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ABSTRACT

In holographic duality an eternal AdS black hole is described by two copies of the boundary
CFT in the thermal field double state. In this thesis we provide explicit constructions in
the boundary theory of infalling time evolutions which can take bulk observers behind the
horizon. The constructions also help to illuminate the boundary emergence of the black hole
horizons, the interiors, and the associated causal structure. A key element is the emergence,
in the large N limit of the boundary theory, of a type III; von Neumann algebraic structure
from the type I boundary operator algebra and the half-sided modular translation structure
associated with it. A by-product is a concept called causal connectability, which is a criterion
for any two quantum systems (which do not need to have a known gravity dual) to have an
emergent sharp horizon structure.
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FIG. 1. The Penrose diagram of an eternal black hole. The dashed lines are event horizons and the
wavy lines are the singularities. Observers from the L and R regions may interact in the F' region
of the bulk geometry.

I. INTRODUCTION

Time is a baffling concept in quantum gravity. While it plays an absolute role in the
formulation of quantum mechanics, in gravity it can be arbitrarily reparameterized by gauge
diffeomorphisms and hence lacks a definite meaning. In an asymptotic anti-de Sitter (AdS)
spacetime, a sensible notion of boundary time can be established in the asymptotic region as
gauge transformations generating time reparameterizations are required to vanish at spatial
infinities. For static spacetimes with a global timelike Killing vector, the asymptotic time can
be extended to the interior with the help of the symmetry. But for spacetimes without such
a symmetry, whether it is possible to describe time flows in the interior in a diffeomorphism

invariant way is a subtle question whose understanding is important in many contexts.

For this purpose an eternal black hole in AdS, which is dual to two copies of the boundary
CFT in the thermal field double state [1] (see Fig. 1), offers perhaps a simplest nontrivial
example. The black hole spacetime possesses a time-like Killing vector in the exterior R
and L regions. The associated time t, which can be considered as the extension of the
boundary time, however, ends at the event horizon, with no timelike Killing vector inside
the horizon. A natural question is whether the boundary theory can describe an “infalling”

time evolution, which we define as any evolution which can take the Cauchy slice at t = 0
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to Cauchy slices which go inside the horizon. Such a time, if it exists, must be emergent, as

the evolutions of the usual boundary times do not probe the interior, see Fig. 2.

/

t t t t t

FIG. 2. Left: Evolution of t = 0 bulk slice under Hr — H,, where Hp ;, denote the Hamiltonians
of the boundary theories. Center: Evolution of t = 0 slice under Hr + Hy. Right: A Kruskal-like
evolution. If such an evolution can be described in a diffeomorphism invariant way, it must be
emergent in the boundary theory.

There have been many different ways that boundary observables can probe regions behind
the horizon see e.g. [2-13], but in these discussions neither an infalling time evolution nor
the casual structure of the horizon was visible from the boundary, except in systems with
symmetries [14, 15]. Similarly, ER=EPR type arguments [16, 17| are largely concerned with
a single time slice. While it is possible to express bulk operators in the black hole interior
regions in terms of boundary operators [18-22], such “bulk reconstructions” require either
evolving bulk equations of motion or analytic continuation around the horizon, and thus are
not intrinsically boundary constructions. See also [23, 24] for an interesting recent discussion
of keeping track of the proper time of an in-falling observer using modular flows and [25-29]
for a description of the black hole interior from the perspective of coarse-graining.

In this thesis we provide an explicit construction of infalling time evolutions from the
boundary theory.! It should be emphasized that our goal is not to describe in-falling geodesic
motion of some localized bulk observers, which in general cannot be formulated in a diffeo-
morphism invariant way. The goal is to construct “global” evolutions of a Cauchy slice as
in Fig 2(c). Understanding such emergent evolutions also helps to illuminate the emergence

in the boundary theory of the bulk horizon and the associated causal structure.

! These results have previously appeared in the literature in [30, 31].



We first introduce a formulation of in-falling observers, which naturally leads to the
concept of casual connectability: a boundary criterion for an emergent sharp horizon in the
dual gravity system. We then provide an explicit boundary construction of a one-parameter
family of unitary operators, U(s), that play the role of evolution operators between bulk
Cauchy slices as in Fig 2(c). The key to our discussion is the emergence, in the large N limit
of the boundary theory, of a type III; von Neumann algebraic structure? from the type I
boundary operator algebra and the half-sided modular translation structure associated with
it. A distinctive property of the “evolution operators” U(s) = e~“*, s € R, resulting from

this construction is that the Hermitian generator G has a spectrum that is bounded from

below,

G>0. (1.1)

The spectrum property is natural from the following perspectives: (i) It distinguishes G, as
a generator of “time” flow, from an operator generating other unitary transformations, e.g.
spacelike displacements or internal symmetries, whose spectrum is not bounded from below.
(ii) If we interpret the eigenvalues of G as energies associated with the “global” infalling time
s, they should be bounded from below to ensure stability. The existence of the singularity
means that such evolution may only have a finite “lifetime,” but there should nevertheless
exist a well-defined quantum mechanical description before hitting the singularity. Also by
construction G involves degrees of freedom from both CFTx and CFT;.3

Our discussion will be restricted to leading order in the 1/N expansion, but we expect the
structure uncovered should be present to any finite order in the expansion. New structure
from incorporating 1/N corrections to all orders is discussed in [35].

The plan for this thesis is as follows. In section II we discuss the necessity of large N
in the boundary theory for the emergence of a sharp horizon structure in the bulk. In
section IIT we discuss the emergence of a type III; vN algebra in the boundary theory at
finite temperature. In section IV we discuss the emergence of a new type III; structure for

local boundary algebras in the large N limit. In section V we suggest several physical im-

2 For reviews on the classification of von Neumann algebras see chapter I11.2 of [32] or section 6 of [33].
3 The necessity of left/right couplings has previously been discussed. For example, see [34].
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plications of these emergent type III; algebras. In section VI we review half-sided modular
inclusion/translation. In section VII we show that half-sided translations can be uniquely
extended to all values of the parameter and that the description of these evolution oper-
ators is completely fixed, up to a phase, for algebras generated by generalized free fields.
In section VIII we illustrate our construction of evolution operators in the simple case of
generalized free fields on Rindler spacetime. In section IX we review bulk reconstruction in
the AdS-Rindler and BTZ spacetimes and then provide new results on the boundary support
of such bulk reconstructions. In section X we show how to cross the AdS-Rindler horizon
and reconstruct the bulk Poincaré time from Rindler patches of the boundary theory. In
section XI we discuss boundary descriptions of Kruskal-like time evolution in the BTZ ge-
ometry and sharp signatures of the black hole horizons and causal structure in the boundary
theory. In section XII we show that the emergent bulk evolution becomes a point-wise trans-
formation in the limit with the bulk field having a very large mass. We then conclude in
section XIII with a discussion of our results and we point out many future directions to be
explored.

Conventions and notations:

1

In this thesis we use N? ~ a
N

to denote the number of degrees of freedom of the boundary
theory, where Gy is the bulk Newton constant. For two-dimensional CFTs, N? should be
understood as the central charge c¢. The 1/N perturbative expansion of the CFT is dual to
the perturbative Gy expansion around the corresponding classical geometry. In this regime,
the bulk gravity theory can be described by a weakly coupled quantum field theory in a
curved spacetime.

All operator algebras discussed in this thesis should be understood as those of bounded
operators.*

RL4-1 and the discussion

We will consider the boundary theory to be on R x S4! or
generalizes straightforwardly to other boundary spatial manifolds such as hyperbolic space.

A boundary point is denoted by x = (t, %) with & denoting points on either R¥~* or S9!,

4 This is for mathematical convenience, but this constraint does not sacrifice physical significance as essen-

tially all observables can be made to be bounded by putting restrictions on their spectra.
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The corresponding Fourier space will be denoted as k = (w, ¢) with ¢ collectively denoting
momentum on R?! or spherical harmonic labels on S9!. A bulk point is denoted by
X = (r,z) with r the bulk radial direction (later in the thesis we use w as the radial
variable).

A’ denotes the commutant of an algebra A, i.e. the algebra of operators commuting with
the algebra A. By type III; algebras we mean a von Neumann (vN) algebra which contains
type III; factor(s).

We use t to denote the boundary time whose translation is generated by the Hamiltonian
H, n to denote the boundary time in units where the inverse temperature is § = 27, i.e.

n= %rt, and t to denote the modular time.

II. CAUSAL CONNECTABILITY: A BOUNDARY FORMULATION OF BULK
HORIZON STRUCTURE

In this section we introduce a boundary formulation of a class of bulk in-falling observers

and discuss the signature of a sharp horizon as viewed by these observers.

A. A boundary formulation of in-falling observers

In [36] a puzzle regarding the duality between the TFD state and the bulk eternal black

hole geometry was raised. Consider an initial state of the form
[Wo) = €™ |Wg) (2.1)

where Ay is a Hermitian operator in CFT and we assume that its insertion only changes
the energy of the system by an O(1) amount such that its backreaction on the geometry can

be neglected. Since operators from the R and L sides commute, any measurement operator

11



M of the R observer should commute with e i.e.
(Wo| M|Wo) = (Wg|M[Ws) (2.2)

so the presence of €% cannot have any consequence on the measurement. But this appears
to be in contradiction with the ability of the insertion of €4~ to influence a right observer
who has fallen into the F' region of the eternal black hole geometry, see Fig. 1.

The above argument by itself does not directly pose a contradiction, as it assumes that
the evolution of an in-falling observer from the R region remains in CFTg. It highlights,
however, a seemingly counterintuitive requirement: for the identification of Fig. 1 to be
correct, the description of an in-falling observer originally from the R region must involve
both the R and L systems. Indeed, from the causal structure of the black hole geometry,
any operator in the F' region should involve degrees of freedom from both CFTx and CFTy.
Thus whatever measurement operator, M, the observer uses in the F' region must involve
degrees of freedom in CFT, and we cannot assume that M commutes with e*4-.

In this thesis we will show that the evolution of a family of in-falling observers on the
gravity side can be described by a boundary “evolution operator” U(s) = e~*“*, s € R that

satisfies the following properties:
1. G involves degrees of freedom from both CFTg and CFT.

2. The Hermitian generator G has a spectrum that is bounded from below,

G>0. (2.3)

The first property is needed for the in-falling evolution ®(X;s) = U(—s)p(X)U(s) of a
bulk operator ¢(X) with X € R to have support in the F' region. The second property is
natural from the following perspectives: (i) if we interpret the eigenvalues of G as energies for

a family of bulk observers, they should be bounded from below to ensure stability,” (ii) the

5 Note that G should be understood as the “energy” associated with a full Cauchy slice in the black hole
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spectrum condition distinguishes GG, as a generator of “time” flow, from operators generating

spacelike displacements (such as momentum operators).

B. Sharp horizon structure only at infinite NV

We will now show that the property (2.3) has important general implications regardless
of the specific form of U(s): a sharp event horizon can only emerge in the large N limit of
the boundary theory.

For this purpose, consider again the state (2.1), and the probability p(s) for an in-falling
observer originally from the R region to observe the existence of ¢*~ along their “trajectory”
parameterized by s. To reproduce the causal structure of the black hole spacetime, p(s)

should have the form
0 s < Sg
p(s) = : (2.4)
#0 s> 3
with sy > 0, as it is only possible to detect the influence of e*4 after the horizon has been
crossed. The existence of such an sy and the non-smooth behavior of p(s) at sy reflect the
sharp causal structure from a sharp horizon.
There is a simple quantum mechanical argument [37] that the behavior (2.4) is in fact
not possible. Denote the projection operator that can detect the possible existence of ez

as Pr. The subscript R emphasizes that this is an operator in CETg. The probability p(s)

can then be written as

p(s) = (VolU'(s) PrU ()| Wo) = (6(s)|6(s)),  16(s)) = Pre™"“*[Wo) . (2.5)

From (2.3), we can analytically continue U(s) to the lower half complex-s plane. Accordingly,
|p(s)) is a vector-valued analytic function of s in the lower half complex s-plane, and is

continuous along the real s-axis. Equation (2.4) means that |¢(s)) vanishes for a finite

geometry rather than some local region. While some of the in-falling observers may only have a finite
“lifetime” due to the presence of the singularity, they should nevertheless have a well-defined quantum

mechanical description before hitting the singularity.
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segment, s € (0, sg), of the real s-axis. Cauchy’s theorem then says if |¢(s)) is zero for any
finite segment of s, it has to be identically zero for all s, incompatible with (2.4). Thus p(s)
can be zero only at isolated values of s or identically zero, but cannot obey (2.4).

This argument is very general, independent of details of specific states or quantum sys-
tems. For example, the two CFTs can interact and have a bulk geometry described by a

traversable wormhole [38].

FIG. 3. Rindler regions of Minkowski spacetime.

Since the bulk gravity theory does have a sharp light cone, the above no-go argument must
somehow be avoided in the duality relation. To understand a possible resolution, consider
a closely related case: Rindler patches for a quantum field theory in Minkowski spacetime.
See Fig. 3. If we discretize the theory by putting it on a lattice, the Minkowski vacuum
|©2) can be expressed as a TFD state for the R and L Rindler patches. In the discrete case
there are no sharp light-cones. Any evolution on a lattice system has a small tail which
gives rise to a nonzero commutator between two space-like separated operators. Indeed, in
the discrete case, the above no-go argument applies: observers from the R and L Rindler
systems are either always connected (for p(s) having only isolated zeros) or can never be
connected (for p(s) identically zero). However, in the continuum limit, they are separated

by sharp light-cones, and can meet in the F' region only after evolution by some nonzero

14



so. This difference in the sharpness of the light-cone structure between the discrete case
and the continuum limit can be attributed to a fundamental difference in the structure of
their operator algebras. In the discrete case, the full Hilbert space factorizes into a tensor
product of those of the R and L systems, and the operator algebras associated with the R
and L systems are type I von Neumann algebras. In the continuum limit, there is no local
Hilbert space associated with the R or L patch, and the local operator algebra associated
to a Rindler region is a type III; von Neumann algebra. In the continuum case, the no-go
argument does not apply, since for a type III; von Neumann algebra, there does not exist
any projector Pr that can be used to detect the influence of an L observer.®

The above Rindler story suggests a way to go around the no-go argument regarding (2.4).
The argument implicitly used that the full operator algebra of bounded operators of a CF'T
is type I (with the existence of a finite rank projector Pg), which is the case for the theory
at finite N. But the duality with the classical black hole geometry and the associated sharp
causal structure needs to hold only in the large N limit. We will argue that in the N — oo
limit there is a pair of emergent type III; algebras, Mg, in the boundary theory.” The
event horizons, black hole interior, and singularities are all consequences of this emergence.

Given that the conditions (2.4)—(2.5) for a sharp horizon structure cannot be defined for

a type III; algebra, we need a generalization. We consider the function [39, 40]

F(s) = sup {|{¥o|UT(s)OrU(s)|W) — (TFD|U'(s)OrU(s)|TFD)|, O € Mg, ||Og|| <1} .
(2.6)
Existence of a sharp bulk horizon structure implies the existence of an sy > 0 and the

behavior

O S (2.7)

7é0 S > S

For infinitesimal Ay, the above equation is the same as the existence of an sqg > 0 and Opg

6 Any projector in a type III von Neumann algebra is infinite, and it is not possible to use such a projector
to measure local excitations [39, 40]. Heuristically, due to the lack of a local Hilbert space associated with

a Rindler region, there is no way to form finite projectors.
7 Note that operator algebra associated with a local region in a QFT is type III;. But here the emergent

type III; algebras refer to those associated with the full boundary spacetime.



such that
[AL, U (s)ORrU(5)] £0, s> 50 . (2.8)

The condition (2.7) can be used to describe an emergent sharp horizon for any two quan-
tum systems and general states, even those without a known gravity dual. We will refer to

two systems in a state which satisfies (2.7) as being causally connectable.

III. EMERGENT TYPE III; ALGEBRAS AT FINITE TEMPERATURE

In this section we consider two copies of the boundary CFT in the thermal field double
state, which is dual to an eternal black hole in AdS. We argue that there are emergent type
ITT; vN algebras in the large N limit. We start with a quick review of the bulk theory to set

up the notations.

A. Small excitations around the eternal black hole geometry

Consider an eternal black hole in AdS;, 1, whose metric can be written in a form
1
ds® = — fdt* + ?dﬁ +r2d¥3 (3.1)

where d¥2_| is the metric for the boundary spatial manifold 3 which we will take to be the
unit sphere S or R%~!, and f is a function with a first order zero at event horizon r = ry.
A bulk point is denoted by X = (t,r,Z) where & denotes a point on ¥. The Schwarzschild
coordinates (t,7) can be used to cover any of the four regions of the fully extended black
hole geometry of Fig. 4, while the Kruskal coordinates U,V cover all the regions.

Small perturbations around the black hole geometry can be described using the standard
formalism of quantum field theory in a curved spacetime. Their quantization results in a

(Fock)

Fock space Hgy - We will use a real scalar field ¢ of mass m as an illustration. The

restriction ¢r of ¢ to the R region of the black hole geometry can be expanded in terms of
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FIG. 4. Kruskal diagram for an eternal black hole. The dashed lines are event horizons,

red lines are the singularities, and the solid black lines are the boundaries.

a complete set of properly normalized modes vff? (X) in the R region as

> dw .
oX) =% [ 52 (X + (X))
q
where ¢ collectively denotes quantum numbers associated with 3.8 and

[ (a)NT] = 216(w — )by -

wq  \Fw'q

Below for notational simplicity we will write (3.2) as

R R R R)\ x R R
or(X) =Y 0P (X)al?, k=(wq), o=@, o =@)r.
k

There is a similar expansion for the restriction of ¢ to the L region,

L L L L)\ % L L
b= T e, k= (o0, o=@y, o = @)
k

the solid

(3.2)

(3.3)

(3.5)

In the case of a Schwarzschild black hole, the R and L regions are related by spacetime

8 The sum over ¢ and d4¢’ should be understood as integrals and Dirac delta functions if there are continuous

quantum numbers.



reflection symmetry (U, V, %) to (=U, =V, —Z). It is convenient to choose v,(CL) to be

o (b, 2) = o (6, 2) = v P (4, r, ) (3.6)

and the anti-unitary spacetime reflection operator J then acts as

Jor(t,r, @) = ¢p(t,r, @),  JaPT=a" (3.7)
Altogether
(@t =a'? [0, al?) = €(W)rin00as, @B =R, L. (3.8)

The behavior of ¢ in the F' and P regions can be determined from that in the R and L

regions by causal evolution or analytic continuation.

The Hartle-Hawking vacuum can be defined using the standard Unruh procedure by first

introducing modes wy which are analytic in the lower U and V planes for w > 0,

w® =b v +b_0%, L=R R=L (3.9)

by =—ooo, b2 b2 =1. (3.10)

\/2sinh 2
(@) o @)

Denoting the oscillators corresponding to the modes w, ' as ¢, we then have on a Cauchy

slice

6= v =3 we? (3.11)
a,k a,k

which implies the oscillators c,(f) and a,(f) are related by

6 =boal —ba'), o =6+, (3.12)
e, ) = e(@)0iw0os, TS = e (3.13)

18



The Hartle-Hawking vacuum |H H) is defined to satisfy
A HH)Y =0 for w>0. (3.14)

The Fock space Hin™ is built by acting ¢\ with w < 0 on |[HH). Note that

Bw
2

aPIHH) = e Ta D\ HH),  (HH|a"” == (HH|a") . (3.15)

We will denote the operator algebra generated by ¢ and other matter fields (including

metric perturbations) in the R region as 5)R and similarly those generated by fields in the L

region as )7L. j)vR and 37L are commutants of each other, and are expected to be type III; von

Neumann algebras [41-43]. Reflections of the type III; structure include the non-existence

of the Schwarzschild vacuum state |0)g ® |0) (which is defined to be annihilated by a,(f)
(Fock)

with w > 0) in Hygy ~ and the entanglement entropy between R and L regions being not

well defined in the continuum limit.

B. Small excitations around thermal field double state on the boundary

We consider the boundary CF'T at large but finite N. We denote the Hilbert space of the
boundary CFT as H, its Hamiltonian as H, the algebra of bounded operators as B, and
the algebra generated by single-trace operators under multiplications and sums as A (which
is only defined perturbatively in the 1/N expansion). We use O to denote the single-trace
operator dual to the bulk field ¢. Now consider two copies of the boundary theory, to which
we refer respectively as CFTgr and CFT,. Operators or states with subscripts R, L refer
to those in the respective systems. The doubled system has Hilbert space H=Hpr®Hy,
operator algebra B = Br ® By, and single-trace operator algebra A = Ap ® Ap. Generic

operators in A will be denoted as a,b,---, those in B as u,v,- -, those in Agr as Ag, Br,- - -.
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The thermal field double state is defined as

Wy) = %Z_ﬁ S i)l (3.16)

i) = 0ln), (i) = (n|m) = 6pn,  Zg=» e Pn (3.17)

where |n) denotes the full set of energy eigenstates of the CFT, with eigenvalues E,. m,n
here collectively denote all quantum numbers including spatial momenta for the boundary
theory on R~! or angular quantum numbers for the theory on Rx S4~!. § is an anti-unitary
operator and will be taken to be the CP7T operator of the CFT. When tracing over degrees
of freedom of one of the CFTs, we get the thermal density operator at inverse temperature
b= % for the remaining one

1
ps = Z—ﬁe‘ﬁH : (3.18)

Perturbatively in the 1/N expansion, excitations around |¥z) can be obtained by acting
single-trace boundary operators on it.? In fact, the collection of small excitations obtained
this way has the structure of a Hilbert space, which can be made precise mathematically
using the Gelfand-Naimark-Segal (GNS) construction. More explicitly, for each operator

a € A we associate a state |a) and define the inner product among them as
(alb) = (Vgla'd|Ws), abeA. (3.19)
In particular, for Agr, Bg € Ag, we have

(Al Br) = (Ws|ALBR|Ws) = Ta(psA'B) (3.20)

Equation (3.19) does not yet define a Hilbert space as there can be operators y € A
satisfying <\I/5|yTy|\Ifﬁ> = 0 and the corresponding |y) should be set to zero. Denote the set

of such operators as 7. The GNS Hilbert space is the completion of the set of equivalence

9 See also [44] for a review of the definition of the thermal field double state in the infinite volume and large
N limits.
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classes [a] which are defined by the equivalence relations
a~a+y, acA yeJ. (3.21)
The set J is non-empty, as from (3.16), for a Hermitian operator W € B
Wg(t, ©)|[Ws) = W (t - zg,f) (W), WL(t,2)|Vs) = Wk (t + z§,f> Us),  (3.22)

where for simplicity we have assumed that §TW (0)6 = W (0) and we have chosen the space
and time orientations of CFT}, to be the opposite of those of CFTg.!> From (3.22) it can

be shown that Ag or Ay alone can be used to generate the full GNS Hilbert space, which

we will denote as H(T(?\]IDS). See Appendix A for details. In other words, any state in H(TC?\];S)

can be written as |Ag) with Az € Ag or as a limit of such states. The state in H(TGF%S)

corresponding to the identity operator is denoted as |{2o), which we sometimes refer to as

the GNS vacuum.

nyiNS) also provides a representation space for A. The representation m(a) of an operator

a € A acting on HEI,(;NS) can be defined as

~

7(a)[b] = [ab], a,be A (3.23)
and as a result the inner product (3.19) can also be written as
(alb) = (Ql(m(a)) 7 (b)|) - (3.24)

We denote the representations of Ag and Ay in HSF(;FI\];S) respectively as Vg and YV;,. Given that

H(T%I\II)S) can be generated by Ag or Ay alone, the GNS vacuum [€) is cyclic and separating

under both Vi and YV;, and we have YV, = V.. We denote the operator algebra on H(TGF%S)

as V.

10 That is, Wg(t, ) = 11 ® W (t, ) while W (t,7) = W(—t, —F) ® 1z. We take that single-trace operators
W (t,Z) are analytically continued to Imt € [0, g] Thus Wg(t,Z) are defined for Imt € [0, g] while
Wi (t, %) for Imt € [—g,O].
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It can also be shown that HSF%\]I)S) is isomorphic to ’HgNS), the GNS Hilbert space corre-

sponding to the thermal density operator pg over the single-trace operator algebra A.!!

To leading order in the 1/N expansion, the inner products (3.19) and thus (3.24) can be
written as sums of products of two-point functions of single-trace operators. We can thus
represent single-trace operators by generalized free fields acting on H(TC;I\];S) and the algebras
Vg,V are generated by generalized free fields. More explicitly, for a single trace scalar

operator O, we can expand its representations in terms of a complete set of functions on the

boundary manifold

T(Or(@) =Y _uP(@)al”, 7(O(x) =Y uf? (@)af”, (3.25)
k k
ul?(z) = Nye ™ hy(7), ul(x) =P (2) = (P (@), 2= (t,7) (3.26)

where Ny, is some function of & = (w, ¢), and hy(Z) denotes the complete set of functions on

L) )

the boundary spatial manifold 3, and al(CR are operators acting on H(TC;\]; , normalized as'?

(@) = a0, 0] = e(@)driwodas, @ f=RL. (3:27)

Using (3.20) and (3.24), Ny can be deduced from the condition
Tr(psO(21)O(22)) = (Qo|(7(Or(21))7(Or(22))[0) - (3.28)

Furthermore, applying (3.22) to 7(Og) and 7(Of) we have

Bw
2

_Bw
al™00) = 7 a'")|Qy), (Qolal™ = 5 (Qpla™) . (3.29)

We can introduce an anti-unitary “swap” operator J which acts as

JIQ) = [Q0), Ja\T=dal®, Jn(0a(x))] = 7(Oa(z)), JP=1. (3.30)

1 For the construction of latter see Sec. V.1.4 of [32] and [45].

12 Note that this is purely a boundary discussion. Even though we use the same notation, a,(ca) as in (3.4),

at this stage these operators do not have anything to do with each other.
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Equations (3.29) motivate the introduction of (by were introduced in (3.10))

A =0l —b_a",  dY =6, +0.% L=R (3.31)
which satisfy
T
A1) =0 for w >0, <c§f‘)) =1 D) = €(w)n00as - (3.32)

To conclude this subsection, we make some further general remarks:

1. The algebras Ag, Ay are only defined in the 1/N expansion. As operators acting on
H=HrQHL they do not form algebras. They are not von Neumann algebras as
they are not equal to their double commutants. They are C* algebras. The algebras

GNS
Yr, Y1, act on ’H(TFD ), and are von Neumann algebras.

2. m(0O) is not the same as O. The former is defined only on H(T(%l\];s) and is state-dependent
(i.e. it depends on the state we use to build the GNS representation), while O acts
on the full CFT Hilbert space and is state-independent. The algebras Vg, );, are thus
also state-dependent. For example, they depend on f.

3. The operator algebras Bg, By, are type I von Neumann algebras, and |¥g) is cyclic and
separating with respect to them. The corresponding modular operator A is given by
—log A = B(Hr — Hy). Note that the modular time ¢ defined by modular flow with
A~ is related to the usual CFT time t by'?

t= (3.33)

t
5
4. Since |€p) is cyclic and separating for Vg, there exists a modular operator Ay which

leaves |€29) invariant and generates automorphisms of Vg,Y;. The modular flows

13 Recall that we take the time of CFT, to run in the opposite direction to that CFTx.

23



generated by Ay again coincide with the time evolution of the respective boundaries.

More explicitly, combining with the previous item, we have

T(Ap(t = Bt)) = 7 (A" AgAT) = Ajita(Ap) AL, Ap € A . (3.34)

C. Complete spectrum and emergent type III; structure

For the boundary theory on R x S%!, we conjecture that the algebras Vg, are type
I below the Hawking-Page temperature Ty p, but become type III; above Ty p. Recall that
Typ is the temperature at which the boundary system exhibits a first-order phase transition
in the large N limit, with log Zg ~ O(N?) for T' < Typ but log Zg ~ O(N?) for T > Typ.
Below Typ thermal averages are dominated by contributions from states with energies of
O(N?) while above Ty p they are dominated by states with energies of O(N?). This change of
dominance leads to dramatically different behavior for thermal correlation functions. Since
the inner products (3.19)—(3.20) of ’}—[(TGF%S) are determined by thermal two-point functions of
single-trace operators, the representations of elements of Ag, A, and thus the structure of

the algebras Vg, ) are sensitive to the behavior of these two-point functions.

Consider thermal Wightman functions of a Hermitian scalar operator O of dimension A
Gz — 22) = Tr(pgO(21)O(2)) = (V5|Or(21)Or(2)| V) - (3.35)

Its Fourier transform has the Lehmann representation

_ 1
Gi(w,q) = Z(Qﬂ)d(cu — Ep)e PBmp = mp(w, q), (3.36)
Epm =E, — Epn, pon = [(m|O0)|n) %, (3.37)

where p(w, q) is the (finite temperature) spectral function. In the large N limit and at strong
coupling, G, and p can be computed using the standard procedure from gravity. Below

Ty p, the finite temperature Euclidean correlation function, Gg, of O is determined by the
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Euclidean function Gy at zero temperature via summation over images in the Euclidean
time

Gp(r, @) =Y Gpolr+nB,7) . (3.38)

When analytically continued back to the Lorentzian signature, this implies that

p(w, q) = B(w)po(w, q) — O(—w)po(—w, q) (3.39)

where po(w, q) is the spectral function at zero temperature'* and has the following form

po(w,q) = Z co(w—A=2l), (3.40)

In this case, p is supported only at discrete points on the real w-axis.
In contrast, for T > Typ, p(w,q) is smooth and supported on the full real w-axis. For

d=2,1i.e. CFT on a circle, from the BTZ black hole [46] it can be found that'®

p(w,q) = Csinhwwl(g)I'(q4 ) (g-)T(q-) - (3.41)

We will refer to such a p, a smooth function supported on the full real w-axis for any g,
as having a complete spectrum. For general d, the explicit analytic expressions of p(w, q) at
strong coupling are not known, but p can be shown to always have a complete spectrum due

to the presence of the horizon in the black hole geometry (see e.g. [4]).

Conjecture: the algebras Vg, )V, are type III; if and only if the corresponding p has a
complete spectrum.

We now outline some motivational ideas for the conjecture, but will not attempt a rigorous
mathematical proof here. For any choice of a cyclic and separating vector |¢) € HEI,(ZNS) for

Yr we have the corresponding modular operator As. The spectrum o(A,) of Ay is |¢)-

14 This can be defined by taking 8 — oo in (3.36) and can be found from the zero temperature momentum

space Wightman function as Gy (w, q) = po(w, q).
15 Now ¢ is the momentum on the circle and ¢4+ = $(A+i(w+q)), ¢+ = 1(A—i(w+q)). C is a normalization

constant. In (3.41) we have chosen units such that g = 2.
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dependent and consider the spectral invariant
S(yR> = ﬂ¢U(A¢>) . (342)

Vg is type 111} if S(Vg) = Ry [47, 48] (see also Sec. 5.2.4 of [32]). This implies that for all
states |¢) the spectrum of log A, should cover the full real axis. In our construction of the
GNS Hilbert space using generalized free fields, w can be interpreted as the eigenvalues of
—log Ay (see (3.34)) for the GNS vacuum [€y). Furthermore, all states in the GNS Hilbert
space can be obtained by acting a,(gR) on |2g) (or a limit of such states). If there is a gap
in the spectrum of p(w, q) on the real w-axis, then we should be able to construct a state,
whose corresponding modular operator does not have a spectrum covering the full R,. Also

note that when there is a complete spectrum, the “vacuum” [0), ® |0)g for a,(f), which is

defined to be annihilated by a,(f) with w > 0, does not exist in Hfl,iNs) and thus HSI,C;NS)
cannot be tensor factorized'®. In Sec. VII we show that when there is a complete spectrum
it is possible to define a half-sided modular translation structure (which is only possible for
type 111, algebras).

We will discuss in the next subsection that the type I11; structure of Vg, )y, is also required
by the duality of Vg, Y, with the bulk algebras Vg, Vr.

We emphasize that the complete spectrum is possible only in the large N limit. CFT on
S?=1 has a discrete energy spectrum, i.e. the sums m,n in (3.36) are literally discrete. As a
result, at finite N, the spectral function p is supported on only discrete values of w = E,,,,,. In
the large N limit (for 7' > Ty p), the dominant contributions to the sums in (3.36) come from

O(N?) " If O has nonzero matrix

states with energies of O(N?), where the density of states is e
elements between generic states with energy differences E,,,, ~ O(N®), a complete spectrum
results in the large N limit. In contrast, for T" < Typ, the dominant contributions to the
sums in (3.36) come from states with energies of O(N?), where the density of states is O(NY),
which leads to a discrete spectrum for p. From the bulk perspective, the complete spectrum

can be attributed to the existence of an event horizon which results in a continuum of modes

—2ﬂw)

16 From (3.31), the normalization of |0) ® |0), is proportional to [] (1 —e , which is not well defined.
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for both signs of w. The emergent complete spectrum in the large N limit for T" > Typ
was emphasized before in [4] as a possible reason for the emergence of a bulk horizon and
singularity in holography.

The complete spectrum of finite temperature spectral functions and thus the emergent
type III; structure may not be restricted to strong coupling. In [49] it was argued that a
complete spectrum may arise generically for a matrix-type theory in the large N limit even
at weak coupling (see also [50, 51]). A complete spectrum should also arise in the SYK
model.

The boundary theory on RY¥~! is always in the high temperature phase for any nonzero
temperature and thus the corresponding Vg, Yy, should be type III; at any nonzero temper-
ature.”

Theories defined on an uncompact space such as R, the spectral functions of a single-
trace operator have a continuous spectrum at both zero and finite temperature. Such a
continuous spectrum alone is not enough for the corresponding algebra to be type I1I;. For

example, at T' = 0, the spectral function for a scalar operator O with dimension A has the

form (C'is a constant)

po(k) = COW)O(—KH) (=KD", v=A— %l, P =—0+ 3. (3.43)

This has a continuous spectrum, but is not supported on the full real w-axis for a given
spatial momentum ¢. In this case the representation of the algebra generated by single-trace
operators in the GNS Hilbert space built from acting them on the vacuum should be type
I. For a free Yang-Mills theory at a finite temperature, the spectral function for a typical
gauge invariant operator is supported for w? > ¢ on the real w-axis for a given ¢ (see [52] for
an example), and thus also does not have a complete spectrum. The representation of the
algebra generated by this gauge invariant operator on the GNS Hilbert space will therefore

not be of type III;.

7 In general we expect that the large volume limit to get the theory on R»¥~! from R x S9~1 (or on a torus)
is smooth. Under this assumption, the type III; structure of Vg is also only possible in the large N limit
for the theory on R1-@—1,
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Our discussion of the emergent type III; structure is at the generalized free field theory
level, which applies at leading order in the large N limit. See [35] for a discussion on the

deformation of this algebra when including 1/N corrections.

D. Duality between the bulk and boundary from the algebraic perspective

Given that single-trace operators are dual to fundamental fields on the gravity side, we
can identify the Hilbert spaces of small excitations on both sides and the corresponding

operator algebras, i.e.
HEI/C;NS) :H](;fl)d()a ’QO) = ‘HH>7 yR:j\}Ra yL :j\}L . (344)

More explicitly, for a bulk scalar field ¢ dual to a boundary single-trace operator O, the
last two equations of (3.44) imply that we should identify oscillators, agf), constructed from
the generalized free field description of the boundary theory operators (3.25) with those in
the bulk mode expansions (3.4)—(3.5), which is the reason we have been using the same
notation for them. This identification is also reflected in the standard extrapolate dictionary

for the bulk and boundary operators (C' is a normalization constant)

71—(C)R(x)) = C lim T_A¢R(T7 IL‘), 7.‘—((9L(gj)) = C lim T_A¢L(T7 l’), (345)
u,(CR) () = C lim T’AUI(CR) (r,x), u,(f) () = C lim r’Av,gL) (r,x) . (3.46)
r—00 r—0oo

We emphasize that it is the representations 7(Og), 7(OL) of Og, O in the GNS Hilbert
space that appear in the extrapolation formulas (3.45). This makes sense as the mode
expansions of ¢r, ¢, depend on the bulk geometry, which is reflected in the state-dependence
of m1(OR), m(OL). The identification of Q) with |H H) then follows from (3.15) and (3.29).

With the identifications of a,(f) in the boundary and bulk mode expansions, ¢g, ¢ of
equations (3.4)—(3.5) can now be directly interpreted as boundary operators, which is the

statement of bulk reconstruction for the R and L regions of the black hole [18-20]. We
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emphasize that the reconstruction formula is in terms of operators in the GNS Hilbert space.

Since the algebras J~7R, J~7L of bulk fields restricted to the R and L regions of the black hole
are believed to be type III; von Neumann algebras, the duality can only hold if Vg, )V, are
also type I1I;. The identifications (3.44) should hold perturbatively in the 1/N expansion (or
bulk Gy expansion).

For the boundary theory on R x S4~!, the above discussion applies to 7' = % > Typ. For
T < Typ, the bulk dual for (3.16) is given by two disconnected copies of global AdS whose
small excitations are in the thermal field double state, see Fig. 5. In this case Vi and Y}, are

each dual respectively to the algebra of bulk fields in the global AdS geometry and should

be type I.
|TFD)
L oom— i

FIG. 5. Below Ty p the bulk theory is two separate global AdS spacetimes whose small excitations
are entangled in the thermal field double state.

IV. EMERGENT TYPE III; ALGEBRAS IN BOUNDARY LOCAL REGIONS

The emergent type I1I; structure discussed in the previous section concerned the algebras
generated by single-trace operators over the entire boundary spacetime. We now would like
to argue this phenomenon is more general, applying to spacetime subregions, although in a
more subtle way. The operator algebra of a boundary CFT restricted to a subregion should
be type III; [41-43]. We argue that there is a further emergent type III; structure in the
large N limit, and discuss its manifestation in the bulk gravity dual.

Our discussion in this section will be for a single copy of the boundary CFT at zero
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temperature. For definiteness, we will take the boundary spacetime to be R, Recall that
the Hilbert space of the boundary CFT is H, with its full operator algebra 5, and the algebra
generated by single-trace operators is A. While B can be defined on a single time slice, A
is defined on the whole spacetime as single-trace operators do not obey any equations of
motion among themselves, see Fig. 6. B is a type I von Neumann algebra. A is C* algebra,

but not a von Neumann algebra as the double commutant of A is not itself.

FIG. 6. The single-trace algebras A; and Ay associated with the two different Cauchy slices shown
are inequivalent, even though they share a causal diamond, since single-trace operators do not
obey any equation of motion among themselves (standard Heisenberg evolution takes a single-trace
operator outside of the algebra). The same statements apply to algebras generated by generalized
free fields (e.g. subalgebras of ) which do not obey any equations of motion.

A. GNS Hilbert space and bulk reconstruction

For our discussion of the emergent type III; structure for local boundary subregions, it
is again important to introduce the GNS Hilbert space of small excitations, now around the
vacuum state of the CFT. The procedure is similar to our discussion of the GNS Hilbert
space around the thermal field double state in Sec. III B, so we will not go into details.

Consider the GNS Hilbert space ’H(()GNS) built from the CFT vacuum state |0) over the

single-trace operator algebra A. H(()GNS) offers a representation my(A) for an operator A € A
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and we denote the algebra my(.A) as ). As the entire operator algebra on HéGNS), Y is a type
I vN algebra. We will denote the vector corresponding to the identity operator in ’HE)GNS) as
|Q0)cans. The definition of ) is again only sensible perturbatively in the 1/N expansion.

To leading order in the 1/N expansion, the algebra ) is again generated by generalized
free fields, with a mode expansion determined by vacuum two-point functions of single-trace
operators.

The boundary theory in the vacuum state |0) is dual to the bulk gravity theory in the
empty AdS geometry (in our case the Poincaré patch as we consider the boundary theory
on RY=1) We can use the standard procedure to build a Hilbert space of small excitations
around the Poincare vacuum |0)puk, which we will denote as ’H(()FOCk). The algebra of bulk
fields is denoted as Y. In terms of the algebraic language we are using, the usual holographic
dictionary can be written as

Fock GNS
H(H) _ 3(GNS)

0 , |0buk = [Q)ans, V=Y. (4.1)

In particular, the last equation in (4.1) identifies the bulk and boundary creation/annihilation

operators, and is equivalent to the statement of global reconstruction.'®

B. Boundary theory in a Rindler region and AdS Rindler duality

Now consider the boundary spacetime separated into Rindler regions, as on the left of
Fig. 7. We denote the algebra of operators restricted to the Rindler R-region (or L-region)
as Bg (or Br). These are type I1I; vN algebras. The single-trace operator algebras restricted
to the R and L regions are denoted by Agr and Aj. They are not von Neumann algebras
as they are not their own double commutants. The restrictions of ) to the R and L regions
are denoted by Vg and Y. They are von Neumann algebras and we have Y, = V.

Our proposal is that Yz and Y, are type I1I;. This new type III; structure is only possible
in the large N limit, and is mathematically and physically distinct from the type I1I; nature

18 The HKLL global reconstruction [53] is a coordinate space version of the statement.
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FIG. 7. Left: Rindler regions of Minkowski spacetime. Right: AdS Rindler regions of the bulk
spacetime. The vertical lines denote the boundary and the dashed lines are Rindler horizons. Each
AdS Rindler region has the corresponding Minkowski Rindler region as its boundary.

of Br and By. The support for our proposal again comes from the complete spectrum of the
spectral function of single-trace operators restricted to a Rindler region and the half-sided
modular translation structure which we will study in detail in Sec. VII and Sec. VIII. It is
also required by the duality with bulk gravity, which we now elaborate.

The Poincaré patch of AdS can also be separated into four AdS Rindler regions as on the
right of Fig. 7. The standard procedures of the holographic correspondence can be applied
to an AdS Rindler region, leading to a duality between the bulk gravity theory in the AdS
Rindler R (L) region and the CFT in the boundary R (L) region [53-55]. Denoting the
algebras of bulk fields in the AdS R and £ regions as Vg and Y., we have the identification

Vi = r, V=Y. (4.2)

As local operator algebras of the bulk low energy effective theory restricted to a spacetime
subregion, 37R and j}ﬁ are type III; vN algebras, thus so are Vg, Y, due to the identifica-
tions (4.2).
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The CFT vacuum |0) is cyclic and separating for Br and the corresponding modular
Hamiltonian is —log A = K, where K is the boost operator. Similarly, |Q)ans is cyclic
and separating for Vg, and the flows generated by the corresponding modular operator Ag

should again coincide with boosts. We thus have
7T0(AR(’I7 = 27Tt)) = 7o (A_itARAit) = Aait’ﬂ'g(AR)Ag, AR S AR (43)

where 7 is the (dimensionless) Rindler time.

With B and Yy being type III;, neither A nor A can be factorized into a product of
operators from the R and L regions, but their non-factorizations are reflected very differently
in the bulk. The non-factorization of A implies that the entanglement entropy Sg between
the R and L regions in the full CFT can only be defined with a short-distance cutoff ¢, in the
boundary, which corresponds to a bulk IR cutoff near the intersection of the corresponding
RT surface with the asymptotic boundary. The non-factorization of Ay is reflected in the
non-factorization of the bulk field theory across the AdS Rindler horizon, which implies that
a bulk UV cutoff eyy must be introduced in order to define the bulk entanglement entropy
Sr between the AdS Rindler R and L regions. See Fig. 7.

The above discussion of a boundary Rindler region can be straightforwardly generalized

to ball-shaped regions in the boundary which also have geometric modular flow.

C. General boundary regions

We now generalize the above discussion of emergent type I1I; algebras for Rindler regions
to general local boundary subregions. The story is similar, so we will only emphasize those
elements which are different.

We now use R to denote a general spatial subregion in the boundary. Its causal completion
is denoted by R. The restriction of B to R, Bg, is the same as By, and is a type III; vN
algebra. Now consider the restriction of ) to R, Vg, in the GNS Hilbert space H((]GNS). Note

that YVr # YV as ) is generated by generalized free fields, which do not obey any equations
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of motion (see Fig. 6). We now introduce
Vr= )" (4.4)

From the definition, we have Vg D Y. For a half-space (Rindler) or a ball-shaped region,
Vi = 5)1%, as the modular flows are geometric, but for general R it may be that )V is a
proper subset of YVr. We propose that Vg is type I11;.

Subregion duality and bulk reconstruction associated with R can be stated as
Ven =Yg , (4.5)

where Eg is the entanglement wedge of R and J7ER is the bulk field algebra restricted to
ER. The containment of the causal wedge in the entanglement wedge can be interpreted as
a bulk reflection of YV C 373.19

We denote the modular operator of Br with respect to the CEFT vacuum state |0) as A
and the modular operator of Vg with respect to |Qg)ans as Ag. The identification of bulk

and boundary modular flows argued for in [56, 57] can be expressed in our language as
o (A*“AA“) = A m(A)AY, Ac Ag. (4.6)

A highly nontrivial assumption behind the above relation is that A= AA® € A, i.e. modular
flows of a single-trace operators are still elements of A. Unlike those in (3.34) and (4.3), the
modular flow parameter s in (4.6) does not have any geometric interpretation.

The type III; nature of B and Vg is again reflected differently in the bulk, with the
IR divergence of the area of the Ryu-Takayanagi (RT) surface [58] reflecting the type 1114
nature of Bg, while the divergence in the bulk entanglement entropy Sg,, for Er reflects the

type III; nature of Vg, see Fig. 8.

19 Denoting the causal wedge for R as Cr and the corresponding bulk algebra as J?CR , we expect J?CR C Vs
Note that since J7CR is the algebra associated with a causally complete bulk region, it should be a von

Neumann algebra, but, in general, V5 does not have to be a von Neumann algebra.
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FIG. 8. RT surface, vg, for a boundary spatial region R. Er denotes the entanglement wedge.
Here we only draw a spatial section of the bulk. The bulk IR divergence of the area of vz comes
from the part near the boundary (circled red regions) and reflects the type I1I; nature of boundary
algebra Br. The type III; nature of Vg is reflected in the UV divergences of Sg,, which comes
from UV degrees of freedom near g in the bulk (highlighted by orange wavy lines).

V. PHYSICAL IMPLICATIONS

The emergent type III; algebras potentially have many physical implications. One such
implication, which will be extensively explored in the rest of the thesis, is the emergent half-
sided modular inclusion and translation structure, which can be used to generate emergent
in-falling flows in the bulk. Here we discuss some other possible implications. Our discussion

is somewhat vague, but hopefully offers some pointers for future explorations.

A. Role of the bifurcating horizon and RT surfaces

Consider first the case of the system in the thermal field double state. The doubled system
has a tensor product structure with H = Mz ® My, B = Br @ By, and A = Ap ® A,. The
emergent type III; nature of Vg, ), implies that the GNS Hilbert space HEI,(ZNS) does not
have a tensor product structure, i.e. it cannot be factorized into Hilbert spaces associated
with the R and L theories, and its operator algebra ) also lacks a tensor product structure

in terms of Vg, Y. This can have important implications for describing the dynamics of
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low energy excitations around the thermal field double state, including non-factorization of
certain objects on the gravity side. An immediate bulk example of such non-factorization
comes from operators inserted at the bifurcating horizon (suitably smeared), see the left of
Fig. 9. The existence of conserved charges such as energy implies that Yz and )y have a
nontrivial center at the leading order in the 1/N expansion [35], i.e. they are not factors.
The presence of diffeomorphisms and other possible gauge symmetries on the gravity side

could also lead to a nontrivial center [59-61] for Yr, V5. and thus for Vg, V.
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FIG. 9. Left: operators inserted at the bifurcating horizon do not appear to be factorizable. Right:
a Wilson line in the eternal black hole geometry and its factorization into left and right operators
via the bifurcation surface.

The system can be factorized once we go beyond the GNS Hilbert to the full theory. From
the bulk perspective this requires going beyond the low energy approximation. Interestingly,
there are objects, which naively may be factorized only in the full theory but turn out to be
factorizable within the low energy description, with the “help” of the bifurcating horizon.

Here we will briefly comment on two simple examples:

1. Ygistype IIl;, so its modular operator A with respect to the GNS vacuum [€2) cannot
be factorized, which translates to the bulk as the lack of a well-defined entanglement
entropy Si between the R and L regions in the continuum limit. Going beyond the

GNS Hilbert space, the full theory can be factorized, and there exists a well defined
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entanglement entropy Sg between the R and L systems. It is a familiar fact that Sg
can nevertheless be found using the low energy description on the gravity side by the

generalized entropy

+SR(EU\/) (51)

where Apo, is the horizon area and Gy(eyy) is the (bare) Newton constant at some
bulk short-distance cutoff eyy. The left-hand side is well defined mathematically but
Sr(eyy) cannot be defined in the eyy — 0 limit, and thus the two terms on the right

hand side cannot be individually defined in the continuum limit.

This emergent type III; structure also provides a new perspective on the bulk UV
divergences and renormalization of the Newton constant G'y. Recall that in the usual
AdS/CFT dictionary, the bulk UV divergence is understood from the boundary the-
ory as coming from a truncation of operators dual to stringy modes in the bulk. In
particular, it is generally expected that the string theory description of a physical
quantity should be devoid of UV divergences at each genus order. Here, however, the
bulk UV divergences may be understood from the boundary theory as arising from
non-factorization of algebra ). For this reason, even in string theory we expect that
the two terms in (5.1) which should come respectively from genus zero (the area term)

and from higher genera contributions cannot be individually finite.

. Another example was discussed by [62], as indicated in the right of Fig. 9, which is
a Wilson line W of a bulk gauge field going from the left to the right boundary. To
factorize the Wilson line into a product of left and right operators requires breaking it
up somewhere in the middle of the black hole geometry, which cannot be done without
introducing additional structure. But there is an additional structure in the bulk: the
bifurcating horizon. We can break up the Wilson line in the low energy theory by
taking advantage of it, as indicated in Fig. 9, with

0

W = wR — 1/JL, ¢L,R = / AgL’R)dT‘ (52)

o0
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where rq is the location of the horizon. From discussions in [63-65], ¥g, 1 can be
identified respectively as effective fields describing diffusion in the right and left the-
ories at a finite temperature. These are collective dynamical variables and cannot be
expressed simply in terms of fundamental degrees of freedom of the boundary theory.
The bifurcating horizon can be described in a diffeomorphism invariant way and thus

Yr and vy, are also diffeomorphism invariant and the factorization is well defined.

For both examples above, we see that the horizon plays the role of restoring the factor-
ization in the low energy description.

The above discussion can be generalized to the algebra Vg associated with a local bound-
ary region R. We expect that Vi and ()>R)’ should share a center whose “size” is characterized
by the area of the RT surface. Similarly, the RT surface can be used to restore factorization
in the low energy description. More explicitly, the entanglement entropy Sg of a region R

in the full boundary theory can be obtained from the bulk by [66]

A’YR + SR(EU\/) (53)

Sp=-—TR _
R 4GN<€UV)

where A, is the area of the Ryu-Takayanagi (RT) surface vz. Recall that in this case
Sk is only defined with a UV cutoff in the boundary which translates to a bulk IR cutoff.
As remarked earlier, due to the type III; nature of Vg, Sr(eyy) cannot be defined in the
continuum limit, and thus the two terms on the right hand side cannot be defined separately
in the limit eyy — 0 as was the case in (5.1).

The parallel with (5.1) and the thermal field double case can be made even closer if we
assume that the boundary theory has the split property, which is believed to be satisfied by
general quantum field theories [67-69]. Consider the situation in Fig. 10, where we separate
the two regions R and L by an infinitesimal distance €,. The split property says that there
exists a tensor product decomposition of the global Hilbert space H = Hxy ® Hy, giving rise

to a type-I factor N corresponding to operators acting on Hy, which satisfies

BrCN CB, . (5.4)

38



The entanglement entropy associated with Hy is well defined and in the limit ¢, — 0 it can
be used as a regularization of Sz.?° Under this regularization, the type III; algebra Vg can
now be viewed as arising from the type I factor A/. In other words, in equation (4.6) we
can treat the modular operator A in the full theory as being factorizable. Similar to the
role played by the event horizon in (5.1), in (5.3) the RT surface restores the factorization

structure of H = Hy ® Hy in the low energy description.

FIG. 10. Slightly separated Rindler regions on a spatial slice. The split property implies that there
is a tensor factorization of the Hilbert space with respect to an operator algebra A/ contained in
the union of the green and red regions above, even though no such tensor factorization exists for
the red and blue regions alone when e, =0

These discussions also imply that the bifurcating horizon of an eternal black hole can be
viewed as a special example of an RT surface from an algebraic perspective. For a more
general entangled state |¥) between the CFTgr and CFTy, the RT surface which provides
a signal of the factorization of the full system in the low energy theory no longer coincides
with the horizon.

The role of the area terms in (5.1) and (5.3) in restoring the tensor product of H and
‘H also provides a new perspective on their physical origin and their universality. There are

other ways to understand the appearance of the area terms from the perspective of quantum

20 Such a regularization was discussed earlier, for example, in [70].
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error correction [71, 72] and superselection sectors [73]. We believe that all these perspectives

can be understood in a unified way, which will be discussed elsewhere.

B. More general entanglement wedges

The entanglement wedge of a boundary subregion R can be defined to be the maximal
bulk subregion Er whose operator algebra can be reconstructed from that of R. In the static
situation and with a spatial region R which we are considering, the entanglement wedge Er
for R has been formulated using the RT surface. It is the bulk causal completion of the
region between the RT surface vz and R. This definition assumes that the relevant operator
algebra in the boundary for R is B which is equivalent to Bj.

Our discussion in the previous sections suggests that entanglement wedges and subregion
duality can be formulated more generally, with the definition associated to RT surfaces as
a special case. Firstly, as we emphasized, the bulk reconstruction should be more precisely
formulated in terms of operators in the GNS Hilbert space, which are built from single-
trace CF'T operators. For single-trace operators or their representations in the GNS Hilbert
space, the algebras associated with different Cauchy slices are inequivalent. Secondly, RT
surfaces appear in the situations when the algebras of single-trace operators can be embedded
in a type I factor with the identification of modular flows (4.6), and they play a role in
restoring the factorization. There are algebras in the GNS Hilbert space associated to a
boundary spacetime region R, which cannot be embedded into a type I factor for which (4.6)
holds. For such an algebra, one cannot associate a well-defined entropy, and thus there is no

corresponding RT surface. We will discuss such examples in Sec. XI.

C. Emergent symmetries

There can be emergent symmetries associated with the emergent type III; structure. In
the example of two copies of CFT in the thermal field double state, it can be shown that

there are emergent null translation symmetries along the past and future event horizons of
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the eternal black hole, which will be discussed in detail in Sec. XIB.

There are likely many other examples where symmetries in the low energy effective theory

of gravity can be understood as being associated with emergent type III; algebras. Here we

mention some possible candidates:

VI.

1. In [74] it has been argued that the compactification to (1 + 1)-dimensional Rindler

spacetime cannot exist in a quantum gravity, due to incompatibility of an exact
SL(2, R) symmetry with a finite number of states. It may be possible to understand
the Rindler spacetime and associated uncompact symmetries from an emergent type

[II; algebra in the Gy — 0 limit.

. An SL(2,R) algebra in Jackiw-Teitelboim gravity was discussed in [14, 15] (see

also [75]), which implements AdS, isometries on the matter fields. These symme-

tries may be understood from emergent type I1I; algebras in the SYK model.

. In [76] local Poincare symmetry about a RT surface was discussed, including its rel-

evance for the modular properties of the boundary theory. As with the near-horizon
symmetries discussed in item 1 for a black hole, these symmetries should be a conse-

quence of the emergent type III; structure discussed in Sec. IV C.

REVIEW OF HALF-SIDED MODULAR TRANSLATIONS

In this section we discuss how to generate new times in the boundary theory. Our main

tool is half-sided modular inclusion/translation [77, 78|, and an extension of it. This structure

has played a role in proofs of the CPT theorem [77] and the construction of the Poincaré

group from wedge algebras [79]. There have also been important applications of the half-

sided modular inclusion structure to understanding modular Hamiltonians of regions with

boundaries on a null plane for a quantum field theory in the vacuum, including average null

energy conditions [80, 81]. See also [82] for a discussion concerning black hole interiors.
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A. Review of half-sided modular translations

Suppose M is a von Neumann algebra and the vector |€)) is cyclic and separating for
M. The associated modular and conjugate operators are A, and Jys. The commutant of
M is denoted as M'. Ay, leaves |€)) invariant and can be used to generate flows within M
or M,

AVEANY = Mt pemEmt e M Ae M, Ky =—logApm, (6.1)

while the anti-unitary operator Jus takes M to M’ and vice versa

M = JuMy, Jy=1. (6.2)

A acts on both M and M’, and in general cannot be factorized into operators which act
only on M or M.
Now suppose there exists a von Neumann subalgebra A/ of M with the half-sided modular

inclusion properties:

1. Q) is cyclic for N (it is automatically separating for A" as N C M).

2. The half-sided modular flow of N" under A, lies within N/, i.e.

AUNAY, CN, t<0. (6.3)

We will denote the modular operator of N with respect to [Qq) as Ay with Ky = —log A
With these assumptions there are the following theorems [77, 78, 83, 84].

Theorem 1: There exists a unitary group U(s), s € R with the following properties:

1. U(s) has a positive generator, i.e.

U(s) = e, G>0 (6.4)
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2. Tt leaves |€)) invariant

U(s)|Q0) = [Q0), Vs eR (6.5)

3. Half-sided inclusion

Ul(s)MU(s) C M, V¥s<0. (6.6)
4. N can be obtained from M with an action of U
N =U(-1)MU(-1) . (6.7)

Theorem 2: Suppose U(s) = ¢~*“% is a continuous unitary group satisfying (6.6), then

any of the two conditions below imply the third:

1. G>0. (6.8)
2. U(s)|Q) =1), s€R. (6.9)
3. AVU(s)A%, =U(e ?™s), and JyU(s)Jp = U(—s) . (6.10)

Theorem 3: Introducing

N, = AUINAY, (6.11)

we then have

1. The family of algebras N; with ¢t € R is nested, i.e. N;; C N, for t; < to, with
Ny =Mand Ny =N.

2. The half-sided modular flow of any member of this family gives another algebra in the

family. In particular,
—is S 1 —2ms ( —2mt
AV NAY = Nyys.)s fo(s,t) = ~5- log (1+e*™(e7*™" — 1)) (6.12)

valid for all s,t such that the argument of the logarithm is positive. Note:
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(a) For ¢t < 0, which means N; C N, we always have fy; < 0 for any s and fy < ¢ for

5 < 0. fo increases as s increases and fy — 0 as s — oo.

(b) For t > 0, which means that N' C N;, the logarithm is defined only for s > s; =
>log(l —e ™) < 0, and fo < t for s > 0. As s = s, fo — 00, while as
s — 400, fo — 0. This can be intuitively understood as that the part of N
which is outside N is pushed further away from (closer to) N for s < 0 (s > 0).

3. The action of U(s) on N; has the structure
, . 1
N = Npysnyy fi(s,t) = 5 log(e 2™ — ) (6.13)

valid for all s, ¢ such that the argument of the logarithm is positive. Note that f; — —oo

as s — —oo and f; — +oo as s — e 27,

4. Modular operators of M and N satisfy the algebra

5. U(s) can also be expressed in terms of modular flow operators of M and N as
AVTAY = U(A()), Mt)=e 2™ —1. (6.15)
Expanding both sides to linear order in ¢ we have
Ky — Ky =21G (6.16)

which gives the explicit form of G in terms of modular Hamiltonians of M and N .*!

Theorem 4 [35]: Suppose we have (i) nested von Neumann algebras NV;,,a € R, N, C N,

for a < b with common cyclic and separating vector |€g); (ii) a one-parameter unitary group

21 Note that the positivity of G is manifest in this expression since K — Ky = log Ay — log Ay > 0
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T'(a) with a positive generator and T'(a)|€) = |€2); (iii) T'(a) translates the algebras

N, = T(a)NoT(~a) . (6.17)

Then T'(a) is unique. Theorem 4 then says that given M, N and |Qq), U(s) is unique.

The above structure is called half-sided modular translation and exists only if M is a

type I1I; von Neumann algebra [84].

Similarly, we can define half-sided modular inclusion (6.3) for ¢ > 0 with the corresponding
half-sided modular translation for s > 0. All the statements are parallel except with the

following sign changes for equations (6.10), (6.12), (6.13), (6.15)

AU (s) AL, = U(e™s), (6.18)
fols, t) = % log (1 + 27(e> — 1)), (6.19)
Fu(s.1) = % log(e2™ + 5), (6.20)
At)=e™ 1. (6.21)

B. Example I: null translations in Rindler spacetime

Consider a quantum field theory in (1 + 1)-dimensional Minkowski spacetime R'! with

coordinates z# = (z°, ') and momentum operators P* = (PY, P). Suppose the system is in

the vacuum state |0) with respect to the Minkowski time z°.

Consider the half space A given by
A= {z" e R 2" =0,2" > 0} (6.22)

whose domain of dependence is the Rindler R-region (see Fig. 7 Left). We take M to be the

operator algebra in the R-region, so |0) is cyclic and separating under M. The corresponding
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modular Hamiltonian K, in this case is proportional to the boost operator K
Ku=—logAy=21K , A =M (6.23)

and Jy is the CPT operator.

It is convenient to use light-cone coordinates
1
gt =20+ 2t Pizé(HiP) =—-P., H=P", (6.24)

where the translation operator by a vector a* is given by

o iPwat _ jiHa'—iPa' _ jiP~at+iPtaT (6.25)

Note that
[K, PE] = +iP*,  efms pEemifims — oF2ms pE (6.26)
M P(at)em M = g(a(s)),  aH(s) = et (6.27)

where ¢(z#) is a scalar operator.

M is the operator algebra in the region z* > 0,2~ < 0. Below for simplicity we will
simply use the spacetime region to denote the operator algebra in that region. We take N

to be the region {7 > 0,27 < —1} (see Fig 11 Left), and then
N; = eBEMINem Ml — Lg% 5 (0 07 < —e 2} (6.28)

with My C NV for t < 0. We thus have the half-sided modular inclusion structure (6.3). In
this case the modular operator of NV can be found explicitly and existence of the positive
generator GG can be directly verified. More explicitly, flows generated by the modular operator

of N correspond to boosts which which leave the point a* = (a*,a”) = (0, —1) invariant.
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Thus K should be given by

iRy efia“PueitKM eia“PH _ ef'iP*' eitKM eiP"’ (6 29)

)

e

which gives

Ky = Ky — 27Pt (6.30)

From (6.16) we conclude that the corresponding G is given by
G =Pt (6.31)

and thus
U(s) = e #F" (6.32)

We can now verify explicitly the statements of various theorems of last subsection. For

example,

Ul(s)MU(s) = {a" > 0,27 <s} Cc M, s<0, (6.33)
N =U(-1D)MU(-1), N, =U' (=" YMU(—e ™), (6.34)
AR (5) Al = efmtemiPTspmiliat — r(o=2mtg) (6.35)

By taking \V to be the operator algebra associated with the region in Fig. 11 (b), there is a
half-sided modular inclusion structure with ¢ > 0, and the corresponding modular translation

operator is given by G = P~.

C. Example II: Two copies of a large N theory in the thermal field double state

Now consider two CF'Ts in the thermal field double state in the large NV limit, as discussed
in Sec. III B. We now take M = Yg, which is the representation of the single-trace algebra
Apr in the GNS Hilbert space H(T(;;l\];s). The associated modular operator is Ay = Ay with
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FIG. 11. Left: The algebra of the subregion AN that leads to the half-sided modular inclusion
structure for = translation. Right: The algebra of the subregion A that leads to the half-sided
modular inclusion structure for z translation.

FIG. 12. Left: AN denotes the spacetime subregion with t < 0. The vertical axis is time and for
simplicity we have taken the spatial manifold to be a circle (vertical boundaries in the figure are
identified). Right: A/ denotes the spacetime subregion with t > 0.

corresponding modular time ¢ related to the usual time t by t = %
By choosing different subalgebras N we can construct different generators G whose spectra
are bounded from below and thus generate new “times”. As the simplest possibility we take

N to be the representation of the single-trace operator algebra associated with the region
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indicated in the left plot of Fig. 12. Since generalized free fields do not satisfy any Heisenberg
equations, A is inequivalent to M (recall Fig. 6).

The GNS vacuum |{2) is separating with respect to A/. While we do not have a rigorous
mathematical proof, we will assume that it is also cyclic with respect to N'. Since Aj"

generates a time translation, clearly
Ni = AJNAY C N, fort<0. (6.36)

We thus have the half-sided modular inclusion structure of (6.3). In this case Ay and G
are not explicitly known. The theorems in Sec. VI A can be used to anticipate the action of
U(s) = e~ for example as in (6.13). In Sec. XI we will give the explicit action of U(s) by
proposing the gravity description of it, which can be explicitly worked out. Equation (6.13)
then provides a nontrivial check of the proposal.

We can also consider choosing N to be associated with the region in the right plot of
Fig. 12, which gives a half-sided modular inclusion structure for ¢ > 0.

For both plots in Fig. 12, instead of letting the region describing A/ be bounded by the
t = 0 slice, we can choose an arbitrary Cauchy slice (not necessarily with constant t), see
Fig. 13. There is still a half-sided modular inclusion structure and the associated modular

translations. Thus there are an infinite number of emergent “times” in the large N limit.

VII. POSITIVE EXTENSION OF HALF-SIDED TRANSLATIONS FOR GENER-
ALIZED FREE FIELDS

We now consider the general structure of half-sided modular translations for a generalized
free field theory. We will show that in this context it is possible to determine the general
structure of the action of U(s) for all values of s without the need of specifying N or A .

As an illustration , we will use two CFTs in the thermal field double state in the large N
limit, as discussed in Sec. III B and Sec. VIC, with M = Vi, M’ =Y, and Ay = Ay. The
generalized free fields that generate the algebras are defined by (3.25)—(3.27). Below and
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FIG. 13. For both plots in Fig. 12 instead of letting the region describing N be bounded by the
t = 0 slice, we can choose a slice t = f(x) where x is the boundary spatial coordinate and f an
arbitrary periodic function.

for the rest of the thesis for notational simplicity we will write 7(Og(x)) simply as Og(z),
but it should be kept in mind that they are operators in the GNS Hilbert space. Also for
convenience for the rest of the thesis we will rescale the CF'T time such that § = 27. The
rescaled time will be denoted as 7. From (3.33) we thus have the relation between modular
time ¢t and n

p=2L (7.1)

From now on w will be conjugate to 7.

The discussion in this section also applies to Vg for a local subregion. For a Rindler

region, 7 is simply the Rindler time.

A. Unitary automorphism of the algebra

For convenience we first copy here some relevant equations of Sec. III B. In the GNS

Hilbert space H(T%I\];S) , single-trace operators Or, Or can be represented by generalized free
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fields with mode expansions

On() = Zu,(ca)(x)a,(f) = Z(Mu,(f) A 4o !y, a=RL R=L, (7.2
k

k
where k = (w, q) denotes all quantum numbers including w € (—oo,00) with > = [ 2.
The R and L systems are assumed to be symmetric with
R R)* L
uf(2) = 0™ (1) = 0" () (7.3)
The various oscillators satisfy the equations
(@) =a, [0, 0] = e@)riwobos,  a|) =0 I),  (74)
T
(c,(f)) =1l D) = €(W)hw00as Q) =0 for w >0, (7.5)
(a) (0) (@) (a) @) | @) e
e =bra;” —b_a, a =be +b_c, b= ——— . 7.6
k +%% k k +Ck k + 2sinh7r]w] (7.6)
The anti-unitary modular conjugation operator J takes Og to Op and vice versa, i.e.
— . (@) 7 _ (&) () 7 _ (&)
JOu ()] = Oa(x), Ja,'J=uqa;’, Je'J=c¢ . (7.7)
Now suppose there is a one-parameter unitary automorphism group U(s),s € R,
Ogr(x;s) = U(s) Op(x)U(s), Op(z;8) = U(s)1OL(z)U(s) (7.8)
which we require to satisfy the following properties:
1. Half-sided inclusion, i.e.
Ogr(x;s) € Ygr, fors<0. (7.9)
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2. Tt leaves the state |y) invariant

U(s)|0) = [Q0), Vs . (7.10)

3. Jactson U as
JU(s)J =U(-s) . (7.11)

Acting on both sides of the first equation of (7.8) by J we find

JOg(x;8)J = JU(s) JJOg(2)JJU(s)J = Or(x; —s) . (7.12)

4. Under modular flow we require

AJHU(s)AY = U(e™™s) . (7.13)

5. U(1) group property

U(s)t = U(—s), U(s1)U(se) =U(s1 + s2), 8,581,592 €R. (7.14)

From Theorem 2 of Sec. VI A, U(s) satisfying the above conditions is generated by a Her-

mitian operator GG that is bounded from below.

We will now use the above properties to deduce the explicit transformations of the oscil-

lators under U(s). For this purpose we denote
0,(al”) = U(s)aVU(s) = Afp(s)al),  oulel™) = UN(s)el U (s) = Sip(s)el . (7.15)

In the above equations and also subsequent discussions, repeated indices k' and S should be
understood as being summed. The transformation matrices ¥ and A can be related to each

other using the basis changes (7.6). More explicitly, we have (b’ denotes the corresponding
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expression as in (7.6) for w’)

A% (s) = b, 500 ()b, + b_S7 (s)b, — 0,507 (s)b —b_%% ()b, (7.16)
Vi (s) = b ARR ()6, — b_A ()b, + b AR ()b —b_A%] (s . (7.17)
Introducing

uf™ (@ s) = ul (@) A (s),  wit (w:s) = 0L ul) (2) S0 (s) + 0 ul (@) 270 (), (T.18)

(cv is not summed) we have

Oalz;5) = u,(f’g)(x; s)a,(f) = w,(fﬁ)(x; s) c,(f), (7.19)
w (2 5) = ul™ (2;5)b, + u(_a,f_)(x; s)b_ . (7.20)

We now work out the conditions X¢7, and A% should satisfy. Equation (7.9) implies that

AfL(s) =0, fors<0 (7.21)

and we denote

Taking the Hermitian conjugate of (7.15)
(0N =0 = SR (5)) = SN (s)q (7.23)

which requires that

S (s) = 20 _(s) - (7.24)

Similarly we have

AT () = A% (s), Clw(s) = Copp(s) - (7.25)
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Acting J on (7.15) we have
J(0,(c))J = JUN()U(s)] = 0_y(P) = 2224 s)l? =29 (—5)cD  (7.26)

which implies that

Sie (5) = S (=9) (7.27)
and similarly
AL () = AT (=) (7.25)
From (7.10) and (7.5) we have
crs(c,(f))|Qo> =0 forw >0, <Qg|as(c,(f)) =0 forw <0, (7.29)

i.e. the action of o4 does not mix c—type creation and annihilation operators, which implies

that > should have the structure
500 (s) = 0()O(W) AL () + 0(—w)0(—) B () (7.30)
Equations (7.27) and (7.24) imply that

AGD*(s) = AG) (=) = BYD(s), BE(s) = B (—s) = AP L(s) . (7.31)

We will now show that (7.30) further implies that the full A% (s) and %20 (s) can be
expressed in terms of Ci/(s) with s < 0. From (7.18) and (7.20) we have for s < 0

g™ ()b, = 0w () S + - ul) (@) S, (7.32)
w0 (1; 5)b_ = o, ull? (2) 8Bk + 0 uD (2)SEE (7.33)
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From (7.30) we then have

) (2)Cion ()b = byu” (@) (0(w)0(W) AL () + 0(=w)0(—w) BE (5))

+0 ul? (2) (B(w)B(—w)AEE () + O(—w)8(w) BEE, (s)) (7.34)
g (2)Cl—(s)b_ = b',up,” () (0(w)0(w) AL (s) + 0(—w)0(—w') BEEE(s))
0Ll (x) (0(w)B(—w) AL, (s) + 0(—w)8(W) BEE, (5)) (7.35)

Considering respectively w > 0 and w < 0 on both sides we find that

AB(S) = 00 Conls). AH) = 0 GECt). (130)
ABE(S) = B0 g Cmals). AB(S) = 0O Coomsls). (737)
BE(s) = 0=~/ Cnls). - BEE(S) = -l Con(s). (739
BEH(s) = (=) grCurals). - BEES) = 0w g Conmals) . (739

The above equations can be written more compactly as
AT = G0 Cornls). - BLS) = U Corls)  (740)
where in subscripts for b and C' it should be understood that R = 4+ and L = —. From the

above we also have the relations

AL () = BERL(), weATL) = SR (o) (7.1

by bs

where the first relation follows from the second equation of (7.25). The above expressions
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apply to s < 0. We can now find the expressions for A and B for s > 0 from (7.27)

b,

A (s) = A (=) = P 0(@)0() Carrpr(—5), (7.42)
o o’f * b /
B (s) = B (=s) = g20(-w)0(—)Cotrn(—5) . (7.43)

Collecting everything together we thus have

220w ) Clpr i (— 0
Sp(s) = { () Conmn(=s)s o= (7.44)
570(ww) Capi(s), s <0

and more explicitly

Veinhalw| | [e2“700(w)0(w') + e D0(-w)0(~w)] Crals) s <0

Sk (s) = = :
v/sinh 7r[w| [e 2@ 0(w)f(w') + e2 @ f(—w)f(—w')] Cx(—s) s> 0
(7.45)
RI /sinh 7|w/| [e7 3@ 0(w)f(w') + e2HDP(—w)(—w)] Crr(s) s <0
YpR(s) = ——

V/sinh 7|w| [e3+9(w)0 (W) + e 3@ HP(—w)O(—w")] Co_g(—s) s> 0

(7.46)
and similarly for X% and $L. From (7.16) we then have
4
C'k/k(s) s <0 0 s <0
BT Choy(—s) 5> 0 P Cri(=s) s> 0
p
sinh rw’ sinh m(w+w’)
sinh Tw C_ - (S) s < 0 sinh Tw C_k/k( ) 5 < 0
Ak (s) = { . Ai(s) = " - (7.48)
C_p—k(—S) 5>0 0 s> 0
\
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B. Determining the structure of Cyi (s)

We first collect the conditions Cjy(s) should satisfy and then show that under certain

assumptions it can be completely determined up to a phase.

The U(1) property implies that for s1,s9 <0

Chi (51)Clrrr (52) = Cgrr (81 + S2) -

()

Since the modular operator A, generates a translation in time ¢, it acts on a, as??

—it_(a) Adit _ _ —2miowt (@)
Ag"a, Ay =e ay

which also implies

—it (@) Adt _ _ —2micwt ()
Ay A =€ o -

Acting A;* on (7.15) we find from (7.13)
AaitU(S)TCl(ga)U(S>A6t _ 6727riawtzzz£/<6727rt8>cl(5) _ Eg}f]<s)cl(f)€f2mﬂw’t

which implies that

6727riawt22¥]§ (6727#/8) _ Zz]f/ (S>672mﬂw’t )

The above equation implies that the s-dependence of ¥ must have the form
28 (5) oc 570

which in turn implies that

G (5) ¢ (=)

2 Recall that t = 5L and w is the frequency for 7).
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We will make a further assumption that Cjyy is diagonal in other quantum numbers, i.e.
Crw(8) = <_5>7i(wid)g(l€> k") 0g,q (7.56)

From (7.25) g should satisfy
g (k. k') = g(—k,—K') . (7.57)

Equation (7.49) requires

dw’ i / ! —i(w —w" AN/ —i(w—w' "
/ (—s1) 7" g(k, k) (—s2) g (K K") = (=51 — 52) " “ ™ Dg(k, k") . (7.58)

o

Without loss of generality, we take |so| > |s1]. The above equation can then be written as

/
diz_i(w_wl)g(k;, gk K"y = (1 + 2)7 @ g(k, k"), 2= sl ) (7.59)
27 |52
To compare with the LHS, let us expand the RHS in powers of z
o 1 (1)
t(w—w") _ o
(14 2) = Tite = > T T(i(w — ") +n) (7.60)

n=0

and equation (7.59) can follow if the integral on the LHS can be evaluated using Cauchy’s

theorem with poles with w — w’ = in. This motivates us to consider the function

which satisfies
dw’ ,
2—Iww/($1)fw/w//($2) = Lo (x1 + 22), L, (0) =2710(w — ') = - (7.62)
™
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Equation (7.58) can then be satisfied if g(k, k") has the form

n_ AR L :
ol k) = ST (i = )
which gives C' of the form
Ak
Cue(s) = 3 =310y
Equation (7.57) requires
A (k) _ A(=F)

(7.63)

(7.64)

(7.65)

We still need to consider the full consequences of (7.10). The invariance of |y) under

U(s) requires that
(Qolos(ef, )ora(e)I2 ) = Ty, (5150 4 ()0(e)
is independent of s, which leads to*
Sty (5)50] iy (5)0(1) = Bl —1,0(n) -
The above equations are in turn equivalent to
Chey i (8)Cry—r (5) (070(w') + 820(—w")) = (b7 0(w1) + b7_0(—w1)) 0k, s

which can be written more explicitly as

7rw’

chlk' )Chyre(s)

2 sinh 7|w’|

23 Note
<Qo|C%C£,‘Qo> = 5aB6k,—k/0(w) .
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= (b7 ,0(w1) + b]_0(—w1)) 0k, —k, -

(7.66)

(7.68)

(7.69)

(7.70)
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Inserting (7.64) into (7.70) leads to

A kq
; Lo (5) ﬁ(sqw’jwzw’ (s)

It can be checked that

(k) e

W
e 1

Z leW’(‘S)Iwz*w’(s)ewwl = 6w1,7w2€

and thus (7.71) is satisfied if

AN (=) !

From (7.65) we then have

and

With the above form C}; has the following “transpose” property

eivk

~ 2sinh mlw!|

Twi

M) = —— = —
(%) /2 sinh 7|w| Tk T

sinh|w!| ,. .
Cuar(8) =\ Sanfe ¢ de ()

sinh 7

Crrr (5) = Cpp(s)

With (7.76), (7.70) can be rewritten as

From (7.14) we have

Z Cklk/(S)Ck/_k2<S)€ﬂw/ = €7rw1(5k17_k2 .
k./

05, (05, (0S))) = 0 15s
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a,(ga)

sinh 7|w|

)

—q = Oky —ky -
A—K) 2" 2sinhw|w/| ~ 2sinhwfw|

(7.71)

(7.72)

(7.73)

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)



which implies that
App (51) A (52) = Mg (s1+ 52) . (7.79)

For si,s, with the same sign, it can be shown that the group properties (7.79) follw
from (7.49). For s, s, of opposite signs, (7.49) is not enough, but (7.79) can be shown
to follow from the more explicit form (7.75). See Appendix B for details.

To conclude, equations (7.75) and (7.47)—(7.48) give the explicit transformation of afca)
and thus O(z) under U(s) (for all s € R), which satisfies all the desired properties (7.9)-
(7.14) for half-sided modular translations. Without needing any explicit information about
N we have determined the action of U(s) up to a phase factor . Information about
different choices of N as well as the nature of emergent time s is encoded in this phase

factor.

VIII. AN EXAMPLE: GENERALIZED FREE FIELDS IN RINDLER SPACETIME

In this section we use a simple example to illustrate the formalism developed in Sec. VII.
Consider a generalized free field O(z) in Minkowski spacetime and the following question:
given the restrictions Og, O, of O to the R and L Rindler regions (see Fig. 7 Left), is it
possible to recover the behavior of the field in the full spacetime (i.e. also in the F' and
P regions)? Intuitively the answer is no, since a generalized free field does not satisfy any
equation of motion, so we cannot obtain the behavior of O in the F' and P regions by evolving
Opr and Oy, from a Cauchy slice as in a standard quantum field theory. Here we show that
by using the procedure of Sec. VII we in fact can express O in the F' and P regions in terms

of those in R and L regions.

61



A. The transformation
Consider (1 + 1)-dimensional Minkowski spacetime

ds® = —(da®)® + (da')? = —datda™ = e (—dn® + dx*) = —e™XdgTdE, (8.1)
2 = eXsinhn, ' =eXcoshn, zF=2"+2z'= et E=ntyx (8.2)

where the coordinates ¢ cover the R patch. There is a similar description for the L patch.

For simplicity and also for the later connection with the AdS Rindler discussion we take
O to be given by an operator of dimension A in a CFT. The expression for the two-point
function of O is fixed by conformal symmetry including the restriction to the R region.

Accordingly the mode expansion for Og () in the R region can be written as (see Appendix E)

(2m)?
_ N - \/sinh
uf) = Ny € omtiox = N ot = VI p g g )

V21T (A)
b= (o) W =jwEa), =sA+iw*), G=d-iw*e)). (65

onte) = | T o P(©)al® = 3 0P (€)al® (8.3
k

There is an analogous mode expansion for O with u,(CL) = u(j?.

Taking M to be the algebra generated by O and N the subalgebra associated with the
region {~ < 0 (Fig. 11 Left), as discussed in Sec. VI B the generator G for half-sided modular

translation simply corresponds to a null translation 2= — = + s, or in terms of £+

§*—>§;:£*—log(1—seg_>, e =¢t 5<0. (8.6)

We now show how to use the formalism developed in Sec. VII to extend the action of U(s)

to positive s and thereby extend Og, Op to the F' and P regions.

For s < 0, we have

On(&;5) = UN(5)Op(€)U(s) = Onl(&,) (8.7)
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which implies that

We then find that
Nk . 0 A p— 1 Nk F((j )
L a2 ik Etik &t 3Es — 22 F g o “ME .
]Ck( ) Nk// 5 2Nk’ k'— k= F((]+) ww( S) (8 9)
_ 1(5,47 N V/sinh|lw| T (g | I( Q+ I o(—5) (8.10)
2R h e I (4 e

where function I was introduced previously in (7.61) and the last expression has the form

of (7.75) with

) I'(q
e = Llar) (8.11)
IT(q4)]
B. Crossing the Rindler horizon
We now consider Og(&; s) with s > 0,
R R
=2 @) = D TG ), T E ) = W ON(s) - (12)
k
From (7.47) we have
e €t &~ €
/ ) — . J7 / 3 — J, 813
uk (6 5) = F(qu) sinh(7ww’) ! uk (5 5) = smh(mu’)f‘(q;) 2 (8.13)
d .
J, = / 2—“) sinh 7(w + w') e @8I (i) + T (—iw + ), (8.14)
s
dw —iw(§~ +log s) . / . :
Jy = o€ e (—iw + ¢/ ) (iw + €) sinh 7w . (8.15)
T

The integrals (8.14)—(8.15) can be evaluated using contour integration. We have the following

situations:

1. £ +logs < 0,ie s<sy=e ¢ . In this case we can close the contour in the upper
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half complex-w plane picking up poles at
w=i(n+e, n=01,--- (8.16)
which results in
Ji =T(7) sinh mw’ (1 — se§>_q/+ : Jo =10 (8.17)
and
ul (g s) = ug? (€5,€%), Al (6s) =0, —  Ogr(&s) = Or(&;,€%) . (8.18)

This is the situation where the transformation (8.6) is still well defined and Og(&; s)

remains in the R region.

& +logs > 0, ie. s > sy ore equivalently se¢” > 1. In this case we can close the
£ g ; q y

contour in the lower half complex-w plane picking up poles for (8.14)—(8.15) respectively

at
w=—i(n+q,), w=-i(n+qd,), n=0,1,-- (8.19)
which results in
Ji = (—i)sinmq T(,) (sef* - 1>*q+ , (8.20)
Jo = (i) sin g, T(¢}) (se” 1) - (8.21)
and
RR . SInTq_ g o _ _
u(Gs) = g S M @) @ = s (82
RL . sinmq o .
™€) = i S N ) ) (8.23)
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In this range of s, (8.6) becomes complex and is no longer well-defined. But the action
of U(s) leads to a well-defined new transformation described by (8.22)—(8.23) if we use
Minkowski z* coordinates of the initial point. Note z; = 2~ + s > 0, i.e. we are
now in the future region. It can be checked that the expressions (8.22)—(8.23) precisely
agree with behavior of the CFT in the F' region, see the second line of (E4) and (E5).

Thus we see that sy is the “critical” value for the half-sided modular translation to
take Og(§) beyond the Rindler horizon and into the F' region. Crossing the Rindler is
signaled by the appearance of a,(f) in Og(§;s).

By taking N to be given by the region indicated on the right of Fig. 11, we can take Og
beyond the past Rindler horizon and into the P region.

IX. BULK RECONSTRUCTION FOR ADS RINDLER AND BTZ REVISITED

We will now use the formalism developed in earlier sections to study emergent in-falling
times in a black hole geometry. In particular, we will give an explicit construction in the
boundary theory of an evolution operator for a family of bulk in-falling observers, making
manifest the boundary emergence of the black hole horizons, the interiors, and the associated
causal structure. As an illustration, we will work with the BTZ black hole in AdSs. For
contrast, it is also instructive to see how the AdS-Rindler horizon emerges in the boundary

theory in this framework.

In this section we first review the metrics of the BTZ black hole and an AdS; Rindler
region, as well as the mode expansions of a bulk scalar field in these geometries. We then
discuss the boundary support of a bulk field in the BTZ black hole or AdS-Rindler spacetime.

This part is new and will provide an important preparation for our discussion in Sec. XI.

We will set the AdS radius to be unity throughout the thesis.
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A. AdS Rindler and BTZ geometries

Consider the Poincaré patch of AdSs

1 1 _
ds* = ?(—(dxo)2 + (dz")? + d2?) = ;(—daﬁdw +dz%), ¥ =2+ (9.1)
which can be separated into four different AdS Rindler regions, labeled by R, L, F,P on
the right of Fig. 7, corresponding respectively to regions with (z™, z7) having signs (4, —),
(—,+), (+,+), (—,—). They have respectively R,L,F, P Rindler regions of Minkowski
spacetime R"! (depicted on the left of Fig. 7) as their boundaries (i.e. as z — 0). It is also

convenient to introduce the so-called BTZ coordinates (1, w, x), which for the R region have

the form
z=weX, 2T =e"VI—w?, 17 =—-e¢V1I—u? EE=n+ty, (9.2)

and in terms of which the metric has a “black hole” form

1 -1
ds® = = [— (1—w?)dp*+ (1 —w?)  dw®+dx*| . (9.3)
The AdS Rindler horizon is at w = 1 and the boundary is at w = 0. When w > 1, the
metric (9.3) covers the part of the F or P regions with 22 —zTz~ > 0. w = oo is a coordinate
singularity beyond which we have 22— 2"z~ < 0 and the BTZ coordinates (1, w, x) no longer

apply. We will refer to the parts of F with 22 — 2%z~ > 0 and 22 — 22~ < 0 respectively

as the F; and F; regions. Similarly the P region is split into P; and Ps.

The BTZ black hole can be obtained by making x compact [46], in which case w = oo
becomes a genuine singularity where the spacetime ends, and w = 1 becomes an event
horizon. The black hole has inverse temperature 5 = 27 corresponding to the time 7. For

compact y, the Poincaré coordinates (9.2) can no longer be used to connect different regions.
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Instead, we can introduce the Kruskal coordinates in the R region

1—w

U= —¢"=_
1+w

e, V=M= e, (9.4)

where ( is the tortoise coordinate

dw 1 1—w
_ _ = Zlog —— . .
¢ /1—w2 2 %1 1w (9:5)

The event horizons lie at U,V = 0 and the boundary lies at UV = —1. See Fig. 4.
Note that the Kruskal coordinates U,V can also be used for AdS-Rindler, with U,V =0
corresponding to the AdS-Rindler horizons and UV = 1 now a coordinate singularity.?*

For more extensive discussion of the AdS-Rindler and BTZ spacetimes, see Appendix C.

B. Mode expansion in AdS-Rindler and BTZ

Consider a bulk scalar field ¢ dual to a boundary operator O of dimension A. The
restriction ¢r(X) of ¢ to the AdS Rindler R region (with X = (n,w, x)) or to the R region
of the BTZ black hole has the same mode expansion except that the momentum ¢ along the
x direction is continuous for AdS-Rindler and discrete for BTZ. Below we will use the same
notation for both cases.

¢r can be expanded in modes as

or(X) =) v (X)al?, of(X) = Nifi(w)e* (9.6)
k

b=(a), koo=-wnta g=(AtiwEe), g=(A-ilwEa) (O7)

Nk:%wmmmq_)u fe(w) = w (1 = w?) "%, (-, G5 Ay w®) - (98)

24 Note that in terms of the range of Kruskal coordinates U, V', the AdS-Rindler R and £ regions coincide
respectively with the R and L regions of the BTZ black hole, but the ' and P regions of the BTZ black
hole only cover the F; and P; regions of AdS-Rindler.
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The a,(CR) are creation (for w < 0) and annihilation (for w > 0) operators of the boundary
generalized free field theory in the R region, and thus ¢r(X) can be interpreted as an
operator in the boundary theory. There is a similar “bulk reconstruction” equation for ¢y,

in terms of a,(f). Note that fi(w) is normalizable at infinity

i;ii% fe(w) = w™ + - (9.9)
and satisfies
fr(w) = fr(w) = fop(w) = fouq(w) = fo,—q(w) . (9.10)

Near the horizon, w — 1, we have

'U](CR) (X) _ elk-x (671w§+z6k + elwffz&c) 7 (911>

Ve

where the phase shift 9, is given by

i, _ L) )T(04)] —iwiog (9.12)

© T ()T )T(e))

We also note the asymptotic behavior for |w| — oo

) | —w (-2)7 w0

o 1 2

o F1 (0=, @ Ay w?) mwr 2 == ) (9.13)
2V (1+w)™ (%’)5_A Imw < 0

which can be obtained from the discussion of Appendix F. As |g| — 0o we have [55]

fk(w) — |q|%—Aw%(1 o w)—i (eqarcsinw + e—qarcsinw) ’ (914)
2 2! 24 2A—1) _—nq] 2
| Ne|” = sinh(7r|w])|g[*= Ve (1+ O(lq[ ™)) , (9.15)
TP ( )

Nkfk;(w) ~ (€—|q|(g—arcsinw) + €—|q|(g+arcsinw)) : (916)

68



and similarly for ¢;. The expressions in the F' and P regions of BTZ, and in the F and
P regions of Poincare AdS can be obtained from analytic continuation which we discuss in

Appendix D.

The corresponding boundary operators are obtained by the extrapolate dictionary, i.e.

removing w® and taking w — 0. We find

Og(z) = Zu,&R) (x)a,gR), u,(cR) (z) = Npe™ | (9.17)
k

and similarly for Oy (x) with u,(f) (x) = (u,gR) (x))*. For the AdS Rindler the boundary limit
is taken by removing 22, so the corresponding boundary operator in the Rindler patch has

an extra factor e™®X as in (8.4).

C. Boundary support of a bulk operator

The identification of bulk and boundary oscillators a,(f) implies that ¢g of (9.6) can be
regarded as a boundary operator. This is the statement of bulk reconstruction. We will
now examine the support of ¢(X) on the boundary. We will use the notation for the BTZ

spacetime and exactly the same conclusion applies to AdS-Rindler.

Consider the smearing function K (X,y) defined by [18, 19]

on(X) = 3" Nie* (i = [ @y K(X.)Only) (9.18)
Or(z) =Y Npe*oal® K(X,y) = e* ) fi(w) (9.19)
k k

where Og(x) is obtained by taking the boundary limit of ¢r(X) (see (9.17) or Appendix E).
From the large ¢ behavior of fi(w), see (9.14), the g-integral in (9.19) is divergent and thus
K (X,y) cannot be consistently defined as a function [55]. The origin of the divergence can be

traced to the complete spectrum feature emphasized in Sec. II1 C: for any w, O has nonzero
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support for arbitrary large values of ||, but this support decays exponentially at large |q|.?

The same statements apply to all AdS-Rindler and black hole systems in all dimensions
(see [86] for other arguments from the bulk).

The divergences can be avoided if we smear ¢r(X) in the x direction by a function
with sufficiently soft large ¢ behavior [55]. Alternatively, instead of ¢pr(X), we can consider

(R)(n, w) with a fixed momentum ¢ in the y-direction. This gives

6P (1, w / Noge ™ £ (w)al® / arf Ky, wi) O () (9.20)

O (n) = / dx e~ Or(n, x / Noge *all?, (9.21)
, dw _,,
K%(nww;n):zt/12w =) £ (w) (9.22)

The kernel K,(n,w;n’) is now well-defined and we can study its support in 7.
From (9.13), we have the asymptotic behavior

iw iw %
Y (%) s > 0
(A i 1
w) = w5 23 e ()12 ey <0, el = 0
—w & ; —ime(w)(A— w) & iw) 74
(572) % —de(w)e ™ @DEDEEDT) (=5)77 Tmw =0

(9.23)

This behavior implies that we can close the contour of (9.22) in the upper half w-plane for

1—w

14+ w

1 1— 1
0= —log Y0 o 0 >n-log U(n',w=0)>U(nw) (9.24)

14+w
and can close the contour in the lower half w-plane for

Lo thw L Lt
——lo —=lo
=i =gloe TSI 08 T

V(n,w=0)<V(nw), (9.25)

where in the last equations of (9.24)—(9.25) we have expressed the conditions in terms of the

25 We expect the amplitude for creating a mode of large ¢ with a finite w should be proportional to e~¢?ldl

with ¢ an O(1) number.
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Kruskal coordinates (9.4).

Since fy(w) is an entire function in the complex w-plane, when we can close the contour
either in the upper half or the lower half planes, K,(n,w;n’) is zero and thus it is only
supported in the region

1, 1-

= lo Yoy 110 L+w

= Tmin - (926)

Using the last expressions of (9.24)—(9.25), the above equation corresponds to the region on
the boundary which is spacelike connected to the bulk point (1, w) on the Penrose diagram,
see Fig. 14. Since the range (9.26) is g-independent, we conclude that any bulk field smeared

in the x direction is also supported in the same window of boundary time.

A bulk field operator in the F' region must be supported on both the R and L boundaries.
Using the expression of ¢ in the F' region it can be shown that it is supported on the right
boundary for V(n/,w = 0) > V(n,w) and on the left boundary U(n',w = 0) > U(n,w). See
Fig. 14.

¢R ¢F

FIG. 14. Left: support of a bulk field operator ¢r(X) in the right region on the boundary in the
Penrose diagram. The supported region is highlighted with blue color. Right: boundary support
of a bulk field operator ¢ in the future region.
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X. EMERGENCE OF ADS RINDLER HORIZONS

As a warmup for the black hole story we consider the emergence of the bulk AdS-Rindler
horizon from the boundary System using the unitary group U(s) constructed in Sec. VIIIL.
Recall that under the duality, ak ) for the bulk mode expansion in the AdS-Rindler regions
are identified with those of the generalized free theory in the corresponding boundary Rindler
regions. We show that the same transformation on a,(f) that took a boundary CF'T operator
across the boundary Rindler horizon also takes a bulk field operator in the R region of
AdS-Rindler across the bulk horizon. In this case going beyond the AdS-Rindler horizon
is dictated by symmetries®® as the null shifts discussed in Sec. VIII become part of the
AdS isometry group. This approach does not apply to a general black hole for which such
isometries do not exist. In Sec. XI we will consider an alternative approach which also applies
to black holes.

The discussion is parallel to that of Sec. VIII except that the wave functions in the AdS-

Rindler case are more complicated than the Rindler case. Consider the evolution of a bulk

field operator initially at a point X = (n,w, x) = (z7,27,2) € R,

O(X;s) =U(s)or Z/ 2 o)X 5)al, (10.1)

42k &2k
(X ) = / Wv,@(xmﬁ,ﬁ(s): / (27T>2Nkezk~wfk(w)/\§,§(s). (10.2)

where A5 are given by (7.47) with Cy given by (8.10). We then have

N, eik'€ o J 5 <0
VER(5) = SR A1 — )2 , (10.3)
I'(q.) gy >0
Noe— k'€ o, 0 s<0
VI (5) = —HC B (1 — w?) 2 , (10.4)
sinh 7w'T' (¢, ) J. s>0
3

26 See [45] for a discussion. Going behind the horizon of a black hole in Jackiw-Teitelboim gravity [14, 15] is
also similar to the AdS-Rindler case, as it can be done using a symmetry operator.
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with

J, = / ;l—j:ei”"SF (7_, —iw + @ A w®) D(—iw + @) (iw + €), (10.5)

Jy = /;Z—:T)eiwns sinh 7 (w 4+ W) F (7_, —iw + ¢; A;w?) D(—iw + @)L (iw +¢€),  (10.6)
Jy = / Z_‘;e—iwns sinhmwF (¢, —iw + ¢/ ; A;w®) T(—iw + ¢/ )T (iw + €), (10.7)
m= € +logls| +  log(l — w?) (1038)

We can evaluate the above integrals by closing the contours in the upper or lower half
planes. For this purpose we need to know the asymptotic behavior (as |w| — o0) of the

hypergeometric functions that appear in the integrands. It is convenient to use the identity

F (7., —iw+q,; Aw?) =
(10.9)

+(1 _ w2)iw’+iw

From equation (F1) of Appendix F, the hypergeometric functions in the above equations are
of order O(1) as |w| — oo for 1 — w? > —1 (as is the case for all possible initial points in

R). Each integral in .J; 5 can then be separated into two terms,
Ji = Jm + Jib, ’L - 1, 2, 3 (1010)

where J;, and J;, are obtained by respectively inserting the first and second term of (10.9)

into the expression for .J;. Denoting the corresponding integrands as j;, and j3, we have?”
Jia ~ e gy~ e (1 — ) — dioo . (10.11)

We then conclude that for J;, we can close the contour in the upper half plane for n, < 0

and in the lower half plane for n, > 0. While for J; we can close the contour in the upper

2T o being pure imaginary gives the most stringent conditions.
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half plane for 7, — log(1 — w?) < 0 and in the lower half plane for 7, — log(1 — w?) > 0.
Denoting the values of s for n, = 0 and 7, — log(1 — w?) = 0 respectively as so and s;, we
then have

Ji(;r) + Ji(;r) = J ls| < so

Ji= 9 J 4 Ji(b_) so < |s| < s (10.12)

J(_) ‘S| > S1

(2

(=) (=)
Jia + Jib

where Ji(f ) denotes the expression for J;, obtained by closing the contour in the upper (lower)

half plane. Note that, for s > 0, using (9.2) we have
1 _
s=8sy — §_+logs—§log(1—w2) =0 = so=V1—w2e® =—27, (10.13)

S0 s = §¢ is the coordinate distance from X to the horizon along the =~ direction. Also note

1 _ 22
= e =2 . (10.14
L= T o

1
s=8 — €_+logs—|—§log(1—w2)20 — s =

s1 is then the coordinate distance along the x~ direction from X to the hypersurface sepa-

rating the F; and JF;, regions.

Consider first J; which applies to s < 0. For |s| < so from (10.12) we can close the

contour of (10.5) in the upper half plane which gives

o0 _1 n - - -
J1 = Z ( n!> e F (7 ,n+q; 0w”)D(7, +n)

n=0
=T(7,)F (7,; 7,1, A, 1w, —€™) (10.15)
—/ _ A —_ _ 9 9 w2
= D(q ) (1 +e™) 0 F (q_,q+; A?wl) ’ W=7 + es

where F; is the second Appell hypergeometric function, and we have used (F24) and (F25).
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We then find
v,(fR)(X; s) = Nk/eik/fswf(l — wg)’w//zF ((j’,, TIRPAY wg) = v,(f)(Xs) (10.16)
where X, = (wg, &, &) is given by

1—u?, (10.17)

&= i T = : 10.18
‘ VI—a,v/1—as —w? ‘ 1 —a, —w? ( )

Comparing (10.17)—(10.18) with (C11) we conclude that

O(X;s) = or(X,), X,=(zT,27+s5,2)€R (10.19)

It can be checked that the expression (10.16) is in fact valid for all s < 0.
Now consider s > 0 and Jy, J3. For s < s¢, we can close the contours of (10.6) and (10.7)
in the upper half plane. Since the integrand for J; has no poles in the upper half plane,

J3 = 0, while J5 can be evaluated in a similar manner to (10.15), giving

w2

1—ens

Jo = sinh 7w’ T(q, ) (1 — ™) % F (¢, d\; Ay w3) wh = (10.20)
We then find that for s € (0, s), v,(fR) (X; s) is still given by (10.16) while v,(fL) (X;s) =0,
and (10.19) results.

For s € (sg,s1), from (10.12), we find*

(AT (iw)T(q})
(¢} )T(q")

Joe = sinh e’ (1—e™) % F (7,71 —i;1 —w) (10.21)

while Jy, = 0 since the integrand has no poles in the lower half plane (the potential poles of

28 The evaluation is again similar to (10.15). The poles of the integrand in the upper half w plane are at
w =1i(n + €) and we have used (F26).
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['(—iw — iw’) are canceled by sinh 7(w + w’)). We then have

7iw,/2F(A)F(iw’)
I'(¢/)T(q")

v (X s) = Npe® S (w? — 1) F(7_,q;1—iw;1—w?)  (10.22)

where w; is given by (10.17) but &£ are now given by

o et V1 — w? e VT —w/T—q, (10.23)
e~ = , e = . .
V1 —asas — 1+ w? Va, — 1+ w?

We can similarly evaluate J3

T(A) (i)

) (1—e™) (e — 1+ w?) ™ F(q,,q ;1 —iw;1—ws) (10.24)
q_

J3 = sinh 7w’

which results in

—iw’ /2 (AT (i)

RL —ik! £
Ul(c’ )(X,S) = Nk/e k& U}SA(U)2 — ].) W

s

F(7,q;1—iw'51—w?) , (10.25)

where £ are given by (10.23). Collecting (10.22) and (10.25), and comparing them with the
expressions for the wave functions in the F; region (D7)—(D8) (note (10.23) is exactly (C13))

we conclude

D(X;s) =op(X,), Xs=(2",27 +5,2)€F . (10.26)

From the boundary perspective sg is the “critical” value of U(s) evolution after which ®(X; s)

now also involves a,(CL). This is the signature of the emergence of the AdS-Rindler horizon

from the boundary perspective.

For s > s, the integrals J; and J3 can be closed in the lower half plane. We find

2
Jy = sinhw(—ig )T(q})(e" — 1)"%F (c?’,c?;;A; 1w—n> : (10.27)
J— 6 S
2

J3 = sinh(—ig, )T(¢})(e" — 1)"%F (q’_,q;; A; ) : (10.28)

"1 —ens
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leading to

R (v. o) ik &, A o\ —iwr 2 SIND T (—iq" ) AL 2

Uy (X, S) = Nk/e Wy (1 + ws) / WF (C]i, qﬁr, A, —'LUS) (1029)
L) yv. o) — —ik!€s, A oviw 2 SiRh T (—1q)) AL s

Upr (X, S) = Nkle ¢ Wy (]_ + U)S) / WF (ql_, q:’_, A, —U)2) s (1030)

where now w,, ¢ are given by (for this range of s, a, > 1)

w - et V1 — w? o VI —wa, — 1
Wy = ———, € = ;e = . (10.31)
as — 1 Vas — 1vag — 1+ w? as — 1+ w?
Comparing with (C14) and (D7)—(D8) we then find that
(I)(X78) :¢F(X5), XS = ($+,$_+8,2) G.FQ . (1032)

We have demonstrated that the transformation U(s), determined from half-sided modular
translations in the boundary theory in Sec. VIII, implements a null shift isometry in AdS,
and can be used to generate the full Poincaré AdS from its R and £ AdS-Rindler regions.
The transformation is well-defined and point-wise for all real values of s and for any choice

of initial location of the bulk operator.

XI. BOUNDARY EMERGENCE OF AN IN-FALLING TIME IN A BLACK HOLE
GEOMETRY

We now consider the generation of an in-falling time in a black hole geometry from the
boundary. Our goal is to identify U(s) in the boundary theory which can “globally evolve”
a Cauchy slice of a black hole geometry across the horizon. We will show that the half-
sided modular translations discussed in Sec. VIC can be used to for this purpose. That
is, here we take M = Y and N to be the algebra of single-trace operators in the GNS
Hilbert space nyiNs) associated with the subregion n < 0 in CFTg (see Fig. 12). Recall
the identifications (3.44) and that the modular operator for M is Ay with modular time

7



t = 2m.

A. Expressions for the transformations

As discussed in Sec. VIC, finding the explicit modular operator and the associated half-
sided modular translation generator G for the subalgebra N indicated in Fig. 12 directly in
the boundary theory appears to be difficult. Here we will find it by proposing the bulk dual
for \V.

Consider a boundary subregion defined by 7 < 1y and the corresponding algebra X, of
single-trace operators in the GNS Hilbert space H&,iNS). We denote the algebra of bulk fields
in the bulk subregion defined by U < Uy = —e™™ (see Fig. 15), as &,,,. We propose that

Xy =X, . (11.1)

In other words, the “entanglement wedge” of the boundary subregion X, is given by the bulk
region /ﬁm. This proposal is natural from various perspectives. Firstly, from our discussion of
Sec. IX C, a bulk field operator in 2?,70 has boundary support only in the region &, . Secondly,
under modular flow of Ag, X, = Ay"X,, A% is the region n < n; = ny + 27t. Under such a
flow, the bulk region X, is taken to &, defined with U < U; = —e~™. So the identification
is consistent with this flow. In Sec. XID below we will show that (6.13) is recovered from
this identification, providing further nontrivial support. Under this identification we then
have N = X, = ./'?0.

Near the horizon, the black hole spacetime is approximately given by Rindler. In the
bulk field theory, the half-sided modular flows associated with M = Yy and its subalgebra
N = X, should then given by that in the Rindler spacetime near the horizon. From the
discussion of Sec. VIB, G should then correspond to a null shift in the Kruskal coordinate
U. We can thus determine the matrix Cj. from the transformation of a,(ga) near the horizon,
from which we obtain the full Az,f,. The discussion in this section applies to a general black

hole, not restricted to the BTZ. We will use more general notation of Sec. III except that
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Xo | Xo

FIG. 15. The respective proposed bulk entanglement wedges for the boundary subregions indicated
in Fig. 12.

the boundary time is now taken to be n in whose units § = 27. That is, a bulk point
is X = (n,r, &) with r the radial direction. We will switch to the BTZ coordinates when

restricting to that case.

Consider a bulk operator in the R region
or(X) = Do, o (X) = e filr)hy(@) (11.2)
k

where k = (w,q) and h,(Z) denotes the wavefunction in the boundary spatial directions.

Near the horizon, the bulk wave function can be written as

(R) _ hq(f) —iwn (—iwC+id iwC—id,\ __ hq(f) 104, T 7 —iw —id iw
vy (X)) = —=e (e F4e B) = —L (e VT e (=U))  (11.3)
V2| V2]
U=—e¢, V=¢" f=npt(, (11.4)

where ( is the tortoise coordinate.
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Consider the evolution with s < 0

B(X;s) = U(s) 6(X)U(s) = > o (X; )af?, (11.5)
v (X5s) =Y 0 (X)Clnls) - (11.6)

Note that Cjy. is independent of X. Now consider X to be close to the past horizon, i.e.
V — 0, where, as discussed above, we expect U,ERR)(X; s) = U,E:R) (Xs) with Xy = (U+s,V, 7).
Then (11.6) can be written as

ho(Z) ) s s . b (Z) [ s <riy s o,
(ez A Ve +e 2 k(_U o S)zw) — q (61 2 Vantl +e 2 k/(—U)zUJ)Ck'k(S) )
V2w %:\/2|w’]
(11.7)
By equating U-dependent terms on both sides of (11.7), we find
VI s, i L (—i(w’ + ic))
! = (5 ! ¢ K Ok Iw/w -
Chen(s) = g NEh T(—i(w + 7€) (=)
W (11.8)
sinhm|w| . .
-5, V=i, (
Oaa sinh7r\<,u’|6 (=)
where €% is defined by
e — L0k |F(w))| 11
et =e (i) (11.9)

We still need to check that V-dependent terms (11.7) are also equal when we use (11.8).
More explicitly, the V-dependent term on the right hand side can be written as

LG (11.10)

V2|w|T(—iw)
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dw' o,
F(V)= | =" V=T (—i(w + i€)) Ly (—s5)
/ 2m (11.11)

) dw' . o,
= (=)™ / 5o @D~ + O (—i(w — o +ie))e™™ B
™

In the near horizon limit V' — 0, we can close the contour in the upper half w’-plane.?? Any

pole in the upper half plane (include those coming from e%9) that is a finite distance away
from the real axis will lead to a contribution that vanishes as V' — 0. Thus the only relevant

contribution comes from the pole at W’ = w + i¢,?° leading to
F(V) = YV~ (—iw) (11.12)

which reproduces the V-dependent term on the left hand side of (11.7).
For the case of a BTZ black hole we have from (9.12)

o — F(iw)lr(q*>r(q4r)|e—iwlogQ
T (iw) [T (q-)T(g+)

(11.13)
which then leads to

N /SiIlh7T|w|el " log2 (g )(gy) T(@)I(T,) ay
Cii(s) = Ogq sinh 7|w’| IT'(g-)T(q4)] |P(QI—)F(QQF)|[ww< ) (11.14)

= ,Nkei(w—w’)10g2 (7) q/—) _
' N T T () =)

’1’1
|

With Cj/ in hand, we can write down the transformation for general s,

B(X;s) =U(s) or(X)U(s) = Zv,(fﬁ)(X; s)agf), (11.15)

k/

o (X55) =3 oM (A (s) - (11.16)

29 Since log V' — —oo this statement is independent of possible e~y (with v a constant) type dependence
in €2i5’“/ .
30 We do not expect the phase shift e’ to have poles on the real axis.
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with AL5 given by (7.47). Using the explicit expression (11.14) for the BTZ black hole we

have

N, et log? (—s)@J; s<0

VBB (X 5) = wheitx RE (11.17)
CIT@) | s o
—iw log 2
(RL) (. o) — apDgiax__ VK€ Rl A 11.18
v (Xs) = wTe sinh 7wl (q+)F(q_)8 07 (11.18)
do’ -
J = / Qir(q;)r(q'_mi(w' —w—ie)a ¥ F (g, q ; Aw?) (11.19)
T
Jy = /—smhmu T(7)D(F )T (W — w —i€))a™™ F (7.7 A w?) (11.20)

J3 = /—smhw W'+ w) (@ )T(@ )T (i +w —i€))a ™ F (¢, ¢ ; A;w?),  (11.21)

a =2|sle"V1—w? . (11.22)

We can evaluate J;, Jo, and J3 by contour integration. The discussion is very similar to that
of Sec. X, except in this case the integrals J; 2 3 can no longer be evaluated explicitly. Here
we mention some general features, and in the rest of this section we discuss more specifically

various aspects of the transformation.

Recall that the Gauss hypergeometric function F' is an entire function of its first two
parameters, and the asymptotic behavior of the hypergeometric functions in J; 5 3 for |w'| —
oo was given by (9.13). Note that the integrand of .J; decays exponentially at large |w'| for
real ', while the integrands of Jy and J; (denoted by ja, js respectively) have power law

decay in |w'| times a Fourier phase factor:

. 1 —Ww ZT . . / _ 1 + w 2 _
jo=A (—1 n w) — je(w)e @AY (—1 — w) (1+0(lw'I™), (11.23)
. 1 — W % 3 . / _ 1 + w % _
ja=A (H—w) — je(w)e @AY (m) (1+O0(w'|™h), (11.24)

A— w%—AF(A)ege(w’)we—iw’ log(|s|e™) wll—l—z‘w ' (11‘25)
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For all .J; 23, we can close the w’ integral in the upper half plane for

a  _ n/H_w:H<1 N Al 11.26
2(1 —w) [sle l—w s 0 =e 1+ w ’ (11.26)

while for

@ iglem 1__w:|i|>1 o lfw 1 11.27
ST B gk S e Vi pril v (11.27)

we can close the contour in the lower half w’ plane. Note that U and V are the values of
Kruskal coordinates for the initial point X. Also notice that J3 = 0 for s < s¢, i.e. ®(X;s)

(R)

only involves a; 7 for s < s9. Thus sy can be interpreted as the “critical value” for crossing

the future event horizon.

For s € (sg,$2) as in the discussion of Sec. X we can split the integrals by using the
transformation on the hypergeometric function in Jj 3
[(A)(iw')
F(7.,0 M w?) = — "2 F (7,7 ;1 —iw;1—w
@ ) T (¢ )T () @ )
!/
F(dqd 51 +i51—w?) |

(11.28)

Then one of the terms can be evaluated by closing the contour in the lower half plane and

the other in the upper half plane.

B. Near horizon transformation
We now examine (11.15) near the horizon (V' — 0) for s > 0, which we will show to be

Or(Xs) s<sp=-U

B(X;s) = L Xe=(U+s,V,7), (11.29)
¢F(Xs> S > Sp
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with ¢p(X) the expression in the F' region described by (D14)-(D16). sq is the critical
value for crossing the future event horizon. Thus the action of U(s) reveals an emergent
translational symmetry near the horizon. The discussion applies to a general black hole

without knowledge of the details of the phase shift ¢*

More explicitly, for s > 0, we have

(RR) X _ hq<f) /d_w/Sinhﬂ-w/ ( iék/V—iw’ —i0,/ U iw’) Cor(— 11.30
Uk ( 78> sinh 7w om \/m € te ( ) kk( S)a ( : )

/d_w’sinhﬂ(w’ + w)

o

(RL)(X: ) = (@)

) -
k sinh Tw

(eiéklv—iw’ 1 e—iék/(_U)iw’> Cro_n(—5) .
(11.31)
From Cyy. given in (11.8),

e(w)hg(F)e

V27 Sinh m|w]

e(w)h_y(T)e" "

/27 sinh |w]|

U](gRR) (X7 S) = (Al + A2)7 UI(CRL)(Xa S) = (Bl + B2) (1132)

/ — sinh 7w/ e? W T (i(w' + i€))T(—i(w — ' + i€))e™ ™" oelsV) (11.33)

Ay = ' /— sinh 7w T (—i(w' + €))7 (—i(w — ' + i€))e™ 8=U/s), (11.34)
% sinh (0’ + w)eX W (i(w + ie))D(i(w + o — ie))e~ ™ o8EV) (11,35

% sinh 7(w’ + w)T(—i(w + i€))T(i(w + w' — ie))e™ e/ (11.36)

The evaluation of A; and Bj is similar to (11.11): with V' — 0 we can always close the

integration contour in the upper half w’-plane to find
Ay = VT (jw)sinhrw + -+, By =0+ (11.37)

where - - - denotes contributions that vanish as V' — 0. For A,, By, we can close the contour
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in the upper (lower) half plane for s < sp = —U (s > s9), leading to

sinh 7wl (—iw)(=U — s)¥ s< —U
A : (11.38)
0 s> =U

0 s< —=U
By = : (11.39)

sinh7wl(iw)(U + s)™ s> -U

where for Ay (Bs) there is no pole in the lower (upper) half plane for s > —U (s < —=U).
Putting these results all together we find

hq(Z) (€i§kvfiw + efz'&k(_U - S)iw) s< U

o (x5 s) = 4 V2 , (11.40)
he(Z) Lidy Y/ —iw _
\/me % s>-=U
0 s<—=U
o (X s) = . (11.41)

hL(f)e“”f(U +8)7 s> -U

2kl

which indeed give (11.29) by comparing with (D14)-(D16).
Since the above discussion fixes s and assumes V' — 0, the valid range of s is for |s| <
1

Sy = 17, which is infinite in this limit.

C. Left-right commutators and causal structure

For the action of U(s) on a bulk field at a generic point in the R region, the details of the
phase shift e?* will matter and from now on we will specialize to the BTZ black hole with
the corresponding expressions given by (11.15)—(11.22). The transformation is complicated
and is nonlocal. Below (11.22) we already commented that v,(CRL) (X;s) # 0 only for s > s,
which can be interpreted as the boundary emergence of the event horizon. This is further

confirmed by the near-horizon analysis of the last subsection. Here we show that despite the
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transformation being nonlocal it respects sharp causal structure.

Consider the commutator of an evolved bulk field from the right exterior and a bulk field

operator at some fixed location in the left exterior (i.e. set X; € R, X5, € L and Uy, = U(s))
C(s) = [®(X1;5), 01(X2)] = [Ulor(X1)Us, ¢1(X2)] - (11.42)

Now multiply both sides of the above equation by U] and U,. Since we are working at the
level of free field, C'(s) is a c-number and thus is unchanged by this conjugation. Using

unitarity and the group property of Uy, we find

C(s) = (UL, 0r(X1)Us i, Ulpr(X)U,] . (11.43)

Recall that ®(X;s) has support on left operators only for s > so(X) = —U(X). From J
conjugation U] ¢y (X5)U, should take ¢y, closer to the past horizon for v < 0, but it will not
have any dependence on the right operators for v > —s¢(X3) = —U(X3), see Fig. 16. Now
take v = —s0(X3) + € where € > 0 is an infinitesimal number. With such a v, Ul¢p(X5)U,
still lies in the L region. To have a nonzero commutator we need ®(Xy; s+wv) to have support

on the left, which requires
S+v > So(Xl) — S > SO(XI) + So(XQ) = —U(X1> + U(XQ) , (1144)

Since ®(X7;s) must enter the lightcone of ¢ (Xs) in order for the commutator to become
non-zero, the above equation implies that the support of ®(X;;s) must lie in the region

U < Uy + s, see Fig. 16.
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Xz < U\ PL(X2), |
Z\ Pr(X1) Pr(X1)

FIG. 16. Left: When a bulk field ¢r(X1) with X; € R is transported by a null Kruskal coordinate
distance —U; 4+ Us (since U < 0), it enters the lightcone of ¢, (X2). The shaded region is a cartoon
for the spread of ®(X7;s). The orange dashed lines are event horizons, and the purple dashed lines
give the light cones of Xs. Right: The commutator between the evolved right operator and fixed
left bulk field is equal to the commutator of evolved left and right fields with the same difference of
evolution parameters. We use this to evolve the left operator almost all the way to the past horizon.
The commutator can only be non-zero then if the evolved right operator remains supported on left
oscillators after now also applying the evolution that brought the left field to the horizon. The blue
shaded region is a cartoon for the spread of ®(X7;s+ v) and the purple shaded region is a cartoon
for the spread of ®(Xs;v). The boundaries and singularities suppressed in each figure.

D. Transformation of a boundary operator

We now consider the evolution under U(s) of a boundary operator Og(z),

Or(z;5) = U(s)'Og(x) Zu(Rﬁ (x; ) a,(f), (11.45)
_ z:u/l(CR)(‘,E)a’(:'%)7 Ul(cR) () = Njeiwntiox, Rﬁ) Zuk Aleg (s) .
k
(11.46)
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u,(fﬁ) (x; s) can be obtained from (11.17)-(11.18) by taking w — 0 and and stripping off the

factor of w®. J; 3 then simplify to

' dw’ -y - .,
Ty = (2c)7 / %r ((L - %) r (q - %) T(iw’ + €)(2¢) " (11.47)

. duw’ . . .,
Jy = (2¢)7% / Qisinhw(w’ +w)l (q+ - %) T <q_ - %) T(iw' + €)(2¢)™*  (11.48)
N

!/ - ! - !
Js = (2¢)™ / Zi sinh 7w'T (q_ - %) r (q+ — %) I(iw + €)(2c)™ (11.49)
m

a(w=0)=2c, c=|sle". (11.50)

From (11.26)—(11.27) we now have sy = so = e " as on the boundary UV = —1. For ¢ < 1
(¢ > 1) we can close the contours of the above integrals in the upper (lower) half plane.
Consider first J; which is relevant for s < 0. For any value of ¢, we find that J; can be

expressed as another hypergeometric function, and (see Appendix F 2 for a derivation)

w0 (w:5) = Ne ™10 (5) = u () Ju(s) (11.51)
D(gy + DT + 1) 1 14 sen
Ji(s) = 2 22 (24,27 A — = 11.52

Clearly the transformation is not point-wise. For s > 0, the evolution is described by J5, J3.
For ¢ <1 (i.e. s < sg) we have J3 = 0 and .J, is such that we again recover (11.51)—(11.52).

The argument of the hypergeometric function in (11.52) becomes 1 for s = sy = e™" (¢ =
1). The behavior of hypergeometric function F(a,b;c; z) at z = 1 depends on Re(c —a —b):
it is divergent for Re(c—a—0b) < 0.** Now Re(A—iw+3—2¢; —2q_) = —A+3, thus (11.51)
becomes singular for any operator with A > % In other words, Og(z;s) becomes singular
for s = so. Recall that sy is precisely the Kruskal U distance between initial point 1 and
n = +00.

To understand the action (11.51)-(11.52) of U(s) on a boundary operator Og(x) a bit

further, now consider its support in the position space. For this purpose it is convenient to

31 This can be seen by the transformation F(a,b;c;2) = (1 — 2) % *F(c —a,c — b;¢c; 2).
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introduce an evolution function G(x,2’; s) defined by
Or(x;s) = /de’G(x,a:'; s)Og(2) (11.53)

where

G(z,2'ys) ZJk emwn=n)Hig0=x) (11.54)

To understand the support in 7, consider the w-integral in (11.54),
oy = [ i)
Gy(n,n'ss) = o€ ) J(s) (11.55)
T
Notice that Ji(s) has no pole in the upper half w-plane, and has the asymptotic behavior
Te(s) = (1= se") 227 (14 0(Jw| ™), |w| = o0 (11.56)

Given that Ji(s) o< O(1) for real w — £o00, (11.55) has to be treated with a bit of care. By

—A+iw

adding and subtracting (1 — se") in the integrand we can rewrite it as

G113 s) = (1 — se")2 2 5(\) + Gy, éq:/;l: e Ju(s) (11.57)
where
A=n—1 —log(1—se), Ju(s) = Ju(s) (1 —se")™ — (1 —se”)7 2 . (11.58)

Now Ji(s) — 0 along the real axis as w — 400 and it only has poles in the lower half

w-plane.

We can close the contour for w-integration in éq of (11.57) in the upper half w-plane if

n—mn —log(l—se”) <0 (11.59)

89



for which the integral gives zero. We conclude that G,(n,7n’; s) only has support for
n<np—log(l—se") — U <SU+s, U=—-", U=—e" (11.60)

where U’, U are respectively the boundary Kruskal coordinates for " and 7. We note that
equation (11.60) agrees precisely with (6.13) with the identification of n = 2xt, providing
a nontrivial further consistency check of our identification of the bulk region X, as the
entanglement wedge of N' = Xj.

As s — s9 = e, the support of G, and thus G(z,2';s) covers the full 7' axis and
G(z,2';s) is singular at s = sy as a result of the singular behavior of Ji(s). This indicates
that we cannot extend the action of U(s) beyond sg.%

Plugging (11.57) into (11.53) we find that

Or(z;s) = (1 — se”)%_A Or(zs) + Og(z; s) (11.61)

Opla: s) = / P Ga,a ) Op(e),  Gla,a'ys) = 3 d*0X)Gy(nn'ss)  (11.62)

q

where the first term is a point-like transformation with
Ts=(Ns,X), Ms=mn—log(l—se") or U;=U+s . (11.63)

From (11.57), G4(n,7'; s) can be written in a form

Golnrf:5) = i 33 e 00D () o) = @0t 1+ A) £ig  (1164)
+ n=0

where —iw are the poles of jk(s) in the lower half w-plane and ) are the corresponding

residues. Thus éq only has a small exponential tail away from 7,. We are not able to

32 Integrals for Jo and J3 appear to be well defined for s > s¢ (i.e. ¢ > 1). J3 is now nonzero, i.e. Og(z;s)
now involves also a,i ). But due to the singular behavior as s — sg from below, Og(x;s) for s > sop may

not be meaningful.
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evaluate the g-sum in (11.62) explicitly, but from (11.64) we expect that
Gz, a';s) ~ e AHDmmm) 4 (11.65)

where - - - denotes higher exponential suppressions in 7, — n. We thus find that the support

of G(z,2';s) is localized around 7y with a small exponential tail away from it.

E. Summary

For a general bulk point X = (19, wo, xo) = (Uo, Vo, xo) the transformation (11.17)—
(11.22). is not point-wise and rather complicated. As outlined there we can evaluate the
integrals J; 9 3 for any s using residues which results in an infinite sums of hypergeometric
functions (some of which can be summed to Appell functions). The analyses of these infinite
sums (or Appell functions) appear intricate and will be not be treated here. From last few

subsections we have found that:

1. For Xy close to the past horizon V; — 0, we have ®(X¢;s) = ¢(X;) where X, =
(Uo + s, Vo, Xo) is obtained by X by a null shift. We can view this as an indication of

an emergent horizon symmetry.

2. While for a general point the action of U(s) is nonlocal, the support of ®(Xy; s) respects
the sharp causal structure implied by the event horizon: (i) There exists a critical value
sp = —Uy after which ®(Xy;s) develops dependence on a,iL), which signals crossing the
horizon; (ii) It starts having nontrivial commutators with ¢ (X;) for s > —Uy+U(X).
Both imply that the support of ®(Xy;s) lies in the region U < Uy + s, consistent with

the proposal of the entanglement wedge of Fig. 15.

3. For a boundary operator Og(z) (i.e. wo — 0 limit of a bulk field) with zo = (10, X0),
the evolved operator remains on the boundary, and we can show explicitly that the
support of Og(zo;s) lies in the region U < Uy + s where now U = —e™" and Uy =

—e~ ™. In particular, Og(xo;s) contains a local piece proportional to Og(z,) with
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zs = (Uy + s, xo0) and a non-local piece which is still mostly supported near the time

slice s = 1y — log(1 — se™). The action of U(s) becomes singular at s = sy = —U.

In next section we will show that the transformation of a bulk field becomes much simpler

in the large A limit, and in fact becomes a point-wise transformation.

XII. A POINT-WISE TRANSFORMATION IN THE LARGE MASS LIMIT

In this section we consider the evolution of bulk fields under U(s) in the large mass limit
(or large dimension A limit). Interestingly we find that in this limit the evolution becomes

point-wise when we average over the spatial manifold of the boundary theory.

A. General setup and summary of results

Evolution of a bulk field, initially at a point Xo = (19, wo, x0) = (Us, Vo, Xo0) € R, is given
by (11.15)—(11.16) which we copy here for convenience

O(Xo;s) = Ul(s)pr(Xo)U(s) = Y _ i (Xos s)ay,, (12.1)
-
v (X s) ka (Xo)ARE(s), ol (X s) Zv (Xo)AEL(s) . (12.2)

Recall that the mass m of ¢ is related to the dimension A of the corresponding boundary

operator O by

d
A:§+V, v = Z+m2 (12.3)

We will consider the large v limit and expand various quantities in (12.1)—(12.2) in 1/v.%

To define the limit, we will also scale frequency and spatial momenta as [4]

w=wvu, q=vp, k= (u,p) fixed, v— 0. (12.4)

33 v is always O(N®). Equivalently we can expand in - or 1/A. At leading order, i.e. O(v) all these
expansions agree. But for higher orders, including the calculation of O(v°) prefactors, expanding in 1/v

is the most natural and convenient.
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In the limit (12.4) the various quantities in (12.2) have the form

. _ —w? 1+p2w2)
3 A(’Y) X, e“/Zl(j)(XO) 14+ 0! S T— (1—wg)( 0
oy = | s A 1+0w™) , |u L

AD (Xg)e A X0 (14 0(7Y)) | lu| < w,

AfS(s) = G,y BES (5)e™ad ) (1 + O(Y)), (12.6)
where the first (second) line of (12.5) is the wave function in the classically allowed (forbid-

den) region. Explicit expressions for these quantities are given in (G5)-(G8). We then find,

du o) e du )
U,(;%R)(Xm s)=v [/I 7 Z A@Bﬁf(s)e’”Glg —I—/ Al({f)Bﬁf(s)e_”GR , (12.7)
U| > Uy ==+

Ly, 2T

where
G = 20 (X0) + W), G = 20 (Xo) = iWiF(s) (128)

A similar expression applies for v,gf%L)(XO; s). Equation (12.7) can be evaluated using the

saddle point (steepest descent) approximation.
Since we are mainly interested in how ®(Xy;s) evolves with s in the (w,n) (or (U, V))
plane, it is convenient to average it over the boundary spatial direction Yy, i.e. restricting to

g = 0 in all equations. In this case we find that the transformation is point-wise

O(Xo;s) = Axop(Xs), Ax = \/1 —seMy/1 — wk (12.9)

with X given in terms of Kruskal coordinates as

W
C1=sVy

U=Uy+s, V, (12.10)

Here are some remarks on the transformation (12.9)—(12.10):

1. At the horizon, V4 = 0, we have V;, =0 and U, = Uy + s.
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2. At the boundary we have V = —Uio giving V, = —ﬁ = —UL, so a point initially on

the boundary remains on the boundary.

3. Given that a boundary operator can be found by Og(x) = lim,,_ow 2 ¢r(X), we have
from (12.9)—(12.34)
Or(zo;s) = (1 — se™)2 2 Op(x,) (12.11)

precisely giving the first term of (11.61) including the prefactor. Thus the second
term of (11.61) must be suppressed in the large v limit, which is consistent with the

expectation (11.65).

4. For a generic initial point with —1 < Uyl < 0, the horizon is reached for s = sy =
_UO — /;_gg 6_770.
5. For s < 0, the boundary is reached in the limit s - —o0. i.e.

UV + sV

UV = sV —- -1, s——00. (12.12)

6. Notice that the prefactor Ax in (12.9) becomes zero for

1
s=§=—F=¢e ™ (12.13)
1—w?

at which value we have U,, V;, = 1, i.e. the location of the black hole singularity. For
s > s1, ¢(X;) is no longer defined, but the left hand side of (12.9) appears still to be
well defined. Note that 2L = ﬁ < 1, where sy was introduced in (11.27).

7. Ats:sgzviowehavevséoo.
8. Equation (12.10) does not appear to correspond to any geodesic motion.

9. Equation (12.10) also applies if the initial point X lies in the L region.

The trajectories following from (12.10) are shown in Fig. 17.
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i@ !

FIG. 17. The left plot gives trajectories of (12.10). The right plot gives constant s surfaces evolved
from the n = 0 slice. The orange dashed lines are the event horizons, black solid lines are the
boundaries, while the red solid lines are the singularities.

v

FIG. 18. The counterparts of Fig. 17 when using N as in the right plot of Fig. 12.

By choosing N to be the algebra associated with region in the right plot of Fig. 12, we
can similarly construct unitary evolutions as above but with the roles of Kruskal U and V'

swapped. See Fig. 18 for the corresponding flow trajectories.
We will now describe the calculation of (12.7) in detail.
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B. Saddle-point equations

It is useful to first notice that the Hermitian conjugation property of our transformation,

Af_ak)(_k,)(s) = (AkR,ﬁ(s))*, and U(_}]?<X0) = (v,gR)(XO)> imply

WU (X 5) = 2 ol P (Ko AR () = D2 0D (Ko A iy (5) = (o8 (X 9))
' ' (12.14)
Thus (12.14) implies that the results for ' < 0 can be immediately obtained from those with
u' > 0, so we restrict to v’ > 0 for the calculations of this section. From the expressions of

Appendix G we find G%) in (12.7) can be written as

G%) = —ulog|c| + % log(1 — wy) — (v — u)log(i(u — u')) — %e(s)w —ilog(1 — iu)
— |ullog <|u] + wor/u? — ui) +ilog (1 Fiwo/ u? — uﬁ,) — 0(—u)ulog(1 + u?)

1+
1 —

+u'l i u’ 2 o / .
u og|s|—§log +§log(1—i—u )+§6(3)|u|—@10gw0.

(12.15)

It will turn out that Gg) does not lead to any saddle point and the contribution from
the second term in (12.7) is always suppressed compared with that from the first term. We
will thus not give the explicit expression of Gg) here, leaving it to Appendix G. For our

discussion below it is convenient to introduce

56770

\/1—w(2)’

b

c=sem . (12.16)

The saddle point equation of (12.15) can be written as

~1og b + log(i(u — u)) — Tog (Jul + c(uhuwo/i¥ —uZ) = Tels)e(u) =0 (12.17)

which leads to
(1 —Db)u —u = £bwo/u? — u2, (12.18)
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whose solutions are given by

(1= Db)u = bwoy /w2 —ul

() — 2,201 _ 2
Ue " = 1—2b+¢2 ) uw(s) - Uw(l 2b+c ) . (1219)

The solution is real for v’ > w,). We can also check that both roots (12.19) satisfy the

requirement u’ > uﬁi) > u,, for s < 0 and ugi) > u, ugi)

root ut") above satisfies e((1— b)u&ﬂ —u') = €(s), so it is only a proper solution for (12.18)

(=)

> u, for s > 0. For s < s; the

with the plus sign on the right side. Thus this is a saddle solution for G, Similarly, u

is a saddle for G{). For these real roots we have the following behaviour as functions of s.

We have vl > 0 for all 5 < sp. As s — 50, ut? = oo while u{™ is finite and we have
ult < 0, ul™) > 0 for So < § < s9. Finally, as s — s5, ul™) — 0o while u'™ is finite and for

s > so we have ugi) < 0.

For s < sy and s > 9, u?

w(s) > 0, so the solutions (12.19) are not real for all real u'.

34

In particular, for u/? < “121;(3) the solutions are complex.”* For such small values of v/, the

)

steepest descent contour should only pass through ul , so there is only one contribution

12

to the saddle point evaluation of the integral for u'* < Ui(s)' Note that for sg < s < s9,

u?ﬂ(s) < 0, so both roots are always real, independent of the value of «/, in this region of s.

We will now argue that we need only consider the roots ut® when they are positive. Even

when u((;i) < 0 is a genuine saddle point, its contribution will be subleading. The magnitude
of the result of saddle point integration in (12.7) is controlled by Im G§)|k(i). For s < 0 we

always have ul < , SO

G| s = = (Jul®] = /] + [P —u/|) =0, s<0, (12.20)

T
2

34 Note that Uy (s) is exactly the critical frequency separating classically allowed and classically forbidden

frequencies v’ when w = w;s as in (12.34)
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while for s > 0 we either have u$™ > u/ > 0 or i < 0 giving

0 u > >0
T 5 c
m G, o) = o (W] = [P+ Jue™ = w']) = . (12.21)

T, u <0

We then see that the contributions of ugﬂ for s > so and of ugf) for s > sy are suppressed by

exp(—mvu’), which are subdominant. Thus, for s < sy we have leading order contributions

(+ (_)

from both u'™ and ug_), for sp < s < sy we have a leading order contribution from u; * and

for s > s, both contributions are exponentially small.

Now we turn to v,iRL) (Xo; s), where there is only a non-trivial calculation for s > 0.

[l

G = —ulog|e| + 5 log(L —wf) + (u/ + u) logi(u + ) — =

2Qu 4+ u'| — |u] — |[u|) —ilog(1 — iu)
— |ullog (|u| + wo/u? — u?l}) +ilog (1 F twoy/u? — ui) — 0(—u)ulog(1 4 u?)

i 1+ u ,
—u'log|s| + élog (1 —iu’) — Elog(1+u’2) — ilogwy .

(12.22)
It can be shown that G’(Li) has no real saddle point with min{—u,,, —u'} < u < w,,, and the
saddle point equation outside this region can be written as
i

~log [b| + log(i(u + u')) — log <|u| + e(u)wor/u® — ugu) = Te(u) = 0. (12.23)

which leads to

(1 —b)u+u = tbwoy/u? — u2 (12.24)

with solutions

_ _ / 2,2
- (1 —b)u F bwg, /v Us)

_ &) > 21 2
Ya = 1—2b+ 2 = —Ug T, Uyge) = Uy(l—2b+ 7). (12.25)

Recall that here b > 0. Again we have real saddle points for u/? > ui(s), whose behavior

. + .
we now discuss. For s < sq, we have ué ) < 0, while for sqg < s < s we have u((;) > (0 and
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( ) <o Finally, for s > s, we have ufl )'> 0. From (12.29) we see that the magnitude of

the contributions of the saddle points are controlled by ImG |k(i), so we will again find

that the contributions from saddle points “EJ ) <0 are exponentially small. We have

Im G%t)|k;i) = , (1226)

+)

Thus the contributions of saddle points with ud < 0 are suppressed by exp(—nru). Thus,

for s < sy both contributions are exponentially small, for sy < s < s we have an O(1)

contribution from uéﬂ and for s > so there are O(1) contributions from both ul(;r) and uff).

C. Transformed wave functions

Evaluating (12.7) at the saddle point we find

w e
o™ (Xo; 5) Z\/ L AD (X0 BEE () KPR (14 07Y)  (1227)
where
K = 0269 - (12.28)

and k" = (u{”,0) with u{” the saddle point for G% and note that there is no saddle point

for |u| < u,. Similarly we have

w s _
v (Xos ) Z\/ o A (Xo) B () KT 2e Y row ), (229)

G‘”’ Z0(Xo) + Wik (s), K[ =267 (12.30)
d

where ky = (uy), 0) with u((]) the saddle point for G(LV). Explicit expressions for the quanti-
ties appearing in (12.27) and (12.29) at general values of k and k" are given in (G8), (G10),
(G11), (G15).
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We now show that our transformation in the large mass limit, as described by (12.27)—
(12.29) with saddle points (12.19) and (12.19), is exactly the point-wise transformation
(12.9).

1. Outside the horizon

Here we consider s < so. We first restrict to the case of u' > ).

We begin with the calculation of v,iRR) (Xo;s). Explicitly evaluating the quantities in
(12.27) at the respective saddle points for Gg) and Gg;) is quite complicated. Repeatedly
using that ul®) solves the saddle point equation in the form (12.18) and recalling that we

only need to consider u* > 0, Gg[) can be brought to the form

Gg)h{(i) = —u'log(e(s)(ul® — ') +ilog (1 F iwo/ w2 ui) —ilog(1 — iu™)

14+
1 —

N /
—|—u’log|s|—%1og( ) +%log(1+u’2)—i10gw0 :
(12.31)
Comparing (12.31) with (G10) we see that Gg:)|k£:t) will equal to Zli,i) (X') for X' = (0, ', X')

only if

log [b'| + log (u’ +w'yJu? — ufv,) = log(e(s)(ul® — u')), (12.32)

. ; (£)2 2
1 — 1 Fiwon/ue % — uj,
——+1o ) 12.33
1 —iul® & 1 Fiw'y/u? —u?, ( )

log w_? = log
w

The above equations mean that u' and ul®) should play symmetrical roles, with ult) being
the saddle point for the transformation with parameter s from (7, wp) at frequency «’, and
u’ being the saddle point for the transformation by —s from the point (1, w’) at frequency

u$®. That such (7', w') exist (as they cannot depend on u’) is highly nontrivial.
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Now it can be checked that for ' = n,, w’' = w,, with

e?m wWo

2ns __ —
T 1 e T Iob(—uwd)

(12.34)

which in terms of Kruskal coordinates gives (12.10), equations (12.32)—(12.33) are satisfied.

To see this we note that

1 —2b+ 2 1 — w? 1 — w?
1 - 2 — 1— 2 - 2n — 2n 0
) 1 —b(1 —wd)
m' 2 2p 2 r 0
— e n Uw/ = € nuun b = m (1235)
and the inverse transformation is given by
w’ n e b se' c (12.36)
wn = e’ = — — . .
Pl —w?) V142D + 2 V1i—w? V1—w?
Also note
1+b’(1—w’2):; 1+2b’+c’2:; (12.37)
1—b(1 —wj)’ 1—2b+¢ '

From the above relations and (12.19) we then have

1 —b(1l —w?
ul® — o = b#ﬁ <u’ +w'y/u? — ufﬂ/) =1 <u' +w'y/u? — ufu/) (12.38)

which gives (12.32). We note by passing

C

u® — o =1 (u’ +w'y/u? — ufu,) =b <u(i) + won/ ul? — u2> : (12.39)
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Similarly we have

1 — i /
— 5 '“(‘i) (1 ¥ z’wOM) = (1—Db(l —up)) (1 Fiw'y/u? — Ui)
— Qe
_w (1 N Ui) , (12.40)
w

which gives (12.33). We have then shown

ngi)|kgi> — 75 (X)) . (12.41)

Now let us look at the prefactor of (12.27). Computing the second derivative at the saddle

point we have

()
1+ =0 +bwg, /u? — u?
(£) 0 w(s
K L Vb2 ) (12.42)

where we used (12.18) twice to replace all terms with square roots involving u and then

the explicit form of the root (12.19). From (G8) we have

2
RR  _
Bk£i>k = —iy(ugi) B u/) . (12.43)

From (G11) we have

1

1 . = 1 .

we er T 1 Towg T +bw

A% (Xg) = =2 - — %o _— (12.44)
k! NG, w2 — 2 Vv (1=Db)us’ —u

where we use (12.18). Putting all the prefactor contributions together we obtain

1 i i
A®) (X)) BER -5 |27 % ikl L L DAB(X,), (12.45)
k£i> 0 kgi)k R - iv /_QV w'? _ui(s) - v w, K s)s .
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so the final result of the saddle point calculation is

’Uk/ XO, \/1 — semy /1 — wh Z Ak, s) ’”ZS)(XS) , (12.46)

giving (12.9).

The story for ' < ) is rather similar, except that as mentioned earlier the saddle
point is now complex. Through rather parallel calculations we again find (12.9).

For Uli, )(XO, s) as noted earlier GL only has saddle points with ud V< 0for0<s< s
which give rise to contributions which are exponentially suppressed. Thus, at the order we

are working with, for s < sg, the saddle point calculation gives
v (Xoi5) =0, (12.47)

as required by (12.9) for an operator in the right exterior region.

2. Inside the horizon

Now consider s > sq. Since ¢(X;) ceases to make sense (and so does equation (12.9))
beyond the singularity, which is at s = s1, we will first consider s < s;.

We begin with the calculation of U,ERR) (Xo;s). The saddle point ut™ is now negative
and gives a subdominant contribution which can be dropped. The only contribution is then
from ul ™. Explicitly evaluating the quantities in (12.7) at the saddle point for Gg;) and
comparing with (G13) and (G14) we find

Gyl = Z(X,) (12.48)

and

1 i
=) (-4 _  [2mwg et /27 [0 4P x
Akgf)(Xo)Bw KR Vo <u,2 ) wsA X,)  (12.49)

N)




where X is given by

2n0
62773 _ (& Wy

_ " =W 12.50
1—2b+c T 1-b(l—uwd) (12:50)

Equation (12.50) gives (12.10) with X € F.

The final result of the saddle point calculation is then

v (Xo; s) \/1—seno,/ —w? AT (X,) WZ< (Xo) | (12.51)

giving (12.9), now with X, € F.

For v,(g, )(XO, s) we now have the saddle point “Ez ) > 0of G I glvmg a leading order con-

tribution. Explicitly evaluating the quantities in (12.29) at the saddle point and comparing
with (G10) we find
Gt )|k Z(X,) + 2un, (12.52)

and

L in i
(+) (-1 _ [2mwi et 1 _ 2 [wo )
Ak<+>(X0)Bk<+)kK Vo v (u’z—ufu(s) =\ wSAk, (Xs) . (12.53)

Thus, for sg < s < s1, the saddle point calculation gives

ol (Xo; 5) \/1 — semy /1 —wg A (X,) 2“’“’75“”2 2CON (12.54)

Note that the left and right mode functions, U,E:L) (X) and v,(CR) (X), are identical in the F

region except that the former involves e7~%X and the latter e~ ™7+4X which are exactly

reproduced by (12.51) and (12.54). For more details, see (D13) and (G12).

For s; < s < s9, the expressions for the exponents and prefactors are the same except

that we can longer compare them with ¢(Xy).
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D. Comments on initial operators localized in y

We now quickly comment on the computation of ®(Xy;s) which is no longer averaged in
the x-direction. Unlike the ¢ = 0 case, we cannot explicitly verify that the transformation is
point-wise in the large mass limit as the transformation can now involve a change of the y
coordinate as well. Moreover, the saddle points are now solutions of a quartic equation and
thus are very complicated functions of the parameters of the evolution. We will leave such

analysis to the future.

XIII. CONCLUSIONS AND DISCUSSIONS

In this thesis we discussed in detail how to construct emergent bulk “infalling” times in the
boundary theory. Their construction is a consequence of emergent type III; algebras and
an associated half-sided modular inclusion/translation structure. We discussed explicitly
two choices of such times which at the horizon correspond to uniform (in the transverse
spatial directions) null U or V translations. There are an infinite number of others. For
example, we can choose the subalgebra N to be either of those depicted in Fig. 13, which
should give rise to bulk infalling evolutions which are non-uniform in the transverse spatial
directions. Alternatively, instead of taking the cyclic and separating vector to be the GNS
vacuum |Q2g), we can choose other vectors. The simplest possibilities are obtained by acting
unitaries from Vg and Yy on |Qp), i.e. ViWgr|Qo), V. € Vi, Wgr € Vg which results in a
U(s) = Vi WgU(s)WLV] with U(s) the evolution operator corresponding to Q).

Our discussion can also be generalized to other entangled states of CFTg and CFT. A
simple variant is to act on |Wz) by a left unitary Uy which does not change the reduced
density matrix pg of the CFTpg, i.e. |U) = UL|Ws). The story depends on whether |¥) lies
in the the image of the GNS Hilbert space built from |Ug). If |¥) lies in the image of the
the GNS Hilbert space, the bulk geometry is still described by the eternal black hole, now
with some small excitations on the left due to insertion of Uy. The construction of U(s) is

the same as that for [Uz). When |U) does not lie in the GNS Hilbert space, which happens
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when Uy changes the energy of the system by an amount which scales with N, the story
is different. We need to work with the GNS space HGN associated with |¥), which does
not overlap with that associated with |Ws), and the corresponding representations YV, p of
single-trace operator algebras are also different from those of associated with |Wz).% In this
case there is no simple relation between U(s) for |¥) with those for |¥gs) as they act on
different GNS Hilbert spaces.

There are many future questions to explore. We already mentioned some in Sec. V. Here

we highlight a few more:

1. From a generic bulk point X € R, the flow (12.10) reaches the future singularity
for a finite value of s. We have not seen a sharp signature of the singularity either
from (11.16)—(11.22) or the leading expressions in the large mass limit except that the
prefactor Ax in (12.9) goes to zero at the singularity. It is possible that the signature
of the singularity is weakened by the nonlocal nature of the U(s) evolution and is more
subtle to detect. The singularity should signal the breakdown of the U(s) evolution,
which is the way gravity tells us of its emergent nature. It is clearly of great interest
to understand the emergence of the singularity better and its possible resolution using

our approach.

2. Our discussions have been restricted to the leading order in the 1/N expansion: in
the bulk we have a free field in a curved spacetime while on the boundary we have
a generalized free field theory. We expect the general structure we uncovered should
survive perturbative 1/N corrections. Including higher order corrections corresponds
to including gravitational physics in the bulk, which could lead to a much richer struc-

ture [35].

3. It is of great interest to understand better how the type III; structure emerges in the

large N limit. Systems like the SYK model or matrix quantum mechanics, should

35 The appearance of a different representation in this case is also required by the duality since the bulk

geometry is also modified.
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provide laboratories. In fact, a better understanding of the continuum limit of local

operator algebras of a quantum field theory should be very instructive.

4. The discussion here should also be generalizable to single-sided black holes including
evaporating ones. We expect such constructions can shed new light on the information

loss problem.

5. We also expect that the manner in which an in-falling time emerges from the boundary
theory here should teach us valuable lessons about holography for asymptotically flat
and cosmological spacetimes. This should be especially helpful for understanding time

in cosmological spacetimes including de Sitter.
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Appendix A: Details on the GNS construction

In this appendix we discuss some details of the GNS construction of I1I B.

For each operator a € A = A;, @ Ap we associate a state |a), with the inner products

among them given by (3.19). The set of operators y € A such that (ylyy = 0 is denoted by
J. J is a left ideal, as ay € J for Va € fl, y € J, and is called the Gelfand ideal. The

GNS Hilbert space H(TC}}%S) is the completion of A/J.

Equation (3.22) implies that for each equivalence class in ./Al/ J we may choose a repre-

sentative in the subalgebra Ag, i.e. for any a € A there exists Ap € Ap such that

a] = [AR] .
To see this, consider an a € A of the form

a = Br(Cy, CL:HOL(tiaxi) )

i=1

From (3.22)

inOL(ti,Ii)—OR(ti+§,$i> eJ, i=1,---.n.

We can then write

Op (t;, ;) = Og (ti + gﬂz) + i

and C}, can be written as

n—1 .
CL = H Oy (ti, ;) <OR (tn + g,xn) + yn)

i=1
Zﬁ n—1

= OR (tn —+ E,xn) ];11: OL (ti,l'i) + CYnp,

(A1)

(A5)

for some ¢ € A. Note cy, € J as J is a left ideal. Continuing this process repeatedly we
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reach at the end

Cr =0g (tn—l—g,xn) Or (tnl—l—g,xnl) --Opg (tl—i-%,ﬂil) +9, yeJ (AG)

which gives (Al). The discussion immediately generalizes to sums of operators of the
form (A2). Note that the representative Ag in (Al) is unique, as if there is another A%
also satisfying [a] = [A%], we then have Ap — A%, € J but this cannot be the case since |¥g)
is separating for Apg.

We thus conclude that H\(I,(ZNS) can be generated by Ap alone.

Appendix B: Verification of U(1) properties

In this appendix we show that the group property of A‘,:,f,(s) is satisfied, i.e.
Ap (1) A (52) = AR (s1+ s2) - (B1)

Recall A7 (s) are given in terms of Ciy (s) by (7.47)-(7.48).

1. s; and sy of the same sign

We first show that (B1) follows from (7.49) when s; and s, are of the same sign.
For s; and sy both negative, (7.79) trivially follows from (7.49) for &« = R and either

choice of 5. For a = L we need

Agii (1) Ao (s2) + Mg (s1) AL (s2) = Ajiian(s1 + s2), (B2)
A (s1) A5 (52) + Mg (s1) A (s2) = Mgt (51 + 52) (B3)
For (B2) we have
sinh 7w sinh 7w’ sinh rw
! T — ! /1! = /1! B4
sinhmw’ 7" (Sl)sinh mu”Cik —we(s2) sinh mu”C*k*k (514 52) (B4)
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which is automatically satisfied. For (B3), the left hand side has the form

sinh 7 (w + w') sinh mw sinh 7 (w' 4+ w")
—C_ /! C 2 —C_ _ L/ C_ 1111
sinh 7w’ o (1) G (52) + sinh 7w’ " 7F (1) sinh mw” wi(52)
sinh7(w' +w)  sinh 7w sinh7(w” — Ww')
= - C_jpr Clerporr B5
( sinh 7w’ sinh 7w’ sinh ww” i (51)Clene (52) (B5)

sinh 7m(w + w”
- Sinfl W' )C_kk”(sl + 52) = Aﬁ,ﬁ(sl + 82) .

For s1,s9 > 0 we have the same story due to symmetry between L and R in changing s < 0

to s > 0.

2. Opposite signs

For s; and s of opposite sign the situation is more complicated, as we know that it must
be since there must be some kind of transition when s; + so changes sign. For a = R, we

need

At (s1) A (s2) + Mg (1) Al (s2) = A3 (s1 4 52), (B6)
AR (s1) Mg (52) -+ A7 (s1) Mg (s2) = Afign (51 + s2) - (B7)

For s; < 0,59 > 0, (B6) can be written more explicitly as

sinh mw’ Crrr (51 + $2) $1+8, <0
Crrr(—s2) = : (B8)

sinh mw” sinh 7w
sinhﬂw”Ckk”(_Sl - 82) 51+ s2 > 0

Cri (51)
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while for s; > 0,89 < 0

sinh Tw sinh 7(w + w') sinh 7(w’ + w")
Chri(— Chrin - ~ T Ch (= C n
sinh 7w’ " (=s1)Clir(52) + sinh 7w’ k- (—51) sinh 7w Kk (S2)
sinh7(w + " — w')
= C "\ C 1101
b (=s1) sinh mw?” wiv (52)
Crerr (51 + 82) $14 89 <0
- (B)
ssiiﬁlh:j’ Ckk”(—sl - 82) s1+59,>0
For s; < 0,59 > 0 (B7) can be written more explicitly as
0 51452 <0

C’kk/(sl) sinh 7T(w/ + w”)ck/_k//<—82) = s
sinh 7T(W + w//>0kk//(—81 — 82) 81+ S9 > 0

(B10)
while for s; > 0,59 < 0
sinh7(w + ') sinh 7w’ sinh7(w — ')
O '\ —C_ ! __ Lt = C ! ! C !\ — !
sinh Tw’ e Sl)sinhﬂw” e (52) b (51) sinh Tw” e (=55)
0 sh+s5>0
= , S1=—51<0, sh=—5,>0. (B11)

sinh 7(w+w”’

/ / / /
sinh 7w’ )Ckk”(sl + 52) S1 + So <0

From the “transpose” property (7.76) equations (B11) and (B10) are equivalent. Equa-

tion (B9) becomes

_ ” , Sinhﬂ'kakH(S1 + Sg) S1+ 8 <0
Chr (82) sinh7(w + w" — ") Cprpr (—s1) = (B12)

sinhﬂw”Ckku(—sl — 82) S1+ S > 0
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while (B8) has the form

sinh Ww,/ckk//(81 + 32) S1+ 59 <0
C'kk/(sl) sinh ’ﬂ'wlck/k//(—SQ) = . (B13)

sinh chkk//(—sl — 82) S1+59>0
The independent equations are then (B12)-(B13) and (B10), respectively. These relations

readily follow from (7.75) and the following identity

d /
/ Q&JW(sl) sinh (W' + @) Lo (82) = Lowr (|51 — $o|)sinh (@ +a), s12>0  (Bl4)
s

where @ = w,w” for s9 > 51 and sy < s1. To see the identity, note

d /
/ﬁlww/(sl) sinh 7r(w' + a) Ly ($2)
2T
dw’ —i(w—w ) - / —i(W' ="y " : /
= [ —s; F(i(w—w') +€)sy [(i(w —w") 4+ €)) sinh (w4 a)

! " i (w—w" . .
=0 " (S—Q) 57 P (i(w — W) + n) sinh (W’ + @) s2 < s

= D(i(w — ") 4 €)(5q — 55) @) sinh 7(& + a) (B15)

where for sy < s1 (s3 > s1) we can close the contour in the upper (lower) half complex

w'-plane. In the above we have s, = max(si, s3), s, = min(sy, s2) and @ as defined earlier.

Appendix C: Review of AdS Rindler and BTZ black hole

In this section we elaborate more on the geometries of AdS-Rindler in (2 + 1)-dimensions
and the BTZ black hole reviewed in Sec. IXA. We will set the AdS radius to be unity
throughout.
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1. AdS Rindler in (2 + 1)-dimension

The Poincaré patch of AdSs

1 1 _
ds* = ;(—(alyz:o)2 + (dz')? + dz?) = ;(—dx*dx +dz%), o5 =2"+2! (C1)
can be separated into four different AdS Rindler regions, labeled by R, L, F, P corresponding
respectively to regions with (z*,z7) having signs (+,—), (—,+), (+,+), (—,—). They
have respectively R, L, F', P Rindler regions of Minkowski spacetime R! as their boundaries

(z = 0). See Fig. 7. In the BTZ coordinates (1, w, x), which for R region has the form

2z = weX, x+=e§+v1—w2, T =—et V1-uw? F=nty, (C2)

+ 2 .-
T _ z —xtx

e =_"" eX=22_gtr, w'= SR 1—w?= e (C3)
T 22 —xta— 22 —xta—

the metric has the form

1 -1
ds* = e [— (1—w*)dp*+ (1 —w?)  dw”+dx*| . (C4)
The AdS Rindler horizon is at w = 1 and the boundary is at w = 0. The metric (C4) can be
used to cover the other AdS Rindler regions with the transformation (C2) suitably modified

for each region. For example, for the F region we can introduce

+ _ =
z=weX, T =" Vu2-1, z7 =€ Vw2 -1, (C5)
+ 2
x _ z
e ="— eX=2_—gtr, w= - - (C6)
x~ 2?2 —xta~

Notice that the last three equations of (C6) remain the same as those in (C3) except that
now w > 1. Equations (C5)—(C6), however, only cover the part of the F region with
22—z T2~ > 0 (to which we will refer as F; region), with w = oo corresponding to 2? = x*z ™.

For 22 — zt2~ < 0 (to which we will refer as F, region) the second equation of (C6) no
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longer makes sense. For the F; region we can analogously introduce

z=weX, at=e"V1it+w? 2 = ¢ V1t (C7)
ot 2

_ z
e="—, N=ztr -2 w=—"-". (C8)
- xtr™ — =z

but the corresponding metric now has the form

1 -1
ds® = = [(1 +w?)dp® + (1+w?)  dw® —dy?| . (C9)
Similarly for the P region. Note that Fi,P; regions do not contain any points near the
asymptotic boundary, while the boundaries of F, and P, regions are respectively the F' and

P regions of Minkowski spacetime R

Now consider a point X = (27,2, 2) in the R region (with = < 0,27 > 0) and a null
shift X — X, = (zf, 27, z5) with

T, =x +s, zi=a", z,=z. (C10)

For z; < 0, X, remains in the R region. The corresponding transformation can be written

in terms of the BTZ coordinates as

w - et V1 — w? e VT —w?/T—q,
Wy = ———, € = , e = (C11)
V1—as V1 —as/1—a, — w? V1-—as —w?
where

as = st V1 — w? (C12)

and a, < 1 — w? for this range of 5. For s > sy = e™¢ /1 — w?, the AdS Rindler horizon is

crossed and we have ;7 > 0. For 22 —zFz; > 0, we have 1 > a, > 1 —w? and X lies in the

114



F1 region. The corresponding transformation becomes

w ¢ ef V1 —w? et £ V1T — w1 = a,
Wy = ————, €~ = N . (C13)
V1—a, V1—-asva, — 1+ w? Vas — 14+ w?

Finally, for z; > 0, 22 — zfz; < 0, we have a; > 1 and X; lies in the JF, region. The

corresponding transformation becomes

- +
R & ZEVIZ Ve ST gy

as — 1’ Vas, — IVas — 1+ w?’ Vas — 1+ w?

2. BTZ geometry

The BTZ black hole can be obtained from the AdS Rindler metric (C4) by making x
compact [46]. Now w = oo is a genuine singularity where the spacetime ends, and w = 1
becomes an event horizon. The black hole has inverse temperature § = 27. As usual the
black hole spacetime can be extended to four regions by using the Kruskal coordinates (see

Fig. 4), which for R and F regions have the form

1-— 1-—
R: U=—4 QUe_”, V =4/ QUe", (C15)
14+w 1+w
—1 —1
Fi: U= /2= V=4, (C16)
14+w 1+w

In terms of the Kruskal coordinates the metric has the form

g — - A gy LUV

e aroveh (€1

The event horizons lie at U,V = 0, the boundary lies at UV = —1, and the singularity at
Uv =1.
Consider a shift of a point X = (U,V, x) € R to X, = (Us, V;, xs) with

v

Us:U ) ‘/s:—v
+s 1—sV

115



For X, € R, this can be expressed in BTZ coordinates as

2 e v (C19)
et = — W= ————
1—2b+c?’ 1—b(1 —w?)
b= " (C20)
= — c=se.
V1—w?
X, crosses the horizon at s = sy = /3220 ¢ where 1 — 2b 4+ ¢ = 0. For s > s, i.e.

14+wo
X € F, the first equation in (C19) has an extra minus sign.

Appendix D: Analytic continuations of bulk mode functions

In this Appendix we give analytic continuations of (i) mode functions in the R and £
regions to the F region for the AdS Rindler; (ii) mode functions in the R and L regions to
the F' region of the BTZ geometry.

1. AdS-Rindler Mode functions
The AdS-Rindler mode functions in the right/left AdS-Rindler regions are given by

v,(CR)(X) Ny, e wntiag, 8

T 22— gptp
ZW

(1-
=N (2F) ™ (2 —ata™)” +F<q+, A Z—) (D1)
(1—w?)® Flgs,q-: A w?)

U,(CL)(X) N, en=ivgyA
2

= N;, (zH)™ (22 — 'tz )_q F (q+,q_, A, ZQ_Z—) : (D2)

xtax—

where we have also expressed them in terms of Poincare coordinates.

From the usual Unruh procedure, we can obtain mode functions w,iR’L) corresponding to
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the Poincare vacuum |0)p, by analytically continuing v,gR’L) in the complex planes:3
(R) _ 1 ( el (), -l (L))
wy ' = ——— (e +e v, D3
g /2 sinh 7|w| g k (D3)
(L) _ 1 ( =l (D) , -l (R))
w,' = ———— ez v +e 2z v D4
g /2 sinh 7|w]| g " (D4)
and the inverse are given by
(B) _ v <eﬁTw‘w(R) — e_ﬁ‘;lw(L)> (D5)
g /2 sinh 7|w| g )
(L) _ 1 ( mlel (L) -l <R))
=— (e2 —e Tz w D6
" /2 sinh 7|w| g -+ (D6)
By construction w,E:R’L) are analytic in #¥ and are thus defined for all z*. We can then
use (D5)—(D6) to “continue” U,ER’L) to the F and P regions. Note that thus constructed
vliR’L) are not analytic at the Rindler horizons. We then find that
( .
I T AURVRINIST NS
Fe @? = )" FF (@, 431 —iwi L - w?), Fy
o (1 —w?) 5 F (g, 7 A w?), R
o (X) = Nywhetontiax. @ ) (D7)
0, L
%(Uﬂ_1)%F(Q+7qf;1+iw;1_w2)a Pl
\Z:iz}:rzt; <w2 + 1)%F (q+7 q-; A, _w2) ) PQ

36 w,gR’L) with w > 0 (w < 0) are obtained from continuing in the lower (upper) complex x~, a+ planes.
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and

—i s (w? 1) (G, G A —w?) 2
(AT (iw _iw L .
F((q+))F((q7)) (w? = 1) 2 F (g4, q—; 1 —iw; 1 —w?), Fy
o, -
U]E;L) (X) = Nywten—tax. | D)
(1—w?) 2 F (g4, q-; Asw?), P
A (—iw iw .
FF((@);((- )) (w? = 1)2 F(qt,q-;1 +iw; 1 —w?), Py
|5 (0 + DT F (g4, 425 8 —0?), Py

2. BTZ mode functions

The story is completely parallel for continuing mode functions in BTZ, except now we

use the Kruskal coordinates, in terms of which

(R) iqx —iw A —A-+iw JE 14+0V 2
o0 = N @7@V) (14 UV 1= UV) 2 F (gqd, (g ) | (09)

. . . 1+UV\?
v (X) = Ny e X(=2V) (1 + UV)A(1 = UV) 2 F <q+, 0 A, (1 - UV) ) . (D10)

Again by first constructing w,(CR’L) in the R and L regions using (D3)—(D4), analytically

continuing w,(CR’L) to other regions, we then use (D5)—(D6) to find the corresponding U(R L

in other regions. We find

(V) (1= UV)™ FERE P (4., 0-51 — i i)
—iw w o 7 2
1+UV> V- 0V) F<q+,q-;AaGf55) )

0,

\ F(q+)r(

(D11)
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and

;

—iw iw (AT (iw ~ = . e T
QU) (1= UV)* L (q,,q.31 — i 245 )
1+UvV\® .. )0
w(gL)(X)—Nk<1_UV) e X . < 2
(=2V)=(1 = UV)"F (g4 A, (H9)°)

iw —iw DA (—iw) . L _—4UV
\(_2‘/) (1-0V) Tt F <Q+7Q—;1+W,m

(D12)

Note that (D11) and (D12) may be also expressed in terms of BTZ coordinates. For

example, in the F' region we have

. . F A F iw
o (X) = Npwe b ((q+>)r((zq“)(w2 — 1) FF (3,451 —iw; 1 — w?)
. (D13)
’U(L)(X) _ NkwAeiwnfiqx F(A>F(u")) (’LU2 . 1)77“’F (qu g_;1 —iw;1— U)2)
’ T(g+)T(q-) o ’
Near the horizon, i.e. taking UV — 0 in (D11) and (D12), we then have
(
ei‘SkV"'“, F
i i&kvf’iw + efi(sk(_U)iw R
&) elax e :
v, (X)) = . D14
€_i§k(—U)iw, P
\
and )
€i5k U—iw’ F
—i 0 R
) e—iax :
v, (X)) = : (D15)
k V2wl | gt p—iw et (—V)iw, [
ek (= V), P .

)

T & =™



In each case the phase shift is given by

e _ LEW)IT(G)T(g1)] —iwtoge
~ T(w)IT ()T (g ) | (D16)

Appendix E: Mode expansions in the boundary

Here we discuss the mode expansions for the generalized free field theories resulting from
a two-dimensional CFT in the large N limit for two cases: (i) in vacuum restricted to a
Rindler region; (ii) at finite temperature (dual to a BTZ black hole). A convenient way to

obtain both is to take boundary limit of the corresponding bulk mode expansions.

For the boundary CFTg 1 dual to a BTZ black hole, the boundary mode expansion for
the dual operator O, can be obtained by taking w — 0 limit of (9.6) and stripping off the

w? factor, which gives

2k
e A (@) v @/ (@)
Oa<x>_£—>mow o) (X)—/<27T>2 u, (z)ay, (E1)
ul () = Npe®* ulP(2) = Nye ™+ (E2)

In the AdS-Rindler case (with non-compact y), the boundary limit should now be defined

by using the Poincaré radial coordinate z and stripping off a factor of 2, which gives

z—0

Ou(z) = lim 226 (X) = / &k ul (2)al | (E3)

Now due to the difference between w and z we have an additional e™2X factor compared

with (E2). The behavior of ul(f) in various Rindler regions can then be obtained from (D7)-
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B Ne
Yk (z) = sinh Tw
and
@~ i
Uk (z) = sinh Tw

sinhrw (—z7 )" % (xt)79-,
—isinmq_ (z7) ()71,

0,

(

0,
—isingy (x7) 7 (at) T,

sinhrw (7)) % (—2T) 9,

z

T

=

z

T

r

< 0,
> 0,

>0,

isinmqy (—x7) "M (—xt) ", 2 <0,
\

< 0,
> 0,

> 0,

isintg_ (—x7) M (—at)", 7 <0,
\

Appendix F: Properties of hypergeometric functions

(E4)

Here we collect for convenience various properties of hypergeometric functions used in the

mailn text.

1. Asymptotic behavior of hypergeometric function

We first discuss the asymptotic behavior of the hypergeometric function F'(a, b; ¢; z) when

one or more of its parameters a, b, ¢ are taken to be large.

Below A should be understood as a complex parameter with |A| — oc.

a. Case ]

From [87], for y/(y — 1) < % and A not on the negative imaginary axis.

F(a,b—iXjc—iX\y) = (1—y) *F (a, c—byc—i\ L) =(1—y) *(1+0(\ ).

y—1

121



For < y/(y —1) < 1 the leading term is the same as (F1), although there are additional

terms that are exponentially suppressed at large |A|.

b. Case II

When A is on the imaginary axis or in the right half plane and for any real y € (1, 00),
we have [87]

F (a + AN a—\g L ; y) = F(C>F(lf\(zi ;a —9 <a0 (£> i I (CA) + O(CI>1)> (F2)

where (/. below is modified Bessel function)

C=log(y+ 42 — 1), ag=2"2"(y+1)5 19y —1)T35¢°2 (F3)
Oy = [N o1 (CN)] 4 [CTNTL(CN)] - (F4)

For A in the upper-half complex plane, —i\ is in the right half plane, while for A in the

lower-half complex plane, ¢\

Now consider with w € (0, 1),

A 1-—
F(a—i)\b—i\c;w®) = (1 —w?)"TAF (b1 +iA, b1 — i ¢ 5 y) (F5)
2\ —a+iX : ~ l-y
= (1 —w?) F{ by =M, by +2)\1;C;T (F6)
c—a+b c—a—2b c—b+a 1+ w?
bl—T, )\1—)\—27, bg—T, y_l—w2 . (F?)

From (F2), we should use (F5) for A in the lower-half complex plane and (F6) for A in the
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upper-half complex plane. We thus find for ImA > 0

' . Can L@ (a—iN+1—c¢) C\'7C e
. N e an2) — _ o2\ —atiA > -
F(a—i\b—iXcw’) = (1—w) Tla—i)) Ag 5 =oricn (F8)

1—|—U) 1 c 1 1_ ¢ 1
=log(y+Vy? —1) =log —,  Ag =22 (y+ )27 (y — 1)i75¢2, (FY)

and for Im\ < 0

_ 4 D@D (—a+ix+1) = (C\'7° &
F _ _ Caenn2) — 1 — 2\ —b+iA A S - F1
(@ — i\ b—iX;c;w®) = (1 —w?) Tlc—at iV o5 o (F10)
Ay = 2b1+%—c(y + 1)§—i—b1 (y — 1)%-%@% ) (F11)

In each case we have kept only the leading term and used (F2) and the asymptotic expansion
of the Bessel function at large argument. Applying the above equations to F (q_, q,; A; w?)
we then find (9.13).

2. A derivation

Here we give a derivation of (11.52). First consider ¢ = |s|e” < 1 for which we may close

the contour in (11.47) in the upper half plane enclosing poles at w’ = i(n + €), which gives

7=y CEE e (g, e (a4 ) (F12)
- 207 [P@ )@ (3001556
—2cT (q++%)F(q_+%>F(q++% q- % ; 2)} . (F13)
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For ¢ > 1, we may close the integral of (11.47) in the lower half plane enclosing poles at

W' = —2i(G+ + n) to find

Ji= (0= 2(_1)7;(!20)2” [(2¢) 7 T(ig — n)D(2(n + 4.)) + (20) 2 T(—ig — m)T2(n + 7.))]

—iw —2q. . — e 1 . —
— 220 (20) TN (41000 + 531~ 0507

+(2¢) 72T (—ig)T(2q_ ) F (q_, q- + %; 1+ ig; 0—2” :

(F14)

Finally for 0 < s < sg, we may close the integral for (11.48) in the upper half plane enclosing

poles at w' =i(n + ¢€) to find

B s sinhw(w +in)(=1)"(2e)" ./ n . n
Ty = (2¢) nz:% - r (q+ + 5) r (q_ + 5) (F15)
. 1
— (20 sinh [r<q+>r<_>F G )
1 | L 13
+26F (q++§)F(q_+§)F ++§, _+§,§,C):| . (F16)

Notice that the quantities in square brackets in (F13) and (F16) are identical as functions

of s, since for (F13) s < 0 so ¢ = —se" while for (F16) we have s > 0, so ¢ = se.

Applying the following identities to (F13) and (F16)

1 T(a+ HI(b+ 1) 1 13
F L2 9 2 2 F - .22
(a,b,2,c>+ c T(a)0(0) (a+ b+2,2,c)

r Drp+1 11
= (a+ 3)T( +12)F 2a,2b;a+ b+ =; re (F17)
Vrl(a+0b+ 3) 27 2
1 D(a+ DT B+ 1) 1 13
F b = 21 2 2 F b .20 2
(a’ | ) (@) () ( Ty +2’2’0)
T(a+HT(b+ 1) 1 1-c
= F(2a,2b;a+b+ =; : F18
Vil(a+b+ 1) (a’ ATty ) (F18)
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we find for |s| < sg

P(q)T(g-)T(a+ + 3)T(a- + 3)

JR—
! VIT(A —iw+ 1)

sinh Tw

= (2c)"™

1 1+ sen

F (20,24 A —iw+ ——2C) |
2 2

(F19)

where J; is for s < 0 and .J, for s > 0.

We can now show that (F14) yields the exact same result (F19), so (F19) also applies
for s < —sg. First notice that the second term in square brackets in (F14) can be obtained
from the first by taking ¢ — —¢. Since we have 0 < ¢ 2 < 1 when (F14) applies, the
hypergeometric function in the first term in square brackets in (F19) can be re-written as

follows using the standard z — 1 — % identity of the hypergeometric function

N T S s S O ) A F (G, G A —iw + 331 — )
F(q+’q++2’1 e )_Sinw(%—A+iw) T(I—g )T (=g )T (A—iw+1)
o daiw CTPTF (1=, 1= qyiw— A+ 31— &)
_(1_0) T(a.)T (a N7 (jw—A+3
()T (g +3) T (iw +3)

(F20)
Using product formulas for the gamma function, the Legendre duplication formula and (F20)

the first term in square brackets in (F14) is

P _ o 1 L
(2¢) % (iq)T(2q, ) F (q+7q+ + il —igie 2)

_ (g )T (¢4 + 3)
2y/msinirgsinm (3 — A+ iw)

()

F(q,q 50 —iw+ 41— ¢2)
F(1-g ) (- )T (A—iw+1) (F21)
Loy CUTATRIR (1 - g, 1 = iw — A+ 51— )
D(@)T (@ +3) T (iw — A+ 32)

Notice that, when we include the multiplication by the overall factor, the second term
in (F21) is an odd function of ¢. Since J; is obtained by adding (F21) to an identical

expression with ¢ — —q as in (F14), this second term in (F21) will cancel out of the full
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expression for J;. The result from (F14) is then

2

—iw m
fi=1(20) Vrsinirgsinm (2 — A +iw) I (A —iw + 1)
BTSSR (SR PN
. — F A —dw+ 1= .
[m—q_)r(;—q_) Fl-gr (3] \"1 2

(F22)
Using product formulas for gamma functions, the term in square brackets in (F22) can
be shown to be 72T'(q, )T (q‘+ + %) I'(g-)r (q_, + %) sinimgsinm (% — A+ iw) , while, since

¢ > 0 by definition, we have the quadratic identity for the hypergeometric function

1 11—
F (q;,@; A —iw + 3 1— 02) =F (2@,2@; A —iw + 3 5 C) ) (F23)
Thus with these two observations, and recalling that J; only applies for s < 0 = ¢ = —se”,

the result (F19) immediately follows, confirming that (F19) applies for all s < s.

3. Some summation formulas for hypergeometric functions

In this subsection we quote some useful formulas regarding hypergeometric functions.

The fourth formula from section 6.7.1 of [89] is

oo b/
Z a)‘ (/ Jn “t"F(a+n,b;c;x) = Fy(a,b,bse,dsx,t), (F24)
= ()

valid for |t| + |z| < 1. Another useful formula is (35) from [90] which gives

t
Fy(a,b,b';b,c52,t) = (1 — ) °F (a e 1 ) . (F25)
-z
The eighth formula from section 6.7.1 of [89],
- _ T —t
Z t”F(a+n byc+n;x)=(1—1t)*F (a, b; ¢; :) : (F26)
n=0
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valid for |z, |t| < 1, is also useful.

Appendix G: Wavefunctions on the BTZ geometry in the large mass limit

In this appendix we collect the quantities describing the evolution of a large mass bulk
scalar field in the BTZ geometry. We begin by considering finite transverse momentum
(¢ # 0) and then specialize to zero transverse momentum where the expressions greatly

simplify.

1. General q

We first collect the quantities describing the large mass limit of the bulk mode function

in (12.5)-(12.6), which, for convenience we copy below

1—w?2)(1+p2w?)

’ (G1)

) (xy = ) 2= AD(X)e A O 1+ 0w ) ful >, =
Uk =
AV (X)e 2" 1+ 0w 1)) | lu| < 1y

A3 (5) = dgg Bigé (s)e™ &) (1L 0w ™)) (G2)
where we have taken X = (n,w,x) € R above. For X = (n,w,x) € L, there is a similar
expression

(1—w?)(1+p>w?)

iv (2un—2px+20 (X _
B = | S A X (2t 2700) (1 L0 1)), Jul >, =
k - . . €)
A (x)e B2 2I0) Lo L ) <,

(G3)

At finite ¢, there are four classical turning points in the complex w plane. They are
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w = £ay, £ib,, with

" _\/ — 14 /p* — +4p b \/pQ—u?—l—\/(p?—u2—1)2—|—4p2
q q - :

2p?

The WKB phase is then given by

+
Z(X) = —un + px +

' (/W2 + b2 — iby\/w? — a2 _ 2 2
zlog 2112 2 + |p|log e a2 w2 ;
27\ agy/w? + 02 + ibg/w® — a2 +b 210
\/w2+52\/1—a2+\/1+b2\/w2
VW2 /T—a2 — T+ w? -
1 a\/w2—|—62+bw/a2—w2 2+b2 2 _ 2
A0 = i —ipx+ glog | e e | il log w2 Ly [
2 ag/w* + b5 — byy/az —w a2 + b2 a2+ 02
_Mlog<\/w2+bg\/l_@3—2\/1+b2\/a3—w2>
2 .

\/w2+bg\/1 —a3+i\/1 +b3\/ag — w?

(G5)
The O(v~2) prefactor is given by
A(:I:)(X> _ w3 1 ! 4
<= Fema )
(G6)
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The large v limit of AZ%(s) is described by

Wit (s) = = e(s) (Jul = u/]) + (u' = w) log|s| — (u' — u) log(i(u — u))
+ Llog (1 (4 )L+ (= 99) = Llog ((L+ (a4 2)2)(1+ (u— p)?)
p/ 1+(ul+p/)2 p/ 1+ u+p)2
o () T (e u—p/>2)
—zo L+i(u' +p) 1+ —p) —Hu—i—p 14+i(u—17p)
4l.g(1—i(u’+p’) 1—i(w —p) ) g( i(u+p') 1—i(u—p’))
Wiltk(s) = =52+ | = ful = |o/]) = (' +u) log |s| + (t/ + u) log(i(u + u))
D hog (14 (0 + )DL+ (0 = 9)) — Llog (14 (u+ )(1+ (u = )?))
P L+ W' +p)*\ ¢ 1+ (u+p')?
41g(1—|—(u’—p’)2) 4 <1+(u—p)2)
i Lt +p) 1+i(u —p) 3’0 IT+i(ut+p) 1+i(u—7p)
s g<1—i(U’+p’) 1—i<u/—pf>>+41 g(l—z< ) 1= i p'>>
(G7)
and
BN = (0(=5) + 0(5)eu)eur)) =2
(G8)
L / / 2T
BEE(s) = 0(s)e(u)e(u + u') o)
as in (12.6).

2. Expressions in the large mass limit at ¢ =0

In this subsection we now specialize to the case ¢ = 0 (equivalently p = 0) where the

expressions greatly simplify. Taking the p — 0 limit of (G4) we find

1
V1+u2
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so there are actually only two (real) turning points in the p — 0 limit.’” The bulk wave-

function at a point X in the right exterior is described in the large v limit by a WKB phase

Zlgi) (X)=—un+

1’10 ap —iy/w? —ag | \/1—a0+\/w2—a0

2 % ag + i/ w? — a? V1—a2— Jw?—

Zlﬁf)(X) fun + log ap + +/ai — w? z|u] 1— a2 +ivak —w?
z V1—a2—iy/ai — w?

ap — /ag — w?

(G10)

and the O(v~2) prefactor

1 2.2 \Ni 1 i
w?2 wea, in w?2 1 1 i
Al({i)(X) = < 0 ) st = ( ) e*
2 _ 2 2 _ .2
V2r \w* —aj . V2 \u” —ug, (@11)

as in (G1).

Using the analytic continuation techniques discussed in appendix D, one can ‘extend’
the BTZ wave functions to the F' region of the BTZ black hole. The result is (with X =
(n,w,x) € F) .

- (F
U](CR)(X) _ Al((}')(X>eka (X) (1 + O(I/_l))

| (G12)
. (F)
o (X) = AP (x0)e Lo AT ) (1 4 o)

where this ‘extended’ wavefunction in the large mass limit is described by a single WKB

phase:

2P x) — il ag — iy/w? — a? 1 Vw?—ad++/1—a?
k(X)) =—un—e(u) |5 log | — 5 log -
2 ag + 1/ w* — ag \/w —ad — \/1—a0

?

(G13)

37 All results in this subsection can be obtained from the finite p results by carefully taking p — 0 or instead

working with the p = 0 effective potential from the outset.
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and corresponding O(v~2) prefactor,

: 2,2 \1 3 1 N
AP (x) = w2 w=ag i) W —Fe(u) G14
K (X) o w2 —a) © AtrEr (G14)

The expressions (G12)—(G14) apply for all real values of the frequency u since all frequencies

become classically allowed inside the horizon.

In (12.6), the large v limit of AZ3(s) (at ¢ = 0) is described by

T

W' (s) = =5-e(s)(Jul = [w/]) + (' = u)log |s| — (u' — ) log(i(u — u'))
u u i 14 i/ i 1 +iu
—log(1+u"?) — ~log(1+v*) — -1 =1
5 og(1+4u") 5 og(1 + u”) 5 Og(l—iu’)+2 Og(l—z’u)

WhE(s) = 0(s) —%(2\u + | = |u| = [u|) = (v +u)log|s| + (v + u)log(i(u + u'))

’ . 1+ i . 144
—%log(l—i—u'z)—glog(l—i-lf)—i-zlog( +Z.u)+ilog< —i—w)] :

2 1 — 2 1—u
(G15)

and the O(v~2) prefactors given in (G8).

With the expressions above and the help of (G18)—(G21) one may compute the exponen-
tial factor appearing in the regime —u,, < u < u,, of the integral (12.7) to be
ilu|

GiJ) = iulog|e] + S log(1 — w?) +i(u’ — w)log(i(u — ) — Ze(s)|ul — log(1 — iu)

—i|u| log <|u| —iwy/u2, — u2> + log (1 + wy/u2 — u2> + 36 (u)ulog(1 4 u?)

1 (i
i togls| = g1og (1) = Wolog(1 + 0+ Ze(o)u] ~ logw

(G16)
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and the analogous expression for the saddle point evaluation of U,E;RL) (X;s) is

G = iutog|e] + " 0g(1 —w?) — i(u' + u)log(iu + ) — 5 (2fu-+ o] — fu] — [o/]) ~ Log(1 — i)

—i|u| log <|u| — jwy/u2, — u2> + log (1 + wy/u2, — u2> + 36 (u)ulog(1 + u?)

1+ wu
: —iu’) + 710g(1 +u?) —logw ,

1
+ ' log |s| + §log (
(G17)
recalling ¢ = se. There are never any genuine saddle points of (G16) or (G17).

To obtain the expressions (12.15) and (12.22) from (G10) and (G15) one must use the

identities

1

ag £iy/w? — a} = ———=(1 iw/u? — u2) (G18)
V1 +u? b
1
\/1—ag:|:\/wz—ag:ﬁ(lu\iwvﬁ—ui) (G19>
w?(1 + u?)

- 2 _ .2 _

1 tiw/u? —u2 = [T (G20)
(1= w?)(1 +42)

ul £ wy\/u? —u2 = ) G21
Ful v |u|$wm ( )
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