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Abstract

To decarbonize our global energy system, sustainably harvesting metals from diverse sourcewaters is essential. Membrane-based

processes have recently shown great promise in meeting these needs by achieving high metal ion selectivities with relatively low wa-

ter and energy use. An example is nanofiltration, which harnesses steric, dielectric, and Donnan exclusion mechanisms to perform

size- and charge-based fractionation of metal ions. To further optimize nanofiltration systems, multicomponent models are needed;

however, conventional methods necessitate large amounts of data for model calibration, introduce substantial uncertainty into the

characterization process, and often yield poor results when extrapolated. In this work, we develop a new computational architecture

to alleviate these concerns. Specifically, we develop a framework that: (1) reduces the data requirement for model calibration to only

charged species measurements; (2) eliminates uncertainty propagation problems present in conventional characterization processes;

(3) enables exploration of pH optimization for enhancing metal ion selectivities; and (4) enables uncertainty quantification to assess

the sensitivity of partition coefficients and ion driving forces to pore size distributions. Our framework captures eight independent

datasets comprising over 500 measurements to within ±15%. Our studies also suggest that the expectation-maximization algorithm

can effectively learn pore size distributions and that optimizing pH can improve metal ion selectivities by a factor of 3–10×. Our

findings also reveal that image charges appear to play a less pronounced role in dielectric exclusion under the studied conditions

and that ion driving forces are more sensitive to pore size distributions than partition coefficients.
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1. Introduction and Background1

Sustainably harvesting valuable metals is essential to easing our2

clean energy transition and combatting climate change (Sadoff et al.,3

2020; DuChanois et al., 2022). To decarbonize the global energy4

system by 2050, nearly 3 billion tonnes of metals are needed, based5

on current estimates by the World Bank (Sovacool et al., 2020).6

Owing to the rapid growth of the electric vehicle (EV) industry, the7

demand for lithium is expected to double by 2025 and quadruple8

by 2030. This increased global demand has the potential to induce9

significant supply risks, if sustainable methods to harvest metals are10

not further developed for industrial operation. A relatively untapped11

and promising source of these elements is the ocean: an enormous12

reservoir of industrially valuable resources. Certain metals, like13

lithium and magnesium, are orders of magnitude more abundant in14

seawater than on land (Ivanov et al., 2017; DuChanois et al., 2023).15

16

Membrane-based separations processes have shown great promise17

in treating diverse saline sourcewaters and achieving high metal18

ion selectivities (Kulkarni, 2003; Kurniawan et al., 2006; Razmjou19

et al., 2019; Roobavannan et al., 2020; Arana Juve et al., 2022;20

Ahdab et al., 2021). These processes often exploit a combination of21

steric, dielectric, and Donnan exclusion mechanisms to achieve size-22

and charge-based separation (Epsztein et al., 2015, 2020). Nanofil-23

tration (NF), a relatively well-established separations technique,24

is a pressure-driven process that exploits these selectivity mecha-25

nisms (as illustrated in Fig. 1) for metal recovery, water softening,26

pharmaceutical separations, and desalination (Schäfer et al., 2005;27

Rahimpour et al., 2010; Marchetti et al., 2014). To better optimize28

NF’s ion selectivity and performance, accurate mechanistic models29

are essential (Murthy and Chaudhari, 2009; Hegde et al., 2022).30

31

The first models for solute transport in NF were derived from32

irreversible thermodynamics in the 1960s (Kedem and Katchalsky,33

1963; Spiegler and Kedem, 1966). These phenomenological models34

treated the membranes as a black box, which intrinsically neglected35

the relationship between selective performance and membrane struc-36

tural/electrical properties. Consequently, these models interpolated37

well but struggled to generalize performance outside the regressed38

operating range (Perry and Linder, 1989). In the mid-1990s, Bowen39

and Mukhtar developed the Donnan Steric Pore Model (DSPM),40

which combined the extended Nernst-Planck partial differential41

equations with hindered transport relations in the membrane pores42

to establish an explicit relationship between membrane parameters43

and selective performance (Deen, 1987; Bowen and Mukhtar, 1996;44

Bowen and Mohammad, 1998). DSPM, however, failed to account45

for a fundamental selectivity mechanism: dielectric exclusion. The46

model was later augmented to develop the Donnan Steric Pore Model47

with Dielectric Exclusion (DSPM-DE) (Bowen and Welfoot, 2002a),48

which combined the original DSPM model with the Born equation to49

account for ion solvation (Duignan and Zhao, 2020).50

51

Since the development of DSPM-DE, many efforts have been52

made to mitigate some of the model’s underlying simplifications,53

while improving predictive performance. For example, DSPM-DE54

most frequently uses an averaged value for pore size, despite measured55

pore size distributions being more representative of polyamide mem-56

brane morphologies (Hilal et al., 2005). Bowen et al. attempted to57

determine the pore size distributions of various NF membranes using58

atomic force microscopy (AFM) and integrate these distributions into59

the governing model (Bowen et al., 1997). This was achieved by60

prescribing a probability density function of a discrete log-normal61

distribution to the pore sizes and fitting the model to experimental62

data (Bowen et al., 1997; Bowen and Welfoot, 2002b). Other groups,63

including Wang et al., Li et al., and He et al., have all attempted to64

characterize NF membrane pores using probabilistic distributions65

(Wang et al., 2014; Li et al., 2019; He et al., 2022). Their findings66

have strengthened the claims that a log-normal pore size distribution67

is characteristic of NF membranes; however, the distribution charac-68

terization procedure has typically required a substantial number of69

pure water and single solute experiments.70

71

The efficacy of the Born model in accounting for dielectric ex-72

clusion is another contested simplification of DSPM-DE (Wang and73

Lin, 2021). The Born equation is used to capture ion solvation;74

however, it frequently overestimates solvation energies, especially75

for cations (Starov and Churaev, 1993; Szymczyk and Fievet, 2005;76

Saliha et al., 2009). Since partial dehydration has also been shown77

to play a significant role in dielectric exclusion (as well as steric78

exclusion), the ionic radii term present in the Born equation is often79

modified into the hydrodynamic Stokes radii (Hussain et al., 2007).80

Numerous authors have investigated the applicability of cavity radii,81

covalent radii, Born radii, and Pauling radii to varying degrees of82

success throughout the literature (Hussain et al., 2008). The other83

often-disregarded component of dielectric exclusion is the presence84

of fictitious image charges that develop between media of different85

dielectric constants. Bandini and Vezzani as well as Szymczyk and86

Fievet tried to incorporate these effects into the DSPM-DE model to87

fully capture dielectric effects (Szymczyk and Fievet, 2005; Bandini88

and Vezzani, 2003). The excess solvation energies were calculated89

from analytical solutions to the cylindrical Poisson equation for90

point-like charges by Yaroshchuk in slit-like nanopores. These were91

then used to characterize the repulsive image forces that occur from92

differences in dielectric constants between the solvent and membrane93

matrix (Yaroshchuk, 2000, 2001). Although technically more accu-94

rate, the mathematical complexities of the approach serve as a barrier95

to more frequent adoption (Oatley et al., 2012).96

97

Another concern surrounding the DSPM-DE model arises from98

the tedious membrane characterization procedure (Wang and Lin,99

2021). Typically, a large number of experiments is needed to quantify100

the four governing membrane parameters: (1) pore size, rp; (2) effec-101

tive membrane thickness, ∆xe; (3) dielectric constant in the membrane102

pores, ζp; and (4) volumetric membrane charge density, χd . First,103

uncharged solute studies are required to quantify the pore radius, rp,104

followed by pure water permeability experiments for the effective105

membrane thickness, ∆xe. Subsequently, the determined parameters106

are combined with single salt studies at the membrane’s isoelectric107

point (IEP) to quantify the dielectric constant in the membrane pores108

(assuming that the membrane is uncharged under these operating109

conditions). Finally, charged species studies are performed to quantify110

the membrane charge density, χd , which is most frequently assumed to111

be homogeneously distributed across the membrane (although recent112

studies have shown that it most likely conforms to a heterogenous,113

composition-dependent structure (Déon et al., 2011; Balannec et al.,114

2018; Ritt et al., 2020)). The characterization process assumes that the115

membrane parameters are independent of one another, but evidence in116

the literature suggests otherwise (Wang and Lin, 2021; Rehman and117

Lienhard, 2022). In addition to the substantial number of experiments118

needed for characterization, significant error can also propagate119

between experiments: Wang and Lin showed that a 10% uncertainty in120

the dielectric constant can lead to a ±100% uncertainty in membrane121

charge density (Wang and Lin, 2021). This can result in the regression122

of unphysical membrane parameters or data that is challenging to123
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Figure 1: Schematic diagrams of a membrane pore showing exclusion mechanisms. (A) Steric rejection fractionates solutes based on their size relative to the pore
radius, rp. (B) Dielectric exclusion combines the partial or complete shedding of ion hydration shells before entering the membrane pores with fictitious image
forces created at the membrane interface. These image charges are repulsive for both cations and anions, given that the dielectric constant of the solvent, ζb, is larger
than the dielectric constant of the membrane matrix, ζm. The cross section shows a thin film of water molecules with a constrained orientation aggregated near the
pore walls, where the dielectric constant of the solvent is reduced to ζp. The thickness of the layer of water molecules is denoted by δ . ζb and ζm were set to 78.54
and 4.5, respectively, in the reported work. (C) The Donnan exclusion mechanism fractionates ions based on charge, e.g. negatively-charged ions are repelled by a
negatively-charged membrane, whereas positively-charged ions are attracted into the pores. Here, σ is the surface charge of the membrane.

regress (Kammoun et al., 2020; Rehman and Lienhard, 2023).124

125

To reduce the number of underlying simplifications, the authors126

propose a new computational framework that extends the current127

DSPM-DE infrastructure. More specifically, the framework aims to128

achieve the following objectives: (1) the introduction of a probabilistic129

estimation technique to learn pore size distributions from charged130

species data; (2) the consideration of the image charge contribution131

to the dielectric exclusion mechanism in cylindrical pores; (3)132

the reduction in the number of experiments needed for membrane133

characterization to only charged species data; (4) the elimination134

of assumed relationships between pore size and water flux; (5) the135

removal of the assumption that membrane parameters are indepen-136

dent of one another during characterization; and lastly, (6) a quasi137

Monte Carlo sampling-based uncertainty quantification study and138

sensitivity analysis to understand the limits of the proposed modelling139

architecture. The conducted work is validated against eight sets of140

independent experimental data comprising over 500 multicomponent141

measurements. The data spans different salinities, compositions, and142

membrane types to establish the model’s predictive capabilities under143

various operating conditions1.144

1All studies performed in this work investigate salinities below that of sea-
water; studying higher concentrations with the extended Nernst-Planck equa-
tions can lead to misleading conclusions because effects of ion complexation
and/or inter-species coupling are intrinsically neglected (Foo et al., 2021).

2. Mathematical Model145

2.1. Multicomponent Transport in the Selective Layer146

The extended Nernst-Planck equations in conjunction with hin-147

dered transport theory can describe multicomponent transport in the148

membrane’s selective layer. Using this formulation, the solute mole149

flux, Ji, can be expressed as:150

Ji =−DiKi,d∂xCi +Ki,cCiJv −
Ki,dDiCiziF

RT
∂xψ, x ∈ [0,∆xe] (1)

Here, Ki,c and Ki,d are the convective and diffusive hindrance factors151

for species i, respectively. Both hindrance factors were originally de-152

rived from perturbation theory solutions to the Navier-Stokes and are153

polynomial expressions of λi, the ratio of the solutes’ Stokes radii, ri,154

to the membrane’s pore radius, rp (Deen, 1987; Mavrovouniotis and155

Brenner, 1988; Ennis et al., 1996). In addition, for species i, D is the156

bulk diffusion coefficient, z is the ion valence, and C is the concen-157

tration. Remaining variables and constants include: Jv, the permeate158

flux; ψ , the electric potential; T , the absolute temperature; F, Fara-159

day’s constant; and R, the universal gas constant. x is the spatial co-160

ordinate orthogonal to the membrane surface. The three terms on the161

right-hand side of Eq. (1) correspond to the diffusive, convective, and162

electromigration fluxes of species i, respectively.163

2.2. Multicomponent Transport in the Boundary Layer164

To account for concentration polarization in the feed-side bound-165

ary layer, the extended Nernst-Planck equations are linearized (Ger-166

aldes and Afonso, 2007). Under these conditions, the solute flux in the167

boundary layer is given by the following expression:168

Ji =−k̄c,i
[
Ci, f ,m −Ci, f ,b

]
+ JvCi, f ,m − ziCi, f ,mDi

Fξ

RT
(2)

3
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where ξ is the linearized electric potential gradient in the boundary169

layer. Subscripts f and p denote the feed and permeate, while sub-170

scripts b and m denote the bulk fluid and membrane interface, re-171

spectively. k̄c,i is a mass transfer coefficient modified to account for172

membrane permeation (Song et al., 2018). Depending on membrane173

configuration (hollow-fibre, spiral wound, or coupon-scale), different174

correlations can be adopted (Labban et al., 2017).175

2.3. Equilibrium Partitioning at Solution-Membrane Interface176

Although the chemical potential is continuous across the solution-177

membrane interface, the concentration may not be. This leads to solute178

partitioning, which affects species rejection and gives rise to ion selec-179

tivity (Ahdab et al., 2020; Postel et al., 2016). By equating the chemi-180

cal potential on both sides of the interface, µ0−
i = µ0+

i , and introducing181

partition coefficients for steric and dielectric exclusion mechanisms182

(Geraldes and Afonso, 2007; Giddings et al., 1968), ion fractionation183

on the feed-side can be expressed as follows:184

γi(0−)Ci, f ,m(0−)
γi(0+)Ci, f ,m(0+)

= φi,Sφi,Diφi,Do (3)

Here, 0− and 0+ correspond to the fluid-side and membrane-side in185

the feed stream, respectively. A reciprocating expression is prescribed186

to the permeate side. In Eq. (3), φi,S is an ion sieving coefficient,187

derived from geometric arguments. φi,Di is the dielectric exclusion188

partition coefficient for species i, and attempts to account for ion189

solvation and the effects of hydration using the Born model, as190

well as the effect of image charges from the polarized layer at the191

membrane-solution interface (Yaroshchuk, 2000, 2001; Dill and192

Bromberg, 2011). Lastly, φi,Do is the Donnan screening partition193

coefficient that accounts for the Donnan potential that forms across194

the membrane under equilibrium conditions (Donnan, 1995).195

196

The steric partition coefficient in cylindrical pores is defined as197

φi,S ≜ (1 − λi)
2 for solute i. The dielectric exclusion coefficient is198

decomposed into a product of φi,B and φi,im, which account for the199

Born dielectric effect and the contribution of the fictitious image200

forces that arise at the membrane interface, respectively. The Born201

contribution is calculated as follows:202

φi,B = exp

[
− 1

kBT
z2

i q2

8πε0ri

(
1
ζp

− 1
ζb

)]
(4)

where q, ε0, k, and ri are the fundamental electronic charge, permit-203

tivity of free space, Boltzmann constant, and Stokes radius of species204

i, respectively. In addition, ζp and ζb correspond to the dielectric205

constant in the membrane pores and the fluid bulk, respectively. A206

value of ζb = 78.54 is used for all conducted studies.207

208

φi,im is quantified using analytical solutions to the cylindrical209

Poisson equation inside charged membrane pores, as derived by210

Yaroshchuk (Yaroshchuk, 2001):211

φi,im = exp

[
− 2αi

πkBT

∫
∞

0

K0(κ)K1(η)− β̃ (κ)K0(η)K1(κ)

I1(η)K0(κ)+ β̃ (κ)I0(η)K1(κ)
dκ

]
(5)

Here, I0 and I1 are zeroth and first order modified Bessel functions212

of the first kind. Similarly, K0 and K1 are zeroth order and first or-213

der Bessel functions of the second kind. These arise from the Fourier214

transform used to solve the Poisson equation in the cylindrical coordi-215

nate frame. In addition, k is the one-dimensional wave number and:216

αi ≜
1

RT
z2

i F
2

8πε0ζpNArp
(6)

217

β̃ ≜
k√

k2 +µ2

(
ζp −ζm

ζp +ζm

)
(7)

Here, NA is Avogadro’s constant and ζm is the dielectric constant of218

the membrane matrix. Polyamide membranes tend to have dielectric219

constants in the range of 3-6 (Szymczyk and Fievet, 2005; Zhu et al.,220

2019a). A value of ζm = 4.5 was used for all performed tests. Lastly,221

η ≜
√

k2 +µ2, where µ is expressed as:222

µ = rp

(
F2

ε0ζbRT
Ib

I

Ns

∑
i=1

[
γi(0−)
γi(0+)

z2
i Ci, f ,m(0−)φi,Sφi,Diφi,Do

])1/2

(8)

Here, Ib is the solution’s ionic strength on the feed-side, while I is the223

ionic strength in the membrane. Additionally, Ns corresponds to the224

total number of ions in solution. Since φi,im is an implicit function,225

these expressions must be solved iteratively to determine the image226

charge contribution.227

228

The above equations are combined with the electroneutrality229

constraints in the membrane active layer as follows:230

Ns

∑
i=1

[
γi(0−)
γi(0+)

z2
i Ci, f ,m(0−)φi,Sφi,Diφi,Do

]
+χd = 0 (9)

where χd is the volumetric membrane charge density. If adsorption231

isotherms for the mixture are known, a composition-dependent charge232

density can be used in place of the above equation (Déon et al., 2011).233

234

Lastly, the Donnan contribution to ion selectivity is given by:235

φi,Do = exp
(
− ziF

kBT
∆ψD, f

)
(10)

Here, ∆ψD, f corresponds to the Donnan potential on the feed-side. A236

mirrored expression is used in the permeate stream.237

238

To close the system of equations, two additional electroneutral-239

ity constraints are needed (Rehman et al., 2021): one in the feed-side240

boundary layer and another in the permeate stream:241

Ns

∑
i=1

ziCi, f ,m = 0 (11)

242

Ns

∑
i=1

ziCi,p,b = 0 (12)

243

Here, we use the Pitzer-Kim multi-electrolyte model to evaluate244

activity coefficients, as it has shown far stronger agreement with245

experimental data than the often-used Davies model (Nagy et al.,246

2021; Pitzer, 1973). In the limit of dilute solutions, the Pitzer-Kim247

model converges to Davies model (Mistry et al., 2013). The details248

of the Pitzer-Kim model and its validation are provided in Appendix A.249

250

Combining these equations, the model is solved iteratively, while251

minimizing three different electroneutrality residuals and an electric252

potential residual. To avoid numerical instabilities that introduce oscil-253

lations and/or divergence in simulation, we introduce under-relaxation254

to ensure numerical convergence across all analyses (Chapra and255

4
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Canale, 2001). Values of the under-relaxation factor varied between256

0.01 to 0.95 across experiments, depending on the steepness of257

gradients present in the measured rejection.258

2.4. Learning Pore Size through Expectation-Maximization259

In prior work, we have applied maximum likelihood estima-260

tion (MLE) to formulate the objective function presented in Eq. (13)261

(Rehman and Lienhard, 2022). This formulation maximizes the like-262

lihood of the observed data across a set of latent variables (governing263

yet hidden membrane parameters), L = {rp,∆xe,ζp,χd}. The objec-264

tive function, fobj :RNs×Nw →R, where Nw is the total number of water265

flux measurements taken.266

L∗ = argmin
L

1
NsNw

Ns

∑
i=1

Nw

∑
j=1

(Rmod
i, j −R

exp
i, j )

2

σ2
i, j

(13)

Here, Rmod
i, j and R

exp
i, j are model and experimental rejections, respec-267

tively. σ2
i, j is the variance estimate of each experimental observation268

across multiple experimental trials. Iteration indices i and j cycle269

through all charged species experiments and flux measurements,270

respectively. L∗ denotes the optimal set of latent parameters found.271

272

Estimating the pore size distribution using Eq. (13) alone can273

become computationally intractable, as repetitive sampling is needed274

at each iteration of the optimization. The expectation-maximization275

(EM) algorithm is a probabilistic method well-suited to addressing276

this concern by iteratively maximizing the expectation of the marginal277

log likelihood conditioned on a given prior estimate (Dempster278

et al., 1977). To formulate this method, we define Q, the expected279

log likelihood function of θ̂ : the parametrization of the pore size280

distribution, θ̂ = {µ̂r, σ̂
2
r }:281

Q ≜ Q(θ̂ |θ̂ (t)) = Q(µ̂r, σ̂
2
r |µ̂

(t)
r , σ̂

2(t)
r ) (14)

where µ̂r and σ̂2
r are the mean and variance of the pore size distribu-282

tion. Superscript (t) denotes the t th iteration of the EM algorithm.283

284

The first step of the EM algorithm is the expectation step, such285

that:286

Q = Erp|Rexp,θ̂ (t)

[
ln p(Rexp,rp|θ̂)

]
(15)

Here, p(·) is the probability density function. Expanding the expecta-287

tion yields:288

Q =
∫

∞

0
p(rp|Rexp, θ̂ (t)) ln p

(
Rexp,rp|θ̂

)
drp (16)

Since the pre-factor of the natural log is an unknown quantity, we can289

use the laws of conditional probability and Bayes rule to rearrange the290

relations:291

p(rp|Rexp, θ̂ (t)) =
p(Rexp|rp, θ̂

(t))p(rp|θ̂ (t))

p(Rexp|θ̂ (t))
(17)

The denominator of Eq. (17) is the marginal probability of the ob-292

served data (having integrated across all feasible values of pore size):293

p(Rexp|θ̂ (t)) =
∫

∞

0
p(Rexp|r̃p, θ̂

(t))p(r̃p|θ̂ (t))dr̃p (18)

Since the marginal probability is independent of rp, it serves as a con-294

stant normalization factor for a given θ̂ (t). Consequently, we refer to295

this factor as τ = τ(θ̂ (t)). For a given iteration of the EM algorithm,296

Gauss-Kronrod quadrature is used to compute τ . Combining the re-297

sults, we obtain:298

Q =
1
τ

∫
∞

0
p(Rexp|rp, θ̂

(t))p(rp|θ̂ (t)) ln p(Rexp,rp|θ̂)drp (19)

Next, we can substitute the conditional probability relations from Eq.299

(17) back into the natural logarithm’s argument to obtain the following:300

1
τ

∫
∞

0
p(Rexp|rp, θ̂

(t))p(rp|θ̂ (t)) ln p(Rexp|rp, θ̂)p(rp|θ̂)drp (20)

In this formulation, the arguments of the natural log are variable;301

however, the probabilities in the pre-factors are all computed using302

values from the previous iteration. The general form of Q resembles303

the negative of the Gibbs entropy commonly observed in statistical304

thermodynamics, in line with conventional MLE objective functions.305

306

To compute p
(
rp|θ̂

)
, we assert that the pore sizes in NF mem-307

branes conform to a log-normal distribution, as frequently observed in308

the literature (Bowen et al., 1997; Bowen and Welfoot, 2002b). This309

conformity is not a strict requirement for the model’s applicability:310

as long as a distribution of pore sizes exists and can be sampled, this311

estimation technique applies. Since the log-normal probability density312

function is well-defined, we can evaluate this quantity as follows:313

p(rp|θ̂) = p(rp|µ̂r, σ̂
2
r )≜

1
rpσ̂x

√
2π

exp

[
− (lnrp − µ̂x)

2

2σ̂2
x

]
(21)

where µ̂x and σ̂2
x (defined below) are the normalized values of µ̂r and314

σ̂2
r in p(·). Note, other formulations of the log-normal distribution315

can be used in place of Eq. (21), as they are considered equivalent316

(Gaddum, 1945; Sutariya and Karan, 2022).317

µ̂x = ln

(
µ̂2

r√
µ̂2

r + σ̂2
r

)
σ̂

2
x = ln

(
1+

σ̂2
r

µ̂2
r

)
(22)

To calculate p
(
Rexp|rp, θ̂

)
, we use a slightly modified version of the318

MLE formulation reported in Eq. (13):319

p
(
Rexp|rp, θ̂

)
=

(
1
τ

)
exp

[
− 1

NsNw

Ns

∑
i=1

Nw

∑
j=1

(Rmod
i, j −R

exp
i, j )

2

σ2
i, j

]
(23)

Here, the 1/τ pre-factor arises from normalizing the probability320

across all feasible values of rp. Formulating the approach in this way321

simplifies the mathematics for two reasons: (1) the product of the322

two functions in the natural log argument from Eq. (20) permits the323

exponents to be added; and (2) by taking the natural log of the resul-324

tant exponentials, we can optimize over a polynomial expression in325

the integral rather than a more complex logarithmic or exponential one.326

327

These functions can be substituted back into Eq. (20). The sec-328

ond step of the EM algorithm is the maximization step. During the329

substitution, a negative sign appears in front of Q, which can be330

removed to convert the function to a minimization problem instead:331

θ̂
(t+1) = argmin

θ̂

1
τ2

∫
∞

0
Ξ̃(θ̂ (t))exp

(
−Ω̃1(θ̂

(t))− Ω̃2(θ̂
(t))
)

[
Ω̃1(θ̂)+ Ω̃2(θ̂)− ln

(
Ξ̃(θ̂)

τ

)]
drp (24)
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Here, θ̂ = θ̂(rp) and the values for Ξ̃(θ̂), Ω̃1(θ̂), and Ω̃2(θ̂) are:332

Ξ̃(θ̂)≜
1

rpσ̂x
√

2π
(25)

333

Ω̃1(θ̂)≜
1

NsNw

Ns

∑
i=1

Nw

∑
j=1

(Rmod
i, j −R

exp
i, j )

2

σ2
i, j

(26)

334

Ω̃2(θ̂)≜

(
lnrp − µ̂x

)2

2σ̂2
x

(27)

335

This formulation also makes intuitive sense: (1) the terms in the336

exponentials are fixed at a given iteration, (t), and do not directly337

contribute to the complexity of the optimization; and (2) the trade-off338

between Ω̃2(θ̂) and ln(Ξ̃(θ̂)/τ) prevents the variance of the pore339

sizes from increasing boundlessly. These two terms arise from the340

log-normal distribution and serve as counterweights to one another:341

larger pore size variances decrease Ω̃2(θ̂), but conversely increase342

ln(Ξ̃(θ̂)/τ). The trade-off, in conjunction with Ω̃1(θ̂), which clearly343

resembles Eq. (13), is minimized as part of the EM algorithm. The344

optimization is performed recursively until |(θ̂ (t+1)− θ̂ (t))/θ̂ (t)|< ε ,345

for ε = 1×10−4 across all conducted tests.346

347

To evaluate θ̂ (t+1), we use the downhill simplex optimizer as it348

was found to provide the fastest convergence properties for the349

proposed regression. In addition, in Appendix B, we prove that350

maximizing Q(θ̂ |θ̂ (t)) leads to a direct improvement in the likelihood351

estimation for the pore size distribution.352

2.5. Bilevel Optimization for Latent Parameter Estimation353

For a given increase in Q(θ̂ |θ̂ (t)) to yield a more likely pore354

size distribution, the remaining latent variables, {∆xe,ζp,χd}, must355

remain constant across EM iterations. Since this assumption may not356

be justified, we propose a bilevel optimization problem that combines357

Eq. (13) with Eq. (24).358

359

In the bilevel problem, the upper level optimization problem360

uses global optimization to attempt the MLE problem; however, at361

each iteration, the chosen set of latent variables serve as informed362

initial guesses to the EM procedure. Consequently, at each iteration363

of the upper level problem, the lower level optimization solves EM to364

determine the best pore size distribution for the current guess of latent365

variables. This process is repeated until convergence:366

argmin
L

1
NsNw

Ns

∑
i=1

Nw

∑
j=1

(Rmod
i, j −R

exp
i, j )

2

σ̂2
i, j

s. t. argmin
θ̂

1
τ2

∫
∞

0
Ξ̃(θ̂ (t))exp

(
−Ω̃1(θ̂

(t))− Ω̃2(θ̂
(t))
)

[
Ω̃1(θ̂)+ Ω̃2(θ̂)− ln

(
Ξ̃(θ̂)

τ

)]
drp (28)

367

This approach allows us to efficiently determine the full set of latent368

variables, L∗ = {rp,∆xe,ζp,χd}, as well as the membranes pore size369

distribution, θ̂ = {µ̂r, σ̂
2
r }, using only charged species data. In ad-370

dition, this approach also eliminates the need for any explicit water371

flux relationships, such as the Hagen-Poiseuille equation to relate pore372

size and water flux (Rehman and Lienhard, 2022). Lastly, by learning373

the pore size distribution, we can apply quasi-Monte Carlo techniques374

to propagate the uncertainty into ion rejection, exclusion mechanisms,375

and ionic driving forces across our data.376

3. Results and Discussion377

3.1. Model Validation and Predictive Performance378

To illustrate our framework’s predictive performance, it is bench-379

marked against eight independent sets of experimental data spanning380

over 500 multicomponent measurements (Fig. 2A). The error bars in381

the modelled rejection stem from the propagation of the learned pore382

size distributions. The error bars in the experimental rejection arise383

through averaging rejection measurements across experimental trials.384

A ±15% error bound is indicated to signify the strong agreement385

between model and experiments across studied data. These findings386

assert the model’s predictive capacity across datasets with diverse387

salinities, compositions, and membrane types2.388

389

A sample analysis is presented in Fig. 2B. The regressed values390

of the latent variables {∆xe, ζp, χd} are 1.16 µm, 43.86, and −63.0391

mol/m3, respectively. The values obtained by Micari et al. for the same392

set of parameters are 0.80 µm, 42.50, and −50.0 mol/m3 (Micari et al.,393

2020). For NF270, the effective thickness typically ranges between394

1–1.3 µm; measurements of 1.0 µm, 1.10 µm, and 1.21 µm, have all395

been previously reported by Bargeman et al., Kong et al., and Semião396

et al., respectively (Bargeman et al., 2014; Kong et al., 2016; Semião397

et al., 2013). This range aligns more closely with our set of parameters398

than those from the conventional regression methodology employed399

by Micari et al. For the pore dielectric constant, literature values400

typically range between 35–45 for NF270 (Oatley et al., 2012; Roy401

et al., 2015; Labban et al., 2018a). Our regressed values and Micari et402

al.’s studies are in close agreement and align well with the expected403

ranges from prior research. As the confined water molecules in the404

nanopores take on constrained orientations, the ability to respond to405

external electric fields is diminished, which leads to a reduction in the406

dielectric constant relative to the bulk (Oatley et al., 2012). Lastly, the407

membrane charge density is known to vary drastically as a function of408

solution chemistry and pH; charge densities for NF270 in the literature409

range between −150 mol/m3 and −35 mol/m3 at pH 7 for seawater410

salinities with solutions comprising of Na+, Ca2+, Mg2+, Cl−, and411

SO2−
4 (Hussain et al., 2008). In this work, our regressed parameters412

and those reported by Micari et al. fall into the expected range, further413

justifying the validity of our framework (Micari et al., 2020).414

415

In addition to accurate parameter estimation, our approach also416

does not need access to uncharged solute data, pure water permeabil-417

ity measurements, or single salt studies at the membrane’s isoelectric418

point (IEP), unlike conventional characterization procedures. We also419

achieve this result while attaining substantially lower optimization420

residuals than existing regression methods (Rehman and Lienhard,421

2022)3. Previously, Micari et al. noted a 15% mean absolute deviation422

against their experimental data using classical DSPM-DE (Micari423

et al., 2020). We achieve a 6% mean absolute deviation. This im-424

provement in error is consistently observed across all studied datasets425

with mean deviation improvements ranging between 5–15%.426

427

Our approach also eliminates the assumption of independence428

between latent variables – conventional characterization procedures429

2The model’s key assumptions are summarized in Appendix C.
3In the worst case, our method will discover a set of membrane parameters

that are equal to those obtained from the conventional characterization method
(since these solutions still satisfy a local optimality condition). Note, in certain
cases where classical DSPM-DE fails to identify sufficiently accurate results
(i.e. solutions that don’t regress well to data or those with unphysical latent
parameters), our approach may succeed, but this is not strictly guaranteed.
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Figure 2: (A) A parity plot to illustrate the agreement between the model and experiments across all eight sets of experimental data. Values closer to the y = x
line indicate stronger alignment between the model and experiments; 95% of measured points fall within the ±15% error bounds. Ions present within the eight
studied sourcewaters include: Na+, K+, Li+, Ca2+, Mg2+, Cl−, SO2−

4 , and NO−
3 . (B) Ion rejection as a function of water flux against data by Micari et al. (Micari

et al., 2020). The pore size distributions obtained through the bilevel optimization and EM algorithm are passed into the computational model to characterize model
uncertainty, which is represented by the shaded regions.

assume parameters remain unchanged after each set of characteriza-430

tion tests despite changes to solute choice, solution composition, and431

pH across experiments (we detail the conventional characterization432

procedure in Appendix D). This assumption is unlikely to generalize:433

for example, the swelling and de-swelling of polyamide membranes434

in the presence of alternate solutes or varying pH remains a subject435

of study (Cheng et al., 2018; Puhan et al., 2022). Consequently,436

propagating fixed values of ∆xe from pure water permeability tests to437

single salt studies at the IEP may be unphysical. Another example is438

that of pore constriction commonly observed at lower pH (Nghiem439

and Hawkes, 2007); this phenomena is also not accounted for by440

conventional methods. Previous studies conducted by Wang and Lin441

have reinforced these concerns: their findings suggest that a ±10%442

uncertainty in rp can propagate to a ±20% uncertainty in ∆xe from443

experimental characterization alone (Wang and Lin, 2021). Similarly,444

a ±10% uncertainty in ∆xe can lead to ±10% uncertainty in χd from445

uncertainty propagation through experimental characterization (Wang446

and Lin, 2021). In the worst case, a ±10% uncertainty in ζp can lead447

to a ±100% uncertainty in χd . By employing the new regression448

framework, we relax the independence constraint and allow all latent449

variables to vary with composition and pH, resolving these concerns.450

3.2. Distribution Learning and Quasi-Monte Carlo Sampling451

By combining our global optimization method with EM, we are able452

to infer the membranes’ pore size distributions. In Fig. 3A, the lower453

level EM procedure for different initial estimates of the pore size454

mean and standard deviation is demonstrated for NF270. The values455

on the x- and y-axis represent initial guesses for the mean and standard456

deviation, respectively. The joint probability distribution functions457

are characterized using Gaussian smoothing functions and signify the458

most frequently converged to Gaussian statistics. For a given initial459

guess, (µ0,σ0), a sample trajectory is provided, where the most likely460

pore size mean and standard deviation are 0.50 nm and 0.13 nm,461

respectively, for NF270, as denoted by the ‘∗’.462

463

Our determined pore size of 0.50 nm is very close to the464

computationally-derived 0.51 nm value reported by Micari et al.465

(Micari et al., 2020). Both these values also agree closely with466

experiments for NF270 that indicate a mean pore size range of467

0.43–0.54 nm (Oatley et al., 2012; Dalwani et al., 2011). Hilal et468

al. previously attempted to ascertain the pore size distribution of469

NF270 membranes using atomic force microscopy (AFM); however,470

since the inherent uncertainty of determining pore size through AFM471

measurements can become substantial, they obtained relatively large472

means and standard deviations (Hilal et al., 2005)4. For NF270, a473

mean and standard deviation of 0.68 nm and 0.23 nm were measured,474

respectively (Hilal et al., 2005). Since AFM only interacts with the475

surface of the polyamide membrane, it can be challenging to discern476

whether depressions in the membrane morphology are due to pores477

or dimples in the polymer matrix. Wang et al., Li et al., and He et478

al., have all tried to combine cascades of neutral solute experiments479

to regress the pore size distribution of NF270 using molecular weight480

cutoff (MWCO) measurements. Applying this approach, they have481

obtained standard deviation ranges between 0.08–0.18 nm, which482

are in close agreement with the 0.13 nm value derived from our483

approach (Wang et al., 2014; Li et al., 2019; He et al., 2022). In484

addition, the mean pore radii obtained through their studies were in485

the range of 0.42–0.57 nm, which agree well with our value of 0.50486

nm. Košutić et al. used an alternate approach to characterize the pore487

size distributions of NF membranes using the surface-force pore flow488

model (Košutić et al., 2005). This method yielded a standard deviation489

of 0.12 nm for NF270, which also agrees very well with the values490

quantified in our work. These findings support the use of our method491

in inferring pore size distributions from charged solute data alone.492

493

In Fig. 3B, for two sets of data, ion rejection distributions are494

demonstrated at a fixed flux of Jv = 15 LMH. Here, quasi-Monte495

Carlo sampling using non-discepancy Sobol sequences is used to496

propagate the derived pore size distributions through the model and497

4For more details, Sutariya et al. provide an extensive study contrasting dif-
ferent approaches for quantifying pore size distributions in NF membranes (Su-
tariya and Karan, 2022).
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Figure 3: (A) For different initial estimates of the mean and standard deviation informed from the upper level global optimization problem, the EM algorithm
searches for the most likely pore size distribution using the Micari et al. dataset. Converged values, marked by the red asterisks, correspond to µ̂r and σ̂r of 0.50
nm and 0.13 nm, respectively. (B) For two different sets of experimental data (left-hand-side uses Micari et al.’s compositions and right-hand-side uses Foo et al.’s
compositions), the pore size distributions are propagated through the computational architecture using a quasi-Monte Carlo approach (Micari et al., 2020; Foo et al.,
2023). These results elucidate the sensitivity of ionic rejection and selectivity at a fixed flux Jv = 15 LMH to a distribution of membrane pore sizes.

quantify the uncertainty in ion rejection. The datasets regressed corre-498

spond to those obtained by Micari et al. and Foo et al. in the left and499

right sub-panels, respectively (Micari et al., 2020; Foo et al., 2023). In500

both cases, the ion rejection is asymmetric about the expected value,501

in alignment with the log-normal probability density function5. Here,502

we note the large range in ion rejection values observed for different503

values of pore size. Using Micari et al.’s composition, the Mg2+
504

rejection can be as low as 0.42 and as high as 0.90. Similarly, the505

Ca2+ and Na+ rejections range between 0.27 to 0.62 and −0.35 to506

−0.10, respectively. Although the expected selectivity of Ca2+/Na+507

is around 1.98, it can be as low as 1.51 and as high as 3.46 from pore508

size distribution contributions alone. For Mg2+/Na+, the expected509

selectivity is 3.39; however, it can take values from 1.89 all the way up510

to 13.5. These wide ranges underscore the importance of integrating511

pore size distributions into NF transport models to better quantify the512

expected range of measured selectivities.513

514

Furthermore, the relatively similar areas of the violin plots for515

Micari et al.’s data suggest that differences in pore size impact all ions516

in solution similarly. This does not have to be the case, as observed517

in the right sub-panel. In the case of Micari et al.’s data, the driving518

factor is the similar relative initial concentrations of all cations. Since519

Na+ has the least sensitivity to pore size compared to other cations520

(it has the smallest Stokes radius relative to the other cations and521

a lower effective charge), decreases in pore size first elevate the522

rejection of the divalent species, which in turn, induces a pronounced523

passage of Na+ to enforce electroneutrality. This explains Na+’s524

negative rejection at lower pore sizes and the mirrored distribution525

Na+ exhibits relative to the other ions (a reflection in the x-axis)526

(Labban et al., 2017; Yaroshchuk, 2008).527

5There is some additional warping of the distribution because of the highly
non-linear mapping that the framework encodes to satisfy boundary conditions
and enforce electroneutrality.

In the case of Foo et al.’s data, variation over the distribution of pore528

sizes impacts all ions, but primarily Mg2+. In this case, the relative529

concentrations of all the cations are quite dissimilar. Furthermore,530

since Mg2+ is the largest cation and the only divalent one in solution,531

it is the most sensitive solute to all three selectivity mechanisms:532

steric, dielectric, and Donnan exclusion. Consequently, when pore533

size decreases, the rejection values of the monovalent metal ions are534

not significantly impacted, whereas Mg2+ rejection varies to a large535

extent. Note that the relative concentration of Mg2+ in solution is536

small compared to the other ions, and consequently, large changes in537

Mg2+ rejection do not necessitate large changes in anion rejection to538

maintain electroneutrality (Yaroshchuk, 2008).539

540

We also observe that Cl− appears to be more sensitive to changes541

in cation rejection than SO2−
4 . This aligns with expectation for two542

reasons: (1) SO2−
4 has a larger Stokes radius than Cl−, leading to543

higher steric rejection rates relative to Cl−; and (2) since SO2−
4 is a544

divalent anion, the negatively-charged NF270 membrane (at pH 7)545

screens SO2−
4 more effectively than Cl−. This difference in membrane546

charge is also consistent with Mg2+ being more impacted than SO2−
4547

at lower pore radii, given that they are both large hydrated ions with548

divalent yet opposing charge.549

550

For lithium recovery, the large uncertainty noted for Mg2+ can551

have significant implications. One of the main metrics used to ascer-552

tain NF performance is Li+/Mg2+ selectivity. If the uncertainty in553

magnesium rejection is substantial, large uncertainties propagate into554

ion selectivity. The resulting estimates of selective performance can be555

highly conservative, or worse, large overestimates of ion separation.556

In this case, the expected Li+/Mg2+ selectivity is 2.23; however, the557

lower bound and upper bound are 1.15 and 46.4, respectively. To558

better predict selectivity and its sensitivity for selective separations,559

the importance of uncertainty quantification in transport models is560

clear, as shown here.561
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3.3. Ablation Studies for Enhancing Selectivity562

Ablation studies on ion rejection can elucidate the relative sensitivity563

of selective performance to the governing membrane parameters.564

These studies can also highlight the uncertainty that arises from pore565

size distribution effects on ion rejection across the expected ranges of566

the membrane parameters.567

568

In Fig. 4A and 4B, we show the variation in ion selectivity and569

rejection as a function of independently-varied membrane charge570

density, while holding the dielectric constant and membrane thickness571

fixed for two sample datasets (Micari et al., 2020; Foo et al., 2023).572

The membrane charge density is the easiest membrane parameter to573

operationally control, as it can be modified post membrane fabrication574

(Labban et al., 2017). Polyelectrolyte deposition, grafting, and pH575

control, can all be used to tune the selectivity of polyamide membranes576

for various separations (Epsztein et al., 2015). In Fig. 4A, the vertical577

black dotted line represents the membrane charge density regressed578

from experimental studies at pH 7. Under these conditions, the NF270579

membrane is hydrophilic and negatively-charged, which is consistent580

with zeta potential measurements at pH 7 (Ortiz-Albo et al., 2019;581

Pino-Soto et al., 2021). Consequently, based on charge effects alone,582

cations are drawn towards the membrane, while anions are repelled.583

Mg2+ and Ca2+ experience larger body forces than Na+ due to their584

higher effective charge; however, their substantially larger Stokes radii585

relative to Na+ (rMg2+ = 0.347 nm> rCa2+ = 0.309 nm> rNa+ = 0.184586

nm) means they are also more sensitive to steric effects (Hussain et al.,587

2007). Here, the steric effects appear to play a more dominant role in588

transport relative to Donnan exclusion: Mg2+ and Ca2+ exhibit high589

rejection rates despite the membrane’s negative charge. Similarly,590

although Cl− experiences electrostatic repulsion by the membrane,591

its relatively large hindered diffusion coefficient leads to substantial592

diffusive transport through the polyamide membrane. This process593

subsequently entrains Na+ (the least sensitive cation) ions to meet the594

electroneutrality conditions, leading to the negative rejection of Na+;595

a phenomenon that has been previously observed in the literature596

(Labban et al., 2017; Roy et al., 2015; Yaroshchuk, 2008). These597

results agree well with experimental observations illustrating the598

model’s ability to capture ionic coupling for metal recovery appli-599

cations (Micari et al., 2020; Roy et al., 2017; Roy and Lienhard, 2019).600

601

As the membrane becomes more positively-charged (increasing602

values of χd), these effects become pronounced. Now, in addition to603

the substantial steric hindrance experienced by the divalent cations,604

the positively-charged membrane acts to repel them, further elevating605

their rejections, as suggested by Fig. 4A. The Donnan repulsion606

effects also become more notable for Na+, leading to an inflection607

point in its rejection behaviour as membrane charge increases. The608

results noted for Cl− are interesting, however, since they suggest that609

despite the membrane charge providing a lower resistance electrostatic610

pathway for Cl−, the rejection still increases as the membrane tries to611

satisfy electroneutrality. This behaviour is a by-product of Cl− being612

the only anion in the solution. In cases where other anions are present,613

competing effects between these anions can be observed that depend614

on initial concentration, hydrated ion size, and effective charge. These615

findings are consistent with experimental observations across the616

literature (Labban et al., 2017; Micari et al., 2020).617

618

Lastly, in the Ca2+ and Mg2+ recovery case, with increasing619

membrane charge density, the rejection of the divalent cations620

increases, while the rejection of Na+ decreases. Mathematically,621

∂RMg2+

∂ χd
> 0, ∂RCa2+

∂ χd
> 0, while ∂RNa+

∂ χd
< 0. This suggests that622

the Mg2+/Na+ and Ca2+/Na+ selectivity can be enhanced by op-623

erating NF at reduced pH. In Fig. 4A, the optimal Mg2+ and Ca2+
624

selectivities are denoted by S̃Mg2+

Na+ and S̃Ca2+

Na+ , respectively, where the625

trade-off between Donnan and steric effects is at an optimal value.626

For metal recovery applications, these findings suggest that Mg2+ and627

Ca2+ selectivities can potentially be increased by a factor of ∼5.52x628

and ∼3.04x, respectively. These studies agree well with literature629

findings, which have noted a 3–7x improvement in S̃Ca2+

Na+ and S̃Mg2+

Na+630

selectivity at pH 2–4 for water softening applications (Epsztein et al.,631

2015; Nativ et al., 2021).632

633

In the Li+ recovery case, at pH 7, the monovalent cations are634

rejected in the order of their Stokes radii6. This aligns with expecta-635

tion since all the monovalent cations experience the same magnitude636

Donnan effect, with nearly indistinguishable dielectric exclusion637

terms (taking the exponential of the Stokes radii leads to similarly638

consistent dielectric effects across monovalent cations). Consequently,639

the steric effects play a majority role in governing their rejection640

order, as noted with the Micari et al. data. The only divalent cation,641

Mg2+, experiences substantially higher rejection than the monovalent642

cations, which can be attributed to its larger Stokes radius (rMg2+643

= 0.347 nm) and higher effective charge. For SO2−
4 , the rejection644

rates are higher than all the other cations at pH 7; in addition to its645

relatively large Stokes radius (rSO2−
4

= 0.231 nm), its large negative646

effective charge further repels it from the negatively-charged NF270647

membrane. Consequently, Cl−, albeit electrostatically repelled by648

the membrane, serves as the anion that maintains electroneutrality in649

the permeate stream. This can be attributed to three factors: (1) its650

high relative concentration in the incoming sourcewater relative to651

SO2−
4 ; (2) its lower effective charge than SO2−

4 ; and (3) its smaller652

Stokes radius relative to SO2−
4 . These learnings are consistent with653

those observed in the previous set of data and with findings across654

the literature for multicomponent solutions containing Cl− and SO2−
4655

(Micari et al., 2020; Foo et al., 2023; Labban et al., 2018b).656

657

Furthermore, as seen with Ca2+ and Mg2+ recovery, Li+/Mg2+
658

selectivity can be enhanced by operating the NF system at a reduced659

pH. Decreasing the pH increases the membrane charge density, mak-660

ing the membrane more positively-charged and increasing the Donnan661

screening of the cations. Cations with a higher effective charge are662

more impacted. In Fig. 4B, it can be noted that with increasing charge663

density, the rejection of Mg2+ increases far more significantly than664

that of Li+ i.e.
∂RMg2+

∂ χd
>

∂RLi+

∂ χd
. In this case, Li+/Mg2+ selectivity665

can be increased by over an order of magnitude from 2.23 up to 34.1±666

5.7. Our studies agree well with results obtained by Foo et al., where667

the experimental separation efficiency at pH 7 and pH 2 was 2.15 and668

39.1, respectively (Foo et al., 2023). These values agree closely with669

our simulations. Our results demonstrate two learnings: (1) the model670

has the predictive ability to identify when pH control may or may not671

provide selectivity benefits for diverse mixtures; and (2) the model can672

accurately quantify the selectivity gains from pH optimization (Cheng673

et al., 2018; Puhan et al., 2022).674

675

Next, in Fig. 4C and 4D, we provide a quantitative description676

of the impacts of independently-varying membrane thickness and pore677

radius on ion rejection, respectively, while holding the remaining la-678

tent parameters constant. Reductions in ∆xe correspond to membranes679

6In order of decreasing rejection, RLi+ > RNa+ > RK+ . This aligns with
the Stokes radii order: rLi+ = 0.238 nm > rNa+ = 0.184 nm > rK+ = 0.125 nm.
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Figure 4: (A) The impact of modifying the membrane charge density on ion rejection. The value regressed to Micari et al.’s data is denoted by the dotted black
line, while optimal values for maximum selectivity of Mg2+ and Ca2+ are denoted by the lilac and purples lines, respectively. (B) Ion rejection as a function of
membrane charge density for the Li+ recovery data. The dotted black line corresponds to the regressed value at pH 7, while the purple line is the regressed value at
pH 2. Nearly an order of magnitude improvement in ion selectivity results from operating at a reduced pH. (C) Ion rejection as a function of effective membrane
thickness. (D) The impact of tuning membrane pore radius on ion selectivity and rejection. The inset corresponds to the learned pore size distribution from our
bilevel optimization framework and other experimental characterizations conducted on NF270 from the literature (Hilal et al., 2005; Wang et al., 2014; Li et al.,
2019; He et al., 2022).

that are thinner, have a decreased tortuosity, and/or increased porosity.680

In Fig. 4C, the benefits of decreasing ∆xe are observed; however,681

the improvements do not appear to be as attractive as pH control for682

selectivity enhancement. Even accounting for the uncertainties from683

the quasi-Monte Carlo sampling, the Mg2+ and Ca2+ selectivity is684

only improved from 3.39 and 1.98 to 4.72±0.45 and 2.36±0.38,685

respectively. These incremental benefits suggest that designing thinner686

membranes with decreased tortuosity or heightened porosity might687

not be the optimal path forward for achieving high ion selectivity for688

metals recovery applications. These findings agree well with those689

noted by Labban et al., who also observed 15–20% improvements in690

hardness removal through membranes with reduced/optimized ∆xe691

values (Labban et al., 2017, 2018b).692

693

During fabrication, membrane pores can be modified through694

processes like chemical cross-linking (Stair et al., 2001). Although695

chaotic processes like interfacial polymerization make it nearly696

impossible to obtain fixed pore sizes, by tuning the pore radius of697

the membranes, heightened metal ion selectivities can be achieved698

(Hao et al., 2023). This is also clearly observed in Fig. 4D. Although699

substantially more effective than modifying ∆xe, the improvements are700

still not as notable as those from tuning χd . At a reduced pore size of701

rp ≈ 0.42 nm, the values of SMg2+

Na+ and SCa2+

Na+ are 23.6 and 6.56, which702

are improvements of 7.0× and 3.3× for Mg2+ and Ca2+, respectively,703

compared to rp = 0.50 nm. The reduced pore size primarily impacts704

the divalent cations since they have substantially larger Stokes radii,705

while Na+ is not as impacted. Bringing the divalent rejections closer706

to 1 leads to improved selectivities since Na+ is already rapidly707

moving across the membranes. In addition, since the Stokes radius of708

Cl− is smaller than that of Na+ it is not be the first ion to be affected.709
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Figure 5: (A)-(D) Steric, Born, image, and Donnan partition coefficients for all ions in solution across four sample datasets (A: Micari et al. [NF270]; B: Foo et
al. [NF270]; C: Labban et al. [LbL-1.5C]; D: Micari et al. [TS80]) (Labban et al., 2017; Micari et al., 2020; Foo et al., 2023). (E)-(F) The normalized flux with
individual contributions for diffusion, convection, and electromigration, using two sample datasets (E: Micari et al. [NF270]; F: Foo et al. [NF270]) (Micari et al.,
2020; Foo et al., 2023). (G) Diffusion, convection, and electromigration driving forces for multicomponent ion transport through the NF membrane.

3.4. Uncertainty in Partition Coefficients and Transport710

Partition coefficients and ionic fluxes are often used to study selectiv-711

ity mechanisms and driving forces for transport (Wang et al., 2021a;712

Ahmad and Ooi, 2010). Partition coefficients quantify the magnitude713

of a selectivity mechanism: values below 1 indicate a tendency to be714

repelled by the membrane, while values above 1 signify an attractive715

force. In Fig. 5, predicted partition coefficients and ionic fluxes, as716

well as their uncertainties are shown.717

718

In Fig. 5A-D, four sample analyses are presented. In all cases,719

the Donnan partition coefficient, φi,Do, is larger than 1 for cations and720

below 1 for anions, in agreement with expectation for hydrophilic721

negatively-charged membranes7. In addition, ions with a larger722

7In our study, we also noted that forcing the membrane charge density to be
positive (i.e. signifying a positively-charged membrane) did lead to a reversal

effective charge exhibit more substantial screening/attractive ef-723

fects. For example, in Fig. 5A, Ca2+ and Mg2+ experience larger724

attractive forces than Na+, as suggested by φCa2+,Do > φNa+,Do and725

φMg2+,Do > φNa+,Do. These findings are consistent across all datasets.726

The uncertainties noted in the Donnan partition coefficients are727

also provided, where multivalent ions exhibit larger sensitivities to728

pore size. Since different values of the pore radius lead to modified729

resultant electric potentials, ions with a higher effective charge are730

more readily impacted than those with a lower charge. Consequently,731

multivalent ions exhibit larger uncertainties in their Donnan par-732

titioning coefficients compared to their monovalent counterparts;733

these findings are consistent with experimental observations from the734

in the Donnan partition coefficients between cations and anions. This finding
agrees with expectation given that at lower pHs the membrane is more effective
at screening cations and drawing in anions.
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literature (Ritt et al., 2020, 2022). Similar to the violin plots presented735

in Fig. 3B, the asymmetric uncertainties can also be attributed to the736

asymmetric log-normal pore size distribution used.737

738

Another insight from the model is the non-overlapping error739

bars noted in the partition coefficients. Although it can be challenging740

to discern individual ion selectivity mechanisms, the uncertainties741

appear distinct enough to suggest dielectric exclusion (specifically742

the Born contribution) to be the predominant partitioning mechanism.743

Although the dielectric term in the model is typically seen as an over-744

simplification of the governing dynamics, experimental studies in the745

literature have consistently concluded that partial dehydration is likely746

the governing exclusion mechanism for ion selectivity in polyamide747

membranes (Pavluchkov et al., 2022; Zhai et al., 2022; Epsztein et al.,748

2018). Consequently, the model’s prediction that dielectric exclusion749

is the most significant contributor to ion selectivity can be seen as750

representative of experimental observations. Note that these findings751

are only suggestive, and not prescriptive, given the complex nature752

of ion selectivity, and should be taken solely as the model’s ability753

to provide insight consistent with experimental learnings rather than754

conclusive evidence of partitioning relationships.755

756

Fig. 5A-D shows partition coefficients from the image force757

contributions. Molecular dynamics (MD) simulations have previously758

revealed that the role of image forces in ion selectivity may not be759

very significant, especially at the lower concentrations considered in760

this work (Wang and Ma, 2012; Zhu et al., 2019b; Fadaei et al., 2012).761

Our findings support these claims, where the image force partition762

coefficients quantified across all studied ions are consistently between763

0.9–1, even with uncertainties propagated. Although the difference764

in dielectric constant between the membranes and the solvent is765

relatively large (ζm = 4.5 ≪ ζb = 78.54), at low concentrations the766

repulsion from the polarized layer is small, as evidenced by the near767

unity partition coefficients. These findings are also consistent with768

Yaroshchuk’s studies on dielectric exclusion in charged nanofiltration769

membrane pores, providing additional credibility to the model’s pre-770

dictive capabilities (Yaroshchuk, 2000, 2001; Yaroshchuk et al., 2019).771

772

The uncertainty in ion fluxes, in Fig. 5E and 5F, show that there773

is substantial overlap between the diffusive, convective, and electro-774

migration terms across certain ionic species. In Fig. 5E, for Ca2+ and775

Mg2+, overlap between all three driving forces is observed, and in776

Fig. 5F, overlap between the convective and diffusive contributions is777

noted for Mg2+. These observations suggest that it may be misleading778

to conclude that one driving force is dominant over the other from779

the modelling framework alone. For the investigated situations, it is780

difficult to claim that Ca2+ and Mg2+ transport is primarily diffusive781

or that Li+ transport is governed by convective transport. What is782

clear is that changing pore radius has a direct impact on the flux783

contributions through the change in hindrance factors, as well as an784

indirect impact from the resultant electric potential fields needed to785

satisfy electroneutrality (Ahmad and Ooi, 2010; Fadaei et al., 2012).786

Consequently, a high degree of sensitivity of the ionic flux to pore size787

is observed. Lastly, these findings support the use of the presented788

computational framework to model transport and study partitioning789

trends to motivate studies ion selectivity; however, the findings also790

suggest that making claims around ion driving forces may lead to791

misleading conclusions.792

4. Summary and Conclusions793

In this work, we develop an ion transport model combined with794

probabilistic estimation techniques to quantify latent membrane pa-795

rameters and their governing distributions. In addition, we combine796

the modelling framework with quasi-Monte Carlo sampling methods797

to quantify uncertainty in NF systems for metal recovery applications.798

Our main findings are:799

1. Our developed approach can quantify the latent membrane pa-800

rameters and pore size distributions using charged species data801

alone to within ±15% of multicomponent data from over 500802

experimental measurements.803

2. The proposed regression methodology relaxes the indepen-804

dence assumption made by conventional characterization meth-805

ods, eliminating uncertainty propagation from the parameter es-806

timation process; in contrast, errors in conventional efforts in-807

troduce ±100% uncertainties in latent membrane parameters.808

3. Beyond parameter estimation, we have performed ablation809

studies to explore avenues for selectivity enhancement. Our810

studies show that pH optimization can provide selectivity im-811

provements of 3–10×, depending on the metals of interest.812

Here, we focused on Mg2+, Ca2+, and Li+ recovery from di-813

verse sourcewaters. Our findings agree well with experiments814

from the literature.815

4. Using our parametric analyses, our studies suggest that tun-816

ing pore size distributions and membrane thicknesses (either817

through decreases in tortuosity or increases in porosity) offer818

fewer benefits in selectivity enhancement than pH optimization.819

5. Using quasi-Monte Carlo sampling with Sobol sequences, we820

propagated the learned pore size distributions through the821

model to study the sensitivity of partition coefficients and ion822

driving forces to pore size. With partition coefficients, our re-823

sults suggest dielectric exclusion to be the predominant selec-824

tivity mechanism, in line with experimental observations.825

6. The image force contributions appear to be small compared to826

the other partitioning mechanisms, in agreement with MD sim-827

ulations (image force partition coefficients are consistently be-828

tween 0.9–1 across salinities).829

7. Finally, the regressed partition coefficients agree well with830

experimentally-determined values. In addition, the uncertain-831

ties in the magnitude of the ion driving forces are highly sensi-832

tive to the estimated pore radius making it challenging to draw833

conclusions about the dominant ion driving force.834
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Nomenclature

Greek Symbols
αi Image Force Contribution Parameter for Solute i
β̃ Image Force Contribution Parameter
χd Volumetric Membrane Charge Density
∆ψD Donnan Potential
∆x Spacing on Chebyshev Collocation Grid
∆xe Effective Membrane Thickness
δ Estimated Thickness of Layer of Water in Nanopores
ε Convergence Tolerance for EM Algorithm
ε0 Permittivity of Free Space
γi Activity Coefficient of Solute i
λ Order of Spectral Differentiation Operator
L Latent (Hidden) Membrane Parameters
L∗ Optimal Latent (Hidden) Membrane Parameters
µ̂r Estimate of Pore Radius Mean
µ̂x Estimate of Normalized Pore Radius Mean
µi Chemical Potential of Solute i
µw Dynamic Viscosity of Water
φ Osmotic Coefficient of Water
φi,B Born Contribution Partition Coefficient of Solute i
φi,Di Dielectric Exclusion Partition Coefficient of Solute i
φi,Do Donnan Exclusion Partition Coefficient of Solute i
φi,im Image Forces Partition Coefficient of Solute i
φi,S Steric Exclusion Partition Coefficient of Solute i
ψ Electric Potential
σ Polyamide Membrane Surface Charge
σ̂r Estimate of Pore Radius Standard Deviation
σ̂x Estimate of Normalized Pore Radius Standard Deviation
σ2

i, j Estimate of Experimental Measurements Variance
τ Normalization Constant in EM Algorithm
θ̂ Parameterization of Membrane Pores
ξ Linearized Electric Potential Gradient
ζb Dielectric Constant of Water in the Bulk Solution
ζm Dielectric Constant of the Polyamide Membrane
ζp Dielectric Constant in the Membrane Pores

Roman Symbols
0+ Membrane Side at Solution-Membrane Interface (Feed)
0− Solution Side at Solution-Membrane Interface (Feed)
a Activity
Aφ One-third of Debye Limiting Gradient
Ci Molar Concentration of Solute i
Dλ λ th-order Spectral Derivative Operator (Collocation)
D̃λ λ th-order Spectral Derivative Operator (Coefficient)
Di Diffusion Coefficient of Solute i
F Debye-Hückel Contribution Term
fobj Objective Function for Maximum Likelihood Estimation
Hi,c Integrated Convective Hindrance Coefficient of Solute i

Hi,d Integrated Diffusive Hindrance Coefficient of Solute i
I Ionic Strength
I0, I1 Zeroth and First Order Bessel Functions of First Kind
J̄i Normalized Molar Flux of Solute i
Ji Molar Flux of Solute i
Jv Permeate Water Flux
k̄c,i Modified Mass Transfer Coefficient of Solute i
K0,K1 Zeroth and First Order Bessel Functions of Second Kind
kB Boltzmann’s Constant
Ki,c Convective Hindrance Coefficient of Solute i
Ki,d Diffusive Hindrance Coefficient of Solute i
m Ion Molality
N Number of Discretization Points in Collocation Grid
NA Avogadro’s Constant
Ns Number of Solutes in Mixture
Nw Number of Water Flux Measurements Taken
p Probability Density Function
Pei Péclet Number of Solute i
Q Expectation of Complete Data (Measured and Latent)
q Fundamental Electronic Charge
R Universal Gas Constant
ri Stokes Radius of Solute i
rp Pore Radius of Membrane
SM

X Selectivity between Ion M and Ion X
T Absolute Temperature
x Spatial Coordinate Orthogonal to Membrane
zi Valence of Solute i

Superscripts
(t) Iteration t of EM Algorithm
exp Experimental Measurement
mod Model Prediction

Subscripts
a,X Anion
b Bulk Solution
c,M Cation
f Feed Stream
i Species Index
m Solution-Membrane Interface
N Neutral Species
p Permeate Stream

Fraktur Symbols
F Faraday’s Constant
R

exp
i Experimental Rejection of Solute i

Rlim
i Limiting Rejection of Solute i

Rmod
i Model Rejection Prediction of Solute i
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Appendix A. Pitzer-Kim Multicomponent Activity Model843

Short-range and long-range interactions with neighbouring ions844

and solvent molecules can lead to deviations from ideal behaviour.845

To incorporate the effect of these non-idealities, activity coefficients,846

γi, of each ion species i, are required. Similarly, for the solvent, an847

osmotic coefficient, φ , is also needed to quantify the deviation from848

van ’t Hoff’s law.849

850

Pitzer-Kim’s model for mixed electrolyte solutions is a well-851

established method for quantifying these activity and osmotic852

coefficients (Pitzer, 1973). The model has previously shown strong853

agreement with experimental data for many different multicomponent854

solutions (Pitzer, 1973). The approach is derived by decomposing855

the solutions’ excess Gibbs free energy into a virial expansion that is856

truncated after the ternary term. For a given cation in solution, the857

activity coefficient, γM , is:858

lnγM = z2
MF+

Na

∑
a=1

ma(2BMa +ZCMa)

+
Nc

∑
c=1

mc(2φMc +
Na

∑
a=1

maψMca)+
Na−1

∑
a=1

Na

∑
a′=a+1

mama′ψaa′M

+ |zM |
Nc

∑
c=1

Na

∑
a=1

mcmaCca +
Nn

∑
n=1

mn(λnM) (A.1)

859

Similarly, for an anion in solution, the activity coefficient, γX , is:860

lnγX = z2
X F+

Nc

∑
c=1

mc(2BXc +ZCXc)

+
Na

∑
a=1

ma(2φXa +
Nc

∑
c=1

mcψXca)+
Nc−1

∑
c=1

Nc

∑
c′=c+1

mcmc′ψcc′X

+ |zX |
Nc

∑
c=1

Na

∑
a=1

mcmaCca +
Nn

∑
n=1

mn(λnX ) (A.2)

861

Lastly, the osmotic coefficient of the solution, φ , is given by:862

1
2

Ns

∑
i=1

mi(φ −1) =
−Aφ

√
I3

1+1.2
√

I
+

Nc

∑
c=1

Na

∑
a=1

mcma(B
φ

MX +ZCca)

+
Nc−1

∑
c=1

Nc

∑
c′=c+1

mcmc′(Φ
φ

cc′ +
Na

∑
a=1

maψcc′a)

+
Na−1

∑
a=1

Na

∑
a′=a+1

mama′(Φ
φ

aa′ +
Nc

∑
c=1

mcψaa′c)

+
Nn

∑
n=1

Na

∑
a=1

mnmaλna +
Nn

∑
n=1

Nc

∑
c=1

mnmcλnc

(A.3)

863

where the subscript s denotes all solutes (including cations, anions, and864

neutrals). Here, F is depends on ionic strength and can be quantified865

using:866

F =−Aφ

[ √
I

1+1.2
√

I
+

1
1.2

ln(1+1.2
√

I)

]

+
Nc

∑
c=1

Na

∑
a=1

mcmaB′
ca +

Nc−1

∑
c=1

Nc

∑
c′=c+1

mcmc′Φ
′
cc′

+
Na−1

∑
a=1

Na

∑
a′=a+1

mama′Φ
′
aa′ (A.4)

where, Aφ is one-third of the Debye limiting gradient (Archer and867

Wang, 1990)8. Using only Aφ provides accurate activity and osmotic868

coefficient predictions at concentrations below 0.8 mol/kg but fails to869

capture the solution non-idealities at elevated concentrations, requiring870

additional binary and ternary terms. Subscripts M, X , and N denote871

cations, anions, and uncharged species, respectively. Similar defini-872

tions apply to indices c, a, and n, while Nc, Na, and Nn correspond873

to the total number of cations, anions, and uncharged species in solu-874

tion, respectively. Lastly, z is ion valence and m is the molality of a875

given species. The remaining terms represent binary and ternary inter-876

action parameters and virial coefficients that can be determined using877

the expressions below:878

Bφ

MX = β
(0)
MX +β

(1)
MX e−αMX

√
I +β

(2)
MX e−12

√
I (A.5)

879

BMX = β
(0)
MX +β

(1)
MX g(αMX

√
I)+β

(2)
MX g(12

√
I) (A.6)

880

B′
MX = β

(1)
MX

g′(αMX
√

I)
I

+β
(2)
MX

g′(12
√

I)
I

(A.7)
881

CMX =
Cφ

MX
2|zMzX |0.5

(A.8)

882

Here, I is the solution’s ionic strength
( 1

2 ∑i miz2
i
)
, and Z is ∑i mi|zi|.883

The parameter Cφ

MX remains fixed for a given ion pair and values for884

different pairs are tabulated in literature. Functions g(ξ ) and g′(ξ ) are:885

g(ξ ) =
(

2
ξ 2

)[
1− (1+ξ )e−ξ

]
(A.9)

886

g′(ξ ) =−
(

2
ξ 2

)[
1−
(

1+ξ +
ξ 2

2

)
e−ξ

]
(A.10)

887

Here, ξ depends on ionic strength and takes the form of αMX
√

I and/or888

12
√

I depending on valence of the ions present in solution. For 2-2889

electrolytes and higher non-univalent pairs, αMX = 1.4. For simpler890

pairing (1-1, 1-2, 2-1), a value of 2 is adopted for αMX . Similarly, for891

2-2 electrolytes and other high valence pairs, β
(2)
MX is non-zero. β

(2)
MX =892

0 for univalent ion pairs and other simple ionic pairings e.g. 1-2, 2-1.893

The second virial coefficient, Φ is a function of ionic strength. Φ is894

calculated as follows:895

Φ
φ

i j = θi j +
E

θi j(I)+ IE
θ
′
i j(I) (A.11)

896

Φi j = θi j +
E

θ
′
i j(I) (A.12)

897

Φ
′
i j =

E
θi j(I) (A.13)

898

8Aφ is a function of density and temperature. Experimentally-validated
pressure, temperature, and salinity-dependent density corrections were applied
in this work (Nayar et al., 2016).
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A B

Figure A.6: (A) Pitzer-Kim multi-electrolyte model compared to experimental data for various single salts (Robinson and Stokes, 2002). The salts include NaCl,
CalCl2, MgCl2, Na2SO4, and MgSO4. (B) Comparison of model and experiments using the Pitzer-Kim model for multi-electrolyte mixtures of NaCl-KCl with
different solute molal ratios denoted by r (r = 0 denotes pure KCl and r → ∞ denotes pure NaCl) (Dinane et al., 2002).

E θi j(I) and E θ ′
i j(I) are function of the solution’s ionic strength and a899

given ion pairing. The corresponding functions are provided by Eq.’s900

(A.14)-(A.17). Lastly, E θi j depends on the electrolyte pair and values901

for each ion pairing are available in the literature.902

E
θi j(I) =

ziz j

4I

(
J0(xi j)−

1
2

J0(xii)−
1
2

J0(x j j)

)
(A.14)

903

E
θ
′
i j(I) =

ziz j

8I2

(
J1(xi j)−

1
2

J1(xii)−
1
2

J1(x j j)

)
−

E θi j(I)
I

(A.15)

904

where J0(ν) and J1(ν) can be evaluated as follows:905

J0(ν) =
1
4

ν −1+
1
ν

∫
∞

0

[
1− e−

ν

µ̂
e−µ
]

µ
2dµ (A.16)

906

J1(ν) =
1
4

ν −1+
1
ν

∫
∞

0

[
1−
(

1+
ν

µ
e−µ

)
e−

ν

µ
e−µ

]
µ

2dµ (A.17)

907

and νi j ≜ 6ziz jAφ
√

I. All integrals were evaluated numerically using908

Gauss-Kronrod quadrature from the scipy.integrate package.909

Appendix B. EM Algorithm: Proof of Correctness910

During the iterative expectation-maximization procedure, it is911

not directly obvious why maximizing the conditional expectation,912

Q(θ̂ |θ̂ (t)), leads to a direct improvement in the MLE problem with913

the conventional log likelihood ln p(Rexp|θ̂). To prove this, we can914

start of by using the laws of conditional probability to express the log915

likelihood as:916

ln p(Rexp|L, θ̂) = ln p(Rexp,L|θ̂)− ln p(θ̂ |Rexp,L) (B.1)

The total probability can be evaluated for all present terms by taking917

the expectation and summing (or integrating in the continuous case)918

through all possible latent variables under the current estimate of the919

pore size parameterization, θ̂ (t):920

ln p(Rexp|θ̂) = ∑
L

p(L|Rexp, θ̂ (t)) ln p(Rexp,L|θ̂)

−∑
L

p(L|Rexp, θ̂ (t)) ln p(L|Rexp, θ̂) (B.2)

Here, the first term on the right-hand-side has been previously defined921

as Q(θ̂ |θ̂ (t)), while the second term can be defined as Γ(θ̂ |θ̂ (t)):922

ln p(Rexp|θ̂) = Q(θ̂ |θ̂ (t))+Γ(θ̂ |θ̂ (t)) (B.3)

Since this equation holds for all iterations of the EM algorithm, the923

equality must also hold for the current iteration:924

ln p(Rexp|θ̂ (t)) = Q(θ̂ (t)|θ̂ (t))+Γ(θ̂ (t)|θ̂ (t)) (B.4)

Next, we can evaluate the difference between Eq. (B.3) and Eq. (B.4),925

denoted ∆, to yield:926

∆ =
[
Q(θ̂ |θ̂ (t))−Q(θ̂ (t)|θ̂ (t))

]
+
[
Γ(θ̂ |θ̂ (t))−Γ(θ̂ (t)|θ̂ (t))

]
(B.5)

Here, we can apply Gibbs inequality, which states that for two discrete927

probability distributions, P and Q, the following inequality must hold:928

−
N

∑
i=1

pi ln pi ≤−
N

∑
i=1

pi lnqi (B.6)

where the equality constraint is met if and only if pi = qi ∀i. This929

inequality arises from information theory arguments which explicitly930

state that the information entropy of a given distribution P must be931

less than or equal to its cross entropy with any other distribution Q.932

933

Consequently, using the Gibbs inequality, Γ(θ̂ |θ̂ (t)) ≥ Γ(θ̂ (t)|θ̂ (t)).934

This means that:935

ln p(Rexp|θ̂)− ln p(Rexp|θ̂ (t))≥ Q(θ̂ |θ̂ (t))−Q(θ̂ (t)|θ̂ (t)) (B.7)

This proves two things: (1) Q(θ̂ |θ̂ (t)) must be bounded from above936

by ln p(Rexp|θ̂); and (2) by maximizing Q(θ̂ |θ̂ (t)), the optimization937

achieves at least an equal improvement in the subsequent θ̂ as it would938

in the case the optimization was performed on ln p(Rexp|θ̂).939
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940

This result is presented graphically in Fig. B.7, where a sample941

curve for ln p(Rexp|θ̂) is provided. Similarly, a qualitative example942

of Q(θ̂ |θ̂ (t)) is plotted, where it is seen to be bounded from above by943

ln p(Rexp|θ̂), as enforced by the EM algorithm. The next iteration,944

θ̂ (t+1) is determined by maximizing Q(θ̂ |θ̂ (t)). In our case, the945

Nelder-Mead gradient-free local optimizer is used to evaluate θ̂ (t+1)
946

repeatedly until |(θ̂ (t+1)− θ̂ (t))/θ̂ (t)|< ε , for ε = 1×10−4.

θ̂

ln p(Rexp|θ̂)

ln p(Rexp|θ̂(n))

θ̂(n) θ̂(n+1)

ln p(Rexp|θ̂(n+1))

ln p(Rexp|θ̂)

Q(θ̂|θ̂(n))

Q(θ̂(n+1)|θ̂(n))

Figure B.7: Qualitative illustration of update procedure for the expectation-
maximization algorithm for a given set of latent membrane parameters.

947

Appendix C. Model Assumptions and Limitations948

The conventional DSPM-DE model contains many underlying as-949

sumptions and simplifications that have been rigorously detailed in950

prior work (Wang and Lin, 2021; Yaroshchuk et al., 2019). In this951

study, we have eliminated some of them to provide better generaliz-952

ability; however, some simplifications and model limitations remain.953

Some of the main remaining assumptions/limitations are summarized954

below (in no particular order):955

1. Salts are assumed to fully dissociate in water without forming956

ion complexes. At brackish salinities, this assumption may be957

justified, but beyond seawater salinities, the errors that result958

from this assumption can become substantial (Foo et al., 2023).959

2. Charged species transport is explicitly uncoupled (the extended960

Nernst-Planck equations do not include cross-interaction961

terms), yet implicitly coupled through the electric potential and962

electroneutrality constraints imposed on the model formulation.963

The introduced errors can become substantial in the high salin-964

ity regime (Foo et al., 2021; Rehman et al., 2021).965

3. The convective and diffusive hindrance factors used to describe966

transmembrane transport are derived from perturbation theory967

solutions to the Navier-Stokes equations and treat ions as hard968

neutral spheres in neutral cylindrical pores (Deen, 1987).969

4. The geometric distribution used to describe the steric exclusion970

partition coefficient was originally derived for cylindrical pores971

(an alternate formulation for slit-like pores exists, and can be972

used, however, both are simplifications of the underlying pore973

morphology) (Yaroshchuk, 2000).974

5. The volumetric charge density is assumed to be a homogenous975

quantity, despite recent literature suggesting a heterogenous,976

composition-dependent structure (Ritt et al., 2020). A similar977

argument applies to the dielectric constant inside the polyamide978

membrane pores.979

6. The Born formula used for dielectric exclusion arises from980

macroscopic electrostatics, which treat the ions as conducting981

non-polarizable spheres with charges distributed across the ion982

surface. In addition, the solvent is modelled as a dielectric con-983

tinuum without structure. This formulation assumes that the984

induced charges from dielectric effects are distributed locally985

across an infinitely thin film at the ion-solvent interface, de-986

spite dielectric effects most likely arising from a supramolecu-987

lar structure (Yaroshchuk et al., 2019). A more rigorous discus-988

sion around the shortcomings of the Born model is detailed in989

the review by Yaroshchuk et al. (Yaroshchuk et al., 2019).990

7. The framework for image forces linearizes the equations of991

macroscopic electrostatics, neglecting the importance of wa-992

ter structure under nano-confinement (Yaroshchuk et al., 2019).993

These effects can lead to reduced ion screening effects of im-994

age forces, which may suggest underestimated contributions of995

image charges in polyamide membranes.996

8. Combing steric and Donnan exclusion using partitioning laws997

can lead to pronounced negative rejections that may disagree998

with experimental observations (Yaroshchuk et al., 2019).999

9. The electroneutrality condition is assumed to hold inside1000

the membrane pores as well as within the bulk solution1001

(Yaroshchuk et al., 2019).1002

10. The Stokes radius is the most representative radius to use. Pre-1003

vious studies have explored cavity radii, ionic radii, Born radii,1004

and Pauling radii, with varying degrees of success (Hussain1005

et al., 2008).1006

Appendix D. Classical Characterization Procedure1007

Here, we summarize the conventional characterization procedure1008

used to determine the four governing latent membrane parameters in1009

NF systems: L= {rp,∆xe,ζp,χd}.1010

1011

First, uncharged/neutral solute experiments are used to quantify1012

the pore radius, rp. Solute j’s hindered flux in the selective layer when1013

convection and diffusion are the sole driving forces for transport is:1014

J j =−H j,dD j
dC j

dx
+H j,cJvC j (D.1)

where H j,d and H j,c are diffusive and convective hindrance coefficients1015

that include steric corrections, respectively. By integrating both sides1016

of the equation, we obtain:1017 ∫ C j,p

C j, f

1
H j,cJvC j − J j

dC j =
∫

∆xe

0

1
H j,dD j

dx (D.2)

The integral is performed from the feed to the permeate, under the1018

assumption that the concentrations are sufficiently low enough for1019

insignificant boundary layer formation. This can often be achieved1020

by high cross-flow velocities that minimize concentration polarization1021

(Bowen et al., 1997; Schaep et al., 1999). Performing the integral and1022

substituting in the limits yields:1023

ln
(

H j,cJvC j,p − J j

H j,cJvC j, f − J j

)
=

H j,cJv∆xe

H j,dD j
(D.3)

where the right-hand-side corresponds to the Péclet number (the ratio1024

of convective transport to diffusive transport):1025

Pe j ≜
H j,cJv∆xe

H j,dD j
(D.4)
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Exponentiating both sides of Eq. (D.3) and assuming a decoupled so-1026

lute and solvent flux, we obtain:1027

J j(1−H j,c)

J j −H j,cJvC j, f
= exp

(
Pe j
)

(D.5)

Rearranging Eq. (D.5) for J j yields:1028

J j =
H j,cJvC j, f

1−
(
1−H j,c

)
exp
(
−Pe j

) (D.6)

Since H j,c ≜ K j,c(1−λ j)
2 and H j,d ≜ K j,d(1−λ j)

2, we can re-write1029

Eq. (D.6) as:1030

J j =
K j,c(1−λ j)

2JvC j, f

1−
[
1−K j,c

(
1−λ j

)2
]

exp
(
−Pe j

) (D.7)

Finally, both sides are divided by JvC j, f , and we replace J j with JvC j,p,1031

while subtracting the equation from 1 to obtain uncharged solute rejec-1032

tion, Rmod
j :1033

Rmod
j ≜ 1− C j,p

C j, f
= 1− K j,c(1−λ j)

2

1−
[
1−K j,c

(
1−λ j

)2
]

exp
(
−Pe j

) (D.8)

This equation characterizes uncharged solute rejection under the as-1034

sumption that no boundary layers exist in the feed or the permeate.1035

Next, substituting the Hagen-Poiseuille relation into Pe j, the rejection1036

becomes entirely a function of rp, removing the dependence on the1037

effective membrane thickness i.e. Rmod
j (rp,∆xe)→Rmod

j (rp):1038

Pe j(rp,∆xe) =
H j,c∆xe

H j,dD j
·

r2
p∆P

8µw∆xe︸ ︷︷ ︸
Jv

=
H j,cr2

p∆P
8µH j,dD j

= Pe j(rp) (D.9)

Here, µw is the solution dynamic viscosity and the Hagen-Poiseuille1039

equation is substituted in for Jv. The Hagen-Poiseuille equation is1040

derived under the assumption of fully-developed laminar flow in1041

straight cylindrical tubes, which may be a significant simplification of1042

the underlying physics. This substitution simultaneously introduces,1043

∆P, the applied pressure, an easy-to-measure independent parameter.1044

Some studies in the literature substitute ∆P with ∆Peff, which purports1045

to account for the osmotic pressure difference between the feed and1046

permeate (Wang and Lin, 2021; Bandini and Vezzani, 2003).1047

1048

In some studies, instead of using Rmod
j from Eq. (D.8), authors1049

replace it with the rejection in the high Péclet number regime, Rlim
j .1050

Here, as Pe j → ∞, Rmod
j → Rlim

j , where Rlim
j = 1 −K j,c

(
1−λ j

)2
1051

(Labban et al., 2017). This value is often termed the limiting rejection.1052

1053

Using the rejection formulation from Eq. (D.8), a one dimen-1054

sional least squares regression can be performed to fit the pore radius.1055

The optimization problem takes the following form:1056

r∗p = argmin
rp

Nv

∑
i=1

NU

∑
j=1

[
Rmod

i, j (rp)−R
exp
i, j

]2
(D.10)

1057

Here, indices i and j run through all water flux measurements and1058

uncharged solutes, respectively. NU corresponds to the total number1059

of uncharged species in solution. All latent variables with an asterisk1060

in the subscript denote optimal values.1061

1062

Once the pore radius has been determined from uncharged species1063

rejection data, its value is substituted back into the Hagen-Poiseuille1064

equation to regress out membrane thickness by fitting Jv to applied1065

pressure. Most frequently, pure water permeability studies are used to1066

perform this regression, with the optimization problem formulated in1067

Eq. (D.11) below (Micari et al., 2020):1068

∆x∗e = argmin
∆xe

Nv

∑
i=1

[
r2

p∆Pi

8µw∆xe
− Jexp

v,i

]2

(D.11)

1069

Some variations to this approach do exist in the literature. Authors1070

have also previously combined the single-variable minimization into1071

a simultaneous regression for both water flux and uncharged species1072

rejection (Wang et al., 2021b). This leads to the following optimization1073

problem:1074

(r∗p,∆x∗e) = argmin
rp, ∆xe

Nv

∑
i=1

[
Jmod

v,i (rp, ∆xe)− Jexp
v,i

Jexp
v,i

]2

+
Nv

∑
i=1

NU

∑
j=1

[
Rmod

i, j (rp, ∆xe)−R
exp
i, j

R
exp
i, j

]2

(D.12)

1075

Although this approach allows both rp and ∆xe to vary simultaneously,1076

an explicit water flux equation is still required for its use.1077

1078

Now that the pore radius, rp, and the effective thickness, ∆xe,1079

have been quantified, two latent variables remain: ζp and χd . The1080

next parameter determined is the dielectric constant in the membrane1081

pores, ζp. To evaluate this, zeta potential measurements are first1082

performed to determine the iso-electric point (IEP) of the membranes.1083

At this point, the membrane is deemed to be neutrally-charged,1084

suggesting that Donnan effects can be ignored. Mathematically,1085

under these conditions, χd = 0. Under these operating conditions, the1086

dimensionality of the regression problem is reduced. Now, with the1087

neutrally-charged membrane, single salt rejection experiments can be1088

performed and used as inputs in the following optimization problem1089

(holding the previously determined values of rp and ∆xe constant):1090

ζ
∗
p = argmin

ζp

Nv

∑
i=1

[
Rmod

i (rp, ∆xe, ζp, χd = 0)−R
exp
i

]2
(D.13)

1091

Here, Rmod
i is now determined using the full DSPM-DE model (with1092

χd set to 0). After using this regression to quantify ζp, the last re-1093

maining latent variable is the volumetric membrane charge density, χd1094

(since χd ̸= 0 at values other than the IEP). To evaluate χd , multi-1095

component rejection measurements can be performed at pH 7. The1096

full DSPM-DE model is used to determine multicomponent rejection1097

as a function of permeate water flux or applied pressure. This rejec-1098

tion serves as input into the objective function that minimizes the least1099

squares error between the model output and experimental data:1100

χ
∗
d = argmin

χd

Nv

∑
i=1

NS

∑
j=1

[
Rmod

i, j (rp, ∆xe, ζp, χd)−R
exp
i, j

]2
(D.14)

1101

Here, NS denotes the total number of ions in solution.1102

1103

To summarize the conventional characterization procedure, a1104

schematic of the process is provided in Fig. D.8 below.1105
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Figure D.8: Conventional characterization procedure for determining the four
latent membrane parameters from experimental data. Four sets of experiments
are needed: (1) uncharged solute rejection experiments to derive pore radius; (2)
pure water flux experiments at varying operating pressures to quantify the ef-
fective membrane thickness; (3) single salt rejection measurements at the mem-
brane’s IEP (χd is assumed to be 0); and (4) multicomponent rejection experi-
ments to quantify the membrane charge density (Rehman and Lienhard, 2022).

Appendix E. Ultraspherical Spectral Methods for Acceler-1106

ated Numerical Computation1107

When discretizing the extended Nernst-Planck equations from1108

Eq. (1), an equally-spaced collocation grid is most often used;1109

however, switching to a Chebyshev discretization grid and adopting1110

ultraspherical spectral methods − a relatively new numerical approach1111

to solving linear systems − can provide substantial computational1112

benefits (Olver and Townsend, 2013). Specifically, the numerical1113

solution procedure shifts from requiring O(N3) operations for matrix1114

inversion to O(N logN) operations. These runtimes, O(·), correspond1115

to asymptotic complexities, where N refers to the number of the points1116

used in the discretization (Olver and Townsend, 2013).1117

1118

Spectral methods in collocation space are typically dense linear1119

operators that yield exponential convergence rates for linear sys-1120

tems (this also holds true for spectral Chebyshev operators on the1121

collocation grid) (Trefethen, 2000). Although spectral accuracy is1122

achieved, this comes at the expense of O(N3) inversion. Low-order1123

finite difference methods on the other hand, require O(N) operations1124

to invert (assuming the matrix bandwidth is not a function of the1125

discretization size), yet suffer from polynomial convergence rates.1126

Ultraspherical spectral methods adopt discrete cosine transforms1127

(DCTs) to perform fast mappings between points on the collocation1128

grid to a new coefficient space, where the previously dense differential1129

operators become sparse, banded matrices. The primary advantage1130

is that these preconditioner mappings can be computed quickly, i.e.1131

in O(N logN) operations, after which we can resort back to our1132

fast O(N) inversion algorithms in this new coefficient space. Once1133

the new linear system has been inverted, the resultant solution is1134

mapped back onto the collocation grid using inverse DCTs, also1135

at O(N logN). This yields an overall asymptotic complexity of1136

O(N logN) for spectral accuracy, which is substantially faster than an1137

O(N3) complexity, which would be needed if the system were solved1138

on collocation points. Note: DCTs are used in the case where Dirichlet1139

boundary conditions define the problem PDE, which is the case for the1140

DSPM-DE model and our approach. If periodic boundary conditions1141

are present, fast Fourier transforms (FFTs) can be used, and in the case1142

of Neumann boundary conditions, discrete sine transforms (DSTs) can1143

be adopted. The choice of preconditioner is essential in determining1144

whether the resultant matrix in coefficient space is banded or not;1145

an attribute that we desire in order to leverage the fast O(N) inversions.1146

1147

When combining these numerical methods with our model, the1148

degree of discretization needed to achieve the same solution accuracy1149

is substantially lower: specifically, we are able to achieve machine1150

precision numerical accuracy in the selective layer concentration1151

with only 10 discretization nodes, reducing the amount of computa-1152

tion required from the numerical scheme (Geraldes and Afonso, 2007).1153

1154

The Chebyshev grid is a projection of a uniformly-spaced grid1155

on the surface of a semi-circle onto the Cartesian plane (see Fig. E.9;1156

here, the equally-spaced nodes on the semi-circle, separated by ∆x,1157

are projected onto the horizontal axis, creating an unequally-spaced1158

grid at Chebyshev nodes). There is a higher density of nodes near the1159

solution-membrane interface (at x = 0−/0+ and x = ∆x−e /∆x+e ) and a1160

lower density at the center of the selective layer.1161

1162

x !"#$%&"#'()*&+,#-*./-*01

∆x

Figure E.9: Chebyshev discretization visualization; projection from equally-
spaced grid on the semi-circle to unequally-spaced points on a Cartesian plane.

In collocation space, the Chebyshev spectral derivative operators (Tre-1163

fethen, 2000) are:1164

Dλ =



(2λ 2 +1)/6 i, j = 0

−(2λ 2 +1)/6 i, j = λ

−0.5x j(1− x2
j)
−1 1< i = j ≤ λ −1

(di/d j)(−1)i+ j(xi − x j)
−1 1< i ̸= j ≤ λ −1

(E.1)

1165

where λ is the order of differentiation and di is defined as:1166

di =

2 i = 0 or λ

1 1 ≤ i ≤ λ −1
(E.2)

In coefficient space, these operators become banded matrices, D̃λ :1167

D̃λ =

λ + i j = λ + i

0 elsewhere
(E.3)
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