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Abstract

Modern automated-bidding (or autobidding) ecosystems have fueled the prevalence
of programmatic advertising, which accounts for 90% of total digital ad transaction
volume and more than $120 billion dollar ad spend in 2022. In an autobidding
ecosystem, online advertisers convey high-level goals to ad platforms using levers
presented by the platforms, and subsequently platforms run automated algorithms to
procure ads on advertisers’ behalf. While autobidding significantly simplifies and scales
up ad procurement processes, it also brings about new challenges: for advertisers,
the simplification to ad procurement comes at the cost of information dilution as
advertisers no longer have access to granular procurement details; for ad platforms,
booming advertiser activities have incentivized growing sophistication in advertising
campaign and objectives.

My thesis is dedicated to address two themes from a data-centric perspective:
how should advertisers effectively interact with ad platforms in limited information
environments? And how should ad platforms design procurement mechanisms to
achieve revenue and advertiser welfare goals under complex advertiser objectives and
behaviors?

The thesis first addresses the advertisers’ problem by exploring how advertisers can
utilize levers presented by ad platforms such as budgets or target return-on-investments
(ROI) to optimize ad procurement objectives. We analyze the effectiveness of standard
platform levers, and then present efficient data-driven algorithms for an advertiser
to optimize over lever decisions under limited information, where the procurement
algorithm and selling mechanisms in the autobidding ecosystem are treated as a
blackbox. Then, the thesis explores an ad platform’s problem of designing selling
mechanisms against advertisers with complex objectives. In particular, this part of
the thesis concerns strategic advertisers who may manipulate selling mechanisms
via submitting corrupted information to achieve better long-term rewards, as well
as constrained advertisers who are subject to financial restrictions. We first design
data-driven pricing algorithms to maximize long-term platform revenue in the pres-
ence of different advertiser types. Then, we also investigate how ad platforms can



augment standard ad auctions with machine-learned advice to improve worst-case
welfare guarantees on the individual advertiser level when advertisers are financially
constrained and adopt arbitrary strategies.
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1.1 Background on autobidding ecosystems

Over the past few years, programmatic advertising—the automation of purchase and
sales of online digital inventories—has become the prevalent mode for digital ad
transactions. In 2022, it is estimated that 90% of digital display ads are traded
programmatically, resulting in more than $120 billion dollar ad spend, and these figures
are expected to continue their steady increases in following years |2, 1]. Programmatic
advertising practices are primarily powered by autobidding ecosystems, in which
advertisers only need to convey high-level ad campaign goals to ad platforms, and
subsequently ad platforms deploy automated algorithms to procure ads on advertisers’
behalf. Although specifics of autobidding ecosystems may vary across different market
segments (e.g. display ads versus key word search), the vast majority shares three

data-centric components: 1. advertiser-platform interactions; 2. automated proxy

procurement; and 3. ad selling mechanism.

Advertiser-platform interactions. An advertiser’s digital ad campaign starts
from the advertiser setting high-level ad procurement goals for their ad campaign using
pre-defined levers provided by the platform. These levers include, but are not limited
to, procurement objective functions (e.g. optimize quasi-linear utility which is the net
monetary gain from conversions after cost, or simply maximize total conversion), total
budget, target return-on-investment ROI, maximum cost per conversion, campaign
duration, etc.; see e.g. [16, 111] that study setups where advertisers utilize the budget
and target ROI levers to express procurement goals. As advertisers generally run
sequential campaigns, they make lever decisions based on feedback or conversion

outcomes from previous interactions with platforms.

Automated proxy procurement. After an advertiser sets their lever decisions,
the ad platform deploys automated algorithms to make procurement decisions on
behalf of the advertiser w.r.t. ad selling mechanisms (e.g. determining bid values in
ad auctions). The automated algorithm may dynamically analyze data on market

demand, competitor behavior, and audience demographics to determine the optimal
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procurement decision. The goal of the deployed algorithms is to meet the specified
goals of advertisers conveyed through their lever decisions. Specifically, in the case
where selling mechanisms are ad auctions, procurement decisions take the form of
submitted bids, and there has been a vast line of research that develops bidding
algorithms for different kinds of auctions under a spectrum of advertiser objectives;

see e.g. [109, 14, 66, 65, 18].

Ad selling mechanism. Independent of the design and deployment of automated
procurement algorithms, the ad platform also determines the selling mechanism, which
can include auction-based systems [92, 106, 46, 61], fixed-price models |77, 25, 38|,
or other pricing strategies [41, 42, 75].! The selling mechanism determines which ad
slots are sold to which advertisers and at what price, with the goal of maximizing
revenue for the ad platform and/or optimizing advertiser welfare. In modern ad
platforms, the design of selling mechanisms are largely driven by data generated from
past advertiser-platform interactions, e.g. using outcomes from past ad auctions to
learn optimal auction formats [96, 60, 43|, or augmenting standard auction formats
with predictions from machine learning models on advertisers’ perceived monetary
values on ads [35, 36].

These three components constitute key functionalities of data-centric autobidding
ecosystems, and their harmonious interplay has been largely beneficial for both
advertisers and ad platforms. For advertisers, autobidding has simplified the ad
procurement process by removing much of the manual work involved in purchasing ads.
Traditionally, advertisers would manually negotiate with ad platforms for ad space
and make bids based on their discretionary views on market demand and competitor
behavior. However, with autobidding services offered by ad platforms, advertisers
only need to convey high-level procurement goals such as budget and ROI targets,
and the rest is taken care of by ad platforms that analyze large amounts of data in

real-time and make procurement decisions on behalf of advertisers. This makes it

'In many modern ad platforms, the design of selling mechanisms is isolated from the design and
deployment of automated procurement algorithms to prevent market manipulation and enforce fair
prices for ads.
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possible for advertisers to participate in millions of digital ad sales per day and allow
them to focus on developing effective ad campaigns rather than on the intricacies of
the procurement process. On the other hand from the perspective of ad platforms,
autobidding has greatly increased online ad transaction volume and revenue: with
automated algorithms making procurement decisions on behalf of advertisers, the
number of ad sales that can be processed in real-time has increased dramatically.
Further, increased advertiser activity due to autobidding generates a large amount of
data, with which ad platforms can refine their selling mechanisms to improve revenue

and welfare outcomes.

Despite such benefits, data-driven autobidding also brings about many challenges.
For advertisers, the simplification of the ad procurement process has led to a lack
of transparency not only in procurement behavior, but also in selling mechanics
and procurement outcomes; e.g. ad platforms typically do not reveal details of
procurement algorithms, making the procurement process a complete black box
from advertisers’ perspective. Further, advertisers in general do not have access to
information on competitors’ actions or behavior, nor do they know the procurement
outcomes of others. This lack of transparency creates opaque environments for
advertisers, making it difficult for them to determine ad campaign lever decisions
such as setting budgets or ROI targets. On the other hand, for ad platforms, the
vast amount of repeated interactions between automated procurement algorithms and
platform selling mechanisms generates abundant data that incentivizes the adoption
of even more complex behavior and algorithms to express long and short term goals.
This complexity makes it difficult for platforms to design effective selling mechanisms

that can achieve revenue and welfare goals.

As autobidding continues to be the dominant mode for advertisers to engage in
online adverising markets, finding ways to overcome the aforementioned challenges
that advertisers and ad platforms face becomes essential to ensuring the efficiency of

modern online advertising systems.
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1.2 Thesis goal and methodology

This thesis is dedicated to navigate through the aforementioned challenges by presenting
theoretical frameworks to study both the advertiser and ad platform’s problems, and
further present data-driven approaches to help both parties achieve their respective
goals in complex autobidding ecosystems. In particular, we present novel data-driven

methods to address the following questions.

1. (For advertisers) Facing opaque ad platform procurement mechanics and
procedures, how can advertisers design their ad campaigns by effectively
setting lever decisions to achieve their business objectives?

2. (For ad platforms) Facing complex advertiser objectives and automated
procurement algorithms, how should ad platforms design selling mechanisms
to achieve revenue goals and/or optimize overall social welfare among

advertisers?

Answering these two questions is challenging because the three data-centric compo-
nents in the autobidding ecosystem, namely advertiser-platform interaction, automated
proxy procurement, and ad selling mechanism, create a “three-body problem”the
components are tightly interlinked such that any perturbations or changes in one may
cause intractable rippling effects on the others. For instance, as an advertiser varies her
input levers presented by platforms, the subsequent automated procurement algorithm
would adjust accordingly, shifting competition dynamics between the advertiser and
competitors, and potentially leading to drastically different outcomes or equilibria of
the selling mechanism. Additionally, modifications to the selling mechanism motivates
new designs of procurement algorithms, and also prompts advertisers to rethink their
lever decisions with which they utilize to achieve certain campaign goals.

In this thesis, our methodology to address both the advertiser’s and the ad
platform’s questions in face of this “three-body problem” is to isolate a single component,
and abstract the other two as a whole while retaining key features that interact with
the single isolated component. In particular, in Section 1.2.1, we describe our approach

to address the advertiser’s problem regarding effective decision making for platform
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levers by isolating the advertiser-platform interaction component, while modelling
automated procurement algorithms and the ad mechanism together as a blackbox. In
Section 1.2.2, we study ad platforms’ revenue maximization problem in the context of
the selling mechanism component, while facing automated procurement algorithms
that are governed by pre-specified advertiser levers. Finally in Section 1.2.3, we shed
light on ad platforms’ welfare maximization problem for individual advertisers through
the lens of the selling mechanism component, while only considering satisfaction of

advertiser levers without specifications of actual automated procurement algorithms.

1.2.1 An advertiser’s view: multi-channel ad procurement with

limited information (Chapter 2)

We address an advertiser’s problem to make effective lever decisions under limited
information via viewing the automated procurement algorithms and selling mechanism
together as a blackbox that inputs lever decisions, and outputs conversion and spend.
In particular, we focus on the advertiser’s problem in Chapter 2 under a multi-channel
ad procurement setup, where advertisers procure ad impressions simultaneously on
multiple platforms, or so-called channels, such as Google Ads, Meta Ads Manager, etc.
We study how an advertiser maximizes their total conversion (e.g. ad clicks) while
satisfying aggregate ROI and budget constraints across all channels.

As illustrated in Section 1.1, the autobidding ecosystem does not allow advertisers
to control over, and thus globally optimize, her procurement decisions in individual ad
sales for each channel, as such granular procurement decisions are handled completely
by channels: the advertiser can only utilize levers on each channel, such as setting
a per-channel budget and per-channel target ROI, to convey high-level procurement
goals. In Chapter 2, we specifically focus on two widely used levers, namely per-channel
budget and per-channel ROI, and analyze the effectiveness of each of these levers for
solving the advertiser’s global multi-channel procurement problem. We show that
when an advertiser only optimizes over per-channel ROI levers, her total conversion can

be arbitrarily worse than what she could have obtained in the global problem which
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assumes the advertiser can optimize procurement decisions in individual sales. Further,
we show that the advertiser can achieve the global optimal conversion when she only
optimizes over per-channel budgets. In light of this finding, under a bandit feedback
setting that mimics real-world scenarios where advertisers have limited information on
ad auctions in channels and how channels procure ads, we present an efficient learning
algorithm that produces per-channel budgets whose resulting conversion approximates
that of the global optimal problem. Finally, we argue that all our results hold for

selling mechanisms that take standard single-item or multi-item auction formats.

1.2.2 An ad platform’s view I: revenue-maximization against
strategic and financially constrained advertisers (Chap-

ters 3 & 4)

We address an ad platform’s revenue maximization problem in the context of the
selling mechanism component while viewing the advertiser-platform interaction and
automated procurement algorithm components as a whole—we perceive advertisers
directly running general automated procurement algorithms with the aim to satisfy
pre-determined ad procurement goals. In particular, we focus on two advertiser types,
those who maximize long term cumulative quasi-linear utility, and those who maximize
cumulative conversion subject to financial constraints, respectively.

In Chapter 3, we first study selling to quasi-linear utility maximizing advertisers (or
buyers for short) under a dynamic reserve-price optimization setup for repeated con-
textual second-price auctions. The ad platform (or the seller) has limited information
on buyers’ overall demand curves which depends on a non-parametric market-noise
distribution, whereas buyers run automated bidding algorithms that aim to maximize
their long-term time discounted utility. Buyer algorithms may take advantage of
the seller’s lack of information, and thereby may potentially submit corrupted bids
(relative to true valuations) to manipulate the seller’s reserve price policies for more
favorable reserve prices in the long run. We focus on designing the seller’s learning

policy to set contextual reserve prices where the seller’s goal is to minimize regret
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compared to the revenue of a benchmark clairvoyant policy that has full information
of buyers’ demand. We propose a policy with a phased-structure that incorporates
randomized “isolation" periods, during which a buyer is randomly chosen to solely
participate in the auction. We show that this design allows the seller to control the
number of periods in which buyers significantly corrupt their bids. We then prove
that our policy enjoys a T-period regret of (5(\/T ) facing strategic buyers.

In Chapter 4, we focus on selling to a financially constrained value-maximizing
buyer who is subject to long-term ROI and budget constraints that help ensure
efficient utilization of limited monetary resources. In particular, we study from a
seller’s perspective how to learn and dynamically price ads through repeated posted
price mechanisms to maximize revenue, while the constrained buyer runs an data-driven
algorithm to learn her optimal strategy to acquire impressions. For this two-sided
learning setup, we first show that under full information, the seller’s revenue function
admits bell-shaped structure when the buyer best responds to prices under budget and
ROI constraints. Motivated by this structural property, we propose a seller pricing
algorithm that utilizes an episodic binary-search procedure to identify a revenue-
optimal selling price. We show that such a simple learning algorithm enjoys low seller
regret if within each episode the budget and ROI constrained buyer approximately
best responds to the posted price. We present simple yet natural buyer’s bidding
algorithms under which the buyer approximately best responds while satisfying budget

and ROI constraints, leading to a low regret for our proposed seller pricing algorithm.

1.2.3 An ad platform’s view II: Improving individual advertiser

welfare with ML advice (Chapter 5)

In parallel to Section 1.2.2 (and correspondingly Chapters 3 and 4), in this section we
investigate an ad platform’s goal to optimize advertiser welfare, rather than platform
revenue, in the context of the seller mechanism component. We again combine the
advertiser-platform interaction and automated procurement components by assuming

advertisers directly make procurement decision according to their campaign goals, and
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consider how an ad platform can improve welfare for individual advertisers in face of
worst-case advertiser decision profiles and outcomes under which every advertiser’s
procurement goals are satisfied.

In Chapter 5, we examine a setup where an ad platform sells ads over parallel
auctions, in which multiple advertisers aim to maximize value (e.g. conversion) subject
to a return-on-ad spent (ROAS) constraint that limits total spending to the value
acquired. The ad platform aims to utilize machine-learned advice (i.e. predictions
for advertiser values) to enforce welfare guarantees for individual advertisers while
maintaining overall constraint satisfaction. This setup is motivated by the lack of
understanding in the literature for advertiser welfare on the individual level: although
the literature has studied auction design by incorporating ML advice through various
forms to improve total welfare among advertisers, such improvements could come
at the cost of individual bidders’ welfare and do not shed light on how particular
advertiser bidding strategies impact individual fairness.

To address this gap, Chapter 5 demonstrates how ad platforms can utilize ML
advice to improve welfare guarantee on both the aggregate and individual bidder level
by setting ML advice as personalized reserve prices. Under parallel VCG auctions
with such ML advice-based reserve prices, we present a worst-case welfare lower-bound
guarantee for an individual advertiser, and show that the lower-bound guarantee is
positively correlated with ML advice quality as well the scale of bids induced by an
advertiser’s bidding strategies. Further, we prove an impossibility result showing that
no truthful, and possibly randomized mechanism with anonymous allocations can
achieve universally better individual welfare guarantees than VCG, in presence of
personalized reserves based on ML-advice of equal quality. Finally, we extend our

analysis to generalized first price (GFP) and generalized second price (GSP) auctions.
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Chapter 2

Multi-channel ad procurement with

limited information

This chapter is based on [34], which is joint work with Yuan Deng, Negin Golrezaei,
Patrick Jaillet, and Vahab Mirrokna.
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2.1 Introduction

In this chapter, we focus on advertiser-ad platform interactions, and study how
advertiser’s can effectively communicate with platforms to achieve their ad procurement
goals. In today’s online advertisers world, advertisers (including but not limited to
small businesses, marketing practitioners, non-profits, etc) have been embracing
an expanding array of advertising platforms such as search engines, social media
platforms, web publisher display etc. which present a plenitude of channels for
advertisers to procure ad impressions and obtain traffic. In this growing multi-channel
environment, the booming online advertising activities have fueled extensive research
and technological advancements in attribution analytics to answer questions like which
channels are more effective in targeting certain users? Or, which channels produce
more user conversion (e.g. ad clicks) or return-on-investment (ROI) with the same
amount of investments? (see [73| for a comprehensive survey on attribution analytics).
Yet, this area of research has largely left out a crucial phase in the workflow of
advertisers’ creation of a digital ad campaign, namely how advertisers interact with
advertising channels, which is the physical starting point of a campaign.

To illustrate the significance of advertiser-channel interactions, consider for ex-
ample a small business who is relatively well-informed through attribution research
that Google Ads and Meta ads are the two most effective channels for its products.
The business instantiates its ad campaigns through interacting with the platforms’
ad management interfaces (see Figure 2-1), on which the business utilizes levers such
as specifying budget and a target ROI' to control campaigns. Channels then input
these specified parameters into their autobidding procedures, where they procure
impressions on the advertiser’s behalf through automated blackbox algorithms. Even-
tually, channels report performance metrics such as expenditure and conversion back
to the advertiser once the campaign ends. Therefore, one of the most important
decisions advertisers need to make involves how to optimize over these levers provided

by channels. Unfortunately, this has rarely been addressed in attribution analytics

!Target ROI is the numerical inverse of CPA or cost per action on Google Ads, and cost per result
goal in Meta Ads.
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and relevant literature. Hence, this chapters contributes to filling this vacancy by

addressing two themes of practical significance:

How effective are these channel levers for advertisers to achieve their
conversion goals? And how should advertisers optimize decisions for such

levers?

Set your average daily budget for this campaign Budget @

Daily Budget v 100.00 usb
Budget ' s pollar (UsD §) + | $100.00 y B §

Schedule @

Select your bid strategy @ Pay for @ Start date
Jan 23,2023 © 12:00am Jan 25,2023 © 12:00am

Bidding  Target CPA - Interactions -
Eastern Time Eastern Time

Target CPA Optimization for ad delivery @

$1.00 Landing Page Views +

Cost per result goal
Start date End date
$1.00
Start and end dates

Jan 23,2023 v Jan 25, 2023 v Meta will aim to get the most landing page views and try to keep the average cost
around $1.00. Some results may cost more and some may cost less.

Figure 2-1: Interfaces on Google Ads (left) and Meta Ads Manager (right) for creating
advertising campaigns that allow advertisers to set budgets, target ROIs, and campaign
duration. CPA, or cost per action on Google Ads, as well as cost per result goal on
Meta Ads Manager, is effectively the inverse value for an advertiser’s per-channel
target ROL.

To answer these questions, we study a setting where an advertiser simultaneously
procures ads on multiple channels, each of which consists of multiple ad auctions
that sell ad impressions. The advertiser’s global optimization problem is to maximize
total conversion over all channels, while respecting a global budget constraint that
limits total spend, and a global ROI constraint that ensures total conversion is at
least the target ROI times total spend. However, channels operate as independent
entities and conduct autobidding procurement on behalf of advertisers, thereby there
are no realistic means for an advertiser to implement the global optimization problem
via optimizing over individual auctions. Instead, advertisers can only use two levers,
namely a per-channel ROI and per-channel budget, to influence how channels should
autobid for impressions. Our goal is to understand how effective are these levers
by comparing the total conversion via optimizing levers versus the globally optimal

conversion, and also present methodologies to help advertisers optimize over the usage
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of these levers. We summarize our contributions as followed:

Modelling ad procurement through per-channel ROI and budget levers.
In Section 2.2 we develop a novel model for online advertisers to optimize over the
per-channel ROI and budget levers to maximize total conversion over channels while
respecting a global ROI and budget constraint. This multi-channel optimization model
closely imitates real-world practices (see Figure 2-1 for evidence), and to the best
of our knowledge is the first of its kind to characterize advertisers’ interactions with

channels to run ad campaigns.

Solely optimizing per-channel budgets are sufficient to maximize conversion.
In Theorem 2.3.2 of Section 2.3, we show that solely optimizing for per-channel ROIs
is inadequate to optimize conversion across all channels, possibly resulting in arbitrary
worse total conversions compared to the hypothetical global optimal where advertisers
can optimize over individual auctions. In contrast, in Theorem 2.3.4 and Corollary
2.3.5 we show that solely optimizing for per-channel budgets allows an advertiser to

achieve the global optimal.

Algorithm to optimize per-channel budget levers. Under a realistic bandit
feedback structure where advertisers can only observe the total conversion and spend in
each channel after making a per-channel budget decision, in Section 2.4 we develop an
algorithm that augments stochastic gradient descent (SGD) with the upper-confidence
bound (UCB) algorithm, and eventually outputs within 7" iterations a per-channel
budget profile with which advertisers can achieve O(T‘l/ 3) approximation accuracy
in total conversion to that of the optimal per-channel budget profile, and a O(T~'/?)
violation in both global budget and ROI constraints. Our algorithm relates to
constrained convex optimization with uncertain constraints and bandit feedback under
a “one point estimation” regime, and to the best of our knowledge, our proposed
algorithm is the first to handle such a setting; see more discussions in Section 2.1

and Remark 2.4.2 of Section 2.4. Finally, we also present an extended version of our
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algorithm that achieves the same O(T~'/3) conversion accuracy, while respecting both

constraints exactly.

Extensions to general advertiser objectives and mutli-impression auctions.
In Sections 2.5 and 2.6, we shed light on the applicability of our results in Section
2.3 and 2.4 to more general settings when auctions correspond to the sale of multiple

auctions, or when advertisers aim to optimize a private cost model instead of conversion.

Related works

Generally speaking, this chapter focuses on advertisers’ impression procurement
process or the interactions between advertisers and impression sellers, which has been
addressed in a vast amount of literature in mechanism design and online learning; see
e.g. [25, 38, 58, 54, 13, 55] to name a few. Here, we review literature that relate to
key themes of this chapter, namely autobidding, budget and ROI management, and

constrained optimization with bandit feedback.

Autobidding. There has been a rich line of research that model the autobidding
setup as well as budget and ROI management strategies. The autobidding model has
been formally developed in [4], and has been analyzed through the lens of welfare
efficiency or price of anarchy in [37, 11, 36, 89|, as well as individual advertiser fairness
in [33]. The autobidding model has also been compared to classic quasi-linear utility
models in [16]. The autobidding model considered in these papers assume advertisers
can directly optimize over individual auctions, whereas in this chapter we address
a more realistic setting that mimics practice where advertisers can only use levers

provided by channels, and let channels procure ads on their behalf.

Budget and ROI management. Budget and ROI management strategies have
been widely studied in the context of mechanism design and online learning. [14]
studies the “system equilibria” of a range of budget management strategies in terms of

the platforms’ profits and advertisers’ utility; [17, 18| study online bidding algorithms
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(called pacing) that help advertisers achieve high utility in repeated second-price
auctions while maintaining a budget constraint, whereas |50] studies similar algorithms
but considers respecting a long term ROI constraint in addition to a fixed budget. All
of these works on budget and ROI management focus on bidding strategies in a single
repeated auction where advertisers’ decisions are bid values submitted directly to the
auctions. In contrast, this chapter focuses on the setting where advertisers procure
ads from multiple auctions through channels, and make decisions on how to adjust the
per-channel ROI and budget levers while leaving the bidding to channels’ blackbox

algorithms.

Online optimization. Section 2.4 where we develop an algorithm to optimize
over per-channel target ROI and budgets relates to the area of convex constrained
optimization with bandit feedback (also referred to as zero-order or gradient-less
feedback) since in light of Lemma 2.4.3 in Section 2.4 our problem of interest is also
constrained and convex. First, there has been a plenitude of algorithms developed
for deterministic constrained convex optimization under a bandit feedback structures
where function evaluations for the objective and constraints are non-stochastic. Such
algorithms include filter methods [8, 97|, barrier-type methods [48, 45], as well as
Nelder-Mead type algorithms [26, 9]; see [93] and references therein for a comprehensive
survey. In contrast to these works, our optimization algorithm developed in Section

2.4 handles noisy bandit feedback.

Regarding works that also address stochastic settings, [52| presents online opti-
mization algorithms under the known constraint regime, which assumes the optimizer
can evaluate whether all constraints are satisfied, i.e. constraints are analytically
available. Further, the algorithm achieves a O(T~'/4) accuracy. In this chapter, our
setting is more complex as the optimizer (i.e. the advertiser) cannot tell whether the
ROI constrained is satisfied (due to unknown value and cost distributions in each
channels’ auctions). Yet our proposed algorithm can still achieve a more superior
O(T~'/3) accuracy. Most relevant to this chapter is the very recent works [105, 93],

which considers a similar setting to ours that optimizes for a constrained optimiza-
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tion problem where the objective and constraints are only available through noisy
function value evaluations (i.e. unkownn constraints). [105] focuses on a special
(unknown) linear constraint setting, and [93| extends to general convex constraints.
Although [105] and [93] achieve O(T~!) and O(T~'/2) approximation accuracy to the
optimal solution which contrasts our O(T~'/3) accuracy, these works imposes several
assumptions that are stronger than the ones that we consider. First, the objective and
constraint functions are strongly smooth (i.e. the gradients are Lipschitz continuous)
and [93| further assume strong convexity. But in this chapter, our objectives and
constraints are piece-wise linear and do not satisfy such salient properties. Second,
and most importantly, both works consider a setting with “two point estimations” that
allows the optimizer to access the objective and constraint function values twice in
each iteration, enabling more efficient estimations. this chapter, however, lies in the
one-point setting where we can only access function values once per iteration. Finally,
we remark that the optimal accuracy/oracle complexity for the one-point setting for
constrained (non-smooth) convex optimization with bandit feedback and unknown
constraints remains an open question; see Remark 2.4.2 in Section 2.4 for more details.
We refer readers to Table 4.1 in [81] for a survey on best known bounds under different

one-point bandit feedback settings.

2.2  Preliminaries

Advertisers’ global optimization problem. Consider an advertiser running a
digital ad campaign to procure ad impressions on M € N platforms such as Google
Ads, Meta Ads Manager etc., each of which we call a channel. Each channel j consists
of m; € N parallel ad auctions, each of which corresponds to the sale of an ad
impression.” An ad auction n € [m;] is associated with a value v;,, > 0 that represents
the expected conversion (e.g. number of clicks) of the impression on sale, and a cost

d;, > 0 that is required for the purchase of the impression. For example, the cost

2Ad auctions for each channel may be run by the channel itself or other external ad inventory
suppliers such as web publishers.
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in a single slot second-price auction is the highest competing bid of competitors in
the market, and in a posted price auction the cost is simply the posted price by the
seller of the impression. Writing v; = (vj5)nem,) and d; = (djn)nefm,], We assume
that z; := (v;,d;) is sampled from some discrete distribution p; supported on some

finite set F; C R}” x R,

The advertiser’s goal is to maximize total conversion of procured ad impressions,
while subject to a return-on-investment (ROI) constraint that states total conversion
across all channels is no less than + times total spend for some pre-specified target ROI
0 < v < o0, as well as a budget constraint that states total spend over all channels
is no greater than the total budget p > 0. Mathematically, the advertiser’s global
optimization problem across all M channels can be written as:

GL-OPT = max Y E[v/a]

L1, TN J

JjE[M]
s.t. Z E [v;a:j} > Z E [djTa:j}
je[M] jE[M] (2.1)
> Eldfz] < p
JE[M]

x;€[0,1]™ je[M].

Here, the decision variable x; € [0,1]™ is a vector where z;, denotes whether
impression in auction n for channel j is procured. We remark that « depends on
the realization of z = (v;,d;);jc and is also random. We note that the ROI and
budget constraints are taken in expectation because an advertiser procures impressions
from a very large number of auctions (since the number of auctions in each platform
is typically very large) and thus the advertiser only demands to satisfy constraints
in an average sense. We note that GL-OPT is a widely adopted formulation for
autobidding practices in modern online advertising, which represents advertisers’
conversion maximizing behavior while respecting certain financial targets for ROIs

and budgets; see e.g. [4, 11, 37, 36]. In Section 2.6 we discuss more general advertiser

objectives, e.g. maximizing quasi-linear utility.
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Our overarching goal of this work is to develop methodologies that enable an
advertiser to achieve total campaign conversion that match GL-OPT while respecting
her global ROI « and budget p. However, directly optimizing GL-OPT may not be

plausible as we discuss in the following.

Advertisers’ levers to solve their global problems. To solve the global opti-
mization problem GL-OPT, ideally advertisers would like to optimize over individual
auctions across all channels. However, in reality channels operate as independent
entities, and typically do not provide means for general advertisers to participate in
specific individual auctions at their discretion. Instead, channels provide advertisers
with specific levers to express their ad campaign goals on spend and conversion. In
this work, we focus on two of the most widely used levers, namely the per-channel ROI
target and per-channel budget (see illustration in Fig. 2-1). After an advertiser inputs
these parameters to a channel, the channel then procures on behalf of the advertiser
through autonomous programs (we call this programmatic process autobidding) to
help advertiser achieve procurement results that match with the inputs. We will

elaborate on this process later.

Formally, we consider the setting where for each channel j € [M], an advertiser
is allowed to input a per-channel target ROI 0 < 7; < oo, and a per-channel budget
p;j €10, p] where we recall p > 0 is the total advertiser budget for a certain campaign.
Then, the channel uses these inputs in its autobidding algorithm to procure ads, and
returns the total conversion V;(v;, p;; 2;) > 0, as well as total spend D;(v;, pj; 2;) >0
to the advertiser, where we recall z; = (v;,d;) € R"™ x R™ is the vector of value-cost
pairs in channel j sampled from discrete support F} according to distribution p;; V;

and D; will be further specified later.

As the advertiser has the freedom of choice to input either per-channel target
ROTI’s, budgets, or both, we consider three options for the advertiser: 1. input only a
per-channel target ROI for each channel; 2. input only a per-channel budget for each

channel; 3. input both per-channel target ROI and budgets for each channel. Such
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options correspond to the following decision sets for (v;, p;);en:

Per-channel budget only option: T = {(vj, p;)jep € RZM 17, =0, p; € [0, p] for Vj}.
Per-channel target ROI only option: Zy = {(v;, p;)je € RZM 145 > 0, p; = oo for Vj}.

General option: Zg = {(v;, pj)je) = v = 0, p; € [0, p] for Vj}.

(2.2)

The advertiser’s goal in practice is to maximize their total conversion of procured
ad impressions through optimizing over per-channel budgets and target ROls, while
subject to the global ROI and budget constraint similar to those in GL-OPT. Math-
ematically, for any option Z € {Zp,Zr,Z}, the advertiser’s optimization problem

through channels can be written as

CH-OPT(Z) = max E [Vi(i; pj; 25)]

(vjp5)je(m) €

s.t. ZE ’Yjapjazj >7ZE 'Vjapjazj)} (2.3)

JEM jeEM
> E[D;(v. p521)] < p
JEM]

where the expectation is taken w.r.t. randomness in z;. We remark that for any
channel j € [M], the number of auctions m; as well as the distribution p; are fixed

and not a function of the input parameters v;, p;.

The functions (V}, D;) that map per-channel target ROI and budgets v;, p; to the
total conversion and expenditure are specified by various factors including but not
limited to channel j’s autobidding algorithms deployed to procure ads on advertisers’
behalf as well as the auctions mechanisms that sell impressions. In this work, we study
a general setup that closely mimics industry practices. We assume that on the behalf
of the advertiser, each channel aims to optimize their conversion over all m; auctions
while respecting the advertiser’s input (i.e., per-channel target ROI and budgets); see
e.g. Meta Ads Manager in Figure 2-1 specifically highlights the channel’s autobidding

procurement methodology provides evidence to support the aforementioned setup.
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Hence, each channel j’s optimization problem can be written as

x; (75, pjs 25) = arg %aﬁcm_ 'vaa: s.t. 'vaa: > deij, djTa: <pj, (2.4)
xc|0, J
where @ = (Z,,)nepm,) € [0,1]™ denotes the vector of probabilities to win each of the
parallel auctions, i.e. z,, € [0, 1] is the probability to win auction n € [m;] in channel
j. In light of this representation, the corresponding conversion and spend functions
are given by

Vi(vj, psi 25) = 0] (5, p5:2)  and V(v p;) = E[V;(;, pj3 25))] 25)

Dj(v;, pi ) = d; (v, p5:2;)  and  Dj(v;, p5) = E[D;(v5, pj3 25)] -

Here, the expectation is taken w.r.t. randomness in z; = (v;,d;) € R}’ x R17. We
assume that for any (v;,p;) and realization z;, V;(v;, p;; 2;) is bounded above by
some absolute constant V' € (0, 00) almost surely. We remark that Eq.(2.5) assumes
channels are able to achieve optimal procurement performance. Later in Section 2.6,
we will briefly discuss setups where channels does not optimally solve for Eq.(2.4).
Key focuses and organization of this work. In this paper, we address two

key topics:

1. How effective are the per-channel ROI and budget levers to help advertisers
achieve the globally optimal conversion GL-OPT while respecting the global
ROI and budget constraints? In particular, for each of the advertiser options Z €
{Zp,Zr,Zs} defined in Eq. (2.2), what is the discrepancy between CH-OPT(Z),
i.e. the optimal conversion an advertiser can achieve in practice, versus the

optimal GL-OPT?

2. Since in reality advertisers can only utilize the two per-channel levers offered by

channels, how can advertisers optimize per-channel target ROIs and budgets to

solve for CH-OPT(Z)?

In Section 2.3, we address the first question to determine the gap between CH-OPT(Z)

and GL-OPT for different advertiser options. In Section 2.4, we develop an efficient
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algorithm to solve for per-channel levers that optimize CH-OPT(Z).

2.3 On the efficacy of the per-channel target ROIs
and budgets as levers in solving the global prob-
lem

In this section, we examine the effectiveness of the per-channel target ROI and per-
channel budget levers in achieving the global optimal GL-OPT. In particular, we study
if the optimal solution to the channel problem CH-OPT(Z) defined in Eq. (2.3) for
T € {Zp,Ir,Zc} is equal to the global optimal GL-OPT. As a summary of our results,
we show that the per-channel budget only option, and the general option achieves
GL-OPT, but the per-channel ROI only option can yield conversion arbitrarily worse
than GL-OPT for certain instance, even when there is no global budget constraint
(i.e., p = 00). This implies that the per-channel ROI lever is inadequate to help
advertisers achieve the globally optimal conversion, whereas the per-channel budget
lever is effective to attain optimal conversion even when the advertiser solely uses this
lever.

Our first result in this section is the following Lemma 2.3.1 which shows that
GL-OPT serves as a theoretical upper bound for an advertiser’s conversion through

optimizing CH-OPT(Z) with any option Z.

Lemma 2.3.1 (GL-OPT is the theoretical upper bound for conversion). For any
option T € {Ip,Ir,Zc} defined in Eq. (2.2), we have GL-OPT > CH-OPT(Z),
where we recall the definitions of GL-OPT and CH-OPT in Fq. (2.1) and (2.3),

respectively.

The proof of Lemma 2.3.1 is deferred to Appendix A.1.1. In light of the theoretical
upper bound GL-OPT, we are now interested in the gap between GL-OPT and
CH-OPT(Z) for option Z € {Zp,Zr,Zs}. In the following Theorem 2.3.2, we show
that there exists a problem instance under which the ratio CH{C;I?_;CFP(%R) nears 0, implying

the per-channel ROIs alone fail to help advertisers optimize conversion.
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Theorem 2.3.2 (Per-channel ROI only option fails to optimize conversion). Consider
an advertiser with a (global) target ROI of v = 1 procuring impressions from M = 2
channels, where channel 1 consists of a single auction and channel 2 consists of two
auctions. The advertiser has unlimited budget p = oo, and chooses the per-channel
target ROI only option Ig defined in Eq. (2.2). Assume there is only one realization
of value-cost pairs z = (v;,d;) e (i-e. the support F = Fy x Fy is a singleton),

and the realization is presented in the following table, where X > 0 is some arbitrary

CH-OPT(Zp) _

parameter. Then, for this problem instance we have limx oo —ay5pt

Channel 1 Channel 2

Auction 1 | Auction 2 Auction 3

Value v;, 1 X 2X

Spend d; ,, 0 1+ X 21+ X)

Proof. Let 4 = (71,72) be the optimal solution to CH-OPT(Zg) and recall under the
option Zy, we let per-channel budgets to be infinity. It is easy to see that 7; can be

any arbitrary nonnegative number because the advertiser always wins auction 1, and

X

T+x then the optimal outcome of channel 2 is to win both

Yo > HLX: if otherwise 7, <
auctions 2 and 3. However, in this case, the advertiser wins all auctions and acquires
total value 1+ X +2X = 143X, and incurs total spend 0+ (1+X)+2(1+X) = 343X,

which violates the ROI constraint in CH-OPT(Zg) because éi% < 1. Therefore the

advertiser can only win auction 1, or in other words 7, > HLX This implies that the
optimal objective to CH-OPT(Zg) is 1. On the other hand, it is easy to see that the

optimal solution to GL-OPT is to only win auctions 1 and 2, yielding an optimal

CH-OPT(Zr) _ 1

value of 1 + X. Therefore =5rap7r~ = 3%

Taking X — oo yeilds the desired

result. O

Definition 2.3.1 (Strictly quasi-concave value-cost landscape). We say that a value-

cost pair vector z = {(v1,dy) ... (vn,dy)} has a strictly quasi-concave landscape if for
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any subset S C [n], and n' ¢ S, we have

Upr + Zkes Uk < max {ﬂ’ Zkes Uk }
drs + 3 pes di drs” Y pes di

Lemma 2.3.3 (Conditions when per ROI-only option is sufficient). We have GL-OPT =

CH-OPT(Zg) if and only if for each channel j, any realization of z; € F; has a strictly

quasi-concave landscape (see Definition 2.3.1).

In fact, we show that the optimal per-channel ROIs under strictly quasi-concave
value-cost landscapes is the realized expected ROI in that channel for auctions selected
by GL-OPT. The intuition is that for GL-OPT, we rank individual auctions according
to their value-to-cost ratios. And for each channel, winning any other auction (apart
from those selected by GL-OPT) will bring down the per-channel realized ROI under
the strictly quasi-concave value-cost landscape condition, and hence violating the
per-channel ROI constraint.

In contrast to the per-channel ROI only option, the budget only option in fact
allows an advertiser’s conversion to reach the theoretical upper bound GL-OPT
through solely optimizing for per-channel budgets. This is formalized in the following

theorem whose proof we present in Appendix A.1.2.

Theorem 2.3.4 (Per-channel budget only option suffices to achieve optimal con-
version). For the budget only option Ip defined in Eq.(2.2), we have GL-OPT =
CH-OPT(Zg) for any global target ROI~v > 0 and total budget p > 0, even for p = occ.

As an immediate extension of Theorem 2.3.4, the following Corollary 2.3.5 states
per-channel ROIs in fact become redundant once advertisers optimize for per-channel

budgets.

Corollary 2.3.5 (Redundancy of per-channel ROIs). For the general option Zg
defined in FEq.(2.2) where an advertiser sets both per-channel ROI and budgets, we have
GL-OPT = CH-OPT(Zg) for any aggregate ROI v > 0 and total budget p > 0, even
for p = oco. Further, there exists and optimal solution (;, p;)jepm) to CH-OPT(Zg),
s.t. v; =0 for all j € [M].

40



In light of the redundancy of per-channel ROIs as illustrated in Corollary 2.3.5, in
the rest of the paper we will fix 7; = 0 for any channel j € [M], and omit ~, in all
relevant notations; e.g. we will write D;(p;; z;) and D;(p;), instead of D;(v;, p;; 2;)
and D;(;, pj). Equivalently, we will only consider the per-channel budget only option
Ip.

2.4 Optimization algorithm for per-channel budgets
under bandit feedback

In this section, we develop an efficient algorithm to solve for per-channel budgets
that optimize CH-OPT(Zg) defined in Eq. (2.3), which achieves the theoretical
optimal conversion, namely GL-OPT, as illustrated in Theorem 2.3.4. In particular,
we consider algorithms that run over T' > 0 periods, where each period for example
corresponds to the duration of 1 hour or 1 day. At the end of T periods, the algo-
rithm produces some per-channel budget profile (p;);ei € [0, p]M that approximates

CH-OPT(Zp), and satisfies aggregate budget and ROI constraints, namely

ROTL: ) Vi(p)) =7 > Djlp;), and Budget: > Dj(p;) <p, (2.6)
]

jeEM jeM je[m

where we recall the expected conversion and spend functions (V;(p;), D;(p;)) defined
in Eq. (2.5).

The algorithm proceeds as follows: at the beginning of period ¢ € [T], the ad-
vertiser sets per-channel budgets (p;:);e(a, while simultaneously values and costs
z = (vj,,d;,) € RY x RYY are sampled (independently in each period) from finite
support F' = Fy x ... Fiy according to discrete distributions (p;);ein. Each channel
J then takes as input p;; € [0, p] and procures ads on behalf of the advertiser, and
reports the total realized conversion V;(p;; z:) as well as total spend D;(p;.; 2;) to
the advertiser, where V;(p,; 2¢) and D;(p;+; 2;) are defined in Eq. (2.5). For sim-
plicity we also assume for any realization z = (v;,d;) € F we have the ordering
M>M>...>Zjvmj

dj1 7 djz2 jomj

for all channels j € [M].
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Here, we highlight that the advertiser receives bandit feedback from channels, i.e.
the advertiser only observes the numerical values V;(p;; z;) and D;(p;; 2z¢), but does
not get to observe V;(p}; 2') and Dj(p}; 2') evaluated at any other per-channel budget
Py # pj+ and realized value-cost pairs 2’ # z;. More discussions on challenges that

arise from this bandit feedback structure can be found in Section 2.4.1.

We also make the following Assumption 2.4.1 that states that if the advertiser
allocates any feasible per-channel budget to a channel j € [M], the channel will almost
surely deplete the entire budget in the impression procurement process. This is a
natural assumption that mimics practical scenarios, e.g. small businesses who have

moderate-sized budgets.

Assumption 2.4.1 (Moderate budgets). We assume the total budget is finite, i.e.
p < oo, and for any channel j € [M], value-cost realization z = (v,d) € F;, and
per-channel budget p; € [0, pl], the optimal solution x}(p; z) defined in Eq. (2.4) is
budget binding, i.e. D;(p;;2z) = d;-rzc;f(pj; z) = p;.

2.4.1 The SGD-UCB algorithm to optimize per-channel bud-

gets

Here, we describe our algorithm to solve for optimal per-channel budgets w.r.t.
CH-OPT(Zp). Similar to most algorithms for constrained optimization, we take a
dual stochastic gradient descent (SGD) approach; see a comprehensive survey on
dual descent methods in [21]. First, we consider the Lagrangian functions w.r.t.
CH-OPT(Zg) where we let ¢ = (X, 1) € R be the dual variables corresponding to
the ROI and budget constraints, respectively:

L;i(pj,c;zi) = (L+N)V(pjs2) — ( Ay +p)p; and L;(p;,e) =E[L;(p;,c; 25)] .
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Then, in each period ¢ € [T] given dual variables ¢; = (A, 7:), SGD decides on a

primal decision, i.e. per-channel budget (p;+);jca by optimizing the following:

pir = arg max L;(p;, ci;2). (2.8)
p;€[0,p]

Having observed the realized values (Vj(pjs; 2t)) ey (note that spend is (pj¢)jeqn in
light of Assumption 2.4.1), we calculate the current period violation in budget and ROI
constraints, namely g1, := >_icnr (Vi(pje; 20) —vpje) and gop = p — ZjE[M} pj+. Next,
we update dual variables via Aiy1 = (Ay —ng1+), and py1 = (4 — 192,),, where 7
is some pre-specified step size.?

However, the above SGD approach faces a fatal drawback, namely we cannot
realistically find the primal decisions by solving Eq. (2.8) since the function £,(-, ¢;; z;)
is unknown due to the bandit feedback structure. Therefore, we provide a modification
to SGD to handle this issue. Before we present our approach, we briefly note that
although bandit feedback prevents the naive application of SGD for our problem of
interest, this may not be the case in other online advertising scenarios that involve

relevant learning tasks, underlining the challenges of our problem; see following Remark

2.4.1 for details.

Remark 2.4.1. Our problem of interest under bandit feedback is more difficult than
stmilar problems in related works that study online bidding strategies under budget
and ROI constraints; see e.g. [14, 18, 50/. To illustrate, consider for instance
[14] in which a budget constrained advertiser’s primal decision at period t is to
submit a bid value by after observing her value vy. The advertiser competes with some
unknown highest competing bid d; in the market, and after submaitting bid by, does not
observe d; if she does not win the competition, which involves a semi-bandit feedback
structure. Nevertheless, the corresponding Lagrangian under SGD takes the special
form L;(b, s z) = (vy — (1 + pe)dy) I{by > di} where p; is the dual variable w.r.t. the
budget constraint. This simply allows an advertiser to optimize for her primal decision

by bidding arg max,>o L;(b, c;; z;) = 1_?“75. So even though [14, 18, 50] study dual SGD

3Here, the dual updates follow the vanilla gradient descent approach, and one can also employ
more general mirror descent updates; see e.g. [18].
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under bandit feedback, the special structures of their problem instances permits SGD
to effectively optimize for primal decisions in each period, as opposed to Eq. (2.8) in

our setting which can not be solved.

To resolve challenges that arise with bandit feedback in our model, we take a
natural approach to augment SGD with the upper-confidence bound (UCB) algorithm,
which is well celebrated for solving learning problems under bandit feedback such
as multi-arm bandits; see an introduction to bandits in [102]. In particular, we first
discretize our per-channel buudget decision set [0, p] into granular “arms” that are
separated by some distance 6 > 0, so that the discretized per-channel budget decisions

become
A(0) = {ar }repr) where ap = (k —1)6 and K := [p/d] + 1. (2.9)

In the following we will use the terms “per-channel budget” and “arm” interchangeably.
In the spirit of UCB, in each period ¢t we maintain some estimate (‘A/j,t(ak)%e[M]
of the conversions (Vj(ax)) ¢y, as well as an upper confidence bound UCBj(ay) for
each arm ay using historical payoffs from periods in which arm ay is pulled. Finally,
we update primal decisions for each channel j € [M] using the “best arm” p;; =
argmaxg,cA@s) (1 4+ A¢) (\A/jvt(ak) + UCBN(ak)) — (MY + ) ag.  We summarize our
algorithm, called SGD-UCB, in the following Algorithm 1.

We remark that there has been very recent works that combine SGD with Thompson
sampling which is another well-known algortithm for solving bandit problems (e.g.

[40] and references therein), and works that employ SGD in bandit problems (e.g.
[67]). Yet to the best of our knowledge, approach to augment SGD with UCB is novel.

2.4.2 Analyzing the SGD-UCB algorithm

In this subsection, we analyze the performance of SGD-UCB in Algorithm 1, and

present accuracy guarantees on the final output p, = (% Zte[T] pj,t> ” of the
je[M

algorithm. The backbone of our analysis strategy is to show the cumulative conversion

loss over T' periods, namely 7' - GL-OPT — E [Ztem > el \/j(pﬁ)] consists of two
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Algorithm 1 SGD-UCB
Input: Budget discretization decision set A(d) defined in Eq.(2.9). Step size > 0. Initialize

Nj1(ag) = Vji(ag) = 0 for all j € [M] and k € [K], and dual variables A\; = 1 = 0.
1: Output: Per channel budget.
2: fort=1...T do
3: Update (primal) per-channel budget. For each channel j € [M] set (primal) per-channel

budget:
o Ift < K, set pj+ = ay.

o Ift > K, set
- Avy + e 2log(T)
= v UCB; AT ., where UCB; =
pie = arg iV fax) + 008 (on) — 1, where 0B, (o) = | 2%
(2.10)

4: Observe realized values {V}(p;+; z¢)} and update for each arm k € [K]:

JEM]
Njit1(ar) = Nji(ak) + Hpjr = ax}

. 1 N .
(Nalan)Vielan) + Vioss 20Upse = ar}) . for j=1...M

(2.11)
Vo) = )
Js

5: Update dual variables. Update dual variables with g1+ 1= >_.c s (Vj(pje52) — vpj¢) and
g2t =P~ Zje[M] Pjt:

Atr1 = (A = ngre) . and pupr = (e —ng24) ¢ (2.12)
6: end for

. - — (1 )
7: Output p; = (T > telT] pj’t)je[M]'

main parts, namely the error induced by the UCB in our algorithm, and the error
due to SGD (or what is typically viewed as the deviations from complementary
slackness), as shows in the following Proposition 2.4.1. Then we further bound each

part, respectively.

Proposition 2.4.1. For any channel j € [M] define p}(t) = argmax,,_,, L£;(p;; ct)

to be the optimal per-channel budget w.r.t. dual variables c¢; = (N, pie)eepr) during
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period t € [T]. Then we have

T-GL-OPT = > > E[V(p;s)]

te[T] je[M]
< MVK+ Z ZE ), Ae, i) — »Cj(pj,b)‘hﬂt)}
jel 5K (2.13)
UCB:T‘T‘OT
+ Z E [Ag1t + 492,4] )

t>K

J/

~
SGD complementary slackness deviations

where we recall the definitions of ¢;; and ¢, in step 4 of Algorithm 1, and the
fact that the conversion V;(p;; z;) is bounded above by absolute constant V € (0, 00)
almost surely for any channel j € [M], (v;, p;) and realization z;.

The bound on SGD complementary slackness violation is presented in the following
Lemma 2.4.2; and follows a standard analyses for SGD; we refer readers to the proof

in Appendix A.2.2.

Lemma 2.4.2 (Bounding complementary slackness deviations). Recall

g1t = Zje[M] (Vi(pjt; 2t) —vPit)s Gox = p—ZjE[M} pj+ and n > 0 the step size defined
in Algorithm 1. Then we have

ZE [Aegre + pegas] < O (77T + %) : (2.14)
t>K

Challenges in bounding UCB error due to adversarial contexts and
continuum-arm dicretization. Bounding our UCB error is much more challenging
than doing so in classic stochastic multi-arm bandit settings: first, our setup involves
discretizing a continuum of arms i.e. our discretization in Eq.(2.9) for [0, p]; second,
and more importantly, the dual variables {c;};c[r) are effectively adversarial contexts
since they are updated via SGD instead of being stochastically sampled from some nice
distribution, and correspondingly the Lagrangian function £;(ay, ¢;; ;) can be viewed
as a reward function that maps any arm-context pair (ax, ¢;) to (stochastic) payoffs.

Moreover, the UCB error in Eq.(2.13) concerns a dynamic benchmark £;(p3(t), ct; 2¢)
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instead of a single-arm benchmark across all contexts, namely max,ec 4(5) £j(a, ¢; 2¢) -
Both continuum-arms and dynamic benchmarks under adversarial contexts have been
notorious in making reward function estimations highly inefficient; see e.g. discussions
in [5, 3]. We further elaborate on additional challenges that adversarial contexts bring

about:

e Boundedness of rewards. In classic stochastic multi-arm bandtis and UCB,
losses in total rewards grow linearly with the magnitude of rewards. In our
setting, the reward function, i.e. the Lagrangian function £;(ax, ¢; 2¢), scales
linearly with the magnitude of contexts (see Eq. (2.7), so large contexts (i.e.

large dual variables) may lead to large losses.

e Context-dependent exploration-exploitation tradeoffs. The typical trade-
off for arm exploration and exploitation in our setting depends on the particular
values of the contexts (i.e. the dual variables), which means there may exist “bad”
contexts that lead to poor tradeoffs that require significantly more explorations
to achieve accurate estimates of arm rewards than other “good” contexts. We

elaborate more in Lemma 2.4.5 and discussions thereof.

In the following, we first handle continuum arm discretization and dynamic contextual
benchmarks via analyzing structural properties of the reward (i.e. Lagrangian) func-
tions. Fortunately, the specific form of conversion functions V' (p;; z) defined in Eq.
(2.4) imposes a salient structure on the Lagrangian for pulling an arm. Specifically, the
following lemma shows that the Lagrangian is continuous, piece-wise linear, concave,

and unimodal®; we present the proof in Appendix A.2.3

Lemma 2.4.3 (Structural properties of conversion and Lagrangian functions). .
For any channel j € [M] and per-channel budget p;, the conversion function

Vi(pj) is continuous, piece-wise linear, strictly increasing, and concave. In

“We say a real-valued function f : R — R is unimodal if there exists some y* such that f(y)
strictly increases when y < y* and strictly decreases when y > y*.
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particular, V;(p;) takes the form

Vi(pi) = D (8jmpj + bjm) H{rjm—1 < pj <7jn}, (2.15)

n€[s;]
where the parameters S; € N and {(5jn,0jn,Tjn)tnels,) only depend on the
support F; and distribution p; from which value-to-cost pairs are sampled. These
parameters salisfy sj1 > Sjo > -+ > 855, > 0 and 0 = rjo < 1rj; < 71js <
< rys; = p, as well as by, >0 8.t SjnTjn + 0jn = Sjni1Tjn + bjngr for all

n € [S; — 1], implying V;(p;) is continuous in p;.

e For any dual variables ¢ = (X, u) € R, the Lagrangian function L;(p;, c) defined
in Eq. (2.7) is continuous, piece-wise linear, concave, and unimodal in p;. In

particular,

Li(pje) = (ojm(@)p; + (14 Nbjn) rjm1 < pj <7jn}, (2.16)
ne(S;]
where the slope 0j,(c) = (1 + N)sj,, — (u + YA). Then, this also implies

arg max, >0 £;(p;, ¢) = max{r;, :n=0,1...,5; ,0;.(c) > 0},

In fact, for any realized value-cost pairs z, the “realization versions” of the conversion
and Lagrangians functions, namely V;(p;; z) and L£;(p;, ¢; z), also satisfy the same
properties as those of V;(p,) and L£;(p;, ¢), respectively. We provide a visual illustration
for these structural properties in Figure 2-2.

We now handle the reward boundedness issue in the Lagrangian functions defined
in Eq. (2.7) that arise from adversarial contexts. In the following Lemma 2.4.4, we
show that the Lagrangian functions, as well as dual variables, are indeed bounded by

some absolute constants under a mild feasibility Assumption 2.4.2 stated below:

Assumption 2.4.2 (Strictly feasible global ROI constraints). For any realization
of value-cost pairs z = (v;,dj)jeqm) € Fy X ... Fy, the realized version of the

ROI constraint in GL-OPT defined in Eq. 2.1 s strictly feasible, i.e. the set
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251 Slope a; () = .. Slope gj" (c)
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....... Li(pj,c;21y)
Li(pj.c;2z)

—== Li(pj.c;z@)

— Lj(pj0)

@ argmaxp efo,p] £; (pj, ©)

Figure 2-2: Illustration of Lagrangian functions defined in Eq. (2.7) with M; = 2
auctions in channel j, and support F}; that contains 3 elements, 2y = (vq), d)) =
((872)’ (273))’ 22 = ((3’4)7 (1’4»7 Z3) = ((87 1)7 (47 2))7 and context ¢ = ()\,[L) =
(4,2). In light of Lemma 2.4.3, S; = 5, where the “turning points” r;,...7;, are
indicated on the x-axis, and the optimal budget w.r.t. ¢ is argmax, cjo,n £;(p;; ) =
7j2. The adjacent slopes in Eq. (2.18) are o} (¢) = 0;2(¢c), and o} (c) = 0;3(c),
respectively.

{m = (zj)jep : 25 € [0,1]™ for Vj € [M], > . vix; > V2 jeim djT:cj} is nonempty.”

Lemma 2.4.4 (Bounding dual variables and Lagrangian functions). Let (A, it)ie[r)
be the variables generated from Algorithm 1. Under Assumption 2.4.2, and assuming
the step size n > 0 satisfies n < M\/ﬁ, there exists some absolute constant
Cr > 0 that depends only on the support of value-cost pairs F' = F| X --- X Fyy, as
well as aggregate target ROI and budget (v, p), such that A\, iy < Cr for allt € [T).
Moreover, for any for any t € [T, j € [M] and p; € [0, p] we have

—(+7)pCr < Lij(pj,er) < (1+Cp)V. (2.17)

See the proof in Appendix A.2.4.
Finally, we address the context-dependent exploration-exploitation tradeoff. We

remark that this tradeoff is embodied in the “flatness” of the reward function that

5Equivalently, for any realization of value-cost pairs z = (vj,d;) e there always exists a
channel j € [M] and an auction n € [m;] in this channel whose value-to-cost ratio is at least v, i.e.
Vjn > ’)/djm.
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depends on adversarial contexts. To illustrate (see e.g. Figure 2-2), we define the slopes
that are adjacent to the optimal budget arg max, e, £;(p;, ) for any ¢ = (A, u) as
followed: assuming the optimal budget argmax, cjo,, £;(p;, ) is located at the nth
“turning point” r;, we have

o;(c) =0jn(c) and o} (c) = 0jn41(c) (2.18)

Similar to standard multi-arm bandits exploration-exploitation tradeoffs, the flatter
the slope (e.g. o; (c) is close to 0), the more pulls required to accurately estimate
rewards for sub-optimal arms on the slope, but the lower the loss in conversion for
pulling sub-optimal arms. Our setting is challenging because the magnitude of this
tradeoff depends on the adversarial contexts ¢;, i.e., the dual variables, which requires
delicate treatments. In the following Lemma 2.4.5 where we bound the UCB error, we
handle this context-dependent tradeoff by separately analyzing periods during which
the adjacent slopes o (c) and o (c) are less or greater than some parameter g, and

characterize the context-dependent tradeoff w.r.t. flatness of adjacent slopes using o.

Lemma 2.4.5 (Bounding the UCB error in per-channel budgets). Assume the dis-
cretization width 0 satisfies 6 < r; 1= mine(s;|Tjn — Tjn-1, where Sj and {ij}flj:o
are defined in Lemma 2.4.53. Then we have
, ~ 11
S E[Li(p)(t),e) = Lilpjeer)] < O (0T +oT + —+55) (2.19)
t>K Z
where o > 0 is any small positive absolute constant that we can specify later, and recall

p;(t) = argmax, ., Lj(pj; ¢:) is the optimal per-channel budget w.r.t. dual variables

ci. O hides all logarithmic factors.

We refer the readers to Appendix A.2.5 for the proof. Note that the parameter
o will be chosen later. Finally, returning to bounding the UCB error in Proposition
2.4.1, we put together Lemmas 2.4.2 and 2.4.5, and obtain the main result of this
section in the following Theorem 2.4.6 whose proof we detail in Appendix A.2.6.
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Theorem 2.4.6 (Putting everything together). Assume assumptions 2.4.1 and 2.4.2
hold. Let (p;+)jca ciry be the per-channel budgets generated from Algorithm 1 and
assume we take step size n = O(1/\/T), discretization width § = ©(T~/3), and
o = (T3 in Lemma 2.4.5. Then for large enough T we have T - GL-OPT —

E Zte[T] Zje[M] V}'(pjﬂf)] < O(T2/3)' Recalling pr = <% Zte[T] pj7t>je[M] 18 the vec-
tor of time-averaged per-channel budgets, this implies

GL-OPT — Y E [V;(pr,)] < O(T),

JEM]

as well as approximate constraint satisfaction

ST EVilpry) = v, = —OT V2, and p— Y Elpy,] > ~O(T1?)
JEIM] JEIM]
Here, we note that the above approxamate constraint satisfaction is in expectation,
similar to our definition of CH-OPT(Zg) defined in Eq. (2.3). To conclude, we make
an important remark that distinguishes our result in Theorem 2.4.6 with related

literature on convex optimization.

Remark 2.4.2. In light of Lemma 2.4.3, the advertiser’s optimization problem
CH-OPT(Zp) in Eq. (2.3) effectively becomes a convex problem (see Proposition
A.2.4 in Appendiz A.2.9). Hence it may be tempting for one to directly employ off-
the-shelf convex optimization algorithms. However, our problem involves stochastic
bandit feedback, and more importantly, uncertain constraints, meaning that we cannot
analytically determine whether a primal decision satisfies the constraints of the prob-
lem. For example, in CH-OPT(Zg), for some primal decision (p;);cim), we cannot
determine whether the ROI constraint Y, E [Vi(vj, pji 25) — vD;(vj, 053 25)] = 0
holds because the distribution (p;)jci from which z is sampled is unknown. To the
best of our knowledge, there are only two recent works that handle a similar stochastic
bandit feedback, and uncertain constraint setting, namely [105] and [93]. Nevertheless,

our setting is more challenging because these works consider a “two-point estimation’

regime where one can make function evaluations to the objective and constraints twice
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each pertod, whereas our setting involves “one-point estimation” such that we can
only make function calls once per period. We note the optimal oracle complexities for
unknown constraint convex optimization with one-point bandit feedback, remains an

open problem.%

2.4.3 Extension to strict constraint satisfaction: UCB-SGD-II

In Theorem 2.4.6, we showed that the final output of the UCB-SGD Algorithm 1
outputs a per-channel budget profile p; = (% Ztem pj’t>je[M] that satisfies both ROI
and budget constraints in CH-OPT(Zp) approximately, i.e. there can be at most
violations in the magnitude of O(T~1/2) for both constraints. In this subsection, we
present a modification to UCB-SGD that enables us to achieve no-constraint violations,
while still retaining the O(T~1/3) accuracy in total conversion. Similar modification
techniques have been introduced in [18, 50].

Our modification strategy handles ROI and budget constraint satisfactions differ-
ently. For budget constraints, we simply maintain a spend balance B; in each period
starting from B; = 0, and increase the balance by the expenditure in each period.
When the balance nears pT, i.e. total spend comes close to pT', we simply terminate
the algorithm. Regarding the ROI constraint, we develop two phases. Phase 1 is a
“safety buffer phase” where we conservatively set per-channel budgets to accumulate a
positive “ROI balance”, i.e. in this phase (assume ending in period T}) we hope to
achieve » i ip) g1t > O(V/T), where we recall —g;,; defined in step 4 of Algorithm
1 can be viewed as the ROI constraint violations in period ¢. For phase 2, we then
naively run SGD-UCB. The motivation for this two-phase design is that we aim to
have a buffer, i.e. positive ROI balance, in phase 1 that can compensate for possible
constraint violations in phase 2 when we run SGD-UCB (see Theorem 2.4.6). We call
our algorithm SGD-UCB-II which we present in Algorithm 2.

We remark that in order to implement the buffer phase 1 to attain a positive ROI
balance, we rely on the following Assumption 2.4.3 which is a strengthened version of

Assumption 2.4.2 that states in each channel there is always an auction that has a

6See Table 4.1 in [81] for best known complexity bounds for one-point bandit feedback setups.
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value-to-cost ratio above the global target ROI . Then by setting a small budget we
denote as 3, the channel will only procure impressions with high value-to-cost ratios
(due to the structure of conversion functions in Lemma 2.4.3), and thus ensuring that

the ROI balance increases.

Algorithm 2 SGD-UCB-II
Input: Set spend balance By =0, and g10=0, 5 >0

Phase 1 — Accumulate ROI balance buffer

1: while >, o, 1y g1 < VT log(T) do
2: if B+ Mp > pT then
3: Terminate algorithm and output p = (% Zt’e[t] Pj,t/) o’
je
4: end if
5: Set per-channel budget to be § for all channels. Observe conversion V;(f; z;) for all j € [M],
and calculate
gre= > (Vi(B;z:) —7B) .
jEM
6: Calculate Byy1 = By + MpB.
T Increment t +—t+1
8: end while
9: Denote end period of Phase 1 as T} =t — 1.

Phase 2 — Run SGD-UCB

10: For remaining 7' — T} periods, run SGD-UCB in Algorithm 1 with a spend balance check during
each period t:

11: if By + Mp > pT then

12: Terminate and output p = (% Zt/e[t] pj,t/) .

JE[M]
13: else
14: Set per-channel budgets {p;,:};eca according to SGD-UCB for all channels.
15: Update spend balance By = By + ZjE[M] Pt
16: end if

Assumption 2.4.3 (Strictly feasible per-channel ROI constraints). Fiz any channel
J € [M] and any realization of value-cost pairs z; = (vj,d;) € F;, the channel’s opti-
mization problem in Eq. 2.4 is strictly feasible, i.e. the set {:cj e [0,1]™ : 'va:vj > ydjT:I:j}

is nonempty.”

Our strategy to bound the performance of SGD-UCB-II is as followed: In the

first phase, we show that we acquire sufficient ROI balance buffers to compensate for

"Equivalently, for any realization of value-cost pairs z; = (v;,d;) there always exists an auction
n € [m;] in this channel whose value-to-cost ratio is at least v, i.e. v, > vd;n.
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global ROI constraint violation in the second phase. On the other hand, conversion
loss in the second phase is solely due to SGD-UCB (Algorithm 1), and thus our proof
to bound such loss follows from similar ideas in Theorem 2.4.6 (but here we have to
additionally handle “early stopping” of UCB-SGD-II due to the spend balance check.

Note that in the first ROI balance buffer phase, we are not optimizing for per-
channel budgets which may lead to significant per-period conversion loss. Nevertheless,
in the following lemma, we first show that the first ROI balance buffer phase does not
last too long; We refer readers to Appendix A.2.7 for the proof.

Lemma 2.4.7 (Bounding length of Phase 1). Recall Ty € [T] is the end period of

Phase 1 in the SGD-UCB-II algorithm (see step 10). Denote the event & = {17 >

2VT log*(T)}, and take small budget 5 = @ in the SGD-UCB-II algorithm. Then,
1

under Assumption 2.4.2, for large enough T we have P (£) < 7.

Our main result in this subsection is the following Theorem 2.4.8 which bounds

the conversion loss of SGD-UCB-II. The proof is detailed in Appendix A.2.8.

Theorem 2.4.8. Suppose that Assumptions 2.4.1 and 2.4.3 hold. Let Ty € [T be the
termination period of SGD-UCB-II (Algorithm 2), and recall p = (% Zte[Tg] pj7t>j€[M]
are the final outputs of the algorithm. Further, we input § = @ to the algorithm
that is used for Phase 1, and in Phase 2 where we run SGD-UCB, we use the
same parameters as those in Theorem 2.4.6. Then, for large enough T we have

GL-OPT — 3", E [Vi(p,)] < O(T~'3), and further > e E Vi(p;) —vp;] =0
and ZjG[M] E [ﬁj} < p.

2.5 Generalizing to autobidding in multi-item auc-

tions

In previous sections, we assumed that each channel consists of multiple auctions,
each of which is associated with the sale of a single ad impression (see Eq. (2.4) and
discussions thereof). Yet, in practice, there are many scenarios in which ad platforms

sell multiple impressions in each auction (see e.g. [106, 46]). Thereby in this section,
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we extend all our results for the single-item auction setting in previous sections to the
multi-item auction setup. In Section 2.5.1, we formally describe the multi-item setup;
in Section 2.5.2 we show that in the multi-item setting, the per-budget ROI lever is
again redundant (similar to what is shown in Theorem 2.3.4 and Corollary 2.3.5),
and an advertiser can solely optimize over per-channel budgets to achieve the global
optimal conversion; in Section 2.5.3, we show our proposed UCB-SGD algorithm is
directly applicable to the multi-item auction setup for a broad class of auctions, and
similar to Theorem 2.4.6, our algorithm produces accurate lever estimates with which

the advertiser can approximate the globally optimal lever decisions.

2.5.1 Multi-item autobidding setup

We first formalize our multi-item setup as followed. For each auction n € [m;] of
channel j € [M], assume L, € N impressions are sold, and channel j is only allowed
to procure at most 1 impression in auction n on the advertiser’s behalf. The value
acquired and cost incurred by the advertiser when procuring impression ¢ € [L;,]
are v;,(() and d;,(¢), respectively. With a slight abuse of notation from previous
sections, we write v;,, = (vj,(1),...vjn(Lj.)) € Rij’" as the L; ,-dimensional vector
that includes all impression values of auction n in channel j, and further write

E elm; L]'yn
v; = (Vj1...Vjm,) € R il as the vector that concatenates all value vectors

across auctions in channel j. We also define d;,, € R™" and d; € R%ne[mj]Lj?n
accordingly for costs. Similar to Section 2.2, we assume z; = (v;,d;) is sampled from
finite support F; according to discrete distribution p; for any channel j € [M], and
without loss of generality, we assume that for any element z; € F}, the value and costs

for individual impressions in any auction n € [m;] satisfy v;,(1) > ... > v;,(Lj,) >0

and d],n(l) >0 > dj,n<Lj,n) > 0.

Under the above multi-item setup, an advertiser’s global optimization problem

(analogous to GL-OPT in Eq. (2.1) for the single-item auction setup in previous
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sections), can be written as the following problem called GL-OPT™:

GL-OPT* =

max Z E ['vawj}

(=1 25m)) oy jelan

st. Y Efv/a] > 7)) El[d =]

JEIM] j€M]

> Eldjz] <

Je[M]

i € 10,12 < 5 and 3" ay,(0) <1, V€ [M], ne [my]
ZE[L]',H]

(2.20)

Here x;, = (7;,(¢))ecz,,) denotes the indicator vector for procuring impressions
¢ € Lj, in auction n € [m;] of channel j € [M]. Compared to GL-OPT, the key
difference for GL-OPT™ is that we introduced additional constraints which states “at

most 1 impression is procured in every multi-item auction”.

On the other hand, analogous to a channel’s autobidding problem for the single-
item auction setup in previous sections (Eq. (2.4)), in the multi-item setting each
channel j’s autobidding problem can be written as

@7 (5, p52;) = arg  max vl x

m:(ml...mmj) J

T T T
st vz > vjdj x, and dj x < p;

x, € [0,1]%" and Z r,(0) <1, Vn € |my

Le[Ljn]

(2.21)

where @, = (2,(€))e(z,,] € [0,1]™ denotes the (possibly random) vector of indicators
to win each impression of auction n in channel 5. With respect to this per-channel multi-
item auction optimization problem in Eq. (2.21), we can further define VjJr (vj» pj: 25),
Dy (v, p5325), Vi (75, p5), Df (v, p;) as in Eq.(2.5), and CH-OPT™(Z) as in Eq.(2.3)
for any advertiser lever option Z in Eq.(2.2).
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2.5.2 Optimizing per-channel budgets is sufficient to achieve

global optimal

Our first main result for the multi-item setting is the following Theorem 2.5.1 which
again shows an advertiser can achieve the global optimal conversion GL-OPT" via
solely optimizing over per-channel budgets (analogous to Theorem 2.3.4 and Corollary

2.3.5).

Theorem 2.5.1 (Redundancy of per-channel ROIs in multi-slot auctions). For the
per-channel budget option Ip and general options Zg defined in Eq.(2.2), we have
GL-OPT" = CH-OPT*(Zp) = CH-OPT*(Zg) for any aggregate ROl v > 0 and
total budget p > 0, even for p = oo. Further, there exists and optimal solution

(Vi pj)jem) to CH-OPT™(Zg), s.t. ;=0 for all j € [M].

It is easy to see that the proof of Lemma 2.3.1, Theorem 2.3.4, and Corollary 2.3.5
w.r.t. the single item setting in Section 2.3 can be directly applied to Theorem 2.5.1
since we did not rely on specific structures of the solutions to GL-OPT and CH-OPT
other than the presence of the respective ROI and budget constraints (which are still
present in GL-OPT* and CH-OPT™"). Thereby we will omit the proof of Theorem
2.5.1. In light of Theorem 2.5.1, we again conclude that the per-channel ROI lever is

redundant, and hence omit per-channel ROI v; when the context is clear.

2.5.3 Applying UCB-SGD to the multi-item setting

We now turn to our second main focus of the multi-item setting, which is to understand
whether our proposed UCB-SGD algorithm can achieve accurate approximations to
the optimal per-channel budgets, similar to Theorem 2.4.6 for the single-item setting.
A key observation is that the only difference between bounding the error of UCB-
SGD in the single and multi-item settings is the structure of the conversion and
corresponding Lagrangian functions (see Lemma 2.4.3), since the only change in the
multi-item setting compared to the single-item setting is how a given per-channel

budget translates into a certain conversion. Therefore, in this section we introduce a
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broad class of multi-item auction formats that induce the same conversion function
structural properties as those illustrated in Lemma 2.4.3, which will allows us to
directly apply the proof for bounding the error of UCB-SGD (Theorem 2.4.6) to the
multi-item setting of interest.

To begin with, we introduce the following notion of increasing marginal values,
which is a characteristic that preserves the structural properties for conversion and
Lagrangian functions from the single-item setting (in Lemma 2.4.3), as shown later in

Lemma 2.5.2.

Definition 2.5.1 (Multi-item auctions with increasing marginal values). We say
an auction n € [m;] in channel j € [M] has increasing marginal values if for any
realization z; = (v;,d;), we have

Vjn(1) — vjn(2) Vjn(Ljn — 1) = Vjn(Ljn) _ Vjn(Ljn)

> .. > >
dj,n(l) - d],n(2) dj,n(Lj,n - 1) - dj,n<Lj,n) dj,n(Lj,n)

Increasing marginal values intuitively means that in some multi-item auction, the
marginal value per cost gained increases with procuring impressions of greater values.
Many classic position auction formats satisfy increasing marginal gains, such as the
Vickrey—Clarke-Groves (VCG) auction; see [106, 46| for more details on position

auctions.

Example 2.5.1 (VCG auctions have increasing marginal values). Let auction n € [m;]
in channel j € [M] be a VCG auction, where for any realization of (vj,,d;,) =
(Vjn(€),djn(€))eelr,, there exists some Uy > 0, position discounts 1 > 0, ;(1) >
00.5(2)...0,,(Ln;) > 0, and L, ;-highest competing bids from competitors in the
market c’lvw(l) > glvn,j(Z) > cflvn,j(anj) > 0, such that the acquired value for procuring
impression { € Ly, ; is v, ;(€) = 6,;(€) - U, ;, and the corresponding cost is d;,,({) =

25;72(9,” (0") =0, ; (0 + 1))Jn,j(€’) where we denote 0, j(L;,+1) =0." Thereby, under

8Here, the distribution over (vj,,d;,) can be viewed as the joint distribution over v, ;,
(0n,5(O))eerr; ) and (dnj(0))ee(L; )
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VCG the marginal values are

Vin(0) = in(C+ 1)  (Oni(0) = Ons(U+ 1) Vjn Ui

—~ ~ 9

) = On(E+ 1)) djn(l)  djn(f)

A
3
o
)
~—
[
A
3
—~
~
—_
N~—
—~
>
S
<.
—

which decreases in € since cfivw(l) > Elvn,j(Q) > c’lvn,j(LnJ) > 0. Hence VCG auctions

admit increasing marginal values.

We remark that the generalized second price auction (GSP) does not necessarily
have increasing marginal values. Now, if all auctions in a channel have increasing
marginal values, then we can show the conversion function ‘/j+(pj) and the correspond-
ing Lagrangian function for multi-item auctions admits the same structural properties

as those in Lemma 2.4.3:

Lemma 2.5.2 (Structural properties for multi-item auctions). For any channel
J € [M] whose auctions have increasing marginal values (see Definition 2.5.1), the
conversion function V" (p;) = E ['vaa:;’J“(pj;zj)] is continuous, piece-wise linear,
strictly increasing, and concave. Here recall m;’Jr(pj; z;) 1is the optimal solution to
the channel’s optimization problem in Eq. (2.21). Further, for any dual variables

c= () 0) € Ry, the Lagrangian function L] (p;,¢) := (1 4+ NV, (p;) — (0 +\)p; is

continuous, piece-wise linear, concave, and unimodal in p;.

See the proof in Appendix A.3.1. In light of Lemma 2.5.2, we can argue that
UCB-SGD produces per-channel budgets that yield the same accuracy as in Theorem
2.4.6 for the single-item setting,

Theorem 2.5.3 (UCB-SGD applied to channel procurement for multi-item auctions).
Assume multi-item auctions in any channel j € [M] has increasing marginal values
(per Definition 2.5.1), and assume Assumptions 2.4.1 and 2.4.2 hold for the multi-item

setting.” Then with the same parameter choices as in Theorem 2.4.6, and recalling

9Assumption 2.4.1 in the multi-item setting again implies the spend in any channel is exactly the
input per-channel budget; Assumption 2.4.2 in the multi-item setting states that for any realization
of value-cost pairs z = (v;,d;);en) € F1 X ... Fur, the realized version of the ROI constraint in

GL-OPT™ defined in Eq. (2.20) is strictly feasible.
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Pr = (% Ztem ,oj,t) o 18 the vector of time-averaged per-channel budgets produced
jelM
by UCB-SGD, we have

GL-OPT" — Y " E[V"(pr,)] < O(T'?),

JE€[M]

as well as approximate constraint satisfaction

Z E (V" (pr;) = vpry] > —O(T?), and p — Z Elpr,] > —O(T™'?,
JEM] JE[M]
where we recall GL-OPT™ is defined in Eq. (2.20), V;"(p;) = E [v]Tw;‘?Jf(pj; z;)] and
:L‘;’Jr(pj;zj) is defined in Eq. (2.21).

The proof for this theorem is identical to that of Theorem 2.4.6 given the same
structural properties of the conversion and Lagrangian functions in Lemma 2.5.2 and
Lemma 2.4.3. Hence we will omit the proof. Finally, we remark that UCB-SGD-II
(Algorithm 2) can also be applied to the multi-item setting and yield per-channel
budget estimates that achieve the same performance as illustrated in Theorem 2.4.8

while satisfying both global budget and ROI constraints exactly.

2.6 Additional discussions and future research

More general advertiser objectives

In GL-OPT and CH-OPT(Z) defined Section 2.2 (or similarly GL-OPT™" and
CH-OPT™(Z) defined in the multi-item setting in Section 2.5), we can also con-
sider more general objectives, namely maxg, .z, > je[M] E ['vamj — ad]Tscj] and
Max(y; p),eanel  Djen B ViV pji 25) — aVi(v;, pj; 25)] for some private cost a €
[0,7]'° in GL-OPT and CH-OPT(Z), respectively. When o = 0, we recover our
considered models in the previous section, whereas in when o = 1, we obtain the

classic quasi-linear utility. We remark that this private cost model has been introduced

07f & > 4 the ROI constraints in GL-OPT as well as CH-OPT(Z) become redundant.
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and studied in related literature; see [13| and references therein. Nevertheless, when
each channel’s autobidding problem remains as is in Eq.(2.4), i.e. channels still aim to
maximize conversion which causes a misalignment between advertiser objectives and
channel behavior, it is not difficult to see in our proofs that all our results still hold in
Section 2.3, and our UCB-SGD algorithm still produces estimates of the same order of
accuracy via introducing « into the Lagrangian. In other words, even if channels aim
to maximize total conversion for advertisers, advertisers can optimize for GL-OPT
with a private cost o through optimizing CH-OPT(Z) that also incorporates the same

private cost.

Future research on non-optimal autobidding in channels

We recall in previous sections we assumed that each channel adopts “optimal autobid-
ding” that solves Eq. (2.4) to optimality. This raises the natural question that whether
our findings will still hold when channels do not procure ads optimally, perhaps be-
cause of non-stationary environments [22, 85, 29|, or the presence of strategic market
participants who aim to manipulate the market [54, 42, 63, 55]. In such a scenario, an
advertiser’s (bandit) conversion feedback in a channel j would be V' (v;, p;; 2;) — €; for
some channel-specific and possibly adversarial loss €; > 0. One potential resolution is
to treat such €; as adversarial corruptions to bandit rewards, and instead of integrating
vanilla UCB with SGD as in Algorithm 1, augment SGD with bandit algorithms
that are robust to robust corruptions; see e.g. [86, 64]. Nevertheless, it remains
an open question to prove how such augmentation would perform in our specific
bandit-feedback constrained optimization setup. This leads to potential research

directions of both practical and theoretical significance.
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Chapter 3

Learning to price against strategic

buyers

This chapter is based on [54], which is joint work with Negin Golrezaei and Patrick
Jaillet.

63



3.1 Introduction

In the previous Chapter 2 we studied how advertisers can effectively interact with
autobidding ecosystems to procure ads from ad platforms, and abstracted away from
details on the procurement algorithms and selling mechanisms run by platforms. In
this chapter, we turn to investigate an ad platform’s problem to design ad selling
mechanisms that specifically take the form of ad auctions with reserve prices, which
is arguably one of the most widely adopted forms of selling mechanisms in online

advertising; see e.g. [106, 46, 94, 39, 49|.

To put the ad platform’s auction design problem in more context, consider an
autobidding ecosystem for display ads: when a user makes a request (e.g. viewing
a webpage or mobile app), the ad platform receives the request and triggers an ad
auction, in which automated procurement (i.e. bidding) algorithms compete on behalf
of advertisers for the auctioned “item”-the opportunity to display an ad to the user. It
is important to note that user requests are highly heterogeneous, meaning that users’
preferences, or likelihood of clicking the ad, vary. Such variation in user preferences
can be characterized by user features which are typically modelled as contexts of the
auctioned item [54]. From an ad platform’s perspective, both the advertiser-platform
interaction component and the automated procurement component can be perceived as
virtual buyers directly submitting bids according to some algorithm that aims to satisfy
certain objectives (i.e. the corresponding advertisers’ procurement goals). Under
this view, this chapter focuses on the problem of designing dynamic reserve pricing
policies for highly heterogeneous items against strategic buyers whose bidding behavior
may aim to manipulate the platform’s pricing policies. This involves learning buyers’
demand, which is a mapping from item context and offered prices to the likelihood of
the item being sold, under limited understanding of buyers’ bidding behavior. The
key goal of this chapter is to develop effective and robust dynamic pricing polices that
facilitate such a complex learning process for very general non-parametric contextual

demand curves facing strategic buyers.

Formally, we study the setting wherein any period ¢ over a finite time horizon

64



T, a seller (i.e. an ad platform) sells one item (i.e. an ad impression) to buyers via
running a second price auction with a reserve price. The item is characterized by
a d-dimensional context vector z;, public to the seller and buyers. We consider an
interdependent contextual valuation model in which a buyer’s valuation for the item is
the sum of common and private components. The common component determines the
expected willingness-to-pay of buyers and is the inner product of the feature vector
and a fixed “mean vector" [ that is homogeneous across buyers; the private component,
which captures buyers’ idiosyncratic preferences, is independently sampled from an
unknown non-parametric noise distribution F'. We note that such a linear valuation

model is very common in the literature of dynamic pricing; e.g. see [57, 71, 74, 70].

Under this interdependent contextual valuation model, we study a strategic setting
where buyers intend to maximize long-term discounted utility and may consequently
submit corrupted, i.e., untruthful bids. The motivation of this strategic setting comes
from the repeated buyer-seller interactions when the seller does not possess full
information on buyers’ demand and aims to learn it using buyers’ submitted bids. In
a single-shot second price auction, where there is no repeated interactions between the
seller and buyers, bidding truthfully is a buyer’s weakly dominant action. However,
this is no longer the case in our repeated second price auction setting: repeated
auctions may incentivize the buyers to submit corrupted bids, rather than their true
valuations, in order to manipulate seller’s future reserve prices; e.g. by underbidding,

buyers may trick the seller to lower future reserve prices.

In this chapter, we would like to design a reserve price policy for the seller who does
not know the mean vector 5 and the noise distribution F'. The policy dynamically
learns/optimizes contextual reserve prices while being robust to corrupted data (bids),
submitted by strategic buyers. In particular, our objective is to minimize our policy’s
regret computed against a clairvoyant benchmark policy that knows both g and F.
Designing low-regret policies in our setting involves overcoming the following challenges:
(i) The demand curve is constantly shifting due to the change in contexts over time.
(ii) The shape of the demand curve is unknown due to the lack of information on

the market noise distribution F' which may not enjoy a parametric functional form.
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Furthermore, we do not impose the Monotone Hazard Rate (MHR)! assumption on F.
While the MHR assumption is common in the related literature and can significantly
simplify reserve price optimization (see e.g. Remark 3.3.1), it has been shown to fail
in practice (see [27, 60]). (iii) As stated earlier, in our strategic setting, buyers may
take advantage of the seller’s lack of knowledge about buyers’ demand and submit
corrupted bids to manipulate future reserve prices.

Main contribution. We develop a policy called Non-Parametric Contextual
Policy against Strategic Buyers (NPAC-S) that enables the seller to efficiently learn
the optimal contextual reserve prices while being robust against buyers’ corrupted
bids. Our policy design incorporates two simple yet effective features, namely a phased
structure and random isolation. First, NPAC-S partitions the entire horizon into
consecutive phases, and then estimates the mean vector and the distributions of the
second-highest and highest valuations only using data from the previous phase. This
reduces the buyers’” manipulating power on future reserve prices as past corrupted
bids prior to the previous phase will not affect future pricing decisions. Second, the
NPAC-S policy incorporates randomized isolation periods, that is, in each period with
some probability the seller chooses a particular buyer at random and let her be the
single participant of the auction during this period. In these isolation periods, the
isolated buyer faces no competition from other buyers, and hence may incur large
utility loss if a significantly corrupted bid is submitted.?

For our main theoretical results, we show that in virtue of our isolation periods in
our design of NPAC-S, the number of past periods with large corruptions is O(log(t))
for any period t via leveraging the fact that buyers aim to maximize their long-term
discounted utility. Furthermore, we present novel high probability bounds for our
estimation errors in § and F which are estimated by ordinary least squares and

empirical distributions, respectively, with the presence of corrupted bids. Finally, in

! Distribution F is MHR if I f %Z()z) is non-decreasing in z, where f is the corresponding pdf.

2In the isolation periods, when the valuation of the isolated buyer is greater than the reserve price,
significantly underbidding may cause the item to not be allocated; when the valuation of the isolated
buyer is lower than the reserve price, overbidding results in the buyer paying much higher prices
(relative to valuation) to achieve the item. In either case, the isolated buyer will incur a significant

utility loss compared to truthful bidding.
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Theorem 3.4.2, we show that the NPAC-S policy achieves a regret of O(dv/T) for

general non-parametric distributions F' against a clairvoyant benchmark policy.

Related works

Here we discuss related works that study dynamic pricing against strategic buyers
with stochastic valuations, 2.

Both [6, 7] study a dynamic pricing problem in a posted price auction against a
single strategic buyer. [6] addresses the non-contextual stochastic valuation setting,
where as 7] studies a linear contextual valuation model, but with no market noise
disturbance. [7] proposes an algorithm that achieves 6(T2/ 3) regret in contrast with
our regret of (5(\/T ) using the NPAC-S policy. We point out that this is because the
seller in their setting only observes the outcome of the auction (i.e. bandit feedback),
while in our setting we assume that seller can examine all submitted bids. Our setting
is more complex compared to [6, 7| as we handle the contextual pricing problem against
multiple strategic buyers, and also deals with the issue of learning a non-parametric
distribution function in the presence of strategic buyer behavior. [74] consider a
contextual buyer valuation model similar to ours (but with the MHR assumption on
the market noise distribution) and proposes a pricing algorithm that sets personalized
reserve prices for individual buyers. They argue that the design of their algorithm
induces an equilibrium where buyers always bid truthfully, and then further assume
buyers act according to this equilibrium. This chapter distinguishes itself from two
aspects. First, setting personalized reserve prices in [74] rely crucially on the MHR
assumption, and in this chapter we relax this assumption such that our methodology
works for a larger class of market noise distributions. Second, we consider more
general buyers who do not necessarily play any equilibrium and are forward looking.

[57] study a similar interdependent contextual valuation model to ours, but with

3The general theme of learning in the presence of strategic agents or corrupted information has
also been studied in other applications; see, for example, [28, 23, 51|. There are also related works
that study adversarial buyer valuations. For example, [41] studies the seller’s pricing problem for
repeated second-price auctions facing multiple strategic buyers with private valuations fixed overtime.
In addition, buyers in this chapter also seek to maximize cumulative discounted utility. The paper
proposes an algorithm that achieves O(loglog(T')) regret for worst-case (adversarial) valuations.
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heterogeneous mean vector J across agents. This chapter distinguishes itself from
[57] in two major ways. First, they focus on optimizing contextual reserve w.r.t. the
worst-case distribution among a known class of MHR market noise distributions. In
contrast, this chapter relaxes this constraint and does not require the seller to have
any prior knowledge on the possibly non-parametric distribution. Second, in their
setting, the seller only utilizes the outcome of the auctions to learn buyer demand
and results in a regret of O(T%3).* In this chapter, we exploit the information of
all submitted bids by taking advantage of the fact that buyers’ utility-maximizing
behaviour constrains their degree of corruption on bids. This eventually allows us to
achieve an improved regret, of 6(\/T) Nevertheless, our proposed algorithm cannot
not handle heterogeneous (’s, and hence this will be an interesting future research
direction. [42] studies the posted price selling problem against a strategic agent with
a non-linear (stochastic) contextual valuation model that satisfies some Lipschitz
condition with no additive noise.

We summarize some key differences in the settings/results of the aforementioned

works in Table 3.1.

3.2 Preliminaries

Notation. For a € N*, denote [a] = {1,2,...,a}. For two vectors z, y € R?, denote
(x,y) as their inner product. Finally, I{-} is the indicator function: I{A} = 1 if event
A occurs and 0 otherwise.

We consider a seller who runs repeated second price auctions over a horizon
with length T that is unknown to the seller. In each auction ¢ € [T], an item is
sold to N buyers, where the item is characterized by a d-dimensional feature vector
7, € X C{r € R : ||2]loo € Tmax} Where 0 < . < 00. We assume that z; is

independently drawn from some distribution D unknown to the seller. We define ¥ as

4A recent work [35] builds on the result of [57] by considering a stronger benchmark that knows
future buyer valuation distributions (noise distribution and all the future contextual information).
They design robust pricing schemes whose regret is O(T°/%) against the aforementioned benchmark,
confirming the generalizability of pricing schemes in [57].
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Algorithm # buyers Context Noise/value dist. Disc. util. Regret

Phased [6] 1 False Lipschitz True Sublinear®
LEAP [7] 1 True  No additive noise True O(T*3)

PELS [42] 1 True  No additive noise True O(T¥(d+1)
HO-SERP [75] > 2 True MHR False OWT)
SCORP [57] > 2 True MHR True O(T?/3)
NPAC-S > 2 True Non-parametric True OWT)

Table 3.1: Summary of settings and results for seller algorithms that sell against
strategic agents with stochastic valuations. Note that the Discount util. column
indicates whether the algorithm deals with buyers who discount their long-term
utilities. Note that HO-SERP|75] and SCORP [57| set personalized reserve prices for
each buyer, whereas NPAC-S sets a single reserve for all buyers. PELS in [42] learns
a non-linear contextual valuation model and hence yields larger regret. Among all
algorithms, only SCORP [57] handles heterogeneous 3 across buyers.

the covariance matrix of distribution D.® We assume that X is positive definite and

unknown to the seller, and define the smallest eigenvalue of > to be Ay > 0.

Buyer valuation model. We focus on an interdependent valuation model
where the valuation of buyer i € [N] at time t € [T]is given by v;; = (B, z¢) + €4
Here, f is called the mean vector and is fixed over time and unknown to the seller,
while ¢;; is idiosyncratic market noise sampled independently over time and across
buyers from some time-invariant distribution F' with probability density function f,
both unknown to the seller. Furthermore, F' has bounded support (—€pax, €max), i
which its probability density function is bounded by ¢y := sup,¢_. . . f(z) >
Inf, e epema] f(2) > 0. The support boundary epay is not necessarily known to the
seller. We assume there exist vpax > 0 so that v;; € [0, vmay for all i € [N], ¢ € [T].

We highlight that our setting does not enforce distribution F' to be parametric
nor to satisfy the MHR assumption. This is because via analyzing real auction data
sets, it has been shown that the MHR assumption does not necessarily hold in online

advertising markets [27, 60].

Repeated contextual second price auctions with reserve. The contextual

6The covariance matrix of a distribution P on R? is defined as E,p[zx'] — up', where y =
Epr[:c}.
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second price auction with reserve is described as followed for N > 2 buyers: In any
period t > 1, a context vector x; ~ D is revealed to the seller and buyers. The
seller then computes reserve price r;, while simultaneously each buyer i € [N] forms
individual valuations v;; and submits a bid b;; to the seller. Let * = arg max;c|n ;i
be the buyer who submitted the highest bid.” If bi«+ > 1, the item is allocated
to buyer ¢* and he is charged the maximum between the reserve price and second
highest bid, i.e. buyer i* pays p;«; = max{r;, max;4;+ b;;}. For any other buyer i # i*,
the payment p;; = 0. In the case where b;x; < 7, the item is not allocated and all
payments are zero.

Here, the seller’s reserve price r; can only depend on z; and the history set
Heo1 := {(r1, {bi1 biev), 1), - -, (=1, {bise—1 Fie[n], ©¢—1) } which includes all informa-
tion available to the seller up to period ¢t — 1.

Buyers’ bidding behavior. In the setting where buyers are strategic, we assume
that in any period ¢, each buyer i € [IN] aims at maximizing his long-term discounted

utility U

T

Uy = ZTZTE Vi Wir — il (3.1)

=t

where 1 € (0,1) is the discount factor, w;; € {0, 1} indicates whether buyer i wins
the item; the expectation is taken with respect to the randomness due to the noise
distribution F', the context distribution D, buyers’ bidding behavior, and the seller’s
pricing policy. We point out that this discounted utility model illustrates the fact that
buyers are less patient than the seller, and is a common framework in many dynamic
pricing literature; see [6, 7, 57|, and [84|. The motivation lies in many applications in
online advertisement markets wherein the user traffic is usually very uncertain and as
a result, advertisers (buyers) would not like to miss out an opportunity of showing
their ads to targeted users. An alternative interpretation for the above discounted
utility model is that each buyer has probability n of leaving the repeated auctions,
and thereby the expected cumulative utility of each bidder is exactly Eq. (3.1). It is

"No ties will occur since we assume that no valuations and bids are the same.
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worth noting that [6] showed, in the case of a single buyer, it is not possible to obtain
a no-regret policy when n = 1, that is, when the buyer is as patient as the seller.

Furthermore, we assume buyers corrupt their true valuations in an additive manner:
Vie [N, t € [T] by =wviy—a;; where |a;:] < amax-

Here, a;; is called the degree of corruption, and we refer to the buyer behavior of
submitting a bid b;; # v;; (i.e., a;y # 0) as “corrupted bidding”. Note that when
a;+ > 0, the buyer shades her bid, and when a;; < 0, the buyer overbids. Essentially,
a buyer 4’s strategic behavior is equivalent to deciding on a non-zero value of a;;. In
this work, we impose no restrictions on the degree of corruption a;, for a buyer 7 in

period t other than it is bounded. ®

3.3 Benchmark and seller’s regret

The seller’s revenue in period t € [T] is the sum of total payments from all buyers,

and the expected revenue given context x; € X and reserve price r; is

revy(ry) := ]E[ Z Dit ’ iL‘tﬂ“t}a
i€[N] (3.2)

where p;; = max{b, ,r }I{b;; > max{b; 7, }}.

Here, b, and b; are the second-highest and highest bids in period ¢, respectively;
the expectation is taken with respect to the noise distribution in period ¢ and any
randomness in the reserve price r; as well as bid values submitted by buyers in period
t (as buyers’ bidding strategies may be randomized).

The seller’s objective is to maximize his expected revenue over a fixed time horizon
T through optimizing contextual reserve prices r; for any t € [T]. To evaluate any
seller pricing policy, we compare its total revenue against that of a benchmark policy

run by a clairvoyant seller who knows the mean vector S and the non-parametric

8A bound for the degree of corruption is natural as buyers always submit non negative bids and
all bids are bounded by vyax.
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noise distribution F. This clairvoyant seller’s benchmark policy sets the “optimal”
contextual reserve price in each period to obtain the maximum achievable revenue
max, rev;(r) in each period, and hence facing such a seller there will be no incentive
for buyers’ to corrupt their bids. To provide a more formal definition for the revenue
of the clairvoyant seller as well as “optimality” in contextual reserve prices, we rely on
the following proposition that characterizes the seller’s conditional expected revenue

when buyers bid truthfully.

Proposition 3.3.1 (Seller’s Revenue with Truthful Buyers). Consider the case of
N > 2 buyers who bid their true valuations, i.e., v;y = by for any i € [N] and t € [T].
Conditioned on the reserve price ry and the current context x, € X, the seller’s single

period expected revenue in Equation (3.2) is

/OO 2dF™(2) + (B, ) + /0 F~(z = (B,2))dz

o0

(3.3)
— Tt (F+(7"t - (5,93t>)) )

where for any 2 € R, F~(2) .= NFN7Y(2) — (N — 1)FN(2) and F(z) := FN(2).

The proof for this proposition is detailed in Appendix B.1.1. In Proposition 3.3.1,
F*(-) and F~(-) are the cumulative distribution functions of ¢ := v;” — (3, z;) and
€, :=v; — (B, 1) respectively, where v;” and v; are the highest and second highest
valuations in period t € [T7.

In light of Proposition 3.3.1, we define the benchmark policy of the clairvoyant

seller as followed,

Definition 3.3.1 (Benchmark Policy). The benchmark policy knows the mean vector

B and noise distribution F', and sets the reserve price for a context vector x € X as

r(z)

= argmax/oy F(z—(B,2))dz —y (F*(y — (B,2))) .

y=>0

(3.4)

Therefore, the benchmark reserve price in period t, denoted by r, is v*(x;), and the
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corresponding optimal revenue, denoted by REVY, is equal to

0o r*(z¢)
/ AP (2) + (B, 1) + /O F (2 — (8, 2,))d

—00

= () (FH (" (x) = (B.20))

Remark 3.3.1. When distribution F' satisfies the MHR assumption, the objective
function of the optimization problem in FEquation (3.4) is unimodal in the deci-
sion variable y, and according to [57], v*(x) can be simplified as follows: r*(z) =
arg max,>o y(1 — F(y — (6, x))). In words, the MHR assumption decouples the reserve
price optimization problem for multiple agents to the much simpler monopolistic pricing

for each individual agent.

We observe this benchmark provides an optimal mapping from the feature vector
x; to reserve price r*(z;), which remains unchanged over time as the mean vector
and noise distribution F' are time-invariant. This echoes our earlier point that pricing
is challenging in our contextual setting since we would need to approximate or learn
the optimal mapping r*(-), whereas in non-contextual environments it is sufficient to
learn a single optimal reserve price value.

We now proceed to define the regret of a policy 7 (possibly random) when the
regret is measured against the benchmark policy. Suppose that in any period ¢, policy
7 selects reserve price r]. Then, the regret of policy 7 in period ¢ and its cumulative

T-period regret are defined as:

Regret™(T) = > E[REV] — rev,(r])] . (3.5)

te(T]
where the optimal revenue REV7 is given in Definition 3.3.1, and the expectation is
taken with respect to the context distribution D as well as the possible randomness in
the actual reserve price r]. Our goal is to design a policy that obtains a low regret for

any 3, F, and context distribution D.
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3.4 The NPAC-S Policy

In this section, we first propose a policy called Non-Parametric Contextual Policy
against Strategic Buyers (NPAC-S) to maximize seller’s expected revenue in our
strategic setting. Then, we provide insights into how our design in NPAC-S makes the
policy robust to buyer strategic behavior, and in turn allows the policy to learn the
mean vector 5 and noise distribution F efficiently. Finally, we present theoretical regret
guarantees for NPAC-S against the clairvoyant benchmark described in Definition
3.3.1 that sets the optimal contextual reserve price defined in Equation (3.4).

The NPAC-S policy. The detailed NPAC-S policy is shown in Algorithm 3,
and consists of three main components. (i) Phased Structure: NPAC-S partitions T
into consecutive phases, where each phase ¢ > 1, denoted as E,, has length T1-27*
This implies |E;| = VT and |Ey|/\/|E,_1| = VT. Here, we can establish that the
total number of phases can be upper bounded by [log,(log,(7))] + 1. (ii) Estimation
for B, F~ and FT: At the end of each phase, NPAC-S uses the submitted bids
from the pervious phase and employs Ordinary Least Squares (OLS) and empirical
distributions to estimate the mean vector 8 as well as F', respectively. (iii) Random
i1solation: NPAC-S incorporates random isolation periods in which a single buyer is
chosen at random, and the item is auctioned to this isolated buyer (i.e. the seller only
considers the bid of the isolated buyer and ignores bid from other buyers).” Note that
when a buyer i is isolated, the buyer wins the item if and only if his bid is greater than
the reserve price, and pays the reserve price if he wins. Here, the seller’s pricing policy
is announced to all buyers (at ¢ = 0) so that buyers examine the policy and have the

freedom to adopt any bidding strategy to maximize their long term discounted utility.

Remark 3.4.1. Here, we comment on how one can solve the reserve price optimization
problem in Equation (5.7). The key observation is that for any period t, Fy(-) is a

step function with jumps at points in the finite set Cp := {b;, — <BZ7$T>}ie[NLTeEg_1'

9The seller discloses her commitment to the random isolation protocol to all buyers at ¢t = 0, and
it is not necessary for the seller to reveal, during an isolation period, which buyer is being isolated.

10For a matrix A, A' represents its pseudo inverse, so if A is invertible, we have AT = A=1. In
Lemma B.2.1 of Appendix B.2.1, we show that with high probability 3 _ x,x] is positive definite,
and hence invertible.
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Algorithm 3 Non-Parametric Contextual Policy against Strategic Buyers (NPAC-S)

1: Initialize 3 = 0, and ﬁl_ () = ﬁf‘(z) =0 for Vz € R.
2: for phase / > 1 do
3: for t € E; do

4: Isolation: With probability 1/|Ey|, choose one buyer uniformly at random and offer price
ri ~ Uniform(0, vmax) - (3.6)
5: No Isolation: With probability 1 — 1/|Ey|, set reserve price for all buyers as
~ y e = e I~
ry = arg E%Iax ]/ F; (2= (Be,x))dz —y - FZ’(y —(Be, 1)) - (3.7)
Y sUmax]| J(
6: Observe all bids {b; ¢ }ic[n]
7 end for
8: Update estimate of the mean vector : '°
§£+1 = (Z x'rx:lr—)T ’ ( Z xTET)v (38)
TeE, TEE,

where b, = % ZiE[N] bir.
9: Update the estimate of '™ and F~:

Fiy(2) = NENTYz) — (N = D)EN, (2)

FZ;1(Z) = F£+1(z) .

where Fy41(z) is defined as

Fria(z N\ Ei] Z Z I(b; » — ﬁe+1,$7> <z), (3.10)

TEE, i€[N]

10: end for

This implies that in order to solve for ry in Equation (3.7), it suffices to conduct a
grid search for Yy € Cy. More specifically, we let {2, 20 . 2} be the ordered list
(in increasing order) of all elements in C, U {0}, where 29 := 0 and M := |Cy| (here,

we assumed that 0 ¢ C, without loss of generality). Hence, r; is equal to

arg max ZF —(Br,z)) - (2 = 207
- (m)F+( <5e,$t>)

This shows that the complexity to solve Equation (3.7) is O(M?). More detailed

discussions and efficient algorithms regarding related problems can be found in [90].
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Motivation for design of NPAC-S. Here we provide some insights into the
design of the NPAC-S policy, particularly the phased structure and the incorporation

of random isolation periods.

Due to the phased structure of the algorithm, our estimates for 8, F'~, and F'" only
depend on the bids and contextual features in the previous phase. Thus, corrupted
bids submitted by buyers in past periods will have no impact on future estimates as
well as pricing decisions. One can think of this as erasing all memory prior to the
)

previous phase and restarting the algorithm, which can potentially reduce buyers

manipulating power on our estimates and reserve prices.

We now discuss the impact of having isolation periods. As all buyers are aware of
the randomized isolation protocol, the presence of isolation periods restricts buyers
from significantly corrupting their bids too often as by doing so they may suffer a
substantial utility loss when they are isolated. To illustrate this point with an example,
compare the following scenarios: (i) if there are no isolation periods, a buyer having
the lowest valuation among all buyers may submit a bid by adding large corruption,
but still ending up not being the second highest or highest bidder. Assuming that
other buyers bid truthfully, such a scenario will not lead to any changes in utility of any
buyer, but introduces a large outlier to the set of data points used in our estimations.
In words, when no isolation occurs, buyers may be able to distort the seller’s learning
process without facing unfavorable consequences; (ii) during an isolation period when
a buyer is isolated, corrupting her bid may perhaps result in significant utility loss, e.g.,
losing the item by underbidding when her true valuation is greater than the reserve
price, or winning the item by overbidding when her true valuation is less than the
reserve price. Therefore, randomized isolation incentivizes utility-maximizing buyers
to reduce the frequency of corrupting their bids. Mathematically, we characterize this

statement in the following Lemma 3.4.1.

Lemma 3.4.1 (Bounding number of significantly corrupted bids). For i € [N] and
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phase £ > 1 define

1
Sy = {t € By ag > —}
| E| (3.11)

L@ = lOg ( maxN|E€|4 - 1)/10g(1/77>

where S; ¢ is the set of all periods in phase Ey during which buyer ¢ significantly corrupts

his bids. Then, we have P (|S;¢| > Ly) < 1/|Ey|.

The proof of this lemma is shown in Appendix B.2.2.

Bounding the regret of NPAC-S. Here, we first present the regret of NPAC-S.
Then we introduce several key results that are crucial to proving the regret bound of
NPAC-S and also comment on how they resolve challenges that arise due to buyers’

strategic behavior.

Theorem 3.4.2 (Regret of NPAC-S Policy). Suppose that the length of the horizon
T > max{(gx"‘“) ,9} where A3 is the minimum eigenvalue of covariance matriz ..

Then, in the strategic setting, the T-period regret of the NPAC-S policy is in the order

1
of O(cf\/dN?’ log(T) - log (log(T' (\/_—l— —W)), where regret is computed
against the benchmark policy in Definition 3.3.1 that knows the mean vector 3 and
noise distribution F. Here, recall ¢y = sup,ep_¢ o f(2) > 0 where f is the the pdf

of F.

Remark 3.4.2. The proof of this theorem is presented in Appendixz B.2.1. In the
regret of NPAC-S, the factor 1/log(1/n) serves as a worse case guarantee for the
amount of corruption that buyers’ can apply to their bids throughout the entire horizon
T. As buyers get less patient, i.e., as n decreases, buyers are less willing to forgo
current utility in the current period. Thus, in the presence of randomized isolation
periods, impatient buyers are less likely to significantly corrupt bids, which translates
into lower regret. The log(log(T)) factor corresponds to the information loss due to
the policy’s phased structure, which “restarts” the algorithm at the beginning of each of
O (log(log(T))) phases and relies only on the information of the previous phase.

The regret of NPAC-S can be decomposed into two parts: (i) the estimation errors
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in 3, F~ and F*, which result in the posted reserve price r; deviating from the
optimal reserve price 7}, and hence incur a revenue loss compared to the clairvoyant
benchmark; and (ii) the revenue loss due to allocation mismatch in the auction outcome
because of buyers’ strategic bidding behaviour. Here, allocation mismatch refers to
the phenomenon where a bidder would have won (lost) the auctioned item had she bid
truthfully, but instead lost (won) the item as she submitted a corrupted bid in reality.

We first comment on several challenges with respect to bounding the estimation
errors in 3, '~ and F*. First, the OLS estimator and empirical distributions to
estimate the mean vector and distributions F'~ and F'*, respectively are extremely
vulnerable to corrupted data (outliers), and hence standard high probability bounds
are invalid for our setting. Additionally, there exists a complication in terms of
bounding the estimation errors in F'~ and F'* because estimation errors for 8 will
further propagate into the estimation errors in F' and consequently impacting the
estimates for F~ and F'*. To illustrate this point, consider the ideal scenario where
all bids are truthful (i.e. v;; = b;; for all i € [N] and ¢ € [T]). Even in this scenario,
the terms v; , — <B\g, x,) in the expressions for I3 ¢(+) are not realizations of €; , due to
estimation errors in the mean vector 3,. Hence, the estimate ﬁg() evaluated at any
point z € R is biased, i.c. E[F)(z — <Bg,l’t>)] +4 F(z — (Bes1, 2;)). Furthermore, the
estimates F, 7(+) and F , (+) are evaluated at points which may be random variables
since B\g is a random variable that depends on the history of the previous phase.

In light of such challenges in bounding estimation errors, as one of our main
contributions, the following Lemma 3.4.3 provides good estimation error guarantees
for 5, F~ and F'" in the presence of corrupted bids and the aforementioned error

propagation phenomena.

Lemma 3.4.3 (Bounding estimation errors in 8, F~ and F't). For any phase E,,

with probability at least 1 — © (1/|Ey|), the following events hold: (i) HBZH —Blh =
log(1E¢l) . /s, - - _ N? N2 log(| Eql)

O( '_|1Ee\+10g(gi/77)iEe\)’ (i) for any z € R, |F, 1 (2)=F~(2)| = O( —\E4|+10g(1;g77)|f§z\) and

|ﬁ[;1(z) — Ft(2)| = O0(—F= + N log(|5e]) ). Here, recall the discount factor n € (0,1).

1B Tog/n)IE]

We refer readers to Lemma B.2.1 and Lemma B.2.2 in Appendix B.2.4 for more
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detailed statements on our high probability bounds regarding estimation errors in [,
F~ and F*.

In addition to inaccurate estimates for 3, F'~ and F'*, the allocation mismatch
phenomenon due to strategic bidding also contributes to the regret of NPAC-S. For
example, suppose that the highest valuation is greater than the reserve price. In that
case, if buyers were truthful, the item would be allocated and the seller would gain
positive revenue. Now, if buyers shade their bids, the auctioned item may not get
allocated, resulting in zero revenue for the seller. In the following Lemma 3.4.4, we
show that the number of allocation mismatch periods for each buyer is bounded with

high probability.

Lemma 3.4.4 (Bounding allocation mismatch periods). Define the following two sets

of time periods:

e={te vy > Dy, by < D} oand
Sy={t€BEi:vyy <Dy, by > Dy} (3.12)

where Dy = max{b¥, ,, T} .

Here, bfivt is the highest among all bids excluding that submitted by buyer i, and T is
the reserve price offered to all buyers if no isolation occurs (defined in Equation (53.7)).
Then, for By := B; ,UBY,, we have P (|Big| < 2L+ 4cp + 8log(|E,|)) > 1—4/[E,
and Ly is defined in Equation (3.11). Here, the probability is taken with respect to the

randomness in {(x+, € 1,0 r)}rep, ic[N]-

Note that Bf, represents the set of all periods in phase ¢ during which buyer ¢
should have won the item if she bid truthfully, but in reality lost due to shading her
bid (i.e. allocation mismatch due to shading), while similarly Bf, is the periods of
allocation mismatch due to overbidding. Therefore, B; , := B; ,UB;, can be interpreted
as the set of all periods in phase ¢ when an allocation mismatch occurs for buyer 7.
The detailed proof is provided in Appendix B.2.3.

NPAC-S against Truthful Buyers. Here, we make a remark that in a

hypothetical world where buyers are truthful (i.e. v;; = b;; or equivalently the degree
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of corruption a;; = 0 for all i € [N], ¢t € [T]), our proposed NPAC-S policy achieves
a regret of O(c f\/dNTlog(T) -loglog(T")) compared to the clairvoyant benchmark
policy in Definition 3.3.1. Intuitively, this is easy to see because the set of all periods
in phase E, during which a buyer 7 significantly corrupts his bids, namely S; , defined
in Lemma 3.4.1, will be empty. As a result, there will be no allocation mismatch
periods, and the 1/log(1/n) terms in the estimation errors in 3, F~, F* will vanish
(see Lemma 3.4.3). The proof for the regret bounds of NPAC-S against truthful
buyers would thus be a simplification to the proof of Theorem 3.4.2, and hence will

be omitted.

3.5 Numerical studies

Here, we present numerical simulations to compare the performance of NPAC-S with
several baseline seller policies. In particular, consider the following baseline policies:
(i) NAIVE which always sets a 0 reserve price; (ii) CONTHEDGE which runs an
independent version of the HEDGE algorithm for every distinct context vector (see an
introduction of HEDGE for the adversarial multi-arm bandit problem in [10]). The
“arms” of HEDGE correspond to potential reserve price options. Note that HEDGE
is a special case of the well-known EXP3 algorithm which is a simple off-the-shelf
algorithm that not only has good theoretical guarantees, but has also been applied (or
its variations/generalizations have been adopted) in many areas in online advertising
(see e.g. 114, 17, 65]). (iii) HO-SERP, which sets personalized reserve prices for
each buyer using “rolling window” estimates of § and F' w.r.t other buyers’ submitted
bids (see |75]). Here we consider HO-SERP as a baseline because among all seller
algorithms in related works that study pricing in a contextual, stochastic, and strategic
buyer setting similar to ours (see Table 3.1), HO-SERP achieves nearly the best
theoretical performance. Note HO-SERP requires the noise distribution to be MHR.

To model buyers’ strategic behavior, instead of restricting buyers to bid according
to a specific strategy to maximizes long-term discounted utility, we instead mimic the

outcome of some general class of such strategies (parameterized by 1) via randomly
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selecting periods over the entire horizon and have buyers significantly corrupt bids in
these periods. We will refer to these randomly selected periods as corruption periods.
When this randomization procedure is repeated over many trials, we believe the average
bidding outcome would serve as a relatively accurate approximation to the outcomes
of a general class of strategies for utility-discounting buyers. Furthermore, inspired by
Lemma 3.4.1 which suggests that the number of periods when a buyer significantly
corrupts her bid is bounded, we let the selected number of corruption periods be L,
defined in Equation (3.11) . Note that L, is increasing in 7 and represents the fact
that more patient buyers (i.e. larger 1) value long term utility more and hence would
be willing to corrupt bids more frequently with the aim of achieving higher future
utility.

Out detailed experimental setup is as followed. We consider a horizon of length
T = 5,000, N = 2 buyers, context vectors of dimension d = 4, V. = 10 and vy, = 0.
For each n € {0.2,0.4,0.6,0.8}, repeat the following procedure for n = 50 trials, each
including 7' periods:

For each phase E, (¢ > 1), ! sample L, corruption periods uniformly at random.
Then, regarding buyer’s valuations, we generate 3 € [0, 1]¢, where each entry is sampled
independently according to a uniform distribution on [0,1], i.e., U(0,1). We further
normalize § with the sum of all entries so that ||3]|o = 1. We then generate 10 distinct
contexts vectors X = {X7},c10, where each entry for any distinct context vector is
sampled independently from U (”m%, 2”%) Then, for every period t € [T], sample
x; uniformly at random from X', and sample ¢;,; for all i € [N] independently from
U (—7%, ””‘%) Note that our construction guarantees v;; = (3, Z¢)+€;+ € [Vmin, Vmax],
and the noise distribution is uniform which satisfies the MHR assumption (so the
application of the HO-SERP is valid). If ¢ is a corruption period, we let buyers submit
a bid of value 0 to model the behavior of significant bid-shading; otherwise, we let

buyers bid their true valuations.'?

"For fixed T, since length of phase £ > 1 is Tlfz_k, in our case when 7' = 5,000 we have 4 phases
whose phase lengths are 70,594, 1724, 2612, respectively, where the last phase is truncated.

12We remark that our numerical experiments focus on buyers’ bid-shading behavior. This is
mainly because empirical studies found that shading is prevalent in repeated auctions on modern
online advertising platforms and theoretical works have demonstrated various versions of bid-shading
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For comprehensiveness, we also consider the truthful setting by repeating the
above valuation generation procedure for another n = 50 trials and have buyers always
submit their true valuations. Finally, for each of the aforementioned trials, we run
the NPAC-S as well as other baseline algorithms independently and simply record the
realized revenue of each algorithm across all repeated auctions.

We report the average per-period revenue loss compared to the benchmark policy

(Definition 3.3.1) for each algorithm in Figure 3-1.

n e NAIVE I%‘
Q 12%{ 1 CONTHEDGE :
v == NPAC-S
g = HO-SERP
g 8% %,
o
i &
3 = +F
O 4% %
] -%%
a L=
o =
Y
Truthful 0.2 0.4 0.6 0.8
n

Figure 3-1: Performance comparison with baselines. This figure displays the
average per-period revenue loss compared to the benchmark policy (Definition 3.3.1).
Each box plot corresponds to n = 50 trials. NAIVE is only run for the truthful setting
because buyers will have no incentive to bid untruthfully when there is no reserve
price. CONTHEDGE is run with“arms” {0,0.5,1,...10}, where each arm corresponds
to a reserve price option.

We observe that our proposed NPAC-S algorithm not only outperforms CON-
THEDGE in all settings consistently by a 3% ~ 4% and NAIVE in the truthful
setting by 6% ~ 7%, NPAC-S also generally yields more stable outcomes as measured
by the standard deviation of per-period revenue loss across n trials. Compared to
HO-SERP, NPAC-S slightly outperforms HO-SERP in the truthful setting and for

n = 0.2, 0.4, 0.6. Nevertheless, we point out that our experimental setting inherently

strategies can help buyers achieve near-optimal performances in a variety of practical settings, such as
buyers being constrained by a limited budget or target return on investment (see e.g. [113, 61, 17]).
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favors HO-SERP since performance guarantees of this algorithm relies on the noise
distribution being MHR, which is the case for our uniform noise. Moreover, the
comparison with HO-SERP also demonstrates the advantages of NPAC-S from a
practical viewpoint, since NPAC-S, unlike HO-SERP, sets a single reserve price for

all buyers and still matches or improves upon the performance of HO-SERP.

3.6 Additional discussions and future research

Heterogeneous discount rates

We remark that our NPAC-S algorithm is agnostic to buyer discount rates as well
as adopted bidding strategies w.r.t. such rates. It is not difficult to see that in the
case where buyers have heterogeneous discount rates, Lemma 3.4.1 which bounds the
number of periods during which buyers significantly corrupted bids still holds since
our proof only concerns each individual buyer. This implies that our NPAC-S policy
can also handle heterogeneous buyer discount rates and result in a regret similar to

that in the current homogeneous setup.

Future research

Our current model in Section 2.2 studies homogeneous buyers who share an identical
preference vector S and noise distribution F'. One immediate future research direction
is to handle a heterogeneous buyer setup where these model parameters differ across
buyers. This setting is challenging because the optimal contextual reserve price no
longer admits a closed form as illustrated in Eq. (3.4). Another research question of
significant practical and theoretical importance is contextual dynamic reserve price
optimization under repeated first price auctions (FPA) facing strategic buyers. In an
FPA setting, bidding truthfully is no longer a weakly dominant strategy for buyers,
and therefore making it difficult for the seller to recover buyer preferences from
submitted bids. It would be interesting to see if techniques such as enforcing a phased

structure and including randomized isolation periods as in NPAC-S can still limit

83



buyers’ strategic behavior.
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Chapter 4

Learning to price against financially

constrained buyers

This chapter is based on [55], which is joint work with Negin Golrezaei, Patrick Jaillet,
and Vahab Mirrokns.
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4.1 Introduction

In the previous Chapter 3, we considered an ad platform’s revenue maximization
problem through designing reserve-price based ad auctions, while perceiving the
advertiser-platform interaction and automated procurement algorithm components in
the autobidding ecosystem together as buyers who dynamically make bidding decisions
according to certain algorithms. In this chapter, we investigate a similar problem
of repeatedly selling ads to algorithmic buyers, but instead of strategic buyers as in

Chapter 3, here we consider buyers being subject to real-world financial constraints.

In practice, to efficiently utilize limited monetary resources that are allocated to a
certain campaign, advertisers’ strategies in the procurement process are typically sub-
ject to financial constraints, which generally include budget and return-on-investment
(ROI) constraints. Budget constraints primarily reflect advertisers’ monetary limits
due to organizational planning, whereas ROI constraints enforces the desired per-
formance /return on the amount of capital spent |76, 61, 13]. The presence of such
financial constraints, along with the increasing availability of real time data, motivates
buyers’ deployment of complex algorithms to procure impressions. Such financial
constraint and algorithm driven buyer behavior introduces significant challenges to
sellers” design of selling mechanisms, primarily due to the fact that buyer algorithms
adapt quickly and constantly to data generated by buyer-seller interactions, and also
sellers’ lack of information on buyers’ model primitives such as target ROI, budget,

buyer algorithm, etc. In this chapter, we address the following question:

From the perspective of a seller (e.g. ad platform), what is an optimal selling
strateqy against a buyer who adopts value-maximizing algorithms under both budget

and ROI constraints?

We study the setting where a seller repeatedly sells items to a single budget and
ROI constrained buyer through a posted price mechanism. This single-buyer setup
is primarily motivated by ad platforms’ targeting practices that enable advertisers
to target users who may be more interested in their ads, as such practices along

with advertisers’ heterogeneous targeting criteria lead to a very small number of
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advertisers/buyers per ad impression, justifying our single-buyer setup. Throughout
the repeated mechanism, the seller posts a price for an impression during each period,
and the buyer decides on whether to accept and pay the posted price for the sold
impression. Our key focus lies in the practical two-sided learning setup where buyers
adopt learning algorithms under both budget and ROI constraints, and the seller sets
prices algorithmically based on past transactions. The key challenge for the seller’s
problem of interest is two-fold: the seller does not know the buyer parameters such
as target ROI, budget or algorithm, and buyer actions constantly adapt to the past
buyer-seller algorithmic interactions. The goal of this chapter is to design a revenue-
maximizing seller pricing strategy against algorthmic and financially constrained
buyers in such a limited information setting.

The main contribution of this chapter is that we propose a simple seller algorithm
that does not require explicitly learning buyer’s parameters nor reverse engineering
the buyer’s learning algorithms. We show that our algorithm is feasible in achieving
high revenue under limited information by exploiting a salient property of the seller
revenue function against financially-constrained buyers. In particular, we summarize

our contributions as followed:

Main contributions. We first characterize the seller revenue function against a
clairvoyant budget and ROI constrained buyer who always best responds to posted
prices. To begin with, we show that the buyer’s best response to a posted price is a
“threshold strategy”, i.e. the buyer accepts the sold item if her valuation exceeds a
certain threshold that depends on the posted price. With this characterization of buyer
best response, we show that the seller revenue function against a best-responding
clairvoyant buyer admits a salient “bell-shaped” structure: as the seller increases prices,
the corresponding per-period seller revenue first monotonically increases and decreases.
We argue that such a structure is exploitable by the seller to extract revenue even
without knowing buyer model primitives such as value distribution, budget rate, and

target ROL.

We exploit this bell-shaped structure and design an episodic binary search seller
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pricing algorithm. In each episode, the algorithm sets a single price, and then moves
on to the next episode with an updated price based on a binary search procedure w.r.t.
the realized revenue of previous prices. We also characterize general buyer-algorithm
adaptiveness properties that allow buyers to adapt quickly to prices in seller episodes,
and present regret analyses against buyer algorithms that are adaptive to seller prices
in the sense of our defined adaptiveness properties. Moreover, we argue that seller
regret of our proposed algorithm is driven by the agent (i.e. seller or buyer) who
incurs a larger loss in terms of learning error.

Finally, we analyze example buyer algorithms which satisfy the aforementioned
adaptiveness properties and aim to maximize total value under both budget and ROI
constraints. In particular, we consider clairvoyant buyers who best respond in each
period, as well as buyers who make decisions based on machine-learned advice that
take the form of value distribution estimates. For each of these buyers, we show that

both buyer and seller regret are sublinear.

Related works

Mechanism design for budget and ROI constrained buyers. One relevant
line of research addresses the mechanism design problem for budget or ROI con-
strained buyers. As one of the pioneering works regarding mechanism for financially
constrained buyers, [79]| derives the optimal mechanism for symmetric buyers and
public budget information. On the contrary, a more recent paper [95] studies the
general multidimensional mechanism design setting against buyers with private bud-
gets. Regarding ROI constrained buyers, [61] shows that the optimal mechanism
for symmetric ROI-constrained buyers is either second-price auctions with reduced
reserve prices or subsidized second-price auctions. The work also derives an optimal
mechanism for asymmetric ROI buyers. There is also a wide range of work that study
dynamic mechanism design for budget constrained buyers, and we refer the reader
to the survey [20] and references therein. There have also been recent developments
for designing auctions in a setup called autobidding, where advertisers simultaneously

participate in parallel auction to maximize total value while subject to a coupled
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ROI constraint across all auctions (see e.g. [4, 37, 11, 33]). All aforementioned works
focus on the static mechanism design problem, whereas in this chapter we address the
topic of designing repeated posted price mechanisms to sell to both budget and ROI

constrained buyers.

Selling to strategic or learning buyers. |[77] studies the scenario where the seller
sells items through a repeated posted price mechanism to a single truthful buyer
who accepts the price if her valuation is greater than the offered price. The work
presents optimal algorithms in the settings where the buyer’s valuations are fixed,
stochastic and adversarial, respectively. [6] also concerns selling through a posted
price mechanism, but to a strategic buyer who may choose not to accept a price
bellow her valuation (or accept a price above her valuation). The work presents
learning algorithms in both the fixed valuation and stochastic valuation settings under
the assumption that discount their utilities over time. Other related works include
[59] which studies the dynamic pricing problem for repeated contextual second price
auctions facing multiple strategic buyers. The work proposes learning algorithms that
are robust to buyers’ strategic behavior under various seller information structures
and provides corresponding performance guarantees. [54| relaxes several assumptions
for one of the settings in [59], and presents an algorithm with improved performance
guarantees. Finally, [15] considers the dynamic mechanism design problem against
strategic buyers, and further identifies a class of problems in which the optimal
mechanism is to simply repeat some static mechanism over time. The closest previous
work to this chapter is [25], where it studies the pricing problem against a single
unconstrained quasi-linear buyer who adopts a certain class of learning algorithms,
which they refer to as “mean-based” algorithms (e.g. Follow the Perturbed Leader
algorithm and EXP3), the seller can extract the buyer’s entire surplus; see [38] for
an extensions. We remark that all works discussed here do not consider constrained
buyers, and therefore this chapter distinguishes itself by studying the pricing problem
against buyers with both budget and ROI constraints, which further allows us to

characterize special structures of seller revenue (see Section 4.3).
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4.2 Preliminaries

Notation. Let R, be all non-negative real numbers, and R, be all strictly pos-
itive real numbers. For integer N € N, denote [N] = {1,2,...,N} and Ay =
{p e 0,1V : 2 oneN] Pn = 1} be the N-dimensional probability simplex. Finally, de-
note ||-|| as the Euclidean norm.

Model setup: Consider a seller repeatedly selling items to a buyer over T'
periods through a posted price mechanism: in each period ¢, the seller posts a price d;
for the item to be sold, and the buyer makes a take it or leave it decision z; € {0,1}
based on her value v; of the item, where z; = 1 when the buyer takes the item at price
d;, and 0 otherwise.

We assume the seller commits to a finite price set D = { Dy, } ey where 1 > Dy >
-++> Dy > 0 from which she chooses the posted prices {d;}ic[r), and we assume the
the buyer’s valuations are drawn independently each period from a distribution over
g=1(91--.9n) € Ax (gn € Ry, for all n € [N]) over a finite support V = {V, }nen
where 1 >V} > -+ > Vy > 0 such that P(v; = V},) = g, for any period ¢ € [T].

ROI and budget constrained buyers: The buyer aims to maximize total
acquired value over T periods, while subject to an ROI constraint with the target ROI
of 7 > 1 and a budget constraint with budget rate p € (0,1).! Mathematically, using
the shorthand notation d;.; for the sequence of prices {dt}te[T]7 the buyer’s hindsight

optimization problem can be written as followed

OPT(dlzT) = HlaXze[O’l]T E |:Zt€[T] Utzt]
st. E [ztem (v — dy) zt} >0 (4.1)

We remark that both budget and ROI constraints are studied in expectation. Such

“soft” constraints are useful in practice due to the fact that real-world advertisers

!Note that in the literature another common buyer objective is to optimize linear utility that
takes the form ZtG[T] (v¢ — ady)z; for some parameter o > 0. We point out that all results in this
paper can be extended easily to such linear objectives.
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typically engage in many different online advertising campaigns, so it is reasonable
to maintain these financial constraints in an average sense. We note that such soft
financial constraints are also studied in mechanism design and online learning literature
such as [107, 61].

We denote the optimal hindsight buyer decision sequence to Equation (4.1) as
{zf(dy.7) }eer)- When all prices are equal, i.e. d; = d for all ¢, we use the shorthand no-
tation OPT(d) and {z; (d)}+cr). Note that optimal hindsight decisions {2/ (d.7) }iem
may possibly be fractional, which can be implemented by randomization.

The buyer’s target ROI v and budget rate p are private to the buyer and unknown
to the seller. Also, both the seller and the buyer do not know the valuation distribution
g.

Seller’s benchmark revenue and regret.

The seller does not know the buyer’s model primitives, namely the buyer’s valuation
distribution g, target ROI v and budget rate p. Furthermore, the seller only observes
the buyer’s decision z; € {0, 1}, and does not observe buyer values. Under such
information structure, we focus on non-anticipative seller pricing strategies that
post prices based on historical data, i.e. in each period ¢, the decision z; can only
depend on {(d-, 2-)}rep—1]. We evaluate the performance of any sequence of pricing
decision {d;}scr) € DT by benchmarking its realized revenue, namely Ztem diz, to
the maximum revenue that could have been obtained if (i) the seller had set a fixed
price over all T periods and (ii) the buyer makes optimal hindsight decisions given her
ROI and budget constraints. Mathematically, assume the seller fixes price d € D over
all T' periods, and the buyer’s optimal decisions are {2;(d)}icir]. Then, the seller’s

benchmark revenue is maxgqep E[d ), ¢ 7y 2/ (d)] and her regret can be defined as follows

Reg, = maxE |d Y z(d)| — ) E[dz] (4.2)

te[T] te[T)

where the expectation is taken w.r.t. {v;}cir) and randomness in the buyer’s strategy

(and thus randomness in {z;(d)}ien)-
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Remark 4.2.1. The seller’s regret resembles that of an M-arm multi-arm bandit
(MAB) problem (see [82] for a detailed introduction), where we can view each price
d € D as an arm and d- z; as the reward by pulling arm m. Nevertheless, we point out
that our setting is more complex than the vanilla MAB setting as the seller’s reward
d - z; for setting price d during period t not only depends on the seller algorithm which
determines prices based on historical observations , but also the buyer’s algorithm to

optimize Equation (4.1).

We point out that the benchmark revenue in the seller’s regret of Equation (4.2) is
strong, as it represents the maximum seller revenue when both the buyer and seller
have complete information and act optimally, i.e. if the seller knows everything about
the buyer, in each period she myopically posts a revenue-maximizing price under best
buyer response.

Our goal is to develop a seller pricing algorithm to minimize regret when facing a
buyer who optimizes Equation (4.1) via running some online learning algorithm (to

be discussed in later sections).

4.3 Seller’s revenue and regret

In this section, we present a reformulation for the seller’s benchmark revenue in the
seller’s regret (Equation (4.2)), and then further characterize special structures of this

reformulation which will later motivate the design of our pricing algorithm.

4.3.1 Reformulating the seller’s benchmark revenue

Recall the seller’s benchmark revenue in Equation (4.2) which depends on the buyer’s
best response decision sequence over the entire horizon 7" under a fixed price. To present
our reformulation of this benchmark, we first show that for any price d, although
the buyer’s hindsight optimal decisions {2/ (d) }scir) may seemingly be interdependent
across periods due to the coupling of budget and ROI constraints over the entire

horizon, the optimal buyer decision in each period ¢ simply requires the buyer to
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myopically make a decision z; that maximizes single-period expected value under
“single-period budget and ROI constraints”, namely E [(v; — vd) z;] > 0 and E [dz] < p.

Formally, consider the following myopic buyer optimization problem: for a given
posted price d, let = € [0,1]Y be some vector whose nth entry z, denotes the
probability of accepting the price when the buyer’s realized value is V,,. Then, the
myopic buyer optimization problem can be written as Equation (4.3) whose optimal

solution is shown in the following Lemma 4.3.1 (see proof in Appendix C.2.1).

U(d) = max Z GnVnZn

ne[N]

ne[N]

d Y guwn <p
ne[N]

Lemma 4.3.1. For any price d, the optimal solution to Equation (4.3) is unique, and

takes the form xg = (1,1,...¢,0,0...0) € [0, 1]V for some q € (0,1].

The special form of the optimal solution of Equation (4.3) suggests a buyer strategy
that accepts all items when buyer value is beyond a certain threshold. We formalize

such a strategy in the following definition.

Definition 4.3.1 (Threshold strategy). For a given vector x that takes the form
x=(1,1,...¢,0,0...0) € [0,1]Y where q € (0,1] is the nth entry, we say a buyer
adopts a threshold strategy w.r.t. x if, reqardless of the posted price, she accepts the
item when her value is V...V, _1; accepts w.p. q when her value is V,; and rejects

the item otherwise.

As an example, for N = 4 and some vector = (1,1,0.3,0), the buyer adopts a
threshold strategy w.r.t. @ if she accepts the item when her value is V; or V5; accepts
w.p. 0.3 when her value is V3, and rejects when her value is V.

With Lemma 4.3.1 and the notion of threshold strategies in Definition 4.3.1, we

can formally define the buyer’s best response to a given price d:
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Definition 4.3.2 (Buyer best response). We say a buyer best responds to a posted
price d if she adopts a threshold strategy w.r.t. x4 € [0,1]Y which is the optimal
solution to U(d) (see Lemma 4.5.1).

Note that in order for to best respond to a posted price, the buyer would need to
know the value distribution g.

Our main result for this subsection is illustrated in the following theorem, which
states that buyer’s hindsight optimal decision sequence {z; (d)}scr) for OPT(d) in
Equation (4.1) simply requires the buyer to independently best respond to the posted

price in each period.

Proposition 4.3.2. Given a single price d posted across all periods, the optimal buyer
decision in each period t is to best respond according to a threshold strategy w.r.t.
xq (Definition 4.3.2), where x4 € [0,1]Y is the unique optimal threshold solution to
U(d) (Equation (4.3)). Further, the best response buyer decision induces a per-period

expected revenue

rev(d) :=d Z GnTn - (4.4)

ne[N]

Then, maxqep B |d 37, c 7y 2/ (d)} = T maxgep rev(d) and thus Reg,,; = T maxgep rev(d)—
Zte[T] E [diz].

We refer readers to the proof in Appendix C.2.2.

4.3.2 Structure of Benchmark Seller Revenue

Here, we present a special underlying structure of the seller revenue rev(d) defined in
Equation (4.4) which will motivate our pricing algorithm in the next Section 4.4. The
goal of this section is to develop efficient ways to identify arg maxgep rev(d) by avoiding
exploring each possible price in D. In the rest of the paper, we make the following
assumption to rule out trivial problem instances (e.g. cases when the optimal solution
x4 corresponding to some d € D has all 0 entries or when one of the constraints are

redundant):
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Assumption 4.3.1. For any d € D, assume Vy —~vd <0 < Vi —~d and ZnE[N]<Vn —
¥d)gn # 0. Furthermore, assume Dy < p < Dy.

To begin with, we categorize all prices d € D based on whether constraints are

binding under the corresponding optimal solution x,.

Definition 4.3.3. For price d let &, be the optimal threshold-based solution to U(d)
in Equation (4.3). Then we call d

e Non-binding, if under x4, both constraints are non binding, i.e., dZnE[N] InTan <

1Y and Zne[N] (Vn - ’Yd) gnxd,n > O;

e Budget binding if under x4, the budget constraints is binding, i.e. dznem InTan =
1Y and Zne[N](Vn - ’Yd)gnxd,n > 0;

e ROI binding if under xy4, the ROI constraint is binding, i.e. Znem(vk _
V) gnTan = 0 and d 37, c(n) GnTan < p-

It is apparent that any price d € D must belong to at least one of these categories.
Also, if a price is non-binding, it cannot be budget binding or ROI binding.

Our main result of this subsection is the following Theorem 4.3.3, which states that
as we traverse D in increasing price order, prices are first non-binding and the revenue
rev(d) increases in d; then prices become budget binding, where revenue remains
constant at rev(d) = p; finally prices become ROI binding, where rev(d) decreases in d.

The proof can be found in Appendix C.2.3.

Theorem 4.3.3 (Bell-shaped Structure of the Revenue Function). Suppose that
Assumption 4.3.1 holds. Then, the following hold

1. For any non-binding prices d,d, if d < d then rev(d) < rev(d).

2. If d is budget binding, any price d > d cannot be non-binding, which means d is
budget binding or ROI binding.

3. If d is ROI binding, then any d > d must also be ROI binding. Furthermore,

rev(d) > rev(d).
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We provide an illustration of Theorem 4.3.3 in Figure 4-1 that depicts the “non-
binding — budget binding — ROI binding” transition phenomenon, as well as a
corresponding revenue “increase — plateau — decrease”, as we traverse prices in
increasing order. We note that for specific model primitives g, 7, p, there may exist no
budget binding prices (as shown in right subfigure in Figure 4-1), meaning that there
are scenarios in which it is impossible for the buyer to extract the entire buyer budget.
Nevertheless, this transition phenomena suggests that we can efficiently identify the
maximizing revenue arg maxgep rev(d) by utilizing a simple binary search approach.

Hence, we utilize this structure of rev(d) to motivate our pricing algorithm.

020 ..............................................................
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|
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Figure 4-1: Seller revenue function bell-shape structure. Model primitives: num-
ber of unique buyer valuations N = 6, valuation set V = (0.6,0.5,0.4,0.3,0.2,0.1), val-
uation distribution g = (0.1,0.1,0.2,0.1,0.2,0.3), seller price set D = (0.5,0.48...0.1),
buyer budget rate p = 0.2. The left and right subfigures correspond to target ROI
v = 1.3 and 1.7 respectively. In both cases, prices transition from non-binding to
budget binding, and finally to ROI binnding. Revenue rev(d) increases as in d when
prices are non-binding, decreases in d when prices are ROI binding, and remains at p
when prices are budget binding. Note that when v = 1.7, there are no budget binding
prices.

4.4 Pricing algorithm against an ROI and budget
constrained Buyer

The main challenge the seller faces is her lack of knowledge on the buyer’s model
primitives, namely the buyer’s valuation distribution g, target ROI ~ and budget

rate p. Furthermore, the seller has limited information feedback as she only observes
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whether the buyer accepted the price or not, i.e., the seller only observes the outcome
z € {0,1}. This lack of information makes it very difficult for the seller to estimate
the buyer’s model primitives. Nevertheless, we propose a simple pricing algorithm
that bypasses this lack of knowledge via exploiting the price transition phenomenon
as characterized in Theorem 4.3.3 and Figure 4-1. We demonstrate later in subsection
4.4.1 that this algorithm achieves good performance when facing a general class of

algorithms that is adaptive to nonstationary environments.

Our proposed pricing algorithm consists of an exploration phase and an exploitation
phase. During the exploration phase, the algorithm searches for a revenue maximizing
price arg maxgep rev(d) through an episodic structure: the seller initiates the first
episode &, and fixes the price chosen in this episode D; for E consecutive periods.
At the end of the episode (i.e. after E periods since the beginning of the episode), the
seller records the average per-period revenue rév(D;) = % > iee, #t, where z; € {0,1}
indicates whether the buyer takes the price at time ¢ € & . The process then repeats
as the seller moves on to episodes &, ... This exploration phase eventually terminates
when the seller has explored enough prices. The seller’s pricing decision in each episode
is governed by a binary search procedure over the price set D, such that every price is
chosen at most once across all episodes, and the exploration phase will have O(log(M))

episodes. Our pricing algorithm is detailed in Algorithm 4.

We note that our proposed algorithm does not try to learn the buyer’s model
primitives. We further point out that such a binary-search approach is a natural choice
to identify revenue-optimal prices in the simplest monopolistic pricing setting under

2 and one may wonder whether this approach can

a typical unimodal assumption,
have good performances against a much more complex setting where the buyer is ROI
and budget constrained and aims to learn her optimal bidding strategy. Surprisingly,
in the next section we are in fact able to show this simple approach achieves good

performances against buyers who are adaptive to price changes.

2In monopolistic pricing, the revenue-optimal price p* is charachterized by d* = arg maxy dF(d),
where F' is the cdf of buyer valuations. A typical assumption is such that the function dF(d) is
unimodal.
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Algorithm 4 Episodic Binary Search

Input: Exploration episode length F.
1: Initialize iteration index iter = 1.
Exploration episodes:
2: Set D, for E consecutive periods, and record per-period revenue rév (D;). Then set Dy for E

consecutive periods, and record average per-period revenue rév (D).

3: Set m* < argmax,,c(1,m} rév (D) L=1, R =M, med = \_#J

4: while L < R do

5: iter < iter + 1.

6: if per-period revenue rév (D) is not recorded for k = med, med + 1 then

7: Set price Dy, for E consecutive periods and record per-period revenue rév (Dy) for k =
med, med + 1

8: end if

9: if rév (Dmed) < rév (Dmed+1) then

10: Set m* < arg MaX,,e (m+ med+1} 1V (Dp,), L = med + 1, med < L%J

11: else

12: Set m* < arg max,, ¢ {1+ med} €V (D), R ¢~ med — 1, med < L#j

13: end if

14: end while
Exploitation episode:

15: Set price D,,+ for the remaining periods.

For notation convenience, we denote &, as the collection of periods in episode h.
Finally, we remark that the exploration episode length E' is deterministic and depends

on the total number of periods T'.

4.4.1 Regret Analysis of Pricing Algorithm

In this section, we provide theoretical guarantees for our proposed pricing algorithm
against buyer algorithms whose induced decisions approximate single-round best
responses (see Definition 4.3.2) in the average sense. We formally define algorithms

with such properties as follows:

Definition 4.4.1 (¢-Adaptive Buyer Algorithms). We say a buyer algorithm is -

adaptive to seller algorithm 4 for some & € (0,1) if the induced decisions {z}cm in
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any exploration or exploitation episode &, satisfies

D
|5_:| Z z — rev(Dy)

telp

¢(1€n])

<
|Enl

(4.5)

with probability (w.p.) at least 1 —1/T for some increasing error function ¢ : R, — R,
and ¢(x) = O(x17%). Here Dy, is the price set in episode h, and rev(-) is the per-period

revenue function under buyer best response defined in Equation (4.4).

The term %Ztegh z — rev(Dy)| is the seller’s average revenue loss, relative
to the revenue from optimal buyers, over a certain period with a fixed price D,.
Alternatively, the term can be viewed as the buyer’s deviation from best responding
since %ﬁh) = Zne[ N) 9nDyn is the optimal probability with which the buyer should
take price Dj,.

The main result of this subsection is presented in Theorem 4.4.1, which characterizes

the performance of our pricing algorithm against any {-adaptive buyer algorithm. The

proof of Theorem 4.4.1 can be found in Appendix C.3.1.

Theorem 4.4.1 (Pricing against -adaptive buyers). Consider the seller runs Al-
gorithm J against an &-adaptive buyer algorithm (Definition 4.4.1). Fix e € (0,§)
independent of T. Then by setting exploration episode length E = T'=¢t€ in seller
algorithm /4, for large enough T under Assumption 4.53.1 the seller’s regret is bounded

as

Reg,oy <2 ([logy(M)] +1) - T4 + ¢/(T)

(4.6)
+ (llogy(M)] +1)* /2,

where ¢ is the error function defined Equation (4.5).

The first term T75¢ in the seller’s regret (see Equation (4.2)) characterizes
the number of periods required for the buyer’s algorithm to approximate the best-
responding decisions in each episode facing a fixed price; the second term ¢ (T')
represents the buyer’s deviation from the best response. Finally, we point out that

although in Theorem 4.6 we set the exploration episode length to be £ = T1=¢+¢,
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the seller does not need to know the exact value of ¢ as a lower bound would be
sufficient: if the seller knows some lower bound for &, say & < &, she can set E = T¢,
and the final seller regret would become Reg,.; < 2 ([logy(M)] +1)- T + ¢ (T) +
(|logy(M)] 4 1)* /2 for large enough T.

Another interesting observation for the seller regret is that its dependence on the
price set dimension M is logarithmic, meaning that our Algorithm 4 is robust w.r.t.
the size of the seller’s decision set. In fact, later in Section 4.6, we discuss that this nice
logarithmic dependence on M allows us to easily handle continuous price sets without

causing decay in seller performance by using a simple discretization approach.

4.5 Example of adaptive and buyer-regret minimizing

algorithms

In this section, we present simple examples of buyer algorithms that are adaptive
in the sense of Definition 4.4.1, and also aim to satisfy budget and ROI constraints
(Equation (4.1)) while attaining low buyer regret, where the regret of the buyer is
defined as

Regp,, = OPT(d;.r) — Z E [v2] (4.7)

te[T)
Here {2 }1c[r) is the sequence of buyer binary decisions produced by the buyer algorithm.
Also recall OPT is the buyer’s optimal hindsight total value described in Equation
(4.1). In the following subsections, we consider a clairvoyant buyer who best responds
in each period as well as a buyer who possess machine-learned (ML) advice with which
she uses to make decisions. We then further characterize seller regret of our proposed

Algorithm 4 against such buyers.
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4.5.1 Best-responding buyer

As a warm-up buyer example, we first consider a clairvoyant buyer who knows her value
distribution g, which means the buyer has nothing to learn from the data and thus
can best respond in the sense of Definition 4.3.2 during each period to maximize value
under both budget and ROI constraints (Equation (4.1). We show in the following

lemma that best responding is adaptive (see proof in Appendix C.4.1).

Lemma 4.5.1 (Best-responding is 1/2-adaptive). There exists some Ty € N such that
for all T > Ty, best responding is %-adaptive (Definition 4.4.1).

Combining Lemma 4.5.1 and Theorem 4.4.1, we present the regret of Algorithm 4
against a best responding buyer in the following theorem whose proof can be found in

Appendix C.4.2

Theorem 4.5.2 (Seller’s regret against best responding buyer). Assume the buyer
always best responds, then for a fized € € (0, %) independent of T, if the seller sets
prices with episode length E = Tate using Algorithm 4, then for large enough T', the
seller’s regret is bounded as Reg,,; < (’)(T%JFE). On the other hand, the buyer also

INCurs O(T%“) regret, and both budget and ROI constraints are satisfied.

In this clairvoyant buyer setting, since the buyer is not learning and always best
responds, the T= constituent in the seller regret is due to learning error from the
seller. In the next section, we introduce a buyer who is non-clairvoyant and also
constantly learns how to respond, and further discuss how buyer and seller learning

errors simultaneously impact seller regret.

4.5.2 Buyer with machine-learned (ML) advice

In a real world scenario, buyers typically do not know their value distribution; e.g.
buyers may be unaware of the likelihood of conversion of their ad impressions. However,
the emergence of data-driven tools for online advertising platforms have provided
buyers with additional analytics, or so-called ML advice, to help buyers estimate

ad conversion. In this subsection, we consider a buyer who possesses ML advice
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in the form of distribution estimates of g with which she uses to approximate best
responses against posted prices. Formally, we characterize such ML-advice-driven

buyer responses as followed:

Definition 4.5.1 (Approximate best response with ML advice.). Assume in each
period t, the buyer obtains ML advice g; € Ay that only depends on historical data
{vrtrer st |90 — gl < £y where €, is some estimation error. Then, the buyer solves
for the optimal solution &; in Equation (4.3) via replacing the true distribution g with

Gi, and then adopts a threshold strategy w.r.t. &, (see Definition 4.53.1).

We remark that ML advice in the form of distributional estimates is very common.
For model-based approaches, ML algorithms assume distributions take a certain
parametric form and then uses data to estimate unknown distribution parameters;
see e.g. |47] for an intro on maximum likelihood estimation. For more general non-
parametric approaches, ML advice concerns using empirical estimates (or so-called
histogram estimates), which we will later discuss in Theorem 4.5.4.

The following lemma relates ML advice driven approximate responses to our notion
of buyer adaptivity in Definition 4.4.1, with which we are able to quantify seller regret
in light of Theorem 4.4.1. The detailed proof can be found in Appendix C.4.3

Theorem 4.5.3 (Seller regret against approximate best responding buyer with ML
advice). Assume the buyer approximate best responds with ML advice (Definition
4.5.1) and there exists some L € (0,1) s.t. in each exploration or exploitation episode
h of Algorithm / the estimation errors, denoted by {;’s, satisfy lim;_,o ¢; = 0 and
Doee, bt < O(|En]) for some increasing function ¢ : Ry — RY and ¢(z) < O(z'L).
Then this buyer algorithm s &-adaptive for & = min{%,L}. Further, by setting
exploration episode length E = T'=¢%¢ for some € € (0,€) independent of T, the seller
regret is exactly that in Equation (4.6) of Theorem 4.4.1 for large enough T'. On the

buyer side, we have Reg,,, < O(T""%) and the induced buyer decisions {z }eir) satisfy

%E Z (vp —dy) 2| > —O(T )

te[T]
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and

1
TE Z dtzt S 1% + G(T_L) .

te[T]

We remark that best responding buyers considered in Section 4.5.1 can be viewed
as a special case of buyers with ML advice where the advice is perfect, i.e. ¢; = 0 for

all t so 5(95) = 0 and consequently L = 1. This recovers our results in Theorem 4.5.2.

Here, we also quickly discuss the aggregate impact of buyer and seller learning
error on the seller regret of our proposed Algorithm 4. In particular, the constituent
T3¢ = 7r-min{3.L} iy the seller regret arises from learning errors of both the buyer
and the seller. We can view the seller’s learning rate to be in the order of t’%, and
the buyer learning rate to be of order ¢+, and thus we see that the seller regret is
governed by the agent that learns at a slower rate: if the buyer is learning more
slowly, i.e. L < %, then the seller regret is driven by the buyer learning loss; a similar

argument applies for the case when the buyer learns more quickly.

To conclude this section, we present a concrete example for buyers with ML advice:
consider the simple ML advice that is an empirical estimate of the buyer’s value

distribution:

A 1 1 N
gt:¥~(ZH{UT:V},...,ZH{UT:V 1. (4.8)
TE[t] Telt]
Then, both the buyer and seller regret are characterized in the following theorem (see

proof in Appendix C.4.4).

Theorem 4.5.4 (Seller regret against approximate best responding buyer with
empirical distribution estimates). When the buyer approximate best responds with ML
advice in the form of empirical estimates as defined in Equation (4.8), Theorem 4.5.3

holds for L = & = % w.p. at least 1 —1/T.
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4.6 Additional discussions and future research

Continuous price set

We remark that our main results in this paper, specifically the analyses of Algorithm
4 and the corresponding seller regret, can be easily extended to handle continuous
seller price sets, as the seller regret in Theorem 4.4.1 only depends logarithmically
on M which we recall to be the size of a discrete price set. Assuming the price
decision set is [0, 1], the approach that the seller can take is to discretize the decision

set into D 1} with size |D| = T. Recall 7(d) defined in Equation (4.4)

={%,2...
is the expected per-period seller revenue under buyer best response, and define
d* = argmaxgep 1 rev(d) to be the optimal price w.r.t. the continuous set, such
that the seller regret is now Regyy = T - m(d*) — >, iy E [diz] (see Proposition
4.3.2). Then, for a price d € D in the discretized set D that is close to d* such that
|d d*| < 7, similar to our proof in Theorem 4.5.3 we can show that the optimal
solutions x4 and 3 to the per-period buyer optimization problem U(d) and U (d) (see
Equation (4.1)), respectively, are also close to one another. Further, we can show that
rev(d*) — rev(d) < O(7). Therefore, via running Algorithm 4 w.r.t. the discretized

price set D, our seller regret when facing a {-adaptive buyer (Definition 4.4.1) can be

bounded as

Reg.y = 7T max rev(d Z E [d; 2]

del0,1]

te[T)
= T (n(d") — max rev(d)) +T max rev(d % E [diz]
-~ . te

discretization error

< T(n(d*) — rev(d)) + Tmax rev(d Z E [d; 2]
< 0(1)+ Tmax rev(d Z E [di 2]
te|T)

< O(1) + O(log(T)T* =5 + ¢(T)),
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where the final inequality follows from the seller regret (Equation (4.6)) in Theorem
4.4.1 by setting the price set size M = T'. That being said, the discretization error
introduced to the seller regret is only in the order of O(1), and this is due to the the
fact that the bell-shape structure of seller’s revenue (Theorem 4.3.3) along with our

seller algorithm yields a seller regret that is logarthmic in the discrete price set size.

Future directions

One natural future research direction that is of both theoretical and practical interest
involves designing pricing algorithms when facing multiple financially constrained
buyers. The multi-buyer analogue to our single-buyer posted price setup in this work
is to set a single reserve price in each period over time where constrained buyers
compete in a second-price auction (see e.g. setup in [54| for non-constrained buyers).
The key challenge lies in the fact that in this multi-buyer setup we no longer have
the salient bell-shape structure in the seller revenue function, and more importantly
buyer algorithmic interactions introduce significant difficulties to the analyses of seller
regret. Similar challenges that arise from selling to multiple learning buyers have also

been discussed (but not resolved) in related works such as [25, 38|.
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Chapter 5

Improving individual advertiser

welfare with ML-advice

This chapter is based on [33], which is joint work with Yuan Deng, Negin Golrezaei,
Patrick Jaillet, and Vahab Mirrokna.
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5.1 Introduction

Online advertisers have access to a vast array of digital advertising channels, such
as social media, web display, keyword search, etc., from which they can procure ad
impressions and drive user traffic. One possible way for these channels to improve
overall attractiveness and retention is to design appropriate ad auction mechanisms that
enhance advertisers’ total welfare, which reflects the aggregate advertiser-perceived

value for procured ad impressions on the channel.

For instance, consider advertisers whose ad campaign objective is to maximize ad
clicks that direct users to landing pages of their services or products, as described
in [53]. These advertisers’ perceived value of procured ad impressions is their click
conversion rate, and thereby ad channels’ welfare maximization goal translates into

improving the aggregate realized click conversion among all participating advertisers.

Academic literature has developed various approaches to improve total welfare,
one of which involves predicting advertiser values by applying machine learning tools
to data on users’ interactions with ads. In the instance where welfare corresponds to
click conversion, channels use ML algorithms to produce predictions (i.e., ML advice)
on click conversion rates for impressions. See [99, 103, 88| or [112| for a comprehensive

survey on click predictions.

Having obtained ML advice on advertiser values, recent works such as [37, 11, 36]
motivate the approach to augment existing ad auctions by directly setting personalized
reserve prices for advertisers using such ML advice, and show theoretical guarantees

on total welfare improvement.

Nevertheless, these results have two important issues. First, the pursuit of im-
proving total welfare may not necessarily guarantee all individual advertisers benefit
equally and may come at the expense of certain individual advertisers’ welfare. For
instance, larger advertisers acquiring more impressions while smaller advertisers re-
ceive fewer impressions could potentially harm the businesses of smaller advertisers
and compromise the overall health of the channel in the long term. Second, welfare

improvement guarantees are presented in a price of anarchy (POA) fashion, which
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measures the worst-case outcome total welfare compared to the maximum achievable
(or efficient) welfare. However, these POA bounds are independent of advertiser
bidding strategies and thus do not shed light on how particular advertiser bidding
strategies in ad auctions impact individual or total welfare.

In light of these insufficiencies of existing results, in this work, we address the

following questions:

Given an advertisers’ bidding strateqy to procure impressions in ad auctions,
how can platforms characterize the potential welfare loss of this individual
advertiser? How should ad channels utilize machine-learned advice that

predict advertiser values to improve individual welfare?

We study a prototypical autobidding setting where advertisers compete simultane-
ously in numerous multi-slot position auctions that are run in parallel, and aim to
maximize total advertiser value under return-on-ad-spent (ROAS) constraints that
restrict total spend of a bidder to be less than her total acquired value across all
auctions in an average sense; see similar setups in [4, 37, 11, 89]. On the other hand,
ad platforms possess ML advice that predicts advertisers’ real values with a certain
degree of accuracy/quality. Under this setup, our main contributions and organization
of the paper is described as followed:

Strategy-dependent individual welfare guarantee metric for individual
advertisers. In Section 5.2, we present a novel individual welfare metric that mea-
sures the difference between two specific welfare outcomes of an individual advertiser:
fixing a certain bidding strategy, the worst case welfare over all auction outcomes
under which all bidders’ ROAS constraints are satisfied; and the welfare this individual
bidder would have obtained in the global welfare maximizing outcome. Our metric
achieves two key goals: 1. it characterizes individual welfare loss, and 2. allows
platforms to uncover the relationship between advertiser strategies and individual
welfare guaranties. Our proposed metric is the first of its kind to achieve these two
goals.

Individual welfare guarantees in VCG auctions by setting personalized
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reserves with ML advice. In Section 5.3, we illustrate through examples that
setting ML advice as personalized reserves as in 37, 11, 36| surprisingly improves
individual welfare guarantees under our aforementioned individual welfare metric.
Then, in Section 5.4 where we consider parallel VCG auctions, and focus on an
individual autobidder who adopts uniform bidding (Proposition 5.2.1), we formally
show that augmenting such auctions with ML-advice-based reserves allows us to
present an individual welfare lower bound guarantee for this advertiser that increases
in the advertiser’s uniform bid multiplier, the quality of ML advice, and the relative
market share of this advertiser compared to competitors (Theorem 5.4.1). Together
with results in [37] stating ML-advice-based reserves can improve total welfare, we
conclude that incorporating ML advice as personalized reserves achieves “best of both

worlds” by simultaneously benefiting total and individual welfare.

Impossibility result: VCG yields the best individual welfare guarantees
among a broad class of auctions. In Section 5.5, we show an impossibility
result that says no allocation-anonymous, truthful, and possibly randomized auction
format with ML advice of given quality can achieve a strictly better individual welfare
guarantee than the VCG auction coupled with ML advice of the same quality; see
Theorem 5.5.1. In particular, for any allocation-anonymous, truthful, and possibly
randomized auction, we construct a problem instance with personalized reserves based
on ML-advice of given quality, and show that there must be at least 1 bidder whose
welfare is at most the welfare lower bound guarantee we presented under VCG (i.e.

Theorem 5.4.1).

Extending individual welfare guarantee to GSP and GFP. We extend
individual welfare guarantee results to GSP and GFP auctions, and show that a similar
individual welfare lower bound guarantee for VCG continues to hold (Theorem 5.6.2).
We compare these lower bound guarantees in GSP and GFP with that of VCG and
identify conditions under which VCG outperforms (or underperforms) GSP/GFP in

terms of our individual welfare metric with the same ML advice quality.

Numerical results. We present numerical studies using semi-synthetic data

derived from auction logs of a search ad platform to showcase individual welfare
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improvement via setting personalized reserve prices with ML-advice. We demonstrate
that as ML-advice quality improves, more advertisers’ welfare would approach what

they would have obtained under the efficient outcome.

Related Works

Autobidding and total welfare maximization. The most relevant works to this
paper are [37, 11, 89|, where they consider the same autobidding setting (i.e. value-
maximizers with ROAS constraints) as ours. [37, 11, 89, 36] all present techniques
to improve price-of-anarchy bounds for the total welfare of any feasible outcome in
which all bidders’ ROAS constraints are satisfied: where [37] relies on additive boosts
on bid values, [11, 36| utilizes approximate reserve prices derived from ML-advice,
and [89] develops randomized allocation and payment rules. Our work distinguishes
itself from these works as we focus on welfare and individual welfare guarantees on
the individual bidder level, and also sheds light on how autobidders’ uniform bidding
strategies affect individual welfare loss. We point out that our proof techniques also
differ from those in [37, 11, 89, 36] as our individual individual welfare guarantees
require novel analyses on the value-expenditure tradeoffs individual bidders’ would
face when they are tempted to outbid others to acquire more value; see discussion in
Section 5.4 for more details.

Exploiting machine-learned advice. ML advice has been utilized in various
applications to improve learning and decision making. For example, [108] exploits
ML advice to develop algorithms for the multi-shop ski-rental problem, [87] adopts
ML advice for the caching problem, and [69] studies online page migration with ML
advice. However, although many works in online advertising studied predictive models
for advertiser values, click through rates, etc (see e.g. [99, 83, 103]), the literature on
applying such predictions (or more generally, ML advice) to the mechanism design
problem has been scarce. See also |30, 56] for works that exploit sample information
(unstructured ML advice) in online decision-making. One related work along this
direction is [91], which develops a theoretical framework to optimize reserve prices in

a posted price mechanism by utilizing prediction inputs on bid values. In this work,
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we do not optimize for reserves, and motivate the simple approach of setting reserves
using ML advice to improve individual advertiser welfare. Finally, we note that our
work contributes to the area of exploiting ML advice to designing mechanisms for

improving welfare guarantees for individual bidders.

5.2 Preliminaries

We describe our model in the context of sponsored search as in Section 5.1, but
remark that all results and insights apply to general online advertising setups such as
web display, e-commerce, social newsfeed, etc. Consider N bidders (i.e. advertisers)
participating in A parallel position auctions (A;);jci, where each auction A; is
instantiated by a user keyword search query. An auction A; sells to bidders L; > 1
ad slots that are ordered by visual prominence, or equivalently the likelihood of the
user viewing the slot, on the webpage, represented by click-through-rates (CTR)
1> p(1) > pi(2) > ... > p(L;) > 0, where p;(¢) is the likelihood of the user of
auction j viewing slot ¢ € [L;] (see an intro to position auctions in e.g. [80, 106, 46]).
A bidder i € [N] possess a private value-per-click equal to v; ; > 0 for auction A; that
represents her perceived value conditioned on the user viewing her ad, so her attained
utility for winning slot ¢ € [L] is p;(¢) - v; ;.

In the following subsection 5.2.1 we present an overview for position auction
mechanisms; in subsection 5.2.2 we describe bidder objectives and actions; and
finally in subsection 5.2.3 we introduce definitions regarding bidder individual welfare

guarantees.

5.2.1 Preliminaries for a single position auction

A (possibly randomized) position auction .4 with L > 1 slots is characterized by
a tuple (X, P, u), where X is an allocation rule, P is a payment rule, and CTRs
o= (1(0))ecrry € [0,1]F that satisfies 1 > p(1) > p(2) > ... > p(L) > 0. Let
N bidders with private value per-clicks v = (v;);c(n) participate in auction A by

submitting a bid profile b = (b;)icn) € ]RJI , and we describe the payment and
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allocation rules as followed:

The allocation rule X : RY — {0, 1}¥*% maps bid profile b € RY to an outcome
x = X(b) € {0,1}"*F which may possibly be random. The entry z;, = 1 if bidder i
is allocated slot ¢ € [L], and 0 otherwise. Here, each slot £ is at most allocated to one
bidder so ),y Zie < 1 for any £. Further, under outcome @ € {0, 1}V*L bidder
i who has value v; attains a total welfare of W;(x) = v; 3 _,cpy #(€)zie. That is, if
bidder i is allocated slot ¢ € [L] (i.e., x;, = 1), her welfare is W;(x) = u(¢)v;. The
payment rule P : Rf — Rf maps bids b to payments P(b) € Rf where P;(b) is the
payment of bidder 7. In this work, we focus on the class of auctions that are ex-post
individual rational (IR), i.e. the payment for any bidder is less than her submitted
bid, or mathematically P;(b;,b_;) < b; for any b_; € Rf ~1. 'We note that the classic
VCG, GSP and GFP auctions are ex-post IR. Further, we assume bidders who submit
a 0 bid value will not be allocated any slots and incur no payment.

Having introduced general position auction allocation and payment rules, in the
following we define three special auction classes, namely truthful auction (Definition
5.2.1), allocation anonymous auctions (Definition 5.2.2), and personalized reserve

augmented allocation anonymous auctions (Definition 5.2.3).

Definition 5.2.1 (Truthful auction). Consider position auction A = (X, P, u) where
we recall X, P are possibly random allocation and payment rules, and p € [0, 1]*
are CTRs. Then we say the auction is truthful if for any bidder i € [N], her value
v; € arg maxp>o E [W;(X(b,b_;)) — Pi(b,b_;)] for any competing bid profile b_;, where
the expectation is taken w.r.t. possible randomness in (X,P), and recall welfare

WZ<QZ> = ; ZéG[L] ,LL(K)[EZ’( with x = X(b, b_z)

Note that the well-known VCG auctions is truthful. In truthful auctions it is a
weakly dominant strategy for a bidder to bid her true value when her objective is to
maximize quasi-linear utility. In the next Subsection 5.2.2 we study bidders whose
objectives are not necessarily quasi-linear, so that truthful bidding is no longer weakly
optimal in truthful auctions.

We next define allocation-anonymous auctions, in which if two bidders swap their
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bids, the probability of each bidder winning any slot will also be swapped, or in other
words, the outcome of the position auction only depends on solicited bid values, and

independent of bidders’ identity.

Definition 5.2.2 (Allocation anonymous auctions). Consider position auction A =
(X, P, 1) and any permutation o : [N] — [N] of {1... N}, as well as the permuted bid
profile b = (bo(;))icn)- Let x = X(b), ' = X (b') be the (possibly random) outcomes
under b, b, respectively. Then, we say X is allocation anonymous if for any bidder

i € [N] and slot j € [L], we have P(z,@); = 1) = P(x}; = 1).

The classic VCG, GSP, and GFP are all allocation anonymous. The following

presents an illustrative example of allocation-anonymity for GSP.

Example 5.2.1 (Example for allocation anonymous auctions). Consider a single GSP
auction with 2 slots and 3 bidders who submitted a bid profile b = (0.1,0.2,0.3). As GSP

allocates slots by ranking bidders’ submaitted bids, the outcome under bid profile b is x =
0,0
0,1 |. Next, consider some permutation o that maps {1,2,3} to {3,1,2}. That is,

1,0

o(1) =3, 0(2) =1 and 0(3) = 2. Under this permutation, the corresponding permuted
1,0

bid profile b = (0.3,0.1,0.2), which results in the outcome &' = | 0,0 |. Then, it is

0,1

Ui (i) = (1,1) or (3,2)
easy to check that P(z,4); = 1) = P(a; = 1) = In
0 otherwise

particular, because o(1) = 3 we have P(x3; = 1) = P(2}; = 1) = 1, and because

0(3) = 2 we have P(wyp = 1) = P13, =1) = 1.

Finally, we describe augmenting allocation anonymous auctions with personalized

reserves.

Definition 5.2.3 (Personalized-reserve augmented allocation anonymous auctions).

Fiz position auction A = (X, P, ), and some vector of personalized reserve prices
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r € RY where r; is the reserve price for bidder i € [N]. Then, the augmented auction
is A" = (X', P, u) whose payment X' and allocation P’ are characterized via the

following procedure for any bid profile b € RY :

o X': Define bid profile b’ = (b; - I{b; > r;})iein). Then X'(b) = X(b'). *

e P': Ifi € [N] is not allocated a slot under outcome X'(b), Pi(b) = 0.
Otherwise, let ¢; € [L] be the slot allocated to bidder i under X'(b). Then,
Pi(b) = max{P;(¥), u(l;) - i}

Recall that a 0 bid will always result in no allocation and 0 payment, so X’
can be effectively viewed as excluding all bidders who do not clear their reserves,
and implement the allocation rule X with respect to the remaining bidders. We
remark in later sections, the personalized reserve prices relevant in this work (based
on ML-advice) guarantee all bidders clear their reserves so that no bidders will be
excluded from ranking. Finally, we refer readers to Example D.1.1 for an illustration

of augmenting anonymous VCG, GSP, and GFP auctions with personalized reserves.

5.2.2 Autobidders’ objectives and bidding strategies

In this subsection we describe the scope for bidders’ objectives as well as bidding strate-
gies of interest. We recall the setup with N bidders participating in M parallel position
auctions (A;)jem, where v; € RY are bidders’ values in auction A; = (X}, P;, p;)

(see definitions in Subsection 5.2.1). We use the following notations for convenience:

!This allocation is known as an eager implementation of personalized reserve prices, where any
high-ranked slots are always allocated before a lower-rank slot gets allocated. There also exists a
lazy implementations, where we first rank all bids, and then allocate slots to each bidder following
this ranking if the bidder clears her reserve. Note that the lazy implementation may leave “holes” in
allocation, e.g. the first and third slots are allocated while leaving the second slot un-allocated. It
will become clear later that all results in this work hold for both eager and lazy implementation of
personalized reserve prices.
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b; € RY: bids submitted by i b/ € RY: bids submitted to A,
X;(b)) € {0,1}*E5: outcome of b in A, P;(b]) € RY: payment vector of A;

Xie (b)) € {0,1}: indicator of i winning slot £ in A, Pij(b)) € Ry: payment of i in A;

Let X(b) = (X;(b))jemns. Then, bidder i’s welfare in auction A; namely
W;,;(X;(b))), and her total welfare over all auctions namely W;(X (b)), are defined as

Lj
= > Wi (X(b])) and Wi (X;(b])) =D py(6) - vy - Xig(b]) .
JE[M] /=1

(5.1)

We study the setting where each bidder is subject to a return-on-ad-spent (ROAS)
constraint, which requires her total expenditure across all auctions to be less than her
total acquired value.? Mathematically, fix some competing bid profile b_; € RSFN_DXM,

the ROAS constraint of bidder 7 is

R [W;(X (b;, b_;))] > E [Pi(b;, b_;)] where Pi(b;,b_;) = Y P, ;(b (5.2)
j€M]

Here, the expectation is taken w.r.t. possible randomness in the allocation and
payment rules of auctions (A;);cin). When allocation and payment for (A;);eq are
deterministic (e.g. for VCG, GSP and GFP), we omit the expectation for simplicity.
We call a bidder an autobidder when she aims to maximize welfare E [W;(X (b;, b_;))]
subject to the ROAS constraint in Eq. (5.2). The following proposition states that an
autobidder’s optimal bidding strategy in truthful auctions, facing any competing bid

profile, is uniform bidding:

2A more general concept related to ROAS is return-on-investment (ROI), where each bidder i has
a target ROI ratio T; such that her constraint in Eq. (5.2) is instead written as W; (X (b;,b_;)) >
T; - ZjE[M] pi,j; see e.g. [62, 55]. In this paper, since we study worst-case instances, we can scale all
bidder i’s values by T; so it is without loss of generality to consider ROAS constraints.
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Proposition 5.2.1 (Uniform bidding is optimal for autobidders in truthful auctions).
Let all auctions (A;) e be identical truthful auctions (see Definition 5.2.1), and
bidder © € [N] is an autobidder who aims to mazimize welfare E[W;(X(b;,b_;))]
subject to the ROAS constraint in Eq. (5.2) for any fized competing bids b_; € Rf‘l.
Then, there exists some constant uniform multiplier o > 1 s.t. the uniform bidding
profile av; is i’s optimal strategy:
af v € argbné%a(/[ E[W;(X(b;,b_;))] s.t. E[W;(X(b;,b_;))] > E[P:i(b;,b_)],.
i ER Y

(5.3)

Further, adopting any uniform bid multiplier a; < 1 is weakly dominated by truthful
bidding, i.e.
E [Wi(X (avi, b)) < E[Wi(X(vi,b0))] for any b_; € RY 1.

This is a well-known result that has been proved and adopted in many related
works such as [4, 37, 11, 89] and we will omit the proof here. We remark that
autobidding represents advertisers’ conversion maximizing behavior while respect-
ing constraints on spend. We note that our methodologies and insights in the pa-
per can be extended to autobidders with a more general private costs objective
E [W;i(X(b;,b_;))] — pE [P;(b;, b_;)] where p > 0 is some private cost, but for simplic-
ity we assume in the rest of the paper p = 0. In light of this proposition, we will
assume that all autobidders will adopt bid multiplier at least 1 in truthful auctions.

Finally, we conclude by introducing the notion of feasible bid profiles:

Definition 5.2.4 (Feasible bid profiles). For a given set of parallel auctions (A;) e,
we say that a bid profile b € RY*M s feasible if Eq. (5.2) holds for all bidders, and
denote all feasible bid profiles as F. Further, fix a bidder i and her bids b; € R
Then, let F_;(b;) = {b_; e R . (b, b_;) € F}.3

In words, F_;(b;) is all competing bid profiles for bidder i that guarantee all

bidders” ROAS constraints are satisfied. It is easy to see that in ex-post IR auctions,

3Here, we exclude the trivial zero bid profiles in the sets F and F_;(b;).
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any bidder can satisfy her ROAS constraint by simply bidding truthfully, since a
bidder’s payment is always no greater than her submitted bid. This implies that the
feasible set of bid profiles F is never empty and contains the truthful bid profile.

5.2.3 Efficient auction outcomes and individual welfare guar-

antees

Let £} ; be the ranking of bidder 7 in auction A; when ranked according to true values
v; € RY. Then we call the outcome x* = (x});epn with z},; = I{{ = £;;}, the
efficient outcome. Note that x* yields the largest total welfare because allocation of
slots in each auction follows ranking of bidder true values for that auction. Similar to

our definition for welfare for any outcome in Eq. (5.1), let

OPT;; = p;((;;) - vij, OPT;= Y OPT,;;, and OPT =Y OPT; (54)
JEIM] i€[N]

be the welfare of bidder 7 in auction j, total welfare contribution of bidder ¢, and total
welfare, respectively, under the efficient outcome. Here we let p;(¢) = 0 for all ¢ > L;.

Despite truthful bidding is always feasible (see Definition 5.2.4 for feasible bid
profiles and discussions on truthful bidding thereof), autobidders may not necessarily
bid truthfully (even in truthful auctions) due to the presence of ROAS constraints,
and instead adopt arbitrary strategies to optimize personal welfare which may deviate
real auction outcomes from the efficient outcome. For certain individual bidders. Such
deviations can potentially lead to significant welfare losses compared to the welfare
she would have attained under the efficient one, whereas some other bidders may be
significantly better off. These biases are not only largely unfavorable to bidders, but
also to auction platforms as they may incentivize bidders to leave the platforms.

It is thus important for auction platforms to characterize to what extent the
auctions ensure individual advertiser welfare, and better understand how individual
welfare relates to advertiser strategies. In the following Definition 5.2.5, we present a

individual welfare metric that measures how much a bidder’s realized welfare can fall
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short from the welfare she would have obtained in the efficient outcome if she adopts

a certain strategy.

Definition 5.2.5 (§-approximate). Fiz a bidder i € [N] and her bids b; € RY. Then
we say auctions (Aj;) e are 0-approzimate for some 6 € [0,1] and any bidder i € [N|
if
- E[Wi(X(b)]
> 0 .
where F_;(+) is defined in Definition 5.2.4, the total welfare W; under outcome X (b)

is defined in Eq. (5.1), and the expectation is taken w.r.t. possible randomness in the

allocation and payment rules of auctions (A;)je(a-

The above individual welfare metric provides a quantitative answer to the following
question: fixing a bid profile b; for bidder ¢, among all outcomes induced by competing
bid profiles b_; € F_;(b;) that ensure every bidders’ ROAS constraint is satisfied (see
Definition 5.2.4), what proportion of the welfare under the efficient outcome can be
retained under the worst case outcome? We remark that under this interpretation, our
individual welfare metric is reminiscent of the notion of price of anarchy (POA) which
measures the worst-case total welfare achieved amongst all equilibrium compared to

the optimal total welfare (see e.g. [100] for a detailed introduction on POA).

5.3 Incorporating ML advice for bidder values as

personalized reserve prices

With modern machine learning (ML) models and frameworks, online ad platforms can
utilize available historical data (e.g. bid logs, keyword characteristics, user profiles,
etc.) to produce predictions on autobidders’ values (which we refer to as ML advice) ;
see e.g. [99, 103|. In this work, we specifically focus on ML advice that take the form
of a lower-confidence bound of true advertiser values. Our key approach to incorporate

this type of ML advice in our autobidding setting, is via simply setting personalized
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reserve prices to be the lower confidence bound for each bidder’s value. To motivate

this approach, we start with an example.

5.3.1 Motivating Example

Consider 2 bidders competing in two (single-slot) second-price auctions (i.e. L; =
Ly = 1) with corresponding CTRs p1(1) = po(1) = 1. Bidders’ values are indicated in

the following table with some v > 0.

Auction 1 Auction 2

bidder 1 | v =v vi2 =10

bidder 2 Vo1 = % Vg2 =1V

Suppose that both bidders are autobidders who adopt uniform bidding strategies
(see Proposition 5.2.1), and in particular, suppose that bidder 1 sets her bid multiplier
to be a; = 1. Then when her competitor bidder 2 sets a multiplier ap > 2, bidder
2 will win both auctions and acquire a total value/welfare of vg; + voo = gv while
submitting a payment of oy (v1 1 + v12) = v. In this case, bidder 2 satisfies her ROAS
constraint and extracts all bidder 1’s welfare, leaving her with no value. We also
highlight that this bid mulitplier profile constitutes an equilibrium, * because bidder
1 cannot raise her bid multiplier to outbid bidder 2 for auction 1, since with as > 2
bidder 1 would violate her ROAS constraint if she bids more than asve; > v.

Now suppose that for each value v; ; (7,j € [2]), the platform possesses a lower-
confidence type of ML advice, namely (v, ;);jen) such that fv;; < w, ; < v;; for all
v;; > 0 for some 3 > %, and sets personalized reserve price r;; = v, ;. If bidder
2 attempts to win both auctions by setting oy > 2, her payment will be at least

max{Svy 1, qv1 1} +max{fuvag, v 2} = v+ v > %v, violating her ROAS constraint.

Therefore, via setting personalized reserves with ML advice, bidder 1’s competitor

4At an equilibrium bid multiplier profile, every bidder best responds to other bidders’ bid multipliers
while maintaining ROAS constraint satisfaction.
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is prohibited from outbidding her in auction 1, and hence safeguarding bidder 1’s
welfare.

Key takeaway from Example 5.3.1. The main observation from the above
example is that without reserve prices, bidder 2 acquires a large margin for her ROAS
constraint by winning auction 2 where payment required to win the auction is low.
Therefore, she can raise her bid to outbid bidder 1 in auction 1 without violating
her overall ROAS constraint. In other words, bidder 2 can compensate the high
expenditure in auction 1 with her acquired value margin in auction 2. By setting
personalized reserve prices properly, the platform can increase bidder 2’s payment
in auction 2, which in turn decreases the manipulative power of bidder 2. More
generally, without reserve prices, bidders with large total values across auctions can
overbid and consequently manipulate the outcome of certain auctions by compensating
the incurring costs with acquired values from other auctions. Therefore, setting
personalized reserve prices makes such overbidding behavior more costly, and thus

reduces the overall manipulative power of bidders.

5.3.2 Setting personalized reserve prices using ML advice

Here, we focus on the following notion of approximate reserve prices with which we

can reduce bidders’ manipulative power as examplified in Example 5.3.1.

Definition 5.3.1 (S-accurate ML advice and approximate reserve prices). Suppose
there exists ML advice (v; ;)ijein) i the form a lower-confidence bound. If v;; €
[Bvi j, vi ;) with some 5 € (0,1) for any bidder i € [N] and auction j € [M], we say
the ML advice is B-accurate. Further, if the platform sets r;,; = v

v, j, we say reserve

prices T are [3-approrimate.”®

The gap between the lower bound Sv; ; and the true value v; ; in Definition (5.3.1)
represents the inaccuracies of the platform’s ML advice. In other words, # can be
perceived as a quality measure of the platform’s ML advice for advertiser value, such

that larger (8 represents better advice quality.

5Note that any S-approximate reserve prices are also 3’-approximate if 8 < 3.
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Further, ML-advice in online advertising settings generally concerns predicting
advertiser values with historical conversion data and produces confidence intervals of
advertiser values (see e.g. [101, 24, 72, 31]). We remark that these confidence intervals
can be viewed as a special case of the lower-confidence type of ML advice in Definition
(5.3.1): suppose the auctioneers utilize some ML model to predict the true value

v; ; of bidder 7 in auction j, and produce a confidence interval (v

l‘7j7vi7j) > 'Ui,j with

v, j,Vij > 0. The auctioneer can then choose personalized reserve r; ; = v, ;, which is

B-approximate for 3 = v, ;/v; ; € (0,1) because Sv;; < Bv;; = v, ; = 1i; < v

Furthermore, in Definition 5.3.1, it is assumed that the ML advice v, ; is a true
lower bound on the bidder ’s value in auction 5. This assumption can be relaxed by
considering the ML advice that are accurate with high probability. Suppose the we
possess some prediction v; ; for v; ; that satisfies |0; ; — v; ;| < n with high probability
(w.h.p) for some known 7, then the confidence interval (v, ; —n, ; ; + 1) contains v ;
w.h.p. Them, the platform can set personalized reserve r; ; = 0; ; — n. Note that with
such personalized reserve prices derived from probabilistic ML-advice, all results in
this paper remain valid w.h.p.

We conclude with a final remark regarding allocation-anonymous auctions (Defini-

tion 5.2.2).

Remark 5.3.1. We remark that implementing [-approximate personalized reserve
prices in allocation-anonymous auctions does not impact anonymity, because § < 1
and thus all bidders clear there reserves. Therefore, the outcome with personalized
reserves will be exactly the same as that without reserves; recall augmenting allocation-

anonymous auctions with personalized reserves in Definition 5.2.35.

5.4 Individual welfare guarantees for VCG with ML

advice

In the motivating Example 5.3.1, we observe that ML advice and corresponding

[-approximate reserves allow the parallel auctions to safeguard welfare for individual
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bidders by increasing payments and consequently limit the manipulative behavior of
bidders who face significantly small competition in certain auctions. In this section,
through the following Theorem 5.4.1, we formalize this intuition for the classic VCG
auction, and present a quantitative measure for the relationship between overall
individual welfare and ML advice when incorporated in the form of approximate

reserves.

Theorem 5.4.1 (Individual welfare lower bound for VCGs with g-approximate
reserves). Consider the setting where (A;)jcn are VOG auctions, and personalized
reserve prices r are [3-approximate as in Definition 5.3.1. Fix an autobidder i € [K]
who adopts bid multiplier o; > 1 (see Proposition 5.2.1) so b; = a;v;. Then, the

individual welfare guarantee in Definition 5.2.5) is bounded as:

W) _ | 1-8 OPT,

bfieglir(laivi) OPTZ - Q; — 1 . OPTZ ’
where F_;(+) is defined in Definition 5.2.4, and OPT_; = Z#i OPT;.0

Details on implementation of VCG with personalized reserve prices can be found in
Definition 5.2.3 and Example D.1.1. We defer our proof for Theorem 5.4.1 to Section
5.4.1, and here we provide some intuition for the individual welfare bound in the
theorem.

In light of our interpretation for the individual welfare metric in Definition 5.2.5,
Theorem 5.4.1 states that at some bid multiplier «;, among all outcomes induced by
competing bid profiles (possibly arbitrary non-uniform bidding profiles) that ensure
every bidders’ ROAS constraint is satisfied, in the worst case outcome, bidder i can

1-3  OPT_;

retain at least a 1 — o1 OPT,

portion of the welfare she would have obtained
under the efficient outcome. We also remark that this individual welfare bound is
very general since it does not impose any assumptions on competing bidders’ bidding
strategies and concerns any feasible general bid profiles under which bidders” ROAS

constraint is satisfied. In other words, even if bidder i’s competing bidders optimize

SWe remark that the individual welfare lower bound in Theorem 5.4.1 applies only to bidders
whose welfare under the efficient outcome is nonnegative, i.e. OPT; > 0.

123



arbitrary objectives through complex bidding strategies, Theorem 5.4.1 holds valid as
long as the resulting bid profile is feasible.

The key message from Theorem 5.4.1 is that with more accurate ML advice (i.e.
larger (), auctions can set larger approximate reserves, and hence improve individual
welfare guarantees for each individual bidder. We also provide some intuition for the

1-8 OPT_;

term =75 <55

in the bound. Increasing [ (i.e. increasing reserve prices via improving
ML quality) or increasing the bid multiplier oy, raises the cost for competitors to outbid
bidder 7 in certain auctions, and hence makes it more difficult to cover her expenditures
that arise from significant overbidding. This reduces competitors’ manipulative power,

and in turn improves the welfare guarantees for bidder 7. Note that this aligns with the

OPT;
» OPT_;

intuition we obtained in Example 5.3.1. On the other hand can be perceived as
the relative market share of bidder ¢ w.r.t. competing bidders. Our result shows that
with a small market share, the bidders become vulnerable to manipulative behavior of
others, resulting in low individual welfare guarantees.

The following Corollary 5.4.2 presents a sufficient condition for the ML advice
accuracy to achieve some predesignated level of individual welfare, whereas the

following Theorem 5.4.3 states the individual welfare bound in Theorem 5.4.1 is tight;

see Appendix D.2.1 for corresponding proofs.

Corollary 5.4.2 (ML advice accuracy level to achieve d-approximation of individual
welfare). Let (A;) e be VOG auctions, and assume all bidders adopt uniform bidding
strategies with bid multipliers (o;)icn) € (1, 00)Y, where we denote @ = mineyy oy > 1.

Then, with 3 accurate ML advice such that f > 1 — (1 —6) - (a — 1) - min,e[x (S)PPTTj ,

the auctions (Aj;) ;e are 6-approzimate for all bidders.

Theorem 5.4.3 (Matching individual welfare lower bound). For any § € (0,1), a > 1,

and R > l;_f, there exists values v € RfXM and [-approximate reserves T € RfXM,
(e

such that there is a bidder v with multiplier a; = o and relative market share (?PPT?_ =R,

who has an indwidual welfare guarantee ming_ ez (a,v;) Wé(lfél")) = 1- iiﬁl . %PPTTfi.

We conclude by comparing our individual welfare result in Theorem 5.4.1 with

related results in the literature: we point out that although our autobidding setup
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described in Section 5.2 and the notion of approximate reserves (Definition 5.3.1) are
the same as those in |37, 11|, our analyses and proof techniques are different, primarily
because we focus on the welfare guarantees for individual bidders, where as [37, 11]
investigates total welfare for all bidders. In particular, in our proof we fix a bidder
1 and carefully analyze the amount of expenditure that could be covered by each
competitor who outbids bidder 7 in auctions where ¢ has the highest value, whereas the
aforementioned related works takes an aggregate view to lower bound total welfare of
all bidders; see more details in the next subsection 5.4.1. Nevertheless, [11] shows that
approximate reserves improve the total welfare of all bidders, and therefore along with
Theorem 5.4.1, we can see that incorporating S-accurate ML advice as approximate

reserves not only benefits total welfare, but also enhances individual welfare.

5.4.1 Proof for Theorem 5.4.1 and a tighter individual welfare

guarantee

In this subsection, we first present the proof for the individual welfare lower bound
in Theorem 5.4.1. From the proof, we further motivate a stronger individual welfare
lower bound that depends on the total welfare of at most min{M, N — 1} of bidder
1’s competitors, instead of OPT_; which sums up the welfare of all N — 1 of bidder
1’s competitors and can potentially be enormous due to large N. We will later remark
that this strengthened bound, despite its improvement to the bound in Theorem 5.4.1,

may be difficult to compute in practice.

Proof for Theorem 5.4.1

First, to prove Theorem 5.4.1, we rely on the definition of an advertisers’ loss in
welfare compared to her welfare contribution under the efficient outcome, formally

defined as followed:

Definition 5.4.1 (Welfare loss w.r.t. efficient outcome). For any bidder i € [N] and
outcome x = (x; € {0,1}V*5) ey, let Li(x) = {j € [M] : W;;(x) < OPT,;} be

the set of auctions in which bidder i’s acquired welfare is less than that of her welfare
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under the efficient outcome. Then, we define the welfare loss of bidder i under outcome

x w.r.t. the efficient outcome x* as:

Loss;(x) = Y (OPTy; — Wi (x)) . (5.6)

JELi ()
Remark 5.4.1. For any outcome x, let {; ; be the position (i.e. ranking) of bidder
i in auction j, and recall that €} ; is the position of bidder i in auction j under the
efficient outcome x*. Then, the set L;(x) = {j € [M]: W, ;(x;) < OPT,;} (where
W ;(x;) is bidder i’s welfare in A; as defined in Fq.(5.1)) can also be interpreted as
the set of auctions where bidder i’s ranking under x is lower than her ranking under

x*, or in other words the set of auctions that incur a welfare loss w.r.t. **. Hence we

can also rewrite Li(x) = {j € [M] : li; > (7}

The following proposition connects the notion of welfare loss (as in Definition 5.4.1)
and individual welfare (as in Definition 5.2.5) by showing an upper bound on welfare
loss can be directly translated into a welfare lower bound that corresponds to our

individual welfare guarantee.

Proposition 5.4.4 (Translating loss to individual welfare guarantee). Assume for
bidder i € [N] and outcome x = (x; € {0,1}V"*19) ;e we have LOSS;(x) < B for

some B > 0. Then, OPT, Z 1— OPT,

The proof of this proposition is presented in Section D.2.2. Now, in light of this
proposition, we proceed to prove Theorem 5.4.1 by bounding bidder i’s welfare loss
for auctions where she obtains a slot that is lower in position than what she would

have obtained under the efficient outcome.

Proof of Theorem 5.4.1. Fix any feasible competing bid profile b_; € F_;(c,v;) under
which every bidders” ROAS constraint is satisfied; see Definition 5.2.4. Denote the
corresponding outcome as x = X' (b), and ¢y ;, r; to be the position of any bidder
k € [N] in auction j € [M] under outcome « and the efficient outcome, respectively.

Consider any auction j € Li(z) = {j € [M]: i > {;;} (see Remark 5.4.1), i.e. in

auction Aj;, bidder ¢ acquires a position (under x) bellow her position in the efficient
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outcome x*. This implies there must exist competing bidders in auction A; whose
values are smaller than that of bidder 7’s, but obtains a higher position, making bidder
i lose welfare. Motivated by this, we let B;(k; x) denote the set of all auctions in which

bidder k’s value is lower than ¢’s but acquires a higher position than i:
BZU{?,Q'J) = {j < [M] : OPTi’j > 0, Vi,j < Vi j and Ek,j < é;j < Ei,j} (57)

where we recall OPT; ; is the welfare of bidder 7 in auction j under the efficient
outcome. Further, we can find a collection of i’s competitors whose B;( - ;&) “covers”
all auctions £;(x) in which 7 loses welfare. We call this collection of competitors a

covering, and formally define the collection of all coverings, called C;(x), as followed:
Ci(x) = {C C [N]/{i} : (Bi(k;x))kec is a maximal set cover of L;(x)} . (5.8)

Here, for any set S, we say S1...S,, a maximal set cover of S if § C Un,e[n] S, but
S C Unep) Sw/Snr for any n” € [n]. In words, B;(k; ) is the set of auctions in which
bidder k£ has a smaller value than bidder ¢ but acquires a higher position, and any
C € Ci(x) is a subset of i’s competitors who are responsible for all welfare losses of

bidder i in auctions of £;(x).

Fix any covering C € C;(x), and some bidder k € C. We first state the following
inequality that bounds the welfare loss of bidder ¢ caused by competitor k£ € C in the

covering (we will prove this inequality later).

> (ulty) = ultig) vig < -—

JEB;(ksb)

> illig)ve (5.9)
]

jeM
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Summing the above over all competitors k € C, we have

(@)

LOSS;(x) = Z (u(éf,j)— i ;) v” < Z Z fu))vzj

jeﬁ(m) keC jeB;(k;b)
(0) 1-5
TS T sy = LS e
keC je[M] keC
1-p
< — W,
T oo —p (=)
© 1-p
< OPT_; + LOSS;
< =5 (OPT+10ss(2))
1-—
—> LOSS;(x) < ﬁl

(5.10)

Here, in (a) we used the fact that L;(x) C U,ce Bi(k;x) (see Eq. (5.8)); in (b) we
applied Eq. (5.9); (c) follows from OPT > 37, x; Wi(x) where OPT is the total

efficient welfare and ), Wi(z) is the total welfare under outcome @, so further

OPT_; > W_,(x)+ W;(xz) — OPT;
= Wiz —OPTy;)+ Y. (Wi(z)— OPTy;)

JEEAw JEM]/Li()

,\
Ve

)+ — OPT,,)

JEL; (m

W_;(x) — LOSS;(x) .

(5.11)

where in (e) we used the fact that W, ;(x) > OPT,; in any auction j € [M]/L;(x).
Finally, applying Proposition 5.4.4 w.r.t. upper bound of LOSS;(x), and noting that
the feasible competing bid profile is arbitrary, we obtain the desired welfare guarantee
lower bound.

Now, it remains to prove Eq. (5.9) that bounds the welfare loss of bidder i caused
by competitor k € C in the covering. Denote p; ; as the payment of bidder k, and
by; as the (th largest bid in any auction j € [M]. Then in some auction j € B;(k; b)
recall from Eqgs. (5.7) and (5.8) that vy ; < v;; but £ ; < €7, < £; ;. Thus bidder k’s
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payment is lower bounded as followed: for j € B;(k;b)

DPk.j
L;

Z (1(0) = (£ + 1)) b

E=L,j
é:,jil éiyj—l

= Z (1(6) — p(+ 1)) Bzﬂ,j + Z (1(6) — p(+ 1)) 8€+1,j + Dij

=ty =,
(1(lhy) — (€5 ) vig + o (0 ;) — p(liy)) vig + B - (i j)vi
()i + (i — 1) (u(l; ;) — pu(lig)) vig — (L= B) - (i j)vi -

v

(5.12)

—
S
N

V=

Here , (a) follows from the VCG payment rule (see Example D.1.1); (b) follows from
the fact that bidder ¢’s ranking is ¢; ;, so any bidder who is ranked before position ¢; ;
submits a bid greater than bidder i’s bid b; ; = a;v; 5, i.e. lA)gJ- > b; ; = vy ; > v, 5 for

any ¢ < /{; ;

On the other hand, we have

Z pk]+ Z pkjé Z gkz] Uk]"’ Z gkz] Uk, 5

FEB; (k;b) §@B; (k:b) FEB; (k;b) ¢B; (k;b)

Prj = B wlleg)ve; Vi€ [M],

where the first inequality follows from bidder £’s ROAS constraint; the second inequality
follows from the fact that any winning bidder’s payment must be greater than her

[S-approximate reserves. Combining the above inequalities and rearranging we get

Z Prj < Z (L) vy + (1= B) - Z w1l i)k s (5.13)

jEB; (k;b) jEB; (k;b) §&B; (k;b)
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Summing Eq.(5.12) over all j € B;(k; b) and combining with Eq. (5.13), we get

(= 1) > (ullr;) = pllig)) viy

JEB;(k;b)

< (1_/6) Z zg 'U7,]—|— Z gk] Uk, j + Z M(&%]) (vk,j_vi7j)
j€B;i(k;b) j¢B;(k;b) JEB;(k;b)

(a)

< (=8 Do wlvii+ Y plleoes+ Y, plleg) (v — vig)
jEB;(k;b) j¢B;(k;b) JEB;(k;b)

(b) %

S (1_6) Z ’Lj Uz]+z gk] ?)k] Z (é )U’LJ
JEB;(k;b) JEB; (k;b)

In (a), we used the fact that 8 € (0,1] and vy ; — v;; < 0 for any k € C C C;(x); see
definition of C;(z) in Eq. (5.8); and (b) follows from ¢4 ; < (7 for any k € C C C;(x).
Rearranging terms we obtain the desired Eq. (5.9). O

A tighter fariness lower bound guarantee

We recognize that the individual welfare lower bound guarantee in Theorem 5.4.1,

1-8 OPT_; . . .
namely 1 — o1 opT, may be negative and hence meaningless for a small advertiser,
i.e. advertiser ¢ whose market share OOPPTT L+ is very small which may be a result of a very

large number of bidders N. Nevertheless, in light of the proof above for Theorem 5.4.1,
we can in fact present a tighter individual welfare guarantee that replaces OPT_; in
the numerator, i.e. total welfare summed over N — 1 competitors of bidder i, by the
total welfare of a potentially much smaller subset of bidder 7’s competitors.
Analogous to the definitions £;(x), B;(k; ) and C;(x) for any outcome x defined
in Definition 5.4.1, Egs. (5.7) and (5.8), respectively, we slightly abuse notation and

define their outcome-independent counterparts.

L;={je[M]:0PT;; >0}
Bz<k) = {j S [M] : OPTI‘J’ > 0, Vg,j < vi,j} (514)
Ci = {C C [N]/{i} : (Bi(k))rec is a maximal set cover of L;} ,
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where we recall OPT, ; is the welfare of bidder ¢ in auction A; under the efficient
outcome as defined in Eq. (5.4). In words, £; is the set of auctions in which bidder
i can potentially lose welfare, B;(k) is the set of auctions in which competitor k
can potentially cause ¢ to lose welfare, and any covering of competitors C € C; can
potentially cause i to lose welfare in all auctions of L.

We remark that C; only depends on bidder values (v; ;)icny,jepm), and it is easy to
see that any covering C € C; has cardinality at most min{M, N — 1}. To exemplify
the covering set C;, consider an instance consisting of 2 single slot VCG auctions (i.e.

SPA) and 3 bidders with the following advertiser values

SPA'1 SPA 2 SPA 3

bidder 1 V1,1 = 2 V12 = 5 V1,3 = 0

bidder 2 V2,1 = 1 V22 = 1 V2,3 = 10

bidder 3 V3,1 = 0 V32 = 4 V3,3 = 10

Then under the efficient outcome, bidder 1 wins auctions 1 and 2. However, it may be
possible that bidder 2 solely outbids the other bidders to win both auctions 1 and
2, inducing a covering {2} for bidder 1; or bidder 2 wins auction 1 while bidder 3
wins auction 2, inducing a covering {2,3} for bidder 1. Therefore, the covering set
Ci = {{2},{2,3}}.

The following proposition states that any covering C € C;(x) that contributes to

all bidder i’s welfare loss under @, must be a subset of an element of the set C;.

Proposition 5.4.5. Let x be any outcome and denote C;(x) be the corresponding set
of coverings defined in Eq. (5.8). Then, for any covering C € C;(x), there must exist
an C € C; such that C C C, where C; is defined in Eq. (5.14).

In the following theorem, we present a tighter individual welfare guarantee than

that of Theorem 5.4.1 by replacing OPT_; with the welfare of some covering for
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bidder 7, which may potentially be a very small subset of all bidder ¢’s competitors

that includes at most min{M, N — 1} bidders.

Theorem 5.4.6. Consider (A;j)jc are VCG auctions, and personalized reserve
prices v are -approrimate as in Definition 5.3.1. Fix an autobidder i € [K| who
adopts bid multiplier o; > 1 (see Proposition 5.2.1) so b; = a;v;. Then, the individual
welfare guarantee in Definition 5.2.5) is bounded as:

min w . 1-p ) maxz e, Zkeé Wk(X(’Ug, 0))
b_;eF_i(av;) OPTZ- - o — ﬁ OPTZ- )

where F_;(-) is defined in Definition 5.2.4, vz = (Vi),cq, and X (vg,0) is the outcome
when bidders in covering C bid truthfully while others bid 0; equivalently, this is the
total efficient welfare when participation in all auctions are restricted to bidders in C
only.

Proof. Let b € F be any feasible bid profile, and let * = X'(b) be the corresponding
outcome. Also, let C;(b) be the set of coverings defined in Eq. (5.8), and con-
sider any C € C;(x). In Eq. (5.10) within the proof of Theorem 5.4.1, we showed

LOSS;(x) < ;;_51 wee Wi(), so

Loss(z) < 1__5 NAC) 9 1=0 3 W)

% kec U
1_6maXZW(X(v 0))
oy — 1 ceC ps g ¢ ’

where in (a) we let C € C; defined in Eq. (5.14) such that C C C according Proposition

5.4.5. Rearranging and applying Proposition 5.4.4 yields the desired lower bound. [

We conclude by making the remark that although the individual welfare lower
bound in Theorem 5.4.6 may potentially be stronger that in Theorem 5.4.1, it comes at
the cost of significantly increased computational complexity due to the maximum over
all coverings. Nevertheless, this improved bound may still be practical for instances
with relatively small number of auctions, since the cardinality of any covering is upper

bounder by the number of auctions.
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5.4.2 Applicability of the individual welfare guarantee when
all bidders bid uniformly

We recognize that as the individual welfare lower bound in Theorem 5.4.1 monotonically
increases in the bid multiplier «;, it is tempting for bidder 7 to apply a very large
multiplier «;. Nevertheless, in this section we describe a potential tradeoff between
large multipliers (i.e. better individual welfare guarantees in light of Theorem 5.4.1)
and ROAS feasibility in the practical scenario where all bidders are autobidders and

adopt uniform bidding.

To illustrate, we see that for large multiplier «;, the set of competing bids F_;(c,;v;)
may only include very small bid values (e.g. the bid profile where each competing
bidder (under)bids some small ¢ > 0 close to 0 in each auction), at which bidder i
faces nearly no competition so that the ROAS constraint can be trivially satisfied
for every bidder. In light of this discussion, we consider a more practical scenario
where all competing bidders are also autobidders and adopt uniform bidding, or
equivalently, a refinement of F_;(c;v;) in which each competing bidder j # i, similar
to bidder 4, also adopts uniform bidding with bid multiplier o; > 1. We define
Fri(b) = F_i(b;) N {(cjvj) 2 : a; > 1} that represents the set of uniform competing
bids for bidder ¢ that ensure ROAS constraint satisfaction for every bidder. From

Theorem 5.4.1, it is easy to see

. (i) _ .

: 1
b_;eFY, (civy) OPTl - o; — 1 OPTZ ) (5 5)

where (i) follows from ming_cre (a0, Wg%‘f” > ming_,er (o) W because

F* (ayv;) C F_;i(av;). Nevertheless, in light of Eq. (5.15), when all bidders bid uni-

formly, an excessively large a; may let bidder 7 incur large payments that significantly
exceed her values, resulting in non-existence of competing uniform bids b_; that can
ensure satisfaction of every bidders’ ROAS constraints, i.e. F*, (o;v;) being empty. In
other words, there exists a tradeoff between large multipliers (i.e. better individual

welfare guarantees) and ROAS feasibility when all bidders bid uniformly. The following
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Lemma 5.4.7, along with a technical definition of “well-separated” values per Definition
5.4.2, addresses this tradeoff by characterizing how large the multiplier «;; can be set

that still ensures the existence of uniform competing bids within F*,(a;v;).

Definition 5.4.2 (A-separated values). We say values v € RJZVOXM are A-separated
for some A > 1 if any value v, ; is at least A times as much as any value that is less
than v; ; in the same auction j, i.e. v;; > A-max{uvg; : k € [N],vp; < v;;} for any

bidder i and auction j."

Lemma 5.4.7 (Valid regions for uniform bid multiplier). Let (A;) e be VCG
auctions and assume bidders values are A-separated (Definition 5.4.2) in every auction

for some A > 1, then F*,(cv;) # @ for any a; € [1,A).

The proof of this lemma is presented in Appendix D.2.3. We also remark that
the upper bound A in Lemma 5.4.7 is sufficient, meaning that there may exist larger
values of o that can ensure the set F*, (a;v;) # @ nonempty. To better visualize the
structure of F*,(,v;), as well as our individual welfare guarantee in Theorem 5.4.1

and Eq. (5.15), we present the following example.

Example 5.4.1. Consider 2 bidders bidding in 3 single-slot VCG auctions in which
each slot is associated with CTR equal to 1. Bidder values are v1 = (4,3,1) and
vy = (1,4,3), while personalized reserves are set to be r; = [v; for B = 0.7 and
1=1,2. It is easy to check that with the presence of personalized reserves, no bidder
can significantly overbid and win all auctions (otherwise she will incur large payments
and thus violate their ROAS constraints), and therefore each bidder will obtain non-zero
value. This aligns with our intuition presented in Sections 5.3 that states personalized
reserves benefit indiwvidual welfare.

In the left subgraph of Figure 5-1, we color the region of all pairs of uniform

bid multipliers (ay, ag) € [1,00)? that induce feasible bid profiles (by,by) € F, where

"Definition 5.4.2 also captures values which are “additively separated”. In particular, take some
d > 0 such that d < min{v; ; : v; ; # 0} and also v; ; —d > max{uvg ; : k € [N], vy ,; < v;;} for any

bidder i and auction j. Then, by taking A € min,, .., ;-0 {ﬁ}, the values are A-separated
i, »

according to Definition 5.4.2 because xv;; > v;; —d > max{vy; : k € [N], v ; < v;;} for all v; ;.
This suggests Definition 5.4.2 is quite general to capture value separation scenarios.
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Figure 5-1: Left: Two colored regions represent uniform bid multipliers (o, as) €
[1,00)? that lead to feasible bid profiles (b, by) € F. Right: Comparison between the

individual welfare guarantee of Theorem 5.4.1, namely 1 — ;;fl . %PPTTfi, and the worst

case welfare for each bidder ¢ (normalized by OPT;) amoﬂg all feasible bid profiles
Wi(X (b))
OPT, °

when both bidders adopt uniform bidding, namely ming_,c7u (a;v,)

the blue dotted region corresponds to bid profiles under which bidder 1 wins only Ay,
and the grey vertically-dashed region corresponds to bid profiles under which bidder
1 wins Ay and As. From this subgraph, we can see that F* (av1) = {aavs : ay €
any colored vertical line segments at a1} and similarly F',(avs) = {a1v; @ a3 €
any colored horizontal line segments at as}. On the right subgraph of Figure 5-1, for

. . ) S , . 1-3 OPT_;
each bidder i = 1,2, we plot the individual welfare guarantee 1 — o OPT,

. (X (b . . .
as MiNp_eF¥ (a;v;) WO(T%)) which is the worst case welfare among all outcomes induced

as well

by uniform bid profiles that satisfy both bidders’ ROAS constraints.

On the left subgraph of Figure 5-1, we observe that it is easier for bidder 2 to
ensure a non-empty feasibility set F*,(a2v2) at large ap values than bidder 1 to ensure
non-empty F*,(aiv1) at large a;; e.g. for large oy such as s = 3, bidder 1 can
take any a; € [1,1.75], but for large a3 = 3, bidder 2 can only take ay € [1,1.25].
Nevertheless on the right subgraph, we see that bidder 2’s realized welfare is much
closer to her theoretical lower bound guarantee than that of bidder 1. Therefore this

highlights a tradeoff between uniform multiplier feasibility and welfare guarantee.
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5.5 VCG yields best individual welfare guarantee

among broad class of auctions

Having presented an individual welfare guarantee in the previous Section 5.4 that
improves according to the platform’s ML advice accuracy, a natural question is that
for a given level of accuracy S, can one achieve a universally better individual welfare
guarantee than that of Theorem 5.4.1 via considering auction formats other than
VCG? In this section, we demonstrate that the answer is negative when we restrict the
auction to a broad class of truthful mechanisms (possibly randomized) with anonymous
allocations (see Definition 5.2.2). Here, we again emphasize that truthfulness is w.r.t.
quasi-linear utility maximizers (see Definition 5.2.1).

In the following theorem, we show that no allocation-anonymous, truthful auction
A when augmented by S-approximate reserves (see Definition 5.2.3), can universally
outperform VCG, i.e. for any A there exists a problem instance in which a bidder has
a welfare guarantee at most the individual welfare lower bound for VCG of Theorem

5.4.1.

Theorem 5.5.1. Let A be any single-slot auction format (with position bias p = 1)
that is allocation-anonymous, truthful, and possibly randomized. Then, there exists
an instance of M parallel auctions (A;)jen of format A, N bidders with values
v E RfXM, B-approximate reserves r € RfXM, and an autobidder i with multiplier
a; > 1 (see Proposition 5.2.1), such that there is a feasible bid profile b € F in

which b; = a;v; € RY that results in the following welfare upper bound for autobidder

;o EWWi¥(®)) o _ 1= E[OPT_|]

EOPT,] o1 EOPT] Here the expectation is taken w.r.t. possible

randomness in A.

Details on implementation allocation-anonymous auctions with personalized reserve
prices can be found in Definition 5.2.3 and Example D.1.1. Our proof strategy for
Theorem 5.5.1 is to construct a “bad” autobidding instance for any auction A of
interest that yields low individual welfare for one specific bidder: we show that in this

autobidding instance, there is some bidder ¢ who has a welfare upper bound as stated
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in the theorem. The construction of this bad autobidding instance is motivated by
Example 5.3.1, in which the key source of low welfare for an individual bidder ¢ comes
from the fact that competing bidders outbid ¢ in auctions where i’s value is high, and
cover their expenditures with value acquired from other auctions where they have no
competition. Following this idea, since the bad instance in Theorem 5.5.1 requires us
to maximize individual welfare for a specific bidder ¢, we can achieve this by having
auctions where each of i’s competitors is the only bidder submitting a nonzero bid,
and with these “no-competition” auctions competitors can cover their expenditures for
outbidding bidder ¢ in auctions where ¢’s value is largest.

Proof sketch for Theorem 5.5.1. For any auction A that is allocation-
anonymous, truthful and possibly randomized, we consider a “bad” autobidding
instance (N, M, A, r,v) where N = K + 1 bidders labeled B;...Bg, By compete in
M = 2K + 1 auctions with single-slots for some K € N, and bidders’ values are shown
in the following table. Reserves are set to be r; ; = v, ; for some 5 € (0,1) and are

[-approximate (see Definition 5.3.1). Bidder By’s multiplier is fixed at ag > 1.

Ay Ay Ag Agir Agyr ... Aox Aok

agv+te agv+2e agv+Ke

By | cavke ol | cqubKe ~ 0 ... 0 0
agUu+2¢e apv+3e agUte

By | o wtle oot 0 N0 0
ov+Ke agute aov+(K—1)e

BK g » Op c —p 0 0 . Y 0

By v v e v 0 0 . 0 Y

In the table, we choose ¢ = O(1/K?) and suitable parameters p,v,v,y > 0 to satisfy
certain conditions, one of which guarantees Bj’s value is the highest in auctions
Ay ... Ag . With the above instance, we consider the specific outcome & where bidders

1,..., K adopt bid multiplier p, in which case bidder By has the lowest bid in auctions
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Ay ... Ak (since ag > 1. Then, our proof of Theorem 5.5.1 is to show bidder By can
acquire welfare at most the upper bound in Theorem 5.5.1. The proof consists of 3

parts:

(1) Under outcome x, we upper bound bidder By’s expected acquired welfare
in auctions A;...Ag. This acquired welfare should be small, since other bidders are
outbidding bidder By in these auctions, by covering their expenditures via the value

acquired in auctions Ag .1, ..., Aok, respectively.

(2) We show that bidder By satisfies her ROAS constraint, which holds valid
due to the fact that she is acquiring value in auction A,k for suitable y facing no

competition.

(3) We show that any bidder i € [K] satisfies her ROAS constraint. In this
part, when we take appropriate parameters ¢ — 0 and p — «ap, we first show that
the total expected acquired value of bidder ¢ minus her total expected cost over all
2K + 1 auctions is approximately 1 — >, P’ (bidder ¢ wins auction j) + O(K %¢)
and since ¢ = O(1/K?), we only need to show 1 > >_jeri) P (bidder ¢ wins auction j).
Our proof for this claim exploits the specific structure of our problem instance
construction: we recognize that when bidders 1,..., K use bid multiplier p, the
bid profiles for auctions A;...Ax are a cyclic permutation of the set {by,...,bx} =
{aogv, agv + €, ..., apv + Ke}. Therefore by allocation-anonymity of A, the expected
outcome in each of the auctions in Ay, ..., Ag are symmetric over bidders 1,..., K,
or in other words, P (bidder ¢ wins auction j) depends only on the bid value of bidder

7 in auction j. The cyclic structure thus implies
Z P (bidder ¢ wins auction j)
je(K]

= Z P (bid value b, wins auction A given competing bids b_;) < 1.
ke[K]

Here, we also point out that any  approximate reserves do not affect allocation in
auctions A;... Ak, simply because any bid value in {by,...,bx} is greater than the

largest reserve price among agents, namely [v, since ap > 1 > . In other words,
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under the specific outcome x, allocation anonymity of any auction in Ay, ..., Ax is
preserved with personalized reserves r; ; = Bv;; due to our construction; see also
Remark 5.3.1. For a technical re-statement of Theorem 5.5.1 and its proof, please

refer to Appendix D.3.2.

5.6 Extensions: Individual welfare guarantees for

GSP and GFP with ML advice

In this section, we extend our individual welfare guarantees for the VCG auction
in Theorem 5.4.1 to the GSP and GFP auctions, which are both non-truthful. For
technical purposes, we assume that bidder values are “well-separated” as defined in
Definition 5.4.2.

Further, as discussed in Section 5.2.2, uniform bidding (i.e. setting the same
bid multiplier for all auctions) is only optimal in truthful auctions. In GSP and
GFP, one can construct instances where non-uniform bidding strictly outperforms
uniform bidder (for more details see e.g. [38]). Thus, for GSP and GFP autobidding
instances, we impose no assumptions on the bid values of bidders other than being
undominated: we say a bid value b; € Rﬂ‘f is undominated for bidder i if there is no
other bid value b} € RY that strictly outperforms b; in welfare under all competing
bid profiles. Mathematically, #b; € RY such that W;(X (b;,b_;)) < Wi(X (b}, b_;)) for
all b_; € R&N_l)X(M) . The following lemma lower bounds undominated bids in the

presence of J-approximate reserves.

Lemma 5.6.1 (Lemma 4.7 & 4.9 of [11]). Consider the setting where (A;);ci are
all GSP auctions or GFP auctions, and reserve prices v are S-approximate. Denote
U C F to be the set of bid profiles in which each bid is undominated and satisfies all
bidders” ROAS constraints. Then for any b € U, b; ; must satisfy b; j; > r; ; > PBv; j for

any bidder i € [N] and auction A;.

Finally, our main theorem for this section is the following:
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Theorem 5.6.2. Consider the setting where (A;) e are all GSP auctions or GFP
auctions. Suppose reserve prices r are B-approrimate, and values v are A-separated
s.t. B> ﬁ. Consider any undominated bid profile b € U C F where U s the set
of all undominated bids under which every bidder’s ROAS constraint is satisfied (see

FEquation (5.2)). Then, the individual welfare guarantee (Definition 5.2.5) is bounded

as
_ Wi(X(b)) 1-8 OPT_
min ———= > 1 — . )

Details on implementation of GSP and GFP with personalized reserve prices can be
found in Definition 5.2.3 and Example D.1.1. The proof for Theorem 5.6.2 is presented
in Appendix D.4.1. Comparing the individual welfare guarantees in Theorem 5.4.1
for VCG and Theorem 5.6.2 for GSP/GFP, we observe when values are A-separated
and ML advice is S-accurate, when bidders adopt small enough uniform multipliers

in VCG (ie. a; —1 < B — 72=), GSP/GFP provides a better individual welfare

guarantee compared to VCG, whereas for large multipliers (i.e. o — 1>  — f‘_l),

individual welfare in VCG dominates that in the considered non-truthful auctions.

5.7 Additional discussions and future research

This chapter focuses on presenting theoretical welfare guarantees on the individual
advertiser level. One important question is how ad channels can measure such welfare
guarantees via a data-driven metric in practice without knowing certain parameters
present in our individual welfare guarantees such as 5, OPT;, OPT_;? For instance,
how should an ad platform choose between VCG or GSP/GFP auctions (based
on comparing their individual welfare guarantees), when ML-advice quality 8 and
value separation parameter A are unknown (recall Theorem 5.6.2 and discussions
thereof)? Therefore one important future research direction is to develop data-driven
metrics to measure individual welfare guarantees in practical setups, and consequently

demonstrate the accuracy of such metrics w.r.t. our presented theoretical welfare
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lower bounds.
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Appendix A

Supplementary material for Chapter 2

A.1 Additional material for Section 2.3

A.1.1 Proof of Lemma 2.3.1

Proof. Fix any option Z € {Zp,Zgr,Zs} defined in Eq. (2.2), and let (5, p) € Z be the
optimal solution to CH-OPT(Z). Note that for the per-channel ROI only option Zg,
we have p; = oo and for the per-channel budget only we have 7; = 0 for all j € [M].
Further, for any realization of value-cost pairs over all auctions z = (v;, d;) e[, recall
the optimal solution x7(7;, p;; 2;) to V;(7;, pj; 2;) for each channel j € [M] as defined
in Eq. (2.4).

Due to feasibility of (7, p) € Z for CH-OPT(Z), we have

ZE 7]7p]7zj >VZE 'Yjapjvzj)]

JjeM jeM
= > Ev/i[.0:2)] =7 > [d] (.05 2)]
jeln) jel)

where we used the definitions V;(3;, p;; 2;) = v (3, p;; 2;) and D;(3;, p;: 2;) =
d]x:(3;,pj; %) in Eq. (2.5). This implies (:c;(%,ﬁj;zj))jew] satisfies the ROI
constraint in GL-OPT. A similar analysis implies (:1:;‘ (3, P zj))je[M] also satisfies
the budget constraint in GL-OPT. Therefore, (a:;‘(%, 05 zj>)je[M} is feasible to GL-
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OPT. So

GL-OPT > Y E[v]/@;(3;, 55 2))] = > [V;(3): 5: )] = CH-OPT(Z). (A1)

jeM] jeM

where the final equality follows from the assumption that (7, p) € Z is the optimal
solution to CH-OPT(Z). O

A.1.2 Proof of Theorem 2.3.4

Proof. In light of Lemma 2.3.1, we only need to show CH-OPT(Zgz) > GL-OPT.
Let (z) = {x;(2;))};e/n) be the optimal solution to GL-OPT, and define ¥; = 0 and
p;=E [dijﬁj(zj))] to be the corresponding expected spend for each channel j under
the optimal solution (z) to GL-OPT, respectively.

We first argue that (7}, p;) e is feasible to CH-OPT(Zp). Recall the optimal
solution }(7;, pj; 25) to V;(3;, pj; 25) for each channel j € [M] as defined in Eq.
(2.4), as well as the definitions V;(7;, p;; z;) = v} (7, 0 2;) and D;(7;, pj; 25) =
dx:(3;,pj; z;) in Eq. (2.5). Then, we have

- e~ ~ @) -

E[D;(3;,05:2)) = Eld]®;(3;,0); 2] < p; = E[dj®;(z))] , (A.2)
where (i) follows from feasibility of @3(7;, p;; z;) to V;(7;, pj; 2;). Summing over
J € [M] we conclude that (v}, p;);jecm satisfies the budget constraint in CH-OPT(Zp):

~ ~ ~ (%)
> E[D;(;,0552)) < > Eld]@(2)] <p. (A.3)
j€[M] j€[M]
Here (i) follows from feasibility of 2(z) = {x;(2;))};cv) to GL-OPT since it is the
optimal solution.

On the other hand, we have

- .~ Q) ~
Vi(35,05:25) = v (3,05 2) = v] T(z)) (A4)
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where (i) follows from optimality of x}(%;, p;; 2;) to V;(7;, pj; 2;). Hence, we have

—~

S EV@0552)] > Y E[v[T(z)] = 7)) E[d]Z;(z)]
JjeEM JjeEM JjeEM

(i0) o

> v ) E[D;(;, 5 %))
JEM]

=

(A.5)

where (i) follows from feasibility of €(z) = {Z;(2;))};e;n) to GL-OPT since it is the
optimal solution; (ii) follows from Eq. (A.2). Hence combining Eq. (A.3) (A.5) we
can conclude that (7}, p;) e is feasible to CH-OPT(Zp).

Finally, we have CH-OPT(Zg) > 3, E[Vi(3;, 555 2))] = X ien E [v) #5(25)] =
GL-OPT, where the last inequality follows from (A.5), and the final equality is

because we assumed Z(z) = {Z;(2;))};cn is the optimal solution to GL-OPT. [

A.1.3 Proof of Corollary 2.3.5

Proof. In light of Lemma 2.3.1, we only need to show CH-OPT(Zs) > GL-OPT. Let
(7, p) € L, and by definition of Zp in Eq. (2.2) we have 7; = 0 for all j € [M]. Since
(7, p) is feasible to CH-OPT(Zp), it is also feasible to CH-OPT(Z¢) since these two
problems share the same ROI and budget constraints. Because they also share the

same objectives, we have
CH-OPT(Zg;) > CH-OPT(Zp) = GL-OPT (A.6)

where the final equality follows from Theorem 2.3.4. O]

A.2 Additional material for Section 2.4

A.2.1 Proof of Proposition 2.4.1

Proof. Define jir = %Ztem we as well as A\p = %ZtE[T} At . Let (p})jen be the
optimal per-channel budgets to CH-OPT(Zp), then we have the following weak duality
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statement for any A\, p > 0:

(i)
CH-OPT(Zp) = Y _ Vi(p}) < Y_Vilp}) +A D (Vi) —ve}) +u|p— > 0
JEM]

JE[M] JE[M] JE[M]
(i)
< Y LA )+ pp

jE€[M]

(A7)

where (i) follows from feasibility of (p});enn to CH-OPT(Zp); (ii) follows from
the definition of the Lagrangian function in Eq. (2.7). We can further bound the

advertiser’s regret as followed:

T-GL-OPT-E | Y ) Vi(pj)

te[T] je[M]
Y MVK +(T - K)- CH-OPT(Zp) —E |3 Y Vi(ps)
t>K je[M]
(44) _ 5
< MVK+(T—K)- Y E[Li(p} M fir) + plir) =B | > ) Vilpja)
jE[M] t>K je[M)]
(444)
< MVK+pZE ,ut +ZZ pja)\talutﬂ
t>K t>K je[M]
- Z Z i(Pjer ) — X (Vi(pie) — i) + 1epsit]
t>K je[M]
(iv) _
< MVK -+ Z Z]E [Ej(p;f(t),ct) —Li(pjt, ct)] + Z (Aegie + 1egay) -
JEIM]t>K t>K

(A.8)

In (i), we first used the trivial upper bound V' on conversion functions in each channel
for the first K periods where we choose each of the arms once and pull that arm across
all channels. Then we applied GL-OPT = CH-OPT(Zp) from Theorem 2.3.4; (ii)
follows from the weak duality statement in Eq. (A.7) by taking A = Ap = £ > refr) At
and p = jir = 7 Zte pg; (iii) follows from the definition of the Lagrangian function in

Eq. (2.7) where we have £;(p;, ¢; z;) = (1+ M) Vj(pj: 2;) — (Ay + p)p;, and L;(p;, ¢) =

146



E[L;(pj,c; 2;)]; in (iv) we used the definition that pj(t) = argmax, o L;(p;,ct)
to be the optimal budget that maximizes the Lagrangian w.r.t. the dual variables

c; = (A, pie), and the definition g, = Zje[M] Vi(pje; ze)—ypje and goy = p_Zje[M] Pit
as defined in Algorithm 1. m

A.2.2 Proof for Lemma 2.4.2

Proof. Here, we would like to show that >, E[Ngi¢ + pegar] < O (T]T + %),
where we recall that g1, = > i (Vi(pses 26) — V050)s G20 = p— 2 jcpan Pit @and 1 > 0
the step size defined in Algorithm 1.

Now from lemma A.2.3, we have for any A > 0 and p > 0,

M2V 4++p)? 1
=g < BEEEIEE L (= 22 = (= A
nM?p® 1
(e — 1) goy < 5 + % ((/J —)® = (p— ,Ut+1>2>

Telescoping the above from ¢t = K + 1 to t =T, we get

M?*(V +p)? 1
S O Ay < LRI Ly
2 2n
t>K
nM?p? 1
Z(Mt—ﬂ)QQ,t < 5 'T+2—(N—M1)2~
t>K U

By taking A = p = 0 and recalling A\; = p; = 0, we get the desired bound in the

statement of the lemma. O]

A.2.3 Proof of Lemma 2.4.3

Proof. We first show for any realization z = (z;);jc = (v, d;) e[, the conversion
function V;(pj; z;) is piecewise linear, strictly inreasing, and concave for any j € [M].

Fix any channel j which consists of m; parallel auctions, and recall that we assumed
the orderding Z—i > Z;—z > > Z—:z for any realization z;. Then, with the option
where the per-channel ROI is set to 0 (i.e. omitted) Vj(p;; 2z;) is exactly the LP

relaxation of a 0-1 knapsack, whose optimal solution «}(p;; 2;) is well known to be
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unique [32], and takes the form for any auction index n € [m;]:

(
1 if Zn’e[n} djvn/ < Pj
* i— ’ d; s .
xj,n(PjQ zj) = Pj anej[::l] 3, if Zn’e[n} dj,n’ > pj (Ag)
0 otherwise
\

where we denote d;o = 0. With this form, we can see that when p; lies in between

> w1 G and > o djnr, the conversion functions is

‘/j(pj;zj) = IUT p]>zj - Z Vjn p]7zj)
n'/€[m;]
Pj — n'€ln— d',”/ n
D D IR R 2wepn1) 9 Y, b,
n’€[n—1] 7 I

. — ., Yim )
where we denote d;o = v;0 = 0 and also b;,, = Zn,e[n_l] Vi — 32 (Zn,e[n_” dy,n/)-

Hence, by using indicators to specify where p; lies, we have

Vilpjiz;) = v x(pj; )
Vi (A.10)
= > 7 Pt b | Hdjo+ -+ djn1 S pj S djo o F djn
néem;] am

Further, it is easy to check that any two line segments, say [X,_1, X,,| and [X,,, X,,41]

. . Vin _
where we write X,, = d;o + --- + d,,, intersect at p; = X,,, because aoPit bjn =

Uj n+1
] n+1

Lty + by at p; = X,,. Hence, from Eq. (A.10) we can conclude V;(p;; ;)
is continuous, which further implies it is piece-wise linear and strictly increasing.
Further, the ordering Zj—i > :Z_Z > > :Z_:j implies that the slopes on each segment
[ X, Xit1] decreases as n increases, which implies Vj(p;; 2;) is concave.

Since V;(p;) = E[V;(p;; z;)], where the expectation is taken w.r.t. randomness in
z;, and since the z; is sampled from some discrete distribution p; on finite support
F;, Vi(p;) is simply a weighted average over all (V;(p;: zj))zjeFj with weights in p;, so

Vi(p;) is also continuous, piece-wise linear, strictly increasing, and concave, and thus

148



can be written as in Lemma 2.4.3:

Vi(pi) = D (8jmpj + bjm) {rim—1 < pj <7jn},
n€[Ss;]

where the parameters S; € N and {(s;n, bjn, 7jn) fnefs;) only depend on the support
F; and distribution p; from which value-to-cost pairs are sampled. These parameters
satisfy sj1 > 80>+ > 555 >0and 0 =10 <rj1 <71j2 < -+ <71j5 = p, as well
as bj, > 08t 5,70 +b0jn = Sjnt17jn + bjn for all n € [S; — 1], implying V(p;) is
continuous in p;.

Finally, according to the definition of £;(p;,c) = E[L;(p;, ¢; z;)] and L,(pj, ¢; z;) =
(1+ XN)Vi(pj; z;) — (A + p)p; as defined in Eq. (2.7), we have

Li(pj,e) =1+ NVi(p;) — (A + wp; (A.11)

which implies £;(p;, ¢) is continuous, piece-wise linear, and concave in p; because
Vi(p;) is continuous, piece-wise linear, and concave as shown above. Combining Eq.

(A.11) and the representation of V;(p,) in Lemma (2.4.3), we have

Li(pje) = > (ojm(@)pj+ (1 4+ Nbjn) Hrjn1 < pj <7jn}. (A.12)

nelS;]
where the slope 0;,(¢) = (1 + A)sj, — (¢ + YA) decreases in n. Thus at the point
Tjns = max{r;, :n=0,1...,5;,0;,(c) > 0} in which the slope to the right turns
negative for the first time, £;(p;, ¢) takes its maximum value max, >o £;(p;,c). This
is because to the left of r;,«, namely the region [0, r; ], £;(p;, c) strictly increases as
the slopes are positive; and to the right of 7+, namely the region [r; -, p|, £;(p;, c)

strictly decreases. O

A.2.4 Proof for Lemma 2.4.4

Proof. We first present some definitions for convenience: denote ¢ = (\, ), ¢; =

(Ats pe), and z; = (v, dy). For any realization z = (v,d) = (v;,d;) e € Fi X ... Fy
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of values and costs across channels, define the dual function

Li(c;z) = max Vilpiiz) + A Y (Vilpsiz) —ve) +u | o= > p

Ry jen] Jem]

= up+ max Z Li(p;,c;z;).

i)jem) €[0,0]M
(pj) e €[0,0] e

(A.13)

From standard convex analysis we know that L4 is convex in (A, u), which implies for

any ¢ = (XN, 1)

(¢ —¢)"VL(c;2) < Ly(c;2) — Lylc; 2) . (A.14)

We prove the lemma by induction that

Qe )|l = e

-
ma e v+1
S CF . 1 + XZGFlX...FM +

MiNzeFyx... Py {Zje[M] (V}(p(z)u’; z) — 'VPj) P Zje[M} p(z),j}
(A.15)

Here, we utilized the existence of some (p();)jem € [0, p)M for any z according
to Proposition A.2.1 which states at per-channel budget profile (p(.);) e Slater’s
condition holds, i.e. ZjE[M] (Vi(pz)j: 2) —vpj) > 0 and p— Z e P(z)j > 0. Slater’s

condition also implies Cr > 1.

The base case for t = 1 is satisfied trivially since we take A\; = v; = 0 and thus
lei]] = 0 < 1 < Cp. Now assume ||¢;|| < Cp for some ¢t > 1, and we will show

|lei41]] < Cr by considering two different case:

Case (A): Ly(cy; z) > L4(0; 2,) + 17> M? ((V +p)* + PZ)- Define g; = (91,4, 92.¢)
where we recall g, ; = ZjE[M} (Vit(pji) —vpje) and gop = p — Zje[M} p;+. From Eq.
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(A.53) in the statement of Lemma A.2.3, we have for any A > 0 and > 0

A=Ax1)? < A=2)24+20 (A= \) gure + P> M2 (V + 4p)?

(= per1)® < (=) + 20— ) g1 + 0" M?p°.

By summing the two inequalities and taking A = pu = 0 we get

lewarl* < Nl +2n(e0)” g +0°2* ((V +30)° +7) (A.16)

< el + 1 (L£a(0; 20) — Lales; z0) + 77 M? (V +vp)* + p7)

—~
~

where in (i) we applied Eq. (A.14) with z = 2z; and used the fact that g: = (g1+, g24) =
VLi(cs; z).

Then from Eq. (A.16) and the assumption Lq(cs; 2¢) > La(0; 2:)+0>M?* (V + vp)? + p?)

we have
max{ A, i} < el < lled < Cr,

where the final inequality follows from the induction hypothesis.

Case (B): Ly(cy;z) < L4(0;2) + 7*M? (V +7p)* + p*). Under this case, we
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have

L4(0; z,) + nM>*V?

> Lai(er; zt)

9+ max, L;(p, ct; zt)
PECPT jetmy

(i4)

> pp + L(P(z,): Ct; 2t)

= > Vilpeagiz) A > (Vileeossz) —aps) H i | = D P

jelM] jelM] jelM]

> N Y (Vilpeogiz) =105) i | = D P

jeM] j€M]

> (Ae+ ) min Z (VJ (P(2).53 %) %OJ Z P(z).j

zeF1 X...Fy ;
JEIM] JEIM]

(A.17)

Here, (i) follows from the definition of the dual function in Eq. (A.13); in (ii) we
recall the definition of p(,) € [0, p] that satisfies the Slater’s condition in Proposition

A.2.1; in (iii), we used the fact that A, 4 > 0 and also under Slater’s condition we

have for any z, ZjE[M] (Vi(pez).j3 2) —vpj) > 0 and p — de 1P(2),5 > 0.

On the other hand, we have n?M? ((V + yp)? + p?) < 1 since in the statement of
the lemma we assumed 7 < m. Also, £4(0; 2¢) = max,ejo a3 jenn Vilpsi 2e) =
MaXzefy x... Fyy e'v. Hence combining this with Eq. (A.17) we get

MaXzer x. Fy €0+ 1

At < — =Cp—1,
Mz e Fyx... Fay {Zje[M} (VJ(P(z),ﬁ z) — 7Pj) P Zje[M] P(z),j}
(A.18)
which further implies A\;, u; < Cr — 1. Hence, we can finally conclude
At =N =ng1e), SN+ 1lg1a] < Cp =1+ nM(V +9p) < Cp (A.19)
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where in the final inequality we used the fact that nM(V + vp) < 1 since in the
statement of the lemma we assumed 1 < M\/ﬁ. A similar bound holds for
Htt1- L

A.2.5 Proof for Lemma 2.4.5

Proof. We fix some channel j € [M] and omit the subscript j when the context is
clear. Also, we first introduce some definitions that will be used throughout our proof.
Fix some positive constant ¢ > 0 whose value we choose later, and recall a; denotes
the kth arm in the discretized budget set A(9) as we defined in Eq. (2.9). Then we
define the following
Ai(c) = max L;(p;,c) — Lj(ax, c)
p;€[0,0]

C,= {c € {cthierm i = argmgxﬁj(pj, c)} forn=0...5;
P20 (A.20)

Clo) = {ce{ecthiem i 0; (¢) > a, |o](e)] >} forn=0,...,5;
_ 8log(T)

m(c) = A2(c) for V(k, ¢) s.t. Ax(e) > 0.

Here, the “adjacent slopes” o} (c) and o} (c), which are defined in Eq.(2.18), represent
the slopes that are adjacent to the optimal budget arg max, cjo, £;(p;,c) for any
context ¢ = (A, p). Further, S; and {r;,}e[s,) are defined in Lemma 2.4.3. Here we

state in words the meanings of Ag(e), C(g) and C,, respectively.

e Ay(c) denotes the loss in contextual bandit rewards when pulling arm a;, under

context c.

e (C, is the set including all context ¢; under which the optimal per-channel budget

arg max, >0 £;(p;, ¢;) is taken at the nth “turning point” r;,, (see Lemma 2.4.3).

e C(o) is the set of all contexts, in which the adjacent slopes to the optimal point
w.r.t. the context ¢, namely arg max, o £;(p;, ¢), have magnitude greater than

o, or in other words, the adjacent slopes are steep.
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On a related note, for any context ¢, we define the following “adjacent regions” that
sandwich the optimal budget w.r.t.c

U; (c) = [rjn-1,7j,] and L[;L(c) = [Tjn,Tjnt1) 1 ec€C,y. (A.21)

In other words, if ¢ € C,, per the definition of C, above, argmax, ¢, £;(p;,c) is
located at the nth “turning point” r;,, then U; (c) and U; (c) are respectively the left
and right regions surrounding 7 ,.

With the above definitions, we demonstrate how to bound the UCB-error. Define
Nyt = ZTgtq I{p;r = ar} to be the number of times arm k is pulled up to time ¢,

then we can decompose the UCB error as followed

Z ﬁj(ﬂ;(t)y ci) — Ej(/)j,t, c) = X1+ Xo+ X3 where

t>K

X = Z Z Ak(Ct)H{pj,t = A, Nk,t < mk(ct)}

t>K:c:¢C(o) k€[K]

Xo= > > A(e){pjs = ar, New < mi(er)}

t>K:ci€C(o) ke[K]

> Ale)lpje = ap, Ny > mi(er)}

ke[K] t>K

(A.22)

X3

In Section A.2.5, we show that X; < (5(5T +oT + %); in Section A.2.5 we show that
X, < O(6T + ==); in Section A.2.5 we show that X < 6(%)

Remark A.2.1. In the following sections A.2.5, A.2.5 and A.2.5 where we bound X1,

Xy, and X3, respectively, we assume the optimal per-channel p}(t) = arg max, c(o,, £;(p;, Ct)

lies in the arm set A(S) for all t. This is because otherwise, we can consider the

following decomposition of the UCB error in period t as followed:

L;(p;(t), ) — Li(pj, c) = Li(pj(t), ) — Ljlaf, e) + Lj(a;, er) — Li(pje, ¢t)
where a; = arg a;frelj}(is) Li(ag, ct)

The first term will yield an error in the order of O(9) due to the Lagrangian func-
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tion being unimodal, piecewise linear liner, which implies |af — pj(t)] < 0 so that
Li(p;(t),c:) — Lj(a;, ;) = O(3). Hence, this “discretization error” will accumulate
to a magnitude of O(6T) over T' periods, which leads to an additional error that is

already accounted for in the statement of the lemma.

Bounding X;.

Our strategy to bound X; consists of 4 steps, namely bounding the loss of arm a;, at
each context ¢ ¢ C(o) when a;, € U; (c) lies on the left adjacent region of the optimal
budget; a; < min U (c) lies to the left of the left adjacent region; ax € U (c) lies
on the right adjacent region of the optimal budget; and a; > max Z/{;r(c) lies to the
right of the right adjacent region. Here we recall the adjacent regions are defined in

Eq.(A.21).

Step 1: a, € U; (¢;). For arm k such that a, € U; (c;), recall Lemma 2.4.3 that
L;(a, ¢;) is linear in a for a € U; (1), so Ax(e) = 05 (cr) - (pj(t) — ax) < ap where we
used the condition that ¢; ¢ C(o) so the adjacent slopes have magnitude at most o,

and pj(t) < p. Thus, summing over all such k we get

Z Z Ay(e){p;+ = ar, Niy < my(cy)}

t>K:et¢C(o)  ke[K):arel; (cr)
< Z Z op-W{pj+ = ar, Niy <my(er)} < opT = O(aT) .
t>K:e¢Cla) ke[Kl:axe€l; (cr)

(A.23)

Step 2: a, < min U; (¢;). For arm k such that ax < min U; (¢;), we further
split contexts into groups C,, for n =0...95; (defined in Eq. (A.20)) based on whether
the corresponding optimal budget w.r.t. the Lagrangian at the context is taken at the
nth “turning point” (see Figure 2-2 of illustration). Then, for each context group n by

defining k" := max{k : a5 < 1;,-1} to be the arm closest to and less than r,,_1, we
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have

Z Z Ar(c)l{pjt = ar, Nyt < mp(ey)}

t>K:ct€Cn/C(0)  ke[K]:ap<minl] (ct)

4 Z Z Ar(e){pje = ag, Niy < mi(er)}

t>K:ct€Crn/C(o) k€[K]:ap<rjn-1

_ Z Z Z Ay(e){c, = ¢, pjr = ar, Npr < my(c)}

t>K ceCn/C(o) ke[K|:arp<rjn—1

(2) Z Z (Ak/(c)]l{ct =c}

t>K ceCpn/C(a)

Y Ad9He = e pi =k Ny S ma(e)})

kE[K]:ak<’l‘jﬁn_1—5

(A.24)

<4 Csd o) T Y > Adevile)
ke[K]:ap<rjn—1—0 c€Cn/C(a)

where in the final equality we defined Yi(c) = >, I{e: = ¢, pjr = ar, Ny < my(c)}.
In (i) we used the fact that the left end of the left adjacent region, i.e. minlf; (¢;) is
exactly 7,1 because for context c¢; € C,, the optimal budget argmax, ¢, Li(pj,ct)
is at the nth turning point; in (i) we used the definition &’ := max{k : ax < 7j,-1}
where we recall arms are indexed such that a1 < ay < .-+ < ag. Note that in
(ii) we separate out the arm aj because its distance to the optimal per-channel
may be less than ¢ since it is the closest arm, and thus we ensure all other arms
indexed by k € [K] : ap < 7j,-1 — 0, are at least 0 away from the optimal per-

channel budget; (iii) follows from the fact that under a context ¢ € C,,/C(c), we have

arg max,, efo,0 £;(pj, €) = rjn S0

Ak/<c> = ‘Cj (rjmv C) - Ej (Tj,nfla C) + Ej (ij,l, C) — £j<ak/7 C)
= 0;(e)(Tjn = Tjn-1) + Tjn-1(c)(Tjn—1 — ar)
< gp+0jn-1(€)d

< op+ (1+CFr)sjn-16,

where in (iv) we used ¢ € C,/C(c) implies 0 (¢) < g, as well as all r;,, < p for any
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n and the fact that &’ lies on the line segment between points r;,_o and r;,_; since
0 < minygps,) T — Tjw—1; i (v) we recall 0, 1(c) = (1 + A)sjn_1 — (1 +7A) <

(1+ CF)sjy—1 where CF is defined in Lemma 2.4.4.

We now bound »° . c(,) Ak(e)Yi(c) in Eq. (A.24). It is easy to see the follow-
ing inequality for any sequence of context c(yy,..., ¢y € {¢i}icrr) (This is a slight

generalization of an inequality result shown in [12]):
Yk(C(l)) + -+ Yk(C(Z)) S ;IZIE%XZ mk(c(g/)) . (A25)

This is because

D Yilew) = DD He= ey, pia = ar, Niw < milcw))}

vell t>K el

Z Z e = ey, pji = ag, Niy < E}E?Xemk(c(e/))}

t>K (e[l

= Z e € {cun}eoe, pjt = ar, Nyt < max my(cen)}
ISK

IN

IN

e

For simplicity denote L = |C,/C(c)|, and order contexts in ¢ € C,/C(c) as {cw) }ecir)
st. Ap(cqy) > Ar(ew)) > -+ > Ag(ew), or equivalently my(cqy) < mp(cp)) <

- < my(e(ry) according to Eq.(A.20). Then multiplying Eq. (A.25) by by Ax(cw)) —
Aj(cu41y) (which is strictly positive due to the ordering of contexts), and summing

(=1...L we get

Z Ag(e)Yi(c ZAk cw)Yr(cw) ka ) — Ax(ews)))

ceCr, /C(o) Le[L] Le[L]
i A - A (i1) o d
D 8log(1) Y lew) — Brlewm) Qg0 / =
te[L—1] Aklew) Arlew)) ©
_ 8log(T) i 8log(T)
Ax(er)) mincec, /c(0) Ak(c)
(A.26)
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8log(T) .
AR(e)

Here (i) follows from the definition of my(¢) in Eq. (A.20) where my(c) =
both (ii) and (iii) follow from the ordering of contexts so that Ay(cq)) > Ax(cp)) >
-+ > Ag(e(r)). Note that for any ¢ € C,/C(c) and arm k such that a, < 7j,-1, we

have

Ar(e) = Lj(rjm,c) = Lj(rjn-1,¢) + Lj(Tjn-1,¢) — Lj(ag, c)

> Lj(rjn-1,¢) — Lj(ar, c)

> Ojn-1(€)(rjn-1— ar)

(A.27)
> (0jn-1(¢) = 0jn(c)) (Tjn-1 — ar)
= (14 A) (Sjn-1 = Sjn) (Tjn—1 — ak)

> (Sj,n—l - Sj,n) (Tj,n—l - ak;) )

where in (i) we recall the slope ;,_1(c) is defined in Lemma 2.4.3 and further (i)
follows from concavity of £;(pj, ¢) in the first argument p;; in (ii) we used the fact
that 0, (c) > 0 since the optimal budget arg max, c(o,, £;(p;, c) is taken at the nth
turning point, and is the largest turning point whose left slope is non-negative from
Lemma 2.4.3; (iii) follows from the definition o;,/(¢) = (1 + \)s;» — (i + yA) for any

n'.

Finally combining Eqs. (A.24), (A.26) and (A.27), and summing over n =1...5;
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we get

Z Z A(e){p;+ = ar, Npy < my(cy)}

t>K:c ¢C(a) ke[K]:ap<minU; (ct)

- Z Z Z Ar(e){p;j+ = ar, Npy < my(ce)}

ne[S;] t>K:ct€Crn /C(a) kE[K}:ak<minMj_ (er)

< S (L +Ch)sznib+p)T+ Y 3 8 log(T)

(8jm-1 = Sjn) (Tjn—1 — ax)

nelss) nelS;] ke[Kl:ag<rjn-1-0
v K 8log(T)
< 1+ Cp)$jm_16 + po) T
< 2 it )T+ Y Y

nelS;] nels;] =1\ g

8log(T) log(K |

< 3 (U4 sy + po) T+ HBD10BID) 5~

nels;| 0 55 i1 = 8in)

= O(5T+QT+%).
(A.28)

Note that (i) follows because for all a; < rj,—1 — 0, the a;’s distances from r;,_; are
at least 9,30,20.... In the last equation, we hide all logarithmic factors using the
notation (5, and note that the constants Cp, (Sj’n)nesj, S; are all absolute constants
that depend only on the support Fj and corresponding sampling distribution p; for

value-cost pairs; see definitions of these absolute constants in Lemmas 2.4.3 and 2.4.4.

Step 3 and 4: q; € Z/l;“(ct) or a; > max L{f(ct). The cases where arm
ar € U; (¢;) and ax > maxU; (¢;) are symmetric to a, € U; (¢;) and a, < minl (¢y),

respectively, and we omit from this paper.

Therefore, combining Egs. (A.23) and (A.28) we can conclude

~ 1
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Bounding Xs.

We first rewrite X, as followed

Xoo = D> Aple)lpie = ar, Ney < my(er)}

t>K:c;€C(0) ke[K]

= > Y > > AueHea =cp = ar, Niy < mp(e)}

t>K ne(S;] ke[K] ceCrNC(o)

23 Y Y Adeile)

ne[S;] ke[K] ceCnNC(a)

(@) Z Z Z Ar(e)Yi(e Z Z Z Ag(e)Yi(c)

nelS;] eeCnnC(o) kelky ki) n€[S;] e€CanCla) ke[K]/{kn ki }
(iid)
< TO(1+Cp) Y (Sintsimi) + Y Y D Awle)ile).
nelsS;] n€lS;] eeCnNC(a) ke[K]/{kn k1}

(A.30)

where in (i) we define Yj(c) = > ,. x {er = ¢,pjr = ar, Niy < my(e)}; in (ii) we
separate out two arms k, and k; defined as followed: recall for context ¢ € C,, NC(a),
the optimal budget argmax, cjo,, £j(p;j, €) = 7jn is taken at the nth turning point
per the definition of C,, in Eq. (A.20), and thereby we defined k;, := max{k € [K] :
ap < rjn} to be the arm closest to and no greater than r;,, whereas k' := min{k €
(K] : ay > 7;,} to be the arm closest to and no less than r;,,; in (iii), for small enough
o< Min,e(s,] Tjn — Tjn—1, We know that &, lies on the line segment between 7,1
and 1, 50 Ay~ () = 05 (e)(1jn —ap-) < 05 (€)0 < (1+Cr)sj,—16, where in the final
inequality follows from the definition of o} (¢) = 0;,.(c) = (1 + A)sj, — (L + ) <
(14+XN)sjn < (1+ Cp)sjn where Cp is defined in Eq. (2.4.4). A similar bound holds
for Ay (c).

Then, following the same logic as Egs. (A.25), (A.26), (A.27) in Section A.2.5

where we bound X, we can bound ) ) Ar(e)Yi(c) as followed for any arm

ceCnNC(a

€ [K]/{k,,kt}, i.e. arms who are at least 0 away from the optimal per-channel
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budget w.r.t. c:

8log(T)
Mileec,nc(o) Ak(€)

> Aw(e)Yile) <

c€CrnC(o)

(A.31)

Now, the set k € [K]/{k, , k' } in Eq. (A.30) can be further split into two subsets,
namely {k € [K]:ay <7;, — 6} and {k € [K] : a, > rj,, + } due to the definitions
k, = max{k € [K] : ar, < rj,,} and k; := min{k € [K] : ay > r;,,}. Therefore, for

any k s.t. ar <1;, — 0 and any c € C, NC(a),
Ar(e) = Lj(rjn,c) — Lilar, €) > o7 (e)(rjn — ar) > a(1jn — ax),

where the final inequality follows from the definition of C(g) in Eq. (A.20) such that

o; () = (o) for ¢ € C(g). Hence combining this with Eq. (A.31) we have

Z Z Ag(e)Yi(e) < Z 0(87”L(—T62)

ki.[K]:ak<Tj,n*5 c€CnNC(0) ke[K]ap<ryn—6 " I (A.32)
(i) 8log(T) _ 8log(T)log(K)
S < ’

o ot 20

where (i) follows because for all a; < r;, — 0, the a;’s distances from 7,,_; are
at least 0,30,20.... Symmetrically, we can show an identical bound for the set

{k € [K]:ar >rj,+ 0} Hence, combining Egs. (A.30) and (A.32) we can conclude

~ 1
X, <O (5T + 5—) . (A.33)

a

Here, similar to our bound in Eq. (A.28) for bounding X, we hide all logarithmic
factors using the notation (5, and note that the constants Cr, (5jn)nes;, S; are all
absolute constants that depend only on the support F; and corresponding sampling
distribution p; for value-cost pairs; see definitions of these absolute constants in

Lemma 2.4.3 and 2.4.4.
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Bounding X;.

We first define
L=1+7)pCr+(1+Cp)V (A.34)

where CF is specified in Lemma 2.4.4. Recalling the definition Ax(c) = max,, (o, £;(p;, €)—
Li(ay,¢) in Eq. (A.20), and —(1+v)pCr < L;(pj,¢) < (1+ Cg)V for any p; € [0, p]

and context ¢ (see Lemma 2.4.4), it is easy to see
Ap(e) < L Vk € [K],Ve. (A.35)

Then we bound X3 as followed

X; = Z ZE [Ap(e){pj: = ar, Nii > my(c)}]

ke[K|t>K

< L. Z ZIP’ p]t—ak;th>mk(ct))

Kjt>K (A.36)
(i1) + N .
> SR (Viow) — 25y 4 008, () 2 a(65(0)
K] t>K t
>\ —"_ % k
— SR (1) 4 UCBj (0 (1), Niw > e )
1+ M\
where (i) follows from Eq. (A.35); in (ii), recall that we choose arm p;; = a;,

because the estimated UCB rewards of arm ay, is greater than that of any other arm
including pj(t) according to Eq. (2.10) in UCB-SGD (Algorithm 2), or mathematically,

Viilag) — ’\ﬁ&‘:t ay, +UCB, i (ag) > f/]t(p;‘(t)) )‘;f;f:t pj( )+ UCBj,t(p;(t)). Here we also
used the fact that pj(t) lies in the arm set A(d) for all ¢ (see Remark A.2.1).

Now let Rn(ak) denote the average conversion of arm £ over its first n pulls, i.e.

~

R, (a) = Vj.(ay) for 7 = min{t € [T] : N, = n} (A.37)

where we recall V; ;(a) is the estimated conversion for arm a;, in channel j during

period 7 as defined in Algorithm 1. In other words, 7 is the period during which arm
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~

ay, is pulled for the nth time so Rn(ak) =V (ax).

Hence, we continue with Eq. (A.36) as followed:

, Ay +
P(Vio(ar) - Hak + UCB;, (ax,)

" * A Y + * *
> Va5 (1) = S5 5 () + UGBy (5 (1). Ny > maler))
2 Ay + i
< P B Al M
< P, max  {Rofan) + 008 (ar) - S5}
: p o[ x x Ay + e (A.38)

> min_ {R(p5(0)) + 008 (65(0) = T3 050
< i Xt:ﬂ) R, (ay) + UCB,( )_M
>~ n Ak n\ Ak 1 + >\t ag

A e *(t))

> oo (55(1)) + UGB (1) = S

Now, when the event

~ Ay + ot A Ay + My
R, UCB, — ————a > Ry (p;(t UCB,/ (pi(t)) — ———pi(t
{ ot + 0B ~ 2 > R 0) + v0m(5500) — 22500
occurs, it is easy to see that one of the following events must also occur:

Gin = {Rn(ak) > Via) + UCBn(ak)} for n s.t. my(e;) <n <t

Gag = { R (p}(t)) < V(p;(t)) —UCB,(pi(t))} forn'st. 1<n' <t (A.39)
o At Ay +
G2 = {300~ 2525500 < Vilon) = 2 a2 vom, )}

Note that for n > my(c;), we have UCB,,(ax) = 1/ QIOi(T) < ) Heed) Akéct) since we

my(ct)
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defined my(c) = 8;5((3) in Eq. (A.20). Therefore
k

)_&7+m
14+ M
Aty + e

Vilax) - 1+ A\

-~

=L(ag,ct)

() . Ay e
= V(pj(t)) — §+—Attpj(t)

-~

=£(p; (t),Cz):maXaeA(5) C(a,ct)

‘G(ak ar + 2- UCBn(ak)

(053 —i—Ak(ct)

where (i) follows from the definition of A(c) = max,ca5) L(a,c) — L(ax, c) in Eq.
(A.20) for any context ¢. This implies that event Gs in Eq. (A.39) cannot hold for
n > my(c;). Therefore
P (afan) + 008, 1) — 205 0 > R 0) + 0B l45(0) - 50
14+ M J J T4+ "
< P(G1nUGauw) .
(A.40)

From the standard UCB analysis and the Azuma Hoeffding’s inequality, we have
P(Gin) § 1 and P(G,v) < 4. Hence combining Egs. (A.36) (A.38), (A.40) we can

conclude

Xs < > Z Z (Gin) + P (Go))

]CE[K] t>K n= ]’mk(ct)]—s—ln =1

DD D DD O (440

kE[K|t>K n=[my(ct)]+1n'=1

2KV 1
v _0(5—T).

IN

IA
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A.2.6 Proof for Theorem 2.4.6

Proof. Starting from Proposition 2.4.1, we get

T-GL-OPT-E | Y Y Vi(p)

te[T] je[M]

MVK + Z ZE [L;(p5(t), er) — L;(pje. )] + Z (Negis + puegay)  (A42)

JEM]t>K t>K

VAN

) _ 1 1
< MVK+O(QT+5T+U—5> +O(77T+E> ;

where in (i) we applied Lemmas 2.4.5 and 2.4.2. Takingn = 1/V/T,6 = =T~/ (i.c.
K = O(T"?) yields T - GL-OPT — E [zte ) 2ienn Vs (pjt)] < O(T?3). According
to Lemma 2.4.3, V;(p;) is concave for all j € [M], so

_ 1
O(T~3) > GL-OPT — T Z E Z Vi(pjt)
te[T] JE[M]
1
> GL-OPT - E ;ﬂ Vil 7 Z]pj,t
| J

> GL-OPT —E | > Vi(pr,)|

| je[M]

where in the final equality we used the definition pr as defined in Algorithm 1.

On the other hand, Lemma A.2.2 shows that

—O(l/\/T) < —Z 914 = —Z Z Vi(pje: ze) — pii)]

te[T) te[T] je[M]

= Z Z E[(Vi(pjt) = vps)]

te[T]ge[M]
S vl E ) v
. T
je[M] te[T te[T]

> Vilpry) —vpry) -

JEM]

—
IN=
=
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where in (i) we again applied concavity of V;(p;).

For the budget constraint, again Lemma A.2.2 shows

~OUNT) < 2 Elnd = 25 (o= S Eld| = - X Elpn)-

te[T] te[T] j€M] JEM]

A.2.7 Proof of Lemma 2.4.7

Proof. Recall in SGD-UCB-II for all periods t € T in Phase 1, we set the per-channel
budget for each channel as some constant § which we input to the algorithm, so that
910 =D jenr (Vi(Bi2) —7B) for all t € Ty. Consider the hypothetical version of SGD-
UCB-II where we ignore the budget balance condition B; + Mp > pT in step 2 of the
algorithm, and terminate phase 1 only when the condition Zt,e[t_l] g1 > VT log(T")
in Step 1 holds. Denote this hypothetical stopping time as T 1, defined to be

T, = min P Zy) VT log(T
fre Z[ZM 5(8;20) = 48) > VT log(T) } i

J/

-~

i=hy

It is easy to see that with probability 1, we have T 1 > T where we recall T3 is the
real stopping time of Phase 1 in SGD-UCB-II. Hence we have

P(T, > R) <P <ﬁ > R) (A.44)

Now, it is not difficult to see {h;}; where h; defined in Eq. (A.43) are i.i.d. random
variables, since the only randomness comes from the realization of value-cost pairs
{z:}1epr) which are i.i.d.. Further, for any ¢t € [T we have
(i) -
hei=>Y (Vi(Biz) = 1B8) 2 (= 7)B = h:=E[h]>((-7)B>0 (A.45)

JjeEM
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where (i) follows from Claim A.2.1 where we also defined § := min;ep min; cp, Z—i >y
under Assumption 2.4.3; in the final inequality we let A be the mean of the i.i.d. random
variables {h}ier-

We note that 73 > R implies that the sum of the first R h;’s do not exceed
VT log(T) (see definition of T in Eq. (A.43)). Hence, we have

[R]
P (T} > R) <P ;ht < VTlog(T)

[R]

= P (1) < VTlog(T) ~ [R] - h
[R] )

< P[> (h—h) < VTlog(T) — R(E )8
3 [R]

2 p Z(ht —h) < —VTlog(T)

(A.46)

—
=0
S
BN

~

INE
Nl

Here (i) follows from h > (£ — )8 in Eq. (A.45); (ii) follows from the definition that
R =2VTlog*(T) and 8 = @ s0 R(€—7)B = 2(6 —y)VTlog*(T) > 2v/T log(T) for
large enough 7" such that log(7") > #; (iii) follows from Azuma Hoefding’s inequality
given that h; € [0, MV] for any ¢ € [T]; and finally (iv) follows from T' > [R], and
log(T) > M?V? for large enough T. Hence, combining Eqs. (A.46) and (A.44) yields

the desired statement of the lemma. O

A.2.8 Proof of Theorem 2.4.8

Proof. The proof of this theorem consists of 3 parts. In Part I, we bound the global
budget constraint violation; in Part II, we bound the global ROI constraint violation;
in Part I1I, we bound the conversion error.

Part I. Bounding global budget constraint violation. The design of the
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SGD-UCB-II algorithm ensures that the per-channel budget decisions never sum up
to exceed p1'— Mp, so

—Z Zpﬂ_ (pT — Mp) < p.

te[Tz] je[M]

Part II. Bounding global ROI constraint violation. Recall the event £ =
{Ty > 2/T1og?(T)} defined in Lemma 2.4.7 where T} is the end period of Phase
1 in the SGD-UCB-II algorithm (see step 10). We consider two scenarios, namely
when event & holds and doesn’t hold. Recall g1 = >>;cnn (Vi(pses 2e) — vpj) €
[—yMp, MV].

When event £ holds, we consider the following naive bound

Z g1t ‘ El > -T~Mp. (A.47)

te[Ts]

When event £ does not hold, Phase 1 terminates within the first 2v/7 log®(T')
periods, i.e. T} < 2\/Tlog3(T), and the total spend balance at the end of Phase 1,

namely Bp, is at most

Br, =Y Y B=MBTy <2MVTlog*(T) < pT — Mp,
te[h] je[M]
where we recall in Phase 1, i.e. the first T7 periods we set each per-channel budget
to be [, and the final inequality holds for large enough 7. This implies that the
budget balance termination condition in step 2 of Algorithm 2 is not met, so Phase 1

terminates because the ROI buffer condition in step 1 of Algorithm 2 is met, i.e.

> g1 > VTlog(T). (A.48)

te[Ty]
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Now in periods t =T; + 1... T3, following the proof of Lemma A.2.2, we have

1> )

@ C
Z glt ()\Tl )\Tg) Z _TF == _CF\/T (A49)

3

Here, (i) follows from Lemma 2.4.4 such that 0 < A\, < Cp for any t € [T] for
some absolute constant C'r > 0 that only depends on the support of value-cost pairs
F =F| x...x Fy, and recall the SGD step size n = 1/\/T Hence, combining Egs.
(A.47), (A.48), (A.49), we have

E|Y gu| =E|> g1 |[E[PE)+E| D gie | E| P(E)
te[Ts] te[Ts] te[Ty)
> —T~yMp-P(E)+E Zgu ENP(E) (A.50)

te[Ts]
> —Mp+ (VT log(T) - CpVT) B (€°)

2 0 9

where (i) follows from Lemma 2.4.7 which states PP (€) < 7; in (ii) we used the fact
that for large enough 7', we have log(T) > —Cp, and P () > 1 —1/T > 1/2 so
—yMp+3 <\/Tlog(T) — CF\/T> > 0 since log(T") > C’F+27—\/A%p for large T'. Therefore
Eq. (A.50) implies

E 1> (Vilpse) —vpia) | 20 (A.51)
te[Ts] je[M]
Finally, we have
_ Q) 1
DEVE) —ap] = FE| X0 Y (Vile) =0 | 20
JE[M] te(Tz] je[M]

where (i) follows from concavity of V;(p,) according to Lemma 2.4.3.

Part ITII. Bounding conversion error. We first show that T'— T, < M + CTF\/T
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where C'r is an absolute constant independent of T" defined in Lemma 2.4.4 and 715 is

the

the

last period of the algorithm.

If T, = T, the inequality T—T5 < M+CTF\/T holds trivially. Assume Ty < T, the by
algorithm’s termination criteria we have pT' < Bp,+Mp = Mp+Zte[T2} Zje[M] Pits

where we recall the definition of the spend balance By = ey 2 e Pi- Now,

recalling go¢ = p — > jcup Pjts We have

where (i) follows from the proof of Lemma A.2.2 such that ZtTil Got > (M = Apy) >

(@) C
pl < Taop — Z Gos+ Mp < Top+ —+ Mp
te(Ty] g (A52)

C
—T T, <M+ EVT.
p

(#2)

-

—% = —CpVT, and (ii) follows from Lemma 2.4.4 such that 0 < )\, < Cp for any

t €

[T] for some absolute constant Cr > 0 that only depends on the support of

value-cost pairs F' = F| X ... X Fy, and recall the SGD step size n = 1/\/T

So far, we have shown that T'— T, < M + CTF\/T Next, we bound T'- GL-OPT —

E > i) 2iepm V~(pj,t)} using this result. Recalling the event £ = {T} > 2v/T log*(T)}

defi

< E [T.GL-OPT ‘ 5} PE)+E|T-GL-OPT— 3 3 Vi(p0)

(i

<

ned in Lemma 2.4.7, we have

T-GL-OPT-E | Y Y Vi(pj)

te[T>] je[M]

EC

te[T»] je[M]

) =
< MV4E|(Ti + T~ T) - GL-OPT + (T, = T1) - GL-OPT = 3~ 3" Vi(py)| &

t=T1+1 je[M]

C

;o -
< MV 4+ MV (zﬁlog3(T) + M+ —F\/T)

p

Ty
+E [(T—T1)  GL-OPT — > )" Vi(p)| £°

t=T1+1 ]E[M]

)
O(T??3).
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Here, (i) follows from Lemma 2.4.7 s.t. P(€) < &; in (ii) we used the fact that under

T
event £¢ we have T} < 2/T'log®(T) and also Eq. (A.52) that bounds T — Tb; in (iii),
the term (7, — T}) - GL-OPT — ZtTiTlﬂ jen Vi(pje) represents the convergence

loss for UCB-SGD in Algorithm 1, which is in the order of O(T?/3) according to
Theorem 2.4.6.
Finally, using concavity of V;(p;) as illustrated in Lemma 2.4.3, we have GL-OPT —

B | Ejen Vips)| < GL-OPT = 2B | ey Lien Vj(Pj,t)] < O(=T"?) O

A.2.9 Additional Results for Section 2.4

Assumption 2.4.2 ensures that for any realization z = (v,d) there must be some
per-channel budget allocation that allows the advertiser to satisfy her ROI constraints

as illustrated in the following proposition

Proposition A.2.1 (Slater’s condition). Assume Assumption 2.4.2 holds. Let z =

(v,d) = (vj,d;)jepn € Fiy X ... Fiy be any realization of values and costs across all
channels, then there exists some per-channel budget allocation (pe);)je € [0, pI™
s.1. ZjeM Vi(p(z)5:2) > ’YZ]‘EM P(z),; and Zje[M] P(z).j < P-

Proof. Under Assumption 2.4.2, it is easy to see for any realization of value-cost pairs
z = (v}, d;) cqu) there always exists a channel j € [M] in which there is an auction

n € [m;] whose value-to-cost ration is at least v, i.e. v;,, > vd,,. Since we assumed

V4 . . .
2™ we know that -2t > Zin
' dji = djn

the ordering =+ > 222 > ... > > ~. Now, in Eq.
T 7y

(A.10) within the proof of Lemma 2.4.3, we showed

dj,nLj

Vilpj: z;) = v] @} (p;; z5)

Vin
= 2 <J+W + bjm) Hdjo+ -+ djna <pj <djo+ - +djn}
]

TLE[mJ‘ 2

where bj, = >, cp1) Vin — ZZ_Z : (Zn,e[nfl] dj’n/> and d;jo = v;o = 0. Hence by
taking p; = p for some p < min{d;, p}, we have V;(p; z;) = Z?—’i,o > ~p. Therefore,
P P P L= P
constructing p(z); = (0,...,0,p;,0...0) for p; = p satisfies >\ Vi(p(z):2) >
VD jem Pz and 3 ic i Pz) < p- O
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Lemma A.2.2 (Approximate constraint satisfaction). Assume Assumption 2./.2

holds. If Algorithm 1 is run with stepsize n = 1/\/T such that n < L

M/ (V4p)2+p2

then we have

1 1
? Z g1 Z —Cp/ﬁ and T Z 92t Z —Cp/ﬁ

te[T) te[T)

where we recall g1y = Zje[M] (Vi(pjes 2t) = Vpjt)s Gop = p — Zje[M] pits and Cr >0
1s an absolute constant defined in Lemma 2.4.4 that depends only on the support

F=F x...Fy.
Proof. According to the dual update step in Algorithm 1 wee have
Air1 = (A — 7791,15)Jr > N — NG1y

Summing from t =1...7 — 1 and telescoping, we get

M>M=nY gi=-nY g

te[T) te([T]

From Lemma 2.4.4, we have Ay < Cr for some absolute constant C'r > 0, therefore

we have
S > -Cr
te|T) U
since we take n = 1/+/T. A similar bound holds for Zte[T] 92t ]

Lemma A.2.3. Let (N, ji)icrr) be the dual variables generated by Algorithm 1. Then

for any A\, u > 0 we have

A=A)? < A=A +20 (A= \) g1t + *M*(V +~p)?
(A.53)

(M - ,ut+1)2 < (M - /~Lt>2 +2n (N - Mt) g1t + 772M2/02‘72 )

where we recall gy =325y (Vie(pia) = 7pie) and gop = p = 3 cia Pit-
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Proof. We start with the first inequality w.r.t. A;’s. We have
(A=A g1e = Aer1 = A) gre + (A — A1) g1t - (A.54)

Since i1 = (Ay —1g14) . = argminy>o (A — (A — ngre))” (see Algorithm 1), for any

A > 0 we have

O 7791,t)) (A= A1) 2 0.
by rearranging terms in (A1 — (Ar —ng14)) - (A — A1) > 0, we get

1
(Ap1 = A) g < E(At—i-l —A) (A= A1)
1

= % (()\ — )\t)2 - ()\ - >\t+1)2 - ()‘t+1 - >‘t)2) )

where the equality can be checked easily by expending terms apart. Plugging the
above back into Eq. (A.54) we get

1
Me=Ng1e < A= As) g+ 5= (A =2 = (A= Xg1)” — (A1 — X))

2n
Y LS 1 (A=) = (A = A)?)
= 27Lt T op
(@) M2V +~p)2 1
< n ( 7p> 4+ (()\_)\t)2 - ()\_)\t+1)2> 7

- 2 2n
(A.55)

where (i) follows from (A — A1) g1e = 5, (Aer1 = Ae)* < 397, using the basic inequality
ab < 3a* + 3b? with o = +(\1 — A)? and 0% = g7 ; (ii) follows from the fact that
Viu(pje) < Viorany j € [M]andt € [T]so —Myp < g1y < MV so g7, < M*(V47p)2.

Rearranging terms yields the first inequality in Eq. (A.53).

Following the same arguments above we can show for any p > 0 we have

nM?p® 1
5 + % ((N - Mt)2 - (N - Mt+1)2) .

(Mt - ,U) g1 <
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]

Proposition A.2.4. Under Assumption 2.4.2, the advertiser’s per-channel only budget

optimization problem, namely CH-OPT(Zg) is a convex problem.

Proof. Recalling the CH-OPT(Zg) in Eq. (2.3) and the definition of Zp in Eq. (2.2),
we can write CH-OPT(Zg) as

CH-OPT(Zp) = max ZV p;)

(pi)jein €T
8.8, Z Viloy) 27 D p; (A.56)
jEM jEM
Z p; < p.
JEM]

Here, we used the definition V;(p;) = E[V;(pj; 2;)] in Eq. (2.5), and D;(p;; z;) = p;
for any z; under the budget depletion Assumption 2.4.1. According to Lemma 2.4.3,
Vi(p;j) is concave in p; for any j, so the objective of CH-OPT(Zp) maximizes a
concave function. For the feasibility region, assume p; and p) are feasible, then
defining pff = 0p; + (1 — 0)p); for any 0 € [0,1], we know that

S () =) = X (Vi) + (1= 0)Vi(6}) )

JEM JjeM
= 0> (Vilpy) —vp)) + (1=0) D> (V;(p}) = v0))
jEM JjeEM
(i1
> 0

where (i) follows from concavity of V;(p;) and (ii) follows from feasiblity of p; and
p;. On the other hand it is apparent that >, pj < p. Hence we conclude that for
any p; and pf; feasible, p = 0p; + (1 — 0)p); is also feasible, so the feasible region of
CH-OPT(Zp) is convex. This concludes the statement of the proposition. O

Claim A.2.1. Assume Assumption 2.4.3 holds, then for any channel j € [M] and
value-cost realization z; = (’vj, d;) € F;, we hcwe - > . This further implies that

§ = minjepy) ming e, d > . Further, let f = ;T) Then, for large enough T we
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have V;(5; z;) = %ﬂ > & for any realization z; € F).

Proof. Under Assumption 2.4.3, we know that for any realization of value-cost pairs

z; = (v;,d;) there always exists an auction n € [m;] in this channel whose value-to-

Uj,m

. Y
d],7nj

we have 23_1 > v. In Eq. (A.10) within the proof of Lemma 2.4.3, we showed that
7,1

cost ratio is at least 7, i.e. vj, > vd;,. Under the ordering 7= > 22 > ... >
Js s

for any realization z; € F}, Vi(pj; 2;) = %pj for all p; < d;,. Hence we know that
e
when T is large enough such that g = @ < minjep ming e r; dj1, we always have

Vi(B; z;) = Z—iﬁ > 0. O

A.3 Additional material for Section 2.5

A.3.1 Proof of Lemma 2.5.2

Proof. Before we show the lemma, we first show the following claim is true:

Claim A.3.1. Recall vj,(1) > ... > v;,(L;,) >0 and d;,(1) > ... > d;,(L;,) >0
for any channel j € [M] and auction n € [m;]. If auction n in channel j has
increasing marginal values, i.e. for any realization z; = (v, d;), for any n € [m;] we

i (0=1)=vjn(£) URAC) :
&) —d, n(0) () also decreases in {.

have decreases in ¢ then

Proof. We prove this claim by induction. The base case is £ = L, ,,: it is easy to see

Vin(Ljn = 1) = Vjn(Ljn) _ Vin(Lin) _ Vin(Ljn =1) _ Vjn(Ljn)

djm(Ljn — 1) = djn(Ljn) ~ djn(Ljn) djn(Ljn — 1)~ djn(Ljn)

) vjn (£+1) (Ljn)

Now assume the induction hypothesis Z?Z(E) > e > > % Then, we
have
Uj,n(£) > 'Uj,n(‘g + 1) dj,n<€ + 1) - dj,n(f) > Uj’n(f + ].) — Uj,n(f)
djn(l) ~ djn(l+1) djn(l) Vjn(€)
dj,n<£) — dj,n(g + 1) < Uj,n(g) — 'Ujm(g + 1) (A57)
djn(l) Vjn(€)

Vjn(€) < Vjn () — vj (L + 1)
din(0) ~djn(l) —djn(0+1)

.
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(2 decreases in ¢ we have

Vjn(l —1) —v;,(€) - Vjn(l) —vjn(0+1) O v;,(0)

djn(€=1) = djn(l) = djn(l) = djn(C+1) = djn(f)

Vi (€ = 1) (@) vjn(0)

— ,

dj,n(g - 1) dJ,n(g)
where (i) follows from Eq. (A.57), and (ii) follows from the fact that 4 > £ for
A, B,C,D > 0 implies gi—g > £ where we let A = v;,,(¢ — 1) — vjﬁn( ), B =
din(l —1)—d;,(0), C =vj,(¢) and D = d;,(¢). This concludes the proof. O

Now we prove Lemma 2.5.2. Similar to the proof of Lemma 2.4.3, we only need
to show for any realization z; = (v;,d;) e, the conversion function V" (p;; 2;) =
'vTa:* "(pj; z;) where m;’+(pj; z;) is defined as Eq. (2.21) is piecewise linear, continuous,
strictly increasing and concave.

For simplicity we use the shorthand notation x; = w;’+(pj; z;) €0, 1]2”6["‘ ) B

as the optimal solution to Vj*(pj; z;), defined in Eq. (2.21). By re-labeling the auction

.. . . vi1(1) _ vj2(1) m; (1)
indices in channel j € [M] such that dj:(l) > dj;(l) > > dj',m—j(l) we claim that
takes the following form:
(
1 if =1 and ZnEn] (1) < p;
x;yn(ﬁ) — < pj_zn/dej['r;z;])dj,n/(l) lf g — 1 and Zn en] (1) > p] (A58)
0 otherwise

\

which is analogous to that of Eq. (A.9) in the proof of Lemma 2.4.3. In other words,
in the optimal solution, an advertiser would only procure impressions who are in the
first position in each auction, and also those with high value-to-cost ratios. With the
above representation of 7, the rest of the proof follows exactly from that for Lemma
2.4.3.

[t now remains to show that Eq. (A.58) holds. We first argue by contradiction that

in any auction, no impression other than the first would get procured, i.e. x},(¢) =0

for any ¢ € 2...L;,. Assume there exists some auction n € [m;] and impression slot
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0" €2...Lj, such that x7,(¢') > 0, then by the constraint that at most 1 impression

can be procured, i.e. > .. 125,(f) < 1in Eq. (2.21), we know that 27 ,(1) < 1.

J

Also, note that x7,(¢') incurs a cost of d;,(¢') - z7,(¢') amongst the total per-channel
budget p;. If we instead use this cost on the first impression, then we will obtain a
value increase of

djn(l') - 25, (¢)
djn(1)

) () = dy(£) () (’Uj,n(l) B vj,n@')) >0,

Vi (L) - din(1)  djn(l')

where the final inequality follows from the assumption that x7 ,(¢') > 0, and the multi-
item auction has increasing marginal values (see Definition 2.5.1) so Claim A.3.1 holds.
This contradicts the optimality of 7, and hence 7 ,(¢) = 0 for any £ € 2... L;,, or in
other words, a channel will only procure impressions ranked first. Hence, a channel’s
procurement problem in Eq. (2.21) can be restricted to the first impression in each
auction, and thus similar to the proof of Lemma 2.4.3, is an LP-relaxation to the 0-1
knapsack with budget p;, and m; items whose values are v;1(1) ... v;,, (1) with costs

din(1). . djm, (1). O
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Appendix B

Supplementary material for Chapter 3

B.1 Additional material for Section 3.3

B.1.1 Proof for Proposition 3.3.1

Let Q¢(+) be the distributions of a buyer’s valuation when we condition on the feature
vector x;. Further, let @, (-) be the distribution of v, , which is the second highest
valuation at time ¢. Then, we have Q;(z) = F(z— (5, 2)) and Q; (2) = F~(z— (5, x1)).
When N > 2 and all buyers bid truthfully, according to Equations (3.2) , the seller’s
expected revenue conditioned on x; by setting reserve price ry is:

revi(r;,) = E [max{rt,vt_}ﬂ{v;“ >} | xt,rt]

(B.1)
= E[rI{v] >re> v} +o o) > o7 >} | @],

where v;" is the highest valuation at time t. The first term within the expectation,

conditioned on z; and ry, is

E [rI{vy > r > v} | @, = 7N [Qulr)]Y L — Qulre)] (B.2)

where we used the fact that r; is independent of v;” and v, since the seller sets reserve
price r, based on only the past history H;_1 = {(r1,v1, 21), (r2, v9, ), ..., (ri_1, 041, 4-1) },

and both v;” and v, , conditioned on z;, are independent of the past. The second term
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within the expectation of Equation (B.1) is

E [Ut H{Ut > v, >} | xhrt]
=K [vt v, >r} | xt,rt]
= E[(v; —r)l{vy > r} | z,r] + B oy >} | 2y, ]

3

_ /0 vy —r > 2)dz+ 7, [1— Qf (ry)]

_ /°° [1—Q; ()] dz + 70 [1 - Qr ()]

— Efor | zr] —/” 1= Qi (2)] dz + 7 [1— @y (r)]

— B[ [a] + [ Q)= nQr(n). (B3)

Note that the integration starts from 0 because all valuations are considered to be

positive. Since F~(2) := NFN71(2) — (N — 1)FN(2) for any Z € R, we have

Qi (r) = NQi(ro)]" " [1 = Qu(r)] + [Q:(r)]™ . (B.4)
Hence, combining Equations (B.1), (B.2), (B.3), and (B.4), we have
revi(r) = E[v; | z] +/” Qr (2)dz — ¢ [Qu(re)]™

= Eo |+ /tF(z —(Boa)dz — i [F(r — (Bya0))]
/ dF~(2) + (B, 72) +/0” F(z— (B,a))dz — 1 [F* (ro — (B,21))] -

O

B.2 Additional material for Section 3.4

B.2.1 Proof of Theorem 3.4.2

We first introduce some definitions that we will extensively rely on throughout our

proof of Theorem 3.4.2. We start off with the “good” events &1, §,,, and EZH for

180



¢ > 1 in which the estimates of 8, F'~ and F'* are accurate:

= J
Sor1 = {HBEH =Bl < = : } (B.5)
v/ 2d 1og(| Ey|)€max NLiapax + 1)z

where 0, := 7
ovN|E£| ‘EEP\(%
_ ~_ _ cr +NL
§i = {’Fé+1(z) - F (2)‘ < 2N? <'Y€ + cpop + W)} ; (B.7)
cg+ NL
5£+1 {’ (2 — Ff(z )‘ < N(W—l—q@—i—#)} , (B.8)

where @y is the maximum possible corruption, vy = +/log(|E¢|)/v/2N|Ee|, A2 is
the minimum eigenvalue of covariance matrix 3, and ¢; = sup,¢i_. o f(2) >

INf e[ emunsema] f(2) > 0. Furthermore,

_ log (v, VI E[* — 1) log (| £])
Ly = =0(——— ),
log(1/n) log(1/n)
where |Ey| = T2 is the length of the ¢ phase.
We also define the event that the number of periods in phase E, during which
buyer ¢ submits significantly corrupted bids is bounded by L;:

Giv:={|Sie| < L} . (B.9)

Here, S; ¢ = {t € Ey:la] > } is the set of all periods in phase F, during which

\EI

buyer 2 extensively corrupts her bids.

We are now equipped to show Theorem 3.4.2 according to the following steps:

(i) Decompose the single period regret into Rgl) and R,EQ), where Rgl) bounds the
expected revenue loss due to the discrepancy between the actual reserve price r,
and the optimal reserve price r; and Rgz), which bounds the expected revenue
loss due to allocation mismatches. Note that Rgl) is a result of the estimation

inaccuracies in 3, F~ and F''.

(ii) Bound Rgl) using Lemmas 3.4.1, B.2.1, B.2.2, and B.2.3.
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(iii) Bound R using Lemmas 3.4.1 and 3.4.4.

(iv) Sum up Rgl) and R§2) to bound the cumulative expected regret over a phase Fj

and the entire horizon 7.

(i) Decomposing single period regret into Rgl) and thz): According to the
NPAC-S policy detailed in Algorithm 3, the expected revenue in period t is given by

revy(ry) = E[max{bt_,ﬂ}ﬂ{bf > 73 HI{no isolation in ¢}

B.10
+ Z ryI{b;, > ry }I{i is isolated} | xy, 7], ( )

1E€[N]

where the expectation is taken with respect to {(z, €+, i) }repicin) and 73, ry are

defined in Equations (3.6) and (3.7) respectively. Hence, the regret is given by

Regret, = E[REV} — rev;(r)]
= E [max{v, , r; }I{v;” > r;} — revy(ry)]
= (B [max{v;, 7 }{v;” > r7}] — E [max{v; , 7 }I{v;" > 7 }I{no isolation in t}])
+ (E [max{v; , 7 }I{v;” > 7 }I{no isolation in ¢} — rev;(r;)])

= RY 4R (B.11)

where the expectation is taken with respect the context x; ~ D and the randomness

in r4; 7 is the optimal reserve price (defined in Equation (3.4)) if the seller has full

knowledge of F' and 3; and we defined:

RV = [max{v, , 7 }{v;” > r{}] — E [max{v, , 7 }I{v;" > 7 }1{no isolation in ¢}
R =FE [max{v,, 7 }I{v;” > 7;:}I{no isolation in ¢} — revy(r;)] (B.12)

(ii) Bounding Rgl): We start by upper bounding Rgl) for a period t € Fy4

182



where ¢ > 1.

RY = E [max{v,", 7} {v;} > r;}] — E [max{v; , 7 }I{v;” > 7 }I{no isolation in ¢}]
= E [(max{v; , v} }I{v;” > r;} — max{v; , 7 }I{v;” > 7}) I{no isolation in ¢}]

+ E [max{v; , r; }I{v;" > r;} (1 — I{no isolation in ¢})]

~ ~ 1
= E [max{v, , r} }I{v} > r;} — max{v; , 7} [{v;” > 7 }] (1 - —)

| Ee|
— * * 1
+E [max{vt , T }]I{vtJr > 7} H . ]F
ol
< E [max{v;, r}{v; > i} — max{v;, 7 H{vf > 7)) + o (B.13)

|E|

where the third equality is because an isolation event is independent of any other event,

and the final inequality follows from a simple observation that max{v, ,r; }I{v;” >

77} < Umax-
For simplicity, we define
ﬁﬁ” = [maux{vt_,7“2}]1{1;2r > ri} — max{v, , 7 J{v,” > 7} ‘ a:t,?t] ,

so Equation (B.13) yields

| Ed|

where the expectation is taken with respect to the context x; and reserve price 7;.
Notice that max{v; , r; }I{v;” > r;} — max{v; , 7 }I{v;” > 7} is exactly the revenue
difference revy(r}) — revy(r;) had the seller set reserve prices r; or r, when all buyers

bid truthfully. Hence, by applying Proposition 3.3.1 we obtain

*

RO = / " (e = {Bua)dz — ot [F(rt — (1))

_ /0 F~(z = (B,2))dz + 71 [F* (7 — (B,2,))] .

Note that we can apply Proposition 3.3.1 because 7; is the reserve price set according
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to the NPAC-S policy when no isolation occurs, and only depends on the current

context z; and the past H;_1 = {(r1,b1,21), (12, b2, 22), ..., (r4—1, bs—1,24-1) }.

By defining y, := (8, 71), ¥ <ﬁ€a$t> and

ey, FOFO) = [ PO yds—r [FOG-y)] . (B1)
0
we can rewrite 7%1(51) as the following:

R = E [max{o; i} H{of > 7} = max{vp, BIHv! > 7} | 20,7
= pt(Tz(aytvF_aF+) _pt(?tvytaF_>F+)

= Pt(rt*’?/t»F_aF—F) _pt(Tra/y\taF_aF-i_)

+pt(r:7/y\t7F_7F+> _pt(T27yt7Fg+17Fg+1) (B16>
+ pe(r e:LpFeL) - pt(ﬁ,yt,FgH;FgH)

(ry,
+ p (T yt>F£+1>F£+1) pe(Te, e, F~, F)
(7

+pt Ttath F ) pt(?hytaF_vF—i_)'
We now invoke Lemma B.2.3, where we show that when events 1, §,, | and §£++1

(see definition in Equation (B.5),(B.6), (B.7) and (B.8) ) happen for some phase ¢ > 1,

we have for r € {r},7;},

D) |pe(r,ye, F=, FT) — pe(r, gy, F—, FY)| < 3rcsN?6, as.
(>|p(7y7 ) Pe\Ts Yt, ) f

.. ~ _ L
(11) pt(r7 Y, F 7F+) - pt(ra Yt, Fﬁ-t,-l’ F£+1> S STNQ (IVZ + Cf5€ + j“;‘ |Z> a.s.

Note that the first inequality bounds the impact of errors # and the second bounds
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the impact of errors in the distributions. Applying these bounds in (B.16), we get

g {riNEL N} < 307 +T)er N

cr+ Lg)

+ 3(r} 4+ 7)) N? (W + ¢+ 7z

+pt(r:’yt7F€+17F€+1) pt(?t’ytvFé+17Fé+1)
(B.17)

We recall that the seller’s pricing decision 7; when no isolation occurs is defined in
Equation (3.7), and realize that in fact 7, = arg max, ¢ (o,u,...] P¢(7: Ut Fe+17 Fgﬂ) So,
by the optimality of 73 and 7} < vy, We obtain the fact that pi(r}, yi, Fe+1v Fe+1)
(Tt Ut Fé+1> FZ+1) < 0. Using this inequality in (B.17), we get

Vor{eng  neLL)

L
< 6vmaxch2(5g + 6V N2 (w +cpop + i ‘; | 6)
¢

log(| Eel) Lat Ly

V2N|Ey| | Ey|

6Umax N3 10g(|Eg|> 6UmaXN2(Cf + Lz)
V2E, | | ’

= 12vmaxch2(5g + 60U N2 (

(B.18)

= 12UmaXCfN2§g -+

where we used the fact that 17,7, < wvpax in the inequality. Note that L, =

log (vpax N | E|* — 1) /log(;) = O (log(T")/ log(1/n)), since we recall that |E,| = T2

To complete the bound for REI) in period t € E;,1, we continue to bound Equation

(B.14):

() « g [RpM] . Ymax

R < _Rt}+|E£|
= B[R 1{en 0 60 N + B[R {0 U )"V (60) )] + 755
< BRY 1{en 06 N} + vmacP (€ U (620)" U (647 + 5

6Umax/ N log(| Ey|) | Y (6N?*(cy + Ly) + 9N + 15d +9)

V2E, | Ee| 7
(B.19)

S 12UmafoN25£ +
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where the second inequality follows from a simple observation that féﬁl) < Umax almost

surely, and the third inequality uses Equation (B.18) and Lemma B.2.4, which shows
P (U (&1) U (E54)") < (ON +15d+8)/| B,

(iii) Bounding R\”: So far, we have bounded R\" for t € Ey,q (¢ > 1), and will
move on to bound RgQ) defined in Equation (B.11) for t € Ey for any ¢ > 1 . We define

bt , =maxb;; and v, , =maxv;,, (B.20)
A D A D

which represent the highest bid excluding that of buyer i, and the highest valuation
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excluding that of buyer ¢, respectively. We then have

R
= E [max{v; , 7, }I{v;” > 7, }I{no isolation in ¢} — rev,(r;)]
< E [max{v, , 7 }I{v;} > 7, }1{no isolation in ¢}]

— E [max{b; , 7 }I{b} > 7, }I{no isolation in ¢}]

1

= (B [max{v;, 7)o} > 7}] — E [max{t;, RI{E > 7Y]) - (1 _ ﬂ)

< E [max{v;, 7} I{v; > 7}] — E [max{b; , 7 }I{b; > 7,}]

= Z E [max{v, , 7 }[{viy > max{v?,,, 7 }} — max{b; , 7 }I{b;; > max{b’,; 7 }}]

1€[N]
= Z E [max{v;,?t}]l{max{vfi7t,ﬂ} < < max{bfivt?t}}}
i€[N]

— Z E [max{v[,ﬂ}]l{max{bfuﬂ} <y < max{vfi,t,?t}}]

1€[N]
+ ) E [max{v;, 7} {vi; > max{b", 7 }} — max{b; , 7 }1{b;, > max{b*, ;7 }}]
1E€[N]
< Z E [max{v, , 7} {max{v’, ,, 71} < vy < max{b*,; 7:}}]
1€[N]
+ Z E [max{v;,ﬂ}]l{viyt > max{bfi7tﬂ}} — max{b, , 7 }I{b;; > max{bfi’tﬂ}}]
1€[N]
< Z Vmax[E []I{max{vfiyt,?t} < < max{bfi’tﬂ}}]
1E€[N]
+ ) E [max{v;, 7} {vi, > max{b®, 7i}} — max{b, , 7 }I{b;, > max{b", 7} }] |
1€[N]

(B.21)

where the first inequality follows from Equation (B.10); the third inequality is due to
the fact that -,y E [max{v; , 7} {max{b"; 71} < viy < max{v®,,,7}}] > 0; and

the last inequality holds because max{v; ,7;} < Upmax. To continue the bound for
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Equation (B.21), we use the definition of B;, := B}, U B, in Lemma 3.4.4, where

fo={te B {vy, > {bF,,, 7} =1, I{b;, > {b,,,7}} =0}

o, = {te By T{u, > (b7} =0, T{b, > (0", 7)) =1} .
Here, B}, represents the periods during which buyer i could have won the auc-
tion had she bid truthfully but in reality lost since she shaded her bid (alloca-
tion mismatch due to shading), while B}, represents the periods when buyer i
would have lost the auction had she bid truthfully, but instead won the item due
to overbidding (allocation mismatch due to overbidding). Hence, for any period
te E/Biy = {t cE,: 1 {Ui,t > {bfi7t,ﬂ}} =1 {bi,t > {b:t,ﬁ}}} (which means in
period t € E;/B;, the outcome for buyer ¢ would not have changed even if she bid
truthfully), we have I{v;; > max{b", ,,7}} = I{b;y; > max{b¥,,,7}}. Therefore,

defining By := Ujen B¢, we have

Rt € Eo/By}

< Z Vpmax []I{max{v*_’ivt, T < v < max{bfi7tﬂ}}]

1€[N]

4 Z E[max{vt’,ﬂ}ﬂ{’vi,t > maX{bJ—ri,t?t}}

1€[N]

— max{b;, 7} {b;, > max{bfi7tﬂ}}} 1{t € E,/B}

- Z UmaxE [[{max{v®, ;. 7} < v;y < max{b*, 71} }]

1€[N]
+ Z E [(max{v;, 7} — max{b; ,7}) [{b;, > max{bfi,t,ﬂ}}}
1€[N]
< > vnaE [[{max{o?; 71} < vy < max{b?, . 7i}}] + E [max{o; , 7} — max{b,, 7}]
1€[N]
< Z UmaxE [{max{v*; ,, 7} < vy < max{b?,,, 7}}] + E |:(’U; — b;)+] :
1€[N]

The first inequality follows from Equation (B.21); the first equality follows from the
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fact that t € E,/By; the second inequality holds because

Z ]I{bi7t > max{bi—iyt?t}} < Z H{bi,t > bi_z,t}} =1

i€[N] i€[N]

The third inequality applies the fact that max{a, c} — max{b,c} < (a — b)* for any

a,b,c € R. Denoting ¢* := arg max;e|n] v;, we have

Z UmaxE [{max{v®; ;. 7} < v;y < max{b?,,,71}}]
1€[N]

= UpmaxE [H{max{vfi*7t, Ti) < vy < max{bfi*,t, ﬂ}}]
since I{max{v",,, 74} < vi;} = 0if i # i*. Therefore

Rgz)]l{t € Ey/Bi} < vpaxE []I{max{vfi*jt,ﬂ} < vy < max{bfi*7t,7“}}}} +E [(v; — bt_)+] ,
(B.22)

To bound the first term in Equation (B.22), we again evoke the inequality
max{a,c} — max{b,c} = (a —b)" for any a,b,c € R and get max{b*. , 7} —

max{v’,. 7} < (bfi*’t — Uti*7t)+. Hence,

E []I{max{vfi*’t,?t} < Vg < max{bfi*,t, 7/"}}}]
< E |K{max{b!;. , 7} — (b5, — Uji*,t)Jr < Virg < maX{bti*,ta?t}}}

= E[E [Hmax{bte 71} = (05— 000" < vy < max{bt oAb | 050007 |

i max{b:*ytft}—(ﬁﬁcﬁ
) / f(z)dz

~ +
maX{bti* ot 1rt}_ (btz* ot _'Ui—i* ,t) —(B,xt)

IN

¢/E [(btm - vti*,t)ﬂ . (B.23)

Now, set j € [N] such that bfi*7t = b, (j #1*), i.e. j is the highest bidder among all
buyers excluding 7*. Then b*. , —v*. , = b;, — v, < bjy — vy = —a;,, where the
inequality follows from the fact that Uii*jt is the highest valuation among all buyers

excluding ¢* (which includes j as j # ¢*). Therefore, continuing the bound in Equation
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(B.23), we have

E []I{max{vfi*ﬁt,ﬂ} <V < max{bfi*’t,?‘\t}}] < c(—aj)t < ep Z (—as)".
1€[N]

(B.24)

To bound the second term in Equation (B.22), namely E [(v{ — b, )+], without
loss of generality assume vy, > voy > -+ > vy Hence vy = vy If byy < b, we
have v, — b, < wyp — bay = agy. Otherwise if by > b, , then buyer 2 submitted the
highest bid, so b;; < b, for any ¢ # 2 and thus, v, —b, < v, —b; < vy —biy =am,.

Hence,

E [(v; - b;)+] < max(a;;)" < Z (aj)*. (B.25)

e jeN)

Finally, combining Equations (B.22), (B.24), and (B.25), we have for any ¢t € E,
and £ > 1

Rt € Er/Bry < vmaxcy Y (—ai)t + Y (a0)" < (Vmaxcy + 1) Y laze| (B.26)

1€[N] 1E[N] 1€[N]
iv. Bounding Cumulative Regret: We now bound the cumulative expected regret
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in a phase Eyy; (¢ > 1) via first bounding >, p, Rgl) and > icp, | 72§2) respectively.

S RY

teEpq

6Umaxy/ N2 1 FE max (6N L 9N 4+ 15d+ 9
< ¥ 120 N2, + O 0g(|Ee|) | Vmax (6N?(cs + L¢) + 9N + 15d 4 9)
teEpq v 2E£ |EE|
6Vmax/ N3 1 E max (6IN2 L 9N +15d + 9
o (1200, 5 G2V NTIOBIEL |t (6?(c5 + L) + N + 154-+9)
2E, | B
3Umaxy/2N3 log(|E AC pemax 2 NV d
R B ((dcseuntiusVl |
VI Ed| Ao
E 120maxC N2V d (N Loy + 1) 72
| €+1| v Cf \/_( - ¢ + )Imax +Umax <6N2(Cf—|—Lg)+9N+15d+9)
| | Ao
< ciep/dT N3 log(|Ey)) +C§Cf\/C_ZN3LgTi
N3log([E/)T+
< ciepy/AN? log(|By]) (ﬁ+ og(| Ee) ) , (B.27)

log (1/n)

for some absolute constants ci,c? ¢; > 0. The first inequality follows from Equation

/2d10g(|Ee|)emaxz7ax +

A3 \/ N|E,|
2
ﬁ(NLZ‘Er:\‘j l)xma", defined in Equation (B.6). In the second inequality, we relied on
0

(B.19). In the second equality, we then used the definition of §, =

the construction of the length of phases in Algorithm 3, i.e. |E,| = T'~2 " so that
|Epir|/\/|Ee] = VT and |Epq|/|Eo| = T < T%. The last inequality follows from
the fact that L, = log (v2, N|E¢|* — 1) /log(}).

1
max n

On the other hand, to bound ZtEEZH R§2), we again utilize the definition of
Bi¢:= B ,UBy, and By := UjcnB; ¢ where B, and By, are defined in Equation (3.12)
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of Lemma 3.4.4. Denote K1 := 2Ly + 4cg + 8log(|Eys1]). Then, we have

SR =E| Y R +E| Y RY

teEp 1 teByy1 t€Boi1/Bey1

Umax[& [|Bé+1| H{|B£+1| < NKEH] + UmaxlE [|B€+1| 'H{|Be+1| > NKZH}]

+ (UmaxCr + 1)E Z Z la; .|

tGEe+1/B[+1 ZG[N}

Vmax N K41 + Vmax| Evg1| - P (| Bega| > NK4+1)

t (maxcr + DE | Y Y agl

tGEg+1 /Be+1 1€[N]

IN

IN

IN

UmaXNKerl + 4/UmaXN + (Umaxcf + 1)E Z Z ’ai,t’
tGEg+1/Bg+1 ’LE[N}

IN

UmaxV (K1 +4) 4 (Umaxcy + 1)E Z Z |aigl | (B.28)
t€Eq 41 i€[N]

where the first inequality follows from Equation (B.26) and uses the fact that

R?) < Umax; the second inequality is because |Byi1| < |Egiq]; the third inequal-

ity applies Lemma 3.4.4 which shows P (|B;s41] > Key1) < 4/|Eps1], and hence

P (|Bey1| < NKey1) > P (Nigpn) {|Bises1] < Kea}) > 1 —4N/|Eg4q]. To bound

E ZtEEe.H ZiE[N] |ai,t|} , we recall Spiq := Uien)Sie41 where S; 41 is defined in Equa-
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tion (3.11), and consider the following

E| D> D laid
_tGEe+1 1€[N]
1
<E[Y Sl +E| ¥ ¥ e
| t€S¢ 11 i€[N] t€EE;11/Ses1 i€E[N]

S Namax]E “Sf+1H + N
= NamaxBE [|Se1| - (H{[Se1] < NLeya} + K{|Sea| > NLea )] + N
< Napax (NL(.H -+ |E[+1| -P (|Sg+1| > NLg.H)) + N

< N?pay (Legg1 + 1)+ N, (B.29)

where the first inequality holds because |a; ;| < 1/|Eps1] for all ¢t € Eyy1/Spy1 and the
fourth inequality follows from Lemma 3.4.1 that shows P (|S; s11| > Let1) < 1/|Epta],
which implies P (|Sg+1| S NLK—H) Z P (ﬂie[]\[] {|Sz‘7g+1| S Lg+1}) 2 1-— N/|Eg+1|.

Hence, Equations (B.28) and (B.29) show that ), R is upper bounded as

Z R1(52) < UmaxN(KZ + 4) + (vmaxcf + 1) (N2amax (LZ—H + 1) - N)
t€bpt1
log(|Ee+1])

< NZ2.
= 2T Tog(1/n)

(B.30)

for some absolute constant ¢, > 0. Combining this with the upper bound

N3log(|E,) Tt
crep/AN3 log(|Eql) <ﬁ+ og(|Eel) )

log (1/7)

shown in Equation (B.27), the expected cumulative regret in phase Fyq is

N3log(T)T'
Z Regret, < cscpy/dN3log(T) (ﬁ—’— og(T) 4> :

1B log (1/n)

for some absolute constant c3 > 0. Finally, since the total number of phases is upper

bounded by [loglog(T)] + 1, the cumulative expected regret over the entire horizon
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T is

[log log(T)] - .

Ret) < vanl i+ 3 e/ AT (VT4 T
(=2

o - )

B.2.2 Proof of Lemma 3.4.1

According to the definitions of the cumulative discounted utility defined in Equation
(3.1) and the NPAC-S policy in Algorithm 3, buyer i’s utility for submitting a bid

b € [0, Umay] in period ¢ € [T] conditioning on v; 4, b*

T4 Tt 18 given by

;

(viy — max{ry, b, ,}) I{b > max{r,,b*,,}} no isolation

u; i (b) = (vig — 1) I{b > 1} i is isolated , (B.31)

0 j # 1 is isolated

\

where b', , is the highest bid excluding that of buyer i, and the reserve price 7, =
7:I{no isolation in ¢} +r#(1 — I{no isolation in ¢}) (7; and r}* are defined in Equations
(3.6) and (3.7) of the NPAC-S policy respectively). Note that u, () is a random variable
that depends on the x4, {ez’,t}z‘e[N}, bfi?t and r;. The undiscounted utility loss Uy for

buyer i if he submits a bid b; ; compared to bidding truthfully is u; , = Wit (Vig)—w;ig(bit).

Now, when any buyer j # i is isolated, the utility for buyer ¢ is always 0 regardless of
what he submits, so there is no utility loss due to bidding behaviour. We now consider
the scenarios when no isolation occurs and when buyer ¢ is isolated, respectively, using

the definition of utility in Equation (3.1).
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No isolation occurs: The undiscounted utility loss for bidding untruthfully is

u; I{no isolation in ¢}
= (ujt(vig) — uir(bir)) I{no isolation in ¢}
= (viy —max{r, bt ,}) iy > max{ry, b¥,,}}
— (vig — max{r;, b, }) I{b;y > max{r,, b*; }}
= }vi’t — max{ry, bfi7t}‘ {v;+ > max{r, bfi7t} > bt}

+ ‘Ui,t — max{r, bfivt}| {v;; < max{r, bfivt} < bis}

Y
o

(B.32)

Isolating buyer i: The undiscounted utility for submitting any bid b € R for

any given r; is (v;; — r¢) I{b > r;}. Hence,

u; I{i is isolated }
= (uit(vie) — uie(biy)) {7 is isolated }
= (Ui,t — Tt) ]I{’Ui,t > Tt} — (Uiﬂg — T't) H{bi,t > Tt}

= (Ui,t — Tt) ]I{’Ui,t > Ty > bi,t} =+ (_Uz’7t + T’t) H{Uiﬂg < < bi7t} . (B33)

The NPAC-S policy offers a price r; drawn from Uniform(0, vy,.y) to the isolated
buyer ¢ with probability 1/|E,|, where ¢ is chosen uniformly among all buyers. So, the

expected utility loss u;, for a buyer i € [N] conditioned on the fact that the buyer
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lies by an amount of a;; is

Elu;; | iyl

1
—F
N|E|

1
UmaxN’Ed

(ai,t)z

UmaxN’Ed .

E|E

E[u;t]l{l is isolated} | a; ]

Vi, t+aq ¢
(vip —7)dr + / (—vis +r)dr ‘
V.

E[u; I{i is isolated} + u; ,I{no isolation in t} | a;

[(Ui,t — Tt) H{Ui,t > Tt > bt} + (_U’i,t + Tt) H{bt < Tt < Ui,t} | aw]

/‘Uz‘,t
Vi t—a4t

Qg ¢, Uz’,t] ’ @i,t]

(B.34)

it

The first inequality follows from u, I{i is isolated} > 0 as demonstrated in Equation

(B.32). Now we lower bound the total expected utility loss in phase E,. First, by

Equations (B.32) and (B.33), we know that u;, > 0 for Vi, ¢. Therefore, denoting sy

as the first period of phase Ey 1, for any Z > 0 we have

E

Z ntu@-_,t]

teky,

v

v

v

v

E

E Uy
tGSiyg

> {]Sil > 2}
_tESiyg

E Z ntu;t

tES@g

2.

tESLe

{ai,t}tEEg ]I{|Sz',£| > 5}

nt

o NIE I{|Si.| > 2}

8@+171 t

n i
D w—— (Y

Vo N | Eo|? {ISid 2 2}
_t=55+1*

Sie

S[+1—1 t

7
2 Umax N |E?

t=sp11—2

T’Sg+1 (1 . 7772)

{|Siel > 2}

(1 = ) Umax N[ E[?

P(|Siel > 2) (B.35)
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where the first equality holds because [S;,| = >y, I{air > 1/E(} is a function of
{ait}ter,; the third inequality follows from Equation (B.34) and a;; > 1/|E}| for any
t € S;r; and the fourth inequality is because n € (0, 1).

Furthermore, corrupting a bid at time ¢t € E, will only impact the prices offered by
the seller in future phases, i.e., phase £ + 1,/ + 2, ..., so the utility gain due to lying
in phase ¢, denoted as U:e is upper bounded by vmpax Y 15501 Nt = Vmax®1 /(1 — 7).
Since the buyer is utility maximizing, the net utility gain due to lying in phase ¢
should be greater than 0, otherwise the buyer can choose to always bid 0 in phase ¢

which is equivalent to not participating in the auctions. Hence,

E

0 Y] 2.

teby

Combining this with U, < vnan®+/(1 — 1) and the lower bound for E [ZteEe u;,|

shown in Equation (B.35), we have

Sp1 Se+1 1 _mZ
UmaxT) > 7 ( U )
I—mn (1- n)vmaxN|Ef‘3

P(ISiel = 2)

which holds for any z > 0. Taking Z = log (v2, . N|E:|* — 1) /log(1/n) and by rear-

ranging terms, the inequality above yields

1 2 N|EJ|*—1 1
log(;) | Ex|
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B.2.3 Proof of Lemma 3.4.4

Defining H;; == {(b%; ;, 77, 2) }repy, we have

E [I{t € (E¢/Sie) N B} | Hidl

= P(t € (E/Sie)NB, | His)
P (viy > max{b*, .7} , by < max{bT,,, 71}, aiy € (0,1/|E|) | Hiy)
P(max{b mﬂ’t} (@, B) < €4 < max{b_i’t,?t} —(xt, B) + aiy

ai € (0,1/|Er]) | Hi )

< P (max{b*,, 7} — (0, B) < iy < max{b®,,, 7} — (0, B) + 1/|Eul | Hay)

max{b'_"'i7t,?t}—(zt,BH—l/\Eﬂ
= E / f(z)dz | Hiy
max{bfi‘t,ﬂ}f(xt,ﬁ)
Cr
< — B.36

The last inequality uses the fact that ¢y = supze_. . 1 f(2).

Define ¢; = I{t € (E;/Si0) N B;,} and ¢y = E [I{t € (E¢/S; ) N B5,} | Hiz]. Then
E[¢: | Hit] = ¢+, which implies

ElG—¢] Y G Y ¢ =

T<1 T<1

¢t|Hzt |ZCT?Z¢T -

T<t T<1

Hence, in the context of the multiplicative Azuma inequality described in Lemma B.3.3,

by setting z1; = (i, 220 = ¢, ¥ = 1/2 and A = 2log(|E,|) we have |z;; — 294 < 1

P (% Y=Y o+ 2log(|Eg|)) < exp (— log(|Ey])) . (B.37)

Now, according to Equation (B.36), we have ¢, < c;/|Ey|, s0 3, ¢ < ¢y Moreover,
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[(Ee/Sie) VBl =3 cp, G- Hence, following Equation (B.37), we have

P ([(Ee/Sie) N Bl > 2¢ + 4log(|E,l))

<P <% DGz ot 210g(|Ee|)>
teEy te by,
1
< exp (—log(|Ey)) = B (B.38)

When the event G;; = {|Si¢| < L¢} occurs, where L, = log (v2, N|E,|* —1)/log(1/n),

max

we have B ,| < |S;e| +[(Ee/Sie) N Bl < Lo+ [(Ee/Si ) N B;|. Therefore when event

G;+ occurs,

P (IB5| < Ly + 2c; + 4log(| El))
P ({1B1dl < Lo+ 20, + 4log(|1ED)} () Gur)
P

({1(Ee/S50) N Bl < 20+ 410g(|ED} () Gue)

v

v

> 1 =P (|(Ee/Sie) N Byl = 2¢p + 4log(|E])) — P (G7y)
2

> 1——.

- | E|

The second inequality follows from |B;,| < Ly + [(Ey/Si ) N B;,| when the event G;;
occurs; the third inequality applies the union bound, and the final inequality follows

from Equation (B.38) and Lemma 3.4.1.

Similarly, we can show the same probability upper bound for ]Bgd. Finally, using
the fact that B;, = B;, U Bf, and applying a union bound would yield the desired

expression. 0
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B.2.4 Other Lemmas for proving Theorem 3.4.2

Lemma B.2.1 (Bounding Estimation Errors in 3). For any phase E, and v > 0, we

have

= d (NLfamax + 1) Lmax
P — <
<||ﬂ£+1 ﬂ”l —7_’_ |E£|>\% )

N2 X5 Ey| | B A5 N
> 1 —2dexp [ —— 20N g (- _
= eXp( vemm2z?d) PP g Tk

max max

where N2 is the minimum eigenvalue of the covariance matriz 3, Beyy is defined

in Equation (5.8), and L, = log (v2, N|E¢|* —1)/log(1/n). Furthermore, setting

max

. v 2d1log(|E¢|)€maxTmax . . d(NLZamax+1)CE,2,,ax
V= \iv/N B and denoting 0 = 7 - Tmax + B , we have
3 O 2d+ N | Eo| A3
P - < >1- —de — :
(VB =0 = 5.2) 2= 5 o (-

Proof. Proof of Lemma B.2.1.

The proof of Lemma B.2.1 is inspired by Lemma EC.7.2 in [19], but here we made
substantial modifications to resolve the issues that arise when estimating 5 in the

presence of corrupted bids submitted by buyers.

First, recall that the smallest eigenvalue A2 of the covariance matrix 3 of z ~ D is
greater than 0. Since the second moment matrix E[z;z; ] = ¥ + E[z]E[z] T, we know
that the smallest eigenvalue of E[z;x/] is at least A2 > 0. We denote the design matrix

of all the features in phase E; as X € RIFxd and €, = % for V1 € E,.

We first consider the case where the smallest eigenvalue of the second moment
matrix Amin (X " X/|Ep|) > A3/2, which implies that (X TX)™" exists and (XTX)™! =
(XTX)'. By the definition b; ; = v;; — a;;, and the definition of b, for any 7 € [T] in
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Equation (3.8) we have

61 Zie[N];\’;’,l*“i,l
Bro=(XTX)7'XT | | =(xTx)" X7
7 D ic[N] Vit~ %,
bt G[N]N t t
N
— B+ (XTX)XT
N
— B+ (XTX)'XT(E-A), (B.39)
where £ is the column vector consisting of all €, := %, and A is the column
vector consisting of all a, := % for V7 € [t]. Therefore,

1Bers = Bll2 = 1(XTX) T XT (€= Al
1 _

S Bl (IXTEl2 + 1IXTAl2) - (B.40)

0

Denote X7 as the jth column of X, i.e. the jth row of X for j = 1,2...d, we now

bound [ X "€|ly and || X T Al|y separately. First, since || X" E[3 = 3,4 ’zS'_TXj|2, for

any v > 0,

_ - E| A2y 1 _
N{lex < Bod cfa e <. may

JEld]

2 rer, 2ielN) €i,m X7

We observe that £ X7 = = = where all ¢; , X; are 0-mean and €, Tmax-

subgaussion random variables. Therefore by Hoeffding’s inequality, for any ¥ > 0

~2

5T yj < _ _ v
P(INETXI| <7) >1 26Xp( 2€max2x%w@w) : (B.42)

201



Replacing 4 with N|E;|A\2v/v/d and using Equation (B.41) yields:

1 = = : ‘Eg|/\2’y
P({—— | XTE|, < }) > P {STXJ<—0
(e 1reiesa}) = 2 (N {Ewi= 55

Jjeld]
ST Ey|\2
> 1_ZP(\5TXJ] > 1B 07)
Jjeld] vd
NG| Ee|
Z 1-— Qdexp (-m s (B43)

where the first inequality follows from Equation (B.41), the second inequality applies
the union bound, and the last inequality follows from Equation (B.42).

In the following, we show a high probability bound for || X T A||2 by using the fact
that |a;¢| < 1/|Ey| for any t € E;/S;s, where S;y = {t € E; : |a;¢| > 1/|Es|}, and
Si¢ < L, with high probability.

Recall the event G; , = {|S;¢| < L}, and in Lemma 3.4.1 we showed that P ( fg) =

P (|Sie| > Ly) < \E_ld We now bound || X " A, under the occurrence of G;, for all i.

. ET Zl ai,‘rX‘r' 2
IXTA =" jATX = Z( cr 2ol J>

JEld] JEld]

2
i Q7| Tmax
3 (ZTGEZ Z’ej[g]‘ -l ) . (B.44)

JEld]

IA

For periods in Sy := UjenSie, we have,

D res, Zie[N] | @i, | Zmax
N

S Z AmaxLmax S NLfamaxxmaX> (B45)
TESY

where the last inequality holds because events G; , occurs for all <. On the other hand,

recall that |a;,| > 1/|E,| for any ¢ and ¢t € S; 4. Hence, |a;,| < 1/|E,| for periods in

EZ/SEa

ZTEE(/S( Zie[N] |ai,7|$max Tmax Tmax
~ < > < ) : (B.46)




Combining Equations (B.44), (B.45), and (B.46), we have

ZTE [t] Zie [N] | Q;,r |xmax
N

2
IXTAl, < d( ) < VAd(NLymax + 1) Trmax . (B.47)

Now it only remains to show Ay (X T X/|E,|) > A%/2 with high probability, which
can be achieved by applying Lemma B.3.2. In the context of this lemma, we con-
sider the sequence of random matrices {z,z /|Ey|}+e[g,], and note that X " X/|Ey| =
> rer,(@ra] [|E]). We first upper bound the maximum eigenvalue of x.x] /|E,l,

namely Ay (a:TxTT/|Eg|) for any 7 € E, by

T

T, T x.r) 1 x?
A TT)zmaszTng—maX x| z)? < Smax
e ( | El lzla=1" | E| | Eq| ||sz=1< ) | Ey|

This allows us to apply the matrix Chernoff bound in Lemma B.3.2 (setting ¥ = 1/2

in the lemma) and get

XX bY: XTX 1 XTX
( ( | Ey| ) - 2) = |Eel ) — 2 | Ey|

E 2
> 1—dexp (—m) : (B.48)

2
8xmax

where the first inequality follows from the fact that A, (IE[X TX/ |Eg|]) > A2
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Putting everything together, we get

~ VA (N Lyagax + 1) Timax
P (Hﬁeﬂ—mh <~v+ ( €|E£|)\2 )
0
~ VA (N Lyagax + 1) Trmax
ZP(Wm—ﬂM§7+ S
0

1 Ta .
= P<{|E£|>\% (X Ell2 + 1 X "All2) <~

XTX A2
ﬂ{“m(wa)z?})
! e XTXN\ _ A2
> P {|Eg|A3”X 8||2§7} NG| N {/\mm (W) 23}

1€[N]

1 . XTX N
(itete}) - e ([ () <

NN E| N ’Eg‘)\2
> 1—2dexp (_QEmax2x2 7)) | —dexp 52 .

max max

\/ZZ (NLfamax + ]-) mmax}
| Ee| A

The first inequality follows from the fact that ||z]|; < ||z[|2 for any vector z; the second
inequality follows from Equation (B.40); the third inequality follows from Equation
(B.47) when the event N;c(n1Gi occurs; the fourth inequality applies a simple union
bound; and the final inequality follows from Equations (B.43), (B.48) and Lemma
3.4.1. O

Lemma B.2.2 (Bounding Estimation Error in F~ and F'*). Define 6; to be the sigma
algebra generated by all {x+, a;r, € r Yicin)re- Then, for any Gi-measurable random

variable z and v > 0, we have

P(|Fe) - F(2)] <282
4(d + N) |Bo|22
> 1 — dexp (—2N|Ey?) — 221 _9g
2 1o dew (2NIART) = g ex"( B2,

P (‘ﬁ;l(z) ~ (o) < Nz@>

4 N B/ )\2
> 1—4exp(—2N|Eg|72)_L)_Qdexp< 2A0% )

|Eg| 81‘2

max
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where zp := v + cpog + (cp + Lo) /| Eel, ¢f = SUDsei_e o ema] [ (), 00 is defined in
Equation (B.6), and L, = log (v2, N|E,* — 1)/log(1/n).

Proof. Proof of Lemma B.2.2. We first bound the error in the estimate of F', namely

Fy11(z) — F(z)|. Then, we use the relationship F~(2) = NFN=1(z) — (N — 1)FN(z)
and F*(z) = F'N(z), as well as the definition of Fe+1( z) and F£+1( z) in Equation (3.9)
to show the desired probability bounds.

We first upper and lower bound F 741(2) for any z € R. Recall the event S;y =
{t € E;:]ais| > 1/|E|} and in Lemma 3.4.1 we showed that P (|S; | > L;) < 1/|Ey|.
Hence, for any i € [N], we have |a;:| < 1/|E,| for all periods 7 € Ey/S; 4, so

Z]I{ ir — (Besr, ) < Z}

TEE,
= Z H{b” (Besr, ) <Z} Z ]I{v” 6@+1,x7)<Z}
TEE,/Si 0 TESi ¢
n Z]I{b” Brsr, 7 <z} Z]I{v” Brir, r) < } . (B.49)

TESZ',[ TESZ[
Consider the sum in first the parenthesis of Equation (B.49) and note that b, , =

Vir — Qir = (B,2;) + €.+ — Qi . Since |a; ;| < 1/|E,| for any i € [N] and 7 € Ey/S; 4,

1
<57 xT) + Cir — T < bi,T < </87$T> + €i,r + VT € EK/SZ',K . (B50)

1
By — | E|’

Now, assume that the event &, = {HBEH —Blh < 5g/xmax} holds. Therefore, we
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can upper bound the sum in first the parenthesis of Equation (B.49) as

Z I {bi,T — (3141,%7) < Z} + Z H{Um - <B\z+1,$¢> < Z}

TEE:/Si 0 TESi
~ 1
< Z H{€i77-§2+<5£+1 5,1‘7—> ’E|}
TEE/Si 0 ‘
~ 1
+ Z ]I{Ei77—§2+<5£+1 671:T> ’EA}
TES@[,
1
= Z ]I{e” <z+ (5e+1 B,x:) + _}
— | Ee|
T 14
1
. ]I{e”<z+5e+ } (B.51)
2 ]

where the first equality follows from v; . = (8, 2,) + €;; and b; » = v; ; — a; ;; the first
inequality follows Equation (B.50); and the final inequality is due to the occurrence
of the event &, = {H ,/B\gﬂ — Bl < 6/ :Bmax}. Similarly, we can also lower bound the

sum in the first parenthesis of Equation (B.49):

Z H{bw 5z+17$r> < }-1— Z ]I{bz‘,T - <B£+17$T> < Z}

TEE@/SIK ’TESZ',Z

1
> A
= ZH{EZ R \Eer}

’TEEg

(B.52)

Furthermore, assuming events G; = {|S;¢| < L,} hold for all i € [N], we can simply
upper bound and lower bound the expression in the second parenthesis of Equation

(B.49):

-L, < Z { — By, a,) < Z} Z H{vi,T— (Ber1, T2 SZ} < L.

7'631 ¢ TES@@

(B.53)

Combining Equations (B.49), (B.51), (B.52), (B.53), and using the definition

ﬁe+1 N| o Z Z ]I{b” Bg+1,xT> < z}

1E[N]| TEE,
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under the occurrence of events {41, and G, for all ¢ € [N], we have

1 L, ~
— < F z) and
N|E AZZ { o= |Ee|} B < Fenl)

1E€[N]| TEE,

1 L,
F < [Se, < 2496 +—}+—. B.54
beile N| Ey| 22 { “UIENS T E (B34

E[N TGEg

Now, for any v > 0,

AV
=
—N
&S|
7 N
N
N
S
~
)
+
O
VAN
)
+
SIS
——
D
o
£
D
D
Q

1€[N]
1 1
ZP( F(Z_(SE_ ) {617<2_6€__}§’Y
| E| Ny E/| g];& | Ef|
ﬂ £€+1 ﬂ ﬂ gz@ )
1€[N]
= P | ysup F(3) — 5 £|ZZH{6”§2} <y (V& () | ) G
€[N TEE, 1€[N]
> 1-P sup |F'(2 ZZH{QTSZ} >y
ZeR ’zGN]TGEP
P (&) — Y P(G5)
1E€[N]
2d + N | Eg| A2 N
> 1 —2exp (—2N|E,|~? —< —I—dexp( - —
(F2NIER) =\ Ty St )) T IEN
2(d+ N Eg|\2
= 1—2exp (—2N|E/]7?) — % — dexp ( ‘8272’ ) , (B.55)

where the second inequality follows from Equation (B.54), the fourth inequality
uses the union bound, and the final inequality follows from the DKW inequality
(Theorem B.3.1), Lemma B.2.1, and Lemma 3.4.1. We note that we can apply the
DKW inequality because {€;;},cp, icin) are N|Ey| ii.d. realizations of noise variables.

According to the Lipschitz property of F' shown in Lemma B.2.5, |F(z —d, — 1/| Ey|) —
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F(2)| < ¢f(0¢ + 1/|E|) for Vz € R. Hence, combining this with Equation (B.55),
yields

~ 1 Lg)
Pl F(z) - F 2) < v4ecr 0+ — | + —
(() eale) < 7 f(K\aQ B

1 ~ Lz>
>P(F(2-0— — | - Fpi(z) < v+ —
( ( flmo wils) < 7y
2(d+ N) | Eo| NG
> 1-2 —ON|E,|¥?) - —~——~—2 4 — o) . B.56
= eXp( | Zlfy) ’E£| eXp( 83:1211&)( ( )

Similarly, |F(z 4+ 0, + 1/|Ey|) — F(2)| < cp(6¢ + 1/|E¢|) for Vz € R, so we can show

p(@H@»—F@>S’WH%Q%+JL>+11)

|Eel ) | Ex]
> P Fonlz) - F Z+5e+@ §7+@
2(d+ N Eo| N2
> 1—2exp (—2N|E(y*) — Hd+ N) VA ) _ dexp (— |85(:€2| 0) : (B.57)

Combining Equations (B.56) and (B.57) using a union bound yields

~ cr+ L
P(Vuma—F@>sW+q@+fmAﬁ
4d+ N Eo|\2
> 1—4dexp (—2N|Eg|v2)—%—2dexp <—| é‘ 0) . (B.58)

Finally, we now bound |]3t_(z) — F~(2)| and |E+(z) — F(z)| using the fact that

208



F=(2) = NFN71(2) = (N = 1)FN(z) and FT(2) = FN(2).

Fra(2) = F-() = [NEAT'(2) = (V = DN, () = (NFY7(e) = (V = D)FY ()|
< N|ET'() = PN @) + (N = D[ FL() - PV )|
= N|(Fea(=) - F(2)) (Ni (E+l(z)>”1 (F(z))N1n>
+ (N = 1) |(Feal2) - F(2)) (i Fin(2))’ 1<F<z>>N‘")

< N(N-1) (EH(Z) _F(2)

< 2N? )EH(Z) - F(z)‘ . (B.59)

The second equality uses ™ — ™ = (a —b) (3" a" 6™ ") for any integer m > 2.
The second inequality follows from Fy,1(2), F(z) € [0,1] for ¥z € R. Combining
Equations (B.58) and (B.59), we get

. . +L
P ((FM(,Z) —F(z)| < 2N (7 +epbi+ Cf|E€| Z))

4 N EI\2
> 1—4dexp (—2N|El?) - % adesp ( |8 A ) |

max

F ri1(2) = F _(z)‘ can be shown in a similar fashion by not-
Fro(z) — F(2) ‘

]

The probability bound for

ing that similar to Equation (B.59) we can show ‘ﬁzi1 (2)—F*(z)| < N

Lemma B.2.3 (Bounding the Impact of Estimation Errors on Revenue). We assume

that the events

~ )
Ser1 = {Hﬁeﬂ =Bl < ‘ }

max

_ + L
§rn = {‘ (2)] < 2N? (’7@+Cf(5g+ o K)}

| El
+ L
tho = { Pt - P <N(W+Cf6z+” )

| |
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occur for some phase £ > 1, where z € R, vy = \/log(|E¢|)/\/2N|Ey|, and 6, is defined

in Equation (B.6). Hence for any r € {rf, r} where t € Ey 1 we have the following:

(Z) |pt(r7 yt7F_7F+) _pt(ra@7F_7F+)‘ S 37"CfN25g a.s.

(”) pt(rv '?/\ta Fiv F+) - pt(T7 Y, FE+17 FE+1)‘ S 3TN2 <’YZ + Cf(Sg + CT;;\%) a.s.

where y, = (B, x4), Yy = <B\g+1,$t>, B€+17F2+17F+1 are defined in Equations (3.8) and
(3.9). The function p; is defined in Equation (B.15).

Proof. Proof of Lemma B.2.3. Part (i) We consider the following:

‘pt(nytaFiaFJr) _pt(ragtapiaFjL)l

[F_(z—yt) — F_(z—g/jt)} dz —r [F+(T— ¢) — F+(r—yt)}

< /OT‘F_(z—yt)—F (z=G)|dz+7|Ft(r—y) — F(r —5)|
< /0T2ch2|yt—§t|dz+7‘CfN|yt—§t|

< [ 26N (1Bess = Blhmne) d + res N Bess = Bl

< 37“ch25g.

The first equality follows from definition of p; in Equation (B.15), and the second
inequality applies the Lipschitz property of F~ and F* using Lemma B.2.5. The
third inequality follows from Cauchy’s inequality: |y, — 4| = |<B\g+1 — B,z <
I BgH — B)l1%max, and the last inequality follows from the occurrence of &1 and

N > 1.
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Part (ii) Similar to part (i), we have

Pt(ﬂ :/y\ta F_7 F+) - pt(rv ?/J\t? FE;D Ff—il)‘
/ P (2= 5) = Fra(z = )| dz = [F*(r = ) = Fia(r = ) ‘
0

r
< /

L
< 3rN? <’yg+cf55+cf+ g) ,
| Bl

~

Fo(z =) = Fraaz = )| dz + 1 | P =) = Bl (0 = 30)

where the last inequality follows from the occurrence of events §,,, and f;jrl and

N > 1. [l

Lemma B.2.4 (Bounding probabilities). The probability that not all events §py1, § 4

and 52;1 occur for some phase £ > 1 is bounded as

9N + 15d + 8

P (& U (60) U (Eh)") < ,
| Bl

where the events &y, &y and £, are defined in Equations (B.5), (B.7), and (B.8)

respectively.

Proof. Proof of Lemma B.2.4.
We first bound the probability of £/, ;, and then proceed to bound the the probability
of (€1)" and (&5,)"
Recall that {41 = {”5“1 =Bl <

% } Then,

Tm

2d + N | A2
P (&) < +deXp< a2 0)

B 82,
2d + N log (| Ey|)T75 A2
< T L dexp | =2 %0
= BT eXp( 82,
N +3d
< 2T B.60
B (B.60)

where the first inequality follows from Lemma B.2.1 by taking v = ~ 2d l(i\gz(jﬁznaxxmx;
0 4

1
the second inequality uses the fact that |E,| > |Ei| = VT, T > max { (%) ,9},
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which implies |E| > log(|Ee|)\/|Ee| > T1 log(|E:|). Note that here we used the fact
that \/z > log(z) for all z > 9.
We now bound the probability of (5[ H)C:

P((¢5,1)9) < desp _2N|E£|.(_wlmz<\ffe!>> D) |y (12D

V2NE|| |E/] 82

max

2(2N + 3d + 2)

(B.61)

where the first inequality follows from Lemma B.2.2 by taking v = v, = /log(| E¢|)/\/2N | E|,
and the last inequality again uses the fact that |Ey| > log(|Ee|) /| Ee| > T log(|Ey|)

4
when T > max{(%) ,9} )
0

Similarly, we can bound the probability of (f;rl)cz

P((eh)) < 2 (B.62)

Finally, combining Equations (B.60), (B.61) and (B.62), we have

) ) . o _ ON415d+8
P (&1 U (&) U (E5)) < P(0) +P((6n)) +P((60)7) < _+’E€| =

]

Lemma B.2.5 (Lipschitz Property for F', F~ and F'*). The following hold for any

z1, 20 € R:

(1) |F(21) = F(22)] < ¢ffz1 — 2.

(i) |F~(z1) — F~(22)] < 2¢;N?|z1 — 2.
(111) |F*(z1) — F*(22)] < Nz — 2.
Here, 0 < ¢f =SUP,ei e e ] f(2).

Proof. Proof of Lemma B.2.5. Without loss of generality, we assume z; < z5. Note
that F(z) =0 for Vz € (—00, —€max), and F(z) =1 for Vz € [eqax, ).

Part (i) We consider the following cases:
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1. Case 1: (21 < 29 < —€max OF €max < 21 < 22): |F(22) — F(21)] = 0 < ¢f|z0 —

Zl‘.

2. Case 2: (—€pax < 21 < 22 < €max): By the mean value theorem, |F(z) —

F(z1)] = f(2)|z2 — 21| < ¢cf|za — 21|, where Z € (21, 22).

3. Case 3: (21 < —€max < 22 < €max): We have |20 — (—€max)| = 22 — (—€max) <
zo—z1 and F(z1) = F(—€max) = 0. Hence |F(z2)—F(z1)| = |F(22) = F (—€max)| =

f(2)|22— (—€max)| < cf|lza— 21|, where Z € (—€max, 22) by the mean value theorem.

4. Case 4: (—€pax < 21 < €max < 22): We have |€pax — 21| = €max — 21 < 22 — 21
and F(z9) = F(émax) = 1 . Hence |F(23) — F(21)] = |F(émax) — F(z1)| =

f(Z)|€max — 21| < ¢flza — 21|, where Z € (21, €max) by the mean value theorem.

Part (ii) & (iii) We recall that F~(2) = NFN71(2) — (N —=1)FY(z) and F*(2) =
FY(2), so

[F (22) = F(21)]

< 2N?cjlzy — 1] .

for any a,b € R and

m m n—1 bm—n)

The second equality uses a™ — 0™ = (a —b) (>, _,a
integer m > 2. The second inequality follows from F(z) € [0,1] for ¥z € R. The final
inequality follows from the Lipschitz property of F' shown in part (i). Following the

same arguments, we can also show that [F*(22) — F'(21)| < ¢fNlzg — 21 O
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B.3 Supplementary lemmas

Lemma B.3.1 (Dvoretzky-Kiefer-Wolfowitz Inequality ([44])). Let Zy, Zs, ... Z, be
1.1.d. random wvaritables with cumulative distribution function F, and denote the

associated empirical distribution function as

F(z) = %Zn:]l{zi <z} ,z€R. (B.63)

i=1

Then, for any v > 0,

P (sup ﬁ(z) — F(z)’ < 7) > 1—2exp (—2n7%) . (B.64)

z€R

Lemma B.3.2 (Matrix Chernoff Bound (|104])). Consider a finite sequence of indepen-
dent, random matrices {Zy € Rd}ke[K]. Assume that 0 < Apin(Zk) and Apax(Zx) < B
for any k. Denote Y = ZkG[K] Ziy Pmin = Amin(E[Y]), and pimax = Amax(E[Y]). Then
for vy € (0,1),

1 — )21
]P (/\mln(Y) S ’7/4Lmin> S deXp (—w) .

2B

Lemma B.3.3 (Multiplicative Azuma Inequality([78])). Let Z1 = }_ 7 21 and
Ly = Zre[f} 2o+ be sums of non-negative random variables, where T is a random
stopping time with a finite expectation, and, for all T € [f], |21+ — 22| < 1 and

E [(21,7 — Za.r) ‘ Y ecr P D ser ZQ’S:| <0. Let ¥ €[0,1] and A € R. Then,

P((1—-79)7Z1 > Zy+ A) < exp(—7A4)
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Appendix C

Supplementary material for Chapter 4

C.1 Additional definitions

In this section, we introduce some additional definitions that will be used throughout

the appendices.

Definition C.1.1 (Threshold vectors). We say that an N -dimensional vector € RY
is a threshold vector if it takes the form of @ = (1...1,4,0...0), where the first
J €{0,...N} entries are 1’s, followed by some number q € [0,1), and trailing with
(N —J—=1)4 0’s.t Any threshold vector is uniquely characterized by its dimension N,
as well as, a tuple (J,q) € {0,... N} x [0,1), so we denote the vector as ¥ (J,q). In
the special case when J = N, take ¢ = 0.

For any two vectors a,b € R", let min{a, b} = (min{a,, b;})ic[, be the element-
wise minimum. We write a < b if and only if a; < b; and a > b if and only if a; > b;

for all ¢ € [n].

C.2 Additional material for Section 4.3

C.2.1 Proof of Lemma 4.3.1

Here, we show a more detailed version of the lemma stated as followed:

'For the edge case of (1,...1) € RY, .J = N and hence the number of trailing 0’s is (N —J—1), = 0.
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Theorem C.2.1 (Detailed version of Lemma 4.3.1). For a fized price d, define

Zke[r] 9n (vn - Vd)
Gri1 - Vo1 — 7|

T:maX{nE[N]IZQZ(W‘W‘DZO}7 dr =

Le[n]
(C.1)
—d .
b:max{ne[N];ngzgp}’ and QBZP Zke[b]g 7
t€n)] Gpy1-d

If we let ®p = P(r,qz) and xz = P(b,qz) be two threshold vectors (see Definition
C.1.1), then x4 = min{xy, xp} is the unique optimal solution to U(d) in Equation

(4.3). Furthermore, x4 is also a threshold vector characterized by tuple (J,q) where
J =min{r, b}, ¢=2x4511 =min{rz i1, Tars1} - (C.2)

Proof.
Our proof for Theorem C.2.1 consists of 3 steps:

e Step 1. We show that aj is the unique optimal solution to the “budget constraint

only” problem:

P-Budget = max Z 0 VA Z gnTn < p, (C.3)

x€[0,1]N nelV]

e Step 2. We show that xy is the unique optimal solution the “ROI constraint
only” problem:

P-ROI = max Z JnVaTy s.t. Z Ggn (Vo —yd) z,, >0, (C.4)

xz€(0,1]V
n€[N]

e Step 3. We show that &; = min{xg, g} is feasible to U(d). In other words,
we show x is feasible to both P-Budget and P-ROI.

Step 1. We recognize that P-Budget is the linear program (LP) relaxation of a 0-1

knapsack problem, in which the items’ “value-to-cost ratio”, namely % g"V” = % are

ordered: % > ... ‘%V since V7 > ... Vy > 0. Therefore, it is a well known result that
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the unique optimal solution to P-Budget is exactly @xg (a threshold vector) defined
in the statement of Theorem C.2.1; see e.g. [32] for the optimal solution to the 0-1

knapsack LP relaxation.

Step 2. Let & € [0,1]" be any optimal solution to P-ROI. Define x = max{n € [N]:
Vyp > ~vd} so that V,, > ~d for all n < k. Then it is easy to see for any n =1...k, we
have z,, = 1. This is because if there exists some j < k such that z; < 1, then the
solution © = (z1...%,;_1,1,Z;41,...Ty) is feasible and yields a strictly larger objective

than x:

ZgnV:vn Zgann: (1—7;)>0. (C.5)

ne[N] ne(N]

Hence, the optimal solution to P-ROI takes the form of € = (1... 1, yut1,...yn) €
Kk 1’s

[0,1]". Hence, we know that ¢ := (y,,...yx) must satisfy

N
€ arg max nVnn S.t. w(yd — V) z, <, C.6
y € arg max k%;lg kzzwg (vd = V) (C.6)

where we defined ¢ = >_, 1 g (Vi —7d) > 0. Note that we have yvd —V,, > 0 for all
k=r+1...N, and hence the optimization problem in Equation (C.6) is again an
LP relaxation of the 0-1 knapsack problem. Thus similar to Step 1, we again consider
the “value-to-cost-ratios™ for any i,j € {x + 1... N}, we have

gVi 9V
gi(vd=Vi) = g; (vd = V)

Vi>V, <

Hence the “value-to-cost-ratios” —22Y2_ decreases in n for n € {sk+1... N}. Therefore,

gn(yd—Vn)

the optimal solution gy to the 0-1 knapsack LP relaxation in Equation (C.6) is again
unique, and is a threshold vector (again see [32]). Hence, the unique optimal solution
to P-ROIis a threshold vector, and following Step 1., it is easy to see this unique

optimal solution is xy defined in the statement of Theorem C.2.1.
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Step 3. Since g,d > 0 for all n € [N] and x; = min{xg, xz} < xp, we can apply
Lemma C.2.3 (i) with a,, = g,d, Z = g and Y = x4, which yields

A gntan <d D gutsn < p,

ne[N] n€[N]

where the last inequality is due to the fact that ap is feasible to P-Budget. This

implies x4 is also feasible to P-Budget.

On the other hand, again define k = max{n € [N] : V,, > vd} so that V,, > 7d
for all n < k. Then since x; = min{xg, xz} = xg, and since g, (V,, — vd) > 0 for
n=1...kand g, (V, —7d) <0forn=r+1...N, we can apply Lemma C.2.3 (ii)
with b, = g, (V,, —vd), Z = &z and Y = x4, which shows

Zgn n ’deRn>Oé)> Zgn n f)/dxdk>0

ne[N] n€[N]
where (i) follows from the fact that xy is feasible to P-ROI and (ii) follows from the
first half of Lemma C.2.3 (ii). Hence x, is also feasible to P-ROI.

The rest of the proof is straightforward: P-Budget, P-ROI and U(d) have the
same objectives, while each of P-Budget and P-ROI has one less constraint than U(d),
respectively. So P-Budget > U(d) and P-ROI > U(d). If x; = a3, because from
Step 3. we know x, is feasible to U(d), then P-Budget = U(d) and x, is the optimal
solution to both P-Budget and U(d). Similarly, when x; = ay, x4 is the optimal
solution to both P-ROI and U(d).

Finally, we argue x4 is the unique optimal solution to U(d). Assume by contradic-
tion there exists some other vector & € [0, 1]V that is an optimal solution to U(d) and
xy, # x. Then, again if ; = x5, we know that P-Budget = U(d), and because both
x4,  achieve total value U(d), then both x4, & are optimal solutions to P-Budget,
which contradicts uniqueness of the optimal solution to P-Budget as argued in Step 1.
Similarly, we can again arrive at a contradiction for the case when x; = xz. Hence,

the optimal solution to U(d) is unique.
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C.2.2 Proof of Proposition 4.3.2

The proof for this proposition consists of two steps. First, we show that the buyer’s
optimal hindsight problem w.r.t. a single price d, namely OPT(d) in Equation
(4.3.1) is upper bounded by T - U(d), which is the single-period myopic optimization
problem denoted in Equation (4.3). Next, we show playing the threshold strategy
w.r.t. x4 € [0,1]V (i.e. the optimal solution to U(d)) every period, gives the buyer
a total value exactly T - U(d) while simultaneously satisfying both budget and ROI
constraints. Therefore playing the threshold strategy w.r.t. @, is the optimal value

maximizing strategy to the buyer under a fixed price across all periods.

Step 1. Recall the linear program (LP) in Equation (4.3) that denotes the buyer’s
single-period myopic optimization problem. It is easy to see the optimal value is
bounded and the LP is feasible (consider the solution with all entries set to be 0).
Then, strong duality holds, and therefore for any d, there exists corresponding optimal

dual variables (A, ) € R? s.t.

U(d) = max (gn(1+M)Vo — (YA + p)d) 2, + ppe
x€|0,
= Z (9o (L + M)V = (YA + p)d) . + pp
ne[N]

On the other hand, when the sequence of posted prices stays constant at d, we have

OPT(d) < max E[((14+ Nvg — (YA + p)d) 2] + Tpu

z€[0,1]T by
< DR+ Mo — (WA + w)d), ] + Tpu
te[T] (C.S)
=T Y gu((L+NVa = (YA +p)d), + pp
n€[N]
= T-U(d)
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Step 2. Let x4 € [0,1]" be the optimal solution to U(d) in Equation (4.3). Then,

the threshold strategy w.r.t @, (see Definition 4.3.1) can be represented as

= zgal{vr =V,} (C.9)

né€([N]

It is easy to see {2} }ic[r) is feasible to the buyer’s optimal hindsight problem OPT(d)

because:

E Z(vt—fyd)zt* = ZE vy — vd) Zxdnﬂ{vt Vo)

te[T] te[T) ne[N] (C.10)
(4)
te[T] ne[N]

and

E|Y dz| =dY E|> xgl{v,=V,}

te[T] te[T] n€[N]

= T.dz Z InTdn (C.11)

te[T] n€[N]

where both (i) and (ii) hold because x; is feasible to U(d). Finally, the threshold

strategy yields a total value exactly TU(d) because

Y Ezl=> Elo Y zed{oi=V}| =T g.Vowgn =T U(d),

te(T) te(T] n€[N] ne[N]

(C.12)

where the final equality follows from the fact that a4 is optimal to U(d).

Therefore, in light of the upper bound shown in Equation (C.8), the threshold

strategy in Equation (C.9) is optimal to the buyer’s hindsight problem OPT(d).

Finally, the seller’s revenue under the buyer’s optimal threshold strategy is
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A ez = T2 e 9nTan = T - w(d) where m(d) is the per-period revenue
defined in Equation (4.4). O

C.2.3 Proof of Theorem 4.3.3

Our proof relies on the following proposition

Proposition C.2.2. If price d is nonbinding, then the corresponding optimal solution

xqtoU(d) isxqg=(1...1) € R}.

Proof. We prove the claim via contradiction. Assume there is some index k € [V]
such that &, < 1. Then consider the solution & = (241 ... Tar—1,Y, Tak+1s - - - Ldn)

where we replaced the k’th entry of x; with

P— Zne[m InLdn Zne[N] (Vo —d) gnxd,n} (z>) 0

= x4} + €, where € := min {1 — Td iy , Vi —dlg
k k— k

where (i) follows from the fact that x4 is nonbinding, i.e. p > Znem GnTdn and

ZnE[N] (Voo —vd) gng, > 0. Then

d Z gnTyn = d Z GnTdn + dgk€ < d Z InTdn +1pr— Z InTdn | = P -

ne[N] n€[N] ne[N] ne[N]

On the other hand, if V}, —~d > 0, then

Z (Vn - Vd) InTdn = Z (Vn - 7d> InTdpn + (V;e - 7d) gr€ > Z (Vn - 'Yd) InTan > 0.

ne[N] ne[N] n€[N]

If Vi, —~vd <0, then

Z (Vn - Vd) gnxd,n - Z (Vn - Vd) InTdn + (V;c - ’Yd) gr€

n€[N] n€[N]
Zne[N] (Vn - Vd) InTdn
> Vi —vd) gnxgn + (Vi — yd) - — =0
ne[N]
where in the last equality we used |V, — ~vd| = — (V,, — 7d) since V,, — vd < 0.
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The above shows x is feasible to U(d). On the other hand, ZnE[N] VagnTan <
Znem Vignn, so @ yields a strictly larger objective than ay4, contradicting the

optimality of x,. n

We now return to our proof for Theorem 4.3.3.

(1). When both d, d are non-binding, Proposition C.2.2 implies 2y = xy=(1...1).

rev(d —ngnxdndegn<dZgn—ngn:cd revd)

ne[N] ne[N] ne€[N] ne[N]

(2). We prove this claim by contradiction. Assume d is non-binding and d>d

where d is budget binding. Proposition C.2.2 states that ;= (1...1). Hence

p = rev(d —ngnxdn<ngnxd <ngnxdn<p,

ne[N] née[N] ne[N]

where (i) follows from the definition that d is non-binding. Hence we obtain a
contradiction, and d cannot be non-binding. This means d must be budget or ROI
binding.

(). Here we show that if some price d € D is ROI binding so that v (Va
vd)gnxa, = 0, any price d > d must also be ROI binding. We first claim that xz; < x,.
To show this, we use a contradiction argument by assuming x; = x,.

Let the threshold vector @, be characterized by x4 = 1¥(J,q) (see definition of
threshold vectors in Definition C.1.1). Under Assumption 4.3.1, we note that @, cannot
have all 0 entries and hence z4; > 0. However, since ZnE[N](V” — ¥d)gnZan = 0,
it must be the case that V;,; —~vd < 0. Now, applying the ordering property for
threshold vectors in the second half of Lemma C.2.3 (ii) by taking Z = x5, Y = x4,

and b; = V; — vd we have

} ]

ne[N) ne[N n€[N

In the last inequality we used the fact that d>d. Hence, this contradicts the feasibility
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of x3, so we conclude that x; < x4. This further implies

(424)

p=>d Z gnxd,n 9 Z VagnTdn > (“ Z vngnxd 2 d Z InT gy s

n€[N] nG[N] nE [N] née[N]
N
=rev(d) :rev(cf)

where (i) follows from d being ROI binding, i.e. 3, cny(Va —7d)gnZan = 0; (ii) follows
from x7 < x4; (iii) follows from feasibility of d so that > ney] (Ve — fycj)gnxazn > 0.
Therefore, p > rev(d) > rev(d).

Finally, p > rev(cb implies that d is either non-binding or ROI binding. We
note that it is not possible for d to be non-binding, because d non-binding implies
x;= (1...1) according Proposition C.2.2, contradicting 7 = x4 which we showed
earlier. Here we used the fact that ; # (1...1) because x4 is ROI binding and
Assumption 4.3.1 states for any d € D, Zne[N}(Vn —vd)g, # 0. ]

C.2.4 Additional lemmas for Section 4.3

Lemma C.2.3 (Ordering property for threshold vectors). Consider {a;}icpn) € RY
and {b;}iein) C RY where there exists some j € [N| such that b; >0 for alli=1...j
and b; < 0 for alli=j+1,...m. Let Z,Y € [0,1]" be two threshold vectors (see
Definition C.1.1) such that'Y = (Jy,qy), Z = ¥(Jz,qz), and Z =Y . Then the
following hold:

(i) Zie[N] ;i Z; 2 Zie[m a;Y;.

(i) If Zie[N} b;Z; > 0 then Ziem b;Y; > 0. Furthermore, if by,+1 < 0, then

Doieiv Y = D v biZi > 0.

Proof.

(i) Since a; >0 foralli € [N],and Z =Y (i.e. Z; > Y; for all i € [N]), it is easy
to see Zz’e[N] a; Z; > Zie[N] a;Y;.
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(ii) By the definition of threshold vectors, we have Y, .1 = gy while ¥; = 0 for all
1 > Jy + 1. We prove the claim by contradiction by assuming Zie[ n biYi <0.

First, it is easy to see by, 41 < 0. This is because if by, 11 > 0, then b; > 0 for all
i =1...Jy+1 by the definition of {b; };c[n}, and hence Zie[N] b;Y; = Zie[Jy-i-l} b;Y; >0
contradicting our assumption that Zie[ N b;Y; <0 .

Next, since Ziem b;Y; <0< Ziem b;Z;, we have Zie[N] b;(Z; —Y;) > 0. On the

other hand,

Suz-n2 Y wz-no

i€[N] i=Jy +1
Here, (i) follows from the definition of a threshold vector so that Y; = 1 for all
i=1...Jy and also Z; =1 foralli=1...Jy due to Z = Y. (ii) follows from the
fact that by, 41 < 0sob; <0 for all i > Jy +1 due to the definition of {b; };c;n). Hence,
we arrive at a contradiction, which allows us to conclude the first half of the claim, i.e.

ZiE[N} b;Z; > 0 implies Ziem bY; > 0.

We now show the second half of the claim i.e. by,4+1 < 0 implies Zie[N] bY; >
Zie[N} biZ; > 0. If by, 41 <0, thenb; <0foralli=Jy+1+...Jz+1, and hence

iy (i)
Z bi(Z; = Y;) =brs1(Zyys1 — Yyy11) + Z biZ; < 0.

i€[N] i=Jy +2

Note that in the above inequality the summand ZZJ:Z;FYI 49 biZ; does not exist if Jy = Jg,
and in (i) we also used the fact that Y; = 0 for all i > Jy + 1 using the definition of a

threshold veector.

(iii) We again use a contradiction argument by assuming Zie[m b;Z; > 0, and the

rest of the proof is almost identical to that of (ii) so we will omit it here. O]
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C.3 Additional material for Section 4.4

C.3.1 Proof of Theorem 4.4.1

Define G :=min, jop (i) revd |TeV(d) — rev(d)| to be the minimum revenue gap for
all price pairs that do not yield the same revenue, where rev(d) := d Zne[ N] YnTan for
any d € D is the per-period average seller revenue defined in Equation (4.4). Recall
rév(Dy) = \Shl b e, %t 18 the estimate of rev(Dy) for episode h with fixed price Dy
(see Algorithm 4).

For any exploration episode &, whose length is |&,| = T175*¢, we have w.p. at

least 1 —1/T

rev(Dy) rev(Dy)|

1 ZZt_rev(Dh) é (&) ? (T

— 1—&+e€
Dn Dn Enl i Dn (R E)
Z'LZ ¢(T)
= |rév(Dy,) — rev(Dy)| < Titee

where (i) is due to the definition of {-adaptive buyers in Definition 4.4.1; (ii) is due
to the fact that ¢ is an increasing function and the exploration episode lengths are
|E,| = T1=5F¢; (iii) is due to the fact that all prices are less than 1.

Since ¢(T) = O(T*~%), there exists some T, € N such that when T > T, we have

¢(T)

Ti—ere < (C.14)

| Q

The rest of the proof relies on the following lemma:

Lemma C.3.1. Assume T > T, s.t. Equation (C.14) holds. If rév(D;) > rév(D;) for

some exploration episodes i,j s.t. 1 # j, then w.p. at least 1 — %, rev(D;) > rev(D;).

Furthermore, the following event G

G = {rev(D;) > rév(D;) = rev(D;) > rev(D;) for all exploration episodes i # j}
(C.15)

holds with probability at least 1 — H(H 1), where H = |logy(M)] + 1 is the maximum
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number of binary search iterations (i.e. number of episodes in the exploration phase).

Proof of Lemma C.3.1. Because rév(D;) > rév(D;), applying Equation (C.13) for

episodes i, j yields

rev(D;) + 7?;(726 > rév(D;) > rév(D;) > rev(D;) — 7?1(726 (C.16)
— ;qlb_(z;)e > rev(D;) —rev(D;),

Now, contrary to our claim, suppose that rev(D;) < rev(D,). We then have

26(T) > rev(D;) —rev(D;) > min rev(d) — rev(g) =G,

T1=&+e — d,deD:rev(d)#rev(d)

which contradicts Equation (C.14) for T' > T.. As there are H(H — 1)/2 pairs (i, j)

such that ¢ # j, a simple union bound shows event G holds with probability at least

H(H-1)
== =

We now return to our proof of Theorem 4.4.1. We first show that under event G
(see Equation (C.15)),the final price in the exploitation phase D,,- is revenue-optimal,
i.e. maxgep rev(d) = rev (D)

We use an induction argument that shows after each iteration of the binary search
procedure in the exploration phase of Algorithm 4, rev(D,,) < rev(D,,) for all m <L
and m > R. The base case is the first iteration, where we have L = 1, R = M. If

m* = L =1, then under event G we get
rév(Dy) > rév(Dy) =2 rev(Dy) > rev(Dy).

Hence after the first iteration rev(D,,) < rev(D,,-) for any m < L and m > R. The
case for m* = R follows from the same argument.

Now assume that the induction hypothesis holds, i.e. at the beginning of some
iteration with the tuple (L, R, m*), we have rev(D,,) < rev(D,,-) m < L and m > R.
According to Algorithm 4, we only need to show two cases in order to validate the

induction procedure.
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e Case 1. If rév(Dpeq) < rév(Dmed+1), then we show rev(D,,) < rev(Dyeqy1) for

allm=1... med +1

e Case 2. If rév(Dyeq) > rév(Dyeq 1), then we show rev(D,,) > rev(Dyeq) for all

m=med-+1...M

Note that under Case 1., med + 1 will be the new value of m* in the next iteration
(i.e. the next induction step). So by showing rev(D,,) < rev(Dpeqr1) for all m =
1...med 4 1, we validate the induction hypothesis for the next induction step. A
similar argument holds for Case 2.

Case 1. When rév(Dyeq) < réV(Dpeqr1), under event G (see Equation (C.15))
we have rev(Dpeq) < rev(Dpear1). We claim that Dyeq cannot be an ROI binding
price. Assume the contrary that D,,.q is ROI binding. Then, part (3) of Theorem
4.3.3 states rev(Dpeqr1) < rev(Died), leading to a contradiction. Hence Dypeq must be
either a nonbinding price or a budget binding price. Applying part (1) of Theorem

4.3.3, we can then conclude that for any m < med, rev(D,,) < rev(Dpeq), SO

rev(D,,) < rev(Dmeq) < rev(Dyear1) ¥Ym =1...med.

At the end of the iteration, as we update m** = med + 1 (here we denote m** as

the updated value to distinguish from its initial value at the start of the iteration),
we have rev(D,,«+) > rev(Dyed+1) > rev(Dieq) - - - rev(Dy). On the other hand, since

rév(D,,«+) = MaXpe{m* med+1} FEV(Dy,) > rév(D,,+), event G implies
@)

rev(D,,«+) > rev(D,,«) > rev(D,,) VYm=R...M,

where (i) follows from the induction hypothesis. Therefore, we have

rev(D,«+) > rev(D,y,) Vm=R...M and m=1...med + 1,

and by realizing the tuple (med + 1, R, m**) is the initial tuple for the next iteration

concludes the induction step.
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Case 2. The case when rév(Dyeq) > rév(Dpeqr1) follows from an identical

argument, and we will omit the details. This concludes the induction proof.

The above implies that when the event

G = {rév(D;) > rev(D;) = rev(D;) > rev(D;) for alli,j € [H]}

holds throughout the exploration phase, the above induction argument implies we

have rev(D,,«) > rev(D,,)for all m € [M]. Hence rev(D,,«) = maxgep rev(d) w.p. at

H(H-1)
2T

least 1 — according to Lemma C.3.1 where H = |log,(M)] + 1.

Furthermore, we point out that in each iteration of the binary search procedure
the seller explores at most two prices. Hence the entire exploration phase, which
consists of all periods in exploration episodes and we denote as £, has length at most
2F ([logy(M)| + 1) = 27175+ (|logy(M) | + 1) periods. Therefore, the seller’s regret

can be upper bounded as

Regsell
= Tmaxrev(d) — Z E [d; 2]

deD
te[T)

T
< €1+ Z réleapxrev(d)—E[dtzt]

t=|E|+1
(2)
< €]+ Y E[(rev(Dye) — Doz L{GY + (T — [ENE (GY)
te[T]/E
(Dys) 1
< |E]+ D (T — |E]) - B | ) 2| + (T - [EDP(G°)
D, T — €] te%g
(i) rev(D,,«) 1 o(T — |€])
< I+ —[E)+ (T e B (| =5 gy D %> Sy

€[T)/€
+ TP (G°)

D)

E|+ o (T — |E]) + 1+ TP(G°)

< 2 (lloga(M)] + 1) TEH 4 6 (T) + ((logy (M) + 1)? /2.
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In (i) we used the fact that maxgep rev(d) = rev(D,,~) under event G and d; = D,,,+ for

all exploitation periods t € [T']/&; in (ii) and (iii) we used the definition of £&-adaptive

buyer algorithm (see Definition 4.4.1) so that for the exploitation phase [T']/€, the event
rev(D,,,*)

D — Tfm Zte[T]/S 2l < ¢(TT:|§|) holds with probability at least 1 — 1/7, and

also ¢ is an increasing function; In (iv), we used the fact that all periods in exploration
episodes &, has length at most 2E ([logy(M)| + 1) = 27175 (|log,(M)] + 1) periods,
and the fact that P (G°) < (UogQ(M)J;;)'UOgQ(M)J according to Lemma C.3.1, so 1 +
TP (G°) < (|logy(M)] +1)* /2 given M > 2. O

C.4 Additional material for Section 4.5

C.4.1 Proof of Lemma 4.5.1

Recall that when the buyer best responds, she adopts the threshold strategy w.r.t 4
where x; € [0,1]" is the optimal solution to U(d) in Equation (4.3); see Definition

4.3.2 for best response. Further, the threshold strategy can be represented as decision

z = Z zqn{ve =V, }.

ne[N]

Then, for any exploration or exploitation episode £ (whose posted price we denote as

d), for the best response decisions {z; };c¢ defined above, we have for any ¢t € £

Eldz/] =d Z GnZan = rev(d)

ne[N]

where rev(d) is the per-period expected revenue defined in Equation (4.4). Hence, by
defining

Y, = dz/ — rev(d)

we know that the sequence {Y;};c¢ is a martingale difference sequence such that that

Yi| <d <1forall t €& By Azuma Hoeffding’s inequality (see Lemma C.5.1) we
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have for any ¢ € (0,1)

|

Hence, by taking 6 = 1/7" and considering the increasing function ¢(z) = 1/2x log (27 =

dY 2z —|€|-rev(d)| >

te&

2|&[log (2/5)> <9

O(z'/?), for any exploration /exploitation episode £ (whose price we denote as d) we

have

|g| Zzt rev(d

te€

with probability (w.p.) at least 1 — 1/7". Therefore best responding is 1-adaptive. [J

C.4.2 Proof of Theorem 4.5.2

For the seller, the regret upper bound is a direct result of Lemma 4.5.1 and Theorem
4.4.1.

On the other hand for the buyer, following the exact proof Step 2. in the proof
of Proposition 4.3.2 (see Appendix C.2.2), in particular Equations (C.9), (C.10) and
(C.11), we know that by best responding, the buyer’s budget and ROI constraints are
satisfied. Finally, we bound the buyer’s regret (see Definition in (4.7)) as followed:

Let d be the posted price in the final exploitation episode (see Algorithm 4). Using
an argument similar to Step 1. in the proof of Proposition 4.3.2, for the linear program
(LP) U(d) in Equation (4.3) that denotes the buyer’s single-period myopic optimization
problem, it is easy to see the optimal value is bounded and the LP is feasible (consider
the solution with all entries set to be 0). Then, strong duality holds, and there exists

corresponding optimal dual variables (A, u) € Ri w.r.t. the exploitation price d s.t.

U(d) = max_ Y g, (1+ NV, — (YA + p)d) 2 + ppt
(C.17)
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Similar to Equation (C.8), by denoting £ to be all periods within exploration
episodes, the buyer’s hindsight objective can be bounded as

OPT(dir) < max » E[(1+ Ao — (YA +p)d) 2]+ Tpp

z€[0,1]T by

IA

Z E[((14 ANve — (A + p)d), | + Tpop

te(T)

= D> [ D] g ((T+NVa = (WA + w)d), + pp

te[T] \n€[N]
< (L+A+pm) 1€+ D | D gn (M4 NVo = (WA + p)d) . + ppe
te[T]/E€ \n€[N]
(i) 1.,
= O(Tz") + (T — |E])U(d) .
(C.18)

Here (i) follows from Equation (C.17) and the fact that there are at most 2 (|log, (M) | + 1)
exploration episodes, which implies in € there are at most 274 (|logy(M)| + 1) =
@(T%“) periods. The buyer’s regret can be thus bounded as followed

Regy,,, = OPT(dir)— Y E[vz) | < O(T2+) + (T — |E)U(d) — > Efvz]

te|T) te[T]/E

= O(T%*)

where in the final equality, we used the fact that the buyer’s expected utility is
exactly U(d) for each exploitation period when best responding as shown in Equation

(C.12). 0

C.4.3 Proof of Theorem 4.5.3

This proof consists of two parts, namely bounding seller’s regret, and bounding buyer’s

regret as well the “balance” of buyer’s budget and ROI constraints.
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Part 1. Bounding seller’s regret.  Here, we only need to show that the buyer’s
strategy is {-adaptive (see Definition in 4.4.1), and the rest of the proof follows from
Theorem 4.4.1.

For notation convenience, fix some exploration or exploitation episode £, and
denote the corresponding price in the episode as d. In light of Lemma 4.3.1, we let
x4 € [0,1]Y be the unique optimal threshold vector (see Definition C.1.1) solution to
U(d). According to the definition of the per-period seller expected revenue rev(d) under
buyer best response in Equation (4.4), we can further write the seller’s per-period

expected revenue for episode h as

rev(d) =d Z TdnGn - (C.19)

né€[N]

Let F; be the sigma algebra generated by {(v,, d;, 2;)} which characterizes all

TE[t]
randomness in the buyer and seller’s behavior up to period ¢t. Recall &, is the optimal
solution to U(d;) of Equation (4.3) via replacing the true distribution g € Ay with
the estimate g; € Ay. The buyer adopting a threshold strategy w.r.t. @, implies the

buyer’s decision to be

a= Y dl{v =V} (C.20)

ne[N]

Since x; is F;_1-measurable, for ¢t € £ we have

-Ft—li| = Zgnit,n

ne[N]

E [zt

Thus, the by defining

Y, = Z InTtpn — 2, (C.21)

ne[N]

we know that the sequence {Y;};c¢ is a martingale difference sequence such that that

Y] <1 for all t. By Azuma Hoeffding’s inequality (see Lemma C.5.1) we have for
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any 6 € (0,1)

P (GV) > 1— 0 where G := Z Z GnTin — < +/2|€|log(2/0) p . (C.22)

te€ \ne[N]

The remaining proof relies on the following lemma whose proof can be found in

Appendix C.4.5

Lemma C.4.1. Fixz some price d and define the following problem which is solved

by the approzimate best response buyer with ML advice to obtain @, (see Definition

4.5.1):

U(d :ménoaf( thann stthn ” n>0  and deyt,nQ:ngp.

née[N] n€[N]

(C.23)

Here, recall g; € Ay is the ML advice obtained in period t which is an estimate for

the true value distribution g € Ay. Further, define the following values

(A) = U(d) - Z gnvnj:t,n ) Z gn n /yd xtn

ne[N] n née[N]

= dzgnxtn_ )

n€[N] n

To(C.24)

where we recall U(d) is defined in Equation (4.3). Then, the values (B), (C') are upper
bounded by \/NHg — gi|| for all t. Further, because the estimation error lim; ., ¢, = 0
there exists some Ty € N s.t. ||g — g¢|| < by < % for allt > Ty. Then, there exists an
absolute constant C' that only depends on buyer model primitives (g, V', p,7y) s.t. the
values (A) and ||xg — 24| are upper bounded by C\/N||g — gi|| for t > Ty, where 4 is
the optimal solution to U(d).

We now show a high probability bound for revd(d) — > iee %- Assume event G
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(Equation (C.22)) holds, then

rev(d
N I S P
te€ te€ \ ne[N]
S Z Z ityngn — Zt + Z Z i't,ngn - Z TdnGn
te€ \ ne[N] te€ |ne[N) ne[N]
(4) .
< V/2[€]log (2T)+Z‘|wd—wt|| [lgll
te€
)
< V2/E[log 2T) + Ty + CVN > ¢,
te&:1>TyH
< V2€[log (2T) + Ty + CVN Y ¢,
te&
(id3) ~
< V/2[E]log (2T) + Ty + CVN(|E|)
= ¢(|€])

where in (i) we plugged in the Azuma-Hoeffding inequality result showed in Equation
(C.22) with § = £; in (ii) we applied Lemma C.4.1 and some constant absolute constant
C for t > Ty (defined in statement of Lemma C.4.1), and the fact that ||g|| < 1 since
g is a probability simplex; in (iii) we used the assumption that there exists some
increasing function ¢ s.t. Doeele < &(|€]). Therefore w.p. at least 1 — 1/T (since G
holds w.p. at least 1 — 1/7 when § = 1/T'), we have

¢(I€])
€]

<

d
iZl Z 2 — rev(d)

te&

Since ¢(z) < O(x'~L), we know that ¢(z) = O(z'¢) for £ = min{%, L}. Hence,
for large enough 71" s.t. the exploration episode length E = T=¢+¢ > Tj, the buyer’s
approximate best responding with ML advice is 1 — £-adaptive for € = min{%, L}.

Part 2. Bounds for the buyer. We first follow a similar approach as the proof of
Theorem 4.5.2 to upper bound the buyer regret.

Let d be the posted price in the final exploitation episode (see Algorithm 4), and
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denote & = O(T175¢) as all periods within exploration episodes. Then using the
same arguments as in Equations (C.17) and (C.18), we can show the buyer’s hindsight

objective can be bounded as
OPT(dyr) < O(T) + (T — |E))U(d).

Since the buyer approximately best responds w.r.t. @; which is the optimal solution
to the problem U(d) Equation (C.23), recall the buyer’s decision z can be written as
in Equation (C.20):

Zt = Z :ﬁt,nﬂ{vt = Vn}
ne[N]
Hence, E[vz| Fi—1] = Znem 9nVnZi . Let C and Tj be defined as in Lemma C.4.1,

and thus the buyer’s regret can be thus bounded as followed

Regy,,, = OPT(dy.r) — Z E [v;24]

te([T]

(T )+ Y EU(d) — gniten)]

te|T)/E

@(T§+E) + 1o+ Z E [(U(d) - gnfit,n)]

te[T)/Et>Ty

OT ) +Ty+CVN > llg—ail

te[T]/Et>Ty

OT )+ Ty +CVN Y ¢

te[T)/€

IN

AN

—
IN=
=

—~~
=
<=

~

(iid) -
< O(T) + Ty + CVN(T — |€))

In (i), we applied Lemma C.4.1 for the value (A) defined in Equation (C.24); (ii)
follows from the definition of the estimation errors ¢, > ||g — g:||; (iii) follows from
the assumption that for any exploration or exploitation episode &, the total error

> _iee, Ut is upper bounded by ¢~5(T — || where 5 is an increasing function; (iv) follows
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from the fact that ¢(z) < O(TF) < O(T*%).

Now we show the buyer constraint violation is small, namely

1 1
TE Z ('Ut — ’}/dt) Zt Z —@(TﬁL) and TE Z dtZt S 1% + @(TﬁL) .

te([T) te[T)

The proofs for both inequalities are very similar, so here we just show FE [Ztem (vp — ydy) 2| >
—O(T~F). Similar to the above where we bounded buyer’s regret, we have E[(v; — vd;) 2| F;_1] =
Zne[ N 9n (Vi, — 7d) Z¢.n, and thus for all exploration and exploitation episodes &; ... €y

(assuming there are H episodes), we have

—E Z(vt—vdt)zt == ZE - Zgn n Wd xtn

te[T] te(T) L ne[N]
te[T] L ne[N] +

(@)

< VN 4
te(T)

= VN D
]’LE[H tEgh

(i)

< VN ) o(al "
he[H]

= O(T' ")

where (i) follows from the upper bound of (B) (Equation (C.24)) in Lemma C.4.1; (ii)
follows from the assumption that for any exploration and exploitation episode &, the

errors {{;}; satisfy >, o £ < &(|&|) for some increasing function ¢ : R, — R* and

o(x) < O('h).

Finally, dividing both sides by T yields the desired bound £ [ZtE[T (vp — vdy) 2
—-o(T-1). O
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C.4.4 Proof of Theorem 4.5.4

We know that the empirical estimates g; € Ay for the buyer’s value distribution
g € Ay defined in Equation (4.8) follow a multinomial distribution, i.e. g, ~
%Multinomial(t, g). Therefore, applying Lemma C.5.3 by taking 6 = 1/7? | we have
w.p. at least 1 — 1/7? the following event holds

2N log (277
G = {Hgt gl <= #} (©.25)

Here we used the fact that ||z|| < ||z||; for any vector &. Hence, using a simple union
bound, the event Uycr1G; holds w.p. at least 1 — 1/7". Further, for any exploration or

exploitation episode £, we have

Zét Z /2Nlog (277?) |g| (C.26)

te€ TE[E]]

for some increasing function ¢ s.t. ¢(z) < O(z2). Hence, w.p. at least 1 — 1/T,
the estimation errors {/;}; defined above satisfy the conditions in Theorem 4.5.3 for
large enough 7', i.e. limy oo ¢y = 0 and ), o ¢, < 5(]8\) for any any exploration or
exploitation episode £ where increasing function ¢ : R, — R and ¢(z) < O(z!~L).

The rest of the proof directly follows from Theorem 4.5.3.

]
C.4.5 Proof of Lemma C.4.1
Consider the region
C=qze01V:= > guVaru < U= Y ga (Vo =), S0,d Y guwn < p
ne[N] néE[N] n€[N]
(C.27)

By Lemma 4.3.1, we know that @, is the unique optimal solution to U(d), and hence

C consists of the single point x4, namely C = {x,}. Now consider the optimal solution
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&, € [0,1]N to Uy(d) in Equation (C.23), by the Hoffman bound (Lemma C.5.2), there
exists some constant H > 0 that only depends on (g, V) s.t.

& — 4]
S H - Z gnvnjt,n Z gn n ’Yd xtn + d Z gnxtn -
ne[N) N ne[N] n€[N]
() (B) <
(C.28)

where we used the inequality [|(y)+[| < >_,c(n(yn)+ for any vector y € RY. We now
bound (A), (B) and (C) respectively.

Bounding (A). Similar to the proof of Theorem 4.5.2, strong duality holds for the
LP U,(d), and hence there exists optimal dual variables A, i € Ry s.t.

O(d) = S gVadin = max_ > Gin ((1 F NV — (YA + ﬂ)d) oo+ (C.29)

n€[N] 1 nel[N]

Since Uy(d) < 1, it is easy to see i € [0,1/p], and further by considering & =
(1,0...0) € RY, we have

= AV = yd) — p (C.30)

where in (i) we used the fact that g;; € [0,1]; in (ii) we used the fact that |g:1 — g1 <
1g: — gl <4 <% forall t > T, and also d € [0,1] as well as 1 € [0,1/p]; in (iii), we
used Assumption 4.3.1 s.t. V; —~d > 0 for all d € D, and g; > 0.
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On the other hand, we have

< max > G (14 AV = (A4 )d) 2+ (L4 0) D L — gnl + i
ne[N] n€([N]

< max > Gun (14 Vo = GA+ @)d) o+ pji + (1+ )VN g — gl

(C.31)

In (i), we used the fact that for all n € [N], z,, € [0,1] and (1+\)V,, — (YA + a)d <
(1+ AV, < 1+ A since all possible values V,, € [0,1]; (ii) applies Cauchy Schwarz

inequality; (iii) plugs in Equation (C.29) and (C.30).

Therefore, if Ut(d) = ZnE[N] 9o Va2, > U(d), then (A) = 0, whereas if Ut(d) =
Y ney] 9nValen < U(d), Equation (C.31) implies

1\ V, —~D R
(4) <2 (1 i ;) BEIPYNg- g (C.32)

Bounding (B) and (C). The bounds for (B) and (C) are similar, and therefore we
only show that for (B).

ne[N] 4
(4) . N
S - Z gtn n ’Yd xt n + Z (gt,n - gn) (Vn - 7d> :Ct,n
n€[N] 4 |nelN] (C.33)
(i)
n€[N]
(4t3) R
< VN|g: —g|
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Here, (i) follows from the basic inequality sequence (a4 0)y < (a)y + (b); < (a)L +1b|;
(ii) follows from the fact that @, is feasible to (Z(d) so that Znem Gt (Vi —yd) 2y >
0, and also |V,, —vd| < V,, <1 and &, € [0, 1]; (iii) follows from the Cauchy-Schwarz
inequality.

We can similarly show

(C) < VN|g: — gl (C.34)

Finally, combining Equations (C.28), (C.32), (C.33), and (C.34) yields the desired
result. O

C.5 Supplementary lemmas

Lemma C.5.1 (Azuma—Hoeffding inequality). beLet Y7 ...Y,, be a martingale differ-

ence sequence with a uniform bound |Y;| <1 for all j € [n]. Then for any § € (0,1/e),

P[>V > /2nlog(2/8) | <4.

J€[n]

Lemma C.5.2 (Hoffman bound [68]). Consider a non-empty linear region C =
{x e R": Ax < b} for some b € R" and A € R™™. Then, there exists some
constant H > 0 that only depends on A s.t. for any y € R™ we have inf,c¢c||z — y|| <
H||(Ay —b).||. Here (y)y is the vector that takes the positive parts for each entry in
Yo ie (Y = ((W)r - (Yn)s)-

Lemma C.5.3 (Empirical distribution concentration inequality [110]). Let g € Ay
be a N-dimensional probability simplex (N > 2), and g, ~ %Multmomml(t, g). Then
for any ¢ € (0,1), we have

. 2N log(2/6
P(||gt—g||1> —f(”)sa

See also [98] Proposition 2. for a similar statement to that of Lemma C.5.3.
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Appendix D

Supplementary material for Chapter 5

D.1 Additional material for Section 5.2

Example D.1.1 (Personalized-reserve augmented VCG, GSP, GFP auctions). Con-
sider M > 2 parallel position auctions (A;);car all of which take the form of VOG,
GSP or GFP auctions. Each auction A; is associated with L; > 1 slots and CTRs
pj = (11;(0))eer,. Assume N bidders submit bid profile b; € RY to auction A;, where

N; < N are cleared, i.e. greater than respective personalized reserve prices. Define
Ej € ]Rfj to be all “cleared bids”, and let gy) be the (th highest cleared bid. Then, in
A; bidders who cleared their reserves are assigned slots according to the ranking ofgj,
whereas the bidders who do not clear their reserves never get allocated any slots. The
payment for a bidder i who cleared her reserve and allocated slot (; ; € [min{f\?j, L;}]
18

o VCG: p;ij = ?i?ijvj’Lj}(uj (0) — pi(+1)- max{gyﬂ), 1} where g;e) = 0 when

¢ > Nj.

e GSP: pij = :uj(fz}j) . max{'[;yi*ﬁl), Ti,j}'
~(t:.;
o GIP: Pij = ,Uj(gi,j) : maX{bg' 7 )7 rivj}'

It is well known that for the same bid profile b and for any bidder ¢, the payment

under the GFP auction is greater than equal to that under GSP auction, and the
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payment under the GSP auction is greater than equal to that under VCG; see e.g.
[46].

D.2 Additional material for Section 5.4

D.2.1 Proof for Theorem 5.4.3

Theorem D.2.1 (Restatement of Theorem 5.4.3). Consider 2 bidders competing in
three SPA auctions whose values are indicated in the following table for any 5 € (0,1)
and y > 0.

Auction 1 Auction 2 Auction 3 .

bidder 1 Y v 0

bidder 2 0 v—E€ v+ e

Bidder 1’s multiplier is fixed to be oy > 1, and consider v = il;_ﬁ -~y for any v > 0.
The reserve prices are set to be r; j = Bv; ;. Then, we have
Wi (X (b)) 1-5 OPT— 5.

min ————= = —

ber OPT, ap— 1 OPT,

(D.1)

Taking € — 0 shows that bidder 1’s welfare is equal to the individual welfare guarantee

in Theorem 5.4.1.

OPT_;

-1,
Remark D.2.1. We remark that as e — 0, oPT, = ;fv € [0, %] , so by varying

y € [0,00), the above example demonstrates our individual welfare lower bound in

Theorem 5.4.1 1is tight for any nontrivial market share ratio (;)PPTTj_ € [‘;1__51,00)

Proof. Note that in any feasible outcome, bidder 1 must win auction 1, and bidder
2 must win auction 3. Hence for auction 2, we only need to consider the following

outcome:
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Bidder 1 loses auction 2, and suffers welfare loss v. This outcome can
be achieved by setting as such that as(v —€) > ajv. Bidder 2 accumulates value
v+y+ (ﬁ - 1) e. Her payment for auction 2 is max{ajv, B(v—€)}, and for auction
3is B <7 + ﬁ . e). The following shows that her ROAS constraint is satisfied:

v—i—’y—i—(ﬁ—l)e—max{alv,ﬁ(v—e)}—ﬁ(7+1iﬂ.e)

e v—l—’y—l—(ﬁ—l)e—aw—ﬁ(y—i—liﬁ.e)
_ (1—al)v+(1—ﬁ)fy—|—(ﬁ_l_ﬁ.ﬁ)g

g 0 y

where in (a) we used the fact § <1 < ay and € — 0. In the final equality we used

the definition that v = ;1;_61 7. On the other hand, bidder 1’'s ROAS constraint is
apparently satisfied.

Under this outcome, denoting bidder 1’s welfare as W; we have

Wy _1 () 1 1—5 ¥ B 1—/8 OPT,i—%'E
OPT, =~ OPTy, =~ o;—1 OPT, =~ a;—1 OPT;
[

D.2.2 Proof of Proposition 5.4.4
Proof. For simplicity, denote 6, ; = OPT; ; — W, ;(x). Then,
OPTz — Wz(az) = Z 52',]' —+ Z 5i,j -+ Z (51'73'

jE[M}:(Si’j>0 jE[M}Z(Siﬁj:O jE[M}:5i7j<0

— LOSsS;(x) + > (OPT;,; — Wi (x)) < LOSS;(z) < B.

jE[M]:WiVj (CB)>OPT1'J‘

Rearranging and dividing both sides by OPT; we get I(/)Vl",f(%z >1-— OP]?TZ_.

Here we remark that it is possible to have W; j(x) > OPT; ; because bidders may

overbid, and therefore win auctions/slots that they would not have won under the
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efficient outcome. O

D.2.3 Proof of Lemma 5.4.7

Proof. Recall there is A-separation in values. Fix a bidder ¢ and let v;-“ be the smallest
competitor value that is strictly greater than v;; in any auction .A; where bidder i’s
value is not the largest, and by definition of A-separated values we have v;’ > Av; ;.
Hence, by using any multiplier «; € [1, A) and assuming competitors bid truthfully,
the outcome of the auctions would be identical to that of everyone (including bidder
i) bidding truthfully. And since truthful bidding is always feasible, we conclude that
v_; € F*(auv;) for a; € [1,A). O

D.3 Additional material for Section 5.5

D.3.1 Additional Definitions and Lemmas for Section 5.5

The following lemma shows that for anonymous and truthful auctions, the probability
of the lowest bidder winning a single auction is capped by a bound that decreases as

the number of bidders grow.

Lemma D.3.1 (Lemma 3 in [89]). In an anonymous and truthful auction for a
single item with N bidders, the bidder who submits the lowest bid wins the item with

probability at most %

The following technical definition and lemma (i.e. Definition D.3.1 and Lemma
D.3.2) concerns the scenario where only one bidder participates in the auction (others
bid 0), and present an upper bound on the probability and cost respectively for the

single bidder to win the auction.

Definition D.3.1 (Single bidder purchase probability and bid threshold). For any

allocation-anonymous and truthful auction A, consider the setting with a single bidder
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who submits bid b > 0 and define

w4 = lim P(bidder wins item with bid b), (D.2)

b—oo

where the limit exists because in a truthful auction, P(bidder wins item with bid b)
increases in b (see Definition 5.2.1 for truthful auctions). Assume this max probability

s reached at some bid threshold Q) 4, i.e.

Q4 =min {b > 0 : P(bidder wins item with bid b) = w4} . (D.3)

Note that in a deterministic single-slot auction that allocates to the highest bidder,
w4 =1, and Q4 — 0. For example, in an SPA with no reserve, the single bidder can

win the auction with any arbitrarily small positive bid with probability 1.

Lemma D.3.2 (Lemma 4 in [89]). For any allocation-anonymous and truthful auction
A with single-bidder purchase probability w4 and bid threshold Q 4, the expected cost

for a single bidder for winning the item is at most w4 - Q4.

D.3.2 Proof of Theorem 5.5.1

Theorem D.3.3 (Restatement of Theorem 5.5.1). For any auction A that is allocation-
anonymous, truthful, and possibly randomized, * consider an autobidding problem
instance w.r.t. A with M = 2K + 1 auctions and N = K + 1 bidders. Fix bidder 0’s
bid multiplier to be ay and some 3 € [0,1). Consider the bidder values {v; ;}icn)je[m)

given in the following table.

'Here, we assume all auctions of interest are individually rational (IR), i.e. the payment of a
bidder is always less than her submitted bid.
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Ay Ay L Ag Agpr Agyo .. A Aok
apvte apv+2e agv+Ke
Bl —p —P e —P ’y 0 0 0
agu+2e apv+3€ apv+t€
B2 o ) Ce —p 0 Yy c. 0 0
agu+Ke agute aov+(K—1)e
Bk P P cee T 0 0 ol 0
By v v v 0 0 0 Y

In the table, we let v > %“ >Qu e=01/K? andv =L .7,.-~. Let p,y and a

ap—1
large enough K satisfy the following:
Qg aov + Ke

ay < p< — s.t. — < v, andy>max{

5 ; (D.4)

Oé(],’/TA

%w}

where Q, 74 are defined in Definition D.3.1. Further, suppose the platform
enforces personalized reference prices r € RfXM on top of auction A, wherer; ; = pv; ;.
Then, letting the (possibly random) outcome be & when bidders 1, ... K all adopt the
bid multiplier p, the ROAS constraints for all bidders are satisfied when K — oo and

p — ag, and for bidder 0 we have

. EA [Wo(w)] 1-— B . EA [OPT_O]
ALV e . —Ale -
A 0PTy =  ago1 P [OPTy]

(D.5)

where K4 s taken w.r.t. the randomness in outcome x due to randomness in the

auction A.

Proof. First note that bidder 0 only has competition in auctions A;...Ag, and hence
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can only incur a loss (that contributes to LOSSy(x) defined in Equations (5.6)) within
these auctions. Hence E4[LOSSo(2)] = v~ (; P(bidder 0 loses auction j). Then we

consider the following:

EA[LOSSo(x)] = v Z (bidder 0 loses auction j)

JjelK]
= Z (1 — P(bidder 0 wins auction j))

JelK]
@ K2 1-8 K* @ 1-8 K
> 0. - Ty ©) E4[OPT_ .
= U RAT a—1 VM RFL ag—1 AOPTl

(D.6)

Here (a) holds because bidder 0 bids agv for any auction in 1,2...K, which is strictly
less than all other bidders’ bids as they all adopt multipliers p in these auctions,
> in (b) we used
the fact that E4 [OPT_¢] = Z?KKH EA[y] = v+ K - w4 since there is only a single

so from Lemma D.3.1, we have P(bidder 0 wins auction j) <

non-zero bidder in auctions Ag .1 ... Asx and each bidder submits a bid py > p > Q4
(see Definition D.3.1).

Therefore we have

i EaVo@)] @ Ealosso(@)] o 1-8 . E4[OPT

L O\ D.7
K—oo [E 4 [OPTo] K—oo [Ey [OPTO] B ag— 1 Kgl})o E4 [OPTo] ’ ( )

where (a) follows from the fact that in our constructed autobidding instance, bidder
0’s acquired value in each auction cannot exceed that under the efficient allocation,

and hence can only incur loss in welfare.

Now it only remains to show that the multiplies (v, p, ... p) € (1,00)E*! yields a
feasible outcome, i.e. the ROI constraints of each bidder is satisfied in expectation.
Let V; ; and C; ; be the expected value and cost of bidder ¢ in auction A;, respectively.

1. Showing bidder 0’s ROI constraint is satisfied. We show by the following:
bidder 0 only incurs a non-zero expected cost in auctions A; ... Ag and Asgx 1, and

we will show that the expected value Vj ok is lower bounded by the expected costs
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Coart1+ Zje[[q Co-

Since agy > @4, the definition of the single-bidder purchasing probability in
Definition D.3.1 implies that bidder 0 acquires an expected value from auction Asg
of Voox+1 = may. Further, since bidder 0 is submits the lowest bids in auctions
Aj ... Ag under bid multiplier profile (ag, p...p) € (0,00)5*! from Lemma D.3.1,
we have P(bidder 0 wins auction j) < KLH for all j € [K]. Since the payment of a
bidder in an auction is at most her submitted bid (as the auction is IR), we know

Qv

that > (g Coy < K- £%5 < may = Voax+1, where the inequality follows from the

definition of y in Equation (D.4) such that y > max {%—;‘, i—i’} This implies bidder
0’s ROI constraint is satisfied.

2. Showing bidder ’s ROI constraint is satisfied for any : = 1,2... K.
We show this by considering the following: bidder i only incurs a non-zero expected

cost in auctions A;...Ax and Ag.;, and we will show that the expected values

Vikti+ Zkem Vi; is lower bounded by the expected costs C; k1 + Zje[K] Cij-

e Calculate cost C; ;: For auction Agy;, bidder ¢’s bid is py > v > @ 4 from
the definition of v, so by Definition D.3.1, the probability of ¢ winning the item

in auction Ag,; is m4, and the expected cost is

Ci,K+i < T4 - max {Ti,KJrh QA} <7a- By, (D-S)

where the final inequality follows from the definition r; x1; = B

e Upper bound costs }_ . x Ci;: For auctions [K] =1... K, bidder i’s total

expected cost can be bounded as

Z Cij < p Z v; ;P (bidder ¢ wins auction A,)

JE[K] JjElK]
. o . (K+1)K (D-9)
= QU Z IP (bidder ¢ wins auction A;) + — €
JelK]

where the first inequality follows from a bidder’s payment is at most her submitted

bid since the auction is IR.
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e Calculate V; ky;: Considering auction Ag;, bidder ¢ is the only bidder, and
since py > v > ()4, the definition of the single-bidder purchasing probability
in Definition D.3.1 implies that bidder i’s acquires an expected value from this

auction of

V:i,K—H' =TA"7- (DlO)
e Lower bound }_, Vi
Qv . .. . .
Z Vij > — Z P (bidder ¢ wins auction 7j) . (D.11)
kE[K] P JEIK]

Combining Equations (D.8),(D.9),(D.10) and (D.11), we get

Z Vij +Vikyi — Z Cij+ Ci ki

JElK] JElK]
> mu-y+ v, Z P (bidder ¢ wins auction j)
JElK]
K+ 1)K
— | 4By + v Z [P (bidder ¢ wins auction j) + %e
jelK]
K+ 1)K
=7y (1=0)y— (ao - @> v Z [P (bidder ¢ wins auction j) — %e
jelK]
a K+1)K
@ (g — 1)v — <ao - %) v Z P (bidder ¢ wins auction j) — %e
JelK]
®) K+ 1)K
> (ap—1)v— <ao—%)v—u6
P 2
(D.12)
where (a) follows from the definition v = % -ma-; In (b) we used the fact
ap

that p > ap > 1 and ), P (bidder ¢ wins auction A;) < 1 due to the following:
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Consider the set of bid values B = {agv, agv + €, agv +2¢ ... v+ Ke} C R.g, and we
recognize that any bid value b, € B exceeds the maximim reserve price Sv in auctions
Aj...Ag. Therefore the constructed reserve prices do not affect allocation, and hence
by anonymity of auction A4 there exists probabilities g(B) = (qo(B), ¢1(B) ... qx(B)) €

[0, )5+ where
K

qx(B) = P(bid value by wins auction A given competing bids b_j) and Z qx(B) < 1.
k=0

We recognize that in each auction Aj...Ag, under bid multipliers (ag,p,...p) €
(1,00)5+! the submitted bid profile is a cyclic permutation of B. Therefore we know

that

Z P (bidder ¢ wins auction j) =

jE[K]

ar(B) <1—¢qo(B) <1

gk

Finally, by taking p — agp and K — oo in Equation (D.12), and utilizing € =
O(1/K?) we have

JEIK] JEK]

This shows that bidder 7’s ROI constraint is satisfied. OJ

D.4 Additional material for Section 5.6

D.4.1 Proof of Theorem 5.6.2

Proof. For convenience, define § = 2 — %, so A > 1 implies § € (1,2), and further
1> 3> 52~ implies } < 8 < 1.

Fix a bidder ¢ € [K] and any feasible competing bid profile b € U. Denote the
corresponding outcome as & = X (b), where € = (x;...x);) where x; € {0, 1}V*% is

the outcome vector in auction 4;. Note that by definition of ¢ which is the set of
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undominated and feasible bids, under the outcome x all bidders” ROAS constraints
are satisfied. Denote ¢y ;, ¢} ; to be the position of bidder k € [N] in auction j € [M]

under outcome @ and the efficient outcome, respectively.

Recall in Eq.(5.8) the definition for the set of all “coverings” for bidder i, denoted
as C;(x):

Bz(k?, CB) = {j S [M] : OPT,‘J‘ > 0, Vi,j < Vi j and Kk,j < é;j < &7]‘}

Ci(x) = {C C [N]/{i} : (Bi(k;x))rec is a maximal set cover of L;(x)}

where L;(x) = {j € [M]: W, ;j(z) < OPT,;} is the set of auctions in which bidder
1’s acquired welfare is less than that of her welfare under the efficient outcome; see

Definition 5.4.1.

Denote py ; as the payment of any bidder k, and B[J as the fth largest bid in any
auction j € [M]. Similar to the proof of Theorem 5.4.1, fix any covering C C C;(x),
and any bidder k € C, such that in some auction j € B;(k; ), we have vy ; < v; ; but

lj < £;; < {;;. Thus following a similar deduction as Eq. (5.12) in the proof of
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Theorem 5.4.1, bidder k’s payment is lower bounded as follows: for j € B;(k; x),

L; 051
(a) J N & .
Pri = > () = p(C+ 1) by = > (ul0) = (€ + 1)) begr g + iy
=Ly, ; =ty ;

V=

B (u(lrg) — pliz)) vig + B - p(lij)vi
= Bullyy) - vij

= g+ (5= 5 ) (162 = n(6)) s = (1= ) i)

— (1= B)ullij)vi; + (% 5) (& ;)vi + (1 - %) 1 3)vi g (D.13)

>l + <5 - %) (1(€7;) = p(li) vig — (1= B) - ullij)vig

1 1
- <1 - 5) p(lrj)vi g + <1 - 3) (i j)vi g

= (5 - %) (1(€:5) = uliz)) vig — (1= B) - pullij)vi,
+ %M(ﬂk,j)vi,j + (1 - %) 1l j)vig

Here , (a) follows from the fact that for a fix bid profile, the payment of GSP or GFP for
each bidder in an auction dominates that of VCG (see Example D.1.1 and discussions
thereof); (b) follows from by, > b;; for ¢ < (;;, and since b € U € RY*M is an
undominated bid profile, Lemma 5.6.1 applies and b; ; > pv; ;. Also p; ; > r;; > pv;
be the definition of S-approximate reserves; (c) follows from the fact that 5 > % and
p(l; ;) < p(lyy) since £y, ; < €7 for any k € C C Ci(x) and j € B;(k; ); see definition
in Eq. (5.8).

On the other hand, we have

Z pk]‘l’ Z pkjé Z Ek] Uk‘j+ Z Ek] V.5

JjEB;(k;x) J¢B;i(k;x) JjEB;(k;x) j¢Bi(k;x)

Py > Bl j)ve; Vi€ [M],

where the first inequality follows from bidder £’s ROAS constraint; the second inequality

follows from the fact that any winning bidder’s payment must be greater than her
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[S-approximate reserves.

Combining the above inequalities and rearranging we get

oo < Y b+ A=) > pllis)vrg (D.14)

JEB; (k) JEB; (k;x) JEB;(k;x)

Summing Eq.(D.13) over all j € B;(k; x) and combining with Eq. (D.14), we get

(5-3) T (o) - it

JEB;(k;x)
S (1_6) Z zy Uzg+ Z ék] Uk]
JEB; (k;zx) JEBi(k;x)
1 1
+ Y llg)ve — 5 1(Lyj)vij — (1 - 5) >l -
J€B; (k) JEB; (k) JEB; (k)

~
Y

(D.15)
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We now upper bound Y:

Z 1l g )vr,s — (15 Z Pl g)vig — <1_§) Z (i 3)vi,g

JEB; (k) J€B; (k) j€B;(k;x)
1 1
= <1 - 5) > lle)ves — 5 > plle) (v —vry)
JEB; (k) JEB; (k;x)
1
. (1 — g) Z ,LL(EZ'J')Uiﬂ'
JEB;(k;x)
1 1
= (1= 5 Z () (Vk 5 — i) — 5 Z 11(lr,z) (vig — vkyj)
JEB;i (k) JEB;i(k;z)
1
H(1-5) T ) - i),
JEB;(k;x)
1
= <1 - 5) D illhy) (vrg = viy)
JEB; (k)
i Z K fkg Vi, j ((5_ 1) (1_ M(&,j)) _ (1 _ Uk,j))
b 1(lr5) Vi,j
(a) 1 Ui )i (i
< (1 - 5) > nlleg) (ong —vig) + Y % ((5 —1) - (1 - U“))
jEB; (ki) j€Bi(k;m) ”
1 Cy )0 4 Vg
- (1-3) 2wt gmupr 3 M (g )
JEB; (ki) j€Bi(ki) I
(b) 1
< <1 — 3) D illhy) (vrg = viy)
JEB; (ki)
(c)
< (1=8) D ulleg) (vrg —vig) -
JEB; (k;x)

(D.16)

where in (a) we recall 6 > 1 and ¢, ; < ¢;; for any k € C and j € B;(k;x) so that
w(lr i) > p(li;); (b) follows from the fact that values are d-separated, so v; ; > vy ; for
keCandje Bi(k:;zc) implies Zk—j < £ =2—10;in (c) we used the fact that § > 5 so
1 -3 <1~ 5, and the fact that v, ; < v;; for any k € C and j € B;(k; ).
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Combining Equations (D.15) and (D.16) we get

(B — %) CY 0 (ullry) = pltg)) viy

JEB; (k)

< @=0)- D0 wlljvi+ Y wllyves+ D plley) vk —viy)
jEB;(k;x) j¢Bi(k;x) jeB;i(k;x)
= (1-0): Z lig)vij + Z (Chj) vk — Z p(lr g )vi g
JEB; (ki) JjeM] J€B; (k)
(a)
< (1_5) Z z] UZ_]+Z Kk] Vk,j — Z /L(EZ])UZ]‘
jeB;(k;x) JE[M] j€B;(k;x)
A 1-p5
= Z (M(zi,j) - N(@i,j)) Vij = Z (O, )vn g
JEB; (k) 8 je[M)

(D.17)

where (a) follows from pu((;;) < pu(lx ;) due to the fact that ¢y ; < ¢;; for any k € C
and j € B;(k; x).
Summing the above over all £k € C, and following the same arguments as in

Eq.(5.10) of the proof of Theorem 5.4.1, we have

Lossi(x) = Y (ull;) = ulliy)) vig
JeLi(x)

SN (we) - ulti) vy

kEC jEB;(k;m)

IN

IA

—

|
-l
] =
g
=
=
<
=
<

0 keC je[M) (D.18)

IN
=
&

IN

Rearranging we get LOSS;(xz) < +20OPT_; = =2 _OPT_,. Finally, applying

B_2A71




Proposition 5.4.4 w.r.t. upper bound of LOSS;(x) and using the fact that the competing

bid profile is arbitrary, we obtain the desired welfare guarantee lower bound. n
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