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ABSTRACT A qLDPC code of blocklength n is said to be good when it encodes
Recent developments have shown the existence of quantum low- ©(n) logical qubits and detects all errors up to weight ©(n). For
density parity check (QLDPC) codes with constant rate and linear many years such codes have proven elusive, with an apparent
distance. A natural question concerns the efficient decodability of distance “barrier” of around . It is natural to wonder if there
these codes. In this paper, we present a linear time decoder for the is some fundamental limitation that prevents us from achieving
recent quantum Tanner codes construction of asymptotically good the a priori best possible distance of ©(n). However, a sequence
qLDPC codes, which can correct all errors of weight up to a constant of recent constructions of gLDPC codes with steadily improving
fraction of the blocklength. Our decoder is an iterative algorithm code parameters [4, 14, 21] have culminated in the construction of
which searches for corrections within constant-sized regions. At asymptotically good QLDPC codes by Panteleev and Kalachev [20].
each step, the corrections are found by reducing a locally defined Alternative constructions of good qLDPC codes have since been
and efficiently computable cost function which serves as a proxy given by Leverrier and Zémor [17] and conjectured by Lin and
for the weight of the remaining error. Hsieh [19].
An efficient decoder correcting all errors of weight up to ©(n)

CCS CONCEPTS is a useful primitive for both fault-tolerance purposes and complex-

ity theory applications. To date, the best known efficient decoder
corrects against all errors of weight up to ®@(y/nlogn) [10]. In this
paper, we demonstrate the first efficient decoder for a quantum

« Theory of computation — Error-correcting codes; Expander
graphs and randomness extractors; Design and analysis of

algorithms. error-correcting code that corrects all errors up to linear weight.
For our decoder, we focus on the quantum Tanner codes con-
KEYWORDS struction of Leverrier and Zémor [17]. Quantum Tanner codes
Quantum error correction, quantum low-density parity-check codes, were inspired by the original construction of good qLDPC codes
decoding algorithm, expander graphs, robust error-correcting codes of Panteleev and Kalachev [20], as well as by the classical locally
ACM Reference Format: testable codes of [7], serving as a intermediary between the two
Shouzhen Gu, Christopher A. Pattison, and Eugene Tang. 2023. An Efficient constructions. They can also be seen as a natural quantum gener-
Decoder for a Linear Distance Quantum LDPC Code. In Proceedings of the alization of classical Tanner codes [22]. A classical Tanner code is
55th Annual ACM Symposium on Theory of Computing (STOC ’23), June defined by placing bits on the edges of an expanding graph, with
20-23, 2023, Orlando, FL, USA. ACM, New York, NY, USA, 14 pages. https: non-trivial checks defining local codes placed at the vertices. The
//doi.org/10.1145/3564246.3585169 codewords are the strings whose local views at each vertex belong
to the codespace of the local code. A quantum Tanner code is a
1 INTRODUCTION Calderbank-Shor-Steane (CSS) [5, 23] code defined by two classical

Tanner codes stitched together using a two-dimensional expanding
complex. For particular choices of the local checks and expanding
complex, this construction has been shown to yield an asymptoti-
cally good family of qLDPC codes. We show that this construction
can also yield an asymptotically good family of qLDPC codes which
are efficiently decodable for errors of weight up to a constant frac-
tion of the distance.

Our decoder is inspired by the small-set-flip [16] decoding algo-
rithm for hypergraph product codes based on expanding graphs.
Small-set-flip is an iterative algorithm, where at every step, small
sets of qubits are flipped to decrease the syndrome weight. The
candidate sets to flip are contained within the supports of indi-
vidual stabilizer generators. A critical ingredient in the success

= of the small-set-flip decoder is the presence of expansion in the
tional License. underlying geometric complex. Since the geometric complex defin-
STOC *23, June 20-23, 2023, Orlando, FL, USA ing quantum Tanner codes has a similar notion of expansion, one
© 2023 Copyright held by the owner/author(s). might expect that analogous ideas may work for decoding quantum

ACM ISBN 978-1-4503-9913-5/23/06. Tanner codes.
https://doi.org/10.1145/3564246.3585169

Quantum error correcting codes with constant-sized check opera-
tors, known as quantum low-density parity check (QLDPC) codes,
have myriad applications in computer science and quantum infor-
mation. Indeed, almost all leading contenders [3, 6] for experimen-
tally realizable fault-tolerant quantum memories are qLDPC codes.
With more stringent requirements on their parameters, qLDPC
codes can be used to achieve constant overhead fault-tolerant quan-
tum computation as shown by Gottesman [12]. On the more theo-
retical side, qLDPC codes are believed to have connections to the
quantum probabilistically checkable proofs (QPCP) conjecture [9].

This work is licensed under a Creative Commons Attribution 4.0 Interna-
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In our decoder, we define a “local potential function” on each
local view which measures the distance of the error from the local
codespace. The decoder reduces the sum of these potential functions
by applying a constant-sized correction within some local view at
each step. In the proof of correctness, we proceed by tracking the
minimum weight correction according to each local view, and then
use this data to show that a flip-set with the required properties
must exist when the error is not too large. As a required step in the
proof, we also strengthen the robustness parameters of the random
classical codes used in the quantum Tanner code construction.

Our main result is stated below:

THEOREM (INFORMAL VERSION OF THEOREMS 12 AND 13). There
exists a family of asymptotically good quantum Tanner codes such
that our decoder successfully corrects all errors of weight up to ©(n)
and runs in time O(n).

We note that after the completion of this work, several other
results on decoding good LDPC codes have since been shown [8,
18]. As a part of these developments, the existence of local codes
with optimal robust parameter w = ©(A?) have been shown to
exist [8, 15]. The use of these codes will improve the parameters
stated in Theorem 12.

The remainder of the paper is organized as follows. In Section 2
we provide a brief technical introduction to the quantum Tanner
codes construction of asymptotically good qLDPC codes. There
we present a terse, but self-contained, description of all the ingre-
dients necessary to follow the rest of the paper. In Section 3 we
formally define the decoding problem and present the overview
of our decoder for the quantum Tanner codes. We also work out
basic properties and consequences of our decoder in this section.
In Section 4 we provide a summary of our results and present some
relevant open problems. Finally, we defer the technical bulk of the
paper to Section 5, which presents the main proof of the correctness
of the decoder.

2 QUANTUM TANNER CODES

In this section, we review some coding theory background and
summarize the construction of quantum Tanner codes by Leverrier
and Zémor [17].

2.1 Classical Linear Codes

In this subsection we quickly review the necessary classical coding
background. A classical linear code is a k-dimensional subspace
C ¢ FJ, which is often specified by a parity check matrix H €

an_k)xn such that C = ker H. Equivalently, the code can also be

specified as the column space of a generator matrix G € Fng, such
that C = col G. The parameter n is called the blocklength of the
code. The number of encoded bits is k and p = k/n is the rate of the
code. The number of errors that the code can correct is determined
by the distance of C, which is given by the minimum Hamming
weight of a nonzero codeword: d = minyec\ (o} |x|. Sometimes, we
consider the relative distance 6 = d/n. We say that such a code has
parameters [n, k, d].

Given a D-regular (multi)graph G = (V,E) and a code Cy of
blocklength D, we can define the classical Tanner code C = T(G, Cp)
as follows. The bits of C are placed on the edges of G, so it is a code
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of length n = |E|. For x € IF“; define the local view of x at a vertex
v € V to be x|g(y), which is the restriction of x to E(v), the set of

edges incident to v. Then the codewords of C are those x € Fg such
that x|g(,) € Co for every v € V, where we choose some way of
identifying every edge-neighborhood of a vertex with the bits of
the local code Cy. If Hy is the parity check matrix of Cp, then the
parity check matrix of C will have rows which are equal to a row
of Hy on an edge-neighborhood of a vertex and extended to be zero
everywhere else. In the Tanner code construction, the code Cy is
often called the local, or base, code.

The dual of a classical linear code C, denoted C*, is the subspace
of all vectors orthogonal to the codewords of C; that is,

Ct={yeF}:VxeC (x,y) =0}, 1)

where the inner product is taken modulo 2. If we have two classical
codes C4 = ker Hy C F} and Cp = ker Hg C F7}, we can consider
their tensor code and dual tensor code.

DEFINITION 1 (TENSOR AND DuAL TENSOR CODES). The tensor
code of C4 and Cg is the usual tensor product C4 ® Cg C F) ® F7.
We can naturally interpret F)) ® FY) as the set of binary n X n matrices,
and in this view, Cq ® Cp is identified with the set of matrices X such
that every column of X is a codeword of C4 and every row of X is a
codeword of Cp.

The dual tensor code of C4 and Cg is (Cji ®C§)J‘ C F}®F7, which
can equivalently be expressed as (Cj" ® C‘é)l =Ca®F} +F) ® C.
Codewords of the dual tensor code are precisely the set of matrices X
such that HAXHE =0.

Note that if C4 is a [n4,ka,da] code and Cg is a [np, kg, dg]
code, then their tensor code is a [nanpg, kakp, dadp] code. Their
dual tensor code is a [nang, nakp + ngka — kakp, min(da, dp)]
code. Moreover, we have C4 ® Cg C (Cj\‘ ® CE)J'.

2.2 Quantum CSS Codes

A quantum stabilizer code is a subspace C C (C2)®n that is the
+1-eigenspace of an abelian subgroup S of the n-qubit Pauli group.
If S can be generated by stabilizers that are products of X operators
and stabilizers that are products of Z operators, we say that C is
a CSS code. In this case, we can associate with C two classical
codes Cx = ker Hx and €z = ker Hz C FJ, where the rows of
Hy (resp. Hz) specify the X (resp. Z) type stabilizer generators.
The property that X and Z generators commute translates to the
condition H XH} =0, or equivalently € C Cx.

We can state the code parameters of a CSS code in terms of
its underlying classical codes: if Cx (resp. Cz) has kx (resp. kz)
encoded bits, then the number of encoded qubits is k = kx +kz —n.
The distance of the CSS code is given by d = min{dy, dz}, where

dx dz (2

min
xe@x\eé

min
xeGZ\€§

= Ix[, = x|
We say that such a quantum code has parameters [[n, k,d]]. A
family of quantum codes is called asymptotically good (or simply
good) if the rate p = k/n and the relative distance § = d/n are
bounded below by a non-zero constant. The code family is said to be
low-density parity check (LDPC) if it can be defined with stabilizer
generators that have at most constant weight, with each qubit being

in the support of at most a constant number of generators. This
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is the case if each row and column of Hyx and Hz have at most
constant weight.

2.3 Left-Right Cayley Complexes

Let G be a finite group with a symmetric generating set A, i.e.
A = A1, The left Cayley graph Cay(A, G) is the graph with vertex
set G and edge set {(g,ag) : g € G,a € A}. There is also the notion
of a right Cayley graph Cay(G, B) where the generator set acts on
the right, with edges {(g,gb) : g € G,b € B}. Let A and B be two
symmetric generating for G of size |A| = |B| = A. The generating
sets A and B are said to satisfy the Total No-Conjugacy condition
(INC) [7] if we have ag # gb foralla € A,b € B,and g € G.
Given a group G and two symmetric generating sets A and B
satisfying TNC, we define their double-covered left-right Cayley
complex Cay, (A, G, B) as the 2-dimensional complex consisting of:

(1) Vertices V =V, U V; =G x {0} UG X {1}. There are a total
of |V| = 2|G]| vertices, with |Vp| = |V1| = |G]|.
(2) Edges E = E4 U Ep, where

Ex={((g,0),(ag, 1)) : g € G,a € A},
Eg ={((g,0),(gb,1)) : g € G,b € B}. 3)

Note that A-type edges are defined by a left-action of the
generators, while that B-type edges are defined by a right-
action of the generators. There are a total of 2A|G| edges,
with |E4| = |[Eg| = A|G].

(3) Squares Q defined by quadruplets of vertices:

0 =1{{(g,0), (ag,1), (gb, 1), (agh,0)} :a € A,b € B,g € G}.

There are a total of |Q| = A%|G|/2 squares.

Note that the graph defined by (V, E,) is precisely the double
cover of the left Cayley graph Cay(A, G), and the graph defined by
(V,Ep) is the double cover the right Cayley graph Cay(G, B). The
full 1-skeleton of Cay, (A, G, B) is a bipartite graph GY = (V, E).

By TNC, each square is guaranteed to have 4 distinct vertices, so
the graph GV is a simple 2A-regular graph. There are A? squares
incident to a given vertex, and the set of faces incident to a given
vertex can be naturally identified with the set A X B. Figure 1 illus-
trates the faces incident to a given vertex in the left-right Cayley
complex.

Based on the structure of the graph GV, each face g € Q can be
naturally identified with its diagonal connecting its corners in V.
Through this identification, we can define a graph G capturing

and

©

the incidence structure of faces in the complex. The graph G’ =
(Vo, Q) is defined with vertex set V) = G x {0}, where g € Q is
present as an edge (v,0”) in G} if and only if v and o’ appear as
opposite Vp-corners of the square g. Likewise, each face g € Q can
be identified with its diagonal connecting its corners in V;. This
similarly defines a graph G7' = (V1, Q). Note that G}’ and GT are
A?%-regular multigraphs.

2.4 Quantum Tanner Codes Construction

We now describe the construction of quantum Tanner codes [17].
The construction is dependent on the choice of a double-covered
left-right Cayley complex Cay, (A, G, B) with generating sets of
size |A| = |B| = A satisfying TNC. It is also dependent on fixed
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classical codes C4, Cp of blocklength A, which define local codes
Co =C4 ® Cp and Cy =CX ®C§.

Given the data above, a quantum Tanner code C is then defined
as the CSS code specified by the two classical Tanner codes Cz =
T(Gy,Cy) and Cx = T(G7, Cy). More explicitly, qubits are placed
on the squares of the left-right Cayley complex, and the Z (resp. X)
type stabilizer generators are codewords of the local code C4 ® Cp
(resp. CX ® Cﬁ) on the A? squares incident to each vertex v € V
(resp. v € V;). The incidence structure of the left-right Cayley
complex ensures that the X and Z stabilizers commute.

Note that C is a gLDPC code: each stabilizer generator acts on a
subset of the local view Q(v) of A% qubits, and each qubit is acted
on only by the stabilizers in the local views of its four corners. It
is proven in [17] that for certain choices of the left-right Cayley
complex and local codes, this construction yields a good family of
quantum codes:

THEOREM 2 (THEOREM 16 OF [17]). Fixe € (0,1/2), p € (0,1/2),
and § € (0,1/2) with § < h™1(p), where h(x) = —xlog, x — (1 —
x) log, (1 — x) is the binary entropy function. For some A sufficiently
large, there exist classical codes C4,Cp of blocklength A, rates p and
1 — p respectively, and relative distances at least 8, as well as an
infinite family of left-right Cayley complexes Cay,(A, G, B) with
|G| — oo and symmetric generating sets A, B of size |A| = |B| = A
satisfying TNC, such that the quantum Tanner code defined above
has parameters

[[n=1QLk > (1-2p)*n.d > 11

4N3/2+e n
2.5 Expanding Cayley Complex and Robust
Local Codes

In this subsection, we specify the technical properties of the Cayley
complex and local codes that are used in the construction of good
quantum Tanner codes described previously.

For a D-regular graph G = (V, E), the largest eigenvalue of its
adjacency matrix is Ay = D, and we let A(G) = A3 denote its second
largest eigenvalue. The value of A(G) is related to the expansion
properties of the graph, as seen in the expander mixing lemma
below. For subsets S,T C V, let E(S,T) be the multiset of edges
between S and T, where edges in SN T are counted twice. We have
the following:

THEOREM 3 (EXPANDER MIXING LEMMA). For a D-regular graph
G = (V,E) and subsetsS,T C V,

D
MISIITI +AGWVISIIT] .

The groups G and generating sets A, B in Theorem 2 are chosen
so that the resulting left-right Cayley complex has good expansion.

[E(S,T)| < ®)

LEMMA 4 (CLAIM 6.7 OF [7]). Let q be an odd prime power and
G = PSL(q"). There exist two symmetric generating sets A, B of size
|A] = |B| = A = q+ 1 and satisfying TNC such that the resulting
Cayley graphs Cay(A, G), Cay(G, B) are Ramanujan, i.e. have second
largest eigenvalue Ay < 2VA.

For G, A, B as above, it can be shown [17] that the relevant graphs
in the quantum Tanner codes construction have the parameters
specified in Table 1.
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by b3

Figure 1: The local view of a vertex v and its identification with the set A X B. Considering the “book” defined by the edge b;
picks out a column, A X b1 (dashed). Specifying entries of A X B picks out specific faces (red, blue) of the local view, which can be

regarded as entries of the corresponding matrix.

Table 1: Graph parameters

Graph ‘ Degree ‘ Number of vertices ‘ Second eigenvalue

G" 20 2|G| = Vol + Vi | <aVA
Gg N G| = Vol < 4A
Gr N? G| = v < 4A

The classical codes used in the construction of quantum Tanner
codes are required to satisfy a robustness property of their dual
tensor code, introduced in [17].

DEFINITION 5 (w-ROBUSTNESS). Let C4,Cp C F} be classical
codes with distances d4 and dp respectively. We say that the dual
tensor code Cyp = Cq ® F} +F}) ® Cp is w-robust if every codeword
X € Cyp with |X| < w is supported on the union of at most |X|/da
non-zero columns and | X|/dg non-zero rows. That is, there exist rows
A’ with |A’| > n—|X|/dg and columns B’ with |B’| > n—|X|/da
such that X| 4 xp = 0.

When a codeword of a dual tensor code is supported on few
columns and rows, it has a decomposition into column and row
codewords respecting this support. The following lemma is proven
in the full paper [13].

LEMMA 45. Let C4 and Cg be classical codes of distance at least d
andC=Cyx ® F? + ]Fg1 ® Cp be the dual tensor code. Suppose X € C
is supported on the union of  non-zero rows and f§ non-zero columns,
witha, f < d. Then X can be written as X = r+c wherer € F‘ZL‘ ®Cpg
is supported on at most a non-zero rows andc € C4 ® F? is supported
on at most f§ non-zero columns.

If the dual tensor code of C4 and Cg is w-robust, then their
tensor code satisfies a property similar to robust testability defined
in [2].

PROPOSITION 6 (PROPOSITION 6 OF [17]). Let C4,Cp C FY be
classical codes with distances ds and dg respectively such that their
dual tensor code is w-robust forw < dadp/2. Then

3
d(x,.C4®Cp) < - (d(x.CA @ F) +d(xF; ©Cp)  (6)
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whenever d(x,Ca ® F}) +d(x,F} ® Cp) < w.

In the full paper [13], we prove Theorem 7 below, which shows
that for sufficiently large blocklengths, there exist dual tensor codes
of sufficiently large robustness.

THEOREM 7. Fix constants e € (0,1/28), p € (0,1/2), and § €
(0,1/2) such that § < h™'(p), where h(x) is the binary entropy
function. For all sufficiently large A, there exist classical codes C4,Cp
of length A and rates py = p and pg = 1 — p such that such that
both the dual tensor code of C4 and Cg and the dual tensor code of
Cj" and Cg' are N2+ _robust and have distances at least SA.

With these ingredients, we can describe the construction in
Theorem 2 in more detail. We first choose a prime power q =
A — 1 sufficiently large such that we can use Theorem 7 to find
Cg4, Cp with robustness parameter A3/27¢_Then the infinite family
of left-right Cayley complexes is defined using G = PSLz(g) for
increasing values of i and A, B as in Lemma 4. Note that the sizes
of the groups satisfy |G| = %q"(qzi - 1) - oo.

We remark that in [17], a version of Theorem 7 was shown for
robustness parameter A3/27¢ but in the proof of correctness of our
decoder, a larger parameter A3/2+¢ js needed. Because the proof
of Theorem 2 given in [17] is valid even for negative values of ¢,
the existence of dual tensor codes with higher robustness implies a
larger distance of the code itself, d > #n. At the same time, the
larger robustness parameter eliminates the need for resistance to
puncturing required in [17], thus simplifying the overall description
of the quantum Tanner code.

3 DECODING ALGORITHM

In this section, we give a description of our decoder for quantum

Tanner codes. The quantum Tanner codes we consider are those
o)

W n, con-

A3 /2+¢ as

described in the previous section with distance d >

structed using classical dual tensor codes of robustness
the local codes. In the decoding problem, an unknown (Pauli) error
is applied to the code. We may only extract the syndrome of the
error by measuring stabilizers, and based on the syndrome, apply
corrections. We succeed in decoding if the correction we applied
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is equal to the error, up to a stabilizer (which has no effect on the
codespace). Because quantum Tanner codes are CSS codes, it suf-
fices to consider X and Z errors separately. If we have an algorithm
to correct for errors that are purely a product of X operators and
another one for a product of Z operators, a general error will be
corrected after running both algorithms. Furthermore, since the
code is symmetric between X and Z, we just consider the problem
of correcting Z errors.

DEFINITION 8 (DECODING PROBLEM). Lete € FZQ be a Z error.
Given the syndrome o = Hxe as input, the task of the decoding

; ; Q 1L
problem is to output a correction f € F such thate — f € C3.

Our decoder is similar in flavor to the small-set-flip decoder
used on certain hypergraph product codes [16]. Small-set-flip is an
iterative decoder, where in each step the decoder tries to decrease
the syndrome weight by looking for corrections within the support
of a Z generator. If the initial error weight is less than the code
distance, then such a correction can always be found, and this
implies that the decoder can successfully errors of weight less than
a constant fraction of the code distance [16].

In our case, the syndrome weight is not a very well-defined con-
cept due to the presence of the local codes. Because the X stabilizers
are generated by local tensor codes Cy = le ® Cé, defining the
Hamming weight of the syndrome involves choosing a basis for Cj.
Unfortunately, there is no canonical choice of basis, and different
choices will give different Hamming weights of a given error. We
address this issue by introducing the concept of a potential function.
Recall that an element x € IFZQ is a codeword of Cx = T(GY, Cli)
if and only if every local view x|p(y), v € V1 is a codeword of
C;-. We define the potential by the distance of the local view to
the codespace, which can be inferred from the syndrome. More
formally, we have the following definition:

DEFINITION 9 (LocAL AND GLOBAL POTENTIAL FUNCTIONS). Let
ec€ Fg be an error. Define the local potential at a vertexv € V; by
the Hamming distance

Us(e) = d elgqa) . C1 ) - )
The global potential is defined as
Ue)= ) Uy(e). ®

veV;

The local potential is the minimum weight of a correction that is
needed to take the local view of the error (or corrupted codeword)
back into the local codespace Cf‘. Thus, it is a quantity that can
be computed just from the syndrome. We will abuse notation and
also write Uy(o) = Uy(e) and U(o) = U(e). Note that in absence
of a local code, in other words a local code where the codewords
are the vectors of even Hamming weight, the local potential is
simply either 0 or 1 depending on if the constraint is satisfied, so it
coincides with the Hamming weight of the syndrome.

Our decoding algorithm (Algorithm 1) runs by looking for bits
to flip in local views that will decrease the global potential.

We will show that Algorithm 1 succeeds in the decoding problem
if the initial error has weight at most a constant fraction of code
distance; that is, it can correct all errors up to some linear weight.
The main difficulty of the proof is in showing that there always
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Algorithm 1 Decoder for quantum Tanner codes

]F‘Vll dim Cy
2

Input: A syndrome o = Hye € of an error e € ]FZQ

Output: A correction f € IF? for e.
feo
U « U(o)
while U > 0 do
Look for a vector z € IF;“) supported on a local view Q(v),
v € Vo U Vp such that U(o + Hxz) < U
fe—f+z
o« o+ Hxz
U« U(o)
end while
return f

exists a vector z that decreases the global potential when flipped.
This is captured in the following theorem, which we prove in the
next section.

THEOREM 10. Lete € FZQ be an error of weight |e| < Sn/6A3/2¢
with syndrome o = Hye. Then there existsv € Vo U V] and some z €

FZQ supported on the local view Q(v), such that U(c + Hxz) < U(0).

From this property, we can show that the algorithm will output
a valid correction. We do this by proving a statement that applies
to a more general class of small-set-flip type decoders based on
a potential function. The proof follows the same idea as that of
Lemma 10 in [16].

LEMMA 11. Let a < 1,s,c be constants. Let C be an [[n, k,d]]
quantum CSS code defined by the classical codes Cx,Cz C F}. Let
U : F} — Zxo be a (global) potential function that is constant on
cosets of Cx, satisfies U (e) = 0 ifand only ife € Cx, and U (e) < sle|
for alle € F}. Suppose we have an iterative decoder that, given the
syndrome of a non-zero Z error of weight less than ad, can decrease
the potential by applying an X operator of weight at most c. Then the
decoder can successfully correct errors of weight less than ad /(1 + sc).

ProOF. Letx’ = x+e € F] be a corrupted codeword with x € Cx

and error e of weight |e| < 1Tsic' The decoder outputs a sequence of

corrections 0 = fy, fi, f2, ... such that the resulting errors e; = e+ f;
satisfy |ej+1 —e;| < cand U(e;) — U(ej+1) = 1 for all i. Suppose we
have decoded up to step j. Then

lej| < leo|l +ler —egl +---+ej —ej—1] 9
<lel+c+---+c (10)
< lel+c(U(eo) —Uler)) +---+c(U(ej-1) —Ule;)) (11)
= lel+c(U(eo) — U(ej)) (12)
< (1+sc)le] (13)
<ad. (14)

So either U(ej) = 0, or the decoder can find the next correction
fj+1 to produce ej+1. Eventually, the decoder will output e; such
that U(ey) = 0. In other words, e; € Cx. But since |ej| < ad < d, it
must be in (??, and we have decoded to the correct codeword. O

We can now state our main theorems.
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THEOREM 12. Fixe € (0,1/28), p € (0,1/2), and § € (0,1/2)
with 8 < h™1(p), where h(x) is the binary entropy function. For some
A sufficiently large, there is an infinite family of quantum Tanner
codes with parameters

[[n k> (1-2p)°n,d > 1

4N3/2-¢ n
with n — oo, such that for each n, Algorithm 1 can correct all errors
of weight

én

le| £ ————-.
6A3/27¢(1 + 2A2)

(15)

ProorF. The infinite family of quantum Tanner codes is as de-
scribed in Section 2 (with distance parameter from the improved
robustness of the classical local codes). To prove the decodable dis-
tance, consider the parameters in Lemma 11. Every bit in an error
can at most increase the local potentials of the two incident V;
vertices by one each. This implies the bound U (e) < 2|e|, so we can
take s = 2. Since at each step, the algorithm flips sets within a local
view, we set ¢ = A%. From Theorem 10, the decoder can reduce the
global potential when the error has weight up to ad = dn/ 6A3/2¢,
The theorem then follows from Lemma 11. O

THEOREM 13. Algorithm 1 runs in time O(n).

Proor. To compute the global potential U, we must compute
O(n) local potentials. Each local potential is a function of the
constant-sized local view and can be computed in O(1) time by
enumerating vectors supported in the local view. At the same time,
we can store the best candidate correction for the local view. Thus,
the initialization runs in time O(n).

In each iteration, we apply corrections in a constant-sized region,
so only a constant number of local views and candidate corrections
need to be updated for the syndrome and local potentials by the
LDPC property. Each iteration of the algorithm runs in a constant
amount of time, and there can be at most O(n) iterations. Hence,
the total runtime of Algorithm 1 is O(n). O

The correctness of the decoding algorithm implies a form of
soundness for the quantum code. This notion is a related to local
testability but weaker because it only applies to errors of sufficiently
small weight.

COROLLARY 14 (SOUNDNESS). Ife is an error that is correctable
using Algorithm 1, then U(e) > A™2d(e, Gé).

Proor. Using Algorithm 1, e can be corrected to a codeword of
C% in at most U (e) steps. In each step, at most A bits are flipped.
Therefore, we have d(e, @%) < A%U(e). O

This soundness results yields an interesting consequence related
to the No Low-Energy Trivial States (NLTS) conjecture [11]. After
the completion of this work, a proof of the NLTS conjecture was
established by Anshu et al. [1]. The main result of [1] showed
that good quantum LDPC codes with soundness (called clustering
of approximate codewords in [1]) satisfy the NLTS property. We
note that Corollary 14 provides an independent proof of the main
clustering property used in [1] and provides a close connection
between efficiently decodable quantum LDPC codes and NLTS.
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CoroLLARY 15 (THRESHOLD). Let e € F}} be a random error with
each entry independently and identically distributed such that e; = 1
with probability p and e; = 0 with probability 1— p. Under this model,
the probability that Algorithm 1 fails to return a correction f such
thate + f € € is O(e™ "), witha > 0, so long as p < p*, where

. s

= 16
6A3/27¢(1 + 2A2) (ae)

p
is a lower bound for the accuracy threshold under independent bit
and phase flip noise.

Proor. By Theorem 12, the decoder is guaranteed to succeed
as long as |e| < np*. The Hamming weight of e is distributed as
a Binomial random variable which concentrates around the mean
np. For p* > p, we can use Hoeffding’s inequality to bound the
probability that |e| > np* as

Pr (le| > np*) < e~ 21" =P)* (17)

which completes the proof. O

4 DISCUSSION AND OPEN PROBLEMS

In this paper, we show the existence of a provably correct decoder
for the recent quantum Tanner codes construction of asymptoti-
cally good qLDPC codes. Our decoder has runtime linear in the
code blocklength, and provably corrects all errors with weight up
to a constant fraction of the distance (and hence the blocklength).
A key idea behind the decoder is the introduction of a global po-
tential function which measures the stability of the error against
locally defined corrections. Our decoder proceeds operationally
in a manner similar to the small-set-flip decoder for quantum ex-
pander codes [16], checking candidate subsets defined within the
local views of the code to see if the global potential function can be
reduced at each step. We prove that such a reduction is always possi-
ble for sufficiently low weight errors, which we use to show that the
decoder successfully corrects all errors of weight |e| < 5n/A7/2_£.
The existence of our decoder implies a notion of soundness for
the quantum Tanner codes construction (see Corollary 14). It also
implies an accuracy threshold against stochastic noise (see Corol-
lary 15).

An important part of our proof for the correctness of the de-
coder involves showing the existence of dual tensor codes of larger
robustness (AS/ 2+¢) than was established in [17]. This result also
gives a constant factor improvement in the distance of the code. In
addition, it leads to a simplification in the construction of quantum
Tanner codes in that the dual tensor codes are no longer required
to be resistant to puncturing.

A number of open problems remain at this point. One major
problem is the time complexity of the decoder. While the runtime
of the decoder is linear in the blocklength, there are constant pref-
actors on the order of 22° arising from the need to check all subsets
of the A?-sized local views. This renders the decoder impractical in
reality. Part of the problem stems from the inherently large check
weights (A?) of the quantum Tanner codes construction. A natural
follow-up problem therefore is to look for ways to reduce the ab-
solute runtime of the decoder, for example by reducing the check
weights of the underlying code construction.
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Another problem is related to the decoding of the asymptotically
good gLDPC codes by Panteleev and Kalachev [20]. This question
has been resolved in [18] by reducing the decoding problem of
the Panteleev-Kalachev code to that of decoding quantum Tanner
codes. A related — and more generic — problem is the existence
of efficient decoders for good qLDPC codes constructed by the
balanced product construction [4] in general, especially with the
presence of non-trivial local codes.

Our current decoder requires the checking of local views be-
longing to vertices of both Vy and Vj. This is in contrast to the
small-set-flip decoder, which only requires checking the supports
of generators of a single type. It may be possible that a tighter
analysis (for example, using a stronger version of the low-overlap
property, or more robust local codes) may allow us to eliminate
the need to check both vertex types. A better understanding of the
candidate flip-sets in general may be useful, especially towards the
problem of lowering the runtime mentioned earlier.

5 PROOF OF THEOREM 10

Before beginning the proof of Theorem 10, we first elaborate on
some conventions and notation. In the remainder of the paper we
will adopt the convention that a vector x € IFZQ is treated equiva-
lently as the subset of Q indicated by the vector. This allows us to
write expressions suchasx Uy € ]Fzg to denote the vector defined
by the union of x,y C Q.

We will often need to consider the restriction of a vector x € IFZQ
to the set of faces Q(v) incident to some vertex v € V. This is
called the local view of x at v. In a convenient abuse of notation, we

will equivalently consider local views as elements of Fg(v), or as

elements of FZQ with support on Q(v). For simplicity of notation,
we write local views at v € V with a subscript v, for example
%o = Xlo(o)-

By the TNC condition, Q(v) is in bijection with A X B so that
each local view naturally defines a A X A matrix, i.e., X, € ngA.
We will label the faces of Q(v) by pairs of vertices vy, v2, where v;
is connected to v by an edge in A, and v, to v by an edge in B. In
this case, we denote the unique face defined by these vertices by
[01,v2] € O(v) and we say that v; is a row vertex for v, and that v,
is a column vertex. We will use the notation x,[v1, v2] to denote the
entry of x, specified by the face [v1,v2]. Likewise, we will adopt
the notation x,[01, -] to denote the row of x, indexed by the row
vertex v1, and similarly x, [+, v2] to denote the column of x, indexed
by vz. Given neighboring vertices v € V and o’ € Vj, the shared
row (resp. column) of the local views x;, and x,s can be equivalently
denoted by either x;,[0’, -] or x, [0, -] (resp. xy [+, 0’] or xy [+, 0]).

Let us now define the notion of a local minimum weight correc-
tion and other associated objects.

DEFINITION 16. Lete € Fg be a Z error. For each vertexv € V1,
we define cy(e) as a closest codeword in ClL to the local view ey. If
there are multiple closest codewords, then we may fix an arbitrary
one.

For each vertexv € Vi, let R} (e) = ey — cy(e) C Q(v). Then we
call R} (e) the local minimum weight correction at the vertexv. We
will denote the collection of all local minimum weight corrections by
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R(e) = {R} () }oev,. We will also define the total correction

R(e) = JR(e) = | R3(e). (18)
veV;
Note that the local potential at v is given by
Uy(e) =d (ev’ ClL) = ley — co(e)| = |R-zr(e)| s (19)

and our goal is to reduce the global potential U(e) = X ey, Uy(e)
at every step of the decoding. When the error e is understood, we
will often simply write ¢y, R¥, and R for short.

We can now proceed with the proof of Theorem 10, which we
split into three cases:

(1) In the first case, we consider whether flipping single qubits
can decrease the total potential. If this is not the case, it will
introduce extra structure in the set R.

(2) In the second case, we ask if R has high overlap with a
codeword of Cf‘ in a V7 local view. If so, it will allow us
to flip a set of qubits that together can decrease the total
potential.

(3) The third and most complicated case is the one complemen-
tary to the first two, where no single qubit flip can decrease
the total potential, and where R has low overlap with all
local codewords. The intuition here is that R cannot be a
very large set, so every V; local view of the error is close to
the local code. Because the error “looks like” a codeword, we
are able to apply reasoning similar to the local minimality
argument in the proof of the distance of the code. In essence,
the expansion of the graph allows us to find a special Vp
vertex whose local view contains a flip-set to decrease the
total potential.

5.1 Proof of Cases 1 and 2

In this subsection, we prove Theorem 10 for the first two cases
listed above. The terminology and definitions established in this
subsection will also be crucial to the proof of case 3. To consider
the first case, we define the concept of a metastable configuration.

DEFINITION 17. Lete € IF’ZQ be an error. We say that e is metastable
if flipping any one qubit q € Q does not decrease the global potential.
We also say that R(e) and R(e) are metastable if they are obtained
from a metastable error e. Note that while we only define and use
metastability for an error e and its configuration of local minimum
weight corrections, the property of metastability is really a property
intrinsic to the underlying syndrome o.

Note that case 1 pertains precisely to the case when the error
e is not metastable. If e is not metastable then there exists some
q € Q which decreases the global potential and Theorem 10 follows.
Therefore, in the remainder of this section we consider the case
that e (and hence R) is metastable.

DEFINITION 18. Lete € IF"é2 be an error, and let R = {R} () }oev,
be a set of local minimum weight corrections for e. We say that R is
disjoint if R} (e) N R, (e) = 0 forallo # v’

When R is a disjoint set of corrections we can think of it as a
directed subgraph of G by viewing each Ry as the set of outgoing
edges from v (see Figure 2). The local view Ry is then the set of all
edges, incoming or outgoing, incident to v in this directed graph.
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Figure 2: Subsets of QID indicating e, R, and elements of Y. In
the diagram Cj- is the repetition code (codewords 00000 and
11111). Note that the red edges without an arrow are in y, the
red edges with an arrow are in R N e, and the undecorated
black edges are just the remaining edges in GJ.

Note that in this case, the set R completely defines the underlying
directed graph. Conversely, given the directed subgraph, we may
uniquely recover R by taking R (e) as the set of outgoing edges at
each vertex. Therefore we will identify a disjoint R with the directed
subgraph it defines in the following. We can likewise identify the
set of total corrections R with the undirected graph underlying R.

Note that R will always be disjoint when e is a metastable error
(otherwise flipping a shared qubit will lower the global potential by
2). For a metastable error, flipping a qubit ¢ = (v,0") € R}, which
is a directed edge from v to o’, decreases U, by one and increases
Uy by one. We first prove a lemma which shows that metastable
errors are somewhat rigid under additional bit-flips.

LEMMA 19 (R-FLIPPING). Let R(e) be a directed subgraph of G
corresponding to a set of local minimum weight corrections for a
metastable error e. Suppose furthermore that for some subset R C R(e),
flipping all qubits of R does not decrease the global potential. Consider
the error e+R. Then a valid configuration R (e+R) of locally minimum
weight corrections for e + R is obtained from R(e) by reversing the
directions of all edges in R. Moreover, the nearest codewords c, at each
vertex remains unchanged, i.e.,

cole) =e, +Ri(e) = (e+R)y + R (e +R) =cy(e +R).  (20)

Proor. Consider any v € Vj. By definition, each R} (e) is a mini-
mum weight correction to the local code at v, so ¢y (€) = e, + R (e)
and Uy(e) = R} (e)|. Now suppose we flip all qubits in R.In the
local view of v, we have

co(e) = e, + RN Q(v) + R (e) + RN Q(0) (21)
=(e+R)y+R(e) +RNR(e) +RNR, (e), (22)

where we define R, (e) = Ry(e)\R7 (e). Note that R; (e) can be
thought of as the set of incoming edges at v in the directed graph

defined by R(e). Therefore, we can bound the weight of the new
minimal weight correction for vertex v by

Uy(e+R) < |R}(e) + RN R} (e) + RN R (e)| (23)
= Ry (e) + RN Ry (e)| + |RN R (o) (24)
=Uy(e) = [RNRY(e)| + RN R (e)], (25)
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where the first line follows from equation (22) and the second from
the disjointness of the sets R} (¢) and R, (e). Note that if equality
holds in equation (23), then a valid minimum weight correction for
(e +R), is given by

RY(e+R)=Ri(e)+RNR:(e) +RNR, (e). (26)

The set R} (e + R) above is obtained from R7 (e) by removing all
outgoing edges in R and changing all incoming edges in R to outgo-
ing edges. Also note that in this case the nearest codeword remains
cy(e).

Summing inequality (23) for all v € V; gives a bound on the
global potential as

Ule+R) < > Ugle) = D IRNRI(e)+ > IRNR (e)] (27)

veV; veV; veV;
=U(e) = [RNR(e)| + |RNR(e)| (28)
=U(e), (29)

where in the second line we've used the fact that R(e) =
Llyev; Rs(e) = Llyev; Ry () by metastability. By the assumption
of the lemma, U(e + R) > U(e). This means inequality (23) must
hold with equality for all v € V;. Hence, we have proven that
R(e +R) can be taken as R(e), but with the directions of edges in
R reversed. O

REMARK 20. In the scenario of the R-flipping lemma, while the
error e + R may not be metastable itself, the set R (e +R) as defined as
in the lemma is still disjoint. This new set is a valid correction in the
sense that each R} (e + R) gives a minimum weight correction to the
local code — correcting the error (e + R)y tocy(e+R) = cy(e) — at
everyv € V1. Note that the set of total corrections remains invariant
in this case, i.e., R(e) = R(e + R).

In the second case, we assume that R has high overlap with a
codeword of Cf', We formalize this property below.

DEFINITION 21 (Low OVERLAP). The set R is said to have the
low-overlap property at v € Vi if for all codewords ¢ € C-, we
have |Ry N ¢| < |c|/2. We will say that the set R has the low-overlap
property if it has the low-overlap property at everyv € V.

Before formally proving case 2, let us first provide some rough
intuition. When the low-overlap property is not satisfied, there
exists some codeword ¢ € Cf‘ at some vertex v € V; which has
large agreement with R,. Using the R-flipping Lemma 19, we may
assume without loss of generality that R} = 0. Now imagine flipping
the set R, N c. Since R = 0, every edge in R, belongs to a local
correction neighboring . Flipping R, N ¢ will therefore lower the
local potential at each of these neighbors by 1. It will also raise
the local potential at v, which was zero before. However, since R,
has large overlap with c it is actually more efficient to apply the
correction c\R, instead of R, N c. In this case, the local error is
pushed out of the neighborhood of its original nearest codeword
cy(e) and into the neighborhood of ¢;(e) + ¢ instead. The local
potential at v is therefore raised by an amount less than R, N ¢,
which results in an overall lowering of the global potential.

LEMMA 22. Let R be metastable. If R does not have the low-overlap
property, then there existsv € Vi and a subset f C Q(v) such that
flipping the qubits of f decreases the total potential.
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PRrOOF. Suppose that R is metastable and does not have the low-
overlap property. Then there exists some 0 € V; and some ¢ € C- \
{0} such that |Ry(e) Nc| > |c|/2. Lete’ = e+R}(e). IfU(e’) < U(e)
then we are done. Otherwise U(e’) = U(e), and by the R-flipping
Lemma 19, we may take R(e’) = R(e) with R} (¢’) = 0.

Consider now flipping the additional set of qubits f" = Ry(e’) Nc
to obtain the error e’ = ¢’ + f’. For each ¢ = (v/,0) € f’, we have
q € R}, (¢'), so that |RY, (¢’")| = |RY, (¢")| — 1. This is the new value
of the local potential at v”. Since we had U,(e’) = |R}(¢’)| = 0,
the change in the global potential is given by U(e’’) — U(e’) =
Ua(e”) - If'].

Since e;, € C;, a valid correction for e}/ is given by f” + ¢, where
c is the high-overlap codeword from earlier. This correction has
weight |f” +¢| = |Ry(e) Nc+c| < [c|/2 < |Ry(e) Nc| = [f'].
Therefore Uy(e””) — |f’] < 0, and we have U(e”") < U(e’) = U(e).
Our desired flip-set is therefore f = R¥ (e) + Ry(e) Nc. o

5.2 Proof of Case 3

The preceding subsection proves Theorem 10 in the cases when R
is not metastable, or when R is metastable but does not have the
low-overlap property. In what follows, we consider the remaining
case where R is both metastable and has the low-overlap property.
We summarize our key list of assumptions for this case below for
convenience.

ASSUMPTION 23. Lete € F? beaZ error of weight |e| < Sn/6A3/2¢,
We assume that e is a reduced error, i.e., it is the minimum weight
element of the coset e + C‘?é. We assume that e is a metastable error,
and that its set of local minimum weight corrections R(e) satisfies
the low-overlap property 21. Finally, we also require that the under-
lying quantum Tanner code be defined using dual tensor codes of
sufficiently large robustness, i.e., with robustness parameter N3/2+e

for some ¢’ > 0. Throughout the rest of the proof, we fix any e < ¢’.

The proof of case 3 proceeds in two general steps. In the first step,
we show using the expansion of the underlying graphs that, given
an error e of sufficiently low weight, there always exists a special
vertex vy € Vp with the property that vy “sees” many non-trivial
codewords of C4 and Cg amongst its shared local views with the
minimum weight corrections on neighboring vertices.

The second step of the proof proceeds to analyze the local view
at the vertex vy described above. We show that due to the pattern
of its many shared codewords, it is either the case that Ry, € Q(v)
is sufficiently large to contain a flip-set which reduces the potential,
or else it is small enough that e,, has many columns and rows
which are close to non-trivial codewords of C4 and Cg. In the latter
case, the robustness of the underlying dual tensor code then implies
that ey, must have sufficient overlap with a Z-stabilizer that the
addition of this stabilizer will reduce the weight of e. Since we
began without loss of generality with a reduced error e, this leads
to a contradiction.

5.2.1 Existence of vg € V. In the first part of the analysis of the
third case, we proceed in a manner parallel to the proof of Theorem
1in [17]. The goal is to show that for an error e with weight |e| <
5n/6A3/2_8, there always exists a vertex vy € Vp whose local view
contains many columns and rows which are close to non-trivial
codewords of C4 and Cg. Aside from some differences in definitions,
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the proofs and results of this subsection are equivalent to their
counterparts in [17]. Please see the full paper [13] for the omitted
proofs.

Since our goal is to find a vertex v9 € Vy whose local view
has many rows and columns close non-trivial codewords, we first
parametrize the vertices of V; with non-trivial nearest codewords.
This is captured by the set Y below.

DEFINITION 24. Lete € Fg be an error and let R = {R} (e) }yev,
be a set of local minimum weight corrections. We define the set of
non-trivially corrected verticesY C V1 as

Y={oeV |R} #e,}. (30)

That is, a vertexv is in' Y if and only if the result of applying the locally
minimum weight correction at v results in a non-trivial codeword i.e.
cp=ey+R} #0.

To work with the vertex set Y, it will also be convenient to
define an edgewise version of the condition R} # e,. To that end,
we introduce the set y of “residual errors”. Given an error e € FZQ
the elements of y are all of the elements of e which have no overlap
with the set of minimum weight corrections R(e) (see Figure 2).

DEFINITION 25. Lete € IF‘ZQ be an error and let R = {R} (e)}pev,
be a set of local minimum weight corrections. The set of “residual”
errors is defined byy = e\R € ]F? i.e., y labels the set of errors which
are not in any of the local minimum weight corrections.

The edges of G’ indexed by y define a subgraph of G which
we will call Gl':" " This subgraph is closely related to the set Y. It
is straightforward to see that every vertex of QE y must belong to
Y. Conversely, the low-overlap property implies that each vertex
of Y must be incident to many edges in Ql':" Y This means that Y
is precisely the vertex set of QE and moreover QE must have
large minimum degree. This discussion is formalized below by
Lemmas 26 and 27.

LEMMA 26. Let (v,0") € y be an edge in glﬂy. Then both v and v’
are elements of Y.

Proor. By definition, the edge (v,0) € y is an element of e but
not of R. Therefore (v,0’) is an element of e, (and likewise, of e,)
but not an element of R} (and likewise, R?,). It follows that e, # R}
and ey # R:,. O

LEMMA 27. Every vertexv € Y is incident to at least 5A/2 edges
in y. In particular, the subgraph Ql':‘y has vertex set equal to Y and
minimum degree at least A /2.

Each vertex v of QE has a non-trivial nearest codeword ¢, € Cli.
To ensure that the individual columns and rows of ¢, are themselves
close to non-trivial codewords of C4 and Cg, we appeal to the
robustness of the dual tensor code C f‘ Since robustness only applies
to codewords of weight at most A3/2+¢ ye first define the concept
of a normal vertex. Roughly speaking, a vertex is considered normal
precisely when robustness can be applied to its nearest codeword.

DEFINITION 28. Let us define a normal vertex of Y as a vertex with
degree at most %A3/2+€ in Ql‘:'y. A vertex of Y which is not normal is
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called exceptional. We denote the subsets of normal and exceptional
vertices as Y, and Ye, respectively.

Since QE y has large minimum degree, the expansion of GT' now
ensures that as long as QE y has sufficiently few edges, it must
contain many normal vertices. Note that Lemma 29 is the only
place where the assumption on the weight of |e| (and hence |y|) is
explicitly used.

LEMMA 29. Suppose that |y| < 8n/6A32=¢ = §AV/2*+|vy|/12.
Then the fraction of exceptional vertices in Y, C Y is bounded above
as

IY.| 576

|Y| — Al+2e

(1)

Using the robustness of Cf‘ and the low-overlap property, we
can now show that each column and row of ¢, for v € Y, is indeed
close to a codeword of C4 and Cg.

LEMMA 30. Letv € Yy, be a normal vertex. Then every column
(resp. row) of ¢y is distance at most AVZ+e s from a codeword in Cy
(resp. Cg). Moreover, c,, contains at least one row or column which is
close to a non-zero codeword of C4 or Cp.

PRrOOF. By assumption of v being a normal vertex, we know that
lyo| = les\Ro| < %A3/z+£. From the low-overlap property, we see
that

1 1
310l < [(e0\Ro) ol < eo\Ro| < SA%H. (32)

By the robustness of the dual tensor code C, it follows that the
support of ¢, is concentrated on the union of at most |c,|/5A <
A'/2*€ /§ non-zero columns and rows. Using Lemma 45, we con-
clude that there exists a decomposition ¢, = c+r, where c € C4 ®IF‘§
is supported on at most A/%*¢/§ non-zero columns, and where
re IF? ® Cp is supported on at most A2+ /5 non-zero rows. In
particular, this implies that each column (resp. row) of ¢, is dis-
tance at most A/2*¢/§ from a codeword of C4 (resp. Cp). Since ¢y
is non-zero by definition of Y, it follows at least one of ¢ or r is
non-zero, so that at least one column or row is close to a non-zero
codeword. O

Now we are in a position to start the search for our special vertex
v € Vp. To that end, we define our analog of “heavy” edges in [17],
which we call “dense” edges.

DEFINITION 31 (DENSE EDGES). Let Ey C E(GY) be the edges
in GY which are incident to some square in y. We say that an edge
(v,0") € Ey, wherev € Vi and v’ € Vy, is dense if it is incident to at
least 5A — AY/2*¢ |§ squares of c,.

We then define the vertex set W C Vj to be the set of all vertices
incident to a normal vertexv € Yy through a dense edge.

From the perspective of a vertex v’ € Vp, only individual columns
and rows of its neighboring nearest codewords ¢, are visible. Dense
edges are precisely the edges through which o’ expects to see non-
trivial codewords of C4 or Cg. The set W C V; defined above
can therefore be thought of as the set of “candidate” vy’s. We will
identify a vertex of W with a linear number of dense edges but a
sublinear number of exceptional neighbors in Ye. Such a vertex will
allows us to utilize the robustness properties of the local codes.
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We first show that each o” € W must have many neighbors in Y.

LEMMA 32. The degree in Ey; of any v’ € W is at least %5A -
AVZre s In particular, every v’ € W is adjacent to at least %5A -
AV2¥e 1§ vertices in Y.

Proor. Let o’ € W. By assumption, there exists a dense edge
(v,0”) connecting v’ to a normal vertex v € Y. Let us assume
without loss of generality that (v,0”) is a B-edge so that ¢, [, 0’]
defines a column of ¢,.

Note that the degree of v’ in Ey is lower bounded by the weight
of the corresponding column in ys, i.e., degEy @) = lyo[ 0]l

Let cq4 € C4 denote the codeword closest to ¢, [+, v’ ]. Since (v,v”)
is dense, it follows from Lemma 30 that c4 is non-zero. We can
form the matrix which is zero everywhere except on the v’-column,
where it is equal to c4. Note that this matrix will be a codeword
of ClL, and that the low-overlap property applied to this codeword
implies that |Ry[-, 0] Ncal < |cal/2.

Then we have

leal = leal- 2] Neal +lea\eo[0']] (33)
< leo[0'] Ncal + AVZ /s (34)
< lyol-0'] Neal + [Ro[-0'] Neal + AYZE )5 (35)
< lyol 0'1] + leal /2 + AV s, (36)

where the second line follows from Lemma 30, the third line from
the fact that ¢, C yy U Ry, and the last line from the low-overlap
property. This gives us

5A/2 < [eal/2 < lyo[-0'] + A2+ /6. (37)
Therefore we have
1
degg, (') 2 lyo[0]] > 500 - AVZe s (38)

Lemma 26 now ensures that each v’ € W is adjacent to at least
%(SA — AY/2+¢ /5 elements of Y. m]

Knowing that each v” € W has many neighbors in Y, the expan-
sion of GV implies that the number of vertices in W must be small
compared to Y.

LEmMMA 33. For A large enough, the set W satisfies the bound

Wl s oo
T 52A

We expect each v € Y, to be incident to at least one dense edge
by virtue of having a column or row close to a non-trivial codeword.
This means that the total number of dense edges is at least on the
order of |Y,|. Lemma 33 in turn suggests that the number of dense
edges is large relative to |W/|. This implies that the average vertex
in W should be incident to a large number of dense edges. This is
formalized by Lemma 34 and Corollary 35 below.

Y] (39)

LEMMA 34. Let D denote the set of dense edges incident to W. Then
the average degree of W in D is bounded by
@ > 2aA
wi
for some constant & > 0 (which we may choose to be anything smaller
than 6%/192 by taking A sufficiently large).

(40)
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COROLLARY 35. At least an a/2 fraction of the vertices in W are
incident to at least aA dense edges.

ProoOF. Let 5 be the fraction of vertices in W with dense degree
greater than «A. The maximum degree of any vertex in GV is 2A,
so it follows that

2aA < % <2Anp+(1-n)al. (41)
Therefore we have n > a/(2 — a) > a/2. O

We have now shown that there exists a subset of vertices in
W incident to many dense edges. We must now show that within
this subset, there exists vertices which are not adjacent to many
exceptional vertices in Y. We expect this to be the case since the
number of exceptional vertices is small relative to the number of
normal vertices. To proceed, we bound the number of edges shared
between W and Y, in Lemma 36 below.

LEMMA 36. The total number of edges in GV between W and Y, is
bounded above by

Egu(W, Ye)| < 193A2~¢|w]. (42)

Putting everything together, we can finally show the existence
of the special vertex vy, as formalized by Corollary 37.

COROLLARY 37. At least an a/4 fraction of the vertices of W:

(1) are incident to at least a /A dense edges, and
(2) are adjacent to at most (772/x)AY27¢ = ﬂAI/Z_f vertices of
Y,.

In particular, at least one such vertex exists since o > 0.

PRrOOF. Let W; be the subset of vertices in W satisfying condition
1, and let Wy be the subset of vertices in W not satisfying condition
2. Since each vertex of W is adjacent to more than (772/a) A2
vertices of Y., we get

[Wal - (772/@) AV~ < |Egu(W, Ye)| < 193AY27¢|w|,  (43)

which implies that [Wa| < («r/4)|W|. Therefore the set of vertices
satisfying both condition 1 and 2 is bounded below by

[Wi\Wp| > [Wi| = [Wa| 2 alW|/2 - alW|/4=alW|/4. (44)

]

5.2.2 The Local View at vy. Let vg € W be a vertex satisfying
the conditions of Corollary 37. In this subsection, we analyze the
structure of y and R from the perspective of vy € Vp. Let yo, eg, and
Ry denote the local views of y, e, and R at the vertex vy.

We will write [0,0”] € Q(vg) to denote the face anchored at vy
with neighboring V; vertices v and o', with the implicit convention
that unprimed vertices v denote row vertices, and primed vertices
v’ denote column vertices. We will also write N(vg) C V; to denote
the set of all neighbors of vy in GV, and N;-(vg) and N (vp) to denote
the set of row and column vertex neighbors, respectively.

We first show a key result regarding the structure of yy and Ry.
As a consequence of metastability, the edges of Ry must complement
the edges of yo to complete codewords on either columns or rows
shared with neighboring local views (see equation 45). This allows
us to split Ry into disjoint parts depending on whether columns or
rows are corrected.
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LEmMA 38. We can write Ry = R.o Ul Rrow, Where we have

Yo[o, -] U Rrowl[v, ] = cyvo, -], and

Yol "] U Rl 0"] = o [ 00], (45)

for allv € Ny(vg) and v’ € N (vp).

Proor. Let ¢ = [0,0’] € Ry. Since R is metastable, it follows
that ¢ belongs to exactly one of R or RY,. Suppose without loss of
generality that q € R}. Since e, + Rf = cy, it follows that g € ¢, if
and only if g ¢ e. Likewise, since g ¢ RY,, it follows that q € ¢y if
and only if q € e. It follows that ¢ must be an element of exactly
one of ¢, or ¢y

Let Rrow C Ry denote the collection of all g € Ry which belong
to ¢, for some row vertex v. Likewise, let R.,; € Ry denote the
collection of all ¢ € Ry which belong to ¢, for some column vertex

o’. Then by the preceding discussion we have
Ro = Rrow U R o] - (46)

Next, we show equation (45). We focus on the row case, with the
column case being analogous. Note that we have

Yo [U’ ] =€y [UO’ ] \RU [00’ ] Cey [UO’ ] \RZ [00: ]
C e[, -] + Ry [00, -] = ¢o[vo, ] - (47)

Also, we have Ryow [0, -] € ¢p[v0, -] by definition. This implies that

Yo [U’ ] U Rrow [U’ ] Ccy [UO) ] . (48)
Conversely, we have
Cy [U(), ] =€y [UOs ] + R; [00) ] Cey [UO) ] U RZ) [UO’ ]
= Yo[vo, "] URo[v0,-] = yo[ov,-] U R[] . (49)

Since all elements of Ry belonging to ¢, are by definition in Rrow, it
follows that we have

colvo. -] € yolo, -] U Rrow[v, -] (50)
It therefore follows that
Yolo.-] U Rrow[v, ] = co[vo,-],  and
Yol o' T URol[0"] = cor [ 00], (51)
which hold for all v € Ny (vg) and o’ € N, (vp). ]

COROLLARY 39. Let [0,0"] € Q(vg). Ifv ¢ Y then Ryow|v, ] = 0.
Likewise, ifv’ ¢ Y then Rg1[-v'] = 0.

Proor. We work with the row vertex o, with the column case
being identical. Suppose that v ¢ Y. Then by definition, the closest
codeword to e, at v is the trivial codeword ¢, = 0. Evaluating
equation (45) at the row defined by edge (v, v), we have

Yo [U, ] U Rrow [0) ] =Cy [UO; ] =0, (52)

which implies that Ryow [0, -] = 0. ]

Let us now provide some intuition for the remainder of the proof.
The decomposition shown in Lemma 38 allows us to consider two
separate scenarios:
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YC

Rcol

Yy

RI'QW

Ye

Ye Yn Ye
Figure 3: The vy local view after flipping Ry N e. The various
regions indicate the possible supports of the labeled quanti-

ties.

(1) First, imagine that Ry has high weight relative to yo. Then
Lemma 38 suggests that the columns and rows of Ry are
close to codewords of C4 and Cp. An argument similar to
the one used in the proof of case 2 would seem to suggest
that there exists some subset of Ry which would decrease
the global potential when flipped.

(2) Alternatively, consider the scenario where Ry has low weight
relative to yo. In this case, yy is close to ey, and Lemma 38
now implies that the columns and rows of e are close to
codewords of C4 and Cg. The robustness of the dual tensor
code Cli suggests that we can find a codeword ¢y € C4 ® Cp,
i.e., a Z-stabilizer, which has high overlap with ey. But this
is in contradiction with the fact that e was assumed to be a
reduced error.

Given the discussion above, we will finish the proof as follows:
Suppose that no subset of Q(vp) decreases the global potential
when flipped. We will show that this necessarily implies that Ry
has sufficiently low weight (as formalized by Lemma 41) that the
argument outlined in scenario 2 can be carried out. Specifically, we
will show that there exists some ¢g € C4®Cp such that |[e+cg| < |e],
contradicting the fact that e is reduced.

To proceed, we will need to analyze the value of the potential
on a new configuration of errors, one obtained from e by flipping
all the qubits of e N Ry. The utility of this new error configuration é
comes from the fact that the rows of Ryow and columns of R, are
exactly equal to the local minimum weight corrections for € (see
equation 53), giving us better control over the potential.

Let € = e+eNRy = e\Ry. We first show that some key quantities
remain unchanged in this new error configuration. Since € is ob-
tained from e by flipping a subset of R without decreasing the global
potential, the R-flipping Lemma 19 implies that the new total correc-
tion R = R(é) will be equal to the old one, i.e., R = R(¢) = R(e). This
implies that the vector of residual errors y likewise stays invariant,
ie,y=1y(e) = E\R = e\R(e) = y(e). The situation after flipping
Ry N e is illustrated in Figure 3 and summarized by Lemma 40.
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LEMMA 40. Suppose that no subset of Q(vg) decreases the global
potential when flipped. Let é = e\Ry denote the configuration of errors
obtained after flipping all the elements of Ry N e. In this new error
configuration, we may take the local minimum weight corrections to
be as given by the R-flipping Lemma 19. Specifically, we have R = R
and §j = é\R = e\R = y. Moreover, we have & = v, and

R} 00,1,

Reow|o, ] and Re[- '] =R} [-00],  (53)

for all [v,0"] € Q(vy).

ProOOF. The fact that we may take R = R follows directly from the
R-flipping Lemma 19, which ensures that the original and updated
local minimum weight correction sets differ only by the orientations
of edges. It follows that we also have

y=e\R=(e\R))\R=¢e\R=7. (54)
Note that since € N Ry = 0, it also follows that jy = €.

Now, let v be a neighbor of vy, and suppose without loss of
generality that it is a row vertex. By the R-flipping Lemma 19, the
nearest codeword ¢, remains unchanged after flipping Ry N e. In
particular, we must have

Yolv, -] U Reow [0, -] = colvo, -] = &[0, -] + R [0, -]

=yolo, JU R [0, ], (55)
where the first equality follows from Lemma 38, the second from
the invariance of the codewor~d ¢y, and the last frorr} the facts that
€ = 7o = yo and é[o,-] N RZ [v0, ‘] Q~ élo,-] NRylo,-] = 0.1t
follows that we must have Ryow[0,-] = R [0, -]. m]

Since the rows (resp. columns) of Ryow (resp. R.o1) are equal to
the local minimum weight corrections (for €) on neighboring ver-
tices, we expect that Ry cannot be too large. Otherwise, Ry would
have enough overlap with the neighboring local minimum weight
corrections that subsets of it can start lowering the potential. There-
fore the fact that no subset of Ry can lower the potential implicitly
places a bound on its size. This is formalized by Lemma 41 below.

LEMMA 41. Suppose that no subset of Q(vg) decreases the global
potential U when flipped. Then we have

3A3/2+5

|Rol| < (56)

for sufficiently large A.

Proor. Consider the error configuration € = e\Ry. By assump-
tion we have U(€) = U(e). Using Lemma 40, we have &, = o = yo
and }io = Ro.

Let v be, without loss of generality, a row vertex. Since we have
Riow|v, -] = ﬁj [v0, -], it follows that flipping Ryow[v, -] decreases
the local potential U, (€) by |Rrow [0, ]|, i.€.,

Uy (€ + Rrow [0, ]) = Uy(€) — |Rrow [0, 1] . (57)
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Now, suppose that v € Yy,. Let cg be the closest codeword of Cp to
cy[v0,]. Then

Uv(é + Yo [U’ ]) = Uv(é + Rrow[v’ ] +Cy [UO’ ]) (58)
A1/2+€
< Up(€ + Reow [0, ] +¢cp) + 5 (59)
A1/2+£
= Uy(€ + Rrowlo,-]) + 5 (60)
A1/2+£
= Uy(€) — |Rrowlo, ]| + 5 (61)
where the first equality follows from the fact that

Yo [U, ] [} Rrow[Ua ] =1Yo [U’ ] + Rrow[vx ] =Cy [UO: ] (62)

The second line follows from Lemma 30, and the third line follows
from the fact that Uy(e + ¢) = Uy(e) for any ¢ € Cf‘. The last line is
just equation (57). Note that an analogous version of inequality (61)
also holds for column vertices.

Consider now the global potential U (€ +yp). Note that it follows
from Lemma 26 that yo will have empty intersection with the local
view of any v not in Y, so that only the local potentials associated
with vertices of Y can be affected by flipping 9. We will bound
the potential by explicitly separating out the contributions of the
exceptional vertices in Y, over which we have little control. Let us
write § = 772/« for the constant appearing in Corollary 37. Then
we can bound the change in the potential by

0<U(é+yo) —U(e) (63)

= D, (Us(e+yo) - Us(@) (64)
vEN (y)NY

<D (UaE+yo) ~ Up(@) + BAYEE, (69)
veEN (0)NYy,

where the first inequality follows from the assumption that no
subset of Q(vg) decreases the global potential when flipped, the
second line from the fact that only the local views associated with
vertices of N(vg) N'Y are affected by flipping yo, and the last line
removes the contributions resulting from the vertices in Y. The
BA3/27¢ term in the last line comes from the fact that there are
at most ﬂAl/z_g vertices of N(vg) N Ye as a result of Corollary 37,
each of which can increase the weight of the potential by at most
A.

Splitting the sum above into row and column parts and applying
inequality (61), we get

DL (Us(E+yo) - Un(é) (66)
vEN ())NY,
A1/2+€
< D | FRewlodl+ 5)
VEN, (v9)NYy,
, A1/2+£
DY (—|Rcol[~,o]|+ 5) (67)
0" €N (v)NYy,
2A3/2+é’
<= D Rewlodl= ) [Ralholl+ =
VEN, (v9)NYy, 0’ €N (0)NYy,
(68)
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By Corollary 39, it follows that the rows of Ryow (and columns
of R |, respectively) are zero if the indexing vertex is not in Y. It
follows that we have

Z |Rrow [0, ]| = Z [Rrow [0, ]| = [Rrow| — ﬁAS/z_g ,
0EN, (v9)NYy, 0eN, (1vp)
v¢Ye
(69)

and likewise

S Real0l= Y Reatls0ll > [Real - A,
o' €N ()Y, v’ €N ()
' ¢Ye

(70)

where the A3/2=¢ correction term again comes from the vertices
in Y, over which we have no control. Altogether, we have

3/2+¢
0 < ~[Rrow| = |Reol] + +3pAPE )
Taking A sufficiently large so that A%¢ > 35, we finally get
3A3/2+€
|Ro| < . (72)
[m]

Lemma 41 shows that Ry is small. This now allows us to follow
the remaining steps outlined in scenario 2 above to complete the
proof of Theorem 10.

COROLLARY 42. Suppose that no subset of Q(vy) decreases the
global potential U when flipped. Then we have
10 A3 /2+¢

1)

d(yo, Ca ® F2) +d(yo, Fy ® Cp) < (73)

for sufficiently large A.

Proor. Consider the distance of yg to the row codespace IF‘;@CB
(with the column case being identical). From equation (45), we have

yo[v. ] + Reow[v. -] = yo[v, -] U Rrow [0, "] = colvo.-].  (74)

If v ¢ Y then Corollary 39 implies that each of the terms above is
zero. If v € Yy, then Lemma 30 implies that

A1/2+€

d(yo[v, ] + Rrow|[v,],C) = d(cp[vo,°],Cp) < (75)

Summing over all rows, and accounting for the exceptional vertices
v € Y, we get

3/2+¢

d(yo + Rrow, F5' ® Cp) < +pA3I2E (76)

where the A3/2*¢ term comes from the non-exceptional vertices
and the A3/27¢ term from the exceptional vertices. Since

A3/2+g
[Rrow| < [Ro| < (77)
by Lemma 41, it follows that we have
4A3/2+£ 5A3/2+£
d(yo.F§ ® Cp) < PN s —— . (18)

where the last inequality follows from the fact that we took A large
enough so that A% > 385 in Lemma 41. O
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COROLLARY 43. Suppose no subset of Q(vo) decreases the global
potential U when flipped. Then the local view yo has weight

1
lyol > S a8 (79)

for sufficiently large A.

Proor. From Corollary 37 it follows that vy is adjacent to either
> (aA - ﬁAl/z_g)/Z normal row vertices v € Ny(vg) N Y, or >
(aA —ﬂAI/Z_e)/Z normal column vertices v’ € N, (v9) NYy, through
dense edges. Suppose without loss of generality that it is the former.
Then by definition of dense edges, it follows that |c,[vo, -]| = A —
AY2*¢ /5 for each of these vertices.

Summing the first equation in (45) over all row vertices v, we get

Yol + IReowl = D" Iyolo, ] U Reow [0, | (80)
vEN; (1)

= > leoloo i (81)
vEN; ()

> (ahh — BAY27E) (SN — AP 5) j2,  (82)

where the last inequality follows from the preceding discussion.
Choosing A sufficiently large so that

2
(ah — BAYZE) (5A — AV/ZHes) > gaéAz (83)
and applying Lemma 41, we get
1 3\3/2+e
lyol 2 gfﬂmz B (84)
This implies that |yo| > %aéAz, for sufficiently large A. o

Finally, we are now in a position to complete the proof of Theo-
rem 10.

PRrOOF OF THEOREM 10. Since the code Cy- is chosen to be A3/2+E
robust for ¢’ > ¢, it follows from Corollary 42 and Proposition 6 that
there exists some ¢y € C4 ® Cp such that |y — co| < 15A3/2+£/5,
which holds so long as A is chosen large enough so that SAT > 10A°.
Applying Lemma 41, this implies that

18A3/2+€
leo +col = |yo +e0 N Ro +col < |yo +col +[Ro Neg| < ————.
(85)

Since we have |eg| > |yo| = (a8/4)A?, it follows that we have
leo + co| < |eg| whenever
72
s <

This contradicts the fact that e was chosen to be a reduced error.

AI/Z—E ) (86)

]
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