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Abstract

We present three groups of results about integrable lattice models constructed from orthogonality
weights of g-Hahn polynomials. First, we establish that the ¢g-Hahn orthogonality weights appear as
matrix coefficients in certain isomorphisms between tensor products of representations of quantum
affine sly algebra. This allows us to find new integrable degrees of freedom in ¢-Hahn models
by constructing an integrable vertex model on a square lattice with weights coming not from an
R-matrix, as usually the case, but from our isomorphisms.

Second, we use the partition function of our new vertex model to construct a generalization of
t = 0 Macdonald symmetric functions, which we call inhomogeneous spin g-Whittaker polynomials.
Using integrability we are able to extend several classical properties of symmetric functions to
our generalization, in particular, we prove analogues of the Cauchy and dual Cauchy identities.
Moreover, we are able to characterize spin g-Whittaker polynomials by vanishing at certain points,
which leads to a discovery of interpolation analogues of ¢-Whittaker and elementary symmetric
polynomials.

Finally, we introduce a (colored) stochastic version of our vertex model and prove explicit inte-
gral expressions for g-deformed moments of the (colored) height functions of it. Following known
techniques our stochastic model can be interpreted as a g-discretization of the Beta polymer model
with three families of integrable parameters and we are able to extend the known results about
Tracy-Widom large-scale fluctuations to our generalization of this polymer model.
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Introduction

This work is devoted to integrability of lattice models constructed from the orthogonality weights
of g-Hahn polynomials, that is, from the weights of the following form:

(d/b; Q)n—m(a/d; Q)m (QQ Q)n

(d/e)” (a/b;q)n (& D (5 @)m”

(*)

where n > m > 0 are integers, a, b, d, ¢ are real parameters and (x; q)r = Hle(l—qi_lx). Integrable
models of such type were first introduced by Povolotsky in [75], where a chipping model with ¢g-Hahn
jumping probabilities was shown to be solvable by a coordinate Bethe ansatz. Various integrable
stochastic models of significance can be obtained as degenerations of models constructed from g-
Hahn weights, notable examples include g¢-TASEP, ¢-Boson system, directed Beta polymer and their
respective degenerations. In this way ¢g-Hahn models can be used to establish integrability of several
other models.

In |20} [36] the ¢-Hahn TASEP from [75] was reproduced as a particular case of a different model:
fully fused stochastic six-vertex model. The latter model is a generalization of the stochastic six-
vertex model introduced in [46] and these vertex models are directly related to the representation
theory of the affine quantum algebra Uq(ﬁAlz). Namely, the vertex models are constructed from
matrix coefficients of R-matrices V@ W — W ® V associated to certain U, (glg)—modules V,W, and
the integrability of the models follows from the corresponding Yang-Baxter equations. In this way
integrability of the ¢g-Hahn models can be connected to the algebraic structure behind R-matrices.

In this thesis we introduce a more flexible approach to the integrability of g-Hahn vertex models,
generalizing the vertex model construction coming from the six-vertex model. Namely, we show that
the ¢-Hahn weights appear naturally as matrix coeflicients of another family of Uq(s/[\g)—module
isomorphisms, which is different from the R-matrix. To describe these isomorphisms let V(s7%1),
denote the evaluation module induced from the irreducible Uy (slz)-module with the highest weight
s. The isomorphisms in question are

V((e/d)™")ea @ V((a/b)" )ap = V((¢/b)™)ep @ V((a/d)™" )aa, ()

where the two sides differ by a swap of parameters b and d.

One can show that the g-Hahn degeneration of the fully fused six-vertex model from [20] [36]
corresponds to using matrix coefficients of in the case a = ¢, when our isomorphism coincides
with the R-matrix. However, our findings allow to construct more general versions of the g-Hahn
vertex models by using compositions of operators rather than the R-matrices. The resulting
models are still integrable and they have additional degrees of freedom, which were not noticed in
the preceding research. The current thesis is devoted to describing these new degrees of freedom
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and investigating how these new parameters manifest themselves in known applications of ¢-Hahn
models.

The work is divided in three parts. In Chapter 1 we explain the background on quantum affine
algebras and identify the ¢-Hahn weights as the matrix coefficients of certain families isomorphisms
of Uq(@)—modules, which include the isomorphisms above. As a byproduct we also find
a new proof of the expression for the fully fused R-matrix of Uq(sln/:l) from [25]. After that, we
introduce the most general formalism of g-Hahn vertexr models, which are constructed from our
isomorphisms and which satisfy Yang-Baxter equations.

In Chapter 2] we apply our new results to study symmetric functions from algebraic combina-
torics. Namely, we follow the existing framework where symmetric functions of interest are con-
structed as partition functions of solvable vertex models and the integrability of the latter is used to
study the resulting functions. In particular, in [21], [65] it was understood that the partition func-
tions of g-Hahn vertex models lead to generalizations of g- Whittaker symmetric functions, which are
t = 0 specializations of the celebrated Macdonald symmetric functions. We are able to push these
generalizations further and in Chapter [2] we introduce inhomogeneous spin q- Whittaker functions
Fx(x1,...,z, | A, B), which depend on two infinite sequences of parameters A, B. We show that
several combinatorial properties of the classical g-Whittaker functions extend to our generalization,
most importantly, the Cauchy identity which serves the role of a formal orthogonality relation.
Moreover, we are able to characterize spin g-Whittaker functions as unique functions vanishing at
specific sets of points. The latter result requires our new degrees of freedom in an essential way and
it provides connection to the interpolation symmetric functions, which are of independent interest.
See Section [2.]] for additional background and the references.

Chapter [3is devoted to the application of our constructions to integrable probability. We intro-
duce the colored stochastic qg-Hahn vertex model, which generalizes the g-Hahn vertex model from
[20, 36] by adding additional degrees of freedom. Using integrability of our model we find contour
integral expressions for g-deformed moments of key observables of this model, colored height func-
tions. Following known techniques we interpret our generalized g-Hahn model as a ¢-discretization
of the Beta polymer model, which results in a new family of integrable parameters for the latter.
To demonstrate how integrability with respect to the new parameters works, we extend the known
results about Tracy-Widom large-scale fluctuations of the Beta polymer model. See Section [3.1] for
detailed background and descriptions of these two models.

The thesis consists of the material of two works which were written during my time at MIT: [55]

(Chapter [3) and [56] (Chapters[1] ). Sections and are based on [I§].

General notation

Throughout the work &,, denotes the group of permutations of n elements. For a permutation
m € &, its length is denoted by ().

A partition A is a finite integer sequence A\ > Ay > -+ > X\; > 0, with [ = [()\) being called the
length of A. If Ay + -+ 4+ Ny») = n we write A = n. The part multiplicities my(\) are defined by

We define the ¢-Pochhammer symbol by

r(1—z¢™Yh, n>o0,
(x§Q)n = H:nl( i )_1
[L(1—2z¢")™", n<O.
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Let (25 ¢)oo = limp—s00(x; ¢)n, which is well-defined both when ¢ is a number such that |¢| < 1 and
when ¢ is a formal variable.
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Chapter 1

Quantum affine algebras and vertex
models with ¢g-Hahn weights

In this chapter we show how g-Hahn weights appear as matrix coefficients of intertwining operators
between tensor products V @ W, where V' and W are Kirillov-Reshetikhin Uj(sl,1)-modules corre-
sponding to the first fundamental weight. This perspective allows us to derive several new identities
of Yang-Baxter type, which are key building blocks for main results of this thesis.

Throughout this chapter we use the follovlving g-binomial notation. We treat q% either as a fixed
transcendental complex number such that |¢2| < 1, or as a formal variable such that ¢ = (¢2)?. Set

©-q 2 [n]q!::f[[i]q, ["*’”L:W

[n]g := m
q

o= N3
= |3

— qi
— q_
Note that we can express the g-binomial coefficients in the following ways

n+1. m—+1.
3 )

Dm _ —nm ("5 )0

m GG D @G Dm D (G Dn

[n+m] :q—% (q;CI)n—l-m —nm (q
¢ (

allowing us to extend the definition to the case when either n or m are negative, but not both
simultaneously.

Whenever we claim that a statement holds for generic complex parameters aq, ..., a,, we mean
that there exists a countable collection of non-constant polynomials F; € Clxy,...,zy] such that
the statement holds for all (ay,...,a,) € C" satisfying Fj(ai,...,a,) # 0 for all 7. In particular,
the set of such (ay,...,ay) is dense in C".

1.1 Quantum affine algebra Ué(f/!\[n+]_> and representations V(s71),

In this section we describe the necessary background on the quantum affine algebra U(;(,;\[n_l'_l) and
define the representations V(s7“1),. References for the material in this section are [32, Chapter
12|, [33], and [66].
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1.1.1 Quantum affine algebra U;(g[nﬂ)

Let b denote the Cartan subalgebra of sl, 1, which we identify with its dual §Y via the Killing
form (-,-). Let «a; denote the simple roots of sl,, 11 with the corresponding Cartan matrix C. We
enumerate the nodes I = {1,...,n} of the Dynkin diagram in a way such that C;; = 2 and
Cii—1 = Ci—1,; = —1, while C; ; =0 for |i — j| > 1. We also assume that (a;, ;) = 2, so the simple
coroots o coincide with the roots a;. We use Q (Q1 and Q) to denote the Z-span (Z>o-span
and Z<o-span correspondingly) of the simple roots «;, while P := {u € b | (u, ;) € Z} denotes the
lattice of integral weights. Let w; denote the fundamental weights corresponding to our choice of
the simple roots.

Let § = a1 + s+ - - + , be the maximal positive root and set 7= {0,1,...,n}. The extended

Cartan matrix (6”) 7 is defined by
1,]€
Coo=(-0,—0)=2,  Coi=Cio=—(,0),
62',]' = Ci,j = (Ozi,Oéj) if 4,5€l.

The quantum affine algebra Ué(,;\[n+1 is the unital associative algebra over C with generators
+1 + .
{k; }ief; {z; }ief and relations

kik7' =k =1, kik; = kjki,

16, _ ki — kit
kzx;t - qigcz,]x;tk“ [x;",xj |= 51»,]-;71_17 (1.1.1)
q2 —q 2

1 - 6 + + + 176. . . .
[ et =0 iz
The last relation is called the (quantum) Serre relation. The algebra Uy (.f:\[nJrl) has a Hopf algebra
structure where coproduct A, antipode S and counit € are given by

Aki=k ok, Azf=zi0k+leos, Az =z 01+k'®z;,

S@i) =kl S())=—kay, S =K,

e(ki) =1, el@f) =e(e;) =0.
We also need an alternative presentation of Ué(,g\[n+1), introduced by Drinfeld in [40]. In this
presentation the algebra is generated by {kfﬁl}ig, {hi;mYier,mez\ {0} {xfm}iel,me% ¢!, with the
relations

[ U (shs)] =0, Kk =k ki =1, Kby = hjmki, ki

1

m —m

1 c
[Risms hjal = 61— [mCijlg———
m qz —q 2

—c ]2 i%[mCi,j]q o~ (mF|ml)/2 +

) [hi,ma L5t GmAD

!The prime in U, (sA[nH) reflects that our definition does not include the additional generator d, which is sometimes
used in the context of affine algebras.
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+ + +10, 5 + + _ il + % ot +
Ty 1Ty — 42 T = Q2T g = X g T (1.1.2)
4 -1 (Z)z m+l C¢i,m+l
[xi,mvxj,l] = 0ij _1 )
q2 —q 2
1-Cyj
— G + + + .+ + _
Z Z |: :| xivm'/r(l) e xizmw(r)xjalxiﬂmw(r+l) T xivmw(l—ciyj) - O
q

7T661,Ci r=0

Here ¢§tm are defined as coefficients in the formal power series

=Y Giapu " =k exp (i(qé —q7%) > hi,:l:muim>

m>0 m>0

and we set ¢ +m = 0if m < 0. The last relation in (1.1.2)) is taken for every pair of distinct integers
(i,7) € I? and for every integer sequence my,. .. ,M1-¢; ;, while the first summation is over all
permutations 7 of 1 — C; ; elements.

The two presentations of Ué(f?[nﬂ) above are related as follows: {kf'};c; denote the same
elements in both presentations, xfo = J:Zi for i € I and ¢ = kokiks...k,. The generators xg are
given in terms of the generators from Drinfeld’s presentation by the following expressions, cf. [40],
[50]:

ad =[x, (2, 1, [azg,xil]q_% RS ek eyt kY (1.1.3)

xy =c ki ky [[[xi_l,:v;' ot 1, (1.1.4)

where we use the notation [A, B], = AB —uBA.

The subalgebra of Ué(;[nﬂ) generated by {k;t l}ieb {JJ;E tier is a Hopf subalgebra isomorphic
to the quantized enveloping algebra Uy (sl 1), thus any U (sl,+1)-module has also a structure of a
Uq(slp41)-module. We can define a Q-grading on Ué(s?[nﬂ) and Uy (sl,+1) by setting

deg(xfm) = +ay, deg(a:(jf) = F0, deg(k:;tl) = deg(hin) = deg(c) = 0.

Let U™ (resp U~ and U°) be the bubalgebra of U (s[n+1) generated by {z; }ier (I‘Ebp {z; Vier
for U~ and {k;*'};cr for U?). Similarly, let U+ (resp U~,U% be the subalgebra of U (slnH) gener-
ated by {wi7m}1€17mez (resp. {%,m}zel,mez and {k:Z , z,m}zel,meZ\{o})- The followmg factorizations
are known [32]: ~ L

Ug(sly1) =U-UUT,  Ul(slor) =U.UU™,
where U;. Uy := {ujug | u1 € U, ug € Us}.
There exists an involution of Uy (5A[n+1), which is denoted by @ and is defined by

Ozt )= —aF O(him) = —hi—m, o?(k:fl) = k:fl, () = ¢t
One can check, using (1.1.3)), (1.1.4) that @(a;a:) = —qunTHa:(T . Moreover, @ is a coalgebra anti-
automorphism:

Ao =(@@w)oA

17



For a U, (fsA[nH)—module V we use V¥ to denote the pullback of V' through w.

Remark 1.1.1. Note that we have not listed the expressions for the coproducts of the Drinfeld
generators a:;tm,hl-7m. In fact, explicit formulae for Ax;tm and Ah; ,,, are not known, but partial

expressions are available in the case of the quantum loop algebra Ug(Lsl, 1) = U;(;[nﬂ)/(c - 1),
see [31l Proposition 1.2| and references therein.

1.1.2 Highest [-weight modules

To study representations of Ugy(sl,41) and Uc’l(g[nﬂ) it is convenient to reintroduce the notions of
weights, weight spaces and highest weight representations in the quantum affine setting. For a
Uq(sly41)-module V' we say that v € V' is a weight vector if

k;.v = p;v, 1el

for an n-tuple p = (p1,p2,...,pn) € (C*)" called the weight of v. Treating C* = C\{0} as an
abelian group, we get an abelian group structure on the set of such weights: p7 = (p171, ..., ppTn)-

We define an abelian group map ¢2 : P — (C*)™ by setting gz = (q%(%o‘l), .. ,q%(“’a")). Since we
have assumed that q% is transcendental this map is injective.
We call a Ugy(sl,,+1)-module V' a weight module if

V=B V,, V,i={veV|kwv=puv}
pe(CX)m

The spaces V), are called the weight spaces of V', and p is called a weight of V if V,, # 0. We say
that an Ugy(sl,,+1)-module V' is in the category O if

e V is a weight module and all its weight spaces are finite-dimensional;
e All weights of V' are contained in U;«il{piq_% | 1€ QT} for some weights p1, ..., pm € (C¥)™.

Similarly to the classical situation, for each weight p there exists a unique irreducible Ug(sl,1)-
module V(p) € O with the highest weight p.

To extend the formalism above to Ué(,‘g\[n+1) we assume for convenience that c¢ always acts by
1; one can check that this assumption is not restrictive as long as we work with simple Ué (§[n+1)—
modules in an appropriate affinization of O, cf. [66, Proposition 3.2]. For a U, (g[nJrl)—module V we
call v € V an l-weight vector if

+

,m’

v:fyffmv, 1€l,meZ,

where v = ('yzim)ze I,me+Zs, 18 a collection of complex numbers satisfying ’y{fofyij o= 1foreveryieI.
Such collections v are called l—weightsﬂ We say that an [-weight « is rational if for some rational

functions (f1(u), ..., fn(u)) the expansions of f;(u) around 0 and oo are
m>0 m>0

2As a warning, l-weights are not as nicely behaved as the usual weights. For example, if v is an I-weight vector
xii.v might fail to be an [-weight vector.
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In this situation we the [-weight v is denoted by f = (f1(u),..., fn(u)). Note that rational functions
fi(u) define a rational [-weight as long as the functions f;(u) are regular at points 0,00 and satisfy

fi(0) fi(c0) = 1. For rational l-weights f, g set fg := (fi(u)g1(u),..., fu(u)gn(u)).
We call an [-weight vector v singular if mxm.v = 0 for every i,m. An Ué (8l,+1)-module V is called

a highest l-weight module when V = Ué(,;\[n+1).v = U . for a singular [-weight vector v, in this
situation the [-weight of v is called the highest [-weight of V. The following statement summarizes
the information about irreducible highest [-weight modules with rational highest [-weights:

Proposition 1.1.2 ([66]). Let f,g be rational l-weights.

1. There exists a unique up to isomorphism irreducible representation of Ué(f/x\[n+1)/(0 — 1) with
the highest l-weight f, which we denote by L(f).

2. L(f) € O as a Uy(sly41)-module.

3. If L(f) ® L(g) is an irreducible Ué(g[nﬂ)—module then L(f) ® L(g) = L(fg) = L(g) ® L(f).

1.1.3 The representations V(s™*1),

For a pair of complex numbers s,z € C* let V(s7“1), denote the Ué(;[nﬂ)—module L(f) with
fi(u) = s7 11255 and f.(u) =1 for r > 1. For a,b € C* we also set V}% := V((a/b) ™" ). These

1—s—1zu
representations can be explicitly described and to do it we use the following notation. By a compo-

sition I we mean an n-tuple of nonnegative integers ([1,...,1,) € Z2%, and for any composition I

we set |[I| = I + I+ --- + I,,. Define e! = (e}, ¢l, ..., el) as the composition with eé. = d;,, and
set 0:= (0,...,0).

Proposition 1.1.3. The representation V(s™*1), is infinite-dimensional and has basis {vr}rezn,

if s # £q~ % for any m € Z>o, and is finite-dimensional with basis {UI}IGZ"O:IIISm if s =4q 2

>

or m € Z>o. The action of U/ s?[n 1) ts given explicitly by
z q +

krop = s g CHI=00 g, kpvp = q2Ur1710) g kowr = sq2(THHIn) o
(1.1.5)
1 1 1 — s2¢Ml
l’IL-UI =S 1q2( lIlH)[Iﬂq Vf—el) mff'vl = [Ir}q VUr—er+er—1, CC(J)F-UI =271 —1 UIt+en
q2 — q 2
1-— 52q|1| _ _ 1 L
R — ULtel x, 01 = [Lr—1]qg Vryer_er—1, x, .vr = (25) 1q2( ‘I‘H)[In]q V—_en,
qQ — q 2
wherer =2,...,n. Moreover, viewed as a Uy(slp11)-module, V (s™“1), is irreducible with the highest

weight (s74,1,...,1).

For the finite-dimensional case the claim can be deduced from [61, Proposition 5.1], and the
infinite-dimensional situation can be reached using analytic continuation. Below we provide another
way to verify Proposition [T.1.3]

Proof. We first check that (1.1.5) gives a well-defined Ué(;[nﬂ)—module and then verify that the
resulting module is indeed V(s7“1),.
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Let V' be a vector space with the basis {vr}rezz  and consider V' as a Uy (51,11 )-module with
the action defined by (T.1.5). To check that this action is well-defined we need to verify the defining
relations ([1.1.1]), which can be done by a direct computation. For instance,

I+1 I +1 I bl
_ 1— szq‘II 41 q 2 — q_ 2 4 1. q? — q_7 1-— 82q|I‘71
[;Ef’l'l].yl = <1_18 1q Q‘I‘ﬁ —_ s lqz( [T]+1) T — T — 1
qz —q 2 gz —q 2 qz —q 2 g2 —q 2
I I I, I
_ s7lq 2 3 - sq7+71 k- k:fl
- 1 1 vy = 1 1 Ur,
qz —q 2 q2 —q 2
2 2 -2 —|I
(@])ef —latag af +af (f)?)or = 572 2Bl (1 + g = 2o + [ — 1) vr = 0.
Other relations (including the Serre relations for U] (;[ ), when 6071 = —2) are either trivial or

similar to the two above, so we omit their Verlﬁcatlon
Note that when s = :I:qu for m € Z>¢ the module V' defined above has a submodule spanned
by {“I}IeZ’;O:\I\Sm Indeed, the only generators x;t which send vy to vy with |J| > |I] are 2§ and

z7, and we have z§vr = 0,27 vy = 0 when s = +¢~% and |I| = m. In this situation, let V" C V’
denote this submodule spanned by {UI}IEZTZLO:IIISW otherwise (when s # +¢~2 for any m € Zso)
set V" = V'. Looking at the action of :L‘;t for i =1,...,n, one can see that V" = Ugy(sl,+1).v0 and
vo is the only Uy(sl,1)-singular vector of V", hence V" is an irreducible U,(sl,,+1)-module with
the highest weight (s71,1,...,1).

To finish the proof we only need to show that V" = V(s7“1),. To do it we refer to [6G,

Proposition 5.5], which claims that a U] (5[n+1) module which is irreducible as a Uy(sly,41)-module

and has the hlghest Uq(slp41)- Welght (s7%,1,...,1) is isomorphic to L(g) with g (u) = s 11£sf7§z“,u,

g2(u) = g3(u) = --- =1 for some 2’ € (C\{O} So V" = L(g), and we just need to show that z = 2'.

To do it we can compute the action of xy; on vg: Note that for any A € U/ (5[n+1) such that

[A,z}] =0, kiAk; ! = q2A we have [z;, [z, 4] 1
q

inductive step, we see from (1.1.3)) that for any ¢ = 2,.

k- 1]4,‘2 1] 1 = Ak‘-_l. Using this relation as an

j K3

- ——— -1 —1
[, [ofy, . [z xar] 1 ..]q%]q% =[z;_q,...[25 ,xm]q_% ...]q_%ck:l ki
In particular,
- + ot + o 1+ Ao st —s
zyyv0 = [23, (73, 7y, 26 ] 4 )l ik =T ag L agag vo = 21 Ve,
a="q g2 —q 2
S0 gbfl.vo = (q% —q_%)[xf,xil].vo = 2(572—1).vg. On the other hand, since g;(u) = s~ 14+ 2/(s72 —
1)u +o(u), we have gbf’l.vo =2'(s72 —1).wg. Hence z = 2’/ and V" =2 V(s7%1),. O

Remark 1.1.4. The representation V(s™'), is in fact an evaluation module induced from an
analytically-continued symmetric tensor power of the standard representation of Uy(sl,+1). Namely,
to obtain V' (s™'wi), one can consider the extension Uy(sl,41) C Uy(gl,41), define the irreducible
Uy(gl,11)-module V(s™1), with the highest weight (s7%,1...,1) and then pull it along the evalu-
ation map ev, : Ué(s:\[nJrl) — Uq(gl,41) introduced in [49]. Equivalently, the module V(s7“1), is a
Kirillov-Reshetikhin module corresponding to the fundamental weight w;.
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The following fact will be crucial in the following section.

Proposition 1.1.5. For a fized L € Z>1 and generic complex parameters z1,...,2L,51,...,5L the
Ug(slpy1)-module V (s7*") 2y @ V(55" )2y @ - @ V(%) is irreducible.

Proof. We refer to a much stronger result [31I, Theorem 4] for the case when all V(s;“'),, are

1
finite-dimensional, that is, when s; € ¢~2%20 for each 1.

Theorem 1.1.6 (|31, Theorem 4|). Let mq,...,mp € Z>g,21,...,2L € (C\{O} [ffor any pair i, j
such that i # j we have z;/z; & q2Z, then V(q%“’l)z1 @V(g 2 )22 ®-® V(q 291, is a highest
l-weight module.

Below we explain how [31, Theorem 4] implies Proposition 5 but before it we want to clarify
how the notation used in [31] match with our notation:

e Our q% corresponds to ¢ in [31], to avoid confusion we keep using our q% even when describing
notation from [31].

e In [3I] the irreducible finite-dimensional highest [-weight Ué(s/w\[nﬂ)—modules are parametrized
by n-tuples 7w = (m1(u),...,m(u)) of polynomials m;(u), instead of rational [-weights f like
in our work. More precisely, the functions 7;(u) corresponding to the representation V(f) are

given by
B H]>1 fzf((o?) lq| <1,
mi(u) = 0)
H]’ZO f( )7 |q’ > 11

and it turns out that for the finite-dimensional representation V(¢2“'), these functions m;
are the following polynomials (both for |¢| > 1 and |¢| < 1):

m
m(u) =[JA-q¢? o),  muw=1 r>2
=1
The n-tuple of polynomials (7i(u),...,m,(u)) above is denoted by 7r71n g/ in [31], and our
representations V(¢’z*1), correspond to V( g _o2) in [310.

e In [31I] the results are proved over C(q%), while here we ﬁx q% as a transcendental complex
number. Since we work generically and the action of U/ (5[n+1) can be expressed in terms of

1
matrices over Q(q2, 21, ..., zy,) this difference is irrelevant in view of Lemma 8§ below, we
will return to this later When discussing the transition from s; = g~ 2 to arbltrary Si-

To prove Proposition we first show how Theorem implies that V := V(q%wl) 0 @

- ® V(q%m)% is irreducible for arbitrary fixed my,...,my, € Z>1 and generic 21, ..., zr,. Note

that the vector v := vp®. .. vp is the unique up to a scalar vector with the maximal Uy (s, 1)-weight
1

p=(q2 X i 1...,1), hence we have mjm.v = 0 and v is the highest [-weight vector. So Theorem

1.1.6| states that Ué(g[nJrl).v =V.
Consider (V’i\)a, that is, the dual representation V* pulled back along the involution @ :
Uy(slat1) = Ul(slyv1). We use the following fact from [33]:
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Lemma 1.1.7 (|33, Proposition 5.1]). There exists a fixed constant ¢ such that for any m,z we
have ((V(q%1)2)")% 2 V(g7 1.

By the lemma above

m mr

(V*)w _ V(quwl)CZI_I R ® V(qu)CZZI
and so (V*)"AJ is also a highest [-weight representation for generic 21, ..., zr,. By comparing U, (sl,,11)-
weights we moreover can deduce that the highest [-vector v* of (V*)¥ is the vector dual to v in the
sense that v* vanishes on all weight spaces of V' other than Cuv.

Let W C V be a Ué(g[nﬂ)—submodule. W can be decomposed into a sum of Uy(sl,1)-weight
spaces and either v € W or v* € W+, where W+ is the annihilator of W in V*. In the first case we
have U, (;[nﬂ).v =V C W, while in the second case we get

Ul (shys1)0" = & (U;(5[n+1)) W=V W
implying W = 0. Since W was arbitrary, this implies that V = V(q%wl)z1 Q- V(qmzL wi)z, 18
irreducible for generic z1,...,zr. ‘
To establish Proposition we now need to go from s; = ¢~ 2 to generic s;, which can be
done using the following linear algebra fact:

Lemma 1.1.8. Fiz di,ds € Z>1 and let X(J) be formal variables enumerated by i,j,r € Z>1 such

that i < dy,j < dy. There exist countable families of polynomials {Fy}pez., and {Gi}iez., over Z
(r)

in variables Xz}j with the following property:

Assume we are given finite-dimensional vector spaces V,W over a field F with dimensions
dim(W) = dy,dim(V) = dg, and a countable family of linear operators A") : W — V. Fiz bases of

V,W and let A( ") be the matriz coefficients of A" with respect to those bases. Then U, ImA " =y
if and only if Fp( ) # 0 for some p, and ), Ker A =0 if and only if Gt( ) #0 for some t.

Here Fp(Agj"j)), Gt(AE’j)) denote the results of substitution Xi(,j) = AETJ) into I, and Gy. O

We apply Lemma in the following way. Let, as before, V.=V (s;“!)., ® --- @ V(s.“").,,
v=1p® - ®@vg and p = ([[,5;,1...,1). Note that when V is viewed as a Uy (sl,41)-module, all

weights of V' are of the form pq_%“ for 4 € Q1 and the Weight spaces can be explicitly described: if
uw=Kiog+- -+ Ky« for a composition K € Z2 o then V ., is spanned by vy, ®- - -®uy, such that

L+ -+1I, =K and vy, € V(s;“"),,. The last condltlon is only relevant when s; = j:q*% m € Z,

\K\ 1

when we require |I;| < m. Hence, as long as s; ¢ {:l:l,j:qfé,...,:lzq } for each i, we can

identify the vector space V _ L for arbitrary si,...,Sr,21,...,2r with the vector space over C
q

generated by basis vectors {|I1,...,Ir)} 441, =K

Note that V is irreducible if and only if for any u € Q™ the following holds:

o quf%u C Uy(stat1).v;
e vE Ué(;[nﬂ).v’ for any v € quf% \{0}.
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It is enough to show that for a fixed p € Q™ both these conditions hold for generic s, ..., 8L, 21, - -, 2L
We start with V' 1 C Ug(sln+1).v. Recall that we have a Q-grading on Ug(sln+1), let G, be the
pq

set of words in kiﬂ, l‘ii,’i € T whose total @-degree is p. Using Ué(g[nﬂ)—action from Proposition

1.1.3, consider each word w € G_, as an operator AW Co -5 V L Assuming that s; ¢
rq

{+£1, :I:q_%, ceey :I:q_%} for some fixed K depending only on p, we can identify the spaces V' “lu
g
with each other and they have a basis of the form {|I1,...,Ir)}1 +..+1, =K. Moreover, all matrix

coefficients of A(™) with respect to vr, ® -+ ® v, are polynomials in s1,...,sr,21,..., 21, with co-
efficients in Q(q%). Since the condition V' 1, C U!(sl,41).v is equivalent to | J,, Im A®) =V
pq~ 2" e v P4

P
Lemma m gives a family of polynomials Fj,(s1,...,5r,21,...,21) with coefficients from Q(q%),
such that qu,%u C Ué(s[n+1).’U if and only if Fj,(s1,...,sL, 21, .., 21) # 0 for some p, still assuming

s; ¢ {1, :i:qfé, o ,j:qf%}. Since we work generically over s1,...,sr,21,..., 2L, it is enough to
show that F}, # 0 as a polynomial in s;, z; for at least one p. But from the finite-dimensional case we

-1750

know that V 1, C Ué(;[nﬂ).v for generic 21, ..., 21, and s; € ¢~ 272°. Hence, for any m; > K and
pq

generic z;, we have Fp(qf%,...,qimTL,zl,...,zL) # 0 for some p. Hence V 1. C Ué(s[nﬂ).v
for generic s;,2;. Note in particular, that we have used Lemma to rewrite the condition

vV _ 1u C Ué(ﬁ[n+1).'l) in terms of vanishing of certain polynomials with coefficients being ratio-
Pq

nal functions in q%, this readily implies that we can equivalently consider q% as a transcendental
complex number or as a formal variable, making this difference with [31] irrelevant.
To show that generically v € Ug(sly11).v" for any o* € V. _; \{0} we use the other half of
Pq

Lemma |1.1.8, Namely, considering now the words w € G, as operators AW .y lu Cuv, we
Pq

have v € Uy (sl,,41).v" for any o' € quf%u\{O} if and only if ), KerA(®) = 0. By Lemmall.1.8} there
exist polynomials G¢(s1,...,Sr,21,...,21) such that the last condition is equivalent to existence of
t such that G¢(s1,...,8L,21,...,21) # 0. Irreducibility of V' in finite-dimensional situation implies
that at least one polynomial Gy is nonzero, hence we have v € Uy (8Lyp1).v" for any v € quf% \{0}

O

generically.

1.2 Explicit expressions for isomorphisms between tensor products

In this section we present explicit expressions for isomorphisms between tensor products V(s; "), ®
V(s3“")z,. The importance of these expressions is two-fold: on one hand we get explicit expressions
for the R-matrix V(s7“"); ® V(s5“" )z — V(s3%1)2 ® V(s;“")z,, reproducing a result of [25].
On the other hand, using the generic irreducibility of arbitrary tensor products V(sl_lwl) 57 Q- ®
V(s “").,, we can use the explicit expressions from this section to obtain deformations of the
Yang-Baxter equations.

To simplify expressions in this section we use the following notation. Recall that for a pair of
parameters a,b € C\{0} we set V* := V((a/b)™“")a. For compositions X,Y € ZZ; and complex
parameters a, b define

(GQ|X|b€I|Y|H X+Y

O(X,Y;a,b) = b Xlgi<; XY
(ab q | X+Y| q Q)

1= 1
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For parameters a1, as, ag, b1, ba, b3 and compositions I, .J we set
1
_1 T
Ca17b1;a27b2 (L J) = (bl/a1)|J|q 2 2i<i 7.

In view of Proposition we have a basis of V(s;“"),, ® --- ®@ V(s.*")., given by |vf, ® vy, ®
- Qup,), let (v, ®vp, @ -+ - ® vy, | denote the dual vectors in (V(s; "), @ - @ V(s.“")z, )"

1.2.1 Explicit expressions

Let a1, az, b1, bz be generic complex parameters and consider representations V"' @ Vi;’2, V> @ Vi,
Vb‘;1 ® V},‘? and Vba; ® V. Note that all four representations are irreducible by Proposition
(a1 ' —aru)(ay ' —asu)
(by ' —b1u)(b; ' —bau)
fr(u) =1 for r > 2. Our results below give explicit expressions for the isomorphisms between the

and by Proposition |1.1.2] all of them are isomorphic to L(f) where fi(u) = and

four representations.

Theorem 1.2.1. For generic parameters a1, by, as, ba the representations Vb‘il ® Vb‘f and Vb? ® Vb‘;l
are irreductble and isomorphic, with an isomorphism W® given explicitly by

Wa . ‘/}31 ® %‘;2 — Vl')a12 ® %C;l’

Caz,bl;al,b2 (Ka L)
Ca1,b1;a2,b2 (Iv J)

Similarly, for generic parameters ai,by,az,by the representations V' @ Vi'? and Vi'' @ Vi are

(vk @up|Wvr @ vg) = dr+J=K+LOI>K (I - K,K;adi/a3,a3/b7).

irreducible and isomorphic, with an isomorphism W given explicitly by
Wb . ‘/E)Cil ® VbI;Q N Vb? ® ng

Ca1,b2;a2,b1 (Kv L)
Ca17b1;a27b2 (Iv J)

Proof. By the discussion above it is enough to check that the morphisms W and W? presented
above commute with the action of Ué (,';\[n+1). We do it by verifying the statement on the generators
{EF'Y, {zF} of U, (;[n“). For k; the check is trivial since W% and W clearly preserve the weight
spaces. The checks for xli are similar to each other and can be readily done by a straightforward
but tedious computation. Here we only provide the verification that :Uir commutes with the action
of W¢.

We need to check that (v @vr|[Wer |vr®vy) = (Vg @vg|rT W vy ®vy) for any compositions

(v @ vp|Whlor @ vg) = Sreg—k+L0I>L ®(L,J — L;a3 /b3, b7 /b3).

I,J,K,L. Since W preserves the weight and xf increases it by q%al, both sides are zero unless
I+J—e' =K+ L. Assuming I +J — e! = K + L from now on, note that

b1b2 10 0 TI—1.7— b2 Lo
xﬂw ®ug) = qz( [I|—|J| ‘h“)[h]qlvf_el ®vy) + 7q2( |J|+1)[J1]q‘vI R Vy_e1),
a1ag a9
+_ bib2 tciK|-ip-n) b2~
(v @ vglay = Pl (K1 + 1]g(vk et @ vL| + i (L1 + 1]g(vK ® vpperl,

where the first line describes the left action on Vb‘il ® VZ;Q with the assumption that [vp @ vy) =0
when the configurations I', J' are non-positive, while the second line describes the right action on
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V2 @ V,4)*. So we need to verify that
b1 b2
biba 1 in—|g-m+1) a ba 1 |7141) a
Taqu 1 [Il]q<vK®UL‘W |UI—el ®1)J>—|-CT2QQ [Jl]q<’UK®UL‘W |UI®’UJ_61>
1

bibe 11T by _1
:ti( |K|—IL]| Ll)[K1+1]q<’uK+el®vL|Wa”UI®1)J>+Cqu 2|L‘[L1+1]q<vK®UL+el‘Wa|’l)[®’l)‘]>.

Plugging the expression for W¢, using that I + J — e! = K + L and applying relations

Ca11b1§a2,b2 (I — 617 J)
Cahbl;az,bz (I7 J)

we can rewrite the needed identity as

Cal7b1;a2,b2 (Iv J— el)
Cal,bl;az,b2 (Ia J)

=1, = (a1 /br)gz 1110,

(1-g¢")e(I - K —e', K;ai/a3,a3/07) +¢" (1 — ¢") (I - K, K;ai /a3, a3/b7)
=(1-¢"e(I - K —e', K +e';ai/a3, a3/07) + ¢"* (1 - ¢" )OI — K, K;ai/a3, a3 /b]).

Using
@(X, Y7 a, b) —b Y |-v1 1— aq|X|—1 1— qX1+Y1
(X — el.Y;a, b) =% 1 —abq|X‘+|Y‘—1 1— g%
(I)(Xv Y + el§ a, b) . 1-— bq|Y| 1— qX1+Y1+1
(I)(X7 Y:a, b) N 1-— abq|X‘+\Y| 1— qYl—H

we finally reduce the verification to

ﬁ(l B VLA 0! ad/ig +q(1—¢M)
aj 1 — ¢I=-1KI=1a? /a3
_ ﬁ(l . qll—Kl)q—|K|+K1 1— q|K|a%/b% + qK1(1 . qL1+1)
a2 1 — gI=IK1-162 /a3 '

The latter can be verified by standard algebraic manipulations, using I + J — e! = K + L. O

Proposition 1.2.2. For generic parameters ayi, by, as, by there is an isomorphism
R : ‘/'b(il ® Vl')a22 — ‘/;;2 ® %(117
which is given in the following two equivalent ways:

Ca2,b2;a1,b1 (K7 L)

Cal,bnaQ,bz (I7 J)

x Y (L — P,K;ai/a3,a5/b5)0(P,J — P;a3/b3,b7/b3), (1.2.1)
P

(vk @ vp|Rlvr ® vg) = d14J=K+L
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where the sum is over configurations P € Zgo such that P; < min(J;, L;);

Ca2,b2;a1,b1 (K7 L)
Cal7b1§a27b2 (I7 J)

x> ®(L, K — P;ai/b7,b]/b3)@(I — P, P;ai/a3,a3/b), (1.2.2)
P

(vk @ vr|Rlvr ® vg) = 011 J=K+L

where the sum is over configurations P € Z% such that P; < min([;, K;).

Proof. For generic ay,az, b1, by the representations Vj*' @ V> and V;? @ V;'' are irreducible and
have one-dimensional highest weight space, so there exists, up to a scalar, at most one isomorphism
R between them.

The claim now follows from Proposition [I.2.1] which allows to construct isomorphism R as above

in two ways corresponding to (1.2.1)) and (1.2.2)):

b
WeoW?: V' V2 - Vil @ V2 = Vi @ V!

Ca2:b2§a17b1 (Ka L)
Cal,b1§a2,b2 (I7 J)
X Y 0gekbi>p®(Q — K, K;ai/a3, a3 /b3)®(P,J — P;a3 /b, bt /b3);

Q7P
Q+P=I+J

(v @vL|W* o WP|or ® vg) = Or4g-K+L

b L 1sa a a a a a
WPoW*: VH @V2 = V2Vl = V2oV

Ca27b2§a1761 (Ka L)
Cal,bl;az,b2 (I7 J)

X Y Or=rr>p®(L,R— L;ai/b},b/b3)®(I — P, P;a}/a3, a3 /b?).

P,R
P+R=I+J

(v @up|WP o Wvr ® vg) = 611 J-K+1L

Note that both morphisms above send vg ® vg to vg ® vg, so these two isomorphisms coincide. [J

Remark 1.2.3. Proposition provides an expression for the action of the R-matrix of U, (51y41)
on V(s7“1), @V (s'7“1)s. In the case of U, (sly) this expression was obtained from various approaches
in the works [52], [62], see also [39], [1] for analogous expressions in the more general elliptic case.
For Uq(;[n+1) the expression of Proposition was first obtained in [25] using the methods of
three-dimensional integrability.

1.2.2 Triple tensor products and deformations of Yang-Baxter equations

—1 )
By Propositions [1.1.2} [1.1.5( generically we have V' @ --- @ Vi'™ = L(f) with fi(u) = []; 2—1::;5
and fr(u)~: 1 foE r > 1. Hence, for two collections of generic parameters aj ... am, b1, ..., by and

@i ...GQm,b1,...,by, the representations Vb‘il ®---®@ V' and Vl;a1 R ® Vif‘m are isomorphic if and
m 1 m

only if, up to sign changes, a is a permutation of a, b is a permutation of b, and the total number of

26



sign changes is even. Proposition[I.2.T]allows to explicitly construct all such isomorphisms, since W
(W?) is the isomorphism corresponding to a simple transposition of the parameters a; (respectively
b;), while the sign changes are trivial since V;* = V((a/b)™“!)q = V_,* and we have

a as __ yra —a2 ~ Y/—a a1 _ ysa a1l ~ y/a as __ yr—a —a
Vbll ® %22 - %11 ® V—b; - I/;71 *® V—éz - V_il ® V_éQ - V_él ® V—iz - %1 '® Vb2 %
where both isomorphisms above are constructed using W°.

More importantly, since the representations are irreducible, the isomorphism V}) '®--® Vam =
Vba1 - ® Vb“m is unique up to a scalar. Hence we can obtain nontrivial identities by ﬁndlng
1 m

multiple ways of expressing the same isomorphism using W, W% and R. Below we demonstrate
this idea for triple tensor products, deriving three equalities which will be used in this work.

For later use we summarize the expressions form Propositions 11.2.2} setting:

a1 as, b, J, K, L) =01y j-k+.P(I — K,K;a1/as,a2/b1)

9)|1|— b1 9) k| T (q:9)1

 Ope g pes 100 g (/b1 K T (KO K (a1/a2; Q) 11—k (a2/ Q)1

1+J=K+LOr>k(az/b1) Yo || Frr s

(1.2.3)
Wa2 b1, b2(I J K L) —5I+J:K+L¢(L,J—L;ag/bl,bl/bg)
(Jj—L; bi; )L|(b1/b2, q)|)-|L|
e 6 (b )l Ty Lals—Ly) (82/019))
1+J=k+L0g>L(b1/b2)'"q (as/bsi 01 H e Q)JT —

(1.2.4)

Ra17bl7a2762(I, J,K,L) = 5I+J:K+LZ<I>(L — P,K;al/ag,ag/b2)<1>(P,J — P;ag/bl,bl/bg)
P

= 014 J—K+L Z ®(L, K — P;a1/b1,b1/by)®(I — P, P;ay/ag, az/by). (1.2.5)
P
We do not include Cy, p,:00,6, (I, J) from Propositions in the expressions above, in this

way right-hand sides of (1.2.3)-(1.2.5) are rational functions in ¢, not just in q%. Note also that we
have replaced a?,b? from Propositions 1.2.1|, 1.2.2| by a;, b;.

Remark 1.2.4. For the later use in Sections [2.2] and [2.3| we note that ®(X,Y,z/y,y/z) is a poly-
nomial in y, and y~XI=IY1®(X, Y 2/y,y/2) is a polynomial in y~'. Hence W¢ (I,J,K,L)

a1,a2,b1
=

I,J,K,L)isa

polynomial in a;l. Moreover, a, mu ‘Ral’blmm(I, J,K, L) is a polynomial in b; and a;l.

is a polynomial in as, Wé’z by b (4> J K, L) is a polynomial in by and a,

ai a27b1(
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Proposition 1.2.5. The following identity of rational functions in a1, as, as, by, ba, by holds:

Z Sbl b2 Cl7CQ7B27B1)Wa2 b1, bg(A17C37B37CI)W

s by.bs (A2, A3, C3,C2)
C,,C2,Cs

Z 2 bos(C2,C3, B3, Bo)W, | (C1, A3, Cs, By)W,,

az, b1 b2(A17 A27 027 Cl)
C1,C2,Cs

Proof. 1t is enough to prove that for generic a1, as, as, by, ba, bg we have

Z W 2 b2 b2 Cla 027 BQa BI)W 2 b2 b2 (Ah 037 B3> CI)W 2 b2 b2(A27 A3a C3a 02)
C1,C2,Cs

= Z W;g,bgybg(c%C37BSaBZ)W5§7b§7b§(ClaA37037BI)W£§,1)%1)§(A17A2’C2aCl)'
C1,C2,Cs

Consider two isomorphisms V"' @ V2 @ V;'* 2 V' @ V"2 @ Vi'*:

(1®Wb)(Wb®1)(l®Wb) . Vb(il ®Vba22®vb«;3 N Vb?l®vbz2®vbi3 N %3,1@%?2@%‘23 — ”‘/lgl ®V2;2®V2§3,
b b b

(W)(1eW?) (W e1) : V' oV2eV? — VeV 2oV — ViIeV2eVie — ViV 2eVhs.

Both isomorphisms send vg ® vg ® vg to vg ® vg ® vg, so by irreducibility they are equal. The claim
now follows by applying Proposition to

(vB, ®vB, ®vp, (1@ W)(WP @ 1)(1 @ WP)|va, ®va, ®va,)
= (vB, ®vp, ®vE, (W' @ 1)(1@ W)W ® 1)[va, ®va, ®va,).

Note that all coefficients Cy p.q/ i (I, J, K, L) cancel out. O

Proposition 1.2.6. The following identity of rational functions holds:

Z as, b1 b3 017 027 BZa Bl)Ral,b1,a3 bo (Alv 037 B3a Cl)Wa2 as,ba (A27 A3a 037 CQ)
C1,C2,Cs
Z ai,as, b2 027 037 B37 BQ)Raz,bl,ag,,bg, (Cl7 A37 037 Bl)Wa2 bl b2 (A17 A27 027 Cl)
C1,C2,C3

Proof. The claim follows from the same argument as in Proposition [I.2.5] applied to the morphisms
1WHR1)(1oWY)=W*e@) (1R (W ®1): Vil @V @Vt - ViR e Vit @ Vi,

O
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Proposition 1.2.7. The following identity of rational functions holds:

Z Ral,bl,ag,bg(cla C27 BQ? Bl)Ral,bl,ag,bg (A17 C37 B37 CI)W(I;Q’bQ,bg) (A27 A37 C37 CQ)
C1,C3,Cs

= Z W sy (C2, C3, B3, Bo)Ruy by a5, (C1, As, C3, BL)W? 1, (A1, Ay, Cs, Cy)
C1,C2,Cs

Proof. The claim follows from the same argument as in Proposition [I.2.5] applied to the morphisms

1eR)(Re)(1eW) =W e )1eR)(Re1): ;" @ ;2 e V% » Vi @ V2 o v

1 )

We can also obtain the celebrated Yang-Baxter equation utilizing the same approach:

Proposition 1.2.8 (Yang-Baxter equation). The following identity of rational functions holds:

Z Ra1,b1,a2,b2 (Clu 025 BQ) Bl)Ral,b1,a3,b3 (Ala C3a B3) Cl)Rag,bz,ag,bg, (A27 A3) C3) CQ)
C1,C2,Cs

= Y Raybyass(C2,Cs, B3, Bo)Ra, by 03,5 (Ch1, As, Cs, B1) Ra, by a0, (A1, Az, Ca, Ch)
C1,C2,C3

Proof. The claim follows from the same argument as in Proposition [1.2.5] applied to the morphisms

1IR)(R21)(1®R)=(R1)(1®R)(R®1): Vb?l ® Vbzm ® Vb? N be;S ® Vbzm ® ‘/}217

1.3 Vertex models with ¢g-Hahn weights

In this section we introduce vertex models with g-Hahn weights, which provide a graphical presen-
tation for our results about representations of Uy (sl,+1). We also mention how our vertex model
degenerates to the higher spin six-vertex model.

1.3.1 General construction
In this work by a vertex model we mean the following data:

e A collection of oriented lines in the plane, whose intersections are called wvertices, while the
line segments between vertices are called edges. The edges are oriented in the same way as
the underlying lines, and each vertex has exactly two incoming edges and two outgoing edges.
An edge is internal if it connects a pair of distinct vertices, and is boundary if it is connected
to only one vertex.

e A collection of pairs of edge parameters (a,b), which are assigned to the edges and are con-
strained by the following rule: for each vertex if (a,b) and (a,b’) are the parameters of the
incoming edges of the vertex, then its outgoing edges have either parameters (a,b) and (a’, '),
or parameters (a,b’) and (a’,b). See Figure for the assignments satisfying this constrain.
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K;a,b K;a',b

Id _ we _ a
= 6I:K6J:L, ) - Wa,a’,b(I7 J, K, L),
Ija,b L;a’, b Ija,b Li;a,b
J;a, v J;a, b’
K;a,b, K;a’,b/
wb —_ b R —
) = Wa/’b7b/(I, J,K,L), ) = R(L,b,a/,b/(IaJ7K7L)'
I;a,b L;a’,b I;a,b L;a,b
J;a' b J;a', b’

Figure 1-1: Possible vertices in vertex models and their weights.

A configuration of a vertex model is a labelling of the edges by compositions I € Z>q. In this
text we usually denote these labels by bold capital letters I,J,.... Given a configuration around
a vertex, that is, a collection of four edge labels I,J, K, L attached to the adjacent edges, we
define the corresponding verter weight by tracking the behavior of the edge parameters a,a’, b,/

and correspondingly using expressions ([1.2.3)),(1.2.4)) and ((1.2.5) in the way demonstrated in Figure
I-1

In other words, we define four types of vertices Id, W WP R, which are determined by the
arrangement of the parameters a,b,a’,b’. For example, the vertex of type W preserves the param-
eters a,a’ but swaps the parameters b, b’ between the lines. Note that in each of these situations
the vertex weight vanishes unless I + J = K + L, we call this fact the conservation law.

The weight of a configuration of a vertex model is the product of the weights of all vertices. A
boundary condition for a vertex model is an assignment of labels to the boundary edges. Given a
vertex model and a boundary condition we define the corresponding partition function as the sum
of the weights of all configurations satisfying the boundary condition, that is, configurations whose
labels of the boundary edges coincide with the boundary condition.

As an example of this definition, we can rewrite the identity from Proposition [I.2.5] in the
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following way:

Bs;ay, b3

A

Wb
Apsar, b
Wb
Ag;az, by
As;ag, b

Bs;as, by

wb

By;asz, by

Alzal‘bl

Az az, by

wb

Bs:an, by

A

wb

) By;az, by
(1.3.1)

wb

) By az, by

Ajsias, by

Here on each side we have a partition function of a model with three vertices. To each boundary
edge we assign a triple (I;a,b), where I is the label of the boundary condition, and (a,b) are the
corresponding edge parameters. To lighten the notation we usually only specify the types of the
vertices W WP or R; the labels of the internal edges can be uniquely reconstructed from this
information. The summation over C; from Proposition [1.2.5] correspond to the summation over all

possible configurations of internal edges.

In a similar way we can rewrite Propositions 1238

Bs;as, by

A

R
Ap;ay, by
WG.
Ag;az, by
As;as, by
Bg;az3,b3
R
Arsar, b
R
As;ag, by
Ajz;az, by

Bs;ay, by

1

wb

<4

Byjaz, b

Bs;as, by

Byjai,b
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Apsar, by

As;az, by

Ay;ar,by

Az az, by

wb

Bs:as, by

Ajsias, by

Bs:as, by

we ) Bs;ay, b

(1.3.2)
" ) Bi;as, by
2 » Biazby

(1.3.3)
2 » Bianh

As;az, by



Remark 1.3.1. One can think about the edge with parameters (a, b) as of the representation V‘/a,

then each vertex corresponds to one of the operators V\ﬁ ® Vr — V\ﬁ ® V‘ﬁ Note that
Vi N

the whole partition function corresponds to a matrix coefficient of the isomorphism between two

VA o Y
tensor products of the form V\/E R ® V\/Q ,

parameters of the incoming and outgoing edges.

with the parameters a; and b; determined by the

1.3.2 Higher spin six-vertex model

The vertex models introduced above do not pose any restrictions on the labels I of a configuration.
However, it is known that the R-weights can be degenerated in a certain way, which prohibits labels
I such that |I| > 1 for either vertical or horizontal edges. This degeneration is called higher-spin
six vertex model, and we describe it below.

Recall that e’ € Z%, denotes the standard basis vector with 1 at ith coordinate and 0 elsewhere,
set €2 = 0 = (0,...,0). For a composition I = (I1,...,I,) and integers ¢,p = 1,...,n set
= I, + -+ + I, with the assumption I, ; = 0 if ¢ > p.

Proposition 1.3.2. Let a,b, z be generic complex parameters and let I,J, K, L € Z5, be compo-
sitions. Then the following vertex weight is well-defined:

K;a,b

A

Waap(L,J, K, L) =R, . ap(I,J, K,L) = =i

I;z,q2

4

>4z

J;a,b

Moreover, when |I| <1 the weight w,.q (I, J, K, L) vanishes unless |L| <1 and its value is given
in the table below, where i,j are arbitrary integers satisfying ¢ < j:
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J J J—e
A A A
o * > 0 e - » et 0 - > e
J J J
1—q/nniz/b (q¢%a/b — z/b)q ti+1m] (" — 1)q ti+1m 2 /b
1—2/b 1—2/b 1—2/b
. — — (1.3.4)
J + e’ J+ e —el J+el —e
A A A
el - » 0 el ¥ ) e v » of
J J J
Ji Jj Jj; Ji Ty
1—gtma/b (¢ = 1)g"b+1r1z/b (¢7 = Dg’l+trla/b
1—2z/b 1—2z/b 1—2z/b

Proof. The claim follows readily from (1.2.5). The first line of ((1.2.5) gives

Rz,qz,a,b(Ia JyKaL) = 5I+J=K+L Zq)(L - PaK;Z/ava’/b)(I)(PvJ - P;a/(qz),qz/b),
P

which is well-defined for all compositions I, J, K, L.
When |I| <1 we can use the second line of ([1.2.5)) to get

Rz,qz,a,b<I7JaK7L> = 5I+J:K+LZ(I)<LaK - P; 1/Q7qz/b)¢)(1 - Pa P; Z/a7 a/(qz))7
P

where the term m coming from ®(I — P, P;z/a,a/(qz)) is well-defined because |I| < 1. Note

that ®(L, K — P;1/q,qz/b) vanishes unless |L| < 1, implying the vanishing statement. The exact
expressions for w.., (I, J, K, L) follow by a direct computation. O
We will use the following notation when working with higher spin six-vertex weights:

K;a,b
A
e ) el;z,qz = wz;a,b(eivj;Kv el) (135)

eq’;z.qz

J;a, b

Note that we use a thin line for the horizontal edges in this context, to emphasize the restrictions
|I| <1 and |L| < 1 which force I = €, L = €' for some i,1 € {0,...,n}.
As a particular case of Proposition [I.2.7] we have the following identity involving the higher spin
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six-vertex weights, which will be useful later:

Bs; a1, by Bs;ai, by

A A

w Byas, by e 2,qz wb
e’ z,qz 1 ! ) Byj;az, by
v _ v (1.3.6)
wb w
Arsar, by 4 » ebz,qz
el z,qz Ajsap, by
Az;jaz, by Az az, by

Remark 1.3.3. We often present configurations of a vertex model as ensembles of oriented colored
lattice paths directed along the lines of the model, with colors labeled by integers 1, 2, ...,n. The two
descriptions are identified by encoding the colors of paths occupying a single edge by a composition
A= (A4,...,A,), where 4; is the number of paths with color 1.
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Chapter 2

Spin ¢g-Whittaker symmetric polynomials

This chapter is devoted to a new family of spin ¢-Whittaker symmetric polynomials, which are found
using g-Hahn models and identities from the previous chapter. In this chapter we only need the
constructions of Chapter |l when n = 1, that is, when the quantum algebra in question is Ué (;[2)
In this case all compositions I have length 1 and for this chapter we replace them by nonnegative
integers I.

2.1 Overview

Connections between integrable lattice models and the theory of symmetric functions have been
long known to be important to both domains; one might, for example, consult the following works
(the list is certainly incomplete): Fomin-Kirillov [42], Tsilevich [87], Brubaker-Bump-Friedberg [26],
Zinn-Justin [90], Korff [54], Wheeler-Zinn-Justin 88| [89], Motegi-Sakai [64], Motegi [63], Cantini-de
Gier-Wheeler [30], Garbali-de Gier-Wheeler [44], Borodin [111, [12], Borodin-Petrov [19] 20], Borodin-
Wheeler [21), 23], Garbali-Wheeler [45], Buciumas-Scrimshaw [27], Mucciconi-Petrov [65], Aggarwal-
Borodin-Wheeler [2], Aggarwal-Borodin-Petrov-Wheeler [3].

In particular, in [I1) 19 20} 21] families of spin Hall-Littlewood and ¢-Whittaker symmetric
functions were introduced. They generalized the classical families of the Hall-Littewood and g¢-
Whittaker symmetric polynomials (both of which are special cases of the Macdonald symmetric
functions, see Macdonald [60]), and the additional spin parameter was related to the spin in the
underlying integrable vertex models. It was shown, in particular, that symmetric functions from
those families satisfy explicit branching rules as well as (skew) Cauchy and dual Cauchy identities. A
different version of the spin g-Whittaker polynomials was also recently suggested in [65]; it appears
to enjoy a few valuable properties that the original one lacked.

In [20] an inhomogeneous version of the spin Hall-Littlewood functions was introduced. The
inhomogeneities appear naturally from the point of view of the vertex models involved, and they
are useful for some of the probabilistic applications. However, it was not clear how to construct
an inhomogeneous version of the spin g-Whittaker polynomials: the approach of [21I] did not lead
to functions satisfying the dual Cauchy identity involving both ¢g-Whittaker and Hall-Littlewood
functions, which is the most natural requirement.

The main goal of this chapter is the construction of the inhomogeneous analogue of spin ¢-
Whittaker polynomials satisfying algebraic properties desired from them, namely the branching
rule, the existence of a Cauchy identity involving two spin g-Whittaker polynomials and a dual
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Cauchy identity involving spin ¢-Whittaker and spin Hall-Littlewood functions. It turns out that
construction of these polynomials relies on the integrability structure of g-Hahn models described
in Chapter [T} which explains why the earlier methods were not sufficient for this task.

Our inhomogeneous generalization reveals a surprising connection of spin ¢-Whittaker polyno-
mials with another type of symmetric functions, which are a prior: not related to vertex models:
interpolation symmetric functions. These are inhomogeneous deformations of classical symmetric
functions which can be characterized by vanishing at specific points. The main known classes of
interpolation symmetric functions are factorial Schur functions and interpolation Macdonald func-
tions. The former ones are well-studied and their interpolation properties have appeared in the
contexts of Capelli identities, multiplicity free spaces and asymptotic representation theory, see
[47, [71], [76]. The interpolation Macdonald functions are more complicated and still somewhat
mysterious, however a number of nice combinatorial properties is known about them and their
degenerations, see [38, 53] 68 [69, 73], [74], [77].

In [70] it was shown that, under a certain constraint, all interpolation symmetric polynomials
of interest fall in one of three classes: factorial monomial functions (which were considered trivial),
factorial Schur functions and (type BC),) interpolation Macdonald functions. However, we show that
our inhomogeneous spin g-Whittaker polynomials also can be characterized by vanishing at specific
points. Moreover, by specializing inhomogeneous spin g-Whittaker polynomials, one can obtain
new symmetric functions which should fill the place of interpolation q- Whittaker and interpolation
elementary functions. We are also able to find and prove a parallel version of the classification from
[70], which identifies our new interpolation functions as unique functions satisfying a constraint
similar to the one from [70]. Overall these findings distinguish spin ¢g-Whittaker polynomials as
functions having both a vertex model description and an interpolation characterization, which is
rather unique (the only other example are factorial Schur functions, see [29]).

Below we briefly state the results of this chapter.

Inhomogeneous spin ¢-Whittaker polynomials.

For a pair of sequences of generic complex or formal parameters A = (ag,a1,a2,...) and B =
(bo, b1, ba, . .. ) we define functions F,,(21,...,2n | A, B), which depend on n variables x1,...,z,
and are labeled by pairs of partitions A, . Here are the main facts we prove about them.

e The functions Fy/,(z1,. .., 7, | A, B) are symmetric polynomials in @1, ..., .

e For a single variable, Fy,,(z | A, B) has a fully factorized expression. To write it down, we
first define an auxiliary function ZW,,,(z | A, B) as a partition function of the following
one-row vertex model with N columns for sufficiently large N > max(I(\),1(p)):

AL — Azsa1,b1 A2 — Ag;az,ba
A A A
b b
)\1—/11;a17.’17 L4 Lid )0;0,]\[4,_1,(13

H1 *Mz;az,bl M2*,u3;f13,b2

Here we use notation from Chapter [l where diagrams as above denote a product of vertex
weights TW? assigned to each vertex. Note that for the row above there is only one configuration
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with non-zero weight, and the partition function is the product of weights

(x/bi))\iﬂ_m_,_l ( /blv ) Hi—Aig1 (ai-i-l/x; q)>xz‘+1*,ui+1 (Q§ Q)Mz‘ﬁuiﬂ .
(aH—l/bi; q)/.ti—/.ti+1 (Qa Q),U«i*)\prl (q7 q))\Z;Hf/J,Z‘Jrl

over integers ¢ > 1. Since these weights are equal to 1 for sufficiently large i and fixed A, p,
the partition function does not depend on V.

Then the polynomial F),,(x | A, B) is defined by the following expression:

Fyu(e | A,B) = (a/bo) mwzmwm B).
4q; q)>\1 1

The following branching rule holds:

Fxw(w1,. 20 | A B) = ZF)\/“(xl,...,xm | A, B)F/(Tmsts - o | TTA, B),
m

where 7" A is the sequence A shifted to the left by m steps. Together with the parti-
tion function expression for the one-variable polynomials, this allows to write the general
F)\/l,(ibl, ...,y | A, B) in terms of the partition function for a vertex model with weights W?.

The functions Fx(z1,...,2, | A, B) := Fy/g(21,...,2n | A, B) satisfy the following stability
relation:

F)\(.ﬁl, ey p—1,0n | A, B) = F)\(.ﬁl, ey p—1 | ./4, B)

The following Cauchy-type summation identity holds:

* = — i aly]7 xz/b]a )
Fa(z1,....2n | A, B)FX(y1,...,ym | B, A) =
z}\: ( | ) )\( ‘ ) qu Zyj’ (az/b], )

Here 3 denotes a certain rescaling of the functions IFy, and we set A= (ao ,al ,o..), B =
(by L bfl, ...). These identities could be either viewed as holding in suitable rings of power
series or numerically under certain restrictions on the parameters. One can also prove the
more general skew version of this identity, see Theorem

We have the following dual Cauchy identity:

S Bttt | BABA . | AB) = [[[] L%
A

1—wusa;
i=1j5=1 7

where F*, denotes a certain stable version of the inhomogeneous spin Hall-Littlewood functions
described in Section below. In this dual Cauchy identity the number of nonzero terms
is always finite, thus no convergence conditions are needed.
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e The polynomials [, admit an integral representation of the form

F)\(.’Iil,... y T, ‘ -'478)
a -1 n

B 1 dzi 7{ dzy, 2o — 28 —aal —a; 1— zox;
— A(A, B) ]{z 27izy ¢ 2mizy 041:[,8 H 1 H b_1 H 1—zq0a;

—qu o i=1

where k = p11, and the integration contour C is depicted in Figure [2-3 and described immedi-
ately before Theorem [2.3.11
1

Comparing with [21], for agp = a3 =--- = s and by = by = --- = s~ our functions Fy/p reduce
to the spin ¢-Whittaker from [21]; in particular, our functions degenerate to the usual g-Whittaker
polynomials when additionally s — 0 (after suitable renormalization).

Vanishing properties and interpolation characterization

For this group of results the starting point is the following vanishing property of inhomogeneous
spin ¢-Whittaker polynomials Fy(z1,...,z, | A, B):
Fa(a1g" 7#2 agq"* 3 .. ang"™ | A,B) =0, unless A C p.

This vanishing property is new, and it leads to an alternative characterization of Fy. Set x) (1) =
(a1g"M—H2 agqh* M3 ... apgt™) and let G C G C Gy C ... denote a certain deformation of
the natural filtration of the algebra of symmetric functions in n variables, which is defined before
Theorem 2.4.3] in the text.

Theorem (Theorem in the text). For each partition A € Y™ the spin q- Whittaker polynomial
Fx(z1,...,z, | A, B) is uniquely characterized, up to a scalar, by the following properties:

2. For any partition p such that || < || and p # X we have Fy(x7y (1) | A,B) = 0.
3. Fa(x3(N) | A, B) # 0.

Note that in the characterization above the parameters a; from A determine the interpolation
points, while the dependence on the second family B is hidden in the subspaces G} .

These vanishing and characterization properties closely resemble the defining properties of in-
terpolation symmetric polynomials, which are families of symmetric polynomials F)\(z1,...,2,)
satisfying

(1) deg Fx(x1,...,xn) < |A[;
(ii) Fx(O(p)) = 0 unless A C 3
(i) FA(B() £0

for some family U(u) of n-dimensional points enumerated by partitions u. Property (ii), called the
vanishing property, is the non-trivial one: it overdefines the functions F and makes the existence of
these functions for a given family U exceptional. The factorial Schur functions and the interpolation
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Macdonald functions are examples of such functions F) for certain choices of U, in both these
examples U is of the form

U(N) = (fl(ul)v ce 7fn(ﬂn))

for some functions fy,..., fn.

The spin ¢-Whittaker functions Fy(z1,...,z, | A, B) almost satisfy the properties of interpola-
tion symmetric functions F), but in the first property we have the function spaces G;' instead of the
natural degree filtration of the algebra of symmetric polynomials. However, when the parameters
b; from B tend to oo, the subspaces G;' degenerate to this natural filtration. In this way we can
find two degenerations of the spin g-Whittaker functions which satisfy properties (i)-(iii) for certain
choices of U. Namely, when b; — oo we get functions ﬁA(:cl, .eoyTy | A, 00), which satisfy the
interpolation properties (i)-(iii) with

U(,U,) = (alquliljaa a2qll2*ﬂ37 e ’anqu")~

We call these functions interpolation q- Whittaker polynomials, as their top homogeneous components
coincide with the usual ¢-Whittaker functions. The other degeneration is obtained by setting b; = oo
and considering the following limit regime:

;=€ a; =€, by o0, g=¢€°, e—0.

As a result we obtain symmetric polynomials F¢(rq,...,r, | C,00) in r1,...,7,, depending on a
family of parameters C = (¢, co, ... ) and satisfying an interpolation property with

O(p) = (c1 + 1 — p2,c2 + o — U3, -, Cn + fin)-

Moreover, the top homogeneous component of Fez(rl, ..., | C,00) coincides with the elemen-
tary symmetric polynomial ey/(ry,...,r,) for the conjugated partition X, so we call this second
degeneration elementary interpolation polynomials.

It turns out that the two degenerations above, interpolation ¢-Whittaker polynomials and ele-
mentary interpolation polynomials, exhaust all interpolation symmetric polynomials for U(u) of the
form

O(p) = (fi(pr — p2), falp — p3)s - - -5 fulpn))-

Note that each part depends on the difference p; — 41, unlike all previously known interpolation
symmetric functions where coordinates depend on single parts p;. A precise result is stated in
Theorem [2.5.2] below we give its brief reformulation:

Theorem (Theorem in the text). Assume that n > 3 and O(p) is a collection of interpolation
points of the form

O(p) = (filpr — p2)s -y fr(pn))-
Then the interpolation polynomials Fy satisfying the properties (i)-(iii) exist only if either

O(p) = (c+a1g" "2, c + asg"™ ", ...,c+ ang"")
for some ¢, q,a1,a9,...,an, orif

O(u) = (1 +d(pr — pa),ca+d(pz — p3), - -y cn + dpn)
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for somed,ci,co,...,cn. In these cases they coincide with the interpolation q- Whittaker polynomials
and the elementary interpolation polynomials, respectively.

Layout of the chapter.

Section [2:2] is devoted to row operators and exchange relations, which are a convenient technical
tool for working with the vertex model description of the spin ¢-Whittaker polynomials. In Section
[2.3] we define spin ¢-Whittaker polynomials and prove their basic properties, the Cauchy and the
dual Cauchy identities. In Section we prove th vanishing and characterization properties for
the functions Fy and their degenerations. In Section [2.5] we discuss the general classification for
interpolation symmetric polynomials, and prove the version covering interpolation g-Whittaker and
elementary functions.

Notation.

In this chapter we actively use the standard notation regarding partitions: A partition X\ is a
monotone infinite sequence (A1, A2, A3, ...) of nonnegative integers satisfying

AM>X>A3>--- >0, Al :=A A+ + A3+ < 0.

The coordinates A; are called parts of the partition. For a partition A, its length [(\) is equal to the
number of nonzero parts \;, while my(\) is used to denote the number of parts \; equal to k. The
conjugate X' of a partition \ is defined by A, = #{j > 1: A; > 1}. Note that m;(\) = A; — Xif1.

For a pair of partitions A, u, we write p C A iff for any ¢ > 1 we have u; < \;. Further, we say
the partition A interlaces the partition p, and write A > p, if \j; > p; > A\jyq for all ¢ > 1. Note
that in this case we also have 0 < [(A) — I(p) < 1.

Throughout the chapter we treat g as a formal variable unless stated otherwise, and we fix two
infinite sequences of parameters A = (ag, a1, ...), B = (by,b1,...), which we also treat as formal
variables. Let k = Q(q, A, B) denote the field of rational functions in ¢, ag,ai,... and bg,by,....
For a sequence X = (xo, X1,--.) we set

TnX:(Xn7Xn+1a'--7)> X:(X(;laX;lv"')'

2.2 Row operators and exchange relations

In this section we define row operators, which give a convenient algebraic formalism of working
with rows of vertices. In particular, using Yang-Baxter equations we can deduce exchange relations
between these operators, which is the main result of this section.

2.2.1 Operators B and B*.

For N € Zx>( define VN) as the vector space over k with a basis consisting of the vectors
|A1, Ag, ..., AN) enumerated by N-tuples (Ay,...,Ay) € Z%,. The same basis can be equiva-
lently enumerated by partitions p of length at most IV in the following way:

) = |1 — p2, pio — p3, - UN)3

40



we use both notations interchangeably. For N < M we have an embedding V(N ¢ V(M) which is
defined by |u) — |u) where [(u) < N < M, or, equivalently, |Ay,..., An) — |A1,..., AN,0,...,0).
Let {(M}in<n C VN be the vectors dual to the basis {1 b <n-

For variables x,y we define row-to-row transfer matrices ’]I‘?’g (x| A, B), ’]I‘%Y,(y | A B): VN
V) by setting

N
oY (@ | A B) |1, Jn) = > TIWe .\ us (Lrr. o Koy L) K, K )
Ki,...Kn: r=1
Lr::I+J[17r]—K[1,7.]ZO,
Ly=L
(2.2.1)
N
TNy | AB) : L, In) 3 TT(w/b0) "W i (I Jr Jom1, L) Ly . L),
Ll,.A.,LNZ r=1
Jr:=K+L[17T]7I[17T]20,
JN=
(2.2.2)

where for a sequence (A1,..., Ay) we set Ay g = 0, Ay, = Ay + -+ A, for r > 1. The same
definitions can be graphically represented using the following partition functions:

Kija1,b1 Kajaz, ba Knyian,bn
A A A
b b b
<K1,...,KN’TI}’,J[\/7(‘T|A,B)|J1,...,JN>: Liap, @ i v W)L;azv,z
Jisaz,b1 J2;a3,ba IN;aN+1,bN
(2.2.3)
Lij;ay, b La;az, b3 Lysan,bNnt1
A A A
(L. .., LN TSN (y | A, B) I, .., In) = (y/bo)~Tnm < we we
’ K;y, b1 Jiy,bN 41

Ii;a1,b1 Iz;az, b2 Insan,bN

Here we follow the same conventions as in Section and in the second partition function we
use the vertices of type W% rotated by 90°. Note that for each partition function above there exists

at most one configuration with nonzero weight, and L,, J, from (2.2.1), (2.2.2)) respectively are the
labels of the internal edges in these configurations.

In the following statement we summarize simple facts about the operators TI;’JST and T?%]X:

Proposition 2.2.1. Let N € Z>q and X\, i be partitions of length at most N.

(1) Duality: The operators T%’]g and ’]I‘I;’(]\é are dual in the following sense:

(Wl TSN (y | ALB) 1N = (ao/y) (y(/q blq)‘ﬁ’( ﬁ%’% TS (™" | B, A) 1),
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where TB denotes the shifted sequence and V¥y(A, B) is defined by

UA(A,B) = [ /ar)+ ] P —

>0 Sl (ar/br; @) —2rpr

(2) Polynomiality: (\| Tl}’]g(l‘ | A, B) |u) is a polynomial in x, and <u]T‘;{’fY](y | A,B)|\) is a
polynomial in y~'. Moreover, both are rational functions in q reqular at ¢ = 0.
(8) Interlacing: (\| Tl}:év(x | A, B)|p) = (u T‘}:év(y | A, B)|\) =0 unless A\i —p1 = I and p < A,
that 1is,
M > > > >

In particular, for any M > N we have ']I‘l}’g(m | A,B) V) ¢ VN gnd ']I‘%’%[(y | A,B) VW)
v N,
(4) Stability: For any M > N we have

b, b, a, a,
A T7o (@ | A B) [y = A TY5 (| A B) i), (ul TR (2 | A, B) [A) = (u| TR (| A, B) ).
Proof. Part (1) follows at once from (2.2.1)), and the relation

sr,%br (Ih JT? J’I"—la Lr)

_ ; 3 br;Q)J _ (ar/br—i-l‘Q)L
= (a, br Jr br L, (q7 q)lr- (q7 Q)Jr (y/ r—1 U T II’b, B 3 J,,-f ’LT7 Ir’ Jr ,
(ar/br) ™" (y/br) (ar/br; @)1 (Y/br+159) 0, (6:9) .4 (Ga)L, bttt (1 )

which is verified using (1.2.3) and ([1.2.4). Part (2) is also immediate from ([1.2.3)), (1.2.4), see
Remark [[L.2.4]

To prove the interlacing statement from part (3) it is enough to consider T%V(:U | A, B), the
claim for ’]I“Il’év(x | A,B) then follows by part (1). Set J, = pr — pp41, K = A\ — Apg1 and
Ly = I+ Jy, — Kpy- Recall from (1.2.4) that the weights we L,_y,J,, K., L) vanish

ar+1,$,b7-(
unless J, > L, > 0. Hence for (Kl,...,KN|TI}”éV(x | A,B)|Ji,...,JN) to be nonzero we must
have J, > L, > 0 for every r and moreover Ly = 0. Noting that L, = I + p1 — ptr41 — A1 + Mgt
and in particular Ly = I 4 1 — Aq, we get that </\|Tl}’7év(x | A,B) ) = 0 unless I = A\ — g
and pr — tpy1 > I+ p1 — pre1 — A1+ Arg1 > 0 for every r. The last inequality is equivalent to
e > Apy1 > ppgq forall r =1,..., N, and since \; — 3 = I > 0 the interlacing p < A follows.

The second statement of part (3) follows immediately from the interlacing by noticing that
p =< A implies I(p) < 1(X) <I(p) + 1. Finally, part (4) follows from the fact that W°_,(0,0,0,0) =
Wiy’b(0,0,0,0) =1, and so if N < M we have

NTE (@ [ A B) i) = Wo 0y (0,0,0,0) N T7g" ™ (| A, B) ) = (A Ty (& | A, B) |1)

AN+1,

. M
and similarly for ’]I'C;(’O . O

Let V := [y V™) be a vector space over k with the basis {|u) } ey where we have no restrictions
on the length of x. The natural embeddings V") C V are given by identifying the vectors |y in
V and V) when () < N. By parts (3) and (4) of Proposition we can define operators
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T8 (x| A,B),T%(y | A,B) : V — V by setting for v € V(M)
Tz | AB) v=Ty0 " (@ | AB) v, Tyl AB) v=T(y|AB)v

Using these operators we can formally define

_ (@)
B(x | AB) =) (w/bo) "= —=T(x | A.B),

r>0 (4 0)r

B'(y | A,B) =) Tiy|AB).

r>0

More precisely, B*(y | A, B) is an operator V' — V such that

(ul B*(y | A, B) |A) = (ul TS, — ., (y | A, B) ),

which is well-defined since (u| TS, _, (v [ A,B)|A) # 0 only if 4 < A, and there is a finite number
of such p given X\. On the other hand, B(z | A, B) is not a well-defined operator V' — V, since for
a fixed p we have T2(z | A, B) |u) # 0 for infinitely many r in general. However, we can resolve
this issue by considering ¢ and z as formal variables: by Proposition the matrix coefficients
(Al TM _u(@ | A B)|u) are formal power series from k[[z,g]], while the combined degree with

respect to x and ¢ of (:p/bo)rwl(z%;);q)" is at least . Hence B(x | A, B) is a well-defined operator
Vllz,q]] = V[, q]], where V[, ¢]] is the space of formal power series in z, ¢ with coefficients in V.

Proposition 2.2.2. For any A\, u we have

A B)

(WIB* (| A B ) = 2

By~ | B, A) |w),

where (A, B) is defined by

7J)/\(A,B)Zl_[b/@ THH ar/br e

>0 r>1 Drr=Arpr

Proof. Follows from Proposition [2.2.1] part (1). O]

2.2.2 Operators BY and B*

We can also construct another family of row operators using the higher spin six-vertex weights
instead. Fix N > 0 and for integers i,/ € {0, 1} define operators T7) : V) 5 v(V) by setting

Kisar, by Kajaz,ba Knian,bn
A A 4
<K1,7KN‘7—;]’\{(U‘A7B)‘J1,7,]N>: iU, qu w w w )l;u,qu,
Jija1, b1 J2jaz, b2 JNian,bN

(2.2.4)
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We need the following properties of these operators:

Proposition 2.2.3. Let N € Z>q and A, pu be partitions of length at most N.
(1) Duality: For any i € {0,1} the operators T% and Tl]\iz}l are dual in the following sense:

N

1 arfbi JZ&) m 23 AT | B, A) |u),

(el T 1 (w | A, B)[A) = (ao/bo)! (

r=1

where Yy (A, B) is defined by

(A, B) =[]0 /ar )+ ] (@ 9) >\ —Arsn

r>0 r>1 (ar/erQ)AT_)\T+1 '

(2) Interlacing: (N TR (u| A, B) |y = (ul T ;1 (u | A, B) [A) = 0 unless Ay —py =i and p/ < X,
that 1is,
M>pp > >y >

In particular, for any M > N we have T%[(u | A,B) V) c vV,
(8) Stability: For any M > N we have

AT (u | A,B) 1) = (N T (2 | A, B) 1),

M N
(H M) (ul TN (x| A, B)[A) = <H M) (W TN (z | A, B)|N).
T T T re1 r r r

r=1

Proof. Note that the partition function on the right-hand side of (2.2.4]) has only one configuration
with non-zero weight and we have

N
<)‘| Tz],\l[(u | A, B) ‘:u> = H Wz;ar,br (iT‘—lv I, Kr, iT)v (2'2‘5)

r=1
where we set i, := [ + A\r41 — fr+1. In particular, to have a non-zero configuration we must have
i=1dg=A — 1+ 1.
The duality statement follows from ([2.2.5) and the following identity
1—a/z
a/b—a/z

(a/p) 19:9)7 (a/b; Q)szfl,b717a71(1 0K, 1)

zab(l, J, K1) =
weinh ) (@ 0)x (a/b;q).s

which can be directly verified using .

To show interlacing note that Proposition forces i, € {0,1} for every r. Hence for every
r we either have p, = A, or g, = A\, — 1. In particular p C A so ¢/ € X and X. > p. for every r.
On the other hand, if we define a partition A by setting \; = max (0, \; — 1), then A C @ implying
. > A But A, = A1 and interlacing follows.

Finally, stability follows in the same way as in Proposition by using relations

1—2/b

=1 s
wu,a,b(07 07 O) O) 9 a/b _ U/b

We,ap(1,0,0,1) = 1.
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O

In view of part (3) of Proposition we can define an operator T;1(u | A,B) : V — V by

setting
N

WlT 51 (u | A BN = (H },jﬁ/j/b> (WIT (u | A B)N)
r—=1 T ' T

for fixed p, A and sufficiently large N. Note that we have to insert a normalization factor to make
the definition independent of N. Similarly to the operator T* before, Ti,l is a well-defined operator
since for a fixed X there is only finite number of p such that (u|T;1(u | A, B)|\) # 0.

Define operators BN (u | A, B) : VIV) — VIN) and B*(u | A,B) : V — V by setting

BN(u| A, B) = T(%(u | A, B) — ubngl%(u | A, B),
B*(’U, ’ .A, B) = lel(u ’ .A, B) - u_leTojl(u ‘ A,B)
We have the following duality statement:

Proposition 2.2.4. For any X\, u of length at most N we have

% (Aa B)

(u| B*(u | A, B) |A) = m

A BY(y™" | B, A) ),

where ¥y (A, B) is defined by

A4, B) = [T for) o T o 2

>0 r>1 )/\ At

Proof. Follows from part (1) of Proposition by a direct computation. O

Remark 2.2.5. Remark about not defining B.

2.2.3 Exchange relations

Now we consider commutation relations between the operators B(z | A,B), B*(y | A,B) and
B*(u | A, B) defined above. These relations are consequences of Yang-Baxter type equations, and
they are proved using the so-called "zipper" argument.

Proposition 2.2.6. We have

B*(y | A, B)B(z | A,B) = Ezyaqggfﬁg;: B(z | A, 7B)B*(y | TA, B),

or, more precisely, the following relation holds:

Y (WIB (y | A B) N Bz | A, B) )
A

- Ezﬁ; )> (fx/f;’q . Z v|B(z | A, 7B) [NAIB"(y | 7A, B) |u),
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where both sides are viewed as formal power series in x,y~

L and q.

Proof. We prove the latter identity, fixing u,v from the statement and setting L, = v, — vp41,

Jr = pir — Mr1-

Step 1: We start by consequently applying (1.3.2)) to get a relation between the operators T%V

and T%N. Using (1.3:2) we have

Ly;ar, bria Ly;ar,brin
we By arq1, A1y, by wb
Ay, by ( 1 Y ) Bajayi1,@
R R
wb we
Assar,x B3y, bri1
Bi;y, by Az;ar,
Jri @1, br Jr; g1, by

where A, Ay, By, By are arbitrary nonnegative integers. Choosing N € Z>q such that N > I(u),l(v)
and applying these identities consequently with » = N, N—1,...,2,1 we get for arbitrary I, K € Z>g

Ly a1, by Ly;an, byt Ly;ay, by Ly;an, byt
wa we 0;an+1, @ K;y,bi wb wh
K;y;01 ( 1 Y ) 0;any1,@
R = R
wb wb we we
La,x 0;9,bn+1
05y, b1 La,x
Ji;ag, by Jniany1, by Ji;az, by JNsany1, by

(2.2.6)
Comparing with (2.2.1)), (2.2.2)), the identity of partition functions above is equivalent to

S w0 A T (| ABY NN TS (| A B) 1) Ra s (1,0, K,0)
LK A
= 33" Ry (L LK LYW TN (| A 7B) IN) (/o)™ (N TS (y | TAB) ), (2.2.7)
JL A

where in the left-hand side the sum is over partitions A such that [(\) < I(u) + 1 < N, with the
restriction on length coming from Proposition m part (3).

From ([2.2.1)) we have
b, N Y| mb,N—1 ~ ~ ~
<)" TIJ (x | A, B) |:u’> = <)" TL]JF/\Nf“N(‘T ’ A, B) |M> W£N+1,m,bN(I + Ay — MNvtuN?)‘NvI)?
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where X = ()\1 —)\N,... ,)\Nfg—)\N,)\Nfl—)\N,O,...) and ﬁ = (ul—MN,. ey MN—2 — UN, UN—-1 —
un,0...). But N > (u), so uy = 0 and hence

ATy (@ [ AB) ) = N TP (@ | AB) ) W,

peive T+ Ay, 0,An,1).

CLN+1 xT bN(

Recall that Wf (L, J, K, L) vanishes unless L < J, so the expression above vanishes unless I=0;
hence in the left-hand side of (2.2.7)) the nonzero terms have I =0. Since Rayi1ayby (0,0, K,0) =
07 &0 the non-zero summands in the left-hand side of ( must also have K = 0 and we obtain

S (w/b0) (v T3 (y | AB) [N Ty (2 | A, B) )
A

= 33" Ruyogn (LT K LY (] TN (@ | A, 7B) N (y/B0)" N TS (y | mA B} (22.8)
JL A

Step 2: Now we use (2.2.8) to obtain the claim. First, using the definitions of TI} and T%, we
obtain

Zb (W T (y | A, B) [N TG (x| A, B) |u)

=Y ¥ Rayayn (1 LK, L) (| Th (@ | A 7B)TS(y | TA, B) |p),
J,L

where in the left-hand side we have used that A\; = iy + I to simplify the term (y/bg)*'. Both sides
are now elements of k[[q, z,y7!]], ¢f. Remark and part (2) of Proposition So we can

multiply both sides by z! (a(l 4 2;3)1 and take the sum over I, K such that I 4+ u; = K + v1, obtaining

an identity in k[[¢, z,y~]]:

> (WIB (y | A B) NI Bz | A, B) )

A

a1/ q a
= Y ey 1 KD T | ATBITS | A B) . (229
IfKifgfihful

To prove the claim it is now enough to show that for fixed J, L >0

> (a/x Q) _ (/g @)oo(@/b: D)oo i p(a/T30)1
I—-K=IL—J
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Indeed, if (2.2.10) holds we can rewrite the right-hand side of (2.2.9) as

(a1/9: @)oo (2/b15 @)oo 3 (x/bQL(al/x;q)L

b a
(a1/b1; @)oo (2/Y; @) 0o W TL(x | A, 7B)TS(y | TA, B) |1)

T (7:9)
L—-J=vi—m

_ (0/y0)oo(@/b1i D)oo g e
= /b D(ely ) VIBE N ATBB ([ 7A, B) ), (22.11)

which implies the claim.

Step 3: To finish the proof we need to establish . Since both sides are power series in
x,y~ ', ¢ with coefficients in C(a, b), it is enough to consider the case when x = ¢a for S € Z>q: if
for a formal series f(q, ) € F[[q,x]] we have f(q,¢°) =0 for all S € Z>q then f(q,x) =0, cf. [80,
Lemma 3.2|. So, from now on we set 2 = ¢°a.

Let A € Z>( be a sufficiently large integer. From ((1.3.2) we have

A+S+J—L;ab A+S+J—-Ljab
we Lia,¢%a 0;y,b wb
0;y;b ( 1 r ) Lia,q%a
R = R (2.2.12)
wb we
Sia,q%a ) Jiy,b
Jiy,b S;a,q%a
Asa,b Asa,b

Consider the right-hand side of (2.2.12). Note that for J,L >0 we have

a,qsa,y,b(Sv jv 07 L) = S+j:£q)(f/a 0; q_S, qsa/b)q)(sa 0; a/yv q—Sy/a)

s i@ %91, g as(a/y;Q)s
a/b)"——=(q " y/a) @508’

R

(a/b;q);

where for the first equality we have used the second line of ([1.2.5)), noting that since K = 0 the only
nonzero summand has P = 0. Since L = J + S > S and (¢ %; ¢)g vanishes unless L < S, we get

S/yd)s 7 _ 0T _ Q.
R S (S j 0 i): <y/b) (a/b;q)S’ 1f<]—0,[,_‘5'7
a,q a,y,b sy Uy .
0, otherwise.

Hence in the right-hand side (2.2.12)) the configuration around the vertex of type R is fixed, and
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the partition function is equal to

(y/b)° (( ; ))S t (A L0, A+ YW s (S, A+ J,A+J+S—L, L)
s@/y:0)s  alo/yida s (@5 0@ e/big)ars 1 (¢;9) a4
= w/o) (a/b;q)s S w/?) (a/b; Q)A(q /o) (a/b;q) At (¢ )L(@a)arg-L

For the left-hand side of (2.2.12)) we can use ([1.2.3)),(1.2.4) to write it as
—S. Sa/b: . .
S (@Sa/)! (% 91(?a/biq)a—r  (¢:9)4 (/) A+51 (/Y a+s—1

= (a/b;q)a (:0)1(g:0) a1 (a/b;q) A+s-r

avqsa7y,b(‘[7 J) K, L)

Note that in the summation above we can assume I < S, since (¢~°;¢); vanishes otherwise. In
particular, the number of terms is bounded by S regardless of the value of A.

To finish the proof we need to consider the dependence on A. Namely, we rewrite in a
way that both sides are rational in ¢“: using the identity

U;q4)A+x
Eu'iniY = (UQA+Y;Q)X—Y

and the expressions above for the both sides we readily obtain

) (qsa/y)z(q*ssq)z (") (ag?/y;q)s—i R

1<S (:0)1 (7141 )1 (a2t by q)s—1 agSayp(LsJ, K, L)
K=I+J-L
_(@/y)s s, el
" (a/biq)s (q%a/b)" @ (2.2.13)

Note that the both sides of (2.2.13)) are rational functions in ¢“, which are equal when A is a
sufficiently large integer. Hence (2.2.13)) holds for any value of ¢#, and in particular we can set
A .

= 0 getting

Y (dPafy) MRws,%l,(l JK,L) = (a/y;q)s S (¢a/b) w,

I<s (@ a)r (a/b;q)s (G a)r
K=I+J-L
which is exactly (2.2.10) when z = ¢°a. 0l

Remark 2.2.7. One can check that (2.2.10) from the proof above is equivalent to the g-Gauss
identity

NP (@b (¢/a3q)0(c/b; @)oo
kzzo (ab) (GO )k (ca)0(c/(ab); @)oo

For the remaining exchange relations the following statement will be useful:

Lemma 2.2.8. Let J € Z,L € Z>qo be fized integers. Then there exists a formal power series
f(q,t) € k[[g,t]] such that for sufficiently large A we have W? (0, A+J, A+J—L,L) = f(q,q%).

a2,b1,b2
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Moreover

T

Similarly, for fived J € Z,1 € {0,1} the weight w,., (0, A+ J, A+ J —1,1) depends rationally on gt
and we have
(=2/b)’

1—2z/b

w?

Weap(0, A+ LA+ T = L1)| ag=

Proof. For the first part we can rewrite the weights W? as

1 (a2/b1; @) L(b1/b2; oo (¢ a2 /b1; q) o (¢ 9)1L
(A7 =Lb1/ba; @)oo (a2/b1; @)oo (¢39)L

w,

a

2b1b2(0 A+ J A+ J—L,L)= (b1/ba)

and by replacing ¢“ in the expression above with t we get the desired power series. The claim about
the weights w..,; follows directly from the explicit expressions (|1.3.4)) O]

Proposition 2.2.9. The following relation holds
B(xl | -’47 B)B(l? | 7-“47 B) = B(mQ | Aa B)B(‘Tl | TAa B)

Proof. The proof is similar to Proposition above. First, we use ([1.3.1]) to get the relation

Ky;a1,by Ky;an, by Ky;a1,b Ky;an,by
wb wb 0;an+1,22 Lijay, 1 wb wb
Iiay; 21 1 )0 AN+1,T2
Wb — Wb
wb wb wb wb
Iy az, w2 4 ) 0;an+2, 21
0;an42, 21 Is;as, x2
Ji;a3,b1 JN;any2,bn Ji;a3,b1 JInsan+2, by
(2.2.14)
. . . . b
Note that the right-most vertex in the left-hand side has weight of the form Wk soar,ao (L1, L2,0,0),
which is non-zero only in the case W? (0,0,0,0) = 1. Hence we get

AN +2,1,2

TN (o | A BT (@2 | TAB) = > WE, 0 (I, To, Ly, L) Ty o (w2 | A, BTy N (1 | 7.A, B),
Ly,L2

and by taking arbitrarily large N this implies

Tr (1 | A BT (e | TAB) = > WY (I, Ia, Ly, Ly) Ty, (2 | A, B)T, (21 | 7A, B).
Ly,L2

After multiplying both sides by (z1/bo)’* (x2/bg)? (m/:@fgi? EZ?q/)f%Q)Ig and taking the sum over Iy, I,
’ 1 ’ 2
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we see that to finish the proof it is enough to show

Z (ﬂfl/bo)h (mQ/bO)IQ (a1/z1;9)1, (a2/z2;9)1, Wb

il (91 (¢ )5

= (wz/bo)m%(x /b )LQM.

a2,r1,T2

(11,12, L1, Lo)

(;q), (:q)z,

To prove the last relation consider the following special case of (|1.3.1)):

A — Ly — La;ag, by

A

wb Ly;a1, 29
0; ap, 1 '
wb =
0 wt
say, T2 \
Lo az, 1
Ajaz, by

A — Ly — La;ag, by

0; ag, 21 wb
) Lyjar,zo
Wb
Wb
) Lg:ag,a:l
0;(11‘1'2
Ajaz, by

Then the proof is finished by applying Lemma to both sides and setting ¢ = 0.

Proposition 2.2.10. The following relation holds:

. _l—z/u
B*(u| A,B)B(z | A,B) = T—a/u
More precisely, for any u,v we have
. _l—=z/u
S (v1B" (]| A B)N(B( | A )l = 1=

A

and moreover the sums on both sides have

Proof. We are going to prove the latter

51

B(xz | A, B)B*(u | TA, B).

Y (wiB(a | A BB (u | 7A, B)|).

A

only finite number of non-zero terms.

identity. Fix p,v and let N > max(l(n),(v))).



Jr = pr — pr41 and K, = v, — vp41. Repeatedly applying (1.3.6) we have

Ki;a1,b Ky;an,by Ki;a1,b Ky;an,by
0;ans1, T 3 U, qU wb wb
i3 u; qu * * 1+ ol ) 0;any1, 2
w = w
wb wb
Layx Y% 4 - Y L
Liu, qu Liay,x
Jijag,by JN;any1, by Jyjag, by JIN;ant1,bN
(2.2.15)

Since N > I(u) we have Jy = 0. Since the weights W

az,b1,b2

(I,J, K, L) vanish unless J > L, the
g

*-vertex on the left-hand side of ([2.2.6)) is forced to have configuration of the form ¢ 0. Hence,

0

ani1/a—u/a

the weight of the right-most vertex on the left-hand side must be wy;qy,,2(1,0,0,1) = =y

and the left-hand side of (2.2.6|) is equal to

ar — U

aN+1/$ - U/$ N b,N aGN+1 — U
].—U/:II <l/| Z,l(u| 78) 1,0 (%’A,B)‘,U) T —u o br—u

VI Tia(u | A, BT (2 | A B)lw)

On the other hand, the right-hand side of (2.2.6]) is equal to

> a2l L KD (0| T (@ | A BTN (u | 7A, B)l),
K.l
and replacing T by T results in the following expression for the right-hand side:

N

b, —u

Apri1 — U . ~
> w0 (i LK D) (0| T o (2| A B) Ty (u | 7 A, B) ).
K,

r=1

Hence (2.2.6)) is equivalent to

ar —u

W|Ti1(u| A BT (x| A B)|p) = Zwu,al,x(i,I,K, l)<1/]Tl}(’0(x | A, B)T1(u | TA,B)|p).
K,

r—Uu
(2.2.16)

Now we multiply both sides by (—u/bg)ifl(x/b()y% and take a sum over i, I. Note that this

sum has only finite number of non-zero terms: (v|T;1(u | A, B)|A)(A\|T4(z | A, B)|u) vanishes unless
p1+1 =X =v;+1—14, hence non-zero summands occur only when I = vy —puy or I =v; — g + 1.
After taking the sum, the left-hand side of (2.2.16)) becomes

al —

Z(v|B (u| A B)B(z | A B)|)

xr —
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while the right-hand side becomes

) <—u/bo>i—1<x/bo>fwwum,m,f,K, DT ol | ABYTrr(u | 7A B)|1).
i,1,K,l !

To simplify the last expression consider the following specialization of ([1.3.6]):

A—K —l;ay,by A—K —l;a9,by

A A

w K;ay,x 0;u, qu w?

05 u, qu 1 ) K;ay,x

wb w
0; ap, 4 » lu,qu
l;u, qu 0; a9,

A;ay, by A;ar, by

Then for sufficiently large A we can apply Lemma to both sides and by setting ¢ = 0 we get

S (/b (afbo) LD 1K) = (—ubo) (o /o) L

I, (¢:9)1 (9K
Hence
(VB (u | A BJB(x | A, B)lu) = (v[B(x | A, B)B"(u| A, B)|u), (2.2.17)

which is equivalent to the identity from the claim.

2.3 Inhomogeneous spin ¢-Whittaker polynomials

In this section we use the partition function of a vertex model with TW°-weights to construct inho-
mogeneous spin g-Whittaker polynomials ¥/, and to prove several of their properties. We continue
to use A = (ag,a1,...) and B = (bg, b1, ...) to denote sequences of parameters and we continue to
use the notation 7.4, A from Section

2.3.1 Vertex model construction.

For a pair of partitions A, and a collection of variables x1,...,z, the inhomogeneous spin q-
Whittaker polynomial ¥/, (z1,...,%n | A, B) is defined in terms of the operators B(x | A, B) from

Section [2.2] by
FA/u(xl, oy n | A B) = (A B(z1 | A, B)B(zo | TA,B) ... B(zy, | A, B) |w). (2.3.1)
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A1 — Agjar, by A2 — Agjaz, b

A A A

wb wb

ri;a1, 1 ) O;an 41,1
wh wh

ra;az, T2 ) 0;an42, T2
Wb wh

TniQn,Tn e ) 05an4t N, Tn

H1 — H25Qn41, b1 H2 — [35 Gn42, b2

Figure 2-1: The partition function Z;l/urn used to compute Fy/,(z1,..., 2, | A, B).

When p = @ we write ) instead of ]F/\/@H

Recalling the definitions of the operators B(z | A, B), we can also give a more direct construction
in terms of vertex models. For a pair of partitions A, u and an integer N with max({(\),l(p)) < N
consider a grid of vertices consisting of n rows and N columns. We number the rows from top to
bottom, while the columns are numbered from left to right, starting from 1 in both cases. Define
the boundary conditions and the edge parameters by setting

e all vertices are of type W?;

e edge parameters of the ith edge on the left boundary are a;, x;, and the corresponding bound-
ary condition is an arbitrary fixed integer r; € Zx>o;

e the right-most edge in the ith row has edge parameters a;1 n, z; and the boundary condition
0;

e the bottom edge in the jth column has edge parameters a,4;,b; and the boundary condition
Hj — Hj+15

e the top edge in the jth column has edge parameters a;,b; and the boundary condition A\; —
Ajti-
The resulting partition function is denoted by Z E\ZZ""T”)(xl, ..., Ty | A, B) and is depicted in Figure
Using these partition functions, we have the following alternative definition:

. v (025 Dy
F)\/,u(xla"'vxn ’A7B): Z H(xl/bO)ZWZ)\l/‘L, (xla"'axn ’AvB)

1,0y >012=1

Note that this definition does not depend on N since all the vertices to the right of the I(\)th
column are forced to have weight 1, see part (4) of Proposition

!Throughout the text we freely use X instead of A/@ in similar contexts; this should not cause any confusion.
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Remark 2.3.1. Spin ¢-Whittaker polynomials were originally introduced in [2]], and later a dif-
ferent but related version was constructed in [65]. The inhomogeneous spin g-Whittaker poly-

nomials Fy/,(71,...,2, | A, B) generalize both these versions: when a; = az = --- = s and
by = by = --- = 5! the function Fy/u(z1,... 20 | A,B) is, up to a scalar, the spin ¢g-Whittaker
polynomial from [21], while setting by = by = --- = s~ 1, anyi(u) = 0 and a; = s for all i # n +(p)
reduces F),,(z1,...,7n | A, B) to the version from [65].

2.3.2 Main properties

Now we can use the properties of row operators to prove various properties of I / M(asl, ooy | A, B).

Proposition 2.3.2. We have the following expression for the single-variable function ¥y, (v | A, B):

x‘)\|_|“| H bﬁ:I/\T ((ar/aﬁ; CI)/\T—,uT (x/b’ﬁ q)ur*)\rﬁ—l (q7 Q),U'r‘_,ur+1 , qu < A,

Fyu(z | A B) = et G D10 (@ D=2 (@1 /005 Qi

0, otherwise.

Proof. The vanishing part follows from Proposition m, part (3). For the explicit expression we
use ([1.2.4)), (2.2.1)) and the relation

(NB(e | 4.B) ) = (oo LTI T o .5 ),

Proposition 2.3.3 (Branching rule). The following identity holds for any m < n:

Fjp(@1,22, . 20 | AB) =Y Fyp(@.. 2 | A BF, )y (@mit, .20 | 7™ A, B).

Proof. Follows from by an insertion of the summation Y |v)(v| = id:
Fyjp(@1, .. an | AB) = (AB(21 | A,B) ... Bz, | 7" A, B)|p)
= ST B | A B) ... B | 7 A B) W) WB @i | 77AB) . Blay | 7 A, B )
= Fau(z1 | A BF, (22, ..., 20 | TA B).
0

Corollary 2.3.4. For a pair of partitions A, u the function Fy,, (x1,..., 7, | A, B) vanishes unless
for any r > 1 we have
fp <AL < iy

In particular,

Fyjpu(1,.. 20 | AB) =0 unless p C A and 1(\) < 1(u) + n.
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Proof. We use the following elementary observation: if partitions g and A interlace
AL > 1 > Ao > g > Ag >
then for any r > 1 we have
pr SN o=#lic N >ry <#Flicp>ry+1=p + 1

Now the claim follows from Propositions and since it implies that the function Fy /, (21, ..., 2, |
A, B) vanishes unless there exists a sequence of interlacing partitions

Theorem 2.3.5. The functions ¥, (z1,72,..., 2, | A,B) are symmetric polynomials in 1, ..., Tp.

Proof. Fy (w1, 22,...,2n | A, B) is a polynomial since (A\|B(z | A, B) |u) is a polynomial in x for

any A, p, and Fy/, (71, 22,..., 2, | A, B) is a finite sum of products of such matrix elements thanks
to Proposition [2.3:3] The symmetry in z1, ..., 2, follows from the exchange relation in Proposition
2.2.9. O

To formulate the Cauchy identity we need dual functions F*(y1,...,ym | A, B) defined by

d)k(*Av B)

Ff\/u(yl, o Ym | AB) = WFA/u(yla -

7ym ’ A7B)7

where (A, B) is defined in Proposition [2.2.2}

UA(A, B) = H(br/ar))\r-t,-l H : Ci P —

730 P31 ar/br; q>)\r—)\r+1

Equivalently, the dual functions can be defined using the operators B*(y | A, B) from Section :

Proposition 2.3.6. We have
B/ 155 ym | By A) = (| B (g, [ A, 7771 B) . B (g | A TB)B (31 | A, B) |A).

Proof. Follows immediately from Proposition Note that 1y (A, B) = ¥\ (B, A). O

Theorem 2.3.7. For any partitions u,v the following equality of formal power series in x;,yj,q
holds:

ZF,\/M(xl,...,wn | A B)FS ), (Y152 Ym | B, A)

L aiy ’ T b b o s ni
-1111 Ea:y; ; (azébj Z AL Ym | BT AF (21,2 | A 77B).
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In particular, setting u = v = & yields

% - — - a;Yj; :L'l bj;
Z]FA(:ED" -y T ‘ A,B)]F)\(yl,... y Ym ‘ BvA) = HH xZ] (a ?bj ; . (232)
A iY554 i/ 0554

i=1j=1
Proof. This follows from Proposition in the following way: set
B)(z1,..., 2, | A B) = B(zy | A B)B(xz | 7A,B)...B(x, | 7"~ A,B).

Repeatedly using the exchange relation from Proposition shifting A on each step, we have

n

* n 7 oo\ Ts b; o n * n
B*(y | A, B)B™ (x1,....2, | A B) =[] Z;yq (afbl'q; BM (21, ... 2, | A 7B)B*(y | 7" A, B).
i1 zyq i/0154q)c0

Iterating the identity above m times, substituting y = y;l forj=1,...,m, we get

IB%*(y;LI | A, T“HB) Byt | A BB (24, ...,z | A, B)

—HH 06l Do T3/ V30 )z, ., | A BB () | 7 A7 B) B | AL B).
=1 =1 %yya o0(@i/bj1q)oo

Evaluating both sides of the last identity at (v| - |u) yields the claim. O
Remark 2.3.8. The convergence from Theorem [2.3.7] also holds numerically if

0 <max(|z;y;) <1,  0<|g[ <1
Z7]

For the right-hand side of the convergence is immediate, while for the left-hand side this can
be verified as follows: Using Proposition , the one variable functions Fy/,(v; | A, B) can be
bounded by C/|z;|M~I#! [L> b;‘_iIAi, where C' is a positive constant not depending on A,y (to reach
this bound it is enough to bound the finite number of possibly appearing ¢-Pochhammer symbols
(z,q)q by a uniform constants from above and below). Then, by the branching rule of Proposition
2.3.3] we obtain an upper bound

(@i, | A B)| < CIN* max(lai )X T o7,
i>1

for some C,d > 0 not depending on A. This bound is sufficient for proving the convergence of the

left-hand side of ([2.3.2)).

2.3.3 Spin Hall-Littlewood functions and dual Cauchy identity.

It is also useful to consider another family of functions that straightforwardly generalizes both
inhomogeneous spin Hall-Littlewood functions from [20] and stable Hall-Littlewood functions from
[44] and [21].

Let wu1,...,u, be a collection of variables, A, 4 be a pair of partitions and choose an integer
N > max(l(\),l(p)). Define inhomogeneous stable spin Hall-Littlewood functions FA//#/(UL cey Up |
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At —Agsa1,bi Ag — Azsaz, by

A A A
715 U1, QU e = > 0;u1, quy
T2; U2, QU2 - - > 0;uz, qug
>
T Un, Uy, b b > 0;Up, qly,

M1 — M2;a1,b1 H2 — Ms;a2,52

T1yeeesT

v "5 used to compute Faulut, ... un | A B).

Figure 2-2: Partition function Zw

A, B) by
Favjr(uny oo oup | A B) = (NBY (uy | A, B)BY (uz | A, B) ... BN (uy, | A, B)|u).

Note that this definition in fact does not depend on NV in view of Proposition part (3).

Similarly to the construction of the functions [y, we can give an alternative vertex model de-
scription. Consider a grid of vertices consisting of n rows and IV columns and define edge parameters
and boundary conditions in the following way:

e every vertex has higher spin six-vertex weights w given by Proposition [1.3.2}

e all edge parameters of the ith edge on the left boundary are u;, qu;, and the corresponding
boundary condition is an arbitrary fixed integer r; € {0, 1};

e the right-most edge in the ith row has edge parameters u;, qu; and the boundary condition 0;

e the bottom edge in the jth column has edge parameters a;,b; and the boundary condition
Mg — Hj+15
e the top edge in the jth column has edge parameters a;, b; and the boundary condition Aj—X;41.

T1yeeesTn

The resulting partition function is denoted by Zw n (u1,...,uy | A,B), and its depiction is
given in Figure . Then the functions FA/ /u are given by

P (Ui, un | A B) = > [T(—ubg "zl (s o up | A, B). (2.3.3)

r1prn€{0,1} i=1

Note that we use conjugated partitions X and p’: this is needed for consistency with the usual
Hall-Littlewood polynomials. More precisely, when for every i we have a; = s = b;l with s

being a fixed complex number, our function FA su(ut, ... un | A, B) degenerate to the stable spin
Hall-Littlewood functions used in [2I, 44]. The latter functions degenerate to Hall-Littlewood
polynomials when s — 0.
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Moreover, it turns out that one can interpret the functions ’IE)\ su(ut, .. un | A, B) as a special
case of the inhomogeneous spin Hall-Littlewood functions Fy,, from [20, Definition 4.4]. Namely,
take partitions p, A and fix L > max(\1,p1). Note that by adding appropriate number of 0 we
can view both X and p’ as signatures of lengths L + n and L respectively, where by a signature
we mean a non-increasing sequence of integers. To reflect this signature structure, define partitions
ANEAn) — (L+mn,A1,Na,...) and i) = (L, py, pio, . .. ) (informally, we add a Oth row which reflects
the length of the conjugated partition as a signature). The inhomogeneous spin Hall-Littlewood

function Fy/, from [20] is given in our notation byE|

-~

PRzt (A, B) 1,..1)
FX/;/(UL ey Up ‘ A,B) = cmzwx(L”L")/ﬁ(L)

(u1, ... un | A, B). (2.3.4)
Here ﬁ,g denote sequences (1,ag,a1,...), (1,bo,b1,...) which are sequences A, B shifted to the
right by one step, so the column parameters in the partition function Zw start from ag, bg. The
constant ¢ is the normalization constant caused by a difference in vertex weights with [20] and it is

given by
Cc = CX/MI (.A, B) = H(—\/ ai/bi))\i+l_ui+1.
i>0
Using the relation
k; ao, bo
l Aw !
bO 1;u, qu > Liu, qu = (_u)
Ji a0, bo bo—r00
; N . (1,.1) ~ .
or the first column of the partition function ZwX(H,L)/A(L) (u1,...,up | A, B) and comparing ({2.3.4))
m
with the definition ({2.3.3]), one can readily get
(G- [, 1 Mg UA(A, B) =
— L (e Ry (u, . un | AB =b UM IR (u, .. un | AL B).
(4 @) 20— (7 Forgu R DA, B) » [ AB)

The observation above allows us to immediately translate certain results from [20] to our setting.
For example, we immediately see that the functions Fy/ /. (u1,...,u, | A, B) are symmetric in
Ul,. .., Up, see |20, Proposition 4.5]. We also have an explicit formula in the case p = &, which is
similar to [20, Theorem 4.14] and [44, Remark 2|:

~ 1 Uo — QUZ T ~
F)\(ul,...,un|A,B):(' T TAB) ol ] %H%(uim,m :
q;4 n—l(A)¥FA ) €6, 1<a<fB<n « B i1
where the sum is over permutations of n elements that act on functions in uy, ..., u, by permuting

2The paramters &; and s; used in [20] correspond to &; = \/ai_lbz-_1 and s; = y/a;/b; in our notation.
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variables, and for £k > 1 we set

Bolu| AB)=1—q,  Gulu|AB) ="~ /b T I1 “ﬂ{b_ u/bj/ i (2.3.5)

Define dual stable spin Hall-Littlewood function by

* 1/})\(“4 B)
F 1/, n ; F / y ey Un 9 )
A/u(ulv y U ’AB) wu(A B) )\/,u,(ul U |AB)
In view of Proposition we have
By | AB) = (B () | B.A) . B (3" | BB (" | BAWN.  (236)

Theorem 2.3.9. For any partitions u, v the following identity holds

> Rt | B A (21,7 | A B)
A

n m

_ LU B R nA
= };[1]]-_[1 1 ~uja; ZFV//\ Lly-+-yLp ‘ A,B)Ful/)\/(ul,...,um | B,Tn.A),

with both sums above having finitely many nonzero terms.

Proof. We rewrite the matrix element

(w1, iU, um | A B) = (v|B*(u,! | A,B)...B*(u; | A, B)
X B(z1 | A, B)B(xo | TA,B)...B(z), | T"A, B)|u)

in two different ways, corresponding to the two sides of the claim.

For the left-hand side we insert ), |A)(A| = id between the operators B and B* to get

Eﬁ(xl,...,xn;ul,...,um | A, B) = ZFT\,/V,(ul,...,um | E,Z)FA/u(ml,...,xn | A, B).
A

On the other hand, set
B (a1, | A,B) i= Blor | A BB(r | 74 B)....B(on | 714 B)

and iterate the exchange relation from Proposition [2.2.10] to get

B (™ | A BB (21, 0 | AB) = [[ 7t B™ (21,20 | A, B)B*(u™" | 7A, B).
Py 1 —uay
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Hence,
. L )
EN(@1, .. T, um | A B) = HH —
i=1j5=1
X (VB™ (z1,..., 20 | A, B)B*(u;} | 7" A, B) ... B*(u7! | 7" A, B)| ).
Now we can again insert ), |A)(A| = id and obtain

E(w1, . Tps UL, um|A B)

— HH L) Z]Fl///\ iy Zpn | AB) u/)\,(ul,...,um | B, A).

1 —wuja;
i=1j=1

By setting (u,v) = (&, @) and noticing that
F@/)\(Hh A ‘ A7B) = F@/A(“’h ey Um ’ -'47 B) - HA:@;

Theorem immediately leads to the following results:
Corollary 2.3.10 (Dual Cauchy identity). We have

St | B AR | 4.5) = I =

i=1j5=1

2.3.4 Integral representation

We can use the dual Cauchy identity of Corollary and previously known results about inho-
mogeneous (stable) spin Hall-Littlewood functions to obtain a multivariate integral representation
for the inhomogeneous spin ¢g-Whittaker functions.

For this result we specialize all parameters ¢, a;,b; and variables x;,u; to be complex numbers
such that 0 < |g| < 1 and we assume that there exists a positively-oriented simple contour C on the
complex plane satisfying the following conditions:

e all points {0} and {b; '}, are inside the contour C;

e all points {a; 1}, are outside of the contour C;

e the image ¢C of the contour C under the multiplication by ¢ is inside C.
An example of such a configuration is sketched in Figure

Theorem 2.3.11. Under the above assumptions we have

F)\(l'l,. oy Ty ’ A,B)

1 dz1 dzy, Za — 28 —aO a —ay PRI ZaTi
N (A, B) 7{ 27r1z1 j{ 2mizy, 1;[ Za — Q28 H b} H — bj_1 H 1— z,0a;

wl, j=1 “o
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qC .

Figure 2-3: A possible of configuration of {a;}$°,, {b;}32; and C for Theorem [2.3.11]

where k = py.

Proof. We will use the orthogonality of FA, cf. [20, Theorem 7.4]: for any pair of partitions A, u
such that I(u) < L we have

L
q;:49)L— / d d Zo — 28 = E— - _
()“@H(bi/ai)ml]{ 2 7€ 11 O Faz1, o2 | BA) [ Bua ('t | AB) = 1acy,

— L i i _
(1—-gq) i c 2wz 2mizp, Ay e €% ot

(2.3.7)
where the functions ¢y (u | A, B) were defined in (2.3.5)).
Fixing a partition p, conjugating partitions in (2.3.7)), setting L = pu; = I(/) = k and multiply-
ing by Fy(z1,...,z, | A, B), we get

1 . dzy dzy, Zo — 23
bi a; Hi+1 % ... f -
(1 —q)*¥n(A,B) H( fas) ¢ 2mizy ¢ 2mizy wip Fa 4%

>0

k
X Fil(zl,...,zk ]E,i)]F,\(xl,...,xn ‘ A,B) H{of%(z;l ’A,B) = ﬂ)\:,u']F)\(xla---vxn ‘ A,B)

a=1

Summing over A and using Corollary [2.3.10} we arrive at the desired integral representation. O

2.4 Vanishing and characterization properties
It turns out that the functions Fy(z1,. .., x, | A, B) satisfy vanishing and characterization properties

similar to interpolation symmetric functions. We start with the vanishing property. Recall that Y”
denotes the set of partitions of length at most n. For a partition y € Y™ set

X (p) == (a1g"#2, agq"* 13, L ang"™). (2.4.1)
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Proposition 2.4.1. Let A\, € Y™ be partitions of length at most n. Then we have
Fa(x(p) | A, B) =Fa(aig" #2,a2¢" 712, .. ang" | A,B) =0, unless A C p.
Moreover, when A = u, we have

FA(x4(N) | A, B) = Hy(A,B) 0.

where . § . X
A1 (A1 —1) i+1— ia. . CL‘; R
HA(AB) = (-D)Mg™ 2 [Jlai/bin)™ ] (g 541/ 93 DNy
=1 i,j=1 (@j+i/bj; q)Aj+i—Aj+i+1

Proof. The proof is by induction on n, with the case n = 0 being trivial.
Assume that we have proved the claim for n — 1. Using the branching rule from Proposition
B9 we et
FAG4 (1) | A.B) = 30 By (g | A BIE, (5 () | 7A.B).

V<A

where i = (u2, i3, ... ). Note that by induction hypothesis F, (x"' (%) | 7.4, B) = 0 unless v C /.
But v < X implies X = (A2, A3,...) C v, so if in the sum above the summand corresponding to v
does not vanish then A CvCip.

At the same time, [y, (a1¢"* 72 | A, B) vanishes unless \; —v1 < p1 — pi2, because of the factor

(@"27H5 @) x -0,y in

Fap(arg™ ™" | A, B) = (A|B(arg" ™" | A, B) )

C (agt T\ T (g g)
bo

A1—11 b —
A TS, olarg" #2 | A, B) |p).
(q’ q>>\1—1/1 < ’ A1 1,0( ‘ ) ‘ >

Hence, if Fy(x" (1) | A, B) # 0, then for some v we have A\ — vy < py — p2 and ANCvC . But
then
A1 < pp = pg+ v < g,

so A C u as desired.
To prove the second statement, note that if A = p then the only possible v in the discussion
above is ¥ = XA = (A, A\3,...). Hence

PN | A B) =F, 5(a1g" 2 | A B)F5(x75' (V) | A, B)
and the second statement readily follows from Proposition [2.3.2 O

Remark 2.4.2. We can use the graphical definition of Fy(z1,...,z, | A, B) from Remark ?? to
sketch an alternative proof of Proposition 2:4.1] Namely, we have

n - . p (@RS )y yTn
F(x"y (1) | A, B) = Z H(aiq“z i1 [bg) ZWle, T

140, >01=1

where Zf\l""’rn is the partition function from Figure with #; = a;g"iH+1. Note that the
factors (gHi+r7Hi;q),, force r; < p; — pir1 in the sum above. On the other hand, since the weights
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W?P(I,J,K,L) vanish unless I + J = K + L and I < K, the partition function Z}"""" vanishes
unless 71 + -+ +rp, = A and r{ + -+ +1r; < Ay — \jy1 for any ¢. These restrictions on r; imply
that non-zero terms in the sum above must satisfy A; < r; 4 --- +r, < iy, hence Fy(x7 (1) | A, B)
vanishes unless A\; < ;.

Now we can consider a characterization for Fy(z1,...,z, | A,B) in terms of the vanishing
property. To do so, we need the following notation. For an integer n and a partition u € Y™ define

Gh(x1,. .20 | A B) = HH z;z:’ rhre1

i= 1'r>1 Thr+l
Note that G}, are symmetric polynomials in z1,...,2,. Define a filtration Gy C Gy C -~ C
k[z1,...,2,]%" of the algebra of symmetric polynomials in 1,...,z, with coefficients in k =
Q(g, A, B) by

G, = span{GZ}ueyn .
|| <m

Theorem 2.4.3. For each partition X € Y™ the spin q- Whittaker function Fy(x1,..., 2, | A, B) is
uniquely characterized by the following properties:

1. Fa(zy, ... o0 | A, B) € G-
2. For any partition p such that |p| < |A| and p # X we have Fx(x"y (1) | A, B) = 0.
3. Fa(xi(N) | A,B) = Hy(A, B), where H\(A, B) is defined in Proposition above.
Moreover, for each m € Zso both {Fx(x1,...,x, | A, B)}aﬁ(n and {G}j(z1,. .., 20 | A, B)}lﬂgn
<m p|<m

are bases of G,.

Proof. We start with the last statement. Let u € Y™ and consider the Cauchy identity ([2.3.2) with
m =n and y; = ¢ Hi+1 /b, We get

[ i g b';
> Fa(@i,. .m0 | A BF (@ /by, q" by | B, A) = [] E /b’ Dps i = GN(z1,...,2, | A,B).
A al/ j? ) —Hj+1

i,7=1
(2.4.2)
Note that (¢"*=#2 /by, ..., q"" /by) = %(M), so we can apply the vanishing property from Proposition
2.4.1) to 3 (x5(p) | B, A), obtaining
F(xz(1) | B, A) = YA(B, A)Fx(xg(p) | B, A) =0,  unless A C g,
I, (x5(w) | B, A) Y (B, A)H,(B,A) # 0,
where 95 (A, B) is defined in Proposition Hence we can rewrite as
Gz, | AB) = cny Fazy,... 20 | A B) (2.4.3)

ACH

for some coefficients c);, such that ¢, # 0. Thus, the transition matrix expressing G;j; in terms of
F) is upper-triangular with respect to the partial order of inclusion of Young diagrams. Moreover,
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this transition matrix has non-zero diagonal entries ¢, so it is invertible and

Fa(@1,. .20 | A,B) =Y G Gu(@1,..., 20 | A B) (2.4.4)

HCA

for some other coefficients ¢,,y.

Note that (2.4.3)),(2.4.4) imply that

span{F(z1,...,2n | A, B)} xeyr = span{G};(z1,..., 2y | A, B)} ey = Gy,
|Al=m lul<m

On the other hand, the vanishing property implies that the functions ) are linearly independent:
if we have

ZOO\IF)\(«'UL---,CWL | .A,B) = O,
A

with a) being nonzero for some A, then we get a contradiction by plugging (1,...,2,) = x4 (1)
for a minimal p such that o, # 0 and using the vanishing property from Proposition Hence
{Fx(@1,..., 25 | A, B)} ey is a basis of G, and consequently {G}(21,..., 2, | A, B)} uey» is also
[A[<m |l <m
a basis of G, in view of (2.4.3)),(2.4.4).
Now we can prove the characterization property. We have already proved that Fy(z1,...,x, |

A,B) € G, and the other properties follow from Proposition so we only need to prove that
Fa(x1,...,z, | A,B) is the unique function satisfying properties (1)-(3) above. Let f(z1,...,2,)

be a function which also satisfies properties (1)-(3), and consider the difference g(z1,...,x,) =
f(xy, ... 2n) =Fa(21,..., 20 | A, B). We have g(z1,...,2,) € G}, and g(x7 (1)) = 0 for any p such
that |u| < |A|. Since {Fx(x1,...,zn | A,B)} xey» is a basis of G\ for some coefficients a,, € k we
IA[<m
have
g(x1,... xy) = Z a,Fy(x1,...,zn | A B).

v:il(v)<n,|v|<|A|

Assume that g # 0 and let p be a minimal partition such that c,, # 0. Then by Proposition

9(xh(p) = apFu(xh(pw) | A, B) #0,
which leads to contradiction. Hence, g = Fy — f = 0, and the uniqueness follows. O

In light of these interpolation properties, two degenerations of F) turn out to be of particular
interest. For the first degeneration, consider the limit b; — oo of the functions F) /u(xlv cey T |
A, B). Recall that Fy,,(z1,..., 2, | A, B) is a rational function in b;, but Proposition implies
that when we set b;l = 0 for all ¢ > 1, the function just vanishes. So, to get a meaningful object
we first need to renormalize the function: set

Frju(@n,.. o0 | AB) = [[ 60" Flai,... 20 | A B)

r=1

and let IFA/M(xl, ...,y | A, 00) denote the result of the substitution by' = byt = .- =0.
Almost all the properties of Fy/,(71,... 7, | A, B) described earlier can be readily modified to

obtain properties of ﬁ)\/u({ﬂl, ..., Tpn | A 00). For instance, we can compute F,\/M(xl, cey Ty | A, 00)
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using degenerations of the explicit expression from Proposition 2:3.2 and the branching rule from
Proposition [2.3.3; we have

IF‘/\/,,(xl,:z:g, ce Ty | A 00) = ZFA/#(xl | A,oo)ﬁu/l,(xg, cey Ty | TA, 00), (2.4.5)
B=A

N 2=l H (ar/l‘§Q)Ar—ur(%Q)urﬂLrﬂ7 i <\
Fy/u(z | A, 00) = oL UL BT G S (2.4.6)

0, otherwise.

In the same manner we can degenerate the vanishing property from Proposition since it does
not depend on B in a significant way:

Proposition 2.4.4. Let A\, pu be partitions of length at most n. Then we have
IF,\(XZ(,M) | A,00) =0, unless X\ C p,

Moreover, when A = u, we have

~ MM o T N
FA(XA(N) [ A 00) = (=DMg =z []a T (@ Majii/as a2
=1 ij=1

O]

The only property proved earlier which cannot be immediately degenerated to B = oo is The-
orem m since our definition of the filtration G! makes little sense when b;l = (0. To state
the appropriate characterization, let k[zq,... ,xn]%;n denote the space of degree < m symmetric
polynomials with coefficients in k = C(A, q), and let Py/u(z1,. .. ;205 ¢,0) denote the g-Whittaker
function corresponding to A/u, that is, the ¢ = 0 specialization of the Macdonald symmetric poly-
nomial Py, (%1, ...,2n;q,t), cf. [60, Chapter VI|.

Proposition 2.4.5. The function I~F>\(x1, coyy | A 00) can be characterized in the following two
equivalent ways: it is the unique function satisfying

(1) ﬁA(l’l’ e dn | A’ OO) € k[xla v 71'11]2?/\‘;
(2) INFA(XZ(M) | A,00) = 0 for any partition p such that |p| < |\ and p # A,
A2 n

~ 1 . . —\.
(3) FA(x(N) [ Aj00) = (—D)Mg 2 [Ty 0 ] (@ Majpi/as @)a,-rypi
ij=1

and it is also the unique function satisfying
(1°) INFA(:cl, ooy Ty | Ay00) € K[z, ... ’x”]iTA\’ identically to (1),
(2°) INFA(XZ(/L) | A,00) =0 for any partition p such that || < |A|,

(8°) The top degree homogeneous component of ﬁ'A(ml, ooy | A, 00) has degree |\ and is equal
to P,\(xl, ..o, Tns g, O).
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Proof. First we show that F) (x1,...,2n | A, 00) indeed satisfy the properties from the statement.
Properties (2), (2') and (3) follow directly from Proposition[2.4.4] For the remaining properties (1),
(1’) and (3’) note that by the one-variable function /(= | A, 00) is a polynomial of degree
|A| = ||, whose top term coincides with P/, (7;q,0), cf. [60, Chapter VI, (7.13’)]. Then
implies that ﬁ)\(xl,:rg, ..y Zn | A, 00) has degree at most |A|, and since the branching identical to
holds for the functions Py, we deduce that the top-degree component of ﬁk(m’l, cey Ty |
A, 00) is indeed Py(x1,...,%n;q,0).

To show uniqueness for both characterizations it is enough to prove that if g € k[z1, ... ,xn]i’;n
and g(x"y(p)) = 0 for all || < m, then g = 0. Indeed, for the first chracterization fix A and
assume that f € k[z1,...,2,)5" satisfies the conditions (1)-(3). Then g = f — F(z1,..., 2y, |
A, 00) is a polynomial in k[z1, ... ,:z:n]iTM such that g(x"y(p)) = 0 for any p € Y™, |u| < |A|, since
the conditions (2) and (3) fix the values of f and Fy(z1,...,2, | A,00) at X (p) for |p] < |A|
Similarly, if f’ is a function satisfying (1')-(3’) set ¢’ = f' — Fa(z1,...,2n | A,00). By (2°) the
functions f’ and Fy(z1, ..., 2, | A,00) both vanish at x"(p) when |p| < |A| =1, and by (3’) the
top degree homogeneous components of these functions coincide. Hence ¢’ € k[z1, ... >$n]iT|L,\\71 and
o (74 (1)) = 0 for || < |\| — 1.

So, it is enough to prove that if g € k[xy,... ,xn]énm and g(x"(p)) = 0 for all p such that
|pe| < m, then g = 0. This follows from Lemma below, which for later convenience we state in
a much greater generality. O

Lemma 2.4.6. Assume that for a function U : Y* — K" there exists a family of polynomials
Fy(x1,...,2, | O) such that

o Fy\(z1,...,2, | O) € klxy,... ,xn]i’b\l;
o FA\(U(p) | B) =0 for any partitions A\, u € Y™ such that |p| < |A[, A # p;
o FX\(B(A)|0) #0.

Then the following holds

1. The functions Fy(z1,...,2, | O) are uniquely determined up to a scalar;

2. Let m € Z>o. If f € k[zy,.. ,:cn]i’;n and f(O(p)) =0 for all p € Y™ such that |u| < m, then
f=0. -

3. For eachm € Zsq the functions Fx(z1, . .., 2, | ) with |\| < m form a basis of k[z1, ..., z,)>"

<m’
4. The degree of Fx(z1,...,xn | U) is |A].

Proof. Fix m € Z>¢ and fix a choice of functions Fy(z1,...,2, | O) for [A\| < m. We claim that
these functions are linearly independent: assume that

Z arFi(zy,...,z, | 0) =0
XA I<m

with ayy # 0 for some A. Choose p such that oy, # 0 with minimal possible |u|. Then for all A # u
either |A| < || and ay = 0, or |u| < |A| and FX\(U(u) | U) = 0 by the definition of Fy(z1,...,z, | U).
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Hence

Z axFx(O(p) | O) = auFu(U(M) | G) #0,
A AI<m

leading to contradiction.

Note that the k-dimension of k[zy, ..., z,]>"

is equal to the number of partitions A € Y” such

<m
that |A| < m, hence the functions Fy(z1,...,z, | O) with |A| < m form a basis of k[z1,. .. ,xn]i*;n,
proving (3). In particular, Fi(z1,...,2, | O) with [A\| < m — 1 form a basis of k[z1,... ,xn]i’;n_l,
so if |A\| = m then the degree of Fy(x1,...,2, | U) is m, proving (4). Finally, (2) implies (1) by
considering the difference between two candidates for Fy(z1,...,x, | U), so we only need to prove

the former. Let f € k[zp,... ,xn]‘;’;n be such that f(U(u)) = 0 for all p satisfying |u| < m, and
assume that f # 0. Consider the expansion

f= Y aF(x1,...,2, | 0).

A AI<m

and choose y such that «, # 0 with minimal |x|. Then, in the same way as in the first part of the

proof,
FOW) = > axFA(U() | B) = auFu(B(p) | B) #0,
Al <A <m

leading to contradiction. O

Another degeneration of IFy is obtained by considering the regime ¢, z;,a; — 1 in INFA (1., @y |
A, 00). More precisely, let €,d,r1,...,r, be parameters such that d # 0, and let C = (cp,c1,...) be
an infinite sequence of real parameters. Define Ff\l/u(rl, ...,y | C,00) as the limit

Fu(ris o | Co00) = (=)= lim == RNEy ) (2, i, | A 00)

in the following regime:
x; = e, a; = e, q= e (2.4.7)

From ([2.4.6)) we get the following expression for the one-variable function

H (i = pit1)! H}\i:?)m_l(r — ¢ — jd) if < A
i (Ai = )M (ps = Aipr)! ’ ’ (2.4.8)

0, otherwise,

Fil/“<7’ ‘ C,OO) =

where we have used the following relation

k-1

D= (D [+ ja).

J=0

lim e % (e e
e—0

From ([2.4.8]) we see that Fil/u(r | C,00) is a polynomial in 7 of degree |\| — |u|, with coefficients

depending polynomially on d and ¢;. Moreover, the top homogeneous degree term is Py, (r;1,0),

that is, it is a ¢ = 1,t = 0 specialization of the Macdonald polynomial. The branching rule

(2435) implies that F(r1,...,r, | C,00) is a symmetric polynomial in r1,...,7, of degree |A|
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with coefficients in k® = Q(d,C), and the top homogeneous degree of Fil(rl, coyTn | Co00) is
Py(r1,...,7m2;1,0). From [60, VI.4] it is known that Py(rq,...,7,;1,0) = ex(r1,...,7,) is the
elementary symmetric polynomial, where )\ is the partition conjugate to A, and the elementary
symmetric polynomials are defined by

en(x1,...,Tn) = Hem(xl,...,xn),

i>1

ep(T1, ..., op) = Z Ty Tig -+ - T, -

1< <ig << <n

We have the following analogues of the vanishing and characterization properties, obtained as
limits of Proposition and Proposition [2.4.5] For a partition p € Y™ set

ro(p) = (1 + (1 — po)d, e + (p2 — p3)d, . . ., cn + pnd). (2.4.9)
Proposition 2.4.7. Let \, i be partitions of length at most n. Then we have
F (xf (1) | C,00) = 0, unless X\ C p.
Moreover, when A\ = u, we have

n )‘z+J Z+J+1

{aE) 1 €o0) = (CON IT TT (e =it dvuss = X k=)

1,j=1
O
Proof. Note that in the regime (2.4.7))
B (<) | C.o0) = (~d) lim e MHE, (1) | A, )
so we obtain the claim as the limit of Proposition [2.4.4] O
Proposition 2.4.8. The function F§(ry,...,r, | C,00) is the unique function satisfying
(1) FS(r1,- . mn | Cyo0) € Klri,. ..ol 2y,
00) = 0 for any partition p such that |u| < and [
2) FS(r C,o0) =0 h th Al and A,
n i —Aitj41
(3) B (xz(A) | € 00) = (D) (=a) ] H (cj4i = ci+d(Niva — X+ k= 1));
,j=1
and it is also the unique function satisfying
(1°) FSH(r1,...,m | C,00) € K[r1, ... ]<|>\\’ identically to (1),
(2) FSH(r(u) | C,00) = 0 for any partition u such that || < |,
e top degree homogeneous component o T1,...,7n | C,00) has degree |\| and is equal to
3’) Th d h F¢ C has d A and i l

€>\/('l“1, e ,Tn).
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Proof. By the discussion above and Proposition F(r1,...,mn | C,00) satisfies (1)-(3) and
(1)-(3’). The uniqueness follows in the same way as in Theorem by applying Lemma
with O(p) = rg(p). O

In view of Proposition we call Fil(rl, ..., | C,00) interpolation elementary polynomials.

Remark 2.4.9. For the later use we note that instead of considering the fields k = Q(q, A), ke =
Q(d,C) we can consider g, a;,d, ¢; above as elements of an arbitrary field k. The induced functions
F/\(ajl, oy | A, 00) € K[y, ..., 2] are well-defined as long as ¢ is not a root of unity, and our
proofs of the vanishing property and the characterization for i\(xl, ...,y | A 00) hold as long as
ﬁ‘/\(xZ(A) | A, 00) # 0, which is equivalent to a;/a; ¢ ¢2>0 for any 4, such that i # j. Similarly,
the functions F§!(r1,...,7, | C,00) € K[r1,...,7,]%" are well-defined as long as the characteristic of
k is 0, while for the characterization property we also need ¢; — ¢; ¢ dZ for any i # j.

2.5 Classification of interpolation symmetric polynomials

Our interest in the vanishing property from Proposition [2.4.4] and the characterization of Proposi-
tion [2.4.5] comes from the fact that the symmetric functions with similar properties were actively
studied earlier. More precisely, there are roughly three classes of known symmetric polynomials
with similar vanishing and characterization properties: factorial monomial polynomials, factorial
Schur polynomials and interpolation Macdonald functions. In [70] these three classes and their vari-
ations were distinguished as the only solutions to a certain interpolation problem. In this section
we describe how our new functions fit into this classification, expanding it.

2.5.1 Interpolation problem

Below we state the general interpolation problem from [70]. Let k be a field; for simplicity we
assume that chark = 0. As before, we use Y to denote the set of partitions of length at most n
and k[z1, ... ,xn]g’;n to denote the space of symmetric polynomials in n variables, of degree < m
and with coefficients in k.

An n-grid is amap O : Y* — k™. An n-grid O is non-degenerate if for every A € Y" there exists
a symmetric polynomial Fy(x1,...,x, | U) satisfying:

1. Bx(z1,...,2, | U) € k[xl,...jxn]i’hl;
2. F\(O(p) | ) = 0 for every p € Y" such that |u| < |A[, X # p;
3. FA(B(\) | U) #0.

An n-grid U is called perfect if it is non-degenerate and the polynomials F) additionally satisfy the
following vanishing property:

F\(O(p) | U) =0, unless A C p. (2.5.1)

The main result of [70] is the following classification of all perfect grids of a certain form.

Theorem 2.5.1 ([70]). Assume that U is an n-grid of the form
U()‘) = (fl(/\l)a cee 7fn()‘n)>
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Then U is perfect if and only if one of the following cases holds:
(E1) fi(j) = ¢; where co,c1,... are pairwise distinct elements of k;

(E2) fi

()
(J) = ¢j—i where ..., c_1,co,c1,... are pairwise distinct elements of k;
(D) fi(§) = a + bgt" + cq~7t" where a,b,c,q,t are elements of a field extension of k;
()=
() =

J

.

(IT) fi(j) = a+ Bj + B'i +~(Bj + B')?, where o, B, 5",y € k;
(III) fi(j) = a+ e’ (o’ + Bj + B'i) where e,€ € {+1} and a,d/, B, 8 € k;

(IV) This case only exists when n = 2, then f1(j) = a+ B¢, fo(j) = a+B'q~7 where o, B, B',q € k.
All cases above should additionally satisfy f;(5) # fo(j") for all integers i <i',j > j'.

The polynomials F\(z1,...,z, | U) corresponding to the cases E1, E2, I above are called respec-
tively factorial monomial polynomials, factorial Schur polynomials and interpolation Macdonald
functions. The polynomial F) has degree |\|, and in these three cases the top-degree homogeneous
component of F) is respectively a monomial, Schur or Macdonald symmetric polynomial. Moreover,
the functions F) for case II above include interpolation functions related to Jack polynomials, see
53], [72].

Propositions for the functions Fk(xl, ooy | A jo0) and Ff\l(rl, cooyn | C,00) indi-
cate that there is another class of solutions to this interpolation problem, where n-grids have an
alternative form O(u) = (f1(u1 — p2), -, fa(pn)), ¢f. the expressions for x% () and rg(p) from
,. In this section we show that the function F,F¢ actually lead to all perfect grids of
this alternative form, at least when n > 3.

Theorem 2.5.2. Assume that n > 3 and U is an n-grid of the form

OA) = (filh = A2), fa(A2 = Ag), -, fu(An)).
Then U is perfect if and only if the functions f; have one of the following two forms:

1. fi(k) = ¢+ a;q" for constants c,q,a1,...,a, €k such that q is not a root of unity, ¢ # 0 and
aijaj # ¢ for any i # j,k € Z. In this case the functions Fy(x1,...,7, | U) are proportional
to Fa(x1 —c,x9 — ¢y ,xn — ¢ | A, 00), where a; are identified with elements of A.

2. fi(k) = ¢; + kd for constants d,ci1,ca,...,cn € k such that d # 0 and ¢; — ¢; # kd for any
i # j,k € Z. In this case the functions Fy(zx1,...,x, | O) are proportional to Fil(asl, cey Ty |
C,00), where ¢; are identified with elements of C.

The remainder of this section is devoted to the proof of Theorem [2.5.2]

Remark 2.5.3. Following the existing terminology, the characterization property from Proposition
allows us to call the functions F interpolation g-Whittaker polynomials. Note that, while
setting ¢t = 0 reduces Macdonald polynomials to g-Whittaker polynomials, setting ¢ = 0 in in-
terpolation Macdonald polynomials does not result in any interpolation polynomials, because the
characterization property for interpolation Macdonald polynomials does not survive in any form
after setting ¢ = 0.
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Remark 2.5.4. Note that Theorem [2.5.2)does not cover perfect 2-grids of the form G(p) = (f1 (1 —
12), fo(p2)). While both types of grids listed in Theorem are well-defined and perfect when
n = 2, numerical simulations suggest that there exist more general perfect grids when n = 2.
However, our proof described below fails to describe the n = 2 case.

2.5.2 General properties of n-grids

We start with adapting some arguments from [70] to our setting. From now on we always assume
that n-grids U have the form

U()\) = (U(l; /\1 — )\2),6(2; )\2 — )\3), .. .,U(n; An)),

where U(1;-),...,0(n;-) are functions Z>¢ — k.
For later convenience, we below restate Lemma [2.4.6|in terms of non-degenerate grids:

Lemma 2.5.5. Let U be a non-degenerate n-grid.
1. The functions F(x1,...,zn | O) are uniquely determined up to a scalar;

2. Let m € Z>o. If f € k[z1, .. ,xn]i’:n and f(O(p)) =0 for all p € Y™ such that |u| < m, then
f=0. -

3. For eachm € Z>q the functions Fx(z1,...,x, | O) with || < m form a basis of k[z1, . .. ,xn]?;n;
4. The degree of Fx(x1,...,2, | O) is |A].

O
In particular, given a non-degenerate n-grid U the functions F)\(z1,...,z, | U) are well-defined

up to scalars. We will fix a convenient normalization later.
The following operations on grids will be useful. Let U be an n-grid.

e For m € Z>1 such that m < n define an m-grid G,, by
Om(A) = (B(1; 01 — X2),0(2; A2 — Az), ..., B(m; A\m)),s AeY™.
That is, Up,(4;5) = O(i55) for i =1,...,m.
e For | € Z>¢ such that | < n define an (n — [)-grid ;U by
JON) = (B + 10 — X)), B+ 200 — A3), ..., 0(m; MAny)),  Ae Y™
That is, ;0(i;7) =0(i+1;4) fori=1,...,n — 1.
e For k € Z define an n-grid U* by
OFO) = B+ E") = (B(1: 01 — X2), ..., 0(n — 1; Aue1 — M), O(n; Ay + k),

where A 4 k™ denotes the partition with parts A\; + k. In other words, U (i;5) = U(i;5) for
i=1,...,n—1and U¥(n,j) = B(n;j + k).
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Our first goal is to show that the three operations above preserve perfect grids. We start with
Om-

Proposition 2.5.6. Assume that U is a non-degenerate n-grid. Then for any m < n the m-grid
Uy, 1s non-degenerate with

Ex(z1,...,Zm | Om) = Fa(x1,...,Zm, 0(m + 1,0),...,06(n,0) | U) (2.5.2)
for each A € Y™. Moreover, if U is perfect then O, is perfect as well.
Proof. For the first statement it is enough to show that the functions
Oz, .o xm) == Ex(z1, .., X, O(m + 1,0),...,5(n,0) | U), AeY™,

satisfy the defining properties of Fy(z1,...,Zm | Un), which readily follows from noticing that for
peym
A(Om(p) = Fa(O(u) | 0).

The last statement follows immediately from the vanishing property for U and the identity above. [

Proposition 2.5.7. For any non-degenerate n-grid O the following statements hold:
1. U(i;4) # U(n;0) for any integer pair (i,j) # (n,0);
2. U is non-degenerate and F\ can be chosen so that

Fa(z1,... 20 | O (@i — B(n;0)) = Fagan (1, .. 20 | O); (2.5.3)
=1

3. If U is perfect, then U' is perfect.
Proof. Let A € Y™ and consider
f)\(arl, N ,.’L‘n_l) = F)\+1n (1‘1, ey p—1, U(n; 0) ’ U)

Note that fy(x1,...,7,_1) has degree at most || +n, and for any u € Y"1 such that |u| < [A|+n
we have

INOn-1(p)) = Fry1n (O(15 1 — p2), - -, B(n = 15 p1p-1), 6(n;0) | B) = Fry10(O(p) | B) =0,

since u # A+1™. Hence, by Lemmawe have f\ = 0. In other words, F)in(z1,..., 2, | U)‘I
0, so x,, — UO(n;0) divides F\yin(x1,...,2z, | U). By symmetry, z; — U(n;0) for i = 1,...,n divide
Fyiin(x1,...,2y | UO) and so

Fapan (@1, 2n | 0) = gal@e, ., 20) [ (20 — B(n;0)) (2.5.4)
=1

S,

for some gy (x1,...,2n) € K[z1,.. ., x”]ST)\l'
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To prove (1) take j € Z>o and set A = (nj,(n — 1)j,...,24,j). Recall that Fx;1n(O(A +17) |
U) # 0, so from ([2.5.4)) we have
n—1
Frpin (DA +1") [ B) = gA(BA + 1")(B(n; 5 + 1) = B(n;0)) [ [ (B 5) — B(n;0)) # 0.
i=1
Hence U(i;j) # U(n;0) for any i < n and U(n;j + 1) # U(n;0), which implies (1) since j € Z>o
was arbitrary.
To prove (2) note that from (2.5.4) we have for any u € Y"

o (61 (1)) L0 G i — pizs1) — B(150)) = Fra(B () | 5) = Fran(B(u+17) | B).  (25.5)
i=1

By (1) we know that O'(i;5) — U(n;0) = U(i;5 + 6in) — O(n;0) # 0 for any j > 0, hence
implies that Fy,1»(U(u + 1) | U) = 0 if and only if gy (0! () = 0. In particular, for any p € Y?
such that |p| < [A] and p # A we get g (U (i) = 0, while g\(G*(\)) # 0. Since the degree of
Fyy1n is |A] + n, the degree of gy is not greater than |A|. So, gy satisfies the defining properties of
Fy(z1,...,z, | ), which proves (2).

To prove part (3) assume that U is perfect. Then F)yi»(O(pn+ 1") | U) = 0 unless A C pu, and
hence g) (U (p)) = FA\(O'(p) | B1) = 0 unless A C p. So the vanishing property for U implies the
vanishing property for U!. O

Using Proposition [2.5.7 we can inductively get the following results.

Corollary 2.5.8. If U is non-degenerate then OF is non-degenerate for any k € Z>o. If U is perfect
then UF is perfect for any k € Z>. O

Corollary 2.5.9. If U is non-degenerate then U(i; j) # UO(i', 7') for all pairs (i,7) # (i, 5').

Proof. Let U be a non-degenerate n-grid and fix (i,j) # (¢/,j’). Without loss of generality we can
assume that 7 < ¢/. By Proposition U, is also non-degenerate, hence replacing U by U, we
can assume that i/ = n. If i < n, then o7 s non-degenerate, and by Proposition applied to
(o

(i3 j) = 07 (i54) # U7 (n; 0) = O(i'; 5).

If i = ¢ = n, then we can additionally assume that j > j’ and use Proposition to get
OB(n:j) = 07 (n:j = §') # 07 (n:0) = B(m: ).
O

It turns out that the converse to Corollary is also true, so we can classify all non-degenerate
grids:

Proposition 2.5.10. An n-grid U is non-degenerate if and only if U(i;j) # G(i', ') for all (i,7) #
@, 7).

Proof. By Corollary we only need to prove that U is non-degenerate if U(i;j) # U(¢, j') for
all (i,7) # (¢,7"). Tt is enough to prove the following statement: for any U as in the statement, any
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m € Z>o and any function
o) A e Y : A\ <m) >k
there exists a polynomial f € k[xy, ... ,xn]f’;n such that f(O(X)) = ¢(A) for any A € Y", |A| < m.

We prove the latter claim by induction on n and m, reducing the claim for (n, m) to the claims
for (n',m') with either n’ < n or m’ < m. Note that the cases when n = 1 or m = 0 are trivial.

For the inductive step recall that the monomial symmetric functions my(z1, ..., x,) are defined
by
m(z1,...,2n) = Zm‘fl R el
o
where the sum is over all permutations « of the n-tuple (A1,...,\,). Let n > 2 and fix n-grid U as

in the claim. Define a degree-preserving map

]S

S T

Sym : k[zy,...,2n-1

by sending my(z1 — G(n;0),...,2,—1 — B(n;0)) to my(z1 — O(n;0),...,z, — U(n;0)). Note that
for any f € k[z1,...,2,]°" we have

(Sym f)(z1,...,2p—-1,0(n;0)) = f(x1,...,Tp-1). (2.5.6)

Let ¢(\) be an arbitrary function on the partitions A € Y, |A| < m. We will construct the required
function f as

n
f="Sym fi + f2 H(ﬂiz —0(n;0)).
i=1
Consider the restriction of ¢ to the partitions from Y”~!. By the induction hypothesis, there exists a
function in n — 1 variables f1 € k[x1, ... ,mn_l]i;ﬁ;l such that f1(Un,—1(\)) = ¢(A) for all partitions
A€ YL\ < m. Since for all A € Y*~1 |\| < m, the substitution (z1,...,7,) = U()\) sets

zn = 0(n;0), by we have
(Sym f1)(B(V) = fi(Bn1(A) = 6(N), A€ YL A <m.

If n < m then any partition A such that |A| < m is in Y*~! and we are done. If n > m consider the
following function ¢o on {\ € Y" : |A\| <m —n}:

$(A+1") = Sym f1(B(A +17))
(B(n; 1) = B(n;0) [ (B Ai = Aig1) — B(n;0))

P2(N) =

By induction in m and since U! also satisfies the assumptions on U from the statement, we can
construct a function fo € klzq,... ,xn]ijn_n such that fo(O(\ + 17)) = fo(TY(N)) = ¢o()\). The
resulting function

f=8ym fi+ fo [ [(x: = B(n;0))

i=1
satisfies f € k[zy,... ,mn]‘;’;n and f(O(N)) = o(N). O

We can use (2.5.2) and (2.5.3)) to introduce a natural normalization for the functions Fy. For
an n-grid U let UF, denote the m-grid (U,,)*.
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Proposition 2.5.11. For a non-degenerate n-grid U there exists a unique choice of functions
Fx(z1,. .., % | OF) for allm =1,...,n and k € Z>¢ satisfying

1. Fy(zy,...,2m | OE) =1 for all m, k;
2. F\ are consistent with , that is, for any A\ € Y"1
Fr(z1,. . Zmet1 | Ome1) = Fx(@1, ... 21, O(ms; k) | BF).
Note that (OF)m—1 = Opm_1.
3. F are consistent with , that is, for any A € Y™

m
Fagrm (21, -, m | O) = Fa(z1, .z | U5 [ [ (i — B(m; k).
=1

This unique choice of functions F(z1,...,2Tm | OF) is determined by setting

r o Ar—1

OGN 10 =TII TI @6  =Xixn) =005 = Arga)) (2.5.7)

r>1i=1j=Apj1
for any non-degenerate grid U.

Proof. We use induction on n. When n = 1 all functions F{y (71 | UF) satisfying the conditions
(1) and (3) from the statement must be of the form

A1—1 A—1
Foy( |0 = [] (z1 =055+ k) = ] (21 - 0F(155),
=0 =0

and the claim follows.

Now assume that U is a non-degenerate n-grid and we have proved the claim for U,,_1. Note that
the functions F)(z1,. .., 2y, | UF) are uniquely determined by the numbers Hy(UF)) := F)\ (G, ()) |
U%), defined for A € Y™. Moreover, if the choice of Fy(x1,. ..,z | UOF) satisfies conditions (1)-(3)
from the statement, then by the inductive assumption applied to the (n — 1)-grid U,_1 we have

r o Ar—1

H\(©5) =TT T Ot x = Xig1) = Bk (r;5 = Arir))

r>li=1j=Ar41

for any k € Z>g, m < nand A € Y. So we only need to prove that Hy(U¥) are uniquely determined

and are given by (2.5.7)).
Let A € Y. If [(A) < n, then by the consistency with (2.5.2) we have H)(UF) = H\(U,_1), and

we are done. If [(\) = n, then we can write A = X+ a” for some A € Y*~! and a = \,,. Then, using

consistency with (2.5.3)), we have
n a—1

Hy, o (6F) = Hy(GF ) TT TG X — Xiga) = BF(ns ).
i=14j=0
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Since A € Y"1, we already know that Hx(U*?) is givn by (2.5.7), and one can readily check that

the resulting expression for Hy(UF) = Hx ran (U%) is also consistent with (2.5.7). O

From now on we will assume that {F)}, are normalized as in Proposition [2.5.11}

Proposition 2.5.12. Let U be a perfect n-grid with n > 2. Then (U is perfect and we have
Fy(z1,...,2, | 0) = xi‘lFX(:ng, .oy Zp | 10) + lower x1-degree terms,

where X = (Ag, A3, ... ).

Proof. As before, let my(x1,...,z,) denote monomial symmetric function corresponding to A, and
let © =< A denote the lexicographical order on the partitions (that is g < X if and only if either
= A or for some r we have \; = u; for i < r and pu, < \).

First we want to prove that if U is a non-degenerate n-grid and A € Y" is a partition such that
for p e Y"

Fx(O(p) |0)=0 unless A C p, (2.5.8)
then we have
Fyx(z1,...,2, | O) = Zau,\mu(xl,...,xn). (2.5.9)
H=A

We prove the latter statement by induction on n, with n = 1 case being trivial. Fix U, A as above
and let d = deg,, F)(z1,...,2, | UO). If d < A1 then we are trivially done with ayy = 0, so consider
the case when d > \;. Define g(x9,...,z,) by

Ex(x1,...,2n | O) = 2lg(zs,. .., x,) + lower z1-degree terms.

Clearly, g # 0. Since the total degree of F) is A, the total degree of g satisfies degg = [\ —d <
I\l = A1 = |A|, where A = (A9, A3,...). Let u € Y ! be a partition such that A\ ¢ p. Then the
partition pu(k) = (u1 + k, p1, po, . .. ) satisfies A ¢ p(k) for any k € Z>p, so by assumption (2.5.8))

FX(O(1; k), 0(2; pi1 — p2), - -+, O(n; pn—1)) = Fa(O(u(k)) | 0) =0

for any k. In other words, the polynomial Fy(z1,;0(1; w1 — p2),...,10(n — 15 p—1) | U) vanishes
at x1 = U(1; k), and since all these points are distinct by Corollary this implies

Fx(21,10(1; 1 — pi2), . ,10(n = 1 pin—1) [ B) =0
as a polynomial in 1. In particular, for u € Y*~! we get
9(GB(w) = g(B(25 1 — pa), ... B(n; pin—1)) =0 unless X C p. (2.5.10)

Recall that the degree of g is at most |X| By Proposition |2.5.10|the (n—1)-grid ;U is non-degenerate,
so Lemma [2.5.5(and ({2.5.10) imply that g = c- F5(x2,..., 2, | ;0) for some ¢ € k. Note that g # 0,

hence ¢ # 0 and the degree of g is exactly m, forcing d = A\1. Moreover, (2.5.10)) implies that the
assumption of our statement holds for the pair (;U, A), hence by induction

9(x2, ..., xp) = c- Fx(w2,...,2, [ ,0) = Z a;xm#(m‘g, cey ).
p=X
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This implies (2.5.9):

Fx(z1,...,2, | O) Z o ~:1:1 'my(x2,...,T,) + lower x1-degree terms.
p=X
Thus, we have proved that if U is perfect, then the transition matrix expressing F\(x1,...,z, | O)
in terms of my(x1,...,x,) is upper-triangular with respect to the lexicographical order. But both

families of functions form bases of the ring of symmetric polynomials, hence the transition matrix
must be invertible, and «ayy # 0 in . In particular, in the argument above d = A; always
holds and the case d < A1 never happens, so the construction of g(za,...,x,) can be performed for
any A:

Fx(x1,... 2, | B) = cxx Fx $(z2,..., 2y | 10) + lower x1-degree terms

for ¢y # 0. Moreover, (2.5.10) implies that ;U is perfect.
It only remains to show that ¢y = 1. Note that it is enough to show that for perfect U we always

have ayy = 1 in (2.5.9). Recall that if U is perfect then all grids of the form Uk are also perfect, so

we can define a renormalization F)(z1,..., 2, | OF,) such that
Fx(21, .. @ | OF) = ma(z1, ... 2m) + Z QM (1, ..., Ty)
[T WITN
and ﬁ,\ is proportional to F. Then the functions ﬁ,\(xl, <oy Ty | OF) satisfy the three conditions
of Proposition [2.5.11} hence F) = F), finishing the proof. O

2.5.3 Pieri rule and explicit expressions for some F)

Our next goal is to prove Theorem when n = 3. From here on our arguments are completely
different from [70], and we will need to compute polynomials F) for perfect 2-grids. To do it, we
use the following analogue of the Pieri rule:

Lemma 2.5.13. Let U be a perfect 2-grid. Then for any k € Z>1 we have

(z1 + 22 — O(1;k) — U(2;0)) Figy (21, 22 | O)
= Fpy (1,22 | U) + £ (0) (w1 — B(2;0)) (w2 — B(2;0)) Fr—1) (21, 22 | U,

where

(B(L5k — 1) +B(2;1) = B(1; k) — B(2:0)) o (O(1: k — 1),5(2;1) | 0)

ik (0) = : : : : F—275(1- N
(0(2;1) = 6(2;0))(B(1; k — 1) = 6(2;0)) [ Ti=g (B(L; £ — 1) = B(154))

Proof. Fix k> 1 and set
f(z1,22) = (21 + 22 — B(L; k) — U(2;0)) Fy) (21, 22 | U).

Note that f € k[z1, :Eg]‘%kﬂ, and moreover f(U(u)) = 0 for all p such that |u| < k: for p # A we have

Fi3)(O(p) | B) = 0, while for = X we set 21 = U(1; k), 22 = U(2;0) and 1 + 22 — U(1; k) — 5(2;0)

78



vanishes. Hence the expression

f(z1,22) — apFlgqny (w1, 22 | O) — BrF ) (21,72 | O)

with

oy = fO((k+ 1)) f(O((k, 1))
Fen)(B((k +1)) | B) Fliey (O((k, 1)) | ©)

vanishes for any (z1,x2) = O(u) with |u| < k+ 1, so by Lemma we have

Br =

flxy,29) = akF(k+1)(:L'1,l’2 | O) + BkF(kyl)(ﬂfl,l? | O). (2.5.11)

Note that by Lemma|2.5.12| the top z1-degree term on the sides of (2.5.11f) are xlfH and akxlfﬂ,
hence o, = 1. By (2.5.7)), we have

k—2
Fey(O((k, 1)) [ 0) = (B(1: 5 = 1) = 0(2,0)(0(2:1) = 0(2;0)) | | (O; % —1) = 6(1;17)),

@
Il
=)

hence B = ki (0) from the statement. Finally, by Proposition we have
Fleay (@1, 22 | ) = (21 — U(2;0)) (22 — B(2;0)) Flp—1y (21, 72 | UY),

finishing the proof. O

Using Lemma @l we can get explicit expressions for Fiy (71,22 | O) when k = 1,2,3. Let U
be a perfect 2-grid. To make expressions below manageable we use the notation [i; j] := U(; j). By
our choice in Proposition we clearly have Fy(z1,72 | O) = 1. For F(3)(w1, 72 | O) recall that
this is a degree 1 symmetric polynomial vanishing at (z1,22) = U(@) and with top term x; + z2 by
Proposition (2.5.12). Hence

Foy(z1,22 | O) = 21 + 22 — [1;0] = [2;0].
From now we can use Lemma [2.5.13] Direct computations give

[1;0] + [(21] = [1; 1] — [2;0]

B (R IR
. 1] — _ . 012 . 11— 19012 — [9-
Rt 2210 = st EE G = =, R p B
[1;0]2[1’ 1] + [170]2[250] [170] [270]2 B [270]2[ ;1] .
+ o0 L (2.5.12)




Fg) (21,32 | O) = (z1+22—([1;2]=[2; 0]) F2) (#1, 22 | U)—k2(O) (21 —(2; 0]) (w2 —[2; O]) (@1 +22—[1; 0] [2; 1]).

(2.5.13)
For Lemma below we also need an explicit expression for F9) (71, 2,73 | U) when U is
a perfect 3-grid such that U(3;0) = 0. To get F)(w1, 72,23 | U) we can use the expression for
Floy(71, 2 | B2) above and follow the construction from Proposition to get
1:1]— [2:0] — [2:1
F(Q)($1,$2,l‘3 | ) = Sym F(Q)(xhxg | Og) = LU1+562+$3+[ 0]+ {1 } {2 0} [ ]($1x2+x1I3+$21‘3)
(1002 + [1; 0][1; 1] — [2; 0% — [2; 0][2; 1] [1; 01215 1] + [15012[2; 0] — [1; 0][2; 0 — [2; 0*[2; 1]
[1:0] = [2:0 ket y [1:0] = [2:0 |
(2.5.14)

2.5.4 n =3 case

Now we can prove Theorem for perfect 3-grids. The main idea is to use vanishings F(U(u) |
U) = 0 for various A\ ¢ p to obtain enough constraints on U(i; 7) for the desired classification.

Lemma 2.5.14. Let U be a perfect n-grid. Then for any i,j € Z>1 such that i <n — 1 we have

(OB(51) =0+ 1;5 — 1)) (O(5;1) = B(i + 1;5 + 1)) = (5(4;0) — B2 + 1;5))(0(4;2) — U(i JE l;j))-)
2.5.15

Proof. Replacing U by the 2-grid ;_;U;41, which is perfect by Propositions [2.5.6] m we can
assume that i = 1 and U is a perfect 2-grid. Moreover, replacing U by U7~!, which is perfect by
Corollary [2.5.8 we can assume that j = 1.

So, it is enough to prove that for a perfect 2-grid U we have

(O(1;1) = 6(2;0)) (B(1;1) = 6(2;2)) = (0(1;0) — 6(2;1))(6(1;2) — (25 1)).

This follows from the vanishing F{3)(0((2,2)) | U) = 0: by explicit computation using (2.5.13) we
have

(6(2;0) — 5(2;2))(6(2;1) = 6(2;2))

F3(0((2,2)) | ) = Fi3(6(1;0),0(2;2) | 0) = G,

where
G = (6(1;0) = 5(2;1))(0(1;2) = B(2;1)) — (O(1;1) = (2;0)) (B(1;1) — 5(2;2)).

Since U is non-degenerate, U(i; j) # U(i'; ) as long as (i,7) # (7', 5'), hence F(3)(5((2,2)) | U) =0
implies G = 0 and the claim follows. O

From now on, let U be a perfect 3-grid.

Lemma 2.5.15. We have

[1;0][2; 1] = [1;1][2; 0] — [2; 1][3; 0] + [151][3; 0]
[1;0] = [2;0] ‘

3;1] = (2.5.16)
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Proof. We first note that if a grid U is perfect then for any constant ¢ € k the grid U + ¢, defined
by (U + ¢)(i;7) = U(i;7) + ¢, is also perfect with

Fy(z1,22,23 | O+ ¢) = FA(x1 — ¢,z — ¢,x3 — ¢ | U).
On the other hand, the desired identity (2.5.16) is equivalent to
([2:1] = B 1D([1;0] = [2;,01) = ([1;1] = [2;1])([2; 0] = [3;0)) = 0.

The left-hand side above clearly stays intact when we change U to U + ¢, so it is enough to prove
the claim for the perfect 3-grid U — [3;0]. In other words, it is enough to consider the case [3;0] = 0.

Since U is perfect, we must have F(2)(0((1,1,1)) | §) = 0. Using (2.5.14), we obtain by explicit
computation

[3; 1]([1; 0][3; 1] — [2;0][3; 1] + [1; 1][2; 0] — [1; 0][2; 1])

F(Q)([LO]? 2;0],[3;1] | U) = [1;0] — [2;0]

Since U is non-degenerate and [3;0] = 0, we have [3; 1] # 0. Hence F(2)(5((1,1,1)) | §) = 0 implies
[1;0(3; 1] — [2; 0][3; 1] + [1; 1][2; 0] — [1;0][2;1] = O,

which is equivalent to the claim when [3;0] = 0. O

Lemma 2.5.16. We have
(12:1] = [15:2])([2; 0] = [1;0]) = ([2; 1] — [1;1])([2; 0] — [152]).

Proof. Similarly to the proof of Lemma[2.5.15] the claim for the grid U is equivalent to the claim for
a grid U + ¢ for arbitrary c. So, to simplify computations, we can assume that [3;0] = 0 throughout
the proof without loss of generality.

To prove the claim we consider two different expressions for [3; 2] in terms of [1; 0], [1; 1], [1; 2], [2; 0], [2; 1],
and show that equating them implies the claim. For the first expression we use Lemma [2.5.15| for
the grids U and U!, obtaining

[1;0][2; 1] — [1;1][2; 0]

[1;0] —[2;0]
[1;0][2; 1] — [1;1][2; 0] — [25 1][3; 1] + [1;1][3; 1]
[1;0] — [2; 0] '

The other expression comes from Lemma [2.5.14] applied to (¢,7) = (1,1) and (¢,75) = (2, 1), leading
to

3;1] =

3;2] =

pﬂ%ﬁhﬂ+“*”_mm(@H—Uﬂp

[3;2] = [2;1] -
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Subtracting the two expressions for [3;2] from each other we get

[1;0][2; 1] — [151][2; 0] — [25 1][3; 1] + [1;1][3; 1] ]+H&H—@O
[

[1;0] = 2;0]

DA

2:1

—[2;1

31— [2;2])
]

which, after algebraic manipulations, gives

([3:1] — [2: 0D ([1; 1][2; 1] — [21° + [3

J([150] — [2;0]) — [2; 2]([1; 0] — [2;0]))

[3; 1]([1; 0
[2;1)([150] — [2: 0]) o
Since [3; 1] # [2;0], we get
[151)(2:1) = [2: 1] + [3; 1] ([15.0] — [2;.0]) — [2;2)([1;0] — [2;0]) = 0.
Plugging the values for [3; 1], [2; 2] above results in
_([2; 1] _ [1; 1])([2; 1] o [1;0]) + ([2; 1] — [150])([2; 1] — [1; 2])([1;0] — [2;0]) _ 07

[1;1] = [2;0]
and since [2;0] # [1;1] and [2;1] # [1;0], we finally get
= (21 = [51)([2: 0] = [ 1) + ([2; 1) = [1;2))([2; 0] = [1;0]) = 0.

O

The constraints proved above are almost sufficient to prove the classification for n = 3. Namely,
we can now prove the following;:

Lemma 2.5.17. One of the following cases holds for the perfect 3-grid U:
1. For some constants c, q, a1, az, a3 € k we have
;0] =c+a;, [Ll=ctaq [1;2]=c+ad’,
[2;k] = ¢+ axd®,  [3;k] = ¢+ asd, k € Z>p.
2. For some constants d, c1, ca, c3 € k we have
[1;0] = ¢q, [1;1] =1 +d, [1;2] = 1 + 2d,
[2;k] =co+kd, [3;k] =c3+ kd, k € Z>o.

Note that in order to satisfy the non-degeneracy condition from Corollary we have to
assume that ¢ # 0 and ¢ is not a root of unity in the first case.

Proof. Set

We have 2 cases.
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Case 1: g # 1. Set

;0| —[1;1
alzz[’l] ik ], c:=1[1;0] — ay, az :=[2;0] — ¢, as :=[3;0] — ¢,
—4q
so we have
;0] =c+a1, [L1]=c+aq,  [20]:=c+az, [2;1]]=c+azq,  [3;0] =c+as.

Plugging these values into the constraint from Lemma [2.5.16 we get
(c+ azq — [1;2])(a2 — a1) = (a2q — a1q) (a2 — a1q) = (a2q — a1¢*)(az — a).

Note that since [1; 0] # [2; 0], we have a; # ag, and hence the equation above implies [1;2] = c+a1¢%.

To prove that [2;k] = ¢+ asq® we use induction on k, with cases k = 0,1 already covered. For
the inductive step, assume that [2;k — 1] = ¢ + a2¢"1, [2; k] = ¢ + a2¢”, and apply Lemma
with (7,7) = (1,k). This gives

1

(25, + 1] — ¢ — a1¢)(a2q" " — a1q) = (aaq” — a1)(a2¢" — a1¢*) = (a2q"™ — a1q)(a2q"™" — a19).

Since [2; k — 1] # [1;1] implies asq® ™! —a1q # 0, we get [2;k + 1] = ¢ + a2q" .
Similarly, we can use induction to prove that [3; k] = ¢+ azq®. We already know the case k = 0.
Applying Lemma [2.5.15| to the perfect grid U, we get

[1;00[2; 1] — [1;1][2; 0] — [2;1][35 k] + [1; 1][3; K]
[1;0] — [2;0]

3k + 1] = = c(1 — q) + q[3; k],

which implies the inductive step and finishes the proof of this case.
Case 2: ¢ = 1. The argument is similar to the previous case. Set

c = [L0],  c:=[20, c3:=[30, d:=[1;1]-[1;0]=[2;1] - [2;0],
where the last equality follows from ¢ = 1. Then we have
[1;0] = ¢, [1;1] =c1 +d, [2;0] = ca, 2;1] = co+ d, [3; 0] = cs.
Plugging these values into Lemma we get
(ca+d—1[1;2])(ca — 1) = (c2 — ¢1)(ca — c1 — d).

Since [1;0] # [2;0], we have ¢; # c2 and hence the equation above implies [1;2] = ¢; + 2d.
To prove that [2; k] = c2 + kd and [3; k] = c3 + kd we can use Lemma [2.5.14] and Lemma [2.5.15
in exactly the same way as in Case 1. O

At this point, in order to reach the classification from Theorem for n = 3, we only need to
determine the values of [1; k| for £ > 3. To do so we focus on the 2-grid Uy and, considering each

case separately, compute the functions Fiy (21,72 | Uz). The result is summarized below.

Lemma 2.5.18. Let O be a perfect 2-grid.
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1. Assume that for some q,c,ay,as € k we have

U(l;O) =c+tay, U(l;l) =c+a1q, 6(2;/{:) zc+a2qk, ke Zzo.

Then we have O(1; k) = ¢+ a1¢* for all k and

SN i (01215 0)i(as/wa: @)k i(a: )
Fiy(x1+c,a2+c¢|0) = ;mﬁxg_’ ’ (qz i@ q’)kj LY (2.5.17)
where we have shifted the variables x1,x2 by c.
2. Assume that for some d, c1,co € k we have
0(1;0)=c1, O1;1)=c1+d,  O2:k)=co+kd, ke Zs.
Then we have B(1; k) = ¢1 + kd for all k and
k—1
Fuy(z1,22 | 0) = [[(21+ 22— c1 —ca — i ). (2.5.18)
i=0

Proof. For both parts we simultaneously prove the expressions for 6(1; k) and Fq1)(z1, 22 | 6) by
induction on k.

Part 1. Note that without loss of generality we can replace ) by O — ¢ and assume that ¢ = 0.
When k& = 0 we have U(1;0) = a1 and

F(l)(xl,xg | 6) =T+ T9 — 6(1;0) — 6(2;0) =1 —a1+xy — as.
When k& =1 we have 6(1; 1) = a1q and from ([2.5.12)) one can obtain
Foy(z1, 22 | 6) =(x1 —a1)(z1 —a1q) + (1 + ¢)(x1 — a1)(z2 — a2) + (x2 — az)(x2 — a2q).

Now assume that k > 2 and we have proved the claim for O(1;i) and Fiyry(z1, 22 | 0) with
1 < k. Applying the Pieri rule from Lemma [2.5.13] we have

(:Cl + X9 — 6(1; ]{7) — ag)F(k)(ml,xg | 6)
= Fgeny (21,22 | 0) + k(0) (w1 — az) (w2 — a2) Fy_) (w1, 72 | T,

where

b1 ~ b1 ~
~ + —UO(1; k) — ao) F, , O
k1.(0) (a1q a2q9 (1; k) a23€_(2k) (a1q a2q | )_ (2.5.19)
(a2q — az)(a1¢"~1 — a2) [T;2) (a1¢* 1 — a1q?)

Note that when for any j = 0, ...,k we plug 1 = a1¢* 7 and z2 = as¢’ in the right-hand side of
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(2.5.17)), there is only one non-zero term in the sum and this term corresponds to ¢ = j. So, we have

iy (@ (0775 9)i (4 O

Fuy(O((k, g O) = Fy (a K= asg’ 0) =d"d]
(k:)( ((k,5)) | ©) (k)( 14 2¢’ | U) 1 aq (Q;Q)k—j(QSQ)j

(2.5.20)
Plugging this expression into (2.5.19)), we get

~  (a1¢"' + azq — O(L;k) — az)(1 - ¢")
k(0) = (a1gF=1 —a2)(1 —q) ’

and, consequently,

F(k+1)(x1,x2 ’ 6) = (.’L‘l + 29 — 6(1; /{7) — ag)F(k (1‘1,1‘2 ‘ 6)

)
1"+ asg — O 1;k) —az)(l — k ~
- J(Falzz_l _(az)()l —~ ;))( : )(551 — a2)(w2 = a2) Fg— (21,22 | 07). - (2.5.21)

Since O is perfect, we must have F(kH)(ZNJ((k,Q)) | 0) = Flerny(a16"2, az2q? | 0) = 0. Hence
the expression above implies
(a1¢°7% + azq® — B(1; k) — az) Fip,y (B((k, 2)) | O)
_ (a1¢" " +azq —~OB(1 k) — az)(1 - ¢%)
(1"~ —a2)(1 - q)

Applying (2.5.20) to Fiz) and F{;_1), noting for the latter that U! also satisfies the assumption of
the first part with ao multiplied by ¢, we get after elementary manipulations

(a1¢"7% — as)(azq® — a2)F(k—1)(61((k —1,1)) | GY).

(014" +azq’ ~O(1; k) —az)(arg" ' —a2)(1—q) = (a1¢" " +azq—0(1; k) —az)(arg" > —az)(1-¢*).
This is a linear equation in O(1; k) of the form
(¢ — 1)(a1q"* — azq)U(1; k) = B

for some 3 independent of 6(1; k). Since O is non-degenerate, ¢ # 1 and a;¢* 2 :~6(1; k—2)#
U(2; 1) = aaq, hence the system is non-degenerate and it can be readily checked that O(L; k) = aig”
is its unique solution. So we have proved U(1;k) = a1q".

Returning to (2.5.21)), plugging 6(1; k) = a1¢* we now have

K’k(U) =1- qu

F(k+1)(.%'1,.%'2 | 6) = (z1 + x2 — alqk — az)F(k)(ZL'l,ZL‘Q ‘ 6)
— (1= ") (1 — az) (22 — a2) Fj_y) (1,22 | ).
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Plugging expressions for F{;) and F;_;) and doing elementary manipulations, we get

k

~ _i(ar/x1;59)i(a2/72; O)r—i(g;
F x1,22 | O) =(x1 4+ 22 —a k—a
e (@1, 22 | O) = (o1 422 —ng” — 2 z; (3 0)i(4: @)

)

k—1
xl —an Zx zk i 611/901, ) (G2/$2;q)k7i(q;q)k
i=0 (3 0)i(q; Qr—i—1

which can be rewritten as

= Ek _ (a1/1; q)i(az/x2; ) '(Q'Q)
F z1, 19 | O) = 210" + 29 — a1q" — aggt gt ph1 L D02/ %25 Dk—ilG5 Dk
el ez [0 i:O( a S (¢ @)i(a; )

k
_Z ki it ki @1/T15qQ)ix1(a2/mo Qr—i(G Dk kit (a1/x1:q)i(az2/®2; @) k—iv1(q Ok
= q T Ty +zT

par (43 0)i(q; @ p—i (¢ )ilg; D

I

k+1
= E k—i (a1/21; q)i(az/w2; Q) r—i(¢; Q1
= 331.%'2 ( :

i=0 ¢ Q)i(45 Qr—it1

finishing the proof of this part.

Part 2. We again proceed by induction on k. When k£ = 0 we have 6(1; 0) = ay and
F(1)<1'1,$2 ‘ 6) =+ x9 — 6(1;0) — 6(2;0) =1 —C1 + X9 — Co.
Similarly, when k& = 1 we have 6(1; 0) = a; +d and (2.5.12)) implies

F(Q)(xl,xg | 6) =(x1—c1+xe—c2)(x1 —c1 + w2 — o —d).

Now assume that & > 2 and we have proved the claim for O(1;7) and Flipy (w1, 72 | O) with
i < k. Applying Lemma again, we have
(1 + 22 — O(1; k) — e2) Fpy (21, 22 | O)
= Fipp1y (a1, 22 | O) + kg (0) (21 — e2) (w2 — e2) P_1y (w1, 22 | BY),
where B _
(6) B (Cl + kd — U(l; k))F(k)(Cl + (/C — 1)d, co+d | U)
RS = (c1 + (k—1)d — e)d"(k —1)!

Plugging the expression for F{y)(z1, 22 | 6), we get

~ k(er + kd — B(1;k))
o (Cl—F(l{}—l)d—Cg)'

Ki(
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F(k+1)(x1,x2 | 6) = ($1 + 20 — 6(1; kj) - CQ)F(k)($1,$2 | 6)

k(cr + kd —O(1; k N
- (; 1++(k - 1)d(— 02))) (21— e2) (w2 — c2) Flje—) (1,22 | BY). (2.5.22)

Since Fj,y1)(0((k,2)) | B) = Fgoyny(c1 + (k — 2)d, co +2d | B) = 0, we get

(xl + 29 — 6(1; k) — CQ)F(k)(Cl + (k — 2)d, co + 2d | 6)
 k(er + kd — B(1;k))
- (Cl + (k — 1)d— CQ)

(21 — c2) (w2 — e2) F—ny(c1 + (k — 2)d, ¢ + 2d | ).
Using expressions for Fiy) and F;_1), we get after elementary manipulations

(c1 4 kd — O(1; k)
(Cl + (k — 1)d — 02)'

(c1 + kd — O(1: k) = 2(c1 + (k — 2)d — ¢3)

which is equivalent to

(¢1 4 kd — O(1;k)) (1 + (k — 3)d — ¢3) = 0.

Note that 1+ (k—3)t —c2 = O(1;k—1)—0(2:4) £ 0 since O is non-degenerate. Hence the equation
above implies U(1; k) = ¢1 + kd. Plugging this value for U(1; k) into (2.5.22) we get

Fliyry(21, 22 | O)=(x1+ax9—c1 —co— kd) F (21, 22 | 0),
which implies the claim. O
Let us summarize Lemmas 2.5.17 and R.5.18
Corollary 2.5.19. Let U be a perfect 3-grid. Then one of the following holds:

1. For some constants ¢, q, a1, az, a3 € k we have

O(Lk) = c+aid®, O2k) =c+axd®, UOBk)=c+asd®, ke Zs.

2. For some constants d, c1,ca,c3 € k we have

O(Lik) =c1 + kd, O(2:k) =co+kd, OBik)=cs+kd, k€ Zsq.

2.5.5 Proof of Theorem [2.5.2

We first prove that two types of n-grids described in Theorem [2.5.2] are indeed perfect. Propositions
2.44] combined with Remark [2.4.9] imply that the following n-grid U is perfect:

U(i35) = ai¢’

for g,a1,...,a, € k such that a;,q # 0, ¢ is not a root of unity, and a;/a; # q® for any i # j and
k € Z. Hence the grid U+ c is also perfect for any ¢ € k, covering the first type from Theorem [2.5.2
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Similarly, Propositions[2.4.7} [2.4.8|and Remark[2.4.9]imply that the grids of the form U(i; j) = ¢;+jd
are perfect for c1,...,¢,,d € k such d # 0 and ¢; — ¢j # kd for any i # j and k € Z.

Hence, it is enough to prove that all perfect n-grids for n > 3 are described by Theorem [2.5.2]
We do it by induction on n, where the base case n = 3 follows from Corollary Note that the
restrictions a;, q # 0, a;/a; # q* and ¢; — c¢; # kd follow automatically from Corollary S0 its
enough to just prove that U has the form U(i;j) = ¢ + a;¢/ or U(4;5) = ¢; + jd.

For the inductive step assume that we have proved Theorem for all (n — 1)-grids U. Let
U be a perfect n-grid. Then the (n — 1)-grid U,,— is also perfect, and by inductive assumption we
either have U(4;7) = ¢ + a;¢’ or U(i;j) = ¢; + jd for i < n — 1. At the same time, the 3-grid ,, ;0
is also perfect, and so we either have

B(n—24)=¢+anof, UVn-1j)=c+an1q, Omj)=c+and
for some ¢, ¢, ap_2,ap_1, ay € k, or
B(n—27) =2 +jd,  On—1,5) =1 +jd,  Un;j) =y +jd

for some J,En_z,En_l,En € k. But note that for ¢,a,q,d,d € k we can simultaneously have U(n —
1;k) = c+agf = ¢ + kd for all k € Z>q only if d = 0 and all numbers ¢ + ag”, ¢ + kd are equal.
However, this is impossible since U is non-degenerate and the numbers U(n — 1;k) are distinct.
Hence, both grids U, and ,,_30 are of the same type, and moreover ¢ = g or d = d. Thus, if
U(i;7) = ¢+ a;¢? for i < n then U(n;j) = ¢+ a,q’ as well, and similarly for U(i;j) = ¢; + jd. This
finishes the proof of Theorem [2.5.2] O
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Chapter 3

Applications to integrable probability

3.1 Overview

During the last decades a new conjectural universality law has been actively researched under the
name KPZ universality, originating from [51]. Establishing this universality in full generality is an
extremely challenging task and it is still an open problem. However, for certain integrable models
one can directly verify the large-scale properties expected from the KPZ class models by finding
explicit expressions describing the precise behavior of natural observables. Recent examples of such
large-scale analysis of integrable models can be found in [4 6] [7, 8, 10} 14} 5] 37, 411, 67, 84, 85, [86]
and references therein.

Here we focus on two integrable models, namely, the g-Hahn model and the directed Beta polymer
model. The former model was introduced in [34] 136, [75] and it is of a particular interest for the
following twofold reason. On one hand, it is integrable and in the sense above, that is, one can
find explicit integral expressions for ¢-deformed moments of naturally defined height functions, cf
[15, 20} 24, 28]. On the other hand, the g-Hahn model can be degenerated to numerous other
integrable models, including TASEP, g-boson particle system, and the mentioned directed Beta
polymer model, c¢f. [17, 20, 36]. In particular, one can use ¢-Hahn models as an explanation of
integrability for various other models.

The directed Beta polymer was originally introduced in [7] using two equivalent descriptions:
it can either be viewed as a polymer model with Beta distributed weights or as a random walk in
a random time-dependent Beta environment. This dual description already distinguished the Beta
polymer model among the other integrable discrete polymers, namely, log-Gamma [78], strict-weak
[37, [67] and inverse-Beta [8I] polymers, which cannot be readily interpreted as random walks in
random environments (RWRE). Moreover, there is a whole cluster of integrable models obtainable
as degenerations of the Beta polymer, this cluster includes strict-weak polymer, uniform sticky
Brownian motions [10], 48] 58], Bernoulli-Exponential directed first passage percolation [7] as well
as other percolation models. Overall, the numerous connections to other models give rise to a lot
of interesting properties and conjectures, making Beta polymer a popular object in recent research,
cf. 5, 9L 10, 57].

Here we study new generalizations of these two models, which become accessible due to our
integrability results from Chapter [II Namely, we introduce a new integrable generalization of
stochastic ¢-Hahn vertex model with three families of parameters. The first main result of this
chapter is the integral expression for the g-deformed moments of the colored height functions of the
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g-Hahn vertex. Such explicit expressions encapsulate the behavior of the model in a form suitable for
subsequent analysis, in particular, they let us establish the large class of shift-invariance symmetries
for our model.

As an immediate degeneration of the ¢-Hahn model we obtain a new integrable extension of the
Beta polymer model, which also contains three families of parameters attached to columns, rows and
diagonals. To the best of our knowledge, this is the first integrable example of a directed polymer
model inhomogeneous in three directions (there exist several related models with two families of
parameters, studied in [8] 35, [82]). We expect that a lot of currently known properties of the Beta
polymer can be extended to our inhomogeneous version, and to reinforce this claim, as the second
main result of this chapter we demonstrate the Tracy-Widom asymptotics for the inhomogeneous
model.

Below we briefly describe the results of this chapter.

3.1.1 Integral expressions for the diagonally inhomogeneous ¢g-Hahn model

Let g € (0,1) and (uo, 1, 2, - - - ), (K1,K2,...), (A1, A2, ...) be real parameters satisfying
Ad < Kj < Wi, 1€ Zzo, j S Z>0, de ZZO'

The colored diagonally inhomogeneous q-Hahn vertex model consists of a random ensemble of colored
up-right paths in a positive quadrant Z%O, with colors labeled by positive integers. The paths are
sampled according to the following procedure:

e All paths start from the left boundary of the model {0} X Z>1, with b; paths of color j starting
at (0,7). The numbers b; are independent and distributed according to

) = (e ey P/ @b (R5 /03 @)
P(bj = b) = (r;/p0) @ Oulrio d)s b € Zso.

e The remaining configuration is sampled sequentially and independently around each integer
point (i,7), starting from the bottom and going along the rows. At each integer point all
paths coming from the left turn upwards, while the paths coming from below might turn right
following the probabilities

12 /145 D11 p g/ K53 I 5, pya,-Dy)
(Nj—i/ i3 @)

I v | LJ | =1rrg=k+r (Kj/pi)

(:9) 7

X )
1 (@)L (6 9) -1

where I = (I, Is,...) is a finite integer sequence with I. equal to the number of paths of
color ¢ entering from the left, J, K, L similarly encode the colors of paths along the bottom,
top and the right edges respectively, and we set |J| = J; + Jo+...,|L|=L1+ La+....

See Figure for a schematic description of the model and its parameters. Note that this model
is equivalent to the model from Chapter 1, the only change is the normalization of the weights on
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Figure 3-1: Left: parameters of the g-Hahn model. Right: a configuration of the model along with
the values of the height function h>9 for this configuration.

the left boundary which is needed to make the weights sum to 1.
We describe the configurations of the model above using colored height functions h( ’y), which

are assigned to the facets (z,y) € (Z + 5) formed by rows and columns and count the number of
paths of color > ¢ passing below the facet, as depicted on Figure We consider the following
observable: for collections

1
1 < a2 < - <y, Y1 > Y2 = > Yk, $a7:‘/a€Z20+§§

and a permutation 7 € &y, set
T(a) Yr(a) )

>’TC . q >ca

Theorem 3.1.1 (Theorem in the text). With the notation above we have

k(k 1) k cq—1
(—1 —l(r T 11—\ 1= ANw,
Qs (¥)| =
[ i T Ty <bwb—qw 01—‘[111_[1 1 — Kywq
k i<Tq 1 ]<ya dgya_xa 1 d'u}
X —_— 1—rw 2, (311
01_‘[1 g 1- HiWq JI;[1 ( ! a) };[1 1- Adwa Weq ( )

where the positively oriented contours I'y are chosen to enclose ,u;l and ql'gq for a < b, with other
singularities being outside of the contours, and T denotes the polynomial representation of the Hecke
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algebra generated by the Demazure-Lusztig operators

Wi+1 — qwi(
Wi1 — Wy

Tz:(J+ 57;—1), 5if("‘7wi7wi+17"'):f(“'vwi-‘rlvwia"‘)'

The proof is based on the idea from [28]: we show that both sides of (3.1.1)) satisfy the same dis-
crete recurrence relations, called local relations. These relations are consequences of the integrability
of the model and we prove them using Yang-Baxter equations from Chapter 1.

As with a lot of inductive verification arguments, our proof of Theorem [3.1.1] does not clearly
explain a natural way to arrive to the integral expression. So, let us also mention here is an
alternative approach, which is more constructive but does not work completely in full generality
hence we do not develop it. The main idea comes from [20], [24]. Note that the average of an
observable O can be written as

E[0] =) O\P[AL.
A

It turns out that for a special choice of O one can write both O(\) and P[] as spin g-Whittaker
symmetric functions from Chapter 2, and the expectation above becomes one side of the the skew
Cauchy summation identity. This lets one to identify E[O] with a spin ¢-Whittaker function and
the integral representation for the latter (Theorem leads to the desired integral expression.

3.1.2 Limit theorem for inhomogeneous Beta polymer

Consider a lattice on the plane formed by the edges (i,j) — (i + 1,7 + 1) and (¢,5) — (4,57 + 1)
for (i,7) € ZQZO such that j > i. Let 0y, pj,wq be a family of real parameters attached to columns
i = const, rows j = const and diagonals j — i = const respectively and satisfying

wq < p; < 0y, i € Z>0, j € Lo, d € Z>p.

To each edge we assign a weight in the following way: for each integer point (i, ;) we first inde-
pendently sample a Beta distributed random variable n; ; ~ Beta(o; — pj, pj — wj—;) and then we
set

w(e) = . ) . .
1—mn; ife=3G—-1,j-1)— (4,7).

The delayed Beta polymer partition function B;T?)J is defined as

y—r—1

30 = > I wim = 7,

mo=(0,r) =T ——my_r=(x,y) i=f(m)

where the sum is over all directed lattice paths 7 from (0, 7) to (z,y), and f(7) = min{i | w41 —7m; =
(0,1)}, so the path starts accumulating its weight with a delay waiting until the first vertical step,
see Figure [3-2

Under a ¢ — 1 limit the diagonally inhomogeneous ¢-Hahn model converges to the inhomoge-
neous Beta polymer, and the expression from Theorem [3.1.1] produces an explicit integral expression
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(z,9)

Figure 3-2: Example of a path contributing to the Beta polymer partition function 3&), Due to
the delay, the dashed edges do not contribute their weights.

for the moments:

3(r Vp — Vg b =y ~ = 1 Sy 1 dv,
N A 8 e IS e e bt

a=1 \i=r+1 1=0

where the contour S, surrounds o; and S, + 1 for a < b. Such integral expressions are well-suited for
asymptotic analysis and on can follow the standard workflow consisting of first obtaining a Fredholm
determinant expression for the Laplace transform of 3;’2, (which is analytic since 3;72, € (0,1) almost
surely) and then performing a steep descent analysis. Below we list our results.

Consider the large scale limit of 3(L(;)t Lwt] when the parameters oy, p;,wq have finite number of

possible values o;, pj,wq repeated with frequencies o, 3;,74. For example, when v = 72 = % we
assume that half of the diagonals have parameter wy = w1 while the other half has parameter wo;
see Section for a precise description of the model. We conjecture (Conjecture that the
following limit relation holds:

. IDB(L(;‘)tJ lyt] + 1t
tliglo]P’ /3 <r| =Fque(r), (3.1.2)

where the slope z/y € (0, %) is ﬁxed Feup(s) denotes the GUE Tracy-Widom distri-

bution [83] and the constants I, ¢ are defined in an implicit way involving an auxiliary parameter

ZOipim ¥ viwi
Do =YYW
drift of the walk, and we are looking at fluctuations at non-typical velocities. See [7] for more details about the

RWRE interpretation of the model.

!The range for the slope looks more natural in the RWRE description: corresponds to the average
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0 € (max; 0;,00) and polygamma functions Wg:

2y = > Bivi(0 — pi) = > viVai(0 — wy)
> i W10 — i) = >0, %P0 — wi)’

I=x Zai%(ﬁ — o) — yZ&%(e —pi) +(y—x) Z%"I’ow —wi),

3__ 7 , o .Y . o Y- . .
c ——520@\1’2(«9 01)4-22/81\112(9 Pi) 5 ZVZ\PQ(G wi).

Under assumptions dictated by purely technical reasons we are able to partially verify our
conjecture:

Theorem 3.1.2 (Theorem in the text). When 6 € (0,1), o1 =02 =---=0 and py = p» =

- = —1 we have

m3® i
. |zt],yt] _
Jim P pye <r| =Feue(r),

with the notation specified above.

In other words, we are able to partially verify the conjectural limit statement for the model
having only diagonal parameters wyg < 1, with Beta distributions Beta(1, —1 — wy).

The Beta polymer model and our results about it can be equivalently reformulated in terms of
a random walk in a random environment but we omit this description, see [7] for further details.

3.1.3 Layout of the chapter

After preparing the needed algebraic machinery in Sections[3.2] [3.3] we prove the integral formula for
g-moments of height functions in Section Section [3.5]is a brief overview of the shift-invariance
property for the vertex models, which can be extend to the ¢g-Hahn model. Section [3.6]describes the
degeneration of our integral formula to Beta polymer model, which is then collected into a Fredholm
determinant expression for the Laplace transform of the polymer partition function in Section [3.7]
Finally, Section [3.8|is devoted to the large-scale analysis of the inhomogeneous Beta polymer model.

3.1.4 Notation

For a pair of parameters (a, ) € R2>0 the Beta distribution is defined by the following density

function with respect to the Lebesgue measure:

g1 l'(a+B)
I'(a)T(B)’

where I'(z) is the Gamma function. We use Beta(a, 3) to denote a Beta-distributed random variable
with the corresponding parameters.

For a trace-class operator K over L?(X) we use det(I + K) 12(x) to denote its Fredholm deter-
minant. The only operators K considered in this work are integral operators of the form

chta(a,ﬁ) (-77) = Llo<a<1 l‘a_l(l — [L‘)

K f](x) = /X @)K (. y)dy,
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where K (z,y) is called the kernel of K. In this case the Fredholm determinant is given explicitly
by

1
det(I + K)r2(x) = Z l‘/ dzi- / dx; det [K(ma,xb)];b:l.
5o /X X

We often use Fredholm determinants over complex integration contours, so for a contour C C C we

let L?(C) denote the space of functions on C with the complex valued integration measure %'

The Tracy-Widom GUE cumulative distribution function Fgyg(r) is defined by

Foup(r) =det(I — KAi)LQ(r,oo)a

Ai(\) AY — Ai AT (N e2m1/3 50 v e™/300 dz 1 623/3—z>\
Ko ) = MDA~ NN _

A— U Comif3og 2T Jomi/seg 21 2 — v ev?/3—vn’

where Ai(z) is the Airy function and the integration contours in the last expression do not intersect
and go to infinity along the prescribed directions.

3.2 Hecke algebras and exchange relations

The Hecke algebra Hy, is a C-algebra with basis {7 }rcs, enumerated by partitions 7 € S, and
satisfying the following defining relations

TnTy = Trr if (7)) +1(7) = U(77), (T; —¢)(T; + 1) = 0,

where T; = T,, denote the basis elements corresponding to the simple transpositions o; exchanging
i and i + 1. Note that the elements T; generate Hy, and thus we can define a representation of Hy,
on the rational functions in wy, ..., wy by setting

Wi+1 — qwi(
Wi+1 — W;

T, =q+ s; —1). (3.2.1)
where s; denotes the operator exchanging the variables w; and wi+1E| These operators are called
Demazure-Lusztig operators. Note that they preserve polynomials in wy, . . ., wg, and for any rational
function f in wyq,...,wy the function T f is well defined on the domain of f, that is, T f does not
have any additional singularities compared to f.

For us the representation above appears as a consequence of exchange relations between higher
rank versions of the row operators from Section Namely, fix N > 0 and let V) denote an
infinite dimensional vector space with basis {|I1,...,In)}1,.... Iyezr, enumerated by N-tuples of
compositions. Let (I,...,I| € V} denote the elements dual to the basis {I,.. .. IN)} 1y -
For a fixed pair of families A = (a1,...,an),B = (b1,...,bn) the operators T;o(u | A, B) on y &)

2Throughout the text the Hecke algebra appears only via this faithful representation, so identification of the basis
elements T with the operators T should not cause confusion.
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are defined by

Ki;a1,00 Kajaz,ba ... Kyjan, by
A A A

<K17-~-,KN’7;,O(U‘~A7B) |J1,. s dN) = e u, qu z = - > 0;u, qu

Jisar, b1 Jajaz, by 0 Jnjan, by
(3.2.2)
where 1 < 7 < n and the partition function on the right-hand side consists of L vertices with the
weights Wy.q, b1 s Wusas,sos - - - » Wusan by For any 1 < ¢ < j < n the operators 7T; g, 7; o satisfy the

following commutation relations:

Tio(v | A B)Tio(u | A, B) = Tio(u | A, B)Tio(v | A, B), (3.2.3)

qTjo(v | A, B)Tio(u | A,B) =

io(u| A, B)To(v | A, B)— (u )To(v|AB) Tio(u| A, B),

(3.2.4)
Toolo | A B)Tiou | A.B) = u‘_anow | A B)Tiolo | AB) ~ S 007, (0| A B Tig(u | A.B).
(3.2.5)

All these relations can be proved by considering the Yang-Baxter equation (|1.3.3) with (a1,b1) =
(u,qu), (az2,b2) = (v,qu) and applying a zipper-like argument similar to Proposition [2.2.6f The
exact argument is given in [22, Theorem 3.2.2]

For the purposes of this work we only need the commutation relation , which we rewrite
as

G\ Tio(wn | A, B)Tio(ws | A,B)|p) = T (A Tio(wn | A, B)Tjo(ws | A B)lu), — (3.2.6)

where T(®1%2) i5 the Demazure-Lisztig operator acting on rational functions in wy, wo:

Tlwwe) — gy P27 OO (sCvrm2) — 1), s(0L2) £ (1 wg) = f(wa,wr).
w9 — W1

3.3 Local relations

In this section we use the Yang-Baxter equation to derive two recurrence relations: the first relation
captures the local behavior of g-moments of the colored height functions, defined in the next section,
while the other relation compares rational functions of certain form. As a consequence of one of
these relations we establish stochasticity of the vertex weights W?, and both relations play a central
role in the proof of one of the main results of this chapter, namely Theorem [3.4.1]

3.3.1 Ordered permutations.

Both local relations in this section can be described in terms of order-preserving length p sub-
sequences of a generic sequence ¢ = (cp,c2,...,¢), which can be naturally encoded by subsets

3n [22] Theorem 3.2.2] only the homogeneous case is considered, when for a complex parameter s we have
a; = s,b; = s * for all i. However the proof given in [22] Theorem 3.2.2] works verbatim for general sequences A, B.
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I:{il,ig,...,ip} - {1,2,...,7’}:
C[I] = (Cil7"'7cip)’ where i1 < iy <--- < ’ip.

But for our purposes it is more convenient to encode such subsequences using permutations. Recall
that the action of the symmetric group on sequences is defined by

T.C = (c,rq(l),crl(g), e 7C7r—1(7,)) .
Then any subsequence of ¢ can be constructed as
m.c[l,p] := (Cr-1(1), -+ Ca-1(p))
for a permutation 7 satisfying
a1 1) <77 2) < - <7 (p).

This leads us to the following definitions.
A permutation 7 is called [a, b]-ordered if

mHa) <a N a+1) < <7 D).

More generally, a permutation 7 is [a1,b1] X [ag, bo]-ordered if it is simultaneously [a1, b1]-ordered
and [ag, be]-ordered. With this notation the following can be readily verified:

Lemma 3.3.1. There is a one-to-one correspondence between integer subsets {i1,...,ip} C [1,n]
and [1,p] x [p+ 1, r]-ordered permutations = determined by setting 7= (a) = iq for 1 < a < p, where
we have ordered iy < ig < --- < ip. Moreover, for a [1,p] x [p+ 1,r]-ordered permutation ™ we have

a1, plp+1)
(m)=> (x ') —i)=> = (i) - =
i=1 i=1
O
So, each order-preserving length p subsequence of ¢ = (cy,...,¢,) can be uniquely described as

m.c[l,p] for a [1,p] x [p + 1,r]-ordered permutation m. We denote the set of such permutations by
Splr—p,

3.3.2 Local relation: g-moments.

The first local relation describes the local behavior of a certain observable of the weights Wf\’ . M(I ,J;K,L).

Proposition 3.3.2. For any compositions I, J, R we have

> gi<i bt (1,0, K, L)
K.,L

= 3 (/)P (k/15 Q)R- 1P| (A3 @) Py (Socr(Ra=Pa) Py ﬁ (¢ DR, (Sess Pl (3.31)
ok (A 1 4)Ry 5 (40P, (49 Ra—Py
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where the sum in the right-hand side is over compositions P = (Py,...,P,) such that P; < R;.

The proof of Proposition will be given shortly, but first we want to explain the probabilisitic
interpretation of (3.3.1). First note that by setting R = 0 we immediately get the stochasticity of
the weights W°:

Corollary 3.3.3. For any compositions I,J we have ), 1. WfK#(I, J;K,L)=1.

Hence we can define a (complex-valued for now) probability measure on configurations of the
outgoing edges (K, L) conditioned on a given fixed incoming configuration (I, J). We denote this
probability measure as

]P))\,/f,,u [(KaL) ’ (I7 J)] = W)\,K,/L(Iv J;K,L)

and let Ey ., denote the expectation with respect to this probability measure. For a sequence
c=(c1,c9,...,¢r) and a composition A = (A, ..., A,) define

T
Qse(A) =[] ] ¢% = terotAicam e+ Aierm,
i1 j>e;
Corollary 3.3.4. For a sequence ¢ = (c1,...,¢,) such that
<<

and arbitrary compositions I,J the following relation holds

B (/15 @)r— 171 (N /55 Q)
E}\,:‘i,u [QZC(L) | (17 J)] - g(“/ﬂ)ﬂ ()‘/M; Q)fr

7] q*(mjl)JrEiezi QZC[I](J)> (332)

where the sum is over subsets T C {1,2,...,r}, |Z| denotes the number of elements in T and
C[I] = (Cilv SERE) Ci|1\)'

Equivalently,

r

Enpp [Qe(D) | (L] = Y (,{/u)p(n/uag))\;z(q;\/n; Q)pql(‘r)QzT'C[l’p]('])’ (33.3)
p=0 re@plr—rp VAT

where the sum is over all [1,p] x [p+ 1, r]-ordered permutations and

T.C[l,p] = (67*1(1)7 cee ,CTfl(p)) .

Reduction of Corollary to Proposition[3.3.9 The second part follows at once from Lemma[3.3.1
So we focus on the first part.
Let ¢ = 171282 nfin for a composition R = (Ry, ..., R,) with |R| = r, that is

Ri =#{j € [Lr] | ¢ = i}.
Then for any composition L we have

Osc(L) = gFermtlicamt+hiern) = gRalpmtRelpmtotRnln — 3 ic; Rili,

=q
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Similarly, if ¢[Z] = 171272 .. .nP for a composition P, then Qs.q7(J) = ¢>i<i /1. Thus, (3:3:2)
is equivalent to

; —1p|(A/K; ; 7.
Ex [qu-gj ReLy | (1, J)] S S g (/1 @)irj— 1P| (A K ) ) (e (Ti, P,

P<R 1c{l,..R|} (M 9)R

c[Z]=1P12F2 ..

Note that P; = ‘Z N {R[Li,l} +1,..., R[Li]}}, so to reduce Corollary to Proposition it is
enough to show for any compositions P < R that

n
Z qf(m;rl)JFZiezi — qZKj (Ri—P;)P; (Q; Q)Ri '
TC{l,IRI}: i1 (@ Q)P (@ Dri-py
‘IO{R[l,ifl]+17"~7R[1,i]}|:Pi

The latter relation readily follows from the standard expression for the g-binomial coefficients:

Z q_(Pk2+1)_R[17k—1]Pk+ZieIk i —_ (q; Q)Rk
(:0)p. (¢ D ry—p,

Ty C{Rp -1+ 1 R i
|Zk =Py

applied for 1 < k < n to the decomposition Z = Z1 UL - -UZ,, with Z, := Iﬂ{R[Lk,l] +1,..., R[Lk]}.
O

Proof of Proposition[3.3.2. The main idea is to see the relation (3.3.1)) as a particular instance of
the Yang-Baxter equation. We start with the Yang-Baxter equation (1.3.1) with the following
parameters and boundary conditions

Y:\e Y:\e
A A
Ik wb wb R\ p
) R\ p VAP W 1
wb = wb (3.34)
wb wb <
Toap ) 0\ Kk T\ p 0 hk
X\ e X\ e

where A\, k, u, I, J, R are the same as in (3.3.1)), while ¢ is an arbitrary parameter and X,Y are
arbitrary compositions satisfying
Y=X+I+J-R.

The next step is to take e — 0 and to analytically continue the labels of the vertical edges. Namely,
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consider the following vertex weights:

B; X, 0 K;)\,0
we b —2|L wo
I n » Lixe = Wy.(I,o;8,L) = | ¢ I s » Lins
;)\, 0 Ji 2,0 e—0
q r=a;4
qfi=p;
where a = (a1,...,a,) € C" and 8 = (81,...,0n) € C" are analytically continued compositions.
Using the notation aq? = (a1¢", ..., anq'™) we have

W Lpy i —Li L0y
WR (I, 8, L) = Logr_ggr (/N H /(N k3 q) g 1 XH o (q q)L; e

Note that the weight Wf (I, o aq'~L L) is a polynomial in oy, as, . .., a,, with the highest com-
bined degree term having an explicit expression

n Lpy

W2 (I o g%, L) = (=1)Fl(/ ) F (A s ) g (5) I
z:l

—|— lower degree terms. (3.3.5)

Multiplying both sides of (8.3.4) by e 2% and taking ¢ = 0 we have

an+J—R:/\’0 a(]!*’J*R;)\‘,O
I; /\7H K W/b Wb R; )\,

)R;)\,/L I;/\,,‘i P 1 "

E wb aqgt = E ag? B+P wb (336)
K.,L: wb )0;)\7,{ P<R T wb 4
K+L=I+J NEOWT L R-P 0\, K
a; A\, 0 a; A\, 0

for any ac = (¢X1,¢*2,...,¢%"), where X = (X1,..., X,,) is a composition satisfying X + R—I—J >

0. Note that we have explicitly indicated the summations over internal edges in both sides of
, specifying the internal labels. In particular, both sides are clearly finite sums of polynomial
functions in a1, ..., a, over C(g, \, k, 1), hence the equality for & = ¢ can be continued to any
a=(ag,...,a,) € C™.

Having established (3.3.6|) for arbitrary «, we can now set a = (o, v, ..., ), that is, all «;
are equal to a single variable a. Then both sides of (3.3.6) become polynomials in « of degree
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nRy + (n—1)Ry + - -+ + R,,. Taking the highest degree coefficients using (i3.3.5]) we get

IR| IR| (1Rl mglifina
> Wawn L T K L) s (=) B (/N B O ) ra 2 ] =
=, 1 (@R,
K+L=I+J
n J R1+P) [1,4]
\R\ IP\ \Pl q

= 3 ()N BP s Pk s @)y oy (M s ey T

P<R 121 Qaq -P;
which is equivalent to (3.3.1]) after elementary algebraic manipulations. O]

Remark 3.3.5. The local relation exists for the weights R, p,.4,,, @s well and it has the following
form:

Y| (a1/a2; q) x|(az/b1; q)|y|(b1/b2; q) 2|

2y Ril : = X
q—i<i Ra b1a2,b I,J,K,L = ag b2 bl b2
I; 1,b1502 2( ) X;Z ( / ) ( / ) (al/bz;q)u{‘
X+Y’+’Z—R
g Zi<s VX XG4 2 H (2:9)r, qii YilitXali+Ji) - (3.3.7)

L (@ Ox (G v 9)z

Since is not used in the present work we omit its proof, but the idea is as follows: one needs
to use the relatlon Wi ILJ K, L) = W/\NM(J I,K + J,L — J) to establish an analogue of

Proposition “ 3.3.2| for the Welghtb W and then sequentially apply both relations for W@ and W? to
the left-hand side of (3.3.7)) using one of the expressions for Rq, p,:45,p, from (1.2.5]).

3.3.3 Local relation: rational functions

Now we turn to the second relation, which considers certain rational functions in wy, ..., w,. Recall
that the action of the Hecke algebra H, on the rational functions in wy, ..., w, is generated by
Wi41 — qW; (
Wi+1 —

T, =q+ 51'*1), 5if(...,wi,wi+1...):f(...,wiJrl,wi,...).

Proposition 3.3.6. For any parameters t,s,n and any integer v € Z>q the following equality of
rational functions in wy, ..., w, holds

T1-kw p (5155 @) r—p (M K5 @)p 51—
1155 5 eletatinn, (from),

=1 p=0 reaplr—p

where the sum is taken over [1,p] X [p+ 1, r]-ordered permutations T, that is, permutations satisfying
1) <r7H2) < - <77 (p), T ip+1) <t i p+2) << ).

Proof. The main idea of the proof is to take two columns of vertices with weights w, find an explicit
expression for their partition function using exchange relations and then apply the equation (|1.3.6))
to exchange the columns. The resulting identity turns out to be equivalent to the claim. Throughout
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the proof we assume that A, k, i, € are fixed generic complex parameters and we fix a composition
1"=(1,1,...,1) e Z".

We start with defining the two-column functions mentioned above. For any composition P < 1"
define

f17“7P|P(w17 <oy Wre ‘ $>y) = <1T - P7P| 7;,0(“’1 ‘ Az,yuB:c,y) .- -ﬂ,O(wr ‘ Az,yuBJ},y) ‘070>

where we set
-1 _-1 -1, -
-Aa:,y = (M ) € )> Bm,y: (5U 'Y 1)7
and 7o are the row operators (3.2.2). Alternatively, we can depict these functions as

1"—P; P;
p et eyt
s w w M
e’ wy, quy » 05wy, quy
>»
firr—pp(wi,...,we | 2,y) = :
2 w w .
e w1, quy_1 » 0, wr_1,qu,_1
1 w w .
e’ Wy, qWy > 05wy, qu,

1 .,.—-1

O™t 05t iyt

where the diagram consists of 2r vertices with the weights w from (1.3.4). The weight of the

vertex at the intersection of row i and the first column has parameters w,_;1, x~ !, 27!, while the

parameters of the other vertex in the same row are wy,_;1, e~y L.

Now we want to use the exchange relations to obtain an explicit expression for fi-_pp. Since
x,y are fixed in this part of an argument, for now we write A, B instead of A, y, B, . The exchange

relation ([3.2.6)) implies that

(1" = P, P| Ty o(wr | A, B) ... Try0(wr | A, B) |0,0)
= qilTT—i (1"—-P,P| 7;rai(r),0(w1 ‘ A,B).. '7;rcr¢(1),0(w7‘ ‘ A,B) |0,0)

for any permutation 7 such that I(7) < l(7wo;), where o; is the transposition exchanging i and i+ 1.
Iterating the identity above for a reduced expression 7 = oy, ... 0;, we obtain

<1T — P, P’ 7;70(71)1 | .A, B) PP 7'170(wr ’ .A, B) ‘0, 0>
=q ', T, (1" = P, P| T—1(y (w1 | A, B) ... Tr-11) 0(wr | A, B) [0,0)
=q " T (17— P, P| Tioa(pyo(wr | A B) ... Ty o(wy | A B) |0,0), (3.3.8)

where 7 is the image of 7 under the automorphism of &, sending o; to o,_;.
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For now we focus on the partition function in the right-hand side of (3.3.8)), namely

17— P P
A A
o (1) v Y >o
>»
<1r — P,P‘ 7:.71(7"),0(’11}1 |.A,B) T 1(1),0 (wr | .A B) ’0 0> ’
e v Y >0
o (D) v Y >0
0 0
(3.3.9)

It turns out that the partition function above can be explicitly computed for a certain choice of 7.
Namely, for a composition P < 1" let 7p € &, be the unique permutation satisfying

Tp () <7p'(2) < <7 (r—I|Pl),  Tp'(r—|P[+1) < <7pl(r),
PT;1(1) - PTgl(r—\PD =0, PT;I(T—|P\+1) - PT;1(T) =1
In other words, 7p is the minimal permutation such that 75" (r — |P| + 1),...,7p" (r) are exactly

the colors present in P. Then for 7 = 7p the partition function has only one configuration
with non-vanishing contribution: the path of color 75'(é) for 1 < i < r — |P| enters at row i
and immediately goes upwards, exiting through the first column, while the path of color 7'131(2') for
r — |P| < i < r enters at row i, crosses the first column and exits through the second one. Since
each horizontal edge can be occupied by at most one path, this is the unique possible configuration.
Computing the vertex weights for this configuration gives

(1" = P, P| T1, olwn | AB) ... T,y olwn | A B) [0,0)

1 -1 #{j<’l‘ p\TP G)>mp (z)} 1 _Eflyqifrerfl

_ H r1—azulq ﬁ (zp~" = zwr1-i)g

I — 2wrp1—4 1 —z2wry1- 1 —ywry1-4

i=r—p+1
T

= (/WP @/ O/ 0)p ¢ ] 1 _1 A H L

Tw 1 — yw;
=1 i Yyw;

where we set p := |P| and we use the definition of 7p to deduce
#{i>r—pj<r—plrp'(G)>7p ()} =irp).

Plugging the expression above into we get

r Pl '
fr—pp(wn. | 2,y) = (/) P/ )i/ @ Tor | [ [] 7

1 —2w; paley 1 — yw;

=1
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The next step is based on the equation (|1.3.6) used in the following form:

K;p 1yt r 1 Liel 27! Kipty! Lie ', 27!

ei; w, qQu » 0;w, qu

- (3.3.10)

el w, qu » 0;w, quw wb
Lyt a™! Jie Lyt Lyt a! Jie Lyt

Here the tilted vertices have the weights W _1- Using the notation

—1x1y
(K,L|W°|I,J)=W?

we can rewrite (3.3.10)) as
Wb E,O(w | Ax,ya B:L‘,y) = 7;,0(1” | Ay,:r:a By,x)Wb-

vy (I, J; K, L),

_133

Using this exchange relation, we obtain

f1r|0(w17 cwr |y, ) = (17,0] Tro(w | Ayz, By, ). 7-170(wr ‘ Ayvxvlgy,x)wb 0,0)

r (y/z;9)|p
= <1 70| Wbﬁ,o(wl | Ax,y, Ba:,y) . 7-1,0(wr | Az,yy B:v,y) |07 0> = Z - sl flT—P\P(wla cee, Wee | €T, y)7
o W/E ey

where in the last equation we have explicitly evaluated the action of W? on (17,0|. Plugging the
earlier expressions for the functions fi-_p|p gives

r 1 r | P|

1 1 — pw;
. _ Pl /e : T-- A
(y/ 15 @)r ZH1 — P;T(fc/u) (@/159)r— 1P| (y/%50) | Tt ZH R ZH1 s

The remainder of the proof consists of algebraic manipulations bringing the identity above to the
desired form. First, we set x = k and y = A. Then, recalling the discussion from Section the
summation over P < 1" is equivalent to the summation over subsets Z C {1,2,...,r}, which is in
turn equivalent to the summation over pairs (p, ), where p < r and 7 € G&"PIP. Moreover, tracing
back these equivalences, one can readily see that P corresponds to the pair (|P|,7p), so we get

T

“/Na )T*p()‘/"ﬁ Q)p - 1 Pl HW;
1—[1—)\11)Z Z Z (A 159)r T (il;[ll—/iwi]-_[ll—)\uﬁ)'

i=1 p=0 rcar—rlp

The claim follows since the action of the Hecke algebra commutes with the multiplication by
[T, (1 — kw;)~" and 7 € &" PP if and only if 7 € GPI'P. O

Remark 3.3.7. The functions f;-_pp used throughout the proof of Proposition are particular
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B(0’4) A3, K4, p1 A2, K4, P2 A1, K4, 13 A0, K4, B4, 5 3 1 0 0
) 3
4 2 0 0 0
B(O’3) A2, K3, Bl A1, K3, B2 A0, K3, 143 ) 5
3 0 0 0 0
B(O’Q) A1, K2, 1 A0y K2, 12
) 2
0 0 0 0 0
BO.D Ao, K1, H1 ) )
0 0 0 0 0

0 0 0 0

Figure 3-3: Left: parameters of the W°-weights in the model. Right: a configuration of the g-Hahn
vertex model depicted using colored paths, along with the values of the height function h>9 for this
configuration. Here C = (1,2,1).

cases of the non-symmetric spin Hall-Littlewood functions introduced in [22]. The first part of the
proof partially reproduces the exchange relations from [22, Section 5|, while the second part can be
interpreted as a new recurrence relation based on the deformed Yang-Baxter relation.

3.4 ¢-moments of height function

In this section we describe and prove the first main result of this chapter, namely, the integral
expression for g-moments of the height functions of the colored diagonally inhomogeneous g-Hahn
vertex model.

3.4.1 The model.

As noted before, the weights Wf’ﬁ’#(I, J; K, L) are stochastic, so they can be used to interpret a
single vertex as a random sampling of an outgoing configuration given an incoming one. Now we
extend this sampling construction by considering a grid of vertices with weights Wi . u(I ,J; K,L).
Then, given an incoming boundary conditions, we can sample a random configuration of the grid,
that is, an assignment of a random composition to each lattice edge. Let us describe the construction
in more detail.

Fix the number of colors n and consider a square grid of size N x N. We identify the grid with
the subset of Z2 formed by intersections of N rows Z x {j} directed to the right and N columns
7 x {i} directed upwards, where 1 < i,j < N. We treat this grid as a vertex model with vertices
(i,7) for i,j € [1, N], vertical edges (i,7) — (i, + 1) for i € [1,N],j € [0, N] and horizontal edges
(t,7) = (i +1,4) for i € [0,N],5 € [1,N]. A configuration ¥ of the model is an assignment of
compositions to the edges listed above. We use A7) (resp. B(i7j)) to denote the composition of
the vertical (resp. horizontal) edge starting at (3, j).
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Assume that we are given ¢ € (0, 1), a composition C' such that |C| = N and three families of
real parameters (uo, p1, fh2, - - - )y (K1, K2, ), (-+-y A=1, Ao, A1, A2, . .. ) satisfying

A < Kj < g, i € L>0; j € Zo; d € Z. (3.4.1)
We construct a random configuration ¥ of the model according to the following sampling procedure:
e The compositions A0 of all the bottom incoming vertical edges (i,0) — (i,1) are set to 0.

e To construct compositions of the incoming left horizontal edges we first sample a collection of
independent random nonnegative integers (by, ba, ..., by) with distributions

) = (e ey P/ @b (B5 /103 @)
Flbs =00 = (im0 o, (Aj/ 103 @)oo’ b€ Zz0. (3.42)

Then the composition B(7) of the jth incoming horizontal edge (0,j) — (1,7) has the form
B(0J) — (0,...,0,b4,0,...,0), where all positions but Béo’j) = b; are equal to 0. The non-
vanishing color ¢ is determined as the unique color satisfying Cjy 1) < j < ([ 4. In other
words, C' determines the colors of the left-incoming edges with the first C'; rows having color
1, the next C5 rows having color 2 and so on.

e The compositions of the remaining edges are sampled sequentially in N? steps, which cor-
respond to the vertices (i,7) of the model and are performed in lexicographical order with
respect to (i, j), starting from the vertex (1,1).

e At each step we have a vertex (i, j) with already sampled compositions A=) and BO—19) of
the incoming edges (i,7—1) — (i,7) and (i —1, j) — (4, ), due to the order of the steps. Then
we treat the vertex weights W)I\)jfi,/‘ijﬂi as probabilities for a stochastic sampling algorithm,

transforming the incoming compositions into the outgoing ones A7) B(:):.

P(AW) = K, B®) = [ | A=) = g BO-19) = 1) = W} (I,J;K,L)

Aj—i K i

15 Do/ 55 oy Ty (e
= 1rgorer () p) 2 (w5 1 @)1 | (Aj—i/ Ky Q)\L|q2a<bLa(Jb W] <Z> . (343)
a=1 @/ q

(Nj—i/ 13 Q)1

Note that all the probabilities are nonnegative for ¢ € (0,1) and p;, k5, Ag satisfying . Since
the weights at vertex (i,j) depend on oy, x; and \j_;, we treat these parameters as attached to
column ¢ = const, row j = const and diagonal j — i = const respectively. See Figure [3-3] for a
depiction of the parameters of the weights in the model.

In the description of the model we have also used that gives a well-defined probability
distribution. This follows from the identity

WOk (0T q)so
gox (Gae  (250)0 (3.44)

which can be proved by setting y = ¢~ ", n € Z>o and reducing the claim to the g-binomial theorem.

Finally, note that the vertex sampling is trivial outside of the region 7 < j: indeed, since
the weight Wf\’ﬁu(I,J;K,L) vanishes unless J > L, a vertex (i,j) with the incoming bottom
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configuration A~ = 0 is forced to have a deterministic sampling with B = 0 and A9 =
BU=13) that is, the top outgoing configuration is equal to the left incoming one. These rules force
all vertices (7, j) with ¢ > j to have edge labels 0 around them, while the sampling at the vertices
(1,1) is deterministic. In particular, the model does not depend on the parameters {\;}q<o, thus
we can freely omit them from now on.

3.4.2 The colored height functions and the formula for g-moments.

The vertex model just described has a collection of natural observables, called colored height func-
tions. We denote them by h(fc’y)(E), where ¥ is a configuration of the model, ¢ € [1,n] is an integer

representing a color and (x,y) € (Zzo + %)2 is a point treated as a facet of the grid between columns
xi% and rowsyj:%.
(z.y)

Informally, the height function h{”’ indicates the number of paths of color > ¢ passing below
(z,y). More precisely, for a given fixed configuration ¥ we define the corresponding height functions
following two local rules:

o If A@=2%=3) denotes the label of the vertical edge (x — 3,y — 1) = (x — 5,y + 3) then

1,1
W () = RGN () + Al T

o If B("=3¥+3) denotes the label of the horizontal edge (z — Sy+3) = (z+3,y+3) then

_1 1
RGN (2) = WP (8) + BT,

[e,n]

Due to the conservation law around each vertex, these local rules give a well-defined height function

h(; éy)(E), see Figure . The resulting height functions are unique up to a global additive shift; we

fix the normalization by requiring

N|=
N|=

hzg )(E) =0

for any color ¢ € [1,n] and configuration X.

To simplify expressions in the following sections we also introduce the following notation for the
multi-point height function: for a sequence of colors ¢ = (cy,...,ck), a pair of sequences of half
integers x = (z1,...,2%),y = (y1,...,yr) and a configuration ¥ we set

HEV(2) =Y niw)(m).

i=1

3.4.3 The integral expression for g-moments.

The main result of this section expresses a certain observable of the g-Hahn model as a nested
contour integral. The observable in question is denoted by Q(;T’?Q(Z) and for a configuration of

the model ¥, an ordered sequence of colors ¢ = (cq,...,ck), a permutation 7 € & and a pair of
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)\71

Figure 3-4: A possible of configuration of the contours I'; for Theorem .

sequences of half integers x = (z1,...,2k),y = (y1,-..,yx) it is defined by

k h(za Wa) (E

(x,y) P
QBN (5) 1= ¢ ® — [[ ¢ '@
a=1
where we follow the notation
T.C = (0771(1), 0771(2), v 767'*1(k)) .

To formulate the result we also need to specify integration contours. They are denoted by
'y, Ty, ..., % and are assumed to satisfy the following conditions:

e Every contour I'y is a union of simple positively oriented closed contours in C;

e The points from {u; '}i>0 and {/43]-_1} j>1 are inside every contour I'y, while 0 and the points

from {\;'}4>1 are outside of the contours;

e For any a < b the contour I'}, encircles both contours I';, and ¢I',. Here gI', denotes the
contour obtained by multiplying all points of I’y by q.

See Figure [3-4] for a possible configuration of the contours. Note that the conditions on the param-
eters (3.4.1]) guarantee the existence of such contours.

Theorem 3.4.1. Let ¥ be a random configuration of the q-Hahn model defined by the data {;}i>o,
{kj}j>1, {Xata>1 and C. Then for any sequences ¢ = (c1,...,¢), X = (z1,...,2) and y =
(Y1, -, yk) satisfying

Ty S w2 < - < T, Y1 2Y2 2 2 Yk Ta < Ya, TarYa € L20 + 33

c1 <cp < <oy, Ca € L>0;



and for any permutation T € Sy the following holds:

(—1 -l Bl
0] - f 4 ;
{ >TC( ) T (s wh — qWq qWq (11_1111_[1 1 — Kjwq
k 1<Tq 1 J<Ya d<yo—Ta 1 dw
- 1— K, 2 (345
8 al_Il g - HiWq jI;[1 ( ija> };[1 1-— Adwa Wq ’ ( )

where the integration contours I', are specified before the theorem, T, denotes the action of the Hecke

algebra defined by (3.2.1)) and the integers l, are defined by l, = C[y ¢, —1]-

The proof of the theorem occupies the remainder of the section, but before it we explain how
Theorem simplifies in the one-colored case, when n = 1. Then all colors in ¢ are equal to 1,
the colors of the incoming left boundary edges are defined by C' = (N) and the operators T act
on a constant 1, multiplying it by ¢/(”). Since the only nontrivial height function in the color-blind

case is h>1, we omit ¢ and write just Q*Y(X) instead of Q> S )(E) in the one-colored case:

Corollary 3.4.2. Let 3 be a random configuration sampled fmm the one-colored q-Hahn model with

parameters {f;}i>0, {kj}j>1,{ \d}a>1. Then for any sequences x = (x1,...,x ) andy = (y1,...,Yk)
satisfying
1
Ty S T2 S ST Y12Y2 2 2 Yk Ta < Ya, Ta Yo € Zz0 + 5,

the following holds:

k(k—1)

siomvim - (U T
(27T1)k I Ty a<h wb — qWq
k i<Tq 1 J<Ya d<yo—Taq 1 dw
- 1—k; 2 (346

where the integration contours 'y are simple positively oriented curves satisfying

e The points from {,u;l}iz(] are inside every contour 'y, while 0 and the points from {)\;1}@1
are outside of the contours;

o For any a < b the contour I'y encircles both contours I'y and ql',.

Note that, contrary to the colored case, in the one-colored situation the integrand has no sin-

gularities at Hj_l, so we need no restrictions on the positions of /<;j_1 with respect to the contours
Ta.

Remark 3.4.3. When all parameters {\;s}4>1 are equal and there is no inhomogeneity assigned to
diagonals, the ¢g-Hahn model can be obtained from the colored higher-spin six-vertexr model using
stochastic fusion. In this case Theorem can be obtained from analogous integral expressions for
the g-moments of the higher-spin model: for one-color case this was done in [20], while the colored
situation is covered by [24], [28]. The general case with arbitrary parameters {\;}4>1 cannot be
reached with fusion.
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3.4.4 Explicit integral computations.

The proof of Theorem consists of two ingredients: explicit computations of contour integrals
in certain degenerate cases, and recurrence relations given in Section Here we focus on the
former.

We fix the contours I'y as in the theorem, and let w = (wq, ..., wy) denote the collection of the
integration variables. We need the following fact describing the operators adjoint to T, with respect
to the scalar product

k
(F(w), G(W)) :=?§ 7? H;‘;"_ q‘:;a )G(W)Hﬁ“.

k a<b a=1

Proposition 3.4.4 ([22]). Assume that F(wi,...,wg) = F(w) and G(wi,...,wy) = G(w) are
rational functions having only singularities of the form w, = ,ui_l, Wy = mj_l or Wy = /\gl. Then
for any permutation T the following relation holds:

751 4 11 wb_qwan(F(w))G( d“’“ f o Tl >TT-1<G<w>>f[d$,

k a<b kF a<b a=1
(3.4.7)

or, equivalently,

<TTF(W)7G(W)>k = <F(W),T771G(W)>k.
Proof. The complete proof is given in [22, Proposition 8.1.3|, see also |28, Proposition 4.1]. The
main idea is to prove that the generators T; are self-adjoint, which is enough since T; generate the

Hecke algebra Hj. Each T; is a sum of a multiplication by a constant and % The former
is clearly self-adjoint, while for the latter note that the multiplication by H removes the

singularity of the integrand at w;; = quw;, allowing to exchange the contours I'; and I';4; without
changing the integral. Performing a change of variables swapping w; and w;;1, one can see that
%m is also self-adjoint. O]

The next statement describes the situation when one of the integrals in (3.4.5) can be easily
computed, reducing the number of integration variables by one.

Proposition 3.4.5. Assume that f1,..., fr and g1,...,gx are rational functions in one variable
satisfying

o For every a € [1,k] the function fi(w)ge(w) is holomorphic outside of T'y;
e For everya € [1, k| the poles of fo(w) and g,(w) are inside of {,ui_l}izgu{mj_l}jzlU{)\gl}dzl;

e For every a € [1,k] we have fq(0) = go(0) = 1.
Then

k(k 1) —ir

27r1 751 ﬁk

b o qwa e (l g(l a wa
k=1, B=UG=2) gy

(—1)"'q % f Wp ~ Wa kflf (w3) Al ( )kl_Il dw,
= ——— 1y a\Wq a)\Wq
(27T1 ' Tr_q Wp — qWq gp( ) _ Wgq,

a<b<k 1

(—1)kq

a<b
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where p = 0} _10k_2 ... (k) 18 the cycle sending T(k),7(k)+1,...,k to7(k)+1,7(k)+2,..., k,7(k)

respectively, while leaving other elements intact, and the permutation 7' is defined by 7/ = p~'7.

Proof. Note that T = T,T;/, so by Proposition [3.4.4] the left-hand side can be rewritten as

: W ~ Wa : i k- dw,
7{‘1 f} H Wy — qW, i (H fa(wa)> Tp—l (gga(wa)> H w . (3.4.8)

k a<b a=1

(_

Now we are taking the integral with respect to wy by computing its residues outside of I'y. Note

that 7/(k) = k, hence
k
TT’ (H fa(wa)> fk wk <H fa Wq ) .
a=1

By the conditions of the claim the function

k k—1 -1 k
-1 (H ga(wa)> = (H fk:(wa)) Tpfl (H fk:(wa)ga(wa))
a=1 a=1 a=1

is holomorphic with respect to wy outside of ', so the only non-vanishing residue of the integrand
in (3.4.8) outside of I'y, is the residue at wy = 0. Computing it, we obtain

o2 k k-1
( 1)k 1q U y{ f (H dw,
fa wa Tp—1 H ga(wa) H
(2mi)k— Iy Ty g a<b<k 1 wb — qWq a=1 wy=0a=1 ¢

To finish the proof, note that for any function G(w) nonsingular at w, = 0 for every a we have

— Dw; L gws
= (e D gy | Wi T Wi
Wi = Wit1 — Wi Wiyl — Wj

(TiG(w))

= ¢G(o;.w)|

wi41=0’

w;41=0

where o; is a simple transposition acting on the variables w by permutation. A straightforward
induction yields

k
-1 <H ga(wa)>
a=1

k
=Ty 1Th2... Triy <H ga(wa)>
a=1 wi=0

k
= ql(P) H ga(wpfl(a))
a=1

wi=0

k—1
2 H 9p(a) (U)a) :
a=1

O

wi=0

Another integral we need to explicitly compute by taking residues is the right-hand side of
(3.4.5) when x1 = -+ = xp = % For convenience, set p; := y; — % and recall that [, corresponds to
the position of the color ¢, on the left boundary.

Proposition 3.4.6. Fix N > 0. For any integer sequences l1,la, ...l and p1,ps,...,px Such that

0<L <l < <[, <N, N>pr>py>---2>p, >0,
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and any permutation T we have

k(k—=1)
ﬂ (/5/10i @)r; _ (=1)Fq > 1(7)7{ 7{
)\ /MO? ) (27Ti)k I r

J:1

) O g By RN
— 1—
k gep P qw“ a=1j=1 KjWa

— K;Wq K dwy,
x H H - Ajwa aHl o)’ (3.4.9)

a=1j=1

where for every integer j € [1, N] we set
Ty = #{a € [Lk] | lT_l(CL) <J < pa},
that is, r; is the number of intervals [l.-1(4) + 1,pa] containing j.

Proof. The proof is by induction on k& and N, where at each step we either reduce k or N by 1,
keeping N,k > 0. The base case k = 0 is trivial.
Assume that £ > 0 and let 1 = (I3,...,lx) and p = (p1,...,pk). Set

AjWa ko Pa 1 — Kiw,
HHl—KLw GP(W):HHI—)\jwa'
a=1j=1 a=1j=1

We have three cases:

Case 1: l;; < N and py < N: Then for any a we have l,,p, < N, sory =0, N > 0 and we can
freely reduce N by 1 without changing the claim.

Case 2: l, = N: Here we can compute the integral with respect to wy by applying Proposition
[3.4.5 for the functions

la Pa
1 - Aw 1 1 —kjw
fa_Hl—li-w’ ga_l—uownl—)\-w‘
j:l J jzl J

Since I = N > p, for any a, the function fi(w)ge(w) indeed has no residues outside of I'y, so

Proposition implies that
Wy — W b dw,
b — Wa (Fl ) Gp a
H Wp — qWq (w) 1;[ (1 — powa)

( l)kkk 1)/2— 1(7% %
27T1 I Ty a<h

k—1
(_1)k—1q(k 1) (k—2)/2—I(7 % % y - dwg
= F p _
(27[-1 k 1 T, ey H wb — qug ( ( )) G (W ) H wa(l — ,Uwaa)’

(l<b<k 1 a=1

where the permutation 7/ as defined by 7 = p7’ for the same cycle p as in Proposition and

W,:(wla--'>wk—1)7 llz(lla--',lk—1)7

p, = (pp(l)a s app(k—l)) = (pla < Pr(k) =15 Pr(k)4+1s - - 7pk)
Hence, the right-hand sides of (3.4.9) for the triples (1, p,7) and (I, p’, 7’) coincide.
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At the same time, the families of intervals {[l-1(4)+1, Pa] }acpi,x] a0d {[l7-1(a) + 1, Pp(a)] Yae[1,h—1
differ only by the empty interval [l + 1,p,()], implying that the left-hand sides of the clalm for
(L,p,7) and (I, p’,7’) coincide as well. Thus, we can reduce k by 1 and the induction step hold.

Case 3: lp, < N and N =p; =py = --- = pr > pr—1. To tackle this case we start computing
the integrals with respect to wy, ..., w,, taking residues inside I'y,...,I'.. Note that possible simple
poles at wy = Iij_l, Ce, Wy = /1]._1 coming from F'(w) are cancelled by [[._, H;V:l(l — Kjwg) from
GP(w), so all non-vanishing residues inside I';, ..., ', come from the singularities of

H 1 H Wp — Wgq
it wa(l - ,Uwaa) a<b Wy — qWq

Taking into account the geometry of the contours, the integral with respect to w; has only one
residue inside I'1, which is at w1 = pg ! Computing this residue for the expression above, we obtain

15—

wp — qU,
2<a<h P qWa

1 1 - -
H Wq H ;ib_ (;Zjla - . H

— oW 1 — pow,
How1 a=2 ( Ho a) a<b wlzual

a(l1—q~ uowa)

Hence, after taking the residue at wi = pg 1 the integral with respect to ws again has only one
non-vanishing residue inside I'z, this time at wy = g ! Continuing this argument, we see that the
only non-vanishing contribution in the computation of the right-hand side of comes from the
residue at w; = ,ual, wo = qual, e, Wy = q’”*lual. Note that

Gp( _ (HN/:UO; Q)r Gp/ W)

w)’wa:qaflu_l - . wa:q‘“lu_l’
aclii]” (AN/ 103 @)r aerl®
where p' = (p1 — L,po—1,...,pr — 1, pr11,...,px). Hence
1)k gk (k=1)/2=1(7 k d
(=" }[ 7{ W = Wa (Fl(w)) aPw) [[ e
(2mi)k I Ty jop Wo = qWa ot wWq (1 — powg,)

_ (kv /poi@)r (=1)Fg D2 “)7{ % [T 2= 7, (Fi(w) 67w ﬁ
(AN/MOQ Q)r 2771 Iy r Wy — qWq 1 - HOwa)

k a<b a=1

At the same time, note that ry = r for the triple of data (1, p,7), while the numbers r; for i < N
are the same for both triples (1, p,7) and (1,p’, 7). So, factoring out the term m%, we reduce

the claim for (1, p,7) to the claim for (1,p’,7), and the latter one allows to freely reduce N by 1,
finishing the step of induction. O

3.4.5 Proof of Theorem [3.4.11

The main idea of the proof is to use induction, applying the local relations from Section [3.3]to reduce
the coordinates x and y. This process has to eventually reach either the case Ty = Yk, when we can
use Proposition to reduce k, or the case 1 = x5 = = x} = 5, in which the claim holds by
Proposition Throughout the whole argument the parameters of the model, the contours I'y,
and the sequence c are fixed.
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Step 1 Fix x,y,7 as in the claim and assume that % < xp < yYg. In this main step we use the
local relations to show that the claim for (x,y, 7) follows from the claims for (x,y’, 7") with smaller
coordinates z), < Ta,yy < yp, Y #Y.

Note that for some integers m € Z>q,r € Z~o we have

T < Tmtl = " = Tindr < Tidrd 1, Ym 2 Yma+1l = = Ymtr > Ymtrt1,

Ym+1 > Tm41 > 5
In other words, all points (z4,y,) are either equal to the point (41, Ym+1), strictly below it or
strictly to the left of it. To show existence of such m,r one can take m equal to the maximal

index such that x,, < xj, while r is the maximal index such that y,,4r = ym+1. For any a < b let
elotl ¢ 7k denote the vector with 1 entries at positions a,a + 1,...,b, and Os elsewhere:

b
elad] :Zei:(,,.,0,0,1,1,...,1,0,0...).
1=a

It turns out that the claim for x,y and arbitrary 7 follows from the claims for x — elmT1m+r] v
elm*t1m+rl with p = 0,...,r. To show it we proceed in three sub-steps: first we simplify the
permutation 7 and then apply the local relation to both sides of (3.4.5)).

Step 1.1 For now we want to show that it is enough to consider permutations 7 which are
[m + 1, m + r]-ordered:

T m+1) <t i m+2) << m+r).

For the left-hand side of (3.4.5) note that for any permutation p € &y q1,m4,) Permuting only
numbers m + 1,...,m + r we have

-1
Q>’TC Q>TC " Q>p7’ c’

thus the left-hand side depends only on the left coset of 7 in &;,41 s \Gk. On the other hand,
we can rewrite the right-hand side of (3.4.5)) as

O TR e 1o e
I Ty a<b wy — qwa Wq
where
ﬁ ll—‘l 1 — \w,
a=11=1 1- sza
k 1<ZTgq 1 j<ya dgya_xa 1
PYw) =[] —— [ -smwa) [ ——
ami \img 1~ HiWa j=1 i1 L Adwa
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Note that F*¥(w) is symmetric in Wy, 11, Wm+2; - - - , Wm+r, hence for any p € Spp,q1,m4) We have
g 'O, F*Y (w) = F*¥(w), (3.4.10)

since T; f (wi, wi+1) = qf (wi, wi41) for any f symmetric in w;, w;+1. Multiplying on the left
by T - 1m for a minimal permutation 7,;, of a coset in G[mﬂ,mﬂn]\@k, one can readily see that the
right-hand side of also depends only on the left coset of 7, rather than 7 itself. So, we can
assume that 7 is a minimal representative of a left coset in G[mﬂ,mﬂu]\ﬁk, or, equivalently, 7 is
[m + 1, m + r]-ordered.

Step 1.2 Now, assuming that 7 is [m + 1, m + r|-ordered, we want to apply an appropriate local
relation to the left-hand side of (3.4.5)). Let v = (211 — 3, Ym+1 — 3) denote the vertex immediately
to the south-west of the facet (z,vy) := (Tm+1,Ym+1) = -+ = (Tm+r, Ym+r). 1t has vertex weights
b
VV)\’K’M7 where
= s K= Ry L A= Ay_g.

Now we want to change the order in which we perform the sampling of the model: first we sample
the outgoing configurations for the vertices (i,7) either below v or to the left of v, obtaining a
configuration ¥ -, and then we sample the remaining configuration 3. Since all our samplings are
independent, their order does not matter as long as each vertex is sampled after the vertices directly
below and to the left of it, so the resulting configuration is distributed in the same way as in the
initial model. Note that ¥ -, determines the value of the height functions at the facets (z4,y4) for
a < m, because they are to the left of v, and at the facets (z4,y,) for m + r < a because they are
below v.

At the same time, the height functions at (x,y) are determined only by X -, and the labels of the
edges around v, which are determined by the sampling at v. Let (I, J) denote the compositions of
the incoming left and bottom edges of v, determined by ¥ , and let (K, L) denote the compositions
of the outgoing top and right edges of v. Then we have

’yie[m+1,m+r]

QXY (X)) = 9%, (X)L rclmttmn) (L)
where we use the notation Q>¢(L) from Section we set
rem+1,m+ 7] = (ce—14mi1) > Cr1(mtr))

and we use the definition of the height function by local rules to deduce

m+r m+r m+r

(x7y) — (I7y—1)
> e, (3) = > hed L) (Sew) + > Ly, (3.4.11)
a=m+1 a=m+1 a=m+1

Taking expectations we obtain

m+1,m+r]

E[QEY (D) =E [0 " (S,0) ElQsr cpmst mar (L) | S]]
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Now we can apply Corollary [3.3-4] to the conditional expectation inside to get

(“/H r—p(A/K)p l

E[QZT-C[W-FLTR-FT] | E/U Z Z (’{/:u) ()\/ ) Q>p7' c[m+1, m+p]( )
p=0 EGP\T P H
[m+1,m+7]
where the second sum is over [m-+1, m+p|x [m+p+1, m+r]-ordered permutations of m+1, ..., m-+r.
For the same reasons as in Step 1.1, for any such permutation p we have Q>’$_'C e[mﬂ’mﬂ](x/v) =
Q;’Z’T.:[mﬂ e (X_v) and using the definition of the height function in a way similar to (3.4.11) we
have

xyyie[m+1,m+7‘] x—e [m+1,m+p)] y— e[m+1 m+r]

QtY, (20) Qs it (F) = Qg (S0,
So the local relation from Corollary gives the following relation on the left-hand side of (3.4.5)):

(5/ 15 Or—p( N/ K5 O)p etLme+p] y _glm+1,me1]
E[QZY ( Z S (w/wr (A;MI')Q)T Lg W) E QX 2] y—e (2)}.
p=0 661[0|T+1p . ’

(3.4.12)

Step 1.3 Continuing with the same setup, we now want to apply the other local relation to the
right-hand side of (3.4.5)). Using the notation from Step 1.1, we rewrite the right-hand side as

k(k 1) “i(r

—1)k d
: f [T 2= G(w) Trr (F (w)) 522,
2771 F1 Ty, 5oy Wo — qWa We,
where
H H 1—X\; i Wq
a=1i=1 1= Rjwa’
k 1<Tq 1 j<ya dSya_fEa 1
Py =TT 2 [[-mwd [] ——
ast \img 1T Hila j=1 i L Adwa
Note that
Fx,y(w) _ TﬁT 1 — rw, Fx’y_e[m+l,m+r] (W)
1— dw, ’
a=m-+1
so we can apply Proposition [3.3.6| to obtain
m—+r m+p
1 — Kw, » (515 @) r—p(AN/ 5 @)p 1 — piwq
T, — .
H 11— w, Z Z (/1) N 1;q)r pt H 1w,
a=m-+1 p=0 EGP‘T D a=m+1
[m+1,m+7]
. x.y—elm+1,m+r] . ..
Since F*Y (w) is symmetric in W41, .- -, Wity and
[m~+1,m+p] [m+1,m-+r] ey 1—pw [m+1,m-+]
Fx_e m ym-—T+p ,y_e m ym-—r7 — a Fx7y_e m M7
a=m+1
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we get

(k/ 15 @)r—p(A/ K3 Q)p
(A1 Q) (P7)

) Fx_e[m+1 ,m+p] ’y_e[m+1,m+r]

T, Y (w) = S e/

p=0 plr—p
pee[m+1,m+r]

(W).

Let Z7°Y denote the right-hand side of (3.4.5)). Then, the application of the local relation above

gives

- (k)15 Q)r—p(NE;Q)p _elmtLmtp] o glmtlmetr]
Y = k) 1)P q (p)IxT e y—e
Z Z (/1) (N 159)r P

)

p=0 plr—p
pee[m+1,m+r]

which is identical to the analogous relation for the left-hand side (3.4.12)). Thus, the identity (3.4.5)

for (x,y,7) follows from (x—elm*t1m+p] y_elm+lm+rl ) for various p € [0,7] and p € G?A:;fmﬂ}.
Step 2 Applying Step 1 we can reduce the coordinates x,y until either 1 = -+ = x} = % or

x = Y. Here we deal with the latter case, showing that in this situation we can reduce k by 1,
replacing the data (x,y,c,7) by

X/:($17...,£Ek_1), y/:(y17"')y/€—1)7

Cc= (Cp(l)a"'acp(k:—l)) :p_l.C[].,k’* ]_], 7 =Tp,
where p is the cycle sending 7 (k), 771 (k) +1,...,k to 71 (k) +1,..., k, 7~ ' (k) respectively.

For the left-hand side of (3.4.5)) note that for any color ¢ we have
hE () = 0,

due to the behavior of the model: all edges adjacent to vertices (i, j) for ¢ > j have compositions 0.

This means that we can freely remove this height function from 9%Y _, obtaining

QY (D) = QX7 (D).

for any possible configuration Y. Taking expectation we conclude that the left-hand sides for
(x,y,c,7) and (x/,y’,c/,7’) are equal.

For the right-hand side of (3.4.5)) we are going to apply Proposition Set

1<Tgq 1 j<ya dgya*ma 1 la 1 _ )\ W
= J7 —— 1— ks - _Tri- A
fa(w) g 1— pw ]1;11 (1= #jt0a) }:‘[1 1—\w’ ga(w) ]1;‘[1 1—rjw

Since yx = xy, the function fi(w) has no singularities outside of T'y, as well as the functions g, (w)
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for any a € [1,k]. Thus, the conditions of Proposition hold and we have

(—1)k k(k G wp — W k ke dw
— p — Wq a
27T1 Fl fi;k ]g) Wy — qUWq H ga wa 7'—1 (U fa(wa)> UE[1 W,
(k=1)(k=2) 1 (k—2) ! k—1 k—1
( 1)k 1q —IU(7") % % dw,
= 9p(a) wa /-1 fa(wa)
(2mi)t= Tr T <b<k 1wb_qw H o " [11;[1 L[lwa

where p and 7’ are exactly the permutations defined above. Plugging back the expressions for fy, ga,
we get the right-hand side of (3.4.5) for (x',y’,7/,c’), as desired.

Step 3 Repeating Steps 1 and 2, at some point we either reach k = 0, when the claim is trivial,
or the situation when 1 =290 = -+ =2} = % In the latter case Proposition implies that the
right-hand side of (3.4.5)) is equal to

N (R s @), 1
Hfjv Tj:#{a€[17k]|j€|:l7'1(a)+17ya_2:|}'

j=1 ()\]/’LO 7Q)TJ

At the same time, recall that the compositions of the incoming edges are mono-colored, and the
color of the incoming edge on row j is > c,;-1(y) if only if j > I-1(4). Recall that b; = | B3]
denote the random integers used to define the compositions at the left boundary and distributed

according to , S0 we get for x = (%, cees %)

I<Yr(a)

B = Y ST [T ey s Ul 0

bi b, >0 S (@D, (Aj/ 103 @)oo

rib e gy N/ @b (/103 @)oo (@7 A1/ 103 D)oo (/1005 @)oo
_E;q i/ ko)’ (@@ (Aj/105 @)oo jl;[l(q”%j/ﬂo;q)oo (Aj/ 105 @)oo

which is equal to the value of the right-hand side, concluding the base case. Note that for the last

identity we have used (3.4.4)). O

3.5 Shift invariance

In this section we show how the integral expressions from Theorem [3.:4.1]lead to certain symmetries of
the diagonally inhomogeneous g-Hahn model, which are similar to the shift-invariance symmetries
of the stochastic colored six-vertex model from [I7] and [43]. Our argument is identical to |28,
Section 7].

To state the result we need a better description of the height functions. For simplicity, consider
a ¢-Hahn vertex model with incoming colors along the left boundary defined by C = (1,1,1,...),
that is, in the incoming boundary composition at row j only jth entry is nonzero. Then, for each
color ¢ we can define a cutoff point (%, c— %), which separates the rows with the incoming colors
on the left > ¢ and < ¢. Since such cutoff points uniquely determine the corresponding colors, each

(z,y)

colored height function hy /" can be determined by the points (%, c— %) and (z,y).
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For a color ¢ > 1 and a point (z,y) € (Z>o + %)2 such that y — x > ¢ define
@) _ 1 () _ 1 a0 @)
Rowy ™ = Y=gl Coly, 0, =g Diagy ™ = e,y — x].

Here [a, b] denotes an integer interval a,a+1,...,b. Note that Row, Col, Diag are exactly the rows,
columnﬂ and diagonals passing between the cutoff point (%, c— %) and (z,y), possibly containing
(z,y) but avoiding (1,c¢ — 3). The additional constraint y — z > c listed above is not restrictive,
v) =0fory—z <ec

We start with the informal statement of the shift-invariance symmetry, rigorously described in
h(x7<1>7y7'(1))
>c1

1 ($,
since hy)

)

( (k) 7y7'<k3))
h’>ck

Proposition [3.5.1] Given a vector of height functions ( ) with 24, Ya, Cq

ordered as before in Theorem [3.4.1] the joint k-dimensional distribution is determined solely by

( T(a))yr(a))

e The collections of parameters attached to the rows Row, ./ , columns Col( T(a)’yf(a)) and

diagonals Dlag(> (@) ¥r(@) , corresponding to the height functions,

e The relative order 7 of evaluation and cutoff points of the height functions.

The data in the first part corresponds to the one-dimensional distributions of h(fc’y), which are de-
termined by the listed parameters in view of Theorem [3.4.1] Since the one-dimensional distributions
are determined by the joint k-dimensional distributions, one can expect this data to be necessary.
On the contrary, the second part corresponds to the relative position of the height functions with
respect to each other on the plane, and this data is not a priori contained in the joint distribution.
Moreover, we actually expect it to be redundant, see Remark

Proposition 3.5.1. Let {pi}i>0, {Kj}j>1, {Aa}ta>1 be parameters of a q-Hahn model, and let ¢ =

(c1y...ycx), x=(x1,...,2%) andy = (y1,...,Yyx) be sequences satisfying
1 Sxp < --- Sy Y1 2 Y2 2 2 Yk xaayaEZZO+§;
g <cg <<y, Ca € Z>0.

Additionally, let 7 € & be a permutation such that Yy, () —Tr(q) > ca. Similarly, let {fi;}i>0, {K;j}j>1,
{Xd}dZI; c=(c1,...,¢), x=(Z1,...,7x), Yy = (Y1,...,Yx) and T = 7 be another collection of data
satisfying identical constraints, which we treat as another q-Hahn model.

Assume that there exist bijections YRow, YDiag : Z>1 — L>1,Vcol : Lo — Lo satisfying

wROW (RO (>’r(a)7y‘r(a))> Rowgg;a)ayf(a))’ wCOl < T(a)ay‘r(a))) C 1( T(a)’yT((L>)’
leag (Dlag(> 7(a) Y7 (a )) Dlag( 7( a)7y‘r(a))
foranya=1,...,k and

Rj =Kyl Gy B= Byglay A= Ayst@)

4With the exception of the artificially added Oth column.
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for any v > 0,5 > 1,d > 1. Then the following random wvectors are equal in finite-dimensional
distributions:

(:I/.T ’yT ) (:I:T 7yT C ) N(ET 7g7 ) N(ET 7@7 )
(hzcl(l) (1) g ey hZCk(k) (k> ) - (I’I/Z"C"l(l) (1) PICEEIEEY hz’c"k(k) (k) ) )
where h and h denote the height functions of the two q-Hahn models.

We are not going to give a complete proof of Proposition it is identical to the proof of |28,
Theorem 7.1|. Below we just outline the main steps of that argument.

Sketch of the proof. The proof is based on the following observation: the joint k-dimensional dis-
tribution of a random vector (hq, ..., hj) of nonnegative real numbers is completely determined by
the ¢-moments E [qa1h1+“'+akhk] for a1,...,ar € Z>p. Repeating in the statement of Proposition
the first height function for a; times, the next height function for as times and so on, one
readily see that it is enough to prove

E[et¥ ()] =& [oE0(m)].

where E denotes expectation in the second model. Applying Theorem to both sides, the
problem is reduced to matching the right-hand sides of the integral expression .

To match integral expressions, we expand the operator T as a linear combination of the per-
mutation operators acting on the variables w

T = ZZf(W)p, pf(wr,...;wk) = flwpay, s Woky),

p=T

where Z7(w) are rational functions in w and the inequality p < 7 is taken with respect to the
strong Bruhat order, see [28, Proposition 3.1|. Then, to match the integral expressions, it is enough
to prove for any p < 7 that the expression

/- %Hwb_qwa ro

k cqa— 1 2<xa 1 j<ya déya_xa, 1 dw
1— kw 2 (351

does not change when we replace all \;, p;, ki, Ca, Ta, Yo bY S\i,ﬁi,ﬁi,éa,ia,yja When p = 7 both
sides of (3.5.1)) are equal by the assumptions of the claim: for the left-hand side the terms inside
the brackets can be rewritten as

H H m H (1 - ’%jwa) H 1_7)\de7 (3.5.2)

a=1 (Ia ya) - (Iavya) 3 (Iavya)
1€Col €Row deDia,
Z5(a) J Z(a) 8>c50a)

where p = p~!, and the statement of Proposition essentially just tells that the expression
above is equal to the analogous expression for the right-hand side of (3.5.1) when p = 7.
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For general p one can closely follow the proof of [28, Lemma 7.1.3] and show that for any p < 7
one of the following situations holds:

e For some a we have y,q) — Tpa) < Cpa) a0 Yp(a) — Tp(a) < Cp(a), that is, the corresponding

( p(a)vyp(a)) h( p(a)7yp(a))

height functions A~ and are degenerate and equal to 0. Then both sides
of (3.5.1] - ) have no nonzero residues Wlth respect to w, outside of the integration contours, and
hence vanish.

e For every a we have Y,,) — Zpa) = Cp(a) a0 Yp(a) = Tp(a) = Cp(a)- Then one can verify that
the conditions of Proposition still hold when 7 is replaced by p and, in particular, the
expressions of the form (3.5.2) match for p as well.

O

Remark 3.5.2. This section is based on [28, Section 7|, where the shift-invariance for the stochastic
colored siz-vertex model is derived directly from the integral expressions for the g-moments of the
height functions. The shift-invariance for the six-vertex model was initially introduced in [I7] and
in full generality it was proved in [43], where flip symmetries were used as a basic block for all other
symmetries. Moreover, it was shown in [43] that the relative position of the height functions, encoded
by 7 in our notation, is irrelevant and joint distributions of height functions are determined solely
by their one-dimensional distributions. Since we don’t know how the g-Hahn model with diagonal
parameters can be constructed from the six-vertex model, the more general invariance result from
[43] cannot be applied to our model, but we suspect it to be true.

3.6 Reduction to Beta polymer

In this section we follow [I7] in order to reduce the results from Section to the Beta polymer
model. See also [24] and [28] for similar arguments.

3.6.1 Continuous model.

As before, we treat g-Hahn vertex model from Section as a sequence of independent stochastic
samplings corresponding to the vertices, depending on the parameters p;, £, Ag. We slightly simplify
the model by assuming that the incoming colors from the left are different and are encoded by the
composition C = (1,1,1,...). We consider the following limit regime:

€ (o4

g=e°, pm=q%  ki=q"  N=q¢" =0, (3.6.1)
where o;, pj,wq are new real parameters satisfying
wq < pj < oy, for any 1, j, d. (3.6.2)

It turns out that the limiting model in this regime is described in terms of the Beta distribution.
Recall that for a pair of parameters (o, 3) € R2 <o the Beta distribution is defined by the following
density function
_ D(a+p)
=1 a—1 1— B 17.
chta(a,ﬁ) (‘T) O<z<1l T ( SL‘) F(Oé)r(ﬁ)
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Proposition 3.6.1 ([I7, Proposition 6.16]). In the regime (3.6.1) the random variable exp(—eb;)
for b; distributed as in (3.4.2)) converges weakly as e — 0 to Beta(og — pj, pj — wj).

Proposition 3.6.2 ([17, Corollary 6.21|). The stochastic sampling rule for (K,L) given (I,J)
defined by the vertex weights W/Z\Z;i . m(I, J; K, L) weakly converges in the limit regime

&€ —0;

g=e°, i =q ", Ki=q ", Xi =q e—0,

el = a, eJ — 3, eK —~ ,eL — 4,

to the following sampling procedure for the outgoing masses v = (Y1,...,7vn) and 6 = (61,...,0n)
given the incoming masses a = (aq,...,ap) and B = (P1,...,0n): We take a Beta-distributed
random variable n ~ Beta(o; — pj, pj — wj—i) and define §y, 0 < 0, < By, for all k through

exp(—0>) = exp(—fx) + (1 —exp(=Pzk))n,  k=1,2,...,
where we set 0> = Zle 0 and B>y, = lek B;. The remaining masses vy are defined by
Ve = ag + Bk — Ok, k=1,2,...,
so the conservation law holds for each color.

The two statements above result in the following model, serving as the limit under (3.6.1)) of the
inhomogeneous ¢g-Hahn vertex model and depending on the parameters o, p;, wq:

e Each lattice edge of the positive quadrant Z2>1 has a random real-valued vector w = (uy, ug2,us, . ..
attached to it. Coordinate u; > 0 is interpreted as the mass of color i;

e To sample a configuration of the model we first sample independent Beta-distributed variables
ni,; ~ Beta(o; — pj, pj —wj—;) forall i > 0,5 > 1;

e For the edges entering the quadrant from below all masses are set to 0;

e For the edge entering the quadrant at row j only the mass u; is non-zero and it is equal to
—In(10,5);

e Given the incoming masses of colors a3 entering into a vertex (i,7) from left and from
bottom, the outgoing masses -, d exiting the vertex to the top ant to the right are defined
through

eXP(_ézk) = eXp(—,BZk) + (1 - eXp(_/BZk))nZ,]7 k= 17 27 veey
Vk:ak"i_ﬁk_dkv k:1727"'7
where 0> = Zle 0 and f>f = Zle 3.

e This definition implies that only colors < j pass through vertex (i,7), guaranteeing that at
any vertex we are working only with finite sequences of masses.

We can define the colored height functions %(fc’y) of the continuous model in the same manner

(

~(p.1
as for the ¢-Hahn model: we set h;f) =0 and
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e If the vertical edge (z — 3,y — 3) — (z — 3,y + 3) has masses w = (u1,ua,...), then

%(m_l’y) — %((E,y)

>c - ">c +UZC‘

e If the horizontal edge (z — 1,y + 3) = (¢ + 3,y + 3) has masses u = (uy,us, ... ), then

%(ﬂc,yH) _ E(Ly)

>c - ">c Jrch.

The following generalization of [17, Corollary 6.22] straightforwardly follows from the statements
above and clarifies in what sense the continuous model is the limit of the ¢-Hahn model.

Corollary 3.6.3. Let h(;c’y) [e] denote the height function of the g-Hahn model in the regime (3.6.1]).
Then in finite-dimensional distributions

tim <h 0 [e] = R,

3.6.2 Beta polymer.

Fix the same collection of parameters {o;, pj,wq} as before. For (z,y) € ZQZOH and 7 € Z>( such

that r < y — x define the delayed inhomogeneous Beta polymer partition function 3537"; as follows:

o Let {n;;}i>0,>0 be a collection of independent Beta distributed variables
mij ~ Beta(o; — pj, pj — wj—i);

e For all t,r > 0 set
Q1 () _ .
3t,r+t =5 30,r+t = N0o,r+170,r+2 - - - 70,7 +t;

e For general (z,y) € Z221 such that x > y + r the partition function 35;2, is defined by the
recurrence relation
5(7") _ 3(7’) 1— 3(T)
T, Ny z,y—1 +( nw,y) z—1,y—1*

The model just described is a generalization of the delayed Beta polymer partition function from
[17], which for » = 0 coincides with the Beta polymer model from [7]. There is also a graphical
description of the model in terms of a point-to-point partition function of a directed polymer, see
Section B.11

It turns out the the continuous vertex model described earlier can be identified with the delayed
inhomogeneous Beta polymer model, in the way identical to the homogeneous situation [17]: re-
peating the proof of [I7, Proposition 7.1| verbatim one can verify that for (z,y) € Z2>0 the height

~ 1 1
functions h(; :_ 2¥72) of the continuous vertex model as a random variables can be defined by the

recurrence r_elation
~(z+Liy+1 ~(z+Liy—1 ~(z—1 y—1
exp (_h(;c 2Y 2)) = 1y €XD <_h(§c 2°Y 2)> + (1 _ nm,y) exp <_h(2xc 2°Y 2))

®From now on z,y will usually be integers, rather than half-integers as before.
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and the initial conditions

Fathatd) St %
he, =0, B2 =) —In(ny)
j=c
for exactly the same choice of 7; ;. Comparing the recurrence relations and initial conditions for

(gl gl
hgj2’y+2) and 35372, one obtains

Corollary 3.6.4. The finite dimensional distributions of

3(r)
DY) >0
x>0y >a+r

coincide with the finite dimensional distributions of

T(a+3.uts
{exp <_h(2r+21 2) .
z,r>0;y>c+r

As aresult of the discussion in this section, we have realized the Beta polymer partition functions
as certain limits of the height functions of the ¢-Hahn model. Thus, Theorem [3.4.1] can be used to
obtain an integral expression for the joint moments of the partitions functions {32?} To formulate
the result, consider a degenerated representation ¢, of the Hecke algebra with ¢ = 1, acting on

functions in vy, ..., v; and defined by the generators
=gt )
Vil — Uj
Proposition 3.6.5. For any sequences (r1,...,7%), (z1,...,2%) and (y1,...,Yx) satisfying
1 Sx2 < - S T, Y1 =2Y2 2 2 Yk, Za < Yas Ta,Yp € L>0;
1 <rg < - <1, Ta € Z>0;

and for any permutation T € &y the following holds:

( 1(1)) <r771<2 ) ’1(k) Up — VUq e Vg — Wy
Z1,Y1 Z2,Y2 Bxk, figl ik H 'Ub oy — 1 T al_[lJl;[l ﬁ

J<Ya 1<zq d<ya—2a

k
1 1 dv,
— p; — 3.6.3
XH H(va p])Hva—Ui H Vg —wq | 27’ (3.6.3)
a=1 \ j=1 =0 d=1

where the integration contours S, encircle the points {o;}; and {p;}; as well as the contours Sy, Sp+1
for any b < a, while the points {wq}q are outside of the contours. Here Sy + 1 denotes the contour
Sy shifted to the right by 1.

Proof. We take the limit (3.6.1]) in the integral expression from Theorem applied to the height
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CL+2 7ya+ )

functions h,( i >+1

and assuming C = (1,1,...). Set

+i +i 1 e +i 1 (r1+1 +1)
J— — .. — — = — ... — C = .
X 2 T 27 y Lk 2 ) y 92 1 2) » Yk 2 ) 1 ) y Tk

For the left-hand side of (3.4.5) we can apply Corollaries and to obtain

[Q>72,y+2] — E 351,3}11(1)) 52,y21(2)) e CS:;TZ/I:(IC)>] )

1 1
h(z+2,y+2) (w+%7y+l)

since the finite-dimensional distributions of ¢ >7+1 =exp(—¢ehs, 53" *7) converge to the finite-

dimensional distributions of eXp(—leg:,:%l’y+%)) ~ 3:2«7:3)/ as € — 0.

For the right-hand side of we perform a change of coordinates w, = 1 — ev,. One can
readily see that for fixed contours S, ..., Sy satisfying the conditions of the claim and a sufficiently
small € the contours 1 — &8, satisfy the conditions for the contours I',, and so in the right-hand
side after a change of contours we have an integral over fixed compact contours, with integrand

depending on €. Point-wise we have

R

dw, d a
G H Wa _ kH v O(ehth),

a=1
[oon g oo
Wy — qW, Vp — Vg —
ach o7 QWa 5 Vb= Va

Wit1 — QW Vir1 —v; — 1
Wi 7% g 1) =14 YT
Wit1 — Wi Vit1 — V;

1 — pjwg = e(vg — 0y) + 0(52), 1 — kjwe = e(vg — pi) + 0(52), 1= Nwg = e(vg —wj) + 0(52).

T;:q—i_ (51'_1)7

One can readily check that the integrand is uniformly bounded for fixed contours S, and sufficiently
small €, so by dominated convergence the claim follows. O

As a particular case of Proposition [3.6.5] we have an integral expression for the moments of
a single partition function 3?% of the inhomogeneous Beta polymer. Note that, up to a shift of

parameters, one dimensional distributions of 35}% depend only on x and y — r (this is the vector

between end points of paths inside the polymer), so without loss of generality we can set r = 0 and

consider the moments of 3, , := 5502,

Corollary 3.6.6. For any (z,y) € 2220 such that y > x and any k € Z>o we have

vp— v k i<y i<z 1 i<y—x 1 dv
3w,y %91 jik H Vp — Vg i 1 H <H(Ua — pi) H Ve — O H e — wi) 277_‘_(;, (3.6.4)

a<b a=1 \i=1 =0 i=1

where the integration contours S, encircle o;, leave wy outside and Sy encircles both S, and S, + 1
fora <b.
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3.7 Laplace transform for inhomogeneous Beta polymer partition
function

From now on we focus on the partition function 3, , = 3&?3)/ of the inhomogeneous Beta polymer, with
parameters o0;, pj,wq. Our goal is Theorem which partially establishes the Tracy-Widom large-
scale behavior and which is proved in next section. Our result generalizes the corresponding result
from [7], moreover, our proof follows the same outline: in this section we find a suitable expression
for the Laplace transform of 3., in terms of a Fredholm determinant, which is asymptotically
analyzed in next section to establish the limit theorem.

Our starting point is the integral expression (3.6.4) for the moments of 3, ,. Fix x,y and the
parameters of the model oy, p;, wq, and assume that

min|0i—0j—1| > 0. (3.7.1)
0,

)

Since our aim is an integral expression for the Laplace transform of 3., which involves all the
moments, it is convenient to replace the integration over shifted contours Sy, ..., Sk in (3.6.4) by
an integration over a single contour C. This is done with the help of the following statement:

Proposition 3.7.1. Suppose that contours Si,...,Sk and a rational function f(v) satisfy

e The contours S, are positively-oriented simple closed curves in C;
o For any a < b the contour S, encircles both contours S, and Sg + 1;
e The contour 81 + 1 is completely outside of S1;

o All the poles of the function f(v) are either in the interior of Sy or in the exterior of S.
Then

dva
§ 410 1Hf
Si Sk <bUb—Ua—
1 dv
I a a 1 a a_l a.a
Zml'mg %91 ?‘{Sldet [%4-/\ } va (va +1) ... flvg + A )27“

AFE
(3.7.2)

where the sum in the right-hand side is over partitions X of k, [(\) denotes the number of nonzero
parts of A and m; denotes the number of parts of \ equal to i.

Rough idea of the proof. The statement above follows a type of deduction called contour shift ar-
gument. The main idea is to shrink the contours Ss, ..., S in the left-hand side to the smallest
contour &1. Due to the conditions on the function f and the contours, all non-zero residues along
this deformation come from the poles of ], v:ﬁ;:jl, and a careful bookkeeping produces the
right-hand side.

A detailed explanation of the full argument can be found in [I3, Proposition 3.2.1] and [16),
Proposition 7.4], where more general ¢g-deformed versions of the argument are presented. To adopt
those versions to our setting one have to repeat the argument similar to the proof of Proposition
3.6.5| see [13], Proposition 6.2.7] and [7, Proposition 3.6]. O]
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Let
Yy T Yy—x 1

e =TIl 1
ZZZI KA

1=1 =0

and choose C = &; to be a sufficiently small contour around the points ¢; such that the shifted
contour C + 1 and the points wy are completely outside of C. Such contour exists due to the

conditions (3.6.2),(3.7.1).

Corollary 3.7.2. With the notation above, we have

I(N\) dv
E [(3..,)°] = det o) f(va+1) et Ag—1)—2.
[(5 v) } mllmg f % ¢ [vz—i—)\ UJLJ 1(11_[1f va) f(vat1).. flvat >27Ti
(3.7.3)
Proof. Direct application of (3.7.2)). O

Now we want to take a sum over k in (3.7.3)) to obtain the Laplace transform. But to resolve
possible convergence issues we need to estimate the integrand for large A. Set

T Y
g(Z) H 2 =0 HFZ— HFz—wd
=0 j=1
where I'(z) is the gamma function. Then
__9(3)
fRf+1D)f(z+2)...f(z+n—-1)= Tt

Lemma 3.7.3. For a fized § > 0 and any z € C such that arg(z — o) € [-7 + ;7 — 0] we have
Ing(z) = zfAf1 lnzfz+lln(27r)+0(2_1)
2 2

where A =377 (05 — 2?21 pj+ D01 Wa-

Proof. We use the following useful asymptotic expansion from [59][(1),(4), pp. 31-32], valid uni-
formly for arg(z) € [—-m +d/2;7m —6/2]

1 1
InT'(2) = <z - 2> Inz—2z+ 3 In(27) + O (zil) , (3.7.4)
and, more generally, for a fixed a € C and sufficiently large z such that arg(z) € [-7+9/2; 7 — /2]
1 1 .
Inl'(z4+a)=|z+a— 3 lnz—z+§ln(27r)—|—0(z )
Here In denotes the principal branch of the natural logarithm. Plugging this expression into the
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definition of g(z) we get

ng(z) = 3" ((z S ;) In(z) — = + ;ln(27r)> - zy: ((z oy — ;) In(z) — = + iln@ﬁ))

i=0 7=l
+§ ((z —wg — ;) In(z) — 2z + ;111(2”)) +0(z7"),

implying the claim. O

Proposition 3.7.4. For any u € C we have

dv dv !
IE[ y} det(I—i—K L2(Z>1XC g I Z f o1’ fzmd t uw(Va, N Vb, Np) wbet’
ni,...,n
(3.7.5)
where det(I + K) denotes the Fredholm determinant of K, and K, is the integral operator with the
kernel
2 pon_ fOfw+ 1) flogn—Du" _ g(v) u”

K vhn) = = :
CRULELD) v4+n—0 gv+n)v+n—1

Proof. The proof essentially repeats [I3, Proposition 3.2.8]. First we rewrite (3.7.3]) as

uFE (33:, )k d (N
M _ — % dv, f ’Ul(/\) de t ('Uay Aa; Vb, )‘b)} (
A m1 Tng

k! = omi 27 a,b=1

and then change the summation over partitions to a summation over arbitrary sequences, absorbing
the multinomial coefficient:

kE 3x k
M = le Z ]{ dvl j{dvl det Uaanaavbanb) l : (3.7.6)

omi 27i a,b=1
ni, ...,nl>1 ’

ni—+--+n;=
Now we want to take the sum over k, but we need to be careful about possible convergence issues.
For the left-hand side we have |3, ,| < 1 almost surely, so the sum converges absolutely for any u
and by dominated convergence gives the Laplace transform:

u uFE 3’;;7
o] -
k>0

For the right-hand side we can use the conditions on the parameters o;, pj,wq and on the compact
contour C to give a uniform in (v,v’,n) € C x C X Z>; upper-bound

g(v)

v4+n—o <A
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At the same time, by Lemma [3.7.3] we have

M:exp<_ <v+n_A_;> ln(n)—kn—;ln(?ﬂ)—i—O(n_l))a

where A =377 0y — Z?Zl pj+>.Y_1 wq and the constants of O (nil) can be chosen independently
of v € C, since C is bounded. Hence for some constants Ag,e > 0 and any n € Z>; we have

1

—— < Agn™ "
lg(v +n)|

Gathering all pieces, we obtain
|I~(u(v,n;v',n')| < A Agn™ " ul™

and hence, by Hadamard’s inequality,

l
d’U1 dUl ! )
— det (Vas M Vpy M } < A A €LgH 2 gyt | | n; <"
c o c 2mi @ Mai Vb, 1) ab=1| — A28 [ul paley v

where £ > 0 is the length of the contour C. Since

glll/2 !
Z Z T|u’n1+...nl l_ITl;z-:n,2 < 00

>0 i, >1 i=1

for any u € C, the right-hand side of (3.7.6)) absolutely converges. O]

So, we have obtained an expression for the Laplace transform in terms of a Fredholm determinant
over L? (Z>1 x C). But the summation over Z> is inconvenient for the asymptotical analysis, so we
replace it by another integration using Mellin-Barnes integral formula. To proceed we add another
assumption, namely, we assume that there exists a vertical line £ = {z | Re[z] = h} for some h such
that the contours C and C + 1 are separated by £. Note that this is possible only if

max o; — mino; < 1. (3.7.7)

Proposition 3.7.5. For any u € C such that arg(—u) € (—g; g) we have

g(U) u"™ . i -7 —u z—v@ dz
Zg(v—l—n)v—l—n—v’ 271 Jp sin(w(z — v)) ) g(z) z ="’

—

n>1

where L is a vertical line {z | Re[z] = h} directed upwards, v,v',n € C x C x Z>1 and for (—u)*~? =
eF=0) (=) e yse the principal branch of the natural logarithm.

Proof. The statement and the proof are similar to |7, Lemma 3.7|, but our restrictions on u are
different.

Since the contour C is compact, there exists Ny € Z~¢ such that the contour C is entirely inside
the rectangle formed by the lines £, £L—1, R+ Ngi, R— Ngi. For N > Ny let H denote the rectangle
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formed by the lines £, £L + N, R+ Ni,R — Ni, oriented clockwise. Then the integral

1 - (=)= (v) dz

g(z) z =0

2mi 1y Sin(m(z —v))

has nonzero residues only at the poles of %, since all the residues of 5 EZ; are to the left of

Sin
the line £. Computing the residues at z =v+nforn=1,..., N we get

Z g(v) u'" 1 -7 (=) (v) dz

= go+n)v+n—o  2m 1y Sin(m(z —v)) g(z) z ="

Now we want to take N — oo in both sides. For the left-hand side, using the same upper-bound on
K(v,n;v'n’) as in Proposition we have

D

n>1

g9(v) u”
gv+n)v+n—1

< Z A1 Aon ™" u|™ < oo. (3.7.8)

n>1

so the absolute convergence holds for any u € C.

For the right-hand side we need to show that the integral along the symmetric difference of £
and Hpy converges to 0. This symmetric difference Dy consists of the line segments sequentially
connecting the points h — ooi,h — Ni,h + N — Ni,h + N + Ni, h 4+ Ni, h + ooi.

Clearly, ﬁ for z € Dy can be bounded uniformly in N, while m decays exponentially
in Im|z]:

—T

A —x| Im(2)| D
sin(ﬂ(z—v))‘ = e L EeEN

where A3 does not depend on N. To bound ﬁ we use Lemma to get

—z 1
L (1+0(=1) |7z~ AF3| < A4’Z’A+%(|Z’/e)—Re[z]e%|Im[z”
l9(2)] Nezs

for a constant A4 and z € Dy for sufficiently large N. Finally, due to the condition on u, we have
‘(_u)z| < |u’Re[z]e(§76)|Im[z]|
for some § > 0. Combining everything together we see that for some constant A5 > 0 the integrand
is bounded by
A5e—6\ Im[z]| |Z|_ Re[z] (|u|e)Re[z] |Z|A+%

which is enough to conclude that the integral over Dy tends to 0. O

Proposition 3.7.6. For any u € C such that arg(—u) € (—%5; 5) we have

1 dv
whey] _ I R Sl
E [e y} det(] + Ku)r2(c) ; I! fi 2mi i

‘ N
&

det [ Ky (vq; l —1>
et 1 (0 0) s

[\
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where the integral operator K, is defined by the kernel

S S SO
Ku(’U, )— 27ri/£Sin(7T(Z—U))( ) g(Z)Z_’U/'

Here C is a sufficiently small contour containing o; for all i, and L is a vertical line separating C
and C + 1.

Proof. From Proposition [3.7.4] we have

l

dv dv
- o |
[ Z Z ?{ omi % 2mi de t u(Va; nas v, o) ab=1

>0 ‘nl, >

Due to the dominated convergence, which is valid since the contour C is compact and we have
an integrable converging upper-bound , we can exchange the second summation and the
integration. Since K, (v,n;v’,n’) does not depend on n’, we can use use the same absolute upper-
bound and multi-linearity of the determinant with respect to rows to get

l Na
Z det [ va,na,vb,nb)} = det Z 9(va) Y ;
nyem>1 b=t st 900 1) Va ¥ 1 = ab=1
Then the claim follows from Proposition O

3.8 Limit theorem

This section is devoted to the Tracy-Widom large-scale limit of the partition function 3, of the
inhomogeneous Beta polymer model, when x,y — oo at a constant ratio and the parameters of the
model have finite number of values repeated with certain frequencies. Our approach follows [7]: we
perform a steepest descent analysis of the Fredholm determinant from Proposition [3.7.6

3.8.1 Overview

Fix k and consider three families of parameters {o1,...,0%}, {p1,..., 0k} and {wi,...,wr}. Let
{at,...,ax}, {B1,.--, Bk}, {71, .,k } be collections of corresponding “frequencies" satisfying

k k k
Z%’:Z@'ZZ’M:L @i, Bj,Ya € Rxo.
i=1 j=1 d=1

For a fixed slope x/y we consider the Beta polymer partition function 3|4, as t — oo,
where parameters of the model {Go,..., 4}, {01, Plye) by {@15 -+ @ ye)—(ae) }]| are defined in

the following way: For the column parameters, exactly az[-t]wt out of |zt|+1 parameters 7; are equal

5Tn earlier sections oy, pj, w4 were used to denote the parameters of individual columns, rows and diagonals. To
lighten the expressions in this section it is convenient for us to change the notation by using a;, p;,wq for individual
parameters while o;, pj, wq denote their possible values; this abuse of notation should not cause confusion.
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[t]

to oy, where o is a sequence satisfying

ay} —a; =0@™h).
[t

Similarly, the row parameters p; and the diagonal parameters wq are repeated for ﬂ][-t]yt and v, (y —
x)t times respectively, where

gl-g =00, A -u=ou)
Motivated by the homogeneous setting [7] we are looking for a limit result of the form

In3, + It
lim p (2 Lotl ] <r| = Foug(r), (3.8.1)
ct1/3

where Foygr(p) is the GUE Tracy-Widom distribution [83]. A probabilistic interpretation, which
one can find more natural, is given by identification of 3|4 |, with the distribution of a random
walk in a random Beta environment. From this point of view, we are looking at large deviations
of the random walk, studying fluctuations of a random rate function (depending on the random
environment) from the expected limit I(z/y) depending on the slope. See [7] for more details.

To prove a limit relation it is enough to set ul! = —exp(tI — t'/3¢r) and show that

lim [eu[t]SthJ,Lytj} = FGUE(T)a

t—o00

because, by [13, Lemma 4.1.39]|Z| we have

lim P <1n3””’“’” L r) — lim E {eu[%zu,m]

Ctl/?’ t—o00

given that the limit is a continuous distribution function. So, the problem is reduced to studying the
Laplace transform, which by Proposition [3.7.6]has an expression in terms of a Fredholm determinant.
The latter can be analyzed using the steepest descent method: rewrite the kernel K ) as

dz

)
z—

—T

Kyn(o) = gz [ s exp (1092) = B w) = otz =)

where
k k k
Ai(z) =1z — Z xal[t] InT(z —0y) + Z yﬂz[t] InT(z — p;) — Z(y - x)'yi[t} InT'(z — w;).
i=1 i=1 i=1

As t — oo the function hlY(z) converges to the function

h(z)=1z-— Zxai Inl(z —o;) + Zyﬁi InT(z — p;) — Z(y — )y InT(z — w;),

i

which, for the right choice of I, has a second order critical point § depending on the slope y/z in a

76:1:(:’51/3

"Following the notation of [I3, Lemma 4.1.39], we need to set f(z) = e
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nontrivial way. However, the dependence of the slope z/y on € can be easily described, suggesting
the following parametrization by 6 € (max; g;, 00):

0) = Zﬁz"lﬁ(@ - pi) — Z%‘I’l(e — w;),

y=y(0 Z%‘Ifl —05) 2%‘1’1(9—%‘),
I=1(0)=x(0)> a;T(0— o) Zﬁz U0 — p;) Z% U0 — wy),

S = ()} = —“"”f) S Wy (8 - 0;) + yT Xi:mfg(e — i) — % Zi:%xpg(e —w),

i
where U(z) denotes the digamma function and W (z) denotes the kth polygamma function:

dk—i—l

U(z) = diz InT'(2), Ui(z) = InT'(2).

dzk+1
Proposition 3.8.1. 1) The function z(0)/y(0) is increasing in 6 € (max; o;,00), with the limit

values
i PO _ 2iBipi = 3 viwi
000 y(0) D ioi — 3 Yiwi

2) ¢(0) can be chosen to be a positive real number.

im @ =0,
f—max; o; y(ﬁ)

Proposition [3.8.T| will be proved in Section [3.9.2] later.

With this parametrization we have h(z) — h(0) = %(2 —0)2 + O((z — 6)*) for z close to 0,
and the general philosophy of the steepest descent method suggests that asymptotical behavior of
the Fredholm determinant is dominated by its behavior in a small neighborhood of 8, which, after

certain manipulation, can be shown to produce Faoyg(r).

Conjecture 3.8.2. For any 0 € (max(o),00) we have

In 30 fye| + It
lim P B 3lat) ot <r| = Fqug(r),
Ctl/S

with x = x(0),y = y(0),I = 1(0),c = c(0) defined above in terms of 6.

Unfortunately, the general case turns out to be technically challenging, and we do not pursue
it here. In this section we prove Conjecture for parameters o;, p;, w;, 0 satisfying the following
restrictions:

Assumption 3.8.3. We assume that

e All g; are equal to 0, while all p; are equal to —1:
e 0€(0,3).
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Theorem 3.8.4. Under Assumption [3.8.3 we have

3, It
hmIP’(n3L thlvt) + <7"> = Fgug(r).
ctl/3

Remark 3.8.5. Theorem m generalizes [7, Theorem 5.2] by adding a degree of freedom corre-
sponding to the diagonal parameters w;, while in [7] they were additionally assumed to be equal
to —2. Returning to the Beta polymer model, Theorem corresponds to the model with Beta
distributions Beta(l, —w — 1) with parameters @ < —1 constant along the diagonals and having
finitely many possible values wy, ..., w.

The restrictions from Assumption come from two technical difficulties. Namely, to justify
the steepest descent argument one needs to

e Find contours Cy, Ly passing through 6 and satisfying Re[h(z) — h(v)] < 0 for z € Ly, v € Cyp,
with equality only if v = z = 6;

e Prove that one can deform the initial contours C, L to Cy, Ly without changing the limit of
the Fredholm determinant.

For the first step a suitable descent contour Ly for Re[h(z)] valid for any parameters o;, p;,w; was
found in [7] and it is given by a vertical line passing through 6. At the same time, finding a descent
contour for — Re[h(v)] is much more involved for general parameters: we know how to find it only if
o;—pj = 1 for any i, j and § —max; 0; < 1, forcing the first part of Assumption [3.8.3°| Under these
restrictions another contour from [7] turns out to be sufficient, we denote it by Cy and it is equal
to a circle around 0 of radius 6. However, numerical computations and related results suggest that
a descent contour for — Re[h(v)] should exist in general: see [10] for an example of a significantly
more involved argument used to remove the analogous assumption in a different but related setting.

The second step is complicated by potential singularities of the Fredholm determinant along
the deformation of C,L to Cy,Ly. One can hope to estimate the residues at these singularities
and show that their contribution asymptotically vanishes, but the required argument is technically
challenging. The second part of Assumption allows us to avoid this issue, since for 6 < % the
contours can be deformed without crossing any singularities of the relevant integrands.

The remainder of Section [3.8]is devoted to the proof of Theorem [3.8.4] with technical compu-
tations involving polygamma functions moved to Section As clarified above, it is enough to
prove

lim E [eu[ﬂmxu,m} = Foug(r), (3.8.2)
t—o00
where ull = —exp(tI — t'/3¢r). The proof is structured as follows: first we describe the needed

properties of the function h(z), as well as specify estimates on convergence of h®)(z) to h(z). Then
we prove various bounds on the kernel K,, from Proposition [3.7.6] Finally, to prove Theorem
we reduce the computation of the limit to a small neighborhood of 6, perform a change of variables
to get rid of lower degree terms and use standard algebraic manipulations to establish .

8To simplify the assumptions we have also used the invariance of the model under simultaneous additive shifts of
all the parameters o;, p;, w;.
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Ly

Co

Figure 3-5: Contours Cy and Ly, as well as the t-dependent deformation Eg}

singularity at ﬁ

needed to avoid

3.8.2 h-functions and descent contours

Here we list the needed properties of the functions h(z) and hl/(z), which are defined by

k
e )—Iz—Zxa ]lnF(z—az —i—Zyﬁ[]lnI‘ (z = pi) Z —x 71 lnF(z—wz)
i=1 i=1 i=1
k k k
h(z)=1z— Zxai InT'(z —0;) + Zyﬂl InT'(z—p;) — Z(y —z)yInl(z — w;),
=1 =1 =1

with x,y, I defined in terms of 6§ as before. For our purposes it is enough to fix a branch of these
functions in the half plane Re[z] > max ;.
We start with the properties of h(z). Define the contour £y as a vertical line passing through
0, oriented upwards:
Lo={0+0bi|bec R}

Under Assumption [3.8.3] we also define the contour

Co = {0 | ¢ € [-m, 7]}

oriented counter-clockwise. See Figure for a depiction of the contours.

The following three statements are proved in Appendix [3.9] since their proofs are similar and
require explicit computations of polygamma functions. Note that these statements involve only the
real part of h(z), so the branching caused by logarithms is irrelevant here. The first statement does
not require Assumption [3.8.3]
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Proposition 3.8.6 (3.9.3). Ly is a steep descent contour for Re[h(2)], that is, Re[h(6+40bi)] decreases
for positive b and increases for negative b.

Proposition 3.8.7 (3.9.4). Under Assumption[3.8.9Cy is a steep descent contour for —Re[h(z)],
that is, — Re[h(0e?)] decreases for ¢ > 0 and increases for ¢ < 0.

Proposition 3.8.8 (3.9.5). Suppose that Assumption [3.8.9 is satisfied. Let ¢(e) = arg(ve — 0),
where ve is the intersection point of Cy with the circle of radius e around 6 satisfying Im[v:] > 0.
Then for sufficiently small € there exists a constant b such that

Re [h(e + eetit) — h(e)] >b, ¢ c ) 2n/3)

The next statement reiterates the fact that € is a critical point of h(z).

Lemma 3.8.9. For z in a neighborhood of 6 we have
¢’ 3 4
h(z) = h(0) = (2 = 0)" + O((= = 0)7),

where ¢ > 0.

Proof. Readily follows by considering the Taylor expansion of h(z), taking derivatives and using the
definitions of (), y(6), I(#) and c(6). The positivity of ¢ follows from Proposition [3.8.1] O

Finally, we need the following statements regarding the convergence of hlfl(2) to h(z) in various
situations.

Lemma 3.8.10. Assume that a sequence of points zz € C converges to 6 in a way that hm(zt) 18
well defined for allt > 0. Then

lim ¢ (h[ﬂ(zt) - h[ﬂ(e)) — lim ¢ (h(z) — h(8)),

t—o00 t—o00

assuming that the right-hand side exists.

Proof. Note that

k k k
thl)(2)—~th(z) = —2 Y t(a/)—a;) InT(z—0i)+y > (B~ ) InT(z—pi)—(y—2) 3 t(x}"—7) In T (z—w;)
=1 =1 =1

[t]

Since a;' — a; = O(1/t) and InT'(z — 0;) is continuous around ¢, we have

lim t(ozgt] — ;) (InT(zy — o) = InT'(0 — 7)) = 0.

t—o0

Taking sum over ¢ and repeating the same argument for 3;, Bi[t], pi and 7, yl[t],wi we obtain

lim ¢ (hm(zt) - h(zt)> ¢ (h[ﬂ(e) - h(9)> =0,

t—o00

which implies the claim. O
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Lemma 3.8.11. Let K C C be a compact subset not containing the points o; —n, p; — n,w; — n for
every n € Z>o. Then for any z € K and t > 0 we have

| Re[th(2) — th(2)]| < A
for some constant A > 0 depending only on the compact set K but not on t.
Proof. Following the lines of the proof of Lemma [3.8.10, since oagt] —a; = 0(1 /t),ﬁi[t] - B; =
O(1/t),~, [t] —7; = O(1/t) there exists a constant A; > 0 such that
ta? — )l 187 = Bl It =)l < A, =1k

At the same time, since K is bounded away from oy, p;, w;, there exists another constant As > 0
such that

|Re[lnT'(z — 0y)]|, | Re[InT'(2 — pi)], | Re[InT'(z — w;)]| < Ag, zeK,i=1,...,k
Combining these upper bounds concludes the proof. O

Lemma 3.8.12. For sufficiently large z such that arg(z) € [-m + 6,7 — §] for a fixzed § we have

t
Z,A[]

['(z)

where the constants of O(z~Y) can be chosen independently of t and Al s given by

Al = =S il — o + Syt (B — B — >ty — o) (3 — i)

i

exp(thl!(2)) = exp(th(z)) (1+0(z7h),

[t]

Note that, due to our conventions on a B 1 and v;, we have a uniform in ¢ bound |AFfl] < A

for a constant A > 0 independent of t.
Proof. By taking logarithm the claim can be rephrased as
- th —a;)InT(z —0;) + Zyt B[t Bi)InT(z — p;) — Zt(y - :L‘)(%-[t] — ) InT(z — w;)
% %

= —All(z) —InT(2) + O(z1).

Now we can use the asymptotic expansion for Gamma function, used before in Lemma [3.7.3} with
the same restrictions on z as in the claim and any fixed a € C we have

Inl(z —a) = <z —a— ;) Inz—z+ %111(271’) +0(z7h).

Recall that Zle o = Zl 1 Bi= Zl 17 = 1, while for at],ﬂl[ ,7[] we have

k
tha 1 _ = |xt| + Zytﬁ 1 _ = |yt], Z(y — :L‘)t%-[t] = |yt] — [=t],

i=1
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with 1 in the first equality coming from having [xt] + 1 column parameters {7;};—q, . |s]. Thus

k
_Zta}(ay} — ai> + Zty Zt - 71) =—1.

Combining the identity above with the asymptotic expansion for the Gamma function, we obtain
—Zwt Y )InT'(z — o) —i—Zyt ﬂ[t Bi)InT'(z — pi) —Zt(y—x)(’yi[t] — %) InT'(z — w;)
2 7
0 , 1 1 _1
=|—2z—A —1—5 Inz+2z— 51n(27r)—|—2yA10(z )

where A; is the same constant as in the proof of Lemma [3:8.11] Applying the asymptotic expansion
for the Gamma function to the right-hand side implies the claim. O

3.8.3 Kernel estimates

Recall that the substitution of u = — exp(t] —t/3¢r) into the integral kernel from Proposition m
leads to the following kernel:

dz

z—o

K (v,0") = 2%71 /1:9 m exp (t(h[t](z) Ao (v)) — crtl/g(z - U))
For v,v" = 6 we interpret the integral above using its principal value as the contour Ly passes to
the right of 6. In other words, we slightly deform the contour £y to an upwards oriented contour
E[et] consisting of vertical lines {# +bi | b € [t71/3,00)} and a semicircle {0 +t1/3e?t | ¢ € [—m, 7]},
see Figure [3-]

The aim of this section is to give asymptotical bounds on behavior of the kernel. We use the

following notation. For & > 0 let Eg]e and Cg . denote the parts of the contours Eg I and Cp contained

inside the e-neighborhood of #. Define the kernel Kg[t] by
dz

z—

1 -
Kl v') = — /E[t] Sn(r(z =) exp (t(h[t](z) — W (w)) — ert'/3(z — U))
0,e

27i w(z —v))
Finally, define K(e) = D, U.A. U (Cy\Cy,e) as a contour consisting of the upward-oriented wedge
D.= {0+ R | Re 0]},

a part of the contour Cy outside of the e-neighborhood of f, which we denote as Cy >., and a couple
of upward-oriented arcs .
A = {0 +ee” | ¢ € [9(e), 2m/3]},

where () is chosen so that the result is connected. See Figure for a depiction of the contour
K(e).

For the following statements we fix £ > 0.

Lemma 3.8.13. Let v,v" € K(g) be a pair of points such that Re[h(v) — h(6)] > b for some fized
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b>0. Then fort > 3 we have
KU (0, 0") = KW (0,0)] < Ae7e7?),
where the constants A,a > 0 depend only on € and the parameters of the model.

Lemma 3.8.14. Let v,v' € K(¢g) be a pair of points such that Re[h(v) — h(0)] > b for a fized b > 0.
Then for t > e=3 we have
|KM (0, 0")| < At/3e7

where A > 0 is a constant depending only on € and b, but not on v,v'. In particular, if b > 0 we

also have
‘K[t] (U, U/)| < Ale—bt/Q

for some other constant A’ > 0 depending on € and b.
Proof of Lemma[3.8.13. The assumption ¢ > £~3 is needed only to ensure that the semicircle of E[et]
is inside the € neighborhood. Then we need to bound the integral

dz

z—

/E e =y O (101() — 1) etz — )

9\{\z|<€} sin(7r(z — v

taken over two vertical lines {6 £ bi|b > £}. We denote this contour by Lg >,
Note that the contour K(g) is bounded away from Lg >. + n for any n € Z, hence we have

—T 1
< Alefﬂ-um[z”, S ﬁ@ee,

/

sinm(z —v)z—v

where A; > 0 is a constant depending only on & but not on v, v’. So it is enough to give a sufficiently
strong upper-bound on |exp(t(hl(z) — hll(v)) — ert'/3(z — v))|. Due to the steep descent from
Proposition [3.8.6] for some constant a > 0 we have

Relh(z) — h(v)] < —2a — b, 2 € Lo>e

But the kernel K is defined in terms of hlYl(z) rather than h(z) and to proceed we have to split
the problem in two parts, with |z| large and z compactly supported.
Since K(¢) is compact, by Proposition [3.8.11| we have

In A
Re[h(z) — h(v)] < —2(a +b) + “t 5. zechcl

where the constant A3 > 1 does not depend on v. On the other hand, by Lemma [3.8.12] and the
asymptotical expansion for the Gamma function (3.7.4)), for sufficiently large M > ¢ independent
of t,e we have

9.~ Al

V2mzz—1/2e=2 |’

exp (t(h(z))) |z| > M, z € Ly.

’exp (t(h[t](z))‘ <
Recall that Al is uniformly bounded, so set A = inf; Al > —oco. Then, assuming M > 1, for some
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constant A}, and any z € Ly, |z| > M,v € K(g) we obtain

< 2A3|z| =2 exp(—2ta — tb — crt'/3 Re[z — v])
A /271"2'271/2’67 Re[z]

|exp(t(Rl(2)=n (v)) —crt'/3 (z—v))| < Nje~(a+b)t 5 | Tmle]]

where we have used that |2%| > |z\9672%|1m[z]| for z € Ly.
At the same time, having fixed M from the previous part, for z € Lg >., |2| < M we can again

apply Lemma to get

Re[hld(2) — Wl (v)] < —2(a + b) + lntA“,

for A4 > 1. Hence, for some constant A% > 0 depending only on e, M we have
lexp(t(hl)(z) — K (v)) — ert!/3(z — v))| < Aje~ (@t e ryo |2 < M.

Setting A = max (A}, AY) and gathering all the pieces together, we get

dz

z—

/Lg = m exp (t(h[t](z) — W) = ert'B(z — v))

< A1A2€(a+b)t/ e~ FITmlall g

L:G,ZE

where A1, Ay depend only on &, but not on v,v’, t. O

Proof of Lemma|3.8.14]. By Lemma [3.8.13]it is enough to prove that
|KM (v, 0")] < At!/3e
To bound the integral Ka[t] (v,v") we deform the integration contour E? ] further, changing it to
the contour P consisting of the line segments Py = {0 + yi | y € [—¢, —(5t_%] U [5t_%,5]}, and the
semicircle Py = {0+ 6t~ 1/3e? | ¢ € [-7/2,7/2]}, where the parameter § > 0 possibly depends on &
and is chosen small enough so that K(¢) is bounded away from P +n uniformly in ¢ > 1 for n # OH
Then there exists a constant A; depending only ¢, d such that

1
1|z—sz—v’\’

T 1

sinm(z —v) z — v

which implies, due to the geometry of K (), existence of uniform in v, v, t constants A; p, and Aq p,
such that

m 1
ANp——— 8.
sin(z —v) z — v/ < L2 T[] 2 2P (3:83)
1
: T <Ay 7)2t2/3, z € Po.
sinm(z —v)z— ’

9Basically, we have reduced the semicircle part of £ to avoid any uneded singularities.
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To bound the exponential term in the integrand of Ks[t] we use Lemma [3.8.11] obtaining

| exp(t(h(z) — h(9)) — crt'/*(z - 9))]

|exp(t(hl)(2) — l(v)) = ert'/P(z —v))| < A lexp(t(h(v) — h(8)) — crtl/3(v — 0))]

for a constant Ay depending only on €. Since Re[v] < 6 and Re[h(v) — h(0)] > b, for any t we have

|exp(t(h(z) — h(6)) — ert'*(z — 0))|
| exp(t(h(v) — h(0)) — ert!/3(v — 0))|

< e P exp(t(h(z) — h(B)) — crt*/?(z — 0))].

To finish the upper-bounds we have to consider the contours P; and P, separately, starting with
Py. Since Ly is a steep descent contour for Re[h(z)] by Proposition for z € 6 + Ri we have

exp(t(h(z) — h(0)) —rct'/3(z — 0))| < 1.
Then the whole integral is bounded as follows:

dz

z —

/P m exp (t(h[t](z) — W () — est!/3(2 )

<A plAge bt/ d— < Az tl/g 7bt
y€[—e,—dt~ 3]u[6t 3 £ y?

for some constant Ag depending only on ¢.
To upper-bound the part taken over Py we use the Taylor expansion, finding a constant = > 0
such that

C3
’h(z) —h(0) = 5 (2 - 0)3| < Z|z — 0%

Plugging z = 0 + 6t~ /3¢ we get
6353
exp(t(h(z) — h(0)) — tY/3¢s(z — 0))| < exp <3 cos(3¢) + 04Zt /3 cos(4¢) — dre cos(gb)) < Ay

where A4 is a constant depending on €. Gathering the bounds above and using that the length of
P, is equal to mt~1/3 we get

Z—0

/73 m exp (t(h[t](z) — W) — ert/3(z — v))

The claim follows by combining the bounds for P; and P, . O

2z
,‘ < A177>2A4t2/3e_bt /3 < A5t1/3e_bt.

3.8.4 Proof of Theorem [3.8.4]

Recall that, in view of Proposition [3.7.6] it is enough to prove
tlgglo det(I + K[ﬂ)p(ce) = FauEe(r)

where we use the notation from the previous subsection.
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Figure 3-6: The contours D, A, K(¢) and £ in an e-neighborhood of 6.

Step 1. First we show that the limit is dominated by the behavior in a neighborhood of 6.
Namely, in this step we show that for sufficiently small fixed € > 0 we have

Jim [ det(I + K1) 2,y — det(I + K1) ap,)| = 0,

where D, = {# + Re*?™/3 | R € [0,¢]}.

It is more convenient to proceed in two steps, reducing first the contour Cy to D, and then the

kernel K1 to K. Note that we can deform Cy to K(e) = D: UA-U(Cy\Cp,) without changing the

value of the determinant. Since Cy is a steep descent contour for — Re[h(z)], for each ¢ there exists
a constant by > 0 such that

Re[h(v) — h(8)] > by, v € Co\Co.

At the same time, by Proposition [3.8:8] for sufficiently small e there exists a constant by > 0
(depending on ¢) such that

Re[h(v) — h(6)] > b, v=0+cet? ¢ e [Y(e),2n/3].

Thus, for sufficiently small fixed e there exists b > 0 such that
Re[h(v) — h(0)] > b, ve AU (Co\Cpe) = K(e)\D-.
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Hence we can apply Lemma [3.8:14] obtaining a constant A such that
K0y < A2, v e K(e)\D.,v' € K(e). (3.8.4)
Note that the difference of Fredholm determinants det(I + K1) 2., — det(I + K1) 20p ) is
equal to Zl>0 I+, where By are integrals of det[K (vl,v])]ﬁJ | taken over the difference K(¢)!\DL.

Since each point in this difference has at least one of v; not in D,, by -, Lemma |3.8.14] and
Hadamard’s bound we get

2mi

d
/ /det K[t] (viy UJ)]Z] 1 27r1 o ﬂ = AlAlQZZ/2+1tl/3€_bt/2-
e)'\DL

Summing over [, we obtain

\det([—l—KH)Lz(cg) —det(I+K )L2 ’< Aje” btﬂz Altl/3 < Aye —bt/2+2032/% _, o

The argument replacing K by Kg} is identical and relies on Lemma [3.8.13] We have

det([—f—KH)LQ( D) — det([—i—KH)Lz(DE)

duvq du;
_Zl' / /det (v, v5)] ” 1 — det[K, (vz,v])] i=lg— 5|

>0

and using multi-linearity of determinants and Lemmas [3.8.13|3.8.14] we have the following upper-
bound for some constants Az, a >0

| det K1 (v;, v;)];

Loy — det[K (v, )] iy | < Age AR EFS,

i,j=1

which is enough to give an absolutely convergent upper-bound.

So, we have reduced Theorem to proving

tlggo det(I + Kg])Lz(DE) = Foug(r).

Step 2. After getting rid of the global parts of the integration contours, in this step we take
the needed limit by scaling the neighborhood of 6 by ¢!/3.

For now, fix € > 0 which is sufficiently small so that the argument in the previous step works, but
otherwise arbitrary. We would like to perform the following change of coordinates in the Fredholm

determinant det(I + Ks[t]) r2(p.) and the kernel K,
z=04+t"13%, v=0+t"1%.

This leads to
det(I + KM p2(p,y = det(I + K[! 1)L2(75),
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with the contour D = {|R|e¥82(B)2m/3 | R € [—00, 00} and the kernel

RIG) = 90 o L0+ 6095,
To take the limit as t — oo we start with the point-wise convergence of the kernel Iﬂt] (0,7"). Let EL”
be the contour consisting of vertical lines {£Yi|Y € [1, 625113]} and a semicircle {e?! | ¢ € [-m, 7]},

oriented so that the imaginary part increases. Also, let £ denote the limiting contour with the
vertical lines {£Yi|Y € [1,00]} and the same semicircle. Then

7l oy — LELl<er/? L G 1
= (0,0) = ori /ELﬂ sin 7wt =1/3(Z — ) pt(hl¥ (0-+t=1/30)~hlt () —crv Z — 0
Clearly
—mt~1/3 1
smat-13(z-0) 5%
3
; [t] —1/3% _ plt — 1 —1/33y _ _¢3
g&t(h O+t13%) — h (9)) tlgg@t(h(ﬁﬂ ?) h(e)) 7,

where for the second equality we have sequentially used Lemmas [3.8.9| and [3.8.10} So the integrand
converges to

1 60323/3—055 dz

27i eP0 3=est (T — 2)(Z — V')

Now we need to give integrable upper-bounds. Note that Re [t (hl(6 + t71/32) — hl1(6))] is

unifromly bounded for z € £: by Lemma,3.8.11lit is enough to consider Re [t (h(6 + t=1/3%) — h(9))]
and for |Z| > 1 we can use the steep descent of Ly, while for Z on the semicircle this follows from
the Taylor expansion of h(z) from Lemma [3.8.9} So for some constant A; > 0 we have:

at—1/3 et(h[t](9+t_1/32)7h[‘](0))7c52 A o
3 — < —, el v,0 eD, o] <et'/?
sinwt—1/3(Z — ) Z—70 |z — ||z — 7|

(3.8.5)
Due to the quadratic decay we can apply dominated convergence, obtaining
- - 1 6032/3/3707"5 dz
i .7 = 0.7 = —
Jim RU@, ) = Roal0,7) 1= 5 /z e e e T (3.8.6)

To finish we need to justify commutation of the Fredholm determinant and the limit above.
To do it, we again use dominated convergence with an absolutely summable upper-bound on the
Fredholm determinant. Note that for ¥ € D such that |7| < et'/3 we have

Re[t(h(6 + t71/3%) — hl(6)) — ert] > Re[t(h(0 4 t7/33) — h(6))] — In Ay
for some Ao > 0. By Taylor expansion, there exists an independent of € constant = such that

[t(h(0 +171%%) = h(9)) - /3] < =PRI [l < 00t )2,
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Then for any € < 1 we get

1 (£ —em)s® oS 1/3
et (Al (0+t=1/3%)—hlt](0)) —csv <Age s ’ veD, [ <et”.

Recall that for the whole argument € was an arbitrary sufficiently small number, so we can reduce
3
it even further to get § — = = b > 0. Combining the bound above with (3.8.5) we get

(K@, )] < Aze™™

for some A3 > 0, which combined with Hadamard’s bound is sufficient for an integrable and abso-
lutely summable upper-bound on the kernel of the Fredholm determinant. Hence

lim det(7 + K p2p,y = det(l + Koo) 125

with the kernel Ko defined in (3.8.6)).

Step 3. To finish the proof we need to show that the Fredholm determinant in the right-hand
side is indeed equal to Fgyg, which can be done by standard manipulations. Rescaling v,z by ¢ we
can assume that

© 2

Boo(,7) = — / R
= c T G- D7)

Since the integrand has quadratic decay, we can deform the contour L to a contour going from
ooe /3 to coe’™/3 with Re[z] > 0. Now we can apply the same argument as in |14, Lemma 8.6]:

For any Zz such that Re[z] > 0 we use
L / e MEF N
Z— RZO

to write Koo = —AB, where A, B are operators with kernels

1 eﬂ'i/SOO d~
A(v, ) = 67’173/3+'17(r+)\)’ B()\ﬁj/) _ / 633/375(T+)\)~ Z~

27 Jpmi/3 g zZ-v"

Then ) .
e2™/300 o e™/300 dz 1 656/3—'5(7“—4—)\)

= Kai(r + X\, v+ p),

BAQ\ 1) = /

o2mi/sog 2T Joomi/zng 2 Z — U €V°/3-0(r+p)

where Kai(A, ) is the Airy kernel. Since AB and BA are trace-class operators we have det(] —
AB) = det(I — BA), cf. [79], so we finally get

det(I + Koo)p2(p) = det(I — Kai)r2p.00) = Fovp(r).
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3.9 Computations for Theorem |3.8.4

Here we provide computational arguments for several statements used in the proof of Theorem
3.8.4] Recall that for fixed real parameters {o1,...,0%}, {p1,---, 08}, {w1,.-. wi}, {01,...,ax},

{Bla o 751?}7 {’717 cee 7/)/]4}7 0 Sa'tiSfying

Z%ZZ@:Z%:L O‘i75i7’7i20>

wg < pj<o; <0 for any 1, j,d,

we have defined

=) BiUi(0—p) =Y Wil —w)  y=) ali(f—o) =Y %u¥i(0—w)

I:xzai‘y — 0y _yZﬁz 9 pz y—x Z’Y@ ‘9 Wz
hz) =1z =Y wa;lnl(z—0;) + Y yfilnT(z—p) = Y _(y—2)7InT(z —wy),

i

where
dk+ 1

U(z) = C%lnf(z), U(z) =

For the computational purposes it is convenient to plug the expressions for z,y, I into h(z) to obtain

dz —5r1 nT(2).

- (Z Biv1(0 — pi) — Z%\Ill(e — w2)> Zai (InT(z —03) — 2% (0 — 0y))
+ <Z Oéi\Ijl(e - Ui) - Z’yi\l’l(g - wl)> ZBZ (lnI‘(z — pi) — Z\I’(e — pl))
- (Z U (0 —o;) — Z,Bixlfl(e — pi)> Z’y (InT(z — w;) — 20(0 — wy)) .

The last expression can be rewritten as a convex sum of simpler functions, corresponding to k =1

case: A
- Zzzaiﬁj’)/dhﬂi,ﬁj,wd(z% (3.9.1)

i=1 j=1 d=1

hopw(z) == (W10 —p) = V(0 —w)) (Inl'(z —0) — 2¥(0 — 0))
+ (¥1(0 —0) = ¥1(0 —w)) (InL(z — p) — 2¥(0 — p))
— (U0 —0) —¥1(0 —p)) (InT(z —w) — 2¥(0 —w)).

We will mostly work with the latter functions hy. . (2).
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In the following computations we frequently use the following series representations:

1 1 z—0
VYO = S T T L G T ) (3.92)
_1\k+1
Uy(z) = Z%M (3.9.3)

In particular, the functions (—1)*W(2) are increasing functions from (0, c0) to (—o0,0).

3.9.1 Derivatives of h(z)

This section is devoted to the signs of h(4)(8).

Lemma 3.9.1. For any d > 3 we have (—1)4T1h(4)(9) > 0.

Proof. By (3.9.1)) it is enough to prove that (—1)d+1h§‘f,),,w(9) > 0 for w < p < 0. By a slight abuse
of notation let h denote h, , ., during the proof.
Our approach follows |7, Lemma 5.3|. For d > 3 we have

RD(0) = (W10 — p) — 010 — w)) (Wa1(0 — p) — Wy 1 (0 — 7))
W0 0) — W1(0 - p) (B 1(6— p) — Wy 1 (60— ).
Thus, we need to prove

(=)' 1 (0 = p) = (1) 16 —w) - (=) 1 (0 —0) = (1) "Wy (0 — p)
(0 —p) — ¥1(0 —w) Ui(0—0) — W10 —p) '

By the Cauchy’s mean value theorem this inequality is equivalent to

(D" 1a(¢)  (~1)* ()
B(0) W (6)

for some & € (0 —0,0—p) and ¢ € (0 —p,0 —w). Since < ¢, it is enough to prove that the function
(=17 104(2)
)

Yo (z

is increasing on R~¢. Taking derivative, it is enough to prove that

(=) (Vi1 (2)Ta(z) — Ua(2)Us(2)) >0, 2> 0.
Using series representation (3.9.3)), the left hand side can be rewritten as

(1) (W1 (2)Ta(2) — Ug(2)W3(2)) = Z 2(d+1)! _ 6 d!

L (n+ 22 (m+ 23 (n+ 2)H (m + 2)4

d+1)(m+2)41 = 3(n+ 2)(m + 2)42 m —n)(m+ 2)*>
= 2d! Z ( )( (n—l—)Z)d+2(m(+z)d)‘*‘(2 ) Z6d! Z (Tg+z)d3-(2(m+i)d+27

n,m>0 n,m>0

where we have used d > 3 to establish inequality. The proof is finished by symmetrizing the last

147



summation:

d=2 m —n) ((m+ 2)472 — (n 4 2)?2
2 Z n+ 2) d+2mm+jl)d+2 - Z ( ()n(i Z)d+2)(m+2()d+2 ) > 0,
n,m>0 n,m>0
where for the last inequality we have used that the function 2%~2 is increasing for d > 3. O

3.9.2 Proof of Proposition [3.8.1

It turns out that the two parts of Proposition [3.8.1] are closely related. In the first part we want to
prove that x(0)/y(0) is increasing as a function of € (max; 0;,0), where

T = Zﬁz"l’l(a —pi) — Z%"I’l(e — W), Y= Zai‘lll(g —0i) — Z%"l’l(lg - w;).

Taking derivative, we need to prove that
' (0)y(0) — 2(0)y'(6) > 0.

After algebraic manipulations the left-hand side of the inequality above is equal to
Z az\IIQ - 0’2 + y Z/Bz\:[j2 0 — pz Z’Y@‘Ih 0 — Wﬁ

which is exactly how we have defined 2¢(#)3. So, the monotonicity from the first part boils down

to showing that ¢(#)® > 0, which would immediately imply that c(#) can be chosen to be positive.

c(9)®
3

But from the expression above it is clear that = h"'(6) > 0, with the inequality following from

Lemma B.9.1]

The limits of z(0)/y(f) as 6 — max; 0,00 are readily obtained from the definitions and the
limit behavior of the trigamma function:
1 1

limUi(z) = oo, Wi() = + 55+ 0.

3.9.3 Proof of Proposition [3.8.6

Here we give a slightly modified version of the proof of the corresponding fact in [7]. Recall that
we want to show that Re[h(6 + bi)] decreases for positive b and increases for negative b. Since h(z)
is a convex combination of hg , (%), it is enough to consider the latter functions. By an abuse of
notation we again denote the function hg ., (2) simply by h(z). By symmetry, it is also enough to
consider the case Im(z) > 0, so we want to prove that

Re[il/(0 + bi)] <0,  b>0.
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We have

Re[ih! (6 + bi)] = — Im[(¥1(0 — p) — W1(0 — w))(W(0 + bi — p) — V(0 + bi — 7))
(U (0— o) — Uy (0 — p))(T(O + bi— p) — V(0 + bi — w))].

From (3.9.2) it follows that for any real A;, A2 > 0

b b

Im[W(Ay + bi) — W(Az +bi)] = ) (n+A1)2+02 (n+ A2 +02

n>0

Thus, using that b > 0 and setting

the claim is reduced to showing
—(V1(0 = p) = V1(0 —w))(R(0 = p) = (0 —0)) — (V1(6 — ) — ¥1(6 — p))(P(6 — p) — (0 —w)) <O.
This inequality can be rewritten in more convenient form

(0 p) - W0 —0) W0 —w) (0 p)
D0 —p)— 20 —o0) D —w)— 0 —p)

which by Cauchy’s mean value theorem is equivalent to

Wa(€)  W(C)
¥ Q)

for some £ € ( — 0,0 — p) and ¢ € (6 — p,0 — w). Since 0 < £ < (, it is enough to show that the

function \gﬁ((j)) is decreasing for z > 0, and by taking derivative this is equivalent to

Uy (2)®"(2) — U3(2)@'(2) > 0, z>0.

Using the definition of ®(z) and (3.9.3) we obtain

Uy (2)0"(2) — U3(2)P(2) =

Z—( 2 6(z+m)?—2b° 6 2(m + 2)

0 n+2)3((m+2)24+062)3  (n+2)4((m+ 2)2 + b2)2

B (m—|—z)3—|—b2(m+z)—(n—l—z)(m—l—z)Q—l—ﬁ(n—l—z)
=12 ) LR

n,m>0

Clearly the terms in the numerator containing b? are positive, while for the remaining terms we
have

Z (m+z)3—(n+z)(m+z)2_l Z : (m —n)(m + z)? n (n —m)(n+ z)?

() (m+ 22+ PP 2 e Tt ) ((mt 22+ 2P (mo+2) (0t 2)2 + )

n,m>0 n,m>0
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To finish the proof it is enough to show that each summand in the last expression is nonnegative
for any n,m, z > 0, which is true:

(m —n)(m+ z)? (n —m)(n+ z)* -0
(n+2)H((m+2)2+02)3  (m+24((n+2)2+02)3 —

= tm=n) [(«m(T:);fb%)g‘ <<<n(f+>2)+b2>>3] ="

1 1
& (m—n) - >0

(o) (o) ]

-3
) is increasing in m. O

b2

The last inequality holds since (1 + Gm)?

3.9.4 Proof of Proposition [3.8.7|

From now on we are working under Assumption so 0 € (0, %) and the function h(z) is a
convex combination of the functions hg —1.,(2) for w < —1. The latter functions are simpler, and
for further convenience we provide an explicit expression for them:

ho,—1,w(2)
z

1
= (U (0 +1) — Ty (0 — w)) (ln(z) - 5)—972 (InT(z —w) —InD(z +1) — 20(0 — w) + 2T(0 + 1)) .

Recall that we want to show that Re[h(fe®!)] is increasing for ¢ > 0 and decreasing for ¢ < 0.
Due to assumptions it is enough to consider the functions ho —14,(2), so by an abuse of notation we
let h denote a function hg 1 (%) for the duration of the proof. We consider only the case ¢ > 0,
the other case follows by symmetry.

We need to prove that . ‘
Re[ife?h ()] >0, ¢ € (0,7).

Computing the derivative and applying (3.9.2)),(3.9.3|) we obtain

B (2) = (U (0 + 1) — Wy (6 — ) (i - 2) - %(\Il(z W) — Uz 1) — (0 - w) + T+ 1))

60—z 1 1 1 z—0 z—10
:7;)[ 20 <(n—|—9—|—1)2_ (n+9—w)2> _02<(n+0—w)(n+z—w)_ m+0+1)(n+2+1)

_ (-0 n+1 n—w
202 7122()[(”+9+1)2(n+z+1) B (n—i—H—w)Q(n—i—z—w)]'

Note that for any real 7

(ePl — 1)2 1 .
0, Pl (6 ) — ’ _ 91
Re [196 Gei GeF 1 T} =|1—e¢

Tsin ¢
72 4+ 02 + 20T cos ¢’

2 efi .12
_3 — |1 _ %
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so plugging z = fe?! in the expression for h'(z) and factoring out positive terms we need to prove
that

5 (n+ 172 ) (= »
= (n+1)2+62+20(n+1)cosd)(n+1+6)2 ((n—w)?2+6%+20(n—w)cosp)(n —w+ )32 '

It is enough to show that each summand above is positive, which can be rewritten as

X7 X3
>
(X?+02420X1cos9) (X1 +0)2 ~ (X2 + 02+ 20X5 cos ¢)(Xa + 0)2

for X1 =n+1and Xo = n — w. Since w < —1 and both sides of the last inequality are clearly
positive, we can equivalently show that

2
F(X) = (X2 + 6% + 20X cos ¢) (1 - ;)

is increasing in X > 1 for any fixed ¢. Taking derivative and using 6 € (0, %) we get

F(X) =2(X + 6cos ) 1—1—ﬂ 2—E(XQ—1—02+29Xcosc15) 14—z
X X2 X
62 62
O

3.9.5 Proof of Proposition [3.8.8

For convenience, we repeat the statement:

Proposition. Suppose that Assumption m is satisfied. Let 1p(e) = arg(ve — ), where v, is the
intersection point of Cy with the circle of radius € > 0 around 6 satisfying Im[v:] > 0. Then, for
sufficiently small fized € > 0 there exists a depending on € constant b > 0 such that

Re [h(& +eet?l) — h(e)} >b,  pe ) 2r/3)

Proof. Recall that 6 € (0, 3). Due to the symmetry, it is enough to consider Re[h(6 + ce®') — h(6)].
Since h is a convex sum of finitely many hg _1,, it is enough to consider h(z) = ho 1 4 (%).
We consider only ¢ < §/2. By Taylor expansion there exists a constant Z > 0 such that

; 0 . (0 ;
h(6 + ee®') — h(6) — 6()53e?’¢n — 24(:)6464@ < B¢’

Taking real part, we get

Re [h(0+ec) — h(6)| =



Since A"'(6) > 0 by Lemma for any ¢ € [57/8, 27 /3] we clearly have

i h"(0) 5 . 4 3
Re {h(G +ee?) — h(G)} > 5 ¢ sin(37/8) — Aje” > Age

for some constants A, A2 > 0. So it is enough to consider the claim for ¢ € [¢)(¢), 57/8]. Moreover,
note that for ¢ € [r/2,57/8] and fixed & the function

" ) (4)
h 6(9)5‘5 sin(3(¢ — 7/2)) + h 2i9)€4 cos(4(¢p — m/2)) — Ze°

is increasing, where we have again used Lemma to get h(Y(#) < 0. Hence the claim reduces
to showing that the function above is positive at ¢ = 1(e).

Recall that ¢ (¢) was defined using v., which can be explicitly described:

_292_52+ ) e,
BT g TV T At

On the other hand, v, = 0 + £e¥©)i, 50 we obtain

e — 0 ’ 1 i i
v — = _2% +4/1— %1 = cos(¢(e)) + sin(¢(e))i.

This implies that ¢(e) = § + 55 + O(e?). Plugging it into the studied function we get

h”’(e h(4) ((9) A

>53 sin(3(y(e) —m/2)) + 51 © cos(4(y(e) — m/2)) — Bed > £ (

R"(0)  hA(0) 5
0 T o | e

for some constant Ag > 0. So the claim follows as long as

h///(e) h(4) (9)
0 + 6 > 0.

We prove the last inequality by direct computation. Recall that

z

h(z) = (U1(0+1) — U1 (0 —w)) (ln(z) - 5) - 9—12(111F(z —w)—InT(z+1) — 20(0 — w) + 2T(0 +1)),

where w < —1. The derivatives are given by

2

1
h///(e) _ 93 L

02
1
62

(W1(0 +1) = W1 (0 - w)) (W2(0 — w) — Wa(0 + 1)),

A (9) = —%(\111(9 +1) =910 —w)) —

Rearranging terms we obtain

(W3(0 — w) — Wy(0 + 1)).

h///(e) N h(4)(0) B



where

F(r) = — 94\1:1(9+) ;3q;2(0+7)767;2\113(9+7)_

So, it is enough to prove that f(7) is increasing in 7 > 1. Using series representations (3.9.3]) write

1 20 n—l—T
f(T)_$7;J_(n+9+r)2+(n+9+7)3_(n+9+T 294”+9+T

The claim follows since — X107 is increasing in X > 1:

(X+9

( X2 >’__2X(X—|—9)+4X2_2X(X—9)>0
X+07) - |

(X +0)4 (X +0)5 (X +6)5
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