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Abstract

This thesis investigates the regret performance of no-regret learning algorithms in the competitive, though
not fully-adversarial, environment of games. We establish exponential improvements on previously best-known
external and internal regret bounds for these settings.

We show that Optimistic Hedge — a common variant of multiplicative-weights-updates with recency
bias — attains poly(logT) regret in multi-player general-sum games. In particular, when every player of
the game uses Optimistic Hedge to iteratively update her strategy in response to the history of play so
far, then after T rounds of interaction, each player experiences total regret that is poly(logT). Our bound
improves, exponentially, the O(T"/2) regret attainable by standard no-regret learners in games, the O(T''/4)
regret attainable by no-regret learners with recency bias [Syr+15], and the o/ 6) bound that was recently
shown for Optimistic Hedge in the special case of two-player games [CP20]. A corollary of our bound is that
Optimistic Hedge converges to coarse correlated equilibrium in general games at a rate of O (4).

We then extend this result from external regret to internal and swap regret, thereby establishing uncoupled
learning dynamics that converge to an approximate correlated equilibrium at the rate of O (T*I). This
substantially improves over the prior best rate of convergence for correlated equilibria of O(T_?’/ 1) due to
Chen and Peng (NeurIPS ‘20), and it is optimal up to polylogarithmic factors in T

The results presented here originate from my works [DFG21] and [Ana-+22].
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1 Introduction

Online learning has a long history that is intimately related to the development of game theory,
convex optimization, and machine learning. One of its earliest instantiations can be traced to Brown’s
proposal Brown [Bro49] of fictitious play as a method to solve two-player zero-sum games. Indeed,
as shown by Robinson [Rob51], when the players of (zero-sum) matrix game use fictitious play to
iteratively update their actions in response to each other’s history of play, the resulting dynamics
converge in the following sense: the product of the empirical distributions of strategies for each
player converges to the set of Nash equilibria in the game, though the rate of convergence is now
known to be exponentially slow [DP14]. Moreover, such convergence to Nash equilibria fails in
non-zero-sum games [Sha64].

The slow convergence of fictitious play to Nash equilibria in zero-sum matrix games and non-
convergence in general-sum games can be mitigated by appealing to the pioneering works Blackwell
[Bla54] and Hannan [Han57] and the ensuing literature on no-regret learning [CL06a]. It is known
that if both players of a zero-sum matrix game experience regret that is at most £(7°), the product
of the players’ empirical distributions of strategies is an O(e(1")/T)-approximate Nash equilibrium.
More generally, if each player of a general-sum, multi-player game experiences regret that is at
most £(T"), the empirical distribution of joint strategies converges to a coarse correlated equilibrium®
of the game, at a rate of O(e(T")/T'). Importantly, a multitude of online learning algorithms, such
as the celebrated Hedge and Follow-The-Perturbed-Leader algorithms, guarantee adversarial regret
O(V/T) [CL06a]. Thus, when such algorithms are employed by all players in a game, their O(v/T)
regret implies convergence to coarse correlated equilibria (and Nash equilibria of matrix games) at a
rate of O(1/V/T).

While standard no-regret learners guarantee O(\/T ) regret for each player in a game, the players
can do better by employing specialized no-regret learning procedures. Indeed, it was established
by Daskalakis, Deckelbaum, and Kim [DDK11] that there exists a somewhat complex no-regret
learner based on Nesterov’s excessive gap technique [Nes05], which guarantees O(logT') regret to
each player of a two-player zero-sum game. This represents an exponential improvement over the
regret guaranteed by standard no-regret learners. More generally, Syrgkanis, Agarwal, Luo, and
Schapire [Syr+15] established that if players of a multi-player, general-sum game use any algorithm
from the family of Optimistic Mirror Descent (MD) or Optimistic Follow-the-Regularized-Leader
(FTRL) algorithms (which are analogoues of the MD and FTRL algorithms, respectively, with
recency bias), each player enjoys regret that is O(T"/#). This was recently improved by Chen and
Peng [CP20] to O(T"/%) in the special case of two-player games in which the players use OMWU, a
particularly simple representative from both the Optimistic MD and Optimistic FTRL families.

The above results for general-sum games represent significant improvements over the O(v/T)
regret attainable by standard no-regret learners, but are not as dramatic as the logarithmic regret
that has been shown attainable by no-regret learners, albeit more complex ones, in 2-player zero-sum
games (e.g., Daskalakis, Deckelbaum, and Kim [DDK11]). Indeed, despite extensive work on
no-regret learning, understanding the optimal regret that can be guaranteed by no-regret learning
algorithms in general-sum games has remained elusive. This question is especially intruiging in light
of experiments suggesting that polylogarithmic regret should be attainable [Syr+15; HAM21]. In
this paper we settle this question by showing that no-regret learners can guarantee polylogarithmic

In general-sum games, it is typical to focus on proving convergence rates for weaker types of equilibrium than
Nash, such as coarse correlated equilibria, since finding Nash equilibria is PPAD-complete [DGP06; CDT09].



Table 1: Overview of prior work on fast rates for learning in games. m denotes the number of
players, and n denotes the number of actions per player (assumed to be the same for all players).
For OMWU, the adversarial regret bounds in the right-hand column are obtained via a choice of
adaptive step-sizes. The O(-) notation hides factors that are polynomial in log T".

Algorithm Setting Regret in games Adversarial regret

Hedge (& many multi-player,

other algs.) general-sum O(v/Tlogn) [CLO6a] O(v/Tlogn) [CLOGa]

Excessive Gap 2-player, O(logn(log T + log®? n)) O(v/Tlogn)

Technique 0-sum [DDK11] [DDK11]

DS-OptMD, OptDA  2-player, 0-sum logo(l)(n) [HAM21] ,/Tlogo(l)(n) [HAM21]

OMWU multi-player, O(logn - /m - T'%) O(v/Tlogn)
general-sum [RS13b; Syr+15] [RS13b; Syr+15]

2-player, 5/6 1/6 ~

OMWU general-sum O(log”®n - T/°) [CP20] O(v/Tlogn)

OMWU multi-player, O(logn - m - log* T O(v/TTogn)
general-sum (Theorem 3.1) (Corollary D.1)

regret to each player in general-sum multi-player games. Moreover, this regret is attainable by a
particularly simple algorithm — Optimistic Hedge:

Theorem 1.1 (Abbreviated version of Theorem 3.1). Suppose that m players play a general-sum
multi-player game, with a finite set of n strategies per player, over T rounds. Suppose also that each
player uses Optimistic Hedge to update her strategy in every round, as a function of the history of
play so far. Then each player experiences O(m -logn - log4 T) regret.

An immediate corollary of Theorem 1.1 is that the empirical distribution of play is a O %IO‘C’#T -

approximate coarse correlated equilibrium (CCE) of the game. We remark that Theorem 1.1 bounds
the total regret experienced by each player of the multi-player game, which is the most standard
regret objective for no-regret learning in games, and which is essential to achieve convergence to
CCE. For the looser objective of the average of all players’ regrets, [RS13b] established a O(logn)
bound for OMWU in two-player zero-sum games, and [Syr+15] generalized this bound, to O(mlogn)
in m-player general-sum games. Note that since some players may experience negative regret
[HAM21], the average of the players’ regrets cannot be used in general to bound the maximum
regret experienced by any individual player. Finally, we remark that several results in the literature
posit no-regret learning as a model of agents’ rational behavior; for instance, [Roul5; ST13; RST17]
show that no-regret learners in smooth games enjoy strong Price-of-Anarchy bounds. By showing
that each agent can obtain very small regret in games by playing OMWU, Theorem 1.1 strengthens
the plausability of the common assumption made in this literature that each agent will choose to
use such a no-regret algorithm.



1.1 Correlated Equilibria

We also investigate the more refined solution concept of multi-player general-sum games known
as correlated equilibria (CE) [Aum74]. Like CCE, it is known that CE can be computed through
uncoupled learning dynamics. The main follow-up question to Theorem 1.1 is:

Are there learning dynamics that, if followed by all players in a multi-player general-
sum game, guarantee convergence with rate O (T_l) to a correlated equilibrium?

(®)

We answer this question in the affirmative. Unlike in the case of CCE, typical no-external-regret
dynamics such as MWU are known not to guarantee convergence to CE. Instead, specialized
no-internal-regret or no-swap-regret algorithms have to be employed to converge to CE [CLOGDb].
Compared to no-external-regret dynamics, these learning dynamics are considerably more complex
in that all known algorithms require the computation of the stationary distribution of a certain
Markov chain at every iteration.

This work presents a refined analysis of the no-internal-regret algorithm of Stoltz and Lugosi
[SLO5], as well as the no-swap-regret algorithm of Blum and Mansour [BM07], both instantiated
with Optimistic Multiplicative Weights Update (OMWU). Going forward, we will refer to those
learning dynamics as SL-OMWU and BM-OMWU, respectively. Our primary contribution is to
show that both of these algorithms exhibit a near-optimal convergence rate of O(T~!), settling
Question (#) in the affirmative. More precisely, for SL-OMWTU our main theorem is summarized
as follows.

Theorem 1.2. Consider a general-sum multi-player game with m players, with each player i € [m]
having n; actions. There exists a universal constant C' > 0 such that, when all players select
strategies according to algorithm SL-OMWU with step size n = 1/(C - mlog*T), the internal
regret of every player i € [m] is bounded by O(m log n; log* T). As a result, the average product
distribution of play is an O((m log n log* T)/T)—approa:imate correlated equilibrium.

This matches, up to constant factors, the rate of convergence for coarse correlated equilibria
of Theorem 1.1, and it is optimal, within the no-regret framework,? up to polylogarithmic fac-
tors [DDK11]. This also substantially improves upon the O(T~3/%) rate of convergence for correlated
equilibria recently shown by Chen and Peng [CP20]. Moreover, since swap regret on an n-simplex is
trivially at most n times larger than internal regret (e.g., see Blum and Mansour [BMO07, pp. 1311]),
Theorem 1.2 directly gives a bound in terms of swap regret as well, stated as follows.

Corollary 1.3. If all players select strategies according to algorithm SL-OMWU, the swap regret
of every player i € [m] is bounded by O(m nilog n; log? T).

For the algorithm BM-OMWU, we demonstrate the following.

Theorem 1.4. Consider a general-sum multi-player game with m players, with each player i € [m]
having n; actions. There exists a universal constant C > 0 such that, when all players select
strategies according to algorithm BM-OMWU with step size n = 1/(C' - mn3log!(T)), the swap
regret of every player i € [m] is bounded by O(mnflogn; logh(T)). As a result, the average product
distribution of play is an O((m n* lognlog4 T)/T) -approximate correlated equilibrium.

2Finding a correlated equilibrium can be phrased as a linear programming problem, and thus e-approximate
correlated equilibria can be found in time poly(m,n,log(1/¢)), where n = max;cnj{n:}, for succinct multi-player
games [PRO8]. However, the procedure for doing so, ellipsoid against hope, cannot be phrased as uncoupled dynamics
and is unlikely to be run by players competing in a repeated game.



Finally, we remark that SL-OMWU and BM-OMWU instantiated with the learning rates
described in Theorems 1.2 and 1.4 guarantee near-optimal swap regret (in 7') when all players use
the same dynamics, but might not against general, adversarial losses. To guarantee near-optimal
swap regret in both the adversarial and the non-adversarial regime, an adaptive choice of learning
rate similar to that in Appendix D can be used (see Corollary 4.5).

1.2 Related Work

Table 1 summarizes the prior works that aim to establish optimal regret bounds for no-regret
learners in games. We remark that [CP20] shows that the regret of Hedge is Q(v/T') even in 2-player
games where each player has 2 actions, meaning that optimism is necessary to obtain fast rates.
The table also includes a recent result of [HAM21] showing that when the players in a 2-player
zero-sum game with n actions per player use a variant of OMWU with adaptive step size (a special
case of their algorithms DS-OptMD and OptDA), each player has logo(l) n regret. The techniques
of [HAM21] differ substantially from ours: the result in [HAM21] is based on showing that the
joint strategies (® rapidly converge, pointwise, to a Nash equilibrium z*. Such a result seems
very unlikely to extend to our setting of general-sum games, since finding an approximate Nash
equilibrium even in 2-player games is PPAD-complete [CDT09]. We also remark that the earlier
work [Kan+18] shows that each player’s regret is at most O(logT -logn) when they use a certain
algorithm based on Optimistic MD in 2-player zero-sum games; their technique is heavily tailored
to 2-player zero-sum games, relying on the notion of duality in such a setting.

[Fos+16] shows that one can obtain fast rates in games for a broader class of algorithms (e.g.,
including Hedge) if one adopts a relaxed (approximate) notion of optimality. [WL18] uses optimism
to obtain adaptive regret bounds for bandit problems. Many recent papers (e.g., [DP19; GPD20;
Lei+21; HAM21; Wei+21; Azi+21]) have studied the last-iterate convergence of algorithms from
the Optimistic Mirror Descent family, which includes OMWU. Finally, a long line of papers (e.g.,
[HMO03; Das+10; KLP11; BCM12; PP16; BP18; MPP18; BP19; CP19; Vla+20]) has studied the
dynamics of learning algorithms in games. Essentially all of these papers do not use optimism,
and many of them show non-convergence (e.g., divergence or recurrence) of the iterates of various
learning algorithms such as FTRL and Mirror Descent when used in games.

No-internal-regret algorithms that require black-box access to a single no-external-regret min-
imizer are known in the literature [SLO5; CLO6b]. This is in contrast with the construction of
Blum and Mansour [BMO07] for the stronger notion of swap regret, which requires n independent
no-external-regret minimizers—one per each action of the player. Nevertheless, both classes of
algorithms involve computing the stationary distribution of a certain Markov chain at every iteration.
The intrinsic complexity associated with the computation of a stationary distribution was arguably
the main factor limiting our ability to give accelerated convergence guarantees for either class of
algorithms. Indeed, while learning dynamics guaranteeing external regret bounded by O(T' 1/ 4) have
been known for several years [Syr+15], a matching bound for swap regret was only recently shown
by Chen and Peng [CP20)].

The setting studied in our paper (learning dynamics for correlated equilibrium) is substantially
more challenging than the problem of giving accelerated learning dynamics for Nash equilibria in
two-player zero-sum games, as well learning dynamics for smooth games [Roul5|. Indeed, while
in our setting the convergence to the equilibrium is driven by the mazimum internal (or swap)
regret cumulated by the players, in the latter two settings the quality metric is driven by the
sum of the external regrets. As shown by Syrgkanis, Agarwal, Luo, and Schapire [Syr+15], it is



possible to guarantee a constant sum of external regrets under a broad class of predictive no-regret
algorithms which includes optimistic OMD and optimistic FTRL under very general distance-
generating functions. This is in contrast with the case of no-regret dynamics for CCE and CE,
where it remains an open question to give broad classes of algorithms that can achieve near-optimal
convergence.

Finally, we point out that optimistic variants of FTRL such as OMWU have been shown to also
converge in the last-iterate sense, and the convergence is known to be linear? [Das+18; DP18; DP19;
Wei+21], but this holds only for restricted classes of games, such as two-player zero-sum games.

2 Preliminaries

2.1 General Preliminaries

Consider a finite normal-form game I' consisting of a set of m players [m] = {1,2,...,m} such
that every player i has an action space A; := [n;], for some n; € N. The joint action space will
be represented with A := A4; x --- x A,,. For a given action profile @ = (ay,...,a,) € A, the
loss function A; : A — [0, 1] specifies the loss of player i under the action profile a; note that the
normalization of the losses comes without any loss of generality. A mized strategy x; € A(A;) for a
player i € [m] is a probability distribution over i’s action space A4;, so that the coordinate x;[j]
indicates the probability that player ¢ will select action j € [n;]. A deterministic strategy refers
to a mixed strategy supported on a single coordinate. Given a joint vector of mixed strategies
x = (x1,...,%n), the expected loss £; of player i is such that ¢;[j] = Eq_,~z_,[Ai(j,a—;)], for
all j € [n;], where we used the notation a_; to denote the vector a excluding the coordinate
corresponding to i’s action; i.e. a_; == (a1,...,Q—1,Qit1,...,0m).

Hindsight Rationality and Regret Minimization. A standard quality metric in the theory of
learning in games is hindsight rationality. Hindsight rationality encodes the idea that a player has
“learned” to play the game when, looking back at the history of play, there is no transformation of
their strategies that—applied to the whole history of play—would have led to strictly better utility

for that player. This notion is operationalized through Phi-regret. Formally, the ®;-regret incurred
(1) (T)

by the sequence of strategies x, ’,...,x;"’ € A™ selected by player i € [m] is defined as
T T
Regh, =3 ol &) — i 3 (0", £7) 1)
t=1 " =1

Notable special cases are identified based on the particular choice of transformations ®;, as follows.
(i) Ezternal regret (or simply regret) corresponds to the case where ®; is the set of all constant
functions ®°"t == {¢ : A" — A" ¢(x) = ¢p(x') Va,x’ € A},
(ii) Internal regret corresponds to the set of linear transformation ®; = ® that transport
probability mass from some action j to some other action k. Formally, @;nt is the convex hull
Pint .— co{Pj—k }j ke, -k of the functions ¢;_,; defined as

Qi AV =AM sz + (e —ej) mlj] = (I+ (ef — ej)ejT) x=E; ;. (2)

(iii) Swap regret corresponds to the set ®;"P of all linear transformations A™ > x — Q' where

Q is a row-stochastic matrix, that is, a non-negative matrix whose rows all sum to 1.

3However, the convergence rate of the last-iterate may not depend polynomially in the size of the game [Wei+21].



Optimistic Multiplicative Weights Update. A celebrated result in the theory of online learning
is the existence of natural learning algorithms that guarantee that the average regret asymptotically
vanishes as T — 0o, even under adversarially selected loss functions [CLO6b]. The optimistic variant
of MWU, called Optimistic Multiplicative Weights Update (OMWU)* is a particular instantiation of
the more general optimistic FTRL algorithm, and will be the focus of this work. At time t = 1,
OMWU outputs the uniform distribution &) = 11 € A™. Then, at each time ¢ > 1, it computes

T n
t+1) according to the update rule
m(t—i—l)[ .

= exp{—n(2¢"[j] — £ V[j])}
ke xP{—1(26O k] — £-DIR])} O [k]

the next iterate x(

W], (OMWU)

where 7 > 0 is a learning rate parameter and £®) is the feedback loss vector observed at time ¢ (we
conventionally let £ = 0).

Connections with Solution Concepts. There exist connections between the different notions
of hindsight rationality described above and game-theoretic solution concepts. The two solution
concepts of coarse correlated equilibria and correlated equilibria are the focus of this paper. We
recall these definitions next [FV97; HMOO].

Definition 2.1 (Coarse Correlated Equilibrium). A probability distribution g over ITj x - - - x II,;, is
said to be an e-correlated equilibrium, where € > 0, if for every player i € [m] and every ¢ € ®§o1st,

By, ) | (i T6) — (€5, 0(m3))] < e. (3)

Definition 2.2 (Correlated Equilibrium). A probability distribution g over IT; x - -+ x II,, is said
to be an e-correlated equilibrium, where € > 0, if for every player ¢ € [m] and every ¢ € <I>iz-m,

By, ) opn | (8o T6) — (€i, d(73))] < €. (4)

A folklore result states that the average product distribution of play of no-external-regret
players converges to an approximate coarse correlated equilibrium (CCE) and the average product
distribution of play of no-internal-regret players converges to an approximate correlated equilibrium
(CFE). More precisely, the following holds.

Theorem 2.3. Consider T repetitions of play in a game where every player i € [m] employs an
(1) (T)
R 3

product distribution of play i := % Zthl wgt) ®--® xﬁ,? is an O(max; Reg! /T)-CCE.

algorithm that produces strategies x € A™ with external regret RegiT. Then, the average

Theorem 2.4. Consider T repetitions of play in a game where every player i € [m] employs an

51), .. ,w(T) € A" with internal regret IntReg;?F. Then, the
()

algorithm that produces strategies x B
average product distribution of play p == % Zthl azgt) ® - Q& 18 an O(max; IntRegiT/T)—CE.

4The OMWU algorithm is sometimes referred to as Optimistic Hedge in the literature.
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Figure 1: Set T} of all directed trees rooted at node 1 in a graph with 4 nodes.
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Distributions & divergences. For distributions P, Q on a finite domain [n], the KL divergence

between P,Q is KL(P;Q) = z;‘:l P(j) - log (%) The chi-squared divergence between P, Q

. . ] 2 1) — ] 2 . . .
is Y2(P; Q) = > -1 QU) - (%) —-1=37, %. For a distribution P on [n] and a
vector v € R", we write Varp (v) := 37, P(j) - (v(j) — > py P(k)v(k))?. Also define |jv|p :=

> i=1 P(j) -v(j)?. If further P has full support, then define [[v||p = 1/>°7_; 7;8; The above
notations will often be used when P is the mixed strategy profile x; for some player i and v is a
loss vector £;; in such a case the norms ||v| p and |Jv||p are often called local norms.

2.2 The Markov Chain Tree Theorem

Given an n-state ergodic (i.e., aperiodic and irreducible) Markov chain with (row-stochastic)
transition matrix Q, the classic Markov chain tree theorem provides a closed-form solution for its
stationary distribution, that is, the unique distribution @ € A™ such that 7' Q = 7w '. The result
requires the notion of a directed rooted tree (a.k.a. arborescence), recalled next.

Definition 2.5. Let 7 = (V, E), with V = [n], be an n-node directed graph. T is a directed tree
rooted at j € V if (i) it contains no cycle (including self-loops); (ii) every node V' \ {j} has ezactly
one outgoing edge; and (iii) node j has no outgoing edges. We denote the set of all n-node directed
trees rooted at j € [n] with the symbol T7. Furthermore, we let T" := T} U --- U Ty.

It is well-known that |T}| = n"=2 for all j € [n], and consequently |T"| = n"~! [Cay89]. An example
for n = 4 is given in Figure 1. In this context, the Markov chain tree theorem asserts that the vector
(31,...,%,) of quantities

=Y I Qlad (47 € [n]) (5)
)

TET; (a,b)EE(T
is proportional to the stationary distribution. Specifically, we have the following.

Theorem 2.6 (Markov chain tree theorem). The stationary distribution 7 of an n-state ergodic
Markov chain satisfies w[j| = £;/% for all j € [n], where ¥ :=%1 +--- 4+ %,.

For a proof of the Markov chain tree theorem, we refer the interested reader to the works of
Anantharam and Tsoucas [AT89] and Kruckman, Greenwald, and Wicks [KGW10].
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3 Near-Optimal No-External-Regret Dynamics via OMWU

Below we state our main theorem for external regret, which shows that when all players in a game
play according to OMWU with appropriate step size, they all experience polylogarithmic individual
regrets.

Theorem 3.1 (Formal version of Theorem 1.1). There are constants C,C’ > 1 so that the following
holds. Suppose a time horizon T € N and a game G with m players and n; actions for each
player i € [m] is given. Suppose all players play according to OMWU with any positive step size

n < #w. Then for any i € [m], the regret of player i satisfies

log n;

Reg! < +C" - logT. (6)

n
In particular, if the players’ step size is chosen as n = m, then the regret of player i satisfies
Reg! < O (m-logn;-log*T). (7)

A common goal in the literature on learning in games is to obtain an algorithm that achieves
fast rates whan played by all players, and so that each player ¢ still obtains the optimal rate of
O(V/T) in the adversarial setting (i.e., when 4 receives an arbitrary sequence of losses 6(1) e ,EET)).
We show in Corollary D.1 (in the appendlx) that by running OMWU with an adaptlve step size,
this is possible. Table 1 compares our regret bounds discussed in this section to those of prior work.

We overview the proof of Theorem 3.1; the full proof may be found in the appendix.

3.1 New adversarial regret bound

The first step in the proof of Theorem 3.1 is to prove a new regret bound (Lemma 3.2 below) for
OMWU that holds for an adversarial sequence of losses. We will show in later sections that when
all players play according to OMWU, the right-hand side of the regret bound (8) is bounded by a
quantity that grows only poly-logarithmically in 7.

Lemma 3.2. There is a constant C' > 0 so that the following holds. Suppose any player i € [m]
follows the OMWU updates (OMWU) with step size n < 1/C, for an arbitrary sequence of losses

(V6D e 0,1). Then

T log n; ) ,t=1) & (1-Cn)n (t=1)
Reg; < —— » + Z ( +Cn ) Varxgw (Ei —¢; ) - Z — Varx5t> (Zi ) . (8)

The detailed proof of Lemma 3.2 can be found in Section A, but we sketch the main steps here.
The starting point is a refinement of [RS13a, Lemma 3] (stated as Lemma A.5), which gives an
upper bound for RegiT in terms of local norms corresponding to each of the iterates :zz(t) of OMWU.
The bound involves the difference between the OMWU iterates xz(t) and iterates igt) defined by
50— 2 (G)-exp(=n-(6” () ="V ()

zke[n ay") (k)-exp(—n-(6") (k)= (k)

log n; n Z‘ *Et) \/Varxgw (&(t) _ egt—n) ZKL @ : Et) ZKL (t) - 1))

~(t)
ac




We next show (in Lemma A.2) that KL(:EZ@; xgt)) and KL(azEt); :Z"Etil)) may be lower bounded by
(1/2—-0(n)) - X2(§:Et); xz(t)) and (1/2—0(n)) -X2(a:(-t)' i(t_l)), respectively. Note it is a standard fact

R Rat)
that the KL divergence between two distributions is upper bounded by the chi-squared distribution

() =) ~(t=1)

between them; by contrast, Lemma A.2 can exploit that z;”, z;” and Z; are close to each other

to show a reverse inequality. Finally, exploiting the exponential weights-style functional relationship
Z(t) and :il(-t_l), we show (in Lemma A.3) that the y?-divergence Xz(:z:l(-t); igt_l)) may be
lower bounded by (1 —O(n)) - n? -Varxgt) (KZ(-t_l)>, leading to the term (kgn)" Varxgt) (El(t_l)> being

®), . ROBO)

between x

*

subtracted in (8). The y2-divergence x*(Z in (9) are

), as well as the term ‘ "
z;

bounded in a similar manner to obtain (8).

3.2 Finite differences

Given Lemma 3.2, in order to establish Theorem 3.1, it suffices to show Lemma 3.3 below. Indeed,
(10) below implies that the right-hand side of (8) is bounded above by long +1-O(log® T'), which

is bounded above by O(mlogn; log* T) for the choice n = © (@) of Theorem 3.1.5

Lemma 3.3 (Abbreviated; detailed version in Section C.3). Suppose all players play according to

OMWU with step size n satifying 1/T <n < ﬁogw for a sufficiently large constant C'. Then for

1) Sy
()

AR

T T
ZVarw@ <££t) _ gz(,t—l)> < % . Zvarw<t) <€§t—1)) +0 (10g5 T) ) (10)
t=1 ‘ t=1 ‘

The definition below allows us to streamline our notation when proving Lemma 3.3.

any @ € [m], the losses € R™ for player i satisfy:

Definition 3.4 (Finite differences). Suppose L = (L™, . .., L(T) is a sequence of vectors L) € R™.
For integers h > 0, the order-h finite difference sequence for the sequence L, denoted by Dy, L, is
the sequence Dy L := ((Dy, L)(l) yoooy (D L)(Tfh)) defined recursively as: (Dg L)(t) = L® for all
1<t<T, and

(D L)Y := (D L)Y — (D, L)® (11)
forallh>1,1<t<T—h.S
Remark 3.5. Notice that another way of writing (11) is: Dy L = D1 Dy_1 L. We also remark for
later use that

h
D, L ) _ <h> ] h—sL(t-l-s)' 12
O =3 ()0 (12

Let H =logT, where T denotes the fixed time horizon from Theorem 3.1 (and thus Lemma 3.3).
In the proof of Lemma 3.3, we will bound the finite differences of order h < H for certain sequences.
The bound (10) of Lemma 3.3 may be rephased as upper bounding Zle Var_ o) ((D1 Ei)(tfl))’ by

% ZtT:1 Var,, (ﬁgt_l)>; to prove this, we proceed in two steps:

5Notice that the factor % in (10) is not important for this argument — any constant less than 1 would suffice.
5We remark that while Definition 3.4 is stated for a 1-indexed sequence L(l), L(Q)7 ..., we will also occasionally
consider 0-indexed sequences L(®, L™ ... in which case the same recursive definition (11) holds for the finite

differences (Dj, L), ¢ > 0.
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1. (Upwards induction step) First, in Lemma 3.6 below, we find an upper bound on H(Dh &-)(t) H
o.)
for all t € [T], h > 0, which decays exponentially in h for h < H. This is done via upwards

induction on h, i.e., first proving the base case h = 0 using boundedness of the losses KZ(.t) and
then h = 1,2, ... inductively. The main technical tool we develop for the inductive step is a weak
form of the chain rule for finite differences, Lemma 3.7. The inductive step uses the fact that all
players are following OMWU to relate the hth order finite differences of player i’s loss sequence
Egt) to the Ath order finite differences of the strategy sequences :zl(f) for players i’ # i; then we use

the exponential-weights style updates of OMWU and Lemma 3.7 to relate the hth order finite
(t)

differences of the strategies $§,t) to the (h — 1)th order finite differences of the losses £,

2. (Downwards induction step) We next show that for all 0 < h < H, Zthl Var_) ((DhJrl gi)(t—1)>

is bounded above by ¢, - 1, Var_) <(Dh &-)(t_l)) + pp,, for some ¢, < 1/2 and py, < O(log® T).
This shown via downwards induction on h, namely first establishing the base case h = H by
using the result of item 1 for h = H and then treating the cases h=H — 1, H —2,...,0. The
inductive step makes use of the discrete Fourier transform (DFT) to relate the finite differences
of different orders (see Lemmas 3.9 and 3.11). In particular, Parseval’s equality together with a
standard relationship between the DFT of the finite differences of a sequence to the DFT of that
sequence allow us to first prove the inductive step in the frequency domain and then transport it
back to the original (time) domain.

In the following subsections we explain in further detail how the two steps above are completed.

3.3 Upwards induction proof overview

Addressing item 1 in the previous subsection, the lemma below gives a bound on the supremum
norm of the h-th order finite differences of each player’s loss vector, when all players play according
to OMWU and experience losses according to their loss functions Ly,..., L, : A — [0, 1].

Lemma 3.6 (Abbreviated). Fiz a step size n > 0 satisfying n < o <ﬁgT) If all players follow

OMWU updates with step size n, then for any player i € [m], integer h satisfying 0 < h < H, and
time step t € [T — ), it holds that || (Dp, €)Y ||so < O(mn)h - ROM).

A detailed version of Lemma 3.6, together with its full proof, may be found in Section B.4. We
next give a proof overview of Lemma 3.6 for the case of 2 players, i.e., m = 2; we show in Section
B.4 how to generalize this computation to general m. Below we introduce the main technical tool
in the proof, a “boundedness chain rule,” and then outline how it is used to prove Lemma 3.6.

Main technical tool for Lemma 3.6: boundedness chain rule. We say that a function

¢ : R™ — R is a softmaz-type function if there are real numbers &1, ..., &, and some j € [n] so that
for all (z1,...,2,) € R, ¢((21,...,2n)) = %. Lemma 3.7 below may be interpreted as a

“boundedness chain rule” for finite differences. To explain the context for this lemma, recall that
given an infinitely differentiable vector-valued function L : R — R"™ and an infinitely differentiable
function ¢ : R” — R, the higher order derivatives of the function ¢(L(t)) may be computed in
terms of those of L and ¢ using the chain rule. Lemma 3.7 considers an analogous setting where
the input variable ¢ to L is discrete-valued, taking values in [T] (and so we identify the function L

11



with the sequence LY ..., L(T)). In this case, the higher order finite differences of the sequence
LW LM (Definition 3.4) take the place of the higher order derivatives of L with respect to t.
Though there is no generic chain rule for finite differences, Lemma 3.7 states that, at least when
¢ is a softmax-type function, we may bound the higher order finite differences of the sequence
H(LD), ... o(LM). In the lemma’s statement we let ¢ o L denote the sequence ¢(L(M), ..., ¢(LM).

Lemma 3.7 (“Boundedness chain rule” for finite differences; abbreviated). Suppose that h,n € N,
¢:R* - R is a softmaz-type function, and L = (L(l), ..., LMY is a sequence of vectors in R"
satisfying ||L® | s S 1 fort € [T]. Suppose for some o € (0,1), for each 0 < h' < h andt € [T —h'],
it holds that | Dy LW |0 < O™ - (W)OW). Then for all t € [T — h),

| (Dp (¢ 0 L) | < O(ah) - O™,

A detailed version of Lemma 3.7 may be found in Section B.3. While Lemma 3.7 requires ¢
to be a softmax-type function for simplicity (and this is the only type of function ¢ we will need
to consider for the case m = 2) we remark that the detailed version of Lemma 3.7 allows ¢ to be
from a more general family of analytic functions whose higher order derivatives are appropriately
bounded. The proof of Lemma 3.6 for all m > 2 requires that more general form of Lemma 3.7.

The proof of Lemma 3.7 proceeds by considering the Taylor expansion Py(-) of the function d)
at the origin, which we write as follows: for z = (21,...,2,) € R", Py(z) := Zk>0 €Ly yl=h @ 7,

where a, € R, || denotes the quantity v1 + - - - + 75, and 27 denotes 2]" - - . The fact that gzb is a
softmax-type function ensures that the radius of convergence of its Taylor series is at least 1, i.e.,
¢(2) = Py(z) for any z satisfying ||z||c < 1. By the assumption that ||[L®)||o, < 1 for each t, we
may therefore decompose (Dy, (¢ o L))(t) as:

Dy (poL)W = > o (DR L)Y, (13)

k>0,v€Z% |v|=k

where L7 denotes the sequence of scalars (LY)®) := (L))" for all t. The fact that ¢ is a softmax-type
function allows us to establish strong bounds on |a,| for each v in Lemma B.6. The proof of Lemma
B.6 bounds the |a,| by exploiting the simple form of the derivative of a softmax-type function to
decompose each a- into a sum of |y|! terms. Then we establish a bijection between the terms of this
decomposition and graph structures we refer to as factorial trees; that bijection together with the
use of an appropriate generating function allow us to complete the proof of Lemma B.6.

Thus, to prove Lemma 3.7, it suffices to bound ’(Dh L7)(t)) for all v. We do so by using Lemma

3.8.

Lemma 3.8 (Abbreviated; detailed vesion in Section B.2). Fiz any h > 0, a multi-index v € Z%,,
and set k = |y|. For each of the k" functions 7 : [h] — [k], and for each v € [k], there are
integers hy., € {0,1,...,h}, ¢ >0, and j; . € [n], so that the following holds. For any sequence
LW LT € R™ of vectors, it holds that, for eacht € [T — h,

000 = 3 T (B, m0) (14

] [k] =1
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Lemma 3.8 expresses the hth order finite differences of the sequence L” as a sum of k" terms, each
of which is a product of k finite order differences of a sequence L(*)( Jur) (i-e., the j7 th coordinate
of the vectors L(t)). Crucially, when using Lemma 3.8 to prove Lemma 3.7, the assumption of
Lemma 3.7 gives that for each j' € [n], each h' € [h], and each ¢’ € [T — 1], we have the bound

‘(Dh/ L(j’))(t/)’ < O(a!) - (K)°"). These assumed bounds may be used to bound the right-hand
side of (14), which together with Lemma 3.8 and (13) lets us complete the proof of Lemma 3.7.

Proving Lemma 3.6 using the boundedness chain rule. Next we discuss how Lemma 3.7
is used to prove Lemma 3.6, namely to bound || (Dy, fi)(t) lloo for each t € [T — h], i € [m], and
0 < h < H. Lemma 3.6 is proved using induction, with the base case h = 0 being a straightforward
consequence of the fact that || (Do ;)" [|e = Hﬁgt) loo <1 for all i € [m],t € [T]. For the rest of this
section we focus on the inductive case, i.e., we pick some h € [H] and assume Lemma 3.6 holds for
all h' < h.

The first step is to reduce the claim of Lemma 3.6 to the claim that the upper bound
| (D z:)P 1 < O (mn)" - kO™ holds for each t € [T — h),i € [m]. Recalling that we are only
sketching here the case m = 2 for simplicity, this reduction proceeds as follows: for i € {1,2}, define
the matrix A; € R™*"2 by (4;)q,a, = Li(a1,a2), for a; € [n1],as € [na]. We have assumed that all

players are using OMWU and thus Egt) =E [Li(a1,...,ay)]; for our case here (m = 2),

ai/NfEEf), Vi #i
this may be rewritten as égt) = Alxgt), Egt) = A;xgt). Thus

A - zh: <ZL> (71)h—s$ét+s) zh: (fsb) (71)h—sx§t+s)

s=0 s=0

— | (D 22)? Iy,
1

| (Dy ) oo = <

where the first equality is from Remark 3.5 and the inequality follows since all entries of A; have
absolute value < 1. A similar computation allows us to show || (Dj £2)® ||lae < || (Dp 21)® 1.

To complete the inductive step it remains to upper bound the quantities || (Dy, :zi)(t) |l for
i € [m],t € [T — h]. To do so, we note that the definition of the OMWU updates (OMWU) implies
that for any ¢ € [m],t € [T],j € [ni], and ¢’ > 1, we have

20() - exp (n- (A700G) = S5 47 () - 4770 ()
vy 2 exp (- (47D ) = S5 A ) — 4V w)) )

Ly

0) = (15)

s=0 "1 7

For t € [T], t' > 0, set Egt;) =1- (Egt_l) — Zt,_l o) E(Ht,_l)) . Also, for each i € [m], j € [n],

) (.05 .

t € [T, and any vector z = (2(1),...,2(n;)) € R™ define ¢, ;(2) := — ((Jt))e PEUD g (15)
, ) ’ i1 @i (k)-exp(z(k))

gives that for ¢/ > 1, xEtH )(j) = ¢t7i7j<éft))' Viewing t as a fixed parameter and letting ¢’ vary, it

. ) _ /
follows that for h > 0 and ¢ > 1, (Dh xEH )(j)) = (Dh (¢t 0 £i7t>)(t ),

Recalling that our goal is to bound | (Dy, x;(j ))(tH) | for each ¢, we can do so by using Lemma

3.7 with ¢ = ¢¢,; and a = O(mn), if we can show that its precondition is met, i.e. that
I (Dh/ lz-’t)(t) loo < B% oM - (W)Po" for all B < h, the appropriate @ and appropriate constants

By, B1. Helpfully, the definition of ZZ(-tt/) as a partial sum allows us to relate the h/-th order finite

13



(®)

%

differences of the sequence th;) to the (A’ — 1)-th order finite differences of the sequence ¢
follows:

as

t/

(Dh’ Zi,t>( ) =n- (Dh’—l ez‘)(t—"_t/_l) - 2?7 . (Dh/—l Ei)(t—i_t/) . (16)

Since b/ —1 < h for b/ < h, the inductive assumption of Lemma 3.6 gives a bound on the ¢,,-norm of
the terms on the right-hand side of (16), which are sufficient for us to apply Lemma 3.7. Note that
the inductive assumption gives an upper bound on || (Dp/_4 0;)® oo that only scales with o/ 1,
whereas Lemma, 3.7 requires scaling of o', This discrepancy is corrected by the factor of 1 on the
right-hand side of (16), which gives the desired scaling a" (since 1 < a for the choice a = O(mn)).

3.4 Downwards induction proof overview

In this section we discuss in further detail item 2 in Section 3.2; in particular, we will show that
there is a parameter © = ©(nm) so that for all integers h satisfying H —1 > h > 0,

T—h—-1

>~ Var, (Dn £)") < O(1/H) -ZFZ_}LVarIEt) ((n ) +0 (u*), (17)
t=1

t=1

where O hides factors polynomial in log7. The validity of (17) for h = 0 implies Lemma 3.3.
On the other hand, as long we choose the value y in (17) to satisfy p > mnH®(1), then Lemma

3.6 implies that Y7 Var ((D " Ei)(t)) < O(;27). This gives that (17) holds for h = H — 1.
To show that (17) holds for all H —1 > h > 0, we use downwards induction; fix any h, and
assume that (17) has been shown for all A’ satisfying h < A’ < H — 1. Our main tool in the

inductive step is to apply Lemma 3.9 below. To state it, for { > 0, n € N, we say that a sequence

of distributions P, ... P(T) e A" is (-consecutively close if for each 1 < t < T, it holds that
p®) p(t+1)
PC+D || 7 H P®)
the variances of its second-order finite differences are bounded by the variances of its first-order

finite differences, a similar relationship holds between its first- and zeroth-order finite differences.

max { } < 14¢." Lemma 3.9 shows that given a sequence of vectors for which
o

Lemma 3.9. There is a sufficiently large constant Cy > 1 so that the following holds. For any
M, a0 >0 and n € N, suppose that PY, ... . PT) ¢ A™ and ZV ... Z(T) ¢ [—M, M|" satisfy the
following conditions:

1. The sequence P, ... PT) js ¢-consecutively close for some ¢ € [1/(2T),a*/Cy).

2. It holds that 3_{ Varpa (D2 2)") < a - 5! Varpo (012)) + .

Then Zfz_ll Var p ((D1 Z)(t)) <a-(1+a) Zthl Var p (Z(t)) + £+ 0371\3/12

Given Lemma 3.9, the inductive step for establishing (17) is straightforward: we apply Lemma
3.9 with P®) = J:Z(t) and Z®) = (D, Ei)(t) for all . The fact that xgt) are updated with OMWU may
be used to establish that precondition 1 of Lemma 3.9 holds. Since (D Z)® = (Dp4q Ei)(t) and
(D2 Z )(t) = (Dp42 &)(t), that the inductive hypothesis (17) holds for h + 1 implies that precondition
2 of Lemma 3.9 holds for appropriate a, > 0. Thus Lemma 3.9 implies that (17) holds for the
value h, which completes the inductive step.

"Here, for distributions P,Q € A", g € R"™ denotes the vector whose jth entry is P(j)/Q(5).
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On the proof of Lemma 3.9. Finally we discuss the proof of Lemma 3.9. One technical
challenge is the fact that the vectors P® are not constant functions of ¢, but rather change slowly
(as constrained by being (-consecutively close). The main tool for dealing with this difficulty
is Lemma C.1, which shows that for a (-consecutively close sequence P®)| for any vector Z®,

Vi VAQ)
Varp (29) € [1 —¢,1+¢]. This fact, together with some algebraic manipulations, lets us to
Var,41) (29)

reduce to the case that all P() are equal. It is also relatively straightforward to reduce to the
case that (P®), Z(®) =0 for all ¢, i.e., so that Var p( (Z(t)) = HZ(t) Hzp(t). We may further separate
HZ(t) H2p<t) =20 PO (5) - (ZM(4))? into its individual components P®) () - (Z®)(5))?, and treat
each one separately, thus allowing us to reduce to a one-dimensional problem. Finally, we make one

further reduction, which is to replace the finite differences Dy, (-) in Lemma 3.9 with circular finite
differences, defined below:

Definition 3.10 (Circular finite difference). Suppose L = (L), ... L(S=1) is a sequence of vectors
L® ¢ R". For integers h > 0, the level-h circular finite difference sequence for the sequence L,
denoted by Dj L, is the sequence defined recursively as: (Dg L)(t) =L® forall 0 <t < S, and

oo [@L D)"Y (05, 0)" o<t<s—2
(Dp L) = o (1) o () (18)
Circular finite differences for a sequence L(¥ ..., L5~ are defined similarly to finite differences
(Definition 3.4) except that unlike for finite differences, where (Dy, L)(S_h) yooey (D L)(S_l) are not

defined, (D, L)(th) .., (Dy L)(Sfl) are defined by “wrapping around” back to the beginning of
the sequence. The above-described reductions, which are worked out in detail in Section C.2, allow
us to reduce proving Lemma 3.9 to proving the following simpler lemma:

Lemma 3.11. Suppose p € R, a >0, and WO, ... W=D € R is a sequence of reals satisfying

S—1 9 S—1 9
> (3w 9) <a- 3 (0W)Y) 4+ (19)
t=0 t=0

2
Then S5 ((DC{ W)(t)> <o N W02 4 p/al

To prove Lemma 3.11, we apply the discrete Fourier transform to both sides of (19) and use the
Cauchy-Schwarz inequality in frequency domain. For a sequence W), ... W1 e R, its (discrete)
_ 2mist

Fourier transform is the sequence W(O), e ,I//I\/'(Sfl) defined by W) = Zf:_ol W® . e~75 | Below
we prove Lemma 3.11 for the special case u = 0; we defer the general case to Section C.1.

Proof of Lemma 3.11 for special case p = 0. We have the following:

‘ 2

]2 L 4
D(IJ W ‘ — Z ‘W(s) (627rzs/T71)
s=1

T 9 T T 9 T
sy ((D‘; W)(t)) = <3 Ws) 3 ‘ms)
s=1 s=1

t=1 s=1
where the first equality uses Parseval’s equality, the second uses Fact C.3 (in the appendix) for
h =1, and the inequality uses Cauchy-Schwarz. By Parseval’s inequality and Fact C.3 for h = 2, the

2
right-hand side of the above equals S - \/Zthl(W(t)V . \/Zthl ((Dg W)(t)) , which, by assumption,
2
is at most S-4/S21 (W®)2. \/04 S ((Di’ W)(t)> . Rearranging terms completes the proof. [
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4 Near-Optimal No-Internal-Regret Dynamics via SL-OMWU

In this section we establish our main result regarding algorithm SL-OMWU, namely Theorem 1.2.
In particular, we start in Section 4.1 by formalizing one of our key insights: SL-OMWU can
be equivalently thought of as a certain linear transformation of the output of an external regret
minimizer operating over the combinatorial space of directed trees; this equivalence is formalized
in Theorem 4.1. Next, in Section 4.2 we leverage this connection to bound the internal regret of
SL-OMWU using an extension of the techniques developed in Theorem 1.1.

Proof of Theorem 1.2: Analyzing SL-OMWU. We show that internal regret minimization
on an n-simplex can be simulated by no-external-regret dynamics on the combinatorial space of all
n-node directed trees (Theorem 4.1). Our equivalence result enables us to trade the computation
of a stationary distribution of a polynomial-sized Markov chain for a (much more well-behaved)
linear transformation on an exponential-sized set. To our knowledge, this is the first no-internal-to-
no-external-regret reduction that sidesteps the computation of stationary distributions of Markov
chains, and might have applications beyond the characterization of high-order smoothness of the
dynamics. Based on our equivalence result, we then adapt and leverage the high-order smoothness
result of Lemma 3.3 for no-external-regret dynamics. We stress that our analysis is eventually
brought back to a “low-dimensional” regret minimizer, instead of solely operating over the space
of directed trees; this step is crucial for obtaining the logarithmic dependence on the number of
actions of each player for no-internal-regret dynamics (Theorem 1.2).

The equivalence result mentioned in the previous paragraph arises as a consequence of the classic
Markov chain tree theorem, which provides a closed-form combinatorial formula for the stationary
distribution of an ergodic Markov chain, and crucially relies on the multiplicative structure of
the update rule of (O)MWU. Specifically, we prove that the stationary distributions of certain
Markov chains whose transition probabilities are updated through (O)MWU are themselves linear
transformations of iterates produced by (O)MWU. Our equivalence gives a direct way to argue about
the high-order smoothness of stationary distributions of Markov chains, substantially extending
the first-order smoothness observation of Chen and Peng [CP20]. Furthermore, we expect the
equivalence to continue to hold beyond stationary distributions of Markov chains, to the more
general problem of computing fixed points of linear transformations required in the framework of
Phi-regret [SLO7; GJ03; Far+21].

4.1 Equivalence Result

Before we proceed with the statement and proof of Theorem 4.1, we first summarize SL-OMWU
in Algorithm 1; a more comprehensive overview of this construction is included in Appendix E.1.
In addition, in Algorithm 2 we present an external regret minimizer over the space of all directed
trees (a.k.a. arborescences). Both Algorithms 1 and 2 use the symbol ® to denote the output
strategies; this choice is justified by the following theorem (see also Figure 2).
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| distribution

Figure 2: A schematic illustration of the equivalence result of Theorem 4.1; ® in the figure represents
a linear transformation.

Algorithm 1: Stoltz and Lugosi [SLO5] Algorithm 2: Arborescence-based dynamics
Data: Ra: OMWU algorithm for A1) Data: Ra: OMWU algorithm for A"
with learning rate n > 0 with learning rate n > 0
1 function NEXTSTRATEGY/() 1 function NEXTSTRATEGY ()
5 | p® < RA.NEXTSTRATEGY() 2 | X® < RA.NEXTSTRATEGY()
3 | MO Z P~k E;r—ﬂc 5 | return z® (ZTeTﬂ x® [’7—])n
j#keln] ’ =

4+ | return z® < StarTioNnDisTRIB(M®)) 8 function OBsERVEUTILITY(£!)

£® =0 e RIT = A"

N

5 function OBSERVEUTILITY(£®)) 5

6 | L® 0 e Rr(n-1) 6 | for T € T" do

7 | for j # k € [n] do 7 LOT < Y 205" k] — D[4
8 | LO[— k] < (5] (e [k] — £D[5)) (Gk)EE(T)

9 | Ra.OBSERVEUTILITY(L®) s | Ra.OBSERVEUTILITY(L®)

Theorem 4.1. For any learning rate n > 0, Algorithms 1 and 2 produce the same strategies
@ 2@ e A, assuming that they observe the same sequence of losses VAS I JCO NS 1

Proof. We will inductively show that the following property holds.

Property 4.2. At all timest > 1, the following conditions hold:
1. there exists N®) € R such that

II pY—0=NYXO[T]  vTeT, (20)
(a,b)eE(T)

where p and X are as defined in Algorithm 1 and Algorithm 2, respectively; and
2. the strategies produced by Algorithms 1 and 2 are the same.

Condition 2 of Property 4.2 immediately implies the statement. First, we establish the base case
t = 1. The first iterate of OMWU is always the uniform distribution; so, p() = Unmn-1)1 € An(n=1),
Hence, the matrix M) (Line 3 of Algorithm 1) has entries M[j, k] = 1/n(n—1) for all j # k € [n].
Correspondingly, the (unique) stationary distribution of MW ig the uniform distribution ) =
% 1 € A". We now verify that the same iterate is produced by Algorithm 2. Since X is computed

8The matrix M®) has strictly positive entries at all times ¢, since the iterates p'* produced by (OMWU) lie in the
relative interior of the simplex. So, each M® admits a unique fixed point (stationary distribution).
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using OMWU, X € A" is the uniform distribution XM [T] = 1/u»-1. So, using the fact that
|']I‘”| = n""2 for all j € [n], each coordinate of the output strategy of Algorithm 2 is equal to
n"=2/n"~1 = 1/n establishing the base case for Condition 2 of Property 4.2. Furthermore, since p!)
and X are the uniform distributions over A?(®=1) and A" respectively, Condition 1 follows
directly from the fact that any directed tree 7 € T™ has exactly n — 1 edges.
Next, we prove the inductive step. Assume that Property 4.2 holds at times 7 = 1, ..., ¢, for some
t > 1. We will prove that it will hold at time ¢ + 1 as well. Since p®t1 e A™"=1) in Algorithm 1 is
updated using (OMWU), for all j # k € [n]

exp{—n(2LW[j = k] — LU~ D[j > k])}

(t+1)71, Lkl =
P = e e 2L 8] — LD 5)}p0a 57

PO = k], (21)

where the loss vector
LU= k] = 2O [j] (D [k] — €D [j]) (22)

is as defined on Line 8 of Algorithm 1. For convenience, we will denote the denominator in
Equation (21) as S**1). Similarly, since the strategies X® ¢ A" of Algorithm 2 are updated
using (OMWU) with the same learning rate n > 0, we have

(t+1) [ _ exp{— 77(25 [ﬂ L= D[ﬂ)} o )
XTm= > Trern exp{—n(zﬁ(t) [T — L= 1)[7-’]})X(t) [T’]X [T] VT eT", (23)

where £ is defined on Line 7 of Algorithm 2 as

O = > zWaE b -eVa)= > LPa—b VT eT" (24)

(a,b)€E(T) (a,b)€E(T)
(Note that in (22) and (24) we implicitly used the inductive hypothesis that the strategies of the two
algorithms coincide at iterate ¢, as well as the assumption that the sequence of losses £®) observed

by Algorithms 1 and 2 is the same.) To simplify the notation, we will use S (t+1) £ represent the
denominator in (23). Next, we observe that for any 7 € T"

1 n—
H p(t+1)[a_>b]: <S(t+1)> H eXp{ 2L(t)[a—>b] L= )[a%b])}p(t)[a%b] (25)
(a,b)€E(T) (a,b)€E(T)

1 n—1
= <S(t+1)> exp —n Y 2LP[a—b] - LU Va—=bly [ pPa—)
(a,b)EE(T) (a,b)EE(T)

(g el T

(a,b)eE(T

where (25) uses (21) and the fact that every directed tree 7 has exactly n — 1 edges, the second
equality uses the multiplicative properties of the exponential, and (26) uses the definition of £
given in (24). From the inductive hypothesis, Condition 1 of Property 4.2 holds at time ¢; so,
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continuing (26),

01 ap— (L) ol (22— D) O x
[T p“ast= (g ) e -n(2c0] 7] 7]
(@h)eE(T)

n—1
= (S(tl+1)> S NG x D7), (27)

where (27) follows from (23) and the definition of S+, As a result, we have shown that Condition 1
of Property 4.2 holds at time ¢ + 1 for the parameter

n—1
N(t+1) — <S(t]‘+1)) S(t-‘rl)N(t) (28)

We now show that Condition 2 of Property 4.2 holds at time ¢ 4+ 1 as well. To do so, we analyze the
(unique) stationary distribution of the matrix M**+1) defined on Line 3 of Algorithm 1. First, we
start with the following simple observation.

Claim 4.3. For any j # k € [n], MUD[j, k] = ptHD[j — k]

Proof. For any j # k € [n] the unique non-zero non-diagonal entry of the matrix E;_,; appears as
E;k[k,j] = 1 (vecall (2)). Thus, the claim follows directly by the definition of the matrix M(*+1)
in Line 3 of Algorithm 1. O

In light of Claim 4.3, the j-th coordinate of the fixed point *t1) of M+ can be expressed
using the Markov chain tree theorem (Theorem 2.6) as

Z H M(t“)[a b] Z H p(t+1)[a—>b}

(t+1)m TET? (a,b)eE(T _ TET; (ab)eB(T (29)

Sy I v Sy 11 s

J=1 TET} (a,b)€E(T) 7=1 TET? (a,b)€E(T)

Using (27) together with the fact that X+ € A" and therefore S e XE[T] =1, the
denominator of (29) satisfies

i Z H p(t+1)[a—>b Z N(t+1)X(t+1)[7-] N+ (30)

J=1TET} (a,b)eE(T TeTn

Similarly, using Equation (27) together with (28), the numerator of (29) can be expressed as

Z H p(t+1)[a_>b] t+1) Z X(tJrl)[ﬂ. (31)

TET] (a,b)eE(T) TeT}

Plugging (30) and (31) into (29) we conclude that D[] = ZTeTn X FD[T], which is exactly

the j-th coordinate of the iterate produced by Algorithm 2 at tlme t + 1 (Line 3). Thus, the
strategies of Algorithms 1 and 2 at time ¢ 4+ 1 are the same, completing the inductive proof. O
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4.2 Bounding the Internal Regret

Here we explain how to leverage the high-order smoothnes techniques to bound the external
regret of Ra employed in Algorithm 1, which also bounds the internal regret of SL-OMWU (see
Appendix E.1). To establish high-order smoothness, we use Theorem 4.1 to “lift” the analysis to the
regret minimizer over the arborescences (Algorithm 2). Then, we leverage the particular structure
of the losses in SL-OMWU to adapt Lemma 3.6, leading to the following guarantee.

Lemma 4.4. Consider a parameter o < 1/(H +3). If all players employ SL-OMWU with learning
rate n < ==%—, then for any player i € [m], 0 < h < H and t € [T — h] it holds that

36e5m’

H(DhLz)(t)Hoo < ahh?’hﬂ.

Recall that Lgt) is the loss observed by algorithm Ra at time ¢ (see Algorithm 1). Armed
with this crucial lemma, we are also able to extend the other technical ingredients used in the
previous section, and we combine them to conclude the proof of Theorem 1.2, as we formally show
in Appendix F.

Adversarial Bound. The learning algorithm can also be slightly modified in order to guarantee
robustness when faced against adversarial losses. Indeed, the following corollary implies near-optimal
internal regret in both regimes.

Corollary 4.5. There exists a learning algorithm such that, if employed by all players, it guarantees
that the internal regret of each player i € [m] is bounded by O(mlogn;log* T). Moreover, under
adversarial losses the algorithm ensures internal regret bounded by O(mlogn; log? T + v/Iog n;T).

The idea is to use an adaptive choice of learning rate depending on whether the bound predicted
in (158) has been violated in some repetition of the game.

5 Near-Optimal No-Snternal-Regret Dynamics via BM-OMWU

Proof of Theorem 1.4: Analyzing BM-OMWU. The techniques we described so far enable
us to establish the near-optimal internal and swap regret bounds for SL-OMWU (Theorem 1.2
and Corollary 1.3), as well as the corresponding convergence to correlated equilibrium. However,
different techniques are necessary to establish the regret bound of BM-OMWU (Theorem 1.4).
At a high level, BM-OMWU runs n; independent external regret minimizers for each player 4,
aggregates the outputs into a transition matrix of a Markov chain, and then computes its stationary
distribution.

Thus, rather than arguing indirectly in terms of a supplementary external-regret minimizer,
we directly analyze the high-order smoothness of a sequence of stationary distributions of Markov
chains, at the cost of ultimately obtaining a worse dependence on the number of actions n; in
our swap regret bounds. Again using the high-order smoothness machinery (in particular, the
boundedness chain rule of Lemma 3.7), doing so boils down to obtaining a bound on the Taylor
series coefficients of the function that maps the entries of an ergodic matrix Q to Q’s stationary
distribution. Taken literally, such a bound is not quite possible, since the stationary distribution may
have singularities around the non-ergodic matrices. However, we show that by using the Markov
chain tree theorem together with the multi-dimensional version of Cauchy’s integral formula, it is
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possible to bound the Taylor series of the function mapping the logarithms of the entries of Q to its
stationary distribution (see Lemma G.4). Leveraging the exponential-type structure of the OMWU
updates, we then use this bound to obtain the desired guarantee on the high-order differences of the
stationary distributions (Lemma 5.1).

In this section we give an overview of our analysis for the no-swap-regret algorithm of Blum and
Mansour [BM07] (BM). Unlike the no-internal-regret algorithm of Stoltz and Lugosi [SL05], BM
maintains n independent no-external-regret algorithms RAa 1,..., Ra n, operating over A™. For this
reason, our previous approach appears to be no longer applicable. Instead, we develop more robust
techniques that delve into the inner-workings of the high-order smoothness argument. In particular,
we substantially generalize the approach by demonstrating how high-order smoothness bounds can
be established even under the additional complexity of fixed point operations.

First, to keep the exposition reasonably self-contained, let us briefly recall the BM algorithm;
a more detailed overview is included in Appendix E.2. At each time ¢ > 1, every algorithm Ra 4
produces an iterate Q®[g, ] = (Q®W[g,1],...,QW]g, ]) € A", for all g € [n]. Then, the algorithm
computes a stationary distribution A" 3 z(®) = (Q®)Tx® of the transition matrix Q(t Moreover,
upon receiving a loss vector £8) € R, the BM algorithm distributes the loss vector a(*) [g]B(t) to
each regret minimizer Ra 4 for g € [n]. In what follows, we will be concerned with the particular
case where each regret minimizer is set to OMWU.

Our primary technical contribution in the analysis of BM-OMWU is to show that the losses
observed by each individual regret minimizer exhibit high-order smoothness. Namely, we show the
following lemma.

Lemma 5.1. Fiz a parameter o € (O, ﬁ) There exists a sujﬁciemﬁly large universal constant
C' such that, if all players follow BM-OMWU with learning rate n < OH2 CHI
i € [m], integer h satisfying 0 < h < H, time step t € [T — h], and g € [[nl]], it holds that

| (Dp (z5]g] - £:)) D ||oo < ™R3,

then for any player

At a high level, the proof of this high-order smoothness lemma hinges on the cyclic relationship
between the losses incurred by the players th), the iterates produced by the copies of the OMWU
algorithm Q(t , and the final strategies St) output by BM-OMWU. In particular, the iterates
Q( )[g, -] are determined based on the overall history of loss vectors ), <ta:(t )[ ]Egt/)

20

weighted
exponentially in terms of the softmaz function; the strategies @;” are determined by applying the
Markov Chain Tree Theorem (Theorem 2.6) to the stochastic matrix Q,gt) formed by the previous
(t)

iterates; and, the losses £, are determined as a function of the strategies of all the other players

:c(_tz Therefore, using the “Boundedness Chain Rule for Finite Differences” (Lemma 3.7), we can
demonstrate that bounds on the h-th order finite differences of :ngt) and Egt) imply a bound on the
(h + 1)-th order finite differences of Q®.% This, in turn, implies a bound on the (h 4 1)-th order

finite differences of w,gt), which then gives a bound on the (h 4 1)-th order finite differences of Egt),
as long as the Taylor coefficients of the softmax function and the Markov Chain Tree Theorem are
sufficiently well-behaved. While this is not quite the case, we make a slight modification to this
cycle of implication, bounding the finite differences of log Qgt) instead.

Dpx bound, Dyp£€ bound = Dy, 11 (log Q) bound = Dy 12 bound = Dj,11£ bound.

9This is due to the fact that Dy11Q"[g,"] = Dp+1 D ovet wgt/)[g]zgt/) = thl(-t) [g]egt).
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This cycle of implication enables an inductive argument that proves Lemma 5.1 as long as the log
of the softmax function and an exponential version of the Markov Chain Tree Theorem exhibit
bounded Taylor coefficients. These bounds are proved in Lemma G.7 and Lemma G.4 respectively.
The proof of Lemma G.7 follows an explicit, combinatorial framework. On the other hand, Lemma
G.4 introduces a novel technique for proving Taylor coefficient bounds, applying the Cauchy Integral
Formula. This approach is far more general, and could help establish the necessary preconditions of
Boundedness Chain Rule Lemma in much broader settings wherein combinatorial approaches are
insufficient.
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A Proofs for Section 3.1

In this section we prove Lemma 3.2. Throughout the section we use the notation of Lemma 3.2: in

particular, we assume that any player i € [m] follows the OMWU updates (OMWU) with step size
1 D

n > 0, for an arbitrary sequence of losses £;’, ..., ¢;

A.1 Preliminary lemmas

The first few lemmas in this section pertain to vectors P, Q) € A™, for some n € N; note that such
vectors P, () may be viewed as distributions on [n]. Let P/Q € R™ denote the Radon-Nikodym
derivative, i.e., the vector whose jth component is P(j)/Q(j).

Lemma A.1. If |P/Qllc < A, then x2(P;Q) < A-Xx2(Q; P).

Proof. The lemma is immediate from the definition of the y? divergence:

~ (P(j) — Q) ~ (P(j) — Q)
Cpi@) =SS PO QO 3~ (PO - QO _ 4 o
et Q@) st P(j)
O
It is a standard fact (though one which we do not need in our proofs) that for all P,Q € A™,
KL(P;Q) < x%(P;Q). The below lemma shows an inequality in the opposite direction when
1P/Qlloo; |Q/Plloo are bounded:

Lemma A.2. There is a constant C' so that the following holds. Suppose that for A < % we have
1P/Qllc <A and [|Q/Plo, < A. Then (1/2— C(A - 1)) - x*(P; Q) < KL(P; Q).

Proof. There is a constant C' > 0 so that for any 0 < 5 < 1/2, for all |z| < 3, we have
log(1+x) >z — (1/2 4 CB)2>.
Set a = A —1, so that |P(5)/Q(j) — 1] < a for all j by assumption. Then for C' = C'+1/2, we have
P()

KL(P;Q) = P(j)logiji
zj: Q3)

> ijp(j)- <<gg§_ > — (1/2 4 Ca) @8; _1>2)

NP
(PQ) = (1/2+Ca) } S Pj) - (PG) —QU))”

Q)
> 2(PiQ) - 202 pq)
1/2—aC 4,
> ﬁ'X (P; Q)

> (1/2=a-(C+1/2) - x*(P; Q)
= (1/2= C'a) - x*(P; Q).

27



The next lemma considers two vectors z, 2’ € A™ which are related by a multiplicative weights-
style update with loss vector w € R™; the lemma relates x2(z'; ) to ||w||2.

Lemma A.3. There is a constant C > 0 so that the following holds. Suppose that w € R™, a > 0,
|lwlleo < a/2<1/C, and z,2' € A™ satisfy, for each j € [n],

() esp(u(s)
T S e 8) - exp(w(R)) o

Then
(1 - Ca)- Var, (w) < x*(2";2) < (1 + Ca) Var, (w).

Proof. Let w' = w — (x,w)1, where 1 denotes the all-1s vector. Note that Var, (w) = Var, (v’),
and that if we replace w with w’, (32) remains true. Moreover, ||[w'||oc < 2||w||cc < a. Thus, by
replacing w with w’, we may assume from here on that (w,z) = 0 and that |w| < .

Note that

2als2) = — nxz'-a:’i z(i))? = — MQ
(s ) 1+; (i) - (2/(3) /(3)) 1+E<Eexp(w)) |

where W is a random variable that takes values w(j) with probability z(j). As long as C' is a
sufficiently large constant, we have that, for all z satisfying |z| < a,
1+2+(1—Ca)?/2<exp(z) <1+ 24 (14 Ca)2?/2. (33)
Thus, for a sufficiently large constant C};, we have, for all z satisfying |z| < a,
14224 (2 - Cha)z? < exp(2)? <1422+ (24 Cha) 2> (34)

Moreover, since EW = 0, we have from (33) that 1+ (1 — Ca)EW?2/2 < Eexp(W) < 1+ (1 +
Ca)EW?/2. For a sufficiently large constant ] it follows that

14+ (1 = Cla)EW? < (Eexp(W))? <14 (14 Ca)EW?. (35)

Combining (34) and (35) and again using the fact that EW = 0, we get, for some sufficiently large
constant C”, as long as o < 1/C1,

1+ (2 - Cha)EW?
1-C"a)EW? < —1 0
( VEW" < — 14 T Cla)En?

L E(exp(W)?)
=7 Bexp(W))?
<—14 1+ (24 Cha)EW?

14+ (1 - Cla)EW?
<(1+ C"a)EW?2.

By the assumption that (w,z) = 0, we have EW? = Var, (w), and thus the above gives the desired
result. O

We will need the following standard lemma:
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Lemma A.4 ([RS13a], Eq. (26)). For any n € N, £ € R", y € A", if it holds that v =
arg ming c an (2, £) + KL(2';y), then for any z € A",

(x — 2z,0) < KL(z;y) — KL(z;2) — KL(z; 9).
For t € [T], we define the vector :il(-t) € A™ by

£0(7) i éWﬁ ep(n- (G -4"6)
’ S ke 71 (k) - exp(—1 - (47 (k) — 67 (k)

Additionally define @(0) :=(1/n;,...,1/n;) to be the uniform distribution over [n;].
The next lemma, Lemma A.5 is very similar to [RS13a, Lemma 3], and is indeed essentially
shown in the course of the proof of that lemma. Note that no boundedness assumption is placed on

®)

the vectors /;

(36)

in Lemma A.5. For completeness we provide a full proof of the lemma.

Lemma A.5 (Refinement of Lemma 3, [RS13a]). Suppose that any player i € [m] follows the OMWU
updates (OMWU) with step size n > 0, for an arbitrary sequence of losses Egl), e ,EET) e R™. For

any vector x* € A" it holds that
d lo n; *
Z@z@ - 33*751 el + Z ‘ 2 \/Varx(” (gz(t) - gz(til))
——ZKL ZKL (2 #0071y, (37)

t=1
Proof. For any x* € A™ it holds that

~(t)
LI?

() —a* ) = @ =& 40 =7 4 @) =0 T @) - ). 39)

[ z’z

For t € [T], set c® = (x ) O _ €§t71)>. Using the definition of the dual norm and the fact

(2 _ 0

; ;1) =0, we have

(t)’g(t) _ e(t—1)> :<$(-t) ~(t) g( ) e(t—l) _ c(t)1>

- 'L’z

< sz(t) _ i_('t) le® — egt—l) _

= %

1

2 e

1
r \/Var © (e(” o= )) (39)

It is immediate from the definitions of 572@ (in (36)) and a?z(»t) (in (OMWU)) that for j € [n],

CCZ(t) iz(‘t)

<|

G ) )
Zke [ni] x (]‘7) ~exp(—n-£4; (k)) TEAM

~(t—1)

Using Lemma A.4 with z = x(.t), L= nﬂ(»t_l), y=2a; 7

i ,2 =1, , we obtain
(@l =30, 70) < L RUE ) - DKL) - KL )
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Next, we note that, again by (36) and (OMWU), for j € [n,],

S(t=1) (- | O
ffwﬁ::23x1~éﬂkj?<’zl ZQUQ)=a§§yn(un-d“>+KL@;é“”>
kelni] Vi FEXpLTT - g reat
Using Lemma A.4 with z = x(t) (= néit), Yy = :J:(t b ,2 = x*, we obtain
@ o ) < SKL@ ) - SKLE ) - S KL ). (42)

By (38), (39), (41), and (42), we have

*

- %) < s~ 0,

Var ) (67 =)

1 L0, 7= NORNCINES. ) ~(t-1)
+ - KL(z;7; 2, — K z,sx;) — —KL(x;, 3 2,

p (z ) . (z ) ; ( )
KL Y) - KL ) - KL )

n n n

* 1 -
- ‘ Ti = jz@ 2 \/Var (t) (W) ¢ U) + — KL(z™; :%Z(t Yy - ZKL(z*; @(“)
n n

- EKL(H?“Y% ) - ;KL@”; )y, (43)

The statement of the lemma follows by summing (43) over ¢t € [T] and using the fact that for any
choice of z*, KL(z*; azgo)) < logn;. O

A.2 Proof of Lemma 3.2

Now we are ready to prove Lemma 3.2. For convenience we restate the lemma.

Lemma 3.2 [Restated] There is a constant C > 0 so that the following holds. Suppose any player
€ [m] follows the OMWU updates (OMWU) with step size 0 <n < 1/C, for an arbitrary sequence

of losses Egl), . ,EET) € [0,1]™. Then for any vector z* € A" it holds that

T T T
S (2l — a2t 1) log iy Z( O )Varx5t> (ggﬂ _ ggt—1>) By (1 —2077)’7 Var (egt‘”) .

t=1 t=1 t=1
(44)
Proof. Lemma A.5 gives that, for any x* € A™,
4 logn *
% ~ -1
Z( ) _ g €(t) + Z‘ w ®) L \/Varxgﬂ (E - Zl(t )>
t=1
1 1 _
- fZKLwc?);xi-”) - fZKuxE”;cht D). (45)
= i3
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Note that for any vectors z,z’ € A™  if there is a vector £ € R™ so that for all j € [n],

N — _z()-exp(n-L(5))
w’(]) - Zk 1'(])6)(]3(77@(’6))7 we have that

/

< exp(2n[[€]|oc)-

o

exp(~2n£]l) < ‘

Therefore, by (36) and (40), respectively, we obtain that, for n < 1/4,
~(t)

0
!
-1

i

exp(—2n][ 6" — (V) <

< exp(26” — 6"V o) < exp(dn) < 1+ 8p

[e.e]

< exp(2n)|£ o) < exp(2n) < 1+ 4n. (46)

[e.e]

exp(—2n)|68 Vo) <

(Above we have also used that ||¢; t)||oo < 1 for all t.) Thus, for n <
and show, for a sufficiently large constant Cj,

16, we can apply Lemma A.2

: @52y - (1/2 = Con) (47)
KL(z{"; 21 > 2@ ) - (1/2 = Con). (48)

7,

2
Note also that for vectors x,y we have that x?(z;y) = (Hx - yHZ) . By Lemma A.3 and (36),
we have that, for a sufficiently large constant C1, as long as n < 1/C1,

2
*
<”x5t) - m) = (@) < (14 Cum? - Var g (4 —4") (49)
and

@52 = (1= Cun? - Var o (67 = 7). (50)
Next we lower bound x? (xgt); jz(»t*l)) as follows, where C'y denotes a sufficiently large constant:

as long as n < 1/C,
a3 ) > 2@ ) - exp(-2m) (51)
> (1= Com? - Var (6/71). (52)

where (51) follows from Lemma A.1 and (46), and (52) follows from Lemma A.3 and (40).
Combining (45), (47), (48), (49), (50), and (52) gives that for a sufficiently large constant C, as
long as n < 1/C,

Lo (0 10g ni | ® -1\ _ (1—=Cn)y (t—1)
t * t ) t . ‘tfl o - . ‘tfl
;:1:(1:1- Vi + ?:1 n/2+ Cof) - Var o (67 =470 S Var o (4071,

as desired. O
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B Proofs for Section 3.3

In this section we give the full proof of Lemma 3.6. In Section B.1 we introduce some preliminaries.
In Section B.2 we prove Lemma 3.7, the “boundedness chain rule” for finite differences. In Section
B.4 we show how to use this lemma to prove Lemma 3.6.

B.1 Additional preliminaries

In this section we introduce some additional notations and basic combinatorial lemmas. Definition
B.1 introduces the shift operator E4, which like the finite difference operator D;, , maps one sequence
to another sequence.

Definition B.1 (Shift operator). Suppose L = (L), ..., L(T) is a sequence of vectors L) € R™.
For integers s > 0, the s-shift sequence for the sequence L, denoted by E; L, is the sequence
E.L=(E;L)Y,...,(E; L)T™%), defined by (E, L)) = LU+ for 1 <t < T — s.

For sequences L = (LW, ... LM} and K = (KM, ... K(™)) of real numbers, we will denote the
product sequence as L - K as the sequence of vectors L- K := (L(I)K(l), el L(T)K(T)). Lemmas B.2
and B.3 below are standard analogues of the product rule for finite differences. The (straightforward)
proofs are provided for completeness.

Lemma B.2 (Product rule; Eq. (2.55) of [GKP89]). Suppose L = (LW, ... L)) and K =
(K(l), ey K(T)) are sequences of real numbers. Then the product sequence L - K satisfies

Di(L-K)=L-DiK+D;L-E; K.
Proof. We compute

Dy (LK) = LEFVK D — [OK®
= LD ) _ p @) pe+1) 4 p @) 1) p (@) g ()

=(L-D1K+DyL-E K)®.

O
Lemma B.3 (Multivariate product rule). Suppose that m € N and for 1 < i < m, L; =
(Lgl), . ,LZ(T)) are sequences of real numbers. Then the product sequence [[!" L; satisfies
m m
Dy [[Li=) (HL) Dy L; - (HE1L> .
=1 =1 \i'<i i >
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Proof. We compute
m ® m
<D1HL7;> =L - HL
i=1 i=1
G I

1 \<i i >1 i< i >1

_ = L (t+1) L () (t+1 gt) )
Z; (z’ <i 7;l_>[l ( )

(Elme) o o)

Lemma B.5 and Lemma B.4, which is used in the proof of the former, are used to bound certain
sums with many terms in the proof of Lemma 3.7. To state Lemma B.4 we make one definition.
For positive integers k, m and any h,C > 0, define

C
k n;
H._ n."
E : =1
Rh,m,k,c = <hzzk ; ) )
i=1"

0<ny, - np<m

O]

where the sum is over integers ny,...,ny satisfying 0 < n; < m for ¢ € [k]. In the definition of
Ry, k0, the quantity 0° (which arises when some n; = 0) is interpreted as 1.

Lemma B.4. For any positive integers k,m and any h,C > 0 so that m < h/2, C > 2, and h > 8,

then ok
Rpm ko < exp <h0) :

Proof of Lemma B.4. We may rewrite Ry, p, . c and then upper bound it as follows:
Uy
Ry mrc = Z <h>
NG N2 o me\ \”
< <1+ (h> + (m — 1) max <<h> (ﬁ) )) (53)
NG 9\ 2C 71\ hC/2 k
(i () o ( () ())

where (53) follows since (%)C is convex in ¢ for ¢ > 0, and therefore, in the interval [2,m] C [2, h/2],
takes on maximal values at the endpoints. We see

o) -G =G
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for h > 8 when C > 2. Also,

) <;>h0/2 § (}11>c

for h > 8 when C' > 2. (This inequality is easily seen to be equivalent to the fact that (C'+ 1) log h —
% < 1, which follows from the fact that logh — h/2 <0 for h > 8 and 3logh — h < 1 for h > 8.)

Therefore,
NG 9\ 20 71\ hC/2 k
< - z -
Rymkc < <1—|— <h> +(h/2)max<<h> ,<2) ))
1\
<|1+4+2(-+
< ( ¥ ( h) )
2k

< exp 7o)

Lemma B.5. Fiz integers h > 0,k > 1. For any function « : [h] — [k|, define, for each i € [k],

hi(m) = l{a € [Blln(q) = i}|. Then, for any C >3,

k(. \Chi(r)
ks 2k
Z | ) hg;) < max {k7, (hk +1) - exp <h0—1> } . (54)

m:[h]—=[k]

O]

Proof. In the case that h < 7, we simply use the fact that the number of functions 7 : [h] — [k]
is k" < k7, and each term of the summation on the left-hand side of (54) is at most 1. In the
remainder of the proof we may thus assume that h > 8.

For any tuple (hq,--- ,hx) of non-negative integers with Z?Zl h; = h, there are (h1 th... hk) <
H}.l:,’.” (see [CS04, Lemma 2.2] for a proof of this inequality) functions 7 : [h] — [k] such that
hi(m) = h; for all i € [k]. Combining these like terms,

C
[1; hi(m)Chi(™ rt o (TL A
Z L,Ch < Z L hh

h
m:[h]—[k] B, he>0 Hz h;
hi=h

R Cc-1
< ¥ (thf> . (59)

hi,hK>0
S hi=h

We evaluate this sum in 2 cases: whether or not hpax := max;{h;} is greater than h/2. The
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contribution to this sum coming from terms with hpyax < h/2 is

C-1 C-1
[1; i [1; hf
> (W) < s (%)

hi, hg>0 +,hg>0
hi,,hi<h/2 hi,,hi<h/2
S hi=h
= Ry |n/2) k,0-1
2k
< exp <hC—1> ; (56)
by Lemma B.4.
We next consider the case where hpax > h/2. For a specific term (hq,--- , hg) with max;{h;} >

h/2, we know there is a unique M € [k] such that hy = max;{h;} since > | h; = h. So, we can
represent the contribution to the sum from this case as

K i\ €7 i\ €7
> oy (L) y (1) @)

M=1hi, hp>0 ,h >0
h]w>h/2 hk>h/2
S hi=h S hi=h
Lh/2] h—d~ C— no\ C—1
(h —d) I1; i
kz< nh—d ) > (hd> (58)
hi,hg—120
S hi=d

/2] B\ O
Hihi1
<3y ()

d=0 hy, ht_120
hy,- hg—1<d

Lh/2]
=k Z Ry gr—1,0-1
d=0

2k

o\ C
where (57) follows by symmetry, (58) follows by factoring out the contribution of <Z’th> and

letting d = h — hg, and (59) follows by Lemma B.4.
The statement of the lemma follows from (55), (56), and (59). O

Lemma B.6. Forn € N, let &,...,&, > 0 such that & + -+ &, = 1. For each j € [n], define
¢; : R" = R to be the function

) = — Y exp(z;)
’ > k=1 &k - exp(zk)
and let Py, (2) = Zvezn aj~ - 27 denote the Taylor series of ¢j. Then for any j € [n] and any

(Z)j((Zl, e

integer k > 1,

D ajal < et

'YGZTZLO: [v|=Fk
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Proof. Note that, for each j € [n],

1 9*9;(0)
Ay = .
P iyl ol 9270923
and so
1 9" ¢;(0)
Z |aj7’7| = Z - = | - 732 %/|
’YEZTZLOZ "Y‘:k ’YEZEO |'7|:k} 71-'72. “e e 777,‘ 621 822 ce e Zn

k! mol. v | 19 19,02 .
& V€LY Y=k mnlyel-aml 027027 - zn
k! i 3215132::2 - 32tk

It is straightforward to see that the following equalities hold for any i € [n], ¢ # j:

0o,
L — (1 — b
5 =6y(1-6)
0¢;
azi = 7¢Z¢j
(1 — ¢;)
Sl o A T
azj Qs] ( (Z)J )
(1 — ¢))
S = i
We claim that for any (1, ...,t) € [n]¥, we can express azf{c%%% as a polynomial in ¢1, - - - , ¢p, (1—
¢1),++, (1 — ¢,,) comprised of k! monomials each of degree k + 1. We verify this by induction, first
noting that after taking zero derivatives, the function ¢; is a degree-1 monomial. Assume that for
some sequence by, ..., by_1) € {0,1}, we can express

— = )% [Im
82151 cee Gztﬁ_l Z ( ) dI;J(:] J.d

=1

~

where each mysg € {¢1, - ,¢n, (1 — ¢1),--- ,(1 — ¢n)}. We see that for each f, there is some
sequence of bits bfo,...,bse—1 € {0,1} so that

-1 /-1
0 b /
D2 [Tmra=> (=0 mpg-myy--mypa (60)
d=0 d=0
where we define, for each 0 < d < /¢ -1,
myq and ¢y, it mpg = ¢; with i # ¢,
d(1- if —
m/fd and mf’d,f _ mf,d an ( ¢tg) 1 mf,d ¢te . '
’ (I —mygq) and ¢y, if mpg=1—¢; with i #

(I—mygq)and (1 —¢y,) ifmpg=1—¢y,.
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C p
Thus, 6237%% can be expressed as a sum of ¢! monomials of degree (¢ + 1), completing the
inductive step.

%,
2ty 02ty
and a combinatorial structure that we call factorial trees. Formally, we define a factorial tree to be a

directed graph on vertices {0, 1, -, k} such that each vertex 7 # 0 has a single incoming edge from
one of the vertices in [0,7 — 1]. (For a non-negative integer i, we write [0,4] := {0,1,...,:}.) For
a factorial tree f, let ps(¢) € [0,£ — 1] denote the parent of a vertex . A particular factorial tree
f represents the monomial that was generated by choosing the p;(¢)'! term in (60) for derivation
when taking the derivative %, for each ¢ € [k]. (See Figure 3 for an example.)

This inductive argument also demonstrates a bijection between the k! monomials of

310z, L 0/dz,
b — —0 —— —¢p(1 — &) —— — b

o<

2—3

3 4 .
Figure 3: A monomial —¢;¢;¢;¢;, of % and its corresponding factorial tree
10%j5

k
Each of the k! monomials comprising ﬁ is a product of k 4+ 1 terms corresponding to

indices j,t1,- - ,t; (i.e., the first term in the product is either ¢; or 1 — ¢;, the second term is
either ¢y, or 1 — ¢t1, and so on). We say that a term corresponding to index i € [n] is perturbed if
it is (1 — ¢;) (as opposed to ¢;). From our construction, we see that the ¢! term is perturbed if
te =tp,(r) and there is no ¢’ such that py(¢') = £. That is, £ is a leaf in the corresponding factorial
tree f and the parent of £ corresponds to the same index as ¢. One can think of ¢1,--- ,t; as a
coloring of all the vertices of the factorial tree with n colors, except the root of the tree (vertex 0)
which has fixed color j. Then, we can say the ¢! term is perturbed if and only if ¢ is a leaf with
the same color as its parent. We call such a leaf a petal. For t € [n], we let Pf; C [k] be the set of
petals on tree f with color ¢, Ly C [k] be the set of leaves of tree f, and By = [k] \ Ly be the set of
all non-leaves other than the fixed-color root. Therefore,

_ 96, (0
Z N ' Z’ﬁztl J@ztk|

YEZY: |yl=k te[n)k

< .ZZH 01,(0) - 1[E & Py) + (1 - ¢,,(0)) - 1[€ € Py,))

teln]k f £=0
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(where we let ty = j for notational convenience)

.ZZH&e 1[0 & Pl + (1 &,) - 1]t € Pr)

teln]k f £=0

k|z Z Z Hftz’ 1 & Py + (1= &,) - L[l € Pry]),

Fotp em)®f i em)ts (=0

where in the last step we decompose, for each factorial tree f, ¢ € [n]* into the tuple of indices
tp, € [n]°/ corresponding to the non-leaves By, and the tuple of indices t1,, € [n]%s corresponding
to the leaves L.

We note that, fixing tree f and the colors of all non-leaves tp,

Z H £te Egpft] (1_§t1)']l[gepf7t])

the[n]Lf tely

= H Z &4 tf 7é tpf ] ( gte)

Lte =tp, )
LeLy \ts€n]
H (2 - 2ftpf<e>)
fGLf
< olLsl

And so,

k
> T -1le g P+ (1—¢&,) - 1[t € Pry))

tp,€ln] ftL g[n]ks £=0

g 2y I 6 1leg Pral+ (1= &,) - 1[E € Pry))
T

tp, €n]Pf LEB;U{0}

_k!%:2lLf >, Il

tp fe[n]Bf teByU{0}

(as no non-leaf can ever be a petal)

ZQ\LfI H (Z gtz)

LeBy \te€n]

_ & ollrl = ¢. 9l Lyl
= = SjEfUF)
!

38



where F is the set of all factorial trees and U(F) is the uniform distribution over F. For a specific
vertex £ € [0, k], we note that £ € Ly if and only if it is not the parent of any vertex £+ 1,--- k. So,

k

i—1 /4
Priymlle L= 1] =1 (61)
i=0+1
We will show via induction that, for any vertex set S C [0, k]
1
Pryar 1S C L <[] ¢ (62)
lesS

Having established the base case for every S with |S| = 1, we assume (62) holds for all S with
|S| < s. For any set of s vertices V', consider an arbitrary partition of V into two sets SUT =V
with |S|, |T| < s. We see

Pl“fNu(]:) VCLf HPr pf ]
= HPr pr(c) & S1Prps(c) € Tlps(c) € S]

< HPI" pr(c) & S1Prlps(c) € T
= Pr [S C L¢]Pr[T C Ly
1
< —
<II;
lev
by the inductive hypothesis, as desired. Thus, Pr{|Ls[ > s] <> g, g, Pr[S € Ly] is at most the

Sth
k ‘
x) = 5”0 (1 + kaz)

coefficient of the polynomial

and so
k
E (5 [zlLfl} <Y 2°Pr||Ly| > 5]
s=0

< R(2)

< 625:0 20/k _ k+1
and

> lajal < gt
’yEZgO: |v|=k

as desired. ]
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Lemma B.7. Let ¢1,- -, dm be softmaz-type functions. That is, for each ¢;, there is some j; € [n]
and indices &1, ..., En such that

(s B _ eXp(Zji)
¢i((z1,- -+, 2n)) Y pet ik - exp(zk)

where §i1 + -+ -+ & = 1 for alli. Let P(z) = Z'yeZQO ay2" denote the Taylor series of [ [, ¢;. Then

for any integer k,

S el < (Em)k,

VGZEO: |v|=Fk

Proof. Letting P;(z) = ZWEZZO a; 2" denote the Taylor series of ¢; for all 7, we have P(z) =[], Pi(2)

and therefore

Z lay| < Z H Z @iy |

’yEZgOZ "y|:k kl,'ikaZZO 7 ’yEZ;OZ "y|:kl
- ki=k B

We have that Z|V|:ki|am| < e%i for all k; since, for k; = 0, a; 0 = ¢;(0) = 1, and for k; > 1,

5 gl < St < @
]

|v|=F;

from Lemma B.6. Note that the softmax-type functions discussed in Lemma B.6 have a §;; term in
the numerator, while those discussed here do not. This accounts for the extra §;; term that appears
in equation (63). Thus,

2 I > s >

ki, km€ZL>o 1 'yEZyZLO: |v|=k; k1, km€Z>q

S ki=k S ki=k

o (mt+k—1
(")

< o2 <€(m +kk - 1)>k

as desired. ]

Lemma B.8. Let ¢((z1,...,2n)) = % be any softmaz-type function. Then the radius of
=1
convergence of the Taylor series of ¢ at the origin is at least 1.

Proof. For a complex number z, write R(z), S(z) to denote the real and imaginary parts, respectively,
of z. Note that for any (1,...,¢, € C with |(x| < 7/3 for all k € [n], we have

R(exp(Cx)) > cos(m/3) - exp(—7/3) > 1/10,
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and thus > p_; & - exp(Cx)| > 1/10. Moreover, for any such point ¢ = ((1,...,¢,), it holds that
|exp(¢j)| < exp(m/3) < 3. It then follows that for such ¢ we have |¢(z)| < 30. In particular, ¢ is
holomorphic on the region {¢ : |(x| < 7/3 Vk € [n]}.

Fix any v € Z%, and let k = |y|. By the multivariate version of Cauchy’s integral formula,

! OG-, Ga)
(2mi)™ /C1—21|7r/3 /|Cn_Zn7r/3 = zl)’)/l"rl o (o — zn)%ﬂ ¢y d¢y

307! 30!
Sle/3y = )

d’Y
a°

)| -

The power series of ¢ at 0 is defined as Py(z) = Z%Zgo a - 27, where a, = %%(ﬁ(()). For any
v € 72, with k = ||, we have |a,|'/* < (30/(7/3)%)}/* = (30)'/* . 3/7, which tends to 3/7 < 1
as k — oo. Thus, by the (multivariate version of the) Cauchy-Hadamard theorem, the radius of
convergence of the power series of ¢ at 0 is at least 7/3 > 1. O

B.2 Proof of Lemma 3.8

In this section prove Lemma 3.8, which, as explained in Section 3.3, is an important ingredient in
the proof of Lemma 3.7. The detailed version of Lemma 3.8 is presented below; it includes several
claims which are omitted for simplicity in the abbreviated version in Section 3.3.

Lemma 3.8 [Detailed] Fiz any integer h > 0, a multi-index v € Z%, and set k = |y|. For each of
the k" functions 7 : [h] — [k, and for each r € [k], there are integers b, € {0,1,...,h}, t} . >0,
and j;r’r € [n], so that the following holds. For any sequence LM LT e R™ of vectors, it holds
that

k
DpL= > [IEe,Du, (L7 (64)
k] (k] =1
Moreover, the following properties hold:
1. For each m and r € [k], by, = [{q € [h] : m(q) = r}|. In particular, Sk W =h.
2. For each 7 and r € [k], it holds that 0 <t .+ hl . < h.
8. For each w, r € [k], and j € [n], v; = [{r € [k] : jr, = j}I.

Proof of Lemma 3.8. We use induction on h. First note that in the case h = 0 and for any k > 0,

we have that (D, LV)(t) = (LM)7, and so for the unique function 7 : () — [k], for all r € [k], we may

take ¢ . = 0, b} . = 0, and ensure that for each j € [n] there are ; values of 7 so that j; . = j.
Now fix any integer h > 0, and suppose the statement of the claim holds for all A/ < h. We have
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that

D, LY
=Dy Dy IV

k
=Dy > [[Ew,Dn, L(,)

m:[h—1]—[k] r=1

k
= Y > DiEy, Du, L(j,) HEt/ L Dw, L) H Ey 1Dy, Liin,) (65)

m:[h—1]—[k] r=1 r'=r+1
r—1
= Y ZEt, Dy, +1L(j} ) HEt/ L Dw L(jh ) - H Ey 11Dy, L(jr ). (66)
m:[h—1]—[k] =1 P=r41 ’

where (65) uses Lemma B.3 and (66) uses the commutativity of Ex and D; . For each 7w : [h—1] — [],
we construct k functions my,..., 7 : [h] — [k], defined by m,(q) = 7T( ) for ¢ < h, and 7,(h) = r for
r € [k]. Next, for r,7’ € [k], we deﬁne the quantities A/ t , as follows:

T, YTy 7”/7]7'( Re

o Set b ., =h ., ifr#r and hy . =h +1

,T

° Sett;”,: t L if ! <, andtﬂ r,—t;r,+1if7“’>7“.

T
. oy
* Set -]TI'T,T', - ]w,r"

y (66) and the above definitions, we have

k
D, L7 = Z H Etgw Dh%,r L(j;'r,r)ﬂ

m:[h]—=[k] r'=1

thus verifying (14) for the value h.

Finally we verify that items 1 through 3 in the lemma statement hold. The definition of h;r o
above together with the inductive hypothesis ensures that for all r,7’ € [k], bl ., = |{q € [h] :
(q) = 7"}| thus verifying item 1 of the lemma statement. Since b} ., +1t <7 R+t +1
for all r, ', it follows from the inductive hypothesis that 0 < b/, + t/ , < h; this Verlﬁes item 2.
Finally, note that for any j € [n] and r € [k], {r' € [k] : j] . —]} {7“ E [ | :dr =3}, and thus
item 3 follows from the inductive hypothesis. ’ O

B.3 Proof of Lemma 3.7

In this section we prove Lemma 3.7. To introduce the detailed version of the lemma we need
the following definition. Suppose ¢ : R™ — R is a real-valued function that is real-analytic in a
neighborhood of the origin. For real numbers @, R > 0, we say that ¢ is (Q, R)-bounded if the
Taylor series of ¢ at 0, denoted Py(z1,...,2n) = ZVGZQO a2, satisfies, for each integer k > 0,

ZVGZ’;O:hI:k lay| < Q- RF. In the statement of Lemma 3.7 below, the quantity 0° is interpreted as
1 (in particular, (R)Boh" =1 for h' = 0).
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Lemma 3.7 [“Boundedness chain rule” for finite differences; detailed| Suppose that h,n € N,
¢ :R"™ = R is a (Q, R)-bounded function so that the radius of convergence of its power series at
0 is at least v > 0, and L = (LW, ... L) € R™ is a sequence of vectors satisfying | Lo < v
for t € [T]. Suppose for some o € (0,1), for each 0 < h' < h and t € [T — h'], it holds that
| Dy LY || < B% ol - (W)Bo for some By > 2¢*R, By > 3. Then for allt € [T — h,

12RQe? o pBoht1

| (Dn (g0 L) | <=5

Proof of Lemma 3.7. Note that the hth order finite differences of a constant sequence are identically
0 for h > 1, so by subtracting ¢(0) from ¢, we may assume without loss of generality that ¢(0) = 0.
(Here 0 denotes the all-zeros vector.)

By assumption, the radius of convergence of the power series of ¢ at the origin is at least v, and
so for each v € ZZ), there is a real number a, so that for z = (z1,..., 2,) with |z;] < v for each j,

o(z) = Z ayz". (67)

kENAELZL o byl=k

Let Ay := Zvezgor\vlzk la|; by the assumption that ¢ is (Q, R)-bounded, we have that A, < Q- RF
for all k£ € N.

For v € Z%, recall that L7 denotes the sequence (LMD, ... (L)D), defined by (L)) =
(LO@)M - (LO(n))™. Then since ||L®)||o < v for all t € [T], we have that, for t € [T — h),
(Dr (90 L) =3 czn_ay - (D L)1

We next upper bound the quantities | (Dy, LV) |. To do so, fix some v € Z>0, and set k = |y|.
For each function 7 : [h] — [k] and 7 € [k], recall the integers A, € {0,1,...,h}, t; . >0, j. . € [n]
defined in Lemma 3.8. By assumption it holds that for each ¢ € [T — h], each W < h,each 0 <t <h,
| (Dp L(j))(tﬂl) | < B% ol - (h/)Boh' | Tt follows that for each t € [T — h] and function  : [h] — [k],

k h k
R (6% h
< | | 7B . h/ )Bo T — Bk I |(h;mn)BO ™

r=1

k
H (e, Dry, LG, )

where the last equality uses that ZT 1 Il =N (item 1 of Lemma 3.8). Then by Lemma 3.8, we
have:

k

IT (Ee., Du,, L)) K

r=1

[CEDEIEESS

(W] =[]

af E H Boh%ﬂ«
BE
By

m:[h]—[k] r=1

ol Boh 7 2k
SBl WP max 4 KT (R 1) exp (S ) ¢ (68)

where (68) follows from Lemma B.5, the fact that By > 3, and that h} . = [{q € [h] : 7(q) = r}|
(item 1 of Lemma 3.8).
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We may now bound the order-h finite differences of the sequence ¢ o L as follows: for ¢t € [T'— h],

D400 L)Y 1< 3 Jas] |01 L))

VGZEO
_ 2|y
alt . pBoh+1 Z lay| - By max {h/|77 ([ +1) - exp (hBol)} (69)
yezgo
Oéh X hB0h+1 . ZAk . B;k . (k,7 + 2k' . exp(2k/hBO—1))
keN
ot pBoh+l (. <Z k" (R/By)F + Z 2k - (R/By)* - er) (70)
keEN keN
2RQe? h 1 Boh+l 7 2\—k —k
<o RPN T (2 TE 42 k-2 (71)
keN keN

_12RQe® o1
By

where (69) uses (68), (70) uses the bound A < QRF, and (71) uses the assumption By > 2e2R.
This gives the desired conclusion of the lemma. O

B.4 Proof of Lemma 3.6

In this section we prove Lemma 3.6. The detailed version of Lemma 3.6 is stated below.

,H+3>. If all players follow OMWU updates
then for any player i € [m], integer h satisfying 0 < h < H, time step

Lemma 3.6 [Detailed] Fiz a parameter o € (0

with step size n < ge%—,
t € [T — h], it holds that
1 (D5 )9 oo < @ - B3,

Proof. We have that for each agent i € [m], each ¢t € [T], and each a; € [n], fgt)(ai) =
[Li(a1,...,am)]. Thus, for 1 <t < T,

a/rv;r i/
iy
(Dn ) (a)| = Z( )<_1>h—szgt+s><ai> ()
s=0 s
" (h
t+s
= Z ﬁi(al,...,am)z<s>( Hl,(-l- )
a; €[y, Vi'#i s=0 i/ #i
" (h
—S t+s
< Z Z <8>( - H$§'+ (ay)
ay E€ny), Vi'#i |s=0 il i
(t)
= Z Dh H X (CLZ‘/) , (73)
a;€lny], Vi'#i i i




where ((72?) and (73) use R((%;I;ark 3.5 and in (73), [[;; zi (ai) refers to the sequence [[, 1:1(,1 )(ai/),
Hi’#i Z, (ai/), ceey H'L’#Z Z, (CLZ‘/).
In the remainder of this lemma we will prepend to the loss sequence Ez(l), . ,EZ(»T) the vectors

€§0) = &E_l) := 0 € R™. We will also prepend wgo) = xz(l) = (1/ni,...,1/n;) € A™ to the strategy

sequence xl(l), ce J/‘ET). Next notice that for any agent i € [m], any ¢ty € {0,1,...,T}, and any ¢t > 0,

by the definition (OMWU) of the OMWU updates, it holds that, for each j € [n,],

(to) o . (tofl) N t (t0+8) N (t0+t) .
T ) exp (n- (4°7V0) - o 70 - 47 0))
v e ) - exp (n- (4070 (k) = Ll 6 (k) — £ (k)

%

Note in particular that our definitions of EED),KZ(»_D, J:Z(O) ensure that the above equation holds even

for ty € {0,1}. Now an integer t( satisfying 0 < tqg < T for t > 0, let us write

t—1
tht)o = fto=D) _ Z€§t0+s) _ flto+-D)
s=0
Also, for a vector z = (z(1),...,2(n;)) € R™ and an index j € [n;], define
¢t07j(z) = eXp (Z(])) (74)

m 20 (k) - exp (2(k))
(to+t)( ;

so that x; j) = azgto)(j) “ry.5(M - Egtt)o) for t > 1. In particular, for any i € [m], and any choices
of a; € [TLZ/] for all ¢/ 7é i,

Hmtoﬂ) Hx 0) (air) - Pro,a, (M- Z(')to) (7%)
i/ i’ Fi

Next, note that
(D1 i) " = 47770 =200 = (0D () Y,
meaning that for any b’ > 1,
(D ig) Y = (Dpy_q 1) 0HD — 2 (By Dy £;) 0D (76)
We next establish the following claims which will allow us to prove Lemma 3.6 by induction.

Claim B.9. For any ty € {0,1,...,T}, t >0, and i € [m], it holds that ||l7£t20||oo <t-+2.

Proof of Claim B.9. The claim is immediate from the triangle inequality and the fact that ||€ ||OO <
1 for all t € [T]. O

Claim B.10. Fiz h so that 1 < h < H. Suppose that far some By > 3 and for all 0 < h' < h, all
i € [m], and all t <T — I, it holds that H Dy )Y [loe < P - (B + 1)Bot+D) - Suppose that the

}. Thenforallie [m] and 1 <t <T —h,

step size n satisfies n < min 3665m, 1265(H+3)m

H(Dh zi)(”H < ol - pPoh+1, (77)

o0
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Proof of Claim B.10. Set By := 12e%m, so that the assumption of the claim gives n < min {ﬁ, m }

We first use Lemma 3.7 to bound, for each 0 < t9 < T — h, i € [m], and ay € [ny] for all

. . . (to+1)
i’ # i, the quantity ’(Dh (Hi,# xi/(ai/)))

n= Ei';éi ny, v = 1, the value of h in the statement of Claim B.10, T'= h + 1, and the sequence
L® for 1 <t<h+1, defined as

1 _ (77 0 7(t) 7(t) 7

. In particular, we will apply Lemma 3.7 with

1,t0"”’n 2717t07n'€i+1’t07"'7n m,t0> )

namely the concatenation of the vectors 7 - 57(120, N R ?Ei)l’to, n- 571(-217t0, ce,n- E(n?,to. The function ¢

in Lemma 3.7 is set to the function that takes as input the concatenation of z;; € R"™ for all ¢/ # ¢
and outputs:

(bto,a,i (217 ey Rj—1yRi41y - - 7Zm) = H gbto,ai/ (Zi’)) (78)

il i
where the function ¢y, 4, are as defined in (74). We first verify the preconditions of Lemma 3.7. By
Lemma B.7, ¢, ., is a (1,e3m)-bounded function for some constant C' > 1. By Lemma B.8, the
radius of convergence of each function ¢y, 4, at 0 is at least 1; thus the radius of convergence of
Gto.a_, at 0 is at least v = 1. Claim B.9 gives that ||l7£tgoHoo <t+2<h-+3forallt<h+1. Thus,
since n S m,

| @0 2)) ) =l 81 <1 43) < 5

for 1<t<hg+1. Next,for1<h'<hand1<t<h+1-h, we have

H (D (n- Zz,to))(t) HOO <n- H(Dh/ﬂ ¢;)toFt=D) HOO +2n - H(Dh/ﬂ £;)(o+0) HOO (79)
<3n- a1 (B)Po) (80)
<;1 Lo ()Bo) (81)

where (79) follows from (76), (80) follows from the assumption in the statement of Claim B.10 and
to+t+h —1<ty+h<T,and (81) follows from the fact that 3n < B%. It then follows from
Lemma 3.7 and (75) that

(to+1)
1
Ty [\ (Lt
7;’#7; ,L'/ 7 Z/#Z
(to+1)
- Dh H (¢t07ai/ S ng",to) (82)
i
= = = = 1
- ‘(Dh (¢t0,a,i o (ngl,toa o 77761'—1,?507 ngi-‘y-l,t()? s 777€m7t0)))( )‘ (83)
5
L2 b oL _ gl () Bk (84)

=g
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(In particular, (82) uses (75), (83) uses the definition of ¢y, ,_, in (78), and (84) uses Lemma 3.7.)
Next we use (73), which gives that for each ¢ € [m] and t > 1,

(®)
H(Dh Ei)(t)Hoo < > Dy | [ o (an)

ay€lnyl, Vi'#i il i

< Y e o (P (85)
a; €[ng], Vi'#ii'#i

=al . (h)Boh+1,

where (85) follows from (84) with ¢ = ¢t9 — 1 (here we use that tp may be 0). This completes the
proof of Claim B.10. 0

It is immediate that for all i € [m],t € [T], we have that || (Do Ei)(t) loo €1 =0al 1801 We

now apply Claim B.10 inductively with By = 3, for which it suffices to have n < 5z%— as long as

a < 1/(H +3). This gives that for 0 < h < H, i € [m], and t € [T — h), || (Dr£:)? [|oc < ol - B3,
completing the proof of Lemma 3.6. O

C Proofs for Section 3.4

The main goal of this section is to prove Lemma 3.9. First, in Section C.1 we prove some preliminary
lemmas and then we prove Lemma 3.9 in Section C.2

C.1 Preliminary lemmas

Lemma C.1 shows that Varp (W) and Varp (W) are close when the entries of P, P’ are close; it
will be applied with P, P’ equal to the strategies xgt) € A" played in the course of OMWU.

Lemma C.1. Suppose n € N and M > 0 are given, and W € R™ is a vector. Suppose P, P' € A"
o H%HOO} <1+« for some a > 0. Then

are distributions with max { H%

(1 —«)Varp (W) < Varp (W) < (1 + «) Varp (W). (86)

Proof. We first prove that Varp/ (W) < (14a) Varp (W). To do so, note that since adding a constant
to every entry of W does not change Varp (W) or Varp: (W), by replacing W with W — (P, W) - 1,
we may assume without loss of generality that (P, W) = 0. Thus Varp (W) = 37, P(jW(j)2.
Now we may compute:

Val‘p/ (W) S ZP/(]) : W(])2
J
=Y PG) WG+ D (PG) = PG)) - W)
J J

=(14 «) Varp (W), (87)

where (87) uses the fact that H%H <l+o
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By interchanging the roles of P, P’, we obtain that

V%IPI(VV) >

l—il-a Varp (W) > (1 — «) Varp (W).

This completes the proof of the lemma. O

Next we prove Lemma 3.11 (recall that only the special case u = 0 was proved in Section 3.4).
For convenience the lemma is repeated below.

Lemma 3.11 [Restated] Suppose p € R, a >0, and WO ... W=D € R is a sequence of reals
satisfying

S—-1 9 S—1 9
S (s D) <o 3 (05)0) 4+ (88)
t=0 t=0
Then
S—1 9 S—1
S (@) ?) <o WO+ p/a,
t=0 t=1

To prove Lemma 3.11 we need the following basic facts about the Fourier transform:
Fact C.2 (Parseval’s equality). It holds that Zf;ol Ww® )2 = %Zf;ol \/W(S)|2.

The second fact gives a formula for the Fourier transform of the circular finite differences; its
simple form is the reason we work with circular finite differences in this section:

————(s)

Fact C.3. For h € Z>g, D, AU O8 (e2mist/S — 1)k,

Proof of Lemma 3.11. Note that the discrete Fourier transform of D] W satisfies D/CI’W(S)

(€2m‘s/T —1), and similarly ITSW(S)

— W .
=W, (e2™s/T —1)2, for 0 < s < S —1. By the Cauchy-Schwarz
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inequality, Parseval’s equality (Fact C.2), Fact C.3, and the assumption that (88) holds, we have

S—1 > 157 (o
Osw)D) ==5N" Dsw
t=0 ( ' ) S s=0 '
:;Sil W(s) (627rzs/T—1)‘2
N 2
:§Z we .‘W(s) ‘ems/T 1’
s=0
5-1 5-1
<L o Q.Jl (W] [ezmis/T 1"
S s=0 S s=0
5-1 o =g
— wmz. | =3 Dsw
25 P
5-1 5-1 .
= [y (Dg W)
2\ R ()
5-1 5-1 2
< (W®)2. o (DI W) + p. (89)
G

Note that for real numbers A > 0 and € with A 4+ € > 0, it holds that

A2
= >
A+e 1+4+¢€¢/A~

A-(1—¢/A)=A—e.

2
Taking A = Z::S;ol ((D‘f W)(t)) and € = p/a (for which A + € > 0 is immediate) and using (89)

then gives

as desired. ]

C.2 Proof of Lemma 3.9

Now we prove Lemma 3.9. For convenience we restate the lemma below with the exact value of the
constant Cy referred to in the version in Section 3.4.

Lemma 3.9 [Restated] For any M,(,a > 0 and n € N, suppose that PO PO e A" gnd
A N ACO NS [—M, M]"™ satisfy the following conditions:

1. The sequence P, ... PT) js ¢-consecutively close for some ¢ € [1/(2T), a*/8256].
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2. It holds that Y312 Verpiy (D22)") < a- 15 Varpe ((012)) +

Then
1290 M2

a3

TZ_IVarP@) ((Dl Z)(t)) <a-(1+a) iVarP(w (Z(t)> + g + . (90)
t=1 t=1

Proof. Fix a positive integer S < 1/(2¢) < T, to be specified exactly below. For 1 <ty <7 —S+1,
define i, € R by

S5—-3 S—3
g = Y Varpigeo (D22)F) — a3 Varpegrn ((D12)*F). (91)
s=0 s=0
Then
T—S+1
Z Hto
to=1
T-2
= Z Var p) ((Dg Z)(t)) -min{S —2,¢t,T —t — 1}
t=1
T-1
—a- Y Varpg ((D1 Z)(t)) ‘min{S — 2,t,T —t — 1}
t=1
T-2 T-1
<(5-2)- Y Varpo ((D2 Z)(t)) —(S—2)a- Y Varpo ((D1 Z)(t)) +8a(S —2)2M?  (92)
t=1 t=1
<(S —2)pu+2a(S — 2)2M?, (93)

where (92) uses the fact that ||Z®)]|,, < M and so || (Dy Z)(t) loo < 2M for all t € [T, and the final

inequality (93) follows from assumption 2 of the lemma statement.
By (91) and Lemma C.1 with P = P() we have, for some constant C' > 0,

5-3 5-3
> Varpiy ((D22)7)) <(142¢8) - 3 Varpegen (D2 2)*F)
s=0 s=0
S—3
—(1+2(S)a- > Varpuges ((D1 Z)<t°+s>) (14 208) ey
s=0
S—3
<(1+2¢5)% - Y Varpe) ((D1 Z)(t°+5)> F (14208, (94)
s=0

p(to+s)
Pp(tg)

p(to)
p(tg+s)

Y
o0

Here we have used that for 0 < s < S, it holds that max { H
1+ 2(¢S since ¢S < 1/2.

For any integer 1 <ty < T — S + 1, we define the sequence Zt(s) = Z(tots) _ (plto) Z(tots)yq,
for 0 < s < §—1. Thus (2, Pt)) = 0 for 0 < s < S — 1, which implies that for all & > 0,

p=asos<
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0<s<S—1, (DS Z,)®, Pty =0, and thus

n

Var o) (D} Z)™) = 32 PO () - (DF, Z) ()2, (95)
j=1
By the definition of the sequence Z;,, for 0 < s < .S —h — 1, we have
Var pg) ((Dh Z)(t0+5>) = Var py) ((Dh Zto)(5)> — Var py) ((D; Zto)(3)> . (96)

For 1 <ty <T —5+41, let us now define

S—1 S

Vi = > (D5 Z1y)® ()2 = (1+2¢8)%a - Y (D5 )™ (5)?, (97)
s=0

so that, by (94), (95), and (96),

ZP(tO)(j) “Vto,j
j=1

|
—_

w
I
<)

S—1 S—1

:Z\/al“p(tm ((D§ Zto)(S)) (1+2¢9)% ZVarpam ((D Zto)( ))

S—3
< (Z Var i) <(D2 Z)(to+s)>> + Var peg 1 ((DS Z)(to+S—2)) + Var peg ((Dg Z)(to+S—1)>
s=0

S—-3
— (1+2¢5)% Z Var g (D1 2)0)

<(1+ 2¢8) gy + Var pieg) ((D2 Z)“O”*”) +Var o) ((Dg Z)(t“s’l)) . (98)

y (97) and Lemma 3.11 applied to the sequence Zt( ), R Zt(sfl), it holds that, for each j € [n],

S

|
—

° (s) (s Vto,j
poard (Dl Zto) ( ) + CCS - Z Zto W (99)
Then we have:
S—2
Z Varp(to) ((Dl Z)(t0+8)>
s=0
S—2
=3 Varpao (05 Z)) (100)
s=0
(f0) (5) - %
<(1+2¢5)% Z Varpoo (25)) + ZP T (101)
S Varpig (D5 2)F57) 4 Var i ((D§2)175 )
1 2 Z(S) Mto
S Z) Ve ( ) AT " (1+2¢9)%a ,
(102)
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where (100) follows from (96), (101) follows from (99) and (95), and (102) follows from (98).
Summing the above for 1 <ty < T — S+ 1, we obtain, for some constant C' > 0,

T-1

(S=1)- 3 Varpw ((D12)?)
t=1
T—S+15-2
ST Varpeges ((D1 Z)(t0+s)) F8(5 — 1)2M2 (103)
to=1 s=0
T—S+1 5-2
< Y 1+25)Y Var (D Z “0*8)) 1202
< pioy ((D12) +8(S—-1)*M (104)
to=1 s=0
T—S+15-1 T—5+1
< +28Pa 3 Y Varpay (7)) + Fto | g5 — 1)202
to=1 s=0 to=1 «
T—5+1 Var pi) ((Dg Z)(t°+572)) + Var pt) ((D; Z)(tﬁsfl)) 0
* (14+2¢S)a (105)
to=1
T-S4+15-1 T—S+1
<@+208) ' Y Y Varpuges ( tO“)) + % +8(S —1)2M?
to=1 s=0 to=1
T—S+1
+ 4 Z [Var (to) (Z(tﬁS*Q)) + 3 Var pay) (Z(tﬁsfl))
(1+2¢9)a = Pro Pro
+3 Var p(iy) <Z(t°)> + Var p(t) (Z(t°+1))} (106)
T T—S+1
<(1+208)1a8 > Varp (20) + 3 B2 4 8(5- 1)
t=1 to=1 «
I ZT:Var o (Z(t)> (107)
(1+2¢5)a P
39 \ L T—S+1
<(1+2¢5)*as - (1 + aQS) > Varpn (Z“)) + > % +8(8 —1)2M? (108)
t=1 to=1
T
32 (S —2)u
< i q. 32 @), W —=2)u 22
<(142¢S5)*asS <1 + a25> ;Varpm (Z ) t— 10(S —1)°M=, (109)
where:
e (103) follows since || Z®||oo < M and thus || (D1 Z2)® ||oe < 2M for all ¢;
e (104) follows from Lemma C.1 and the fact that for 0 < s < S—2, max { H Pt(otz)s P](Dt(gig OO} <

14 2¢S as established above as a consequence of the fact that the distributions P®*) are
(-consecutively close.

e (105) follows from (102);
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e The first term in (106) is bounded using Lemma C.1 and the fact that the distributions
P® are (-consecutively close, and the the final term in (106) is bounded using the fact
that for any vectors Zi,...,Z; € R™ and any P € A", we have Varp (Z; +---+ Z;) <
k- (Val“p (Zl) + .-+ Varp (Zk));

e (107) and (108) by rearranging terms;
e (109) follows from (93).

Now choose S = [128] so that 375
that

Therefore, as long as 2¢S < we have, since o < 1/2,

32’

1
(1+2¢9)a ( a25>§a-(1+a/4)3§a-(1—|—a).

Then it follows from (109) that

T-1 T
Var o) ( D, Z)(t)) <a(l+a)- 3 Varpg (Z(t)) + B t0sm2, (110)
t=1 t=1 @
Usmg that § < 1 , the inequality 2¢S < a//32 can be satisfied by ensuring that ¢ < 8256 120‘9442 <
g1g- Note that our choice of S ensures that (S < 1/2, as was assumed earlier. Moreover, we have
10SM? < %. Thus, (110) gives the desired result. O

C.3 Completing the proof of Theorem 3.1

Using the lemma developed in the previous sections we now can complete the proof of Theorem 3.1.
We begin by proving Lemma 3.3. The lemma is restated formally below.

Lemma 3.3 [Detailed] There are constants C,C’ > 1 so that the following holds. Suppose a time
horizon T > 4 is given, we set H := [log T, and all players play according to OMWU with step size
n satisfying 1/T <n < @ D

Then for any i € [m], the losses £;/,...,¢; " €[0,1]" for player i
satisfy:

CH4

tilVar:Cgt) (Egt) Zt 2 ) <= ZVar ® ( > +C'H. (111)

We state a generic version of this lemma that can be applied in more general settings.

Lemma C.4. For any integersn > 2 and T > 4, we set H := [logT'|, a« = 1/(4H), and ag = ”;3/8.
Suppose that ZN), ..., ZT) € [0,1]" and PV, ... PT) e A" satisfy the following

1. For eachO0<h< H and1 <t <T — h, it holds that H(Dh Z)(t)H < H- (a0H3)h

2. The sequence PY) ... PT) s (-consecutively close for some ¢ € [1/(2T), a*/8256].

Then,
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T T
Y Varp (Z(t) - Z<f—1>> <20’} Varp (Z(H)) +165120(1 + ¢)HO + 2 (112)
t=1

t=1
where we say that a sequence PY ... PT) js ¢-consecutively close iff for all t
p) pt+1)
<
max D N pm <1+¢
oo o0

First, we demonstrate how Lemma C.4 implies Lemma 3.3.

Proof of Lemma 3.3. We hope to apply Lemma C.4 with n = n;, P® = :EZ(-t) and Z®) = Egt), as well

as ¢ = 7n. To do so, we must verify that the preconditions of Lemma C.4 hold when our sequences

arise from the dynamics of players playing OMWU with step size 7 satisfying 1/T < n < C_Wll 77 -

Set C = 8256 (note that C; is the constant appearing in item 2 of Lemma C.4 and item 1 of
Lemma 3.9 in Section C.2). Our assumption that n < m implies that, as long as the constant
C satisfies C > 44.7.Cy = 14794752,

4
. a ap
< _ 113
1= { 7Cy’ 3665m} (113)

To verify precondition 1, we apply Lemma 3.6 with the parameter « in the lemma set to ag: a valid
selection as ag < ﬁ We conclude that, for each i € [m], 0 <h < H and 1 <t <T — h, it holds

that ‘

(Dp, &)(t) Hoo <H- (aoH 3)h since ) < 20— as required by the lemma. To verify precondition

2, we first confirm that our selection of ( = 75 places it in the desired interval [1/(27), a*/C1]
as n < 7%11 By the definition of the OMWU updates, for all i € [m] and 1 < ¢ < T, we have

{ 20 S(tHD)
max
oo [e.e]

x(.tl;!»l) @
close (since exp(6n) < 1+ 7n for n satisfying (113)). Therefore, Lemma C.4 applies and we have

A Rt}

K3

} < exp(6n). Thus, the sequence 202 s (7n)-consecutively

t)
i l‘(

T T
> var o (67 - 47Y) <203 Var o (477) + 16512001 + Ty P 42
t=1 1 t:Tl -
<_--» Var 6+ O'H?
2 ; z;" ( )

for C" = 2+ 165120(1 + 7/8256) = 165262, as desired. O
So, it suffices to prove Lemma C.4.

Proof of Lemma C.4. Set y= H - (a0H3)H. Therefore, from item 1 we have,

T-H T—H+1
Y Varpo ((DH Z)(t)) <a- Y Varpo ((DH_1 Z)(t)> + 2T, (114)
t=1 t=1
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We will now prove, via reverse induction on h, that for all A satisfying H —1 > h > 0,

T—h—1 T—h 2 3y 2h
2Cy - H* - (2a0H
5 N (B 21) £ 01205 5 g (0,90 5 208 )
t=1
(115)

with Cy = 1290 (note that Cj is the constant appearing in the inequality (90) of the statement
of Lemma 3.9 in Section C.2). The base case h = H — 1 is verified by (114) and the fact that
22(H=1) > oH > T Now suppose that (115) holds for some h satisfying H — 1 > h > 1. We will
now apply Lemma 3.9, with P®) = P(®) and Z®) = (D,_,; Z)P for 1 <t < T —h+1, as well

2\ 2h
as M = H - (2a H3)h71, C(=¢( p= 2C0-H2: gaoHd) , and the parameter o of Lemma 3.9 set to
o (14 2a)f~"=1 We verify that precondition 1 holds due to precondition 2 of Lemma C.4 and
the fact that o < a - (1 4 2a)#~"~1. Moreover, precondition 2 holds by our inductive hypothesis
(115) and our choice of y. Therefore, by Lemma 3.9 and the fact that 1+« - (1 +2a)" < 1+ 2a for
our choice of @ = 1/(4H), it follows that

T-h T—h+1 ) 4\ 2h
2Cy - H? - (200 H
> Varpe ((th)<t)) (1 +2a)H Z Var pe <(Dh 12)()>+ 0 a(4 oH?)
t=1
Co- H?- (2a0H3)2(h 1)
T 3
[0
T—h+1
(1 +20¢ Z Varp(t) ((Dh 12)( )>
t=1
2. 3\2(h—1) 312
1 Go B (200H) .(1+2(2‘>‘0H)>
« «
T—h+1 ) $12(h-1)
2Cy - H? - (2agH
(1 + 20[ Z VarP<t) ((Dh 1 Z)( )) 0 (aSO ) :

where the final equality follows since aq is chosen so that 2(2aoH?)? = a. This completes the
proof of the inductive step. Thus (115) holds for h = 0. Using again that the sequence P®) is

95



(¢)-exponentially close, we see that

T
3 Varp (Z(t) . Z(H))
t=1
T
<1+ ZVarp(t) (Z(t) — Z(t_1)>
t=2
T-1
<L+ (140) Y Varpo ((012)?) (116)
t=1
d 2C H?
<1+ (1+0)- (a(l +20)771Y " Varp) (Z(t)> + 00[3> (117)
t=1
a 2C H?
H-1 t—1 0
<24 (1+4¢)- <a(1 +20)77 (14 ¢) ;Varp(t> (Z< >) + ag> (118)
T 2
<a(l+20)% ZVaer (Z(t_l)) + 2(1—1—52)00[{ +2
t=1
d 2(1 + ¢)Co H?
<20’} Varp (Z(t_l)) n T" +o, (119)
t=1

where (116) and (118) follow from Lemma C.1, and (117) uses (115) for h = 0. Now, (119) verifies
the statement of the lemma as Cy = 1290 and o = ﬁ. O]

We are finally ready to prove Theorem 3.1. For convenience the theorem is restated below.

Theorem 3.1 [Restated] There are constants C,C’' > 1 so that the following holds. Suppose a time
horizon T € N is given. Suppose all players play according to OMWU with any positive step size

n < #O&T. Then for any i € [m], the regret of player i satisfies

1 .
Reg? < 2™ 4 ' log T (120)
In particular, if the players’ step size is chosen as n = Wogw, then the regret of player i satisfies
Reg! < O (m-logn;-log*T). (121)

Proof. The conclusion of the theorem is immediate if T' < 4, so we may assume from here on that
T > 4. Moreover, the conclusion of (120) is immediate if n < 1/T (as Reg! < T necessarily), so we
may also assume that n > 1/T. Let C” be the constant C' of Lemma 3.2, let B be the constant
called C' in Lemma 3.3 and B’ be the constant called C’ in Lemma 3.3. As long as the constant C

of Theorem 3.1 is chosen so that C' > B and n < ﬁog‘*if implies that C”"n < 1/6, we have the
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following:

Reg! < <log iy XT: ( + an) Var o (Ef»t) - &(t*l)) - ZT: (L= Cnj _2077)77 Var (EEH)) (122)
t=1 t=1
1ogm gi arm@() tl))zzT: <(t1)
glogn"’ + %77 (B - (210g T)) (123)
18T | o tog T (124)

where (122) follows from Lemma 3.2, (123) follows from Lemma 3.3, and (124) follows from the
upper bound n < Cm+0g4T' We have thus established (120). The upper bound (121) follows
immediately. O

D Adversarial regret bounds

In this section we discuss how OMWU can be modified to achieve an algorithm that obtains the fast
rates of Theorem 3.1 when played by all players, and which still obtains the optimal rate of O(v/T)
in the adversarial setting. Such guarantees are common in the literature [DDK11; RS13b; Syr+15;
Kan+18; HAM21|. The guarantees of this modification of OMWU are stated in the following
corollary (of Lemmas 3.2 and 3.3):

Corollary D.1. There is an algorithm A which, if played by all m players in a game, achieves the
regret bound of RegiT < O(m-logn; - log* T) for each player i; moreover, when player i is faced with
an adversarial sequence of losses, the algorithm A’s regret bound is RegiT < O(mlogn; - log* T +
VTTogn;).

Proof. Let C be the constant called C in Theorem 3.1 and C’ be the constant called C’ in Lemma
3.3. The algorithm A of Corollary D.1 is obtained as follows:

1. Initially run OMWYU, with the step-size n = oL

2. If, for some Ty > 4, (111) first fails to hold at time Ty, i.e.,
To
ZVarx@ (Egt) Zt 2 ) > — ZVar ® ( Z-t ) + C'[log T7°, (125)
t=1 ‘

then set ' = 4/ 1ong and continue on running OMWU with step size 7’.

If there is no Ty > 4 so that (125) holds (and by Lemma 3.3, this will be the case when A is played
by all m players in a game), then the proof of Theorem 3.1 shows that the regret of each player i is
bounded as Reg? < O(mlogn; -log*T). Otherwise, since T is defined as the smallest integer at
least 4 so that (125) holds, we have

T
zo:Varx(t> (Egt) Zt b ) <= ZVar ® ( (= ) + C'Tlog T'° + 4,
t=1 ‘
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and thus, by Lemma 3.2, for any «* € A™,

To
Z(th), a:z(t) —z) < RegiTO < O(mlogn; - log" Tp). (126)
t=1
Further, by the choice of step size n’ = logT”i for time steps t > Ty, we have, for any z* € A",
T logn T
t (t j t t—1
Sl —ay <y S (0 -V (127)
t=Tp+1 n t=TpH+1
log n; ,
<——+n'T < O(y/Tlogn;), (128)
n

where (127) uses [Syr+15, Proposition 7]. Adding (126) and (128) completes the proof of the
corollary. O

E Phi-Regret Minimization

In this section we give an overview of the no-internal-regret algorithm of Stoltz and Lugosi [SLO5]
and the no-swap-regret algorithm of Blum and Mansour [BMO07]. To do so, we will use the template
developed by Gordon, Greenwald, and Marks [GGMO8] for performing Phi-regret minimization.

E.1 From Internal Regret to External Regret

In Section 2 we discussed the implications of having access to a no-internal-regret algorithm, namely
Theorem 2.4, assuming that such objects indeed exist. In the sequel, this presumption will be
justified by presenting an explicit construction that leads to such guarantees. In the sequel, we
present the reduction from internal to external regret based on the template of Gordon, Greenwald,
and Marks [GGMOS8] for performing ®-regret minimization for a generic set ®. We remark that the
subsequent construction is equivalent to the one appearing in the book of Cesa-Bianchi and Lugosi
[CLOGb, pp. 84], which in turn is based on the work of Stoltz and Lugosi [SLO5].

In this setting, the construction of Gordon, Greenwald, and Marks [GGMO8] shows that ®-regret
minimization can be achieved starting from the following two ingredients:

1. An external regret minimizer for the set of transformations @;

2. Establishing an oracle that (efficiently) computes a fixed point for each ¢ € ® (assuming that
such a point exists).

In this subsection we are interested in the case ® = ®™ for each player i € [m]. Let us focus
first on item 1. In particular, recalling the definition of the matrix E;_,; associated with the linear
transformation ¢;_,;, given in (2), for all j # k € [n;], it is easy to see that one can construct a regret
minimizer for the set ®™ using a regret minimizer for the simplex A" ("~1) This construction is
summarized in Algorithm 3, and the formal guarantee is stated below:

Proposition E.1. If the regret minimizer Ra for the set A™("~Y incurs regret at most RegiT,
then the regret minimizer R for the set ®™ in Algorithm 3 has also regret bounded by Reg;fp.
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Algorithm 3: Regret minimizer for the Algorithm 4: Internal Regret minimizer

set @it for the set A"
Input: A regret minimizer R for the Data: A' regret minimizer Rg for the set
simplex A7i(ni—1) Pt e g., via Algorithm 3
1 function NEXTSTRATEGY() 1 function NEXTSTRATEGY()
> | p® « RA.NEXTSTRATEGY() 2 | ¢ < Ry .NEXTSTRATEGY()
3| return Y-, pO[j > k| Ej 5 | ® « StaTiONDISTRIB($(®)

4 return ()

function OBSERVEUTILITY(L®)
for j # k € [n] do 5 function OBSERVEUTILITY (£(*))

‘ LO[j— k] « (LO, E; k) 6 | Construct the loss L®) « £®) (®)T
7 | Re.OBSERVEUTILITY(L®)

N O Ot

RA.OBSERVEUTILITY (L))

Next, we turn our attention to item 2: establishing a fixed point oracle for each transformation
¢ € ®", To do so, we require the following key observation:

Claim E.2. Fach transformation ¢ € @;nt represents the transition matriz of a Markov chain.

Proof. Fix j # k € [n;]. It is immediate to see that each column of the matrix E;_,j, defined in (2),
corresponds to a point in the simplex A™. Thus, the same holds for any convex combination of
such matrices, concluding the proof. O

This observation ensures that each ¢ € co @im admits a fixed point (e.g., as a corollary of the
Perron-Frobenius theorem), associated with the stationary distribution of the corresponding Markov
chain, and such a point can be computed in polynomial time. As a result, we have established both
ingredients required in the template of Gordon, Greenwald, and Marks [GGMO08], and the overall
construction is presented in Algorithm 4. Formally, the guarantee of this reduction is stated in the
following proposition:

Proposition E.3 (From External to Internal Regret). If the external regret of Re is bounded by
Reggi, then the internal regret of Algorithm 4 is also bounded by Reg:‘gi.

Proof. The conclusion follows directly from [GGMO08, Theorem 1]. O

E.2 From Swap Regret to External Regret

Next, we give an overview of the algorithm of Blum and Mansour [BMO07]. In particular, in this
case ®; = ®7"P is the set of all linear transformations from A™ to A™. Following the construction
in Gordon, Greenwald, and Marks [GGMO8], let us first focus on item 1: constructing an external
regret minimizer for the set ®7"*". We will use the following well-known characterization.

Fact E.4. Any linear function ;""" 5 ¢ : A" — A™ can be expressed in the form ¢(z) = Q' z,
where Q is a (row) stochastic matriz.

Moreover, the set of all column stochastic matrices can be expressed as a concatenation of n;
independent columns, each of which is a vector in A™:. As a result, an external regret minimizer for
the set ®;"*P can be constructed by simply applying a “regret circuit” for the Cartesian product
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swap

[FKS19]. Next, focusing on item 2, computing the fixed point of each ¢ € ®; is also direct since
¢ is associated with a Markov chain (Fact E.4). With these ingredients at hand we are ready to
present the no-swap-regret algorithm of Blum and Mansour [BM07] in Algorithm 5.

Algorithm 5: Blum and Mansour [BMO7]

Input: Regret minimizers Ra 1,...,Ra,p, for the simplex A™

1 function NEXTSTRATEGY/()

2 | QW 0 RMx™

3 | for g 6 [[nl]] do

4 ‘ QW[g,] + Ra 4. NEXTSTRATEGY/()
xz®) STATIONDISTRIB(Q(t))

6 | return z®

ot

7 function OBSERVEUTILITY(£()
8 | for g € [n;] do
9 ‘ Ra.g-OBSERVEUTILITY (2 [g] £))

F Analysis of the Stoltz-Lugosi Algorithm

In this section we provide all of the technical ingredients required for the analysis of SL-OMWU,
and subsequently for the proof of Theorem 1.2. First, we prove Lemma 4.4, a lemma analogous to
Lemma 3.6. For the convenience of the reader, the statement of the lemma is included below.

Lemma 4.4. Consider a parameter o < 1/(H +3). If all players employ SL-OMWU with learning
rate n < then for any player i € [m], 0 < h < H andt € [T — h] it holds that

3665m’
[(DhLi) P |oo < a"nPMH1,

Proof of Lemma 4.4. First of all, we know that

al= Y Man..an. . am) [ 2 [an], (129)

a; €[ng ], #i i/ £

&L~

~

=
=

where recall that by assumption A(-) € [0, 1]. In particular, given that Lgt) [1—k] = acl(-t) [7](€;
oY [7]), we may conclude that

7

LOlG—=k= Y (Mar,..kooyam) = Aar,.. g am))e ) [] 2 [ar). (130)
ay €[ny ], #i il

However, we know from the equivalence shown in Theorem 4.1 that x! b [aZ | = Z’neﬂ‘ y Xl.(,t) [Ti]-

Given that the set of directed trees with different roots are disjoint, (130) can be expreslsed as
LGk = 30 N Ta) [T X0 (131)

T/ GT v i’E[[mﬂ
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where A’ : Ty x --- x T,,, = [—1,1]. In particular, this implies that

h
. h s $)r.
(DWLi) i~ K]| = Z<S>(—1)h Lk (132)
s=0
" (h
= Z A/(7'1,.,,,7'm)2< >(_1)hs H Xi(/t-i-s)[ﬁ,] (133)
T €Ty s=0 s i'e[m]
h
h s s
< > (e I X (134
T €Ty |s=0 i'e[m]
(t)
= Dy, H le[ﬁ/] ) (135)
Ty€Ty i’G[[m]]

where (132) uses the equivalent formulation (12) of h-order finite differences; (133) follows from (131);
(134) follows from the triangle inequality and the fact that [A’(-)| € [0, 1]; and the final line uses again
the equivalent formulation of ﬁnite differences of (12), with the convention that Hi’e[m] X [Ti]

refers to the sequence J; X [7'/] s I vepm X [’T/] Next, it will be convenient to assume
that XZ-( ) is the uniform distribution over the simplex AlTil as well as El(-o) —cY —o. By

(2
construction, for every player i € [m] the vector X i(t) is updated using (OMWU) under the sequence

of losses £, ..., £ implying that for each T € T;,

exp{n( £V (T = 3Ly £ 7] - £ 77) LX)
D TreT; exp{n(gl(to—l)[T/] Ll (to+s) T — to+t [7"]) }Xi(to)[T’]‘

X-(t0+t+1) 1T] =

7

(136)

For notational convenience, we will let ﬁg t)o [,(to b Zi Bﬁ (fot+s) _ EEtOH_l), for0<ty <T

and ¢t > 0. Moreover, for a vector z € RIT:l we define the following function:

g (%) = eXp{Z[T]} (137)
ZT’ET’X 1T exp{2[T")}

Equipped with this notation, we can equivalently write (136) as X Z.(t°+t) T]=X i(to) (T oto.1 (nZ(.t) )

t,to

for t > 1. In particular, this implies that for any ¢’ € [m] and T € Ty,

[T xm =TI x5 1T, (nﬁ(/)to) (138)

i'€[m] i'e[m]

Let us recall Definition B.1: the definition of the shift operator. For a sequence of vectors
z = (z(l), ... ,z(T)), the s-shifted sequence, denoted with E,z, is such that (Esz)(t) = z(t+9) for
1 <t <T —s. With this notation, we observe that

(Dlzi,to)(t) _ EEtO‘H_l) _ 2£§t0+t) _ £§t0+t_1) _ 2(E1£i)(t0+t_1),
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which in particular implies that for any h' > 1,

(DiLige)™ = (D1 £)00H=Y) = 2(Ey Dy L)), (139)

Next we proceed with bounding L_',(tt) , for any 0 < to < T and t > 0. In particular, for a fixed

T € T;, we know that [, [7'] DG R)EE(T )wl@ [j](ﬁl(.t) [k] — o [7]). Thus, given that th) [7] € [0, 1],

(2

for any j € [n;] and ¢t > O as follows from (129), we can conclude that there exists 7 € T; such that

1€ =] > @l m - e0m < Y @ P|e0m - 600 <1, (40)
(J,K)EE(T) (G,K)EE(T)

where we used that ’Egt) [k] — Egt) [j]‘ < 1, as well as the fact that 7 is a directed tree, implying that

every node has at most one outgoing (directed) edge (recall Definition 2.5). Along with the triangle
inequality, this implies that

t—1
Egto—l) _ Z£§t0+5) _ £§t0+t_1)
s=0

2%

i,to ”OO =

< (t+2). (141)

o)

Before we proceed with the next claim, it will be useful to introduce the sequence £(*), defined as

e® = (nzgfio,nzg) ...,77[,( ) )

,to? m,to

We also restate the “boundedness chain rule” lemma for the convenience of the reader.

Lemma 3.7 [“Boundedness chain rule” for finite differences; detailed] Suppose that h,n € N,
¢ :R" - R is a (Q, R)-bounded function so that the radius of convergence of its power series at
0 is at least v > 0, and L = (LW, ..., L)) € R™ is a sequence of vectors satisfying | LM |0 < v
for t € [T]. Suppose for some o € (0,1), for each 0 < h' < h and t € [T — }'], it holds that
| D LY |0 < B% ol (W)BM for some By > 2¢*R, By > 3. Then for all t € [T — h],

2
| (Dy, (oo L)Y | < 12RQe” ol . pBoht1
B
Claim F.1. Consider some parameter « € (0,1) such that H(Dh, (772:1 t H <} 1 ah/ h/)Boh’

foralli € [m], 0 <h' <h, andt € [h+1— h'], where By = 12¢°m and By > 3. Then for any
0<toeT—h—1andT1 €Ty,...,Tm € Ty, it holds that

(to+1)
Dn| ] Xol7) < alpPortt TT XU(To). (142)

e Hm i'e IITI’L]]

Proof. We will apply Lemma 3.7 with n = Zz"e[[m]] |T;|, time horizon h + 1, the sequence £(),

and the function ¢ that maps the concatenation of zy € RI!Tvl for all i’ € [m], to the function
[,/ b10,7, (zir), where ¢y, 7, was defined in (137); that is,

bto(21,- - zm) =[] bro7 (200). (143)

i e[m]
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In this context, let us verify the conditions of Lemma 3.7. First, Lemma B.7 implies that the function

b1, is (1,e3m)-bounded (in the sense of Lemma 3.7), and B; = 12e¢’m > 2¢2(e3m). Moreover, by

Lemma B.8, we know that each function ¢y, 7., has radius of convergence—with respect to the origin

0—greater than 1, and hence, the radius of convergence of ¢y, is also greater than 1. We also know,

by assumption, that H(DhIS)(t)H < B%ah/(h’)Boh’, foral0 <h' <handte[h+1-1]. Asa
o0

result, Lemma 3.7 implies that

5
‘(Dh(dmﬁ))(l) < 12;7mahh30h+1' (144)

1

Finally, we have that
(to+1) (1)
1 _
R 1] el = [ Dn| 1T (@um o (1L0)) (145)
i'e[m] <4 ? i’e[m] i'e[m]

- (Dh (¢t0 o (nzl,tov s 7nzm,t0)))(1)‘ (146)
= Dh(¢t0 © ’S)(l)‘

5
1

IN

where (145) follows from Equation (138); (146) simply uses the definition of ¢y, in (143); and
(147) follows from (144) (which in turn is a consequence of Lemma 3.7), as well as the fact that
By = 12e>m. This completes the proof. O

Claim F.2. Fix some 1 < h < H, a parameter a € (0,1), and assume that the learning rate n is

such that n < min{ TTE 1265(1_1“3)7%}. Moreover, assume that for all0 < h' < h, t <T — 1, and

i € [m], it holds that ||(DpL£:)® e < o (B + 1)BoW+1) " Then, for all t € [T — h] and i € [m],

H(Dhﬁi)(t)H < ahpBoh+l, (148)

o0

Proof. Let us set By = 12e>m, so that n < min{ﬁ, m} We know from (141) that for
t+2 < h+ 3 it follows that

1
snt+2) < 5, (149)

o] =2 1

t,to

oo

where we used the fact that n < 1/(B1(H + 3)). Next, for 1 < h' <h,

H (Dw (Uzz‘,to))(t)Hoo < 77H(Dh'—1£i)(t°+t_1)Hoo + 277H(Dh'—1£z‘)(t°+t)uoo (150)
< 3na (R B (151)
< Biah’w)Boh’, (152)

1
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where (150) follows from (139) and the triangle inequality; (151) is a consequence of the as-
35.- Next, given that [lgt)[’T] =
2 G k)EE(T) :L'Et) [j](&(;t) [k] — El(»t) [7]), where recall the expression of EZ@ in (129), we can infer that

> Mar,.oam) [ zolas]

sumption in the claim; and (152) uses the fact that n <

a;r€[n;] i'e[m]
> MNTL L Tw) [ XelTo), (153)
7:-/€T,L-/ i/E[[m]]

where A and A are functions such that A(-) € [-1,1] and A(:) € [~1,1]. More precisely, (153) is
obtained from Theorem 4.1. As a result, similarly to (135) we may conclude that

®)
)07l < S | on| TT X7 | | |- (154)

T €T, i'€[m]

The next step is to invoke Claim F.1 in order to bound the induced term. Specifically, by (149)
and (152) we see that its conditions are met, from which we can conclude that for ¢ € [T — h]

(®)

|nea®| < 32 [ oa| TT Xol7] (155)
o Ti€T, i’G[[m]]
Sathoh-l-l Z H Xi(/t—l)m,] (156)
7;/ €T, i'€[m]
— olpBotl (157)

where (155) follows from (153); (156) is an immediate application of Claim F.1; and (157) follows
from the fact that each X is a probability distribution over the space of directed trees T;, for all
i’ € [m], and as such the induced product distribution normalizes to 1. O

Finally, it follows from (140) that H(DOLZ-)(”H < 1=al1P! for all i € [m]. Thus, we can
inductively invoke Claim F.2 for By = 3 to infer that for all 0 <h<H,i€c[m],and t e [T —h]
that H (DpL;) ® H < ah3h*1 ) as long as n < 3655, and a < 1/(H + 3). Finally, following the
argument given in the proof of Claim F.2, we obtain that for any 0 < i/ < h,

— ]. / !
| (O (i) < e
oo 1
Thus, we can invoke Claim F.1 to conclude that for any 0 < tq <T—h—1and 71 € T1,...,Tm € Ty,

(to+1)
Dh H Xl’[l];/] <Oéhh3h+1 H X(to T)

i'€[m] i'e[m]
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As a result, plugging-in this bound into (135) we obtain that for ¢ € [T — h],
(t)
|z < 3 || on| T Xel7

T €Ty i'e[m]

< qhp3htl Z H Xi(/til)[ﬁ']v
7;/ ET,L/ i/E[[m]]
— 3t
completing the proof. O

The final technical ingredient is the following lemma.

Lemma F.3. There are universal constants C,C" > 1 so that for a time horizon T > 4 and

H = [logT|, if all players employ SL-OMWU with learning rate n such that 1/T <n < ﬁ,
then,

T

1 1 -1

Z;Varpz(_w (ngt) L )) < 3 Var o ( L )) O, (158)
t—=

for any i € [m].

Proof. Recall the following lemma from earlier.

Lemma C.4. For any integersn > 2 and T > 4, we set H := [logT'|, a« = 1/(4H), and ag = 7”;;3/8.
Suppose that ZW), ..., ZT) € [0,1]" and PW, ... PT) € A™ satisfy the following

1. Foreach0<h < H and1<t<T — h, it holds that H(Dh Z)(t)H <H- (a0H3)h

2. The sequence PY, ... PT) s ¢-consecutively close for some ¢ € [1/(2T), a*/8256].

Then,
T T
3 Varpo (Z(t) - Z(t‘1)> <20’} Varp (Z(t‘l)) +165120(1 + ) H® + 2 (112)
t=1 t=1
where we say that a sequence PV, ... PT) js ¢-consecutively close iff for all ¢
p) pt+1) -
max Gy o <1+¢

We hope to apply Lemma C.4 with n = n;, P®) = pgt) and Z() = Lgt), as well as ( = Tn. To
do so, we must verify that the preconditions of the lemma hold. Set C; = 8256 (note that C is
the constant appearing in item 2). Our assumption that 1 < W implies that, as long as the
constant C' satisfies C' > 4% . 7. C; = 14794752,

4

. « &)
< o a0 1 159
1= { 70, 36¢5m } (159)

65



We verify precondition 1 from Lemma 4.4, which implies that for all i € [m], 0 < h < H, and
1 <t < T —h,it holds that

(DhL:)P|| < h(agh®)" < H(agH?)".
|2nzo®],

To verify precondition 2, we ﬁrst confirm that our selection of { = 7n places it in the desired
interval [1/(2T),a*/C1] as n < . We use the following claim.

Claim F.4 (Multiplicative Stability of (O)MWU). For every playeri € [m] the sequence pgl), e ,pZ(T)
s Tn-consecutively close.

Proof. We know from the update rule of (OMWU) that

D] exp{—n(2L"[j = k] — LV [j = k))}
S azpexp{—n(2L [a—0] — LI V]a—b))}p!" [a—b]

k] = P — k).

Thus, since HL Hoo <1, it follows that

exp{3n}
Sz exp{—3n}p!" [a—1)

Pk < P — k) = exp{6n}p\ i — k),

and similar reasoning yields that p(t+1)[j — k] > exp{ —677}p§t) [ — K]. Finally, the claim follows

given that exp{6n} < 1+ 7n for the 7 considered in the lemma. O

Therefore, Lemma C.4 applies and we have

T
> Var (Lgt) — L 1)) < 2aZVar o ( L ”) +165120(1 + 7)) H® + 2
t=1 1 .

< 3 tzl\/'arpl(_t) (Lgt_1)> +O'H?

for C' =2+ 165120(1 + 7/8256) = 165262, as desired. This completes the proof of the lemma. [

Finally, we are ready to establish our main theorem, namely Theorem 1.2. Before with proceed
with the proof, let us first restate the theorem for the convenience of the reader.

Theorem 1.2. Consider a general-sum multi-player game with m players, with each player i € [m]
having n; actions. There exists a universal constant C' > 0 such that, when all players select
strategies according to algorithm SL-OMWU with step size n = 1/(C - mlog*T), the internal
regret of every player i € [m] is bounded by O(m log n; log* T). As a result, the average product
distribution of play is an O((m log n log* T)/T)—approa:imate correlated equilibrium.

Proof. First of all, we know from Theorem 2.4 that it suffices to show that the internal regret of
every player i € [m] is bounded by O(mlogn;log? T'). In particular, by Proposition E.3 this reduces
to showing that the external regret of the regret minimizer Ra employed in Algorithm 1 operating
over the pairs of actions is bounded by O(m logn; log*T ). But the latter can be easily verified by
Lemma 3.2 and Lemma F.3 (as in the proof of Theorem 3.1). O
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G Analysis of the Blum-Mansour Algorithm

G.1 Near-Optimal Bounds for Swap Regret
Let us first recall our main theorem regarding algorithm BM-OMWU.

Theorem 1.4. Consider a general-sum multi-player game with m players, with each player i € [m]
having n; actions. There exists a universal constant C > 0 such that, when all players select
strategies according to algorithm BM-OMWU with step size n = 1/(C - mn3log*(T)), the swap
regret of every player i € [m] is bounded by O(mnilogn; log*(T)). As a result, the average product
distribution of play is an O((m n*lognlog T)/T) -approximate correlated equilibrium.

Proof. Recall our lemma bounding the external regret of OMWU in even the adversarial setting

Lemma 3.2 [Restated] There is a constant C' > 0 so that the following holds. Suppose we follow the
OMWU updates with step size 0 < n < 1/C, for an arbitrary sequence of losses VA4S R A CO = [0, 1]™.
Then for any vector x* € A™, it holds that

(1- Cn " - Var ) (E( 1)) .

(160)

M’ﬂ

A A )Slogn—i-Z( +C’77>Var$(t (E(t) )

t:l n t=1 t=1

M’ﬂ

We can use this bound to demonstrate that the Blum-Mansour (BM) algorithm achieves good
swap-regret [BMO7]. Recall that the BM algorithm maintains n copies of a no-regret algorithm
Rai,---sRan, (we choose OMWU), where each algorithm Ra 4 produce iterates QWg, | =
(QW[g,1],...,QW[g,n]) € A™ at time step t. The BM algorithm then chooses x(¥) € A™ satisfying
z® = 2®WQ® where Q) is a matrix with ¢'" row QW [g,]. Upon receiving a loss vector £ the
BM algorithm experiences loss of (), £®)) and distributes the loss vector £ [g] - £%) to Ra 4 for
each g € [n], which use them to update and produces iterates Q“t1)[g,]. By Lemma 3.2, each
algorithm Ra 4 experiences regret of

T
> QO] -~ a*,2lg] )
=1
T
logn _ _
< Tgl + Z (g + 0772) Vargg, (zc(t) [g]e® — 2tV [glet 1))
t=1

T
=50 B Vg (o Vet )

t=1
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Thus the overall regret of BM is bounded as follows: for any swap function ¢ : [n] — [n], we have

T
logn _ -
<22 (w“)[g]-f“)[eé(g)H L (5 + O Varguogy g (2] €0 — 2 Vg £071)

1-C _ _
—(277)77 . VarQ(z)[g,.] (w(t 1)[9] v 1)>) ) (161)

which implies that

T T n
> (@69 =3 > agl-£[(g)
t=1 t=1 g=1
T n
nlogn - -
< ng 2.2 (g + C772) Varqaig, | (w(t) lg] - € — = [g] - £ 1)>
t=1 g=1
T n
1—-Cn)n - -
- ZZ (2) Varg,. (a:(t D[g] - £t 1)) )
t=1 g=1

Thus, we want to show the following lemma

Lemma G.1. Suppose all players play according to BM-OMWU with step size n satifying 1/T <
n < Wlog‘*(’f) for a sufficiently large constant C. Then for any player i € [m] and any

g € [n], the overall losses for player i: E,El), . ,EET) € R", the weight player i places on strategy g:
ac(l)[g], Ay [9] € R, and the strategy vectors output by player i’s g™ instance of OMWU Raig:
Ql[g? '](1)7 ey Qz[g; ](T) e R" satisfy

T
>~ Vargoy, (21g] - €0 — 2 D[g] - £ (162)
t=1
T
1 _ -
< 3 ZVarQu)[g,} (-’If(t Vig]-£¢ D) +0 (log”(T)) (163)

68



Consequently, combining these two results gives, for ) € [%, m},

T n
nlogn _ _
SwapReg! < 77g + Z Z (g + Cn2> Varquig,] (:L'(t) [g] - £ — £t D[g] . £ 1)>
t=1 g=1
T n

55 (1 —2077)77 Vargay, (x(t—l)[g] _E(t—l)>

t=1 g=1

n

T

nlogn 2n _ _

< ” + g <3 g Varquig,| (m(t)[g] ) — gt D[g] . g 1))
g=1 t=1

T
2 Vi (V- £1)
t=1

1 2
<" Zg” + =270 (10g°(1)) (164)

Hence, by setting n = we recover the bound stated in Theorem 1.4. O

-1
C-mn3 log?(T)

The main technical tool for achieving this result is Lemma 5.1, establishing high order smoothness
under the fixed point iterates of BM-OMWU.

G.2 Tools for BM-OMWU Swap Regret

Recall from earlier our definition of rooted trees and the Markov Chain Tree Theorem. We re-iterate
those results here under a slightly different formulation, catering to the proof techniques for this
section.

Definition G.2. Suppose Z is an n X n matrix and G = (V, E) with V = [n] is the weighted
directed graph associated with Z. We say a subgraph T of G is a directed tree rooted at i € [n] if
(1) T does not contain any cycles and (2) Node ¢ has no outgoing edges, while every other node
J € [n] has exactly one outgoing edge. For each node i € [n], we write T? to denote the set of all
directed trees rooted at node 1.

We let R™"*"™ (respectively, C"*™) denote the space of real-valued (respectively, complex-valued)
n x n matrices. For each j € [n], we introduce the following functions ®ycr ; : C**" — C:

ZTGT; exp (Z(a,b)GT Zab>
Z?:l ETGT; exp (Z(a,b)eT Zab) .

Note that for Z € R"*", we have ®pcer,;(Z) € R.

Pyer,i(2) =

Theorem G.3 (Markov chain tree theorem). Let Q € R™™" be a Markov chain so that Q;; > 0 for all
i,j € [n]. Then the stationary distribution of Q is given by the vector (PmcT,1(InQ), ..., Pmcer1(InQ)),
where In Q) denotes the matriz whose (i, ) entry is In Q;;.
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(7(0)
Lemma G.4. Fiz any Z\©) € R"*". Consider any function of the form ¢(Z) := %.
3]

Then the sum of the Taylor series coefficients of order k > 0 of ¢ at 0 is bounded above by 30 - (2n3)*,
and has radius of convergence greater than 1/n.

Proof. Fix any multi-index v € ZL3"; we will bound dZW -$(0). Fix any Z € C™ " so that ||Z]|e <
7/(3n). Set ¢ = Z© + Z. Note that, for any T € T7,

exp| S Call=le| Y 2D+ Y w2

(a,b)eT (a,b)eT (a,b)eT
<exp(m/3) - exp Z Zab )
(a,b)eT

where the inequality uses the fact that )Z(%b)ET(Cab - Zég))‘ < 7/3 and that Z(© is real-valued.
For any a € R and ¢ € C with || < /3, we have

R(exp(a + ¢)) = exp(a) - R(¢) > exp(a) - cos(w/3) - exp(—n/3) > exp(a)/10.
Thus, for any j' € [n] and T € T7, it holds that

Rlep| Y || =Rlew| 3 20+ > Cw-2y

(a,b)eT (a,b)eT (a,b)eT

Thus, since Z(©) is real-valued,

[Pmer,;(C)]
|6(2)] Z?MCTJ (JZ(O))

- Z?/:1 ZTeT?, exp (Z(a,b)eT Zc(bob)) . ZTGT; exXp (Z(a,b)eT Zab) ’

- 2_TeTy XP (Z(a,b)eT Za(,]b) ) > =1 ZTGT;, R (eXP (Z(a,b)eT Zab))
> -1 ZTe’JI‘;?, exp (Z(a,b)eT Zi“Z ) /3 Xorern OXp (Z(a B)eT Zéob) )

<

0 ' n 0
ZTET? exp (Z(a,b)ET Za,g) 1/10- Zj’:l ZTeT?, exp (E(a,b)eT Z((zg)
=exp(m/3) - 10 < 30.

By the multivariate version of Cauchy’s integral formula,

0 -

! / / 9(Z)
27m>n2 |Z11|=m/(3n) | Znn|=m/(3n) HleQE[[n]] (Zj1j2)%”2+1

=0 (QZ;"Q | (7T/(3n1))n2+lvl - (2m -/ (3n)" =30+ 91 (3n/m)P. (165)
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For any integer k£ > 0, the number of tuples v € Z’;O with |y| = k is (’Hnll) < (2n?)*. Thus,

n2—1
if we write ¢(Z) = ZWGZ’;% ay - 27, it follows that a, = % : d‘%(l)(ﬂ), and so for each k > 0,
>y lay] <30+ (20%)F - (3n/m)F < 30 - (2n)F.
To see the lower bound on the radius of convergence, note that Equation (165) gives that for
each v € Z’fo, letting k := ||, we have |a,|'/* < 30'/* . (3n/r), which tends to 3n/m < n as k — oo.
Thus, by the multivariate version of the Cauchy-Hadamard theorem, the radius of convergence of

the power series of ¢ at 0 is greater than 1/n. O

In the statement of Lemma G.5 below, the quantity 0° is interpreted as 1 (in particular,
(h")Boh" =1 for h' = 0).

Lemma G.5. Fiz any By > 4e?n®, By > 3. Consider a sequence Q0. ... Q") e R™™ of ergodic
Markov chains, so that || log Q) —log QW || < B% for 0 <t < h. Suppose that for some o € (0,1),
for each 1 <KW < h and 0 <t < h— I, it holds that || Dy (In Q)Y || < B% ol (W)Bo | Then,

if pO, ..., p") e A" denotes the sequence of stationary distributions for Q@ ... QM it holds
that, for any j € [n],

i (E
’(th[JD()’ <720n3e2 ofr . pBoh+1
PO T B |

Proof. By the Markov chain tree theorem we have that, for each j € [n], p®[j] = ®morj(In QD).

We now apply Lemma 3.7 with T =h+1,z0 =InQ¢ Y —InQ® for 1 <t < h+1,Ri =1, Ry =

2n3, and the values of By, By given in the hypothesis of this lemma (Lemma G.5). Moreover,
. 0 . 0

we set 9(2) = PeerABAND _ s (0212

(30,2n3)-bounded, and has radius of convergence greater than 1/n at the point Z = 0. Then the

hypotheses of Lemma G.5 imply those of Lemma 3.7, and Lemma 3.7 gives that

. Lemma G.4 gives that the function ¢ is

sl |Pn 0o Q-1 Q)] 7302

h Boh+1
ot R0 .
pO 4] pO[4] - B

(Here we have used that ¢(InQ® —In Q) = %)1{;}(3“)) = pW[5]/pV[].) m

Lemma G.6. Forn € N, let &1,...,§, >0 so that &+ -+ + &, = 1. For any j € [n], the function

" o exp(2;)
032150 20)) = S )

satisfies, for any z € R™ with ||z|lec < 1/4,
[log ¢;(2)] < [[2]lo0 < 6]|2]co-
Proof. For 0 <z <1, we have 1 + x < exp(z) < 1+ 2z. Then, for ||z||e < 1/2,

1+ 2z o 1+2)2ll

= = < (14 2|2]l00)?
S ()~ T [alle (T2

¢;j(z)
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and
42 1= 2l
¢;(z) > J >
G 2 S e T 2e0) © 11 20
Thus, for |||l < 1/4,

—6]|2[|oc <log(1 — [[z]loc) +log(1 = 2[[z]lec) < log ¢(2) <2l0g(1 + 2] |2]|0c) < 4]|2|oo-

2 (1= [zlloc) (1 = 2]|2[|o0)-

O

Lemma G.7. Forn € N, let &,...,&, > 0 such that & + -+ + &, = 1. For each j € [n], define
¢;j : R" — R to be the function

" ) & exp(z;)
d’g(( Tyeves n)) 22:1 fk .exp(zk)

and let Pogg,;(2) = ZweZgO aj~ - 27 denote the Taylor series of log ¢;. Then for any j € [n] and

YEZL o |vI=k

any integer k > 1,

Proof. We have that

810g¢j_1‘%:{_¢t ift #j

0z ¢; Oz 1—¢;, ift=j
and so,
1 9% log ¢;(0)
Z ‘aj,’y‘ = I Z J
VELL o y|=k k! et 024,021, - Oz,
Z > A %(0)‘
t1e[[n]]t LE[n]F—1 Ozt - 'aztk 0z,
Z Z ak—l
G e 1= (00
tlE[[n]]t L€[n]F-1 Ozpy -+ 'aztk
For k=1,

Z‘qstl _ﬂtl_]”<1+zgt1_2

t1€[[n]] tlE[[TL]

For k > 2, the constant 1[t; = j] will be eliminated by the derivative, and we will have

ak_l ¢t1 (0)
D24y - O,

<o 3 (-1rget) (167)

t1€[n]

o R SRR

t1€[n]

FDIEDY

tle[[n]]t 1€[n]*—1

where (167) follows from Lemma B.6.
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G.3 Proof of BM High Order Smoothness

Lemma 5.1 [Detailed] Fiz a parameter a € (O, ﬁ) If all players follow BM-OMWU updates

with step size n < then for any player i € [m], integer h satisfying 0 < h < H, time

1
311040e7 H?n? ~’
stept € [T — h], and g € [n;], it holds that

| (Dn (@ilg] - £))D o < o - B,

Proof. We prove this inductively, showing that, for all ¢ € [m],0 < h < H,t € [T — hl, g € [n4],

H(Dhei)(t)Hoo < o I
H(Dh zi[g] .ei)(t)Hoo < ot
H(Dh mi)(t)Hoo < ot . p3hHL,

The base case of h = 0 is evident from the fact that losses and strategy probabilities are in [0, 1],

and therefore \|E§t)||oo, ||ac§t)||OO < 1. So, proving the following inductive statement is sufficient to
prove the lemma.

Claim G.8. Fiz some 1 < h < H. Suppose that for some By > 3 and all integers h' satisfying
1<k <h,adlie[m], allt <T —H, and all g € [n;], it holds that

| Dn ) e < - (1) (168)
H(Dh' zi[g] -&)“’HOO < ol (n)Bok+1 (169)
| Dw 220) " oo < - ()P0, (170)
Suppose that the step size n satisfies n < m. Then for alli € [m] and 1 <t <T —h,
H(Dh gi)(t)Hoo < ol pBoh+l (171)
|Drailg) - £)| <ol pors (172)
H(Dh xi)(t)Hoo < of . pBohtL, (173)

Proof of Claim G.8. First, notice that for any agent i € [m], any OMWU instance R ; 4 of agent
i with g € [n;], any to € {0,1,...,T}, and any t > 0, by the definition (OMWU) of the OMWU
updates, it holds that, for each j € [n;],
Q" Vg, ]

Qg 7] - exp (n- (@ Vgt V] - Ly @ [gle ] - 2l [glel O 1) )

3 Qg k] exp (- (21D gl ) = 2 gl () — 2 gl (k) ) )
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where Ql[g, j denotes the weight placed on action j by algorithm Ra ;4 at time . We can define

l
edge values ﬁl(o) Q( ) to ensure that the above equation holds even for to € {0,1}. Now, for
any g,j € [n;], any integer ¢y satisfying 0 < ¢ty < T'; and any integer ¢ > 0, let us define

t—1
Li%lo.) = 2V gle VL] = 3o (gl ) -l gl V)
s=0
Also, for a vector z = (z[1],..., z[n;]) € R™ and indices g, j € [n;], define
exp (2|7
d)to,g,j(z) = L) ) (174)

S Qg k] - exp (2(k))

so that
to+t ) t . t
Q" g, 41 = Q" (g, 4] - bto.g.5(n - L) 9, ]) (175)

for t > 1, where LY [g, -] denotes the vector (Lfft)o lg,1],..., Lz(?o [g,mi])-

7 t()
Next, note that, for all g, j € [n;],
(D1 Lig[g.4)" = 2" Vgl D[] — 220 [gle{ 0[]
and so, for any 1 < h' < h,
Dy (0 Ligolg 31) 0| = | D1 (- @ilg] - &)@ =2 Dy (- aalg] - £:177)
<3n-al . (b —1)Bo¥ (176)

where (176) follows from our inductive hypothesis (169).
Additionally, since |Lj (g, j]| <t + 2 for all tg,1,g,j, we have |- L;4[g,7]| <n-(t+2) <1 for

n < 5. By Lemma G.7, the function z — log ¢4, 4,;(2) is (1, e)—bounded and so for each 1 < h' < h
we may apply Lemma 3.7 with h = b/, 20 =7 . LZ( t)o [9,:] and By = + - min { 3 H}FS} . Thus,

we can conclude, for all 1 <h' < h,t <h+1, and g € [n;],

(t) / !
(Dw10g (610,05 (1 L [g, D)) ) <1267 3y 0! - (W) PMHY < 3663 H - o (1)1, (177)

i,to

Taking the logarithm of both sides of (175), we have
log (Q"*"[g, 1) =10g Q("[g, /] +log (610,(1 - L 9,])) - (178)

Let Ql(t) € R™*™ be the matrix with entries Qgt) [g,7] and PZ(Q) be the matrix with entries
Gto,9.5 (77 LY g, ]), for g,7 € [n;]. Then, for all g € [n;] and all ¢ty € [T' — h], t € [h], we have

2,to

wz(to-i-t) 9] = Pucry <log Qz(to-i-t))

— dyicr, (o5 QL") + log (P)).
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Next note that, by Lemma G.6 and t < H + 1,

102 Q" ~ 10g Q" 108 610,040 L 9, )

< max
9,J€[ny]

<6m - (t +2) < 36e>H. (179)
We now apply Lemma G.5 with QW = Pi(;l , for 0 <t < h, and 1/B; = 36e3Hn. The preconditions
of the lemma hold from (177). Then Lemma G.5 gives that for all g € [n,],

(Dy z;[g)) V| <[ [g]| - 720n3¢? - 36¢ Hyy - o! - (n)Poh L,

verifying the first of three desired inductive conclusions (173) as long as n < 1/(25920e Hn3).

Next, we have that for each agent ¢ € [m], each t € [T], and each a; € [n], Egt)(ai) =
Li(ay,...,am)]. Thus, for 1 <t < T,

ai/~m§f>: z";éi[

(D, &'[ai])(t)’ = i <ZL> (1)) a,]
s=0

- ¥ ﬁi(al,...,am)icz)(_l)hS,Hw§f+s)[ai']

a; €[ny], Vi'#i 5=0 ez}
" (h
—8 t+s

< 3 (L) I e

ay €lny], Vil#i |s=0 i

®)

= Z Dy, H xilay] ;

ay€lny], Vil i1
<25920e® Hnln - o - (h)Boh+1 Z H mgt) [a}]

ay€nyl, Vil#i \i'#i

=25020e°Hndn - ol - ()PP | S 2”al]
i'#i \a;€[ny]

=25920e° Hnln - o - (h)Boh+l
verifying the second of three desired inductive conclusions (171) as long as n < 1/(25920e°Hn3).

1 1 _ 1
12¢2H  25920e®Hn? ~ 311040e7H?n3’

Lastly, for n < we have now verified the inductive hypotheses

/ ’ 1 ’ /

| (D £:)D ||os < 25920€° Hnln - B - (')PoH < 2720/1 - (W) Boh
&

/ / 1 / /

| Dy )Y [0 < 25920€>Hnin - h'al - (W)Po? < 2720/1 - (W) Boh
(&
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for all A’ up to and including h. Thus, we can apply Lemma 3.7 with n = 2, ¢(a,b) = ab (which
is (1,1)-bounded), By = 12¢2, and the sequence z(*) = (th) 71, acl(-t) [9]). Therefore, for the product
sequence x;[g] - £;[j], we have, for all t € [T — h + 1]

(Dpailg] - &[i)7| < ol - (n) B+ (180)

verifying the final inductive conclusion (172), as desired.

G.4 Completing the proof of Theorem 1.4

Using the lemma developed in the previous sections we now can complete the proof of Lemma G.1,
the last step towards the proof of Theorem 1.4. The lemma is restated formally below.

Lemma G.1 [Detailed] Suppose a time horizon T > 4 is given, we set H := [logT|, and all players

play according to BM-OMWU with step size n satisfying 1/T <n < m with C' = 311040¢” .

1) @) 1
?™

Then for any i € [m], g € [ni], the losses £, ... € [0,1]™ for player i satisfy:

T
-1 —1
;Varqgt)[g’.] (a:gt) [9] -EZ(-t) — x? )[9] 'ez('t )>

T
1 — _
< 5 ;:1 VarQéz)[g’.} (azl(t 1)[g] ‘Egt l)> + O (log”(T))

Proof. Recall the following lemma from earlier.

Lemma C.4. For any integersn > 2 and T' > 4, we set H := [logT'|, a« = 1/(4H), and ag = 7”;3/8.
Suppose that ZW), ..., ZT) € [0,1]" and PW, ... PT) € A satisfy the following

1. Forcach 0 < h < H and 1 <t < T~ h, it holds that (D, 2)?| < B - (aor?)"

2. The sequence PY) ... PT) s (-consecutively close for some ¢ € [1/(2T), a*/8256].

Then,
T T
Y Varpo (Z(t) - Z“—U) <20} Varpo (Z(H)) +165120(1 + C)H® +2 (112)
t=1 t=1
where we say that a sequence PY) ... PT) is C-consecutively close iff for all t
p) pt+1) -
max | | po <1+¢
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We hope to apply Lemma C.4 with n = n;, P®) = QE” [g,-] and Z() = af:gt) 9] -Egt), as well as
¢ = Tn. To do so, we must verify that the preconditions of the lemma hold. Set C; = 8256 (note
that C is the constant appearing in item 2). Our assumption that 1 < m implies that, as long
as the constant C satisfies C' > 4% . 7. C} = 14794752,

at g
<mind & %0 U 181
7’—mm{?(Jl’3665m} (181)

To verify precondition 1, we apply Lemma 5.1 with the parameter « in the lemma set to ag:
a valid selection as ap < ﬁ We conclude that, for each i € [m], g € [ni], 0 < h < H and

1 <t <T—h, it holds that H(Dh xilg] -Zi)(t)H < H. (a0H3)h since n < 29— as required by
(oo}

36edm
the lemma. To verify precondition 2, we ﬁr:it confirm that our selection of ( = 7n places it in
the desired interval [1/(27),a*/Cy] as n < 7¢- By the definition of the OMWU updates, for all

o (t+1)
i€[m]and 1 <t <T, we have max{ %"H[)g’] , Q 0 lg.] } < exp(6n). Thus, the sequence
le)[g, yees Q,(T) lg,-] is (7n)-consecutively close (since exp(6n) < 1+ 7n for n satisfying (181)).

Therefore, Lemma C.4 applies and we have
T
t t t—1 t—1
3 gy (o€ oVl £)

T
-1 -1
<20y Vargo, | <:c(t lg] - € )) +165120(1 + 7n)H + 2
t=1

T

5 (©=1) (t=1) 1775
< —. ) ' L
=5 ;Varqg o] (‘Ez lg] - £ ) om

for C' = 2+ 165120(1 + 7/8256) = 165262, as desired. 0
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