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Abstract

In this thesis, I identify simplicity, speed, scalability, and reliability as four core design goals for
multiprocessor algorithms, and design and analyze algorithms that meet these goals.
I design the first scalable algorithm for concurrent union-find. Our algorithm provides almost-

linear speed-up, performing just © <m . (log (% + 1) + « (n, nﬂp») work when p processes execute
a total of m operations on an instance with n nodes. I furnish the algorithm with a rigorous,
machine-verified proof of correctness, and prove that its work-complexity is optimal amongst a
class of symmetric algorithms, which captures the complexities of all known concurrent union-
find algorithms. The algorithm is lightning quick in practice: it has improved the state-of-the-art
in model checking [23] and spatial clustering [208], and is the fastest algorithm for computing
connected components on both CPUs and GPUs [51, 95].

Iintroduce concurrent fast arrays, which are linearizable wait-free arrays that support all opera-
tions, including initialization, in just constant time. As an application, I design the first fixed-length
fast hash table, which supports constant time initialization, insertions, and queries.

I define ey atiy® (generalized wake-up), which generalizes the information propagation
problem called wake-up. I prove fundamental hardness results about this problem, and through
reductions, show that any linearizable queue, stack, priority queue, counter, or union-find object’s
work complexity must increase with process count; these lower bounds are robust to both random-
ization and amortization. This thesis includes the original results in Telugu with Sanskrit abstract,
along with their English translation.

I design optimal complexity locks for real-time and persistent memory systems. Our abortable
queue lock is the first abortable lock to achieve O(1) amortized RMR complexity for both cache-
coherent (CC) and distributed shared memory (DSM) systems. It additionally provides “abortable
first-come-first-served” fairness and supports “fast aborts”. Our recoverable queue lock is the first
recoverable lock to achieve the optimal O(logp/loglogp) worst-case RMR complexity on both CC
and DSM persistent memory systems. Both locks are innovations on our newly devised standard
lock, whose design simplifies and unifies several previously known techniques.

This thesis also emphasizes rigorous guarantees for concurrent algorithms. 1 devise a novel
universal, sound, and complete “tracking” technique for proving linearizable and strong linearizable
correctness of concurrent algorithms. My collaborators and I have used this technique to give
machine-verified proofs of correctness for multicore queue, union-find, and snapshot algorithms.

Finally, I prove and experimentally validate that asynchronous “HOGWILD!” Gibbs Sampling,
a technique born from machine learning practice, can be used to accurately estimate expectations
of polynomial and other statistics of graphical models satisfying Dobrushin’s condition.
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Chapter 1

Introduction

In this dissertation, I design efficient multicore algorithms, which exploit and showcase the power
of modern multiprocessors by efficiently solving fundamental problems across disciplines. I identify
four core design goals: simplicity, speed, scalability, and reliability, and I use these goals as guiding
posts as I solve problems ranging the traditional areas of data structures, concurrency, formal
methods, and machine learning. In my algorithms and analyses, I bring together techniques and
ideas from several fields, such as fault-tolerance, asynchrony, and partial knowledge from distributed
computing; communication, amortization, and randomization from algorithms; model specification,
simulation, and invariance from machine-verification; and statistics, measure concentration, and
Markov models from probability. My thesis is that, by leveraging powerful technical tools across
fields, we can design simple, fast, scalable, and reliable multiprocessor algorithms for fundamental

problems across disciplines.

1.1 Motivation

Speeding up computation enables us to develop novel technologies in all spheres of life, thus the
design of efficient multicore algorithms is a key to current and future technological advancement.
In the past, the exponential scale-down of transistors (Moore’s Law [160]) under constant power
density (Dennard Scaling [50]) permitted hardware manufacturers to drastically increase clock
speeds, by about 30% per year [139], thereby enabling more computation per second in each new
generation of the single-core microprocessor. In recent years however, fundamental physical barriers
marked the end of Dennard Scaling, thereby resulting in an upper limit on clock speeds; in short,

clock frequencies beyond around 5GHz melt chips [139]. This stop on increasing clock speeds in the



face of the world’s ever growing computational needs sparked the multicore revolution [88, 139]. For
the past two decades, hardware manufacturers have produced shared-memory multiprocessors with
steadily increasing core-counts. Today, personal laptops and mobile phones are, almost universally,
shipped with multiple processing cores, commodity machines run to over 200 cores [190], and cloud
machines with up to 224-cores (448 logical processors with hyperthreading) and 24 terabytes of
memory can even be rented on the Amazon Cloud [8]. To effectively transform the abundance of
powerful multicores into efficient computation, we need fast multiprocess algorithms.

Multicore algorithms have traditionally come in two flavors: asynchronous and synchronous.
Natively, a multicore machine is asynchronous, meaning that the many threads running on a
machine can interleave arbitrarily. However, the difficulty inherent to designing asynchronous
algorithms that behave correctly in all interleavings has spurred a lot of gainful research into syn-
chronous parallelism, such as Fork-Join [167], PRAM (Parallel RAM) [101], and Cilk [26]. A lot
of beautiful and efficient synchronous parallel algorithms have been discovered in the past decade
[185]. However, synchronizing processes means that faster processes must often wait for slower
processes to catch up before they can move on to their next task, thereby causing a synchroniza-
tion overhead [73]. Furthermore, many multicore problems, such as those in multi-tenant systems
[133]—in which each processor represents a different user—require efficient coordination between
concurrent processes that may be solving fundamentally different problems, rather than working
together to solve some single problem quickly; such problems of concurrency also need efficient
algorithmic solutions. These considerations led to the formulation of the APRAM (Asynchronous
Parallel RAM) model of computation [73], which models multiprocessors with their inherent asyn-
chronicity and allows for the direct design of asynchronous algorithms for multiprocessors. In this
thesis, I focus on such asynchronous algorithms for multiprocessors, thereby taking on the burden
of designing algorithms that are robust to arbitrary interleavings, and simultaneously striving to

squeeze out all the efficiency available in multiprocessors.

1.2 A Brief Illustration: Union-Find

Before expanding further on the design goals, challenges, and problems addressed, let me illustrate
the flavor of this thesis, and how techniques across fields come together in addressing a specific
problem I worked on: the union-find object. The collection of work on the concurrent union-find

object presented in this thesis starts with a simple question: can we use multiprocessors to speed up



some of the most fundamental and ubiquitous graph computations, such as connected components,
strongly connected components, and clustering? My research leverages recent developments in
sequential data structures, such as the use of fixed randomized identifiers instead of changing
ranks to ensure data structure efficiency [75]; recent developments in formal methods, such as
the Temporal Language of Actions Proof System (TLAPS) [153]; and develops several new ideas
on top of these to overcome fundamental barriers in distributed systems such as asynchrony and
communications limits. The main algorithmic result is the first union-find object that provides
“almost linear speed-up” as the number of processors available increases, which we prove is optimal
by a mathematical information propagation bound that shows that fully linear speed-up cannot be
achieved. In practice, the algorithm has led to improvements in the state-of-the-art in the speeds
of model checking [23], spatial clustering [208], and computing connected and strongly connected

components [51, 95, 23].

Background Social network, Web, and road graphs are humongous, and applications ranging
from navigation to image segmentation rely on efficient graph analysis. A fundamental problem
in graph analysis is computing connected components (CC). In fact, a recent study by Sahu et al.
published in VLDB found that computing connected components is one of the most fundamental
subroutines in graph processing and consequently the most popular graph computation in industry
[177]. One of the fastest solutions to computing connected components is via the set union (a.k.a.
union-find) object. In fact, the entire algorithm to compute the components of a graph is a single
one-line loop that calls the object’s “Unite” method on each pair of incident vertices. Consequently,
a fast sequential set union algorithm implies a fast sequential CC algorithm, and a fast concurrent
union-find algorithm yields a fast parallel CC algorithm.

The design and analysis of the fast “compressed forest” sequential set union data structure is
one of the grandest accomplishments in data structure history. In fact, Tarjan’s proof that m set
union operation could be performed in just O(m - a(n)) time—where «a(-) is the extremely slow
growing, almost constant, inverse-Ackermann function—is cited as a key contributor to his winning
the Turing Award [129].

While concurrent set union was introduced in STOC 1991 [12], solutions were inefficient. The
fastest concurrent algorithm previous to ours requires O(m-(a(n)+p)) work to perform m operations
when p processes are run in parallel. While the inverse-Ackermann term is effectively constant in

practice, the p that multiplies m indicates that the work per operation increases linearly in the



number of processors. This linear increase in work per operation, in effect means that using more
processors does not reduce the time per operation.
I took on the concurrent set union problem with the aim of designing an algorithm that achieves

a large speed-up.

Simplicity Collaborating with Prof. Bob Tarjan, I used randomization techniques to develop a
family of simple concurrent union-find algorithms, in which each of the two operations, union and
find, are implemented in under ten lines (see the pseudocode below, where the input parameters x

and y are nodes and CAS is the atomic “compare-and-swap” instruction).

1: procedure FIND(z) 1: procedure UNITE(z, y)

2 V4T 2 U4 T

3 while true do 3 VY

4: U 4 while true do

5: do twice 5: if u = v then return

6: V4 u.p 6: else if u < v and Cas(u.p, u,v) then return
7 w 4 v.p 7 else if u > v and CAs(v.p, v, u) then return
8 Cas(u.p,v,w) 8 u < FIND(u)

9 if v = w return v 9 v < FIND(v)

Our algorithms are robust to asynchronous scheduling, i.e., they remain correct even if the speeds

of the various processors are vastly different and vary adversarially.

Scalability Using potential functions, we rigorously proved that the amortized work complexity
of each data structure operation is merely O(a <n, nﬂp) + log (% + 1)> in expectation, when m
operations are done by p processes on a union-find instance of n nodes. Here, (-, -) is the extremely
slow growing two-term inverse-Ackermann function; in fact, a grows so slowly, that it is bounded
by four in any conceivable application of the data structure [40]. Furthermore, we prove that
the algorithm does at most O(mlogn) work over any m operations with high probability. Thus,
our algorithms are the first scalable algorithms for the problem, and since our algorithms’ work
complexity scales only logarithmically with the number of processors, they achieve almost linear
speed-up. Furthermore, we show that our high probability result extends to the sequential random

index compressed forest data structure, thereby resolving (affirmatively) the tree-height conjecture

of Goel, Khanna, Larkin, and Tarjan [75].

Speed Our algorithms are lightning quick in practice. An MIT research group independently
implemented hundreds of parallel algorithms for connected components and revealed that our al-

gorithms are consistently the fastest on CPUs [51] and the fastest on GPUs [95]. As an illustration,



our algorithms were used to compute the components of the largest publicly available graph, the
Hyperlink2012 graph of 128 billion edges, in just 8.2 seconds on a standard 72 core machine; this
is 3.1x faster than the previous state-of-the-art in any computational setting [51]. Our algorithms
have also improved the state-of-the-art in computing strongly connected components for model

checking [23], and spatial clustering [208].

Reliability Our implementation is furnished with a machine-verified proof of correctness. Con-
current data structures are extremely difficult to prove correct, as it must be shown that every
run of an algorithm using the data structure satisfies a consistency condition known as lineariz-
ability. Linearizability has been the long standing gold standard for consistency in multiprocess
data structures, since it ensures that operations appear to take place instantaneously even in the
face of tremendous concurrency and asynchrony. Yet, proving linearizability is notoriously difficult.
Proofs of linearizability can be long and intricate, hard to produce, and extremely time consuming
even to verify. To address this issue, my collaborator Prof. Prasad Jayanti and I designed a uni-
versal, sound, and complete proof method for producing machine-verifiable proofs of linearizability.
Universality means that our method works for any object type; soundness means that an algorithm
can be proved correct by our method only if it is linearizable; and completeness means that any lin-
earizable implementation can be proved so using our method. Using this technique, I gave a proof
of correctness, for our union-find implementation that is human readable, and machine-verified by

TLAPS (the temporal logic of actions proof system) [153].

Further Investigation Inspired by the impact of the algorithms, I questioned whether I could
design an even faster union-find algorithm with fully linear speed-up—the algorithmic dream. This
line of inquiry led me to show some sharp impossibility results. I demonstrated that several con-
current objects such as union-find, queues, and stacks are each powerful enough to solve generalized
wake-up—a fundamental communication task that I defined and proved to be computationally hard.
In particular, I showed that fully linear speed-up is not achievable for any of these data structures.
With a finer mathematical analysis, I proved that our union-find object’s work complexity is asymp-
totically optimal for the class of symmetric algorithms, which captures the complexities of all known
concurrent union-find algorithms, by deriving a matching (2 (a <n, n%) +log (% + 1)) lower bound
for all such algorithms. All my lower bounds are unconditional and cannot be breached by the use

of randomization or amortization.



In the remainder of this chapter, I will abstract away from the union-find example, and discuss
the four design goals, their interplay, and the challenges inherent to achieving them. I describe the
problems studied in this thesis, and my main contributions in the next chapter, and wrap-up the

introductory part in the subsequent chapter on preliminary notation and definitions.

1.3 Algorithmic Design Goals

In this dissertation, I identify four algorithmic goals to facilitate in the design of efficient multicore
algorithms, namely, speed, scalability, reliability, and simplicity. The individual goals are well
established, in the sense that most, if not all, computer scientists will immediately agree to their
importance. However, it can be difficult to achieve them simultaneously. Designing multicore

algorithms that simultaneously achieve all these goals is the primary pursuit of this thesis.

Speed Finishing a computation in as small an amount of time as possible, is a fundamental goal
of the algorithmist. Tangibly, lowering running times can correspond to faster response times and
refresh rates in end-user applications, lower rental costs when using cloud machines—such as AWS
(Amazon Web Services) machines, for which cost is proportional to rental time—and greater energy
efficiency for a given computation. In other words, faster amounts to cheaper, greener, and more
user-friendly. The fundamental algorithms and data structures that I discuss in this thesis—such as
arrays, union-find, hash tables, mutual exclusion locks, and Gibbs Sampling—are used ubiquitously.
Thus, speed-ups to these computations percolate to all spheres of software. Traditionally, the
“speed” of an algorithm, has been measured both mathematically, as time complezity (a.k.a. work
complexity), and practically, by measuring the wall clock time an algorithm takes to compute on
inputs of interest on actual modern hardware. In this thesis, I emphasize the importance of both

theoretical and practical speed.

Scalability As the world is looking to process larger and larger data sets and, simultaneously, the
multicore revolution is rapidly driving up core counts, it is important to design algorithms whose
theoretical complexity scales well in both data size and core-count; in this dissertation, we call such
algorithms scalable. The importance of theoretical scalability is well illustrated by history. The
abstract of Bob Tarjan’s celebrated Ph.D. thesis, published in 1971, reads

“ An efficient algorithm is presented for determining whether a graph G can be embedded in the plane. Depth-first

search, or backtracking, is the most important of the techniques used by the algorithm. If G has V wvertices, the



algorithm requires O(V') space and O(V') time when implemented on a random access computer. An implementation
on the Stanford IBM 36067 successfully analyzed graphs with as many as 900 vertices in less than 12 seconds.” [195]
The abstract makes two statements about the algorithm’s efficiency: one about its practical speed
on a modern machine, and one about its scalability with respect to the input size. Just 50 years
after this publication, we live in a world where a single mobile phone processsor can do three billion
operations per second, rendering the practical speed statement about seven orders of magnitude
out of date. Its scalability guarantee however, is what has immortalized the linear time planarity-
testing algorithm, which has remained a fast solution throughout generations of computational
hardware.

Sharply rising core-counts are the hallmark of the multicore revolution. Still in its infancy, this
revolution has already driven core-counts up to the hundreds (incidentally, similar to the graph
input size Tarjan mentioned fifty years ago). Simultaneously, we continue to live in the age of big
data. So, lasting algorithms in the multicore era must remain efficient as input sizes get larger and
exploit the parallelism presented by growing core-counts. That is, they must exhibit scalability

both with respect to input size and core-count.

Reliability Mutiprocessors are our technological present and future, however designing correct
algorithms for multiprocessors is notoriously hard. While a deterministic single-process algorithm
has exactly one possible run, due to asynchrony, even a t step concurrent algorithm with just
two processes has 2! possible runs depending on how the steps of the processes interleave. When
we consider algorithms with an infinite horizon, even a deterministic concurrent algorithm has
uncountably many possible infinite runs. Designing algorithms that are correct in all of these
executions is a grueling task, and programmers often fail to account for some of these executions,
leading to subtle and dangerous bugs, known as races. Races are pernicious, since they can easily

be missed in testing but have harsh consequences when deployed in practice. For example:

o« Mars Rover: a priority inversion bug in its concurrent code crashed the Pathfinder Rover
days after its deployment on Mars and jeopardized the entire multi-million dollar NASA space
mission [124, 123].

e Northeast Blackout of 2003: a race in the power grid’s energy management system stalled
the alarm system for an hour, by which time it was too late to stop a cascading electrical
outage that affected an estimated 55 million people in eight U.S. states and the province of

Ontario, Canada [170].



o Therac-25: the software of the radiation therapy machine, Therac-25, suffered from races
that caused it to administer radiation doses that were over a hundred times as potent as the
intended dose, which caused the deaths of at least three people and several more injuries [140,

142, 139].

These illustrations show just how fatal the consequences can be, if critical multiprocessor code
is not correct. But which pieces of code should we consider critical when developing algorithms?
Two foremost guiding principles in the design of software technology are modularity and top-down
design. Together, these principles state that larger applications should be broken down into smaller
well-specified components, i.e., methods, data structures, and algorithms, and that these modular
components should be developed independently and efficiently, so they can be called and used in
several high-level applications. A strength of this prevalent design strategy is that each core modular
component can be built and developed in just one place, and the same well-built component can
be trusted and used freely in a range of applications today and even the unforeseen applications
of tomorrow. The flip-side of this advantage is a corresponding failure mode, which I term error
proliferation. Namely, if a core component such as a data structure or algorithm has an uncaught
error, it runs the risk of being used in innumerable applications, and ultimately crashing critical
systems. Even if the component was developed with a low-risk application in mind, the principles
of software design make it very easy for the same component to later be integrated into a critical
application. Thus, I argue that, for all intents and purposes, all fundamental data structures
and algorithms should be considered critical, and rigorous mathematical proofs of correctness are
indispensible as we develop multicore algorithms.

Guarantees of efficiency and other properties of algorithms are often also pivotal to end-user
applications. Thus, in this thesis, I emphasize reliability to constitute rigorous demonstrations of

correctness, efficiency, and any other relevant properties.

Simplicity A principle that is synergistic with all of the goals we have just seen is simplicity.
Simple algorithms, which use few variables and few lines of code to achieve their specification, have

several advantages.

o First, simple algorithms are easier to reason about, making the algorithmist’s job of clearly
specifying and proving-correct the algorithm easier. Simpler and more straight-forward rea-
soning in proofs of correctness and efficiency, in turn, makes proof verification easier for

reviewers and end-users. Thus, simplicity aids reliability.



e Second, simple algorithms are easier for a software engineer to understand and integrate
correctly into production code. A proved algorithm is of little significance, if the final code
in production systems does not replicate the algorithm faithfully. Thus, keeping the pipeline

between algorithm design and the end-user in mind, we note that simplicity aids deployability.

e Third, a simple algorithm generally has lower constant factors and overheads. Thus, simplicity

aids speed and scalability.

Overcoming Challenges While all four design goals are highly desirable, they can be hard
to achieve together: famously, many beautiful, theoretically scalable algorithms are not fast in
practice (such as fast matrix multiplication [6, 39] and near-linear max-flows [33, 130]); likewise,
many simple, and practically fast algorithms are not reliable (perhaps most notoriously, neural
networks [14, 203]). In this dissertation however, I work hard to design multicore solutions—
like the concurrent union-find object of the previous section—that satisfy all four design criteria

simultaneously. I end this section with a couple more examples.

o Reliability is particularly hard to achieve in multiprocess algorithms due to asynchrony. Per-
haps striking, the rigorous mathematical proofs backing a sequential algorithm can break
entirely even when the algorithms are adapted, just slightly, for multiple processors. In
Chapter 12 of this thesis, I study a simple, fast, and scalable asynchronous Gibbs Sampling
algorithm born out of Machine Learning practice [187]. With a thirst for speed, the practi-
tioners simply replace the sequential for-loop of the standard Gibbs sampling algorithm with
a parallel for to allow all the processors in a multicore to achieve maximum throughput in
parallel. However, this technique immediately gives rise to a heap of race conditions that
invalidate all proofs about the sampling procedure’s convergence, rendering it de facto unre-
liable. The goal of the practitioners is to use Gibbs sampling to get samples x1, ..., x, from
a specified distribution D, and use these samples to estimate statistics of D. Our analysis
of the resultant multicore algorithm reveals that the samples computed by it may not be
accurate, i.e., the parallel-for introduces a bias. However, leveraging recently proved measure
concentration bounds for high temperature graphical models and novel filtration based cou-
pling arguments, we derive mathematical bounds on the bias that reveal that the algorithm’s
samples can be used to reliably compute approximately correct statistics in many applications

of interest (see Chapter 12 for details).
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e Several problems have solutions in the literature that offer a trade-off between the various
design criteria. For instance, this was the case for the abortable mutual exclusion problem,
which is to design a multicore lock that additionally allows for a process to abort, i.e. abandon
the lock and switch to another task, in real-time (see Chapter 5 for details). Abortable locks
are designed for two different types of machines called Cache-coherent (CC) and Distributed
Shared Memory (DSM); their efficiency is measured in, so called, Remote Memory Reference
(RMR) complexity. The literature offered three beautiful, yet incomparable solutions for the
problem: Jayanti’s “tree lock” [104], Lee’s “procession lock”, and Giakkoupis and Woelfel’s
“array lock” [72]. The tree lock is simple and offered the most robust scalability guarantee of
O(logn) RMR complexity, but just for DSM machines. The procession lock was practically
fast and had simple code, but its analysis offered only a weak O(n) RMR complexity bound,
and that too just for CC machines (we have subsequently improved this bound in our work,
see Lee Alg 2 in Figure 5.1 in Chapter 5). The array lock has an impressive amortized O(1)
RMR complexity guarantee for CC machines, but the guarantee is only against oblivious
schedules. Furthermore, its high code complexity and large space complexity make it hard
to implement practically. I sought out this problem to try and design a single, simple and
scalable solution that can be reliably deployed on both types of machine and is robust to
even adversarial schedules. In Chapter 5, I present our abortable queue lock. This lock is fast,
simple to code (see Figure 8 in Chapter 5), guarantees an amortized O(1) RMR complexity
for both CC and DSM machines, and additionaly, is the first lock to guarantee aborts in just
six lines of code. All our claims are proved via rigorous mathematics: correctness is proved via
invariants, liveness via distance measures, and efficiency via potential functions. In addition,

I have modeled checked our implementation for CC machines via the TLC [59] model checker.

In this thesis, I design several such simple, fast, scalable, and reliable multiprocessor algorithms.

1.4 Broadening Participation in STEM

Contributions Along with the several technical contributions to multiprocessor algorithms, a
significant, and very different contribution of this thesis is towards broadening participation in
STEM (Science, Technology, Engineering, and Mathematics). In particular, I contribute, to the
best of my knowledge, the first computer science research paper (presented in Chapter 10) in

the Telugu language. Telugu is the thirteenth largest language in the world with over 80 million
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native speakers [189], and the fastest growing language in the United States according to the
World Economic Forum and US Census Data [21, 199]. At the beginning of the Telugu chapter, I
present an additional abstract for the work in Sanskrit. Sanskrit is the principal source of technical
vocabulary across Indian languages and many other languages around the world, thereby making
this abstract accessible to an even larger group of people. The technical research contributions of
this chapter, which pertain to concurrent data structure lower bounds, are also reproduced with
some extensions in English (Chapter 9), making them equally accessible to the large community
of English language researchers. I hope that this initiative can lay the foundation for many more

works that make scientific discovery more available to people of various languages.

Motivation Spreading the joy of learning, especially scientific and technical learning, has been a
passion of mine since my childhood. As a child, I was touched to hear of my father’s lived-experience
of how his education and hard work pulled our family out of the poverty and hopelessness of 1960s
India and brought us to the USA. Inspired by our family’s journey and many more like it, I recog-
nized that a good education paves the way to a prosperous and joyful future, especially for those
who come from a socially or economically disadvantaged background. Unfortunately, as I learned
first-hand in my time volunteering as a teacher of mathematics, robotics, and English in cities and
towns in New Hampshire, New Jersey and some small villages in India, a good education is not easy
to come by. Many children around the world go to underfunded schools, lack committed teachers,
have unfortunate home environments that make studying difficult or impossible, or struggle to
learn in a second language since their native language lacks adequate educational resources. I am
passionate about creating learning opportunities for students at all levels of education and around
the world, and am keen on encouraging students of diverse backgrounds and identities in varied
circumstances to pursue the joys of learning, science, and even furthering science through their
curiosity and discovery.

In spite of several commendable large scale efforts to promote scientific and technological ed-
ucation throughout the world, language remains a great barrier to scientific learning. FEnabling
progress through scientific education has been a core tenet of many prominent institutions. No-
tably in the United States, we have the National Science Foundation, which “is committed to
expanding the opportunities in STEM to people of all racial, ethnic, geographic and socioeconomic
backgrounds, sexual orientations, gender identities and to persons with disabilities.” [29] In India,

the government recently undertook a gargantuan initiative to write a new educational policy from
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pre-K to university to better serve a billion people. One of their major findings was that education
in general, and science in particular, are easier for people to grasp in their mother tongues. Yet,
several hundreds of millions of people in India alone are currently unable to receive quality educa-
tion in their mother tongues due to lack of educational resources [82]. The new educational policy
observes that there are “students going to school to classes that are being conducted in a language
that they do not understand, causing them to fall behind before they even start learning,” and
that “textbooks (especially science textbooks) written in India’s vernaculars at the current time
are generally not nearly of the same quality as those written in English. It is important that local
languages, including tribal languages, are respected and that excellent textbooks are developed in
local languages, when possible, and outstanding teachers are deployed to teach in these languages”
[126] (P4.5.0). In short, the unavailability and under-availability of science in local languages is

disadvantaging hundreds of millions of children.

Impact My article on multiprocessor algorithms in Telugu, which, to my knowledge, is the first
computer science research paper in the language, aims to serve as a starting point to ameliorating
this situation for speakers of Telugu and other languages alike. After publishing the original article
on arxiv [215, 120], I was touched to receive several communications from researchers and scientists
from across institutions, including Princeton, CMU, University of Chicago, Google Research, and
II'T-Delhi, seeking to learn more about this initiative and expressing interest in both translating
some of their work into other languages and creating other resources for scientific learning in
several world languages. In the thesis, I include an abstract in Sanskrit—the language in which the
technical terms of most Indian languages and several other world languages are derived (like Latin
and Greek for English and Romance languages). I hope this inclusion captures the imagination of
even more people, and spurs science-availability in even more language communities. (I share some
more thoughts and concrete proposals in the final chapter.)

Knowledge is universal, brings joy, opens doors to new opportunities, and has the power to
enlighten and bring people of diverse backgrounds closer together in pursuit of a better world. My
scientific learnings and discoveries, some of which are presented in this dissertation, have been a
great joy to me, have brought me in contact with great minds around the world, and have served
as a conduit to reveal some of the infinite possibilities this universe has to offer. I hope that at

least some of my work can open up such a gateway for a few more people in the world.
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Chapter 2

Contributions

In this thesis, I design and mathematically analyze simple, fast, scalable and reliable multiprocess
algorithms. I also develop rigorous proof methods and machine verification techniques to prove the
correctness of subtle concurrent algorithms. In the remainder of this section, I describe the specific

contributions of this thesis.

2.1 Summary of Contributions

1. Part II focuses on efficient mutual exclusion locks, including stardard mutez locks (Chapter 4),
abortable locks for real-time systems (Chapter 5), and recoverable locks for modern persistent

memory such as Intel Optane (Chapter 6).

2. Part III focuses on multiprocess data structures that are lock-free—i.e., do not make use of
mutual exclusion locks—and linearizable—i.e., appear to perform each data structure opera-

tion atomically.

(a) In Chapter 7, we design and analyze concurrent multiprocessor algorithms for the set-
union (i.e., union-find) data structure. Our data structures have led to significant prac-

tical speed-ups in computing connected components, model checking, and clustering.

(b) In Chapter 8, we design and analyze the first algorithms for concurrent fast arrays and
fast generalized arrays. Fast arrays support constant time initialization (of the whole
array!), and constant time reads and writes. Fast generalized arrays additionally support,
in constant time, every atomic operation offered by the underlying hardware, such as

compare-and-swap (CAS), fetch-and-store (FAS/swap), etc. As an example application
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of these arrays, we design a concurrent fixed-size hash table that supports expected

constant time initialization, insertion, and search.

(c¢) In Chapter 9, I define a new information propagation problem called generalized wake-
up, show its hardness, and through reductions show that many common data structures
such as stacks, queues, priority queues, and union-find objects cannot be implemented
for multiple processes without a concurrency overheard, i.e., a work complexity that

grows with the number of processes, even in the amortized sense.

(d) Chapter 10 (truly, egyegoew 10) is clearly special, as it is written entirely in Telugu.
The chapter is actually an authentic reproduction of my original article on generalized
wake-up (w(ﬁé@&w@’&éo, Jagrtipariskarani) lower bounds. Due to the prevalence of
English readers in the computer science research community, I translated the work into

English, and composed Chapter 9.

3. Part IV has a single chapter, Chapter 11, in which we derive a technique for writing machine
verifiable proofs of linearizability and strong linearizability of concurrent data structures.
We have employed our techniques using the TLAPS (Temporal Language of Actions Proof
System) to produce machine-verified proofs of the linearizability and strong linearizability of

our union-find data structures.

4. Part V has a single chapter, Chapter 12, in which we discuss a technique called HOGWILD!
Gibbs Sampling, which uses an asynchronous multiprocessor to improve the speed of sam-
pling certain high dimensional probability distributions that are of great interest in Machine
Learning applications. The statistical analysis we develop justifies the use of HOGWILD!
Gibbs sampling, a technique born out of practice that uses asynchronous multiprocessors to

speed up the simulation of Gibbs sampling, in spite of its severe race conditions.

The chapters of this thesis are based on several of my co-authored publications. I list these
publications below, classified as Journal Articles, Conference Publications, and Articles to be Pub-

lished.

Journal Articles

1. Siddhartha Jayanti and Robert Tarjan. Concurrent Disjoint Set Union. In Distributed Com-
puting 2021. [119]
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2. Prasad Jayanti and Siddhartha Jayanti. Deterministic Constant-Amortized-RMR, Abortable
Mutex for CC and DSM. In ACM Transactions on Parallel Computing 2021. [107]

Conference Publications

1. Siddhartha Jayanti and Julian Shun. Fast Arrays: Atomic Arrays with Constant Time Ini-
tialization. International Symposium on Distributed Computing (DISC) 2021. [116]

2. Prasad Jayanti, Siddhartha Jayanti, and Sucharita Jayanti. Towards an Ideal Queue Lock.
International Conference on Distributed Computing and Networking (ICDCN) 2020. [108]
Invited to the spotlight session of the conference

3. Prasad Jayanti, Siddhartha Jayanti, and Anup Joshi. A Recoverable Mutex Algorithm with

Sub-logarithmic RMR on Both CC and DSM. ACM Symposium on Principles of Distributed
Computing (PODC) 2019. [110]

Invited to a special issue of the journal Distributed Computing

4. Prasad Jayanti and Siddhartha Jayanti. Constant Amortized RMR Complexity Determinis-
tic Abortable Mutual Fxclusion Algorithm for CC and DSM Models. ACM Symposium on
Principles of Distributed Computing (PODC) 2019. [113]

5. Siddhartha Jayanti, Robert Tarjan, and Enric Boix-Adsera. Randomized Concurrent Set
Union and Generalized Wake-Up. ACM Symposium on Principles of Distributed Computing
(PODC) 2019. [117]

Invited to a special issue of the journal Distributed Computing

6. Constantinos Daskalakis, Nishanth Dikkala, and Siddhartha Jayanti. HOGWILD!-Gibbs can
be PanAccurate. Neural Information Processing Systems (NeurIPS) 2018. [44]

7. Prasad Jayanti, Siddhartha Jayanti, and Anup Joshi. Optimal Recoverable Mutual Ezclusion
using only FASAS. International Conference on Networked Systems (NETYS) 2018. [111]

8. Siddhartha Jayanti and Robert Tarjan. A Randomized Concurrent Algorithm for Disjoint
Set Union. ACM Symposium on Principles of Distributed Computing (PODC) 2016. [118]

Invited to a special issue of the journal Distributed Computing
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Articles to be Published
1. 5y DIGHS 23ADOB. ety a3e(f)BH0ar)Jo. [215]

2. Siddhartha Jayanti and Prasad Jayanti. A Univeral, Sound, and Complete Technique to
Facilitate Machine-Verifiable Proofs of Linearizability.

For completeness, I also list the other co-authored and single-author articles I have written as a

Ph.D. student.

Articles not part of this Thesis

1. Enric Boix-Adsera, Benjamin L. Edelman, and Siddhartha Jayanti. The Multiplayer Colonel
Blotto Game. In Games and Economic Behavior 2021. [28]

2. Siddhartha Jayanti, Srinivasan Raghuraman, and Nikhil Vyas. Efficient Constructions for
Almost-everywhere Secure Computation. International Conference on the Theory and Appli-

cations of Cryptographic Techniques (EUROCRYPT) 2020. [115]

3. Enric Boix-Adsera, Benjamin L. Edelman, and Siddhartha Jayanti. The Multiplayer Colonel
Blotto Game. ACM Conference on Economics and Computation (EC) 2020. [27]

4. Yuval Dagan, Constantinos Daskalakis, Nishanth Dikkala, and Siddhartha Jayanti. Learning
from Weakly Dependent data under Dobrushin’s Condition. Conference on Learning Theory

(COLT) 2019. [43]

5. Siddhartha Jayanti. Nash Equilibria of The Multiplayer Colonel Blotto Game on Arbitrary

Measure Spaces. [114]

In the succeeding sections, I describe the contributions of each part of the thesis in more detail.

2.2 Contributions to Mutual Exclusion Locks

Key to most shared multiprocess algorithms are mutual exclusion (mutex) locks, which allow a
process to gain exclusive access to a shared resource. Such exclusive access control can be pivotal
to ensuring consistency of data streams, such as printers, in the face of asynchronous concurrency.
Mutex locks also facilitate the use of arbitrary sequential data structures by concurrent processes

by allowing at most one process, i.e. the owner of the lock, to access the data structure at a given
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time. Since sequential data structures are easier to design in practice than specialized concurrent
ones, locks are ubiquitous in practice, and the design of efficient mutex locks is a cornerstone of
efficient concurrent computation.

In Part II of this thesis, we design several efficient and performant mutual exclusion locks for
standard, real-time, and persistent shared-memory multiprocessor systems, as described in the

remainder of the section.

A new queue lock for standard mutual exclusion

My contributions to standard mutual exclusion locks are presented in Chapter 4.

The MCS lock (Mellor-Crummey Scott lock) was the first mutual exclusion lock to support
an arbitrary number of processes with unknown identities such that each process can acquire and
release the lock in a constant number of RMRs (Remote Memory References)! on both Cache-
Coherent? and Distributed Shared Memory? multiprocessors. Additionally, this lock is stateless, i.e.,
a process does not have to remember any information after it releases the lock, and it has adaptive
space complexity, i.e., the size of shared and local memory required by the algorithm depends only
on the number of active processes. The MCS algorithm, however, has two shortcomings: its Exit
section (i.e., unlock code) is not bounded and it requires more than one special instruction, namely,
Fetch-and-Store and Compare-and-Swap. Many MCS-style algorithms were subsequently designed
to overcome these shortcomings, but to the best of our knowledge they either lack some of the other
desirable properties of the MCS lock or introduce a new shortcoming. In this chapter, we present a
new MCS-style algorithm that has all of the desirable properties and no ostensible shortcoming. We
also provide an invariant-based proof of correctness. As far as we know, ours is the first among the
MCS-style algorithms to be accompanied by a rigorous invariant-based proof, which is important
given how popular these locks are in practice. To realize a bounded Exit section, all prior MCS-style
algorithms use either the “node-switching” or the “node-toggling” strategy. Our work unifies these
two strategies: we present a single algorithm which, when appropriately instantiated, yields both
a node-switching and a node-toggling algorithm. Moreover, the two algorithms so derived are the

simplest in their respective classes among all known MCS-style algorithms. Table 2.1 compares our

'RMR complexity is the standard metric for measuring the efficiency of mutual exclusion locks. In essence, it
counts the number of instructions performed on memory that is expensive to access.

In the Cache-Coherent model, cached variables can be read at no cost, but all other instructions cost a single
unit.

3In the Distributed Shared Memory model, shared memory is partitioned amongst the processors. instructions
performed on memory in a processes’s own part are at no cost, and instructions performed on shared memory in any
other part cost a single unit.
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algorithm with previous works.

Table 2.1: Comparison of Existing Mutual Exclusion Algorithms

Supports

Number
O(1) RMR | Bounded Space | Arbitrar, . Other
fo(r )DSM Exit FCFS | Stateless Frugal | Set of Y Special . Drawbacks
Instruction
Processes
Anderson [13] No No No 1
Graunke, Thakkar [83] No 1
MCS [152] No 2
Craig [41] 1 not memory safe
Magnusson et al. [147] No 1
Rhee [176] No No No 1
Lee Alg 1 [138 No No No 1 uses O(N?) space
Lee Alg 2 [138 No No No No 1
Anderson, Kim [10] No No No 1
Dvir et al. Alg 1 [56 No No 2
Dvir et al. Alg 2 [56 2
This thesis (main) 1
This thesis (toggling) No No 1
This thesis (switching) 1

The fast abortable queue lock

My contributions to abortable mutual exclusion locks are presented in Chapter 4.

The Abortable mutual exclusion problem, proposed by Scott and Scherer in response to the
needs in real time systems and databases, is a variant of mutual exclusion that allows processes to
abort from their attempt to acquire the lock. Worst-case constant remote memory reference (RMR)
algorithms for mutual exclusion using hardware instructions such as Fetch-and-Add or Fetch-and-
Store have long existed for both Cache Coherent (CC) and Distributed Shared Memory (DSM)
multiprocessors, but no such algorithms are known for abortable mutual exclusion. Even relaxing
the worst-case requirement to amortized, algorithms are only known for the CC model.

In this chapter, we improve this state-of-the-art by designing a deterministic algorithm that
uses Fetch-and-Store (FAS) to achieve amortized O(1) RMR in both the CC and DSM models.
Our algorithm supports Fast Abort (a process aborts within six steps of receiving the abort signal),
and has the following additional desirable properties: it supports an arbitrary number of processes
of arbitrary names, requires only O(1) space per process, and satisfies a novel fairness condition
that we call “Airline FCFS”. Our algorithm is short with fewer than a dozen lines of code. Table 2.2

compares our algorithm with previous abortable locks.

The sublogarithmic recoverable lock

My contributions to recoverable mutual exclusion locks are presented in Chapter 6.

19



Algorithm Primitive | RMRs WC / Amrt | Det. | Space DSM | Fairness | Fast Abort
Scott et al. [180] FAS,Cas | o0 wC v oo v

Scott CLH-NB [179] FAS,CaAs | oo WwC v | oo v

Scott MCS-NB [179] FAS,Cas | oo wWC v | oo v

Jayanti [104] Cas O(logn) wC v | 9(n) v FCFS

Lee Alg 1 [138] None O(logn) WC v | O(nlogn) v

Lee Alg 2 [138] FAS,Cas | ©(n)/O(1) WC/Amrt v | O(n) AFCFS

Lee Alg 3 [138] FAS O(n?) wC v oo FCFS

Lee Alg 4 [138, 137] FAS o(n?) WC v | em?) FCFS

Woelfel et al. [169] Cas O(pns) WwC O(n)

Giakkoupis et al. [72] Cas o(1) Amrt 00

Alon et al. [7] F&A, Cas | O(5s) WC v | om?)

This thesis (CC) FAS o(1) Amrt v | O(n) AFCFS v
This thesis (DSM & CC) | FAS o(1) Amrt v | O(n) v AFCFS v

Table 2.2: Comparison with existing abortable locks. The columns describe: RMR, complexity;
whether the complexity is worst case (WC) or amortized (Amrt); whether the algorithm is De-
terministic (Det.) or randomized; space complexity; whether the RMR bound holds for the DSM
model; what fairness condition (if any) the algorithm satisfies; and whether the algorithm supports
Fast Abort.

In light of recent advances in non-volatile main memory technology, Golab and Ramaraju re-
formulated the traditional mutex problem into the novel Recoverable Mutual Exclusion (RME)

problem. In the best known solution for RME, due to Golab and Hendler from PODC 2017, a

logn
loglogn

process incurs at most O( ) remote memory references (RMRs) per passage, where a pas-
sage is an interval from when a process enters the Try section to when it subsequently returns to
Remainder. Their algorithm, however, guarantees this bound only for cache-coherent (CC) multi-
processors, leaving open the question of whether a similar bound is possible for distributed shared
memory (DSM) multiprocessors.

We answer this question affirmatively by designing an algorithm that satisfies the same com-
plexity bound as Golab and Hendler’s for both CC and DSM multiprocessors. Our algorithm has
some additional advantages over Golab and Hendler’s: (i) its Exit section is wait-free, (ii) it uses
only the fetch-and-store (i.e., swap) instruction, and (iii) on a CC machine our algorithm needs
each process to have a cache of only O(1) words, while their algorithm needs O(n) words.

A recent result of Chan and Woelfel, shows that our algorithm’s RMR complexity is optimal
(up to constant factors) for both the CC and DSM machine models [32].

2.3 Contributions to Lock-Free Data Structures

While locks facilitate the concurrent use of data structures, they do not allow parallel access. Thus,

distributed computing researchers design specialized data structures that guarantee consistency
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(linearizability), while guaranteeing that all interested processes can perform operations on the
data structure simultaneously (wait-freedom). The design of correct linearizable wait-free data
structures is notoriously difficult due to asynchrony between processes, and the design of efficient
such data structures is harder yet. However, scalable wait-free concurrent data structures and
algorithms promise great computational speed-ups in this age of multiprocessors.

In Part III, we design and analyze efficient lock-free data structures for the union-find object,
fast arrays, and fixed-size hash tables. We also prove lower bounds on the efficiency of several data

structures, such as: stacks, queues, union-find objects, priority queues, and counters.

Concurrent disjoint set union algorithms

My algorithmic work on concurrent disjoint set union is presented in Chapter 7.

The disjoint set union or union-find problem is to maintain a collection of disjoint sets, each
containing a unique element called its leader, under two operations:

FIND(z): return the leader of the set containing element x.

UNITE(z,y): if elements x and y are in different sets, unite these sets into a single set and
designate some element in the new set to be its leader; otherwise, do nothing.

Each initial set is a singleton, whose leader is its only element. Note that the implementation
is free to choose the leader of each new set produced by a unite.

In this chapter, we develop fast linearizable wait-free concurrent algorithms for union-find. In
particular, we design a randomized concurrent implementation of unite using the read, write, and
CAS instructions. We also give two concurrent implementations of path splitting, one-try and
two-try splitting. The former is simpler, but we are able to prove slightly better bounds for the
latter, bounds that we think are tight for the problem. We prove that any of our linking methods
in combination with one-try splitting does set union in O <m (10g (%2 + 1) + a(n, n’;))) work,
where m is the total number of operations across all processes, n is the number of nodes, and p is the
number of processes. Our algorithm with two-try splitting does O (m <10g (% + 1) + (n, n%) ))
expected work. Each set operation takes O(logn) steps® with (very) high probability. The O(logn)
step bound per operation holds even without path splitting; without splitting, the high probability
total work bound is O(mlogn). The work and step bounds for randomized linking by rank hold

even for an adversarial scheduler, provided that scheduling is based only on information sent to the

4Each primitive instruction (i.e., read, write, or another synchronization instruction like CAS) executed by a
process is considered a step.

21



scheduler, or we allow a form of CAS that writes a random bit.
Our work is theoretical, but Alistrah et al. [3], Dhulipala et al. [51], Hong et al. [95] have
implemented some of our algorithms on CPUs and GPUs and experimented with them. On many

realistic data sets, our algorithms run as fast or faster than all others [51, 95].

Concurrent Fast Arrays

My work on concurrent fast arrays is presented in Chapter 8.
Arrays are the most fundamental data structure in computer science. Semantically, an array of

length m is an object that supports the following interface:

o INITIALIZE(m, f): return an array O initialized to O[i] = f(i) for each i € [m].?

o O.READ(7): return O[i], if i € [m)].

o O.WRITE(i,v): update O[i]’s value to v, if i € [m].

Here, INITIALIZE() is the constructor method that creates the object, and READ() and WRITE()
are the regular operations an array supports. Ordinarily, initialization is achieved by allocating an
array of length m and looping through to initialize its entries, while reads and writes simply use the
hardware load and store instructions. This standard implementation achieves a space complexity
of O(m), and time complexities of O(m) for initialization and O(1) for reads and writes. A fast
array is an array that support all three operations—READ(), WRITE(), and even INITIALIZE()—in
just O(1) worst-case time. Perhaps surprisingly, sequential fast array implementations have been
known for decades, and have been used in implementations of van Emde Boas trees [40, 161], hash
tables [127, 131], and adjacency matrices for sparse graphs; but, to the best of our knowledge,
concurrent implementations did not previously exist.

In this thesis, we propose and design algorithms for two variants of concurrent fast arrays:

e Fast Array: This is an implementation of an array which supports the operations—INITIALIZE (m, f),
READ(7), and WRITE (4, v)—and satisfies two conditions. First, each operation is linearizable,
i.e., it appears to take effect at some instant between its invocation and response [93]. Sec-
ond, each operation is not only wait-free [89], but the process that executes the operation
completes it in a constant number of its steps. The first condition ensures atomicity, and the

second condition ensures efficiency.

SFor a positive integer m, we use the notation [m] £ {0,1,...,m — 1}.
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e Fast Generalized Array: Besides load and store, modern architectures like x86 commonly sup-

port read-modify-write (RMW) primitives, such as compare-and-swap (CAS), fetch-and-add
(FAA), and fetch-and-store (FAS) [98]. In fact, some of these primitives are indispensible for
efficiency and even solvability of problems that arise in concurrent systems. For instance,
implementing a wait-free queue is impossible using only loads and stores [89]. Mutex locks
can be implemented using loads and stores, but constant RMR, (remote memory reference)

complexity implementations are impossible using only loads and stores [17, 42, 152].

Since RMW primitives are supported by hardware and are essential for concurrent algorithms,
it would be ideal if the components of the fast array can be manipulated using these primitives.
For instance, when implementing a fast array O on a multiprocessor that supports CAS and
FAS in hardware, a process 7 should not only be able to read O[i] and write to O[i], but
should also be able to apply CAS to OJi] and apply FAS to O[i]. We term such an array,
which allows all hardware-supported operations to be applied to its components, a generalized

array.

Let S be the set of hardware-supported RMW primitives. A fast generalized array is an
implementation that not only supports O(1)-time linearizable INITIALIZE(m, f), READ(i),
and WRITE (4, v) operations, but also supports O(1)-time linearizable operations from the set

S.

In addition to defining the two types of concurrent fast arrays, our thesis makes the following

four principal contributions:

e We design an algorithm for the (standard) fast array. If p processes share a fast array of
length m, our algorithm uses only O(m + p) space. More generally, to instantiate and use k

fast arrays (for any k) of lengths my, ..., my, our algorithm uses only O(M + p) space, where
k
M = Zj:l mj.

e We enhance the above algorithm to design a fast generalized array. Its space complexity is
the same as the previous algorithm’s—O(m + p) for a single array of length m, and O(M + p)

for multiple arrays of combined length M.

e Based on the fast generalized array, we design a concurrent linearizable wait-free fixed-size

hash table that supports expected constant time instantiation, insertion, and search.

e We benchmark the performance of the fast arrays.
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Our algorithms require hardware support for read, write, and CAS; these instructions are available

on most, if not all, modern hardware.

Efficiency lower bounds for concurrent data structures

My work on concurrent data structure lower bounds is present in Chapter 9.

We define a fundamental problem called Generalized Wake- Up—which captures the complexity
of certain types of communication in shared memory systems that are fundamental to designing
strongly consistent (linearizable) data structures—and show a lower bound on the number of shared
memory instructions that need to be performed in order to solve this problem. Via reductions
to generalized wake-up, we demonstrate that linearizable algorithms for fundamental objects like
counters, queues, stacks, and priority queues must perform at least Q(logp) work per operation—
even if the algorithms are randomized and even if the guarantees are amortized. For the union-
find object, we show an Q(logmin{n,p}) expected work lower bound on the cost of the single
worst operation. Furthermore, we identify a class of “symmetric algorithms” that captures the
complexities of all the known algorithms for the disjoint set union problem, and prove an Q(m -
(a(n,m/(np)) + log(np/m + 1))) expected total work lower bound on algorithms of this class,
thereby showing that our algorithm has optimal total work complexity for this class. Finally, we
prove that any randomized algorithm, symmetric or not, cannot breach an Q(m - (a(n,m/n) +

loglog(np/m + 1))) expected total work lower bound.

Original exposition on lower bounds in Telugu

Chapter 10 contributes, to the best of my knowledge, the first computer science research originally
presented in the Telugu language. At the beginning of the chapter, I also present an abstract for
the work in Sanskrit. In technical content, Chapter 10 is simply the Telugu original of Chapter 9.

Producing a scientific article in a new language required overcoming a unique set of challenges,
including devising new terms for established and novel scientific concepts, and developing a XelLa-
TeX template to typeset mathematics and algorithms in Telugu. Scientific writing is fraught with
technical terms, and even long established technical terms in English, had no equivalent in Telugu,
a language in which computer science research papers have not previously been published. To over-
come this barrier to expression, I had to develop terms in Telugu’s mother language, Sanskrit—
terms that were built from Sanskrit roots (dhatu), prefixes (upasarga), suffixes (pratyaya), and

compounds (samasa). Sanskrit terms can be immediately used in Indian Languages, including
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Telugu, with standard, well-established alterations to their endings. Telugu is a technologically
under resourced language, so I faced an additional roadblock occurred at the stage of typesetting
the results. Out-of-the-box XelLaTeX—the variant of LaTeX that is used for typesetting non-Latin
scripts—was not readily equipped to handle mathematical formulae and various environments in
Telugu. Therefore, I developed a specialized TeluguTeX template in XeLaTeX that allowed for Tel-
ugu characters to appear in the mathematics environment, supported bold and emphasized text,
and allowed for Telugu macros, citations, etc. I believe that these linguistic and technological so-
lutions can have far reaching consequences in expressing other scientific work in Telugu and other
languages. I present a greater discussion and specific future directions at the end of Chapter 14.
My article on multiprocessor algorithms in Telugu, which I reproduce with a Sanskrit abstract in
Chapter 10, is to my knowledge, the first modern computer science research article in the language,
which is spoken by over 80 million [189] and is the fastest growing language in America [21, 199]. I
hope that this effort will spur more like it in Telugu and other languages, and that eventually, top
quality scientific literature in native languages will affirm and enable many many more people to

pursue their dreams of learning and contributing to the never ending corpus of science.

2.4 Contributions to Machine Verification

Data structures that organize, store, and quickly recall important pieces of information are the
fundamental building-blocks behind fast algorithms. Thus, efficient and rigorously proved data
structures are fundamental to reliable algorithm design. The task of designing such data structures
for shared-memory multiprocessors, however, is notoriously difficult. Due to asynchrony, a ¢ step
algorithm for even just two processes has 2¢, i.e. exponentially many, possible executions depend-
ing on how the steps of the processes interleave. In fact, even deterministic concurrent algorithms
have uncountably many possible infinite executions, as opposed to the single possible execution of
a deterministic sequential algorithm. Designing algorithms that are correct in all of these execu-
tions is a grueling task, and thus, even mission critical concurrent code often suffers from subtle
race conditions. For example: a subtle priority inversion bug in its concurrent code crashed the
Pathfinder Rover days after its deployment on Mars and jeopardized the entire multi-million dollar
NASA space mission [124]; a race in the power grid’s energy management system stalled the alarm
system for an hour, by which time it was too late to stop a cascading electrical outage that affected

an estimated 55 million people in eight U.S. states and the province of Ontario, Canada [170]; and
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the software of the radiation therapy machine, Therac-25, suffered from races that caused it to
administer radiation doses that were over a hundred times as potent as the intended dose, which
caused the deaths of at least three people and several more injuries [140, 142, 139]. Examples of
errors in published concurrent data structures are also not left wanting [37, 53]. In this part, I
develop techniques to obtain machine-verified correctness guarantees for concurrent algorithms; in
particular, data structures.

In Part IV, we discuss our contributions to machine verification of multiprocess algorithms.

Particularly, we focus on proofs of linearizability and strong linearizability.

Machine-Verifiable Proofs of Linearizability

My work on machine-verifiable proofs of linearizabilty and strong linearizability is presented in
Chapter 11.

An object O is linearizable, if for all finite runs R of any algorithm A that uses O, and every
operation op that is performed on O in the run R, there exists a point in time between op’s invocation
and return where it “appears to take place instantaneously”. This definition, in particular the non-
constructive existential quantifier “there exists” inside the universal quantification, makes it difficult
to prove linearizability. This difficulty is only exacerbated, if the proof is to be provided in a way
simple enough for a machine to verify. In fact, if approached naively, the prover would need to map
each run of the algorithm to a linearization, i.e., a description of where in its invocation-response
time interval each operation “appears to take place instantaneously”, and then prove that each such
mapping is legitimate. This is a difficult task, given that it is known that proving even a single
fixed run R linearizable is NP-hard [74].

In this chapter, we devise a method for proving linearizability that not only works for a single
implementation, or even a single type, but to devise a method that is universal and complete. By
universal, we mean that our method should be powerful enough to allow for a proof of linearizability
for implementations of any object type. By complete, we mean that any linearizable implemen-
tation, regardless of how complex its expression or linearization structure, must be provable by
our method. Of course, our method will also be sound, meaning that any argument that is given
using our method is indeed a correct mathematical proof of linearizability. Finally, we ensure that
our method enables machine verifiable proofs by currently available proof assistants, which are

generally built to verify proofs of simple program invariants.

26



1. We develop a rigorous universal, sound, and complete method for proving linearizability. In
particular, we define a universal transformation that takes an arbitrary implementation O,
and outputs an algorithm A*, called the tracker, and a simple invariant Z*, and prove a

theorem that:

O is a linearizable if and only if Z* is an invariant of A*.

(Thus, we can produce a machine verified proof that Z* is an invariant of A* to establish that

O is linearizable.)

2. In fact, we give a whole family of transformations that each output different algorithms A’,
called partial trackers, with associated invariants Z’, and prove that for any of these partial

trackers:

O is a linearizable if 7' is an invariant of A’.

3. A close cousin of linearizability is strong linearizability [80], which ensures that even the
hyper-properties of the data structure match those of an atomic object has also garnered a
lot of recent interest [16]. We develop a rigorous universal, sound, and complete method for
proving strong linearizability. In particular, we show that for each partial tracker A’, there

is an alternate associated invariant Z”, and we prove that:

O is strongly linearizable if and only if some partial tracker A’ has its associated Z” as an invariant.

4. Finally, we demonstrate the power of our methods by producing machine-verified proofs of
linearizability and strong linearizability for some notable data structures. In particular, we
prove the linearizability and strong linearizability of our union-find object from Chapter 7,
which is known to be the fastest algorithm for computing connected components on CPUs
and GPUs [51, 95]. Our proof is verified by the proof assistant TLAPS (temporal logic of
actions proof system) [153], and is publicly available on GitHub.® We and our collaborators
have also used our method to produce TLAPS-verified publicly available linearizability proofs
[211, 210, 94] of the Herlihy-Wing queue [93], and of Jayanti’s single-writer single-scanner
snapshot [105].

Sproof available at: https://github.com/visveswara/machine-certified-linearizability
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2.5 Contributions to Machine Learning

Machine learning is notorious for running very expensive computations on huge amounts of data,
and thereby benefits extensively from fast and scalable parallel algorithms. We address the problem
of speeding up Gibbs Sampling using multiprocessors in this thesis.

In Part V, we discuss our contributions to machine learning.

Asynchronous Gibbs Sampling

My work on asynchronous “HOGWILD!” Gibbs sampling is presented in Chapter 12.

Classical theories for data science generally model data sets as independent and identically
distributed (iid) draws from a modelling distribution. However, many interesting real world data
sets can be much too correlated to be treated under the iid assumption. Data provided by users
from a social network is often correlated by the relations between the agents in the network,
and data obtained from real-world sensors can be correlated depending on the proximity of the
physical sensors and the time it was collected. In this work, we develop theoretical techniques to
understand such types of non-independent data. In particular, we focus on high dimensional data
and the question of distribution sampling.

The distribution sampling problem is a classical problem in computational statistics that sees
applications in machine learning. The problem is to efficiently produce a sample (X1, ..., X,) from
a specified joint-distribution p. In the simplest case p is a distribution over {—1,+1}", with a
probability mass function (pmf) of the form p(zq,...,z,) = % H” e%.i%i%5 for some constants 0; ;,
where Z is chosen to make the sum of the masses equal to 1. (Such a distribution is called an Ising
Model.) The problem sounds vexingly simple at first. The difficulty however arises since explicitly
computing Z by summing takes exponential time.

The classical solution to the problem is sampling via Markov Chains. The idea is to run the
Gibbs Sampling Markov Chain (Algorithm 1) of the distribution p to mixing, and use the resultant
state vector s = (s1,...,s,) as an approximate sample. The efficiency of the process depends on
the mixing time, T, of the Markov Chain. It is well known that the chain will be fast mixing (with

T = O(nlogn)) if the distribution satisfies a certain condition known as Dobrushin’s Uniqueness.
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Algorithm 1 Gibbs Sampling

1: Input: Set of variables V, Configuration zo € S!V!, Distribution 7 initialization

2: fort=1toT do
3: Sample 4 uniformly from {1,2,...,n};
4: Sample X; ~ Pr [.|X-; = 2_;] and set x;: = X;;

5: For all j # i, set x; = xj,t—1;

While the T' = O(n log n) mixing time is fast, there has recently been increased interest towards
developing techniques for parallelizing this method to get even faster sampling times. Smola and
Narayanamurthy proposed HOGWILD!-Gibbs, a lock-free asynchronous multiprocessor variant of
Gibbs sampling [186]. The benefit of the HOGWILD! method is that each process needs to perform
only T'/p updates to the state vector in shared-memory. The algorithm however suffers from race
conditions, and thus does not have the same strong guarantees as sequential Gibbs Sampling.
More recently, De Sa et al. [48] proposed the study of HOGWILD!-Gibbs under a stochastic model
of asynchrony in discrete graphical models. Most importantly, they show that the asynchronous
Gibbs sampler accurately estimates events on any subset of the variables {X;} of size at most
O(en/log(n)), where ¢ is the total variational distance. Unfortunately, this result says nothing
about statistics that depend on all the variables in a graphical model. Our results focus on this
regime.

We push the understanding of HOGWILD!-Gibbs to new frontiers by proving that HOGWILD!-
Gibbs samples can be used to estimate functions of all the variables in a graphical model. Under the
same Dobrushin condition used in [48], and under a stochastic model of asynchrony with weaker
assumptions, we show that one can do better than the bounds implied by [48] even for functions

with bad Lipschitz constants. In particular, we show the following in our thesis:

o Starting at the same initial configuration, the executions of the sequential and the asyn-
chronous Gibbs samplers can be coupled so that the expected Hamming distance between the
multivariate samples that the two samplers maintain is bounded by O(7logn), where n is
the number of variables in the graphical model, and 7 is a measure of the average contention
in the asynchrony model. More generally, the expectation of the d-th power of the Hamming

distance is bounded by C(d, 7)log?n, for some function C(d, 7).

o It follows that, if a function f of the variables of a graphical model is K-Lipschitz with respect

to the d-th power of the Hamming distance, then the bias in the expectation of f introduced
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by HOGWILD!-Gibbs is bounded by K - C(d, 7)log? n.

Next, we improve the bounds for functions that are degree-d polynomials of the variables
of the graphical model. Low-degree polynomials on graphical models are a natural class
of functions which are of interest in many statistical tasks performed on graphical models
(see, for instance, [46]). For simplicity we show these improvements for the Ising model, but
our results are extendible to general graphical models. We show that the bias introduced
by HOGWILD!-Gibbs in the expectation of a degree-d polynomial of the Ising model is
bounded by O((nlogn)@=1/2). This bound improves upon the Lipschitz bound by a factor
of about (n/logn)@1/2 as the Lipschitz constant with respect to the Hamming distance

d=1) Importantly, the bias

of a degree-d polynomial of the Ising model can be up to O(n
of O((nlogn)@=1/2) that we show is introduced by the asynchrony is of a lower order of
magnitude than the standard deviation of degree-d polynomials of the Ising model, which is
O((n)%?) and is already experienced by the sequential sampler. Moreover, we also show that
the asynchronous Gibbs sampler is not adding a higher order variance to its sample. Thus,

our results suggest that running Gibbs sampling asynchronously leads to a valid bias-variance

tradeoff.

Our bounds for the expected Hamming distance between the sequential and the asynchronous
Gibbs samplers follow from coupling arguments, while our improvements for polynomial func-
tions of Ising models follow from a combination of our Hamming bounds and recent concen-

tration of measure results for polynomial functions of the Ising model [45, 71, 81].

We also illustrate our theoretical findings by performing experiments on a multicore machine.
We experiment with graphical models over two kinds of graphs. The first is the \/n x /n grid
graph (which we represent as a torus for degree regularity) where each node has 4 neighbors,

and the second is the clique over n nodes.

First, we study how valid the assumptions of the asynchrony model are. The main assumption
in the model was that the average contention parameter 7 does not grow as the number of
nodes in the graph grows. It is a constant which depends on the hardware being used and
we observe that this is indeed the case in practice. The expected contention grows linearly
with the number of processors on the machine but remains constant with respect to n. Next,
we look at quadratic polynomials over graphical models associated with both the grid and

clique graphs. We estimate their expected values under the sequential Gibbs sampler and
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HOGWILD!-Gibbs and measure the bias (absolute difference) between the two. Our theory
predicts that this should scale at y/n and we observe that this is indeed the case.
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Chapter 3

Preliminaries

3.1 Model

In this thesis, we consider algorithms for shared-memory multiprocess systems. Such a system
consists of a set I of processes running programs concurrently on a machine with a shared random
access memory. In addition to the shared memory, processes have private local registers. We model
the processes as running asynchronously, meaning that we make no assumptions about the speeds
at which individual processes take steps. More formally, asynchronicity is modeled as an adversarial
scheduler, which decides which process gets to execute its next line of code at each time step of the

concurrent system.

Synchronization Primitives Traditionally, registers in random access memory are known to
support two atomic operations: load and store. Loading, a.k.a. reading, a shared memory register
x returns the value of the register, and storing, a.k.a. writing, a value v to the register  changes
its value to v. Modern multiprocessors offer several other atomic operations on shared memory
registers. In this thesis, we use two of these operations: FAS (fetch-and-store a.k.a. swap) and CAS

(compare-and-swap).

e Given a shared memory register x, a value v, and a private register r:

r <— FAS(x, v) instantaneously stores the current value of x to r and updates the value of x

to v.

e Given a shared memory register x, two values v and v, and a private register r:

r < CAS(x, u,v) instantaneously executes the following code. If the register x currently holds
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the value u, then the CAS updates the value of x to v and sets r to true; otherwise, if z holds

any other value, then the CAS does not affect the value of x and sets r to false.

Algorithm Execution In a concurrent algorithm, the system starts in some initial configuration
Cy and each process is given a program to execute, and the processes concurrently execute the
steps of their individual programs as interleaved by the adversarial scheduler. In this context, some

important terms of note are the following.
Definition 3.1.1 (step, event, run, history).

o A step of an algorithm is a triple (C, (7, £),C") such that C is a configuration, 7 is a process,
¢ is the line of code pointed to by 7’s program counter in C, and C’ is a configuration that

results when 7 executes line ¢ from C.
o The event corresponding to a step (C, (m,£),C") is (m,{), i.e., process m executing line £.

o A run of an algorithm is a finite sequence Cy, (m1,41),C1, (72,42),Co, ..., (7, lk), C or an
infinite sequence Cy, (m1,¢1),C1, (72,¢2),Ca, ... such that Cy is an initial configuration and

each triple C;_1, (m;, £;), C; is a step.

e The history corresponding to a run is the subsequence of events in the run.

3.2 Data Objects

Many of the algorithms that I discuss in this thesis are for implementing concurrent data objects.
Each data object is an implementation of some data type. Informally, the type specification de-
scribes the states a data type can be in, the set of operations the data type supports, and what state
change and return value are prompted by each operation being performed in each state. Formally,

a data type can be specified as follows.
Definition 3.2.1 (data type). A data type T consists of the following components:
e a set of states X that the object can be in.
o a set of operations OP that can be invoked on the object.
 for each op € OP, a set of arguments ARG, that the operation op can be called with.

e a set of responses RES, a.k.a. return values.
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o a transition function §(o,,op,arg) that outputs the new state ¢’ and the return value res
that result when the operation op with argument arg is performed by process m while the

object is in state o. Formally, the transition function is

§: X xII x {(op,arg) | op € OP,arg € ARG,p} — ¥ x RES

Remark 3.2.2. Operations that require “no argument” (i.e., read), are modeled as taking an
argument from a singleton set (i.e., ARG cqq = {L}). Similarly, operations that return “no result”

(i.e., write), are modeled as returning the result ack.

Remark 3.2.3. Our definition of § (as a function) can be modified to a relation to allow various
generalizations of the concept of object type—types that are non-deterministic, types where not
every process is allowed to perform every operation (e.g., single writer snapshot), and types where
an operation’s behavior can depend on which process executes the operation (e.g., load-linked /store-

conditional a.k.a., LL/SC).

Implementing complex objects, such as hash tables and union-find objects, from primitive ob-
jects supported by the underlying hardware (registers supporting read, write, CAS, etc.) is a
central problem in multiprocessor programming. Below, we describe what an implementation en-
tails. Later on, we will define what it means for an implementation to be correct, in the sense of

linearizability.

Definition 3.2.4 (implementation). An implementation O of an object of type T initialized to state

oo for a set of processes Il specifies
e A set of objects ) called the base objects along with their types and initial states.

A set of procedures O.opr(arg) for each 7 € II, op € 7.OP, and arg € T.ARG,p,. The objects

accessed in the code of the procedures must all be in €.

To execute an operation op with argument arg on the implemented object O, a process w
invokes the method O.op,(arg) (and executes the code in the procedure). The value returned by

the method is deemed O’s response to this operation invocation.

Implementation Behaviors Consider an object implementation O, and a run R in which pro-
cesses invoke operations on O, execute the corresponding procedures of O, and receive responses.

By the definition of a run, R is an alternating sequence of configurations and events. Some of the
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events are invocation events, i.e. calls to O’s procedures, and some are response events, i.e. the
execution of return statements of O’s procedures. (Of course, there are other events, such as the
execution of other lines between the call and return of a procedure.) We call the subsequence of R
that includes only the invocation and response events the behavior in R. For example, if O is an

initially empty queue, a behavior can be

(m1, invoke engx, (5)), (72, invoke degx,()), (73, invoke engx, (7)), (m2, response return 7), (m2, invoke engx,(9))

Every possible behavior of an implementation O can be generated by the generator algorithm in the
following figure, where each process repeatedly chooses an operation non-deterministically, invokes
it by calling the corresponding procedure, and executes the procedure until it returns (receives a

response). The next definition captures this discussion.

Initial Configurations:
e w is an object of type 7, in its initial state og.

o Each process 7 € II is assigned the program main,(); i.e. pcy is initialized to the first line

of main.

o Every other private register of each m € II is initialized arbitrarily.

program main,()

1: while ¢rue do choose any (op, arg) € {(o,a) | 0 € T.OP,a € T.ARG,} and invoke O.op.(arg)

Figure 3-1: Generator algorithm A(O) that generates all behaviors of an implemented object O of
type 7. Code shown for process 7 € 11.

Definition 3.2.5 (implementation runs and behaviors). Let O be an implementation of a type
7 initialized to oy for a set II of processes. We define the runs of O to be the set of all runs of
the generator algorithm, A(O). Let R be the set of all runs of @. For any run R € R, we define
behavior(R) to be the subsequence of all the invocation and response events in R. The set of all

behaviors of O is {behavior(R) | R € R}.

The Atomic Implementation Implementing an object from base objects of other types is often
challenging, but implementing an object O from a base object w of the same type is trivial: each
procedure O.op(arg) is implemented simply by executing w.opr(arg) and returning the received

response. We call this implementation the atomic implementation.
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Definition 3.2.6 (atomic implementation). The atomic implementation of an object O of type T,
initialized to o, is the implementation presented in the following figure. (On line 2, the implemen-

tation resets 7. to L as soon as it returns the value.)

Base Object: w is an object of type 7, initialized to state og.

procedure O.opr(arg € T.ARG,p) > for each op € 7.OP
L: Tx < w.opr(arg)
2: return r,
e L

Figure 3-2: : Atomic implementation of O of an object of type 7 initialized to state o¢ € 7.2.

Linearizability We are now ready to define linearizability. Intuitively, an object implementation

is linearizable if it behaves like an atomic object of the same type. Formally:

Definition 3.2.7 (linearizability). For a set II of processes, let O be an implementation of an
object of type 7 initialized to og, and let Ogtomic be the atomic implementation of an object of
type 7 initialized to og. Furthermore, let R be the set of all runs of A(O) and Ratomic be the set
of all runs of A(Ouiomic). We say a run Rauiomic € Ratomic is & linearization of a run R € R if
behavior(R) = behavior(Rgtomic). Correspondingly, we say that a run R € R is linearizable if it
has a linearization Rgiomic € R; equivalently, if behavior(R) is also a behavior of Ogiomic. We say
that the implementation O is linearizable if every finite run R € R is linearizable. Equivalently, O

is linearizable if every finite behavior of O is a behavior of Ogtomie-

Strong Linearizability In general, a run R of a linearizable implementation can have multiple
linearizations. Intuitively, a linearizable object implementation satisfies strong linearizability if for
any run of the implementation R the object can “commit to a specific linearization” £(R), such

that the linearization of any extension of the run R is an extension of L(R).

Definition 3.2.8. For a set II of processes, let O be an implementation of an object of type 7
initialized to g, and let Ogtomic be the atomic implementation of an object of type 7 initialized to
0o. Furthermore, let R be the set of all runs of A(Q) and R atomic be the set of all runs of A(Ogatomic)-

An implementation is strongly linearizable, if there is a linearization function L : R — Ratomic that
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maps each run R of the implementation to an atomic run £(R) of the atomic implementation that

is a linearization of it, such that if R, is a prefix of R, then L(R,¢) is a prefix of L(R).

Not all linearizable implementations are strongly linearizable, since, for some implementations,
we need to extend a different linearizations of a run R to linearize different extensions of R. This
notion of strong linearizability is subtle, but has been shown important in preserving hyperproperties

of composed algorithms, such as output probability distributions [80, 16].

3.3 Complexity Measures

Work Complexity The most prevalent efficiency measure for sequential algorithms is time com-
plexity. The classic analog of this efficiency measure in multiprocess computing is work complexity.
Specifically, we say that each atomic instruction executed by a process costs one unit of work . The
work done by a process 7 is the number of units of work performed by m, and the total work done
by all processes is the sum of the work done by a process over all processes. Work complexity in
multiprocessors is so analogous to time complexity in uniprocessors, that colloquially people refer

to “work” as “time” and “work complexity” as “time complexity”.

RMR (Remote Memory Reference) Complexity While work complexity accounts for all
instructions performed, sometime we wish to only account for the particularly expensive instructions
that are performed on remote memory. Whether a given instruction is a Remote Memory Reference
(RMR) or not, depends on the machine model. There are two machine models: Cache Coherent
(CC) and Distributed Shared Memory (DSM).

In the CC model, all shared variables reside in memory, which is considered remote to all
processes. Additionally, each process has a local cache where copies of shared variables can reside.
When a process m reads a shared variable x, z’s copy is brought into 7’s cache if it is not already
there. When 7 performs a non-read operation on x, copies of x in all caches are deleted. Thus, a
read operation by 7w on a shared variable that is in 7’s cache has no need to access the network,
but every other read operation and every non-read operation accesses the network and is counted
as a remote memory reference (RMR).

In the DSM model (aka NUMA) there are no caches, but the shared memory is partitioned
so that each process is assigned one part that resides locally at that process. A shared variable x

resides permanently in some process’ partition, but every process 7 can perform operations on x
) b
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regardless of whether z resides in 7’s partition or not. A (read or a non-read) operation by 7 on x

is counted as an RMR if and only if z does not reside in 7’s partition of shared memory.
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Part 11

Mutual Exclusion Locks
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Chapter 4

Standard Mutual Exclusion

4.1 Introduction

Mutual Exclusion calls for the design of an algorithm by which multiple asynchronous processes can
compete with each other to acquire a lock and release it. It is the oldest and a fundamental problem
in distributed computing [52], and is modeled as follows. Each process repeatedly cycles through
four sections of code—Remainder, Try, Critical, and Exit. A process stays in the Remainder when
it does not need the lock and, when it wants it, it executes the Try section, concurrently with
others that are also competing for the lock. When the Try section terminates, the process enters
the Critical Section (CS), where it has the exclusive ownership of the lock. When the process
no longer needs the lock, it gives the lock up by executing the Exit section and moves back to
Remainder.

The mutual exclusion problem consists of designing the code for the Try and Exit sections so
that the first property and one of the two versions of the next property in the following list are

satisfied. The last two in the list are desirable, but not always required.

e Mutual Exclusion: At most one process is in the CS at any time.

o Live-Lock Freedom (resp. Starvation-Freedom): Suppose that each process that enters the

CS eventually leaves the CS, and no process stops taking steps while in the Try or Exit
sections. Then, (i) if a process p is in the Try section, some process (resp. process p) will be
in the CS at a later time, and (ii) if a process p is in the Exit section, some process (resp.

process p) will be in the Remainder at a later time.
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e Bounded Exit: There is a bound b such that each process in the Exit section completes that

section in at most b of its own steps.

o First-Come-First-Served (FCFS): The Try section code is split into a bounded doorway,

followed by a waiting room. If a process p completes the doorway before a process g enters

the doorway, then ¢ does not enter the CS before p.

For the first two decades following Dijkstra’s original paper on this topic, algorithms were
designed for the time sharing uniprocessors of that era [174]. It was later recognized that, to perform
well on multiprocessors, the traffic that an algorithm generates on the interconnection network that
connects processors and memory modules should be minimized. This observation spurred research
on designing efficient algorithms for multiprocessors, which are commonly modeled as either Cache
Coherent (CC) machines or Distributed Shared Memory (DSM) machines.

In the CC model, all shared variables reside in memory, which is considered remote to all
processes. Additionally, each process has a local cache where copies of shared variables can reside.
When a process p reads a shared variable z, x’s copy is brought into p’s cache if it is not already
there. When p performs a non-read operation on x, copies of = in all caches are deleted. Thus, a
read operation by p on a shared variable that is in p’s cache has no need to access the network, but
every other read operation and every non-read operation accesses the network and is counted as a
remote memory reference (RMR).

In the DSM model (aka NUMA) there are no caches, but the shared memory is partitioned so
that each process is assigned one partition that resides locally at that process. A shared variable x
resides permanently in some process’ partition, but every process p can perform operations on x,
regardless of whether x resides in p’s partition or not. A (read or a non-read) operation by p on x
is counted as an RMR if and only if  does not reside in p’s partition of shared memory.

With either model, the worst-case RMR complexity of an algorithm is the maximum number
of RMRs incurred by a process between the times of leaving and subsequently re-entering the
Remainder section. The amortized RMR complezity of an algorithm is the maximum value of x/y,
where z is the total number of RMRs performed by all processes and y is the total number of times
the Try section was entered by any process. In general, the RMR complexity is function of n, which
is the maximum number of processes that execute the algorithm. Unless otherwise specified, we
use “RMR complexity” to refer to “worst-case RMR complexity”.

It is well known that the RMR complexity is crucially dependent on the set of hardware atomic
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instructions available to manipulate the shared memory. Modern multiprocessors support instruc-
tions, besides read and write, such as Compare-And-Swap (CAS) and Fetch-And-Store (FAS). The
instruction CAS(X, u,v) compares memory word X's value with u. If X’s value is u, it changes X’s
value to v and returns true; otherwise it returns false, without changing X’s value. The instruction
FAS(X,v) applied to the memory word X that contains some value u, stores v in X and returns u.

It turns out that CAS is not a suitable primitive to design constant RMR locks: if only read,
write, and CAS may be used, Cypher proved that constant RMR complexity is not achievable
[42], and more recently, Attiya et al. proved that not even sub-logarithmic RMR complexity is
achievable [17]. Thus, it is imperative that any algorithm that aspires to achieve O(1) RMR

complexity employs some instruction different from CAS.

4.1.1 The MCS lock and its advantages

An ideal mutual exclusion algorithm would have O(1) RMR complexity, i.e., the number of RMRs
performed by a process in Try and Exit sections is a constant, independent of how many processes
contend for the lock. Anderson’s algorithm was the first to meet this ideal, but it has O(1) RMR
complexity only for the CC model [13]. The watershed moment came subsequently when Mellor-
Crummey and Scott designed an algorithm [152], popularly known as the MCS lock, that not only
achieves O(1) RMR complexity for both CC and DSM models, but also has the following wonderful

properties:

e Support for an arbitrary set of processes: The MCS algorithm can be executed concurrently

by an arbitrary number of processes with arbitrary names, in contrast to some algorithms

that support only N processes, where N is fixed at the time of designing the algorithm.

e Space frugality: When N processes share an MCS lock, the total memory requirement is only
O(N) words. In fact, the MCS algorithm satisfies the following stronger property that we
call space frugality.

The MCS algorithm can be used to implement L locks, shared by N processes, using only
O(L + N) words, provided that no process holds on to more than one lock at a time (i.e.,
each process relinquishes its ownership of a lock before acquiring the ownership of another

lock). It is noteworthy that only L 4+ N words are needed, and not LN words.

o Statelessness: The MCS algorithm is stateless, i.e., once a process executes Try, CS, and Exit
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and returns to Remainder, there is nothing about the lock that the process needs to remember

while in the Remainder section.

Table 4.1: Comparison of Existing Mutual Exclusion Algorithms

O(1) RMR | Bounded S iu;;ports Single Oth
1 ounde ace rbitrar, . ther
for DSM Exit FCFS | Stateless Frr‘)ugal Set of Y Special . Drawbacks
Instruction
Processes
Anderson [13] No No No
Graunke, Thakkar [83] No
MCS [152] No FAS & CAS
Craig [41] not memory safe
Magnusson et. al [147] No
Rhee [176] No No No
Lee Alg.1 [138] No No No uses O(N?) space
Lee Alg.2 [13§] No No No No
Anderson, Kim [10] No No No
Dvir et. al Alg.1 [56] No No FAS & CAS
Dvir et. al Alg.2 [56] FAS & CAS
This chap (main)
This chap (toggling) No No
This chap (switching)

4.1.2 A shortcoming of the MCS lock

The MCS algorithm does not satisfy the important Bounded Exit property: a process in the Try
section can cause an exiting process to wait, which is undesirable because there is no intrinsic reason

why a process should be obstructed by others from giving up the lock.

4.1.3 Overcoming shortcomings: node-switching and node-toggling strategies

The MCS algorithm maintains a queue of nodes, one for each waiting process. When a process p
leaves the CS, it checks if its node x is the last in the queue. If the answer is no because some
other process q enqueued its node y behind x, p waits until ¢ communicates to p its “spin-location”
(the location where g will wait for p’s permission to enter the CS). This waiting by p is the reason
that the MCS Exit section is not bounded. Craig eliminated this waiting by requiring each exiting
process to deposit in its node a “token” that will be picked up by the next process in the queue
[41]. Thus, as p leaves the CS, instead of waiting for ¢, p deposits a token in x and lets x remain in
the queue. When depositing the token, if p sees that ¢ has already left behind its spin location in
x, p will simply go to that location and inform ¢ that it can enter the CS. This coordination, since
it involves only two processes p and ¢, is possible using only FAS (there is no need for CAS). All
is well with this strategy except that p, which owned = when it entered the protocol, had to leave

x behind in the queue when exiting the protocol. To prevent each process from having to use a
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new node each time it executed the protocol, Craig made a clever observation: once ¢, the process
that enqueues y behind x consumes the token in z, x is no longer needed in the queue. So, when ¢
exits the protocol, even as it leaves y behind in the queue (having deposited a token in y), it grabs
the node = and uses = the next time it executes the protocol. We call this the “node-switching”
strategy because ¢ came in with node y and switched to x as it left the protocol.

An alternative is the “node-toggling” strategy introduced by Rhee [176]. Here too the idea
is for p to deposit a token in its node x and leave x behind in the queue when returning to the
Remainder section. However, unlike in the previous strategy, p won’t grab x’s predecessor. Instead,
each process owns two nodes (the same two nodes at all times) and, when p executes the protocol
the next time, it simply uses the other node that it owns—the one different from x. We call this
the “node-toggling” strategy as each process toggles between its two nodes each time it executes

the protocol.

4.1.4 Our contribution

Queue lock is a generic term that refers to any mutual exclusion algorithm, such as MCS, that
organizes the waiting processes in a FIFO queue. Since the time MCS lock was introduced, many
queue locks were proposed to overcome its shortcoming, but they either lacked some strengths of
MCS or introduced a new drawback, as we explain in the next section.

In this chapter, we present a queue lock that we believe is the first to have all of the advantages
of the MCS lock and eliminate its shortcoming, without introducing any new undesirable features.
In particular, our algorithm has a bounded Exit section, while still ensuring O(1) RMR complexity
on both CC and DSM models, support for an arbitrary number of processes with arbitrary names,
space-frugality and statelessness. Moreover, unlike MCS, which requires hardware support for both
CAS and FAS instructions, our algorithm requires support for only FAS.

A further highlight is that, through two simple instantiations of our algorithm, we derive both
a node-switching algorithm and a node-toggling algorithm that are the simplest in their respective
classes among the known algorithms.

Our algorithm is also accompanied by a rigorous, invariant-based proof of correctness.

4.1.5 Comparison to prior research

The MCS lock is an example of a “queue lock,” which is a generic term for any mutual exclusion

algorithm in which waiting processes organize themselves in a queue. In the table below, we compare
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all the queue locks of O(1) RMR complexity that we are aware of, starting from the earliest one by
Anderson [13] to the recent one by Dvir and Taubenfeld [56], against the criteria discussed above.
We note that array based algorithms [13] and node-toggling algorithms [176, 138, 56] are inherently
not space adaptive. Some of the node-switching algorithms, as described in their papers, are not
space adaptive, but since they can be easily modified to be space adaptive, we have counted them
as satisfying this property.

Craig designed the earliest algorithm that satisfies all of the good properties we have listed
[41], but as pointed out by Dvir and Taubenfeld [56] and as we explain now, his algorithm has one
undesirable feature. When each node in the queue points to the next node, Craig’s algorithm needs
to pack a control bit together with the “next” pointer into the same memory word. Consequently,
the full width of memory words is not made available to store pointers.

The second algorithm in Dvir and Taubenfeld’s work also satisfies all of the good properties we
have listed [56]. However, unlike our algorithm, which requires support for only FAS, their algorithm
relies on both FAS and CAS. More importantly, their use of four fields per node, compared to just
a single field in our algorithm, led to a more complex, 15-line algorithm. In comparison, our

node-switching algorithm is only 8 lines long.

4.2 Main Algorithm

4.2.1 Informal Description

The lock described in our algorithm is a queue lock, i.e. all k processes that have passed through
the doorway will queue in the order in which they finished the doorway pi,...,pg. p1 will be
called the head process and pj; the tail process. For a given process p; in the queue, p;—; is its
predecessor and p;41 its successor. If such processes do not exist we will say that p; does not have
a predecessor /successor in the queue.

We will implement this queue ordering by giving each process p two associated variables:
mynode,, which points to process p’s node in shared memory, and prev,. For the ordering above,
for all i € [2, k], prev,, = mynode,, , and prev,, points to the anchornode, a special node that is no
active process’s mynode. The shared variable TAIL maintains a pointer to the tail node, mynode,, ,
to allow new entering processes to find the end of the queue to extend it. In general, the head
process p; is in the CS (or enabled to enter the CS). When it wishes to exit, it frees the current

anchornode, enables its successor, and leaves for the Remainder Section. So, the old mynode,,
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Algorithm 2 Our Main Algorithm
Shared Variables

sentinel: a pointer, initialized to any non-nil value
TAIL: holds a pointer, initially TAIL = sentinel
When a process p joins the protocol it allocates memory for:
NODE,: holds a pointer, arbitrarily initialized
GOp: a boolean in p’s partition of shared memory, arbitrarily initialized

Local Variables
For each process p:
mynodey: holds a pointer (to a NODE), initially mynode, = &NODE,,
prevy: holds a pointer (to a NODE), arbitrarily initialized
gop: holds a pointer to GO,
next gop: holds a pointer (to a go variable), arbitrarily initialized

mynode, < malloc(shared word) ; go, - malloc(shared boolean in p’s partition)
*mynodey, < nil
xgo, < false
prevy, < FAS(TAIL, mynodep) > Doorway Ends
if FAS(*prevy, gop) = nil then
wait till xgo, = true
CRITICAL SECTION
free(prevy); free (gop)
8: if (next go, <— FAS(¥mynode,, NONNIL)) # nil then > NONNIL can be any value not equal
to nil
9: xnext_gop < true

I

becomes the new anchornode, and for each i € [2, k], p; becomes p;_1.

A new process p that is interested in entering the CS enters the protocol by allocating itself a
node—a single word in shared memory—that is pointed to by its local variable mynode,, and a go
variable—a single boolean in shared memory—that is pointed to by its local variable go, (Line 1).
It initializes *mynode, to nil and *go, to false (Line 24-3), and then enters the queue by swapping
mynodey, into TAIL and assigning prev, the result, the previous last node in the queue (Line 4). If
the queue was previously empty, making p the head process, the swap would return the anchornode
which would hold a non-nil value, otherwise, prev, would point to p’s predecessor’s mynode which
would hold nil. The simplest algorithm therefore would make p busy-wait until *prev, # nil,
and an exiting process ¢ would simply write a non-nil value to *mynode, to enable its successor.
However, prev, points to a node of another process and thus busy-waiting on its value would lead
to unbounded RMR on a DSM machine. So, instead of reading *prev, multiple times, p FASs

«prev, with go, (Line 5). We call this the entry-swap. If the entry-swap returns a non-nil value, p
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knows it is the head and can thus proceed into the CS, otherwise it busy-waits on *go, which is in
its own partition of shared memory (Line 6). Reciprocally, an exiting process ¢ will free the current
anchor node (Line 7) and will then perform an exit-swap—it will FAS «mynode, with a non-nil
value. If the exit-swap returns nil, ¢ knows that its successor has not attempted its entry-swap yet
and is thus enabled. Otherwise, the return value of the exit-swap will be the go boolean on which
q’s successor is busy-waiting; so, g simply sets that boolean to true before going to the Remainder

Section (Line 8-9).

4.2.2 Invariant

In this section we will prove the algorithmic invariant—a statement about the algorithm that holds
true in any configuration of the multiprocess system. The invariant will be a key building block in
proving the various properties of the algorithm, i.e., mutual exclusion, starvation freedom, FCFS,
etc.

First, we define the following sets that will need to be referred to repeatedly.

P={p| PC, € [2,9]} (Active Processes
R={p| PC, € [5,9]} (Registered Processes

N = {mynode, | p € P} (Nodes of Active Processes

)
)
)
A=NU{prev, | PC, € [5,7]} U {TAIL} (Allocated Nodes)

P is the set of all active processes, while R is the subset of these processes that have already
registered themselves in the wait-queue by performing the first FAS instruction on the TAIL. N is
the set of nodes owned by the active processes. We have also defined a set of nodes A. Our invariant
will prove that A is the set of allocated nodes, i.e., the set of nodes that have been allocated by a
malloc, but that have not yet been deallocated by a free. (We consider sentinel to be initially
allocated.)

We now present the rigorous mathematical statement of the invariant in Figure 4-1. To aid

readability, we also provide below an informal description of the invariant.

1. Every active process p € P has a unique non-nil variable mynode,.

2. If there are no processes in the wait-queue (i.e. |R| = 0), then TAIL holds a special node that

is no active process’s node. And, *TAIL holds a non-nil value. (So, the first process to register
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itself can go to the Critical Section.)

3. If there are k > 0 registered processes in the wait-queue they can be ordered py, ..., p; from

first to last such that
(a) If py is still in the waiting room, then its predecessor node prevy, is non-nil and is not
any process q's mynodeg.

(b) p1 is either in the Critical Section, Exit Section, or enabled to enter the Critical Section

and in the waiting room.

(c) If py is on line 9, then there is at least one more process in the wait-queue, p; has its
successor p’s go variable in its next gop, field, and py is on line 6, waiting for go,, to

become true.

(d) If po is waiting on line 6 for its go variable to become true, then either p; is already on

line 9, or it will get to line 9 and obtain p2’s go address, since xmynode,, = gop,.
(e) For i€ [2,k]
i. The processes in the wait-queue form a chain with prev,, = mynode,, .
ii. Process p; is not enabled since *go,, = false.
iii. Process p; is in the waiting room (on line 5 or 6).
iv. If p; is on line 5, it is not enabled since *mynode,, , = nil.

v. If p; is on line 6, then it has swapped its go address into its predecessor’s node

contents.
(f) TAIL points to mynode,, the last node in the wait-queue of nodes.

(g) *TAIL holds nil.
4. The mynode and go variables are correctly initialized to nil and false by lines 3 and 4.

5. A is the set of nodes that have been allocated by malloc and not yet deallocated by free.

(We consider sentinel to be initially allocated.)

Lemma 4.2.1. The invariant I presented in Figure 4-1 holds at each step of the algorithm.

Proof of Lemma 4.2.1. The proof is by induction on the steps taken by the multiprocess system.
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1. Vp,q € P,((p # ¢ = mynode, # mynodey) N\ (mynode, # nil))
2. If R = &, then (*TAIL # nil A TAIL € N U {nil})
3. If k = |R| > 0, there is an order p1,pa,...,px of the processes in R such that

(a) PCy, € 5,7 = prevy, € N'U{nil}
(b) (PCp, €[7,9]) V (PCy, = 6 Axgop, = true) V (PCp, =5 A xprevy, # nil)
(c) PCp, =9 = (k>2APCp, =6Anext_gop, = gop,)
(d) (k>2APCp, =6) = ((PCp, # 9 A smynode,, = gop,)V (PCp, =9))
(e) Vie[2,k]:

i. prev,, = mynode,, ,

ii. *xgop, = false

iii. PC,, € [5,6]

iv. PC,, =5 = (¥mynodep,, , =nil)

v. [(i >2APCp, =6) = (¥mynodey, , = gop,)] N

[(PCp, # 9N PCy, =6) = (xmynodep, = gop,)]

(f) TAIL = mynodep,

(g) *TAIL =nil
4. Vp, (PCp =3 = sxmynode, =nil) A\ (PC, =4 = (xgo, = false N\ ¥mynode, = nil))

5. A is the set of nodes that have been allocated but not yet freed.

Figure 4-1: Invariant [ is the main invariant of Algorithm 2.

Base Case: In the initial state, all processes are in the Remainder Section,so P = R =N = &.
Since TAIL = sentinel initially, A = {TAIL} = {sentinel}. Each part of the invariant I holds
for the following reasons.

1. I; holds trivially since P = @.

2. I holds since TAIL = sentinel ¢ {nil} = N U {nil} and since *TAIL is initialized to

NONNIL.
3. I3 holds trivially since |R| % 0.
4. I4 holds trivially since PC), & {3,4} for every process p.
5. I5 holds since A = {TAIL} = {sentinel} initially and the sentinel is the only node that

has been allocated and not yet freed.

Induction Step: We now assume that the invariant holds in a given configuration of the

multiprocess system, and prove that it will hold after exactly one more step is executed by
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some process. Namely, we consider what happens when a process 7 executes line . We use

unprimed names to denote sets before n’s execution of [ and primed variables to denote the

same sets after the line execution.

line 1: We notice that m ¢ P before the line execution, and by definition P’ = P U {r},
N = N U {mynode,}, A" = AU {mynode,}, and R = R'.

line 2: o

line 3: o

I, I3, and I4 continue to hold since R’ = R and the set of processes p with PC, €
[3,4] are unaffected by the line execution.

Let p,q € P/, and p # q. If p,q € P, then mynode, # mynodey since I; held before
the execution of [. If p = m, then mynode, # mynode, since malloc returns a
shared word that is currently unallocated, and mynode, is in the set of allocated
nodes A before the execution of [. Furthermore, mynode, # nil since I; held before
the execution of | and mynode, is guaranteed to be non-nil by malloc. Therefore,

11 continues to hold.

A" = AU {mynode,} and 7’s line execution newly allocated mynode, and freed

nothing.

1y, I, I3, and I5 continue to hold as they are unaffected by this line.

I continues to hold since (i) every process p € [3,4] and p # m already satisfied
the invariant and is unaffected by 7’s execution of line 2, and (ii) PC; = 3, and

xmynode, = nil by the execution of line 2.

11, I, I3, and I5 continue to hold as they are unaffected by this line.

I, continues to hold since (i) every process p € [3,4] and p # 7 already satisfied
the invariant and is unaffected by 7’s execution of line 3, and (ii) PC; = 4, and
smynoder = nil by the Iy before the execution of line 3, and xgo, = false by n’s

execution of line 3.

line 4: 7 ¢ R, and R’ = RU {x} by definiton.

11,14, and I5 continue to hold as they are unaffected by this line.
I, continues to hold as it is now trivial (since |R'| > 1)

We now turn our attention to I3 the only remaining part of the invariant to be
proved. Let k = |R’|, and note that |R| = k — 1. Note that 7 = pj in the process

ordering. I3y holds in all cases since the FAS operation in the executed line 4 made

50



TAIL = mynode, and p, = m. I3, holds since *mynode, was nilbefore the line

execution by Iy, and TAIL = mynode, by I3;.

We now consider three cases, kK = 1,k = 2, and k£ > 2 to show the rest of the parts
of Ig.

k=1

PC,, = PC; =5.

I3. holds since PCy,, & [7,9]. I34, and I3, hold trivially since k < 2.

I3, holds since prevy, is the old value of TAIL, which was not in N'U {nil} by
I5 (since |R| = 0).

I3, holds since PC),, = 5 and *prev,, # nil since the old value of *TAIL was
non-nil by Is.

134, and I3, continue to hold since they were unaffected by the execution of the
line.

I3, continues to hold since PC),, could not have been 9 before the line execution—
since |R| was 1—and the value of p;’s program counter did not change.

I34 holds since PC), = PCr =5 # 6.

We remind ourselves that m = ps. The five subparts of I3, hold since:

i. TAIL was mynodey, by I3; and that value was swapped into preuvy,.

ii. xgop, = *gox = false since PC; was 4 before the execution of the line, and

therefore I, imposed this condition.

iii. PC,, =5 € [5,6].

iv. Since PC)p, = 5, I3. shows that PC),, # 9, and therefore I3; imposes that

*mynode,, =nil. Since prev,, = mynode,, by I3.;, the proof is complete.

v. Holds trivially since PC), =5 # 6.

k> 2 I3q, I3p, I3, I34, and the five subparts of I3, for ¢ < k are unaffected by the line

execution.

The five subparts of I3, hold when ¢ = k since:

i. TAIL was mynodep, , by I3, and that value was swapped into prev,, by the

execution of line 4 by 7 = pg.

ii. xgop, = *gor = false since PC; was 4 before the execution of the line, and

therefore I, imposed this condition.

iii. PC,, =5 € [5,6].
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line 5: o Iy,

e To

™ =D1

™ = D2

O

iv. *mynode,, , = nil by I3,4, since TAIL was equal to NODE,, , before the line

execution.

v. Holds trivially since PC),, =5 # 6.

Is, I, and I5 continue to hold as they are unaffected by this line.
prove I3, we consider the cases m = p1, m = po9, and w = p;, where 7 > 2.

By I3, before the execution of the line, xprev,, # nil so p; will enter the CS
and be at line 7 after the execution.

I3, holds since prevy, is unaffected by the line.

I3y, and I3, hold since PC),, =7 # 9 after the line.

I3 holds since k > 2 A PC),, = 6 implies that xmynode,, = gop, by Izey.

I3¢, I3f, and I3, continue to hold as they are unaffected by this line execution.
By I3ei» and I3¢; the comparison will succeed since *prev,, = *mynode,, = nil
and gop, will be successfully placed into *mynode,,. Furthermore, PC), will
become 6.

I3q, I3y, I3, I3 f, I34, and all subparts apart from (v) are unaffected by the line.
I3¢, will hold since *mynode,, = gop, by the FAS operation in the line, and this
will result in /34 holding since either PC,, =9, or PC),, # 9A*mynode,, = gop,.
Here we have assumed ¢ > 2, so Is¢;, and Ise; once again show that the compar-
isoin will fail and go,, will be successfully placed into *mynode,,, ,. Furthermore,
PC), will become 6. This proves that I3, continues to hold. No other part of

13 is effected by the line execution.

line 6: By one execution of line 6, we mean that xgo, will be read once. If trueis returned by

the read 7 will enter the CS, otherwise m will stay at line 6.

L4 Il?
e To

™ =D

Iy, 14, and I5 continue to hold as they are unaffected by this line.

prove I3, we consider the cases m = p; and m = p;, where ¢ > 1.

By I3, before the execution of the line, *go,, = true so p; will enter the CS and
be at line 7 after the execution.

I3, holds since prevy, is unaffected by the line.

I3y, and I3, hold since PC),, =7 # 9 after the line.

I34 holds since k > 2 A PC), = 6 implies that *mynode,, = gop, by I3c,.

I3., I35, and I3, continue to hold as they are unaffected by this line execution.
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m = p; Here we have assumed ¢ > 1, so I3 states that the read will return false. Thus,

the configuration is unchanged and I3 continues to hold.
line 7: We remark that m = p; since all other processes in R are at lines [5, 6] by I3ci;.

e [1,15, I3, and I4 continue to hold as they are unaffected by this line.

o We observe that I3y states that TAIL € N, and I3, states that prev,, ¢ N'U{nil}.
So we have shown that A" = A — {prevy, }, since prevy,, was freed in the executed

line.
line 8: We remark that 7 = p; since all other processes in R are at lines [5, 6] by I3cii;.

e 1,14 and I5 continue to hold as they are unaffected by this line.

e We now split the proof into two cases, depending on whether p; is the only registered

process.

|R| =1 In this case I3y shows that TAIL = mynode,, , and I3, then implies that smynode,, =
nil before the line execution. So, *TAIL will become non-nil and p; will leave
the protocol making TAIL ¢ N Unil by I5 and R’ = @. This shows that I
continues to hold.

I3 continues to hold since it is now trivial.

|R| > 1 In this case, it is possible for the comparison to succeed, thus we further subdi-
vide into two cases depending on the value of PC),,—there are only two cases
due to I3
PC,, = 5: By I3, the comparison on line 8 will succeed, and 7 = p; will
proceed to the remainder section. After the line execution the new p} is the
old p;4; for each i. In particular, p| is the old ps, and thus is on line 5 with
xprevy # nil and prevy & N'U{nil}. So I3, I3, and I3 hold.
I35 and I3, continue to hold by the renaming.
If |R'| = 1, then the I34 and I3, hold trivially. Otherwise, I34 holds since PCy, =
6 = >f<mynoalep/1 = gop, by I3ey. I3e is unaffected for all ¢ > 2. For i = 2, we
notice that I3, continues to hold since the hypothesis was only strengthened,
and the remaining subparts continue to hold since they were unaffected.
PC,p, = 6: By I3¢, next_gop, will now hold gop,, and the comparison will
succeed, leading to PC,, = 9. This proves I3. will continue to hold. The

remaining parts of I3 are unaffected and thus continue to hold.
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line 9: We remark that m = p; since all other processes in R are at lines [5, 6] by I3cii;. By Is. we
know that there are at least two process in R, and that PC), = 6 and next__go,, = gop,.
So, the execution of the line makes: (i) p; leaves P and R, and mynode,, leaves N, (ii)
The process p; € R’ is the old p; € R, (iii) xgoy is now true. I3, now holds since
prevy = mynodep, (by I3i) is no longer in N. I3, now holds since PC,, = 6 and
*goy, = true. I3 holds trvially since PCp, = 6 # 9. I3y and I3, hold by the renumbering
of processes in R'.
If |R'| = 1, then the I34 and I3, hold trivially. Otherwise, I34 holds since PCy =6 =
>|<myn0dep/1 = 9oy, by I3ey. I3e is unaffected for all ¢ > 2. For i = 2, we notice that
I3¢, continues to hold since the hypothesis was only strengthened, and the remaining

subparts continue to hold since they were unaffected.

4.2.3 Proof of Properties

The crisp invariant [ identified in Figure 4-1 allows us to prove all of the properties of Algorithm 2
easily. Since the algorithm allocates and de-allocates shared memory nodes, we first demonstrate

memory safety.

Lemma 4.2.2 (memory safety). A process never accesses a node or a go variable that has already

been freed.

Proof. For nodes: A process p only dereferences two shared nodes: its mynode, and its prev,.
The algorithm guarantees that mynode,, is only dereferenced when PC), € [2, 8], and prev, is only
dereferenced when PC), = 5. So, mynode, and prev, are in A when they are dereferenced, and I5
thus guarantees that they are allocated and not yet freed when dereferenced.

For go variables: Process p itself does not act on go, outside of line 3 and 6. The only other
reference to a go variable is on line 9; but I3.;; guarantees that p; is the only process that can be at
line 9, and I3, implies that next_go,, = gop, and ps in turn is on line 5 or 6 by I3¢;;. In particular,
we have shown that go, is only accessed when PC), € [3, 6], strictly between its allocation (on line

1) and deallocation (on line 7). O

We now demonstrate the various safety and liveness properties of the algorithm in sequence.
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Lemma 4.2.3 (mutual exclusion). There is at most one process p in the CS (with PC, =7) at a

grven time.

Proof. A process p with PC), = 7 is in the set R by definition. I3.;; guarantees that all the p; with
i > 2 are not in the CS. So, py is the only process that can be in the CS. O

Lemma 4.2.4 (FCFS). Algorithm 2 satisfies the FCFS property.

Proof. I3y and I3; together guarantee that the ordering p1,...,p of process in R is unique. So,
each process ¢ € R has a unique identity ¢ € [1, k] in each configuration such that ¢ = p;; we call
this identity its current position in the process wait-queue. If process ¢ completes line 4 before
process ¢, the current position of ¢ is smaller than the current position of ¢’. Since the relative
order of current positions does not change for processes in the try section, the current position of
¢ is larger than the current position of ¢ until ¢ finishes the Critical Section and executes the Exit

Section. =
Lemma 4.2.5 (starvation freedom). Algorithm 2 is starvation free.

Proof. Assume that no process is in the CS or Exit and that at least one process is in the waiting
room. By definition |R| > 1. I3, guarantees that p; is either in the CS, the Exit, or will enter the
CS after its next step. So, by our assumption, p; will eventually enter the CS if each process in the
try section continues to take steps. This shows that under our assumption, as long as a process in
the CS eventually leaves the Exit, another process will eventually enter the CS. Since Algorithm 2

satisfies FCFS, Starvation-Freedom follows. ]
Lemma 4.2.6 (bounded exit). The Exit Section is bounded.

Proof. The Exit Section finishes in at most two steps. O

4.2.4 RMR and Space Complexity

In this section, we analyze the efficiency of our main algorithm when it is used in a system with N
processes. In order to express the tightest possible bounds and compare them to previous work we

define n = |P| < N as the total number of active processes.

Lemma 4.2.7. Algorithm 2 is stateless and memory adaptive, i.e., it uses only O(n) space.
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Proof. Since the algorithm requires no process to remember any variables in the Remainder Section,
the algorithm is stateless. Since each process p frees go, in the Exit Section, at most one such
variable is allocated per active node. Invariant I5 states that A = N U{prev,|PC), € [5,7]}U{TAIL}
is the set of allocated nodes. We now use invariant I3c; to see that all but one of the prev,’s must
be in the set N, and use I3 to see that TAIL € N unless both N and {prev,|PC,, € [5,7]} are empty.

So, we see that in all cases |A| <n+ 1. O
We now show that RMR complexity of the algorithm is constant.
Lemma 4.2.8. Algorithm 2 has RMR complexity O(1) in both the DSM and CC model.

Proof. The algorithm has only a single line that can be run more than once, namely line 6 which
contains a wait till statement. In the DSM model, this line is reading a variable in p’s partition
of memory and thus costs zero RMRs. In the CC model, this line process p is repeatedly reading
*gop. Since, true is the only value ever written to xgo, by another process, p can incur at most two
RMRs on this line: the first to read it the first time, and if it is false, another to read it after it’s

modified to true. O
We summarize the results on Algorithm 2 in a theorem.

Theorem 4.2.9. The main algorithm has the following properties: mutual exclusion, starvation
freedom, FCFS, bounded exit, O(1) RMR complezity in both DSM and CC models, O(n) space

complexity, space-frugality, and statelessness.

4.3 Instantiations

In each attempt of the main algorithm, the attempting process p allocates its mynode, in the
Try Section and frees its prev, in the Exit Section. The original algorithm is written for a shared
memory machine with a linearizable memory allocator. We now show two simple ways to implement

a memory allocator for this particular algorithm that lead to useful variations of the main algorithm.

4.3.1 Deriving a Node Toggling Algorithm

In order to prove that this is a valid implementation of a memory allocator for the presented
algorithm, we must show that each time a node is being given out by malloc, it is a node that is

not currently allocated. In order to show this, we define IpT , the toggle invariant for process p:
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Algorithm 3 Our Node Toggle Algorithm Memory Allocator
For each process p:
mynodep[0], mynode,[1]: hold pointers to nodes
tp € {0,1}: arbitrarily initialized

1: malloc)(shared word)

2 tp < 1—1,

3: return mynodey|t,]

4: freep(nodeptr) > do nothing
IpT = (p € P = mynode, = mynodep|t,)) A

(PCy € {8,9,1} = mynode,[1 —t,] ¢ A)

We now prove the toggle invariant IT := Vp, IpT
Theorem 4.3.1. I is an invariant of the toggle instantiation of the main algorithm.
Proof. The proof is by induction on steps of the multiprocess system.
Base Case: Consider any process p in the initial configuration, we see that p ¢ P and

mynode,|0], mynode,[1] € A. So, IT holds in the initial configuration.

Induction Step: Assume IT holds in a given configuration, and consider what happens when

some process 7 takes the next step.

— If  executes a line other than 1 and 7, I” is unaffected and thus continues to hold after
the step.

— If the next step of 7 is line 1, then mynoder[l — t;] is not allocated before the line
execution by I7. So, when ¢, is complemented and mynodex[t,] is returned, I’ continues
to hold. Ig is unaffected for other processes p # m, so I7 continues to hold after the
step.

— If the next step of 7 is line 7, then A = N after the free operation, since I3, shows that
TAIL € N, I3¢; shows that {prev,|PC, € [5,7] } C N. Since N' = {mynodep|p € P} and

mynode, = mynode[t;] we conclude that mynoder[1 — t-] & A.

Corollary 4.3.2. The toggle allocator can be used with the main algorithm.
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Proof. I" shows that nodes returned by malloc are never in A, and I5 shows that A is the set
of allocated and not yet freed nodes. So, the toggle allocator always mallocs only unallocated

nodes. O

Now that we have proved the correctness of the toggle allocator, we notice that we can actually
inline the toggle allocation process to simplify the main algorithm to the toggle algorithm, presented
below as Algorithm 4. In line 7 of this algorithm, NONNIL can be any value that is not equal to

nil.

Algorithm 4 Our Node Toggle Algorithm: Derived by Instantiation from Our Main Algorithm
ty+—1-—1,
gop < false
NODE,[tpy] - nil
prevy, < FAS(TAIL, &NODE,|[t,]) > Doorway Ends
if FAS(xprevy, &go,) = nil then
wait till go, = true
CRITICAL SECTION
if (goptr, < FAS(NODE,|[t,], NONNIL)) # nil then
xgoptry, <— true

4.3.2 Deriving a Node Switching Algorithm

Algorithm 5 Our Node Switching Memory Allocator

For each process p: previous, is initially &NODE,

—_

: malloc,(shared word)

2: return previous,
3: free,(nodeptr)
4: previous, < nodeptr

We now show that the node switch allocator will only allocate unallocated nodes. To do this, we

I;?, the node switch invariant for process p:
Ips = p € (2,7 <= previous, € A

We wish to show the node switch invariant I° := ¥p, ij

Theorem 4.3.3. I° is an invariant of the node switch instantiation of the main algorithm.
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Proof. The proof is by induction on steps of the multiprocess system.

Base Case: Consider any process p in the initial configuration, PC, = 1 and previous, € A.

So, I® holds initially.

Induction Step: Assume I° holds in a given configuration, and consider what happens when

some process 7 takes the next step.

— If m executes a line other than 1 and 7, I® continues to hold since no node is allocated

or freed on the line and I5 states that A will therefore be unaffected by the step.

— If the next step of 7 is line 1, by inductive hypothesis previous, ¢ A before line 1 and
previous, = mynode, € A after line 1. Therefore, I° holds after the step. For p # T, IpS
is unaffected by the step, so I° holds after the step.

— If the next step of 7 is line 7, by inductive hypothesis prev, € A before the step and
prevy (which is also the new value of previousy) is not in A after it is freed by I5. So,
I? holds after the step. For p # , IpS is unaffected by the step, so I° holds after the

step.

Corollary 4.3.4. The node switch allocator can be used with the main algorithm.

Proof. I® shows that nodes returned by malloc are never in A, and I5 shows that A is the set of
allocated an not yet freed nodes. So, the node switch allocator always mallocs only unallocated

nodes. O

Inlining the node switch allocator into the main algorithm yields the node switch algorithm,
presented below as Algorithm 6. In line 7 of this algorithm, NONNIL can be any value that is not

equal to nil.
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Algorithm 6 Our Node Switching Algorithm: Derived by Instantiation from Our Main Algorithm

o

mynode, < prev,

*mynode, < nil

xgop < false

prevy, < FAS(TAIL, mynodey)

if FAS(xprevy, go,) =nil then
wait till xgo, = true

CRITICAL SECTION

if (next_go, < FAS(*mynode,, NONNIL)) # nil then

xnext__gop < true

> Doorway FEnds
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Chapter 5

Abortable Mutual Exclusion

5.1 Introduction

The Mutual exclusion problem, proposed by Dijkstra, is an abstraction of a lock that is owned
by at most one process at any time [52]. The abortable mutual exclusion problem, proposed by
Scott and Scherer [180] in response to the needs in real time systems and databases, is the variant
that allows processes to abort from their attempt to acquire the lock. Worst-case constant remote
memory reference (RMR) algorithms for mutual exclusion using hardware instructions such as
Fetch-and-Add or Fetch-and-Store have long existed for both Cache Coherent (CC) and Distributed
Shared Memory (DSM) multiprocessors [13, 83, 152, 41, 148, 10, 56|, but no such algorithms are
known for abortable mutual exclusion. Even relaxing the worst-case requirement to amortized,
algorithms are only known for the CC model—Lee’s deterministic algorithm [138] and Giakkoupis
and Woelfel’s randomized algorithm [72]. In this chapter, we improve this state-of-the-art by
designing a deterministic algorithm that uses Fetch-and-Store (FAS) to achieve amortized constant
RMR in both the CC and DSM models. A further highlight of our algorithm is that a process can
abort in O(1) steps in the worst-case, a property that neither Lee’s nor Giakkoupis and Woelfel’s
algorithm has. In the rest of this section, we specify the problem, the RMR complexity metric, and

describe our contribution in the context of prior research.

5.1.1 Specification of Abortable Mutual Exclusion

In the abortable mutual exclusion problem, each process is modeled by five sections of code—

Remainder, Try, Critical, Exit, and Abort sections. A process stays in the Remainder section when
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it does not need the lock and, once it wants the lock, it executes the Try section concurrently with
others that are also competing for the lock. Anytime a process is outside the Remainder section, the
environment can send an “abort” signal to the process (how the environment sends this signal to a
process does not concern us). From the Try section, a process jumps either to the Critical Section
(CS) or to the Abort section, with the proviso that a process may jump to the Abort section only
if it receives the “abort” signal from the environment while in the Try section. While in the CS,
a process has exclusive ownership of the lock. When it no longer needs the lock, the process gives
it up by executing the Exit section to completion and then moving back to the Remainder section.
If a process enters the Abort section from the Try section, upon completing the Abort section the
process moves back to the Remainder section.

The abortable mutual exclusion problem consists of designing the code for the Try, Exit, and

Abort sections so that the following properties are satisfied [104].

e Mutual Exclusion: At most one process is in the CS at any time.

e Bounded Exit: There is a bound b such that each process in the Exit section completes that

section in at most b of its own steps.

e Bounded Abort: There is a bound b such that, once a process receives the abort signal from

the environment, it will enter the CS or the Remainder section in at most b of its own steps.

We call this bound b the abort-time.

e Starvation-Freedom: Under the assumption that no process stays in the CS forever and no

process stops taking steps while in the Try, Exit, or Abort sections, if a process in the Try

section does not abort, it subsequently enters the CS.

We now state another desirable property that has never been proposed or investigated earlier.
In any application, the environment sends the abort signal to a process only when there is some
urgent task that the environment needs the process to attend to. In such a situation, we would
want the process to “quickly” abort from its attempt to acquire the lock. Accordingly, we define
abort-time as the worst-case number of steps that a process takes between receiving an abort signal
and subsequently entering the CS or the Remainder section. So, we would like the abort time to

be a constant independent of the number of processes:

e Fast Abort: The abort-time is an absolute constant.
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Next, we define a novel fairness property called Airline First Come First Served (AFCFS),
which is a natural relaxation of the standard First Come First Served (FCFS) property for the
abortable setting. For intuition, imagine you are waiting to check-in in a long airline queue. You
will not mind if someone who was ahead of you but left for the restroom (i.e. aborted) comes
back to their old position in the queue. However, you will not allow a newcomer to take a position
ahead of you in the queue. Before formalizing this property below, recall that FCFS for standard
mutual exclusion (i.e. without the abort feature) is formalized using either the notion of a bounded
Doorway [135], or more directly by the following condition: there is a bound b such that if a process
p1 performs b steps of the Try section before a process ps enters the Try section, then po does not
enter the CS before p;.

Turning our attention back to the abortable problem, we say a process begins a passage when
it first enters the Try section or when it first enters the Try section after the end of its previous
passage, and the passage ends when the process completes the Exit section. Note that a process
can abort arbitrarily many times within each of its passages. Let m; be a passage of p; and 7 a
passage of po. We say that my b-precedes mo if p1 executes b steps s1, S2, ..., sp of the Try section in

71 before the start of mo and p; does not abort in 7 after step si.

o Airline First Come First Served (AFCFS): There is a bound b such that if a passage m; by

process p1 b-precedes a passage mo by process ps, then po does not enter the CS in w9 before

p1 enters the CS in 7.

Note that if no aborts are ever performed, then AFCFS coincides identically with standard
FCFS.

5.1.2 RMR Complexity

In a cache-coherent (CC) machine each process has a cache. A read operation by a process p on a
shared variable X fetches a copy of X from shared memory to p’s cache, if a copy is not already
present. Any non-read operation on X by any process invalidates copies of X at all caches. An
operation on X by p counts as a remote memory reference (RMR) if either the operation is not a
read or X’s copy is not in p’s cache. In a distributed shared memory (DSM) machine, instead of
caches, shared memory is partitioned, with one partition residing at each process, and each shared
variable resides in exactly one partition. Any operation (read or non-read) by a process p on a

shared variable X is counted as an RMR if X is not in p’s partition.
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The worst-case RMR complexity of an algorithm is the maximum number of RMRs incurred
by a process between the times of leaving and subsequently re-entering the Remainder section, not
counting any RMRs incurred in the CS. The amortized RMR complexity of an algorithm is the
maximum value of x/y, where z is the total number of RMRs performed in the Try, Abort, and
Exit sections by all processes and y is the total number of times the Try section was entered by
any process. In general, the RMR complexity is a function of n, which is the maximum number of

processes that execute the algorithm.

5.1.3 The Impact of Synchronization Primitives on RMR Complexity

The RMR complexity of the mutual exclusion problem is well known to depend on the synchro-
nization primitives available for use in algorithms. A long standing lower bound due to Cypher
[42], and an even stronger lower bound due to Attiya, Hendler, and Woelfel [17] establish that con-
stant RMR complexity is unachievable even for standard mutual exclusion using read, write, and
Compare-and-Swap (CAs). In fact, sub-logarithmic deterministic RMR complexity is unachievable
even with amortization using only read, write, and CAs [17]. On the other hand, it has long been
known that standard mutual exclusion has constant RMR algorithms using non-conditional prim-
itives, such as Fetch-and-Add (F&A) [13, 10] or Fetch-and-Store (FAS) [83, 152, 41, 148, 56, 108]
(the constant bound holds only on CC machines for some of these algorithms, and for both CC and
DSM machines for the others). Thus, FAS or F&A can be more effective than CAs when solving
mutual exclusion and related problems. Our algorithm is based on the FAS primitive.

There is another sense in which FAS and F&A are stronger than CAs: unlike FAS and F&A,
CAs admits a deterministic O(1) RMR implementation using read and write operations [79]. Con-
sequently, any algorithm A that uses read, write, and CAS can be transformed into an algorithm A’
that uses only read and write by replacing each instance of CAS in A with its implementation via
reads and writes. The resulting algorithm A’ would have the same asymptotic RMR complexity
as A, and may appear to solve the same problem as A does. However, the latter is not always
the case because the CAs implementation via reads and writes is blocking. As a result, if A is a
mutual exclusion algorithm that uses CAS in the Exit section, A’ may not satisfy the Bounded Exit
property even if A does. If A is an abortable mutual exclusion algorithm that uses CAS in its Try
section, A’ no longer solves the problem because the CAS implementation via reads and writes is

not abortable.
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5.1.4 Our Contribution

We investigate whether O(1) RMR complexity is feasible for abortable mutual exclusion in the
CC and DSM models. If the goal is O(1) worst case RMR complexity, the problem has been and
continues to be open. On the other hand, for O(1) amortized RMR complexity, there has been some
progress, albeit only for the CC model. In light of the lower bound described above, it follows that
any algorithm that aspires for O(1) amortized RMR complexity must either use synchronization
primitives other than CAS or use randomization. The former approach was taken by Lee [138], and
the latter by Giakkoupis and Woelfel [72]. Lee’s algorithm (the second one in his thesis [138]) is
deterministic and uses FAS and CAS, but its amortized RMR complexity of O(1) was unproven
and even unobserved. Giakkoupis and Woelfel’s algorithm, uses CAS and randomization, but has
expected O(1) amortized RMR complexity only against an oblivious scheduler. Their algorithm
uses infinite arrays but they also sketch how to keep the memory use bounded to a polynomial (of
unknown constant degree).

For the DSM model, there are no algorithms using common synchronization primitives of even
sub-logarithmic amortized RMR complexity, let alone O(1). In fact, only two algorithms of bounded
RMR complexity are known: Jayanti’s algorithm [104] and the first algorithm in Lee’s thesis [138],
both of which have logarithmic worst-case RMR complexity.

In this work, we design a deterministic algorithm that uses FAS and guarantees O(1) amortized
RMR complexity for both the CC and DSM models.! Our algorithm supports Fast Abort: a
process aborts within 6 steps of receiving the abort signal. The algorithms of Lee and Giakkoupis
and Woelfel do not have the fast abort property, making ours the first to support Fast Abort and
have O(1) amortized RMR complexity in either model. (To the familiar reader, Lee’s algorithm
does not satisfy fast abort because an aborting process p may find as many as ©(n) aborted nodes
ahead of its node. In this case, p removes each of these nodes from the wait-queue, taking ©(n)
steps, before aborting.)

Our algorithm has the following additional desirable properties: It satisfies AFCFS, requires
only O(1) space per active or aborted process, and supports an arbitrary number of processes of
arbitrary names. It is also succinct with fewer than a dozen lines of code.

Our algorithm is inspired by a long line of research on queue locks, especially of the MCS variety

[152], where waiting processes are organized as a linked list. The MCS lock uses both FAS and

!The Fetch-and-Store (FAS) instruction is a read-modify-write instruction that behaves as follows: FAS(X,wv)
changes shared variable X’s value to v and returns X’s previous value.
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Cas, and does not satisfy Bounded Exit. Craig refines this algorithm to use only FAS and bound
the exit section [41]. A further simplification of Craig’s algorithm is presented by Jayanti et. al.
[108]. These locks use only O(1) space per active process and support an arbitrary number of
processes which Lee’s algorithm as well as ours inherit. The second algorithm in Lee’s Thesis [138]
builds on Craig’s algorithm to implement the abort feature on CC machines. Lee’s clever insight is
that an aborting process could leave its node in the queue and try to reclaim that position the next
time it attempts to capture the lock (thereby realizing AFCFS). Our algorithm builds on those of
Jayanti et. al. and Lee with two further insights. The first concerns what actions a process takes
upon receiving the abort signal. In Lee’s algorithm, an aborting process—even as it leaves its own
node in the queue—Xkicks out all contiguous aborted nodes in front of it. In contrast, our algorithm
kicks out at most one node. This idea makes the proof of starvation freedom more complex, but
is crucial to achieving Fast Abort. Second, our algorithm incorporates the requisite indirection
to ensure constant RMR complexity even on DSM machines. This indirection is algorithmically
subtle because, even though it “falsely” wakes waiting processes multiple times, neither correctness
nor the constant amortized bound is broken. We prove mutual exclusion through invariants, and

starvation-freedom and complexity analysis through potential functions.

5.1.5 Prior Research

Algorithm Primitive | RMRs WC / Amrt | Det. | Space DSM | Fairness | Fast Abort
Scott et al. [180] FAS,Cas | oo wC v | oo v

Scott CLH-NB [179] | FAS,Cas | oo wC v | oo v

Scott MCS-NB [179] | FAS,Cas | oo wC v | oo v

Jayanti [104] Cas O(logn) wC v | 6(n) v FCFS

Lee Alg 1 [138] None O(logn) wC v | O(nlogn) v

Lee Alg 2 [138] FAS,Cas | ©(n)/6(1) | WC/Amrt v | O(n) AFCFS

Lee Alg 3 [138] FAS O(n?) wC v | oo FCFS

Lee Alg 4 [138, 137] | FAS O(n?) wC v em? FCFS

Woelfel et al. [169] | Cas ) wC o(n)

Giakkoupis et al. [72] | Cas o(1) Amrt 00

Alon et al. [7] F&A, Cas | O(ps) wC v | o@n?

This Chapter Alg 7 FAS o(1) Amrt v | O(n) AFCFS v
This Chapter Alg 8 FAS o(1) Amrt v | O(n) v AFCFS v

Table 5.1: Summary of abortable locks. The columns describe: RMR complexity; whether the
complexity is worst case (WC) or amortized (Amrt); whether the algorithm is Deterministic (Det.)
or randomized; space complexity; whether the RMR bound holds for the DSM model; what fairness
condition (if any) the algorithm satisfies; and whether the algorithm supports Fast Abort.

We list previous algorithms for abortable mutual exclusion and their properties in Table 5.1.
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Scott and Scherer were the first to formulate the abortable mutual exclusion problem [180], but
their algorithm and Scott’s subsequent algorithm [179] have unbounded RMR complexity. Jayanti
presented the first algorithm of bounded RMR complexity [104]. His algorithm uses CAS and has
O(logn) RMR complexity which is optimal by the aforementioned lower bound [17]. Giakkoupis
and Woelfel gave a Cas-based randomized abortable lock of O(1) expected amortized RMR com-
plexity [72], which contrasts positively with the lower bound [17] that deterministic sub-logarithmic
complexity is infeasible even with amortization. Another CaAs-based algorithm by Woelfel and Pa-
reek [169] uses randomization yet again to beat the lower bound and attain a sub-logarithmic,
albeit non-constant, expected RMR complexity.

Lee’s dissertation has four FAS based deterministic algorithms with worst-case RMR com-
plexities of O(logn), O(n), ©(n?), and O(n?) [138]. The second algorithm has O(1) amortized
RMR complexity and satisfies AFCFS, although neither of these facts is proved by him. Alon and
Morrison [7] designed a deterministic Fetch-and-Add based algorithm with sub-logarithmic, but
non-constant RMR complexity.

Of the above, only two algorithms have bounded RMR complexity in the DSM model—Jayanti’s
[104] and Lee’s first algorithm [138].

5.2 Line Numbering Convention

We adopt the standard model in which an execution of an algorithm is a sequence of atomic steps,
where a step consists of any one process performing an instruction on a shared variable and a
bounded number of instructions on its local variables. Accordingly, we label each shared memory
instruction in an algorithm with a distinct line number, and a step consists of performing that
shared memory instruction as well as all the subsequent instructions on local variables, up to and

excluding the next numbered shared memory instruction.

5.3 An O(1) Algorithm for CC

In this section, we describe a very succinct algorithm that is designed to have the O(1) Amortized
RMR complexity guarantee only on CC machines. Our algorithm uses ideas that are similar to
Lee’s [138], but it is simpler and it uses only the FAS synchronization primitive; additionally, we

furnish it with a proof of correctness via invariants and an amortized complexity analysis.
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Algorithm 7 : Amortized constant RMR abortable lock for CC machines. Code shown for process
p. Process p jumps to the Abort Section if the abort signal is on and p is at Line 4 or 5.

Variables
e A node is a single shared memory word that can hold a pointer, or nil, or token.
e TAIL: shared variable that points to a node. Initially, it points to a node that is allocated
and initialized to token.

e When a process p first participates in the algorithm:

— It allocates two local variables mynode, and pred, both of which point to the same
freshly allocated node initialized to nil.

— It allocates an uninitialized local variable v, that can hold a pointer, nil, or token.

Section TRY(p)
if FAS(xmynodey,nil) # pred, then

[

2: pred, < FAS(TAIL, mynode,)

3: vp < FAS(*predy,,nil)
if v, € {nil, token} then pred, < v,
while v, # token do

4: if (v, < *predy) € {nil, token} then

5: vp < FAS(*pred,,nil)
if v, ¢ {nil, token} then pred, < v,

Section EXIT(p)
6: *mynode, < token
mynode, < pred,

Section ABORT(p)
7 *mynode, < pred,

Remark 5.3.1. The algorithm only requires that token is different from every value that mynode,
could take on; so we can use the address &TAIL as token.

5.3.1 Informal Description

We present our abortable lock as Algorithm 7. To build intuition about the algorithm, we start by
describing how the lock would work if processes do not abort. Then, we describe the parts of the
code that facilitate efficient aborting.

Fundamentally, our lock is a queue lock, i.e. all k processes that have finished the doorway but
not yet the Exit section form a process wait-queue, Q = q1, ..., qr. We call the first process in the
queue, q1, the head process and the last process g the tail process. Furthermore, for each process
i, the process ¢;—1 is its predecessor and q;+1 is its successor—apart from the head process which

has no predecessor and the tail process which has no successor.

68



In the algorithm, the wait-queue is represented as follows. Each process p has two associated
local variables mynode, and pred,, which stands for predecessor of p. Each of these variables holds
the address of a node—a single word in shared memory—that stores either nil, the address of
another node, or the special value token. The abstract wait-queue qi, ..., gy is represented by the
list mynodey, , ..., mynodey, ; this list is linked by the predecessor pointers, with pred,, pointing
to the same node that mynode,, , points to, for each i € [2,k]. Furthermore, pred,, points to a
node that is not any process p’s mynode,; we call this node the anchor node and let ag denote its
address. For brevity, we let a; denote mynode,,, and define the node wait-queue to be the linked list
of node addresses ag, aq,...,a;. In the remainder of the description, we use the term wait-queue to
refer to either the process or node wait-queue as disambiguated by context. The final important
component of the queue representation is the shared variable TAIL which holds the address a; of
the tail node. When a process that is not currently in the wait-queue wishes to join, it simply
needs to apply an atomic FAS on TAIL to secure its predecessor node’s address and simultaneously
insert its node as the new tail of the wait-queue.

FEach process uses its node to signal to its successor whether or not it has permission to enter
the CS. In particular, when g; leaves the CS, it replaces the nil in its node a; with token, thereby
signaling its successor g;+1 that it may enter the CS. Accordingly, ¢;+1 simply spins on the shared

variable xpred and enters the CS only after it finds token there. The algorithm ensures that

Qit17
xag = token and *a; = nil for ¢ € [1, k] so that the head process is in the CS while all others wait.

In an execution of the Try Section, a process p performs the doorway by swapping nil into
mynode,, to initialize (Line 1), and joining the queue by swapping the address mynode, with TAIL
and storing the result in pred, (Line 2). Then p spins, repeatedly reading *pred, into v, (Line 4)
until it becomes token (the condition of the while loop right before Line 4), at which point p
proceeds to the CS. We ignore Line 3 for now, until we get to describing aborting.

Our protocol ensures that the anchor node ag holds token, which implies that ¢; is either
already in the CS or enabled to enter the CS?. As ¢ exits, it enables its successor by writing token
to xaq at Line 6. This ties up aq since its successor needs to read the token inside it in order to
acquire the CS; however, it frees up the old anchor node ay which was the node that ¢; got the

token from when it entered the CS. So, ¢; relinquishes its ownership of a; to let it become the new

anchor node, and claims ownership of ag as its new mynode; this node assignment also happens on

2When we say process p is enabled to enter the CS, we mean that there is a bound b such that p will enter the CS
if it takes b steps, regardless of how its steps interleave with the steps of other processes.

69



the same line, Line 6, since it is a local action.

We now describe aborting. In our algorithm, even if a process p receives the abort signal from
the environment at or before Line 3, it is allowed to jump to the Abort section only after completing
Line 3 (which, as already highlighted in Section 5.2, includes completing all local actions associated
with Line 3). It follows that any aborting process must be in the wait-queue at Line 4 or Line 5.

When a process ¢; in the wait-queue wishes to abort, it simply replaces the nil in its node
a; with the pointer pred, (Line 7), and moves to the Remainder Section. However, the node
a; that g; owns is still a part of the linked list, so we continue to regard a; as a member of the
wait-queue. In fact, if ¢; executes the Try Section immediately after aborting, it will notice that
x*mynodey, = predy in the comparison at Line 1, and thereby skip Line 2 and reclaim its old
position in the wait-queue. On the other hand, if ¢; continues to stay in the Remainder section,

process g;+1, which is continually reading the value of *pred, (i.e. xa;) at Line 4, will notice that

qi+1
*a; has a non-nil, non-token value. Thus, ¢;11 will perform the FAS at Line 5 that splices a; out

of the linked list, by simultaneously setting pred to a;—1 and *a; to nil. If ¢; attempts the Try

qi+1
Section now, it will immediately discover that it has been removed from the queue, since nil has
replaced pred,, in xmynodeg, (Line 1).

Next we turn our attention to Line 3, the only line that we have not described yet. Notice
that this line is identical to Line 5, yet, its placement at Line 3 is pivotal to ensuring Starvation

Freedom. To see this, consider a scenario where processes ¢q; and g2 are both at Line 4 of the Try

Section, and the following sequence of two actions repeats an unbounded number of times:

1. The anchor node ag has token. However, rather than finding this token and entering the CS,
q1 aborts by executing Line 7. As soon as it aborts, ¢; executes Lines 1 and 2 of the Try
Section and regains its position at the front of the wait-queue. If Line 3 were not there, ¢;

would find itself back at Line 4 of the algorithm.

2. g2 executes Line 4. Since *mynodey, = nil, the condition of the if-statement and while-loop

both fail and ¢ remains at Line 4.

In the above scenario, neither process ever stops taking steps and ¢o does not abort, yet g2 never
enters the CS, thereby violating Starvation Freedom.

The essence of the problem is that process ¢; is enabled to get into the CS every time it enters
the Try Section, but it is never taking enough steps to reach the CS before aborting. Line 3

alleviates this problem by forcing every process to examine the node in front of it each time it
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enters the Try Section. Thus, the process is forced to make progress by entering the CS when
it is enabled, or by splicing out its predecessor node if it is aborted. In our analysis, we give
a rigorous argument by potential function that this small modification yields an algorithm that
satisfies Starvation Freedom.

The following theorem summarizes the properties of Algorithm 7.

Theorem 5.3.2. Algorithm 7 solves Abortable Mutual Fxclusion for an unbounded number of
processes of arbitrary names using the FAS synchronization primitive. In particular, the algo-
rithm satisfies Mutual Exclusion, Bounded Exit (O(1) steps), Fast Abort, Starvation-Freedom, and
AFCFS. It uses only O(1) space per process, and in the CC model has O(1) amortized RMR

complexity.

In the next section, we prove this theorem via an invariant which specifies precisely, what values
the variables of the algorithm take on and when, including when each node takes on each of the

three values—nil, token, or pointer to another node.

5.4 Correctness and Efficiency of the CC Algorithm

We define P to be the set of processes, and N to be the set of |P| + 1 nodes that are allocated

initially, as described in the “Variables” section of Algorithm 7.
Theorem 5.4.1. [ £ /\jli1 I; is an invariant of Algorithm 7.

Proof. We will prove the invariant by induction on steps of the multiprocess system. In particular,

we consider what happens when a process m executes its next step.

Base Case: At the beginning k = 0 and ag is the node pointed to by TAIL. This initialization
ensures that ag € N and ag # mynode, for each p € P.I1, and I hold true since TAIL = ay.
I, I3, I3, and I12 hold trivially since k = 0. I5 holds since pred, = mynode, € N for every
p € P. Is, and Ijp hold since x*mynode, = nil # pred, for every p € P and since QQ = .
I7,1g,19, I12, and I13 hold trivially since PC),, = 1 for every p € P. Ij; holds since *aq is

initialized to token.

Induction Step: We assume that invariant holds in a particular configuration, and consider
what happens if the next step is taken by some process 7 executing one of the six possible

lines.
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There is an integer k > 0, and a sequence A = ag,...,a; of k+ 1 distinct nodes and a sequence

Q=q1,...,q; of k distinct processes such that
I) TAIL = a
L) Vi € [1,k], mynodey, =
I3) Vi€ [1,k|,predy, = ai—1
1) N ={ao} U{mynode, | p € P}
Is) Vp € P, pred, € N
Is) Vp € P,(PC, =1) = (¥mynode, = pred, <= p € Q)
I7) Vp e P,(PCy # 1) = (xmynode, = nil)
Is) Vpe P,(PCp=2) = (p¢ Q)
Iy) ¥pe P,(PC, ¢ {1,2}) = (p<Q)
L) Vp € P,*mynode, € {nil, token, pred,}
Iii) (k=0)V(k>1APCy #6)) = (xap = token)
Iis) (k>1APC, =6) = (*ap € {nil, token})
)

Ii3) Vpe Pp#q = PC,#6

Note: by Iy, Is, I3, and I4, the queue of nodes starts with the tail and ends with the unique node
ap that is no process p’s mynode,. This immediately implies that k& and the sequences A and @
are unique.

Figure 5-1: Invariant of Algorithm 7.

line 1: We consider two cases: *mynode, = pred, and xmynode, # pred,.

If xmynode, = predy, then m = ¢; for some i € [1,k] by Is. So, the comparison on line
1 will fail and PC’ will become 3. The swap on line 1 will guarantee I7 and Iy after
the execution and 7 will continue to be ¢; so Iy will continue to hold. The rest of the
invariant continues to hold trivially since it is unaffected by the execution.

If xmynode, # pred,, then 7 # ¢; for any i € [1, k] by Is. So, the comparison on line 1
will succeed and PCL will become 2. The swap on line 1 will guarantee Iy and I after
the execution and 7 will continue to not be any of the ¢;, and therefore Is will continue
to hold. The rest of the invariant continues to hold trivially since it is unaffected by the

execution.

line 2: Due to the execution of line 2, the value &’ will become k + 1, q1,...,q, will
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remain the same and 7 will become ¢ and mynode, will become ay/, and PCL = {3}.
7 was not in ) before the step by Ig, and and mynode, was not in A before the step
since I and I guarantee that the k41 nodes that were in A before were either mynode,
of some ¢ € Q or ag & {mynode, | p € P}. I; will continue to hold due to the FAS
on line 2, I and I3 will hold for ¢ = k" also due to the FAS (and will continue to hold
for the other values of i as they are unaffected). Iy will hold since m = pys. I1o will
continue hold since PC. # 6. The remaining invariants will continue to hold since they

are unaffected.

line 3: Iy shows us that m = ¢; for some i € [1, k]. So, pred, = a;—1 by I3. We consider
three cases: *a;—; = nil, *a;_; = token, and *a;,—; = predy, ,. ([ip guarantees that
this is a complete list of cases.) Ijp continues to hold in all cases since nil was the new
value written into the node.

If xa;,—1 = nil, the if-condition fails and the while-condition fails and 7w goes to line 4.
All invariants are unaffected and therefore continue to hold.

If xa;—1 = token, we can infer that ¢ = 1, since I and I7 guarantee that every a; with
J > 1 holds either nil or pred,,, and pred,, # token by I5. We observe that the if-
condition fails and the while-condition succeeds and m = p; goes into the CS. xap = nil,
so I12 continues to hold. PC. becomes 6, but 7 = qi, so I13 continues to hold. The
remaining invariants are unaffected and thus continue to hold.

If xa;—1 = predy ,, then xa,_; ¢ {nil,token}. So, the if-condition succeeds, pred.
becomes predy, ,, the while-condition succeeds, and PC. becomes 4. Effectively, the
old ¢;_1 has been removed from the wait-queue @, so k becomes k — 1; ¢;,...,qr be-
come q,_q,...,q,_q, and aj,...,a; become a;_4,...,a;_;. (q1,...,qi—2 and ag, ..., ai—2
remain the same; note that I1; and I19 imply that ¢ > 2.) I3 continues to hold since
predq;_1 = predy, , = a;—2 = a,_,. The old g;—1 was removed from the @), however the

contrapositive of I7 implies that PC,, , = 1, and thus since *mynodefhi =nil, Ig and

1

Iy continue to hold. The remaining invariants continue to hold since they are unaffected.
line 4: Iy shows us that m = ¢; for some i € [1,k]. So, pred. = a;—1 by I3. We consider
three cases: *a;—; = nil, *a;_; = token, and *a;—; = predy, ,. (Iip guarantees that
this is a complete list of cases.)

If xa;—1 € {nil,token}, the same arguments as for line 3 apply and the invariant
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continues to hold.

If xa;—1 = pred,, ,, the if-condition fails, and PCJ. = 5, the invariant is unaffected and

thus continues to hold.
line 5: The argument is identical to that for line 3.

line 6: Since PC, = 6, I13 implies that @ = ¢1. Line 6 therefore removes ¢; from @, thus
kK'=k—1. q,...,q become qi,...,q), and a1, ..., a; become qg,...,a,. ag becomes
mynoder, and therefore, a1 = aj) ¢ {mynode; | p € P}. I1,I5, and I3 continue to hold
since they are simply translated to ¢/ = i—1. I continues to hold since the old nodes are
the same as the new nodes, just mynode, become a;, and ag became mynode,.. Since,
xap € {nil,token}, we see that xmynode, # pred, € N and Is and [;y continue to
hold. Iy continues to hold since PCL = 1. *a(, = token, so I11, I12 hold. The remainder

of the invariant is unaffected and thus continues to hold.

line 7: Since PC; > 2, Iy implies that 7 € Q. So, let i € [1,k], such that 7 = ¢;.
PC! =1, but *mynode]. = pred, so Is and I continue to hold. The remainder of the

invariant is unaffected and thus continues to hold.

Corollary 5.4.2. Algorithm 7 satisfies mutual exclusion.
Proof. I3 states that only process ¢; can be in the critical section. O

Theorem 5.4.3. Algorithm 7 satisfies AFCFS where the doorway constitutes Lines 1 and 2 of the

Try Section.

Proof. In order to show this property, we prove the following stronger statement by induction: f
process p = ¢; in the queue and process p' = q; in the queue with j > i, then p started its passage
before p' finished its doorway. This statement is true initially since ) is empty. The statement
continues to hold inductively whenever any process leaves () from any position. Thus, we are left
with the case where a new process p enters (). Since this case occurs only if p executes Line 2,
and thereby just finishes the doorway, it is clear that every other process in () has started its
passage before p finished its doorway in its current passage. Now in conjunction with our inductive
statement, we observe that by I3, only the first process in @), g1 , can be in the CS; that finishes
the proof. O

74



In order to show starvation freedom, we will define a distance J, for each process ¢ that is in
@ but not yet in the Exit Section. J, represents how far process ¢ is from reaching the Critical
Section, and it will attain its minimum value, one, if and only if ¢ is in the Critical Section. To
show that ¢ will eventually reach the CS, we will prove that J, will decrease if ¢ is not already
in the CS by demonstrating: (1) d, is non-increasing; (2) There is a non-empty set C(q) € P of
critical processes with respect to ¢, such that if any ¢’ € C(q) takes a step d, will decrease, and
if §, does not decrease in the next step, then the set of critical processes will remain unchanged.
Thus, since every process in the try section must eventually take a step, d, will eventually decrease
to one (if ¢ does not abort) at which point point ¢ will reach the Critical Section.

Before defining d,, we define the function f(pc) that maps a program counter value pc €
{1,3,4,5,6,7} to a single digit: f(6) = 1, f(5) = 2,f(3) = 3,f(1) = 4, f(7) = 5,f(4) = 6. If
q = ¢, 6q will be an ¢ digit number, specified as follows. Let j = min({j’ < i\PC’qj, # 1} u{i}),
then the fth digit (from most to least significant) of J, is f(PCy) for £ < j and zero for £ > j. For
example, if i =4, PCy, = PCy, =1 and PCy, =5, §; = 4420. (We have omitted the possibility of

pc = 2, since no process in ¢ € Q has PCy = 2.)

Lemma 5.4.4. Let g € Q be any process in the wait-queue, 64 = 1 if and only if q is in the Critical

Section.

Proof. If 6, = 1, then it has only one digit and thus ¢ = ¢1. So, j = 1 and PC, = 6, meaning that
p is in the Critical Section.

If ¢ is in the Critical Section, it must be the case that ¢ = ¢1 by I13. So, ; = 1 since j = 1 and
PC, = PC, =6. O

We now show that J, will eventually go down if ¢ does not abort.

Lemma 5.4.5. Let ¢ = ¢; € Q not be in the Try Section, and let j = min({j’ < i\PC’qj, # 1}U{i}).
Let 7 be the next process to take a step. We define the critical set C(q) ={qe | ¢ € [1,7]}.

o Ifm is not in the critical set, then §, does not increase and the critical set remains unchanged

after m’s step.

o If mis in the critical set, then 64 strictly decreases.

Proof. We show each of the subparts of the lemma
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o If 1 C(q) ={q,...,q;}, then it it cannot change PC,, for ¢ € [1, j], so the first j digits of
4 are unchanged. Furthermore, we observe from the proof of Theorem 5.4.1, that the index

i such that ¢ = ¢; cannot increase. So, d, cannot increase and the critical set is unchanged.

o If 7 € C(q), then we consider cases. If 7 = ¢ € {q1,...,¢j—1}, then PCy, = 1 before the
step by definition of J, and *mynode,, = pred,, by Is. So, PC,, will become three and thus
(th digit of 4, will change from four to three. The remaining preceding digits will remain the
same and the subsequent digits will become zero, so J, will decrease in value. The remaining
case is m = ¢;. If PCy, € {3,5,6}, then ¢;’s step will make g; become ¢;_1 since PC,,_, =1
and thus holds *mynode,;, | = pred,,_, by Is. This will abortable-mutex:reduce the number
of digits in d, and thereby make it strictly smaller. If PC,, € {4,7}, then the jth digit of
6q—f(PCy;)—will decrease due to the step, and all the higher order digits will remain the

same. So, 0, will strictly decrease in all cases.

Starvation freedom follows directly from the above two lemmas.
Theorem 5.4.6. Algorithm 7 satisfies starvation freedom.

Proof. Let g be a process that starts an attempt that it will not abort. It will join the process
wait-queue @) in at most two steps (by the time it is in line 3) by Iy. Let m be the minimum value
that J, attains. m cannot be greater than one, since ¢; € C(q) is in the Try or Critical Section and
thus will eventually take a step thereby reducing d, further by Lemma 5.4.5. Therefore, m =1 and

g does reach the Critical Section by Lemma 5.4.4. O

It is clear from the algorithm that both the Exit and Abort Section take worst case constant
time to execute. We want to further show that All three sections of code, Try, Exit, and Abort
take only amortized constant time. To show this, we use a potential function ®. Since lines 4 and
5 are in a while-loop, we must ensure that they have zero amortized cost. An execution of line 5
by a process p always costs one RMR for the FAS, so we define the indicator 1{pc,—5}, and will
include it in the potential function. If xpred, is not in the cache, an execution of line 4 costs one
RMR and may also lead to an execution of line 5, otherwise it costs nothing. So, we define the
function ép which indicates whether xpred, is not in p’s cache. Finally, we observe that if p’s node

is aborted, i.e., if *mynode, = pred,, then this increases the potential. So, we define Ap to be an

76



indicator that p’s node is aborted. We now define the potential function as:

LD (24, + Lipo,—5) + Y 20,
peP 1€[1,k]
Lemma 5.4.7. Let o(¥) be the amortized cost of line ¢ € [1,7]. Then, a(l) is bounded by a constant
for lines [1,3] U [6,7], and a(f) <0 for ¢ € [4,5].

Proof. We will prove the invariant by induction on steps of the multiprocess system. In particular,

we consider what happens when a process m executes its next step.

line 1: The real cost of the line is one due to the FAS. If 7 € @@ and it has at most one successor
by the invariant, and thus the change in potential is at most 2 due to the C' function. So,

amortized cost is (1) < 3.

line 2: The real cost of the line is one due to the FAS, and the potential function is unchanged

because the newly joining process has no successor. So, the amortized cost is a(2) = 1.

line 3: The real cost of this line is one due to the FAS. The potential function may increase by

two, since swapping into *pred, ensures that C is true. So, the amortized cost is a(3) < 3.

line 4: There are two cases for this line. If xpred, is already in the cache, then this line costs
nothing, and there is no change to the potential. If xpred, is not in the cache, then the real
cost of the line is 1. We know however that m = ¢; for some i € [1,k] by Iy. So, the two
units of potential that are assigned to ¢; since *pred, was not in its cache can be utilized to
pay for the real cost, and for (possibly) entering line 5. So, the amortized cost of this line is

a(4) <0.

line 5: The real cost of this line is one due to the FAS. However, one unit of potential is
released since 7 will no longer be on line 5; it will go to line 6 if the while condition fails, and

4 or 7 otherwise.

We now show that the rest of the potential function is unchanged by the line. In particular,
if xpred, was previously cached, then we know that xpred,, = pred,,_, since its value was
read on line 4, and I9 imposes that there this is the only non-nil and non-token value of
spredg, (when combined with I, I3). So, it must be the case that A, , was true before line
5 but not after, and the net potential change is zero Otherwise, if *pred, was not cached,

there is no other change to the potential function.
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So, the amortized cost of this line is «(5) = 0.

line 6: The real cost of this line is one due to the write. Since 7 is bound to go to the
Remainder at the conclusion of this line by the mutual exclusion property, there is no other

change to the potential function. So the amortized cost of this line is a/(6) = 1.

line 7: The real cost of this line is one for the write operation. The change in potential is up to

four, since the write makes A, true, and possibly causes C, to become true if 7 = ¢; € Q.

qi+1

So, the amortized cost of this line is «(7) < 5.

O
We use the above Lemma to prove the main RMR efficiency theorem about the CC algorithm.

Theorem 5.3.2. Algorithm 7 solves Abortable Mutual Exclusion for an unbounded number of
processes of arbitrary names using the FAS synchronization primitive. In particular, the algo-
rithm satisfies Mutual Exclusion, Bounded Exit (O(1) steps), Fast Abort, Starvation-Freedom, and
AFCFS. It uses only O(1) space per process, and in the CC model has O(1) amortized RMR

complexity.

Proof. All claims except for RMR complexity are immediate from the prior lemmas. To show that
the amortized RMR complexity is O(1), we simply observe that the amortized cost of an execution

of the protocol is bounded by the sum of Z a(l), since the two lines (line 4 and 5) in the
0€{1,2,3,6,7}
loop have zero amortized cost by Lemma 5.4.7. This quantity is constant, also by Lemma 5.4.7. [

5.5 An Amortized O(1) RMR Algorithm for CC and DSM

In this section, we present our abortable mutual exclusion algorithm that has O(1) amortized RMR
complexity for both the CC and DSM models. To help the reader understand the algorithm, below
we first present the high level ideas and only later point the reader to the actual algorithm and our

line-by-line commentary.

5.5.1 Intuitive Description of the Main Ideas and Their Representation

Our algorithm, once again, is essentially a queue lock: in the Try section, as processes wait to

acquire the lock, they wait in a queue. When a process enters the Try section, it adds itself to
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the end of the queue. The process that is at the front of this queue is the one that enters the CS.
When a process leaves the CS, it removes itself from the queue, and lets the next process, which
is now at the front of the queue, enter the CS. In our informal description and in the statement of
our invariant, we let () denote this abstract “process-queue”, k > 0 denote the number of processes
in @, and q1,qo, ..., q; denote the sequence of processes in (), where ¢ is the front process and gy,
is the tail process.

This abstract process-queue (@ is represented in the algorithm by a list of nodes. A node is
simply a single word of shared memory. If a set P consisting of n processes participate in the
algorithm (some of which are in the Remainder section and the others active in Try, Critical, Exit,
or Abort sections), then the algorithm employs a total of n + 1 nodes, of which n nodes are owned
by the n processes and the remaining node is not owned by any process. Thus, at any point, each
process owns one node, with different processes owning different nodes. However, the node that a
process owns and the node that is not owned by any process change with time. In the algorithm,
each process p has a local variable mynode, that holds the address of the node that p owns. We
let N denote the set of addresses of the n 4+ 1 nodes.

Turning our attention back to the abstract process-queue @) of length k, it is represented in the
algorithm by a list of £ + 1 nodes whose addresses we denote by ag,a1,...,ar, where ai,as,...,a
are the addresses of the nodes owned by q1,q2, ..., gk, respectively, and ag is the address of the
node that is not owned by any process. Thus, for all i € [1,k], a; = mynode,,. We call the list
ag,ai,. . .,ag the “node-queue”, which closely corresponds to but is distinct from the process-queue
Q. We say ¢;+1 18 ¢;’s successor process and ¢;—1 is ¢;’s predecessor process. Similarly, we call a;41
is ¢;’s successor node and a;_1 is ¢;’s predecessor node. Process g has no successor node, but ¢
has ag as its predecessor node. Henceforth, we simply use the terms successor and predecessor, and
let it be inferred from the context whether we are referring to the process or to the node.

In the algorithm, each process p has another local variable pred, through which p remembers
the address of its predecessor node. In particular, for all i € [1,k], pred,, = a;—1. There is also
a shared variable TAIL, which holds aj, the address of the last node in the node-queue. When a
process p enters the Try section, it performs a FAS(TAIL, mynode,) and stores the return value in
pred,, so as to both add itself to the end of the queue and simultaneously remember its predecessor.

The node ag is the only node that may contain a special value denoted token. Once a process
p enters the Try section and adds itself to the queue, it checks if its predecessor node contains

token. If it does, p knows it is ¢; and enters the CS. Otherwise, p busywaits until its predecessor
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will inform p that p’s turn to the enter the CS has come up. In the algorithm, there is a shared
variable called go, for this purpose—it is on this variable that p busywaits. For p’s predecessor to
later inform p that it may enter the CS, the predecessor needs to know the address of gop,, so p
deposits go,’s address in its predecessor node before busywaiting.

The final high level idea concerns how a process aborts. When a process ¢; in the Try section
wishes to abort, it leaves its node a; in the queue, but marks the node as “aborted” by writing the
address of its predecessor node into its node, i.e., by writing a;_1 into *a;. By doing this writing
with a FAS, ¢; simultaneously learns the address of gog,,,, where its successor busy-waits, and
wakes up the successor. The successor ¢;4+1 then reads its predecessor node a;, where it sees the
address a;_1 and infers that ¢; has aborted, so splices out a; from the queue by writing nil in *a;,
and henceforth regarding a;_1 as its predecessor.

Suppose that after g; aborted, it decides to invoke the Try section in a bid to acquire the lock.
Since it is possible that its node is not yet spliced out of the queue by its successor, ¢; tries to
reclaim its old spot in the queue by simply switching the value in its node from a;_1 to nil. If it
notices that its node was already spliced out, the process adds its node to the end of the queue as

in the normal course. Otherwise, it has happily reclaimed its old spot in queue.

5.5.2 The algorithm and line-by-line commentary

Having elaborately described the main ideas and how they are represented and implemented by
the local and shared variables, we now refer the reader to the precise algorithm (Algorithm 8) and
informally explain how it works by going over the code of an arbitrary process p line by line. A
note about our convention on how lines are numbered: in a single step of the execution, a process
performs an operation on a single shared variable, but can perform any number of local actions.
Therefore, in the figure, we numbered only those lines where an operation is performed on a shared
variable.

Being at Line 1 amounts to being in the Remainder section. At Line 1, p is unsure whether it
had aborted its previous attempt, but if it had aborted, p knows that it would have left pred, in
its node. So, to reclaim its old spot in the queue (in the event that it aborted its previous attempt
and its node has not yet been spliced out of the queue by its successor), p performs a FAS on its
node (Line 1). If the FAS returns pred,, p is sure it has reclaimed its old spot in the queue and
proceeds to Line 3. Otherwise, p realizes that either it didn’t abort its previous attempt or its

aborted node has since been spliced out, so p appends its node afresh to the queue and records its
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predecessor node in pred, (Line 2). Once in the queue, p performs a FAS on its predecessor node to
simultaneously inform the predecessor of the address of its busy-wait variable and learn the value
vp in the predecessor node (Line 3). If v, is token, p infers that it is ¢, the front process in the
wait-queue, so it terminates the Try section and proceeds to the CS. If v, is non-nil and not the
address of p’s busy-wait variable, then it must be the case that the predecessor aborted and v, has
the address of the predecessor’s predecessor. In this case, p knows that it spliced its predecessor out
of the queue, and updates its predecessor (this shortens the queue by one node, which is crucial to
proving starvation-freedom). Having updated its predecessor, p proceeds to Line 6 to check what is
in store at this new predecessor. In the remaining case (when v, is either nil or the address of its
busy-wait variable), p understands it has no option but to wait until woken by its predecessor. So,
it busy-waits (Line 4) and, once woken by its predecessor, resets go, to prepare it for any busy-wait
in the future (Line 5), and then moves on to inspect the predecessor node (Line 6) to determine
why the predecessor woke it up.

Once p leaves the CS, it deposits the token in its node to signal its successor that it may enter
the CS (Line 7). If the FAS operation at Line 7 returns a non-nil value, p knows that the value
must be the address where the successor is busy-waiting. So, p wakes up its successor (Line 8).
Importantly, the moment p deposits token in its node at Line 7, that node becomes the new ay,
the token holding node that does not belong to any process, and p grabs its predecessor node (the
old ap) as its own node.

Before describing the Abort section, we note that in our algorithm, after p receives the abort
signal from the environment, it is allowed to jump to the Abort section only after performing Line 3,
or any iteration of Line 4, or Line 5, or Line 6. In particular, if the abort signal comes from the
environment when p is at Line 3, it is required to execute Line 3 and all local actions associated
with Line 3 before jumping to the Abort section. Furthermore, if the abort signal comes while p
is looping at Line 4, p does not have to wait until the wait-till loop terminates before jumping to
the Abort section; it can jump to the Abort section immediately (i.e., regardless of whether go, is
true or false).

At the start of the Abort section, p erases the address of its busy-wait variable from its predeces-
sor node because p is on the way out and no longer wants to be woken by the predecessor (Line 9).
However, if p observes the token in the predecessor node, p knows that it has the permission enter
the CS now. However, since p wishes to abort, it will sidestep CS and proceed directly to the Exit

section (and complete its abort by executing the Exit section and returning to the Remainder from
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there). Another possibility is that v, # &go,, which means that p’s predecessor aborted, in which
case p updates its predecessor to v,, which holds p’s predecessor’s predecessor. At this point, p
marks its node as aborted by writing in it p’s predecessor (Line 10). A non-nil return value would
be the address where p’s successor is busy-waiting, so p informs the successor of its departure by

setting the successor’s busy-wait variable (Line 11).

5.6 Proof of Correctness

We state the invariant of Algorithm 8 in Figure 5-2, and prove its correctness below.

Theorem 5.6.1. The statement I, which is the conjunction of I, s, ..., 12 in Figure 5-2, is an

invariant of Algorithm 8. Furthermore, the quantities k, A, and Q in the invariant I are unique.

Proof. We will prove the invariant by induction on steps of the multiprocessor system. In particular,

we consider what happens when a process m executes its next step.

Base Case: At the beginning k = 0 and ag is the address of the node that initially belongs
to no process. I, and I hold true since TAIL = ag. I, I3, I7, I1g, and I1; hold trivially since
k = 0. Is holds trivially since PC),, =1 for every p € P. I5 holds since pred, = mynode, € N
for every p € P. Ig holds since PC), = 1 and *mynode, = nil # mynode, = pred, for every

p € P. Iy holds since k = 0 and *ag = token.

Induction Step: We assume that invariant holds in a particular configuration, and consider
what happens if the next step is taken by some process 7 executing one of the eleven possible
lines. We use primed variables to reflect the truth after the step, and unprimed variables

before when there is ambiguity.

line 1: We consider two cases: smynode, = pred, and *mynode, # pred;.

If *mynode, = pred,, then m € @) by the contrapositive of Ig. So let m = ¢;. So, the
comparison on line 1 will fail and PC will become 3. I7 will hold since *mynode,, = nil.
The rest of the invariants will continue to hold since they are unaffected.

If xmynode, # pred,, then m &€ @ by I7. So, the comparison on line 1 will succeed and
PC,; will become 2. Ig and Ig continue to hold since m ¢ @ and *mynode, = nil. The

rest of the invariants will continue to hold since they are unaffected.
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line 2: By Is we know m € @ before the line execution. After the execution, qi,...,qx
and ag, ..., a, will remain unchanged. The value of k¥’ will be k + 1, with 7 = ¢ and
mynoder = ay. Finally, PCL = 3. I, I5, and I3 will continue to hold by the FAS on
line 2. I5 continues to hold since pred, = axg € N by Ij. I7; continues to holds for
qx since xmynodeq,, = nil; I7 continues to hold for the other g;’s since their program
counters are unaffected, and we notice that nil € {nil, &gog,,,}. Iy continues to hold
since if k' = 1, the k = 0 before line 2, and otherwise it is unaffected by the line. The

rest of the invariants will continue to hold since they are unaffected.

line 3: By the contrapositive of Ig, we establish that = € Q. So, let m = ¢; for i € [1, k].

I7 and Iy imply that there are three cases:

1. Assume i = 1 and *ap = token. In this case, *xag becomes &go,,, and PC. =
PCy, =T after m notices that the while-loop condition after line 3 (which is a local
action) fails. This immediately implies Iy continues to hold. I;g continues to hold
since g¢; was unchanged by the execution of line 3. The rest of the invariants continue
to hold since they are unaffected.

2. Assume i > 1 and *a;—1 € {nil, &goy, }. This means that line 3, will simply replace
the initial contents of xa;_1 with &gog,, and PCJ = 4. I ; continues to hold since
(xaj—1 = &gog;). All invariants continue to hold since they are unaffected.

3. Assume 7 > 1 and *a;—1 = pred, ,. This means that line 3, will result in replacing
the contents of *a;—1 with &go,,. This will also trigger the if-condition inside the
while loop and pred, will become predy, , = a;—s. PC! becomes 6. This action
removes the old ¢;—1 from @ by the uniqueness established through Iy, Is, I3, 14,
making k' = k — 1, and we rename ¢;,...,qx to ¢;_;,...,q,_,- I1,I> and I3 continue
to hold by the renaming. By Is and I7 we establish that the old ¢;—1 had PCy, | €
{1,11}; so we notice that Ig continues to hold for g;—;. The rest of the invariants

continue to hold since they are unaffected.

line 4: If gop = false, then PC/. remains at 4. If gor = true, then PC. becomes 5. In

both cases, all invariants continue to hold as they are unaffected.

line 5: gol. becomes false regardless of its initial value and PCY. becomes 6. All invariants

continue to hold as they are unaffected.

line 6: The analysis of this line is precisely identical to that of line 3.
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line 7: By I1p we establish that m = ¢;. Since, the local instruction mynode, < pred,
completes atomically along with the shared instruction, by @ € Q" by the uniqueness
of Q" established by I1,Is,I3,1s. The old mynode, = mynode,, becomes the new aj,
k" =k —1 and the old ¢o, ..., g and renamed to qi,...,q)_,, and I, I> and I3 continue
to hold by the renaming. I, continues to hold since ay = mynode.. and mynode, = aj;
the names were simply permuted. Ig continues to hold since xag = token. By Iy,

sxmynodel. = xag € {nil, gor}, and so Ig continues to hold true.

I7 shows that *mynode, could have either been nil or &go,,. We consider three cases.

1. Assume k = 1. In this case, [7 establishes that v/ would surely have become nil
and thus 7 would go to the Remainder Section (PC. = 1). The rest of the invariants
continue to hold since they are unaffected or become trivial since &' = 0.

2. Assume k > 1 and *mynode, = nil. 7 goes to the Remainder Section (PC. =
1), since v, = nil. By I;; on i = 2, we establish that PCy # 4 currently; so,
111 continues to hold. The rest of the invariants continue to hold since they are
unaffected.

3. Assume k > 1 and *mynode, = &goy, = &goqll. This is the only case in which
v = &goqx1 # nil. This in turn implies that I1; will continue to hold since PCL = 8.

The rest of the invariants continue to hold since they are unaffected.

line 8: 111 is self inducting in this case, since if it were true that (PCy, = 4Agoq, = false)
and 7w were indeed the process p € P that had (PC), = 8Av, = &go,, ); then, by executing
line 8, m would ensure that go,, = true # false. The rest of the invariants continue to

hold since they are unaffected.

line 9: By the contrapositive of Ig, we establish that = € Q. So, let m = ¢; for i € [1, k].

I7 and Iy imply that there are three cases:

1. Assume i = 1 and xap = token. In this case, *ay becomes nil, and PC/ = PCt/n =7
after m notices that the while-loop condition after line 3 (which is a local action)
fails. This immediately implies Iy continues to hold. Iy continues to hold since ¢
was unchanged by the execution of line 3. The rest of the invariants continue to
hold since they are unaffected.

2. Assume i > 1 and *a;—1 € {nil, &goy, }. This means that line 3, will simply replace

the initial contents of *a;—1 with nil, and PC. = 10. All invariants continue to
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hold since they are unaffected.

3. Assume 7 > 1 and *a;—1 = predg_,. This means that line 3, will result in replacing
the contents of *a;_1 with nil. This will also trigger the else-if-condition and pred;
will become predy, , = a;—2. PC. becomes 10. This action removes the old ¢;—;
from @) by the uniqueness established through Iy, I, I3, I, making k' = k—1, and we
rename @i, ..., qk t0 ¢i_q,. .. ,q}c_l. I, Is and I3 continue to hold by the renaming.
By Is and I7 we establish that the old ¢;—; had PC,, , € {1,11}; so we notice that
I continues to hold for g;_1. The rest of the invariants continue to hold since they

are unaffected.

line 10: The contrapositive of Ig implies 7 € Q. Let m = ¢; for ¢ € [1, k]. Iy will continue
to hold since PC. € {1,11}, 7 € Q, and *mynode, = pred,. I7 shows that *mynode,

could have either been nil or &goy, . ,. We consider three cases.

1. Assume k = 1. In this case, Iy establishes that v/ would surely have become nil
and thus 7 would go to the Remainder Section (PCJ = 1). The rest of the invariants

continue to hold since they are unaffected.

2. Assume k > 1 and smynode, = nil. In this case, v, would surely have become
nil and thus 7 would go to the Remainder Section (PC] = 1). The rest of the
invariants continue to hold since they are unaffected.

3. Assume k > 1 and smynode, = &go,,,,. This is the only case in which v} =
&gog;., # nil. This in turn implies that I;; will continue to hold since (xa; =
predg,) A (PCy, = 11) A (vg, = &gog,_,). The rest of the invariants continue to hold

since they are unaffected.

line 11: I1; is self inducting in this case, since if it were true that (PC,, = 4Ago,, = false)
and 7 were indeed the process g;1 that had (xa; = predy,) A (PCy, = 11) A (vg, =
&gog,_,); then, by executing line 11, = would ensure that go,, = true # false. The rest

of the invariants continue to hold since they are unaffected.

Corollary 5.6.2. Algorithm 8 satisfies mutual exclusion.

Proof. 1o states that only process g; can be in the critical section. O
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Theorem 5.6.3. Algorithm 8 satisfies AFCFS where the doorway constitutes Lines 1 and 2 of the

Try Section.

Proof. In order to show this property, we prove the following stronger statement by induction: if
process p = ¢; in the queue and process p' = q; in the queue with j > i, then p started its passage
before p' finished its doorway. This statement is true initially since ) is empty. The statement
continues to hold inductively whenever any process leaves () from any position. Thus, we are left
with the case where a new process p enters (). Since this case occurs only if p executes Line 2,
and thereby just finishes the doorway, it is clear that every other process in () has started its
passage before p finished its doorway in its current passage. Now in conjunction with our inductive
statement, we observe that by I1g, only the first process in @, g1 , can be in the CS; that finishes
the proof. O

5.6.1 Proof of starvation freedom

To prove starvation freedom, we define a distance function § that maps each process p in the Try
section to a positive integer J(p) that represents how far away p is from entering the CS. By our
definition of §, the minimum value possible for §(p) is 1, and it is attained exactly when p is in the
CS. To show that p will eventually enter the CS if it does not abort, we prove that if §(p) > 1, there
is a nonempty set ¥(p) of “promoter” processes in the Try, Exit, or Abort sections such that (i) if
a process from ¥(p) takes the next step, d(p) decreases, and (ii) if a process not in W(p) takes the
next step, 6(p) does not increase and the promoters set ¥(p) remains unchanged. Since a process
from ¥(p) must eventually take a step, d(p) is guaranteed to eventually decrease. By repeatedly
applying this argument, we see that §(p) eventually attains the minimum value of 1, at which point
p enters the CS.

Our distance function ¢ is based on a carefully crafted auxiliary function f that maps each
process r € () to a decimal digit, based on 7’s program counter PC, and the value of its go,

variable, as follows.
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There is an integer k£ > 0, and a sequence A = ay, ..., ar of k+ 1 addresses of distinct nodes and a
sequence @@ = qi,...,q of k distinct processes such that

I AIL = ay,

L) Vi€ [1,k], mynode,y, =

I;) N ={ap} U{mynode, | p € P}

15

) T
)
I3) Vi e [1,k|, predy, = ai—1
)
) Vp € P, pred, € N
)

Is) Vpe P, PCp € {2,8} = p&Q
Vp € P, PCp, =2 = *mynode, =nil
Vp € P, PCp, =8 = xmynode, € {nil, &go,}
I7;) If k > 1, then:
PC,, €1{3,4,5,6,7,9,10} = *mynodey, =nil
PC,, € {1,11} = =xmynodey, = predg,
If £ > 2, then for all ¢; € {q1,...,qk-1}:
PCy €{3,4,5,6,7,9,10} = *mynode, € {nil, &goy, ,}
PCy, € {1,11} = smynodey, = predy,
Is) Vpe P,p ¢ Q = (PCp € {1,2,8,11} A xmynode, # predy,)
Iy) If (k=0 V PCy #7) then xag = token, else xag € {nil, go,, }
Io) Vpe P,p# q = PCp #7
)

Ii1) (PCq =4 N gog, = false) = dp € P, (PC, =8 A v, = &goy,)

Vi € [2,k], (PCq =4 A gog, = false) =
((xai—1 = &QOQ¢> V ((xai—1 :predt]iﬂ) A (chz'ﬂ =11) A (fUQifl = &gaqi))))

Vp € P,PC, € {8,11} = v, € {&go, | p € P}
Iis) Vpe P, PCp, =5 = go, = true

Note: by I4, the queue of node addresses starts with the unique node address ag that is no process
p’s mynode, and by I ends with TAIL. This together with I> and I3, implies that k, A, and @ are
uniquely defined.

Figure 5-2: Invariant of Algorithm 8.

3 ifPC,=1

2 ifPC,=3

8 ifPC, =4 A go, = true

9 ifPC, =4 A go, = false
87

f(r)=1%7 ifPC, =5

2 ifPc. =6




Since a process in ) cannot be at Lines 2 or 8 (by Ig), we didn’t specify f(r) for PC, € {2, 8}.
For a process p in the Try section, we are now ready to define p’s distance from CS d(p), and p’s

promoters set ¥(p).

Definition 5.6.4 (Distance function § and Promoters set ¥). Let p be a process in the Try section
or CS (i.e., PC, € {3,4,5,6,7}). It follows from Ig that p € Q. Let i > 1 be p’s position in @ (i.e.,
p=qi), and let m = min{j | 1 < j <, PCy; # 1}. (Since PC,, € {3,4,5,6,7}, m is well defined.)
Then:

o p’s distance from CS, d(p), is defined as the i-digit decimal number dids...d;, where each

digit d;, for 1 < j <4, is specified as follows:

flgj)=3 ifj<m
dj: f(Qm) Zf.]:m

0 ifj>m
For example, if ¢ = 4, m = 3, and PCy, = 5, then J, = 3370.

o p’s set of promoters, ¥U(p), is defined by

() {r e P| PC, € {811} A v, = &goq,,} ifPCq, =4 N gog,, = false
p =

{gm} otherwise

The next lemma follows easily from the definition of d(p).

Lemma 5.6.5. For any process p € Q in the Try section or CS, d(p) > 1, and 6(p) = 1 if and only
if p is in the CS.

The values of 6(p), ¥(p), and PC), can change from one configuration to the next. So, in contexts
such as the next lemma where we need to refer to these values in more than one configuration,

we add a configuration C' as an extra parameter and denote these values as §(p, C), ¥(p,C), and

PC,(C).

Lemma 5.6.6. Suppose that a process p € Q is in the Try section in a configuration C (i.e.,
PC,(C) € {3,4,5,6}) and some process m (possibly the same as p) takes a step from C. Let C'

denote the configuration immediately immediately after w’s step.
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1. If m € U(p,C), then 6(p,C") < é(p,C).

2. If 1 & U(p,C), then either 6(p,C") < d(p,C) or (§(p,C") =d(p,C) AN ¥(p,C") = V(p,C)).

Proof. Since PCy(C) € {3,4,5,6}, it follows from Ig that p € Q(C). Let p = ¢;(C), and 6(p, C') be
the i-digit decimal number dids . ..d;, where the digits d; are as defined above. Let m = min{j |
1< j<i, PCy(C) #1}.

We prove Part (1) of the lemma in two cases:

« Suppose that PCy,, (C) = 4 A gog,, (C) = false. Then, since 7 € ¥(C), it follows that
PCL(C) € {8,11} A v:(C) = &goy,,. Therefore, n’s step writes true in go,,,, making
f(gm,C") = 8 (note that f(gm,C) was 9). Thus, the mth digit is less in §(p, C’) than in 6(p, C),
while the other digits of §(p) remain unchanged from C to C’. Therefore, §(p,C") < §(p, C).

« Suppose that it is not the case that PCy, (C) = 4 A gog,, (C) = false. Since m € ¥(C), it

follows that ™ = gu,.

Suppose that m =1 and PC,,, (C) € {3,6}. Then, it follows from Iy that ¢;’s step causes it
jump to Line 7. So, the first digit of §(p) changes from f(q;) in C (which is 2) to f(¢q1) in C’
(which is 1); therefore, d(p, C") < d(p, C).

Suppose that m > 1 and PC,, (C) € {3,6}. Since PC,,, , = 1, it follows from the second

'm—1
part of I7 that *mynode,,, , = pred,,, .. Therefore, gy,’s step shortens the queue by one,
causing p’s position in @ to change from ¢ in C to i — 1 in C’. Thus, d(p, C’) has one fewer

digit than d(p, C). Therefore, 6(p,C’) < §(p, C).

Suppose that PCy,,(C) = 7. Then, m must be 1 (by I1o) and ¢;’s step causes ¢i(C) to be
no longer in @ in C’, thereby causing p’s position in @ to change from ¢ in C to i — 1 in C".

Thus, §(p, C’) has one fewer digit than d(p, C). Therefore, §(p, C’) < d(p, C).

If PC,,, (C) is anything else (i.e., PC,,, (C) € {4,5,7,9,10,11}), the function f is so defined
that because of the changed value of ¢,,’s program counter, f(g,,) is less in C’ than in C.
Thus, the mth digit of §(p, C’) is less than the mth digit of §(p, C') (while all other digits of
d(p, C") are respectively the same as those of d(p, C')). Therefore, §(p,C") < §(p, C).

For the proof of Part (2) of the lemma, we consider the same two cases.
« Suppose that PCy, (C) =4 A go,,, (C) = false, and © ¢ U(C).
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If 7 = ¢, qm’s step will not change the configuration (i.e., C' = C); therefore, §(p,C’) =
d(p,C) and ¥(p,C") = ¥(p,C).

If 7 = g; for some j < m, then ¢;’s PC changes from 1 to 3. So, by the definition of f, the
jth digit of 6(p) changes from 3 in C to 2 in C’, while all more significant digits of §(p, C")
are respectively the same as those of §(p, C'). Therefore, d(p,C’) < d(p,C).

If 7 is different from all of ¢1, g2, . .., ¢m, then d(p,C’) = 6(p,C) and ¥(p,C") = ¥(p, C).
 Suppose that it is not the case that PC,, (C) =4 A go,,,(C) = false, and m ¢ ¥(C'). Then
T # qm. If m = q; for some j < m, then ¢;’s PC changes from 1 to 3 and, as just argued,

d(p,C") < 6(p,C). If « is different from all of ¢1,q2,...,qm, then d(p,C’) = d(p,C) and
U(p,C") =¥(p,C).

The previous lemma helps us prove that the algorithm is starvation free.

Theorem 5.6.7 (Starvation Freedom). If a process p € Q is in the Try section (i.e., PC, €
{3,4,5,6}) and does not abort, it eventually enters the CS.

Proof. Let C be a configuration where PC), € {3,4,5,6}. Since p is not in the CS in C, , it follows
from Lemma 5.6.5 that §(p) > 1 in C. By Lemma 5.6.6, as processes take steps from C, d(p) never
increases. It cannot remain the same forever because some process in W(p, C') eventually takes a
step, causing d(p) to decrease (by Lemma 5.6.6). Thus, d(p) keeps decreasing as the execution
progresses, until eventually hitting the minimum possible value of 1, at which point p is in the CS

(by Lemma 5.6.5). O

5.7 Complexity Analysis

In this section we analyze the space and RMR complexities of Algorithm 8.

Theorem 5.7.1. Algorithm 8 uses O(1) space plus O(1) additional space per process that partici-

pates in the algorithm.

Proof. Clear from inspection of the “Variables” description at the start of the algorithm. O

We now wish to show that a process p performs only an amortized constant number of RMRs

per attempt in Algorithm 8 in both the CC and DSM cost models. (An attempt by a process lasts
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from when it leaves the Remainder to when it re-enters the Remainder.) We analyze complexity
by the potential method, by defining two different potential functions ®cc and ®pgay.

We start by motivating the definition of ®pgys, the simpler of the functions. Since we are
proving a constant bound, we must show that each iteration of p’s while-loop (lines 4, 5, and 6) is
paid for by some other action. Since, go, is in p’s partition of memory, lines 4 and 5 have no cost in
the DSM model, so we focus on line 6. The two ways that p can get to line 6 are: (1) go, becomes
true when p is busy-waiting on line 4, and (2) a FAS on either line 3 or 6 successfully removes an
aborted node from the linked list. So, we charge the executions of line 6 to processes that write

true to go, or abort a node by writing pred,, in *mynode,. This gives rise to the definition:

(I)DSM = Z ]'{chop:true:5} + ]]'{PCPCP:GZE)} + ]]'{Pc*mynodep:predp:5}
peEP

In this definition 1pc,, =5} is an indicator—it equals one if prop is true and zero otherwise. Note
that ®pgps is a proper potential function, since it is zero in the initial configuration and always
non-negative. We now state and prove a lemma that bounds the amortized cost in the DSM model

of line ¢, apgar(€), for each £ € [1,11].

Lemma 5.7.2. apgy(¢) <1 for lines £ € [1,3|U{7,9}, apsy(£) < 2 for lines £ € {8,10,11}, and
OlDSM(E) <0 fort e [4, 6]

Proof. We will prove the invariant by induction on steps of the multiprocessor system. In particular,

we consider what happens when a process m executes its next step.

line 1: The real cost of the line is zero or one depending on whether *mynode,, is in 7’s parti-
tion. This line can only decrease the potential (by decreasing the indicator 1 PClumynodep—predy —5))-
So, amortized cost is apgar(1) < 1.

line 2: The real cost of the line is one due to the FAS, and the potential function is unchanged.

So, apsm(2) = 1.

lines 3,7, and 9: The real cost of the line is zero or one depending on whether the FAS is on
a node in 7’s partition. This line can only decrease the potential (by decreasing the indicator

L{PC.mynodeympreay=51)- 505 aDsM(3), apsm(7), apsm(9) < 1.

line 4: The real cost of this line is zero since go, is in p’s partition. The potential change is

also zero. So, apsy(4) = 0.
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line 5: The real cost of this line is zero since go,, is in p’s partition. When this line is executed,

1y Le=5) indicator must decrease by one due to [12 and 1{pcy, _g=5; must increase

PCo—tr
by one. So, the potential change is zero. So, apgar(5) = 0.

line 6: The real cost of the line is zero or one depending on whether *pred, is in 7’s partition.
Here we have two cases. If xpred, = mynode, for some process p and *mynode, = predp,

then we use the indicator 1 pc 4p=5} to pay for the real cost (since PC will become

*mynodep=pre
6 again). Otherwise, PC, will end up at some other line, and we pay for the real cost using
the potential drop caused by the indicator 1;pc,. _s=5}- S0, in either case the amortized

cost of this line is apgpr(6) < 0.

line 8, and 11: The real cost of the line is zero or one depending on whether *v, is in 7’s

partition. The potential change is at most one, since at most one indicator 1;pc true=5)
gomr=

can go high. So, apsm(8),apsa(11) < 2.

line 10: The real cost of the line is zero or one depending on whether the FAS is on a node

in 7’s partition. The potential can go up by at most one since xmynode, = pred, after the

line. So, apgsnr(10) < 2.
OJ

The CC model is more complicated to analyze than the DSM model since: (1) line 4 can now

have a real cost if go, is not in p’s cache, and (2) line 5 always has a real cost, since it is a write

operation, and causes go, to become uncached. To deal with (1), we define 61, to be the predicate

that goy, is not in p’s cache, and add the indicator 1y PCy =5} to ®oc. To deal with (2), we simply
p

multiply the weight of the indicator that go, = true, to pay for the additional costs incurred on

line 5. This results in the definition:

Qoc = Z (3 X Il{pcgop:”%:g,} + ]l{PCpcp:6=5}+
peP

l{PC*mynodEP:predp:5} + H{PC€p=5})

At the cost of charging one unit to a process that is newly joining the protocol, we think of go,

as initially residing in p’s cache; so, ¢ is also a proper potential function. We define ac(€) as

the amortized cost in the CC model of line ¢ of Algorithm 8, and state and prove a lemma below

(analogous to Lemma 5.7.2) for the CC model.
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Lemma 5.7.3. acc(?) is bounded by a constant for all ¢ € [1,11] — [4,6], and acc(¥) < 0 for
¢ € [4,6].

Proof. We will prove the invariant by induction on steps of the multiprocessor system. In particular,

we consider what happens when a process 7 executes its next step.

line 1: The real cost of the line is one due to the FAS. The change in potential is non-positive.

So, amortized cost is a(1) < 1.

line 2: The real cost of the line is one due to the FAS, The change in the potential is zero.

So, the amortized cost is «(2) = 1.

lines 3, 7, and 9: The real cost of this line is one due to the FAS. The change in potential is

once again non-positive. So, the amortized cost is acc(3), acc(7), acc(11) < 1.

line 4: There are two cases for this line: either go, is in 7’s cache, or not. If go, is cached,
then both the real and amortized costs are zero. If go, is not cached, then the real cost is
one, but is cancelled out by the drop in potential caused by the fact that go, becomes cached.

So, the amortized cost of this line is acc(4) < 0.

line 5: The real cost of this line is one due to the writing of false. Additionally, go, becomes
uncached (if it was previously cached), thereby causing a one unit potential increase; and
PC’; becomes 6, causing the corresponding indicator to become one. However, by 15, there
is a three unit potential drop due to gor becoming false. So, the amortized cost of this line

is acc(b) = 0.

line 6: The real cost of the line is one due to the FAS. Here we have two cases. If
xpred, = mynode, for some process p, and *mynode, = predy,, then we use the indica-

tor 1¢pc —predy=5} to pay for the real cost (since PC, will become 6 again). Otherwise,

*mynodep
PC, will end up at some other line, and we pay for the real cost using the potential drop
caused by the indicator 1{pcp. _ =5} So, in either case the amortized cost of this line is

acc(6) <0.

lines 8 and 11: The real cost of this line is one for the write operation. Since *v, is a go-
variable (by I11) being set to true, this line can cause a potential increase of three units. So,

the amortized cost of this line is acc(8), acc(11) < 4.
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line 10: The real cost of the line is one due to the FAS. Since xmynode, becomes pred, due
to this line, there is a possible potential increase of one unit. So, the amortized cost of this

line is ac(10) < 2.

The following theorem summarizes the properties of Algorithm 8.

Theorem 5.7.4 (Main Theorem). Algorithm 8 solves Abortable Mutual Ezxclusion for an unbounded
number of processes of arbitrary names using the FAS synchronization primitive. In particular, the
algorithm satisfies Mutual Exclusion, Bounded Ezit (O(1) steps), Fast Abort, Starvation-Freedom,
and AFCFS. It uses only O(1) space per process and, in both the CC and the DSM models, has
O(1) amortized RMR complexity.

Proof. All claims except for RMR complexity and Fast Abort are immediate from the prior lemmas.

In both the CC and DSM models, all the lines (4, 5, and 6) that appear in the while-loop of
Algorithm 8 have zero amortized cost, and the remaining lines have constant amortized cost in the
DSM model (by Lemma 5.7.2), and in the CC model (by Lemma 5.7.3). Since lines that are not in
the loop are executed at most once per attempt, the amortized cost of an attempt is O(1) in both
the CC and DSM models.

Regardless of when the environment sends an abort signal to process p, process p can reach
either the Exit or Abort section within three shared memory instructions, and either of these
sections takes at most three more shared memory instructions. So, aborting happens within six

shared instructions, thereby the algorithm satisfies Fast Abort. O

5.8 Model Checking

In addition to our rigorous mathematical proofs, we have also modeled checked Algorithm 7. That
is, we modeled the algorithm in the Temporal Language of Actions (TLA), and used the TLA+
toolbox’s model checker, TLC, to confirm via brute-force search that the algorithm indeed satisfies:
mutual exclusion, AFCFS, Starvation Freedom, and type correctness. We model checked Mutual
exclusion and type correctness for systems of up to five processes, and AFCFS and Starvation
Freedom for systems of up to three processes. The first test resulted in searching through a state

graph with over 20 million distinct states, and the second resulted in analyzing a graph of over 85
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thousand distinct states. The original TLA file is publicly accessible at: https://github.com/

visveswara/machine-certified-linearizability/blob/master/AbortableQueueLockCC.tla

5.9 Concluding Remarks

In this chapter, we have shown how the well known ideas behind a queue lock can be enhanced to
efficiently implement an abortable lock for both the CC and DSM models. However, the constant
RMR complexity that we achieved applies only in the amortized case and not in the worst-case. A
natural open problem is to find or refute the existence of a deterministic worst-case constant RMR
abortable lock, or of even a randomized constant expected RMR. abortable lock, using common

synchronization primitives such as FAS, CAS, and Fetch-and-Add.
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Algorithm 8 : Amortized constant RMR abortable lock for CC and DSM machines. Code shown
for process p. p jumps to the Abort Section if the abort signal is on and p is at Line 4 or 5 or 6.

Variables
e A node is a single shared memory word that can hold a pointer, or nil, or token.
o TAIL: shared variable that points to a node. Initially, it points to a node that is allocated
and initialized to token.
e« When a process p first participates in the algorithm:
— It allocates two local variables mynode, and pred, both of which point to the same
freshly allocated node initialized to nil.
— It allocates a shared boolean go,, initialized to false; on a DSM machine, this variable
must be in p’s partition of shared memory.
— It allocates an uninitialized local variable v, that can hold a pointer, nil, or token.

Section TRY(p)
1: if FAS(*mynodey,nil) # pred, then
2: pred,, < FAS(TAIL, mynode,)
vp < FAS(xpredy, &gop)
while v, # token do
if v, € {nil, &gop} then

predy, < vp
else
4: wait till go, = true
5: gop < false

vp < FAS(xpredy, &gop)

Section Ex1T(p)

7 vp < FAS(*mynode,, token)
mynodey, < pred,
if v, # nil then

8: *Up < true

Section ABORT(p)

9: vp < FAS(*predy,,nil)
if v, = token then

goto ExIT (line 7)

else
if v, € {nil, &go,} then
predy, < vp
10: if (v, < FAS(x*mynode,, predy)) # nil then
11: *Up — true

Remark 5.5.1. As with the previous algorithm, we can use the address &TAIL as token.

96



Chapter 6

Recoverable Mutual Exclusion

6.1 Introduction

In light of recent advances in non-volatile main memory technology, Golab and Ramaraju reformu-
lated the traditional mutex problem into the novel Recoverable Mutual Exclusion (RME) problem.
The best known algorithm for RME, due to Golab and Hendler [76], has sub-logarithmic remote
memory reference (RMR) complexity for Cache-Coherent (CC) multiprocessors, but unbounded
RMR complexity for Distributed Shared Memory (DSM) multiprocessors. In this chapter, we
present an algorithm that ensures the same sublogarithmic bound as theirs for both CC and DSM
multiprocessors, besides possessing some additional desirable properties. In the rest of this section,
we describe the model, the RME problem, the complexity measure, and then describe this chapter’s

contribution in the context of prior work.

6.1.1 The Model

The advent of Non-Volatile Random Access Memory (NVRAM) [172][188][200] — memory whose
contents remain intact despite process crashes — has led to a new and natural model of a multipro-
cessor and spurred research on the design of algorithms for this model. In this model, asynchronous
processes communicate by applying operations on shared variables stored in an NVRAM. A process
may crash from time to time. When a process 7 crashes, all of 7’s registers lose their contents:
specifically, 7w’s program counter is reset to point to a default location £ in 7’s program, and all other
registers of 7 are reset to L; however, the shared variables stored in the NVRAM are unaffected

by a crash and retain their values. A crashed process m eventually restarts, executing the program
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beginning from the instruction at the default location ¢, regardless of where in the program 7 might
have previously crashed.

When designing algorithms for this model, informally the goal is to ensure that when a crashed
process restarts, it reconstructs the lost state by consulting the shared variables in NVRAM. To
appreciate that this goal can be challenging, suppose that a process 7 crashes when it is just about
to perform an operation such as r + FAS(X,5), which fetches the value of the shared variable
X into 7’s register r and then stores 5 in X. If a different process 7’ performs FAS(X, 10) and
then 7 restarts, m cannot distinguish whether it crashed immediately before or immediately after

executing its FAS instruction.

6.1.2 The Recoverable Mutual Exclusion (RME) problem

In the Recoverable Mutual Exclusion (RME) problem, there are n asynchronous processes, where
each process repeatedly cycles through four sections of code—Remainder, Try, Critical, and Exit
sections. An algorithm (for RME) specifies the code for the Try and Exit sections of each process.
Any process can execute a normal step or a crash step at any time. In a normal step of a process
m, m executes the instruction pointed by its program counter PC;. We assume that if © executes
a normal step when in Remainder, m moves to Try; and if m executes a normal step when in CS, 7
moves to Exit. A crash step models the crash of a process and can occur regardless of which section
of code the process is in. A crash step of 7 sets 7’s program counter to point to its Remainder
section and sets all other registers of 7 to L.

A run of an algorithm is an infinite sequence of steps. We assume every run satisfies the following
conditions: (i) if a process is in Try, Critical, or Exit sections, it later executes a (normal or crash)
step, and (ii) if a process enters Remainder because of a crash step, it later executes a (normal or
crash) step.

An algorithm solves the RME problem if all of the following conditions are met in every run of
the algorithm (Conditions (1), (3), (4) are from Golab and Ramaraju [78], and (2) and (5) are two

additional natural conditions from Jayanti and Joshi [112]):

1. Mutual Exclusion: At most one process is in the CS at any point.

2. Wait-Free Exit: There is a bound b such that, if a process 7 is in the Exit section, and executes

steps without crashing, ™ completes the Exit section in at most b of its steps.
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3. Starvation Freedom: If the total number of crashes in the run is finite and a process is in the

Try section and does not subsequently crash, it later enters the CS.

4. Critical Section Reentry (CSR) [78]: If a process m crashes while in the CS, then no other

process enters the CS during the interval from m’s crash to the point in the run when m next

reenters the CS.

5. Wait-Free Critical Section Reentry (Wait-Free CSR) [112]: Given that the CSR property above

mandates that after a process n’s crash in the CS no other process may enter the CS until 7
reenters the CS, it makes sense to insist that no process should be able to obstruct = from

reentering the CS. Specifically:

There is a bound b such that, if a process crashes while in the CS, it reenters the CS before

completing b consecutive steps without crashing.

(As observed in [112], Wait-Free CSR, together with Mutual Exclusion, implies CSR..)

6.1.3 Passage Complexity

In a CC machine each process has a cache. A read operation by a process m on a shared variable
X fetches a copy of X from shared memory to ©’s cache, if a copy is not already present. Any
non-read operation on X by any process invalidates copies of X at all caches. An operation on
X by 7 counts as a remote memory reference (RMR) if either the operation is not a read or X'’s
copy is not in m’s cache. When a process crashes, we assume that its cache contents are lost. In
a DSM machine, instead of caches, shared memory is partitioned, with one partition residing at
each process, and each shared variable resides in exactly one partition. Any operation (read or
non-read) by a process on a shared variable X is counted as an RMR if X is not in 7’s partition.

A passage of a process 7 in a run starts when 7 enters Try (from Remainder) and ends at the
earliest later time when 7 returns to Remainder (either because 7 crashes or because m completes
Exit and moves back to Remainder).

A super-passage of a process m in a run starts when m either enters Try for the first time in the
run or when 7 enters Try for the first time after the previous super-passage has ended, and it ends
when 7 returns to Remainder by completing the Exit section.

The passage complezity (respectively, super-passage complezity) of an RME algorithm is the

worst-case number of RMRs that a process incurs in a passage (respectively, in a super-passage).
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6.1.4 Our contribution

The passage complexity of an RME algorithm can, in general, depend on n, the maximum number
of processes the algorithm is designed for. The ideal of course would be to design an algorithm
whose complexity is independent of n, but is this ideal achievable? It is well known that, for
the traditional mutual exclusion problem, the answer is yes: MCS and many other algorithms
that use FAS and CAS instructions have O(1) passage complexity [41][56][152]. For the RME
problem too, algorithms of O(1) passage complexity are possible, but they use esoteric instructions
not supported on real machines, such as Fetch-And-Store-And-Store (FASAS) and Double Word
CAS, which manipulate two shared variables in a single atomic action [76][109]. The real question,
however, is how well can we solve RME using only operations supported by real machines.

With their tournament based algorithm, Golab and Ramaraju showed that O(logn) passage
complexity is possible using only read and write operations [78]. In fact, in light of Attiya et al’s
lower bound result [17], this logarithmic bound is the best that one can achieve even with the
additional support of comparison-based operations such as CAS. However in PODC ’17, by using
FAS along with CAS, Golab and Hendler [76] succeeded in breaching this logarithmic barrier for

CC machines: their algorithm has O(log’i gn) passage complexity for CC machines, but unbounded
passage complexity for DSM machines. In this work, we close this gap with the design of an
algorithm that achieves the same sub-logarithmic complexity bound as theirs for both CC and

DSM machines. Some additional advantages of our algorithm over Golab and Hendler’s are:

1. Our algorithm satisfies the Wait-Free Exit property.

2. On a CC machine, Golab and Hendler’s algorithm requires a cache of ©(n) words at each
process, but our algorithm needs a cache of only O(1) words. (We explain the reason in the

next subsection.)

3. Our algorithm needs only the FAS instruction (whereas Golab and Hendler’s needs both FAS
and CAS).

4. Our algorithm eliminates the race conditions present in Golab and Hendler’s algorithm that

cause processes to starve.! (We describe these issues in detail in Appendix 6.A.)

"We communicated the issues described in Appendix 6.A with the authors of [76] who acknowledged the bugs and
after a few weeks informed us that they were able to fix them.
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6.1.5 Comparison to Golab and Hendler [76]: Similarities and differences

Golab and Hendler [76] derived their sublogarithmic RME algorithm in the following two steps, of

which the first step is the intellectual workhorse:

o The first step is the design of an RME algorithm, henceforth referred to as GH, of O(n)
passage complexity and O(1 + fn) super-passage complexity, where f is the number of times
that a process crashes in the super-passage. The exciting implication of this result is that,
in the common case where a process does not fail in a super-passage, the process incurs only

O(1) RMRs in the super-passage.

e The second step is the design of an RME algorithm where the n processes compete by working
their way up on a tournament tree. This tree has n leaves and each of the tree nodes is
implemented by an instance of GH in which logn/loglogn processes compete. (thus, the

degree of each node is logn/loglogn, which makes the tree’s height O(logn/loglogn)). The

logn
loglogn

logn

resulting algorithm has the desired O( Toglogn

) passage complexity and O((1+ f) ) super-

passage complexity.

The GH algorithm is designed by converting the standard MCS algorithm [152] into a recov-
erable algorithm. As we now explain, this conversion is challenging because MCS uses the FAS
instruction to insert a new node at the end of a queue. The queue has one node for each process
waiting to enter the CS, and a shared variable TAIL points to the last node in the queue. When a
process 7 enters the Try section, it inserts its node z into the queue by performing FAS(TAIL, x).
The FAS instruction stores the pointer to x in TAIL and returns TAIL’s previous value prev to w
in a single atomic action. The value in prev is vital because it points to z’s predecessor in the
queue. Suppose that m now crashes, thereby losing the prev pointer. Further suppose that a few
more processes enter the Try section and insert their nodes behind 7’s node x. If ™ now restarts,
it cannot distinguish whether it crashed just before performing the FAS instruction or just after
performing it. In the former case, m will have to perform FAS to insert its node, but in the latter
case it would be disastrous for 7 to perform FAS since x was already inserted into the queue. Yet,
there appears no easy way for 7w to distinguish which of the scenarios it is in. Notice further that,
like 7, many other processes might have failed just before or after their FAS, causing the queue to
be disconnected into several segments. All of these failed processes, upon restarting, have to go

through the contents of the shared memory to recognize whether they are in the queue or not and,
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if they are in, piece together their fragment with other fragments without introducing circularity
or other blemishes in the queue. Since concurrent “repairing” by multiple recovering processes can
lead to races, Golab and Hendler make the recovering processes go through an RME algorithm
RLOCK so that at most one recovering process is doing the repair at any time. This RLOCK does
not have to be too efficient since it is executed by only a failing process, which can afford to perform
O(n) RMRs. Thus, this RLOCK can be implemented using one of the known RME algorithms.
However, while a process is trying to repair, correct processes can be constantly changing the queue,
thereby making the repair task even more challenging.

The broad outline of our algorithm is the same as what we have described above for GH, but

our algorithm differs substantially in important technical details, as we explain below.

e In GH a recovering process raises a FAIL flag only after confirming that there is evidence that
its FAS was successful. This check causes GH to deadlock (see Scenario 1 in Appendix 6.A).

Our algorithm eliminates this check.

e Since the shared memory can be constantly changing while a repairing process 7 is scanning
the memory to compute the disjointed fragments (so as to connect 7’s fragment to another
fragment), the precise order in which the memory contents are scanned can be crucial to
algorithm’s correctness. In fact, we found a race condition in GH that can lead to segments
being incorrectly pieced together: two different nodes can end up with the same predecessor,

leading to all processes starving from some point on (see Scenario 2 in Appendix 6.A).

e When a repairing process explores from each node x, GH does a “deep” exploration, meaning
that the process visits x’s predecessor x1, x1’s predecessor x2, x2’s predecessor x3, and so
on until the chain is exhausted. Our algorithm instead does a shallow exploration: it simply
visits x’s predecessor and stops there. The deep exploration of GH from each of the n nodes
leads to O(n?) local computation steps per passage and requires each process to have a large
cache of O(n) words in order to ensure the desired O(n) passage-RMR-complexity. With our
shallow exploration, we reduce the number of local steps per passage to O(n) and the RMR

complexity of O(n) is achieved with a cache size of only O(1) words.

e How an exiting process hands off the ownership of CS to the next waiting process is done
differently in our algorithm so as to ensure a wait-free Exit section and eliminate the need

for the CAS instruction.
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6.1.6 Related research

Beyond the works that we discussed above, Golab and Hendler [77] presented an algorithm at last
year’s PODC that has the ideal O(1) passage complexity, but this result applies to a different model
of system-wide crashes, where a crash means that all processes in the system simultaneously crash.
Ramaraju [171] and Jayanti and Joshi [112] design RME algorithms that also satisfy the FCFS
property [135]. These algorithms have O(n) and O(logn) passage complexity, respectively. Attiya,

Ben-Baruch, and Hendler present linearizable implementations of recoverable objects [15].

6.2 A Signal Object

Our main algorithm, presented in the next section, relies on a “Signal” object, which we specify and
implement in this section. The Signal object is specified in Figure 6-1, which includes a description

of two procedures — set and wait — through which the object is accessed.

X.STATE € {1, 0}, initially 0.
e X.set() sets X.STATE to 1.
e X.wait() returns when X.STATE is 1.

Figure 6-1: Specification of a Signal object X.

6.2.1 An implementation of Signal Object

It is trivial to implement this object on a CC machine using a boolean variable BIT, initialized to
0. To execute set(), a process writes 1 in BIT, and to execute wait(), a process simply loops until
B1T has 1. With this implementation, both operations incur just O(1) RMRs on a CC machine.
Realizing O(1) RMR complexity on a DSM machine is less trivial, especially because the identity
of the process executing wait() is unknown to the process executing set(). Figure 6-2 describes
our DSM implementation X of a Signal object X, which assumes that no two processes execute the
wait() operation concurrently on the Signal object. Our implementation provides two procedures:
X.set() and X.wait(). Process m executes X.set() to perform X.set() and X.wait() to perform
X.wait(). Our implementation ensures that a call to X.set() and X.wait() incur only O(1) RMR.

When 7 invokes X.set(), at Line 1 it records for future X .wait() calls that X.STATE = 1, hence
those calls can return without waiting. Thereafter, 7 finds out if any process is already waiting
for X.STATE to be set to 1. It does so by checking if any waiting process has supplied the address

of its own local-spin variable to 7 on which it is waiting (Lines 2-3). If = finds that a process is
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Shared variables (stored in NVMM)
BIT € {1,0}, initially 0.
GOADDR is a reference to a boolean, initially NIL.

procedure X.set() procedure X .wait()
1. Bir«+1 5. gor < new Boolean
2. addr, + GOADDR 6. xgon < false
3. if addr, # NIL then 7. GOADDR ¢ gox
4. xaddr, + true 8. if BIT == 0 then

9. wait till xgo, == true

Figure 6-2: Implementation of a Signal object specified in Figure 6-1. Code shown for a process 7.

waiting (i.e., addr, # NIL), then it writes ¢rue into that process’s spin-variable to wake it up from
the wait loop (Line 4).

When a process 7’ invokes X.wait(), at Line 5 it creates a new local-spin variable that it hosts
in its own memory partition (Line 5). It initializes that variable for waiting (Line 6) and notifies
the object about its address (Line 7) so that the caller of X.wait() can wake 7’ up as described
above. Then 7’ checks if BIT == 1 (Line 8), in which case X.STATE = 1 already and 7’ can return

without waiting. Otherwise, 7’ waits for xgo,s to turn true (Line 9).

Theorem 6.2.1. X.set() and X.wait() described in Figure 6-2 implement a Signal object X
(specified in Figure 6-1). Specifically, the implementation satisfies the following properties provided
no two executions of X .wait() are concurrent: (i) X.set() is linearizable, i.e., there is a point in
each execution of X.set() when it appears to atomically set X .STATE to 1, (i) When X .wait()
returns, X.STATE is 1, (iii) A process completes X.set() in a bounded number of its own steps,
(iv) Once X.STATE becomes 1, any execution of X.wait() by a process m completes in a bounded

number of m’s steps, (v) X.set() and X.wait() incur O(1) RMR on each execution.

6.3 The Algorithm

Our RME algorithm for k ports is presented in Figures 6-3-6-4. We assume that all shared variables
are stored in non-volatile main memory, and process local variables (subscripted by ) are stored in
respective processor registers. We assume that if a process uses a particular port during its super-
passage in a run, then no other process will use the same port during that super-passage. The
process decides the port it will use inside the Remainder section itself. Therefore, the algorithm

presented in Figures 6-3-6-4 is designed for use by a process 7w on port p.
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Types
QNode = record{PRED : reference to QNode,
NONNIL__SIGNAL : Signal object, CS__SIGNAL : Signal object } end record
Shared objects (stored in NVMM)
CRraAsH, INCS, and EX1IT are distinct QNode instances, such that,
CRrRASH.PRED = &CRrASH, INCS.PRED = &INCS, and ExIT.PRED = &EXIT.
SPECIALNODE is a QNode instance, such that, SPECIALNODE.PRED = &EXIT,
SPECIALNODE.NONNIL__SIGNAL = 1, and SPECIALNODE.CS__ SIGNAL = 1.
RLOCK is a k-ported starvation-free RME algorithm
that incurs O(k) RMR per passage on CC and DSM machines.
Shared variables (stored in NVMM)
TAIL is a reference to a QNode, initially &SPECIALNODE.
NODE is an array|0 ...k — 1] of reference to QNode. Initially, Vi, NODE[:] = NIL.

Try Section
10. if NODE[p] = NIL then

11. mynode, < new QNode

12. NODE[p] < mynoder

13. mypredr < FAS(TAIL, mynoder )

14. mynoder.PRED < mypred,

15. mynode, . NONNIL__SIGNAL.set()

16. else

17. mynoder < NODE|p]

18. if mynode,.PRED = NIL then mynode,.PRED « &CRASH
19. mypred, < mynoder.PRED

20. if mypred, = &INCS then go to Critical Section

21. if mypred, = &EXIT then

22. Execute Lines 28-29 of Exit Section and go to Line 10
23. mynode, NONNIL SIGNAL.set()

24. Execute RLOCK

25. mypred,.CS__SIGNAL.wait()
26. mynoder.PRED < &INCS

Exit Section
27. mynoder.PRED + &EXIT
28. mynoder.CS__SIGNAL.set()
29. NODE[p] + NIL

Figure 6-3: k-ported n-process RME algorithm for CC and DSM machines. Code shown for a
process 7 that uses port p € {0,...,k —1}. (Code continued in Figure 6-4.)

6.3.1 Informal description

The symbol & is the usual “address of” operator, prefixed to a shared object to obtain the address
of that shared object. The symbol “” (dot) dereferences a pointer and accesses a field from the
record pointed to by that pointer. When invoked on a path o in a graph, the functions start(o)
and end(o) return the start and end vertices of the path 0. We assume that a process 7 is in the
Remainder section when PC; = 10 and is in the CS when PC, = 2T7.

Our algorithm uses a queue structure as in the MCS lock [152] and QNode is the node type
used in such a queue. We modify the node structure in the following way to suit our needs. The
node of a process 7 has, apart from a PRED pointer, two instances of a Signal object: CS_ SIGNAL

and NONNIL__SIGNAL. 7’s successor process will use the CS__SIGNAL instance from 7’s node to
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Critical Section of RLOCK
30. if mypred. # &CRASH then go to Exit Section of RLOCK
31. taily < TAIL; Vi < ¢; Ex < ¢; tailpathr, < NIL; headpath, < NIL
32. for ir + 0to k —1

33. cury < NODE[ir]

34. if curr = NIL then continue

35. cur,.NONNIL__SIGNAL.wait()

36. curpred, < cur,.PRED

37. if curpred. € {&CRASH, &INCS, &ExiT} then Vi « V; U {cur,}
38. else V; < VU {cury,curpred.}; Ex < Ex U {(curs, curpred,)}

39. Compute the set Paths, of maximal paths in the graph (Vi, Ex)

40. Let mypath, be the unique path in Paths, that contains mynoder

41. if tail, € Vi then let tailpath, be the unique path in Paths, that contains tail,
42. for each o, € Paths,

43. if end(o).PRED € {&INCS, &EXIT} then

44. if start(o,).PRED # &EXIT then

45. headpath, < o

46. if tailpath, = NIL V end(tailpath,).PRED € {&INCS, &EXIT} then
47. mypred, < FAS(TAIL, start(mypathx))

48. else if headpath, # NIL then mypred, < start(headpath-) else mypred, < &SPECIALNODE

49. mynoder.PRED <« mypred
Figure 6-4: (Code continued from Figure 6-3.) k-ported n-process recoverable mutual exclusion
algorithm for CC and DSM machines. Code shown for a process 7 that uses port p € {0,..., k—1}.
Vertex names in V; are node references, hence the “” symbol dereferences the address and accesses
the members of the node. The functions start(c) and end(o) used at Lines 43, 44, 46-48 return

the start and end vertices of the path o.

wait on m before entering the CS. The NONNIL__SIGNAL instance is used by any repairing process
to wait till 7 sets the PRED pointer of its node to a value other than NIL. Every node has a unique
instance of these Signal objects. We ensure that the call to CS_SIGNAL.wait() happens from a
single predecessor and the call to NONNIL__SIGNAL.wait() is made in a mutually exclusive manner,
thus ensuring that no two executions of wait() are concurrent on the same object instance. We
also use an array of references to QNodes called NODE[]. This is a reference to a QNode that is
used by some process on port p to complete a passage. In essence NODE[p] binds a process 7 to
the port p through the QNode 7 uses for its passage.

We first describe how 7 would execute the Try and Exit section in absence of a crash as follows,
and then proceed to explain the algorithm if a crash is encountered anywhere. When a process
m wants to enter the CS through port p from the Remainder section, it starts executing the Try
section. At Line 10 it checks if any previous passage ended in a crash. If that is not the case, 7
finds NODE[p] = NIL. It then executes Line 11 which allocates a new QNode for 7 in the NVMM,
such that the PRED pointer holds NIL, and the objects CS__SIGNAL and NONNIL_ SIGNAL have
STATE = 0 (i.e., their initial values). At Line 12 the process stores a reference to this new node

in NODE[p] so that it can reuse this node in future in case of a crash. 7 then links itself to the
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queue by swapping mynode, into TAIL (Line 13) and stores the previous value of TAIL (copied
in mypred,) into mynode, . PRED (Line 14). The value of mypred,, from Line 13 onwards, is an
address of 7’s predecessor’s node. At Line 15 7 announces that it has completed inserting itself
in the queue by setting mynode, NONNIL__SIGNAL to 1 (more later on why is this announcement
important). 7 then proceeds to Line 25 where it waits for mypred,.CS__SIGNAL to become 1. If
the owner of the node pointed by mypred, has already left the CS, then mypred,.CS__SIGNAL
is 1; otherwise, m has to wait for a signal from its predecessor (see description of Signal object in
previous section). Once m comes out of the call to mypred,.CS__SIGNAL.wait(), it makes a note
in mynode,.PRED that it has ownership of the CS (Line 26). 7 then proceeds to the CS.

When 7 completes the CS, it first makes a note to itself that it no longer needs the CS by
writing &EXIT in mynode,.PRED (Line 27). It then wakes up any successor process that might be
waiting on 7 to enter the CS (Line 28). 7 then writes NIL into NODE[p| at Line 29, which signifies
that the passage that used this node has completed.

When 7 begins a passage after the previous passage ended in a crash, 7 starts by checking
NODE[p| at Line 10. If it has the value NIL, then 7 crashed before it put itself in the queue,
hence it treats the situation as if 7 didn’t crash in the previous passage and continues as described
above. Otherwise, m moves to Line 17 where it recovers the node it was using in the previous
passage. If m crashed while putting itself in the queue (i.e., right before executing Lines 13 or 14),
it treats the crash as if it performed the FAS at Line 13 and crashed immediately. Hence, it makes
a note to itself that it crashed by writing &CRASH in mynode,.PRED (Line 18). It then reads
the value of mynode,.PRED into mypred, (Line 19). At Line 20 7 checks if it crashed while in
the CS, in which case it moves to the CS. At Line 21 it checks if it already completed executing
the CS, in which case recovery is done by executing Lines 28-29 and then re-executing Try from
Line 10. If 7 reaches Line 23, it is clear that it crashed before entering the CS in the previous
passage. In that case repairing the queue might be needed if 7 didn’t set mynode,.PRED to point
to a predecessor node. In any case, m announces that mynode,.PRED no longer has the value NIL
setting mynode, .NONNIL__SIGNAL to 1. 7 then goes on to capture RLOCK so that it gets exclusive

access to repair the queue if it is broken at its node.

High level view of repairing the queue after a crash

Before diving into the code commentary of the CS of RLOCK, where 7 repairs the queue broken

at its end, we describe how the repairing happens at a high level. 7 uses the RLOCK to repair
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the queue, if it crashed around the FAS operation (Lines 13-14) in the Try section. A crash by a
process on Lines 13-14 can give rise to the following scenarios: (i) the queue is not affected by the
crash (crash at Line 13 or at Line 14 but the queue was already broken), (ii) the queue is broken
due to the crash (crash at Line 14). Therefore consider the following configuration®. Assume there
is a node x that was used by some process in its passage and the process has completed that passage
succesfully so that z.PRED = &EXIT. Process w1, w3, and m5 have crashed at Line 14. Process
9, 4, and 7 are executing the procedure wait() at Line 25, such that, m’s predecessor is mq,
m4’s predecessor is 73, and 7wg’s predecessor is w5. Process w7 and mg have crashed at Line 13. We
describe the repair by each of these crashed processes as follows.

Each of the crashed processes executes the RLOCK and waits for its turn to repair the queue in
a mutually exclusive manner. Assume that the repair is performed by the processes in the order:
(w1, 7,75, 78, 3). When 71 performs the repair, it first scans the NODE array and notices that
the queue is broken at process w4 and 75’s nodes (it notices that by reading &CRASH in the PRED
pointer of the process nodes). NODE array also gives an illusion to m that queue is broken at 77
and 7g’s node although these processes didn’t perform a FAS prior to their crash. 7 also notices
that no node has a predecessor node whose PRED pointer is set to &INCS or &EXIT, hence, no
process is in the CS or is poised to enter it. Therefore 7y sets its own node’s predecessor to be
SPECIALNODE (from Figure 6-3, SPECIALNODE.PRED = &EXIT). Note, no other crashed process
will set their own node’s PRED pointer to point to SPECIALINODE simultaneously because repair
operation is performed in a mutually exclusive manner by 7. Also, the PRED pointer of each
node has a non-NIL value (if not, then 7; waits till it sees a non-NIL value before doing the actual
repair). This way 71 completes the repair operation on the queue and is now poised to enter the
CS.

When 77 (crashed at Line 13) performs the repair, it first scans the NODE array and notices
that the queue is broken at process m4, 75, 77, and 7wg’s nodes. Since it notices that no process
points to mo, it sets the PRED pointer of its own node to point to m2’s node. Thereby 77 finishes
the repair by placing itself in the queue, without ever performing the FAS, and gives up its control
over RLOCK to return to the Try section.

When 75 (crashed at Line 19) performs the repair, it follows an approach similar to that of 77’s.
It sees that the queue is broken at process 73, 75, and 7g. It then notices that no process points to

w7 and therefore sets the PRED pointer of its own node to point to 77’s node. This way w5 and 7g

2Please refer to Figure 6.B.1 of Section 6.B in the Appendix for a visual illustration.

108



are now attached to the queue in a way that there is a path from their node to a node containing
the address &EXIT. Also, TAIL points to 7g’s node, so it appears as if the queue is unbroken if a
traversal was done starting at the TAIL pointer.

Now that a traversal from TAIL would lead to a node used by a process that is in Critical section
(71 in this case), the queue is partially in place. In order to fix the remaining broken fragments the
queue might need to be broken somehow to fit the remaining fragments. However, 73 and 7g can
do the repair from here on without affecting the existing structure of the queue. wg can put itself
in the queue by performing the FAS operation on the TAIL with its own node. Whereas w3 first
identifies the fragment its node is part of, and thereby all the nodes that are part of its fragment.
It then performs a FAS one more time on TAIL with the last node in its own fragment (i.e., m4’s
node) and sets the PRED pointer of its own node to the previous value of TAIL that is returned by
the FAS (address of mg’s node). This ends the repair operation for 73 and thereby the repair for

all the process.

Informal description of CS of RLoCK

We proceed to give a description of the CS of RLOCK that does the above mentioned repair. At
Line 30 7 checks if it was already in the queue before its last crash (such a situation may occur
either when 7 crashes after executing the CS of RLOCK to completion but before executing the
Exit section of RLOCK, or when 7 crashes in the Try after performing Line 14). If so, it notices
that there is no need for repair, hence, it goes to the Exit section of RLOCK. Otherwise, at
Line 31 7 reads the reference to the node pointed to by TAIL into the variable tail, and initializes
other variables used during the repair procedure. Thereafter m constructs a graph that models
the queue structure. To this purpose, it reads each node pointed to by the NODE array in order
to construct the graph (Lines 32-38). The graph is constructed as follows. First a cell from the
NODE array is read into cur, (i.e., NODE[i,]) at Line 33 and checked if it is a node of some process
(Line 34). If NODE[i,] = NIL, 7 moves on to the next cell in the array. Otherwise, at Line 35 7
waits till NODE[i,].PRED assumes a non-NIL value (i.e., wait for the owner of that node to have
executed either Line 15 or 23). Once cur;’s PRED pointer has a non-NIL value, that value is
read into curpred, (Line 36). There are now two possibilities: (i) the PRED pointer points to one
of &CrasH, &INCS, or &EXIT, or (ii) the PRED pointer points to another node. The purpose
of waiting for cur,.NONNIL__SIGNAL = 1 is simple: we want to be sure which of the above two

cases is true about cur,. In the first case only cur; is added as a vertex to the graph (the name
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of that vertex is the value of cur;). In the second case cur, and curpred, are added as vertices
and a directed edge (cury, curpred;) is added to the graph (we consider this as a simple graph, so
repeated addition of a vertex counts as adding it once). This process is repeated until all cells from
the NODE array are read. Once all the nodes are read from the cells of NODE array, including nodes
not yet in the queue (77 and 7g in the above example), we have the graph (V;, E;) that models the
broken queue structure such that each maximal path in the graph models a broken queue fragment.
Note, such a graph is a directed acyclic graph. At Line 39 set Paths, of maximal paths in the
graph (V, E) is created and at Line 40 a path mypath, is picked from Paths, such that mynode,
appears in it. At Line 41 a path tailpath, containing the node tail, is picked from Paths; if tail,
appears in the graph. In Lines 42-45 we try to find a path in the graph such that its start vertex
belongs to a process that has not finished the critical section but a traversal on that path leads to
a node holding one of the addresses &INCS or &EXIT (i.e., it leads to a node in or out of CS). If
such a path is found, headpath, is set to point to that path, otherwise, headpath, remains NIL.
In Line 46 we first check if the queue is already partially repaired (e.g., if the repair was being
performed by 7g or 73 in the example above). If so, at Line 47 the fragment containing mynode,
is inserted into the queue by performing a FAS on TAIL with the last node in that fragment (i.e.,
start(mypath;) would give the address of last node appearing in mynode,’s fragment). We note
the previous value of TAIL into mypred, so that we can update mynode,.PRED later. Otherwise,
7 needs to connect its own fragment to the queue. To this purpose it needs to be ensured that
the queue is not broken at its head and some active process is poised to enter or is in the Critical
section. Line 48 does this by checking if Lines 42-45 found a path in the graph such that its start
vertex belongs to a process that has not finished the Critical section but a traversal on that path
leads to a node out of CS (i.e., is headpath, # NIL). If headpath, # NIL, then 7’s predecessor
is set to be the start node on the path headpath, (w7, 75 in the example above). Otherwise, the
queue is broken at its head, therefore, at Line 48, 7’s predecessor is set to be SPECIALNODE (7
in example above). At Line 49, 7w has the correct address to its predecessor node in mypred, (as
noted in Lines 46-48) which is written into mynode,.PRED. This completes the CS of RLOCK and
the repair of 7’s fragment. 7 then proceeds back to Line 25 after completing the Exit section of

RLOCK.

6.3.2 Main theorem

The correctness properties of the algorithm are captured in the following theorem.
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Theorem 6.3.1. The algorithm in Figures 6-3-6-4 solves the RMFE problem for k ports on CC' and
DSM machines and additionally satisfies the Wait-free Exit and Wait-free CSR properties. It has
an RMR complexity of O(1) for a process that does not crash during its passage, and O(fk) for a

process that crashes f times during its super-passage.

6.3.3 O((1+ f)logn/loglogn) RMRs Algorithm

To obtain a sub-logarithmic RMR complexity algorithm on both CC and DSM machines, we use the
arbitration tree technique used by Golab and Hendler (described in Section 5 in [76]). Therefore,

the following theorem follows from Theorem 6.3.1.

Theorem 6.3.2. The arbitration tree algorithm solves the RME problem for n processes on CC
and DSM machines and additionally satisfies the Wait-free Ezit and Wait-free CSR properties. It
has an RMR complexity of O((1+ f)logn/loglogn) per super-passage for a process that crashes f

times during its super-passage.
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Appendix

6.A Issues with Golab and Hendler’s [76] Algorithm

In this section we describe two issues with Golab and Hendler’'s FAS and CAS based algorithm.
The Algorithm in question here appears in Figures 6, 7, 8 in [76] and we use the exact line numbers
and variable names as they appear in the thesis.

6.A.1 Scenario 1: Process deadlock inside Recover

The first issue with the GH algorithm is that processes deadlock waiting on each other inside the

Recover section. This issue is described as below:

1. Process Py requests the lock by starting a fresh passage, goes to the CS, completes the Exit,

and then goes back to Remainder.

2. Process P» starts a fresh passage, executes the code till (but not including) Line 26 and

crashes.

3. Remainder section puts P» into Recover, P» starts executing IsLinkedTo(2) from Line 44

because mynode.nextStep = 26 and mynode.prev =L for Ps.
4. P, sleeps at Line 68 with ¢ = 0.
5. Process Py starts another passage, executes till (but not including) Line 26 and crashes.

6. Thereafter, Py goes to Recover, starts executing IsLinkedTo(4) from Line 44 because

mynode.nextStep = 26 and mynode.prev =1 for Py.

7. P starts executing procedure IsLinkedTo() where it left and executes several interations

until i = 4. Now it waits on Inodes[4].prev (Py’s mynode) to become non- L.
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8. Py starts executing procedure IsLinkedTo () where it left and executes several iterations until

i = 2 and now it waits on lnodes[2].prev (Py’s mynode) to become non-_L.

9. From now on no process including P> and P ever crash. Therefore P, and P, are then waiting
on each other and no one ever sets mynode.prev to a non-_ L value. This results in violation
of Starvation freedom property.

6.A.2 Scenario 2: Starvation Freedom Violation

The second issue with their algorithm is a process may starve even though it never crashed. The

issue is as described below:

1. Process P, initiates a new passage, goes to CS, and no other process comes after it, so tail is

pointing to Py’s node.

2. P, initiates a new passage, performs FAS on tail and goes behind Pp, and sets its own

mynode.prev field to point to Py’s node.

3. P; initiates a new passage, performs FAS on tail and goes behind Pj, but crashes immediately,

hence losing its local variable prev before setting its own mynode.prev field.
4. P performs isLinkedTo(2), which returns true because tail is pointing to P»’s mynode.

5. P3 initiates a new passage, performs FAS on tail and goes behind P,, and sets its own

mynode.prev field to point to P»’s node.

6. P» acquires rLock in order to recover from the crash, and performs iterations with i = 0,1, 2,3
of the for-loop on Line 76. At this point the relation R maintained in the rlock contains (0,

1), (2, 3), (3, TAIL).

7. P, initiates a new passage, performs FAS on tail and goes behind Ps, but loses its local

variable prev before setting its own mynode.prev field.

8. Ps initiates a new passage, performs FAS on tail and goes behind P, and sets its own

mynode.prev field to point to P,’s node.

9. P, resumes and performs iterations with ¢ = 4,5 of the for-loop at Line 76, adding (4,5) to
R.
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10.

11.

12.

13.

14.

At this point R = (0, 1), (2, 3), (3, TAIL), (4,5). Therefore, process 2 identifies

o (0,1) as the non-failed fragment (segment 1),
e (4,5) as the middle segment (segment 2), and

e (2,3), (3,TAIL) as the tail segment (segment 3).
On Line 93 P, sets mynode.prev to point to Ps’s node and tail still points to P5’s node.

P initiates a new passage, performs FAS on tail and goes behind Ps;, and sets its own
mynode.prev field to point to Ps;’s node. Note, at this point, both P, and Py set their

respective mynode.prev field to point to the Ps’s node and tail points to Ps’s node.

Thereafter Py executes the remaining lines of Try section setting Ps’s mynode.next to point

to its own node at Line 30, and then continues to busy-wait on Line 31.

P, then comes out of the rlock, continues to Line 28 in Try, sets Ps’s mynode.next to point

to its own node at Line 30, and continues to busy-wait on Line 31.

Hereafter, assume that no process fails, we have that all the processes coming after Py in-
cluding P itself forever starve. This is because P5 was supposed to wake FPg up from the
busy-wait, but it would wake up P, instead. P, never wakes any process up because it is not

visible to any process. This violates Starvation Freedom.

6.B Illustration for Repair

Figure 6.B.1 illustrates the bird’s eye view of queue repair performed by crashed processes. Refer

to Section 6.3.1 for a detailed description.
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Node used by =:
mynode,.PRED

.

With mq, w3, 75, w7, and 7g crashed, initial state of the queue
(71, 73, w5 crashed at Line 14 and w7, mg crashed at Line 13):

TAIL : E\l\ Node out of CS: E\l\

s |45 (77 [ 58 [0 | @ ms [ | [ @ s | 43¢ |2 [ @ mi [ |

8

=

w1 performs repair:

TAIL : E\l\ Node out of CS: E\l\

(s |45 (77 [ 58 [0 | @ ms [0 [ 7o [ @ ms | £ |72 [ @1 | @1

8

=

w7 performs repair:

TAIL : E\l\ Node out of CS: E\l\

s |4 [ [ @i ms |5 [ [ (s [ 5 [ 77 [@| 72 [ @ m1 [ @1 7]

75 performs repair:
TAIL : E\l\ Node out of CS: E\l\

s |45 [ | @po| ms [ 5 [ 6 | @] 75 [ @ {77 | @] ™2 | @ —{ 1 | @1

8

=

g performs repair:

TAIL : Node out of CS:

[T o £ [7a [ [o}[7a [} o [o}-[7a o} o}

g performs repair:

a

8

=

TAIL : Node out of CS:
4| @1{ 73 | @ s [ @1{ 6 | @f—| 75 | @{ 77 [ @1{ ™2 | @ ™1 | @]  [[7]

Figure 6.B.1: Queue states after repair is performed by different processes in a sequence. Ex-
plosion symbol in place of a PRED pointer on a node denotes the said process has crashed without
updating the PRED pointer of its node.
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6.C Proof of correctness

In this section we present a proof of correctness for the algorithm presented in Figures 6-3-6-4. We
prove the algorithm by giving an invariant for the algorithm and then proving correctness using
the invariant. Figures 6.C.3-6.C.6 give the invariant satisfied by the algorithm. The proof that the
algorithm satisfies the invariant is by induction and is presented in Appendix 6.E.

We begin with some notation used in the proof and the invariant. A process may crash several
times during its super-passage, at which point all its local variables get wiped out and the program
counter is reset to 10 (i.e. first instruction of Try). In order to prove correctness we maintain a
set of hidden variables that help us in the arguments of our proof. Following is the list of hidden

variables for a process 7 and the locations that the variables are updated in the algorithm:

o —

porty: This variable stores the port number that 7 uses to complete its super-passage. The
Remainder section decides which port will be used by 7 for the super-passage. When 7

is not active in a super-passage, we assume that @ = NIL.

fCTT: This variable takes line numbers as value according to the value of program counter, i.e.,
PC. Figures 6.C.1-6.C.2 show the annotated versions of our code from Figures 6-3-6-4
(annotations in <>) where we show the value that ]§C’\7r takes at each line. We assume
that the change in fCTT happens atomically along with the execution of the line. ]§CTr
remains the same as before a line is executed for those lines in the figure that are not

annotated (for example, Lines 10, 16-21).

node,: This variable is used to denote the QNode that 7 is using in the current configuration
for the current passage. Detailed description of the values that 7;)(1\677 takes appears in

the Definitions section of Figure 6.C.3.
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.

27.
28.
29.

Try Section
if NoDE[p] = NIL then
mynoder < new QNode; < IECT7r — 12 >
NODE[p] < mynoder; < PC, + 13 >
mypredr < FAS(TAIL, mynoder); < PC, « 14>
mynoder.PRED < mypred,; < FC: — 15>
mynoder . NONNIL__SIGNAL.set(); < 1§C\7T — 25>
else
mynoder < NODE|p]
if mynode,.PRED = NIL then mynode,.PRED « &CRASH
mypred, < mynoder.PRED
if mypred, = &INCS then go to Critical Section
if mypred, = &EXIT then
Execute Lines 28-29 of Exit Section and go to Line 10; < Ig\C’7r +— 11>
mynode, NONNIL SIGNAL.set()
Execute RLOCK

mypred-.CS__SIGNAL.wait(); < Ig\C'7r — 26 >
mynoder . PRED + &INCS; < Ig-\C’ﬂ — 27 >
Exit Section

mynoder . PRED « &EXIT; < }?C’\ﬂ — 28 >
mynoder.CS__SIGNAL.set(); < FC\} — 29 >
NoDE[p]  NIL; < PCyy + 11 >

Figure 6.C.1: Annotated version of code from Figure 6-3. m =p.

30.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.

49.

Critical Section of RLOCK
if mypred. # &CRASH then
go to Exit Section of RLOCK;
< PC, + 25>
taily < TAIL; Vi < ¢; Ex < ¢; tailpath, < NIL; headpath, < NIL
for iz <~ Oto k—1
cury  NODE[ix]
if cur, = NIL then continue
curr.NONNIL _SIGNAL.wait()
curpred, < curr.PRED
if curpred. € {&CRASH, &INCS, &EXIT} then Vi + Vi U {cur:}
else V; < Vo U {cury,curpred=}; Ex + Ex U {(curx,curpred:)}
Compute the set Paths, of maximal paths in the graph (Vx, Ex)
Let mypath, be the unique path in Paths, that contains mynoder
if tail, € V; then let tailpath, be the unique path in Paths, that contains tail,
for each o, € Paths,
if end(ox).PRED € {&INCS, &EXIT} then
if start(o).PRED # &EXIT then
headpathy, < o
if tailpath, = NIL V end(tailpath,).PRED € {&INCS, &ExiT} then
mypred, < FAS(TAIL, start(mypathr)); < PC, + 14>
else
if headpathr, # NIL then mypred, < start(headpath,) else mypred. <+ &SPECIALNODE ;
< PCr+ 14>
mynoder.PRED < mypred, ; < FC: — 25>

Figure 6.C.2: Annotated version of code from Figure 6-4. W =p.
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We say that a process is in the CS if and only if ]?CTT = 27. If 7 is not active in a super-passage
and hence in the Remainder section, PC, = 10, fCTr = 15, and the values of the rest of the hidden

variables are as defined above. We assume that initially all the local variables take arbitrary values.

Assumptions:

e Algorithm in Figures 6-3-6-4 assumes that every process uses a single port throughout its super-passage and no two
processes execute a super-passage with the same port when their super-passages overlap. The Remainder section
ensures that this assumption is always satisfied. Therefore, when a process continues execution after a crash,
it uses the same port it chose at the start of the current super-passage. Hence, the Remainder section guarantees
that the following condition is always met for active processes:

Vr eIl 3p e P, (port, = pAVp € P,p#£p') = port, 7.

Definitions (Continued in Figure 6.C.4):

e P is a set of all ports.

e [I is a set of all processes.

e N\ is a set containing the node SPECIALNODE and any of the QNodes created by any process at Line 11
during the run so far.

o N = {&qnode | gnode € N'} is a set of node addresses from the nodes in A

NobDE[port,], if PC, € [13,15] U [25,29],

° 7?)d\e7r = { mynoder, if PCr =12,

NIL, otherwise (i.e., PC, € [11,12] A PC € [10,11]).

Conditions (Continued in Figures 6.C.4-6.C.5):

1. Vr €11, (PC, € {11,12} < NobE[port,] = NIL) A (PC €{13,14} & node.PRED € {NIL, &CRASH})
A (PC € {15,25,26} < nodes.PRED € N') A (PCy = 27 < node~.PRED = &INCS)
A (PCr € {28,29} < node,.PRED = &EXIT)

2. Vr €11, (PC, € [13,15] U [18, 29] U [30, 48] = mynode, = NODE[port,])
A (PCr € {15} U [20, 24] U [25, 26] U [30, 48] = mypred. = NODE[port,].PRED)
A ((PCr € [20,24] U [30,48] A PC € {13,14}) = mypred. = &CRASH)

3. Vr € I, NoDE[port,] # NIL = (NODE[port,] € N

A (3" € I, w # n’ A NODE[port,].PRED = NODE[port,/])
V (NODE[port;].PRED € N’ A NODE[port,].PRED.PRED = &EXIT)
V NODE[port,].PRED € {NIL, &CRASH, &INCS, &EXIT})

AWr" ell,r £ 7" =
((NODE[p/OTt\Tr] NODE[port ] = NODE[pm’tTr] NIL)

A (NODE[port,].PRED = NODE[port,~].PRED =
NODE[port,].PRED € {NIL, &CRASH, &EXIT}))))

4. V@' €10, (1 # 7' = (noder # node, \ nodex = node, = NIL))
A ((m # 7 A nodex # NIL A node,s # NIL) =
(n/o-d\e,r.PRED # nodes PRED V node,.PRED € {NIL, &CRrASH, &EXIT}))
AEbeN,(1<b<EkA node, PRED.PRED - - - .PRED € {NIL, &CrasH, &INCS, &EXIT}))
b times
5. V gnode € N, gnode.PRED € {NIL, &CRrasH, &INCS, &ExiT} U N’
A ((Vr e 11, node # &qnode) < (Vp' € P, NODE[p] # gnode A V7' T e IT, mynoder # &qnode))
A (gnode.CS__SIGNAL = 1 = (qnode.PRED = &EXIT A (Vr € 11, node, = gnode = PC, = 29)))
A (gnode.NONNIL__SIGNAL = 1 =
(gnode.PRED # NIL A (Vrr € 11, node, = qnode = PC,, € [13,15] U [25,29])))
A (gnode.CS__SIGNAL = 0 = gnode.PRED € {NIL, &CRrasH, &INCS})
A (gnode.NONNIL _SIGNAL = 0 = gnode.PRED = NIL)

Figure 6.C.3: Invariant for the k-ported recoverable mutual exclusion algorithm from Figures 6-
3-6-4. (Continued in Figures 6.C.4-6.C.5.)
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Definitions (Continued from Figure 6.C.3):
e For a QNode instance 7@# used by a process w € II, fragment (@ﬁ) is a sequence of
distinct QNode instances (1;)cl\e7r1 , 7561\6@, e ,T@ﬁj) such that:
~ Vi, nodex, € N,

- Viell,j— 1],%d\em+l.PRED = @ﬁi (e.g., 7Ed\eﬂ2.PRED = @Wl),
- @m.PRED € {NIL, &CRraAsH, &INCS, &EXIT},
Vg € P,NODE[q].PRED # n/ozeﬂj7

—_

- head(fragment@?)d\eﬂ)) = 7;)61\67‘—1 and tail(fragment(noder)) = nodex,

|fragment(1@ﬁ)| =3.

For example, for the initial state of the queue in Figure 6.B.1, (w1, 72), (73, 74), (75, 76), (77), (7s) are
distinct fragments. After 73 performs repair in the illustration of Figure 6.B.1, the only fragment of the queue
is: (1,2, 7, 75, W6, T8, T3, T4 ). Note, in this example a node assumes the name of its process for

brevity (i.e., w1 should be read as n/o?em). The set membership symbol € used on the sequence denotes
membership of a node in the fragment. For example, w2 € fragment(71) in both examples discussed above.
Note, for simplicity we define fragment(NIL) = NIL and |fragment(NIL)| = 0. Conditions of the invariant
assert that the set of nodes in shared memory operated by the algorithm satisfy this definition of fragment.
o Q= {rell| (PC, € {15,25,26} A head(fragment(node,)).PRED € {&INCS, &ExiT}) v PC, = 27}
is a set of queued processes.
Conditions (Continued from Figure 6.C.3):

6. Vr €11, (PCy = 10 = PC,, € [11,15] U [25,29]) A (PC» = 11 = PC, € [11,12))
A (PCr € [12,15] U {25} = PCy = PCy) A (PCy € [16,20] = PCy, € [13,15] U [25,29))
A (PCr =21 = PCy € [13,15] U [25,26] U [28,29]) A (PCr = 22 = PC; € [28,29))
A (PCy € [23,24)U {30} = PCy € [13,15]U [25,26]) A (PCx € [31,48] = PC; € [13,14))
A (PC’7r =11= PC, € {10, 11}) (PC, =12 = PC, € [10,12))
A (PCs € {13,14} = (PC = PC; v PCy € {10} U [16,21] U {23,24} U [30, 48]))
A (PCr € {15,25,26} = (PCy = PCy v PCy € {10} U [16,21] U {23,24} U {30}))
A (PCr =21 = (PCy = PCy V PCy € {10} U 16, 20]))
A (PC, € {28,29} = (PCx = PC, V PC, € {10} U[16,22)))
7. Va7’ el fragment(node,r) # fragment(node7r )=
(Vﬂ'” € I, node,. € fragment(nodew) = node ¢ fragment(node7T )
A head(fragment(node,r)).PRED =&INCS = ((m £ 7' A head(fragmen‘c(rg;cﬁ7T )).PRED = &INCS) =
n/o-d\e,r/ € fragment(?@ﬂ))
A head(fragment(@w)).PRED = &EXIT = (P/’C’\ﬂ € [28,29] v
(r#£ 7 A head(fragment@;)d\e,r/)).PRED = &ExiT A PCp/ ¢ [28,29]) =
7;761\6”/ € fragment(v%d\ew))
A (\fragment(@ﬂ)\ >1=
((T;)Ea,r/ € fragment(rg)d\eﬁ) A @ﬁ/ #* head(fragment(@,r))) = FC? € {15,25}))
8. Vr € II, PC, € {12,138} = (mynode. € N’ A (Vg € P,NODE[q] # mynoder A NODE[q]. PRED # mynode)
A mynoder.CS__SIGNAL = 0 A mynoder . NONNIL__SIGNAL = 0
A mynode, = head(fragment(mynoder)) A |fragment(mynoder)| =1
A fragment(mynoder) # fragment(TAIL) A mynode,.PRED = NIL)
Figure 6.C.4: (Continued from Figure 6.C.3.) Invariant for the k-ported recoverable mutual
exclusion algorithm from Figures 6-3-6-4. (Continued in Figure 6.C.5.)

Lemma 6.C.1 (Mutual Exclusion). At most one process is in the CS in every configuration of

CVery run.

Proof. Suppose there are two processes 7; and 7; that are both in CS in a configuration C'. There-
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Conditions (Continued from Figure 6.C.4):

9. Vrell, PCr =14 = (n/o-d\e7r eN' A 1@# PRED = NIL A TL/O?GW = head(fragment(@ﬂ))
A nodew CS_| SIGNAL =0A node7r NONNIL_SIGNAL =0
A (Vr' € T, (r' # m A noder € fragment(nodew)) = PC, € {15,25})
A mypred. € N/ A mypred. = tail(fragment(mypreds))
A (mypred..CS__SIGNAL = 1

vV (3rell,r#7 A node,s = mypred, A PC,r/ € {14,15} U [25, 28]))
A (mypred..PRED = &INCS = (I’ € I, w £ 7' A PC’,r/ =27 ANmypred, = node,r )
A (mypred= PRED = &EXIT = (((3n’ € I, m £ ©' A PC, € [28,29]
A mypred, = T@,ﬂ) V (Vp' € P,NODE[p'] # mypred=)) A|Q| = 0))
A (mypred. . PRED ¢ {&INCS, &EXIT} =
Gr’ ell,m#7" A PC, € [14,15] U [25,26] A mypred, = n/o-d\e7r )
A (head(fragment(mypred,)).PRED € {NIL &CRASH} = 3 ell,n£7 A PC,r
N mypred, = tail(fragment(node7T ) A node,r = head(fragment(nocle7r ))))
A fragment(1;)d\e7r) # fragment(mypredsr))

10. Vr € 11, (PC, € {13,14} A node..PRED = NIL) = (PC, = PC, V PC, € {10} U [16,18]))
A ((PCr € {13,14} A noder . PRED = &CRASH) = PC, € {10} U [16, 21] U [23, 24] U [30, 48])

11. Vr € II, (PC, € [19,21] U [23,24] U [30, 48] A PC,, € {13,14}) = node,.PRED = &CRASH

12. vr eI, (1§C\7T =13= |fragment(7%d\eﬂ)\ =1)
(PC € {13,14} = (noder = head(fragment(nodeﬁ)) A fragment(node,) # fragment(TAIL)))
(PC7r =14= V' ell,(x' £m A node, € fragment(node,)) = PC, € {15,25}))

13. Vr € II, PC, € {15,25} = (node,r € N A node .PRED = mypred, A mypred. € N')

14. Vr € 11, PC, € {15,25} = (node, € N’ A node..PRED € N’
A (n/o-d\eﬁ.PRED.CsisIGNAL =1
V (3r € I, 7 # 7' Anode, = nodes.PRED A PCys € {14,15} U [25, 28]))
A (T@W.PRED.PRED = &INCS =
(3n’ € I, # 7' A PCyr = 27 A noder.PRED = node,/))
A (@W.PRED.PRED =&ExXIT = (((3n' eI, £ 7' A PC, € [28, 29]
A noder.PRED = node,) V (Vp' € P,NODE[p'] # node..PRED)) A |Q| = 0))
A (@W.PRED.PRED ¢ {&INCS, &ExIT} =
(3’ € I, 7 # ' A PCy € [14,15] U [25, 26] A noder.PRED = node,)))
15. Vr €11, (Ig—C’\7r € {15,25} A head(fragment(rf)d\eﬁ)).PRED € {NIL, &Crasu}) =
Gr' el #7 A PC, =14 A node, = head(fragment(n/od\e,r))
A (Vr'" eI, (" # 7' A node, € fragment(rgd\eﬂ)) =
(PC» € {15,25} A node,.CS_SIGNAL = 0)))
Figure 6.C.5: (Continued from Figure 6.C.4.) Invariant for the k-ported recoverable mutual
exclusion algorithm from Figures 6-3-6-4. (Continued in Figure 6.C.6.)

fore, P/C?Z = 27 and FC?J = 27 in C. By definition of Q, m; € Q and 7; € Q. Therefore, by
Condition 19 of the invariant, one of the two processes is not w1 in the ordering of processes in Q.
Without loss of generality, let m; = 71 and 7; be a process coming later in the ordering. Therefore,

by Condition 19(d)i, PCy, € {15,25}, a contradiction. 0

Lemma 6.C.2 (Starvation Freedom). If the total number of crashes in the run is finite and a

process is in the Try section and does not subsequently crash, it later enters the CS.
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Conditions (Continued from Figure 6.C.5):
16. TAIL € N7 A TAIL = tail(fragment(TAIL)) A (3i € [0,k — 1], TAIL = NODE[:] V TAIL.PRED = &EXIT)
A (TAIL.CS__SIGNAL =1
V (3 € I, 7 # 7' Anodey = TAIL A PCr/ € {14,15} U [25, 28]))
A (TAIL.PRED = &INCS = (In' e I, w £ 7' A PC,/ = 27 A TAIL = r@ﬁ/))
A (TAIL.PRED = &ExXIT = (((37' € I, PC, € [28,29] A TAIL = r@ﬁ/) V (Vp' € P,NODE[p'] # TAIL))
A 1Q]=0) . .
A (TAIL.PRED ¢ {&INCS, &EXIT} = (37’ € I, PC,/ € [14,15] U [25,26] A TAIL = node,)))
A (head(fragment(TAIL)).PRED € {NIL, &CRrasH} = (I’ € II, PC, =14
A TAIL = tail(fragment(n/o-d\ewz)) A node,s = head(fra@ent(@wf))))
A (3 € T1, PC,, € [14,15] U [25,29]) < (3’ € I, TAIL = node, A PC,/ € [14,15] U [25,29]))
17. Vr € IL ((PCr € [24,29] U [30,49] v PC, € [25,29]) = node,.NONNIL_SIGNAL = 1)
(PC’7r =29 = node,T CS__SIGNAL = 1)

18. |Q| =0 = ((TAIL.PRED = &ExiT V 37 € II, (PCQT =14 A TAIL = tall(fragment(nodeﬂ-))

A nodey = head(fragment(node,r))))
A (V' € T1, PC, € [11,15] U {25} U [28,29]))

19. If |Q| =1 > 0, then there is an order 71, 2, ..., m of distinct processes in Q such that:
(a) PC,, € {15} U [25,27]
(b) (Ire1l, PC, € [28 29] A node7r1 PRED = node,r)
(node7r1 PRED € N — {node7T |7 € IIA node, # NIL})
(c) 176—}\1 € {15,25} = (’lg)d\eﬂ-l.PRED.CsisIG/NiL =1V -
(3’ € I, m1 # 7’ A noderr = noder, .PRED A PC,/ = 28))

(d) Vie (2,1

i. PC,, € {15,25}

ii. T;d\em.PRED = n/oEe,H_1

—

Observation: node,, € fragment(nodex, ).

@m = tail(fragment (@ﬂl )

(e

)
(f) &wl\e,rl = head(fragment@f)d\em)) \% rﬁ)d\@Tl .PRED.PRED = &EXIT
(g) Vr €L w#m = PCy € [11,15] U {25} U [28,29]
(h) VrelIl,(r £m A node # NIL A noder.PRED € N = (TL/OEeﬂ.PRED.CsisIGNAL =0)

Observation: Vr eIl 7 # m = 1{0\,r %+ 27.
Proof: If m € Q, then by Condition 19(d)i, PCr # 27. If = ¢ Q, then, PC, # 27, by definition of Q. [

Figure 6.C.6: (Continued from Figure 6.C.5.) Invariant for the k-ported recoverable mutual

exclusion algorithm from Figures 6-3-6-4.

Proof. As noted in the statement of the claim, we assume that the total number of crashes in the

run is finite.

A process 7 using a port p would not enter the CS during its passage if PC; is forever stuck at

a certain line in the algorithm before entering the CS. Hence, in order to prove starvation freedom

we have to argue that PC; advances to the next line for every step in the algorithm. An inspection

of the Try section reveals that m has procedure calls at Lines 15, 23, and 25, and inside the CS

of RLOCK at Line 35. Since we require the RLOCK to be a recoverable starvation-free mutual
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exclusion lock, any process that executes Line 24 is guaranteed to eventually reach Line 30 of
the Critical section of RLOCK (and hence reaches Line 35). Particularly, Golab and Ramaraju’s
read-write based recoverable extension of Yang and Anderson’s lock (see Section 3.2 in [78]) is one
such lock that also guarantees a wait-free exit. Of these procedure calls, only the ones at Lines 25
and 35 concern us in the proof, since their implementation involves a wait loop. Therefore, if all
the calls to wait are shown to complete, 7 is guaranteed to enter the CS eventually.

We comment on a few other steps in the algorithm as follows before diving into the proof. The
for loop at Line 32 executes for k iterations, therefore, Lines 32-38 execute a bounded number
of times. Computing the set of maximal paths at Line 39 is a local computation step and has
a bounded time algorithm, therefore, the step is executed a bounded number of times. The set
Paths; is a finite set and finding the path mypath, at Line 40 is a local computation step which has
a bounded time algorithm, therefore, the step is executed a bounded number of times. Similarly,
Line 41 is a local computation step which has a bounded time algorithm, therefore, the step is
executed a bounded number of times. As observed above, Paths, is a finite set, therefore the
loop at Line 42 iterates a finite number of times. Hence, Lines 42-45 execute a bounded number
of times. Note, since our algorithm has a wait-free exit (see Lemma 6.C.3), m goes back to the
Remainder section in a bounded number of normal steps once it finishes the CS. From the above
it follows that 7 executes wait loops inside the calls for wait only at Lines 25 and 35. Therefore,
we consider these two cases where 7 could potentially loop as follows and ensure that it eventually
gets past these lines.

Case 1: m completes the step at Line 35.

When PC,; = 35, by Condition 30, cur;.NONNIL__SIGNAL = 1 or (37’ € I, w # 7' Acur, = n/OEe,r//\
P/(X/ € [13,15]). Suppose cury.NONNIL SIGNAL = 1. cur,.NONNIL SIGNAL is an instance of
the Signal object from Section 6.2.1, it follows that the call to cur,.NONNIL SIGNAL.wait() on
Line 35 returns in a wait-free manner. Therefore, 7 completes the step at Line 35.

Assume cur;.NONNIL__SIGNAL # 1 and (37" € I, 7 # @' A cury = nodey A PCyi € [13,15]).
Suppose PCr = P/C? and there are no crash steps by 7’ before completing Line 15. In that case 7/
executes cur,.NONNIL__SIGNAL.set() to completion at Line 15 and sets cur,.NONNIL__ SIGNAL =
1 in a wait-free manner. It follows that the call to cur,.NONNIL SIGNAL.wait() on Line 35 returns
subsequently in a wait-free manner. Therefore, assume that PC,/ # P/@ By Conditions 6, 17 and
the fact that cur,.NONNIL SIGNAL # 1, PCyp € {10} U [16,21] U {23}. Therefore, 7’ eventually

executes cur,.NONNIL__SIGNAL.set() to completion at Line 23 and sets cur,.NONNIL__ SIGNAL =
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1 in a wait-free manner. It follows that the call to cur;.NONNIL SIGNAL.wait() on Line 35
returns subsequently in a wait-free manner. Note, in case of a crash by 7’ before executing
cur;.NONNIL__SIGNAL.set() to completion, 7’ starts at Line 10 and reaches Line 23. This is
because P/C’\Tr/ € [13,15] implies NODE[p/ort\ﬂ/] # NIL and TEd\eﬂ/.PRED ¢ {&INCS, &ExiT}. There-
fore, the if conditions at Lines 10, 20, and 21 are not met and 7’ reaches Line 23. From the above
it follows that m completes the step at Line 35. B

Case 2: 7 completes the step at Line 25.

In order to argue that m completes the step at Line 25, we consider two cases. For the first
case we have head(fragment(7z/od\e7r)).PRED € {&INCS, &ExiT} and the second occurs when
head(fragment(@ﬂ)).PRED € {NIL,&CraAsH}. The first case occurs when 7 € Q and the
second occurs when m ¢ Q, both because of the value of head(fragment(a)-d\eﬂ)).PRED. We argue

both the cases as follows.

Case 2.1: head(fragment(n/oae,r)).PRED € {&INCS, &EXIT}.
By definition of Q, 7 € Q. By Condition 19, there is an ordering my,ms,..., T
of the processes in Q, and m appears somewhere in that ordering. Assume for
a contradiction that there is a run R in which 7© never completes the step at
Line 25. Therefore, in R there are some processes (including 7) in Q that ini-
tiate the passage but never enter the CS. Since the processes never enter the
CS, after a certain configuration they are forever stuck at Line 25. Let m; € Q
be the process in R that forever loops at Line 25, such that it has the least
index j according to the ordering defined by Condition 19. Let C be the ear-
liest configuration in R such that all the processes appearing before m; in the
ordering defined by Condition 19 have gone back to the Remainder section after
completing the CS and m; is still stuck at Line 25. Since those processes are
no more queued processes, m; appears first in the ordering, i.e., m; = m;. Since
PC, = 25, by Condition 19c, n/oaa,r]..PRED.CsislGNAL =1or (In € U,m; #
' A @W/ = @Wj.PRED A P/C\7r/ = 28). If @Wj.PRED.CsisIGNAL =1,
then m; returns from the call to n/oazwj.PRED.CS_SIGNAL.wait() at Line 25
completing the step. Otherwise, suppose @ﬂj.PRED.CsislGNAL # 1 and
(37’ € W, # 7' Anodeys = noder, PRED A PCy = 28). If PCp = PCy,
then 7’ eventually executes n/od\eW/.CS_SIGNAL.set() to completion at Line 28

and sets n/oEBW/.CSiSIGNAL = 1 in a wait-free manner. It follows that the call
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Case 2.2:

to n/oaa,rj.PRED.CSislGNAL.wait() at Line 25 returns subsequently in a wait-
free manner. If PCy # P/C?/, then, by Condition 6, PC, € {10} U [16,22]. By
Condition 1, NODE[]7/07"t\7r/] # NIL and n/od\eW/.PRED = &ExiT. Therefore, the
if conditions at Lines 10 and 20 are not met, but the one at Line 21 is met
and 7’ executes Line 28 as written in Line 22. Therefore, 7’ eventually executes
@W/ .CS__SIGNAL.set() to completion at Line 28 and sets n/od\eﬂr.CS_SIGNAL =
1 in a wait-free manner. It follows that the call to r;)d\e,rj .PRED.CS__S1GNAL.wait()
at Line 25 returns subsequently in a wait-free manner. Thus 7; eventually enters
the CS by completing the remaining Try section at Line 26. This contradicts the
assumption that 7; is a process in Q with the least index j defined by the order-
ing by Condition 19. Therefore, we conclude that 7 itself completes the step at

Line 25 and eventually enters the CS.

head(fragment(n/o?eﬂ)).PRED € {NIL, &CRrASH}.

Let C be a configuration when PC, = 25 and head(fragment(7?)d\e7r)).PRED €
{NIL, &CraAsu}. By Condition 15, 3m;, € II,m;;, # © A P/C',r\” =14 A 1%(1\6771,1 =
head(fragment (@ﬂ)). Suppose @“h .PRED = NIL. By Condition 10, PCr, =
ﬁi’ﬁ\il (or PCr, € {10} U [16,18]), we cover this case later). By Condition 13,
mypredy, € N'. If 7;, takes normal steps at Line 14, then it sets n/od\em1 .PRED =
mypredy, and sets P/C'W\Z1 = 15. We hold the argument for the current case when
T?)d\em.l .PRED = NIL briefly and argue the case when n/od\em.1 .PRED = &CRASH as
follows and then join the two arguments (i.e., n/od\eml.PRED € {NIL, &CrasH})
later. So now assume that n/OEaml .PRED = &CRASH (this covers the case when
nodes, PRED = NIL and PCy, € {10}U[16,18]), since node, .PRED = &CRASH
at Line 18 eventually). By Condition 10, PCr, € {10}U[16,21]U[23,24]U[30, 48].
For every value of PCp, , it follows that m;, eventually executes Line 49 (note,
by Case 1 above, ;, completes all steps at Line 35). Once m;, executes Line 49,
it sets P/C’Tr\l1 = 25. Hence, in both cases (i.e., T;)d\eml.PRED € {NIL, &CRraAsH})
P/C’W\i1 = 25 eventually. Let C’ be the earliest configuration after C' when P/Cw\” =
25, by Condition 1, 77)d\em1.PRED eN'inC. If head(fragment(Tfyd\eW)).PRED €
{&INCS, &ExiT} in C’, then by the same argument as in Case 2.1 we are done.

Otherwise, again by Condition 15, 3m;, € I, m;, # 7 A P/C',r\l2 =14 AN @ﬂz =
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head(fragment(noder)).

We now show as follows that head(fragment(7z/od\e7r)).PRED € {&INCS, &ExIT}
eventually. Assume to the contrary that head(fragment (@ﬂ)).PRED ¢ {&INCS, &EXIT}
forever. We know there are k active processes, and by Conditions 3, 4, and 7, there
are a finite number of distinct fragments. Applying the above argument about
and ;, inductively on these fragments, the fragments increase in size monoton-
ically and we get to a configuration such that each process satisfies one of three
cases as follows: (i) the process has its node appear in fragment (n/od\eﬂ), (ii) there
is a process 7;, such that head(fragment(n/od\ems)).PRED € {&INCS, &ExIT} and
the process has its node appear in fragment(n/oal\e,,i3 ), or (iii) the process is in the
Remainder section after completing the super-passage. Let C” be the earliest
such configuration. In C” we have Im;, € I, m;, # 7 A P/C’W\Z4 =14 A T?)d\em4 =
head(fragment (7;)d\eﬂ)). We can now apply the above argument about 7 and 7;,
on 7 and m;,. We continue to do so until we get to a configuration where each
process satisfies one of the following two cases: (i) the process has its node appear
in fragment(n/ozeﬂ), (ii) the process forever remains in the Remainder section af-
ter completing the super-passage. Let C" be earliest such configuration where we
have 3m;, € 11, m;, # 7r/\P/C’7r\i5 = 14/\n/0d\e7ri5 = head(fragment(n/od\eﬁ)). Note, we
have P/C,r\% = 14 in C"", and every other process 7’ has either P/@ = 11 (for being
in the Remainder section) or P/C?/ € {15,25} (for being in fragment(n/ojew) =
fragment(n/od\ems)) for all configurations after C"”. We can apply the above ar-
gument about 7 and m;, on 7 and m;, so that Im;, € I, my # mA FTC_’W\Z.G =
14/\@7%6 = head(f ragment(@w)). This contradicts the above conclusion that
only ﬁ)’w\% = 14 in all configurations after C". Therefore we conclude that our
assumption that head(fragment(@ﬂ)).PRED ¢ {&INCS, &EX1T} forever is in-
correct and head(fragment(@ﬁ)).PRED € {&INCS, &EXIT} eventually. Hence,

by the same argument as in Case 2.1 we are done.

From the above it follows that 7 completes the step at Line 25. B
From the above it follows that 7 completes the steps at Lines 25 and 35 whenever it encounters

them during the passage. Therefore, the algorithm satisfies starvation freedom. O

Lemma 6.C.3 (Wait-free Exit). There is a bound b such that, if a process 7 is in the Exit
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section, and executes steps without crashing, m completes the Exit section in at most b of its steps.

Proof. An inspection of the algorithm reveals that Lines 27-29 do not involve repeated execution of
any steps. The implementation of the Signal object from Figure 6-2 shows that the code for X'.set()
does not involve a loop, Hence, the call to mynode,.CS__SIGNAL.set() at Line 28 terminates.

Hence the claim. O

Lemma 6.C.4 (Wait-Free CSR). There is a bound b such that, if a process crashes while in the

CS, it reenters the CS before completing b consecutive steps without crashing.

Proof. Suppose m crashes while in the CS, i.e., when fCTr = 27, w crashes. By Condition 1,
NODE[port;] # NIL and node, PRED = &INCS. Therefore, when 7 restarts from the crash and
starts executing at Line 10, it finds that the if conditions at Lines 10 and 18 are not met. It
therefore reaches Line 20 with mypred, = @W.PRED (by Condition 2) by executing Lines 10,
16-19 (none of which are repeatedly executed). The if condition at Line 20 is met and 7 is put

into the CS in a wait-free manner. Hence the claim. O

Lemma 6.C.5 (Critical Section Reentry). If a process w crashes inside the CS, then no other

process enters the CS before m reenters the CS.

Proof. This is immediate from Lemma 6.C.1 and Lemma 6.C.4 as observed in [112]. O

6.D Proof of correctness of Signal object

Proof of Theorem 6.2.1. Let a be the earliest event where some process performed Line 1 and
be the earliest event where some process 7’ performed Line 8 and does not subsequently fail.
Case 1: «a occurs before 3.

In this case we linearize the execution as follows:
o every execution of X.set() is linearized to its Line 1,

o every execution of X.wait() is linearized to its Line 8, where X.STATE is 1 (since a precedes

B)-

Since a occurs before 3, 7’ notices that BIT = 1 at Line 8 and hence returns from the call to

wait().
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Case 2: (3 occurs before a.

Consider the execution of X.set() that is the first to complete. Let m be the process that performs
this execution of X.set(). At Line 2 7 reads go, from GOADDR into addr,. Since 8 occurs before
a, addr,; # NIL, therefore, at Line 4 7 sets *go, to true. This releases 7’ from its busy-wait at
Line 9. We linearize the call to X.set() by 7 to its Line 4, and every other complete execution of
X.set() in the run to its point of completion. Note, (3 is the earliest event where some process 7’
performed Line 8 and does not subsequently fail and we assume that no two executions of X.wait()
are concurrent. Therefore, every other execution of X.wait(), happens after the call considered in
a sets BIT to 1. This implies that such a call would complete because the calling process would

read BIT = 1 at Line 8 and return.

RMR Complexity: It is easy to see that the RMR Complexity of X.set() is O(1) since there

are a constant steps in any execution of X.set(). For any execution of X.wait() by a process m,
7 creates a new boolean at Line 5 that resides in n’s memory partition. Therefore, the busy-wait
by 7 at Line 9 incurs a O(1) RMR and the rest of the lines in X'.wait() (Lines 5-8) incur a O(1)
RMR. 0

6.E Proof of invariant

In this section we prove that our algorithm from Figures 6-3-6-4 satisfies the invariant described in
Figures 6.C.3-6.C.6. In order to prove that we need support from a few extra conditions that we
present in Figures 6.E.1-6.F.3. Therefore, we prove that our algorithm satisfies all the conditions

described in Figures 6.C.3-6.E.3.

Lemma 6.E.1. The algorithm in Figures 6-3-6-4 satisfies the invariant (i.e., the conjunction of
the 39 conditions) stated in Figures 6.C.3-6.E.3, i.e., the invariant holds in every configuration of

every run of the algorithm.

Proof. We prove the lemma by induction. Specifically, we show (i) base case: the invariant holds
in the initial configuration, and (ii) induction step: if the invariant holds in a configuration C' and
a step of a process takes the configuration C' to C’, then the invariant holds in C’.

In the initial configuration, we have TAIL = &SPECIALNODE, Vr € 1I, PC, = 10, FCTT =11,
and NODE[@] = NIL. Note, |Q| = 0 by definition of Q. Since all processes are in the Remainder

—

section, Condition 1 holds because of the value of the NODE array as noted above. Since node, =
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Definitions (Continued from Figure 6.C.4):
e owner(gqnode) denotes the process that created the gnode at Line 11.
Conditions (Continued from Figure 6.C.6):

20. Vr € II, (PCr = 31 A head(fragment(TAIL)).PRED € {&INCS, &EXIT}) =
fragment(node,) # fragment(TAIL)
21. Vr € II, (PCx € [32,41] = tailpath, = NIL) A (PCx € [32,41] = headpath, = NIL)
A (PCr =32= i, €[0,k]) A (PCr €[33,38] = i. € [0,k —1])
A (PCr € [39,49] = ir = k) A (PCr € [32,49] = tail, € N”)
22. Vr € II, PCr € [32,49] = (tailx € Vx V (3i € [ix, k — 1], tail, = NODE[i]) V (tail,.PRED = &EXIT))
23. Vr € I, if PCyy € [32,49)], then:

(a) (Vx, Ex) is a directed acyclic graph,
(b) Maximal paths in (V;, Er) are disjoint.

24. Vr € 11, if PC, € [32,49], then one of the following holds (i.e., (a) V (b) V (¢) V (d)):

(a) head(fragment(tail,)).PRED € {&INCS, &EXIT}

(b) there is a unique maximal path o in the graph (Vx, Er), such that, end(c).PRED € {&INCS, &EXIT}
and start(c).PRED # &EXIT
(c) ir < k and 3¢’ € [ix, k — 1], NODE[¢']. PRED.PRED € {&INCS, &EXIT}
A tail(fragment(NODE[i'])).PRED # &EXIT

(d) [Q]=0

25. Vr € II, (PCr € [32,39] A head(fragment(tail,)).PRED € {&INCS, &EXIT}) =
Vnode, € fragment(node,), (Jir < i’ < k, NODE[i'] = node) V
(node, € Vi A (noder # noder = (node,, node, .PRED) € Ey)))
26. Vr € II, If PC, € [32,41] and there is a maximal path o in (Vr, Ex) such that end(0).PRED € {&INCS, &EXIT},
then, for an arbitrary vertices v and v’ on the path o,
Vnode € fragment(v), (Jir < i’ < k,NODE[i'] = n/oEe) \Y ('rz)—d\e € Vr
A (node.PRED ¢ {&INCS, &EXIT} = (node, node.PRED) € E,))),
and (fragment(v) # fragment(v’) =
(v.PRED € {&INCS, &ExIT} V v'.PRED € {&INCS, &EXIT}))
Figure 6.E.1: (Continued from Figure 6.C.6.) Invariant for the k-ported recoverable mutual
exclusion algorithm from Figures 6-3-6-4. (Continued in Figure 6.E.2.)

NIL by definition, Condition 4, 7 holds. Since TAIL = &SPECIALNODE, Condition 16 holds. Since
|Q| = 0, TAIL = &SPECIALNODE as noted above, hence, Condition 18 holds. All of the remaining
conditions of the invariant hold vacuously in the initial configuration. Hence, we have the base
case.

To verify the induction step, Let C' be an arbitrary configuration in which the invariant holds,
7 be an arbitrary process, and C’ be the configuration that results when 7 takes a step from C.
In the following, we enumerate each possible step of 7 and argue that the invariant continues to
hold in C’, even though the step changes the values of some variables. Since our invariant involves
universal quantifiers for all the conditions, we have only argued it thoroughly as it is applicable to
7w and wherever necessary for another process for the sake of brevity. We also skip arguing about

conditions that hold vacuously, are easy to verify, are argued before in a similar way, or need not be
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Conditions (Continued from Figure 6.C.6):

27.

28.

29.

30.

31.

32.

33.

34

vr e 11, if PCr € [32,49], then:

(a) Yo € Vi,v € N' A (i >m$mynodeW€Vﬁ)

(¢) V0 <4 <in,Y0 € Vi, (D0Tlomer(v) = i’ A v # NODE[i']) = (v.PRED = &EXIT A Vp' € P, NODE[p'] # v)
(d) VO < <ir, (NODE['].PRED ¢ {&CRASH, &INCS, &EXIT} A NODE[i'] € Vi) =
(NopE[i’], NoDE[i']. PRED) € E,
() VO <i <in (Vv € Vi, NODE['] #v) =
((head(fragment(tail:)).PRED € {&INCS, &EXIT} A NODE[i'] € fragment(tailr))
V head(fragment(NODE[i'])).PRED € {NIL, &CRASH}))

)

(b) V0 <14 <ir (NoODE[I] € fragment(7§)-d\e,r) A fragment(tail.) # fragment(vg)-d\e,r)) = NoODE[i'] € V;
)
)

) Vv € Vi, end(v).PRED = &CRASH = head(fragment(v)).PRED = &CRASH
(g) Vv € Vg, If there is a pair (v,u) € Er, then u € V; and (v.PRED = u V v.PRED € {&INCS, &EXIT})
(h) V(u,v) € Ex,(3i € [0,k —1],NODE[i] = u) V (Vi’ € [0,k — 1], NODE[i'].PRED # v)
) V(v,w) € Er, (v.PRED € {w, &INCS, &EXIT}) A (v.PRED € {&INCS, &EXIT} = w.PRED = &EXIT)
) Y(u,v) € Ex,u# mynoder

—

J
(k) ix > m = there is a path o in the graph (Vi, Ex), such that, end(c) = mynode.

Vr € II, (PCr € [32,47] A head(fragment(tail,)).PRED € {&INCS, &EXIT}) =

fragment(node,) # fragment(TAIL)
A ((PCr € [39,47]) Ataily ¢ Vi) = head(fragment(tail,)).PRED € {&INCS, &EXIT})
A ((PCr € [42,47)) A tailpath, # NIL) < tail, € Vy)

Vr € II, (PCr € [32,49] A head(fragment(tail,)).PRED ¢ {&INCS, &EXIT}) =
head(fragment(TAIL)).PRED ¢ {&INCS, &EXIT}

Vr € II, (PCr = 34 = (curr = NIL V (curyr € N' A (curr = NODE[ix]| V curr.PRED = &EXIT))))
A (PCr = 35 = (cur-.NONNIL_SIGNAL =1V (3n' € I, 7 # 7' A curr = node A PCrs € [13,15])))
A (PCr € [35,38] = (curr € N' A (curr = NODE[ir] V cur,.PRED = &EXIT)))
A (PCr € [36,37] = curr.PRED € {&CRaASH, &INCS, &Ex1T} UN”) A (PCr = 38 = curpred, € N')

v € I, ((PCr € [42,47] A tailpath, # NIL A end(tailpath,).PRED ¢ {&INCS, &EXIT}) V PCr = 48) =
head(fragment(tail)).PRED ¢ {&INCS, &EXIT}

vr € 11, if PCr € [39,41] and head(fragment(tail,)).PRED € {&INCS, &EXIT}, then there is a maximal path
o in the graph (Vx, Ex) such that:

(a) end(c) = mynoder

(b) start(c) = tail(fragment(mynoder))
vVr € 11, if PC € [41,49], then mypath, is the unique path in Paths, such that mynode, appears in mypath,

Vr € 1, if PCr = 39 and for every maximal path o in (Vi, Ex), —(end(c).PRED € {&INCS, &EXIT}
A start(o).PRED # &EXIT), then (head(fragment(tail,)).PRED € {&INCS, &ExIT} V |Q] = 0)

Figure 6.E.2: (Continued from Figure 6.E.1.) Invariant for the k-ported recoverable mutual
exclusion algorithm from Figures 6-3-6-4. (Continued in Figure 6.E.3.)

argued if the step does not affect the condition. Induction step due to a crash step of 7 is argued

in the end. To aid in reading we have numbered each step according to the value of the program

counter wherever possible. For the purpose of this proof we assume that m executes the algorithm

using the port p, hence @ =p.

10 (a).

7 executes Line 10 when PC, € {11,12}.
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Conditions (Continued from Figure 6.C.6):

35. Vrr € 11, if PC» = 39 and there is a maximal path o in (Vz, Ex), such that,
end(c).PRED € {&INCS, &EXIT} A start(c).PRED # &EXIT, then
(head(fragment(tail,)).PRED € {&INCS &EXIT}

V 3node € N, (node = start(a) A node = tall(fragment(node))
A head(fragment(node)).PRED € {&INCS, &EXIT}
A fragment(node,) # fragment(node)))
36. Vrr €11, (PCr € {44,45} = end(o).PRED € {&INCS, &EXIT})
A (PCr =45 = (Jox| > 1 A start(o,) = tail(fragment(start(ox)))))
37. Vr €11, (PC, € [40,48] A headpath, = NIL) =
(head(fragment(tailr)).PRED € {&INCS, &EXIT} V |Q| =0
V (There is a maximal path o in (V;, Ex), such that,
end( ).PRED € {&INCS &EXIT} A start( ).PRED # &EXIT, and

Inode € N, (node = start(o) A node = ta11(fragment(7§7d\e))
A head(fragment(7§)d\e)).PRED € {&INCS, &ExIT}
A fragment(rg)d\eﬁ) #* fragment(7;)d\e))))
38. Vr €11, (PC, € [40,48] A headpath, # NIL) =
((30 € Pathsx, headpath, = o) A head(fragment(tail.)).PRED € {&INCS, &EXIT}
V Jnode ode € N, (7Z)d\e = start(headpathy) A node = tall(fragment(@))
(node PRED = &INCS = (In’ € I, m £ 7' A PC, = 27 A node = node )
(node.PRED = &ExiT = |Q| =0)
A (T;d\e.PRED ¢ {&INCS, &EXIT} =
(3’ €, x # 7' APC, € {15} U[25,26] A node = node,))
A head(fragment(r%d\e)).PRED € {&INCS, &ExXIT}
A fragment(@ﬁ) # fragment(@)))

39. Vrell, PCr =49 = (Ig—C’\7r = 14 A mypred, € N A mypred, = tail(fragment(mypred,))
A (mypred. . PRED = &INCS = (3’ € I, 7w # 7' A PC =27 A mypred, = @W/))
A (mypred, PRED = &ExiT = (((3n' € I, 7 # 7' A PC, € [28,29]
A mypred. = @ﬁ/) V (Vp' € P,NODE[p'] # mypred:)) A|Q| = 0))
A (mypred. . PRED ¢ {&INCS, &EXIT} =
(3’ € T, x # 7' A PCy € [14,15] U [25,26] A mypred, = node,))
A (head(fragment(mypred,)).PRED € {NIL,&CRrasH} = (37’ € I, # 7' A fC? =14
A mypred, = tail(fragment(@,r/)) A n/oye,r/ = head(fragment(n/o-d\ewl))))
A fragment(n/o-d\ew) # fragment(mypreds,))
Figure 6.E.3: (Continued from Figure 6.E.2.) Invariant for the k-ported recoverable mutual
exclusion algorithm from Figures 6-3-6-4.

In C, PC, = 10 and PC, € {11,12}. By Condition 1, NoDE[port,] = NIL.

The if condition at Line 10 evaluates to true. Therefore, this step changes PC; and fC’\W to
11.

Condition 1: As argued above, PC, = 11 and NODE[port;] = NIL in C’. Therefore the

condition holds in C".

10 (b). 7 executes Line 10 when PC, ¢ {11,12}.
In C, PC, = 10 and PC; ¢ {11,12}. By Condition 1, NoDE[port,] # NIL.

The if condition at Line 10 evaluates to false. Therefore, this step changes PC; to 16.
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11.

12.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 11.

In C, PC, = 11. By Condition 6, PC, € [11,12] in C. By definition, node, = NIL in C.
This step creates a new QNode in the shared memory which gets included in the set N'. The
node gets a unique address and the variable mynode, holds the address of this new node. This
step also initializes this new node so that mynode,.PRED = NIL, mynode, . NONNIL__SIGNAL =
0, and mynode,CS__SIGNAL = 0. The step then changes PC); and fC’\W to 12.

Condition 4: As argued above, the step creates a new QNode in shared memory that 75@7@,r
is pointing to in C’. The step also initializes @W.PRED to NIL. Therefore, the condition
holds in C”.

Condition 8: Since the step creates a new node in shared memory, no process has a reference
to the node except for 7 in C’. Therefore, Vg € P, NODE[q] # mynode, N NODE[q].PRED #
mynode,. Since the nothing except mynode, has a reference to the new node, mynode, =
head(fragment(mynode)), |fragment (mynode,)| = 1, and fragment(mynode,) # fragment(TAIL)
holds. Also, as observed above, mynode,.NONNIL__SIGNAL = 0, and mynode,CS__SIGNAL =

0 in C’. Therefore, the condition holds in C’.

7 executes Line 12.

In C, PC; = 12 and fCTT = 12. By Condition 8, mynode, € N’, Vg € P,NODE[q| #
mynoder N NODE|[q].PRED # mynode,, mynode,.PRED = NIL, fragment(mynode,) #
fragment(TAIL), mynode, = head(fragment(mynode,)), and |fragment(mynode,)| = 1.
This step sets NODE@“t\ﬂ] to mynode, and updates PC, and fC\ﬂ to 13.

Condition 3: Asargued above, mynode, € N', mynode, . PRED = NIL, and |fragment(mynode,)| =

1 in C’. The step sets NODE[@] to mynode,, it follows from the above that only
NODE[m = mynode, and Vg € P,q # @ = NODE[q] # mynode, in C’. There-

fore, the condition holds in C"’.

Condition 4: By the same argument as for Condition 3 above, we have Vq € P, q # m =

NoODE[q] # mynode, in C'. Also, mynode,. PRED = NIL, therefore, from the definition of

@ﬂ it follows that the condition holds in C".

Condition 12: As discussed above,|fragment(mynode;)| = 1, fragment(mynode,) # fragment(TAIL),

and mynode, = head(fragment(mynode,)) in C, which continues to hold in C’. Therefore,

the condition holds in C".
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13.

14.

7 executes Line 13.

In C, PC; =13 and ﬁCTr =13.

This step performs a FAS operation on the TAIL pointer so that TAIL now points to the same
node as pointed by mynode,, and sets mypred, to the value held by TAIL in C. It updates
PC; and ]g(ZTr to 14.

Condition 9: Applying Condition 16 to C' we note that what holds true for TAIL in C, holds
true for mypred, in C’'. Also applying Condition 8 to C' we note that mynode, € N’,
mynode,. PRED = NIL, mynode, = head(fragment(mynode,)), |fragment(mynode;)| = 1,
fragment(mynode,) # fragment(TAIL), mynode,.CS__SIGNAL = 0, and mynode,.NONNIL__SIGNAL =
0 in C. In C' it holds that fragment(mynode,) # fragment(mypred;). It follows that the
condition holds in C".

Condition 12: The truth value of the condition follows from the reasoning similar to Condi-
tion 9 as argued above.

Condition 16: By Condition 8, mynode, € N, |fragment(mynode,)| = 1, and mynode,.PRED =
NIL in C. It follows from the same condition that tail(fragment(mynode,)) = mynode.
Since the step sets TAIL = mynode, in C’ and ]76: =14 in ', it follows that Condition 16
holds in C”.

Condition 18: Suppose |Q| = 0in C. By the condition, Va’ € I, PC, € [11,15]U{25}U[28, 29]

in C, which continues to hold in C’. As argued above, mynode, = head(fragment(mynode,))
and |fragment(mynoder)| = 1, therefore, mynode, = tail(fragment(mynode,)) in C' and

C’. Since TAIL = mynode, in C’, the condition holds in C’.

7 executes Line 14.

In C, PC, = 14 and PC, = 14.

The step sets mynode,.PRED = mypred,; and updates PC, and JgCTr to 15.

Condition 1: By Condition 9, mypred, € N’ in C. Since the step sets mynode,.PRED =

mypred,, NODE[port,].PRED € N in C’. Therefore, the condition holds in C".

Condition 3: By Condition 9, mypred, = tail(fragment(mypred;)). Therefore, Vq €

P,NODE[q].PRED # mypred, in C. It follows that Vq € P,}ﬂ"t\w # q = NODE[q].PRED #
mypred, in C’'. Again from Condition 9 we observe the following about mypred,. Either
mypred, . PRED = &EXIT or A7’ € I, w # 7' A mypred, = @W/ A P/C?/ € [14,15] U [25, 27]

(i.e., NODE[port,].PRED = NODE[port,s]). Thus the condition holds in C'.

Condition 4: By Condition 4, |fragment(n/0d\e,r)| =b; < k and ]fragment(n/ozeﬂﬂ =by <k
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in C. By Condition 7, for a process 7/, it can not be the case that n/oze,r/ € fragment(n/ozeﬂ)
and @W € fragment(mypred,) in C. Therefore, by + by < k in C. It follows that in C’
|fragment(77)d\eﬁ)\ = by + by < k. Therefore, the condition holds in C’.

Condition 7: fragment(mypred,) = fragment (n/od\eﬂ) in C'. Therefore, the condition holds
in C’ as it held and applied to fragment(mypred,) in C.

Condition 9: Applying the condition to fragment(n/od\eﬂ) in C, we get that Vo’ € I, 7’ #
A nodes € fragment(?@w) = PC € {15,25}, which holds in C’. We have PC, =15 in
C’. Suppose there is a 7" € II, 7" # 7 such that head(fragment(mypred;)) = nodeyn and
PC.» =14 in C. It follows that Va’' € II, 7’ # ©” A n/o%wf S fragment(7?)d\e7ru) = JfC\W IS
{15,25} in C’. Therefore, the condition holds for 7" and vacuously for other processes in C.
Condition 13: Since @W.PRED = mypred, in C’ and invoking the Condition 9 on C and
mypred,, it follows that the condition holds in C”.

Condition 14: This condition holds by an argument similar to Condition 13 as argued above.
Condition 15: Suppose head(fragment(mypred;)).PRED € {NIL, &CrasH} in C. It follows
that 37" € I, 7" # 7w A PC, = 14 A nodey = head(fragment(@ﬂ)) A (Va" e IO, (7" #
7' A nodeqn € fragment(n/od\ew)) = PCo € {15,25}) in C’. Therefore, the condition holds
in C’.

Condition 19: If head(fragment(mypred,)).PRED € {NIL, &CrasH} in C, it follows that 7 ¢
Q in C’. Therefore, it is easy to see that the condition holds in C’. If head(fragment(mypred,)).PRED €
{&INCS, &Ex1T} in C| it follows that 7 € Q in C’. We have two cases to consider, |Q] > 0 or
|Q| =01in C. If |Q| > 0in C, Conditions 19d and 19e are the only ones affected. It is easy to
see from the definition of a fragment that these conditions continue to hold in C’, therefore,
the whole condition would hold in C”. Suppose |Q| = 0 and mypred,.PRED = &EXIT in C. Tt
follows that m = m according to the ordering defined by the condition. Condition 19a holds in
C' since PC, = 15 in C". Condition 19b holds in C” since mypred, . PRED = &EXIT in C' and
C'. Applying Condition 14 to mypred,, and by the fact that mypred,.PRED = &EXIT,
it follows that Condition 19c¢ holds in C’. Conditions 19d, 19e, and 19f hold in C’ by
the definition of fragment(mynode,) and the fact that mypred,. PRED = &EXIT. Since
|Q| = 0 in C, invoking Condition 18 on C we see that Condition 19g holds in C’. Lastly,
vl e I’ # 7 A rzd\ewl # NIL A 7?)d\eﬂ/.PRED € N’ we have P/C\W/ € {15,25} from Condi-
tion 1. Since |Q| = 0 in C, head(fragment(@ﬂ/)).PRED € {NIL, &CRraAsH} by definition

of Q. Therefore, by Condition 15, T@ﬂ/.CS_SIGNAL = 0 in C, which continues to hold in
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15.

16.

17.

18 (a).

18 (b).

19.

.

7 executes Line 15.

In C, PC; =15 and ?CTF = 15.

The step executes mynode, NONNIL__SIGNAL.set() so that mynode,. NONNIL__SIGNAL = 1
as a result of the step. It also updates PC, and fCTr to 25.

Condition 17: As discussed above, mynode,; . NONNIL__SIGNAL = 1 and fCTr = 25 in C'.

Therefore, the condition holds in C".

7 executes Line 16.
In C' PC, = 16 and PC, € [13,15] U [25, 29).
This step changes PC; to 17.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 17.
In C' PC, = 16 and PC, € [13,15] U [25, 29).
This step sets mynode, to NODE[@ and changes PC; to 17.

Condition 2: Since mynode; = NODE[port,] in C’, the condition holds in C’.

7 executes Line 17 when PC, € {13,14}.

In C, PC, = 18 and PC, € {13,14}. By Condition 1, node,.PRED € {NIL, &CRASH}.

This step checks if ng\eﬂ.PRED = NIL and sets it to &CRASH, if so. It then changes PC; to
19.

Condition 1: By the step, @W.PRED = &CRASH. Therefore, the condition holds in C’.
Condition 10: Since PCj € {13, 14}, node,.PRED = &CRASH, and PCy = 19, the condition
holds in C”.

Condition 11: The condition holds by the same argument as for Condition 10 above.

7 executes Line 17 when PC, ¢ {13,14}.
In C, PC, = 18 and PC; ¢ {13,14}. By Condition 1, node;.PRED ¢ {NIL, &CRASH}.
The if condition at Line 18 is not met, hence the step changes PCj to 19.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 19.

In C PC,; =19.
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20 (a).

20 (b).

21 (a).

21 (b).

22.

23.

This step sets mypred, to NODE[p/mE].PRED and changes PCj to 20.

Condition 2: Since mypred, = NODE[p/om].PRED in C’, the condition holds in C".

7 executes Line 20 when ﬁa = 27.

In C PCy = 20 and PC, = 27. By Condition 1, node,.PRED = &INCS. By Condition 2,
mypred, = n/OEzW.PRED in C.

In this step the if condition is met, therefore, @ moves to the CS and updates PC; to 27.

The step does not affect any condition, so the invariant continues to hold in C”.

7w executes Line 20 when ]§CTr #+ 27.

In C PC; = 20 and J§CT7r = 27. By Condition 1, n/od\eﬁ.PRED # &INCS. By Condition 2,
mypred, = n/Od\eﬂ-.PRED in C.

In this step the if condition is not met, therefore, 7 updates PC; to 21.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 21 when PC, € {28,29}.

In C' PC, = 21 and PC, € {28,29}. By Condition 1, node,.PRED = &Ex1T. By Condition 2,
mypred, = n/OEeW.PRED in C.

In this step the if condition is met, therefore, 7 updates PC; to 22.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 21 when PCy ¢ {28,29}.

In C PC, = 21 and PC, ¢ {28,29}. By Condition 1, node, . PRED # &EX1T. By Condition 2,
mypred, = @ﬁ.PRED in C.

In this step the if condition is not met, therefore, 7 updates PCj to 23.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 22.

In C' PC, = 22 and PC, € {28,29}.

T sets JFCTr = 28, then executes Lines 28 and 29 as part of the Try section, and then changes
PC; to 10 and I?C’\,r to 11.

For the correctness of the invariant, refer to the induction steps for Lines 28 and 29, since the

execution of the step is same as executing the two lines and then executing a“go to Line 10”.

7 executes Line 23.

In C' PC, = 23. By Condition 6, PC, € [13,15] U [25, 26].
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24.

25.

The step executes mynode,.NONNIL__SIGNAL.set() so that mynode, . NONNIL__SIGNAL = 1
as a result of the step. It also updates PC; to 24.
Condition 17: As discussed above, mynode,.NONNIL SIGNAL = 1 and PC, = 24 in C'.

Therefore, the condition holds in C’.

7 executes Line 24.

In C' PC, = 24. By Condition 6, PC,, € [13,15] U [25, 26] in C.

The step executes the Try section of RLOCK in order to access the Critical Section of RLOCK
starting at Line 30. Since the RLOCK is assumed to be satisfying Starvation Freedom, w
reaches Line 30 eventually. Hence, the step changes PC, to 30. Note, we can use Golab
and Ramaraju’s [78] read-write based recoverable extension of Yang and Anderson’s lock (see
Section 3.2 in [78]) as RLOCK for this purpose.

The step does not affect any condition, so the invariant continues to hold in C”.

7 executes Line 25

In C, PC, = 25 and fC'\W = 25. We have n/od\e7r #+ NIL and 7”L/od\e7r.PRED € N by Condition 1
in C'. By Condition 14, either @ﬂ.PRED.CsisIGNAL =1,0r 7 ell,m # 7" A 7@#/ =
nodes PRED A PCr/ € {14,15} U 25, 28] in C.

The step executes mypred,.CS__SIGNAL.wait() so that the procedure call returns when
mypred,;.CS__SIGNAL = 1. The step also updates PC, and ?C'\,r to 26 when it returns
from the procedure call.

Condition 19: Suppose n/od\ew.PRED.CS_SIGNAL = 1 in C. By Condition 19h, 7 = 7 in
C. It follows that the condition continues to hold in C” as it held in C. Therefore, assume
@W.PRED.CsislGNAL # 1in C. Since mypred,.CS__SIGNAL.wait() returns and the step
completes, by the specification of the Signal object, mypred,.CS__SIGNAL = 1 in C’. By Con-
dition 5, mypred, . PRED = &EXIT in C’. Therefore, head(fragment (@ﬂ)).PRED = &EXIT
in C’. Tt follows that 7 € Q in C’ by the definition of Q. By Condition 7, V7' € II, (7 #
W’Ahead(fragment(n/od\ewf)).PRED = &EXITAPC, ¢ [28,29]) = node,: € fragment(n/od\eﬂ).
We now proceed to prove that Condition 19 holds in C” as follows. We have mypred,.PRED =
&EXIT and mypred,.CS__SIGNAL = 1 in C'. Therefore, Vr' € H,n/ozeﬂl = mypred, =
P/@ = 29 in ¢’ by Condition 5. Since T?Jd\eW.PRED.PRED = &Exi1T, Condition 19f holds
and it follows that @ = 7. Since Ig(l'\7r = 26, Condition 19a holds in C’. We also note from
the above that Conditions 19b and 19¢ hold in C’. By the definition of fragment(n/oEz,r) and
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26.

27.

Condition 7 it follows that Conditions 19d and 19e hold. For any process 7', if 71/0d\e7r/.PRED =
&EXIT, then by Condition 1, ITC?/ € {28,29}. If @ﬂ/ #* head(fragment@;d\eﬂ/)), then
by Condition 7, PC € {15,25}. If node,.PRED € {NIL,&CRASH}, then by Condition 1,
P/-C\ﬂ/ € {13,14}. By Condition 7 there is only one fragment whose head node has its PRED
pointer set to &EXIT. It follows that Condition 19g holds from the above. From Conditions 5,
9, 14, and 15 it follows that Condition 19h holds in C’. Therefore, the entire condition holds
in C’.

7 executes Line 26.

In C PC, = 26.

The step sets @W.PRED = &INCS, updates PC; and ]?C\ﬂ to 27, and goes to the CS.
Condition 1: As argued above, @ﬂ.PRED = &INCS and fC\W = 27 in C’. Therefore, the
condition holds in C".

Condition 9: Suppose there is a 7 € II, 7 # 7 such that mypred,» = @ﬂ in C. It follows
that n/oazW.PRED = &INCS and 1§C§7r = 27 in C'. Therefore, the condition holds for 7" and

vacuously for other processes in C”.

m executes Line 27.

In C PC, =27.

The step sets 1z/od\e7r.PRED = &EX1T, and updates PC; and JgCTr to 28.

Condition 1: As argued above, @W.PRED = &EXIT and ﬁCTr = 28 in C’. Therefore, the
condition holds in C".

Condition 9: Suppose there is a 7 € II, 7 # 7 such that mypred,» = TL/oal\(37T in C. It follows
that 7%d\eﬂ.PRED = &EXIT and IgC\7r = 28 in (. Therefore, the condition holds for 7" and
vacuously for other processes in C”.

Condition 18: If |Q] > 1 in C, the condition holds vacuously in C’. If TAIL # n/od\eﬂ, then by
Condition 7 and 16, the condition holds in C’. Otherwise, suppose |Q| = 1 and TAIL = @W
in C. TAIL.PRED = &EXIT in C’ by the step. Therefore, the condition holds in C’.
Condition 19: Applying the condition to 7 in C, # = m according to the ordering of the
condition. If |Q] = 1, the condition holds vacuously in C’. Therefore, suppose |Q| > 1 in C.
There is a process 7’ € II such that 7’ = w5 according to the ordering and mypred,, = 7”L/Od\6ﬂ
in C. By Condition 19d, JTC’\W/ € {15,25} in C' which continues to hold in C’. Therefore, it
follows that Conditions 19a, 19b, and 19c¢ hold for 7’ in C’. It is easy to see that the rest of
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the sub-conditions hold in C’ as a result of the step. Therefore, the condition holds in C".

28. 7 executes Line 28.
In C PC,; = 28 and ]7(?7T = 28.
The step executes mynode,.CS__SIGNAL.set() so that mynode,.CS__SIGNAL = 1 as a result
of the step. It also updates PC; and FC? to 29.
Condition 17: As discussed above, mynode,.CS__SIGNAL = 1 and fCTT =29 in C’. There-

fore, the condition holds in C".

29. 7 executes Line 29.
In C PCy =29 and PC, = 29.
The step sets NODE[m] to NIL, sets PC) to 10, and fCTT to 11.
Condition 1: As argued above, NODE[port,] = NIL and PC, = 11 in C". Therefore, the
condition holds in C".
Condition 5: By Condition 3 implies that Va’' € I, 7/ # 7 = @W #* @W in C. By Condi-
tion 1, T@W.PRED = &EXIT in C which holds in C’. By Condition 17, @W.CS_SIGNAL =
1 and n/OEz,r.NONNILislGNAL = 1 in C, which holds in C’. Since n/od\e7T = NIL in ', it
follows that for the QNode pointed to by n/OEa7r in C the condition holds in C".
Condition 9: Suppose there is a 7" € II, 7" # 7 such that mypred, = n/od\eﬂn and PCr» = 14
in C. Tt follows that Vp' € P,NODE[p'| # mypred, in C’. Therefore, the condition holds for

7" and vacuously for other processes in C'.

30 (a). 7 executes Line 30 when PC, € {13,14}.
In C, PCy = 30 and PC, € {13,14}. By Condition 10, node,.PRED = &CRASH. By
Condition 2, mypred, = @W.PRED in C.
The if condition at Line 30 is not met since 7;)d\e,r.PRED = &CRASH, therefore, PC, changes
to 31.
Condition 6: Since PC,; = 31 and fC\W € {13,14} in C’, the condition is satisfied.
Condition 20: Suppose head(fragment(TAIL)).PRED € {&INCS,&ExiT} in C. We have
noder.PRED = &CRASH, i.e., head(fragment(Tfyd\eW)).PRED = &CraAsH. It follows that
fragment (n/od\e7r) # fragment(TAIL) in C, which holds in C’. Therefore, the condition holds

in C'.

30 (b). 7 executes Line 30 when PC; ¢ {13,14}.

138



31.

32 (a).

In C, PC, = 30 and PC, ¢ {13,14}. By Condition 6, PC, € {15} U {25,26}. By Condi-
tion 10, node,.PRED € N By Condition 2, mypred, = node, .PRED in C.

The if condition at Line 30 is met since @W.PRED =# &CRASH, therefore, m executes the
Exit section of RLOCK. 7 then changes PC, and JFCTr to 25.

Condition 17: Applying Condition 17 to C, we have n/oazW.NONNIL_SIGNAL = 1 since
PC,; = 30 in C. Therefore, the condition holds in C’.

7 executes Line 31.

In C PC,; = 31.

The step initializes tail; to TAIL, the set V; and F; as empty sets, tailpath, to NIL, and
headpath, to NIL. Since the invariant requires that i, be between [0, k] when PC, = 32, we
assume that the step implicitly initializes i, to 0, although not noted in the code. Finally,
the step sets PC; to 32.

Condition 21: Follows immediately from the description of the step above.

Condition 22: This condition follows immediately from Condition 16.

Condition 23: Since (Vi, Er) are initialized to be empty sets, the condition follows.
Condition 24: Consider the fragments formed from the nodes pointed to by the cells in
the NODE array. If all the fragments have the PRED pointer of their head node to be
in {NIL,&CRraAsH}, then by definition of Q it is an empty set. Hence, Condition 24d
holds. Otherwise, there is a fragment whose head node has its PRED pointer to be one
of {&INCS, &ExiT}. It follows that Condition 24c¢ holds.

Condition 25: By Condition 12 it follows that Vnode, € fragment(ﬂ)-d\eﬂ),ﬂi € [0,k —

1], NODE[i] = node. Therefore, the condition holds in C”.

Condition 26: Since (Vg, E) is an empty set in C’, the condition holds vacuously.
Condition 27: All the conditions holds vacuously since the graph is empty and i, = 0.
Condition 28: Suppose head(fragment(tail;)).PRED € {&INCS, &EX1T}. Since nodey.PRED =

&CRrASH in (7, it follows that the condition holds in C”.

Condition 29: Immediate from the description of the step above.

7w executes Line 32 when i, < k.
In C, PC; =32 and i, < k.
In this step the correctness condition of the for loop (i.e., i € [0,k — 1]) evaluates to true

and PC; is updated to 33.
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32 (b).

33.

34 (a).

34 (b).

35.

Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 32 when 7, = k.

In C, PC; =32 and i, = k.

In this step the correctness condition of the for loop (i.e., ir € [0,k — 1]) evaluates to false
and PC); is updated to 39.

Condition 28: From Condition 22 it follows that either tail, € V; V tail,.PRED = &EXIT in
C’. In either case the condition holds in C’.

Condition 32: This follows immediately from Conditions 23, 25, 27 and the definition of
fragment.

Condition 34: Follows immediately from Condition 24 and the fact that iy = k.

Condition 35: Follows from Conditions 23, 24, 26, 27, the definition of fragment, and the fact

that 71/0d\e7r.PRED = &CRASH.

7 executes Line 33.

In C, PC; = 33. By Condition 21, i, € [0,k — 1].

In this step, 7 sets cur, to NODE[i,]. It then updates PC; to 35.

Condition 30: NODE[i,| either has the value NIL or it does not. If it is the first case, we are

done. In the second the condition follows from Condition 3.

7 executes Line 34 when cur, = NIL.

In C, PC; = 34. and cur, = NIL.

Since the if is met, 7 is required to break the current iteration of the loop and start with its
next iteration. Therefore, m increments i, by 1 and changes PC) to 32.

Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7w executes Line 34 when cur, # NIL.

In C, PC; = 34 and cur; # NIL.

Since the if is not met, 7 changes PC} to 35.
Condition 30: The condition holds in C” as it held in C.

7 executes Line 35.

In C PC; = 35.
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36.

37 (a).

37 (b).

38.

The step executes cur,.NONNIL SIGNAL.wait() so that the procedure call returns when
cury.NONNIL__SIGNAL = 1. The step also updates PC, to 36 when it returns from the

procedure call.

Condition 30: Since cur;.NONNIL_SIGNAL = 1 as a result of the step, by Condition 5,

cury.PRED € {&CRASH, &INCS, &EXIT} in C’. Therefore, the condition holds in C”.

7 executes Line 36.

In C PC = 36.

The step sets curpred, to cur,.PRED and updates PC; to 37.

Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 37 when curpred, € {&CrasH, &INCS, &ExiT}.
In C, PC; = 37 and curpred, € {&CRrASH, &INCS, &EXIT}.
The if condition at Line 37 is met, therefore, the step adds cur, to the set V;. It then

increments i, by 1 and updates PC; to 32.

Condition 23: Since the step adds only a vertex to the graph, the condition remains unaffected

by the step.

Condition 24: If cury.PRED = &INCS, then Condition 24b is satisfied by the addition of

cury to V. Otherwise, the condition holds as it held in C".

Condition 26: If cur,.PRED = &CRASH, then the condition holds vacuously. Otherwise,

cury.PRED € {&INCS, &Ex1T} and it follows that the condition holds in C.

Condition 27: All sub-conditions are easy to argue, hence it follows that the condition holds

in C'.

7 executes Line 37 when curpred, ¢ {&CrasH, &INCS, &ExiT}.
In C, PC; = 37 and curpred, ¢ {&CrasH, &INCS, &EXIT}.
The if condition at Line 37 is not met, therefore, = updates PC} to 38.

Condition 28: Since curpred, ¢ {&CRrasH, &INCS, &EXIT}, curpred, was initialized from

cury.PRED at Line 36. It follows that curpred, € N'. Therefore the condition holds in C".

7 executes Line 38.
In C PC, = 38.

The step adds the elements cur, and curpred, to the set V; and the edge (cury,curpreds)
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to the set E;. It then increments ¢, by 1 and updates PC} to 32.

Condition 23: If cur,.PRED ¢ V, in C, then the condition holds in C’. Hence, assume
cur;.PRED € V; in C (note, cur;.PRED = curpred, in C'). We have to argue that after the
addition of the edge (cury,curpred,) in Er, the graph (Vi, E;) still remains directed and
acyclic and the maximal paths in it remain disjoint in C’. During the configuration C, let oy

be the path in the graph (V;, E) containing cur, and o9 be the path containing curpred;.

If o1 # o9, then the graph (V;, E;) continues to be directed and acyclic in C’. We argue that
the maximal paths are disjoint as follows. Suppose for a contradiction that after adding the
edge (cury, curpred,) there are two maximal paths o and ¢’ that are not disjoint. It follows
that this situation arises due to the addition of the edge (cury,curpred;), hence o and o’
either share cur,; or curpred,. Suppose they share cur; as a common vertex. In C there is
an edge (curp,u) € F, (and therefore in the path ;) such that u # curpred,. Applying
Condition 27i to C, cur;.PRED = u or cur;.PRED € {&INCS, &Ex1T} which is impossible
since cur;.PRED = curpred,. Hence, assume that they share curpred, as a common vertex. It
follows that there is an edge (v, curpred,) € E, appearing in the path o9 in the configuration
C'. By Condition 27c, 3i’ € [0,i,—1],v = NODE[i] or v.PRED = &EXITAVp' € P, NODE[p'] #
v. If 3" € [0,ir — 1],v = NODE[#], then NODE[i']. PRED = NODE[i,|.PRED, which contradicts
Condition 3. Otherwise, by Condition 27h, Vi’ € [0,k — 1], NODE[¢/]. PRED # curpred,, a
contradiction (since NODE[i,].PRED = curpred, in C'). Hence, it holds that if o1 # o9 in C,

the maximal paths are disjoint in the graph in C”.

Otherwise, 01 = o9. It follows that start(c;) = start(o2) = curpred, and end(o;) =
end(o2) = cury (i.e., there is a path from curpred, to cur;) in C. Applying Condition 27i
inductively we see that curpred,.PRED # &EXIT, otherwise it would imply cur,;.PRED =
&EXIT. It follows by the contrapositive of Condition 27¢ that there is a distinct i’ € [0, i — 1]
for every vertex w in the path o1 such that NODE[i'] = w in C. That is, every vertex
w in the path oy is also a node 7%(1\6”/ for some 7’ € II. However, since cur;.PRED ¢
{NIL, &CrasH, &INCS, &EXIT} (because there is a cycle with the presence of o1 and the
pointer cur,.PRED), we have a contradiction to Condition 4 since there is no b € N for which

the condition is satisfied. Therefore, o1 # o9 in C.

From this argument it follows that the condition holds in C".

Condition 24: If Condition 24a holds in C, it continues to hold in C’ and therefore the
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39.

condition is satisfied. Similarly for Condition 24b, because cur,.PRED # &EXIT and if
cury, = end(o) for some maximal path which satisfied the condition, then it continues to
satisfy the condition in C”. If iy < k — 1 and the condition held in C' due to Condition 24c,
then it continues to hold in C’ for the new value of ir. If ¢y = & — 1 and the condition
held in C due to Condition 24c, it follows that NODE[k — 1].PRED # &EX1T (by assumption
above) and NODE[k — 1].PRED.PRED € {&INCS, &Ex1T}. Therefore, by the step (NODE[k —
1], NoDE[k — 1].PRED) is added as an edge in the graph and we have a path that satisfies
Condition 24b in C’. If Condition 24d holds in C, then it holds in C’ as well.

Condition 25: This condition holds by the definition of fragment and since the edge gets
added to the graph.

Condition 26: It is easy to see that the second part of the condition holds because one of the
nodes among v and v’ was used up to enter the CS and hence even though the path runs
through that node in the graph, the fragment is cut. Therefore, we argue the first part as
follows. Suppose there is a i < ir such that NODE[i] = node for a node € fragment(v).
In a previous iteration the node was added in the graph, and if node.PRED was an actual
node, then it also got added to the graph along with an edge between them. Therefore, the
condition holds in C".

Condition 27: As argued above, cur;.PRED € N’ (i.e., curpred, € N'), it follows that Vv €
Ve,v € Nin C’. Tt is easy to see that the rest part of Condition 27a holds. Condition 27i holds
because if cur;.PRED € {&INCS,&EXIT}, then the owner of curpred, already completed
Line 28 to let the owner of cur, into CS. Condition 27h holds from Condition 3. It is easy

to see that the remaining sub-conditions hold in C’.

7 executes Line 39.

In C, PC,; = 39.

The step computes the maximal paths in the graph (V, E;) and the set Paths, contains
every such maximal path. The step then sets PC; to 40.

Condition 37: If there is a maximal path o in (Vy, E;) such that end(o).PRED € {&INCS, &EX1T}

and start(c).PRED # &EXIT, then the condition holds vacuously. Otherwise there is no
maximal path o for which end(c).PRED € {&INCS, &EXIT} and start(c).PRED # &EXIT.
By Condition 34, head(fragment(tail,)).PRED € {&INCS, &ExiT} V |Q] = 0 in C, which
continues to hold in C’. Since Paths, is a set of all maximal paths in (V;, E), there is no

path o € Paths, for which end(c).PRED € {&INCS, &EXiT} and start(o).PRED # &EXIT.
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40.

41.

42 (a).

42 (b).

Therefore, the condition holds in C’.

7 executes Line 40.

In C, PC,; = 40. By Condition 27a, 7;)61\67r € V, and by Condition 2, 71/0d\€7r = mynode.
By Condition 23b, all maximal paths in the graph are disjoint, therefore, every vertex in V,
appears in a unique path in Paths;.

As argued above, mynode, € V. in C, therefore, there is a path ¢ in Paths, such that
mynode, € o. The step sets mypath, to be the unique path in Paths,; in which mynode,
appears. It then updates PC, to 41.

Condition 33: As argued above, in C’ mypath, is the unique path in Paths, in which

mynode, appears. Therefore, the condition holds in C”.

7 executes Line 41.

In C, PC,; = 41. By Condition 21, tailpath, = NIL in C. By Condition 23b, all maximal
paths in the graph are disjoint, therefore, every vertex in V. appears in a unique path in
Paths,.

In this step 7 checks if tail, € V. If so, it sets tailpath, to be the unique path in Paths; in
which tail; appears. Otherwise, it just updates PC; to 42.

Condition 28: As argued above, the step sets tailpath, to be the unique path in Paths, in
which tail, appears. Therefore, the condition holds in C’.

Condition 31: If tailpath, # NIL and end(tailpath,).PRED ¢ {&INCS,&EXIT}, it from
Condition 27 that head(fragment(tail,)).PRED ¢ {&INCS, &ExiT}. Hence, the condition

follows from Condition 29.

7 executes Line 42 when there is a path in Paths,; not iterated on already.

In C, PC; = 42 and there is a path in Paths,; not iterated on already.

In this step 7 picks a path o, from Paths, that it didn’t iterate on already in the loop on
Lines 42-45. It then sets PC, to 43.

Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 42 when there is no path in Paths; not iterated on already.

In C, PC; = 42 and there is no path in Paths, not iterated on already.
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43.

44.

45.

46 (a).

In this step 7 finds that it has already iterated on all the paths from Paths,; hence it just
updates PC; to 46.
Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 43.

In C, PC; = 43.

In this step, 7 checks if end(o,).PRED € {&INCS, &ExiT}. If so, it updates PCr to 44;
otherwise it updates PCj to 42.

Condition 36: If PC, = 44 in (', it is because of the if condition at Line 43 succeeded. From

the description of the step given above, it follows that the condition holds in C”.

7 executes Line 44.

In C, PC; = 44.

In this step, 7 checks if start(o,).PRED # &EXIT. If so, it updates PCy to 45; otherwise it
updates PC; to 42.

Condition 36: If PC, = 45 in (', it is because of the if condition at Line 44 succeeded.
Therefore, end(o,).PRED € {&INCS,&ExiT} and start(o,).PRED # &ExiT. It follows
that the length of the path is more than 1 and start(o,) = tail(fragment(start(oy))).
Therefore, from the description of the step given above, it follows that the condition holds in

C'.

7 executes Line 45.

In C, PC,; = 45.

The step sets headpath, = o, and updates PC to 46.

Condition 38: This condition follows as a result of Conditions 1, 34, 35 and since the step

sets headpath, = o .

7 executes Line 46 when tailpath, # NIL A end(tailpath,).PRED ¢ {&INCS, &EXIT}.

In C, PC; = 46 and tailpath, # NIL A end(tailpath,).PRED ¢ {&INCS, &EXIT}.

In this step 7 checks for the if condition at Line 46 to be met. Since tailpath, # NIL A
end(tailpath,).PRED ¢ {&INCS, &EXIT}, the if condition is not met, hence, 7 updates PC
to 48.

Since no shared variables are changed and no condition of the invariant is affected by the
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46 (b).

47.

48.

49.

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 46 when tailpath, = NIL V end(tailpath,).PRED € {&INCS, &EXIT}.

In C, PC; = 46 and tailpath, = NIL V end(tailpath,).PRED € {&INCS, &EXIT}.

In this step 7 checks for the if condition at Line 46 to be met. Since tailpath, = NIL V
end(tailpath,).PRED € {&INCS, &EXIT}, the if condition is met, hence, 7 updates PCy to
47.

Since no shared variables are changed and no condition of the invariant is affected by the

step, all the conditions continue to hold in C' as they held in C".

7 executes Line 47.

In C, PC,; = 47.

In this step 7 performs a FAS on TAIL with the node start(mypath,) and stores the returned
value of the FAS into mypred,. It then updates f/’CTT to 14 and PC; to 49.

Condition 39: By Condition 28, fragment (@ﬂ) # fragment(TAIL) in C. Applying Condi-
tion 16 to C' and TAIL we see that the condition holds in C".

7 executes Line 48.

In C, PC, = 48.

If headpath, # NIL then the step sets mypred, = start(headpath,); otherwise it sets
mypred, = &SPECIALNODE. The step then updates fCTr =14 and PC, = 49.

Condition 39: For any value that mypred, takes in the step, we note that head(fragment(mypred,)).PRED €

{&INCS, &ExiT}. If headpath, # NIL, then all the parts of the condition are satisfied

in C" which can be verified from Condition 38 holding in C. Also, fragment(n/od\eﬂ) #

fragment(first(headpath,)) in C’, since head(fragment(first(headpath,))).PRED € {&INCS, &EXIT}.

If headpath, = NIL then mypred, = &SPECIALNODE in C’ and it is easy to verify again
that the condition holds in C’. Therefore, the condition holds in C’.

7 executes Line 49.

In C' PC, = 49.

As a result of the step, mynode,.PRED to mypred, and updates I§C$7r to 25 in C'. 7 also
executes the Exit section of RLOCK, hence PC, = 25 in C’.

The argument for correctness for this step is similar to that of the argument given for execution

of Line 14. Therefore, we refer the reader to those arguments above.
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Crash. 7 executes a crash step.
This step changes PC; to 10 and sets the rest of the local variables to arbitrary values. The
values of the shared variables remain the same as before the crash.

The step does not affect any condition, so the invariant continues to hold in C”.

Thus, by induction it follows that the invariant holds in every configuration of every run of the

algorithm. O
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Chapter 7

Concurrent Union Find

7.1 Introduction

As data sets get bigger and bigger, it becomes more and more important to harness the potential
of parallelism to solve computational problems - even linear time is too slow. In the late twentieth
century, many beautiful and efficient algorithms were developed in the PRAM (parallel random
access machine) model, which assumes a memory shared among many synchronized processors.
In practice, however, synchronization is expensive or may not be possible. A weaker model that
has attracted much attention in the distributed systems community is the APRAM (asynchronous
parallel random access machine) model, in which a common memory is shared among many unsyn-
chronized processors. In the most general version of this model, any processor can be arbitrarily
slow compared to any other.

Obtaining efficiency bounds in the APRAM model is extremely challenging: the use of locks,
for example, seems to make it impossible to guarantee efficiency, since one process could set a
lock and then go to sleep indefinitely, blocking progress by any other process that needs access to
the same resource. To overcome this problem, systems researchers have invented synchronization
primitives that do not use locks, notably CAS (compare and swap) [89], transactional memory [90],
and others. These primitives allow at least the possibility of obtaining good efficiency bounds for
asynchronous concurrent algorithms. Yet, except for “embarrassingly parallel” computations, this
possibility is almost unrealized. Indeed, we know of only one example of a concurrent data structure
(other than our work, to be described) for which a work bound without a term at least linear in
the number of processes has been obtained. This is an implementation by Ellen and Woefel [57] of

a fetch-and-increment object.
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An important problem in data structures that could benefit from an efficient concurrent algo-
rithm is disjoint set union, also known as the union-find problem. The simplest version of this
problem requires maintaining a collection of disjoint sets, each containing a unique element called
its leader, under two operations:

find(z): return the leader of the set containing element x.

unite(x, y): if elements x and y are in different sets, unite these sets into a single set and
designate some element in the new set to be its leader; otherwise, do nothing.

Each initial set is a singleton, whose leader is its only element. Note that the implementation is
free to choose the leader of each new set produced by a wnite. This freedom simplifies concurrent
implementation, as we discuss in Section 7.4. Other versions of the problem add operations for
initializing singleton sets and for maintaining and retrieving information about the sets such as
names or sizes. We study the simplest version but comment on extensions in Section 7.10.

Applications of sequential disjoint set union include storage allocation in compilers [136], finding
minimum spanning trees using Kruskal’s algorithm [134], maintaining the connected components
of an undirected graph under edge additions [198, 51, 95], testing percolation [181], finding loops
and dominators in flow graphs [194, 193, 63], and finding strong components in directed graphs.
Some of these applications, notably finding connected components [192, 184, 121, 86, 173, 144]
and finding strong components, are on immense graphs and could potentially benefit from the
use of concurrency to speed up the computation. For example, model checking requires finding
strong components in huge, implicitly defined directed graphs [209, 22, 24]. There are sequential
linear-time strong components algorithms [192, 183], but these may not be fast enough for this
application. The sequential algorithms use depth-first search [192], which apparently cannot be
efficiently parallelized [175]. If one had an efficient concurrent disjoint set union algorithm one
could use it in combination with breadth-first search to potentially speed up model checking. This
application, described to the second author by Leslie Lamport, was the original motivation for our
work.

The classical sequential solution to the disjoint set union problem is the compressed tree data
structure [67, 62, 97, 198, 196]. With appropriate tree linking and path compaction rules, m oper-
ations on sets containing a total of n elements take O(a(n,m/n)) time [198, 196, 75], where « is a
functional inverse of Ackermann’s function, defined in Section 7.3. Three linking rules that suffice
are linking by size [198], linking by rank [196], and linking by random index [75]; three compaction
rules that suffice are compression [198, 196, 75], splitting [196, 75], and halving [196, 75].
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Perhaps surprisingly, there has been almost no previous research on wait-free concurrent disjoint
set union. We have found only one such effort, that of Anderson and Woll [12]. Their work contains
a number of significant ideas that are the genesis of our results, but it has many flaws that reveal
the subtlety of the problem. We use their concurrency model. In one of our linking algorithms we
use DCAS (double compare and swap), as a synchronization primitive, whereas they used only the
weaker CAS (compare and swap) primitive.

Anderson and Woll considered an alternative formulation of the problem in which sets do not
have leaders and the two operations are same-set(x, y), which returns true if  and y are in the
same set and false otherwise, and wunite(x, y), which combines the sets containing x and y into a
single set if these sets are different. (We discuss same-set further in Section 7.4.) They attempted
to develop an efficient concurrent solution that combines linking by rank with a concurrent version
of path halving. They claimed a bound of O(m - (p + a(m, 1)) on the total work, where p is the
number of processors. (They did not treat n as a separate parameter.). Their linking method
can produce paths of €(p) nodes of equal rank. The O(mp) term in their work bound accounts
for such paths. Their proof of their upper bound is not correct, because they did not consider
interference among different processes doing halving on intersecting paths. Whether or not their
bound is correct, it is easy to show that their algorithm can take Q(np) work to do n — 1 unite
operations, compared to the O(na(n, 1)) time required by one process. Thus in the worst case their
work bound gives essentially no speedup.

Anderson and Woll also claimed a work bound of O(m - (a(m, 1) + log* p)) for a synchronous
PRAM algorithm that uses deterministic coin tossing [36] to break up long paths of equal-rank
nodes. They provided no details of this algorithm and no proof of the work bound. We think that
their bound is incorrect and that the work bound of their algorithm is Q(nlogp), since it is easy
to construct sets of operations that do linking by rank exactly but such that concurrent finds with
halving take Q(logp) steps per find, even on a PRAM. See Section 7.9. Deterministic coin tossing
does seem to be a good idea, however: we conjecture that it can give an efficient (but complicated)
deterministic set union algorithm in the APRAM model using only CAS for synchronization, at
the cost of a multiplicative log* p factor in the work bound.

In this chapter, we apply the ideas of Anderson and Woll and some additional ones to develop
several efficient concurrent algorithms for disjoint set union. We give three concurrent implemen-
tations of unite, one deterministic and the other two randomized. The deterministic method uses

DCAS to do linking by rank. The randomized methods use only CAS: one does linking by random
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index, the other does randomized linking by rank. We also give two concurrent implementations
of path splitting, one-try and two-try splitting. The former is simpler, but we are able to prove
slightly better bounds for the latter, bounds that we think are tight for the problem.

We prove that any of our linking methods in combination with one-try splitting does set union

in O (m (log ("—n’f + 1) + a(n, n’;ﬁ))) work, and in combination with two-try splitting in O (m

(log (% + 1) + a(n, 7’;’;))) work. FEach set operation takes O(logn) steps. These bounds are

worst-case for deterministic linking and high-probability for randomized linking. The O(logn)
step bound per operation holds even without path splitting; without splitting, the work bound is
O(mlogn). The work and step bounds for randomized linking by rank hold even for an adversarial
scheduler, provided that scheduling is based only on information sent to the scheduler, or we allow
a form of CAS that writes a random bit. The work and step bounds for linking by random index
hold provided that the randomization is independent of the order in which the unite operations are
executed, or, more precisely, independent of the “linearization order” of the unite operations. (We
define linearization order in Section 7.2.) We also show that 2 <m . (log (% + 1) + a(n, ;Z;)))
work is needed in the worst case for any algorithm satisfying a symmetry assumption, which implies
that our work bound for two-try splitting is best possible for such algorithms.

Our work is theoretical, but others [3, 51, 95] have implemented some of our algorithms on
CPUs and GPUs and experimented with them. On many realistic data sets, our algorithms run as
fast or faster than all others.

The remainder of our chapter contains 8 sections. Section 7.2 describes our concurrency model.
Section 7.3 describes the compressed tree data structure and sequential algorithms for disjoint set
union. Section 7.4 presents concurrent linking by index, a special case of which is concurrent linking
by random index, and one-try and two-try splitting. Section 7.5 presents preliminary versions of
deterministic and randomized linking by rank. These versions rely on some simplifying assumptions
that we eliminate in Section 7.6. Section 7.8 gives upper bounds on the total work of our algorithms.

Section 7.9 presents lower bounds. Section 7.10 contains some final remarks and open problems.

7.2 Concurrency Model

Our concurrency model is the same as that of Anderson and Woll: a shared memory multiproces-
sor, otherwise known as an asynchronous random-access machine (APRAM). We assume that p

processes run concurrently but asynchronously, each doing a different set operation. Each process
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has a private memory. In addition, all processes have access to a shared memory that supports
concurrent reads but not concurrent writes.

To provide synchronization of writes to shared memory, we use the compare and swap primitive
CAS(z, y, z). Given the address = of a block of shared memory and two values y and z, this
operation tests whether block x holds value y; if so, it stores value z in block z (overwriting y)
and returns true; if not, it returns false. We also consider the two-block extension DCAS(u, v, w,
x, y, z). Given the addresses v and z of two blocks of shared memory and four values v, w, y,
and z, this operation tests whether block u holds value v and block = holds value y; if both are
true, it stores value w in block u and value z in block x and returns true; if not, it returns false.
These operations are atomic: once one starts, it completes before any other operation can read,
write, CAS, or DCAS the affected block or blocks. Although both CAS and DCAS return a value
indicating success or failure, many of our algorithms do not actually use these values.

In one version of our randomized linking algorithm we use the following randomized version of
CAS: atomic operation CAS(z, y, $) tests whether the value of z is y and, if so, sets the value of
x equal to true or false, each with probability 1/2. Such a randomized atomic write operation has
been used in algorithms for achieving consensus [34].

Many current hardware designs include CAS as an instruction; DCAS was supported on the
Motorola 68030 [162] but not on any current hardware, as far as we know. As we demonstrate in
Section 7.5, it is straightforward to implement linking by rank using DCAS, but much harder using
only CAS.

We study concurrent algorithms for disjoint set union that are linearizable [93] and bounded
wait-free [89]. To be linearizable means that (i) the outcome of a concurrent execution is the same
as if each set operation were executed instantaneously at some distinct time (its linearization time)
during its actual execution and (ii) the sequential execution sequence given by the linearization
times is correct; that is, all find operations produce answers that are correct at their linearization
times. The linearization times define a total order of the operations, called the linearization order.
Although we focus on linearizable algorithms, some applications of disjoint set union may not
require linearizability for correctness. We briefly discuss this issue in Section 7.10, and leave further
investigation as an open problem.

To be bounded wait-free means that every operation finishes in a bounded number of its own
steps. The total work done by a concurrent solution is the total number of steps done by all

processes to complete all operations.
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Two weaker progress properties than bounded wait-freedom are wait-freedom and lock-freedom
[91]. A concurrent solution is wait-free if every process is guaranteed to finish. It is lock-free if
every operation can execute its next step when it chooses to do so, and at least one process is
guaranteed to finish its operation. In general a lock-free solution need not be wait-free, and a
wait-free solution need not be bounded wait-free. In our version of disjoint set union, the number
of elements is fixed, which makes it easy to guarantee bounded wait-freedom. This remains true if
we add an operation that allows the creation of singleton sets containing new elements, as long as
the total number of set operations is bounded. If we allow an unbounded number of singleton sets
to be created, then our solutions are no longer wait-free, but they remain lock-free. In this case

there are no meaningful work bounds.

7.3 Data Structure and Sequential Algorithms

Our concurrent disjoint set union algorithms use the same data structure as the best sequential
algorithms: a compressed forest. This forest contains one rooted tree per set, whose nodes are the
elements of the set and whose root is the set leader. Each node x has a pointer z.p, to its parent
if it has a parent or to itself if it is a root. The root of the tree is the leader of the set.

In this section we explain the sequential set union algorithms. We present pseudo-code for the
same-set and find procedures as Algorithm 9, and procedures for unite and its helper-method link
as Algorithm 10. The sequential algorithm pseudo-code we present is not optimized for brevity.
Rather, we take care to present pseudo-code that is as similar to the forthcoming concurrent
algorithms as possible, thereby highlighting the key observations and distinctions that arise in the
concurrent code.

The sequential algorithm for find(z) follows parent pointers from x until reaching a node u that
points to itself, optionally compacts the find path (the path of ancestors from x to u) by replacing
the parent of one or more nodes on the find path by a proper ancestor of its parent, and returning
u. Naive find does no compaction. Three good compaction rules are compression, splitting, and
halving. Compression replaces the parent of every node on the find path by the root u. Splitting
replaces the parent of every node on the find path by its grandparent. Halving replaces the parent
of every other node on the find path by its grandparent, starting with . Figure 7.3.1 illustrates
how these algorithms restructure a path of nodes when find is called on node 8, the bottom-most

node.
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The sequential implementation of same-set(x, y) does find(z) and find(y), returning the roots
u and v of the trees containing x and y, respectively, and returns true if u = v, false otherwise.

Algorithm 9 is the pseudo-code for same-set and the variations of find.

Algorithm 9 Sequential same-set algorithm with alternative implementations of find. The pseudo-
code is written to match the forthcoming concurrent version as closely as possible, so that the key
differences are more clear.

1. procedure same-set(z,y) 16: procedure findSplit(x)

2 u < find(x) 17: U= T} V4 UD;, W4 V.

3: v < find(y) 18: while v # w do

4 return u = v 19: UP 4 W; U 4= V; V4= UP; W 4 V.p
20: return v

5. procedure findNaive(x)

6 U= T; U 4 up 21: procedure findHalve(zx)

7 while v # u do 22: U4 T; V4 U.p; W4 V.p

8: U= V; U< Uup 23: while v # w do

9 return v 24: UP < W; U 4= W; V4 WP, W 4 V.D
25: return v

10: procedure findCompress(x)

11: root < findNaive(x)

12: U4 x

13: while u # root do

14: V 4— U.P; U.p < 1700t U — U

15: return root

The sequential implementation of unite(x, y) does find(z) and find(y), returning the roots u
and v of the trees containing x and y, respectively, and tests whether u = v. If u # v, it links u and
v by making one the parent of the other. Three good linking rules are linking by size, linking by
rank, and linking by random index. Linking by size maintains the size (number of nodes) of each
tree in its root, and makes the root of the tree of larger size the parent of the other, breaking a
tie arbitrarily. Linking by rank maintains a non-negative integer rank for each root, initially zero,
and makes the root of larger rank the parent of the other, breaking a tie by adding one to the rank
of one of the roots. In the pseudo-code, we use u.r to represent node u’s rank. Linking by index
chooses a fixed total order of the nodes and makes the root of larger index the parent of the other.
Linking by random indez is the special case of linking by index that chooses the total order of nodes

uniformly at random. Algorithm 10 is the pseudo-code for unite and the variations of link.
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Q::E

ORIGINAL COMPRESSION HALVING SPLITTING

Figure 7.3.1: The results of running find(8) on the original path with the three different types
of compaction: compression links all the nodes on the find path directly to the root, thereby
“compressing” the path; halving links alternating nodes on the find path to their grandparents,
thereby creating a path of “half” the length with nodes hanging off; splitting links every node on
the find path to its grandparent, thereby “splitting” one path in two.

Algorithm 10 Sequential unite algorithm, with multiple implementations of link. The pseudo-
code is written to match the forthcoming concurrent version as closely as possible so that the key
differences are more clear.

1: procedure unite(z,y) 12: procedure linkBylIndex(u,v)
2: u 4+ find(x) 13: if u <v then up+v
3: v« find(y) 14: elsev.p < u

4: if u # v then link(u,v)
15: procedure linkBySize(u,v)

5. procedure linkByRank(u,v) 16: if u.size < v.size then

6: T4 Ur; ST 17: Up v

T: if r < s then u.p « v 18: v.51z€e <— v.Size + u.size
8: else if r > s then v.p < u 19: else

9: else 20: VP U

10: vr—ovr+1 21: Uu.stze <— u.size + v.size
11: u.p v
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Linking by size, rank, or random index combined with naive find, compression, splitting or
halving gives an algorithm that takes O(logn) time for an operation on a set or sets containing
n elements, worst-case for deterministic linking, high-probability for linking by random index.
Use of compaction improves the amortized time per operation: any combination of compression,
splitting, or halving with linking by size, rank, or random index gives an algorithm that takes
O(m - a(n,m/n)) time to do m operations on sets containing a total of n elements. The bound
is worst-case for linking by size or rank, average-case for linking by randomized index. Here is
a functional inverse of Ackermann’s function defined as follows. We recursively define Ag(n) for
non-negative integers k and n as follows:

Ao(n) =n+1; Ap(0) = A1 (1) if & > 0; Ag(n) = Ag —1(Ag(n— 1)) if £ > 0 and n > 0.

For a non-negative integer n and non-negative real-valued d,
a(n,d) = min{k > 0 | Ax(|d]) > n}

Lemma 7.3.1. Ax(n) < min{Ai+1(n), Ax(n+ 1)}, i.e., Ax(n) is strictly increasing in k and n.

Proof. The proof is by double induction on k and n. Ag(n) =n + 1 < n + 2= Ap(n + 1), and
Ap(0) =1 < 2 = A;(0). Let k£ > 0. Suppose the lemma holds for £’ < k and all n. Then Ax(0) <
Ar(0) + 1 = Ao(Ar(0)) Ag1(Ax(0)) = Ag(1) = Ag+1(0). Thus the lemma also holds for k£ and n
= 0. Let £ > 0 and n > 0. Suppose the lemma holds for £’ < k and all n, and for k£ and n — 1.
Then Ax(n) < Ap(n) + 1 = Ag(Ai(n)) Ar1(Ax(n)) = Ag(n + 1), and Ag(n) = Ar(Ao(n — 1)) <
A(Apa(n - 1)) = Apya(n). m

Corollary 7.3.2. «(n,d) is non-decreasing in n and non-increasing in d.

Our goal is to extend at least one sequential set union algorithm to the concurrent model of
Section 7.2 and to obtain an almost-linear work bound that grows sublinearly with p, the number
of processes. For convenience in stating bounds, we assume that 2 < p <n < m, and that there is

at least one unite of different elements. We denote the base-two logarithm by lg.

7.4 Concurrent Linking and Splitting

Concurrency significantly complicates the implementation of the set operations. One complication
is that processes can interfere with each other by trying to update the same field at the same time,

requiring our algorithms to be robust to such interference. Consider doing unites concurrently.
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To do unite(x,y), we can start as in the sequential case by finding the roots u and v of the trees
containing = and y, respectively. Then we can try to link » and v by doing a CAS to make v the
parent of u or vice-versa. But we must allow for the possibility that the CAS can fail, for example
if it tries to make v the parent of u but in the meantime some other process makes another node
the parent of w. If this happens we must retry the unite. When retrying, we start the new finds at
v and v rather than at z and y, to avoid revisiting nodes. Anderson and Woll [12] proposed this
method; the following pseudocode implements it. Method link(u, v), to be defined, tries to make

one of two roots u and v the parent of the other.

Algorithm 11 : Concurrent unite algorithm.

1: procedure unite(z,y)

2 u < find(z); v + find(y)*

3: while u # v do

4 link(u, v)*

5 u < find(u); v + find(v)*

In this and subsequent implementations, asterisks denote linearization points. The linearization
point of a unite is the linearization point of the successful link if there is one, or the linearization
point of the last find if no link is successful.

Concurrency also imposes constraints on the linking rule. We need to prevent concurrent links
from creating a cycle of parent pointers other than a loop at a root. For example, three concurrent
links might make v the parent of u, w the parent of v, and u the parent of w. The simplest way to
prevent such cycles is to do linking by index, which we can implement using CAS. We denote the

total order of nodes by “<” . The following pseudocode implements linking by index:

Algorithm 12 : Concurrent linking by index algorithm.

1: procedure link(u,v)
2: if u < v then CAS(u.p,u,v)*
3: else CAS(v.p,v,u)*

The linearization point of the link is its CAS. A link is successful if its CAS returns true. For
any total order, linking by index guarantees acyclicity. Linking by random indez is the special case
of linking by index that chooses the total order uniformly at random.

With this implementation of link, a link can succeed even though the new parent itself becomes

a child of another node at the same time. Fortunately this affects neither correctness nor efficiency.
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We could prevent this anomaly by using DCAS to do links, which allows us to guarantee that the
new parent remains a root. But this has two drawbacks. First, it uses DCAS, whereas our goal is
to use only CAS if possible. Second, if all links are done using DCAS, the total work can be linear
in p, as we discuss in Section 7.5.1.

Next we consider finds. Concurrent naive finds do not interfere with each other, since such finds
do not change the data structure. Thus we can do such finds exactly as in the sequential case. The

following pseudocode implements concurrent naive find:

Algorithm 13 : Concurrent Naive find algorithm.

1. procedure find(x)
2 U4 T; v up*
3: while v # u do
4 U4 VU up*
5

return u

The linearization point of a find is the last update of v.

Concurrent finds with compaction can interfere with each other. Consider a sequential find
with splitting. Let u be the current node visited by the find. One step of the find consists of setting
v = u.p; setting w = v.p; and, if v # w, replacing u.p by w and then setting u = v. Steps continue
until v = w, when the find finishes by returning v. The only update to the data structure in a
step is the replacement of u.p by w. We obtain a concurrent version of splitting by using CAS(u.p,
v, w) to do the update. The following pseudocode implements this method, which we originally

presented in [118] and which is based on Anderson and Woll’s version of find with halving:

Algorithm 14 : Concurrent Find with One-Try Splitting algorithm.

1. procedure find(x)

2 U4 T; V4 up;, w <+ v.p*

3: while v # w do

4 CAS(u.p,v,w); u < v; v < u.p; w < v.p*
5

return v

The linearization point of a find is the last update of w. We call this method one-try splitting
because it tries once to update u.p and then changes the current node from u to v, whether or not
the update of u.p has succeeded.

Concurrent splits can produce anomalies that are not possible if splits are sequential, as a simple
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example shows. (See Figure 2.) Suppose a, b, ¢, d, e is a path in a tree built by linking by index,
and that four processes, 1, 2, 3, and 4 begin concurrent finds with one-try splitting starting at a, a,
b, and b, respectively. We denote the local variables of process i by u;, v;, w;. First, process 1 sets
u; = a, vy1 = a.p = b, and w; = b.p = c. Second, process 3 sets ug = b, v3 = ¢, wy = d, and replaces
b.p by d. Third, process 4 sets us = b, v4 = d, wy = e, and replaces b.p by e. Fourth, process 2
sets us = a, vo = b, and wy = d. Fifth, process 1 replaces a.p by c. Sixth, process 2 attempts to
replace a.p by d but fails, because process 1 changed a.p after process 2 read it. Observe that just
before process 1 replaces a.p by ¢, ¢ is not an ancestor of a, even though it was when process 1
read it. This threatens correctness. Furthermore, even though the failure of process 2 to update
a.p guarantees that a.p has changed since process 2 read it, the new value of a.p, namely c, is not
an ancestor of the current grandparent of a, namely e, violating a property used in the analysis
of sequential splitting. Finally, even though the new parent ¢ of a is higher in index than the old
parent b of a (as we prove in Theorem 7.4.1), the new grandparent d of a is lower than the old

grandparent e of a.

proc,’s CAS fails!

Figure 7.4.1: Interference in concurrent splitting: process 1 updates a’s parent to a node that is
not its ancestor; process 2’s CAS fails. These difficulties do not occur in the sequential setting.

Fortunately, correctness requires only a weak property of compaction, one that holds for one-try
splitting and many other methods. We introduce an analytic tool called the union forest in order
to explain the property. We assume that if a compaction changes the parent w.p of a node w by a
CAS, w.p # w just before the change; that is, w is not a root. Equivalently, only a link can change
the parent of a root. Suppose we do linking by index. Consider a fixed history, i.e. a concurrent
execution of several unite, same-set, and find operations by different processes up to some time ¢.
For this fixed history, the union forest is the set of trees such that the parent of a node w is the
first value, other than w, that w.p takes on during the history; if w.p = w throughout the history,

then w is a root in the union forest.
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Claim 1. The union forest is a forest.

Proof. Since linking is by index, when a link changes the parent of a root w from w to z, z > w.
Hence the union forest contains no cycles of parent pointers other than loops. Thus the union forest

is indeed a forest. O

We call a compaction method wvalid if it visits nodes on a single path in the union forest, each
vertex visit takes O(1) steps, each replacement of a parent w by another node z (of which there
may be none) is such that z is a proper ancestor of w in the union forest, and the linearization
point of the find doing the compaction is the last read of a parent that returns the node itself. The
parent update requirements are only with respect to the fixed union forest, not with respect to the
dynamically changing actual forest maintained by the data structure. In particular, although find
with splitting can change the parent w.p of a node w to a non-ancestor of w in the actual forest
(see Figure 7.4.1), it cannot do so in the union forest. Indeed, splitting is valid.

The following theorem states the correctness of linking by index with finds that do valid com-

pactions.

Theorem 7.4.1. Any disjoint set union algorithm that does linking by index in combination with
finds that do wvalid compaction is linearizable. The parent of any non-root node has higher index
than the node, and the parents define a set of trees that partition the nodes into the correct disjoint
sets. Furthermore each set operation stops in O(h) steps, where h is the height (mazimum number

of edges on a path) of the union tree, so the algorithm is bounded wait-free.

Proof. An induction on the number of parent changes using the transitivity of “<” shows that the
parent of any node never has smaller index than the node. This implies that the only cycles are
loops at roots. Parent changes done during compactions do not change the node partition defined
by the trees. A link that makes v the parent of u must be such that u is a root before the link, u
< v, and v and v are in the trees containing the two nodes z and y that are the inputs to the unite
that does the link. It follows by induction on the number of parent changes that at all times the
trees correctly partition the nodes: a find cannot change this partition, and a link unites the trees
containing the nodes that are the inputs to the corresponding unite. Correctness of the linearization
points follows in a straightforward way by induction on the number of parent changes: When a
find reads the parent of a root, that root at that moment is the leader of the set containing the
input to the find; when a unite does a link, the partition remains correct; when a test "u # v” in

unite returns false, the inputs to the unite are in the same set.
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Since the nodes visited during a find are on a single path in the union forest, and each node
visit takes O(1) steps, each find stops in O(h) steps. (Our assumption that there is at least one
unite of different elements implies h > 0.) The nodes visited during a unite are on two paths in the
union forest. Consider the node visits in the order they occur. Each node visit takes O(1) steps,
but a node can be visited many times. This can only happen while it is a root; once it becomes
a child, it can only be visited once more (as the input to a find). Consider the nodes u and v just
before an execution of the test “u # v” in unite. Each of u and v was a root at some time during
the find that computed it. If the test “u # v” succeeds, whichever of u and v is smaller in the total
order will be a child after the next link (whether or not the link succeeds). Suppose without loss of
generality it is u. We charge the next visits to u and v to u becoming a child. There are at most 2h
such events. It follows that the total number of node visits during the unite, and hence the total

number of steps, is O(h). O

Having dealt with correctness, we discuss concurrent compaction in more detail. The monotonic-
ity of parents (each new parent is higher in index than the old one) allows us to extend the analysis
of sequential splitting to one-try splitting, although the extension is not straightforward. On the
other hand, the analysis of sequential halving relies on monotonicity of grandparents, which fails in
the concurrent setting, as our example above shows. Anderson and Woll [12] claimed a good work
bound for their concurrent version of halving, but they overlooked the problem of non-monotonicity.
We see no way to get a good work bound for their method.

Even though we can prove good efficiency bounds for one-try splitting, we can prove slightly
better bounds for a related compaction method that tries to change each parent pointer twice
instead of once. We call this method two-try splitting. The following pseudocode implements find

with two-try splitting:

Algorithm 15 : Concurrent Find with Two-Try Splitting algorithm.

1: procedure find(x)

2 U4 T; UV u.p; w4 v.p*

3 while v # w do

4: CAS(u.p,v,w); v < u.p; W < vV.p

5 CAS(u.p,v,w); u < v; V < u.p; w < v.p*
6

return v

The linearization point of a find is the last assignment to w. If every attempted parent change

succeeds, the effect of a single two-try split is to replace the parent of every other node on the find
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path by its great-grandparent. This splits the original path into two paths, each containing half
the nodes on the original path, but the split is different from that produced by one-try splitting:
if the nodes on the original path are numbered consecutively from 1, the latter produces a path of
nodes 1, 3, 5, 7... and another path of nodes 2, 4, 6, 8... ; the former produces a path of nodes 1,
4,5, 8,9... and another path of nodes 2, 3, 6, 7, 10, 11...

A variant that has the same work bounds as two-try splitting is conditional two-try splitting,
in which the second try occurs only if the first one fails. We omit a detailed discussion of this
variant, since its pseudocode is a bit longer and it is unclear whether avoiding extra parent changes
improves efficiency.

Both one-try and two-try splitting are valid compaction methods, so Theorem 7.4.1 holds for
both of them.

We conclude this section by presenting Anderson and Woll’s concurrent implementation of
same-set, which gives an extension of our algorithms to their formulation of the problem. It is easy
to do same-set(z, y) in the sequential setting: find the root u of the tree containing z, find the root
v of the tree containing y, and test whether v = v. As Anderson and Woll observed, this does not
suffice in the concurrent setting, because u might no longer be a root when the equality test occurs,
possibly invalidating the test. Their solution has three cases. If 4 = v, return true: z and y are in
the same tree when the test occurs, and remain in the same tree. If u # v, test whether w is still a
root. If so, return false: = and y were in different trees when v was computed, since u and v were
different roots. If not, redo the computation: do new finds from u and v, and repeat the test or

tests. The following pseudocode implements this method:

Algorithm 16 : Concurrent same-set algorithm.

1: procedure same-set(x,y)

2 u < find(z); v + find(y)*

3 while u # v do

4: W 4 u.p

5 if v = w then return false
6 u < find(u); v < find(v)*

7

return true

The linearization point of a same-set is the last assignment to v. All our analyses of find and

unite extend to include same-set as an allowed operation.
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7.5 Concurrent Linking by Rank

To obtain a good work bound, we combine one-try or two-try splitting with a good linking method.
Linking by random index is one such method, but our analysis of it assumes that the scheduling
of CAS instructions is independent of the random node order. This assumption is questionable;
if it fails, the work bound becomes much worse as a function of p, as we show in Section 7.9. To
overcome this, we develop two concurrent versions of linking by rank, one deterministic and one
randomized, both of which have good work bounds. To simplify our descriptions, we assume for
the moment that the rank and parent of a node can be stored in a single block of memory that is
updatable by one CAS instruction. In Section 7.6 we show how to eliminate this assumption.
Both of our versions of linking by rank are refinements of a generic method. The generic method
links roots of different ranks using CAS, and links roots of the same rank using method elink, to be
defined. The rank of node wu is u.r, initially zero. The following pseudocode implements the generic

method:

Algorithm 17 : Concurrent linking by rank algorithm.

1: procedure link(u,v)

2: T4 w.T; S v.r

3: if r < s then CAS((u.p,u.r), (u,r), (v,7))*

4 else if r > s then CAS((v.p,v.r), (v,s), (u, s))*
5 else elink(u,v,r)*

Given two roots v and v with ranks r and s, respectively, this method compares r to s. If r < s,
it uses a CAS to make v the parent of u while guaranteeing that neither the parent nor the rank
of u changes in the meantime. If r > s, it proceeds symmetrically. If » = s, it does an elink to
link u and v. A link is successful if its CAS returns true or its elink is successful, in which case the
linearization point of the link is its CAS or that of its elink. Our two versions of linking by rank

differ only in their implementation of elink.

7.5.1 Linking by Rank via DCAS

A simple way to do elink(u, v, ) is to use a DCAS to make v the parent of u and increment the
rank of v while guaranteeing that the ranks and parents of u and v do not change in the meantime..

The following pseudocode implements this idea:
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Algorithm 18 : Concurrent linking by DCAS algorithm.

1. procedure elink(u,v,r)
2: DCAS((u.p,u.r), (u,r), (v,r), (v.p,v.r), (v,7), (v,7 + 1))*

An elink is successful if its DCAS returns true, in which case the linearization point of the elink
is its DCAS.

Our first version of linking by rank uses this implementation of elink. The rank of a node can
never decrease, and can increase only while the node is a root. It follows that the rank of a child
is always strictly less than that of its parent. Linking by rank is an implicit form of linking by
index: the successful links respect any total order consistent with the final ranks of nodes. Thus
Theorem 7.4.1 holds for this method.

The following lemma and theorem extend known bounds on sequential linking by rank [196] to

linking by rank via DCAS:

Lemma 7.5.1. With linking by rank via DCAS, the sum of ranks is at most n — 1, the number of
nodes of rank k is at most n/2¥, and the mazimum rank and the height of the union forest are at

most 1gn.

Proof. For a node to increase in rank by 1, it must be a root, and another root must become its
child at the same time. It follows that the number of rank increments, and hence the sum of ranks,
is at most n — 1, one per root that becomes a child. An induction on k shows that at most n/ 2k
nodes can ever attain rank k. The bounds on the maximum rank and the height of the union forest

follow, since no node can have rank exceeding lgn. O

Theorem 7.5.2. Linking by rank via DCAS in combination with any valid compaction method
maintains the invariant that the parents define a set of trees that partition the nodes into the correct
disjoint sets, and the rank of a child is less than that of its parent. Furthermore each set operation

stops in O(logn) steps, so the algorithm is bounded wait-free.

Proof. The first half of the theorem follows by induction on the number of steps as in the proof
of the first half of Theorem 7.4.1. A find takes O(logn) steps by the argument in the proof of
Theorem 7.4.1, since the height of the union forest is O(logn) by Lemma 7.5.1. We prove the
bound for unites by an extension of the argument in the proof of Theorem 7.4.1. The nodes visited
during a unite are on two paths in the union forest, and on each path they are visited in increasing

order by rank. Each node visit takes O(1) steps, but roots can be visited many times. We charge
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each repeated visit to a root either to a root becoming a child or to a root increasing in rank.
Consider the nodes u and v just before an execution of the test “u # v” in unite. Each of v and
v was a root at some time during the find that computed it. Suppose the test “u # v” succeeds.
The next execution of link sets r to the rank of v and s to the rank of v. If r < s, then after the
CAS either the rank of u has increased or u has become a child, whether or not the CAS succeeds.
We charge the next visits to u and v to the rank increase of u or to u becoming a child. The
symmetric argument applies if r > s. If r = s, at least one of u and v has increased in rank or
become a child after the elink. We charge the next visits to u and v to whichever of these events has
occurred. There are at most 21gn roots that become children and at most 2lgn rank increases by
Lemma 7.5.1, since for each of the two paths in the union forest the rank increases sum to at most
lgn. It follows that the total number of node visits during the unite, and hence the total number

of steps, is O(logn). O

The efficiency of this linking method (though not its correctness) depends critically on using
CAS to link nodes of different ranks, reserving DCAS for the equal-rank case. An attempted link
of equal-rank nodes u and v using DCAS fails only if some other process makes u or v a non-root,
or increases the rank of u or v. In the proof of Theorem 7.5.2 we charge extra node visits resulting
from the failure of the DCAS to whichever of these events occurs. If we were to use DCAS to try to
make a node v the parent of a node u of lower rank, the DCAS could fail because another process
made v the parent of another node w. This changes neither the parent nor rank of u, nor of v,
leaving us with no event to charge for extra node visits. In the worst case, O(n) such links could
produce Q(pn) failures, resulting in total work linear in p. Using CAS to link nodes of different
ranks eliminates these failures. Although we can avoid such interference in the disjoint set union
problem as we have defined it, this is much harder to do in some extensions of the problem, as we

discuss in Section 7.10.

7.5.2 Randomized Linking by Rank

To link equal-rank nodes using CAS, we need to do the parent change and the rank increment
separately. The question is which one to do first. Making this decision randomly gives an approx-
imation to linking by rank that produces few enough rank ties that we are able to get good work
bounds. Since this method allows rank ties, we use linking by index to break such ties, in order

to prevent the creation of non-trivial cycles of parent pointers. Assume that ‘“<” is an arbitrary
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total order of the nodes. To link two equal-rank roots v and v such that v < v, we flip a fair coin.
If it comes up heads, we attempt to make v the parent of w; if it comes up tails, we attempt to
increase the rank of u. The following pseudocode implements this idea. Random Boolean method

flip returns true with probability 1/2 and false otherwise, independent of all other flips.

Algorithm 19 : Concurrent randomized linking by rank algorithm.

1: procedure elink(u,v,r)

2 if u < v then

3 if flip then CAS((u.p,w.r), (u,7), (v,7))*
4: else CAS((u.p,u.r),(u,r), (u,r + 1))

5 else

6 if flip then CAS((v.p,v.r), (v,r), (u,7))*
7 else CAS((v.p,v.r),(v,7),(v,7+ 1))

An elink is successful if it does a CAS that changes a parent pointer, in which case the lin-
earization point of the elink is its CAS.

Our second version of linking by rank uses this implementation of elink. Observe that the CAS
done after a flip is almost the same whether the flip returns true or false, the only difference being
the updated field (parent or rank, respectively). In our analysis we shall assume that the success
or failure of the CAS following a flip is independent of the outcome of the flip. In Section 7.6 we
describe how to modify the implementation to eliminate the need for this independence assumption.
Randomized linking by rank is an implicit form of linking by index: links respect the total order

defined by final node ranks with ties broken by “<” .

Lemma 7.5.3. With randomized linking by rank, (i) any node x has O(1) ancestors of the same
rank, in expectation; (i) the sum of ranks is at most n in expectation and n+O(n'/?) with probability
1—1/n° for any constant ¢ > 0, where the constant factor in the “O” depends on c¢; (iii) the expected
number of nodes of rank at least k is at most n/2%, and with probability at least 1 —n/2F, all nodes
have rank less than k; (iv) the mazimum rank is at most 1lgn + 3 in expectation and is at most
(c+1)lgn with probability at least 1 — 1/n® for any positive constant ¢; (v) the depth of the union
forest is at most 31gn + 9 in expectation and O(logn) with probability at least 1 — 1/n® for any
constant ¢ > 0, where the constant factor inside the ““O” depends on c¢; and (vi) for a large enough
constant ¢ and any k > 0, the expected number of nodes of rank less than k and height at least ck

in the union forest is at most n/2".

Proof. Consider only flips that result in successful CAS operations. Fach such flip produces a rank
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increment with probability %; otherwise, it makes a root into a child.

(i) The probability that a node has k ancestors of the same rank is at most 1/2%!. Summing
gives the bound.

(ii) There are at most n — 1 flips that make a root into a child. The sum of ranks, which is
the number of rank increments, is thus at most the number of heads in a sequence of coin flips
containing at most n tails, which is at most n in expectation, and at most n + O(nl/ ) with
probability 1 — n¢ for any constant ¢ > 0 by a Chernoff bound [35], with the constant factor in the
“0” depending on c.

(iii) The rank of a given node is at least k with probability at most 1/2*. The expected number
of nodes of rank at least k is thus at most n/2*. By a union bound, all nodes have rank less than &
with probability at least 1 — n/2¥.

(iv) For ¢ > 0, the probability that the maximum rank is at least lgn + c is at most n/287 + ¢
= 1/2¢. Tt follows that the expected maximum rank is at most lgn + >0, /2% lgn + 2 lgn + 3,
and the probability that the maximum rank exceeds (¢ + 1)lgn is at most 1/2¢8" = 1/n¢.

(v) A node gains a proper ancestor of the same rank with probability at most 1/2. Thus the
expected number of proper ancestors of the same rank as that of a given node is at most >, i/ 2
= 2, which implies by (ii) that the expected depth of the union forest is at most 3lgn + 9. Let ¢ >
0. By (ii) the maximum node rank is at most (¢ + 3)lgn with probability at least 1 — 1/n°*2. For
any node, the probability that it has at least (b + ¢ + 3)lgn proper ancestors in the union forest
is at most the probability that a sequence of fair coin flips containing at most (¢ + 3)lgn heads
contains at least blgn tails. By a Chernoff bound, for b sufficiently large, this probability is at most
1 — 1/nt2. The probability that at least one of the n nodes has more than (b + ¢ + 3)lgn proper
ancestors in the union forest is at most 2n/nt? < 1/n¢.

(vi) Let = be any node. We claim that for some ¢ > 0 the probability that = has an ancestor
y of rank less than k such that the path from z to y contains ck edges is at most 1/2*. Part (vi)
follows from the claim by a union bound. To prove the claim, consider the edges on the path from
z to y in the union forest. Call such an edge good if its ends have different ranks and bad otherwise.
Each edge has probability at least 1/2 of being good, independent of the status of all other edges.
The claim follows by a Chernoff bound. 0

Theorem 7.5.4. Randomized linking by rank in combination with any valid compaction method

maintains the invariant that the parents define a set of trees that partition the nodes into the correct
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disjoint sets. The parent of any non-root node has rank no less than that of the node, and if
the ranks are equal, the parent has larger index. FEach set operation stops in O(logn) steps with
probability 1 —1/n¢ for any ¢ > 0, where the constant factor in the “O” depends on c. The algorithm

s bounded wait-free.

Proof. Except for the fact that the algorithm is bounded wait-free, the theorem follows from parts
(iv) and (v) of Lemma 7.5.3 by a proof like those of Theorems 7.4.1 and 7.5.2.

To prove that the algorithm is bounded wait-free, we observe that for a node to increase in rank
some larger node must have the same rank. It follows by induction that the i*" largest node has

rank at most ¢ — 1, so the maximum rank is at most n — 1. ]

7.5.3 Linking by Random Index

With an appropriate definition of rank, Lemma 7.5.3 and Theorem 7.5.4 hold for linking by random
index, under a strong independence assumption. We define the rank of node x to be lgn — lg(n
— z + 1). Thus node n has rank lgn, nodes n — 1 and n — 2 have rank lgn — 1, and so on. The
rank of a child is no greater than that of its parent. We use these ranks only in the analysis; the
implementation of the algorithm does not use them.

We assume that the random node order is independent of the linearization of the unite oper-
ations. More precisely, we assume that the node order and linearization are generated together
in the following way. The implementation maintains a set U of unordered pairs {u,v} that are
candidates for linking, initially empty, and a partial order P of the nodes, initially empty, that is a
total order on the nodes of any set defined by the links done so far, and that leaves any two nodes
in different sets unordered. To do link(u, v), a process adds the unordered pair {u,v} to U.

The scheduler sequentially removes pairs from U in arbitrary order. When removing a pair
{u,v} from U, the scheduler performs three actions. First, it modifies P by merging the total
orders of the sets containing w and v, with each possible merged order equally likely. Second, if u
< w it sets u.p = v, if v < w it sets v.p = w. This unites the sets containing « and v. The link
corresponding to the pair {u,v} succeeds. Third, the scheduler deletes from U all other pairs
containing u or v. Each link corresponding to such a pair fails. When a pair is deleted from U, the
process that added the pair to U proceeds with its next operations, which are the recomputing of
its « and w.

The updating of P maintains the invariant that the total order of the nodes in any set defined

by the links done so far is uniformly random. If there is more than one set after all unites have
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been done, we can extend the final partial order to a total order by merging the total orders on
the final sets, with each possible merged order equally likely. The result is a uniformly random
permutation of the nodes, equivalent to a uniformly random numbering of the nodes from 1 to n.
Thus this implementation does linking by random index, subject to the restriction imposed on the
scheduler. The execution does not change if we initially number the nodes uniformly at random
but reveal to the scheduler only the total order within each set formed so far.

This implementation restricts the behavior of linking by random index in at least two different
ways: in the actual implementation, the CAS operation for a link is defined by an ordered pair, not
an unordered pair, so the scheduler gets information about the node order before it needs to decide
which such CAS to do next. Also, in the actual implementation a link can make a root the child
of a non-root, which cannot happen with the scheduler constraint. We think the latter restriction
is inconsequential, but the former is significant. We thus view our analysis of linking by random

index as suggestive, not definitive.

Lemma 7.5.5. With linking by random indez, if the scheduler restriction holds, then parts (i), (v),
and (vi) of Lemma 7.5.3 are true, as well as the following strengthened versions of parts (ii), (iii),
and (iv): (ii) the sum of ranks is at most n, (iii) the number of nodes of rank at least k is at most

n/2%, and (iv) the mazimum node rank is at most lgn.

Proof. Parts (ii), (iii), and (iv) are immediate from the definition of ranks. Parts (i), (v), and (vi)

follow as in the proof of Lemma 7.5.3 from the following claim: O

(*) Given a node z, each successive ancestor of z in the union forest has probability at least Y%
of having higher rank then its parent, independent for each ancestor.

To prove (*), consider a node z. Given an execution of the algorithm, we modify the linearization
by delaying links uniting sets not containing z until such a set is a subset of a set about to be united
with 2. That is, let S be the current set containing z, let {u,v} be the next pair deleted from U
with u but not v in S, and let S’ be the current set containing v. We modify the schedule to delay
all the links forming S’ until just before the link of v and v. This does not change the steps done
by the execution, only their linearization order. We generate the partial order P by generating a
numbering of the nodes incrementally and revealing to the scheduler only the total order within
each set constructed so far. Initially we assign a number uniformly at random to z. Subsequently
when the scheduler removes a pair {u, v} from U, if v and/or v is unnumbered we assign it a number

chosen uniformly at random from the numbers not yet assigned.
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Suppose the scheduler removes a pair {u,v} from P with u the root of the tree containing z,
and v in another tree, and that the corresponding link succeeds. Let S and S’, respectively, be the
sets containing u and v just before {u, v} is removed from U. Just before the links forming S’ are
done, the only numbered nodes are those in S, and u has the largest number. Among the numbers
larger than that of u, at least half have rank larger than that of u. When S’ is formed, its nodes
are numbered uniformly at random from among the unassigned numbers. Given that a number
assigned to a node in S’ is larger than that of u, it has probability at least 1/2 of being larger than
the rank of w. Since v has largest number among the nodes in S, if the link makes v the parent
of u the rank of v is greater than that of u with probability at least 1/2. The claim (*) follows by

induction on the number of steps.
Theorem 7.5.6. Theorem 7.5.4 holds for linking by random indezx if the scheduler restriction holds.

Proof. The theorem follows from parts (iv) and (v) of Lemma 7.5.5 in the same way that Theo-

rem 7.5.4 follows from parts (iv) and (v) of Lemma 7.5.3. O

7.6 Indirection and Helping

The algorithms in Sections 5.1 and 5.2 require that CAS (and DCAS in 5.1) support testing and
updating of storage blocks able to store both the parent and the rank of a node. In this section we
present two ways to eliminate the need for blocks to contain multiple fields. Both methods increase
the number of steps per operation, but by at most a constant factor. We also discuss how to modify
the implementation of the randomized linking algorithm of Section 7.5.2 to eliminate the need for
an unrealistic independence assumption in its analysis.

The first method to reduce the block size, proposed by Anderson and Woll [12] is to use indirec-
tion. Specifically, each node contains only one field, a pointer to a ledger that contains the parent
and rank of the node. To do a link via a CAS, a process creates a new ledger containing the updated
information for the node being linked and then uses a CAS to attempt to replace the old ledger of
the node by the new one. A link via a DCAS is similar, except that the process creates two new
ledgers and uses a DCAS to replace the old ledgers of the two affected nodes. Parent updates done
by splitting are done directly on the appropriate ledgers, without allocating new ones. The ledger
method requires a way to allocate ledgers, and care must be taken to avoid the reuse of ledgers.
The algorithm of Section 7.5.1 needs at most 3n — 2 + 2p = O(n) ledgers, one per initial set plus

at most two per successful link plus at most two per process. The algorithm of Section 7.5.2 needs
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O(n) ledgers with high probability. If ledgers are used to implement randomized linking by rank,
the independence assumption needed by the analysis becomes much weaker and quite realistic: the
success or failure of a CAS can depend on all inputs to the CAS, in particular the ledger addresses,
but not on the contents of the ledgers.

Allocating ledgers efficiently is itself a challenging problem, which Anderson and Woll ignored.
One way to do it is to use the concurrent fetch and increment method of Ellen and Woelfel [57].
If ledgers are allocated individually, the number of steps to allocate a ledger is O(logp). If ledgers
are allocated in groups of O(logp), the amortized time per allocation is O(1) and the number of
ledgers used will be O(n) provided p = O(n/logn). If we are willing to use O(n + p?) memory,
hazard pointers [154] and related techniques [1] can be used.

The second method is helping, as described for example in [87]. The idea is to allow processes
to complete the tasks of other processes. We number the processes from 1 to p. Each node u has
an extra field, u.process, which can hold a process number or 0, and is initially 0. Each process
has a descriptor in which it records a sequence of steps it wants to perform. To update a node, a
process writes appropriate instructions into its descriptor and then does a CAS or DCAS to write
its process number into the process field of the affected node or nodes. Any other process that
wants to update a node containing a non-zero process number must first execute the instructions
in the corresponding descriptor. When the last instruction is executed, the process number in the
affected node or nodes is reset to 0, allowing further updates to the node or nodes. As long as the
number of instructions needed to do an update is bounded by a constant, the use of descriptors
increases the total work by only a constant factor.

In using helping to link nodes of equal rank, we have to solve the ABA problem: A helping
process, having completed the instructions in a descriptor, resets the process number in the relevant
node to zero, but in the meantime the process being helped has reset the process number to zero,
initiated a new update, and set the process number to its own number again. The helping process
has no way to detect that a new update has been initiated by the process that initiated the old
one. In our application, we can solve the ABA problem by using the monotonicity of ranks. This
requires that a CAS be able to update the rank and the process number of a node as an atomic
operation. Since ranks are small and in any realistic application p < n, we think this is a reasonable
assumption.

The deterministic algorithm of Section 7.5.1 does links using helping as follows. Each descriptor

contains two nodes and a rank. To link root z of rank 7 to root y, a process, say process i, writes z,
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y, and r into its descriptor. If y has rank greater than r, it uses a CAS to write ¢ into node z while
verifying that the process number of z is 0 and the rank of z is r. If y has rank r, it uses a DCAS to
write 7 into both z and y while verifying that the process numbers of z and y are 0 and the ranks
of z and y are r. A process wanting to update a node that finds a non-zero process number ¢ in the
node reads the corresponding descriptor. Suppose the descriptor contains nodes z and y and rank
r. The process sets z = y.p and does a CAS to set the parent of z to z while verifying that =z was a
root before the update. It then tests whether y is a root of rank . If so, it does a CAS to change
the rank of y to 7 + 1 and the process number of y to 0 while verifying that the rank and process
number of y were r and 7 before the update.

This method uses a couple of optimizations. It does not reset the process number of a node
that becomes a non-root, since no subsequent link will try to change its parent or rank. Instead of
making y the parent of z, it makes y.p the parent of x. The reason to do the link this way is that
some other process can make y a non-root just before process 7 does its CAS or DCAS to write ¢
into x, or into x and y. If this happens, y.p will have rank greater than r when x becomes its child,
preserving the invariant that ranks strictly increase from child to parent. If this does not happen
and the rank of y is r, the helping process adds one to the rank of y and resets the process number
of y to 0.

The randomized algorithm of Section 7.5.2 does helping using descriptors containing a node ¥,
a rank r, and a flag whose value is null, true, or false. A flag of true indicates that y should become
the parent of the root containing the process number of the descriptor; a flag of false indicates that
the rank of this node should be changed from r to » + 1. If process 7 wants to link root x of rank
r to root g, it writes y and r into its descriptor. If y has rank greater than r, it sets the flag to
true; if the rank of y equals r, it flips a fair coin and sets the flag correspondingly. Then it uses a
CAS to set the process number of x equal to ¢ while verifying that the rank and process number
of z were r and 0 before the update. A process wanting to update a node x that finds a non-zero
process number 7 in z reads the corresponding descriptor. If the flag is true it does a CAS to set
the parent of x to y while verifying that z was a root before the update. If the flag is false it does a
CAS to set the rank and process number of z to r + 1 and 0 while verifying that they were r and
1 before the update.

The analysis of this method relies on the same independence assumption as the method using
ledgers: scheduling decisions are independent of the contents of descriptors. A variant of the method

is to set the flag after the process number of the descriptor is written into x: the first step of a
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helping process is to change the flag from null to true or false using the randomized CAS operation
mentioned in Section 7.2. If this operation is available, no independence assumption is needed. In
the next section, we give pseudo-code for an implementation using randomized CAS, alonging with
a line-by-line explanation of the implementation. This implementation of randomized linking by
rank satisfies the Anderson-Woll requirement that a randomized algorithm be efficient even if the
scheduler knows the outcome of previous random choices. We think, though, that it is reasonable to
assume that the scheduler makes its decisions only on the basis of the inputs to the CAS operations,
or that it cannot read the private memories of the processes. If either of these assumptions hold,

we do not need randomized CAS.

7.7 Our Algorithm with Randomized Compare-and-Swap

There are several ways of implementing randomized linking by rank using randomized CAS. We
present what we think is the clearest and most concise implementation below. Our implementation
uses a compressed tree structure, just as do the other sequential and concurrent algorithms we have
presented, but with a small modification discussed below. The forest contains one rooted tree per
set, whose nodes are the elements of the set and whose root is the set leader. We assume that the
nodes have indices 1 through n and thus can be compared via ‘<’. Each node x has a field x.p to
store the address of a parent node, a field x.r to store a non-zero integer rank, and a field z.b to store
a single root-bit signifying whether or not x is the root of its tree. Initially, z.p = z, z.r = 0, and
x.b = 1. The rank is never more than n, and thus needs only [logn] bits of storage. We shall assume
that all three fields of a node are stored in a single word in memory, as a triple z.f = [z.p, x.r, x.b].
The memory words are of size 2[logn| + 1 = O(logn) in this representation. In fact, with high
probability the maximum rank is O(logn), and each node requires only logn + O(loglogn) bits.

A note about our representation: If the root-bit x.b is set to 1, x is a root, in which case
our implementation ignores the value of the parent field x.p. In this way our representation differs
from the classic representation, in which the parent field z.p = x for a root node x. This fact is
crucial to understanding the pseudo-code.

In the pseudo-code, $ represents a random bit, i.e. a value with Bernoulli(1/2) distribution.

Algorithm 20 is the pseudo-code for unite and link. The implementation of the find(z) procedure
used in the code is discussed in the next subsection. To do unite(x,y), we start as in the sequential

case by finding the roots u and v of the trees containing = and y, respectively (Line 2). If u = v,
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then = and y are already in the same set and no work needs to be done (Line 3). Otherwise, z
and y are in different trees, so we can try to link u and v by doing a CAS to make v the parent
of u, or vice-versa (Line 4). We mark the link on Line 4 and subsequent linearization points with
an asterisk in the code. Further explanation of the pivotal link procedure is in the next paragraph.
But we must allow for the possibility of the CAS failing, which can happen for example if it tries to
make v the parent of u but in the meantime some other process makes another node the parent of
u. Notably, the CAS fails if the other process does exactly the same CAS and makes v the parent
of u. A solution that works in either case is to simply continue walking up the tree from the present
uw and v (Line 5), until the paths intersect or another attempt at linking is necessary. This method
was first proposed by Anderson and Woll [12] and was subsequently used by Jayanti and Tarjan
[118].

Algorithm 20 : Pseudo-code to unite z and y.

1: procedure unite(z,y)

2 u < find(z); v + find(y)*

3: while u # v do

4 link(u, v)*

5 u < find(u); v + find(v)*

: procedure link(u,v)

[up, T, up| < u.f

[Vp, s, 0] < v.f

if r < s then CAS(u.f, [up,r, 1], [v,r,0])*

10: else if s < r then CAS(v.f, [vp, s, 1], [u, s, 0])*

© x® N2

11: else
12: if u < v then CAS(u.f, [up, 7, 1], [v,r + 1,8])*
13: else CAS(v.f, [vp,s, 1], [u, s+ 1, 8])*

An explanation of our Linking heuristic: Link initially reads the fields of u and v (Lines 7-
8). If r, the rank of w, is less than s, the rank of v, the link attempts to change the parent of u
to v and the root-bit of u to 0 (“not a root”), while leaving the rank of v unchanged (Line 9). If
s is less than 7, the link proceeds symmetrically (Line 10). The interesting case is r = s: if u < v
(check on Line 12 succeeds), the algorithm tries to change the parent of v to v and increment the
rank of u, and set the root-bit of u randomly (Line 12). This case deviates from our presentation
in Algorithm 19, so we now explain why the algorithm tries to change both the parent and rank
fields. If the update succeeds and the root-bit, u.b, gets set to 1, then u continues to be a root, and

thus the parent field is disregarded by the algorithm, so it does not matter that it was changed to
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v. On the other hand, if the update succeeds and root-bit gets set to 0, then u is no longer a root,
and the rank field is subsequently disregarded by the algorithm, so it does not matter that it was
changed to r + 1. Therefore, although syntactically the algorithm changes both the parent and the
rank fields, semantically only the parent or the rank changes. Thus the implementation matches
the idea in Algorithm 19. Line 13 acts symmetrically in the case that u.r = v.r and v < u.

Note: for the purpose of the analysis only, we think of the rank as not incremented if Line 12

or 13 makes a root a non-root.

7.7.1 The Find Procedure

We present the two different implementations of find(x), namely naive and two-try splitting in
Algorithm 21. These procedures reproduce Algorithm 13 and Algorithm 15 using the node repre-
sentation with three fields (parent, rank, and root-bit) per node.

An explanation of Naive find: Naive find uses an auxiliary variable u (Line 2) that follows
parent pointers up the tree (Line 4) until it reaches a root (Line 3). find(z) returns this node as
the leader (Line 5). The linearization point of this procedure is the time at which u is discovered

to be a root.

Algorithm 21 : Find algorithms naive and two-try splitting, respectively

1. procedure find(x)

2 U T

3: while not u.b* do

4: U < u.p

5 return u

6: procedure find(x)

T: U x;

8: while not u.b* do

9: [V, 7, up] < u.f; [w, s, vp]  v. f*
10: if v, then return v

11: CAS(u.f,[v,r,0], [w,r,0])

12: [V, 7, up] < u.f; [w, s, vp]  v.f*
13: if v, then return v

14: CAS(u.f,[v,r,0], [w,r,0])

15: U< v

16: return u

An explanation of the two-try splitting find pseudo-code: Find uses an auxiliary variable

u to walk up the tree (Line 7). If u is not a root (Line 8), its parent v, and grandparent v.p = w
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are read (Line 9). If v is a root, Find has succeeded and can return v (Line 10); otherwise, an
improvement is attempted on Line 11. A successful CAS on Line 11 changes only the parent of
u, without modifying the other fields of u. After a second attempt to improve the same node
(Lines 12-14), u is replaced by its parent v, in order to keep walking up the tree (Line 15). Finally,
if u becomes the root (Line 8), it is returned on Line 16. The linearization point of the procedure
is the time when the root-bit of the returned node is read, since this is the time when the returned
node is surely the root of the tree.

Note: Removing the second attempt to improve u (Lines 12-14) from the pseudo-code of find

with two-try splitting produces pseudo-code for find with one-try splitting.

7.8 Upper Bounds

The results of Sections 7.5 and 7.6 give us the following theorem:

Theorem 7.8.1. With any of the three linking methods of Section 7.5 combined with any valid
compaction method, the total work is O(mlogn). This bound is worst-case for the deterministic
linking method, high-probability for the randomized methods. If randomized linking by rank is

implemented as described in Section 7.6, the bound is valid even for an adversarial scheduler.
Proof. The theorem is immediate from the results of Sections 5 and 6. O

The use of splitting instead of naive find improves the total work bounds significantly if p < n.
We show this by extending the analysis of sequential splitting [196, 75] to one-try and two-try
splitting.

We define the density d of a set union problem instance to be m/(np) if splitting is two-try,
m/(np?) if splitting is one-try. We shall obtain a bound of O(m - (a(n, d) + log(1 + 1/d))) on the
total work if either kind of splitting is used in combination with any of the three linking methods.
The main obstacle we encounter in extending the sequential analysis to the concurrent setting is
accounting for unsuccessful CAS operations. Accounting for such operations adds the logarithmic
term to the work bound.

We call a problem instance sparse if d < 1 and dense otherwise. The logarithmic term in the
work bound dominates only in sparse instances. We start with the analysis of dense instances,

which is simpler than that of sparse ones.
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We call a child a zero child if its rank is the same as that of its parent. Zero children only exist
if a randomized linking method is used.

With deterministic linking by rank or linking by random index, ranks are at most is Ilgn. With
randomized linking by rank, they are at most n — 1, although large ranks occur with exponentially

small probability (Lemma 7.5.3 part (iii)).

7.8.1 The Dense Case

Throughout this section we assume d > 1.

Lemma 7.8.2. The number of finds is O(m), worst-case unless randomized linking by rank is used,

in which case the bound is with high probability.

Proof. There are at most two finds per unite plus at most two per process per root that increases
in rank or becomes a child, for a total of O(m + np) = O(m). For randomized linking, this bound
follows from part (ii) of Lemmas 7.5.3 and 7.5.5 and is high-probability for randomized linking by

rank, worst case for linking by random index. O

We call a node low if its rank is less than d and high otherwise. All nodes have rank at most
n — 1. During a find, a visit to a node is an iteration of the find loop in which the node is the value

of u. (See the pseudocode in Section 7.4.)

Lemma 7.8.3. The number of visits to low nodes during finds is O(m), worst-case if linking is

deterministic, expected if randomized.

Proof. Consider three successive visits to low nodes during a find, to u, v, and w. Let I be the
interval of time between the visits of u and w. We claim that at least one of the following events
occurs during I: u or v becomes a child, u.p.r increases, or u or v loses an ancestor of the same
rank. The number of such events for fixed u and v is O(d): a node only becomes a child once, its
parental rank can increase at most d times before it exceeds d and its parent is not low; a node has
O(1) ancestors of the same rank in expectation by part (i) of Lemmas 7.5.3 and 7.5.5. We charge
the visit to u to the corresponding event (or any such event if there is more than one). Each event
is charged for at most 2p visits, at most two per process. (The factor of two comes from the two
nodes associated with a visit, the node itself and the next node visited.) Summing over all nodes,

we obtain a bound of O(npd) = O(m) on visits to low nodes.
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Suppose the claim is false. Then u and v are children when u is visited. After the CAS following
the visit to u, the parent of u has changed; after the CAS following the visit to v, the parent of
v has changed. If either w or v is a zero child when wu is visited, at least one of them becomes a
non-zero child or loses an ancestor of the same rank during I. Thus neither u nor v is a zero child
when v is visited. But then the rank of the parent of u increases by the time the CAS after the

visit to w finishes, making the claim true. O

Bounding visits to high nodes is more complicated. For each high child z, we measure the
progress of compaction by keeping track of an increasing function of the rank of the parent of =,
called the count of z. We define counts using Ackermann’s function. Our formulation is an extension
of that of Kozen [132]. We define the level z.a of a high node z, and the index z.b and count x.c of
a high child z, as follows:

r.a = min{k| Ag(z.7) > z.p.r} ;

z.b = max{i| A;.(7) < z.p.r};

x.c=z.r- .0 + T.b.

We bound the range of levels, indices, and counts by using the properties of Ackermann’s

function:

Lemma 7.8.4. If z is a high node, 0 < z.a < a(n,d) and z.a = 0 if and only if v.r = x.p.r. If
z is a high child, 0 < z.b < z.r and 0 < z.c < (a(n,d) + 1)z.r. The values of z.a and x.c never

decrease, and if x.a or x.b increases, x.c increases by at least as much.

Proof. Since Ag(z.r) = z.r + 1, z.a = 0 if and only if z.r = z.p.r, and z.a > 0 if it is defined.
If z is a high node, Ay a)(z.7) > Agn,a)(ld]) > n > z.p.r. Thus z.a is defined and is at most
a(n,d). (Here for randomized linking by rank we use the assumption that all ranks are less than
n.) Suppose z is a high child. If z.a = 0, z.b = z.r — 1 since x.r > d > 1. If z.a > 0, A4,,(0) =
Apa1(l) < Agga(zr) < z.p.r, so z.b is defined. Since A, 4(x.7) > z.p.r, .b < z.7. The bounds on
z.c follow from those on z.a and z.b. While z is a root, z.a = 0. Once z is a child, z.r is constant and
z.p.r cannot decrease, so z.a cannot decrease by Lemma 7.3.1. While z.a is constant, x.b cannot
decrease for the same reason. If z.a increases by one, z.b can decrease by at most z.r — 1, resulting
in an increase of at least one in z.c. If z.a increases by more than k, z.c increases by at least (k —

Dz.r + 1. O

Lemma 7.8.5. The sum of the counts of all high children is O(na(n,d)), worst-case unless linking

is randomized by rank, in which case the bound is high-probability.
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Proof. By Lemma 7.8.4, the sum of the counts of high children is O(«(n,d)) times the sum of the
ranks of all nodes. By Lemmas 7.5.1 and 7.5.5, the sum of ranks is less than n for deterministic
linking by rank and linking by random index. For randomized linking by rank, it is O(n) with high
probability by Lemma 7.5.3. 0

The following lemma is the key to the analysis of splitting.

Lemma 7.8.6. Consider a time t at which u is a high child whose parent v is also a (high) child.
Let w the parent of v at time t, and let u.a, v.a, and w.r be the levels of u and v and the rank of w
at time t, respectively. Suppose that at time t or later the parent of u changes from v to a node x
of rank at least w.r. If v.a > u.a, the parent change increases u.a and u.c by at least v.a — u.a; if
v.a = u.a, the parent change increases u.c by at least 1 or causes u to lose an ancestor of the same

rank.

Proof. Let u.r and v.r be the ranks of u and v at time ¢, respectively. Let z.r be the rank of z
when it becomes the parent of u. Since A, 4 1(u.7) < Ayg1(v.r) < w.r < z.r, the level of u after
the parent change is at least v.a. If v.a > u.a, the parent change increases the level and hence the
count of z by at least v.a — u.a by Lemma 7.8.4. Suppose v.a = u.a. If u.a = 0, the parent change
causes u to lose v as an ancestor. Suppose u.a > 0. Since Ay (u.b + 1) = Aya1(Aya(u.i)) <
Ay g-1(v.r) < w.r < .7, the parent change increases either the level or the index of u and hence

increases the count of w. O

To count visits to high nodes, we use a credit argument. One credit pays for one high-node visit.
We allocate a certain number of credits to each find when it starts, and additional credits when
high nodes increase in count or lose ancestors of the same rank. We show via a credit invariant
that these credits suffice to pay for all the high-node visits. A bound on the total number of credits
gives a bound on the number of high-node visits.

We begin by analyzing two-try splitting: even though it is more complicated than one-try
splitting, its analysis is simpler. We call a find active while it is being executed. When a find starts,
we allocate it «a(n,d) + 1 credits. When the count of a high child increases by k, we allocate 2k
credits to each active find, for a total of at most 2pk. When a high child loses an ancestor of the

same rank, we allocate one credit to each active find, for a total of at most p.

Lemma 7.8.7. With two-try splitting, the number of allocated credits is O(ma(n,d)), worst-case

if linking is deterministic, average-case if randomized.
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Proof. By Lemma 7.8.2, the number of credits allocated to finds when they start is O(ma(n,d)).
By Lemma 7.8.5, the number of credits allocated to finds as a result of increases in count is
O(npa(n,d)) = O(ma(n,d)). By Lemmas 7.5.3 and 7.5.5, the expected number of credits allocated

to finds as a result of nodes losing ancestors of the same rank is O(np) = O(m). O

Lemma 7.8.8. With two-try splitting, just after a high node u is visited by a find, the find has at

least u.a credits.

Proof. We prove the lemma by induction on the number of high-node visits done by a find. When
the find starts, it has O(«(n,d)+1 credits. The first visit costs one, leaving a(n, d), which is enough
to make the lemma true just after this visit. Suppose the lemma holds just after w is visited, and
let v be the next node visited. We denote by unprimed and primed values their values just after the
visit to u and just before the visit to v, respectively. The lemma holds after the visit to v provided
that the find accrues at least v.a’ — u.a 4+ 1 credits between the visits to v and v. To show that this
happens, we need the following crucial inequality, which follows from Lemma 7.8.6:

(*) u.d’ > v.a

To prove (*), we refer to the implementation of two-try splitting. Let ¢ be the first time u.p =
v. Time t is after the visit to u, since u.p changes between the first and second times that the find
sets its variable v after the visit to u, as a result of the first CAS during the visit to u succeeding
or failing. Let w be the parent of v at time ¢. Consider the change to u.p resulting from the second
CAS after the visit to u. This change satisfies the hypothesis of Lemma 7.8.5, since the new parent
of u must have been the parent of v at time ¢ or later. By Lemma 7.8.6, just after this change to
u.p, the level of u is at least the level of v at time ¢. Since levels are non-decreasing, (*) holds.

Between the visits to u and v, the find accrues at least 2(u.a’ — v.a + v.a’ — v.a) = (v.a’ —
u.a) + (v.d’ — u.a) + (v.a’ — v.a) + (u.a’ — v.a) credits as a result of level increases.. Each of the
last three terms is non-negative, the last one by (*). Thus the find accrues at least v.a’ — u.a + 1
credits between the visits, unless the levels of v and v are equal and unchanging between the visits.
Suppose the levels of v and v are equal and unchanging between the visits. By Lemma 7.8.6, the

find accrues at least one credit when the parent of u changes from wv. O

Lemma 7.8.9. With two-try splitting, the number of visits to high nodes is O(ma(n,d)), worst-case

if linking is deterministic, average-case if randomized.

Proof. The lemma is immediate from Lemmas 7.8.7 and 7.8.8. O
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Now we extend the analysis to one-try splitting. The proof of Lemma 7.8.8 fails for one-try
splitting, because a CAS done by one process, say process 1, can fail as a result of a successful
CAS done by another process, say process 2, that sets its value of v before process 1’s most recent
high-node visit. That is, time ¢ in the proof of Lemma 7.8.6 can precede the visit. This invalidates
the use of Lemma 7.8.6 in the proof.

To overcome this problem, we allocate additional credits to node count increases, and we allow
active finds to shift some of their credits to the other active finds. Specifically, when a find starts,
we allocate it a(n,d) + 1 normal credits. When a high child loses an ancestor of the same rank, we
allocate one normal credit to each active find. When the count of a high node increases by k, we
allocate 2k normal credits and 2k(p — 1) extra credits to each active find. When a CAS in a find
succeeds, we shift a 1/(p — 1) fraction of the find’s extra credits to each other active find. Shifted

extra credits become normal; that is, we shift a credit at most once.

Lemma 7.8.10. With one-try splitting, the number of allocated credits is O(ma(n,d)), worst-case

if linking is deterministic, average-case if randomized.

Proof. The bound holds for normal credits by the proof of Lemma 7.8.7. By Lemma 7.8.5, the
number of extra credits allocated to finds as a result of increases in count is O(np?a(n,d)) =

O(ma(n,d)) since d = m/(np?). O

Lemma 7.8.11. With one-try splitting, just after a high node u is visited by a find, the find has

at least u.a normal credits.

Proof. The proof is an extension of that of Lemma 7.8.8. Consider a find, say find 1. The credits
allocated to the find when it starts make the lemma true just after its first high-node visit. Suppose
the lemma holds just after find 1 visits u, and let v be the next node it visits. We consider three
cases. If the CAS during the visit of find 1 to u succeeds, the lemma holds just after the visit to
v by an argument like that in the proof of Lemma 7.8.8. (This case does not use shifted credits.)
Suppose this CAS fails, because a CAS done by another find, say find 2, changes u.p from v to
another value. Let ¢ be the last time that find 2 set its variable v before its successful CAS. If ¢ is
after find 1 visits u, the lemma holds just after the visit to v by an argument like that in the proof
of Lemma 7.8.8, again without the use of shifted credits.

The third, new case is if ¢ precedes the visit of find 1 to u. Let ¢, ¢’, and ¢’ be the times find
1 visits u, find 2 does its CAS, and find 1 visits v, respectively. We denote by unprimed, primed,

double-primed, and triple-primed values their values at times ¢, ¢’, t”’, and ¢, respectively. Applying
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Lemma 7.8.5 to time ¢t and the successful CAS of find 2 gives u.a” > v.a; and, if u.a < v.a, the
count of u increases by at least 1 or u loses an ancestor of the same rank when find 2 does its CAS.

At time ¢’, find 1 has at least w.a’ normal credits by the induction hypothesis. Between times
t” and ¢, it accrues at least 2(u.a’”’ - w.a’ + v.a””’ — v.a’) normal credits. Between times ¢ and
t”, find 2 accrues at least 2(p — 1)(u.a” — u.a + v.a” — v.a) > 2(p — 1)(w.d’ — v.a + v.a’ — v.a)
extra credits, of which at least 2(u.a’ — u.a + v.a’ — v.a) are shifted to find 1 and become normal at
time ¢”’: find 1 is active at ¢’ since its CAS fails as a result of the CAS by find 2 succeeding. Thus
between ¢ and ¢'” find 1 accrues at least 2(u.a’” — w.a + v.a’”’ — v.a) > (v.a’” — w.a’) + (uv.a’” —
u.a) + (v.a’” — v.a) + (u.a” — v.a) normal credits. Since w.a”’ > v.a, this is at least v.a’” — u.a’

+ 1, enough to make the lemma true for the visit to v, unless v and v have equal and unchanging

levels from ¢ to ¢, in which case find 1 accrues a normal credit when find 2 does its CAS. O

Lemma 7.8.12. With one-try splitting, the number of visits to high nodes is O(ma(n,d)), worst-

case if linking is deterministic, average if randomized.

Proof. The lemma is immediate from Lemmas 7.8.10 and 7.8.11. O

7.8.2 The Sparse Case

In this section we modify the analysis of Section 7.8.1 to handle sparse instances. Throughout this
section we assume d < 1. We need to change the definition of low and high nodes, add an additional
node type, middle, and (for the purpose of the analysis only) redefine the ranks of nodes.

Let | =1g(1 + 1/d). Since d < 1, [ > 1. A node is low if its rank is less than [ and its height
is less than cl, where ¢ is the constant in part (vi) of Lemmas 7.5.3 and 7.5.5; middle if its rank
is less than [ but its height is at least c¢l, and high if its rank is at least I. Middle nodes can exist

only if linking is randomized.

Lemma 7.8.13. The number of non-low nodes is at most 2nd, as is the sum of the ranks of such

nodes. This bound is worst-case if linking is deterministic, average-case if randomized.

Proof. By part (vi) of Lemmas 7.5.3 and 7.5.5, the expected number of middle nodes is at most
n/2t < n/2'e/4) = nd if linking is randomized. (It is zero if not.). By Lemma 7.5.1 or part (iii)
of Lemma 7.5.3 or 7.5.5 depending on the linking method, the number of high nodes is also at
most n/2! < nd, worst-case if linking is deterministic or by randomized index, average-case if by

randomized rank. The bound on the sum of ranks follows from the node bound by the argument in

183



the proof of Lemma 7.5.1 if linking is deterministic, by that in the proof of part (ii) of Lemma 7.5.3
or 7.5.5 if randomized. O

Lemma 7.8.14. The number of finds that visit at least one non-low node is O(m), worst-case if

linking is deterministic, average-case if randomized.

Proof. Consider the finds during unites that visit at least one non-low node. At most two per unite
also visit a low node. Of those that visit only non-low nodes, there are at most two per unite plus
at most 2p per non-low node that becomes a child or has a rank increase, two per process doing
a unite while the event in question takes place. By Lemma 7.8.13, the number of such finds is

O(npd) = O(m). O
Lemma 7.8.15. The number of visits to low nodes is O(ml), worst-case.

Proof. The analysis of node visits in the proof of Theorem 7.5.2 restricted to nodes of rank less

than [ and height less than cl gives a bound of O(l) low-node visits for each find and unite. O
Lemma 7.8.16. If linking is randomized, the expected number of visits to middle nodes is O(ml).

Proof. By Lemma 7.8.14, the expected number of finds that visit middle nodes is O(m). During
such a find, each visit to a middle node except the last two is followed by a middle node losing a
child of the same rank or the parent of a middle node z increasing in rank. The latter can only
happen [ times before x has a parent that is not a middle node; subsequently,  can only be the last
middle node visited during a find. We charge each visit to a middle node other than the last two
of a find to the corresponding event. The charge per event is at most p, and the expected number
of events is at most ndl rank increases and O(nd) losses of same-rank ancestors, the latter by part
(i) of Lemma 7.5.3 or 7.5.5. Such events account for O(npdl) = O(ml) visits. Adding the last two

per find gives the lemma. O

To count visits to high nodes, we define the effective rank of a high node z to be z.er = z.17 — [
+ 1. We define levels of high nodes and indexes and counts of high children, using effective ranks
in place of ranks. Since the effective rank of a high node is at least one, levels of high nodes and
indices and counts of high children are well-defined. We allocate credits exactly as in Section 7.8.1.
Lemmas 7.8.4 and 7.8.6 remain true. By Lemma 7.8.13, the sum of counts of high children is
O(nda(n,d)), worst-case if linking is deterministic, high-probability if randomized. We allocate

credits exactly as in Section 7.5.1. Lemmas 7.8.8 and 7.8.11 remain true. If splitting is two-try, the
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number of allocated credits is O((m + ndp)a(n,d)) = O(ma(n,d)) since d = m/(np); if splitting is
one-try, it is O((m + ndp®)a(n,d)) = O(ma(n,d)) since d = m/(np?). We conclude that Lemmas
7.8.7, 7.8.9, 7.8.10, and 7.8.12 hold in the sparse case (with the new definition of a high node).

7.8.3 The Total Work Bound

Combining the results of Sections 7.1 and 7.2, we obtain the following theorem:

Theorem 7.8.17. With any of the three linking methods of Section 7.5 and either one-try or two-
try splitting, the total work is O(m(a(n,d) +log(l + 1/d))), worst-case if linking is deterministic,
average-case if randomized, where d = m/(np?) if splitting is one-try, d = m/(np) if splitting is

two-try.

Proof. The theorem follows from Lemmas 7.8.3, 7.8.9, 7.8.12, 7.8.15, and 7.8.16. ]

7.9 Lower Bounds

In this section, we derive lower bounds on the worst-case and amortized efficiency of set union
algorithms. In the first subsection, we prove lower bounds on the work efficiency of the algorithms
by explicitly providing worst-case executions—both the operations and the adversarial schedules.
At a high level, our executions are constructed by the following observations and steps. For each
algorithm, we describe operations that build a tree of logarithmic height using unite operations. We
observe that shadowing schedules in which all processes are scheduled in lock-step while performing
the same expensive find operations result in worst-case behavior. We apply a shadowing schedule
to processes performing a find on the deepest node in the aforementioned tree to prove that the
logarithmic term in our upper bounds is tight. Then, we combine the idea of shadowing schedules
with previous sequential lower bounds of Tarjan et al. and Fredman et al. [196, 64] to show that
the inverse-Ackermann term in our upper bounds is tight. Our algorithmic lower bounds section
proves that our amortized upper bound analyses are tight when find operations are done with
two-try splitting.

In the second subsection, we show general lower bounds that apply to the concurrent set union
problem. First, we prove that, in the worst-case, any concurrent set-union algorithm must do at

1
least Q(log min{n, p}) work in expectation for a single operation. When p = n® oz 1°g"), this lower

bound is stronger than the sequential lower bound of 2 <1og)1go gn) given by Fredman and Saks [64]
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in the cell probe model. It also shows a separation in work complexity between the sequential

and concurrent versions of the set-union problem, since Blum [25] presented an algorithm that

does at most O ( lolg?ﬁ)gn) work per operation in the sequential setting. Furthermore, whenever
logp = O©(logn), i.e. when p = n¢, this lower bound establishes that randomized linking with
any form of compaction yields an algorithm with optimal expected work per operation. Finally,
we generalize the worst-case lower bound using shadowing schedules to show that our algorithm
obtained by combining randomized linking with two-try splitting is optimal amongst a class of

symmetric algorithms that includes all known algorithms for the concurrent disjoint set union

problem.

7.9.1 Algorithmic Lower Bounds

In order to prove the tightness of the inverse-Ackermann term in our upper bounds, we recall a

sequential cell probe lower bound on the set union problem given by Fredman and Saks.

Lemma 7.9.1 ([64]). Let A be any randomized algorithm that solves the sequential set union
problem. For any fized number of nodes n, and any M > n, there is a sequence of operations oy,

that makes A perform Q(Ma(n, M /n)) expected work.
We use Lemma 7.9.1 to establish a concurrent lower bound.

Lemma 7.9.2. Let A be any of the algorithms we have described for concurrent set-union. There
is some sequence of m operations using p processes on n nodes that requires

Q (m . a(n, %)) work in expectation.
P

Proof. Any concurrent algorithm is also a sequential algorithm if it is run by a single process. So,
for any given M > n, we can take a worst-case sequence oy of operations from Lemma 7.9.1. That
is, a single process running the sequence of operations oj; will perform Q(Ma(n, M /n)) work in
expectation. In the remainder of the proof, we use shadowing schedules, in which processes run in
lock-step with each other and thereby do not gain locally from any compaction attempts of other
processes, to get the lower bound.

We consider two cases for m:

Case 1: If m > np, then we choose M = m/p > n. If each of the p processes runs oy and
is scheduled in lock-step (so that the processes all walk up find sequences together and do
not benefit from each other’s compaction attempts), then the total number of operations is

pM = m and the total amount of work is Q(pMa(n, M /n)) = Q <'ma (n ﬂ))

”flp
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Case 2: If m < np, we choose M = n. Then, oy performed by a single process takes
Q(na(n, 1)) expected work. We observe that m/n < p and assign m/n processes the operation
sequence o)y, thus assigning m operations. If the processes are scheduled in lock-step, the

total expected work performed by them is Q(m/n - na(n, 1)) = Q (moz (n, %))

O

We can also show that the logarithmic term log(?® 4 1) is an amortized lower bound for all
our algorithms. The schedule that builds binomial trees with a single process and makes all the

processes shadow each other up the longest branch of these trees yields the lower bound.

Lemma 7.9.3. For randomized linking by rank and linking by DCAS, regardless of what type of
compaction is used in find operations, and for any positive integer k € [1,n], there is a sequence of

k — 1 unite operations that will build a tree with k nodes with height Q(logk).

Proof. For simplicity, we initially assume that k is a power of 2. Let B; be the binomial tree of
height j. All the nodes are initially in singleton trees, i.e. By trees. We proceed in lg k rounds. In
round r, we start with % trees of type B,_1, and simply unite their roots pairwise. After lgk
rounds we end up with a single tree of type Bjg. If k were not a power of 2, we perform the above

procedure with the largest power of 2 less than k£ and simply unite the remaining nodes to the root

of the main tree. O
A slightly more complex construction allows us to prove a similar lemma for linking by index.

Lemma 7.9.4. For randomized linking by index, regardless of what type of compaction is used in
find operations, and for any positive integer k € [1,n|, there is a sequence of k — 1 unite operations
by a single process that will build a tree with k nodes in which the depth of a uniformly randomly

picked node is Q(logk) in expectation.

Proof. The proof is constructive. The construction of these trees is inspired by binomial trees, and
is done in multiple rounds such that each round fully finishes before the next round starts. Without
loss of generality let k be a power of 2, as otherwise we could just use the greatest power of 2 less
than k in the following construction. Initially, we let the nodes be in singleton trees 77 1,...,T) 1.
In each round we will combine pairs of trees, and each tree T will have a designated node v(7T'). In

the initial trees the designated node is the only node. In the first round we combine pairs of trees
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by performing
unite(v(Th 1), v(To,1)), unite(v(T31), v(Ta1)), - - ., unite(v(Tr—1,1),v(Tk1))

to produce tree T79,..., T} /2. The designated node v(T;2) is chosen to be one of the designated
nodes of the subtrees that formed 7; 2. We call this process of picking the new designated nodes as
a subset of the old ones refining. The subsequent rounds are done similarly by combining pairs of
trees from the previous round and refining designated nodes, until only the tree 77 ;54 remains.

We now make the following observations about this process:
1. All trees T;, of a given round 7 have the same number of nodes 2".

2. A designated node always has depth at most 2. (This follows from the way find does com-

pactions.)
3. A node of depth ¢ in any of the trees T}, has at most (%)6 - |T; »| successors.

The links in the rounds raise the depth of half the nodes due to (1), and the compactions in the
find operations of the rounds reduce the average depth of a node in the forest by at most i due
to (2) and (3). Thus, each round increases the average depth of a node in the forest by at least

= %. Since there are log(k) rounds, the proof is complete. ]

N[ =
=

Combining the previous lemmas yields our best algorithmic lower bound result.

Lemma 7.9.5. Let A be a concurrent disjoint set union algorithm obtained by combining linking
by DCAS, randomized linking by rank, or linking by random index with find with no compaction,
one-try splitting, or two-try splitting. There is a schedule of m operations on n nodes by p processes
that forces A to perform 2 (m log (% + 1)) work. The bound holds in expectation for the linking

by random index algorithm even under the independence assumption.

Proof. We prove the theorem for linking by the DCAS and randomized linking by rank algorithms
first. The lower bound is non-trivial only when m/p < n. In this case, we describe a particular
sequence of operations and schedule that performs the requisite work. Divide the nodes into m/p
groups of size n/(m/p) = np/m. Lemma 7.9.3 allows us to link each group of nodes into a tree of
height 2 (m log (% + 1)) For each such tree, perform find(z) on the deepest node x of that tree
simultaneously with each of the processes. Now consider the schedule in which processes shadow

each other in all the finds. In this schedule, each process does €2 (m log (%p + 1)) work per find,
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and one find per group. The total number of operations is m/p x p = m, and the total amount of
work is Q (mlog (22 4 1)).

In the case of the linking by random index algorithm under the independence assumption, we
modify the above argument by replacing the use of Lemma 7.9.3 with Lemma 7.9.4, and performing

find(x) on a uniformly randomly picked node x in the tree. O
Combining the previous lemmas yields our best algorithmic lower bound result.

Theorem 7.9.6. Let A be a concurrent disjoint set union algorithm obtained by combining linking
by DCAS, randomized linking by rank, or linking by random index with find with no compaction,
one-try splitting, or two-try splitting. There is a schedule of m operations on n nodes by p processes
that forces A to perform <m (log (% + 1) + a(n, %))) work. The bound holds in expectation

for the linking by random index algorithm even under the independence assumption.
Proof. Combine the results of Lemmas 7.9.2 and 7.9.5. O

As the final algorithmic lower bound, we prove that the independence assumption we have been
using to analyze the linking by random index algorithm is indeed necessary. In particular, we
present a super-logarithmic work lower bound for the algorithm if the independence assumption

does not hold.

Lemma 7.9.7. Concurrent set union via the linking by random index algorithm performs Q(m./p)
expected work to do m = n./p operations if \/p < n, regardless of which compaction rule the find

operations use.

Proof. We will show an explicit example. Assume ,/p < n, and pick a set S of /p nodes. Let p/2
processes attempt to do unite(z,y) where each pair of z,y in S is tried by at least one process.
The scheduler can wait to see the outcomes of the node comparisons and decide to schedule the
processes so that the nodes of S get linked into a linear path of length ,/p. If the remaining p/2
processes all perform find(z) where z is chosen randomly from S, and are scheduled in lock-step,
they will perform, in expectation, Q(,/p) work each, since the expected depth of x is /p/2.

n

Performing the same process on each of the Lﬁj sets of nodes leads to Q(np) work to do

m = n,/p operations. The average operation takes Q(,/p) work. ]
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7.9.2 Problem Lower Bounds

In this subsection, we prove that any concurrent set-union algorithm must do (log min{n, p}) work
for a single operation in the worst case. Furthermore, we build on the worst-case lower bound to
show an Q(log(np/m + 1)) amortized work lower bound for all symmetric algorithms, where we say

an algorithm is symmetric if:
1. The algorithm’s code for the unite and find procedures does not use process ids.
2. The algorithm does not use the return values of CAS operations.

All our algorithms and all algorithms known to us can be made symmetric without effecting the
upper bound analyses of the algorithms. For instance, this can be done if we assume that all CAS
operations return false. This does not effect the correctness of our algorithms since we only use the
return value of a CAS operation in the unite operation to determine if a link has been successful.
However, if we do not perform this check atomically, our algorithms remain correct, since a process
that has successfully united two trees together will realize this shortly afterwards when its u and
v pointers meet at the root of the united tree. The work efficiency analysis increases by at most
a factor of two, because we can always imagine the case where processes work in pairs (p, q), and
each pair performs operations together and are always scheduled in lock-step. In this case, if p
ever performs a successful link CAS(u.p, u,v) and returns, then ¢’s attempt to perform the same
link will fail; thus ¢ will only return after it traverses the whole tree and discovers that some other
process has already finished the link it wanted to do. The modification we propose to symmetrize
the algorithm will simply make p do the same work as q.

Our lower bounds make use of a result on a problem called “wake-up”. The wake-up problem on
k processes asks for a wait-free algorithm with two properties: (i) every process returns a boolean
value and at least one process returns true, and (ii) a process may return true only if every process
has already executed at least one step. The following lemma is a lower bound on the complexity

of wake-up that follows straightfowardly from Jayanti’s lower bound in [103].

Lemma 7.9.8 ([102, 103] ). For any k process wake-up algorithm that uses variables support-
ing read, write, and CAS, there is a schedule in which some process performs Q(logk) steps in

expectation.

We solve wake-up via set-union to get our lower bounds below.
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Lemma 7.9.9. The reduction (below) solves the wake-up problem for k processes using a disjoint set

union instance with k + 1 nodes, in which each process executes one unite and two find operations.

Proof. Let q1,...,qr be the k processes and let the nodes be labelled 0,. .., k. The reduction below

correctly solves wake-up because:

Reduction ¢;’s code in wake-up solution.

1: procedure WAKEUP
2: unite(j — 1,7); < find(0); y + find(k); return x =y

(i) the last process to complete unite finds that the leaders of nodes 0 and k are the same and
thus returns true, and (ii) no process returns true before all processes have completed unite, since
no leader of k£ can be the same as any leader of 0 until they are in the same set, i.e. until the last

of the unite operations is linearized. ]

Theorem 7.9.10. Let A be a linearizable wait-free concurrent disjoint set union algorithm using
read, write, and CAS. There is a schedule of m operations on n nodes by p processes that forces A

to perform Q(log min{n, p}) work in expectation.

Proof. Instantiate Lemma 7.9.9 with & = min{n — 1, p}. The most expensive of the three set union
operations of the process that performs the most work in the adversarial schedule of Lemma, 7.9.8

must do Q(log min{n, p}) expected work. O

Corollary 7.9.11. The disjoint set union algorithm obtained by combining randomized linking
with any form of find described in this chapter gives an algorithm with optimal worst-case work per

operation up to constant factors when logp = O(logn).

Remark 7.9.12. Theorem 7.9.11 shows that our set union algorithms with randomized linking

have optimal work per operation when p = n® for constant ¢.

Remark 7.9.13. Theorem 7.9.10 establishes a separation in worst-case work complexity between
1
sequential and concurrent set-union when p = n®(Getoen) since Blum’s sequential set-union algo-
logn

rithm has a worst-case work complexity of O(zp5) 25/

Lemma 7.9.14. Let A be a linearizable wait-free symmetric concurrent disjoint set union algorithm
using read, write, and CAS. There is a schedule of m operations on n nodes by p processes that

forces At to perform Q(mlog(np/m + 1)) work.
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disregard any additional

. We divide the § (out

Proof. Divide the n nodes into g = % groups of size k+ 1, where k = g& (
nodes); label the groups G4, ...,Gy. Note that m > p and m > §, so k <
of the p) processes into two sets A = {q1,...,qx} and B = {qr41,...,qp/2}. Note that |[B| > § and
|JAUB| = &.

Consider running the wake-up algorithm of Lemma 7.9.9 on the k processes in A using the
k + 1 nodes in G;. By Lemma 7.9.8 there is a schedule o1 in which some process ¢; performs
Q(log k) steps. Assign to each process in B the same sequence of three set union operations that
¢; performs, and define schedule o} to be the schedule o1, with the processes of B interleaved in
to run in lockstep with ¢;. In this schedule, the processes qu, ..., ¢,/ perform Q(plogk) work to
do p set union operations. Repeating this procedure on each group G; produces schedules a;-,
each of which performs Q(plog k) work. Therefore, in the concatenated schedule of o c? - - - J;, the

processes qi, . - - , qp/2 perform a total of Q(gplog(k + 1)) = Q(mlog(np/m + 1)) work to do a total

of gp = m operations. O

Theorem 7.9.15. Let A be any linearizable wait-free symmetric concurrent disjoint set union
algorithm wusing read, write, and CAS. There is a schedule of m operations on n nodes by p

processes that forces A to perform () (m <log (% + 1) + a(n, nmp))) work in expectation.

Proof. Combine the results of Lemma 7.9.2, whose argument applies to all symmetric algorithms,

with Lemma 7.9.14. O

Remark 7.9.16. Theorem 7.9.15 shows that the set union algorithm obtained by combining ran-
domized linking with two-try splitting has optimal amortized work efficiency amongst all symmetric

algorithms (up to a constant factor).

The ideas behind our collection of upper and lower bounds lead us to make the following

conjecture about the expected work complexity of concurrent disjoint set union.

Conjecture 1. The expected work complexity of the concurrent set union problem is

@<m- <10g<7:5—|—1) +a(n,:;>>).

In light of Theorem 7.8.17, which shows that randomized linking with two-try splitting satisfies
the conjectured upper bound, a refutation of Conjecture 1 would imply a more efficient algorithm
than randomized linking with two-try splitting. On the other hand, a demonstration of the conjec-

ture would involve proving a universal lower bound; namely, showing that Theorem 7.9.15 holds
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for all algorithms (as opposed to only symmetric ones). While this chapter proves a universal lower
bound on the worst-case complexity of a single operation, it does not prove any universal lower
bounds on the total work complexity of m operations. The only such lower bound that is known
for the problem is exponentially weaker than the conjectured one. We state this bound, by Jayanti

et al., below.

Theorem 7.9.17 ([117] ). Let A be any linearizable wait-free concurrent disjoint set union algo-
rithm using read, write, and CAS. There is a schedule of m operations on n nodes by p processes

that forces A to perform (m (10g log (% + 1) + a(n, %))) work in expectation.

7.10 Remarks and Open Problems

We have presented three linking methods and two splitting methods for concurrent disjoint set
union. With any of the linking methods, with or without compaction, the number of steps per
operation is O(logn), worst-case if linking is deterministic, high-probability if randomized. With
any of the linking methods and either of the splitting methods, the total work is O(m(a(n,d) +
log(1+41/d))), worst-case if linking is deterministic, average-case if randomized, where the problem
density d is m/(np?) if splitting is one-try, m/(np) if splitting is two-try. No matter what the
density, the cost of concurrency is at most a factor of log p, making our algorithms truly scalable.
The proofs of the bounds for linking by random index require assuming that the scheduler is non-
adversarial, as discussed in Section 7.5.3. The bounds differ for the two splitting methods only for a
narrow range of densities: if m/n = O(1) or m/n = Q(p?), the bounds are the same; if m/n = w(1)
and m/n = o(p?), the bounds differ by a factor of at most log p.

The O(logn) step bound is tight for all our algorithms. The work bounds for splitting are almost
tight:  any symmetric algorithm (as defined in Section 7.9) has a work bound of
Q(m . (log (% + 1) + a(n, :Z;))) We conjecture that the same lower bound can be shown for
asymmetric algorithms also (Conjecture 1), but leave the proof or refutation of this statement as
an open problem.

Our results leave open the question of whether there is an efficient deterministic algorithm that
uses only CAS: our deterministic algorithm uses DCAS. Recently we have developed a surprisingly
simple algorithm that answers this question positively. The algorithm combines two ideas: the use
of latent links, which represent unites started but not finished, and deterministic coin tossing [36],

which provides a deterministic way to break ties. The worst-case and amortized time bounds for
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finds are the same as those in the present work; the bounds for unites are larger by a factor of 1g* n,
reducible to 1g* p. We shall describe this result in a forthcoming paper.

In some applications of disjoint set union, such as computing flow graph information [193, 194]
each set has a name or some other associated value, such as the number of elements in the set.
We can extend the compressed tree date structure to support set values by storing these in the set
roots. In the sequential setting, it is easy to update set value information in O(1) time during a
link. But in the concurrent setting, updating the value in the new root during a link requires a
DCAS or some more-complicated implementation using CAS. Updating root values using DCAS
invalidates our analysis. Consider n singleton sets {1}, {2},...,{n}. Suppose p = n, and unite(1,
n), unite(2, n),..., unite(n — 1, n) are performed concurrently using linking by rank via DCAS.
Assume the tie-breaking total order is numeric. At most one link will succeed initially, say the link
of 1 and n. After this link, all nodes except n will still have rank 0, and n will have rank 1. The
algorithm of Section 7.5.1 does all the remaining links concurrently using CAS, since none affects
node n. But if each such link needs to update the value in node n, the remaining links must be
done one-at-a-time, resulting in overall work Q(np).

We think this problem can be overcome, and that the concurrent set union problem with set
values can be solved in a work bound that is quasi-linear in m and poly-logarithmic in p. But doing
so may well require relaxing the linearization requirement: instead of continuing to try to link each
node 7 and n, suppose the algorithm does a different set of links that reduce the contention. For
example, the algorithm could link roots in pairs, then the remaining roots in pairs, and so on. The
set resulting from all the links would be the same, but the intermediate sets would not correspond
to any linearization of the original unites. Even though it violates linearization, such an algorithm
might suffice in many if not all applications.

An algorithm of this kind needs a mechanism to restructure the links. We think some sort
of binary tree structure, like the one used by Ellen and Woelfel [57] in their fetch-and-increment
algorithm but more dynamic, may suffice. We leave open the development of this idea or some
other idea to solve the problem of concurrent sets with values.

Although our results are for a shared memory model, we think they will fruitfully extend to a
distributed-memory, message-passing setting.

Our work is theoretical, but others [3, 51, 95] have implemented some of our algorithms on
CPUs and GPUs and experimented with them. On many realistic data sets, our algorithms run as

fast or faster than all others.
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Chapter 8

Fast Arrays and their Applications

8.1 Introduction

Arrays are the most fundamental data structure in computer science. Semantically, an array of

length m is an object that supports the following interface:

o INITIALIZE(m, f): return an array O initialized to O[i] = f(i) for each i € [m].!

o O.READ(i): return O[il, if i € [m].

o O.WRITE(i,v): update O[i]’s value to v, if i € [m].

Here, INITIALIZE() is the constructor method that creates the object, and READ() and WRITE()
are the regular operations an array supports. Ordinarily, initialization is achieved by allocating an
array of length m and looping through to initialize its entries, while reads and writes simply use the
hardware load and store instructions. This standard implementation achieves a space complexity
of O(m), and time complexities of O(m) for initialization and O(1) for reads and writes. These
time complexities are good for applications that eventually access most of the entries of the array.
But, some applications—such as adjacency matrix representations of sparse graphs, van Emde
Boas trees, and certain hash tables—need to allocate a large array when only a small fraction of
the array will eventually be accessed. The time complexities of such algorithms would improve
drastically if we had fast arrays: arrays that support all three operations—READ(), WRITE(),
and even INITIALIZE()—in just O(1) worst-case time. Perhaps surprisingly, sequential fast array
implementations have been known for decades, but, to the best of our knowledge, concurrent

implementations do not exist. We design the first algorithms for concurrent fast arrays in this

'For a positive integer m, we use the notation [m] 2 {0,1,...,m — 1}.
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chapter.

8.1.1 Sequential fast arrays: history and applications

Sequential algorithms for fast arrays date back to at least the 1970s [2, 151, 19]. In fact, the well
known folklore algorithm for the problem (which we will revisit in Section 8.3) was alluded to in an
exercise of the celebrated text by Aho, Hopcroft, and Ullman [2] and further described by Mehlhorn
[151] and Bentley [19]; it achieves a deterministic worst-case time complexity of O(1) for each of
the three operations, while using only 3m + 1 memory words. Fast arrays have been important to

the efficiency of several algorithms. Notably:

e Fast arrays are used in implementations of van Emde Boas trees [40, 161]—associative arrays
that store keys from a universe {1,2,...,u} and support insert, get, and delete with a time

complexity of just O(loglogu).

e Katoh et al. [127] note that Knuth employs fast arrays in the implementation of the hash
table in his Simpath algorithm [131], which enumerates all simple paths between two vertices
in a graph. Knuth uses the hash table to efficiently implement a certain data structure called
ZDD (Zero-suppressed binary Decision Diagram) [157], which has many applications besides
Simpath [191, 156, 100, 155, 212, 131].

e When a sparse graph of n vertices and m < n? edges is represented using an adjacency
matrix, mere initialization can take ©(n?) time with a traditional array. With a fast array
however, the graph can be stored in just O(m) time. Consequently, for a constant degree

graph, storing the graph takes O(n) time instead of ©(n?) time.

More generally, fast arrays can increase the asymptotic efficiency of algorithms that have higher
space complexity than time complexity—just allocate all the space in one huge block in O(1) time.

This range of applications has spurred a lot of research into fast arrays in recent years. A string
of papers, starting with Navarro’s work in 2012 and culminating in three back to back papers in
2017 by Hagerup and Kammer, Loong et al., and Katoh and Goto, have brought down the space
complexity from 3m + 1 to m + 1 using complex bit-packing and chaining techniques [163, 164, 85,
146, 127]. Fredriksson and Kilpeldinen recently studied the empirical running times of the more

practical implementations of these sequential fast arrays [65].
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8.1.2 Concurrent fast arrays

In contrast to sequential fast arrays, which have been well studied, there has been no prior work
on concurrent fast arrays, to the best of our knowledge. In this chapter, we propose and design

algorithms for two variants of concurrent fast arrays:

e Fast Array: This is an implementation of an array which supports the standard operations—
INITIALIZE(m, f), READ(7), and WRITE (%, v)—and satisfies two conditions. First, each oper-
ation is linearizable, i.e., it appears to take effect at some instant between its invocation and
response [93]. Second, each operation is not only wait-free [89], but the process that executes
the operation completes it in a constant number of its steps. The first condition ensures

atomicity, and the second condition ensures efficiency.

e Fast Generalized Array: Besides load and store, modern architectures like x86 commonly sup-

port read-modify-write (RMW) primitives, such as Compare-and-Swap (CAS), Fetch-and-
Add (FAA), and Fetch-and-Store (FAS) [98]. In fact, some of these primitives are indispen-
sible for efficiency and even solvability of problems that arise in concurrent systems. For
instance, implementing a wait-free queue is impossible using only loads and stores [89]. Mu-
tex locks can be implemented using loads and stores, but constant RMR (remote memory
reference) complexity implementations are impossible using only loads and stores [17, 42,

152].

Since RMW primitives are supported by hardware and are essential for concurrent algorithms,
it would be ideal if the components of the fast array can be manipulated using these primitives.
For instance, when implementing a fast array O on a multiprocessor that supports CAS and
FAS in hardware, a process 7 should not only be able to read O[i] and write to O[i], but
should also be able to CAS OJi] and FAS OJi]. We term such an array, which allows all

hardware-supported operations to be applied to its components, a generalized array.

Let S be the set of hardware-supported RMW primitives. A fast generalized array is an
implementation that not only supports O(1)-time linearizable INITIALIZE(m, f), READ (i),
and WRITE (%, v) operations, but also supports O(1)-time linearizable operations from the set

S.
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8.1.3 Ouwur contributions

In addition to defining the two types of concurrent fast arrays, our work makes the following two

principal contributions:

e We design an algorithm for the (standard) fast array. If p processes share a fast array of
length m, our algorithm uses only O(m + p) space. More generally, to instantiate and use k

fast arrays (for any k) of lengths my, ..., my, our algorithm uses only O(M + p) space, where

k
M = Zj:l m;.

e We enhance the above algorithm to design a fast generalized array. Its space complexity is
the same as the previous algorithm’s—O(m + p) for a single array of length m, and O(M + p)

for multiple arrays of combined length M.

Both of the above algorithms require hardware support for read, write, and CAS.

8.2 Model

We work in the standard asynchronous shared memory multiprocessor model where p processes,
numbered 0, ...,p — 1 run concurrently but asynchronously, and each process is either performing
an initializable array operation or is idle. The computation proceeds in steps, where an adversarial
scheduler decides which process 7 takes the next step.

To provide synchronization, we assume the hardware compare-and-swap (CAS) synchronization
primitive. The CAS operation on a memory word X with arguments old and new is called as follows:
CAs(X, old,new). The operation is atomic and has the following behavior. If X = old, then X’s
value is updated to new and true is returned to indicate that the operation successfully changed the
value; otherwise, if X # old, the value of X is not changed and false is returned. On modern x86
architectures, individual memory words are 64-bits, and so any hardware primitive can be applied
on a standard 64-bit word. Usefully however, CAS can also be executed on 128-bit double-words,
i.e., two adjacent words of memory [98]. We will make use of this feature. (Note that this 128-bit
CAS operation is not DCAS—a primitive that does CAS on two non-adjacent memory locations,
which is not supported in modern architectures.)

A data structure is linearizable if each operation can be assigned a unique linearization point
between its invocation and return, and the return values of the operations are consistent with those

of a sequential execution in which operations are executed in the order of linearization points [93].
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Operations are bounded wait-free if there exists a bound b such that every invocation by a process
7 returns within b of 7’s own steps [89]. In the literature, data structures that are both linearizable
and wait-free are called atomic.

We measure the efficiency of an algorithm by its worst-case work and space complexities. The
space complexity of an algorithm is the total number of memory words that the algorithm uses. The
work complexity of an operation by a process 7, is the total number of steps executed by 7w between
the invocation and return of that operation. Since work complexity is the natural generalization
of time complexity to multiprocessors, it is often called time complezity in the literature; we adopt
this convention and use the two terms interchangeably. Furthermore, as is standard [2, 151, 19,
163, 164, 161, 182], we assume that it takes constant time to allocate an uninitialized array of any
size n. We call an object implementation fast if every operation on that object takes only O(1)
time to execute in the worst-case. Our work focuses on fast algorithms for arrays and generalized

arrays.

8.3 Folklore Sequential Algorithm

Our concurrent algorithms are inspired by the folklore sequential algorithm, and so we present the

pseudo-code for a folkore fast array object O in Algorithm 23, and describe it below.

Algorithm 23 The folklore algorithm for a sequential fast array.

procedure INITIALIZE(m, f)

1: A < new array[m]

2: B + new array|m)|

3: C < new array[m]

4: fim’t — f

: X +0
procedure READ(i)

6: if 0 < B[i] < X and C[B]i]] =i then return A[i| else return f,;, (i)
procedure WRITE(, v)

T A[Z] —v

8: if B[i] < 0 or B[i] > X or C[BJi]] # i then

9: C[X] —1

10: Bli] + X

11: X« X+1

The method INITIALIZE(m, f) instantiates a new fast array O of length m. The implementation

of the fast array uses three un-initialized arrays A, B, and C, each of length m, an integer X, and
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stores a pointer f;,;, to the function f. We call A the principal array and use A[i] to hold the
current value of the abstract element O[i] for each index ¢ that has been initialized, i.e., written to
at least once. The elements of A[i] corresponding to uninitialized indices of O[i] hold their initial,
arbitrary values. B, C, and X are used to keep track of which indices ¢ have already been initialized
(as we describe later).

Using the mechanism described above, implementing read and write becomes simple. READ(4)
just returns A[i] if ¢ has been initialized, and f(i) otherwise. Correspondingly, WRITE(, v) simply
writes A[i] < v, and ensures that index i is marked as initialized.

The main difficulty of the algorithm lies in efficiently remembering which set of indices ¢ have
been initialized. We use the array C and the integer X to maintain this set as follows. If k indices
have already been initialized, then we ensure that X = k and that the sub-array C0, ..., X—1] holds
the values of these initialized indices. Correspondingly, we spend constant time in the INITIALIZE()
method to set X < 0. Terminologically, we call C' the certification array, call the elements of the
array certificates, call the elements of the sub-array C[0,..., X — 1] valid, and say that an index 4
is certified when it appears in the valid sub-array.

Maintaining A, C, and X is sufficient to get a correct implementation of an array, but not an
efficient one. For efficiency, we need to distinguish between certified and un-certified indices in
constant time. We use the array B for this purpose. In particular, whenever we certify a new index

i in an element C[j], we set B[i] < j to maintain the invariant that
T =Vie|m], (0< B[] <X and C[B[i]] =i if and only if index i is initialized).

The check that 0 < B[i] < X ensures that C[B][i]] is valid, while the check that C[B[i]] = i ensures

that this valid element of the certification array, indeed, certifies that index 7 is initialized.

8.4 Our Concurrent Fast-Array

The goal of this section is to design a linearizable wait-free fast-array that is both time and space
efficient. We do so by building on the ideas of the folklore algorithm.

The folklore algorithm is built on two pillars: (1) the principal array A, which stores the values
of initialized indices, and (2) the certification mechanism constituted by B, C', and X, which ensures
that initialized indices can be identified in constant time by invariant Z. The principal array can
easily be maintained in the concurrent setting, however the certification mechanism, which is the

main workhorse of Algorithm 23, must be redesigned to cope with concurrency.
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The difficulty of using the sequential certification mechanism with multiple processors stems
from the contention on the variable X, and on the next available slot in the certification array,
C[X]. In particular, if all p processors are concurrently performing different write operations on
different un-initialized indices 7o, ...,%,—1, then the old certification mechanism will direct all of
them to the same location C[X] in the certification array. Regardless of how the contention is
resolved, only one index can fit into C[X], meaning that p — 1 processes will fail to certify their
index by placing it in C'[X] and will thereby need to find an alternate location in the certification
array. So, in the worst-case, only one process will finish its operation after all p processes do one
unit of work each, meaning the algorithm will do O(p) work per operation rather than O(1).

We overcome this difficulty of adapting the certifying mechanism posed by contention on C
and X by introducing four ideas that we detail below. Our first idea will eliminate the contention,
thereby enabling constant time certifications and look-ups; however, it bloats the space complexity
to Q(m - p). Our second and third ideas, in combination, eliminate this space overhead and bring
the space complexity down to just O(m—+p), while ensuring that the time complexities of operations
remain at just O(1). Our fourth idea describes how to share resources in order to minimize the
space complexity when multiple fast arrays are instantiated.

Individual certification arrays: our first idea is to eliminate the universal C' and X, and
instead equip each process m with its own certification array ¢, and a corresponding control variable
X[x]. Here, X is a one-dimensional array of length p that is indexed by process ids, and each ¢, is
an array of length m. Thus, process 7 certifies a new index i by performing three steps: (1) writing
cr[X[7]] <14, (2) setting X[n] < X[n] + 1, and (3) writing B[i] < (7, X[r] — 1). (While it will not
yet be clear to the reader at this stage, the relative order of steps 2 and 3 is very important for the
correctness of later ideas. We expand on this thought in the forthcoming Remark 8.4.1.) Unlike the
act of certifying a new index which involves modifying certification arrays and control variables,
the act of checking whether a given index ¢ is certified only requires reading. We allow process
7 to freely read the arrays of other processes while checking if an index is certified. This idea of
individual certification arrays by itself would lead to a concurrent fast-array algorithm; however,
the space complexity of this algorithm is inherently super-linear. In particular, if all p processes
concurrently write to a previously un-initialized location i, an adversarial scheduler can force each
of them to certify that location in its own certification array; if this happens for each of the m
indices, then each ¢, must store m indices, leading to a total space complexity of ©(mp).

Synchronization and walk-back: to reduce the space complexity induced by individual
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certification arrays, we must ensure that each index 7 is certified by at most one process, even
if multiple processes perform concurrent writes to the same un-initialized index. To do this, we
introduce two related ideas: synchronization on B and walk-back. That is, each processor 7 that
wishes to certify an index i attempts to CAS (rather than write) the pair (7w, X[7] — 1)—indicating
the location in its certification array where ¢ is certified—into B[i]. We orchestrate the update to
Bi] using CAS to ensure that at most one process gets a return value of true, indicating that it is the
process that succeeded in certifying i. Each other process 7, whose CAS to B[i] fails, “walks back”,
i.e., it reclaims the location c,[X[r] — 1] that it was going to use to certify i by decrementing X|[x].
Since each index is certified by at most one process, and each process has at most one certification
location that it will walk back on at any given time, the total space used across all ¢, arrays is
O(m +p).

Array doubling: our synchronization and walk-back scheme guarantees that at most O(m+p)
space is used across all of the ¢, arrays, but we do not a priori know how many locations each
process 7 will use in its ¢, array. To ensure that we allocate only as much space as we use, we
employ the classic idea of array-doubling from sequential algorithms. We initially allocate constant
sized ¢, arrays. Each time ¢, fills up, we replace it with a newly allocated array ¢/ of length
2 - ¢.len and copy over the old ¢ .len elements from ¢, to ¢,.. Note that we do not de-allocate the
old array ¢, when we switch to ¢, since other processes could be accessing it; yet, since the sum of
a geometric series is proportional to the largest term in the series, our total memory allocation for
the ¢, arrays is proportional to the amount of space we end up using. (Note that it is important
to have a mechanism by which other processes can get access to the current array c., since the
location of the array is changing whenever we double. We describe this detail when we discuss the
pseudo-code in a later sub-section. We will also describe how to implement array doubling with
worst-case, rather than amortized, constant time per operation in the same sub-section.)

Sharing the certification mechanism: Array doubling allows us to share a single certifica-
tion mechanism across all fast-array objects that we initialize. In particular, if we have multiple
fast-arrays O, ..., Oy, each O; can simply maintain the two instance variables O;.A and O;.B,
and share the certification mechanism—Vr € [p], (X[7], ¢z). All we need to do to enable this shar-
ing is store a pointer &(0;.Ali]) as the certificate that ¢ is initialized in fast-array O, rather than
just store the index i. Since all fast array objects can share one certification mechanism, the space
complexity of maintaining k fast-arrays Oq,..., O of sizes mq,...,my is just O(M + p), where

A k
M= Zj:l m;j.
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Remark 8.4.1 (the relative order of synchronizing and incrementing). When a process m, with
next available certification location x, = X[r], is certifying a new index i, we described that our
algorithm follows three logical steps (not including potential walk-back): (1) writing the certificate:
crlxx] <= 1, (2) incrementing X[r]: X[n] <= xzr + 1, and (3) synchronizing on B[i]: attempting to
CAS the value (7, z,) into BJi]. At first glance, it may appear that step (3) can be executed before
step (2). Indeed, if this were possible, then we could simplify our algorithm by avoiding walk-backs
altogether, since a process 7 that fails the CAS could simply not increment X[r]. However, as we
mentioned earlier, the relative order of steps (2) and (3) is pivotal to correctness. We now explain
why.
Consider a scenario where two processes 7 and 7 are each performing the operation WRITE (7, new)

on a previously un-initialized location O[i] whose initial value is O[i] = f(i) = old, with the order

of steps (2) and (3) swapped. Then the following sequence of events can occur:

1. Both process m and 7 write A[i] < new, read the same old value b < BJi] (in anticipation of

having to CAs Bl[i] in step (3)), and start the certification process.

2. 7 completes steps (1) and (3) and thereby successfully changes Bli]’s value to (7, z,). How-

ever, i is still not certified since step (2) is yet to be done, and X[r] # x.

3. 7 completes steps (1) and (3), but because 7’s CAs in step (3) fails, it does not need to execute

step (2), and it returns from its write operation.

4. Having finished its write operation, 7 performs READ(i), but sees that 7 is not yet certified

(since 7 has not yet finished step (2)), and returns f(i) = old.

e This execution is not linearizable, since 7 reads the value old in O[i] even after it finishes

writing new.

Remark 8.4.1 establishes that a process m must increment X[r] before it synchronizes at Bli]
in the certification process. This means that we must indeed implement walk-back to achieve
space efficiency. However, if walk-back is not implemented very carefully, it can lead to a nasty
race condition. We describe this possible race condition, and how to overcome it, in the next

subsection.
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8.4.1 A tricky race condition that must be avoided

Until now, we have described the main ideas that propel our space-efficient fast-array implementa-
tion at a high-level. Of these ideas, individual certification arrays are straightforward to implement
as suggested, and array-doubling requires only mild adaptation to work in the face of asynchronous
concurrency. The idea of walk-back however can lead to a nasty race-condition if it is not imple-
mented correctly. We describe this potential race, and how we overcome it below.

In order to understand the race condition, let us consider the following set-up. We have a freshly
initialized fast-array O with just two locations O[0, 1], and initialization function f(i) = old. There
are three processors 7, 7, and p with: X[n] = 0, X[r] = 0, and X[p] = 0. The processes will perform

the following operations:
o 7 will perform O.WRITE(0, new) followed by O.WRITE(1, new)
o 7 will perform O.WRITE(0, new)
o p will perform O.READ(0) followed by another O.READ(0)

By design, both locations initially hold the value old and at some point in time will take on the
value new and hold that value forever. However, the race condition will be that p’s first read of
index 0 will return new, while its second read will return old. The initial value of B[0]—which can
be arbitrary by design of the algorithm—is pivotal to achieving the race. In particular, we consider
the initial value B[0] = (7, 0). The initial values of A[0, 1] and B[1] can be arbitrary.

We describe the offending run below in a sequence of bullet points. When the relative order of

certain operations do not matter, we may describe them all in the same bullet point.

e Recall that B[0] = (,0), 7 is performing WRITE (0, new), and 7 is performing WRITE(0, new).

1. m and 7 both write A[0] <— new, and both read the initial value b of B[0]. (They will need

this value b when they attempt to certify index 0 and do a CAs on B[0] later.)
2. m and 7 both conclude that index 0 is not certified yet, and thus wish to certify the location.
e Recall that X[n] = 0.

3. 7’s next open certification location is 0, thus 7 writes ¢,[0] <— 0, and increments X[r] <+ 1.

7 now stalls (before attempting to CAS its certification location (,0) into B[0]).

e Notice that while 7 is not finished with its certification process, index 0 is already certified,

since B[0] = (w,0) initially, and location c¢,[0] is valid and holds the value 0.
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4. p does its first READ(0) operation. That is, it reads B[0] = (,0), checks that ¢,[0] is valid

and that ¢;[0] = 0 and thereby returns the value A[0] = new.

5. p starts its second READ(0) operation. It starts its verification by reading B[0] = (7,0), and

then stalls.

6. 7’s next open certification location is 0, thus 7 writes ¢;[0] < 0, increments X[7] < 1, and

successfully CAses its certification location (7,0) into BI0].

e Notice that index 0 is now certified by two certificates ¢, [0] and ¢,[0]. B[0] = (7,0) identifies

only the new certificate, but process p is about to check for the old certificate ¢, |[0].

7. 7 attempts to finish its certification process by Casing (m,0) into B[0]. However, its CAS
fails. Thus, 7 walks-back, and resets X[r] <— 0. This completes 7’s write operation to index

0.

8. 7 does its entire WRITE(1, new) operation. That is, it writes A[1] < new, writes ¢,[0] < 1,

increments X[r] to 1, successfully Cases (,0) into B[1], and returns.

9. p now finishes its operation. Since it had previously read B[0] = (7,0) and X[x] = 1 > 0,
it checks c;[0], finds the value 1 there, concludes that index 0 is not certified, and thereby
returns f(0) = old.

e This run cannot be linearized since O[0] was initially old and became new, but p reads its

value to be new and subsequently re-reads the value to be old.

We observe that the cause of this race condition is the coincidental initial value of B[0]. In
particular, B[0]’s (potentially arbitrary) initial value, happened to coincide with the exact location
that process m would use to certify index 0 and later have to walk-back on. This coincidence, in
turn, caused B[0] to become certified during step (3), before 7 finished its certification operation
by updating B[0] with a Cas.

Tombstoning: since we have only constant time to initialize O, we cannot control the initial
values of all the elements Bli]. However, we can control which location in the certification array
7 uses to certify B[i]. Therefore, we eliminate this nasty race condition as follows. If the initial
value of Bli] is (m, k), then we ensure that that particular process m does not attempt to use its
certificate cr[k] to certify index 4. If it so happens that c,[k] is the next available certificate for
process m when process 7 is attempting to certify 4, then we simply tombstone that location by
writing a special null-value ¢, [k] < L, and use the next location ¢, [k + 1] to certify i. This ensures

correctness.
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Furthermore, observe that for each location i, there is exactly one initial value B[i] = (k)
that references exactly one process m and one specific location k. Thus, at most m locations get
tombstoned by our method across all processes, and the space complexity bound of O(M + p)
continues to hold true even in the worst-case. (We expect that tombstoning will occur only very

rarely in practice.)

8.4.2 The pseudo-code and its description

Having described individual certification arrays, synchronization and walk-back, array-doubling,
and tombstoning, we are ready to describe our fast-array algorithm. We present the pseudo-code
as Algorithm 24, and describe it below.

Naming conventions: In order to distinguish between variables of different processes and
operations that are performed by a particular process 7, we use subscripts. For example, we denote
a local variable x of process m by x,, and denote a READ() operation by process m as READ,().
We use captial letters, such as A and X, to refer to arrays that all processes have the address of
by default. Importantly, note that the pointer to the current certification arrays, c¢,, follows the
above convention, and by default only process m has access to the array. In order to allow other
processes to access these arrays, our implementation stores a pair in the control variable X[r]. So,
initially X[r] = (0, ¢;) (rather than X[7] = 0).

In order to implement array doubling, we maintain a nezt certification array ¢/ alongside the
current array ¢,. As such, initially X[r] = (0, ¢;) and no process other than 7 has access to the array
pointed to by ¢. When ¢, fills up entirely, we maintain the invariant that ¢, [0,...,cr.len — 1] =
cr[0, ..., cr.len — 1] and thus, we can simply replace X[r] = (2x,cx) by X[n] = (24, ); we also
rename ¢, as ¢, because it has become the current array, and allocate a new (un-initialized) ¢
that is twice the length of the new current array. In order to ensure that ¢, [0,... ¢ .len — 1] =
¢rl0, ..., crlen — 1] by the time ¢, gets entirely full, we transfer two values from ¢, to ¢, each
time a new value is appended to c¢;. We note that we do not de-allocate the old certification
arrays because other processes could potentially be reading from them—this does not change the
asymptotic space complexity. However, each process can store pointers to all of its arrays so that
they can be de-allocated when the fast array is no longer needed. In our algorithm, we choose to
start with a ¢, of length 2. (Any other constant length would have sufficed.)

A line-by-line description of the code is as follows. O.INITIALIZE(m, fr) simply allocates the

unintialized arrays A and B of length m, (Lines 1 and 2), and stores the initialization function fr
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Algorithm 24 Atomic fast array for p processes. Pseudo-code shown for an arbitrary process .

Variables:
For each process 7 € [p] the following variables are shared across all fast-arrays O:
e ¢:[0,1] is a pointer to an allocated un-initialized array of length 2.
e .[0,...,3] is a pointer to an allocated un-initialized array of length 4.
e k. is a non-negative integer that is initialized to 0.
e X[r] is a pair that is initialized to (0, cx).

Each object O has three instance variables instantiated by INITIALIZE (M, fr):
e A and B are arrays of length m..
o f.... stores the initial value function.

Each process 7 € [p] uses the following arbitrarily initialized temporary local variables:
o b, b2 hold (process id, array index) pairs.
e z.: holds an array index.
o ¢2them: holds an array pointer.

procedure O.INITIALIZEx (Mr, fr)
A + new array[m|
B + new array[m]
finit — fTr

procedure O.WRITE (ir, Ur)
Aliz] < vx
CERTIFY 7 (ir)

procedure O.READ, (ir)
if ISCERTIFIED, (ir) then
return Alir]
else return f, ,, (ix)

procedure O.ISCERTIFIED (i)
br < Blix]
if 0 < br.pid < p then
(@, 2hTY — X[by.pid]
if 0 < by.loc < zr and c2ther [br.loc] = &Alix] then return true
return false

: procedure O.CERTIFY(ir)

b2« Blix]

if ISCERTIFIED, (i) then return
(Tr,—) « X[n]

if x > cr.len then

Crn & C
cr < mnew array|[2 - c..len]
kr <0
if 524 pid = 7 and "% .loc = z, then
Crlza] = L

Tp — Tx+1
Crlza]  &Alix]
X[r] + (zx +1,¢x)
while &k, < 2z, — ¢r.len do
Cr[kx] 4= cx[kr]
kr+kr+1
if not Cas(Blix],b2¢, (7, z,)) then
X[7] + (X, cx)

207



as fin; for future use (Line 3). The elements of A[i] will be used to hold the values of the abstract
elements O[i]. The elements of B[i] will be used to hold process-index pairs (7, j); as a matter of
convention, we call the first element in the pair Bli].pid (process id) and the second element Bli].loc
(location).

WRITE, (ir, ) first updates A[ir] to the new value v, (Line 4). Since index i, may not yet be
certified, it calls CERTIFY, (i) (Line 5). As we describe below, CERTIFY (i) only creates a new
certificate for i, if the index is not already certified.

Since CERTIFY, (i ) creates a new certificate (if necessary), and must perform the synchronization-
CAS on Bli,| after creating a certificate, it must read the old value of Blir|. Thus, CERTIFY (i)
starts by reading b2'¢ + B[i] (Line 16). Certification should only be done if i, is not already cer-
tified, and so it calls ISCERTIFIED,(i,) and returns immediately if location i, is already certified
(Line 17). Otherwise, it fetches the next location x, that is free for creating a certificate (Line 18).
Certification proceeds in five steps:

1. If the current certification array is full (check on Line 19), then the next array becomes the

current one (Line 20), and a new (un-initialized) next array is allocated (Line 21). Finally,
the local variable k—which is used to keep track of how many elements in the current array

have already been transferred to the next array—is reset to 0 (Line 22).

2. At this point, we are sure that location c,[z,| exists, and is free to certify a new index. Lines
23-25 tombstone this location and increment x if B[i]’s initial value happens to already hold

the value (7, x,). (This step eliminates the nasty race condition described earlier.)

3. Lines 26-27 certify location Alir], by writing a pointer to &Alir| in cz[r,] and updating the

current array pointer and the length of the valid sub-array values in X[r].

4. Since a new location has been filled up in ¢, we must transfer values from ¢, to ¢.. If there
were no walking-back (described in the next step), then we would need to transfer exactly
two values. However, because of potential walk-backs (in previous operations), it is possible
that no values need to be transferred in this operation. Lines 28-30 orchestrate this transfer

by maintaining k,’s progress relative to x.

5. Finally, 7 performs the synchronization step: it tries to finish its certification process with a

CAs on Line 31. If the Cas fails, then it walks-back on Line 32.

That completes the description of CERTIFY(ir).

READ,(ir) simply checks whether element i, is certified (Line 6), and returns Ali,| or f;,;;(ix)
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accordingly (Lines 7-8).

Like the read operation, ISCERTIFIED, (i, ) is also short. However, its code highlights an im-
portant point. The operation starts by reading b, < Bli;] which would hold the location of a
certificate if i, was initialized (Line 10). This is where it must be careful. The values in the pair
br = (br.pid, byr.loc) are directly read from Bli,|, and are thus potentially un-initialized ill-formed
values. Thus, before the operation proceeds, it must check that b;.pid is indeed a real process id
(Line 11). If so, it reads the control information in X[b,.pid] to get a pointer to 2" = ¢},
and the length of its valid sub-array x,. After checking that b;.loc is indeed in the valid portion of
cother it verifies that the location c2¢"[b,.loc] certifies Ali,] (Line 13). The careful well-formedness
checks are necessary to avoid accessing un-allocated portions of memory. Of course, the operation

returns true only if all of the checks pass (Line 13); if any checks fail (well-formedness or otherwise),

it simply returns false (Line 14).

Remark 8.4.2 (old certification arrays). A process 7 that is performing ISCERTIFIED, (i) may

hold a reference c2"*" that is no longer the current array of any process. That is, after m reads

other

other) «— X|[by.pid], the process b,.pid may have certified more elements and updated its current

(Tr, €
certification array. However, our algorithm remains correct, since the old certification arrays are
not de-allocated, and the value of c2*"[b,.loc] is guaranteed to be equal to ¢, pia[br.loc]—the

corresponding value in the current array.
The preceding discussion is summarized in the theorem below.

Theorem 8.4.3. Algorithm 24 is a linearizable wait-free fast array implementation for p processes.
That is, it supports INITIALIZE; (M, fr), READ:(ir), and WRITE,(ir,v:) each with a time com-
plexity of O(1). The total space complexity of the algorithm for supporting k fast-arrays of sizes
my,...,mg is O(M + p), where M = Z?Zl m;.

8.5 Correctness of Fast Array Algorithm

In this section, we will argue the correctness of Algorithm 24, for a fast-array object O of length m

and initialization function f; f. In particular, we must show that the algorithm is linearizable

nit —
and bounded wait-free. Bounded wait-freedom with a constant bound simply means that each of
the operations runs in a constant number of steps—this is apparent from the pseudo-code. Thus,

we immediately have the following lemma:
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Lemma 8.5.1. Algorithm 24 is bounded wait-free, and each operation runs in O(1) time.

The entire difficulty of the proof rests in showing linearizability of READ() and WRITE,(). As
we have seen, the certification process is the workhorse of the algorithm. Analogously, formalizing
and precisely stating the definition of the informal statement, “index ¢ is certified” as a formal
predicate CERT(7) will enable the entire proof. We will define this formal predicate after writing

down some quick definitions.

8.5.1 Some terminology

We will need the following definitions for our proof:
o For each index i, define «; to be initial value of A[i], and f; to be the initial value of B[i].

o Each X[r] holds a pair (2, cr); we call the first index X[r|.valid-len (because it is the length
of the certification array that is valid) and the second index X[r].arr (because it points to

the array).

8.5.2 Formalizing Certification: the essence of the proof

For a given index i € [m], we formalize the notion of index i being certified, by defining the predicate

CERT(4):

CERT(i) = 31 € [p],j € N,(B[i] = (7, j) # Bi) A (j < X][w].valid-len) A (cz[j] = &A[i])

Verbally, our definition means that an index is certified if three things hold true simultaneously:
(1) BJ[i] has changed from its initial value, (2) the certification location j in the array c, that
Bli] indicates is valid, and (3) that certification location c¢.[j] indeed certifies index i. Notice that
conjunct (1) implies that initially CERT(:) is false for all indices i € [m]. Notice that point number
(1) is the principal difference between this definition and the analogous expression in the invariant
T of the folklore algorithm.

We now prove a sequence of lemmas, whose end goal is to establish the correctness of CERTIFY ()
and ISCERTIFIED (7). By this, we mean that any call to CERTIFY (i) will ensure that CERT(¢)

becomes true; we will also show that CERT(i) is monotonic, i.e., if it ever becomes true during
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an execution, then it will stay true forever thereafter; finally, we will show that ISCERTIFIED (%)
returns the value of CERT(7) (at some point during its execution).
Once we establish the correctness of the certification mechanism, the linearization points of

READ() and WRITE() are easy to identify and prove correct.

8.5.3 The intermediate lemmas

Lemma 8.5.2. Initially, CERT(i) is false for every index i € [m]

Proof. The first conjunct in CERT(¢) states that B[i] # f;. Since Vi € [m], B[i] = f; initially by

definition, we have proved the lemma. ]

Lemma 8.5.3. For any given i € [m], if B[i] # B; at some point in time, then this implies that
CERT(7). Furthermore, it implies that the value of Bli]| = (7, j), and the value of cr[j] = &Ali] will

never change in the future.

Proof. We show this lemma by induction on the number of steps of the execution. As such, the
base case is clear.

The crux of the inductive step is the following. A process 7 can only change the value of Bi]
by successfully executing the CAS on Line 31. 7’s CAsS will only succeed if B[i] = b;. Since b is
read at the beginning of the CERTIFY, (i) procedure on Line 16, and 7 will only get past Line 17
if b, did not point to a certificate that certifies index ¢, so the inductive hypothesis would imply
that by = B;. So, there are only two cases: either (1) b, = (; and the CAs will succeed, or (2)
br # B; and the CAs will fail. Case (2) requires no further proof since it does not change the state
of BJ[i] and thus the inductive hypothesis directly implies the inductive step. In case (1), we must
establish that if the CAS succeeds, then CERT(7) becomes true and that the values of Bli] = (m, j)
and ¢, [j] = &A[i] that hold at this point in time will never change. For this, we observe that Lines
26-27 create a certificate for index i and increase X[r].valid-len so that the certificate is valid by
the time B[i] = (,j) is established. Furthermore, since the CAS on Line 31 succeeds, walk-back
will not take place on Line 32. Therefore, this certificate will never be altered while the current

array remains c;. Even when the current array gets updated to the next array, we know that

/

"10...cqx.len—1] = ¢, at the time that the next array becomes current. So, the certificate remains

c
valid forever. Finally, B[i] will not change in the future, since any process 7 that reads b, < B]i]

on Line 16, will notice that the index i is already certified in the check on Line 17, and thereby will
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not even attempt to change B[i] on Line 31. We have finished the proof in both cases, and have

thus established the lemma. ]

The previous lemma establishes that for any given index 4, the value of BJi] changes at most
once. Furthermore, if it does change, then the point of its change is precisely the point at which
CERT(iy) goes from being false to being true, and this exact certificate will certify i forever on.

Equipped with this lemma, we are ready to establish that the two helper methods are correct.

Lemma 8.5.4. A call to ISCERTIFIED, (i) by process m returns the value of CERT(ir) at some
time t during its execution. We call this time t the actualization point of the ISCERTIFIED; (i)

operation.

Proof. The first step by ISCERTIFIED,(i,) is to read and store the value b; < Bli;] on Line 10.
If CERT(ir) is true at this point in time, then b, = (, j) must point to a valid certificate at the
point in time that Line 10 is executed and all future times by Lemma 8.5.3. Thus, if 7 is able to
verify that c[j] is a valid certificate and indeed certifies index 4, i.e. cr[j] = &A[iz], then it can
validly return true; because, it must be the case that CERT(ir) is true at the time of execution of
Line 10 by Lemma 8.5.3.

On the other hand, if one of the checks on Lines 11-13 fails, then we can surely conclude that
CERT(i,) was false at the time of Line 10—by Lemma 8.5.3 and the definition of CERT).

So, regardless of what value ISCERTIFIED, (i, ) returns, we know it must be the value of CERT (i)

at some point during the methods execution. That concludes the proof. O

Lemma 8.5.5. A call to CERTIFY,(ir) by process m will ensure that index i, is certified before it

returns.

Proof. By Lemma 8.5.3 we must only establish that CERT(i;) is true at some point during the
method.

The first step of CERTIFY (i) is to read the value b, < Bli,]. If index i, is already certified
at this time, or if the call to ISCERTIFIED, (i;) returns true on Line 17, then by Lemma 8.5.3, we
conclude that CERT(i,) will continue to be true hereafter, by Lemma 8.5.4 we conclude that the
method will return after Line 17.

Otherwise, we can conclude from Lemma 8.5.3 that b, = 3;_, when we start Line 18. In this
case, the CERTIFY (i, ) method will continue and write and validate a certificate for index ¢ at Lines

2627, and attempt to place a pointer to this certificate at Line 31. If the CAS on Line 31 succeeds,
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we conclude that CERT(i,) must be true at that point and conclude by Lemma 8.5.3. Otherwise,
we conclude that Bliz] # br = (;.. This once again implies by Lemma 8.5.3 that CERT(i,) is true
by the end of the method.

That concludes the proof. O

8.5.4 Linearizability of Read() and Write()

Now that we have established the workings of the certification mechanism, the linearization points

of the READ,() and WRITE, () operations become apparent. The linearization points are as follows:

o A WRITE,(ir,v;) operation by process m linearizes at Line 4 if CERT(i,) is true at that
time. Otherwise, it linearizes at the first time that CERT(i,) becomes true. The linearization
points of all completed writes are well defined and within the invocation-response interval by
Lemmas 8.5.5, which establishes that CERT(i;) becomes true before the end of Line 5. If
several writes take effect at the same point in time, then we order them by the order in which

they execute Line 4.

o A READ, (i) operation that returns f;,;, (i) at Line 8 linearizes at the actualization point of
its ISCERTIFIED, (i) call at Line 6. A READ,(i,) that returns A[i,| at Line 7 linearizes at

Line 7.

Lemma 8.5.6. Algorithm 24 is linearizable, with READ,() and WRITE,() operations linearizing
at the points presented in the itemized list above, and at all times Vi, CERT(i) — Oli] = Ali]

according to the claimed linearization.

Proof. The itemized list justifies that the claimed linearization points exist and occur within the
invocation-response intervals of the given operations. The remainder of the proof is by induction
over the number of linearization points. The base case is trivially true, and the inductive hypothesis
assumes that all previous linearization points are consistent.

The linearization points of the WRITE(7,v) operations are justified because they maintain the
invariant that CERT(i/) = O[i] = A[i] that we claim in the theorem statement.

By the given linearization points, no WRITE(i) operation linearizes before CERT(i) becomes
true. Thus, a READ(7) that returns f;,,;,(¢) is justified in linearizing at the actualization point of
the ISCERTIFIED(¢) call on Line 6, since CERT(7) = false at that point by Lemma 8.5.4. Similarly,
a READ(7) that returns A[i] on Line 7 is justified in linearizing at the same line, since A[i| = O[i]

once i, is initialized by the linearization points of previous write operations. O
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Lemma 8.5.1 and Lemma 8.5.6 together establish the correctness of the main theorem about

our fast-array Algorithm 24. Thus we have justified Theorem 8.4.3.

8.6 A Concurrent Fast Generalized Array

In this section, we implement fast generalized arrays, which we motivated in Section 8.1.2.

Recall that, if S is the set of hardware-supported RMW primitives, then a fast generalized array
is an implementation that not only supports O(1)-time linearizable INITIALIZE(m, f), READ(4), and
WRITE(Z, v) operations, but also supports O(1)-time linearizable operations from the set S. To

this end, we consider the operation:

o O.APPLY(i,0p,args): perform operation op with arguments args on O[i], and return the

response.

Here op can be any RMW operation—such as Write, CAS, FAA, or FAS—that is supported
in hardware, and args are the arguments that the primitive requires. For example, if O[5] = 17,
then a call to O.AppPLY (5, CAS, (17,35)) changes the value of O[5] to 35 and returns true. We term
an array that supports INITIALIZE(m, f), READ(7), and APPLY(i,0p,args), a generalized array,
and an implementation that runs each operation in O(1) time, a fast generalized array. Note that
a WRITE(¢,v) can be executed as APPLY (i, WRITE, v). While READ (%) can similarly be executed
using APPLY (i, READ), we design a simpler read method that circumvents the certification overhead
for locations that are only read and never updated.

The goal of this section is to design a fast generalized array. We will achieve this goal by building
on our ideas from Algorithm 24 for concurrent fast arrays. Therefore, we will continue to use the
ideas of individual certification arrays, synchronization and walk-back, array doubling, sharing of
certification arrays, and tombstoning. Even so, supporting arbitrary RMW operations poses yet
new challenges. We first describe these challenges, and then explain how we overcome them.

Recall that at a high level, our fast array algorithm represents each abstract array element O[]
by the value of A[i], along with the certification mechanism which keeps track of whether i has
been initialized. Thus, READ(7) simply returns A[é] if ¢ is initialized and f(7) otherwise. Write
operations, on the other hand, follow an apply-then-certify scheme. That is, WRITE(4,v) blindly
applies its operation by writing A[i] < v, and subsequently certifies i if necessary.

A natural idea for implementing an RMW operation on O[i] would be to mimic the apply-then-

certify scheme used by writes in Algorithm 24. For example, O.APPLY (i, CAS, (old, new)) would
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blindly apply r <— CAS(Ali], old, new), and then certify i if necessary, and finally return r. Indeed,
this idea would work if i were already initialized, since, in that case, A[i] would hold the value
of O[i]. However, if ¢ were not already initialized, then the abstract element O[i] has the value
f(i), while A[i] has some arbitrary value. In particular, if f(i) = old, but A[i] = some-other-value
(not equal to old), then O.APPLY (i, CAS, (old, new)) should change O[i]’s value to new and return
true, but the proposed scheme would keep the value the same (at O[i] = A[i] = some-other-value),
certify index ¢, and return false. Thus, both the final value of O[i] and the return value of the
operation would be incorrect.

From the example above, we see that RMW operations are difficult to apply before index ¢ is
initialized and certified, but easy to apply after the certification process. So, our idea is to reverse
the scheme, rather than apply-then-certify, we will implement certify-then-apply. Since this new
scheme will ensure that 7 is always certified first, the actual application of the RMW primitive
can be realized as a hardware primitive applied directly to A[i]. Consequently, we can apply any
primitive operation that hardware supports, not just the select few that we listed at the beginning
of the section.

Certifying first poses a new challenge. When we applied writes to A[i] before certifying, we
were guaranteed that A[i] would hold a valid (linearizable) value by the time ¢ was certified. Since
a reader will return A[i] as the value of O[i] any time after ¢ is certified, we still need to guarantee
that Afi] = OJi] at the time of certification. This seems to be a difficult requirement with our
current setup, since our previous certification process did not touch A[i], but rather linearized at
the time that a CAs was performed on B[i]. To overcome this challenge, we introduce the idea of
fusing as described below.

Fusing: The values stored in each A[i] correspond to the values stored in the corresponding
abstract element OQ[i]. So, it is important to allow these values to take up a full-pointer sized word,
e.g., a 64-bit full-word in a modern 64-bit architecture. The pairs (m,j) that we are storing in
Bli] however, are just an internal representation used by our algorithm. Furthermore, it is entirely
reasonable to assume that this pair can be stored in a single full-word. For example, allocating
14-bits for the process id m would allow for over 16,000 processors, and the remaining 50-bits would
be enough to index an array with a thousand-trillion indices (i.e., an array taking up 8000 terabytes
of memory). Therefore, we modify our representation by, intuitively, “absorbing the array B into
A”. Now, each element of our array A[i] will hold a triple (A[i].val, A[i].pid, A[i].loc), where the

value Ali].val is stored in the first word and the process id Ali].pid and the location Ali].loc are
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Algorithm 25 Atomic fast generalized array for p processes. Pseudo-code shown for an arbitrary
process T.

Variables:
For each process 7 € [p] the following variables are shared across all fast-arrays O:
e ¢-[0,1] is a pointer to an allocated un-initialized array of length 2.
e c[0,...,3] is a pointer to an allocated un-initialized array of length 4.
e k. is a non-negative integer that is initialized to 0.
e X is an array, where each X[n] stores pair that is initialized to (0, cx).

Each object O has two instance variables instantiated by INITIALIZE (mx, fx):
e A is an array of double words.
e ... stores the initial value function.

int
Each process m € [p] uses the following arbitrarily initialized temporary local variables:
e ar,a?: hold (value, process id, array index) triples.
e 2: holds an array index.

o c2ther: holds an array pointer.

procedure O.INITIALIZEx (Mr, fr)

1: A + new double-width-array[m-|
finit — fTr
procedure O.APPLY (ir,0px,argsr)
3: CERTIFY (ir)
4: return op.(Alix].val,argsx-)

procedure O.READ (i)
if ISCERTIFIED, (ir) then return Afi,].val else return f, ,(ix)

procedure O.ISCERTIFIED (%)
ar  Alir]
if 0 < ar.pid < p then
(zr, cfrth”) +— Xlanr.pid]
if 0 < ar.loc < zr and c,
11: return false

ther [a..loc] = &Alix] then return true

12: procedure O.CERTIFY(ir)

13: a2« Alig]

14: if ISCERTIFIED, (i) then return
15: (r,—) « X[n]

16: if £ > cr.len then

17: Cr +— Ch

18: Cr < new array[2 - cq.len]

19: kr <0

20: if a'?.pid = p and a%?.loc = z, then
21: Crlzx] =L

22: Tr — Tx + 1

23: Crlza] + &Alir]
24: X[n] < (xx + 1,¢x)
25: while k, < 22, — ¢r.len do

26: Crlkn] < cxlkx]

27: kr < kr+1

28: if not Cas(Afix], a2, (f,,;.(ix), T, 2=)) then
29: X[7] < (Tr,cx)
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packed into the second word of a double-width word. Modern architectures, such as x86-64, allow
us to perform double-width CAS operations on the full double-word A[i], while also allowing all
the standard single-width hardware primitives (CAS, FAA, FAS, WRITE, etc.) on the first word
Ali].val. Using this feature of hardware, we can safely implement the “certify” portion of the
certify-then-apply scheme. In particular, if process 7 reads ag <— A[i] in its “un-initialized” state,

and creates a certificate for it in ¢, [j], it can perform the certify step via: CAs(A[i], ao, (f(7), 7, 7))-

8.6.1 The pseudo-code and its description

The pseudo-code for a process m’s operations on our fast generalized array is presented as Algo-
rithm 25. The algorithm is built on all of the ideas from the previous section—individual certifica-
tion arrays, synchronization and walk-back, concurrent array-doubling, tombstoning, and certifica-
tion mechanism sharing—along with the ideas introduced above—fusing, and the certify-then-apply
scheme. We proceed to briefly describe the pseudo-code below.

The code of the three operations in the interface is simple to understand. O.INITIALIZE,(m, fr)
simply instantiates a single new un-initialized array A (Line 1), and stores the initialization function
(Line 2). O.APPLY (i, 0px, argsy) executes certify-then-apply by simply certifying at Line 3 and
applying (and returning) at Line 4. O.READ.(ir) simply returns Ali.]’s value field val if i, is
certified and f;,,;;(ir) otherwise (Line 5).

Once again, the main workhorse of the algorithm is the certification mechanism. O.CERTIFY (i)
returns early if i, is already certified (Lines 13-14). Otherwise, it loads the next available certifica-
tion location z, from X[r] at Line 15, and follows the same logical steps as our earlier certification
method: (1) update current arrays if necessary (Lines 16-19), (2) tombstone the location if the
nasty race condition might arise (Lines 20-22), (3) create a certificate for Afir] (Lines 23-24), (4)
transfer values to the next array (Lines 25-27), and (5) synchronize, and walk-back if necessary
(Lines 28-29). The most noteworthy difference from Algorithm 24 is Line 28, where we perform the
double-width CAs operation to simultaneously update Aliz].val to f;,;;(ix) and (Aliz].pid, Aliz].loc)
to (m, xx).

O.ISCERTIFIED, (i) now reads a triple a, (rather than the pair b;) at Line 7, but performs the
same logical function as in the standard fast array. It returns true only if a,.pid and ¢4, pid [ar.loc]
are valid, and if so certifies A[i;] (Lines 8-10). Otherwise, it returns false (Line 11).

The preceding discussion is summarized in the theorem below.
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Theorem 8.6.1. Algorithm 25 is a linearizable wait-free fast generalized array implementation
for p processes. That is, for each process m € [p], it supports INITIALIZE;(my, fz), READ;(iz),
and APPLYy(ir,0pr,argsy) each with a time complexity of O(1). The total space complezity of
the algorithm for supporting k fast generalized arrays of sizes my,...,my is O(M + p), where

M = 2521 m;, given that each memory word has at least logy M + logy p bits.

8.7 Correctness of Fast Generalized Array Algorithm

In this section, we will argue the correctness of Algorithm 25, for a fast generalized array object O

of length m and initialization function f;,;; = f. In particular, we must show that the algorithm

nit
is linearizable and bounded wait-free. Bounded wait-freedom with a constant bound simply means
that each of the operations runs in a constant number of steps—this is apparent from the pseudo-

code. Thus, we immediately have the following lemma:
Lemma 8.7.1. Algorithm 25 is bounded wait-free, and each operation runs in O(1) time.

The entire difficulty of the proof rests in showing linearizability of READ,() and APPLY (). As
we have seen, the certification process is the workhorse of the algorithm. Analogously, formalizing
and precisely stating the definition of the informal statement, “index ¢ is certified” as a formal
predicate CERT(¢) will enable the entire proof. We will define this formal predicate after writing

down some quick definitions.

8.7.1 Some terminology
We will need the following definitions for our proof:
o For each index ¢, define ¢; to be initial value of A[i].

o Each X[r] holds a pair (2, cr); we call the first index X[r].valid-len (because it is the length
of the certification array that is valid) and the second index X|[r].arr (because it points to
the array).

8.7.2 Formalizing Certification: the essence of the proof

For a given index i € [m], we formalize the notion of index i being certified, by defining the predicate

CERT(4):
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CERT(i) =3m € [p],j € N,
((A[é].pid, Ali].loc) = (7, 7) # (ay.pid, a;.loc))
A (j < X[r].valid-len)

A (exlj] = &Ali].val)

Verbally, our definition means that an index is certified if three things hold true simultaneously:
(1) the (A[i].pid, Ali].loc) has changed from its initial value, (2) the certification location j in the
array c, that (A[i].pid, Ali].loc) indicates is valid, and (3) that certification location c,[j] indeed
certifies index i. Notice that conjunct (1) implies that initially CERT(4) is false for all indices
i€ [ml.

We now prove a sequence of lemmas, whose end goal is to establish the correctness of CERTIFY ()
and ISCERTIFIED(i). By this, we mean that any call to CERTIFY (i) will ensure that CERT()
becomes true; we will also show that CERT(i) is monotonic, i.e., if it ever becomes true during
an execution, then it will stay true forever thereafter; finally, we will show that ISCERTIFIED (%)
returns the value of CERT() (at some point during its execution).

Once we establish the correctness of the certification mechanism, the linearization points of

READ() and APPLY() are easy to identify and prove correct.

8.7.3 The intermediate lemmas
Lemma 8.7.2. Initially, CERT(3) is false for every index i € [m]

Proof. The first conjunct in CERT(:) states that (A[i].pid, Ali].loc) # («;.pid, a;.loc). Since Vi €

[m], (Ali].pid, Ali].loc) = (e.pid, a;.loc) initially by definition, we have proved the lemma. O

Lemma 8.7.3. For any given i € [m], if (A[i].pid, A[i].loc) # (a;.pid, a;.loc) at some point in time,
then this implies that CERT(i). Furthermore, it implies that the value of (Ali].pid, Ali].loc) = (m,7),

and the value of ci[j] = &Ali] will never change in the future.

Proof. We show this lemma by induction on the number of steps of the execution. As such, the
base case is clear.
The crux of the inductive step is the following. A process m can only change the value of

(Ali].pid, Ali].loc) by successfully executing the CAS on Line 28. 7’s CAs will only succeed if
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Ali] = ar. Since a, is read at the beginning of the CERTIFY (¢) procedure on Line 13, and 7 will only
get past Line 14 if b, did not point to a certificate that certifies index ¢, so the inductive hypothesis
would imply that (Ali].pid, Ali].loc) = («;.pid,a;.loc). So, there are only two cases: either (1)
ar = a; and the CAS will succeed, or (2) ar # a; and the CAS will fail. Case (2) requires no further
proof since it does not change the state of A[i] and thus the inductive hypothesis directly implies
the inductive step. In case (1), we must establish that if the CAS succeeds, then CERT(7) becomes
true and that the values of (A[i].pid, A[i].loc) = (a;.pid, o;.loc) and c-[j] = &A[i] that hold at this
point in time will never change. For this, we observe that Lines 23-24 create a certificate for index
i and increase X[r].valid-len so that the certificate is valid by the time (A[é].pid, Ali].loc) = (m, j)
is established. Furthermore, since the CAS on Line 28 succeeds, walk-back will not take place on
Line 29. Therefore, this certificate will never be altered while the current array remains c¢;. Even
when the current array gets updated to the next array, we know that ¢ [0...cz.len — 1] = ¢, at
the time that the next array becomes current. So, the certificate remains valid forever. Finally,
(Ali].pid, Ali].loc) will not change in the future, since any process 7 that reads a, < A[i] on Line
13, will notice that the index i is already certified in the check on Line 14, and thereby will not
even attempt to change A[i] on Line 28. We have finished the proof in both cases, and have thus

established the lemma. O

The previous lemma establishes that for any given index i, the value of (Ali].pid, Ali].loc)
changes at most once. Furthermore, if it does change, then the point of its change is precisely the
point at which CERT(7) goes from being false to being true, and this exact certificate will certify ¢
forever on. Equipped with this lemma, we are ready to establish that the two helper methods are

correct.

Lemma 8.7.4. A call to ISCERTIFIED, (i) by process m returns the value of CERT(ir) at some
time t during its execution. We call this time t the actualization point of the ISCERTIFIED; (i)

operation.

Proof. The first step by ISCERTIFIED, (i) is to read and store the value a, < Ali;] at Line 7.
If CERT(i) is true at this point in time, then (A[i].pid, A[i].loc) = (,j) must point to a valid
certificate at the point in time that Line 10 is executed and all future times by Lemma 8.5.3. Thus,
if 7 is able to verify that c.[j] is a valid certificate and indeed certifies index i, i.e. ¢,[j] = &A[ix],
then it can validly return true; because, it must be the case that CERT(7) is true at the time of

execution of Line 10 by Lemma 8.5.3.
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On the other hand, if one of the checks on Lines 8-10 fails, then we can surely conclude that
CERT(i,) was false at the time of Line 7—by Lemma 8.5.3 and the definition of CERT).
So, regardless of what value ISCERTIFIED (i) returns, we know it must be the value of CERT (i)

at some point during the methods execution. That concludes the proof. O

Lemma 8.7.5. A call to CERTIFY(iz) by process m will ensure that index i, is certified before it

returns.

Proof. By Lemma 8.7.3 we must only establish that CERT(i;) is true at some point during the
method.

The first step of CERTIFY(ir) is to read the value a, < Aliz]. If index i, is already certified
at this time, or if the call to ISCERTIFIED, (i;) returns true on Line 14, then by Lemma 8.7.3, we
conclude that CERT(i,) will continue to be true hereafter, by Lemma 8.7.4 we conclude that the
method will return after Line 14.

Otherwise, we can conclude from Lemma 8.7.3 that b, = 3;, when we start Line 15. In this case,
the CERTIFY, (i) method will continue and write and validate a certificate for index i at Lines
23-24, and attempt to place a pointer to this certificate at Line 28. If the CAS on Line 28 succeeds,
we conclude that CERT(i,) must be true at that point and conclude by Lemma 8.7.3. Otherwise,
we conclude that A[i] # ar = «;. This once again implies by Lemma 8.7.3 that CERT(i,) is true
by the end of the method.

That concludes the proof. O

8.7.4 Linearizability of Read() and Apply()

Now that we have established the workings of the certification mechanism, the linearization points

of the READ, () and APPLY () operations become apparent. The linearization points are as follows:
o An APPLY,(ir,0px,argsy) operation linearizes at Line 4.

o A READ,(i,) operation that returns f;,;,(ir) at the actualization point of its ISCERTIFIED (i)

call at Line 5. A READ, (i) that returns Afi,| linearizes exactly when it returns.

Lemma 8.7.6. Algorithm 25 is linearizable, with READ,() and APPLY.() operations linearizing
at the points presented in the itemized list above, and at all times Vi, CERT(i) = O[i] = Ali].val

according to the claimed linearization.
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Proof. The itemized list justifies that the claimed linearization points exist and occur within the
invocation-response intervals of the given operations. The remainder of the proof is by induction
over the number of linearization points. The base case is trivially true, and the inductive hypothesis
assumes that all previous linearization points are consistent.

The linearization points of the APPLY (4, op, args) operations are justified because they maintain
the invariant that CERT(i) = OJi] = A[i] that we claim in the theorem statement. And return
the result of calling the operation op with arguments args on O[i] = Ali], by making the call and
return on Line 4.

By the given linearization points, no APPLY (i) operation linearizes before CERT(i) becomes
true. Thus, a READ(7) that returns f;,,;,(¢) is justified in linearizing at the actualization point of
the ISCERTIFIED (i) call, since CERT(i) = false at that point by Lemma 8.7.4. Similarly, a READ(¢)
that returns A[i] on Line 5 is justified in linearizing at the same time, since A[i] = O[i] once i is

certified by the linearization points of previous apply operations. O

Lemma 8.7.1 and Lemma 8.7.6 together establish the correctness of the main theorem about

our fast-array Algorithm 25. Thus we have justified Theorem 8.6.1.

8.8 Experiments

We perform experiments using two 8-core Intel Xeon E5-2670 CPUs with two-way hyper-threading.
The machine has 64GB of DRAM. Our machine ran 64-bit Ubuntu 12.04 with Linux kernel 3.13.0-
143. All algorithms were coded in C++ and without any optimizations or specific algorithmic
engineering to increase the speeds from the pseudo-code presented. We used std::threads to
implement our concurrent fast array, and we compiled our code with g++ version 4.8.4 with the

-std=c++11, -pthread, and -mcx16 options set. We experiment with four different algorithms:

1. standard: a classic array, where initialization is performed by a linear-time for-loop through

the indices of the array.

2. memset: a classic array, where initialization is performed by the C+-+ memset primitive. The
memset operation can only be used to initialize an array to all Os. In particular, it cannot be

used to initialize it to an arbitrary function f.

3. folklore: the sequential folklore fast array algorithm (i.e., Algorithm 23). This algorithm

can only be used by a single process; it is not a concurrent algorithm, but it can serve as a
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Time to Initialize Integer Arrays of Various Lengths Time to Initialize 4GB Fast Array for Various Numbers of Processes
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Figure 8.8.1: Figure 8.8.1a is a log-log plot charting the time to initialize arrays of various lengths
for a single process. Figure 8.8.1b is a plot charting the times to initialize fast arrays of length one
billion for various numbers of processes.

baseline.

4. fast array: our concurrent fast array (i.e., Algorithm 24).

Our experiments focus on measuring the speeds of the three operations—INITIALIZE(), READ(),

and WRITE(). We present the results below.

1. To compare the speed of INITIALIZE() across all four algorithms, we measure the time to
initialize arrays to all zeroes. The array lengths we test are m = 10" for k € {3,4,5,6,7,8,9}
with each entry being 4 bytes, i.e., arrays of size 4KB to 4GB. As predicted by the algorithmic
analysis, the folklore and fast array algorithms take only constant time to initialize, while

initializing by for-loop and memset take linear time.

As shown in Figure 8.8.1a, initializing an array with memset is 1.2-4.7 times faster than
initializing with a for-loop, however initializing a fast array of length one billion is more than
14,000 times faster than initializing with memset. As the length of the array gets smaller,
the initialization time advantage of fast arrays reduces. Fast array initialization and memset
initialization become equally fast at an array length between 10* and 10°, and fast array
initialization and for-loop initialization become equally fast at an array length between 103
and 10*. We consistently observe that initializing a fast array takes only as much time as
initializing a folklore array. As shown in Figure 8.8.1b, it takes only 3.3 times more time to

initialize a 4GB fast array for 30 processes rather than one for a single process.

2. While fast arrays are much faster to initialize than standard arrays, read and write operations

are slower on these arrays at all levels of concurrency. In order to measure exactly how much
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Time to Finish 1 Million Reads

= standard == fastarray - uninit fast array - init

time in seconds
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Figure 8.8.2: This plot compares the time to read from one million indices of a standard array
versus a fast array for various numbers of concurrent processes. For the fast array, both reads from
uninitialized and initialized indices are compared.

slower fast array reads are, we measure the cumulative time to perform one million reads
using each type of array. Since the fast array READ() algorithm is different for indices that
have been “initialized”—i.e., written to at least once after initialization—versus those that

are “uninitialized”, we measure the two types of reads separately (see Figure 8.8.2).

The main takeaways of the experiment are as follows: (1) the two different types of reads—
initialized and uninitialized—on fast arrays are of comparable speed; (2) fast array reads are

2.1-4.3 times slower than reads to standard arrays.

3. Algorithm 24 suggests that writes to “initialized” indices should be faster than those to “un-
initialized” indices. This is also confirmed by our experiment shown in Figure 8.8.3. In
particular, fast array writes to un-initialized indices are 621 times slower than standard
writes, but writes to initialized indices are only 2.2-4.9 times slower. It is noteworthy here
that the slower speed only occurs once per index, and all subsequent writes to that index

happen at the faster speed.

4. Writing to a new index in a fast array is 6-21x slower than writing to a new index in a naive
array. So, fast arrays maintain their initial advantage over standard arrays as long as only

4-17% of the array indices are written to.

8.9 Application: Fixed Size Hash Table

To illustrate the power of the fast arrays, we present an implementation of a provably efficient

fixed-size concurrent hash table built using fast generalized array as Algorithm 26.
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Time to Finish 1 Million Writes
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Figure 8.8.3: This plot compares the time to write to one million indices of a standard array
versus a fast array for various numbers of concurrent processes. For the fast array, both writes to
uninitialized and initialized indices are compared.

8.10 Algorithm

Theorem 8.10.1. Let H be a fized size hash table, whose code is described by Algorithm 26. Then,
the worst-case time complezity of INITIALIZE, is O(1) if the ARRAY is a fast-generalized-array and
O(my) if the array is a standard array. With an oblivious scheduler, the expected time complexity
of each of INSERT, and GET, is O(1) if the total number of different keys inserted into H over the

history is at most Am, for any fixed constant load factor A < 1.

Proof. Let n < Am (we will use the notation m = m; for simplicity hereafter), be the total number
of distinct keys inserted into the hash table over the entire history of the object. Once a key k
is inserted, k’s position in the array is unique and unchanging over time, i.e. there is exactly one
position in the array that has the key k£ and that position never changes. Thus, we can consider
the state of the array A = H.A after all the distinct keys have been inserted. We consider an array
component A[i] occupied if Ali].EXIT # L, and we consider it empty otherwise. Thus, once the n
keys have been inserted into A, the array will have certain contiguous sequences of array components
that are occupied that are preceded and succeeded by empty components; we call these contiguous
sequences chunks. For the purposes of chunks, we consider A to be circular and all array indices
we refer to in the analysis are mod m. We define the (probabilistic) event CHUNK(4,¢) to mean
that there is a chunk of length ¢ starting at index 1, i.e., A[i],..., A[i + ¢ — 1] are occupied and both
Ali — 1] and A[i 4 ¢] are empty.

Now consider the first time (by linearization) that a key k is inserted into H. k will occupy a
new location in A during this insertion, and the time taken by the insertion will be at most the

length of the chuck that contains the index h(k) (if there is such a chunk) plus O(1). Thus, using
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Algorithm 26 Fixed size linear probing hash table using fast arrays.

procedure H < INITIALIZE;(mg,hy) > m, is the size of the table. h. is the hash function.
L: A < new ARRAY(mg, (L, 1))
2: h < hy

procedure H.INSERT,(kr,vr)

3 iz < h(kr)
4 while true do
5 T Alig]
6: if 2, .EXiT = k, then CAS(A[iz], Zx, (kr,vz)); return
7 else if ;. ExXiT = 1 then
8 if Cas(Aliz], 2, (kr,vr)) then return
9: else if Afi;].EXIT = k; then return
10: ir < ((iz +1) mod A.len)
procedure H.GET, (k)
11: irx < h(kr)
12: while true do
13: Tr < Alix]
14: if x..EXIT = k,; then return x,.val
15: else if ;. ExXiT = 1 then return L
16: else ir < ((ir +1) mod A.len)

procedure H.DELETE, (k)
17: INSERT (K, L)

1(prop) to refer to the indicator variable of proposition prop, we see that the time, T'(k), taken to

insert k is bounded by:

m n

T(k) <O1)+ Y > 0 1(CHUNK(i, ) A (k) € [i,i + ()

i=1 (=1
Given that the chunk [i,7 + ¢) exists, the probability of a new (never before inserted) key k

hashing into the chunk is //m. Thus, we can bound the expected insertion time as follows:
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E,T(k) <O(1)+E, i zn:E - 1(CHUNK(Z,£) A h(k) € [i,i+ 1))
i=1 (=1

=0(1) + i zn:é -Ep1(CHUNK(, £) A h(k) € [i,i + £))

=1 (=1

=0(1)+ i ZH:E - Pr,(CHUNK(7,€) A h(k) € [i,i+{))
i=1 (=1

=0(1) + Em:znzﬁ - Pr(CHUNK(3,0)) - Py(h(k) € [i,i+ £) | CHUNK(i, £))

i=1 (=1

=0(1)+ i zn:f - Pp,(CHUNK (4, £))

X m
i=1 (=1

=O0(1) + > £*- P,(CHUNK(i, 1))
(=1
In order to bound the terms of the form P(CHUNK(z,¢)), we observe that CHUNK(¢, ¢) implies
that at least £ of the n keys hash to values in the range [i,i + £). Thus, defining HiTs(i, ) to be

the event that at least ¢ of the keys hash into the range [i,i + ), we observe

E,T(k) < O(1) + f:ﬂ - P, (HITS(3, ¢))
/=1
Here, we observe that by the uniformity of the hash value of a given key and the mutual
independence of the hash values of the n distinct keys, the random variables X = > " | X; where
each X; indicates whether the i*" key hashes to the range [i,i-+£) is a sum of independent indicators.
Thus, P,(HITs(i, ) = Py(X > £). Since E, X = 3" | E,X; = 2 < M. We use Chernoft’s bound

(Theorem 3.2 from [35]) to evaluate that:
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B 3(1 — )2
= cap (‘m ' f)

— e—const-f

Thus, in total we get a summation over ¢ of a polynomial term divided by an exponential
term, which—of course—yields a constant even if the summation is over all natural numbers.

Quantitatively, we see:

E,T(k) <O(1) + ZH:EQ - Py (H1TS(4, £))
=1

n 52
= 0(1) + Z 6const-€
/=1

= 0(1)

That completes the proof for first insertions. Since subsequent insertions take exactly the same
time as the first insertion, the argument is complete for all insertions. Since getting a key also
costs at most a constant more than the length of the chunk that the key hashes into, the same
argument suffices for gets also. The time bounds for initialization are evident. Thus, the proof is

complete. ]

8.10.1 Lower Bound

A natural question, is whether we can get a provably efficient concurrent re-sizing hash table by
enhancing the Algorithm 26 to expand and contract. In the following lower bound argument, we

prove that due to a phenomenon called “randomness leaking”, it is difficult to obtain such a result.

Theorem 8.10.2 (Randomness Leak). Let H be a concurrent hash table designed for one or more

processes, run with an adaptive scheduling adversary, and satisfying the following properties:
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1. From its current state, H allows at least m inserts without changing the current hash function

h.
2. H.GET (k) reads the hash-value h(k) at some point in its execution.

3. There is a monotonically increasing function f : N — R, such that if n € N distinct keys

k1,...,k, with the same hash value © = h(ky) = h(ke) = --- = h(ky,) are inserted into H,
then a subsequent H.GET.(k) for any key k & {ki,...,k,} with h(k) = ¢ will take time at
least f(n).

Then, the following statement holds:

o For every n < m, and any length £ = Q(n - m), assuming there are at least mn + 1 keys in
the universe (i.e. key-space), there is a sequence of O(f) Get and exactly n Insert operations

that results in Q€ - f(n)) work, i.e., Q(f(n)) work per operation on average.

Proof. Fix the parameters m, n, and £. The adversarial scheduler can produce the described work-
heavy execution as follows. First, the scheduler chooses mn + 1 distinct keys x1,...,5mpt1. In
order to discover their hash values, the scheuduler asks process 7 to perform GET,(k;) for each
i € [1I,mn + 1]. By the second assumption, the get-queries reveal all the hash-values h(k;) to
the adversarial scheduler. Since there are only m values in the range of the hash function, by
the pigeonhole principle, some subset of n 4+ 1 distinct keys must hash to the same value. Let
ko, k1, ..., ky be such a subset of keys and let ¢ = h(kg) = h(k1) = --- = h(k;,,) be their hash value.
The adversarial scheduler now makes 7w perform INSERT,(k1, L),..., INSERT;(ky,, L) in sequence.
Finally, the adversarial scheduler makes m query GET, (ko) repeatedly ¢ times.

The procedure above is sound, since by the first assumption the hash function A does not change
as this procedure is executed. By construction, the total number of insertions is exactly n. The
total number of Get operations is mn + 1+ ¢ = O({), since ¢ = Q(mn). Finally, by the third
assumption, each of the final £ query operations takes at least f(n) time; thereby leading to a total

work complexity of Q(¢ - f(n)). O

Our lower bound shows that many concurrent hash tables require super-constant work per

operation in the worst-case [182, 84, 60].2

2The paper on the “split-ordered hash table” [182] states that “under any scheduling adversary our new algorithm
provides a lock-free extensible hash table with O(1) average cost per operation” (page 383; re-expressed as Theorem
3.15 in that paper). However, from an inspection of the code, it is clear that the algorithm satisfies the hypotheses
of Theorem 8.10.2 with f(n) = n, thus, in the worst-case operations require Q(n) work. In particular, the original

229



8.11 Discussion and Future Work

In this work, we designed the first algorithms for concurrent fast arrays and fast generalized arrays.
We have also presented some brief experiments to measure the empirical efficiency of our fast arrays.
Just as sequential fast arrays have found several applications, we envisage future work that

explores applications of these concurrent fast arrays. The following directions seem promising.

e The concurrent union-find data structure of Jayanti and Tarjan [118], which is used in the
fastest parallel algorithms for computing connected components and spanning forests on CPUs
and GPUs [95, 51], requires a generalized array of n nodes, with each node initially pointing
to itself, i.e., f(i) = i. So, any concurrent union-find object on which only o(n) operations

are performed benefits from the use of our fast generalized array.

e A concurrent (standard) fast array is useful for implementing an adjacency matrix, F, of a
mutable sparse graph. In particular, adding or removing an edge (4,7j) is implemented by
writing 1 or 0 (respectively) in E[i, j|, and querying an edge (7, j) is a simple read of E|i, j].
The real saving lies in storing the graph initially. To store a sparse graph of m < n? edges,
we initialize the matrix E with all-zero entries in just O(1) time, and then add the m edges,
one at a time. Thus, the entire graph is stored in just O(m) time, instead of the usual ©(n?)

time.

e Kanellakis and Shvartsman introduced the write-all problem, a version of which is stated as
follows: given an array A of length m such that each entry A[i] has an arbitrary initial value,
devise an algorithm for p asynchronous processes to initialize each entry A[i] to 0, such that
no process returns before the initialization is complete. This problem has attracted a lot of
research [125, 150, 31, 11, 84], especially since a write-all solution is a critical subroutine in

some implementations of concurrent hash tables [68, 69, 182].

Although the two problems are different, fast arrays and write-all share the quest to achieve
“fast initialization”. The difference is that write-all insists on physically initializing each array

element, whereas a fast array promises only to create the illusion of initializing each element.

analysis does not account for randomness leaks, i.e., it assumes that a hash function mapping individual keys inde-
pendently and uniformly when it first sees them implies that specific user-specified keys (which could be adversarially
correlated through the hash function, if the program picks keys dynamically as in the lower bound) will be uniformly
distributed. I believe the constant bound could hold for schedulers which cannot orchestrate randomness leaks.
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Thus, initialization takes only O(1) time with fast arrays, while it takes at least linear time
in any solution of write-all. Consequently, if an algorithm that uses a write-all solution can

instead be satisfied with a fast array, then the algorithm’s speed can potentially improve.

e Allocating a hash table of size n requires ©(n) time using conventional arrays (because of
initialization). As a result, it has been difficult to implement efficient re-sizable lock-free hash
tables [68, 69, 182]. Using fast arrays however, a new table of any size can be allocated in just
O(1) time. Exploiting this feature, we are in the process of designing a re-sizeable wait-free

hash table that guarantees O(1) average time for find and insert operations.

We look forward to the further development and deployment of these ideas by algorithmists

and practioners alike.
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Chapter 9

The (Generalized Wake-up Lower

Bounds

9.1 Introduction

Data structures are the fundamental building-blocks behind algorithms. In asynchronous shared
memory computing, linearizable wait-free data structures based on registers and universal primitives
(such as compare-and-swap and LL/SC) have become the gold standard, since they are essentially
equivalent to atomic data structures [93, 89]. A good metric for data structure efficiency is step
complezity, the total number of shared memory steps executed to complete a data structure opera-
tion. While researchers have developed very efficient sequential data structures for stacks, queues,
priority-queues, union-find etc., designing similarly efficient shared memory data structures has
remained an elusive task. Even the simplest data structures such as counters and fetch-and-inc
suffer from logarithmic overheads in the number of processes, p.

Worst-case lower bounds have been shown for many data types (stacks, queues, fetch-and-add,
etc.) [103]. However, analysis of sequential data types tells us that amortized complexity can often
be very different from worst-case complexity: for example, the single operation worst-case cost of a
union-find operation on an instance of size n is ©(logn/loglogn) [25, 64], while its amortized cost
is only O(a(n,m/n)) (inverse-Ackermann function) [198, 196, 64]. Yet amortized lower bounds for
concurrent data types remain a largely under-studied area.

In this work we propose a new technique, which we term the generalized wake-up technique,

for proving lower bounds on the amortized complexities of operations on linearizable data types
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that are built from primitive variables supporting read, write, and compare-and-swap (CAs). Our
technique is developed by generalizing Jayanti’s wake-up problem, and extending his lower bound
analysis to our generalized version of the problem [103]. Our main theorem deals with a situation
in which p processes are executing in an asynchronous shared memory system, trying to collect
information about how many other processes are “waking up” by taking at least one step. Given
a decreasing sequence of numbers less than p s = sq,...,5s,, our main theorem shows that any
algorithm for p asynchronous processes that uses variables supporting only read, write, and CAS,
and guarantees that at least s; processes figure out that at least i processes have taken one step
for each 1 <7 < p must have an asynchronous schedule that forces the total number of steps by all
processes to be at least Q (3-7_, log s;). Our lower bound holds even for randomized algorithms.
The main contribution of our work is the use of our generalized wake-up lower bound in several
reductions showing lower bounds on the amortized step complexities of various data types. In
particular, we show that the following amortized lower bounds hold against all deterministic and
randomized algorithms for asynchronous shared memory systems with p processes that use variables

supporting read, write, and compare-and-swap:

1. m operations on any union-find object with n items take 2(mloglog(np/m)) steps in expec-

tation.

Remark: this is the first non-trivial lower bound for the concurrent Union-Find data type,

and is the most involved of our reductions. We consider this the highlight of our work.

2. Define an r-relaxed counter as a fetch-and-increment object whose “fetch” returns a value that
is within an additive r of the correct counter value. m operations on a ((1 — ¢)p/2)-relaxed

counter take Q(mlogp) steps in the worst case.

Remark: Our lower bound shows that Ellen and Woelfel’s implementation of fetch-and-
increment [57] and Jayanti’s implementation of a counter [106] have optimal amortized step
complexity. Furthermore, the Q(logp) overhead for counting in an asynchronous system
is unassailable even for randomized algorithms, and even if the counter needs to be only

approximately accurate.

3. Define an r-relaxed priority queue as an object that returns one of the top r items in priority
order. For r > 1, this is a relaxation of the standard priority queue—which corresponds to the

1-relaxed priority queue. m deleteMin operations on a ((1 — €)p)-relaxed priority queue take
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Q(mlogp) steps in the worst case. We also prove analagous results for the r-relaxed stack

and r-relaxed queue objects.

The remainder of this chapter contains three sections. In Section 9.2 we discuss the specifics
of our concurrency model, define the wake-up problem and our generalized version of it, and state
our main theorem used to prove amortized lower bounds. In Section 9.3 we discuss the Union-Find
data structure and prove an Q(mloglog(np/m)) lower bound on the expected step complexity of
any concurrent implementation of it. Finally, in Section 9.4 we present our lower bounds for fetch-
and-increment objects, counters, approximate counters, stacks, queues, priority queues, and the

relaxed versions thereof.

9.2 Concurrency Model and the Wake-Up Problem

We consider the shared memory asynchronous multiprocessor model of computing with p processes
P =my,...,mp. We allow an infinite set of arbitrarily initialized shared variables V', each of which
can have arbitrarily large size (even infinite size). In this model, each of the p processes has its
own local memory and also has access to the collective shared memory. A step of the algorithm
by a process m; consists of an arbitrary sequence of primitive operations by 7; involving only local
variables ended by a single primitive operation involving a shared memory variable. Exactly one
process executes an operation in every discrete time step; the particular process m; to execute a
primitive operation at time step ¢ is chosen by an adversarial scheduling function ¢ : N — P. ¢
gets to decide which process in P executes at time ¢ by looking only at the past (including past
randomness).

In our model we allow three atomic primitive operations on each variable x € X: read(z):
returns the value of z, write(x,v): updates x’s value to v, CAS(x,v,v’): checks if x = v, if so it
updates x’s value to v/ and returns true;otherwise it does not change x’s value, and returns false.
We allow additional strength in the model by allowing the write and CAS primitives to update
z’s value to a random value. That is, we allow v to be a random variable that is resolved to a
realization at the execution time of the operation.

In this work, we will be interested in concurrent algorithms. A concurrent algorithm A assigns
code to each process m;. For a particular algorithm A and a schedule o, we say that A runs under
o if processes execute the primitive shared memory steps of their algorithms in the order assigned

by the scheduler . The history of a process 7; up to time ¢ is the entire sequence of operations
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performed by m; and return values received by 7; up to time ¢t. In particular, if the history of a
particular process 7; is the same if t; steps of algorithm A are executed under schedule oy or if to
steps of algorithm A are executed under schedule o3, then the two scenarios are indistinguishable

to ;.

9.2.1 Wake-Up

In his work [103], Jayanti proved worst and expected case step complexity lower bounds for various
data types such as queues, stacks, or fetch-and-adds. His proof proceeds in two steps. First, he
defines a simple problem called wake-up, and shows that any solution to this problem has a worst-
case schedule that forces some process to take Q(logp) steps. Second, he reduces the wake-up
problem to the various different data structure problems.

In the asynchronous scheduling model, no process knows when it and other processes will be
given their first step. Jayanti’s wake-up problem [103], requires one of the p processes to discover
that all processes have been given at least one step. Formally, the problem is to give code for the

p processes such that the following conditions are met:
1. (termination) Each process m; returns either 0 or 1 in a bounded number of its own steps.
2. (truthfulness) If some process m; returns a 1 at time ¢, then {o(1),...,0(t)} = P.
3. (non-triviality) At least one process must return a 1.

Jayanti’s work implies the following theorem

Theorem 9.2.1 (Theorem 6.1 in [103]). Let A be a randomized algorithm that solves the wake-up
problem for the processes in set P of size p = |P|. Then, there is a schedule o, such that the
processes of P executing A under schedule o results in some process performing Q(logp) steps in

expectation.

Jayanti uses Theorem 9.2.1 to show some process must take Q(logp) steps in a worst-case
schedule of any solution to wake-up, and uses reductions to prove that worst-case step complexities
of various objects is Q(logp). If it were in fact the case that the total step complexity—total
steps taken by all p processes—in a solution to wake-up is w(p), then his reductions would imply
non-trivial amortized lower bounds as well. Unfortunately, we show that this is not true by giving
Algorithm 27, which solves wake-up in O(p) total steps—a constant number per process—using the

idea of a tournament.
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We first present the algorithm when p is a power of 2; the generalization is immediate to those
familiar with binary trees. Let B be a complete binary tree with p leaves, that initially has a value
0 in every node. Each process p; has a current node x; (initially the ith leaf, ¢;, of the tree). The
algorithm is recursive, and at each current node 7; tries to CAS a 1 into its current node. If the
CAS succeeds, m; changes its current node to z;.parent if x;.sibling = 1; otherwise, it terminates
and returns 0. A process that successfully gets to the root of the tree returns a 1 to indicate the

all processes are up.

Algorithm 27 The tournament tree algorithm to solve wake-up (code for process ).

1. procedure WAKEUP(z = ¢;)

2 if z is the root then return 1

3: if Cas(z.value,0,1) then

4 if z.sibling.value = 1 then return WAKEUP(z.parent)
5

return 0

Informally, the algorithm works since a node that makes its current node x can infer that every
process with a leaf in x’s subtree must have taken at least one step. Thus, a process that has the
root as its current node can return that all processes have woken up. The O(p) step complexity
results since at most O(1/2") fraction of the processes ever set their current node at height h in

the tree. We state and prove the correctness and work complexity of Algorithm 27 below.
Lemma 9.2.2. The tournament tree algorithm (Algorithm 27) solves wake-up in O(p) total steps.

Proof. We argue correctness of the algorithm by showing each of the three conditions separately,

and then derive the step complexity.

1. (termination) Termination of the algorithm follows from the fact that the tree has bounded

depth.

2. (truthfulness) Induction on the number of steps shows that the tournament maintains the
invariant that if a process m;’s current node is z;, then no descendant of z; contains the
value 0 in it. The base case is trivial since all processes start at the leaves, and the leaves
have no descendants. The induction step follows since m; makes x;.value = 1 and checks
that x;.sibling.value = 1 before updating its current node to x;.parent. In particular, the
invariant implies that every m; is awake for every leaf /; in the subtree of x;, since 7; alone

can set ;.value = 1. Thus, when a process’s current node is the root, it can safely return 1.
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3. (non-triviality) The proof is trivial if p = 1. Otherwise, consider any internal node y in the
tree. Induction on the height of the subtree at y shows that exactly one process successfully
performs a CAS into the each of y’s children nodes. We see that the latter of these processes
to successfully perform its CAs on a child of y will surely make y its current node at some

point in the algorithm. Since the root is an internal node, some process returns 1.

4. (efficiency) To show efficiency, we notice that half the processes that make it to height h in
the tree fail to make it to height h + 1. Since the work of a process is proportional to its final

height in the tree, the total work is bounded up to a constant by p + > 5o, ph/2" = O(p).

O

Remark 9.2.3. If p is not a power of two, it suffices to use the almost complete binary tree of

height [logp] and start some of the processes at leaves that are at depth [logp] — 1.

9.2.2 Generalized Wake-Up

The O(p) step complexity solution to wake-up in Algorithm 27 implies that the wake-up problem
and reductions from it cannot be used to prove amortized lower bounds. But we dig deeper into
the proof idea of Theorem 9.2.1 to reveal that a generalization of the wake-up problem can lead to
a strengthening of Theorem 9.2.1 that is strong enough to show powerful amortized lower bounds.
We give an informal description of this proof method below.

Consider the setting where the processes in the set P are running a randomized algorithm A
which uses variables in the set V. At any point of time, we can define a knowledge-set for each
process m;. m;’s knowledge set at time t is the set of processes that m; can infer to have woken
up, i.e. taken at least one step, based on its history—its sequence of operations on shared memory
and the values it received in return. Similarly, we can define a knowledge-set for each variable
x € V. x’s knowledge set represents the set of processes that a process could infer to have woken
up if it reads x. Since a process can return 1 only after it is sure that every other process has
woken-up, the process that returns 1 must have a knowledge-set of size p before it returns. Jayanti
proves his theorem by constructing a special schedule ¢* and a sequence of “knowledge” functions

parametrized by round r: K, : (PUV) — 2P and shows that:
1. According to ¢*, each process that is yet to return takes exactly one step in each round r.
2. |K,(¥)| is an upper bound on the knowledge set of entity ¥ € (P U V) after round r.
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3. |K, (V)| < 4" for any round 7.

By the last inequality, Jayanti shows that when the algorithm A is run under schedule ¢*, there
must be at least one process who does not return until round r = log, p.
In order to get the correct generalization of the wake-up problem, we interpret the above schema

in the following way.

Observation 1. The step complexity lower bound for wake-up comes about because a single

process must reveal that it has a large knowledge set.

Therefore, in order to get a stronger lower bound, we define a generalization of wake-up which
forces multiple processes to reveal that they have large knowledge sets. Thus motivated, we define
the generalized wake-up problem below.

The Generalized Wake-Up (GWU) family of problems for p processes is parametrized by a mono-
tonically non-increasing sequence sy, . . ., s, of values between 1 and p. The problem GWU (sy, ..., sp)
is to design an algorithm for the p processes such that each process m; returns an integer in the
range [1,p] (a lower bound on the the number of processes it knows to have woken up), which

satisfies the following conditions:

1. (termination) Each process m; must return a value in the range [1, p).
2. (truthfulness) If 7; returns k at time ¢, then |[{o(1),...,0(t)}| > k.

3. (non-triviality) At least k processes must return a value greater than sj.

Informally, generalized wake-up specifies a sequence of values, and the algorithm must ensure that
the processes demonstrate at least as much knowledge as the sequence requests.

Observe, that Jayanti’s wake-up problem is the instance GWU (p,1,1,...,1). Also, note that
there is no algorithm with bounded step complexity for instances of generalized wake-up where
s;i > p — 1+ 1, since the scheduler can wait for an unbounded amount of time before letting the
(p — i)th process wake up. So, we call the instance GWU (p,p — 1,p — 2,...,1) the Strong Wake-
Up (SWU) problem, and in general require that the sequence s be majorized by the sequence of
descending numbers from p.

The following is our main theorem about Generalized Wake-Up.

Theorem 9.2.4. Let A be a randomized algorithm that solves GWU(s1,...,sp) for processes
T1,...,Tp. There is an asynchronous schedule o such that when algorithm A is run under schedule

o, the total number of steps performed by all the processes is Q (p+ > +_ (log s;)).
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Our proof of Theorem 9.2.4 is built off the work of Jayanti in [103]. We therefore summarize
the important steps from Jayanti’s work on the wake-up problem in the following discussion and
then proceed to prove Theorem 9.2.4.

Consider the setting where the processes in the set P are running algorithm A which uses
variables in the set V. Jayanti constructs a schedule ¢* and a sequence of “knowledge” functions

parametrized by round r: K, : (PUV) — 2P and shows the following theorem.

Theorem 9.2.5 (Jayanti’'s Theorem: Lemma 5.1 and Lemma 5.2 from [103]). Let the processes P

be running some algorithm A:

1. o* operates in rounds where each process gets to take a step in every round, i.e., for each

non-negative value r € {0} UN, {o*(rp+1),...,0*(rp+p)} = P.
2. Knowledge is initially small and grows at most exponentially: Yoo € VU P, | K, (a)] < 4.

3. Knowledge is mazimal (Indistinguishability): If the current time t € [rp + 1,rp + p| (we are
in the rth round), then for each process m, there is an alternate schedule o+ and an alternate
time t' such that {or+(1),...,0.:(t')} = K,(7), and running the same algorithm A with
schedule o for t' time steps as opposed to with o* for t time steps would yield the same
history for process w. So, m cannot distinguish whether all process have taken steps or only

those in the set K, ().

An informal interpretation of Jayanti’s Theorem is as follows: At any point of time, we can
define a knowledge-set for each process m;. m;’s knowledge set at time ¢ is the set of processes
that m; can infer to have woken up, i.e., taken at least one step, based on its history—its sequence
of operations on shared memory and the values it received in return. Similarly, we can define a
knowledge-set for each variable x € V. x’s knowledge set represents the set of processes a process
could infer to have woken up if it reads 2. Theorem 9.2.5 upper bounds the sizes of these knowledge
sets as follows. K. (V) is entity U’s knowledge set after round r, where W is either a process in P
or a variable in V. At the beginning of the algorithm each process only knows that it has woken
up, and nothing about the rest of the processes; similarly, the variables are in their initial states
and therefore do not indicate any information about which processes have woken up and taken a
step. So, |K1(V)| <1 forall ¥ € (PUV). The crux of the theorem is the last part, which states

*

that Jayanti’s schedule, o*, ensures that the amount of knowledge of any given entity ¥ at most

quadruples per round.
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We use Jayanti’s Theorem to prove the lower bound of Theorem 9.2.4 on the total number of

steps to solve the GWU sy, ..., sp) problem.

Proof of Theorem 9.2./. If a process m; returns a value v after r rounds of ¢*, its return value can be
at most v < |K,(m;)| < 4", since otherwise by the indistinguishability clause of Jayanti’s Theorem,
it would also return the same value v in oy, ; and violate the safety condition of generalized wake-
up. Since the return values of the processes must majorize the sequence si, ..., sp, the process with
the j* largest return value cannot return before log,(s;) rounds. So, the total number of steps by
all the processes must be at least the sum > ©_; log,(s;) = Q(3_7_; log s;). Moreover, every process
must take at least one step in order to satisfy termination, and thus the total step complexity is

also at least Q(p). Combining the two bounds proves the theorem. O

The next corollary shows that this theorem is sufficient to get a non-trivial total step complexity

for Strong Wake-Up.

Corollary 9.2.6. The total number of steps by all processes to solve Strong Wake-Up is Q(plogp).
P

Proof. Z log(p— i+ 1) =logp! = Q(plogp). O
i=1

While it relies on a simple observation, Theorem 9.2.4 yields powerful amortized lower bound re-

sults. In the remainder of this chapter, we describe some important data types and show amortized

lower bounds on their operation step complexities.

9.3 Union-Find Lower Bound

The Union-Find object maintains a set, S, of n elements as a collection of equivalence classes, under
dynamic unions. Initially, each element of the set is in its own individual equivalence class, and the
single element is the representative of its equivalence class. The object supports three operations,

defined as follows (where z,y € 5):

(1) UNITE(z,y): combine the equivalence classes containing = and y into a single equivalence

class, and fix some element of this class to be the new representative;
(2) FIND(z): return the representative of z’s equivalence class;

(3) SAMESET(z,y): return true if  and y are currently in the same equivalence class, and false

otherwise.
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The exact formulations of the object semantics have varied. Usually, sequential data type literature
has focused on objects requiring support for only the UNITE and FIND operations [67, 97, 198, 196,
64, 75], while concurrent data type literature has focused on UNITE and SAMESET [11, 118]. We will
follow this convention without restatement as we discuss the literature. Notably, our lower bound
holds even if the concurrent implementation only supports UNITE and SAMESET. We also note that
the various formulations of the problem are closely related. For instance, SAMESET(z,y) can be
implemented trivially in the sequential setting by simply checking if FIND(z) = FIND(y). While it
is more difficult in the concurrent setting, Anderson and Woll show a very efficient implementation
of SAMESET from FIND in [11].

The Union-Find object spurred the genesis of many sophisticated algorithmic and complexity
analysis techniques. In 1964, Galler and Fisher designed a compression heuristic to improve the
performance of the simple tree algorithm for the Union-find problem [67]. This algorithm spurred
a decades-long investigation into the amortized complexity of operations on the union-find data
type which produced fascinating advances in algorithmic analysis and lower bound techniques [67,
97, 198, 196, 25, 64, 11, 75, 118]. Amortized analysis has focused on the time complexity of
performing m operations on a problem instance with n nodes. In 1973 Hopcroft and Ullman
showed that the compressed-trees algorithm has a complexity of O(mlog*n) [97], where log" is
the iterated logarithm. In a breakthrough result, Tarjan showed tight bounds on the complexity of
the same algorithm; his bound—©0(ma(n, m/n))—related the simple problem of equivalence class
maintenance to the complicated inverse-Ackermann function “«” [198]. Tarjan’s analysis however,
left open the question of whether there was some other better algorithm for the union-find problem.
In attempts to refute such a possibility, Tarjan showed that no algorithm in a large class of separable
pointer machine algorithms could beat the Q(a(n,m/n)) lower bound [197], and Tarjan and van
Leeuwen also proved that many variants of the original compressed tree algorithm matched the
lower bound [196]. In 1984, Blum showed that while Tarjan and van Leeuwen’s algorithms were
possibly optimal in their amortized complexity, the worst-case complexity of Union-Find algorithms
could be improved from O(logn) to O(logn/loglogn) [25]; he also gave a matching lower bound in a
restricted model of computation. Time complexity questions on both the amortized and worst-case
time complexities of the union-find object were resolved in 1989 by Fredman and Saks. They gave
lower bounds of Q(a(n, m/n)) and Q(logn/loglogn) for the amortized and worst-case complexities
of Union-Find operations in the cell probe model of computation (which is stronger than standard

RAM model) [64].
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Investigation into the complexity of the linearizable wait-free shared memory union-find object
was started by Anderson and Woll. Complexity of the concurrent algorithms has been measured
in amortized work, the total number of primitive steps required for m operations divided by the
number of operations m. In 1991, Anderson and Woll gave an algorithm with an amortized work
complexity of ©(p + a(n,m/n)) [11]. In 2016, Jayanti and Tarjan showed a randomized algorithm
(that under certain scheduling assumptions) reduced the overhead per operation in the number
of processes from Q(p) down to O(logp) in expectation [118]. In concurrent work, Jayanti and
Tarjan have showed the same expected work upper bound without any scheduling assumptions
[personal communication]. The amortized complexity of an operation in Jayanti and Tarjan’s
algorithm is O(log(np/m) + a(n,m/(np))). Compared to the sequential algorithm, their algorithm
has logarithmic overhead in the number of processes p, but before this work a lower bound on the
amortized complexity of the concurrent union-find data type (beyond the sequential lower bound
of Fredman and Saks) was unknown.

In the subsequent subsection, we give the first non-trivial lower bound on the amortized work
complexity of the concurrent union-find data type. In particular, we show the existence of a set of
m union-find operations performed across p processes and a schedule ¢ such that any linearizable
algorithm for concurrent union-find must perform at least £2(mloglog(np/m)) steps to perform the

operations.

9.3.1 Amortized Lower Bound

In order to prove a lower bound, we must find a way of leveraging the generalized wake-up lower
bound. That is, processes must leverage the UNITE and SAMESET operations to get information
about how many other processes have woken up and taken at least one step. Our high-level idea
for gaining this information is to leverage path lengths in graphs. That is, let V' be a set of vertices,
and E C V x V be a set of edges (generally not including all possible edges). A process p can
dynamically “add the edge (u,v) € E” into the graph by performing UNITE(u,v). After some
processes have added some edges, there is a resultant graph H = (V, F'), where F' C E is the set
of edges that have already been added to the graph. A process p’ can “check if vertices u’ and
v" are connected” in the resultant graph H by performing SAMESET(u/,v"). We observe that if
SAMESET(u/,v") is true, then at least §(u’,v’) edges must have been added to the graph, where ¢
is the shortest paths function on the original graph G = (V, E). In particular, if each process is

somehow restricted to add at most one edge, then SAMESET(u/,v") = true implies that at least
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d(u',v") have woken up. On the flip side, also note that if SAMESET(v/,v’) is false, then that gives
us no wake-up information. So, in order to get an amortized bound, we must design a procedure to
ensure that many processes will get non-trivial wake-up information, so that we can leverage the
generalized wake-up lower bound.

We will see as the proof unfolds that ensuring many SAMESET operations return true amounts
to picking a highly connected graph G. However, the length of the shortest paths become smaller
as connectivity goes up. For instance, in the best connected graph—the complete graph—all shortest
paths are of length one, and thus even when SAMESET operations return true, only trivial wake-
up information is gained. This inherent trade-off between connectivity and long paths makes the
graph we pick very pivotal to the proof. We formalize the notion of graph connectivity that we will

require:
Definition 9.3.1. The edge expansion constant h(G) of a graph G = (V, E) is defined as

A . |Eout(s)‘

min @ ————,

hG) Scv
1SI<IV]/2

where E,,¢(S) is the set of edges that have one vertex in S, and one vertex in V — S.

The edge expansion constant measures the connectivity of a graph — the higher the constant,
the more connected the graph is. Sparse graphs with a high edge expansion constant are called
expanders, and are known to have many applications in computer science [96]. The following result

implied by Friedman [66] states that good expanders exist for any number of vertices:

Lemma 9.3.2 (By Friedman [66]). For every large-enough n, there is a 4-regular expander graph
Gn = (V, E) with |V| =n, |E| = 2n, and h(G,) > 0.2.

In the following lemma, we prove that all subgraphs of an expander with sufficiently many edges

have large connected components.

Lemma 9.3.3. There are constants a < 1 and b > 0 such that the following holds for any large
enough n. Let H = (V, F) be a subgraph of G, = (V,E). If |F| > a|E|, then the largest connected

component of H has size at least b|V|.

Proof. Let C1,...,Cp C V be the connected components of H. Assume none of the components

are larger than |V|/2 in size. Then, by the definition of h(:), at least h(G,) - |C;| edges of E go
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between C; and V — C;. Thus,

‘ WG)V|  h(G)E]
;umwz =

N

¢
1
Bl = [F 2 5> [Bow(Ci)| >
=1

So |F| <|E|(1 — h(G)/4) < 0.95|E| if max; |C;| < 0.5|V|.
Set a = 0.95 and b = 0.5, and the result follows. O

We will now construct a reduction from Union Find to Generalized Wake-Up. For any integer
t > 0 and large enough n so that G, has the properties of Lemma 9.3.2 and Lemma 9.3.3, let
p = 2n3t and m = 2p. We will now describe an algorithm on p processes that performs m
operations of concurrent disjoint set union on n nodes.

Work with G,, = (V, E). Define a process type to be a triple (e = (u,v),z,y) where e € E and
u,v,z,y € V. Since |E| = 2|V| = 2n, there are a total of 2n® = p/t process types, so we can create

t processes of each type. The type ((u,v),z,y) process performs the steps in Algorithm 28.

Algorithm 28 A reduction to generalized wake-up
1. procedure GWU(((u,v),x,y))

2: UNITE(u, v)
3: return max(d(z,y),1) X SAMESET(x, y)
Order the processes as m1,...,m, based on the linearization points of completing the UNITE

operation on line 2. We denote the type of m; by T'(m;) = (e; = (wi,v;), i, vy:). Let I = [1,4],
be the indices of the first ¢ processes to linearize their UNITE operations; and define H = (V, F)
where F' = J,c;{e;} is the set of edges. The constant ¢ will be defined by the schedule to be the
smallest constant that ensures a “large” connect component in H by Lemma 9.3.3. In particular,
pick ¢ to be the minimum number such that |F| > a|E|. Let C be the set of vertices in the largest
connected component of H. Let P = {m; : e; ¢ F'} be the set of processes whose UNITE operation
in Algorithm 28 will not attempt to add an edge in F'. Finally, let a, b be the constants from Lemma
9.3.3.

We will now prove a series of short lemmas that have the following informal meanings:

1. The largest connected component in H = (V, F), i.e. C, contains a constant fraction of the
vertices of V. Furthermore, the set of processes in P which will attempt to unite edges not

in I, is at least a constant fraction of the total number of processes.
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2. If x and y are random vertices in V', then with constant probability they will be in the

connected component C' and the distance between them will be Q(logn).

3. The first two lemmas imply that a constant fraction of the processes will return a value that

is Q(logn).
4. The previous lemma implies an (loglogn) amortized lower bound.
Lemma 9.3.4. |C| > bn =Q(n) and |P| > (1 —a)p — p/|E| = Q(p).

Proof. |C| > b|V| = bn by Lemma 9.3.3, since |F| > a|E].
Since there are p/|E| processes that are trying to perform a union involving the vertices of any

given edge in G, |P| = (|E| - [alE[]) - i = p(1 —a) — p/|E]. O

Lemma 9.3.5. Let (x,y) be a random pair of vertices from V.
P(z,y € C and §(x,y) > (1/2)log,n) > b*(1 — 2/(by/n)).

Proof. P(z,y € C) > b? because |C| > b|V| by Lemma 9.3.4. And P(6(x,y) > (1/2)logyn | z,y €
C) > 1—2/(by/n), since by the 4-regularity of G, the radius » > 1 neighborhood of vertex = has
size at most 2 - 4". So, the r = (1/2) log, n neighborhood of x has at most 21/n vertices. O

Lemma 9.3.6. A constant fraction of the processes return a value that is Q(logn).

Proof. All the processes m; € P for which z;,y; € C and 6(x;,y;) > (1/2)log,n, return at least
(1/2)logy;n = Q(logn) = Q(logp), since ¢ > £ by the definition of P. By Lemma 9.3.5, the fraction
of such processes returning Q(log n) is at least b?(1—2/by/n). So the total number of such processes

is at least |P|b?(1 — 2/by/n) > Q(p), by Lemma 9.3.4. O

Lemma 9.3.7. Algorithm 28 solves GWU (s1,...,sp) where s; = --- = s, = Qlogn), sx11 =
<o =8, =1 and k = Q(p).

Proof. We argue each of the GWU conditions. Termination follows by wait-freedom of the Union
Find data structure. Truthfulness follows since every process adds at most a single edge to the
graph through its unite operation on line 2, so a successful SAMESET(z, y) operation indicates that

at least min(1,d(x,y)) processes have woken up. And non-triviality follows by Lemma 9.3.6. [
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We now translate the lower bound from Lemma 9.3.7 into a lower bound parametrized by the
number of operations m, the number of processes p, and the size of the Union-Find object n,

through a combinatorial argument.

Theorem 9.3.8. Consider any randomized algorithm for p-process shared memory Union Find on
an instance with n nodes. Let m > n and m > 2p. Then, there is a sequence of m Union Find

operations on the p processes and n nodes that takes Q(mloglog(np/m)) shared memory steps.

Proof. Divide the n nodes into groups of size s = |2np/m]. Have g = |m/2p] groups Vi,...,Vy,
ignoring extra nodes.

For each group Vj, do not use all the nodes in the group, but only use s’ = O(s'/3) = O(p!'/3) of
the nodes, so that we can choose ¢ so that p’ £ 2(s")3t = Q(p) and p’ < p, and can run Algorithm
28 on p’ processes, where there are t processes of each type. By Lemma 9.3.7 and the GWU
lower bound (Theorem 9.2.4), running Algorithm 28 with these parameters takes Q(p’loglogs’) =
Q(ploglog(np/m)) shared memory operations in the worst case.

We therefore run Algorithm 5 as above for each group of nodes, in a series of g rounds, letting
all operations from the previous round complete before starting the next one. The total worst-case
cost is Q(gploglog(np/m)) = Q(mloglog(np/m)), the total number of processes used is < p, the
total number of nodes used is < n, and the total number of Union Find operations invoked is at

most 2p’ - g < 2p-m/(2p) = m. O

9.4 Other Lower Bounds

The complexity of a linearizable concurrent data structure is, in general, bounded below by the
complexity of its sequential counterpart since the concurrent data structure must deal with coor-
dinating between the multiple processes. Lots of recent algorithmic work has focused on designing
concurrent data structures with low concurrency overheads. Two notable examples of concurrent
data structures that have been incredibly successful in reducing concurrency overhead to a term
that is merely logarithmic in the number of processes are: Ellen and Woelfel’s algorithm for imple-
menting the fetch-and-increment object [57], and Jayanti’s algorithm for implementing concurrent
counters [106]. Both of these works have produced concurrent data structures with worst-case and
amortized step complexities of merely O(logp). Jayanti’s lower bound in [103] is sufficient to show
that these implementations have optimal worst-case complexities. In this section, for the first time,

we show that the amortized time complexities of these implementations are also optimal.
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Where research has failed to produce concurrent data structures with low concurrency over-
heads, researchers have attempted to produce fast data structures for relaxed versions of the same
data structures. For example, an h-relaxed Priority Queue is a version of a priority queue where
the deleteMin operation is required to return an element in the smallest h elements in the prior-
ity queue, rather than just the smallest element. A notable recent work in this direction is the
SprayList, a probabilistic implementation of a O(p log® p)-relaxed priority queue, which supports
deleteMin in O(log® p) expected steps [4, 5]. In this section, we show amortized step complexity
lower bounds for relaxed priority queues as well as for queues and stacks.

We start by giving descriptions of the data types of interest.
1. Counters: objects that enable incrementing (or decrementing) and reading the current value.

(a) fetch-and-inc: holds a single value v (initially 0) and supports the single operation
F&INc, which simultaneously returns the current value of v of the object and updates

v+v+ 1.

(b) counter: holds a single value v (initially 0), and supports two operations INC(), which

updates v < v 4+ 1, and READ, which returns the current value v.

(¢) h-approz-counter: A counter whose READ operation is allowed to return a value in the

range [v — h,v + hl.

2. Ordered Collections: objects that allow insertion and deletion according to a standard
order. Examples include Queues, Stacks, and Priority queues. We always let INSERT be the
insert operation (enqueue, push, insert) and REMOVE the removal operation (dequeue, pop,
deleteMin).

An h-relazed Ordered Collection is an ordered collection object whose REMOVE operation
is allowed to return one of the top h items in the standard order (as opposed to just the

top one).

We give amortized lower bounds for counters and ordered collections in this section. When
appropriate, we also remark on algorithms with matching or near-matching step complexities.

Theorem 9.4.1 (Counters).

(1) Let A be any linearizable randomized algorithm for fetch-and-inc. For every m > p, there is
a sequence of m operations and a schedule that forces A to take Q(mlogp) steps to perform

the operations.
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(2) Let A be any linearizable randomized algorithm for a p(1 — €)/2-approz-counter, where € > 0
is a constant. For every m > 2p, there is a sequence of m operations and a schedule that

forces A to take Q(mlogp) steps to perform the operations.

Proof. To prove (1) in the case that m = p, we observe that the p processes can solve strong wake-up
using fetch-and-increment, by each returning x.F&INC on a fetch-and-increment object initialized
to 0. If m > p, we repeat the procedure in phases. That is, the p processes use p operations to solve
SWU in each phase, and there is a break in between phases to ensure that all processes complete
their operations from the previous phase. Simply running for m/p phases yields the lower bound
when m > p.

We prove (2) in the specific case of the h = p/3 approx-counter for concreteness. The proofs
for all € are exactly analagous. First, let m = 2p. We consider the algorithm where each process
m; does: x.INC followed by z.READ, on an h-approx-counter object x. If a process reads a value
of at least p/2, it knows for sure that at least p/2 — p/3 = p/6 processes have woken up, and thus
can return p/6. Every process after the p/2 4+ p/3 = 5p/6th process to perform increment, must
read a value of at least p/2 by linearizability, and thus at least p/6 processes return a value of at
least p/6 thereby solving GWU (s), where s; = p/6 if i < p/6 and s; = 1 otherwise. Theorem 9.2.4
gives an Q(plogp) step complexity lower bound for this GWU instance. If m > 2p, simply run in

phases. ]

Remark 9.4.2. Theorem 9.4.1 shows the tightness of two algorithms: (1) Ellen and Woelfel give
a O(mlogp) linearizable wait-free fetch-and-increment construction in [57], and (2) Jayanti gives
a O(mlogp) construction for a counter in [106]. (A counter is obtained by f-arrays when f is the

operation “+7.)

The argument in Theorem 9.4.1 also shows that maintaining the size of a shared memory
data structure (such as a stack, queue, or set), even up to an additive approximation, is impossible
without at least an amortized-logarithmic step complexity in either the INSERT or REMOVE method.
The following theorem shows that if the collection is ordered, then just the REMOVE method must

have a logarithmically high amortized complexity even if size does not need to be maintained.

Theorem 9.4.3. Let A be any linearizable randomized algorithm for an h-relaxed Queue, h-relaxed
Stack, or h-relaxed Priority Queue for h = (1 — €)p, where € > 0 is a constant. For every m > p,
there is a set of m REMOVE operations and a schedule that forces A to take Q(mlogp) steps to

perform the operations.
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Proof. For simplicity of exposition, we start with the case of ¢ = 1/2 and m = p, so that h = p/2
and consider the h-relaxed priority queue. Let @) be the priority queue, and let it initially be
filled with the items {1,...,m = p}, and consider the algorithm in which each process m; simply
performs Q. REMOVE. If a process receives a value greater than 3p/4, then it must be the case that
at least p/4 processes have already succeeded in performing their REMOVE operation—otherwise,
3p/4 would not be among the p/2 smallest items. Since there are only p items in @ and there
are p removals, every item is removed by some process. It follows that the p processes can solve
GWU (s) with s; = p/4 if i < p/4 and s; = 1 otherwise. This yields a lower bound of Q(plogp) by
Theorem 9.2.4.

If m > p, then simply start with a priority queue with the items {1,...,m}, and run in m/p
phases as in the proof of Theorem 9.4.1. Note that in this case it is possible that the item “1” will
remain in ) until the final phase, since it may never be picked by a removal due to the relaxation,
and thus it cannot be guaranteed that the p items that are removed by the processes in phase r
are (r — 1)p+1,...,rp. However, the processes can communicate “out of band” between phases,
and thus know exactly which items are remaining in ) at the beginning of each phase.

If £ is not 1/2 but is some other constant, the proof proceeds similarly. The main difference
is that the instance of GWU(s) that is solvable now has s; = ep/2 for i < ep/2 and s; = 1 for
i>ep/2.

If the object @ is not a priority queue, but is instead a stack or a queue, then we simply start

with the items {1,...,m} in last-in-first-out (LIFO) / first-in-first-out (FIFO) order. O
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Chapter 11

A Univeral, Sound, and Complete
Technique for Machine-Verifiable

Proofs of Linearizability

11.1 Introduction

Data structures that organize, store, and quickly recall important pieces of information are the
fundamental building-blocks behind fast algorithms. Thus, efficient and rigorously proved data
structures are fundamental to reliable algorithm design. The task of designing such data structures
for shared-memory multiprocessors, however, is notoriously difficult. Due to asynchrony, a t step
algorithm for even just two processes has 2, i.e. exponentially many, possible executions depend-
ing on how the steps of the processes interleave. In fact, even deterministic concurrent algorithms
have uncountably many possible infinite executions, as opposed to the single possible execution of
a deterministic sequential algorithm. Designing algorithms that are correct in all of these execu-
tions is a grueling task, and thus, even mission critical concurrent code often suffers from subtle
race conditions. For example, a subtle priority inversion bug in its concurrent code crashed the
Pathfinder Rover days after its deployment on Mars and jeopardized the entire multi-million dollar
NASA space mission [124]. Examples of errors in published concurrent data structures are also not

left wanting [37, 53].
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11.1.1 Understanding the Problem

Rigorously proving the correctness of a concurrent data structure implementation O consists of two

steps:

1. A prover, often the algorithm designer, deeply studies the implementation O and produces a

proposed proof P.

2. A wverifier evaluates the proposed proof P by confirming that each claim made in the proof
is mathematically justified, and that the resultant chain of reasoning constitutes a legitimate

proof of O’s correctness.

In general, proving any type of correctness of any algorithm can be inherently intellectually difficult
and time consuming, since it requires the prover to contemplate the algorithm deeply, understand
why it is correct, and express this understanding in the methodical language of mathematics.
Verifying many types of proofs can be rather easier, since it is in its essence a mechanical check.

In this work, we focus on concurrent data structures for asynchronous shared-memory multipro-
cessors. In particular, linearizability [93], which states that data structure operations must appear
to take place atomically even in the face of tremendous concurrency, has been the longstanding
gold standard for concurrent data structure correctness. Its close cousin strong linearizability [80],
which ensures that even the hyper-properties of the data structure match those of an atomic object
has also garnered a lot of recent interest [16].

When the correctness condition being proved is linearizability, we observe, in practice, that even
the verification step can be taxing and time-consuming. Firstly, the proposed proof P can often run
for several tens of pages of a dense research paper. For example, the original paper on linearizability
[93] contains a short seven line implementation of a queue. To prove its linearizability, the authors
propose an eighteen line invariant. The proof of correctness of this invariant and its entailment
of the queue’s linearizability are presented in a 14 page technical report. Those familiar with this
queue implementation know that it, like many linearizable algorithms is inherently “very tricky” to
prove correct, and thus it is commendable that the authors, Herlihy and Wing, were able to design
this algorithm and give a proof of it. Nevertheless, the subtlety and sheer length of the proof P,
makes the job of a conscientious verifier quite hard.

In general, depending on the length of an algorithm and its proof, the mere process of verifying
the mathematical validity of the linearizability proof can take hours, days, or even weeks. In some

cases, due to the difficulty inherent to writing such long and intricate proofs, provers resort to
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making high-level “hand-wavy” arguments, or omit proofs altogether. This makes the verifier’s job
more difficult to impossible. In other cases, the verifier may be a conference reviewer who does
not have the time to verify a long proof and thus must skim the details of the proof which may
contain errors; or the end-user of the algorithm may not be a verifier, but an engineer who does not
have the time or the mathematical preparation to independently verify the algorithm’s correctness
before using it in a deployed system.

For all of these reasons, it is not shocking that mistakes in concurrent algorithms are so prevalent,
even in mission critical deployed code. To avoid such critical errors, we propose designing concurrent

data structures whose correctness is machine-verified to limit the scope for human error.

11.1.2 Our Work

Informally, an object O is linearizable, if for all finite runs R of any algorithm A that uses O, and
every operation op that is performed on O in the run R, there exists a point in time between op’s
invocation and return where it “appears to take place instantaneously”. This definition, in particular
the non-constructive existential quantifier “there exists” inside the universal quantification, makes
it difficult to prove linearizability. This difficulty is only exacerbated, if the proof is to be provided
in a way simple enough for a machine to verify. In fact, if approached naively, the prover would need
to map each run of the algorithm to a linearization, i.e. a description of where in its invocation-
response time interval each operation “appears to take place instantaneously”, and then prove that
each such mapping is legitimate. This is a difficult task, given that it is known that proving even
a single fixed run R linearizable is NP-hard [74].

Our goal however, is to devise a method for proving linearizability that not only works for
a single implementation, or even a single type, but to devise a method that is universal and
complete. By universal, we mean that our method should be powerful enough to allow for a
proof of linearizability for implementations of any object type. By complete, we mean that any
linearizable implementation, regardless of how complex its expression or linearization structure,
must be provable by our method. Of course, our method will also be sound, meaning that any
argument that is given using our method is indeed a correct mathematical proof of linearizability.
Finally, we ensure that our method enables machine verifiable proofs by currently available proof

assistants, which are generally built to verify proofs of simple program invariants.
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Our Contributions

1. We develop a rigorous universal, sound, and complete method for proving linearizability. In
particular, we define a universal transformation that takes an arbitrary implementation O of
an arbitrary type 7, and outputs an algorithm A*, called the tracker, and a simple invariant

I*, and prove a theorem that:

O is a linearizable implementation of type 7 if and only if T* is an invariant of A*.

(Thus, we can produce a machine verified proof that Z* is an invariant of A* to establish that

O is linearizable.)

2. In fact, we give a whole family of transformations that each output different algorithms A’,
called partial trackers, with associated invariants Z’, and prove that for any of these partial

trackers:

O is a linearizable implementation of type 7 if Z’ is an invariant of A’.

3. We develop a rigorous universal, sound, and complete method for proving strong linearizabil-
ity. In particular, we show that for each partial tracker A’, there is an alternate associated

invariant Z”, and we prove that:

O is strongly linearizable if and only if some partial tracker A’ has its associated Z” as an invariant.

4. Finally, we demonstrate the power of our methods by producing machine-verified proofs of
linearizability and strong linearizability for some notable data structures. In particular, we
prove the linearizability and strong linearizability of the Jayanti-Tarjan union-find object,
which is known to be the fastest algorithm for computing connected components on CPUs
and GPUs [51, 95]. Our proof is verified by the proof assistant TLAPS (temporal logic of
actions proof system) [153], and is publicly available on GitHub!. We and our collaborators
have also used our method to produce TLAPS-verified publicly available linearizability proofs
[211, 210, 94] of (1) the aforementioned Herlihy-Wing queue, which is notorious for being hard
to prove correct [178]; and (2) Jayanti’s single-writer, single-scanner snapshot algorithm, in

which processes play asymmetric roles [105].

!The proofs are available at: https://github.com/visveswara/machine-certified-linearizability
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11.2 Related Work

There have been innumerable works on the design and analysis of linearizable and strongly lineariz-
able objects over the years. Here, we will focus only on works whose principal aim is to produce
proofs of linearizability.

Herlihy and Wing’s landmark 1990 paper that introduced linearizability also seeded the dis-
cussion on how to prove implementations linearizable [93]. In particular, their paper introduced
the concept of possibilities, i.e. the notion that we can imagine several different orders in which
partially completed operations could return in the future, and consider linearizations that are con-
sistent with such possibilities. They expanded on this framework in a related publication [92]. Their
initial ideas in these papers saw fruition in their proof of linearizability of the tricky Herlihy-Wing
queue implementation.

Using the power of machine proof assistants in order to partially or fully prove the correctness
of linearizable algorithms is a more recent advent. The results in these categories can generally be
classified into three types: model checking, ad hoc proofs of particular data structures, and more
general techniques.

First, there are several works that model check algorithms [30, 145, 207]. Model checking does
not prove correctness; rather, it mechanically searches through small runs of the algorithm with a
few processes, and returns a counter-example if it finds one.

Second, there are semi machine-verified and fully machine-verified proofs of linearizability for
several specific data structures. For instance, Doherty et al. proved the linearizability of Scott’s
famous lock-free queue implementation [54], Gao et al. spent several years proving the correctness
of their concurrent open addressing hash table [69], and Colin et al. proved the correctness of a
certain list-based set algorithm [38]. Various other algorithms have also been proved linearizble
using shape analyses that examine the pointer structures within an object [205, 20, 9]. These
works prove the correctness of some important and interesting concurrent algorithms. However,
they are aimed at producing proofs of specific algorithms rather than presenting widely applicable
techniques.

Third, there are general purpose techniques. Most of these techniques, such as [204, 206], are
sound but not complete or universal. That is, they are targeted at showing the linearizability
of a limited class of algorithms, rather than any linearizable implementation of any type. To

our knowledge, the only previous sound and complete technique is by Schellhorn et al. [178].
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This technique mechanizes Herlihy and Wing’s original possibilities proof strategy through the
technology of observational refinement mappings and backward simulations. The authors give a
single example demonstration of their technique—a mechanized proof of the Herlihy-Wing queue
verified by the proof assistant KIV. In contrast to Schellhorn et al’s technique, our method for
proving linearizability only requires familiarity with the notion of an invariant.

Dongol and Derrick wrote an extensive survey on machine assisted proofs of (standard) lineariz-
ability [55]. To the best of our knowledge, we are the first to introduce a general machine verifiable

proof method for strong linearizability.

11.3 Model and Definitions

A concurrent system consists of a set of asynchrounous processes, II, that communicate through
operations on a set of shared objects, 2. Each process has a distinct name and a set of private
registers, including a program counter. Each object has a distinct name and a type, which specifies
the operation’s supported by the object and how these operations behave, i.e. how each operation
changes the object’s state and what response it returns. An algorithm specifies a program for each
process, and an initial state for each object. An algorithm’s execution proceeds in steps. In a step,
any one process atomically executes the line pointed to by its program counter. It is common for
algorithms to restrict each line in a program to apply at most one operation on a shared object;
however, to ensure that our results apply to a wider class of algorithms, we do not impose such
a restriction. In an asynchronous execution of the algorithm, a (possibly) adversarial scheduler
decides which process 7 € Il will execute the next step in its algorithm at each discrete time step.

We formalize and expound these notions below.
Definition 11.3.1 (object type). An object type T consists of the following components:
e a set of states X that the object can be in.
e a set of operations OP that can be invoked on the object.
 for each op € OP, a set of arguments ARG, that the operation op can be called with.

e a set of responses RES, a.k.a. return values.

a transition function 0(o, T, op,arg) that outputs the new state ¢’ and the return value res

that result when the operation op with argument arg is performed by process m while the
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object is in state 0. Formally, the transition function is

0: X xII x {(op,arg) | op € OP,arg € ARGy} — X X RES

Remark 11.3.2. Operations that require “no argument” (i.e. read), are modeled as taking an
argument from a singleton set (i.e. ARGy eqq = {L}). Similarly, operations that return “no result”

(i.e. write), are modeled as returning the result ack.

Remark 11.3.3. Our definition of § (as a function) can be modified to a relation to allow various
generalizations of the concept of object type—types that are non-deterministic, types where not
every process is allowed to perform every operation (e.g., single writer snapshot), and types where

an operation’s behavior can depend on which process executes the operation (e.g., LL/SC).

To exemplify this definition of an object type, we present the formal description of an integer

valued register that supports the Read and CAS operations in the figure Object Type 11.3.4.

Object Type 11.3.4 (Read/CAS register). For a Read/CAS register type that stores integer
values, we have:

. N =2,

e OP = {Read,CaAs}

o ARGRead = {L}, ARGcas = 2, X 2,

e RES = Z,U {true, false}

e Transition function ¢ is defined as follows:

— O(u, 7, Read, 1) = (u,u)

(y, true), ifx=wu

— O(u, 7, CAS, (z,y)) = {

(u, false), otherwise

Definition 11.3.5 (algorithm). A (concurrent) algorithm is a tuple (11,2, Cp), where:

o Il is a set of processes, where each process m € Il has a program and private registers, including
a program counter pc; which points to the line in the program that should be executed next.

A process’s state at any point in time is described by the values of its private registers.

o ()is a set of objects, where each object has a type, and is in one of its states at any point in

time.
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e (p is a non-empty set of configurations, called initial configurations, where a configuration is
an assignment of a state to each object w € € and an assignment of values to the private

registers of each process 7 € II.
Definition 11.3.6 (step, event, run).

o A step of an algorithm is a triple (C, (, £), C") such that C is a configuration, 7 is a process,
¢ is the line of code pointed to by 7’s program counter in C, and C’ is a configuration that

results when 7 executes line ¢ from C.
o The event corresponding to a step (C, (m,¢),C") is (7, £), i.e., process 7 executing line /.

o A run of an algorithm is a finite sequence Cy, (71,¢1),C1, (72, £2),Co, ..., (7k, L), Cx or an
infinite sequence Cy, (m1,¢1),C1, (72,¢3),Ca, ... such that Cy is an initial configuration and

each triple C;_1, (m;, £;), C; is a step.

11.3.1 Implementation of an Object

Implementing complex objects, such as queues and snapshots, from primitive objects supported
by the underlying hardware (registers supporting read, write, CAS etc.) is a central problem in
multiprocessor programming. Below, we describe what an implementation entails. Later on, we

will define what it means for an implementation to be correct, in the sense of linearizability.

Definition 11.3.7 (implementation). An implementation O of an object of type T initialized to

state og for a set of processes II specifies

e A set of objects ) called the base objects along with their types and initial states.

o A set of procedures O.opr(arg) for each m € II, op € 7.OP, and arg € T.ARG,p,. The objects

accessed in the code of the procedures must all be in €.

To execute an operation op with argument arg on the implemented object O, a process w
invokes the method O.op;(arg) (and executes the code in the procedure). The value returned by

the method is deemed O’s response to this operation invocation.

Notice that this definition only captures the syntactic aspect of an implementation. We will
now build up to defining the correctness of an implementation.

Intuitively, the implemented object is correct if it behaves like an atomic object of the same
type. To formally capture correctness, we define behavior, the notion of an atomic implementation,

and the correctness condition of linearizability.
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11.3.2 Behaviors of an Implementation

Consider an object implementation O, and a run R in which processes invoke operations on O,
execute the corresponding procedures of O, and receive responses. By the definition of a run, R
is an alternating sequence of configurations and events. Some of the events are invocation events,
i.e. calls to O’s procedures, and some are response events, i.e. the execution of return statements
of O’s procedures. (Of course, there are other events, such as the execution of other lines between
the call and return of a procedure.) We call the subsequence of R that includes only the invocation
and response events the behavior in R. For example, if O is an initially empty queue, a behavior

can be

(m1, invoke engx, (5)), (72, invoke degx,()), (73, invoke engx, (7)), (m2, response return 7), (72, invoke engx,(9))

Every possible behavior of an implementation O can be generated by the algorithm of Figure 11.3.1,
where each process repeatedly chooses an operation non-deterministically, invokes it by calling the
corresponding procedure, and executes the procedure until it returns (receives a response). The

next definition captures this discussion.

Initial Configurations:
e w is an object of type 7, in its initial state og.

o Each process m € II is assigned the program main(); i.e. pe, is initialized to the first line
of main.

o Every other private register of each m € II is initialized arbitrarily.

program main()
a: while true do choose any (op, arg) € {(0,a) | 0 € T.OP,a € T.ARG,} and invoke O.opx(arg)

Figure 11.3.1: Generator algorithm A(O) that generates all behaviors of an implemented object O
of type 7. Code shown for process m € II.

Definition 11.3.8 (implementation runs and behaviors). Let O be an implementation of a type
7 initialized to oq for a set II of processes. We define the runs of O to be the set of all runs of the
generator algorithm, A(Q), presented in Figure 11.3.1. Let R be the set of all runs of O. For any
run R € R, we define behavior(R) to be the subsequence of all the invocation and response events

in R. The set of all behaviors of O is {behavior(R) | R € R}.
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11.3.3 The Atomic Implementation

Implementing an object from base objects of other types is often challenging, but implementing an
object O from a base object w of the same type is trivial: each procedure O.op(arg) is implemented
simply by executing w.op;(arg) and returning the received response. We call this implementation

the atomic implementation.

Definition 11.3.9 (atomic implementation). The atomic implementation of an object O of type T,
initialized to oy, is the implementation presented in Figure 11.3.2. (On line 2, the implementation

resets rr to L as soon as it returns the value.)

Base Object: w is an object of type 7, initialized to state ogyg.

procedure O.op,(arg € T.ARG,)p) > for each op € 7.OP
L: Tz < w.opr(arg)
2: return r;
rp 4 L

Figure 11.3.2: Atomic implementation of O of an object of type 7 initialized to state og € 7.3.

11.3.4 Linearizability

We are now ready to define linearizability. Intuitively, an object implementation is linearizable if

it behaves like an atomic object of the same type. Formally:

Definition 11.3.10 (linearizability). For a set II of processes, let O be an implementation of an
object of type 7 initialized to og, and let Ogtomic be the atomic implementation of an object of
type 7 initialized to og. Furthermore, let R be the set of all runs of A(O) and Ratomic be the set
of all runs of A(Ouiomic). We say a run Raomic € Ratomic is a linearization of a run R € R if
behavior(R) = behavior(Rgtomic). Correspondingly, we say that a run R € R is linearizable if it
has a linearization Rgiomic € R; equivalently, if behavior(R) is also a behavior of Ogiomic. We say
that the implementation O is linearizable if every finite run R € R is linearizable. Equivalently, O

is linearizable if every finite behavior of O is a behavior of Ogomic.

11.3.5 Strong Linearizability

In general, a run R of a linearizable implementation can have multiple linearizations. Intuitively, a

linearizable object implementation satisfies strong linearizability if for any run of the implementation
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R the object can “commit to a specific linearization” L£(R), such that the linearization of any

extension of the run R is an extension of L(R).

Definition 11.3.11. For a set II of processes, let O be an implementation of an object of type 7
initialized to oo, and let Ogiomie be the atomic implementation of an object of type 7 initialized to
0o. Furthermore, let R be the set of all runs of A(Q) and Ratomic be the set of all runs of A(Ogtomic)-
An implementation is strongly linearizable, if there is a linearization function £ : R — Ratomic that
maps each run R of the implementation to an atomic run £(R) of the atomic implementation that

is a linearization of it, such that if R, is a prefix of R, then L(R,.) is a prefix of L(R).

Not all linearizable implementations are strongly linearizable, since, for some implementations,
we need to extend a different linearizations of a run R to linearize different extensions of R. This
notion of strong linearizability is subtle, but has been shown important in preserving hyperproperties

of composed algorithms, such as output probability distributions [80, 16].

11.4 Ouwur Proof Technique for Linearizability

Our goal is to devise a scheme by which algorithmists can produce machine verifiable proofs that
complex concurrent object implementations are linearizable. To prove linearizability of an imple-
mentation O, our technique is to augment O’s code to produce an augmented implementation O
in such a way, that O is linearizable if and only if the generator of O, i.e. A(O), satisfies a cer-
tain simple invariant. In the following, we describe the rules for augmentation, and some specific

augmentations of interest.

11.4.1 Augmenting an Implementation

Informally, an augmented implementation O has all the code of O, and more. In particular, O may
employ additional auziliary base objects, and at each line manipulate these auxiliary objects along

with performing the code of that line in the original implementation.

Definition 11.4.1 (augmentation). Let O be an implementation of type 7 with initial state oq
from base objects  for processes II. An augmentation O of O is also an implementation of type 7

with initial state oy for processes II, with the following properties:

« O may employ an additional set of auxiliary base objects Qquz; thus, O is an implementation

from Q = QU Quua-
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o For each line ¢ of each procedure O.op,(arg), the augmented procedure has a bijectively
corresponding line £ of O.op,(arg), such that; ¢ contains all the code of the corresponding

line £ and, optionally, some additional code that only changes objects in 4.

Since the additional code has no impact on the original base objects of O or the private registers

of any 7 € II (including pc, ), we note that O and O have identical behaviors as summarized below.

Observation 2. If O is an augmentation of O, then the set of behaviors of O is identical to the

set of behaviors of O.

When we have two implementations © and O, we will often be interested in analyzing coupled

runs of these implementations as defined below:

Definition 11.4.2 (coupled runs). Let O and O be implementations of the same object type
7 for the same set of processes II, with bijectively corresponding lines. We say a run R =
Co, (m1,41),C1, (72, £32),...,Ck of A(O) and a run Ry, = Cy, (71,¢1),C1, (72, ls),...,Cy of A(O)
are coupled, if Cy and Cj share an initialization for all their common variables, and each ¢; and ¢;

are corresponding lines for each 1 < i < k.

11.4.2 The Full Tracker Augmentation

In this section, we consider an implementation O of an object type 7, and we define a specific
augmentation O called the full tracker of O, which aims to keep track of all possible linearizations
of a run R of O, as the run unfolds. Recall that by definition, a linearization Rytom of a run R is a
run of the atomic implementation Ogom, of type 7 whose behavior matches that of R. In practice,
O will actually maintain just the final configuration Cjsom of each linearization Ratom, rather than
the whole linearization, thus we now take a closer look at these atomic configurations.

After any run Rgom, the final configuration can be characterized by the state o € 7.% of the
atomic object, and the states of each of the processes m € II. For each process m, there are three

types of possible states:

1. either 7 is idle, meaning 7 has no currently invoked but un-returned operation, i.e. pc, points

at the single line (line a) of the generator algorithm and r, = L.

2. or 7 has invoked an operation oper,(argu) which is yet-to-linearize, i.e. pc, points to line 1

of procedure oper’s code and r; = L.
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3. or 7 has linearized its operation opery(argu) with some response resp, i.e. pc points to line 2

of procedure oper’s code and r, = resp.

We capture the states of the processes with a function f(7) = (f(w).op, f(7).arg, f(7).res), which

maps each process w to a triple, where
1. if 7 is idle, then f(m) = (L, L, 1)
2. if 7 has invoked an operation oper, (argu) which is yet-to-linearize, then f(7) = (oper, argu, 1)

3. and if 7 has linearized its operation oper,(argu) with some response resp, then f(7).op =

operation, f(mw) = (oper,argu,resp)

Thus, we identify each atomic configuration Cyiom, i.€. configuration of A(Ogiom ), as an object-
state, process-states pair (Cutom-0, Catom-f) as described above. Here on, we will refer to these
pairs as the atomic configurations.

For the full tracker, we augment the implementation O with an object M* that stores the set
of all final configurations of linearizations of the implemented object’s run thus far. We call M*
the meta-configuration of the tracker, since it “contains all the atomic configurations in which a
corresponding atomic run can be in”. The meta-configuration set is, in fact, the only auxiliary
object we use in the tracker augmentation, thus Qg = {M*}.

Next, we complete the description of O* by describing how the meta-configuration M* is ini-
tialized and manipulated by the full tracker. Initially, all processes are idle, and O is in its initial
state og; thus we initialize M* = {(00, fo)}, where fo(7) = (L, L, L) for all process 7 € II.

There are three types of lines in a procedure O.op,(arg): invocation, return, and intermediate

lines. The augmenting code at each line £ updates M*, based on ¢’s type. Specifically,

o Case: / is the invocation of op,(arg). We will maintain the invariant that M* stores all final

configurations of linearizations of the implemented object’s current run. Thus, every config-
uration C' € M* will reflect that 7 is idle before the invocation. In the augmentation to the
invocation line, we will update each C' € M* to a C’ which reflects that m invokes a pending
operation op with argument arg, and then further evolve C’ to reflect that any arbitrary sub-
set of processes with pending operations (possibly including 7) can linearize after 7 invokes
its operation. Before formally stating the augmenting code to the invocation line, we develop

some helpful notation.
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— For an atomic configuration C' = (C.o, C.f) in which 7 is idle, we define:

/

invoke(C, 7, opx(arg)) = C

where C".0 = C.o, C'.f(7) = (op,arg, L), and for each ® # m, C'.f(7) = C.f(%).

— For an atomic configuration C, and a process m € I, we define the predicate
pending(m,C) = C.f(m).op # LAC.f(7).res = L
to capture whether 7w has a pending operation in C'. We further define
pending(C) = {m € I | pending(m,C.f)}

to be the set of all processes with pending operations in C.

— For any S C pending(C) of processes with pending operations, and a permutation
of those processes a = (ai,...,a|5)) € Perm(S), we define the transition function
0*(C, ) recursively below. (Informally, 6*(C, (a1, ..., ar)) = C” if applying the pending
operations of processes a1, ..., ay, in that order, updates the configuration C' to C'.)

e 5*(C,()) = C, where () is the empty sequence
o *(C,(a1,...,a)) =0(C", (g, ...,ax)), where

Ir e RES: (C'.o,r)=6(C.0,a1,C.f(ay).op,C.f(a1).arg)
A VT # ap,C f(r) = C.f(m)

A C'flag) = (C.f(ar).op, C.f(az).arg, )

Formally, the augmenting code at line ¢ is: M* < Evolvelnv(M*, opr(arg)), where EvolveInv(M)
is defined by

AC e M, C":
E’UOZ’U@ITLU(M) £ O = invoke(c’ , opﬂ.(arg)) A (1141)
3S C pending(C’),a € Perm(S) : C" = 6*(C’, «)

We say configuration C" results from 7 invoking opr(arg) and aq,...,ay linearizing after
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configuration C.

o Case: ( is an intermediate line of op,(arg). The augmenting code for this line reflects that

any time any process executes an intermediate line, it presents an opportunity for an arbitrary

subset of pending operations to linearize in an arbitrary order. Formally, the augmenting code

at line ¢ is: M* < Evolve(M*), where Evolve is defined by

Evolve(M) 2 {C" | 3C € M, S C pending(C),a € Perm(S) : C' = §*(C, )}

We say configuration C' results from anq, ..

., a linearizing after configuration C.

(11.4.2)

o Case: / is a return res statement from a procedure op,(arg). Those atomic configurations

that do not reflect that the operation has linearized with a response of res are no longer

tenable, and thus these are filtered out of M*. On the other hand, the configurations that

show this response of res are retained and updated to reflect that m becomes idle after the

return. Furthermore, any arbitrary subset of pending processes can linearize after 7w returns.

Before formally stating the augmenting code to the invocation line, we develop some helpful

notation.

— For an atomic configuration C' = (C.o,C.f) in which 7 has linearized its operation

opr(arg) with return value res, we define:

return(C, ,res) = C’

where C".oc = C.o, C'.f(m) = (L, L, 1), and for each @ # 7, C'.f(7) = C.f(7).

Formally, the augmenting code at line ¢ is: M* <+ FEwvolveRet(M*, return res), where

EvolveRet is defined by

AC e M, C":

EvolveRet(M) « ¢ C”

We say configuration C" results from m returning res and o, . .

C.f(m).ret = res A
C" = return(C, m, return res) A

3S C pending(C'),a € Perm(S) : C" = §*(C', a)
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uration C.

Definition 11.4.3 (full tracker). For any implementation O, O* is the full tracker as specified

above with the single auxiliary meta-configuration variable M*.

11.4.3 Main Theorem

The crafting of the tracking augmentation yields a powerful technique for producing machine ver-
ified proofs of linearizability. This technique falls out from the main theorem of this section, which
reduces the complex question of whether an implementation O is linearizable to the verification of
a simple invariant. In particular, O is linearizable if and only if M* # & is an invariant of A(O*).

Exploiting the if direction of this theorem, we can obtain machine verified proofs of lineariz-
ability by proving the invariant in a software system such as TLAPS (Temporal Logic of Actions
Proof System) or Coq. The only if direction of the theorem assures us that this proof technique is

complete.

Theorem 11.4.4. Let O be an implementation of an object of type T initialized to state og for a
set of processes 11, O is linearizable if and only if M* # @ is an invariant of A(O*).
(Recall that O* is the full tracker of O with meta-configuration M*, and A(O*) is the algorithm

from Figure 11.8.1 in which processes repeatedly make calls to procedures of O*.)

The remainder of the section develops the necessary machinery and proves Theorem 11.4.4.

Let O be an implementation of an object of type 7 initialized to gg for a set of processes II, and
let O be an atomic object with the same type and initialization, and for the same set of processes.
Finally, recall that O* is the full tracker of O with meta-configuration variable M*.

For a generic variable V' of any given implementation I, and a run R; of the generator A([),
we let V(R;) denote the value of V' in the final configuration of A(f). We will be particularly
interested in the meta-configurations M*(R*) for runs R* of A(O*).

By Observation 2, O is linearizable if and only if the finite behaviors of O* are behaviors of O.
Our strategy to prove the main theorem thereby, will be to show that for any run R* of O*, the
set of atomic runs sharing its behavior will have exactly the final configurations M*(R*).

To effectively express the above statement, we develop a bit more notation. For any behavior B,
we let AtomicRuns(B) be the set of atomic runs that exhibit behavior B. Further, for run R, we
let C(R) denote the final configuration of R, and for a set of runs R, we let C(R) = {C(R) | R € R}

denote the set of final configurations of all those runs. For a given run R* of the implementation, we
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define Linearizations(R*) & AtomicRuns(behavior(R*)) to be the set of all possible linearizations
of R*.

We are now ready to prove the key lemma that will propel the proof of Theorem 11.4.4.

Lemma 11.4.5. Let R* be any finite run of OF, then the following equality holds:

M*(R*) = C(Linearizations(R"))

Proof. The proof is by induction on the number of events in the run R*.

e Base Case: Every implementation run R* with zero events is simply an initial configuration
Cg of algorithm A(O*). In this case, behavior(R*) is the empty behavior, and thus only the
empty atomic run is in Linearizations(R*) = AtomicRuns(behavior(R*)). The final (and
only) configuration of this run is the unique initial atomic configuration Cy = (o9, fo); thus

C(Linearizations(R*)) = {(oo, fo)} which is the definition of M*(C}).
o Induction Step: Let R} = Cj,...,C;_,, (7, {k), Cf be run with k > 1 events. We consider

the prefix-run R;_; = Cy,...,C}_;, and note that the induction hypothesis states that:

M*(R;_,) = C(Linearizations(Rj_4))

For notational convenience, we define By, = behavior(Rj},) and By_1 = behavior(R;_,). The
last line executed in R*, i.e. ¢, can be one of three types of lines: invocation, intermediate,

or return.

— Case: { is an invocation op;(arg). First, we show that RHS C LHS. That is, let Ly €

Linearizations(R;); we must first prove that C(Ly) € M*(R;). To this effect, define
Lj_1 to be the longest prefix of Ly, such that behavior(Li_1) = By—1. By definition of
atomic runs, Ly results when Lj_; is followed immediately by the invocation op,(arg)
and subsequently by a (possibly empty) sequence of linearization steps by processes
o = aj,...,qn that are yet to linearize in invoke(C(Lg—1), T, opz(arg)). In particular,
no other invocation or return events are possible, since behavior(Ly) = By which has
just the single invocation more than Bj_1. Thus, by definition C(Ly) results from 7 in-
voking opr(arg) and aq, ..., ay linearizing after configuration C(Lg_1). Since C(Ly_1) €

M*(Rj_,) by the inductive hypothesis, C(Ly) € Evolvelnv(M*(R;_,), T, opx(arg)) =
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Second we prove that LHS € RHS. That is, let C}, € M*(Rj), we must prove that there
is a linearization L, of R} with final configuration C(Ly) = Cj. To this effect, we note
that M*(R;) = Evolvelnv(M*(R;_,),m,opx(arg)). That is, there is a configuration
Cr—1 € M*(Rj,_,) such that C}, results from 7 invoking op,(arg) and some sequence of
processes @ = «7,...,qp linearizing after C,_1. By the inductive hypothesis, there is
a linearization Ly_; of R;_, whose final configuration is C(Ly_1) = Cj—1 in which 7 is
idle and aj, ..., qp are yet-to-linearize in invoke(Cy_1,m, opr(arg)). Thus, the atomic
run L that extends Lp_1 with 7 invoking and « linearizing after Cj_1 is a linearization

of R} whose final configuration is C(Ly) = C}, which concludes the proof of the case.

Case: {}, is an intermediate line. Since behavior(R}) = behavior(Rj}_,), we invoke the

inductive hypothesis to get the equality:

M*(R;_,) = C(Linearizations(Rj;_,)) = C(Linearizations(R}))

Now, we observe that when M*(Rj_,) is already the full set of final configurations of

linearizations with the behavior By_; = By, evolving does not change the set, that is:

M*(R}) = Evolve(M*(R;,_)) = Evolve(C(Linearizations(Ry))) = C(Linearizations(Ry,))

Thus, we conclude the proof of the case.

Case: fj is a return return res. This case is very similar to the first case. Once again,

we first show that RHS C LHS. That is, let L, € Linearizations(R;); we must first
prove that C(Lj) € M*(R}). To this effect, define L,_; to be the longest prefix of Ly,
such that behavior(Li_1) = Bi—1. By definition of atomic runs, Ly results when Lj_;
is followed immediately by the return of res and subsequently by a (possibly empty)
sequence of linearization steps by processes o = ayq, ...,y that are yet to linearize in
return(C(Lk—1),m,return res). In particular, no other invocation or return events are
possible, since behavior(Ly) = By which has just the single return more than Bj_1.
Thus, by definition C(Lj) results from 7 returning res and a1, ..., a; linearizing after
configuration C(Ly_1). Since C(Li—1) € M*(R;_;) by the inductive hypothesis, C(Ly) €
EvolveRet(M*(R;_,),w,return res) = M*(R*).
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Second we prove that LHS C RHS. That is, let Cp € M*(R}), we must prove that
there is a linearization Lj of R; with final configuration C(Ly) = Cj. To this effect,
we note that M*(R;) = FEvolveRet(M*(R;j_,),n,return res). That is, there is a
configuration Cp_; € M*(R;_,) such that Cj results from 7 returning res and some
sequence of processes o = aq, ..., ap linearizing after Ci_;. By the inductive hypoth-
esis, there is a linearization Ly_; of R;_, whose final configuration is C(Ly_1) = Ck_1
in which 7 has linearized with return value res and «q,...,qp, are yet-to-linearize in
return(Cg_1, 7, return res). Thus, the atomic run Ly that extends Lj_; with 7 re-
turning and « linearizing after C;_ is a linearization of R} whose final configuration is

C(Ly) = Cf, which concludes the proof of the case.

We are now ready to prove the main theorem.

Theorem 11.4.4. Let O be an implementation of an object of type T initialized to state og for a
set of processes 11, O is linearizable if and only if M* # @& is an invariant of A(O*).
(Recall that O* is the full tracker of O with meta-configuration M*, and A(O*) is the algorithm

from Figure 11.8.1 in which processes repeatedly make calls to procedures of O*.)
Proof. We will prove the theorem by showing the forward and reverse directions separately:

o For the forward direction: assume M* # & is an invariant of A(O*). Thus, for any finite run
R* of A(O*), we note M*(R*) is non-empty. So, by Lemma 11.4.5, there is a linearization
L of R*. Since, an arbitrary finite run R* of A(O*) is linearizable, we conclude that O* is

linearizable. Since O* has the same behaviors as O, thus O is linearizable.

e For the reverse direction: assume that O is linearizable. This implies O* is linearizable.
So, every finite run R* of A(O*) has at least one linearization L. Thus, by Lemma 11.4.5,
M*(R*) is non-empty. Since, M*(R*) is non-empty for an arbitrary finite run R* of A(O*),

we conclude that M* # & is an invariant of A(O*).
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11.5 (Partial) Trackers

The proof of Theorem 11.4.4 demonstrates that, for an implementation O, the full tracker O*, in
essence, tracks “all possible linearizations” in its meta-configuration. To show that O is linearizable
however, it suffices to show the existence of a single linearization. That is, we need not track all
linearizations, but just ensure that we track at least one. In practice, tracking a subset of lineariza-
tions can be easier for a prover, especially one who knows the structure of the implementation
well. Thus, in general, we will be interested in a (partial) tracker, whose meta-configuration M’

maintains a subset of the full meta-configuration M*. We define such trackers.

Definition 11.5.1 (trackers). Let O be an implementation of a type 7 in the initial state og for a
set of processes II. We say an augmentation O is a (partial) tracker of O, if the following conditions

are met:

o The auxiliary variable set €4,, of O’ contains a meta-configuration variable M’ that holds a

set of atomic configurations. (€24, may also contain other additional variables.)
o M’ is initialized to {(o0, fo)}, where fo(w) = (L, L, L) for every 7 € II.

o For each type of line ¢ (whether invocation, intermediate, or return) in the original algorithm,
the augmented line ¢ updates the tracker to ensure the new value of M’ is a subset of the
configurations that would arise by evolving M’ according to the rules of the full tracker. That

is, if the update rule of the tracker at line ¢’ is M’ +— FEvolve;,(M’), then:

— Case: { is the invocation of opx(arg).

Evolvey(M') C Evolvelnv(M', 7, opr(arg)) (11.5.1)

— Case: ( is an intermediate line of op,(arg).

Evolvey(M') C Evolve(M'") (11.5.2)

— Case: £ is a return res statement from a procedure op,(arg).

Evolve,(M') C EvolveRet(M', 7, return res) (11.5.3)
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Theorem 11.5.2. Let O be an implementation of an object of type T initialized to state og for
a set of processes 11, and O’ be any partial tracking augmentation of O with meta-configuration

variable M'. If M" # & is an invariant of A(Q'), then O is linearizable.

Proof. Let M* be the meta-configuration of the full tracker O*. Consider any run R* = Cj, (71, ¢7), CT, (72, 03), . ..
of A(O*), and recall that we say the run R’ = C{, (1, 1), C1, (72, 45), . .. of A(O’) is coupled with
R*, if C{) has the same initialization for the private registers and objects in 7.2, and for each i, £, is
the line in O’ that corresponds to £ in O*, i.e., these are augmentations of corresponding lines in
O. Since O* and O’ augment the same implementation, all runs of A(O*) and A(Q’) are coupled as
(R*, R') in this way. For coupled runs R* and R’, by definition of a partial tracking augmentation,
it is clear that M’ C M* throughout the coupled run. Thus, M’ # & being an invariant of ¢’

implies M* # & is an invariant of O*. So, by Theorem 11.4.4, the proof is complete. O

11.6 Proving Strong Linearizability

In the previous section, we motivated partial trackers as simpler ways to prove standard lineariz-
ability. In this section, we will show how to use partial trackers to obtain a sound and complete
method for proving strong linearizability.

The pivotal difference between strong linearizability and (standard) linearizability, is that the
former consistency condition requires that we should be able to commit to a single linearization £(R)
for any run R, such that the linearization of every extension of R will be an extension of £(R). Our
key insight lies here. The full tracker’s meta-configuration M* maintains the final configurations
of every possible linearization of R hoping to extend whichever ones may work as the future of the
run unfolds; thus, it effectively ensures that “no linearization will be missed” thereby yielding a
complete method for proving linearizability. However, informally speaking, by maintaining every
possible linearization, it does exactly the opposite of committing to single linearization, which is
the key to showing strong linearizability.

Our idea therefore, is to demonstrate strong linearizability by demonstrating a partial tracker O’
whose meta-configuration M’ holds precisely one configuration at any point in time. The intuition
is that maintaining a single configuration M’(R}) = {C}} at the end of a run R}, of length k is akin
to committing to a single linearization Ly (with C(Ly) = C}%) for this run, and that this unique
linearization is getting extended as the run gets extended. Of course, there is a small catch. The

configuration Cy could be the final configuration of many different linearizations, which all happen
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to have the same final configuration. Nevertheless, we will resolve this hiccup, by proving that a

cleverly chosen particular one of these linearizations can be picked as L(R},).

Theorem 11.6.1. Let O be an implementation of an object of type T initialized to state oo for a

set of processes 11, O is strongly linearizable if and only if there exists a partial tracker O’ such that

A(Q') satisfies the invariant |M'| = 1.

(Recall that O’ is the partial tracker of O with meta-configuration M’, and A(Q') is the algorithm

from Figure 11.3.1 in which processes repeatedly make calls to procedures of O'.)

Proof. We split the proof into two parts, proving the only if direction, and then proving the if

direction.

1. To prove the only if direction, we assume there is a linearization function £ that maps each

finite run Ry, = Cy, (71,41),Ch, ..., (7k, L), Ck of A(O) to a linearization L£(Ry). We claim

there is a tracker @' which maintains a meta-configuration M’, whose value M’(R}) after

any run R} that is coupled with run Ry, of O is equal to M'(R}) = {L(Ry)}. We prove this

claim by induction.

Base Case: note that if Ry = Ry is a zero-event run, then its only linearization is the

zero-event atomic run Ly = Cj that (starts and) ends in the initial atomic configuration

(00, fo), thus L(Rg) = Lo and M"’s initialization is indeed {(cg, fo)}, which concludes

the base case.

Induction Step: if M'(R},) = {L(Ry)} for some k > 0, and the run Ry, extends to Rj; in

a single step, then by assumption Ly1 = L(Ry1) is an extension of Ly = L(Ry). Here,

we break the argument into cases, depending on which type of line ¢;; is (invocation,

intermediate, or return):

(a)

Case: ( is the invocation of opr(arg). C(Lgs1) must result from some processes

ai,...,ap, linearizing, then 741 invoking opr(arg) then ap,41,...,an, lineariz-
ing after C(Ly) for some 0 < h; < hy. However, since linearizing an operation
before or after an invocation makes no difference to the final configuration, we can
obtain the same C(Ly11) after C(Ly) by 7 invoking op,(arg) and then linearizing
at,...,op,. Thus, C(Lky1) € Evolvelnv(M'(R},),, opr(arg)).

Case: ¢ is an intermediate line of opr(arg). C(Lg41) must result from linearizing

some sequence of processes o, . . . , o, after C(Ly). Thus, C(Lyy1) € Evolve(M'(R},)).
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(c) Case: ¢ is a return res statement from a procedure op,(arg). C(Lk41) must result

from some processes oy, . .., ap, linearizing, then 7y returning res then ap, 41, ..., g,
linearizing after C(Ly) for some 0 < hy < ho. However, since linearizing an operation
before or after a return makes no difference to the final configuration, we can obtain
the same C(Lgy1) after C(Ly) by m returning res and then linearizing a1, ..., ap,.

Thus, C(Ly41) € EvolveRet(M'(R)), 7, return res).
That completes the proof of the only if direction.

2. To prove the if direction, we assume that there is a tracker ' that always maintains a singleton

meta-configuration M’. We now recursively define a prefix preserving linearization function

L on runs of A(O), such that for coupled runs R of O and R’ of O';, M'(R') = C(L(R)):

o If Ry is a zero event run of A(O), define L(Ry) = (00, fo). (This is clearly a (indeed the

only) linearization of Ry.)

o If Ry is a k event run for kK > 0, consider the prefix run Rj_; such that R, =
Ry, (mk, Ux),C(Ry). Also consider the corresponding k& — 1 and k event coupled runs of
O': R, _, and R}, and their meta-configurations: M'(R}_;) = {Cx_1} and M'(R}) =
{Ck}. We now finish the definition with three cases:

(a) Case: { is the invocation of op,(arg). Cj must result from 7 invoking op,(arg) and

some sequence of processes a1, ..., qp linearizing after Cy_1 = L(Ri_1). We define
L(Ry;) to be the run resultant from £(Rj_1) being extended by that invocation and

those linearization events.

(b) Case: ¢ is an intermediate line of op,(arg). Cj must result from some sequence of

processes aq, ..., ap linearizing after Cx_1 = L(Rg—1). We define L(Ry) to be the

run resultant from £(Ry_1) being extended by those linearization events.

(c) Case: /¢ is a return res statement from a procedure op,(arg). Cy must result from

7 returning res and some sequence of processes aq, ..., ay linearizing after Cy_1 =
L(Ry—1). We define L(Ry;) to be the run resultant from L£(Rj_1) being extended by

that return and those linearization events.

By construction, we see that £ is a prefix preserving linearization function of the runs of

implementation . That concludes the proof.

284



11.7 Example: The Union Find Object

In this section, we consider Jayanti and Tarjan’s concurrent union-find implementation [118, 119],
and describe how we wrote the machine verified proof that it is linearizable, in fact strongly lin-
earizable, using TLAPS (the Temporal Logic of Actions Proof System) [153]. We chose Jayanti
and Tarjan’s algorithm since it is simple (both to understand and in length of code) and highly
practical—it is the fastest algorithm for computing connected components of a graph on CPUs [51]

and GPUs [95], and has several other applications [3].

11.7.1 The Union Find Type

The union find type maintains a partition of the elements in [n] = {1,2,...,n} and supports two

operations.
o FIND(z) returns the maximum element in element x’s part of the partition.
o UNITE(z,y) merges the parts containing = and y if they are different and returns ack.

Formally, we specify the partition as a function o : [n] — P([n]) from the set of elements to the
powerset of the set of elements, such that o(z) is the part containing element x. Of course, if two
elements = and y are in the same part of the partition, then o(x) = o(y). We give the full formal

specification of the union-find type in the figure Object Type 11.7.1.

Object Type 11.7.1 (Union Find Object). A union find type of n elements [n] = {1,...,n} is
described as follows:

o« ¥ = {a :[n] = P([n]) | {o(z) | x € [n]} is a partition of [n], and Vz € [n] : z € a(:):)}

e OP = {UNITE, FIND}

° ARGUNITE — [TL] X [n],ARGFIND — [TL]

e RES = {ack} U [n]

e Transition function ¢ is defined by:

— 0(o, 7, FIND, ) = max o(x)

(0, ack), ifo(x)=o0c(y)
) (o ack), if o(x) # o(y)
— 0(o, 7, UNITE, (z,y)) = where Vz ¢ o(z) Ua(y), o' (2) = o(z)
and Vzeo(z)Uo(y),o'(z) =c(z)Ua(y)
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11.7.2 The Jayanti Tarjan Union Find Implementation

We present Jayanti and Tarjan’s implementation of union-find in Figure 11.7.1. Each numbered
line in the implementation requires the performance of at most one shared memory instruction,

and is performed atomically.

Base Objects: x.par is a Read/CAS register initialized to x.par = z, for each node x € [n].

1. procedure O.FIND,(z,)

Up < Tn
2: while u, # u;.par do u; + u,.par
3: return u,

4: procedure O.UNITE(Zr, Yr)
Uyp 4 Tx; Vg < Yn
while true do
5: if u; = v; then goto line 8
else if u; < v, then if CAS(u;.par,u,,v,;) then goto line 8

else if u; > v; then if CAS(v;.par,v., u;) then goto line 8

6: while u, # u;.par do u; + u;.par
7: while v, # v;.par do v, < v;.par
8: return ack
Figure 11.7.1: : Jayanti and Tarjan’s implementation of a union find object on n nodes {1,2,...,n}

each initially in its own singleton part of the partition, i.e., the initial state is o : [n] — P([n])
defined by Va € [n], 0¢(z) = .

There are two goals to this section: (1) to convince the reader (our current verifier) that the
implementation in Figure 11.7.1 is strongly linearizable; (2) to describe the process by which we
prove this strong linearizability. Meeting goal (1) is very simple: the reader simply needs to
verify that Figure 11.7.2 is indeed a partial tracker of this implementation with meta-configuration
variable M, and then to go to:

https://github.con/visveswara/machine-certified-linearizability/blob/master/UnionFindTracker.tla
where we give a machine verified proof that |[M| = 1 is an invariant of the partial tracker. Done!

In particular, the reader does not need to read or understand the proof of the invariant; in fact,
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the reader does not even need to understand the code of the implementation! It simply suffices to
check that the machine has verified the invariant. Thus, the rest of this section is primarily aimed
at meeting goal (2), that is, describing the process by which we—the designers of the proof—
went about constructing the partial tracker and what work is involved in producing a proof of the
invariant | M| = 1 that the TLAPS proof assistant is able to machine-verify. We start by describing
the union-find implementation.

In the implementation, each element is represented by a node, and each node x has a parent
pointer field x.par that points to another node. Each part of the partition is represented as a
single parent pointer tree, so o(x) = o(z.par), and we maintain the invariant that the parent of
x is always greater than or equal to = (i.e. z.par > x). Thus, the roots of the trees are the
largest elements in their respective partition; if w is a root of its tree than w.par = u. In the initial
state g, all elements are in their own singleton part of the partition, i.e. Vz € [n],0¢(z) = {x}.
Correspondingly, the implementation starts with Va € [n], z.par = x.

With this representation, a process 7 performs FIND,(z,) by starting a node u, at x, (line 1),
walking u, up the parent pointers until it reaches a root (line 2), and returning that root, which
must be the maximum element in the set (line 3).

A process 7 performs UNITE; (27, yr) by starting a node u, at z, and another node v, at y,
(line 4). The implementation ambitiously hopes that the current nodes u, and v, are roots. If so,
and if u; = v, then unite has no work to do and proceeds to return (first part of line 5); otherwise,
if ur < vy, then unite tries to merge the two separate trees by linking w, under v, via a CAS
(second part of line 5); in the remaining case that u; > v, it tries to make the link in the other
direction (third part of line 5). If a link gets made, then there is no more work to do so 7 proceeds
to return. Otherwise, the links may have failed since u, or v, was not a root. In this case, the
implementation walks u, up the tree until it is a root (line 6), and does the same for v, (line 7)
and tries again (while true loop). Once one of the three cases on line 5 eventually occurs, 7 returns

ack (line 8).

11.7.3 The Tracker

Having been given the implementation in Figure 11.7.1, we can blindly write down the full tracker
for the implementation, and could prove its linearizability by showing the invariance of M* # &
by appealing to Theorem 11.4.4. However, we will instead go the route of constructing a partial

tracker for two reasons: (1) we would like to prove strong linearizability, rather than just lineariz-
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ability, and (2) the full tracker exhaustively maintains the set of all possible linearizations of every
run by maintaining atomic configurations that arise by every possible set of processes linearizing
in every order after every step of the run. We however, will demonstrate a more insightful under-
standing of exactly when and how the implemented object linearizes operations. By embedding
this understanding into the partial tracker, we will make our job of proving the invariant easier.
Our key insight into the implementation is our ability to identify a unique linearization point

for each operation, as described in the following observation:

Observation 3. For a FIND, the last iteration of the loop at line 2 is when 7 discovers that
u, is its own parent and thereby the root and maximum value node in its tree; we posit this to
be the linearization point of the operation. For a UNITE, the last execution of line 5 is when =
either discovers that u, and v, are already in the same tree or when 7 successfully links their trees

together with a CAS; so we posit this to be the linearization point.

For now, the linearization points in Observation 3 are simply an expression of our intuition
from an informal understanding of the algorithm. However, we will use this intuition to design our
partial tracker presented in Figure 11.7.2, and the proof of our tracker’s invariants, which we will
discuss later, will formalize this understanding.

We ensure that our implementation in Figure 11.7.2 meets the definition of a tracker, by ensuring
that the meta-configuration variable M meets the initialization, invocation, intermediate line, and

return line criteria. In particular:
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Base Objects:
o z.par is a Read/CAS register initialized to x.par = x, for each node x € [n].

o M initialized to {(o0, fo)} is a meta-configuration, where oy maps each x € [n] to {z} and

fo maps each m € Il to (L, L, 1).

1: procedure O.FIND, ()

Up — Tp

M~ {C"|3C e M : C'" = invoke(C, 7, FIND(2,))}
2: while u, # u;.par do u, + u,.par

if u; = ur.par then M «+ {C” 3C e M : C' = 6*(C, ) }

3: return u,

M~ {C"|3C e M : C'" = return(C, 7, return u,) }

4: procedure O.UNITE (2, Yr)
Uy < Tyj U & Yr
M« {C"|3C € M : C'" = invoke(C, 7, UNITE (T, Yx))}
while true do
5: if u; = v; then goto line 8
else if u, < v, then if CAs(u,.par,u,,v,) then goto line 8
else if u; > v; then if CAS(v;.par,v,, u,) then goto line 8
if (ur =vr) V (ugr < V7 Aty = ug.par) V (ug > vx A vy = vr.par) then

M {C' [3C € M : C' = §(C,7)}

6: while u, # u;.par do u; + ur.par
7 while v, # v;.par do v, < v;.par
8: return ack

M+ {C"|C" = return(C, 7, return ack)}

Figure 11.7.2: : Tracker O for the union find implementation O presented in Figure 11.7.1.

0. Our meta-configuration is initialized to M = {(o9, fo)}, where o is the initial state of the

union-find object, and fy describes each process as initially idle.

1. In each invocation line by a process 7, by the definition of a partial tracker, we can update M
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to contain any configurations C’ that result from the invocation and an arbitrary sequence of
processes that have pending operations linearizing after any C' € M. Observation 3 suggests
that we need not think of any operations as linearizing at this line, thus we update M to
contain exactly the subset of configurations which result from the invocation occurring (and
the empty sequence of processes linearizing) after some C' € M. This can be confirmed by

inspecting the augmentations at line 1 (for FIND) and line 4 (for UNITE).

2. In each intermediate line by a process 7, by the definiton of a partial tracker, we can update
M to contain any configurations C’ that result from an arbitrary sequence of processes that
have pending operations linearizing after any C' € M. Observation 3 suggests that we can
consider at most one process linearing after each line of code. In particular, the observation
suggests that for FIND, we need to only 7 linearizing at line 2 if u, = u,.par at the time of
that line’s execution. Similarly, for UNITE, we need to only consider 7 linearizing at line 5,
and that too only if either u, = v, or if the conditions are such that one of the two CAS
operations will succeed on that line. We correspondingly design M to be updated according
to these rules at these particular lines. Otherwise, we update M to contain exactly the set
of configurations which result from the empty sequence of processes linearizing, i.e., we leave
M unchanged. Thus, a simple inspection of the augmentations to lines 2,5,6, and 7 reveals

that our augmentation satisfies the intermediate line condition for a tracker.

3. Finally, in each return line, the definition of a tracker allows us to update M to contain
any configurations C’ that result from the return and an arbitrary sequence of processes
with pending operations linearizing after any configuration C' € M. Once again, we respect
Observation 3, and choose all configurations C’ that result from the return (and the empty
sequence of processes linearizing thereafter) after each C' € M. This is easily confirmed by

inspecting the augmentations to lines 3 and 8.

By simple inspections, we have verified that the augmentation in Figure 11.7.2 is indeed a
tracker of the union find implementation in Figure 11.7.1. Notably, we did not need to look at
or understand the code of the original implementation (beyond mechanically verifying that it was
copied-and-pasted to the augmentation properly). Even so, by Theorem 11.6.1, seeing a certification
of the invariant |[M| = 1 from a mechanical proof verifier, suffices as a reliable and rigorous proof
that the union-find implementation is Strongly Linearizable (and thereby also Linearizable)!

In the remainder of the section, we will describe how we went about proving that invariant.
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11.7.4 Proving The Invariant

Our task is to prove prove that Z;, = M # @ and Zg = | M| = 1 are invariants of A(Q’) in order to
deduce that O is linearizable and strongly linearizable. Obviously, Zg implies Z7,, so in this example
we will focus on Zg, i.e. strong linearizability, alone.

Zg clearly holds in the initial configuration of the algorithm, so it suffices to show that it
will continue to hold in subsequent configurations; we will accomplish this task by induction. Of
course, Zg’s validity in subsequent configurations of the algorithm relies not only on its validity in
the current state, but also on the design of the algorithm, i.e. other invariants of the algorithm
that capture the states of the various program variables (objects and registers). Thus, in order
to go through with our strategy, we must strengthen Zg to a stronger invariant Z that meets two
conditions: (1) Z is inductive and (2) Z implies Zg. This task of strengthening Zg to an Z that
meets the conditions is the main intellectual work that the prover must do. Of course, the prover
must subsequently prove that Z is inductive and implies Zg; but our experience through proving
several algorithms suggests that this latter step, while potentially time-taking due to the length
of the proof, is generally intellectually easier once the correct Z is identified. In particular, the
identification of Z requires an understanding of “why the algorithm works”, and thus the prover
(unlike the verifier) must still, in general, understand the algorithm well in order to give the proof.

In the case of our union find implementation, we present the strengthened invariant Z in Fig-
ure 11.7.3. Z is a conjuction, and two of the conjuncts are Zg and Zy. Thus, when we prove its an
invariant, we clearly have Zg and Z;, by implication. The remaining conjuncts can be understood

as follows:

o The conjuncts Zper, Ly, Ly, Ly, Ly, Lpe, Ia express type safety. That is, the various variables
in the algorithm always take on values that we would expect satisfy their types. For instance,

Tpar expresses that for each node z € [n], z.par is also a node.

e The conjucts Z,, 7y, Z. express general truths about our union find implementation. Namely,
that every node z shares a part in the partition with its parent z.par; that if z and w are
different roots, then they are different parts of the partition; and that parent pointers never

point to smaller valued nodes.

o The conjuncts 71 4, 72,713,715 6.7, s express truths that pertain to a process m when its program

counter pc, has a particular value. For instance, Zs 67 expresses that if pc, € {5,6,7}, then
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the pairs of elements x,,u, and y,, v, are each in the same part of the partition and that m

is yet-to-linearize a UNITE operation with argument (Z,,yr).
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Figure 11.7.3: Invariant Z of A(O), where O is the implementation of the union find tracker in
Figure 11.7.2.
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In the above expression, the various conjuncts on the right hand side are defined below.

o I =M#0

e Ig=|M|=1

o Tyar =Vz € [n]: z.par € [n]

o I, =V ell:x, € [n]

e I, =Vrell: y, € [n]

o Ty, =Vmwell:u,; € [n]

e I, =Vr ell: v, € [n]

o Tpe=Vmell: per € [8]

e Tp = M C AtomicCon figurations

o Ip=V(o,f) e M :Vz € [n]: zpar € 0(z)

e Iy =V(o,f) e M:Yw,z € [n]: (w#zANwpar =wA z.par =z) = o(w) # o(z)
o I, =Vz € [n]:zpar >z

e Z1y=Vrell:Y(o,f) e M:pc, € {1,4} = f(m)=(L,L,1)

e In=Vrell:V(o,f) e M:pcr =2 = (0(ur) =o(xx) A f(r) = (FIND, 21, L))
o In=Vrnell:V(o, f) e M:pcy =3 = f(m) = (FIND, zr, ur)

o Iner=Vnell:V(o,f) e M:pcr € {5,6,7} = (0(ur) =0(zx) No(vs) = 0(yr) A f(m) =
(UNITE, (xTH yﬂ')? J—))

o Iy=Vrell:Y(o,f) e M :pcr =8 = f(r) = (UNITE, (1, Yr), ack)
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Our intricate proof that Z is indeed an inductive invariant of the system and proofs of the
straightforward deductions that Z’s invariance implies the invariance of Zy, and Zg, thereby proving
the strong linearizability of the union find implementation can be found at:

https://github.com/visveswara/machine-certified-linearizability/blob/master/UnionFindTracker.tla

11.8 Conclusion and Remarks

In this work, we have shown a novel technique by which machine-verified proofs of linearizability and
strong linearizability can be produced for concurrent object implementations. In Theorems 11.4.4
and 11.6.1, we have proven the powerful guarantee that our technique is universal, sound, and
complete. That is, any linearizable (resp. strongly linearizable) implementation—regardless of
what type it implements and how complex the linearization structure is—can be proved lineariz-
able (resp. strongly linearizable) via our techniques. Furthermore, our technique lends itself to
machine-verified proofs. We have demonstrated this machine-verifiability by providing proofs of
linearizability and strong linearizability of Jayanti and Tarjan’s union-find implementation that
have been certified correct by TLAPS. This result is particularly significant, since the union-find
implementation has been noted for its speed and practical applicability [51, 95, 3]. In other works,
we and our collaborators have used our technique to give machine-verified linearizability proofs
of several other algorithms including the Herlihy-Wing queue, and Jayanti’s single-writer single-
scanner snapshot object [211, 210, 94]. We look forward to many more algorithms being successfully
machine-verified, both by us and others in the community.

We are part-way through extending our proof technique to incorporate other variants of lin-
earizability, such as durable linearizability for recoverable data structures designed for non-volatile
random access memory (NVRAM). We believe an interesting related open problem is the develop-
ment of such proof methods for consistency criteria that are weaker than linearizability, such as

sequential consistency.
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Chapter 12

Hogwild Gibbs Sampling

12.1 Introduction

The increasingly ambitious applications of data analysis, and the corresponding growth in the
size of the data that needs to processed has brought important scalability challenges to machine
learning algorithms. Fundamental methods such as Gradient Descent and Gibbs sampling, which
were designed with a sequential computational model in mind, are to be applied on datasets of
increasingly larger size. As such, there has recently been increased interest towards developing
techniques for parallelizing these methods. However, these algorithms are inherently sequential
and are difficult to parallelize.

HOGWILD!-SGD, proposed by Niu et al. [165], is a lock-free asynchronous execution of stochas-
tic gradient descent that has been shown to converge under the right sparsity conditions. Several
variants of this method, and extensions of the asynchronous execution approach have been recently
proposed, and have found successful applications in a broad range of applications ranging from
PageRank approximation, to deep learning and recommender systems [213, 166, 158, 149, 143, 143,
49].

Similar to HOGWILD!-SGD, lock-free asynchronous execution of Gibbs sampling, called HOGWILD!-
Gibbs, was proposed by Smola and Narayanamurthy [186], and empirically shown to work well on
several models [214]. Johnson et al. [122] provide sufficient conditions under which they show
theoretically that HOGWILD!-Gibbs produces samples with the correct mean in Gaussian models,
while Terenin et al. [202] propose a modification to the algorithm that is shown to converge under

some strong assumptions on asynchronous computation.
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Algorithm 31 Gibbs Sampling
Input: Set of variables V, Configuration z¢ € S!V!, Distribution

fort=1...7T do
Sample ¢ uniformly from {1,2,...,n};
Sample X; ~ Prr [|X_; = 2_;] and set z;; = Xj;

For all j # i, set xj; = xj4_1;

In a more recent paper, De Sa et al. [48] propose the study of HOGWILD!-Gibbs under a
stochastic model of asynchronicity in graphical models with discrete variables. Whenever the
graphical model satisfies Dobrushin’s condition, they show that the mixing time of the asynchronous
Gibbs sampler is similar to that of the sequential (synchronous) one. Moreover, they establish that
the asynchronous Gibbs sampler accurately estimates probabilities of events on a sublinear number
of variables, in particular events on up to O(en/logn) variables can be estimated within variational

distance €, where n is the total number of variables in the graphical model (Lemma 2, [48]).

Our Results. Our goal in this work is to push the theoretical understanding of HOGWILD!-
Gibbs to estimate functions of all the variables in a graphical model. In particular, we are interested
in whether HOGWILD!-Gibbs can be used to accurately estimate the expectations of such func-
tions. Results from [48] imply that an accurate estimation is possible whenever the function under
consideration is Lipschitz with a good Lipschitz constant with respect to the Hamming metric. Un-
der the same Dobrushin condition used in [48] (see Definition 12.2.3), and under a stochastic model
of asynchronicity with weaker assumptions (see Section 12.2.1), we show that you can do better than
the bounds implied by [48] even for functions with bad Lipschitz constants. For instance, consider
quadratic functions on an Ising model, which is a binary graphical model, and serves as a canonical
example of Markov random fields [141, 159, 61, 47, 70, 58]. Under appropriate normalization, these
functions take values in the range [-n? n?] and have a Lipschitz constant of n. Given this, the

results of [48] would imply we can estimate quadratic functions on the Ising model within an error

of O(n). We improve this error to be of O(y/n). In particular, we show the following in this chapter:

o Starting at the same initial configuration, the executions of the sequential and the asyn-
chronous Gibbs samplers can be coupled so that the expected Hamming distance between the
multivariate samples that the two samplers maintain is bounded by O(7logn), where n is

the number of variables in the graphical model, and 7 is a measure of the average contention
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in the asynchronicity model of Section 12.2.1. See Lemma 12.3.1. More generally, the ex-
pectation of the d-th power of the Hamming distance is bounded by C(d, 7) log? n, for some
function C(d, 7). See Lemma 12.3.2.

It follows from Lemmas 12.3.1 and 12.3.2 that, if a function f of the variables of a graphical
model is K-Lipschitz with respect to the d-th power of the Hamming distance, then the bias
in the expectation of f introduced by HOGWILD!-Gibbs under the asynchronicity model of
Section 12.2.1 is bounded by K - C(d, 7)log? n. See Corollary 12.4.2.

Next, we improve the bounds of Corollary 12.4.2 for functions that are degree-d polynomials
of the variables of the graphical model. Low degree polynomials on graphical models are
a natural class of functions which are of interest in many statistical tasks performed on
graphical models (see, for instance, [46] ). For simplicity we show these improvements for
the Ising model, but our results are extendible to general graphical models. We show, in
Theorem 12.4.4, that the bias introduced by HOGWILD!-Gibbs in the expectation of a degree-
d polynomial of the Ising model is bounded by O((nlogn)(@~1)/2). This bound improves upon
the bound computed by Corollary 12.4.2 by a factor of about (n/logn)(¢=1/2 as the Lipschitz
constant with respect to the Hamming distance of a degree-d polynomial of the Ising model
can be up to O(n¢"1). Importantly, the bias of O((nlogn)@=1/2) that we show is introduced
by the asynchronicity is of a lower order of magnitude than the standard deviation of degree-d
polynomials of the Ising model, which is O((n)%?)—see Theorem 12.2.8, and which is already
experienced by the sequential sampler. Moreover, in Theorem 12.4.7, we also show that the
asynchronous Gibbs sampler is not adding a higher order variance to its sample. Thus, our
results suggest that running Gibbs sampling asynchronously leads to a valid bias-variance

tradeoff.

Our bounds for the expected Hamming distance between the sequential and the asynchronous
Gibbs samplers follow from coupling arguments, while our improvements for polynomial func-
tions of Ising models follow from a combination of our Hamming bounds and recent concen-

tration of measure results for polynomial functions of the Ising model [45, 71, 81].

In Section 12.5, we illustrate our theoretical findings by performing experiments on a multi-

core machine. We experiment with graphical models over two kinds of graphs. The first is
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the /n x y/n grid graph (which we represent as a torus for degree regularity) where each
node has 4 neighbors, and the second is the clique over n nodes.

We first study how valid the assumptions of the asynchronicity model are. The main assump-
tion in the model was that the average contention parameter 7 doesn’t grow as the number
of nodes in the graph grows. It is a constant which depends on the hardware being used and
we observe that this is indeed the case in practice. The expected contention grows linearly
with the number of processors on the machine but remains constant with respect to n (see
Figures 12.5.1 and 12.5.2).

Next, we look at quadratic polynomials over graphical models associated with both the grid
and clique graphs. We estimate their expected values under the sequential Gibbs sampler
and HOGWILD!-Gibbs and measure the bias (absolute difference) between the two. Our
theory predicts that this should scale at y/n and we observe that this is indeed the case

(Figure 12.5.3). Our experiments are described in greater detail in Section 12.5.

12.2 The Model and Preliminaries

In this work, we consider the Gibbs sampling algorithm as applied to discrete graphical models.
The models will be defined on a graph G = (V,E) with |V| = n nodes and will represent a
probability distribution 7. We use S to denote the range of values each node in V' can take. For
any configuration X € SIVI, m;(.|X~%) will denote the conditional distribution of variable i given
all other variables of state X.

In Section 12.4, we will look at Ising models, a particular class of discrete binary graphical
models with pairwise local correlations. We consider the Ising model on a graph G = (V, E) with
n nodes. This is a distribution over Q = {£1}", with a parameter vector g € RVIHIEL § has a
parameter corresponding to each edge e € E and each node v € V. The probability mass function

assigned to a string « is

P(:IZ) = exp Z HU.TU + Z gexuxv - (I)(_‘) )

veV e=(u)€EE

—

where ®(0) is the log-partition function for the distribution. We say an Ising model has no external
field if 6, = 0 for all v € V. For ease of exposition we will focus on the case with no external field

in this work. However, the results extend to Ising models with external fields when the functions
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under consideration (in Section 12.4) are appropriately chosen to be centered. See [45].
Throughout this work we will focus on bounded functions defined on the discrete space SIVI. For
a function f, we use || f||,, to denote the maximum absolute value of the function over its domain.
We will use [n] to denote the set {1,2,...,n}. In Section 12.4, we will study polynomial functions
over the Ising model. Since #? = 1 always in an Ising model, any polynomial function of degree d
can be represented as a multilinear function of degree d and we will refer to them interchangeably

in the context of Ising models.

Definition 12.2.1 (Polynomial/Multilinear Functions of the Ising Model). A degree-d polynomial

defined on n variables x1,...,x, is a function of the following form

S s

SClnl:|S|<d €S
where a : 2" — R is a coefficient vector.

When the degree d = 1, we will refer to the function as a linear function, and when the degree
d = 2 we will call it a bilinear function. Note that since X, € {£1}, any polynomial function of
an Ising model is a multilinear function. We will use a to denote the coefficient vector of such a
multilinear function and ||a||,, to denote the maximum element of a in absolute value. Note that
we will use permutations of the subscripts to refer to the same coefficient, i.e., a;;; is the same as
aji- Also we will use the term d-linear function to refer to a multilinear function of degree d.

At times, for simplicity we will instead consider degree d polynomials of the form

fa@) = Y GiriyigTi Ty . Ty
i162,ig

This form involves multiplicity in the terms, i.e. each monomial might appear multiple times. We
can map from degree d polynomials without multiplicity of terms to functions of the above form
in a straightforward manner by dividing each coefficient a;,;,..;, by an appropriate constant which
captures how many times the term appears in the above notation. This constant lies between d!
and d<.

We now give a formal definition of Dobrushin’s uniqueness condition, also known as the high-

temperature regime. First we define the influence of a node j on a node 3.

Definition 12.2.2 (Influence in Graphical Models). Let 7 be a probability distribution over some
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set of variables V. Let B; denote the set of state pairs (X,Y) which differ only in their value at
variable j. Then the influence of node j on node i is defined as

1(j,i) = max ||m(|X7") —m(|Y™

i
B Mzv

Now, we are ready to state Dobrushin’s condition.

Definition 12.2.3 (Dobrushin’s Uniqueness Condition). Consider a distribution 7 defined on a
set of variables V. Let
a=max Y I(j,1)

i€V
jev

m is said to satisfy Dobrushin’s uniqueness condition is o < 1.

We have the following result from [48] about mixing time of Gibbs sampler for a model satisfying

Dobrushin’s condition.

Theorem 12.2.4 (Mixing Time of Sequential Gibbs Sampling). Assume that we run Gibbs sampling
on a distribution that satisfies Dobrushin’s condition, o < 1. Then the mizing time of sequential-

Gibbs is bounded by

n n
tmi:(:—seq(s) < 1—a log <g) .
Definition 12.2.5. For any discrete state space S!VI over the set of variables V, The Hamming

distance between z,y € SVl is defined as dy(z,y) = Yiev Laity)-

Definition 12.2.6 (The greedy coupling between two Gibbs Sampling chains). Consider two in-
stances of Gibbs sampling associated with the same discrete graphical model 7 over the state space
SV Xo,X1,...and Yy, Y1, ... The following coupling procedure is known as the greedy coupling.
Start chain 1 at Xy and chain 2 at Y and in each time step ¢, choose a node v € V uniformly at
random to update in both the chains. Without loss of generality assume that S = {1,2,... k}.
Let p(i1) denote the probability that the first chain sets X, = i; and let ¢(i2) be the probability
that the second chain sets Y;, = i2. Plot the points 22‘21 p(j) = P(i), and 23:1 q(j) = Q(3) for
all i+ € [k] on the interval from [0,1]. Also pick P(0) = Q(0) =0 and P(k+1) =Q(k+1) = 1.

Couple the updates according to the following rule:
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Draw a number z uniformly at random from [0,1]. Suppose z € [P(i1), P(i; + 1)] and z €
[Q(i2), Q(i2 + 1)]. Choose X, = i1 and Yy, = ia.

We state an important property of this coupling which holds under Dobrushin’s condition, in

the following Lemma.

Lemma 12.2.7. The greedy coupling (Definition 12.2.6) satisfies the following property. Let
Xo,Yy € SVl and consider two executions of Gibbs sampling associated with distribution ™ and
starting at Xo and Yy respectively. Suppose the executions were coupled using the greedy coupling.

Suppose in the step t = 1, node i is chosen to be updated in both the models. Then,

Pr [Xi,l 7& Y;"l] S H7Tz<’XO_Z) - Wi("YO_i)HTV (1221)

12.2.1 Modeling Asynchronicity

We use the asynchronicity model from [165] and [48]. Hogwild!-Gibbs is a multi-threaded algorithm
where each thread performs a Gibbs update on the state of a graph which is stored in shared memory
(typically in RAM). We view each processor’s write as occuring at a distinct time instant. And
each write starts the next time step for the process. Assuming that the writes are all serialized,
one can now talk about the state of the system after ¢ writes. This will be denoted as time t.
HOGWILD! is modeled as a stochastic system adapted to a natural filtration F;. JF; contains
all events thast have occured until time ¢. Some of these writes happen based on a read done
a few steps ago and hence correspond to updates based on stale values in the local cache of the
processor. The staleness is modeled in a stochastic manner using the random variable 7; ; to denote
the delay associated with the read performed on node i at time step t. The value of node ¢ used
in the update at time ¢ is going to be Y;; = X; 4, ). Delays across different node reads can be
correlated. However delay distribution is independent of the configuration of the model at time
t. The model imposes two restrictions on the delay distributions. First, the expected value of
each delay distribution is bounded by 7. We will think of 7 as a constant compared to n in this
work. We call 7 the average contention parameter associated with a HOGWILD!-Gibbs execution.
[48] impose a second restriction which bounds the tails of the distribution of 7;;. We do not need
to make this assumption in this work for our results. [48] need the assumption to show that the
HOGWILD! chain mixes fast. However, by using coupling arguments we can avoid the need to

have the HOGWILD! chain mix and will just use the mixing time bounds for the sequential Gibbs
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sampling chain instead. Let T denote the set of all delay distributions. We refer to the sequential
Gibbs sampler associated with a distribution 7 as G, and the HOGWILD! Gibbs sampler together
with T associated with a distribution p by H;Or . Note that H is a time-inhomogenuous Markov

chain and might not converge to a stationary distribution.

12.2.2 Properties of Polynomials on Ising Models satisfying Dobrushin’s condi-

tion

Here we state some known results about polynomial functions on Ising models satisfying Dobrushin’s

condition.

Theorem 12.2.8 (Concentration of Measure for Polynomial Functions of the Ising model, [45, 71,
81]). Consider an Ising model p without external field on a graph G = (V, E) satisfying Dobrushin’s
condition with Dobrushin parameter a < 1. Let f, be a degree d-polynomial over the Ising model.

Let X ~ p. Then, there is a constant c¢(«a, d), such that,

_ a)2/d
Pr[lfa(X)—E[fa(X)]>t]§2eXp<— a-a) )

o, d) [|a] " n

As a corollary this also implies,
Var [f.(X)] < Cs(d, a)nd.

Theorem 12.2.9 (Marginals Bound under Dobrushin’s condition, [45]). Consider an Ising model
p satisfying Dobrushin’s condition with Dobrushin parameter o < 1. For some positive integer d,

let fo(z) be a degree d polynomial function. Then we have that, if X ~ p,

4ndlog n) d/2

l—«

B [£,(X)]| <2 (

12.3 Bounding The Expected Hamming Distance Between Cou-
pled Executions of HOGWILD! and Sequential Gibbs Sam-

plers

In this Section, we show that under the greedy coupling of the sequential and asynchronous chains,

the expected Hamming distance between the two chains at any time ¢ is small. This will form the
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basis for our accurate estimation results of Section 12.4. We begin by showing that the expected
Hamming distance between the states X; and Y; of a coupled run of the sequential and asynchronous
executions respectively, is bounded by a (ralogn)/(1 — a). At a high level, the proof of Lemma
12.3.1 proceeds by studying the expected change in the Hamming distance under one step of the
coupled execution of the chains. We can bound the expected change using the Dobrushin parameter
and the property of the greedy coupling (Lemma 12.2.7). We then show that the expected change
is negative whenever the Hamming distance between the two chains was above O(logn) to begin
with. This allows us to argue that when the two chains start at the same configuration, then the

expected Hamming distance remains bounded by O(logn).

Lemma 12.3.1. Let w denote a discrete probability distribution on n variables (nodes) with Do-
brushin parameter a < 1. Let G = Xg, X1,...,Xt,... denote the execution of the sequential Gibbs
sampler on ® and HY =Yy, Y1,...,Yy, ... denote the HOGWILD! Gibbs sampler associated with
such that Xo = Yy. Suppose the two chains are running coupled in a greedy manner. Let Ky denote
all events that have occured until time t in this coupled execution. Then we have, for all t > 0,

under the greedy coupling of the two chains,

I
E[du (X, Yi)|Ko) < 028"

11—«

Proof. We will show the statement of the Lemma is true by induction over t. The statement is
clearly true at time t = 0 since Xg = Yp. Suppose it holds for some time ¢t > 0. The state of the
system at time ¢, K; includes the choice of nodes the two chains chose to update at each time step,
the delays 7; ¢ for each node i and time step ¢’ <t and the states { Xy }¢>p>0 and {Y }4>p>0 under
the two chains. We let Iy denote the node that was chosen to be updated in the two chains at time

step . As a shorthand, we use L; to denote dy(X¢,Y:). We will first compute a bound on

E L1 K] (12.3.1)

The induction hypothesis implies that E[L;|Co] < {=%. Given the delays for time ¢ + 1, denote by
Y/ the following state
Yz?;f = Y;,t*ﬂ',tﬂ Vi.

We partition the set of nodes into the set where X; and Y; have the same value and the set where
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they don’t. Define V,~ and Vf’é as follows.

Vi- ={i€[n]s.t. Xit = Yi,t}

V7 ={i€[n]st.Xiy # Yis}.

When the two samplers proceed to perform their update for time step ¢ + 1, in addition to
the nodes in the set Vf some additional nodes might appear to have different values under the
asynchronous chain. This is because of the delays 7; ;1. We use D;;1 to denote the set of nodes
in V;= whose values read by the asynchronous chain are different from those under the sequential

chain.
Dy = {Z € [n] ‘ Xi,t 7é Y;ﬂf*ﬂ‘,tﬂ} (12-3'2)

Next, we proceed to obtain a bound on the expected size of D;;1 which we will use later. Let
Ti,t,T2,t, - - -, Tn, denote the delays at time ¢. Let d;; denote the last index before ¢ when the node

i’s value was updated. Observe that the d; s have to all be distinct. Then

Vil
1
E [|Diga[Ke] < E Pr{ris > d6i4] < E 5i <T E = < 7logn. (12.3.3)
i€V ievys ot j=1

Suppose a node ¢ from the set V;~ was chosen at step ¢ + 1 to be updated in both the chains.
Now, L4 is either L; or Ly + 1. The probability that it is L; + 1 is bounded above by the total

variation between the corresponding conditional distributions.

Pr(X; 41 # Yiit1 | K¢, ¢ € V~ chosen in step t + 1] < ’

< Y I30). (12.3.5)

JEV/ UDt4

mXT) =y (1234

where (12.3.4) follows from the property of the greedy coupling (Lemma 12.2.7) and (12.3.5) follows

from the triangle inequality because total variation distance is a metric.

Now suppose that ¢ was chosen instead from the set Vf. Now Ly is either L; or Ly — 1. We
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lower bound the probability that it is Ly — 1 using arguments similar to the above calculation.

Pr [Xi,tJrl = Yi,tu"Ct, i€ Vf"E was chosen in step t + 1} >1- ‘ (X)) — 7ri(.|YtT_i)

v
(12.3.6)

>1— > (0. (12.3.7)

€V UD
where (12.3.6) follows from the property of the greedy coupling (Lemma 12.2.7) and (12.3.7) follows

from the triangle inequality because total variation distance is a metric.

Now the expected change in the Hamming distance
1
ELoi:— _ 1 . B .
[Lev1 = LefCy] = ~E Z >oooIG - |t > 160 | 1K
i€V jEVt#UDt—Q—l iEV;é jEVfUDt-o-l

<

1 . (L + E[|Des1|IKe])) o (Ly + Tlogn)a — Ly

_E — < < .

B G - L] < - < =
jth?&UDtJrl eV

where we used the fact that ), I(j,i) < « for any j.

Now,
E [Li11|Ko] = E [E [Ly 11| K] [Ko] (12.3.8)
<E|L+ (Lt + 7logn)o — Ly /Co] < Talogn (1 1= 04) N Talogn (12.3.9)
n l1-a n n
1
_ raosen (12.3.10)
l1-«
O

Next, we generalize the above Lemma to bound also the d** moment of the Hamming distance
between X; and Y; obtained from the coupled executions. The proof of Lemma 12.3.2 follows a
similar flavor as that of Lemma 12.3.1. It is however more involved to bound the expected increase
in the d* power of the Hamming distance and it requires some careful analysis to see that the

bound doesn’t scale polynomially in n.

306



Lemma 12.3.2 (d"* moment bound on Hamming). Consider the same setting as that of Lemma 12.3.1.

We have, for allt > 0, under the greedy coupling of the two chains,
E |dy(X:, Y)"Ko| < C(r,0.d) logn,

where C(.) is some function of the parameters T, and d.

Proof. Again we will employ the shorthand L; = dg(X¢, Y;). The proof is structured in the following
way. We will show the statement of the Lemma is true by induction over ¢ and d. To show the
statement for a certain values of ¢,d we will use the inductive hypotheses of the statement for all
t',d where t' < t and for all t,d’ where d’ < d. Lemma 12.3.1 shows the statement for all values of
t for d = 1. We will assume the statement holds for all ¢ for d’ < d.

Now, we proceed to show it is true for d. Clearly for ¢ = 0 it holds because dg(Xo,Yo)? = 0.
Suppose it holds for some time ¢ > 0. The state of the system at time ¢, K; includes the choices of
nodes the two chains chose to update at each time step, the delays 7; »» for each node i and time
step t' < ¢ and the states {Xy };>¢>0 and {Yy };>p >0 under the two chains. We let Iy denote the
node that was chosen to be updated in the two chains at time step . We will proceed in a similar

way as we did in Lemma 12.3.1. We first compute a bound on
E [Lfﬂylct] (12.3.11)

as a function of L;. The induction hypothesis implies that E[L|Ko] < C(r,a,d)log?n. We
partition the set of nodes into the set where X; and Y; have the same value and the set where they

don’t. Define V;~ and Vf as follows.

Vim ={i€[n]s.t. Xit = Y},t}

V7 ={i€[n]st.Xis # Yis}.

When the two samplers proceed to perform their update for time step ¢t + 1, in addition to
the nodes in the set Vfé some additional nodes might appear to have different values under the
asynchronous chain. This is because of the delays 7; ;1. We use D;11 to denote the set of nodes

in V= whose values read by the asynchronous chain are different from those under the sequential
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chain.
Diyr={i€[n]| Xig # Yit—r, 11} (12.3.12)
Next, we use the bound on the expected size of D;,1 which was derived in Lemma 12.3.1.
E[|Di11]IK¢] < Tlogn. (12.3.13)

Suppose a node 7 from the set V;~ was chosen at step ¢t + 1 to be updated in both the chains.
Now, L1 is either L; or Ly + 1. The probability that it is L; + 1 is bounded above by the total

variation between the corresponding conditional distributions.

Pr X441 # Yii1|Ke, @ € V™ chosen in step t 4 1] < ‘

m( X7 — m(‘mﬁ)HTV (12.3.14)

> I (12.3.15)

jth?SUDH_l

IN

(12.3.15) follows again due to the property of greedy coupling (Lemma 12.2.7) and the metric prop-

erty of the total variation distance.

Now suppose that ¢ was chosen instead from the set Vf. Now Ly is either Ly or Ly — 1. The

probability that it is L; — 1 is bounded below by the following.

Pr [Xi,t+1 =Y1K, i € Vf chosen in step ¢ + 1] >1-— ’

>1— > I(0). (12.3.17)

JEV/UDy41

m(XT) =y )|| (123.6)

(12.3.15) follows again due to the property of greedy coupling (Lemma 12.2.7) and the metric prop-

erty of the total variation distance.
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Now the expected change in the value of the d* power of the Hamming distance is

E [Lt+1 Lf]lCt] (12.3.18)

=5 |> Y (e - Y (- Y 16| (- @m0 Ik

€V jeVFUD eV JEVFUD 11
(12.3.19)
1 d d d
<= - - 3.
- ((Lt 1) Lt> El Y Y16 (L (L — 1) ) (12.3.20)
jEV?&UDzH»l eV
1 L
(@t ! = L) L+ B D) o = 2 (1 = (L - 1)7) (12.3.21)
1 L
- ((Lt 1)t - L;?) (Le+7logn)a— (Lf (L - 1)d) (12.3.22)

Now, suppose E [Lf}ICO] < C(r,a,d) log?n — c3(d)C(r,a,d — 1)logd_1 n for an appropriate
constant c3(d).Then,

[Lt o Lf(/co] = E |(Liy — <Z Ld, —i— 1L§> (12.3.23)
d—1
<E|> LI < es(@)C(ra,d —1)log ' n (12.3.24)
=0
— E [L;iﬂ} < O(r, o, d) log?n, (12.3.25)
where (12.3.24) follows because
E [L;Q; ILZ} <E [Lg(Lt v 1)d—i—1} <E [LgH] +e(d)o (E [L;H]) . (12.3.26)

Suppose instead that E [L{|Ko| was larger than C(7, , d) log?n — e3(d)C(r,,d — 1) log? 1 n. We

want to show that for C(7, «r, d) appropriately large in d, E [LfH‘ICO] doesn’t exceed C(1,a, d).
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E :Lfﬂuco} —E [E [Lfﬂ‘/ct} ‘/co} (12.3.27)
<E -Lf n (Lt + Tlogn)a

- ((Lt payd ) - L (Ld (Ly — 1)d) ‘KO} (12.3.28)

t) n
—E :Lf ; Qe trlognje Tnlog n)a (é (?) Lf"’) - % (é Cl) Lf_i(—l)i>
<C(r,a,d)log?n — % <E[Lf](1 —a)— Ed: <d> L& 4 @) Ed: ( )Ld ira logn>
=2

=1

Ko (12.3.29)

(12.3.30)

<C(r,a,d)log?n, (12.3.31)

where (12.3.31) holds because for C(7, , d) sufficiently large compared to the values of C(7, a, d'),
where d’ < d, we can have C(7, o, d) log? n—c3(d)C(7, a, d—1) log? ! n dominating all the remaining

terms in the two summations. Hence, by induction we have the desired Lemma statement. O

12.4 Estimating Global Functions Using HOGWILD! Gibbs Sam-
pling

To begin with, we observe that our Hamming moment bounds from Section 12.3 imply that we
can accurately estimate functions or events of the graphical model if they are Lipschitz. We show
this below as a Corollary of Lemma 12.3.2. Before we state the Corollary, we will first state the
following simple Lemma which quantifies how large a t is required to have an accurate estimate

from the Gibbs sampler.

Lemma 12.4.1. Let w be an graphical model on n nodes satisfying Dorbushin’s condition with
Dobrushin parameter a < 1. Let Xg, X1, ..., X denote the steps of a Gibbs sampler running on .

Let X ~ m. Also let f(x) be a bounded function on the graphical model. Then fort > 0,

[Blfa(X0)] = Blfa(0)]] < [|f]l nexp (_<1—na>t> |
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n

Proof. We have from Theorem 12.2.4 that dpv(X¢, X) < nexp ((170‘)25). This implies

BLC0] - BlACO) < o £ nesp (U520 < fall ot enp (-

Now, we state Corollary 12.4.2 which quantifies the error we can attain when trying to estimate

expectations of Lipschitz functions using HOGWILD!-Gibbs.

Corollary 12.4.2. Let w denote the distribution associated with a graphical model over the set
of variables V' (|V| = n) taking values in a discrete space S™. Assume that the model satisfies
Dobrushin’s condition with Dobrushin parameter o < 1. Let f : SIVI — R be a function such that,

for all z,y € SIV1,

[f(@) = f(y)| < Kdp(z,y)".

Let X ~ 7 and let Yy, Y1,...,Y; denote an execution of HOGWILD!-Gibbs sampling on m with

average contention parameter 7. Fort > {%=1log (2| f| . n/K),
(B[ (V)] - BIf(X)]] < K.(C(r a,d)log"n + 1)

where C(.) is the function from Lemma 12.3.2.

Proof. Consider an execution Xy, X1,..., X, where Xy = Yj, of the synchronous Gibbs sampling
associated with 7 coupled greedily with the HOGWILD! chain. We have from 12.2.4 and 12.4.1
that, for ¢t > "= 1log (2 || f[| ., n/K),

|E[X;] — E[X]| < K. (12.4.2)

Next, we have,
E[f(X;) — f(Y})] <E|Kdy(X:,Y:)? < K.C(r,a,d)log?n. (12.4.3)
Putting (12.4.2) and (12.4.3) together we get the statement of the Corollary. O

We note that the results of [48] can be used to obtain Corollary 12.4.2 when the function is
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Lipschitz with respect to the Hamming distance. The above corollary provides a simple way to
bound the bias introduced by HOGWILD! in estimation of Lipschitz functions. However, many
functions of interest over graphical models are not Lipschitz with good Lipschitz constants. In many
cases, even when the Lipschitz constants are bad, there is still hope for more accurate estimation.
As it turns out Dobrushin’s condition provides such cases. We will focus on one such case which
is polynomial functions of the Ising model. Our goal will be to accurately estimate the expected
values of constant degree polynomials over the Ising model. Using the bounds from Lemmas 12.3.1
and 12.3.2, we now proceed to bound the bias in computing polynomial functions of the Ising model

using HOGWILD! Gibbs sampling.

We first remark that linear functions (degree 1 polynomials) suffer 0 bias in their expected values
due to HOGWILD!-Gibbs. This is because under zero external field Ising models E[> ", a;X;] = 0
since each node individually has equal probability of being +1. This symmetry is maintained by
HOGWILD!-Gibbs since the delays are configuration-agnostic. Hence the delays when a node is
+1 and when it is —1 can be coupled perfectly leaving the symmetry intact. More interesting
cases start happening when we go to degree 2 polynomials. Therefore, we start our investigation
at quadratic polynomials. Theorem 12.4.3 states the bound we show for the bias in computation

of degree 2 polynomials of the Ising model.

Theorem 12.4.3 (Bias in Quadratic functions of Ising Model computed using HOGWILD!-Gibbs).
Consider the quadratic function fq(z) = Zz‘,j:i<j a;jr;xj. Let p denote an Ising model on n nodes
with Dobrushin parameter o < 1. Let {X;}+>0 denote a run of sequential Gibbs sampler and
HE = {Yi}+>0 denote a run of HOGWILD!- Gibbs on p, such that Xo = Yy. Then we have, for

t> % log(2||al|,, 1), under the greedy coupling of the two chains,

Talogn

1/2
(1 — a)3/2 /

[Blfa(Xt) = fa(YD)]] < e2lall (nlogn)™/~.
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Proof. Under the greedy coupling, we have that,

|E[fa(Xt) - fa(}/t)” =

(12.4.4)

E|l ) Yo ay (XX = YY) [ +E| Y > a (XipXje = YiiYie)
0, X5 +7#Y5t 7>0,X54=Yj ¢ 1, X54=Y; 1 j>1,X; 7Y} ¢
(12.4.5)
=B > (X —Yi) Y agXp| +E| Y X D) ay (Xje - Yy)
| ¢ 7>4,X5¢=Y; ¢ 1, X5 4=Y; 1 J>4,X5:#Y5 ¢
(12.4.6)
=|E Z (Xit —Yiz) Z aij Xjr| —E Z (Xit —Yit) Z aij Xt
K §>i i J>4,X5:#Y ¢
+E (D Xie) ay (X =Y | —E| DY Xie ) ay (Xje—Yje) (12.4.7)
i J>i i L6:Xi,t7 Yt J>i
=E|) (Xt —Yi)) ai;Xja| +E | (Xig—=Yie) > Xy (12.4.8)
5 j | i XY
<E | (Xig—Yi)) aijXj|| +E [du(X, Y] (12.4.9)
| Y i

where (12.4.5) is based on the observation that if X;; X jt = Y;4Y;; then the difference associated

with this monomial vanishes, (12.4.7) and (12.4.8) follow via rearrangement of terms, and (12.4.9)

follows because Zj,Xj Yy Xit| < du (X, Ys).

We bound each term in (12.4.9) seperately. First let us consider the term ‘E [ZZ(X” —-Yi)d .

J

We will employ concentration of measure of linear functions of the Ising model to bound this term.

Intuitively when ¢ is large enough, X, is very close to a sample from the true Ising model and hence

X; will have the properties of a true sample from
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Theorem 12.2.8 to argue that if X ~ p, then

_ ’y
Pr Zainj >r| <2exp (M Vi
Ll J

2
8lalls n
I 1
= Pr Y ayX;| < cllaly Tiig:Vi >1-— (12.4.10)
J
P Xl < nlogn il 512 12.4.11
— Pr| [0y <elall U v 21 2 (12.4.11)
j -

where (12.4.10) holds for a large enough constant ¢ and (12.4.11) holds via an application of

Lemma 12.4.1 for bilinear functions of the Ising model on the fact that ¢t > % log(2 ||a|., n).

Denote by the set G;, the following set of states

nlogn
Gi={zeQ Zaijxj <cllall\/ T (12.4.12)
J
Now,
E Z(Xi,t -Yi) Z a;; Xt (12.4.13)
i i
nlogn . .
< B> (X~ Yig)(elal 1_ga) Vi, X; € G| +|lall n?Pr[3i: X, ¢ Gy (12.4.14)
7
1 2
<cllall Ti ig;lE [dir(Xe, YOIV i X, € Gil + . (12.4.15)

where in (12.4.14) we used the fact that 3 ,(X; — Yi) >, a;5X; < lall, n? and (12.4.15) follows

because . Now,

Eldy(X:,Ys 2Tl
B dy (X, V)i X, € Gi] < XYl opp, v, vy < 2701087

12.4.16
~ PrvViX; € Gy ’ ( )

l1—a

where we have used that Pr[Vi X; € G;] > 1 —2/n® > 1/2 and employed Lemma 12.3.1. Hence,
E [ZZ(XZt —Yie) >, CLinj,t} ‘ < (e 1) [l /48 2radosn The second term we need to bound

11—«

is

E [du(X:,Y,)?] < C(1,0,2)log?n (12.4.17)
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which follows from Lemma 12.3.2. Putting the two bounds together we get the statement of the
Theorem. O

The main intuition behind the proof is that we can improve upon the bound implied by the
Lipschitz constant by appealing to strong concentration of measure results about functions of
graphical models under Dobrushin’s condition [45, 71, 81].

We extend the ideas in the above proof to bound the bias introduced by the HOGWILD!-Gibbs
algorithm when computing the expected values of a degree d polynomial of the Ising model in high

temperature. Our main result concerning d-linear functions is Theorem 12.4.4.

Theorem 12.4.4 (Bias in degree d polynomials computed using HOGWILD!-Gibbs). Consider a
degree d polynomial of the form fo(x) = ;. . Givig..igTiyTis - - - Tiy. Consider the same setting
as that of Theorem 12.4.3. Then we have, fort > % logn, under the greedy coupling of the two

chains,

Blfa(X0) = fa(Y)] < ¢ lal (nlogn) @172,

To show Theorem 12.4.4, we will use the following helper Lemmas: 12.4.5 and 12.4.6. We will

state them first.

For simplicity, here we consider degree d polynomials of the form f,(z) = Zil i iig Qiviz...igTiy Tig - -

Lemma 12.4.5. Consider a degree d polynomial fo(z) = Zim 77777 i) Qirin...igTiy Tiy - - - Tig.  Let p
denote a high temperature Ising model on a graph G = (V, E) with |V| = n nodes with Dobrushin
parameter o < 1. Let G, = Xo, X1,...,Xy,... denote the synchronous Gibbs sampler on p and
HE =Yy, Y1,...,Ys, ... denote the HOGWILD! Gibbs sampler associated with p such that Xy = Yj.

Then we have, fort > ngdizl) logn, under the greedy coupling of the two chains, for all 0 < k < d,

d
E Z(Xil,t_yil,t) Z(Xz‘k,t—yik,t) Z @iy ..y H X,

i1 ik ot semnid I=k+1

< C(1,a, k) log nCy(ar, d — k)(nlogn) )72,

Proof. We will employ the bound we have on the moments on the Hamming distance 12.3.2 together
with concentration of measure for polynomial functions of the Ising model 12.2.8 to show the

statement. We have from Theorems 12.2.8 and 12.2.9 and Lemma 12.4.1, that for every choice of
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. . d+1
i1,%2,...1x € V, and for t > %logn,

d lla|| . nlogn (d—k)/2 1
Pril > aii, [ Xie|>eala,d—k) S < o (12.4.18)
Ut 1yeeesld I=k+1 - a n HaHoo

d nlogn (d=F)/2
= Pr H{il,ig,...ikGV} Z iy ..y H Xil,t >C4(a,d—k)< )

. . 11—«
Uh+1y+52d l:k)-f—l
(12.4.19)

1

< ——F— 12.4.20
= o] (12420

where we used the fact that when ¢ is large, the distribution of X; is close to p (Lemma 12.4.1) and

(12.4.19) follows from a union bound. Define the set of states Gj,i,. i, as follows.

d nlogn (d=k)/2
Giliz...ik =ze Z Qiy...ig H T, < 04(01,(1 — k‘) < ) V{il,ig, .. .ik c V}

et 1yenrid I=k+1 1-a
(12.4.21)
Then we have,
d
E Z(Xil,t - Y;Lt) Z(Xik»t - }/;'lwt) Z Qiy...iq H Xil,t (12'4'22)
i1 i Tt 15-05ld I=k+1
d
<SE D X =Yl [ [ Do 1Ko = Yol | D aian [ X (12.4.23)
11 ik Tt 1yld I=k+1
nlogn\ @=%/2 ‘ . . 1
§C4<Oz,d—]€)<1_a) E ;Xi,t—yvﬁﬂ XtGG@I_..ikV{Zl,...,’LkEV} +ﬁ
(12.4.24)
nlogn (d=k)/2 1
< es(ayd — k) ( — > 2VE gy (X0, Y0 | X1 € Gy, Wit ik € VY] +
(12.4.25)
nlogn (d=k)/2
< eq(a,d — k) ( N ) 2k 2C (7, v, k) logF n < C(7, o, k) log* nCy(a, d — k) (nlogn)¢=F)/2,
-«

(12.4.26)

where we have used the fact that ) |X; — Y| = 2dg(X,Y) for X,Y € Q, and (12.4.26) follows

from Lemma 12.3.2 and the observation that Pr[X; € G;, 4, V {i1,...,ip € V}] > 1— W >
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1/2. 0

Lemma 12.4.6. Consider a degree d polynomial fo(z) = Zim’m’id Qiig..igTi Tig - - - Tiy. Let p
denote a high temperature Ising model on a graph G = (V, E) with |V| = n nodes with Dobrushin
parameter o < 1. Let G, = Xo, X1,...,Xy,... denote the synchronous Gibbs sampler on p and
HT =Yy, Y1,...,Ys, ... denote the HOGWILD! Gibbs sampler associated with p such that Xy = Yj.

Then we have, fort > (dH) logn, under the greedy coupling of the two chains, for all 0 < k < d,

d d
ED (X =Y [ | Do (Xie = Vi) > a(H X — |] Yt>

i1 ik Tt 1yerld I=k+1 I=k+1

< C(r,a, k) logh nCs(a, d — k)(nlogn)d=k/2,

Proof. We prove this by inducting backwards on k. When k& = d, we get the desired statement
from Lemma 12.3.2. Assume the statement holds for some k + 1 < d. We will show it holds for k
as well. In the following calculations, we will, for a while, drop the subscript ¢ from X; and Y; for

brevity. We have,

d d
ED (X -Yi) (.. [ DX -Y) > ail,,,l-d<H X, - 1 ml) (12.4.27)

21 ik Tkt 1yld l=k+1 l=k+1

d
= |E Z(Xil_yﬁ) Z(Xlk_ylk) Z iy ...ig (2 H Xz‘;)

i ik igt1--0d I=k+1
Kipp1 - Xig#Yip .. Yig
(12.4.28)
The last summation of (12.4.28) is over indices ixy1,...,iq such that the product of values in X

at these indices disagrees with the corresponding product of values in Y. This can happen due
to a disagreement between X and Y at one of the indices ix11,...,%4, say j, and an agreement
of the product over the rest of the indices. That is, X; # Y; and Hl pr1 i H;i:jH X, =
Hl ka1 Vi Hld:jJr1 Y;;. This leads to the last summation in (12.4.28) being bounded above by the

sum of d — k terms of the form

j—1
Z(Xij _)/ij) Z Aiy..ig H i H le - H i H Y;l . (12.4.29)

2 Tt 1seeerlj—1505415td l=k+1 l=j+1 l=k+1 l=j+1
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Replacing the last summation of (12.4.28) with d — k terms of the above form we see that the whole
quantity decomposes into d — k terms such that the inductive hypothesis can be applied over each
of the terms. It is a fairly simple calculation to see that then we get the desired bound of the
Theorem by induction (by keeping in mind that the quantity of focus here is the dependence on n

and we treat d as a constant). O

Given Lemma 12.4.6, Theorem 12.4.4 follows. Proof of Theorem 12.4.4: The Theorem follows

directly from Lemma 12.4.6 applied to the case k = 0. O

Next, we show that we can accurately estimate the expectations above by showing that the
variance of the functions under the asynchronous model is comparable to that of the functions

under the sequential model.

Theorem 12.4.7 (Variance of degree d polynomials computed using HOGWILD!-Gibbs). Consider
a high temperature Ising model p on n nodes with Dobrushin parameter a < 1. Let fq(x) be a degree

d polynomial function Let Yy, Y1, ..., Y: denote a run of HOGWILD! Gibbs sampling associated with
(d+D)n

p. We have, fort > 5=/~ log (n2),
Var [f(Y;)] < |lal|, C(d, a, 7)n’.
Proof.

Var [£,(Y)] = E [fa(Y)?] — E[fu(Y))]? (12.4.30)

<E [fa(Y)’] + E[fa(Yy)]? (12.4.31)

First, we proceed to bound E [ fa(Yt)Q]. Consider a coupled execution of synchronous Gibbs sam-

pling X, X1,..., Xy where Xg = Yy coupled using the greedy coupling. We have,

E [fo(Y2)?] <E [fo(Xe)’] + |E [fa(X0)? = fa(Y2)?]] (12.4.32)

< C1(2d, o) (nlogn)? + Co(2d, o, 7) (nlogn)?4V/2 < C5(d, o, 7) (nlogn)? (12.4.33)

where we used the fact that f(z)? is a degree 2d polynomial and then applied Theorem 12.4.4 for
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degree 2d polynomials, in addition to Theorem 12.2.9. Now we look at the second term of (12.4.31).

E [fo(Y)]” < E[fo(X)] + B [fa(Y)]” - E[fa(X:))? (12.4.34)
< E [fo(X)P + [(B[fa(Y)] = E[fa(X0)]) (B [fo(YD)] + E [fa(X2)])] (12.4.35)
< C(d, ) (nlogn)” + Ca(d, @, 7) (nlogn) “~V/2 (2B [fo(X0)]| + [B[fa(Y2)] — E [fa(X0)]))

(12.4.36)
< Cy(d, o, 7) (nlogn)24=D/2 (12.4.37)

where again we employ Theorem 12.2.9 and Theorem 12.4.4 for degree d polynomials. Combining

(12.4.33) and (12.4.37), we get the desired bound. O

12.4.1 Going Beyond Ising Models

We presented results for accurate estimation of polynomial functions over the Ising model. How-
ever, the results can be extended to hold for more general graphical models satisfying Dobrushin’s
condition. A main ingredient here was concentration of measure. If the class of functions we look
at has d"-order bounded differences in expectation, then we indeed get concentration of measure
for these functions (Theorem 1.2 of [81]). This combined with the techniques in our work would

allow similar gains in accurate estimation of such functions on general graphical models.

12.5 Experiments

We show the results of experiments run on a machine with four 10-core Intel Xeon E7-4850 CPUs
to demonstrate the practical validity of our theory. In our experiments, we focused on two Ising
models—Curie-Weiss and the Grid. The Curie-Weiss CW (n, «) is the Ising model corresponding
to the complete graph on n vertices with edges of weight 8 = -%5. The Grid(k?, ) model is the
Ising model corresponding to the k-by-k grid with the left connected to the right and top connected
to the bottom to form a torus—a four-regular graph; the edge weights are §. The total influence of
each of these models is at most «, so we chose o = 0.5 to ensure Dobrushin’s condition. To generate
samples, we start at a uniformly random configuration and run Markov chains for 7' = 10nlogy(n)
steps to ensure mixing.

In our first experiment (Figure 12.5.1) we validate the modeling assumption that the average

delay of a read 7 is a constant. Computing the exact delays in a real run of the HOGWILD! is not
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possible, but we approximate the delays by making processes log read and write operations to a lock-
free queue as they execute the HOGWILD!-updates. We present two plots of the average delay of
a read in a HOGWILD! run of the CW(n,0.5) Markov chain with respect to n. Four asynchronous
processors were used to generate the first plot, while twenty were used for the second. We notice
that the average delay depends on the number of asynchronous processes, but is constant with

respect to n as assumed in our model.

Estimate of tau with 4 asynchronous processes Estimate of tau with 20 asynchronous processes
10 10

estimate of tau
estimate of tau

200 400 600 800 1000 200 400 600 800 1000
number of nedes in graph number of nodes in graph

Figure 12.5.1: Average delay of reads for CW(n,0.5) model. Four asynchronous processors were
used on the left, while twenty were used on the right.

Next, we plot (in Figure 12.5.2) the relationship between the number of asynchronous processors
used in a HOGWILD! execution and the delay parameter 7. For this plot, we estimated 7 by the
average empirical delay over HOGWILD! runs of CW (n,0.5) models, with n ranging from 100 to
1000 in increments of one hundred. The plot shows a linear relationship, and suggests that the
delay per additional processor is approximately 0.4 steps.

The primary purpose of our work is to demonstrate that polynomial statistics computed from
samples of a HOGWILD! run of Gibbs Sampling will approximate those computed from a sequential
run. Our third experiment demonstrates exactly this fact. We plot (in Figure 12.5.3 on the left)
the empirical expectations of the complete bilinear function f(Xi,...,X,) = Zi#j X;X; as we vary
the number of nodes n in a Curie-Weiss model graph. Each red point is the empirical mean of
the function f computed over 5000 samples from the HOGWILD! Markov chain corresponding to
CW (n,0.5), and each blue point is the empirical mean produced from 5000 sequential runs of the
same chain. Our theory (Theorem 12.4.3) predicts that the bias, the vertical difference in height
between red and blue points, at any given value of n will be on the order of the standard deviation
divided by /n (standard deviation is ©(n) and bias is O(y/n)). We plot error bars of this order,
and find that the HOGWILD! means fall inside the error bars, thus corroborating our theory. We
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Estimate of average tau in HOGWILD! Ising glauber dynamics
10 A

average value of tau

T T
0 5 10 15 20 25
number of processes used

Figure 12.5.2: Average delay of reads for CW (n, 0.5) model as the number of processors used varies.

show that theory and practice coincide even for sparse graphs, by making the same plot for the

Grid(n,0.5) model on the right of the same figure.
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¢4 hogwild ¢4 hogwild
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Figure 12.5.3: Means (with appropriately scaled error bars) of the complete bilinear function com-
puted over 5000 sequential and hogwild runs of CW(n,0.5) (left) and Grid(n,0.5) (right).
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Part VI

Conclusion
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Chapter 13

Summary

In this thesis, I presented multiprocess algorithms for a range of problems spanning concurrency,
data structures, parallel algorithms and machine learning. Throughout the process, I emphasized
the themes of simplicity, speed, scalability, and reliability.

In Part II, we saw how the process of lock design started out with simplifying the queue lock
to its core. This effort, presented in Chapter 4 resulted in the short, eight-line JJJ Lock algorithm,
which is a most efficient lock in each of the CC and DSM models, unifies the node-switching and
node-toggling methods, and supports the union of all desirable properties we know for queue locks,
such as first-come-first-served and bounded exit. In particular, the JJJ Lock is retains all the
key structures in past queue locks, while remaining minimalist. Thus, it set the foundation for the
design of our abortable and recoverable locks. Our abortable locks are the most efficient ones known
to date, with just constant remote memory reference (RMR) complexity per passage. They are also
the first to achieve the coveted, fast abort property, of worst-case constant RMRs to abort. The
simplicity of our queue lock structure was also key to our provably optimally efficient recoverable
mutual exclusion locks.

Along with achieving efficiency, i.e. speed and scalability, our locks come with rigorous proofs of
their correctness and other properties. Notably, we give induction proofs of the key invariants of all
of our lock algorithms. While these invariant proofs may seem tedious at times, their importance
is particularly well illustrated in the case of recoverable mutual exclusion, where we showed that a
previous state-of-the-art algorithm, thought to be correct, actually has subtle bugs and races that
sometimes result in starvation and, worse yet, deadlock. Particularly novel in our proof methods,

is our proof of starvation freedom of our abortable mutex. To the best of our knowledge, we are
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the first to introduce the distance function method for proving progress occurs in all fair runs of
a mutual exclusion lock. The efficiency analysis for the same algorithm is somewhat novel in its
use of a multiprocess potential function, a technique we also used in our union-find data structure
efficiency analysis.

Moving past locks, in Part 111, we investigated lock-free data structures, both from a perspective
of efficient algorithms and from a perspective of fundamental lower bounds. Our main algorith-
mic results in this part were a family of fast algorithms for concurrent union-find, fast arrays,
fast generalized arrays, and fixed size hash tables. In our analysis, we revealed the importance
of accounting for possible randomness leaks when trying to prove any efficiency claims about a
randomized concurrent algorithms. Randomness leaks, which result when the adversary is able to
discover more about the algorithm’s random bits through clever scheduling, are a key difficulty
in getting good efficiency results in the asynchronous model. They have also been significantly
overlooked in some previous analyses, including the analysis of some hash tables. The highlight
of our algorithmic results, is our efficient wait-free concurrent union-find object, which has work
complexity O(a(n) + logp) even against the adaptive scheduling adversary. This algorithm is the
first provably scalable algorithm for union-find, and indeed any common data structure we are
aware of (other than Ellen and Woelfel’s fetch-and-increment construction).

For arrays, we showed the surprising result that we can present the interface of initializing an
entire m-length array in just O(1) time, while still performing read, write, and indeed every other
primitive operation supported by hardware (such as CAS, FAS, etc.) in just O(1) time each. This
result fascinated me at first, since it seems to counteract the powerful super-linear lower bounds
that researchers have shown for the write-all problem—essentially the problem of initializing an
array of length m to all zeros. In our work, we showed how to use these fast arrays to develop
a provably efficient fixed-length hash table. I believe that this result maybe a hotbed of future
algorithmic development, since arrays are so fundamental, and the problem of initializing arrays in
the face of concurrency is an even more difficult task than initializing sequentially.

On the lower bounds side of our work, we showed that the tight upper bounds we prove for our
family of union-find data structures are actually optimal among the class of symmetric data struc-
tures for union-find and that a less power Q(loglog p) lower bound holds on all data structures for
union-find. This leaves a small gap, that a potentially faster non-symmetric algorithm or a stronger
lower bound must eventually fill. Our conjecture is that the lower bound is the one that can be

improved, and that the union-find algorithm is likely optimal. We also showed that many common
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data structures such as stacks, queues, and priority queues cannot have concurrent linearizable
implementations without a (log p) amortized work overhead of concurrency per operation. These
lower bounds lead us to argue that the goal of future concurrent data structures should be to derive
algorithms whose work complexities scale polylogarithmically in data set size n and process-count
.

Part IV contains our most significant work focused on improving the reliablility of multiprocessor
algorithms. In particular, we identify that linearizability has been the gold standard for multipro-
cessor data structure correctness for decades, but proofs of linearizability continue to be hard to
pharse, hard to verify, and thus many times lead to unproved or even wrong published algorithms.
We mitigate this state of affairs by introducing a simple, universal, sound, and complete method
for enabling machine-verified proofs of the linearizability, and even the strong linearizability, of any
implementation (that is indeed linearizable or strong linearizable). As a crowning result, we prove
the linearizability and strong linearizability of our union-find algorithm using our method, and have
made the proof publicly available on GitHub to be independently verified by whomsoever wishes
to do so. My collaborators and I have also designed publicly available machine-verified proofs of
several other data structures in related work. I certainly hope that more and more multiprocessor
algorithms will become provably reliable through this system of publicly available machine-verified
proofs of correctness.

Finally, in Part V, we turned to an efficiency problem that traditionally belonged solely to ma-
chine learning—sampling high dimensional probability distributions, which are supplied as graphi-
cal models. In this part, we introduced the stochastic scheduling model of asynchronous computing,
and under this model, whose validity we bolstered experimentally, we proved statistical guarantees
of an extremely simple, race-condition heavy, lock-free multiprocessor-algorithm. The powerful
results of this part, that show that HOGWILD! Gibbs Sampling can be pan-accurate, i.e., gener-
ate accurate statistics about functions of all variables of a graphical model, required an analysis
that mixes traditional asynchronous computing techniques with concepts from probability theory,
such as markov chains and filtering, and techniques from machine learning, such as Dobrushin’s
coefficient.

Along with its technical contributions, this thesis also pioneered a new direction in broadening
the participation in STEM across linguistic communities. by presenting, to my knowledge, the
first modern computer science research originally penned in Telugu, which as accompanied by an

abstract in Sanskrit—which is aimed to reach an even larger number of people.
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Chapter 14

Future Directions

Any thesis of this length naturally opens the doors to hundreds of open directions. Rather than
make a hopeless attempt at listing all of these, I will put forth just a few future directions for

technical work.

o Fast and Scalable Wait-Free Linearizable Data Structures: The principle goal of this thesis

was to design, and aid in the design of, fast and scalable multiprocess algorithms. Design of
such efficient algorithms is propelled by the design of efficient wait-free data structures. The
lower bounds of Chapter 9 show that we simply cannot design linearizable stacks and queues
without a concurrency overhead of at least Q(logp) per operation. I believe an important open
direction is designing scalable lock-free linearizable data-structures for fundamental problems
like stacks, queues, priority queues, and dictionaries. As I argued in this thesis, I believe
the goal should be to achieve algorithms whose work complexity is at most polylogarithmic
in both n, the number of items in the data structure, and p the total number of processes
that use the shared data structure. As we demonstrated with union-find, such algorithms
are likely to have far-reaching consequences in fast parallel algorithms for several problems

of interest.

e C(losing the Complexity Gap for Union-Find: It is well known that the analysis of the sequen-

tial union-find data structure [198] and the lower bounds work on the sequential union-find
problem [64] were foundational in the fields of algorithmic analysis. I believe a deep probe into
the computational limits of concurrent union-find can give us a similar deep understanding.
I conjecture that the gap between our upper and lower bound will be resolved in favor of the

algorithm, i.e., a better lower bounding technique is what is left to be discovered. Thus, I
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believe this is an open direction that is mainly of theoretical interest.

e Machine Verification Techniques: The machine-verifiable proof techniques that we introduced

in the work of Chapter 11 are, in my opinion, our biggest contribution towards reliability of
multiprocessor algorithms. I believe that many of the proofs we have seen in this thesis
apart from just the linearizability proofs—for instance, the proofs of correctness of the mutex
lock invariants—can be made machine-verifiable. Perhaps more significantly, I want to move
beyond simply focusing on correctness, but also focusing on efficiency. My future goal is to de-
velop techniques and generate machine-verified proofs of efficiency properties of multiprocess
algorithms—for instance, giving machine-verified proofs of results like the inverse- Ackermann
efficiency of our concurrent union-find object or the amortized constant RMR complexity of

our abortable locks.

Future directions towards broadening linguistic diversity in STEM

The productive grammar of Sanskrit [168] served as an incredibly powerful tool in deriving technical
vocabulary to make mathematical and scientific research exposition possible in Telugu. In fact, I
have found that deriving Sanskrit vocabulary for technical terms in scientific exposition comes with

at least three significant, positive consequences:

1. Sanskrit is the progenitor of the technical vocabulary in innumerable languages across the
world, including but not limited to most Indian and South Asian languages. Thus, terms
derived in Sanskrit’s grammar serve as a unifying vocabulary for billions of people. In the
same way that an English speaker can largely understand a mathematical work in French
without a deep background in the French language due to the etymological similarity between,
for instance, the French intégrale and the English integral, speakers of Sanskrit-descendant

languages can communicate across language barriers with shared Sanskrit vocabulary.

2. Sanskrit has an ancient yet still thriving tradition of formal grammar, expressed in an algo-
rithmic form in Panini’s celebrated Ashtadhyay1 [168]. This grammar offers a unique oppor-
tunity for building a long lasting vocabulary, where the semantic meaning of technical words
can drive their morphological form, thereby embedding these words in a framework that has
lasted over two millennia. (On a personal note: as an algorithmist, I also find the aesthetic

beauty of an algorithmic treatise driving not just the content, but also the form of scientific
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terminology appealing.)

3. New scientific and technical vocabulary is currently the principal barrier to enabling the writ-
ing of scientific texts in many languages. Thus, developing Sanskrit vocabulary ameliorates

this principal barrier for many language communities simultaneously.

Proposal: I thus propose the Samskrtam Technical Lexicon Project. As I envision it, the project
should aim to use Panini’s productive grammar of Sanskrit to create a dictionary of modern techni-
cal terms along with their etymological derivations (@?‘Tﬁ, vyutpatti) from Sanskrit roots (dhatu),
prefixes (upasarga), suffixes (pratyaya), and compounds (samasa), and a description of how to use
these words in the many languages—including for instance Telugu—that derive vocabulary from
Sanskrit. To achieve the best possible outcomes, I propose forging a close collaboration between

scholars of STEM fields and scholars of Sanskrit and other vernaculars to implement this vision.

A final note I am glad to have worked on the TeluguTeX template, built with XeLaTeX, to
overcome the lack of software to easily typeset scientific text in Telugu. Telugu and various other
languages continue to suffer from technological under-availability in several areas. To address this
concern, I support making more rapid progress on existing technological initiatives that empower

linguistic diversity, such as Unicode [18], XeLaTeX [128], and Internet Internationalization [99].
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