
MIT/LCS/TR-248 

ALGORITHMS FOR INTEGRATED CIRCUIT IAYOUT: 

AN ANALYTIC APPROACH 

Andrea Suzanne La.Paugh 



This blank page was inserted to presenie pagination. 



Algorithms for lnlrgrated Circuit Layout: 
An Analytic Approach 

Andrea Suzanne LaPaugh 

November 1980 

©Massachusetts Institute ofTechnology 

The research reported here was supported in part by a Xerox Special Opportunity Fellowship 
and National Science Foundation grant MCS 78-05849. 

CAMBRIDGE 

MASSACHUSEITS INSTITUTE OF TECHNOLOGY 

LABORATORY FOR COMPUTER SCIENCE 

MASSACHUSE!TS 02139 



-2-

Algorithms for Integrated Circuit Layout: 
Ao Analytic Approada 

by 

Andrea Sumne laPauah 

Submitted to the Department of EJectrical Engineering and Computer Science 
on August 29, 1980 in panial fulfillment of the requirements for 

the Desree of Doctor of Philosophy 

ABSTRACT 

In this thesis, the problem of designing the layout of integrated circuits is examined. The 
layout of an integrated circuit specifies the position on the chip of functional components and wires 
interconnecting the components. We use a general model under which components are represented by 
rectangles. and wires arc represented by lines'. lbis model can be applied to circuit components 
defined at any level of complexity, from a transistor to a programmable logic array (Pl.A). We focus 
on the standard decomposition of the layoqt:Pf'Qblem ~ a placement problem and a routing 
problem. 

We examine problems encountered in layout design from the point of view of complexity 
theory. The general layout problem under our model is shown to be NP-complete. In addition. two 
problems encountered in a restricted version of the routing problem -- channel routing-- are shown to 
be NP-complete. The analysis of heuristic algorithms for NP-complete problems is di9cussed. and the 
analysis of one common algorithm is presented. 

The major result presented in this diSM?rtation is a poiynomial time algorithm for a restricted 
case of the routing problem. Given one rectangular component with terminals on its boundary, and 
pairs of terminals to be connected, the algorithm wiD find a two-layer channel routing which 
minimizes the area of a rcctang)c circumscribing the component and the wire paths. Each terminal can 
appear in only one pair of tenninals to be connected, and the rectangle used to determine the area 
must have its boundaries parallel to those of the component If any of the conditions of the problem 
are removed, the algorithm is no longer guaranteed to find the optimal solution. 

Thesis Supervisor: Ronald L. Rivest 
Title: A~iatc Profeswr of Computer Science and Engineering 

Key words: VLSI (very large scale integrated) circuit layout. component placement (rectangles). 
channel routing, NP-completeness. algorithm analysis, heuristic algorithms. 
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Chapter 1: lntroductioa 

The research rcponed in this thesis~ an' investiption of algorithms for the layoutofinteg(1lted 

cireuits. Integrated circuits are formed on silicon chips by creating layers of different substances (e.g. 

metal. polysilicon) in geometric patterns on' the chip through a variety _of fabrication techniques. 

Electronic components are formed by the iotef,?Ction of reaio0&io tbcditfereall ta~ 1Wires connecting 

components are simply regions between two components on a layer. Laying out a circuit consists of 

determining the patterns for each layer on the chip to create the desired components and 
,; . . --. . __ , 

interconnections. For example. in nMOS/JiEf technolQayra deiiper ~,eata a transistor by drawing a 

region for the polysilicon layer and a reaion for the diffusion 1ayer whicltcross when the designs for the 

two layers are superimposed (Me80). In general, designing ,a la)'.OUt i;eqµi~ . k.Jlow.led&e of the 

interactions between layers for the technology being used and limitations of the fabrication process being 

used. 1be goals of the designer are to put as much dreuitry as JJ()!Biblc in as small an area as possible, and 

to have it work correctly and as fast as possible. A good example is the layout of a microp~r. where 

the amount of iofurmation which can be processed, the number of functions which can be performed, 

and the speed of processing ~ important 

The layout problem as described above contains a huge number of variables and leaves much 

room for cleverness by the person designing the layout It docs not lend itself well to an algorithmic 

approach where a well-defined model and set of operations are employed. However, standard layouts can 

be used for each component needed in a circuil ThelC components need not be simple electronic 

components such as transistors or resistors, but may be logic gates or even hiaher level circuit subsystems. 

Given these components and the interconnections necessary to realize the desired circuit Junction. the 

layout problem consists of allocating a proper-sized region of the chip for each component and 

determining the pattern of wires form!ng the interconnections on each layer. This is the layout problem 

as we will mean it We have Jost the Hexibility of tailoring the layout of each component to the panicular 
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applicadon. but have areatlr lialplifietl the proalem. 

In· geaentl, we wttl will, to,- • tet wcompoaen11.oq a:pessibly multi-layered planar surfaee. 

The componellfl will ••, ,,,_..,. whidt • pointa.:to,.whid.t wtta. can ·connect. The desired 

interconaectiOIJI wall be IIPOCiW by &ivilll dillioint 1118 of,tanniaala. Eacll Id of terminals, called a net. 

shoqld be intercoaaec&ed. .. Thi i-.tenxmnec&iUM •wif1•;11e,.., by·· won which define paths •between 

terminal& in the layers. 'Rieff .will be constNinls wmch'•fhttJayout,must,satilfy. such ar a minimum 

sepa,atiun betweeo ~w-. · Th.CM~.._ catled-,,,·nua. 

The major,mot,ivauop-r... dovclepjp1;alaodthml a,uohe the.,_.problem,19 the:c:omplel.ity 

of the inwgra~ cm;uus IMiJla. 1Mi11•4- A cm, marMW~ tem of...,. of ttanaiston. Hand 

layout of ttlese ia«opa&ed ~ o,,ea. with dtt aid of ~,anphics. ii very oostly, time 

conqni"a.,1u14 error ...... ~. S~CCIIIBP<)nt&llldt as,topr• cans, are already emploJed in 

the iacluary to siplplify c~, ... ,IPd IIIYoUt. aM la,out h, cotnpU,tetthas beea implemented (Fe76] 

{Per77). .·.ll,lt tradeofti .re_., :IQ ·dlolo u,..--,.ttr,tp~ ·-Pmar,mmina.ffl llllelDl,ly 

laJJauaac, aivoa • Pl'Qll"atf1Pl8f· the ~ to. dtw• clevo- 11aya•malle: a prepam -11111 falter or n,quire 

1"a ~- :ffoM¥ef. --~--_..... ... PIOlflllW aoocl ID• wrlllell. theavilip.iartiine 

and dll,,~_.,uticati~---b)' Ulin&·aJliah level-.... and G001PiJer are worth die loll of 

ftexibility. lull.• ~:ilJJabt write • ofta u8ld .M>RJlttine a•• Rllly. teer•. me miaht do the 

~yout for a cim\lit ~··to" wo4 in QJ8llY circuiaJ•by·.llead.. Hmwver. •for. mDlltfJrojem. the 

~VUlll .,._ AAMla. ..,_ fakh.in die c:orree--ofthe•lllia1fdue1D the limpHfted l&AElUN IIUIU 

the ~aent appEOaCh~. 

1.lthou&h wQltiM~law®t•---•cxw.-. pn,blmn of desi,aina algorithms te do 

inteamed c~ layOUl is net IOlvad. • Many of tile ailtiaa.taoritlnnlillaee fusther tatrictionl.on the 

~ TypicaUJ. ~Y requw lhat all: 4'QDll)OllCnts be :Ille Mme u Ja one dimeesion. , Such an 

algorithm places the components ill rows. forming aa anay. · The wiriJlt,(callecl,,PDlllinl) is done in the 
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spaces between rows. Also. although several algorillfnlt ltave lJeen desisned and implemented, little 

analysis of the algorithms bas been- performed. Empirical evidence -is often cited ·1n the literature. 

However, papers describing algorithms whidl•may IICJl ftad opdfflal aolutionl rarely present mathematical 

analyses of the quality of the IIOiutions found. For exanpte. one does not find statements of the form . . 

"this algorithm always finds a solution wiibin '611.·ofltle o,thftal; .. ·rn this dislertation, we discuss layout 

algoritbms from a complaity 'theory point of view. We Alcus on the' pcrftmnancc of algorithms, both in 

terms of the quality of the solutions they preduce and· die runnina times they n.,quire. We wort with 

, subproblems of the layOQt problem since they are~toapproach and are,oommonly fflCOUlltered. An 

aample of such a subprobtem is the rouoaa problem when componen1I have been placed in rows. 

The thesis is orpaimd as .follows. In Olapter 2. we"re\'iffl ·111e tedmiques used by existina 

automabC layout systans. In Cllapter 3. the model we \\'ii use b-ta,out -.,roblents ·is·prelCftted.- W:e al8o 

describe a 8eCOlld model -- die graph theoretie- IOOdel -- wbktr has .~-ffl'Y useful in charactfflZins 

tile aRa requinld by various in~ patterK In Olapter◄, 'we di!lcu9- the complexity or a 

number of versions and subproblems of die layout. pmWeln. · A miew ef pte1iously- known 

NP-completeness results is givea. We provcdte,Nr~a'ell•of,~._..,. ~ pNblem and 

two problems encountered in cbaanel routing. We analyte • 'pre.._•blown. heuristic af&erilllm -- for 

one of die channel. muuog problan&. ht Olapter s~ a new aftoridlm is pret,eated .lbr a tpeCial case of the 

routing9robl-.: In this PftJblcm,.tfflllinals Heon thebottlldafy-WfbMrectanptatwmponent Pain ef 

terminals must he intaooonecte<L The afsorithm fhNls: a Minimum-area ·fflllting•fbr -a'i:Mlme1 f8utift& 

model and has running time O(f), where tis the number oftenninag B)tJde1¥elopingtltis algorithm, -w 

have shown that theN are no ... umat,reuting,proltknM wbish• ate 'ftot--~ -•Mast routing·problcms 

are eilhcr known to be NNiant,or. •'.so-c~'~ tw\~ahf•pMbfeins-a er,-1;e-.C8ftlidcrel 

intradabJe without an actual proof of HP-hardness. In Cllipter-6, ·W ditma·ptoperties-of the algorithm~ 

ln,Chapter7. we summari7.e and pl'C9Cllt open probtems·lftd 'diNdiols·tbr,ftmn,telltaldl. A reYiewof' 
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basic definitions and notation used throughout this thesis is presented in the appendix. 
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o.,ter 2: A Reriew oftlyNt'Ailtolutiea T«lnlf.-s 

2.1 Oassical Approach to Layout 

The problem of placing components on a surface and mating the required interconnections in 

one or more layers is not new. Research on the layout problem was initially done for printed circuit 

boards in the l960's. The layout problem for printed circuit boards is closely related to that for integrated 

circuits -- components arc placed on a board and interconnections arc made by conducting strips (wires) 

printed on two or more layers of the board. Wires on different layers are insulate<l from each other, but 

wires on the same layer must not cross unles., a connection is intended. Depending on the manufacturina 

technique, a conducting path may be able to change layers only at fixed positions on the board (called 

fixed vias) or anywhere on the board (called floating vias). ~ researchers have used models for the 

layout problem which they intend to apply to. both printed circuit boards and chips (Han76). However, as 

we shall discuss below, the objectives and assumptions for printed· circuit boards and integrated circuits 

are differenL 

Traditionally, layout of circuits has been divided into two phases -- the placement phase and the 

routing phase. Separate algorithms have been designed for each. In the placement phase, components 

are asmgned positions; in the routing phase, the paths which the wires will use are determined. For 

printed circuit boards, the goal is usually to minimi1.c the total length of wire used. Generally, the board 

is divided by a rectilinear grid and components can be placed only at certain locations on the grid. 

Terminals where wires must attach are at fixed positions on each component; these positions match 

locations on the grid. Automatic layout systems for integrated circuits have borrowed the algorithms and 

models from printed circuit board research and expanded on them. Most systems use standard cells of 

unifonn size which are arranged in rows and columns, leaving a grid of horiwntaJ and vertical sticcts in 

which connections can be made. Examples of standard cell systems can be found in (Fe76L (Per77]. 
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For placement algorithms, compon~ts are pncrally 1Podeled ~ poi~ anciJhe board or chip ii& 

an array of locations on which the componen&I AJl•t:•~ f-0r-J)ttnted cil"cuits., ~mponents are 

usually standard size packag,a so tttai •ie is~-• _,f,. Fql' ~te.4chliQ~ a size parameter may be 

mociate4 with each point all4 a CIJN'City wi4Jt • •~. , For ~ia,aple, in !Sc76j each location 

r~presents a row of s~d"'l'- ·and hai a cap~\)'. w~• Ule lclll'lt <lf fhe. ~ow. In the m-iority of 

placement problem fonnulations. the objective is to find a placement whkb Rl.',)llt:facilwtlal &be rA>Utina to 

follow. A function of the plat;e~ ii cheten ,._ c19 ~"' f\lnctioa;to .be oplim~- The function is 

supposed to be an indication ofdle difflcuk¥..~"1e ~~ff.Ute.plac~t. Mostof\en die function 

is an estimate q(Jhe to~ wire lcn,dl qaed fbr ruutuw., VarioQs ~ m tbe, wit:G lenath needed to 

route one net (set of tcmunal# to be lltf-'rtoanqq) ~-~ . ..,_. ttlc. haU'~J)erilaeter of &he 18111lclt: 

estimate nu• be ~ to compute. 

There are two types of placement alao~ ... ,constructive initial . placement and itarati~• 

improvement. Most automated. 1-fQllt ~ uso. ~-ahboup. ~ithcr can .be used alono: ilerativc 

improvement caa be used widl a ~ iJli~-~-,,~UY.t: jmtial_~ot ~ 

place_ compone11ts Qlll by Olle N.c4 Oil, dteir ~"'vitf k>:~~ pre,~io\llb-p~ Ill ~ 

systems. a designer may choose ·and place the first c,onll)Olleftll. · W.: the fl.-. compenent is chosen. by 

the algorithm, a apecial component •h• a lx>P4ma I'" JW-be~. or• ~ry oomponent may 

be chosen. Giv~ an initial placcaleot. arative ,ilnpro\!CQ'lellt ~ ~e c~nts to improv• · 

the objective function. These alpidlma ~ local qpumizauon ~ ~~n .technique is to . 

exchange pairs or rearranae ~r • ofCOIBf)QIICD&I • • whedw dle value of ,the ob~tive Alacpon 

has been improved. In another method. called Fon;e-Directcd Relaxation, a component is moved to a 

point where the "fon:es" due to its connections to other components arc balanced. A description or 

various placement algorithms of both types can be found in Chapter 5 of (Dcs72t An experimental 
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comparison of several of d\ese atgoritbms is presented in fffan'Mf. 

The routioi portion of the layout problem has ffl:dvedmuchattendon in the past ten or fifteen 

yeaJS. Many algorithms have been developed to ffnd •near opurnar soluoons to the' routing problem 

when sets of points which must be int~onnc!cted ate given as input. Mostuf the.atgondnns attempt ta 

minimitt total wire length. These alpithms ·a1mos1 nctusively use· ·thi 1'Ctt1inear (also tnown as 

Manhatlan) measttft of disfante.1 

Routing can be approached a number of diffemlt ways. Nets may be connected using Steiner 

trees, i.e allowing wires w branch at points between terminals; or may-ht· restricted to spanning trees. 

whffe no branching wires are allowed. (Sec figure 2.1) Cottntctioa· padts ·may be allowed to thange 

layers at arbitrary points.· at filed points, or not at all. The uee of conueclions ftJr each net may fJe 

determined before the actual padls are found -- called wire 1st detennitlaaoo· -- or the trees may be 

determined as paths are laid out When each path must lie totaJly on ont1ayer, the layer assignment. i.e .. 

detennini11g which padls wm lit on which fayer, is often done ftrsi All paths on a layer must be routed so 

that they do not ~ However. many of the most recent' routen fbr mqr.ikd clmrits and printed 

cireoits use the restriction that hori7.0lltal wire· seplCfttS. and ffl'tital wire segmcnn are on separate layers. 

(Horizontal ud vertical are the perpendicular directions of the fl'Ctiliriear metric.) P:tffis arc cotnposed of 

horizontal and vertical segments. F.ach ctiange of direction is achan&e-of'laycr. Typicaffj, two layers are 

used -- one for each direction. In the projtttion of die layers-i>n ~ plane, two paths may mtmect within 

perpendicular segmeftb wkbout beift8 electrically connecte<l ''Wheff 'pahcaa change layers only at filed 

points. called Yias, the Yias may be mped -to particular cridrtcctions~ routing. Ftirprintcdcircuits. 

the number and location of vias is often restricted due.· to· ftie fabricatiolt teclmofou. For iatcgtated 

1. Under the rectilinear metric, poin!5 (xl'y1) and (x2,y2) in a cartesian coordinate system are distance 

lxixif +IY1-r2' apart 
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circuits. vias are contact cuts [Me101- . Jhyy 4J'C. usually .altwt'ed any:wjij:re, .. alUUluah it is desirable to 
•f'-, - .. • •• • • '!:fl-, a • .-, C • - • 

minimize the number used since they require e1tra.area. 

Most alaorithms to do the actual routing. of wire paths fall into one of the following four 

categories: maze routen, line routori, cell routen, and c~I routers. The first alaorithms used on 

printed circuit boards were • routers. Maze routen find op,e path at at time. They iire based on Lee's 
, 1 

l 

algorithm [Lee61} for findin&"$e shortest pa&h between twQ nodes in a araph. In fai:t. a path can be 

found between ~hers of two seti of nodes rather dlan between two specific nodes. 'J1le graph used for 

routing is a grid araph c~n~i'ilittJ~~idden repou. The alaorithm is ab~ ~ll1ti&C4'~·~ftbe usable 

grid points. (See Fiaure 2.l.) Multiple layers may be modelecl by usins one two-dimensional arid for 

each layer. Each grid point (fur unrestricted vias) or each of a special set of gri~ p<)i~ts (for tix.ed :vias) on . 
c,\{; • ' ' ,~ . 

one planar grid is adjacent to corraponciina grid points on other planar pidl. 

, CeUui., ~ [Hit691 aho ~idc up "'8 ~ ~ i~, • rquw IQIDl'1ll0nt of cells. 

Again, each path is lbund, one at a time, by a breadth ftnt aearch over all cells. Each cell rep~nts a 
' ~--. • . .-! • l·; ,' 

region of the routina surface, iacludins all laym.; Thif ~lfobtamecf by'pri,jectlng all )ayers 
.... ,, 

on one plane. den parutioninJ tie ~ into p~ of u~ftmnf'7.d ~.lhm>e. 'fbde pieces ~-~ the cells. 

Each ceU i& lalte enough to ftt ••one wire width on,eadt layer. The roilitnfatlf)ritbm mult 
j • 

define the entrance and e1it points ot each routing padJ in.,the ,et of cells traversed by ~ path. From a 
"'r '-,; , .. - '" ~.~,,,., - , 

pven point on at:ell boundary. site ~ poiaa-aleAt the:'7111'8[beuftdlfiel a,e,cdcutated taking into 
., 

account wires wbidl have, been previoullf .....- ..-4 b@_ve:mt off parts of the ceD tom other par1I 
- ~- ... __ ,,,. ~ 

(Fiaure.l.l). The determination ~t tile .-,tual paths used ~·-11 cell is left for • ·teeond algorithm. 

Cellular reuters.-,aol llDIIUft"tbe luae. number of arid peints!whib musibe ~ wflen using a 
,., 

maze router. 

Line rout~rs JHi69J do lf(>t ~don the plane. 1)eserrouters work directly with ho,.zontal and 
. . i . 

vertical line sep,ents. They buld up a path between twd poim out of these ...' A-line router 
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,-1pre 2.1: Stem tree rollllffliom versus s,;aa•ift& tn..-t COllllfftiees. 

spanning ttee 'steiner tree 

ln7 inclicatu that the,aocfe ha a·ehori:eat,atft.f!'Oli the start 
~ node of length n 

All nodes at distance i are label.ad,. then all the nodes at distance 
;, . i♦l •. •t.~. ~PJllll~-~b t•l., , 

nnd11 

~ l 1 

\ 

~ path of' leqt:h 4 fioia · S to T 

•··· txJJ::~~~[gj 

3 



finds paths only in one plane. Paths area determined one at a time_. Given •• -target points to be 

connected.line seaments are extericled from the 11,pts until they hit obstacles. Points along these 

seaments from wh~ a lin-.&:an be ex.tended which ~!D "acape" an obstacle •viously hit are found. In 
-----

1 
\:\ -- ·- t.]l --- - ---- - -{·t) 

this way, "escape lines" ~rared_ lltl~I-~ path.,,. .. die t'ro WJC?t poiMS can be constructed from 
. , ·" . l - , . 

segmentl of these escape lilles. (See F'IIUl'C 2.4.) 't' -

The channel rou'491 technique (Has71) w~ developed for routinp ~th horizontal and vertical 
l ,, . . _l ~·" i 

wires on separate layers. !he afta ava~/)r ,. cllvkted into ho'!i<>ntal and vertical streets. 
~· ~,;~ ~ • >.o • ',~ • ~-"' • .,~ ••--• •S ·• C , <. ~- {{" ~'¼. 

Each horizontal or veftie!il street ca1t. concain a _ 'f ~izomal ~·vertical path segments. 

respectively. Paths are first round dlroup' .. ltr«tCltwidlout rqarit~ con.flici witbkl ~h street After 
1 '. • { '· : - ,f 

..,__ ! · .. _ ! 
alt connections have bee~ ~ mu&c4 ~ _... IU'tCtllt - ~ within eaclt weet are 

~ ' .~- -·. . _,. 

arranaed so that no two o~~-· The n~r of ~Tariis or ~; it_ each street is minimized. 
,; --~~ • , ~ "> • • •• • ·-·- -- "'i~ . . ✓ • ~/~-~,~ 

Short seamcnts perpcndic•r to the atreet direc · be used from each 1'jtminal out into the street. 

For some algoritluns, such lllort iqments ~ _.-, ~~ ·tp allp~ l ~.~f u,\:~~hpdlannels. 

(Seeflaure2.S.) Thealob.11,vutinap~ia~)~-~-:~~:ooa~wheremore 
,; ~ : '~ ( :✓ - J <'"• •"; .Gr: s-;, ·: .i. 

that one path may U1C the same eclae. The local routma pl'Qblcm (or channel tUSJanment problem) 

resembles a packina problem radler than a padl·ftndial problem. Thae problemi·wm be described in 

more detail in Chapter 4. 

The alaoritbms dacribcd above are thosci moat <>4en used by layout automation systems. They 
. . 

- • ,-. .- -• - -.. • ~ ' "' {~ • • •• , -> ·- -.;:.. ,, ' 

do not e~ afl ;alaoridlms. . !A aurvey of routina alaqriduns en ~- G>lod in Chapter 6 of (Des72) 
• • \ - - \,.,. < 

and in [JU74). A study of router performance ii ....,_41,Ja (l(eJ71); ._ · llone of the algorithms are 
.., r· , . -

: - .. ~~;,- ., ~- ... _-;. 

guaranteed to ftnd an optimal SQlltk,n unless ~Y are altowecl ta dp,uP mid reroute·· exhaustively 

searching all poar;ible ·routiop. Furthennore, · if the amou1't of area which can be used iB bounded, the 

1. 'Jbe use of the tcnn channel has become confused in pie literature. - ft is uae4 by some authors to 
denote a street, by others to denotc:a lane within a srcet ~ fi>llow the terminology of [Hll71). 
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Figure 2.3: C:4!lluhar routine-
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algorithms are not auaranteed to route all connections, even thouah such a routina ai,ts. In practice, 

failed connections are completed manually. Muy systems use a combination of algorithms, beginning 

with faster algorithms to route ~ connections and using slower but more successful algorithms to route 

the final connections (e.g.~~ (Po19D, Some algoritlms are more susceptible to the pn,blcm of failing to 
' . i 

complete all connections than others. When each point-to-point t~tsassianed to a single layer 

and. then routed, the paths found first may encirele a !f !'ri~ not Jet connecj~g to anything. It is 
~'s 

' ~ 
im~ble to find a path tttdm tenninal,withoutch~="'~'JjPiDBllP a-previously routed path. 

r . 

(See Figure 2.41) For routen of &hfa:lMJII, ~ ~c -.,~~ ~e padt~-~re assi~~ for a protilerit can 
.,.,t:-i/! 

make a gr~ ditTerence in whettNW'dle ataurithm ii smeaMmmutirra aft the-connections. Given this, 

it is intemthig that Abel (Ab72Jcondudesfrom hisempMaitsfudJ that. ~vcr•II. the peiformance of such 

routers is nqt significantly affected bys various ~c1arta ·(TIR toUterused ts a-maze router with an 

added heuristic so that paths do not run next to a row of tenninaJs at minimum spacing from the 

terminals. The paths beina avoided would lead to a Jarae number of blocked terminals.) The channel 

routing technique is less susceptible to the problem of failure to route,aH,QIQll~:.-e die- euct 

position of each segment is determined after all paths are alobally llligned. In fact, if area is not limited, 

the streets can contain an arbitrarily larae number of channels and lOOI, routing can always be obtained. 

Several characteristics of the models used for past research on the layout problem are very 

restrictive, especially when considerina the layout of very ~rge scatc integrated (VLSI) circuits, where up 

to a million transistors are packed on one chip in• Y>etl . .,.__arrangement The use of cells which have 

one or both dimensions fixed limifS the type of cOllponenG which eao be used. One may imagine haviq 

in the same circuit a very large component which ·is an array ·,of registers and a number of small 

components realizing a special function. Once the components being uted are ofvarying size, it is a waste 

of space to place them in an array separated by "streets" runpiAI the leoJtb and width of the chip. The 

size of each component and the way the components fit together on the chip are important 
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When an array of locations is used for cell placement; if,is teasonable to use total wire length as 

a measure of the worth of a panic• layouL Dift'erent arraqements of compo ... nts ~ithin the array, 
~ ,,,.. .. -,,. ~- . ' 

' 
only affect the area of &he layout intollr • they atfect tJk inten:onnec\impalSlltalen. The total wire 

\ ' ~ . 

length is an easily computed appna~ ~re oflhe J.mount of roudna,~ which_has been use4 

at any point white routin1 ii beina cble. Thii, in tum, ii an approximate measure Qf the congestion of 

wires in routing areas. Conaestioo.;_, affect h ~Y of interconaecdons still to be made. When 
' -~ < .J.~ : ' ,,i,,..._ ,_. 

the area used for routing between co,npoaeatt is thwl \ihlch Is usually true for printed· circuit boards, 
'• '• ' ~ A ' ' \• ~ C •• 

too much congestion may resuk in 1tihmt to to~-ane rif die intereonnections. When the area used for 

routing can be e~pandcd by movi,aj 'Ille ~.-Ue keepina their relad\leposittons fixed), as is 

more likely for intearated circuit --~ tao'Mudt telljeilkia may rault in a larger overall layout size. , 

When components are not ,of relatively unibm a, .&heir placement has areat effect on total 
·;!;V . 'J/·: _:t.~ .. -~~" ... ,~ l ; 

layout size. Wire length is no longer a good approaiQladon to layout size. This is illustrated in 

Figure 2. 7. The placement of components and routina of Wiftl interact in a much more complex manner 

to detcnnine the tocal size of a layouL The DlOlt recendy developed layout systems no longer treat 

component size as a parameter which ii of secondary importance. Components are modeled as rectangles 

•• giving them shape as well as size •• rather than as poialS with a size parameter attached. When 

rectangles must be placed on a plane, the way they tlt m,ether influences the area used by the placement 

and the shape of the spaces left for routin1, Preas and Owyn (Pr71) have retained a constructive initial 

placement based on connectivity but place rectanatea in a plane rather than poin~ on a grid. Their 

iterative improvement phase tries to minimize the area of the circuit by selectina II the candidate for 

placement modification a component one of who&e dimensions contributes to the widest part of the 

layout in that dimension. This component may be rotated, reftected, shifted, or exchanged with another 

componenL A moditlcation is accepted if the area is reduced. In (La791 the initial placement ii 

produced by dividing a square of area the same as the total area of the components into rectangles of the 
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same area u the individual components. This atves an appl'Ol1llUite placcinent which Is modified to flt 

the actual componelltl. Improvements are made to the place..-nt by ulina rotations and shifts. Routing 
• • c-< • • : 

. '~~. 

is taken into account in the improvement phase. The wldth of each street is estimated based on global 
, . ~ 

rouUng and included in the aru calculation. Brinkmann [Br16Jalso UICI the technique of dividing a larae 
. ' ~ '' . ' 

rectangle into smaller ones to ftnd an appro1imate placement. 
•· '. -, ~ • ~:: ·_,;;·; t 

Routina pqrams for the most recent systema allO tlY to tlllRimi7..e area rather than wire length. 

Channel routers are used in (Pr71J an4 P-,a79). Channel routers are easy to use when area is. the parameter 
:. > •-.~ ;•; ':. • ;. . '; • I 

to be optimized since local routint awrinimizes street.widdll, a.ts can be allowed to shrink or expand• 
. . . ' ' . .·• ~ . ' ' 

needed to complete the routina. In 1Lo79f. componeata are allowed lO take poaitions above the routing 
- :, . 

area independent of one another to tllat at'08 ii not wtlllecl UlifleCellarily by alianing the edges of ~ 
,., • .. ' : ~ •• J, • ' • 

components. 

Wire lenath remains an Important parameter for a layout because it _directly affects the quality 

and speed of sipals in the cinruit. In a situation such • lhat lbown in F!l'lre 2. 7 where both size and 

total wire lenath cannot be minimiud at the same time, a tradeoff must be made. In this context, it may 

be decided that wire lenath is fflOll important ~ of tbe ~ cin:uit si~ .. At other times, only 
• ,. ; ' {", ' ~ 4' :~ '.'j "~~ .. ! ',};~.J. . : . ' 

a maximum wire lenath mipt be impollCl on certain ~terconoecdons in the cin:uiL , To make thinp 
., ""'\, ·,: 

more complex, we miaht imaaine a situation in which the Nlqllirtment wu that two intereonnections.have 

approximately the same Jeqth, say when two outpUtl of one component are the inputs to another 
"' '.-• ; 

component. In short. the desired measure for the wOf1h of a layout can be made very complicated if 
• '.)' ! . a , • ' 

enouah factors are considered. Physical quantities may del>eftd. on other layout properties such • the 
> ~ j ; . ' > 

density of wires in an area. In (Agu77) and (Ru77).. a syBtem is. dacribed in which total power ii 
\ ·i' .- ,.· • 

minimized and timing constraints are oblervcd. In (No76). connections whole delay must be minimized 

can be designated "critical" and treated special. 
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2.2 ~ Approadaeltc, La,-t ......... 

The approaches described in Section 2.1 separate the placement and routing phases of layout. 
' .,.,,.:' .. ._.. - . 

The input is a set of components -- either specified as points or rectangles -- and a set of interconnections 

to be made either among the components as points ~ amona terminal points on the components. There 
;. ·::: ' 

are alternate approaches in the literature where the topological aspects of layout arc modeled using graph 
C •, • 

theory. When finding the layout of a circuit, placement and r~ti .. are considered together by finding a 
. - - ' ,~ - ' -

planar embedding of a graph modeling the circuit. lbe models do not necessarily associate one node 
. \ ";, :i; ·::, :--.,- . 

with each component Each component may be modeled as a sel of nodes and edaes. e.g. a cycle. 
I . . . 

• ,.... -~ ••• .,-- J ,I ~ ~ • ... • •• { 

lnlen:onncctions among a set of terminals may be modeled as a set of edaes or a set of nodes and edaes-
'·' 

For example, the branch poinl of a wire may be represented as a point under a Steiner tree representation 

of connections. Several models have been sugested. A summary can be found in (van76). Graph 
., . . ..,_ ' 

embedding techniques have the advantage that placement and routina interact completely at the 

.. - -~- . ~ ' 

topological level. However, geometry -- the size and shape of the components -- is completely ignored 

and must be accounted for aeparately. 

In the standard ~~h and in the graph embedding a~~ ~- only in.formation about the 
:< l '-t~ ••:, !; ,_-!~;,~ ,··-: 

layout provided by the input is the set of nets.. ·10 an aiternate approadt bated on stick diagrams [Me80L 
;·•.,.'! !: . 

topological information about the desired layout is also provided. lo stick diagrams. regions in various 
- . .. · , _ ,-;·_; "· -),. -:- - -~;- ·1 ... _- --f~'~\'· \/-. -~i.!~)1:J .:en:;_;~ ··•;f~ . .-f.~,.<-_ ~-. 

layers of the integrated circuit are represented as lines. For example, in nMOS technology, a polysilicon 

line and a diffusion fine crossing represent a tranaistor. The relative positions of components and the 
h.·.:.,~_.-: '.f~ _:_--~.-'.•~)_J_ ",__ 

general path of each wire are indicated. The layout automatioQ system must expand the "sticks;., into 
'1· i-; ·_':, ~ t :"';} 

rectangles of the proper dimensions based-00 design rules, and modify <the layout llO that c.omponents and 
-.,~ _. ~t-_,}. .···n> ~-

wires fit together with the proper spacing. Examples of such sys&cms are STICKS (Wi77) and CABBAOB 
·,._, ,- . 

(Hs79). These programs attempt to ~t lhe layout as much as possible while satisfying the desian rules 

and maintaining the original relative positions of components and wires. 'Ibis technique exploits the 



human designer's ability ta do ov..a. .,.._ i.e. mup IMtChea. The program FLOSS [Ch77] also 

packs a rough manual layout; it woru from a hand drawn sketch. Other syttemS for which the designer 

does the general layout use a symbolic repretentation ofttie layout (Oi7'J, (Perni The symbolic layout 

is produced by the desiper and expanded into a fully specified layout automatically. Other techniques 
;. 

for design automation use apecial struclWCS ·such at Proaramfflllble Logic Amys (PLAs), with known 

layouts. Functional specifications can be automatlcaHy converted into PLA implementations (Ay79). 

Special interconnection patteffll can also be e1ploited to 1111st in desian (Jo79). 

l.3Sum1D1ry 

All of the above techniques have been developed to automate, at least in part, the design of 

circuit layouts. The researdt reported in this diaenation ii restricted to placement and routina as 

described in the first section. Althouah many aJ&orithms have been dcsianed and tested, little 

mathematical analysis of the atl()riduns has been performed. The techniques of comple1ity theory are 

not regularly applied to layout problems, One notable exception is the work of So, Ting. Kuh and othen 

([Ku79), (S0741 ffi761 rn7B1 £fi79J. ffs79D for printed circuit board routing. In rhil work, a routioa 

problem for printed circuit boards with ftxed vias in columns is broken up into several problema. endina 

with a number of instances of a routifl& problem for a row of terminals on a sinale layer. The problems 

are analyzed. Neceaary and sufficient conditions for a slngle-row, sinale-layer routing to be optimal are 

developed. However, the model is not well suited to intearated circuits. The reseadl reported in this 

dissertation also focuses on particular subproblems of the layout problem. The problernl are motivated 

by the channel routing model of interconnectjona. 



As is evident in the discussion in the previous chapter, most models of cin:uits for layout use 
:~··~:~" .. •;,. 'f: ';;~· "·{: ;:,' 

r 

points or rectangles to model components. In the rescardl presented in Chapters 4 through 6, we use 

rectangles. 'Ille model is described precisely below. In the second section of this chapter, we describe a 
. . . 

g~aph model in which components are points. We discuss its use in proving bounds on the area required 

by circuits with cenain interconnection patterns. 

3.1 'J'bc Geometric Model 

We have chosen to use a rectangle model of components because it captures the geometric and 

topological aspects of the layout probJcm. Components are rectanauJar in shape and variable in size. 
.1 . -

Wires lie on any of several layers and are of unifonn width. The model was guided by the desian rules 

presented in (Me80J for nMOS technology, but it is intended to be appticable to many technoloaieL 

Fonnally, the model is as follows. 

The input for a layout problem wHI consist of a set of components and a set of nots. F.acb 
_; :·~: :._" .. {;~~-~--.:·"-!~f Jf'\-~-:·l :_>: .• : :; -ico 

component. Ci. will be a rec~ngle with given dimensions x1 and Yr At &iven locatiOns on the boundary of 
<••.~1;:•••"•--. '-.?,~n:,-~ :-' •• • .f ••; 

a component Ci are terminals tij, j = l, ... ,ni' where ni is the number of tcminals on component Ci' F.ach 
.. , : .: : ·t:· {t:-:h~'L:-F~ t, y-,;.-: ~ J_ ·• ,:_ ~ ,._ 

net is a set of terminals. and the nets are pairwile disjoint. Each net represents a collection of terminals· 

which must be electrically connected. The layout problem is to place the components on a plane and 

form the interconnections specified by the nets in &he minimum pollible area. The interconnections can 

be made in any of N layers, where N is specified a priori. The layers are numbered 1 rhrouah N; layer i is 
• ,, :--L ', : 

considered to be adjacent to layers i+ I and i-1, for 2:Si:SN-1. Tyj>ically. N is two. 'lbe wires used to 

interconnect terminals have a unifonn width w. 'Jbcre is a minimum spacing between wires on a layer, 

between components. and between a wire and a component of s. 

The interconnections form paths which lie on the surface of the plane not covered by the 
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components. These paths F between ~ ~ npdo ia •·~;or ~ ~nal1pqint OI\ cme or more 

layers of the plane. Each pads Nptent between two nodes hat a designated layer. The paths induce a 

partition of the ft6det-into~ • of connected nodes: each set contains tcnninals from exactly one 

net Path tiegments in different IJx•-ma, intersect. Path sepaentl in the same layer cannot intersect 
~ ,· ~ 

unless dley-are ~iatecl tlilh -.11111e net aad intenect at a node. Ad4itional points are allowed as 
. ' ' ~ 

. . 0 ·~ 
nodes so that on_e ~Ire n,a,,~t into several and'-\so that a palh may chinaf layers. A path may; change 

from layer i to layer j. for any i an4j between 1 and .. N •. at any nodct liow~.--~mu• lie on all 
; 
i; ~ 

layers between laye~ i alKJ j, ~ve. ~11\e ~th is ~•«fi·,lc • ~J1'ese Ja,.-s al the' node. 
,; . . ~- :· ~ :•· _; 

Fipre l.l Illustrates. 
~ 

The model deacribed above tak• inu, ~t ~~ and to~ieal aspcdtof the 
- ~ · ~ l; t f \!: . -----~~ _ . · 

inlegraled circuit layout problem. The wfrcs art r.rUIY pelf width. Th• ~tion that· '°°1ponents 
• ;-~ ':;.: . . . ~ ! -

. . . ·. . .) . '.tiJ ' . 
be teclangular ia used solely to somcw~•d1ify • ~iafly tie calculation of ft'ee area lbr 

-· • • :,: • + ;~~ •• _·->).-:~;~:~:4>~:~f~' '~ -: 

routing. We believe that restrictina COfflfJOIICnts to~vei,~far'. ~1still providd a model that ia 
~ ~:"' . . 

/.•' t ' 

applicaltle to the layout of VLSI circuit&. • For tho4~ compondntl w~ layouts woultl fill only a 
·:-: ' ; 

. . . . - .. --- ~:- ~~::~;':.'_,:,~?~?-;'." }· '. t-.. ; 

small p0rtionora rectanate: e:g. '1."-shaped lay~za JQYiM- pitile•bfeat the component into two 
~t\_.,~- '· . : 

ortbreephysical~wubmo,e~~•~~· : 
-. ·- .'f1·t ·,-

One of the advai,~ or the model is ~-__ UMI Ao 'v~:teve.11 of modulari7.ation. 

Components may represent transistors, loaic gates, or even arithmetic unilS. allowinj-•Y coacept~JeY(CI 

of design. A hierarchical approach lo layout such as that used by Preas and Owyn [Pr71) can easily be 
.....,,, s - • ··,\_~.--

taken using this model. 

Additional parameters can be allowed as inputs to the layout problem in this model. Upper 
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1'1r:nrc 3.1 = Jllust r.uiou of the gt~mctric nJOdct for t:ayout dcsiait 

s 

path 

~pacing 
less than lit 

. di.f.fe,i:ent, 
layers 

.,y_-.-

tllEY 

y 
W,X,Y,Z are rietil - ;_-:;- :. 

0 indicates a node. Nodes are labeled by the net being connected • 

..-_ indicates layer 1; 
There .are only 2 layers. 

___ indicates layer 2 



boundl Pl\ ~e lerJ&th and wkttlH>r ~ tc*,l a,oa Uled by ~--~~ be liven. Altematively, a bound 

on the ~t•· .Lei ~,J'Mio .of~.._ ... ~'flf* ~--QtaJ, Ni given. This would· 

restrict lbe $bape ~ the lattPut. ,\ay of,.., ».Ii.._..., 41,~artiO illlurc that die ,ta,out 

Pf<>duc,ed .. ;. uwA>lo •. f<>l OJ~ ljllPQIC 4,nwtilmln __ .....,11'eSUlltd ifl atl Cltremely long and 

thin chip. The shape could prohibit Che ~«;fltti....,.. ofthccbip. Another possibility ii 

detjv~ ~. rct"~•M-·IM ....- ••~ ~- flt,.,.,pravWe a.c.fltllt.Htf solutio111•idlin 

whid;l the alggrit.hmJhOQld. wf.M"l •• -Jf.•alll(}pP&ftble ttt~,~""•lftfCCIUifemcatlto the layout 

~- Ai.a,u,n~ ia ~ 4''W.il,,Jt-jf,A....-.~ illtianal·.,.Uty, ladividual DCCI 

lffllY beaiven"UP&M,J",~ M,.,IOtahwi-.__. ,ti.,-Jq~d.onl. (Wn.ltftetb caa he 
' ' 

compolCd of horizoarat aad ¥fflical 8lllftlfflll.. 'This~- fll11•ad fer.two reaaons. .. Fint. dlo 

chapter.:1hc ~ ~,;, ... a1w.1p.■..4_ •~·•,.._ ..._,_nUIIINfofpdllible 

solutiona and mq.ei tile problem&.- ,to -'mt- .._,o.f • -.;w• e ~ •horizontal and 

v~ ~tobe-~~ . .-. Oiw=n,d•t•:~-- ._...,,Wirelltlditfttl·•· 
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CIOISing from one side of dtae ..,._. m die odt«. · Aw, ·pilt or terminals. one on each side of the 

Siegments. which must be CGIUlllCted wilt reqttiR a 1)111t~Wfdch-''goes .mound. the parallel 9ellileldL 

'fhemort.. one would rarely flllt llidl .... --.; 'Mio. ifiht" k'lft'k:ntt:w utren1ely 1ong; they may 

ausc dectrical problems. due to:~- Riflb!ictilla 'adjlceb( ··t,yen• to tontaill · segliientl In 

perpendicular ctiff'coonaelbniutes .. potdmill pnlJle• ' .. 

There are several kdmical aspeas of tho layout ~-wlM&~ tnodol- dots not ·mte mto 

account · We disata dlesc bietow'anclilidicat&flow the-meet: eiM'l,c ftfeiKtecl ffl' 11iocliflcd ta include 

them. In actual oompgnet1t desip; a 1:tlmponent mat 11a-.e ·ln'el'aJ tenttmals ·to which a panicular 

connection can be made. Dae tenninall-may t,e eifher,i,~ c,qaivalent. i.e.·· they are connet'ted 

inside the component, or·logically equivaleit(. L•. yeif~tPt'ttlf'lhem'IJ)irt ~. An·example'of 

lop:ally equivalent tenniftals 1s ·the set·«- infftltc tcrminall of u- .-_,- gate. The profllem · of deddiDB 

which tennioal to use in connecting a paJticular net is called the pin assigmnent p,obUtn lot· printed. 

cin:uit boards, anc1 is IISUaly solved -befbre a roudng-aflo~ 1inld fffi'~ -Bottqjhysically equivalent 

and JogalJ equivalent terminal& can be modeled • sets· or rehniriall A tet of -equmdent terminals.· 

rather than an in4mdual temlinal, would ht a mernbet el die set deftnlfta • • :A set of J)Hysically 

equivalent temiinaa--would appear- iff'OfflY one'aet. wftle,-w a·of~;equivalent tennhtals would 

appear in several -ncu. but· no R'Nft nets- -thalt ·the number of terminal5' in the ·set When layout is 

COOlplete. each set of illtertonnectod t!fflninals Must •tolllllft at -lilOst dne' terminal Imm each d of 

lolicaHJ' equwaienttcnninals.-: ~I-of equwa1enttef1111Aals is Ullt!d bytvaaCteemput'[van76). 

In integrated ci~ ,ta,m are made: cof Mrent materials '111d ;~t' desip .. futes·1may 

apply. Allowing the width of•WiPCS·atn:hepaflltihn ~ at,jects 1&'...-,;Wtween layers iS a minor 

modiftealion ~ our modol;,alttloup •~,JlJOdt pmt,tern • •'dlfticutt · Howevcr,-the deliin 

rules for various layers can be JROre complicated -tllllr-the "model ·w111 atfow; •. For exan,ple, ·iit nMOS 

technology (MelOf. wires in diffbsioo and polysilicon layers-cannot <:roa. 11lcrefore, we model them as 
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one la!'er. However, • lltlailaum flitlltlct 11eWfeen two wirel on either polysllicon or diffusion is 

ditTentM hm: dlc·fflUHIII• d._ tletwlta _wli'el #dl«llttlt'~~ ,,ntt Ii not·provided fbr In our 

model ·We m111t • die 1iraestot:• actuat ~-.,,,...,,... tuetily, tfte metiil· layer in nMOS can 

em11 both .difflalioa • polytfflcoa WRL If' it GCNtit-Ollly·• Oili)lfftft'fhie, actual layout problem 

would not be captured bJ our 1'10det: two layen could i!Jeliiea fbr mtticannecticm, ·1,ut a ctmcept CJf 

"oolorinl~ wiMitl ech layer,aecohHq IOdle daltln-ru• woultlavtr t6 be idtied. J\lltlther design rule 

which we havct aot 8£CO'UriUJd, fut CIWICerM .._int :ta,er1, · · WtK,n · ;-~na r,.tth chanaes layera, a 

coata:t 1:t1t muat IN _. to: ~-Uht IIYtrt t1weU1" ·IW ffilulat"'I itYft'~ 11WI ~ cut nquirei a 

square asea taraer • rmrwklth at• wira. Tfrit is Rbt-tlkeit Info ~ in dut1lffll calculation:· Even 

worw, some wim on a .plfdculat layer -,, •bo,lipl._.., WkleP than other Wfrft on lhe same layer, 

depcndina on the electrical load on the wire. For e•ample, the wires supplying power to' a large drcutr 

uauatt, loot•litt:•1bct •-- ,atfllliilf sysMt: t11n,fl a 11qt: ftlaiil"wfloe an4 a iWhW>rk of wires of 

dacrealill ~ ._,, fll't otlho cwult. We.,....ae ·dlat our n,-:tehwel'kwu,1ttant detalh·of' 

actual la,out delip, •·• Ae1 •· it ii ti rellOnable~intatimt bftlle f'ftajOr illltfl ill the lil:,oitt of 

i----·drcuill. 

3.2 A Graph Em....._ M8NI 

w. BOW diatll· die UNI of a model in Which a chtult ii ~ at • araph. We can thil 

model the graph mtb.a 'I rnodtl. Fa:t, cOR'ipOflent It~• a ttede·in the cireult graph, and 

each conMCtlon to beltllde ii ,epMentel asa«lp betw• two ft8des. JJ'he.:t.-yout fffl'blem is defined 

as die· probJem of .embcddifta die fflCUit lflpb in ,a~-arid· ara,lt. An embeddins mapa 

each node ~- a cnmponeat to I node of the~ a,id. ; This t1l8pr,m& it ~to-one. F.ach · ed8e 

representing a connoction is mapped to a path in the jlid grar,tt. l'Mai'fld\ can only contain two grid 

nodel which conespond to Ct>Mp9lleltt IIOdes -- tbakr ttllt COf'JlfllPOfMl t6thtfetNlpelffll-df the edae bein• 
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embcdded. Pathi corre!iJl()ndiaa to distinct .edgel-.w allowecl·tiO inCedCICt at ,rid ,aodcs 1>ut aie not 

allowed to use the same grid edge. To make such an ~poasiblc.'eadl node.in-the cin::uitsrai>b · 

is restricted to having at most (mlr edges ~l m. k. i.f. it ia ~,_, be·• MlfOC at most four. 

Such an embedding is an ~isjoint ~ embed4iQa. GiwflNln· embeddin& tbere are two 

mca&1res of a~ ~hlch w~ will µse. The firsl;wtuch we-willQll~>nude llllltlaad-denote AN. is,a caut 

of the number of grid nodes used as int.ftP$ of oom~ an,d on padJs which are .imaacs of edaa. The 

second. called reclalf11/e a~-~ ~ All. is the ~·• .lllldel CDBtaine4 in a teetallgk,. whole 

boundaries lie on.gid cdges aoo whidt circwnscribes1aUllOdes.11sed.a··t1w: ·embedcting. i.e. all-nodes 

coumcd by AN. For a circuit grapll. C, Jet A.,J.C) allCl A1(C} 4"1l0terlbe,minimum )JCJde an,a,aod 

rectangle area, respectively, over all cmbeddina,, of C. _ Obvioutly, AJ.C) S Aa.(C). An ~iaa is 

sbown in figure l.2. 

The model presented above~ be viewed•~• ~-"8ich WJCSonly boril.08tal:and. 

vertical wire segmentJ (sep'lCDts in fbe two .pid diroct.ioM). ·each dircctioR on ,a ·-separa&e- layer. 

Alternatively. the nodes ofthc grid may be vie~ a& rq>Jl;&elltia,itlftit .,_..,._.-on-a.pkme. Eadl­

grid edge adjacent to a node represents a boundary of the corresponding square. Two padls.whichUl[Da· 

node need not actually intersect on the plane -- they may run diagonally, cutting across opposite comen 

of the corresponding square. (See Figure 3.3.) Thompson ffh80) uses a model of cin:uit layout which 

divides the plane into such llRit sqµares. He views coaacctieal as ftlDnina prilnarily .ia a.sinale layer of 

metal. Crossovers.are achieve4 by \lliQg sbOFt runs in a a:amd layeuucll•~ 

point-to-point connections m.adc by wim a,e t>f\l"dctemrined and~ •Ale:,,ap&i fol' the cirmit. 

If Steiner tree interconnections of &he tenninals arc desirecl(i.c. ~ wm). these antJt be explicidy 

modeled in the tircuitgraph by adding a node for each braneh point,aodedgcs.fromeaehbt'andlpoietto 

components or other branch points. The model does not rep..- die a,ea,requirecl.by a,mponeatl er 
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the fact that terminals have a specific order around the component Thi$ Q!4or ~ some ~ for 

the graph embedding model to be impossible in the geometric model (see Figure 3.4.). However, the 

mode) is very useful for investigating the ~plicationf_ofcertain inten;on~tt palorlll. · 

When node area is uses. each circuit JlO(le ~.dyone un1t,,l>(·area. Therefore, any 
/ 

circuit grapb with n ~--ivh~b ~~than ~n) arealm~'llaylan i~~rconncction pattern 
- '-"' 

which requim.&-let~,area• rou&c. "Lower~ on the aRIOUllt of area ~uired by a graph_ are 
. -.. ~ . 

~ ' 

prove11 using ~is mcastfC of Qt. Nottft11at any lower bound~ ftiide prea b a ~ii{'~ on rectangle 
, ~.- ,, •,-,_?·· _; > ---,,•-·-,$~.- • , , , ·,,,_, . 

area. 1bompsqn rrhBq proves a lower 1,ound oa the area required to embed:~ araph ~,function of the 
< ;: C > ' ./ •,....,_ ... c_ ·" • 

minimum~ ;i&h"ot a subset ot)he nocks of the graph. Oiven=a ~ o aiidi ~t, s. of the 

nodes of 0. a set of edies in Qbisccts S .itthe ~al of tM1e edges partitions the-DJ)des of o-~- two 

sets such that 

ii) After removina the edges. there are no paths between nodes in different &ell-
-:.,, 1:-.~:! ,:,/_ !'" :~<:1-:-;,~:~ ,!- -,,_ - : ·-, 

Let w8 be the simof1Jte -•H•tetor-. bisectins sin o. Thon: 

i'-

Tlleorem (Thompson £fh80}): Given a graph O with nodes of degree at mostJt,uf, tifasubset, S, of the 

nodes, 

Proof: See fl'hl8I. , 
, -- •. ·• ,.,1;,,,,11>-;.;;,.;,,;_, 

An n-supeic~entralor is a graph with n designated inqut nodes 1111( q~~ output nodes 
. _;_ ··• . ; 't 

such that:for anyaets of k aiputDOJllel,81¥1 k output nodes. l~k~n. there are k ~ disjoint paths 
. .\ ,i 

connecting the t input-~ to the t output nodes 1va11si F~,setf( Jnpul nodes. l WI~ ln/2J . 
. . - I~~ 

Therefure, for ~ n-supereonccntrator, 0, AN(G) ~ (n·Iftlf ~:~ fu-: any; n. there are 

n·superconccntrators with ~n) nodes, all of bounded dearcc (Pinl there are graphs with n nodes which 



require node area O(n2). Note that altbeupchc supen,onGeMratcn ln (Pti7) do not have degree at most 

fuur, it is straiahtforward to reduce the ctearee of each node by adding a node for each edge. The number 

of nodes added is thett bounded by the original number of edafl. Figure 3.S illustrates. 

Thompson ~ deftnes averaac and wollt caae infonnation complexities of a function.· He 

derives a lower bound on the averap or worst case time ~uired ~Y a. grapk th compute a function: 
• , ~. " ' ~ •-'• ~ :) 

average(or wont ca&e) dme ~ 

(llw1)(avcrage (~vcly worst caee) information coroplexity of the fu~tion) . 
' ,. 

where I is a special set of input nodes in the araph. Combining the "8utts. Thompson obtains a lower 

bound on ANx(average time)2 fur a graph which compulCS an n-point discrete fourier transfonn of 

Ln/8J2log2n; he deri~ a lower bound of O(n2toa2n) on ANx(worst case ti~)2 for a graph whicJl sort n . 
numbers. The reade~ should refer to flbBOI for detaiJa. Bounds for other functions have also been 

derived by various a~rs usina Thompson's technique, e,i (AbdO);~v79i . 

UJ>1W
1 

t>QQ.nd4 ~• aim be obtained on the am to embed ,arlous, classes of graphs. Upper 
' 

bounds are ~ved fur rectanale area. All. Any such upper bound ii +> an upper bound for node area, 

AN. First observe· that any graph with n nodes. each of dqree at r,a6st fbur, can be embedded in 

rectangle area at most 6n2+3n. We glve here a moditlcation of d)t proof presented in [Val79). 'Ibis 
'·· 

modification improves the bound from a (3n)x(3n) square area to.a (3n)x.(2n + 1) rectangular area. Since 

n-superconcentraton require O(n2) area. proportiooalJlil a2, an js bodt ......., anct, luffloient for 

embedding an n-supereoncontrator. 

The embeddi111·,achfeYioa reeta..ie area of at llfflllt &t.1+3n is shown fn Figure l.6. The 

directions used below refer to the fiaure. lbe nodes are embedded in one vertical column of the grid -­

one node every three grid points. There is a column for each edge, either to the left or the right of the 

_ column in which the nodes are embedded. The path representing an edge must reach the column for the 

edge from each node representing an endpoint of the edae. Therefore, each path includes two horizontal 
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segments between the column containing the embeddecf~ad the~ fQrJhcre48e. The fint · 

(last) segment of the path is either one of these segments or a vertical edp from the endpoint of the path· 

to the grid node just above or just below it. If a ve~ .ec,e t>eajns tbe
1 
padl. the horil.ontal segment 

going left or right · from lhe second node is ll)!Cd. ~ Jona ~ ~ edae$ of .dle cin:uit graph can be 
'..;, . ; 

panitioncd into two sets - those wh~ 'co1utnns arJ.o theilcft. J the-~ column, "1d dlose wh91e 

columns arc to the right -:such that at most -~-•t "! a ~ are in the same SCf.,Wf'l an 
~. ~ .... _"\ ~ > ~ - ~ 

embedding exists. The edp of any graph wb6ft ~ are➔de&M-at~four can be c~~ imn~at 

most six colors sucll that ~.two edges ~~W-f.b4 same~-~.tbc11alne color(~. p~: Let 
. ,• : -~ '· .. 

edges with odd numbered colors have column, to the left, ,od those w1"' even numb{4red colora have . . ; .. . ] . .. - . -;- . . ; 

' 
columns to the right. At ntost three edges adjacent to a nodeiJtre on lthc ~ side, as ~ Since any 

. - ' ~-. . . ~· . . , 
' graph with n nodes, all of degroe at BIOS£ four, can have a most 2n edaes, there ar~ at most 2n + 1 - . . 

columns. 

Other cl~ of graphs ~ be embeddfd 8\-.dlal O(n2) area. Valiant {V a179J and Leiserson 
' ~ ; ~. . ; 

(Lei80) have independently shown that aven a if8ph Q with j nod~ each pf degree at f1lOSl four, if G is •·· ' ' i ' . . 
planar, then AR(G) is ~nlprn): tr O is f tRe. "1en ~(G) 4 ~o~ 1Va6-·actualty shows that an ~n) 

:i - ~f . ; ~} 

embedding for a tree can t,e achieved~ ~,..,10-~ It~· an open ~n whether 

there is an n node planar &APh which ffil-- a1111a2n:,-·area.. ~ proves a general result which 

relates a sepat'a!Or dlel>~-fer ~ class of~'° ao UPeefc~:~$t,~e area required to 

embed any graph o(the claa. 

The results which we have reviewed above illustrate that the graph embedding model is useful 

for proving bounds on layouts for particular classes of graphs and for proving time/space bounds for 

function implementation. Using it, we can identify easy and hard intcn:.:onnection patterns to route. In 

dlc rest of dlis dissertation we will be interested in algorithms to actually do the layout lberefore, we 

will use the rectangle model described in Section 3.1. 
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Reprdteu of the euct formulation of the layout problem. we arc interested in finding an 

efficient algorithm which computes an optimal layout If this ii not possible, we would like an efficient 

algorithm which computes an optimal layout mudl of the time and a aood layout the rest of the time. 
. . . 

This ataorithm may actually be a collection of alaoridlms to 10lve subproblems which together give a 

layout Aaain, we would lite the alaoritbms for the subproblemt to And solutions efficiently. However, 

most probfemt . associated with ckcuk layout arc NP-compktlc. The dcflnition of an NP-complete 

problem is aiven below. From a practical point of view, the NP-completencsl of a problem indicates that 

it is probably impoail)le to tlnd an efficient alaorithm which solves the problem. 

Two major classes of problema in complexity theory are the classes P and NP. A problem is in P 

(NP) if there is a deterministic (nondeterministic) Turing machine and a polynomial P such that the 

Tumin& machine solves any instance of the problem with an input of lenath n in a number of steps no 

peater than R:n). The knglh of an input is the lcnath of itl representation as a character strina in a 

predetermined character set We wiH not fonnally deftne Turing machines here. The interested reader 

should see (Ah74J. · Very often, a nondeterministic Turin& machine solves a problem by ''aueaina" a 

solution and teltina to aee if itl gueu is actually a solution. When the problem of interest is a 

minimization (or maximization) problem, it is refbrmulated so that candidate solutions can be tested 

independent of each other. In the new problem, a parameter k is part of the inpiJL A solution to the new 

problem is a feasible solution to the old problem fur which the quantity to be minimized (maximized) ii 

less than (respectively greater than) k. A feasible solution is one which satisfles all requirements of the 

old problem except optimality. For e1ample, if the original pmblcm is to find a minimum area layout of 

a circuit, the new problem, given the circuit and parameter It, is to find a layout of the circuit of area 1cll 
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than k. Under this fomtulation. a WWe _....,,can ,l,o' leStod,ey:criteria depending only on the 

feasible solution to see if it is a solution. When the minimil.ation formulation of the problem is .used. 

feasible solutions must be compared against each other IO find the actual solutions. 

The number of stepS taken by a deterministic Turina machine is polynomially related to the 

number of steps taken under a model of computation that corresponds IO the instruction set of a 

computer if the lengths of numbers operated on is taken into account (Ah74J. lbcrcforc, any problem 

which is in P can be solved in a polynomial number of steps by an algorithm in a high level programming 

language. The number of steps executed by an algerithm is referred to as the time taken by the 

algorithm. We would like alt the problems we need to solve to be in P. 

'Ilic question of whether P = NP is one of the major open questions in complexity theory. It is 

believed that P ':I: NP. Problems in NP have been found w.._ ....... mp'iaplies NP z:i; P. 'f'he9e: 

problems are called N P-compleu problems. A problem is NP-hard if for each problem in NP, there is a• 

polynomial P and a transfonnation computable by a detenninistic Turing· machine in a polynomial 

number of steps which transforms an instance of the problem in NP with an input of length n to an 

instance of the NP-hard problem with an input of length P(n). An NP-complete problem is one which is 

NP-hard and is in NP. There are no known deterministic algorithms for NP-complete problems which 

take a number of steps polyn001ial in the length of the input lbe fact that such weU studied problems as . •. 
1- 4.·1 ;-~ r" 

integer programming and lhc travelling salesman problem are NP-complete (Oar79) strongly suaests 
,. 

that NP * P. Therefore, proving a problem NP-complete is very strong ev~ that any algorithm 

which solves the problem will be time consuinma. 

lbe most common way to prove that a problem is NP-complete is to find a reduction from a 

known NP-complete problem to the new problem which can be executed in deterministic polynomial 

time. Then, since the composition of polynomials iB stilt a polynomial. all problems in NP can be reduced 

through the known NP-complete problem to the new problem In detemdrustic polynomial time. 



When a problem ha INon ptOffll NP--complete,, the • coune is to try· te :ftnd an algorithm 

which runs in potyaonlial dtne· aact ftada. a IOlulion ~the dme. · When· the pmbtcm pmven. 

NP-complete is 4he ~ -- of;IUMJptim•don J)~ an alprithm 'Which. am ftnd 

solutions close to optimal, if not optimal Is desired. Heuristics are developed which can direct the 

number or possible solutiOM, ~ ·remove 1ar,e. ffl1lllbm of pio!lltble solutions based OR the 

likelihood that none wil ootlp&iffiahlh.ttiela. 

Very often a heuristic al&orithm is tested and validated by empirical evidence. AM of the 

algqrithms discussed in Chapter l are heuristic afaorithms for placement and routing. AU have been 
\ 

judged by comparina the solutions they produce to manually produced solutions for the same problcms. 

These all0fidl1111are allo comparedWieaitt otberto .... ...,'Wt'Wd\, ,fnentrast. in ,rbts thesis, heuristic 

algorithms for optimization problems are jud&ed by the FUllioftdlip of 'die solut'ifms lhey produce to 

optimal solutions. Consider a layout problem in which minimum area is d<:5ired. Let areaala(C) be ~ 
. . 

area of the layout for cin:uit C round by a particular alaorithm. Let arca•(C) be the minimum area 
. -:.-."~- - -... .-

layout of C. Then ~efine the worst case performance of the algorithm, denoted wc111(n}, as the maximum 
~ ' ' ! r ' - •• 'c 

over all cin:uits of size n of area..,(C)/areaopt(C). Define the tntragt case perfonnance of the algorilhm, 
. ' ' ~ ;'" ' 

ava.i.(n), as the average over all circuits ofsize n of areaala(C)/area•(C), where the average is taken with 

respect to a predetermined distribution of circuits. The size of a'Ci1t11Jt:clt1ll>e4tfintd-bt,vartous ways 

depending on the circuit ftlodc~ e.g. the number of' terminals, or the mm ·or the. number of components 

and the number of nets. The size should be deftned so that the lcnath of the input specifyina the circuit 

to the algorithm is polynomial in the size. 

A veragc case pcrfunnance ii more likely to correspond to the observed performance of an 

algorithm, especiaUy if the average is taken over "~istic:.; circuits. However, it is often very difficult to 

analyze. In this dissertation. the analysis is limited to wont case performance. If a lower bound on 



area• and,an,~"'""' on--.._ CM·bo4elifflt•an'apptl! ~;OIi •111a can bemncluded. 

ldeaily, a bouad of 1 +• tbr --1 ·t a dou:ld. la ality • .e m happr W!da allJ coast.ant bound. 

However, as will ~ 11een in SecdoP 4.4. e\1111 cot11&1Rt1boallda-;.re .•. :adlierod~br SOIRe COlllfflOll 

Sectioo 4.l. we will ·consider two. subpfahlfflll ,of dlaneel ruutiaa: -6· ;lhow &hat they. a~ both 

NP-complete. In Section 4.4 we wiR analyze a heuristic .. .,.. 4-,sne:of the .proble• lhowtt 

4.2 Plamnent 11111 Routin&: NP•complete F.......,._ 

In this aeotion we awidcr the- compbil) of tho problanl,...._ fmn,the ~ Of 

tQe layaut problem iato piacaDent ead---
4.2.l The point IDCNlel: some·kaon 1tS111a. 

First consider the placement problem used tor printed circuit boards and standard cells. Recall 

that components are model4?d as points and total wire lenadl is tile quantity to· be minimized by the 

layout The quadratic assi-t problem ~ one. fonnulatioa~~: 

Qulnlraeit,A......_ PJioll• . . :; r .· 

_Given: .~. l ~~!J" -·~ '~, =,;t t1wi!l,~c~~~:mt~r~ ~; 
components I through n and~~ mat!U. _{cJ 1 S_ij Sn} between~ 

_.,,, "J'---- ~. :__ "-·:~· J:·f:_: <f ts)f~U.Jt}. ~ ·:~: ·~iJ[t:\:··...,. 

find: A one-to-one mappina, p. of components to locationf suc;h la;at 
· .:-~~r-;-.c ~ft! tt1 ,.:;-r .. · ·""•(~ 

COST(p) = sum~~~ri~j ~ i __ to~-,of.(c~d~1~::~,~-<:;. 

Sahni and Goni.alcs (Sah76) prove tf)at lt1c »arametctj7¢ quadratic;: •pment ~pi is 
.• · "!' •• ,·· .·.t·. 1·;,.:i_;.'.!.·;-~-:'. ~ .. .:...;.~-u.-.;,i -- _ _;_f :-,•·:,,,:,~::; ',._,, 

NP-complete. In fact. they prove. that unless NP = P, there is no approx~ alsorilhm for quadratic 
;; . ~ ' . , : . , . '. ' '. . . ~. : :_ :.. ' . -. . '; . 



assipment for which there ii an 1 > 0-llltltdlatfor an~ortlle-pro&,lem: 

COl'ftt>a1a)laJIT(Jijtl :1 l + •· 

Tue proof 4oea-,refy on iftlllftCtl .,,dll:plllllWJft;~te•1ctrmHnatrtx values· cij greater that 111. 

Connr en1V ....... of tllo ,..._ ·• wlk!lt ·tM'tq •W to a bounded range of values. 1be 

~f1hanhe niSlenee et•~-a~fel'Wftidt dw1Wlii6'8'COS'flp~1al to COST(popt) 

ii no~ than- 1 + 1 implicl NP= P 11'81~Mltls ti'·•~r tlbwever.'the restricted problem is 

NP-complete as Ions as the cij are aftowcd lo take on the value O or 1. 

The quadnKk:·· ........ trotJllill is a',ftwtftlMion of?the placement problem in which all 

point-to,-point .._tionl a,e apMfled. · 11'1 fDiit' tu,~,.• m1m&er ·of eOlfflections between 

compoMlltl i and j. TM di.-'\,.-ii----·-~-- ~-to~nnect termtnals at 
locatiolll II atid'h. If a ptlCtlRftt ,-btem ~--• aUtnae df the fentth of wire -needed 

to connect whole nets is used, the quadratic assignment problem is a special case in which all nets_ are of 

size two (Sah80i Therefore, the quadratic assianment problem reduces to this fonnulation of the 
•• t ~•.,: I \ .,,, > • C • t 

placement problem. It follows that this fbnnulation of the placement problem in NP-complete. 
~ [ f ,i. • • :;" . . I ' ' • ! ; -;; , 

Let us now turn to routing. If a Steiner tree inten:onnectioft pattern is desired for each net, then 

even finding the connection paths tbr one net ii NP-complete. Formaffy: 

Qi~: A ~t of JX)int$. P, ip the ~lane wJUt inteac~ ~ 

Find: A set ofinteaer points, Y, ·IUCII that the mlnimumtenaflt1panning uee of PUY is mittimal 

over all sets of integer PQJDff' Q>Q~ .. P. One..qf •Q~reJ.;Of~c Jll;lY be 119Cd: . . . : 
(i) The discretized Euclidean length: r((x(X;i~2+b1-yJ~)\i1 where (xl'y1) and (x2,y2) are the 

,. ) , ( ' - , ' ' 'IC"~ - - I, , • • , 

points. 1bc problem 1s then . the Discreti1.cd Eucl~'Stei~rT~ Problem; . . 

(ii)1be rectilincar1Mb!it: fxtif+ lYtYif~ awinrlte'~Rleiner1't'eet>roblem. 

For either metric, the Steiner tree problem is NP-complete. If the standard Euclidean metric is 



·ff· 

used, the problem is NP-har~l,,l:p&Jl,4' aQt k .... tJtkiallBUG.mJ., . 

The minimum spanning tree•• ~the, tW1ric-.~~ in polynomial time (Ah74i For· 
',-, - '. _,,;;·:, , .. 

Steiner ~ fl-lw71J. ~~ Ill)' ~ .. iO·,,...,fflin __ ;.._.._.apannina ~ i$ • heuriltic 

~.for~inmtnnuJJ~ $teilwr,._ _. • .-~•::i.-io.t'~;0vcdcns&11Glltfll 
"'' 

(Hw11i 

'Ibc above twp pfPl.lJems wfy ,k> Jtle ~. Qf a..- • JYJlldtA,'OftlPQDalt$ are points and 

mjnimum lc~dl ~irina -is~t, Od,er·.,..._ ~ tR!frisJJkJlllll.a,e1tllo~ •. T,1111 et.,al. . . ' := . 

(lT/9) show that a via ~prot,lom~~ ja their~ito,1JJU&it11 is NP~ A 

summary of •n..., Qf NP;~~~wfdl,tlliaA118CMloN,beJoun,UttlS._ 

4.2.2 The rettanale madel: a new ..at. 
. • . f 

The above NP-complete results do not directly apply to the model of layout in which 
'. . ~ '.? ,':"r ~ ~ ,:1 : ~ ~ ~~ • ·, · :~; • '! 'i t· •; . · 

components are rectangles and minimum area is desired. We shall now prove that even when no 
J • ~-· "~ \ ·"' -~ :'. ,~::~::: -:! i. ;:'-: .:~·- (" .. \··. t 

interconnections are needed, the placement of rectangular components to minipuzc area is NP-complete. 
-:: . ' 

:;., -~· .. ,:. ~ •.• ~--· ./':! ~-,(,:_:'!:: ~,_:_.~, t_'~:-·': 

Since this. is a special case of the layout problem. when interconnections are. required. the more general 

layout problem is NP-complete. The proof we present below does ,...,,._; eata,IEIIQ>tions in 

addition to those given in the desaq,Wn 31'·oul' 'rrroclef W ~-:t : ~ti' ct>inpon~nes' and the 

c~ma fl'£faoale ~~-- .._,_. .,~SQ,t.M\ •. of'Jllejr, sides js in the 

direction:dfonc oftwc>'pe~ axes. Tiris'difes t,.t~..WCM1Xt'ihe' ~t. a11owec1 

but is consistent with the ~~ ~ jori~tal .. ; ~; ~~~•" ~~~,~I~: w~ich wires 

follow. Weaa.> rcmict allpoin&s and djmcfJl!iQftf • ~Jntieacriv,IUCld•fMlfto•~rhadilcrete . , , . -· - . -.· ' ' . 

solutions. 



PrelllemPl:Qilcl,ea..,_wa ...... , .. ,11t11•· 

Given: A set of n reaaqln an4111 intepr, It. ForlitSn~ eadneetan11e:r1 ha dimensions h1 

and w1 which • polidve iae1pa 

Question: Is there ~ placeawnt of the rectaflllej o, lht pi.me .with a can,esian coordinate system_ 

impoaed so that: 

(i) Each boundary ri parallel to one of the coordinate system axes; 

(ii}'Conef'I of dw ._....,lie Oll ..... ,,oiittttn'W,......: 

(iii) No two ~qverl9; 

(iv) The boundaries or any _two rcctanaJesare separated by at least a unit distance; 
;' , . ' • ' - : . ' ,:. ~ - ' ·- ! . ') ~. ! " , ; . - . . . : .. - ' 

( v) There is A' n:ctanale in die plane which dn;umscrlbel ·the placed rectangles, has 

bou...,_ pandltl to file --. aad· ia::ef --- at,ftNlt· A_. • The --bouttdary of the 

circumtcribma ~tafl&Je is .-Jlow,i.~-~~ of pl.tcecl ~ta~ales-

Proof: Consider only placements for which the lowest leftmost comer of any rcctanale is at (0,0). · All 

other placements are just translations of these. The coordi~tes of the lower left corner of each rectangJe 

and the orientation of the fOCtanlle. i.e. whether the side of length h1 is in the x direction or the y 
. . 

direction, determine its position. Since the coordinates of each tower left comer can only take on inteaer 

values between O and A-h(l, there are at DlOlt A2 choices for each poinL A nondetenninistic Turing 

machine can guess a possible placement and write it down. Given a placement, conditions 0) through (v) 

can be checked detenninistically in polynomial time. 11us shows that Pl is in NP. 

The proor that Pl is NP·hard is accomplished by reducing the Bin Packin1 Problem to iL Since 

the Bin Packing Problem is NP-complete (Oar79), this proves that Pl is NP-hard. 

The Bin Padilla ProWem: 

Given: A set of n ~~ each of size. ci a positive in~~r. < also. J¥)1itive intqers B and· C, the 

number of bins and bin capacity, respectively. 



Question: Is there aa assipment of--•-•• llllt'k-.&. l~~the-. t:I 'i over 

_ . an itcims ~ ... ._._.. .... er 

Given any inslancc oflbc Bin Padin& Problem. we witl comtruct an imaance of Pl• follows. 

Tflere wilf·f)le n+J m!taRifcL One. caHi, t.·wnr tie' or•·,·1,y ,{.~--~ (lD+J)C-1 and 

h~2Bw+l. The remaining rec~ wiit
1
~-~ to,~_ R~ ri will have 

' . : - - -: ,. . ' ; . -..-; ' - . ~ - '. . . 

dimensions bi= (2B+l)l,-:l:---Wi~ l~ rn.-.....S -~ail W,A,:;:::alr+lBw. Note &hat the 

length of the input to lhe Din Packing Problem is O(a + toge ~.r~·111t ~ of the rcaaagles 
2· ·._ •, ~<-

1 t'! ·-:f ,.-,?'i ~-"'"t ,.,_ ... ~ ' 

and A can bc_calculaled tal~-ftl}~e ~~~ ~.•-~,~;-- ___ -
. - - -. , ' . ' ~· " "'. . - . , 

We must show thal dllle ilia ,-elM!lll sa&ilfyialf'JtJNi~~and only ii fhere 

is an as.,ignment of the ileatJ to B bins ~ ~,~ c' Rt aaj
0bW.' 'diven a bin pail)& 

Figure 4.1 illustrates a~-~ --•--- .__,plianal~~)dl11N11P(¥) 

corresponds to a legal bin pacuna- Figure 4.2 will illus&rate. Without Joss of generality. let the side of 
.- , , t.,, _ -_~1.: r.~ -> 

rectangle R of dimension h be in the y direction. Let "left" denote towards lower -numbers in the x 
, -

direction and "right .. denote towards higher numbers; let .. above" dcno(e towards hi8her numbers in Che 

J direction and "below .. ~ towards lower ~~ ~t ·~Y poi...:~--~ of the,~~~ in the x 
, , -

direction is strictly less than w+ I. If not. then area~ h(w+ 1) = hw+2Bw+ 1 > A. Therefore. all 

rectangles, ri' must lie above or below R. None can extend a unit -beyond tbe leoath h sides of R. so that 

' 
for each rectanlfe. some line in fhe y direction intersects tbe rcctaa&fe and R. No rectanale. ri. is oriented 

- ·.: · ''., ;~·_: ~-, ·- ~( ;_~~..-:.? ir. :- :~,.1}-l';_ --ii~ ,:J-~t:L, ,_f,-,-~ '==-:--.~ t·:_~ .. , :! "' 1 

so that its long side is in die 1 direction. Otherwise. the dimeasion of die dreumscribiAg rectangle in die J 

direction would be at least h +(2B+ l)cf 1 + 1, where the addccl_ .l amuQtl b the separalion ~ 
;:- ~--__-: • :, < ~~·:; ;/ ,.,_ :-: _ _:,::;,.- ' ··-< 

rectangle boundaries. Then; 

area~ w(h+(2B+l)c)~ w(h+2B+l)>A ... .,.wtatisfied. 

4 
··_;,,}-t!;_ 0. ,'(.?i .n--<.L GI~~~-:,,._, -:• r, 

Any placement can be modified sfighlJy without incrcasin& the area so dial the ri form rows above and 



;,,...~ '?~i~--',th-:C:- ~t,:0--, >,:~_ ,-~,~?~;.~·2:,t-:;~J::i::;;r:.~-~~,~X .. ~_:{~;\~' ~ ~~?~. ~~~~~1.!J-~,~~-,f~<K~A~~...,,._~.,,.:i.efJ~ · ;.,_~,:-,-~- ~ ~"-"\!';.:'."".'- -::--...-~ -,,:;_;-,.<."_-~::,,:_:'."_..~..,.-~.::-"\-~-~ 

• • 

'-4'.bA .,.._ .... ,,_...._ 

hei&fl4 I_ . ··. • ,• • c::i 
2U 

□. D ... I :,: :: I J 

□ 

• • 
• 

I\ ::: ltJw ;::_ l 

I 

w = (28+ l)C ·l 

PMll row c-eritains rectangles corresponding to 
ilon in oae bin. Adjacent rectangles are separated 
'W• .. , IWe div ti f#tthe1'ht1-.m-ta at-most 
C. lhe ..._. of dlt row ii at most 

'•. 

(IC(lB+ l)crl)) +(# ofrcctanates in the row-1) 
. ,., ...... , 
indlelOW 

I 0 I 
I [IJ I 

I 
becomes .• ) \ I [I] 

I 
I 

IC!J ITI I rows corresponding { I (IJ [II 

·I 
I 

R 

~.Jw·· ... , ------

if there ia anydlina here. 
the a~ ii to laric; 
so all ri. within broken lines 

D 
I rectanale the tona way ia too tall 
I resultina area is too laip 

. a 

I 
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below R. (Any ri a~ rj t~ than two units above or bel°.! fti IIIUSl'lo-~ ffnm·~othetl>y at 

least one unit to the left and righL These can be shifted m· folm the fiBt rows above and belew R: The· 
,·· 

next rows are fom,ed _analogousJy ~v~ the,~ boltndary -of the row above R ·and below the lower 

boundary·of tbe-row below fl. _fip~A.i ~) Each row of rectangles can be COMidercd the 

. ·' 
packing of a bin. If the rows correspond to a legal bin pacting, we are done. Suppose there arc K rows. 

' \ ;.;~ '._ -

Then the dimension of the circumscribing fClllllle m tltc y direction must be h + 2K. since there must be 

a unit space separating rows ft'om-each other and R. If]( > B. then area> wfh+ ffl) -= A. cootradictmg 

( v ). 11lcrefore, at most B bins arc used. It remains for as to show that the sum of sizes ci of the items in 

any bin is at most C. Each itenl.COffosponds to il}'C,~tallslc with hi::: (28+1):tl. 

giving 

Therefore, 

l; ((28+ I )ci • l) + the number or rectangles in the row - 1 
rectangles in row 

S the width ofa row of rectangles< w+ I = C(284 l) 

(2B+ l)(sum of ci for ri in row) - 1 < (;(2B+ 1) 

(sum of C. for r1 in row)< C + 1/(2B+ U-

Since an ci and C are positive integers, the above implies 

(sum of c1 ln one bin under corresponding bin-packing) , C • desired. □ 

Corollary 4.1: The modiftcatipn of'Pl'removing the minimum spacing ~rrement is NP-comp~. 

Proof: TI1e same proof is used. Rectangle .R has dimenskma II = Bw +fl !Bnd w = C(B+ 1). Fer each L r1 
'".,~,-·:~:l--~-i:,',,__:~ ·-~i·~ ' 

has'dimensions hi= c1(R+l)and w1 = l. The NP-hardness part of➔~proof does not rcqui., that any 
. l ' 

. \ 
of the dimensions be integers or that the rectangles be placed so that thclt~e~ are_~n i~tefe• points of 

the coordinate system. □ 

Lemma 4.1 is presented with spacing required between rectangles k> closely mirror the problem 

in circuit layoul The dimension of each component 'atii bet ~ by ilM' linit· to ateobnt for the · 



rcqu~ spaciq ialplif;idy. TM wil\..,.•~~ffQtf• &o ~,one um, IOO Jarae in tadl 

difnension. · When spacina is aot aplicttly required. dl,:,-le111 ~gs NP~ ♦Viffl · if d~o aspect 

ratkl of the circumscribina rectanalc ii bounded. 

Prolllem Pl~Cl ..... wkf':~ .... ~ ....... ,._.,..., ~-ediou 

Given: A set of n rectanps.and a P0f,idve number A. For lSiSn. each rectangle, ri' has 
,, , • ''-. . ,·, -.,• c..; 

dimensions hi and "r 

Question: Is there a placement of die? rectanaJea on the plane with a cartcsian coordinate system 

imposed so that: 

(i) Each boundary is parallel to one of the coordinat~, &)'Item ues; 
;l ~- ,:: , ~-. . 

(ii) No two rectanafa Offllap; · 

(iii) There is a rectaoalc in the ,t., which ckcumacri~ the placed rectangles, has 

. boundaries ~'. ~-'t!M:' ~~'•;-r~;r;r~ ~'. A~,. ~d ~~· ~t ratio (lona 

side)l(sfron iidet'aftnalll •~t~,i1•ls • ~:iium~ not less than 6ne. The· 

~. of.,-~r•-~ •-~.a tp cpn~n ~l)da~ of p~ 

rectanatea. 

. ' 

Proof: The proof is a reduction from bin packina similar to the proof of Lemma 4.1. Given ci for 
; ~-,. ~. 

I<iSn. C, and 8, construct R with w = ciC(B+l) and h = w/a- B. Each ri is of dimensions 

hi= aci(B+l) and w1 = 1. The bound on area is A= w2/a::::: ac2(B+I)2. ~ aspect ratio implies 

that the laracrside ofthe,dcsiredcircumscribina-is --~(~A)
1
" = w. Tue.:Crore, assumina R 

. . ' 

is oriented as in the proof of Lemma 4.1, none of the r1 can lie to the left or right of R. The rest of the 

proof is analogous to that for Lemma 4.1 and is left lo the reader. a 
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Preof': The amstruetioll in d\e preof of LeMtna 4.2'etn be cen,putctt • time po1yft0fflia1 in the 1e1lgth of 

the repN!Sentation of a; fllercft:n. « can hem itlput.• . a 

Lemmas 4.1 and 4.2 prove that the layout problem we are studying is NP-complete even in the 

degenerate case when only ~ '1$ ~ OiWll 1a·•,._•M t;f•tolhJYOnehts; is f1c routina 

problcrn,NP-completc? We .do not have a proo(or•;; ~~(~~~teness result for routing. 

However, in the next section, we wiU present two NP-completeneu rcsuflS fur subproblems encountered 

in channel routing. 

4.3 NP-completeness "1 Utaanel ROlltia& ' 

In this section, we wiU prove that two pl'Qbiems eocou~·red in a channel ~ting approach an, 
. ' . ' 

NP-c001plcte. Recall f.hat in the ~cl routin&ca~h,~Jput.lllf~•4iv,i4e.d into horizontal a~ 

vertical streets. Temiinals'ffc along the 'lidcr!of w~'•·Bieft ·ltlt'ef if nude up of a set of parallel 

channels in the direction of the streeL Each channel is wide enough to ~~f for the width of a wire 

and the required separation,iJetween WINS. rtnUlte:~ jNilttti of'pathflhtouahthe streets 

is chosen (street routing). Then. within each street, the~ ~ of the~. scgmen~-.~~ b:> the 

street -- using the channels -- is detmnincd (Chaft1;lel ~). Toe, goal is to minimize the overall 
.... >,:- -~ :..; ' '. ·c, 

layout area. (See Fagurc.4.3.) 

The street routing p~lem can be represented as a araph problem. There will be a node in the 
• ~ "·! .. • ,, .. ;:-·'_'J:/,;;·: j•;; )- ~;•·:·--•t,' ,·. :,. , ..,,. :~_ -

graph for each position along a street at which there is arc tenninals. (fwo &cmrinals directly acroa from 
. .;·. .; ;i •. - -·~: ~:f- _,-.:::.;:' i ~. -~-~ • '!. 

each pther on a street are represented by one node.) There wiH also be a node in the graph for each 
, .. ..!'?~f•--~·1 •·-:iJ f):) :"f-1! ,:- t;,;r ~ f '...~{.-;Ll:..:.; ·~,} ~ ,tt} : ?·t :! __ :;,: ·, 

intersection of streets. F,ach cdac of the graph represents a portion of a street between two positions at 

nodes consist of the nodes representing terminals of the net and nodes representing stM!l ifttericetielil. 

This is a Steiner tree problem on the graph. 'lbc intersection nodes in the graph are analogous to the 
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added nodes in the plane for a Rectilinear or &.elide.to SteMICI tree probielll. However, we do not wish 

to find a minimum length Steiner tree in the graph for each net Using a minimum Jcngth Steiner tree· 

for each net docs not necessarily yield a minimum area layout lbe eventual area of a layout must be 

estimated when the Steiner tree for each net is being chosen. 

'fhe second phase •• cba,mQJ as&if11111Cllt'; .. - detennines the actual .area of the layout We are 

assuming each street is of variable widd1. The numtier of channels used in a street directly corresponds to 

the street width. Channel assignment determines the actual paths in the plane realizing the 

interconnection pattern detennined by street routing._ The paths arc composed of horizontaland vertical 

segments .. The path segments within each street arc dctc~ ~~,~ &hat the segments 

for paths which change streets must be connccted._at the intersections. The horiwntal seaments in a 

horizontal Slrcet (and ven,ical ~~Hts in.av~ street) lie in channels. F..ach channel is the region 

between two lines parallel to the struct direction; ~ lw~~-,,'"if~~~lS.fWm:i>r one wire 

width and required separation between wires in any channel. Wire ~gmcnts perpendicular to the street 
: . -

direction are used to connect scgmeQCS in channels to each other aad l!> ktmina1'-

4.3.J Omnncl assignment within a street. 

The first NP-completeness-~uk which we present proves' that. with certain restrictions, the 

routing of paths in a street so that the nwubcr of ~-~"'• qfbtd.-j,od is NP-complete. The 
- k -,._ ~- '. •• ,,._ ,~p, ~ - .•. '' _- ·,,,.,:_o ,:~· '-_ , 

restrictions are that (i) all terminals to be interconnected lie in the street (i.e. there are no street 

intersections to worry about), and (ii) each set of wi_rcs interccmnccting one net uses exactly one channel. 

')bis problem is represented as follows. 

Problem P3: Channel Assignment within a Street 

Given: A line segment, S, containing equally spaced points numbered J through h, and a set of 

tenninals, T. The line segment represents the.street. Each terminal, t. is an ordered pair (i,b), 

where i is a number between l and h indicating the position of the terminal along the street and 

-----·- --



bis an element of {0,1} repreaentifll the side ofthe·stn,et on-which the tenninal lies. For any 

two tenninals (l.b1) and (J.b1) with b1 == b2, ~·JI .t 1, where a is a positive integer chosen a priori. 

iRteaer Sd......,,: - ..., ... ; ........ ,~~ A116•1f~ .e a'ceffectidh of n 

disjoint sets of terminals. Ni A>r l~i~~. ~~.aQ<l f paAltlll.f k.. 

Questioa: FOf wlntet, N1, let~ l!Mt,_th&.poaflten of tbt,'teffhinafoflowest poskiorfin Ni and zi 

be the. positio'1 of the ,l!~:inal -Qf bill.lest~ • L~ Ja~de~. the set 9f all points on S 

between ai and zi inclusive. Is there a mappiq. ch, which aasians each .net a number between 1 
and k inclusive~ that ft>r any Ni alld Nj, 1 SIJSn~' , ~ , . ; : , . , . , . . 

(i) lftenninal (1,0) € N1 and termiaal(y,1) €NJ and lx·yf<s, then ch(N1)<ch(N1): 

( ii) If [a1,zi) n (~.z,J is not empty. then c~M)'-\:li(N/ · · · ; · 
\ _·1\:-,f_ :",( .'.~:.i · iir°', ./ >t ~ 1· . 

The mapping. ch, represents the allipment of a ·wire segment between points a1 and zi to one of k 
~ ~ , ~ ': • • ! : LJ. ; '~ - . 

channels for CZK:l\ net Ni" ~ j~rval (a1.iJ i$ ~ l'J,tlITTfi,pf.»~tlfjv~entS.,perpcndicular to 

the direction of the street are aaamed to go from each tcnnifflf ·ur the ··rief Ni to the segment in the 

channel. The restriction that.~ .!lelffle. ffl~ llffl O)'C~i8.,rc9rese.Dtfr4"1lCf;llldition (i) above . 
. ' - { - ' . . . .~ .. - ~ ~} ' - ~ -· , ' 

If there are oo tefllliaala 5t1tisfyiag the Jl~, et' c~ ~i). 1~~. ~114ition,(ii) is tl\e only 

. relevant.conditionL thf!n P~ Pl ii the in&erval,CQlqq .. ~. !lW Mttery.aJ ?>rina pr~ is: 

given a ftnite set of intervals on 4',line and a positiwe ~r. ~ . .an a coJor,<p,osjJ!v~ i1Hcser) k> ~ 
• J; , ' .••• -. ' . ·-· . . • -

interval so that no two overlappina intervals have the same coloc.P<l ·Ptt mote Jhan.1 colors~ used . 
. ·,_ . .i '. ' .... -..l • 

Nets dcfl.ne intervals. and "channel" is just ~erJlllJl.c, for "~r". 'IllCc~rvaj,.~.pfOblem can 

be solved by a polynomial tifne algorithm [Oav72J IU..71l, • 'lllc lQ!ution tQ. this P,!Ob• uses the same 
. • . - ., .' . ' •. -- : -. ,.:. . ,i::i, - , ' ,, 

number of channels as the. maximum qver aJJ pqints Qn S,,of SM, .~f ~f ~, ~~ interval·la.n) 

intersects the point Therefore ~ven if ,we allow. wiffl& for .QDc, .-et to .use DJOfC. than one chaa-.e~ tho 
' . ,_. . ,,• . ' '·- -., . . 

sol.ution found usina one channel ii QP4i1'lll. 
<!·• . 

Without additional restrictions. the channel assiJnment, Ptoh~!ll . ~ as Problem Pl ii 

NP-complete. 



(i)and (ii) are satisf"tcd. Therefore. mc·p1u1Jte11fk'tiNP]-

We will reduce thtl, ~' 1ft: ~ :,...._. • ~ f'R)blem (Oar). to . ' ' . 

Problem Pl to prove that Pl is .._hard. 1'tle cin:utaf~~~na prt>l,lenfihhnilar to the interval 

coloring problem eiccpt that an:s on a cin:lc rather~ inseryals on .t ~ ~ 1,JSC- f'.iJUf~ 4.4 il1uslrates. 
' , • - ; '; - . ' ~ •• , ; , t • - ~ ' ; ' 

The Orcular Arc Ce1of?111 ProW.■ 
'._ ' • , ' ) l~ ~ 

Given: A finite set of arcs of a cirele -.1 a positive ialeaet. t. 

Question: Is there an mgnmcnt of colors numbered 1 though k to the arcs such that any two 

am which· ovetiap are -ancd dillhtnt ccSltirs1 'Na' Miicfi'mteWect onlfal their endpoints are -~-~ 
s-mc~ an:s which mterscct at endpoints are not ~- staay modify any ~ or an:s so 

that no ares 'have endpoints in common lsetf~ 4~4); '~ attuaf ~ or the arcs is· irrelevant. 

ThereftJre. mrn·an:s: we·dffl numbertbc'endpbfnts·ftMi1'~ ~~-'eravei1infdle'~ in some 

direction. P:ach ait will hie· represented •'.• ~\;aft. QA lidng:ltle, ~ndpoints of the arc as 

encountered in dte·tmersaf of the dide. • 
.j __ 

Oiven aninstaricdbf"the circular an: cohma•~lriftl 11·ilts;ckld't colors, we wm produce 

an'instanceorthedinnelaaipmentpmh~wlth~~,~~n+c:(2l~+i))~~cisdie 

numtict of arcs wlkheootairiift:(2h,lJ. Each ~"Tiilt~'ratir~~ tt«>'term~·tntuitivcly.'we cut 

1hc cirdtbctwee1i'points 'lti ind 'f d sfflitdi)ic'-0(&(:str~ 'tiiii ~· fn Ji +c intei'valt 'since c' ~ 

have been cut in two. lbe n-2c intervals which do not hav~ritk"'~t:'t:1\c •@t fine win~ 'die 

mrerva1sornets;•;Consldcrtng'onfy t11cse nets. anfteaaf-~n,·bft11annets wttr& a1c~ ~anment 

of colors IO the corresponding an:s and -vice versa. 



Flpre 4.4 Orcular A,c ~ 

colored widi , ..... ,, 

(F.ach color can 
~~-•,,, 

above-~ cb1:leJ 

Fiaure 4.5 Constructlen of II chaltllel assignment proltlem ..... ~.,, ............. . 
Oiven: 

Ca.re, 
l 

Construct for t colon: 

• .. . 
.Jt 

Key: 
~ • represents the'interval ofa net. 

Arrows point to the side of the street containing 
tfle terminal 
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There are 2c intervals with endpoints on the cut line -- two intervals pei arc. If we can iniure 

that· both imervals of each pair are assigned the same channel. then cam . Channel assignment will· 
.. -

correspond to an arc coloring. We do this by e&Ulldill the in~als bey~the cut line and addins nets 

which fun::c the pairs to be assiped to the ~ chainriet Figure 4.5 &ives ihf construction. The {qrma) 
~ . , - t : - ·- , ,,. ' ,~ ·-

definition is givea below. The points on which tcnninals Ii~ will be numbered)rom -c(l-{C"l)/2)+ 1 to 

2n+c(lc-(c-1)12)rathcrthan from I to2n+c(2k<1:+;l). -

For each an:: (a,z) which does not contain (2n,l), there will be a net {(a,0).(z,l)}. Order the an::s 

which do cont.run (2n,1) by increasing starting point For the ith such an::, there will be 2(k-i + 1) nets -­

half have terminals within the negatively numbered ,pemts _. ;Mlf ha¥e tennlfta)j-within the points 

numbered above 2n. For an:: (ai. ~). 1Sz1 ~S2n. the ith arc containina (2n,l), ~ 1li!1S 3!" defined 11 

fol1ows. For ISiSc. Jct 

i-1 
sum(i) = l: (k-j) = i (t-~i-1)) 

j=() 

Pi = -sum(c) + sum(i-1) 

p ~ = 2n + sum(c) ~ sum(i· 1) 
I . 

Then, there are nets: 

N• = {(pi+ J.O). (~,1)}-4 

N1j = {(p; + jJ), (Pi+ j + 1,8)} fC)f ~!Sj;St-i; 

Nit = {(ai,l). (pt ,O)} ai1d 

Njj = {(pt-j.0),htI:1:4:1,1)} for 1:gs;~~~r~~ :_,, 

For each i between l and c~• Jhei application of~ (i) in ~finition of problem Pl 
.:_;~ °t."". <- -~ .....,,~/ 

results in two chains of k-i inequalities for the:set;of ao&s corresponding to the ith an:: containing (~n,l) --

one chain of inequalities ch(Nij)<ch(N-iJ+l} and one of inequalities ch(Nit)<ch(N+ij+l) for 

OS,;<k+l. Therefore, nets N1~ and N1 ! must be assigned channel l if no more thank channels are to 



bet UNd. Nec5 N~· and N11 caw be· •fined·~ 1 m 2· without violating condition (i), but their 

interv. overlap Olole A>r .. N18 * N1 t ,· reapedively. 'fhertfato thannef J is the only choice for 

Defl N,o and N2 ! ~· Proceedina • .._,way,.we·We f;ir..-sN;'ari4'N,l must be assigned channel i if 

no more 1haa k chanels are to t,e llllct. · 

Given any channel assiplMllt tbr the-~ Rt of nets, we color the arcs which do not 

contain (ln.l) b.y the same fltlfflbtred (:Glor as·ttrt ~ channel. for the ith 8-fC which contains 

(2n.l). we u~ the munber of dale dllanol amped f&ilets N• and Ni!. For arty pair of arcs which 

overlap, there is at teat one;~hit pair of.,.._ ·intenals ovemp. Thetefore, any legal 

channel asaignmentccM'n!lpollds && a'. llrplcoferiKl•~llflte fflJlllber of cofots as-channel; 

· Oiven-acolurlngoftheareslllintatmoatk~·•eeassigntfle·t1Ct$todtartnelsasfbltows. 

Pennute Che colon so that w ~ am conhlittin, aft"{2fi,4l•is ~ the IA-color. Assitn nets Nij and 

N1t to cbannet i+ j, fur l~t~ an4 GSr.SfN. 'llle-·itffialfflftl ners· arc assign&fthe same numbered 

channel. as the-color of the c:omllp8nding art. Be&weea peints l and '.Zn, intemli overlap if and only if 

their concspondift8 arcs overlap. · Ellewllere, no· N1j ·· and · N.,; · for Kp: o~ · except N~ and N_,;. 

Howner, dl(Nj) = i<p+q = dl(N~·), •• no N1j _, N~ ,'1fflkh ·ovcrtap· are llliilftCd the same 
channel. An analogous argument shows that the Ni j arc properly assigned to channels. Therefbte, · fur 

each coloring. there is a lesaldlaMI aLllipment uMng die._ nlilntiet' of'chan~ astolo.rs. □ 

Since the construction uses only nets with two terminals. we have: 

Corollary 4.3: Problem P3 ratricted to aeu containina eiadfJ tw llmitinab Ii NP-comptete. 

4.l.lOlawl mip■eat with lllllllett.._, 

The second problem which we prove NP-complete cllals strictly with' the· ordering of paths in 

intersections so that the rcsuking street widths minimize• the area. · lltis problem is somewhat similar to 
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the channel assignment problem in .d)at if two ·paths ~-..--,.ia& an iatcnection from the same 

direction in a street, and one pat,h Deeds to go left at dlc . .-ttrsectioa aft4:theothef ncods tio go right.. then 

dley cannot share the san\e channel in the, new. striN!lt ~ltleY.Are tnJht PfGPCI'· order WMJJ,th~y.reach 

the intersection. The problem will be modeled using a graph to ..... tthe,sttom.. Subpaphs whidl 

are trees will be used to represent the interconnectioa_.J>atteilOI ~ froa1 ltMt routing. 

Let the .street graph. S. be some subsef. Df a \WO 4imeusiotlal-JM· graph. F.ach node ia S ii 

labeled with inteacr qx>rdinates (p.q). F.acb - is eif,h,f ~; ie.. .between aodel (p.q) and 

(p + l,q). or vertical. i.e. bct:ween nodes. (p.q). and (p.q + l); -lllel..-&•;partitioned into meets. F.ach 

(U) and (j,k) for some k and i(j; a vertical-...-.~.- (k.i)and (kj} iJr some k and i<j. A 

node represenr,s an mtersection of two or .mqr, ....__ .. .- ecfM ~-6e.~pot1ion ef a-. 

~een two intersection5. 'file inteteo~ ~ ft>e~. N,ia ~led by a rree:in S. -:~­

tree. T~ ~ill be called a Ml uee. We wou14. ~ to.tllip each ~ of an edge in a -net,tree to a 

channel. Let ch be a m,apping from each~ of-an• ia a neU•• to a·f)Olititemteaer.. The. 

We~: 

assigned to a different channel than the occurrence of e in T 2• (No overtappina wins.) 
'~, ·:"--i ~;''1~- -~~ 

(2) If e1 and e2 are adjacent edges in a net tree T~ and e1 and e2 belong to one street in 

S, then ~eit=- <:11(~1). (A~~padl ....... ~wilbln,a-.et.) 

(3) Suppose hori7.ontal edges e1 :;: ((p-J ,q).(p.q)) and Ci ::; ((p.q).(p + 1.q)). for some 

p and q, belong to a street, s. Furthcnnore, suppose elAPd~Jwlue& ~- tRiea:r1 ud 

T v respective~ •. If cb(e1) = c~ tm,p;: 

(t)e2 ~ ootin T1 ande.1 isDQt in T2" (fhjs-fQllp1'Jfll,lllt,Cl)aad'2)above.) · 



T 1 and T 2 contains • least one. of the edges. Then dt(t1) < ch(~ where x1 re~r~nes. any · 
' 

occurrence in T1 of either of the edges and 11 represents any occurrence in T2 of either of the 

edges. This.· con(I~ in~res .t.hat the wire ~t repicslnted by 'horizontal edge 

((p-1,q),(p,q)) does not overlap the wire scpnent represented by horizontal edge 

((p,q).(p+ l,q)). . 

. 
(4) Analogous to (3) but for vertical edaes ((p,q-1 ),(p,q)) an.<J ((p,q),(p,q + l)) in T 1 and 

T 2, r~vely. If x1. and x2 are occurre~ of hotizorital edacs ((p-1,q),(p,q)) and/or 

' 
((p,q).(p+ l,q)) in T1 and Tl' respectively,~ th(x1)< cbJxt·-

' We wJnt to find an assignment of edges in treet to channels so that the resulting overall area is 

miDPJJized. The assignment is called lhe inlerseclion c .. nel auigllme111 since the intersections induce 
~·~ _:,;. ~ - . 

the constrafnts on the assignment of channels within each street Area wilt be measured as follows. For a 

given channel assignment. ch, let width(ch,q) be the sum over all vertical streets containina a node (i,q) 

for some i, of the number of channels used in the street; let height(ch.p) be the sum over all horizontal 

streets containing ano4e (pJ) .for .-,ne.j. of the number of channels used in the ~ Let wJdd)(cb) be 

the maximum of width(ch,q) over alt inteam. q, appearina .as lfle ~ coordinate of some node in the 

street graph S. lf,the m11ianum ii we, then width(chf ls ~~ J:.et-.~dl) be the muimum-of 
~ - • /.- -;J ' 

. ' 
height(ch.p ):over al inqers p wllich appear as the first coordinate of sdme nole ll Si If th(' muimum is 

~ t.:, 

zero, then height(clt) is'ooe: 'iben, w(ch) is defined as tile product of~,)-1 ~iah~cht. 
; . ,., l . 

Using the representation presented above, we . have the tt>llowi!JJ fl'Oblcm. iUu•ted in 
~1r,; ·~ •· ~ 

Proltlem P4: TIie fntersectloa Channel A5Sipment PrHlem 

Given: A street ·graph, S, partitioned into streets; a collection of net trees, Ti; and a positive 

integer, A. 
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QJ,estion; Ii dlere :an •ilJlmettkdl. of &11' ~~• pf,fdlts jn. net.,.i&t> channels in 

streets which satisfies conditions (1) duouah (4) above such that area(ch) S A. 

Lemma 4.4: ~ inteniection~nd.wipmfmf.pro.,._ia NP-if;ompleJe. 

Proof: Conditions (1) throuah (4) at\(l ~ area of an assignment can be checked by a nondctenninistic 

Turing machine in polynomial time. Therefore, the problem is in NP. 
i'' 

We show that the problem in NP-hard by reducing 3-satisfiability (Oar79) to it: 

~~~ 

Given: A boolean expresmn composed of~ ~junction of.~ clau,~ c1,, for lSiSk. Each 
J . •/ .. ; ,.-":..,··i .. ~ ,.:;i'".~ ,·_::,.? ),. . J(:!4 . . {:_ -;-,·-- ·· __ , ,,.f, _;. ~ .. t z· · 

clause is the disjunction of three distinct· nierals. where a literal is a boolean variable or its 

complement, i.e. ci = (yu Vyi2 Vy0), where y, is x or -,, for some variabldi . 

. 1 ,,. "}• ':,.. .1;_,1).-:.~-q:r _,,_ ... ;;,..;.i._:,·· 
Question: ls there an assignment of truth valuts to the boolean variables such that the 

• expression is satisfied? 

Given an instaoce of the 3~satistlability problem with k clauses and v variables, we will construct 

an instance of the intersection channel assignment problem with 2k + 1 horiwntal streets, 2v + 1 vertical 

. through. (2v,2k). &ch,pa&lt from {0,i) .~· (2vj) is a bollilf)J)CIJ --. fot\any i ~n () JIJ}d 2k; each path 

from (i,0) to (i,2k) is a vertical street, for any i between O and 2v. Certain streets 81' ~~tec.t with the 

clauses and variables o(the~ eap~ as folio~ 

(a), With, ~· ~ ci' l~iSt. -~iato $be hotizoatal street rrc,., ~-l) to (2v.2i-l) and 

(b) For each variable ~, l~;f;Y,JIMQC- tl1" ... .._ ,,. 0-,1.Q) kl O .. l.lk). urned xj. 

and the vertical street from (lv-j + 1.0) to;(2v-j t lJkk .-Xp · 

(c) The one rcmaining•~~-t fu1nt,v.O) k>(~Jk). iJ ~,lllrtetM. 
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We constnlcl two net-trees for each variable. For variable ly• 1bc first net tree~ TJ, contains the 

following edges: 

(1) In street C., t,, each i ftroln 1 to· t:' ii «fies 01Hhe path from (j·l,2H) to 
I 

(2v·j + l,li· l); 

(2) In street x1: ~ edge ~ _,0-1,0). to (j· 1,1) ~ for all even i between 1 and t· l. 
< • ; -' • • •_ ~ : <_ " • ). / ; \_ '. • • • '. C 

inclusive, the two edges on the path from (j-1,2i-1) to (i·l,21+ l). Also, if t ii even,_ the edge 

from (j· l.lk-1) to (j-1,llc); 

(3) In street XJO: for all odd i between 1 and k-1 inclusive. the twt, edges on'thc padl 

from (2v-j+ 1, li-1) to (2v·j+ I. 2i+ 1). Also, if tis odd. the ~·between (2v·j+ 1, 2t·l) and 
... , . . ' - "i '.' V ';\)I .. ;~ -

(2v·j+ 1, 2k); 

(4) In ~t M: ifvariable xJ appears in ~Jause ci uncomplcmcftled, then if i_ is.even. the 
_.. r1_,•,~·::,.~ ;-·-.~-·•J,·~· 1 :;_:~-- ~1-• 

edge between (v.2H) and (v,2i): if i is-O<kl, die edae between (v;li-:~,."'1 (vJi·l). If x1appcars 

in ci complemented, then if i is even, the edge between (v._li-2) and (v,li-1); if i is odd, die edae 
. ,. - • ' ~ ! '., ,·. ;, • .:~: --'. :·:;!, ~ .. ,;· ,:_:-: --~~-~, t -

between (v.2i·l) and (v,2i). 

The tecond net tNe for varlat)le-1j, Tp ~die tbllowiq ~ · 

fl)ln 1tnct· C.. foM:adl i lhJili ·l te·i: iaf1 ... 'Oll:tfte ,;.th· from '(j-1,li·l}'b 

(2v•j+ l,2i·l); 

(2) In street Xi for all odd i betweett· l •t~ ~-'~nm Wies on 1he ·paltt' . 

from (j .. J, li-l)to (j·l; 2i+ l); Ms&~',ifl is'~ ... -~(j-t11qJ..a ffl;'ll):1 

(3) In street XjO: the odtl!'fmin flvt+l;l}IIY~~tlt-.J rot'cill_.fbctween 1 

and 1-1,ihdus1ve. t11c twa edtcs on, N,l)alh lffmt,'{iY-j~J)-te ~ + t j+1 )! , Alb. ir t • 

(4) frUlroet'Mf. if va,iablc 'Ii ilppealS:m~~~ ·thch ifl is odd, the 

edge between (v,2i·l)and (v,2i); ifi is even, theedp ~ecn (v,2i-2)~(v,2H). fhJ appears 
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in ci complemented. then if i is odd. the e"'9, ~tpt(vJk ~ ~:(v ,2i7U~Jf.i is even, the edge 

between ( v .li· l) and (v .li). 

The folJowing observations are useful. For any CCIMdinalC p.. oall:-an ,cdae fnlJII (p,2i-l) to 

(p.2i·2) an edge down from street Ci; call an edge from (p,2i·l) to (p,2i) an edge up from Ci. F.ach net tree 

Tj (l)Qtains a path.which begi~ with an edge ~t ~wn~ Cf Tht p~ goes through C1 

to street xjO. goes up from ci: to street C2, a~ ~ cl to strctet Xr The path continues snaking 
. . 

through the horiwntal strCClS. .«xiated withJhc daanirs, usiq autet. Xi to go from street Ci to street 

Ci+l when i is even, and usinf ~fXJOto aorrom·c;. w·-c-1~ 1-when i is odd. &Ith net tree Tj() also 
- - -~'¥ ,., .-...,, - ~-· 

contains a p~ 'Which snakes thf"Ollh ~-~i-' l:!!r! if!(~f<>peo!i!~ d!.i:JCt~q: J! begins _with an edge in XJO 

dow~ from C1: uses street XJO to·chanae ftomjci rr, C't~i ·wftei r i$ even:· and uses street xj·to change 
-r··-r---.:"" .. ,. j . 

when i is,odd. For any net tree TJ or Tp, i( iJ ~ uncompleptented in c1, thd edge in street M 
' : . . 

intersecting street Ci • in the same direction Oom C1 ais the edge of the tret in ~r~t Xj: if xj appears 
! . 

complemented, the edge in street M is in the ~e .reef on frQIJl street c;:t as the ed.ae:of the tree i&ttreet 

xjO (oppo&ite to that irt street Xj). Figure 4.7 gives an example ofthel<:o~n. 
. ' 

For each i ~tween 1 and k, each nenrcq conJains the edfes between horiiontal positions v-1 
' ' 

and v+ I in street q. Therefore, there must bea ~in each q for·eact,·net tree, giving a height of 
'J-,-' • 

2vk for ariy channel assignment Any channel assignment which gives area at most 2vk(3v + 3) must give 

width at IROSt Jv + 3. 

At each intersection ohtreet M with a street c1, there ares~ net trees which contain edges ofM 
.. . ' 

incident on the node for the inatrscction •• one pair of~ trees, TJ mid T .iO' fut each variable xj appearina 

in ci. (We mu~ that each variable occurs at' most OflCe in a claqsc. Nore that xV-,xVy is always 
. . .. - . ~ 

satisfied.) Half of the edges are u~ from street c; and half are down. Therefore, at least three c~annels 

arc required for M. Three channels will be used in M exacdy when the boolean expression of interest is 

satisfiable. 
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~fl&ure·.f.7 ComtrKtioD 6'fthe jtl'OO(of'Lt•• ~ 

· Espression: (11 V x2 V -,xy&(--ii1 V 12 Vx]) 
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lf the· widdl • ~ 'to bt • fflOlt'lv +J;·IIICI ttfeet'M ·contributes at least three, then the 

wfdtb CGIRfibuted coltedMly •Y-.. XJ • Xjo . ._.. ~SfSv:; -tnUSt beiifmost Jv; Consider the 

iaffflecdoll of siNetl xj .. JC.------~. lbr bwld·! ·'t'he edae·ftont'.(j•f,21-2) to (j-l,'2H) in xj 

bdenp re TyMd·U.o41e Aan(t-1,21·1, to(j.:J,li)itt:x;~to·T JO.- !Jheretore, if only o~channet is 

used in Xi' the channel iJl Ci~ die~~ llhttfnive a tower n~bcr than the·channel in Ci 

c:D1WaiRin1 the edpsof 'f;Jl {l,J·-cordtlon ~ jvenfor~riefJassipntctlts).' _;However, in X.iO' the edge 

from (2v-j + l,li-2) m•lv•j + l.lf:IJtl\elonp tD l'f .iO amHte-ee Noin Clvilf 1!~1) to (2v~j + 1 ;2i) 'belongs 

t91y If only one·ohannef is_,., lfl(p'dle mamrdin 'Cjfflltlittitla ~•bfT.iO must havt 1be lower 
number. Therefore, only one ofXJ and XJO can co~tain exactly one cham'fet• lfi is-even.,the edga whidl 

befdna to Ti and T JO are just i~ lhHh titafltlM~ • ri!actl'dte tame concluikm; Therefure, 

eadl pail"ohtneta, X1 and Xjt 00id•1'tte•t11• ... ~the width. ''However, if collectively at 

most 3• cbatlncls are conlribute4 by -- XrMld XJj,; ~v. at most three' channels must be used by 

each pair; Note that Tj andT~ "ftttaaether" so'tfiat.- ean•alwaysmare~nne channel in XJ or one 

dtannel in XjO. In the other ofXj ad'X:io,tdlea of~1ft lllignccl1b one'.channel and' edges·ofT.iO are 

assilned to a dfff'erent chtMel. ~ witl8111odtite lidWIIM atsigntatent in wtrich XJ has one channel with 

a value aslli8ftlMM in w1tic1t xi hit ·..t.·"true.-~ wewiltililddale a channel assignment in whidrXJO bmr 

one dtannehvidl a'\llhte assianmentof'Yalae" h 1J. 

otvca an·~ of trut11· v&llues'tothe ·variables 1J such· that the boolean expression is 

satisfted. the comspending channel ..,.nmeilt gtvifll widdt1v+! _il·as follows:· For·each Jbetween l 

aad v. if 1J is true. one channel ii uted hi Xf if1J ii ra.,,one chaltnef is usecMn XJO. ~t M contains 

tJm:e chaanels.. We ti11t determine what-trees·wflfshare ehannels at-eactt,in:te1section of Mand some Cr 

Note that onfy.·adjacent edges in a fte are 'feqUifed fD Ulle''tflC saMechanncl: cd8es of 8 ttce which are in 

the same strvet but not part of the same padl in the street· are not requiNd ro use the same channel. Let xJ 

be a variable whose otcurmJCe in c1•,il true ·tltlder the'tiven assignmeitt bf truth values. Ttie edges ofTJ 



and T J> in M at Ci tan share a cbanael. lbis ~lowf fto11Hlle •UlaaUt 11t•·tHlcon•lemcnted in ci' the 

edaes arcJn me same directioa • dM>se:in·~, _. die QtiWS in X;lla#e • clJaaelt if.,Xj is~ 

die ,~are in the same~•-. ht X,, lffll ,~__..x,.._)I ~ ~Mllltr 

~-or~ in M at C. wiU 11ot ~ able. to .. lhlre .~ •..a#~. ~Jiteal U1 t; ii 1111e. 

Thcre{ore. ~Uhe t:d&e ror 11· in M ®WD fr-.i•G ..-.: wUft, ..... G • a.second variable., 
in ci. I.ct the edge down for~ share .with~ * ~·4irl • $nt...,.. ~4• ,F"mally. • .,._ 

for1qshareswith-~*:upJor,1111-acw~ .. ••~fll~•Cr~by 

t1'i$ ~ are coosistc;ni w~dle,~ ••---~~ ~•·'1 witb;Xr x,..x'f 

xJI' x,.aod x ... (See F~.Ul . .,, ,, 

The edacs in the~ siroe&s ~-Cf'#e -~- alY .. nettme. 1'bc:lein. 

the onJy COlldition relevant •• ~,of~. ,wka ~ ........ ,a,_. ia .a net,il'C!t ·wbida 
~ . t! ' 

socs through an~ ~aotchanae~ J~·•·• aJ)adJifl,a •tree..._.. audl:an . 

intersection if the same ~r.at appcar1 in daulc:acf-.'41+ 1. •~•,_.. *• JrootCt~• dowJI. ftaB 

C.+1 in one qf Tjand T_. ~ .. .are,.~•·"~ JIN -·-~-... IQ M'c=-,llie 

detennincd as follows. .At dlc~i>:f Mr,~---·•~4.Al1li..., ... 
eadl ¥ in.a.net tree ~t.wHtte.•••1tt,.a ~ ..... , ... ~.1:--l. 

These edges are edges down from street Cr At C1, ~-.-----. ~ ._ • ._. · 
' 

die, ~t,betw=t ··Ci .S-Or · 'Qlt.;~:fof;•• ... ~C.•~l--.... detamiaed,lt 

C1;, the remalniQSedgeg ~,~~!)ti: 'lfiJilr:4 ~ :la:dQI -•~!tiona ttac:lllf?.t 
t .. • 

caabeassiJAecJ.cltannclsatthej~of-M••.,._•_-.,~G•M,-.,doJl!GI 

cbanac ~ F.dges up 8fC ...-a _ftl.'",, ....... l)ef,\f., •. ~ ~~I ............. , 

properly. Thus, if dlere is any.~·e>f.~ Jafiill~a•i,;.-~~~prtl9ioa. tbcn Js. 



... ,. 
,-_,. ~ c.o_..-illilkr .,..,. __.. aua.,.i._e.~~-'G wlfJl J\t 118-•~ xj anti xJ& 

T 
,· ., .. 

"Ty down" NpNICfflU the·U. ... 'fylllid 'f)ij wbiefi~ N-cdge down from Ci for variable 
11 - y equal to.i, p, orq. .. , , . 

"Ty up" represents the tree comainina the edge up. 
. . ' ,, ( •' 

U ') V indicates the cbaanel in Ca conrainina ~.of~ tree U must have a lower number 
~lllatea1lliltinfedtcaofMC-lll\eeV~ ' ·' . ,, .. ·· >. · . . 

For any choice of direction for tlM; t,wo 
c:onstrainlS akconsiitcht. . 



Given a channel assignment with area(dl)·S A, we must·flhow'llow 1o- construct·a boolean 

assignment which satisfies the expres.,ion. We have shown that any sucli dian~ auignment induces a · 

truth assignment by ctJOOsift8 x1 true if Xj con~,~lfi011'~ and 1J ~i(X~mntaios only ooe 

channel. It remains to show that this assignment satisfies1he ~ We know that exactly three 

channels are used in M. At each interscction.ofM with &oq'IC C1, edges~ two diffcnmt net trees must 
, c •• I 

share each channel. Among~ trees containing·~ in¥ at the inters«~ with C1 consider the tree 
~ ·,. 

whose edges in Ci are in the lowest numbered channel. -~ tree must contain an ~-in M down from 

Ci. Suppose the tree is for. variable xr The channels of~ ~ co cdacs in Tj and T .iO are in the 

proper order for the ~ of T1 and r,_ in M. to ·sllare • dlanrtel.-~U Ii ~-UflCUIIIOlcm°'tect in ~· 

then the edges in M at Ci for Tj and T jO are in the same direction as bid(~ at c~. It m~ be~ xj 

which contains only one channel. Therefore xj is true, •!"1 ci is satisfied by literal xr If x1 appears 
•• • ~ , '. <c -,,::. • -

c'}! ,- ,. 

complemented in ci, then the edges in M at Ci for lj and T J) ..,__._,__, •-•,.....•",,,-Jt • 

must be street XjO which contains only one chanel. De value d·'I} is tilie. and ci is adsfiedoy 6teral 

-,xr A literal satisfying each clauae can 1,e· identified :by 1ooti111 'at-~ mtenq;*~, ~ M' ~ ~ ,.­

for the clause. Therefore, there is an assignment of truth values to the variables such .that the boolean 

expression is satisfied. a 

In the construction used to prove Lemma 4.4, height(ch) is the same tbr any channel assignment 

lbcrerore, we conclude: 

Corollary 4.4: The modified Intersection Oumnel A51ianment Problem in which one desires a channel 

assignment, ch, such that width(ch) SD for some given integer, D, (or such that height(ch) SD) is 

NP-complete. 

Lemma 4.4 shows that even ignoring tcrmi11cds. assigning channels is a difficult problem. In the 

next section we again consider channel .mignment within one atrccL A heuristic algorithm is analyzed. 



I 
'-%-F,-~y~_:::('-;,. ..,:?f}',;:_;· ,-~fr-~\~,~~.---;'. ~•-1;.~ .. ~)Z"'.5";•:"' ".°f.i,.~~"'."f:;'::;:~:- .. ~,.;:°"'~~:~ ... _.,!,2-,,, ~.,~~\~'."t'~~~~~-~~-l~-:-, ~: •~'-'~--'''.;;,~"'tl.~.~'7;-'.["0\ ' """: ,,, •. , -· ' 

the optimal soJutioa. 

4.4 Heuristics for Cllawl ~•ripe ,. 

. . . . . - t~. ., ' ~ . '-· 
In this section, we discuss heuristics for • ...,. aaipment problem within a street We 

.. -···-· ... -ff,--·-~·~>'• • - ·.-'/;"·•••'" - ' 

bqin with a general discussion of various restrictions whale removal chanp the optimal channel 

asaianment. Then we present a heuristic aJaorithm and ks analysis for Problem PJ, the version of the 

problem proven NP-complete. 

The ordedpa <>n ch(~1},~ by cq_~~•JQ..~ ~ ~~au Qf1 PrpbJemPl qa be 

represented using a directed araph, which we wiD cal file co,uuainl ,mph. The~ will be one JJode for .,. 
- .,'-,,.""': ·o•·· ~·-•• :'/{' • .. ,. ..-4 •• 

each net lfch(N.)< ch(N.) is required undercondiUo,'4)aille ~blem PJ •. flei. there is 
I J t . i . • 

\ ~ ,t ~ • -,-

an edge directed from the node for,N,,.~ ~
1
1\~ f~};•lr It ii posmlil~:!Prtbc.ara,11 to .. be. c~. In this 

case, there is no channel assignment for the problem • __..~(PJ).! If each-iietcan use more than one 
..... , ,_, __ -,~=~~~ ... --.. •..;. .• ~ •~-,.-c·- ,e, ~ ••••H-1':_ 

channel •• by usin1 wire sqments in the direction -~lat:~ the street' direction to·· connect 

segments in different channels -- then a channel 811Signment may exist The segments perpendicular to 

~; • ' i < ,, ' 

the street direction are called jop. Jop UICd for different nets. like any other wire segments in the same 

direction for different nets. must be separated by the "1aimum .,.-in, - . '.~, _, 

. ; 

Even when jogs are allowed at any point ,loo& a- 111:eet. itie dlalmel-·illllianment problem may 

not have a solution. F11Ure -4.9 &ives an example. However, if-Mallowed anywhere between points 

on a street rather than only al the points, then the channel --nt problem is solvatile in polynomial 

time (Ka79]. The model of a street used.in {Ka79J clUfers -ftom.JI~ lbnmilatino •tJSed ia P3. For 

this discuaion, we only need note that. in (Ka79k:ilell'fti1181ton~sfdeg.oflhc,._.-arc either at the 

same point along the street or are at points separated by at least minimum spacma. 

Allowing jogs between points implies that an arbitrarily large number of segments 
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Fipre4.I ChaaelaSlip __ f,..._widl _....__,.,trJ1111ffdnei. 

' 
SJDEO J .4 

1! .. i- ,,. 
• , 

' r f • • 
SIDE! 3 • 

Nets: {(1,0), (3,1)} = N1 {(2.0). (4,1)} = N3 
{(1,1), (3,0)} = N2 {(2,1). (4.0)} = N4 

lfN1 or N2 usres ajdg at :ttiictia._,cliannel( nddter Nj norN! canuti a,ioi ad: , 

1 2 

l 2 

Figure 4.10 lnsertina Joas lletween ,oiats to effeeti,ely ellminate tenniuls acrcm from ae anodter. 
"1 _-. f L ._:~ -•qn:_ .l~

1

, ~..._, _ _.-,, ~/ ~ ~ ~-

t ! ~' 1 ~~~ ~ - ,_,,t, ~ t ·i . ~ ,; 

top 

I J added,. J J . -
1 I l ! 

.. •. I • ' I : . • ' i l '.: I I ' •. ,,-: • . ' : 

bottom 
. temtiPalicffoctiYdy altcrute cop and-- ·' 
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perpendicular to the street ilifec'don may l,e inserted between a11y two terminals. The length of the street 

-· the dimension of the street in the direction ·of die street - must ~· variable, rather wtit just· the street 

width being variable. The algorithm in fKa79) minimizes only street width, nonhe area of the street Let 

the maximum oYerlap of I set of nets be the maximum over alt points on the street of the number of nets 

whose intervals overlap at the point An optimal tolution 11ndler die model.in (Ka79)rcquires at most one 

mQre channel than the maximum overlap of the nets. Recalf that if there are no constraints due to 

condition (i), the channel assignment problem P3 is sohabte in polynomial time; Assume, as in [Ka79], 

that terminals are either at the same position along the street ortlave sufflcient space between them. By 

usina one channel and imerting a Joa between every-1,Nlit ·of consecutive terminal positions. we can 

effectively separate the terminals on oppotitc sidcsffl''ihe•suvet S(fthat diere are no constraints under 

condition (i:): {5ft Figure 4.10.) ·We at most ctouble :• street Jenath. 'lben the number of channelr 

needed (excludinl thedtannef we used to;create the eff«tof 1Uitably ipaeedtetmfnafs) is the same as the 

maximum overlap of the nets. 'This iff11'Ties that one never nedd to ·tet'lath.ernhe street by more than 

double to set a channel aaignment which uses within onichannet of the,minhntnn. 

Since we are thintina of a street a runttiftl aJong the boundary ofa component and we do not 

wish to think of each component as expattdable, 1 aJtowtna 1treets to lengthen is not satisfactory. An 

alternative is to use jogs in a street intersection. Wtten a joaiis needed, a fegment wtitch pa to the end or 

the street and out into the street intersection is used. In the intersection, the path can use a segment (the 

jog) in the perpendicular street to chanae to another~ In the ffli&tilal street, and reenter the reaion 

of the street it was previously in. This type of solution'rcqumesihat ptrpenditulir streets'be'avaitable and 

that nefB are attowed to have wire septents in two channels· or·a ltl1eet at the same position along the 

street Figure 4.lla illustrates. Such a routing not only affects the width of the street containing the 

I. In fact, some components arc expandable [Jo79). 



-70-

tenninak being interconnected. but affects the widdl of :tile ~ ,~t • well. . UsiQS dlia 

scheme, any colkxtioti of~ consisUng of terminals • one llfeel, ?11 " ~tcd. Fwn 4.llb · 

shows the geµenll conncctiollpatena. 

Let us. return ~ out oripw dwmd asspment. pmblrm. pn)bJem Pl. . The proof of. 

NP-completeness of problelll Pl relies on the filC1 -Mjop .,1'Ql a...,_ ,V-.re4.l2 shows that ev• 

for instances of the problem deriveq fJ'qlR tift:ular an: oolori!w, -1oWUlJJ9p ~-dlC qumber- of 

channels llccded. We do not have a pwof tbat411c ~-.-~,~:widajqp in NP-a.L 

although die author believ~ that this is die case. 

We now present a.simple bcuristic algoridun for problem Pl #Ml.analyze the qualit~. of ~ 

solutions it produces.1 This alpidun i& tile bask -~-IIS04,io ~161 wheal jop are not_ aAowed. 
, - . . ' .. , - ' -

We will assume that the constraint gqph .J)roduced t)y .,tYin&CCJndil.ioQ 6) "°1CS,Jf!'>t have an,. cyclfa.» 

that a solution withoutjop4oeaW&t. .We 8nt .,_ &bc /pfddaJlode ill Ibo~ .. ; 

0) All nodes wbicb have no~- info daa,a~oa lowl-L 

(2) ABiming that the aodct-w le:vcls-l tlwwaltk-1-.dcd}~b'.k>l. a node i& on level kif 

all cdgeseatering it are frurn ~• lawerJnr.1$,-J it,•~••~•• 
Since the constraint araPh is acydic, the levels-arc wclkle~ 1bQy ~~aimputed t,y &tarting.with 

Je~el lnodesadfqllovana,~ W~~-5-1·••-••••tifi&JAIOde,is.levdk. Tho._. 
from wbid) there -. edaes to a ti-v• D04e ate calle4, prdr~ ,of 019 givep .-. &04 dtit 

com=spoooing,aea ~_caUec;lpr~,-r,u>fJl]lepu • 

Order the_. ind~ ~,'1 Jhe.~ ~ c(~~-of lowestpositiQR. If 

thcrea,eno~nts4ucto~(i).daentbo~---,_. .• ~-~ .· 

1. 1llis analysis is part of joint rescardt with Errol Uoy4 -
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Figure 4. 12: Use of jogs when not necessary. 

We loot at a problem derived from a set of circular ma: 
ciixular arcs (8,5). (3,7), (4,2). (6.1) · 
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Low to Hip Fill lH•7lJ 

Repeat for each channel, beainning with channel 1 and increasing the channel number by one 

for each new channel until all ne1I are alllip.ed: 

Choose the first unassigned net under the above ordcfina. Assign it to a new channel. 

Repeat until the channel is ftaR: 

Choose the first unassiped net whose tenninaJ of lowest position is at a 

higher position than the terminal of highest position in the last net to be 

Claim (Has71): 1 When there. are no constrain~ due to co~dltion (i), the ·above aJaorithm uses exactly the 

number of channels as the maximum overlap of the Dell. 

Proof: Look at die lowa,t,pgim, lo-, iR the inltrval of,tht: tint net. N, •~4 ,co ;ell~ last channet Each 

lower numbere4dlaa~.-~•• w••~~~--~• JftlteR we• a channel. k, 

wruch did not w~ such.a aet.. ~n die• N-~ •t,bt,n-,p,laeed-. this chanael. This follows 

b«a••· in the Qet ordtvina. N is· be&w. the --.,,if apy, w..., ~ plaQed in ebaam:I k •r point lo-
. ' 

Therefore, .all lower »""11>ered channela-,, a,sipe(l 1.1$,wJIM iAlervab contain pOint to- The overlap 

at this point is equal to the nwmber of qhanaels u.S. · a 

Algorithm "Low to High Fill" will be the basis of the alaorithm to assign nets to channels when 

constraints are· prescnL Channels are again filled beginnina with channel 1. At any point durina 
, .: . , ,_ u.f:;. ;.. •£, '">' -~ 

execution of the algorithm, let the set. A, of available nets contain those nets which are unassigned and all 
>···,·;,~·:_,;-:·1 .•. : ),.,... ;.' ,., ~ . ,:,: 

of whose predecessors are assigned. "Low to High Fitr' is modified to choose nets to be assigned only 

1. In (Has71]. Hashimoto and Stevens use a different approach to prove the algorithm correcl 'Ibey 
prove a. differcnU,ut cquivalcm claim. 'l'he proof ~,'.lletrisc-balcd 01r-tbe pllOOf used by Gavril 
(Gav72) to prove that his algorithm for chordal graph cok>ring is correct 
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from set A (the nets are ordered as before) and Co update A after every assignment 

l.nuna 4.5: For an instance I of Problem Pl, let ~ be the maiimum -0ver all points on the street of the 
.. . ''.- ' '· ,· 

number of nets at level k whose interval overlaps the point. Leth be the hipest level. Then 

(number of channels)a1g( ()/(number of ~anncls)opt(I) f ~h. a~,)) S n 1". 

where the algorithm is the modified Low Co High FiH algorith~ usina set A, avg(~) u the average of the 

<\ for l St Sh, and n is the number of nets in instance I. 

Proof: We know that (numher ofchunels)oi,t(I) ~ maimumef'the ~ aad'h. 

We prove that (number of channels)a1g(I) ~ ~=1(clJ. Let C1 denote tbe set of channel~ containiJII a 

net at level l. For k> l, let Ct denote the set of channels with bigher numbe!'5 than the last channel 
·'; .~ . !"' ~-.,r - :-~- ,:~ - - > , ' 

$, - • - • 

containing a net at level t-1 and which contain nets at level k. The number of channels used by the 

alpithm is die sum·of tho t«;I oavet all levels. Fora partitulari, ct,-,Mempty. IN; isnot empty~. 

1oo1t at lhe· h net IC ·~et k placed in dM hipesl 11~ manel ift(\:'~ driHlet Nt. Let 9t be 

the lowest point ia its interval. If •;chanlldin c; iillot ~ a llefwtJoit·klfflat contains 8t• diea 

Nt should have been placed in this channel. This fbHows because Nt·must,Jim·~ in Awbea die 

channel was allignod - all level k-l nets areplacet befiffe:~irt <;"* aliilf)ed- ancf:Nt precedes 

in the net ordering whatever net, if any, was aigned t&llledlmaet·atw~~-·~. f«;f~,. 

We have: 

(numberofchannets~_,(I!~(~~:0~~~)~~1~1~,~~1'\)~~(~~(~,,. 
S max(h.ava(,~) ~ ~~<\!~~('\)) $ ~•~a(~}) 

; ;, · • , · · ,, • l •, 
4 

, , • , ~ •• • - ~ •< • • • , • - • 

The number of nets at level t is at least<\· 111cret'cft. 
"}.-_,, .• , ', .1 

0 

can do very badly. In fact, the bound is the same as would be obtained fbr an algorithm which applies 
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"Low to High Fill" on nets of a fixed level, one level at a time,: ftqliltin8 all nets on level k (1 ~kSh) to 

be allijfted to lower numbefcid chan11els than ~ pf level k+ 1. Nonetheless. our bo)lnd is ti&fU., 

Lemma 4.6: There is an instance of Problem P3 for which modified Lew to High Fill using set A 

produces a channel assignment whose ratio to the optimal t8lution is O(n~) foravg(dt) = h = n 1A_ 

Proof: Figure 4.13 gives the instance. There are n 1A groups of nets, each of which forms an n 1A level 

chain. For all level numbers, k, between I and h inclusive, the intervals of all nets on level k overlap, 

giving ~ = n 
1
". The algorithm assigns only _one a-.. w ~, channel .. J-fowevcr, tllcre is a channel 

assignment which does not mign nets to ch<tMOls i,a:alow to hipurder . .-\lnoog nets on a level,. some 

nets which are later in the net ocderia)&; ar~ ~4,14 ~r ..,.a,ece4 ~ ~ nets which come 

befbre them in the ordering. The nets whieh catne·1tt1f ih the ordenni -can share channels with nets 

which are on higher levels than they are, but whose predecessors have already been assigned. Refer to the 
~~ ' • ..__ •• - .,.~- • '0- , 

figure for details. □ 

The analysis presented above illuminates the fact that an algorithm used in practice is capable of 

finding very bad solutions: It ~ a point of comparison for more "clever" or more complicated 

algorithms. The ''low to high fill" method. can be used as the basis of an exponential time algorithm to 

find optimal channel assignments by tryina all possible choices for each assignment rdthcr. than takina the 

first net in an ordering (Ker73). 

In the next chapter, we preaeat an algorithm ·tbr a special· caacfof dlannel rouUng which is not 

NP-complete. The problem is to route interconnections among two point nets whose terminals lie on the 

outside of one rectangle. This problem is reminiscent of the circular arc coloring problem, which is 

NP-complete. However, the paths around the 01.ttsidc of the rectangle are allowed to change "c~lor" as 

they go around comers, i.e. the order of paths need no.t be the same on adjacent sides of the rectangle. 

This order can change because horizontal and vertical wire segments arc allowed to cross. Once the paths 
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have been routed through the four streets surrounding the rectangle, the channel assignment is four 

instances of the interval coloring problem. In the next chapter, we show how to do the street routing 

optimally. 
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S.I Prelimiuries 

We will now present an algorithm which finds an optimal solution to the fof1owing routing 

problem in polynomial time. Figure 5.1 presents an eiample. 

The One Rectangle Routine Prollleln 

Given: a rectangular component with terminals around its outside edge. Tcnninals lie on 

positions which have at least unit spacing along the cdgc of the rectangle. 'Jbc unit spacing 

represents the width of a wire plus the minimum spacing between wires. A list of nets, each 

containing a pair of terminals which must be connected. is given. Each terminal belongs to 

exactly one net 

Find: An optimal routing of the wires between pairs. Paths must be composed oflinc sesmenta 
which arc par.dlcl to some side of the rectangle.. Distinct padls may cross at right aqles; . 

however. paraflcl segments belonging to distinct padll must be separated by the minimum 

spacina. (We arc muming rhat there are two Jaye,s tor intctmnnection. One layer is med for 

the line segments in one direction. and the other layer is used for line segments in die second 

direction.) All paths must lie outside the roctaRgular area of the component An optimal 

routing is one which minimws the area of the smallest rectangle which circumscribes die 

component and an routing padlS. The sides of the cimunscribillg rectangle must be parallel to 

those of the component 

Place the rectangular component on a cartesian .coorclillate System so that its sides are parallel ro 

the axes. Arbitrarily choose one axis direction to be horir.omal and one vertical L.abcl the horimtltal 

sides of the rectangle as top and bottom. die vcmcal sides as left and riabl 

Each pair of terminals can be connected either by a path- wnich goes clockwise from one of die 

terminals or by a path which aoes rounten:lockwisc from die terminal The directions of &he c:onncctionl 

determine a set of intervals which path aqments will use alon& each side. ORce the intervals to be Uled 

by each path along a side arc determined. minimiziog the length ackkd out from &he side is a chanael 



Fiaurc 5.J~ Example ef ~,__,,.....for•~ tOlllfoaenl 
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1 . 2 

--6 

7 

4 

5 

• .. ~~d&t -...--r 

Tenninals are represented as points on the rectangle boundary. · .1 

Pairs ofterminals with the same number must be couectod. 

6 

An optimal solution iuhown. . . 
1be'ttetwht'allltho tttw_..y'thlt~! ~ ttwfteipt ~ to the bottom is 3 units. 
The width added to the left side is 3 'units; the width added k> die ri&ht side is 2 units. 



a com~r as far as n,,ccdcd to meet each other without violatina any spacina m&Uirementt, Therefore. the · 
~ •• ,, , - - - < ',~.- • ,·,:.:t:_; f'-:.; .·:;t:;-;r: ,.-... '9t"• ~ .. -,,., ,._,-,.,,cc•.··..,_.,_,_.,._c ~ 

channels in the ~ along one side of the component can be assipled independent of the assignments-

within other ~ts. Within each strecLlhere are no ~6c.1to tenaiAak-at•.fre11u•~ l4)0ther 
* ; ~ ~ ~~~ 

. . 

(condition (i) of pr~lcm Pl ia Chaptet4). We havc:rour instancos of &he interval co1,rins prolHm -· 

one for each sJde. 'l~rcforc, the length added out from each side w equal to the muimum ~cdap;of the 
. . ; ' 

intervals on that &Mk. and it suffices to use paths which only change direction to roulld a c~r of the 

crnnponcnt OF to cooocct to a tcnninal. 

We must ~, tbe -'1i~ of. each connccuna path ·scf.Q 'Che· remt!~na. !Rta will be 
-· , '1-..._ ' • ) 

minimized. We con$idcr two types of connccoons. Pairs of tcmrinals .on she same side . ..- aljaecnt sides 

of the componcn~ arc ca11ed local connections. For these, it suffices Id choose the ell~ which goes 
• . - ' ·- -· . ' . '·- . - - . ' - . f 

around the fe~csfiides. A path which goes the long way adds_at ~3:1! ~~n#_~'! ~~h ~in1c~ to the 

circumscribing rcctmglc. A pa1b ·wttlch ~- die ~ waycannofid<l'toore ·ffian tbls: Therefore it is 

never better to go the long way around. 
, t. , 

.~.;"{~(!~,~·; <1ii'.•. ' · 

The 5CCODf!. type of~~ dMtfe. ,-mdl.-,,fmQMho W\,.,to1the:«iahUide'er·dle . ·. ' 
1,'.-1< i;{/ ,:'.·:, ,"".~;)" >: ;~ ~ ' .·_:,_, .. 

top to the bottom. The choice of direction for top-bottom connections is ittdcpcndent of the direction of 

left-right connections and vice versa. since repdtess of the direction uae4 for .. a top-bottom ~lion. 

one unit is added to the horizontal dimension of the cin:umscribina rectangle. Thererore, we have two 

instances of the following pmblmn: 

Top-RottORI Routilla ,....._ 

Given: Tenninals -011 a top and a bottom, a set of top tD bottom connections. and some local 

connections on these sides. 

Find: A direction -- left or risht - fur each top to bottom conn«tion so that the resultiq total 

. vertical dimension is minimized. Each connection is ntadc by goja& around to the left or the 
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riaht as indicated by the direcaon. 

In this description, connections which originafty went from the top or bottom to an adjacent side are 

considered to be local connections whkh go to the ~cry ~e ofllie top or bottom. (The portion used to 

tum the corner is not of lnicmt l'tere.) 

To solve the above problem, we ftrst reduce it to a problem of assigning 0/1 values to clements 

of two vectors so that a matching on the vectors is maximizoo. The vectors represent the top and bottom 

tcm1inals. The representation removes unnecessary infonnatlon about local connections. 'The value of 

"O" or "l" represents the (jirection --left or right~- of th~ cotme<;tiOfl , at a tcrmjnal. The matching 
'. • - . , < • • ' -, ~- '· ;' - , •/ ~ - ,- : ' 

identifies which segments will share t,hc same ch<Jnnel in .the "ffill.routina, 
. - ' . : .. ,;, .. ---

The major phases of the algorithm to solve~. new, ~mc;~~Jmiblcm arc as follows: 

;·• - - . ij . 

1. Partition each vector into regions within which rriatchi\lg can be localized. After assigning 

values within a region, the regions are recalculated. The algorithfll ~er~ttyclY. assian~ values witltin lhese 
' o:: . ~ > l , " • 

regions until there is only one unassigned region for each of the top and bottom vecton. 

2. For the remaining top region and bottom ~on, .the aJpiJhm: assi.gns values from left to 
. . ' :., -·., . ,-.,. . . , 

right along the top region. maintaining certain properties of thJ num~r .Qf "Q'.:S and "l "s in portions. Qf 
0 0 • • > • ; ~• • C • 0 ' • 

the vectors. These properties guarantee a maxirnu111 mat.cllill&. for: tlJe vectu~. ,It may happen that not all 

properties can be satisfl~d simultaneously when some eJem,cnt is •i~4 a. vah,1e. f"t ~ poipt, we say a 
~;, • ~ •' • • ' T ; .• - < • • ' 

failure has occurred. When a failure occurs, the algorithm may still be able to dctcnnine an assignme\lt 

which sufftecs to guarantee a maximqm matching. Howe~r, it ma1 .be ~ry to -try both values for 

the assignmenl 

3. When the algorithm must try both choices for an assignment, it docs not treat both choices 

equivalently. For the choice of value "1'', the algorithm is applied recursively to complete the 
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assignment For the choice of value "O", the algorithm is applied with- modification. We assume that the 

choice of "O" leads to a better solution, not ju$l as good a 891utiQn, as the <;hoice of "l ". Therefore, as 
' • -,,,; • ,'. c'.. -

soon as there is evidence that the "O" cfloice will lead to no ~~er a solutiqn. '1te algorithm may stop - . . 

pursuing this choice. In panicular, if the situation in which the algprithJn,_must ~ botJ1 choices reoccurs, 

it will turn out that the second "O_" choice leads to no better $Q)ution thut the first "l" choice. This second 
• , . '. ; ;· - . I , . , , . 

"O" choice can be eliminated. Only the "l '.' choice is ~•- an.~ tlJc sca~h dQnc t;,y_ the aw>rithm is. tJws 

bounded. 

1be technique of bounded search is crucial u.r the algorithm. Without the ability to bound the 

search, the algorithm would have ~xpi>nentiat running time. 'lbc fi>11o;ing sections described in more 

detail the algorithm outlined above. · During this description, a large amount of notation will be 

introduced. lbc appcndi~ to this chapter summarizes that ~-

S.2 Reduction to Maximizine Matddap 

The Top-Bottom Routing Problem is reduced to the problem of asmgning values within two 

vectors to maximize a matching. The vectors, T(l,m) and B(l,n). represent the terminals at the top and 

bottom,· tcspcctively, numbered from left to right (We wm ·drop· the· T and o· -when it is clear from 
. . . 

context whethct we arc referring to a top tir bottom tcrmr~J.j. A val~e ot "0~ or "1" is ·used to represent 

the direction of the connection at eacb temii~af. Dcftmttbc &uc function Vf: r(l,m) -+ {0,1,?} aa 

follows: 

vt(i) = 0 

l 

? 

if the direction of the path from 'tenriinal i 'to its pair is to the left 

if it is to the right 

if it is undctcnnined 

Value function VB: 0(1,n) - {0,1,?} ~ defined the same way._ 

Let p:T(l,m)UH(l,n) ➔ T(l,m)Ull(l,n)U{*} be the pairing function. Tcnninal p(x) should 
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be conncctQd to terminal ~- WheB p(x) :;: • (d<>ll'lcare), the terminalJ, ~Jqnnected to a terminal on an 

adjacent side. Initially, the pairi~ function.is known.:~ ~.Y;alue fuoctipm hav~ 0.orJ values only for· 

the local conn~tion~. We would like to find Vf ,a.Q4,'(BJbr.wh~h ;llt(li~ti<>q$arc dc~ermined and are 

~nsistcnt with the initial .values gh«en. We will ~ dlflt a ~ ~n V' is ,consistent with V if 

V'(i) = V(i) whenever V(i)ffl?. We also ~ that ,V' e1~ V. ,for ~Y .pair of value functions we require 

that VT(i) ~ Vl)(j) ifp(T(i))=R(j). 

We would like to balance paths to the left ,ith ~ w the tight on the top and bottom 

simultaneously. Let mvr be a function matching lcrminals in T(l,m)cQf ;v~~ "O'' to tefJllinals with 

higher index in T(l,m) and of value "I". i.e. matching paths to the left and right 'fhe function is fonnally 

defined as a one·to-onc panial tunctiOfl from lU~)-~J~f.stdl thaUf rny1{i)=j, then Vf(i)=O, 

Vf(j) =I.and j > i. Define mv8 similarly. For a panicular VT and VB, let M vr be the maximum over all 
.-., ~) J ' ' 

matching functions mVl, ofJrangc(mv-r>I, i.e. Mv-rjs the ~iDI\IID nu~ of~tchesamong T(l,m) for 

a given VT. Parameter Mve is dofincd simitatly. 

We will reduce our routing problem to a problem of assigning "O"s and "l"s to maximize 

MV1. + M vo· This is justified by the following Je.mma: 

Lemma 5.1: Given a Top-Bottom Routing Problem with' lotaJ connections represented by value 

functions VT O and VBO' the problem of finding vr rand VBrunder wflidt~Jl d.irecUO.& are denned and 

for which the vertical dimension of the circumscribing rectangle is minimized is equivalent to the 

problem of finding vr f and vs, such that Mwf + Mva,. is,~~ OYCf aUN:f and VB which map T 

and D to {0.1} and are consistent with vr0 and Vffo. 

Proor: 'fhc matching function mvr corresponds to determining which hori1.ontal scsmcnts above the top 
r 

side wi11 share the same channel. If mvr (i)=j, then in some channel the segment ending (going.left to 
f 

right) at terminal i is followed directly by the segment which starts at terminal j. Each channel begins 
·'· ·J 
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with a SClfntnt running·from the top left··(a~tbr wftidi Vf~t)¼:fO'lind''p(i)eR(t.n)'ot p('i)=•) 

or wkb a segment ·wbicft ·~at 81~\'alucid Minafihich'ir-u~ under1rivr .. The rightnmat 
r 

!legl11Cnt ih eidl thanncf is 11-~rtt nmittna 'to~ tt"1t •(VT~ f an4 p(f)(-1.h) od>O)="l 

or a scgtnent ending·at a 0:vafUed·tehnjnaJ''lH\ic!ffi$1~imftfm\ii'; ''~Fe"t2 il1usuates 
r 

pmsablc oonftgiifatk>ns. 'fire dtaniiefs~ be ii•imy~-sf&:~- we have found ·an 

mgnmcnt of segments to channels for each mvr . The argument aid 1fie l~ ;to, duit we'. 6114 'a 
r 

tftatclring 'for ea mgnment .,. dlalfflai . ~;ls'* ~ i~nttcnctf befwetili channel 

assignments andmatchinas aivlfl&: 

.. 
number of channels used :::: number of segments goina to left ccJae + number of unmatched "l"s 

·= ~r of'tcj;jebM;~ Wt djii~:~;~.,furuttattlled·"O"f ·· 

This gives: total vertical d~ corre&ponmq k}~~ ~~-~' al1d .:i~. 
. ·. r .. 

:::: ht of·nmngte:(~'li) Ii'· l'~ai top ,i/' #'d_.at...,,_ ' .. 
= h + # topscgmcntsaomgtoleftedac + # unm.~!rit~•-?· ih · ·• 

+ # OOU;Offl seamC)!ts aoina to r!8ht. + # ~ Taat bo&tonl 
. '·::. < ,,~ : . ·--,,-_s-:~--. '..":, ;.,.; rrt~;~f~!-r-rt i~•-.. ;:~ > 

=:: :::::: .. .,:.~ :;·=-=~ "I' 'vii, 

Note that: :# "~ .. , .• top, 9-- ., .-.~F••~•* •--~aeina to~• 

.,# i ~- - ~- .. , +;. ?~<- -~-•1: ~·-· ··)~ -!.; ,7-:t1i ... .1i'J-:i(~,~ : 

This Jives: minimum total ~ertical dimensioo over all_,.. ftlacuons for Yfrand VB, 

= I\ + ·#' toP~ '4''-'*'-.aejylaW j -~;¥-:¥1=· k'\li :C -"<Mvrr + Mv~,-
-.J1 / l:,.tH; ". i\1 ttis :1(.;)~·; _,· -·--- ~··· .:?· 1 ff•-··~'·_. 

Where C = ( # local connections top and bottom) + '1{ # top-bottom comaections) is a conunt for any 

~ of ~_~problc,r~ -~••••,•---•~•mawi......_ > . · 

. CJ, 

. We now present the various phases of the algoridlin which finds value functions vr r and· VBr 



fiaure 5.2: Possihle co11fi&urations "hen ftUina channels. 

p(i) =. p(j) = B(k} 
channel 

I 
Vf(i) = 0 VT(j) = l 

~ 
mVl(i) = j 

p(i) ~ j 

I C_ t 
channel 

Vl'(i):;::: l VJ'o> = o vnk> = 1 vnq> = o I 
\ ·~ l 

unmatched unmatched 

p(i) = B(u) p(j):: k 

I I 
channel 

Vf(i} = 0 VfO} = I 

"-/ 
m~O=J 
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maximizing (MVI. + Mv8 ). r r 

S.3 Dcfmina Reaions 

The following description will be in tcnns of T. An analOl<}US' development is assumed for B. 

Let T(x,y) denote the terminals from x lo y inclusive. Jn an)' left intemll. T(l.i). for aoy iSrn, we would 

like to maintain the propcny that no morothan half the tcnninals are I-valued. This propeny must hold 

if every I-valued terminal in (J,i) is to be matched to a 0-valued tcnninaJ with smaller index. If more that 

half the terminals in a left interval are I-valued; some of these I-valued tcnninals cannot be matched 

under any mvr If at least half the terminals are I-valued, any ?-valued lenninals in the interval should 

become 0-valucd if we are to maxhnizc the number of matches. Simffarly, we want no more than half 
.,_.- ·-

0-valucd terminals in any right interval to insure that these 0-valued ~n,m.nals «;an be matched Because 

of the local conncctioni it is not always poasibtc to maintaill: dlesc propcnics on any left or right interval.· 

Instead. we define regions within which ~ ~~ hold. Withil\ .~. ~ons matching can be 

localized. 

For a given value function. VT, Jct ZEROSVl(S) = {i€SIVT(i)=0}; ONfSy-r(S) = 

{iESjVf(i)= l}; UNDF.T Vl~S) = {i€SIVT(i)=?} where st;T. Oefine the property ~K-l(Vf ,x,y) 

(similarly OK-0) which is true if and ooly if j()Nf..Sw~~J)LS .. ~ 'A(y7~+ l)J~. (W~ us the notation 
' "'"'~- I t 

"ONFSvi{x,y)" rather than. "ONF.sv,(llx,y))") Also define PQll·l(Vf,1,y) (similarly Full-0) which is 

true if and only if fONESyc<x,y)I ~. rt..(y-x + 1)1. Property FµU7"J>~(~.x.y) is true when at least half 

the terminals in T(x,y) have value "b" under Vf. Note that Futl-l(Vf.x.y) and OK·l(Vf .x.y) can be 

simultaneously true only if IONFSVl.(x,y)I = 1A(y·x + 1). an integer. Full-l(Vf, l.i) indicates that the 

terminals in UN Dfff v·,~ l ,i) should become 0-valucd if we arc to maximize the number of matches. 

We will now define the regions ofT within which matching can be localized. Left-regions under 

vr arc formed scanning T from l to m. A new region begins when the previous region -has at 1cast half 



-17-

"l"s., Similarly, riaflt·ftljons under vr are inten:allof'T ICaflllint from m.to 1 and counting "O"s. 

Fint define ftlnctiana· lrt mr vr mapp1q, T to-«: 

lv,..(i) = i if Full-l(VI',lvrtl-1),i· l) 

/Vl~i-1) otherwise, for i > 1 

rvr<m) = m 

r VI.(j) = j if Full-O(Vl',i + l,r vrCi + 1)) 

r vr<i + 1) otherwise, for j < m 

The ft.motion Iv,-- induces an. equivalence,ntll&iotr oa, TO~mJundor which two· terminals i and j 

are equivalent if and only if lvrCi) = lvr<J). The resulting equivalenc•dallieiMire mtervals of T(l,m); the 

lowest element of each is an cleMnt of the raqae .of, Iv, .. 1llcse oqwvalerite clas&cs arc called left-regions 

under VI'. A new rcsion beains when the previoua i'qion haa at lellt half "l "s. Similarly, rv:1- induces 

right-~gions under Vf which are intervall,whosc hilhcalelcmcnt is,1111•ek;montof.the nmge of rvr 

Lemma 5.2: (a)OK-l(VT,/vrCO.i)unlcss lv,..(l)=i and Vf(i)=l 

(b)OK-()(Vf,i,rviO) unleu rv,..(i)=i and Vf(l)=O. 

Proof: We wiH prove(a). Theprooffor(bl•aaaJoaeut 

If lVI,(i)=i and Vl'(i)•l. then lONESv,(}M•-O•L\6(M+ l»J and OK·l(Vf,i,i). ff lvi(i)(~ 

then not (Full-l(Vf,/v,..(i· l),i-1)). In this case /v,..(i) = lyi{l-1) and 

I' 

IONESvt<lvi{i),i)I S IONESVI,(lvrCi· l),i-1)1 + l < f 1A(i·lvrCi))1 + l = L 1tt(i·/V1,(i)+ l)J + 1 

and OK-l(VT,lVl,(i),i). □ 

On alt the left-regions except possibly the la$. at least ha!f the tenninals arc I-valued. Such 

regions arc called fall left-regions. We define a delimiter for the full regions. Let Lvi,=m if 



Lemma S.3 shows that the fulJ left-rcgiU111G1n<Waiap;:fhe,fuU,ript-~Oftl, wlletl.altttnninals in lhe 

interval of overlap are Oil-valued 

l,emma S.3: If Lvr > Ryr, then IUNDin: VI{Rvr-1-vr)I = 0, i.e. all directions arc known on (RVT'Lvr>· 

Proof: Assume Lvr > Rvr· The proof counts the number of "O"s and .. l"s necessarily in (Ryr l"VT) 

using the definitions of Rvr and 1--vr 

Case 1: l()NESVI(Rvr-Lvr>I > IZEROSy1{Rvrlvr>f• Suppose Lvr is in rangc(rvr>· Then .. 
. . ·r; ~ ', 

(RvrLVT) is a set of right-regions of T. Since FuU-C, is true for any right~rcgion of terminals greater than 

Rvr- il must be that ft"ull-O(Vf .Rvr-Lvrl- However. ___ _.._._ dlfN~•Jeast. as many "l "s 

as "O"s in (Rvrl-vr). Thia,ma 

and no elerrnmts of (RvrY have value T wider Yf •.. 

We now. supposeLvr is not in die raaae~ rvr. Thea 

IZEROSVl{lvr+ l,rvr(I~+ 1))1 < r¾(rvr(l.yr+ 1)-(1-vr,+ l)+ 1)1 
,!·c;: ; a; - . 4;· :: 

and 

rvr<LvT+ l)=rVI(l,vr>- Interval (Rvrrvi{Lvr)) is a set or'right-rcgions...;d Full-0 holds. 'Ibis gives: 
" ·, { ~ ·,~ : . 1 1,.) . . .. 1 ~~, ·.}1 '. f i :- ' ·,; ; : F- ! ' . 

IZEROSvi{RvrLvr>f == IZEROSy1{Rvr,r~Lvr»l • IZfJtOSyy(Lvr+ Lryy(Lvr)>I 

IZEROSvr(RvrLvr)I > r ~(r ~LVT)-RVT +i)l!'f',1'{r~4Tfl:~ .:L\t(l~--IV'l'~l)J ·;' le. 

hH-o(Vf.R;wLvr> ••~ no-e1cmema.,r~~>,_ _... .. ,,,. ~vr. 

Case 2: IONESy1{Rvrlvr>I < IZHROSyy(RyrLvr>I This case is proven in the same manner as~ 1 
---: .\~?·-.!-~:-r).t~ 1~--\,;_\';"'._~;:_:·r✓ -1)~_ .. _ :. . , .re: 

with the roles of Lv-r and left-regions interchanged with the roles of Rv; and riaht·rcak>nl: □ 

The matching within the full left-regions .u.Ly..) or the full filht ~ns (Ryrml can be 
:~ .. ,, • -· :; ~. .:! • ;,-' 

maximized independent of the rest of T. Our aflorithm uses this property to break up the problem. 



1beonmt S.l fonuly ...... -~of the rqiant. · 

l"heo,_. 5.1: Let vt0 be a aiven initial value function deftnlna Rvr and Lvr, . For every VT consistent 
· .. . ,_O · G 

with VT O and every matchina function mvr there is a matching functio~ m' VT aarecina with mvr on 

0-valucd terminals In (I~. + 1.m) but. matching each 0-vatued terminal in (1,Lvr ) to a I ·valued 
0 0 

terMinal in (t.l.;r ): an4 such that lraaac(m\;,rlt ~ ftattp(ntvrlf. •AnatoaOtttly, there is a mafehing 
0 

fbncdoft m"vrBIJ'IIRll with mvr ort J•volucd tem,iAils m (1,Rvr -i) bitt matching each l·valued 
0 

termiflaHn (llvr ,M) to a 0-vatued tel'lninal in (Rvr ,m>•ct·whtwle raate·is at lea atfarlc. 
0 0 

Proof: We witJ onl.y prove the existence of m'vr· The proof of the existence of,m"vr is similar. The 

proof is by induction on the number of left-regions in (l.1-vrJ: 

Oasis: (l,Ln ) contains at most one region. 
0 

lfLVT =O, then (U.vr) is empty. If Lvr = l, then Vf o(l)=I and (1,Lvr) does not contain 
0 0 0 0 

any "O"s. In eidMr cate, dlt·tlleomn if trivially true. 

If 1-vr > 1, · din lvr O~vr )= 1. 'ffteictoAl, OK•l(Vf 0'1,Lvr ). We also have 
0 0 0 0 

FulH(VTO'l•lv-r) and en c:onckicfe JONP.Svr fl,LVl. )f :a: ljf..vr•. ·For any•vafue function, a 
0 . 0 0 0 

maximum matchill1,can be tbund by 1Callfflnl T trOM l · to m, F.ach .tfme a "l" is encountered, it is 

matched ao dte lowest numbered yet unmached "I". A• tofta • there: arc no more "I "s than "O"s in an 

interval (U), there·witl be an yot umnatdled "O" in (l.i·l► tomacch a 1~valued terminal· I. In the·cate we 

are considering, OK·I(V10,1,i) holds for every iSL .. Therefore every I-valued tenninat' can be . --vio 

matched to a 0-valucd terminal if all ?·valued temunata tn f U'VT lbaeomd 0-talued. Since there are 
0 

'ALVI. I-valued terminals in (l,Lvr) under vr0, sud\ a matchma Amrtion woofd match all 0-valued 
0 0 

terminals in (l,LVT ). For each 0-vatued or ?-valuod tenninahmder vr 0 in (lJ.vr ), we can associate the 
0 0 

I-valued tcnninal to which it would 1'!atch under the above mafchfflg. Given any value function Vf 

consistent with vro and any matching function; mvr,. the desired fflatehin& function m' vr can be 
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created by matching each 0-valued terminal ,iQ:(1.l"Vf. H.ct daeJllt ... l":vakled,tcnniftal Jt ts aaociaaed· with 
0 

and using the matching defined by mVJ. for 0-val~ tcnninals in (l-vr .m). Since m' VT matches at least· 
' ' ' ', i , '•;, ' '. .fl '; ' '"' . ' ' :.. , ' :· ,, ' 

as many "O"s as mvr lranac(m' vtJI is at least as large as lranae(mvr>I• (Reca11 ·that matchina functions 
• - ; ~ ',~.;, A ,t ·• ', ' 

arc OOC-to-Otle SO that the domain of a matching function is' the ~ SU.C 85 its ranae.) 

consider the ~ins tCl1BjflM&.as a new ~ , The ~of lhe maai!l;ina ..-niaals are 
,, 

unchanged. and we apply the inductive aswmption. The desired m'vT uses the matching of "O"i in the 
., ' 

; , ' . , . ' ~ ~ -• ; . ' . .._,,:; "'.' \;,: .. ·- -: - . •.· ·~ 

first left-region to "l "s in the first left-region and the matching of , .. s in the remaining full left·regiocls 

to "l"s in the remaining full left-regions obtained by the inductive 8IIIUlnl)tion, a 

S.4 Assipmeat within Reafoas 

Given Theorem 5.1, we can show that it suft\ces: JO ---J..-iols NT ~l .with YT0 

wflicll •sn 1111 ?·valued tcl'lllilnfi ile ,(1,1.n )the valU4 ,\V' Walt ·?·vallltd terminal$ in (Rvr .m) 1be 
. , 0 . . '. " , '· . : 0 

value "l ". 1-.alw hold$ for VU. : 'fheorem s.i saatcs. Sh1I tomuiQr. ,;{lie .ritbln.fQf .aasi&mal: ._.. 

begins by assipiq these val41eswthc Pfi&i,ralJ}'.t-~.......,.._...,:paifa._:Wtlen:-aconAict 

arises, i.e. T(i.)€(1.Lvr.> -1 BO) : p(T{i})E{Ryl\,Jl) .Gf ll-iK4Rv-i.•·alNlJiQ •1,tlli»E<lJ:-v'o). 

either choice caa bf,,~ We choote.t,ufdint'.dle....,.. IQ;thlt ~• • JIJlde a fbe 

.followiv~ 

l •. Mateall:?~valued tenntaall illOJ"VT )a tbeir.._~•lf81lled. . ' Ylo 

2. Mateall ?·value(l..._fs in(Rvr )n)Md~-----~valued. 
' 9 ' 

3. Make all ?·valued ~ in th4'o►Jllld lbeir _,..,_kaiue4 
4.M•c all ?·valued tenninall ill (R18n.o)ancl . .., .,,.bB 1-~ 

This order jives a prcfeRUICe k> llli&mnenll4ict•ctl,y the top...-~ each d 1 
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throu,h 4 4oflnes new functiona VTa•tVB which ••ttnd Vfc.lUld VS.• which may be extended to 

value .fvnctions acbievi111 die mautll\llll ~ (Mw, t "4va/F· Thcte new functions may induce 

new teft·reaion• and qaht·reai@~ The aprtthm ,we~ computes new Lvr RVl., Lv8, and Rvir 

and appliC$ one of! through 4, qch iJ) lltm. until there• •full ~C4)1ltainina ?•valued terminals. 

Theomn 5.1: Let VT and VB ~ any pair of value functions consistent with Vl'
0
, VB

0
, and the pairina 

function, p. If there are ?·va1ued terminals under Vf O In Cl.l-vr ), then there arc functions VT' and VB' 
0 . -

' ' 
consistent with VT O' V00, and p. such that all ?-valued tenninals ·in 0.Lvr ) under Vf O arc 0-valued 

. 0' 

un'der VI'', and Mvr' + Mvo' ;:? MVl.+ Mvir SimiiArly, .rhere arc value fttnctions assigning ?·valued 

tcnnlnals in <Rvr
0
,m). (1,Lv9o>· or (RVBo'n) the values ••r•, ;,O", or"l" respectively, without decreasing 

the sum of the marchinas on T and B. 

Proef: We wilt only prove the statemeni (or &e4 v•,• (¼LV'f/ Prqc»$ for the other intervals are 

anal~ous. Suppoae there are ?-v.atued terminals in (l.~) under vr &- lf ttiese M:m.h1als arc 0-valuod 

under Yf. we arc done .. Suppoao dlere are S\JCh ~• w~,are JJQt.8-v.due4 under vr. Dcfioe 
' 

value function VI" to aatee with vr on'¼ +1,m),but·--.cadl ?•YcJI~ JCfflliualuader VT0 in 

(l.LVTi the value "O". Let mvr be a maximum matchui, ~nc~11 fol: Yr w}l4ch,~tchel each 0-valued 

terminal in (l.Lvr, ) under vr to • l ·valued terminal in O.Lvr ). · Dy 1\corem $.1. 111(.h a ,mvr must 
0 0 

exist. Let fflvr' be a matchina functiop for IT-w~__. widl mvr:Qfl,(lvr
0 

+I.JP) aad matqbee 

each 0-valucd terminal io (l,Lvr.> tipdef Vf' to a I ·valued tenninal in (1-Lvr.,>- Aaain, mVJ" ii 

guaranteed ,to exist by 1beorem S.l. 'lllen. 

lranae<mvr'>I- lranacfmvrM = IZEROS•r-(lLvr
0
M · IZF-.IWSyt(l,l.vr

0
)1 = cl 

But, MVT, ~ lrafl8C(mvi-•>f and Wvr = lrana,(~. ~ Mvr' -Mv.r ~ d. 1be C4)rrcspondiaa 

VB' differs from VB by chanain&-1 ~ d "?"s or "l "s to "O"~ This cao ~. at most d ranae valuea 

a 
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It remains to -.a 0/1 values to an)' 1-vatued':lentlfnats of· TCLvr + l.kVT ·l) and 
. e e 

D(LVB + l,Rva ·l)~ where VT. and vn. ate die 1aatextensioni,ofvto and vno·obtaincd by the above 
e e 

. . \ . 

assignments. lntetVals T(J.,r + I,Rvr -l)and 11Cly8 +ttv8 '~t) maybe emf>fy: Oivcri Theorem S.l, 
, e e · e e . 

we can maximize the sum t>fma1Chcs within TfLvr '+f,R'.vi·;t) and :rwt~B + I;RVB ;.IJ1ndcperidenfof 
e e e e 

the full regions. We remove the full regions afld define a new T and ltwntain,igg only t)l~ remaining 
., • . - .: • • ":.~·-£ ;p . f -: 'i: ; : . . . . ·": ' . -. -~ -· ~ 

terminals. We get a problem on vectors 1U.m')and B(l,n') with new pairing function, p'. ;md new initial 
• •• • ~ > '. • + ~ . • 

value functions. Vr'0 and V8'0• such ~ · 

m' = RVT ·Lvr -1 and n' = Rvp ·•·ve ·J, 
;~ J! ,;e .. • , 

Vl''o(I) = Vf_<Lvr, +i) and VB'0(i~ = ~~e<Lva,+i) . . 

The pairing function, p', corresponds to the the old pairing function whc~ both terminals of a pair are 
.. '·' . "' ' 

within (Lvr + l,Rvi· -1) and (Ly8 + l,Ry8 -1). If a terminal within one of~ intervals was originally 
e e e e 

paired with a terminal outside the intervals, then the new function pairs this terminal with • (don't care). · 

Any tcnninal originaUy paired with a tennit»ll outside these'lntetvafs is,0-valucd or l·velued under Vf 8 

or VDe. Since the pairing function is only needc,flbr ?·valued tcnriJii•·thangiq'the patrlna of such a 

terminal to • does' not change the problem. The new value'. functions. vr' 0 and VB' 0• Induce exactly one 

left-region and one right·rcpm ·on each of T(l,m') and D(t,n'}. 'None ~f1hese ~mi is lull. • 

The mignmcnt to .tflc new vectors iS made using procedure' SCAN·A"SSIObt tf'he procedure is 

called with fnput5 (Hl.m1;8(l;n'),p\VT'0.V'ti'".;). .1W ptbceaure. scans· die' top ~Mr, reaaigning 

~bottom pairs of ?·valued tenmnals die value "O" ·w~ tbis· arillgntn~t --,<JUl4 not create a 

bottom right interval. D(s.n), with more that halfO-valued termfnah. ~ sud'l an Friitrvat:woufd·rautt. 

SCAN-ASSIGN tries to reassign the termina11·t1te;value "l". ;'lritits wfflild·tteattf,f top left interval. 

1lJ,q), with morc1han half I·valued tcnnhrdts', the procedure stops cmd morns "FAte•. The procedure 

which called SCAN-ASSION must handle the failure; If no failure~ SCAN-ASSIGN continua 

assigning until there is a fuJt top ript-~ion. i.e. a ri&ht interval with at ·1ea1t half JO"s. Any .11emainln, 



?-valued terminals are assigned the value 'T'. The procedure SCAN-,.ASSJON is defined in Figure S.3. 

The followina two lemmas . and theorem prove the correctness of 

SCAN-ASSION(T(l,m).8(1,n),p,VTO' VBo) when it succeeds in assigning "0"s or 'T's to all ?-valued 

terminals in T(l,m) and 0(1,n). 

Lemma 5.4: Let vri and VD1 be the value functions aa,umect by variables VT an4 VB after considering 

tenninal T(i) in either the first or ~nd FOR loop during the execution of 

SCAN-ASSIGN(T(l,,n),8(1,m),p,Vl~ ,Vftg). ·lfVl0 anlVfto do not define any full regions on Tor B, 

then fur any i, I Si Sm, VTi and VB1 lllltisfy tllofbll&wkifproperdea: 

For alt k, 1:S;k:S;m, OK-l(VTi'l,t) 

For all k, IStSn, OK--0('181~,nt 

Furthermore, if SCAN-ASSION(T(l,m),B(l,m),p,Vf0,VBo> enten the tiecond FOR loop, then for all 

value functions Vlj and VBj' where r(j) is considered in this loop, IZEROSvTjO.mM = n,m ,. 

Proof: We first prove the properties fi:>r functions defined in the first FOR loop by induction on i. 

Basis: 'Ille properties arc true for VT 0 and V8
0 

by hypothesis. 

Induction: By inductive assumption, the properties are true after considering terminal T(i-1), ie. 

after the (i-l)th execution of the loop. Function Vfi differs from VT1~ 1 at most for T(i). For this to affect 

OK-_l(Vf1,l.k) for some k, the fbHowina must hold: jONESVT
1
_/l,k)l=L'AtJ, k~i, VTi_1(i)=?, and 

Vf1(1) = 1. However, if IONESVT. (l,t)I = L 'ittJ, then Vfi(I) is not assigned "I". Therefore, for aH k, 
1-1 

OK- l(VTi,l,k) holds. For OK-O(VDi.k,n) not to hold for some t, it must be that: jZEROSvei-i't,n)I = 

L'4(n-k+ l)J, k:S;p(i), VBH(p(i))=?, and VBi(p(i))=O. However, if IZEROSy8H(t,n)f=L 1A(n-k+l)J, 

then Vfli) and VR1(p(i)) arc not assigned "O''. 1l1ereforc, OK-O(VB1,k,n) must hold for all t. 

If SCAN-ASSIGN enters the second FOR loop, let h be the first value of j considered ·in this 

loop. faecution of the first FOR loop is completed because FulJ-O(Vrh-l'q,m) holds for some q. We 
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Fipre $.J: llefllliueaefSC4N-~ 

SCAN-ASSIGN(T( l.m).8(1,n).p. Vf 00 V8t) 

/Assigns 0/1 to ?-valued tenninals in T and B where Lvt,
0 

=O. Rvr
0 

==m+l, Lvlo =~~ RYBo =n+l. ~ 
no region i$ full.I · · · · · · 

VI':= Vf0 and VB:= Vflo .. . . .. 
FOR i = J STEP l UNTIi. (3q)FuD-~.q.m); 

IF Vlli)=?THF.N . . . . . 
. IF (ls) p(i)€D(s.n)and.lZEROSv,.{s.fl)f =L~n-s+ l)J THEN 

. IF (3qH~qSip • IONF.Sv:1(l~~~~ THEN 
RETlJRN (FAIL i.V'f ,VB) 

ELSE VJ'~):,:;laild:~B(p(i))::.=;l 
El.SE Vf(i):=Oan(I VB(p(i)):=0 

END ), , 
FOR j = i STFJ> l THROUGH m 

JFVl'O)=?THENVf(j):= landYJ)jp(j)t■~l · 
END 
RfffURN (S~. vr, VB) 

END SCAN-ASSIGN 
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kn~ daat h~l 11AG'i<h .. Vf11--1 ..-.wita Vfo on---ta)ud fbrnok does FuA-o(Vf0,k,m)·hold. 

If qfll, we know OK·J(VT,_1,1,(tl) holds,~ the .ffM pan of dlls ,proof; 'Il,is implies that 

IZF--ROSVTh_p.q-1)1 ~ r 1,.(q-l)1'shlceno tenniaals ia"fll,b..,l)are ?-valuedunder.V'rh-r Then 
,, . 

IZEROSVJ- (l,m)f ~ r'..t(q-1)1 + r•,.(m-q+ 1)1 ~ r~ml. 
h•l . - , 

However, IZEROSvr (l,m)f < rt.tml; otherwise, the ftnt loop would not have been repeated for h-1. 
11-2. : , 

Therefore, IZEROSVT (l,mM = n,m1. The second FOR Joop docs not assign any "0"s. Therefore, 
h-1 , , ' , , 

for all VTJ' h:S.iSm, IZEROSvrp,m>t = r1,.m1. Also, since OK-O(VB11_1,k,m) holds for any k. 

OK -O(VBj,k,m) holds for any t. 

It remains to show that OK·l(Vfj'l,k) holds for all k. Since any VTj agrees with VTh-l on 
., 

, . 

T(l,h-1), OK-l(VfJ'l,k) must hold for t<h. Suppose O,at for some kc?:h and some J~.h. OK-l(VTJ,1,k) 

does not hold. Since the number of I ·valued terminals increases on each iteration •. OK-l(VT m,l,k) must 

also not hold. Sin(;e no tenninal is ?-valued under VT m• IZER0Svr (l,m)f = P,.m 1 implies 
. . . m 

• ✓ ' • 

IONESvr (1,m)I = L 1imJ; therefoffJ k•m. 
m . 

For any i~h. fZEROSwm (i,m)f = fZEROSV1"
0
(i,m)I < f 1.4(m-i+ 1)1~ 

This implies IONESvr (k + 1,m)I > L "'(m-(k + l)+ l)J . .. 
lben fQNBS~r . (l,k)I < L IAmJ - L "'(m-t)J, 

"' , 

giving IONESVT (l,k)f < flikl, contradicting our assumption that OK-l(Vf m,1,k) does not hold. □ 
RI . · , ·, ~! t > 

Lemma 5.5: For any caU to SCAN .. ASSION • m Lemma S;.f, the first FOR loop is completed with iSm. 

Proof: If the lemma does not hold, then after i = m in the first FOR loop: 

IZEROSvr (l,mM < r'Am1. 
m 

However, by Lemma ,S.4, IONfBvr (1,m)f ~ L ¾mJ; 'irnplfilll fZEROSw (l,,n) ~ r'iim1. □ 
m m 



'llleomn 5~: I.et VI' &---1 V\ be initial -.e t\ladiotlS ,wllidJ._, n&fml ftlgieM OCl T and B.· If 

SCAN~ASSJGN(T(l,m). B(lak it. Vf o- VI\) wturlt. 'CIUCa:I& Vf .. ;VBm); 'tlld Vf m ancf VBm 

Proof: Since OK-l(Vf m.1.k) holds fur lStSm and fONF.Svr U.m~ = L¾mJ. Mv:r = l'AmJ. the 
. , , '., ', :> ' a,'-, - ,- ,; -'- , _,· ·111 

maximum possible. Since OK-6(VB .t.n) holds mr l;Sl:Sn. each 0-valued bottom terminal can be 
- ID - - - - - , __ - , 

. ~ 

matched. and Mv8 = IZRROSvr (l,n)t. If Mva = L ~nJ, then nt> larger ~ng is possible and 
m m • - . - •- · 

< • • ' -

we arc done. Suppose Mva < UinJ. Let Mva =~ 1,brA, A>O. let Vf and VB be any other value 
'In Rt : :, , ,_ : , 

functions consistent with p, Vl'o., and VJ\y We must show chat 

Mvr + Mv8 S MVT + Mva = l'4nJ·A+lhJ. 
11 , • ' 

Since the initially ?-valued terminals are assiped Oil values in top-bottom pain, we have: 

tzEROSVTe (1.m)I - (ZER0Sy8t(l.n)I = ~osvr.~I-~lt- lZEROS,a.O.n)I 

= r¾m"l-t.~n.J+.4 and 

fZEROSy.,(1.m)I- JZF..R:C>Svr
0
(I.m)l = JZER0Sv10.a-- ~~0Sv9t(l,n)l. 

' <. ' : ' - •. 1, 

Let lZF.ROSy.,Cl.m~ = f,,.ml+1.. wherezisaayimsgcr. Tben: 

IZEROSvJl.n}I = IZEROSvr(l.m~ -(f7.EROS~~-~)I- JZEROSy-.,0.n)I) 
- - ·. . . , ~·-. ~~ 

= Piml+z--(f~1-L~a.f+A)= L~a.J+z--A. 

~ I: z<O. Then MVT + Mva S IZPRO&v.H,m)l + IZEROS,8(1,a)f 

~ rhl+z-H. "8J+t-J.:,<,L"80+thJ-A. 

Case 2: O;Sz. Then Mvr + Mva < lONF.SvrfI.111lt + IZEROSJl.al 
_, . :. ;t: t l~~ -:; , 

~ l,tmJ-i+L~aJ+z-A = L~mJ+L\bJ-A. · □ 

handled. we prove that ror certain value fimctions. the value of a tmninal can be twitched f'rom one of 

V or "I" to the other without decreasing Mvr+Mva· These value fullCtions are consistent with the 



initial value functiou used as input to SCAN·ASSION 111d Illian only "0''s and ''l''s. They assign an 
- . 

imbalance of "0"s and "l "s in some left or~ interval. We will uae this ability to change the values of· . . 

tenninals to prove that the value function returned by SCAN-ASSIGN do not assign too many or too 

few "0"s and "l "s to achieve an optimal matchiaa-

temma 5.6: Let Vf O and VI\, be initial value functions which define no full regions on T and D. Let Vf 

and VR be any function consistent with vr O' v9n. and p under which no terminal is ?·va1ucd. 

A) For any x. l~xSm, if IONF.Sv,fl.xM · tiERO&;~-l,1'}t ~ 1, then there is a terminal i in 

T(l,x) such that Vl'Ji)=T, Vt'(i)= I, and the functlont VT' and VO' obtained by chanaiq the \talues of i 

and p(i) to "0'1 
are sl.lCf:l that t.fvr•+ Mva' c!: Mvr + Mw· 

B) For any y, l~ySn. if )ZF.ROSvub,n)f'- l()NF~~y,n)I > I, then there is a terminal i in 

D(y,n) such that VB0(i)=?, VB(i)=0, and the functlOftl VT' and VB' obtained by chanaing the values of i 

and p(i)to "l" are suc;h that Mvr•+Mva•~Mvr+MVB. 

Proof: We wiH only prove A. The proof fur 8 is analogous. Since fONESvr'l,x)l·IZEROSVl{l,l)l>l, 

there are at least two "l "sin T(l,x) unmatched under any matchina,Amctlon for Vf. ; 
.,., 

Let there be a mat.china fttnctiott achitvJna ~vt for which.the terminal oflowor·indcx amon1 

two unmatched "l"s is ?·valued under VT er w.--will show by contradiction that~ a matching function 

must exist. Given such a matching function, change the value ~f the termi~at of lower index to "0". 

chanaing the value of its bottom pair as welt. Thia defines vr and VB'. The new "O" can match the 

second unmatched "l", aiving Mvr=Mvr+l. In B(l,n). at most·one range value of any matchina 

function has been destroyed; thcrefure, Mv8,~Mv8·l.. It tbllows that Mvr'+ Mvo' ~ Mvr+Mva· 

We now show that the matchlna function dCICribed above must exist Flaure S.4 illustrates. 

Suppose that for any matching function achieving Mvr, at most one I-valued tenninal in T(l,x)° which 

' . 
was initially ?-valued (i.e. under Vl'o) is unmatched, and that if there ii such a tenninal, it is the termina1 



' ,~,~~"""*~'l!~~;a,,••!¥.IM1!'v"",f~,.~~-.. ----J!IIJ.l1,l!fl(@l~IJb,l~ lJ~"1.ll.l t)IC,,~,~$:@Jl\il,,.!l.'1!(_ ~~ 
,,.. - . -_ - . - . - ·., -: - . 

Fipre S.4: The proof of Luaa 5.6. 

Claim exists: 
·r: .. 1 _______________ , _______ _ 

m 
"I" 

unmatched 
?-valued under VT 0 

Otherwise: 

"l" 
unmatched 

any I-valued terminal under Vlo is matched to a 0.valucd terminal here 
T: 1 '~'i , ·_ .. -~ . . 

m 

an I-valued tcnninals under VT are also I-val~ u~r Vfo . . . . 
. L~many "l"sundcrVfo 

all 0-valued terminals arc matched tQ I-val~ tcrmioalsbereJ 
' • - - . . ,_ ' ~ f 

Fi&ure 5.S: Definition of C. 

T: 
1 k q 

?-valued ' -~ 
~1 _________________ __ 

m 

set c includes ad "t •s 
assigned by SCAN-ASSION 

. ' ,,-, < 



of highest indel amona aU u11matched "I'"• in T(l,x). Then, for any matching functton achieving hfvr 

there is at least one I ·valued terminal under yt0 which is unmatched. Consider all matching functions 

achieving Mw for which a maximum number of I-valued terminals in T(b) arc matched. Among these, 

consider only those functions fur which a maiimum number of originally ?·valued, now I ·valued 

terminals in T(l,x) are unmatched (either iero or one such terminals). For each of these. note the indices 

of any terminals in T(l,x) which are unmatched and are I-valued under vr0• Choose the matching 

function for which the highest index, say u, is obtained. No initially ?-valued terminal in T(l,u-1) which 

is 1-valucdunder Vf is unmatched. Bach 0-valued tc~iaal ~ T(l,u-1) must match an initially !-valued 

terminal in T(l,u-1). Otherwise, the matching function could be modified so that the offending 0-valued 

terminal matched u. ff the off'ending&vatued terminal had been unmatched, this would produce a larger 
I 

matching; if it had matched a terminal in T(x + I,m), dtis would produce a matching under which more 

!-valued terminals in T(l,x) are matched. If thcotfcndina terminal had matched an initially ?·valued 

•· 

terminal in T(l,x), matchina it to u would produce a matchina with a larger number of unmatched 

,· 

, I-valued terminals which are ?-valued under vr0; if k had matched a terminal in T(u+l,x) which is 
' ; :)-,, 

I ·valued under VT 0, this would produce a matching with an unmatched terminal which is I ·valued under 
~~ . ' t 

VT0 and of higher index than u. Any of these possibilities contradict our choice of matching function. 

There can be no matched I-valued terminals in T(l,u·l) which are initially ?·valued nor any unmatched 

terminals of this type. All I-valued terminals in T(l,u·l) are initially l·valued. Since an 0-valued 

terminals in T(l,u-1) must match I-valued terminals in T(l.u-1), we have: 

IZEROSv10,u·IM ~ fONFSvr(l.u-1)1 = fONESvr (1.u·I)I 
. - ,,_- 0 -

Since no terminals arc ?-valued under vr. this implies fONF..SVI. (l,u·l)I ~ r'ii(u·l)l, contradictina the 
0 

hypothesis that there arc no full regions under vrO' □ 
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s.s u ...... "flillll1' 

Let us suppose that SCAN·A$SION returns (FAIL t~vr. VB)., We will now dacribe what is 
• S •' : "., '• • : •' C ·~ 

3;1~,-:. :f"\i,~f: ~.:.t.r:-:.:• : ;f:,,::-~> .. •,; '. ,'~~• •,·•• •, ;; 

known about T, 8, and their value functions after SC'AN·ASSION returns. We wift use this infurmatioD 

to handle the failure. Procedure SCAN-ASSIGN returns the. value. t. of k)OP,. v~riable j when 
- - ' . ,.rr,. ,. · .. ,,..· :~·_.•('J.~·~,J;y)4_:-t.t)f:-',·- ·,.'.,.· · i; ('':>.-" 

SCAN-ASSIGN encountered the failure. Therefore we know lhat vr,_1 ·~ VBH. •~ the val~ 
· ' · -~ ·,·.. . ' . .;:.~ ·.•,: · ··J. j'<l-_ · .. ,.~.>'>-~¥:~ ' . ·--~_s";;1·c·.· · L ! j r:· --~-t- . "", · 

functions returned. There is a q>k such_thal l()NF..Sw (l,q)f = L~qJ. We_wilt ~~smallest~ 
·~ ·• - • . ; /-~ :;i ,1[·'•:lt-4:;·~~- :· ,~---< ,. }t:~,: "·.-·, :·:.· -· ,.i 11,·, ·- :, ·f 

q;. There is an s_ satis~yin~,,~c fotto,~ng ~rec-~~- Y>. ; p(l~~.!}-~i~ -~~R~VA\}~nM = 

L 1,i(n-s+ l)J, and (iii) each tcnninal in T(l,t~l) which has beeA' assiped the value "l" by 
: '{;: ·.·: -~:~~·Ji;'-·~.=-,"};,-,,_-·:-·-.-~:; .· ' ; :· ' ' . .:_,,. 

SCAN-ASSIGN is _pamd with a ~rminal in B(s.,~\i·~·-~~~rr"e:t~t~~;~cNt~1>,SI>(~~~)). 
. . I .· . , 

1bis last property follows from the fact that SCAN--A~IO~. onl~ assips Vf(i)= I when. at the time, 
~ -~'jj \'.~·,. ii t-- ~}-~ fi' }';:.Ut !=.i'.>~ Lt 

(3s)(p(i)€B(s.n) and fZEROSv8(s,n)I = L ¾(n-s+ l)J. · ·~. we can as.,ociate an 8i with each. 
. . • - , _::: .;,·-;·:< :. ·~. r: i-'. ·r~::/~:· -~· .. !;: t:' .~ ,·, , .. - ' ·.. -

?-valued ~(i) made l~v~lued. Once I~~~~:~. ~, L ~~~_+})J ~:~}V~•,,~ ~ ,~,•r•. • 
in the interval docs not chanae in later itcradons. Therefolt. choosing the smallest of any such 5i and the 

1-~. • '. ·· · :_ : . .-. :..; ,<:·•=' !~ -~ -._.·1~l t;::.,t.1-,f~,_, .... f :-r~i': 1 :·.~jn··~: ~-:: ~- .. •~-: !.,·_, t :· 

5t associated with the failure. we have fUl ifldcx, s. _which satisftes all tbree. r,ropertieL II~-.~ we ~ ,die 
~ ' . • .f,-.T.' ., ,':i•• /'<;<l':\_~:--·~1cr~:::-•·:~ ':•~•;,_, •·••,' .. (" ... ~;, ~ 

largest s ~hich satisties all th~ pr~ Note~. VT i-lk)~,Y~ip(l)):==~- W~ !lso ~!~ eacll .· 
; ~ :. ... . . ·- .• · _ • _ :•~_:;,,;t ,· i:- .. ,1i, 0 r"- ::~ _J(':.-•~!1 "1>} \~\_tc ~ cl}:.!·_ : , • ,~. ,, ,. 

terminal in B(s.n) which is assigned a "O" or a "l" value by SCAN·ASSION mutt be paired with a 
• :

1 
·)~ , ,-; :i ,, '. :·,~ 1 :.~~·';_.j-\ }:J~ ij-'_,.,i;-~f;: : , ~J~ .. ! <' :&f 'l ... :' ·._ 

tcnninaJ in T(l,k-1), since no initially ?•valued terminals in 1lt.m) or lheir bottom ~ have been 
- • ;_ , • f ~ 1-·~-:;.~ };/,·~(. . : ?·.:.:·_· ;'; -:~_:,' > ... 

Let C be the set of initially ?~valued.,._ in T(l,q)~,~- in ~,n) (f"..-S.s). 
;,f-;_:: ~.'r,,:~::i>~(~i ::_ ·~~,·d,r ,;f:;J!:¥:lf.·~: ~L-!i; ... ()>i-~~:?()?l~f:-<!, 

For an optimal &ignment at the top/all l'Cdtaiflilll ?-valued tcrmiflall·ia T{Lq)slKJIJld--- "O"s. ·~. 
· ,~ t - ::_~::/: ·.:..-_ •·• ;;.•·.: )i~1>c,·--: ;;- . 'S i~,;ti "''(\! CJ..--;t:;;1;;,t}'t}.f,~i:jr~~-( :-:r-t~ >!E-1 ;:, ·1.:i ~.,ff~ ,·, 

an optimal assignment at the bottom. ail'~ ?·valued tcnmnall i,a ll(s.a) lhould become "t•a. 
,-~·f \/ ·f~;frf ,~f;it•!~t1 !l~r~·{;ft f/hJ :'_.!;"_~;;~ J".,£11 ,_;--·~;[j•;f ' 
', 

Obviously, on C these are confticting goals. We wish to Jiftd Oil ......... A>r dNt ~na ?-valuccl 

tcnninals in C (including k) for which ~ extension will a.ilieve the madmum sum Qf ~ To do 

this, we first prove that we need only consider value functions which._,.. a number of Ts or "I "s in C 



within a ccrt1tia r,aqe. Ltt: 

• lOl • 

~I ;;; JOl!lBSv,,~/C)I 

C- :;:; l_lERnR.__., JQ . .,, """""VJ H 

C,:;: fUNPlff'vrll-1(01 

To simplify the statement of die lemma to lbllow, Jet "--..me the standard state after 

SCAN-ASSION returns 'FAIL"' mean: "Assumina vr0 and VB0 are initial value functions which define 

no full rcaions on T and 8, let SCAN·ASSIGN(T(l.m). D(l,n). p, Vt0, Vito) return (FAIL 'k, Vrk-1, 
' ,. 

arbitrary value functions contl~ wkh VT er Vflo. an,4tt u•r:wltjcb lhore are no ?•~alucd terminals. If 

c?) 1. then for ¥IY ll, lSxScf 1. there ant v-1.,c t\J~ Vf'.,.. :vil' also ~Stent with vr o· VBo, aad 

p under which there are no ?-valued terminals mcb that: 

Mvr' + Mva' ~ Mvr + Mv8 aid ION~!(Clt = <;, + , . 

If c1:.:: 1, there arc such functions VT' and VB' for which c1 ~ IONESwl{O)I ~ ei_+ 1. 

•' 

Proof: Ifs> 1, letDbc the set of initially ?·valued terminals in T(l.q) whose pairs are in D(l,s-1). 
' ' 

Then: IONESvrCI.qM = fONESv,{C)I + fONESvi{DM + fONESVI' (l,q)f 
0 

. , . -

Note that jONESvr (l,q)I = IONESw (1,qij + fONESw (CH = L ~qJ 
k-1 0 - k·l _ . 

· case 1 IONF..Svi{C)I ~ c1 + x, where if c, = 1, x ::a 1. 

We use induction on IONESvrCCM + IONF.Svi{D)I. 

Basis: l()NESy.,(C)I + fONESvr(D)f = c1 + 1. Then fONESvr(C)I = c1 + l as desired. 

Induction: Assume that the lemma holds if: 

c1+x ~ IONESy.,(CM + IONESy1{D)J<c1+x+i, i>O. 

When IONESy1{C)I + IONESv,{D)t = c1 + 1 + i. then: 



IONESvrCl,Q)I = c1 + x + i + IONESw (l.q)I = L ~qJ + 1 + I~ L t,tqJ + 2 · 
0 

lffONESyr(C}I = c1 + x, we are done. Otberwne,\Vtfufi lemmaS.6-A. 

IONESvrCI,q)I- IZF.RM~l,qf ~L%qJ + 2-(r~q1 • 2) ~ 3 

Therefore, by Lemma S.6-A, there arc Vl~cm4 Ylr•h 1hat Mvr' + Mve' ~ MVT + Mv8 and 

By inductive assumption, there arc vr• and VR" such that Mvr" + Mve" .~ Mvr' + Mva' Jtnd 
' ' ;. . ~ . , - -· 

fONESw•,(C)I = cl+ l. 

Case 2 IONF.SVJ(C)I S c1 +x, where ifc.,= 1, x=0. 

lbcn IZEROSvrCC)I > c0 + c1 + c., ·(c1 + x)) = c0 + c1 • x. If q < m, let E be the set of initially 

?-valued terminals on 8(9.n)whose patrs'arcift T(q+ tm). f:ct p(C) denote1he bottom pairsofC. 

IZHROSy8(~tt)t = IZF.JlOSy8(p(C)}l + IZEROSv.,(Elt + fZEROSv9nCs.n)I 

We know fZEROSvn. (s.nM = IZEROSvn. (p(C)lf·+ f1.EROSv0 Js.n)I = L~(n-s+l)J. ,-1 · -1-1 . 71 

We use induction on IZEROSy8(p(C)}I + IZER0Sy8(1!)f. ·· 

Basis: IZEROSy8(p(C))I + IZEROSvJEJf = c0 +c,-x. Then tzHROSvu(p{C))I = c0 +c.,-x, implyina 

IONESvJP<C))I = <:1 +1 •desired. 

Induction: Assume the lemma holds lbr: 

c0+c1x S IZEROSy8(p(C))I + tZEROSva(E)l<~+~·x+i.fori>_0. 
,_.,,. • " • • • • s 

Wh~n IZEROSy8(p(C))I + IZEROSva(E)I = tq+c;-x+i! . 

fZEROSy8(s.n)I = Cc,+~·x+i+IZEROSvle(s,n)I = L~n-s+l)J+cfx+,i ~ L~{ll-Sf l)J+2. 

If IZEROSy8(p(C))I = c0+c.,·x, then fONESytCC)f = c1+x as dcsirect Otherwise, we uae 

Lemma S.6·8. 

IZEROSy8(s.n)l • IONESv8(s.nM ~ L 'h(n-s+ l)J + 2-(r ~~-s+ 1)1-2) -~ 3. 

By Lemma S.6-B, there are Yr and VB' such that Mya' + ¥vs' 2:. Mva + MYll and 

IZEROSvu,(p(C))I + IZEROSVB,(E)f = IZEROSyg(p(C)~: +JZER~va(E>I · 1. . 
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By inductive aMUfflfttloa, dltt'e are vr: and VB" ·uh that- Mvr'' + Mva" ~ MVT, + Mve' and 

a 

We now kaow that there are valoo' ~ •tmnt the rnaimum sum of matches which 

as,lip at least • ·maaf "l"t la C • SCAN~NBIIONlitlat: •~ Rewever,' we do flOt t;row if the 

particular choites .jl)r hvatued termlftats witf lelad to aarepttrnalaelUlfon. Wt: wiH now show that except 

tor possibly ooo tonniMI wtum-we can ~ ~·ttAM-~MlOHbas 111A4\f aoud ehoica Note that 

the diSffllctien J1lldo .,__c,~l'•,>l •'• t__...Atf ,'~::•Whfn t~J; tqarfltcss of die 

e1tensions of VT0 and Vflo bcifta contktertd, there are eaou,h necessarily unmatched ''l''s in T(l,q) or 

unmatched "0-'s in D(s,n) to that we ,•a trade off top matr.Mt--- luttom matches. When c?= 1, we .. 
know that an optimal assignmcmt•Wri~1tave al lea5' one u~tltit•''ll"on T(l,q) or one unmatched "O" 

on B(s,11}.'Hewever. wecauot _. dltae'tlllillst ..... .,__ whei\t a"O'" is unmatched inD(1,n), 

thefltfa,"t'' htT(}.q) may ~a tt,t''M~q+l,m). ~an-dtta~l" in ll(~n)Ma)'niatch a "O" 

in 0(1,s,1). The algorithm must try both choic• ·- leavina one unmatched "I" in T(l,q) or one 

unmatched "O .. in B(a,n). 

'lbc tennlllal which may have been incorrectly assigned is the smalJeat numbered I-valued 
,.,. 

terminal in D(s,n) which is T-v~ under VB0• AIIUme this ii terminal i. Oiven two tc~inals, u and v, 

with u < v in T and p(u) < p(v) in B, aasianina "O" to u and "I" to v is always preferable to asslgnina "I" 

p(u), respectively, can match when they are 0-valued; any terminal which can•tw maa:hed to u or Jl(u) 

when .Ibey art l...tued. can be matdle4 to ver p(v}.-~. tffle1r.,,ift l .. vatee.1. Therefore, 

aslipina "0" bnnmcl p(u) and ~l" w y,.....,pt¥t 1iw.atlbait·•'- a.matdlffla•oiHfflth ofT aild Bat 

the opposite allipment. '11\crein., if tltl'MmM h11Ht fr, pair •• .. ner•ffllfflMIVd' than p(l) and t, 

respectively, &hen It ii helter to·~ mrminel i ,&-valued and 40mllnal 1r kalued than vice versa. 

However, the prokrted assi&MlCJlt ii nat,COli!Jiltont .wfth Vf\.1 and V)\_1• ·We defttte new value 



functions which maintain the important pra,.rties of VTH and VJ\.1• l,ut:,allow, tile pref~ 

assignment 

Defmition(sec FiBUre 5.6): Assume the standard &tale after SCAN·A&SION retums ''.FAIL". Let i be the 

tenninal of smallest index in D(s.n) whidl is ?:,valucd·unclcr VBo,atHI l•vafued under VJ\:.r Ceitaialy, 

p(i)<k. If i<p(t), Jct h = i: otherwile. let b = p(k). Qy .clefiaiu<>-o of It. ell J.-ufaed. ~nnioals ill C are 

pair~d with terminals in l)(h.n), l)cfine vr rx and vu,
1 

as tonows.• If h ::r:i Jl(t). then VT ri = vr t· l and 

where: 

VTrz(t) = 1 

vo,
1
(p(k)) == 1 

vr,.ffO•>> = 1 

V:~),•? 

Note that OK·l(VTrx,l,x) hoJds for all x. IS-i~q. and OK-o(VB-rt.YJl)J,olds,tor.all y. sSy,Sn. 'fhe 

"standard state after SCAN-ASSIGN re(Utffli 'FAIL'" willooPtY illclude>h.·Vfrs, aad VBftasjustdefined. 

W c will now prove that Vf ra and VBrx arc satisfactory extensions of VT O and VI\,, i.e. they will 

lead to a pair of value functions which achieve the maximum matching MVT + My8 . Lemma 5.8 gives 
. .. .. . , . : r . . 

properties of cxtensio~s of VT fi and VBr
1 

which wilt be needed to prove that it is sufficient to consider 

only these extensions. 

Leauna 5.1: Assume the standard 5tate after SCAN,.ASSK,N....,.. ~FAIL". ,let Vf and VB be 

extensions of VT & aacl VB,.. 

A. If thefe is a ?·valued teffllinal in T(p(ll).q) Uflder vr Ii whir:h ts 1-~ ,undet vt that. ru, , 

any I ·valued terminal, i,. m T(l,q) ~r Vf. d1cro is. t ~ l\lltdkmrtnvr adlievq Mvr-whim 

matches ca 0-valued terminal in 111..q) toal·valutd~•~1Al•Ueavesh•••.bed.· 

B. If there is a ?·valued terminal in D(sJI~ under Vllrs which,ia 0--valuQCI uoocr VB, then. for-, 

0-vaJucd terminal, j. in D(s.n) under VB. there iJa-~filncftioa ...,,_.-;naMv11 which makhel · 



Figure 5.6: Definition of h. 

Case 1: h = i 
T: 

1 

D: 

Case 2: h = p(k) 
T: 

1 

1 
B: 

p(i) 

p(i) 
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m 

p(k) n 

~ 
all ''l''s in here after SCAN-ASSIGN arc 'T's 
under VBo 

q m 

s p(k) n 

~c after SCAN-ASSIGN are 'T's 
under VBo 



each 1-valued tcnninal in B(s.n) to a 0-valucd terminal in B(s.n) and leaves j Ull~ 

Pruof or A: If suffices to show ~ tZEROSVl(J,q)f < IOM-:S~;q1 for an-1 in T(l,q). If this is true, 

then we can produce a matching on T(l,q) wbidl matches each "O" in T(l,q) to a "1" in T(l,q) and does 

not match a given I-valued terminal i. We define d)ematdtina function by scanning T(l,q) from q to 1 . . . .. . ' 

- ~ . . 

and matching each "0" tae0ttntered to a yet u~~l'l .. Qfhiaher indcJ. other.than L 'the fact that 

rtEROSVl{x,q)t < fONP.SvJ~qM guanuuees Eflat we wiH find such an unmatched "I" for each "Ir. This 

matching can be extended to a matching which achieves Mvr by letting the matching agree with any 

matching fuoc1ion achieving Mvr on "O"s in T(q+ 1,m). 

than half the tenninals in T(1,q) arc I-valued un<IUVf. Supp«,e 1 S x S p(h}. · Then. by hypothesis: 

IONESv1{x.q)f ~ IONF.Svr (1.q)f + 1. 
rx 

For x :::: 1, fONES\IT fl (l ,qM :::: L 1..iqJ. For J, ? lt"'1c k~ that OK-l(Yfrx~!?: • 1) ho!ds. ~~fore, 

· ,toN~vr rx (XA)I ksL ~Jr i~(i-l)J ~ l 1'(q-1 + l)J and 

fONF.Sy1{x..q)f ~ L 1,i(q-1 + l)J + 1, as desired 

Suppose p(h} < x S q. We claim that IONESvr (l.i-l)f < L 14(1-l)J. If true. this gives: 
h 

IONESvi{x,qM ~ IONF.Svr rx (1,q)f > L \iqJ ~ L 1,i(x· l)J ~ L 'A(q-x + l)J as desired. 

lfx > k, then IONF.SVI. (1,1-l}f = IONESvr (l,1·1)1 < L~1-l)J. Otherwise, we would have cholen 
· k H 

x-1 as Q, but x < q. lfx ~ t. then since x > p(h), p(h)ltk. In this caae, 

IONESVJ' (1.1-l)I = ION6Svr (l.x-I)l·I 
fl t-1 

since Vftx(p(h))=? and VT t-t<p(h))= I and the value functions aaree everywhere c1sc on T(l,t· l). Since 

OK-l(VT t-1' 1,x-1) holds. ION6Svr (l,x-1)1 < L '-'(x· l)J. 
& 

Proof or B: It suffices to show that IONP-SyJs.y)f < fZEROSy8(s,y)I for all y in D(s.n) so that an 

1-valucd tcnninals in ll(s.n) can be matched to 0-valucd tenninals in B(u) without usina j. -Produce the 



Olatehifl& ~Y scunklafll)Ql • ao n •.. A1, ja,Jbe pnlOI of A,. we pnwe that ·more Ulan half the tenninals in 

B(s.y) are 0-valued. For y ~ h, by hypotheait: .. 

IZ~OSv8(a.y)I ~ fZFllOSva,. (s.y)t + 1.' ' 

'!e know IZEROSva,.(s.n,)t. ~\l.t(~1t P~.•~ tr,. ( ~::P~11CY~r+\,P),.h9Ja,., ;~.refo~: . 

IZER0~8ra(SJ~~L~("J+U~.j~.~W(f:tl-t:rt>J ~ 1,1,t(y~,i+l)J ~d 

IZERos,.,_c"y)f ~ L~rJt.OJ +,hf~,; 
For y < h, D(ytltn) conta_ina:f(~),iW,1 alJ. ltv~.~f'!lft~ls in C ~~r Vf\-r Therefore, if 

IZBROSvlti•t (~ + l,n)f = L 'A(q·><)+ we wQUld.1:'3ve c~:! -t ~ , ~ ~µt ~ ~ ,. Ji.e~: . 

IWROSvaiYtl,,~;:; ~iw,~t(f±\i~~'~,~(I}")')~,~ . 

IZEROSya(s.y)t ~ IZEROSv811 (aiy)I >J~,JtU~-; .L 111(n•y)J ~;~.•,.(y•a+ l)~. (J 

Now that we llave Lemma S;I, we can pmvla two part:~ ~hwl\; ~hen' combined with 

Lemma t7, p'rovet that In:~ siatclt. ft>r an 'optimaf''pai{~f'\.'at~ ~~ it ts\~"fflcient k>. consider 

only value functions conllstent with extensions of vr l'l and VBa;: If c1 > 1, the .. ~~tensions &ive all 

in these interval• whole values are not filed. 
! , • ' ,· .. : 

Deoresn 5.4·A: Assume the standard state after 'scAN•A§lON returns "FAIL". Let VT and VD be 

value functionl contiatent with VT O' Vlfo. ~d, ~- for 'w6icta' :mf terminal ~"?·va1ued and such that 

IONBSw(CJt. =. cl +c;• l.' There are n~"vr.· arut vu~• nf VTr.· ~nd VBri ~nt with p and 

such chat: 

(i) no terminals are ?-valued 

(fl) all ?·valued termtnali in T(J ,q) under Vl'r. ~ith pairs'in B(t,s~ 1) are 0-vatued· under Vf u 

(iii) all ?·Wttucd terminals in B(s,n) underVDr. witb'pjdrs in T(q+f,m) are l·val~d under V1Ja 



(iv) if c7 ) l. all ?-valued tenniaals inC:under VT1xet~1'(h•arei•valucct:underVf ex·(c.,·lof 

them). and vr e1'P<h)=O 

(v) MvT + Mva ~ MVT + Mvs· 
e1 ex 

Proof: Properties (ii) through (ivf dcfine atJ valued ofVf ex and ·voex on T(l.q) and D(s,n) except those 

of p(h) and h when c, = 1. If c, = l, we will begin by tctti~g:V'T i (p(h)) :::::; VB (h) = 0. 'Ibis may be 
. . Cl Cl 

changed. The values of terminals in T(q + l,m) and D(lil) wbosc paii's '~ .in ·ll(s,n) and T( l,q) arc also 

defined by ii and iii. Note that ii. iii, and iv deal with disjoint' sets of tcnninals ·so no conflicts arise. 

Figure 5.7 illustrates. We stiff must specify the values under VT ex and VBel of terminaJ pairs with one 

terminal of each pair in T(q + l,m) and the other In D(l:;·lf for ?-valued teaninals urider Vf fl and VBrx 

of this type, vr ex and VB ex agree with VT and VB. 

We prove MVTex + ~vra ~ MVT + Mvu by c;omparing the m,aximum matchinp in various 

intervals and combining. Let mva be _a matching ftulCtiop acbierlna M,VJI an4 mvr be a rna~h.ina 

function achieving MVT' 

I. Consider B(l,s-1). Let S1 be the set of?·valucd terminals in B(1,s:. 1) unclcr VA0 with pairs in T(l.q) 

which are I-valued under VD. The only terminals in D(l,s-1) which are ?-valucc.funder \/80 and I-valued 

under VBei arc those which are ?·valued uncter VBli: with pairs in T(q + l,m). This followsJrom the filCl 

that any ?-valued tcnni11al under VB0 which is ,l·valued under V8a is.~ ll(s.1,1). a11d ~Y ?·valued 

terminal under VBr. with a pair in T(l,q) is 0-valucd Undef v~ •.. Fun,ct~ VD._ and VB.~ oq all 

?-valued terminals in B(1,s-1) under VI\, with pairs in T(q+ l,m). ~etefore, every I-valued tennioal ip 

8(1,s· l) under VB
6 

is I ·valued under VB. F.ach of these terminals whgt ~ matclled u~r ID,:va can be 

matched to the ~e 0-valued terminal under a matf;hing fu~o~ fot VJ} •• ,. l .cl mva. be a matchina 

function for VB ex which matches "1 "sin D(l,s-1) as lflvs does. ~e tnatc'1ina. under mv8 . on D(s,n) will 
. ' -

be defined later. We have: 



\_..,, 

Fipre 5. 7: Assi&nments uuer TII M-A. 

T: 
1 

"?"sunder Vl',x 
"O"a under VJ' · 

' ·. .. 

. -H»-

"?"sunder VDtx 
~ 1 ''sunder VDex 

1 s n 
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-no­

fmatchcd"I"sin B(1.s-1)undermva I= 
,r:, . •''~"· ,· ., .~'.;,. "'"' 

lmatched "l"s in B(l,s-1) u~f,mv.J - fmatchcd "J "s ~ -81 under mval 

fmatchcd "J "sin B(l,s-1) under my1 -· 1 ~ lmatched .. ! "1,JJ1·1'J(l,s-l) under mvJ • 1811. 
ex , , 

II. Consider T(q + l ,m). Let So ~ the se~ of ?·taluett tcrminp under VT O in T(q + l.m) witb pain in 

B(s.n) which are 0-vakted under vr. &ch t-valued_wminil i• T(q+ 1,m) un4« VT a is' 0-valued under 

Vf O or is ?·valued under vr d an4 VT rx and is paired ~-ilh a tcnninalin. IJ( l,s-1 ). 'lbcrefore: every 
. ~ 

0-valued terminal in T(q + l,lll) under vr ex ·1s 0-valucd under vr. Every such "G,'..i which is matched 

under mvr can be matched to ffie same 10t" uridela rnaffrt11fft.tric:tlon ·tor vr~. ··we let m~ rbe suctt a 
Cl . 

matching function on T(q + I,m). 

!matched "O"s in T(q+l.m) under mvr I = 
II 

fmatched "O"s in T(q+ l,m) under my~· lmatched "O"s in S0 under mVI~ 

,. !matched "O"s in T(q+l,m)undermvr I~ fmaached "0"1 in T(q+l.tn) undermvrl • lSol-
a 

m. Consider B(s.n). Since VB.(h) =_ 0, l..emma S.8-B bolds. Under VBa, each I-valued terminal in 

B(s,n) can be matched to a 0-valucd terminal in B(s.n) while leaving any. panicular 0-valued terminal 

unmatched. Complete the matching niy8 definGd on B(I.s-1) in I by such a matching on B(s.n) which -leaves h unmatched. We know dlat: 

fONESvrCC)I = IONESvr (C)f = c1+c,·I and 
• 

II ·valued terminals in B(s,n) under VB• which are ?Mvalued under V8c, and have pain in T(q + l.m)I 

= ftcrminals in D(s.n) which are ?·valued under VBc, and have pain in T(q+ 1.m)f 

= II-valued terminals in D(s.n) under VB which arc ?Mvalued under V8c, and have pairs in T(q+ l,m)I 

Then. !matched "l"s in B(s.n) under mvr I = IONF.sy8 (s,n)f = IONESve(s.n)f + ISol 
el • 

~ fmatched "r's in B(s,n) undermval + fSoJ. 



JV. ConliderT(l.q). we,,..,~.c,•l •-q,M•..._ 

For c,>l, there..,,_,.. ... :t,a,uNr.,ntr~(~),Hlkle .. lt,, Th~,tcrminals must lie in 

T(k + l,q). since no terminal except h in 111~ ... 7~v~ ~vr., ~i,a k~P.(lt) and these terminals 
- _1•' ':}: 

are I-valued under vr •. l...emftla SJ·A applifll. ~iYTr
11

~1HrJ 00 .. t-in lll~q)eaa•tlle·Matched to a 

'T' in T(l,q). Complete the matchina;•wii.._.Jttft~l.M)iAU wilhsuctu matching on T(l,q). 

WeknQwlbat: 

tZfJlOSv.'C>I ~ :l~aJ4lSvr a CC~ -.:; + lt. . 

~v11lued~s u, 1'0.JJ) unc;ltt_VJ..,wh~ aro,?-.\191td;1&tMiet VT0 ind-have paits:ia D(I~-1)1 

=,f?·v~ued tcrmu,• i,n ;f0Ahtll«lef'. Vij:♦ ·J>li"1il l(l;rl}l . , 

=;= lQ:-vaJ,uecUermuMtll iff .T( J,Q) un4tr VJ' wb~IHn f .. Ylllod uader vt0 and hm!:pairs in ft(l~-I)t 

+ 15i1. 

Then [matched "O"a m T(!.q) under my, I ~ IZijROS-vr _; :(l.1)1 ~ fZEROSvrO,iJ)t + 1811 
8ll . • 

~ lmarchcd ''0"sin 1{MJ)JU~°'vt-i.t1S1•-

Combinina I through IV aives: 

Mvr. +. Mv,. ~ Jranae(mVT• >I:+ 1fa81e(nt,va.1'~ Jraflu<mv,l+ ~s>I = Mn·+ MVB. 

For c?=l, since all 7~~ team• m, '.'ll}4· under Vfr. are •valued under VT11, 

ONFSVT s (l,q) = ONESvrl'l (l.q}.,~ ~~ l(VT l!l' l.1.) .W. 1- all • iJt ~l~t all L ~qJ "1 "a in 

T(l.q) can be matched to ''8"s ift, T(l,q} U8(ler vr.. The dotlaitkin of mvr on T(l,q) is such a -macdliPI, 

lmatched"O"soqT(L.q)uadormw l= L.'t¼qJ =:: IZF.R05vr (l.q)t:!"(r\iql-t.\iqJ) 
• • 

~ IZE~l.q)I+ IS1I ~(f .. q'H.\iqJ) 

~:tmatdled "O"s in 'f(l.4,hmder mvrJ: +· -~ -(r'liql-t ~J). 

(i) If q is even, the above implies, with I tbrDtwh. lll.,M Mff + My8 ~ Mvr + MVB • -
• ti 

desired. 
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(ii) If any of the inequaliticsdoduoecta •~ Nlswtet:Wtiafe 

Mvr- +·MVb ~ Mwi•-wvt ·•••••~ ,· 
ea • 

Assume.ii) and (ii);doiaot 1181c1 •. lf IS/= ,t tlRMi:1~· . .. . . 

· L1'qJ =-~~"~•1'0~-T ::d ;;t>:' ,;;; ,. 

It follows that under mvr more than half the tcnninals in T(l,q)are ~ "O"s. 'lllisdfloftlfbe'frue 

If an element of ZEROSvr(l,q) matches an ~Of'.~!+ f~~ Mvr F.ach 1-valuod 
. . 

tcnninat io 'f(<t+'l,m) under Vf'.111~...,._,ffa'/ ~Jaij·~ ~mmaMit T(q<4'1Jn) 
. . 

matched under mn is matched ro # ~ Iii 1'(4+1,iti}'~'.'if ~He{~ sante·~ ·t,y mvr 
a . 

Therefore. theft mustbc an U~·l"Vatued tMtinaf.untfei:Rtvf 'i4tfft(q4'\,mJ. We tan eateftd 
.a 

mvr so that the unmatched "O" in T(l,q) mate~ this "1". Then,· 
el 

I 

lnmtchcd "fl':'sinT(l,q)uftder.fftvr••t= tma~•Tsili 'Jll,q)undermvrf ·and 
. - . 

we· now suppose that 1811 > 9. We tnow that 

-Jma~ ·•1 ~• in B(1,-.1J ~ mv1r t ;St ~'"'- B<l~•~·mvat -:Jl~i Also . 
Cl ",· . ·•.. . . . :. 

fZB<>Sva. (l,s-J)f;: IZRROSva(l,s-1)1 +•1l ·;~ 

;IZfilOSw (1,.1; ... ~:"J"l'flfB(\.i·l)'itlidet~ai..;.1 fd" · 
II .•• 

tZBROSvatl~l)1 ~ JSJ 1fmatdlN T.tm Qfl~ undermval +fS1f21. ·; 
I 

There must be an unmatched "O" in B(1,s-1) under mva , since no "O'" in B(l.s-1) matchesia •1--1n 
ea . . 

B(s,n) u"'r this IIUlldtinl ftiticdeff. ,Wheft. m\lJJ' ...... o1:l(i.tt)lfd m. iidM wunatched. 
. • :M ·. . . 

Modify Vfex and VBex so that Vfes.(~ ~=:' VDeath)'= J;· -oi{~:.~~,.;(lf+l,m), mvr is 
• • • 

unchanged. On T(l,q), IAR11111· 5.8·A now applici.«t~ •ftdei"1~.p·· .utM•aiJt>-valucd tenninall 
• 

Oil T(~arc matdled to l·valuo4,.tmntdalioo,-t• . 

lmatched "O"s in T(J ,q) under mvr I = l. "'qJ • before. -



·lll· 

On ZEROSva, {l.1~1}., Jnva-, ii•--·• llat ,a Jlfhioullf ainatdled' "O•' · is matched to h. On 
' . . 

ZF.R~w- "'-•), Dlva ._.., .. .,__ lllta,ltN -· ·• :,,, 
JI Cl 

Mvr + ,Mv,t. ~:lfanae(lll\rf :)t +-~w-· »• ..... ~ + frali&¥v13>l:: MVT + MVB. 
G ft • •. . - • 

Note that we have changed Vf ei and vo. so that p(II) and hare 1-valued. a 

Now that we have Theorem 5.4-A, we know how to handle "failures" when c;> l. By 
~ : f; ~'' ' ~· . ~; ; .. ; ; ,. : '"'; ·.,- _; . 

Lemma S.7, there arc value ft.tnctions Vl'r and VB, conaisf.ent with p, Vf0 and Vflo for which 
~ ! s: ; ~ -: ; ·. L / ,-~ {· . ,-i ~ • . 

IONESvr /C>I = c1 + c?-1 and whktt achieve lbe maiimuln of MVT + Mvu over all functK¥1S consistent 

with p, V10 and VB0• Given these ftmctions. we apply ·~
1
5.4-~ ~.deducp;tf¥lt theffi¥c. extensions 

;'-; ,,. . ., . ' ff ~ ;:: :: ; >. ; ' ' -

of VTr
1 

and VB0 consistent with p and satisfying (i) throuah (iv) of 'lbcorem 5.4-A which achieve 

Mvr + Mv8. 'Tflcrdhre; tbr alttennfniJB wbttt,aivdl~~H~i~aliicd'iln~r VT,
1 

and VBrx, we~ 
r r 

ftx theit values lo be those' undefffh id~vir~tJ:;ili-'llf'mt1Rlnat'~hese-
1

vifuesare' dictated by {ii) 

through (iv) of Theorem 5.4-A, we can fix their values as dictated. We now have new initial value 

functions under which no terminal in T(l.q) or D(s.n) it ?-valued. We !fC f,la;ran~e~ ~t th~re cy-e. vlllue 
·'" ~- -,o: ,,, _._ c,,., > t, " ·.. f • • 

· functions which achieve Mvr, + Mv9r and which are consistent;~~ Jl~w i~tial v3:lue ~tjons. 

Some tenninals within T(g + 1,m) and B(l.s· l) .1,U4Y have acqLJired 0/1 values under the ~w iQltial value 
• ,. , ' • ) ~ -., . . ; ft; • ; '.. ? • • . •. . ' . • 

functions. We can recursively apply the .~m. ~r~iJ.ll :witft com~t$n of lcft~re'1m, .-n<t 
. ' ' ·- •., .... ' -

right-regions, to find extensions of the new initial value functions wl!k~~ifni~e the sum of~~ Qll 
,;._.,. :· _;":_._. i !;· ·- • :-

T(l,m) and B(l,n). The number of ?·valued tenninalt, • dee~ since at Je• h and p(h) have 
·, __ •:::--~ d·-··<- ~~:-. -,'7~-. :; ,t __ ,:~,.,. 

chan&ed from ?-valued to 0-valqed. 

When c.,= 1, we first need ... modified ve~ of~5.4·A. w_hen c,=l, Lemma 5.7 only 
. , . ' '; . . . . .- .· . 

~arantees that there arc functions achieving the maximum matchina. Mvs·, + Mva; with IONESvr ,cci 

equal to c1 or c1 + 1. Theorem S:4-A can b'nly'be at,pfiod'if'tr,Nl-3vi}Cf = ·cr:Thercfure, we prove a 

modified version, Theorem 5.4-B. fur the case that IONESvr,<C~ = c1 + 1. 
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'fheorem 5.+B: Assume the s&andard state after SCAN-ASSIGN ~-"FAIi!'. Let~= I. Let VT 

and VB be value functions consistent with vr 0, VB«, act ·p ·1ltt wldduu'J-:tellfti~al I& ?-valued and-S8Ch 

that IONES,,.(C)I :;;: ,;,+l. Then: are~ VJ• 0ancl,VBex ~ Vf rx nd-V~ coosistcnt widl p 

. and such that: 

(i) no tenninals are ?·valued, 

(ii) all ?-valued terminals in T(l,q) under vr rx with pairs in D(l,s-1) arc 0-valucd under vr •. 
, • I , • ~ .- • 

(iii) all ?-valued tcnninals in D(s,n) under VBri with pairs in T(q+ l,m) are I-valued u~der 
•. . , . ' ' . ' ' ' ~ "'- . 

VBei, . . 

Proof: We need to modify J)lc proof w Theorem 5.4-A .so that tile {<)lcs of jptcfV;ds T(l.q) and 8(s,n) are 
. ' . ~-- '. ~ . .. - . , - . ' : . . ~ . ~ '' . - . ' ( 

interchanged. Functions VT a and .vn. arc dcfiqed • be~ c~opt rJt,t we begin with. vr.(o(b)) C 

VB.(b) = 1. 

I. In B(l,s~l}, as for Theorem S.4-A. 

ft. ·1n T(q + 1.m), as for~ 5.4-A . . 
. . 

III. In 8(s,n). Lemma s.s.:n does not hold, but ZRROSy8 (s,n) = ZF..ROSv8 (s.n). Therefore, 
• . h 

OK-()(VBex,Y,n) holds tor atry in D(s.n). Ail'L "'(n-s+·l)J "0"s in B(~n) ~n be ~ate~ ro "1 "sin B(s,n) 

under VBex. As in the proof of Theorem S.4-A: 

IONES~e<s.n)l + ISol = IONESVB (s.~)I and -jmatchcd 'T's on D(s.n) under mVB f = IONESv8 (s,n)f- (f 'A(n-s+ l)1-t'4(n:s+ l)J) 
a • 

> fmatchect'"l"soo 8(1,n)undermval + tsJ! (f"(n-s+l)i:Ui(n-s+l)J) 



-us­

lmatchcd "0"s on T( l.q} under ,mvr I = JZEWSvr (l,t)I • • • 
= IZEROSy,1{1.Q)I + fS11 ~i~ "Otfsjn '.f(l,q) ~mvrf + ts11 

We have MVTcx + ~v•• ~ Mvr + Mv8 • (f'.t(J\·S+l)l-L¾(n·s~l)J). Ifn-s+l is even or 

any of the incquali~ in J,throup IV are strict, ~ M,vc ~~ed.resull. Assume nol If JSol = 0, then 

l~(n-s+l)J + 1 :;::,ft11atched "l"sqnJl($il\)•un<krmveJ. 

1bere must be a 0-valued terminal in 8(1,s-l) which mak:'"''41--V~ leminal in ll(&.tl) undqr_ mve· 

This O·vttlue(l terminal UD®f VB i•,aJso 0-valucd 4:1• ¥l3_ and ~matched ~oder my8 • We can 
. - ex 

m~ify mv8 SQ tllalthc.unma.-W"l" in.n(.s.»)10~-:•o•\awilll 
a . 

Mvr ex + Mv9a i:? ~VT +, M\ilr 

If IS~> o. we modify vr. and VPa· We have: 

IONESvr (q+ l,m)I- liuatched "O"s iA T(qt l..ml under mvr I 
a u 

= IONESv,-Cq+ l,m)i + ~: ~ed "O"s in '.f(q+l,m~under mvrl ·IS~)~ 2 

We conclude that there js ~Qunmatchc4 hvalucd ~1111in8' •~ T(q,+; 1~m) .un4er JJlvr . Let VT ex(p(h)) = 
ex 

VB
8

(h) = O. Now p(h) can~ the uwmttlled l:-y~uc4;~iDaljn T(q+ l,m) and iraqp()nvr )I is 
u. 

increased by I. In B(s.~). Le,mma S.8-B now~~ an,twe _.t -~ve 

!matched "l "sin ll(.s.n) under mw .l= !..~n-s+ l)J 
• 

We conclude that Mvr . + Mva ~ Mvr + Mvr 
el el . 

a 

Given Theorem 5.4-B in addition to Theorem 5.4-A, we can deduce that there are value 

functions consistent with Vrrx and VOil and ~tisfyina (ii) and (iii) of Theorem 5.4-A/8 which achieve 

' the maximum of MVT + Mv8 over alt functions consistent with p, Vf O and V8c,. However, we do not 

know what the value of p(h) and h should be. If the terminal pair is assigned "O". there is an extra "O" at 

the top which may be matched to some terminal i11 T(q + 1,m), but one 0-valued terminal in B(s,n) _wilt be 

unmatched. If the pair is assigned "l ". the opposite is true. Therefore, we do not know which to choose 

until we have completed assignments within T(q + 1,m) and B(l,s-1). Since p(h) and h may be the only 



?-valued tenninals in T(l.q) and JJ(s.n) under VTo. arVDO' - caqnot use·a recursive application of the 

algorithm. Therefore. the alaoridlm ftlUSt try .both posiii~ tor fi adip(h). If we were to apply the 

algorithm recursively for each· dloice; the tunning ttane·coukt be:etp<>ncotlal in die number ·of tcnninals. 

Therefore. we use a modification of the pmtedttres weilavc-~ ae fitr'.1 Tbc main procedure, which 

given Vf O and Vflo finds Vf -and VB wbic1Mnaiimite Mvr + 'Mv8.1s talfcd MA~ -MATCH. The 

modified version iscalWBETffiR-MAl'CH. 

Wben we arc trying value •T• fdr h and p(h). we wiH rccum\icfy apply -MAX~MATCH. 

beginning with the computatioca of left-regions and~ on 1(tm)•antfD(l.n) for initial value 

functions which extend Vl'rx and VD11 as 4~ ~1 f)1\)pertiea-.(ir) aad (iii) of Theorem S.4-A/B and 

under which p(h) and h are I-valued. When we are'trying vatue .'? for b and p(h). we use iniftal valued 

functions which are the same as for~ first dloiet except that pfhf Dd· h ~ ~"fa1uett' However. in this 

case, BElTER-MATCH is used. Pi'accdurc Bf!IT,ER~MATOI doet not loot tor a pair of value 

functions eonsislent with die new inttiaf value- tbilctidris and· whid't 'muimms Mvr + My8 over all 

consistent function pairs. Rather. the procedure loots tot a fJair nf ~t 1bncdoni which maximizes 

MVT + My8 over all consistent function'pain•:ana ~a'1'ett« maltlnng than any function pair 

consistent with the initial value functiont when pfh),amfh ate 1ll.V11uett Coilsidl?t' all function pairs 

wllich maximize the sum of matchinp on T and B ovcr.tf ~t 'wJJI p,;VT& aatd 'ffic.., If 
under one of these.hand p(h) are 1-valucd. then a ft!nttion pair achievin• ~ better matching with p(b) 

-➔-- /" ,",- . ' 

and h 0-valued does not exist. Looking only for beUer matchinp ~ us tc> boµpd the search space of 
- - ~ -·:;_, .!'_,:?"-~,';; ... <;.,(,•!~ ,. Ji~- • ·~:.<./;' { . .: ,_, 

the algorithm so that exponential runnina time is avoided. Note chat we could equally. well hav~ chosen 
' . .·: . ' ' '.-;;, ' ' • '. : ; ' . ' : ', ,: • ':- f_'. _-' , ' .. . ' I; ' . . ' . . . 

to look for maximizing matchinp under the "G" choice and better matdlinp under the "I'• choice. 
.-· ' . -;. ' ... -· ' - . : . ',~ ' ' :~ ~ . '"·- ' 

Lemma S.9 is used to bound the tcan:b. 
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Lemma S.9 (see Fiaure S.8): Alaume the standard stateder8CAN-ASSIGN returns "FAit". Let,=l. 

Let vr ex0 and VD110 be value functi~nt ~~~t wtth vr rx· VBr,· p, and (ii) and (iii) of 

Theorem S.4-A/D under which p(h) and hare &-valued. ~funder some·match~ng function mv8ex
0 

which 
. ·~ ~. 

achieves Mv8 • there is an unmatched "O" in 8(1,s-l), then &here are valued functions Vf exl and VBexl 
· exO 

consistent with all of the above and under which p(h) and h arc !·valued such that 

Proof: Let vr.1 and VBed aarett witlt Vf exo and VB810 everywhere except at p(h) and h, where 

Vf u 1(p(h)) = VDu1(h) = 1. Define myr to assign exactly those matches which •. ~4 by 
Ill 

mvr and do not involve p(h), whffl mvr achieves MVT . Then: 
110 ;••k. exO · 

MV1'u1 ~ lra~mvT •d)f ~ lrange(~ .. J~ l ~~ttae· l 

Since VBuo is an extension of VB& and Vfl.Jh)~O. Lemma 5.8-8 applies. Let m' VB be a 
uO 

matchina function for VB110 which agrees with mve for each range value in B(l,s-1) but matches each 
exO 

.. l" in B(s.n) to a "O" in B(s,n) while-Jeaving It 1fflffl8tehed,-Any 110@in·fl(l.-s-l)·whkh was unmatched 

under mv8 is unmatched under m' VB • 
exO 110 

tranae(m' vs )I = fmatched "l's on B(l,s-1) under mva I + IONESv8 (s,n)I 
eaO exO · exO 

- lranae(mv8 )I = Mva 
aO aO 

Let mva be a matching function for VBed which assians all matches that m'v8 assians. and, in 
111 exO 

addition, matches h to an unmatched 0-valued terminal in B(1,s-1). Then 

Mv8 ~ tranae(mv8 )I= lranae<m'vo M+l = Mva +l and 
111 111 aO m> 

. Mvr + MvB ~ MVT + Mva 
ul ed exO uO 

a 

Lemma 5.9 allows us to modify the assignment procedures described so far while pursuina the 

0-valucd choice for p(h) and h. While pursuing this choice, suppose that MAX-MATCH would make an 

assignment giving a new pair of value functions, either after computing left-regions and right-regions or 
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Figure 5.8: Configuration in proof of Lemma 5.9. 

If: 

T: 1 

l 
8: 

matched to something 
VTexO(p(h)) = 0 ~ 

p(h) / q - "l" 

s 

't VBexo(h) = 0 
unmatched "O" "-. unmatched 

Then becomes: 

unmatched unmatched 

m 

n 

VTexl(p(h)) = l '-· p(h) q "l" J/ T: l _______ ;1 __________ 1--______ m 

8: 

"O" s h n 
l --------------------

~ VBexl(h) = 1 
matches 
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after processing a return of"FAIL" from a call ofSCAN·ASSION. Supppse we can deduce that there is 

a pair of value functions, Vf ff> and VB_. consistent with pairing function p and the new value functions, · 

which maximizes Mvr+ Mva over all such consistent functions but for which a matching function 
:-i -

achievina Mva leav~ a "0" in 8(1,s·l) unmatched. Then BETl'El-MATCH need not consider any 
m . 

pair of functions consistent with the new value functions. NOH will iOAtucc better i:natchinas than the 
; 

functioffi found when pursutnaithe l ~vatucd· choice ru{p(h) and h. This ~ ~~ Lemma 5.9 can be 
.' • c . ~ f • , • ~ . cl 

applied to vr IO and VBm to give functions yiekflna • .-,d' a'sum of matchings under which h and p(h) 

If the pair of new value functions whicn:hM 1-on ·tejadcd is orte of two choices after a call on 

S(;,\~·"-SSIQN whkb reJUrMi-,.liAIJ..". then this choiee is ellP,1iaatoe.1 ~T~~MATCH never needs 

to pursue two choices. If the pair of new v4fuo ~ iJ ~tined b1 •1nment to left-regions and 
1: . - , .. ' ' ~ f • - ' 

right·rcaions, then by Theorem 5.2, any pair of value functiol\S, ~ill8 Myp+ Mve over value 
t~ ' 

function,~nsistent with p and the new value·~tlons ~ inuiitil~es Mv:r+ Mv8 over value functions 
, ·S' , 

consistent with p and the old value function&. Since there is such a fqnction under ~hich a "O" in 8(1,s-l) 
• - ,. .:·, t 

t' 

can be left unmatched, no function consistent with &he old valued function will produce a sum of 
. . . 

matchinp better that that produced under the !~valued choice. for h and p(h). Procedure 

DE'ITER-MA TCH need not pursue functions conaist~nt. with tJae ()Id.' v•, fuDQ.iofll either. Therefore, 

: - -:.' ,- .-- -.j_: '. 

BEITER-MATCH return& "(Qutl,nulJ)", indicatina that',tbe 0-valued chojce for hand p(h) will not yield 
- . :• _..;•.: !' . i·' ,· 

a laraer sum of matdlinp th4l'l the I-valued~. For1')e same reaton, DEITI:.R-MATCH returns ~- - . . .. ,- . .' 

"(null,null)" if o/1 when SCAN-ASSIGN returns'-PAlt'";' 

The main procedure, MAX-MATCH, is pl'CSellWitfPlattrt'S.9. Our original routing problem 

is solved by calling MAX-MATCH(T(l,m)1D(l.n).p,Vfi)-VI\,). ·wtlc_re,V,0 and VR0 represent the local 

connections. The modified protedure, DE'ITP..R-MAreH~ used when processing a 0-valued choice for 

p(h) and h, is presented in Figure.5.10. SupJJOIC DHl'fER-MATCH(ll},m),B(I,nip,VJ'O' VBo> returns 
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MAX-MATCH(T(l,m),H(l.n),p,VTO' VBo) 

/Finds extensions of vr O and VB0 which maximiz~Mvr + M VB: ov~~ a,Jt ;~ll extenstions/ 
• T ~- ' • • 

Vf: = Vf O and VB:= VB0 . 
Compute tvr l.y8,· ftvr ah<t1lVB 
DO W~ILE, the~"'~ a?y ?-\;~u~,H~'1",i,~1siP,l<~,')hn:>, '.I'(~), H(J,J'.'Vs).and D(R,_n) 

FOR. each ?-valued terminal x in T(l.l-vr) 00 . · 
Vf(1-): ..:()~od.\IIJ'61(U,:F:0 ·., -.. · 

END 
Compute RVI" and RVB /assigning "O"s only affects riaht'!l'egiOm/ 
FOR each ?-valued terminal x in T(Rvr-111) 00 

Vf1x);; land Vl(f(x)):'al 
END 
Olmputc 1vr ancll"Vri. :/aMipitr&1!!J-sonly atrectstcft-region/ 

FOR each ?·valued ~rminaJ y in ~l.l-y,-)00, . 
Vll(y): =Oand Vr(p(yJ):::::O · . 

END 
Compute RVI., amfiy8 ,• 

FOR ~h ?-valued tcnru,~tf i,,,~~~rtl ~ 
VB(y): = 1 and vt(p(y)j: = 1 

END . 

Compute Lvr and Lva 
END . -·;._ , 
IF there are any ?·valued terminals in T(Lvr+ l,Rvf l) and B(Lva + l,Ry11 l) THEN DO 

m': = Rvr·Lvr-l · · 
n':= Rva•Lva·l 
Vf'15Sbdlthat Vf?'(x)· = VT"-vtfll· 
VB' is such that V~' ~ V'1(lyllf1t,,, .. _ ., . _ , . . ." ,, ,_ · . 
p''maintains'pairs coricsponding to lhose' under i> ~ both terminals of the pair are 

in T(l m') and no n'\ For other in!II.. ill T'-1 ~ ...... DU '.), , • ~•" 

(STATOS.·vt•,. VBr):~'-~A:N•A·rff.'m\BU:':\t>~Y1~ f aas,ana, 
IF STATUS= "FAIL k" 1lllf.NqDc, , : . , / ~ 

VJ":= Vf and VB':= VB . r r 
Calcp~~I\•~-··, -., ., i,.t.· 

IF p'(h);tk. THEN Vl"(t): = l and Vlr(p'(k)): = 1 
FOil alh iltT(4.q►odJef tbM,l!fht;lll#lOO: , 

END 

IF vr'(x)=? THEN 
IF p~)·it._..,-i.,o).!IIEN 

Vf'(x): ::::f) and VB'(p'(x)): =0 
Et.SH Vf'Wz,._J· anfll'V.,.))r,z::l · 



END 
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FOR all y in D(s,n!) 00 

END 

IF VD'(y)::.? and p'(y) is in T(q + 1, m') THEN 
VB'(y): :;;,J lll4VF':(p'(J)J: =} · 

1Fc1> 1 THENOO 
VB'.(t\): •6 and Vf;'.(p'fh)): =0 
(Vf r' VBr);• <MAX•MATCH{l'(t.m1 .. 8(1,n'),p',Vf',VB')) 

BND 
1Fc7 = 1 THEN 00 

VB'(h): = 1 and VT'(p'(lt)): = 1 
(Vl~l' VBr1): ~ MAX ~MA TCHfr(l';Rl!),ll(l,11').p',VT'; VD')) 
Vll'(h):=Oand Vr'(~:i-0 . . . 
(Vr .. ,NBtf));? Bb1:1'fJl~*'l'GM(lll,m')J)(l.n').s*l,p\VT',VB')) 

IFVI'.o=nuH OR Mvr +Mvn': '~·"'vr +Mva THEN 
. , ,, .. , ~ . '.d>. . ,,L rl , 

. .. (VftV.D,,J! '=;(\'Trl; ,V,B,J . . 
ELSE(Vf r' Vllr): =(VT ,o,VB.o) 

END , . . 

FOR each x in T(LVT+ l,RVT·l) 00 
Vf(x): = vr (x~Lvr> 

.· r .. 
END 
FOR each yin 8(1~\Qt+ l,Ry1fl) 00 

VD(x): = VDr(x·LvJ 
END 

END 
RETURN(VT,VB) 

END MAX-MATCH 
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l<iaure 5.10: The DNNlifaetl procedure for 0-valuecf dMlta 

BEITER ·MATCH(f(l,m),B(l~a).d,p. Yfn-¥8u) 

/If can guarantee that a pair of extensions of VT0 an4Vlg wtrida maximize Mvi-+ Mv8 over all such 
pairs of extensions allow an unrnafChed •valued tenniRal i11ID(l,d) under a maximum matching. then 
retuTM (tndl.nutl). .. Otherwisc. ntums a. pair of a&ensiQrili Qf YJ0 and VI\,- If d < n, it is assumed that 
B(d+l,n) has no ?-valued terminals under Vfio and that matchiaai1~ B(d+l,n) and D(l,d) can.\be 
maximized independent of each other.I · · ·, · i 

VT:=Vf0 aodV8t:c:'V8e · 

Compute Lvr Lve• Rvr andilv9, 
IF there is a dglll-rep,n in 8(1,d) cuntainina exatdy oat terminal THEN 

. RfffUkN(nuU.nal) . . . . . .. . 
00 WHILE there are'any ?-valued tcr~nipa\s j~ T(l,tVl.), 1lRy1..m), D(l.l -v.J. and R(Rvwn) 

FOR each ?·Yalue(ftcmiina(~ ff\;t:{lfvr)PP-1 
IF p(x) is in ~Rv8,d) THP.N RF.TURN (~!ll1fl) 
ELSE Vl'(x): =0 and VB(p(1.)): =-0 

END 

\ 

END 
Compute Ryp and Rvs . . 
IF there is a right-region in H(l.d) contaJning exactly one temlinal ·mEN 

Rl:ffURN(nuU.nuU) . _ . . 
FOR each ?·valued tcnninal x in f(~~m) ~ . 

Vl'(x ): = 1 and VB(p(x)): = l- · · 
END 
Compute Lvr and Lve 
FOR each ?-valued terminal yin B(U,..J DO 

Vll(y): =0 and V'llp(y)): =O 
END 
Compute Rvr and Ry8 
IF there .is a right-region in D(l.d) containing exacdy one tcnninal THF..N 

RETURN(null.nuH) 
FOR each ?-valued tenninal y in DOlve·R) DO 

VB(y): = l and VT(p(y)): = I 
END 
Compute Lvr and Lve 

IF there arc any ?-valued terminals in T(LVT + I.Ry{ l) and ~ 8 + l,Ry8 • l) THHN 00 

m':= Rvflv{l 
n': = Rva·l;,a-1 
VJ" is such that VT'(x) = VT(lw+x) 

VB' is such that VB'(l) = VB(~a+x) 
p' maintains pairs corresponding to those under p when both tcnninals of the pair are 

in T( l,m') and 11(1,n'). for other tcrmi~ in T(l,m') and D(l.n'), p' assl8ftl "•" 
(STATUS, vr r' VBr>: = SCAN-ASSION(lll.m').B(l,n').p', vr. VB') 



IF STATtJS, •· "F-'lL,k~ 1Heif DO . 
Yr:= Vl'r-4 Vl'::a VBr 
ea.Jatt ....... a, 
IF c, > 1 THEN RETURN (autinull) 
IF~.= l1'ffl!Nb) :_. . . ' 

. JiND. 
END 

f9R alh in TQ.~ 00 , ; 
· IF Vt'(il=? THEN 

END 

It' p'(x) is in B(1,s-1) THEN 
Vr'(x):.=0 and VR'{p'(x)): =0 

· lttSEVf'(J):'= l a~d'Vll'(p'(x)): = 1 
.(Only t and p'(k) tre,assjpied by, the ELSE statemqqV 
! j ~,, , • < C • • a ' 

FO~ a~ )t~i1~,~tl p'(y) is in T(q + l,m') 11-ll!N 
. V,lf(y);;;.; l Jmd Y'r'(p'(y)):::: 1 

END' '-,····,~,· .. · 

(Vff, VBr):::;:: OMi•:roa,~MATCtt{T(l,m'),ll(\,n'),n' .p'.Vf'. VJ)'}) ,,vr; = nulf'fff£t.faifl'tJRN(nuH.nult) - . 

FOR•ll·• hl'f(h-rt l.1tvr-U4l0 · 
VT(x): = Vf r«.x·Ly.-) 

ENO 
FOR each y in B(lvB + l,Rya · l) 00 

VD(J),; • VB~rLyj) ·. 
END 

END 
RETURN(VT,VB) 

END BETIER-MATCH 
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Vffand VBrwhich are not "null". Functions vt1and ~J\ntay ~,~a~Mvr+MVB over alt value 
•' ... ,, : ..... "1 _: :-- • 

functions consistent with p, vr0 and VB0. However, ifMvr,·+Mvs a.belier that the maximum sum of 
, . . : .:: r .·H . r . 

matches for the I-valued choice, then Mvr r + MvBr doe& maailnite: ~ +.ldvs· Lemma 5.10 states the 
•·, 

property of MVT r + Mve, which allows~ to mate ,tliis cuncluslon. · 

Lemma 5.10: Let VD0 and d be such dlat if d < n, no terminal in. B(d+ l,n) is ?-valued, 

IZEROSvl\,(d+J,n)I = l\t(n-d)J+l, and for any_ 0-valued:tc~inal j in B(d+l,n), each I-valued 

tcnninal in 8(4+ 1.n) can be matched to a 0-valued terminafiril)(d+ l.n) while lcavingj unmatched. If 
·"" . . . : : , ·., . . . " 

BEITER-MATCH(T(l.m).Jl(l,n),d,p,VT0,VBo> returns "(n~l)", then there is a pair of value 

functions consistent with p; vr0 and VBQ.~jmJz~t.f~+Mv.;over all such consistent functions and 

for which there is a matching function achieving the maximum ~fChinj'ort B W:~ich does not match all 

"O"s in B(l,d). lf BbTIER-MATCH(f(l,m),B(Ur).d;p,Vf~V~ :setuttis' "(Vl'rVBi' with Vf 1and VBr 
I . ~ ; ,.J . ; . , . . 

not "null", rhen there are no ?-valued terminals under Vfr and VBr and if.thme are VT and VB 
~ . -~ '. . :£ . )cf { ; 

consistent with p, VT0 and Vfto for which Mvr + Mv8 ~ Mvr+ Mv8 and under which .,...mafehing 
I I _. . , . _' . 

function achieving Mva leaves a "O" in B(l,d) unmatched. 
I 

Proof: By induction on the number of recursive calls to BE'ITER-MATCH before the call being 

considered returns. 

Basis: no recursive calls.. By Theomn 5.2, any etteosions of VT O and VBo defined in tbe 

WHILE loop, which •ans within full rqions. can be extended to functions maximiring Mvr+ Mva 

over an functions consistent with p, Vf O and VBo, We know that if d < n, d + 1 mutt be ~ end of a Adi 

right-region. Otherwise, we wou1d have: 

fZEROSvl\, (d+ l,r(d+ l))f < r\i(r(d+ 1)-d)l, which implies 

IONESV8c, (d+ l,r(d+ J))t > L ¾(r(d+ 1)-d)J. 



In this ca$C. not alt"l''sin B(d+l.at4+l))eould bemalF:l\od1o T1'in D(d+ l,n), contradicting part of 

die hypothesil. It follows that 4 ~ Rv&o • f.et VB •Blfl,Vf be 1quat,w VB0 and Vf O or extensions of VB0 

and Vf O defined-in the WHILE loop. U under-VD d\erwll a.fllht·reaian c&nfait1ing eucdy one terminal, 

say j. then: 

IZEROSVB(j,d)I = lZEROSveO+ l,d)I+ 1 ~ r¾(d-j)l+ 1 = L ',t(<hj+ l)J+ 1 

For any extension ofV8' dlere will be a matcl)lna.~ maaimiiin, the matching on n:which matches 

all ''l''s in D(cl + l~Al to ''O"s in llfcl+ l,n) and wlllclt· ..._ a V' ift B(j~d} unmatched. 1'herefore, 

If under some VT defined as above thow ii a ,.. .... ienriinal ia T(U~r> with its pair in 

D(Rv11,d). then by Thoorem 5.2, there an Utenlielll{ n' 
11 

lftd welt, ot'VlNthd Vf which assian this 

tenn;nat tho value "O'' and ~irtliu tne. lUM of ~hiflal on T • B over an extensions of VT anti VB. 

Then: 

There is a matching Amctionachievin&Mve• wh~h;matdlesaU "r's in IJ(d+l,n) to "O''s in B(d+l,n) 

and leaves a "O" in B(Ry8,d) unmatched. Therefore, "( null,null)" if :tetumed conteetly. 

Let VT w and VBw be the final eltefttiou ofWTt, arwPIB0 upon,exiting the WHILE loop. If no 

u:nninals in T(LVT + 1.Rvr -1) anct · B(l-y8 + 1.Rva • l) ~ 1-vakied. then· Vf w and VBw muimi1e 
w w . w w 

MVT + Mvo over all futlCtions oonsistcnt with p, VT O 8ftd VJ\> 111:erc ,are oo, Amctlent·consistent with p, 

vr0 and 118<, fur which Mvr+Mv8>Mv-r' +Mv11 , amHVfw'V&~) iscerrecdy returned. ff there are 
w w 

?-valued tenninak. ·let T(l,m') anct D(l,n') t,e mtert* Ul.vr + l,flvr ·l) an,Hl(f;,8 +I,Rve -1) 
w w w w 

when renumbered. Let VT~ and VD'~ be &he ••idiu.11-ef "'•·and VBw to·thcse intervals. Let vr, 
and-VBr be a pair of valued functions which maximiza¾hesumofmatttJin&son T{l,m') and B(l,n')over 

all functions consistent with p'. vr; aAd VB~. ThcoremS.J,guamntces that the ftmctron pair.which 



-~ :1.,.~ .• 1 '"·· ~~)QQJ)i!SMl)Ji42AAJtw-u;;;•~¥ ~ttw,'!:,,2:~@~i@M ,.,. J@L£ zx_,sJt.'.'; A1;1µ:wJ x,, x;;;;;.#tt@M-<r 
. . 

dscwhere ~imizes the sum of lJllldliDp • T aacl:l,ffl« all ~ conal!itenLwidl ~ vr .-and 

VB.,.- Whal SCAN~ASSKlN:--- (~Vl'Jct~..J.-Vf.:ad, Vf\e··maunia-:dle 1Ulft or· 

matda• oa. T(l,m.') .an4_ BO.a') .-S, .4o ,ll!DS: 1tare, lfty, fel'iliilialf-';?,-.Yllual -•-~ 

BETI'ER-MATCH correctJy returns functions which muitnize MVT+Mvs over all limctions~ 

If SCAbh\SSlON --- '(fAJL~w .. v•~L- ,c;.M. ,filed: ;bJ .Lenuna,S.1, .. 

TheolxHn•S.4-A. there ii a tcrRlillal wand a gait of ftlactiMsi.'Vfr• V8,i-.dtidl lllillilniaes die sumd 

matchingsoa,T(l.m')ancU)(l_.):(MJaJl:.,__.ee,m'--.-w,ib:p;;,V(~--\lB~•aad:hwfildl 

IZFJlOSvit-.nl,~ . .._ ~•,...+ UJ+J..· 
r 

~Y malChin&.~DCQOn for vat leavau T ~•IWs.tt~).unm....,.;TJlc lanctinum lll.na)aod.1)(1.A) 

whidugiee with Vfrad V-Droo T(~ +Lavr. ·l)aad8'Lv9•,+LR-. ·l)an4_,.-widl VT.,ad 
w w w . w 

VBw elsewhere muimize Mvr+Mve over all ftmdions conaistent w1dl p. vr0 and VS.,. Given 11wa · 

functions, there is a 11131imum matching •••1~ l ar~. ~Jt'" ~'-~ .n) to a "O" in .• ~- w 

B(RVB ,p) {jaYQkia& ~ S.l) andtleaiel.t ~"8" .llt;B(at~£v.:' );~.B(JA ....... ·Ja tllil 
.. ,.., w • 

case. "(null.null)" iu••~-
J~ 1..et Yli,.,v•,..ll'IC,~• •uan;• Dt:i,Vfi .-.,,n"~ .. c,=1 

lflMHlt8e retDRI of SCANit\U~J:.aUl(l.4'),t.W~~----- R~Cl)_~,wllere vriW~» 
,,.:_ -~"'! ' ·j_' ·J,,-

= VJ\(IU ::;;,?, IM Vl',..,V ... ,Mdk\fltiC 1Ri1l!f'l'\f\_.D,•1Waep',a) ladtllO-v.Wd 

VTx1 ~ vn.1 i. thf ••••i• .._. --~i-iY..,,.11 ~,..rue~•"-~..,.~ ,, ;; 

to BE'l"ffllt~MAWJ,a,e Y'f x.1 ~ VBat• - •--A.t~!!TboolFIU6A:A aad,S.Hl,;~ a.... 

P'lir ..-~ Mvt+.._,9,,cr:all~ !Cat11i1UR&t-1'. ~. _. Y9i marianiaiMv;-+ltlw 

over all f\Jactioas eomillellt willl ,·. vr~• ·'VJi;, • .,_._, . .....,._.~, 1:i11Ut widl·JV'fle • 

Vl\o-,~ • Lt6(11'1+UJ+l T•• 8(-..')..._, • .:il,~~fhe-ttadard..;,-.., 

SCAN-ASSION murm "FAIL•\ Oueiu:11 T --~~---- . 
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ffdle NCUnive-altmB81~1'1!it-MATCH utitia1'(1.m1, B(l,n~. n', p', Vfx1 and VB11 remms 

"(nuU,nuU)", then by inductive aasum~-,.Jt'a-·bfvab&xt 1ftHtciionS which maximizes the sum 
l J. ' = 

- ;• " - - . - -- ' - ' 

of matddaga 'Olt T(l,m') ad Jnt11'.) ever •Al .... ~ witfi r,', VT11 and VDx1 alid for which a 

ma&iR1Um·111adUftt-Of:ltflJ1') feMI a "O" tn Dff.fii)"~. ··Effher this pair of functions also 

,mutffl~•Myt+Mva .w•an ·--·- ccillllatttU .. 1)41
, vr~" and :VBX or a function pair for 

:whidl·p~h) at\Cl •· are G-'Yalued nm_,,. Mvr+M;1 ovdl')"'- fttl\CU()llL lgcelther case, there is a 

value function pair which maximizes Mvr + Mv8 over all functions consistent with p', vr; and vn; and 

for~a ''&" in -..n') is-~ undet'some~'tnatdltngfot8(l,n'). As fbr the case when 

c, > Lin the proof of the bask above, "h1uH;n.tMJ• it"~y,·retumed by the original calJ 'to 

,Suppoee the ~f'SM ctR to ... l'FHk·MATClf'1ft1rnl vrr.and VB{which are not "null". 

Those ftmctiont ate' censilknt'wid\· vr; anti VB! ~-;vr~land VB~l are consistent with vt~ and 

VB;. Given any pair of value functions on T(l.m') and 8(1.n'), let the expansions of these fbnctions 

denote those functions on T(l.m)· .-d · Btl.n►--wilidt ··.-,·· witlt, the pen. functions on 

T(lvr + l,Rvr •1) ad tta.y8 + l,Rve ·l) aad.,.. idb-vrw arid VBw elsewhere. The-original caJt 
w w w w 

to BETTER-MATCH returns Vf raMt ¥Bf wMtlt are-thf ei.-.-ns of Vf r and VB,.- Since no terminal 

is ?-valued under Vf r ~nd VBr, none is ?-valued und~r yr f, ~. ~~r .. Su~ th~re is a pair of functions, 

Vf and VB. consiltent with p, Vf0 and VB0 for which MV1'_+My8 > M,vT +MVB. By Theorem S.2. 
, , _ . . , ,_ - f,_ r --· -

there are functions vr1 and VB1 consistent with p, VJ'w and VBw fur which Mvr
1 
+Mv8i ~ 

Mvr+Mva, Since pain vr1~ VBi_ and·YrrVBr are·botff·conlistent•with vr. and vo •. we can uii 

'fJleomm S.l to deduce- that the- restrictions "or· ._ 'ftJnctions to T(I~ + 1.Rvr -1) and 
w w 

D(lvn + l,Ry8 •J)ntUSt be StJCfi ·Chat 
w w 

Mvr' + Mva' > MTI + Mva • 
1 I r r 

where VI'i and VBi are the restrictions ofVf1 and VBr By Lemma s:7 and Theorems 5.4-A and 5.4-~ 
' . . "'" ' ' 
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there are functions, Vf i and. V82, consistent w~ p'. V'f 1 ano VJl* P<l aswni1\8110 "?"s such that: 

MVTi + Myli ~ Mvri + Mv•i) M\'T; +;Mvar' ' 

Case I: Suppose Vfi and Vii,~ ~JU. w~ VIx0ate V8x0· .... For VB2, there. is an 

urunatched "O" under an1 matching tqn,ction on B(l.1l'). Let Vf l and Vl2 beth-e~ oi Vfi and 

VBi. Then MvT2 +M~ ~ Mvrl+.~ • . .n4 .. ~ ii,~;,_NJI& ~-~lnl-~ .,_ 

leaves a "O" in D(l"VB +l.Jl.va.·1) ~ D(l.d) u~~~eJ<~ VJ:2,_,,4.,y~ a,e,~ desired-Vf1 t, w . ; 

andVB
1
. 

C~ _2: Suppose ,Y"f2 ,and VDj aN ~nt \\1dl .¥811 and V-B11• By irufµotive assumption. 

there are functions vr~ an4 vn; ~nt w~ p'., ¥811 ~ Vllu for ·which Mvr;~M,8~ · ~ 

MvT2+My82 and under which some matching function achieving Mve' Jcavet,a "O"'· id· 8(1.a') 

• 
unmatched. Since VB11 and VB11 are extensions.of VJ'~ and ~,Vfi all4,VDi:11re ~ with vr ~ 

and VB~. Let Vf1 and VB
1 

be the e~pansiQl1$ofVf;$lcl,)'D;./1~,are~lwitll Yf,o,~VI\,-. 

We have: 

Mn
1 
+Mvl\ ~ Mvt2 + M~ ~ Mvr

1 
+.~., •· · 

U_nder VB1• there is a ~iQ& 4\mctioe acWev~,Mve
1 

~··_ -,qsJ "~t1mJ.l(ly8_. +1.R"8., ·J1 • 

su~ofJKl.d),urunatched. 'Illus. Vf1.~.VB •. ~~~~-. D 

Lemma S.10 ·completes the techn~I; de~ment'·~ to verify the correctness of the 
,e ~ : ~ - y\ t,,' t .. 1 . ~ ·~i j. 'f-'0 n 

aiaontfun: TheorentS.S states the correcmess ~f the ma~,~~~. MAX-MATCH. 

Theorem 5.5: Let Vf0 and Vflo be ~Ju~-~•~ng ~P:llld-~ :tllat ~ 
' > • ·,, • 

only ?-valued. terminal$, are mcm.t>e11 of ~~ pain.,,," '.fhelti~·M4'l'QIO\l.nuDUNAS • 

Yfo, VBo> returns functions Vfr and vo, consistent with p, vr0 a~# .. ,wt)kla-.,..ian~ Mvr+':fw 

over all such consistent ftmctiom. 

Proof: The corrcctn~ follows from the development presented in this chapter. The rorma1 argument la -



by induction. on &tac. ~QI' "')ufli¥e calla; k ii •tJaNt> •lltld- in provina Lemma s~10 except that 

verifying the correct return of "(nuH,nutl)" is l_10l necessary. We only present the argument used whft-. 

c?= 1 after a call to SCAN•AISIO}i. It ii uodlr ~; .~:that. BETTF..R-MATCH is called by 

MAX-MATCH ancl.Lemma.$.lOis ~in~ .. · 
. . . 

Assume• sa.ndar,l._,._._CllltfO~iAUlON in MAX,.MATCH returns "FAIL". 

Let vrx and VBx. be the extelllions of the functMII ..... •-SCAN-,.ASSION under which all 

terminal5"in T(l,q)-4 ~'1'>~-1'-' ~-)~:~°' }-.valued. ·LetVfxo and VBxo extend 

Vfr.and VB~ so;tbat p'(h) anwli«.4>-v~ .S Vfi1ratt41WIX1 •ad them so that p'(h► and ha,e 

l·vah.Je.d., By ~ve alll+fflRdJan.,._ ft.,.._;Vftt llld,\fft,t:ttturnod '1-M,AX-MATCH(Ttl,111'), 

B(l,n'),p', VT xl' VBx1) madmin Mw+Mw uqr ~-•••urith p', VT xi and VBxr 

Suppose BEITER -MA TCH(f(l,m').B(l,n').s-1.p', vr xO' VBxo> returns "{null,null)". Then 
~:; ' 

there is a pair of functions vr exO and VBuO consistent with· VT xo and VBxo maximizing Mvr + Mv8 over 

all fu~oaaconsislent. with p', Yr10.tV~ (pr Which.llltloilunatdtiqJilnctieoadtievina MveexO 

wmdt doe.$,llol ~-• "O"s.,tn •~1~- ~ LlfflmlY"._, .. YaluefuMtiells vrexi act "lBa1 

consisten_t with p', VTd an4 VS.i: JUC:ll ... Mvr +,Mw . ~ Mvr + M.\'B • Then: 
· al al •0 exO 

Mvr + Mva ~ Mvr +Mva· ~ Mrt +~ , rl rl ell exl exO exO 

and VTrl and VBrl JQalunke Mv,r+~,oveJ1 all ~'COBli&tent with p', VTx and VBx. The 

elJ)lllSionsof VT l'l ud VBrt•~ilA·Mtr+ Mva t,Wer all ~oonaistent with p. VT0 and Vl\,-

Suppose BEITF..R.-PtlATCH(f(l.,..').B(l.a').t-lJ>\ Vf1o-VB..,)-murna VT r0 and VB,o wh~ are 

not "null". Suppose vr t0 and VJ\t 40 QO( ~ Mv,+MYB O¥er,all fmlcdons consistont with p'. 

Vf•8 and VDxo· Let VT..crand VBea4,:be value MlCtkJ•~ with p', V[xO and VBxo which do 

maximize Mvr+Mve over all such functions. Then, MVT . +Mva- > Mvr +Mv8 • By 
exO exO rO rO 

Lemma 5.10, ther.e ~ functioos vr.and VB1 conti!lktfttwith p'. Yf xe and VJlxO fur which Mv,r + MVB 
I I 

, . 
~ Mvr + Mve and for which a matching functioa achievina, My8 • leaves a "0" in B(l,a-l) 

~ exO I 
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uamarclled. By Lem111a S.9, there are·walue fundioM vral and VB&l COhlistent with p', vrd and VBd 

s.uch that:-

Mvr +Mva ~ Mvr +Mva ~ MV1' +Mw j1'hetetore, 
&l al I I uO aO 

Mvr + MvB > Mw + MVB ~ Mrt +Mva·")Mvf +MVB . 
rl r1 &l al a8 aO rO rO. 

Functions vr ri and VB,1 nlMilnize •1fvr{t;M'91i t>ftr alt 1tat1o11s~:eon1itellt witli p'~, vr1 and VB1 and 

arecorrectlyapandedan4n:tanied,W;'M~•MATCH. · ·· 

If Vf ,o and VB.o do maimize M.vr+Mvs DYer al iltllctldnl;censistt11t with p'~ Vf 11 and V8~1• 

then the maximum of Mv,r +MVB. :an4 Mvr +Mv1{~ m,x~tNtvr+'Mvo 'bver aft ~ 
rO ~ rt rt 

couistent will p', YT :and .¥8 . · 'Jhe IW~ of fubctiGM ......... ~ ---iJIMti '(witb ties. bmltn in I. I ,,_.. .. . _,._.,Ria . 

favor of vr,1 and VBtl) m cenectly n,andedaacl...,.... a,, WI~. · C 

s.6 Ruunin1 Tune of the Af&orlda 

We wiR find-an upper•ncl oo d,efllllllift8 timo:,I-CMalMfdlm wlihauf matfrtg ~ 

aboutthtdeWls 0ftlle;dafa ~-Old1o-~ lie ~ ,\\\, 1rilf 8Sl!ltillle'dtat each of die 

foUowing takes one'.step: ad<lfion ro-a...-..... the.·vMUl4i-W·vatiattle. dd lissiarllnd to a · 
-~. ~- -

scalar variabte.1 AISignment to a ftJdon vaqaileia 881lWMdtP lle-~io °"8'blar variable mr 
:: . ';c .. · , >' , ' t.~1 . ,-:: · ' : : ~ 

each domain value ot dac filnelior. · ._.....,_.,~•~•u8',.f lifti'W'n!J;' tiie~'tlulliber at· 

stepsttiltbJ.tltltalgdritl.-,Ml,be-•1mu1edat-..... ~\IM-1Mirtt~bf, ___ (Jti+n)lbcflht· 
·- ., . ' 

number ,of ?·wtluedteJ'DDlll·.-·u• ,W idldat ........... H1t...tf.tfitW11ptlhtit'11111na 

that an f.valuedtenninalln.nlitmbea91" ..... ~,i.u~·~-~ piilt1, ·· · 

~•SC,.ff-ASSION,._IIOtMf-,~~~~-tdillllt.·· 

1. _lbiS follows dtc unit cQ&Jf110det f9i J!tlndom,~~ •~~, Hepelt'Jfti inclt.1flman fA~ 
The logarillmic cost model, which takes into accounuhe number of bits ~uited to represent a numbc,r~ 
woukl mltiply"anyinlllllinl ~ly~~n--, . . ., l-, J.w y<, H . '.· ", ; . ;' 
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The pr<1'~u~ conaiden •~ t,ll'lllinat in Tat Qlost o~. Ji'or tach 'l·v4!lucd.~nnin~ it considers, it must 

.~the~ of, .. of-O--value4 ~n~~l-~ ~lil811 and make fm.~nt.when possible. 

If the sefl are recomp1ned fore~ ?·val'"4 te~ ~ ~~n~r of~ ~d to prqccas one 

?·valued tconinal is aJ, JnQSt kWl.t Q) ~ ~ .~ ~ :1\W ~ rc..t;of.~ fir$ FORJOQP must 

also be computed, but only when an IIISipment has been mack. This test also · requires computin&. the 

size of a set gf. t8f&ltqals. Let ~\IN, ~~Jhe -~~ J?:IUl\ber of stepi taken by 

SCAN-~~JON oe,any.m ¥>ft·~ aacl a ~tm •. jp~~ wltb uJ:v~u¢ ctenpinal pai.._ when \ 

?·valued:termiJtrus ~ are, • ..-;i~y;SCA~-As.$1~ .~ 

SC(m,n,u..a1) S tiCa.+ lXm + n), for some constant kl' 

If a1 < u. ~AN~.t\.S~N ~ms, "f~lf:,." ·"~: (t('te~>.'JI f~,~~ J>f: ?·vaJ~ terminal pain 

consi•re(l. LelBC(m.n.u).~ &he, ~iffl• ~,...r;~~•r~·~ ~N'l·A~JQN oq.any ~ 

top tenninall and n b9Uom ~ •. wl,Jl u ?·val~-~~ , . 

SC(m,n,M) S rna,&h,J~ over al1~$a.~~'™1-W $J1'~1 J~JJI:+ o) .. :::;: ~qi+ n)). 

Procedure BEITER-MATCH may Qle ~ ~~-~8'19,N and, ~vc call to itself. 

Fint BE1TER ·M4TCH ~P,Qtes .~ full left:~ ~ ~--ons ~4,.,... to ?~v.iUO;d 

terminals within diem. Thit is doae .. ui _~c WJ:JILE,toop. 4,tt,{-~ng ~tpjn au of (l,Lv,r), (Rvrm). 

(l.Lva). and (RvarB). some rqienun~ be reeompu~•-· ni. ta_k,~, ~,t •> step&.. Once regiou aic 

c~ ~ .. ~ Jhe ~tiQOI ~r _which "(nu.U,.,ulll"-• -..~-Jakes OlllY a constant aumber 

of steps. S~ ~ initial)¥ ?-valued tcnninals .are ~:Gil v~ in ~ WliIL~ loop. Then its 

cxecution,includin~ the initial computatien berore 1n~_,1Jt, tnGtl•-~ t1a.;+l)(111+n) ~.for 
, , . 

some OOMtant k,_. 

After the WHlLB loop il,eompl•d. if JOY ,1·v41ued ~rs ~.,SCAN·ASSJON is called. 

Preparation for calling SCAN·ASSION takes O(m' +n') steps to assian to Vr'. VB', and p'. If 

SCAN-ASSIGN returns "SUCCF,S~". then mcrgipg the :~lions that SiC~N-~JQN returns with the 
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functions on the tuft regions to create the functions return«! by DfflYER·MA'rcH tat~ O(rn' +n~ 

steps. ff SC'AN-ASSION·remms '"FAIL"\ it tates·~m• +n')steps·ttf~ fb'VT' and VB' artd tatcu1-re· 

q, s, ·h, and~ If~= l, bETl'ER.-MATCH is cattcdiecutsively, rctui'l'ling funeiions ot "'nult"s. ff~ 

recursive call returns ftmctions, thC1'1 tfle ptoccssing reqwetf-to retuhl' their cipansions tatcs ~m• + n') 

stepS. 

I.et B(m;n,u)be ~ maximum nmribcrofstepttatc,fl~y'any·can ahmrrnR~MATCH with m 

top tcnnlnats. n bottom tcrmina~ and u initially 7:va'ttredpdts. · Sutlf a·ta11ifBP.T1tR;·'tt!AltH'under 

which aw initially ?-valued pairs arc. assiancd in the "1ff~l;'l&i(),-atid· a-
5 

i;.iJS are assitned by 

SCAN-ASSIGN tatesat moil 

1'.i(a.,. + l)(m +n) + SC(m',n'.u-a_.'.as) +. D(m';n•,o-aw.;8."f) +. t:Jm~n") steps 

for some constant tl' ·where B(m.n,-1}=0 by definition for an,tn anii n. Usingthe bound for SC atves: 

:S; ki(aw + l)(m+n) + t 1(a
5 
-+l)(m'+n') + tjm'+ttf+ B(m\n~u¾l~ -a1/l)srcps. 

We know I Sm' Sm and lSn'Sn, fort .. :¼ll +k1+'t:r 111eilUmtier«.-k'oouMectlltiove by 

t_.(aw+•,+l)(m+n)+ B(m',n';u-a~/~>il).'_.· · , .·' expression! 

Then B(m,n.u) s; (maximum OYet' a1f m' $Iii. n'~~ anti -tJsa_ +a.Sli or-aptesiion 1) • 

Order an triples (m.Jtu). fbt m~ i. ft~ 1/-atid u~: ten:oa~; . w-e· prove by induction 

on this ordering thatibt aft.such triples. B(m,n;uf~ ts'(U+l)(iN-'n)!'~10meconstatt5• 'Theltasii, 

(1-J,0). ts triviat. Por any triple, (ntn,ttj, B(A\O:Ot~ t4(m+1'). ta·ls!'k~imfll:es:Lutdie'pmpoiddon'be 

true for any triple icxicographica1fy srnallci''tlililm!iiJl) -~ 1f)O~ We'~6it t!ttn~:g111-~ 

ISn'~tf whenevct Bh'1TER-..lfATCH'iB l'Of.?Ursivelt ·taJidl r',wtJ'-a;J;+•,-~u. 1fSu·._·~lSlfil~'l11d 

we can use the inductive assumption. When •w +a,=u. u-a.,a.-1 = .;1 but ks(u.;a.-a,Kiti'+'ni = tis 

stffl an upper bom1,fotdlle contribution ot"thd -~ tal'ti'llrrrM~MAffif~ • •no recursive 

ca11 is made. Therem: 
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expression 1 :S ts(a. +a.+ lXm + n) + ks(u·•w ·a.)(m + n) 

•---ik,~k4•ml+ttf~•+n 

S ~· 1•+•)', 
and D(m.n.u) ~ t,(u+ l)(m+n) ci:·Dfu(•+•)). 

We now tum _to MAX·MA TCH. The bound on the number of steps·.Ulled in ihe·WHILE loop is 

of the same order as that for BETI'ER·MATCH, by the same arpment. Procedure MAX-MATCH does 
, 

not do the testing to return "(null.null)" which BETI'ER·MATCH does, but this only adds a constant per 

assipmeat &o 1he numlltr of 18:1)1 UNI, lty .ISMa4M<TOt' •Rd' only aflel:ts the constant for 

SCAN·AS816N. recums "SIJGJEIB!! havo the ... ,NUlld, oa ·tho n11111bet of .·steps used as chat for 

BEITER.·MATCH. However. if SC/tN~ASSKJN:0 Naam1 !PAD..", a recursive call ro MAX-MATCH 

and pouibly a call to BEITER-MATCH are uae<L -~-pn;caa•int and·pc11t·processinl· fot thett caill 

rate~m' +n') st£pl. Let M(m.n,u) be dle,muimuffllllllllller:•f·IClipluad'l,yany wlto MAX·M'ATCH 

with m top temt~ • 1lottom teslllilllll. an4.u initial)' 1•valued:pain. -U.. tor oonitaDtS ~ and·k, 

M(m.a,u) ~ mailnum·overallm'~.-1(5:n;lllld ~--+•i~u of 

~('w + l)(m+n) +.S(ln'.••••a_..-J +'l(a',n',u-a.a1l) 

+ M(111',11',u ....... -!1)+ ~nt'+n'l 

We aow prove by indtK1uoo on the orderingeftripletdlat 

M(m,n.u) S ta<u+lY(m+n) forsomeCOllltllltka· 

The basis and cases where u = 0 are ltraightforward if ta~-~+ t,. Suppo1e the proposition is true for all 

triples le1icographically lea than (m,n,u) where u > 0. Then 

expression i S ki•w + IXm+n) + t 1(a1 
+ IXm' +n') + t 5(u·a_-a.>(m' +n') 

+ ta<u·aw·a/(m'+n') + t.,<m'+n') 
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Letting kg > ~ we have 

expression 2 ~ta(u2+u+,l)fm+n) £ta(u.+1Y(m+n) 

and M(m,n,u) ~ k8(u+1>2(m+n) = O(u'(m+n))::i::•,Of(.fn+•rl :. 

We have shown that our algorithm runs in a n.Ulllbef of:Step&' at-,wont propmtjonal to the cube 

ofthc nu~ oftcnniulL 

S.7Summary 

In tJus ch~r. we.have prcscatQd ~ alaorithm whiduouteuhe connections bctwOffl·paiJI of 

tenninals ~ OP the outside of a rcctaogulat ~ ThefOlldna.ilt.tUnallotimatal ancl vortiatl 

wires are on separate layc.s and uses minimum.area. Tlw,.pmlllemis;~ tom.llliplilent proMent 

on vectors. Procedwe MAX-MATCH sohts': die' problCln' oa .. · veccors .using- iffl)CedUNS 

BETI'ER-MA TCH and SCAN-ASSION. ·· Protcdurca SCAN-ASSION and' BmTER·MAreH have 

O((m + n)2) runsq ,time aPd ·MAX·MAtCH ha& O((m+a)3)'1111U1ing ~:,Praeeduft, MAX ·MATCH 

is actually used twif..'e in routiBa -tenniftalt on a ~ •-~ manectiona anct ~ h 

left-right connectiom. Before using MAX·MAJCH, Jocal.COIIIIO!tioM;• ~ directions in a 
' ' ' 

predetcnnined manner. A.,.ing .. tbe, 1-al·. connec.ti(>al 11111 ~t) :')OfflPUtation ltepS,· where t is the 

number~ terminals on the redall8le- ;Bach e41t to MAX-lfA"ICH mes O(t3) 9tepS. Therefore, pven a 

rectangular component with t terminaftaR>IIJld,its•boun<mJ~ ._,....._:.p,.•atd• Sectioa·'5.l can be 

solved in polynomial time O(t3). 



The notation uaed in Chapter S is listed here. with definitions. in order of appearance. 

T(l.m) denotes top tenninals 1 throup m. 

8(1,n) denotes bottom terminals 1 throup IL 

Vf: T(l,m) ... {0,1,?J and VB: D(l.n) -+ {0.1,?} indic~' 11W di~pes-Qf ~,n~tions from top and 

bottom tcnninals. respcctively, aa fbllows: 

Vf /VIHU:: O ifdtedi~i9'}Qf&t,ep~~-~"91~~~i!5,p;~A5t'QJfle4eft 

1 if it ii to cite ript. 

? if it is undetennined 

p:T(l,m)UB(l,n) .... T(l,m)UB(l,n)U{*} is the p;drina function lndicatina what tenninals should be 
~ .••. ,·'··-i_, .. · 

.For the following definitions, mere are anatoaous definitions for Band VB: 

mvr: T - T and is the function matcbiq terminals in T(l,m) of value "O" to ""'1Dals w;d\~ .. 
in T(l.m) and of value "l ", Jiven value function VT. lf my.-(0 = j, then VT(i) = 0, VT(j) = 1, and i < j; 

Mvr is the maximum over all matchina functions. mVT' fur a value function VT, offranae(mvr>I• 

ZEROSVI{S) = {iESIVf(i)=O} for a value function vr and S(;T. 

ONESV1{S) = {i€SIVf(i)= l} for a value function Vf and SC T. 

UNDET vrtS) = {iESfVf(i) = ?} for a value function VT~ 'set., : 
• • • : .P·. ~ 

ONP.Sy.-(x,y) is simplified notation for ONESvi'f(x.y)). *· 

Full-l(Vf,x,y) (similarly Full-0) is true. if and only if IONBSv,-(x,y)I (!: f 'A(y-1 + 1)1.' 
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lvr:T - T and rvr:T - T are used to define left-regions and riaht·regfons on T undel' a ·given\•alue 

function vr: 
/yr{l)=l 

/v-r(i) = i ifFuD-l(Vf,/vr(i·l).H) 

'v-r(i· l) otherwise. for i > l 

rv,{m).:: m 

rVI.(j) = j-iffulHJ(VT,i+ l,rvr<J+l))· 

r vi{i + l) otherwise. for j < m 

left-regions are dcftncd as the eqoivalencedasses:nt~'by me'eqtuvalence relatiolt 6n T(l,in) under 

which two tenninals i and j are equivalent if and only if /vi(i)· i=!'1v-r0)~-

Right-regions arc the equivalence classes induced by the equivalence relation using rvr 

. . 

Lvr is defined to equal m if Full-l(Vf,/v,{m),m) and to equal lvr(m)-1 otherwise. (l,Lv-r) ~ dlc-lWI 

left-regions ofT under Vf. 

. 
Rw is defined to equal 1 if Full-()(Vf,l,rvr<I)) and to equal rv,(l)+ 1 otherwise. (Rvrm) arc the fuU 

rigbt-rcgioRs ofTundctff. 

The following definitions are made after SCAN-ASSIGN returns "(FAIL t. Vf k-1' VJ\ .. i)'': 

q is the smaDcst i~ t such that IONF.Svr (l,i)I = l 1AiJ. 
ld . 
l - ;- 'i ';i'-

s is the smallest j satisfying die following three properties: 

(i) p(t) ~J: 

(ii)IZEROSV\_10.n)I = L\i(n-J+})~~-, , ,_, _ . L . J; ,,: 

(iii) each terminal :in T(l,t-1) which has been ·assipcd dte. value "111 by SCAN-ASSION is 

paired with a tenninal in B(j.n}. . )I' '. ; ; , : 

Co = fZEROSvr (Cl 
H 
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c? = IUNDETVT (C)I. 
· k-1 

h is defined as follows: Let i be the terminal of smallest index in 13(s,n) which is ?-valued under VB0 and 

1-valued under VBk-1" Certainly, p(i)(k. If i<p(k), then h = i; otherwise, h = p(k). 

VT fx and VBfx arc defined as follows: If h = p(k), then VT fx = VTk-l and VBfx = V13k_ 1. If h -:t; p(k), 

then vrfx and VBfx agree with VTk-l and VBk-l except at h, k, p(h), and p(k), where: 

VTf (k) = 1 VTf (p(h)) = ? 
X X 

VBfx(p(k)) = 1 VBr/h) = ?. 
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0ta,ter 6 Dlseualon of the AJaorkhm 

6.1 Remcnflla Aaanlption1 

In this chapter we mate some ~tvations abou., the: algorithm we h~ve just prcscn_tcd. The 
- . i • •,' " ' . 

algorithm is of the c~ fOUM1 va~. Tho...-to. ~!t151dl>~ acfl cum•tilln paduuie ~hoscn~ by 
• • • • ~ ' • "! • ' • 

the algorithm. Only one choice is considered for local con~ For top-bottom and left-right 

connections. the procedure MAX-MATCH makes the decision. 1llrcc assumptions are crucial to the 

working of the algorithm: (1) only pairs of tenninals need to be connectcd~(2) there are on1y four routina 

areas - one parallel to each side of the rectangle; (3) the segments from each terminal to the routing area 

(perpendicular to the routing direction in this area} cannot COlltlict regardless of d1eir lengths. 

We do nor n~rily need to have terminals around the outside of one rcctanafe as tong as the 

above assumptions are satisfied. In fact, tcnninals may also lie alona a rectangular boundary. 

circumscribing the rectangular component. i.e. on the opposite sick of the routing area, as long as •these 

terminals can be projected on the rectangle to obtain an instance of the Ofiainal problem (sec Figure 6.1.). 

1bis configuration might he found when conRCCting temunals of a functional cornpon.ent or set of 

functional components to bonding pads. The bonding pads lie atong the ou~ edges of the chip, and 

the routina regions lie bctw~ these pads and the rest of the inicarate<f circUit.. Minimizing the area used 

for the inte~onnections minimizes the si1.c of the chip. 

When the third assumption above is l'Cffl()\'Cd. we ~ve already seen· in Chapter 4 ,that the 

resulting routing problem is NP--complctc even for one routing channel with tenninals akml Its side. 

When either of assumptions (l) or (2) is rcm<>ved, our division into local eonncctions and opposite ,aide 

· connections no longer limits lhc choice of directions for. each rormcction, ·CoJl\lidt>r the probfetn.for Ofte 

rectangular component when it may br necessary to intc.roonncct three or mc.n terminals. When duel 

temlinals are involved, there are throe choices instead ttf' two thr the type of path UleCI to iAterconncct dte 
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Figure 6.1: Alternate configuration of terminals for our algorithm. 

cannot be 1 

tenninal here _ 7 - - -1 

--
I 

I 

cannot be~ 
terminal here 

'----~-----------,-------~ 

■ indicates a tenninal 
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tenninals. This can be &een by dividing the boundary of the rectangle into Jhree pieces -- each piece FC=S 

between adjacent tenninals as the boulldary is trafflled. Any path which fbllows two adjacent pieces of 

the boundary can l,c used to connect the terminals. When Che terminals are Oil; three different sides, two 

of the possible pa\11 types use more sides 1hat tile dlin1 How;;, ;;·~aot eliminate these possibiUdea. 
' . . ! .;. 

e } 

It is not tll4C that dlc: d\ird cboice is alwaJI as aood as die _, "'<t f"apre 6.2-A siva a 

counterexample. Conneftma these tmninals in\lollCS duce sicks of .IM· rectaatgle. Thcrerore. we have 
~. ' t . 

! , ~ .· ~' •. 

lost the independence of the two dimensions whktt we bad wllcn roptilll-~· •fH~ 
,: 

conn«tions. If~ teminals arc only on two sides. even the path tflfe U&mt aU tour sides canaot be 
' ~ 

eliminated. 'Otis• slM,wp in f"igurc 6.2-B. It is •open prublem.whellcr.._ one COfflJ)OnCl1t ~ 
~ . . ~ ' 

probJcm can be solved in ,pojyROllliat time when tefl ;,,·fhree··or mooh~~ ~ to t,e 
i < ! ~ '. • ; : > 

interconnected. 

Consider retaimna the restriction that onty pairs of termiaalt are in~ but aUowiaa· 
. • . {,, t ,~· . . --~-'-~-~-· )_~~- ";· 

terminals to lie on one of two m;tanauJar compoacnts which are plaood. side by side. lgnpre for. tbc 

moment any conAection which invo1tes lmftinats which He on the bouadaries of &he atooet. between the 

two rectangles. The resulting routiaa problem is liinilar to the.a.~ ·mutina ,rob1em ·acept 

that paths can take a "short cut" duoup the .,_ becweca die two m:tM18ies, However, this option 

adds many choices of paths to be uNd to intefm8MCt ~ The top and bottom sides arene loftlCI' 

independent of the left and riaht tides. Fjpre 6~3 · ..,_ die 4ifflcllltk.t~ by the lhort cut. 

The complexity of\llis routina Pftlblan ..... 

6.2 A S,Uial 0. for,....._ MAI-MAn:..11 

1bc procedure MAX-MATCH, with Jts ~· solves :die aptimizadon ~ 

deftned in Sedion S.2. We now pnm, dlat ._ all --- • T-.Oll _., die iai&ial'.vatue 
. 

ftmctioos. lhcR is always an 1f,nment ,wTs aacl .. i-, lllCh .. die_._. ■aaimua, .. _,.. ii 
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Flp,e 6.2: The One C1-,1■1nt .... Prollltlll tritll _,. dNm two tennhtals la nets. 
'- )' •• ,, __ < _, 

Tenninals with tbe same ~t should be comitictetl.' 

A: Three tenninals on.three lidcs - dlNe clloica. 

1 

RESTOF 
THE THREE 

1 

path uses 4 sides 

2 

routing addcs 2 unit to heipt--------
:2 units to width l : 

:2 

l 

l ·• 

B: Three tenninals on two Jtda ~ Uno cllo.ileL 

I 

1 7 
prefermt .. ll < 111'"1 h 

l 2 l I 
I I ~ .. J 

I 

1 

2· 

I 

; path mes 4 sides 
ruuttna adds 3 unit& to h~ight 

3 unit to width 

path~laida 
routma ~ J uqjts &QJ:teipt 

l units to widdl 

1 2 2 1 

.,__ ___ w ___ ____. 

(3 + hXI + w) = l+Jw+h+hw = area 

(2 + h)(2 + w) = 4+2w+2h+hw == ua ' I 

l 2 2 I 



-
'--

but: 

l 
1 

2-
pdrred 
forw<h 

2 -
.. 

J :,, 

3 

1 
I 

area= (2+w)(h+3) 
=6+2h+Jw+hw 

l 
1 

2 -
.always 

prefelJe(l· : .. . 1 i;-.. 

:,· ; ... 

. 

l 
, 

, .. 

l 
area = (2 + wX2 +II) 

3 

3 

1 

1 

.. C (}♦w)(l'♦il) , , l , 

== 6+3h+2w+hw 

1 

2 

1 

an,a = (l+w)(3+1') 

b 

j 
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When all terminals are f..,vaktfld ltldir• ittitiati,._~ the ltllfflMf c,f top, temtinals. m, must 

Lemma 6.1 Let Vf O and VI\, assip ''?"a to all terminals in T and D. lbcn 
. .. 

; , •i 

MAX-MATCH(T(l,m),8(1,m),p~Vr0,V9o>retum1 vrrand VRrsuch ttmiMvT +Mvn ~ m-1. 
, ' , , ·~ • , • • , , : l "L j . , •'. , ·. . • , f f , 

Proof: ln~tudly, there art no tuH ~ an4 SCAN--.AUIQNi ia c.lllcd. If SCAN-ASSIGN returns 

,sUCCESS.Yft,VIJr), then fi4ml-ttf1tliull at:e:O--vat.tjfa Mltu(l' -41.: .Wt, know:OK-(){VUr,l;tn) 

holds. Ttaorefore. m ill even •. 'fht ...... Ve Mw, :tV.. • ._ + ~m = f!L' 
· r r 

. · Suppoae.SCAN·ASSWN ,,..._ (FAff.rkKf,.V.l\t,. ~-,0.rs. .h, and·c,: I.le as defined in 

Chapter S. AU tcrminalt in T(t.tn).-e?·vakle4-~ YTt -!Jlaffl:lbfe,,q ::i: .t,~•:r l, and k'.js odd. We 

know: 

and 

Also, 

irnplyina 

IONf-Sy, (l,k·lMi.s: IONHSy8 (s,rn)t.~ t\itJ -~ JA(t·l) 
r · , r . 

L '-t(m·s+ l)J = IZER~W,M,,~, lUIQSvr U,k .. l)l,:.:: ,'A(t·l) (a) 
r r 

L 1A(m~+ l)J + '4<k· l) ~; IZSROSw Wll~+ JON~v.tt (s,m)f S tm-s+ 1)-1 
r , r 

14(k·l) ~ rAi{a-s+l)l -1 (-,. 

Combinin& (a) and (b) gives: 

L'A(rn-s+l)J ;=:: \l(,n-s) = '1t(t·1) aAd. tvalOSva{t,m)t= IZEROSvr(l,k-1)1. 
r r 

8(s+ l.m}eootaiAS p(k) 1t11<lthc pairs ol'all "l"sinlU.q).,'J.'horofor4, ~ WOIJJd bawt.'holetta+l rather 

than s. In either of the two possible cases. s:: h. 

Let vrxl and V8x1 be the value ftu,ctions-detlftcd w1"n the 'T' vat~,iUried for h. We know 



a set of full ri&ht·regionl with no ?-,vat•U~ q\ff ·t,i(AM) ~"s • ff(s+l.m) can be matched. 

Unless s = 1 • s = 2, iatffl'at ft(I.S, ~ • teft~ and ORC~~. neidlCr of which ire 

k = m. we have 

MVl. + Mv8 = 1i(m·l) + 'Mm-1) :: m-1 
•l . , ·• ~l 

and the desired result follows. Wben s > l, 'Ilk+ l.m) contains one left-region and one rigtlt-region. 

nclthcrofwhidl are full. Ifs =·,2, R(},2)isa fuff~·~lJ• ~-0ndcr'lB1f "fonnfflaJs 

. B(l) aftd p(ft(l)),::: ·~m) are~ die vafue,"lr'bfthe'l\lattlive catl. toMAX.,MJ\'f'Cff. Terminal 

0(1) can match 11(.2), but 'f(m)-· is \Wffa~ flw·:Jelllllina:,inafJmum matchitip SUDr' to 

111(m•2)+ l+ ~m-2) = m,J asdcsifod. (ts:}?. tcf'll~m1MlM'~:of~t+l.ffl).' Procedure 

SCA N-ASSION ii called A>r T(l.m') ancl 8(1.s) usifla HapftfOptiatc ~M of Vf ~1 and VB
1
r . 

If the second call to SCAN-ASSJON returns (SUCCFSS. V'l',l' VBrt), then 

IZEROSv8 (l.s)I = IZEROSvr (J,m1f ~ r~m~ •M\4'-·+Vtqfl,; ::_\.',tffl'J '+ f1Am7 = m'. 
rl rl rl · rl · 

Combining this with die ma-hints fltl'.lieiAdf ~.,, ' ' , 

· Mvrfl +MWln = m' + ~•"$) +'"<l~l) = 111-k -t t,;l = m+ 

where VT n and VBn are the expansions ofYl'rl anti NIJr1wtilcflia&ree1widtYl'1.1 and VBd on ·•tj);alKt 

B(s+l,m). 

If the second cal tu SCAN-ASSfON mu•(FAlb tff\lt',V~), lot q', ~~ and b' be the special 

tef'fninals for thil'call. Uadm''the 1n-... valiie :~ WiMmll l&:lllAN~K. dlf1~ in 

·1~1.m')aritt an Utnnihak kt B(l,t" 1) m 'Millued and sis'l~aNJe4., ~ 'fl' ,;=1 il'~·t' •~ Md: · 

IONF.Sy8,(s',s-lM = IONP.Sy1.l(l,t'-l)l ii; "f\'.'4J 

'7¾ltOSy8,fs\sM = l"'11~+1)J, ,s:f!M~l.l,'•l•=-. "<k'•I). 

Alio, IONF.Sy8◄1';1)1 + IZf.ROSva,{s' ,41 = , ~t: .. 1) t J -f L \IIH~l)J !S~ +t)-11. 
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Fi&ure 6.4: The One Componeat Rovtina ProWena with no local couectiORI. 

Tennioals labeled with die siune num1>er-shouta be~ 

1 2 3 4 S 6 7 B 9 W 

10 9 8 7 6 S 4 3 2 I 
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·-- later. The achaftle cau101 Ole two mfli• ally tlOIIMCtol •tettts w &Yertap hut mother· seamcnrs 
k> overlap. (See Fipire &S) la this wa,.►fi Qllt modilf thf Mlitffll 119 ,t"at'there is ooly enc hotitofttal 

-segment h each COftMCdoe. Tllis.se1me11t,ftmlt'le'alioW• tenninahW tenniRln to which it needs to 

be conneoted since aome IQIMnt ~Y dil. at1d ~tf4ui.-e notbeett·sh&rtened, just-merged. 

The vertical scgmontt ·wbidt connect ta t!OIMfttR tan ·M 1lldect oil the' ¥fflicaJ]iayef: Al!lo. after the 

modification haboen-'ffldttJ:eath_.,,~,..,Muil;Cflfffl«'taf'thi cnr11erscan be~ 

or shortened k• doso without~: 

This upper bound ,m the amount of height ad<k..~ by using separate layers for the two directions 

is actually achievable for a very simple routing problem shown in P°lgl.H'e 6.6. 

all wim are eidier .peq,endieul8Jf,or it8fllleH0•1M1e.:~,_. of'jffijtr4uy ~'elte~:ftom 

different terminals perpendicular to the side will not intencct. and scjftleM$ #hidfrun pa;allef te tMe side 

can be extended at the ends· of the side without causioa ~~',. ,~ay, n~.~-~f terminals .c.an ~ 

interconnected, not only pain. 

,. QS;ftOWaJlliidet~~ ...... ~ .... ~-are,tili,re tllaft·tW>11yen 

fbr il'lremonntctkML TctllHNV .. dftM:t!llln'--wllilt= ....... 11t~W> bottliMtalilid 

YelticaJ, WiR. ....... , ... pilHltf ...... Mlit'·flit~flh ~ • .,tf,.,..;::'1'1W~~tidil~ of 

lelfflClilS_di,..._tta,ai41k1bfer trMal!' ,tfhewtwc, iilli._.JW.,..." ...... Jlffllt~no 

tepRellt intalccdtte fie-~ fOlll'_.lf<Oftean,j.,_,.,._r __ fl;di'ilf?flWe ;~ 

-qa--. trilhour•Htelaw~ te•.-./l'ht &M._.W,~~'~ ii 
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Fipre 6.S: Construction for L•-• U 

A. Splittina positions. 

------------. ------
becomes 

U. Merging segments for one connection. 

for layer coaneetifta 

--
after splittina: 

riptofl -

- riahtof2 

after merging: 

- rightof2 

rightofl -

o.~e channel, two layers 

two channels 

I for vertical connection 

- -rlahtofl 

• 
• 

rightof2 - -

rightof2 - -

• 

• 

• 

- - rightofl 



Fi&ure 6.6: Instance or One Component Routifla Problem realizi111 upper bound of Lenna 6.2. 

When one layer for horizontal segments and one layer for vertical seame.-: 

' -- c_, 

I •~ ... ,.,_,..,~,,,M•-,;r _, ~ ~;~ '" 

I I I I . n channels used 
I • I I 

I • I 
i I 

1 2 n n 2 1 

When no restriction on dlC direction of segments in either layer: 

r- - - - -, ] nll=h-I I -----
1 2 n-1' n n D'"l 2 1 

layer 1 - - - layer2 
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' M two__,_ Wt wtll Ill •••u••nll ..,_:._ b'·Mfl__.:..,.wntt anct all even numbered 

laym be lbr vtfticat ~ -•~:"" t ~~•~ ID_:~ c~ntainin~.\Vlres in the other direction. · 

Let '"ll'let" ..,. a_,_.,,..,.,_ ,.a;,f*,•1111L, ......... • C-.J-:~ ljwer for each direction, the 
,-- . . ' . 

UICd. W. dlere IN M ---~ ••••• llieiacih ~the num.,_r of channels required is as little 
- ·--· - . :. ,.,.~_ -~~· ,----·,·-~--, - . . ' ~ 

I . 

as 1/H of d,e ...... , of~ ~ MoN • • 111Mnber of chan,,ell may be needed to allow 

seamonts to COIIMCt afCORlell'.jt+etlJ, The cennection1 at comers place constraipts on the layers used. 

All layers in a channel llllY llll!ie..... It it inpot1ant It ublorvc that there is no longer guaranteed to 
\ ~ ~ . f ,. ' . . 

. . ~. ~~ -~ ; ·, . . , ' 

be an optimal routina lei ~ ~ -~-~-•-•·OM .....,ent ,nmnlna alona each aide of the 

rectanaular compeant. Pe~ a lfldl to • more di• one seament.alona a side allows the path to 
~ • > •• 

~ ... } t. : ; .. , 

dlaap layen. la thil way, layen lltay IN belor utililttl. ·ptpre 6.7 Illustrates. 

Let us-,,- •·4oiwillt t&·,.,_-tlte ~•.--..rnc .. atoq each aide per path. We 

caa chocJle whi?h .. , ... wm _.. the ume trac:~ e.a, Ulkla the matchina fan,:Uon of Chapter 5. 
' . ; . 

Oiven any IUdl ehoin. we llltllt ._. '- NIUltiJtt ICtl of sean,entl to chann~ls ~-layers in the 

chawll ID M dlc c-.,,M• •...,_are pmperlJ tllldt. A tepl asstanment m,inimi~na the area of 
. . l-

lbe '4yout ii.._, We r........-u,a··_ · . _· ·•·iejments to.track$ into two phaaes: 

determtn1111 wllat qmentl will..,.•wti'ack, add ••rmminawhattrack they will wre. When 

lhen la ooty oae layer fbr each dillctioe. tile ..,..4 part of dlis problem is trivial -- any assianment will 

do. 

If we require that all pain of connectlna seamentilJlF oif if<Uacent layers. then we can model the 
.. , . .,,· 

~ ~ < : ' { 

constraints impoaed by die connections betweea ..... •111 a dilated graph. The araph contains 

one node fbr each aet of..,..nfllhl&rine attack. l..et a node ~nliftla sot ofRC"'1Cnts above the 

top or the component be culled a toJi notk. '1milafly, the tern bolton, node. It-ft node, and riahi nodt 

denote nodes repNIORtina sets of seament1 otCdle~sldea. fAISre is an edge between two nodes 



·1S2· 

l<ialll'e 6. 7: l~yn- assiallffleRt rer• Oac Coatp011ent leutlng flmtJlem. 

It is no longer true that one channel per street for each .net is always optimal. 

Given 4 layers, no asmgnmcnt oflaycn'uscs only ontchannd oircach side. 
One attempt is shown. 

---- ~layer 3 
,,..-.___,..,.._---11------ii--.-..~!aY,r l 

layer 2 

layer 

layer 1-t 
layer J-t 

1 2 

1 4 

Venus a successful assignment 

1 l 
layer2 
layc.-.-4 ' 

l 

layer 1-t 

3 

3 

J 

laycr3.....,. _______ ,_. ___ ~ 

4 

2 

4 

Graph representation of track connections for first tract assignmcnJ 

tlayer l 
,erl 

'I', 

.,. 
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wlleatllc• of•1•• •11••1••-- Che noilet'tc11t1a, ..... _. Which must be connected at a 

comer; Bdpa lfl ~ • MIDWi: .AlluM.•~- oode _.,.tcft node. NIH'C9CntlR1 a connection in the 

top tefhonlll'; ._ a lea node to.I ... Ill--. ~ a coonactioo ill1he bottom left comer; 

·fmM a boUonl. IIOIIII ta a ,_ .,_ ,..._.lffll • ... ectian In tlftt bottom ri9ht comer; from a right 

node k> a u,p node. ,.,.... ..... •to11•m• • tlw·-, f11ttt tenor., The graph consists of disjoint 

chains and cycles. -Reute tt,f..._. die a,apll to, die Wpne11fl. of dlat eiample. Since connections .are 

always between adjaietlt layen. 1t,.fldlice 1> ctetermme•fhe layer fur each set of segments. The actual 

channel usedtt,-eachaetol.ec..,115can NadJkraril1·~JU••the, coukifflrtmly-twolayers. The 

only fllUic:tkm i. lhll thlll'e-1'e0fllr,G11t111tuf .... nliion eadrlaytr tn any<lhannet. Thcr.eforc, we with 

toauian~ layer Ntlbertoeach node of1M:ara,h•• ltftatt<tript Radel have add numbers antttop 

ana«JUDmaodell\Mteve11numbtll. AdjaeeM_..kl,flielftit'Jlt'must-bo·numberedwithadjacent 

numlten. For aoy pven side,_. ..unerice o#a lllftber wffl tN ia-a dit'ferent channel. We wish to 

find anumberina which milumir.eildlo,.,.. efdlc ~layouL 

.Llf III now COIISider .,...consildq only ofdiljbtltqrcles. We resttic.1 our attention to these 

grapbl to illustrate how qcL ~• c:aa bf ~·wldrGut 1V-,tna1about arapht ~ith different 

numben ohracbo■ 4iffenmt _. wtlidl can «1e:ur,tf-.hafMM ,..._ A method ofassigMft8 tayers 

eo nodes in a graph ·oensi&lilla enly llf-cyda it,• fbflow,. Olooa tOille qiele~ betin wkh some top node 

. of dB cycle; Alllip layeF 1 to dii1. node. Mo.., ia bedl dlteetionl ,away from thhl node, assign the 

nodes alona the cycle •• one node in each direction at each • ~ .. •i• the tbHowint pattern. Ooing in the 

diroctioa of the cctacs (clockwise), belfUina widl i=-1; lllllip in cOhleeutive steps: i+ 1 to the next left 

node; i to die next botaa_.; t+ 1 te 4he aeat ript node! i+ )to die 11elt top node. fncrase i by two 

and repeat the pattern. Goins •11-Dlke to 1M difC!CtiM· Mdle edlel·(counterclockwtte), be&innina widl 

i = 1, in consecutive steps assign: i+ I to die next fllht IIOde; i to tlte Mil bottom node; i + 1 to the next 

left IIDde; i+ltD the Mil top node. lncreaat♦ tt, two,an4 repeltthe.J'attern, 'Ille ftnt node reached by 



the same ltep, fhe qde it~ paep_e,IJ. lf,dle .... 1:Jill,W _, ,,npUtodedectwile ad a 

left oode ~ ii ,...d befift·dllt cyclt i" lrinfacd.,a,_.of dmamdiag·_..,_ ii 

used. For clodwise. ~:wiatl i-=aff--1.,lllip: Jto lbe.apt rep aode;- i-:1 ID die PCKt teft.nodc;.i to 

tbe ne•t boUoln node; i-1 fO thft ,,_t ri8IM ..._ ·lllc111P111-llr: MO:~•h••• For conterclocbile. 

aode: H tQ tile nat let\ aocle. Dacreare i '>' tw0::•-rq,e&: ,J\1ait1.jf;• llep man i• :Uo • A(ll,t 

aode clockwise •· a left. ..-~-wi$e -ia:,.._ ~ ta,CJde J&-~ die -Ofitlinal 

. 
demasina.numbors~.: •e,ek• anJ lileaa--.-.bek4. 6Sae.HallR'6.li.'.•Akshe .._qde:.is 

fmished. a 1CCORd-cycle can be lat>OWbepw91·_,.dle'Mil,...ofidle paltefll which.,...., a top 

or bottom node. If $e aat -, wlldl . ...- t&oae al tlle,._ ..._ ....-• a top node. 1llell·an 

arbitrary top node of the new cyce •~ •-• ..._ .... U••1ullli1as to·a boUolll amle. 

. • ?tf:nli '. 

Gfllycyc-.itCC&TIIRlfheW......,of ........ tidLm.t1&11·~··•-t·il.CNIWl-ta· 

... r ••.+ -.,, ... ~,1Jl,'.;••.•> •, ; • • -; l '. ;, · ·'..• ; 

. 
~•,is die .awlu.rof ..... ., -9l •-1'11r•••udie11niln _. f •ar,..,•atlllllt JIii 



. ~ ~ " 
.. ( ~ ., ,;-

,' ~ , .. .. t ' .. ~ 

I , .- -. ►-.'-, 
ll)a-1111 111111" 1•1 . 1 lllilillll· II 

. . - . 

: t:4~"1 w-~· . -- •.. . .. 
, 

•.~·u ~ JM,N ~en titI'(.lr~ }£;:~ ~dl g'lU.(} · 

-i'f•-- '.!/!,;'"'""'_ =-•~"-"-r·>'.,.:.b;;~.·:.·,,,,.-L~,,J-~ .. .,..,•-p .. -~:r."'. ~41~~,t't Iii',;,:,-;,~ ,,f!\...,#u-,--.:t•t·f"~ u v;n_ ~-~ ~,,,... . . - . . __ :;_ ,· . 

J:fUMt:;tt:'.".d m~t\,;,:zyt ,d~tttl,bib~-~.~ :;.,,;,,_itJt-~~(' .m?J/1!t\"!lJ1PP, 

•~ ~ if.h'l v;~ u~h rnti, _a-,j;~~-qt» ~ 
- , 

.<JUJtt l,fu,; ~j~J qnflo ~~--~-~ ~" 
- - _- . - ·--~·.:.f- ---.?_·, ~-- •> '.• • 

14J0 iK,~litu~ rd .,- !::-,$;1:iti-:Jtt,::HU't Qi ~ }-~.b "a.o-1 

.. -
,n~~-~JMitr -5'/t' r 



of the number of nodes for dlat--. ,.....-. dfefflio dttlle nutllWof'dllnt,ols tned Oft a sicte'by 

the mignment technique to the the number of channels used on a side by an optimal assignment is ai 

most 4H/2H-l + 4H/n
1

. For 2 S H < l/128., this ratio is less than lhree: It is reasonable to expect n1 to 

be much larger that H. since we do expect to bavemaa, ffl9Jl' interconnections. and therefore, .segments, 

than layers for iftteroonnect. 

1lle alptdlln pRJICllted in Chapter S minimizes the number of ttacb usect intOtttins--.nd a ·. 

rectangle. 'l114falgorithmproduccs the sets of segments which will~ tracks. fllcda-~king oft.he 

segments. 1-fowever;: dleJ)aCking may not lead to a minimum area routing. An alterhate pcdin& of die 

segments may allow &nOJIC layen to be uaed in some channels, rcsultin& in less channelspeina. used. Even 

the distribution of tracb to the top and bottom or left and right may not be optimal ~ aJsorid11m for 

top-bottom routin1 does not try to optimize the distribution of top tracb and bottonurara used. It only 

minimizes their sum. The "wrong" distribution might result in half-utilized cha~ In addition, our 

original choice of paths for local connections a no longer su~ient to find • ~ routing. Figure 6.9 
"' 

shows that the optimal routing ma, ~ that a local a,au,._iqe _. path Mkind all four side& of ht 
-~ -. ·- :·. ~ ,~. -',1'' ~.· '• ' 

compoaeat. 

6.4 Sununary 

lbe aJaorithm presented in Chapter S finds an optima) N>Utina when certain restrictions -. 

placed on the problem and on die allowed routina palhs. In tlus chapter, we have dilcuaied· the 

repercussions of removing some of theae restrictions. When .we ~-IOlueionl which • only two layers 

but allow horimnta1 . and vertical scaments on both layers or which me men than two la,en. the 

algorithm no tonaer always finds an optimal solution. In these ama. the alaorit)un may be COJllide,ed a 

heuristic a)aorilhm. The algorithm limits the ranae of IOlutiona lt COlllidm but .ftntla an ..._ solutioa 

within this limited set When two layen are used lbr both borimeMal aad YCl'tical qments. we hl¥c 
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Fi111re 6.t: The On•Co•--•·1 .... ,PINJeilliftllt.,.tfnltttwlayen. 

Connection for S aoes around 4 sides. 

1 ' 2 

4 
Bb'TfER 

' 3 3 

Connection for 5 aoes around 2 jides. 

s 1 2 

4 

4 

l 3 

-- horiwntal layer 1 
I I I horiwntal layer 2 

vertical layer 1 
vertical layer 2 

)• 

adds 2 units to hodzontaJ dimension 
• ·'Ii . . ' 

adds 2 units to vertical dimension 

adds 3 units to horizontal dimension 
adds 3 units to vertical dimension 



shown in Section 6.3 that .. ---'-'of~_,... ••h4itBOaioa by the routing produced by the 

algorithm is never more that twice that added by the optimal roouni- When acwate lafcn ~ uaed for 

hori1.0ntal and vertical scamcnts but then,t k JOO(;. t1Jan one layer for each. diredion. the algorithm 

minimi1.es the number of tracb used in each, diRldion.. However, a new problem is encountered. F.ach 

set of segrncms sharing a tract mmt be- asaigqed to a channel and _'4yer $0 that con~tions at comers can 
. : __:_,_,,· : . ~ i, -- - _, . 

~ made properly and the area of the multlna layout in minimized. Given se6 'o(scamcnts to. be 

assigned, we do not know an algorithm to find an uptimat assignment. Mso, given a collection of 

segments, we do not know how to pack them into tracks S-O that the resulting area. rather than the 

resulting number of tracks, Is minimized. Finally, given a One,~•111 Ro,uting Pr~~ we do not 

-

know how to choose directions for oonnection paths S(} that the resulting atea. rather than the rest*ing 
: • ' .• I'; ·-:,--.~--..,,~ -, ,. ; 

number of tracks used. is min.imiz,ed. 



In dlil dNllia, wt hM •••••• ,rolll1•1 •••;•..tin ci~it layout from the perspective of 

complexity theory. Our 1'111 "- IMetl ID llffl better ulklentandina of the problems and discover better 
.. ' ·~t-. ~ ,~; 

techniques ft>r taeir to1uuu11: We ha~ pl'tldfltd tltftll ,,_,. of NP-completeness -- one for ·an 

ol'iboaonal layout proMem widl ...... UlfflllOlllltl .,f a,t,itrary size, one for the channel assignment 

problem in a street. IN OM A,r die illtcnection channel aaipme~t proble~. i.e. channel assignment 
-' . . . ; ,.. . ' - . . 

over all streets and intel'IICtionl. We allo have analyaod a common heuristic algorithm for channel 

llllipnlent within a ltrlel. 11lil 11111J1i1 lbowl 1Mt • ralio of the number of channels used in the 

IIOlution productcl by the aflorithm to die optimal number is not bounded by any constant This 

alaoridlm and its analysis provide a reflffencc polat ~~-whldl •r ~rithms can be compared. The 
,_-. -·, • :a :, • - '. ·: •.. ~:, -~ - ~1--,- :~h.;;1._ ;_:"·. ___.-- ,,-~ .,· -

development of t>euer atao,idlms lbr chanMJ lllipmtnt remalnt a topic for mearch. 
' ·,: , •. • ·_t {: ,.:..j ,.I;:. it• • l • 

The proof of NP-completellOII of the chanMI aalpnaent problem holds only when each net ii 
tl(. '. ~ ' 

required. to uae at IIIOlt one chtnnel. Lt. channel lllipment without~ 1be complexity of the channel 
,L : -~~t -,_· ,--_,:h:!·~,-U·;J.~ . 

llliplnellt problem wkh joel Nlll&iM opea. The author coajecU,res dial dle problem ii NP-complete. 

la pracdce, jop •· allowod widlia •· ~ , ~. the·•••· of known channel assignment 

alaoridunl which • jop and die ckwelepmeat of boUet alpithml are useful areas of research. The 

lower hounds Oft opuaal chlnne' 1■i111 tlfttl without jop do not apply when jop are allowed. Analysis 

e>f llOludont wlletl jop art altowt. Ii ••••r, to determ~ aftJI ~ bounds. 
' : ~ - ; . . ., ' 

In Olapter s. we have presented an alaorithm which finds the optimal channel routina for a 
. ,, 

apecial Clle or &be layuut problem in polynomial time. Amons.other' requirements, the layout problem 

muat ln-volve only one rectaftlUlar component. and all nets fflUlt contain exacdy two terminals. We have 

ahowa in Chapter 6 1Mt when any restrictions on die problem are removed, the alaorithm is no tonaer 

..,........ to find ._ opdmal ~- A81Umptions about satisfactory routing paths no longer hold. 

>' '• I 

When nea are allowed to have more than two terminals but all other restrictions of Chapter 5 hold, the 



complexity of the layout proMetn ii opett. ~-fflOClilbtioft MIit atamlfmi praented in Cliaptcr S or a 

completely different algoridun may fiad an optimal solution in polynomial lime. The author has been · 

unable lo ftnd such an algorithm or produce a proof of NP-hardness. An akemate relaxation of die 
. : ~ ' . '~ , 

- ~ ' : .' ,· ',;' 

restrictions allows two components which lie side bf side, but does not allow tenninals on the-adjacent 
,, '"11,-: '. .•· .,•. :a•,,. 

sides. lbe restriction to two terminal nets is retained. The ability of padls lo run between the. two 
. ~. ~ -

rectangles is added. This venion of the problem has al&odefled analym. More generally, the techniques 
. . ~, ~, --: ,- .. . : ',·· -·~ ' -~ . . -

used in the algorithm may be used as heuristics tor the aenentl ~• problem. Further resean:h ii 
, . .. .... -· ' ; -·~ 

necessary to determine the quality of these techniques as heurilticL 
. . . 

An interesting combinalOrial pmb1em is ...-e4 by .the toutiag ~fem of 01aplel- S. 
; 1' ~-;-,~ ',:; ·.\-.; ::::· . • . ' 

Circular arc coloring and routifta around ·a rectaaale mentble each otha' .em,pt. that. tor the rectan&le, 
~· "\ -,_.; "~~~:- .. :,~- ;·"-:-'J:;~: ~tit .. ~;·~ ' 

paths can ao one of two ways around die rectaaaie and padll can change "color" at any corner. Su..-

we extend circular arc coJoriq so dial "arcs" can go around the citde m ekher dkecdon. Moft pR'dldy. · 
• • ' t ..:J't-.; .'r ~ - .:/-~: ,_ 

we modify the cin:ular are co1orina problem aa follows. Pain ofpoiols on adtde ate &MA. 1be pmblem 

is to choose one of die two an:s 4cmniined by each pair ■.Id color die cbmlll aa so diat me number uf 
. ' ': - - . '. ~ - . tt:_ f: . ~ ' . ~ ~-.,.~ -.:, .·. ~ : •, . "" 

colon Ulled is minimized. Since dlQllar arc colorina·• NP-complde. we llll)Mct ~ dlil modiftcatioll ii 
_ • : +· ~:~- _:: • _.,. _____ • ?_'<\:~.::.'. ,- _-_:f~'-· ,-t ':..,__··~,v;_r ~,;,·· ··1>·: .¾~ . , ;•.~ 

We have choacm lo use a model wbidt . ...,__ CGfflpOflell••~ad wiaa • ~ 
.• ~·--~ J~, ~··... .-_: ~ •:· •-,, ~. : ·. _.: ,,.:•· 

1
_~;, .. -..., .J.:f"::;!t:~·i· : ... ,··.,: - ?~.;··-;}--~rt. ·~.ii~·~·\'-:~;.-.-, · ;•.•:'·1 

•· ·-. . 

with unitbnn width ad uaibm ~ tpaclfll. ~ delip Nia fir_ile111-1dc.m..,._tMcill 
· , "~ •t;:-;;_t_: .;_,;>~2:~~.:'·,<:n -c;;;~·iF;2-?,.✓.~-·; .;.'.\ r:;~~-tftlii~: ·.,:~~ ~t·:t; ~:~cc-;\ · :;,;,;_•f:, 

n lB<ftcompliclfed. Widdlaad lflC_,. YllltJ·fftlm la)rerlOlaJer •. UIMleribe.mc.tel we-.·dle widat 
·; J ~ ·:._ .:•·- -· :~;: •• :. :~ ";:.~• ·-·-- ~ • ~,· J - ·J,.~ . ·3.;_, __ ~:f, :\"/ \~_-/,':~: ... .:.;_~ -~ ~)•\:J:~: -~_..; .-: ·::-1 ... 10~:. \ :~·l -

of die n,quired widths_ and spldnp .-. be uae. Thia_ .... llcadoa ,...,.. the ~-.- ti. 
·. : . , . _ ·<'· - ~=, .. :·. '.·1-:- t.:u_.,t' · ~!~~} ~ti;n.1:~s.;1~;:-:,.-,1- ,.: :.r~• :.!.i·(.t<\ ·-u."'-."<-~~- ~~•-~_;..". ::·"- ··:~~~-·..s:~ -

particular ~ tmm die topok.JlirAf·ud ~ ..... of fl!" lar,ut ,...... ~ 
•:;: • ·- : ~~ • • 1· J'' ~· ::•.,:: -. • . .::.r:: ·-:ic-' ~~.~- ".:-n~ J~f~:};(;tftfl•ft:...• ~f;.:r:iWl>:t:,.t ?r~,: \-~·fr-~·\·~·-- ·-· 

which vary sipificalldy ftun our model, uh• power and_~--.-~ ............. 
. · , . ·. - · · ,; __ ,' >-~ ·---:~· l(J :_~f~~·;~I :-:1:).·-,:;. ~:J- '.~·::.-:•L'"- ·.~:~ '.~ ·i _ ··-?>·.,. 1 ~/·- ·f:.>'~ .:,~ 

We aaume Chat no topOk,aical inbmadon abcJUt die delllNd .,.,. a .,_ ~- die _prabl1■ 
,: · : J·l· -~:-:- ·~----~.~-:,:i~"'.: · . ~\- <Y>: .::_. },. r:· ·: :,. [,-;:~-- '><< 

specilk:ation. 11ril is • ~ widt the ldct ................. ·_in ~t -wllidt ... 
. ·. . : . . :!' ;;· ._ ... .,,. ,.,. -·.' .. ' ' 



-161-

.. topoloaical ii,fbnnadoa II Plfl o( tho;iaP,ut.. .. Bodi ~~~e; ~ foon4 W&Cful it1 pra-;ticc.; but lead 

.. l9, dlft~"" ~• .. lb-·_. pr~ wr,1~,~~,h\,ttftunaw approaches to· 

layout ft'~ Ulat.in dtls--•ll\•~~ 
lo Chapter ,l. •.~. &o p~BtjpJdle ~ w1 ~J•~d,.wc discu ... a araph theoR?tic 

mQdel for ~yout. 'fhilptph ~ "19delJ11i1 fM'R v,ry ~NUn,oblainiog bounda·on,~ area 

required by interconnection patterns represented by vadous classes of graphs.. T~ce are man}' open 

woblc~.in Jht..~~ of~- J',wu,~ t>f~4 ,~ illt9.r.,an~-IQ-~~iiw-tiatlt upper and 

klwcr bo"nds 01), the area ~w~.~••H•rb4t[~r.y:~•:ar.-.an4-pn fhc,flll&,~ to embed a 

shuffle exqiaqe araph lleill;tl. (lllO). t\Q ~ttl,eost. -,asupt,~~ Rf_,."d if! Chap\er 3 QaS 

recently bce11 p.ropQICd by ~ll.l~t,INOJ. lle, ~-lnl~ "1~·-tlP·~~.pf,,opt~ally -~-a 

·araph In tbejrid both Wt~r .•. cQ&l. ~.,-in.C:~.).•,~ his ....... 

In the problems we•~-~•• pl~:~n4:~ 41R' ~~to·be ortaoaonal. 

Resqarcp is needed on the CUit ,>f d,\tJ ~~ion. tJow ---~ ~ Jost ,by ltltQW'ifll ooly horii~ 

and veftkal wires? How mvd\ 1$ pi~d b¥ .addllla -a.thJfd 4ifection fqr. ~~·:e-1· 4.S degree wires. 

T~pa £J:'o80) hal ~ll - ~.oue .,.~~.-.Jwxb ... ll;that allCORfteCHOBS 

are of the fomt "connect the fh t,eJJninal on ,uoc aiAA kl tho lth tenniaal QB U. secend ll!ide", the optjqJal 

rouUna uses al'tS of cirolcs • wire path$.· W~ hav~ alip,~,that f'\c,iz9Alal an4 ~~ wiies lie~ 

different layers. We have indicated how much this assumption costs for the problem of Chapter 5. flow 

much this aaumption co.,ts m aeneral is an open Pl'A>W'- Wilen &ncre ace .. only nv~ layers for 

interconnect. runnin, two wires in ~rallcl. one on top of the. ~. oo · soparale ~ acros a chtp 

separates the two sides of the chip. Thia suagesti that .-.iciilw • layer. w ,wires in one direction is 

desirable. 

At present, most iRtc&r8'Cd cirtuit dcsip arc done ,Wah only two layers for .interconnect 

However. in the future, more laym may be available.. When ,mprc than two laycni arc available 
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in approximately the sa,ne 111Ming-J111Y bo~·~ethet:tbaa dieoptimi1.8lioacriteria 

may \le used to choolc ~ ~.soll.tuons.· .. folt .. ple..fht·alpitlun of(lypterS•.il bialed 

towards assigniog "O"s to left top terminala, . A dual venioft-of• alaPridlm biased. towards allianina 

"l "s to bottom right~ qht.,.a,o be .. NJl .. tQ.ftad an . ........_. IOlutiGn. ·Compledt)'·..i,-can 

assist is .the developmcQt of~ ~ tor laJOQt. ~ , However~ the usability of an 

algorithm must al&o :be~ Ul e,/--QelY. 41laqritll1'9,fiH' layoutdelian-



In lhi1 thail. the i:••- .,f ...... eheory will hquently be Ultd ~ dncribe problems. All 

dcftnitions can be fbuncl in fUiilll. We riview .,._ lrM. 

A ,,.,._ 0 •· (V,8). caial• d a ftnite llt et_., (or 'l'ft'litn), V, and a aet of edges, E. F.ach 

edae, e = (vi• V ~. ii I pair of..... Bdit • ii llid 'to be lttcidtnt ~ vertices V l and V 2; vertices V 1 and V2 

. , ·' ' ' ~-~ • . . . ' ; . : : ! ':'.: t i ' 

are die endpol,af.r oft. Vertkea v1 _, v2 _, lltr frw, to each other. If the cdaes arc ordered pain, the 

· araphia dlm:tal, otlle~ill.·il ii ~,.t.•i• a ~araph. an edae (v1,;2) aoes ftom (or out o/J v1 

to (or tnio) v2• If a node Ml 4 ·•.W. to it. ~·the node ii of •am d. 

A',o11tinaar1Phila ...... ofeclln: 

~ ' : ; 

The nodes on die pall\ are Ille.,.. v1• '1- ... , 'n+l' The path ii oflenath n. Nodes v1 and vn+l are the 
• . . . I 

endpoints of die padl; the .,.. ii- hen v 1 • '•+ r If no node appears in the sequence of edaa more 

dlaa oi1ce. the path ii llict w·be .,,,,, fie will always man .~ .. le path" when we say "path". A path 
. ,. ~~ .. 

ii a e~I, if v1 • v •+ 1• A .... cycle is a padt on which only v1 = v 
11 
+ 1 appea11 more than once. A 

araph. ii acyclic if ........ no c,des in . the -· . An acyclic undirected araph ii caUed a trn. A 

,,,.,,.,,. S = (V 1,F.s). of a ....... 0 == (V 0 ,F.o>, is a ·a,aph whole ICt of nodes, V 5, ii a sublet of VO and 

wholl eet of edatl, Ea, ii a sublet of Ea containina ~Y edaa whole endpoints aN in V1• 

A arapb, 0, ii planar if dlffl ia a mappifta from the nodes of O to points in the plane and ft'Olll 

edpa of O to cuma ill Ille plane Mil•: 

(1) The endpoints of Ille curve corresponcliaa to an ldF are the hnflll of dle endpoint of tile 

edp; 

(2) No two curves intonect at any point other than their endpoints; 

(3) A curve does not in~t the lmap of a node unless that node ii an endpoint of the edae 

correapondina to die curve. 



·-t66-

Jnformally, a planar araPh is one wild eaitt."~'in -~ without crossina edaes­

An m by n two-dimensional irlll ,,.,, is an undirected araph with node set: 
C • ·: ' l . 

V = {(ij) Ii and j an, positive inteacn, l:Si:Sm and l:Sl:Sn} 
. . ·' - -~ 

andedseset: 

E = {(vl'v2)t v1 = (iJ) and v2 = (ij+ 1) ~ ISi:Sm and ISj:Sn-1 

or v1 = (ij) and v2 = (i~ lJ) ~-1:Si:S~~-1 and lSj:Sn}. 

To indicate the growth rate of functions when di&cussina the performance of an alaorithm. we 
,·· . - .. ' 

need the following notation. Given real-valued functions f and·a on the same do~in, f_is O(&) if there ii 
-, . ~ 

a positive constant. c. such that fbr aU but a ftnite number of domain values. f(x) :S ca(x). The O notation 
. ; - :I":. 

is used when discussing upper bounds on a function. A statement of the form "the running time ii 
. . 

O(g(n))" gives an upper bound on the running time. When dilcussing lower bounds, the O notation ii 

used. Given real-valued functions f and g on the same domain, f is O(a) if there is a positive constant, c.· 

such that for all but a finite number of domain valuea.1{1) ~ c~1). Then '"the iunni119 time is O(a(n))" ii 

stating a lower bound on the runmna time. 

The above deftnitioas are of die conceptS mosc frequently used in this thesis. other deftnitiolll 

are presented u needed. 
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Annotated BiMioanplay 

(Ab72] Abel. Luther C .• "On ~ .Onlcfina,of Connectkml ft>f .Automatic Wire Routing,'' IEEE 
Transactionso11 Computers, Vol. C-2.l~*!·U~ ~Y.Ji7l.pp. tl27·12Jl .. 

Presents CXJ>Ari~ f~P tlu)t. the 1UIJCOlfl .of routing one connection at a time 
(poinl-to•ffPitlt) oo ma,: ~r ,using ,a ••. router is .independent of the order in which 
connections arc attempted. Performance is mcasurmiJn .tor.fflSl.of the total of the rectilinear 
distances between the endpoints of the connections successfully completed. 'Ille maze router 
includ~:HJ ~riedc IO,avf>W,·,~ina a.,_.:._fnto1a l!tlW ofiterrninats and blocking aH ·lhe 
terminals. . .. ,, • . 

. . ' 

(Abs80J Abelson, H.; Andreae, P., "Information Transfer and Arca-Time Tradeoffs for VLSI 
Multip~atiun,'' Cot,,(11~.ita~.q{llte 4(Att .~al. lt No. i. Jaa. 1980, PP-~2l~ 

[Agu77) Aguie, R.J.: Lesser. J.D.: Ruchti, A.E.; Wolff, P;K. Sr., "An Experimental System for 
Powerfl'iming Qptimt,.ati,a>qf Uff.ttittM," -P~it,,rrt/the EotM'1ffllth Design Automation 
Cmiference, IEEE, June 1977, pp. 1◄7·152. 

Presents (with (Ru77)) a system to produce layouts of integrated circuits when power 
and tiQ'liq are C(.)nsi~ ,Q.i~n,4.t;i~1i'i,Ja)!Oqt minhnwna th~ total power Tcquired to 
drive the citcuit whileadlfyma tNni•a~con ...... iJ t111iNIIL 

· (Ah74J · Abo, A.; Hopcrpft. J.; l;Jlhnan.J..; flt,. ~ ;,lffld Anal)!ais of Computer Algorilhms. 
Addison-Wesley Publi~-~,.lead'81.,~;liU.·. , ·· · 

A 800d text on the analysis of aJaorkbma. 
'"-

[Ay79) Ayres.. R~ "~~,A,mp~ ~-; ~ Hiewc~:Use,uf PLAA"; Procet!i/iJi,sof the Sixteenth 
Design .Automation Colfference, IEEE, June 1979. pp. 314·326. 

~ntJ.a,n,c~,"1f ettn_v.,qrtillaa ~~fa fttPQU01tin synchronous logic (a 
high level 1' ... ) io~.ill~~ of .. ,~• a1hip umasone or.more PLAs. 

'. 

(Ba79] 8'lkec, 8.S.~ C~~ .f"!G. Jr.; Rivesi, J.L... "~Ql(,WII Paciiag in· Two Dimensions," 
Dcl)lrtlJWnt of El«~ F~Jl&c~4,~r :Scionco[ '.l1le879-l. U. of California at 
Santa Barbara (also lo appear in SIAM J. on Computing). · · 

PteSCIUI ,~,~-0f141 a.urisdcalaoritl\m,fot a rcstric«ed·placemcnt problem fbr 
rectangles. Rectangles~ a procletenniftCd.orieotat,ton. 

[Ile66] Berge. C •• The T"4oryqf<ilwp/u .;,, Aw/icpjif}ft~ .whft Wiley&. Sons, Inc., Now York, 1966. 

(Dr76] Brinkmann, Mlynski, "Computer-Aided Chip Minimi~~n f~r IC-Layout", Proceedings of the 
11,!(!E lnll:l;IUlliontll S)'IN;/MUfl'l fHl C•i11•S)'llerP1s. J\e,il 197~ pp.6i0-65l. 

· Prcscnfs a anethott pt'Jthdngi~ttla, ~,011,a·IOCtaft8fe. 'fbc goat is to 
minimi1.c un11sed ~. ,Tbe ~ is ttrd. ~~ale illlo,smaller rectangles, and 
modify the small rcc~tQ.tboair.e-0flho ~~-

(Ch77} Cho, Y.E.; Korenjak, A.J.; Stockton, D.E., "Floss: An Approach to Automated Layout for 
High·Volumn Designs..", P~inft of the fOIIJ1eeuth .Design A111omation Co1ifere11ce, IEmE. 
June 1977, pp. 138-141. .. , 

Describes FLOSS.. a program fur the automat:ie pPeking of the hand sketch of a circuit 
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layout 

fDcs721. Design .4Ulomation of Digitaf Systt,,u.' Yolu11110: Tlttor,,-and ·Ttdlniqlles, Melvin 8teuer, ed.· 
Prentice-Hall. Inc. -F.nglewOOltC'liffs'. NJ. ·;t971 

Roocws "aridus ~f\vidlin~ automatiofl~l \f-.oglc 'synthesis, simulation and 
test generation anrammtd as ftlt· as"a1trp1tase9 d1aytM. ·1fgotW1 intmduction, hot addresses 
primarily priarc4cinnlit:la)10Ul -:, · · · '· ; 1·1 -· '· · -! 

IJ}eu76j Doutsdl, J).;N., ",\.,Oogk,g' ChantdRowter:• ~o.f~'Pftlfttt11rli Design Automation 
Co11Jere11ce, IEEE, 1976, pp. 425-433. - - --. 

Describes a channel assignment algorithm when jop are allowed. 
,- - ,_ t . 

·, 

' (Fc76] Feller, A., ~ Mib.llftalic l..ayoot -ot l~bst ~~~ Ra~"'f:tllic ~custom I.SI 
Devices." Proceedings ofthe Tltinttnlh Dnign AUlontaliOII C-o,ifm>nce, lt:P.E, June 1976, m,. 
79-IS.-. . ,. L:. . ,_;,;_. .' ,. . . ., ., : ,. .-. ' -t \ .,·, . 

Prcsent5 tll~ standard octf 11pproach mecfby ll€Ai ~ -callffl eclfs·arc plated 
in rows. 1 

(Gar79) OaRy,. M.R..: -Wlnloa. D.S.., c~ tllltl ·ltthtletililllly: ,f Gfliik to tire Theory of 
,NP-Complete11ess, W.H. P«lelila~~lltt~~ 19"93.' -· - _ 

{Gar) 

Gives a good presenfation of the theory ofN~ _Techniques ror,pll>v.lt11 
pmhlmlsNP~~Bfdfalin,iwNlf~~-rutt~_-:A 
list of over JOO NP-complete pautih.Hi,-W\i•• 1fdi::;,,L.'." · • ·: · ' 

I")• •• ::·.:;:-~ ·;'.~'. :->i~=<<,,fl/, .)1~; ~:' {y·.-j ;, . 

Garcy, M.R.; Joonson. D.S.; MiHer, O.L; P_apadimitriou. C.H .. "1~ ~om~ity of Coloring 
Cirouh,rAa:s asMI Chords"" •• SIAM.ltMMtilw ""~~ft'.Jh,11,;d(' to :appeal'. , 

{_,£ ;";c· \·• ,:•-0: .-i~:_i_ ~.t•~~-;.: :·_,.·,;~~~'l.\/:1\i'.:} ·J~.~~ \-•:: 1··? '\_.< -:\ 

(Gav72t-Gam1, F .• •~ :Atf':flftlAifflunt Cofnnlll;1M~'~;:>Midimum Covering by 
Cliques,_., ........ fNepewileht~iofil~. ~'~'b/Comp11tin& 

{Oi761 

Vol. I, No. 2, June 1972, pp.188-187. _ _ _ _ _ _ _ _ _ . • . : 
. --·' Tbe .. 4dl ... lM,hs-~~ttf'.iifteMil~ -~«el ~ 

under certaift ~-----,•·eqtJt~'~.,,- . , 
• \ \1('.,l:,..:~::- } ;Jfi ~< ~-:-t.r~·.-,nl '-::,:t.~,;-f;.., :~Ji.t:J~.:.:. r·-_:r.,/J)· ~; ,. ;r ~ 

Oihson. O.:.~,I.; "SIX ... ,,,..,.:~~--~• froceedings of ti# 
Thirlttlllh Design Aut.omatio#·QejtW .. -ff!PJ!{l9'Jl.',.,:-llllvr,: c,:' . 0'; . . 

Presents a system under which -..m• ~•,~ n,-t -~'A 
dcsip. spcciftat~ ~r•··-~·M!d) •--. "r)\ ~ d!iin''la 
automatically transformed iato a M pu,mclric spedfk:.._: , 

·- ·-~ ,.:.,•c· · .; -... J , ;· .:_.:-. ~n:;-,-~;.~ .:_,;~·!""'.> ~~~;l·.~~t_---~_;fH~1;f?s//"~ __ ; :_:,~-::.Jt .--<tni'" j' •• 

{Gu79) Gupta. lJ~tJ~:O.f UU111i J-4· ~~--JdnitVW~~.w~f'Problem", 
· .. IBlfE 1'-.lfldl'onfla,tlf'11,_,.,,_ Wl~fF.Iti.~il,;--

. . .• DnseMs • ....,...,.,.. --...u••·w~,tiei•~~-r~ 
problem when thcR-•M?t• .................... ~.~·-~a1pmmn 
is generalized tosolveatwo-dimeasioaalfid• , . 

t· ... ·~;·f~~ __ ·-~(}.H(:;·;ry .L/\ 

lffu72) ~ M:;-K_..,., .. J., ,.A --...,oftlie .......... sjft41 ~-~~·Problems." 
SIAM .Rttiew, V-OI. M. No. 2. April 1912.- J1P. Df-JCt _ f ~q ,,:, ; ,i': , - ,~ -

A· ftWiew ;gf'-----••fihlltelW1if .... ~J1,im·'fi,~ some ftmction 



and a speeial case. called lhe quadratic assignment problem. A summary of experiments done 
with 80lne proa,ama illpea. 

(Han761 Hanan. M.: Woltf. P.IC; Acufe{DJi,:''SonwEq,drhncntal Resuk& on Placement Techniques," 
Proc«di1,g1,qfllte Thineetrtlt·lJm,,, Aut~ COlffm-11tt, tt+.JiF., June 1976, pp. 2l4-224. 

Presents the results of an empiracat study of placement algorithm!f.' lll,th raftdom and 
constructive inicial!plaatmatts a,e.'combiMthv"'1 vartuwlterativc improvement techniques. 

(Has71) Hashimoto, A.; Stevens. J., "Wire R~ting By Optimizing Channel Assignment within Large 
Apertures," Pr«ffllints of Jlte h'igh11t lhsig4MtlDIMtion Wortshop,·tEEE, '19M, pp. 155-169. 

'flris paper introeuced me channel mutiuttc!cmniquc. 'Hie aencrat mcthod is outlined 
and an algorithm for channel assignment when there arc no constmktildll'e to terminals is given. 

(He78) Heller, W.: Mikhail W.; Donath. W .. "Prediction of Wiring Space Requirements for LSI," 
Joumal of Desig11 Automalion and Fault· Toltronl Computing, Vol. 2, 1978, pp. 117-144. 

Pmoncsa llldtlio4of cstimaflria.tbe.,..~ed for wwin8 using a trid· and an array 
of loca&iou. A t&ochaltic,modd iaillld: 

(Hi69) Hightower, David. "A -Solution to: Une-llou&inf, Jlreblems en the Continuous Plane", 
Prot·tedi11gs of the SiJe1h Desi111 Aulotnt1tion Workshop, SHARE, ACM, and IEEE, 1969, 
pp.l .. l4. , 

'Ibis paper ~tllie:escape lneitd11iquc for Jlndffia'a path·bctwecn two points. 

(Hi74) Hightower, David, ''The ·lntereonnection, Prebtetn: A J'futorial,° Compu1er, VrA.7, No.4, April 
1974, pp.18-32. 

A survey 4f die ,rauth$ problem. primarily·for ;rintod drcuit boards. Discusses pin 
a~ignment. wint ljst detcnnibation, Ja,ycting. ordcdn&,0 1nd, "win?<'lay0ttt" (routing as we have 
discu~d it). Includes a good summary· of the majol! '·l'Ollliftl algori1hms. Has a large 
bibliography. 

[Hit69J Hitchcock, R.B., "Ceffular Wiring and the Cellular Modeling.Technique", Proceedi11gs of the 
Six1h Design Automation Workshop, SHARE, ACM.and IEEE, 19691'pp.?s-4t 

Introduces the cellular approach to ruutiD1-

[H179) Hsueh. Min· Yu; Pederson, Donald, "Computcr-Aidectl.aYDUt of LSf Circuit Uuikting•Dlocks", 
Proceedings of tire IEEE lntemaliotral Symposium on Circuits amt Sy,1e1ns (ISCA!i), 1979, 
PP.474-477. 

This paper describes CAUBAOE. a proaram wl\.ich convetts a schematic stick 
representation of an integrated circuit layt,ut·•mto.1'--AJD; geometric representation. Once a 
aet>mctric rvpracntation is obtained, the prognama,mpactS the ciPclifit layoot. 

(Hw78) Hwang, F.K .. '"lbc Rectilinear Steiner Problem," Journal of Design Aulomstion and 
Faull-Tolerall/ Computing, Vol. 2, No. 4, Oct 1978. pp. 303-31-0. 

Presents a rcwcw of results on, die Rectilinear S1Cinct Problem. 

[Jo79) Johannsen, D., "Bristle Blocks: A Si1icon Compiler", Pl'ottedi1,gs, of the Sixteenth Design 
Automation Co11fere11ce, IEEE, JuncJ979, pp. JW-313. 
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Presents a $)'Slem• fonlie desjpof I.SI dnmits base.on a partlcular chip architecture. 
A hierarchical design approach is used. A number of rcprcscntationa~.e191oited. 

[Ka79) Kawamoto, T.;. K,lfitani. Y.. "The -Minimum Widdl RriuCing of a 2-Row 2-Layer• 
PolyceU-1..ayout". Proettdin,stJ/t~ SixltfflthDl!sig1h4~,C~~ IF.EE, June 1979, 
pp. 290--296t ~. ~ ._ 

llresoots a polynomial time afaoridun to find a'fflinunum: channel assipmcnt when 
jogs arc allowed anywhere. i.e. when the street length can expand. 

[Kcl17) Kelly, MicJ,atl; SmithAlobcrt. "Analytical and F.apertmcntal AitalysisofRoutingAlgorithms". 
Proceedi~ fJ.{1hr Bkvtiullt.MilBnw:Co,iferruc~ 01rGiratil.t. SystPillJ. Olld Compulers, IEEE. 
Nov. 1977.pp~l69. ,· :- . · 

Presents an empirical study of ma,.e, line search, and channel routcB. Data is difficult 
to intctprct. 

(Ker73) Kcrniclwl. B.; Schweikert. D.; RcrsQ. G., "AA Optimal €.'bannet·Routing Algorithm for 
Potyccll LayoulS of Integrated Circuits." Proc-ftl.lllJn,.- qf- 11,e' 0Te,1th ~ AIIIOl~lion 
Workshop, IEEE, l97l, pp. SO-S9. -

Presents an algorithm which finds an optimal channel assignment. The algorithm 
searches through all tx~soluti()ftsatl ba., expo1ladial'nmnft1gdme. . · -

(Ko69] Kodrcs, U.R., "I .ogic Circuit Layout." Proceeding, of the Joinl Cm,tere11ce on Mathemtitical and 
CompuJer AUb 10. ~-sig11, ACMI.SIAW!Efif .. ~~1969~~ i&,191. , , 

A survey paper which ~ a graplt lheoretic model · for circuit la)'()ut Other _ 
subproblems of Ute layout; prublcffl iaaddidort40.,._ntllfid'itiutlni,art <lil£ulled. 

[Ku79) Kuh, RS.~ Kasbiwabara, ,1·.~·Fujisawa.·J:..., "Ga ~ ;Sinefo-Ruw Routing," IEEE 
Tra#IJtlffitJIIS on Cir£U:ifst1"4Sys1e1ti$,,.Jlel C:AS~l6;No. 6. ltinc-lt79;pp;,361--368,- · 

Sec,eou, fo,(So:14.l. ;, .. ;, - .. '. ' 

p.a79) Lauther, Ulrich, "A Min-Cut Placement Algorithm for Gcnerat Cell Assemblies Based on a 
Graph .. Rcprcaent4ti<>11". ~- "1: lhe•Sixa,,tl, ·!Mi,a ,,ti,to,tial1'in Gonforoia, IERB. 
June 19~pp.l-lil .- · 

Describes a method of plaeaocnt,-Of RW&IM &tar'componCMS·otarbilrary sil.e. A 
square of the same area as the tot.at area,af the componcntS is partitioned inw piccct of the same 
arc.- as d1c ~l COQtpenefltL · Ill tbil w•• the atlatiwi ~?Of,the~ ia lbe · 
layoqt,are~,. . - . ' •. -.. ,. 

(Lce61] l.ee, C. Y., "Aa AfaoritMt tbr•ff#J\.CQD•t:iOnlilll4 fls,~. J•E Transaction, on 
Eleuto11ic.C01J111Ulm. YF.c,;ll.~i .. l,...-..36f.,.: ,, ,, .;, : ._ 

i>iwall'1 •~,lor,findmafhc~btta•tttwopointin a.gniph ~na 
any of several optimality criteria. this ·alaori1hm -is the foU,ndation of ·t11e maze· fOUtil'8 
tcclla-ique. , _._ · ..,,, •-' ;,.· ~·t·F:·~.,,,,·-.\f · ·';. t -- f .. 

{J .ei80) Lciscrson, Charles, ''Area-Bftldem Onipb;~,"9r .. V1.II)' • appmrio Procttdfngt of• 
TM>enly--Firsl A1111UQ/ Sympos(um on Fm,ndatio111 ofCOll.fJIUler .~ 03-HH, Oct. ll-U.1980. 

f>resenl'I QP:PCf,Mflds_ ae:U.:afca~.to ....... 1-l,ftc ,rtt:Jn.,lboutiit,; 
arc for graphs belonging to classes wilh ~ ·· ",·. -
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(Liu6JJ Uu, C.L., lntmducJifm, "1 Csm6malorim M~.t;.MGOIR'.fifilf,'Baok Ct>., New York, 1968. 
A.p~m,.arapbAhoo~conaptl cabe fouactllere. 

[Lo79J Loosemore, K.J., "Automatic Layout for Integrated Circuits", Proceedings of lhe IEEE 
lnttrnRtiOMUi)'llf posilBn flltfJiMlttl mrt/.S,it,lffS. l.ffi;pp.66H68. · · · 

This pajter'desribe& a,~4ayoot --~loped- for the OAHUC design 
automatiol\ 1y-., .. £ompon..-.are---v~ •~· They·.are placed in horizontal 
regions (more ftedWtthat .f0"'5), wtt.Jt,,sttefHI, for mutins ·in ,htfween. The,oomponcnts can be 
placed above the routing area -iftdcpcndently;a..._aroaiswaaled.' · 

[Melt). · Meae. Carver; Conway, I.yoo, ltt1mdllc1ia11,11J. Ml,S/.SJ•stems,Atldisnn--Wcsley Publishing Co., 
Rcadi-na, Maa.,-1911&. · . 

'fllis, teJ t PftlCD(Sid\e f\tndamefltala t.>I designmg digiial- systems in -nMOS technology. 
A systems approach rather than an electronics cM>lffl)8Ch is taken. ·mis is a1uru:0Uent.rcfcrcnce 
for anyone who wi .. •aamd10,w'.to~daip ...... ;;, 

(Na78) Nan. N.: Feuer, -M..-"A Mi:ched foridM:~,Wiftag Qft.sI Chips," Proceedings of lhe 
IEtW huffllflliolWl/:~ma.Cmitl-.i~s. kfa,,19-7~ pp::U-!16. 

Uacll ·thct,dlanntl::mutitlf ~...,. of ~tinailttlJ1k)bat and Jecal problems. 
,; ; :,.·~:;.'t, ·::" ' ! % ; ·,.,' ; •• ~: ~ / 

(No76J Noto,.llichard; w--..Ba~ ''£~ide!l~-for!Cotnple"Circuits", US Anny 
FJcctronics Research and OevelopmeJU.~ T«llffl£aUwpott DELE'f .. 'fR-76- B98-F. 

Presents a proaram which contains a method for placina and routing critical paths, 
. whose delay mtt8l.beminimiad, l:'he,~,.._..•patpifl delaychanctcmtlcs aawell 

asa layout · ., , '.' · '.•,, 

[Pcr73J Persky, O.; Oummel, H.K., "Orafos -- A Symbolic Routing Lansuaae," Proceedings of the 
Tend, Design Al,t/flmafio,t_Worb/wp.' IEHE. l97l,:.pp .. d,7S~ 111: 

·· Pt\?$entsa-...e fur.~ .. ._, llle dc§gner symbolltalty represents a 
routing as a program spec;ifying what line sea,nents should be drawn between what points. The 
program ~tilt~~,",, . 

[Per77} Persky, O.; Deutsch, D.N.; Schweikert. D;G;,, ,.LTIC ~- A Minmnputer-Bascd System For 
Automated LSI Layout", Joumal of Design Au1omatio11 and Faull-Tolerw,1 Compu1i11g, Vol. 1, 
No . .J.May 1917-.fP. '2l7ilS5~ 

Prestn&a' Bell:~•• spten1 .for ·~ cirouit .,.., usiag. standard cells. 
Many ~ ~ haYc been dc\f4t1Qped fbr. this ,system~. They are outlined in this 
paper. 

[Pi77J Pippcnaer, N,. "&u,c~" SIAM.Mll'nlll • Con1putin,. Vot 6, No. 2~ June 1911. 
pp. 298-304. 

[Po79) Porter, F.dwin, "An Automatic-Layout System tor VJJSI", hocndi•of lhe Eithleenth IEEE 
Com,.,ier &«rely lnlfflftllional C•re,,re(COAIPl'ON). llifiH, ~ 19'79, pp. 9-14. 

Describes the DIAL system. a system intended for VLSI 1ayoul The system is 
desiancd to be c0111(ildcly automatic. i:e. to f)A)duec Vt31-f8'outs wi&boot human assistance. 

(Pr78) Preas, B.T.; Gwyn, C.W., "Methods for Hierarchical Automatic Layout of Custom LSI Circuit 
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Masks." Procttdil,gs of the Fifteendt Dnip ,Vll<lffllllion:€81Vffl'1ce. J\me 1978, pp. 206-212; 
Presents a la:,out system qm wttrts: _. -·CX>inponelttS which arc rectangles of 

arbitrary size. A hierarchical approach to circuit desip is used. 

[Pr79) Preas, 8.T.; vanCleemput. W.M.; "Placment Algorithms ,'ft>r Arbitrarily Shaped Blocks." 
Pr«et'dings 0/1/tt Si.rlffllllt0esil11 Alllomttliolt Co1,fm!11t:e~ ltiEF., ~-1979. pp. 474-480. 

Describes a mcthud -Of cdaaustivety iiC8ldltfll fbfnm eptilnatJtlaccment of .rectangles 
of art,iuary-, size. . ,Ah> pc•tru a heunttic' : iniU;lt -:plal:tmait ·algorithm;• · · An Iterative 
improvement alpid)m iadilcUIICCltirieft.J., 'J, 1 :·. ; :: 

[AsC) Prr,crt>t/in,s of Ike bilomar Co,fertntts-cm Cmus.. Sysiem,, flhd· Con,puten. si1th·(l9,12) 
through thirteenth (1979). (f'onncrly Asilomar CotVf'll"Mt on Cilitiiils mid S)'lleilii. first (1967) 
thruuglt fifth t lill}.)' · 1961. l9lni--1971 ~lltff'.; ..... -cgpywritcs by A.,ilomar 
CoRferonce. 

lllcsc conferences contain Sl'lllion$on desip ~ 
. . 

[DAC} Proeeetll,,gs of tht Besfp ~·C•femtet~ tft'tweivdr(J97$t•tb,ough,scventeeth 

(CASI 

(Run) 

0980). <Fonncd.r Ute,De,., ~ w~ ~ or~ tl965) throush · 
dewath'(lWJ~.-labAc.):.~J,y~~-~iPV Jointsponsorship 
of ACM with SHARF. and/or IEEE t'ronJ 1967 throuah l.,_ -- ·• - -

Major coafonmce.-.11es1p Mttu1111d1m ,,_.,Udlniques. Many eiamples of 
wortmgdesigtuutomaooo~eanbe'foubdr, - >. · :. : '., 

Proctttlitt&t- of'llte,/b,'liE ~ S,,.,_.Ibn CimJ;t,;rmttSj,s#il,s. 1974 through 1980 
(funncrly l111erna1wnal Symposium{)n Cirtuil The,,ry) •. lflP.E. -

lbesc symposia usually rontain several S8$Sions- on design automation. 

Ruehli. A.E.; Wolff, P.K.:Sl.:()W 0 .... ihfill,._...,__,...._.iOpti,nmltf&a,Tcchnique 
for {)igi&al S--.'t;~ngs;oJtita'~'~1C~rence, IEEE. June 
l971,.pp.·14i--- _ · '" ,,,,i, r · ." <' · · 

Presents (with fAgu77D a system to produc~~~wflen.portet 
and timing arc considered. Given a circuit. a la.YOUt mjn,imidfl& · the total power required· to 
driVt;fU;fflCllit:while-lMisfJing llnlihg ~--C4L-·'. :. ,. . . . •. 

(Sah80) sabni, S.; Bhatt. A., "The C~ity Qf Desian .. A9'0~~-.,~ of tlw · ; snm,_.. Di,silfi-.,..,,..,.~~-•ill!ll,-.~h 5 

'' '~ .,.._ :ef! --~PtdJliDB1~1t-.. ~----&·•i'l\ec layout 
problems discussed use a point model lbt ~ · · · ' ·'.) · -

(Selh?.6l .Sahili,.&; 6~ T..t,!!H-,leto ~~,·~#ltf•A€#, V" ~ -
No. 3. July 1976, pp. S5S.-S6S. _ .. :~j/ _ 

It • sbo.wn lhat. fortcvcral N~ opdmii'.llion-problems. no potyaomlaHime 
afgori~•ftll,flflt.t{111intiffl\s wiidf ati ............ ~~~ ._ willtiil·a: 

- conatant'blliluple"_..of,tlilhllt \iU!ll!N'*:t'r· ..... ia1'9i 'illaat--1Jftl¥prbbicms. 

[Sav79) Savage. J-;J~..;; "Area-Time 'fntdeolfs fbt .-..·~~-;~~ in VI.SI 
Models." Brown University [)epartmcnt of Computer Sdcncc 'l'echnical Report No. CS·SO, 
1979. . . - \ . :. '· ,, ,: ·. : · , . . 



[Sc76) 

[So74) 

' -~: .. .,._,._ :,-{- ', ">~'f __ ~..::,,_.- ;-.• ·~~t:,· .. ·-· ·-'- .. •·:,; ..... _,:.~· 
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Schweikert. Daaiel~ "A•l~Dimensional Plaeatnont. ~m ·,for lhe layout of Electrical 
Circuits," Procttdings of tire Thirlee"'lt, Dag,, Automation C01ifere11ce, IEEE, 1976, 
pp.4( .. U6. , 

The alaorilhnl presented ,. ~ iniliat placement and ,improvement by 
pairwise exchanp. 

So, H.C .. "Some 'lbcorctical Results on the Routing of Multilayer, Printed-Wiring Boards," 
Procetidin,s of the IHEE I~ $:J.,,,,.,.,,M~OrtUJts i1rfd ,\)•s1eit1s. 1974, pp. 296-303. 

~a~~'.tJfifbe,_...,...._,kmtiJ[i..layer printed circuit boards. 
j • '. ~ • ~ 

resulting in several instances of a rout~ng p11•-m• fut omr;row ·ef. points -- the single-row, 
singe-layer routing problem. In: this ptobtcm, space on either side of the row and in between the 
poi~~.be lfSN,~Y ~•;,.,,.., ·Sdlcicmt· ......... tJor roo&attility of a coUcction of net~ arc 
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Presents a new measure of the complexity of a function in terms of the chip area and 
computing time of a VLSI realization of the function. This thesis has initiated a large amount of 
research using the measure. 
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