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Abstract

In this thesis, the simulation of chaotic systems is considered. For many chaotic systems, we desire to
make estimates of mean values of quantities of interest, and in this case, the effect of chaos is to introduce
behavior that naturally lends itself to statistical, rather than deterministic, description. When simulating
chaotic systems using discrete versions of governing differential equations, then, chaos introduces statisti-
cal errors alongside discretization errors. These statistical errors are generally one of two types: transient
spin-up error before the system reaches the attractor (i.e. the stationary distribution of long-run states) and
sampling error due to finite-time averaging of trajectories on the attractor.

In this work, we first propose an error model to describe the expected absolute errors on the attractor of a
chaotic ordinary differential equation system. This model for the error implies optimal choices of timestep
and sampling time to minimize the error in the simulation— including discretization error and sampling
error- given some computational budget. Adding a model for the spin-up error, this allows the description
of the optimal choice of timestep, sampling, and spin-up times. Next, we develop a small-sample Bayesian
approach that allows the estimation of the discretization and the sampling error using only a small number
of simulation results with distinct timesteps and sampling times on the attractor. We then extend the
approach for spatiotemporally chaotic partial differential equation systems, which introduces error due

to spatial discretization in addition to the temporal discretization errors and statistical errors. Finally, we
augment the small-sample approach with corrections for non-negligible spin-up transient behavior, then
embed the resulting small-sample method in a naive explore-exploit algorithm. Using this algorithm, we
demonstrate that given a fixed total computational budget such an approach can allow chaotic simulations
that achieve near-optimal estimates without strong prior knowledge of the behavior of the system. In
addition to this near-optimal discretization, the method allows an a posteriori estimate of the simulation
error in the final result after the exploitation stage.
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Introduction

Introduce a little anarchy.
Upset the established order,
and everything becomes chaos.

—the Joker (The Dark Knight)

SINCE THE DAWN OF AVIATION, the ability to make predictions
about the characteristics of flying machines before they were built
differentiated successful aviators from their earthbound counterparts.
It is not a coincidence that the Wright Brothers emerged successful

in flight in 1903 after building the first wind tunnel capable of ex-
periments accurate enough to assist the process of aircraft design in
19017.

Where experimental prediction emerged as a differentiator in the first
decades of the 20 century, the open of the 21% might be character-
ized by the growing industrial use of computational fluid dynamics
(CFD) simulations. Since the earliest computational simulation
capabilities, CFD has become a key component of the aerospace
design lifecycle. The integration of CFD simulations have been shown
to have demonstrable benefits in terms of reducing wind tunnel,
component, and flight testing times®. While these advances are
impressive, there remain key challenges for computational fluids in
the foreseeable future. Though CFD is a key part modern aerospace
design, its present integration into the design lifecycle is limited

to “well-behaved” flows, for which reliable and efficient CFD is

currently possible.

The advancement of numerical methods for problems in aeronautics
through the latter half of the 20" century and the first decades of the
21% was fostered by the exponential rises in processing power under
Moore’s law and improvements in computational algorithms?. As

11

7 Michael G. Dodson and David S.
Miklosovic. An historical and applied
aerodynamic study of the Wright
Brothers” wind tunnel test program
and application to successful manned
flight. In Fluids Engineering Division
Summer Meeting, volume 1, pages 269—
278. American Society of Mechanical
Engineers, 06 2005. Symposia, Parts A
and B

8 Jeffrey P Slotnick, Abdollah
Khodadoust, Juan Alonso, David
Darmofal, William Gropp, Elizabeth
Lurie, and Dimitri ] Mavriplis.

CFD Vision 2030 study: a path

to revolutionary computational
aerosciences. Technical Report CR—2014-
218178, NASA, 2014

9 Chris A Mack. Fifty years of Moore’s
law. IEEE Transactions on Semiconductor
Manufacturing, 24(2):202-207, 2011
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an example, this can be seen in the development of top-end channel
flow DNS, which has moved from computations with millions of
gridpoints with turbulent Reynolds numbers in the hundreds*®

to exascale computations with hundreds of billions of gridpoints
and turbulent Reynolds numbers in the mid to high thousands™*.
In spite of progress, significant technical needs remain in order to
enable simulations of more complex aerodynamic problems. For
example, reliable prediction of drag for an aircraft outside of cruise
conditions’* remains elusive for the foreseeable future.

i.1  Prediction of turbulent flows

In order to make reliable computational predictions for aeronautical

questions of increased complexity, methods that resolve the turbulent

scales in the problem are necessary. While Reynolds-Averaged
Navier-Stokes (RANS) methods work well for predicting steady,
attached, and fully turbulent flows, they are well known to be less
reliable for predictions when flows are unsteady or detached or
transitional’3. In order to accurately capture these types of flows,
we will need to rely on direct numerical simulation (DNS), large
eddy simulation (LES) and hybrid RANS-LES approaches.

In a direct numerical simulation, all of the relevant physical scales
that exist in the problem are resolved. Though it’s highly accurate,
DNS is expensive beyond usefulness in many engineering-scale
applications™. In LES, the largest spatial and temporal scales are

resolved, while the rest of the scales are modeled using sub-gridscale

models®>. RANS, meanwhile, only resolves an averaged representa-
tion of the flow, while modeling all parts of the flow that fluctuate
around the average. As a result, the cost of a RANS simulation is
signficantly less than an LES.

Original scaling estimates of the cost of modeling a fully turbulent
boundary layer with RANS, LES with and without wall modeling,
and DNS were made by Chapman'®. LES costs were also estimated
by Spalart, et. al., which improved upon the Chapman results by
including the entire boundary layer, from laminar to turbulent,
estimating the boundary thickness using RANS'7. More recent
updates of Chapman'’s estimates have been performed for WMLES,
WRLES, and DNS by Choi & Moin'8, although they still did not
incorporate the costs of the transitional region. Slotnick, et. al."9,
make estimates for the cost of WMLES, using an integral boundary
layer method with a transition model to estimate the boundary
layer thickness. The resulting scaling estimates with respect to a

*John Kim, Parviz Moin, and Robert
Moser. Turbulence statistics in

fully developed channel flow at low
Reynolds number. Journal of Fluid
Mechanics, 177:133-166, 1987. DOI:
10.1017/50022112087000892

" Myoungkyu Lee and Robert D.
Moser. Direct numerical simulation
of turbulent channel flow up to Re; ~
5200. Journal of Fluid Mechanics, 774:

395—415, 2015

2 Edward N. Tinoco, Olaf P. Brodersen,
Stefan Keye, Kelly R. Laflin, Edward
Feltrop, John C. Vassberg, Mori Mani,
Ben Rider, Richard A. Wahls, Joseph H.
Morrison, David Hue, Christopher J.
Roy, Dimitri J. Mavriplis, and Mitsuhiro
Murayama. Summary data from

the sixth AIAA CFD Drag Prediction
Workshop: CRM cases. Journal of
Aircraft, 55(4):1352-1379, 2018

3 David Levy, Kelly Laflin, John
Vassberg, Edward Tinoco, Mortaza
Mani, Ben Rider, Olaf Brodersen,
Simone Crippa, Christopher Rumsey,
Richard Wahls, Joe Morrison, Dimitri
Mavriplis, and Mitsuhiro Murayama.
Summary of data from the fifth AIAA
CFD Drag Prediction Workshop. In 51st
AIAA Aerospace Sciences Meeting, 2013

™ Parviz Moin and Krishnan Mahesh.
Direct numerical simulations: A tool in
turbulence research. Annual Review of
Fluid Mechanics, 30(1):539-578, 1998

5 U. Piomelli. Large-eddy simulation:
achievements and challenges. Progress
in Aerospace Sciences, 35(4):335-362, 1999

6 Dean R. Chapman. Computational
aerodynamics development and
outlook. AIAA Journal, 17(12):1293—

1313, 1979

7 PR. Spalart, W.H. Jou, M. Strelets,
S.R. Allmaras, et al. Comments on

the feasibility of LES for wings, and

on a hybrid RANS/LES approach. In
Proceedings of the 1st AFOSR Int. Conf. on
DNS/LES, volume 1, pages 4-8, 1997

8 Haecheon Choi and Parviz Moin.
Grid-point requirements for large

eddy simulation: Chapman’s estimates
revisited. Physics of Fluids, 24(1):011702,
2012

9 Slotnick et al., 2014



characteristic Reynolds number, Re, are compiled in Table 1. The key

method | scaling
DNS | Ny~ Rey”/™

WRLES | Ny ~ Rel*/”
WMLES | Ny ~ Re}
RANS | Ny ~ Re?/®

result from these estimates is that the significant costs of LES will
very quickly outpace the cost of the RANS approach for complex
configurations and these costs are one of the key barriers that must
be overcome in order to enable LES to become a more prominent tool
in aeronautical design practice.

Large eddy simulation

In order to understand the primary areas of LES improvement

on which we will concentrate, we begin by evaluating the costs
associated with LES simulations. An important distinction to begin
the study of LES is between wall-resolved LES and wall-modeled
LES.

The composition of a turbulent boundary layer can be understood

as two main layers. The inner layer is the region of the flow nearest
the wall, which is relatively predictable and where the most of

the turbulent kinetic energy in the flow is produced°. The outer
layer, meanwhile, is much less predictable; while less production of
turbulent kinetic energy occurs in the outer layer, it has the effect of
convecting the turbulent kinetic energy that is produced by the inner
layer.

For wall-resolved LES (WRLES), grid is allocated in order to resolve
the large, energy carrying eddies in the outer layer and the most
significant energy producing eddies of the inner layer. However, the
scale of the most important features in the inner layer is significantly
smaller than the scale of the most important features in the outer
layer?'. This means that the costs required to perform a WRLES
simulation are significant. In wall-modeled LES (WMLES), the
relative predictability of the inner layer is exploited by the use of a
model for the near wall flow. Thus, in WMLES, the computational
effort is concentrated on the outer layer, and the wall model is en-
trusted with modeling the effect of the inner layer of the flow>. As
illustrated in Table 1, the cost of resolving near-wall features is much
higher than modeling them. However, wall modeling is not yet a
mature methodology, and it remains and area of active research?3.
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Table 1: Scaling estimates

of gridpoint requirements
with respect to characteristic
Reynolds number for RANS,
LES, and DNS.

* Alexander J. Smits, Beverley ]J.
McKeon, and Ivan Marusic.
High-Reynolds number wall
turbulence. Annual Review of Fluid
Mechanics, 43(1):353—375, 2011

** Sanjeeb T. Bose and George Ilhwan
Park. Wall-modeled large-eddy
simulation for complex turbulent
flows. Annual Review of Fluid Mechanics,
50(1):535-561, 2018

> Ugo Piomelli and Elias Balaras.
Wall-layer models for large-eddy
simulations. Annual Review of Fluid
Mechanics, 34(1):349-374, 2002

» Corentin Carton de Wiart and
Scott M. Murman. Assessment of
wall-modeled LES strategies within
a discontinuous-Galerkin spectral-
element framework. In 55th AIAA
Aerospace Sciences Meeting
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For wall-modeled LES methods, as well as the related subset of
methods known as detached eddy simulation®4 (DES) and other
hybrid RANS-LES methods, another crucial area of research is the
use of transition models. When transition is not resolved in WMLES
and hybrid methods, transition models must be used to dynamically
change the modeling choices based on whether or not the model
indicates that the flow has transitioned to turbulence?5.

The effect of using a model for small scales in LES and wall models
(and, possibly, transition models) in WMLES and hybrid methods
will be to introduce epistemological error into the simulation. Episte-
mological error is the form of error that comes from the deficiency
of the model to represent reality, and it is a very challenging type of
error to quantify. In addition to epistemological error, which can be
thought of as the difference between an exact solution to the model
equations of motion and the exact true solution, discretization errors
exist, which are associated with the effect of numerically estimating
solutions to the model equations, and statistical errors, which come
from the act of estimating an infinite-time average with a finite one.
The proposed work will concentrate on the effects of discretization
and statistical error, which we will refer to collectively as “simulation
error”, and how to minimize them.

.2 Adaptive discretization methods

A key roadblock for the use of LES and related methods is grid gen-
eration. For example, with hybrid methods, it has been shown that
accuracy of the method- and its convergence to reference solutions—
tends to be frequently strongly dependent on the grids on which

the studies are performed®. One objective of this thesis to build a
framework within which the benefits of mesh adaptivity might be be
quantified, understood, and leveraged within the context of turbulent
flow simulations. For RANS and other non-chaotic systems, statistical
error is not usually a primary concern and the most important factor
in the accuracy of a solution to the equations is discretization error.
Adaptive methods allow for the optimization of the computational
mesh on which the solution is represented in order to control the
error in the discretization.

Many modern adaptive finite element methods (FEM) are based on
discontinuous Galerkin (DG) and continuous Galerkin (CG) schemes.
For clarity, we will concentrate on the DG method here, while noting
that extensions of all concepts to continuous discretizations exist®”.
The DG method was developed in order to generalize the family of

> Philippe R. Spalart. Detached-eddy
simulation. Annual Review of Fluid
Mechanics, 41(1):181-202, 2009

25 ]. Bodart and J. Larsson. Sensor-
based computation of transitional

flows using wall-modeled large eddy
simulation. In Annual Research Briefs,
pages 229—240. Center for Turbulence
Research, Stanford University, 2012; and
George Ilhwan Park and Parviz Moin.
An improved dynamic non-equilibrium
wall-model for large eddy simulation.
Physics of Fluids, 26(1):015108, 2014

26 Spalart, 2009

* Hugh A. Carson, Arthur C. Huang,
Marshall C. Galbraith, Steven R.
Allmaras, and David L. Darmofal.
Mesh Optimization via Error Sampling
and Synthesis: An update. In AIAA
Scitech Forum, 2020; and Arthur Chan-
wei Huang. An adaptive variational
multiscale method with discontinuous
subscales for aerodyanamic flows. PhD
thesis, Massachusetts Institute of
Technology, 2020



monotone finite volume (FVM) schemes to formal orders of accuracy
greater than two28. Thus DG couples the capability of FVM schemes
to handle complex geometries with the high-order capability seen

in finite difference (FDM) methods. Additionally, DG methods have
been seen to be highly parallelizable and particularly well suited for
h- and p-adaptation®d. Ensuing research has also found that DG has
very good stability properties, particularly for the solution of Navier-
Stokes equations3°. Furthermore, the DG method can provide high-
quality a posteriori error estimates using the dual-weighted residual
(DWR) method and the solution to linearized adjoint sensitivity
problems3*. This, in turn, can be exploited to reliably optimize grids
via mesh adaptation3?.

Space-time adaptive methods are also possible using a FEM ap-
proach. In space-time methods, the spatial and temporal dimensions
are simultaneously approximated by a finite-element discretization.
If the space-time domain is discretized using a (d + 1)-dimensional
discretization, it can then be solved adaptively to minimize the error
in the entire spatio-temporal solution33. This can allow even more
efficient solution than the spatial adaptation technique with temporal
time-stepping for problems with concentrated regions of interest in
space and time34.

In order to bring the very promising results for adaptive discretiza-
tion methods to bear on turbulent simulations, we consider the
implications of solving unsteady, turbulent equations of motion,

rather than their steady, time-averaged, and non-chaotic counterparts.

Foremost among the implications of this transition is how to define
“error” when unpredictable and quasi-random behavior is a natural
characteristic of the equations of motion. The goal of this thesis is to
begin to bridge this gap.

i.3  Chaotic systems

A significant barrier in applying the techniques discussed in the
previous section to LES simulations is the fact that solutions from
LES and other scale-resolving methods are chaotic. Chaotic systems
have been characterized3> as having three primary phenomena:

1. purely deterministic mechanics,

2. aperiodic long-term behavior, and

3. high sensitivity to initial conditions, parametrization, and other
perturbations including discretization.

INTRODUCTION 15

# Bernardo Cockburn. An introduction
to the Discontinuous Galerkin method for
convection-dominated problems, pages
150-268. Springer Berlin Heidelberg,
Berlin, Heidelberg, 1998. Lectures
given at the 2nd Session of the Centro
Internazionale Matematico Estivo
(C.IM.E.) held in Cetraro, Italy, June

23-28, 1997

*» Bernardo Cockburn, George E.
Karniadakis, and Chi-Wang Shu. The
development of discontinuous Galerkin
methods. In Bernardo Cockburn,
George E. Karniadakis, and Chi-Wang
Shu, editors, Discontinuous Galerkin
Methods, pages 3—50. Springer Berlin
Heidelberg, Berlin, Heidelberg, 2000

3 Laslo T. Diosady and Scott M.
Murman. Higher-order methods

for compressible turbulent flows using
entropy variables. In Proceedings of the
53rd AIAA Aerospace Sciences Meeting,
2015

3t Roland Becker and Rolf Rannacher.
An optimal control approach to a
posteriori error estimation in finite
element methods. Acta Numerica, 10:
1-102, 2001

3 Masayuki Yano and David L.
Darmofal. An optimization-

based framework for anisotropic
simplex mesh adaptation. Journal of
Computational Physics, 231(22):7626—
7649, 2012; and Masayuki Yano. An
optimization framework for adaptive higher-
order discretizations of partial differential
equations on anisotropic simplex meshes.
PhD thesis, Massachusetts Institute of
Technology, 2012

3 Thomas J.R. Hughes and Gregory M.
Hulbert. Space-time finite element
methods for elastodynamics:
Formulations and error estimates.
Computer Methods in Applied Mechanics
and Engineering, 66(3):339—363, 1988

34 Yano, 2012; and Yashod Savithru
Jayasinghe. An adaptive space-time
discontinuous Galerkin method for reservoir
flows. PhD thesis, Massachusetts
Institute of Technology, 2018

3 Steven H. Strogatz. Nonlinear dynamics
and chaos: with applications to physics,
biology, chemistry, and engineering. CRC
Press, 2 edition, 2015
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Lyapunov stability analysis

A common way to describe the phenomena of chaotic systems
mathematically is Lyapunov stability analysis. Consider a dynamical
system governing u(t) : Rt — R" given by:
d .
(Tltl = f(u) u(0) = uo- (i.1)
It has been shown that there exist a set of Lyapunov exponents
AM>A> . >N > > A,

and covariant Lyapunov vectors (CLVs)

p1(u(t)), y2(u(t)), ..., gi(u(t)), ..., pu(u(t))
such that:

dyi(u(t))  of ' o .
At duly i(u(t)) — Agpi(u(t)) i2)

governs perturbations to the dynamics of the system3®. Using Lya-
3 F. Ginelli, P. Poggi, A. Turchi,
H. Chaté, R. Livi, and A. Politi.
| | Su ( t) | | < Cexp ( A t) (i.3) Characterizing dynamics with
- ’ Covariant Lyapunov Vectors. Phys.
Rev. Lett., 99:130601, Sep 2007

punov stability theory, it can be shown that, for some C € R™:

where u(t) and u(t) + du(t) solve the ODE starting from initial
conditions ug and ug + €, respectively, where €, is a finite but very
small perturbation.

The values of {A;} and their signs are strongly dependent on the
dynamical system f, and they help to describe the long term behavior
of the system. If the leading Lyapunov exponent A; is negative, then
the dynamical system will have a single, fixed long-term solution. If
A1 is zero, then the system will exhibit a “limit cycle oscillation” with
some periodicity. Finally, if A; > 0, then the system will be chaotic
and have a strange attractor, an infinite set of long-term solutions,
assuming that system is bounded. These behaviors have important
consequences for both discretization and adaptation, which is of key
interest to this work.

Numerical analysis for chaotic systems

Understanding the behavior of discrete solutions of chaotic systems
relies upon the numerical analysis for dynamical systems, particu-

larly chaotic ones. With some tg > t4 > 0, the semigroup operator37

%7 Andrew M. Stuart. Numerical
analysis of dynamical systems. Acta
ta to tp: Numerica, 3:467-572, 1994

S(ta — ta)u(ta) =u(ta) = u(ea) + [ Fu(®) dt G

S(At) : R" — R" is an operator which evolves the state exactly from
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For a choice of discretization scheme, we can approximate the evo-
lution of the true solution using a discrete semigroup operator
Snp(At) : R" — R™

Sp(At)ug = gy, (i.5)
which steps the solution from one time-step to another.

In this text, we will denote a discrete
variable or operator with a subscript

The classical ways of thinking about convergence can be stated using hp, which denotes a discretization
this semigroup notation. For instance, the global L? error can be on a characteristic scale 1 with
. by: design order p. For ODE systems, h
gtven by: translates directly to time-step sizes,
N; 0y ie. h; <= At;, but we use a more
& = S(kAt)ulC — sk uIC} ) i.6 general i which will be applicable
hp kg() [ (kAL) hp~hp (i.6) later to PDE discretizations which have

characteristic space and time scales:
Based on (i.3), we can expect the inner term to scale with exp(A17T), hi = (Al Axi).
where T = kAt. For chaotic systems, A1 > 0. Additionally, if we
average over long timescales, T is large. Thus, we can expect the
traditional measures of global error to be very large for a chaotic
system over long timescales. This matches our phenomenological
understanding of chaotic systems: after a relatively short period
of time, two solutions that begin from slightly perturbed initial
conditions tend to diverge onto completely different trajectories.
Unfortunately, these facts mean that we cannot expect global error to
be a good measure of usefulness for discrete simulations of chaotic

systems.

In order to get at this question, we consider the limiting behavior
of solutions in a way that is general enough for chaotic systems,
following the work of Stuart38. The w-limit set of a point in the phase

. . . 8
space of the solution u is given by: ¥ Stuart, 1994

w(u) = ﬂ (U S(t)u) , (i.7)

s>0 \t>s

associated to a semigroup operator S(t). The w-limit set, then,
describes the set of long-run states that you can get to from u by

the action of 5(t). Likewise, the definition generalizes trivially to sets
of initial states, U = Uu. Using the generalization, we can define the
attractor, A, which exists when S(¢)U is a uniformly stable attracting
set, defined by:

A=w(U)CU. (i.8)

A consistent discretization and its implied discrete semigroup,
Snp, will also have its own w-limit set, wy,, and, when S;,,Uy,, is a
uniformly stable asymptotically attracting set, an attractor Ay,. In
fact, if S(t) has an attractor, then there exists some Af, for which
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Snp has a stable attracting set Uy, and an attractor Ahp for all At €
(0, Atc]. We can furthermore write39 that:

dist(Ayp, A) = 0, (i.9)

as At — 0, where dist(B, A) = sup, g infyca ||[u — v|| is the asymmet-
ric Hausdorff semi-distance.

This is a fairly mathematically dense description, but it illustrates
that, while we cannot expect any set of discretizations of a chaotic
system to converge to a reference solution, we can expect the attractors
associated with the discretizations to converge toward the true
attractor. We can leverage this fact in turn to make meaningful
descriptions of the discretization error for simulating chaotic systems.

Ergodicity and long-time outputs of interest

A typical goal of any CFD simulation is to make estimates of one or
more outputs of interest, averaged in time, which are functions of the

state:
1 to+Ts .
Jim o [ g(u() di, (i.10)
0

where ¢(u(t)) are instantaneous measurements like total energy, or
lift and drag, which depend in some way on the state, but have direct
interest for application to design problems. As we have discussed,
uy, from any two discretizations are likely to be divergent. This
implies that the instantaneous output of interest, g, is also likely to
be divergent. If g(uy,) does not converge, then, we need to ensure
that our approximations of ] can be reasonably compared between
discretizations.

Ergodic theory gives us the ability to theoretically justify the compar-
ison of values of ] for divergent realizations of uy,,(t) and instanta-
neous outputs g(uy,(t)). Ergodicity describes the tendency of distinct
trajectories of a system to converge onto a common attractor after a
brief initial transient*°. In other words, ergodicity is the tendency

of a class of systems to “forget” their initial conditions. When a
system’s state or its outputs are ergodic, then, the state or output can
be treated as correlated samples from a stationary distribution: the
set of all trajectories on the attractor, after initial transients subside.

The Navier-Stokes equations have been proven in two dimensions
to be ergodic4, and are expected to be ergodic in three dimensions
as well. At the very least, three dimensional weak solutions, which
we will be concentrating on in the following work, to Navier-Stokes

3 Jack K. Hale and Geneviéve Raugel.
Upper semicontinuity of the attractor
for a singularly perturbed hyperbolic
equation. Journal of Differential Equations,
73(2):197-214, 1988; and Peter E.
Kloeden and Jens Lorenz. Stable
attracting sets in dynamical systems
and in their one-step discretizations.
SIAM Journal on Numerical Analysis, 23:

986-995, 1986

4 J.-P. Eckmann and D. Ruelle. Ergodic
theory of chaos and strange attractors.
In The Theory of Chaotic Attractors, pages
273—312. Springer, New York, NY, 2004

41 Benedetta Ferrario. Ergodic results
for stochastic Navier-Stokes equation.
Stochastics, 60(3-4):271—288, 1997; Franco
Flandoli and Bohdan Maslowski.
Ergodicity of the 2-D Navier-Stokes
equation under random perturbations.
Communications in Mathematical Physics,
172(1):119-141, 1995; Martin Hairer and
Jonathan C. Mattingly. Ergodicity of
the 2d Navier-Stokes equations with
degenerate stochastic forcing. Annals
of Mathematics, 164(3):993—-1032, 2006;
and Jonathan C. Mattingly. Ergodicity
of 2D Navier-Stokes equations with
random forcing and large viscosity.
Communications in Mathematical Physics,
206(2):273-288, 1999



are known to converge to a global attractor and be ergodic**. The
relationship between the existence of weak and the existence of
strong solutions of Navier-Stokes in three dimensions are closely
related to the famous open mathematical problem of the existence
and uniqueness of solutions to the strong form Navier-Stokes equa-
tions; nonetheless, we presuppose that the strong form solutions to
the three-dimensional Navier-Stokes equations exist and are unique
and that the weak form solutions that we will find converge to them,
though these presuppositions can not yet be proven. Meanwhile, for
the Kuramoto-Sivashinsky equation*3 and the Lorenz equations#4, we
can similarly expect the systems to be ergodic. Thus, we can take and
compare averages of the form:

to+Ts
Jr= 71"5/1500 g(u) dt. (i.11)

meaningfully, so long as T is sufficiently large to wipe out the effect
of the transient and statistical errors, and, furthermore, we can use
these averages to study the convergence of discrete approximations
of JT to Je. This idea underpins the error models developed in
Chapter 1, we use this framework to develop a model for the error
in discrete approximations in terms of the convergence of outputs of
interest to the system’s true output, Je.

Finite predictability and unbounded sensitivity for chaotic systems

Before proceeding, we want to highlight a key implication of chaos
on the functionality of the adaptive discretization methods that
have previously been applied successfully to non-chaotic unsteady
flows. One of the early realizations about chaotic systems was their
finite predictability*>: the long-term behavior of chaotic systems are
extremely hard to predict given any uncertainty in their initial state.
This phenomenon is reflected in (i.3).

For the spacetime adaptive methods, mentioned above, to be ap-
plied to chaotic systems, they will require global solutions of the
spatiotemporal domain, or at least temporal subdivisions of the
spatio-temporal domain, which we call time-slabs. Typically, the solu-
tion algorithm for such a global nonlinear problem (e.g. a Newton
method) involves a series of global linearizations. Perturbations

to the global linearized solution should grow exponentially for

chaotic systems. Thus, if e s

lab is large, a global linear system can
be expected to suffer from ill-conditioning. Similarly, if an adaptive
method relies on an adjoint for its error estimate, the adjoint solution
should also be expected to be poorly conditioned. This implies that

global solution techniques will be limited to time-slabs of finite and
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# George R. Sell. Global attractors for
the three-dimensional Navier-Stokes
equations. Journal of Dynamics and
Differential Equations, 8(1):1-33, 1996

4 Patrick J. Blonigan and Qiqi

Wang. Least squares shadowing
sensitivity analysis of a modified
Kuramoto-Sivashinsky equation. Chaos,
Solitons & Fractals, 64:16-25, 2014

# Colin Sparrow. The Lorenz equations.
Applied Mathematical Sciences.
Springer, 1982

It is also worth adding here that we
assume that the discrete systems
faithfully represent the statistics of
the true attractor, though recent work
has shown that is not necessarily the
case (e.g. Chandramoorthy and Wang
[2021]) and further developments
may precipitate new requirements to
guarantee this is the case.

45 Michael James Lighthill, John
Michael Tutill Thompson, A. K. Sen,
A. G. M. Last, D. J. Tritton, Basil John
Mason, P. Mathias, and John Hugh
Westcott. The recently recognized
failure of predictability in Newtonian
dynamics. Proceedings of the Royal
Society of London. A. Mathematical and
Physical Sciences, 407(1832):35-50, 1986
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limited size such that this amplification factor remains numerically
manageable.

Ruelle’s linear response theorem is the foundation of sensitivity
analysis for chaotic systems and can be expected to hold for the
outputs of many of the ergodic chaotic systems of interest4®. This
theorem states that derivatives of outputs of interest with respect to
any given parameter s,

T2 ([ swisn), (112

are known to exist and be smooth. However, the computation of
these values using traditional sensitivity methods, including the
adjoint method, break down when there is chaotic sensitivity of

the state u(f;s) to the parameters of interest4’. This is an area of
active research, but while there are some promising methods to
calculating sensitivities for chaotic systems#®, sensitivity calculations
at practical cost are not anticipated to be possible in the near future,
and alternative means of making error estimates for adaptation

on chaotic flows must be considered. Both of these issues must be
overcome in order to enable mesh adaptation for chaotic flows.

It is outside the scope of this thesis to answer these questions, which
are of crucial and parallel importance to the application of this work.
In this work, we aim to create a framework in which, first, the errors
associated with simulations can be understood in the presence of
chaotic dynamics, and second, in which near-optimal choices might
be made with respect to these errors. This framework offers to allow
the efficacy of discretizations used on chaotic systems— and methods
for improving them- to be quantified.

# David Ruelle. Differentiation of SRB
states for hyperbolic flows. Ergodic
Theory and Dynamical Systems, 28(2):
613-631, 2008

47 Qiqi Wang, Rui Hu, and Patrick
Blonigan. Least Squares Shadowing
sensitivity analysis of chaotic limit cycle
oscillations. Journal of Computational
Physics, 267:210-224, 2014; and Daniel J.
Lea, Myles R. Allen, and Thomas W.N.
Haine. Sensitivity analysis of the
climate of a chaotic system. Tellus A:
Dynamic Meteorology and Oceanography,

52(5):523-532, 2000

# Patrick J. Blonigan, Pablo Fernandez,
Scott M. Murman, Qiqi Wang,
Georgios Rigas, and Luca Magri.
Toward a chaotic adjoint for LES. In
Proceedings of the Summer Program.
Center for Turbulence Research,
Stanford University, 2016; and Nisha
Chandramoorthy and Qiqi Wang.
Sensitivity computation of statistically
stationary quantities in turbulent flows.
In AIAA Aviation Forum, 2019



Error behavior for discretizations of
ergodic ordinary differential
equations

There’s no sense in being precise
when you don’t even know what you're talking about.

—]John von Neumann

FoR cHAOTIC sYSTEMS, estimation of long-time behavior is challeng-
ing because their governing ordinary differential equations (ODEs)

have limited predictability®. Of the general class of chaotic systems, a
subset are ergodic systems, whose long-term states are drawn from a
stationary distribution, independent of initial condition®. For ergodic
chaotic problems, we frequently want to quantify the unique infinite-
time average of some instantaneous quantity of interest of the system:

T
Joo = lim %/0 g(u(t)) dt, (1.1)

T—o0

where g is the instantaneous output functional, and the state u(f) is
governed by a dynamical system of the form:

% = f(u) (1.2)
with a given initial condition (IC), u(0) = uyc.

Often, the complexity of a chaotic systems of interest is high, and
accordingly the cost of an accurate computational estimate of |
becomes formidable3. As the cost of computational simulation gets

* Lighthill et al., 1986

2 Eckmann and Ruelle, 2004

3 Chapman, 1979; Spalart et al., 1997;

and Choi and Moin, 2012

21
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larger, efficient discretization methods become critical for accurately
estimating quantities of interest.

Understanding the error in approximations of J« is nontrivial be-
cause statistical errors (errors due to finite-time approximation)

and discretization error (error due to numerical approximation of
solutions) are always simultaneously present. In the largest Direct
Numerical Simulation (DNS) and Large Eddy Simulation (LES) cases,
for example, it is typical to fix sampling time at some large number
of characteristic times and validate that discretization error converges
as expected, assuming negligible sampling error*. Recent work

has sought to quantify the effect of statistical error more robustly,
using turbulent flow theory®, advanced spatio-temporal statistical
post-processing methods®, statistical windowing techniques?, or by
extending the concept of Richardson extrapolation to chaotic flows
using auto-regressive models and Bayesian methods®. The latter
work is notable for its use to estimate the statistical errors in the DNS
of a high-Re turbulent channel flow®.

The objective of this paper is to investigate the behavior of statis-
tical and discretization errors as a function of computational cost

for ergodic systems. Following a similar approach to Oliver et al.
[2014], we propose a simple error model for finite-time, discrete
approximations of infinite-time averages on attractors. Using the
Lorenz system as an example, we demonstrate that the discretization
error converges as timestep size decreases. However, it does not
increase exponentially with sampling time as might be expected from
classical numerical analysis but rather asymptotes to a constant value
with respect to sampling time. Further, for a given computational
cost (e.g. number of timsteps), an optimal choice of discretiza-

tion (i.e. timestep) exists that minimizes the expected error in a
simulation, when accounting for both the effects of discretization
error and sampling error. We show that this optimal choice results
in a convergence rate with respect to computational cost that is
bounded by the sampling convergence rate with a minor impact
from the discretization order of accuracy. Finally, we consider the
implications of spin-up time (i.e. unsampled time needed to arrive at
the stationary distribution) and parallelism on the optimal error. We
develop a method for estimating transient-related errors, and then
evaluate optimal choices incorporating the results.

4Kim et al., 1987; Adridn Lozano-
Durén and Javier Jiménez. Effect of
the computational domain on direct
simulations of turbulent channels up
to Rer = 4200. Physics of Fluids, 26
(1):011702, 2014; Juan C. Del Alamo,
Javier Jiménez, Paulo Zandonade, and
Robert D. Moser. Scaling of the energy
spectra of turbulent channels. Journal of
Fluid Mechanics, 500:135-144, 2004; and
Konrad A. Goc, Oriol Lehmkuhl,
George Ilhwan Park, Sanjeeb T.

Bose, and Parviz Moin. Large eddy
simulation of aircraft at affordable cost:
a milestone in computational fluid
dynamics. Flow, 1, 2021

> Roney L. Thompson, Luiz Eduardo B.
Sampaio, Felipe A.V. de Braganca
Alves, Laurent Thais, and Gilmar
Mompean. A methodology to evaluate
statistical errors in DNS data of plane
channel flows. Computers & Fluids, 130:
1-7, 2016

¢ Serena Russo and Paolo Luchini.

A fast algorithm for the estimation

of statistical error in DNS (or
experimental) time averages. Journal of
Computational Physics, 347:328-340, 2017

7 Charles Mockett, Thilo Knacke, and
Frank Thiele. Detection of initial
transient and estimation of statistical
error in time-resolved turbulent

flow data. In Proceedings of the 8th
International Symposium on Engineering
Turbulence Modelling and Measurements,
pages 9-11. European Research
Collaboration on Flow Turbulence
and Combustion, 2010

8 Todd A. Oliver, Nicholas Malaya,
Rhys Ulerich, and Robert D. Moser.
Estimating uncertainties in statistics
computed from direct numerical
simulation. Physics of Fluids, 26(3):
035101, 2014

9 Lee and Moser, 2015
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1.1 Proposed error model on the attractor

To approximate ], we compute finite-time, discrete estimates of the
outputs of interest of the true system:

1
]T,hp = i :3+TS (ghp(uhp(t)))/ (1.3)

where the notation I4(-) here represents the quadrature approxi-
mation of the integral [ ab(-) dt of a quantity (-) between a and b.
Here, we have made a discrete approximation of the state using

an order-p discretization with a temporal grid with characteristic

size h = At,where an order-p discretization is one for which the

We note here the use of i, which will
later be used to denote a spatial and
temporal discretization, in which case
; Ig}aXT 8hp (uhp(t)) - g(u(t)) = (’)(hP) (1.4) h will represent both At and Ax; here,
€l0to+Ts] though, it reduces to just At.

discretization error behaves as:

when the discretization is applied to a well-posed (non-chaotic)
system. Then we sample that discrete state over a finite sampling
period, Ts, starting at some initial time ty. We can define the error
that is incurred as

T hp = ]T,hp — Joo- (1.5)

By introducing a third value,

1 rto+Ts
Jr=o '/to g(u(h) dt, (1.6)

we can re-write the error using an identity:

erpp = Urnp — J1) + Ur — Joo) = enp +e1. (1.7)
Here, we define the “discretization error” and “sampling error”,
respectively:
enp = Ity — I (1.8)
er = J1 — Joo- (1.9)

We can take an absolute value of both sides of (1.7), followed by a
manipulation using the triangle inequality:

|€T,hp| = |€hp +€T|

(1.10)
< lenpl + ler.

Thus, the total error incurred by approximation is bounded by the
sum of the absolute discretization and sampling errors. Next, we
define the attractor of the operator £, A, as the set of long-term states
towards which all trajectories converge independently of initial
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condition®. We can define the expectation E 4[¢(ug)] for a generic
function ¢ as the expectation taken over all the trajectories that can
result from starting from points on the attractor, A:
1
E = — ug) duyg. 1.11
Al = g o) (1.11)

For the case in question we will be considering either

p(u0) =3 | [ stute) ar - I

4

or

7

() = 1 |19 gy () = [ gtu(e) a

with, for these examples, u(ty) = up € A. Given these definitions, we

can now take the expectation of (1.10), giving

Eallernpl] < Eallenpl] +Ealler]] (1.12)

by linearity.

From here, we propose asymptotic forms for the two right-hand side
terms in (1.12). Consider the definition of et in (1.9):

1 to+Ts
e = T /to g(u(t)) dt — Jeo. (1.13)

Assuming that we choose t( such that each uy is effectively an
independent sample from the attractor’s stationary distribution, then
the quantity g(u(t)) is a random variable drawn from a stationary
distribution. The states of ergodic systems, in general, are not inde-
pendent in time, but as long as the system has satisfactorily strong
mixing properties, the central limit theorem (CLT) can be applied

to finite time averages of its outputs. This is the case whenever the

tll

condition of a-mixing is met'", which has been shown for the Lorenz

system™. Thus we can write er as:

2
er ~ N (O, <\/§A0Ts_l/2> ) , (1.14)

where N (i, 0?) gives the normal distribution with mean y and
variance 2. If we take the absolute value of this random variable,
the result is a halfnormal distribution:

2
ler| ~H ((\/?AoTsl/z) ) / (1.15)

where H(c?) gives a halfnormal distribution such that |X| ~ H(c?)
when X ~ N(0,02). The expectation of the half-normal distribution
is well defined, allowing:

E4ller|] = AoT; /2 (1.16)

*° Stuart, 1994

" Manfred Denker. The central limit
theorem for dynamical systems.
Dynamical Systems and Ergodic Theory,
23:33-62, 1989; and Richard C. Bradley.
Basic properties of strong mixing
conditions. a survey and some open
questions. Probability Surveys, 2:107 —

144, 2005

V. Aratjo, I. Melbourne, and

P. Varandas. Rapid mixing for

the Lorenz attractor and statistical
limit laws for their time-1 maps.
Communications in Mathematical Physics,

340(3):901-938, 2015
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as Ts goes to infinity.

Now consider the use of a time-stepping method to give a discrete

approximation uy, (t,) of u(t,) for each t, = n(At). Following

classical analysis'3, we might expect that the discretization error

3 Ernst Hairer and Gerhard Wanner.
Number 14 in Springer Series in

exp(AT:) —1 Computational Mathematics. Springer,
|€hp| ~ Cp (p(As)) (At)p . (1.17) Berlin, Heidelberg, second edition, 1993

should take a form:

This analysis is based on bounding the growth of local truncation

error at each timestep by the Lipschitz constant, A, of the underlying

system, with C, a constant parameter that depends on the choice of

method. However, Viswanath showed'# that, the global error could
* Divakar Viswanath. Global errors of
numerical ODE solvers and Lyapunov’s
theory of stability. IMA Journal of

\ehp| ~ E(Ts; p)(At)?, (1.18) Numerical Analysis, 21(1):387-406, 01
2001

be modeled by a form:

where E(Ts; p) could be bounded by a constant for some nonlinear
but non-chaotic systems that are exponentially stable. While this
result has not been extended to chaotic systems, the expected conver-
gence onto the attracting set suggests a model of the form:

Ellenpl] = Cp(A1)P, (1.19)

As our results in Section 1.2 will show, (1.19) is a good description of
the expected discretization error that we observe.

Thus, taking (1.12), (1.16), and (1.19) we assume a bound of the form:

]EAHeT,th < €model = Cq(At)q + AOTs_r/ (1-20)

that bounds E 4[|er ,p|] when At is small enough and T; is large
enough to satisfy the asymptotic assumptions. Here, g is the ob-
served discretization convergence rate, which in practice may differ
from p due to numerical cancellations or if the solutions of the
system are insufficiently regular. Similarly, r is an observed sampling
convergence rate coefficient, which we expect to be 1/2 asymptoti-
cally under the CLT.

1.2 Evaluation of proposed error model on the Lorenz system

In the following section, we will fit numerical results for the Lorenz
system to determine g, r, C;, and Ag and show that this model is
representative of the observed behavior. The Lorenz system is given
by'>:
5> Edward N. Lorenz. Deterministic

nonperiodic flow. Journal of Atmospheric
Sciences, 20(2):130 — 141, 1963
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du wo (1 — 1)
FT flwe) = | uo(ar —uz) —uy |, (1.21)
Upl] — plp

where u = [ug,u,up]" and & = [ap, a1, 2] . The Lorenz system is
known to be chaotic for the classic parametrization'®: & = [10, 28, 8/3],
which is used everywhere in this text. For the output, we choose ' Sparrow, 1982
g(u) = up. We consider a set of explicit methods: forward Euler (FE,

p = 1), 3"-order Runge-Kutta (RK3, p = 3), and 4"-order Runge-

Kutta (RKg, p = 4). In all of these methods, we expect asymptotic

convergence of ], to J to be at least O(AtF) for non-chaotic

systems'7.
7]. R. Dormand, R. R. Duckers, and
. . . . . . P. J. Prince. Global error estimation with

For any given discrete instance, we will start the simulation at an Runge-Kutta methods. IMA Journal of
initial state at f = 0 that is sampled randomly from a normal distribu- Numerical Analysis, 4(2):169-184, 04 1984
tion:

N(1.0,5.0%)

upnit ~ | N(1.0,5.0%) | . (1.22)
N(1.0,5.0%)

To guarantee that the initial sampling state ug at t( is on the attractor
(as well as further guaranteeing the independence from the other
Monte Carlo instances), we evolve the state of any given Lorenz
system discretization from its starting state ujn;; for £y = 100 before
proceeding to sample; we refer to the process of evolving the solution
until it is on the attractor as “spin-up”. Then, we evolve the state over
the next T, during which we integrate and compute (1.3) using the
same numerical integration scheme that was used for the state itself.

To approximate er j,,, we must first estimate /o by a reference value

Jret- Jref is calculated using an ensemble mean of Jr,, over Mens = 5122
instances of the Lorenz system. Each instance is started from a differ-

ent ujnit as given in (1.22) and simulated using RK4 with At = 17.7 x 10
and T; = 6646.9. The resulting | is:

Jret = 23.549916 % 0.000074, (1.23)

with a 95% confidence estimate based on the ensemble mean estima-
tor.

The computation of ] allows us to estimate errors eThp = JThp — Jret-
For a given At, T; pair, we then approximate IE 4[|er || using a
Monte Carlo method over M = 10,000 independent instances of

the discrete system, each started from initial states drawn from

(1.22) and spun-up to independent sampling starting points on the
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(m),

attractor u,

. (1.24)

Ellernpl] = i % ‘]T,hp (u(()m)) — Jref

In Figures 1.1, 1.2, and 1.3, we compare the results of simulations
with the FE, RK3, and RK4 discretizations with different values of
N;. In these figures, T; scales with At for a given N, so the T; values
on the x-axis will vary between lines on the plot. The fits shown are
computed with truncated data, in order to attempt to eliminate non-
convergent data at small T; or large At; the limits used for truncation
are found in Table 1.1. The results of the nonlinear least squares fits

for Ns = 10%, 10°, and 10, are given in Table 1.2. In the table, we method | Atmax_| Tmin

. - : . FE 50x107° 1.0
observe that r — 1/2 as the discretization error is reduced, either by RK3 5.0 % 102 1.0
increasing N; or by pushing p higher. RK4 9.0 x 1072 1.0

. Table 1.1: Fit boundaries f
These figures demonstrate that (1.19) has explanatory value, as the a e. f1: Hitboun arles. of
. . . . . . nonlinear least squares fits.
errors in the discretization-dominated region collapse independently

of Ts. It is also worth noting that Table 1.2 demonstrates higher-than-
expected discretization error convergence rates for FE and RKy.

27

| FE| RK3| RK4 | FE| RK3| RK4
Ao | 219 | 174 163 Ao | 194 | 130 a1 Table 1.2: Values of error model
r 0.975 | 0.721 | 0.683 r 0.820 | 0.648 | 0.620 Coeff.idents computed frc.)m
C, | 2995 942 | 85,900 C, | 1410 | 1310 | 96,100 nonlinear least squares fits to
Monte Carlo study data.
q 1.65 | 2.70 4.83 q 1.40 | 276 4.84
(a) N; = 10* (b) Ns = 10°

| FE| RK3| RKyg
Ap 1.52 | 0.978 0.918

r 0.693 | 0.553 0.538
Cy | 714.6 | 2740 | 165,000

q 1.273 | 2.96 5.02
(c) Ns = 10°
In Figure 1.4, we can examine the sampling error behavior between

discretization methods for a single, shared choice of N;. Here, we can
see that the sampling error effects on the left-hand side of the plot
collapse independently of the discretization method. This indicates
that the statistical effects are properties of the dynamical system,

not artifacts of the discretization, as we might expect in the limit as
At — 0.

Finally, we attempt to compare the computational costs across the
various discretizations. In this case, the number of timesteps N; is not
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a good proxy for fixed cost, since the computation time for a timestep
will vary between methods. Instead, we now fix U, the total number
of evaluations of the right-hand side f used in sampling timesteps.
For the explicit schemes used in this work, we will have p right-
hand side evaluations (e.g. Forward Euler has p = 1 right-hand side
evaluations), and thus Us; = pN;. In Figure 1.5, we can see the effect
of changing At at fixed sampling cost Us across discretizations. The
error that can be achieved with the Runge-Kutta methods is lower
than that of the forward Euler scheme, a factor of 4.8 improvement
in the error from FE to RK4. However, the best-case improvement

for going from 3™-order to 4M-order Runge-Kutta schemes is a only
factor of about 1.4. Moreover, the results show that to achieve the
lowest possible error, the optimal timestep will be discretization
dependent. We investigate this further in the next section.
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sampling time, T, = N, At

1.3 Optimal timestepping on the attractor

We now study the implications of the error model (1.20), specifically
seeking to understand the convergence of the error with respect to
computational effort. In this analysis, we will assume that » = 1/2.

Consider a non-dimensional form of error model in which the error
is normalized by the standard deviation of the instantaneous output
0¢ and the timescales At and T are normalized by decorrelation
time T,;. The decorrelation time relates the amount of variance from
independent draws from the distribution on the attractor and the
amount of variance in the finite-time mean estimators based on the

correlated output signal, given by the relation'®:
# Kevin E. Trenberth. Some effects
T of finite sample size and persistence
VarUT] = laé (1.25) on meteorological statistics. Part [:
Ts Autocorrelations. Monthly Weather
Review, 112(12):2359 — 2368, 1984

29
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FE, U, = 1.2 x 10°
RK3, U, = 1.2 x 10°

1071 =
= RK4, U, = 1.2 x 10°

. - ——— NLS log fit
& _
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S0
= -
= -
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10-°
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1 Lrrreen
10°°
timestep, At

Forrng

1072

| g
1071

Furthermore, combining (1.15) and (1.25) allows us to write

12 a2
Ag =1/ —0.T;"~.
0 n8td

In general, T, is hard to estimate accurately; this is a crux of the work

(1.26)

of Oliver et al. [2014]. In our formulation of the error model, we
identify Ap, which avoids outright estimation of T;. However, for the
purposes of understanding the behavior of the error, T, is an intrinsic
timescale which can be used to normalize At and Ts.

The resulting non-dimensional form of the error model is

() V2 (

g
Ty

2
T

q
€model — Cq Td

- " (1.27)
8 8

Figure 1.5: Expected percent
error as a function of At

for discretizations of the

Lorenz equations at a

number of sampling residual
evaluations. All fits evaluated at
Us = 1.2 x 10°.

We can also write the optimizers and optimal value of (1.27) in terms of the non-dimensional variables.

These are given by:

_2
() (2 ()
Ti ) opt 21 g s
1 =t
Ta ) opt 21 g s

1
27

€model
Ug

(%)= (=)

In terms of convergence with respect to sampling costs, the error

) opt

model will scale at best as

(

1
29+1
N, @,

€model
Og
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In the limit as § — oo, the rate /(29 + 1) — 1/2: the CLT limits the
convergence rate. Table 1.3 gives the rates of convergence (1.28) for
various values of 4.

Using the reference simulation, we can also find:

Var[Jr] = Var[Jr,] = 1.1692 x 10~*

agZ ~ &gz = 74.34804 + 0.00018,

(1.29)

where 0, is an estimate of the standard deviation of g. Together,
these allow us to estimate:
T; ~ 1.0170 x 102

1.30
Og & 8.6225. (1.30)

With these values, we can plot the non-dimensional error model with
fixed r = 1/2, which is given for Ny = 10° in Figure 1.6.

10° = FE, N, = 10°
= RK3, N, = 10°
- RK4, N, = 10°
- === NLS log fit
510! =
~ =
R
& -
= _
102 =
III| 1 IIIIIII| 1 IIIIIII| 1 IIIIIII| 1 IIIIIII|
1073 1072 107! 10° 10*

nondimensional timestep, At/T,

[N} 1 e 1 Frrrnnng 1 Lrrreen 1 g
102 103 10 10° 106
nondimensional sampling time, T,/T,; = N,At/T,

We now consider the implications of these results for increasing N;.
To focus solely on control of the discretization error, increases in

N; can be used to refine At = T,/ Ng, with T fixed. On the other
hand, to focus solely on controlling sampling error, Ts = N;At can
be increased, holding At fixed. In Figure 1.7, the two approaches

are compared with the optimal use of resources. In orange is the
discretization error control strategy. In this approach, the simulations
converge at a high-order rate in N; towards the optimal error behav-
ior; once the error reaches this optimum, however, it asymptotes to a
constant: the expected statistical errors prevent more precise estima-
tion of J1 . On the other hand, the sampling error control approach
is shown in blue. In this approach, the central limit convergence rate

9

271
1/3

2/5
3/7
4/9
5/11

()‘IHAQAJN»—\‘Q

| 1/2

Table 1.3: Convergence rates for
combined error with respect to
sampling timesteps implied by
(1.28) at common high-order

discretization error convergence
rates.

Figure 1.6: Expected non-
dimensional error as a function
of non-dimensional timestep
for discretizations of the Lorenz
equations. r = 1/2 assumed.
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10 10° 109 107 108
number of sampling timesteps, N;

of 1/2 is initially achieved until the error asymptotes to a constant:
discretization errors prevent the more precise estimation of Jr ;. In
the literature for large simulations, discussed in the introduction,
simulations tend to be planned using either the discretization or
statistical error control approach. What (1.20) implies and Figure 1.7
demonstrates is that, in fact, there is a particular optimal scheme in
which At and T; are simultaneously varied that will extract the most
accurate estimate of [ as N; increases.

1.4 Investigation of global discretization error model

In this section, we show that our simulations of chaotic, ergodic
ODEs are consistent with a bounded relationship between the local
and global discretization errors. Consider an estimate of the global
error based on N timesteps:

Ly g ()
N Z Z g(tﬂftn) Cerry (1.31)
Ns n=01n=n
where
e](}}?p = wyp (1) — waltngn) (1.32)

and u,(t,41) is exact solution integrated from wy, (f,) through At:

by
Wi (fy1) = upp(tn) +/t fux(t)) dt. (1.33)

In (1.31), we have assumed that the error from any given local state
perturbation is propagated forward in time by the dynamics, before
being transformed into an error in the output; this process is cap-
tured by an operator G. Because the effect of local error propagates
forward and not backward in time, G(f,t,) = 0 for t < t,, and more-
over we assume that due to ergodicity G(t,t,) = 0 when t — t,, 2 Ty,

~
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where Ty is the decorrelation time associated with the attractor. This
allows us to write:

1 N 7Z+Td/At

enp R N 2 z g(tﬂ,tn) o eLTp (1.34)

n=0 #n=n

Now, we assume that a constant Gmax exists such that:
‘g(tvrtn) 0 V’ < Gmax||V||oor (1.35)

forall ty, t; € Randv € B(u(t,)) C R? where B(u) is the set

of states possible by perturbation of u that remain in the basin of
attraction of the attractor A of f. When this is the case, we can create
a bound on the magnitude of ¢j,),:

(
LT
=R (1.36)

gmax max HeLT pH

d
|ehp| < Egmaxﬁ

<
- At

We now attempt to bound the value of Gmax for the Lorenz system
by approximating the local truncation error. To make an estimate, we
compute both the solution at the next timestep as well as a surrogate
for the true solution at each timestep: uy,, (t,11) and @« (t,,1), where
the former is computed with one timestep of the method of interest
and the latter is always computed with the highest available accuracy
method, RKy4, and subdividing t € [t,, t,41] into ten consecutive
timesteps rather than one. Both uy,(,41) and @.(t,11) are always

(n+1)

advanced from uy, (t,). This allows us to estimate err, locally:

e](ﬁj;l) ~ e](ﬁj;) = uhp(tn+1) - ﬁ*(tn-&-l)‘ (1.37)
In Figure 1.8 we characterize the convergence of local error estimates.
Computations are run with T; = 100 and ¢ty = 100 fixed, varying
At. At each timestep, the local truncation error is estimated by
computing (1.37). The figure shows the computed max ||é(L? plleo
and demonstrates that the expected rate of (p + 1) is nearly exactly
achieved.

Using (1.36) we can estimate a bounding value for Gmax by

Ellen,|] At CoAH At

m | T; pHL T,
eLT;PHoo i Ccpht d

Omax > (1‘38)

maxy

where ¢, is the leading truncation error coefficient fit in Figure 1.8,
and C; and g are taken from Table 1.2. Of course when q > Gipeory = P,
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there will be At dependence. However, as (1.38) requires that the
discretization error has an asymptotic behavior, we will only consider
At in the asymptotic convergence regions given in Table 1.1 to com-
pute Gmax. In Figure 1.9, we show the values of the right-hand side

[IEEEY

=100z
3 z
= -
=5 -
=
L0t =
= =
el =
< -
g _
= -2
F 107
E = FE
= - RK3
B 0-s - RK4
: Gunx ~ 4.3

Lrrreng 1 g 1 L 1 e 1
1074 1073 1072 107!
timestep, At

quantity in (1.38), which allow us to make an estimate:

Gmax ~ 4.3. (1.39)

Next, we use classical truncation error estimates'? to relate the
discretization error to properties of the solution. We will assume
that the local truncation error is bounded by a form:

CLT ’ dPHu

dtp+1

(n)

p+1
max H e, At (1.40)

[e9)

‘oo = (p+1)!

where Cyr is a local truncation constant term dependent on the nu-
merical method and the ||-||, in this context refers to the maximum
value in time of the inf-norm of a vector-valued, time-dependent

Figure 1.8: Convergence of
estimated local truncation
error with respect to At. Fits to
cpAtPT1 shown (with offset for
presentation).

In general, we expect 4 = p, but due to
cancellation of local errors, § > p occurs
in practice for the Lorenz system. In
the expected case of g = p, we should
expect Gmax = C4/ (cpTy)-

Figure 1.9: Estimation of
bounding value Gmax.

9 Hairer and Wanner, 1993
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quantity (-). The derivatives of u(t) can be computed by evaluating
f(u) and its derivatives using solutions from a reference RK4 solu-
tion of the Lorenz system with Ty = 1000, ¢y = 100, and At = 104
Norms of the derivatives are shown in Figure 1.10. The resulting val-

analytical derivative (L)

109 -

103 -

| | | | |
0 1 2 3 4

derivative order, d

t—

ues of Crr that can now be derived by fitting the asymptotic behavior
in Figure 1.8 can be found in Table 1.4. The result of these estimates
is that we can reliably bound the global error of a dynamical system
as an accumulation of the local errors over a region of correlation.

We now want to consider how the global error behavior demon-
strated here might extrapolate to more complicated systems by
evaluating the spectral behavior of the Lorenz system. Using a
discrete Fourier transform with a Hann window function®°, we
perform a spectral analysis on the states of the Lorenz system with
a sampling time Ty = 1000, ty = 100, and At = 10~3. The resulting
spectrum can be found in Figure 1.11. The Lorenz system tends to

=== exponential fit

1072 - ~
1074 = %
106 - b

1078 =

spectral content
of u,(t), a(r)

10—10 -
10 12

10~ = e e e

1073 1072 1071 100 10!
frequency, f

have the most content in the frequencies with f < 10!, with a region

Derivatives of f are computed
analytically using the chain rule.

Figure 1.10: Norm of analytic
derivatives of u computed

on the attractor of f. State

u computed with RKy at

At =10* and Ty = 1000 after
discarding to = 100.

dP*lu

p ‘ (oberved) ‘ CLTHW . ‘ Crr
1 2.00 7.61 x 10° 7.33
3 4.02 3.28 x 10° 156
4 493 4.50 x 107 76.5

Table 1.4: Rate and coefficient
fit for convergence of local
truncation error of discrete
Lorenz system. Crr H Py

dtp+1
estimated by c,(p + 1)! using c,
fit from Figure 1.8.

2 EJ. Harris. On the use of windows
for harmonic analysis with the discrete
Fourier transform. Proceedings of the
IEEE, 66(1):51-83, 1978

Figure 1.11: Fourier spectrum
of u(t). Computed with

DFT using Hann window
function on data from RK4
discretization of Lorenz
system with T; = 1000,

to = 100, and At = 1073,

Gray dashed line: fit assuming
[a(f)| ~ exp(—af +b) with
a=0.872 and b = 2.58.
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of exponential decay in the range 1 < f < 30. On scales with f 2 30,
machine precision plateaus are observed and omitted here.

The fact that the Lorenz spectrum is an exponentially decreasing
function of frequency f makes the use of high-order methods the-
oretically appealing for the spectral convergence of hp-refinement

strategies®'. Unfortunately, the effect of statistical error in (1.28)
** George Karniadakis and Spencer

limits the i t of thi tial decay, such that the benefit
imits the impact of this exponential decay, such that the benefits Sherwin. Spectral/ip clement methods

of higher-order discretization methods are limited compared to for computational fluid dynanics. Oxford
their steady-state and non-chaotic application. The convergence University Press, 06 2005
v FE Fi _
RK3 igure 1.12: Convergence of
10 RK4 optimal error with sampling
p= CIT rate costs for FE, RK3, and RK4

discretizations of the Lorenz

=
o
|

output ¢ = up. Asymptotic 1/2

=
o
|

IS

rate implied by central limit
theorem shown.

=

<
|

=

10—6

optimal non-dimensional error, eqp¢ /og

I I I | I
10 109 108 1010 1012
function evaluations for sampling, Uy

to the central limit rates can be seen in Figure 1.12, which shows

the convergence of (1.28) with the total sampling cost. The effect of
increasing order improves the convergence rate in (1.28) towards the
CLT-implied asymptotic rate of —1/2, as well as decreasing the value
of the leading constant, but the error never achieves the spectral rates
possible with hp-refinement in the steady case. Nevertheless, the

cost to achieve a given amount of error in expectation— in terms of
function evaluations- is significantly less with higher-order methods.
Managing to achieve 1% non-dimensional error in expectation is
possible with RKy4 at a cost ten times less than would be possible
using FE; that factor grows larger than 100 when the tolerance is
tightened to 1074

1.5 Impact of ensemble averaging and spin-up

In this section, we will consider how the error behaves when ensem-
ble averaging (over multiple parallel instances) and when spin-up
effects are present.
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Ensemble averaging on the attractor

It is well understood how sampling error can be reduced at a fixed
wall clock time by ensemble averaging across multiple parallel

processes>*; we now consider the effect of ensemble averaging = Vakhtang Makarashvili, Elia Merzari,

when the effect of discretization error is included. Consider a Monte

Aleksandr Obabko, Andrew Siegel,
and Paul Fischer. A performance

Carlo approach to approximate [ with a set of Mepns independent analysis of ensemble averaging for high
realizations: fidelity turbulence simulations at the
1 Mens strong scaling limit. Computer Physics
= 1.41 Communications, 219:236—245, 2017
Imc = Mo mzl ]Th,, (1.41)

We can write a modified version of (1.20) to approximate the error
that we expect in the Monte Carlo estimator in (1.41):

Ap _
]EH]MC - ]OOH ~ €model MC = Cq(At)g/[C + M TSJ\CIC’
V Vens

with an equivalent non-dimensional version, assuming r — 1/2:

_1
ens 7
¢/ McC ‘Tg V

and an optimum given by

1 q .
(fomsa) (L) (o 2 (9TE) T
Ug MC,opt 2 q Ug

at

2
(At) _ ( 1 > 9CiTq\ 7
Ti - 27 ens s 7
d/ opt T Og

_ 2
LY (2N (aGT ) T gk e
? - T o ens S .
d/ opt Tt 8

Equation 1.44 shows that, for finite values of g, the Monte Carlo

and

method will have a mitigated return compared to its purely stochas-
tic application as in Makarashvili et al. [2017]; the optimal error

7/2071) 5 opposed to Mg,l/2. However, parallelization

scales as Mqnk
can achieve perfect scaling in the expected error, in the sense that the
effect of running Mens ensembles with Ns sampling timesteps each
will have an equivalent error in expectation to simulating MensN;s
timesteps in serial. As Meps is varied on the set of optimal solutions,
(1.45) and (1.46) indicate that the timestep and sampling time should
be reduced with the same factor Menls/ (29+1) as Mens increases in

order to achieve perfect scaling.

7

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)
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Spin-up transient modeling

So far, we have considered the error and cost on the attractor, ne-
glecting the impact of “spin-up” from ¢t = 0 to t = ty. This spin-up
is necessary because simulations of ergodic systems invariably need
some time for the state to proceed onto the attractor from the initial
condition.

Consider u(t), a solution of the ergodic chaotic system f from an
arbitrary initial condition u(0) = uyc in the basin of attraction of an
attractor, A. The existence of the attractor implies the non-linear sta-
bility of the system, such that all ujc will converge to trajectories on
the attractor .A. Denote by u“(t) a trajectory that is on the attractor
for all t and to which u(#) collapses as t — oo. The perturbation
sul(t) = u(t) — u?(t) that describes the IC, therefore, exists in a
stable subspace of perturbations to u#* and can be associated with the
negative Lyapunov exponents of the system. Thus, we can assume
that such perturbations are governed asymptotically by

H&IA(t)H S eXP(—t), (1.47)
T)

with T a characteristic time associated with the stable Lyapunov
modes. In practice, we are interested in averages of quantities on the
attractor g(u”(t)), but we can only calculate quantities g(u(t)), that
will include some effect— if small- of the spin-up transient.

Next, we seek to quantify the effect of this gap on estimates |7 ~ Joo.
Consider the computation of 1. In our earlier idenitication of (1.7),
we have effectively found an estimate of

1 to+Ts
A_ -

Jto

uA(t)) dt, (1.48)

by choosing t( sufficiently large. We now want to consider an error
model of the form:

ety = Urpp — J1) + Ur = J£) + Uf — Joo) (1.49)
—_———r Y Y

€hp ex er

where a new error e, is introduced, associated with the spin-up
transient. The model for et in (1.9) will apply without modification,
while the model for ey, will be subject to slightly different assump-
tions. Where in (1.8), C; was bounded by the value on the attractor,
A, here we must assume that Cy is bounded from t =0 to t = tg + Ts,
including both the attractor and the transient part of the trajectory.
We only require that the transient part be in the basin of attraction of

We note here that there is some
arbitrariness in the ordering of this
equation. Both the true system and the
discretized ones will have a tendency
to have transient behavior before
arriving at a stationary distribution.

We can account for the transient
behavior (as we have here) as being

a characteristic of the finite-time true
system, or as a characteristic of the
discrete, finite time system, such that
enp is just on the attractor. In terms of
the equations, this would take the form:
ex=Jrpp — ]ﬁp/ enp = ]#hp —J#, and
er as before. This latter description

is likely to be rather useful: it's more
theoretically succinct and represents

a more readily estimable quantity;
however, we use the former in this work
since we estimate the expected transient
behavior using reference simulations,
which approximates the behavior of the
true system.
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A, B(A). We assume that a model of the form used in (1.8) applies in
expectation when the transient component is included.

Next, we concentrate on ¢, :

gt = [0 (swo) - sutn) @ s

We now assume that, like u, ¢ will decay exponentially in ¢ as (1.47),
such that

g(u(t) — g(uA(t)) = dgA(t) ~ A, p(;;) (151)

will apply for t € [0,00), with A, a constant that can be related to the
deviation between g(u(0)) and g(u(0)).

From this assumption,

=g [ glul) - gat(n)

fo

1 f0+TsA EY 4
), mee( )
T,

X fo (1.52)
= A2 —— ) (1- -
() (-eel(-7))
R AA?/\ exp(—T> =
Taking the absolute value, we can find a bounding model
Ty to
= |A\| = —— . .
eal = 4] 7 exp( - 11 (159
As before, manipulation of (1.49) allows
|eT,hp| = |ehp +ey+ eT| (1.54)
< lenp| + leal + ler- (1.55)
Now, we take an expectation of the absolute value of et j,:
Eflernpl] < Bpa)llenyl] + Eiclleal] + Ealler(], (1.56)

where Ep4) gives the expectation on the basin of attraction of A.
Here, the expectation of |er | doesn’t reduce to an expectation on
the attractor. The statistical term is handled on the attractor as before,
and we have assumed that the discretization error is bounded by the
same form in expectation on B(.A) as on \A. Finally, the expectation
of |e,| is taken on the set of initial conditions used. This allows

us to take the expectation of (1.53) to complete (1.56). Because we

39
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anticipate a constant T) will be bounded for a given system, this is
given by:

T t
Eiclled) = EicllAxl| 7 exp 12 ). (157

If a A) and T, can be identified by observation of g(u(t)) given an
initial condition uyc, |e, | is no longer stochastic and the E|er j,,|] —

leTnpl as in (1.53).

Putting all the pieces together, we can now give an error model that
incorporates the effects of spin-up and ensemble estimation:

~ to Ay _
€model MC = A)\ Ts NC exp <_T/\> + Cq(At)qMC + mTSJ\ZC’ (1~58)

where A, can be either estimated on an instance-by-instance basis or
by estimating the expectation on a family of initial conditions. Under
this model, e, will scale with the exponent of a large negative value
when ty > T). Even when ty % T), (1.53) suggests that the decay-
induced error term will still scale with T; !, faster than the expected
CLT rate of T;l/ 2, and thus it will be dominated as T; > 1. This also
implies two “paths” to controlling spin-up errors: either choosing ¢,
long enough to shrink the mean offset error to negligibility at t = t,
or choosing T long enough so that the mean offset contribution to
the simulation error is small in spite of the error at t = f.

Identification of spin-up transient model

We will now develop a method to fit the error model. In order to

do so, consider observations g, = g(t,) and gt = gA(t,) for t,,

in {to, to + NekipAt, ..., to + Ts}. We will assume that Ny, is large
enough that the solution at each ¢, is effectively independent. If this
is the case, then we can assume that each g;* will be an independent
and identically distributed (i.i.d.) draw from a bounded, stationary
distribution with mean J. The distributions of ¢g“(u(t)) and g(u(t)),
in general, are not known. In order to facilitate an estimate of the
mean behavior, we will assume gnA are i.i.d. draws from a normal
distribution with mean value Jo. Then, we have:

8n ~ N(Joo + g (tn), 03), (1.59)

where the relationship between g, and gz! is taken from (1.51).

In order to understand the implications of this model, we can use
the set of reference RK4 simulations of the Lorenz system with N; =
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10° timesteps sampled without spin-up over a period T = 100 from
initial conditions similar to those given in (1.22), with a scaled-up
standard deviation of 100 in all three variables to highlight the initial
transient. In order to treat each of |, 0g, Ay, and T) in (1.59) as
unknowns, we use Hamiltonian Monte Carlo with the likelihood
function implied by (1.59). We discard from ¢t = 0 to t = 5, then take
10,000 equispaced samples from t = 5 to ¢t = 100. For prior models,
we start by computing naive estimators of the mean and standard
deviation of the trace, | and & using the downsampled trace signal

{gn}, then use:
Joo ~ N(f, 62)
%8 M(ao, 'Bg) (1.60)
Ap ~ N (0, max(gy) — min(gy,))
Ty ~ T(at, Br)
where ~
(ag, Br) <,Mr7 =0,00 = 1‘%)

It should be noted that in this

(“T; ,BT) — (,”T =10.0,07 = 1(),()) . specification, the Bayesian fit only
requires a user-supplied prior for the
decay time and for the uncertainty in
. . . . the standard deviation, assumptions
A sample fit and trace are found in Figure 1.13, for which the max- upon which the fitting method only

imum a posteriori estimate gives Ty = 0.312 and A, = —0.925. requires be reasonable.

50 =
g(u(t)) Figure 1.13: ¢ = uy(t) trace in
downsample points

40 - - transient region, with Bayesian
mean estimate

95% bound method fit

instantaneous output, g(u(t))

I
0 2 4 6 8 10
time, t

For the Lorenz system, the initial transient onto the attractor is very
rapid, almost negligible. Applying the Bayesian fit procedure to an
ensemble of 1000 runs generated in the same way as Figure 1.13 we
can find maximum a posteriori (MAP) estimates of the variables T
and |A,| in the decay model. In Figures 1.14 and 1.15, histograms of
these variables are shown, which are needed to determine (1.53). We
can see that the fit procedure identifies values:

T), < 4.03

1.61
|A,| < 387 ( )
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for greater than 97% of initial conditions, up to two standard devia-
tions above the mean. Using these values as a conservative estimate
for the mean offset, we can now model the effect of the transient
behavior.

1.6 Optimal time-stepping including spin-up

Now we can consider how the cost and error impact of spin-up is
incorporated into the model for error at a fixed cost. The spin-up
time requires the use of N timesteps:

to —‘ to
Np = =~ . 1.62
’ [(At)MC (At)vc (162)
With N the total number of timesteps used, given by:
to
N=No+Nyc=-——+N .
0+ Nmc (At)MC + Nmc, (1 63)

where Nyjc is the number of timesteps during sampling for fj to
to + Ts on a given instance.

Figure 1.14: MAP estimate T,
for Lorenz system transient.
Collected over 1000 Lorenz
trajectories with At = 1072,

Ts; = 100, and randomized uyc.
Outliers truncated, greater than
97% of data in pictured range.

Figure 1.15: MAP estimate |4, |
for Lorenz system transient.
Collected over 1000 Lorenz
trajectories with At = 1072,

Ts = 100, and randomized uyc.
Outliers truncated, greater than
97% of data in pictured range.
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By normalizing (1.58) then substituting (1.63), we arrive at a transient-
inclusive non-dimensional model for the error:

(325 0L
Og MC Og Td Td Td
1
e (v (5 2)
+ 2 M, =) -2
g MC - mc  Td

Using this result, we can solve numerically for (At)MC,OPt and enc,opt

to/ Ty )
st (1.64)

via (1.64).

Consider a Lorenz simulation on which a budget of U = pN =

1.2 x 10° right-hand side evaluations are available on each of Mens
parallel processors. We start by studying the error under (1.64) as At
and t( vary with a conservative estimate for the transient behavior
using the bounding values in (1.61). In Figure 1.16, we show ep,odel

10 -l 1 |||||||| ey e iy [ ERR
-+ 107* 1072 107! 10° 10*
nondimensional timestep size, At/T}

- 25
o E - Figure 1.16: Dependence of
S0 s normalized error expectation
- = Nl

& " ] 1 emodel,MC/ 0 on normalized
R s s timestep At/T; and normalized
% ] TU0 3 . : :
2 10° = 3 spin-up time fo/T; with total
@0 E -00 <
R f_% cost set at U = 1.2 x 10°
2 ] --0.5
z 10t - for Forward Euler. Red star
< = -1.0 . .
=B J denotes optimum, dashed line
100 1 -15 . . .
g 3 M indicates optimal ¢ty given At.

: —2.0

102 1 ||'I|||||| oovnnp i LT N VT |
0=+ 107% 1072 107! 10° 10!
nondimensional timestep size, At/Ty

g 3 3.00 Figure 1.17: Dependence of
S0t 295 normalized error expectation
[ =
£ oo 150 €model,MC/ g On normalized
o B > . .
& 3 075 < timestep At/T; and normalized
£ .- IR . ; ;
£10° ¢ g spin-up time tq/T; with total
= z -0.00 < 5
- = cost set at U = 1.2 x 10° for
7 10% = -—0.75 2
g : A ’ d_order Runge Kutta. Red star
T 108 = /" —La0 denotes optimum, dashed line
I A ~2.25

indicates optimal to given At.
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4.5
Figure 1.18: Dependence of
3.6 . .
normalized error expectation

=
o)
=

emodel,MC/ g On normalized

S
Sz
2108 = e . )
g = ) timestep At/T; and normalized
2104 -0.9 ”" spin-up time to/T; with total
ER 00 E cost set at U = 1.2 x 10° for
o
ERl = 4th-order Runge Kutta. Red star
g = -—09 : _
B 10¢ 3 4 denotes optimum, dashed line
g 107 = 4 -1.8 . g . .
g = A indicates optimal t( given At.
7 —2.7
102 i R R 'Il IR I N AT (L
0= 107% 1072 107! 10° 10!

nondimensional timestep size, At/Ty

for Forward Euler at a fixed cost of U = 1.2 x 10° (the optimum

is denoted by a red star). Moving to the right, discretization error
becomes the dominant factor as At >> T;. The diagonal boundary
gives the region of feasibility at which, under the cost constraint,
sampling no longer occurs (Ts = 0). Moving from the optimum
towards the bottom left, g — 0, Ts — 0, and At < Ty; thus the
transient error and sampling error become dominant. Similar plots
for RK3 and RKy are found in Figures 1.17 and 1.18. The optimal
errors and optimizing simulations are described in Table 1.5. We can
see from these results that, at a fixed budget with U = 1.2 x 100,
the effect of increasing the discretization order is make a smaller
error possible with a larger timestep, which means fewer timesteps to
traverse the spin-up time. These two effects combine to allow for an
increase in the sampling time available T, allowing significantly less
sampling error for RK3 compared to FE, and an additional- albeit
smaller— benefit moving from RK3 to RK4, holding cost fixed.

At | b | T

€model

method ‘ p ‘
FE 1 0.0502 254 x107% | 302 | 275
RK3 3 0.0130 8.52 x 1073 | 35.5 | 3370
RK4 4 |889x1073 0.0224 36.7 | 6670

Table 1.5: Optimal Lorenz
simulations for output g§ = up
under budget of U = 1.2 x 10°
right-hand side evaluations
using Mens = 1.

In Figure 1.19, we take another perspective on these results for

RK3 by varying At and plotting the optimal fy, Ts, and epodel. As

At gets large, the optimal choice of ty has logarithmic growth, and

when At/T; < 1, the optimal choice of ty rapidly falls to zero.

Parallelization has a small but non-zero effect on the optimal choice

of sample time. The sampling time also has a small effect from

parallelization, in this case constrained to a small region. Outside

that At region, Ts scales with At both as At — 0 and as At — co.
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The bottom plot of Figure 1.19 shows the variation of error with At.
In this plot we can see three distinct regions. For At/T; > 1072,
discretization error is the dominating error, and the convergence
goes with the discretization error rate. Approaching the optimum,
sampling error becomes the dominant error contribution, starting

at At ~ 2 x 1072 until At ~ 1073. In this region, the convergence

is around the CLT-implied 1/2 rate, and the effect of parallelization
is clearly seen. For At < 1073, however, the spin-up error becomes
the dominant error contribution. The optimal choice of ty begins to
fall rapidly, as the sampling and spin-up must compete for computa-
tional resources under the budget. Once the spin-up error dominates,
the paradigm by which (1.53) is controlled shifts from the exp(—ty)

Afens =8

My, = 16

Meys = 32

orrrnemg e
11 IIIIII| 11 IIIIII|
11 IIIIII| 11 IIIIII|
10! 102

Figure 1.19: Dependence of
normalized spin-up time
to/ T4, sampling time Ts /Ty,
and model error eyqgel / g
on normalized timestep

At/ T, with total cost set at
U = 1.2 x 10° for 3"9-order
Runge Kutta.
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term to the T§1 term as At/T; — 0, since resolving T delivers both
spin-up and sampling error control.

This interdependence will evidently have an effect on the overall
scaling between cost and error, which we now seek to understand.
Here, we study the variation of e,o4e1 Mc With U under the optimal
choices and evaluate how well ep,4e1 Mc @approximates experimental
data for E[|Jvc — Jeo|]- In Figure 1.20, the variation of eyodel mc
computed via (1.64) as a function of Meps and U is shown. From

} Meps =1 Figure 1.20: Optimal non-
-1 M — . .
s ‘:?m 21 dimensional error under model
B - Meps =4 .
= - M. —38 as a function of total cost U for
= - Mo = 16 RK3. Theory totem on left-hand
-2 — N — . .
S 10772 Mens =32 side: discrete convergence rate,
< : === model . s - 1. 2(g+r)
I O O O Kotk Ry e theory 1/q ; on right-hand side: =1L
& ) rate from (1.44).
=102 =
g = .
1074 =
[NRANI] g g e e
10° 104 10° 10° 107

U

this figure, we can see that, in the limit of small error, the sampling
costs dominate and the best possible rate is given by the estimate

in (1.44), limited by the CLT. On the other hand, when the cost is
more moderate, scaling of the error is close to the discretization
error convergence rate in (1.19). In this region, the spin-up costs

are significant, and high-order discretization brings the state more
efficiently to the start of sampling. In the spin-up dominated region,
the effect of the parallel ensemble approach is minimal since spin-up
must be overcome on each processor.

Now, we validate the total error model for the Lorenz system by a fi-
nal numerical experiment. At each choice of Mens and U, we generate
1000 individual realizations of Jyic at the computed (At)yic opt and
Nmc,opt and using the model fit given in Table 1.2. In Figures 1.21,
1.22, and 1.23, we show the predictions and the results of Monte
Carlo estimates of E[|Jyc — Jwo|] for our three discretizations. These
results validate the model, with significant discrepancies only when
the asymptotic assumptions— At small and T large— do not hold, due
to budget limitations in the limit of small U.
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1.7 Conclusion

In this chapter, we have developed a theoretical framework for the
total error incurred by the discrete sampling of mean outputs of
ergodic ODEs. These findings are validated by Monte Carlo studies
of the Lorenz system using Runge-Kutta methods. We incorporate
effects of parallelization and spin-up and validate that the models
match observed results in experiments. Using these models, we are
able to develop a comprehensive understanding of the relationship
between the wall-clock cost of a simulation and the amount of error
in expectation that it might achieve.

A key outstanding problem is the expense of identifying the param-
eters of the error model. In order to overcome this, we will show in
the next chapter that leveraging a Bayesian approach, as in Oliver

Figure 1.21: Total cost model
and Monte Carlo validation as a
function of total cost U for FE.

Figure 1.22: Total cost model
and Monte Carlo validation as a
function of total cost U for RK3.
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et al. [2014], can allow us to approximate the model in (1.20) at
relatively small cost. Then in the proceeding chapter, we will need
to extend the framework to chaotic PDE systems as opposed to
ODE systems. Though many discrete PDE systems are discretized
in a form that reduces to an ODE system, a rigorous model for the
error and cost of a PDE system should account for the contributions
of both temporal discretization and spatial discretization and act
optimally with respect to both. Last but not least, we can exploit the
results to conduct a high-fidelity simulation at an (approximately)
optimal discretization.



2

Bayesian small sample identification
of error models for discretizations of
ordinary differential equations

You can observe a lot just by watching.

—Yogi Berra

To EFFECTIVELY USE ERROR MODELS for chaotic systems, we must
be able to know them before setting up and starting a simulation. In
Chapter 1, we showed that the error in approximating the true mean
value ] of a ergodic chaotic ODE system could be well approxi-
mated by an error model of the form

€model = emodel(At/ to, Ts; Mens, 9, lP)

given in the most general form in (1.58). Here, ¢ = (|A,|, T)) and
0 = (Cy 9, Ao, 1) give parametrizations of the transient error and
attractor error models, respectively. In Section 1.5, a method for
approximating ¢ using the discrete output g, of a chaotic system.

In this chapter, we concentrate on identifying the parameters 6,
operating with ¢y > T) such that e, is negligible and the error model
reduces to:

€model = emodel(Atl Ts; 9)

2.1
A T, (2.1)

= CyAHT +

ens

This model implies an optimal choice of Afopt and Ts opt = NsAtopt at

49
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a given number of sampling timesteps Nj:

1
—% rAg\ 7 |~
Atopt(Ns; 9) - NIeré('H ) <CO> N; " (2.2)
q%q
1
s (AT s
Ts,opt(Ns} 0) = Meni(’H) (qCO> qu+ ’ (2.3)
q

at which the optimal (i.e. minimal) absolute error in expectation
would be achieved:

s i i (TN L (1) T
eopt(Ns; 0) = Mezr(szAng Cyt ((q) + (q) )NS T (2.9)

We note that (2.2), (2.3), and (2.4) are given here in the equivalent di-
mensional form to those in Chapter 1, in which r — 1/2 is assumed
a priori. Thus, given 8, optimal choices for At and T; can be made to
achieve the minimum expected error in J7,. In our previous work,
we showed we could fit (2.1) to identify 0 using expensive Monte
Carlo estimates of [E[|er,|] that we generated after computing an
additional very high cost approximation J¢ of Joo. However, in
practice, expensive Monte Carlo studies and reference values will
not be available, so we set out in this work to estimate the model in
(2.1) with a small number of simulations of Jr,,.

In Oliver et al. [2014], the authors develop an auto-regressive (AR)
modeling approach to approximate the statistical error behavior that
underlies the coefficient Aj in (2.1) and then apply this approxima-
tion to create a Bayesian method for Richardson extrapolation, which
effectively then allows the estimation of C; and Je. Unfortunately,
AR modeling techniques tend to suffer from noisy and irregular
approximation when applied to signals from real systems, because
the correlations in physical processes can be more complicated than
the assumed auto-regressive model; this is reflected in Oliver et al.
[2014], as the authors must develop a complicated model selection
procedure to arrive at their estimates, and they report frequent user
intervention in the presence of AR model instabilities and errors.

An alternative strategy is using statistical methods for outright
identification of (2.1). Success has been demonstrated in balancing
discretization and stochastic errors in steady simulations of hetero-
geneous media using frequentist statistical approaches incorporated
into multi-level Monte Carlo schemes®. A framework like this one

is promising for chaotic systems, where unpredictability replaces
stochasticity. However, it requires significant sample sizes in order
to make approximations of the error contributions at a given budget

* Florian Miiller, Patrick Jenny, and
Daniel W. Meyer. Parallel multilevel
Monte Carlo for two-phase flow and
transport in random heterogeneous
porous media with sampling-error and
discretization-error balancing. SPE
Journal, 21(06):2027—2037, 09 2016
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level and, therefore, to balance the error contributions at the next
level of a simulation. On the other hand, the challenge posed by the
results in Chapter 1 is achieving identification or approximation of
the error models without massive numbers of high-cost simulations.

In this chapter we show that a small sample Bayesian approach can
effectively approximate the terms in (2.1) without expensive reference
computations. We demonstrate that the asymptotic discretization
and sampling error models can be modified to generate a likelihood
function that describe the outputs ], of any given simulation given
the true solution and parameters related to 6. Then, we employ this
likelihood in a Bayesian method that allows reliable approximation
of the model using a small sample of low-cost 7, simulations and
enables the selection of At and T that are optimal under the model.

2.1 Bayesian error modeling

Bayesian likelihood formulation

Following the previous work, we break down the error incurred by
the dual approximations in Je ~ J,,p. We follow Section 1.1 up to
(1.7), which is:

ety = Uty —J1) + (Ut — Joo) (1.7)
N ) ———
ehp er

Now, we can insert (1.5) into (1.7) and rearrange to find
JThp = Jeo + enp +er1- (2.5)
We assume that the discretization error has the form:
enp ~ Cy(At)T, (2.6)
with g € R and C; € R.

For the statistical error term, we now revisit the central limit theorem

(CLT) for dynamical systems®. Under the asymptotic behavior of the
CLT we can expect the quasi-random effect of sampling to take the * Denler, 1989

form of a normal random variable:

Ax 2
er ~N <0,< T/IO Ts_r> > ’ (2'7)

with Af,r € RY,r — 1/2 as Ty — oo. If we take (2.6) and (2.7) and
insert them into (2.5), we arrive at:

A 2
Jop ~ N <]oo +CH (A, ( \/MLTSY) ) ) (2.8)
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which allows us to describe the output quantity of the discrete
system as a random variable, given knowledge of the augmented
parameter set

0" = (Cp 0, AG 7, Jeo) - (29)

Manipulating (2.8), we can find:

ens

| e an Ay o\
Cq(At) + N 0,( MensTs )

() )|

- . )
]EH]T,hp*]ooH =E ‘N(C;(At)‘ﬁ( ﬁo Ts—r> )H

=E

(2.10)

<E ‘ C;(At)qH +E

2 A} B
< IC| (a7 2T
ens

Thus, the likelihood formulation and its parameters map to a model
of the same form as eodel = €model( - ; 0) in (2.1) under the transfor-

/2
= * A = —A*, (2‘11)
Cﬂ |Cq‘ 0 770
Alternately, we can write:
A} 2
N Ch(at ‘7,( g T’)
‘ ( e, (T,

e () )]

where F(y,0?) gives a folded normal distribution with a mean y and
standard deviation ¢, such that |X| ~ F(u,0?) when X ~ N (p,0?).
We can write the expectation of a folded normal distribution with an

mation:

1EHIT,hp - ]00” =E

(2.12)

=E

underlying mean u and standard deviation ¢ as

E[f(y,g)]:aﬁexp(_;;)werf< M) en

(noting that sign (|x| erf(|x|/C)) = sign (xerf(x/C)) will hold

VC > 0). Thus, substituting y = C7At1 and 0 = A MG L2Tr =
AsMgY/2N;TAt™" gives an alternative “folded” error model. In the
forthcoming results, we will show that the error model based on the

folded normal output model will slightly more accurately describe
the output error behavior- in the sense that 50% of results should
be above and below the expected error model- but at the cost of
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analytical complexity. On the other hand, the original error model
will give an upper bound on the folded error model and offer more
analytical insight. For this reason, “optimal” results in this work will
refer to optimality with respect to (2.1) under the transformation in
(2.11).

Finally, using (2.8) the likelihood of J7, conditioned on 6* can be
explicitly written as

ens

A 2
p (I | 07) =N (fw; Jo+ o, (A1) > (219)

which can be exploited by Bayesian methods. Here, the notation
N (x; u, 0?) refers to the probability of an event X = x where the
random variable X ~ N (y,0?). If we use independent initial
conditions for each simulation and spin up each until the solution
is on the attractor, then each of the discrete results of the chaotic
system will be independent random samples from a stationary
distribution. We can thus write the conditional likelihood of a set
of M simulations {]r,,,}:

p(Urt|07) = ﬁf’ (i [ 7)) (2.15)

Then, using Bayes theorem, the likelihood of the set of parameters 6*
conditioned on the results { J T,hp} is:

p (Urmp} | 67) p(67)
p(Urw)

p <9* (2.16)

Uy} =

Since the marginal likelihood of the set of output data p ({ ]T,hp}) is
a constant for any given set of output data, we can therefore design

estimation methods to estimate p (9* ’ { ]T,hp}) up to a constant

factor without the need to account for p ({ J T,hp}) directly. Finally,
we will need to treat the prior likelihood of the data p (6).

Prior model formulation

In Bayesian inference, a prior model for p(6*) is assumed; by the
Bernstein-von Mises theorem, it can be shown that as the number of
datapoints goes to infinity, the posterior estimate from a well posed 5 David A. Freedman. On the

53

likelihood and prior model p (9* ‘ { ]T,hp}) will converge towards the asymptotic behavior of Bayes’ estimates

. PSRT . . in the discret . The Annal
same result as the maximum likelihood estimator independently of in the discrete case. The Annals of

the choice of prior3. 12 1963

Mathematical Statistics, 34(4):1386-1403,
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For the problem at hand, we now discuss building a prior for 6*.
We begin with g and r; for these, by the appropriate truncation
error analysis and the central limit theorem, we can determine
theoretical asymptotic values of g and r as At — Oand T; — oo,
respectively. Of course, at finite At and T, the rates are often not
exactly the theoretical asymptotic values. From experience running
discrete simulations near asymptotic convergence, we guess g to be
approximately within bounds

1 1
Jtheory — 2 5 Jguess 5 Jtheory + 2

and similarly for r

1 1 < 1 1

TR R TS

In the forthcoming work of this chapter, we use the RK3 methods
as described in Section 1.2; thus, giheory = 3 is the derived result
for RK3 from numerical analysis, assuming that u is sufficiently
smooth. Meanwhile, 7oy = 1/2 using the asymptotic rate of

the CLT. In practice, the convergence rate of the output may vary
depending on the system and the choice of g, and r might deviate
from 1/2 if the CLT does not apply, due to uncontrolled transient
effects or insufficient Ts. We can take this qualitative description to
map to a prior distribution on g and . We want a prior distribution
that has support on the positive real numbers with a well-defined
mean and standard deviation; to achieve this, we choose a gamma
distribution and interpret the bounds on gguess and 7guess as 95%
bounds. Figure 2.1 shows the prior distributions for the present case,
a Runge-Kutta 3™-order discretization of the Lorenz system.

15— 12.5 =
10.0 =
§ 1.0 - S [
= = 75—
S 5
E S 5.0-
0.5 - -
2.5 =
0.0 - 0.0 -
| | | I I | | I
2.0 2.5 3.0 3.5 4.0 0.4 0.5 0.6
discretization convergence rate, q sampling convergence rate, 7

Figure 2.1: Prior distributions

The next prior to define is the true value of the output, which is for convergence rate variables

unknown in general. We often have some experience to estimate the
value of | which is less theoretically-based than for the rates g4 and r

in the model.
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but nonetheless gives a range of plausible values of .. As concerns
the present case, discrete traces of the Lorenz system, such as the
output trace in Figure 2.2, are prevalent in the literature. Using these

30 =

Uy

20 =

I | 1 I I 1
100 120 140 160 180 200

types of results, we can make an estimate for the output as
]guess =23+1 (2.17)

In general, outputs are real numbers, can be positive or negative,
and will have bounded statistics. Thus, we reinterpret this quantita-
tively as a 95% confidence interval on a normal random variable, and
in Figure 2.3, we can see the prior distribution that it implies.

0.4 -

0.3 =

prior p(Js)
o
[\
1

0.1-

0.0 -
I | I |
20 22 24 26

output estimate, J,

Finally, we must specify values for C; and A. Often, the goal of a
computational study of a chaotic system is not solely to consider one
particular set of parameters «, but rather over a range of possible
values. In this case, prior models for Cj and Aj can be developed
using this previous knowledge; however, even in this case making
estimates beyond order-of-magnitude estimates relies strongly on the
assumption that o will vary smoothly with a, which is not assured

Figure 2.2: Instantaneous
output trace of ¢ = up of
discrete Lorenz system with
At = 1073 RK4 discretization.

These types of prior distributions
represent the injection of the simulation
designer’s intuition. In practice, this
would look like making ballpark
estimates, like an aerodynamicist
estimating 0.05 & 0.05 for a drag
coefficient, or using a statistical analysis
on historical data to project estimates of
a wind farm’s output.

Figure 2.3: Prior distribution for
Joo estimate.
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with nonlinear dynamical systems. Conservatively, we will want

to make guesses about the maximum order of magnitude of these
quantities. In the specific case of the Lorenz system study here, we
can refer to the values of C; and Aj found in Chapter 1 and given in
Table 1.2. In order to emulate the increased uncertainty about these
values that we might expect in practice, we choose Cguess and Agyess
to have three orders of magnitude more uncertainty in the values
than we observe in the reference values, resulting in:

—1 % 10° £ Cguess S 1 x 10°

and
0 < Aguess S 2 x 10°.

In general, we now want to choose a prior distribution that has
values of about the same order of magnitude for all reasonable

C; and Aj. At the same time, the prior distributions should have
support on all possible values, in order to satisfy the Bernstein-von
Mises theorem. We can achieve this with a normal distribution

for C; and a half-normal distribution for Ag. As previously, we
translate the Cguess and Aguess Tanges into quantitative ones by
taking them as 95% confidence intervals. In Figure 2.4, we can show
these prior distributions for the example of a Runge-Kutta 3™-order
discretization of the Lorenz system. We can see that one deficiency of

%1077
0.0008 -

)

0.0006 =

T
q

0.0004 =

prior p(C

o
|
prior p(Af)

0.0002 =

0.0000 =
I I I I | | | |

1
1
-2 -1 0 L 2 0 500 1000 1500 2000

discretization coefficient, Cy  x10° sampling coefficient, A%

these choices is that Cj = Aj = 0 maximize the prior model, though
the expectation of |C;| and A are non-zero.

The prior distributions that we arrive at, then, are given by:

Cy ~ N(uc,ot),
qn~ r(“q/ ,Bq)/

Ay ~H(0%), (2.18)

r ~T(a,By), and
Joo ~ N(.u]' 0]2)1

A common alternative non-negative
distribution would be the lognormal
distribution, for example, but it is

not preferable because it implies a
preference for a particular range of
magnitudes, whereas all values below
the o parameter for a halfnormal
variable have a similar likelihood.

Figure 2.4: Prior distributions
for constant factor variables in
the model.
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The resulting prior model parameters are given in Table 2.1.

With these five distributions, p(q), p(r), p(Cy), p(Ap), and p(Je), we
can now combine them, taking each to be independent, to arrive at a
fully specified prior:

p(07) = p(Cy) p(q) p(Ag) p(r) p(Jeo)-

Taking (2.19) and substituting into (2.16), we can now write the

(2.19)

posterior distribution up to a constant factor. This allows us to
evaluate the maximum a posteriori (MAP) estimator of 0* using

an appropriate optimization method, and enables the use of Markov
Chain Monte Carlo (MCMC) methods to draw samples from the
posterior distribution.

2.2 Numerical results

Bayesian fit results

Using the numerical methods and problem setup outlined in Sec-
tion 1.2, we have collected a library of 1 x 10° samples of ]y,

at Ny = 1 x 10°. For simplicity, we validate using Mens = 1 only.
For any given sample ]¥)h p We use a choice of At() that is sampled
randomly, such that:

loglo(At) ~ U(loglo(Atmin)rloglo(Atmax))r (220)

where U the uniform distribution, and where we use Ts min = 10 and
Atmax = 3 x 1072 in order to attempt to eliminate the non-asymptotic
behavior for small Ts and large At, respectively, setting Atpin =

Ts min/ Ns. Now, we will take samples out of this library length-M
sets {J1p}, against which we calculate estimates of 0*.

Now, we will evaluate the posterior estimates of 6* and the er-

ror models that they imply. The result of the Bayesian inference
problem is not a unique single solution for the error model, but a
random variable that describes the posterior likelihood of any given
parameter set 0*. To begin, we will assess the resulting posterior
distributions by sampling to evaluate their spread. In order to sample
out of the posterior distributions, we have implemented (2.16), (2.18),
and (2.19) in the Stan language*. Stan implements Hamiltonian
Monte Carlo (HMC) using a state-of-the-art No U-Turn Sampler,
which provides samples out of the posterior distribution in compu-
tation time negligible compared to the cost generating the posterior
samples. In our work, all HMC results use H = 4 chains, each with
2S = 10 x 10° total samples, where the first S samples from each

q | r

U 3.0 0.5
o 0.25 | 0.031,25
« | 144.0 256.0
B 48.0 512.0
| G| Jw
u 0.0 | 23.0
o | 1,000,000 0.5

Ag
o | 10

Table 2.1: Parameters for prior

specification for RK3 error
model. « and § variables are
the parameters for Gamma

57

distributions,  and ¢ represent

mean and standard deviations

observed (q and r) or specified

(C, AL, Joo).

4 Stan Developer Team. Stan modeling

language users guide and reference

manual. Technical report, 2021
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chain are discarded “burn-in”, which is used in order to arrive at

the stationary distribution before sampling. This leaves H x S total

samples from the posterior.

probability density p(q

;)

probability density p
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In Figures 2.5 and 2.6, we examine histograms of each posterior pa-

rameter using the HMC samples for one dataset of random M = 100
simulations, overlaid with the prior models for each. From Figure 2.5,

we can see that the posterior estimate of the rates vary away from

the prior model rates, while the order of magnitude of uncertainties

is similar. Figure 2.6, on the other hand, shows significant decreases

in uncertainty on the wide priors for C; and A;. Last, the posterior

estimate and prior assumption for . are shown in Figure 2.7. Here,

again, significant improvement in the uncertainty around the output

estimate is demonstrated.

=2

probability density p(.J.

1250 -
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output estimate, J.
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23.52

posterior
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output estimate, J..

The above posterior estimates represent marginal distributions of a

five-dimensional posterior distribution on 6*. In general, the compo-

Figure 2.5: Comparison
between prior and posterior
distributions for rate
parameters g and r for

M = 100 3"-order Runge-Kutta
discretizations of the Lorenz
system using Ns = 1 x 10°
timesteps each.

Figure 2.6: Comparison
between prior and posterior
distributions for leading
coefficients C; and A; for

M = 100 3"¢-order Runge-Kutta
discretizations of the Lorenz
system using N; = 1 x 10°
timesteps each.

Figure 2.7: Comparison
between prior and posterior
distributions for identification
of Jo using M = 100 3™-order
Runge-Kutta discretizations
of the Lorenz system using

N; =1 x 10° timesteps each.
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nents of % on the posterior are not independent, but will have some
correlations between them. In Figure 2.8, the full five-dimensional

04 o — —— - —

{57 —200000 - - -

2 - — - - —
* O B
. it . | # |
1 1 1 1 I 1 1 1 1
0.6 - - - -
& (|- |/ .
0.5 - a - - -
T T T T T T T T T
23.56 - - - -
8 |- | » .
™ 2354 a - - .
I I 1 I I 1 I I I
NS N ¢ N
N : A o e
B q 0 ¥oov
Cx Too

distribution of 6* is visualized using cross-correlations for one
selection of M = 100 discrete results, showing the (sometimes)
complex interactions between the components of 6*.

In addition to sampling with the HMC, we also compute maximum a
posteriori (MAP) estimates, which allow us to find the most probable
0* on the full five-dimensional posterior distribution, accounting for
their inter-dependencies:

Onmar = maxlog p (9* ‘ {]T,hp})/ (2.21)

where p (9* ‘ { IT,hp}) is the posterior likelihood given in (2.16).
Like in the HMC samples, 6y, p is computed using the optimization

schemes in Stan.

Now, we want to evaluate the error models generated with the

Figure 2.8: Cross correlation
of Hamiltonian Monte Carlo
samples from posterior
distribution for M = 100
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Bayesian inference method. We use the reference fit in (1.23) and the
reference model in Table 1.2 for comparison. In Figure 2.9a, we show
the error model estimates developed by the small-sample method.
The plot shows the MAP error model and models associated with
each of 100 HMC samples from the posterior as well as the folded
error expectation given by supplying (2.13) with 6§;,p. These are
plotted with the high-cost nonlinear least squares (NLS) reference
model, eyodel ref, from Table 1.2, with which all of the error models
demonstrate strong agreement. In this plot, we see that the Bayesian
process broadly captures the behavior of the error model using this
particular M = 100 set, {Jr}. It accurately predicts where Afopt
will occur, and its guess of eqpt is off by a small factor, less than

2. To further understand the behavior of the fit, we consider the
likelihood model for the output, (2.14), from which the error model
estimates are derived, shown in Figure 2.9b. Here, the expected
output is plotted with a dark orange dashed line, and the one and
two standard deviation bounds from the likelihood model are plotted
with subsequently lighter dashed lines. We can see here that the
behavior of the output J1 ,, matches qualitatively with expectations.
When At and Ts = N;At are small, simulations vary significantly
about a nearly constant mean value, which approaches J. For large
At and T;, random variation grows small about a growing mean
offset.

We can repeat this process identically for only ten randomly drawn
simulations, with no other changes. We omit the posterior studies
this time, and the resulting error model and likelihood model are
shown in Figure 2.10. Immediately, we can see that the spread in
the sampled error models is significantly larger than in Figure 2.9.
While there is more uncertainty, we can also see that the Bayesian
informative prior approach that we’ve outlined in this work is able
to regularize the small sample inference problem such that we can
identify the error model. Moreover, we do so in a way that matches
closely with the result of the high-cost structured NLS fit from the
previous work, for at least this particular random selection of M = 10
simulations. In a Section 2.2 we will consider the behavior of this
method in expectation across many possible length-M sets {]1, }.
Before doing so, we repeat the fit process using a larger set of M =
1000 simulations. Figure 2.11 gives the results of this simulation,
which demonstrates very close agreement with the reference error
model and an even tighter spread of sampled error models.



1071

_.
3
(V)

‘J - Jref|/|Jref‘
=

relative error in output,

=
i
I

10-°

BAYESIAN SMALL SAMPLE IDENTIFICATION OF ODE ERROR MODELS

ol
[
[
i
~

simulation results, Jr pp
MAP error model
sampled error model

folded error expectation
reference error model

il

1073
timestep size, At

10—2

(a) Error model.

simulation results, Jr ),

MAP output model: expectation
MAP output model: 1o bound
MAP output model: 20 bound

Frrrn) 1 1
1073
timestep size, At

1072

(b) Output model.

Figure 2.9: Bayesian
approximation of models for
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M = 100 3"9-order Runge-Kutta

discretizations of the Lorenz
system using Ny = 1 x 10°
timesteps each.
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Figure 2.10: Bayesian
approximation of models for
M = 10 3"-order Runge-Kutta
discretizations of the Lorenz
system using N; = 1 x 10°
timesteps each.
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Performance in expectation as a function of M

In order to understand the variability of the Bayesian procedure

outlined in this section, we now perform Monte Carlo simulations for

a range of M. We will bootstrap length M sets out of the library of
simulations detailed in Section 2.2 then find the MAP estimate 0;,p
from each length-M set, {]r,,,}. This is repeated over an ensemble
of size M = 100 at each M. The presence of outliers is expected; it
is impossible to protect a priori against unrepresentative samplings,
and with M samples in each of the M Monte Carlo instances the
presence of unrepresentative sets { ]T,hp} becomes likely when M is
small. These unrepresentative samplings and the resulting outlier
fits can generally be easily identified and, in practice, handled by
user intervention. In the study in this section, any fit exhibiting g
deviating by more than 0.5 or r deviating by more than 0.125 from
the expected values or Jr ,, deviating the prior guess by more than
2.0 are omitted. This constitutes 16 of the 1700 simulations in the
forthcoming study.

We begin by evaluating how well the method estimates J., with
posterior estimates (Jo)map- Figure 2.12 shows the convergence of
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the posterior output estimate (] )pap to the reference value o
found in (1.23). From this plot, we can see that the estimator does
a good job of estimating this quantity from {/r, }, with below one

Figure 2.12: Monte Carlo
results for output estimate
(Joo )MaP- Reference value
Jref and expected statistical
convergence rate M~1/2 are
shown.
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percent error for simulations with M 2 10. Error convergence seems
to achieve the M~1/2 rate expected in the size of the data for the
Bayesian method asymptotically.

Another key result for the Bayesian method is to accurately approx-
imate Atopt, such that the (M + 1)-th simulation might be optimally
discretized, as well as eqpt, which characterizes the error achievable
at the given cost budget. In Figure 2.13, the estimates based on the
length-M {] T,hp} for the optimizer are shown for each of the M
Monte Carlo instances. This result demonstrates that the Bayesian

100 -
1078 -

1076 -

Atop

-9 _ .
10 expectation
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10712—||| 1 [ e N A N 1 [ N R | 1 1

10% -
10° -

1073 =
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10_12—|1| 1 [ N R | 1 [ R | 1 1
10° 10! 102
simulations used to generate posterior estimate, M

small sample method, even with as few as ten simulations with
randomized At can fairly accurately estimate the error and find the
optimizer with small M. As a final measure of this ability, we can
take the Afopt Map using each 6y,p in the Monte Carlo simulation
and compare the reference error model ref against the optimal error
from the reference model eqpyref- A plot of this excess error factor
with probability density estimates is given in Figure 2.14. This result
shows that the Bayesian error model, using only randomized At
selection, can reliably identify near-optimal choices of At using a
small number of simulations.

Figure 2.13: Monte Carlo
results for optimizer and
optimum of asymptotic model
at Ny =1 x 10°.
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2.3 Conclusions and future work

In this chapter, we have shown that models to describe the error

in discrete approximations Jr s, of an infinite-time mean output
quantity J. from a chaotic, ergodic system can be described in a way
that is compatible with a Bayesian formulation. Using this Bayesian
method, we show that it is possible to meaningfully estimate the
error behavior, even with a small number of samples.

Having shown here that it is possible to generate approximate error
models using a small-sample approach, now want to show in Chap-
ter 3 that such an approach can be generalized to the case of ergodic,
chaotic PDEs, where discretization effects from both temporal and
spatial discretizations are present. From there, the keystone of the
work will be to leverage the small sample approximation capability
developed here while simulating a dynamical system. In general,
we want to expend a computational budget to arrive at the best
possible estimate given that budget of a quantity of interest like Joo.
Leveraging small-sample estimation capability to do so will be the
concern of Chapter 4.

Figure 2.14: Monte Carlo
results for excess error factor
of asymptotic model at

N; = 1 x 10°. Orange regions
give density estimates.
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Error behavior and identification
for ergodic chaotic partial
differential equations

You can watch the tape,
You can try to hit your spots,
But don’t do it for anything but
the love of movement and location,
Or the battle is lost.

—Punch Brothers, "Movement & Location"
Who's Feeling Young Now?

SO FAR WE HAVE DEMONSTRATED that the initial transient behavior
and the behavior on the attractor can be quantified for a chaotic,
ergodic ODE. In this chapter, we will attempt to extend the error
modeling and identification framework in Chapters 1 and 2 for
chaotic partial differential equation (PDE) problems.

For PDEs, solution requires the discretization of both space and time.

Many options for discretization exist, including prominently finite
difference, finite volume, and finite element methods. All three
remain common in industrial use, with benefits and costs for each.
In this work, we will concentrate on the finite element method for
spatial discretization combined with an implicit time integrator that
uses a method of lines approach.

The use of provably stable FEM methods and implicit timestepping

67

While we opt to use a method of lines
temporal discretization with FEM
spatial discretization here, the approach
in this chapter can readily be extended
to other discretization schemes,
including space-time discretizations.
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removes stability requirements that are common for other choices

of schemes. Using the finite element approach on grids of elements
with some characteristic size Ax, coupled with stable implicit time-
marching methods that march timesteps separated by some At,
allows choices about Ax and At to be primarily based on error
considerations. In this chapter we will develop an error model to
understand and control these errors in the setting of chaotic systems.

3.1 Error modeling

In order to efficiently estimate quantities of interest from spatio-
temporally chaotic dynamical systems, we want to be able to control
the various forms of error that enter into the result of a given simu-
lation. We break the error induced by simulation into two separate
categories. The first category, as previously, are the statistical errors,
composed of spin-up error and sampling error. The second category,
discretization errors, now includes contributions from the spatial
discretization as well as the time-stepping/temporal advancement
scheme. In this section, we will attempt to quantify each of these for
PDEs.

Cost & error on the attractor
Consider a spatio-temporal dynamical system given by a PDE:

ou(x,t) = f(u; X, t), (3.1)
ot

with an initial condition given by u(¥,0) = ujc(X), where u is the
state of the system in IR”, and f is a nonlinear spatial differential op-
erator, ¥ € R%, and t € R; d gives the number of spatial dimensions
in the problem and n gives the number of states. In this work, we
will first approximate the spatial system by an appropriate spatial
discretization method, such that we formulate a problem of the form:

duhaiix(t) = fpp, (Wnyp,i t), (3:2)
where uy,,, represents the solution of ordinary differential equation
(ODE) system with Npop , degrees of freedom that results from the
discrete spatial system characterized by a discretization scale iy = Ax
and approximating order py, which we will define more explicitly
later. Once we have this semi-discrete ODE form, we can then apply
a method of lines discretization in time which can be characterized
by a temporal scale h; = At and approximation order p;.

As with ODE problems, we are frequently interested in estimating
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the mean value of output quantities of interest:

) 1 to+T .
Joo = lim — g(u(¥, 1)) dt, (3-3)

T—oo T to
where g is an instantaneous output functional of interest. Analo-
gously, we approximate this value by a discrete approximation:

1 ) o
Jrny = ilig*“gwuhp(x,t)) dt, (3.4)

where h = (hy, ) and p = (py, pt) are multi-indices, and uhp(ic',t)
represents the discrete solution function, which in general can be
interpolated onto (¥,t) but in practice will be evaluated at discrete
points ¥ and t in space and time. As in Chapter 1, the integral is
approximated discretely, and we assume that the effect of numerical
integration of the output quantity is designed to be dominated by the
discrete error effects.

Consider the case where tj is very large, and ug has effectively
converged onto the attractor. In this case, transient errors will be
negligible and the remaining errors will be due to sampling and the
spatial and temporal discretizations. We define the error induced by
such a discrete estimate as er

eThp = ]T,hp — Jeo (3:5)

Using an intermediate value

1 rto+Ts .
]T = Ts/to g(u(x,t)) dtr (36)

we can write, equivalently:

ety = Urpp —J1) + (U1 — Joo) - (37)
—_—— ———
ehp er

We can rewrite this term, breaking the discretization error into the
sum of two components:

eT,hp = Chp,x + Chp,t “+er, (3:8)
———
ehp
where ey, , gives the spatial discretization error, ey, ; gives the tem-
poral discretization error, and et gives the sampling error. Taking

the absolute value, then using the triangle inequality and expectation
function, we can write:

Eller,upl] < Ellenp,x[] + Elleny,[] + Eller|], (3-9)

69
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where expectations are taken on the stationary distribution of the
attractor. Following Chapter 1, we can use the central limit theorem
(CLT) assuming satisfactorily strong mixing properties are present in
the state of the dynamical system* such that (1.16) applies:

A _
Eller|] ~ \/TLTS " (1.16)
ens

Following Chapter 1, we can treat the temporal discretization error as
in (1.19), assuming a form:
]EHehp,tH ~ By, At', (3.10)

with a positive parameter By,. This leaves the new spatial discretiza-
tion term, for which we will assume a form:

Ellenp,| ] = Cp Ax, (3.11)

with Cp,, a leading constant positive coefficient and g, the relevant
convergence order of the spatial discretization scheme.

Taking these three component models together, such that

IE‘HeT,th < emodels (3-12)
we can write:

€model = emodel(Ax/ At, Ts; Mens, 9)

= Cp, AxT + By, At + AT, 613
ens
where
0 = {qx,9t,7,Cp,, Bp,, Ao} (3-14)
gives the vector of relevant parameters.
Consider a budget & = Ngjem Ns of “total elements computed” in

a time-stepping scheme for sampling (i.e. starting on the attractor).
Using &, we can constrain T given Ax and At, since Ngjeyy = L/Ax
and NS - Ts /At

&
Ts; = foAt. (3.15)
This allows us to insert (3.15) into (3.13). The result is minimized at:
_ qet+r r Q
Axopt =gy Gxqr+gxr+qer qtflxﬂt+ﬂx7+qt’rm
_ 9+ r 9t
C,, T taxr Tt p axqetaxrtap AgX’itWﬂWH (3.16)
Px pt

9t
- qer
2(qxq+9xr+q47) -
Mens (E/L) Tutaxrsar

* Denker, 1989; and Bradley, 2005
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r _ gx+r gx
Ntopt = g1 g, PR g o

r _ qx+r qx
ngfhﬂxrﬂt’ BPt IxqHqxr+qer Aélxqtﬂxrﬂlt’ (3.17)

qx

- X qxr
2 +qxr+qpr Y TR A
Mens(‘“‘” axrat7) (Es/ L) mataxrtar

and
____a _ ax+at 10
T, opt = fx qxqtﬁx”rwqt TxGEFAxTHUT 4 g
,
_ qt _ qx qx+q¢ 8
Cp qxqr+qxr+qsr Bp qxqp+qxr+qsr Agwﬁ%’ﬂﬂ (3.18)
x t
o qxtqr x4 ) 6
Mené(ﬂxflﬂrqxrwtr) (SS/L) At = \
at which the error is given by:
2
__ qxqptgxr __ qxqitqer qxrqpr
+qxr+ B e Wi o A
Copt = (Gt + qut + qer)gy "I g PO gt
qtr qxr qxq¢
C;thﬂxrﬂtr Bgi‘qt+q"'+w Agwﬁwwn (3.19)

~ T i ) axqyr
Txq+qaxr+apr — Trarfaxrrar
Mens (gs/L) Peqrtaxrtar

Thus we arrive at the best-possible error in expectation given a Figure 3.1: Consolidated

sampling budget &;. product of terms in (3.19)
exclusively composed of gy,

It is worth noting that the constant terms in the first line in (3.19) are qgt, and r, assuming r = 1/2.

equivalent to:

___r r Gx W r qt qxwlzlfcrw
((&)’it (ﬂ)qx)qxflﬁqqun + <<¢]x> (r> > + <<qt> <1’> > ,
r r qt qt qx qx

which is slightly more insightful; this term can be shown to be
bounded between 1 and g for ¥ = 1/2, and gx = q; = q. Values of
this term can be seen in Figure 3.1.

Spin-up cost & error models

We now attempt to understand total cost and error of such a sim-
ulation including the pre-sampling cost and the spin-up error. In
Section 1.5, we developed a model for the spin-up error for an ODE,
which we will now use for the spatially discretized system given

in (3.2). Specifically, we assume that the output behavior can be
described by:

g(u(F, 1)) — g(uA(F 1)) ~ A, p(—g) (3.20)
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Here, A, represents the t = 0 displacement of the mean value of g(u)

from g(u”), and T) represents the characteristic decay time of the

A subtlety here is that, for an PDE
system reduced to a large-degree-of-
freedom ODE system, the likelihood

deviation in g.

We can now integrate (1.52) from fg to to + Ts to get e;: of having complex, multi-modal
decay is high, and this method might
AT, to more appropriately understood to
er = T exp| — T, | (3-21) describe the decay of the dominant
s A CLV mode. The true nature of this
Thus, the total errors can be described by decay is generally obscured by the
output functional g, however, and for
eThp = Chpy + Enpy + €0 + e (3.22) simplicity and ease of interpretation we

assume one dominant modal behavior.
Taking the absolute value, using the triangle inequality, and leverag-
ing linearity of expectations, we find:

]EHET,th < ]EHehp,x

where the appropriate expectations are taken on the initial conditions

]+E[|ehp,t

|+ Elleal] + Efler]],  (3.23)

or on the attractor for each term. Using the models given in (1.16),
(3.10), (3.11), and (1.52) we arrive at an error model that includes the
effect of spin-up:

€model = emodel(Ax/ At, to, Ts; Mens, 0, l,b)

Ay Ty to (3-24)
= Cy AxT + B, AtT + T, "+ |A)| = ex ()
q qt \/m s | /\| T, p T/\

Consider now total cost, including the spin-up time ty, in terms of
the total number of elements on which a solution is computed over

all the timesteps. In this case, a total computed element budget will
This is a model for the error that is

consist of spin-up as well as sampling costs:
p p ping effective in particular for discontinuous

_ _ Galerkin discretizations, but may be
& = NelemN t = Nelem(NO + Ns ) : (3 25 ) less so for other types of discretizations.

We can compute the sampling time:

&
T, = foAt —to, (3.26)
and inserting into (3.24) gives:

€model = emodel(Ax/ At, to; €, Mens, 0, I,L’)

= C, AXT* + By, AT + Ao (Etpiar s -
o " 0 (327)

ens

which is a model for the error as a function of Ax, At, and ty: the
three free choices in a given simulation for a given total elemental
budget &;.
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3.2 Output likelihood modeling for small-sample estimation

In practice, we will not have a priori access to the set of sampling
error model parameters, 8, nor the transient model ¢, and least of all
the true output Jo, which we take as the primary aim of simulation.
In (3.20), we described the transient behavior as a property of the
instantaneous output quantity of interest. We will show in Section 3.4
a fitting procedure can identify ¢ using the output trace of a given
simulation. In this section, we will develop a modeling approach

that can allow us to make posterior estimates of § and ], at low cost,
allowing for the complete estimation of the cost-error relationship on
reasonable computational budgets.

In order to identify 6, we revisit the assumptions used to generate the
sampling error model. We start with the definitions in (3.8). We can
combine (3.5) and (3.8) to find:

]T,hp = Joo + ehp,x + ehp,t +er (3‘28)

We follow Chapter 2, incorporating spatial discretization effects. This
results in discretization error models:
enpx ~ Cp AxT (3.29)
enpt = B, AtT, (3-30)
with C;x € R and B;‘,t € R (as we are modeling ey, , and ey, s
as opposed to |ep, | and ey, ;| and the constants are no longer
required to be positive). Taking (3.29), (3.30), and (2.7) and inserting

into (3.28), we arrive at a random variable form for the output of a
given simulation:

Jrhp =N (]oo +Cp, Ax™ + B, At?, (AST;’)Z) . (3.31)
This allows us to describe the error of interest in expectation as well:

Ellernp|] = E[|J1hp — Jool ]
= E ||V (Cj, 895 + B At (43T

< [Cp %% + B, M| +E |V (0, (45777 (3:32)

2
< [Cp, | AxT 4 By [ A#! 44| — AT,

where we have applied the assumption that the discretization errors
have a deterministic effect alongside the triangle inequality and the
expectation of a half-normal variable. This allows the insight that our
likelihood-based model arrives at a form that is equivalent to (3.13),

73
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under the transformation:

2
Cpe = |G, Bp, = |By,| Ag = \/;AE. (3-33)
Thus, if we can make an estimate to the parameters

0" = {Cp 10, Byt A1 5 (3.34)

we can translate this result into an estimate of 8 and (3.13) via the
parameter mapping in (3.33).

We can now use (3.31) to write the probability of any given series of
output results:

o ([ i i 437) -
Nsamp

[T N (i Joo + Cp 0% + By, M7, (A3T7)?), - (3:35)
i=1

since any two output averages are independently generated. In this
work, we will assume that py, p;, and r satisfy the theoretical rates.
Thus, using Bayes rule, we can write:

p (F G By 3 | {115, )
P ({]l(}r)hp} ‘ Jeos C;x’B;t’Aé) P (]oo, C;xr B;t, AS) . (3-36)

The implication of this statement is that, with a set of results { ](Ti )hp}

and a prior model p ( Joo, C;;X, . *), we can create an estimate for

pr <20
the model parameters oo, C;;x, B;w and Aj.

We now generate a prior model. For J., we generally have an intu-
ition for a quantity of interest; while we don’t know exactly what we
expect [« to be, we can guess a plausible range. In this case, we can
make a guess that the average value of ¢ = [, u?(%,t) dQ is about
100 £ 50. We can codify this by a normal distribution:

pUe) =N (11, 07) (3:37)

with p; = 100 and o7 = 25. This distribution can be seen in Fig-
ure 3.2.

On the other hand, we want to assume that variables C;‘,x, B;‘,t, and A
are unknown, at least up to a order of magnitude. To achieve this, we
use a large variance, zero-mean normal distribution for Cp, and By, :

p(Cp) =N (0.02) (3:38)

3

= 0.015 -

IS8

o

= 0.010 -

2

S 0.005 =

-2 0.000 - i i i

- 50 100 150
Jo

Figure 3.2: Prior distribution for

Joo-

In the case of this work, this guess

is generated from knowledge of pre-
requisite results generated in the
process of the research. In general,
these types of estimates can be made
by literature study (e.g. Blonigan and
Wang [2014] for the modified KSE used
here), extrapolation of empirical results,
or low-fidelity models.
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and
p (Bm) =N (QU%) ’

with ¢ = op = 10°. This distribution can be seen in Figure 3.3,
and we note that there is a non-negligible probability associated with

(3-39)

magnitudes of C,, and By, up to 10°.
For Ajj, which is non-negative, we use a halfnormal distribution:

p(45) =4 (dF) (3.40)

with o4 = 100. This distribution can be seen visualized in Figure 3.4.

These values are chosen to have orders of magnitude significantly
larger- by at least two orders of magnitude- of the values we found
at high cost in Table 3.5. Taking these four variables as independent,
results in a prior model:

P (Joor Gy By A43) = p U) P (Cp ) P (By ) P (A5)- (3a)

Thus, (3.36) can be fully specified, and Bayesian posterior estimates
can be made of the model parameters |, C;x, B;t, and Aj.

3.3 Kuramoto-Sivashinsky equation

In order to evaluate the models proposed in this work, we will solve
the Kuramoto-Sivashinsky equation (KSE) with convection, given by:

a—u+(c+au)-Vu+‘BV2u+7V4u:O in Q
ot (3-42)

u=Vu-Aa=0 on 00}

withe = 1.6, = 1,8 = 1,y = 1. The boundary conditions in
(3.42) are clamped-plate BCs and are necessary for realizing a chaotic
solutions. In this work, we will used a one-dimensional (d = 1)
domain Q) from x = 0tox = L with L = 128, for which the KSE

is known to be chaotic with this set of parameters. The Kuramoto-
Sivashinsky equation describes a variety of physical processes, with
its first derivation for use in describing flame front propagation®. As
a numerical model, the Kuramoto-Sivashinsky equation is notable as
a simple problem which exhibits multi-scale spatiotemporal chaos,
and for this reason is commonly used as a test problem for research
in chaotic dynamical systems3.

In Figures 3.5 and 3.6, we show two sample solutions of the Kuramoto-
Sivashinsky equation. Figure 3.5 shows the behavior from t = 0 to

x 106

- 4 -

z =
T8 2-

8

PR
R

3

0= i I
—250000 0 250000
C;I & B;t

Figure 3.3: Prior distribution for
Cp, and By,

0.0075 =
0.0050 =

0.0025 =

prior probability, p(A)

0.0000 = |

Figure 3.4: Prior distribution for
Aj.
0

2 Yoshiki Kuramoto. Diffusion-induced
chaos in reaction systems. Progress

of Theoretical Physics Supplement, 64:
346-367, 02 1978; and Gregory L.
Sivashinsky. Nonlinear analysis of
hydrodynamic instability in laminar
flames— I. derivation of basic equations.
Acta Astronautica, 4(11):1177-1206, 1977

3 Blonigan and Wang, 2014; and Johan
Larsson. Grid-adaptation for chaotic
multi-scale simulations as a verification-
driven inverse problem. In AIAA
Aerospace Sciences Meeting, 2018
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Figure 3.5: Solution of modified
Kuramoto-Sivashinsky equation
with 0 <t < 100.

solution value, u(z, t)

-2 Figure 3.6: Solution of modified
Kuramoto-Sivashinsky equation

1075 with 1000 < t < 1100.

1050

time, ¢
solution value, u(z,t)

1025

spatial location, x

t = 100, as the KSE develops after being initialized at t = 0 with a
Gaussian initial condition given by:

_ 2
uic(x) = exp < <XTI3:£2) ) : (343)

On the other hand, Figure 3.6 gives the behavior from ¢t = 1000 to
t = 1100, which is more characteristic of the statistically stationary
behavior. The resulting solutions demonstrate spatial development
of the linear instabilities as the solution is convected by ¢ from left-
to-right. These instabilities result in aperiodic and unpredictable
coherent structures in the region with x 2 64 which result in
consistent and stationary mean behavior over long times.

In Figure 3.7, the instantaneous energy output functional of the
system,

g(u(x,t)) = /Quz(ic',t) dQ, (3-44)

is shown, with the sampling periods from Figure 3.5 and Figure 3.6
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both shown. In this plot, the emergence of statistically stationary

)
—

8
I

©
S
|

60 —

0<t<100
20 = 1000 <t <1100
unsampled

output value, g = [, u*(z,1

| 1 | ] 1 |
0 200 400 600 300 1000
time, t

behavior can be seen, along with evident spin-up transient behavior,
which are of critical interest for making accurate estimates of long-
term averages.

Discretization method

In this work, we will solve the spatial behavior of the KSE using a
new discontinuous Galerkin (DG) scheme that extends the second
method of Bassi and Rebay4 (DGBR2) to fourth-order operators
solved with a Ciarlet-Raviart auxiliary-variable form5. We will refer
to this scheme as a “DGBRy” discretization. The DGBR4 scheme
gives a finite element solution of the spatial physics with order py
polynomial solutions on the elements. The resulting semi-discrete
differential-algebraic form is then discretized in time by a DIRK-DAE
scheme that advances the state with a valid approximation of the
auxiliary variable. Complete details on the scheme can be found in
Appendix B.

The classic analysis for DG schemes®

results in global error conver-
gence rates for non-chaotic problems that scale as AxP**1. Accord-
ingly, we will assume that the output functional g is bounded and
thus that gy = px + 1. The temporal discretization error convergence

rate for the RK scheme is expected to be q; = p;.

Initial conditions for the forthcoming Kuramoto-Sivashinsky simu-
lations in this work use a randomly-perturbed initial condition, in
which each degree of freedom is chosen from a zero-mean random
variable with a standard deviation given by €, with € = 107° every-
where.

Figure 3.7: Output trace
of modified Kuramoto-
Sivashinsky equation.

+F. Bassi and S. Rebay. A high-order
accurate discontinuous finite element
method for the numerical solution

of the compressible Navier-Stokes
equations. Journal of Computational
Physics, 131(2):267-279, 1997

5 Philippe G. Ciarlet and Pierre-Arnaud
Raviart. A mixed finite element method
for the biharmonic equation. In Carl
de Boor, editor, Mathematical Aspects

of Finite Elements in Partial Differential
Equations, pages 125-145. Academic
Press, 1974

¢ Cockburn et al., 2000

In addition to global error convergence
rates, superconvergent rates in output
functionals have been shown to exist
when PDEs are discretized in an adjoint
consistent and fully variational manner
[Pierce and Giles, 2000]. This type of
discretization is outside the scope of
this work, but this framework can be
extended to investigate the effect of
superconvergent methods for chaotic
systems.
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Computational cost

We now seek to quantify the computational cost of generating any
given solution of the Kuramoto-Sivashinsky equation using the
DGBR4/DIRK-DAE scheme. We start by noting that the spatial
DGBR4 scheme for the 1D Kuramoto-Sivashinsky equation lin-
earizes to a block triangular system. Thus, the spatial system can

be solved with a block Thomas algorithm to handle inter-element
interactions, with Gaussian elimination on element-wise blocks for
the intra-element interactions. We assume that the cost of solving the
spatial nonlinear system on average is well approximated by some
constant times the cost of the inversion of the linearized system. Each
nonlinear solve of the spatial system happens within the implicit
Runge-Kutta scheme. For the DIRK-DAE schemes used in this work,
each timestep will require p; inversions of the spatial system to
advance the primary state, as well as one additional final inversion
that advances the auxiliary state. Combining these assumptions, the
cost of the scheme is expected to scale with

Ci = [(px+1)*Netem] [(pt+ DN}
cost of linear solve timestepping cost (3'45)

= CpxptNelemNt = Cpxpfgt/

and thus the cost of this scheme will scale with the total number of
elements computed, & = Negjem Ni, where

Coupr = (px + 1) (pr +1) (3-46)

is a discretization-dependent constant. Experiments validating this
cost model can be found in Appendix C.

3.4 Numerical experiments

We will now perform a series of computations to show that the
(3.13), (3.27), and (3.35) have explanatory value for simulations of
the Kuramoto-Sivashinsky equation.

Reference estimate of Joo

We start by making a reference approximation [ & J that can
be used in turn to generate approximations of the error. In order
to estimate this value, we must assume a value for the spin-up
time, fo. We set the spin-up time to t; = 1.71 x 10%, then simulate
for another Ts = 29,965 using Ns = 1,004,214 timesteps, such that
At 22 2.98 x 1072, The same timestep is used for the spin-up time.
The physical domain is discretized using Ny = 1297 equispaced

We note that this advancement scheme
is likely not the most efficient approach
possible for this type of system.
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elements over the domain ). These parameters are used with the
px = 2 DG scheme and the 3'-order Runge-Kutta scheme. We
generate an ensemble of Mens = 82 instances to estimate the true
value.

The result of this simulation is an estimate of the output of interest,
which in this work will everywhere be the energy of the KSE system
given in (3.44). This gives an estimate of Joo:

Jref = 118.44 £ 0.05, (3-47)

with the standard error given based on the ensemble estimate.

Error model reference values

We now simulate the KSE over a grid of choices of Ax, At, and Ts in
order to identify 6 and 6*. In order to ensure fitting of the asymptotic
behavior, we have observed approximate limits of the asymptotic
convergence region, given in Table 3.1. Given these maximum values,

AXmax | 0.24 AXmax | 1.00
I\ 0.50 At 0.24 Table 3.1: Observed limits of
max . max .
Ty i 10 T. . 10 asymptotic convergence.
s, min s, min
(a) px = 1 DG, RK2 (b) px = 2 DG, RK3

we simulate on a grid of Ax and At values that span one order of
magnitude, setting T at each (Ax, At) pair under the constraint in
(3.15) at a fixed Cs = 107, where C; is defined analogously to C; over
the N; timesteps used for sampling (rather than the total number of
timesteps N;). All simulations are run with {y = 12,000; as Ax and

At get smaller, the number of spin-up timesteps grows at a high rate.
At each (Ax, At) point, we run 100 simulations with the zero-mean
randomly-perturbed initial condition. Using the estimates Jr , and
the reference estimate of J¢ from (3.47), we approximate E||er,|] by
the Monte Carlo method.

*
pe’
By,, and Ap). In order to generate reference values for these, (3.35)

Next, we seek reference values of C;;X, Bj,, and Aj (and, in turn, Cp,,

can rearranged such that e j,;, is given by a normal variable with
discretization-dependent mean

uy(Ax, At) = C, Ax¥* + B, At (3-48)

and a standard deviation that varies as A; T;l/ 2 (in the limit as r —
1/2). Since we know the standard deviation is T; /2 under the CLT
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up to a constant, we use a weighted nonlinear least squares fit to find
Cp, and By, from (3.48). Next, we use the quantity

€T hp — H]
VT

to identify Aj, since this quantity should be a zero-mean normal
distribution with standard deviation Aj. On the top plots of Fig-
ures 3.8 and 3.9, e, is shown with the respective discretization
error behavior. The lower left plots show the corrected error quantity
(e,np — p7) and two standard deviations about zero, which show
some pre-convergent’” behavior under the CLT for T; < 50, which
we exclude from the fits for that reason. In the bottom left plot,
we show the distribution of the non-dimensional error quantity for
T; < 50, overlaid with a Gaussian function having the same standard

deviation.
60 — 60 —
40 - 40 -
< 20— < 20 -
| |
- :
5 5
920 - 90 -
—40 - —40
1 1 1 I A | | 1 1 I A | | 1 1 1 1
101 101
Ax At
~ - 0.006 —
3 -
e 4 —_
5 - 3 0.005
2 Sl 0.004 -
22
| _ 5
o 0 % 0.003 -
= :
| 20— £ 0.002-
£ 2 0.001 -
740 - 1 1 i || 1 1 1 0-000 - I | I
102 ~9200 0 200
T, JIT,hp—Jret —p7 (Az,At)

12

Because we expect the variation to be a property of the physical
system, independent of the discretization, we can also directly
compare the non-dimensionalized error quantity between the two
discretizations, allowing a combined estimate of Aj and the his-
togram in Figure 3.10.

71t is very possible that the observed
pre-convergent behavior in T; is due to
insufficient spin-up at fo = 12,000.

C;, | 480418
qx 2

By, | —47.541
qt 2

Ay | 71571
r 1/2

Table 3.2: Result of 6* fit for
discrete estimates of mean KSE
energy output using px = 1 DG,
RK2 discretization.

Figure 3.8: Error behavior and
reference fits for likelihood
model parameters for

px = 1, RK2 simulation of

KSE energy. Fits and histogram
for Ty < 50.

C;. | 15640
qx 3

B;‘,t —749.493
qt 3

A5 | 63983
r 1/2

Table 3.3: Result of 6* fit for
discrete estimates of mean KSE
energy output using px = 2 DG,
RK3 discretization.
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40 — 40— Figure 3.9: Error behavior and
reference fits for likelihood
5 90— s 90— model parameters for
~ ~ . .
| | px = 2, RK3 simulation of
£ 0- £ 0- KSE energy. Fits and histogram
5 <
for T; < 50.
—20 - —20 -
—40_|| 1 1 [ R R | —40 - [ | 1
107! 100 107!
Az At
3 7 0.006 -
g 20— 4
4 &
< 2 0004
T U -
< 5
I & -
|20~ £ 0.002
@ S
T R RN 0.000 = 4 | [ A* | 69.342
102 ~200 0 200 el
T, I hp —Jret —pg (Az,At)

12

Table 3.4: Combined statistical
fit for discrete estimates of
mean KSE energy output.

The resulting reference values for 8* can be found in Tables 3.2, 3.3,
and 3.4. In addition to 60, we can also use (3.33) to compute the
implied values of 6, which we give in Table 3.5.

Cp, | 480.418 Cp, | 15.640
q 2 q 3 Table 3.5: Estimates of 0 to
X X
B 47541 B 749.493 characterize error model for
q’:t 5 qr;t 3 discrete estimates of mean KSE
Ay | 57.105 Ao | 51.051 energy output.
r 1/2 r 1/2

(@) px =1 DG, RK2 (b) px = 2 DG, RK3
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0.006 — Figure 3.10: Reference fit for
likelihood model parameter A;
_—_0.005 - from combined p, = 1, RK2
4 and p, = 2, RK3 discretizations
d) 0.004 - of KSE energy. Fits and
T;L, histogram for Ts < 50.
TL” 0.003 =
g
~— 0.002 -
ISH
0.001 =
0.000 = \

1 | 1 | ]
—200 —100 0 100 200 300
J1,hp —Jret —prg (Ax,At)

172

Spin-up model fitting

Having identified a model for the behavior of the error on the at-
tractor, we now must characterize the spin-up transient in order to
completely understand the relationship between cost and error. For a
reference value of the underlying spin-up behavior, we will study the
outputs of the reference cases used to generate (3.47). Our goal is to
identify ¢ for the transient behavior.

We follow the procedure outlined in Section 1.5, computing the
likelihood of the output trace using (1.59) and using the priors in
(1.60). We use different hyperparameters for the T, prior, specialized
for the KSE traces we observe here:

(ar,Br) <= (ur = 1000.0, 07 = 500.0) .

In Figure 3.11 we show a sample of the fit for g(t) = [ u*(%,t) dQ
with the p; = 2, RK3 solution. The result of this approximation is an
estimate

¥* = (Th, Ay) ~ (1730, —48.5), (3-49)

from which values for i can be derived. We can repeat this process
across the ensemble used to generate (3.47), and in Figure 3.12, we
show a histogram of the results for the entire ensemble used for the
reference estimate. There results suggest that a conservative estimate
for the transient decay model for the KSE energy output with the
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Figure 3.11: Sample trace

160 — of reference KSE energy

5 . Y e output (g(u(t)) = [ u® dQ)
2140 - ll il l [ '
B ‘ with trans1ent model fit.
2 120 - ‘ Results: (Joo)est = 117.72,
5 100 — / | | h J H \ ‘ Ogest = 14.900, T) o5t = 1583.24,
g . =l . LULRE 1. . A)Lest = —59614 .
S 8- /
] /
2 60-||f — g(ul®)
E ( ~~~ mean estimate
40— —= 95% bound
(I] 10(;00 20(|)00 30600 40(|]00
time, ¢
g =
< 2 10.0 =
= 10 - -
w0 w0
g R
= =
ER = 5.0-
g g
wn wn
3 I| I 3 N III I| |
+ | lll 1| o = 1 ||||||||
0 [ | | | | 0.0
40 50 70 80 1500 1750 2000 2250
| Ax] T
@) [Ax] () Ta
o . Figure 3.12: Histograms of
fuzz initial condition: transient model fits of ¢ using
reference ensemble.
Pres = (Ta,|Aa]) =~ (2000,60), (3-50)

which we will use to characterize the spin-up transient for the
purposes of error modeling.

Taken in sum, this section demonstrates that with the use of a Bayesian
method we can make an estimate of the dominant exponential
convergence behavior in any given ergodic trace of the Kuramoto-
Sivashinsky system without strong a priori knowledge. This means,

in turn, that we should be able to relate any choice of ty and Ts to an
estimate of the error incurred by the transient convergence process
using (1.52).
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3.5 Optimal simulation including spin-up

Now that we have characterized the discretization, sampling, and
transient errors associated with simulations of a given PDE output,
we explore simulation optimality as a function of computational cost.
Consider a simulation with a budget of NyN; = 1012 total computed
elements. We can begin by studying the effect of the choice of Ax
and At in terms of the error under (3.27) with the estimates of ¢
given in (3.50) and 6 in Table 3.5. At each (Ax, At), we compute the
optimal spin-up time by mimimizing (3.27) under the realizability
constraint T > ty. In Figure 3.13, the error under the model is shown
with an optimum value for the p, = 1 DG/RK2 with Meps = 1 and
Mens = 64. In Figure 3.14, an equivalent plot is shown for the py = 2
DG/RK3 case.

We observe that, as expected, the error models have clear and evident
optima. Moving diagonally from top-right to bottom-left, we vary the
total simulation time available under the budgets. We can see from
the overlaid fy contours that the spin-up time is significant in the
top-right region, where total simulation time is least constrained by
the budget. As noted in Chapter 1, there are two modes for reduction
of the spin-up errors: increasing Ts to reduce the spin-up error as

T; !, or increasing t, to decrease this error exponentially. Because

the available T = ty 4 T; is set by Ax and At under the budget,

when Ax and At are small, T must also be small. In this case, it
becomes advantageous to use less ¢y in order to use the available

T for sampling, which mutually controls the sampling error as well
as the spin-up error.

Next, we consider the behavior of the optimizer as a function of
computational cost. In Figure 3.15, we can see the convergence
behavior for the two choices of discretization used here. From these
plots, computed at equivalent budgets according to (3.45), we see two
dominant convergence regions emerge, in which

€opt ™~ Cf‘ (3-51)

When the budget C; is large, the convergence behavior is dominated
by the sampling behavior and

3 Gxqer
Gxqt + a7 + 7

dominates. On the other hand, in the limit of small budgets, the
transient resolution becomes a restricting factor. In this region, spin-
up costs are the dominant factor, and they are optimally controlled
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by Ts. Thus, in this region,

gx | 9t | Xsampling | @spinup
wm 2|3 | s | o
9xqt+ qx+ 4t 4| 4| —2/5 | —2/3
dominates as long as the discretization errors remain asymptotic. 2 2 :g;g :gZ
This is the value shown in the left-hand-side theory totems in Fig- . .
ure 3.15. o || —1/2 .
In Table 3.6, we show these theoretical cost-error rates for discretiza- Table 3.6: Total error
tions with g, = g;. As seen for ODEs in Section 1.2, the optimal convergence rates as a function
rates achievable with a higher-order method on a chaotic system of design order under the
are limited by the central limit theorem. Meanwhile, for problems model.

with significant spin-up transient costs, the rate for small budgets is
limited by T; . Finally, we note that it appears the high-order rates
can be recovered in the intermediate region between statistically
dominated rates, between 107 and 10° cost units in Figure 3.15. It is
possible that for some problems these properties might open up a
significant region with high-order convergence with respect to C, but
it is certainly has an insignificant impact in this setting.

3.6 Small-sample model identification

In order to demonstrate and validate the Bayesian procedure, we
will now perform small-sample fits. To do so, a database of 1, is
generated. We generate random choices of Ax and At subject to a
sampling budget of Cs = 107, by choosing Ax and At sampled from a
loguniform distribution such that:

log,, Ax ~ U(logyy Axmax — 1,101 AXmax)
log;, At ~ U(logyy Atmax — 1,108 Atmax)

then T; is set by the budget, as in (3.15). The maximum values of
Ax and At are set using the limits in Table 3.1. Sampled triples for
which T is greater than the minimum for convergence are rejected;
moreover, the system is spun up for t5 = 12,000 and samples for
which the total cost C > 10'° are also rejected. The errors with
respect to Jef in the resulting set of simulations for p, = 1, RK2
simulation— on which we will concentrate in this section— can be
found in Figure 3.16.

For each forthcoming Bayesian fit, we will bootstrap a length-M sets
of simulation results, {]r,,,}, out of the database. Then, {Jr,},
(3-35), (3-36), and (3.41) are used to compute the MAP estimate 6;,p
as well as an estimate of fyap and the error models using (3.33).

In Figure 3.17, the first such Bayesian fit is shown, with M = 1000



timestep size, At

timestep, At

b

ERROR BEHAVIOR AND IDENTIFICATION FOR ERGODIC CHAOTIC PDES 89

.8

R PR P T SR RO IR Oy
60 o deg o l.“‘i, e 9 W 0oo o> otrhi I
ol s MY ":r&'-f#} ‘g, 51

B L St £y AL TP
ARG A

element size, Az

¢ est. points

_: est. model

- truth model

~N NS < \\\— _90 H (\(.Q/
1 1 |

1
101
element size, Ax

-—0.5
—1.0
—1.5 ~

=
—-2.0 %
2
—925 |
£
Ny
-3.0=
2
)
=
—3.5
—4.0
—4.5

Figure 3.16: Error values of
output data for Cs = 10”7 and
to = 12,000. Area of markers
scale with Ts subject to budget.

Figure 3.17: Bayesian error
model fit with M = 1000
simulation datapoints drawn
randomly. Small-sample
estimate shown with white
contours, “true” model
shown with black and colored
background contours.



90 PH.D. DISSERTATION: C. FRONTIN

points. This result is a fit that captures the important qualitative
features, namely the location and magnitude of error the minimizer
Quantitatively, the fit has a small mismatch with the true value of
the optimal error, and a slight offset of the optimizer. The values and
their comparison to the values in Table 3.2 are given in Table 3.7.

These results show that the error model captures Jo and Cj, under
5% error, while the temporal and sampling error models have larger
errors. To further interrogate these results, we can look at the con-
vergence behavior as understood by the model in Figure 3.18. These

180 — - -
Chp.w
Ehp.t
160 — er - -
reference
i<
=
=140 =
S
o]
Q
%
= 120 -
=
3
100 =
80 — - -
1 |||||||| 1 1 ||||||| 1 [ ] |||||||| 1 Lrrrn
10-1 101 102
Ax At T,

results show that temporal-discretization-dominated simulations are
relatively few, compared to the spatial-discretization- and sampling-
dominated simulations. In addition to the lack of sample density
across the error effects, it is likely that non-asymptotic sampling
behavior can be present when T; < 30, based on the results in
Section 3.4.

variable value | pct. error
(Cp)mar | 47823 0.46%
(B )map | —40.69 | 14.41%
(A§)map 59.57 16.77%
(Joo)MaP 118.75 0.26%
variable value ref. value
(Axopt)map | 0.062 0.066
(Atopt)map 0.211 0.211

(eopt)Map | 10911 12.665

Table 3.7: Small-sample fit
results for p, = 1, RK2 with
M = 1000.

Figure 3.18: Convergence
behavior under small-sample

fit for py = 1, RK2 with

M = 1000. Adjusted Jr
removes modeled temporal
effects for spatial convergence,
vice versa, and removes both
spatial and temporal effects for
the sampling error convergence.
Data colored by dominant effect
under observed model.

In addition to the results shown here,
we have also tested the Bayesian small
sample procedure with synthetic data
generated exactly according to the
likelihood function, for which this
quantiative mismatch does not exist
as M — oo. This suggests that the
real simulation data containts some
non-asymptotic effects, whether in Ax,
At, or Ts or due to uncontrolled initial
transients. The synthetic data studies
can be found in Appendix D.



ERROR BEHAVIOR AND IDENTIFICATION FOR ERGODIC CHAOTIC PDES 01

Figure 3.19: Bayesian error
model fit with M = 100
simulation datapoints drawn
randomly. Small-sample
estimate shown with white
contours, “true” model
shown with black and colored

timestep, At

background contours.

—
o
|

-

est. points .
P variable value pct. error

Ci.map | 479.51 0.19%
By )vap | —43.33 |  8.86%

! AG)Map 55.65 22.25%
107! Jeo)wap | 119.88 |  1.22%
element size, Az variable value ref. value

' (DXopt)mar | 0.061 0.066
(Atopt)mar | 0201 0.211
(opt)Map | 10.542 12.665

est. model (
truth model (
) (

(

Table 3.8: Small-sample fit
results for py = 1, RK2 with
- M = 100.

Figure 3.20: Bayesian error
model fit with M = 10
simulation datapoints drawn
randomly. Small-sample
estimate shown with white

timestep, At

101 contours, “true” model
shown with black and colored

est. points background contours.
est. model

truth model

I I I I trort ! ! variable value pct. error
(Cy)map | 465.70 3.06%
(By)map | —4172 | 12.24%
(Ag)mapr 36.20 49.42%
(

Joo )MAP 118.59 0.12%

1
1071
element size, Ax

variable value ref. value
In Figures 3.19 and 3.20, the fit results for M = 100 and M = 10 (Axopt)map | 0.053 0.066
(Atopt)vap | 0177 0.211

simulations are shown, respectively, with the corresponding data in (Copt)MaP 7826 12.665
Tables 3.8 and 3.9. These fits again identify ., with less than 1% error
while having larger error for other model parameters. Nonetheless,
these anecdotal results for M = 1000, 100, and 10 demonstrate that results for pr = 1, RK2 with
the small-sample procedure can identify o and make high-quality M = 10.

qualitative estimates of the optimal cost-constrained discretization

(Axopt, Atopt), even approaching the small-sample limit.

Table 3.9: Small-sample fit
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Finally, we study the sensitivity of the small-sample procedure to the
particular set of M simulations of J1,np- In order to do so, we will
now repeat the process of the small-sample fits over M = 100 length-
M sets. Each of these sets will be bootstrapped without replacement
from the database of simulations used previously in this section,
without replacement at a given M. Due to computational limits,

M = 100 is not available for every choice of M. Figure 3.21 shows
the M available in the data we have. The following plots will have
M according to this limited data.

In Figure 3.22, the (Jo)Mmap estimates are shown. This plot demon-
strates that as M increases, the distribution of (]« )map converges
towards Jpef with a rate approximately M—!/2. In Figure 3.23, we
consider the accuracy of error estimates and optimized discretiza-
tions that are generated by each of the length-M MAP estimates. In
these plots, we see the quality of the error model, measured by the
approach of (eopt)MAP tO (€opt)ref, is good and stays within a small
factor of the reference error. In the lower subplot of Figure 3.23, we
show the multiplicative factor between the error under the reference
model at (eopt)M Ap and the optimal error using the reference model,
which should represent the lowest possible error at this cost. This
plot shows that, using the small sample estimation capability here,
more than 90% of the estimates with random length-M sets {] T,hp}
with M > 10 should result in a simulation with no more than a factor
of two more than the minimum possible error.

3.7 Conclusions and future work

The results in this chapter demonstrate that the error model can be
extended to the domain of chaotic PDEs and has explanatory value
in that context. Moreover, we demonstrate that these effects can be
identified with a small-sample approach without relying on the use
of expensive reference computations. In addition to the sampling
behavior, we show that the spin-up transient behavior of the PDE
systems, as in the ODE case, can be identified and accounted for.
Taken together, we can now identify all of the contributions to the
error in Jt ,, without reference computations that far exceed the cost

of ]T,hp'

J
(o=}
©

M

—
o=}
-

=
=]
=)

| |
50 100

available M

Figure 3.21: M available with
computed data.
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Figure 3.23: Small sample error
estimation as a function of M.
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M=3 latM=61latM=09,
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Bayesian optimization of
discretizations for ergodic chaotic
differential equations

Start where you are. Use what you have. Do what you can.

—Arthur Ashe

As we HAVE sHOWN in Chapter 3, it is possible to estimate the
transient behavior of a discretized PDE. Additionally, we can iden-
tify a model for the discretization and sampling errors of a given
physical system and discretization using a small number of outputs
from simulations measured on the attractor. Now, we turn towards
application of these results in situ when running simulations without
a priori knowledge of the error model or transient behavior.

4.1 Small-sample identification with non-negligible transient ef-
fects

In Section 3.6, we developed a small-sample approach for the PDE
problem when ¢y > T,. The first key problem in this chapter is

that we will no longer be able to assume that {y > T, and that the
spin-up transient is negligible, since the target error tolerance is not
known a priori. In (3.24), we developed a model for the expected
value of a simulation with discretization and statistical errors—
including both sampling and spin-up errors— by assuming an ex-
ponential decay model for the convergence to the solution on the
attractor, (1.52), and using its expected integrated value. In the small-

95
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sample case, we will assume that the coefficients in (1.52) can be
estimated for a given simulation. Now, we can insert (1.52) into
(3.8), and follow the derivation in Section 3.6 to arrive at a likelihood
function for a simulation result J7 4, subject to a spin-up transient:

p ({]%3”7} ‘ ]OO/C;x/qX/ B;,errA8/7’> =
Nsamp i) i} i (0 2
[T N (1), Jes + Cpx® + By 1% 6, (ASTT)?), (@)
i=1

Al) A_exp —0—,) 1—exp —TS—, (4.2)
Ts(z) T)(\l T)(\l)

gives the error contribution based on the i-th g}(:; signal, which is

(i)

T, hp*

where

~
>3
=
Il
S

used to generate .

Computational problem

In this chapter, we will develop an algorithmic approach that is
compatible with the PDE models derived in Chapter 3. However,

in order to moderate computational costs, we will simulate the
Kuramoto-Sivashinsky equation as in Section 3.3 using a fixed
number of spatial degrees of freedom. In this case, we fix the number
spatial elements at Ny = 64 and py = 2, in which event we will
refer to the system as the KSE-ODE system. This alludes to the fact
that the result reduces to an ODE problem, as in Chapter 1 and 2,
but we will refer to the PDE-specific equations in Chapter 3 to retain
generality, assuming that C;,  — 0 everywhere in the results for the
KSE-ODE case.

4.2 Numerical results: error model identification in the presence

of spin-up transient effects

In this section, we consider the error in a KSE-ODE simulation.
Because we have fixed the spatial system far from the convergence re-
gion, we will not recycle any of the reference results used previously,
as there are no guarantees that the temporal behavior of the spatially
coarse system will be equivalent. We compute a reference simulation
with an ensemble of Mens = 25 instances, with Ty = 2.73 x 105,

tp = 3577, and At = 2.67 x 1072 . The result is

Jref = 181.30 + 0.04, (4.3)

where the limits given are based on the standard error on the ensem-
ble of averages.

To elaborate on this point: multiscale
temporal behaviors are dependent on
the physical mechanisms resolved, so
when the physical system is discretized
with few spatial elements we can
expect the temporal behavior to be
significantly distinct. Grid-dependence
of the temporal properties of CFD
problems, for instance, is very clearly
demonstrated in Fernandez & Wang
[2017].
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Now we can take the likelihood function of a simulation result J1
and subtract [ to find:

p (ET,hp) =N (]T,hp — Joo; B;tAtqt +en, (ASTsir)z) . (4-4)

which can be manipulated analogously to (3.31) to allow the transfor-
mation in (3.33) and equivalence to (3.24). Now, in order to complete
the process in Section 3.4 with the transient correction, we must treat
the e, term.

In this section, we fit a function p¢

u = ];ioe,;c;y,(z) + A} exp (—(l-)> (4.5)
T
A
to g,(j; (t) using a non-linear least squares procedure, in order to find

AE\i) and T(i), with ]iezzy’(i) used to denote the asymptotic value as
detected by the mean fit process. With this estimate, we can compute
egf) using (4.2). Applying this correction, we can then use the large-
sample method of Section 3.4 to find the error model parameters in

(4-4).

To assess the correction method and identify the various error model
parameters, we will simulate using Ns = 4.0 x 104, various selections
of tp, and the RK3 discretization, with At sampled loguniformly sub-
ject to the convergence limits on At and Ts in Table 3.1. In addition
to the minimum on Ts, we also require that T = ty + Ty > 1200,

in order to promote accurate capture of the transient behavior,

and simulations for which the nonlinear least squares fit fails on

to capture ¢* are rejected. To establish a reference estimate of the
parameters, we start with 2000 simulations with o = 9000. At this
large value of ty, e, is effectively negligible, with the 99.7th-percentile
value of |e) | approximately 5.9 x 102 In Table 4.1, the values of

the resulting fit are shown, which we take as the canonical reference
estimates of the system’s error behavior (i.e. 8* and ).

(Ty)os
1111.34

By, qt‘ Ag r ‘ Joo ‘(|A)\|)95
—311.3 3 | 1157 1/2 | 181.34 | 12612

Now, we can repeat the study with lower values of fj; for an extremal
case, we now explore simulations with ty = 300, but otherwise
specifying simulations identically to the previous case. For this

case, we simulate 1200 runs, truncating the range such that T, >
2400. In Figure 4.2, we show the raw data that results. Figure 4.2

The (asymptotically equivalent)
Bayesian least squares procedure

used to fit the decay in Chapter 1 can
be prone to ill-fitting for the KSE-ODE
problem, hence the use of standard
nonlinear least-squares.

Table 4.1: Results of error
model fit for py =2, RK3

at Ny = 4 x 10* with error
correction at ty = 9000.
Simulations sampled log-
uniform in At with At < 0.24
and T, > 9580.0; 1835
simulations used for fit.
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Figure 4.1: Raw Jr j,, data
from Ny = 64, py =2
simulation using RK3 with

to = 9000 (reference case). Fit
superimposed.

Figure 4.2: Raw ], data
from Ny = 64, py =2
simulation using RK3 with

to = 300. Reference model fits
superimposed.
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demonstrates behavior that clearly departs from the transient-free
results from the previous chapters, such as Figure 2.11. Specifically,
there exists a clear trend as At shrinks, away from J.-centered
sampling.

This behavior emerges due ot the effect of the transient error. In

(i)

Figure 4.3, we have estimated the transient error ¢, each calculated
with the nonlinear-least squares estimate of the decay computed with

(i)

the weighted least-squares fit to g, )

. We expect the Ts-dependent

Figure 4.3: Estimates of e, for
J1,np data from Ny = 64, px =2

simulation using RK3 with
tp = 300.

ex, NLS procedure

| | | | | |
= <X o~ w o —
S = S =} S o
| | | | | |

1 1
6 x 10~2 101 2x 1071
timestep, At

1 1 1
3 x 103 4 %103 6 x 103 10%
sampling time, Ty = N,At

behavior of the transient effect to scale with T; !, as in (1.52). This
behavior is reflected in both the mean and statistical variation of ¢,
which can be clearly seen in Figure 4.4. On one hand, the trend in
Figure 4.4 suggests that the estimates of ¢, match the theoretically
expected behavior with T;. On the other hand, these plots— especially
Figure 4.3— show how challenging it is to model the transient effect,
which can materialize as a random effect whose non-zero mean value
grows with T; ! as T; shrinks, while also having the same trend in its
standard deviation.

Given that the values of ¢, converge as expected, we now apply e, as
a correction to the Jr ;,, data, in order to attempt to recover the un-
derlying discretization and sampling error model. We first compute

()

e, using the method above. Then, we can repeat the nonlinear least
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lexl, NLS procedure

1 1 1 | 1
101 2x 107!
timestep, At

I
6 x 1072

squares procedure, using an augmented mean function

Joo + Cj (Ax Dy 4 B (A0t 4,

about which ](Tl)h » should me sampled with a standard deviation

that scales with T{l/z. We fit for B;w o, and Jo using (4.1) as in
Section 3.4.

In Figure 4.5 we report the error under the resulting error model.
Here, the qualitative behavior that we expect on the attractor is
present, but there are clear effects that are not described by the
central limit theorem behavior for Ts < 4000, presumptively induced
by the e, corrections. Despite the inaccuracies, Figure 4.5 allows
significantly more insight into the behavior of the system than the
equivalent raw data in Figure 4.2. As in Section 3.4- but here adding
the effect of e)— we expect the quantity

Jrnp —exr — Jeo
Ts_1/2

to follow a normal distribution; in Figure 4.6, we show that the

result of the nominally normally-distributed quantity after transient
correction does appear to be approaching a normal distribution, al-
though not without some evident defects due to error in the transient
correction. In Table 4.2, the resulting reference values from the fit

for B, and Aj and e with g; and r fixed at their asymptotic values
are given, along with conservative (95% percentile) estimates of T)

Figure 4.4: Estimates of |e, |
for Jr,n, data from Ny = 64,
px = 2 simulation using RK3
with o = 300.
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220 — transient-corrected data
fit result (20 bound)

210 — reference model (w/ 20 bound)
S |
22200 -
g5
R
7 £ 190 -
e
=3

180 —

170 -

1 1 1 1 | 1
6 x 1072 107! 2x 107!
timestep, At
1 1 1 1 1 1 1 1
3 x 103 4% 10? 6 x 103 104
sampling time, Ty = N;At
By  ai| Ay v | o | (ADes  (Ta)es
—6247 3 | 2795 1/2]18520 | 127.16  1194.00

and |A,|. We note from the values in Table 4.2 that the transient
correction also appears to induce an offset in Jo with respect to Jpes.

For comparison, we also have run 1600 simulations with ty = 1000
and ty = 3000 but otherwise identical to further investigate the
quality of the spin-up transient correction. In Figures 4.7 and 4.8 the
results of this study are shown, and corresponding data is given in
Tables 4.3 and 4.4.

By,  a| Ay r | o | (JAM])es
—6478 3 | 2508 1/2 | 18546 | 127.73

(Tr)os
1221.60

These results show that ty-dependence in the quality of small-sample

fits becomes a factor in the fits when 7, is corrected for the e,
contribution. Particularly, small f( leads to excess variance induced
by the correction term, and causes drift in the estimation of Je.
Nonetheless, fits to the corrected data give a plausible qualitative
approximation of the real error behavior even with significant e)
when the transient is captured by sufficient T = ty + T, in spite of
evident spin-up effects. This qualitative success should be sufficient
to allow us to proceed with the assimilation of ej-corrected data and

Figure 4.5: Corrected J7
data from Ny = 64, py =2
simulation using RK3 with
to = 300.

Table 4.2: Results of error
model fit for py = 2, RK3

at N; = 4 x 10* with error
correction at ty = 300.
Simulations sampled log-
uniform in At with At < 0.24
and T; > 9584.0; 1115
simulations used for fit.

Table 4.3: Results of error
model fit for py = 2, RK3

at N; = 4 x 10* with error
correction at g = 1000.
Simulations sampled log-
uniform in At with At < 0.24
and Ts > 9598.0; 1461
simulations used for fit.
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make estimates of the discretization and sampling errors using the
small-sample process.

Figure 4.6: Histogram of
nominally normal quantity
from ], data from Ny = 64,
px = 2 simulation using RK3
with ty = 300.

Table 4.4: Results of error
model fit for py = 2, RK3

at N; = 4 x 10* with error
correction at ty = 3000.
Simulations sampled log-
uniform in At with At < 0.24
and Ts > 9598.0; 1494
simulations used for fit.
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. - raw data | Figure 4.7: Raw and corrected
et - transient-corrected data (NLS) J1np data from Ny = 64, py =2
: ——=reference model (w/ 20 bound) simulation using RK3 with
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4.3 System analysis of simulation components

Having demonstrated that the use of a transient correction allows
us to recover useful approximations of the attractor model, we turn
toward demonstrating that the result of Chapters 2 and 3— model
identification at small sample sizes— can be recreated for simulations
with spin-up transients. Now, we want to combine these results
and create a scheme to simulate optimally with respect to total

cost without a priori knowledge of the error or solution behavior.
In order to understand the requirements of such a scheme, we now
summarize and consider the interconnections between the inputs
and outputs of the various estimation processes we have thus far
developed.

Any given simulation, which we will denote symbolically by PDEy,,,(-),
takes as inputs gridsize Ax, timestep At, and total simulation time T.
The result of this simulation is the state of the system as a function

of space (if applicable) and time, uy,,(¥,t). In addition to the state, an
instantaneous output quantity gy, (t) is computed as well.

Average values of outputs, 1, are computed by integrating the
output signal gy,,,(t) starting at some specified time t; through the
remaining Ts. In addition to output integration, gy, is also used for
the decay fitting process, denoted symbolically by decay(-). This
process results in estimates of the observed transient behavior, {*.
The relation (3.21) between the choice of fy and T; and the amount of
spin-up error can be derived from ¢*.

Last but not least, the small-sample fitting process, takes a set of
output quantities {Jr,} and gives a set of model parameters that
describes the sampling and discretization error contributions, 6*.
These, alongside the decay behvaior ¢*, determine the optimal
choices of Ax, At, tg, and T for at a given cost, at which PDEhP(-)
should be run.

Unfortunately, this analysis makes clear the challenge posed by the
framework. In an optimal situation, any given simulation should

be situated at an optimal choice of (Ax, At, Ts) under (3.27). This
requires knowledge of both * and 6*. Once a simulation is com-
plete, p* can be estimated directly by the decay fit but before the
simulation is run, the quantity is not known and requires estimation.
Meanwhile, 6* is in general not known but we aim to estimate it
using a small set of sampled simulations, { ]T,hp}' Calculation of
these average outputs 7, can be done with the output of any
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given simulation, but nominally, we want an optimal balance of
spin-up and sampling, subject again to (3.27). However, this optimal
integration must be performed Ax and At fixed, since the simulation
has already been run.

The circular dependencies here make arriving at perfect estimates at
any given stage challenging. In the remainder of this chapter, we will
present a heuristic algorithm that allows for good- if not optimal-
choices of Ax, At, and ty by exploiting an error model estimated
through a low-cost exploration phase.

4.4 Explore-exploit algorihm

Consider now the simulation of J1,np without prior knowledge of the
error behavior, subject to a fixed total budget 5. We can choose to
subdivide the total budget into any number of simulations, such that

B=Yy.c", (46)
n

where Ct(") gives the cost of the n-th simulation.

If we knew the error behavior a priori, the optimal solution would
be simple: solve for ], at the optimal discretization with one
simulation at C; = B. In lieu of this knowledge, we take an explore-
exploit strategy. Thus we divide the budget into some number of
exploration simulations and a final exploit simulation:

B— th(m) + Cfxploit (4.7)
1\,_/ Bexploit
Bexplore

Using the explore budget, B!, we will run M explore simula-
tions, whose goal is to determine estimates of Axopt, Atopt, Ts,opt, and
to,opt that should minimize the error in the exploit stage, rather than
making an accurate estimate of J on their own. Given the resulting
estimate, we then use the remaining Bexploit ¢, compute /7, with the
goal of making er j,, as small as possible, using the best guess given
the knowledge accumulated in the exploration stage.

Transient-robust small-sample simulation

In Algorithm 1, we show a proposed heuristic explore-exploit proce-
dure. We denote by ©* the Bayesian random variable (RV) descrip-
tion of the model 6*, which which is functionally generated by the
Hamiltonian Monte Carlo sampler detailed in Section 2.2; realizations
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of this RV are denoted by 6*. Additionally, we denote by (-)* a quan-
tity that is based on the observed transient behavior, rather than the
expected behavior, denoted by (). For the expected transient behvior,
we use a shorthand max function to denote a conservative estimate
for the transient behavior, such that { = (maxy, |A(An)| ,maxy T)(\") ).

Last but not least,

emodel(Axr At, tO) = emodel(Axr At, to |9(6*)' l[)(l[J*))

is given by the form in (3.27).

4.5 Numerical results: algorithm application

In this section, we demonstrate the use of Algorithm 1. We will

run a set of 20 RK3 discretizations of the KSE-ODE problem with

N; = 4 x 10* for exploration, and assess the error performance that
they might project to have on a simulation with N; = 3.2 x 10°, i.e.
using BAx/Cp,p, = 4 % 10°. As previously, we will reject simulations
that lack the fidelity to be in the convergent regime of At and Tj
given by Table 3.1. In addition to the convergence limit on Ts, we
also will require T > 1200 in order to guarantee that the transient
behavior is satisfactorially captured. In order to choose the next
stage’s At, and ty, we take a very naive approach, sampling a set
{8} ~ O calculating Atopt and tgopr with each sample, then
choosing randomly among the implied sets {(Atopt, to,opt)} that fall
within the constraints. If no member of the set {(Atopt, to,opt) } falls
within the constraints, At is chosen as a loguniform sample between
the minimum and maximum At possible under the constraints.

In Figures 4.9 and 4.10 we show the sequences of At(m) and T(m)
and A;’(m) and T;’(m), as they are generated by the exploration cycle.
These values, once computed, cannot be changed without running a
new simulation.

In order to quantify the progression of the scheme, we will compare
to the optimal values for the exploit simulation with N; = 3.2 x 10°
under the model described with ty = 3000 in Table 4.4. At these
values, and using the 95" percentile transient characteristics, we
should simulate at the reference optima, given by:

(Atopt)re = 0.0510

)
(tO,opt)ref =7.75x 10
)
)

8
(Tyopt (4-8)

ref = 1.55 x 10>

For the RK3 KSE-ODE case, cost
reduces to some constant times the
total number of timesteps, N;.

For the KSE-ODE problem there is no
Ax, but this naive approach can be
extended to a full PDE problem with
the treatment of Ax and some choices
about the sampling process in Ax, At,
and Ts.
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Algorithm 1: Heuristic cycle algorithm for identification of § and ¢

create cost schedule Ct(m), coF ol g t. yM ™ 4 CeXp10lt B > many approaches possible
{]T,hp} — g
form=1,...,Mdo
@* < HMC(0" | {Jrnp}) > random variable
if m = 1 then
1/3('") = (Tguess/ 0)
else
7,(m) *,(n)yym—1
P e max{yp(p~) 1
end if
choose (Ax(™), At(m), tém)) using ®* and (") > many approaches possible
N ™ axm /(Cp L)
T N{™ Arm) — (™)
ugn (£) 4 PDEy, (Ax(™, At N™)

prm) decay(ghp(“%(z)))
tar'(m)  argmin, (emodei(to, Ax(m) Ap(m)Y) > Ax(™ and At(™) fixed.
T+’(m) - N(m) (J)r,('rl)

< ) g m) (m)

]T hp i ( 1) 8hp(uhp ) dt > reintegrate optimally
forn=1,...,m—1do
t?)—’(n) = argmin, (emodel (to, Ax(™), A1) > Ax(™ and AH") fixed.

T+,<n> V)

7o)

] T hp f (n) ghp(u}(:;;)) dt > reintegrate optimally
end for o
{Urnpt {]%;zp =1 > update & append
end for

Ouap & MAPHMC(O | {J1,}))
P+ max{p(yp= )
(Axexplott, Agexploit (5P101)  ((Axop, Atopt, toopt) | (8(8uar), B, CFF))

exploit exploit loit
NP ¢ PP Aot (Cy, 1)
Tsexploﬂ: - Nprlmt Apexploit

uzzpbit(t) 4= PDEy,, (Ax®*Ploit, pgexploit, N? Xplmt) > final state estimate
) decay (g, (uj "))

];x}}l);mt ftgj ::t-‘rTs( ) ip(u exPlOlt) dt > final output estimate
0 < M.AP.(HMC(0" | {{J1np}, ];X,F ;Oit})) > allows final output error estimate
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In Figures 4.11, Figures 4.12, and Figures 4.13, we show the estimates
of Atopt, to,0pt, and Ts opt for the target Ny = 3.2 x 10° simulation as
estimated up to the m-th simulation. These show progress towards
the optimizer, which appears to be approaching an asymptote with
some deviation from- but close to— the reference value.

The most important assessment of the performance of the scheme is
how well the exploit-stage simulation might be expected to perform
at a given exploration stage. We can do this using the error under the

model in (3.27) given the reference values, evaluated at the estimated
optimizer:

Cref (tO,opt/ Axopt, Atopt) = €model (t0,0pt/ Axopt, Atopt | Oref, Yref)

This is done in Figure 4.14. As we can see from the results, after a
spontaneously good initial point from the prior, Algorithm 1 man-
ages to control the error a final value around 1.5 times the optimal
in expectation, which would occur if the exploit stage timesteps

N; = 3.2 x 10° were used with perfect a priori knowledge. At m = 2
and m = 3, for example, the iterative process would have arrived at
errors a factor of seven higher than the optimal.

After the final stage, we make a final posterior estimate to optimize
the exploit stage, resulting in:

Atexploir = 0.0394
to,exploit = 844 X 10°

' : (4.9)
Ty exploit = 1.18 x 10°

€opt,exploit = 0.390
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I l | | |
5 10 15 20

iteration, m

o
<

Using the reference model, the error at this posterior optimizer is
expected to be

eref(A texploits £0,exploits Ts,exploit ) = 0.357 (4.10)

Thus, though some errors certainly remain, the explore cycle in
Algorithm 1 results in good approximants of the reference values in
(4.8) which are computed exclusively using the M = 20 exploration
computations.

It is noted that in the absence of such a result, one must make an
arbitrary guess where to simulate the system. One such naive ap-
proach might have been to perform the simulation at the relevant
convergence limit in Table 3.1, under the assumption that the dis-
cretization errors will be dominated by statistical ones. In this event,
the error in the exploit simulation would be at least 5.1, accounting
for discretization error alone, and thus the approach herein reduces
the error by a factor of at least twelve at N; = 3.2 x 10°. While this
is only one of many possible approaches, it highlights that the error
reduction under this strategy— compared to naive approaches— is
likely to be significant.

Figure 4.10: Sequence of ¢* (")
values for M = 20 explore
simulations at Ny = 4 x 10*
generated according to
Algorithm 1.
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Figure 4.11: Sequence of Atopt
estimates for exploit simulation
generated by each of M = 20
exploration simulations at

N = 4 x 10%.

Figure 4.12: Sequence of fg opt
estimates for exploit simulation
generated by each of M = 20
exploration simulations at

N = 4 x 10%.
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m-th cycle estimate
=== (Ts7opt)ref

| I |
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iteration, m

m-th cycle estimate
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Figure 4.13: Sequence of T; opt
estimates for exploit simulation
generated by each of M = 20
exploration simulations at

N; = 4 x 10%.

Figure 4.14: Comparison
between reference error at
best estimate At, ¢y for exploit
simulation and reference eopt
generated by each of M = 20
exploration simulations at

Ny =4 x 10%.
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To complete the section, we now run an ensemble of 25 exploit
simulations at the optimizer in (4.9), in order to quantify the spread

of outcomes possible from the exploit stage. In Figure 4.15, we show

ref

exploit . .
in bin

count of JT7 i
w
|

2 —
1 —
0= I I I I I I
180.75 181.00 181.25 181.50 181.75 182.00 182.25
exploit
“T,hp

exploit

the histogram of ]} » from the resulting simulations. As we can see

by comparing the estimate eqpt = 0.370 in (4.9), the algorithm allows
exploit

a good prediction of the spread of the errors in ], P

This error estimate can be further refined by incorporating ];Xf ;Oit
into a final small-sample model estimate, by finding the MAP esti-

mate 6y, ,p incorporating the exploit stage result into the data:

1 M) sexploit
{]’g“’]ip/ '-/]’g“’h;I]T’],Ile }/

then calculating e,o4e Using lp:xploit and the resulting 0y;,p. In
Figure 4.16, we show a histogram of the final MAP error estimate
from each ]?{f ;Olt. As with the accumulated exploration result, we
find that the final posterior estimate after the exploit simulation

is also descriptive of the spread of errors we see about J,.¢. This
demonstrates that the procedure in Algorithm 1 not only enables
near-optimal discretization but also allows for a reliable estimate of

er,np at the conclusion of the exploit simulation.

Figure 4.15: Comparison
between reference error at
best estimate At, ty for exploit
simulation and reference eqpt
generated by each of M = 20
exploration simulations at

Ny =4 x 10
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4.6  Numerical results: performance expectation

Finally, in this section, we seek to demonstrate that this process
is repeatable. In order to do so, we will repeat the explore stage
100 times and show that the resulting set of optimizers should
consistently achieve a low error according to the reference error
model.

For each instance of the explore stage, we independently run M = 20
explore simulations according to Algorithm 1 and evaluate Atploit,
thplmt, and Ty XPIOIt g each. In Figure 4.17, the resulting optimizers
of this study are shown on histograms. These results demonstrate
that the process can reliably— though not without a few outliers— find

a near-optimal discretization for the exploit stage.

We can project the error at these optimizers using the reference
values of the error model. In Figure 4.18, the error under e,; implied
by Table 4.4 is evaluated at each instance’s optimizer to give an
estimate of the error at the approximated optimizer. These results
show that, of 100 simulations run using the methodology outlined

in this chapter, only three are expected to have more than a factor of
two more than optimal amount of error, indicating reliable estimation
of the optimizer.

Figure 4.16: Distribution of
final estimates at Afopt, to,0pts
Ts opt resulting from final MAP
estimates.
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for exploit simulation after

100 independent runs of the
exploration algorithm.
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4.7 Conclusion

In this chapter, we have demonstrated that it is possible to make
estimates of the model for the behavior of solutions on the attractor
using a data from simulations with non-negligible spin-up transient
errors via a correction term. Then, we use this result to demonstrate
that by the use of an explore-exploit scheme it is possible to achieve
near-optimal results in terms of the balance of fixed-cost error contri-
butions from discretization, spin-up transient, and sampling errors.

There remains significant room for improvement to these results. One
key issue is that the deterministic correction approach for the tran-
sient component of the error, while adequate, clearly induces some
errors that diminish the performance of the small-sample method.
Additionally, the framework developed here neglects the correlation
between the spatial resolution and the spin-up transient behavior,
namely T,, which grows as the number of spatial degrees of freedom
are increased for the Kuramoto-Sivashinsky equation, though should
be expected to converge eventually towards an asymptote. The work
of Fernandez and Wang [2017] in particular covers the discretization
dependence of the temporal properties— particularly the Lyapunov
exponents— of dynamical systems in CFD.

While there remains room for improvement, the novel capability
of this method to achieve efficient use of resources has immediate

Figure 4.18: Histogram

of reference error at
approximated optimizers
for exploit simulation after
100 independent runs of the
exploration algorithm.
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utility in numerics, as well as providing a framework in which a
number of key and outstanding questions in computation might
be considered. We will look at some of these key questions in the
concluding chapter. In terms of the immediate utility, the heuristic
algorithm herein gives a foundation upon which many results in
optimization can be brought to bear. One particular example is the
choice of discretizations in the exploration stages, which is ripe for
optimization. A particular approach of interest is an information-
maximizing experimental design approach?’, in which information
theory could be used to make a choice that is optimal in terms of

shrinking the uncertainty about control parameters— like #o opt, AXopt,

and Atopt— as a function of the error model.

In addition to optimal choices in the exploration stage, another
area that is primed for optimization is the allocation of resources
for exploration vs. exploitation. The explore-exploit problem has a

rich history in multiple academic disciplines, including psychology?,
autonomy?3, and artificial intelligence#. In Algorithm 1, we arbitrarily
chose to use M = 20 simulations for exploration, each 1% of the total

simulation budget. It is very likely that more effective and adaptive
allocation of costs into exploration and exploitation is possible,
especially in the context of the Bayesian method used herein, and
this represents another key area for extension of this work.

* Xun Huan and Youssef M. Marzouk.
Simulation-based optimal Bayesian
experimental design for nonlinear
systems. Journal of Computational
Physics, 232(1):288-317, 2013

2 Daniel J. Navarro, Ben R. Newell,
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3 Leslie Pack Kaelbling, Michael L.
Littman, and Anthony R. Cassandra.
Planning and acting in partially
observable stochastic domains. Artificial
Intelligence, 101(1):99-134, 1998

4Kaelbling et al., 1998; Isaac J Sledge
and José C Principe. Balancing
exploration and exploitation in
reinforcement learning using a value
of information criterion. In 2017 IEEE
international conference on acoustics,
speech and signal processing (ICASSP),
pages 2816—2820. IEEE, 2017; and
Jonathan Sorg, Satinder Singh, and
Richard L. Lewis. Variance-based
rewards for approximate Bayesian
reinforcement learning. In Proceedings
of the Twenty-Sixth Conference on
Uncertainty in Artificial Intelligence,
UAl'10, page 564-571, Arlington,
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Summary and future work

You certainly usually find something, if you look, but it is not always
quite the something you were after.

-J. R. R. Tolkien, The Hobbit

THE CONCENTRATION OF THIS WORK has been quantifying and
minimizing the gap between the modeling equations used for a
simulation and the discrete simulation results that result from com-
putational approximation of those equations. For most non-chaotic
systems, this description can be fairly simply represented by the
convergence of the discrete solution function to a unique exact
solution function of the modeling equations in some appropriate
measure. In the following section, we will delineate the contributions
of this work, which extends our understanding of costs and errors to
chaotic systems.

Contributions

Error modeling for mean output quantities
of chaotic, ergodic differential equations

For chaotic, ergodic systems, we narrowly define the goal of a simu-
lation as estimating the mean, [, of some quantity of interest. The
first major contribution of this work, then, is to propose a compre-
hensive model for the simulation error in estimates of J«. In this
model, simulation error consists of a combination of sampling error
due to chaotic variation on the attractor, transient error due to spin-
up, and discretization errors due to temporal and (when relevant)
spatial discretization.
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The resulting model offers insight into the fundamental efficiency
limitations of approximations of J.. The central limit theorem can be
expected to govern the sampling behavior for a wide class of ergodic
problems, and when this is the case it will limit the asymptotic rates
of convergence of the error in a finite-time esimate /7 with respect

to Je as a function of cost to the rate —1/2. Simulations of chaotic
systems will often be a finite-time estimate of a discrete approximation
of the true system. In this case, simulation results Jr ,, are subject

to both sampling and discretization errors; the rates of convergence
of the total simulation error error, given for ODEs in (2.4) and (3.19)
for PDEs, will not reach the —1/2 rate expected under the CLT, but
will have a g-dependent rate penalty. These discrete rates approach
the CLT rate as ¢ — oo, where g is the convergence rate of the
discretization error. While significant improvements in the rates
disappear in the chaotic, ergodic analysis, our work demonstrates
that the use of high-order schemes can nonetheless have significant
reductions in error at a given amount of wallclock cost, at least for
the systems shown in the work.

In addition, we show that the optimal balance of error contributions
can take different forms than the CLT-limited convergence rate.
When budget limitations dominate, we show a limiting convergence
with T; !, associated with the reduction of the spin-up transient error.
To the author’s knowledge, this work represents a first attempt to
quantify an optimal use of resources in this budget-constrained limit.

Last but not least, we incorporate the possibility of ensemble paral-
lelism, and give an assessment of the potential benefits of ensemble
estimation. We show that, as with the sampling time, ensemble
estimation of a discrete system cannot improve at the ideal rate

for a purely stochastic system, but incurs a penalty when both
discretization and sampling errors are present. Moreover, we show
that in order to reduce the expected error by parallel ensemble
estimation, the specified discretization must be continually optimized
in order to prevent domination by the discretization error as the
number of ensemble instances, Meps, increases. Finally, we account
for the fact that the spin-up cost does not amortize across processors,
but must be controlled on every instance of the simulation, and amend
the total cost-error model results to account for this.
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Small-sample Bayesian estimation of sampling and discretization
errors on the attractors of chaotic, ergodic differential equations

In addition to theoretical description of these errors, the work further
demonstrates that a Bayesian inference approach can robustly iden-
tify the described error behavior on the attractor using only only a
small number of discrete simulations of the system.

While this is not the first use of a Bayesian method in the context

of chaotic systems (e.g., Oliver et al. [2014]), a novel contribution of
this work is the use of a Bayesian method to identify a model for the
errors in a discrete simulation method.

Explore-exploit scheme for near-optimal simulation
of chaotic, ergodic differential equations

By amending the small-sample methods to account for the effect of
spin-up transient effects, we propose a scheme to explore possible
discretizations using some fraction of a budget in order to then
exploit the remainder of the budget in a near-optimal manner.
Despite multiple naive heuristic shortcuts and ample room for
improvement in the explore-exploit scheme, we demonstrate that
near-optimal use of computational resources is possible using the
naive scheme.

Taken as a whole, the error model we propose suggests that current
state-of-the-art processes for simulation planning are likely to be
subject to cost-error inefficiencies, while our demonstration of the
explore-exploit scheme suggests that it is possible to approach the
optimal use of resources.

Outstanding issues and improvements

Error modeling in non-convergent regions

One of the fundamental assumptions that is made in this work is that
simulations are always performed in the asymptotically convergent
regions for the parameters of interest. These have all been identified
in this work by exhaustive computation and a priori confinement of
the parameter spaces for Ax, At, and Ts.

In practice, these will not be known a priori: pre-convergent behavior
must be either detected or modeled accurately. One possibility for
modeling pre-convergent behavior for the discretization error is by
the use of higher-order terms. The discretization error is derived, in
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effect, by the first non-zero entry in Taylor series approximation of
the true solution. It is possible that by incorporating higher terms
than the leading order into the modeling process may enable capture
of pre-convergent behavior, although this is not guaranteed. For
the CLT convergence, short sampling times T; may also have non-
convergent behavior, for which non-normal distributions of the
sampling error may be present. While there is not a Taylor series
justification for the inclusion of higher-order terms for the CLT, one
possible treatment might be to use a variance that scales with T, !
in the small T; limit, like the expected transient behavior, but scales
with T, /2 when T, becomes large.

A key problem with eother of these approaches is that they have im-
plications for the identifiability of the models, and these implications
must be carefully examined before attempting to fit them, especially
in the small-sample case. Further investigation of the pre-asymptotic
regime is left to future work.

Improved small-sample fitting of data with spin-up transients

An area of this work that needs more attention is the use of transient-
corrected data for the small-sample system identification. While the
process covered in Chapter 4 achieves its goal, the fits to transient-
corrected output data leave much room for improvement.

Fitting of the exponential decay in the outputs of the Kuramoto-
Sivashinsky equation, for example, demonstrates that the exponential
thesis for the decay behavior has high explanatory value. However,
the accuracy of these fits remains unexamined, and the results in
Section 4.1 seem to indicate that the resulting transient errors e,—
used to correct 7, against the transient effects— are inaccurate when
to/ Ty is not sufficiently large.

An alternative scheme might be to treat the “corrected” values in a
hierarchical model, which would effectively impute guesses for ]ﬁh p
the output that would have resulted from the related trajectory on the
attractor and to which the simulated trajectory converges as t — oo.
Any such model, however, is likely to struggle to distinguish between
the natural variance in the system due to chaos and uncertainty

in the transient model, and such a model for this reason must be
carefully constructed.
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Exploration stage optimization in explore-exploit algorithm

As noted in Chapter 4, the explore-exploit algorithm used therein
was based on a number of naive, heuristic choices in order to develop
a proof-of-concept optimization scheme. While the results generated
in Ch. 4 show promise, it is very likely that they can be improved.

This area is left to future researchers, but we expect that a combi-
nation of canonical approaches for explore-exploit problems and
Bayesian experimental design methods are primed to bring signifi-
cant improvements in accuracy by the conclusion of the exploration
stage of the explore-exploit algorithm.

Applications and extensions

Given the results and contributions of this thesis, we now conclude
by considering how the framework established in this thesis can be
applied and used.

Mixed grid- and ensemble-parallelism for discretization of chaotic PDEs

In this work, we have demonstrated that the CLT imposes a fairly
restrictive limit on the relationship between the cost and error of

a simulation, and in so doing we have highlighted the importance

of advanced methods for speeding up and reducing the error in
simulations of chaotic PDEs. Perhaps the foremost candidate among
these methods is parallelization. In the body of this thesis, we only
considered ensemble parallelism, which we showed could reduce the
sampling error in a system but cannot reduce the cost of resolving
spin-up.

While our analysis of ensemble parallelism is fairly exhaustive for
low-dimensional ODE problems like the Lorenz system, it must be
extended to also be able to account for and optimize usage when
the high-dimensional spatial system or the temporal advancement
scheme can be parallelized within a given instance as well. Suppose
P processors are available for a job: the key question is how to
allocate processors to Mens ensembles with instances that run with
N, processors each, such that:

P = MensN, p (c.11) 5Gene M. Amdahl. Validity of the

121

single processor approach to achieving
large scale computing capabilities. In

Proceedings of the April 18-20, 1967,
Spring Joint Computer Conference,
are traditionally described by Amdahl’s law> for fixed workload com- AFIPS '67 (Spring), page 483-485,

In high-performance computing (HPC), the benefits of parallelization

New York, NY, USA, 1967. Association

for Computing Machinery



122 PH.D. DISSERTATION: C. FRONTIN

puting or Gustafson’s model® for fixed time computing, with further
extensions for for memory-bounded computing?, heterogeneous
computing®, and general high-performance computing with multiple
constraining factors?. Amdahl’s law for a fixed workload W can be

written as:
Toerial W 1
7 serial W = 1 o (c.12)
parallel W(l — p) + N—p ( - ,0) + ]\Tp

where Tgerial and Tparanlel are the computation times of the serial and
parallel codes, N, gives the number of parallel processors, and p
gives the fraction of the workload W that can be parallelized (with
(1 — p) the portion that cannot be run in parallel).

In (3.45) we develop a model for the wallclock costs of a simulation,
which we can rewrite assuming within-instance parallelization
benefits are described by Amdahl’s law:

Cfarallel _ ((1 _ p) + ]\f;) CpxptNelemNt‘ (C.13)
p

In this case, we assume for simplicity p is fixed for a discretization
scheme on a given problem. This then propogates into (3.27) where £
can be replaced with

&
(1-p)+4;

allowing, with (c.11):

parallel C Ao &

70X + By AT -

¢John L. Gustafson. Reevaluating
Amdahl’s law. Commun. ACM, 31(5):

532-533, May 1988

7 Xian-He Sun and Lionel M Ni.
Another view on parallel speedup.
In Supercomputing "9o: Proceedings

of the 1990 ACM/IEEE Conference on
Supercomputing, pages 324-333, 1990

8 Mark D. Hill and Michael R. Marty.
Amdahl’s Law in the multicore era.
Computer, 41(7):33—38, 2008

9 Ashur Rafiev, Mohammed A. N.
Al-Hayanni, Fei Xia, Rishad Shafik,
Alexander Romanovsky, and Alex
Yakovlev. Speedup and power scaling
models for heterogeneous many-core
systems. IEEE Transactions on Multi-
Scale Computing Systems, 4(3):436—449,
2018

model

&

+[AA|Ty

This leads to a new optimization problem, which would give the
parallel
model

for the optimizer of (c.14), we can see that if p =~ 1, i.e. a simulation

optimal use of P processors to minimize e . Without solving

instance is readily parallelizable, instance parallelization can reduce the
cost of resolving spin-up, which we have shown in this work ensemble
parallelization can not.

Mesh adaptation for chaotic PDEs

Another technique for error reduction is mesh adaptation, which
seeks to reduce the error in a simulation by optimizing grids used for

VP/Np L((l—p)+ L

-1

(c.14)

fo
AxAt — t exp ()
L(A-p)+4£) T
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the discretization of a system.

It is far outside the scope of this thesis to suggest a resolution to

the question of how to achieve grid adaptation for chaotic flows.
However, the framework laid out in this thesis can be extended to
understand the improvements that might be realized through grid
adaptation. The effect of grid adaptation would be, in the terms of
(3.13), to replace the discretization error model with an effective error

model:

~ 9 eff
ehp,x ~ Ceffoe;fe ’ (C‘15)

which is based on some effective measure of characteristic grid
length, Ax.g. This effective model would have the benefit of applying
to situations where the solution is irregular, for which the simple
treatement of discretization error in this work would be expected to
come in under the optimal rate (i.e. gx < px + 1) but for which the
effective model remains optimal gy ~ px + 1.

A complete treatment of the extension of the error modeling to
anisotropic adapted grids is outside the scope of this work, but the
framework herein can be adapted to understand the relationship
between adaptive spatial discretizations the total errors. While
complete generalization remains outstanding, we remark that the
results of this thesis suggest that reduction of discretization error at a
given cost must be high in order to overcome the rate limitations that
come from the central limit theorem.

Adaptive space-time discretization of chaotic PDEs

In the previous sub-section, our discussion centered around spa-
tial mesh adaptation. Another developing capability is space-time
discretization, in which problems are solved as monolithic (d + 1)-
dimensional problems, where d is the number of spatial dimensions.
In this context, time is incorporated as if it were an additional spatial
dimension, in which temporal flux is interpreted as convection. The
result of such a treatment is a monolithic system of equations that
can be solved to describe the system at all times in a spatiotemporal
domain. One of the key benefits of such an approach is that it en-
ables space-time adaptivity: where spatial adaptation optimizes the
grid used from one timestep to the next in a timestepping scheme,

a space-time approach allows for computational resources to be
allocated preferentially to the regions in space and time that are of
importance.

Unfortunately the extension of space-time methods to chaotic sys-
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tems is non-trivial. A key problem is that chaotic sensitivity to
initial conditions limits the time window on which the space-time
problem can be solved with a Newton-style nonlinear solver, before
the linearization becomes ill-conditioned. Suppose a space-time
method covers a temporal domain of period AT, and it is solved
using a linear solver that can tolerate the inversion of matrices with
up to some condition number ¢. Because the deviation between the
solution at ¢ and the solution at ¢ + AT is governed by the Lyapunov
stability, we can expect:

cond(J) ~ exp(AmaxAT),

where ] is the Jacobian of the global problem and Amax is the largest
Lyapunov exponent of the system, which will be positive for a
chaotic system. This leads to an expression that should give a limit
on the length of time that an individual space-time discretization of a
chaotic system can span:

ATmax < loge, (c.16)

max

under the simple assumptions here.

For chaotic problems, we will need T; large enough to have a mean-
ingful statistical sample; with some certainty, Ts > ATmax when
this is the case. In order to overcome this fundamental limitation, a
time-slab approach is the most obvious candidate, in which the total
simulation time T is subdivided into “time-slabs” of length AT, with
the final state of any given time-slab used as the initial condition for
the next.

Such an approach could have a few significant benefits. For one, it

is likely that an improvement in the per-instance parallel speedup
would result, as the non-parallelizable portion of a computation

will be amortized more favorably across a significant region in time,
resulting in p — 1 (this is demonstrated for flows in porous media by
Jayasinghe [2018]). Moreover, many applications have complex flow
in fairly compact space-time regions. For these types of problems,

it is possible that the cost benefits from space-time adaptivity may
significantly change the cost-error relationship depite the central
limit theorem. As with spatial adaptation, the error models in this
work need to be revised for these space-time adaptive problems;
however the fundamental framework in this work is still valuable as
a starting point to understand and quantify the relationship between
costs and errors when applying these types of space-time adaptive
discretizations.



Epistemological errors

At the highest level, we can think of the goal of simulation as trying
to close the gap between the relevant performance of a real system
and computational estimates of that performance. This gap breaks
down into two parts: the epistemological error that separates perfect
answers of the equations used to model the system from the behavior
of the real system, and the simulation error that separates the result
of computational estimates of those solutions from the true solutions
of the modeling equations. The goal of this work has been to under-
stand, estimate, and minimize the second part.

In very general terms, both of these two types of error are always
present. In a perfect simulation paradigm, simulation effort will
be expended with some ideal balance between the epistemological
errors and the simulation errors: below the limit of epistemological
error, increased precision in simulation is wasted, since the real
system is no better described by a more precise simulation than
the next less precise simulation. When this is the case, there are
often more useful allocations of effort and time: further exploring
the problem’s parametric dependencies (e.g. design changes in

an engineering system) at a particular fidelity, quantification of
uncertainty, taking an extended break, etc.

In practice, understanding the epistemological errors in simulations
at a given fidelity is a grand challenge. Literature that attempts to
estimate the limits of epistemological barriers of simulation methods
like low-fidelity models, RANS, and LES is sparse, let alone literature
that attempts to use these various methods in a resource-optimal way.
While estimates for the limiting epistemological errors are elusive,
multi-level and multi-fidelity frameworks in which these various
methods can be embedded have been developed the literature™.

We observe that coupling a framework like the one in this work to
the design process is a very interesting and fruitful area for future
research. The goal of such a coupling would help to allow LES and
other chaotic system simulations to be executed and integrated in a
way that maximizes their ability to uncover new information about
the design questions at hand without excess cost or waste. With
that said, however, robust quantification of this type of wholistic
cost-error balancing will require significant development before it is
practical or advisable to use full-stack optimal resource allocation for
design. Nonetheless, the work in this thesis lays out an important
and necessary piece for such a scheme to optimally incorporate data
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It is worth distinguishing here between
the notion of epistemological errors as
used in simulation, which describe
errors due to modeling physical
systems with simplified mathematical
models, and epistemic uncertainties,
which refer generally to errors that can
be reduced by repeating an experiment.
Paradoxically, in most applications

one would interpret epistemological
errors as a source of so-called aleatoric
uncertainty, a mutually exclusive
category to epistemic uncertainty.

At any rate we are referring to
epistemological errors in this section.

An interesting, if tangential, research
thrust is into epistemic uncertainty
quantification for RANS turbulence
models, which primarily concentrates
on detailed analysis of errors rather
than quantification of high-level output
errors (see, e.g., Gorlé and laccarino
[2013]).

° Gianluca Geraci, Michael S. Eldred,
and Gianluca Jaccarino. A multifidelity
multilevel Monte Carlo method for
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from chaotic simulations.



A

Generalized PDE sampling error
model

In this appendix, we will make a general error model for d-dimensional
DG-like discretizations under the error model in Chapter 3. The
primary distinction between the DIRK-DAE/DGBR4 discretization
used herein and discretizations of turbulent Navier-Stokes is that the
cost model in Chapter 3 levers savings due to the tri-diagonal linear
systems that exist in the 1D case, and these savings do not exist in the
d-dimensional case.

We will assume a generic d-dimensional discontinuous Galerkin
discretization with order p, polynomial representations on simplex
elements. In this case, each element will have
1 (px+4d)!
lem _ Px
NpoF = a ol (A1)
degrees of freedom. This allows us to write the total number of
degrees of freedom in the spatial system as:
N (px +d)!N A
DOF — ET elem- ( '2)
Now, we will need to solve such as system with a nonlinear solver.
We will assume that the nonlinear solves require number of solutions
of the linearized system, and that that number has a well-defined
average, Nnpp. At each iteration, the linearized system with N]sa}g’lf
degrees of freedom will be solved. A general statement for the cost of
solving a linear system is that it will scale as:

Clinear =Crs (N]s)ycs)’];)é' (A3)
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where ¢ is a constant, and Cjg is a constant coefficient. For tridi-
agonal linear systems, as in the 1D KSE DGBR4 case, { = 1. Most
generally, ¢ = 3 is the upper limit, at which the Gaussian elimination
algorithm can be used to solve any linear system. In general, smaller
values of ¢ might be possible using more advanced or tailored
algorithms. Taking these together, the cost of solving the spatial
system is:

_ 1 +d)! 4
Csys,x = NNLICLs <d‘(Pxp|)) Ngem, (A.4)
. X

Csys,x
where Ceysx = Csys,x(d, px) is constant for a given physical system
and discretization.

The physical system is now solved in the temporal discretization. We
will assume an implicit method-of-lines discretization with s stages,
at each of which the spatial system must be solved. Thus, the total
cost should scale as:

C = SNtCSyS,x
_ 1 (pe+d)\¢ ¢
= sNN11Crs (d' T NelemNt (A.5)
CCOSt
over N; timesteps, where Ceost = Ceost(d, px, s) is the total cost

coefficient, constant for a given physical system and discretization.

Now, we note that Ngjem ~ (L/Ax)? and Ny = T/ At, so that we can
write the cost model in terms of Ax, At, and Ts:

LéT,
Cs = CCOStiAxédAt’ (A.6)
which inverts to give Ts:
CS d
To = —— Ax%At, A.
S = Coonll (A.7)

Now, we can insert this value into (3.13). The result takes an minimal
€rTor eopt at:

qeréd qetr r

The block Thomas algorithm for the
tridiagonal system (§ = 1) is just one
particular example of a specialized

value.

- qt qptr
Axopt — [ axqr+axr+ard G qxq+axr+qpréd qthqr+%r+qt7§d P P N (gd) TxarTazrared

qetr r

_ qt 9t a7
Fqxr+qpréd Fqxr+qpréd xqt+qxr+qpréd 2 +qxr+qpréd i rre——
Cpquqt qx7+qrg B;]Iif'h qxr+qrg Agvfh qxr+qrg n1ens<qxqt qxr+q¢rgd) (Cs/ccost) qxqr+qxr+qréd

quréd r¢d qx+réd

= — qx _ réd
Atopt = qurﬂﬂ*w@dqq"q’w”w”éd q; axqrHaxrHard g g i ed (L:fd) qxqp+qxr+q;réd

X
réd qx+réd qx 9x

T axrT47ed o axqpHaxrred 4 qxarraxrrapdd 3 oo 2(qxqptaxr+qpred)
CPx BP: AQ Mens (Cs / Ccost)

_ axr
Gxqp+qxr+qpred

(A.8)

(A.9)
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S P01 A | S L __axtgdd qiéd
T, opt = [~ Txartaxrqped G Gxqt+qxr+qrd q; fhfit-%—ﬂxr-%—qtré rqxq,+qxr+q,rgd ((;‘,’d) qwtmwmtrgd
_ q9¢8d 9x gx+q;8d _ qx+q8d qxa (A.IO)
Cprlelt+flx7+fit7§d BP qwﬁfl’c’ﬂﬂ@iAﬂXﬂtHX'HH@d Menz(flelt+fle+flt7§d (Cs/Ccost)W
at which:
qxqsréd __ qxqptgxr - qxqp+q;red L axrtqrid qpréd
Copt = (qxqt + qxr + Qtrgd)Lq””WM”Ed e e T (S T T
qpréd a7 gads B axds e (A.11)
Cﬂxﬂt"’ﬂx’ﬂt’@d Bﬂ!‘?t‘*’ﬂx”ﬂﬂéd Aﬂxqtﬂx’ﬂt'id Men2s(¢7xf7t+fIx'+¢7tV§d) (Cs/Ccost)_W-
The resulting scaling factors have similar trends to the results in
Chapter 3 for the 1D block tridiagonal system. The costs scale at a
rate given by:
_ Ixqtr
Gxqt + G2 + qirGd
Assuming Gaussian elimination, { = 3 on a 1D system d = 1, and the
resulting rates various choices of g = gy = g are shown in Table A.1.
q | 1 2 3 4 5 e y
_q,(qtﬂzqriqtrgd ‘ “1/6 -1/4 -3/10 —-1/3 -5/14 --- —1/2 Table A.1: Sampling cost-error

Thus, the effect of more computationally complex solves is to slow
the convergence towards the CLT rate of 1/2 in a greater manner
than in the tridiagonal case.

Tridiagonal system reduction

For a 1D block tridiagonal system, ¢ — 1 and d = 1, which results in:

a7 aet at
Axopt = Lasaxrsar g, qx‘”*q””f’qf“f”*r*‘”’rqwﬁquﬂ

qe+r at
C, qxqt+qxf+w qut+w+wAﬁwﬁwﬂﬂ (A.12)

qt
—_ qtr
2(qxqp+qxr+asr) ST TR e
Mens (Cs / Ccost) Gt qxrqrr

qxr r qx+r gx
Atopt = [, axqstqxr+ar q;x%*'iﬂ*%' a; T axqerqxr g 70X T xr T qer

r qx+r qx
C;iqtﬂxﬁw Bp Txq+axr+q;r Aqxqz+w+qﬂ (A.13)

qx
4 Gxr
2(gxq+qxr+asr) —e T
Mens (Cs / C'cost> Axqrtaxrqsr

0 el B gt
Tsopt = L~ xirtaxrsar g, B A
_ 9t Gx+qt
C,, Tt p qxqﬁqxrﬂwAqvflt+qxr+fltr (A.14)
Px Pt

_ 9x+q; ax
+qxr+qr) —
Men 2(qxqptaxr+q; (Cs/Ccost) QxqpHqxr+qsr

convergence rates for { =3
(Dense Gaussian elimination).
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at which:
Gxqer qxqt+qxr

90t £97 qxrtasr

t
Copt = (Gxqt + qur + qer ) LIIT0rTar g,

qer qxr 9xq¢
gxqrtaxr+qir p gxqptaxrtqir A qxqetqxrtqr
Cpx Bpt AO

~ T s 5 axqyr
qxqt+qxr=+q¢r -
Mens (Cs /Ccost) Pxqrtqxrtqrr,

qxqp+qxr+qsr q
t

It is often desirable to use matched convergence rates in the spatial

and temporal discretization methods, such that g, = g = g:

7 1 1
Axopt — Lu]+2rq q+2r pq+2r

g+r r

1

Mené(ﬁzr) (Cs / Ccos’t) s

_ro_ 1 1
Atopt = Lg+2r q q+2r pq+2r
q+r 1

T T e T g

C, qz+24r qu+2qr Al 7T (A.16)
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Stabilized discontinuous
Galerkin/DIRK-DAE method for
unsteady fourth-order physical
operators

B.1  Background/Introduction

For this thesis, we wanted to find a cheap spatiotemporal system
that exhibits chaos as a useful toy problem. Kuramoto-Sivashinsky
and its generalizations are the well-established option for this type of

problem:
au x o 3 o .
SV (eu+ Su2) + V- (BVu+9Viu) = f in Q
U =1y on I'p’ (B.1)
Vu- = 8a on FB

where I'y = Q). The boundary condition here, a “clamped plate” BC,
is key to sustain a turbulent attractor®.

The fourth-order operator makes the generation of solutions using

a DG method non-trivial. Various authors have generated stable
schemes for the Kuramoto-Sivashinsky or other fourth-order differen-
tial equations, including notably alternating upwinding on a family
of auxiliary variables® and tailored interior penalty methods3.

In the interest of future research using the SANS solver, we prefer to
have a simple mixed form that is compatible with the lifting operator
approach of Bassi and Rebay [1997] (with minimal modifications),
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and has promise for being demonstrably dual consistent. Thus, we

Proof of dual-consistency is outside
of the scope of this appendix, but our
method is promising for provable

seek a compatible mixed form for the KSE.

We introduce a mixed variable to arrive at a coupled system of PDEs: dual-consistency.
0
alt‘+v (cu+%u2)+V~(/BVu+'y§Va):f in O
V- (Vu)—¢a=0 in Q (B.2)
U=y onI'p
Vu -1 =gy onI'p

where ¢ is an arbitrary constant.

This allows us to define:

t u 0 f
(3 (%) (o
+ o BVu+ 72V bl
1_ [cu+ pau v _ utaGva) o K | B —7
Giving:
oF! I v
T +V-F(u)+V-F'(u,Vu)+S(u,Vu) =f (B.4)
where we have used u = [u,a] to represent the complete state.
The discontinuous Galerkin form of (B.2) is given by:
ToF" I
/w d0+2/ T(u) Adr— Y /vW - Fl(u) dO
KETy ecTy k€T,
+ ¥ [T PV @ V) adr— ¥ [ v FY (w, Vu) do (B.5)
ecl'y k€T
/ wS(uVu)d0+ ¥ [wlF (V). Y [witdo
Ke’ﬁ, ecl'p KE’E

Here, F T(u) - (u)-fand F V( u, Vu) - 7 are symmetric numerical fluxes
and Fg(u) - 71 is the numerical flux on the boundary that enforces the
boundary conditions. We hope to find a choice of the boundary flux
to guarantee that the system is stable. The second method of Bassi
and Rebay for the viscous terms gives:
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aF!
K;/ - dQ+Z/ Tw)-Adr— Y /vW - Fl(u) dO
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eel’; k€T
+2/ uw, Vu) - dr—Z/VW - FV(u, Vu) dO (B.6)
ecT'y k€T
+ Y /wTs (u,Vu) dO+ ¥ /waB (u,Vu)-adl = /wadQ
k€T ecTp k€T
where the lifted gradient is given by Vu and will be defined in the
forthcoming sections.
B.2  Stability of steady diffusive problem
Consider the case withc = « = 0 = F! — 0and furthermore
assume a steady system. This leaves:
2/ u V) 2} dr— Y /VW FV(u,Vu) d
ecI’y k€T, (B.7)
+Z/WT8uVudQ+2/WTFBuVu -ad Z/wadQ
k€T, ecl'p k€T,
Where we use a “lifted gradient” given by:
- V() +Ry ([ inx €7y,
oy = {TO+ R 58)
V() +nr, ([[1lg) oneel
The global lifting operator is defined by:
r [o-Ri((E] - % [t ar- % fec—0)-
KE7Z ecl’t ecl'y (B.g)
Z/BRO Z/{e} dF—Z/GCﬂdF
k€T ecl; ecl'p
where { = 1y when { = u and { = a when { = g; this implies:
/9 R, ([[]],) dO = Z/e RY([] d0+2/9g A dr (B.10)

k€T k€T

where { can be replaced with a Dirichlet boundary state if it exists.
The local lifting operator is, similarly, defined by:

ecl'p
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— [, {6} - [[u]] dT ifeeT;

K6~r§l([[u]]d) dQ=4q— [ {06} - (u—uy)dl ifeeTp
Reley 0 otherwise (B.11)
¥ [0t ([l a0 {— J.40) [} ar ifeers
kefx}e ' 0 otherwise
and
; — J.{6}-[[¢]] AT ifeeT;
0- dQ = e )
Ke%}e : 1j,0([[S]]) {_fe 67 4 dr ifeeTy (B.12)
such that:

Y 6. ([ul],) da= Y 6~r§l/0([[u]])d0+/66ud~ﬁd1‘

ke{x}e ¥ re{xle '
. (B.13)
015 ([[all) 42 = Y [ o-ri((lal)) 2+ [0a-iar
ke{x}e ' xe{x}e ' ¢
Now, we can substitute the definitions into the equation we want to
use to prove coercivity:
L [l {[p¥u+y¥a] -} ar+ ¥ [ (6]} {Tu-a} ar
EGF[ EGF[
- ¥ [ Vo [pYu+qVa) do- ¥ [ Vb Vudo
k€T k€T (B.14)
—Z/bad0+2/< ) P Vu)-adr = ¥ [wfdo
k€T, ecl’ k€T,

On the boundary, the boundary flux is given by:

FYon— (5%‘ ' ”;W“ ' ”) (B.15)

Here, we have replaced the Neumann boundary condition on the
second equation. This gives:
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Y | [l {8 (Vu+ i, ([[ully) + 7 (Va + g, ([[al]y)] - 2} AT

ecTl”¢
+ Zr {PIT{(Vu + 7y ({[u]]y)) - 2} T
— Y [ Vo [B(Vu+tRy ([[u]ly) +7 (Va+Ry ([la]],)] 4O
k€T, ¥
(B.16)
— Y [ Vb (Vu+R, ((]],) d0— ¥ /ba a0
k€T, ¥ k€T, X
+ Xr; | w(B (Vi ([[u]]g) + v (Va+n, ([[a]]))] - 7 dT = — Xr; | bgq dl
+ ), [ wfdO
k€T, ¥
Consider testing with w = [u, —val:
Y [1*d0+ ¥ [1Va-Vuda = ¥ [9Vu-Vado
k€T, ¥ k€T, ' keT, 7K
L [7Ve R () 40+ [ 9V R () 40
+ Zr: [l {Va-a} dl'+ ZI; | [[ul] {xj (([la]lg) - A} dT
- Zr; v llal] {Vu-a} dl = Zr; | llall {x, ([[ully) -1} dT
+) /’ruva-ﬁdr+ Y /Wuri([[aﬂd)'ﬁdf (B.17)
ecTp /¢ eclp /€
- Y //SVU-TH dOQ—Y_ [ BVu-Ry ([[u]];) dO
k€T, X k€T, ¥
+ ¥ [l {Tu-ay ar+ ¥ [ pyllu)) (€ ([ul),) - 2} dF
ecl ¢ ecI ¢
+) [,BuVu-ﬁdl" + ) [,B;yurf,([[qu)-ﬁdl": Y [ bggdl
eclp /¢ eclp ¢ ecTp /€
+ ). [ wfdQ
k€T, ¥

Noting that f < 0 for stable second-order system, we find that the
blue term is positive for ¢y > 0, the cyan term is positive for v > 0
and B < 0, magenta terms can be shown to be positive following the
DGBR2 Dirichlet problem proof#, and red terms cancel out or go to
zero (note here that rf ([[a]],) — 0 when e € T'p).
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In order to prove coercivity, we must show that the remaining terms,
in black, are positive; in sum:

o=- Y [4Vu-Ry(lla)ly) 40 + Y /vw'Rh(Hund) d0

k€T % k€T %
+ % [l {Vay ar+ ¥ [n (i) {5} (lal])} dr
ecly ecl (B18)
= ¥ [l (Vuy ar = 5 [ ynlla)] - {x ([[]))} dr
eel’; eel’;
/'tua ndl
EEFB
Using 8 = Vu and { = a and 8 = Va and { = u, respectively:
/Vu Ry (] /{Vu}
k€T ecl’y (B.19)
/Va Ry, (] Z/{Vﬂ} ]dr— Y /Vau ndl"—l—Z/Vaud i dl’
k€T ecI’y eclp ecI'p
Substituting:
D= Z/’y{Vu} | dT— Z/’y{Va} u]] dI'— Z /’yVau Adr+ ) /’mitd ndr
ecl’y ecl’y ecl'y ecl'p
+ ¥ [l {Va} dr+ 3 [ () {2 (il )} or
ecl' - ecl’y
(B.20)
=% [l (Vuy ar- T /w ] )} dr
ecly ecly
+ Z /fwaa i drl
ecl'y

As previously, red terms cancel out. The cyan term here, noting that
this term emerges from the b = <ya transformation, is reducible to a
constant RHS term and we can ignore it while proving coercivity.

Now, for the remaining terms, we use 8 = 17 ([[a]],) and 6 =
15 ([[u]];), respectively, to find:
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— JoAr ([all))} - [[u)) AT ifee Ty
)y /Kri(HaHd) 1, ([[u)]y) dQ =< — [ {e ([[al])} - (u—ug) AT if e € Tp
Rty 0 otherwise
re o )= LA (g} (W] AT ife € Ty
L ) -5 () a0 = { . el

By summing over the interior edges, we find:

——m L L [l 6 () d0+an T X [ (i) -5 ([ally) @0

eclke{x}e eelxe{x}e "

Thus, ® = 0, and L, stability follows for ¢ > 0 and § < 0.

In the case that B — 0, we find that the formulation does not have a
unique solution because there are infinitely many solutions, varying
u, at a given minimizer of a; this is equivalent to the lack of an inf-
sup condition on the Ciarlet-Raviart saddle point problem. We now
seek to extend the BR2 stabilization to guarantee the existence of a
solution.

B.3 Extended DGBR2 formulation for biharmonic operators

In (B.8), the formulation of the lifted gradient comes from the idea
of adding a consistent stabilization to penalize jumps in the solution.
Now, we consider such a penalty term that is now independent of
but instead dependent on 7:

Re(w,u) = (1) & L [ shalwl) -5 ([[ul]y) 4O

EEF?KG’EI K
~N Y ¥ / tho[[wl]) - o ([[u]]) 40+ (7) 1 /'rz,omwn)udwdr
eV KETy " K ecTp /€
— (s egl/ ) dI — (s gleB/wrh i dT

These relations follow straightforwardly from the definitions. We
can see that adding this stabilization term is equivalent to adding
an additional penalty to the boundary jumps. Two facts are trivially
observable: first, that by taking w = u this term is coercive in u; and
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(B.21)

(B.23)
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second, because each term is dependent on the jump in the solution
variable, it is zero for sufficiently smooth solutions.

We can add this term to (B.16):

Y [ )] {8 (Vi -+ ([[u)],)) -} T

ecl’y

+ 2 / Iy (Va + i, ([[allg) = srj, ([[u]]g) - A} dT

ecl

— ¥ [ A(Tu -+ ([[u]],)) 2} AT

ecl~ e

/Vw B(Vu+Ry ([[u]ly)) + v (Va+ Ry ([[a]]4))] 4O

k€T

/Vb (Vu+R, ([[u]],) 4o+ ¥ [ badO

KeTh k€T, 7%
+ L [w B (Tus s ([l = st ([[ul)g)) - #) ar

+ % [wr (Va+ s (la))) - #) dT = ¥ [ bggdr

ecl'p € ecl'p

This implies a new approach to the lifted gradients from before;
instead of stabilizing as we have previously, we now introduce a
stabilization matrix to the lifted gradients:

Astab = [—175 2‘| (B‘ZS)
and now:
_ v + [[ulla inkx €7y
(w) S \va) " 520
Va vl |, ([[u}]d) ‘
Agtab oneecTl
Va all,

which should now guarantee stability and coercivity of the Ciarlet-
Raviart DGBR2 mixed form for biharmonic operators for all stable
choices of y > 0. For a shorthand, we refer to this stability form as
the “DGBR4” method.

(B.24)
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B.4 DIRK-DAE time marching for DGBR4

Now, consider a generalized semi-discrete form for unsteady DG
discretizations:

Z; /Kw% (Fi(u(q),a)) dQ+ R5™ (w;u(q),a) =0

(B.27)

y /b— (FL(u(q),a)) dQ+ RE™ (b;u(q),a) = 0.
k€T

This can be specialized to the KSE problem by taking the result of
(B.6) with the DGBR4 definition of the lifting operator,

When we apply timestepping methods to problems of this type, w

and b will be exclusively dependent on space, not time, so w = w(¥)
and b = b(X). Thus we will want to approximate

at (K;'h/ ft ) > + Rf‘emi(w"u(q)/a) =0
at <K€27_h/bft ) +Rzemi(b;u(q)/a) =0

Vw,b € V with an appropriate timestepped form.

(B.28)

Given this form, we also note that for the Galerkin methods, we rep-
resent the solutions g and a by a summation of degrees of freedom
Qx = [Q]x and Ay = [A]y over a set of Np,g;s basis functions ¢y (¥):

Nypasis

q=1q(%) = k; Qr¢r(X) = q(Q)
Nl:;sis

a=a(X)= kZ Ardi (%) = a(A)
=1

(B.29)

Now given a test function w;, we can write an equivalent form of
(B.28) for the semidiscrete system variables Q = Q(t) and A = A (#):

<2 /w]]-"t Q,A) d0> + RE™(w;;Q,A) =0

KeTy,

(B.30)

( ) /b FHQ,A) dQ) + RE™(b;;Q,A) =0
k€Ty

where the system fluxes here are defined by forwarding the DOF
vectors to the relevant functions.

For low dispersive errors, we would like to use a diagonally implicit
RK approach. In this case, we solve:

139
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1 " " 1 . s
A Ru(w; QL AT = =R (w; Q" A") + Z‘BkK](,k)(Q(k)’A(k))

(B.31)
1
ER;(bj;Qn+1,An+1) 7Rt(b],Qn A"+ Z ,BkL (Q®), Ak
Where each of the stage solutions Q(¥) and A () are solutions to:
k 1 1
K (@Y, AM) = =Rl (w; QM AW) — LR (w;; Q" A")
k
_ Z kasem1 /Q(m)’A(m)>
" " (B.32)
L (@M, A1) = —Ré(bj;Q”,A”) — —Rt(b],Q , ARy
k
_ 2 kasem1 b],Q (m)).
for all j such that K](k) = [K(k)}j and likewise L](k) = [L(k)]j. Thus,
we can solve a problem of the form:
BﬁK(k),j(Q(k)/A(k)) = ™ AtRZ( ]’Q(k) )+R§emi<wj;g(k),A(k))
LY 5 S semi (m), A(m)
_ e ny Ykm 15 semi . m m)\ — gu
= “kkAtRu(w],Q ,A™) m; are Ri™ (wi; QM AM) = fige
), AK) ! ), AK) #9)
a — semi "
BRK(k),]'(Q /A ) == l)(kkAt (b]/Q ) R ( ]/Q /A )
_ Rt(b Q" An) B ki MRsemi(b”Q(m) A(m)) = {4 )
Kk At ! me1 %kk e J’ ! — "RK(k),j*
If solve this system using a Newton-like method, we will do it by
generating a Jacobian like:
1 ﬂ aRiemi 1 ﬂ aRseml
o(Bk K(k),j* BRK (k )]) B (MTAt 70 70 ) w0, (zxkkAt A )’w v, 5
a(Q, AW T | (1O AR (ke 2 me)‘ (B34)
thkAt aQ aQ w:wj DékkAt A w= w

This Jacobian should remain nonsingular for 7! — 0 so long as the
spatial problem R$*™ remains nonsingular. Thus, we can solve for
all of the intermediate stage working states Q(¥) and A(¥). In turn,
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we can evaluate the stage-wise conservative steps K& (Qk), Alk))
and L) (Q(0), A(K)),

With these solutions in hand, now seek to use (B.31) to update the

solution for Q"*! and A"*1! at t"*1. In order to do so, we now seek
to solve a system of the form:

1
BEK,j(QnH,AnH) = ERL(W]’}Q"-H,A"'H)

1 no AN : U
= ER;(wj;Q ,A™) 2 Dk, Al = ki
k=1 B.
(Qn+1 An+1): 1 (b Qn An) ( 35)
:ER;(bj}inAn X b YQ®, AM) = iy .

Using a Newton-like method, we find a Jacobian like:

o [(6)],., (3)
o(B RK],BRK]) B AT 90 w=uw, AT 9A w=w, (B36)
o(Qn+1, An+l) - (iaR;)‘ (LBR;M ’ -3
AF9Q ) | e AF9A ) |, w,

which will be singular when R, (or R!, for that matter) goes to

zero. In that case, (B.30) is an index-1 set of differential-algebraic
equations (DAEs), rather than a system of ordinary differential
equations (ODEs). To handle this, we specialize the methods of ? for
our working/conservative variable transformations. Thus, we want
to advance Q using the Runge-Kutta method on R!, while advancing
A by solving R (Q"*1, A"*1) = 0. This gives an augmented system
for the case RE — 0:

1
BEK,],(QVH-l,An-‘rl) = ER;(w]’ Qn+1,An+1)
1
= ar Rulw; Q" AT) = 2 Bk (@M, AM) = gy (B.37)

aRK,j(Qn+1IAn+1) = Rzemi(w]';Qn+l,An+l) —0= RK,j'

Now, this allows a Newton-like method which has a Jacobian of the

form:
LBRL) (LaRL)
a(BﬁK’j,szK,j) B (At Q) ly=u, BEOA ) |y, BAg
QL ATy | argm aRsemi (B39
aQ w=w; aA w=w;

] ]
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Now, this results in a system that should be nonsingular whenever
R$e™i is nonsingular, which is broadly the case. Thus, we can ad-
vance the state and auxiliary completely to " 1!
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C

Cost model validation for
DGBR4/DIRK-DAE solutions of
Kuramoto-Sivashinsky equation

In order to assess the wallclock costs of solutions of the DGBR4/DIRK-
DAE scheme used in Chapter 3 and developed in Appendix B, we
assess the cost model in this appendix.

Consider the solution of the Kuramoto-Sivashinsky equation using
DGBR4 with DIRK-DAE timestepping. In Section 3.3, we establish
a cost model for s-stage diagonally implicit Runge-Kutta (DIRK)
scheme using an order px DGBR4 scheme for the spatial solution:

Ct = [(px + 1)3Nelem} L(S + 1)Nf]

_\,._/

cost of linear solve  {mestepping cost (3-45, reprise)
= Cp.sNelem Nt,
where
Cpes = (px + 1)3(s +1). (3.46, reprise)

In Chapter 3, these are derived under
the assumption s = p;.

In this Appendix, we demonstrate that this model adequately de-

scribes the wallclock time. We have run the KSE using the DGBR4/DIRK-
DAE scheme in this section and performed a set of experiments with

N; = 100 timesteps each and using s = 3 (RK3) for demonstration.

In a first experiment, we simulate with L = 128.0, ¢y = 0, and

Ts = 1.0 and show that the wallclock time to solution scales with Simulations in this study are performed
3 . . . on one machine, in one session, and

(px + 1)°Nelem- The results of this study are shown in Figure C.1. In with isolated computational load. For

this plot, we can see that for each of py = 1, px = 2, and py = 3, the that reason, timing results from this

section should be understood to be
arbitrarily united, but consistent.
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the scaling of wallclock time is linear with respect to the linear cost
model, as we expect.

In addition to the spatial model of this form, we also assume that
there will not be variation of the cost of solution of the nonlinear
system as a function of At, due to increased numbers of nonlinear
iterations due to system stiffness. In Figure C.2, we study the depen-
dence of wallclock time on At with L = 128, Ngjen = 128, tg = 0,
Ts; = 1.0, and s = 3. While there is some stiffness effect for large At,
the wallclock time to solution for simulations subject to this effect
remain within a factor of 1.5 of the small-At asymptotic value for
timestep sizes up to At = 1. Given this bound on these effects,

we conclude that the error model in (3.45) will have satisfactory
performance as a model for wallclock time to solution.
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Figure C.1: Wallclock time

study at fixed Ts, N; = 100 as a
function of the modeling terms
for the linear system solve cost.

Figure C.2: Wallclock time
study at fixed tp =0, T; = 1.0,
Nealem = 128 as a function of the
At.






D

Bayesian fit testing: synthetic test
data

In Section 3.6, we developed a small-sample estimator that could
identify the discretization and sampling error behavior nominally
on the attractor of a chaotic PDE problem. In order to determine the
source of inaccuracies in the small-sample process demonstrated

in Chapter 3, we will now assess the performance of the small-
sample estimators on synthetic data, generated using the asymptotic
theoretical behavior:

—n\2
T ~ N (Joo + G, A0 + B At (A5T7)F), (D)

where the values from Table 3.2 and (3.47) for py = 1 and p; = 2 are
used.

At a limit of C = 10!° and using the sampling costs of Cs = 107, a
set of 100,000 synthetic output datapoints, { ];y;; p}, are generated, the
errors in which can be seen in Figure D.1.

For each forthcoming Bayesian fit, we will draw a length-M set

{J T,hp} of simulation results using a random number generator.
Then, {]T,hp}/ (3-35), (3.36), and (3.41) are used to compute the MAP
estimate 0y, p as well as an estimate of f\ap and the error models
using (3.33). In Figure D.2, the first such Bayesian fit is shown, with
M = 1000 points.

Quantitatively, the fit has a small mismatch with the true value of
the optimal error, and a slight offset of the optimizer. The values and
their comparison to the values in Table 3.2 are given in Table D.1.
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timestep, At

10°

H
i
L

10°

trut
N

101

10?

number of simulations for posterior, M

est. points

h model
1 \\I \I

est. model

element size, Ax

Figure D.1: Error values

of synthetic output error

data points for Cs = 107 and

to = 12,000. 10,000 total points.

Figure D.2: Bayesian error
model fit with M = 1000
synthetic datapoints drawn
randomly. Small-sample
estimate shown with white
contours, “true” model
shown with black and colored
background contours.
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These results show that the error model captures J, C;x, and A}
under 5% error, while the temporal discretization error models have
larger errors. To further interrogate these results, we can look at the
convergence behavior as understood by the model in Figure D.3.

adjusted Jp pp

50 =

0-

—50 —

TG AR W T
eth:
Chp,t -
er
reference -
|||||||| 1 1 |||]||| 1 [
10~1 1071
Az At

Py rorrnmmp v
10° 101 102
T

These results show that temporal-discretization-dominated simula-
tions are relatively few, compared to the spatial-discretization- and
sampling-dominated simulations.

timestep, At

—
o
|
-

est. points
est. model
truth model

1 1 1 1 1 1 1 1
1071
element size, Ax
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variable value pct. error
(Cp)map | 50263 | 4.62%
(By,)mMap | —47.60 | 0.12%
(A§)mar 69.79 2.48%
(Joo)map | 11853 0.07%
variable value ref. value
(Axopt)Map | 0.083 0.085
(Atopt)map | 0.269 0.271
(eopt)MaP | 20.733 20.921

Table D.1: Small-sample fit
results for py = 1, RK2 with
M = 1000.

Figure D.3: Convergence
behavior under small-sample

fit for p, = 1, RK2 with

M =1000. Adjusted Jrpp
removes modeled temporal
effects for spatial convergence,
vice versa, and removes both
spatial and temporal effects for
the sampling error convergence.
Data colored by dominant effect
under observed model.

Figure D.4: Bayesian error
model fit with M = 100
synthetic datapoints drawn
randomly.
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In Figures D.4 and D.5, the fit results for M = 100 and M = 10
simulations are shown, respectively, with the corresponding data in
Tables D.2 and D.3.

timestep, At

101

est. points
est. model
truth model

1 1 1 1 1 1 1 1 1
1071
element size, Ax

These anecdotal results for M = 1000, 100, and 10 demonstrate that
the small-sample procedure can identify . and make high-quality
qualitative estimates of the optimal cost-constrained discretization
(Axopt, Atopt), even approaching the small-sample limit using syn-
thetic data.

Finally, we study the sensitivity of the small-sample procedure to the
particular set of M simulations of J1,1p- In order to do so, we will
now repeat the process of the small-sample fits over M = 100 length-
M sets. Each of these sets will be generated by random number
generator draws from the synethetic data likelihood function. Due

to computational limits, M = 100 is not available for every choice of
M.

In Figure D.6, the (Jo)map estimates are shown. This plot demon-
strates that as M increases, the distribution of (Jo)Mmap converges
towards J,.¢ with a rate approximately M~1/2. In Figure D.7, we
consider the accuracy of error estimates and optimized discretiza-
tions that are generated by each of the length-M MAP estimates. In
these plots, we see the quality of the error model, measured by the
approach of (eopt)MAP tO (€opt)ref, is good and stays within a small

variable value pct. error
(Cpmap | 47951 0.19%
(Bi)map | —4333 |  8.86%
(A5 )map 55.65 22.25%
(Joo )MAP 119.88 1.22%
variable value ref. value
(Axopt)map | 0.061 0.066
(Atopt)map | 0201 0.211

(eopt)MAp 10.542 12.665

Table D.2: Small-sample fit
results for py = 1, RK2 with
M = 100.

Figure D.5: Bayesian error
model fit with M = 10 synthetic
datapoints drawn randomly.

Small-sample estimate shown
with white contours, “true”

model shown with black and
colored background contours.

variable value pct. error
(Cp)mar | 46570 | 3.06%
(By)map | —41.72 | 1224%
(Ag)mapr 36.20 49.42%
(Joo)map | 11859 | 0.12%
variable value ref. value
(Axopt)MAp 0.053 0.066
(Dtopt)map | 0177 0.211
(eopf IMAP 7.826 12.665

Table D.3: Small-sample fit
results for py = 1, RK2 with
M =10.
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factor of the reference error. In the lower subplot of Figure D.7, we
show the multiplicative factor between the error under the reference
model at (eopt)M Ap and the optimal error using the reference model,
which should represent the lowest possible error at this cost. This
plot shows that, using the small sample estimation capability here,
more than 90% of the estimates with random length-M sets {] T,hp}
with M > 10 should result in a simulation with no more than a factor
of two more than the minimum possible error.
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250 = ° Figure D.6: Small sample
. identification of [« as a
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(b) Excess error in optimized (M + 1)-th simulation.

Figure D.7: Small sample error
estimation as a function of M.
In (a): 288 total points out of
range: 100at M = 1,100 at
M = 2,8atM = 3.In(b):
298 total points out of range:
100atM = 1,100atM = 2,
88atM = 3,3atM = 4,1at
M=6latM =8, 1latM =9,
2atM = 10,1atM = 63,1 at
M = 158.
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