncludl!. most: or the 



ua 

!IU'thod.li <>r •c,,1.v ng fl:l"•i:. ,n:dcr "q0'4tfon!III i;.D.ukf,i:. i.n au lnt:roduo:co~ 

cours;, o,, o:i=di.D.illcy di.f ·.,.,,, 11 iftl qu.11cl.0na . A.ill s t;,c,;I. ;al,c,,vu. di" 

=thoo• ,. ... ., JoC!lffi n· d i.n r:un:, hi orcle r to J i; rm:Lnb il r:hey """ 

"Pl'11mibl." . Tiu, • t.;,,p 1 Th a,; will 

" l col1 SUI ..-1:,.~"'""'"r t:1:,..,:;- pply bi ar- r o aol-vr mCJ!llc ., esr•­

r::ion p-coblc=+ n,., i v o~h .. r mei:hods o.1:Ll1 g•m~r•~ n,bp cblemJil 

whlcb r:u ... sually clr:h1>r \lm, r, lCJ c~ <U" ""p.arabl., .• 

T!,.o; ~<>PY"fl.l; on• fQ•I' ai:. ~l,.g ~" p1I"Ob.l""" ~,o ha fnili.cbia n, 

~" on.,i, wti!-d f,n cbo, tc~t bo-oka o 1ch~ r:..abl"'"• li,"h.,,. ch d 1'111\dcnc 

• .c, 11nd tll i.ndap nihu:ic ve:i- ab 

bl! .. c.iic..d In 8 ch J: Onll I or II.: 

I P(~,l'l 1-+Q(x,y) 

I.I P(x,y)d:x'f'Q(x,y}dy 

:le 1!111 .tnumo,d !'.hill:. f..b." .,:,qpre■,.i.on &i'-":,-n l. ~c "'" "'l" ccd t:o 

IL Tho, re•u 1 t:~ 1. f fouDd • "'1 i. l l b s car:,;d l.n tbe 0?:'1'1! 

!(i. }')•Co 

'-'h r .. c .. ~ 41 cc,m,;~:c,f: af ;\l;OI!,.,,.& iuu. A .. w 11 bo, m!l',;>n, PO ftCl:.cl"mpC 

such a.. cl im.:l.= 1:Lug 

Top :couUn ~.G Ll ,<I SOIJH.l!R (:60Luc~cr> 

of Dll£.,;::,.,n~Lul Kqu.a.r:fcm li:cL.1 In ) . SOWIEJ!. 

ppllcablo, l:CJ gi v,m ""' ch c,d ~ m,ly c,,n or c.he l:\JD ' cn::S!!t11 ( .;g •• 

li.n•a · uq<lllla:l.01'.nt l::'o, usu.. Lly ln fa!l"nt I, nd eJUlclf. :Ln Un,,. 11). 

~D cc"mpt ., .... -d iCO 'I.I:■ 1:.hu I' er. .... " elu co a ~olui:.ioa. 

...,., nD'W' sb.Di.11 p ·!C'oo.ie-ied " 4 Sdl"i.b 'DK fd,.,. met.hod•-



L2!l 

J P{><)d>< ] 

Sine oqu.at:iun■ of t.1, furm f(x) 'ti 

l!Kp,D.D!l-iOll i s A 1C.1ImpCcd ;a!); 

Ex:pan!I- i icrn ia" h e~ r • 

..,J, IID.J 8 fl 

Ex3!'?Pl11 

l 

2) 

bc;cmmrs 

"J.IC X +k• :,cd.X~IIJ 

,:h~ _ l,n; tun l~ 

yciK+:rcrx-r-x Co 

"'Y ' +><$+ L- a 

ra:a:ulQ n y >=+J~ d:K: CIJI 

"' 
ch.od 2 Si!l'I\M.111.11:: 

li!J!'li A(x)B(y)dx,K;(x)D(y)dy,,,O 

pat'C.-.cru .. 
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rlo "~~~ Ls. mad c;., ~ .. .,gn.i"'" 1:b:I.~ fo<'ll'I ='81"~ ch o.,.gb 

SCl!A.1'.Cll!!N'~ =tch ng c e!u,Lqu • · Thw, no facl:orL,:, t:ia" or ~h 

a .lc:houg.h !J,c:rvar-.::11 l act:or11 m. y .LL\V"Ul 'rl juZliC. ~ iaT- ju t. x., 

~ -l 
- 2-
y -1 

Thus c.he 11 r,l at: J,on ILK 

L/J lo~ (x -1 ) - 1/2 los (~
3
-1)-~ 

Th1■ '1IL9w...r i~ no=4ll~ • 1=>lir1A1d o~ c~ble8 l:o bcc<>tl'! 

CQ g, (~/-1)-CO(ll-i,. A~ B~ill:.ud abav" no cc c 

G!.il'i;'O"l:l)' 

l) 

'1xaCo 

f' ,. r tonn.,J by SOI.DI.KIi. 

11bi~hod 3) &x~cl: HUlcipl e~8 



lll 

h.CJ:I:! ,.. 

h(x). 
Q 

x. t.l-1.,n 1:hc W111.1:i.pli."r .lli 

• •• ~be qu.,.,,i,:c:1,unr:. l ■ J1.n11ic. a £un.:::c:Lon ol 

fh(x)dx 
" 

b) l. 2:1\l •. ~ • tha~ 1" ~" qu oCLen~ ~.,, 

ax '.I! i'l,}I' • k(y) 

jl..(y)d:, 
i.S .., .. 1 r; il> 1 u,-r. 

c) 
;i' 

•T\d 
p 

~y X a.x 
l 

cl',en be 1111Ul~1pUe i.3 -r, 
P.i-Q 

~ 

S Cl!ATCIIBN .LI!> WI l!!d co P"'" .Eo 

t:a d Cii!rmi.'n~ l £ r.qum. L~ 
X 

i'roe d D$ n -~"I' 8). 

1l9 
-:, 

l'TI>C(l II .. 1.n ;11,:. p a) 



1..3.2 

1!i ncl: 11t.inp 1 .,,1 o X+l by any n,por~"d _,,:1_ l le: cion pX'ognim. 

AnDC:hc.r appnJA~ ~ d"t:"rill!Lntng the a ·ppl lcabil icy of ~1:1 • fi,r5~ 

chl:" mu l c f.1, ll. C' cam"" i:t1 t<> d:I. ferRn t ~o ~h quoC::l.1tu c w th res :,co:~ 

Ci(m prog~u111 or detn=~n,ns ~h ~ppllcabil!t:y o: ch m ~~~- !tow-

, .,- 'I' YU11 i=edu:>:l.quc 1ilo1u, noc, 'I • ld t c; d~sLrcd v .. luc o ~h quO'~iombL 

E;:,:mnpl s 

1) (4,.i?y-U.x
2

y
2 

~x¼3':c) '+<>,.\•2- a><y3410,q,••Uy.,,0 

S' lu io1J i.s 

2~\,2 -t:.i.i?y1+sxz}"'l':Jx;r Cc, 

2) {2..:y+S~l)~"+;v~-o 

Salut. on .lm 



None ■ 

bu't. oa.ly MhEm t:bcrc ar 

~ 1 u& 

1:n 

.1 1?(1<- i.1'.i'' ~ y
2 ~ K(-..-2):,-0 

y'+ ~ y + l 
X (x-l) ,.:i (»- l) 

3KY' - 3lty
4

·1~~ X - y - 0 

:u, t°ra.Dll, on. d .l.t,~c;) 

:i,' +.it:+ 
X. 

l l<>s.x 0 

~ t:.hod 5 l-r1111D1CJgcn111 au.111 

go~ t (x, JI') lb, + q (,x, y) d)' w Cl 

. o 

l':1'.'Cccduiac Tl:,., -"Ub"t t:.uc:,l.oQ .:!(X) • ~ -f.~ mcde. 11.ft:.er faet:.D r iQg 

xu f'rOffl t:I, <'QU c lull, ooa obt:&1.ILII n "qu..,,t1.an with cho Y<IT1.ablea 

~ 



nf ~h" froquancy "'"d =~" ot r ,;:qgn~t:~Qll oL chi.a foftlt. 

Tho, .fnc,:Cor-lziUl.011 of ,cl\ frD!ll< ti\" "'l""-cia1'1 mu• , ln &•H\ I' l 

The bl,cogrL:!. C ion 0£ h<MDJ:Jgcn ~ I. c:y and fcio:, ~ ,u: ,_., I: lor, ,. I' r f".'rtD II 

SCtu.TCIIE at!.d SC:lWUOS .i.n.i cbus oi::., m,I'.. UimJ5ua1Ly p=•<>rfu1. or 

"'u"'!I' h, x
2+,.., y'+-y.,O I.a aoc: ro,,;,,;,gni."c-~ ~ ho 
li( 

.:-s;;, l 8 

L) Jx.
1 y• - 7:,

2 
- 3")'- ,,:2 .. o 

solu~J.011 l.s 

103 X J ll:&'.C CD.<L I.'~ ~ • CO .,_ - .T'F >< 

:l.) 2.x(y3+sx?) )"'+;>•l_,/\, - o 

!iiD'lu~!.0111 :I.~ 

li;,i;.,i-:-+ ;O lo.,.,~ - -i lof.0 (~ Co 

" 

vhcr 

L' (y) • g(y) 

Sub:li'l:it:u~ .. u(;,<.) 

ThUI l.s 



"ubsti.cu~i.on i8 ,..(JC) • Y 
:!. 

::,te\d ft& 

k,.• + 2x,u+ 0 
2 .!. 

2) >1:zc~•)' y' + .,1:c,y + .,>< 0 

!!I ubs it.J. t.u.t::i.On ,:l M &In:,, 

l. 
,.x - 0 

l!l "-h"d 7 lno"r "°" ffi.cicnc,.. 

l'0!',,1-1 y•.w(l!L~{...~~ 0 

135 

!l.i?1m::ce i11 11 b,.c,. . .lll 1
1 b ,ci• 

~Tn ~onm~onC8 ~d 
ab' - 'b ./ 0 

I .-e: 1 
• a. 1 e 

y - Q •b - ab I 

Rcc<>3nJ.~1'011 J.• ba ■ <I .,n ll!At"'hln.g 

l\( ,i:+l;,y+c)n (a ' >e+b 1 y-t-c ' , ~l'l -i:,-0111 acny 

i..n F {x.y) 1 wh T a, lb,. c I Iii 1 
1 ~ •,. c. • ,11.re c.s!l!H.uncd t:o iC!l!!lllllin fixed 1..n 



l.'.16 

Ca 

l"CI-Rl1 JI '+E.(~.y)-0 

\,,<I, ~ L(x y) -;: H (x":in. 

ii ;11 • £wnC! IC.I c.;n 1;1 f ii! • inglrt:J illl'gUmt?;n t: II' 

du 
u(n-11 (t.1)) 

Cons :1,de.r:: 

"' G(x,~) • y ~(~~y) 

~a vuh ~o d~~C"[""J!'l!n if G{~ y) 

ii'. llnd only H 

£S: " -~ ~- 0 
~t: °l' i!:,O ax 

~01; Cha~ ~bi" 1tqu.at.fe•n ~ l"~oSeoiCJI Che J cob 

,, Ir bl cllil :Sfnca u(,o,y) • x."y We o'bt::.111.n 

) 

n lJ'I ch<> r:w.;, 

ch Iollowi .. ~ 



ar 

f; 

ax 
I] ,. 
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hail.di&.. Ha~vcr "We c n 111:110 us IICtl &- 1:,0 ait;t,Q;n~hi.p l:o nil! DI.:! 

"i1Q1,.l!lie fD1" In ■ 

....;2!!;! 

(H,,m<>d "l. ,..,,., .. .,tl,od i .. r .. r.,1;,, d - &C'J'il:i ,1 ltho1,1g'1 f_t a<:coun • 

for n=ny <JC ~ 1 , &1,1,0-8 l Y~10TII' iu ch" E1'1'.'II-C: ] 7 q-,a~i<>~ 1" 

Knrni<.il [JQI • In ~,;,""' "f ch"a" ell & Ka 

lll"C:hod11, 0£ .,_.,1.,ui cm. i'D1'" ._.._ lo, i.u (:t J!I:)) Jt(y"l- 1K)y-'+2y:J•5><;ym0, 

i-:8mk., & 8-1!:."0~$ dfad,cling by ,)i7 y 1
~ .i.nat.e114 o ,.ub~t:Lt:u~ d.n.i;; 

- 1/2 
u(~,y) X Y• 

(bxy' • .,,) 

by ...!!. 
I'! 

lt i.s tben bopcd th -c SCl:WOOS c: nd the r-e gu l c.ing 
X 



l31l 

{$<> pp nd i.x 11 fo'.lt fi,n:- til 

l) (x- x:y) }' '•y • 0 

t> co - -11 

~ \ l-uj 
J_ dx 
lC 

0 

n ,q, o 1mo:mt: ln ""1 &cl.'I SOLDll:R ., ~ 

liil IYCmld 1.ao l.il<1 tei ffl n l!ii!in It.he ~31:.ilst nee o[ p:C-O_gLum 

! "' ':' l:.h" MAT'I!LA.D 8 ;f.!i 

'l.f'T:L.tc.iD:n by nu1t: 

1~ u~ll l"ea ~h LBplaoc :r..-,m.-.fonn m thud 

Co~ ■ olvin;i; nueb uq,u4~1.:rn . nic p ~<>g~ :m m~kea u,ac ~ 

fun,cct,,m pc.,iu,g., D ~n<> MAn~ sy~~m . 

can be ,co:a,sidercd., :In -pa:rlCLC!a.lnr,,. 011 lrtf1 hod i-:,Ue:n-a~.li tho tor'lill 

CL l:h 



l.!l'llCO ~h eq11 · 1;. Ol'I an.d :'j!Lllv.c!lil tiu, 1:L.i.1.e:nr equot::lon.n :ln 1:ha p:u .r-n.11W:t:C!E"II 

t::h.nif. Te-.11ulr.:. .11.fE. • .,r.rln • U'J;l ~\, c,61\41 1 r\8 [n !itKQCtfl-<JII {t . , •• 

l; Uo;.< (-..,1 In 

~ + x~ y 1 + o.Y 0 

11 incc L le-did.. ~o ~b~ Be rnDu 11i d t £ {e ra:n t:!. t e-qUJJ c:ian 

1':.'2 - 0 

Tbar.e t,;. a 1 ~., bcdy oi lnicvl.,,d.gc "'"11"1:dLng Rl<,.--,t:ti and l:icl,lm, 

"'lu<i 10~ (i. r ~1(i.))'- 1 + g(xh'+ h(x). i,nd y'- (..:)yl+ g(x)y
2+ 

ln Kllmk". 'ia::rnnk 

'\o.ltUJdliC ~o u t;JQ'll il'.il rcqua:nc: ly -g1V1:1n .Lu same. de~ i.L _ 

As :Lio poln1tll!d. 01.n, in ,\ppQncli.x A, 

di.f'fe:ranl[ i.flll l!l~Wilt.i.DIUJ.., 1tl111a. pr.__ i:;r R wt I l beer..,,. IO'Dll.i da 1 



CIIAYI'E.11. 1 

CONCLUSION"S AND SUGGESTIO ·s FOP, flnr.l'H!.R lol'QRK 

of SIN 1.n cieil c,on c.o c:h SL ~ .. bt s. iw in ca.llies o :inc ,B'l"' ~dll '\Jh!.ch cDn -

and llhich uau 11~ rar• I It in .11olUE.l1C1n• 'i--hicli 'J'it4 

it :rac i:l f.n!t.cgTnl.a .. .l!dg,t.• C'a!A illlOl\'11" 11-om~ o!' 'C.he:a: ;tn.c B"E"al.1:11 (e • .g. •. , 

XncQm x dx) m~QC 1c ~on~•tn• •P~Ci..al ch~ck fo~ Vari~~•~ e:;qion~n~s~ 

l<n ~M in hand1£a,& ,:,i,rC:•in, alg.,br;iic in~ ~ r•nd~. On ch., ach 1: l,.,ttd 

t:b po..,.;,r of M,\THI.All' 11- ~"~ L til hmce:! on p111~ka:,z m""n" Cllg~ SJ · l" bl,. 

to :l.n~~n~ c~ m.any problem tlOt pr ~"' ln c~~ ~abl •• o..~1111ton prec -

dU"f' 11 <>T" c.n,;,~· .,~ch 4& he cbrb;,~chcv lnc.,sr .. 1 a :iv..- sm " capn.b1Iiq• 

~b~ch ia ao~ pr~~~n~ J.n ma~c tab1 A . 

:5.ffl .ap,p .DIT·• tci us lt.D 

App~~dUC C ~c poln~"d out ~ c chouJVL SIN ~fl 5clv~ proble= 11101~,~ bt 

S'Al:NT :ti..,a o:rd...,r.a nd. .rr q,1,.1 nC;ly hcec 01;d~Ym o lll.l.kf'L c.1i.1d £1:19 tniL Lh n 

SATh'l'., Cha chi• figure lad copclv 

r;,o,ndLcl"n~ or SAmt' ...,,t Slll c.h ■ 

ct c I • (';11-:1.n :t.n "P eel ,. 11 ""<'"I;Dil 

L '•Cl 

:i:.~ { l)rc,b,,blc th c , t .i~r opr i.m.., l 

gu.ro-• .,.t l I '['..,.d.uc-, dE"am.at:ic.nill )'" Q 

o ~bo~c • £~cccr ~£th~~~ In 



l l 

pro\11 .111 (abtru~ h,11 LI ,:_he, ~t:m.•) • ch" ,c,11c Lo 111houlll t, CIU-Ch hl&i', ~. l"h 

pul.!Ll:.iloc, on t:hc 01:.h.,.- prablel!ls. S:tll',. 5impli fiee: SCIIVUO~, L,a 11rob,.bly 

ttL r - 'this il!liait'.a-r J!!li Ct et:JI t:h.1!!' eoa. Df IIID!l.t' at the DC:ha-~ pTocea.EJ~• ,.-u~h 

"'°"'~d If.kc:, ~o l.ndicai:..- eerc . .-.t:n ""1'<>1C.C.11 of cht ■ OJ:'i:a,n.i,u•l:.ioo whi~h a-rt..,,., 

Cha:p!Cer 2 terr an ou:t.l :t,'l'h] o.E sn,;• s or-ga.li:li.:Z:111.~Lon_ 

one of cho dti:fioulci""' t.1;,~c A"I PT"Br"Afllaii wilt i=r ael~!ILY f.l,co 

involve ■ coimrunlc-11cio:m (,.c, ~<,w~l ! i\;!, ! ) . If • •~broucl.n" p foct:ilil 

1111.c r t:L')J;11 thll p,11 ~i.lfl c; rcu t: in 111: ti 

undc'C'IIIC.llll'ld t:ht! iln.fcn,n-11t-!.oa.. li l:!Wli:I c11'1J.bi:f'i=iucin-ca A:1::1!! 'W()Tkiag I.fl p.mc11l l e1. • 

t.lru, ■ubp~<>.1;,l, u,11 S:AJ:.NT ahoulcl no~ hnv" parf<>l"flloil,j 1:.h" ,aub.,.CJ,t:ul:l!.<>n 

l 
'I • c T s ln.:," anoi;hor c ~~ ilQDOmt! c:.::1.c n1ba ~ 1 u,c l= on ch., prob l r-,n rui.d 

aL~e~dy ~ ~n lllilld wh{ch -=• undDuhtcdly SUF ~io~. 1n ch{ ■ can" SA:tm: 



2 

!the lnVC"r'S f"II( previr.:nJ11 l:'C'.a,a.■ O::cmDlt:icrt111:i.. Tht.s ccurs I\ th 

ki•ta-11.ce 

do w~n·c co pai.nt ci\il ~ ch u.s u u l.•uu; o h :I gh 1 y i.cl) 1 c Le ,c; llJ!l:nnwnJ. C" c; lo--!\ 

■uch lCilpl:i.cl..C. CIClmmlJ.L,'l(.C r; t,or,i OCCiUTllli w~n .FOltM, .f:inr;;h. ~lll:C.Uti1..1il or !Chi!' 

n he!51 ca!iilllS 

chou h iL h,1u 

~u.ff!,tei:ii:. m.,,::b:Ll'ieccy t'<>r •oly~"li; 1:h=>. (On ch~ o~her h11,nd. ,:,;ar b lll!'ve 

~h.111: S.IIDIT wlU ~~ o:ipl: 'C.O Jilolv r~ 
J ,<: dx unC.1 L l~ na .... c <> ~l.~, "'-=' 

pac .... ) w /JT '"'~ p ~Ci cul -.,\y =r h,d by . &uch oc,e:ur1;n111 a. It: "PP .:,,N 



cc Ult c.h.at. f:f. 1 ■ mr,rc ifflp 

,cl["e,._.ln.s. ic.he liCiilTm:h n .!'ORM. ,;/1 undl!r.sl: nd., o couF~tt I khnc i c .t.11- ~oc. 

nl~~y po 91~lo a ak• t:ht 

cnE:i.dI cqw,ti<tn,. u good 

in f m:,nli 

On 1: h O.:i,<>n '""" an " SOLDIER 

We n_i[il'C.cd J.n c:bo lDC;rQ(tucc:icnl C:h11 we cl d ni:i~ ,cxpecc. t:o find a eon-

c:;0,1,1,c, •• powcr£u'l JUii t:h!ll! E:d1:,c hau.riEilC:ici i.n ch dc;u:1miCJ ci 

w ~ nee •urprl J 

~o fail. t:o fbnl " pc"ccic l m11 t:hod 11lmilaY t:a :E<lsc. n fnc. 1:hin: os;it: 

not:.11bl ,llifillJl?ICt o SL"il' ■ D'FB,IJJ.l.1Ptlc,n Eh.air.; -.., c r-r-1,111,d • ~ I.IJ!IS ch ~ LL-

ne DD c1ghc p'l'"o5r~as con~~rain B~ll'llIS co u• ChBI:. bwn, n on~lysia 

a c~19 ~=bln~ ~o 1~ ~,~., 

sol~~ion m~ ho-dm. 

Li,t: u11 C"oc.ntt h:0111 Chcpcnr 6 1:h t: :SOLl:>IE!l. employ~ li;J,1: . ., ut:ieo 

cho,h. Th-r ■ 1ll! cl\od" 'l'I'" " c ~ "d " ,1 ~1.m • J;l 111 1:.hcd <I c,iJ s 

cha le 18 bl" ~ 1:1 I< " ~ic>j>li(yir,g 1:r.t1.n.sl?o-=ation (I. " di~.:~ c.,-

due ic,n l:1> Ln l!l'""t:!o,. o;- a r du~ct l'I c a k:i,."'1,1n .-rid sln,s,lo,r ,u.t r •nclal 

cqu i<>n i:orm). cl, n i~ -..d.Ll u:cmpc: u~, ■nd ~h ..-c, ■ ul o:t; th cr11:n•fo~~ 

m;:i Eiom wL11 b l,i:, v"lu c,f SOLDIER . 011:.hecvf ■ ~h n<lxt: t'hc,<.l .,f 11 I,, 

cco1t•l.d~~"d. 

In J\pp ,:,~di.x !: .,., 

ttti.1 q=i:.l III i:i;;.~. 

atod SOUi ER. o~ •--~ p~ot;l•e• lv~n n ~ dt !e~~ 

SOl.Dll:R w., ■ abl o ■ olvc 61 PU~ of 16 ~ c.he ■c 

r.for• 



...,ro~ 

qum.c.1 

an~ ""'-1:.C~■ io~ a 50Ullc:R th~ ugg -~ ~n c~ r~e.- ~ nd bc.,lo~ n-.-..- m de 

~in,h :5 01.J)I&R -.dll b-c p.aw -,-ful proKram itid•~o,d. I.';, wo,re- di s"'ppot.n"C:ed 

,,tum ..., u,c.,~l.;i:<-d chi• ~o b ~h c. R.,. Th r s~•n lo~ l1: ln ~hat ""' r,.,.­

m etc na bav r:io~ m cfl! grcu11t: ..'ldvo~~u• Ln ch L:s rrr,b1~m dCffll .in ov I!:' chL' 

pn,,,,s;h~ App1ica~ ~n$ o L!SP 

lln or,ain:.,~ iy, llnd m !nl)' wrongly, LISI,' h ,a C.Q.YJ.t'.,d l:h <"CJlUl:a~ton 

o.£ b 1.ifiG .lc.ngu..mga 'IJ ch 'Vl?E')f lfl'1.1 11.:'~lf U't•Ofl spoi!'d. On!!! .t..'l«=CD:£" le--iti;.!U'II~ 

1:.0 tht. r,,ut ti,;,n is ch, GI<>;., "paad t:>f ari~!,.,,, " I l'I mo.Ii~ t,'I:51' impl1t-

,..,nt elem~. ('i'I,., &wkin~<1u•'t.1t:c1t 5Y-"~C"I c[" !,('- 10.90 i,r n ""-~ pt: ~n.) 

Yee. WhE!n Cm die,c-1.m<r.r v.air'Lillb11!'• i;;i ba:-

or .I.. Sl:I co- X c:.ut;, a ri iii ,,: ic 111~0,tem. nt:s: • ;J.."& a.ny ~c.h "r proc 6811Dr. 

l.'C. .I!! t:h ecm.v.ani.en,e o et-,,;;ad ill 

'Ch ■ low, il!l"'IC: 'i'Prl"• t: ve ~~ct.Lie ion ll"p.tird o 

Anal:.h 'P' e t:o!: ltnd lfl co Ch , f n.J 1 "'n i• t'h■ 'C old .:u\~ ffl.Oi.111 p!t"O&;r.111u1; 

""ch a .. SAnn:' r&n 1.nc.,.-p~e~lv<>ly. C.O"'P~ l ct,,,. UA!LJ.4 I ty ,nil " in IIPPl:""'"-

1.m..iJc.~ly n C:wcnt.~ old, g■ ia il'I •P cd - H11J~tJ\.rc1" ch l11:1,r,s.c1d: .!:;a£.C:o?" 111'. ~(!I ns: 

co ~ht ■ T-l'PU~a~i~n a du co ~h ace udc al ~h Ll'.SP p osrm11 rm. Ll.S~ 

1>To-3r<1m" .,;., 1.1 11.y .:l•·Y• l<>p•,;l in ~., "'"~11 p~<>j.,cco; 1-'l"I r "l'"l!d ""''11 cml)' 

m.i.ru:>" cc"nmid"-T"t.l<m, (l.t: f, c "Y 11 1,1.u1y i"'l'n,m~J.v prCI '"""''" 

■ ucl) as. ilo-hrow' a ST'llDfil'"i' I< J, E'-'•D&' A-KAWC.-Y a,i.! Sla (1,'" SAINT could 

r1,Qi1C. hnvi..: lbnan W?":l 't t: n a die1~icor~ l d t :fl:!lit-E'Cat.1 :'I ieixci pit' la Li.SP.) hin 

Cr'Cl"nd .1_ [1, ic-h. Ci C!C!.l?iC: p.m ■ t: hllli b'1:'ll:n t:ow rd LUt [ rloli\ LISP [l;S 1111 rrtic t icJll I.nagwi.so 



praigyaCI!I which ir-x.cc.1.Lt:c 11lo1ii1ly f one b-cco:m agu i led by c he ~ "-'"' of: 

us.:Lt,-A LISP ... rcrcu-irs.!vc ~ceh n.i r.m~ ~ SA nr· II JUll:i:l!'l""ll mmcch:l ng p~oga:un 

P • f'.[]ffl cir,re T inc irodw; d 1nC:o ..:JI c lall.J]l [upcr; ion... Wbi l :1,u.c!h .c. d -

f"unccL o n such .11 ua d 1.n Bra .,,,' s ALPAK l " I or C01 l n 

g.e b:, one r:o e:wo o-:-,dcr!I ~f C1JJgnJ.c.ur'lr ... 

W'c wou Ld l i.ktl ,c;o '""' ~h in,: rc><h-'.c i.c:m, i nta f~rd ~ ye.ii r "" lcu l 1.,1,. 

a Godal BLUlll>v'C'1ng or <.I CJ d bl .. prot>L 

domains _ Such <:Oll"r . c:,_. he l•o J.ndtca~~ 'IA,.~ JrK2
d~ noc no ~l&-



n C:a ?:')" £unc I: 1011 1'"11 ch il"' ":' ha.n lei.av :lliU,el1 'D- !;. ~ , enc \iol l thou e- p~DDf... Th 

r 11n;.1on■ hip o.f t.ho, &di;" h• u~t.•tlc nd Ch1t probt 111 ~~L ... in11 ~"~hn.l,qu cf 

8;1'<! "" Ing o: Ou ld """- so ru, b ~~• t, 

I: .. l C7UO\dll~lort. 

ff1.Ph'3!1i.zcd n cau'T"'ac.s .al a at: 

lwf:rnur;mi,n.Eo: 111nd Ext:"n•to!)!! C-D S:n, a.nd SOLD'?; !!5i 

All cl, P<'"®~ aw dJ..11-c;umscd L"I chi. chc~i11 "'°"41d p ,>fit: by b~ing 

-.-.,.,,...1u:"'n Co~ t:h" LtSP i!I)" ""' o.f t:h" l'tiLt: Pl'Jf'-6. l:l'H• PDP- 1, lSl' 'Y tcm 

xe:euttn-:1J a n• .:. s~ • ic.ho 7Ml.. USP ■ y9cec l"lln ~01np1.l •d 

.Eun;c::c.iota i!lllld c::iv n 

pravcd 1ft3 rtJccicn ■ t of tho PDP-~ n~ ta i~~-.-cv~d sy~t:e~•• prog~~ in~ 

.-.. cl\ .- then on tm,"" er 1'1 ~1'1<- =chin "P l!d. 'i"h MJ\C: l'nl'-6 D l9-=, ham 

256 • e m fl"' y which wculil m" 1, h11t I l the ro1..1~ iruoe ""~hl " ~t" Inly 

:b la d cl ac. .._,.,... £.me,.,. Thi11- VQuld all.cw ;ra•~ ic; -r .int .. ·r hangc liuC.1.N."14""n 

SIN 

s 

EIIDiD ■ 

nd SO .ID l!:R. n,! Lil r .. ~ r "'nai tunctlon p;:i,:: all • :tt ....,,. Ld l I w 

nd SOLDIER ~o b.- u•nd ;,,• •ubrcu~ln<, ■ I:<> tlw ~"l'U:U..fi sy,u::.,m er E:n:,,;, 1-

l'lh X"'-"l l ri~ i,c<o'° c-,..,cpuc rout in"• 0£ Marcin l 'l-1 ! .,r , .,,.1,.1 ble 

on c.h .l".D.E'-~ a.:s ~-ru t.e:lct::ypic Ou'tpu r,.11uC:i[lc.;1o w.r:t..c:c .n by Millll!!a 1;1r c1,~-

MA'D!L'i.i1 Sy a, ~~•m I 4 O I • 11.ou!cln, · wh I o,:h ""'P ~ F'ORTRAt,1- l ill; C ! . . , 1 ,...r x) 

f\ ~ c.i.on fen:- ala; .. 1>,:, t<:: ..-l<P,:, •-"ion~ ,.-.,., .., J; Labl,· ,111d ,rhvuI<I b" Y8 d tn­

•~e d or !:hit LU,~ (i., •• pr~ftx, □ oto~t~~ ~f~h l• oo~ usod in in~~~ co 

Sm nd SOWllR. ~nde"l:':saoJ!I of 1:£.u•vat'd Un I..,.., r• lty Li, curt' nc. ly -N<1nB on 

a p:rogr.m~ '-lh{-eh ~h r,n:iica. h.l!lnd i..rr.Ir.:t.o·Q inr-iu,t o lllllllgobE'.,i]lic cx111 ,, ~i'1lr'lfl r~ 

o l.tlind 'TDbl,:,t: [ 1 J. Sueh a p'.l:'o ~.11111 "-"uld t,., IJml!d ln elm uc1,1 .... , 1 l. 

~CHArC!IEN •ho~l~ b~ To~rittcn ~a hac n~~ n,oq~4 ~~A be dofln~d by 

c.h!lr Use-.:' w cr>out: ,:-,:,pro r mm '1£ To;lcvan~ ,..,_c~ l Ott~ ~• SCIIIITCUEN . Th• 

Ht.,"Wl!.v r ..c n.o,.,. ma-r-~ -p0W'4!'1t'"!'1:1l llllif:'ld a, :i'ic.icni!: tilcpll(J. iC" wrLcl::ira. ilon Che 



l i aL!.a f nd l C<J. ~ .. d Ln C.hll p~" r 3 ,rhculd iN u .... d • "~ 1 ■ c 1 .... .- r~- Ci:J.a.p1'c <" I,, 

~nd App ndi~ g ~h• ■ 5Lmpli~ie~ 5huuld hav fmc~c.-Ln,g od div~~icn i::~pabl• 

11 f.,s n~ ~u~~ ai=.ly 4VOil bln in g,~ ral pu\\'PQ• •lmpl i 1"■. Th ~ •k 

ol m.ac<1hl.n ~I' r s Ion to;, Ui n~i~:, .11!,1>1,;l,{ b P ·""'"' d b)I' a p\\'Oilr.mm much 

<1s !'l.llt"~lll • 3 m i=.c:h~'n~ pro·,:Ct"<lm 1:'•~h ~h n by 5CIVl'i'CUEN [ Jr J. 

SDl ' IJ c"~d t. S" '-'<.>uid p>'of; t r:N<!!I ,1 be~~ r h. ndllng o( n1i;cb..-aJe 

int:cg'C'a:md~.. ".thi ■ f.15 c.leaa;- fc-D.iiill Appandi.x ,D. An:oc.hclL 1 a..a:cin lonrn J in 

c:np bilil:y ~crcby t:h,e ul!l:e'C' Gan com• 

h, o .ll'<l I' ~o incro-

(luca ncir,, u.niel:Lon.a !Ill.ch lili5 ~u c r:r,n: funcc: ioll _ A C blci o C :i.ac. .s;r l.11 invDl­

V " d1 -,r.-01" 1un 10,n ,.l~lc,.h """ il'!s 14 5 nt?'1 • "'"~ L>fflP" ~"'d b)I' 

~n 1958 I J8 1. Such a ~olai s h ou~d 'b- cci,npu~"blll' )' SIN ,;11 I l. 

It ~ 111 ~ lii!t r 1th c. ~LLC!h morl.'? r,;,ra['K n C!..:id:lli t.o be done on th Edge hnt1-ri ■ • 

etc; t, ~h .11m · me~h .. d fo:. J1<>lvh111 ~"~"!11"-I!~~" □ pt"obl IH anJ ~ po.,~i.1:, L 

too Oi'.' c -11ch ,Lns: C &~n c" l!:.ul,;,.m ~~udcm~IJ - w., und<>rstamf Lha~ II ~ch 

~- ~ur ,:; l:,, p~i;~ .. =.1.ni; ht m ~had of hu ii;r ti= ""~ti.ii. ~hi. -.::a~ hm 

~unc~ion packag~. Such• pt'08 r •m ~o Id be includ gin SDI'• hied 5Ca~ 

•U. 

ln d scu~~tna S.Otn1£~ tn Ch pc~r 6 ~ n ~ d ~~-~ a 9rc•t nUmb..,r o 

lDill!!t.hDd ■ ~ k.nCl'I.~ wh c::h hove na yet. bce-n pr-oBY-iJ1nmad _ A9 I n~,e Ir" "ICt!'\B 

"-::<>_I ,: ~ i.11 nv,ol ·.~d l.n I nd Lnw; p.,..-t; ,:,.l ~ s.ol"c i.<>f\,. ~" di£ r~n~ .L f!qwo~ 

t.ion.s: _ :Such .s'Dlutien■ -c!•n bQ USt.'ld C:o fi!J'ld a-ner-al aol.ut toll ■ it:11;1 R,i.,c11tt: 

LLCp'llC c.a IC nfi:iT'lll 



f,/ bL' l 1-t•y'I? f.hnlC: 1£ lilO:r'k i., C('lflit.in~,:J DD 1:hl) imr1l ,mt!n c •~ioa cf t'liU:ll 

d1od11' £CE" SOLnl'.EJl. l;.l'h ll cb1. .. r Tog,ea,n W l I t,c,,.,a,nc Cruly C01'111idnbl~ 

p ei~,r~,1,11111 11,uieh 

,art: t,;lL"" llts- nJ.iC'dlu:m 1.ol."' t:h. p1.1 · nienc -.f.OTJII.Q 

CJf •oluti.iDn., 

"-:ic•J. Ja.bor1·1 t:ary L 11 1 nvl ·inn d !Ci:11 eon11.t ■ :c 0.[ lt.wu r1111jor r: 

gcnernl pu'l"'f-lD• •)"•~ .m an.d a soc_ of 911.1 'Cl.illli;ccd prugr:a~. Th ~~n r I 

l'Ur\>Q,11 li)""Ccm wi 11 d al ,..Lc.h 1ap ut: nru,I C>i.Ltpu~ m:nd wll l r:c-avt • .11 

,:,oa=:,.ru! - gt' l n d l..:ng= a• wit t, m.11 ny f:<ilpa b U f c 1 • • '1:I,•• apC'c i.c 1 1 ~o d 

prD;l!l'"affl wil 1 di>al vich -=••k- "'b.!.ch a ~ mu lici 1u l)' c0111p J x ca r qui.-., 

a aepa~A~~ OTM~nt• Cion. SDI' nJ SOI..Dl:JlK T• prD~otypum of uuah •~•c i •l 

lJICuTe 1p l ,;,y 

ral:flc r g n r l"'OUCin.as .Illich •111 , pa ti rn d \"'C'K?.C.c-d I n u,age .111.tarl.l f' ti;> 

Sc:HA'l'CHE':N or " ~ I.mp 1!1 T" RU h a ■ SCl!VUOS . 'l:"h •• {:c"i,qu,mt ly ui;,.,j L'autine5 

...£1 L ,;,n::, • dac !),.,.., .... ., .. whJ ch nu... P"Ci 1 t ~,11d p~<>al::'mnm will. br. "' ~ 1 

.&'J)lllitCt uf uch .n ~th fll.lll:fie 1 lo11bo't'i'IIC.Oi'r)"~ br.,r; \o.~ hall coll.C!cat:r-"!lf: QU.Z" 

'11 c.usa L"" an h" ,rpeci•lfzrd pragram■ • In r" ·nt ~ba•ua I 28 l. I~ur--

ia'f.41 ·,,. hu "•Lt:t:on p.-o· l<' m In FORM\11.i\ "t.OOL f"ar flndiDJC, [~I:; ■ o ,..;pr.:, ■ -

mi on nd ifie't" '"11!-Cea:d.tli:ll,'g wl, t::lwr Dl"h •xpE''C'as-lon C • H;~ntc\" iD 'Y lu~ lt.b lJ 



14':J 

L~ P"'".t"Tl" fl by l!'enicho-1 l l9 l. ,lo =rk ha• b,,.,n LI" " L., .,,. .. kn "1-

1.,tlg~, on Findin~ ~ 8 I i (ln1~ ~ l ·&• Jal¥ proYLd .ea t:~bl of 

mui:h ■ C'£ 19 ! . :,;o h.a~ .an}' 111:t11.Hc-anc =rk t, <tt1 clc;a., on .t,, t 1 ~le 

1,:1.:t; ■gr.a IC.Lem. .. Bi ri.!TUli de R: an 1 
"- rMJnlifl'I 11-c: 1 -wo de Dll .c.hi 

C O'l'L " l t .,J l :z l -

tab e look: up a_., de ■crH, d ln AJ'l'mndtx; A. 

Le,a,.,tng a11t.d11J ithf'I D~a. uf DnD l)"-1:11 t.:i t,..i not•• '-' i1C: :--'u1ur • ml 

s ' Mcin~oak I ~7 I r-~ac~•~ en sy t 111,• ~hlch d ~ich fini~~ 

., ,J 

In ~~c n fl~ c~ ~t ~ in copolcgy ~ s proved~~ 'l"~llu1~ ~f ~p rt.m ~~• 

p rformt>d by ■uch p,;:ogl'ltlmll I 50 J , E..tl,;, v{ s" ~r-c tnt . 11d fH'"DII<"""'• tn cam-

1'1H11.to-ric- .,.,,.. ~• n ctr l t:~en [ l 6 ! . ~uch l'""~r.ic,m haul cl I; <!"'!',mdt.'d 

e.pi;:,o I yeccIDi11&::lz d 1 ■ e.d l!ll.ldc ..,, ilabll •• -p[lcC. ii;1,:; 

1""'1.a~i<>h •~••com t, puT fflJlt!i etc•. 

Along wll:.h Lh., " ·.! or pc i:t:lcal \\' ..- 4.n ., lg.,,b'I" l.c m11nipllL l<1<1 

[Ch, It" :L n.t"i,:::d gr pa.Y-iilillc::l 11.io'?"k on c.li~ortt"l:ico\ r-c u1t. ■ • C('.IL llns 1 •~udy 

ch EY lld~11n GCD m ~hQd 

.f<>~ fac"<H•i'IR <11)'"""'-t• l 

, ,!J :r 111porvL m• ni::: 1.>.f 

IJ ]. Sim~l~~ -~~di~~ ~T" ne~d~d of TD"'Chnd• 

l!fp1.•1:::ln I I.., ,,_., !" lf"Xt.l.'!nai nT'III Df' 1:.hL- ~ I "b CJ1£ !Ln .. 

.c: g (I... Wo nit'! d .■ c:.udy o:t t:ha, dt!lij;Te"ie" o.f ~E"Owieh of 11:h .-u .■ u.1 C.s IJil'. C:1; irtai1.1 

als.,br&i~ ~'t',u;~ l)T"!Mctona. w, Rh<1~• d h v~ e><111mpl " of very b,.d prob111111<1-, 

In L ~- I P'l"'C-.Ai,r.,n~ ueh probl m 1n th daou1!.n of rolynD111iul •'(u ~tans. 

Rt•ou~ L~ul~ ~u•ol~ bl r ~~le~ •~~~i a ~ho• 

~~in d -"fl.culi=.ir8 ln •l~.,b~lli lilOlafpul · ri , 

L~ ~pp~adl~ poinc ouc c~r­

rr a of ch~~~ l~ b ll~Y 

:i: 1 , C..vln""~ r '1 I. Bravn PI. 

1 a: ■, -dr"~L t:hni11 rr: ~ •TI t::\Jrn 1 , tJ ta 



Oo A~~•~Jelpl Inrcll!s"" 

l.n e;t,., ,:-1<a Q l\:rr:i£ici"'1 Tni;~ll.1.j\ •ncn ou.ld llppl w;l .,1 prc,Jr,1:I:• 

~i.,;,h r,eq.,in!d '1nd 1.1~.Lliz (I , l rgc bc..11" o ~pee mli~ed kno.,l Ji;!ol. ;i.,,i.oc 

proJ~cCB "~ ~ ~ple• a such prajccts. On leam oml,ir:fou o '""' 

wo,,ild H .kc co tiocc ch.a~ 1t lllfJllh~ b i.,s,;ful co develop i,=si:n 111 .,.hi.ch 

■o1vc ■ =rd pro 1~...,. Ln ~hn ~~!~uiu~. Such~ ?~G -r•m wcul~ ~ ur, (tf 

,ml:,, ~ompoF,i,,:11.y!) du, ol:,J.,c~ions o( llo>e vho cl.a-I.JO ~nt; ~he """'■ nJCic 

app~O<IC h uf Robr~w connal: be ~K ~ndr.d . On oppr~g~h ~c,v;11~d his ~rcb)"1!1 

""Du ld :C.lil co,DJit:TIJC:~ ,t;. Y ral mac.b.od!a a 1111clu.e.:1..cn (1!: ... S."' r..~ c u probitil'tlTWI 

of 1,.,.v,u·" l c:,,p.,~) - Then ~ha p-c-og~a"' .,oui<l ""' Loe I clue" (probaab-ly ~r:,, 

...:-rd DILllly,tt.11 JU la 1,1.,1.zr.nb"'-""I' ■ ~l 1>6 J &11.Ll J.,) co cfor:c=it.na which 

$ol1,1ciou CHJC.hod 1~ l'l'T""'JH'L ~.,. Than t:h m Lbod chos~n shou 1 d •:u.Ld.., .,1,.., 
progl"-llffl .l:o. •.:ii::t,racctn.s ~c ln 18:nntJ.IC Lan .E1a:am, ch p"C'eblcm •~at:cmcnt lillC'l:IC' ■ llar::, 

or ~u.mplo~ • saluttan~ 

It ....culd lz,o be i.nt:c"" in!! en h v "'-''· ~orl< Ii;,, din!', cor..1a1'<1 

p~ogram wb~ch Qo1y ~ ffiUlt p ~ cholcu qucs~~O~I on. ~he l<>V o ~ha MAI> 

b1p school prl= ek<l.,,lrtac Hma.. l,,;it '-'all acnuoidec- " tyriea pro bl 1:1. 

"Ac ~ t l.""" 1><,c....,i,.n -4 nd !I l'tl re l:h<> h,md~ 0£ che E l.oc~ ctXliC~ ly 

appo•:t.'"I! t!" -ch 1CCJ~E?t"C'? 11 

'.!:£ t:ba P""g am kne-vs n,.,t: th.c nn ■ ,.,, ~ l.nvl)1v= t:h da1>0"'1.D.11t:or ~r 11 

<md <> ,..,.,1:, i1n•'""'r is pras;m~ cl, t:h n lt ,.1,01.1ld gu.,ss ~h ·c u,ot.,.,'C'. f" 

~nl~ OQ~ ~•~ ln~olv~5 ~ d nomJ.~ ~~~ 0£ 11 ~nd 1 D1DrmDver bc~we D ti~50 

and A ~SS PM, ~~ Pi'.03.-an, ~i,.,ul d 8,U"'~I' i C, Th""" gU<tSSe~ '-'Ol.lld be, lll.■ cl II 

tag 1 of ch~ prog.-am. 



1.Sl 

J;olut:ton. (.o l l'llo E" eiquu.f.ivt1) 1 c:h □ n l 11hu,1.1ld •~1v i:he cqu.l!i ion ■ Thi.as 

ubcain DIJ " · l:,9t~ cf Ii 8 91~.. ion - s .. ,ch 11 ,nu1.ly•!a 11' pE<15Q,-c\y 

b"':,rcntl h , c.np•bil l t; !.em of' A.E pTog<'.'run , bu ao ~ '1'.'C.5 m I y b yof!d c:.hc.!I 

of u,., v•m~. Tl\" l>O.u'I'.' t\ n ~<'4V 11 d tl !ft.lcu~-c• du'rlflg ~,;.,i; ~i.,... Ho-w-

'l.fi0'~ c.l,r hiaul["' tL n~ 111it E"t.cd wi t.h a. 20 m.lnut: adva.-ULIIIG,-1:l .pind ml\d!ed 1:11.irr:.)' 

~~nuccm (o~c h lf a n;,votljc on) b ~ nd. Thua 

X • 20 ♦ .JQ ... rt 
,. - t.Q(I • !i~ minu~"" 

1.1 u 

1:h :111c 'luc:i.an nbovil! iCcquircd !Ch u.liirit c:,f la.:l'Onn...lC:io•n inibe ~ .:.1.oC!kB 

W:ich ffl:.."lk.c;:s t.nfC!r'9r.111:;C!111 ba.!l.ed on di..il,g"t".,ffll ■ o p.lnne fi.a,ua'r.'e11 i.:il 111111s.a ult £ul ■ 
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APPENDIX /1. 

L:u.I.U - AN IITTJ'= t. 'r/\ ~LI! LOO!;: - 11P 

wi"h " !Atcg"O'al ~ .. blc 1..,-,i,.-o,p. A tt:hough a> t:.libl<! inoJo-1,;p i-" 

p.-,c,b i>ly ll"I( rto"' in t:.h"' long, ac1,n ~,. "" !ac i!f,?"C.~1.cn ~011r "' "j t.1, 

~c,u lo!! be found u11i,!ul i;, " h r ""~ " <Jt: ■ yml,c,lic ma,~h 

.as •x c-~ dlf!.f n inc-ciR,r c.ian 1 !Hnm t. l u 1,,11l III rl.e.s I or d1ffe:re-n~iilll 

~LIAt::l<Jn5. 

of ciau.rl:i.111!1. A h i:;1; 'I"" ;np"Pron,ch :l.m l:o lliliJl"E. h 1 fl.llC"t"t ~• n t::hc ~.lilbla 

l>v du, £'1cton, ..,htch •i,pl!,i t' 1n h rn ( •S • , •■ 11 nnc ~ie• ~1 1, ;,tn IOI 

i, laccor a-re 1.n ~rt, •u'bc-a 1 ) - TJ-1,u ,;.•tuin pr-e ■en.t.ed ~ 11 

■ :i1"1~(:12': 1 """-"' chrC!N: .all !1-ubt:abl ~ Cat" h O('L ~1,ch C!Dnl:a n■ 111;:t.n..:< ... 

. nc.r)" dctl!lircd ■ 

"Thi• ■ ppro cl, -oruld :c ~ul.r ct-me t:l,eire- bia n: l!'nr:-ric ■ [o~ .an 

nc.e--gr.and wlt:h n fiac ■ ra h•nlC!'lfJ:11 r..lll' 111!.;:<pri:'11 ■ d.alUli mr c:af\oni.i::~ 1 y 

~d 'J). A bl le>o~•uo laa~ ~hc&e ll~ea ~•• d!~cu59~d i □ 

lu~er and May lJ2 ~ 

15) 



~o ~I,., fm., t. ~Im "n lti~.,g-.:- ,11 l ~ 1 • wiuat ly pi: •en.~ ■ g" n ;:, ,-~ 11 ,tJ f<>nna 

of :Ln t:Qsrirn:<11; {io.8·• J..,~ x-+oc) ad n~~ j., ■ i; par~tcul " lr, [ o,K r aml•. 

C •"·, ~ )- -:th&s ls ,11.,., ~" t;.h f"l""•"n"" of u,nd •~".:-mdnad <>nsc111;cs 

:l.n ~t, In - 31""■ , d. Tha:.-c e~:1111.C.a a,t: !il .::1 r- 1,,111 rJ' ■ c_ocf.,tr: n ■ .am ln 

J sin(ax+b)dx or O!k'poa~n~~ •• {n Jx.,dx o~ ~ 0 stnxd~ . Th e~ample 

~ccnn.iqu o h-" h. - ecdir,g. 

4lindl p.C"Oduct:11. T1,u111 ~in ( x"l-c) eod d ii:;t\r :5,,amc- a Lfl f2.,;) ., min (x+l), 

point 11u111billr and chc:i cod• of 

In c:h.i:R m..-1:n.ri, wo avoid ch p d for 



codaed Ilk" J1Iruo: 

aii~,.+,e. 

cx:pre.:a.•lon , 

schcc.a ■ ,is 1.s dua 'f:O Chea fTc,qult:nC: ocC!urrieincl!' DE o1:1xpDr11f!!1t1t:11 

cad al ch~ 1:-~pr.e11aiian. Any othrT' ean■ 'C.llllf'JIC ,epun nc "".R: o..i cl ... 

Ith Lit. C C:.hlllC t-hc 'itiil.c'iab les in lthr pal:t:orn wc1rr oan.11ld~rad collld ~dint.I!! 

thrciv~houc; h icah Le, 1 .am:1 hcnc: !\.,'UT i,Y.nCllrcd in au a nnd p,;r,oduct:m 



l56 

In~, &'t'" nll.9 "'1iteh l<<!tltl! SCHA1"Clll£N p t rH9 t •in ~ /DOJ-;J"FP'.l', 

J:,i'O~ZKRO-ANI)- .FRl!l'lO.FX x+~ lcoF.e' FE', FR E.EOFX) • Thu• ~ h.,_ Ju l 1114 ~c:hl r, 

cnp b{ltr.y cf Sr;:1-11,,'IJ;H !> '"'""ld t,., emph>jl'<>d n c~dnr eo ,~hr r, LhD 

~TAI.U lu,.I ti LM~ rn 1 ~.-bl<" ., c,od<> J:lumb<>?"• fc,,- ~he ~"P""•~ion• 

in ~h"' ~abl.,. 1:hta inc rnal uibl ;,,1~ "" t'clu,o Ll.11 la " bl n, ry 

red b'V t.h.ci.r ,-

val'Ui:!:J!i) ■ Corrc ... ponct.,t...n 'CD !lo!l¢11 Oid in chi ■ t:able ll.l'l1!1i c:~1., loc- cl ;, 

an c,t,,, tfl-sl< Vhl!'Loei !th~ ir1cn-g-ral c:.abl · n ry r 1 ■ ld d'. One ,11 ce1de v.a 

•:n..11lgn d c:o nli) )('Pl' lfl.:alon 1 le W".GI ■ d'ct:ccm:Lnilt"d. .t. !I tlit;;it'Y 11.:n t;he 

1:;abt h.111d lilitL l.dient;icm 1 code~ ,n,nd t.h1• I 'l. I ~1 1.l11fl (11 111. k contaia.tn:g 

hn r "'ru:.-y ( 

I"' a&bh•), SC:llATCHEN ..,,._. u rd co d"~ r-min if h.,:,:-, 

,.,t;ft• i:-ch bcc:w~11111 t.hei pi!I t.C::l!!l!;'l't '!i.i'lti 1, -.,;pt'itt11t!nC:cd t:he!- initegrCJ.Qd iJl 

~h t b L 

acxt: ~xpre ■■ ion ~~~ ~nml~ d. nJ ~eon uncll aL1 th~ c~p r •1i;tl.'L 

wi~ ~h~ app •op~l ■ c ~Ud w ~• Cx:.omin~d . I a, ~ch wam cb~a~ncd. 

C:h~ ~e:B-ulL of the IIUJ. ~ch ■ Tllu• t:h .l, !'iiJ:tie;r l C'-0-h'C t n l!d 'Che v•lua.s 

o. ~h ,:c,r,9~11nt in i:.h i.D't:<:g.-.,ad. "l'1i d"vt.,, , ,,i ""I .. u flK he 

~ISP £unction. In th~~ 



'C t. vr con■ 1.der.eid 1bl"l'U.r• -

~ ps .a.bQYCI hod baC'n irT'llr, I~ 11c: d ucn~ 1:;t1 

ll'l'JCi.1'1 LTI cho co11b h!: va ■ onl 'I CICrl l ny iv ni t: rm, • ,:1nc1 1:hu■ 

1 •■.I.I .,.,..i:.1 "'1:1 thei a.! I ■.k M A •~t. o E' rrt.1u1Cinll!: w r- w-r ccl(l'n tor 

1 .me .i.1.1. C:.-111 lt.l.n-.c. It,, e OJ I:'. L i:rn of {U?-w C:LII rL~ si ta t:h c:. IC.o blie.. Hav,uV,c:T 

L•.Pr ••vnc.11icJ,Qin o t:ha .expressions: in th.•~ cu'hl•'" 1i■llli11L ol)viQUlll)' 

d. s.t.~ablc I bul:: ._.11111 nol hn'tll c!!f'I nt~1. -

■ chcmAJ O!Jild b 

MaC"t:in 1 
_. h.tra,.h c~ ■• .-r-r .... 1, 1 1.1nt Dt LlnlC:.~ 



ovrrfliJ11 all ift! IC'Ound•o ! •t'Ji'QiC" duTing th c,;1,mputmc1,on 1Ul 'L.he hn111t=,. 

Cfiil · ccount. or '?"IClund - oiEf erra'F.& 11 'Iii' C.hu ■ c 1 la,.,oiJ for" .a VAT .au1.e 

.,,ff criv ly ln lllan)' ., • ., .• .,i~ 

I'~,~ ait.u..11tia.n ln ch fuC.UE"-IJ can et1ly !Lrn:prov~ 

t.h.1.: ~ 1.n lv pomll::ion o.E c.ti :ln~cgE".at.ion J."''l'"'11Ki" 1111. Tab! • .uuc::h 

~ ~~~i~ Doi~• Ml wl~h fl:.s 2SOO o~ ci~s coataln n~ rror~. 

""' of ...,hlch llr., m,e!"i"u• J1.,g eouuli, • ~, [SI ] p. 1SO} . 

HovcveE" Cllb I 

WCE".k i:!ii b lng d!11n, 

d_ { nt.i: i.nite-_gr.illt.lon.. T.oi~ll!''lf ln. hc..lio a~ a ~xi.iii~ -- Jal ~"-"'.)I~,. 

ln JS:uamme:t.ien ru"td B-1!!:t'en.a de l-la41n • !ii l.!l.l m.o-nui:..l!n'tl"l l 'Wfl!r'k i:,n dci£in1 t. 

t" nt 1..1111. equ.11 t ;l;...:io """ Lild~'C'trd !iol Liit. iO nli 

i"!!I irhod'11,. ln ch p ,t::a,!["' 6... Rowcvl!E" much ■ cl.l l E'«J11.1i1ln.11 c.u bu da,",; 
1 

nd 

c:bc .c u11 pow1•r of -1.1 1-em such a• KJ1i kie "a Tablm-a •11J111 lllii1 In, 

:1al1.11.10~11t,.. Fo;c- ~>li ,rHDpl ■ 1c...11bl • CqLJld b ~mptcyoi;J ~o ,ri,b, I n goDd 

C"Li.rm ric.al l:.cchn• qu • rot' 8 1 l!..11E t1C1 n D [" l" Ef'IC e ■ t.o p-ap~l"'II i::lH 



pa~~leular ~~~c5. We ■ hould o:t.nc ouc ~h~~ ~om;,, n,~1 Jn 

t.Abl """"lJ t,., luu:d u, lool,•o,p f.n "l' Al On.<!lb1<1 wa:,,. !-"c,:-

~~ rapl~~ ~h~ ~nCTy ~Y~-JIH(~"y} ~rup~~Ir de•crvo• a ■ pPctt 1 

ptif"J"~ 11· rir'o r-Dm a.11 va• dC1n S.n ChJ1p il!r a. 1D.t.or111,;1c:loo iilhQuc: 

chem.le.a L co111pounJ!.J1 LI C-11,1rr 01:l,1 be !Lng 111:orad a. IC.llb II whiC"li 

a~v •~eh ~ ~y &~ecLoll~ed t.echnL~u •· Similar mct.hod5 ~ould 

TI.Ot excendab't. ir.i:ii ~he. DC.her prc,!b l ~ ii.id ln.11 - apl!~ ,f, l ~U'C'pD.llii~ 

J,lirliJll~Kr ■ iabould b u ■ ":d 'tr, ~"i:h C:..tll!lllll.~ Hovl!!.YCI!" lth,11 h ill - O L-f ~ f'l.k 

ic11e•u~.lqYc c~w,plc,d wLt.h ~he u ■~ cH itt fflfl c-h i..n pr.o~r11.m for 

1..nc;:FII? •od paw T ._ • i::::: ~ luv n't t,v ca·ch of ich1t .n.r 111• cnn~td ed. 



Al'l'Em:IIX. B 

R&.'l.lllS 1 '\l't!t.'f 1.Jl'lsot. VA at.E RESlJl.TS m Li.'TEGRA TWJ.1 

J\ ·c;iui ~ -i;.t,i,.,ro= by R.ich.,~dum [!>2 J ■ho..,;id ch•c h '""~chin& 

pt'al:i lm:n fo£ m "l,11 Dt 111,;: ~i<>P8 w 8h..a l 1 ~" l l R-etcmen t."ry l ■ 

i:"',;1.1r•lv y w:,.9g\V.■ bl.e, tti~■ 'l:c..1ml.t. tt1 ■.~ )' ppL J ~" ,.1,..,. tllat 

the que■ t: on D i:I t; ~ L:-l'ln .... n b It.nice.gr 11. t:!!I o.f irr.--elramon.c,11-ry "1,,1.nc-ic :Lo.,111 

po■ u.s R- !l!ll!IDenlCary. 11alutiop ■ (or tiJl.U~idn ■ 1.n t:he •aa .. c 

of ~touv~ l l 

Rkha~dmon~a ~~•ul~, a.n~oun~ d ~nn ~y l~~6. L prGb~b~y ~he Eirst 

c.h,ca,,_ b•n1 ~ l!'•c••~• vtol.y "rtliol,..abl p~cblo,m~ in c:n,11lys .1. ■ "nd '"'"' 

~ -r-cu ,c,d re I:. lnlC.el'e:■ C: .ln t:hn .fte!d of nlgebra:tc mnnit,1r1ul ci.o-n~ R,L"!le'!".-. 

PQ ~ 1, a =d l.ti B1:v,m ( ? J, C yl.,1,rmm I 9 I, Fcn.!chal [ 19 J. 

H.o■ c~ r4zl, llil:ld Tob .. y (f>..,J. 

V41t" 1 11 cel:hiJt nnan Wvm t 

Ricb.mrd■ on' .. un■ Olvabilicy ra~ult. IDIDY b dua co ch 

Ri■ch [ 31 t.ha~ 

cc ch c c h 

pDl.nt.i, ~ Ith.I!! proo.t 1n1tn~r~ 151~ o.f l:.hl.!1. coat. nit.Lon hlllli a.ri.■ en.. WB 

~halt ch.an f"'IIO~ .,c l/'•11-ulc• " • _.{It; l'lr rut "~• ~" ltich. "~'-= ' s ..-h1ch 

vo .,d chir.:.n;iei d'il feu lt:ie.a iR. chet p,r,co by iex-c1md 1.n,g chQ dom..r,1.n or ch 

problelll l.g 11.on l k11t!..1i1 '° d1.£.f C'id111t:lA L cq1Hii11 r::1.i;:in..,. Thie:11-11 rie•u lia: arc pr-lilvt!d 

ii.:1:a 1-.'""'II! !11,1.m,i l.a.r t:ia-chni...qua,.li cc JU,chn'Ed.!u:Jia 1 s •nd ,_,r,re Dri.s.ln.11 l ly prav,eid ~ 

ln~nFca~~ngly eDEJU. h 1 OV~r a yeBL bnfgrc ~l~ha~d en nnbunced bl■ prDaf. 

ua 
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1.n 1:1rdl!r lt-(I p -'1i: iQ:J tJu ■ h.111 l :rcquit" t:t\,a o1 h,1,1tn:s d .f.lnl lll -

Tl,\ li\•el11911,ant11..ry funcl:i.iOnll ro 11J'bt;.ain1C-d b"J t..b 01, ir C:.iQIJllll D 

,:r,. eon:11 Can I: 'DTobliml la co ~ e d ~ givan .-m. -~ I ~en c..oiry 

Th.a :lda.a c1.1:.,.r(m■ 1!:ch nv,J r?"ob llll'lm !Ls i:o dl!c id. • -! iv e1 ae 

'11'1 1.nt:agiCaC.ion '1-L~l::a i :l ■ to d~ci.d I! 1 :v..Lv • .. n R• l;e:m.enc r:-y 

rd~ in vb.er• 'th!! iiiiiOn rc.llT\E problmn .L.a -p .... 

Ith• R-- lu411111nicacy [uncltion t f'C:l!lilll"!li1.Vel:, Ynlioliv. b li!. 

'De .a hi!--rll! e.x:L!ll t: .a 'Pit oc u.ru- or d ~ f.e a:ni.n t ,, ::t "Whc t:h iliC t.hii! 



o,quc ~iaa .P (~l' ~, •... xn} ..0, vh.,re P l9 nl' pDl;,rnCllfl. 11 t w ~h 

n ~ l!R,~f' coe. r If .11.e ~~ c • 1 h.111.s. 11. 11 Q 1~ IC L 011 wh.e E" e e.11 c.h x L:i an .l.n, t:-0:2; :r 7 

i.11 lt'~cur 1,,1 ly un11=1.J1lvab l _ 

Thei V11~;11:Col"1 0£ Ith.I! t>■ vl -'f1.1cn11m-R,obln ■ ai0 IB.1111.1,lit_ chc.c. ~ "-il1 1r"d-

■ (J'- u.s ct i:ai .as follov•: 

e:hieL~ ex.l.!ili t. 1ntr11 

1 • - - • • :i,;
0 

1 2x l •Cl. • .r'CE!iiiUl'!li.v~ t:, un ■ ailv,1111,1,11,.. 

~ilb~rc'1 LO~h ~N>blem hA ■ ~oc ye~ bean dacld 

•cl1-c11iv ly Luu1otv It:! •s well .• 

C,m~ Ider U, f'Dl yn-l.-1 q of "11, ,;,r l:j L. 

1iwob r.a . Thal:i, 1.£ ~h .. qu"U "r, I 

(I) "n• 



x1, mu:t: c. 'b~ I'll t.11!:Jtei'JI: 1 .an;d. lf Q fitt•1t~Sll!i@:t. lnl"ieg,e!I"' itOilt..n: L.13!n•. qut1 i:'ton T 

ce~tninly has c-cal ■ olu~ion ■• 

cap c. ·,_,.e .sh11 l L. ci11 l L focc.t.ne;. ¥oriCi1JB, w:-Ll l b:11 £c-11qul!D ~ly 1.J.sud ill C:h.111 

app11tnd1:,:. Tha tcTill 

Iurt-t:t:1en HY, ~ l' "'n) •'l.lC?h t.h~~ {(::,,, "'1' ~ I • I xn)< L "r .II. Kl" " 
1'1~~&"" y a.ml :fDr !l<Jllll! real "'l l:f a11d only lf Q(y, :ct, ~if ...... ~,',Ct )-o 

f:or ·-" t.n C.c~c~ vfl\1..i.u, or ~h i"ii! ~ "n41 h•~ th ■ Clfl'i1..1 h:1.c, .. s r .,, 

v1, ~ .. A l■ ... l II q;g a .. 1::: lcm.~n t.illE')' t u:r, ~ E .1:.on of CJ iiUt.d ~ii1ic.h ~ :l .118 a. 

suilt.abl;:, choa:e.n l.-ir-ji;;lf R - i11 ll!menlf.aey [tn".c. c S ~ri or L ~• Al:'ll,~ctn.~1': -

lua <>i Y• 



pLCIJl~ .E" t:. y ut:!ll l.~c!li n r W!!a-rn.c: ~,11 ccJ On !the ean_s;.lde-e-i11ic- on hi 'C 1.:[ [ 

it mil i1u-p-p01t1! cha c: 

! (.y' 
-

x") .. t, r,d I xl' "".!• ■■■ I ~ 
-

" c-h "1 
i,., C l1CJ1•-11 co t.h ,., ~'1 o,t. 

iill*, • l'• ~h,m Q (y, xl' ·"'2 ' """ ■ ~ ■ 
;; 
n' 2 x1~ ,c t 

A (n;)" ~ .. 1: Im dl~s lred --" 

~o fcirc ~ ~a ht1V(! ~h '\.~Al LUI'!! 0 -~ ~he >=!· !!i lr!IIL...;le '1 ~llllf'ij~ !t111 101_Ji- in 

Is. ae~rrsis.1:ry 1,1,li tltillC ~ d.•I' ._,.ae-:1.v al ..,z 1.Ji .su(iEiciunt.ly IS11l..lll LL •a:i 
E;h ■ c Q dDC'• not: mat:eE""{.ally ch.1111,ge t cs. v 'LIJI -on c.h~ bit.,eit"v 1 bnt.w~ n 

due .1 t .t,.e probl 

Jri. ... .1111 OiibCai n l!II 1,1, func t iDa. (; (v ■ x 

The codl.J'lg 1'" 



l 5 

Ix} • a log IK J tkllJ th~ a'b:so tu:ceii va lu11t _un.c1t Lo11 I.• - I ~en c:.a ·r-y. 

x~y • "-)' I x-tl i:h ~ subcr,u:c t<>I\ h,u v• lue Q U )'-,.. 
2 

~,:.-,C()', ,.) > L • Thu". ""Ill (l, 2~2u(y. x)) • J {"~ 1'""'~ ~aa L x. If 

t; (y, x ) ,,_ l r,u .a l l r '°" l x , cl, " {O .- " 11 r., .. l " , mi.:::!. ( l , 2 ~ ic ( , x.) ) • 0. 

laT a0me interval ot v lue~ on ~he r~nl x1 l~~ ~ and £or• 

dl!cldhil'l wh• ,.,.- M(y.x) u t<.h,r1,tc1111 Ly Cl u "qulv•l"nc " d"cldi.Dg 

~hi.:t.h,.,. ~ (y. "i, , • •. "tt , 2"'1) • 0 h ■ Lnc; ll r ao halon" and ls r.hu ■ 

E"~curs i.i.-l,}' un•lilllva.blc- .. M(.y.x)"' w~ D.OCC! 1 i• Jil,•~lll!millnCary. 

Th~ nhovet ilti sl<.11~ch oC the proo <>l 1'1'1 n,cuc■ ivc unsolv bLll.c;y 

■ oluc:l.on ( • - , 0)- If k ■ l. on • .,.. ,lnc •i"\141 cl'lcm 
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s.oluc1an on. n')' t.nceE"v.al 1 Cl ■ t..lli 'iile.l.l-k.nD1.m~ ti .n~e. rt, 

pE"ob lmu. foe- k-c I.IJllililn.t:nr-y luncL Ion■ L:n; ,JTI ■ a L""•nb Lr.: 11 I nt'!'P iDn r""rtfU"lllt'I t 

th d cl• :Lon lt:rp ln t11u m.n.1 chinK p bll?TTI. n ,.::..:•111 lt--:1 ~IC'di ithu l.Ulc o't 

lu Cr 'IJ.a lL.1~ (unc C 1Dn or th· .. con ■ IC.mnlt. 4 (ual?d la •1.n "T x: .and ncedl?'d 

~1lowln~ Rlch~rd on' ['ii! u l c ■ C(."I Ito 1111.. Ii,.~ con a C.llD~ .. •hl.)u ldl not: 

Lat.'l!d LCJI Lha 11!:on• t.liln r.. ■ a nd Tli wh Lt!h ac"I!! n.ul y l. 1-.c, 1., ,d 

!!iii.Cl ""l X 
2 J.. 

~11,.pl , 

"' ni.util,, 

W •t~Duld not.I! t.h.11t t.ht! ab■ olute '\I luc1 fu.nc'CiU:tl .at',0.11:e: 1.,1h~ □ '"'~ 

con.■ id :c d c,nly ana: cif Ch ln f'i:r'I [IC ■ !n •J":'T'l~c!lr 

f'unct.1.nCI, Fo~ l"!~-..,"Ta \,:,l.,. " " eibc.n•n t:.h1 .nhaL'l Lul:111! ,,, Lu fu.nL L lon b)' 

c:on• (<J ri~e J;l ~o 'l)D.tlc,'lil, only on"' 1iDlut.1on, Ii "'" Wl!re ~o 

l:!Yi.1. lu.mc~ a1111ch £ ~ho ., hu, "' 11n Ll• 'li'"'f'TI-Cln c~, ~Y .funccLc:n nd we-r-r to 

CClla.aidu Hx) ~" t., !JU tva t LITI L to \ r 11:. 'W!i•['11.:1 [I h,r aoc.h al 1 ~-

pJ"n..r,. c.L.~ 1 



on ffl~ghc amnp\i~ c~ ch~ Lruccion o n co morn •inc~ ■ uch aa ln ro-

fl.heh 31) • 

Th r- -C:U'r'llll! l-V un!lio lv"bil .L Ly D t:l,~ t..n;;:c,~r,11 C:1cin prDb •~ ,_,.1 1 

obt:alnad b)' mia inx ui~e etf llte 1a~c: ~h.aic; i.l"n,, c:1.ttJti.j not r; ti 1.th c ch 

111 ii.lip 1 i, L d c: t'- Lp'l 1,;1M 01 r,;.t1u tt't •J r-i:,nd w, • _ .t.n p!!iDV ou ■ 1...ioE"k on 'C.tllit 

p-r11Jbtem CJi: ia.c,q:grac1.ar.i .Ln f.Lntc.l!. t:enJJ■ ■ uc, ■ d1.ff~c-11l[-,. ·-rall L ~ .._..u1 ~Y 

i,np 1 e "nd h~ rd ly ~" q,ri" 1:tt • 

E"ie111uit.D- uhlc.h .lndlcalt.' t,hn\. •l!.l.icl, ipr bl m• 

"'l'h EQ UD, C ian 

(I.I) y ' + ·l l + ~ 
"-

CQTIM r.an i,; ( ,:~11.,111t: 'b t. QiDJ11? 1. x: numi:utr, ■-av) J hiU,. 1,,1 plllrT :l-

c,1itie.- o1ucli;m hteh 111 ,11 rru:i.cn l func~ion k.n .lt (wlr.t1 e~tn: IJ bl 
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campl.,.,._ "-"'"fl h,rn,q if 6nd Ol'l•Y if I' i■ an in~ II• • 

;a.E"ci c-.e1t.ioni11\ Ju"i:1tlOTI in x. 

(lhmcc. c:h c; r problCIJ1 .ls ~OCl,.llf''SL'..t L.)' un:1olvablrr~ 

(S) b\ 
dyl 

l/'2 -~ I 
pi(pi+ l) 

1•1. 
,._.i - - - ~ n 

,lz; 2 -l {)'. IPlr ... r ■ I ,,,,. irl) 
•:l ~ 

., - 1 w 

){ 

valu et Yr 

Th.LIi t:s. ao 111 ~ - , by ) 11nrJ b) ~ is • c-on,• I'll; . Th'Ulll ~ f1:1r iz t:a 

pa ~iou la~ !l<>lut lDl'I ..., l~h l• 

u t q (q+l) ., ti 

~ 
~ ~ion l fun~ ~ion, - -q {q l) 

or n ~un- q mad -,/,;. Q "L,n~c 

I' • 'Zp lJ - 0 .fc.1. t,, " "• n 



V lLllc:!I D :[ p l ~ ••• • p n ~ 

Supp<>•" -i did -pot~ 9~ Lnc !' ■ ah.1'ClDn.11 cl. fDE".&Ome kn['£' 

"• h.1• " '.I , ch-,., by ftxing ""'h p 1 " t. ~h ~ort"Q&p<>J'ld.!.ng c i, .,., 

~btflln n ■ c~ Gt T~~lonal ~olu~1Dn~ !D s . 

q_u 't ioPi .l ha.a a g4:noE".111 l ■ Dlut. loa which li: L lOu\l' I l • 1 t.LLI: ,: on £ p 

El.11~ 5 11 v lilD L11.1t:lor.i11 wh.1.ch iii re L.louv .111 .fun.ic,I: L!M'iil 

t:o Iii E1 cc L 8 1 o,, l'.fllb L l,-lfl , ri, Iii ! t r-an t.J:.a l l,2:cblt'm.. 

L..e t. us now con ■ Ldeir:- th~ p l'C'b11, ,,, o id utr=m.l.n i .n:s r.ihe thieE" n 

d1£Io,;,Mc 111 ~'l.""'~ o,n {,t, ,., z', , • , , ~ (D)) - D h ,,. 11 •.,L .. , o,n (1<) 



- 0 

" fi 

(:l', x. ,,_, • - -·• !C(n)) 

C ) 2 2 
z + ,Q (y t ,...1 ~ "2 ~ 

,.( -:2}_ x~(n-1) 

wn-1 - (n-l)~ 

170 

"' ' n 

h aretu ~ Th,· pr•' lllffl f di:,cidln:J!; w ~hi>l' 

g(y r le, "'• Z>', , , • , z(n)) • o t\119 .i r ;, 1 •va1u d <!<.>luti'.<>CI which 

Ea,:h •o, eal, n. ""i • ., 1.+l. Sin" 



t.LCllf] ,..,. l ,11 l+ 

q(y ' "'L • • •. • 

Thom ~ (iq -

17 1 

1-'iau lei h e1 Ld li:!il' r.ilny camp1J t b Le !:illUpil:r~ct: o.t func t.1.DDS. oL i.h,.. 



il!"f'ENl>IX C 

As 1u1 ltp-(lJ::Lfflem; £0.- c ·scing SIN' .11 1ac>'.'.fa<1:1an~1t, "" at ce.,.;ptiOcl cha 

B!b P""bl<1m.11 c:,1:.,mp~ed l>y SAlll'l' and r po,:,te<I 1.n SI.a le ' a thc.91". SA~<T 

fnl:"!J:"'<lccil B o""' of Che•" tlli pa::obl~ and <>nn.ou:nc d a.lhu:o ~o incc11r.,~,;, 

,. ~ dml c.oa ~- Sl.at,le repo-r;-~• t:bat: S.\nrt' &ol,..~.t ~h., 8" i;,robl""'" 

Wlch "n 1,1.11 lMJV ti- of :2 • .t. 111:in.u~ .... (1.44 •"~"nd•>. 5:Il>I so .,, d o::,L !lb 

prcibl!l!E3i!ii wi.t:h II ilivcr1:113r- elm of' :2,.., .liC!C!Ond!:a.. Th'!.s av rage b(,~em II l . J 

s c end ■ wh n o:ne •:Ii, ae "YHC ■ t ha e O&~ f ch.a.iftlns. Clu,.l:ru!.ng oe ccu.,c re cl. Cffl 

ll ou~ of ~he 56 p=l,lelllJI. Ch,a1:l.n.t:ng .im <l<>ni.fd ~<>d co I: ,~,. .S • eond ■ 

ml.nl.1111.!m bo,.m.d fol' "h" 

0v r h.:ill 0 

., 
'.11 

,:,i; i;,£ Q.6 aceQn<i!>. o tna Nr.ma:l.n1n,g PNbl<Dll:S onl.:,r ~..., rL"(j,u1,::~d t:h 

:tnc.ieigriil. C:i.cn-- b;:,;" -p .m:r:Es iC'Ou~ ine ( l. .. I!- ■ 11, x ~Olli x and ,cq,;11. /" }f.. - t;h i&IC It~ I" g ne-. 

~ac a ch ~ubproblllll> l2y ~05 y dy}. To;.,g ~ou~tnos .....::ro ~d~~d co sm in 

a,cdoT ~o ila1;,., cho defl.ni.u, f\d d~blt! inc ji:t:'als amOn& ~h" &6 p'l:'obl.,.,,, 

int: .. , K r.dl c.1 on:a- l rui Lca't:.ed nnd ma'ko 

appEOPEiace 5ubacL ~cLoR~ ac Che upp~r and to=r bounds_ 

l!icl= .,., 11,.-e; prahlea>■ ,f.,., ,.,,,1.eh SAn."T u,sYlr •r" "":ilabl" a.nd 

l:.h COUifi!CT~~~- r~s~lts fO[' sm. 

L72 



'1.73 

S:AD.'T c~ SIN &i.m.c dl.!!F.coun 
p..,.,,, ffl f.n ■ ~con.da :in 9'!:'COiid"!!I fct- iC!hll1'fl ~c,~.,~ 

.:z 
l d,c 
,c 

l. 0.20 ·!F.1111t:l!::9t: problemi 
.. o "Hil by $.ADIT, 
:int:cs;~ t::ed b:,r c bl 
l<>o.k "" L11 IMSL:. 

J :!c ,oc dC lOSO 9.U! 4.6 t.oll&"''"c: ~oluci.01'! 2 
t:,ti,,r, t.n SAlNl:. 1 + . .,,:: C - 3 ~a~ 

'!ii ~"b110 h :ia 
SAl.t-1', 1 In S:!N 

J .......£,l... 
l..:~ 0.!17 7 9Ub oal5 in ? 

S:11 3 in SIN Sil:!.(. .)C 

.:C...±__.l .ix 102 ~.si l.3 3 mubg,;, 1~ $11, .r .... l sm 

J ~ -lie 
l4 11ubgc:H1l11 SADIT .(,.2 ?60 9.68 :i.2 + 2x +5 
1 51N 

I ~ 
d,. i.20 0.33 ~1.n""x COIi X 

(aln 2 :-: + )2 "C!li X dx 22S 2. s 

~ 102 o_is 2 sube;o,o • s,um: i. .,x 
0 s:r~ 

2x. 
-"'~-- dx 222 6.U I.' I ., .. 

J l 
1 - CD■ J<; 

Jx l20 9 - 7!! S.3 

~ 

fl 2 
0 can ~ lliiD~ ,c dx 144 0 • .c.1 



J74 

SAINl' Cllli • Sm' 'C.ltilie! dl . e<>unc 

hobl5e in ■rc&nd:1. in ■ ceonM]J. .. .,,. ebain Nott::.5 

1 

I " lo 

o "" " 
X. dx Ll2 c.n1 

I~~ .. .. ce9 ,,: d,o. 156 0.30 l.'.\qe ■ t: -"P" d 
0 ti.a bct:wci "I-• 

sn,,; and SAu.T 

~ ~ l dx !>76 U).l ~-6 Le.U;Bc ■ I'.. 11-0lu'C.ian 
/~x - ,.2 in sm. 

u ~ub{i;~ ta SADl'J: 
l Sn. 

2.,x 
dx J60 l!.2 3 .. , 4 .IIU't>P,:Oals 2:x &A.INT 

+ 3 l SW 

I ,. ... 
Cl - ;:zpn: dx 660 tl.77 .3 u eul,3 la SAim'. 

l SIN 

6,o ,, 
4,. d'x 510 1.92 3. 10 11u.1b ·•iHiill.a SA= 

l. l sni 

l 3~0 1.20 2.1" LO IIUb>l'!;<>al• SA»rr L<>~.,{.? + .3,., )~ 
t s N 
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<> full;;, a~,:01.mc fer th" itffe~~ of s,l!l'l'ba~• 

run " ln rg L>., 1:C:he~ • Ttrn• rb i; col h•o: 

l lccc ~ L"'!ll\ ch i; 

on ~.iraa l,lft■ 

dt._~~H,ul::cd =nr ~1, • 8!!, Clf' pl""P .,,,. - Go rb<Lgc ca\ lee Ci.on Cim Pr<>boJ,ly 

.a,=,c.,unt& fc.- 1 && Cb n :?CJ% D[ "11 ~••~nl t 1m ln Sill. 

We •hould n<> e .8~ of i:h r ~~ons far ~h" 1::J.m diffa,rencc lrl tll 

.-e~ult$ o Gli.lm:' nd SIN. SAINT w•a run ~n ch 7090 ~nd SI]'. ett tile 7094. 

rh! -~" ,n~m Eo.- hou 1.a:;; of th.:, g11 I I (2 .18 v ... i!. 00 micre,"""0"-'13 ~n 

cha cy,: 1:.i- and """'TIGppotl lnscru~~ion x~cu~leo !n k~ 70 ). Th~ 

• tngle =Jot di££ r nc• in flu, t me l ~ dua ~., ch~ r c~ ha SA?:IQ; 'l' n 

,aca~1)1' intcTP"""-"d (11 =Jo..- •xccpt:lon 1;., tng 1::h •llnpl:l.fi,:,1:'), ,11n,I SIN ""-"' 

n,,w co .. 1:.1:,, G<1111p.!.l,nL Coerpi 1111:i .... ia uxu.1111~ ,:c,,u,icl<'r d to a:oln " f•ctoT 

0£ 20- C TI th~ •~ocd cf ~h~ Pl.'<>s~n~. w~ l::cstad ·-~ p~O~l-~ Ytch 5DI 

b i~!i. """'""~"d <><>1"'1' I ;c.,ly in~i!!cpr.,,:.:iy•ly. w '101:."d "n v<n,n.lil sp.eed ic,,.,. 

..,f "'· _ <:~01" o 15. lli»revcT no f he pi,Qbt.,eoa l-ltlicb wen, ru" inc r-

pr ~lvc,Iy ind.ud d p~,;,bL 8 .,1,. "h roqutn,d di 1rtb,g. 'rhull! v. .,.,,..., u:ru,.ble 

aci:;;;ors !nt:a DCJC!Dttni: wl!! ni:ic: l!hai Si would anll' 

iC"Un bout: c:h r1. e r- 11:1~~ .fa II ca: E" t;'h ni SA D'n' an 1:hc vr 'r" ·gli?' 'lib n bEJ'C:t, r• 

cx-cc.uc iJ und 

r ~ l" ft\ SDI ' " ! vor .... ., b<l l ' V 

ia sohrl,i,.g t.h, 11 rdcr prcbl,:,:,, Ln 

l.>ttons (., . g., "tfnpli c c,ton■). 

h , 11 c la ~pon~ 1a ,1!5 bra le manJ.~"-

Algcb1"a1ic <:1anipul ien ll'lo Sill no~ 

S:m yi 1da a~ 1"Y Mi1"GC~ aolu~ on, ~h~ ~ot~l time, ■p~n~ ~o b~nin chm 

;,olul: <'" t e B~ll1 Jl!ig<l t~c n~. non"· ~Ii c .. ncr ac. v c.!1 ~:AW'.!:' ln .:c,gcrd 

co coca] ao1uc Dn t.Llti Lan~~ ver~ gccnt~ 



AP1'£Nllll D 

h t t.l.mc ..,,.;.;; n.o~ 11 p pod t:o h.a.n.<11.c • l!. l ~ hq u,.h "'" had L rt~ n:ndo,d ~., 

n"il!.dcd f,n: ~llu SA.lCJ.'l"I' Dxp<n:Lm.,n ~ J s,c r Ii.~ .i ~n Append :1.x C. I," ~ vc,;, c 

fo:rc:a Cb .<'Cllln ,,.,~ult: a. furch :I! m r.hod w,.s dda,d. Th"'• ~ th" 

dx 

l7b 



l7 

t:h~ Qa~ff~~ient o( t:h •resin ~crta!I ■ nd not la ~be at'KU~cn~ .. All 

th -rro:r IJ,{1 E" ntln.ar nd occurred only ln the .mc-sument:• u[ C:.liL! 

•~cs1n f~nc iQD-

lmpor~an~ lesmons ar~ ~o ba obtDlned ££om ~hi• ex~~~lm n~-

[~ :I.~ <t" ~ l tk~l)" ~h•~ o~h r -'i!•i.-• Q iSl.N .,U l Av ~ tn,l.la¥ 

c-cq'llit:";e:GH1n,t:!I £C 11rdin,p:, ithr fonn of l.h~ au~put... SI~• ahoiuld ,:t1el:'c­

(o°"'" l;o a;Q<J ll·J ac, ~hil~ i"OR.'i ,;: o a,;,,;: pc •tmph, ,l;:,•cI"ipc on1r "i new 

5ubs.~1t:'IJ~1Dn.il vr1.C.C:imn 1 Ill. ,; 1 l!I SCIIATCMEN jlnd Rlll.'U.Co. ~,,,i;_ 
l ·v n ~1eablem11 ""l 1 l lndlc L t.hnL .-

,.,.~ dl!u l o( Sit:!i '11 fftael, r11, y •J.11~ I nvo IV!!-'! !., eolv~ng cl')ota 

p~oblmns. Thus 1~ ~"Ould mppear ~h Ea pro ?:"a.a ■ u~h m ■ SIN l• IDDEU 

.;a l:!.1 L ~hafl &!' l. l µ,,;1•pg,~,e tl.'l~O$ ~ on -rou~ln• .,r1~ ~ " o 

s;clvln ju ■ t: E:h ■ .,et: of p?:"li:lbli!!-rn!l!ll ■ $uch a ■ pt?c i.n1 puir.'pC:Hli.:I p ·rrCJgTam 

Fi rul l l 'Y .,jo • hou ld ..... ~.. cha C chi~ ""I'" d.nu,c C p-o i a~ OU~ I: be ""~d 

tor fur-1:h~-:" i;.,o!E'~ an m it.hod ■ vh ie;'- tir"t11ns arm a lg ~ ill:' Lnt: Bii".t1ed ■ ■ 

P\o ~•~Jwy = l~~ro~uc~u o t-0rc th~ o~c••n r~s~L~ •l•o ~ecr4~8 u 

~he l•bor lnvolved 1~ Che ■ olu~io □ ~nd ■hould bm nora.mlly vaf1 bl~ 

J.n ~1!11. 
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Mc.lnco11.h. P;pDlm:m:n. 

~ dr 

l) j .:· /"211r2 - °iil 

" 2) 
rJ2.JJr2 - a1 !::2 

H > 0 
-

IE"hx,?· 
d.-

J:12 ,,. ~zl< 3) 
2X:cl,. 

L } z11c 2 
d..-

4) - i,2 - £:z - 2Kr4 

~ > ~ ccr2 ,1'2) ~ 

S) l;(.2 l l > 0 
- 2Kr 

) r dr 

~J21ir2 a , d' - CZ - 2Kr 

tt2 + 2(GI~ -.c.2 Ht > O a..-cai.n -!i,i;: - ((t2 + ~2 ) 

J" ~~ ... R + :Z(Ol+=2) H 

r J..-

7) I J2£.,r 1 /2"E.,:2 ril TE -

!! ) J r ,t., 

/1.Er2 - Jt - !! i! 



to) 

LO 

P~<>bl 'lliJI 

r ., d,.-

" l 2l!.r2 - a ! - V:r 

Ez > 2K Coz + c2) 

K > U 



,A.a ■ in 11:'xp r'l.ffl.ll'l"'" r: ,ei,- 'f~ ~in1C. C.ht! e.Cl1:1..:: t.lv n II o.i: c,11: 

d! 1 !ILl;r- n ,11 l '-fl.JI" c. lvn.• ["' 4i1Ul. lnc~ wo .a c.c""rnp i:; i!I C"Q 1,nl-v~ l"h~ itl!\I' let"J 

probl1e£1J■ .11:ppc-...J:rln:g lq p if:!lti ~ .. - ~6 L:11( .. ,\ppl1~d Iliff 11.·enc L ~ E.qu ic.loi,,111 

b>" 5~ lo, v L r6ol. Th la ~"Kt >M ■ cho ■ n fo~ • .,fl-,:_ t. n ~ l ~ .... '"''" • inco, 

i.t. Na ■ the -001.!: cJ11ro1,JG,h liiih -eh ~• I Ll'II t lcarric,d m,c,id:.hDd ■ .for ,.o't..;.i -t,n 

~ ~tnd ~ diEE~.~n~ al i,,quaclanm. Th ~ h d• d -~~tb~d 1n Ch~p~~r ~ 

wcra mo■ t: L)' [,n ( 11.LQneo l! By Inc I I: 1~1.nc r--..r- 1 c;lc,n of Ord inat")' tDl.f er- ,, c:;I. 

1.c curn ■ QUC chr., mr~hod ■ i.11 Sp ~ I W"ief'II! ~u c 3:Lm;.lilit' • whf.ch LA noc 

.a 111.1rp1 I ■ if.n f11c ~, How1:tver I the ce W.flra ■ cm!. cl! fr !" l'lt 

w IL I>· ~oh,~ J "'"c b l<»,. 

Srta Ly. tb~ ~ • 1~• o h 

~D pr~~l ~ In rg5u ~~-~ Qf Lh 

TI1u ch tll,llt'b . :- i>l 

sCJlved €1'1 pr-obli.im.11 1.11. t:h ~-n v.arag11t itlm. c t:. _ ~ ■ dt;.ond11111 ~ J:! ~Clt1n.c r,: 

ICl't• CO n ni>; o~curr d on 26 of the• 66 

,J •-0~ond~. i.\..i~ problem~ w~re cOl!I-

UlO 



priabl w 1' 1 nut. mo lltl~d ■ t. 11.. An ex11min.■ ti Do of itlie c'c:!1-LL le:. l"c -

pa~~ J by SQUllE:R tur: on ot ch pre,!, 1 •"I■ (1 - u - , !> l ln.Jtc cotd 

crt.•princ 1~ ch~ ~Dak. A ■ befo~o, ou~ timLng tnfonnmt(~n l• ba•~d 

ll'"f1 h. riurri..•l!'"I 1,y CTS5 13f c.h .,~ ' ll!L i;Hi t. Lm.1• ... , ~~u, p Fi.:91E,r'JI 

• " -~~ d <JUC. !,.ad t:h ■ 

Et>l l""imt ,:ha-~nc ~.,. l cl~ ■ c :SCHA.'.CCJLl!K • SOHIAJOS, ffil!},!, RJ!!PU.C!:, SOUH.l!!:R, 

t1nd di h • .,1., l"""' h ,l, fu, ,hU ••n Id"" 1:l.,r, ,. .-, .,_. 

piled. A. fc...., in1:as1r t..ic.-- meLhods,. esp c lly !:be: ,De[.Lvat:ive•dividc5 

~thn-d I we~ 

run Lnt Y-pr.~ c.ivlf"i ly. -n1 L l ccou'- tc-d (Cir 

.sCJ .lut.iaa LlmL': !.!h~n t.1n ol Lh11= lnCe_sTDit.ictn •ub1,1r0b l~ .requ.l:t:~d a 

so }.u t !I. iari. m c.1, Qd n ■ cag, ~ or l a J, 5 liN'.. .A.:R " ■ Ch-n- ~!!ii e 1r, t:h~ ex., 

largl! ha c.chea (,mbDuc. 15 :ac ■ c.i.mei) a.a ch.i■ t c.h~ t!.t".f~c c.■ d1Je ita 'f.i'I c-'ba:g~ 

~ull c~ ~~ ~-r lu ly c~~ id~~-

a~l01ilf wu 11h.a Ll d~c.r bill! c.in 11:l.1.-ll: per: torm&nc 0: o( SOLD.l.E.k on JIVIDD' 



U!2 

Tb• l.mlt'gc!I ~ Dumb PT o,I: l-fl l.~gr.a C.lon.tli n11te-di0dl c.-o clv un olt t-Ji ... 

(69) 

Thi8 f'"" lma .l.!i solv"d I>}' on o( h mu 1 ~Ip l l"r mcchod• (~. p - · 

c:,y ( -1 ) - (I 

l 
1 (1-0 • -l. "nd -t l• 

T1n.1» t:h tr:t:T lnlC - 1." ■ l l,s. 

J - l dy - -;· 

J - 1:!1• 1 dx • -~t::: ""''j,' ■ 



LBJ 

•l'ld th r1 t1~ I tnciii,&r.11 l L■ 

x • yc.y -.1+.-cn"'!I, 

CD pcob-

1 
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111 !Hl lvrd ln 15+ 

~ y 1 -lx-2 y • Cl 

-2x 
" 

i;:i.,nd ■ ..i.nd r~uir d u IC'haln 



Tba bvo-k 1 e 1J.i.)"lu,;u:::1n v.s ■ 

Th.I." soh;~ l.'I d I or"d fr""1 SOLDil!R ' a h1 du,t: the ~l ,n g! 

~,e ~pQfl nc 0£ o-ix 

Tb~ 11.ni~wu i..,1,a11 abit.-a n.:tcl in I). IJ 8 -ci;,r,tt.1tL Tid Y-ie:qu t.reu. Iii ch n 

t.a • J..v ~h · ~ie-cond .lnt:t! ~r.s. Lr 

The f situ c. L1 1-1 t iiJin t.ime wa.s ei!b~• t-P d fer '[lro'tl L~m !JI~ 

Tl• I e prob L ,n L■ ililll.11 go 1 ~n ,IIIT" . 

• l J •F,; dx 

-1, I.Ln t e u I c ls 

CO • ...;t... r .! 
.,/x '._ 



Hi6 



P1£ob lcnu S and 151 'Jttru- ~.:i Nv lved 'fH"iinaL1.ly bec.-u11112 S0L0J..Ei\ 
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