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Abstract

To decarbonize our global energy system, sustainably harvesting metals from diverse sourcewaters is essential. Membrane-based
processes have recently shown great promise in meeting these needs by achieving high metal ion selectivities with relatively low wa-
ter and energy use. An example is nanofiltration, which harnesses steric, dielectric, and Donnan exclusion mechanisms to perform
size- and charge-based fractionation of metal ions. To further optimize nanofiltration systems, multicomponent models are needed;
however, conventional methods necessitate large amounts of data for model calibration, introduce substantial uncertainty into the
characterization process, and often yield poor results when extrapolated. In this work, we develop a new computational architecture
to alleviate these concerns. Specifically, we develop a framework that: (1) reduces the data requirement for model calibration to only
charged species measurements; (2) eliminates uncertainty propagation problems present in conventional characterization processes;
(3) enables exploration of pH optimization for enhancing metal ion selectivities; and (4) enables uncertainty quantification to assess
the sensitivity of partition coefficients and ion driving forces to pore size distributions. Our framework captures eight independent
datasets comprising over 500 measurements to within +15%. Our studies also suggest that the expectation-maximization algorithm
can effectively learn pore size distributions and that optimizing pH can improve metal ion selectivities by a factor of 3—-10x. Our
findings also reveal that image charges appear to play a less pronounced role in dielectric exclusion under the studied conditions

and that ion driving forces are more sensitive to pore size distributions than partition coefficients.
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1. Introduction and Background 62

63
Sustainably harvesting valuable metals is essential to easing our 4,

clean energy transition and combatting climate change (Sadoff et al., ¢
2020; DuChanois et al., 2022). To decarbonize the global energy ¢,
system by 2050, nearly 3 billion tonnes of metals are needed, based
on current estimates by the World Bank (Sovacool et al., 2020). ¢,
Owing to the rapid growth of the electric vehicle (EV) industry, the ¢,
demand for lithium is expected to double by 2025 and quadruple ,,
by 2030. This increased global demand has the potential to induce ,,
significant supply risks, if sustainable methods to harvest metals are ,
not further developed for industrial operation. A relatively untapped ,,
and promising source of these elements is the ocean: an enormous ,,
reservoir of industrially valuable resources. Certain metals, like ,;
lithium and magnesium, are orders of magnitude more abundant in
seawater than on land (Ivanov et al., 2017; DuChanois et al., 2023).  ,

78
Membrane-based separations processes have shown great promise ,,
in treating diverse saline sourcewaters and achieving high metal 4,
ion selectivities (Kulkarni, 2003; Kurniawan et al., 2006; Razmjou g,
et al., 2019; Roobavannan et al., 2020; Arana Juve et al., 2022; ,,
Ahdab et al., 2021). These processes often exploit a combination of g,
steric, dielectric, and Donnan exclusion mechanisms to achieve size- 4,
and charge-based separation (Epsztein et al., 2015, 2020). Nanofil- 4
tration (NF), a relatively well-established separations technique, g
is a pressure-driven process that exploits these selectivity mecha- 4,
nisms (as illustrated in Fig. 1) for metal recovery, water softening, g
pharmaceutical separations, and desalination (Schifer et al., 2005; 4
Rahimpour et al., 2010; Marchetti et al., 2014). To better optimize 4,
NF’s ion selectivity and performance, accurate mechanistic models 4
are essential (Murthy and Chaudhari, 2009; Hegde et al., 2022). 0

93
The first models for solute transport in NF were derived from ,,
irreversible thermodynamics in the 1960s (Kedem and Katchalsky, o
1963; Spiegler and Kedem, 1966). These phenomenological models 4
treated the membranes as a black box, which intrinsically neglected ,
the relationship between selective performance and membrane struc- g
tural/electrical properties. Consequently, these models interpolated o,
well but struggled to generalize performance outside the regressed,,
operating range (Perry and Linder, 1989). In the mid-1990s, Bowen,,
and Mukhtar developed the Donnan Steric Pore Model (DSPM),,,,
which combined the extended Nernst-Planck partial differential,g,
equations with hindered transport relations in the membrane pores,,
to establish an explicit relationship between membrane parameters, g
and selective performance (Deen, 1987; Bowen and Mukhtar, 1996;,
Bowen and Mohammad, 1998). DSPM, however, failed to account,,
for a fundamental selectivity mechanism: dielectric exclusion. Theg
model was later augmented to develop the Donnan Steric Pore Model,,
with Dielectric Exclusion (DSPM-DE) (Bowen and Welfoot, 2002a),,,,
which combined the original DSPM model with the Born equation to,,
account for ion solvation (Duignan and Zhao, 2020). 112

113
Since the development of DSPM-DE, many efforts have been,,
made to mitigate some of the model’s underlying simplifications,, 5
while improving predictive performance. For example, DSPM-DE, ¢
most frequently uses an averaged value for pore size, despite measured, ,
pore size distributions being more representative of polyamide mem-,,,
brane morphologies (Hilal et al., 2005). Bowen et al. attempted to,,,
determine the pore size distributions of various NF membranes using,,,
atomic force microscopy (AFM) and integrate these distributions into,,,
the governing model (Bowen et al., 1997). This was achieved by,,,
prescribing a probability density function of a discrete log-normal,,,

2

distribution to the pore sizes and fitting the model to experimental
data (Bowen et al., 1997; Bowen and Welfoot, 2002b). Other groups,
including Wang et al., Li et al., and He et al., have all attempted to
characterize NF membrane pores using probabilistic distributions
(Wang et al., 2014; Li et al., 2019; He et al., 2022). Their findings
have strengthened the claims that a log-normal pore size distribution
is characteristic of NF membranes; however, the distribution charac-
terization procedure has typically required a substantial number of
pure water and single solute experiments.

The efficacy of the Born model in accounting for dielectric ex-
clusion is another contested simplification of DSPM-DE (Wang and
Lin, 2021). The Born equation is used to capture ion solvation;
however, it frequently overestimates solvation energies, especially
for cations (Starov and Churaev, 1993; Szymczyk and Fievet, 2005;
Saliha et al., 2009). Since partial dehydration has also been shown
to play a significant role in dielectric exclusion (as well as steric
exclusion), the ionic radii term present in the Born equation is often
modified into the hydrodynamic Stokes radii (Hussain et al., 2007).
Numerous authors have investigated the applicability of cavity radii,
covalent radii, Born radii, and Pauling radii to varying degrees of
success throughout the literature (Hussain et al., 2008). The other
often-disregarded component of dielectric exclusion is the presence
of fictitious image charges that develop between media of different
dielectric constants. Bandini and Vezzani as well as Szymczyk and
Fievet tried to incorporate these effects into the DSPM-DE model to
fully capture dielectric effects (Szymczyk and Fievet, 2005; Bandini
and Vezzani, 2003). The excess solvation energies were calculated
from analytical solutions to the cylindrical Poisson equation for
point-like charges by Yaroshchuk in slit-like nanopores. These were
then used to characterize the repulsive image forces that occur from
differences in dielectric constants between the solvent and membrane
matrix (Yaroshchuk, 2000, 2001). Although technically more accu-
rate, the mathematical complexities of the approach serve as a barrier
to more frequent adoption (Oatley et al., 2012).

Another concern surrounding the DSPM-DE model arises from
the tedious membrane characterization procedure (Wang and Lin,
2021). Typically, a large number of experiments is needed to quantify
the four governing membrane parameters: (1) pore size, rp; (2) effec-
tive membrane thickness, Ax,; (3) dielectric constant in the membrane
pores, {p; and (4) volumetric membrane charge density, y,. First,
uncharged solute studies are required to quantify the pore radius, 7,
followed by pure water permeability experiments for the effective
membrane thickness, Ax.. Subsequently, the determined parameters
are combined with single salt studies at the membrane’s isoelectric
point (IEP) to quantify the dielectric constant in the membrane pores
(assuming that the membrane is uncharged under these operating
conditions). Finally, charged species studies are performed to quantify
the membrane charge density, x,;, which is most frequently assumed to
be homogeneously distributed across the membrane (although recent
studies have shown that it most likely conforms to a heterogenous,
composition-dependent structure (Déon et al., 2011; Balannec et al.,
2018; Ritt et al., 2020)). The characterization process assumes that the
membrane parameters are independent of one another, but evidence in
the literature suggests otherwise (Wang and Lin, 2021; Rehman and
Lienhard, 2022). In addition to the substantial number of experiments
needed for characterization, significant error can also propagate
between experiments: Wang and Lin showed that a 10% uncertainty in
the dielectric constant can lead to a 100% uncertainty in membrane
charge density (Wang and Lin, 2021). This can result in the regression
of unphysical membrane parameters or data that is challenging to
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Figure 1: Schematic diagrams of a membrane pore showing exclusion mechanisms. (A) Steric rejection fractionates solutes based on their size relative to the pore
radius, rp,. (B) Dielectric exclusion combines the partial or complete shedding of ion hydration shells before entering the membrane pores with fictitious image
forces created at the membrane interface. These image charges are repulsive for both cations and anions, given that the dielectric constant of the solvent, ,, is larger
than the dielectric constant of the membrane matrix, §,. The cross section shows a thin film of water molecules with a constrained orientation aggregated near the
pore walls, where the dielectric constant of the solvent is reduced to §,. The thickness of the layer of water molecules is denoted by 8. {, and §,, were set to 78.54
and 4.5, respectively, in the reported work. (C) The Donnan exclusion mechanism fractionates ions based on charge, e.g. negatively-charged ions are repelled by a
negatively-charged membrane, whereas positively-charged ions are attracted into the pores. Here, o is the surface charge of the membrane.

regress (Kammoun et al., 2020; Rehman and Lienhard, 2023). 145

To reduce the number of underlying simplifications, the authorsis
propose a new computational framework that extends the current,,,
DSPM-DE infrastructure. More specifically, the framework aims to, g
achieve the following objectives: (1) the introduction of a probabilistic,,q
estimation technique to learn pore size distributions from charged,,
species data; (2) the consideration of the image charge contribution

to the dielectric exclusion mechanism in cylindrical pores; (3)

the reduction in the number of experiments needed for membrane

characterization to only charged species data; (4) the elimination15
of assumed relationships between pore size and water flux; (5) the152
removal of the assumption that membrane parameters are indepen-153
dent of one another during characterization; and lastly, (6) a quasi154
Monte Carlo sampling-based uncertainty quantification study and15
sensitivity analysis to understand the limits of the proposed modelling15
architecture. The conducted work is validated against eight sets of157
independent experimental data comprising over 500 multicomponent158
measurements. The data spans different salinities, compositions, and159
membrane types to establish the model’s predictive capabilities under160

various operating conditions’.
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"'All studies performed in this work investigate salinities below that of sea-163
water; studying higher concentrations with the extended Nernst-Planck equa-
tions can lead to misleading conclusions because effects of ion complexation
and/or inter-species coupling are intrinsically neglected (Foo et al., 2021).

2. Mathematical Model

2.1. Multicomponent Transport in the Selective Layer

The extended Nernst-Planck equations in conjunction with hin-
dered transport theory can describe multicomponent transport in the
membrane’s selective layer. Using this formulation, the solute mole
flux, J;, can be expressed as:

K; 4DiCizi§

Ji = —DiK; 40xC; + K; . CiJ, — RT

dy, xe[0,Ax] (D
Here, K; . and K; 4 are the convective and diffusive hindrance factors
for species i, respectively. Both hindrance factors were originally de-
rived from perturbation theory solutions to the Navier-Stokes and are
polynomial expressions of A;, the ratio of the solutes’ Stokes radii, r;,
to the membrane’s pore radius, r, (Deen, 1987; Mavrovouniotis and
Brenner, 1988; Ennis et al., 1996). In addition, for species i, D is the
bulk diffusion coefficient, z is the ion valence, and C is the concen-
tration. Remaining variables and constants include: J,, the permeate
flux; v, the electric potential; T, the absolute temperature; §, Fara-
day’s constant; and R, the universal gas constant. x is the spatial co-
ordinate orthogonal to the membrane surface. The three terms on the
right-hand side of Eq. (1) correspond to the diffusive, convective, and

electromigration fluxes of species i, respectively.

2.2. Multicomponent Transport in the Boundary Layer

To account for concentration polarization in the feed-side bound-
ary layer, the extended Nernst-Planck equations are linearized (Ger-
aldes and Afonso, 2007). Under these conditions, the solute flux in the
boundary layer is given by the following expression:

- ]
Ji=—kei [Cipm—Cigp) +hCifmn— ZiCi,f,mDiRé

z©



169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

Rehman et al. (2023)

Water Research

where & is the linearized electric potential gradient in the boundary21s
layer. Subscripts f and p denote the feed and permeate, while sub-
scripts b and m denote the bulk fluid and membrane interface, re-
spectively. l_cc,,' is a mass transfer coefficient modified to account for
membrane permeation (Song et al., 2018). Depending on membrane?17
configuration (hollow-fibre, spiral wound, or coupon-scale), different
correlations can be adopted (Labban et al., 2017).

218
2.3. Equilibrium Partitioning at Solution-Membrane Interface 29

Although the chemical potential is continuous across the solution-?2
membrane interface, the concentration may not be. This leads to solute®
partitioning, which affects species rejection and gives rise to ion selec-?*
tivity (Ahdab et al., 2020; Postel et al., 2016). By equating the chemi-
cal potential on both sides of the interface, uio = uio ", and introducing
partition coefficients for steric and dielectric exclusion mechanisms
(Geraldes and Afonso, 2007; Giddings et al., 1968), ion fractionation

on the feed-side can be expressed as follows: 223
224
’)/i(O*)Ci f.m(()i) 225
e N T 3
%(O‘F)Cl”f’m(o#») ¢ 7S¢)1,D1¢’1,Do ( )226

227
Here, 0~ and 0" correspond to the fluid-side and membrane-side in,,,

the feed stream, respectively. A reciprocating expression is prescribed,,,
to the permeate side. In Eq. (3), ¢;s is an ion sieving coefficient,,,,
derived from geometric arguments. ¢;p; is the dielectric exclusion
partition coefficient for species i, and attempts to account for ion
solvation and the effects of hydration using the Born model, as
well as the effect of image charges from the polarized layer at the
membrane-solution interface (Yaroshchuk, 2000, 2001; Dill and2s
Bromberg, 2011). Lastly, ¢;p, is the Donnan screening partitionzs
coefficient that accounts for the Donnan potential that forms acrosszss
the membrane under equilibrium conditions (Donnan, 1995). 234
235
The steric partition coefficient in cylindrical pores is defined as
¢;s 2 (1 —A;)? for solute i. The dielectric exclusion coefficient is
decomposed into a product of ¢; g and ¢; ;,, which account for the
Born dielectric effect and the contribution of the fictitious image236
forces that arise at the membrane interface, respectively. The Born237

contribution is calculated as follows: .

2.2
i q

1 1 1 239
@i B = exp {_kBTSTL'SOr,- (Cp_é‘b>:| (4240

241

where ¢, &, k, and r; are the fundamental electronic charge, permit-
tivity of free space, Boltzmann constant, and Stokes radius of species
i, respectively. In addition, {, and {, correspond to the dielectric
constant in the membrane pores and the fluid bulk, respectively. A2+
value of §, = 78.54 is used for all conducted studies.
¢iim is quantified using analytical solutions to the cylindrical**
Poisson equation inside charged membrane pores, as derived by,,
Yaroshchuk (Yaroshchuk, 2001): 245
~ 246
_ Zai /w KO(K)KI(T’)7B(K)Ko(n)K1(K)d’< (5)247
mksT Jo 1y (m)Ko(x) + B (<)o (1)K (K)
249
Here, Iy and Iy are zeroth and first order modified Bessel functions,,

of the first kind. Similarly, Ky and K; are zeroth order and first or-,,,
der Bessel functions of the second kind. These arise from the Fourier,,,
transform used to solve the Poisson equation in the cylindrical coordi-,,,

i im = exp

254

255

4

nate frame. In addition, & is the one-dimensional wave number and:

a1 23
%= RT 87meySpNary ©
5o k Cp*Cm)
2 7
b V2 +u? (Cp"‘gm @

Here, N4 is Avogadro’s constant and §,, is the dielectric constant of
the membrane matrix. Polyamide membranes tend to have dielectric
constants in the range of 3-6 (Szymczyk and Fievet, 2005; Zhu et al.,
2019a). A value of §,, = 4.5 was used for all performed tests. Lastly,

N £ \/k2 + u2, where p is expressed as:

_ 5% I [%(00)
“"”(eochTI,;[%(O*)

Here, I;, is the solution’s ionic strength on the feed-side, while I is the
ionic strength in the membrane. Additionally, Ny corresponds to the
total number of ions in solution. Since ¢; iy, is an implicit function,
these expressions must be solved iteratively to determine the image
charge contribution.

12
Gy p.m(07) 159 pi ¢LD0} > ®)

The above equations are combined with the electroneutrality
constraints in the membrane active layer as follows:

% %(07)

707 ZCi pn(07)9i59i pidipo | +Xa =0 ©)
=1 LY

where ), is the volumetric membrane charge density. If adsorption
isotherms for the mixture are known, a composition-dependent charge
density can be used in place of the above equation (Déon et al., 2011).

Lastly, the Donnan contribution to ion selectivity is given by:

s
9i.Do = €Xp (—,{;—TAWD, f) (10)
Here, Ayp ¢ corresponds to the Donnan potential on the feed-side. A
mirrored expression is used in the permeate stream.

To close the system of equations, two additional electroneutral-
ity constraints are needed (Rehman et al., 2021): one in the feed-side
boundary layer and another in the permeate stream:

Ny
Y zCifm=0 an
i=1
N,
Y zCipp=0 (12)
i=1

Here, we use the Pitzer-Kim multi-electrolyte model to evaluate
activity coefficients, as it has shown far stronger agreement with
experimental data than the often-used Davies model (Nagy et al.,
2021; Pitzer, 1973). In the limit of dilute solutions, the Pitzer-Kim
model converges to Davies model (Mistry et al., 2013). The details
of the Pitzer-Kim model and its validation are provided in Appendix A.

Combining these equations, the model is solved iteratively, while
minimizing three different electroneutrality residuals and an electric
potential residual. To avoid numerical instabilities that introduce oscil-
lations and/or divergence in simulation, we introduce under-relaxation
to ensure numerical convergence across all analyses (Chapra and
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Canale, 2001). Values of the under-relaxation factor varied betweenzor
0.01 to 0.95 across experiments, depending on the steepness of2os
gradients present in the measured rejection.

2.4. Learning Pore Size through Expectation-Maximization

In prior work, we have applied maximum likelihood estima->*
tion (MLE) to formulate the objective function presented in Eq. (13)*®
(Rehman and Lienhard, 2022). This formulation maximizes the like-
lihood of the observed data across a set of latent variables (governing
yet hidden membrane parameters), £ = {r,,Axe,{p, X4} The objec-
tive function, fop; : RN:*Nw 3 R, where N, is the total number of waterso:

flux measurements taken. 302
303
N,y mod __ ¢r€Xp\2
_ (%i J ml}j ) 304
L* = argmin Z (13)
NN, =~ 4 2
L stVw i—1 j=1 Gl,j 305

306
€X . . .
Here, iRmOd and fR p are model and experimental rejections, respec-3o7

tively. 62 is the variance estimate of each experimental observation®®
across multlple experimental trials. Iteration indices i and j cycle®®
through all charged species experiments and flux measurements,*
respectively. £* denotes the optimal set of latent parameters found. 3
312
Estimating the pore size distribution using Eq. (13) alone can®?®
become computationally intractable, as repetitive sampling is needed
at each iteration of the optimization. The expectation-maximization
(EM) algorithm is a probabilistic method well-suited to addressing
this concern by iteratively maximizing the expectation of the marginal
log likelihood conditioned on a given prior estimate (Dempster3
et al., 1977). To formulate this method, we define Q, the expected3!s
log likelihood function of @: the parametrization of the pore size®
distribution, § = {f1,, 62}: 317

O(fi, 6, |ﬂr<t)76r( ))

0£0(616") = (14)
where fI, and 67 are the mean and variance of the pore size distribu-
tion. Superscript (7) denotes the 1™ iteration of the EM algorithm. 318
319
The first step of the EM algorithm is the expectation step, such

that:
0= ]E;-Amexpﬁé(f) [lnp(mexp’ r.D‘O)]

Here, p(-) is the probability density function. Expanding the expecta-
tion yields:

(15)

320
321

322

Q:/mpuﬂmﬁhé@nmﬂmﬁmww)mb 16y

323

Since the pre-factor of the natural log is an unknown quantity, we can
325

use the laws of conditional probability and Bayes rule to rearrange the e

relations:
327

P(RP|rp, 6l 21) rp|é(t)) (a7 328
(mexp|9( )) 329

p(rp| R, 6) =
330
The denominator of Eq. (17) is the marginal probability of the ob-sa
served data (having integrated across all feasible values of pore size):
PRI60) = [ (7, 60))p(7, 60)ar,  (18)
0
Since the marginal probability is independent of 7, it serves as a con-

stant normalization factor for a given 60, Consequently, we refer to
this factor as 7 = 7(8)). For a given iteration of the EM algorithm,

Gauss-Kronrod quadrature is used to compute 7. Combining the re-
sults, we obtain:

1 f= A A A~
0= ;/0 p(%e"p|rp,9(1))p(rp\9<t>)lnp(%e"p7rp|9)drp (19)

Next, we can substitute the conditional probability relations from Eq.
(17) back into the natural logarithm’s argument to obtain the following:

| Y A A A A
2 | PO 6y 60 mp (R, B)p(r, ), 20)

In this formulation, the arguments of the natural log are variable;
however, the probabilities in the pre-factors are all computed using
values from the previous iteration. The general form of Q resembles
the negative of the Gibbs entropy commonly observed in statistical
thermodynamics, in line with conventional MLE objective functions.

To compute p(rp|6), we assert that the pore sizes in NF mem-
branes conform to a log-normal distribution, as frequently observed in
the literature (Bowen et al., 1997; Bowen and Welfoot, 2002b). This
conformity is not a strict requirement for the model’s applicability:
as long as a distribution of pore sizes exists and can be sampled, this
estimation technique applies. Since the log-normal probability density
function is well-defined, we can evaluate this quantity as follows:

(Inrp — fx)?
2652

Az) é

p(r[’|ﬂr76r

p(rpl6) = } Q1)

1
exp | —
rp6xV2rm P {

where I, and 6)? (defined below) are the normalized values of fI, and
62 in p(). Note, other formulations of the log-normal distribution
can be used in place of Eq. (21), as they are considered equivalent
(Gaddum, 1945; Sutariya and Karan, 2022).

'aZ A 2
ﬂlen % =In (1+ ,\2) (22)
VAE+ 67 f
To calculate p (93P|r,,8), we use a slightly modified version of the
MLE formulation reported in Eq. (13):

) ! d €Xp\2
1N N (Rmod —R7P) } 3

p (RP|ry,0) = (%) exp |—

)y 5
NsNw (5 5 O

Here, the 1/t pre-factor arises from normalizing the probability
across all feasible values of r;,. Formulating the approach in this way
simplifies the mathematics for two reasons: (1) the product of the
two functions in the natural log argument from Eq. (20) permits the
exponents to be added; and (2) by taking the natural log of the resul-
tant exponentials, we can optimize over a polynomial expression in
the integral rather than a more complex logarithmic or exponential one.

These functions can be substituted back into Eq. (20). The sec-
ond step of the EM algorithm is the maximization step. During the
substitution, a negative sign appears in front of Q, which can be
removed to convert the function to a minimization problem instead:

>

(t+1) _ argminiz /Ng(é(z))exp (,Q] 0y - Qz(@(r))>
o T
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Here, & = (r,) and the values for £(8), Q;(8), and Q(8) are: 377

5 & 1

6)

=k

. — (25)378
rp6y V2w 370

1 N, N, (m?jpd _%exp)z 380

) é N i,j (26)381
1( ) N,gNw i=1j=1 Giz,j 382
Q (é) S (1nrp B 'ax)z (27;:

2 N 25)62 385

386
This formulation also makes intuitive sense: (1) the terms in thess;
exponentials are fixed at a given iteration, (r), and do not directlysss
contribute to the complexity of the optimization; and (2) the trade-offsgo
between ,(0) and In(Z(8)/T) prevents the variance of the porese
sizes from increasing boundlessly. These two terms arise from theso
log-normal distribution and serve as counterweights to one another:sg,
larger pore size variances decrease Qz(é), but conversely increasesqs
In(Z(0)/7). The trade-off, in conjunction with & (6), which clearlyso,
resembles Eq. (13), is minimized as part of the EM algorithm. Thesos
optimization is performed recursively until |(8¢F1) — §(1))/6()| < £,36
for € = 1 x 10~ across all conducted tests. 307

398
To evaluate é(’+1), we use the downhill simplex optimizer as itsg
was found to provide the fastest convergence properties for thesgp
proposed regression. In addition, in Appendix B, we prove thats,
maximizing Q(é | iy >) leads to a direct improvement in the likelihood,o,
estimation for the pore size distribution. 403

404

2.5. Bilevel Optimization for Latent Parameter Estimation 405

For a given increase in Q(A|6()) to yield a more likely pore*s
size distribution, the remaining latent variables, {Ax.,{,,x;}, must®’
remain constant across EM iterations. Since this assumption may not*
be justified, we propose a bilevel optimization problem that combines*®
Eq. (13) with Eq. (24). 410

411
In the bilevel problem, the upper level optimization problem*?
uses global optimization to attempt the MLE problem; however, at*3
each iteration, the chosen set of latent variables serve as informed4!4
initial guesses to the EM procedure. Consequently, at each iteration*'
of the upper level problem, the lower level optimization solves EM to*'¢
determine the best pore size distribution for the current guess of latent*”

variables. This process is repeated until convergence: 418
419
1 NN (mmf’d 79‘{?)(.1))2 420
argmin - ) L 1
L NsNyy i=1j=1 Gi,j i
it [Tze0 _, (80 _ &, (80
s.t. argmin — | E(6')exp 1(0%) —Qy(6V)
k) T J0 424

= A 425

Q1(0)+8,(6)—In <5(9) )} dr, (28)ws

T 427

428

This approach allows us to efficiently determine the full set of latents2o
variables, L* = {rp,Ax,,{,, X4}, as well as the membranes pore size
distribution, & = {fi,,62}, using only charged species data. In ad-
dition, this approach also eliminates the need for any explicit water
flux relationships, such as the Hagen-Poiseuille equation to relate pore
size and water flux (Rehman and Lienhard, 2022). Lastly, by learning
the pore size distribution, we can apply quasi-Monte Carlo techniques
to propagate the uncertainty into ion rejection, exclusion mechanisms,

and ionic driving forces across our data.

3. Results and Discussion

3.1. Model Validation and Predictive Performance

To illustrate our framework’s predictive performance, it is bench-
marked against eight independent sets of experimental data spanning
over 500 multicomponent measurements (Fig. 2A). The error bars in
the modelled rejection stem from the propagation of the learned pore
size distributions. The error bars in the experimental rejection arise
through averaging rejection measurements across experimental trials.
A £15% error bound is indicated to signify the strong agreement
between model and experiments across studied data. These findings
assert the model’s predictive capacity across datasets with diverse

salinities, compositions, and membrane types>.

A sample analysis is presented in Fig. 2B. The regressed values
of the latent variables {Ax., {p, x4} are 1.16 um, 43.86, and —63.0
mol/m?, respectively. The values obtained by Micari et al. for the same
set of parameters are 0.80 um, 42.50, and —50.0 mol/m3 (Micari et al.,
2020). For NF270, the effective thickness typically ranges between
1-1.3 pm; measurements of 1.0 um, 1.10 pm, and 1.21 um, have all
been previously reported by Bargeman et al., Kong et al., and Semio
et al., respectively (Bargeman et al., 2014; Kong et al., 2016; Semiao
etal., 2013). This range aligns more closely with our set of parameters
than those from the conventional regression methodology employed
by Micari et al. For the pore dielectric constant, literature values
typically range between 35-45 for NF270 (Oatley et al., 2012; Roy
et al., 2015; Labban et al., 2018a). Our regressed values and Micari et
al.’s studies are in close agreement and align well with the expected
ranges from prior research. As the confined water molecules in the
nanopores take on constrained orientations, the ability to respond to
external electric fields is diminished, which leads to a reduction in the
dielectric constant relative to the bulk (Oatley et al., 2012). Lastly, the
membrane charge density is known to vary drastically as a function of
solution chemistry and pH; charge densities for NF270 in the literature
range between —150 mol/m® and —35 mol/m> at pH 7 for seawater
salinities with solutions comprising of Na™, Ca?t, Mg2+, Cl—, and
SOZ‘ (Hussain et al., 2008). In this work, our regressed parameters
and those reported by Micari et al. fall into the expected range, further
justifying the validity of our framework (Micari et al., 2020).

In addition to accurate parameter estimation, our approach also
does not need access to uncharged solute data, pure water permeabil-
ity measurements, or single salt studies at the membrane’s isoelectric
point (IEP), unlike conventional characterization procedures. We also
achieve this result while attaining substantially lower optimization
residuals than existing regression methods (Rehman and Lienhard,
2022)3. Previously, Micari et al. noted a 15% mean absolute deviation
against their experimental data using classical DSPM-DE (Micari
et al., 2020). We achieve a 6% mean absolute deviation. This im-
provement in error is consistently observed across all studied datasets
with mean deviation improvements ranging between 5-15%.

Our approach also eliminates the assumption of independence
between latent variables — conventional characterization procedures

2The model’s key assumptions are summarized in Appendix C.

3In the worst case, our method will discover a set of membrane parameters
that are equal to those obtained from the conventional characterization method
(since these solutions still satisfy a local optimality condition). Note, in certain
cases where classical DSPM-DE fails to identify sufficiently accurate results
(i.e. solutions that don’t regress well to data or those with unphysical latent
parameters), our approach may succeed, but this is not strictly guaranteed.
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Figure 2: (A) A parity plot to illustrate the agreement between the model and experiments across all eight sets of experimental data. Values closer to the y = x
line indicate stronger alignment between the model and experiments; 95% of measured points fall within the +15% error bounds. Ions present within the eight
studied sourcewaters include: Nat, KT, LiT, Ca?*, Mg”, Cl-, SOﬁ_, and NO3_ . (B) Ion rejection as a function of water flux against data by Micari et al. (Micari
et al., 2020). The pore size distributions obtained through the bilevel optimization and EM algorithm are passed into the computational model to characterize model

uncertainty, which is represented by the shaded regions.

assume parameters remain unchanged after each set of characteriza-ses
tion tests despite changes to solute choice, solution composition, andass
pH across experiments (we detail the conventional characterizationas
procedure in Appendix D). This assumption is unlikely to generalize:sss
for example, the swelling and de-swelling of polyamide membranesaso
in the presence of alternate solutes or varying pH remains a subjectso
of study (Cheng et al., 2018; Puhan et al., 2022). Consequently,s7
propagating fixed values of Ax, from pure water permeability tests tosr2
single salt studies at the IEP may be unphysical. Another example iss73
that of pore constriction commonly observed at lower pH (Nghiemazs
and Hawkes, 2007); this phenomena is also not accounted for byars
conventional methods. Previous studies conducted by Wang and Lina7s
have reinforced these concerns: their findings suggest that a £10%a77
uncertainty in r, can propagate to a +20% uncertainty in Ax, fromazs
experimental characterization alone (Wang and Lin, 2021). Similarly,47o
a +10% uncertainty in Ax, can lead to £10% uncertainty in ); fromaso
uncertainty propagation through experimental characterization (Wangas:
and Lin, 2021). In the worst case, a ==10% uncertainty in {, can leadsz
to a £100% uncertainty in },;. By employing the new regressionsss
framework, we relax the independence constraint and allow all latentsss
variables to vary with composition and pH, resolving these concerns. sss

486

3.2. Distribution Learning and Quasi-Monte Carlo Sampling *

By combining our global optimization method with EM, we are able*®

to infer the membranes’ pore size distributions. In Fig. 3A, the lower™™
level EM procedure for different initial estimates of the pore size™
mean and standard deviation is demonstrated for NF270. The values™
on the x- and y-axis represent initial guesses for the mean and standard*”
deviation, respectively. The joint probability distribution functions™
are characterized using Gaussian smoothing functions and signify the**
most frequently converged to Gaussian statistics. For a given initial*®®
guess, (U, 0p), a sample trajectory is provided, where the most likely496
pore size mean and standard deviation are 0.50 nm and 0.13 nm,"”’
respectively, for NF270, as denoted by the “x’.

Our determined pore size of 0.50 nm is very close to the

computationally-derived 0.51 nm value reported by Micari et al.
(Micari et al.,, 2020). Both these values also agree closely with
experiments for NF270 that indicate a mean pore size range of
0.43-0.54 nm (Oatley et al., 2012; Dalwani et al., 2011). Hilal et
al. previously attempted to ascertain the pore size distribution of
NF270 membranes using atomic force microscopy (AFM); however,
since the inherent uncertainty of determining pore size through AFM
measurements can become substantial, they obtained relatively large
means and standard deviations (Hilal et al., 2005)*. For NF270, a
mean and standard deviation of 0.68 nm and 0.23 nm were measured,
respectively (Hilal et al., 2005). Since AFM only interacts with the
surface of the polyamide membrane, it can be challenging to discern
whether depressions in the membrane morphology are due to pores
or dimples in the polymer matrix. Wang et al., Li et al., and He et
al., have all tried to combine cascades of neutral solute experiments
to regress the pore size distribution of NF270 using molecular weight
cutoff (MWCO) measurements. Applying this approach, they have
obtained standard deviation ranges between 0.08-0.18 nm, which
are in close agreement with the 0.13 nm value derived from our
approach (Wang et al., 2014; Li et al., 2019; He et al., 2022). In
addition, the mean pore radii obtained through their studies were in
the range of 0.42-0.57 nm, which agree well with our value of 0.50
nm. Kosuti¢ et al. used an alternate approach to characterize the pore
size distributions of NF membranes using the surface-force pore flow
model (Kosuti¢ et al., 2005). This method yielded a standard deviation
of 0.12 nm for NF270, which also agrees very well with the values
quantified in our work. These findings support the use of our method
in inferring pore size distributions from charged solute data alone.

In Fig. 3B, for two sets of data, ion rejection distributions are
demonstrated at a fixed flux of J, = 15 LMH. Here, quasi-Monte
Carlo sampling using non-discepancy Sobol sequences is used to
propagate the derived pore size distributions through the model and

“4For more details, Sutariya et al. provide an extensive study contrasting dif-
ferent approaches for quantifying pore size distributions in NF membranes (Su-
tariya and Karan, 2022).
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Figure 3: (A) For different initial estimates of the mean and standard deviation
searches for the most likely pore size distribution using the Micari et al. dataset.
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nm and 0.13 nm, respectively. (B) For two different sets of experimental data (left-hand-side uses Micari et al.’s compositions and right-hand-side uses Foo et al.’s
compositions), the pore size distributions are propagated through the computational architecture using a quasi-Monte Carlo approach (Micari et al., 2020; Foo et al.,
2023). These results elucidate the sensitivity of ionic rejection and selectivity at a fixed flux J, = 15 LMH to a distribution of membrane pore sizes.

quantify the uncertainty in ion rejection. The datasets regressed corre-s2s
spond to those obtained by Micari et al. and Foo et al. in the left ands2o
right sub-panels, respectively (Micari et al., 2020; Foo et al., 2023). Insso
both cases, the ion rejection is asymmetric about the expected value,ss:
in alignment with the log-normal probability density function’. Here,ss
we note the large range in ion rejection values observed for differentsss
values of pore size. Using Micari et al’s composition, the Mg2 sz
rejection can be as low as 0.42 and as high as 0.90. Similarly, thesss
Ca*>* and Na™ rejections range between 0.27 to 0.62 and —0.35 tosss
—0.10, respectively. Although the expected selectivity of Ca2t/Natss
is around 1.98, it can be as low as 1.51 and as high as 3.46 from poresss
size distribution contributions alone. For Mg>*/Na™, the expectedsss
selectivity is 3.39; however, it can take values from 1.89 all the way ups4o
to 13.5. These wide ranges underscore the importance of integratingsa:
pore size distributions into NF transport models to better quantify thess
expected range of measured selectivities. 543
544
Furthermore, the relatively similar areas of the violin plots for,,
Micari et al.’s data suggest that differences in pore size impact all ions,,
in solution similarly. This does not have to be the case, as observed547
in the right sub-panel. In the case of Micari et al.’s data, the driving548
factor is the similar relative initial concentrations of all cations. Since549
Na™ has the least sensitivity to pore size compared to other cations550
(it has the smallest Stokes radius relative to the other cations and551
a lower effective charge), decreases in pore size first elevate the552
rejection of the divalent species, which in turn, induces a pronounced553
passage of Na™ to enforce electroneutrality. This explains Na‘“s554
negative rejection at lower pore sizes and the mirrored distribution555
Na™ exhibits relative to the other ions (a reflection in the x—axis)556
(Labban et al., 2017; Yaroshchuk, 2008).

5

557

558

SThere is some additional warping of the distribution because of the hlghly55
non-linear mapping that the framework encodes to satisfy boundary conditions®®®
and enforce electroneutrality. 561

8

In the case of Foo et al.’s data, variation over the distribution of pore
sizes impacts all ions, but primarily Mg?*. In this case, the relative
concentrations of all the cations are quite dissimilar. Furthermore,
since Mg2* is the largest cation and the only divalent one in solution,
it is the most sensitive solute to all three selectivity mechanisms:
steric, dielectric, and Donnan exclusion. Consequently, when pore
size decreases, the rejection values of the monovalent metal ions are
not significantly impacted, whereas Mg+ rejection varies to a large
extent. Note that the relative concentration of Mg?*t in solution is
small compared to the other ions, and consequently, large changes in
Mg?* rejection do not necessitate large changes in anion rejection to
maintain electroneutrality (Yaroshchuk, 2008).

We also observe that C1™ appears to be more sensitive to changes
in cation rejection than SO?{. This aligns with expectation for two
reasons: (1) SOZ‘ has a larger Stokes radius than CI™, leading to
higher steric rejection rates relative to C17; and (2) since SO;{ is a
divalent anion, the negatively-charged NF270 membrane (at pH 7)
screens SO?[ more effectively than CI™. This difference in membrane
charge is also consistent with Mg2™ being more impacted than SOi_
at lower pore radii, given that they are both large hydrated ions with
divalent yet opposing charge.

For lithium recovery, the large uncertainty noted for MgZt can
have significant implications. One of the main metrics used to ascer-
tain NF performance is LiT/Mg?* selectivity. If the uncertainty in
magnesium rejection is substantial, large uncertainties propagate into
ion selectivity. The resulting estimates of selective performance can be
highly conservative, or worse, large overestimates of ion separation.
In this case, the expected Lit/Mg?t selectivity is 2.23; however, the
lower bound and upper bound are 1.15 and 46.4, respectively. To
better predict selectivity and its sensitivity for selective separations,
the importance of uncertainty quantification in transport models is
clear, as shown here.
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3.3. Ablation Studies for Enhancing Selectivity 623

Ablation studies on ion rejection can elucidate the relative sensitivity®*
of selective performance to the governing membrane parameters.e2s
These studies can also highlight the uncertainty that arises from poreszs
size distribution effects on ion rejection across the expected ranges ofezr
the membrane parameters. 628
629
In Fig. 4A and 4B, we show the variation in ion selectivity andg,,
rejection as a function of independently-varied membrane chargeg,,
density, while holding the dielectric constant and membrane thicknessg;,,
fixed for two sample datasets (Micari et al., 2020; Foo et al., 2023).,,
The membrane charge density is the easiest membrane parameter tog,,
operationally control, as it can be modified post membrane fabricationg,,
(Labban et al., 2017). Polyelectrolyte deposition, grafting, and pHg,,
control, can all be used to tune the selectivity of polyamide membranes,,,
for various separations (Epsztein et al., 2015). In Fig. 4A, the verticalg,,
black dotted line represents the membrane charge density regressed,,
from experimental studies at pH 7. Under these conditions, the NF270,,,
membrane is hydrophilic and negatively-charged, which is consistent,,
with zeta potential measurements at pH 7 (Ortiz-Albo et al., 2019;,,
Pino-Soto et al., 2021). Consequently, based on charge effects alone,g,,
cations are drawn towards the membrane, while anions are repelled.
Mg?* and Ca?* experience larger body forces than Na™ due to their
higher effective charge; however, their substantially larger Stokes radii*”
relative to Na™ (ry 2+ = 0.347 nm > rea: =0309 nm > g, =0.184°"
nm) means they are also more sensitive to steric effects (Hussain et al.,>”
2007). Here, the steric effects appear to play a more dominant role in™*
transport relative to Donnan exclusion: Mg?* and Ca?t exhibit high**
rejection rates despite the membrane’s negative charge. Similarly,”®
although Cl~ experiences electrostatic repulsion by the membrane,”
its relatively large hindered diffusion coefficient leads to substantial®®
diffusive transport through the polyamide membrane. This process
subsequently entrains Na™ (the least sensitive cation) ions to meet the®*
electroneutrality conditions, leading to the negative rejection of Na™ ;6%
a phenomenon that has been previously observed in the literature®®
(Labban et al., 2017; Roy et al., 2015; Yaroshchuk, 2008). These®’
results agree well with experimental observations illustrating the®®
model’s ability to capture ionic coupling for metal recovery appli-
cations (Micari et al., 2020; Roy et al., 2017; Roy and Lienhard, 2019).5%°

661

8

1

653

659

As the membrane becomes more positively-charged (increasing®®?

values of ), these effects become pronounced. Now, in addition to
the substantial steric hindrance experienced by the divalent cations,
the positively-charged membrane acts to repel them, further elevatingsss
their rejections, as suggested by Fig. 4A. The Donnan repulsiongg
effects also become more notable for Na™, leading to an inflectiongs,
point in its rejection behaviour as membrane charge increases. Theggs
results noted for C1™ are interesting, however, since they suggest thatee,
despite the membrane charge providing a lower resistance electrostaticgy,
pathway for C17, the rejection still increases as the membrane tries tog;,
satisfy electroneutrality. This behaviour is a by-product of C1~ beings;,
the only anion in the solution. In cases where other anions are present,q;;
competing effects between these anions can be observed that depends,,
on initial concentration, hydrated ion size, and effective charge. Theseg;s
findings are consistent with experimental observations across theg
literature (Labban et al., 2017; Micari et al., 2020). 677
678
Lastly, in the Ca®t and Mg?" recovery case, with increasingg,
membrane charge density, the rejection of the divalent cations

increases, while the rejection of Na™ decreases. Mathematically,

IRy 24 MR IR :
g Ca2t Nat
e 0, Fr7s 0, while < 0. This suggests that

663

664

the Mg?/Nat and Ca?>"/Na™ selectivity can be enhanced by op-
erating NF at reduced pH. In Fig. 4A, the optimal Mg?* and Ca®*

selectivities are denoted by Szlf? and 5‘%2?, respectively, where the
trade-oft between Donnan and steric effects is at an optimal value.
For metal recovery applications, these findings suggest that Mg2* and
Ca®t selectivities can potentially be increased by a factor of ~5.52x
and ~3.04x, respectively. These studies agree well with literature
findings, which have noted a 3-7x improvement in Sﬁ'f: and Sg/lagj
selectivity at pH 2—4 for water softening applications (Epsztein et al.,
2015; Nativ et al., 2021).

In the LiT recovery case, at pH 7, the monovalent cations are
rejected in the order of their Stokes radii®. This aligns with expecta-
tion since all the monovalent cations experience the same magnitude
Donnan effect, with nearly indistinguishable dielectric exclusion
terms (taking the exponential of the Stokes radii leads to similarly
consistent dielectric effects across monovalent cations). Consequently,
the steric effects play a majority role in governing their rejection
order, as noted with the Micari et al. data. The only divalent cation,
Mg2", experiences substantially higher rejection than the monovalent
cations, which can be attributed to its larger Stokes radius (ngz+

= 0.347 nm) and higher effective charge. For SO?[, the rejection
rates are higher than all the other cations at pH 7; in addition to its
relatively large Stokes radius (rsoﬁ = 0.231 nm), its large negative
effective charge further repels it from the negatively-charged NF270
membrane. Consequently, C1~, albeit electrostatically repelled by
the membrane, serves as the anion that maintains electroneutrality in
the permeate stream. This can be attributed to three factors: (1) its
high relative concentration in the incoming sourcewater relative to
S0%~; (2) its lower effective charge than SOi_; and (3) its smaller
Stokes radius relative to SO%. These learnings are consistent with
those observed in the previous set of data and with findings across
the literature for multicomponent solutions containing C1~ and SO?{
(Micari et al., 2020; Foo et al., 2023; Labban et al., 2018b).

Furthermore, as seen with Ca®t and Mg?" recovery, Lit/Mg**
selectivity can be enhanced by operating the NF system at a reduced
pH. Decreasing the pH increases the membrane charge density, mak-
ing the membrane more positively-charged and increasing the Donnan
screening of the cations. Cations with a higher effective charge are
more impacted. In Fig. 4B, it can be noted that with increasing charge
density, the rejection of Mg?* increases far more significantly than

. Oy, " . . ..
that of Li™ i.e. a;‘;;H 33}2‘ . In this case, LiT/Mg>* selectivity

can be increased by over an order of magnitude from 2.23 up to 34.1+
5.7. Our studies agree well with results obtained by Foo et al., where
the experimental separation efficiency at pH 7 and pH 2 was 2.15 and
39.1, respectively (Foo et al., 2023). These values agree closely with
our simulations. Our results demonstrate two learnings: (1) the model
has the predictive ability to identify when pH control may or may not
provide selectivity benefits for diverse mixtures; and (2) the model can
accurately quantify the selectivity gains from pH optimization (Cheng
et al., 2018; Puhan et al., 2022).

Next, in Fig. 4C and 4D, we provide a quantitative description
of the impacts of independently-varying membrane thickness and pore
radius on ion rejection, respectively, while holding the remaining la-
tent parameters constant. Reductions in Ax, correspond to membranes

%In order of decreasing rejection, R+ > Ryt > R+ This aligns with
the Stokes radii order: ry ;+ = 0.238 nm > ry,+ = 0.184 nm > rg+ = 0.125 nm.
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Figure 4: (A) The impact of modifying the membrane charge density on ion rejection. The value regressed to Micari et al.’s data is denoted by the dotted black
line, while optimal values for maximum selectivity of Mg2+ and Ca®" are denoted by the lilac and purples lines, respectively. (B) Ion rejection as a function of
membrane charge density for the Li* recovery data. The dotted black line corresponds to the regressed value at pH 7, while the purple line is the regressed value at
pH 2. Nearly an order of magnitude improvement in ion selectivity results from operating at a reduced pH. (C) Ion rejection as a function of effective membrane
thickness. (D) The impact of tuning membrane pore radius on ion selectivity and rejection. The inset corresponds to the learned pore size distribution from our
bilevel optimization framework and other experimental characterizations conducted on NF270 from the literature (Hilal et al., 2005; Wang et al., 2014; Li et al.,

2019; He et al., 2022).

that are thinner, have a decreased tortuosity, and/or increased porosity.ee7
In Fig. 4C, the benefits of decreasing Ax, are observed; however,eos
the improvements do not appear to be as attractive as pH control forese
selectivity enhancement. Even accounting for the uncertainties from7oo
the quasi-Monte Carlo sampling, the Mg?* and Ca®* selectivity isro
only improved from 3.39 and 1.98 to 4.724+0.45 and 2.364-0.38,,,
respectively. These incremental benefits suggest that designing thinner703
membranes with decreased tortuosity or heightened porosity might704
not be the optimal path forward for achieving high ion selectivity for7
metals recovery applications. These findings agree well with those706
noted by Labban et al., who also observed 15-20% improvements ir17
hardness removal through membranes with reduced/optimized Axg708
values (Labban et al., 2017, 2018b). oo
During fabrication, membrane pores can be modified through
processes like chemical cross-linking (Stair et al., 2001). Although
chaotic processes like interfacial polymerization make it nearly

10

impossible to obtain fixed pore sizes, by tuning the pore radius of
the membranes, heightened metal ion selectivities can be achieved
(Hao et al., 2023). This is also clearly observed in Fig. 4D. Although
substantially more effective than modifying Ax,, the improvements are
still not as notable as those from tuning ;. At a reduced pore size of

2
rp ~ 0.42 nm, the values of S\%.  and S are 23.6 and 6.56, which

are improvements of 7.0x and 3.3x for Mg?* and Ca", respectively,
compared to 7, = 0.50 nm. The reduced pore size primarily impacts
the divalent cations since they have substantially larger Stokes radii,
while Na™ is not as impacted. Bringing the divalent rejections closer
to 1 leads to improved selectivities since Na™ is already rapidly
moving across the membranes. In addition, since the Stokes radius of
CI~ is smaller than that of Na™ it is not be the first ion to be affected.
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Figure 5: (A)-(D) Steric, Born, image, and Donnan partition coefficients for all ions in solution across four sample datasets (A: Micari et al. [NF270]; B: Foo et

al. [NF270]; C: Labban et al. [LbL-1.5C]; D: Micari et al. [TS80]) (Labban et al.,

individual contributions for diffusion, convection, and electromigration, using two

2017; Micari et al., 2020; Foo et al., 2023). (E)-(F) The normalized flux with
sample datasets (E: Micari et al. [NF270]; F: Foo et al. [NF270]) (Micari et al.,

2020; Foo et al., 2023). (G) Diffusion, convection, and electromigration driving forces for multicomponent ion transport through the NF membrane.

3.4. Uncertainty in Partition Coefficients and Transport 723

Partition coefficients and ionic fluxes are often used to study selectiv-724
ity mechanisms and driving forces for transport (Wang et al., 2021a;7%
Ahmad and Ooi, 2010). Partition coefficients quantify the magnitude?2
of a selectivity mechanism: values below 1 indicate a tendency to be?’
repelled by the membrane, while values above 1 signify an attractive?2s
force. In Fig. 5, predicted partition coefficients and ionic fluxes, as7
well as their uncertainties are shown. 730

731
In Fig. 5A-D, four sample analyses are presented. In all cases,’s
the Donnan partition coefficient, ¢; po, is larger than 1 for cations and"33
below 1 for anions, in agreement with expectation for hydrophilic7

negatively-charged membranes’. In addition, ions with a larger

7In our study, we also noted that forcing the membrane charge density to be
positive (i.e. signifying a positively-charged membrane) did lead to a reversal

11

effective charge exhibit more substantial screening/attractive ef-
fects. For example, in Fig. 5A, Ca?t and Mgt experience larger
attractive forces than Na™, as suggested by ¢Ca2+,Do > Pnat Do and
Prig2+ Do > PNat Do- These findings are consistent across all datasets.
The uncertainties noted in the Donnan partition coefficients are
also provided, where multivalent ions exhibit larger sensitivities to
pore size. Since different values of the pore radius lead to modified
resultant electric potentials, ions with a higher effective charge are
more readily impacted than those with a lower charge. Consequently,
multivalent ions exhibit larger uncertainties in their Donnan par-
titioning coefficients compared to their monovalent counterparts;
these findings are consistent with experimental observations from the

in the Donnan partition coefficients between cations and anions. This finding
agrees with expectation given that at lower pHs the membrane is more effective
at screening cations and drawing in anions.
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literature (Ritt et al., 2020, 2022). Similar to the violin plots presentedzes
in Fig. 3B, the asymmetric uncertainties can also be attributed to the
asymmetric log-normal pore size distribution used. 794

795
Another insight from the model is the non-overlapping error7s
bars noted in the partition coefficients. Although it can be challenging?”
to discern individual ion selectivity mechanisms, the uncertainties?s
appear distinct enough to suggest dielectric exclusion (specifically?®®
the Born contribution) to be the predominant partitioning mechanism. g,
Although the dielectric term in the model is typically seen as an over-gy,
simplification of the governing dynamics, experimental studies in they,
literature have consistently concluded that partial dehydration is likely,,,
the governing exclusion mechanism for ion selectivity in polyamide
membranes (Pavluchkov et al., 2022; Zhai et al., 2022; Epsztein et al.,804
2018). Consequently, the model’s prediction that dielectric exclusion”
is the most significant contributor to ion selectivity can be seen as’™®
representative of experimental observations. Note that these findings
are only suggestive, and not prescriptive, given the complex nature’”
of ion selectivity, and should be taken solely as the model’s abilitysos
to provide insight consistent with experimental learnings rather thansio
conclusive evidence of partitioning relationships. 811

812
Fig. SA-D shows partition coefficients from the image forces:s
contributions. Molecular dynamics (MD) simulations have previouslysi4
revealed that the role of image forces in ion selectivity may not besis
very significant, especially at the lower concentrations considered ing
this work (Wang and Ma, 2012; Zhu et al., 2019b; Fadaei et al., 2012).817
Our findings support these claims, where the image force partition,
coefficients quantified across all studied ions are consistently between,
0.9-1, even with uncertainties propagated. Although the difference
in dielectric constant between the membranes and the solvent is®*°
relatively large (§n = 4.5 < §, = 78.54), at low concentrations the®**
repulsion from the polarized layer is small, as evidenced by the near®™
unity partition coefficients. These findings are also consistent with®?
Yaroshchuk’s studies on dielectric exclusion in charged nanofiltration®*
membrane pores, providing additional credibility to the model’s pre-***
dictive capabilities (Yaroshchuk, 2000, 2001; Yaroshchuk et al., 2019).s26

827
The uncertainty in ion fluxes, in Fig. SE and S5F, show that thereszs
is substantial overlap between the diffusive, convective, and electro-s
migration terms across certain ionic species. In Fig. 5E, for Ca** and_
Mg?*, overlap between all three driving forces is observed, and 1n o1
Fig. SF, overlap between the convective and diffusive contributions is
noted for Mg?*. These observations suggest that it may be mlsleadmg
to conclude that one driving force is dominant over the other from834
the modelling framework alone. For the investigated situations, it is
difficult to claim that Ca?* and Mg?* transport is primarily diffusive
or that Li™ transport is governed by convective transport. What iSgss
clear is that changing pore radius has a direct impact on the flux
contributions through the change in hindrance factors, as well as ansss
indirect impact from the resultant electric potential fields needed toss?
satisfy electroneutrality (Ahmad and Ooi, 2010; Fadaei et al., 2012).s3s
Consequently, a high degree of sensitivity of the ionic flux to pore sizes3o
is observed. Lastly, these findings support the use of the presentedsso
computational framework to model transport and study partitioningss
trends to motivate studies ion selectivity; however, the findings alsoss2
suggest that making claims around ion driving forces may lead to
misleading conclusions.

807

832
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4. Summary and Conclusions

In this work, we develop an ion transport model combined with
probabilistic estimation techniques to quantify latent membrane pa-
rameters and their governing distributions. In addition, we combine
the modelling framework with quasi-Monte Carlo sampling methods
to quantify uncertainty in NF systems for metal recovery applications.
Our main findings are:

1. Our developed approach can quantify the latent membrane pa-
rameters and pore size distributions using charged species data
alone to within +15% of multicomponent data from over 500
experimental measurements.

2. The proposed regression methodology relaxes the indepen-
dence assumption made by conventional characterization meth-
ods, eliminating uncertainty propagation from the parameter es-
timation process; in contrast, errors in conventional efforts in-
troduce +100% uncertainties in latent membrane parameters.

3. Beyond parameter estimation, we have performed ablation
studies to explore avenues for selectivity enhancement. Our
studies show that pH optimization can provide selectivity im-
provements of 3-10x, depending on the metals of interest.
Here, we focused on Mg2*, Ca®t, and Li* recovery from di-
verse sourcewaters. Our findings agree well with experiments
from the literature.

4. Using our parametric analyses, our studies suggest that tun-
ing pore size distributions and membrane thicknesses (either
through decreases in tortuosity or increases in porosity) offer
fewer benefits in selectivity enhancement than pH optimization.

5. Using quasi-Monte Carlo sampling with Sobol sequences, we
propagated the learned pore size distributions through the
model to study the sensitivity of partition coefficients and ion
driving forces to pore size. With partition coefficients, our re-
sults suggest dielectric exclusion to be the predominant selec-
tivity mechanism, in line with experimental observations.

6. The image force contributions appear to be small compared to
the other partitioning mechanisms, in agreement with MD sim-
ulations (image force partition coefficients are consistently be-
tween 0.9—1 across salinities).

7. Finally, the regressed partition coefficients agree well with
experimentally-determined values. In addition, the uncertain-
ties in the magnitude of the ion driving forces are highly sensi-
tive to the estimated pore radius making it challenging to draw
conclusions about the dominant ion driving force.
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Nomenclature

Greek Symbols

o Image Force Contribution Parameter for Solute i

ﬁ Image Force Contribution Parameter

Xd Volumetric Membrane Charge Density

Ayp Donnan Potential

Ax Spacing on Chebyshev Collocation Grid

Ax, Effective Membrane Thickness

1) Estimated Thickness of Layer of Water in Nanopores
Convergence Tolerance for EM Algorithm

& Permittivity of Free Space

Yi Activity Coefficient of Solute

A Order of Spectral Differentiation Operator

L Latent (Hidden) Membrane Parameters

L* Optimal Latent (Hidden) Membrane Parameters

e Estimate of Pore Radius Mean

[ Estimate of Normalized Pore Radius Mean

Ui Chemical Potential of Solute i

yy Dynamic Viscosity of Water

¢ Osmotic Coefficient of Water

0B Born Contribution Partition Coefficient of Solute i

¢ Di Dielectric Exclusion Partition Coefficient of Solute i

®i Do Donnan Exclusion Partition Coefficient of Solute i

Oiim Image Forces Partition Coefficient of Solute i

Pis Steric Exclusion Partition Coefficient of Solute i

v Electric Potential

o Polyamide Membrane Surface Charge

[ Estimate of Pore Radius Standard Deviation

Gy Estimate of Normalized Pore Radius Standard Deviation

Gf j Estimate of Experimental Measurements Variance

T Normalization Constant in EM Algorithm

] Parameterization of Membrane Pores

13 Linearized Electric Potential Gradient

& Dielectric Constant of Water in the Bulk Solution

Cn Dielectric Constant of the Polyamide Membrane

" Dielectric Constant in the Membrane Pores

Roman Symbols

ot Membrane Side at Solution-Membrane Interface (Feed)

0~ Solution Side at Solution-Membrane Interface (Feed)

a Activity

A? One-third of Debye Limiting Gradient

C; Molar Concentration of Solute i

D, A™_order Spectral Derivative Operator (Collocation)

D, AM_order Spectral Derivative Operator (Coefficient)

D; Diffusion Coefficient of Solute i

F Debye-Hiickel Contribution Term

Sobj Objective Function for Maximum Likelihood Estimation

Hi Integrated Convective Hindrance Coefficient of Solute i

Water Research
H; 4 Integrated Diffusive Hindrance Coefficient of Solute i
1 Ionic Strength
Ip, I Zeroth and First Order Bessel Functions of First Kind
J; Normalized Molar Flux of Solute i
Ji Molar Flux of Solute i
Jy Permeate Water Flux
/_<c,i Modified Mass Transfer Coefficient of Solute i
Ky,K;  Zeroth and First Order Bessel Functions of Second Kind
kp Boltzmann’s Constant
K. Convective Hindrance Coefficient of Solute i
Kiq Diffusive Hindrance Coefficient of Solute i
m Ton Molality
N Number of Discretization Points in Collocation Grid
Ny Avogadro’s Constant
Ny Number of Solutes in Mixture
Ny Number of Water Flux Measurements Taken
P Probability Density Function
Pe; Péclet Number of Solute i
(0] Expectation of Complete Data (Measured and Latent)
q Fundamental Electronic Charge
R Universal Gas Constant
T Stokes Radius of Solute i
p Pore Radius of Membrane
Sé‘(’l Selectivity between Ion M and Ion X
T Absolute Temperature
x Spatial Coordinate Orthogonal to Membrane
% Valence of Solute i
Superscripts
(t) Iteration ¢ of EM Algorithm
exp Experimental Measurement
mod Model Prediction
Subscripts
a, X Anion
b Bulk Solution
c,M Cation
f Feed Stream
i Species Index
m Solution-Membrane Interface
N Neutral Species
P Permeate Stream
Fraktur Symbols
g Faraday’s Constant
WP Experimental Rejection of Solute i
9{?“‘ Limiting Rejection of Solute i
9%;“0‘1 Model Rejection Prediction of Solute i

13
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Appendix A. Pitzer-Kim Multicomponent Activity Model 1 1
ppendix itzer-Ki ulticomponent Activity Mode Fo 40 1 \1/2\/+71n(1+12\[)
+
Short-range and long-range interactions with neighbouring ions
and solvent molecules can lead to deviations from ideal behaviour. n % %m B+ Z i ——
To incorporate the effect of these non-idealities, activity coefficients, oy e chatca =05 e
%, of each ion species i, are required. Similarly, for the solvent, an B
osmotic coefficient, ¢, is also needed to quantify the deviation from + Z Z mamg®. (A4
van 't Hoff’s law. a=1 d'=a+1

Pitzer-Kim’s model for mixed electrolyte solutions is a well-87
established method for quantifying these activity and osmoticsss
coefficients (Pitzer, 1973). The model has previously shown strongss
agreement with experimental data for many different multicomponents?o
solutions (Pitzer, 1973). The approach is derived by decomposingst
the solutions’ excess Gibbs free energy into a virial expansion that iss2
truncated after the ternary term. For a given cation in solution, thess

activity coefficient, ¥y, is: 874

875

Na 876

Inyy =23 F+ Y. ma(2Bya +ZCha) orr
a=1

878

+ Z me 2¢Mc + Z malI/Mca + Z Zﬂ MmaMy Yaa' M

c=1 a=1 d=a+1
879

+ ‘ZM| Z Z memgCeq + Z mn nM (A-1)880
c=la=
881
Similarly, for an anion in solution, the activity coefficient, ¥y, is:
N. 882
Inyx =z%F+ Y me(2Bxc +ZCx.)
c=1 883
N, N, N—~1 N, o84
+ Z mgq (2¢Xa + Z chXca) + Z Z meme Yee'x 885
a=1 c=1 c=1 !=c+1
+ [ax| Z Z memaCea + Z ma(Anx)  (A2)
1
== 886
Lastly, the osmotic coefficient of the solution, ¢, is given by: -
1Y —ADB N N B0
— mi(q) ma 1 +ZCM) 888
2 z; 1 +1. 2\[ ; ; 889
N 890
+ Z Z meme ( d) v+ Z MaWec'a) 891
c=1 ’=c+1 (A.3)s02
No—1 893
+ Z Z mgimg (P aa/ + Z me ll’aa c
a=1 d'=a+1 894
N, N 895
+ Z Z Mg Ang + Z Z Myt Ane
n=1la= n=1c=1

896
where the subscript s denotes all solutes (including cations, anions, and®”’
neutrals). Here, F is depends on ionic strength and can be quantified
using: 898
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where, A? is one-third of the Debye limiting gradient (Archer and
Wang, 1990)®. Using only A? provides accurate activity and osmotic
coefficient predictions at concentrations below 0.8 mol/kg but fails to
capture the solution non-idealities at elevated concentrations, requiring
additional binary and ternary terms. Subscripts M, X, and N denote
cations, anions, and uncharged species, respectively. Similar defini-
tions apply to indices ¢, a, and n, while N., N,, and N,, correspond
to the total number of cations, anions, and uncharged species in solu-
tion, respectively. Lastly, z is ion valence and m is the molality of a
given species. The remaining terms represent binary and ternary inter-
action parameters and virial coefficients that can be determined using
the expressions below:

Blix = Bix +Buve T+ By (A9
_pO  p) NG (2) Vi (A.6)
Bux ﬁMXJFﬁng(aMX I)+ﬁMXg(12 1)
/
B;wx:ﬁMx (aA/;X\[) MX (liﬁ) (A7
0
C
C MX (A.8)
M 2|zmzx |03

Here, [ is the solution’s ionic strength (4 ¥;m;z?), and Z is ¥;m;|z].
The parameter C}‘C,x remains fixed for a given ion pair and values for
different pairs are tabulated in literature. Functions g(&) and g’(&) are:

8(&) = (é) [1-(+8)e¢]

gE)=— (%) {1 - (1 +5+%2) 675}

Here, & depends on ionic strength and takes the form of aysy +/T and/or
12+/T depending on valence of the ions present in solution. For 2-2
electrolytes and higher non-univalent pairs, opx = 1.4. For simpler
pairing (1-1, 1-2, 2-1), a value of 2 is adopted for oy . Similarly, for

(A9)

(A.10)

2-2 electrolytes and other high valence pairs, BIE;})( is non-zero. B}S/IZ;( =
0 for univalent ion pairs and other simple ionic pairings e.g. 1-2, 2-1.
The second virial coefficient, ® is a function of ionic strength. & is
calculated as follows:

@) = 6+ £0;;(1) +176];(1) (A.11)
@i =6+ “6);(1) (A.12)
@}, = Fo;(1) (A.13)

8A? is a function of density and temperature. Experimentally-validated
pressure, temperature, and salinity-dependent density corrections were applied
in this work (Nayar et al., 2016).
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Figure A.6: (A) Pitzer-Kim multi-electrolyte model compared to experimental data for various single salts (Robinson and Stokes, 2002). The salts include NaCl,
CalCl,, MgCl,, Na;SOy4, and MgSO4. (B) Comparison of model and experiments using the Pitzer-Kim model for multi-electrolyte mixtures of NaCl-KCl1 with
different solute molal ratios denoted by r (r = 0 denotes pure KCl and r — e denotes pure NaCl) (Dinane et al., 2002).

Eg;;(I) and £6! ;(I) are function of the solution’s ionic strength and a
given ion pairing. The corresponding functions are provided by Eq.’s
(A.14)-(A.17). Lastly, E 6;; depends on the electrolyte pair and values
for each ion pairing are available in the literature.

i 1 1 921
£05(1) = 52 (o)~ Jooloa) — 3ol (A,
i 1 1 Eg;i(1
Egt/j( ) Zglzzj (J](xu) 2]]()6[,')75]]()(”)) 7% (A.15)

923

924

where Jy(v) and J; (V) can be evaluated as follows:

(A16)gs

926

’“} pdu (A.17)

Jo(v) = fv71+ / lfe_ﬁe“ uldu
1 1= v
7v—1+7/ 1= (14 Yem)eie
4 vJo u
927

and v;; 2 677 jA¢ V1. All integrals were evaluated numerically usinggys
Gauss-Kronrod quadrature from the scipy.integrate package.

Ji(v) =

Appendix B. EM Algorithm: Proof of Correctness

During the iterative expectation-maximization procedure, it isgzz
not dlrectly obvious why maximizing the conditional expectatlon
0(6]61)), leads to a direct improvement in the MLE problem W1th
the conventional log likelihood In p(9:®*P|8). To prove this, we can -
start of by using the laws of conditional probability to express the log934
likelihood as:

935

Inp(RP| L, 0) = In p(REP, L|6) — In p(8| RSP, L) (B.1)
The total probability can be evaluated for all present terms by taking936
the expectation and summing (or integrating in the continuous case)
through all possible latent variables under the current estimate of the

938
pore size parameterization, 6():

939

15

Inp(RP(6) = ¥ p(LIRP,6¢)) In p(RP, £]6)
L

~Y p(LIRZP, 8D Inp(L|RP,0)  (B.2)
L

Here, the first term on the right-hand-side has been previously defined
0(6]6)), while the second term can be defined as I'(]6)):
0(616)+T(6]8")

Inp(R*P|9) = (B.3)

Since this equation holds for all iterations of the EM algorithm, the
equality must also hold for the current iteration:

Inp(RP101)) = (61 |6)) + T (616" (B.4)
Next, we can evaluate the difference between Eq. (B.3) and Eq. (B.4),
denoted A, to yield:

= (616"~ 0(8"16")] + [r(616®) ~T(8"16")| ®.5)
Here, we can apply Gibbs inequality, which states that for two discrete
probability distributions, P and Q, the following inequality must hold:

N N
=Y pilnp; < =Y pilng; (B.6)
i=1 i=1
where the equality constraint is met if and only if p; = ¢g; Vi. This

inequality arises from information theory arguments which explicitly
state that the information entropy of a given distribution P must be
less than or equal to its cross entropy with any other distribution Q.
Consequently, using the Gibbs inequality, ['(6]6()) > ['(§(1)[6(1)).
This means that:

Inp(RP(6) —In p(R]6) > 0(6]6¢) — 0(6[6")  (B7)

This proves two things: (1) Q(6|6®)) must be bounded from above
by Inp(9R°*P|6); and (2) by maximizing Q(#|6)), the optimization
achieves at least an equal improvement in the subsequent 6 as it would
in the case the optimization was performed on In p(93°P|8).
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980

This result is presented graphically in Fig. B.7, where a sampleos:
curve for In p(93°*P|@) is provided. Similarly, a qualitative exampless:
of 0(6]61) is plotted, where it is seen to be bounded from above bysss
In p(Re*P|6), as enforced by the EM algorithm. The next iteration,sss
6+ is determined by maximizing Q(6]6()). In our case, thesss
Nelder-Mead gradient-free local optimizer is used to evaluate 6+ g6
repeatedly until |(§0+1) — (1)) /6()| < ¢, fore =1x 107%. 087
988
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In p(RP|0) 990
991
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Figure B.7: Qualitative illustration of update procedure for the expectationzoo2

maximization algorithm for a given set of latent membrane parameters. 1003
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Appendix C. Model Assumptions and Limitations

The conventional DSPM-DE model contains many underlying as; -
sumptions and simplifications that have been rigorously detailed in

prior work (Wang and Lin, 2021; Yaroshchuk et al., 2019). In thisocs
study, we have eliminated some of them to provide better generalizzooo
ability; however, some simplifications and model limitations remainiozo
Some of the main remaining assumptions/limitations are summarizedo

below (in no particular order): 1012

1. Salts are assumed to fully dissociate in water without forming®®
ion complexes. At brackish salinities, this assumption may bé®™*
justified, but beyond seawater salinities, the errors that result
from this assumption can become substantial (Foo et al., 2023).

2. Charged species transport is explicitly uncoupled (the extendeq
Nernst-Planck equations do not include cross-interaction
terms), yet implicitly coupled through the electric potential anéoij
electroneutrality constraints imposed on the model formulation.
The introduced errors can become substantial in the high salin-
ity regime (Foo et al., 2021; Rehman et al., 2021).

3. The convective and diffusive hindrance factors used to describe
transmembrane transport are derived from perturbation theory®™®
solutions to the Navier-Stokes equations and treat ions as hard”"

neutral spheres in neutral cylindrical pores (Deen, 1987). 1020
1021

4. The geometric distribution used to describe the steric exclusion,,
partition coefficient was originally derived for cylindrical pores,,
(an alternate formulation for slit-like pores exists, and can be
used, however, both are simplifications of the underlying pore
morphology) (Yaroshchuk, 2000).

5. The volumetric charge density is assumed to be a homogenous1024
quantity, despite recent literature suggesting a heterogenous,
composition-dependent structure (Ritt et al., 2020). A similar
argument applies to the dielectric constant inside the polyamide
membrane pores.
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6. The Born formula used for dielectric exclusion arises from
macroscopic electrostatics, which treat the ions as conducting
non-polarizable spheres with charges distributed across the ion
surface. In addition, the solvent is modelled as a dielectric con-
tinuum without structure. This formulation assumes that the
induced charges from dielectric effects are distributed locally
across an infinitely thin film at the ion-solvent interface, de-
spite dielectric effects most likely arising from a supramolecu-
lar structure (Yaroshchuk et al., 2019). A more rigorous discus-
sion around the shortcomings of the Born model is detailed in
the review by Yaroshchuk et al. (Yaroshchuk et al., 2019).

7. The framework for image forces linearizes the equations of
macroscopic electrostatics, neglecting the importance of wa-
ter structure under nano-confinement (Yaroshchuk et al., 2019).
These effects can lead to reduced ion screening effects of im-
age forces, which may suggest underestimated contributions of
image charges in polyamide membranes.

8. Combing steric and Donnan exclusion using partitioning laws
can lead to pronounced negative rejections that may disagree
with experimental observations (Yaroshchuk et al., 2019).

9. The electroneutrality condition is assumed to hold inside
the membrane pores as well as within the bulk solution
(Yaroshchuk et al., 2019).

10. The Stokes radius is the most representative radius to use. Pre-
vious studies have explored cavity radii, ionic radii, Born radii,
and Pauling radii, with varying degrees of success (Hussain
et al., 2008).

Appendix D. Classical Characterization Procedure

Here, we summarize the conventional characterization procedure
used to determine the four governing latent membrane parameters in
NF systems: £ = {rp,Ax,,$p, Xa}-

First, uncharged/neutral solute experiments are used to quantify
the pore radius, r,. Solute j’s hindered flux in the selective layer when
convection and diffusion are the sole driving forces for transport is:

AAEZZ H: (jA D.1
+HjohiCj (D.1)

d

Ji=—HjaDj—

where H; 4 and H; . are diffusive and convective hindrance coefficients
that include steric corrections, respectively. By integrating both sides

of the equation, we obtain:

"Cip 1 rAx, 1
dC; = / dx D2
Ji- ' o HjaD; ®2

¢y HjehCj—
The integral is performed from the feed to the permeate, under the
assumption that the concentrations are sufficiently low enough for
insignificant boundary layer formation. This can often be achieved
by high cross-flow velocities that minimize concentration polarization
(Bowen et al., 1997; Schaep et al., 1999). Performing the integral and
substituting in the limits yields:

(H/,chC_/,p —J_/) _ HjelvAxe
Hj  Cjy—Jj HjaDj

(D.3)

where the right-hand-side corresponds to the Péclet number (the ratio
of convective transport to diffusive transport):

A Hj,chAxe

Pe; = D4
' HjuDj ®



1026

1027

1028

1029

1030

1031
1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

Rehman et al. (2023)

Water Research

Exponentiating both sides of Eq. (D.3) and assuming a decoupled sozos3
lute and solvent flux, we obtain: 1064
1065

(D.5)0

1067

Ji(1—Hjc) = exp (Pej)
Jj—HjCjy

1068

Rearranging Eq. (D.5) for J; yields:

HjCjy

Ii= 1— (1 ij_C) exp (fPej)

(D.6)

1069

Since Hj . £ Kj (1 —A;)? and Hjg£Kjqs(1-4; ), We can re-writeoro

Eq. (D.6) as: 1071
1072
J:= Kje(1— lj)z‘lvcj,f (D7)
s {1 K (171‘)2} exp (—Pe;) oms
Je J J

Finally, both sides are divided by J,C; r, and we replace J; with J,C; ,,
while subtracting the equation from 1 to obtain uncharged solute rejec-
tion, 9%;?“"1:

. : - 5 2
_ % - K.l %2) (D.8)
S 1- [1 —Kj (1 *lj) ] €xp <7Pej) 1075

1076

grmod 2

This equation characterizes uncharged solute rejection under the as-
sumption that no boundary layers exist in the feed or the permeate, .
Next, substituting the Hagen-Poiseuille relation into Pej, the rejection
becomes entirely a function of rp, removing the dependence on thg

effective membrane thickness i.e. SR”‘Od(rp,Ax ) — %m"d(rp)

1077

1081

1082

Hi.Ax, 13AP  Hj r2AP
Pe;(r,,Ax,) = HJ.,CDf '3 P T3 H'l’ o= Pej(r,)  (D.9)*
J.alj  OHwAXe K gD 1084
7 1085

1086
Here, u,, is the solution dynamic viscosity and the Hagen-Poiseuillgg,
equation is substituted in for J,. The Hagen-Poiseuille equation igygg
derived under the assumption of fully-developed laminar flow ingg,
straight cylindrical tubes, which may be a significant simplification ofy,,
the underlying physics. This substitution simultaneously introduces,
AP, the applied pressure, an easy-to-measure independent parameter.
Some studies in the literature substitute AP with APeg, which purports
to account for the osmotic pressure difference between the feed and
permeate (Wang and Lin, 2021; Bandini and Vezzani, 2003). 1091

1092

In some studies, instead of using %m"d from Eq. (D.8), .aluthor1093

mhm

J  io9s
Here, as Pe; — oo, ER‘]“"d — ERIJ‘“‘, where SR]j‘m =1-K;, (1 —A; )21096
(Labban et al., 2017). This value is often termed the limiting rejectioniosr

1098
Using the rejection formulation from Eq. (D.8), a one dimensos
sional least squares regression can be performed to fit the pore radiusiioo

The optimization problem takes the following form:

replace it with the rejection in the hlgh Péclet number regime,

2
ry = argrmln Z Z [‘ﬁm"d rp) Sﬁle);p] (D.10)

» i=1j= 1101

1102

Here, indices i and j run through all water flux measurements andios

uncharged solutes, respectively. Ny corresponds to the total numbeiios

of uncharged species in solution. All latent variables with an asteriskios
in the subscript denote optimal values.
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Once the pore radius has been determined from uncharged species
rejection data, its value is substituted back into the Hagen-Poiseuille
equation to regress out membrane thickness by fitting J, to applied
pressure. Most frequently, pure water permeability studies are used to
perform this regression, with the optimization problem formulated in
Eq. (D.11) below (Micari et al., 2020):

Ax =
al‘gAdelll’l l;

2[&}1
[ ! (D.11)

2
e
B A,

Some variations to this approach do exist in the literature. Authors
have also previously combined the single-variable minimization into
a simultaneous regression for both water flux and uncharged species
rejection (Wang et al., 2021b). This leads to the following optimization
problem:

(r),Ax;) = argmin

JmOd(rp Ax, )*Je’fp 2
rpy A, }

Z e Vi
exp
i=1 J,

v,i

2

Yy

i=1j=1

(D.12)

exp

Ny Ny TRP(ry, Axe) — R
ij

Although this approach allows both rj, and Ax, to vary simultaneously,
an explicit water flux equation is still required for its use.

Now that the pore radius, rp, and the effective thickness, Ax,
have been quantified, two latent variables remain: §, and x,. The
next parameter determined is the dielectric constant in the membrane
pores, {,. To evaluate this, zeta potential measurements are first
performed to determine the iso-electric point (IEP) of the membranes.
At this point, the membrane is deemed to be neutrally-charged,
suggesting that Donnan effects can be ignored. Mathematically,
under these conditions, y; = 0. Under these operating conditions, the
dimensionality of the regression problem is reduced. Now, with the
neutrally-charged membrane, single salt rejection experiments can be
performed and used as inputs in the following optimization problem
(holding the previously determined values of r,, and Ax, constant):

N, 2
Z_,‘; = argcmin Z [W?Od(”m Axe, Ep, xa=0) — mixp]
L, =l

(D.13)

Here, %?Od is now determined using the full DSPM-DE model (with
Xa set to 0). After using this regression to quantify {,, the last re-
maining latent variable is the volumetric membrane charge density, X,
(since )y # O at values other than the IEP). To evaluate );, multi-
component rejection measurements can be performed at pH 7. The
full DSPM-DE model is used to determine multicomponent rejection
as a function of permeate water flux or applied pressure. This rejec-
tion serves as input into the objective function that minimizes the least
squares error between the model output and experimental data:

N, Ne )
X = ar%cmm Z Z [%m(’d ps Mxe, $p,y Xa) — %exP (D.14)
d i=1 j=

Here, Ng denotes the total number of ions in solution.

To summarize the conventional characterization procedure, a
schematic of the process is provided in Fig. D.8 below.
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Figure D.8: Conventional characterization procedure for determining the four,,
latent membrane parameters from experimental data. Four sets of experimemg1
are needed: (1) uncharged solute rejection experiments to derive pore radius; (2)

pure water flux experiments at varying operating pressures to quantify the eft™®

fective membrane thickness; (3) single salt rejection measurements at the mem?!162
brane’s IEP (), is assumed to be 0); and (4) multicomponent rejection experi-

ments to quantify the membrane charge density (Rehman and Lienhard, 2022).
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Appendix E. Ultraspherical Spectral Methods for Acceler-
ated Numerical Computation

When discretizing the extended Nernst-Planck equations from
Eq. (1), an equally-spaced collocation grid is most often used;
however, switching to a Chebyshev discretization grid and adopting
ultraspherical spectral methods — a relatively new numerical approach
to solving linear systems — can provide substantial computational
benefits (Olver and Townsend, 2013). Specifically, the numerical
solution procedure shifts from requiring O(N3) operations for matrix
inversion to O(NlogN) operations. These runtimes, O(-), correspond
to asymptotic complexities, where N refers to the number of the points
used in the discretization (Olver and Townsend, 2013).

1163
Spectral methods in collocation space are typically dense linear
operators that yield exponential convergence rates for linear sys-
tems (this also holds true for spectral Chebyshev operators on the
collocation grid) (Trefethen, 2000). Although spectral accuracy is
achieved, this comes at the expense of O(N?3) inversion. Low-order
finite difference methods on the other hand, require O(N) operations
to invert (assuming the matrix bandwidth is not a function of the
discretization size), yet suffer from polynomial convergence rates.
Ultraspherical spectral methods adopt discrete cosine transforms,gs
(DCTs) to perform fast mappings between points on the collocation,es
grid to a new coefficient space, where the previously dense differential
operators become sparse, banded matrices. The primary advantage
is that these preconditioner mappings can be computed quickly, i.e.
in O(NlogN) operations, after which we can resort back to our
fast O(N) inversion algorithms in this new coefficient space. Once
the new linear system has been inverted, the resultant solution is'”’
mapped back onto the collocation grid using inverse DCTs, also
at O(NlogN). This yields an overall asymptotic complexity of
O(NlogN) for spectral accuracy, which is substantially faster than an
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O(N3) complexity, which would be needed if the system were solved
on collocation points. Note: DCTs are used in the case where Dirichlet
boundary conditions define the problem PDE, which is the case for the
DSPM-DE model and our approach. If periodic boundary conditions
are present, fast Fourier transforms (FFTs) can be used, and in the case
of Neumann boundary conditions, discrete sine transforms (DSTs) can
be adopted. The choice of preconditioner is essential in determining
whether the resultant matrix in coefficient space is banded or not;
an attribute that we desire in order to leverage the fast O(N) inversions.

When combining these numerical methods with our model, the
degree of discretization needed to achieve the same solution accuracy
is substantially lower: specifically, we are able to achieve machine
precision numerical accuracy in the selective layer concentration
with only 10 discretization nodes, reducing the amount of computa-
tion required from the numerical scheme (Geraldes and Afonso, 2007).

The Chebyshev grid is a projection of a uniformly-spaced grid
on the surface of a semi-circle onto the Cartesian plane (see Fig. E.9;
here, the equally-spaced nodes on the semi-circle, separated by Ax,
are projected onto the horizontal axis, creating an unequally-spaced
grid at Chebyshev nodes). There is a higher density of nodes near the
solution-membrane interface (at x = 0~ /0" and x = Ax, /Ax}) and a
lower density at the center of the selective layer.

— T~

H T _4444“"“AAA4_____‘ H
*-0-0—0—0— 00— 00— 00— 00— —0—0—0-00

—T Chebyshev Discretization

Figure E.9: Chebyshev discretization visualization; projection from equally-
spaced grid on the semi-circle to unequally-spaced points on a Cartesian plane.

In collocation space, the Chebyshev spectral derivative operators (Tre-
fethen, 2000) are:

(2A*+1)/6 i,j=0
—(2A%+1)/6 ij=A
Pi= E.l
P 051! l<izj<a-1 ED
(di/dj) (=) (xi—xj)™! 1<i#j<A-—1
where A is the order of differentiation and d; is defined as:
2 i=0orik
di = (E.2)

I 1<i<A-1

In coefficient space, these operators become banded matrices, D :

. A+i j=A+i
D, = E.3
A 0 elsewhere E3)
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